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Preface
The papers in this volume were accepted for presentation at the 37th Computational Complexity Conference (CCC 2022), held between July 20–23, 2021, in Philadelphia, USA. The
conference is organized by the Computational Complexity Foundation (CCF) in cooperation
with the ACM Special Interest Group on Algorithms and Computation Theory (SIGACT)
and the European Association for Theoretical Computer Science (EATCS).
The call for papers sought original research papers in all areas of computational complexity
theory. Of the 89 submissions, the program committee selected 38 for presentation at the
conference.
The program committee would like to thank everyone involved in the conference, including
all those who submitted papers for consideration as well as the reviewers (listed separately)
for their scientific contributions; the board of trustees of the Computational Complexity
Foundation for their advice and assistance; the Local Arrangements Committee chair Anindya
De; Dean Doron, Rahul Santhanam, and Gilles Zemor for their invited talks; and Michael
Wagner for coordinating the production of these proceedings.
Shachar Lovett
Program Committee Chair, on behalf of the Program Committee
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The Approximate Degree of Bipartite Perfect
Matching
Gal Beniamini #
The Hebrew University of Jerusalem, Israel
Abstract
The approximate degree of a Boolean function is the least degree of a real multilinear polynomial
approximating it in the ℓ∞ -norm over the Boolean hypercube. We show that the approximate degree
of the Bipartite Perfect Matching function, which is the indicator over all bipartite graphs having a
e (n3/2 ).
perfect matching of order n, is Θ
The upper bound is obtained by fully characterizing the unique multilinear polynomial representing the Boolean dual of the perfect matching function, over the reals. Crucially, we show that
this polynomial has very small ℓ1 -norm – only exponential in Θ(n log n). The lower bound follows
by bounding the spectral sensitivity of the perfect matching function, which is the spectral radius of
its cut-graph on the hypercube [1, 15]. We show that the spectral sensitivity of perfect matching is
3
exactly Θ(n /2 ).
2012 ACM Subject Classification Mathematics of computing → Matchings and factors; Theory of
computation → Algebraic complexity theory; Theory of computation → Oracles and decision trees
Keywords and phrases Bipartite Perfect Matching, Boolean Functions, Approximate Degree
Digital Object Identifier 10.4230/LIPIcs.CCC.2022.1
Related Version Full Version: https://arxiv.org/abs/2004.14318
Acknowledgements I would like to thank Noam Nisan and Nati Linial for helpful discussions. I would
also like to thank Bruno Loff for pointing out typographical errors in an earlier version.

1

Introduction

The approximate degree of a Boolean function is the least degree of a real polynomial
approximating the function in the ℓ∞ -norm over the Boolean cube, to within constant
error. Approximate degree is an important complexity measure with applications throughout
theoretical computer science. Lower bounds on the approximate degree of a Boolean function
imply such bounds on the communication complexity (of a related composed problem) [28, 30],
and for its quantum query complexity [2]. For families of Boolean functions, upper bounds
on the approximate degree have algorithmic merit, for instance in learning theory [17, 16]
and differential privacy [31, 11], and conversely lower bounds imply separations in circuit
complexity [20, 27]. For a recent survey, we refer the reader to [10].
In this paper we study the approximate degree of the bipartite perfect matching function.
This is the Boolean function representing the decision problem of perfect matching – determining whether a given balanced bipartite graph contains a subset of edges in which every
vertex is incident to exactly one edge.
2

▶ Definition. The bipartite perfect matching function BPMn : {0, 1}n → {0, 1} is defined
(
1
{(i, j) : xi,j = 1} has a bipartite perfect matching
BPMn (x1,1 , . . . , xn,n ) =
0
otherwise.
The input bits of BPMn select a subset of edges from the complete bipartite graph, and
the output bit is set to 1 if and only if the chosen subgraph contains a bipartite perfect
matching of order n.
© Gal Beniamini;
licensed under Creative Commons License CC-BY 4.0
37th Computational Complexity Conference (CCC 2022).
Editor: Shachar Lovett; Article No. 1; pp. 1:1–1:26
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The Approximate Degree of Bipartite Perfect Matching

It is well known that any Boolean function can be uniquely and exactly represented by a
multilinear polynomial over the reals (see [25]). In [3], the unique polynomial representing
BPMn was characterized, and in particular was shown to have full degree, n2 . Conversely, it
is not hard to construct low-degree polynomials approximating the perfect matching function,
if one allows pointwise errors arbitrarily close to one half. Indeed, the n × n Permanent
implies (by translation and scaling) such a polynomial of total degree n, and approximation
error exponentially close to half. Approximate degree is an interpolation between these two
settings, wherein we require the errors be bounded by an arbitrary constant less than half,
say one third. The previous best-known upper bound on the approximate degree of perfect
7
matching was O(n /4 ), due to Lin and Lin [18], and no non-trivial lower bound was known.
Our main result is the following bound1 , which is tight up to low order terms.
▶ Theorem 1 (The Approximate Degree Bipartite Perfect Matching). For every n ∈ N, the
approximate degree of the bipartite perfect matching function is:


g (BPMn ) = Θ
e n3/2 .
deg
Most known techniques for bounding approximate degree are applicable only to functions
which are either symmetric or block-composed (with some recent notable exceptions, e.g. [8, 9]).
The perfect matching function falls into neither category, and is thus not amenable to standard
techniques.
Our upper bound follows by investigating the “Boolean Dual” function of bipartite perfect
matching: BPM⋆n (x1,1 , . . . , xn,n ) = 1 − BPMn (1 − x1,1 , . . . , 1 − xn,n ). In this representation,
we reverse the roles of the symbols 0 and 1. Concretely, for any input graph, the dual function
BPM⋆n outputs 1 if and only if the complement of the graph does not contain a bipartite
perfect matching. Equivalently, by Hall’s Marriage Theorem, the output is 1 if and only if
the input graph contains a biclique over n + 1 vertices.
To present our characterization of the dual, let us introduce some notation. A balanced
bipartite graph is said to be totally ordered, if there exists an ordering of its left vertices
such that their neighbour sets form a chain with respect to inclusion, i.e. N (a1 ) ⊆ N (a2 ) ⊆
· · · ⊆ N (an ). We associate with every totally ordered graph a “representing sequence”, which
encodes its biadjacency matrix up to permutations over both bipartitions. To construct this
sequence, consider the automorphism which sorts the left and right vertices in descending
order of degree. This yields a graph whose biadjacency matrix consists of a monotonically
increasing sequence of blocks, which we succinctly describe using a list of pairs of integers,
describing the width and height of each such block. By way of example, the biclique
Ks,t ⊆ Kn,n is an ordered graph whose biadjacency matrix consists of two blocks; the first
s left vertices are all adjacent to the first t vertices on the right, and the remainder are all
isolated.
Our result is the following complete characterization of the unique polynomial representing
BPM⋆n over the reals, thereby resolving an open question of [3].
▶ Theorem 2 (The Dual Polynomial of Bipartite Perfect Matching).
BPM⋆n (x1,1 , . . . , xn,n ) =

X
G⊆Kn,n

1

a⋆G

Y

xi,j

(i,j)∈E(G)

The same bound also holds even for approximations with exponentially small error, see Section 4.

G. Beniamini
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If G is not totally ordered, then a⋆G = 0.
Otherwise:

 t−1
n − kt−1 − 1 Y
⋆
aG =
·
f (di+1 − ki−1 , di − ki−1 , ki − ki−1 )
n − dt
i=1
where 0 ≤ d1 < d2 < · · · < dt ≤ n and 0 = k0 < k1 < k2 < · · · < kt = n form the
representing sequence of G, and f : Z3 → Z is defined:


n−1


,
d≤0

k



f (n, d, k) =

n−d−1 k−1

−
, d > 0.
k−d
d−1
This characterization allows us to deduce that the ℓ1 -norm of BPM⋆n (i.e., the sum of the
magnitudes of its coefficients) is very small – only exponential in Θ(n log n). The approximate
degree upper bound then follows via two observations. Firstly, we relate the approximate
degree of any Boolean function and its dual. Secondly, we show that any Boolean function
whose representation over the {0, 1}-basis has low ℓ1 -norm, can be efficiently approximated
in the ℓ∞ -norm. The latter approach had also previously been employed by Sherstov in [29].
To obtain the lower bound on the approximate degree of matching, we consider a new
complexity measure recently introduced by Aaronson, Ben-David, Kothari, Rao and Tal [1].
For any total Boolean function f , they define the Spectral Sensitivity to be the spectral
radius of the bipartite graph defined by the f -bichromatic edges of the Hypercube (i.e., the
f -cut of the cube). The notion of spectral sensitivity had notably (implicitly) also appeared
at the heart of Huang’s breakthrough proof of the Sensitivity Conjecture [15]. The main
technical Theorem of [1] states that the spectral sensitivity of any total Boolean function
lower bounds its approximate polynomial degree – and it is this relation that we leverage.
We prove the following tight bound on the spectral sensitivity of BPMn .
▶ Theorem 3 (The Spectral Sensitivity of Bipartite Perfect Matching). The Spectral Sensitivity
3
of the bipartite perfect matching function is λ(BPMn ) = Θ(n /2 ).
One of our main motivations in studying the algebraic properties of BPMn and its dual, is
the following longstanding question: what is the least complexity of a deterministic algorithm
for bipartite matching? Hopcroft
and Karp’s algorithm [14] from half a century ago attains

5
a running time of O n /2 2 , and as of yet no known deterministic algorithm has been shown
5
to break the “n /2 -barrier”. In the last section of this paper we explore the above barrier
through the lens of the Demand Query Model [22], which is a concrete complexity model for
matching due to Nisan. The demand model was shown in [22] to “capture” the complexity
of a wide class of algorithms (i.e., combinatorial algorithms), therefore any non-trivial lower
bound on algorithms within the model would have far reaching implications. To this end, we
draw connections between the algebraic quantities explored throughout this work, including
approximate degree and the ℓ1 -norm of the dual, and the demand query complexity of
matching – see Figure 7. Furthermore, we exhibit an efficient quantum simulation for the
demand model, showing that lower bounds in the quantum query model yield corresponding
combinatorial bounds. The quantum query complexity of matching was shown by Zhang [32]
3
7
to be at least Ω n /2 , and by Lin and Lin [18] to be at most O n /4 . Closing this gap is

2

On dense graphs, wherein the number of edges is proportional to n2 .
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left as an open question, and we remark that any polynomial improvement on the lower
bound would yield a non-trivial bound in the demand model3 . Finally, we note that all the
bounds obtained in this paper are compatible with the existence of quasi-linear demand
query algorithms for bipartite matching, and this might be seen as weak evidence pointing
in this direction. Obtaining non-trivial bounds on the demand query complexity of matching
is left as our main open problem.

2

Preliminaries and Notation

2.1

Boolean Functions and Polynomial Representation

Let f : {0, 1}n → {0, 1} be a Boolean function. A polynomial p ∈ R[x1 , . . . , xn ] is said
to represent f , if for every x ∈ {0, 1}n , we have p(x) = f (x). We recall that any Boolean
function can be uniquely represented by a multilinear polynomial over
 the reals. Given
P
Q
the unique multilinear polynomial p(x1 , . . . , xn ) = S⊆[n] aS
x
i∈S i representing f , we
denote by mon(f ) = {S ⊆ [n] : aS ̸= 0} the set of all monomials appearing in its polynomial
representation. Furthermore, we define the following two “norms”, which are defined using
the unique representations of Boolean functions, over the Boolean and Fourier bases.
P
▶ Definition 4. Let f : {0, 1}n → {0, 1}, let p(x1 , . . . , xn ) = S⊆[n] aS Πi∈S xi be the unique
multilinear representation of f over the reals and let {fbS : S ⊆ [n]} be the Fourier spectrum
of f . The ℓ1 -norm and ℓ1 -Fourier-norm of f are defined:
def
def X
def X
|aS |, and ˆ∥f ˆ∥1 =
|fbS |.
∥f ∥1 = ∥p∥1 =
S⊆[n]

S⊆[n]

The ϵ-approximate degree of a Boolean function f : {0, 1}n → {0, 1} is the least degree
of a real multilinear polynomial approximating f in the ℓ∞ norm, with error at most ϵ.
g (f ) to denote the ϵ-approximate
Hereafter, we use the standard notation and write deg
ϵ
1
g (f ).
degree of f . In the case of ϵ = 3 , we omit the ϵ and instead write deg
▶ Definition 5. Let f : {0, 1}n → {0, 1} be a Boolean function, and let 0 < ϵ < 21 . The
g (f ), is the least degree of a real polynomial p ∈ R[x1 , . . . , xn ]
ϵ-approximate degree of f , deg
ϵ
satisfying |f (x) − p(x)| ≤ ϵ, for all x ∈ {0, 1}n .
In the context of Boolean functions, it is sometimes useful to consider the transformation
of a Boolean vector in which an arbitrary subset of bits have been flipped. Thus, if x ∈ {0, 1}n ,
and S ⊆ [n], we use the notation xS to indicate the vector in which the coordinates S have
been flipped. For any i ∈ [n], the notation xi is shorthand for x{i} . Using this notation, we
define the following two complexity measures for Boolean functions.
▶ Definition 6. Let f {0, 1}n → {0, 1}. The sensitivity of f at x ∈ {0, 1}n is:

sensf (x) = i ∈ [n] : f (x) ̸= f (xi )
and similarly, the block sensitivity of f at x is:
bsf (x) = max{s ∈ [n], such that ∃B1 ⊔ · · · ⊔ Bs ⊆ [n] : ∀i ∈ [s] : f (x) ̸= f (xBi )}.
The sensitivity and block sensitivity of f are then defined by their corresponding
measures on the worst case input, namely sens(f ) = maxx∈{0,1}n sensf (x) and bs(f ) =
maxx∈{0,1}n bsf (x).
3

Theorem 1 implies that this lower bound cannot be (polynomially) strengthened by the “polynomial
method”. In fact, neither can the (nonnegative-weight) Ambainis’ adversary technique, see [32].
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Graph Theory

We use standard definitions and notation relating to graphs. If G is a graph, we denote
its vertex set by V (G), its edge set by E(G), and its connected components by C(G).
The cardinalities of these sets are denoted v(G), e(G) and c(G), respectively. For any
vertex v ∈ V (G), the neighbour set of v is denoted by N (v), and its degree is denoted
deg(v) = |N (v)|. The set of all perfect matchings of G is denoted by PM(G). We also use
the following slightly less common quantity:
def

▶ Definition 7. The cyclomatic number of a graph is defined χ(G) = e(G) − v(G) + c(G).
The graph G − v, where v ∈ V (G), is the graph over the vertices V (G) \ {v} in which
all the edges incident to v are omitted. If U ⊆ V (G) is a set of vertices, the notation G [U ]
refers to the induced graph on the vertices U , whose vertices are U and whose edges are
the edges of G which are incident only to vertices in U . If G ⊆ Kn,n and S ⊆ E(Kn,n ) the
notation G ∪ S refers the a graph over the vertices of Kn,n , whose edge set is E(G) ∪ S.
For any graph G, the adjacency matrix AG is a symmetric matrix whose rows and
columns are labeled by V (G), and whose entries are given by (AG )u,v = 1{{u, v} ∈ E(G)}.
def

The spectral radius of G is defined ρ(G) = max{|λi | : λi ∈ Spec(AG )}, i.e., the maximum
magnitude of any eigenvalue in the spectrum of AG . Since the spectrum of bipartite graphs
is symmetric, it holds that for any bipartite graph ρ(G) = λ1 .
Throughout this paper, we restrict our attention to balanced bipartite graphs over the
vertices of the complete bipartite graph, Kn,n . By convention, we label the left vertices of
Kn,n by a1 , . . . , an , and the right vertices by b1 , . . . , bn . The notation G ⊆ Kn,n is used
to indicate that G is a balanced bipartite graph over the vertices of Kn,n . Similarly, the
notation G ⊆ H indicates that V (G) = V (H) and E(G) ⊆ E(H).

2.3

Quantum Query Complexity

We consider the standard quantum query model (see, e.g., [7]). For a recent textbook on the
framework of quantum computing, we refer the reader to [21]. In this paper, we refer to the
bounded-error quantum query complexity Q2 (f ), which is the smallest number d, such that
there exists a quantum query algorithm A making at most d queries, and agreeing with the
Boolean function f with probability at least two-thirds, on all Boolean inputs.

3

The Dual Polynomial of Bipartite Perfect Matching

This section centers around the proof of Theorem 2. To provide the proof, we must first
familiarize ourselves with some useful definitions and notation. To this end, we begin by
defining Boolean dual functions, and by recalling two relevant graph families: matchingcovered graphs, and elementary graphs. Then, we introduce the notion of sorted and ordered
graphs, which serve as the building blocks of our proof. Finally, we provide our proof of
Theorem 2.

3.1

Boolean Dual Functions

▶ Definition 8. Let f : {0, 1}n → {0, 1} be a Boolean function. The Boolean Dual function
of f is denoted f ⋆ : {0, 1}n → {0, 1} and is defined f ⋆ (x1 , . . . , xn ) = 1 − f (1 − x1 , . . . , 1 − xn ).
Intuitively, in the Boolean dual, the symbols 0 and 1 switch roles. Geometrically, if we
consider f to be a colouring of the vertices of the n-dimensional hypercube, the duality
transformation simply mirrors all vertices and inverts their colours. Algebraically, when
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representing the functions using multilinear polynomials over the reals, each monomial in
the “primal” function corresponds to an AND function, whereas in the dual each monomial
corresponds to an OR (over the original input bits). A Boolean function f and its dual f ⋆
share many properties. For example, their Fourier spectra are identical (up to signs of Fourier
coefficients, see [25]). Nevertheless, in the {0, 1} basis, the unique multilinear polynomials
representing f and f ⋆ can differ greatly. By way of example, the polynomial representing
ANDn consists of a single monomial, whereas its dual (AND⋆n = ORn ) has exactly 2n − 1
monomials.

3.2

Matching-Covered and Elementary Graphs

A graph G ⊆ Kn,n is said to be matching-covered if every edge of G participates in some
perfect matching, or equivalently if its edge set can be described as the union over a set of
perfect matchings S ⊆ P M (G).
▶ Definition 9. Let G ⊆ Kn,n be a graph. G is matching-covered if and only if:
∀e ∈ E(G) : ∃M ∈ P M (G) : e ∈ M.
Matching-covered graphs have many interesting combinatorial properties. The set of all
such graphs, together with the subset relation over the edges, forms a lattice. A key result
by Billera and Sarangarajan [5] showed that this lattice is, in fact, isomorphic to the face
lattice of the Birkhoff polytope, Bn . This lattice was later shown by [3] to be intimately
related to the multilinear polynomial representing the bipartite perfect matching function,
BPMn . Namely, the monomials of the polynomial are the elements of the lattice, and their
coefficients are the Möbius numbers of this lattice.
A closely related family of graphs are the Elementary Graphs.
▶ Definition 10. Let G ⊆ Kn,n be a graph. Then:
G is elementary ⇐⇒ G is a connected matching-covered graph.
Hereafter, we denote by MCn = {G ⊆ Kn,n : G is matching-covered} the set of all
matching-covered graphs, and similarly we denote ELn = {G ⊆ Kn,n : G is elementary}
for all elementary graphs. Elementary graphs were studied at length, both by Lovász and
Plummer [26], and earlier by Hetyei [13]. Through their works they formulated robust
characterizations of elementary graphs. In particular, we require the following theorem, due
mostly to Hetyei:
▶ Theorem 11 ([13]). Let G = (A ⊔ B, E) be a bipartite graph. The following are equivalent:
G is elementary.
G has exactly two minimum vertex covers, A and B.
|A| = |B| and for every ∅ ̸= X ⊂ A, |N (X)| > |X|.
G = K2 , or v(G) ≥ 4 and for any a ∈ A, b ∈ B, G − a − b has a perfect matching.
G is connected and every edge is “allowed”, i.e., appears in a perfect matching of G.

3.3

Ordered Graphs

▶ Definition 12. Let G ⊆ Kn,n . G is a totally ordered graph, if there exists an ordering
π ∈ Sn of its left vertices, such that N (aπ(1) ) ⊆ N (aπ(2) ) ⊆ · · · ⊆ N (aπ(n) ).
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Given a totally ordered graph G, we may permute the vertices in its left and right
bipartitions (separately) so that both bipartitions are sorted in decreasing order of degree.
This automorphism produces a graph H ∼
= G, which we refer to as a “sorted ordered graph”.
Our motivation in applying such a transformation is due to the fact that BPM⋆n is invariant
to permutations over its bipartitions. Thus, the dual coefficient of any ordered graph and its
corresponding sorted ordered graph are identical.
▶ Definition 13. Let G ⊆ Kn,n . G is a sorted ordered graph if:
deg(a1 ) ≤ deg(a2 ) ≤ · · · ≤ deg(an ), and ∀i ∈ [n] : N (ai ) = {b1 , . . . , bdeg(ai ) }.
The adjacency relation of a sorted ordered graph can be succinctly and uniquely described
by a short sequence of integers, which we dub the “representing sequence” of the graph.
▶ Definition 14. Let G ⊆ Kn,n be a sorted ordered graph. The representing sequence of
G is defined by SG = {(d1 , k1 ), . . . , (dt , kt )}, where:
0 ≤ d1 < d2 < · · · < dt ≤ n, and 0 < k1 < k2 < · · · < kt = n
and furthermore:

{b1 , . . . , bd1 },





{b1 , . . . , bd2 },
∀i ∈ [n] : N (ai ) =
..


.




{b1 , . . . , bdt },

0 < i ≤ k1
k 1 < i ≤ k2
..
.
kt−1 < i ≤ kt .

The representing sequence SG of a sorted ordered graph G ⊆ Kn,n is essentially a
“compressed” form of its degree sequence; each pair (di , ki ) in the sequence indicates a run
of (ki − ki−1 ) left vertices, all of whose neighbour sets are exactly {b1 , . . . , bdi }. Thus, the
biadjacency matrix of G is simply described in terms of SG , as shown in Figure 1.
n




b8






b6

b5


b4
d − d
 2
1
b3


b2 1
1

b1
1 1
b7

d1

a1

a2

k1

d3 − d2

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

a3

a4

a5

a6

a7

a8

k2 − k1




















n

k3 − k2

Figure 1 The biadjacency matrix of a sorted ordered graph G. The representing sequence of G is
SG = {(d1 , k1 ), (d2 , k2 ), (d3 , k3 )}.

The building blocks in our proof of Theorem 2 consist of particular family of simple
sorted ordered graphs – those whose representing sequence is of length exactly 2. In other
words, these are the graphs whose left vertices can be partitioned into two sets, those having
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full degree n, and those whose neighbour set is (the same) strict subset of the right vertices.
This family also trivially includes all bicliques Ks,n . For this family of graphs, we introduce
the following notation.
▶ Notation 15. Let 0 ≤ d ≤ n and 0 < k < n. The notation ⟨n, d, k⟩-block refers to the
sorted ordered graph G ⊆ Kn,n , whose representing sequence is S⟨n,d,k⟩ = {(d, k), (n, n)}.

1








 1
d 
1

1
1
1

1

1

1

1

1


1 

1 


1 


1 

1

n

k
Figure 2 The biadjacency matrix of an ⟨n, d, k⟩-block.

3.4

Proof of Theorem 2
2

▶ Definition 16. Let BPM⋆n : {0, 1}n → {0, 1} be the Boolean dual function of BPMn :
(
BPM⋆n (x1,1 , . . . , xn,n )

=

1

{(i, j) : xi,j = 0} does not have a bipartite perfect matching

0

otherwise.

In [3], a complete characterization of the multilinear polynomial representing BPMn over
the reals was obtained, using a connection between the Möbius function of the Birkhoff
polytope’s face lattice, and the cyclomatic numbers of matching-covered graphs. The
polynomial representing BPM⋆n may be similarly expressed through the Möbius function of
some lattice (that of graphs covered by “Hall Violators”, i.e., bicliques over n + 1 vertices).
These representations allowed for a partial description of the support of BPM⋆n , which we
require for our proof of Theorem 2 and will therefore now recall. The first two lemmas
restrict the support of monomials in the dual polynomial to the set of totally ordered graphs,
which are not matching-covered.
▶ Lemma 17 ([3]). Let G ⊆ Kn,n . If G is not totally ordered, then a⋆G = 0.
▶ Lemma 18 ([3]). Let G ⊆ Kn,n . If G ∈ MCn , then a⋆G = 0.
The third lemma relates the Möbius numbers of the lattice of matching-covered graphs,
with the dual coefficients of any graph G ⊆ Kn,n , thereby giving a closed-form expression
for computing the dual coefficients (albeit by summing over possibly exponentially many
summands).
▶ Lemma 19 ([3]). Let G ⊆ Kn,n . The dual coefficient of G is:
a⋆G = (−1)e(G)+1

X
H⊇G
H∈MCn

(−1)χ(H) .
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▶ Corollary 20. Let G ⊆ Kn,n be a graph. If all the left vertices or all the right vertices of
G are in the same connected component, then:
X
a⋆G =
(−1)|E(H)\E(G)| .
G⊆H⊆Kn,n
H∈ELn

Proof. Recall that every connected component of a matching-covered graph is elementary.
Furthermore, elementary graphs are balanced. Thus, G ⊆ H ∈ MCn =⇒ H is elementary,
and we have:
X
a⋆G = (−1)e(G)+1
(−1)χ(H)
H⊇G
H∈MCn

= (−1)e(G)+1

X
H⊇G
H∈ELn

3.4.1

X

(−1)e(H)−2n+1 =

(−1)|E(H)\E(G)| .

◀

H⊇G
H∈ELn

Reducing to Permitted Edges

We now make the following observation: if G is a totally ordered graph whose coefficient we
wish to compute using Lemma 19, then we may restrict our attention to a particular subset
of edges. Whereas Lemma 19 mandates that we consider every possible “completion” of G
to a matching-covered graph, the following lemma shows that we can instead only consider
completions which are confined to the set of “permitted edges” for G.
▶ Definition 21. Let G ⊆ Kn,n be a sorted ordered graph, and let SG = {(d1 , k1 ), . . . , (dt , kt )}
be its representing sequence. The permitted edges for G, denoted PG , are defined as follows:

d1 < j ≤ d2 , 0 < i ≤ k 1





 d2 < j ≤ d3 , k 1 < i ≤ k 2
(ai , bj ) ∈ PG ⇐⇒
..
..


.
.




dt < j ≤ n, kt−1 < i ≤ kt .




n − d4 





d4 − d3 



d3 − d2 




d2 






















k1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

k2 − k1 k3 − k2 k4 − k3

Figure 3 A sorted ordered graph G, with SG = {(d1 , k1 ), (d2 , k2 ), (d3 , k3 ), (d4 , k4 )}.
Orange blocks indicate the edges of G, and green blocks indicate the permitted edges, PG .
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▶ Lemma 22. Let G ⊆ Kn,n be a sorted ordered graph. Then:
X
(−1)|E(H)\E(G)| .
a⋆G =
G⊆H∈ELn
(E(H)\E(G))⊆PG

Proof. Let S = E(Kn,n ) \ (PG ⊔ E(G)). By Lemma 19, Corollary 20, and using the
inclusion-exclusion principle, we have:
X
a⋆G = (−1)e(G)+1
(−1)χ(H)
H⊇G
H∈MCn

X

=

(−1)|E(H)\E(G)| + (−1)e(G)+1

G⊆H∈ELn
(E(H)\E(G))⊆PG

X

=

X

(−1)χ(H)

G⊆H∈MCn
E(H)∩S̸=∅

(−1)|E(H)\E(G)| + (−1)e(G)+1

G⊆H∈ELn
(E(H)\E(G))⊆PG

X

(−1)|T |

∅̸=T ⊆S

X

(−1)χ(H) .

(G⊔T )⊆H∈MCn

Observe that for every ∅ =
̸ T ⊆ S, the graph G ⊔ T is not totally ordered. Therefore, by
P
Lemma 17, every summand (G⊔T )⊆H∈MCn (−1)χ(H) in the above expression vanishes, thus
concluding the proof.
◀

Factorizing into ⟨n, d, k⟩-blocks

3.4.2

Having shown that only “permitted edges” need be considered, our next step is to reduce
the computation of the dual coefficient a⋆G , to that of dual coefficients of simpler graphs. In
order to do so, we must first handle the following “degenerate” case.
▶ Lemma 23. Let G ⊆ Kn,n be a sorted ordered graph and let SG = {(d1 , k1 ), . . . , (dt , kt )}
be the representing sequence of G. If ∃i ∈ [t − 1] such that di+1 ≤ ki , then a⋆G = 0.
Proof. Let i ∈ [t − 1] such that di+1 ≤ ki , and let X = {a1 , . . . , aki } ⊊ {a1 , . . . , an }. Then,
X
a⋆G =
(−1)|E(H)\E(G)|
G⊆H∈ELn
(E(H)\E(G))⊆PG

by Lemma 22, and therefore it suffices to show that any graph H ⊇ G with (E(H) \ E(G)) ⊆
PG is not elementary. Let H be such a graph. Then |NH (X)| ≤ di+1 ≤ ki = |X|, and by
Theorem 11, H is indeed not elementary.
◀
Any sorted ordered graph G whose representing sequence is not degenerate in the above
sense, can be neatly factorized into a set of ⟨n, d, k⟩-blocks. In the following lemma we
construct such a decomposition, and relate the dual coefficients of the each component with
that of the original graph.
▶ Lemma 24. Let G ⊆ Kn,n be a sorted ordered graph. Let SG = {(d1 , k1 ), . . . , (dt , kt )} be
the representing sequence of G, where ∀i ∈ [t − 1] : di+1 > ki . Denote k0 = 0, dt+1 = n, and:
∀i ∈ [t] : Ai = {aki−1 +1 , . . . , adi+1 },

Bi = {bki−1 +1 , . . . , bdi+1 }

Furthermore, ∀i ∈ [t] let Gi = G [Ai ⊔ Bi ] be the induced graph on the vertices Ai ⊔ Bi . Then:
a⋆G

=

t
Y
i=1

a⋆Gi .
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Proof. For all i ∈ [t], let Si = {aki−1 +1 , . . . , aki } and Ti = {bdi +1 , . . . , bdi+1 }. Observe that
Ft
the permitted edges for G are partitioned by the sets Si , Ti as follows: PG = i=1 (Si × Ti ).
Furthermore, since ∀i ∈ [t] : di > ki−1 , we have:
∀i ∈ [t] : (Ai × Bi ) ∩ PG = (Si × Ti ).
Thus, each induced graph Gi “covers” the set (Si × Ti ), and the set of all induced graphs
covers all the permitted edges PG . Since di > ki−1 , then ∀i ∈ [t − 1] : Gi has at least one
left vertex, adi+1 , whose neighbour set in Gi is the entire right bipartition Bi . Similarly, in
Gt the neighbour set of the right vertex bkt−1 +1 is the entire left bipartition At . Thus, by
Corollary 20:
X
∀i ∈ [t] : a⋆Gi =
(−1)|E(H)\E(G)| .
Gi ⊆H
H is elementary

To complete the proof, it remains to show a bijection between elementary completions of
G using the permitted edges PG , and elementary completions of each of the graphs Gi .


n − d4 





1
1


d4 − d3 

1 1 




1 1 1 1 


d3 − d2 


1 1 1 1 





1 1 1 1 1 1 



d2 
1 1 1 1 1 1 



1 1 1 1 1 1
k1

k2 − k1 k3 − k2 k4 − k3

Figure 4 A sorted ordered graph G, with SG = {(d1 , k1 ), (d2 , k2 ), (d3 , k3 ), (d4 , k4 )}. The permitted
edges are covered. Orange blocks indicate the edges of G, green blocks indicate the permitted edges,
and blue blocks are the induced graphs Gi .

Let G ⊆ H ∈ ELn such that (E(H) \ E(G)) ⊆ PG . For all i ∈ [t], let Hi = H [Ai ⊔ Bi ].
Since H ⊇ G, clearly also ∀i ∈ [t] : Hi ⊇ Gi . It remains to show that every such Hi is
elementary. To this end, we use Theorem 11: let i ∈ [t] and let ∅ =
̸ X ⊊ Ai . If X ∩ Ai+1 =
̸ ∅
then Hi has a vertex of full degree, and so |NHi (X)| = |Bi | = |Ai | > |X|. Otherwise,
if X ∩ Ai+1 = ∅ then let X ′ = X ⊔ {a1 , . . . , aki−1 }. Observe that NH (X ′ ) = NH (X) =
NHi (X) ⊔ {b1 , . . . , bki−1 }. However, H is elementary, therefore |NH (X ′ )| > |X ′ | = |X| + ki−1 .
In both cases we have |NHi (X)| > |X| and Hi is elementary.
Conversely, let H1 ⊇ G1 , . . . , Ht ⊇ Gt be elementary graphs. Then it suffices to show that
H ⊇ G whose edges are E(H) = E(G) ∪ E(H1 ) ∪ E(H2 ) ∪ . . . . . . E(Ht ) is also elementary.
Let X ⊊ A, let i be the largest index such that ai ∈ X, and let j be the index for which
kj−1 < i ≤ kj . Thus:
NH (X) = NHj (X ∩ Aj ) ⊔ {b1 , . . . , bki−1 }.
If X ∩ Aj = Aj , then NHj (X ∩ Aj ) = Bj and thus |NH (X)| = ki−1 + |Bj | = dj+1 > kj ≥
|X|, and indeed H is elementary. Otherwise, since Hj is elementary and (X ∩ Aj ) ⊊ Aj , we
have |NHj (X ∩ Aj )| > |X ∩ Aj |, and therefore:
|NH (X)| = |NHj (X ∩ Aj )| + ki−1 > |X ∩ Aj | + ki−1 ≥ |X|.

◀
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The Dual Coefficients of ⟨n, d, k⟩-blocks

3.4.3

Finally, having reduced the computation of the dual coefficient of an arbitrary ordered
graph G to that of simple “blocks”, we are left with the task of directly computing the dual
coefficient for any such block.
▶ Lemma 25. Let 0 ≤ d ≤ n, 0 < k < n. Then, the coefficient of the ⟨n, d, k⟩-block is:

a⋆⟨n,d,k⟩



n−1


,

k



=

n−d−1 k−1

−
,
k−d
d−1

d=0
(⋆)
d > 0.

Proof. The proof is by induction on n, d and k. For the base case, let G be an ⟨2, d, 1⟩-block,
where d ∈ {0, 1, 2}. In all three cases, only K2,2 ⊇ G is elementary, thus by Corollary 20
they all satisfy equation (⋆), as required. Next, we use complete induction. Let G be an
⟨n, d, k⟩-block, where n > 2, and assume equation (⋆) holds for all ⟨n′ , d′ , k ′ ⟩-blocks, such
that:
(n′ < n) ∨ (n′ = n ∧ k ′ = k ∧ d′ > d).
If d > k, then ∀X ⊊ {a1 , . . . , an } : |N (X)| > |X|, thus by Theorem 11, G is elementary
and by Lemma 18, a⋆G = 0. Otherwise, d ≤ k. In this case, denote S = {(a1 , bn ), . . . , (ak , bn )},
and partition the set of all elementary graphs containing G into two disjoint sets,
H1 = {G ⊆ H ∈ ELn : E(H) ∩ S ̸= ∅} , and H2 = {G ⊆ H ∈ ELn : E(H) ∩ S = ∅} ,
and by Corollary 20, the dual coefficient of G is given by the sum over these sets:
a⋆G =

X

(−1)|E(H)\E(G)| +

X

(−1)|E(H)\E(G)| .

H∈H2

H∈H1

The contributions of H1 . To sum the contributions of all graphs in H1 , we use the inclusionexclusion principle. First, note that BPM⋆n is invariant to permutations over each bipartition
(that is, if H ∼
= G then a⋆G = a⋆H ). Therefore, for every subset T ⊆ S of selected edges, we
may, without loss of generality, “sort” the graph to obtain an isomorphic sorted ordered
graph. Consequently, denote ∀t ∈ [k] : Gt = G ∪ {(ak−t+1 , bd+1 ), . . . , (ak , bd+1 )}. By the
inclusion-exclusion principle, we have

X
H∈H1

(−1)

|E(H)\E(G)|

=

k
X
t=1

(−1)

t+1

 
k  
X
k
k
t
⋆
· (−1) · aGt = −
· a⋆Gt .
t
t
t=1

If t = k, then Gt is an ⟨n, d + 1, k⟩-block, for which the induction hypothesis holds.
Otherwise, for t ∈ [k − 1], the biadjacency matrix of each graph Gt can be partitioned into
blocks, as follows:
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1



n−d−1 






1 


 1


d  1

1

1
1
1
1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

k−t

t


1 

1 


1 

1 


1 


1 


1 

1

n−k

If t < k − d, then by Definition 21 the permitted edges for the vertices {a1 , . . . , ak−t }
in Gt are only those connecting them to bd+1 . Therefore, Gt cannot be completed to an
elementary graph using only permitted edges, and by Lemma 22, a⋆Gt = 0. Otherwise, by
Lemma 24, the coefficient a⋆Gt is the product of coefficients for each of the three blocks. The
first two are an ⟨d + 1, d, k − t⟩-block and a ⟨n − k + t, d + 1 − k + t, t⟩-block. The third is a
complete bipartite graph over n − k vertices, and thus does not affect the coefficient of G.



1



 1


 1
d 

 1

1

1

1

1

1

1

1

1

1

1

1

1

1

1 

1 


1 


1 

1




1

d+1









 1
d+1−k+t 
1

k−t

1
1
1

1

1

1

1

1

1 

1 


1 


1 

1

n−k+t

t

(a) ⟨d + 1, d, k − t⟩-block.

(b) ⟨n − k + t, d + 1 − k + t, t⟩-block.

Observe that if k − d < t < k, then the ⟨d + 1, d, k + 1⟩-block is elementary, thus by
Lemma 18, its dual coefficient is zero. Consequently, only two potentially non-zero cases
remain: t = k and t = k − d. For both cases, the induction hypothesis holds. Observe that if
d = 0, both cases converge to a single case. Thus:
d > 0:
−

k  
X
k
t=1

t


 
k
k
· a⋆⟨d+1,d,d⟩ −
· a⋆⟨n,d+1,k⟩
k−d
k

 
 




n−d−2
k
k−1
n−d−2 k−1
=−
·
+
=−
.
k−d−1
k−d
d
k−d−1
d−1

· a⋆Gt = −



d = 0:
−

k  
X
k
t=1

t

· a⋆Gt = −

 


k
n−2
· a⋆⟨n,1,k⟩ =
.
k
k−1
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The contributions of H2 . If k = n − 1, then H2 = ∅, thus there are no contributions
from H2 . This assertion follows since for any H ⊇ G with E(H) ∩ S = ∅, we have
|N ({a1 , . . . , an−1 })| ≤ n − 1 = |{a1 , . . . , an−1 }|. Thus, by Theorem 11, H is not elementary.
Otherwise, if k < n − 1, we claim that:
X
(−1)|E(H)\E(G)| = a⋆⟨n−1,d,k⟩ .
H∈H2

Since the induction hypothesis holds for the ⟨n − 1, d, k⟩-block, proving the above identity
would yield an expression for the contributions of H2 . Denote the ⟨n − 1, d, k⟩-block by G′ .
To prove the aforementioned identity, it remains to show a bijection between elementary
graphs G′ ⊆ H ′ ∈ ELn−1 , and elementary graphs G ⊆ H ∈ ELn , where E(H) ∩ S = ∅.
Furthermore, we must also maintain |E(H ′ ) \ E(G′ )| = |E(H) \ E(G)|, for any two graphs
H ′ and H which are mapped to one another by the bijection. The bijection is defined as
follows:
H 7→ H ′ : Let H ⊇ G be an elementary graph such that E(H) ∩ S = ∅. We claim
that H ′ = H − an − bn is also elementary. By Theorem 11, it suffices to show that
∀X ⊊ {a1 , . . . , an−1 } : |NH ′ (X)| > |X|. If X ∩ {ak+1 , . . . , an−1 } ̸= ∅, then NH ′ (X) =
{b1 , . . . , bn−1 }. Thus |NH ′ (X)| = n − 1 > |X|. Otherwise, if X ∩ {ak+1 , . . . , an−1 } = ∅, then
NH ′ (X) = NH (X) and therefore: |NH ′ (X)| = |NH (X)| > |X|, as required.
H ′ 7→ H: Let H ′ ⊇ G′ be an elementary graph. We claim that the graph H ⊆ Kn,n
where E(H) = E(H ′ ) ⊔ {(ak+1 , bn ), . . . , (an , bn )}, is also elementary. Once again, we use
Theorem 11. Let X ⊊ {a1 , . . . , an }. If X ∩ {ak+1 , . . . , an } =
̸ ∅, then NH (X) = {b1 , . . . , bn }.
Thus |NH (X)| = n > |X|. Otherwise, if X ∩ {ak+1 , . . . , an } = ∅, then NH (X) = NH ′ (X)
and therefore: |NH (X)| = |NH ′ (X)| > |X|, as required.
Summing up the contributions. Finally, we have reduced the computation of the coefficient
a⋆⟨n,d,k⟩ to a sum of coefficients a⋆⟨n′ ,d′ ,k′ ⟩ for which the induction hypothesis holds. It now
remains to sum up the contributions for each possible case. If d > 0 and k = n − 1, then:






X
n−d−2 k−1
n−d−1 k−1
a⋆G =
(−1)|E(H)\E(G)| = −
=−
.
k−d−1
d−1
k−d
d−1
H∈H1

If d > 0 and k < n − 1, then:
a⋆G =

X

(−1)|E(H)\E(G)| +

H∈H1

X

(−1)|E(H)\E(G)| = −

H∈H2





n−d−1 k−1
.
k−d
d−1

If d = 0 and k = n − 1, then:
a⋆G =

X

(−1)|E(H)\E(G)| =



H∈H1

n−2
k−1




=


n−1
.
k

And lastly, if d = 0 and k < n − 1, then:
a⋆G =

X
H∈H1

3.4.4

(−1)|E(H)\E(G)| +

X

(−1)|E(H)\E(G)| =

H∈H2

Putting It Together

We are now ready to prove Theorem 2.



 
 

n−2
n−2
n−1
+
=
.◀
k−1
k
k
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Proof. Let G ⊆ Kn,n . If G is not totally ordered, then by Lemma 17, a⋆G = 0. Otherwise, if
G is totally ordered and there exists some i ∈ [t − 1] such that di+1 ≤ ki , then by Lemma 23,
a⋆G = 0, and indeed:


di+1 − ki−1 − 1
f (di+1 − ki−1 , di − ki−1 , ki − ki−1 ) =
= 0.
ki − ki−1
Finally, if G is totally ordered, and ∀i ∈ [t − 1] : di+1 > ki , then let Ai =
{aki−1 +1 , . . . , adi+1 }, Bi = {bki−1 +1 , . . . , bdi+1 }, ∀i ∈ [t], where k0 = 0 and dt+1 = n. Furthermore ∀i ∈ [t], let Gi = G [Ai ⊔ Bi ] be the induced graph on the vertices Ai ⊔ Bi .
Qt
By Lemma 24, we have a⋆G = i=1 a⋆Gi . Observe that ∀i ∈ [t − 1], the graph Gi is an
⟨di+1 − ki−1 , di − ki−1 , ki − ki−1 ⟩-block. Thus, its coefficient is given by the expression in
Lemma 25. However, the last graph Gt may not be a “block”. In fact, there are two possible
cases: either dt = n, in which case Gt is a complete bipartite graph, and thus a⋆G = 1.
Otherwise, dt < n, and Gt is a biclique joining n − kt−1 left vertices to n − dt right vertices.
In this case, since a⋆G is invariant to swapping the two bipartitions, then without loss of
generality we may do so, thus obtaining an isomorphic ⟨n − kt−1 , 0, n − dt ⟩-block. Thus, we
have:




dt = n
1,
n − kt−1 − 1


⋆
a Gt =
=
.
n
−
k
−
1
t−1

n − dt
, dt < n

n − dt
Putting it all together, we obtain:

 t−1
t
Y
n − kt−1 − 1 Y ⋆
a⋆G =
a⋆Gi =
·
a⟨di+1 −ki−1 ,di −ki−1 ,ki −ki−1 ⟩
n − dt
i=1
i=1

 t−1
n − kt−1 − 1 Y
=
·
f (di+1 − ki−1 , di − ki−1 , ki − ki−1 ) .
n − dt
i=1

3.5

◀

Corollaries of Theorem 2: The ℓ1 -norms of BPMn

Theorem 2 allows us to compute the dual coefficient of any graph G ⊆ Kn,n . It is not hard to
see that for some graphs G ⊆ Kn,n , the coefficient a⋆G may be exponential in n. For instance,
the biclique Kn,n/2 is an
graph whose representing sequence is n2 , n . Therefore its
 ordered
n
n−1
2
dual coefficient is n ∼ poly(n)
. We claim that the aforementioned bound is qualitatively
2
tight. Namely, for every graph G ⊆ Kn,n , the coefficient a⋆G is at most exponential in 2n.
▶ Lemma 26. Let G ⊆ Kn,n . The dual coefficient of G is bounded by |a⋆G | ≤ 22n .
Proof. If G is not totally ordered then by Lemma 17 a⋆G = 0. Otherwise, let
{(d1 , k1 ), . . . , (dt , kt )} be the representing sequence of G, let k0 = 0, and let:


n−1


,
d≤0

k



f (n, d, k) =

n−d−1 k−1

−
, d > 0.
k−d
d−1
Observe that both in the case d ≤ 0 and in the case d > 0, we have |f (n, d, k)| ≤ 2n−d+k
(by bounding every binomial coefficient). Therefore, using Theorem 2 we obtain:

 t−1
n − kt−1 − 1 Y
⋆
|aG | =
·
|f (di+1 − ki−1 , di − ki−1 , ki − ki−1 ) | ≤ 2n+dt ≤ 22n .
◀
n − dt
i=1
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Thus, the multilinear polynomial representing BPM⋆n is “simple” in the following sense:
its ℓ1 -norm (the sum of absolute values of its coefficients) is small, over both the {0, 1} and
Fourier basis.
▶ Corollary 27. Let n > 2. Then:
∥BPM⋆n ∥1 = 2Θ(n log n) , and furthermore ˆ∥ BPMn ˆ∥1 = ∥ˆ BPM⋆n ˆ∥1 = 2O(n log n) .
Proof. In [3], the number of monomials in BPM⋆n was bounded by:
(n!)2 ≤ |mon (BPM⋆n )| ≤ (n + 2)2n+2
thus, using Lemma 26, we deduce:
(n!)2 ≤ ∥BPM⋆n ∥1 ≤ (n + 2)2n+2 · 22n ⇒ ∥BPM⋆n ∥1 = 2Θ(n log n) .
As for the Fourier ℓ1 -norm, we note that the magnitudes of the Fourier coefficients of any
Boolean function and its dual are identical (see e.g., [25]), therefore ˆ∥ BPMn ˆ∥1 = ˆ∥ BPM⋆n ˆ∥1 .
Furthermore, recall that ∀S ⊆ [n], ˆ∥ ANDS ˆ∥ = ˆ∥Πi∈S xi ˆ∥ = 1. Thus, by subadditivity and
homogeneity:
X
ˆ∥ BPMn ˆ
∥1 = ˆ
∥ BPM⋆n ˆ
∥1 ≤
|a⋆G | · ˆ∥ ANDG ˆ∥ = ∥BPM⋆n ∥1 = 2O(n log n) .
◀
G⊆Kn,n

4

g (BPM )
The Upper Bound on deg
n
ϵ

In this section we obtain an upper bound on the approximate degree of the bipartite perfect
matching function, which holds even for exponentially small values of ϵ.
▶ Theorem 28. Let 2−n log n ≤ ϵ ≤ 13 . The ϵ-approximate degree of BPMn is bounded by:
p
g (BPMn ) = O(n3/2 log n).
deg
ϵ
This bound is essentially a corollary Theorem 2, alongside two further observations. First,
we show that the approximate degree of any Boolean function and its dual are identical (for
all ϵ > 0). We then prove that Boolean functions whose representing polynomials have small
ℓ1 -norm over the {0, 1} basis, can be efficiently approximated by low degree polynomials.
The latter approach was also employed by Sherstov in [29]. Let us remark that, to obtain the
upper bound on the approximate degree of BPMn it would have sufficed to merely show that
the magnitudes of all dual coefficients are, at most, exponential in Θ(n log n). However, we do
not know of a simpler proof of this fact, other than leveraging the complete characterization
of BPM⋆n given by Theorem 2.
▶ Lemma 29. Let f : {0, 1}n → {0, 1} be a Boolean function, and let f ⋆ be its dual. Then:
1
g (f ) = deg
g (f ⋆ ) .
: deg
ϵ
ϵ
2
Proof. Let ϵ > 0, and let p ∈ R [x1 , . . . , xn ] be a real polynomial that ϵ-approximates f
pointwise. Let p⋆ ∈ R [x1 , . . . , xn ] be the real polynomial defined by: p⋆ (x1 , . . . , xn ) =
1 − p(1 − x1 , . . . , 1 − xn ) (i.e., replace each variable xi with (1 − xi ), negate all coefficients,
and add 1). Observe that deg(p⋆ ) ≤ deg(p), since p⋆ is obtained by a linear transformation
on p, thus the degree cannot increase. Furthermore, ∀x1 , . . . , xn ∈ {0, 1}, we have:
∀0 < ϵ <

|f ⋆ (x1 , . . . , xn ) − p⋆ (x1 , . . . , xn )| = |1 − f (1 − x1 , . . . , 1 − xn ) − (1 − p(1 − x1 , . . . , 1 − xn ))|
= |f (1 − x1 , . . . , 1 − xn ) − p(1 − x1 , . . . , 1 − xn )| ≤ ϵ.
The converse similarly follows, since (f ⋆ )⋆ = f .

◀
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For the second lemma, we require a well known Theorem regarding the approximate
degree of the ANDn function. Nisan and Szegedy [23] first showed that for the regime of
g 1 (ANDn ) = Θ(√n). Their result was extended by Buhrman, Cleve,
ϵ = Θ(1), we have deg
/3
De Wolf and Zalka [6], who determined the approximate degree of AND for any ϵ > 0.
▶ Theorem 30 ([6]). Let n ∈ N and let 2−n ≤ ϵ ≤ 13 . Then:
g (ANDn ) = Θ
deg
ϵ

p


n · log(1/ϵ) .

Consider a Boolean function f . If the representing polynomial of f has small ℓ1 -norm,
then one may use the following straightforward approach for constructing a low-degree
approximating polynomial for f : approximate (with sufficiently small ϵ) every monomial of
the representing polynomial. Since each monomial is an AND function, we may appeal to
Theorem 30 to obtain a low-degree approximation. Thus, the polynomial approximating f is
given by summing the approximating polynomials for each of its monomials. This scheme is
implemented in the following lemma, whose proof appears in the full version of this paper.
▶ Lemma 31. Let f : {0, 1}n → {0, 1} be a Boolean function and let p ∈ R [x1 , . . . , xn ] be
the unique multilinear polynomial representing f . If 3 < ∥p∥1 < 2n , then:

∀ϵ ∈

1 1
,
∥p∥1 3


g (f ) = O
: deg
ϵ

q


n · log ∥p∥1 .

The proof of Theorem 28 now follows.
Proof. Let 2−n log n ≤ ϵ ≤ 13 . Then, using Corollary 27 and Lemmas 29 and 31, we have:
g (BPMn ) = deg
g (BPM⋆ ) = O(n3/2
deg
ϵ
ϵ
n

5

p

log n).

◀

g (BPM ) = Ω(n3/2 )
The Lower Bound deg
n

In this section we obtain a lower bound on the approximate degree of perfect matching,
√
which matches the upper bound of Theorem 28, up to the low order term log n.
g (BPMn ) = Ω(n3/2 ).
▶ Theorem 32. The approximate degree of BPMn is bounded by deg
Aaronson, Ben-David,
 Kothari,Rao and Tal [1] recently proved that for any total Boolean
g (f )2 (which is optimal, as exemplified by the ORn function).
function f , deg(f ) = O deg
Their proof is composed of two primary steps. First, they make the key observation that, at
the heart of Huang’s proof for the sensitivity conjecture [15], there (implicitly) lies a new
complexity measure: Spectral Sensitivity. Their main technical Theorem is to then show
that this aforementioned quantity lower-bounds approximate degree. It is this relation that
we wish to leverage. 4

4

From the quadratic relation between degree and approximate degree [1] and using the fact that BPMn
f (BPMn ) = Ω(n) also immediately follows.
has full degree [3], the weaker lower bound of deg
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5.1

Spectral Sensitivity and the Sensitivity Graph

▶ Definition 33 (Sensitivity Graph [1]). Let f : {0, 1}n → {0, 1} be a Boolean function. The
Sensitivity Graph of f is the graph Gf over the vertices {0, 1}n whose edges are:
∀x, y ∈ {0, 1}n : {x, y} ∈ E(Gf ) ⇐⇒ |x ⊕ y| = 1 ∧ f (x) ̸= f (y).
Thus, Gf is the subgraph containing all the bi-chromatic edges of the n-dimensional Hypercube
whose vertices are labeled by f (the “f -cut” of the Hypercube).
▶ Definition 34 (Spectral Sensitivity [1]). Let f : {0, 1}n → {0, 1} be a Boolean function and
def

let Gf be its sensitivity graph. The Spectral Sensitivity of f is defined by λ(f ) = ρ(Gf ).
Observe that the sensitivity graph of any Boolean function f is a bipartite graph whose
bipartitions are given by f −1 (0) (hereafter, the “left” vertices) and f −1 (1) (the “right”
vertices). Clearly as all the edges of the sensitivity graph are bi-chromatic, these two sets
form a valid bipartition. In the case of BPMn , we note that (perhaps rather confusingly) the
2
sensitivity graph is a bipartite graph in which each vertex x ∈ {0, 1}n is, itself, associated
with a bipartite graph (corresponding to the input x).
Under this notation, the main Theorem of [1] states the following.
▶ Theorem 35 ([1]). For any total Boolean function f : {0, 1}n → {0, 1}, we have:
g (f )).
λ(f ) = O(deg

5.2

A Tight Bound on the Spectral Sensitivity of BPMn

In what follows, we obtain tight bounds on the Spectral Sensitivity of BPMn .
3

▶ Theorem 36. The spectral sensitivity of matching is bounded by λ(BPMn ) = Θ(n /2 ).
This tight bound on λ(BPMn ) yields our approximate degree lower bound, and also shows
that this is the best bound attainable by the method of Spectral Sensitivity for the perfect
matching function.
g (BPMn ) = Ω(n3/2 ).
▶ Corollary 37. The approximate degree of matching is bounded by deg
Proof. Follows from Theorem 36 and Theorem 35.

5.2.1

◀
3

The Upper Bound λ(BPMn ) = O(n /2 )

The spectrum of bipartite graphs has several nice properties. Their eigenfunctions come
in pairs with negated eigenvalues (thus their spectrum is symmetric). Another well-known
result regarding the spectrum of bipartite graphs is Hölder’s inequality for matrix norms:
▶ Proposition 38. Let G be a bipartite graph and let ∆L and ∆R be the maximal left and
√
right degrees, correspondingly. Then, ρ(G) ≤ ∆L ∆R .
Recall that the degree of any vertex in the sensitivity graph is equal, by definition,
to the number of bi-chromatic edges incident to it – which is its sensitivity. Thus, by
p
def
Proposition 38, for any Boolean function f we have λ(f ) ≤ s0 (f ) · s1 (f ), where sb (f ) =
maxx∈f −1 (b) sensf (x), ∀b ∈ {0, 1}. This simple observation suffices to obtain the upper
bound:
3

▶ Proposition 39. For any n ≥ 1, we have λ(BPMn ) ≤ n /2 .
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p
Proof. Recall that λ(BPMn ) ≤ s0 (BPMn ) · s1 (BPMn ). Since the sensitivity of any input
is at most n2 (the number of input bits), we immediately have s0 (BPMn ) ≤ n2 (and in
fact, s0 (BPMn ) = Θ(n2 )). As for the 1-sensitivity, clearly for every G ∈ BPM−1
n (1), the
only sensitive edges are those present in some matching. The union of all matchings is
matching-covered, and every edge in an elementary component is sensitive if and only if the
component is K2 (see Theorem 11), thus s1 (BPMn ) ≤ n.
◀

5.2.2

3

The Lower Bound λ(BPMn ) = Ω(n /2 )

Let us now consider the lower bound. By Cauchy’s Interlace Theorem (and using the fact
that for bipartite graphs, ρ(G) = λ1 ), it holds that for any bipartite graph G, the spectral
radius of G is no smaller than that of any induced subgraph of G. Thus, it suffices to exhibit
an induced subgraph of the sensitivity graph of BPMn , whose spectral radius is large. In the
following Theorem, we construct such a connected bi-regular induced subgraph, and bound
its spectral radius.
3

n /2
3
▶ Theorem 40. For any n > 2 we have λ(BPMn ) ≥ √ − O(n) = Ω(n /2 ).
3 3
Proof. Let n > 2 and let n+1
< k < n be a natural number. Let A = A1 ⊔ A2 and
3
B = B1 ⊔ B2 be disjoint sets such that |A1 | = |B1 | = k and |A2 | = |B2 | = n − k. For every
t ∈ N+ , denote the set of all matchings joining t vertices of A2 with t vertices of B2 , by
Mt (A2 , B2 ). Consider the following two sets of graphs:
R = {G = (A ⊔ B, (A1 × B2 ) ⊔ (A2 × B1 ) ⊔ E(M )) : M ∈ Mn−2k (A2 , B2 )}
L = {G = (A ⊔ B, (A1 × B2 ) ⊔ (A2 × B1 ) ⊔ E(M )) : M ∈ Mn−2k−1 (A2 , B2 )} .
Let GBPMn be the sensitivity graph of BPMn , and let H = GBPMn [L ⊔ R] be its induced
subgraph over the aforementioned set of graphs (vertices). By Cauchy’s Interlace Theorem
the spectral radius of H is at most that of G, therefore λ(BPMn ) = ρ(GBPMn ) ≥ ρ(H).
Observe that every graph G ∈ R has a perfect matching, which can be constructed by
taking the (n − 2k)-size matching between A2 and B2 and matching the remaining k vertices
of A2 with B1 , and similarly the remaining k vertices of B2 with A1 (this can always be done,
since the bicliques KA2 ,B1 , KA1 ,B2 are subgraphs of G). Conversely, every graph G ∈ L
does not have a perfect matching. For example, the set A2 violates Hall’s condition, since:
|N (A2 )| = n − 2k − 1 + k = n − k − 1 < n − k = |A2 |. Thus, R is the right bipartition of H,
and L is its left bipartition.
Let us characterize the edges of H. Let G ∈ R and let M be its corresponding (n−2k)-size
matching between A2 and B2 . For every edge e ∈ M , we have by construction (G \ {e}) ∈ L.
Furthermore, for any edge e ∈ (E(G) \ M ), the graph (G \ {e}) does not contain one of the
bicliques KA2 ,B1 , KA1 ,B2 , and is therefore not in R. Consequently the degree of each right
vertex of H is dR = degH (G) = |M | = n − 2k.
Similarly, let G ∈ L and let M be its (n − 2k − 1)-size matching between A2 and B2 .
Denote by S, T the left and right vertices of M , correspondingly. Then, for any u ∈ (A2 \ S),
v ∈ (B2 \ T ), the graph G ⊔ {(u, v)} has a (n − 2k)-size matching, and is thus in R. Adding
any other edge e to G would either join a vertex from A1 to a vertex from B1 , or e would be
incident to a vertex in M . In both cases, G ⊔ {e} is not in L. Thus the degree of each left
vertex of H is dL = degH (G) = (|A2 | − |S|) · (|B2 | − |T |) = (k + 1)2 .
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Figure 6 The induced subgraph H = GBPMn [L ⊔ R] of the sensitivity graph for BPMn .

Finally, observe that any bi-regular bipartite graph, and in particular H, satisfies ρ(H) ≥
√
dL · dR (this follows, for example, by considering the eigenfunction which places weight dL
√
on each left vertex, and dR on each right vertex)5 . To conclude the proof, fix k = ⌊ n3 ⌋ − 1.
Thus:
rj k 
3
j n k

n 2
n /2
λ(BPMn ) = ρ(G) ≥ ρ(H) ≥
· n−2
◀
− 1 = √ − O(n).
3
3
3 3
√
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A

Towards Fine Grained Bounds for Bipartite Perfect Matching

The main thrust of this section, and indeed one of the motivating factors for the work in this
paper, revolves around the following longstanding open question:
5

▶ Open Problem 41 (The n /2 -Barrier for Bipartite Matching6 ). Is there a deterministic
5
algorithm for bipartite perfect matching running in time o(n /2 )?
Hopcroft
and Karp’s [14] algorithm, designed half a century ago, attains a runtime of

5
O n /2 when applied to dense graphs (i.e., when the number of edges is Θ(n2 )). Since then,
no known deterministic algorithm has been able to break this barrier, in the dense regime.
To make matters concrete, in what follows let us consider the decision variant of the problem,
as represented by BPMn ; we are given a balanced bipartite graph with n vertices in each
bipartition, and wish to determine whether a perfect matching exists. Secondly, let us fix
the following computational model.

The Demand Query Model
In recent work, Nisan [22] introduced a new concrete complexity model for bipartite matching,
known as the “Demand Query Model”. This model appears to be particularly well-suited for
the matching problem, for two primary reasons. Firstly, Nisan showed that combinatorial
matching algorithms can be efficiently simulated within the model (in fact, this holds even
for parallel, online, approximate and other classes of algorithms, see [22]). For instance,
5
Hopcroft and Karp’s algorithm, whose running time is O(n /2 ), can be “translated” into
3/2
demand query algorithm making O(n ) queries. Since each query can be trivially simulated
in O(n) time, this appears to capture the complexity of the aforementioned algorithm in a
fine-grained manner. Secondly, the queries in this model are simple enough that we could
hope to prove lower bounds against them.
In this framework, algorithms are modeled by decision trees. Each internal node corresponds to a demand query, and each leaf is labeled by an output, either 0 or 1. A demand
query consists of a left vertex u and an ordering π ∈ Sn , induced on the right vertices. The
result of such a query is the first right vertex v, according to the ordering π, for which the
edge (u, v) exists in the graph (or ⊥ if no such edge exists). A root-to-leaf path in the tree
corresponds to a particular set of answers to the queries made along the path. Thus, the
set of all such paths partitions the set of all graphs G ⊆ Kn,n , whereby each graph G is
associated with a single leaf. Any graph G ⊆ Kn,n which is “consistent” with the answers
made along a root-to-leaf path, must also be consistent with the labeling of that leaf. The
“cost” of an algorithm in this model is measured by the depth of the tree (i.e., the worst-case
amount of queries made on any particular input). As this is an information-theoretic model,
we disregard the amount of computation necessary to construct (or deduce the existence of)
a perfect matching, and instead only measure the minimal amount of information required
to do so.

A.1

The Demand Query Complexity of Matching

Open Problem 41 remains as of yet unsettled. In light of the efficient simulation of combinatorial algorithms by the demand model, one could formulate the following closely related
question: “can one construct quasi-linear demand-query algorithms for matching?”, or in the
contrapositive:
6

In fact we are only interested in polynomial improvements to this running time, i.e., bounds of the form
n5/2−ε for some constant ε > 0.
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▶ Open Problem 42 (The Demand Query Complexity of Matching). Is there some constant
ε > 0 such that Demand(BPMn ) = Ω(n1+ε )?

To better understand Demand(BPMn ), we have drawn connections between the demand
query complexity of BPMn and other, mostly algebraic, complexity measures relating to
BPMn and its dual – a representative collection of which are detailed in Figure 7.

Figure 7 Relations between complexity measures of BPMn . An arrow f (n) → g(n) indicates
e
that f = O(g)
(excluding logs) – with two exceptions. The arrow Q2 (BPMn ) → Demand(BPMn )
√
f (BPMn ) → log ∥BPM⋆n ∥1 represents
incurs a n-factor loss, see Subsection A.3, and the arrow deg
the bound provided by Lemma 31. Green blocks correspond to bounds on their adjacent quantity.
Every arrow f → g is accompanied by the corresponding citation in blue, apart from trivial relations
wherein they are omitted. Bounds and relations marked [Here] denote results shown in this paper.

The following table details the complexity measures appearing in Figure 7.

Query Complexity Measures
Measure

Definition

Demand(BPMn )

The least depth of a decision tree computing BPMn , whose internal nodes are
labeled by demand queries.

DOR (BPMn )

The least depth of a decision tree computing BPMn , whose internal nodes are
labeled by ORs over arbitrary subsets of the input bits.

DDISJ (BPMn )

The least depth of a decision tree computing BPMn , whose internal nodes are
labeled by disjunctions over literals, e.g. (x1 ∨ x̄3 ∨ x7 ).

DTSIZE (BPMn )

The least amount of leaves in a classical decision tree computing BPMn .

Q2 (BPMn )

The bounded-error quantum query complexity of BPMn .
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Communication Complexity Measures
Measure

Definition

CC(BPMn )

The two-party deterministic communication complexity of BPMn , where we
fix an arbitrary partition over the input bits.

rk(MBPMn )

The real rank of the communication matrix corresponding to the above communication problem.

Algebraic Complexity Measures
Measure

Definition

|mon(BPM⋆n )|

Number of non-zero coefficients in the unique representing polynomial.

∥BPM⋆n ∥1

Sum of magnitudes of coefficients in the unique representing polynomial.

λ(BPMn )

The spectral sensitivity of BPMn (see Definition 34).

f (BPMn )
deg

The approximate degree of BPMn .

A.2

Drawing the Connections

Decision Tree Measures
It is not hard to see that every demand query can be simulated by at most logarithmically
many OR-queries, by performing binary search on the right vertices. Similarly trivially,
every OR query can be seen as a disjunction wherein no literal is negated, thus we also have
DDISJ (BPMn ) ≤ DOR (BPMn ). The latter quantity, DDISJ (BPMn ), is of particular interest –
Nisan observed [22] that for any Boolean function the least depth of a disjunction decision
tree computing the function is equivalent, up to a log n-factor, to the minimum size (i.e.,
number of leaves) of a classical decision tree computing it. The minimum decision tree size
computing a Boolean function is known to be related to Fourier-analytic properties of the
function. For example, a folklore result states that it is lower bounded by the Fourier ℓ1 -norm
of the function (see e.g. [25]).

Communication Complexity Measures
Given a disjunction decision tree computing a Boolean function, one naturally obtains a
corresponding 2-party deterministic communication protocol. The protocol simply simulates
the tree by “solving”, at every step, the current disjunction. This simulation can be done
efficiently, since any disjunction requires only 2-bits of communication (Alice and Bob
compute their parts of the disjunction separately, and communicate the answer bits to one
another). In the argument above, the actual partition determining Alice and Bob’s shares
of the input bits is inconsequential. For any such fixed partition, one can consider the
communication matrix, which is the Boolean matrix whose rows are indexed by Alice’s inputs,
and columns by Bob’s inputs. It is well known (by a result of [19]), that the log of the real
rank of this matrix yields a lower bound on the deterministic communication complexity of
its corresponding problem.

The ℓ1 -norm of BPM⋆n
A surprisingly pivotal complexity measure arising in Figure 7 is the ℓ1 -norm of the dual
function of matching. Firstly, this measure trivially bounds the number of monomials
appearing in its representing polynomial (since all coefficients are integers), which in turn
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bounds the rank of the communication matrix, by a classical result of [24] (every monomial
corresponds to a rank-1 matrix). The same quantity, ∥BPM⋆n ∥1 , also bounds the Fourier
ℓ1 -norm of BPMn (equivalently BPM⋆n ), as we observe in Corollary 27, as well as yielding
bounds on the approximate degree, via the scheme detailed in Lemma 31. With regards to
lower bounds, in [3] it was shown that for any Boolean function f it holds that log ∥f ⋆ ∥1
lower bounds the least depth of an OR decision tree computing f .
Through our complete characterization of the dual polynomial given in Theorem 2, we
were able to deduce the tight bound log ∥BPM⋆n ∥1 = Θ(n log n) (see Corollary 27), thereby
implying all of the aforementioned bounds. We conjecture that this low-norm representation
of BPM⋆n has more far-reaching consequences – in particular, that it can be used to construct
a quasi-linear deterministic communication protocol for the bipartite matching problem. 7

Approximate Degree and Quantum Query Complexity
The “polynomial method” in quantum computation [2] states that the acceptance probability
of any d query quantum algorithm can be written as a degree 2d polynomial. Thus, the
approximate degree of any Boolean function serves as a lower bound on its Quantum
query complexity. In this paper we have obtained tight upper and lower bounds on this
g (BPMn ) = Θ(n
e 3/2 ). To complete the connections specified in
quantity, showing that deg
Figure 7, it remains to relate the quantum query complexity to our main object of study;
Demand(BPMn ).

A.3

Quantum Bounds Imply Combinatorial Bounds

In this section, we make one final simple observation regarding the demand query model:
demand query algorithms can be efficiently simulated by quantum queries. Recall that every
demand query can be simulated by logarithmically many OR-queries, each over at most n
bits (corresponding to the right vertices). In his seminal paper, Grover [12] showed that the
√
ORn function can be computed, to constant error, using O( n) quantum queries (which is
tight, see [4]). Thus, replacing each demand query by the majority over several invocations
of Grover’s algorithm, and using Chernoff’s bound to suitably reduce the error, we obtain: 8
▶ Proposition 43. If there exists a demand query algorithm for BPMn making at most d
queries, then:
√
Q2 (BPMn ) = O( n · d · polylog(d)).
3

Consequently, any lower bound of the form Q2 (BPMn ) = Ω(n /2+ε ), for some constant
ε > 0, would imply a (polynomially) super-linear lower bound on the demand query complexity
of BPMn , thereby resolving Open Question 42. Such a result might suggest that quasi-linear
combinatorial algorithms for bipartite perfect matching are improbable, which we consider a
very interesting prospect. Nevertheless, at present the quantum query complexity of BPMn
remains undetermined. Lin and Lin [18] constructed an efficient quantum algorithm, yielding

7

8

Indeed, it is not hard to show that for any monotone Boolean function f : {0, 1}n → {0, 1} and any
partition over its inputs, we have CC(f ) ≤ min {|mon(f )|, |mon(f ⋆ )|}2 , which can be seen as a single
step towards this direction.
In fact, by a similar approach we can also show that for any Boolean function f : {0, 1}n → {0,
 1}, the
√
quantum query complexity is bounded by Q2 (f ) = O
n · log DTSIZE (f ) · log log DTSIZE (f ) , where
DTSIZE (f ) is the minimal size of a classical decision tree computing f . This observation might be useful
in cases where there exist relatively “unbalanced” decision trees computing f .
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7
an upper bound of O n /4 . Conversely,through Ambainis’ adversary technique, Zhang [32]
3
has obtained an upper bound of Ω n /2 . Our main theorem (Theorem 1) implies that this
lower bound cannot be (polynomially) strengthened by the “Polynomial Method”. In fact,
neither can Ambainis’ adversary bounds be used to this end, since
p it is known (see e.g. [32])
that the best bound attainable by this method cannot exceed C0 (f )C1 (f ). Closing this
gap is left as an open problem.
▶ Open Problem 44 (Quantum Query Complexity of Matching). Close the gap on Q2 (BPMn ).
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Abstract

The satisfaction probability σ(ϕ) := Prβ:vars(ϕ)→{0,1} [β |= ϕ] of a propositional formula ϕ is the
likelihood that a random assignment β makes the formula true. We study the complexity of the
problem ksat-prob>δ = {ϕ is a kcnf formula | σ(ϕ) > δ} for fixed k and δ. While 3sat-prob>0 =
3sat is NP-complete and sat-prob>1/2 is PP-complete, Akmal and Williams recently showed
3sat-prob>1/2 ∈ P and 4sat-prob>1/2 ∈ NP-complete; but the methods used to prove these
striking results stay silent about, say, 4sat-prob>3/4 , leaving the computational complexity of
ksat-prob>δ open for most k and δ. In the present paper we give a complete characterization
in the form of a trichotomy: ksat-prob>δ lies in AC0 , is NL-complete, or is NP-complete; and
given k and δ we can decide which of the three applies. The proof of the trichotomy hinges on a
new order-theoretic insight: Every set of kcnf formulas contains a formula of maximal satisfaction
probability. This deceptively simple result allows us to (1) kernelize ksat-prob≥δ , (2) show that the
variables of the kernel form a strong backdoor set when the trichotomy states membership in AC0
or NL, and (3) prove a locality property by which for every kcnf formula ϕ we have σ(ϕ) ≥ δ iff
σ(ψ) ≥ δ for every fixed-size subset ψ of ϕ’s clauses. The locality property will allow us to prove a
conjecture of Akmal and Williams: The majority-of-majority satisfaction problem for kcnfs lies in P
for all k.
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1

Introduction

For a propositional formula ϕ like (x ∨ y ∨ z) ∧ (¬x ∨ ¬y) ∧ (y ∨ z) it is, in general, a very
hard problem to obtain much information about the number #(ϕ) of satisfying assignments
or, equivalently, about the satisfaction probability σ(ϕ) defined as

 #(ϕ)
σ(ϕ) := Prβ:vars(ϕ)→{0,1} β |= ϕ = n
2
where n = |vars(ϕ)| is the number of variables in ϕ. By Cook’s Theorem [7] it is already NPcomplete to determine whether σ(ϕ) > 0 holds; and to determine whether σ(ϕ) > 1/2 holds
is complete for PP. Indeed, the function #(·) itself is complete for #P, a counting class high
up in the complexity hierarchies. Writing sat-prob>δ for {ϕ | σ(ϕ) > δ}, we can rephrase
these results as “sat-prob>0 is NP-complete” (Cook’s Theorem) and “sat-prob>1/2 is
PP-complete” (and so is sat-prob≥1/2 , see for instance [13, Theorem 4.1]).
Cook’s result on the complexity of sat-prob>0 = sat is quite robust regarding the kinds
of formulas one considers: The problem stays NP-complete for formulas in cnfs, the set of
formulas in conjunctive normal form, so cnf-sat-prob>0 = cnf-sat ∈ NP-complete, and
even for formulas ϕ ∈ 3cnfs, that is, when all clauses of ϕ have at most three literals, so
3sat-prob>0 = 3sat ∈ NP-complete. Similarly, cnf-sat-prob>1/2 has the same complexity
as sat-prob>1/2 , see [13, lemma on page 80], and #(·) is still #P-hard for formulas in 3cnfs
and even in 2cnfs, see [15].
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Figure 1 Visualization of the complexity of ksat-prob>δ for k = 1, k = 2, k = 3, and k = 4.
Each green triangle represents a value of δ for which the problem is NL-complete, while each red
triangle represents a value for which it is NP-complete (so there is actually no green triangle directly
above a red triangle, but this is not possible to visualize as these are highly intertwined). Each
gray cross is an element of kcnfs-σ-spectrum, for which ksat-prob>δ lies in AC0 according to
Theorem 1.11. For “white” values of δ, which lie outside the spectra, ksat-prob>δ also lies in AC0 .
Note that while the visualization may suggest that the spectra become dense close to 0, they are in
fact nowhere dense (being well-ordered by >). For a discussion of the marked specific values like
δ = 63/128, please see the conclusion.

In sharp contrast to these well-established hardness results, Akmal and Williams [2]
recently showed that 3sat-prob>1/2 can be solved in polynomial time – in fact, they
show this time bound for 3sat-prob>δ = {ϕ ∈ 3cnfs | σ(ϕ) > δ} for all rational δ > 0
(intriguingly, their argument does not apply to non-rational δ and leaves open the complexity
of, say, 3sat-prob>1/π ). Yet again in contrast, they also show that ksat-prob>1/2 is
NP-complete for every k ≥ 4. To complicate things even further, the NP-completeness
result for 4sat-prob>1/2 can easily be extended to 4sat-prob>1/4 , to 4sat-prob>1/8 , to
4sat-prob>1/16 and so on, and with very little extra work to more exotic values of δ like
δ = 15/32 – but apparently not to certain other values like δ = 3/4 or δ = 63/128. Indeed,
4sat-prob>15/16 is a trivial problem (lies in AC0 ) as every nonempty formula in 4cnfs has
a satisfaction probability of at most 15/16 (a single nontrivial clause already rules out 1/16th
of all assignments). In other words, even for a fixed k the complexity of ksat-prob>δ might
fluctuate wildly for changing δ (does, in fact, as Figure 1 makes quite clear) and it is unclear
how the methods introduced in [2] could be used to show that, say, 4sat-prob>63/128 is
NL-complete while 3sat-prob>1/π lies in AC0 .

1.1

Contributions of This Paper

In the present paper we continue the investigation of the complexity of the satisfaction
probability function for kcnf formulas initiated by Akmal and Williams. We will look at this
complexity from three different angles – order-theoretic, algorithmic, and complexity-theoretic
– and now sketch the main results we obtain for each of these aspects. (A small remark on
notation first, however: For convenience, in this paper we make no difference between a
cnf formula and its set of clauses. Each ϕ ∈ cnfs is a finite set of clauses,
which are sets

of literals – so the formula from the paper’s first line is actually ϕ = {x, y, z}, {¬x, ¬y},
{y, z} ∈ 3cnfs – and
that clauses contain both a variable
 we forbid already syntactically

and its negation, so {x, ¬x} ∈
/ cnfs, while {x}, {¬x} ∈ 1cnfs.)
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First, we address the order-theoretic properties of the number set kcnfs-σ-spectrum :=
{σ(ϕ) | ϕ ∈ kcnfs} ⊆ [0, 1] for different k and show that for all k the following holds:
▶ Theorem 1.1 (Spectral Well-Ordering Theorem). kcnfs-σ-spectrum is well-ordered by >.
Here, a set X ⊆ [0, 1] is called well-ordered by > if there is no infinite strictly increasing
sequence of elements of X or, equivalently, if every subset of X contains a maximal element.
An equivalent way of stating the Spectral Well-Ordering Theorem is as follows (and
observe that thecorollary certainly does not hold when we replace “maximal” by “minimal”
as the set Φ = {x1 }, . . . , {xn } | n ∈ N shows):
▶ Corollary 1.2. Every Φ ⊆ kcnfs contains a formula of maximal satisfaction probability.
Yet another equivalent way of stating the Spectral Well-Ordering Theorem is terms of
the spectral gaps below δ ∈ [0, 1]:
▶ Definition 1.3. Let spectral-gapkcnfs (δ) := sup{ϵ | (δ − ϵ, δ) ∩ kcnfs-σ-spectrum = ∅}.
In Figure 1, the spectral gaps can be “seen” directly: For any position δ (not necessarily a
member of the spectrum), the spectral gap “stretches left till the next cross (member of the
spectrum).” The key observation is that there always is a stretch:
▶ Corollary 1.4. For all k and δ ∈ [0, 1], we have spectral-gapkcnfs (δ) > 0.
As we will see, this deceptively simple statement has far-reaching consequences.
Second, we use the existence of spectral gaps below all δ ∈ [0, 1] to develop three new
algorithmic methods for showing ksat-prob≥δ ∈ AC0 (note the “≥δ ” rather than “>δ ”
subscript). They are simpler than the algorithm of Akmal and Williams and make the tools
of fixed-parameter tractability (fpt) theory accessible for the analysis. One of them, while
impractical and having by far the worst resource bounds of the three algorithms (but still
in P), has an underlying idea that is of independent interest (recall that we consider cnf
formulas to be sets of clauses):
▶ Lemma 1.5 (Threshold Locality Lemma). For each k and each δ ∈ [0, 1] there is a C ∈ N
so that for all ϕ ∈ kcnfs we have σ(ϕ) ≥ δ, iff σ(ψ) ≥ δ holds for all ψ ⊆ ϕ with |ψ| ≤ C.
While the above lemma is foremost a mathematical statement about properties of kcnf
formulas, we can trivially derive a decision algorithm for ksat-prob≥δ from it (Algorithm 2
later on): Iterate over all ψ ⊆ ϕ with |ψ| ≤ C and compute σ(ψ) by brute force (|ψ| is
constant) and accept if all computed values are at least δ.
The Threshold Locality Lemma also lies at the heart of a proof of maj-maj-ksat ∈ AC0
for all k. The problem is defined as follows: Given a formula ϕ ∈ kcnfs with vars(ϕ) ⊆
X ∪ Y , determine whether for a majority of the assignments β : X → {0, 1} the majority of
extensions of β to β ′ : X ∪ Y → {0, 1} makes ϕ true. Akmal and Williams [2] conjectured
maj-maj-ksat ∈ P. Corollary 3.10 shows that this is, indeed, the case.
Third, we apply the developed theory to ksat-prob>δ ; a problem whose complexity is
somewhat more, well, complex than that of ksat-prob≥δ . It turns out that a complete
classification of the complexity for all values of k and δ is possible in the form of a trichotomy:
▶ Theorem 1.6 (Spectral Trichotomy Theorem). Let k ≥ 1 and δ ∈ [0, 1] be a real number.
Then ksat-prob>δ is NP-complete or NL-complete or lies in AC0 .
In the following, we explore each of the above “points of view” in a bit more detail and
have a brief look at the main ideas behind the proofs of the main results. Later, each angle
will be addressed in detail in a dedicated main section of this paper.
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Order-Theoretic Results. In a sense, the “reason” why the functions σ(·) and #(·) are so
hard to compute in general, lies in the fact that the spectrum cnfs-σ-spectrum = {σ(ϕ) |
S
ϕ ∈ cnfs} = k kcnfs-σ-spectrum is just the set D of dyadic rationals (numbers of the
form m/2e for integers m and e) between 0 and 1 (see Lemma 2.1). In particular, it is a
dense subset of [0, 1] and in order to conclusively decide whether, say, σ(ϕ) ≥ 1/3 holds for
an arbitrary ϕ ∈ cnfs, we may need to determine all of the first n bits of σ(ϕ).
A key insight of Akmal and Williams is that for fixed k, the spectra kcnfs-σ-spectrum
behave differently, at least near to 1: There are “holes” like 3cnfs-σ-spectrum∩(7/8, 1) = ∅
since for a 3cnf formula ϕ we cannot have 7/8 < σ(ϕ) < 1 (a single size-3 clause already
lowers the satisfaction probability to at most 7/8). This implies immediately that, say,
3sat-prob>9/10 is actually a quite trivial problem: The only formula in 3cnfs having
a satisfaction probability larger than 9/10 has probability 1 and is the trivial-to-detect
tautology ϕ = ∅. In general, for all k we have kcnfs-σ-spectrum ∩ (1 − 2−k , 1) = ∅.
Of course, 3cnfs-σ-spectrum does not have “holes above every number δ” as we
can get
the sequence of 3cnf formulas
 arbitrarily close to, say, δ = 3/4: Just consider

ϕ1 = {a, b, x1 } , ϕ2 = {a, b, x1 }, {a, b, x2 } , ϕ3 = {a, b, x1 }, {a, b, x2 }, {a, b, x3 } , and so
on with σ(ϕi ) = 3/4 + 2−i−2 and limi→∞ σ(ϕi ) = 3/4. Nevertheless, Akmal and Williams
point out that their algorithm is in some sense based on the intuition that there are “lots
of holes” in kcnfs-σ-spectrum. The new Spectral Well-Ordering Theorem, Theorem 1.1
above, turns this intuition into a formal statement.
Well-orderings are a standard notion of order theory; we will just need the special case
that we are given a set X of non-negative reals and consider the total order > on it. Then X
is well-ordered (by >) if there is no infinite strictly increasing sequence x0 < x1 < x2 < · · ·
of numbers xi ∈ X or, equivalently, if X is bounded and for every x ∈ R≥0 there is an ϵ > 0
such that (x − ϵ, x) ∩ X = ∅ or, again equivalently, if every subset of X contains a maximal
element. In particular, Theorem 1.1 tells us that every Φ ⊆ kcnfs contains a formula ϕ ∈ Φ
of maximal satisfaction probability, that is, σ(ϕ) ≥ σ(ϕ′ ) for all ϕ′ ∈ Φ.
Observe that kcnfs-σ-spectrum is certainly not well-ordered by <, only by >. However,
with a small amount of additional work we will be able to show that it is at least topologically
closed, see Lemma 3.5. A succinct way of stating both this and Theorem 1.1 is that for every set
X ⊆ kcnfs-σ-spectrum of numbers we have sup X ∈ X and inf X ∈ kcnfs-σ-spectrum.
An interesting corollary of this is that non-rational, non-dyadic thresholds can always be
replaced by dyadic rationals (recall D = {m/2e | m, e ∈ Z}):
▶ Corollary 1.7 (of Lemma 3.5). For every non-dyadic δ ∈ [0, 1] \ D, for δ ′ = inf{σ(ϕ) | ϕ ∈
kcnfs, σ(ϕ) > δ} ∈ D we have ksat-prob>δ = ksat-prob≥δ = ksat-prob≥δ′ .
The proof of Theorem 1.1 will need only basic properties of well-ordered sets of reals, like
their being closed under finite sums and unions, and the following simple relationship (which
also underlies the analysis of Akmal and Williams [2]) between the satisfaction probability of
a formula ϕ and the size of packings π ⊆ ϕ, which are just sets of pairwise variable-disjoint
clauses:
▶ Lemma 1.8 (Packing Probability Lemma). Let ϕ ∈ kcnfs and let π ⊆ ϕ be a packing. Then
σ(ϕ) ≤ (1 − 2−k )|π| and, equivalently, log1−2−k (σ(ϕ)) ≥ |π|.
Q
Proof. We have σ(ϕ) ≤ σ(π) = c∈π (1 − 2−|c| ) ≤ (1 − 2−k )|π| as all clauses of π are
variable-disjoint and, hence, their satisfaction probabilities are pairwise independent.
◀
A simple consequence of the Packing Probability Lemma will be that for every ϕ ∈ kcnfs,
Ps
we can write σ(ϕ) as a sum i=1 σ(ϕi ) with ϕi ∈ (k − 1)cnfs in such a way that s depends
only on σ(ϕ), which will almost immediately yield Theorem 1.1.
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Algorithmic Results. The algorithm for deciding ksat-prob≥δ in [2] is complex (in the
words of the authors from the technical report version [1]: “[it] depends on quite a few
parameters, so the analysis becomes rather technical” and, indeed, the description of these
parameters and constants alone takes one and a half pages, followed by eleven pages of
analysis). Surprisingly, the purely order-theoretic Theorem 1.1 allows us to derive three
simple algorithms for ksat-prob≥δ , Algorithms 1, 2 and 3, whose underlying ideas are briefly
described in the following.
ϕ



ϕ \ linkϕ (c) ∪ {c}
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Figure 2 On the left, a formula ϕ ∈ 5cnfs is visualized by drawing, for each clause in ϕ, a line
that “touches” exactly the clause’s literals; so the upper dashed line represents the clause {f, x, y, z}.
The “solid clauses” (meaning “clauses represented by a solid line”) form a sunflower ψ ⊆ ϕ with core
c = {x, ¬y, z}. All red clauses, including the dotted clauses, are part of the link of this core, but the
dotted clauses are not part of the sunflower: The upper dotted clause {x, ¬y, z, l, ¬e} shares the
literal “l” with the petal {x, ¬y, z, l, m} of the sunflower, while the second dotted clause shares the
variable “l” (though not the literal) with this petal. The dashed clauses are not part of the link (let
alone the sunflower) as they do not contain all of the literals of the core (containing the variables is
not enough). A key property of a sunflower is that it is “unlikely that an assignment makes the
sunflower true, but not its core”: For ϕ, this happens only when g, j, and ¬k are all set to true as
well as at least one of ¬h or i, and one of l or m. The probability that all of this happens is just
1
9
· 21 · 12 · 34 · 43 = 128
, meaning that this is the maximal difference in the satisfaction probabilities of
2
ϕ and the formula shown right, the result of “collapsing the link to the core c”.

The first algorithm is based on sunflowers, just like that of Akmal and Williams, but
uses them in (far) less complex ways. They can be thought of as generalizations of packings,
which are, indeed, the special case of a sunflower with an empty core.
▶ Definition 1.9. A sunflower with core c is a formula ψ ∈ cnfs such that c ⊆ e holds for
all e ∈ ψ and such that for any two different e, e′ ∈ ψ we have vars(e) ∩ vars(e′ ) = vars(c).
In other words, the clauses of a sunflower “agree on the literals in c, but are variable-disjoint
otherwise”, see the clauses represented by solid lines in Figure 2 for an example.
The importance of sunflowers lies in an easy observation: If ψ is a sunflower with core c,
then σ(ψ) = σ({c}) + σ({e \ c | e ∈ ψ}). As {e \ c | e ∈ ψ} is clearly a packing, the
Packing Probability Lemma implies that the probability that an assignment β satisfies
a sunflower ψ, but not its core, is at most (1 − 2−k )|ψ| , which is a value that decreases
exponentially as the size |ψ| of the sunflower increases. Now for fixed k and δ ∈ [0, 1] consider
Algorithm 1. Function kernelize(ϕ) will be familiar to readers interested in fpt theory:
This is exactly the standard kernel algorithm for the hitting set problem with bounded
hyperedge size based on “collapsing sunflowers” or, more precisely, on “collapsing the links
linkϕ (c) = {e ∈ ϕ | c ⊆ e} for cores c of large sunflowers.” In particular, standard results from
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Algorithm 1 The sunflower-collapsing algorithm decides whether σ(ϕ) ≥ δ holds for ϕ ∈
kcnfs and fixed δ ∈ [0, 1]. The “spectral gap” in the algorithm is the size of the “hole” below δ
in kcnfs-σ-spectrum, see Definition 1.3. The linkϕ (c) is simply the set {e ∈ ϕ | c ⊆ e}. The test
σ(κ) ≥ δ can be performed by “brute force” as the returned kernel κ will have fixed size. The
algorithm’s correctness follows from the fact that in a collapsing step (the assignment in line 3), the
satisfaction probability cannot “tunnel through” the spectral gap below δ, see Figure 3.
1
2
3
4

algorithm kernelize(ϕ, h)
while ϕ contains a sunflower of size at least h + 1 with some core c do
ϕ ← (ϕ \ linkϕ (c)) ∪ {c}
return ϕ

5
6
7
8

algorithm sunflower-collapsing(ϕ) // ϕ ∈ kcnfsmust hold
κ ← kernelize ϕ, log1−2−k (spectral-gapkcnfs (δ)) // See Definition 1.3
if σ(κ) ≥ δ then return ‘‘σ(ϕ) ≥ δ’’ else return ‘‘σ(ϕ) < δ’’

fpt theory (in this case, Erdős’ Sunflower Lemma) tell us that κ will have a size depending
only on h and k and, thus, κ has constant size (that is, a size depending only on h) and we
can clearly compute σ(κ) in constant time when κ has only a constant number of clauses
and hence also a constant number of variables.
The crucial question is, of course, why this algorithm works, that is, why should σ(κ) ≥ δ
iff σ(ϕ) ≥ δ hold? The deeper reason is Corollary 1.4 to the Spectral Well-Ordering Theorem,
by which there is a gap of size ϵ := spectral-gapkcnfs (δ) > 0 below δ in kcnfs-σ-spectrum
and we cannot tunnel through this gap by the following lemma (see also Figure 3):
δ = σ(ϕ′′... ) = · · · = σ(ϕ′′′ )
σ(ϕ′′ ) σ(ϕ′ ) σ(ϕ)
0

1

| {z }

spectral-gapkcnfs (δ)

δ
0

σ(ϕ′′... ) = · · · = σ(ϕ′ ) = σ(ϕ)
1

σ(ϕ′′ )
σ(ϕ′ )
σ(ϕ )
σ(ϕ)
′′′

0

| {z }

|σ(ϕ)−σ(ϕ′ )|<spectral-gapkcnfs (δ)

δ
1

Figure 3 Three ways how σ(ϕ) can change due to the assignment ϕ′ ← (ϕ \ linkϕ (c)) ∪ {c} in
Algorithm 1: In each row, the crosses in the red lines are elements of kcnfs-σ-spectrum smaller
than δ, while the crosses on the green lines are at least δ. In the first line, σ(ϕ) ≥ δ holds and each
assignment yields a new ϕ′ such that σ(ϕ′ ) is not larger – but |σ(ϕ) − σ(ϕ′ )| < spectral-gapkcnfs (δ)
ensures that σ(ϕ′′... ) gets “stuck” at δ as it cannot “tunnel through” the spectral gap by Lemma 1.10
and the dashed arrow is an impossible change in the satisfaction probability. In the second line,
σ(ϕ) is stuck at a much larger value than δ. In the third line, σ(ϕ) is below δ and can get smaller
and smaller (unless there is another gap of size spectral-gapkcnfs (δ) further down).

▶ Lemma 1.10 (No Tunneling Lemma). For δ ∈ [0, 1], let any two ϕ, ϕ′ ∈ kcnfs be given
with |σ(ϕ) − σ(ϕ′ )| < spectral-gapkcnfs (δ). Then σ(ϕ) ≥ δ iff σ(ϕ′ ) ≥ δ.
Proof. W. l. o. g. σ(ϕ) ≥ σ(ϕ′ ). Clearly σ(ϕ′ ) ≥ δ implies σ(ϕ) ≥ δ. If σ(ϕ) ≥ δ, then
σ(ϕ′ ) > δ − spectral-gapkcnfs (δ). As σ(ϕ′ ) cannot lie in the spectral gap, σ(ϕ′ ) ≥ δ.
◀
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The crucial assignment ϕ′ = (ϕ \ linkϕ (c)) ∪ {c} in the kernelization removes the link
of c in ϕ, which is just the set of all superclauses of c (which includes all clauses of the
sunflower), but adds the core. This can only reduce the satisfaction probability of ϕ by
at most σ({e \ c | e ∈ ψ}). As this probability is at most (1 − 2−k )|ψ| by the Packing

Probability Lemma, if the sunflower is larger than h = log1−2−k spectral-gapkcnfs (δ) , then
σ(ϕ) − σ(ϕ′ ) < spectral-gapkcnfs (δ). Thus, by the No Tunneling Lemma, σ(ϕ) ≥ δ iff
σ(ϕ′ ) ≥ δ as it is impossible that the satisfaction probability of ϕ “tunnels through the
interval (δ − spectral-gapkcnfs (δ), δ)” in any step of the while loop.
Algorithm 2 A simple algorithm for deciding ksat-prob≥δ . Note that while the algorithm
runs in polynomial time (in fact, in AC0 ), on input ϕ the runtime is of the form (2|ϕ|)C+1 for a
(possibly huge) constant C. Phrased in terms of fpt theory, unlike Algorithm 1, the algorithm has
an “XP-runtime” rather than an “FPT-runtime”.
1
2
3
4
5
6

algorithm locality-based(ϕ) // ϕ ∈ kcnfs must
 hold
C ← 2(1 + log1−2−k (spectral-gapkcnfs (δ))) k · k!
foreach ψ ⊆ ϕ of size at most C do // at most |ϕ|C+1 subsets
if σ(ψ) < δ then // check by brute force
return ‘‘σ(ϕ) < δ’’
return ‘‘σ(ϕ) ≥ δ’’

Algorithm 2 is even simpler than the just-presented kernel algorithm. For its correctness,
first note that the output in line 5 is certainly correct as ψ ⊆ ϕ implies σ(ϕ) ≤ σ(ψ). To
to see that the output in line 6 is correct (which is essentially the claim of Lemma 1.5,
the Threshold Locality Lemma), consider a ϕ for which σ(ϕ) < δ holds. Starting with
ψ = ϕ, as long as possible, pick a clause e ∈ ψ such that σ(ψ \ {e}) < δ still holds and set
ψ ← ψ \ {e}. For the ψ obtained in this way, σ(ψ) < δ, ψ ⊆ ϕ, and for all clauses e ∈ ψ we
have σ(ψ \ {e}) ≥ δ. Now, ψ cannot contain a large sunflower since, otherwise, we could
remove any petal e of the sunflower and this would raise the satisfaction probability by at
most the spectral gap. In particular, by the No Tunneling Lemma, σ(ψ \ {e}) < δ would
still hold, contradicting that we can no longer remove clauses from ψ. By Erdős’ Sunflower
Lemma we conclude that |ψ| ≤ C for a constant C depending only on k and δ.
The Threshold Locality Lemma will also play a key role in the proof of Corollary 3.10,
which states that maj-maj-ksat ∈ AC0 holds for all k. In the proof, we use the lemma to
turn certain satisfaction probability threshold problems (questions of the form “σ(ρ) ≥ δ?”)
into model checking problems (questions of the form “β |= ω?”). This will allow us to present
a reduction of maj-maj-ksat to lsat-prob≥1/2 for some (large) l and we know already that
the latter problem lies in AC0 .
The third algorithm addresses the well-established observation from fpt theory that
while a kernel algorithm for a parameterized problem is in some sense the best one can hope
for from a theoretical point of view, from a practical point of view it is also of high interest
how we can actually decide whether σ(κ) ≥ δ holds for a kernel: Of course, as the kernel
size is fixed, this can be decided in constant time by brute-forcing all assignments – but
a practical algorithm will need to use different ideas, such as those used in Algorithm 3.
This algorithm uses the fact that if on input ϕ we can compute an interval I ⊆ [0, 1] with
σ(ϕ) ∈ I and |I| < ϵ = spectral-gapkcnfs (δ), then we will have σ(ϕ) < δ iff max I < δ. The
key insight is that we can compute such an interval recursively: If the interval returned by
interval(ϕ) is not yet small enough, by the Packing Probability Lemma, ϕ must contain a
small maximal packing, which we call pack(ϕ) and which can be obtained greedily. We can
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Algorithm 3 A recursive algorithm for deciding σ(ϕ) ≥ δ. The recursion computes an interval I
with σ(ϕ) ∈ I and |I| ≤ ϵ, by first obtaining a candidate interval using interval(ϕ). If this is too
large, by the Packing Probability P
Lemma pack(ϕ) (a maximal packing obtained greedily) is small
and we can write σ(ϕ) as the sum β σ(ϕ|β ), where ϕ|β has as its models (= satisfying assignments)
exactly all models β ′ of ϕ that extend (or “agree with”) β. Crucially, ϕ|β will be a (k − 1)cnf
formula, if ϕ was a kcnf formula, meaning that the recursion stops after at most k steps. The
addition I + J of two intervals is defined as {i + j | i ∈ I, j ∈ J}.
1
2
3

algorithm pack(ϕ) // computes a maximal packing π ⊆ ϕ
π ← ∅; foreach c ∈ ϕ do if vars(c) ∩ vars(π) = ∅ then π ← π ∪ {c}
return π

4
5
6
7
8
9

algorithm interval(ϕ) // computes a possibly large interval I with σ(ϕ) ∈ I
if pack(ϕ) =
ϕ then
Q
Q
return
(1 − 2−|c| ), c∈ϕ (1 − 2−|c| )] // = [σ(ϕ), σ(ϕ)]
c∈ϕ
else
return [0, (1 − 2−k )|pack(ϕ)| ]

10
11
12
13
14
15

algorithm bounded-interval(ϕ, ϵ) // computes an interval I with σ(ϕ) ∈ I and |I| < ϵ
if |interval(ϕ)| < ϵ then
return interval(ϕ)
else // |vars(pack(ϕ))| ≤ k · |pack(ϕ)| ≤ k log1−2−k ϵ
P
return
bounded-interval(ϕ|β , ϵ/2|vars(pack(ϕ))| )
β:vars(pack(ϕ))→{0,1}

16
17
18
19

algorithm interval-bounding(ϕ) // ϕ ∈ kcnfs must hold
I ← bounded-interval(ϕ, spectral-gapkcnfs (δ))
if max I < δ then return ‘‘σ(ϕ) < δ’’ else return ‘‘σ(ϕ) ≥ δ’’

then expand ϕ using this packing (also yet another key insight of Akmal and Williams [2]):
For a formula ϕ and an assignment β : V → {0, 1}, where V =
̸ vars(ϕ) is permissible, we
write ϕ|β for the formula where we remove all clauses from ϕ that contain literals set to true
by β, remove all literals from the remaining clauses that are set to falseby β, and add one
singleton clause for each literal set to true by β. For instance, for ϕ = {a, b}, {¬b,c, ¬f },
{d, e, g} and β : {b, d}→ {0, 1} with β(b) = 1 and β(d) = 0 we have ϕ|β = {a, b},
{¬b, c, ¬f }, {d, e, g} ∪ {b}, {¬d} = {c, ¬f }, {e, g}, {b}, {¬d} . For a maximal packing
P
π ⊆ ϕ we then have σ(ϕ) = β:vars(π)→{0,1} σ(ϕ|β ) and, importantly, all ϕ|β have a smaller
maximum clause size. This will imply that Algorithm 3 correctly solves ksat-prob≥δ .
Complexity-Theoretic Results. Our proof of Theorem 1.6, which states that ksat-prob>δ
is always NP-complete, NL-complete, or lies in AC0 , will be constructive as we can explicitly
state for which values of k and δ which case applies. For this statement, let us call δ ∈ [0, 1]
a k-target for lcnfs if there is a formula ω ∈ kcnfs with
σ(ω) = δ and ω>k−l ̸|= ω≤k−l ,
meaning that there is an assignment β : vars(ω) → {0, 1} that is a model (= satisfying
assignment) of ω>k−l := {c ∈ ω | |c| > k − l}, but not of ω≤k−l := {c ∈ ω | |c| ≤ k − l} (“the
large clauses do not implythe small clauses”). For instance, δ = 7/32 is a 3-target for 2cnfs
as demonstrated by ω = {a}, {b}, {c1 , c2 , c3 } ∈ 3cnfs since


1 1 7
7
· · =
and {c1 , c2 , c3 } ̸|= {a}, {b} .
2 2 8
32
In contrast, no δ > 1/2 can be a 3-target for 2cnfs as ω>1 ̸|= ω≤1 implies that ω≤1 is not
empty and, thus, ω ⊇ ω≤1 contains at least one singleton clause, which implies σ(ω) ≤ 1/2.
σ(ω) =
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▶ Theorem 1.11 (Spectral Trichotomy Theorem, Constructive Version). For each k and δ:
1. If δ is a k-target for 3cnfs, then ksat-prob>δ is NP-complete.
2. If δ is a k-target for 2cnfs, but not for 3cnfs, then ksat-prob>δ is NL-complete.
3. In all other cases, ksat-prob>δ lies in (dlogtime-uniform) AC0 .
The hardness results implicit in the claim of the theorem turn out to be easy to prove,
mainly due to the fact that the definition of “δ is a k-target for 2cnfs (or 3cnfs)” is tailored
exactly towards
making these results easy-to-prove: Take the above example δ = 7/32 via the

above ω = {a}, {b}, {c1 , c2 , c3 } . To reduce 2sat to 3sat-prob>δ , on input of ψ ∈ 2cnfs
(with fresh variables, that is, vars(ψ) ∩ vars(ω) = ∅) output



ρ = {a} ∪ d | d ∈ ψ ∪ {b} ∪ d | d ∈ ψ ∪ {c1 , c2 , c3 } ,
that is, “add the clauses of ψ to each ‘small’ clause, that is, to each clause in ω≤k−l .” The
important observation is that all satisfying assignments of ω are also satisfying assignments
of ρ (so σ(ρ) ≥ σ(ω)), but there will be additional satisfying assignments of ρ when ψ is
satisfiable via some α : vars(ψ) → {0, 1}: This additional
satisfying assignment
is obtained


by merging α with any assignment β that witnesses {c1 , c2 , c3 } ̸|= {a}, {b} . The same
works for the NP-hardness, now for “δ is a k-target for 3cnfs.”
The tricky part are the upper bounds for the last two items. For the last item (the other
one is very similar), we wish to show ksat-prob>δ ∈ AC0 when δ is not a k-target for 2cnfs.
The initial idea is easy: On input ϕ, compute the kernel κ using Algorithm 1. If σ(κ) > δ or
σ(κ) < δ, the same inequality will hold for σ(ϕ); but in case σ(κ) = δ, we need to answer the
question whether there is a satisfying assignment of ϕ that does not also satisfy the kernel.
(An NP-machine could easily answer this and this already proves the upper bound of the
first statement – but we seek an AC0 upper bound.)
At this point, we use another tool from classical fpt theory: backdoor sets. A (strong)
backdoor set for a formula ω is a set V of variables such that if ω ∈ sat, then for all
assignments β : V → {0, 1} the formula ω|β is (highly) tractable, meaning for instance that
it is a Horn formula or lies in 2cnfs or lies even in 1cnfs.
The central intuition for the AC0 upper bound is that the variables in the kernel κ should
always form a backdoor set into 1cnfs for ϕ when δ is not a k-target for 2cnfs: Suppose
there is a β : vars(κ) → {0, 1} for which ϕ|β contains a clause d with |d| ≥ 2, meaning that
vars(κ) is not a backdoor into 1cnfs. Then κ must contain a clause c∗ of size at most k − 2:
Each clause d ∈ ϕ|β results from some clause e ∈ ϕ ∈ kcnfs from which we remove all
variables in the kernel, so |c∗ | = |e∗ | − |d| ≤ k − 2. This shows that κ≤k−2 is not empty –
meaning that we are in the situation from the above lower bound for ω = κ: There is at least
one “target clause c∗ ” to which we could add the clauses of 2cnf formulas during a reduction
– exactly what we ruled out by assuming that δ is not a k-target for 2cnfs. Figure 4 on
page 21 visualizes this intuition (for 2cnfs rather than 1cnfs, though).
There is a catch, however: To serve as target for a reduction, it does not suffice that a
clause of size k − 2 or less exists in ω. We also need that ω>k−2 ̸|= ω≤k−2 , that is, that the
small clause that we wish to use as target for the reduction is not already implied by the
large clauses (and, thus, adding literals to the small clause does not actually give new models
and does not raise the satisfaction probability). Fixing this problem is the last step in the
algorithm: Instead of just setting ω = κ, we let ω be the small clauses of κ plus the links of
the large clauses of κ. Two simple lemmas will show that this ω has the desired properties:
The variables in κ form a backdoor into 1cnfs for ω; and σ(ϕ) > δ (which is what we wish
to decide) iff δ(ω) > δ(κ) = δ (which we can decide in AC0 by checking whether ω|β ∈ sat
for some β : vars(κ) → {0, 1} with β ̸|= κ; and vars(κ) is a strong backdoor into 1cnfs).
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1.2

Related Work

The history of determining the complexity of the many different variants of the satisfiability
problem for propositional formulas dates back all the way to Cook’s original NP-completeness
proof [7]. Since then, it has become textbook knowledge that ksat is in AC0 for k = 1, is
NL-complete for k = 2, and is NP-complete for k ≥ 3.
Determining whether the number of satisfying assignments of a formula is not just positive,
but whether “a lot” of assignments are satisfying, is a quite different problem. Determining
whether a majority of assignments are satisfying is a canonical PP-complete problem [10, 13];
and it does not matter whether one considers “strictly more than 1/2” (sat-prob>1/2 ) or
“more than or equal to 1/2” or (sat-prob≥1/2 ). Indeed, any fixed value different from 1/2
can also be used and it does not matter whether “>” or “≥” is used [13, Theorem 4.1].
Because of the indifference of the complexity to the exact problem definition, it is often a bit
vague how the problem “majority-sat” is defined, exactly, in a paper (indeed, the common
meaning of “majority” in voting suggests that “strictly more than one half” is perhaps the
natural interpretation).
Given that the tipping point between “easy” and “hard” satisfaction problems is exactly
from k = 2 to k = 3, it seemed natural to assume that ksat-prob≥1/2 and ksat-prob>1/2
are also both PP-complete for k ≥ 3. Indeed, given that computing #(ϕ) for ϕ ∈ 2cnfs
is known to be #P-complete [15], even 2sat-prob≥1/2 being PP-complete seemed possible
and even natural. It was thus surprising that Akmal and Williams [2] were recently able to
show that ksat-prob≥δ ∈ LINTIME holds for all k and δ ∈ Q. As pointed out by Akmal
and Williams, not only has the opposite generally been believed to hold, this has also been
claimed repeatedly (page 1 of [1] lists no less than 15 different papers from the last 20
years that conjecture or even claim hardness of 3sat-prob≥1/2 ). Just as surprising was
the result of Akmal and Williams that while 4sat-prob≥1/2 lies in P, the seemingly almost
identical problem 4sat-prob>1/2 is NP-complete. This has lead Akmal and Williams to
insist on a precise notation in [2]: They differentiate clearly between majority-sat and
gt-majority-sat and consider these to be special cases of the threshold problems thrδ -sat
and gt-thrδ -sat – and all of these problems can arise in a “-ksat” version. The notations
ksat-prob>δ and ksat-prob≥δ from the present paper are a proposal to further simplify,
unify, and clarify the notation, no new problems are introduced.
We will use tools from fpt theory, namely kernels in Algorithm 1 and backdoor sets
in Section 4. As computing (especially hitting set) kernels is very well-understood from a
complexity-theoretic point of view (see [16] for the algorithmic state of the art and [5] for
the upper bounds on the parallel parameterized complexity), we can base proofs on this
for ksat-prob≥δ ∈ AC0 for all k and δ. Of course, different parameterized versions of sat
are studied a lot in fpt theory, see [9] for a starting point, but considering the satisfaction
probability as a parameter (as we do in the present paper) is presumably new.
The algorithm of Akmal and Williams in [2] was the main inspiration for the results
of the present paper and it shares a number of characteristics with Algorithm 1 (less with
Algorithm 3 and none with Algorithm 2, though): Both algorithms search for and then
collapse sunflowers. However, without the Spectral Well-Ordering Theorem, one faces the
problem that collapsing large sunflowers repeatedly could conceivably lower σ(ϕ) past δ. To
show that this does not happen (without using the Spectral Well-Ordering Theorem) means
that one has to redo all the arguments used in the proof of the Spectral Well-Ordering
Theorem, but now with explicit parameters and constants and one has to intertwine the
algorithmic and the underlying order-theoretic arguments in rather complex ways (just the
analysis of the algorithm in [1] takes eleven pages in the main text plus two pages in the
appendix).
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The majority-of-majority problem for arbitrary cnf formulas, called maj-maj-sat in [2],
is known to be complete for PPPP and of importance in “robust” satisfaction probability
estimations [6, 12]. The arguments from both the present paper and [2] on ksat-prob≥1/2
do not generalize in any obvious way to maj-maj-ksat: The difficulty lies in the “mixed”
clauses that contain both X- and non-X-variables. In a clever argument, Akmal and Williams
were able to show that for k = 2 one can “separate” the necessary satisfaction probability
estimations for the X- and non-X-variables in polynomial time; a feat facilitated by the
fact that a mixed size-2 clause must contain exactly one X-literal and one non-X-literal.
They conjectured that maj-maj-ksat ∈ P holds for all k (which is indeed the case by
Corollary 3.10), but point out that it is unclear how (or whether) their algorithm can be
extended to larger k. The approach taken in the present paper (via locality arguments)
seems quite different and not directly comparable.

2

Order-Theoretic Results

There is a sharp contrast between the structural properties of the “full” spectrum of satisfaction probabilities of arbitrary propositional formulas and the spectrum of values kcnf
formulas can have. The full spectrum cnfs-σ-spectrum = {σ(ϕ) | ϕ ∈ cnfs} is, well, “full”
as it is the set of all dyadic rationals between 0 and 1 (recall D = {m/2e | m, e ∈ Z}):
▶ Lemma 2.1. cnfs-σ-spectrum = D ∩ [0, 1].
Proof. For any propositional formula ϕ we have, by definition, σ(ϕ) = m/2e for m = #(ϕ)
and e = |vars(ϕ)|. For the other direction, let e ∈ N and m ∈ {0, . . . , 2e }. Consider the truth
table over the variables X = {x1 , . . . , xe } in which the first m lines are set to 1 (“models”)
and the rest are set to 0 (“not models”). Then each cnf formula ϕ with vars(ϕ) = X having
this truth table has exactly m models and, hence, σ(ϕ) = m/2e .
◀
By the lemma, cnfs-σ-spectrum is a dense subset of the real interval [0, 1], it is not closed
topologically, and it is order-isomorphic to Q ∪ {−∞, ∞} with respect to both < and >. We
will soon see that the properties of each kcnfs-σ-spectrum could hardly be more different:
They are nowhere-dense, they are closed, and they are well-ordered. Of these properties, the
well-orderedness is the most important one both for algorithms in later sections and because
the other properties follow from the well-orderedness rather easily.
To get a better intuition about the spectra, let us have a closer look at the first two,
1cnfs-σ-spectrum and 2cnfs-σ-spectrum. The first is simple:
1
, . . . } ∪ {0}
1cnfs-σ-spectrum = {1, 21 , 14 , 18 , 16

(1)

as a 1cnf formula (a conjunction of literals) has a satisfaction probability of the form 2−e or
is 0. Readers familiar with order theory will notice immediately that 1cnfs-σ-spectrum is
order-isomorphic to the ordinal ω + 1 with respect to >. The spectrum 2cnfs-σ-spectrum
is already much more complex:
9 17 33
2cnfs-σ-spectrum = {1, 34 , 58 , 16
, 32 , 64 , . . . } ∪ { 21 , 15
32 } ∪ {. . . }

(2)

where {. . . } contains onlynumbers less
 than 15/32. To see that this is, indeed, the case,
observe that the formulas {a, x1 } , {a, x1 }, {a, x2 } , {a, x1 }, {a, x2 }, {a, x3 } , . . . show
that every number of the form 1/2 + 2−e is in the spectrum. Furthermore, there are no
other numbers larger than 1/2 in the spectrum as the first formula with two variabledisjoint clauses has a satisfaction probability of σ({{a, b}, {c, d}}) = 9/16 which we happen
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to have already had; and adding
any additional clause makes the probability drop to at

most σ {{a, b}, {c, d}, {c, e}} = 3/4 · 5/8 = 15/32. Below this, the exact structure of
2cnfs-σ-spectrum becomes ever more complex as we get nearer to 0 and it is unclear what
the order-type of 2cnfs-σ-spectrum with respect to > actually is (an educated guess is
ω ω + 1).
Our aim in the rest of this section is to prove the Spectral Well-Ordering Theorem,
Theorem 1.1, by which all kcnfs-σ-spectrum are well-ordered by >. The surprisingly short
proof, presented in Section 2.2, will combine results from the following Section 2.1 on some
simple properties of well-orderings with some simple properties of σ(ϕ) for kcnf formulas ϕ.
The theorem implies the existence of spectral gaps below each δ in the spectra, but the
proof does not provide us with any quantitative information about the sizes of these gaps.
It is possible, but challenging to obtain bounds on the sizes of spectral gaps; please see the
technical report version [14] of this paper for the (very) technical details.

2.1

Well-Orderings and Their Properties

Well-orderings are a basic tool of set theory, but for our purposes only a very specific type
of orderings will be of interest (namely only sets of non-negative reals with the strictlygreater-than relation as the only ordering relation). For this reason, we reserve the term
“well-ordering” only for the following kind of orderings:
▶ Definition 2.2. A set X ⊆ R≥0 is well-ordered (by >) if there is no sequence (xi )i∈N with
xi ∈ X for all i and x0 < x1 < · · · . Let WO denote the set of all (such) well-ordered sets.
There is extensive literature on the properties of well-orderings in the context of classical
set theory, see for instance [11] as a starting point. We will need only those stated in the
following lemma, where the first items are standard, while the last are specific to the present
paper. For X, Y ⊆ R≥0 let X + Y denote {x + y | x ∈ X, y ∈ Y } and n · X = X + · · · + X
(of course, n times). Note that “sequence” always means “infinite sequence” in the following
and that “strictly increasing” means xi < xj for i < j while just “decreasing” (without the
“strictly”) means xi ≥ xj for i < j.
▶ Lemma 2.3.
1. Let X ∈ WO. Then X contains a largest element.
2. Let Y ⊆ X ∈ WO. Then Y ∈ WO.
3. Let X, Y ∈ WO. Then X ∪ Y ∈ WO. Thus, WO is closed under finite unions.
S
4. Let (Xp )p∈N with Xp ∈ WO for all p and limp→∞ max Xp = 0. Then p∈N Xp ∈ WO.
5. Let X ∈ WO and let (xi )i∈N be an arbitrary sequence of xi ∈ X. Then there is an infinite
I ⊆ N such that (xi )i∈I is decreasing (that is, xi ≥ xj for i < j and i, j ∈ I).
6. Let X, Y ∈ WO. Then X + Y ∈ WO. Thus, WO is closed under finite sums.
7. Let X ∈ WO and n ∈ N. Then n · X ∈ WO.
Proof.
1. There would otherwise be an (infinite) strictly increasing sequence in X.
2. Any strictly increasing sequence in Y would be a strictly increasing sequence in X.
3. Any strictly increasing sequence in X ∪ Y would contain a strictly subsequence in X or Y .
S
4. Assume there is a sequence 0 < x0 < x1 < x2 < · · · where xi ∈ p∈N Xp holds for all i.
As the maxima of the Xp tend towards 0, there is some q such that x0 > max Xp holds
S
for all p ≥ q. In particular, the whole sequence (xi )i∈N contains only elements of p<q Xp .
By the previous item, this is well-ordered, contradicting that it contains an infinite strictly
increasing sequence.
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5. The set {xi | i > 0} is a subset of X and must hence contain a maximal element xi0 by
the first item. Then {xi | i > i0 } ⊆ X must contain a maximal element xi1 for some
i1 > i0 . Next, consider {xi | i > i1 } ⊆ X and let xi2 for some i2 > i1 be a maximal
element. In this way, for I = {i0 , i1 , . . . } we get an infinite subsequence (xi )i∈I that is
clearly (not necessarily strictly) decreasing as each chosen element was the maximum of
all following elements.
6. Suppose there is a sequence z0 < z1 < z2 < . . . of numbers zi ∈ X + Y . Then
for each i there must exist xi ∈ X and yi ∈ Y with zi = xi + yi . By the previous
item there is a decreasing subsequence (xi )i∈I for some infinite I. Then (yi )i∈I is
an infinite strictly increasing sequence in Y as for any i, j ∈ I with i < j we have
yi = zi − xi ≤ zi − xj < zj − xj = yj . This contradicts Y ∈ WO.
7. This follows immediately from the previous item.
◀

2.2

Proof of the Spectral Well-Ordering Theorem

For the proof of the Spectral Well-Ordering Theorem, besides the Packing Probability Lemma
(Lemma 1.8 from the introduction) we will need the notion of expansions, which allow us
to express the satisfaction probability of a formula as a sum of satisfaction probabilities
of restricted formulas. The definition is based on the well-known unit rule: For a formula
ϕ ∈ cnfs, let unitrule(ϕ) be obtained by removing, for each clause {l} ∈ ϕ containing a
single literal l, all other clauses from ϕ containing l (so, perhaps a bit non-standard, we leave
the singleton clause {l}, which “triggered” the unit rule, in the formula) and removing all
occurrences of the negated literal from all remaining clauses.
▶ Definition 2.4. For a set
 V of variables, β : V →{0, 1} and ϕ ∈ cnfs, the restriction ϕ|β
of ϕ to β is unitrule ϕ ∪ {v} | v ∈ V, β(v) = 1 ∪ {¬v} | v ∈ V, β(v) = 0 .
As an example, for ϕ = {{a, b}, {¬b, c, ¬f
 }, {d, e, f, g}} and β : {b, c, h} → {0, 1} with β(b) = 1
and
 β(c) = β(h) = 0 we have ϕ|β = {a, b}, {¬b, c, ¬f }, {d, e, f, g} ∪ {b}, {¬c}, {¬h} =
{¬f }, {d, e, f, g}, {b}, {¬c}, {¬h} . Note that we apply the unit rule only once to the initial
singleton clauses, we do not do unit propagation, which is P-hard and thus computationally
too expensive in later contexts. The importance of restrictions for our purposes lies in two
simple lemmas:
▶ Lemma 2.5. Let ϕ ∈ cnfs and V be some variables. Then the set of models of ϕ over the
variables V ∪ vars(ϕ) is exactly the disjoint union of the models of ϕ|β for β : V → {0, 1}.
Proof. Each satisfying assignment α : V ∪vars(ϕ) → {0, 1} of ϕ satisfies ϕ|β for the assignment
β that agrees with α on the variables in V , but α satisfies no ϕ|β ′ for β ′ ̸= β.
◀
P
▶ Corollary 2.6. Let ϕ ∈ cnfs and V be some variables. Then σ(ϕ) = β:V →{0,1} σ(ϕ|β ).
▶ Lemma 2.7. Let ϕ ∈ kcnfs for k ≥ 2 and let π ⊆ ϕ be a maximal packing. Then
ϕ|β ∈ (k − 1)cnfs for all β : vars(π) → {0, 1}.
Proof. In ϕ|β , we either remove a clause or remove at least one literal from it as vars(π)
intersects vars(c) for all c ∈ ϕ (as π would not be maximal, otherwise).
◀
Proof of the Spectral Well-Ordering Theorem, Theorem 1.1. By induction on k. The
base case is k = 1 where 1cnfs-σ-spectrum = {1, 12 , 14 , 18 , . . . } ∪ {0} = {2−i | i ∈ N ∪ {∞}},
which is clearly well-ordered (with order type ω + 1). For the inductive step from k − 1 to k,
we show that
[
 

kcnfs-σ-spectrum ⊆
2kp · (k − 1)cnfs-σ-spectrum ∩ 0, (1 − 2−k )p .
p∈N

CCC 2022

2:14

On the Satisfaction Probability of k-CNF Formulas

This will prove kcnfs-σ-spectrum ∈ WO as (k − 1)cnfs-σ-spectrum ∈ WO by the
induction hypothesis, and thus 2kp · (k − 1)cnfs-σ-spectrum ∈ WO as a finite
sum of

well-orderings. By intersecting this with the ever-smaller intervals 0, (1 − 2−k )p , we still get
elements of WO by item 2 of Lemma 2.3 and can then apply item 4 to get that the infinite
union lies in WO.
It remains to prove the inclusion. Let x ∈ kcnfs-σ-spectrum be witnessed by ϕ ∈
kcnfs, that is, x = σ(ϕ). Let π be a maximal packing π ⊆ ϕ and let p = |π|. By
the Packing Probability Lemma, σ(ϕ) ≤ (1 − 2−k )p . By Corollary 2.6, we have σ(ϕ) =
P
β:vars(π)→{0,1} σ(ϕ|β ) and by Lemma 2.7, each ϕ|β is a (k − 1)cnf formula. Thus, σ(ϕ)
is the sum of at most 2kp values from
proving that we have
  (k − 1)cnfs-σ-spectrum,

x ∈ 2kp · (k − 1)cnfs-σ-spectrum ∩ 0, (1 − 2−k )p .
◀

3

Algorithmic Results

Having established that the spectra kcnfs-σ-spectrum are well-ordered by > in the previous
section, we now turn our attention to the algorithmic aspects of deciding whether σ(ϕ) ≥ δ
holds (the question of whether σ(ϕ) > δ holds will be discussed in the next section). The focus
will be less on the exact complexity of these algorithm (they can all be implemented by AC0
circuits, sometimes trivially, sometimes with a bit of effort), but more on how the algorithms
work. We will touch on “practical” considerations only very briefly in the following, as they
do not lie at the heart of this paper; some ideas towards optimizations, implementations,
and practical heuristics can be found in the technical report version [14].
This section includes two “excursions” beyond the three main algorithms. First, an
interesting corollary of the algorithmic analysis of the first algorithm will be another structural
result concerning the spectra kcnfs-σ-spectrum, though not an order-theoretic one, but
a topological one: The spectra are closed, meaning that for every converging sequence
σ(ϕ1 ), σ(ϕ2 ), . . . with ϕi ∈ kcnf there is some ϕ ∈ kcnf with limi→∞ σ(ϕi ) = σ(ϕ). Another
way of saying this is that for every number δ ∈
/ kcnfs-σ-spectrum there is an ϵ > 0 with
(δ − ϵ, δ + ϵ) ∩ kcnfs-σ-spectrum = ∅. Second, we will show that the Threshold Locality
Lemma, which underlies the second algorithm, can also be used to reduce certain satisfaction
probability threshold problems to model checking problems. This will allow us to “chip away”
one “majority-of-” in any majority-of-majority-of-. . . -majority problem. In particular, we
will get a proof of the Akmal–Williams conjecture maj-maj-ksat ∈ P.

3.1

The Sunflower-Collapsing Algorithm

Our first new algorithm for deciding whether σ(ϕ) ≥ δ holds for a given ϕ ∈ kcnfs and
fixed δ is based on computing “sunflower kernels.” The name “sunflower” comes from classical
combinatorics, the name “kernel” comes from fixed-parameter tractability (fpt) theory. Note
that we just use kernels as a “tool” without making formal statements in the sense of fpt
theory, but see the technical report version [14] for some first formal statements.
Recall from Definition 1.9 that a sunflower with core c is a formula ψ ∈ cnfs such
that c ⊆ e holds for all clauses e ∈ ψ and such that any two different e, e′ ∈ ψ we
have vars(e) ∩ vars(e′ ) = vars(c), that is, the clauses “agree on the literals in c, but are
variable-disjoint otherwise”. An example of a size-3 sunflower with core {a, ¬b} is {a, ¬b, c},
{a, ¬b, ¬d, ¬e}, {a, ¬b, f } .
Sunflowers play a key role in fpt theory, especially in the computation of kernels for the
hitting set problem [9] and related problems: Suppose that for a given formula ϕ we want
to find a size-k set V of variables such that for each clause e ∈ ϕ we have vars(e) ∩ V ̸= ∅
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(each clause is “hit” by V ). Then if there is a sunflower ψ ⊆ ϕ of size h + 1 in ϕ with some
core c, any size-h hitting set V must hit c since, otherwise, we would need h + 1 variables
to hit the “petals” of the sunflower (we would need to have V ∩ (vars(e) \ vars(c)) ̸= ∅ for
h + 1 pairwise disjoint sets vars(e) \ vars(c)). This means that ϕ has a size-h hitting set iff
(ϕ \ ψ) ∪ {c} has (indeed, iff (ϕ \ linkϕ (c)) ∪ {c} has, where linkϕ (c) = {e ∈ ϕ | c ⊆ e}). Most
importantly, applying this reduction rule “as often as possible” leads to a formula whose size
is bounded by a constant depending only on h, not on the original formula (this is known as
a “kernelization” in fixed-parameter theory). The reason for this size bound is the following
Sunflower Lemma (rephrased in terms of positive formulas rather than hypergraphs, as would
be standard, where a positive formula is a formula without negations):
▶ Fact 3.1 (Sunflower Lemma, [8]). Every positive ϕ ∈ kcnfs with more than hk · k! clauses
contains a sunflower of size h + 1.
The “positive” in the statement is due to the fact that in combinatorics sunflowers usually
do not care about the “sign” of the variables (whether or not it is negated). In particular, for
a formula ϕ let ϕ′ be the formula where all negations are simply removed. Then the Sunflower
Lemma tells us that if ϕ′ is sufficiently large, then it has a large sunflower ψ ⊆ ϕ′ with core c.
This large sunflower does not necessarily become a large sunflower of the original ϕ if we just
reinsert the negations: While this makes no difference for the petals outside the core, there
may now suddenly be up to 2|c| different versions of the core. However, for the version of
this core that is present in the maximum number of petals, the number of these petals is
at least a fraction of 1/2|c| ≥ 1/2k of the size of the “unsigned” sunflower. This yields the
following corollary:
▶ Corollary 3.2. Every ϕ ∈ kcnfs with more than (2h)k · k! clauses contains a sunflower of
size h + 1.
The just-described kernel algorithm for the hitting set problem (“as long as there is a
sufficiently large sunflower, remove it and add the core instead”) also turns out to allow us
to decide whether σ(ϕ) ≥ δ holds. The detailed algorithm is Algorithm 1 from page 6. Its
important properties are summarized in the following lemma:
▶ Lemma 3.3. For each fixed k and δ, in Algorithm 1 from page 6
1. the while loop will terminate after a number of iterations that is linear in the size of ϕ,
2. the size |κ| will be bounded by a fixed number that depends only on k and δ, and
3. σ(ϕ) ≥ δ iff σ(κ) ≥ δ will hold (the “kernel property”) and, thus, the output of the
algorithm sunflower-collapsing(ϕ) will be correct.
Proof. For item 1, each iteration of the while loop reduces the size of ϕ, so after a linear
number of iterations the loop must stop. (Note that finding large sunflowers is a bit of an
art and there is extensive literature on how to do this efficiently, see [5, 9, 16] for starting
points. But as the size h is fixed in our case, we could even brute-force the search here.)
For item 2, we use Corollary 3.2, which states that as long as there are more than (2h)k k!
clauses in ϕ, there is still a sunflower and, hence, the while loop will not have ended. Thus,
|κ| ≤ (2h)k k! and this is clearly a constant as h is a constant depending only on δ.
For item 3, we need to show that for ϕ′ = (ϕ \ linkϕ (c)) ∪ {c}, where c is the core
of a size-(h + 1) sunflower ψ in ϕ, we have σ(ϕ) ≥ δ iff σ(ϕ′ ) ≥ δ. As already pointed
out in the introduction, the probability σ(ϕ) − σ(ϕ′ ) that an assignment β satisfies ϕ, but
not ϕ′ , is at most σ({e \ c | e ∈ linkϕ (c)}). As the link contains a size-(h + 1) sunflower,
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{e \c | e ∈ linkϕ (c)} contains a size-(h+1) packing and by the Packing Probability Lemma we
get σ(ϕ) − σ(ϕ′ ) ≤ (1 − 2−k )h+1 < (1 − 2−k )h = spectral-gapkcnfs (δ). By the No Tunneling
Lemma, Lemma 1.10, we get the claim.
◀
Excursion 1: The Spectra Are Topologically Closed. While the sunflower collapsing
algorithm provides a surprisingly simple method of deciding whether σ(ϕ) ≥ δ holds, it can
also be seen as a purely combinatorial statement:
▶ Lemma 3.4. For every δ ∈ [0, 1] and k there is a size s such that for every formula
ϕ ∈ kcnfs with σ(ϕ) ≥ δ there is a formula κ ∈ kcnfs of size |κ| ≤ s with σ(ϕ) ≥ σ(κ) ≥ δ.
Proof. For fixed δ and k, let s be the maximum size of the output κ of kernelize(ϕ) in
Algorithm 1. The kernel always has the property σ(ϕ) ≥ σ(κ). As shown in the proof of the
second item of Lemma 3.3, s ≤ 2 log1−2−k (spectral-gapkcnfs (δ)) k k!. Finally, by the third
item, σ(ϕ) ≥ δ implies σ(κ) ≥ δ.
◀
This lemma provides us with an easy way of showing that kcnfs-σ-spectrum is topologically closed, which means that its complement is an open set. Note that this does not follow
from the fact that the spectra are well-ordered as the set {1, 12 , 14 , 81 , . . . } is well-ordered, but
not closed (it misses 0).
▶ Lemma 3.5. Let Φ ⊆ kcnfs. Then inf{σ(ϕ) | ϕ ∈ Φ} ∈ kcnfs-σ-spectrum.
Proof. Let δ = inf{σ(ϕ) | ϕ ∈ Φ}. Then there must be a sequence (ϕ0 , ϕ1 , ϕ2 , . . . ) with
ϕi ∈ Φ with limi→∞ σ(ϕi ) = δ. Consider the sequence (κ0 , κ1 , κ2 , . . . ) where each κi is the
formula from Lemma 3.4 for ϕi . Then, clearly, limi→∞ σ(κi ) = δ. If necessary, rename the
variables in each κi to that they are {v1 , . . . , vq } for q = k · s, where s is the constant form
Lemma 3.4, and note that this is always possible. Then K := {κi | i ∈ N} is a finite set
as there are only finitely many different cnf formulas over the variables {v1 , . . . , vq }. This
means that there is some κ∗ ∈ K with σ(κ∗ ) = min{σ(κ) | κ ∈ K}. Then σ(κ∗ ) = δ must
hold and κ∗ ∈ kcnfs witnesses δ ∈ kcnfs-σ-spectrum.
◀
▶ Corollary 3.6. kcnfs-σ-spectrum is topologically closed for each k.

3.2

The Threshold Locality Lemma and Algorithm

A second algorithm for showing ksat-prob≥δ ∈ AC0 is based on Lemma 1.5 from the
introduction, which states: For each k and each δ ∈ [0, 1] there is a C ∈ N so that for all
ϕ ∈ kcnfs we have σ(ϕ) ≥ δ, iff σ(ψ) ≥ δ holds for all ψ ⊆ ϕ with |ψ| ≤ C. The proof,
which was already sketched in the introduction, is surprisingly easy:
Proof of the Threshold Locality Lemma (Lemma 1.5). First note that ψ ⊆ ϕ clearly implies σ(ψ) ≥ σ(ϕ) (as ϕ has “just more clauses” it is “harder to satisfy”). Thus, σ(ϕ) ≥ δ
immediately implies σ(ψ) ≥ δ for all ψ ⊆ ϕ, regardless of their size.
For the other direction, suppose σ(ϕ) < δ holds. We must show that there is some ψ ⊆ ϕ
with σ(ψ) < δ and |ψ| ≤ C for a constant C. We claim that we can always find such a ψ
when we set
C := 2(1 + log1−2−k (spectral-gapkcnfs (δ)))
|
{z
}
=:g

k

· k!.
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To find such a ψ, starting with ψ1 = ϕ, as long as possible, pick a clause e ∈ ψi such that
σ(ψi \ {e}) < δ still holds and set ψi+1 = ψi \ {e}. As we have σ(ψ1 ) < δ and as σ(∅) = 1 ≥ δ,
the process must end after s ≤ |ϕ| steps with some formula ψ := ψs . Then σ(ψ) < δ, ψ ⊆ ϕ,
and for all clauses e ∈ ψ we have σ(ψ \ {e}) ≥ δ.
Suppose we had |ψ| > C. By Corollary 3.2 to the Sunflower Lemma, ψ must then contain
a sunflower ρ ⊆ ψ of size |ρ| ≥ g + 2. Let c be the core of ρ and let a ∈ ρ be arbitrary.
Then ψ \ {a} still contains a sunflower (namely ρ \ {a}) of size at least g + 1. Now consider
an assignment β with β |= ψ \ {a}, but β ̸|= ψ. Then β ̸|= c ⊆ a as, otherwise, β |= ψ
would hold. Thus, β must be a model of the packing {e \ c | e ∈ ρ \ {a}} and hence, by the
Packing Probability Lemma, Prβ [β |= ψ \ {a}, β ̸|= ψ] ≤ (1 − 2−k )|ρ\{a}| ≤ (1 − 2−k )g+1 <
(1 − 2−k )g = spectral-gapkcnfs (δ). This implies that σ(ψ \ {a}) − σ(ψ) is smaller than the
spectral gap of δ and by the No Tunneling Lemma we get σ(ψ \ {a}) < δ; contradicting that
we could no longer remove clauses from ψ without raising the satisfaction probability to at
least δ.
◀
As pointed out in the introduction, Lemma 1.5 clearly implies that Algorithm 2 is correct;
we just state this once more for reference:
▶ Lemma 3.7. For each fixed k and δ, on every input ϕ ∈ kcnfs the output of Algorithm 2
from page 7 is correct.
Excursion 2: Solving the Majority-of-Majority Problem. Besides the simple just-sketched
algorithm for solving ksat-prob≥δ efficiently, the Threshold Locality Lemma has another
surprising and highly nontrivial consequence: The lemmas lies at the heart of an algorithm for
solving the majority-of-majority problem efficiently for kcnfs. Recall that for this problem
we are given a formula ϕ ∈ kcnfs with vars(ϕ) ⊆ X ∪ Y for two disjoint, infinite sets
(“sorts”) X and Y of variables. The question is whether for at least half of all possible
assignments β : X → {0, 1} at least half of all possible extensions β ′ : X ∪ Y → {0, 1}
(meaning β ′ (x) = β(x) for all x ∈ X) make ϕ true, that is, β ′ |= ϕ.
While it is tempting to try to solve this problem by focusing on the statement “at least
half of all possible assignments β : X → {0, 1}” initially, it turns out that it is the statement
“at least half of all possible extensions β ′ : X ∪ Y → {0, 1}” that we must address first. Our
objective will be to replace any formula ϕ ∈ kcnfs with vars(ϕ) ⊆ X ∪ Y by a formula
ω ∈ lcnfs with vars(ω) ⊆ X such that ω “encodes the validity of the second statement for
every β.” The following definition and lemma make these ideas precise (and generalize them
to values of δ other than 1/2):
▶ Definition 3.8. Let ϕ ∈ cnfs with vars(ϕ) ⊆ X ∪ Y for disjoint sets X and Y . Let
β : X → {0, 1}. We write ϕ/β for the formula resulting from ϕ when we remove all clauses
that contain an X-literal l (so l = x or l = ¬x for some x ∈ X) with β(l) = 1 and where we
remove all remaining X-literals from all remaining clauses.
Note that vars(ϕ/β) ⊆ Y and that we “almost” have ϕ|β = ϕ/β, but the difference is that in
ϕ|β we have an additional
singleton clause for each x ∈ X, whereas ϕ/β contains none. As

an example, for ϕ = {x1 , ¬x2 , y1 }, {¬x1 , y2, ¬y3 }, {¬x2 }, {y4 } and β : {x1 , x2 } → {0, 1}
with
β(x1 ) = β(x2 ) = 1, we have ϕ/β = {x1 , ¬x2 , y1 }, {¬x1 , y2 , ¬y3 }, { ¬x2 }, {y4 } =

{¬y3 }, ∅, {y4 } while ϕ|β = {¬y3 }, ∅, {y4 }, {x1 }, {x2 } . The notation makes handling the
satisfaction probabilities of extensions easier due to the following simple connection:
σ(ϕ/β) = Prβ ′ :X∪Y →{0,1}, β ′ extends β [β ′ |= ϕ].



Note that maj-maj-ksat = ϕ ∈ kcnfs Prβ:X→{0,1} σ(ϕ/β) ≥ 1/2 ≥ 1/2 .
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▶ Lemma 3.9 (Threshold Encoding Lemma). For each k and δ ∈ [0, 1] there are a number l
and an AC0 circuit family that maps every formula ϕ ∈ kcnfs with vars(ϕ) ⊆ X ∪ Y to a
formula ω ∈ lcnfs with vars(ω) ⊆ X such that for all β : X → {0, 1} we have
σ(ϕ/β) ≥ δ ⇐⇒ β |= ω.
Proof. Consider the formula ρ that results from ϕ if we simply remove all X-variables from
all clauses (so vars(ρ) ⊆ Y ). This formula is, in a sense, the “worst case” of what ϕ/β could
look like regarding the satisfaction probability: ρ is the formula where no clause is already
satisfied by the assignment β, leaving a maximal number of clauses that need to be satisfied.
Note that ϕ/β ⊆ ρ and, thus, if σ(ρ) ≥ δ happens to hold, we have σ(ϕ/β) ≥ δ for all β and
could set ω to an arbitrary tautology. The interesting question is, thus, what happens when
σ(ρ) < δ: Which β will remove enough clauses from ρ to raise the probability above δ?
To answer this question (and to turn it into a formula ω), we use the Threshold Locality
Lemma. By this lemma, there is a constant C such that we have σ(ϕ/β) ≥ δ iff for every
ψ ⊆ ϕ/β with |ψ| ≤ C we have σ(ψ) ≥ δ. In particular, for a given ψ ⊆ ρ with σ(ψ) < δ
we must have ψ ̸⊆ ϕ/β to have a chance that σ(ϕ/β) ≥ δ holds. Now, ψ ̸⊆ ϕ/β means that
there must be at least one clause c ∈ ψ that is not contained in ϕ/β. By Definition 3.8 this
is the case iff there is a clause c ∈ ψ such that for all d ∈ ϕ from which c resulted (recall that
each clause in ρ is obtained from some clause of ϕ by removing all X-variables) at least one
X-literal in d is set to 1 by β (because, then, c is not added to ϕ/β).
To summarize, we have two conditions to check:
1. For every ψ ⊆ ρ with |ψ| ≤ C and σ(ψ) < δ we must have ψ ̸⊆ ϕ/β, which is the case iff
2. there is a clause c ∈ ψ such that for all d ∈ ϕ from which c resulted, at least one X-literal
in d is set to 1 by β.
It turns out, we can express these conditions using a single formula ω ∈ lcnfs. Let us start
with the second condition for a fixed ψ ⊆ ρ and let us try to find a single formula ωψ ∈ lcnfs
for some l expressing it. The condition is clearly a disjunction (“there is a clause”) over all
c ∈ ψ of the following kcnf formulas ωψ,c (“such that for all” is expressed by the union):
ωψ,c =

[

{d \ c}.

d∈ϕ,c⊆d,vars(d)\X=vars(c)

We can turn the disjunction of the at most C many ωψ,c ∈ kcnfs into a single conjunction
ωψ ∈ lcnf using the distributive law if we set l := k · C. To sum up: For the resulting
formula ωψ we have ψ ̸⊆ ϕ/β iff β |= ωψ .
It is now easy to express the first condition:
[
ω=
ωψ
ψ⊆ρ,|ψ|≤C,σ(ψ)<δ

and note that ω ∈ lcnfs holds. Note furthermore that an AC0 circuit can construct this ω
as C is a constant and, hence, we can consider all size-C subsets of ρ in parallel and can
hardwire the tests σ(ψ) < δ.
For the correctness of the construction, let us briefly reiterate: First, if β |= ω, consider
any subset ψ ⊆ ϕ/β of size at most C. Then σ(ψ) < δ is impossible as ωψ would now
require that some clause c ∈ ψ is missing from ϕ/β. Thus, σ(ψ) ≥ δ always holds and, by
the Threshold Locality Lemma, we have σ(ϕ/β) ≥ δ. Second, suppose σ(ϕ/β) ≥ δ. Then
σ(ψ) ≥ δ trivially holds for every subset ψ ⊆ ϕ/β. Thus, for every ωψ considered in ω, we
have ψ ̸⊆ ϕ/β. But then, β |= ωψ . Thus, β |= ω.
◀
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▶ Corollary 3.10. maj-maj-ksat ∈ AC0 for all k.
Proof. Consider the number l from the Threshold Encoding Lemma for k and δ = 1/2.
We can reduce maj-maj-ksat to lsat-prob≥1/2 by simply mapping an input formula ϕ to
the formula ω from the lemma. Since lsat-prob≥1/2 ∈ AC0 (this is implicit in the main
algorithmic results of the present section, but see Theorem 4.1 for a detailed discussion), we
get the claim.
◀
Writing maji -ksat for maj-maj- · · · maj-ksat with of course exactly i repetitions (so
maj1 -ksat = ksat-prob≥1/2 and maj2 -ksat = maj-maj-ksat) and with the obvious
semantics for i > 2, we get:
▶ Corollary 3.11. maji -ksat ∈ AC0 for all k and i.
Proof. Just repeat the reduction from the previous corollary i − 1 times.

◀

As a final remark, note that the Threshold Encoding Lemma actually provides us with
yet another direct method for showing ksat-prob≥δ ∈ AC0 : Just set X = ∅. This means
that in the proof of the above corollary, we can actually apply the reduction i times, not
i − 1 times, and get a “perfectly uniform” argument.

3.3

The Recursive Interval-Bounding Algorithm

While the sunflower-collapsing algorithm for deciding σ(ϕ) ≥ δ gives insight into the structure
of the problem and lies at the heart of the complexity-theoretic results in the next section, the
starting point for a presumably more practical algorithm can be derived from the expansion
operation (which we already used in the proof the Spectral Well-Ordering Theorem). The
idea behind Algorithm 3 is simple: Starting with a formula ϕ, we wish to compute an interval
I ⊆ [0, 1] with σ(ϕ) ∈ I and |I| := max I − min I < ϵ. If we achieve this and if ϵ is at most
the spectral gap of δ, then max I < δ will hold iff σ(ϕ) < δ. Depending on the structure
of ϕ, we may be able to easily obtain an interval with the desired properties (using the
method interval(ϕ)). If, however, the initially obtained interval is too large, by the Packing
Probability Lemma it will contain a (relatively) small packing, allowing us to expand the
formula and to recurse to (k − 1)cnf formulas. The following lemma makes these claims
precise.
▶ Lemma 3.12. For each fixed k and δ, in Algorithm 3 from page 8
1. for every ϕ the algorithm interval(ϕ) returns an interval I with σ(ϕ) ∈ I and with
|I| = 0 when ϕ ∈ 1cnfs,
2. for every ϕ and ϵ > 0 the algorithm bounded-interval(ϕ, ϵ) will
a. call itself recursively only for formulas with a strictly smaller clause size,
b. call itself at most 2k log1−2−k ϵ times,
c. return an interval I with σ(ϕ) ∈ I and |I| < ϵ, and
3. the output of interval-bounding(ϕ) will be correct.
Proof. For item 1, we clearly have σ(ϕ) ∈ I as the interval we output is either exactly
Q
[σ(ϕ), σ(ϕ)] (namely, when ϕ is a packing and σ(ϕ) is exactly equal to c∈ϕ (1 − 2−|c| )) or
is [0, (1 − 2−k )|pack(ϕ)| ] and the Packing Probability Lemma tells us that σ(ϕ) lies in this
interval. When ϕ ∈ 1cnfs, then ϕ is always a packing (unless it is contradictory as it contains
both {v} and {¬v}, but this can be filtered easily) and, thus, |I| = 0.
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For item 2a, observe that pack(ϕ) has the property that vars(pack(ϕ)) intersects the
variables in each clause of ϕ (otherwise, pack(ϕ) would not be maximal). Thus, in all calls
ϕ|β has a strictly smaller maximal clause size (unless ϕ ∈ 1cnfs did already hold, but then
there will be no recursive calls at all).
Item 2b follows as a recursive call is only made when |I| ≥ ϵ, which implies that
we have I = [0, (1 − 2−k )|pack(ϕ)| ] and thus (1 − 2−k )|pack(ϕ)| ≥ ϵ. This clearly shows
|pack(ϕ)| ≤ log1−2−k ϵ and thus |vars(pack(ϕ))| ≤ k log1−2−k ϵ which in turn shows that
the number of different β used for the recursive calls is the claimed number.
Item 2c follows by induction on k: By the first item, if ϕ ∈ 1cnfs, then |I| = 0 < ϵ.
P
For the inductive step, for any ϕ ∈ kcnfs we have σ(ϕ) = β σ(ϕ|β ). By the induction
hypothesis, our algorithm will compute for each ϕ|β an interval Iβ containing σ(ϕ|β ). Then
the sum of these intervals will contain σ(ϕ). Furthermore, the size of the sum of these
intervals will be the sum of the sizes of the intervals. As the size of each Iβ at most ϵ divided
by the number of calls made, the total interval size it at most ϵ.
The last item now follows as an interval I with |I| < spectral-gapkcnfs (δ) and σ(ϕ) ∈ I
has the following property: If σ(ϕ) < δ, then σ(ϕ) ≤ δ − spectral-gapkcnfs (δ) and thus
σ(ϕ) < δ − |I| or, equivalently, σ(ϕ) + |I| < δ. In particular, max I < δ, which is exactly
what we test. In contrast, if σ(ϕ) ≥ δ we immediately get max I ≥ δ. Thus, the output is
always correct.
◀

4

Complexity-Theoretic Results

We prove Theorem 1.11, which tells us precisely for each δ ∈ [0, 1] whether ksat-prob>δ
is NP-complete, NL-complete, or in AC0 , in three steps: First, we show that ksat-prob≥δ
lies in AC0 for all k and δ. This means that from a complexity-theoretic point of view it
will always be “trivial” to check whether σ(ϕ) ≥ δ holds – the tricky part is showing that
σ(ϕ) ̸= δ then holds. Second, we introduce a technical definition of being a k-target for
lcnfs, which is set up in such a way that if a number δ has this property, it will be possible
to reduce lsat to ksat-prob>δ . This will prove the NL- and NP-hardness results for those δ
where Theorem 1.11 claims that ksat-prob>δ is NL- or NP-compete. Third, we address the
upper bounds, meaning that we present NP-, NL-, and AC0 -algorithms that match the lower
bounds. Here, we show that the variables in the kernel form backdoor sets for the “error
the kernelization makes” into 2cnfs or 1cnfs, when δ is not a k-target for 3cnfs or 2cnfs,
respectively. Figure 4 is an attempt to visualize the underlying ideas in a simplified way.

4.1

Upper Complexity Bounds for the Greater-or-Equal Problem

Although our ultimate objective in this section is the complexity of the problem of telling
whether σ(ϕ) > δ holds, we begin with the following:
▶ Theorem 4.1. For all k and δ the problem ksat-prob≥δ lies in dlogtime-uniform AC0 .
Proof. We claim that Algorithm 1 can be implemented by AC0 circuits. It is well-established
that kernels for hitting sets can be computed by (dlogtime-uniform) AC0 -circuits parameterized by the size of the hitting set and the size of the hyperedges, see [3, 4]. Translated to
our setting, these algorithms compute the core κ from Algorithm 1 for positive ϕ in AC0
when parameterized by the maximum clause size k and the size h of the to-be-collapsed
sunflowers. As the algorithm can easily be adapted to cope with the fact that sunflowers for
formulas must take the “signs” of the literals in the cores into account, see the discussion
prior to Corollary 3.2, we get the claim as both k and h are fixed.
◀
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The input formula ϕ ∈ 5cnfs

The kernel κ ∈ 5cnfs
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Figure 4 Continuing the example from Figure 2 from page 5: At the top, a formula ϕ ∈ 5cnfs
is shown together with a kernel κ obtained by collapsing the red link to the dashed green clause
c = {x, ¬y, z}. The size 3 of c is important: First, it is the minimum size of clauses in the kernel, which
implies that if we remove all variables in the kernel from the clauses of ϕ, we get the lower left figure
in which the blue clauses all have size at most 2 = 5 − 3. In particular, ϕ|β for β : vars(κ) → {0, 1}
lies in 2cnfs and vars(κ) is a backdoor into 2cnfs. Second, the clause c with |c| ≤ 3 has “room
left for two literals,” meaning that for ψ ∈ 2cnfs we have {c ∪ d | d ∈ ψ} ∈ 5cnfs. The lower
right figure shows what happens when we add the clauses of ψ (assuming vars(ψ) = {p1 , . . . , pn },
these new variables are colored red) to the kernel by “adding them to c” (the dashed clauses). The
resulting orange formula will have a satisfaction probability strictly larger than that of κ iff ψ is
satisfiable. Note, however, that instead of κ we may need to use a related formula ω instead, see
equation (3) on page 24 for details, namely when the clauses in κ other than c already imply c
(which they do not in the example).
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This theorem can be thought of as a strengthened version of the result by Akmal and
Williams [2] that ksat-prob≥δ ∈ LINTIME holds for all k and δ, but two remarks are in
order: First, the algorithm of Akmal and Williams can actually also be turned into an
AC0 algorithm [17], meaning that the result is already implicit in their work. Second, the
existence of an AC0 -circuit family for a problem does not necessarily imply that the problem
can be solved in linear time – one needs an AC0 circuit family of linear size for this. It is,
however, not clear whether such a family exists as the natural way of searching for packings
or sunflowers involves color coding, which seems to need a quadratic size for derandomization.
While these considerations will not be important for the complexity-theoretic statements of
the main theorem, further research on the complexity of ksat-prob≥δ could address these
questions.

4.2

Lower Complexity Bounds for the Strictly-Greater-Than Problem

We now show that ksat-prob>δ is NL- or NP-hard for certain values of k and δ. For this, we
need the already mentioned notion of “k-targets for lcnfs” whose definition was as follows
(recall ω>s = {c ∈ ω | |c| > s} and ω≤s = {c ∈ ω | |c| ≤ s}):
▶ Definition 4.2. For numbers k and l, we say that a number δ ∈ [0, 1] is a k-target for
lcnfs if δ = σ(ω) for some ω ∈ kcnfs with ω>k−l ̸|= ω≤k−l .

An example was δ = 7/32, which
for 2cnfs as demonstrated by ω = {a}, {b},
 is a 3-target 
{c1 , c2 , c3 } since ω>3−2 = {c1 , c2 , c3 } ̸|= {a}, {b} = ω≤3−2 . The term “target” is
motivated by the following lemma: The formulas ω can serve as “targets for a reduction
from lsat”, which proves the lower complexity bounds for ksat-prob>δ from Theorem 1.11.
▶ Lemma 4.3. If δ is a k-target for 3cnfs, then ksat-prob>δ is NP-hard.
Proof. We reduce 3sat to ksat-prob>δ : Let ω witness that δ is a k-target for 3cnfs and
let β : vars(ω) → {0, 1} witness ω>k−3 ̸|= ω≤k−3 (that is, β is a model of ω>k−3 but not
of ω≤k−3 ). Let ψ ∈ 3cnfs be an input for the reduction, that is, we wish to reduce the
question of whether σ(ψ) > 0 holds to the question of whether σ(ρ) > δ holds for some
ρ ∈ kcnfs. If necessary, rename the variables in ψ to ensure vars(ψ) ∩ vars(ω) = ∅, and map
ψ to ρ = ω>k−3 ∪ {c ∪ d | c ∈ ω≤k−3 , d ∈ ψ}.
We claim σ(ρ) > δ iff ψ ∈ 3sat. For the first direction, assume σ(ρ) > δ = σ(ω).
As ω |= ρ (every clause of ρ is a superclause of some clause of ω), there must exist an
assignment γ with γ |= ρ ⊇ ω>k−3 and γ ̸|= ω ⊇ ω≤k−3 . This means that there must be a
clause c∗ ∈ ω≤k−3 with γ ̸|= {c∗ }. However, γ |= ρ ⊇ {c∗ ∪ d | d ∈ ψ}, which implies γ |= ψ
and ψ ∈ 3sat.
Second, assume ψ ∈ 3sat and let α : vars(ψ) → {0, 1} witness ψ ∈ 3sat. Consider
the assignment γ : vars(ψ) ∪ vars(ϕ) → {0, 1} defined by γ(v) = α(v) for v ∈ vars(ψ) and
γ(v) = β(v) for v ∈ vars(ϕ). Trivially, γ ̸|= ω as β ̸|= ω≤k−3 ⊆ ω. However, γ |= ρ: Each
clause c ∈ ω>k−3 is satisfied as β |= ω>k−3 . Each clause c ∪ d ∈ ρ with d ∈ ψ is satisfied as
α |= ψ and d ∈ ψ. In total, γ is a model of all clauses of ρ and thus σ(ρ) > σ(ω) = δ.
◀
▶ Lemma 4.4. If δ is a k-target for 2cnfs, then ksat-prob>δ is NL-hard.
Proof. The proof is identical to that of the previous lemma, only we reduce from 2sat.

◀

In Figure 4 in the lower right subfigure the effect of adding the clauses of a formula
ψ ∈ 2cnfs to the small clauses of an example formula κ = ω is shown (although there is
only a single small clause c in the example).
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Upper Complexity Bounds for the Strictly-Greater-Than Problem

To complete the proof of Theorem 1.11, we need to prove the upper bounds. To get some
intuition, let us start with the easiest case, the upper bound of NP, that is, the claim that
ksat-prob>δ ∈ NP always holds. Recall that in Theorem 4.1 we showed ksat-prob≥δ ∈ AC0
by kernelizing input formulas ϕ: We replaced the question of whether σ(ϕ) ≥ δ holds by the
question of whether σ(κ) ≥ δ holds – and σ(κ) can be computed by brute force. However,
this is not directly helpful for deciding whether σ(ϕ) > δ holds: If σ(κ) > δ, we also know
that σ(ϕ) > δ holds; if σ(κ) < δ, we also know that σ(ϕ) < δ holds (because of the spectral
gap); but if σ(κ) = δ, both σ(ϕ) = δ and σ(ϕ) > δ are still possible. The “critical” case
σ(κ) = δ forces us to investigate further: We must find out whether the sunflower collapsing
process “destroyed solutions,” that is, whether there is an assignment β : var(ϕ) → {0, 1}
with β |= ϕ, but β ̸|= κ. Fortunately, this is easy to do using an NP-machine: We can just
guess such an assignment. Let us state this observation as a lemma for future reference:
▶ Lemma 4.5. For all k and δ, we have ksat-prob>δ ∈ NP.
For the NL upper bound, we can basically proceed the same way – we just need a way
to determine whether there exists a β with β |= ϕ, but β ̸|= κ using an NL-machine. An
idea towards achieving this is to simply iterate over all possible β : vars(κ) → {0, 1} with
β ̸|= κ and then test whether ϕ|β is satisfiable. Of course, we still have to answer (many)
questions of the form “ϕ|β ∈ sat?” – but we may now hope that ϕ|β ∈ 2cnfs might hold:
After all, clauses in ϕ|β result from removing all variables in the core from the clauses of ϕ
and a large core thus means small clauses in ϕ|β , see the lower left part of Figure 4 for a
concrete example. If we always had ϕ|β ∈ 2cnfs, then vars(κ) would be called a backdoor
set into 2cnfs and this would suffice to show ksat-prob>δ ∈ NL.
Now, the variables in the kernel do not always form a backdoor set into 2cnfs, but we
will be able to construct a formula ω for which they do and this formula will serve as a
“replacement” for ϕ: If it is not equivalent to ϕ, then either σ(ϕ) > σ(ω) > δ will follow
immediately or δ is a k-target for 3cnfs. As the latter is ruled out by the assumption of the
theorem, we will have σ(ϕ) > δ iff σ(ω) > δ. Thus, having a backdoor set in 2cnfs for ω
will suffice to show ksat-prob>δ ∈ NL. The details follow.
Backdoor Sets. Backdoor sets are a powerful tool from fpt theory [18] with a rich theory
around them; but for our purposes only the following kind will be important:
▶ Definition 4.6. Let ∆ ⊆ cnfs and let ψ ∈ cnfs. A (strong) backdoor set for ψ into ∆ is
a set V of variables such that for all β : V → {0, 1} we have ψ|β ∈ ∆.
The importance of backdoor sets in fpt theory lies, of course, in the fact that in order
to determine whether ψ is satisfiable, it suffices to find a β : V → {0, 1} such that ψ|β is
satisfiable. If ∆ is a tractable set (like ∆ = 2cnfs), this allows us to efficiently decide
ψ ∈ sat as long as the backdoor set is not too large. In our context, the variables in the
kernel will form a backdoor set into 2cnfs or 1cnfs, not for the original formula ϕ, but only
for an “intermediate” formula ω, defined as follows.
The Replacement Formula. Fix k and l and fix a formula ϕ ∈ kcnfs. Let κ denote the
kernel computed in Algorithm 1 on input ϕ (that is, the result of collapsing the links of cores
of sunflowers large enough to ensure that the collapse step reduces the satisfaction probability
by less than the spectral gap of δ, which ensures by the No Tunneling Lemma that σ(ϕ)
“stays above δ, if it was above δ”) and assume that we are in the critical case δ = σ(κ) where
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“there is still work to be done.” Define ω ∈ kcnfs as follows (with κ<s = {c ∈ κ | |c| < s}
and κ≥s = {c ∈ κ | |c| ≥ s}; and note that κ<s = κ≤s−1 and κ≥s = κ>s−1 , so the subscripts
of κ are “shifted by −1” relative to the subscripts of ω in Definition 4.2):
ω := κ<k−l ∪

[

linkϕ (c).

(3)

c∈κ≥k−l

The importance of ω lies in the following two lemmas:
▶ Lemma 4.7 (Backdoor Lemma). The set vars(κ) is a backdoor set for ω into lcnfs.
Proof. For any β : vars(κ) → {0, 1}, consider any clause e ∈ ω|β . We wish to show |e| ≤ l.
By definition of ω|β , e resulted from taking some clause in d ∈ ω and stripping away all
occurrences of variables in vars(κ). If d ∈ κ<k−l ⊆ κ, we would have e = ∅ and |e| = 0. If
d ∈ linkϕ (c) for some c ∈ κ≥k−l , then |e| = |d \ c| = |d| − |c| ≤ k − (k − l) = l.
◀
The Backdoor Lemma tells us that we can “handle” ω well for l = 2 and l = 1. The
question is, of course, how, exactly, ω is related to ϕ and κ. The next lemma tells the story:
▶ Lemma 4.8. One of the following always holds:
1. δ = σ(κ) = σ(ω) = σ(ϕ) or
2. δ = σ(κ) < σ(ω) = σ(ϕ) or
3. δ = σ(κ) < σ(ω) < σ(ϕ) or
4. δ is a k-target for (l + 1)cnfs.
Proof. As we clearly have κ |= ω |= ϕ (that is, every model of κ is also a model of ω, and
ω’s models are models of ϕ), we have δ = σ(κ) ≤ σ(ω) ≤ σ(ϕ). This means that the only
possibility not covered by the first three items is δ = σ(κ) = σ(ω) < σ(ϕ) and we must show
that this implies that δ is a k-target for (l + 1)cnfs. For this we must show that there is an
assignment β with β ̸|= ω≤k−l−1 and β |= ω>k−l−1 .
If σ(ω) < σ(ϕ), there must be a model β |= ϕ with β ̸|= ω and we claim that this model is
a witness for δ being a k-target. To see this, first note that β |= ϕ and β ̸|= ω implies β ̸|= ω \ϕ
and ω \ ϕ ⊆ ω<k−l by (3). Thus, β ̸|= ω≤k−l−1 = ω<k−l . Second, β |= ω>k−l−1 = ω≥k−l is
implied by β |= ϕ together with ϕ ⊇ ω≥k−l as every clause of size k − l or larger in ω comes
from a link and links are subsets of ϕ.
◀
The Algorithm and Its Correctness. We are now ready to assemble the ideas into an
algorithm, Algorithm 4, and prove its correctness.
▶ Lemma 4.9. Let δ not be a k-target for (l + 1)cnfs. Then for each ϕ ∈ kcnfs the output
of reduce-to-sat(ϕ) from Algorithm 4 will be correct.
Proof. The output of the then-clause of the first if-statement in line 3 is correct as we
trivially have σ(κ) ≤ σ(ϕ) (replacing a sunflower by its core can only reduce the satisfaction
probability). The output of the then-clause of the second if in line 4 is also correct as
σ(κ) ≥ δ iff σ(ϕ) ≥ δ holds by Lemma 3.3.
By Lemma 4.8, for ω computed in line 6 one of the following holds (the fourth possibility
is ruled out by the assumption):
1. δ = σ(κ) = σ(ω) = σ(ϕ) or
2. δ = σ(κ) < σ(ω) = σ(ϕ) or
3. δ = σ(κ) < σ(ω) < σ(ϕ).
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Algorithm 4 An algorithm for deciding ksat-prob>δ that is correct if δ is not a k-target for
(l + 1)cnfs: In this case, Lemma 4.8 states that ω is a suitable replacement for ϕ and Lemma 4.7
states that the variables in the kernel form a backdoor set into lcnfs for ω, allowing us to perform
the tests in line 8 by an NL machine for l = 2, and even by AC0 -circuits for l = 1.
1
2
3
4
5
6

algorithm reduce-to-sat(ϕ) // ϕ ∈ kcnfs must hold,
 l is a number
κ ← kernelize ϕ, log1−2−k (spectral-gapkcnfs (δ))
if σ(κ) > δ then return ‘‘σ(ϕ) > δ’’
if σ(κ) < δ then return ‘‘σ(ϕ) < δ’’
// Critical case:
S σ(κ) = δ
ω ← κ<k−l ∪ c∈κ
linkϕ (c)
≥k−l

foreach β : vars(κ) → {0, 1} with β ̸|= κ do
if ω|β ∈ lsat then
// we now know σ(ω) > σ(κ) = δ
return ‘‘σ(ϕ) > δ’’
// we now know σ(ω) = σ(κ) = δ
return ‘‘σ(ϕ) = δ’’

7
8
9
10
11
12

In particular, if δ = σ(κ) = σ(ω), we know that δ = σ(ϕ) must also hold; and if σ(κ) < σ(ω)
we trivially have δ < σ(ϕ). In other words:
σ(ω) > δ ⇐⇒ σ(ϕ) > δ.

(4)

In the main for-loop of the algorithm, we check whether there is a model of ω that is not a
model of κ. Clearly, this is the case iff there is some β : vars(κ) → {0, 1} with β ̸|= κ and
ω|β ∈ sat. However, since by Lemma 4.7 we know that vars(κ) is a backdoor for ω into
lcnfs, it is correct to test only ω|β ∈ lsat inside the loop.
All told, when the comment lines 9 or 11 are reached, the comments’ statements are
correct. By (4) this means that the two outputs in the subsequent lines are correct.
◀
The Upper Bounds. We can now prove the three upper bounds from Theorem 1.11 and
thus prove the Spectral Trichotomy Theorem, Theorem 1.6 from the introduction. The NP
upper bound has already been stated in Lemma 4.5. The argument for NL is as follows:
▶ Lemma 4.10. If δ is not a k-target for 3cnfs, then ksat-prob>δ ∈ NL.
Proof. By Lemma 4.9, Algorithm 4 will correctly decide ksat-prob>δ in this case. To see
that the algorithm can be implemented by an NL-machine, observe that the for-loop iterates
only over a constant number of β (the kernel size is fixed) and can thus be hardwired into
the machine. The central test ω|β ∈ 2sat clearly only requires an NL machine.
◀
▶ Lemma 4.11. If δ is not a k-target for 2cnfs, then ksat-prob>δ ∈ AC0 .
Proof. Just as in the previous corollary, we invoke Lemma 4.9 and the for-loop still iterates
only over a constant number of β. The central test is now ϕ|β ∈ 1sat, which is possible to
perform using AC0 circuits.
◀

5

Conclusion

The results of the present paper settle the complexity of ksat-prob>δ from a complexitytheoretic point of view: The problem is either NP-complete or NL-complete or lies in AC0
– and which of these is the case depends on whether or not δ = σ(ω) holds for some
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formula ω with certain syntactic properties. The proof is based on the insight that the
spectra kcnfs-σ-spectrum are well-ordered with respect to >, as this implies (1) that the
standard sunflower-based kernel algorithm for hitting sets allows us to compute kernels for
ksat-prob≥δ and (2) that the variables in the kernel form strong backdoor sets into 2cnfs
or 1cnfs for formulas whose satisfaction probabilities “behave the same way” as those of the
input formula.
An attempt to visualize the “landscape” of the complexity of ksat-prob>δ for k ≤ 4 can
1
be found in Figure 1 on page 2. For k = 4, two values of special interest are δ1 = 15/32 = 12 − 32
1
1
and δ2 = 63/128 = 2 − 128 . There is a “red triangle” in thefigure at δ1 , meaning
that

4sat-prob>15/32 is NP-complete by Theorem 1.11 as 15/32 = σ {a}, {x, y, z, w} . There is
a “green triangle” at δ2 (as well as at many, many other positions in (15/32, 1/2), but still only
at a nowhere dense subset despite the “solid line” in the visualization) as 4sat-prob>63/128
is NL-complete since 63/128 = σ({{a, b}, {c, d}, {e, f, g}}), but no 4cnf formula ϕ containing
a singleton clause has σ(ϕ) = 63/128.
For larger values
 of k, observe that,
 on the one hand, ksat-prob>1−2−(k−2) is NL-complete
for all k (since σ {a1 , . . . , ak−2 } = 1 − 2−(k−2) , but σ(ω) ̸= 1 − 2−(k−2) for all ω ∈ kcnfs
containing a clause of size k − 3 as this clause already lowers the satisfaction probability to at
most 1 − 2−(k−3) < 1 − 2−(k−2) ); while on the other hand, ksat-prob>2−i is NP-complete
for all k ≥ 4 and i ≥ 1.
In addition to the “strictly greater than” problem ksat-prob>δ and the “boring” problem ksat-prob≥δ (which is always in AC0 ), one can also consider the “equal to” version.
Combining the results from this paper immediately yields: For the same k and δ as in
Theorem 1.11, the problem ksat-prob=δ is coNP-complete, NL-complete, or lies in AC0 .
Spelled out, we get results like the following: “it is NL-complete to decide on input of a 3cnf
formula whether exactly half of the assignments are satisfying” and “it is coNP-complete to
decide on input of a 4cnf formula whether exactly half of the assignments are satisfying,”
but also stranger ones like “it is NL-complete to decide on input of a 4cnf formula whether
1
the fraction of satisfying assignments is exactly 12 − 128
” while “it is coNP-complete to decide
1
on input of a 4cnf formula whether the fraction of satisfying assignments is exactly 12 − 32
”.
Since the algorithms presented in this paper depend so heavily on the size of spectral gaps,
it is of interest to determine these sizes precisely. While explicit bounds can be shown [14],
it is very much unclear whether these hyperexponentiation bounds are even remotely tight.
It would also be of interest to determine explicit values: A close look at Figure 1 reveals
spectral-gap2cnfs (1/2) = 1/32, but what is the value of spectral-gap3cnfs (1/2)?
On the one hand, the results of the present paper “settle” the complexity of many versions
of satisfaction probability threshold problems for kcnfs, including the majority-of-majority
version; on the other hand, many new problems arise. These include questions concerning
satisfaction probability problems for constraint satisfaction problems, questions concerning
the fixed-parameter tractability of satisfaction probability problems, questions surrounding
the complexity of algebraic representations of formulas, a whole bunch of questions arising
from logical and descriptive reformulations, and finally – of course – questions concerning
practical implementation. In the technical report version [14] some first ideas and partial
answers to these questions are presented, but there is certainly still much to do.
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1

Introduction

Random choices can make computing easier sometimes, but random bits are not always
available. We therefore want to understand when randomized algorithms have an inherent
advantage and when randomness is unnecessary. In this work, we focus on the interplay
between randomness and space complexity. Starting with the work of Ajtai, Komlós, and
Szemerédi [2], there have been three decades of work on the derandomization of space-bounded
computation, with the goal of eventually proving that every halting decision algorithm can
be derandomized with only a constant factor space blowup (L = BPL). As in previous work,
we will use the following nonuniform model of space-bounded computation, which captures
how a randomized small-space algorithm uses its random bits.
▶ Definition 1. An (ordered) branching program B of length n and width w computes
a function B : {0, 1}n → {0, 1}. On an input x ∈ {0, 1}n , the branching program computes
as follows. It starts at a fixed start state v0 ∈ [w]. Then for t = 1, . . . , n, it reads the next
input bit xt and updates its state according to a transition function Bt : [w] × {0, 1} → [w] by
taking vt = Bt (vt−1 , xt ). Note that the transition function Bt can differ at each time step.
Moreover, there is a set Vacc ⊆ [w] of accept states. Let vn be the final state reached
by the branching program on input x. If vn ∈ Vacc the branching program accepts, denoted
B(x) = 1, and otherwise the program rejects, denoted B(x) = 0. We also consider branching
programs restricted to having a single accept state, which is always denoted vacc .
Arguably the most natural approach to derandomizing space-bounded computation is to
design a pseudorandom generator, defined next. We let Ui denote the uniform distribution
over {0, 1}i .
▶ Definition 2. Let F be a class of functions f : {0, 1}n → {0, 1}. An ε-pseudorandom
generator (ε-PRG) for F is a function G : {0, 1}s → {0, 1}n such that for every f ∈ F ,
Pr [f (x) = 1] − Pr [f (G(x)) = 1] ≤ ε.

x←Un

x←Us

We say that G ε-fools F if it is an ε-PRG for F . The input length s is the seed length of
the generator.
It can be shown via the probabilistic method that there is a (non-explicit) ε-PRG for ordered
branching programs of length n and width w that has seed length O(log(nw/ε)), and moreover
this seed length is optimal. We say a generator G is explicit if the output is computable in
space O(s). Decades of work has focused on constructing explicit pseudorandom generators
with parameters matching the probabilistic method. All results we subsequently discuss
are explicit constructions. In 1990, Nisan [23] constructed an ε-PRG for general ordered
branching programs of length n and width w with seed length
O(log n · (log n + log w + log(1/ε))).
Nisan’s PRG is a factor of O(log n) from optimal, and achieves seed length O(log2 n) when
w ≤ poly(n) and ε ≥ 1/ poly(n), rather than the optimal O(log n).
There has been extensive work analyzing restricted classes of branching programs with
additional structure. We focus on the well-studied class of regular programs:
▶ Definition 3. An (ordered) regular branching program of length n and width w is an
ordered branching program where for every t = 1, . . . , n and every v ∈ [w], there are exactly 2
pairs (u, b) ∈ [w] × {0, 1} such that Bt (u, b) = v.
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In 2010, Braverman, Rao, Raz and Yehudayoff [6] constructed a PRG for regular branching
programs with near-optimal dependence on n, achieving seed length:1
O(log n · (log log n + log w + log(1/ε))).
(Subsequently, De also presented a PRG for regular programs, albeit with a somewhat
inferior seed length [13].) Given Braverman et al.’s result [6], there are two natural challenges
regarding regular programs. The first challenge is to improve the log n · log w term in the
seed length; this is necessary to beat Nisan’s generator in the polynomial-width regime (e.g.,
w = n). The second challenge is to improve the log n · log(1/ε) term; this is necessary to
beat Nisan’s generator in the small-error regime (e.g., ε = 1/n).
Designing PRGs that meet these challenges seems to be quite difficult, but fortunately
PRGs are not the only approach to derandomization. To address the challenges we will
instead aim to construct hitting set generators (HSGs). An HSG (defined next) is a “one-sided”
generalization of a PRG that is still valuable for derandomization.
▶ Definition 4. Let F be a class of functions f : {0, 1}n → {0, 1}. An ε-hitting set
generator (ε-HSG) for F is a function H : {0, 1}s → {0, 1}n such that for every f ∈ F
where Prx←Un [f (x) = 1] > ε, there exists x ∈ {0, 1}s such that f (H(x)) = 1.
Note that with our definitions, an ε-PRG for a class F is an ε-HSG for F . In many cases,
there has been more success at developing HSGs than at developing PRGs. Indeed, in the
context of regular branching programs, in addition to their PRG construction, Braverman,
Rao, Raz, and Yehudayoff constructed an HSG with seed length O(w log n) (the set of all
strings of Hamming weight at most w), achieving optimal seed length for constant width [6].2

1.1

Our Contributions

In this work, we present improved HSGs for regular branching programs. For our first result,
we focus on improving the dependence on w, the width of the program. In fact, we study
the intriguing setting of unbounded-width programs [22, 18, 24, 25]. We design an HSG for
unbounded-width regular branching programs with a single accept vertex with a near-optimal
dependence on the length of the program n.
▶ Theorem 5. Given n ∈ N and ε ∈ (0, 1/2), there is an explicit ε-HSG for regular branching
programs of length n and unbounded width with a single accept state that has seed length
O(log n · (log log n + log(1/ε))).
This result eliminates all dependence on w from the seed length of Braverman, Rao, Raz,
and Yehudayoff’s PRG [6], with the caveats that we only obtain an HSG and we assume that
there is only one accept state. For regular branching programs of width w = poly(n) (the
regime most relevant for the derandomization of space-bounded computation), Theorem 5
is the first explicit construction with seed length o(log2 n). In the superpolynomial-width

1
2

They consider regular branching programs with a single accept state, but dividing ε by w to allow an
arbitrary set of accept states does not change the seed length.
The lack of dependence on ε can be explained by Braverman et al.’s observation that every width-w
regular branching program that has nonzero acceptance probability has acceptance probability at least
1/2w−1 [6], so without loss of generality ε > 1/2w , i.e., w > log(1/ε).
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regime, the state of the art prior to our work was the analysis of Hoza, Pyne, and Vadhan [18],
which implies that Nisan’s generator is an HSG for unbounded-width regular branching
programs with a single accept vertex with seed length O(log n · log(n/ε)).
Even under the assumption that there is only one accepting vertex, the unbounded-width
regular branching program model is highly nontrivial. For example, it can compute doubly
exponentially many distinct functions [18]. Admittedly, there are also some very simple
functions that it cannot compute, such as the majority function on three bits. However,
Theorem 5 extends to the setting of programs with a accept states where a is small. Indeed,
if such a program has acceptance probability at least ε, then there must be an accept state
that is reached with probability at least ε/a, so we obtain the following corollary:3
▶ Corollary 6. Given n, a ∈ N and ε ∈ (0, 1/2), there is an explicit ε-HSG for regular
branching programs of length n and unbounded width with a accept states that has seed length
O(log n · (log log n + log(a/ε))).
For our second result, we focus on improving the dependence on ε, the threshold of
the HSG.
▶ Theorem 7. For every w, n ∈ N and ε > 0, there exists an explicit ε-HSG for width-w
length-n regular branching programs with seed length

p


O log n ·
log(1/ε) + log w + log log n + log(1/ε) .
Comparing to the seed length of Braverman,
Rao, Raz, and Yehudayoff’s PRG [6], we improve
p
the log n · log(1/ε) term to log n · log(1/ε). Recall that Braverman et al. also constructed
an HSG with seed length O(w log n), independent √
of ε. Our seed length has a much better
dependence on w, so for example, when w = 2O( log n) and ε = 1/n, our seed length is
3/2
e
O(log
n), whereas prior work could not beat Nisan’s O(log2 n) seed length for that regime.
Furthermore, since every nonzero width-w regular program has acceptance probability at least
e (√w log n + w), independent
2−(w−1) [6], Theorem 7 implies that we can achieve seed length O
of ε. Theorem 7 makes progress on a problem posed by Hoza and Zuckerman [19]: they asked
e
for an HSG with seed length O(log(n/ε))
for regular branching programs of width polylog n.
Taken together, Theorems 5 and 7 improve the seed length of Nisan’s construction for
hitting regular branching programs with a single accept state when log(1/ε) = o(log n) or
log w = o(log n), thereby identifying the regime log(1/ε) ∼ log w ∼ log n as the remaining
target. An explicit HSG of seed length o(log2 n) in that regime would also be an explicit HSG
of seed length o(log2 n) for polynomial-width regular branching programs with an arbitrary
set of accept states. In turn, we show that such an HSG would imply a major advance in
derandomizing space-bounded computation:
▶ Theorem 8. For every n, w ∈ N and ε > 0, there are values w′ = poly(nw/ε) and
′
n′ = O(n log(nw/ε)) such that if there is an explicit ε-HSG (resp. PRG) G : {0, 1}s → {0, 1}n
′
′
for width-w length-n regular branching programs, then there is an explicit O(ε)-HSG (resp.
PRG) G′ : {0, 1}s → {0, 1}n for width-w length-n ordered branching programs with the same
seed length.

3

We remark that it is not possible to improve this dependence on a by any analysis of the INW generator
that only uses the expansion properties of the auxiliary expanders [26], even for HSGs.
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The conclusion of Theorem 8 yields a derandomization of decision problems solvable in
randomized logspace with one-sided error (the class RL). Cheng and Hoza [10] show more
generally that a two-sided error derandomization (the class BPL) follows. Thus we obtain
the following corollary:
▶ Corollary 9. Suppose there is an explicit ε-HSG of seed length O(log(nw/ε)) for regular
branching programs of length n and width w. Then BPL = L.

1.2

Related work

Theorem 8 extends a result of Reingold, Trevisan, and Vadhan [28]. They show an analogous
transformation for PRGs over alphabet size poly(nw/ε). In contrast, Theorem 8 also applies
to HSGs and works over the binary alphabet.
A number of results improve the seed length of Braverman et al. [6] for the restricted
class of “permutation” branching programs. A permutation branching program is a regular
branching program with the further restriction that the transitions Bt (·, 1) and Bt (·, 0) are
permutations of [w] for every t. While most of these results are tailored to the constantwidth regime [7, 20, 13, 31, 27], two exceptions construct generators for unbounded-width
permutation branching programs with a single accept vertex:
Hoza, Pyne, and Vadhan [18] (building on work by Ahmadinejad, Kelner, Murtagh,
e
Peebles, Sidford, and Vadhan [1]) construct a PRG with seed length O(log
n · log(1/ε)),
and
Pyne
Vadhan [24] construct an HSG4 with seed length
 and p
e log n · log(n/ε) + log(1/ε) .
O
Our Theorem 5 matches the seed length of Hoza, Pyne, and Vadhan [18] for the more
general setting of regular programs. Our Theorem 7 can be viewed as an analogue of the
result of Pyne and Vadhan [24]. Unfortunately, our seed length includes an additional
O(log n · log w) term. If this term were at all improved, we would obtain o(log2 n) seed length
HSGs for general ordered branching programs via Theorem 8.
The arguments used for unbounded-width permutation branching programs [18, 24]
rely heavily on the permutation condition to leverage powerful results in spectral graph
theory [30, 12, 1] that are not applicable in the regular setting.5 In contrast, our proofs are
combinatorial. In particular, our Theorem 7 is proved via combinatorial rather than spectral
error-reduction methods, providing some hope that the aforementioned improvement in the
O(log n · log w) term might not be out of reach.

1.3
1.3.1

Overview of Proofs
The Unanimity Program Model

The proofs of Theorem 5 and Theorem 7 both rely on a new generalization of ordered
branching programs that we call unanimity programs. A unanimity program is defined like
an ordered branching program, except that every vertex (not just those in the last layer)
is labeled either “accept” or “reject.” The program accepts if every vertex it visits is an
accepting vertex; otherwise it rejects. More precisely:
4
5

Their result gives a more general object called “weighted PRG” or “pseudorandom pseudodistribution” [5].
Specifically, permutation branching programs have the property that the underlying graph remains regular – and hence the uniform distribution remains stationary – even when we restrict to a pseudorandom
sequence of paths.
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▶ Definition 10. An (ordered) unanimity program B of length n and width w starts at
a fixed start state v0 ∈ [w]. In each step t ∈ [n], the program reads the next input symbol
xt and updates its state according to a transition function Bt : [w] × {0, 1} → [w] by taking
(t)
vt = Bt (vt−1 , xt ). For every t ∈ {0, 1, . . . , n}, there is a set of accept states Vacc ⊆ [w]. The
(t)
program accepts, denoted B(x) = 1, if for every t, we have vt ∈ Vacc . Otherwise the program
rejects, denoted B(x) = 0.
A unanimity program is regular if for every t = 1, . . . , n and every v ∈ [w], there are
exactly two pairs (u, b) ∈ [w] × {0, 1} such that Bt (u, b) = v. The program is a permutation
unanimity program if for every t = 1, . . . , n and every b ∈ {0, 1}, the function Bt (·, b) is a
permutation on [w].
The standard definition of an ordered branching program is the special case that for
(t)
t < n, we have Vacc = [w]. Throughout this paper, the phrase “branching program” will
always refer to the standard model, whereas “unanimity program” will refer to the more
general model.
A width-w unanimity program can trivially be simulated by a width-(w + 1) branching
program. However, this simulation does not preserve regularity, and in fact it is not possible
in general to simulate a regular unanimity program by a regular branching program of a
similar width.6
Despite the fact that the unanimity model is strictly more powerful, we show (Lemma 20)
that designing PRGs for regular unanimity programs is essentially equivalent to designing
PRGs for regular branching programs (with an arbitrary set of accept states in the final
layer). Therefore, known PRGs for regular branching programs [6, 13] automatically also
fool this broader class of statistical tests. We use this lemma in two different ways to prove
our two main results (Theorems 5 and 7).

1.3.2

The Large-Width Case

To prove Theorem 5, for every unbounded-width regular branching program B with a single
accept state and every ε > 0, we construct an ε-“lower-approximator” for B. The lower
approximator is a regular unanimity program BL of width O(1/ε) that accepts on a subset of
the strings accepted by B, and has acceptance probability (under the uniform distribution)
within ε of that of B.
▶ Lemma 11. Let ε > 0. Every regular (respectively permutation) branching program of
length n and unbounded width, with a single accept state, is ε-lower approximated by a regular
(respectively permutation) unanimity program of length n and width 2 · ⌊1/ε⌋.
A standard argument shows that an HSG for a lower approximator of B is also an HSG for
B, so given Lemma 11, it follows that the BRRY PRG for bounded-width regular branching
programs [6] is our desired HSG for unbounded-width regular branching programs.
We prove Lemma 11 by a more careful analysis of a result of Hoza, Pyne, and Vadhan [18],
who prove that B is ε-lower approximated by an ordered branching program of width O(n/ε).
The key observation behind our improvement is that regular branching programs cannot
concentrate low probability events. More precisely, say that a vertex v of B is “negligible”
if the probability of visiting v is at most ε when B reads a uniform random input. We
show that the probability of visiting some negligible vertex and then accepting is at most ε,

6

For example, the AND function on n bits can be computed by a width-2 permutation unanimity program,
but it cannot be computed by a width-w regular branching program unless w ≥ n + 1.
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with no dependence on n. Thus, if we reject all inputs that visit negligible vertices (i.e.,
we impose a unanimity condition), then we get an ε-lower approximator. Furthermore, the
“effective width” of the approximator (namely, the maximum number of accepting vertices in
any individual layer) is at most 1/ε. A regular unanimity program of effective width weff
can be simulated by one of actual width 2weff (see Lemma 23), completing the proof.

1.3.3

The Low-Threshold Case

To prove Theorem 7, we follow the approach of Hoza and Zuckerman [19]. They designed
a method to convert any “moderate-error” PRG for ordered branching programs into an
ε-HSG, where ε is potentially very small [19]. (See also related work on error reduction for
“weighted PRGs” [5, 9, 11, 24, 17].) We develop a modified version of their framework that
is suitable for the setting of regular programs.
Let B be an ordered branching program that accepts with probability p. Let K > 1, and
let S be the set of vertices from which the acceptance probability is at least Kp. The starting
point of the construction is our Lemma 25, which states that on a uniformly random input,
B has a moderately large Ω(1/K) chance of visiting some vertex in S. If B is regular, then
the predicate of failing to visit S can be computed by a regular unanimity program of the
same width. Therefore, when B reads a pseudorandom string produced by a moderate-error
PRG for regular branching programs, there is still an Ω(1/K) chance of visiting S. The
HSG guesses where to truncate the pseudorandom string to land in S and then repeats the
process, increasing the acceptance probability to K 2 p, then K 3 p, etc., until eventually an
accepting vertex is reached. To keep the overall seed length low, we recycle the PRG’s seed
from one iteration to the next using a hitter (also known as a disperser).
The upshot is that for any ε < ε0 < 0.1, we can convert an ε0 -PRG for width-(2w) regular
branching programs into an ε-HSG for width-w regular branching programs. If the ε0 -PRG
has seed length s, then our ε-HSG has seed length


log(1/ε) · log n
+ log(wn/ε) .
O s+
log(1/ε0 )
We plug√in the PRG construction by Braverman, Rao, Raz, and Yehudayoff [6] with error
ε0 = 2− log(1/ε) to complete the proof of Theorem 7.
Hoza and Zuckerman’s original version of the reduction [19] is similar. The key difference
is that in each iteration of their setup, the probability of visiting their “target set” S of
vertices is only 1/ poly(n). As a result, their version of the reduction requires the “moderateerror” PRG to have error ε0 < 1/ poly(n), which would be too small for our purposes. Our
refined lemma allows us to greatly increase the probability of visiting S. Unlike in Hoza and
Zuckerman’s setting, however, the set S may now be spread across multiple layers of the
branching program and thus has to be analyzed in the unanimity program model.

1.4

Other Results

Our approach for constructing HSGs for unbounded-width regular branching programs
also works, mutatis mutandis, for some other unbounded-width models. For unboundedwidth permutation branching programs with a single accept state, by plugging in the best
PRGs for constant-width permutation branching programs [13, 31], we achieve seed length
log n · poly(1/ε), which is optimal when the threshold ε is constant.
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▶ Proposition 12. Given n ∈ N and ε > 0, there is an explicit ε-HSG for permutation
branching programs of length n and unbounded width with a single accept state that has seed
length
O(log n · log(1/ε) · (1/ε4 )).
The approach also works in the more challenging “unordered” model. For unordered permutation branching programs, we get near-optimal seed length for constant threshold ε.
▶ Proposition 13. Given n ∈ N and ε > 0, there exists an explicit ε-HSG for unboundedwidth unordered permutation branching programs of length n with a single accept state that
has seed length
O(log(n/ε) · log log n · (1/ε4 )).
We also get an improvement for unordered regular branching programs. In the unordered
setting, it tends to be difficult to take advantage of regularity, because the regularity condition
is not preserved under restrictions. This issue has forced some prior works to settle for fooling
permutation programs [27, 8]. However, our reduction does not involve any restrictions, so we
are not affected by the issue. For unbounded-width unordered regular branching programs,
2
e
we get seed length O((log
n)/ε), which admittedly is still far from optimal, but keep in mind
that the state-of-the-art PRG for general polynomial-width unordered branching programs
has seed length O(log3 n) [15].
▶ Proposition 14. Given n ∈ N and ε > 0, there exists an explicit ε-HSG for unboundedwidth unordered regular branching programs of length n with a single accept state that has
seed length
O(log(n/ε) · log n · log log n · (1/ε)).
Our results for unordered branching programs (Propositions 13 and 14) rely on PRGs
developed by prior work of Chattopadhyay, Hatami, Hosseini and Lovett [8] and Forbes and
Kelley [15] respectively.
We observe that the BRRY [6] HSG for constant-width regular branching programs can
be viewed more generally as a co-HSG for unbounded-width regular branching programs
with a constant number of accept states.
▶ Proposition 15. Given n, a ∈ N, the set H = {x ∈ {0, 1}n : wt(x) ≤ a} where wt(x)
denotes the Hamming weight of x is a co-hitting set for regular branching programs of length
n and unbounded width with a accept states. That is, for every regular branching program B
with at most a accept states that is not the constant function B(x) = 1, there is x ∈ H such
that B(x) = 0.
In contrast, [18] show that a random function is not a co-HSG for regular branching
programs of unbounded width and a single accept state unless the seed length is Ω(n).7
Thus, we obtain a very simple explicit construction with exponentially shorter seed length
than that obtained via the probabilistic method.

7

Their result is stated as showing a random function is not a PRG, but the argument also rules out a
co-HSG.
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Preliminaries

First, we define notation relating to states and transitions in a branching program. Here, we
adopt the perspective of a branching program as a directed graph, with edges from layer i to
layer i + 1 corresponding to the ith transition function.
▶ Definition 16. For a branching program B of length n, let V = V0 ∪V1 ∪. . .∪Vn be the vertex
set of the branching program, where Vi holds the vertices corresponding to states in layer i. We
will overload notation and consider the transition function as a map Bt : Vt−1 × {0, 1} → Vt
in addition to thinking of it as a map Bt : [w] × {0, 1} → [w]. Similarly, we will often think
of the start state v0 as being an element of V0 instead of an element of [w], and similarly
Vacc ⊆ Vn instead of Vacc ⊆ [w], etc. For v ∈ Vi and u ∈ Vj for j > i, we write B[v, x] = u
if the program transitions to state u starting from state v on input x ∈ {0, 1}j−i .
Next, we define notation for the probability of reaching a state from the start state, and
notation for the probability of accepting from that state.
▶ Definition 17. Let B be a branching program, let v0 ∈ V0 be the start state, and let
Vacc ⊆ Vn be the set of accept states. For every state v ∈ Vi , let p→v = Pr[B[v0 , Ui ] = v] be
the probability v is reached from the start state over Ui , and let pv→ = Pr[B[v, Un−i ] ∈ Vacc ]
be the probability the program accepts over Un−i starting from v, where we define p→v0 = 1
and p→v = 0 for all v ∈ V0 \ {v0 } and likewise pv→ = 1 for v ∈ Vacc and pv→ = 0 for
v ∈ Vn \ Vacc .
For a state v with transitions to u1 , u2 (which are not necessarily distinct), the accept
probability pv→ is exactly equal to (pu1 → + pu2 → )/2. Next, we formally define the concept
of a lower approximator.
▶ Definition 18. Given a branching program B of length n and ε > 0, a length-n branching
program BL is an ε-lower approximator of B if BL−1 (1) ⊆ B −1 (1) and
| Pr[B(Un ) = 1] − Pr[BL (Un ) = 1]| ≤ ε.
Finally, we define the unordered branching program model (although it is not the focus
of this paper).
▶ Definition 19. An unordered (oblivious read-once) branching program B consists
of an ordered branching program B ′ and a permutation π : [n] → [n]. It computes the function
B(x) = B ′ (xπ(1) , . . . , xπ(n) ).
We similarly define unordered regular branching programs, etc.

1.6

Organization

In Section 2 we prove that fooling regular unanimity programs is essentially equivalent to
fooling regular branching programs. In Section 3, we show that regular branching programs
with a single accept state can be ε-lower-approximated by regular unanimity programs of
width O(1/ε). In Section 4 we combine these two results and conclude Theorem 5 (our
HSG for unbounded-width regular branching programs); we also prove our other results
for unbounded-width programs in this section. In Section 5 we construct our low-threshold
HSG. In Section 6 we prove that pseudorandom objects for regular programs over a binary
alphabet imply pseudorandom objects for regular programs over an arbitrary alphabet. In
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Section 7 we state a formulation of Reingold, Trevisan, and Vadhan’s reduction [28] that is
convenient for us (the proof is in the full version of this paper [4]) and we combine it with
the analysis in Section 6, thereby proving Theorem 8 (our reduction from the general case to
the regular case).

2

PRGs for Unanimity Programs

In this section, as outlined in Section 1.3.1, we prove that PRGs for regular branching
programs also fool the more general model of regular unanimity programs.
▶ Lemma 20. Let w, n ∈ N and let G : {0, 1}s → {0, 1}n . If G is an ε-PRG for width-(2w)
regular (respectively permutation) branching programs, then G is a (2ε)-PRG for width-w
regular (respectively permutation) unanimity programs.
Proof. Let B be a width-w length-n unanimity program. Let the layers of the program be
(t)
V0 , . . . , Vn and let v0 ∈ V0 be the start state. For t ∈ {0, . . . , n}, let Vacc ⊆ Vt be the set of
n
accepting vertices in layer t, and define a function Rt : {0, 1} → {0, 1} by
(t)
Rt (x) = 1 ⇐⇒ B[v0 , x1..t ] ̸∈ Vacc
.

That is, Rt (x) indicates whether B(x) visits a reject state in layer t. Then
1 − B(x) =

n
_

X

Rt (x) = 2−n ·

t=0

M

Rt (x),

(1)

T ⊆{0,...,n} t∈T

because by the Fourier expansion of the OR function we have we have OR(y0 , . . . , yn ) =
L
L
(T )
2 · ET ⊆{0,...,n}
(x) =
t∈T yt . For each T ⊆ {0, . . . , n}, define B
t∈T Rt (x). Let
us design a width-(2w) branching program to compute B (T ) . The vertex set in layer
(T )
t ∈ {0, . . . , n} is given by Vt = Vt × {0, 1}. The start state is (v0 , a) where
(0)
a = (0 ∈ T ∧ v0 ̸∈ Vacc
).
(T )

For t > 0, the transition function Bt
(T )
Bt ((vt−1 , at−1 ), b) = (vt , at ), where

(T )

: Vt−1 × {0, 1}

→

(T )

Vt

is given by

vt = Bt (vt−1 , b)
(t)
at = at−1 ⊕ (t ∈ T ∧ vt ̸∈ Vacc
).

In the final layer, the set of accept states is Vacc = Vn × {1}. This program indeed computes
B (T ) (x), because in layer t, the program reaches the state (vt , at ), where vt = B[v0 , x1..t ]
L
and at = t∈T ∩{0,...,t} Rt (x).
We claim that if B is a regular program, then so is B (T ) , and furthermore if B is a
(T )
permutation program, then so is B (T ) . To prove it, fix some t > 0 and some (v, a) ∈ Vt . If
B is regular, then |Bt−1 (v)| = 2, say Bt−1 (v) = {(u0 , b0 ), (u1 , b1 )}. Define
(t)
a′ = a ⊕ (t ∈ T ∧ v ̸∈ Vacc
).

From the definition of B (T ) , we have
(T ) −1

(Bt

)

((v, a)) = {((u0 , a′ ), b0 ), ((u1 , a′ ), b1 )}.
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(T )

In particular, |(Bt )−1 ((v, a))| = 2, showing that B (T ) is regular. If furthermore B is a
permutation program, then b0 ̸= b1 , which immediately implies that B (T ) is a permutation
program.
Consequently, G fools each function B (T ) with error ε. By Equation 1, it follows that G
P
fools 1 − B (and therefore B) with error 2−n · T ⊆{0,...,n} ε = 2ε.
◀
The idea of reducing disjunctions to parity functions (like what we do in Equation 1) is
not new. Prior works have used a similar technique in other settings (e.g. [32, 21, 14]).

3

Lower Approximators for Regular Branching Programs

In this section, we show that unbounded-width regular branching programs can be lower
approximated by bounded-width regular unanimity programs. Hoza, Pyne, and Vadhan
showed [18, Theorem 4.1] that unbounded-width regular branching programs are ε-lower
approximated by regular branching programs of width O(n2 /ε), which is too large for our
application.8 We obtain a lower approximator of width O(1/ε):
▶ Lemma 11. Let ε > 0. Every regular (respectively permutation) branching program of
length n and unbounded width, with a single accept state, is ε-lower approximated by a regular
(respectively permutation) unanimity program of length n and width 2 · ⌊1/ε⌋.
To get the width down to O(1/ε), we make two changes to the proof by Hoza, Pyne,
and Vadhan [18]. First, rather than retaining the n/ε most important states at each layer,
we prove that retaining only the 1/ε most important states suffices. Second, we show that
the unanimity program model allows us to rewire edges that previously pointed to deleted
vertices (in such a way that the approximator rejects whenever such edges are crossed) while
only increasing the width by a constant factor, whereas Hoza, Pyne, and Vadhan paid another
factor of n at this stage to obtain a regular branching program [18].
We begin with the following claim, which shows that a regular branching program cannot
concentrate low-probability events.
▷ Claim 21. Let ε > 0. Let B be a regular branching program, and let V ε = {v : p→v ≤ ε}
be the vertices of B that have at most ε probability of being reached over a uniformly random
string. Then, for every i ∈ {0, 1, . . . , n} and v ∈ Vi , the probability of reaching v and visiting
at least one vertex from V ε along the way is at most ε. That is,


i
^_
Pr (B[v0 , x] = v)
(B[v0 , x1..j ] ∈ V ε ) ≤ ε.
x←Ui

j=1

Proof. The proof is by induction on i. The property is trivially true for states in the 0th
layer. Assuming it holds for layer i, consider v ∈ Vi+1 . If v ∈ V ε the property holds since

Pr

x←Ui+1

8

(B[v0 , x] = v)

^ i+1
_
j=1


(B[v0 , x1..j ] ∈ V ε ) =

Pr [B[v0 , x] = v] = p→v ≤ ε.

x←Ui+1

They also constructed lower approximators of width O(n/ε). Those programs are not quite regular, but
even setting aside issues of regularity, they are still too wide for our application.
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Otherwise,

Pr

x←Ui+1

(B[v0 , x] = v)

^ i+1
_


(B[v0 , x1..j ] ∈ V ε )

j=1


=

Pr

x←Ui+1


_




−1
(u,b)∈Bi+1
(v)

^
(B[v0 , x1..i ] = u ∧ xi+1 = b)

i
_



(B[v0 , x1..j ] ∈ V ε )

j=1



X

=

−1
(u,b)∈Bi+1
(v)

X

≤

−1
(u,b)∈Bi+1
(v)


i
^_
1
· Pr (B[v0 , x] = u)
(B[v0 , x1..j ] ∈ V ε )
2 x←Ui
j=1
ε
2

= ε,
where the last step uses regularity.

◁

Using Claim 21, we now show that a regular branching program with a single accept
state is ε-lower approximated by a regular unanimity program with at most O(1/ε) accept
states in each layer. The maximum number of accept states in an individual layer of the
program can be considered a measure of the “effective width” of the program.
▶ Lemma 22. Let ε > 0. Every regular (respectively permutation) branching program
of length n and width w, with a single accept state, is ε-lower approximated by a regular
(respectively permutation) unanimity program of length n and width w, with at most ⌊1/ε⌋
accept states in each layer.
Proof. Let B be a regular (permutation) branching program of length n and width w, with
a single accept state vacc , and let V ε = {v : p→v ≤ ε}. We construct a unanimity program
BL that ε-lower approximates B. We take BL to have the same set of states, transitions, and
start state as B. For i ∈ {0, . . . , n − 1}, the set of accept states in layer i of BL is Vi \ V ε , i.e.,
the set of states reached with probability greater than ε. In layer n, the set of accept states
is {vacc } \ V ε , i.e., the unique accept state of B (or the empty set if Pr[B(Un ) = 1] ≤ ε). By
construction, each layer of BL has at most ⌊1/ε⌋ accept states. Moreover, BL is a regular
(permutation) unanimity program if B is a regular (permutation) branching program. Finally,
note that BL (x) = 1 if and only if the path in B corresponding to the string x reaches vacc
without visiting any state in V ε . Therefore, by Claim 21, BL is an ε-lower approximator
of B.
◀
Finally, we show that regular unanimity programs of “effective width” weff can be simulated
by regular unanimity programs of actual width 2 · weff (Lemma 23). Lemma 11 follows from
Lemmas 22 and 23.
▶ Lemma 23. Let weff ∈ N. Every regular (respectively permutation) unanimity program with
at most weff accept states in each layer has an equivalent regular (respectively permutation)
unanimity program of width 2 · weff .
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Proof. Let B be a regular (permutation) unanimity program of length n, with at most weff
accept states in each layer. We may assume without loss of generality that B has exactly weff
accept states in each layer9 and that the set of accept states in each layer is [weff ]. Assume
also that the start state of B, v0 , is an accept state, otherwise the claim is trivial.
We claim that there exists a regular (permutation) program A of length n and width weff
that includes every edge from an accept state of B to another accept state of B. That is, for
t > 0, Bt (u, b) = At (u, b) whenever u ∈ [weff ] and Bt (u, b) ∈ [weff ]. Indeed, such a program
A can be constructed greedily.
Now, for an input x ∈ {0, 1}n and t > 0, let vt = B[v0 , x1..t ], i.e., vt is the vertex that B
reaches in layer t. Observe that B(x) = 1 if and only if Bt (vt−1 , xt ) = At (vt−1 , xt ), for all
t > 0. We construct a regular (permutation) unanimity program B ′ of length n and width
2 · weff that accepts x if and only if Bt (vt−1 , xt ) = At (vt−1 , xt ), for all t > 0.
Identify the state space [2 · weff ] with [weff ] × {0, 1}. The start state of B ′ is (v0 , 0), and
the set of accept states in each layer is [weff ] × {0}. For t > 0, the transition function Bt′ is
given by Bt′ ((ut−1 , at−1 ), b) = (ut , at ), where
ut = At (ut−1 , b)
at = at−1 ⊕ 1[At (ut−1 , b) ̸= Bt (ut−1 , b)].
One can verify that B ′ is a regular (permutation) unanimity program by an argument similar
to the proof of Lemma 20.
◀

4

Hitting Sets for Unbounded-Width Regular Branching Programs

Combining Lemmas 11 and 20, we get a general transfer theorem, which says that any PRG
for width-O(1/ε) regular programs is also an HSG for unbounded-width regular programs
with a single accept vertex.
▶ Theorem 24. Let n ∈ N and ε > 0, and let G : {0, 1}s → {0, 1}n . If G is an ε-PRG for
width-(4 · ⌊1/ε⌋) regular (respectively permutation) branching programs, then G is a (3ε)-HSG
for unbounded-width regular (respectively permutation) branching programs with a single
accept vertex.
Proof. Fix an arbitrary regular (resp. permutation) branching program B of length n
and unbounded width with a single accept state where Pr[B(Un ) = 1] > 3ε. Applying
Lemma 11, there is a regular (resp. permutation) unanimity program BL of length n and
width 2 · ⌊1/ε⌋ such that BL is an ε-lower approximator of B, i.e. Pr[BL (Un ) = 1] > 2ε and
BL−1 (1) ⊆ B −1 (1). By Lemma 20, G fools BL with error 2ε. In particular, this implies that
G hits BL and thus B.
◀
Then Theorem 5 follows from the BRRY PRG [6], Proposition 12 follows from the PRG of
Steinke [31], and Proposition 14 and Proposition 13 follow from the PRGs of Forbes and
Kelley [15] and Chattopadhyay, Hatami, Hosseini, and Lovett [8] respectively. 10
9

This is because we can add weff dummy states (unreachable from the start state) to each layer, along
with transitions between dummy states to maintain the regularity/permutation condition. We can then
assign some of the dummy states to be accept states to ensure that each layer has exactly weff accept
states.
10
Theorem 24 focuses on ordered programs, but the analogous theorem for the unordered programs follows.
To see why, fix some ordered program B and some permutation π : [n] → [n]. A generator G fools/hits
def

B(xπ(1) , . . . , xπ(n) ) if and only if the generator G′ (x) = (G(x)π(1) , . . . , G(x)π(n) ) fools/hits B, so we
can apply the theorem to G′ and draw conclusions about G.
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Finally, we give a direct proof of Proposition 15, which we recall. The set is identical, and
the proof of correctness is nearly identical, to the hitting set for width-w regular branching
programs of Braverman, Rao, Raz, and Yehudayoff [6].
▶ Proposition 15. Given n, a ∈ N, the set H = {x ∈ {0, 1}n : wt(x) ≤ a} where wt(x)
denotes the Hamming weight of x is a co-hitting set for regular branching programs of length
n and unbounded width with a accept states. That is, for every regular branching program B
with at most a accept states that is not the constant function B(x) = 1, there is x ∈ H such
that B(x) = 0.
Proof. Let B be an arbitrary regular branching program of length n and unbounded width
with at most a accept states such that B(x) is not the constant 1 function.
We say a state v is doomed if pv→ = 1. We say that v is important if B[v, 0] is doomed
and B[v, 1] is not, or vice versa. We claim that B has at most a layers with at least one
important state. To prove this, first note that if there are k doomed states in Vi , there are
at least k doomed states in Vi+1 . This is because for doomed v ∈ Vi , by definition B[v, 1]
and B[v, 0] are doomed, and states in Vi+1 have in-degree at most 2. Furthermore, note that
if there are k doomed states in Vi and a non-doomed v ∈ Vi is important, the number of
doomed states in Vi+1 is at least k + 1, because there are at least 2k + 1 transitions that
must end at doomed states in Vi+1 . We conclude by noting that there at at most a doomed
states in Vn , so the claim follows.
Finally, we show that the hitting set has a string that reaches a reject state. Consider
an algorithm starting at u = v0 ∈ V0 . At each step, if u is an important state, take the
transition that leads to a non-doomed state, and otherwise take the 0 transition. Since B is
not the constant function B(x) = 1, this procedure reaches a reject state, and by the claim
we take at most a 1 transitions, so there is x ∈ H such that B(x) = 0. Since B was arbitrary,
we conclude.
◀

5

Error Reduction for Regular Branching Programs

In this section, as outlined in Section 1.3.3, we use error reduction methods to construct an
HSG for regular branching programs with seed length

p


e log n ·
O
log(1/ε) + log w + log(1/ε) .
The first step is to show that for any ordered branching program, there is a noticeable chance
of visiting a vertex from which the acceptance probability has gone up significantly, refining
a lemma of Hoza and Zuckerman [19]. We reiterate that in the following lemma, the set S is
not guaranteed to be contained within a single layer.
▶ Lemma 25. Let K > 1 be a real number, and let B be a (possibly non-regular) branching
program with E[B] = p ≤ 1/K. Let V be the set of vertices in B, and let
S = {v ∈ V : pv→ ≥ Kp}.
Then when B reads a uniform random input, the probability that it visits S is at least

1
2K .

Proof. Let S ′ = {v ∈ V : Kp ≤ pv→ < 2Kp}. Because B has degree 2, the acceptance
probability pv→ can at most double when we move from a vertex to one of its outneighbors.
Therefore, every accepting path from the start vertex v0 must visit S ′ .
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For each vertex v ∈ S ′ , define gv : {0, 1}n → {0, 1} by letting gv (x) = 1 if and only if
B(x) visits v and v is the first vertex in S ′ that B visits. Then
"
#
_
X
p = E[B] = Pr
(B(x) = gv (x) = 1) =
Pr [B(x) = gv (x) = 1]
x←Un

v∈S ′

v∈S ′

=

X

x←Un

E[gv ] · pv→

v∈S ′

< 2Kp ·

X

E[gv ]

v∈S ′

= 2Kp · Pr [B(x) visits S ′ ].
x←Un

Therefore, when B reads a uniform random input, there is at least a 1/(2K) chance that it
visits S ′ ⊆ S.
◀
Now we present our HSG. The construction and analysis closely follow those of Hoza and
Zuckerman [19]; the main difference is that we need to invoke Lemma 20 (the equivalence
between unanimity programs and branching programs) to argue that when B reads a
pseudorandom input generated by the ε0 -PRG, there is still a noticeable chance of visiting
the set S of Lemma 25.
Let w, n ∈ N, let ε0 < 0.1, let G : {0, 1}s → {0, 1}n be an ε0 -PRG for width-(2w) regular
branching programs, and let K = 6ε10 > 1. Let 0 < ε < ε0 ; we will construct an ε-HSG for
width-w length-n regular branching programs.
The construction uses a tool called a “hitter” [16]. A (θ, δ)-hitter is a function Hit : {0, 1}ℓ ×
{0, 1}q → {0, 1}s such that for every set E ⊆ {0, 1}s , if |E| ≥ θ · 2s , then
Pr [∃y, Hit(x, y) ∈ E] ≥ 1 − δ.

x←Uℓ

(A hitter is a one-sided version of a “sampler,” and one can show that it is equivalent to
the concept of a “disperser.”) Let Hit be a (θ, δ)-hitter with threshold θ = ε0 and failure
1
probability δ = 2wn
. Our HSG G′ is given by
G′ (x, t, y1 , . . . , yt , n1 , . . . , nt ) = G(Hit(x, y1 ))1..n1 ◦ · · · ◦ G(Hit(x, yt ))1..nt ,
l
m
where x ∈ {0, 1}ℓ , t is a positive integer with t ≤ log(1/ε)
, y1 , . . . , yt ∈ {0, 1}q , and
log K
n1 , . . . , nt are positive integers with n1 + · · · + nt = n. Here ◦ denotes string concatenation.
▷ Claim 26. G′ is an ε-HSG for width-w length-n regular branching programs.
Proof. Let B be a regular branching program with E[B] > ε, and let V be the set of vertices
in B. For each vertex u ∈ V , we define a “target set” Su ⊆ V by the rule
(
{v ∈ V : pv→ ≥ Kpu→ } if pu→ ≤ 1/K
Su =
Vacc
if pu→ > 1/K.
Say u is in layer i of the program. We define a function gu : {0, 1}n → {0, 1} where gu (x)
indicates whether B ever visits the target set Su when we start at u and read x, i.e.,
gu (x) =

n−i
_

(B[u, x1..j ] ∈ Su ).

j=0
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By Lemma 25, E[gu ] ≥ 1/(2K) = 3ε0 . Furthermore, 1 − gu can be computed by a widthw regular unanimity program. Therefore, by Lemma 20, G fools gu with error 2ε0 , so
E[gu (G(Us ))] ≥ ε0 . Let Eu = {z ∈ {0, 1}s : gu (G(z)) = 1}. Then by the hitter condition,
Pr [∃y, Hit(x, y) ∈ Eu ] ≥ 1 −

x←Uℓ

1
.
2wn

By the union bound, therefore, there exists some x∗ ∈ {0, 1}ℓ such that for every vertex
u ∈ V , there exists a y ∈ {0, 1}q such that Hit(x∗ , y) ∈ Eu .
Now we inductively define a sequence of vertices u0 , u1 , . . . , a sequence of strings y1 , y2 , . . . ,
and a sequence of positive integers n1 , n2 , . . . as follows. We begin with u0 = v0 (the
start vertex of B). Assume that we have defined u0 , u1 , . . . , ui−1 . Let yi be such that
Hit(x∗ , y) ∈ Eui−1 . Recalling the definition of Eui−1 , this means that if we start at ui−1
and read the string G(Hit(x∗ , y)), we visit the target set Sui−1 . Let ui be the first vertex in
the target set Sui−1 that we visit, and let ni be the number of steps from ui−1 to ui . We
terminate the process when we reach some vertex ui ∈ Vacc in the final layer.
Let t be the number of iterations. In every iteration except possibly the last, the
acceptance probability goes up by at least a factor of K, by the definition of the target set
Su . Therefore, ε · K t−1 < 1, so t < 1 + log(1/ε)
log K . By construction,
B(G′ (x∗ , t, y1 , . . . , yt , n1 , . . . , nt )) = 1.

◀

Proof of Theorem 7. The sampling algorithm by Bellare, Goldreich, and Goldwasser [3]
implies that for every s ∈ N and every θ, δ > 0, there is an explicit (θ, δ)-hitter Hit : {0, 1}ℓ ×
{0, 1}q → {0, 1}s with ℓ = O(s + log(1/δ)) and q = O(log(1/θ) + log log(1/δ)). In our case,
we get ℓ = O(s + log(wn)) and q = O(log(1/ε0 ) + log log(wn)). Therefore, the seed length of
G′ is bounded by


log(1/ε)
ℓ + O(log log(1/ε)) + 1 +
· (q + log n)
log K


log(1/ε) · (log n + log log w)
≤O s+
+ log(wn/ε)
log(1/ε0 )


log(1/ε) · log n
≤O s+
+ log(wn/ε) ,
log(1/ε0 )
where the last step holds without loss of generality because if log log w > log √
n then the claimed
seed length is greater than n, which is trivial. Finally, we choose ϵ0 = 2− log(1/ε) and take
G to be the BRRY PRG [6], which has seed length s = O(log n · (log(w/ε0 ) + log log n)). ◀

6

Reductions From Large Alphabets

In this section, we prove that PRGs and HSGs for regular branching programs over a binary
alphabet imply PRGs and HSGs for regular branching programs over larger alphabets, with
mild degradation in parameters. Together with the modified proof of Reingold, Trevisan,
and Vadhan in Appendix 7, this suffices to establish Theorem 8 (the reduction from general
ordered branching programs to the regular case).
To do so, we first define branching programs of higher degree.
▶ Definition 27. An (ordered) branching program B of length n, width w, and degree
/ alphabet size D computes a function B : [D]n → {0, 1}. On an input x ∈ [D]n , the
branching program computes as follows. It starts at a fixed start state v0 ∈ [w]. Then for
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t = 1, . . . , n, it reads the next input symbol xt and updates its state according to a transition
function Bt : [w] × [D] → [w] by taking vt = Bt (vt−1 , xt ). As in the D = 2 case, there is a
set Vacc of accept states. Let vn be the final state reached by the branching program on input
x. If vn ∈ Vacc the branching program accepts, denoted B(x) = 1, and otherwise the program
rejects, denoted B(x) = 0. The program B is regular if for every t ∈ 1, . . . , n and v ∈ [w]
there are exactly D pairs (u, σ) ∈ [w] × [D] such that Bt (u, σ) = v.
We define notation for states and transitions in branching programs analogously to the D = 2
case. In particular, for a degree D branching program B we write B[v, x] = u if B reaches
state u ∈ Vj from state v ∈ Vi over input x ∈ [D]j−i .
Finally, we formally define HSGs and PRGs over larger alphabets. We use US to denote
the uniform distribution over the set S.
▶ Definition 28. Let F be a class of functions f : [D]n → {0, 1}. An ε-hitting set
generator (ε-HSG) for F is a function H : {0, 1}s → [D]n such that for every f ∈ F where
Prx←U[D]n [f (x) = 1] > ε, there exists x ∈ {0, 1}s such that f (H(x)) = 1.
▶ Definition 29. Let F be a class of functions f : [D]n → {0, 1}. An ε-pseudorandom
generator (ε-PRG) for F is a function G : {0, 1}s → [D]n such that for every f ∈ F ,
Pr

x←U[D]n

[f (x) = 1] − Pr [f (G(x)) = 1] ≤ ε.
x←Us

We can now state our main theorem for transferring pseudorandom objects over a binary
alphabet into pseudorandom objects over larger alphabets:
▶ Theorem 30. Given n, w, D ∈ N and ε > 0, there exist values w′ = O(wn2 D/ε) and
′
n′ = O(n log(nD/ε)) and an explicit function p : {0, 1}n → [D]n such that if G : {0, 1}s →
′
{0, 1}n is an ε-PRG (resp. HSG) for regular branching programs of length n′ , width w′ , and
degree 2, then p ◦ G is a (3ε)-PRG (resp. HSG) for regular branching programs of length n,
width w and degree D.

6.1

Overview of Proof of Theorem 30

Theorem 30 follows from a pair of reductions (Lemmas 31 and 32). Here we focus on the
case where the initial object is a PRG for simplicity.
First, we show how to convert a PRG over the binary alphabet into a PRG over the
alphabet [R], where R is an arbitrary power of two, say R = 2r where r ∈ N. To establish
this, we take an arbitrary regular branching program B of length n and width w over the
alphabet [R]. We define a new program B ′ : {0, 1}nr → {0, 1} that simulates B as follows.
The state space is [w] × {0, 1}r . Each input in {0, 1}nr is divided into n blocks of r bits.
When B ′ is in state (u, x) and it reads bit i of block t, it replaces the ith bit of x with
the input bit. When it finishes reading a block, it furthermore updates u according to the
transition function of the original function u ← Bt (u, x), and updates x in such a way that
regularity is maintained. In effect, the new program stores every block of r bits into an
auxiliary component of the state and then uses this register (viewed as a number in R) to
make the appropriate transition in the original program. This increases the width by a factor
of R but exactly preserves the computed function, so G ε-fooling B ′ implies p ◦ G ε-fools B,
where p simply maps each block of r bits to a number in [R].
Second, we show how to convert a PRG for regular branching programs over the alphabet
[R] into a PRG over the alphabet [D], where D is arbitrary (not necessarily a power of two)
and R is a sufficiently large power of two. We let p(x) = x mod D where we apply the
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mod function entrywise. To show p ◦ G fools regular branching programs over the alphabet
[D], we let m be the largest multiple of D less than R. Given a regular branching program
B : [R]n → {0, 1}, we can compute B ′ (x) = (B ◦ p)(x) ∧ {x ≤ m} by a regular branching
program that G is required to fool. Furthermore, the condition x ≤ m is satisfied with
probability at least 1 − ε over uniformly random input, and there is a regular branching
program that tests if its input satisfies x ≤ m (that G is required to fool).

6.2

Proof of Theorem 30

We now precisely state the pair of reductions outlined in the preceding section. The first
reduction transforms a binary PRG into a PRG for alphabets of size arbitrary powers of two.
▶ Lemma 31 (Generator for degree two =⇒ generator for degree any power of two). Given
n, w, R ∈ N and ε > 0 where R = 2r , there is an explicit map p : {0, 1}nr → [R]n such that if
G : {0, 1}s → {0, 1}nr is an ε-PRG (resp. HSG) for regular branching programs of length nr,
degree 2 and width wR, then p ◦ G is an ε-PRG (resp. HSG) for regular branching programs
of length n, degree R and width w.
Proof. Let pe : {0, 1}r → [R] be an explicit bijection and define
p(x) = (pe (x1 , . . . , xr ), . . . , pe (x(n−1)r , . . . , xn )).
Note that p maps uniformly random input to uniformly random output.
Now fix an arbitrary regular branching program B of length n, width w, and degree R.
For every transition function Bt : [w] × [R] → [w], define Rott : [w] × {0, 1}r → [w] × {0, 1}r
such that Rott is injective, and Rott (u, x) = (v, y) =⇒ Bt (u, pe (x)) = v. Such a function
exists since |Bt−1 (v)| = R for every v. (We use the notation “Rot” because the function is
closely connected to the concept of the “rotation map” of a regular digraph [29, 30].) Then
define a new branching program B ′ : {0, 1}nr → {0, 1} where the states in each layer are
[w] × {0, 1}r . For t ∈ [n] and i ∈ [r] we define the transition function as
(
(u, xi←b )
i<r
′
Br(t−1)+i ((u, x), b) =
i←b
Rott (u, x ) i = r,
where xi←b denotes replacing the ith bit of x with b. Then B ′ is regular, because the
operation of replacing the ith bit is regular. By choosing the start state to be (v0 , 0r ) and
marking as accept all states (u, x) where u is an accept state in B, we obtain that B ◦ p = B ′ .
To conclude, we break into cases depending on the base pseudorandom object:
1. (G is an ε-HSG): Assuming that Pr[B(U[R]n ) = 1] > ε then
Pr[B ′ (Unr ) = 1] = Pr[B(U[R]n ) = 1] > ε
and so there is some x such that B ′ (G(x)) = 1 and thus B((p ◦ G)(x)) = 1.
2. (G is an ε-PRG): We have
Pr [B((p ◦ G)(x)) = 1] −

x←Us

=

Pr

x←U[R]n

Pr [B ′ (G(x)) = 1] −

x←Us

[B(x) = 1]

Pr [B ′ (x) = 1] ≤ ε.

x←Unr

In both cases since B was arbitrary we obtain the desired result.

◀
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We remark that the preceding component of the reduction does not preserve the property
of B being a permutation branching program, since the “overwriting the ith bit” operation
does not produce a permutation branching program. We next show that PRGs and HSGs
over large alphabets imply PRGs and HSGs over smaller alphabets, including alphabet sizes
that are not powers of two.
▶ Lemma 32 (Generator for large degree =⇒ generator for small degree). Given n, w, d ∈ N
and ε > 0, there is R0 = O(nD/ε) such that for every R ≥ R0 , there is an explicit function
p : [R]n → [D]n such that if G : {0, 1}s → [R]n is an ε-PRG (resp. HSG) for regular
branching programs of length n, degree R and width w · (n + 1), then p ◦ G is a (3ε)-PRG
(resp. HSG) for regular branching programs of length n, degree D and width w.
Proof. Let R be large enough that
mod D and define

D
Rn

< ε. Then let pe : [R] → [D] be defined as pe (xi ) = xi

p(x) = (pe (x1 ), . . . , pe (xn )).
Let m ≤ R be the largest multiple of D not greater than R. For x ∈ [R]n , we write
x ≤ m if for all i, xi ≤ m. Let ρ = Prx←U[R]n [x ̸≤ m], and observe ρ ≤ n · D/R < ε, and
furthermore there exists a length n, width n ≤ w, degree R regular branching program Q
where Q(x) = 1[x ≰ m].
Now fix an arbitrary regular branching program B : [D]n → {0, 1} of width w with states
V0 , . . . , Vn . Let B ′ : [R]n → {0, 1} be a branching program of length n, degree R and width
w(n + 1). We identify the states of B ′ with Vi ∪ ([n] × Vi ). The states in Vi simulate B, while
the other states are dummy rejection states. We now define the transition function Bi′ . For
v ∈ Vi define
(
Bi (v, σ mod D) σ ≤ m
′
Bi (v, σ) =
(v, i)
otherwise.
Next, for (v, j) ∈ (Vi × [n]) define
(
(v, j) σ ≤ m or j ̸= i
′
Bi ((v, j), σ) =
v
otherwise.
The accept states of B ′ are the accept states of B. It can be seen that B ′ is regular. Note
that B[v, σ mod D] = B[v, pe (σ)], so B ′ computes the function
B ′ (x) = B(p(x)) · 1[x ≤ m].

(2)

Furthermore, p maps the conditional distribution (x ← U[R]n |x ≤ m) to the uniform
distribution U[D]n . Therefore,
Pr

[B ′ (x) = 1 | x ≤ m] =

Pr

[B ′ (x) = 1] =

x←U[R]n

Pr

x←U[D]n

[B(x) = 1],

so
x←U[R]n

Pr

[B ′ (x) = 1|x ≰ m] · ρ +

Pr

[B(x) = 1]

x←U[R]n

Pr

x←U[D]n

[B(x) = 1] · (1 − ρ),

and hence
Pr

x←U[R]n

[B ′ (x) = 1] −

=ρ·

Pr

x←U[R]n

x←U[D]n

[B ′ (x) = 1|x ≰ m] −

Pr

x←U[D]n

[B(x) = 1] ≤ ρ ≤ ε.

(3)

To conclude, we break into cases depending on the base pseudorandom object:
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1. (G is an ε-HSG): If Pr[B(U[D]n ) = 1] > 2ε, then Pr[B ′ (U[R]n ) = 1] > 2ε − ε by
Equation 3. Thus by assumption on G there is some x where B ′ (G(x)) = 1. Since
B ′ (x) = 0 on all x ≰ m, we have 1 = B ′ (G(x)) = B((p ◦ G)(x)), i.e. p ◦ G hits B.
2. (G is an ε-PRG): We have that G ε-fools Q by assumption, so Prx←Us [G(x) ≰ m] ≤ ε+ε.
Then by Equation 2, we obtain:
Pr [B ′ (G(x)) = 1] − Pr [B((p ◦ G)(x)) = 1] ≤ Pr [G(x) ≰ m] ≤ 2ε.

x←Us

x←Us

(4)

x←Us

We finish by repeated application of the triangle inequality:
Pr [B(p ◦ G(x)) = 1] −

x←Us

≤
≤

Pr

x←U[D]n

Pr [B(p ◦ G(x)) = 1] −

x←Us

Pr [B ′ (G(x)) = 1] −

x←Us

[B(x) = 1]
Pr

x←U[R]n

Pr

x←U[R]n

[B ′ (x) = 1] + ε

[B ′ (x) = 1] + 2ε

≤ 3ε

7

(Equation 3)
(Equation 4)
(Assumption).

◀

Transfer to General Branching Programs

The original formulation of the result of Reingold, Trevisan and Vadhan stated that a
“pseudoconverging walk generator” (an object implied by a PRG) with sufficiently short
seed implies BPL = L. We extend their results to HSGs, and derive the degradation in
parameters in the notation of branching programs.
▶ Theorem 33 (Variant of [28]). Given n, w ∈ N and ε > 0, there are values D′ = O(n3 w/ε3 )
and w′ = O(n6 ·w2 /ε5 ) and an explicit map p : [D′ ]n → {0, 1}n such that if G : {0, 1}s → [D′ ]n
is an ε-PRG (resp. HSG) for regular branching programs of length n, width w′ and degree
D′ , then p ◦ G is a (16ε)-PRG (resp. HSG) for (possibly non-regular) branching programs of
length n and width w.
The proof of Theorem 33 can be found in the full version of this paper [4]. Theorem 8
follows from Theorem 30 and Theorem 33.
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Introduction

Circuit complexity and proof complexity are two major lines of inquiry in complexity theory
(see [13, 15] for extensive introductions). The former theme attempts to identify explicit
Boolean functions which are not computable by small circuits from a certain restricted
class, and the latter aims to find tautologies which are not provable by short proofs in
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a given restricted proof system. These seemingly unrelated topics are bound together in
at least two different ways: via feasible interpolation where a circuit lower bound for a
concrete computational problem implies proof size lower bounds (see, e.g., [11]), and more
fundamentally many proof systems have an underlying circuit class where proof lines come
from. Notable examples are Frege, bounded depth Frege, and extended Frege systems where
proof lines are De Morgan formulas, AC0 circuits, and general Boolean circuits, respectively.
Intuitively we expect that understanding a circuit class in terms of lower bounds and
techniques should yield results in the proof complexity counterpart. This intuition has been
supported by bounded depth Frege lower bounds using specialized Switching Lemmas (see,
e.g., [10]), the essential ingredient of AC0 lower bounds.
AC0 [2] circuits and Res[⊕] proof system. It is not clear if this intuition should always
hold. Lower bounds for AC0 [p] circuits (AC0 circuits with Modp gates) have been known for
a long time [19, 23] yet lower bounds for bounded depth Frege systems with modular gates
still elude us. Perhaps this failure is not too surprising since our understanding of AC0 [p]
circuits is not of the same status as our understanding of AC0 . For example, even for AC0 [2],
that is AC0 with parity gates, no strong average-case lower bound is known. Settling such
bounds is an important challenge, since Shaltiel and Viola [22] showed that for standard
worst-case to average-case hardness amplification techniques to work, the circuit class is
required to compute the majority function, which is not the case for AC0 [2]. Several works
have highlighted the special case of AC0 ◦ Mod2 , where the parity gates are next to the input
[21, 2, 8]. Among these works we pay special attention to the result of Cohen and Shinkar [8]
who considered the depth-3 case of this problem and proved a strong average-case hardness
for the special case of parity decision trees. The more general case of DNF ◦ Mod2 remains
open.
In the proof complexity parallel, a special case of AC0 [2]-Frege was suggested by Itsykson
and Sokolov [12]. They considered the system Res[⊕] that is an extension of resolution which
reasons about disjunctions of linear equations over F2 , which we call linear clauses. The rules
of this system are:
the weakening rule: from a linear clause we can derive any other linear clause which is
semantically implied,
the resolution rule: for every two linear clauses C and D and linear form f , we can derive
C ∨ D from (f = 0) ∨ C and (f = 1) ∨ D.
They proved exponential lower bounds for the tree-like restriction of this system. These lower
bounds were later extended in [9, 18]. For DAG-like proofs, the only known results are due to
Khaniki [14] who proved almost quadratic lower bounds, and to Lauria [16] for a restriction
of the system when parities are on a bounded number of variables. Super-polynomial lower
bounds for unrestricted DAG-like Res[⊕] are widely open.
Parity decision trees and tree-like Res[⊕]. Given an unsatisfiable CNF F = C1 ∧ . . . ∧ Cm ,
the search problem for F is the computational problem of finding a clause Ci falsified by
a given assignment to the variables. A tree-like Res[⊕] refutation of F can be viewed as a
parity decision tree solving the search problem for an unsatisfiable CNF [9]. Recall that the
strongest average-case lower bounds for AC0 [2] are in fact for parity decision trees. Thus it
seems that parity decision trees are at the frontier of our understanding in these two areas.
Therefore a natural approach to make progress towards both general Res[⊕] lower bounds
and average-case hardness for AC0 [2] is to consider DAG-like structures more general than
decision trees.
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Our contributions

Motivated by strengthening tree-like Res[⊕] lower bounds as well as average-case lower bounds
for parity decision trees to more general models, we consider a model of read-once branching
programs (BPs) with linear queries. The most natural way to interpret the property of
being read-once in BPs with linear queries, is to impose that along every path, the queries
are linearly independent. We consider two restrictions of this model which we call weakly
read-once and strongly read-once, both of which extend parity decision trees and standard
read-once branching programs.
For strongly read-once BPs, we prove average-case hardness for a new class of pseudorandom functions, and we give an explicit construction of such a function, thus strengthening
the result of Cohen and Shinkar [8] and making progress towards average-case hardness for
DNF ◦ Mod2 . Our pseudo-random functions are defined below and might be of independent
interest.
Directional affine extractors. The average-case hardness result of Cohen and Shinkar [8]
is for affine extractors. An affine extractor for dimension d and bias ϵ is a function such
that restricted to any affine subspace of dimension at least d it has bias at most ϵ. Explicit
constructions for such functions are known (e.g., [5, 24, 4]). For our purposes it is not clear if
affine extractors are sufficient. Therefore we consider a more robust concept. We say that a
n
n
function f : {0, 1} → {0, 1} is a directional affine extractor for dimension d with bias ϵ, if
n
for every non-zero a ∈ {0, 1} , the derivative of f in the direction a, Da f (x) = f (x+a)+f (x),
is an affine extractor for dimension d with bias ϵ. We give an explicit construction of a good
directional affine extractor for dimension larger than 2n/3.
For weakly read-once BPs we show a correspondence with Res[⊕]. More precisely, we
show that a weakly read-once BP solving the search problem for a CNF F , can be converted
to a Res[⊕] refutation of F while preserving the proof structure. This also justifies defining
a Res[⊕] counterpart to regular resolution similarly to weakly read-once BPs. Recall that
in a regular resolution proof, no variable is resolved more than once along any path. It is
well-known that a read-once BP solving the search problem for an unsatisfiable CNF can be
converted to a regular resolution refutation of the formula. Our result should be interpreted
as an extension of this result to Res[⊕].

1.2

Read-once linear branching programs

The model of read-once branching programs is a natural and extensively studied model of
computation for which strong lower bounds are known [20, 3]. Here we consider an extension
of this model where queries are linear forms. A linear branching program1 P in the variables
x is a DAG with the following properties:
it has exactly one source;
it has two sinks labeled with 0 and 1 representing the values of the function that P
computes;
every inner node is labeled by a linear form q over F2 in x which we call queries;
every inner node with a label q has two outgoing edges labeled with 0 and 1 representing
the value of q.

1

This term has already been used before in [1] with a different meaning in the context of quantum
computation.
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Any assignment to the input variables naturally defines a path in the program. We say
n
n
that P computes a Boolean function f : {0, 1} → {0, 1} if for every x ∈ {0, 1} , the path in
P defined by x ends in the sink labeled with f (x).
We now define read-once linear BPs. Given an inner node v of a linear branching program
P, we define Pre(v) as the span of all queries that appear on any path from the source of P
to v, excluding the query at v. We define Post(v) as the span of all queries in the subprogram
starting at v.
▶ Definition 1 (Weakly and strongly read-once linear branching programs). We say that a
linear branching program P is weakly read-once if for every inner node v of P which queries
q, it holds that q ̸∈ Pre(v).
We say that a linear branching program P is strongly read-once if for every inner node v
of P, it holds that Pre(v) ∩ Post(v) = {0}.
It follows from both definitions that queries alongside any path in weakly or strongly readonce BP are linearly independent. Furthermore, both of these models generalize standard
read-once BPs and parity decision trees. When the distinction between weakly and strongly
read-once is not important, we simply write “read-once”.

1.3

Regular Res[⊕]

We also define a regular variant of Res[⊕] using similar conditions that we require from
weakly read-once BPs.
▶ Definition 2 (Regular Res[⊕]). A Res[⊕] refutation is (weakly) regular if for every clause
C obtained by the application of the resolution rule on a literal q, the span of all literals
appearing in any application of the resolution rule to C or a clause derived from C, does not
contain q.
Intuitively, the read-once (or regular) nature of this definition can be described as following:
after we resolve on q, we restrict the query space U by its complimentary to q, i.e., the space
W with q ̸∈ W and span(q) + W = U . If a clause C was derived using q, there exists a linear
isomorphism L that maps q to a variable y, and for every application of the resolution rule
to C of a clause derived from C on a linear literal q ′ , Lq ′ does not contain y.
In Section 6 we establish the connection between weakly read-once BPs and regular
Res[⊕] refutations.

2

Notation and basic facts

Each path in a read-once program defines an affine subspace given by the set of solutions of
the system corresponding to the queries on the path. Any affine subspace can be represented
by a vector space shifted by a vector from the affine space. For our purposes, we need to
choose this shift carefully.
Let p be a path in a read-once linear BP P leading to a node v with queries q1 , . . . , qk and
Vk
answers a1 , . . . , ak to these queries which define the affine subspace Sp = {x : i=1 qi (x) = ai }.
Vk
Let Vp be the supporting vector space of Sp , i.e., Vp = {x : i=1 qi (x) = 0}. Then clearly
Sp = Vp + b for any b ∈ Sp . Choose an arbitrary basis q1′ , . . . , qt′ for Post(v). Since q1′ , . . . , qt′
Vk
Vt
are independent of q1 , . . . , qk , there exists b such that i=1 qi (b) = ai and i=1 qi′ (b) = 0.
Then Sp = Vp + b and for every q ∈ Post(v), we have q(b) = 0.
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▶ Definition 3 (Canonical affine subspace). Given a path p which ends at a node v, we call
Sp the canonical affine subspace for p. Furthermore a canonical representation of Sp is any
Vp + b = Sp where every q ∈ Post(v) vanishes on b.
Throughout the paper we drop the word representation and simply say Vp + b is the
canonical affine subspace of p to mean that it is a canonical representation of Sp .
Since we will often use canonical affine subspaces to represent paths in BPs, we adopt
the following algebraic notation. Let us denote the space of all linear forms on Fn2 (the dual
∗
space) as (Fn2 ) . Given a subspace V of Fn2 , we define V ⊥ as the space of all linear forms
n ∗
from (F2 ) that vanish on V (this space is sometimes called the annihilator of V ), i.e.,
∗

V ⊥ = {ℓ ∈ (Fn2 ) : ∀v ∈ V, ℓ(v) = 0}.
Given a path p with queries q1 , . . . , qk and its canonical affine subspace V + b, the space V ⊥
is the query space of p, i.e., V ⊥ = span(q1 , . . . , qk ).
It is clear that every read-once BP is a strongly read-once linear BP. We also show that
every parity decision trees can be transformed into an equivalent tree that is also a strongly
read-once linear BP, without increasing its size. We need the following notation. Let V and
W be two subspaces. Then the sum of V and W is the subspace
V + W := {v + w : v ∈ V, w ∈ W }.
Note that V + W = span(V ∪ W ).
▶ Lemma 4. Let T be a parity decision tree. Then there exists a parity decision tree T ′
computing the same function, which is a strongly read-once linear BP.
Proof. Without loss of generality, we may assume that for every node v of T , the query
at v is linearly independent of the queries leading to v, since otherwise we can replace v
with one of its children. To prove this lemma, we will use the fact that exactly one path
passes through any node of the tree. We construct T ′ inductively on the depth of a tree node
starting from the root. Let v be a node of T labeled with the query q. Let B = {β1 , . . . , βt }
∗
be a basis of Pre(v) + span(q) and B ′ its extension to a basis of the whole query space (Fn2 ) .
′
We can rewrite every query in the subtree rooted at v in the new basis B ∪ B . Since the
program is a tree, every query from B has the unique value. Thus, we can safely substitute
them in every query in the v-subtree, possible changing the labels of the outgoing edges.
After this transformation, every query in Post(v), except for the query at v, will be expressed
in terms of B ′ . By construction, B ∪ B ′ is a basis and Pre(v) and Post(v) are expressed
using different basis vectors, which implies Pre(v) ∩ Post(v) = {0}.
◀
Throughout the paper we adopt the following notation.
n
Given a vector c ∈ {0, 1} the support of c is defined as
supp(c) := {i : ci ̸= 0}.
Let σ be a partial assignment to the variables x1 , . . . , xn . Then
dom(σ) := {i : σ(xi ) is defined}.
n

We say that a ∈ {0, 1} is consistent with a partial assignment σ to x1 , . . . , xn if for every
i ∈ dom(σ), it holds that σ(xi ) = ai .
We write a + b without specifying the underlying field, if it is clear from the context and
often intended to be F2 .
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2.1

The trace map

The trace map Tr : Fpn → Fp is defined as
Tr(x) :=

n−1
X

i

xp .

i=0

One important property that we need is that Tr is an Fp -linear map. We also use the
following fact about the trace.
▶ Proposition 5 (cf. [17]). For every Fp -linear map π : Fpn → Fp there exists µ ∈ Fpn such
that for all x ∈ Fpn we have
π(x) = Tr(µ · x).
Furthermore, π is trivial if and only if µ = 0.
Since, we are interested in Boolean functions, we will only consider the case p = 2. Let
ϕ : Fn2 → F2n be any F2 -linear isomorphism. Then Tr(µ · ϕ(x)) is a linear Boolean function
of x and we have the following:
▶ Proposition 6. The set of all linear Boolean functions coincides with the set of functions
ℓµ (x) = Tr(µ · ϕ(x)), where µ ∈ F2n .
In the rest of the paper we fix ϕ. To make the proofs more readable we use bold font to
denote the corresponding elements of F2n , e.g., x for ϕ(x).

2.2

Affine extractors and dispersers
n

A Boolean function f : {0, 1} → {0, 1} is an affine disperser for dimension d if f is not
constant on any affine subspace of dimension d. Let us also recall affine extractors, which
are generalizations of affine dispersers.
The bias of f is defined as
bias(f ) :=

E [(−1)f (x) ] ,

x∈Un

n

where Un is a uniform distribution on {0, 1} . Given an affine subspace f , the bias of f
n
restricted to S ⊆ {0, 1} is defined as
bias( f |S ) :=

E

[(−1)f (x) ] ,

x∈U (S)

where U (S) is a uniform distribution on S.
n
A Boolean function f : {0, 1} → {0, 1} is an affine extractor for dimension d with bias ϵ
if for every affine subspace S of dimension d, the bias of f restricted to S, bias( f |S ), is at
most ϵ.

3

Affine mixedness

In this section we give a criterion for functions to be worst-case hard for read-once linear
BPs. Let us first recall mixedness from standard read-once BPs.
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n

▶ Definition 7. A Boolean function f : {0, 1} → {0, 1} is d-mixed2 if for every I ⊆ [n] of size
at most n − d and every two distinct partial assignments σ and τ with dom(σ) = dom(τ ) = I,
it holds that f |σ ̸= f |τ .
n

▶ Theorem 8 (Folklore; see [13] for a proof). Let f : {0, 1} → {0, 1} be a d-mixed Boolean
function. Then any read-once branching program computing f has size at least 2n−d − 1.
Explicit constructions of d-mixed functions with d = o(n) and thus 2n−o(n) size lower
bounds for read-once BPs were given in [20, 3]. We generalize this notion for linear branching
programs. We need the following equivalent definition of d-mixedness.
▶ Lemma 9. A Boolean function f is d-mixed if and only if for every partial assignments σ
of size at most n − d and every c ̸= 0 with supp(c) ⊆ dom(σ), there exists x consistent with
σ such that f (x) ̸= f (x + c).
Proof. (⇐) Let σ and τ be two distinct partial assignments with domain I of size at most
n − d. Define ci = τ (xi ) + σ(xi ) for i ∈ I and ci = 0 otherwise. By assumption there
exists x consistent with σ such that f (x) ̸= f (x + c). It follows from the definition of
c that x + c is consistent with τ . Define J = [n] \ I and z = xJ = (x + c)J . Then
f |σ (z) = f (x) ̸= f (x + c) = f |τ (z).
(⇒) Let σ be a partial assignment with a domain of size at most n − d and let c be given
such that supp(c) ⊆ dom(σ). Define τ (xi ) = σ(xi ) + ci for i ∈ dom(σ). By assumption
f |σ ̸= f |τ , hence there exists z such that f |σ (z) ̸= f |τ (z). Define x to take the same value
as σ on dom(σ) and equal to z otherwise. Then f (x) = f |σ (z) ̸= f |τ (z) = f (x + c).
◀
n

▶ Definition 10. A Boolean function f : {0, 1} → {0, 1} is d-affine mixed if for every affine
subspace S of dimension at least d and every vector c ̸∈ V , where V is the supporting vector
space of S, there exists x ∈ S such that f (x) ̸= f (x + c).
It follows from Lemma 9 that d-affine mixedness implies d-mixedness since a partial
assignment is a special case of an affine subspace.
Now we are ready to prove a generalization of Theorem 8.
n

▶ Theorem 11. Let f : {0, 1} → {0, 1} be a d-affine mixed Boolean function. Then any
strongly read-once linear branching program computing f has size at least 2n−d − 1.
Proof. We prove that any such program P computing f starts with a complete binary tree
of depth n − d − 1. Assume for the sake of contradiction that there are two paths p and q of
length at most n − d − 1, which meet for the first time at a node v. Let V + a and W + b be
their corresponding canonical affine subspaces. Both of them have dimension at least d + 1.
We start by proving V ⊥ = W ⊥ which implies V = W . Suppose that it is not the case.
Without loss of generality, there exists ℓ ∈ W ⊥ \ V ⊥ . By the read-once property ℓ ̸∈ Post(v).
Consider two affine subspaces V ′ + a1 and V ′ + a2 obtained by intersecting V + a
with ℓ(x) = 0 and ℓ(x) = 1 such that for every ℓ′ ∈ Post(v), ℓ′ (a1 ) = 0 and ℓ′ (a2 ) = 0
(recall that we can choose such a1 and a2 since Pre(v) ∩ Post(v) = {0}). By construction,
they have dimension at least d. Since f is d-affine mixed, there exists z ∈ V ′ such that
f (z + a1 ) ̸= f (z + a2 ). Consider any query ℓ′ in the subprogram starting at v. The fact that

2

This definition is commonly given for sets of size d instead of n − d. We deviate from this since for our
generalization to affine spaces, it corresponds to dimension which is more natural.
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ℓ′ ∈ Post(v) implies ℓ′ (a1 ) = ℓ′ (a2 ) = 0. Thus, we have ℓ′ (z + a1 ) = ℓ′ (z) = ℓ′ (z + a2 ). It
implies that in the subprogram starting at v both z + a1 and z + a2 must follow the same
path contradicting f (z + a1 ) ̸= f (z + a2 ).
Now, since V = W , V + b is the canonical affine subspace for q, and a ̸= b since p
and q are different paths. Again, since f is d-affine mixed, there exists z ∈ V such that
f (z + a) ̸= f (z + b). Analogously to the previous case, for every ℓ′ ∈ Post(v) we have
ℓ′ (a) = ℓ′ (b) = 0, and thus ℓ′ (z + a) = ℓ′ (z + b) contradicting f (z + a) ̸= f (z + b).
◀

4

Affine dispersers for directional derivatives

In this section we give an explicit construction of an affine mixed function for linear dimension.
In fact, we give an even more powerful construction, which allows us to get an average-case
lower bound for strongly read-once linear branching programs.
For a Boolean function f its directional derivative with respect to a non-zero vector a is
defined as
Da f (x) := f (x + a) + f (x).
n

▶ Definition 12. A Boolean function f : {0, 1} → {0, 1} is a directional affine extractor for
dimension d with bias ϵ if for every non-zero a, the derivative Da f is an affine extractor for
dimension d with bias ϵ.
Similarly, f is a directional affine disperser for dimension d if for every non-zero a, Da f
is an affine disperser for dimension d.
Observe that this notion is stronger than the one defined in the previous section: if f is a
directional affine disperser for dimension d, then it is d-affine mixed.
In what follows we construct a Boolean function f in n variables that is a good directional
affine extractor for dimensions bigger than 23 n.
It is a well-known fact that the inner product function is an affine extractor. IP is a
member of the class of bent functions, which are all affine extractors. A Boolean function
n
f : {0, 1} → {0, 1} is called a bent function if all Fourier coefficients of its ±1 representation
f (x)
f± (x) := (−1)
have the same absolute value.
▶ Lemma 13 (Folklore; for a proof see, e.g., [8, 7]). Let f be a bent function on n variables
and c ≥ 1 be an integer. Then, f is an affine extractor for dimension k = n/2 + c with bias
at most 2−c . In particular, f is an affine disperser for dimension n/2 + 1.
We apply this result to prove that the following function is an affine extractor.
k

k

▶ Lemma 14. Let a0 , a1 , a2 , a3 ∈ F2k with a0 ̸= 0. Let g : {0, 1} × {0, 1} → {0, 1} be the
function defined as
g(x, y) = Tr(a0 · ϕ(x) · ϕ(y) + a1 · ϕ(x) + a2 · ϕ(y) + a3 ).
Then g is an affine extractor for dimension k + c with bias at most 2−c . In particular, g is
an affine disperser for dimension k + 1.
Intuitively, the functions Tr(x · y) and IP(x, y) behave similarly: the Fourier transform of
functions with domain F2n is sometimes defined in terms of the trace map. Here we prove the
statement directly using the usual definition of the Fourier transform for Boolean functions.
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Proof. Let g± be the ±1 representation of g. By Lemma 13, it is enough to prove that
2k
all Fourier coefficients of g± have the same absolute value. Recall that given α ∈ {0, 1}
α·(x,y)
the α-character χα is defined as χα (x, y) = (−1)
, where α · (x, y) is the inner product.
Fourier coefficient gc
(α)
can
be
computed
as
follows.
±
X
X
Tr(a0 ·x·y+a1 ·x+a2 ·y+a3 )
gc
g± (x, y) · χα (x, y) =
(−1)
· χα (x, y).
± (α) =
x,y∈{0,1}k

x,y∈{0,1}k

Split α into two equal parts: α = (α1 , α2 ). Then α·(x, y) = α1 ·x+α2 ·y. By Proposition 6,
there exist µ1 , µ2 ∈ F2k such that α1 · x = Tr(µ1 · x) and α2 · y = Tr(µ2 · y). Also define
b1 := a−1
0 · (a1 + µ1 ),
b2 := a−1
0 · (a2 + µ2 ),
b3 := a3 + a−1
0 · (a1 + µ1 ) · (a2 + µ2 ).
Then we can express gc
± (α) in terms of bi :
X
Tr(a0 ·x·y+a1 ·x+a2 ·y+a3 )
Tr(µ1 ·x)+Tr(µ2 ·y)
gc
(−1)
· (−1)
± (α) =
x,y∈{0,1}k

=

X

(−1)

Tr(a0 ·x·y+a1 ·x+a2 ·y+a3 +µ1 ·x+µ2 ·y)

(−1)

Tr(a0 ·(x+b2 )·(y+b1 )+b3 )

x,y∈{0,1}k

=

X
x,y∈{0,1}k

= (−1)

Tr(b3 )

·

X
x,y∈{0,1}

(−1)

Tr(a0 ·(x+b2 )·(y+b1 ))

.

k

k

Since x and y iterate through all vectors from {0, 1} , a0 · (x + b2 ) and y + b1 take all
possible values from F2k . It follows that
gc
± (α) = (−1)

Tr(b3 )

gc
± (0).

◀

We are now ready to present our directional affine extractor.
k

k

k

▶ Theorem 15. Let f : {0, 1} × {0, 1} × {0, 1} → {0, 1} be the function defined by
f (x, y, z) = Tr(ϕ(x) · ϕ(y) · ϕ(z)).
Then f is a directional affine extractor for dimension 2k + c with bias ϵ ≤ 2−c . In particular,
f is a directional affine disperser for dimension 2k + 1.
Proof. Consider the directional derivative of f in the non-zero direction a = (a1 , a2 , a3 ):
Da f (x, y, z) = f (x + a1 , y + a2 , z + a3 ) + f (x, y, z)
= Tr(ϕ(x + a1 ) · ϕ(y + a2 ) · ϕ(z + a3 )) + Tr(x · y · z).
By linearity of Tr and ϕ we have
Da f (x, y, z) = Tr((x + a1 ) · (y + a2 ) · (z + a3 ) + x · y · z)
= Tr(a1 · y · z + a2 · x · z + a3 · x · y + ℓ(x, y, z)),
where ℓ is an affine function.
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Without loss of generality we may assume that a3 =
̸ 0. Let S be an affine subspace with
dimension at least 2k + c. We need to show that the bias of f restricted to S is at most ϵ.
k
Given z0 ∈ {0, 1} define Sz0 := {(x, y) : (x, y, z0 ) ∈ S}. For every z0 the affine subspace Sz0
is either empty or has dimension at least k + c. Consider the restriction of Da f to z = z0 .
hz0 (x, y) := Da f (x, y, z0 ) = Tr(a3 · x · y + ℓ′z0 (x, y)),
where ℓ′z0 is an affine function. By Lemma 14, hz0 is an affine extractor for dimension k + c
with bias ϵ ≤ 2−c . In particular, if Sz0 is non-empty, then bias( hz0 |Sz ) ≤ ϵ.
0
Thus, the bias of Da f restricted to S can easily be bounded as follows:
bias( Da f |S ) =

=

=

≤
≤

5

1
|S|
1
|S|
1
|S|
1
|S|
1
|S|

X

(−1)

Da f (x,y,z)

(x,y,z)∈S

X

X

(−1)

Da f (x,y,z0 )

z0 ∈{0,1}n (x,y,z0 )∈S

X

X

(−1)

hz0 (x,y)

(−1)

hz0 (x,y)

z0 ∈{0,1}n (x,y)∈Sz0

X

X

z0 ∈{0,1}n (x,y)∈Sz0

X
z0 ∈{0,1}

ϵ · |Sz0 | = ϵ.

◀

n

Average-case lower bound

We consider a canonical form of strongly read-once linear branching programs. We adopt
the terminology of [6] and say that a read-once linear branching program is full if for every
inner node v of the program, all the paths leading to v have the same query space.
A multipath (w1 , . . . , wm , v) is a linear branching program of the form
w1

w2

···

wm

v

That is, the program ignores the answers to the queries at wi for every i. Given a program
P, we say that a subset of nodes is an antichain if none of its nodes is a descendant of another.
For example, the set of nodes at a fixed depth and the set of leaves form an antichain. The
following lemma and its proof are easy extensions of Lemma 3.7 in [6].
▶ Lemma 16. Every weakly read-once or strongly read-once linear branching program P
of size s in n variables has an equivalent full weakly read-once or strongly read-once linear
branching program P ′ , respectively, of size at most 3n · s. Furthermore, the size of every
antichain in P ′ is at most 2s.
Proof. We construct P ′ inductively. Consider the nodes of P in topological order. It is clear
that the start node satisfies the fullness property. Let v be a node of P and p1 , . . . , pk the
paths that meet at v, and V1 + a1 , . . . , Vk + ak their canonical affine subspaces. For every
i ∈ [k] choose a set of linearly independent queries Qi such that Vi ⊥ + span(Qi ) = Pre(v).
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For every i ∈ [k] do the following. Let Qi = {q1 , . . . , qm }. Replace the edge ui → v with
a multipath (w1 , . . . , wm , v) and an edge ui → w1 , where wi are labeled with qi . After this
transformation, every path to v will have the query space Pre(v).
Since a branching program of size s has at most 2s edges and we replaced every edge with
a multipath of length at most n, the size of the constructed full read-once linear branching
program P ′ is at most s + 2s · n ≤ 3n · s.
Consider an antichain A in P ′ . We map every node in A to nodes in P. Each node in A
is either originally in P or it was created by a multipath. In the former case we map it to
itself, and in the latter case we map it to the parent node from which it was created. Since
the out-degree in P is 2 and A is an antichain, at most 2 nodes are mapped to the same
node. This proves the result.
◀
Denote by dist(f, g) the relative distance between Boolean function f and g.
n

▶ Theorem 17. Let f : {0, 1} → {0, 1} be a directional affine extractor for dimension d
n
with bias ϵ < 21 . Then for every g : {0, 1} → {0, 1} computed by a strongly read-once linear
√
branching program P of size at most ϵ · 2n−d−1 , it holds that dist(f, g) ≥ 1−2 2ϵ .
Proof. Let s denote the size of P. We first convert P into a full program. By Lemma 16,
the size of every antichain is at most 2s. We then construct an equivalent program P ′ in
which every path has length at least n − d. We can achieve this by extending every leaf of
low depth by a multipath of an appropriate length.
Consider the set A of nodes in P ′ at depth exactly n − d. Note that every v ∈ A is either
a node at depth n − d in P, or it is uniquely defined by a leaf of P by a multipath. Thus A
is identified by an antichain in P and thus |A| ≤ 2s.
We call an input x wrong if f (x) ̸= g(x). The distance dist(f, g) between f and g is the
fraction of wrong inputs.
▷ Claim 18. Let v ∈ A and k the numbers of paths that meet at v. Then the number of
wrong inputs that pass through v is at least
!
r
k · 2d
1
1− ϵ+
.
2
k
Proof. Since the program is full, the corresponding canonical affine subspaces for the paths
that meet at v are V + a1 , . . . , V + ak , for some d-dimensional vector space V , and distinct
n
a1 , . . . , ak ∈ {0, 1} . Recall that f is a directional affine extractor with bias ϵ. Then for
every i =
̸ j, it holds that Dai +aj f = f (x + (ai + aj )) + f (x) is an affine extractor with bias
ϵ, thus
X
x∈V

(−1)

f (x+ai )

· (−1)

f (x+aj )

=

X

(−1)

f (x+ai +aj )+f (x)

(1)

x∈V +aj



= bias Dai +aj f


V +aj

· |V | ≤ ϵ|V |.

Every x ∈ V produces a partition of [k] into two parts (J, [k] \ J) such that f (x + ai ) = 0
for i ∈ J and f (x + ai ) = 1 for i ̸∈ J. Let mx be the size of the smallest part. By definition
of canonical affine subspace and the choice of ai , for any linear query q ∈ Post(v) we have
q(ai ) = 0 for all i ∈ [k]. Then x + a1 , . . . , x + ak will follow the same path in the subprogram
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starting at v. Hence, for every x ∈ V it holds that f (x + a1 ) = · · · = f (x + ak ). It implies
that at least mx inputs of the form x + ai are wrong and the total number of wrong inputs
passing through v is at least
X
m :=
mx .
x∈V

Now consider the following sum
X
E :=
|f (x + ai ) − f (x + aj )|.
x∈V
1≤i<j≤k

We apply double counting to this quantity to obtain the result. On the one hand, by
definitions of mx and m, we have
X
X
E=
mx · (k − mx ) = km −
m2x .
x∈V

x∈V

By the Cauchy–Schwarz inequality,

P

x∈V

m2x ≥

P

x∈V

2
mx /|V | = m2 /|V |. Thus,

E ≤ km − m2 /|V |.

(2)

On the other hand, E can be rewritten as follows.
X

E=

x∈V
1≤i<j≤k

1
=
4

2
1
f (x+ai )
f (x+aj )
(−1)
− (−1)
4
!

X

2|V | − 2

X

(−1)

f (x+ai )

· (−1)

f (x+aj )

.

x∈V

1≤i<j≤k

Applying (1), we obtain the following lower bound on E.
 
1 k
E≥
|V |(1 − ϵ).
2 2

(3)

Combining (2) and (3), we get
 
1 k
2
km − m /|V | ≥
|V |(1 − ϵ).
2 2
This can be written as

2
 
1
k|V |
1−ϵ k
2
2
≤ k 2 |V | −
|V |
m−
2
4
2
2


2 
k 2 |V |
1
=
1 − (1 − ϵ) 1 −
4
k

2 
2
k |V |
1
ϵ+
.
≤
4
k
Thus,
k|V |
m≥
2

r
1−

1
ϵ+
k

!

k · 2d
=
2

r
1−

1
ϵ+
k

!
.

◁
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Let k(v) denote the number of paths that meet at v and define w(k) as
!
r
1
k2d
w(k) :=
1− ϵ+
.
2
k
Then by Claim 18 the total number of bad inputs that pass through A is at least
s
!
X
X k(v)2d
1
1− ϵ+
.
w(k(v)) =
2
k(v)
v∈A

v∈A

P
Since all paths in P ′ has length at least n − d, v∈A k(v) = 2n−d .
The function w is convex, hence by Jensen’s inequality, the total number of bad inputs
passing through A is at least
!
r
P

X
|A|
1 n
v∈A k(v)
w(k(v)) ≥ |A| · w
= 2
1 − ϵ + n−d .
|A|
2
2
v∈A

Since |A| ≤ 2s ≤ ϵ2n−d , this expression is at least

√
1− 2ϵ n
2 .
2

◀

Plugging in the function of Theorem 15 we get the following corollary.
n

n

n

▶ Corollary 19. Let f : {0, 1} 3 × {0, 1} 3 × {0, 1} 3 → {0, 1} be defined by f (x, y, z) =
n
Tr(ϕ(x) · ϕ(y) · ϕ(z)). Then for every g : {0, 1} → {0, 1} computed by a strongly read-once
n
−o(n)
linear BP of size at most 2 3
, dist(f, g) ≥ 21 − 2−o(n) .

6

Weakly read-once BPs and Res[⊕]

In this section we prove an analogue of the correspondence between read-once BPs and
regular resolution for Res[⊕] and weakly read-once BPs. The first part of the proof is an
extension of a standard argument; the second part, while also easy, is more subtle.
▶ Theorem 20.
1. Every Res[⊕] refutation of an unsatisfiable CNF F can be translated into a linear BP
solving the corresponding search problem without increasing its size. If the refutation is
regular, then the resulting program is weakly read-once.
2. Every weakly read-once BP of size s solving the search problem for CNF F = C1 ∧ . . . ∧ Cm
in n variables can be translated into a regular Res[⊕] refutation of F of size O(ns).
Proof.
1. Consider an application of the resolution rule in the proof DAG G. Suppose that it
is applied to clauses C0 ∨ (f = 0) and C1 ∨ (f = 1). Then we label the outgoing edges
with f = 1 and f = 0 respectively. We leave the edges corresponding to the weakening rule
unlabeled.
Let u be a vertex in G and Cu the clause it is labeled with. It can be shown by induction on
the depth of u that for every path to u, the linear system obtained from the equations written
on the edges on this path implies ¬Cu . The source contains the empty clause, hence the base
case holds. For the inductive step, consider any path leading to u and let v be the parent of
u on this path. Consider the case when v corresponds to an application of the resolution rule
and w be its other child. Let C0 ∨ (f = b), C1 ∨ (f = b + 1), and C0 ∨ C1 be the labels of u,
w, and v respectively, where b ∈ {0, 1}. By the induction hypothesis, every path to v implies
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¬(C0 ∨ C1 ). In particular, it implies ¬C0 . By construction, the edge (v, u) is labeled with
f = b + 1. Then every path to u going through v implies ¬C0 ∧ (f = b + 1) = ¬(C0 ∨ (f = b)).
Now consider the case when u corresponds to an application of the weakening rule and let v
be it parent on this path. Let C and D be the labels of u and v. Every path to v implies ¬D
by the induction hypothesis and ¬D ⊨ ¬C. Thus, every path to u through v implies ¬C.
In particular, every path to the sinks of G falsifies some clause of F . To obtain a linear
BP, we remove labels at the inner nodes and contract all unlabeled edges. If the refutation is
regular, the resulting linear BP is indeed read-once since we did not essentially change the
structure of the underlying DAG.
Wk
2. A linear clause C = i=1 (fi = ai ) can be viewed as a negation of a linear system
Vk
¬C = i=1 (fi = ai + 1). We first convert P into a full BP of size O(ns) using Lemma 16.
Inductively, to every node v we associate a linear clause Cv such that:
1. Every assignment reaching v falsifies Cv .
2. If ¬Cv represents a linear system Bx = b, then the row space of B is Pre(v).
For the base case, with each leaf v we associate the clause Cv it is labeled with. The first
condition holds since P solves the search problem. To see the second property, note that any
path reaching v can be expressed as a linear system on a basis for Pre(v) which forces every
literal in Cv . This implies that single variables in Cv are in Pre(v).
For the inductive step, consider a node v, which queries q with outgoing neighbors u
and w, in the directions q = 0 and q = 1 respectively. Observe that ¬Cu ̸|= q(x) = 1 and
¬Cw ̸|= q(x) = 0. Thus, there are only two cases to consider:
1. ¬Cu ̸|= q(x) = 0 or ¬Cw ̸|= q(x) = 1,
2. ¬Cu |= q(x) = 0 and ¬Cw |= q(x) = 1.
In the first case, we simply let Cv be Cu or Cw , depending on which condition holds.
For the second case, let B = {β1 , . . . , βt } be a basis of Pre(v). Fullness implies Pre(u) =
Pre(w) = Pre(v) + span(q). Applying the inductive hypothesis, we can write ¬Cu = (q(x) =
0) ∧ (Bu x = bu ) and ¬Cw = (q(x) = 1) ∧ (Bw x = bw ), where Bu and Bw are matrices with
rows in β1 , . . . , βt and bu and bw are some vectors. To write Cu and Cw in these forms,
we might need to change the basis, which we can do by applying the weakening rule. We
claim that setting Cv so that ¬Cv can be written as Bu x = bu ∧ Bw x = bw satisfies the
requirements.
Consider any path to v. Such a path can be described by a system Rx = b where rows
in R are from B. Since every such path can be extended to both u and w, it follows that
Bu x = bu ⊨ Rx = b and Bw x = bw ⊨ Rx = b. This means that Bu x = bu ∧ Bw x = bw is
consistent and thus the derivation of Cv from Cu and Cw (possibly changing the basis) is a
valid Res[⊕] step. It is easy to see that conditions 1 and 2 hold for Cv .
Since for every v we create at most 2 extra clauses, the total size of the proof is at most
O(ns).
◀
Note that we can also define a “strongly regular” variant of Res[⊕] that would be equivalent
to strongly read-once programs. Since we have obtained average case lower bounds on strongly
read-once BPs, it is plausible that it might be easier to prove lower bounds for this restriction
of Res[⊕].
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Conclusion

Several problems are immediately suggested by our work:
Explicit constructions. Give an explicit construction of directional affine extractors (or
dispersers) for smaller dimension d, ideally d = o(n).
BP lower bounds. Prove worst-case and average-case hardness results for the weakly
read-once BPs.
Proof complexity. Prove a read-once linear BP lower bound for a search problem, that is
for some unsatisfiable CNF F = C1 ∧ . . . ∧ Cm , show that a read-once linear BP with
leaves labeled by Ci s solving the corresponding search problem has to be large.
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1

Introduction

It is a useful fact in classical computer science that search problems are often efficiently
reducible to decision problems. For example, the canonical way of constructing a satisfying
assignment of a given 3SAT formula φ (if there exists one) using an oracle for the decision
version of 3SAT is to adaptively query the oracle for the satisfiability of φ conditioned on
some partial assignment to the variables of the formula. Based on the oracle answers, the
partial assignment can be extended bit-by-bit to a full assignment. Each oracle query reveals
an additional bit of the assignment. This strategy generally works for any problem in NP.
Likewise, the optimal value of an optimization problem can be calculated to exponential
accuracy using binary search. The main consequence of this is that complexity theory often
focuses on decision problems (without losing generality) and less on the complexity of search
problems.
Quantum information and computation has shifted our perspective on these traditional
notions of classical complexity theory. In this paper we consider quantum search problems,
where the goal is to output a quantum state (as opposed to a classical bit string) satisfying
some condition. In the quantum setting, it is no longer apparent that search-to-decision
reductions still hold, and thus it is unclear whether the complexity of quantum search
problems can be directly related to the complexity of corresponding quantum decision
problems.
To illustrate this, we consider the analogues of P and NP in quantum computing, which
are the complexity classes BQP and QMA, respectively1 . The analogue of the NP-complete
problem 3SAT for QMA is the Local Hamiltonian problem, in which one has to decide
whether the lowest energy state of a local Hamiltonian H = H1 + · · · + Hm acting on n
qubits has energy greater than a or less than b for a − b = 1/poly(n), where each term Hi
acts non-trivially on only a constant number of qubits. This problem was proven to be
QMA-complete by Kitaev [10]. Is there an efficient search-to-decision reduction for the Local
Hamiltonians problem, or more generally for the class QMA? In other words, given quantum
query access to an oracle deciding the Local Hamiltonians problem, can a polynomial-time
quantum algorithm (i.e. BQP machine) efficiently prepare a low-energy state |ψ⟩ of a given
local Hamiltonian?
The classical strategy of incrementally building a partial assignment does not appear to
work in the QMA setting. First, there does not appear to be a natural way of “conditioning”
a quantum state on a partial assignment. Second, quantum states are exponentially complex:
the description size (complexity) of a general quantum state on n qubits is exponential
in n, and this is suspected to remain true even when considering ground states of local
Hamiltonians2 . This complexity of quantum states poses a significant challenge to finding a
search-to-decision reduction for QMA; it is not clear how yes/no answers to QMA decision
problems (even when obtained in superposition) can be used to construct exponentiallycomplex QMA witnesses.
On the other hand, there is a natural quantum analogue of the bit-by-bit search-todecision algorithm for NP that works for constructing general quantum states. This is due
to a general algorithm for state synthesis described by Aaronson in [1] (for which we give

1

2

Technically speaking, BQP and QMA are better thought of as the quantum analogues of BPP and MA,
respectively. However, even in this randomized setting, there are efficient search-to-decision randomized
reductions.
Due to the QMA ̸= QCMA conjecture [3]. Formally, there is no known poly-sized description of a witness
(proof) for every local Hamiltonian problem.
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an overview of in Section 1.1): there exists a polynomial-time quantum algorithm A such
that every n-qubit state |ψ⟩ can be encoded into a classical oracle f where, by making O(n)
superposition queries to the oracle f , the algorithm A will output a state that is exponentially
close to |ψ⟩. One can observe that for states |ψ⟩ that QMA witnesses (such as ground states of
local Hamiltonians), the oracle f corresponds to a PP function (which is at least as powerful
as a QMA oracle). This yields a search-to-decision reduction for QMA, albeit with a decision
oracle of higher complexity.
In this work, we explore the complexity of search-to-decision procedures in the quantum
setting, where the goal is a quantum state synthesis algorithm that outputs a target quantum
state (e.g. a ground state of a local Hamiltonian) by making quantum queries to a classical
decision oracle. We investigate how the complexity of the state synthesis algorithm and the
complexity of the decision oracle depend on the type of states we want to generate. We
consider both the generalized state synthesis problem for abritrary states in the Hilbert space
(C2 )⊗n as well as the specific task of generating solutions to QMA problems.
We construct state synthesis and search-to-decision procedures for the quantum setting
using only one or two superposition queries as opposed to O(n) superposition queries; for QMA
witnesses, the synthesis procedure requires only one query to a PP oracle. Simultaneously,
we prove results suggesting the impossibility of any search-to-decision reduction for QMA.
More precisely, we show that there exists a quantum oracle O relative to which all efficient
query algorithms fail to be a good search-to-decision reduction for QMAO , the relativization
of QMA. This stands in contrast to classes such as NP, MA, and QCMA, which all have
efficient search to decision reductions, relative to any oracle. As a consequence, proving
impossibility of QMA search-to-decision without an oracle is at least as hard as separating
QCMA and QMA which is at least as hard as separating P and PP. We believe that the
juxtaposition of our results lend further weight to the view that the complexity of tasks where
the outputs (and inputs) are quantum states cannot be directly explained by the traditional
study of decision problems (which has been the main focus of quantum complexity theory
to date). In particular, we believe our results suggest that the relationship between search
and decision problems is much more mysterious in the quantum setting. As suggested by
Aaronson in [1] and others in some recent works [11, 14], the complexity of quantum states
(and more generally, quantum state transformations) deserves to be studied more deeply as a
subject in its own right.

1.1

Starting point

Before describing our results in more detail, we first explain the starting point for our
investigations, which is a simple state synthesis algorithm described by Aaronson [1] in his
lecture notes. He shows that there exists a poly(n)-time quantum algorithm A which makes
P
O(n) quantum queries to a classical oracle such that for every n-qubit state |ψ⟩ = x αx |x⟩,
there exists a classical oracle f for which the algorithm AOf will output a state that is
exp(−n)-close to |ψ⟩. In [1], Aaronson raises the question as to whether his protocol can be
improved to a sublinear number of queries. We show, in fact, that 1 query is sufficient to
achieve polynomially small error in synthesizing arbitrary states and 2-queries are sufficient
for exponentially small error. Both the 1-query and the 2-query algorithms given here require
exponential time and polynomial space.
To understand Aaronson’s state synthesis algorithm, we first observe that we can write
any quantum state in the form
X
p
|ψ⟩ =
eiθx Pr[X = x] |x⟩
(1)
x∈{0,1}n
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where Pr[X = x] is the probability distribution of some n-bit random variable X and
{θx }{0,1}n are a set of phases. The synthesis algorithm performs 2n queries to synthesize the
“QSample state”.
X p
Pr[X = x] |x⟩
(2)
x∈{0,1}n

and then performs two additional queries at the end to apply the phases eiθx to each basis
state |x⟩.
The 2n-query procedure to build the QSample state works in n stages. Inductively assume
that after the kth stage, for k < n, the intermediate state of the algorithm is the k-qubit
state
X q
Pr[X≤k = y] |y⟩
(3)
y∈{0,1}k

where Pr[X≤k = y] denotes the marginal probability of the first k bits of X are equal to y.
Controlled on the prefix |y⟩ the algorithm queries the oracle f to obtain a (classical description
of) the conditional probabilities Pr[Xk+1 = 0 | X≤k = y] and Pr[Xk+1 = 1 | X≤k = y], and
prepares a (k + 1)st qubit in the state
q
q
Pr[Xk+1 = 0 | X≤k = y] |0⟩ + Pr[Xk+1 = 1 | X≤k = y] |1⟩ .
(4)
The algorithm performs another query to f to uncompute the descriptions of the conditional
probabilities. The resulting k + 1 qubit state is then equal to
q
q
X
Pr[X≤k = y≤k ] · Pr[Xk+1 = yk+1 | X≤k = y≤k ] |y⟩
(5)
y∈{0,1}k+1

=

X

q

Pr[X≤k+1 = y] |y⟩

(6)

y∈{0,1}k+1

which maintains the desired invariant. After the nth stage, a similar process applies the
phases {θx } to generate the output state. The approximations come in when the conditional
probabilities and phases are specified with poly(n) bits of precision, which result in the final
state being at most exp(−n) far from the ideal target state |ψ⟩. With this O(n)-query state
synthesis algorithm in mind, we now proceed to describe our results.

1.2

Our results

A one-query search-to-decision algorithm for QMA with a PP oracle. We show Section 2
that in the case of generating physically relevant states, i.e. solutions to QMA problems, such
as the low-energy states of local Hamiltonians, that there exists a one-query search-to-decision
algorithm using a PP oracle. While one would hope to find a search-to-decision reduction
in which the oracle complexity is only QMA, PP is the smallest complexity class containing
QMA for which we can construct an oracular algorithm for search problems. Furthermore,
given our no-go result for QMA search-to-decision (see below), this may be the optimal
search-to-decision algorithm.
▶ Theorem 1 (QMA-search to PP-decision reduction). There exists a probabilistic polynomial
time quantum algorithm making a single query to a PP phase oracle such that, given as
input a QMA problem, either aborts or outputs a witness |ϕ⟩. The algorithm will succeed in
outputting a witness (i.e. not abort) with all but inverse exponential (in the system size)
probability.
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Table 1 Summary of past work and our results on upper bounds for search-to-decision reductions
and state synthesis. The “complexity class” column refers to the complexity of the search problem
(e.g. computing NP witnesses, or QMA witnesses). The other columns refer to the algorithmic results
known for the specified number of queries; furthermore these are quantum queries performed by
quantum algorithms in superposition.
Complexity class

1 query

2 queries

O(n) queries

NP

NP oracle, Ω(n−1 )
success probability

←

NP oracle,
classical queries (folklore)

QCMA

QCMA oracle, Ω(n−1 )
success probability

←

QMA

PP oracle, 1/poly(n)
precision,
Theorem 1

← (Theorem 4 applies
but is time-inefficient)

QCMA oracle,
classical queries (folklore)
PP oracle, 1/exp(n)
precision [1]

QMAexp
(= PSPACE)

PSPACE oracle
Ω(1) overlap,
Theorem 1

← (Theorem 4 applies
but is time-inefficient)

PSPACE
oracle,
1/exp(n) precision [1]

Arbitrary states

Arbitrary oracle,
1/poly(n) precision,
Theorem 3

Arbitrary
oracle,
1/exp(n) precision, 2
queries,
Theorem 4

Arbitrary
oracle,
1/exp(n) precision [1]

Of

To start sketching the proof, it is fruitful to notice that a single oracle query |x⟩ 7→
(−1)f (x) |x⟩ for x ∈ {0, 1}n potentially contains 2n bits of information and a quantum state
n
requires 2n complex numbers to describe. Furthermore, the collection of 22 states
X
def
|pf ⟩ = Of H ⊗n |0n ⟩ =
(−1)f (x) |x⟩
(7)
x∈{0,1}n

defined for any function f : {0, 1}n → {0, 1} are a diverse set of states in the Hilbert space.
These states, referred to as phase states henceforth, despite not forming an ϵ-net for (C2 )⊗n ,
turn out to provide a good approximation for (C2 )⊗n when considering the Haar-random
distribution3 . It follows that if we wanted to synthesize the witness to a QMA-complete
problem, such as a low-energy state |τ ⟩ for a local Hamiltonian problem, it suffices to build
phase state |pf ⟩ with constant overlap with the low-energy subspace. Finding a state with
constant overlap with the target state is sufficient because QMA is efficiently verifiable, and
given a state with constant overlap with the low-energy subspace, it is possible to distill a
low-energy state with constant probability (by performing an energy measurement). However,
it is not necessarily the case that a low-energy state of QMA problem will have a good
approximation by a phase state. To solve this issue, we prove that for any state |τ ⟩, with
high probability C |τ ⟩ will have a good approximation by a phase state where C is a random

3

Recall, the Haar-measure is the unique left- and right- invariant distribution over unitary matrices over
(C2 )⊗n and the Haar-random distribution is the distribution over quantum states U |0n ⟩ where U is
sampled according to the Haar-measure.
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Clifford unitary. Therefore, we can instead attempt to synthesize C |τ ⟩ which is the result of
Theorem 1. In particular, if we can synthesize a phase state |p⟩ that has constant overlap
with C |τ ⟩, then C † |p⟩ will have constant overlap with the target |τ ⟩.
Furthermore, we show that, using a slight modification of the same algorithm, we
can perform a somewhat weaker one-query search-to-decision reduction for QMAexp (see
Theorem 2.4 of the full version [8] for details). Recall QMAexp is the class of non – deterministic
quantum computations with only an inverse exponential gap between completeness and
soundness and is known to equal PSPACE [7, 6]. Our algorithm prepares a witness state
with constant overlap with a low-energy state with one query to a PSPACE oracle (note
that here, we cannot efficiently amplify the overlap with an energy measurement due to the
inverse-exponential energy gap). As a further observation, we also show that quantum query
access to a classical oracle gives one-query search-to-decision reductions when the witness
is classical: in particular, for QCMA and NP (see Theorem 2.7 of the full version [8] for
details). The one-query algorithm preparing the witness first reduces QCMA to unique QCMA
(UQCMA) using the Valiant-Vazirani reduction [4], and then uses the Bernstein-Vazirani
algorithm to extract the unique polynomial length witness with a single query.
A no-go result for search-to-decision for QMA. The previous result shows that search-todecision reductions for QMA are possible with a PP decision oracle. However, the optimal
search-to-decision reduction for QMA is with a QMA decision oracle (rather than a stronger
PP oracle). We provide evidence that this is unlikely to exist: we prove that there is a
quantum oracle relative to which QMA search-to-decision is impossible. This stands in
contrast to classes such as NP, MA, and QCMA, which all have efficient search to decision
reductions, relative to any oracle.
More precisely, we show that there exists a quantum oracle O relative to which all efficient
query algorithms fail to be a good search-to-decision reduction for QMAO , the relativization
of QMA. The oracle O is a reflection I − 2 |ψ⟩⟨ψ| about a Haar-random state |ψ⟩; we rely on
the concentration of measure phenomenon of the Haar measure to prove this oracle no-go
result. We formalize this result in Section 3.
▶ Theorem 2 (Oracle impossibility for QMA search-to-decision). There exists a quantum oracle
O relative to which all poly(n)-time query algorithms fail to be a good search-to-decision
reduction for QMAO .
A one-query state synthesis algorithm with inverse polynomial error. We also investigate
the query complexity of synthesizing an arbitrary state, in the same spirit as Aaronson’s
adaptive state synthesis algorithm outlined in Section 1.1. In particular, we show that that
every state |τ ⟩ can be encoded into a classical oracle fτ such that by making one query to |τ ⟩,
a quantum algorithm can prepare |τ ⟩ with inverse polynomial error. The space complexity of
the synthesis algorithm is polynomial in n, the number of qubits in the target state |τ ⟩, but
the time complexity is exponential. The starting point for the 1-query algorithm is the same
observation used in the protocol for synthesizing QMA witnesses, which is that a random
state has an expected constant overlap with some phase state. We can think of the oracle
function fτ as hard-coding the target |τ ⟩, but parameterized by unitary U and standard
basis state x. The oracle fτ (U, x) = sgn(Re(⟨x|U τ ⟩)) can be used to create a phase state
|pU ⟩ which has constant overlap with U |τ ⟩ with high probability for random U . The state
U † |pU ⟩ is already then a decent approximation for |τ ⟩.
There are two remaining techniques to improve upon this basic synthesis protocol. First,
we use a novel distillation procedure based on the swap test (explained below) to take
a polynomial number of states generated in this manner, using unitaries U1 , . . . , , Um , to
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create a single aggregated output state with greater overlap with the target state. Note that
since the target state |τ ⟩ is arbitrary, we do not have a means of measuring the overlap of
an output state with |τ ⟩ to boost the overlap as we did when the target state is a QMA
witness. Secondly, we address the fact that the algorithm described above suffers from
needing exponential space complexity; this is because specifying a Haar-random unitary on n
qubits requires exp(Ω(n)) space, and thus the oracle fτ (U, x) needs to act on exponentially
many input bits. We derandomize this construction, and show via the probabilistic method
that there exists a single choice of unitaries U⋆,1 , . . . , , U⋆,m that works for all n-qubit states.
This will reduce the space complexity of the algorithm to polynomial, although implementing
the unitaries will still require exponential time.
▶ Theorem 3 (One Query State Synthesis – Informal). There is a 1-query algorithm that uses
polynomial space and exponential time that synthesizes a state ρ such that Tr{ρ |τ ⟩⟨τ |} ≥
1 − 1/q(n) for some polynomial q and an arbitrary target state |τ ⟩.
The Swap Test Distillation Algorithm. This procedure takes in a polynomial number of
states each of which has at least a constant overlap with the target state and outputs a
state whose overlap with the target is at least 1 − 1/poly. In some sense, the Swap Test
Distillation algorithm provides a way to take the “mean” of a collection of quantum samples
where each state can be decomposed into a “signal” component and a “noise” component
such that (1) the signal is some constant fraction of the mass and (2) the noise is roughly
random. This may be useful in other contexts in quantum algorithms.
For formally, the algorithm requires that the sequence of input states |ψ1 ⟩ , . . . , |ψm ⟩
satisfies two properties. The first is that there is a constant a such that | ⟨ψj |τ ⟩ |2 ≥ a for all
j. (We also show that this condition can be relaxed so that the expected overlap of each
input state with the target state is at least a, as long as the input states are independently
generated.) The second condition is that for every pair of input states, their components
orthogonal to |τ ⟩ are close to orthogonal to each other:
| ⟨ψj | (I − |τ ⟩⟨τ |) |ψi ⟩ |2 ≤ δ,

(8)

for δ exponentially small in n. Intuitively, one can imagine that if the |ψj ⟩ are generated
independently, then the error vectors (the components perpendicular to |τ ⟩) would be random
and uncorrelated. We prove that under these two conditions, if the number of states is a
sufficiently large polynomial, then the overlap of the resulting aggregated state with |τ ⟩ is at
least 1 − 1/poly. The algorithm is based on the observation that if the swap test is applied
to a pair of states which each have overlap at least a with the target state, then conditioning
on the swap test succeeding (measuring a 0 in the output bit), the state in each register has
an overlap with the target state that is strictly larger than a. In each round of the algorithm,
the surviving states are paired up and the swap test is applied to each pair. One state from
every pair that succeeds the swap test advances to the next round.
A two-query state synthesis algorithm with inverse exponential error. While we do
not know how to improve the error of the previous one-query algorithm beyond inverse
polynomial, we show that there is a two-query state synthesis algorithm that achieves inverse
exponential error.
▶ Theorem 4 (Two Query State Synthesis – Informal). There is a 2-query algorithm that uses
polynomial space and exponential time that with high probability synthesizes a state ρ such
that Tr{ρ |τ ⟩⟨τ |} ≥ 1 − 1/r(n) for some function r = exp(n) and an arbitrary target state |τ ⟩.
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Like with the one-query synthesis algorithm, we take advantage of the properties of
Haar-random unitaries. Let |τ ⟩ denote the target state to be synthesized. Whereas the
basic building block of the one-query algorithm described is to synthesize the phase state
corresponding to U |τ ⟩ where U is a Haar-random unitary, the two-query algorithm attempts
to directly synthesize the state U |τ ⟩, and then apply the inverse unitary U † to recover |τ ⟩.
Since U is Haar-random, the distribution of U |τ ⟩ is that of a Haar-random state.
We then argue that with overwhelmingly high probability, a Haar-random state can be
synthesized via two queries to a classical oracle. This relies on the observation that the
amplitude profile of a Haar-random state concentrates extremely tightly around a fixed profile.
By profile, we mean the list of absolute values of amplitudes of the state in sorted order.
P
In other words, there exists a fixed, universal state |θ⟩ = x βx |x⟩ such that, with very
P
high probability, a Haar-random state |ψ⟩ = x αx |x⟩ satisfies the following: there exists a
permutation σ on the set of basis states |x⟩ such that the distance
|θ⟩ −

X

|αx | |σ(x)⟩

(9)

x

is exponentially small. To prove this, we utilize bounds from the theory of optimal transport
that control the convergence of the Wasserstein distance (also known as the Earth Mover
Distance) between a log-concave distribution and the empirical distribution resulting from
sampling from the distribution.
Given this, the two-query algorithm to synthesize |τ ⟩ to exponential precision is clear:
the algorithm first prepares the universal state |θ⟩. It then queries the classical oracle to
determine how to permute the basis states |x⟩ and what phase to apply to all the basis
states. The algorithm applies the permutation and the phases in superposition. Finally, the
algorithm queries the oracle again to uncompute the permutation/phase information.
Just as with the one-query algorithm, we also perform a derandomization step in order to
make the query algorithm space-efficient (but not necessarily time-efficient). By expanding
the dimension of the random unitary U , we show that there exists (via the probabilistic
method) a single unitary U⋆ that maps every target state |τ ⟩ to one whose amplitude profile
is exponentially close to the universal one.
Open Questions. We conclude with some open questions which are elaborated in greater
detail in Section 7. Can the 1- and 2-query algorithms for general state synthesis be improved
to polynomial time by using random Cliffords instead of Haar-random unitaries? Is there
a 1-query algorithm for state synthesis that also achieves inverse exponential error? What
is the power of a QMA decision oracle? In particular, what states can be synthesized with
queries to a QMA oracle in superposition? Is there a weaker oracle class than PP that can
achieve search-to-decision for QMA witnesses?
Preliminaries.
version [8].

2

Preliminaries and definitions necessary are listed in Appendix A of the full

Search-to-decision for QMA problems

In the traditional search-to-decision paradigm, the goal is to create a witness |ψ⟩ which could
convince a verifier that indeed some string is in a particular QMA language. The creation of
this witness should be carried out by a quantum machine running in polynomial time with
access to a QMA oracle. There are multiple ways to relax this paradigm; here we consider
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using a PP oracle instead of a QMA oracle and show that there is a polynomial time quantum
algorithm which makes only one PP oracle call4 and generates a solution to a QMA-complete
problem.
Our algorithm proceeds from two observations:
P
1. Any phase state |pf ⟩ = 2−n/2 x∈{0,1}n (−1)f (x) |x⟩ for which the function f is computable
in PP may be prepared by a single quantum query to a PP oracle.
2. Any state |τ ⟩, after applying a random unitary U , looks like a phase state: in particular,
with high probability over the choice of U , the state U |τ ⟩ has constant overlap with some
phase state.

2.1

One-query search-to-decision for QMA

We now consider the QMA search problem with respect to phase oracles. In general, the
statement of the QMA search problem is to construct, given a verification circuit for some
QMA language, and an input χ in the language, a state |ψχ ⟩ that is accepted by the
verification circuit with high probability. Rather than working with general verifiers, we will
restrict to verifiers that measure the energy of a local Hamiltonian on the witness state up
to inverse-polynomial precision. This restriction is almost without loss of generality, for two
reasons. First, the local Hamiltonian problem with this precision is QMA-complete, so any
QMA language has a verifier of this form. And secondly, the reduction to local Hamiltonian
can be performed so that every low-energy state is very close to an accepting witness |ψ⟩ for
the original verifier. More precisely, given a general QMA verification circuit V , we can apply
the padding trick of Nirkhe, Vazirani and Yuen [13] to generate a local Hamiltonian instance
H such that any ground-state ρ of H, ∥ρ − σ ⊗ Φ∥ ≤ δ where σ is an accepting witness of V
and Φ is a fixed state independent of the instance. The size of the Hamiltonian instance H
scales as poly(1/δ) and therefore the approximation can be chosen as any inverse polynomial
function of the system size.
Assume the input to the problem is an instance χ = (H, a, b) of the Local Hamiltonian
problem with Hamiltonian H on n qubits and two thresholds a < b such that b−a = 1/poly(n).
Moreover, we assume that χ is a YES instance, so the minimum eigenvalue of H is at most
a: λmin (H) ≤ a. The goal is to construct a state |ϕ⟩ such that
⟨ϕ|H|ϕ⟩ ≤

a+b
.
2

(10)

While it would be ideal to construct a state for which the energy is at most a (since one exists),
this may drastically increase the computational complexity of the function f : {0, 1}n → {0, 1}
defining the oracle. Instead, due to the promise gap in the problem, it suffices to construct
a witness state which proves that the Hamiltonian has a state with energy at most < b. A
state |ϕ⟩ satisfying eq. (10) is a proof that χ is a yes instance. We now prove the formal
version of Theorem 1.
▶ Theorem 5 (QMA-search to PP-decision reduction). There exists a probabilistic polynomial
time quantum algorithm with access to a single PP phase oracle query that, given as input an
instance (H, a, b) of the local Hamiltonian problem on n qubits, either aborts or outputs a
witness |ϕ⟩ with ⟨ϕ|H|ϕ⟩ ≤ (a + b)/2 for b − a = 1/poly(n). The algorithm will succeed in
outputting a witness (i.e. not abort) with probability5 ≥ 1/1024.
4
5

The improvement over the algorithm of Aaronson [1] is in the number of oracle queries.
We will later argue that this probability can be amplified through a variation of parallel repetition to
improve to any function 1 − exp(−n).
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See Theorem 2.1 in the full version [8] for proof.
We remark that we see that the algorithm achieves something stronger: if the algorithm
does not abort, then the output state is almost entirely supported on states of energy less
than a + (b − a)/4 + ϵ, where ϵ = 1/poly(n) is a precision parameter much smaller than b − a.
This is performed by using phase estimation to “check” the outcome of the query algorithm
by measuring the energy.
At this point, it is useful to remember that in general, the notion of a QMA witness is
defined only with reference to a specific verifier. The guarantee we achieve ensures that
the “standard” verifier, which measures the energy of the local Hamiltonian H, has a high
chance of accepting the given state. If one is willing to use a more sophisticated verifier,
e.g. a verifier that performs the Marriott-Watrous amplification procedure [12], a witness of
considerably worse quality could still be acceptable. Our theorem also sidesteps the issue of
unique witnesses: we only guarantee that the energy of our state is low, not that it is the
unique such state.
One can easily boost probability that our algorithm does not abort to 1 − exp(−n) by
repeating the construction in parallel with independent randomness and selecting any witness
which did not cause the algorithm to abort. Furthermore, from the design of the algorithm,
one can merge the oracle queries into a single larger PP query6 , so the query complexity does
not increase.
Additional remarks. In Section 2.1 of the full version [8], we also provide remarks on why
it is difficult to improve the oracle complexity as well as how to extend this argument for the
class QMAexp = PSPACE (see Section 2.2 of the full version [8]). Furthermore, Section 2.3
of the full version [8] includes a completely different procedure, which generates one oracle
query search-to-decision for QCMA.

3

Impossibility of search-to-decision for QMA in oracle model

In this section we show that efficient search-to-decision reductions for QMA do not exist
in general in the oracle setting, perhaps providing some evidence that QMA does not have
efficient search-to-decision reductions “in the real world.” More precisely, we show that there
exists a quantum oracle O relative to which all polynomial-time quantum query algorithms fail
to be a good search-to-decision reduction for QMAO , the relativization of QMA. Equivalently,
QMAO -search problems are not reducible to QMAO -decision problems. We contrast this
impossibility result with the fact that complexity classes like NP, MA and QCMA all have
efficient search-to-decision reductions, relative to any oracle (i.e. the reductions relativize)!
For example, it is not hard to verify that the search-to-decision procedure for QCMA described
in Section 2.3 of the full version [8] relativizes. Thus, Theorem 6 illustrates that, at least
in the relativized setting, changing the proof model from classical to quantum nullifies the
possibility of search-to-decision reductions.
1
We first define QMAO by way of a complete problem. Fix a small constant δ < 100
.
Define an O-verifier circuit C to be a quantum circuit that can make queries to O (which can
be viewed as applying a unitary gate for O), and also takes as input a quantum proof state
|ϕ⟩, as well as some ancilla qubits set to |0⟩. Define the promise problem O-QCircuitSAT

6

One way to see that the merged oracle is also definable in PP is through the connection PP = PostBQP.
The merged oracle can be seen as the logical exclusive-or (XOR) of multiple PP functions, and it is easy
to create a new PostBQP function equal to the logical XOR of multiple PostBQP functions.
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whose YES instances consist of O-verifier circuits C for which there is a quantum proof
state |ϕ⟩ such that C(|ϕ⟩) accepts with probability at least 1 − δ, and the NO instances are
those circuits such that on all quantum witness states, C accepts with probability at most δ.
Without access to O, this is simply the canonical QMA-complete problem QCircuitSAT.
The class QMAO is then the set of all promise decision problems that are polynomial-time
reducible to O-QCircuitSAT.
Now we formalize the notion of search-to-decision reductions for QMAO . Consider
quantum circuits that can make queries in superposition to both the quantum oracle O and
a classical oracle AO that decides the promise problem O-QCircuitSAT as well as the
controlled-versions of these oracles. Alternatively, we can consider a standard quantum circuit
with special oracle “gates” implementing O and AO unitary transformations. Specifically,
the oracle AO implements the unitary transformation
|C⟩ |b⟩ 7→ |C⟩ |b ⊕ AO (C)⟩

(11)

where C is supposed to be a description of an O-oracle circuit, b ∈ {0, 1}, AO (C) ∈ {0, 1} with
AO (C) = 1 if C is a YES instance of O-QCircuitSAT, AO (C) = 0 if C is a NO instance,
and otherwise AO (C) is defined arbitrarily. This is sufficiently general as we previously
remarked that all QMAO problems can be expressed as O-oracle circuits C. We then say
that such a quantum circuit S is an ϵ-good search-to-decision reduction for the problem
O-QCircuitSAT – or, alternatively, ϵ-solves the search version of O-QCircuitSAT – if
when given a YES instance C of O-QCircuitSAT, it outputs a state that is accepted by C
with probability at least 1 − δ − ϵ.
We now state the main result of this section (the technical version of Theorem 2).
▶ Theorem 6. There exists a constant ϵ > 0 and a quantum oracle O relative to which there
is no poly(n)-sized ϵ-good search-to-decision reduction for O-QCircuitSAT.7
See Theorem 3.1 in the full version [8] for proof.

4

1-query state synthesis algorithm with polynomially small error

We describe here a 1-query, polynomial-space algorithm that achieves polynomially small
error. The state synthesis algorithm will not be efficient. We will start with a first attempt,
which has exponential space complexity and then fix it so that it has polynomial space
complexity. The algorithm makes use of the Swap Test Distillation algorithm described in 5
that takes as input a polynomial number of states, each with at least constant overlap with
the target state, and uses successive applications of the Swap Test to produce a final state
whose overlap with the target state is at least 1 − 1/poly(n).

4.1

A space-inefficient algorithm
′

Let d = 2n , n′ = n2 , and d′ = 2n . The m applications of the 1-query algorithm along
with the Swap Test Distillation
algorithm will be applied to n′ -qubit registers with target
⊗(n′ −n)
′
state |τ ⟩ = |τ ⟩ ⊗ |0⟩
. The expansion of the space is important for derandomizing the

7

Technically, we should be considering an infinite family of oracles O and AO where each oracle is
parameterized by some input length n. However for simplicity we shall just deal with one input length;
we will forgo the trouble of spelling out the details of stating our results for asymptotic n. To that end,
let O be a unitary that acts on n qubits, and we only consider O-verifier circuits who accept n-qubit
quantum proof states; the verifier circuits themselves will be of size poly(n).

CCC 2022

5:12

Quantum Search-To-Decision and State Synthesis

algorithm later on. In particular, we will show ′that there is a fixed sequence of unitaries
⊗(n −n)
that works for all |τ ′ ⟩ of the form |τ ⟩ ⊗ |0⟩
. This will allow us to hard-code the
unitaries into the oracle function. The resulting algorithm will still require exponential time
to implement the unitaries, but the derandomized algorithm will require only polynomial
space.
′
We will define a function fτ ′ : U(d′ ) × {0, 1}n → {0, 1}, where U(d′ ) is the space of all
unitaries on a d′ -dimensional Hilbert space, and
fτ ′ (U, x) = sgn (Re (⟨x| U |τ ′ ⟩))

(12)

The corresponding phase state is
X
|pU ⟩ =
(−1)fτ ′ (U,x) |x⟩

(13)

def

x∈{0,1}n′

OneQueryStateSynthesis (space inefficient version)
(1) for j = 1, . . . , m in parallel:
(2)
Sample Haar-random n′ -qubit unitary Uj .
P
(3)
In the jth n’-qubit register, prepare the equal superposition x∈{0,1}n′ |x⟩.
(3)
Controlled on basis state |x⟩, query the oracle on input (Uj , x) to apply
fτ ′ (Uj , x) and produce phase state pUj on n′ qubits.
(4)
Apply Uj† to the phase state.
(5) Apply the SwapTestDistillation Algorithm (Figure 2) to the m resulting
states |ψ1 ⟩ , . . . , |ψm ⟩.
(6) Output the first n qubits of any surviving register.
Figure 1 Pseudo-code for the OneQueryStateSynthesis query algorithm that uses exponential
space complexity.

The algorithm will output m expanded registers on n′ qubits. We will apply the Swap
Test Distillation algorithm to m states on n′ qubits generated by m parallel (and independent)
applications of the 1-query algorithm and analyze the probability that the resulting state
has at least 1 − 1/poly(n) overlap with |τ ′ ⟩. The mixed state ρ in the first n-qubits will also
have Tr{ρ |τ ⟩⟨τ |} ≥ 1 − 1/poly(n).
The following lemma establishes that with high probability after step (4) of the algorithm,
the conditions for the Swap Test Distillation Algorithm are met.
▶ Lemma 7 (Probability Conditions Satisfied for Swap Test Distillation). Let |ψ1 ⟩ ⊗ · · · ⊗ |ψm ⟩
be the states in the m registers after Step (4). There is a constant C such that


1. Pr U1 ,··· ,Um minj {| ⟨ψj |τ ′ ⟩ |2 } ≤ 1/8 ≤ m · exp(−Cd′ )


2. Pr U1 ,··· ,Um maxi̸=j {| ⟨ψi | (I − |τ ′ ⟩⟨τ ′ |) |ψj ⟩ |2 } ≥ (d′ )−1/4 ≤ m2 · exp(−C(d′ )1/2 )
See Lemma 4.1 in the full version [8] for proof.

4.2

A space-efficient algorithm

The algorithm described above suffers from needing exponential space complexity; this is
because specifying a Haar-random unitary on n′ qubits requires exp(Ω(n′ )) space, and thus
the oracle f (U, x) needs to act on exponentially many input bits. We derandomize this
construction, and show via the probabilistic method that there exists a single choice of
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unitaries U⋆,1 , . . . , , U⋆,m that works for all n-qubit states – this is why we expanded the
space to dimension d′ .
Let |v1 ⟩ , . . . , |vD ⟩ denote an ϵ-net for the space of n-qubit quantum states where ϵ = d−1 .
Then there at most D ≤ ϵ−d = dd states in this enumeration. Fix an index 1 ≤ i ≤ D.
Imagine running the 1-query protocol in Figure 1 in parallel m times with target state
|vi ⟩ ⊗ |0⟩. The probability that the protocol fails to satisfy the conditions for the Swap
Test Distillation algorithm from Lemma 7 is at most 2m2 exp(−Ω((d′ )3/4 )) over the choice of
U1 , . . . , Um . By a union bound, the probability that a random choice of U1 , . . . , Um fails to
satisfy the conditions from Lemma 7 for a single one of the |v1 ⟩ , . . . , |vD ⟩ is at most
n

dd · 2m2 exp(−Ω((d′ )1/2 )) ≤ 2n2 · 2m2 exp(−Ω(2n

2

/2

)).

(14)

Since m is polynomial in n, for sufficiently large n, this probability is less than 1. Thus there
exists a choice of unitaries U⋆,1 , . . . , , U⋆,m that results in a set of m states that satisfy the
conditions for the Swap Test Distillation algorithm for all the |v1 ⟩ , . . . , |vD ⟩. Hardcode these
unitaries into the algorithm and oracles: fτ,i (x) = fτ (U⋆,i , x). Now the oracles only take n′
bits as input each, and the resulting query algorithm now only requires poly(n) space. Note
that the implementation of the unitaries U⋆,1 , . . . , , U⋆,m will not be time-efficient in general,
but they are still fixed unitary operators that act on n′ qubits.
Thus for an arbitrary target state |τ ⟩, use the oracles fvi (U⋆,1 , x), . . . , fvi (U⋆,m , x) corresponding to the nearest state |vi ⟩ in the ϵ-net, which is within d−1 of |τ ⟩. Therefore,
the one-query algorithm using unitaries U⋆,1 , . . . , , U⋆,m , followed by the Swap Distillation
Algorithm will incur an additional O(d−1 ) error.
▶ Theorem 8 (One Query State Synthesis Performance). For every polynomial q, there is
a polynomial p and constant C ′ such that if the OneQueryStateSynthesis is run with
m ≥ p(n) registers, then with probability at least 1 − exp(−C ′ n), the algorithm produces a
state ρ such that Tr{ρ |τ ⟩⟨τ |} ≥ 1 − 1/q(n). The oracle queried by the algorithm will depend
on the closest state to |τ ⟩ in the ϵ-net.
See Theorem 4.2 in the full version [8] for proof.

5

Swap test distillation procedure

If a synthesis protocol is able to produce a state with at least constant overlap with the
target state and the target state is a witness for a QMA verifier, then phase estimation can
be used to boost the overlap and the probability of success. If the target state is an arbitrary
state, we may not have the means to directly measure whether the output state is close to
the target. In this section we describe a procedure that can take the output of m parallel
applications of a state synthesis protocol, each of which has a constant overlap with the
target state and apply a procedure to increase the overlap. The algorithm begins with m
states, |ψ1 ⟩ , . . . |ψm ⟩, each of which is stored in an n-qubit register. We show that if the
number of states m is a sufficiently large polynomial in n, then the overlap of the final output
state will be at least 1 − 1/poly(n), with high probability. The distillation process is based
on the Swap Test and works subject to two conditions on the collection of input states:
1. For all j, | ⟨ψj |τ ⟩ |2 ≥ a, for some constant a.
2. For all i ̸= j | ⟨ϕj |ϕi ⟩ |2 ≤ δ, where δ is exponentially small in n and for all j
def

|ϕj ⟩ =

|ψj ⟩ − ⟨ψj |τ ⟩ |τ ⟩
.
∥|ψj ⟩ − ⟨ψj |τ ⟩ |τ ⟩∥

(15)
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The second condition is satisfied if the portion of each state |ψj ⟩ that is perpendicular to
the target state |τ ⟩ is essentially random. If the |ψj ⟩’s are generated according to some
independent randomness, one might expect that the overlap between these perpendicular
components to be (exponentially) small. In this section, we analyze the behavior of the Swap
Test distillation procedure subject to these two properties. At the end of the section, we
will show that the first condition can be relaxed to a lower bound on the expectation of the
overlap as long as the m states are generated according to some independent randomness. In
Section 4, we showed how the algorithm can be used in conjunction with a 1-query protocol
to produce a state that has 1 − 1/poly(n) overlap with the target state.

The Algorithm
Each round of the algorithm begins with some set of surviving registers. The surviving
registers are paired up and the swap test is applied to each pair. An auxiliary qubit is used
in each application of the swap test which is measured at the end of the swap test. If the
outcome is 0 (a successful outcome), then one of the two registers is selected to survive to
the next iteration. If the outcome is 1 (an unsuccessful outcome), neither register survives.
Figure 2 shows the pseudocode for the procedure. Figure 3 shows an example of the procedure
for one iteration applied to eight input states. Note that the state in a surviving register
may be entangled with the other registers. If ρ is the reduced density matrix of the state
in one of the surviving registers obtained by tracing out the other registers, we will refer
to Tr{ρ |τ ⟩⟨τ |} as the overlap of ρ with |τ ⟩. We will show that for m sufficiently large, with
high probability the overlap of a surviving register with |τ ⟩ is at least 1 − 1/poly(n).
Consider one round of the algorithm applied to a particular pair of registers. We will
prove that if the swap test succeeds, then the surviving register has an overlap with |τ ⟩
that is at least the average of the overlap of the states in the two registers before the round.
Moreover, if each of the two registers at the beginning of a round have overlap at least γ,
then the overlap of a surviving register is strictly larger than γ and with enough successful
rounds will tend towards 1.
The analysis of the swap test distillation is provided in Section 5.1-2 of the full version [8].

2-query state synthesis algorithm with exponentially small error

6

We now describe a 2-query state synthesis algorithm that achieves exponentially small error.
Like with the 1-query algorithm from Section 4, it will be space-efficient, but not time-efficient.
And also like in Section 4, we first describe a version of the algorithm with exponential space
complexity, and then describe how to reduce the space complexity to polynomial.

6.1

A space-inefficient algorithm
′

′

Let d = 2n , n′ = n2 and d′ = 2n . Let {σU,V }U,V denote a set of permutations on {0, 1}n ,
indexed by unitaries U, V on n′ qubits. For all unitaries U, V and n′ -bit strings x, let
ϕ(U, V, x) denote a number in [0, 2π), representable using (n′ )2 bits. We will specify {σU,V }
and ϕ later. Define the oracles
def

f (U, V, x) = (ϕ(U, V, x), σU,V (x))

and

−1
−1
g(U, V, y) = (σU,V
(y), ϕ(U, V, σU,V
(y))) .

(16)

These oracles have the property that if f (U, V, x) = (ϕ, y), then g(U, V, y) = (x, ϕ).
An analysis of the correctness of the algorithm is provided in Section 6.1 of the full
version [8].
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SwapTestDistillation
Input: m states |ψ1 ⟩ , . . . |ψm ⟩ stored in n-qubit registers numbered 1 through m
(1)
Initialize (R1 , . . . , Rm ) ← (1, . . . , m)
(2)
ℓ = ⌊log6 (m/n)⌋
(3)
for k = 1, . . . , ℓ:
(4)
count = 0
(5)
for j = 1, . . . , ⌊m/2⌋
(6)
if SwapTest(R2j−1 , R2j ) returns 0
(7)
count = count +1
(8)
Rcount = R2j−1
(9)
end
(10)
m = count
(11) end
SwapTest(R, R′ )
Start with auxiliary qubit b initialized to |0⟩
(1)
Apply:
(2)
Hb ⊗ IR,R′
(3)
Controlled SWAP operation on Registers R and R′ , controlled by qubit b
(4)
Hb ⊗ IR,R′
(5)
Measure qubit b and return the result
(6) end
Figure 2 Pseudo-code for SwapTestDistillation algorithm.

6.2

A space-efficient algorithm

The algorithm described above suffers from needing exponential space complexity; this is
because specifying a Haar-random unitary on n′ qubits requires exp(Ω(n′ )) space, and thus the
oracles f, g need to act on exponentially many input bits. We derandomize this construction,
and show via the probabilistic method that there exists a single choice of unitary U⋆ , V⋆ that
works for all n-qubit states – this is why we expanded the space to dimension d′ .
Let |ψ1 ⟩ , . . . , |ψD ⟩ denote an ϵ-net for the space of n-qubit quantum states. Set ϵ = d−1 .
Then there at most D ≤ ϵ−d = dd states in this enumeration. Fix an index 1 ≤ i ≤ D.
Imagine running the aforementioned protocol on state |ψi ⟩. As discussed, the probability that
the protocol fails to synthesize a (d′ )−1/4 -approximation to |ψi ⟩ is at most exp(−Ω((d′ )1/4 ))
over the choice of U, V . By a union bound, the probability that a random choice of U, V fails
to synthesize a (d′ )−1/4 -approximation to a single one of the |ψ1 ⟩ , . . . , |ψD ⟩ is at most
n

dd · exp(−Ω((d′ )1/4 )) ≤ 2n2 · exp(−Ω(2n

2

/4

))

(17)

which, for sufficiently large n, is less than 1. Thus there exists a choice of unitaries U⋆ , V⋆
that enables successful synthesis of all the |ψ1 ⟩ , . . . , |ψD ⟩. Hardcode these unitaries into the
algorithm and oracles in Figure 4; i.e., the oracles f and g only take n′ bits as input. The
resulting query algorithm now only requires poly(n) space. Note that the implementation
of the unitaries U⋆ , V⋆ will not be time-efficient in general, but they are still fixed n′ -qubit
unitary operators that are independent of the state being synthesized.
Thus for an arbitrary state |ψ⟩, by letting the oracles A, B correspond to the nearest
state |ψi ⟩ in the ϵ-net that is within d−1 of |ψ⟩, the two-query algorithm synthesizes |ψ⟩ with
O(d−1 ) error.
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Figure 3 The Swap Test Distillation algorithm applied to eight input registers. The value
measured in the auxiliary qubit indicates whether an application of the Swap Test is successful.
In the first iteration, the swap tests applied to pairs |ψ3 ⟩ , |ψ4 ⟩ and |ψ5 ⟩ , |ψ6 ⟩ are successful. The
resulting states in registers 3 and 5 advance to the next round. In each iteration, the sequence
(R1 , R2 , . . .) indicates the indices of the surviving registers from left to right.

TwoQueryStateSynthesis (space inefficient version)
(1) Sample Haar-random n′ -qubit unitaries U, V .
⊗n′
(2) Prepare the state |θ⟩ = U |0⟩
in an n′ -qubit register A.
(3) Controlled on basis state |x⟩ in register A, call the oracle f on input (U, V, x)
′
to obtain ϕ ∈ [0, 2π) in register B and y ∈ {0, 1}n in register C.
(4) Controlled on basis state |ϕ⟩ in register B, apply the phase eiϕ .
(5) Controlled on basis state |y⟩ in register C, call the oracle g on input (U, V, y) to
uncompute |x⟩ ⊗ |ϕ⟩ in registers A and B.
(6) Apply the inverse unitary V † on register C.
(7) Output the first n qubits of register C.
Figure 4 Pseudo-code for the TwoQueryStateSynthesis query algorithm that uses exponential
space complexity.

▶ Theorem 9 (Two Query State Synthesis Performance). For all n-qubit states |τ ⟩, the
algorithm TwoQueryStateSynthesis uses poly(n) space, makes two queries to a classical
oracle depending on |τ ⟩, and outputs a mixed state that is exp(−Ω(n))-close in trace distance
to |τ ⟩⟨τ |.

7

Open Questions

We exhibited state synthesis algorithms for QMA witnesses and arbitrary states that only
require a single query to a classical oracle, that generate the target state up to inverse
polynomial error. We also presented a two-query state synthesis algorithm that generates the
target state up to inverse exponential error. As mentioned, this resolves Open Question 3.3.6
of Aaronson [1]. However, there are several remaining open questions regarding these
algorithms.
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1. The one- and two-query algorithms for arbitrary states use polynomial space, but they
aren’t time efficient (because their existence is argued by sampling a Haar-random
unitary and applying the probabilistic method). Can this probabilistic construction be
derandomized (and thus be made time efficient) by using (approximate) unitary designs?
2. Is there a one-query algorithm for state synthesis that also achieves inverse exponential
error?

7.1

The power of quantum queries to QMA oracles

Our impossibility result in Section 3 combined with our reduction of QMA-search to PPdecision problems leaves an interesting gap as to what exactly is the power of QMA oracle.
More specifically, are there interesting computational tasks solvable only with quantum
access to a QMA oracle? One question is to understand the collection of problems which
have search-to-decision reductions where the oracle is a QMA oracle. Is this class strictly
larger than QCMA, a class with known search-to-decision reductions (see Theorem 2.7 of the
full version [8])?

7.2

The Unitary Synthesis Problem

In Aaronson’s lecture notes [1] and his published list of open questions in quantum query
complexity [2], he identifies the unitary synthesis problem as one of the major unresolved
questions.
▶ Conjecture 10 ([2, Problem 6]). For every n-qubit unitary transformation U , does there
exists an oracle A : {0, 1}∗ → {0, 1} such that a BQPA machine can implement U ?
While, we do not know how to synthesize the unitary U , we do know how to synthesize the
Choi - Jamiolkowski state, [5, 9]
r
X
1
def
|x⟩L U |x⟩R ,
(18)
|gU ⟩LR =
n
2
n
x∈{0,1}

which can also be seen as applying the unitary IL ⊗ UR to the maximally entangled state.
This comes from the previously constructed state synthesis algorithms or the state synthesis
algorithm of Aaronson [1]. While the Choi - Jamiolkowski state contains all the information
about U , it is unclear how to use |gU ⟩ to apply the unitary U . One idea is to use the
gate-by-teleportation technique from measurement-based quantum computation to apply U .
In this procedure, one measures an n-qubit input state |ψ⟩ in register A and the half of |gU ⟩
in register L in the generalized Bell basis, i.e. the POVM with elements |gX a Z b ⟩⟨gX a Z b |AL
for a, b ∈ {0, 1}n . It is known that each outcome (a, b) is equally likely to occur and the
resulting state on the R register is U X a Z b |ψ⟩. Unfortunately, the Pauli twirl, X a Z b , has
been applied inside of the unitary U .
However, note that whenever the measurement outcome a = b = 0n occurs, the resulting
state is U |ψ⟩ as desired. Therefore, there is a post-selection algorithm which generates
the output U |ψ⟩ by post-selecting on the outcome a = b = 0n . The issue, of course, is
that post-selection is a non-unitary operation. However, we note that while post-selection
is non-unitary, the classes PostBQP and PostQMA have definitions as classical complexity
theory classes PP and PSPACE, respectively. We previously outlined search-to-decision
reductions for both of these classes through their equivalences with PGQMA and QMAexp ,
respectively. While not obvious to us at the moment, we suspect that there may be an insight
connecting these ideas together to generate a solution to the unitary state synthesis problem.
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7.3

Improving the construction of witnesses for QMAexp

We leave it as an open question as to whether the Swap Test Distillation algorithm can
be used to improve the overlap with a QMAexp witness produced by the protocol described
in Section 2.2 of the full version [8]. The challenge is establishing that the conditions for
the distillation algorithm are met when t-designs (such as Clifford unitaries) are used to
randomize the target state instead of Haar-random unitaries. We know that Clifford unitaries
will produce a state whose expected overlap with the target state is at least a constant.
Theorem 5.8 of the full version [8] shows that the Swap Test Distillation algorithm still
works under this relaxed condition (instead of requiring that every input state have constant
overlap with probability 1). The problem lies in the second condition: showing that with
high probability, for two independently generated output states, their components orthogonal
to the target state are close to orthogonal to each other. The proof in Lemma 7 showing that
this holds for the 1-query protocol that uses Haar-random unitaries relies on the following
fact: for any two orthogonal states |ψ1 ⟩ and |ψ2 ⟩, even when conditioning on the event that
U |ψ1 ⟩ = |ϕ⟩ for some specific |ϕ⟩, the state U |ψ2 ⟩ is still distributed in a manner that looks
close to random. We leave it as an open question whether a similar fact can be shown when
U is a t-design or whether there is a different way to establish the second requirement for
the Swap Test Distillation algorithm. A proof that t-designs satisfy the second requirement
for the distillation algorithm would also result in an improvement over the 1-query protocol
for synthesizing arbitrary states shown in Section 4, by reducing the time complexity of the
protocol from exponential to polynomial time.
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1

Introduction

In the clique problem (Clique), we are given an undirected graph G on n vertices and an
integer k, and the goal is to decide whether there is a subset of vertices S ⊆ V (G) of size k
such that every two distinct vertices in S share an edge in G. Often regarded as one of the
classical problems in computational complexity, Clique was first shown to be NP-complete in
the seminal work of Karp [38]. Thus, its optimization variant, namely the maximum clique,
where the goal is to find a clique of the largest possible size, is also NP-hard.
To circumvent this apparent intractability of the problem, the study of an approximate
version was initiated. The quality of an approximation algorithm is measured by the
approximation ratio, which is the ratio between the size of the maximum clique and the size
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licensed under Creative Commons License CC-BY 4.0
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of the solution output by the algorithm. It is trivial to obtain an n/c factor approximation
algorithm for any constant c ∈ N. The state-of-the-art approximation algorithm is due to
Feige [27] which yields an approximation ratio of O(n(log log n)2 / log3 n). On the opposite
side, Maximum Clique is arguably the first natural combinatorial optimization problem
studied in the context of hardness of approximation; in a seminal work of Feige, Goldwasser,
Lovász, Safra and Szegedy [28], a connection (hereafter referred to as the FGLSS reduction)
was made between interactive proofs and hardness of approximating Clique. The FGLSS
reduction, together with the PCP theorem [3, 2, 20] and gap amplification via randomized
graph products [8], immediately implies nε ratio inapproximability of Clique for some constant
ε > 0 under the assumption that NP̸⊆ BPP. Following [28], a long line of research on the
inapproximability of Clique [6, 29, 5, 7], culminated in the works of Håstad [36, 35], wherein
it was shown that Clique cannot be approximated to within a factor of n1−ε in polynomial
time unless NP⊆ZPP; this was later derandomized by Zuckerman [57]. Since then, better
3/4+ε
inapproximability ratios are known [26, 42, 43], with the best ratio being n/2(log n)
for
O(1)
every ε > 0 (assuming NP ⊈ BPTIME(2(log n)
)). Summarizing, our understanding of the
limits of efficient computation of approximating clique in the NP world is almost complete.
Besides approximation, another widely-used technique to cope with NP-hardness is
parameterization. The parameterized version of Clique, which we will refer to simply as
k-Clique, is exactly the same as the original decision version of the problem except that now
we are not looking for a polynomial time algorithm but rather a fixed parameter tractable
(FPT) algorithm – one that runs in time T (k) · poly(n) for some computable function T
k
(e.g., T (k) = 2k or even 22 ). Such running time will henceforth be referred to as FPT
time. It turns out that even with this relaxed requirement, k-Clique still remains intractable:
in the same work that introduced the W -hierarchy, Downey and Fellows [22] showed that
k-Clique is complete for the class W[1], which is generally believed to not be contained in
FPT, the class of fixed parameter tractable problems. Subsequently, stronger running time
lower bounds have been shown for k-Clique under stronger assumptions. Specifically, Chen
et al. [15] ruled out T (k) · no(k) -time algorithms for k-Clique assuming the Exponential Time
Hypothesis (ETH)1 . Note that the trivial algorithm that enumerates through every k-tuple
e k ) time. It is possible to speed
of vertices, and checks whether it forms a clique, runs in O(n
up this running time using fast matrix multiplication [52, 25].
Given the strong negative results for k-Clique discussed in the previous paragraph, it is
natural to ask whether one can come up with a fixed parameter approximation (FPTapproximation) algorithm for k-Clique. The notion of FPT-approximation algorithms
is motivated primarily through the consideration of inputs with small sized optimal
solutions. Case in point, the state-of-the-art polynomial time approximation ratio of
O(n(log log n)2 / log3 n) [27] would be meaningless if the size of the maximum clique (denoted
OPT) was itself O(n(log log n)2 / log3 n), as outputting a single vertex already guarantees an
OPT-approximation ratio. In this case, a bound such as o(OPT) would be more meaningful.
Unfortunately, no approximation ratio of the form o(OPT) is known even when FPT-time
is allowed. We refer the reader to the textbooks [23, 19] for an excellent introduction to
the area. On the other hand, inapproximability results in parameterized complexity aim to
typically rule out algorithms running in FPT time (under the W[1]̸=FPT hypothesis) for
various classes of computable functions F . This brings us to the main question addressed in
our work:

1

ETH [37] states that no subexponential time algorithm can solve 3-SAT.

Karthik C. S. and S. Khot

6:3

Is there an F (k)-FPT-approximation algorithm for k-Clique
for some computable function F which is o(k)?
This question, which dates back to late 1990s (see, e.g., remarks in [24]), has attracted
significant attention in literature and continues to be repeatedly raised in workshops and
surveys on parameterized complexity [16, 51, 18, 12, 55, 17, 40, 30]. This open problem is
even listed2 in the seminal textbook of Downey and Fellows [23].
Early attempts [34, 12] ruled out constant ratio FPT-approximation algorithms for
k-Clique, but under very strong assumptions such as the combination of ETH and the
existence of a linear-size PCP. However, a few years ago, the authors in [14] proved under the
Gap Exponential Time Hypothesis (Gap-ETH)3 , that no F (k)-approximation algorithm for
k-Clique exists for any computable function F . Such non-existence of FPT-approximation
algorithms is referred to in literature as the total FPT-inapproximability of k-Clique.
While the result in [14] seems to settle the parameterized complexity of approximating
k-Clique, there are a few disadvantages to their result. First, while Gap-ETH may be
plausible, it is a strong conjecture and in their reduction, the hypothesis does much of
the work in the proof. In particular, Gap-ETH itself already gives the gap in hardness of
approximation; once they have such a gap, it suffices to design gap preserving reductions to
prove other inapproximability results (although some care needs to be taken as they cannot
directly use Raz’s parallel repetition theorem [54] for gap amplification). This is analogous
to the NP-world, where once one inapproximability result can be shown, many others follow
via relatively simple gap-preserving reductions (see, e.g., [53]). However, creating a gap in
the first place requires the PCP Theorem [3, 2, 20], which involves several new technical
ideas such as local checkability and decodability of codes and proof composition. Hence, it
is desirable to bypass Gap-ETH and prove total FPT-inapproximability under a standard
assumption such as W[1]̸=FPT, that does not inherently have a gap.
The last seven years have witnessed many significant inapproximability results in parameterized complexity that are only based on the assumption W[1]̸=FPT. A key component in all
these works is a gap creating technique. Elaborating, we now have strong inapproximability
results under W[1]̸=FPT for Set Cover [17, 40, 46, 41], Set Intersection [45, 13], Steiner
Orientation problem [56], and problems in Coding theory and Lattice theory [9]. There have
been even more strong inapproximability results under Gap-ETH proved in these last few
years and we direct the reader to a recent survey [30] on the topic.
Returning to the discussion on the inapproximability of k-Clique, the difficulty in adopting
the techniques from the NP world into parameterized complexity were discussed in many
previous works, such as [16, 45, 17, 30], and it was also widely believed [16] that one needs
to prove a PCP theorem analogue for parameterized complexity4 in order to obtain any
non-trivial inapproximability result for k-clique under the W[1]̸=FPT assumption. Recently,
in a remarkable breakthrough, Lin [47] negated this belief, and designed a different approach
to prove constant ratio inapproximability for the k-Clique problem assuming W[1]̸=FPT.

2

3
4

In [23], the authors list proving hardness of approximation for dominating set as one of the six “most
infamous” open questions in the area of Parameterized Complexity. Immediately, they clairfy that,
“One can ask similarly about an FPT Approximation for Independent Set”. Note that inapproximability
results for independent set problem imply hardness of approximation of k-Clique and vice versa.
Gap-ETH [21, 50] is a strengthening of ETH, and states that no subexponential time algorithm can
distinguish satisfiable 3-CNF formulae from ones that are not even (1 − ε)-satisfiable for some ε > 0.
One such formulation is called the Parameterized Inapproximability Hypothesis (PIH) and was putforth
by [49]. See Section 5 for a small discussion on PIH.
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Lin’s proof framework is briefly described in Section 1.1, but even given the result of [47],
one remains very far from proving the total FPT-inapproximability of k-Clique. Thus, our
result stated below, is a significant improvement over Lin’s result.
▶ Theorem 1 (Almost Polynomial Factor Inapproximability of k-Clique). Let H : N → N be an
increasing5 computable function such that ∀k ∈ N, we have H(k) ⩽ k. Given as input an
integer k and a graph G on n vertices, it is W[1]-hard parameterized by k (under randomized
reductions), to distinguish between the following two cases:
Completeness: G has a clique of size k.
Soundness: G does not have a clique of size k/k1/H(k) .
For example, if we plug in H(k) = log log k in our theorem, we obtain k 1/ log log k =
ω(polylog k) ratio inapproximability of k-Clique. In fact, if we susbstitute H in the theorem
statement with a very slowly growing function, then we almost obtain polynomial ratio
inapproximability of k-Clique. We reiterate again that the only comparable result to the
above theorem, is by Lin [47], who ruled out constant ratio (i.e., H(k) = O(log k)) FPTapproximation algorithms.
Our result also rules out k 1/H(k) ratio FPT-approximation algorithms for the kIndependent Set problem by using the well-known connection to the k-Clique problem.
We remark here that independent of our work, in [48], the authors assuming ETH, rule
out FPT algorithms for approximating k-clique to the same hardness of approximation
factors as in Theorem 1. Note that W [1] ̸= FPT is a weaker assumption than ETH as the
latter is known to imply the former [15].

1.1

Proof Overview

In this subsection, we provide a proof overview of Theorem 1. In order to motivate our proof
framework and ideas, we first describe a wishful thinking reduction to gap k-Clique, and
then describe Lin’s framework, and finally provide the details of our techniques.

From PIH to gap k-Clique
Suppose, our starting point was a gap 2-CSP6 instance φ on k variables and alphabet [n], which
is either completely satisfiable (i.e., there exists an assignment that satisfies all the constraints)
or every assignment to the variables violates at least 1% of the constraints. Furthermore,
suppose that it was W[1]-hard, parameterized by k, to decide φ. This assumption is known
as PIH and it was believed [16] that we need to first prove PIH in order to prove the hardness
of gap k-Clique. Applying the well-known FGLSS reduction to φ, we obtain a graph in which
finding a clique which is larger than 99% of the maximum clique size is W[1]-hard. Of course,
the big problem with this reduction is that we do not know if PIH is true.

Lin’s Framework
In [47], the author circumvents proving PIH, and instead makes the following surprising
observation. Let φ be a 2-CSP instance where the variable set is thought of as {0, 1}k , and
the constraints are only between a pair of points that differ on one coordinate. We call a

5

A function H : N → N is said to be increasing if for all k ∈ N we have H(k + 1) ⩾ H(k), and
lim H(k) = ∞.

6

A t-CSP is a constraint satisfaction problem in which every constraint involves at most t variables.

k→∞
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constraint to be in direction i ∈ [k] if the constraint is between a pair of points that differ on
the ith coordinate. Suppose we can show that it is W[1]-hard parameterized by t := 2k , to
distinguish between the cases when either φ is satisfiable or when, for every assignment to
{0, 1}k , there exists i ∈ [k], such that 1% of the constraints in the ith direction are violated.
Note that in the soundness case, there is no guarantee that for every assignment, 1% of
the total constraints are violated, in fact, for every assignment we are only guaranteed that
Ω(1/k) fraction of the total constraints are violated. Nevertheless, by applying the FGLSS
reduction to φ, we obtain a gap t-Clique!
Therefore, informally speaking, a wishful version of Lin’s framework comprises of two
steps.
(i) Show W[1]-hardness of deciding 2-CSP on the Boolean hypercube host graph with the
aforementioned soundness property.
(ii) Apply FGLSS reduction to reduce the above 2-CSP to the gap t-Clique problem.
Lin starts from the k-Vector Sum problem, where given k collections of n Boolean vectors
each, the goal is to decide if there are k vectors, one in each collection, that sum to ⃗0. Starting
from the k-Vector Sum problem and by using the local testability and local decodability of
Hadamard codes over F2 , he shows the W[1]-hardness of deciding 3-CSP on some variant of
the Boolean hypercube host graph, with the aforementioned soundness property.
However, since we have a CSP of arity three, applying the FGLSS directly becomes tricky,
and he finds a critical modification to the FGLSS reduction, which allows him to reduce
to the gap t-Clique problem. We note that the gap created is between the existence of a
t-clique in the completeness case versus no 0.99t-clique in the soundness case. In order to
rule out FPT-approximation algorithms for all constant ratios, he applies the well-known
technique of graph product, by taking an O(1)-wise product of the hard k-Clique instance
and the size of the graph increases only to nO(1) .

Our Framework
We are now ready to describe our proof framework. At a high level, the gap created by Lin
mainly arrives from the distance of the Hadamard code. Since the gap generated by using
Hadamard codes over F2 is at most 1/2, in order to obtain larger gaps, we use Hadamard
codes over Fq , for some large q only depending on k. However, working with Hadamard
codes over Fq in the low acceptance regime, has its own challenges, such as:
First, in Lin’s case, local testability of Hadamard codes in the high acceptance regime is
just the standard BLR Linearity testing [11], which can be used off the shelf. However,
we need to test the Hadamard code in the low acceptance regime over Fq , and thus we
prove results on the list decodability of Hadamard codes over Fq . Such results appear
implicitly in literature, and we make them explicit through our Theorems 4 and 5.
Second, because we deal with list decoding instead of standard decoding, all the relationships in our proofs have some “noise” and therefore the arguments in our soundness
analysis of Theorem 1 are very intricate.
We have described above, the challenges that we had to address to prove Theorem 1 over
the result of [47]. Next, we sketch the outline of our proof.
Our starting point is the same as Lin, i.e., the k-Vector Sum problem, but over Fq . The
W[1]-hardness of the k-Vector Sum problem is known in literature [1], and in fact Lin provides
a short proof in his paper. Then we create a 3-CSP on the variable set Fkq and alphabet size
[n] with three types of constraints:
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(i) We have 3-arity constraints arising from the 3-query list decoding of Hadamard codes.
These constraints enforce that the assignments satisfying them can themselves be viewed
as a Hadamard codeword. In particular, for every k-tuple of vectors of the k-Vector
Sum instance, our assignment is supposed to be the Hadamard encoding of the sum of
the k-tuple of vectors.
(ii) We have 2-arity constraints arising from a pair of points on any axis parallel line in
Fkq . The constraints along the ith direction enforce that the ith vector in our k-tuple of
vectors indeed comes from the ith collection in the k-Vector Sum instance.
(iii) We have 2-arity constraints arising from a pair of points on specific lines through the
origin, which enforce that the sum of the k-tuple of vectors is ⃗0.
After constructing this CSP, we build an instance of the t-Clique problem, where t := q 2k ,
by building a graph on q 2k clouds of vertices, where each cloud is an independent set
containing one vertex for each triple (x, y, x + y) ∈ [n] × [n] × [n]. Each cloud represents
a pair of variables of our CSP, which are the queries to the linearity test. The satisfying
pairs of the alphabet set of the constraints in items (ii) and (iii) appear directly as edges in
the graph. Since every variable appear in multiple clouds of vertices, we only put an edge
between pairs of vertices that are “consisitent” on their assigment to a variable.
Unlike [47], we do not analyze the reduction from k-Vector Sum problem to the 3-CSP
and from the 3-CSP to the t-Clique problem, in two separate steps, but rather we analyze
the instance of the t-Clique directly with respect to the k-Vector Sum problem, and this
helps us keep the analysis clean and succinct. A more detailed overview of this reduction
and analysis is given in Section 4.2.

1.2

Organization of Paper

The paper is organized as follows. First, in Section 2 we define the k-Vector Sum problem
and state its known hardness result. Then, in Section 3 we prove linearity testing result in
the low soundness regime (a.k.a. list decoding of Hadamard code) over fields of large prime
order. Next, in Section 4 we prove our main result, i.e., Theorem 1. Finally, in Section 5 we
highlight a couple of important open problems.

2

Preliminaries

First, we define the notion of relative Hamming distance that is used throughout this paper.
Let q be a prime power and n ∈ N. For any two vectors x, y ∈ Fdq we define its relative
Hamming distance, denoted ∥x − y∥, as the fraction of coordinates in [d] in which x and y
differ, i.e.,
∥x − y∥ :=

|{i ∈ [d] : xi ̸= yi }|
.
d

Next, we define the k-Vector Sum problem and state its known W[1]-hardness result.
▶ Definition 2 (k-Vector Sum). Let q be a prime. Given k sets U1 , . . . , Uk of vectors in Fm
q ,
the goal of k-vector-sum problem is to decide whether there exist ⃗u1 ∈ U1 , . . . , ⃗uk ∈ Uk such
P
that i∈[k] ⃗ui = ⃗0.
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It is known that the above problem is W[1]-hard over finite fields [1]. We direct the reader
to [47] for a short proof7 .
▶ Theorem 3 ([1, 47]). For every prime q (independent of n), k-Vector-Sum over Fq and
m = Θ(k 2 log n) is W [1]-hard parameterized by k.

3

Low Soundness Linearity Testing over Large Characteristic Fields

In this section, we prove a linearity testing result which is a key technical component in
proving our inapproximability result.
Let q be a prime number and d, ℓ ∈ N. Given a function f : Fdq → Fℓq , consider the
⃗ ∈ Fd uniformly and independently at random. Accept if
⃗,β
following test T . Pick α
q
⃗ = f (⃗
⃗ and reject otherwise. Further, we define Sf,T ⊆ Fd × Fd as follows:
f (⃗
α) + f (β)
α + β)
q
q
⃗ ∈ Fd × Fd : f (⃗
⃗ = f (⃗
⃗
Sf,T := {(⃗
α, β)
α) + f (β)
α + β)}.
q
q
Furthermore, we define var(f, T ) ⊆ Fdq as follows:
⃗ ∈ Fd such that (⃗
⃗ ∈ Sf,T }.
var(f, T ) := {⃗
α ∈ Fdq : ∃β
α, β)
q
⃗ ∈ Fd we have c(⃗
⃗ = c(⃗
⃗
⃗,β
We say that a function c : Fdq → Fℓq is linear if for all α
α)+c(β)
α + β).
q
d
ℓ
d
⃗
Moreover, we say that a function f : Fq → Fq is scalar respecting if for all α ∈ Fq and all
⃗ ) = γ · f (⃗
γ ∈ Fq we have f (γ · α
α).
We prove below a couple of theorems in the flavor of the many list-decoding results known
in literature for Hadamard codes [31, 32, 33].
▶ Theorem 4 (Linearity Testing). Let q be a prime number and d ∈ N. Let f : Fdq → Fq
1
be a scalar respecting function. Let ε, δ > 0 be parameters such that ε ≫ δ ≫ q1/3
. If f
2
passes T with probability ε, then there exists an integer r = O(1/δ ) and linear functions
c1 , . . . , cr : Fdq → Fq , such that the following holds.
 
i
h
⃗ = cj (β)
⃗ ⩾1−O δ .
Pr
∃ unique j ∈ [r] such that f (⃗
α) = cj (⃗
α), f (β)
⃗
ε
(⃗
α,β)∼S
f,T
The proof of the above theorem follows by combining known ideas in literature, more
precisely, we combine the arguments made in [4] and [44] to obtain the theorem. We include
a proof of the above theorem in the full version [39], for the sake of completeness.
Next, we extend the above theorem to functions from Fdq to Fℓq for any ℓ ∈ N by using
the above theorem as a blackbox result. The proof is deferred to the full version [39].
▶ Theorem 5 (Piecing Together). Let q be a prime number and d, ℓ ∈ N. Let f : Fdq → Fℓq be
1
a scalar respecting function. Let ε, τ > 0 be parameters such that τ ⩾ ε ≫ q1/3
. If f passes
d
ℓ
T with probability ε, then there exists a linear function c : Fq → Fq , such that the following
holds.
Pr

⃗ ∼var(f,T )
α

7

[∥f (⃗
α) − c(⃗
α)∥ ⩽ τ ] ⩾

ε2
.
3

The proof in [47] is over F2 but it is easy to see that their reduction generalizes to fields of larger
characteristic. Also, they prove the hardness result for a version of k-Vector Sum where a target vector
is given as input, but that version reduces to the version given in this paper by simply including an
extra collection containing only the negative of the target vector.
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4

Almost Polynomial Factor FPT Inapproximability of k-Clique

In this section we prove Theorem 1. More precisely, we prove the following.
▶ Theorem 6. Let P be the set of all prime numbers. For every increasing computable
function F : N → N , there exists computable functions Λ : N → N and q̂ : N → P such that
the following holds. For every fixed parameter k ∈ N, there is a randomized reduction running
in Λ(k)O(1) · poly(n) time which given an instance (U1 , U2 , . . . , Uk ) of k-vector sum as input,
O(k2 log n)
where for all i ∈ [k] we have that Ui is a collection of n vectors in Fq̂(k)
, outputs a
graph G such that the following holds.
P
Completeness: If there exist ⃗u1 ∈ U1 , . . . , ⃗uk ∈ Uk such that i∈[k] ⃗ui = ⃗0, then, there is a
clique in G of size exactly Λ(k).
P
Soundness: If for all ⃗u1 ∈ U1 , . . . , ⃗uk ∈ Uk we have that i∈[k] ⃗ui ̸= ⃗0, then, there is no
1

clique in G of size Λ(k)1− F (Λ(k)) .
Size: The number of vertices in G is at most Λ(k) · poly(n).
The proof of Theorem 1 then follows by invoking the above theorem and noting the
W[1]-hardness of k-Vector Sum problem (Theorem 3).
The proof outline of Theorem 6 in the subsequent subsections is as follows. In Section 4.1
we introduce a few definitions and results which will be useful for the design and analysis of
our reduction. In Section 4.2, we outline a randomized reduction from the k-vector sum to
the Λ(k)-clique problem. In Section 4.3, we prove the completeness, soundness, and claims
on the reduction parameters.

4.1

Notations and Definitions

In this subsection we introduce a few definitions and prove some basic results which will
come in handy in the subsequent subsections.
For any finite field F we define the operator ⟨·⟩ : Fd × Fd → F (for every d ∈ N) as follows.
P
For all ⃗a := (a1 , . . . , ad ), ⃗b := (b1 , . . . , bd ) ∈ Fd we have ⟨⃗a, ⃗b⟩ = i∈[d] (ai · bi ), where the
sum is over F.
Next, we define an operator M which mimics matrix multiplication but by treating the
matrices as vectors. Formally, for any field F and t, d ∈ N, we define M : Fd × Ft·d → Ft
t·d
d
⃗
⃗
⃗
as follows. For all ⃗a ∈ Fd , ⃗b :=
 (b1 , . . . , bt ) ∈ F (where bi ∈ F for all i ∈ [t]) we have:
M(⃗a, ⃗b) := ⟨⃗a, ⃗b1 ⟩, . . . , ⟨⃗a, ⃗bt ⟩ .
We now define a linear transformation g that will be useful later on. Let k ∈ N and q ∈ P.
2
Let B ⊆ Fm
q , where m = Θ(k log n) and |B| = n. Let ℓ := 12 logq n. In the next subsection,
we will fix k, set q to be a prime depending on k, and use the notations m and ℓ as specified
here.
Select ℓ matrices A1 , A2 , . . . , Aℓ ∈ Fk×m
uniformly and independently at random. For
q
⃗b) := (A1⃗b, · · · , Aℓ⃗b) ∈ Fk·ℓ .
every ⃗b ∈ Fm
,
let
g(
q
q
er ⊆ Fm be the r-sumset of B, i.e.,
Let B
q


X

er :=
B
γi · ⃗bi γ1 , . . . , γr ∈ Fq , and ⃗b1 , . . . , ⃗br ∈ B .


i∈[r]

We next show that if q is large but only a function of k (independent of n), then with
ek under
very high probability, the relative Hamming weight of the images of all vectors in B
g is high.
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▶ Proposition 7. Suppose q > 212k but q = Ok (1). Then with probability at least 1 −
ek \ {⃗0}, we have that ∥g(⃗b)∥ ⩾ 2/3.
for every ⃗b ∈ B

Ok (1)
,
nk

ek \ {⃗0}. For
Proof. For every i ∈ [ℓ], let ⃗a1i , . . . , ⃗aki ∈ Fm
be the row vectors of Ai . Fix ⃗b ∈ B
hq
i
any fixed i ∈ [ℓ] and j ∈ [k], we have Pr ⟨⃗aji , ⃗b⟩ ̸= 0 = 1 − 1q , where the probability is over
the selection of the random matrix row ⃗aji .
Next, the probability that for a fixed ⃗b we have ∥g(⃗b)∥ < 2/3 is upper bounded by the
probability that there exists a subset
S ⊆ [ℓ]i × [k] of size ℓk/3 such that for every (i, j) ∈ S we
h
 −ℓk/3
ℓk
have ⟨⃗aji , ⃗b⟩ = 0. Therefore, Pr ∥g(⃗b)∥ < 32 ⩽ |S|
. By union bound, the probability
·q
ek \ {⃗0}, we have ∥g(⃗b)∥ ⩾ 2 is at least:
that for every ⃗b ∈ B
3


ℓk
ek | ·
1 − |B
· q −ℓk/3 .
(1)
ℓk/3

ek | ⩽ (qn)k = Ok (1) · nk , ℓk ⩽ 2ℓk = n12k/ log q < n, and q −ℓk/3 ⩽ n−4k . Thus
Note that |B
ℓk/3
we have expression in (1) is lower bounded by 1 −

Ok (1)
.
nk

◀

We saw above that any two vectors in B disagree on most coordinates under g. We see
below that this continues to hold even when projected to a fixed smaller subspace.
▶ Proposition 8. Suppose q > 212k but q = Ok (1). Then with probability at least 1 − Okn(1) ,
e2 , and linealy independent ⃗a1 , ⃗a2 ∈ Fkq , we have that
for every distinct ⃗b1 , ⃗b2 ∈ B




1
M ⃗a1 , g(⃗b1 ) − M ⃗a2 , g(⃗b2 ) ⩾ .
2
 T

k
⃗ ∈ Fm
a Ai = ρ
⃗T = q1m ,
Proof. For fixed non-zero ⃗a ∈ Fq , i ∈ [ℓ], and any ρ
q we have Pr ⃗
where the probability is over the selection of the random matrix Ai . Thus, for a fixed non-zero
⃗b ∈ Fm , and any fixed γ ∈ Fq we have
q
h
i 1
Pr ⟨⃗aT Ai , ⃗b⟩ = γ = .
(2)
q
⃗b1 , ⃗b2 ∈ B
e2 \ {⃗0}, and fixed linearly indeNext the probability that for fixed distinct



k
pendent ⃗a1 , ⃗a2 ∈ Fq we have M ⃗a1 , g(⃗b1 ) − M ⃗a2 , g(⃗b2 ) < 12 is upper bounded by the
probability that there exists a subset S ⊆ [ℓ] of size ℓ/2 such that for every i ∈ S we have
⟨⃗aT1 Ai , ⃗b1 ⟩ = ⟨⃗aT2 Ai , ⃗b2 ⟩. However, for a fixed i ∈ S, we have from (2) that
h
i
h
i
X
X 1
1
Pr ⟨⃗aT1 Ai , ⃗b1 ⟩ = ⟨⃗aT2 Ai , ⃗b2 ⟩ =
Pr ⟨⃗aT1 Ai , ⃗b1 ⟩ = ⟨⃗aT2 Ai , ⃗b2 ⟩ = γ =
= ,
2
q
q
γ∈Fq

γ∈Fq

where we used the linear independence of ⃗a1 and ⃗a2 in the penultimate equality. Therefore
we have,

  




1
ℓ
⃗
⃗
Pr M ⃗a1 , g(b1 ) − M ⃗a2 , g(b2 ) <
⩽
· q −ℓ/2 .
2
|S|
e
⃗
By union bound, the probability that for every distinct ⃗b1 , ⃗b2 ∈
 B2 \ {0}, and every
 linearly
 ink
dependent ⃗a1 , ⃗a2 ∈ Fq , we have that the probability that M ⃗a1 , g(⃗b1 ) − M ⃗a2 , g(⃗b2 ) ⩾
1
2

is at least:


ℓ
· q −ℓ/2 .
(3)
1−n ·q ·
ℓ/2

ℓ
Note that ℓ/2
⩽ 2ℓ = n12/ log q ⩽ n and q −ℓ/2 ⩽ 1/n6 . Thus, we have expression in (3) is
4

2k



lower bounded by 1 −

Ok (1)
n .
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Finally, we consider the case that either ⃗b1 or ⃗b2 is ⃗0. Then the proposition
amounts


e2 \ {⃗0}, and ⃗a ∈ Fkq \ {⃗0}, we have that M ⃗a, g(⃗b) ⩾ 1 .
to proving that for every ⃗b ∈ B
2


1
k
⃗
⃗
e
⃗
⃗
For fixed b ∈ B2 \ {0} and ⃗a ∈ Fq \ {0} we have the probability that M ⃗a, g(b) < 2 is
upper bounded by the probability that there exists a subset S ⊆ [ℓ] of size ℓ/2 such that
for every i ∈ S we have ⟨⃗aT Ai , ⃗b⟩ = 0. However,
for
from (2) that
h
 a fixed
 i ∈ iS, we have
 −ℓ/2
ℓ
1
⃗
this probability is 1/q. Therefore we have, Pr M ⃗a, g(b) < 2 ⩽ |S| · q
. By union
bound, and calculations similar to the one done previously, the proof is completed.
◀

4.2

Construction

In this subsection, we provide the reduction from the k-Vector Sum problem to the Λ(k)-Clique
problem.
Fix F : N → N as in the statement of Theorem 6. Without loss of generality, we assume
k
that F satisfies the following: for all k ∈ N, we have that F (k) ⩽ ⌊ log
15 ⌋. This is because,
suppose there is an FPT algorithm which can decide if a graph has a clique of size k or no
clique of size k 1−1/F (k) , then we can use the same algorithm to
has a clique
 decide if a graph

log k
1−1/F ′ (k)
′
of size k or no clique of size k
, where F (k) := min F (k), ⌊ 15 ⌋ .
We define the functions q̂ : N → P and Λ : N → N as follows. For every k ∈ N, we define
q̂(k) as the smallest prime number greater than8 212k . Note that,
% 
$

2
2k 2 (12k + 1)
log q̂(k)2k
2k2
⩽
< 2k 3 ,
(4)
F (q̂(k) ) ⩽
15
15
where we used that q̂(k) < 2 · 212k , which follows from Bertrand’s postulate. For every k ∈ N,
2
we define Λ(k) := (q̂(k))2k .
Fix k ∈ N and let q := q̂(k). Starting from an instance (U1 , . . . , Uk ) of k-Vector Sum
over Fq (where the vectors are m-dimensional for m = Θ(k 2 log n)) we construct a graph
G(V, E) as follows. For all i ∈ [k], let |Ui | = n/k. Let U := U1 ∪ · · · ∪ Uk . Recall that
ℓ = 12 logq n. We next put together Propositions 7 and 8 as follows. We sample9 ℓ matrices
A1 , A2 , . . . , Aℓ ∈ Fk×m
uniformly and independently at random and with probability at least
q
P
1 − o(1) we have (i) ∀ γ1 , . . . , γk ∈ Fq , ∀ (⃗u1 , . . . , ⃗uk ) ∈ U1 × · · · × Uk , if
γi · ⃗ui ̸= ⃗0 then:
i∈[k]


g


X

i∈[k]

γi · ⃗ui  ⩾

2
,
3

(5)

and (ii) ∀ i ∈ [k] and for every three vectors ⃗u1 , ⃗u2 , ⃗u3 ∈ Ui such that ⃗u3 − ⃗u1 =
̸ ⃗u2 − ⃗u3 , and
every linearly independent α
⃗ , β⃗ ∈ Fkq we have:


⃗ g(⃗u2 − ⃗u3 ) ⩾ 1 .
M (⃗
α, g(⃗u3 − ⃗u1 )) − M β,
2

(6)

Now we are ready to construct G. First we define the vertex set V of G:
n
o
⃗ ⃗x, ⃗y ) ∈ Fk2 × Fk2 × Fℓ × Fℓ if α
⃗ then ⃗x = ⃗y .
⃗ =β
V := (⃗
α, β,
q
q
q
q

8
9

This lower bound on the choice of q̂(k) is needed as we would like to use Propositions 7 and 8 later in
the section.
The usage of these sampled matrices makes our reduction randomized.
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Next, instead of defining the edge set E, we will define the graph through it’s non-edges.
But to do so in a clean way, we need a few additional notations and definitions.
⃗ ⃗x, ⃗y ) ∈ V as a function from {⃗
⃗ α
⃗ to Fℓ where we
⃗ + β}
We view every v := (⃗
α, β,
α, β,
q
⃗ = ⃗y , and v(⃗
⃗ = ⃗x + ⃗y .
define v(⃗
α) = ⃗x, v(β)
α + β)
⃗ α
⃗ ⃗x, ⃗y ) ∈ V , we define var(v) := {⃗
⃗ Further, for any set
⃗ + β}.
For a vertex v = (⃗
α, β,
α, β,
T ⊆ V , we abuse notation and define var(T ) to be ∪ var(v).
v∈T

⃗ ⃗x, ⃗y ) and v ′ := (α
⃗ ′ , β⃗′ , x⃗′ , y⃗′ ) ∈ V we do not have an edge
Finally, for every v := (⃗
α, β,
between them if and only if at least one of the following conditions hold.
⃗ = β⃗′ .
⃗ ′ and β
⃗ =α
Type 1: α
⃗ ∈ var(v) ∩ var(v ′ ) such that v(⃗
Type 2: There exists ρ
ρ) ̸= v ′ (⃗
ρ).
′
⃗ =γ·α
⃗ and ⃗x ̸= γ · ⃗x′ .
Type 3: There exists some γ ∈ Fq such that α
k
Type 4: There exists some i ∈ [k] and α
⃗ ∈ Fq , such that
⃗′ = α
⃗ −α
⃗ , ⃗0, . . . , ⃗0),
α
⃗ · e⃗i = ( ⃗0, . . . , ⃗0 , α
| {z }
i−1
coordinates

and for all ⃗u ∈ Ui we have M(⃗
α, g(⃗u)) ̸= ⃗x − x⃗′ . We emphasize here that we think of
each coordinate as a vector in Fkq .
⃗ ′ = (⃗
⃗ −α
Type 5: There exists some α
⃗ ∈ Fkq , such that α
α, . . . , α
⃗ ) and ⃗x ̸= x⃗′ .
The intuition behind specifying these non-edges is as follows. For every k-tuple of vectors
⃗ := (⃗u1 , . . . , ⃗uk ) ∈ U1 × · · · × Uk we associate a unique subset of vertices Tu
u
⃗ as follows:





X
X
2
⃗ = (β
⃗1 , . . . , β
⃗k ),
⃗i , g(⃗
⃗ ∈ Fkq
α
⃗,β
⃗ = (⃗
Tu
α1 , . . . , α
⃗ k ), β
M(⃗
αi , g(⃗
ui )),
M(β
ui )) α
.
⃗ :=


i∈[k]

i∈[k]

The claim then is that if ⃗u1 + · · · + ⃗uk = ⃗0 then Tu
⃗ is a clique. On the other hand if
1/k
⃗u1 + · · · + ⃗uk ̸= ⃗0 then the Type 5 non-edges ensure that there is no |Tu
sized10 clique
⃗ |/q
in the graph induced by Tu
⃗.
2
On the other hand if we pick any subset T ′ ⊆ V of size q 2k in G then one of the first four
types of non-edges ensures that there is no |T ′ |/q 1/k sized clique in the graph induced by T ′ .
In other words, the first four types of non-edges incentivize to pick subset of vertices which
⃗ ∈ U1 ×· · ·×Uk . Type 1 non-edges incentivize to include only one
corresponds to Tu
⃗ for some u
′
⃗ ⃗x, ⃗y ) for every α
⃗ ∈ Fk2 . Type 2 non-edges incentivize only to
⃗,β
vertex in T of the form (⃗
α, β,
q
pick those vertices which are “consistent”, i.e., we can extract an assignment σ : var(T ′ ) → Fℓq
in a consistent manner. Type 3 non-edges are introduced for technical reasons, as we would
like to invoke Theorem 5 in our analysis, i.e., to say that if T ′ contains a large clique, then it
must have some “linear structure”. Equipped with having an assignment σ and some linear
structure, the dearth of Type 4 non-edges enables us to decode a vector ⃗u∗i ∈ Ui such that
⃗ ∗ := (⃗u∗1 , . . . , ⃗u∗k ) ∈ U1 × · · · × Uk .
T ′ has a large intersection with Tu
⃗ ∗ where u
2
In summary, Types 1-4 non-edges ensure that any subset T ⊆ V of size q 2k in G which
⃗ ∈ U1 × · · · × Uk . Then
contains a large clique must overlap significantly with Tu
⃗ for some u
the lack of Type 5 non-edges ensure that if T has a large clique then the k-tuple of vectors
⃗ must sum to ⃗0.
represented by u

10

δ
In fact, we could claim that if ⃗
u1 + · · · + ⃗
uk =
̸ ⃗0 then there is no |Tu
⃗ |/q sized clique, for some tiny
δ > 0.
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4.3

Analysis

In this section, we analyze the parameters of the reduction, and prove the completeness and
soundness claims of the theorem statement.

Parameters of the reduction
2

2ℓ
24
The new graph has at most |F2k
many vertices. The time needed to
q | · |Fq | = Λ(k) · n
25
construct this graph is Λ(k) · n .

Completeness
Suppose there exist ⃗u1 ∈ U1 , . . . , ⃗uk ∈ Uk such that

P

ui
i∈[k] ⃗

= ⃗0. Then, we can find a clique

2

of size |Fq |2k in G as follows. Consider T ⊆ V defined as below:





X
X
T := α⃗1 , . . . , α⃗k , β⃗1 , . . . , β⃗k ,
M(α⃗i , g(u⃗i )),
M(β⃗i , g(u⃗i )) α⃗i , β⃗i ∈ Fkq , i ∈ [k] .


i∈[k]

i∈[k]

2

We claim that every pair of distinct vertices in T have an edge in G and since |T | = q 2k ,
the completeness case follows.
First note that if we fix any α⃗1 , . . . , α⃗k , β⃗1 , . . . , β⃗k ∈ Fkq then there are unique vectors


⃗x, ⃗y ∈ Fℓq such that α⃗1 , . . . , α⃗k , β⃗1 , . . . , β⃗k , ⃗x, ⃗y is in T . Thus, there are no Type 1 non-edges
in subgraph induced by T .
⃗ := (ρ⃗1 , . . . , ρ⃗k ) ∈ var(v) ∩
Next, for every two distinct vertices v, v ′ ∈ T , and for every ρ
P
var(v ′ ), we have v(⃗
ρ) = v ′ (⃗
ρ) = i∈[k] M(⃗
ρi , g(u⃗i )), and thus there are no Type 2 non-edges
in subgraph induced by T .
Then, we note that there are no Type 3 non-edges in the subgraph induced by T because
⃗ ⃗x, ⃗y ) ∈ T and every γ ∈ Fq , if v ′ := (γ · α
⃗ ′ , ⃗x′ , ⃗y ′ ) ∈ T , then we have:
⃗,β
for every v := (⃗
α, β,
X
X
γ · ⃗x = γ ·
M(α⃗i , g(u⃗i )) =
M(γ · α⃗i , g(u⃗i ) = ⃗x′ .
i∈[k]

i∈[k]

In order to next show that there are no Type 4 non-edges in subgraph induced by
⃗ ⃗x, ⃗y ) ∈ T , i ∈ [k], and α
T , we first fix v := (⃗
α, β,
⃗ ∈ Fkq . Suppose there exists v ′ :=
(⃗
α−α
⃗ · e⃗i , β⃗′ , x⃗′ , y⃗′ ) ∈ T . Then we have


⃗x − x⃗′ =

X
j∈[k]

X

M(α⃗j , g(u⃗j )) − 
M(α⃗j , g(u⃗j ))
⃗ , g(⃗ui ))

 − M(α⃗i − α
j∈[k]
j̸=i

= M(α⃗i , g(⃗ui )) − M(α⃗i − α
⃗ , g(⃗ui )) = M(⃗
α, g(⃗ui )).
Thus, (v, v ′ ) is an edge in the subgraph induced by T .
Finally, we show that there are no Type 5 non-edges in subgraph induced by T . Let
⃗ ⃗x, ⃗y ) ∈ T and α
v := (⃗
α, β,
⃗ ∈ Fkq . Suppose there exists v ′ := (⃗
α − (⃗
α, . . . , α
⃗ ), β⃗′ , x⃗′ , y⃗′ ) ∈ T .
Then we have
X
X
⃗x − x⃗′ =
M(α⃗i , g(u⃗i )) −
M(α⃗i − α
⃗ , g(u⃗i ))
i∈[k]

i∈[k]


=

X
i∈[k]



M(⃗
α, g(u⃗i )) = M α
⃗, g 


X

i∈[k]

u⃗i  = M(⃗
α, g(⃗0)) = ⃗0.
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Thus, (v, v ′ ) is an edge in the subgraph induced by T .

Soundness
Let T be the set of vertices of the largest clique in G (breaking ties arbitrarily). Let10
2
ε := 1/q 1/k . Suppose |T | ⩾ ε · q 2k , then we shall show that for every i ∈ [k] there exists
u∗i ∈ Ui such that u∗1 + · · · + u∗k = ⃗0. Note that the assertion in the theorem statement is
satisfied as follows:
2 
2
3
2k2 · 1−1/F q 2k
|T | ⩾ q 2k ·(1−1/(2k )) ⩾ q
= Λ(k)1−1/(F (Λ(k))) ,
where the penultimate inequality follows from (4).
2
The proof strategy is as follows. First, using T , we construct a function Γ from Fkq to Fℓq
which we show passes the linearity test with probability at least ε (Claim 9). Then, we invoke
Theorem 5 to say that there exists a collection of few linear functions on k variables over Fkq
⃗ ∈ F k 2 × Fk 2
with coefficients from Fk×ℓ
with the following property: for many queries (⃗
α, β)
q
q
q
on which Γ passes the linearity test, we have a fixed linear function in our collection whose
⃗ agrees with Γ(⃗
evaluation on α
α).
Then for every i ∈ [k] and α
⃗ ∈ Fkq , we will identify ⃗uα⃗ ∈ Ui such that M(⃗
α, g(⃗uα⃗ )) is
⃗i · α
⃗ (Claim 10). Next, we show that for
roughly equal to evaluating the linear function at e
every i ∈ [k], there is a single ⃗ui ∈ Ui such that for all α
⃗ ∈ Fkq we have that M(⃗
α, g(⃗ui )) is
⃗i · α
roughly equal to evaluating the linear function at e
⃗ (Claim 11). Finally, the proof follows
by observing that there are no Type 5 non-edges in T , and thus these identified ⃗ui s must
sum to ⃗0.
⃗ ∈ var(T ), if
We now begin the formal soundness case analysis. We claim that for every α
⃗ ∈ var(v) ∩ var(v ′ ) then, v(⃗
there exist distinct v, v ′ ∈ T such that α
α) = v ′ (⃗
α). Otherwise,
(v, v ′ ) would be a non-edge of Type 2 which is not possible as the vertices in T form a clique.
2
We construct a function Γ : Fkq → Fℓq in two phases. In the first phase, we define Γ only for
⃗ ∈ var(T ), we set Γ(⃗
⃗ ∈ var(v).
vectors in var(T ). For every α
α) = v(⃗
α) if v ∈ T is such that α
2
In the second phase, we iteratively go over all the vectors in Fkq \ var(T ) in some canonical
⃗ j be the vector considered. If there exists γ ∈ Fq and
order. In the j th iteration, let α
′
′
⃗ ∈ var(T ) such that α
⃗j = γ ·α
⃗ then we define Γ(⃗
α
αj ) = γ · Γ(⃗
α′ ); otherwise if there exists
′
⃗j = γ ·α
⃗ j ′ for some γ ∈ Fq then we define Γ(⃗
j < j such that α
αj ) = γ · Γ(⃗
αj ′ ); otherwise,
we set Γ(⃗
αj ) to a uniformly random vector in Fℓq .
Notice that by our construction and that there are no Type 3 non-edges in T , we have
2
⃗ ∈ Fkq and for all γ ∈ Fq we have Γ(γ · α
⃗ ) = γ · Γ(⃗
α), i.e., Γ is scalar respecting.
that for all α
Next, we have the following claim on Γ passing the linearity test.
▷ Claim 9. Γ passes the linearity test with probability at least ε.
2

2

To see the claim, first consider the set S ⊆ Fkq × Fkq defined as follows.
S :=

[

⃗
{(⃗
α, β)}.

⃗ x,⃗
(⃗
α,β,⃗
y )∈T

Notice that the probability of Γ passing the linearity test is lower bounded by:
h
i
|S|
⃗ = Γ(⃗
⃗ .
·
Pr
Γ(⃗
α
)
+
Γ(
β)
α
+
β)
2
⃗
|F|2k (⃗α,β)∼S
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⃗ ∈ S, we have that (⃗
⃗ Γ(⃗
⃗ is in T by construction of
However, for any (⃗
α, β)
α, β,
α),iΓ(β))
h
⃗ = Γ(⃗
⃗ = 1 and Γ passes the linearity
set S. Thus, we have Pr(⃗α,β)∼S
Γ(⃗
α) + Γ(β)
α + β)
⃗
2

test with probability at least |S|/|Fq |2k . Since |S| = |T |, we have that the proof of Claim 9
is completed.
1
Next invoking Theorem 5 with τ = 8k
(since Γ is scalar respecting and τ ⩾ ε), we have
2
k
that there exist a linear function c : Fq → Fℓq , such that the following holds.
Pr

⃗ ∼var(T )
α

[∥Γ(⃗
α) − c(⃗
α)∥ ⩽ τ ] ⩾

ε2
.
3

Let R∗ ⊆ var(T ) be the largest sized subset such that the following holds:
Pr [∥Γ(⃗
α) − c(⃗
α)∥ ⩽ τ ] = 1.

(7)

⃗ ∼R∗
α

2

2

3

2

We note that |R∗ | ⩾ ε3 ·|var(T )|, and since |var(T )| ⩾ ε·|Fkq |, we have that |R∗ | ⩾ ε3 ·q k .
Next, we think of c as a linear function on k variables over Fkq with coefficients in Fk×ℓ
:
q
P
⃗ i ), for some Θ
⃗ 1, . . . , Θ
⃗ k ∈ Fk×ℓ .
c(⃗
α1 , . . . , α
⃗ k ) = i∈[k] M(⃗
αi , Θ
⃗i −
⃗ ∈ Fkq , there exists ⃗u∗i ∈ Ui such that ∥M(⃗
α, Θ
▷ Claim 10. For every i ∈ [k] and α
∗
g(⃗ui ))∥ ⩽ 2τ .
If α
⃗ = ⃗0, the claim trivially holds. Therefore we assume that α
⃗ ∈ Fkq \ {⃗0}. For every
k
i ∈ [k] and every α
⃗ ∈ Fq , we show that there is a line in the direction of α
⃗ · e⃗i which contains
′ ⃗′
′ ′
′
∗
⃗
⃗,α
⃗ ∈ R . Then, by noting that these
α, β, ⃗x, ⃗y ) and (⃗
α , β , ⃗x , ⃗y ) such that α
two vertices (⃗
two vertices don’t have a Type 4 non-edge between them, we identify ⃗u∗i ∈ Ui . The formal
argument follows.
We say a line is linear if it passes through the origin and affine otherwise. Note that
every linear line can be identified through one of the non-zero points on it. Also note that
2
2
for every linear line in Fkq , the line and all its affine shifts always cover the entire space Fkq .
2
Since |R∗ |/q k > ε3 /3 > 1/q, we have that by an averaging argument, for every linear line,
either that line or one of it’s affine shifts contains at least two points in R∗ . We use this
argument below and in the proof of Claim 12.
2
⃗i.
Fix i ∈ [k] and α
⃗ ∈ Fkq \ {⃗0}. Let Li be a linear line in Fkq containing the point α
⃗ ·e
2
⃗,α
⃗ +e
⃗ i · (γ · α
⃗ ∈ Fkq and γ ∈ Fq \ {0}.
Then there exists two points α
⃗ ) ∈ R∗ , for some α
From (7) we have
⃗ i · (γ · α
⃗ i · (γ · α
∥Γ(⃗
α) − c(⃗
α)∥ ⩽ τ and ∥Γ(⃗
α+e
⃗ )) − c(⃗
α+e
⃗ ))∥ ⩽ τ.

(8)

⃗ Γ(⃗
⃗ and v ′ := (⃗
⃗ ′ , Γ(⃗
⃗ ′ )) be the
⃗ i · (γ · α
⃗ i · (γ · α
Let v := (⃗
α, β,
α), Γ(β))
α+e
⃗ ), β
α+e
⃗ )), Γ(β
′
k2
⃗
⃗
two vertices in T for some β, β ∈ Fq . Since there is no Type 4 non-edge between them,
there exists u∗i ∈ Ui such that
⃗ i · (γ · α
Γ(⃗
α+e
⃗ )) − Γ(⃗
α) = M(γ · α
⃗ , g(⃗u∗i )).

(9)

On a different note, we have
⃗ i ).
⃗ i · (γ · α
c(⃗
α+e
⃗ )) = c(⃗
α) + γ · c(⃗
ei · α
⃗ ) = c(⃗
α) + M(γ · α
⃗, Θ

(10)

Plugging in the simplification in (9) and (10) into (8), we have
⃗ i · (γ · α
⃗ i · (γ · α
2τ ⩾ ∥Γ(⃗
α) − c(⃗
α)∥ + ∥Γ(⃗
α+e
⃗ )) − c(⃗
α+e
⃗ ))∥
⃗ i · (γ · α
⃗ i · (γ · α
⩾ ∥Γ(⃗
α) − c(⃗
α) − Γ(⃗
α+e
⃗ )) + c(⃗
α+e
⃗ ))∥
⃗ i ) − M(γ · α
⃗ i − g(u⃗∗ ))∥ = ∥M(⃗
⃗ i − g(u⃗∗ ))∥,
= ∥M(γ · α
⃗, Θ
⃗ , g(u⃗∗i ))∥ = ∥M(γ · α
⃗, Θ
α, Θ
i
i

where the last equality follows from noting that for any vector ⃗a and non-zero scalar ζ, we
have ∥ζ · ⃗a∥ = ∥⃗a∥.
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⃗ ∈ Fkq we have
▷ Claim 11. For every i ∈ [k], there exists ⃗u∗i ∈ Ui such that for every α
⃗ i − g(u⃗∗ ))∥ ⩽ 2τ.
∥M(⃗
α, Θ
i
We prove the claim for non-zero α
⃗ as the claim is trivial for the case α
⃗ = ⃗0.
k
⃗i−
⃗
For every α
⃗ ∈ Fq \ {0}, let ⃗uα⃗ ∈ Ui be the vector guaranteed in Claim 10, i.e., ∥M(⃗
α, Θ
g(⃗uα⃗ ))∥ ⩽ 2τ .
Now consider any linearly independent α
⃗ , β⃗ ∈ Fkq . We then have:
⃗ Θ
⃗ Θ
⃗ i − g(⃗u ⃗ ))∥ ⩽ 2τ.
⃗ i − g(⃗uα⃗ ))∥ ⩽ 2τ, ∥M(β,
⃗ i − g(⃗u ⃗ ))∥ ⩽ 2τ, and ∥M(⃗
∥M(⃗
α, Θ
α + β,
β
α
⃗ +β
Putting these three inequalities together:
⃗ Θ
⃗ Θ
⃗ i − g(⃗uα⃗ ))∥ + ∥M(β,
⃗ i − g(⃗u ⃗ ))∥ + ∥M(⃗
⃗ i − g(⃗u ⃗ ))∥
6τ ⩾ ∥M(⃗
α, Θ
α + β,
β
α
⃗ +β
⃗ Θ
⃗ Θ
⃗ i − g(⃗uα⃗ )) + M(β,
⃗ i − g(⃗u ⃗ )) − M(⃗
⃗ i − g(⃗u ⃗ ))∥
⩾ ∥M(⃗
α, Θ
α + β,
β
α
⃗ +β
⃗ g(⃗u ⃗ )) − M(⃗
⃗ g(⃗u ⃗ ))∥
= ∥M(⃗
α, g(⃗uα⃗ )) + M(β,
α + β,
β
α
⃗ +β
⃗ g(⃗u ⃗ ) − g(⃗u ⃗ ))∥
= ∥M(⃗
α, g(⃗uα⃗ ) − g(⃗uα⃗ +β⃗ )) + M(β,
β
α
⃗ +β
⃗ g(w
= ∥M(⃗
α, g(w))
⃗ − M(β,
⃗ ′ ))∥,
where w
⃗ := ⃗uα⃗ − ⃗uα⃗ +β⃗ and w
⃗ ′ := ⃗uα⃗ +β⃗ − ⃗uβ⃗ .
⃗ g(w
If w
⃗ ̸= w
⃗ ′ then we arrive at a contradiction to (6) (since ∥M(⃗
α, g(w))−M(
⃗
β,
⃗ ′ ))∥ ⩽ 6τ
and τ = o(1)).
Thus w
⃗ =w
⃗ ′ which implies ⃗uα⃗ + ⃗uβ⃗ = 2⃗uα⃗ +β⃗ . Since the choice of α
⃗ and β⃗ were arbitrary
linearly independent vectors, we also have:
⃗uα⃗ +β⃗ + ⃗uβ⃗ = 2⃗uα⃗ +2β⃗ , ⃗uα⃗ + ⃗uα⃗ +β⃗

= 2⃗u2⃗α+β⃗ , ⃗u2⃗α+β⃗ + ⃗uβ⃗ = 2⃗u2α+2
uα⃗ + ⃗uα⃗ +2β⃗ .
⃗ =⃗
⃗
β

We put these relationships together to obtain the following:

 

⃗uα⃗ = ⃗uα⃗ + 4⃗u2α+2
−
4⃗
u
=
⃗
u
+
2⃗
u
+
2⃗
u
−
2⃗
u
+
2⃗
u
⃗
⃗
α
⃗
⃗
⃗
α
⃗
⃗
⃗
β
2⃗
α+2β
2⃗
α+β
β
α
⃗ +2β




= 2⃗u2⃗α+β⃗ + 2⃗uβ⃗ − 2⃗uα⃗ +2β⃗ − ⃗uα⃗ = ⃗uα⃗ + ⃗uα⃗ +β⃗ + 2⃗uβ⃗ − ⃗uα⃗ +β⃗ + ⃗uβ⃗ − ⃗uα⃗ = ⃗uβ⃗ .
So we are only left to handle the cases when α
⃗ and β⃗ are linearly dependent, i.e., for some
⃗
γ ∈ Fq \ {0} we have α
⃗ = γ · β. In this case let β⃗ ′ ∈ Fkq such that it is linearly independent
to β⃗ (and thus linearly independent to α
⃗ as well). From the above argument we have that
⃗uα⃗ = ⃗uβ⃗′ = ⃗uβ⃗ .
▷ Claim 12. We have ⃗u∗1 + · · · + ⃗u∗k = ⃗0, where for all i ∈ [k], ⃗u∗i is the vector identified in
Claim 11.
The proof idea of this claim is as follows. For every i ∈ [k] and every α
⃗ ∈ Fkq , we show
⃗ ⃗x, ⃗y ) and
that there is a line in the direction of (⃗
α, . . . , α
⃗ ) which contains two vertices (⃗
α, β,
⃗ ′ , ⃗x′ , ⃗y ′ ) such that α
⃗,α
⃗ ′ ∈ R∗ . Then, by noting that these two vertices don’t have a
(⃗
α′ , β
Type 5 non-edge between them, we obtain that the linear function c evaluated !
at (⃗
α, . . . , α
⃗)
P
is almost ⃗0. On the other hand, from Claim 11, we have that M α
⃗,
g(⃗u∗i ) is close to
i∈[k]
!
P
c(⃗
α, . . . , α
⃗ ). Thus, we obtain that M α
⃗,
g(⃗u∗i ) has small relative Hamming weight for
i∈[k]
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P ∗
⃗ui =
̸ ⃗0 then there exists α
all α
⃗ ∈ Fkq . However, from (5) we know that if
⃗ ∈ Fkq such that
i∈[k]
!
P
∗
M α
⃗,
g(⃗ui ) has large relative Hamming weight, and thus, we arrive at a contradiction.
i∈[k]

The formal argument follows.
2
Fix some non-zero α
⃗ ∈ Fkq . Let L0 be a linear line in Fkq containing the point (⃗
α, . . . , α
⃗ ).
2
2
⃗,α
⃗ + (γ · α
⃗ ∈ Fkq
Since |R∗ |/q k > 1/q, there exists two points α
⃗, . . . , γ · α
⃗ ) ∈ R∗ , for some α
and γ ∈ Fq \ {0}. From (7) we have
∥Γ(⃗
α) − c(⃗
α)∥ ⩽ τ and ∥Γ(⃗
α + (γ · α
⃗, . . . , γ · α
⃗ )) − c(⃗
α + (γ · α
⃗, . . . , γ · α
⃗ ))∥ ⩽ τ.

(11)

⃗ and v ′ := (⃗
⃗ ′ , Γ(⃗
⃗ ′ ))
⃗ Γ(⃗
Let v := (⃗
α ·γ, . . . , α
⃗ ·γ), β
α ·γ, . . . , α
⃗ ·γ)), Γ(β
α, β,
α), Γ(β))
α +(⃗
α +(⃗
′
k2
⃗
⃗
be the two vertices in T for some β, β ∈ Fq . Since there is no Type 5 non-edge between
them, we have
Γ(⃗
α) = Γ(⃗
α + (γ · α
⃗, . . . , γ · α
⃗ )).

(12)

On a different note, we have




c(⃗
α + (γ · α
⃗, . . . , γ · α
⃗ )) = c(⃗
α) + γ · c(⃗
α, . . . , α
⃗ ) = c(⃗
α) + M γ · α
⃗,

X

⃗ i .
Θ

(13)

i∈[k]

Plugging in the simplification in (12) and (13) into (11), we have
2τ ⩾ ∥Γ(⃗
α) − c(⃗
α)∥ + ∥Γ(⃗
α + (γ · α
⃗, . . . , γ · α
⃗ )) − c(⃗
α + (⃗
α · γ, . . . , α
⃗ · γ))∥
⩾ ∥Γ(⃗
α) − c(⃗
α) − Γ(⃗
α + (γ · α
⃗, . . . , γ · α
⃗ )) + c(⃗
α + (⃗
α · γ, . . . , α
⃗ · γ))∥




X
X
⃗ i  = M α
⃗ i ,
= M γ · α
⃗,
Θ
⃗,
Θ
i∈[k]

(14)

i∈[k]

where the last equality follows from noting that for any vector ⃗a and non-zero scalar ζ, we
have ∥ζ · ⃗a∥ = ∥⃗a∥.
P
Next, to see the claim, we first define ⃗z∗ ∈ Fm
z ∗ := i∈[k] ⃗u∗i .
q as follows: ⃗
⃗i −
From Claim 11, we have that for every i ∈ [k] and for all α
⃗ ∈ Fk we have ∥M(⃗
α, Θ
q

g(⃗u∗i ))∥ ⩽ 2τ . Fix some α
⃗ ∈ Fkq \ {0}. Then,

2τ k ⩾

X

⃗ i − g(u⃗∗ )) ⩾
M(⃗
α, Θ
i

i∈[k]

X

⃗ i − g(u⃗∗ )) = M α
M(⃗
α, Θ
⃗,
i

i∈[k]


X

⃗ i − g(u⃗∗ )  .
Θ
i



i∈[k]

Plugging in (14), we have





X
X
1
⩾ 2τ (k + 1) ⩾ M α
⃗,
g(u⃗∗i ) = M α
⃗, g 
u⃗∗i  = ∥M (⃗
α, g (⃗z∗ ))∥ .
2
i∈[k]

i∈[k]

Therefore, we have that for all α
⃗ ∈ Fkq
∥M (⃗
α, g (⃗z∗ )) ∥ ⩽ 1/2.

(15)
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From (5) we have that if ⃗z∗ ̸= ⃗0 then ∥g(⃗z∗ )∥ ⩾ 2/3. We think of g(⃗z∗ ) as (⃗b1 , . . . , ⃗bℓ ),
where ⃗bi ∈ Fkq , for all i ∈ [ℓ]. Since ∥g(⃗z∗ )∥ ⩾ 2/3, we have that Pr [⃗bi = ⃗0] ⩽ 1/3. For every
i∼[ℓ]

i ∈ [ℓ] and a uniformly random α
⃗ ∈ Fkq we have that
(
Pr [⟨⃗
α, ⃗bi ⟩ = 0] =

α
⃗ ∼Fk
q

Thus, we have

1
q

if ⃗bi ̸= 0

0

otherwise

E [∥M(⃗
α, g(⃗z∗ ))∥] ⩾

α
⃗ ∼Fk
q
∗

.
q−1
q

·

2
3

> 12 . This implies there exists α
⃗ ∈ Fkq such

that ∥M(⃗
α, g (⃗z ))∥ > 1/2, which contradicts (15), and therefore we have ⃗z∗ = ⃗0.

5

Open Problems

The main open problem left behind from this work is to prove the total FPT-inapproximability
of the k-Clique problem. Apart from this open problem, we would like to highlight the
following two open problems too.
Parameterized Inapproximability Hypothesis (PIH): The PIH was putforth in [49] and
asserts that it is W[1]-hard parameterized by k, to decide the satisfiability of gap 2-CSP
on k variables and alphabet size n. It is easy to show that assuming Gap-ETH, the
above gap 2-CSP instances do not admit FPT-approximation algorithms (for example
see [10]). Previously, many researchers belived that the way to obtain inapproximability
results for the parameterized k-Clique problem must be to first resolve PIH. However,
Lin [47] surprisingly found a route to prove inapproximability of the k-Clique problem
while circumventing past PIH. Nevertheless, since one may see PIH as a parameterized
complexity analogue of the PCP theorem (for NP), it remains an outstanding open
problem to be settled.
ETH lower bound for approximating k-Clique: In [47] and this paper, we are primarily
interested in proving strong hardness of approximation factors for the k-Clique problem
under the W[1]̸=FPT assumption. However, can we prove tighter running time lower
bounds for approximating k-Clique problem under stronger assumptions such as ETH?
For example, assuming ETH, can we rule out constant factor approximation algorithms
for k-Clique problem running in no(k) time? Both [47] and this paper can only prove a
Ω(1)
time lower bound of n(log k)
under ETH, for approximating the k-Clique to constant
factors.
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1

Introduction

Classical results in asymptotic geometric analysis on the Gelfand/Kolmogorov widths of ℓ 2
balls [14, 24, 16] show that random subspaces 𝑋 of ℝ𝑛 of dimension proportional to 𝑛 (say,
defined as the kernel of random 𝑛/2 × 𝑛 matrices with i.i.d. Gaussian or ±1 entries) are good
√
Euclidean sections of ℓ1𝑛 : namely, ∥𝑥∥ 1 ≥ Ω( 𝑛) ∥𝑥 ∥ 2 for every 𝑥 ∈ 𝑋. An elementary proof
of this fact also follows from the Johnson-Lindenstrauss (JL) property of random matrices,
its connection to the restricted isometry property (RIP) and compressed sensing, and their
relationship to the Euclidean sections property [4].
√
The condition ∥𝑥 ∥ 1 ≥ Ω( 𝑛) ∥𝑥∥ 2 can equivalently be expressed as a “well-spreadness”
criterion satisfied by every nonzero vector 𝑥 ∈ 𝑋: the largest 𝛿𝑛 entries of 𝑥 have at most 1− 𝜀
of its ℓ2 mass, for some positive constants 𝛿, 𝜀 bounded away from 0 as 𝑛 → ∞. Equivalently,
this means that all nonzero vectors 𝑥 ∈ 𝑋 are incompressible – there is no sparse vector that
approximates 𝑥 well in ℓ2 norm (in other words, ∥𝑥 − 𝑦 ∥ 2 ≥ 𝜀 ∥𝑥 ∥ 2 for all 𝛿𝑛-sparse vectors
𝑦). This can be naturally viewed as a robust analog, for subspaces of ℝ𝑛 , of the distance
property of linear error-correcting codes.
The above well-spreadness criterion can naturally be imposed with respect to any ℓ 𝑝
metric: a subspace 𝑋 is said to be ℓ 𝑝 -spread if every nonzero vector 𝑥 ∈ 𝑋 is 𝜀 ∥𝑥 ∥ 𝑝 -far in
ℓ 𝑝 -distance from all 𝛿𝑛-sparse vectors. The ℓ 𝑝 -spread property is a more stringent requirement
for larger 𝑝. For 𝑝 > 2, the optimal asymptotic dimension of ℓ 𝑝 -spread subspaces is at most
𝑂 𝑝 (𝑛 2/𝑝 ) and thus 𝑜(𝑛) [17]. In this work, we therefore focus on 𝑝 ∈ [1, 2] where it is possible
to have ℓ 𝑝 -spread subspaces of dimension proportional to 𝑛.
For a subspace 𝑋 of ℝ𝑛 , define its ℓ 𝑝 -distortion Δ𝑝 (𝑋) to be the following quantity:
𝑛
Δ𝑝 (𝑋) :=

sup

𝑥∈𝑋\{0𝑛 }

1− 1𝑝

∥𝑥∥ 𝑝

∥𝑥∥ 1

.

Note that 1 ≤ Δ𝑝 (𝑥) ≤ 𝑛 1−1/𝑝 . Good ℓ 𝑝 -spread of 𝑋 can be captured by the condition that
Δ𝑝 (𝑋) is bounded by a fixed constant independent of 𝑛; this generalizes the aforementioned
equivalence of ℓ2 -spread and the Euclidean section property. The term distortion is used
because the natural inclusion of 𝑋 in ℝ𝑛 induces a bi-Lipschitz embedding of 𝑋, taken with
the ℓ 𝑝 norm, into ℓ1𝑛 , with distortion Δ𝑝 (𝑋). The distortion/spread property of subspaces with
respect to different ℓ 𝑝 norms has been extensively studied, owing to its connections to width
properties in convex geometry [17, 25], embeddings between metric spaces [20], compressed
sensing [13, 10, 25], error-correction over the reals [11, 18], and the restricted isometry (RIP)
and dimensionality-reduction/Johnson-Lindenstrauss (JL) properties [25, 4, 1].
Despite a lot of interest and the abundance of probabilistic constructions, an outstanding
question is to construct an explicit subspace 𝑋 ⊆ ℝ𝑛 of dimension Ω(𝑛) that is ℓ2 -spread, or
equivalently has Δ2 (𝑋) ≤ 𝑂(1). By explicit, we mean deterministically constructing a basis
for the subspace (or its dual) in poly(𝑛) time.1 This is a counterpart, for subspaces of ℝ𝑛 , of
the problem of constructing asymptotically good binary linear codes 𝐶 ⊆ {0, 1} 𝑛 : namely,
codes whose dimension and minimum distance are both proportional to 𝑛. In addition to
being a natural and basic challenge in pseudorandomness, explicit constructions are also
valuable in applications of spread subspaces such as compressed sensing, as they provide a
guarantee that the matrix will have the stipulated properties. This is particularly important
since there are no known methods to efficiently certify the ℓ2 -spread (or even ℓ 𝑝 -spread) of
random subspaces.

1

Explicit constructions of ℓ 𝑝 -spread spaces of dimension Ω(𝑛) are given in [6] (𝑝 = 1) and [23] (1 ≤ 𝑝 < 2).
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Kernels of sparse matrices

In the case of 𝑝 = 2, the best known explicit constructions of subspaces 𝑋 ⊆ ℝ𝑛 with
dim(𝑋) ≥ Ω(𝑛), in terms of their distortion Δ2 (𝑋), are due to [19]. They give a construction
analogous to Tanner codes from coding theory [32], combining appropriately chosen unbalanced bipartite expanders and local subspaces, to produce 𝑋 with dim(𝑋) ≥ 𝑛 − 𝑜(𝑛) and
Δ2 (𝑋) ≤ (log 𝑛)𝑂(log log log 𝑛) (so almost poly-logarithmic).2 A simpler construction analogous
to Sipser-Spielman codes [31], using 𝑠-regular spectral expanders and local well-spread subspaces of ℝ𝑠 , was given in [18] and achieves3 Δ2 (𝑋) ≤ 𝑛 𝑂(1/log 𝑠) . An alternate probabilistic
construction achieving similar parameters to [18] based on tensor products was given in [22].
The approach of [22] can further achieve distortion approaching 1 at the expense of making
dim(𝑋) smaller, but still Ω(𝑛).
One notable attribute of the constructions above is that the subspace 𝑋 can be expressed
as the kernel of a matrix that is sparse. For instance, the construction of [18] picks a matrix
where each row is 𝑠-sparse with ±1 entries (that are chosen randomly for a probabilistic
construction), and the construction in [22] defines the subspace 𝑋 ⊆ ℝ𝑛 as the 𝑘-fold tensor
product of another subspace, and so 𝑋 can be defined as the kernel of an 𝑛 1/𝑘 -sparse matrix.
Moreover, known explicit constructions of ℓ 𝑝 -spread subspaces for 1 ≤ 𝑝 < 2 [6, 23] are also
kernels of sparse matrices.
The sparsity of these constructions is inherited from the “underlying constructions” for
codes; the constructions of [19, 18, 22] come from “lifting” constructions of linear codes
(namely, Tanner codes [32], Sipser-Spielman codes [31], and tensor product codes, respectively)
to this setting, and these constructions (for linear codes) are known to give good low density
parity check (LDPC) codes: namely, codes that are the kernels of sparse matrices.
In light of these works, a natural question (and indeed one explicitly posed in [18]), is the
following.

▶ Question 1. Does there exist an 𝑚 × 𝑛 matrix 𝐴 with 𝑛 − 𝑚 ≥ Ω(𝑛) whose rows are

𝑠-sparse for 𝑠 ≤ 𝑂(1) (or even 𝑠 ≤ polylog(𝑛)) such that Δ2 (ker(𝐴)) ≤ 𝑂(1)?

The approaches of [18, 22] show that one can achieve Δ2 (ker(𝐴)) ≤ exp(𝑂(1/𝛿)) when 𝑠 = 𝑛 𝛿 .
A positive answer to Question 1, even via random matrices, would likely yield good progress
towards explicit constructions, as 𝑂(1)-sparse matrices are likely easier to derandomize
than dense random ones. A negative answer to Question 1 would likely rule out explicit
constructions based on the current state-of-the-art approaches of [19, 18, 22].
In addition to exploring the potential of the approaches behind the current best constructions, sparsity is desirable from a computational efficiency standpoint. Sparse matrices lead
to faster algorithms, for example when used as measurement matrices in compressed sensing
or to compute a sparse JL transform for dimensionality-reduction.
Motivated by these considerations, we study the ℓ2 -spread, and, more generally, ℓ 𝑝 -spread
(1 ≤ 𝑝 ≤ 2) of subspaces defined as the kernel of sparse random matrices. Such subspaces
are the continuous analogues of random low density parity check (LDPC) codes. Random
LDPC codes have been studied in coding theory since Gallager’s seminal work [15], with
a renaissance since the mid 1990s [30] due to their fast iterative decoding algorithms and
performance close to capacity.

2
3

For sublinear dimension, an explicit construction of 𝑋 ⊆ ℝ𝑛 with distortion Δ2 (𝑋) ≤ 1 + 𝑜(1) and
2
dim(𝑋) ≥ 𝑛/2𝑂((log log 𝑛) ) was given in [21].
This construction is not explicit except for very small 𝑠, as the local subspace of ℝ𝑠 is either constructed
by brute force or drawn at random.
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Random LDPC codes are known to achieve rate vs. distance trade-offs approaching that
of random (dense) linear codes [15]. Recently, even the list-decodability, and indeed any
“local” property, of random LDPC codes was shown to be similar to that of random linear
codes [28]. Given that random subspaces are well-spread and that random LDPC codes
achieve similar properties to random (dense) codes, one might naturally expect, by analogy,
that the kernels of sparse random matrices are also well-spread.

1.2

Our results

Our results paint a precise picture of the ℓ 𝑝 -spread of kernels 𝑋 of sparse random matrices.
Before stating our results, we first define ℓ 𝑝 -spread and state the random matrix model that
we use.

▶ Definition 2 (ℓ 𝑝 -spread). Fix 𝑝 ∈ [1, ∞], 𝜀 ∈ [0, 1] and 𝑘 ≤ 𝑛 ∈ ℕ. A vector 𝑦 ∈ ℝ𝑛

is 𝑘-sparse if |supp(𝑦)| ≤ 𝑘. A vector 𝑥 ∈ ℝ𝑛 \ {0𝑛 } is said to be (𝑘, 𝜀)-ℓ 𝑝 -compressible if
there exists a 𝑘-sparse 𝑦 ∈ ℝ𝑛 such that ∥𝑥 − 𝑦 ∥ 𝑝 ≤ 𝜀∥𝑥 ∥ 𝑝 . Otherwise, we say that 𝑥 is
(𝑘, 𝜀)-ℓ 𝑝 -spread.
A subspace 𝑋 ⊆ ℝ𝑛 is (𝑘, 𝜀)-ℓ 𝑝 -spread if every 𝑥 ∈ 𝑋 \ {0𝑛 } is (𝑘, 𝜀)-ℓ 𝑝 -spread.
The random matrix model. A matrix 𝐴 ∈ {0, 1, −1} 𝑚×𝑛 is said to be (𝑠, 𝑡)-biregular if
every row and column of 𝐴 has exactly 𝑠 and 𝑡 nonzero entries, respectively. Let ℳ 𝑚,𝑛,𝑠,𝑡
denote the set of all (𝑠, 𝑡)-biregular matrices in {0, 1, −1} 𝑚×𝑛 .
All of our theorems for random matrices will be for a matrix 𝐴 drawn uniformly at
random from ℳ 𝑚,𝑛,𝑠,𝑡 , where 𝛼 = 𝑚𝑛 = 𝑠𝑡 ∈ (0, 1) is a fixed constant and 𝑛 → ∞; for this
exposition, we will use 𝐴 to denote a random matrix from ℳ 𝑚,𝑛,𝑠,𝑡 , and 𝐵 to denote an
arbitrary matrix in {0, 1, −1} 𝑚×𝑛 . We additionally assume that 𝑠 := 𝑠(𝑛) ≤ 𝑛 𝑐 for some
absolute constant 0 < 𝑐 < 1, and 𝑡 = 𝛼𝑠 ≥ 3. An event ℰ is said to hold with high probability
if lim𝑛→∞ Pr [ℰ] = 1. All asymptotic notation refers to the regime of 𝑛 → ∞ and constant 𝛼.
The constants implied by asymptotic notation are universal, unless stated otherwise. The
symbols 𝑐, 𝑐 ′, 𝑐 1 and 𝑐 2 always stand for positive universal constants, which may differ across
different lemma and theorem statements.

1.2.1

Poor ℓ2 -spread of sparse random matrices

Our first theorem shows that, surprisingly, ker(𝐴) is, with high probability, not ℓ2 -spread.

▶ Theorem 3 (Poor ℓ2 -spread of ker(𝐴)). With high probability over 𝐴, there exists an
−Ω(log(1/𝛼)/log 𝑠)

(𝑚 𝑐 , 𝑛 1−√𝛼
In particular,

)-ℓ2 -compressible vector 𝑥 ∈ ker(𝐴), where 𝑐 < 1 is an absolute constant.

√
Δ2 (ker(𝐴)) ≥ (1 − 𝛼) · 𝑛 Ω(log(1/𝛼)/log 𝑠) .
Moreover, there is a poly(𝑛)-time algorithm that, on input 𝐴, outputs such an 𝑥.
Choosing 𝑠 = 𝑂(1) in Theorem 3 (and letting 𝛼 be bounded away from 1) implies4 that
Δ2 (ker(𝐴)) ≥ 𝑛 Ω(1) with high probability, and choosing 𝑠 = polylog(𝑛) implies Δ2 (ker(𝐴)) ≥
√
𝑛 Ω(log(1/𝛼)/log log 𝑛) . We always trivially have Δ2 (ker(𝐴)) ≤ 𝑛, so not only does Theorem 3

4

Note that since 𝛼𝑠 = 𝑡 ≥ 3, we must have log 𝑠 ≥ log 1𝛼 .
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answer Question 1 in the negative for sparse random matrices, but it also does so in a very
strong sense. For instance, when 𝑠 = 𝑂(1), Theorem 3 shows that Δ2 (ker(𝐴)) is “maximally
bad”, up to a constant factor in the exponent.
Another point of interest is the choice 𝑠 = 𝑛 𝛿 for some fixed 𝛿. This yields the tradeoff
1
of Δ2 (ker(𝐴)) ≥ ( 𝛼1 )Ω( 𝛿 ) , which precisely matches the tradeoff (in terms of 𝛿) achieved by
both [18, 22]. While our matrix ensemble is “more random” compared to those in [18, 22],

Theorem 3 can nonetheless be interpreted as giving evidence that this exp 𝑂( 1𝛿 ) tradeoff
from [18, 22] is tight and inherent to sparse constructions.
Our proof of Theorem 3 is constructive, in the sense that we give a very simple, efficient
algorithm to find such an 𝑥 ∈ ker(𝐴). This moreover shows that for sparse random matrices,
one can efficiently refute the claim that Δ2 (ker(𝐴)) = 𝑂(1), as the vector 𝑥 is a refutation
witness. Our algorithm provides an interesting counterpoint to the work of [3], who gave
an algorithm based on the sum-of-squares SDP hierarchy to certify that Δ2 (ker(𝐴)) ≤ 𝑂(1)
√
with high probability for dense matrices 𝐴 where dim(ker(𝐴)) ≤ 𝑂( 𝑛). In contrast, our
algorithm succeeds when dim(ker(𝐴)) = Ω(𝑛) and the matrix 𝐴 is sparse. The two results
taken together suggest an interesting relationship between the density and dim(ker(𝐴)) of
matrices 𝐴 for which we can efficiently certify or refute bounds on Δ2 (ker(𝐴)).
We also note that, by the well-known duality formula relating Kolmorogov and Gelfand
widths (see [KT07] and the references therein), Theorem 3 implies that the row span of 𝐴 is
far from approximating the ℓ 2 -sphere in ℓ∞ distance. Concretely, with high probability over
√
√
𝐴 there exists 𝑥 ∈ ℝ𝑛 with ∥𝑥∥ 2 = 1 that is (1 − 𝛼) · 𝑛 Ω(log(1/𝛼)/log 𝑠) / 𝑛-far in ℓ∞ norm
from all vectors of the form 𝐴⊤ 𝑦, where 𝑦 ∈ ℝ𝑚 .
The proof of Theorem 3 requires the following strong bound that we show on the singular
values of 𝐴.

▶ Theorem 4 (Singular value bound). With high probability, the set of singular values 𝜎(𝐴)
of 𝐴 satisfy
𝜎(𝐴) ⊆

h√

i
√
√
√
𝑠 − 1 − (1 + 𝑜(1)) · 𝑡 − 1, 𝑠 − 1 + (1 + 𝑜(1)) · 𝑡 − 1 .

Moreover, the above bound holds even without our (otherwise global) assumption that 𝑠 ≤ 𝑛 𝑐
for some absolute constant 𝑐 < 1.
Theorem 4 should not be surprising, especially given the recent works of [9, 7, 8, 26, 27,
29, 34], and indeed our proof follows the same overall blueprint of these works. Most of these
papers, however, only handle the case when the degree of the graph is constant as 𝑛 → ∞;5
this corresponds to the case of 𝑠 = 𝑂(1) in Theorem 4. Theorem 4 thus differs as it allows for
𝑠 = 𝜔(1), and indeed we can even take 𝑠 = 𝑛 𝑐 for some absolute constant 𝑐 < 1. On the other
hand, most of the aforementioned works deal with the case of unsigned adjacency matrices,
whereas we only prove Theorem 4 for randomly signed adjacency matrices. We note that
proving the analogue of Theorem 4 for unsigned adjacency√matrices (where 𝜎(𝐴) now denotes
the set of singular values, excluding the trivial value of 𝑠𝑡) and for all (non-constant) 𝑠, 𝑡
remains open.
The singular value bound in Theorem 4 is challenging to prove
√ √because√it is so sharp.
√
Indeed, it is not too difficult to show that 𝜎(𝐴) ⊆ [ 𝑠 − 𝑂( 𝑡), 𝑠 + 𝑂( 𝑡)] with high
probability via black-box applications of known results, e.g., [2]. However, this does not

5

The exceptions are [26], which handles polylog(𝑛) degree, and [34], which handles 𝑛 𝑐 degree but does
not obtain as sharp bounds.
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suffice for our use in the proof of Theorem 3, as the aforementioned weaker bound would
only suffice to prove Theorem 3 provided that 𝛼 ≤ 𝑐 for√some absolute constant 𝑐, where 𝑐
depends on the absolute constant 𝑐 ′ hidden in the “𝑂( 𝑡)”. We need the sharp bound of
Theorem 4 in order to allow for 𝛼 to be an arbitrary constant in (0, 1).
As a counterpart to Theorem 3, we give the following partial converse, which shows that
ker(𝐴) is (𝑘, 𝜀)-ℓ2 -spread for a weak choice of parameters 𝑘 and 𝜀.

▶ Theorem 5 (Converse to Theorem 3). Assumethat 𝑡 ≥ 9. Then, with high probability over

𝐴, the space ker(𝐴) is Ω(𝛼2 𝑛/𝑡 4 ), 𝛼 𝑂(log 𝑛/log 𝑡) -ℓ2 -spread.

We note that in Theorem 5, the parameter 𝑘 is Ω(𝛼2 𝑛/𝑡 4 ) = 𝑚 Ω(1) and the parameter 𝜀 is
𝛼 𝑂(log 𝑛/log 𝑠) .6 Theorem 5 thus shows that the parameters in Theorem 3 are tight up to the
universal constants in the exponent. Our proof of Theorem 5 is an adaptation of the proof
of [5, Lemma 3.4].

1.2.2

ℓ𝒑 -RIP and ℓ𝒑 -spread for 𝒑 < 2

We next focus on the ℓ 𝑝 norm for 𝑝 < 2. For 𝑝 < 2, there are known explicit constructions of
ℓ 𝑝 -spread subspaces [23]. Because of this, for 𝑝 < 2 we focus on the stronger, well-studied
Restricted Isometry Property (RIP). We also note that the constructions of [23] are highly
structured, and so even though they also come from sparse matrices, they do not tell us
anything about the ℓ 𝑝 -spread of sparse random matrices.
We prove that sparse random matrices are not only ℓ 𝑝 -spread, but are also ℓ 𝑝 -RIP, and,
moreover, this follows merely from the expansion of the underlying bipartite graph of the
random matrix 𝐴. In particular, we prove that any signed adjacency matrix 𝐵 of a left-regular
bipartite expander graph 𝐺 is ℓ 𝑝 -RIP, provided that the maximum right degree 𝑠max is above
a small threshold independent of 𝑛.
The RIP is a well-studied property of matrices from the compressed sensing literature,
defined as follows.

▶ Definition 6 (ℓ 𝑝 -RIP). Let 𝐵 ∈ ℝ𝑚×𝑛 be a matrix. We say that 𝐵 is (𝑘, 𝜀)-ℓ 𝑝 -RIP if there

exists 𝐾 > 0 such that for every 𝑘-sparse 𝑥 ∈ ℝ𝑛 , it holds that7
𝐾(1 − 𝜀) ∥𝑥 ∥ 𝑝 ≤ ∥𝐵𝑥∥ 𝑝 ≤ 𝐾(1 + 𝜀) ∥𝑥 ∥ 𝑝 .

We note that ℓ 𝑝 -RIP implies ℓ 𝑝 -spread, and in fact it is a strictly stronger property [25].
RIP matrices have been studied extensively in the context of compressed sensing, as
they yield a polynomial-time algorithm based on linear programming for the robust sparse
recovery problem. Namely, given a “noisy measurement sketch” 𝑦 = 𝐵𝑥 + 𝑒 of a vector
𝑥, where 𝐵 is (𝑘, 𝜀)-ℓ 𝑝 -RIP and ∥𝑒 ∥ 𝑝 ≤ 𝜂, there is a polynomial-time algorithm to recover
an estimate 𝑥ˆ for 𝑥 with the so-called “ℓ 𝑝 -ℓ1 guarantee,” namely the estimate 𝑥ˆ satisfies



∥ 𝑥ˆ − 𝑥 ∥ 𝑝 ≤ 𝑂 𝑘

−(1− 1𝑝 )



∥𝑥 − 𝑥 ∗ ∥ 1 + 𝜂 , where 𝑥 ∗ is a 𝑘-sparse vector minimizing ∥𝑥 − 𝑥 ∗ ∥ 1

(see Appendix A in [1] for details). We note that if 𝐵 is merely ℓ 𝑝 -spread, then 𝐵 suffices for
the (non-robust) sparse recovery problem, i.e., when there is no noise 𝑒.
We now turn to formally stating our results. We first recall the definition of a (unique)
bipartite expander.
6
7

This follows since 𝑡 = 𝛼𝑠 ≤ 𝑠, 𝑚 = 𝛼𝑛, and 𝑠 ≤ 𝑛 𝑐 for some absolute constant 𝑐.
We note that the standard definition of RIP typically appears without the normalization factor 𝐾
above. We include the parameter 𝐾 for convenience, as the random sparse matrices we consider are not
normalized.
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▶ Definition 7 (Unique expanders). A bipartite graph 𝐺 = (𝑉𝐿 = [𝑛], 𝑉𝑅 = [𝑚], 𝐸) is a
𝑡-left-regular (𝛾, 𝜇)-unique expander if (1) deg(𝑢) = 𝑡 for all 𝑢 ∈ 𝑉𝐿 , and (2) for all 𝑆 ⊆ 𝑉𝐿 ,
|𝑆| ≤ 𝛾𝑛, there are at least 𝑡(1 − 𝜇)|𝑆| vertices 𝑣 ∈ 𝑉𝑅 which each have exactly one neighbor
in 𝑆.
A matrix 𝐵 ∈ {0, 1, −1} 𝑚×𝑛 is a signed adjacency matrix of a bipartite graph 𝐺 = (𝑉𝐿 =
[𝑛], 𝑉𝑅 = [𝑚], 𝐸) if
𝐵𝑟,𝑢 ≠ 0 ⇐⇒ (𝑢, 𝑟) ∈ 𝐸
for all 𝑢 ∈ 𝑉𝐿 , 𝑟 ∈ 𝑉𝑅 .

▶ Theorem 8 (ℓ 𝑝 -RIP of expander graphs). Let 𝐺 be a bipartite 𝑡-left-regular (𝛾, 𝜇)-unique
expander with maximum right degree 𝑠max , and let 𝐵 be any signed adjacency matrix of 𝐺.
𝑝−1
Let 0 < 𝜀 ≤ 1 and 1 ≤ 𝑝 < 2 such that 𝜀2 ≥ 9𝜇𝑠 max . Then, 𝐵 is (𝛾𝑛, 𝜀)-ℓ 𝑝 -RIP, i.e., for
every 𝛾𝑛-sparse 𝑥 ∈ ℝ𝑛 ,
1

1

𝑡 𝑝 (1 − 𝜀) ∥𝑥 ∥ 𝑝 ≤ ∥𝐵𝑥∥ 𝑝 ≤ 𝑡 𝑝 (1 + 𝜀) ∥𝑥 ∥ 𝑝 .
Theorem 8 generalizes a result of [6], which shows that any signed adjacency matrix 𝐵 of 𝐺
is ℓ1 -RIP, provided that 𝐺 is an expander. This is somewhat surprising, as the proof in [6]
makes heavy use of properties specific to the ℓ1 norm.8
The ℓ 𝑝 -RIP of matrices for general 𝑝 has been studied in other contexts, most notably
in [1]. As is typical when studying RIP matrices, they view the sparsity parameter 𝑘 as a
fixed function of 𝑛, and determine 𝑚 as a function of 𝑘, 𝑛. However, the results in [1] are
incomparable to ours, as they hold only for the low-sparsity case of 𝑘 = 𝑂(𝑛 1/𝑝 ) (so 𝑘 = 𝑜(𝑛)
if 𝑝 > 1), but we are concerned with the case of 𝑘 = Ω(𝑛), when the sparsity is a small
constant fraction of 𝑛.
As a random 𝑡-left-regular bipartite graph is a good expander with high probability, we
obtain the following corollary of Theorem 8, which shows that ker(𝐴) for 𝐴 ← ℳ 𝑚,𝑛,𝑠,𝑡
achieves very good ℓ 𝑝 -spread for every 𝑝 ∈ [1, 2). Thus, the poor ℓ2 -spread of ker(𝐴) is in
fact specific to the case of 𝑝 = 2.

▶ Corollary 9 (Good ℓ 𝑝 -RIP and ℓ 𝑝 -spread of 𝐴). Fix 𝑝 ∈ [1, 2), 0 < 𝜀 < 12 , and suppose that
1
  2−𝑝

𝑠 ≥

𝛾=

. Then, with high probability over 𝐴, the matrix 𝐴 is (Ω(𝛾𝑛), 𝜀)-ℓ 𝑝 -RIP for

18
𝛼𝜀2

𝛼2
𝑡4

: for every Ω(𝛾𝑛)-sparse 𝑥 ∈ ℝ𝑛 , it holds that

1

1

𝑡 𝑝 (1 − 𝜀) ∥𝑥 ∥ 𝑝 ≤ ∥𝐴𝑥∥ 𝑝 ≤ 𝑡 𝑝 (1 + 𝜀) ∥𝑥∥ 𝑝 .
In particular, the subspace ker(𝐴) is



𝑂 1/𝛾

2− 2𝑝







Ω(𝛾𝑛), Ω 𝛾

1− 1𝑝



-ℓ 𝑝 -spread and Δ𝑝 (ker(𝐴)) ≤

.

Fixing 𝑝, 𝛼, 𝜀 to be constants and taking 𝑠 to be a large enough constant, this shows that
ker(𝐴) is (Ω(𝑛), Ω(1))-ℓ 𝑝 -spread with high probability, and therefore Δ𝑝 (ker(𝐴)) = 𝑂(1).
Together with Theorem 3, this shows that the ℓ 𝑝 -spread property of ker(𝐴) exhibits an
interesting threshold phenomenon at 𝑝 = 2.

8

1
They also show that their proof for ℓ1 -RIP extends to ℓ 𝑝 -RIP for 𝑝 ≤ 1 + 𝑂( log
𝑛 ), because the “Hölder

factor” of 𝑛

1− 1𝑝

is 𝑂(1), but it does not extend to ℓ 𝑝 for any constant 𝑝 > 1.
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We also combine Theorem 8 with the explicit constructions of expander graphs of [12] to
obtain the following corollary, which gives an explicit construction of ℓ 𝑝 -RIP matrices for
all 𝑝 ∈ [1, 𝑝0 ), where 1 < 𝑝0 < 2 is an absolute constant. We thus obtain the first explicit
construction of a matrix 𝐵 achieving the “ℓ 𝑝 /ℓ1 guarantee” for the robust sparse recovery
problem, and our matrices are for the regime 𝑘 =
 Θ(𝑛)
 and any 𝑝 ∈ [1, 𝑝0 ). Previously, such
constructions were only known for 𝑝 ≤ 1 + 𝑂 log1 𝑛 [6]. Unlike Corollary 9, our explicit
constructions only extend up to some threshold 𝑝0 < 2. This is because the expanders
of [12] achieve weaker expansion than random graphs. Concretely, the “expansion error” 𝜇
of the [12] expanders is 𝜇 = 𝑂(1/𝑡)𝜏 for some constant 𝜏 < 1, which yields the threshold of
𝑝 0 = 1 + 𝜏, whereas random graphs achieve 𝜇 = 𝑂(1/𝑡), allowing for 𝑝 0 = 2.

▶ Corollary 10 (Explicit construction of ℓ 𝑝 -RIP matrices). Let 0 < 𝜀 <

𝛼 ∈ (0, 1), and
let 𝑛 ∈ ℕ be sufficiently large. For some universal constant 1 < 𝑝0 < 2, there exists a
deterministic algorithm which, given 𝑝 ∈ [1, 𝑝0 ), 𝜀, 𝛼 and 𝑛, outputs in time poly(𝑛/𝛿) +
2𝑂(1/𝛿) a matrix 𝐵 ∈ {0, 1} 𝑚×𝑛 , for some 𝑚 ≤ 𝛼𝑛, such that 𝐵 is (𝛾𝑛, 𝜀)-ℓ 𝑝 -RIP, for some
1

𝛿, 𝛾 = poly(𝜀, 𝛼) 𝑝0 −𝑝 . In particular, ker(𝐵) is (𝛾𝑛, 𝛾

1− 1𝑝

1
2,

)-ℓ 𝑝 -spread and Δ𝑝 (ker(𝐵)) ≤ 1/𝛾

2− 2𝑝

.

Note that as 𝜀, 𝛼 and 𝑝 are constants, the matrix 𝐵 in Corollary 10 is (Ω(𝑛), 𝑂(1))-ℓ 𝑝 -RIP,
ker(𝐵) is (Ω(𝑛), Ω(1))-ℓ 𝑝 -spread, and Δ𝑝 (ker(𝐵)) ≤ 𝑂(1).
As noted earlier, [23] gives explicit constructions of (Ω(𝑛), Ω(1))-ℓ 𝑝 -spread subspaces, for
all 1 ≤ 𝑝 < 2. This is incomparable to Corollary 10: on one hand, [23] obtains the full range
of 1 ≤ 𝑝 < 2, but on the other hand, his matrices only are ℓ 𝑝 -spread and do not satisfy the
(strictly stronger) ℓ 𝑝 -RIP. Our construction is moreover the “simplest” black-box reduction
to expansion: we show that the mere adjacency matrix of a bipartite expander is ℓ 𝑝 -RIP.
While the constructions in [23] are themselves not too complicated, we think that this is
nonetheless an interesting conceptual contribution of our work.
Finally, we also prove the following partial converse to Corollary 9, which shows that
when 𝑠 2−𝑝 ⪅ 𝛼1 (i.e., 𝑠 2−𝑝 is a constant factor below the threshold in Corollary 9), then 𝐴 is
not ℓ 𝑝 -RIP.

▶ Theorem 11 (Partial converse to Corollary 9). Let 𝑝 ∈ [1, 2), 𝜀 > 0. If 𝑠 − 1 ≤
then with high probability over 𝐴, there exists an
∥𝐴𝑥∥ 𝑝
∥𝑥 ∥ 𝑝

1

≤ 𝑡𝑝 ·𝑚

−Ω



𝜀
log 𝑠

𝑛 𝑐 -sparse

vector 𝑥 ∈

ℝ𝑛

\

{0𝑛 }



1
(1+𝜀)𝛼

1
 2−𝑝

,

such that



.
1

Note that ∥𝐴𝑒1 ∥ 𝑝 /∥𝑒1 ∥ 𝑝 = 𝑡 𝑝 always holds, so Corollary 9 demonstrates that, given small
enough 𝑠, the ratio

2

∥𝐴𝑥∥ 𝑝
∥𝑥 ∥ 𝑝

has a large range over different choices of 𝑛 𝑐 -sparse 𝑥.

Proof overview

We outline the proofs of our results. For the purposes of this exposition, we will adopt the
same convention as in Section 1.2 and use 𝐴 and 𝐵 to denote a uniformly sampled matrix
from ℳ 𝑚,𝑛,𝑠,𝑡 and arbitrary matrix from {0, 1, −1} 𝑚×𝑛 , respectively. Recall that ℳ 𝑚,𝑛,𝑠,𝑡
denotes the set of (𝑠, 𝑡)-biregular matrices with entries in {0, 1, −1}, and that 𝑚𝑛 = 𝑠𝑡 = 𝛼 for
some constant 𝛼, and 𝑛 → ∞. For simplicity of this exposition, in this section we restrict
ourselves to the regime 𝑠 = 𝑂(1) unless stated otherwise.
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We naturally associate with 𝐵 the bipartite graph 𝐺 = 𝐺 𝐵 = (𝑉𝐿 , 𝑉𝑅 , 𝐸) with 𝑛 = |𝑉𝐿 |
left vertices, 𝑚 = |𝑉𝑅 | right vertices, and an edge between 𝑢 ∈ 𝑉𝐿 and 𝑟 ∈ 𝑉𝑅 if 𝐵𝑟,𝑢 ≠ 0.
We view the rows and columns of 𝐵 as indexed by 𝑉𝑅 and 𝑉𝐿 , respectively, and identify ℝ𝑛
with ℝ𝑉𝐿 , and ℝ𝑚 with ℝ𝑉𝑅 . In addition, we define the function sign = sign𝐵 : 𝐸 → {1, −1},
which maps an edge {𝑢, 𝑟} as above to 𝐵𝑟,𝑢 . We note that the combination of 𝐺 𝐵 and sign𝐵
completely describes 𝐵.

2.1

Theorem 3: ker(𝑨) in not ℓ2 -spread

For simplicity, we only sketch here why ker(𝐴) is likely to contain an (𝑜(𝑛), 𝑜(1))-compressible
vector.
The proof of Theorem 3 consists of two steps. In the first step we find an 𝑜(𝑛)-sparse
vector 𝑥 ∈ ℝ𝑛 with ∥𝑥 ∥ 2 ≥ 1 and ∥𝐴𝑥∥ 2 ≤ 𝑜(1). In the second step we find a vector
𝑦 ∈ ker(𝐴) with ∥ 𝑦 − 𝑥∥ 2 ≤ 𝑜(1) · ∥ 𝑦 ∥ 2 . In particular, 𝑦 is (𝑜(𝑛), 𝑜(1))-compressible, so ker(𝐴)
cannot be ℓ2 -spread.
Below, we outline these two steps. It is straightforward to see, given the construction
described below, that both 𝑥 and 𝑦 can be computed in polynomial time given 𝐴.
We also note that an ℓ 𝑝 analog of Step 1 is the main technical component in the proof of
Theorem 11.
Step 1: constructing a sparse 𝒙 with small ∥𝑨𝒙∥ 2 . To obtain the vector 𝑥, we first prove
that 𝐺 is highly likely to contain a vertex 𝑣 ∗ ∈ 𝑉𝐿 such that the ball of radius 2ℓ + 1 about
𝑣 ∗ , for some ℓ ≤ 𝑂(log 𝑛), contains no cycles. That is, the radius-ℓ neighborhood of 𝑣 ∗ is a
complete (𝑡, 𝑠)-biregular tree 𝑇 rooted at 𝑣 ∗ . Recall that a rooted tree is (𝑡, 𝑠)-biregular if
the even depth (resp. odd depth) inner vertices have degree 𝑡 (resp. s). The existence of such
a vertex 𝑣 ∗ is the only random property of 𝐴 needed in this step of the proof. In particular,
assuming that 𝐺 has the aforementioned property, our construction of 𝑥 is always possible,
regardless of the sign function.
To describe the construction of 𝑥 itself, we assume for simplicity that sign(𝑒) = 1 for all
𝑒 ∈ 𝐸. Namely, all the non-zero entries of 𝐴 are 1. In this setting, let 𝑣 ∈ 𝑉𝐿 ∩ 𝑇 be a vertex
of depth 2𝑘 in the tree for some 𝑘 ≥ 0 (note that a vertex in 𝑉𝐿 must have even depth), and
set 𝑥 𝑣 = (−(𝑠 − 1))−𝑘 . For any 𝑥 ∈ 𝑉𝐿 \ 𝑇, set 𝑥 𝑣 = 0. Note that supp(𝑥) ⊆ 𝑇. We choose ℓ
above to be as large as possible, i.e., 𝑂(log 𝑛), so that the size of 𝑇 is roughly 𝑛 𝑐 for some
𝑐 < 1. In particular, 𝑥 is ≈ 𝑛 𝑐 -sparse. Also, note that ∥𝑥 ∥ 22 ≥ 𝑥 𝑣2∗ = 1. We informally refer to
the vector 𝑥 produced by this construction as a tree vector.
Our construction guarantees that (𝐴𝑥)𝑟 = 0 for every internal node 𝑟 ∈ 𝑇 ∩ 𝑉𝑅 . Indeed,
suppose that 𝑟 is of depth 2𝑘 + 1. Then, it has one neighbor of depth 2𝑘, and 𝑠 − 1
neighbors of depth 2𝑘 + 2. As (𝐴𝑥)𝑟 is the sum of 𝑥 𝑣 over neighbors 𝑣 of 𝑟, we have
(𝐴𝑥)𝑟 = (−(𝑠 − 1))−𝑘 + (𝑠 − 1) · (−(𝑠 − 1))−(𝑘+1) = 0.
To compute ∥𝐴𝑥∥ 2 , it thus suffices to compute |(𝐴𝑥)𝑟 | when 𝑟 is one of the 𝑡(𝑡 − 1)ℓ (𝑠 − 1)ℓ
leaves of 𝑇. It is not hard to see that in this case |(𝐴𝑥)𝑟 | = (𝑠 − 1)ℓ , and so
∥𝐴𝑥 ∥ 22 = 𝑡(𝑡 − 1)ℓ (𝑠 − 1)ℓ · (𝑠 − 1)−2ℓ = 𝑒 −Ω(ℓ ) = 𝑜(1) .
We note that our tree vector construction is similar in spirit to a construction by Noga
Alon [18, Theorem 8], which demonstrates the limitations of expander-based analysis of the
spread property. In [18], however, they choose their graph 𝐺 so that (their analog of) the
tree vector 𝑥 will lie in (their analog of) ker(𝐴) by design. Our graph is random and not
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up to our choice, so we cannot simply orchestrate the graph so that our tree vector 𝑥 to
belong to ker(𝐴). This necessitates that we perform the nontrivial step of rounding 𝑥 to
some 𝑦 ∈ ker(𝐴), which we discuss next.
Step 2: finding 𝒚 ∈ ker(𝑨) close to 𝒙.
following lemma:

Our main goal in this step is to establish the

▶ Lemma 12 (Informal). With high probability over 𝐴, it holds that every 𝑥 ∈ ℝ𝑛 with
∥𝐴𝑥∥ 2 ≤ 𝑜(1) is 𝑜(1)-close to some vector 𝑦 ∈ ker(𝐴).

Indeed, let 𝑥 be the tree vector constructed in Step 1. Then 𝑥 is 𝑜(𝑛)-sparse with ∥𝑥 ∥ 2 ≥ 1
and ∥𝐴𝑥∥ 2 ≤ 𝑜(1). By Lemma 12, there exists a vector 𝑦 ∈ ker(𝐴), which is 𝑜(1)-close to 𝑥.
This vector 𝑦 is (𝑜(𝑛), 𝑜(1))-compressible, which yields Theorem 3 in the present parameter
setting.
One may naively try to prove Lemma 12 by locally perturbing 𝑥 to try to make 𝐴𝑥 = 0𝑚 ,
e.g. by designing a greedy algorithm for this task. This approach, however, seems difficult to
execute, especially given that Lemma 12 is in fact not true in general. For example, it could
be the case that 𝑥 is a (unit norm) right singular vector of 𝐴 with singular value 𝑜(1). Then,
∥𝐴𝑥∥ 2 = 𝑜(1), but ∥𝑥 − 𝑦∥ 2 ≥ 1 for all 𝑦 ∈ ker(𝐴), and in fact the closest vector in ker(𝐴) to
𝑥 is 0𝑛 .
Instead, we set 𝑦 to be the orthogonal projection of 𝑥 onto ker(𝐴). In hindsight, this
is the obvious choice for 𝑦, as then 𝑦 ∈ ker(𝐴) is the vector that minimizes ∥𝑥 − 𝑦∥ 2 . How
large can ∥𝑥 − 𝑦 ∥ 2 be? Intuitively, we would like to say that ∥𝐴𝑥∥ 2 being small implies that
∥𝑥 − 𝑦 ∥ 2 is small as well. As the earlier example shows, this is not true for a general matrix
𝐴, as 𝐴 could have small singular values. However, the implication does hold provided that
all singular values of 𝐴 are Ω(1).9 Indeed, the singular value decomposition of 𝐴 implies that
∥𝐴𝑥∥ 2 = ∥𝐴(𝑥 − 𝑦)∥ 2 ≥ 𝜎min (𝐴) ∥𝑥 − 𝑦 ∥ 2 ,
where 𝜎min (𝐴) is the minimum singular value of 𝐴 and the inequality holds as 𝑥 − 𝑦 is
∥𝐴𝑥 ∥ 2
orthogonal to ker(𝐴). Hence, ∥𝑥 − 𝑦 ∥ 2 ≤ 𝜎min (𝐴)
.
The main technical component of Step 2 is therefore the lower bound on 𝜎min (𝐴), given
by Theorem 4. As we have argued above, the crude lower bound of 𝜎min (𝐴) ≥ Ω(1) suffices
to yield Lemma 12. Indeed, if 𝜎min (𝐴) ≥ Ω(1), then ∥𝑥 − 𝑦∥ 2 ≤ 𝑜(1), and so ker(𝐴) contains
an (𝑜(𝑛), 𝑜(1))-compressible vector. The precise high-probability lower bound on 𝜎min (𝐴)
established in Theorem 4 implies a finer quantitative version of Lemma 12, which yields the
full Theorem 3. The latter gives a much sharper bound on the 𝑜(1) term, and also applies to
sparsity all the way up to 𝑂 (𝑛 𝑐 ) for some 𝑐 > 0.
√
√
We remark that one can easily show that 𝜎min (𝐴) ≥ 𝑠 − 𝑂( 𝑡) via “off-the-shelf”
methods, such as [2]. However, this would only allow us to prove Theorem 3√provided that
𝛼 ≤ 𝑐 for some absolute constant 𝑐 < 1 (related to the 𝑂(1) factor in front of 𝑡 above), and
thus would not allow us to take 𝛼 to be any constant in (0, 1), e.g., 𝛼 = 0.999. Our sharper
bound also highlights the difficulty in lower bounding the minimum singular value when
𝛼 = 𝑚/𝑛 is close to 1.
We postpone our discussion of the proof of Theorem 4 to Section 2.3, and turn next to
our positive result for ℓ 𝑝 -spread for 𝑝 < 2.
9

Technically, what matters is the minimum nonzero singular value. However, with high probability
the matrix 𝐴 will be full rank (i.e., rank 𝑚), so that 𝜎min (𝐴) > 0. Indeed, this is trivially implied by
Theorem 4.
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2.2

We sketch the proof of Theorem 8. For simplicity, we will assume that 𝐵 ∈ ℳ 𝑚,𝑛,𝑠,𝑡 , i.e.,
that the bipartite graph 𝐺 𝐵 is 𝑡-left-regular and 𝑠-right-regular (and hence 𝑠max = 𝑠) and
also that 𝐺 𝐵 is a (𝛾, 𝜇)-unique expander. For this exposition, we only discuss the claimed
lower bound on ∥𝐵𝑥∥ 𝑝 stated in the theorem, namely,
1

∥𝐵𝑥∥ 𝑝 ≥ 𝑡 𝑝 (1 − 𝜀) ∥𝑥 ∥ 𝑝

(1)

for all 𝛾𝑛-sparse 𝑥 ∈ ℝ𝑛 , as the upper bound is obtained via a variation on the same method.
Theorem 8 for tree vectors. As a warm-up for the proof of Theorem 8, we show why
the 𝑜(𝑛)-sparse tree vector 𝑥 constructed in Section 2.1 does not yield a counterexample to
Equation (1). Let 𝑥 (𝑘) (0 ≤ 𝑘 ≤ ℓ ) denote the restriction of 𝑥 to the vertices in the 2𝑘-th
level of the tree 𝑇. Then,
𝑥 (𝑘)

𝑝
𝑝

= 𝑡(𝑡 − 1) 𝑘−1 (𝑠 − 1)(1−𝑝)𝑘 .

For 𝑝 = 2, this expression decreases exponentially in 𝑘, and thus the ℓ2 -mass of 𝑥 is
𝑝
concentrated at the top of the tree. For 𝑝 < 2, however, 𝑥 (𝑘) 𝑝 actually grows exponentially
in 𝑘 provided that 𝑠 is large enough (concretely, one needs 𝑠 2−𝑝 ⪆ 𝛼1 ).10 In this case, the
ℓ 𝑝 -mass is concentrated towards the bottom of the tree. Moreover, one can take 𝑠 large
enough so that all but an 2𝜀 -fraction of the mass lies in the bottom layer. Then,
𝑝

∥𝐵𝑥∥ 𝑝
𝑝

∥𝑥∥ 𝑝

𝑝


𝜀  ∥𝐵𝑥∥ 𝑝
𝜀  𝑡(𝑡 − 1)ℓ (𝑠 − 1)(1−𝑝)ℓ
𝜀
≥ 1−
·
·
= 1−
· (𝑡 − 1) ≥ (1 − 𝜀)𝑡 .
= 1−
𝑝
2
2 𝑡(𝑡 − 1)ℓ −1 (𝑠 − 1)(1−𝑝)ℓ
2
𝑥 (ℓ ) 𝑝



Hence, 𝑥 is not a counterexample to Equation (1).
Theorem 8 for general vectors with tree-shaped support. Fix a set 𝑆 ⊆ 𝑉𝐿 such that
the subgraph induced by 𝑇 := 𝑆 ∪ 𝑁(𝑆) is a (𝑡, 𝑠)-biregular tree. We generalize the above
discussion of tree vectors by explaining why Equation (1) holds for any vector 𝑥 ∈ ℝ𝑛
supported on 𝑆.
Given 𝑟 ∈ 𝑁(𝑆), let 𝑣 𝑟 denote the parent of 𝑟 in the tree 𝑇. In an overly optimistic
scenario, if we could show that |(𝐵𝑥)𝑟 | ≈ |𝑣 𝑟 | for all 𝑟 ∈ 𝑁(𝑆), then we would be done, as
each vertex 𝑣 ∈ 𝑆 has 𝑡 − 1 children.11 Each of these children then contributes ≈ |𝑥 𝑣 | 𝑝 mass
Í
𝑝
𝑝
𝑝
to ∥𝐵𝑥∥ 𝑝 , so that ∥𝐵𝑥∥ 𝑝 ≈ (𝑡 − 1) · 𝑣∈𝑆 |𝑥 𝑣 | 𝑝 = (𝑡 − 1) · ∥𝑥∥ 𝑝 , implying Equation (1). As the
tree vector case shows, one cannot, in fact, hope to guarantee |(𝐵𝑥)𝑟 | ≈ |𝑣 𝑟 | for all 𝑟 ∈ 𝑁(𝑆).
Indeed, for a tree vector 𝑥 we have (𝐵𝑥)𝑟 = 0 for any non-leaf 𝑟 ∈ 𝑁(𝑆). Thus, a more
delicate analysis is required.
For intuition, let us consider the viewpoint of an adversary seeking to construct an 𝑥
𝑝
supported on 𝑆 such that ∥𝐵𝑥∥ 𝑝 is small. We shall think of the adversary as assigning values
to {𝑥 𝑣 } 𝑣∈𝑆 starting from the root, and then moving down the tree.
For each non-leaf 𝑟 ∈ 𝑁(𝑆), let 𝑊𝑟 denote the set of 𝑠 − 1 children of 𝑟. Recall that 𝑣 𝑟 is
Í
the parent of 𝑟. Note that |(𝐵𝑥)𝑟 | ≥ |𝑥 𝑣 𝑟 | − 𝑢∈𝑊𝑟 |𝑥 𝑢 | due to the triangle inequality. Hence,
when assigning values to the vertices in 𝑊𝑟 , the adversary morally has two choices: (1) either

10 And,

indeed, if instead 𝑠 2−𝑝 ⪅ 1𝛼 , then we have ∥𝐵𝑥∥ 𝑝 = 𝑜(1), and this gives us Theorem 11.
for the root, which has 𝑡 children.

11 Except
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Í

𝑢∈𝑊𝑟 |𝑥 𝑢 | ≪ |𝑥 𝑣 𝑟 |, in which case |(𝐵𝑥)𝑟 | ≈ |𝑥 𝑣 𝑟 |, or (2) make |(𝐵𝑥)𝑟 | ≈ 0, in which case
12 Let us fix some 𝛽 < 1, and suppose that the adversary chooses values
|𝑥
𝑢∈𝑊𝑟 𝑢 | ≈ |𝑥 𝑣 𝑟 |.
Í
for {𝑥 𝑢 } 𝑢∈𝑊𝑟 such that 𝑢∈𝑊𝑟 |𝑥 𝑢 | ≤ 𝛽|𝑥 𝑣 |, i.e., the adversary chooses Case (1). We then have
that

make

Í



|(𝐵𝑥)𝑟 | ≥ |𝑥 𝑣 𝑟 | −

Õ



|𝑥 𝑢 | ≥ (1 − 𝛽)|𝑥 𝑣 𝑟 | ,

𝑢∈𝑊𝑟

so |(𝐵𝑥)𝑟 | ≈ |𝑥 𝑣 𝑟 |, which is what we wanted. Next, suppose that the adversary makes
Í
𝑢∈𝑊𝑟 |𝑥 𝑢 | ≥ 𝛽|𝑥 𝑣 |, i.e., the adversary chooses Case (2). Then, |(𝐵𝑥)𝑟 | can be small, but
applying Hölder’s inequality, we have

Õ
𝑢∈𝑊𝑟

|𝑥 𝑢 | 𝑝 ≥

𝛽𝑝
· |𝑥 𝑣 | 𝑝 .
(𝑠 − 1)𝑝−1
𝑝

Now, suppose that all children 𝑟 of 𝑣 𝑟 have this property. Then, the total ℓ 𝑝 mass of all of
(𝑡−1)𝛽 𝑝

the grandchildren of 𝑣 𝑟 must be at least (𝑠−1)𝑝−1 · |𝑥 𝑣 | 𝑝 ≫ |𝑥 𝑣 | 𝑝 . We thus see that, intuitively,
the adversary has merely pushed its task down to the grandchildren of 𝑣 𝑟 , and in doing so
has not made any progress towards its overall goal. Indeed, this is precisely what happens in
the case of a tree vector!
The above informal argument shows that the adversary does not “win” in either case.
We can concretely capture this intuition via the following potential function:
𝑎 𝑟 (𝑥) := |(𝐵𝑥)𝑟 | 𝑝 + Θ(1) ·

(𝑠 − 1)𝑝−1 Õ
|𝑥 𝑢 | 𝑝 .
𝜀 𝑝−1 𝑢∈𝑊
𝑟

In the actual proof, this choice of 𝑎 𝑟 (𝑥) allows us to cleanly express the intuition that
Í
either |(𝐵𝑥)𝑟 | is large or 𝑢∈𝑊𝑟 |𝑥 𝑢 | is large, and further extends beyond the “toy case” of
tree-supported vectors.
Using expansion when 𝑺 ∪ 𝑵 (𝑺) is not a tree. We now turn to the general case, where the
subgraph induced by 𝑆 ∪ 𝑁(𝑆) (where 𝑆 = supp(𝑥)) is not necessarily a tree. We observe that
above, we are only using the tree structure to show that the rooted tree 𝑆 ∪ 𝑁(𝑆) trivially
has a 1-to-(𝑡 − 1) “matching” with the following properties: (1) every vertex 𝑟 ∈ 𝑁(𝑆) is
matched with exactly one vertex 𝑣 ∈ 𝑆, and (2) every vertex 𝑣 ∈ 𝑆 is matched with at least
𝑡 − 1 vertices in 𝑁(𝑆). Indeed, when 𝑆 ∪ 𝑁(𝑆) is a tree, such a matching exists by matching
each vertex 𝑟 ∈ 𝑁(𝑆) with its parent 𝑣 𝑟 .
To generalize the above, we use the (unique) expansion of 𝐺 to construct a similar
matching that suffices for the proof. Recall that 𝐺 is a (𝛾, 𝜇)-unique expander, meaning that
every set 𝑆 ⊆ 𝑉𝐿 of size ≤ 𝛾𝑛 has at least 𝑡(1 − 𝜇)|𝑆| unique neighbors, i.e., neighbors of a
unique element of 𝑆. We construct the matching by “peeling off” vertices one at a time from
𝑆, each time matching a vertex with ≥ 𝑡(1 − 𝜇) vertices in 𝑁(𝑆), namely its neighbors that
are not neighbors of any of the remaining “unpeeled” vertices in 𝑆.
The above step can be viewed as extracting a “tree-like” subgraph from 𝑆 ∪ 𝑁(𝑆), where
each vertex 𝑣 ∈ 𝑆 has at least 𝑡(1 − 𝜇) “children” (the vertices it was matched with), and
at most 𝜇𝑡 “parents” (its neighbors that it was not matched with). Each vertex 𝑟 ∈ 𝑁(𝑆)

12 Note

that the adversary has the third choice of setting
adversary.

Í

𝑢∈𝑊𝑟 |𝑥 𝑢 |

≫ |𝑥 𝑣 𝑟 |, but this is worse for the
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still has exactly one “parent” and ≤ 𝑠 − 1 “children”. Once we have the above “tree-like”
subgraph, the argument for trees goes through with only minor modifications, so this finishes
the proof.
We note that the existence of this “tree-like” subgraph for any set 𝑆 with |𝑆| ≤ 𝛾𝑛
immediately implies that 𝐺 is a (𝛾, 𝜇)-vertex expander, and hence a (𝛾, 2𝜇)-unique expander.
Thus, the existence of such a subgraph for every 𝑆 of size at most 𝛾𝑛 is equivalent to unique
expansion, up to a factor of 2 loss in the parameter 𝜇.
Comparison with [6]. We briefly summarize the proof in [6] for the case of 𝑝 = 1, and
explain why their proof does not extend to the case of 𝑝 > 1.
The proof in [6] proceeds as follows. For a vector 𝑥 supported on 𝑆, let 𝐸0 denote the
set of edges between 𝑆 and 𝑁(𝑆). First, they match each 𝑟 ∈ 𝑁(𝑆) to its neighbor 𝑣 ∈ 𝑆
with |𝑥 𝑣 | maximized. Let 𝐸1 be the set of edges in this matching, and let 𝐸2 = 𝐸0 \ 𝐸1 .
Í
For any 𝑟 ∈ 𝑁(𝑆), it then follows that |(𝐵𝑥)𝑟 | ≥ |𝑥 𝑣 | − 𝑢∈𝑊𝑟 |𝑥 𝑢 |, where (𝑣, 𝑟) ∈ 𝐸1 and
Í
Í
𝑊𝑟 = {𝑢 : (𝑢, 𝑟) ∈ 𝐸2 }. Hence, ∥𝐵𝑥∥ 1 ≥ (𝑣,𝑟)∈𝐸1 |𝑥 𝑣 | − (𝑢,𝑟)∈𝐸2 |𝑥 𝑢 |. We observe that this
step of the proof is specific to the ℓ1 norm, and does not generalize to larger ℓ 𝑝 norms.
Í
The main step in the proof is to argue that (𝑣,𝑟)∈𝐸2 |𝑥 𝑣 | ≤ 𝑡𝜀 ∥𝑥 ∥ 1 using expansion. With
Í
Í
this in hand, it immediately follows that (𝑣,𝑟)∈𝐸1 |𝑥 𝑣 | ≥ 𝑡(1 − 𝜀) ∥𝑥 ∥ 1 , because (𝑣,𝑟)∈𝐸0 |𝑥 𝑣 | =
𝑡 ∥𝑥 ∥ 1 by regularity. It then follows that ∥𝐵𝑥∥ 1 ≥ 𝑡(1 − 2𝜀) ∥𝑥∥ 1 . Note that the upper bound
∥𝐵𝑥∥ 1 ≤ 𝑡 ∥𝑥 ∥ 1 is trivial, so this shows that 𝐵 is ℓ1 -RIP.
One may attempt to generalize this proof to 𝑝 > 1 by replacing |𝑥 𝑣 | with |𝑥 𝑣 | 𝑝 . For
Í
Í
𝑝
example, using expansion it follows that (𝑣,𝑟)∈𝐸2 |𝑥 𝑣 | 𝑝 ≤ 𝑡𝜀 ∥𝑥 ∥ 𝑝 , and as (𝑣,𝑟)∈𝐸0 |𝑥 𝑣 | 𝑝 =
Í
𝑝
𝑝
𝑡 ∥𝑥 ∥ 𝑝 , we then have (𝑣,𝑟)∈𝐸1 |𝑥 𝑣 | 𝑝 ≥ 𝑡(1 − 𝜀) ∥𝑥∥ 𝑝 . But this is not enough to complete the
Í
Í
𝑝
proof, as it does not follow that ∥𝐵𝑥∥ 𝑝 ≥ (𝑣,𝑟)∈𝐸1 |𝑥 𝑣 | 𝑝 − (𝑣,𝑟)∈𝐸2 |𝑥 𝑣 | 𝑝 . Indeed, this is a
fundamental barrier, and is the reason why our analysis for 𝑝 ≥ 1 proceeds by analyzing the
“local” potential function 𝑎 𝑟 (𝑥), rather than the two “global” sums over 𝐸1 and 𝐸2 above.

2.3

Theorem 4: bounds on the singular values of 𝑨

We give a brief overview of the proof of Theorem 4. First, we observe that in order to bound
the singular values of 𝐴, it suffices to bound the spectrum of 𝑀 := 𝐴𝐴⊤ − 𝑠 · 𝐼, as each
singular value of 𝐴 is the square root of an eigenvalue of 𝐴𝐴⊤ . Note that 𝑀 is a square
matrix with an all-0 diagonal, by regularity of 𝐴.
Step 1: reducing to the nomadic walk matrix via a modified Ihara–Bass formula. The
first step in the proof is to relate bounds on the spectrum of 𝑀 to the spectral radius (i.e.,
maximum eigenvalue in absolute value) 𝜌(𝐵) of 𝐵, the nomadic walk matrix introduced in
[27].13 The nomadic walk matrix 𝐵 is indexed by pairs of edges14 (𝑒1 , 𝑒2 ) in 𝐺 that form
a length 2 non-backtracking walk in 𝐺, and its ((𝑒1 , 𝑒2 ), (𝑒1′ , 𝑒2′ ))-th entry is sign(𝑒1′ )sign(𝑒2′ )
if 𝑒1 → 𝑒2 → 𝑒1′ → 𝑒2′ forms a non-backtracking walk of length 4 in 𝐺, and is 0 otherwise.
Note that 𝐵 is not symmetric.

13 We

note that one could most likely also prove Theorem 4 using the standard nonbacktracking walk
matrix and Ihara–Bass formula, e.g., with similar methods as in [9].
14 In [27], the nomadic walk matrix is indexed by directed edges. In our context, this is equivalent to a
length 2 oriented walk 𝑒1 → 𝑒2 , which is equivalent to a pair (𝑒1 , 𝑒2 ) of undirected edges, as the ordering
in the pair gives the unique orientation 𝑒1 → 𝑒2 in the walk.
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▶ Theorem
p 13 (Modified Ihara–Bass formula, Theorem 3.1 of [27], informal). If 𝜌(𝐵) ≤
(1 + 𝑜(1)) (𝑠 − 1)(𝑡 − 1), then the spectrum Spec(𝑀) of 𝑀 satisfies:
p

p

Spec(𝑀) ⊆ [𝑡 − 2 − 2(1 + 𝑜(1)) (𝑠 − 1)(𝑡 − 1), 𝑡 − 2 + 2(1 + 𝑜(1)) (𝑠 − 1)(𝑡 − 1)] .

p

The above theorem thus shows that it suffices to prove that 𝜌(𝐵) ≤ (1 + 𝑜(1)) (𝑠 − 1)(𝑡 − 1)
with high probability.
We remark that bounds on the spectra of matrices of the form of 𝑀 were studied in
[27] for the case of 𝑠 = 𝑂(1). Unfortunately, this is insufficient to prove Theorem 4, as we
wish to allow 𝑠 to be any function of 𝑛 (provided that 𝑠 ≤ 𝑛 𝑐 for some absolute constant 𝑐).
However, [27, Theorem 3.1] is a general statement that holds regardless of 𝑠, so we can make
use of it in our setting.
Step 2: bounding 𝝆(𝑩) via the trace method by counting hikes. The natural approach to
bound 𝜌(𝐵) is by applying the trace method. As the matrix 𝐵 is not symmetric, we compute:
𝑇 := 𝔼sign [tr(𝐵ℓ (𝐵⊤ )ℓ )] ,
where the expectation is taken over the function sign that determines the signs of the entries
of 𝐴. By carefully expanding this expectation, one can show that the nonzero contributions
to 𝑇 roughly come from length 4(ℓ − 1) closed walks in 𝐺 where (1) each edge in the walk
appears an even number of times, and (2) the walk is non-backtracking, except possibly at
the middle step in the walk. Such walks (of length 4ℓ ) are commonly referred to as (2ℓ )-hikes
[26].
To finish the proof of Theorem 4, we thus turn to obtaining a careful bound on the
number of such walks.
Counting these walks requires extra care in our setting as our graph is bipartite, and so
the bound needs to be sensitive to the difference in right/left degree. The counting of such
hikes also differs greatly depending on whether 𝑠 ≤ polylog(𝑛) or 𝑠 = 𝜔(polylog(𝑛)).
Step 3: counting the number of hikes when 𝒔 ≤ polylog(𝒏). [26, Section 3] counts the
number of such hikes when 𝑠 = 𝑂(1), provided that 𝐺 is bicycle-free at radius 𝑂(log 𝑛).
Namely, any vertex 𝑣 participates in at most one cycle of length 𝑂(log 𝑛). By repeating their
proof, one can show that their bounds can be extended to the case when 𝑠 ≤ polylog(𝑛).
However, we still cannot use their bound on the number of such hikes naively, as their
counting is for non-bipartite graphs and thus yields a bound of 𝑚(1 + 𝑜(1))ℓ (𝑠 − 1)2ℓ , simply
because it treats left and right vertices the same, and the maximum degree of a vertex is 𝑠.
We refine their approach to ensure that right and left vertices contribute roughly equally,
which will yield the desired bound. One may, at first glance, be tempted to assume that this
is trivial because a closed walk in a bipartite graph has an equal number of left and right
vertices, but this is not the case, as we shall see.
We adopt the bookkeeping approach of [26]. We think of a hike as discovering the graph
𝐺 as one traverses the hike. A step in a hike is fresh if uses an edge for the first time and
ends at a previously undiscovered vertex; it is boundary if it uses an edge for the first time
but ends up at an old vertex; finally, it is stale if it uses an old edge.
Because each edge must appear an even number of times, a hike can have at most 2ℓ
fresh steps. Each fresh step “pays” a factor of (𝑠 − 1) (if we move from a right to a left vertex)
or (𝑡 − 1) (if we move from a left to a right vertex) in our bound in the number of hikes, as
this is the number of choices for the next vertex that the hike moves to. [26, Theorem 2.13]

V. Guruswami, P. Manohar, and J. Mosheiff

7:15

implies that, since 𝐺 is bicycle-free, the number of boundary steps is ≪ ℓ ; they also show
that one can bound the “number of choices” for the stale steps by some small factor, which
we ignore here.
We need to augment the argument of [26] with the following addition: if a hike has 𝑐 fresh
steps, then the number of fresh steps 𝑐 𝑅 that start at a right vertex is ≈ 2𝑐 , and similarly
for 𝑐 𝐿 for left vertices. Note that by definition, 𝑐 = 𝑐 𝑅 + 𝑐 𝐿 . The key observation is that a
fresh step from a right (resp. left) vertex must be followed by either a fresh step from a left
(resp. right) vertex, or by a boundary step. Indeed, after we take a fresh step we are at a
previously unvisited vertex, so the next step must use a new edge; in particular, it cannot be
stale. This implies that the deviation of each of 𝑐 𝐿 , 𝑐 𝑅 from 2𝑐 is bounded by the number of
boundary steps, which is ≪ ℓ .
This implies a bound of 𝑚(1 + 𝑜(1))ℓ (𝑠 − 1)ℓ (𝑡 − 1)ℓ on the number of hikes, provided
that 𝑠 ≤ polylog(𝑛). The 𝑚 comes from the number of start vertices in the hike, and the
(1 + 𝑜(1))ℓ comes from the stale and boundary steps, as well as our new deviation term. This
yields the desired bound for sparse 𝑠.
Step 4: counting the number of hikes when 𝒔 = 𝝎(polylog(𝒏)). For 𝑠 this large, the
graph 𝐺 is “dense”, and so it will not be bicycle-free at radius 𝑂(log 𝑛). This rules out the
approach of [26], which relies on 𝐺 being bicycle-free. Instead, we adapt a standard counting
approach (for bounding the operator norm of a random 𝑛 × 𝑛 Gaussian matrix) given in [33,
Section 2.3.6] to our bipartite setting. Our crucial observation here is to note that any hike
can have at most ℓ distinct left vertices. As we pay a factor of (𝑠 − 1) every time we move to
a left vertex, it then follows that the “power” of (𝑠 − 1) in our bound can only be at most
ℓ . The standard counting argument of [33, Section 2.3.6] for Gaussian matrices then goes
through, yielding the desired bound.
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Introduction

In computational complexity, there is often a focus on analyzing the worst-case scenario
for a given computation model C and a given function f , but there are other natural cases
to consider. One such case is amortized computation, where our C algorithm computes
many copies of f in such a way that the average cost per copy may be much less than the
worst-case cost of computing f a single time.
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Amortized analysis has typically been used in the context of (time-bounded) Turing
Machines, but studying the amortized complexity of syntactic – and in particular non-uniform
– computation models goes back just as far, such as Uhlig’s results on circuits computing
f on m different inputs. The study of amortized analysis for branching programs, a model
corresponding to non-uniform space-bounded complexity, was initiated by Potechin [11] and
later standardized by Robere and Zuiddam [12] for branching programs and other syntactic
models.
The amortized model was introduced by [8] in a different context, namely as a non-uniform
version of catalytic space, originally introduced in the uniform setting by Buhrman et al. [4]
as a new type of space-bounded complexity class. In a catalytic Turing Machine, there are
four tapes: as in a traditional space-bounded Turing Machine there is a read-only input tape
of length n, a write-only output tape of length 1, and a read-write work tape of length s(n),
but additionally we have a read-write catalytic tape of length 2O(s(n)) . Ordinarily a tape of
this length would allow us to capture SP ACE(2O(s(n)) ) rather than SP ACE(s(n)), but the
catalytic tape comes with a catch: the entire tape is initialized to an arbitrary string τ , and
at the end of the computation it must contain that same string τ . Since the algorithm must
work for every string τ (so, for example, τ cannot be compressed), it seems as if we should
get no additional power over SP ACE(s(n)). Buhrman et al. defied this intuition, showing
that when s(n) = O(log n), the catalytic tape allows us to compute any function in T C 1 , a
class which as far as we know is larger even than N L = N SP ACE(s(n)).
Going to the non-uniform setting, an m-catalytic branching program for f [8] is defined
as having m start nodes, m 1-end nodes, and m 0-end nodes, where if we restrict to any
particular start node we get an ordinary branching program for f with a single start, 1-end,
and 0-end node, all of which are distinct for each different choice of the start node. To see
the connection to catalytic space, we can think of each start node as corresponding to a
different setting of a log m-length catalytic tape, where the “restoration” of the catalytic tape
is captured by the fact that the two end nodes corresponding to any start node are unique
to that start node. After defining this model and showing multiple results extending the
uniform arguments in [4], Girard, Koucký, and McKenzie [8] left open the question of how
large of an m-catalytic branching program is required to compute an arbitrary function f .
As observed by Potechin [11], this definition is also a natural interpretation of branching
programs in the amortized world, as our m-catalytic branching program can be thought of
as computing the function f m times. Thus in approaching the question left open by [8],
they also settled the question of the amortized space required for an arbitrary function f ;
they showed that every function f has an m-catalytic branching program of size O(mn), or
in other words amortized size O(n). The only catch is that the number of copies is doubly
exponential; specifically, there exists a (layered) m-catalytic branching program of width
n
2m and length 4n, where m = 22 −1 . The branching program also has the nice property of
reading each input variable exactly 4 times, and thus this also has implications for read-k
branching programs for k = O(1).
In terms of amortized size, the result of [11] is clearly optimal up to constant factors, and
so following [8] the central open question they posed is to understand whether or not m can
be improved while maintaining linear amortized size, and what the implications of this result
may be. Taking up this challenge, Robere and Zuiddam [12] showed that any function f
can be computed by an m-catalytic branching program with the same parameters as [11]
n
even when m = 2(≤d)−1 , where d is the degree of f as an F2 polynomial. Unfortunately
this doesn’t allow us to go beyond [11] for most functions, but it provides a much sharper
analysis for many functions that still appear quite difficult. The proof uses properties of F2
polynomials under permutations of the input variables.
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Our results
Main result

While the m-catalytic branching programs of [11, 12] can be viewed as catalytic algorithms
by definition, our initial aim is to restate these algorithms using the basic catalytic tools
derived in [4] and follow-up works. In particular we reprove their results using the natural
non-uniform variant of register programs, which were defined by Ben-Or and Cleve [3] as
space-bounded machines for computing simple arithmetic operations and were also the model
used in [4] for their results. Our non-uniform register program follows by extending previous
work on catalytic algorithms for the tree evaluation problem [5, 6], by adapting their register
program to optimize time rather than space.
More importantly, as a result of this connection, we can also exploit a trade-off between
space and time – here corresponding to m and length, respectively – in order to strongly
n
break the 22 −1 barrier for arbitrary functions. In Section 3, we show:
▶ Theorem 1. For any function f : {0, 1}n → {0, 1} and any ϵ ≥ 2n−1 , there exists
an m-catalytic branching program of width 2m and length 21/ϵ · 2ϵn computing f , where
ϵn
1
m = 2n+ ϵ ·2 .
Furthermore, if f is a degree-d polynomial over F2 and ϵ ≥ 2d−1 , there is an m-catalytic
n
1
branching program of width 2m and length 21/ϵ · 2n and computing f , where m = 2n+ ϵ (≤ϵd) .
Focusing on the case when ϵ = Ω(1), this gives us a read-O(1) m-catalytic branching program
n
with m significantly less than 22 −1 for every function, as well as significantly less than
n
2(≤d)−1 for degree d functions.

1.1.2

Other results

As a bonus, this interpretation also allows us to show significant improvements on m (while
still maintaining linear amortized size) for some functions not covered by [12], in particular
all functions in TC0 , the class of functions computable by low-depth threshold circuits of
polynomial size. By allowing the amortized size to increase to quasilinear, we can capture the
much larger class VP, which is the class of all polynomials computable by poly-size arithmetic
circuits. See the full version of the paper for proofs and discussions of these results.
▶ Theorem 2. Let f be a function which can be computed by a Boolean circuit C which
has depth O(1), size poly(n), and consists of unbounded fan-in M AJ gates. Then f can
be computed by an m-catalytic branching program of length O(n) and width 3m, where
m = 2poly(n) .
Let F ∈ {Fp∈[poly n] , Z, Q}, and let f be a function which can be computed by an arithmetic
circuit2 C over F which has depth O(log n), size poly(n), and consists of unbounded fan-in
+ gates and fan-in 2 × gates. Then for any ϵ > 0, f can be computed by an m-catalytic
O(1/ϵ)
branching program of length O(nϵ ) · n and width 3m, where m = 2n
.
In Section 4, we study whether tradeoffs can be made in the other direction, namely
whether length 4n is optimal for m-catalytic branching programs of width O(m). We show
that a few modifications can bring the length down even while slightly improving the original

2

Our notion of an arithmetic circuit computing a Boolean function is the Boolean part of the circuit
class, meaning that for all inputs coming from {0, 1}n , the polynomial the circuit computes will either
evaluate to 0 or 1 over F. See e.g. [1] for more discussion of such models.
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n

parameter m = 22 −1 . As with the results of [11, 12] and our improvements, this program is
not only layered with optimal width 2m, but in fact can be made a permutation branching
program, meaning that each layer has exactly 2m nodes and the transition between layers is
restricted to be a permutation.3
▶ Theorem 3. For every function f , there is a read-4 permutation branching program of
n−1
width 2n+2
and length 4n − 4 computing f .
To complement this result, we show that for such restricted programs and any m, even
the AND function cannot be computed by permutation programs of length less than 3n once
n ≥ 4. In fact our lower bound is very suggestive; it shows that any attempt to read any
variable less than three times results in a program exactly matching Theorem 3.
▶ Theorem 4. Any permutation branching program computing AND(x1 , . . . , xn ) which reads
some variable at most twice must have length at least 4n − 4.
Together these two results leave three questions: 1) what, between 3n and 4n − 4, is the
shortest length of a permutation branching program for an arbitrary function?; 2) can m
can be improved for programs of length 3n – or in general any fixed length?; and 3) can we
get any improvements by moving to more general programs?

2

Preliminaries

We introduce two space-bounded models of computation. Our first model is a variation of
branching programs, which are the standard syntactic (i.e. non-uniform) notion of spacebounded computation (see [7]).
▶ Definition 5 (m-catalytic branching program [8]). Let n ∈ N and let f : {0, 1}n → {0, 1} be
an arbitrary function. An m-catalytic branching program is a directed acyclic graph G with
the following properties:
There are m source nodes and 2m sink nodes.
Every non-sink node is labeled with an input variable xi for i ∈ [n], and has two outgoing
edges labeled 0 and 1.
For every source node v there is one sink node labeled with (v, 0) and one with (v, 1).
We say that G computes f if for every x ∈ {0, 1}n and source node v, the path defined by
starting at v and following the edges labeled by the value of the xi labeling each node ends at
the sink labeled by (v, f (x)). The size of G is the number of non-sink nodes4 in G.
We also consider m-catalytic branching programs with standard restrictions:
layered branching programs: for some ℓ ∈ N, there exists a function σ : G → [ℓ+1] such that
for all u ∈ G, the outgoing edges of u go to nodes v, w such that σ(v) = σ(w) = σ(u) + 1;
we call the set of nodes {v ∈ σ −1 (j)} the jth layer. Furthermore for each j ∈ [ℓ] there
exists an input variable xji which is the variable labeling every v ∈ σ −1 (j).5 The width
of G is maxj∈[ℓ] |σ −1 (j)| and the length of G is ℓ. Note that the size of G is at most the
product of the length and width of G.

3
4

5

n−1

It is likely m can be improved to 22
by arguing directly about the branching program. E.g. our
Theorem 9 loses a similar factor compared to Potechin’s Theorem 3.1 [11], by using register programs.
This is somewhat non-standard, but when talking about layered branching programs this simplifies
things by defining the length as the number of times we read variables, which will in turn be connected
to the number of instructions in our register program model. This choice does not affect the asymptotics
of any results.
By construction layer ℓ + 1 will contain exactly the sink nodes of G. See the previous footnote for an
explanation of this somewhat non-standard convention.
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Sinks
(1, 0)
(2, 0)
(3, 0)
(4, 0)
(1, 1)
(2, 1)
(3, 1)
(4, 1)

Sources
1
2
3
4

Sinks
(1, 0)
(2, 0)
(3, 0)
(4, 0)
(1, 1)
(2, 1)
(3, 1)
(4, 1)

Figure 1 The computation of an m-catalytic branching program starting at source node i ends
at sink node (i, 0) if f (x) = 0 (left) or (i, 1) if f (x) = 1 (right). In these diagrams, m = 4.

read-k branching programs: for any start node v and any input x, each variable xi is
read at most k times during the computation starting at v. We note that for layered
branching programs, this corresponds to each variable xj labeling at most k layers.
permutation branching programs: consider a layered branching program of width 2m
with 2m source nodes S = {s1 . . . s2m } and 2m sink nodes T = {t1 . . . t2m }, and let
P (x) : [2m] → [2m] be the function such that P (x)(i) = i′ where the computation path
starting from si on input x goes to ti′ . Then there exists a permutation σ ∗ : [2m] → [2m]
such that P (x) is the identity function when f (x) = 0 and P (x) = σ ∗ when f (x) = 1.
This is not an m-catalytic branching program in the strict sense, and we will address this
model more precisely in Section 4.
Our second model comes from a line of work starting with [3], more recently fleshed out
in [4] and used in many follow-up works on catalytic computation [5, 6].
▶ Definition 6 (Transparent register program). Let R be a ring and f ∈ {0, 1}n → {0, 1}
a function. A register program P is defined by a set of registers S = {R1 . . . Rs , Rout },
each storing a value in R, plus an ordered list of t instructions where for every j ∈ [t]
the jth instruction is R ← R + pj (xi , S \ {R}) for some i ∈ [n], R ∈ S, and polynomial
pj ∈ R[x, y0 . . . ys ].
We say that P computes f if for every x ∈ {0, 1}n , after initializing R = 0 for all registers
R and then executing all instructions in order, the value stored in Rout is f (x). We say that
P transparently computes f if instead of initializing all R to 0, each R begins in an arbitrary
initial state τi , and at the end of the program we have Rout = τ out + f (x) and Ri = τi for
all i. The size of P is the number of registers s + 1 and the time of P is the number of
instructions t.
We use register programs as an abstraction for understanding m-catalytic branching
programs, which will be the model our main results will refer to. The two models are connected
through the following observation (see Figure 2 for an example of our construction).
▶ Observation 7. Let fn : {0, 1}n → {0, 1} be a family of functions and let Pn be a family of
register programs over a family of rings Rn with size s(n) + 1 and time t(n) each transparently
computing fn . Then fn can be computed by a family of m-catalytic branching programs of
width |Rn |m and length t(n), where m = |Rn |s(n) .
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1: R1 ← R1 + x1
2: Rout ← Rout + R1 x2
3: R1 ← R1 + x1

1 1

1 1

1 1

x2

x1

x2

0 1

0 1

0 1

x2

x1

x2

1 0

1 0

x1

x2

0 0

0 0

x1

x2

1 1
(1, 1)

4: Rout ← Rout + R1 x2

Rout = 0
R1 = 1
1 0

1 0
x1 = 0
x2
1 x1 x
1
=
1
0 0
0 0
2

x1

x2

0 1
(2, 1)
1 0
(1, 0)
0 0
(2, 0)

Figure 2 A transparent register program computing AND(x1 , x2 ), and its realization as a 2catalytic branching program using Observation 7. Each node is annotated (above, in boxes) with
the register values it stores, and each non-sink node is labelled (inside the circle) with the input to
be read. Dashed lines are transitions taken when that input is zero, and solid lines are taken when
the input is one. Finally, the source nodes are assigned the numbers 1 and 2 (since m = 2), and the
sink nodes are assigned pairs of numbers, so that like in the more abstract Figure 1, a computation
starting at source node v will end at end at sink node (v, f (x)). Note that nodes/edges that appear
in gray are unreachable from the start states and thus would not appear in the final branching
program; they appear only for reference as to how the register program translates to a branching
program.

Proof. We will define a branching program with width |Rn |s(n)+1 and length t(n). Each
layer will represent a stage in the register program and each node in a layer will represent a
setting to the registers at that time. Since each register program step only requires us to read
one input variable, at layer k we query the variable associated with step k in the register
program and create edges from each node in layer k to the nodes at layer k + 1 representing
the state of our memory after the step has completed. We label each input node as τ for
some distinct initial configuration τ = (τ1 . . . τs(n) ) to all registers except Rout , and we treat
Rout as being initialized to 0. Then by the fact that P transparently computes f , starting at
node τ we are guaranteed to reach a node (τ, f (x)). Since in each layer we have a node for
every setting of the s(n) + 1 registers, the width of our branching program is |Rn |s(n)+1 , and
since each non-output layer corresponds to a unique instruction from our register program,
the length of our branching program is t(n).
◀
▶ Note 8. In our computation we often include instructions of the form R ← R + pj (R/{R}),
i.e. instructions that do not require reading a variable xi . By observing the above proof, it is
clear that such instructions do not add any length to the branching program, as they can be
computed at the same time as an adjacent instruction.

3

Saving Space

In this section we show that every function can be computed by an m-catalytic branching
n
n
program with size O(mn) for m ≪ 22 −1 (improving on [11]) and m ≪ 2(≤d)−1 (improving
on [12]). We present our algorithm in three steps:
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In Section 3.1 we show a simpler version of our algorithm which is sufficient to reproduce
– with a negligible loss in parameters – Potechin’s result [11] that any function can be
computed with a linear-amortized-size m-catalytic branching program. Our program has
n
length 4n and width 2m, where m = 22 +n .
In Section 3.2 we show how to trade off between m and amortized size, yielding for every
k ∈ [d] an m-catalytic branching program of length 2k · 4⌈n/k⌉ and width 2m, where
⌈n/k⌉
+n
m = 2k·2
.
In Section 3.3 we show a simple modification of our first algorithm which reproduces –
again with a negligible loss – the result of Robere and Zuiddam [12] that m can be made
n
as small as 2(≤d)−1 , where d is the degree of f as an F2 polynomial, with no cost to the
n
length. Our program has length 4n and width 2m, where m = 2(≤d)+n . We then show
that the tradeoff algorithm gives us an m-catalytic branching program of length 2k · 2n
n
and width 2m, where m = 2k·(≤⌈d/k⌉)+n .6
In these sections, our register programs will all operate over the field of two elements:
Rn = F2 for all n.

3.1

Basic Algorithm

In this section, we will prove:
▶ Theorem 9. For any function f : {0, 1}n → {0, 1} there is an m-catalytic branching
n
program with length 4n and width 2m that computes f , where m = 2n+2 .
This is proved by Algorithm 1 below. This nearly reproduces Potechin’s Theorem 3.1 [11],
n
n
but with a worse value m = 2n+2 instead of 22 −1 . Nonetheless, we will find it a useful
starting point for our algorithm that trades space for time in Section 3.2.
Proof. We will design a program that uses n+2n work registers plus one output register Rout ,
which is sufficient by Observation 7. First, we have n registers R1in , . . . , Rnin , corresponding
to the n input bits. This correspondence is given by the following subroutine:
1: procedure ToggleInput
2:
for i = 1, . . . , n do
3:
Riin ← Riin + xi
4:
end for
5: end procedure
After ToggleInput runs, the registers have values Riin = τiin + xi , where τiin stands for the
initial value of Riin . If we run it a second time, the registers are restored to their original
values: Riin = τiin . Since we query all n variables once, ToggleInput requires time n to run
once.
Before defining our other 2n registers, we introduce an algebraic view of f , which will be
our main focus. We can view f as a multilinear polynomial pf ∈ F2 [x1 , . . . , xn ] using basic
interpolation:
▶ Lemma 10. For any function f : {0, 1}n → {0, 1} there is a multilinear polynomial
pf ∈ F2 [x1 , . . . , xn ] such that pf ( #–
x ) = f ( #–
x ) for all #–
x ∈ {0, 1}n .
6

While the program of [12] matches or beats [11] for all d, our improved version of [12] is worse than
our improved version of [11] when d = Ω(n) (although still an improvement over the original results of
both papers), and thus we state and prove both results separately rather than subsuming our improved
version of [11].
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Proof. For any #–
y ∈ {0, 1}n , we can algebraically define the indicator function [ #–
x = #–
y ] as
Qn
(x
+
y
+
1)
∈
F
[x
,
.
.
.
,
x
].
Then
we
can
set
i
i
2
1
n
i=1
X
pf =
[ #–
x = #–
y]
◀
#–
y ∈{0,1}n :f ( #–
y )=1

Now define yi = τiin + xi ; in other words, yi is the value of Riin after running ToggleInput.
Define qf (y1 , . . . , yn , τ1in , . . . , τnin ) = pf (y1 − τ1in , . . . , yn − τnin ) to be the result of rewriting

Q
pf using the
yi and τi variables.7 For S, S ′ ⊆ [n], let cS,S ′ be the coefficient of
τiin ·
i∈S

Q
i∈S ′ yi in qf , so that
!
!
X
Y
Y
# in
– #–
in
q (τ , y ) =
c ′
τ
y
S,S

f

S,S ′ ⊆[n]

i

i

i∈S ′

i∈S

Note that S and S ′ are disjoint whenever cS,S ′ ̸= 0, because pf is multilinear. We now
introduce our other registers: we have 2n registers RS indexed by subsets S ⊆ [n]. Our next
subroutine prepares us to use these registers to compute qf :
1: procedure ToggleMonomials
2:
ToggleInput
3:
for S ′ ⊆ [n] do
Q
4:
RS ′ ← RS ′ + i∈S ′ Riin
5:
end for
6:
ToggleInput
7: end procedure
Q
After ToggleMonomials runs, we have RS = τS + i∈S yi for each S ⊆ [n], where τS
stands for the register’s initial value. The Rin registers have their initial values Riin = τiin .
We run ToggleInput twice and have 2n additional instructions, but since the additional
instructions do not query any x variables they can be computed in the last x query of
ToggleInput, for a total runtime of 2n.
Our final algorithm for computing f is:
Algorithm 1 Transparently compute f in time 4n with n + 2n + 1 registers.
1: ToggleMonomials
2: Rout ← Rout +

P

S,S ′ ⊆[n] cS,S ′

Q

i∈S


Riin RS ′

i∈S


Riin RS ′

3: ToggleMonomials
4: Rout ← Rout −

P

S,S ′ ⊆[n] cS,S ′

Q

Q
When Line 2 executes, we have RS ′ = τS ′ + i∈S ′ yi , so after that line,
!
!
X
Y
Y
out
out
in
R =τ
+
cS,S ′
τi
τS ′ +
yi .
S,S ′ ⊆[n]

i∈S ′

i∈S

Then when Line 4 executes, we have RS ′ = τS ′ , so the final value is
!
!
X
Y
Y
out
out
in
R =τ
+
cS,S ′
τi
yi = τ out + f (x1 , . . . , xn ).
S,S ′ ⊆[n]

7

i∈S

i∈S ′

For example, if f is the OR function f (x1 , x2 ) = x1 ∨ x2 , we have pf (x1 , x2 ) = x1 + x2 + x1 x2 and
qf (τ1in , τ2in , y1 , y2 ) = y1 + τ1in + y2 + τ2in + y1 y2 + y1 τ2in + τ1in y2 + τ1in τ2in , and both are equal to f (x1 , x2 )
so long as #–
y have the correct values.
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So Algorithm 1 correctly computes f . The space of the program is n + 2n by construction,
and as before we can ignore the instructions on lines 2 and 4 since they do not use x, giving
us a total runtime of 4n from the two calls to ToggleMonomials.
◀

3.2

Trading Space for Time

In this section, we will modify Algorithm 1 to make m dramatically smaller, in exchange for
making the branching program longer.
▶ Theorem 11. For any k ∈ N and any function f : {0, 1}n → {0, 1} there is an mcatalytic branching program with length 2k · 2⌈n/k⌉ and width 2m that computes f , where
⌈n/k⌉
m = 2n+k·2
.
Before jumping into the proof of Theorem 11, we will address the main innovation of our
work, namely trading off time for space. Namely we begin by building a register program
that takes time n2n+1 but uses only the n + 1 registers R1in . . . Rnin , Rout . This is similar to
what Theorem 11 guarantees when k = n.
As in Sections 3.1 and 3.3, let pf ∈ F2 [x1 , . . . , xn ] be f as a polynomial, let qf ∈
F2 [τ1in , . . . , τnin , y1 , . . . , yn ] be equal to pf so long as yi = τiin + xi for all i, and let cS,S ′ be the
Q
Q
in
coefficient of
i∈S τi
i∈S ′ yi in qf . We define a small generalization of ToggleInput,
where we can choose to toggle only a subset of our inputs:
1: procedure ToggleSomeInputs(S’)
2:
for i ∈ S ′ do
3:
Riin ← Riin + xi
4:
end for
5: end procedure
Using ToggleSomeInputs(S’), we can replace the register RS ′ in Algorithm 1 with a
separate set of instructions that computes the corresponding term of qf :
Algorithm 2 A slow algorithm for computing qf .
1: for S ′ ⊆ [n] do
2:

ToggleSomeInputs(S’)
P
Q
3:
Rout ← Rout + S⊆[n] cS,S ′ · i∈S∪S ′ Riin
4:
ToggleSomeInputs(S’)
5: end for
Whenever Line 3 is executed, Riin = yi for i ∈ S ′ , and Riin = τiin for i ̸∈ S ′ . By
construction of qf , S and S ′ are disjoint whenever cS,S ′ ̸= 0, from which it
that

 follows
P
Q
Q
in
Riin = τiin for i ∈ S. Thus the effect of Line 3 is to add S⊆[n] cS,S ′
τ
y
to
′
i
i∈S i
i∈S
Rout . Since this is run for every subset S ′ , the overall effect of the program is to add
!
!
X
Y
Y
in
cS,S ′
τi
yi = pf (x1 . . . xn )
S,S ′ ⊆[n]

i∈S

i∈S ′

to Rout .
We now give an overview of the full proof. Our goal is to balance Algorithms 1 and 2 by
removing the registers RS corresponding to large subsets S and using slow multiplication to
build the polynomial qf from the remaining small subsets. In particular, if we divide the
input bits into k groups each of size ⌈n/k⌉, and only store all subsets within each group, then
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Q
Q
any monomial cS,S ′ i∈S τiin i∈S ′ yi can be computed by multiplying together one subset
from each group, namely the restriction of S to the group. Instead of 2n registers for all
subsets, we use only k · 2⌈n/k⌉ registers corresponding to subsets in the k groups, and we can
compute all the corresponding monomials into these registers in time 2n using the first half
of Algorithm 1. Then since we are only multiplying k monomials together, we can compute
qf using Algorithm 2 in time 2k · 2 · 2n, since each call to ToggleSomeInputs is replaced
with our 2n time execution of Algorithm 1.
As a slight last speedup, we use a Gray code to order our subsets in Algorithm 2, replacing
two executions of ToggleSomeInputs with a subroutine toggling a single group on or off
and only spending 2⌈n/k⌉ time to do so. This allows us to compute qf in 2k · 2⌈n/k⌉ time
rather than 2k · 4n time.
Proof of Theorem 11. For j ∈ [k] let bj = ⌈nj/k⌉, and divide the range [n] into k groups:
G1 = {1, . . . , b1 }, G2 = {b1 + 1, . . . , b2 }, . . . , Gk = {bk−1 + 1, . . . , bn = n}. For each group Gj ,
we have 2|Gj | registers Rj,S indexed by subsets S ⊆ Gj . As in all previous algorithms we also
Pk
use n registers R1in , . . . , Rnin , corresponding to the n input bits, for a total of n + j=1 2|Gj |
registers plus the output register Rout .
We’ll begin by rewriting the polynomial qf in a new form. Recall from Section 3.1 that
#–
#–
qf (τ in , #–
y ) = f (x) so long as #–
y = #–
x + τ in , and
!
!
X
Y
Y
# in
– #–
in
q (τ , y ) =
c ′
τ
y
f

S,S

S,S ′ ⊆[n]

i

i

i∈S ′

i∈S

Now, for every S ′ ⊆ [n], define Sj′ := S ′ ∩ Gj . For each j ∈ [k] and S ⊆ Gj , let zj,S =
Q
τj,S + i∈S yi , where τj,S is the initial value of register Rj,S . Now for every monomial in qf ,
Q
Q
we split the term i∈S ′ yi in the monomial into k different products i∈S ′ yi , each of which
j
we can replace with zj,Sj′ − τj,Sj′ . This gives us a new polynomial
#–
rf (τ in , #–
τ , #–
z) =

X
S,S ′ ⊆[n]

cS,S ′

Y


! k
Y
τiin  (zj,S ′ − τj,S ′ ) .

i∈S

j=1

As we did with qf , for S, S ′ ⊆ [n] and T ⊆ [k], let dS,S ′ ,T be the coefficient of (
Q
Q
( j∈T zj,Sj′ ) · ( j∈[k]\T τj,Sj′ ) in rf , so that
X X X
#–
rf (τ in , #–
τ , #–
z) =
dS,S ′ ,T
S⊆[n] S ′ ⊆[n] T ⊆[k]

Y
i∈S

Q

in
i∈S τi )

·



!
Y
Y
τiin 
zj,Sj′  
τj,Sj′ 
j∈T

which is equivalent to f (x1 . . . fn ) as long as zj,Sj′ = τj,Sj′ +

j∈[k]\T

Q

i∈Sj′ (xi

+ τiin + 1).

Following ToggleSomeInputs(S ′ ), we define new versions of ToggleInput and
ToggleMonomials from Section 3.1 which focus on some groups and not others. In fact
we will only focus on a single group Gj rather than a subset of the groups, as we will order
our subsets S ′ in such a way that we will only ever need to toggle one group at a time:
1: procedure ToggleInputForGroup(j)
2:
for i ∈ Gj do
3:
Riin ← Riin + xi
4:
end for
5: end procedure
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1: procedure ToggleMonomialsForGroup(j)
2:

ToggleInputForGroup(j)
for S ⊆ Gj do
Q
Rj,S ← Rj,S + i∈S Riin
end for
ToggleInputForGroup(j)
end procedure

3:
4:
5:
6:
7:

We are now ready to assemble Algorithm 4, which completes the proof of Theorem 11.
To incorporate our improvement using Gray codes [9], let T0 = ∅, . . . , T2k −1 be an ordering
of all subsets of [k] such that each consecutive pair of sets Tℓ , Tℓ+1 mod 2k differs by exactly
one element eℓ ∈ [k]; thus we will only need to toggle the group Geℓ as claimed:
Algorithm 3 Transparently compute f in time 2k · 2⌈n/k⌉ with n + k · 2⌈n/k⌉ registers.
1: for ℓ = 0, . . . , 2k − 1 do


 Q k
P
P
Q
in
′
R
Rout ← Rout + S⊆[n] S ′ ⊆[n] dS,S ′ ,Tℓ
R
j,S
j=1
i∈S i
j
3:
ToggleMonomialsForGroup(eℓ )
4: end for
2:

Q
Each time Line 2 is reached, we have Rj,S = τj,S + i∈S yj for j ∈ Tℓ , and Rj,S = τj,S
for j ∈ [k] \ Tℓ . We also have Riin = τiin for each i ∈ [n]. So the effect of the line is to add


!
X X
Y
Y
Y
dS,S ′ ,Tℓ
τiin 
zj,S ′  
τj,S ′ 
j

S⊆[n] S ′ ⊆[n]

i∈S

j∈Tℓ

j

j∈[k]\Tℓ

to Rout . Summing this expression over all possible subsets Tℓ ⊆ [k] gives Rout = τ out +
rf (· · · ) = τ out + f (x1 , . . . , xn ), and so our algorithm transparently computes f .
◀
▶ Note 12. It is not difficult to save k registers by removing R1,∅ , . . . , Rk,∅ , as we simply
Q
add each value dS,∅,T ( i∈S Riin ) to our polynomial without concerning ourselves with any xi
(and by extension any yi or zi ) variables.

3.3

Bounded-Degree Polynomials

Robere and Zuiddam [12, Theorem 5.13] showed that if f is a polynomial of degree d < n, it
n
n
is possible to improve on Potechin’s theorem by decreasing m = 22 −1 down to m = 2(≤d)−1 .
Here we show how to adapt Algorithm 1 to get a similar result, and then at the end of the
section we build a tradeoff algorithm to improve it.
▶ Theorem 13. For any function f : {0, 1}n → {0, 1} which is a degree-d polynomial, there
is an m-catalytic branching program with length 4n and width 2m that computes f , where
n
m ≤ 2n+(≤d) .
Again, while this is slightly worse than Robere and Zuiddam’s original result, we include it
to show the flexibility of our approach and as a stepping stone to our tradeoff result.
Proof. The proof can be summarized as follows. We start with Algorithm 1, and make the
following change: for every S ′ ∈[n] such that cS,S ′ = 0 for all S, remove the register RS ′ .
n
We then argue that only n + ≤d
registers remain.
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Let pf = f ∈ F2 [x1 , . . . , xn ] – since f is already a polynomial, there’s no need to define
pf using interpolation this time. As before, let
!
!
X
Y
Y
# in
– #–
# in
–
in
#–
q (τ , y ) = p ( y − τ ) =
c ′
τ
y
f

f

S,S

S,S ′ ⊆[n]

i

i

i∈S

i∈S ′

Let Mf ⊆ 2[n] be the set of all S ′ such that there exists an S where cS,S ′ ̸= 0. We define
the following subroutine:
1: procedure ToggleUsefulMonomials
2:
ToggleInput
3:
for S ∈ Mf do
Q
4:
RS ← RS + i∈S Riin
5:
end for
6:
ToggleInput
7: end procedure
The only difference from ToggleMonomials is that we ignore subsets S which are not in
Mf (not “useful”). Our final algorithm is
Algorithm 4 Transparently compute a degree-d polynomial f in time 4n with n +

n
≤d



registers.

1: ToggleUsefulMonomials
2: Rout ← Rout +

P

S⊆[n]

P

S ′ ∈Mf

cS,S ′

Q

cS,S ′

Q

i∈S


Riin RS ′

i∈S


Riin RS ′

3: ToggleUsefulMonomials
4: Rout ← Rout −

P

S⊆[n]

P

S ′ ∈Mf


n
To conclude the proof of Theorem 13, we need to show |Mf | ≤ ≤d
. Indeed, since pf is
a degree-d polynomial, qf also has degree d, which means cS,S ′ = 0 whenever
|S| + |S ′ | > d.

n
′
So, Mf only contains sets S with size at most d, of which there are ≤d .
◀
▶ Note 14. The original algorithms of [11, 12] rely on the symmetries of f as an F2 polynomial,
in essence having each start state represent a possible function g which can be obtained from
f by negating input variables or taking ⊕ with f itself. [11] takes this set of functions to be
the space of all n-variable functions, while [12] analyzes these rules and obtains a more exact
characterization. While this characterization is phrased in terms of orbit closures, it can also
be described in terms of polynomials as the span of the set of all monomials appearing in f
as an F2 polynomial along with all submonomials of this set; this exactly coincides with our
Q
Q
notion as i∈S yi generates all submonomials i∈S ′ ⊆S xi for yi := xi + τi , which leads to
the quantitative results being essentially the same despite taking two completely different
approaches.
Now we state our tradeoff algorithm, which goes much in the same way as Theorem 11
but without breaking the variables into groups.
▶ Theorem 15. For any function f : {0, 1}n → {0, 1} which is a degree-d polynomial and
any k ∈ N, there is an m-catalytic branching program with length 2k · 2n and width 2m that
n
computes f , where m = 2n+k·(≤⌈d/k⌉) .

n
′′
Proof. For any ∆ ∈ N, let M∆
f ⊆ ≤∆ be the set of all S of size at most ∆ such that
′
′′
there exists an S ⊆ [n] and S ⊇ S where cS,S ′ ̸= 0. We will have k registers Rj,S ′′ for
⌈d/k⌉
every S ′′ ∈ Mf
, as well as the usual registers R1in . . . Rnin , Rout . Note that this gives us

⌈d/k⌉
n
our target space, as |Mf
| ≤ ≤⌈d/k⌉
.
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Q
Following our proof of Theorem 11, let zj,S = τj,S + i∈S yi , where τj,S is the initial value
Q
of register Rj,S , and for every monomial in qf we split the term i∈S ′ yi in the monomial
Q
arbitrarily into k different products i∈S ′ yi – each of which we can replace with zj,Sj′ − τj,Sj′
j

⌈d/k⌉

– where Sj′ ∈ Mf
and ∪j∈[k] Sj′ = S ′ . This is possible because each non-zero term in qf
has degree at most d, meaning that |S ′ | ≤ d and furthermore every subset of S ′ of size at
⌈d/k⌉
most ⌈d/k⌉ appears in Mf
by construction.8
Fixing some particular partition (Sj′ )j∈[k] for each S ′ , this gives us a new polynomial


!
X X X
Y
Y
Y
# in
– #– #–
rf ( τ , τ , z ) =
dS,S ′ ,T
τiin 
zj,Sj′  
τj,Sj′ 
S⊆[n] S ′ ⊆[n] T ⊆[k]

i∈S

j∈T

j∈[k]\T

Q
which is equivalent to f (x1 . . . fn ) as long as zj,Sj′ = τj,Sj′ + i∈S ′ (xi + τiin + 1). We define
j
ToggleMonomialsForGroup as before, using ToggleInput instead of ToggleInputForGroup since the variables are no longer split into groups, and using a Gray code we get
our final algorithm:
Algorithm 5 Transparently compute f in time 2k · 2n with n + k ·

n
≤⌈d/k⌉



registers.

1: for ℓ = 0, . . . , 2k − 1 do


 Q k
P
P
Q
in
′
Rout ← Rout + S⊆[n] S ′ ⊆[n] dS,S ′ ,Tℓ
i∈S Ri
j=1 Rj,Sj
3:
ToggleMonomialsForGroup(eℓ )
4: end for
2:

The analysis is identical to that of Algorithm 4, except the runtime is 2k · 2n rather than
2 · 2⌈n/k⌉ because we do not split the variables into groups.
◀
k

4

Saving Time

In the previous section we took the length 4n branching programs of [11, 12] as a starting
point to analyze whether m could be significantly reduced while still maintaining a linear
amortized size. In this section we investigate the opposite question: namely, is 4n optimal?
If we do not restrict the amortized size of our program, then every function has a branching
program of length n regardless of m. We will not only consider branching programs of linear
amortized size, but the stricter model of permutation branching programs.
We focus on permutation branching programs in this section for two reasons. First, all
our algorithms in the previous section can be converted to permutation branching programs.
To see this, we resist our connection between register programs and m-catalytic branching
programs, as proven in Observation 7. Our observation in fact says something stronger,
which is that fn can be computed by a family of permutation branching programs of width
2s(n)+1 . This follows because we can choose to not fix Rout to be 0, and instead have one
source node corresponding to each initial configuration τ1 . . . τs , τ out ; by Definition 6 this
8

Our use of j here is slightly different than in our previous proof; namely, j is not linked to a specific
block of variables, and rather we arbitrarily partitioned S ′ into k sets and assigned them each a distinct
j. This will result in us having to spend time n to load the monomials in, rather than time ⌈n/k⌉ as
in the previous proof, but this is necessary as we have no guarantee that there is a partition of the
variables such that every monomial of degree at most d is split into k monomials of degree at most
⌈d/k⌉. Note that this is where our algorithm performs worse than Algorithm 4 when d = Ω(n).
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source reaches the sink node labeled τ1 . . . τs , τ out + f (x), which is the identity permutation
when f (x) = 0 and a fixed set of 2s(n) transpositions otherwise. Thus as a corollary of
[11, 12] we get the following:
▶ Theorem 16. Every function f can be computed by a read-4 permutation branching program
n
n
of width 22 −1 (or 2(≤d)−1 , where d is the F2 -degree of pf ).
Given the strength of these results, only a factor of 4 away from the best conceivable amortized
size, there is no reason a priori to believe that permutation branching programs are too weak
to consider even better upper bounds. Indeed we will show that improvements are possible.
This leads to our other reason for focusing on permutation branching programs: lower
bounds against general branching programs are notoriously difficult. Besides the basic
counting argument, the best known branching program lower bounds for an explicit function
are not even quadratic, using techniques known to go no further [10]. Considering the
amortized branching program size needed to compute any function f is always at most the
basic branching program size, and considering the upper bound of 4n given by [11], proving
lower bounds for concrete functions seems exceedingly difficult. Furthermore, even if we were
to seek refuge in focusing on non-constructive lower bounds, the basic counting argument
fails to prove any non-trivial lower bounds in the case of m ≥ 2n /n.

4.1

Notation and tools

Before going into our results, we formally define permutation branching programs along
with the notation we will use in the rest of this section. These programs will have a more
specialized form than when we introduced them in Section 2, which we subsequently justify.
We assume basic familiarity with permutations, and we write σ1 σ2 as a shorthand for σ2 ◦ σ1 .
▶ Definition 17. Let n, m, s ∈ N and let f : {0, 1}n → {0, 1} be a function such that
f (0 . . . 0) = 0. A permutation branching program is a sequence P = π1 . . . πℓ , where each πj
is a pair ⟨ij , σj ⟩ where ij ∈ [0..n] and σj is a permutation of [m]. We refer to each πj as an
instruction of P . The width of P is m and the length of P is ℓ.
For any α ∈ {0, 1}n we define P (α) as follows: fix σ = id, and for every j = 1 . . . s, we
set σ to σσj if πj = ⟨0, σj ⟩ or πj = ⟨ij , σj ⟩ where αij = 1, and leave σ unchanged otherwise
(that is, if πj = ⟨ij , σj ⟩ where αij = 0). Our output is the final value of σ. We say that
P computes f if there exists a permutation σ ∗ ̸= id such that P (α) = id if f (α) = 0 and
P (α) = σ ∗ if f (α) = 1.
We make three observations about our choices in Definition 17. First, the restriction
that f (0 . . . 0) = 0 will be a convenience; we can always compute ¬f instead if this condition
does not hold, or change Definition 17 such that P (α) = id if f (α) = 1 and vice versa.9
Second, in a layer ⟨i, σj ⟩ reading variable xi , we only fix a permutation in the case that xi is
set to 1. This is without loss of generality, as adding a layer of the form ⟨0, σj′ ⟩ before an
instruction can be thought of as choosing a permutation in the case that xi is set to 0 (while
the permutation for xi = 1 can be adjusted accordingly).
Before going on to our third observation, we state and prove four simple lemmas which
will allow us to conveniently restructure our programs P .

9

We also note that if P computes ¬f , we can compute f by appending the instruction ⟨0, (σ ∗ )−1 ⟩ to P .
We avoid taking this route because a later observation will allow us to remove these fixed layers, but
only when f (α) = 0, which would cause our logic to become circular.
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Figure 3 A permutation branching program computing AND(x1 , x2 ). It is identical to the one from
Figure 2, except that two more source nodes have been added so that all layers have the same width.
As before, each non-sink node is labelled with the input to be read, dashed lines represent transitions
taken when that input is zero, and solid lines are taken when the input is one. In the terminology
of Definition 17, this program can be written as ⟨1, (12)(34)⟩, ⟨2, (13)⟩, ⟨1, (12)(34)⟩, ⟨2, (13)⟩ (using
cycle notation for the permutations).

▶ Lemma 18. Let P be a permutation branching program computing f and let j be such that
ij = ij+1 . Then the program P ′ resulting from replacing πj , πj+1 with πj′ = ⟨ij , σj σj+1 ⟩ is
also a valid program for computing f .
Proof. In both P and P ′ , the permutations σj and σj+1 are both applied when ij = 1 and
neither are applied when ij = 0.
◀
▶ Lemma 19. Let P be a permutation branching program computing f and let j be such that
σj σj+1 = σj+1 σj . Then the program P ′ resulting from switching the order of πj and πj+1 is
also a valid program for computing f .
Proof. Consider any assignment α to x. In the case that either αij or αij+1 is set to 0, these
programs compute identical permutations as either σj or σj+1 will not be applied. If both
are set to 1, then
P ′ (α) = Σ1 σj+1 σj Σ2 = Σ1 σj σj+1 Σ2 = P (α)
where Σ1 , Σ2 are the permutations corresponding to the rest of the instructions on input
α.
◀
▶ Lemma 20. Let P = π1 . . . πs be a permutation branching program computing f , let
πj = ⟨ij , σj ⟩ for all j, and let j ∗ ∈ [ℓ] be such that ij ∗ = 0. Then there exists a permutation
branching program P ′ = π1′ . . . πj′ ∗ −1 πj′ ∗ +1 . . . πℓ′ πj ∗ computing f , where πj′ = ⟨ij , σj′ ⟩ for some
permutation σj′ .
−1
Proof. For j < j ∗ define σj′ = σj , and for j > j ∗ define σj′ = σj ∗ σj σj−1
∗ . Clearly because σj ∗
′
′
and σj ∗ cancel out for every adjacent pair of permutations σj , P (α) contains exactly the
same permutations as P (α) in the same order regardless of the assignment α.10
◀

Our next observation is that the layers of the form ⟨0, σj ⟩ are only a convenience and are not
necessary to our definition. Let P be our program for f and let σ1 . . . σk be the permutations
corresponding to instructions πj where ij = 0. By our restriction that f (0 . . . 0) = 0 we get

10

This argument actually allows us to move πj ∗ to any spot in the program we want, but we are content
with just moving them to the end, for reasons which will become immediately clear.
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σ1 . . . σk = P (0 . . . 0) = id, and by Lemma 20 we can move the instructions πj with ij = 0
to the end of the program, in order, at which point we can simply remove them all using
Lemma 18 as they compose to the identity for any input α.
We can also generalize Lemma 20 for restrictions of the function f , meaning when we fix
the values of some variables and consider the function on the remaining variables. This is
simply the observation that fixing variable xi turns all instructions of the form ⟨i, σj ⟩ into
fixed layers ⟨0, σj ⟩.
▶ Corollary 21. Let ρ ∈ {0, 1, ∗}n and let fρ be the function f with xi fixed to ρ(i) wherever
ρ(i) ̸= ∗. Let P = π1 . . . πℓ be a permutation branching program computing f , let πj = ⟨ij , σj ⟩
for all j, and let j ∗ ∈ [s] be such that ij ∗ = 0 or ρ(ij ∗ ) ̸= ∗. Then there exists a permutation
branching program P ′ = π1′ . . . πj′ ∗ −1 πj′ ∗ +1 . . . πℓ′ πj ∗ computing fρ , where πj′ = ⟨i′j , σj′ ⟩ for
some permutation σj′ and i′j = ij iff ρ(ij ) = ∗ and 0 otherwise.
Proof. Let program P ′′ be the result of replacing ij with 0 in each instruction πj ∈ P
such that ρ(ij ) ̸= ∗. Clearly this program computes fρ , and so applying Lemma 20 to P ′′
completes the proof.
◀
Assuming that fρ (0 . . . 0) = 0, by our previous observation this allows us to remove all
layers that read variables fixed by ρ. We also note that the other three lemmas hold for fρ
with no changes.
Finally, when f is the AND function, we can rotate our program by moving the first
instruction to the end as many times as we like:
▶ Lemma 22. Let P = Π1 , Π2 be a permutation branching program computing AND(x1 , . . . ,
xn ), where Π1 and Π2 are sequences of instructions. Then P ′ = Π2 , Π1 also computes
AND(x1 , . . . , xn ).
Proof. Let σ ∗ = P ′ (1, . . . , 1) (that is, P ′ applied to the all-ones input). Referring to
Definition 17, to prove that P ′ computes AND, we must show (a) that σ ∗ ̸= id, (b) that
P ′ (α) = id whenever AND(α) = 0, and (c) that P ′ (α) = σ ∗ whenever AND(α) = 1.
(c) follows from the fact that the only string α satisfying AND(α) = 1 is the all-ones
string.
Now, let α ∈ {0, 1}n . Note that P (α) = Π1 (α)Π2 (α). If AND(α) = 0, then P (α) = id,
so Π1 (α) = (Π2 (α))−1 , and so P ′ (α) = id as well: this proves (b).
Finally, note that P (1, . . . , 1) ̸= id, so Π1 (1, . . . , 1) ̸= (Π2 (1, . . . , 1))−1 , and so σ ∗ =
′
P (1, . . . , 1) ̸= id, proving (a).
◀

4.2

Upper bounds

For our main upper bound, we modify our algorithm recreating the result of [11] (and
analogously [12]) to have length 4n − 4. In particular, our program will read all but two
variables four times, while the last two variables will be read twice.
Proof of Theorem 3. First, we make an easy change to Theorem 9 which allows us to
achieve 4n − 3. Observe that in ToggleInput the order in which we add the inputs is
irrelevant, and so consider ToggleMonomials where we reverse the order of toggling on
Line 6. Then notice that the last query on Line 2 and the first query on Line 6 are both
made to xn , and so we can merge these two layers along with our entire for loop (which
reads no variables) into a single layer querying xn . Moving to Algorithm 1, this means we
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only query xn twice, and furthermore the last query on Line 1 and the first query on Line 3
are both made to x1 , and so again by merging these two queries along with Line 2 we only
query x1 three times.
Now we will change our program so that x1 is only read twice. Consider two new functions
obtained by fixing the value of x1 , namely f 0 = f (0, x2 . . . xn ) and f 1 = f (1, x2 . . . xn ). Recall
that we used the following polynomial to compute f , where yi = τiin + xi :
!
!
X
Y
Y
in
qf =
cS,S ′
τi
yi
S,S ′ ⊆[n]

i∈S

i∈S ′

If we choose b ∈ {0, 1} and fix τ1in = 0 and y1 = x1 = b, we get the following, which can be
used to compute (since it is equal to) f b :
!
!
X
Y
Y
qf b =
(cS,S ′ + b · cS,S ′ ∪{1} )
τiin
yi
S,S ′ ⊆[2..n]

i∈S

i∈S ′

We will use Algorithm 1 to compute qf b , where b = x1 , by removing all reference to
x1 from ToggleInput and ToggleMonomials, and querying x1 whenever we execute
Lines 2 or 4 to determine whether to compute qf 0 or qf 1 in place of qf . More specifically,
ToggleInput will now only loop over i = 2 . . . n, while ToggleMonomials will now only
loop over S ⊆ [2..n]. Finally in Algorithm 1 we change Lines 2 and 4 to
!
X
Y
Rout ← Rout ±
(cS,S ′ + x1 · cS,S ′ ∪{1} )
Riin RS ′
S,S ′ ⊆[2..n]

i∈S

where Line 2 uses + and Line 4 uses −. Note that to execute these lines correctly, we will
query x1 and perform the corresponding instruction; thus we no longer ignore these two lines
in calculating our program length.
By our earlier definition of qf b , this exactly computes qf b for x1 = b as claimed. As above
we will reverse the order of the queries in ToggleInput the second time it is called in
ToggleMonomials, which allows us to read xn only once per execution for a total of two
reads. x1 will be queried in Lines 2 and 4, and all other variables will be queried four times.
Since we no longer use register R1 , or RS when 1 ∈ S, the number of registers is reduced
from the original n + 2n in Theorem 9 to n − 1 + 2n−1 . The output register Rout is now
n−1
catalytic, so we add one register for a total m = 2n+2 .
◀
▶ Note 23. This strategy also allows us to save an exponential number of registers, as we
only need a register RS for each S ⊆ [2..n]. While it may be tempting to extend this trick
to more variables, say by fixing the values of both x1 and x2 , the fact that Lines 2 and 4
depend on the value(s) of the fixed variable(s) means that we will have to store at least one
of these values in a non-catalytic register, which will add to our width and take us out of the
realm of permutation programs. If we go back to m-catalytic branching programs, this gives
us another way to save over [11, 12], but with worse parameters; for any k ∈ [n] by fixing k
values we can get a program of length 2(k + 1) + 4(n − k − 1) and amortized size 2k · O(n)
n/k
n−k
as before, but for m = 22 −1 instead of 22 −1 .
There are two known cases in which we can achieve better than read-4 for AND: n = 2, 3.
The n = 2 case is unsurprising, as our argument allows for two variables to be read twice; it
has appeared in many previous works (see c.f. [2]). The case of n = 3 is more surprising, and
suggests that read-3 may be achievable in general. Note that because of the small values of
n involved, neither result gives a program smaller than length 4n − 4.
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▶ Lemma 24. There is a read-2 permutation branching program of width 3 computing
AND(x1 , x2 ).
Proof. Choose any two permutations σ1 and σ2 such that σ1 σ2 σ1−1 σ2−1 ̸= id; for example
we can choose σ1 = (12) and σ2 = (23). Then consider the following program:
⟨1, σ1 ⟩, ⟨2, σ2 ⟩, ⟨1, σ1−1 ⟩, ⟨2, σ2−1 ⟩
By definition of σ1 and σ2 , P (1, 1) ̸= id, and if either variable is set to 0 then the
only permutations left are σj and σj−1 for some j ∈ {1, 2}, and the composition of these
permutations is id.
◀
▶ Lemma 25. There is a read-3 permutation branching program of width 3 computing
AND(x1 , x2 , x3 ).
Proof. We state the program and leave the reader to check correctness.11 Our permutations
σj are given in cycle notation.
⟨1, (23)⟩, ⟨2, (12)⟩, ⟨3, (123)⟩,
⟨1, (12)⟩, ⟨2, (13)⟩, ⟨3, (23)⟩,
⟨1, (132)⟩, ⟨2, (132)⟩, ⟨3, (13)⟩

◀

▶ Note 26. We could also consider a stronger model of permutation branching programs
where we only require that P (α) ̸= id whenever f (α) = 1, instead of requiring P (α) always
equal the same permutation when f (α) = 1. This is the model used by e.g. [2]. In this case,
it is not hard to show that for any n, if we can compute AND(x1 . . . xn ) in length ℓ, we can
also compute any function f (x1 . . . xn ) in length ℓ by “tensoring” the permutations in P
with themselves for each α ∈ f −1 (1). Our lower bounds in the following section will still
hold against this model.

4.3

Lower bounds

In this section we show that if one tries to get a program of length less than 3n, one cannot
beat Theorem 3.
Proof of Theorem 4. Let P = π1 π2 . . . πs be any program computing AND(x1 , . . . , xn ). We
will write σij to refer to the permutation in the jth instruction in P that reads variable xi ;
in other words, the instructions corresponding to xi will be ⟨i, σi1 ⟩ . . . ⟨i, σik ⟩ for some k.
▷ Claim 27. Any program P computing AND of more than one variable must read every
variable at least twice
Proof. Assume that some variable xi is read only once in P . Then setting xi′ = 0 for all
i′ ̸= i, we get σi1 = P (0, . . . , 0, 1, 0, . . . , 0) = id. Therefore P acts identically whether xi is 0
or 1, which is a contradiction because AND depends on x1 .
◁

11

It should be noted that we found this program through an automated search, and it would be interesting
to see what nice properties of the program – of which there are many candidates – could be useful in
searching for read-3 programs for higher n.
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Now consider when some variable xi is read exactly twice. Then P has the form:
Σ1 , ⟨i, σi1 ⟩, Π1 , ⟨i, σi2 ⟩, Σ2
Rotate this program to produce
P ′ = ⟨i, σi1 ⟩, Π1 , ⟨i, σi2 ⟩, Π2
where Π2 = Σ2 , Σ1 . By Lemma 22, P ′ also computes AND.
The following is our main claim.
▷ Claim 28. Every variable besides xi is read at least once in Π1 , and there is at most one
such variable xi′ which is not read at least twice in Π1 .
The same holds for Π2 .
Proof. First, assume for contradiction that there exists i′ ̸= i such that xi′ does not appear in
Π1 . Then if we fix xi′′ = 1 for all i′′ ̸= i, i′ , we can apply Corollary 21 to move all instructions
querying variables other than xi and xi′ to the end of the program, to get an equivalent
program of the following form which computes AND(xi , xi′ ):
1

2

⟨i, σi′ ⟩, ⟨i, σi′ ⟩, Σ
where Σ is a sequence of instructions which do not query xi . Applying Lemma 18, we can
1
2
replace ⟨i, σi′ ⟩, ⟨i, σi′ ⟩ with a single instruction ⟨i, σ ′′ ⟩ to we get an equivalent program
⟨i, σi′′ ⟩, Σ
which also computes AND(xi , xi′ ), which contradicts Claim 27 as i is only read once.
Next, assume for contradiction that there exist i′ =
̸ i′′ ̸= i such that i′ and i′′ appear
′′′
only once each in Π1 . If we fix xi′′′ = 1 for all i ̸= i, i′ , i′′ , applying Lemmas 21 and 18,
without loss of generality the following program computes AND(xi , xi′ ):
1

2

⟨i, σi′ ⟩, ⟨i′ , σi′ ⟩, ⟨i′′ , σi′′ ⟩, ⟨i, σi′ ⟩, Σ
where σi′ and σi′′ are some permutations and Σ is a set of instructions reading only the
variables xi′ and xi′′ .
Define Σi′ to be the result of fixing xi′′ = 0 in Σ, and define Σi′′ to be the result of fixing
xi′ = 0 in Σ. Note that if only one remaining variable is set to 1 then the program must
2
1
output 0, so σi′ = (σi′ )−1 , Σi′ = (σi′ )−1 , and Σi′′ = (σi′′ )−1 . Thus if we set xi′′ = 0 our
resulting program is
1

1

⟨i, σi′ ⟩, ⟨i′ , σi′ ⟩, ⟨i, (σi′ )−1 ⟩, ⟨i′ , (σi1′ )−1 ⟩
1

1

and so setting xi = xi′ = 1 we get that σi′ σi′ (σi′ )−1 (σi′ )−1 = id. Therefore by Lemma 19 we
can swap the order of these two instructions and get an equivalent program for AND(xi , xi′ ,
xi′′ ) of the form
1

1

⟨i′ , σi′ ⟩, ⟨i, σi′ ⟩, ⟨i′′ , σi′′ ⟩, ⟨i, (σi′ )−1 ⟩, Σ
1

1

and similarly by fixing xi′ = 0 we have σi′ σi′′ (σi′ )−1 (σi′′ )−1 = id, which by Lemma 19
leaves us with the program
1

1

⟨i′ , σi′ ⟩, ⟨i′′ , σi′′ ⟩, ⟨i, σi′ ⟩, ⟨i, (σi′ )−1 ⟩, Σ
and applying Lemma 18 on our two layers reading i gives us a program which never reads xi ,
which is a contradiction.
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Finally, to prove the claim for Π2 , observe that by Lemma 22,
P ′′ = ⟨i, σi2 ⟩, Π2 , ⟨i, σi1 ⟩, Π1
also computes AND, and apply the above argument to P ′′ , with Π2 playing the role of Π1 .
◁
By a simple analysis of Claim 28, one of two cases must occur for the variables besides
xi : either 1) one variable xi′ is read at least twice and all other variables are read at
least four times or 2) two variables xi′ , xi′′ are read at least three times and all other
variables are read at least four times. This is because a read-2 variable can only be read
at most once in each of Π1 and Π2 , while a read-3 variable will be read at most once in
either Π1 or Π2 . In either of these cases, our branching program must have length at least
4(n − 2) + 2 · 2 = 4(n − 3) + 2 · 1 + 3 · 2 = 4n − 4.
◀
▶ Note 29. Besides the fact that our lower bound in Theorem 4 quantitatively matches up
with our upper bound in Theorem 3 in the case of reading any variable twice, qualitatively
both cases in the analysis at the end of our lower bound proof match with a possible
construction given by our upper bound. After fixing a read-2 variable to condition f on, we
get two halves to our top level program, and in each of them we will merge two reads of a
variable in order to save a further layer. The choice of which variable to merge the reads
of is arbitrary, so consider our choices for the first and second half. If we choose the same
variable for both halves, it will be read twice and all other variables will be read four times.
If we choose different variables in each half, both will be read three times and the rest will
be read four times.

5

Open Problems

The most obvious problem left open by our work is to figure out, for an arbitrary function f ,
the optimal value of m under which we can still achieve linear amortized size. In the upper
bounds direction, any improved transparent register program for computing the polynomial
o(n)
qf could potentially give an upper bound of 22
on m. In the other direction, nothing is
known besides the basic counting argument (m ≥ 2n /O(n)), and even getting a lower bound
of m ≥ 2n for some function f could shed some light on where the correct answer should lie.
In terms of connecting uniform and non-uniform models of space, L/ poly is equivalent to
the class of problems solvable by poly n-size branching programs. However, this gets trickier
for catalytic logspace (CL), as the corresponding object for CL/ poly would be m-catalytic
branching programs of amortized size poly(n) for m = 2poly(n) , which has exponential size
and thus cannot be written down in polynomial advice. It would be very interesting to
understand the connection between such m-catalytic branching programs and CL/ poly, as
this would immediately give lower bounds on m for random functions.
Also of interest would be to study the same question for other restricted classes of
functions. For example, it is possible that our result for VP could be extended to VNP,
although such a result would presumably need to use non-uniformity in a stronger way lest
we accidentally prove that uniform VNP is contained in CL – and by extension ZPP [4].
Finally, closing the gap between 3n and 4n − 4 on the upper and lower bounds for the
optimal length of permutation branching programs seems within reach. For example, a
cursory machine search gave no read-3 permutation branching programs for AND on four
variables, and if we could formally verify this then it would immediately lead to fully closing
the gap at 4n − 4.
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1

Introduction

We solve a fundamental problem in algebraic complexity theory about a notion of complexity
on bilinear maps (tensors) called the subrank, which was introduced by Strassen in [39] in
the study of fast matrix multiplication algorithms, and which later found close connections
to several hypergraph independence and Ramsey-type problems in combinatorics and tensor
methods in these areas (e.g., analytic rank [28, 3] and related notions). Our results improve
significantly on previous bounds from the work of Bürgisser [9] and Strassen [41].
In high-level terms, the subrank of a bilinear map is the largest number of independent
scalar multiplications that can be reduced to (i.e. “embedded in”) the bilinear map, under
the natural algebraic complexity notion of reduction (which we elaborate on in a moment).
This definition extends the usual rank of matrices and moreover naturally extends further to
multilinear maps (k-tensors). In this paper, we:
determine the subrank for almost all bilinear maps (i.e. generic bilinear maps),
prove precise bounds that are accurate up to a small additive constant,
extend the above results from bilinear maps (3-tensors) also to multilinear maps
(k-tensors),
prove as a technical result (used in the proofs of the above) an optimal decomposition
theorem for tensor subspace, decomposing tensor space into very structured subspaces,
prove, as an application of our upper bound on generic subrank, that the subrank is not
additive under the direct sum.
Let us biefly state our asymptotic results here. (We will return to these in more detail in
Subsection 1.2.) We prove for any vector space1 V with dim(V ) = n that almost all bilinear
√
√
maps T : V × V → V have subrank equal to θ( n). That is, θ( n) independent scalar
multiplications can be reduced to T . For k-tensors we find the subrank to be θ(n1/(k−1) ) on
almost all k-tensors.
To prove our results we use methods from algebraic geometry as well as linear algebraic
arguments. Our upper bound proof relies on an efficient parametrization of the set of tensors
with subrank larger than a given number (as a collection of orbits) and a good dimension
estimate of this set. Our lower bound proof relies on arguments involving differentials. At
the core we prove a technical result about a very structured decomposition of tensor space
which we think may be of independent interest. The main goal here (in the simplest case) is
to write tensor space as a sum of tensor subspaces as efficiently as possible (meaning with
smallest as possible sum of dimensions) such that each subspace has the special form of a
matrix subspace tensored with n-space. Our technical result is that we can do this optimally
for any order of tensor space. We discuss the proof methods further in Subsection 1.3.
To get some intuition for the subrank it is instructive to ask how the subrank relates to
the better known complexity notion tensor rank. Subrank and rank are indeed closely linked,
and in a sense they are dual to each other. Indeed, whereas the subrank of a bilinear map T
is the maximal number of independent scalar multiplications that can be reduced to T , the
rank of T is (among several equivalent definitions) the minimal number of independent scalar
multiplications that T reduces to. In this way, the rank measures the computational “cost”
of T in terms of scalar multiplications while the subrank measures the “value” of T in terms
of independent scalar multiplications.

1

We will require the base field of the vector space to have the mild property of being algebraically closed
(but it will be clear from our techniques that this assumption can be weakened considerably).
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Subrank and generic subrank

Let us now discuss more precisely several equivalent formulations and the meaning of the
definition of subrank, and the sense in which we determine the subrank for almost all tensors
(the generic subrank).

Subrank of bilinear and multilinear maps
We first stay in the realm of bilinear maps, and will define subrank via the notion of a
reduction between bilinear maps, which is really a reduction in the sense of computational
complexity. Given two bilinear maps S : V1 × V2 → V3 and T : W1 × W2 → W3 we say S
reduces to T and write S ≤ T if there are linear maps L1 : V1 → W1 , L2 : V2 → W2 and
L3 : W3 → V3 such that S(v1 , v2 ) = L3 (T (L1 (v1 ), L2 (v2 )) for all v1 ∈ V1 , v2 ∈ V2 . (In the
literature, this relation ≤ on tensors is often called the restriction preorder and when S ≤ T
one says that “S is a restriction of T ” [39, 8].) In other words, if S ≤ T , then any algorithm
for T also gives an algorithm for S (with only small computational overhead, namely applying
the linear maps Li to inputs and output). Next, an important basic bilinear map that we
use to define subrank is (for any positive integer r) the bilinear map Ir that computes r
independent scalar multiplications with scalars from some2 field K:
Ir : K r × K r → K r : (v1 , v2 ) 7→ ((v1 )1 (v2 )1 , . . . , (v1 )r (v2 )r ).
With these notions set up, the subrank Q(T ) of a bilinear map T : V1 × V2 → V3 is defined
as the largest number r such that Ir reduces to T , that is, Ir ≤ T . On the other hand, the
tensor rank of T is the smallest number r such that T ≤ Ir . Thus, the subrank Q(T ) is
indeed the largest number of independent scalar multiplications that can be reduced to T ,
while the rank is the smallest number of independent scalar multiplications that T reduces to.
The above definition of subrank extends directly to multilinear maps V1 × · · · × Vk−1 → Vk
by naturally extending the reduction and defining Ir as the multilinear map that computes r
independent (k − 1)-wise products.

Subrank of tensors.
Alternatively we may phrase the definition of the subrank in the language of tensors, as
bilinear maps (and multilinear maps) naturally correspond to these. Let K n1 ,n2 ,n3 be the
space of 3-tensors (3-dimensional arrays) T = (Ti,j,k )i,j,k with i ∈ [n1 ], j ∈ [n2 ], k ∈ [n3 ]. For
tensors S ∈ K n1 ,n2 ,n3 and T ∈ K m1 ,m2 ,m3 we write S ≤ T if there are matrices A ∈ Matn1 ,m1 ,
B ∈ Matn2 ,m2 , C ∈ Matn3 ,m3 such that S is obtained from T by applying A, B, C to the
slices of T , in the sense that
Si,j,k =

X

Ai,a Bj,b Ck,c Ta,b,c

a,b,c

for all i ∈ [n1 ], j ∈ [n2 ], k ∈ [n3 ]. Let Ir ∈ K r,r,r be the tensor for which the diagonal entries
(Ir )i,i,i are 1 and the other entries are 0. In this language the subrank Q(T ) is again the
largest number r such that Ir ≤ T . This definition of subrank also naturally extends to
higher-order tensors K n1 ,...,nk .

2

We will put some mild restrictions on the field in some parts of the paper.
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Subrank on “almost all” tensors; generic subrank
It follows from a short argument (which we give later; Proposition 9) that for vector spaces
V1 , V2 , V3 , there is a subset U of all bilinear maps V1 × V2 → V3 that is nonempty and
Zariski-open (the complement is the zero-set of a finite collection of polynomials) and with
constant subrank. This set U thus contains almost all bilinear maps V1 × V2 → V3 . The
subrank on U is called the generic subrank. We denote the generic subrank of bilinear
maps K n1 × K n2 → K n3 (or equivalently of tensors in K n1 ,n2 ,n3 ) by Q(n1 , n2 , n3 ) (and by
Q(n1 , . . . , nk ) generally for higher-order tensors).

1.2

Our Results

As our main results we determine (1) the subrank of generic tensors of order three, and,
more generally, (2) the subrank of generic tensors of any order k ≥ 3. Moreover, as a core
technical ingredient in our proof of (1) and (2), we prove (3) an optimal decomposition of
tensor space into highly structured subspaces, which we think is of independent interest and
which may have further applications in algebraic complexity theory. We will now describe
each of these results in detail.

(1) The generic subrank of tensors of order three.
We will begin by discussing our results for tensors of order three (or equivalently, for
trilinear maps or bilinear maps on vector spaces of appropriate dimensions). Recall that
Q(n) = Q(n, n, n) denotes the generic subrank of tensors in K n,n,n . In other words, Q(n) is
the value that the subrank takes on “essentially all” tensors, or on “randomly chosen” tensors
√
with probability 1. We prove that Q(n) grows as n.
√
▶ Theorem 1. We have Q(n) = θ( n).
We thus solve the problem of determining the generic subrank of tensors of order three
(and also, with more work, of order k in general as we will discuss below). In computational
terms, Theorem 1 states that for “essentially all” bilinear maps T : K n × K n → K n we can
√
reduce the problem of multiplying n independent pairs of numbers to T , and that this
is optimal (under the usual notion of reduction from algebraic complexity theory in which
linear maps are applied to the inputs and output of T ).
In particular, with Theorem 1 we significantly improve on the previous best upper bound
on Q(n) of Strassen and Bürgisser (obtained via the method of “lower support functionals”)
which was Q(n) ≤ n2/3+o(1) .
As an application of Theorem 1 we prove that the subrank is not additive under the
direct sum. Namely, we prove that there are bilinear maps S, T : K n × K n → K n such that
√
Q(T ) + Q(S) = θ( n) while Q(T ⊕ S) ≥ n. In other words, it is sometimes possible to
reduce many more independent scalar multiplications to a direct sum of bilinear maps than
to the bilinear maps separately.3

3

This result is the subrank analogue of the recent result of Shitov [36] that disproved Strassen’s additivity
conjecture for tensor rank [37]. For this he constructed a complicated example of 3-tensors S, T (over any
infinite field) such that R(S ⊕ T ) < R(S) + R(T ). We discuss additivity results further in Subsection 1.4.
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As a direct consequence of Theorem 1, we separate the generic subrank Q(n) from
the generic asymptotic subrank Q(n)4 , for which Strassen proved that the generic value
e Moreover, our result gives a large separation between
satisfies Q(n) ≥ n2/3 [40, Prop. 3.6].
e on the one hand, and the slice rank (and partition rank, for higher order tensors),
the subrank
geometric rank, and G-stable rank on the other hand (whose generic value is full).
Let us now discuss the bound of Theorem 1 in more detail, and in particular get the
precise constants right, after which we discuss the extension to higher-order tensors. We
(naturally) obtain Theorem 1 in two parts, namely by first proving the following upper
bound:
√
▶ Theorem 2. We have Q(n) ≤ ⌊ 3n − 2⌋.
And then proving the following essentially matching lower bound:
p
▶ Theorem 3. We have Q(n) ≥ 3(⌊ n/3 + 1/4 − 1/2⌋).
It is not difficult to see that our upper and lower bounds on the generic subrank are
√
very precise.
p Namely, the difference between the upper bound ⌊ 53n − 2⌋ and the lower
bound 3(⌊ n/3 + 1/4 − 1/2⌋) is at most a small additive constant.
We conjecture that our upper bound in Theorem 2 is tight. Through a more sophisticated
analysis (which requires as a final component a computer verification that a determinant is
nonzero) we prove that for all 1 ≤ n ≤ 100 our upper bound is in fact tight, that is: for all
√
1 ≤ n ≤ 100 we have Q(n) = ⌊ 3n − 2⌋.

(2) The generic subrank of k-tensors.
So far we have discussed only tensors of order three. With more elaborate methods we
are able to completely extend our above results from tensors of order three to tensors of
order k for every k ≥ 3. Denoting the subrank of a generic tensor in K n,...,n of order k by
Q(n, . . . , n), we find that Q(n, . . . , n) grows as n1/(k−1) .
▶ Theorem 4. We have Q(n, . . . , n) = θ(n1/(k−1) ).
Again this result directly leads to a large separation between the subrank and the
asymptotic subrank (for which the generic value, extending a construction of Strassen,
satisfies Q(n) ≥ n2/k ), and a separation between the subrank and the slice rank, partition
e
rank, geometric
rank and G-stable rank (all of whose generic value is n).
Regarding the precise bounds, we prove Theorem 4 in two parts again. In the first we
extend the upper bound of Theorem 2 to order k, in a fully general manner as an upper
bound on the generic subrank Q(n1 , . . . , nk ) where the ni need not be equal, as follows.
1
 k−1
Pk
▶ Theorem 5. We have Q(n1 , . . . , nk ) ≤
.
i=1 ni − (k − 1)
Then finally we extend Theorem 3 to order k tensors, which leads to the asymptotically
matching lower bound (which for conciseness we will not write down here more explicitly).
▶ Theorem 6. We have Q(n, . . . , n) ≥ Ω(n1/(k−1) ).
Our proof of this last theorem (and also Theorem 3) makes crucial use of the technical
results on tensor space that we discuss in the next section.

4

5

The asymptotic subrank is defined as Q(T ) = limn→∞ Q(T ⊗n )1/n and Q(n) denotes the value of Q(T )
for a generic tensor T ∈ K n,n,n .
e
e p
e
√
Indeed, a straightforward direct computation shows that ⌊ 3n − 2⌋ − 3(⌊ n/3 + 1/4 − 1/2⌋) ≤ 5.
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(3) Technical result: structured subspace decomposition of tensor space
The proofs of our lower bounds (Theorem 3 and Theorem 6) rely on a technical result about a
very structured decomposition of tensor space which we think may be of independent interest,
so we will describe it here. The main goal here (in the simplest case) is to write tensor
space K n,n,n as a sum of tensor subspaces as efficiently as possible (meaning with smallest
as possible sum of dimensions) such that each subspace has the form of an n × n matrix
subspace tensored with K n (so that it becomes a subspace of K n,n,n ) with the tensoring
being applied in any of the three possible directions. Our result is that we can do this
optimally for any order of tensor space.
We will begin our discussion with the simplest version, which is for the tensor space K 3,3,3 ,
as it is the easiest to explain (and in fact also not hard to prove) and forms the basis for
the proof of the (harder to prove) general version for the tensor space K n,...,n = (K n )⊗n
of tensors of order n and dimension n in each direction (in our application to the generic
subrank we use a blow-up argument so that we can deal with tensors of order k and dimension
n in each direction).
Recall that K n1 ,n2 ,n3 denotes the space of n1 × n2 × n3 tensors with coefficients in the
field K, which we require to be large enough in this part. Let Matn,m denote the space
of n × m matrices with coefficients in K. We use a special notation to denote a certain
construction of a tensor subspaces given a matrix subspace. Namely, for any given n1 × n2
matrix subspace W ⊆ Matn1 ,n2 we denote by W[3] the tensor subspace W ⊗K n3 ⊆ K n1 ,n2 ,n3 .
Analogously, for any matrix subspace W ⊆ Matn2 ,n3 we denote by W[1] ⊆ K n1 ,n2 ,n3 the
tensor subspace obtained by appropriately tensoring W with K n1 , and for any matrix
subspace W ⊆ Matn1 ,n3 we denote by W[2] ⊆ K n1 ,n2 ,n3 the tensor subspace obtained by
appropriately tensoring W with K n2 .
For the tensor space K 3,3,3 we have the following optimal decomposition theorem.
▶ Theorem 7. There exist subspaces Xi ⊆ Mat3,3 = K 3 ⊗ K 3 , each of dimension 3, such
that
K 3,3,3 = X1 [1] + X2 [2] + X3 [3].6
Comparing dimensions, we have dim K 3,3,3 = 3 · 3 · 3 = dim X1 [1] + dim X2 [2] + dim X3 [3]
and so the decomposition in Theorem 7 is optimal. In other words, it is a direct sum
decomposition of K 3,3,3 .
The requirement in Theorem 7 that the Xi all have dimension 3 is crucial to make the
theorem interesting, as without this requirement we could “decompose” K 3,3,3 simply as
K 3,3,3 = X1 [1] with X1 = Mat3,3 . Interestingly, the analogous statement of Theorem 7 for
any matrix space K n,n is false. That is, for every positive integer n there are no subspaces
Xi ⊆ K n , each of dimension n/2, such that K n,n = X1 [1] + X2 [2]. This is saying that if we
pick a row space R and a column space C of dimension n/2, then it is not possible to write
every n × n matrix A as A1 + A2 where the row space of A1 is in R and the column space of
A2 is in C. On the other hand, 3-tensors do not suffer from this malady: we can write any
tensor as a sum of thee tensors, whose “rowi ”-space are asked to be in a generic space of the
right dimension. (Here we can think of W [i] as tensors whose “rowi ”-space is W .) Therefore,
Theorem 7 is demonstrating an interesting phenomenon that occurs in tensor space but not
in matrix space.

6

We note that the existence of subspaces Xi with this property is equivalent to generic subspaces Xi
having this property (i.e. there being a non-empty Zariski-open set of triples Xi with this property).
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Theorem 7 (as opposed to the upcoming generalization to (K n )⊗n ) is not difficult to
prove. Indeed, one may choose the matrix subspaces Xi randomly and then for such an
explicit choice verify directly that they satisfy the claim (and this approach will work with
high probability). In fact, there are even valid choices of the Xi such that each Xi is spanned
by a matrix with coefficients in {0, 1}.
Next we discuss the higher-dimensional version of Theorem 7 in which K 3,3,3 is generalized
to n-tensor space (K n )⊗n . We naturally extend our previous notation so that for every
tensor subspace W ⊆ (K n )⊗(n−1) we define, for any i ∈ {1, . . . , n}, the tensor subspace
W[i] ⊆ (K n )⊗n by tensoring W with K n in one of the n possible ways.
By a recursive construction with K 3,3,3 as a base case, we find the following optimal
decomposition of n-tensor space (K n )⊗n for all n ≥ 3.
▶ Theorem 8. For every integer n ≥ 3 there exist subspaces Xi ⊆ (K n )⊗n−1 of dimension nn−2 such that
(K n )⊗n = X1 [1] + X2 [2] + · · · + Xn [n].
Pn
Again, since dim K n,...,n = nn = n·n·nn−2 = i=1 dim Xi [i], the decomposition in Theorem 8
is optimal in terms of dimension and hence a direct sum decomposition of (K n )⊗n .
Theorem 8 is the theorem we use to prove the general generic subrank lower bound
Theorem 6. However, the methods we introduce in the process of proving Theorem 8 allow
us much more generally for other choices of positive integers n1 , . . . , nk to construct optimal
decompositions K n1 ,...,nk = X1 [1] + X2 [2] + · · · + Xk [k] from known decompositions. This
leads to a natural fundamental mathematical question (with potentially other applications)
of what choices of n1 , . . . , nk and dim Xi allow such decompositions.

1.3

Technical Overview

We give a brief technical overview of the methods and ideas that we use in our proofs.

Upper bounds on generic subrank
The high-level approach in our proof of the upper bound on the generic subrank in Theorem 2
(and similarly for the general case of Theorem 5) is as follows. For any nonnegative
integer we consider the set Cr of tensors in K n,n,n with subrank at least r. We argue
that the generic subrank is precisely the largest r such that the dimension of Cr equals
the dimension n3 of the full space K n,n,n . We then prove the core ingredient, namely the
dimension upper bound dim(Cr ) ≤ n3 − r(r2 − 3n + 2). This information leads to the
desired result, since if we let t be the generic subrank Q(n), then we must by the above have
√
n3 = dim(Ct ) ≤ n3 − t(t2 − 3n + 2), from which we directly deduce that t ≤ 3n − 2, that
√
is, we obtain the bound Q(n) ≤ 3n − 2 of Theorem 2.
To prove the aforementioned dimension upper bound on Cr that is the core ingredient
in the above argument we employ the idea of providing a (non-injective) parametrization
of Cr , compute the dimension of the parameter space, and then subtracting the dimension
“over-count” (the fiber dimension under the parametrization). For this we first define a set
Xr of tensors in K n,n,n of a special form, namely whose [r] × [r] × [r] subtensor is zero
except for the diagonal which is nonzero. Then the elements of Xr clearly have subrank
at least r (and are thus in Cr ). The important point is that, by applying all possible basis
transformations to the tensors in Xr we obtain all of Cr . Thus Xr together with the group
of all basis transformations provide the parametrization of Cr . Technically, we describe
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this by saying that the map ψr : GLn × GLn × GLn ×Xr → K n,n,n that maps (A, B, C, T )
to (A ⊗ B ⊗ C)T has image precisely Cr . Now the computation to upper bound dim(Cr )
consists of computing the dimension of the domain GLn × GLn × GLn ×Xr and subtracting
the dimension of a general fiber of ψr , which we carry out to arrive at the dimension upper
bound stated earlier.

Lower bounds on generic subrank
The high-level approach in our proof of the lower bound on the generic subrank in Theorem 3
(and the general Theorem 6) is as follows. We use notation defined in the upper bound
proof discussion and the results section (Subsection 1.2). Our proof reduces the problem of
lower bounding the generic subrank Q(n1 , n2 , n3 ) to a problem of constructing tensor space
decompositions of a specific form (which we discuss further in the next section). Namely we
prove that, for r ≤ n1 , n2 , n3 (with a technical condition), if Xi ⊆ Matr,r are subspaces of
dimension ni − r for i = 1, 2, 3 such that
X1 [1] + X2 [2] + X3 [3] = K r,r,r , 7
then Q(n1 , n2 , n3 ) ≥ r. (And we prove the analogous statement for higher-order tensors.)
Finding such Xi we discuss in the next section. The proof of the lower bound given the Xi
goes as follows.
Recall the map ψr : GLn × GLn × GLn ×Xr → K n,n,n whose image we already claimed
is the set Cr of tensors of subrank at least r. To reach our goal we want to find conditions
that imply that the image of ψr has full dimension n3 and thus is Zariski-dense in K n,n,n .
To do this we use the notion of the differential dψr of ψr and a general method that says that
the dimension of a map can be computed as the rank of the differential at a “generic point”.
The differential dψr at the point (g1 , g2 , g3 , T ) is the map
(dψr )(g1 ,g2 ,g3 ,T ) : Matn,n × Matn,n × Matn,n ×Yr → K n,n,n
where Yr is the tangent space of Xr , given by
(A, B, C, S) 7→ ((A ⊗ g2 ⊗ g3 ) + (g1 ⊗ B ⊗ g3 ) + (g1 ⊗ g2 ⊗ C))T + (g1 ⊗ g2 ⊗ g3 )S.
Analyzing this map we compute its image which leads to the aforementioned lower bound
statement on the generic subrank. In fact we prove a stronger lower bound, which in
characteristic 0 characterizes the generic subrank precisely, but with a harder to analyze
condition, in Theorem 21. In particular, if the characteristic of K is 0, then Theorem 21 says
that Q(n1 , n2 , n3 ) is given by the smallest number r such that X1 [1] + X2 [2] + X3 [3] + Wr =
K r,r,r for generic subspaces Xi ⊆ Matr,r of dimension ni − r, where Wr ⊆ K r,r,r is the
subspace of tensors such that Tijk = 0 if i, j, k are all different. (In other characteristics this
number r gives a lower bound.)

Constructions of tensor space decompositions
To prove Theorem 8 we introduce general methods to construct the optimal tensor space
decompositions as described in the theorem from existing ones. We then give some small
constructions and combine these in multiple recursions to achieve the required object.
7

where X1 [1] ⊆ K r,r,r denotes X1 tensored with K r in the first tensor leg, X2 [2] denotes X2 tensored
with K r in the second tensor leg, and X3 [3] denotes X3 tensored with K r in the third tensor leg
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To set this up we take a very general approach in which we study direct sum decompositions
K n1 ,n2 ,...,nk = X1 [1] + · · · + Xk [k]
where Xi ⊆ K n1 ⊗ · · · ⊗ K ni−1 ⊗ K ni+1 ⊗ · · · ⊗ K nk is a tensor subspace and Xi [i] denotes
the subspace obtained by tensoring Xi with K ni as the ith tensor factor. Let ai be the
dimension of Xi . We are interested in which values of n1 , . . . , nk and a1 , . . . , ak allow for a
decomposition of the above form. Writing these numbers into a 2 × k matrix


n1 n2 · · · nk
a1 a2 · · · ak
we let S be the set of all such matrices for which a decomposition exists satisfying the
parameters given in the matrix. Then Theorem 8 corresponds to proving that the 2 × n
matrix


n
n
···
n
(1)
nn−2 nn−2 · · · nn−2
is an element of S.
Next we observe that there are some simple constructions and properties of elements in S,
such as: if a matrix is in S then if we permute its columns it is still in S and the matrix [ n1 ]
is in S. With slightly more work we can give direct constructions for


2 2 2
(2)
0 3 1
being an element of S, for instance.
In order to construct more elements of S we prove a “direct sum construction” that given
two elements in S combines them to get a new one. Namely, this result gives that, if


n1 n2 . . . nk−1 n′k
∈S
a′1 a′2 · · · a′k−1 ak
and


n1
a′′1

n2
a′′2

. . . nk−1
· · · a′′k−1

then we have

n1 n2 · · ·
a1 a2 · · ·


n′′k
∈S
ak


nk
∈S
ak

where nk = n′k + n′′k , and ai = a′i + a′′i for i = 1, 2, . . . , k − 1.
Finally, from some simple base cases including (2) we give a construction for


3 3 3
3 3 3
being an element of S and via an elaborate argument with multiple recursions arrive at
the matrix in (1) being an element of S, which is the ingredient required in our proof of
Theorem 6. It is natural to ask what precisely are all elements of S, which we leave as an
open problem.
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1.4

Related Work

The previous best bound on the generic subrank Q(n) was the upper bound n2/3+o(1) which
follows from the work of Bürgisser [9, Satz 2.8]8 as part of the broader research program on
the theory of asymptotic spectra of tensors (motivated by the study of matrix multiplication
algorithms). The proof of this bound relies on the method of “lower support functionals”
introduced by Strassen in [41] (see also the more recent surveys on this topic in [10, 44, 43])
and the properties of these that he proves there. This method recovers certain asymptotic
information about tensors, which importantly is monotone under the restriction preorder
and normalized on diagonal tensors so that it provides an upper bound on the subrank (in a
manner that is very different from the approach that we take to prove our optimal upper
bound). Bürgisser’s analysis of this method on generic tensors consists of proving that the
support of a generic tensor is large for any choice of basis and a combinatorial study of a
certain type of covering of these supports, which leads to the aforementioned n2/3+o(1) upper
bound.
Recent research has brought about a rich collection of tensor methods that are in a
similar “regime” as the subrank (for instance, they are all monotone under restriction),
each with their own properties and applications in complexity theory and combinatorics.
Notable are the slice rank [42] and closely related partition rank [30], the analytic rank
[20, 28, 3], the geometric rank [26, 18] and G-stable rank [14]. Some important applications
of these methods include new bounds on cap sets [42, 16], new bounds on the sunflower
problem [31], determining the border subrank of matrix multiplication [26], and proving
matrix multiplication barriers [6, 1, 11]. Many strong connections have been shown among
these parameters. In particular, Derksen [14] showed that the G-stable rank is equal to
the slice rank up to a constant factor, and Cohen–Moshkovitz [12, 13] showed (over large
fields) that the partition rank, analytic rank and geometric rank are equal up to a constant
factor, the culmination of a long line of work on this topic [21, 24, 2, 22, 23, 29]. All of the
aforementioned tensor parameters are lower bounded by the subrank.9 Our results provide
a large separation on almost all tensors between the subrank and all other aforementioned
√
parameters, as the generic subrank satisfies Q(n) = θ( n) whereas the generic value of all
other parameters is the maximal value n.
The study of “generic” or “typical” complexity in algebraic complexity theory goes back
to at least Strassen’s paper “Rank and optimal computation of generic tensors” [38], in which
he determines the tensor rank of almost all tensors (i.e. generic tensors). His result is that the
rank R(n1 , n2 , n3 ) of almost all tensors in K n1 ,n2 ,n3 grows as n1 n2 n3 /(n1 + n2 + n3 − 2) and a
description is given of “perfect shapes” (n1 , n2 , n3 ) for which precisely equality R(n1 , n2 , n3 ) =
n1 n2 n3 /(n1 +n2 +n3 −2) holds. (It is still a fundamental open problem to find explicit tensors
in K n,n,n with rank close to n2 [5] with important implications to formula lower bounds [32].)
For the shape (n, n, 3) with n odd this work provides an equation that determines whether a
tensor has typical rank or not. These equations lead to several later generalizations [27, 25]
and subsequently precise barrier results for “rank methods” [15, 17]. Our result rather than
generic rank determines the generic subrank. The rank of a tensor being the smallest number
of scalar multiplications that the tensor reduces to, the subrank is a natural dual to the
tensor rank. We note that combining the results on generic subrank and generic rank, we

8
9

[9, Satz 2.8] determines the generic value of a tensor parameter called the “lower support functional”
(unteren Trägerfunktional) which upper bounds the subrank as proven in [41].
The analytic rank requires a natural normalization for this to be true, that is, one should normalize it
by the analytic rank of a full-dimensional diagonal tensor.
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see that reducing scalar multiplications to a generic tensor and reducing the generic tensor
√
back to scalar multiplications necessarily induces a great loss, as Q(n, n, n) = θ( n) is much
smaller than R(n, n, n) = θ(n2 ).
The study of additivity results is a central theme in complexity theory and mathematics. In
algebraic complexity, it has been long known (and crucial in the design of matrix multiplication
algorithms) that the border rank of tensors (the approximative version of tensor rank) is
not additive under the direct sum [35] (see also [4, Lemma 7.1] and [8, (15.12)]). Strassen
conjectured the tensor rank to be additive under the direct sum, but this was disproved
recently by Shitov [36]. On the other hand, the analytic rank [28], geometric rank [26],
G-stable rank [14] and slice rank [19] were shown to be additive recently. The subrank, as we
show, is however not additive. Our proof of this relies on writing a tensor as a sum of two
generic tensors, which is reminiscent of methods that Razborov [33] uses to prove a linear
upper bound on submodular complexity measures of boolean functions (see also [34]).

1.5

Paper Organization

In Section 2 we prove the upper bound theorems Theorem 2 and Theorem 5. In Section 3
we prove the characterization of generic subrank that allows us to reduce the problem of
determining its value to the tensor subspace decomposition problem. In Section 4 we solve
the tensor subspace decomposition problem thus completing the lower bound proof. In
Section 5 we use our upper bounds to prove that the subrank is not additive under direct
sum. In Section 6 we discuss several natural related open problems.

2

Upper bounds on generic subrank

In this section, we prove our upper bounds on the generic subrank of tensors. We give a
detailed proof in the case of 3-tensors, and then generalize to tensors of all orders.

2.1

Tensors of order three

The techniques we use are familiar in invariant theory and representation theory. The
main idea is to take advantage of the fact that subrank is invariant under a large group of
symmetries, namely change of basis on each tensor leg. Further, this group of symmetries
has excellent algebraic properties which can often be leveraged to remarkable effect.
First and foremost, we have to argue that generic subrank is a valid notion, which we do
in the following proposition. The proof is a standard argument which we will discuss because
it naturally uses some ingredients that we will use later on.
▶ Proposition 9. For every n there is a non-empty Zariski-open subset U ⊆ K n,n,n and
integer r such that for all T ∈ U we have Q(T ) = r.
For any n, the number r given by Proposition 9 is unique since any two non-empty
Zariski-open subsets U1 , U2 ⊆ K n,n,n must intersect (K n,n,n is irreducible). This number r
we call the generic subrank Q(n). Similarly we define the generic subrank Q(n1 , . . . , nk ) of
K n1 ,...,nk .
We discuss a couple of preparatory results before giving the proof of Proposition 9. We
define Xr to be the set of tensors in K n,n,n whose [r] × [r] × [r] subtensor is zero except for
the diagonal entries in [r] × [r] × [r] which are all nonzero,

n,n,n
3
Xr = T ∈ K

| Tijk = 0 for (i, j, k) ∈ [r] \ {(i, i, i) | i ∈ [r]} and Ti,i,i ̸= 0 for i ∈ [r] .
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We let ψr be the map that applies basis transformations to elements of Xr ,
ψr : GLn × GLn × GLn ×Xr −→ K n,n,n
(A, B, C, T ) 7−→ (A ⊗ B ⊗ C)T.
We define Cr to be the set of tensors in K n,n,n whose subrank is at least r,
Cr = {T ∈ K n,n,n | Q(T ) ≥ r}.
▶ Lemma 10. The image of ψr is precisely Cr .
Proof. To prove im(ψr ) = Cr we show both inclusions.
First we will prove im(ψr ) ⊆ Cr . As a first step we will prove that Xr ⊆ Cr . Let T ∈ Xr .
Let Ti,i,i = λi ̸= 0. Let


Idr 0
A=
0 0
where Idr denotes the identity matrix of size r × r and let


D 0
B=
0 0
−1
−1
where D is a diagonal matrix of size r × r whose diagonal entries are λ−1
1 , λ2 , . . . , λr . It is
easy to check that (A ⊗ A ⊗ B) · T = Ir . Thus Xr ⊆ Cr . Since subrank is invariant under the
action of GLn × GLn × GLn , we see that Cr is GLn × GLn × GLn invariant, so we deduce
that im(ψr ) = (GLn × GLn × GLn ) · Xr ⊆ Cr .
Now we will prove Cr ⊆ im(ψr ). Let T ∈ Cr . Then, there exist A, B, C ∈ Matr,n such
that (A ⊗ B ⊗ C) · T = Ir . Let
 
e= A
A
∗

e and C.
e This is
be a completion of A to a full rank n × n matrix, and similarly define B
e
e
e
possible because A, B, C must all have rank r. Then (A ⊗ B ⊗ C) · T ∈ Xr , which implies
that T ∈ im(ψr ). Thus Cr ⊆ im(ψr )
◀
We now give the proof of the existence of the generic subrank (Proposition 9). The proof
is standard and may safely be skipped.
Proof of Proposition 9. The map Q attains only finitely many values on V = K n,n,n , namely
{0, 1, . . . , n}. Thus it has finitely many fibers Pi = Q−1 (i) ⊆ V . Each Pi is a constructible set,
Sn
since Pi = Ci \ Ci+1 and Ci is constructible as a consequence of Lemma 10. Then i=0 Pi = V
Sn
and so i=0 Pi = V . However, V is irreducible so there must be an i such that Pi = V .
Since Pi is constructible it contains a subset U ⊆ Pi that is non-empty and Zariski-open in
Pi = V (this is a general fact, see e.g. [7]). This U and i satisfy the claim.
◀
Now that we have established that the generic subrank exists, we continue to prove our
upper bound on it. The following simple lemma is straightforward, but crucial:
▶ Lemma 11. The generic subrank Q(n) = max{r | dim(Cr ) = n3 }.
Proof. As above, let Pi denote the subset of tensors with subrank i. Then, by definition of
Fn
Q(n) and the fact that Cr = i=r Pi , we deduce that dim(Cr ) = n3 if and only if Cr ⊇ PQ(n)
if and only if r ≤ Q(n).
◀
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▶ Proposition 12. The following is an upper bound for the dimension of Cr :
dim(Cr ) ≤ 3n2 + (n3 − r3 + r) − 3(n(n − r) + r) = n3 − r(r2 − 3n + 2).
Proof. Consider the map ψ above. The theorem on dimension of fibres says that
dim(Cr ) = dim(GLn × GLn × GLn ×Xr ) − dim(general fiber of ψr ).
We see that dim(GLn × GLn × GLn ×Xr ) = 3n2 + (n3 − r3 + r) because each GLn contributes n2 to the dimension and Xr is a Zariski-open subset of a linear subspace of K n,n,n of
dimension (n3 − r3 + r). Thus, to compute dim(Cr ), we only need to compute the dimension
of the general fiber of ψr . Note that the dimension of any fiber is at most the dimension of
the general fiber, so it suffices to find a lower bound on the dimension of all fibers.
Suppose T ∈ Cr , then T = (g1 ⊗ g2 ⊗ g3 ) · S for some S ∈ Xr by Lemma 10. It is
easy to see that dim(ψ −1 (T )) = dim(ψ −1 (S)) since ψ −1 (T ) and ψ −1 (S) are isomorphic
as varieties – indeed this follows from the observation that (A, B, C, U ) ∈ ψ −1 (T ) ⇐⇒
(g1−1 A, g2−1 B, g3−1 C, U ) ∈ ψ −1 (S). Thus, it suffices to lower bound the dimension of ψ −1 (S)
for S ∈ Xr .
Let S ∈ Xr . Let L ⊆ GLm be the subset of matrices of the form


D 0
∗ ∗
where D is a diagonal matrix of size r × r. It is easy to see that dim(L) = n(n − r) + r. For
A, B, C ∈ L, it is easy to see that (A⊗B⊗C)·S ∈ Xr . Thus, (A−1 , B −1 , C −1 , (A⊗B⊗C)·S) ∈
ψ −1 (S). In particular, this means that dim(ψ −1 (S)) ≥ 3 dim(L) = 3(n(n − r) + r). Thus,
we conclude that dim(generic fiber) ≥ 3(n(n − r) + r) and so
dim(Cr ) ≤ 3n2 + (n3 − r3 + r) − 3(n(n − r) + r) = n3 − r(r2 − 3n + 2).

◀

Now, we have everything necessary to prove the upper bound for the subrank of 3-tensors.
Proof of Theorem 2. Suppose the subrank of a generic tensor in K n,n,n is t = Q(n). Then
we know that n3 = dim(Ct ) by Lemma 11 and dim(Ct ) ≤ n3 − t(t2 − 3n + 2) by Proposition 12.
√
√
Thus, we must have t2 − 3n + 2 ≤ 0, so t ≤ 3n − 2. Hence, we have Q(n) ≤ 3n − 2 as
desired.
◀

2.2

Higher-order tensors

In the general case, where we look at tensors in K n1 ,n2 ,...,nk , we define analogously the
Qk
objects Xr and Cr , the map ψ : i=1 GLni ×Xr → Cr , etc.
Proof of Theorem 5. We obtain analogously that
dim(Cr ) =

k
X

n2i

k
k
k
k
 Y
 X


Y
X
k
k−1
+
ni −r +r − (ni (ni −r)+r) =
ni −r r
−
ni +(k−1) .

i=1

i=1

i=1

i=1

i=1

Suppose the subrank of a generic tensor in K n1 ,n2 ,...,nk is t = Q(n1 , . . . , nk ). Then, we have
k
Y
i=1

ni = dim(Ct ) ≤

k
Y
i=1



ni − t t

k−1

−

k
X


ni + (k − 1) ,

i=1
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so we get that tk−1 −
Q(n) = t ≤

k
X

Pk

i=1

ni + (k − 1) ≤ 0, so that

ni − (k − 1)

1
 k−1

i=1

as desired.

3

◀

Lower bounds on generic subrank

In this section, we describe the technique we use to show lower bounds on generic subrank.
In order to make this technique effective, we will need some explicit constructions of linear
subspaces which we postpone to the next section.
First, we introduce some notation. We identify Matn2 ,n3 with K n2 ⊗ K n3 in the standard
way. For a linear subspace X ⊆ Matn2 ,n3 , we define a linear subspace
X [1] = K n1 ⊗ X ⊆ K n1 ,n2 ,n3 .
The linear subspace X [1] consists precisely of the tensors whose slices in the first direction (i.e.,
matrices (T1jk )j,k , (T2jk )j,k , . . . , (Tnjk )j,k ) are in X . Similarly, we define X [2] (resp. X [3]) as
the set of tensors whose slices in the second (resp. third) direction are in X .
The main idea behind proving our lower bounds is the following result:
▶ Theorem 13. Let r ≤ n1 , n2 , n3 such that ni − r ≤ r2 .10 Let Xi ⊆ Matr,r be a generic
subspace of dimension ni − r for i = 1, 2, 3. Suppose X1 [1] + X2 [2] + X3 [3] = K r,r,r , then
Q(n1 , n2 , n3 ) ≥ r.
In fact, we can prove a stronger version of the above theorem, which we state as Theorem 21.
However, the downside of this stronger version is that it has a hypothesis that is more difficult
to work with.
To prove that r is a lower bound for the generic subrank, we need to show that the image
of ψr has dimension n3 , that is, the image is Zariski-dense in K n,n,n . The dimension of
the image of a map can be captured by the rank of the differential at a generic point – an
idea that is familiar to differential geometers and algebraic geometers alike. In arbitrary
characteristic, we know that the rank of the differential at a generic point is a lower bound
for the dimension of the image, which is sufficient for proving lower bounds. In characteristic
0, the image of the rank of the differential at a generic point is equal to the dimension of the
image. Consequently, we are able to obtain an exact linear algebraic characterization for
generic subrank in Theorem 21.
Recall that we defined the map
ψr : GLn1 × GLn2 × GLn3 ×Xr → K n1 ,n2 ,n3 ,
where
Xr = T ∈ K n1 ,n2 ,n3 | Tijk = 0 for (i, j, k) ∈ [r]3 \ {(i, i, i) | i ∈ [r]} and Ti,i,i ̸= 0 for i ∈ [r] .



Observe that

Yr = T ∈ K n1 ,n2 ,n3 | Tijk = 0 for (i, j, k) ∈ [r]3 \ {(i, i, i) | i ∈ [r]}

10

Without this assumption it does not mean anything to have a generic subspace of dimension ni − r.
Moreover, if ni − r > r2 , then it is easy to see that Q(n1 , n2 , n3 ) ≥ r.
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is the tangent space of Xr . The differential at a point (g1 , g2 , g3 , T ) is
(dψr )(g1 ,g2 ,g3 ,T ) : Matn1 ,n1 × Matn2 ,n2 × Matn3 ,n3 ×Yr −→ K n1 ,n2 ,n3
given by
(A, B, C, S) 7−→ ((A ⊗ g2 ⊗ g3 ) + (g1 ⊗ B ⊗ g3 ) + (g1 ⊗ g2 ⊗ C))T + (g1 ⊗ g2 ⊗ g3 )S.
▶ Lemma 14. If for generic (g1 , g2 , g3 , T ) ∈ GLn1 × GLn2 × GLn3 ×Xr we have
im((dψr )(g1 ,g2 ,g3 ,T ) ) = K n1 ,n2 ,n3 ,
then Q(n1 , n2 , n3 ) ≥ r. The converse holds if the characteristic of K is 0.
Proof. If the rank of the differential dψr at a generic point is full, then the image of ψr must
be full dimensional, that is, Zariski-dense (and constructible). Every tensor in the image of
ψr has subrank ≥ r. Hence, the generic subrank must be at least r.
Assume now that characteristic of K is zero. If the rank of dψr at a generic point is not
full, then the image of ψr is not full dimensional, that is, the set of tensors having subrank
≥ r is not Zariski-dense, so we get Q(n1 , n2 , n3 ) < r, thereby proving the converse.
◀
We use the following equivariance property of the differential.
▶ Lemma 15. We have for all gi ∈ GLni and T ∈ Xr that
im((dψr )(g1 ,g2 ,g3 ,T ) ) = (g1 ⊗ g2 ⊗ g3 )(im((dψr )(I,I,I,T ) ).
Proof. We see directly that
(dψr )(g1 ,g2 ,g3 ,T ) (A, B, C, S) = (g1 ⊗ g2 ⊗ g3 )(dψr )(I,I,I,T ) (g1−1 A, g2−1 B, g3−1 C, S)
which implies the claim.

◀

▶ Corollary 16. If for generic T ∈ Xr we have that im((dψr )(I,I,I,T ) ) = K n1 ,n2 ,n3 , then
Q(n1 , n2 , n3 ) ≥ r. The converse holds if the characteristic of K is 0.
So, let us now analyze more carefully the image of (dψr )(I,I,I,T ) for a generic tensor T .
Below, we write d for (dψr )(I,I,I,T ) for notational simplicity. Thus d is given by
d(A, B, C, S) = ((A ⊗ I ⊗ I) + (I ⊗ B ⊗ I) + (I ⊗ I ⊗ C)) · T + S.
The map d is a linear map, so we see that
im d =

3
X

d(Matni ,ni ) + d(Yr )

i=1

where we use the notation d(Yr ) = d(0, 0, 0, Yr ), d(Matn1 ,n1 ) = d(Matn1 ,n1 , 0, 0, 0), etc.
▶ Lemma 17. The image of Yr under the differential map d is
d(Yr ) = Yr
Proof. Observe that for any S ∈ Yr , we have d(0, 0, 0, S) = S.

◀

Let Li = [Tijk ]j,k for 1 ≤ i ≤ n1 . These just split the tensor in the first direction as a
stack of n matrices. Let L denote the span of the Li s.
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▶ Lemma 18. The image of Matn1 ,n1 under the differential d is
d(Matn1 ,n1 ) = L[1].

(3)

Proof. For any A ∈ Matn1 ,n1 , let T ′ = d(A, 0, 0, 0) = (A ⊗ I ⊗ I) · T . Consider the slices
Li = [Tijk ]j,k . Then, it is straighforward to compute that for 1 ≤ i ≤ n1 , the slice
′
[Tijk
]j,k =

n1
X

ait Li .

◀

t=1

Similar to Li , define the slices in the other directions as Mj = [Tijk ]i,k and Nk = [Tijk ]i,j .
Let M and N denote the spans of the Mj s and Nk s respectively.
▶ Corollary 19. The image of the differential d is
im d = L[1] + M[2] + N [3] + Yr .
Proof. This follows from Lemma 18 (and its counterparts in the other two directions) and
Lemma 17.
◀
ci the top-left r × r submatrix of Li .
Now, we refine the above corollary. Denote by L
b
c
c
d
cj , N
ck and M
c and N
b.
Then, let L = span(L1 , L2 , . . . , Ln1 ). Similarly define M
▶ Proposition 20. The image of the differential d is
b + M[2]
c +N
b [3] + Yr .
im d = L[1]
Proof. This follows directly from Corollary 19 and the definition of the coordinate subspace Yr .
◀
Now, we can finally prove Theorem 13.
Proof of Theorem 13. Let T ∈ Xr be generic. Define Li , Mi , Ni as above. Let
d
[
[
X1 = span(L
r+1 , Lr+2 , . . . , Ln1 ).
Then X1 is a generic subspace of Matr,r of dimension n1 − r. We similarly define
d
\
\
X2 = span(M
r+1 , Mr+2 , . . . , Mn2 )
d
[
[
X3 = span(N
r+1 , Nr+2 , . . . , Nn3 ).
By hypothesis, X1 [1] + X2 [2] + X3 [3] = K r,r,r . Hence, by Proposition 20, we see that
b + M[2]
c +N
b [3] + Yr ⊇ X1 [1] + X2 [2] + X3 [3] + Yr = K r,r,r + Yr = K n1 ,n2 ,n3 .
im(d) = L[1]
Thus, we get that Q(n1 , n2 , n3 ) ≥ r by Corollary 16.

◀

We observe that the idea from the proof of Theorem 13 actually yields the stronger
version below. To state this we define the linear subspace
Wr = {T ∈ K r,r,r | Tijk = 0 if i, j, k are all different} ⊆ K r,r,r .
▶ Theorem 21. Let r ≤ n1 , n2 , n3 such that ni = r < r2 for i = 1, 2, 3. Let Xi ⊆ Matr,r be
a generic subspace of dimension ni − r for i = 1, 2, 3. Suppose
X1 [1] + X2 [2] + X3 [3] + Wr = K r,r,r ,
then Q(n1 , n2 , n3 ) ≥ r. Further, if characteristic of K is 0, then we have the converse.
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In other words, if characteristic of K is 0, then Theorem 21 says that Q(n1 , n2 , n3 ) is given
by the smallest number r such that X1 [1] + X2 [2] + X3 [3] + Wr = K r,r,r for generic subspaces
Xi ⊆ Matr,r of dimension ni − r.
Proof. The proof is similar to that of Theorem 13. Take a generic T ∈ Xr . Define
d
[
[
Li , Mi , Ni as above. Set X1 = span(L
r+1 , Lr+2 , . . . , Ln1 ). Then X1 is a generic subc1 , L
c2 , . . . , L
cr ). Similarly define
space of Matr,r of dimension n1 − r. Let P1 = span(L
d
d
\
\
[ [
X2 = span(M
r+1 , Mr+2 , . . . , Mn2 ) and X3 = span(Nr+1 , Nr+2 , . . . , Nn3 ) and also P2 =
c
c
c
c
span(M1 , . . . , Mr ) and P3 = span(N1 , . . . , Nr ).
It is a straightforward computation to see that since T is generic in Xr , we have P1 [1] +
P2 [2] + P3 [3] = Wr . Hence, using Proposition 20, we see that
b + M[2]
c +N
b [3] + Yr
im(d) = L[1]
= X1 [1] + X2 [2] + X3 [3] + P1 [1] + P2 [2] + P3 [3] + Yr
= X1 [1] + X2 [2] + X3 [3] + Wr + Yr
Now, we claim that
X1 [1] + X2 [2] + X3 [3] + Wr = K r,r,r ⇔ X1 [1] + X2 [2] + X3 [3] + Wr + Yr = K n1 ,n2 ,n3 .
The proof of the claim is rather straightforward, the only subtle point being that Yr and
K r,r,r have an intersection (i.e., the main diagonal of K r,r,r ), but this intersection is included
in Wr anyway, so the claim goes through.
Thus, we get that im(d) = K n1 ,n2 ,n3 if and only if X1 [1] + X2 [2] + X3 [3] + Wr = K r,r,r .
Now, the theorem follows from applying Corollary 16.
◀
In the next section we will prove that the requirement of Theorem 13 is satisfied. This
goes as follows. We will show (Lemma 26) that:
▶ Lemma 22. Let Xi ⊆ Mat3,3 be a generic subspace of dimension 3 for i = 1, 2, 3. Then
X1 [1] + X2 [2] + X3 [3] = K 3,3,3 .
Then from a blow-up argument we obtain:
▶ Lemma 23. Let Xi ⊆ Mat3d,3d be a generic subspace of dimension 3d2 for i = 1, 2, 3.
Then X1 [1] + X2 [2] + X3 [3] = K 3d,3d,3d .
Proof. It is enough to construct one such choice of Xi . By Lemma 22 there exist subspaces
Yi ⊆ Mat3,3 of dimension 3 such that Y1 [1] + Y2 [2] + Y3 [3] = K 3,3,3 . Then Xi = Yi ⊗ Matd,d
satisfy the claim.
◀
▶ Theorem 24. Let d be a positive integer such that n − 3d ≥ 3d2 . Then Q(n, n, n) ≥ 3d.
Proof. Taking r = 3d, this follows from Theorem 13 and Lemma 23.

◀

p
p
Proof of Theorem 3. If we take d = ⌊ n/3 + 1/4 − 1/2⌋, then we have d ≤ n/3 + 1/4 −
1/2, so (d+1/2)2 ≤ n/3+1/4. Thus, d2 +d+1/4 ≤ n/3+1/4, so d2 +d ≤ n/3 or equivalently
3d2 ≤ n − 3d. Thus, it follows from Theorem 24 that Q(n) ≥ 3d.
◀
For the higher-order lower bound Theorem 6 we prove (Lemma 27) the analogous higherorder version of Lemma 22 which we can similarly blow up and apply Theorem 13 to.
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4

Constructions of tensor space decompositions

We assume that the base field K is infinite.
nd
Let C be the set of all matrices [ na11 na22 ···
··· ad ] for which n1 , n2 , . . . , nd are positive integers,
Pd
Qd
and a1 , a2 , . . . , ad are nonnegative integers, and i=1 ai ni = i=1 ni . Let S be the subset of
nd
all matrices [ na11 na22 ···
··· ad ] ∈ C with the following property: If V1 , V2 , . . . , Vd are vector spaces
of dimensions n1 , n2 , . . . , nd respectively, and Wi is a general subspace of Vbi := V1 ⊗ V2 ⊗
Pd
· · · ⊗ Vi−1 ⊗ Vi+1 ⊗ · · · ⊗ Vd of dimension ai for all i, then i=1 Φi (Wi ⊗ Vi ) = V1 ⊗ · · · ⊗ Vd ,
where Φ : Vbi ⊗ Vi → V1 ⊗ V2 ⊗ · · · ⊗ Vd is the isomorphism given by permuting the factors.

4.1

General construction methods

We will use the following simple facts. It is obvious that if a matrix lies in S and we permute
nd
then
is also clear that [ na11 na22 ···
··· ad ] lies in S if and only if
itsn1columns,
 it will still lie in S. It
n2 ··· nd 1
n
a1 a2 ··· ad 0 lies in S. The vector [ 1 ] lies in S for all positive integers n. Finally,
n2 ··· nd 1 1
a1 a2 ··· ad b1 b2

 n1



∈S

if and only if

n2 ··· nd
1
a1 a2 ··· ad b1 +b2

 n1



∈S

(4)

▶ Lemma 25 (Direct sum construction). Suppose that nd = n′d + n′′d , and ai = a′i + a′′i for
i = 1, 2, . . . , d − 1, and
h
i h
i
n1 n2 ... nd−1 n′d
n n ... n
n′′
, a′′1 a′′2 ··· a′′d−1 add ∈ S.
a′ a′ ··· a′
ad
1

2

1

d−1

Then we have [ na11

n2 ··· nd
a2 ··· ad

2

d−1

] ∈ S.

Proof. Suppose V1 , V2 , . . . , Vd are vector spaces of dimensions n1 , n2 , . . . , nd respectively
and choose a general subspace Wd of Vd of dimension ad . We can write Vd = Vd′ ⊕ Vd′′
where Vd′ and Vd′′ have dimensions n′d and n′′d respectively. For i = 1, 2, . . . , d − 1 choose
a general subspace Wi′ ⊆ V1 ⊗ · · · ⊗ Vi−1 ⊗ Vi+1 ⊗ · · · ⊗ Vd−1 ⊗ Vd′ of dimension a′i such
Pd−1
′
′
that V1 ⊗ V2 ⊗ · · · ⊗ Vd−1 ⊗ Vd′ is equal to
i=1 Φi (Wi ⊗ Vi ) + Wd ⊗ Vd . Similarly, for
′′
i = 1, 2, . . . , d − 1, choose a general subspace Wi ⊆ V1 ⊗ · · · ⊗ Vi−1 ⊗ Vi+1 ⊗ · · · ⊗ Vd−1 ⊗ Vd′′ of
Pd−1
′′
′′
dimension a′′i such that V1 ⊗ V2 ⊗ · · · ⊗ Vd−1 ⊗ Vd′′ is equal to
i=1 Φi (Wi ⊗ Vi ) + Wd ⊗ Vd .
′
′′
Set Wi = Wi ⊕ Wi ⊆ V1 ⊗ · · · ⊗ Vi−1 ⊗ Vi+1 ⊗ · · · ⊗ Vd for i = 1, 2, . . . , d − 1. Then we have
d
X

Φi (Wi ⊗ Vi ) =

d−1
X

i=1


Φi ((Wi′ ⊕ Wi′′ ) ⊗ Vi ) + Wd ⊗ (Vd′ ⊕ Vd′′ ) =

i=1

d−1
X

Φi (Wi′



⊗ Vi ) + W d ⊗

i=1

!
Vd′

⊕

d−1
X

Φi (Wi′′



⊗ Vi ) + W d ⊗

!
Vd′′

=

i=1

(V1 ⊗ · · · ⊗ Vd−1 ⊗ Vd′ ) ⊕ (V1 ⊗ · · · ⊗ Vd−1 ⊗ Vd′′ ) = V1 ⊗ V2 ⊗ · · · ⊗ Vd .
This finishes the proof.

4.2

◀

Recursive construction for every order

The following lemma gives Lemma 22 which we used in the proof of the generic subrank
lower bound for order three. After that we will recursively obtain what is needed for the
higher-order case generic subrank lower bound.
▶ Lemma 26 (Base case). We have [ 33 33 33 ] ∈ S.
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Proof. We can verify explicitly that [ 20 23 12 ] ∈ S, as follows. For a 3-dimensional subspace
W1 of V2 ⊗ V3 = K 2×2 , take the space of all matrices of the form


a
b

b
c



and for the 1-dimensional subspace W3 of V1 ⊗ V2 = K 2×2 , take the span of the identity
matrix. A tensor in the intersection of W1 ⊗ V3 ∩ V1 ⊗ W3 ⊆ V1 ⊗ V2 ⊗ V3 is of the form

 

a 1 b1 a 2 b 2
p1 0 0 p 1
=
b 1 c 1 b2 c 2
p2 0 0 p 2
for some a1 , a2 , b1 , b2 , c1 , c2 , p1 , p2 . Clearly, b1 = c1 = a2 = b2 = 0. So we get p1 = b2 = 0 and
p2 = b1 = 0. So W1 ⊗ V3 ∩ V1 ⊗ W3 = 0 and W1 ⊗ V3 + V1 ⊗ W3 has dimension 3 · 2 + 2 · 1 = 8
and therefore must be equal to V1 ⊗ V2 ⊗ V3 = K 2×2×2 . Using Lemma 25, we now deduce:


2
2
[ 20 23 21 ], [ 10 20 22 ] ∈ S, so [ 30 23 23 ] = 2+1
∈S
0
3+0
1+2
 3 1 1+1 
3
1
1
3
1
1
3
1
2
[ 1 0 0 ], [ 0 3 0 ] ∈ S, so [ 1 3 0 ] = 1+0 0+3 0 ∈ S
 3 2+1 2 
[ 30 23 23 ], [ 31 13 20 ] ∈ S, so [ 31 33 23 ] = 0+1
3+0 ∈ S 
 3 3 1+1+1
1
3
1
1
3
1
1
3
3
1
∈S
[ 1 0 0 ], [ 0 0 3 ] ∈ S, so [ 2 0 3 ] = 1+1+0 0 0+0+3
 3 3 1+2 
3
3
1
3
3
2
3
3
3
[ 2 0 3 ], [ 1 3 3 ] ∈ S, so [ 3 3 3 ] = 2+1 0+3 3 ∈ S
◀

The final line finishes the proof.
To continue, we define the “concatenation” notation:
[ na11

n2 ··· nd
a2 ··· ad

]⊙

m2 ··· me
b1 b2 ··· be

 m1



=

n2 ··· nd m1 m2 ··· me
a1 a2 ··· ad b1 b2 ··· be

 n1



and the k-fold repeated version of this notation:
[ na11

n2 ··· nd ⊙k
a2 ··· ad ]

= [ na11
|

n2 ··· nd
a2 ··· ad

] ⊙ [ na11

n2 ··· nd
a2 ··· ad

] ⊙ · · · ⊙ [ na11

{z
k

n2 ··· nd
a2 ··· ad

].
}

We will now use Lemma 25 and Lemma 26 to prove:
n
▶ Lemma 27. For all n ≥ 3, we have [ nn−2
]

⊙n

∈ S.

Proof. We already know the case n = 3 (Lemma 26), so assume that n ≥ 4.
 ⊙(n−3)
⊙3
We will first show that [ nn ] ⊙ n12
∈ S. We note that a straightforward direct
construction gives
n n

1
k 0 n2 −kn



∈S

for k = 1, 2, 3. To proceed, we choose nonnegative integers a1 , a2 , . . . , an , b1 , b2 , . . . , bn ∈
{0, 1, 2, 3} such that a1 + a2 + · · · + an = n, b1 + b2 + · · · + bn = n and ai bi = 0 for all i. Indeed
this can be done as follows: If n = 2m is even, then we can take a1 = a2 = · · · = am = bm+1 =
bm+2 = · · · = bn = 2 and b1 = b2 = · · · = bm = am+1 = am+2 = · · · = an = 0. If n = 2m + 1
is odd, then we take a1 = 3, bm+1 = 1, a2 = a3 = · · · = am = bm+2 = bm+3 = · · · = bn = 2
and b1 = b2 = · · · = bm = am+1 = am+2 = · · · = an = 0. Because ai bi = 0 we get that
h
i
n n
1
2
ai bi n −(ai +bi )n ∈ S
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and then using (4) we get
h
i
n n 1
1
ai bi n n2 −(ai +bi +1)n

∈S

(5)

for i = 1, 2, . . . , n. Applying the direct sum construction Lemma 25 to the elements of (5)
we get
i
 n n n 1  h Pn Pn 1+···+1 P
1
2
=
∈ S.
3
2
a
b
n
n
−(a
+b
+1)n
n n n n −3n
i
i
i
i
i

i

i

Applying (4) repeatedly to this we obtain [ nn ]
We will now show by induction on d that
n
[ nd−2
]

⊙d

⊙



⊙(n−d)
1
nd−1

⊙3

⊙




1 ⊙(n−3)
n2

∈ S.

∈S

(6)

for d = 3, 4, . . . , n. We already know that the base case d = 3 is true. Suppose for the
 1 ⊙(n−d)
⊙d
n
induction step that [ nd−2
] ⊙ nd−1
∈ S. Then we have using (4) that



⊙d  1+1+···+1  
⊙(n−d)−1
n
⊙(d+1)
n
1
1 ⊙(n−d−1)
[ nd−1 ]

⊙

nd

=

nd−2 +···+nd−2

⊙

nd−1

⊙

nd−1 +···+nd−1

This proves (6).
⊙n
n
Finally, by setting d = n in (6) we obtain the claim [ nn−2
] ∈ S.

5

∈ S.

◀

Application: Subrank is not additive

We discuss in this section an application of our upper bound Theorem 2 on the generic
subrank, namely that the subrank is not additive under the direct sum. That is, there are
tensors S, T such that Q(T ) + Q(S) < Q(T ⊕ S). In fact, we obtain a large gap between
Q(T ) + Q(S) and Q(T ⊕ S). The proof relies on the idea of writing the diagonal tensor In
as a sum of two generic tensors and on basic properties of the subrank.11
√
▶ Theorem 28. There are tensors S, T ∈ K n,n,n such that we have Q(T ), Q(S) ≤ 3n − 2
and Q(T ⊕ S) ≥ n.
Proof. By Theorem 2 there is a non-empty Zariski-open subset U ⊆ K n,n,n such that for
√
all T ∈ U we have Q(T ) ≤ 3n − 2. Recall that In ∈ K n,n,n is the tensor with ones in the
diagonal entries and zeroes elsewhere. The subset In − U ⊆ K n,n,n is also non-empty and
Zariski-open, and thus the intersection U ∩ (In − U ) is non-empty. This means that there is a
√
T ∈ U such that In − T is in U . Fix this T and let S = In − T . Then Q(T ), Q(S) ≤ 3n − 2.
For their direct sum, we observe the simple general fact that T ⊕ S ≥ T + S where the
left-hand side is the direct sum and the right-hand side is the coordinate-wise sum. Since
subrank is monotone under ≥ we find that Q(T ⊕ S) ≥ Q(T + S) = Q(In ) = n.
◀
The proof of Theorem 28 extends directly so that similarly from Theorem 5 we get the
following higher-order non-additivity result.
1

▶ Theorem 29. There are k-tensors S, T ∈ K n,...,n such that Q(T ), Q(S) ≤ (kn− (k − 1)) k−1
while Q(T ⊕ S) ≥ n.
11

This idea was used earlier in [9] to show that the “lower support functionals” [41] are not additive.
Their results can be used to find a weaker non-additivity for subrank (with a smaller gap, and only for
tensors of order three), namely that there are tensors S, T ∈ K n,n,n such that Q(T ), Q(S) ≤ n2/3+o(1)
and Q(T ⊕ S) ≥ n.
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Open problems

There are several natural open problems that arise from or are closely related to our study
and results on the generic subrank in this paper. We briefly list some of these problems here.
While we determine the generic subrank very precisely up to a small additive constant, it
is natural to ask whether our upper bound on the generic subrank Q(n) is exactly tight.
We know that this is the case for all small cases (n ≤ 100).
Closely related to the above, but for higher-order and unbalanced formats, what is the
exact value of the generic subrank Q(n1 , . . . , nk ) in K n1 ,...,nk when the dimensions ni are
not all equal? In particular, is our upper bound tight?
To attack the previous two problems the natural approach would be to use the stronger
Theorem 21. Our current lower bound on the generic subrank uses Theorem 13 which
relies on our constructions of decompositions X1 [1] + X2 [2] + X3 [3] = K r,r,r . Theorem 21
suggests to instead construct decompositions X1 [1] + X2 [2] + X3 [3] + Wr = K r,r,r . What
are the “best” constructions that can be obtained of this form?
There is a natural approximative version of subrank called border subrank12 which plays a
central role in algebraic complexity theory (in particular the study of matrix multiplication
algorithms). The border subrank is at least the subrank. What value does the border
subrank take on generic tensors?
What is the value of the generic asymptotic subrank Q(n)? The state of the art is that
e
n2/3 ≤ Q(n) ≤ n, so in particular it remains open whether
generic tensors have “full”
e
generic asymptotic subrank or not. We note that we do know of explicit tensors for
which the asymptotic subrank is not full (the so-called W-tensor, for example) and also
of explicit tensors for which the asymptotic subrank is full in a non-trivial way (matrix
multiplication tensors, for example). The aforementioned lower bound of n2/3 is by
Strassen’s elegant construction (which makes use of the matrix multiplication tensors).
Our results show that one cannot obtain better lower bound on Q(n) by improving the
√
lower bound on the generic subrank Q(n) since Q(n) = θ( n). e
With the notation we introduced in Section 4 on constructions of tensor space decompositions, it is natural to ask what precisely are the elements of S. Many elements can be
constructed from simple base cases and the direct sum construction. However, we do not
know whether a finite number of generators in this sense suffices to generate all of S.
We found tensors S, T for which there is a large gap between Q(S ⊕ T ) and Q(S) + Q(T ).
Is this the largest possible gap? More speculatively, we may ask: is there a general
relation between direct sum problems (i.e. additivity under direct sum) and parameter
values at generic instances?
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1

Introduction

The Gilbert–Varshamov (GV) bound, for binary codes, tells us that there exist codes, even
2
linear ones, with relative distance 1−ε
2 and rate Ω(ε ) [12, 36]. Namely, there exist codes
C ⊆ Fn2 such that for any two distinct codewords x, y ∈ C it holds that ∆(x, y) ≥ 1−ε
2 ,
log |C|
2
for ∆ being the normalized Hamming distance, such that n = Ω(ε ). Finding such
small-redundancy codes, hopefully accompanied by an efficient decoding algorithm, has been
subject to extensive and fruitful research in the past decades (see, e.g., [30, 2, 3, 5, 15, 34]).
In a breakthrough result, Ta-Shma [34] constructed explicit linear codes of relative
distance
 1−ε 1+ε

1−ε
2+o(1)
having
rate
ε
.
Ta-Shma’s
codes
are
also
ε-balanced,
i.e.,
∆(x,
y)
∈
,
2
2
2 , and
thus give rise to explicit ε-biased sample spaces, which are ubiquitous in pseudorandomness
and derandomization.
© Guy Blanc and Dean Doron;
licensed under Creative Commons License CC-BY 4.0
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No decoding algorithm was given in [34], and this was later ameliorated by Jeronimo,
Quintana, Srivastava, and Tulsiani [19, 20], who showed that a slight variant of Ta-Shma’s
eε (n).
codes are indeed efficiently decodable, and even in time O
▶ Theorem 1 ([34, 20]). There exists an explicit family of ε-balanced binary linear codes
CTS ⊆ Fn2 of rate
rTSD = ε2 · 2−O(log(1/ε)

5/6

),

such that:
1. There exists a randomized algorithm that uniquely decode CTS up to half the distance in
e
time c1 (ε) · O(n).
That is, given a noisy word z̃ ∈ Fn2 , the algorithm returns, with high
probability, the unique z ∈ C such that ∆(z, z̃) ≤ 1−ε
4 (if such exists).
2. There exists a randomized algorithm that list-decodes CTS up to radius
ρTSD =

1/6
1
− 2−O((log(1/ε)) )
2

e
in time c2 (ε) · O(n).
That is, given a noisy word z̃ ∈ Fn2 , the algorithm returns, with high
probability, a list L = {z ∈ C : ∆(z̃, z) ≤ ρ} of size |L| = O(1/ε).1
We note that without any guarantee on the decoding capabilities, the codes in [34] achieve a
better rate of
e(log(1/ε)
rTS = ε2 · 2−O

2/3

).

Randomized constructions of binary codes, namely, randomized algorithms that output a
good code with high probability, are also well-studied, where the goal is to achieve enough
structure to allow for efficient decoding. If we focus on decoding in time n1+o(1) , the current
state-of-the-art is due to Hemenway, Wootters, and Ron-Zewi, that reaches the GV bound
with a randomized construction.2
▶ Theorem 2 ([17]). There exists a family of ε-balanced binary codes CHRW ⊆ Fn2 of rate
Ω(ε2 ) that can be constructed in probabilistic polynomial time, such that:
1. There exists a randomized algorithm that uniquely decodes CHRW up to half the distance in
time c3 (ε) · n1+1/t , where t ≈ log log log n.
√
2. There exists a randomized algorithm that list-decodes3 CHRW up to radius 12 − O( ε) in
time c3 (ε) · n1+1/t .
In this work, we continue the study of near-linear time decodable binary codes near the
GV bound, and give a randomized construction with improved rate.
▶ Theorem 3 (see also Theorems 31 and 36). There exists a family of ε-balanced binary codes
C ⊆ Fn2 that can be constructed in probabilistic polynomial time, of rate

√
e log(1/ε)
−O
r = ε2 · 2
,
such that:
1
2
3

The guarantee on the list size is not a unique property
√ of CTS , but follows from the Johnson bound (see,
e.g., [16, Section 7.3]), observing that ρTSD ≤ 21 − ε.
The foregoing theorem appears in the arXiv version, and some of the parameters are only implicit there.
The randomized list decoding algorithm of [17] was later derandomized in [21].
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1. There exists a randomized algorithm that uniquely decodes C up to half the distance in
e
time c1 (ε) · O(n).
2. There exists a randomized algorithm that list-decodes C up to radius
√
1
ρ = − 2−O( log(1/ε))
2
e
in time c2 (ε) · O(n).
Thus, our codes achieve a better rate (and a better list decoding radius) than in [34, 20],
e
while maintaining the O(n)
runtime. Compared to state-of-the-art randomized constructions,
we do not reach the GV bound, nor do we reach the Johnson radius for list decoding, but
our decoding is faster, and as we shall soon see, our code is more structured. (The [17] result
concatenate an outer code over a large alphabet with uniformly and independently chosen
inner binary codes.)
In terms of the dependence on ε, for Theorems 1 and 3, c1 (ε) is doubly-exponential in
logα (1/ε) for some α < 1 (that is slightly better in Theorem 3), and c2 (ε) is triply-exponential
in logα (1/ε). In Theorem 2, c3 (ε) is triply-exponential in poly(1/ε).4
Our construction, which we shall soon describe, is arguably simpler than the constructions
of Theorems 1 and 2.5 Moreover, it gives an avenue toward achieving an even better rate of
e 2 ) if we assume the existence of better primitives. In slightly more details, our construction
Ω(ε
utilizes hypergraphs with a strong mixing property, dubbed λ-mixing, and we show that a
random 3-regular hypergraph achieves a good enough λ. A better dependence between λ
and the regularity of the hypergraph readily gives better rate (for the details, see Section 6).
We thereby put forward a challenge that warrants revisiting mixing properties of 3-uniform
hypergraphs, which is interesting in itself.

1.1

Our construction

Our construction goes via distance amplification. We start with some base code C0 : Fk2 → Fn2
and construct our code C : Fk2 → Fn̄2 so that for every coordinate i ∈ [n̄] and x ∈ Fk2 , C(x)i is
a function of the bits C0 (x)Γ(i) , where Γ(i) ⊆ [n] is a small, carefully chosen, subset of the
coordinates of C0 . When we take the aforementioned function to be the parity function, i.e.,
M
C(x)i =
C0 (x)j ,
j∈Γ(i)

the code C is called the direct sum lift of C0 w.r.t. Γ. The goal is thus to start with C0 that
is ε0 -balanced and argue that the lifted code C is ε-balanced, for ε ≪ ε0 . A good Γ, that
would fulfil this goal, is dubbed a parity sampler. See Section 2.1 for a slightly more general
definition. Also, see [30, 2, 8, 34] for previous works that utilize direct sum lifting for distance
amplification.
Our Γ, roughly speaking, consists of short walks over a hypergraph over n vertices.
Toward giving a more detailed overview, let us define the desired hypergraphs more formally.
4

5

More accurately, it is also doubly-exponential in log(1/ε) · t. The original analysis of [17] implies a
quadruple-exponential dependence on poly(1/ε), but a better bound on the output list size of random list
decodable codes, given in [24], can be used to reduce it to triply-exponential. Using the concatenation
scheme of [17] with a different outer code given in [22] may be used to reduce the dependence on ε but at
a cost of making the dependence on n worse. Finally, we note that the failure probability in Theorem 2
is sub-exponentially small, whereas the failure probability in Theorems 1 and 3 is exponentially small.
By this we refer to our probabilistic construction, in which we draw a favorable hypergraph H at random.
Admittedly, making our construction deterministic by constructing an explicit family of good H-s is
likely to make it less simple.
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Mixing hypergraphs
Let H = (V, E) be a d-regular 3-uniform hypergraph over V = [n]. That is, E contains
“hyperedges” of the form (w1 , w2 , w3 ), and for each v ∈ V and j ∈ [3] we have that v = wj
for exactly d hyperedges. We say H is λ-mixing if for any S1 , S2 , S3 ⊆ V , it holds that
p
E(S1 , S2 , S3 ) |S1 | · |S2 | · |S3 |
≤
λ
·
−
|S1 | · |S3 |,
d
n2
where E(S1 , S2 , S3 ) is the number of hyperedges (w1 , w2 , w3 ) ∈ E where wj ∈ Sj for j = 1, 2, 3.
This notion and some variants of it were studied before, and we refer to Section
√ 3 for the
relevant discussion. In this work we show that a random hypergraph is λ = O(1/ d)-mixing
(see Corollary 21), but unfortunately we are not aware of any explicit construction that
achieves such a good dependence on d.

Walks on hypergraphs
Set t = t(ε) be a desired walk length. Starting from a random v0 ∼ V , we walk on H
according to uniformly random i1 , . . . , it ∼ [d] as follows. For each j ∈ [t],
1. Let ej be the ij -th hyperedge that touches vj−1 according to some fixed ordering. In
particular, we require that vj−1 = (ej )1 .
2. Denote vj = (ej )3 .
3. Denote wj = (ej )2 .
Γ comprises all the walks w = (w1 , . . . , wt ). Note that we choose to query wj , but use vj
to determine the next step of our walk. Our lifted C ⊆ Fn̄2 will therefore have blocklength
t 6
n̄ = n · d√
. Choosing parameters appropriately and using a λ-mixing H that satisfies
λ = O(1/ d), we achieve the rate n̄k that is given in Theorem 3.
In Section 1.2 below we briefly discuss how we analyze these walks, and how we are able
to improve upon previous constructions that are also based on random walk over expanders.

Non-backtracking walks on λ-spectral hypergraphs
e 2 ), by walking over hypergraphs with
It turns out that we can get an even better rate, of Ω(ε
an even better dependence on d. Toward this end, we need a strengthening of our λ-mixing
property, which we call λ-spectral. We say that H is λ-spectral if for any x, y, z ∈ Rn , it
holds that
1
·
d

X
(i,j,k)∈E

x i y j zk −

X
X
1 X
·
x
·
y
·
zj ≤ λ · ∥x∥2 · ∥y∥∞ · ∥z∥2 .
i
i
n2
i∈V

i∈V

i∈V

In Section 3, we show that a λ-spectral hypergraph is readily a λ-mixing one, and that a
λ-mixing hypergraph is λ′ -spectral for λ′ = O(λ log(1/λ)).
√
Conjecturing the existence of λ-spectral hypergraphs with λ approaching 2/ d (see Open
Problem 22), we can slightly modify the above construction to yield a rate of Ω̃(ε2 ), bringing
us astonishingly close to the GV bound.

6

We defer subtleties regarding sampling a single walk multiple times to the technical sections.
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▶ Theorem 4 (informal; see Corollary 39). Assuming the existence of explicit λ-spectral
hypergraphs with λ approaching √2d , there exists an explicit family of ε-balanced codes C ⊆ Fn2
of rate
ε2 ·

1
poly(log(1/ε))

that are list- and uniquely-decodable in (probabilistic) near-linear time. The list decoding
1
radius is 12 − poly(log(1/ε))
.
For our modified construction, we replace the above random walks over H with nonbacktracking walks, thus not “wasting” any randomness on returning steps. Analyzing
the refined construction naturally requires working with non-symmetric operators, and in
Section 6 we extend upon spectral decomposition results of Lubetzky and Peres [25]. We
remark that we are not aware of many cases in which directed spectral graph theory is used
in TCS, and our work demonstrates such an application.7

Explicitness
k

k

An ε-biased sample space over {0, 1} is a set S ⊆ {0, 1} such that for any nonzero test
α ⊆ [k], it holds that
"
#
"
#
M
M
Pr
si = 0 − Pr
si = 1 ≤ ε.
s∼S

i∈α

s∼S

i∈α

It is well-known that linear ε-balanced codes are equivalent to ε-biased sample space, by
letting the elements of S correspond to rows in the n × k generator matrix of a binary code
C. Thus, an explicit ε-balanced code C : Fk2 → Fn2 gives rise to an explicit ε-biased sample
k
space S ⊆ {0, 1} of cardinality n. In our construction, the only non-explicit ingredient is the
λ-mixing, or λ-spectral, hypergraph. Thus, coming up with such explicit hypergraphs would
readily yield explicit (or even fully-explicit) small-biased spaces with better dependence on ε
than the ones implied by Theorem 1.8

1.2

On (re)breaking the rate-Ω(ε4 ) barrier of random walks

Recall that our construction uses a parity sampler Γ to amplify the distance of a base code
that is ε0 -balanced to a one that is ε-balanced. Toward that goal, we will require that for a
worst-case S ⊆ [n] satisfying |Ei∈[n] [(−1)1[i∈S] | ≤ ε0 , that


|w|
Y
E  (−1)1[wj ∈S]  ≤ ε.
(1)
w∈Γ

j=1

There is a simple, albeit inefficient, way to construct such a parity sampler: Take Γ to include
all elements of [n]t . This ensures ε = εt0 , however, then |Γ| ≜ n̄ = nt , which is obviously too
large and would lead to a code with a vanishing rate. Thus, we seek a sparsification of the
trivial parity sampler.
7

8

√
One might wonder about using the non-backtracking walk with a (λ = O(log d/ d))-spectral hypergraph,
which is what we prove a random hypergraph satisfies. However, this does not lead to any meaningful
√
improvement in parameters compared to the standard backtracking walk unless λ is close to 2/ d.
For ε-biased sample spaces we don’t need to take a base code C0 that is efficiently encodable. Thus,
given explicit good hypergraph and a suitable C0 (say, from [30]), we would be able to construct our
ε-biased sample spaces in time polynomial in n and 1/ε for any ε > 0.

CCC 2022

10:6

New Near-Linear Time Decodable Codes Closer to the GV Bound

Random walks on graphs and the ε4 -barrier
Building off of ideas of Rozenman and Wigderson, Ta-Shma [34] suggested replacing the
above fully independent construction with a random walk of length t on an n-vertex expander,
associating each vertex of the expander with an element of [n]. If the graph used, G, is
d-regular, then this construction leads to n̄ = ndt−1 , a substantial improvement from |Γ| = nt .
We overload G to represent the graph’s normalized adjacency matrix and let Π be the
diagonal matrix in which Πi,i = (−1)1[i∈S] . One can verify that if Γ consists of all length-t
walks on G, Equation (1) is satisfied for
ε=

1 †
t
t
1 (ΠG) Π1 ≤ (ΠG)
n

,
op

where 1 is the all-ones vector and ∥ · ∥op is the operator norm ∥A∥op = maxx̸=0 ∥Ax∥2 /∥x∥2 .
As a first attempt, we could try to bound

(ΠG)

t

t

op

≤ ∥ΠG∥op . When a vector v is

perpendicular to 1, we have that ∥ΠGv∥2 ≤ ∥Gv∥2 ≤ λ∥v∥2 . Unfortunately, when a vector
v is parallel to 1, we have that ∥ΠGv∥2 = ∥Gv∥2 = ∥v∥2 because G1 = 1, meaning that
∥ΠG∥op = 1.
Ta-Shma observed that in the latter case, the second step works in our favor. This is
because Π1 is “mostly” (depending on how small ε0 is) perpendicular to 1. In particular,
he showed that ∥ΠGΠG1∥2 ≤ (λ + ε0 )∥1∥2 . Intuitively, at least one out of every two steps
“works”,9 which is sufficient to guarantee a rate of ≈ ε4 by taking a good enough G. That is
still far from the GV bound of ≈ ε2 .

Breaking the ε4 -barrier
To break the barrier, Ta-Shma uses an intricately-designed random walk on a graph product
called the s-wide replacement product (introduced in [4]), to guarantee that s − O(1) out of
every s steps work, for some s < t. Here, we diverge from Ta-Shma’s approach. We will only
aim for one out of every two steps to work, but will share randomness between the two steps
in order to make them as cheap as a single step.
Specifically, let G1 and G2 be two degree-d expanders on the same n vertices. In order
to take two coupled steps from a vertex v1 , we draw a random j ∈ [d] and move to v2 , the
j th neighbor of v1 in G1 (according to some fixed ordering). Then, we move to v3 , the j th
neighbor of v2 in G2 . As we use the same label j for both steps, this walk can take ℓ “double
steps” with a support size of only ndℓ . In contrast, if the steps were chosen independently,
the support size would be nd2ℓ . If we could guarantee that a double step is as productive as
two independent steps, the rate of the resulting code would be ε2+o(1) .
For the double step to work, clearly there must be some relation between the two
expanders. Otherwise, G2 could always reverse the step taken by G1 . Hence, we would like
to think of G1 and G2 together as a single primitive: For each vertex v1 , there are d choices
for the pair (v2 , v3 ). As a result, we can think of G1 and G2 together as a single d-regular
3-uniform hypergraph, and consider walks on that hypergraph, H = (V, EH ), motivating the
construction in Section 1.1.

9

That phenomenon, of losing one λ factor in every two steps, is not a mere artifact of the proof, at least if
one makes not further assumptions on the construction’s primitives. See [4, 34] for relevant discussions.
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To analyze this walk, we introduce an operator, A(S) ∈ RV ×V . For each i, k ∈ [n], we set
(S)

Ai,k ≜

1
·
d

X

(−1)1[j∈S] .

j:(i,j,k)∈EH

Then, for Γ corresponding to the length-t “double-step” construction, we show Equation (1)
holds for

t
t
1 
.
ε = 1† ΠA(S) 1 ≤ ΠA(S)
n
op
If H is λ-spectral, it is simple to bound ∥ΠA(S) ∥op = ∥A(S) ∥op ≤ λ + ε0 (see Proposition 28),
which gives a bound of ε = (λ + ε0 )t and is sufficient for rate ≈ ε2 .
Lastly, we note that because Π is unitary, the entire analysis goes through if instead of
bounding ∥(ΠA(S) )t ∥op , we instead bound ∥(A(S) )t ∥op . This corresponds to the a double-step
construction where we only record every other vertex visited (starting with the second),
which is exactly our construction in Section 1.1.
Bounding A(S) , given the right notion of hypergraph expansion, is easier than analyzing
Ta-Shma’s s-wide replacement product, so we think of our construction as conceptually
simpler. For our approach, the challenge is to construct sufficiently good hypergraphs. We
are not aware of any explicit constructions, but are able to show that a random hypergraph
suffices for decoding our code and obtaining Theorem 3.

1.3

Decoding our codes

Our decoding result in Theorem 3 follows the framework of Jeronimo et al. [20]. They
used a novel algorithmic weak regularity lemma to show that direct sum lifts are decodable,
roughly speaking, given that the parity sampler Γ used for the lifting satisfies the splittability
condition (we refer the reader to [20] for the precise definition). While we suspect that our Γ
is not splittable, we distill a weaker property that suffices for the [20] framework to work.
This property, which we call τ -sampling, tells us that we can use Γ ⊆ [n]t to sample any
set S ⊆ [n], starting from any prefix. Namely, for every i ∈ [t] and X ⊆ [n]i−1 , we require
that
Pr [wi ∈ S | (w1 , . . . , wi−1 ) ∈ X] − ρ(S) ≤

w∈Γ

τ
,
ρ(X)

where ρ(A), for some subset A ⊆ [m], is its density |A|
m . For the more general definition, and
further discussion, see Section 5.2. We believe that this strong mixing property, which still
falls short of full-fledged splittability, is an interesting notion in itself. In Section 5.2, we
show that our Γ is indeed τ -sampling, thereby allowing us to unique- and list-decode our
eε (n) time.
code C in O

2

Preliminaries

For integers a, b, we use [a, b] to denote the set {a, . . . , b} and [n] as a shorthand for [1, n].
Given a set S ⊆ [n], when the ground set [n] is clear from context, we denote ρ(S) = |S|
n , and
its ±1 variant as bias(S) = 1 − 2ρ(S). For z ∈ Fn2 , we similarly denote bias(z) as the bias of
its characteristic set, i.e., Ei∈[n] [(−1)zi ]. We use boldface letters to denote random variables,
except for 1 ∈ Rn , which we use for the all-ones vector. Also, when bounding running time,
by writing g(n) = exp(f (n)) we mean that g(n) ≤ 2c·f (n) for some universal constant c > 0.
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▶ Definition 5 (discretizable distribution). For M ∈ N, We say that a distribution W is
M -discretizable if it satisfies either of the following two equivalent properties.
1. For any x in the support of W, Prx∼W [x = x] = i/M for some i ∈ N.
2. Let UM be the uniform distribution over [M ]. Then, there is some function f mapping
[M ] to the support of W for which f (i), where i ∼ UM , has the same distribution as a
sample from W.
We say that W is computable in (deterministic or probabilistic) time T if f above is computable
in time T . In particular, W is explicit if it is computable in deterministic time poly(M ),
and fully explicit if it is computable in deterministic time poly(log M ).
▶ Definition 6 (homogeneous distribution). For n, t ∈ N, we say that a distribution W over
[n]t is homogeneous if its restriction to any coordinate is uniform over [n], i.e., if for any
i ∈ [t] and a ∈ [n] it holds that Prw∼W [wi = a] = n1 .
For any domain X and two distributions D, D′ over X we define the total variation
distance of D and D′ in terms of the optimal test distinguishing the distributions, i.e.,
n
o
dTV (D, D′ ) ≜
sup
E [T (x)] − E ′ [T (x′ )] .
T : X →[0,1]

x∼D

x∼D

For a matrix A ∈ Rn×n , we denote by ∥A∥op its operator norm ∥A∥op = maxx̸=0
which is also the maximum of x† Ay over all norm-1 vectors x, y ∈ Rn .

∥Ax∥2
∥x∥2 ,

Error correcting codes
A binary error correcting code of message length k and blocklength n is a mapping C : Fk2 →
Fn2 , which we will often identify with its image Im(C) ⊆ Fn2 . The rate of C is nk , and its
relative distance is ∆(C) = n1 minz̸=z′ ∆(z, z ′ ) for z, z ′ ∈ C, and ∆(z, z ′ ) = |{i ∈ [n] : zi ̸= zi′ }|
being the Hamming distance. The Hamming ball of (relative) radius β centered at z is the
set B(z, β) = {z ′ ∈ Fn2 : ∆(z, z ′ )/n ≤ β}.
We denote bias(C) as the maximal bias, in absolute value, of every
 nonzero
 z ∈ C. Thus,
1+ε
bias(C) ≤ ε if the Hamming weight of any nonzero codeword is in 1−ε
,
2
2 .
▶ Definition 7 (balanced codes). A linear binary error correcting code is ε-balanced if
bias(C) ≤ ε.
In particular, an ε-balanced code C has distance at least

1−ε
2 .

Unique and list decoding
We say that C is (combinatorially) (β, L) list decodable if for every z ∈ Fn2 , |C ∩ B(z, β)| ≤ L.
√
The Johnson bound tells us that any ε-balanced code is (1/2 − ε, L) list decodable for L =
O(1/ε). The algorithmic list decoding problem aims at finding the list LC,β (z) ≜ C ∩ B(z, β).
When β ≤ 1−ε
4 and C is ε-balanced, we know that LC,β always contains at most one codeword,
which corresponds to the unique decoding problem.

2.1

Parity samplers and direct sum codes

We will be interested in constructing a binary linear code C ⊆ Fn̄2 with small bias by
amplifying the (moderate) bias of some base code C0 : Fk2 → Fn2 . One natural way to do so is
by XORing t-tuples of C0 according to some distribution W ∼ [n]t .
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▶ Definition 8 (direct sum codes). For t, n, n̄ ∈ N, let W ∼ [n]t be an n̄-discretizable
distribution equipped with a corresponding mapping function fW : [n̄] → [n]t . For z ∈ Fn2 , we
let dsumW (z) ∈ Fn̄2 be such that
dsumW (z)[ℓ] =

t
X

z [fW (ℓ)i ]

i=1

where the addition is taken over F2 . Given a code C0 ⊆ Fn2 , the direct sum lift of C0 according
to W is the code dsumW (C0 ) = {dsumW (z) : z ∈ C0 } ⊆ Fn̄2 .
▶ Definition 9 (parity sampler). For t, n ∈ N, and 0 ≤ ε < ε0 ≤ 1, we say that W ∼
[n]t is an (ε0 , ε) parity sampler if for every z ∈ Fn2 with |bias(z)| ≤ ε0 it holds that
|bias(dsumW (z))| ≤ ε.
Clearly, if C0 : Fk2 → Fn2 is ε0 -balanced and W ∼ [n]t is an n̄-discretizable (ε0 , ε) parity
sampler, the lifted code C = dsumW (C0 ) is ε-balanced with rate n̄k .

3

Expanding 3-Uniform Hypergraphs

Our construction uses a family of expanding d-regular 3-uniform hypergraphs.
▶ Definition 10 (d-regular 3-uniform hypergraph). A 3-uniform hypergraph consists of a set
of vertices, V , and hyperedges E ⊆ V 3 . The hypergraph H = (V, E) is d-regular if, for each
v ∈ V and j ∈ [3], the number of hyperedges (w1 , w2 , w3 ) ∈ E for which v = wj is d.
We will set d carefully in our construction, but for now, it can be thought of as an arbitrary
constant. For the remainder of this section, we will use “hypergraph” as shorthand for
d-regular 3-uniform hypergraph.
There are various notions of expansion for hypergraphs and they are not all equivalent.
In this work, we consider two such notions.
▶ Definition 11 (λ-mixing hypergraph). A d-regular hypergraph H = (V, E) on n vertices is
λ-mixing if, for any S1 , S2 , S3 ⊆ V ,
p
E(S1 , S2 , S3 ) |S1 | · |S2 | · |S3 |
−
≤ λ · |S1 | · |S3 |,
2
d
n

(2)

where E(S1 , S2 , S3 ) is the number of hyperedges (w1 , w2 , w3 ) ∈ E where wj ∈ Sj for j = 1, 2, 3.
Note that the right-hand side of the above definition does not depend on the size of S2 .10
That parallels the definition below, in which we use ∥y∥∞ instead of ∥y∥2 .
▶ Definition 12 (λ-spectral hypergraph). A d-regular hypergraph H = (V, E) on n vertices is
λ-spectral if, for any x, y, z ∈ Rn ,
1
·
d

10

X
(i,j,k)∈E

x i y j zk −

X
X
1 X
·
xi ·
yj ·
zk ≤ λ · ∥x∥2 · ∥y∥∞ · ∥z∥2 .
2
n
i∈V

j∈V

(3)

k∈V

Some works consider the stronger requirement of
and Sσ(2) being the two smallest sets.

p

|Sσ(1) | · |Sσ(2) | instead of

p

|S1 | · |S3 |, for Sσ(1)
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We will only care about cases where y ∈ {±1}n .11 In those cases, we have ∥y∥∞ = 1 and
√
∥y∥2 = n. It is thus tempting to replace the ∥y∥∞ in the right-hand side of Equation (3)
√ 2 , as ℓ2 norms are often easier to work with than ℓ∞ norms. Unfortunately, no
with ∥y∥
n
“good” λ-spectral hypergraphs would exist with that modification: Whenever n ≫ d2 , it is
√
straightforward to√bound λ = Ω( n/d). For our definition, as we shall soon see, it is possible
to achieve λ ≈ 1/ d.
A variant of the spectral definition, where indeed one takes ∥y∥2 instead of ∥y∥∞ , was first
studied by Friedman and Wigderson [11], who also showed that the spectral definition implies
combinatorial mixing. They considered much larger edge densities than us (corresponding to
d > n for our definition). Hypergraphs with similar combinatorial mixing properties were
previously constructed from random walks on expanders [6], from Ramanujan complexes
and other spectral properties of simplicial complexes (e.g., [27, 23, 32, 9, 31, 14]), and from
Cayley graphs [10]. However, to the best of our knowledge, no explicit construction achieves
1
λ smaller than ≈ d1/3
. A simple hypergraph construction would be to take all length-2 walks
on a Ramanujan expander as the hyperedges. This was considered by [6], who showed it can
1 12
achieve λ ≈ d1/4
.
Similar to standard graphs, spectral expansion implies mixing.
▶ Proposition 13 (spectral =⇒ mixing). For any λ > 0, if H is a λ-spectral hypergraph, it
is also a λ-mixing hypergraph.
Proof. For any S1 , S2 , S3 ⊆ V , let xi = 1[i ∈ S1 ], yi = 1[i ∈ S2 ], and zi = 1[i ∈ S3 ]. Then,
X
E(S1 , S2 , S3 ) =
x i y j zk .
(i,j,k)∈E

Equation (2) follows directly from Equation (3).

◀

By applying the converse to the expander mixing lemma for ordinary graphs [7], we can
show that for symmetric hypergraphs, mixing implies spectral expansion with only a minor
quantitative gap.
▶ Definition 14 (symmetric 3-uniform hypergraph). We say a 3-uniform hypergraph H = (V, E)
is symmetric if, for any edge e = (v1 , v2 , v3 ) ∈ E, the edge (v3 , v2 , v1 ) is also in E.
▶ Proposition 15 (mixing =⇒ spectral). There exists a universal constant cspec > 0 for
which the following holds. Let H = (V = [n], E) be any d-regular hypergraph, and λ ≤ 12 . If
H is λ-mixing and symmetric, then H is a λ′ -spectral for λ′ = cspec · λ log(1/λ).
The proof of Proposition 15 is a simple application of a similar result for graphs.
▶ Lemma 16 (Lemma 3.3 of [7]). There exists a universal constant cBL for which the following
hods. For any n × n real symmetric matrix A and λ ≤ 12 , suppose each row has an ℓ1 norm
of at most 1 and for any two vectors u, v ∈ {0, 1}n ,13
|u† Av| ≤ λ · ∥u∥ · ∥v∥.

(4)

Then, the spectral radius of A is at most cBL · λ log(1/λ).
11

In fact, for any fixed choice of x and z, the left-hand side of Equation (3) is linear in y. Therefore, it is
maximized for some y ∈ {±1}n and so in general it is sufficient to consider only such y.
12
In [6], Bilu and Hoory used hypergraphs for the construction of asymptotically good codes, generalizing
Tanner’s expander codes [35] and their decoding [33, 37].
13
Note that Bilu and Linial’s Lemma statement only has the weaker requirement that this hold for
orthogonal u and v. As a result, they have an additional condition that the diagonal entries of A not be
too large, which is not needed for our version of the Lemma.
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If G is the (normalized) transition matrix of a d-regular graph, and A = G − n1 J for J being
the all-ones matrix, then Lemma 16 shows a converse to the expander mixing lemma: Any
graph with good mixing is also a good spectral expander. We show that their result can be
lifted to 3-uniform hypergraphs.
Proof of Proposition 15. Fix any y ∈ Rn and let A(y) ∈ Rn×n be defined as


X
X
1
1
(y)
yj .
Ai,k ≜
·
1[(i, j, k) ∈ E] · yj  − 2 ·
2d
2n
j∈[n]

j∈[n]

Then, for any x, z ∈ Rn ,
2 · (z † A(y) x) =

1
·
d

X
(i,j,k)∈E

x i y j zk −

X
X
1 X
·
xi ·
yi ·
zj .
2
n
i∈V

i∈V

i∈V

Therefore, in order to prove that H is an λ′ -spectral expander, it is sufficient to show that
′
for all y ∈ Rn , the operator norm of A(y) is at most ∥y∥∞ · λ2 . We observe that:
1. For any fixed x, z ∈ Rn , the quantity z † A(y) x is a linear function of y. Thus, we can
consider y-s with ∥y∥∞ = 1 without loss of generality. Furthermore, the y maximizing
z † A(y) x among those with ∥y∥∞ = 1 will be in {±1}n . Therefore we assume y ∈ {±1}n
also without loss of generality.
2. Since H is symmetric, the operator norm and spectral radius of A(y) are equal, so we
instead bound the spectral radius.
We will apply Lemma 16 to each A(y) . Note that:
A(y) is symmetric, which follows immediately from the fact that H is symmetric.
The ℓ1 norm of each row of A(y) is bounded by 1:


X
X
X 1
1
1
1
·
1[(i, j, k) ∈ E] · yj  + 2 ·
yj ≤
· d + 2 · n ≤ 1.
2d
2n
2d
2n
j∈[n]

k∈[n]

j∈[n]

Finally, fix some u, v ∈ {0, 1}n , and define the sets
S1 = {i ∈ V : ui = 1}
S3 = {i ∈ V : vi = 1}
S2+ = {i ∈ V : yi = 1}
S2− = {i ∈ V : yi = −1}.
Then,
u† A(y) v =
≤

 |S1 | · |S3 | · (|S2+ | − |S2− |)
1 1
·
· E(S1 , S2+ , S3 ) − E(S1 , S2− , S3 ) −
2 d
n2
1 1
|S1 | · |S3 | · |S2+ |
·
· E(S1 , S2+ , S3 ) −
2 d
n2
+

p
1 1
|S1 | · |S3 | · |S2− |
·
· E(S1 , S2− , S3 ) −
≤ λ |S1 | · |S3 |,
2
2 d
n

where the last inequality follows from fact that H is λ-mixing (applied to both expressions).
Thus, |u† A(y) v| ≤ λ·∥u∥·∥v∥ and we can apply Lemma 16 to obtain ∥A(y) ∥op = cBL ·λ log(1/λ),
implying that H is (λ′ = 2cBL · λ log(1/λ))-spectral.
◀
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3.1

Random hypergraphs mix well

In this section, we’ll show that given an expanding graph G, its random hypergraph completion
is, with high probability, a good expander. Throughout, we say that an undirected regular
graph G is a λ-expander if the second largest eigenvalue of its normalized adjacency matrix,
in magnitude, is at most λ.
▶ Definition 17 (random hypergraph completion of a graph.). Let G = (V = [n], EG ) be a
d-regular graph. To sample a random hypergraph completion, H of G, we choose a uniformly
random ordering of G’s edges, {(u1 , v1 ), . . . , (und , vnd )} = EG . Then, we set H = (V, EH ),
where
EH ≜ {(ui , ⌈i/d⌉, vi ) | i ∈ [nd]} .
Equivalently, for each (u, v) ∈ EG , we choose an independent and uniform w ∈ V and add
the hyperedge (u, w, v) to EH , conditioned on the resulting hypergraph H being d-regular.
Next, we prove that the random hypergraph completion mixes well with high probability.
▶ Lemma 18. Let G = (V = [n], E) be a d-regular λ-expander and H be a random
hypergraph completion of G. With probability at least 1 − 2−n , H is a λ′ -mixing hypergraph
for λ′ = 2λ + √2d .
In order to prove Lemma 18, we’ll use Hoeffding’s inequality for sampling without
replacements.
▶ Fact 19 (Hoeffding’s inequality, [18]). For any integers a, k ≤ m, suppose there are m
items, of which k of them are marked. Let x be a random variable indicating the number
of marked items when a of the m items are sampled uniformly and independently without
replacement. Then, for any t ≥ 0,




−2t2
k
Pr x −
· a ≥ t ≤ 2 exp
.
m
a
Proof of Lemma 18. Fix arbitrary S1 , S2 , S3 ⊆ V . We will show that with probability at
least 1 − 2−4n it holds that


p
EH (S1 , S2 , S3 ) |S1 | · |S2 | · |S3 |
2
−
≤ √ + 2λ · |S1 | · |S3 |
(5)
d
n2
d
where EH (S1 , S2 , S3 ) is the number of edges (v1 , v2 , v3 ) in H where vj ∈ Sj for each j ∈ [3].
The desired result then follows from a union bound over the (2n )3 = 23n choices for S1 , S2 , S3 .
Let EG (S1 , S3 ) be the number of edges, (u, v), of G, such that u ∈ S1 and v ∈ S3 . By the
expander mixing lemma applied to G, we have that
p
EG (S1 , S3 ) |S1 ||S3 |
−
≤ λ |S1 ||S3 |.
d
n
p
Let us define µ ≜ |S1 n||S3 | and ∆ ≜ λ |S1 ||S3 |. We consider two cases.
1. In the first case, µ ≤ ∆. Here, we use the simple bound
0≤

EH (S1 , S2 , S3 )
EG (S1 , S3 )
≤
≤ 2∆
d
d

that holds with probability 1. This, along with the fact
Equation (5) always holds.

|S1 |·|S2 |·|S3 |
n2

≤ µ ≤ ∆ implies that

G. Blanc and D. Doron

10:13

2. In the second case, µ > ∆. Here, we will apply Fact 19. G has a total of nd edges, of
which d · |S2 | are matched to a vertex in S2 . EH (S1 , S2 , S3 ) samples EG (S1 , S3 ) of those
nd edges (without replacement) and counts how many were among the d · |S2 | assigned
to S2 . Hence, by Hoeffding’s inequality, we have for any t ≥ 0,




−2t2
d · |S2 |
Pr EH (S1 , S2 , S3 ) −
· EG (S1 , S3 ) ≥ t ≤ 2 exp
.
nd
EG (S1 , S3 )
p
Then, setting t = 2 d|S1 | · |S3 | and using the fact that EG (S1 , S3 ) ≤ d(µ + ∆) ≤ 2dµ,

Pr

EH (S1 , S2 , S3 ) −


p
|S2 |
· EG (S1 , S3 ) ≥ 2 d|S1 | · |S3 | ≤
n
!
−8d|S1 | · |S3 |
2 exp
= 2 exp(−4.5n) ≤ 2−4n .
2d · |S1 n||S3 |

As the above shows, EH (S1 , S2 , S3 ) is within ±t of its expectation with probability at
least 2−4n . When that occurs, we have that
1
|S2 |dµ
EH (S1 , S2 , S3 ) |S1 | · |S2 | · |S3 |
= EH (S1 , S2 , S3 ) −
−
d
n2
d
n
t
|S2 | EG (S1 , S3 )
≤ +
·
−µ
d
n
d
t
|S2 |
≤ +
·∆
(expander mixing lemma)
dr n
p
|S1 | · |S3 |
(|S2 |/n ≤ 1)
≤2
+ λ |S1 | · |S3 |.
d
Hence, Equation (5) holds with probability at least 1 − 2−4n in both cases, so we can union
bound over the 23n choices for S1 , S2 , S3 .
◀
For our purposes, we will want the hypergraph to be symmetric. It is quite easy to
“symmetrize” any hypergraph at only a modest cost to the degree.
▶ Proposition 20. For any n, d ∈ N, there is an algorithm running in time O(nd) that takes
as input any d-regular λ-mixing hypergraph H = (V = [n], EH ) and outputs a 2d-regular
λ-mixing hypergraph H ′ = (V = [n], EH ′ ) over the same vertices.
Proof. For every edge (u, v, w) ∈ EH we include both (u, v, w) and the reverse edge (w, v, u)
in EH ′ .14 Clearly, this results in the degree of H ′ being 2d. Then, for any S1 , S2 , S3 ⊆ V ,
EH ′ (S1 , S2 , S3 ) |S1 | · |S2 | · |S3 |
−
2d
n2
EH (S1 , S2 , S3 ) + EH (S3 , S2 , S1 ) |S1 | · |S2 | · |S3 |
=
−
2d
n2
1 EH (S3 , S2 , S1 ) |S1 | · |S2 | · |S3 |
1 EH (S1 , S2 , S3 ) |S1 | · |S2 | · |S3 |
≤
−
−
+
2
d
n2
2
d
n2
p
≤ λ |S1 | · |S3 |.
Therefore, H ′ is λ-mixing, as desired.
14

◀

Note that, we do this even if it results in duplicated hyperedges: If (u, v, w) and (w, v, u) are both in
EH , then there will be two copies of (u, v, w) and two copies of (w, v, u) in EH ′ .
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We have explicit √
(and even fully explicit) constructions of Ramanujan graphs, i.e., λexpanders for λ ≤ 2 dd−1 , albeit with some restrictions on d [26, 28]. By manipulating
Ramanujan graphs, Alon gave a construction of d-regular λ-expanders over n vertices for any
d and n while suffering only a tiny loss in λ (see [1], and also [29,
√ 13] for weaker constructions).
In particular, there exist explicit expanders with λ = O(1/ d) for all n-s. We thus get the
following corollary.
▶ Corollary 21. There exists a probabilistic algorithm such that for any integer n and even
integer 6 ≤ d ≤ n, runs in time poly(n) and with probability at least 1 − 2−n outputs a
3-uniform symmetric d-regular hypergraph that is λ = c√rand
-mixing, where crand ≥ 2 is some
d
universal constant.
We will refer to the above probabilistic construction as our preprocessing step.
Unfortunately,
we do not know how to construct explicit mixing, or spectral, hypergraphs
√
with λ ≈ 2/ d. We put forward a concrete goal of constructing “nearly Ramanujan” spectral
hypergraphs.
▶ Open Problem 22. Construct a sufficiently dense infinite family of explicit 3-uniform
d-regular hypergraphs which are λ-spectral for λ ≤ √2d · (1 + dc ), where c < 0 is any absolute
constant.
Getting such hypergraphs is an interesting goal on its own right (and in particular, it is
not clear if one can get them from good high-dimensional complexes). As we will later see,
e 2 ) and
fulfilling Open Problem 22 would readily give explicit ε-balanced codes with rate Ω(ε
efficient decoding, and moreover, by the known connection to small-biased distributions, also
e −2 ). See Section 6 for the
an explicit ε-biased distributions over Fn2 with support size n · O(ε
details.

4

From Hypergraphs to Parity Samplers

Fix some n, t, d ∈ N and a d-regular 3-uniform hypergraph H = (V, EH ) over n vertices. We
will construct a parity sampler WH,t ∼ [n]t from H and show that when H is a good spectral
expander, W is a good parity sampler.

The construction
For each v ∈ V , there are d edges (v1 , v2 , v3 ) ∈ EH with v1 = v. For any i ∈ [d], let eH (v, i)
be the ith such edge (i.e., eH (v, i)1 = v). Without loss of generality, we assume the vertices
are each labeled with a unique integer between 1 and n (i.e V = [n]).
To sample w ∼ WH,t , independently sample a starting vertex v0 ∈ [n] and edge labels
i1 , . . . , it ∼ [d] uniformly. w will be a deterministic function of v0 and i1 , . . . , it computed
as follows. For each j = 1, . . . , t,
1. Let ej = eH (vj−1 , ij ).
2. Let vj = (ej )3 .
3. Let wj = (ej )2 .
The sample is then w = (w1 , . . . , wt ).
We present two simple claims about WH,t .
▷ Claim 23. For any t ∈ N and a d-regular hypergraph H over n vertices, WH,t is
(ndt )-discretizable.
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Proof. The sample w ∼ WH,t is a deterministic function of v0 and i1 , . . . , it , and those
variables are set to a uniform choice out of ndt possibilities. The claim then follows from
Definition 5.
◁
▷ Claim 24. For any t ∈ N, d-regular hypergraph H, and j ∈ [t], ej is uniform over all nd
edges of H. As a result, WH,t is homogeneous.
Proof. We will first prove that each ej is uniform over EH by induction on j. e1 is uniform
over the nd edges in EH as it is sampled by independently choosing a starting vertex v0 ∼ V
uniformly and then uniformly choosing one of its d-neighbors. Furthermore, for any j ∈ [t−1],
if ej is uniform, then vj is also uniform. Hence, ej+1 is sampled by selecting a uniform
vertex and then (independently) one of its d-neighbors, so ej+1 is also uniform over EH .
Next, we show WH,t is homogeneous. Fix any a ∈ [n] and j ∈ [t]. As wj = a if and only
if ej is one of the d-edges in EH whose second vertex is a and ej is uniform over the nd
d
edges in EH , Pr[wj = a] = nd
= n1 .
◁
Finally, we show that whenever H is a good expander, WH,t is a good parity sampler.
▶ Theorem 25. For any n, d, t ∈ N, λ, ε0 > 0, and H a λ-spectral d-regular 3-uniform
hypergraph on n vertices, WH,t is an (ε0 , ε ≜ (ε0 + λ)t )-parity sampler.
As an immediate corollary of Theorem 25 and Proposition 15:
▶ Corollary 26. There exists an absolute constant cspec > 0 for which the following holds.
For any n, d, t ∈ N, λ, ε0 > 0, and H a λ-mixing symmetric d-regular 3-uniform hypergraph
on n vertices, WH,t is an (ε0 , ε ≜ (ε0 + cspec · λ log(1/λ))t )-parity sampler.
Throughout the remainder of this section, we will use the shorthand W ≜ WH,t . For
proving Theorem 25, it will be convenient to consider σ ∈ {±1}n rather than z ∈ Fn2 (as
in Definition 9) using the mapping σi = (−1)zi . Equivalent to Definition 9, W is an (ε0 , ε)
parity sampler if |biasW (σ)| ≤ ε for all σ ∈ {±1}n satisfying |bias(σ)| = Ei∼[n] [σi ] ≤ ε0 ,
where


t
Y
biasW (σ) ≜ E 
σ wj  .
w∼W

j=1

Similarly to [34], we express that bias algebraically.
▶ Lemma 27. Let A(σ) ∈ Rn×n be defined as
(σ)

Ai,k ≜

1
·
d

X
(i′ ,j ′ ,k′ )∈E

Then, biasW (σ) =

1
n

σj ′ · 1[i′ = i ∧ k ′ = k].
H

· 1† A(σ)

t

1.

Proof. Let v0 , . . . , vt and w1 , . . . , wt be the random variables defined in the construction of
W. We claim that for each j ∈ {0, 1, . . . , t} and v ∈ [n], that
"
E 1[vj = v]

j
Y
k=1

#
σ wk =

 
j 
1
· 1† A(σ)
n
v

(6)
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By induction on j. Clearly, for j = 0, Equation (6) holds as both sides are equal to
any v ∈ [n]. For j ≥ 1,
"
#
"
#
j
j
Y
X
Y
′
E 1[vj = v]
σ wk =
E 1[vj = v ∧ vj−1 = v ]
σwk
v ′ ∈[n]

k=1

for

k=1

"
=

1
n

X

E 1[vj−1 = v ′ ]

v ′ ∈[n]

j−1
Y

#


σwk · E 1[vj = v] · σwj vj−1 = v ′

k=1

j−1 
X 1  


(σ)
†
· E 1[vj = v] · σwj vj−1 = v ′
=
· 1 A
n
v′
v ′ ∈[n]




X
j−1
1
1
=
· · σb · 1[v = c]
1† A(σ)
n
d
a
(a,b,c)∈EH

 

j
1
,
= · 1† A(σ)
n
v
where the third equality is the inductive hypothesis. Then,


"
#
j
t

t
Y
X
Y
1
σj  =
E 1[vj = v]
biasW (σ) = E 
σwk = · 1† A(σ) 1.
w∼W
n
j=1

◀

k=1

v∈[n]

Next, we use the fact that H is a λ-spectral expander to reason about A(σ) .
▶ Proposition 28. Let Jn ∈ Rn×n be the matrix in which every element is 1/n. For any
σ ∈ {±1}n , A(σ) − bias(σ)Jn op ≤ λ.
Proof. Fix any x, z ∈ Rn . Then,


1
z † A(σ) − bias(σ)Jn x = ·
d
1
= ·
d

X

x k σ j zi −

i∈[n]

(i,j,k)∈EH

X
(i,j,k)∈EH

X
bias(σ) X
·
xi
zj
n
j∈[n]

X
X
1 X
x i σ j zk − 2 ·
σk
xi
zj
n
k∈[n]

≤ λ∥x∥2 ∥z∥2 .

i∈[n]

j∈[n]

(Definition 12)
◀

As an immediate consequence, we have:
▶ Corollary 29. For any σ ∈ {±1}n , A(σ)

op

≤ |bias(σ)| + λ.

Proof. As ∥Jn ∥op = 1, the desired result follows from the reversed triangle inequality applied
to the operator norm.
◀
Finally, we prove Theorem 25.
n

Proof of Theorem 25. For any σ ∈ {±1} satisfying |bias(σ)| ≤ ε0 , we have:
t 1
1† 
|biasW (σ)| = √ A(σ) √
(Lemma 27)
n
n

t
≤ A(σ)
op
(σ)

t

≤ A

op

t

≤ (|bias(σ)| + λ) ≤ (ε0 + λ)t .

(Corollary 29)
◀
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5.1

The construction

We use our parity sampler to amplify the distance of a given base code via direct sum lifting.
More formally, given k ∈ N and ε > 0, let ε0 = ε0 (ε) soon to be determined, and let
C0 : Fk2 → Fn2 be an ε0 -balanced code, and,
W ∼ [n]t be an (ε0 , ε)-parity sampler which is M -discretizable.
Denote n̄ = |Supp(W)| ≤ M . Thus, the lifted code C = dsumW (C0 ) ⊆ Fn̄2 is clearly
ε-balanced. For the base code, we use the codes by Guruswami and Indyk, that admit
Oε0 (n)-time encoding and decoding.
▶ Theorem 30 ([15]). For every integer n and any ε0 > 0 there exists an ε0 -balanced code
C0 ⊆ Fn2 of rate Ω(ε30 ). Furthermore, C0 is encodable in time exp(poly(1/ε0 ))n and decodable
from 14 − ε0 fraction of errors in time exp(poly(1/ε0 ))n.15

Setting parameters
Given ε > 0, we henceforth set:
1. The initial bias of C0 to ε0 =

√
· 2− l log(1/ε) . m
p
2. The number of steps over H to t =
log(1/ε) .
3. The degree d of H to be the smallest even integer for which
√ !
d
1
≤ ε0 .
cspec · crand · √ log
crand
d
1
2

This is chosen so that Corollary 21 gives, with high probability, a symmetric hypergraph
H such that, by Corollary 26, WH,t is a (ε0 , (2ε0 )t )-parity sampler.
Using the above parameters in Theorem 25, together with the random hypergraph of
Corollary 21. we get the following (randomized) error correcting code C.
▶ Theorem 31. There exists an efficient randomized algorithm such that for every k and
any ε > 0, outputs with probability 1 − 2−Ω(k) an ε-balanced linear code C : Fk2 → Fn̄2 of rate
√
k
= 2−cr log log(1/ε) log(1/ε) · ε2
n̄
p
for some universal constant cr , that is encodable in deterministic time exp(exp( log(1/ε))) ·
k.16
More precisely, there exists a randomized preprocessing step that runs in time
p

exp
log(1/ε) · k
and succeeds with probability 1 − 2−Ω(k) . Once it succeeds, it fixes a deterministic mapping C
such that for every x ∈ Fk2 , C(x) can be computed in deterministic in the above Oε (n̄) time.
If, moreover, for a large enough constant d we are given an explicit family of λ-spectral
d)
√
d-regular 3-uniform hypergraphs satisfying λ = poly(log
, there is no need for a preprocessing
d
step, and C is explicit.
15
16

One can get a better randomized encoding time of poly(1/ε0 ).
Following the previous footnote, one can get a randomized encoding in time poly(1/ε) · k by using a
randomized encoding of the based code.
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Proof. Given k ∈ N and ε > 0, we set ε0 , t, and d as above. Theorem 30 gives us a
code C0 : Fk2 → Fn2 which is ε0 -balanced, for n = O(k/ε30 ). By Corollary 21 we can output
-mixing H with probability at least 1 − 2−n in polynomial time. This is our
a λ = c√rand
d
preprocessing step. By Corollary 26 and our choice of parameters, indeed


1
ε0 + cspec · λ log
λ

t

≤ (2ε0 )t ≤ ε,

so W = WH,t appropriately amplifies the distance. Moreover, W is M -discretizable for
M = ndt = O



k
ε30


·d

√

log(1/ε)



√
= k · 2(3+log d)

log(1/ε)+log d+O(1)

.

We proceed to bounding log d in terms of ε. Recalling how we set d, we see that √cd log d =
√
2− log(1/ε) , where c is some universal positive constant. From this we can infer that


√
√
d ≤ c2 22 log(1/ε) · log3 c · 2 log(1/ε) ,
(7)
p
so log d = 2 log(1/ε) + O(log log(1/ε)). (We are assuming that ε is smaller than some small
constant, which we can without loss of generality.) Hence,
k
O
M = 2 ·2
ε

√
log(1/ε)·log log(1/ε)



.

Since W is M -discretizable, C = dsumW (C0 ) has block length n̄ ≤ M , as required.
Drawing H at random, by Corollary 21 takes
 
p
1
e
·
k
=
exp(
log(1/ε)) · k
O(dn) = O
ε30
time. Given the hypergraph H, the encoding amounts to computing C0 (x) and taking parities
of its coordinates according to W. This takes exp(poly(1/ε0 )) · k + M · t time, following
Theorem 30.
For the “moreover” part, one can verify that we can tolerate a polylog(d) multiplicative
factor in λ with no substantial loss in parameters.
◀
Note that an explicit construction of H would also give an explicit ε-biased sample space
2/3
e
over Fk2 with support size n̄, improving upon the state-of-the-art n̄k = 2−O(log(1/ε))
· ε2 by
Ta-Shma [34].

5.2

τ -sampling

Toward establishing efficient decoding, we will need the notion of τ -sampling.
▶ Definition 32 (τ -sampling). We say that a distribution W over [n]t is τ -sampling if for
any i ∈ [t − 1], S ⊆ [n], and X ⊆ [n]i ,
h
i
Cov 1[wi+1 ∈ S], 1[(w1 , . . . wi ) ∈ X] ≤ τ.
w∼W
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To highlight the fact that it is indeed a (strong) sampling property, assume for simplicity
that W is homogeneous. Fix any i ∈ [t − 1], S ⊆ [n], and X ⊆ [n]i . The property of
τ -sampling thus tells us we can use W to sample S starting from any prefix. Namely, that
Pr [wi+1 ∈ S | (w1 , . . . , wi ) ∈ X] − ρ(S) ≤

w∈W

τ
.
ρ(X)

Note that the t = 2 case corresponds to the setting of the expander mixing lemma.
A τ -sampling distribution W satisfies the property of the “Splittable Mixing Lemma”
of Jeronimo, Srivastava, and Tulsiani [20, Lemma 4.6] for the family of “±1 cut functions”.
This fact is crucial us, and for completeness we establish this in Appendix A.
Given a τ -sampling homogeneous W ∼ [n]t , a standard hybrid argument shows the
following.
▶ Lemma 33. Let W ∼ [n]t be homogeneous and τ -sampling, and let z ∈ Fn2 be arbitrary.
Then,
E

w∈W




(−1)zw1 +...zwt − bias(z)t ≤ 2(t − 1)τ.

Thus, high-order mixing in particular implies that W is an (ε0 , ε = εt0 + (t − 1)τ ) parity
sampler for all ε0 . However, for us, and also in [20], t · τ is too large so we prove the parity
sampling property separately.
We conclude our discussion about τ -sampling by showing that our W is indeed τ -sampling.
▶ Lemma 34. For any n, d, t ∈ N and λ > 0, if H = (V = [n], E) is a λ-spectral d-regular
3-uniform hypergraph, then WH,t is τ = λ4 -sampling.
Proof. As in Definition 32, fix any i ∈ [t − 1], S ⊆ [n] and X ⊆ [n]i . Let Si (w) be the
indicator that wi+1 ∈ S, and Xi (w) the indicator that (w1 , . . . , wt ) ∈ X. Using the identity
Cov[1 − 2a, 1 − 2b] = 4 Cov[a, b], it is sufficient to prove that
Cov

h

w∼WH,t

i
(−1)Si (w) , (−1)Xi (w) ≤ λ.

Let v0 , . . . , vt , w1 , . . . , wt , and e1 , . . . , et be the random variables defined in the construction
of WH,t . Furthermore, let x, y, z ∈ Rn be the vectors defined, for each j ∈ [n], by

xj ≜ E (−1)

Xi (w)


vi = j ,

yj ≜ (−1)1[j∈S] ,
1
zj ≜ .
n
√
√
Note that ∥z∥2 = 1/ n, ∥y∥∞ = 1, and ∥x∥2 ≤ n (which follows from ∥x∥∞ ≤ 1). Our
goal in this proof will be to show that the following equation holds:
h
i 1
Cov (−1)Si (w) , (−1)Xi (w) = ·
w
d

X
(a,b,c)∈E

x a y b zc −

X
X
1 X
·
x
·
y
·
za
a
a
n2
a∈[n]

a∈[n]

(8)

a∈[n]
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Once we do, the desired result follows from Definition 12. In order to compute the covariance,
we first expand:
i
h
i
1 X h
(Claim 24)
·
E (−1)Si (w) · (−1)Xi (w) ei+1 = e
E (−1)Si (w) · (−1)Xi (w) =
w
w
nd
e∈E


X
1
=
·
(−1)1[b∈S] · E (−1)Xi (w) vi = a
w
nd
(a,b,c)∈E

1
= ·
d

X

x a y b zc .

(9)

(a,b,c)∈E

Next, directly from the definition of y and Claim 24,
h
i
1 X
E (−1)Si (w) =
ya .
w
n

(10)

a∈[n]

Similarly,
h
i
1 X
E (−1)Xi (w) =
xa .
w
n

(11)

a∈[n]

Equation (8) follows from Equations (9)–(11) and the fact that
result then follows Definition 12.

5.3

P

a∈[n] za

= 1. The desired
◀

Decoding C

We follow the work of Jernoimo et al. who gave a near-linear time list- and unique-decoding
algorithm for Ta-Shma’s code via an efficient weak regularity lemma, and prove that their
algorithm also applies to our code as well. In the language of τ -sampling distributions, they
prove:17
▶ Theorem 35 ([20]). There exists a constant cJST such that the following holds for any
integers d, t, k, n and any τ, ε0 , ε > 0. Let C0 : Fk2 → Fn2 be a code with bias at most ε0 which
0
is uniquely decodable to within distance 1−ε
in time T0 = T0 (n, ε0 ). Let W ∼ [n]t be a
4
homogeneous τ -sampling distribution, let C = dsumW (C0 ) be the corresponding direct sum
lifting, and assume that the bias of C is at most ε. Let β be such that
(

t )
√ p
1
β ≥ max
+ 2ε0
ε, cJST · t3 τ , 2 ·
.
2
|W|

Then, there exists a randomized algorithm, which given ỹ ∈ F2 , recovers the list C ∩
2
e β,t,ε · (|W| + T0 )), for
B(ỹ, 12 − β) with probability at least 1 − 1ε · 2−Ω(ε0 n) in time O(c
0
O(t3 /β 2 )

cβ,t,ε0 = (6/ε0 )2
to within distance

1−ε
4

. Moreover, if we are able to set β =
2
with probability at least 1 − 2−Ω(ε0 n) .

1+ε
4 ,

we can uniquely decode C

Plugging-in our code C (using WH,t and C0 as described in Section 5.1), we get our main
result.
17

Jernoimo et al. prove their result under stronger requirements, however one can verify that the mixing
requirement suffices.
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▶ Theorem 36. Given k ∈ N and ε > 0, let C : Fk2 → Fn̄2 be the ε-balanced, linear-time
encodable code guaranteed to us by Theorem 31 with high probability. Then, C also admits
the following decoding capabilities.
√
1
1. C is list decodable up to radius 12 − β for β = 2− 2 log(1/ε) by a randomized algorithm
e
that runs in time c1 (ε) · O(k)
and succeeds with probability 1 − 2−Ω(k) .
2. C is uniquely decodable to within distance 1−ε
4 by a randomized algorithm that runs in
−Ω(k)
e
time c2 (ε) · O(k) and succeeds
. p
p with probability 1 − 2
Above, c1 (ε) = exp(exp(exp( log(1/ε)))) and c2 (ε) = exp(exp( log(1/ε))).
Proof. By Lemma 34, our parity sampler W which we use for C is τ -sampling for




√
λ
log d
e 2−2 log(1/ε) ,
=O
τ = =O √
4
d


where we used the fact that our randomized construction of H gives us λ = O √1d log d
and the bound on d from Equation (7). All that is left is to show how the two items follow
from Theorem 35. For the list decoding result, we take β to be as small as possible. For us,

t
√
1
1
+ 2ε0 ≤ 2− 2 log(1/ε) ,
2
 √

√
√
e 2− log(1/ε) . We can thus conclude that β ≤ 2− 21 log(1/ε) . (Again,
and cJST · t3 τ = O
we are assuming ε is smaller than some small constant.) For the running time, note that


√
O
log(1/ε)
T0 = exp(poly(1/ε0 ))n = exp 2
· k,
p
e (cβ,t,ε · (|W| + T0 )) =
and cβ,t,ε0 is thus triply-exponential in log(1/ε), and overall O
0
e (cβ,t,ε · k) . For the unique decoding result, we take β = 1+ε , and the running time
O
0
4
p
becomes doubly-exponential in log(1/ε).
◀

6

Assuming a Ramanujan Hypergraph

In Section 4 we showed how to construct a parity sampler given a mixing, or spectral,
√
hypergraph. Applying that construction with a λ = polylog(d)
-spectral hypergraph allows us
d
to prove Theorem 3, giving a code that approaches the GV bound.
One can also hope
√ for better spectral hypergraphs. For (non-hyper) graphs, the best λ
possible is roughly 2 dd−1 , and graphs with such good expansion are the celebrated Ramanujan
graphs. In this section, we show how hypergraphs with similar expansion proprieties would
give codes even closer to the GV bound.
▶ Definition 37 (almost Ramanujan hypergraph). For any δ ≥ 0, we say that
a d-regular
√
2(1+δ) d−1
3-uniform hypergraph is δ-almost Ramanujan if it is λ-spectral for λ =
.
d
We will be interested in δ-almost Ramanujan hypergraphs with δ ≤ dc for any constant c < 0.
The goal of this section is to prove the following theorem.
▶ Theorem 38. For any absolute constants c1 , c2 > 0, there is a deterministic algorithm
that given any n ∈ N and ε, τ > 0, and a d-regular 3-uniform (δ = d−c1 )-almost Ramanujan
hypergraph on n vertices for any d in the range


1 1
2
dmin ≤ d ≤ dcmin
where dmin = poly log ,
,
ε τ
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constructs an (ε0 , ε) parity sampler W ∼ [n]t that is homogeneous, M -discretizable, and
τ -sampling for
ε0 =

1
,
poly(log(1/ε), 1/τ )

t = O (log(1/ε)) ,
n
M = 2 · poly(log(1/ε), 1/τ ).
ε
Moreover, the algorithm runs in time O(M t).
We prove Theorem 38 in Section 6.5. As a corollary of the above theorem, assuming
e 2 ) which are
explicit almost Ramanujan hypergraphs, we get explicit codes with rate Ω(ε
(probabilistically) decodable.
▶ Corollary 39. Given an explicit family of almost Ramanujan expanders, as described in
Theorem 38, for any k ∈ N and ε > 0 there exists an explicit18 ε-balanced code C : Fk2 → Fn̄2
1
of rate n̄k = ε2 · poly(log(1/ε))
with the following decoding capabilities.
1
1. C is list decodable up to radius 12 − β for β = poly(log(1/ε))
by a randomized algorithm that
runs in time c(ε) · k and succeeds with probability 1 − 2−Ω(k) .
2. C is uniquely decodable to within distance 1−ε
4 by a randomized algorithm that runs in
time c(ε) · k and succeeds with probability 1 − 2−Ω(k) .
Above, c(ε) = exp(exp(poly(log(1/ε)))).
1
By choosing an appropriate τ = poly(log(1/ε))
in Theorem 38, the proof of Corollary 39 is
essentially identical, up to parameters, to the proof of Theorem 36 so we omit it.

Overview of the remainder of this section
In Section 6.1, we describe how to construct the parity sampler, W of Theorem 38, by taking
non-backtracking walks on a hypergraph. Then, in Section 6.2, we show that in order to
prove W is a good parity sampler, it is sufficient to bound the operator norm of a certain
non-symmetric matrix. In Section 6.3 we upper bound that operator norm. This is the most
technically involved part of the proof of Theorem 38. Then, in Section 6.4, we show that
W is τ -sampling for the τ of Theorem 38. Finally, in Section 6.5, we set all parameters,
completing the proof of Theorem 38.

6.1

The non-backtracking parity sampler

In order to take advantage of an almost Ramanujan hypergraph H = (V, EH ), we need
a more efficient parity sampler than the one presented in Section 4. First, we recall that
construction: For any edge e ∈ EH , let the set of neighboring edges, NH (e), be all edges
e′ ∈ EH satisfying e3 = e′1 . To sample from our original parity sampler w ∼ WH,t , we first
sampled a starting hyperedge e1 . Then, for each j ∈ [2, n], we sampled ej uniformly from
the d edges in N (ej−1 ). The final sample w comprises wj = (ej )2 for each j ∈ [t].
When H is symmetric (as in Definition 14), the previous construction is wasteful, as
there is a d1 chance that ej+1 will just be ej in reverse. To remedy that inefficiency,
we define a non-backtracking parity sampler that avoids taking any reverse steps. Let

18

Here we assume the explicitness of the base code C0 . See Theorem 30 for the exact dependence of the
encoding time on ε0 .
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(nb)

H = (V, EH ) be a symmetric d-regular hypergraph. For any edge e ∈ EH , let NH (e) be
the (d − 1)-sized set consisting of all neighboring edges except for the reversed edge. Namely,
(nb)
NH (e) = NH (e) \ {(e3 , e2 , e1 )} .
(nb)

The parity sampler WH,t

(nb)

The non-backtracking parity sampler is identical to the original parity sampler, except NH
(nb)
is used instead of NH to sample ej+1 given ej . In more detail, to sample from it, w ∼ WH,t ,
we first sample a starting edge e1 uniformly. Then, for each j ∈ [2, n], we sample ej uniformly
(nb)
and independently from NH (ej−1 ). The final sample w is once again the set wj = (ej )2
for each j ∈ [t].
▶ Remark 40 (unique edges). For convenience, we will assume that in the hypergraph
H = (V, EH ), for any v1 , v3 ∈ V , there is at most one edge e ∈ EH satisfying e1 = v1 and
e3 = v3 . This assumption is not essential but simplifies notation. If H has multiple identical
(nb)
edges, then NH (e) is a multiset instead of a set, and in order to ensure NH (e) has size
exactly d − 1, we only want to remove one copy of the reverse edge (e3 , e2 , e1 ) from NH (e).
(nb)

Much of the analysis of WH,t is similar to that of WH,t . We defer the more repetitive
proofs to the appendix and will instead focus this section on novel machinery. For example,
the proof of Claim 41 is given in Appendix B.
▷ Claim 41. For any t ∈ N and any d-regular symmetric hypergraph H over n vertices, the
following holds.
(nb)
Proposition 59: WH,t is homogeneous, and,
(nb)

Proposition 60: WH,t is nd(d − 1)t−1 -discretizable.

6.2

Expressing the bias algebraically

Fix some ε0 > 0. In order to prove that WH,t is an (ε0 , ε ≜ (ε0 + λ)t )-parity sampler
(Theorem 25), we considered any σ ∈ {±1}n satisfying Ei∼[n] [σi ] ≤ ε0 and proved that
biasWH,t (σ) ≤ ε, where

biasWH,t (σ) =

E

w∼WH,t

t
Y




σ wj  .

j=1

To do so, we expressed biasWH,t (σ) algebraically in terms of the matrix19 A(σ) ∈ RV ×V ,
where
X
(σ)
Ai,k ≜
σj ′ · 1[i′ = i, k ′ = k].
(12)
(i′ ,j ′ ,k′ )∈EH

Then, we showed that
1† A(σ)
biasWH,t (σ) =
ndt

19

t

1

≤

(A(σ) )t
dt

op

.

In this section ,we scale up A(σ) by a factor of d relative to in Section 4 so that all of its elements are
integers. This simplifies notation.
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(nb)

Our approach to proving that WH,t is a parity sampler will be similar. Rather than analyzing
A(σ) , we will analyze the non-backtracking operator B (σ) ∈ REH ×EH , where
h
i
(σ)
(nb)
Be′ ,e ≜ 1 e ∈ NH (e′ ) · σe2 .
(13)
This is a slight extension, to hypergraphs, of the classical non-backtracking operator commonly
used to analyze non-backtracking walks on graphs (a walk of vertices v0 , v1 , . . . , vt is nonbacktracking if vi =
̸ vi+2 for each i ∈ [t − 2]). Just as in the proof of Theorem 25, we’ll be
able to bound biasW (nb) (σ) in terms of an appropriate operator norm.
H,t

▶ Lemma 42. For any d-regular symmetric hypergraph H = (V, EH ), σ ∈ {±1}n , letting
B (σ) be the non-backtracking operator defined in Equation (13), we have that
(B (σ) )t op
1† (B (σ) )t 1
biasW (nb) (σ) =
≤
.
H,t
nd(d − 1)t
(d − 1)t
As the proof of Lemma 42 is similar to that of Theorem 25, we defer it to Appendix B.

6.3

Bounding ∥B t ∥op

Throughout this subsection, σ ∈ {±1}n is fixed so we will use A and B as a shorthand for A(σ)
and B (σ) respectively. In proving Theorem 25, we bounded the operator norm of At using
∥At ∥op ≤ ∥A∥top . As A is real and symmetric, that inequality is tight. The corresponding
inequality for B, ∥B t ∥op ≤ ∥B∥top , is not tight. We will later see that ∥B∥op = d − 1, and
bounding ∥B t ∥op ≤ (d − 1)t would be useless for Lemma 42 as it would only upper bound
the bias at the trivial bound of 1.
In a different context, Lubetzky and Peres were able to analyze non-backtracking walks
on Ramanujan graphs [25]. While we cannot use their results verbatim, by reasoning about
A and B as operators on a graph (rather than the hypergraph H), we will be able to apply
their ideas and techniques.
Let G = (V, EG ) be the graph on the same vertices as H with the edge set EG ≜
{(e1 , e3 ) | e ∈ EH } . Hence, each edge e ∈ EH corresponds to an edge (e1 , e3 ) ∈ EG . With
that edge, we associate the sign σe2 . The matrix A is then the signed adjacency matrix of
G. If instead of viewing B as a matrix in REH ×EH (as in Equation (13)), we consider the
equivalent matrix B ∈ REG ×EG , then
(
Acd if b = c and a ̸= d
Bab,cd ≜
.
(14)
0
otherwise
The goal of this subsection is to prove the following bound on ∥B t ∥op .
▶ Lemma 43. For any d ≥ 2 and a d-regular edge-signed graph G = (V, E), let A be its
(signed) adjacency matrix and B be defined as in Equation (14). For

q
√
∥A∥2op
 ∥A∥op
+
− (d − 1) if ∥A∥op ≥ 2 d − 1
4
θmax ≜ √ 2
 d−1
otherwise
and any t ≥ 1,
Bt

op

≤ 2(d − 1)t(θmax )t−1 .

(15)
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To prove Lemma 43, we will show that B is almost-diagonalizable. In particular, that
it is unitarily equivalent to a block-diagonal matrix in which each block has size at most
2 × 2. Lubetzky and Peres proved the below lemma in the case where G is not edge-signed
(or equivalently, all edges have the sign +1) [25, Proposition 3.1]. Our proof follows theirs
in spirit, but we aimed to provide additional details for some parts of the argument (see
Remark 52 for a more detailed comparison).
▶ Lemma 44. Let G = (V, E) be a d-regular edge-signed graph on n vertices and λ1 , . . . , λn
be the eigenvalues of its (signed) adjacency matrix. For each i ∈ [n], let


if λi = d

[d − 1]


[−(d − 1)] if λi = −d
Ri ≜ "
#


θi α i


otherwise,

 0 θ′
i
for some αi ∈ C satisfying |αi | ≤ d − 1 and θi , θi′ ∈ C being the two solutions of
θ2 − λi θ + (d − 1) = 0.
P
Then, for k = nd − i∈[n] dim(Ri ) and some bi ∈ {±1} for each i ∈ [k], the operator B from
Equation (14) is unitarily equivalent to Λ ≜ diag(R1 , . . . , Rn , b1 , . . . , bk ).
First, we show how Lemma 43 follows from Lemma 44.
Proof of Lemma 43 assuming Lemma 44. By Lemma 44, we know that B is unitarily
equivalent to Λ ≜ diag(R1 , . . . , Rn , b1 , . . . , bk ), where R1 , . . . , Rn are as defined in Lemma 44
and bi ∈ {±1} for all i ∈ [k]. Therefore, B t is unitarily equivalent to
Λt = diag(R1t , . . . , Rnt , bt1 , . . . , btk ).
As a result,
B

t
op

= Λ

t
op


= max 1, max Rit
i∈[n]


op

.

Our goal is to show that the above is bounded by the expression in Equation (15). Since
that bound is larger than 1, it is enough to show that ∥Rit ∥op ≤ 2(d − 1)t(θmax )t−1 for each
i ∈ [n].
First, consider the case where |λi | = d. By Lemma 44, we have Ri = [±(d − 1)], and so
∥Rit ∥op = (d − 1)t . In this case, we must have ∥A∥op = d implying that θmax = d − 1. Hence,
the right hand side of Equation (15) is at least 2t(d − 1)t which is at least as large as ∥Rit ∥op ,
as desired.
In the other case, |λi | < d. By Lemma 44,


θi α i
Ri =
0 θi′
for some αi ∈ C satisfying |αi | ≤ d−1 and θi , θi′ ∈ C the two solutions of θ2 −λi θ+(d−1) = 0.
As |λi | ≤ ∥A∥op , the two solutions of the above equation have their magnitudes bounded by
θmax . We’ll use that to bound ∥Rit ∥op . By an easy inductive argument,
"
#
Pt−1
t
j ′ t−1−j
(θ
)
α
(θ
)
(θ
)
i
i
i
i
j=0
Rit =
.
0
(θi′ )t
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Therefore,
∥Rit ∥op ≤



(θi )t
0

0
(θi′ )t

"


+
op

0 αi
0

Pt−1

j ′ t−1−j
j=0 (θi ) (θi )
0

#
op

≤ max(|θi |, |θi′ |)t + t max(|θi |, |θi′ |)t−1 |αi |
≤ (θmax )t + t(θmax )t−1 (d − 1)
≤ 2t(θmax )t−1 (d − 1).

(θmax ≤ (d − 1) and t ≥ 1)

We conclude that ∥Rit ∥op is at most the bound of Equation (15) for every i ∈ [t].

◀

In order to prove Lemma 44, we decompose CE into subspaces on which B acts independently, namely they are orthogonal and B-invariant.
▶ Fact 45. Let B : Ω → Ω a linear operator, and let S1 , . . . , Sm be disjoint subspaces for
which S1 ⊕ · · · ⊕ Sm = Ω. Assume that the following holds:
1. For any i ̸= j ∈ [m], Si ⊥ Sj , and,
2. For any i ∈ [m], Si is an invariant subspace of B, meaning BSi ⊆ Si .
For each i ∈ [m], let Ri ∈ C(dim Si )×(dim Si ) be a matrix computing the restriction B|Si : Si →
Si with respect to some orthonormal basis of Si . Then, B is unitarily equivalent to
Λ ≜ diag(R1 , . . . , Rm ).
Proof. For each i ∈ [m], there is some orthonormal basis vi,1 , . . . , vi,ki in which the operator
B|Si corresponds to the matrix Ri . As S1 ⊕ · · · ⊕ Sm = B and Si are orthogonal subspaces,
v1,1 , . . . , v1,k1 , . . . , vm,1 , . . . , vm,km is an orthonormal basis for all of Ω, and Λ computes B
with respect to that basis.
◀
We break CE into subspaces satisfying the requirements of Fact 45. For any w ∈ CV , we
define w(in) , w(out) ∈ CE as follows:20
(in)
wxy
≜ wy
(out)
wxy
≜ Axy wx .

(16)

For A ∈ RV ×V being the adjacency matrix defined in Lemma 44, let λ1 , . . . , λn be the
eigenvalues of A with corresponding eigenvectors w1 , . . . , wn . For each i ∈ [n], we define
n
o
(in)
(out)
Si ≜ Span wi , wi
,
(17)
and define Srem to be the orthogonal compliment of S1 ⊕ · · · ⊕ Sn within CE . Our first goal
is to show that S1 , . . . , Sn , Srem meet the requirements of Fact 45.
A large portion of this proof will require straightforward calculations. We collect all of
these calculations into the following proposition, proved in Appendix B.
▶ Proposition 46.
1. For any w, w′ ∈ CV ,
⟨w(in) , (w′ )(in) ⟩ = d · ⟨w, w′ ⟩
⟨w(out) , (w′ )(out) ⟩ = d · ⟨w, w′ ⟩
⟨w(in) , (w′ )(out) ⟩ = ⟨Aw, w′ ⟩
20

(18)

We use the name w(in) as all edges going into a vertex y have weight wy . Similarly, for w(out) , all edges
going out of the vertex x have weight wx multiplied by that edge’s sign.
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2. For any w ∈ CV ,
Bw(in) = (Aw)(in) − w(out)
Bw(out) = (d − 1)w(in) .

(19)

3. For any v ∈ CE satisfying v ⊥ w(out) for all w ∈ CV ,
vxy = −Ayx vyx

for every edge xy.

(20)

4. The operator norm of B is
∥B∥op = d − 1.

(21)

We use Proposition 46 to prove Lemma 44 by showing that S1 , . . . , Sn , Srem meet the
requirements of Fact 45.
▶ Proposition 47. For B defined in Lemma 44 and S1 , . . . , Sn defined in Equation (17), for
any i ̸= j ∈ [n], Si ⊥ Sj .
(in)

Proof. It is sufficient to prove that for any i =
̸ j ∈ [n], wi
(in)
wi

(in)

⊥ wj

(out)

, wi

(out)

⊥ wj

, and

(out)
wj
.

⊥
As A is real and symmetric, its eigenvectors are orthogonal, and so wi ⊥ wj
and Awi ⊥ wj . The desired result follows from Equation (18).
◀
In order to apply Fact 45, we also need to prove that each Si and Srem are all invariant
under B.
▶ Proposition 48. For B defined in Lemma 44 and S1 , . . . , Sn defined in Equation (17),
BSi ⊆ Si for each i ∈ [n]. Furthermore, for Srem , the orthogonal compliment of S1 ⊕ · · · ⊕ Sn
within CE , we also have that BSrem ⊆ Srem .
(in)

Proof. First we show that BSi ⊆ Si for any i ∈ [n]. Recall that Si is the span of wi
(out)
(in)
(out)
and wi
, so it suffices to show that Bwi ∈ Si and Bwi
∈ Si . This follows from
Equation (19) and the fact that wi is an eigenvector of A.
Secondly, we show that for any v ∈ Srem , Bv ∈ Srem . As v ∈ Srem , we know that
(out)
(in)
v ⊥ wi
and v ⊥ wi for each eigenvector wi . As the eigenvectors span all of CV , we
further have that v ⊥ w(in) and v ⊥ w(out) for any w ∈ CV . In order to prove that Bv ∈ Srem ,
we will need to prove that Bv ⊥ w(in) and Bv ⊥ w(out) for any w ∈ CV .
1. We show that Bv ⊥ w(in) :
⟨Bv, w(in) ⟩ =

X

(Bv)xy wy

xy∈E

=

X

−Ayx vyx wy

(Equation (20))

xy∈E

=−

X

(Axy wx )vxy

(switching names of x and y)

xy∈E

= −⟨w(out) , v⟩ = 0.

(v ⊥ w(out) )
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2. Similarly, we show that Bv ⊥ w(out) :
X
⟨Bv, w(out) ⟩ =
(Bv)xy Axy wx
xy∈E

=

X

−Ayx vyx Axy wx

(Equation (20))

xy∈E

=−

X

vyx wx

(Axy = Ayx ∈ {±1})

vxy wy

(switching names of x and y)

xy∈E

=−

X
xy∈E

= −⟨v, w(in) ⟩ = 0.

(v ⊥ w(in) )

Therefore, Bv ∈ Srem , as desired.

◀

Using Propositions 47 and 48 we can apply Fact 45 with the decomposition CE =
S1 ⊕ · · · ⊕ Sn ⊕ Srem . In order for Fact 45 to be useful, we need to understand the restricted
operator B|Si . Toward this end, we recall the Schur decomposition.
▶ Fact 49 (Schur decomposition). For any linear operator T : Ω → Ω, there is an orthonormal
basis in which T can be written as an upper triangular matrix U ∈ C(dim Ω)×(dim Ω) . In
particular, the diagonal entries of U are the eigenvalues of T .
▶ Proposition 50. Let A, B, λ1 , . . . , λn be as defined in Lemma 44 and S1 , . . . , Sn as in
Equation (17). For any i ∈ [n], there is an orthonormal basis of Si under which B|Si : Si → Si
is computed by the following matrix.


[d − 1]
if λi = d




[−(d − 1)] if λi = −d
Ri ≜ "
#


θi α i


otherwise,

 0 θ′
i
for some αi ∈ C satisfying |αi | ≤ d − 1, and θi , θi′ ∈ C are the two solutions of θ2 − λi θ +
(d − 1) = 0.
n
o
(in)
(out)
Proof. We first compute the dimension of Si = Span wi , wi
. This dimension is 1 if
(in)

wi

(out)

and wi

(in)
wi

(out)
wi

(in)

are parallel, and 2 otherwise. They are parallel if and only if ⟨wi

(out)

, wi

⟩ =

. Assuming that wi is normalized to satisfy ∥wi ∥2 = 1, we have from
√
(in)
(out)
(in)
(out)
Equation (18) that ∥wi ∥2 = ∥wi
∥2 = d and that ⟨wi , wi
⟩ = λi . There are three
cases depending on the value of λi :
(in)
(out)
(in)
(out)
(in)
(out)
1. If λi = d, then ⟨wi , wi
⟩ = ∥wi ∥2 ∥wi
∥2 , implying that wi = wi
. In this
case, the dimension of Si is 1, and we can just set Ri to [∥Bv∥2 /∥v∥2 ] for a single nonzero
(out)
(in)
(out)
v ∈ Si . Recall from Equation (19) that Bwi
= (d − 1)wi = (d − 1)wi
. Therefore,
we set Ri = [d − 1].
(in)
(out)
(in)
(out)
(in)
(out)
2. If λi = −d, then ⟨wi , wi
⟩ = −∥wi ∥2 ∥wi
∥2 , implying that wi
= −wi
.
Once again, the dimension of Si is 1, and we set Ri to [∥Bv∥2 /∥v∥2 ] for a single nonzero
(out)
(in)
(out)
v ∈ Si . Also from Equation (19), Bwi
= (d − 1)wi = −(d − 1)wi
. Therefore, we
set Ri = [−(d − 1)].
2

2
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3. Otherwise, dim(Si ) = 2. Recall from Equation (19) that
(in)

Bwi

(out)

Bwi

(in)

= λi w i

(out)

− wi
(in)

= (d − 1)wi

,

.

Therefore, the characteristic polynomial of B|Si is p(θ) = θ2 − θλi + (d − 1). Applying
Fact 49, for θi , θi′ being the two roots of p(θ) and some αi ∈ C, we can set

Ri =

θi
0


αi
.
θi′

Finally, we bound |αi |:
|αi | ≤ ∥Ri ∥op ≤ ∥B∥op ≤ d − 1,
where ∥B∥op ≤ d − 1 is Equation (21).

◀

Similar to Proposition 50, we characterize B|Srem .
▶ Proposition 51. Let A, B be as defined in Lemma 44, S1 , . . . , Sn as in Equation (17), and
Srem be the orthogonal compliment of S1 ⊕ . . . ⊕ Sn within CE . Then, there is an orthonormal
basis for Srem in which the restriction B|Srem is expressed by diag(b1 , . . . , bdim(Srem ) ) where
bi ∈ {±1} for each i ∈ [dim(Srem )].
Proof. For any v ∈ Srem and any edge xy ∈ E, by Equation (20),
(Bv)xy = −Ayx vyx .
Hence, the operator B|Srem preserves the ℓ2 norm. By Fact 49, there is some orthonormal
basis in which the matrix representing B|Srem is an upper triangular matrix. The only upper
triangular matrices that are ℓ2 norm-preserving are diagonal matrices in which all diagonal
entries are ±1.
◀
Combining the above propositions completes the proof of Lemma 44.
Proof of Lemma 44. We apply Fact 45 with the subspaces S1 , . . . , Sn , Srem . By Propositions 47 and 48, those subspaces meet the requirement of Fact 45. Applying Propositions 50
and 51 gives the desired form for Λ.
◀
▶ Remark 52 (comparison with [25]). Our proof of Lemma 44 follows that of [25, Proposition 3.1] with a few (minor) technical differences. In order to handle edge signs, we must
adjust the definitions in Equation (16) and carry that change throughout the computation.
Additionally, to prove (the analogous statements of) Propositions 47 and 48, Lubetzky and
Peres reason about the operator C ≜ (d − 1)B −1 + B, whereas we never need consider the
inverse of B.

6.4

τ -sampling
(nb)

In this section, we prove that WH,t is τ -sampling for an appropriately chosen τ . Recall that
this is needed for the decoding result.
▶ Lemma 53. For any n, d, t ∈ N and λ > 0, if H = (V = [n], E) is a λ-spectral d-regular
(nb)
3-uniform hypergraph, then WH,t is τ -sampling for τ = λ4 + d2 .
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c(nb) that is close, in
In order to prove Lemma 53, we will construct a distribution W
H,t
(nb)
(nb)
λ
c
and show that W
is τ = -sampling. Once we do
total variation distance, to W
H,t

this, we will use the closeness of

(nb)
WH,t

H,t

4

c(nb) to transfer that result to a bound on the
and W
H,t

(nb)

τ -sampling of WH,t . As the definition of τ -sampling involves computing a covariance, the
following proposition will useful.
b be distributions each over some domain Ω. For any bounded
▶ Proposition 54. Let D, D
functions f, g : Ω → [0, 1],
b
x), g(b
x)] ≤ 2dTV (D, D).
Cov [f (x), g(x)] − Cov [f (b
b
x
b∼D

x∼D

Proof. We use the following covariance identity:
Cov [f (x), g(x)] =

x∼D

1
·
E [(f (x1 ) − f (x2 ))(g(x1 ) − g(x2 ))].
2 x1 ,x2 ∼D2

Defining h(x) ≜ (f (x1 ) − f (x2 ))(g(x1 ) − g(x2 )), we have
1
E [h(x)] − E [h(b
x)]
Cov [f (x), g(x)] − Cov [f (b
x), g(b
x)] ≤
x∼D 2
2
b2
b
x
b∼D
x
b∼D


1
2 b2
≤ dTV (D , D ) · sup h(x) − inf 2 h(x)
x∈Ω
2
x∈Ω2
1
b · (1 − (−1)) = 2dTV (D, D).
b
≤ (2dTV (D, D))
2

x∼D

◀

c(nb) is close, in TV distance, to W (nb) , we’ll use the following
In order to prove that W
H,t
H,t
easy fact.
▶ Fact 55. For any distributions D and D′ over the same domain, and any coupling of
x ∼ D and x′ ∼ D′ ,
dTV (D, D′ ) ≤ Pr[x ̸= x′ ].
The proof of Fact 55 follows readily from the definition of TV distance. Indeed, it is
̸ x′ ] over all couplings
well known that the TV distance is equal to the infimum of Pr[x =
′
′
x ∼ D, x ∼ D .
(nb)
Using Fact 55, it’s not hard to show that the TV distance of WH,t and WH,t is at most dt .
(nb)

Therefore, Lemma 34 and Proposition 54 are sufficient to show that WH,t is λ4 + 2t
d -sampling.
(nb)
(nb)
c
In the following proof, we’ll construct a distribution W
H,t that is closer to WH,t , giving a
better bound on τ .
Proof of Lemma 53. As in Definition 32, fix any i ∈ [t], S ⊆ [n] and X ⊆ [n]i . Let Si (w)
be the indicator that wi+1 ∈ S, and Xi (w) the indicator that (w1 , . . . , wt ) ∈ X. Our goal is
to prove that
h
i λ 2
Cov Si (w), Xi (w) ≤ + .
4
d
b (nb)
w∼W
H,t

c(nb) satisfying dTV (W (nb) , W
c(nb) ) ≤
To do so, we will define a distribution W
H,t
H,t
H,t
that
h
i λ
b Xi (w)
b ≤ .
Cov Si (w),
(nb)
4
bH,t
w∼
b W

1
d

and prove

(22)
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c(nb) will perform “non-backtracking” steps during the first i time steps and
At a high level, W
H,t
(nb)

1
d)

step at time step j = i + 1. In contrast, WH,t
c(nb) , we
b∼W
performs “non-backtracking” steps at every time step. Formally, to sample w
H,t
a normal (“backtracks” with probability
(nb)

b is set to w. Otherwise, w
b j = wj
first sample w ∼ WH,t . Then, with probability 1 − d1 , w
bi+1 = wi . Through the remainder of this proof, we assume that w
for each j ̸= i + 1, and w
b are coupled according to this generation process.
and w
(nb) c(nb)
Clearly, dTV (W
,W
) ≤ 1/d. Hence, by Proposition 54 it suffices to prove EquaH,t

H,t

tion (22). The remainder of this proof is similar to that of Lemma 34. Instead of showing
Equation (22), we prove the following (equivalent equation) holds:
h
i
b , (−1)Xi (w)
b ≤ λ.
Cov (−1)Si (w)
(nb)

Let e1 , . . . , et be the random variables defined in the construction of WH,t (which are

(nb)
c(nb) ). If the probability- 1 − 1 event
b∼W
coupled to the sample w ∼ W
and hence w
H,t

H,t

d

b = w, then we define ebi+1 ≜ ei+1 .
occurred where we set w
Recall that ei+1 is sampled uniformly from the (d−1) hyperedges satisfying (ei )3 = (ei+1 )1
and ei+1 =
̸ ((ei )3 , (ei )2 , (ei )1 ). Therefore, the generation process for ebi+1 is equivalent to
sampling uniformly from the d hyperedges satisfying (ei )3 = (b
ei+1 )1 .
Let x, y, z ∈ Rn be the vectors defined, for each j ∈ [n],


Xi (w)
b
xj ≜ E (−1)
(b
ei+1 )1 = j
yj ≜ (−1)1[j∈S]
1
zj ≜ .
n
√
√
Note that ∥z∥2 = 1/ n, ∥y∥∞ = 1, and ∥x∥2 ≤ n (which follows from ∥x∥∞ ≤ 1). Our
goal will be to prove that the following equation holds.
h
i
X
X
X
1 X
b , (−1)Xi (w)
b = 1·
Cov (−1)Si (w)
x a y b zc − 2 ·
xa ·
ya ·
za .
d
n
w
b
(a,b,c)∈E
a∈[n]
a∈[n]
a∈[n]

(23)

Once we prove the above equation holds, the desired result follows from Definition 12. As
we proved in Claim 41, the distribution of ei is uniform over all nd hyperedges, and hence
that of ebi+1 is also uniform over all hyperedges. In order to compute the covariance, we first
expand:
h
i
i
X h
b · (−1)Xi (w)
b | eb
b · (−1)Xi (w)
b = 1 ·
E (−1)Si (w)
E (−1)Si (w)
i+1 = e
nd
w
b
b
e∈E w


X
1
1[b∈S]
Xi (w)
b
=
·
(−1)
· E (−1)
(b
ei+1 )1 = a
nd
(a,b,c)∈E

1
= ·
d

X

x a y b zc .

(24)

(a,b,c)∈E

Next, directly from the definition of y and Claim 41,
h
i
X
b = 1
E (−1)Si (w)
ya .
n
w
b
a∈[n]

(25)
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Similarly,
i
h
X
b = 1
E (−1)Xi (w)
xa .
n
w
b
a∈[n]

(26)

P
Equation (23) follows from Equations (24)–(26) and the fact that a∈[n] za = 1. Lemma 53
follows from Definition 12, and the desired result from Proposition 54.
◀

6.5

Setting the parameters

In this subsection, we set the parameters needed to prove the following theorem, restated for
convenience.
▶ Theorem 38. For any absolute constants c1 , c2 > 0, there is a deterministic algorithm
that given any n ∈ N and ε, τ > 0, and a d-regular 3-uniform (δ = d−c1 )-almost Ramanujan
hypergraph on n vertices for any d in the range


1 1
c2
dmin ≤ d ≤ dmin where dmin = poly log ,
,
ε τ
constructs an (ε0 , ε) parity sampler W ∼ [n]t that is homogeneous, M -discretizable, and
τ -sampling for
ε0 =

1
,
poly(log(1/ε), 1/τ )

t = O (log(1/ε)) ,
n
M = 2 · poly(log(1/ε), 1/τ ).
ε
Moreover, the algorithm runs in time O(M t).
Proof. We set
dmin ≜ max

9
, log
τ2

!
 2/c1
1
, 145 .
ε

Let H be the d-regular 3-uniform (δ ≜ d−c1 )-almost Ramanujan hypergraph on n vertices
(nb)
for some dmin ≤ d ≤ (dmin )c2 given to the algorithm. It will return W ≜ WH,t for some t to
be later specified.
Regardless of what that t is, by Lemma 53, we have that W is τ ′ -sampling for
√
4 d−1 2
3
′
τ ≤
+ ≤ √ ≤ τ.
4d
d
d
To complete this proof, we need to set t large enough so that W is an (ε0 , ε)-parity sampler
and small enough so that it is M -discretizable. Set
√
2δ d − 1
ε0 =
.
d
In order to set t, we first define,
′

ε(t′ ) ≜

2t′ (1 + 5d−c1 /2 )t −1
(d − 1)(t′ −3)/2
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and then set t to the minimum integer so that ε(t) ≤ ε. As d ≥ dmin ≥ 145,
′

′
2t′ · 6t −1
= c · t′ · 2−t
′ −3
t
12

ε(t′ ) ≥

for an absolute constant c. Therefore, the minimum t for which ε(t) ≤ ε is O(log(1/ε)), as
desired.
√
′
)
ε
d − 1, so ε(t) ≥ √d−1
We proceed to bound M . For any t′ ∈ N, ε(tε(t
. Therefore,
′ +1) ≤
4t2 (d − 1)3 (1 + 5d−c1 /2 )2t−2
4t2 (d − 1)2 (1 + 5d−c1 /2 )2t−2
≤
.
ε(t)2
ε2

(d − 1)t−1 =

By Claim 41, W is M -discretizable for M ≤ nε 2 ·4dt2 (d−1)3 (1+5d−c1 /2 )2t−2 . Using the bounds
(1 + a)b ≤ exp(ab), d ≥ dmin ≥ log(1/ε)2/c1 , and t = O(log(1/ε), we have (1 + 5d−c1 /2 )2t−2 =
O(1). We’ve also already bounded d and t, each at most poly(log(1/ε), 1/τ ), so we can give
the desired bound on M , M ≤ nε 2 · poly(log(1/ε), 1/τ ).
Lastly, we need to show that W is an (ε0 , ε)-parity sampler. Choose any σ ∈ {±1}n
satisfying | Ei∼[n] [σi ]| ≤ ε0 . By Lemma 42, it is sufficient to show, for B (σ) defined in
t
(B (σ) ) op
Equation (13), that
≤ ε. Lemma 43 allows us to bound ∥(B (σ) )t ∥op in terms of
(d−1)t
∥(A(σ) )t ∥op for A(σ) defined in Equation (12). Applying Corollary 29 (and noting that A(σ)
of this section is scaled up by a factor of d relative to that in Corollary 29),
A(σ)
op

√
≤ d (|bias(σ)| + λ) ≤ dε0 + 2(1 + δ) d − 1
√
√
√
= 2δ d − 1 + 2(1 + δ) d − 1 = 2(1 + 2δ) d − 1.

The quantity θmax defined in Lemma 43 satisfies
r
p
√
√
∥A∥2op
∥A∥op
+
− (d − 1) ≤ (1 + 2δ) d − 1 + d − 1 (1 + 2δ)2 − 1
θmax =
2
4

 √

p
√ 
√
= d − 1 · 1 + 2δ + 4δ 2 + 4δ ≤ d − 1 · 1 + 2δ + 8δ
(δ ≤ 1)




√  √
√  √
√
≤ d − 1 · 1 + 2δ + 3 δ ≤ d − 1 · 1 + 5 δ ≤ d − 1 · 1 + 5d−c1 /2 .
By Lemma 43, we then have that
B (σ)

t
op

(d − 1)t

≤

2(d − 1)t(θmax )t−1
(d − 1)t−1

≤

2(d − 1)t(1 + 5d−c1 /2 )t−1
= ε(t) ≤ ε.
(d − 1)(t−1)/2

Therefore, W is an (ε0 , ε) parity sampler.

◀
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Splittability and τ -Sampling

Our decoding result follows from the work of Jernoimo, Srivastava, and Tulsiani [20]. In [20],
for the result of Theorem 35 to hold, they require W to be τ -splittable. τ -splittability is
stronger than, and in fact implies, τ -sampling. We will not define splittability here, since for
their result to hold, only a “Splittable Mixing Lemma” is required. The mixing property
used in [20] goes as follows.
▶ Definition 56 (splittable mixing for ±1 cut functions). Given positive integers n, t, and
s < t − 1, we denote by Fs the set of all functions f : [n]t → {1, −1} of the form
f (x1 , . . . , xt ) = b · χA1 (x1 ) · . . . · χAs (xs ) · χB (xs+1 , . . . , xt ),

(27)

where b ∈ {1, −1}, A1 , . . . , As ⊆ [n], B ⊆ [n]t−s , and where χS (x) = −1 if x ∈ S and 1
otherwise.
For a distribution W ∼ [n]t , we denote by W[i,j] the distribution over [n]j−i+1 that is
obtained by sampling x ∼ W and outputting x[i,j] . For simplicity, we abbreviate Wi = W[i,i] .
Q
Given s ∈ [t − 1], let νs be the probability measure over [n]t for which νs (x) = i∈[s] Pr[Wi =
xi ] · Pr[W[s+1,t] = x[s+1,t] ]. We say W ∼ [n]t satisfies splittable mixing with error τ , if for
every s ∈ [t − 1] and every f, f ′ ∈ Fs it holds that
E [f (x)f ′ (x)] −

x∼νs

E

x∼νs−1

[f (x)f ′ (x)] ≤ τ.

(28)

In [20], they show that the above property follows from τ -splittablility. Here we show that
the above property also follows from our weaker notion of τ -sampling. For the sake of being
compatible with [20], we will use a slightly different definition of τ -sampling than what was
given in Definition 32.
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▶ Definition 57. We say that a distribution W over [n]t is τ -sampling if for any i ∈ [t − 1],
S ⊆ [n], and X ⊆ [n]t−i ,
h
i
Cov 1[wi ∈ S], 1[(wi+1 , . . . wt ) ∈ X] ≤ τ.

w∼W

For decoding lifted sum codes, both definitions are essentially the same, since we can
always work with Wrev , wherein we sample w = (w1 , . . . , wt ) ∼ W and output (wt , . . . , w1 ).
Moreover, our W satisfies W = Wrev .
▷ Claim 58. Let W ⊆ [n]t be homogeneous and τ -sampling. Then, W satisfies splittable
mixing with error 4τ .
Proof. Let s ∈ [t−1], b, b′ ∈ {1, −1} and sets A1 , . . . , As , A′1 , . . . , A′s ⊆ [n] and B, B ′ ⊆ [n]t−s
that correspond to the functions f and f ′ . For i ∈ [s] denote Ci = Ai △A′i and D = B△B ′ .
We then have
f (x)f ′ (x) = σ · χC1 (x1 ) · . . . · χCs (xs ) · χD (xs+1 , . . . , xt ),
for σ = bb′ ∈ {1, −1}. The subtraction on the left hand side of Equation (28) now reads
X

Y

Pr[Wi = xi ] · σ · χC1 (x1 ) · . . . · χCs−1 (xs−1 )·

x∈[n]s−1 i∈[s−1]

X


χCs (y) · χD (z) · Pr[Ws = y] Pr[W[s+1,t] = z] − Pr[W[s,t] = y ◦ z] . (29)

y∈[n],z∈[n]t−s

The second line of the above expression can be written as
E

h

y∼Ws

i
(−1)1[y∈Cs ] ·

E

z∼W[s+1,t]

h

i
(−1)1[z∈D] −

E

h

i
(−1)1[y∈Cs ] (−1)1[z∈D] ,

(y,z)∼(Ws ,W[s+1,t] )

(30)
which is simply the covariance between the random variables (−1)1[y∈Cs ] and (−1)1[z∈D]
where y and z are drawn appropriately. As W is τ -sampling, we know that
|Cov [1[y ∈ Cs ], 1[z ∈ D]]| ≤ τ,
and so Equation (30), in absolute value, amounts to
h
i
Cov (−1)1[y∈Cs ] , (−1)1[z∈D] ≤ 4τ,
which readily follows from the fact that (−1)b = 1 − 2b for b ∈ {0, 1}, as we argued in
Lemma 34. Taking absolute value, by the triangle inequality, Equation (29) can be bounded
by
4τ ·

X

Y

Pr[Wi = xi ].

x∈[n]s−1 i∈[s−1]

As W is homogeneous, Pr[Wi = xi ] =

1
n,

and we are done.

◁
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Properties of the Non-Backtracking Parity Sampler

First, we prove the two propositions of Claim 41.
▶ Proposition 59. For any t ∈ N and d-regular symmetric hypergraph H over n vertices,
(nb)
WH,t is homogeneous.
Proof. e1 is uniform over EH . Then, for every j ∈ [t − 1], if ej is uniform, the ej+1 is
uniform. By induction, ej is uniform for every j ∈ [t].
Next, fix any a ∈ [n] and j ∈ [t]. As wj = a if and only if ej is one of the d-edges in EH
d
who’s second vertex is a and ej is uniform over the nd edges in EH , Pr[wj = a] = nd
= n1 . ◀
▶ Proposition 60. For any t ∈ N and d-regular symmetric hypergraph H over n vertices,
(nb)
WH,t is (nd(d − 1)t−1 )-discretizable.
Proof. e1 is picked uniformly from nd options. Then, for each j ∈ [2, t], ej+1 is picked
(nb)
uniformly (and independently from prior choices) from NH (e), which has (d − 1) elements.
t
Therefore, w is picked uniformly from nd(d − 1) possible items, potentially with duplicates.
◀
Next, we prove the following Lemma, restated for convenience.
▶ Lemma 42. For any d-regular symmetric hypergraph H = (V, EH ), σ ∈ {±1}n , letting
B (σ) be the non-backtracking operator defined in Equation (13), we have that

biasW (nb) (σ) =
H,t

(B (σ) )t op
1† (B (σ) )t 1
≤
.
nd(d − 1)t
(d − 1)t

Proof. Our goal is to prove that

biasW (nb) (σ) =
H,t

E

w∼WH,t

t
Y




σwj  =

j=1

1† (B (σ) )t 1
.
nd(d − 1)t

(nb)

Draw some w ∼ WH,t , and let e1 , . . . , et be the random variables (coupled to w) defined
(nb)

in the construction of WH,t . We claim that for each j ∈ [t] and e ∈ EH ,
"
E 1[ej = e]

j
Y
k=1

#
σ wk =

(1† (B (σ) )j )e
.
nd(d − 1)j

(31)

For j = 1, e1 is initialized uniformly among the nd edges, so the above expression should be
σe2
equal to nd
. Indeed,
X
1
(1† B (σ) )e
=
Be′ ,e
nd(d − 1)
nd(d − 1) ′
e ∈EH
i
X h
1
σe
(nb)
=
1 e ∈ NH (e′ ) · σe2 = 2 .
nd(d − 1) ′
nd
e ∈EH
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So Equation (31) holds for j = 1. For j ≥ 2, we proceed by induction.
"
E 1[ej = e]

j
Y

"

#
X

σ wk =

′

E 1[ej = e, ej−1 = e ]

e′ ∈EH

k=1

=

#
σ wk

k=1

"
X

j
Y

′

E 1[ej−1 = e ]

e′ ∈EH

j−1
Y

#


σwk · E 1[ej = e] · σwj | ej−1 = e′

k=1

X (1† (B (σ) )j−1 )e′


· E 1[ej = e] · σwj | ej−1 = e′
=
j−1
nd(d − 1)
e′ ∈EH
h
i
(nb)
X (1† (B (σ) )j−1 )e′ 1 e ∈ NH (e′ ) · σe2
=
·
nd(d − 1)j−1
d−1
e′ ∈EH
X
1
(σ)
(1† (B (σ) )j−1 )e′ · Be′ ,e
·
=
j
nd(d − 1)
′
e ∈EH

†

=

(σ) j

(1 (B ) )e
nd(d − 1)j

Hence, Equation (31) holds by induction. The desired result follows by summing Equation (31)
over all edges.
◀
Next, we do all the calculations necessary for Proposition 46, restated below for convenience.
▶ Proposition 46.
1. For any w, w′ ∈ CV ,
⟨w(in) , (w′ )(in) ⟩ = d · ⟨w, w′ ⟩
⟨w(out) , (w′ )(out) ⟩ = d · ⟨w, w′ ⟩
⟨w(in) , (w′ )(out) ⟩ = ⟨Aw, w′ ⟩

(18)

2. For any w ∈ CV ,
Bw(in) = (Aw)(in) − w(out)
Bw(out) = (d − 1)w(in) .

(19)

3. For any v ∈ CE satisfying v ⊥ w(out) for all w ∈ CV ,
vxy = −Ayx vyx

for every edge xy.

(20)

4. The operator norm of B is
∥B∥op = d − 1.

(21)

Proof. First, for Equation (18):
1. We compute ⟨w(in) , (w′ )(in) ⟩:
⟨w(in) , (w′ )(in) ⟩ =

X
xy∈E

wy wy′ = d ·

X
y∈V

wy wy′ = d · ⟨w, w′ ⟩.
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2. We compute ⟨w(out) , (w′ )(out) ⟩:
X
⟨w(out) , (w′ )(out) ⟩ =
(Axy )2 wx wx′
xy∈E

=d

X

wx wx′

(Axy ∈ {±1} for any edge xy)

x∈V

= d · ⟨w, w′ ⟩.
3. We compute ⟨w(in) , (w′ )(out) ⟩:
X
X
X
⟨w(in) , (w′ )(out) ⟩ =
Axy wy wx′ =
wx′ ·
Axy wy
xy∈E

=

X

x∈V

wx′ (Aw)x

y:xy∈E
′

= ⟨Aw, w ⟩.

x∈V

Next, we verify Equation (19). Consider any w ∈ CV .
1. We analyze Bw(in) . For any xy ∈ E,
X
Ayz · (w(in) )yz
(Bw(in) )xy =
z:yz∈E,z̸=x

X

=

Ayz wz

z:yz∈E,z̸=x

X

=

Ayz wz − Ayx wx

z:yz∈E

= (Aw)y − Axy · wx

(Ayx = Axy )

Therefore, Bw(in) = (Aw)(in) − w(out) .
2. We analyze Bw(out) . For any xy ∈ E,
X
(Bw(out) )xy =
Ayz · (w(out) )yz
z:yz∈E,z̸=x

X

=

(Ayz )2 (w)y

z:yz∈E,z̸=x

((Ayz )2 = 1 for any yz ∈ E.)

= (d − 1) · wy
Therefore, Bw(out) = (d − 1)w(in) .

Next, we verify Equation (20). Choose any v ∈ CE satisfying v ⊥ w(out) for all w ∈ CV .
In particular, v is orthogonal to (ex )(out) for every x ∈ V , where ex is the vector that has
weight 1 on vertex x and weight 0 everywhere else. This implies that, for all x ∈ V ,
X
vxy Axy = ⟨v, (ex )(out) ⟩ = 0.
y:xy∈E

We compute (Bv)xy for any edge xy.
X
X
(Bv)xy =
Ayz vyz =
Ayz vyz − Ayx vyx
z:yz∈E,z̸=x

= −Ayx vyx .

z:yz∈E

(v ⊥ (ey )(out) )
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Finally, we prove Equation (21). In the proof of Proposition 48, we showed that if
v ′ ∈ CE is orthogonal to w(out) for all w ∈ CV , then Bv ′ is orthogonal to w(in) for all w ∈ Cv .
Furthermore, in the proof of Proposition 51, we showed that under the same condition,
∥Bv ′ ∥2 = ∥v ′ ∥2 .
Now, consider any v ∈ CE . We can decompose it into
v = w(out) + v ′
for some w ∈ CV and v ′ that is orthogonal to (w′ )(out) for all w′ ∈ CV . Then, we have that
∥Bv∥2 = ∥(d − 1)w(in) + Bv ′ ∥2
q
= (d − 1)2 ∥w(in) ∥22 + ∥Bv ′ ∥22
q
= (d − 1)2 ∥w(out) ∥22 + ∥v ′ ∥22
q
= (d − 1)2 ∥v∥22 − ((d − 1)2 − 1)∥v ′ ∥22
q
≤ (d − 1)2 ∥v∥22

(Bv ′ is orthogonal to w(in) )

(∥v∥22 = ∥w(out) ∥22 + ∥v ′ ∥22 )

= d − 1.
Hence, ∥Bv∥2 ≤ (d − 1)∥v∥2 , and with equality whenever v = w(out) for some w ∈ CV ,
proving that ∥B∥op = d − 1.
◀
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Abstract
An active topic in the study of random constraint satisfaction problems (CSPs) is the geometry of
the space of satisfying or almost satisfying assignments as the function of the density, for which a
precise landscape of predictions has been made via statistical physics-based heuristics. In parallel,
there has been a recent flurry of work on refuting random constraint satisfaction problems, via
nailing refutation thresholds for spectral and semidefinite programming-based algorithms, and also
on counting solutions to CSPs. Inspired by this, the starting point for our work is the following
question: What does the solution space for a random CSP look like to an efficient algorithm?
In pursuit of this inquiry, we focus on the following problems about random Boolean CSPs at
the densities where they are unsatisfiable but no refutation algorithm is known.
1. Counts. For every Boolean CSP we give algorithms that with high probability certify a
subexponential upper bound on the number of solutions. We also give algorithms to certify
a bound on the number of large cuts in a Gaussian-weighted graph, and the number of large
independent sets in a random d-regular graph.
2. Clusters. For Boolean 3CSPs we give algorithms that with high probability certify an upper
bound on the number of clusters of solutions.
3. Balance.We also give algorithms that with high probability certify that there are no “unbalanced”
solutions, i.e., solutions where the fraction of +1s deviates significantly from 50%.
Finally, we also provide hardness evidence suggesting that our algorithms for counting are optimal.
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Introduction

Constraint satisfaction problems (CSPs) are fundamental in the study of algorithm design and
complexity theory. They are simultaneously simple and also richly expressive in capturing a
wide range of computational tasks, which has led to fruitful connections to other areas of
theoretical computer science (see, for example, [33, 8] for connections to cryptography, [21] for
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applications to hardness of learning, and [25] for applications to average-case hardness). Hence,
understanding them has received intense attention in the past few decades, leading to several
comprehensive theories of their complexity. Some of the highlights include: the Dichotomy
Theorem, which characterizes the worst-case complexity of satisfiability of CSPs via their
algebraic properties [69, 14, 78], inapproximability results via the PCP Theorem [35], and the
theory of optimal inapproximability based on connections between semidefinite programming
and the Unique Games conjecture [41, 42, 65].
In this work, we are interested in the algorithmic aspects of random instances of CSPs.
There has been a diverse array of phenomena about random CSPs illustrated in recent
work, of dramatically varying nature depending on the ratio of the number of constraints to
the number of variables, known as the density. Of central importance is the satisfiability
threshold, which marks a phase transition where a random CSP instance shifts from being
likely satisfiable to being likely unsatisfiable. When the density is well below the satisfiability
threshold, there are several algorithms for tasks such as counting and sampling assignments
to a random CSP instance [55, 39, 30, 11], whereas well above this threshold there are
efficient algorithms for certifying that random CSPs are unsatisfiable [5]. The densities in
the interim hold mysteries that we don’t yet fully understand, and this work is an effort
to understand the algorithmic terrain there. To make matters concrete, for now we will
specialize the discussion of the problem setup and our work to the canonical 3SAT predicate.
Consider a random 3SAT formula I on n variables and ∆n clauses where each clause is
sampled uniformly, independently, and adorned with uniformly random negations. Once
the density ∆ is a large enough constant, this random instance is unsatisfiable with high
probability.1 On the other hand, the widely believed Feige’s random 3SAT hypothesis [25]
conjectures that when ∆ is any constant, there is no algorithm to certify that a random
instance is unsatisfiable. Further, the best known algorithms for efficiently certifying that it is
√
√
unsatisfiable require ∆ ≳ n [32, 16, 27, 5]. Moreover, when ∆ ≲ n there is a lower bound
against the Sum-of-Squares hierarchy [34, 70] (known to capture many algorithmic techniques),
√
which suggests an information-computation gap and earns n the name refutation threshold.
In this picture, at both densities n.25 and n.35 , I is likely unsatisfiable but “looks”
satisfiable to an efficient algorithm. But is there a concrete sense in which a random formula
at density n.25 is “more satisfiable” than one at density n.35 from the lens of a polynomial-time
algorithm? A natural measure of a 3SAT formula’s satisfiability is its number of satisfying
assignments, which motivates the following question.
What is the best efficiently certifiable upper bound on the number of assignments
satisfying I?
Our work provides an extensive study in this open direction.
In the context of 3SAT, our work proves:
▶ Theorem 1 (Informal). There is an efficient algorithm to certify with high probability that
e 3/4+δ/2 )) satisfying
a random 3SAT formula with density ∆ = n1/2−δ has at most exp(O(n
assignments.
In addition to certifying the number of satisfying assignments, we can certify that the
solutions form clusters and upper bound the number of clusters under the refutation threshold.

1

In fact, it is conjectured that there is a sharp threshold for unsatisfiability once ∆ crosses some constant
αSAT ≈ 4.267.
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Clusters. Besides the satisfiability threshold, random kSAT is conjectured to go through
other phase transitions too, as predicted in the work of [45]. In particular, the clustering
threshold is the density where the solution space is predicted to change from having one giant
component to roughly resembling a union of several small Hamming balls, known as clusters,
that are pairwise far apart in Hamming distance.
Much like the refutation threshold that marks where efficient algorithms can witness
unsatisfiability, it is natural to ask if there is some regime under the refutation threshold
where an efficient algorithm can witness a bound on the number of clusters of solutions. The
following more nuanced version of Theorem 1 gives an answer to this question.
▶ Theorem 2 (Informal). There is an efficient algorithm to certify with high probability that
the satisfying assignments of a random 3SAT formula with density ∆ = n1/2−δ are covered
e 1/2+δ )) diameter-O(n
e 3/4+δ/2 ) clusters.
by at most exp(O(n
Balance in the solution space. Suppose at density ∆, a typical 3SAT formula has ∼
exp(c∆ n) satisfying assignments, then due to the uniformly random negations in clauses,
each string is satisfying with probability ∼ exp((c∆ − 1)n). Then one can show via the first
moment method that with high probability
 2 there are no satisfying assignments with Hamming
1
1
weight outside 2 − f (c∆ ), 2 + f (c∆ ) . In particular, the intersection of the solution space
with the set of unbalanced strings empties out under the satisfiability threshold. This raises
the question:
Is there an efficient algorithm to certify that a random CSP instance has no unbalanced
assignments at density significantly under the refutation threshold?
We affirmatively answer this question and in the special case of 3SAT prove:
▶ Theorem 3 (Informal). There is an efficient algorithm to certify with high probability that a
random 3SAT formula with density ∆ = n1/2−δ has no satisfying assignments with Hamming
weight outside





1 e
1
1
1 e
−Θ
+
Θ
,
.
2
2
n1/4−δ/2
n1/4−δ/2
We illustrate our upper bounds for counting satisfying assignments and clusters in Figure 1.
We delve into the precise technical statements of our results and the techniques involved
in proving them in Section 1.1. Then to put our work in context, we survey and discuss
existing work on information-computation gaps, and algorithmic work on counting, sampling
and estimating partition functions in Section 1.2.

1.1

Our Contributions

In this section, we give a more detailed technical description of our contributions. To set the
stage for doing so, we first formally clarify the notion of certification and some preliminaries
on constraint satisfaction problems.
Fix a sample space Ω, a probability distribution D over Ω, and a function f : Ω → R.
For example, Ω is the space of 3SAT instances, D is the distribution of instances given by
the random 3SAT model, and f is the number of satisfying assignments.

2

where f is chosen so that the number of strings outside that Hamming range is ≪ exp((c∆ − 1)n).
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Bound on # of solutions

2n
3

2

n4

2

n2

1

0

n

3

n2

Number of clauses

Figure 1 Our results for 3SAT. Green: certifiable upper bound on the number of satisfying
assignments. Purple: upper bound on the number of clusters of satisfying assignments. In the case
of kSAT, the green plot looks identical but with n replaced by n(k−1)/2 and n3/2 replaced by nk/2 .

▶ Definition 4. We say that a deterministic algorithm A certifies that f ⩽ C with probability
over 1 − p over D if A satisfies
1. For all ω ∈ Ω, f (ω) ⩽ A(ω).
2. For a random sample ω ∼ D, A(ω) ⩽ C with probability over 1 − p.
We emphasize that an algorithm that always outputs the typical value of f is not a certification
algorithm: it will satisfy the second condition but not the first. Thus, in several average-case
problems, there are gaps between the typical value and the best known certifiable upper
bound.
▶ Remark 5. Due to the guarantees of A, one can think of the “transcript” of the algorithm
on input ω as being a proof that f (ω) ⩽ A(ω).
▶ Definition 6. A predicate P : {±1}k → {0, 1} is any Boolean function that is not a
constant function. An instance I of a constraint satisfaction problem on predicate P and
vertex set [n] is a collection of clauses, where a clause is a pair (c, S) with c ∈ {±1}k and
S ∈ [n]k . Given x ∈ {±1}n , the value of I on x is:
1 X
I(x) :=
P (c1 xS1 , . . . , ck xSk ).
|I|
(c,S)∈I

We say x satisfies a clause (c, S) if P (c1 xS1 , . . . , ck xSk ) = 1, and say x is (1 − η)-satisfying
if I(x) ⩾ 1 − η. If η = 0, we say x is exactly satisfying.
▶ Remark 7. An important predicate instrumental in all our results is the kXOR predicate,
defined as follows:
kXOR(x1 , . . . , xk ) =

k
Y

xi .

i=1

In this work we are concerned with random CSPs. We defer an exact description of the
random model to Section 2.3 of the full version (note however that the common random
models used in the literature are all qualitatively similar; cf. [5, Appendix D]). Our first result
is an algorithm certifying a subexponential upper bound on the number of (1 − η)-satisfying
assignments for random CSPs.
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▶ Theorem 8. Let I be a random kCSP instance on any predicate P on n variables and
∆n clauses. For every ε > 0 and η ∈ [0, η0 ] for some constant η0 > 0, there is an algorithm
that certifies with high probability that the number of (1 − η)-satisfying assignments to I is
upper bounded by:3
!!
r
 
 

 
n(k+1)/2
n1+ε
1
e
n · exp O
· exp O
.
exp O η log
η
∆
∆1/(k−2)
To more easily parse the statement, let’s plug in concrete parameters.
▶ Remark 9. Let’s fix the predicate to be kSAT for any k ⩾ 3, η = 0, and ∆ = nk/2−1.1 .
The quantity of interest is the number of exactly satisfying solutions to a random kSAT
e k/2−1 ). Then, we
formula at a density strictly smaller than the refutation threshold of Ω(n
get an algorithm that with high probability certifies that the number of exactly satisfying
e 0.8 )), which is a subexponential bound. More generally, our
assignments is at most: exp(O(n
algorithms certify a subexponential bound on the number of satisfying assignments for kSAT
for ∆ = nk/2−1.5+c for any c > 0 and this bound improves as we increase c.
The proof of Theorem 8 relies on 3 ingredients of increasing complexity. The first is the
simple observation that given a kCSP instance I on any predicate P , there is a transformation
to a kSAT instance I ′ such that:
(i) For any η > 0, if x is (1 − η)-satisfying for I, then it is also (1 − η)-satisfying for I ′ .
(ii) If I is a random instance of a CSP on P with density ∆, then I ′ is a random instance
of kSAT with density ∆.
This reduction is described in the proof of Corollary 4.8 of the full version.
The second ingredient is a generalization of the “3XOR-principle” of [25, 27], which
we call the “kXOR-principle”. The kXOR principle, which we state below, reduces count
certification/refutation for a random kSAT formula to the same task on a random kXOR
formula.
▶ Lemma 10. Let I be a random kSAT formula on m = ∆n clauses. There is an efficient
algorithm that with high
(1 − η)-satisfying assignment of I must
 probability certifies
q that any
(k−3)/2
n
e
kXOR-satisfy at least 1 − O(η) − O
m clauses.
∆
We detail the proof in Section 3 of the full version, which is close to the reduction from
generic CSP refutation to kXOR refutation in [5] based on the Fourier expansion.
For the sake of a notationally simple sketch, let’s restrict ourselves to the case η = 0.
We can write kSAT(x1 , . . . , xk ) = (1 − 2−k ) + 2−k x1 x2 · · · xk + q(x1 , . . . , xk ) where q is a
degree-(k − 1) polynomial without a constant term. Thus, given a random kSAT instance I
and any satisfying assignment x:
1 = I(x) = 1 − 2−k + 2−k

k
1 X Y
1 X
c i x Si +
q(c1 xS1 , . . . , ck xSk ).
|I|
|I|
i=1
(c,S)∈I

c,S∈I

Once ∆ ≳ n(k−3)/2 the refutation algorithm of [5] can be employed to certify that the last
term is insignificantly small by virtue of the last term being a degree-(k − 1) polynomial with
P
Qk
1
no constant term. This would force 2−k |I|
i=1 ci xSi to be near 1, which is the
(c,S)∈I
same as saying x must kXOR-satisfy most clauses.

3

We use the convention that η log

1
η

= 0 when η = 0.
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Our third ingredient for Theorem 8 is a count certification algorithm for kXOR, which we
prove in Section 4 of the full version.
▶ Theorem 11. For constant k ⩾ 3, consider a random kXOR instance with n variables and
∆n clauses. For any constant ε > 0, there is a polynomial-time algorithm that certifies with
high probability that the number of (1 − η)-satisfying assignments is at most

 
 
 
1
n1+ε
.
exp O η log
n · exp O
η
∆1/(k−2)
In fact, the certification algorithm only depends on the hypergraph structure of the kXOR
instance and not the signings of each clause. This is crucial since our algorithm recursively
looks at (k − 1)XOR subinstances with unknown signings. The stronger statement we prove
is:
▶ Theorem 12. For constant k ⩾ 2, consider a random k-uniform hypergraph H on n
vertices and ∆n hyperedges where ∆ ≫ log n. For ε > 0, there is a polynomial-time algorithm
that certifies with high probability that the number of (1 − η)-satisfying assignments to any
kXOR instance on H is at most

 
  
1
if k = 2
1
  1+ε 
exp O η log
n ·
n
e
exp O
η
if k ⩾ 3.
1/(k−2)
∆

Theorem 12 is of interest beyond algorithmic considerations as it gives a high-probability
bound on the number of approximate solutions for any kXOR formula on a random hypergraph.
▶ Remark 13. Gaussian elimination is able to count exact solutions to an explicit kXOR
instance but fails for counting (1−η)-satisfying assignments or when the signings are unknown.
We now give a brief sketch of our proof of Theorem 12. Given a random k-uniform
hypergraph,
any
 to certify
  that
 we would like
kXOR instance on this hypergraph has no more
n1+ε
1
e
than exp O(η log η )n · exp O ∆1/(k−2)
approximate solutions. We will first present
an overview in the context of 2XOR as the “base case”, and then explain the algorithm for
3XOR to illustrate the “recursive step”.
2XOR sketch. Let’s consider a random graph G on n vertices and ∆n edges where
∆ ≫ log n. Then, its degrees concentrate and
 its
 normalized Laplacian has a large spectral
1
gap (more precisely, a spectral gap of 1 − O √∆ ). As a consequence of Cheeger’s inequality,
any set S containing fewer than half the vertices has roughly half its edges leaving – which
quantitatively would be around ∆|S|. We prove that a large spectral gap and concentration
of degrees is all that is necessary for any 2XOR instance to have an appropriately bounded
number of satisfying assignments.
Now let I be any 2XOR instance on G. The key observation is that if x and x′ are two
(1−η)-satisfying assignments for I, then the pointwise product y := x◦x′ is (1−2η)-satisfying
for I+ , the 2XOR instance on G obtained by setting the sign on all constraints to +1. The
constraints violated by y are the ones on the cut between S+ and S− , the positive and
negative vertices in y respectively. There are roughly ∆ · min{|S+ |, |S− |}, and consequently
min{|S+ |, |S− |} ⩽ 2ηn since y is (1 − 2η)-satisfying. In particular, y either has at most
2ηn positive entries or 2ηn negative entries. The upshot is the number of (1 − η)-satisfying
assignments of I is at most exp(O(η log η1 )n)). This sketched argument is carefully carried
out in Section 4.1 of the full version.
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3XOR sketch. Now, let H be a random hypergraph on n vertices and ∆n hyperedges. The
observation here is that for any 3XOR instance I on H, any assignment x that (1−η)-satisfies
I also approximately satisfies a particular induced 2XOR instance of a fixed subset of variables
S. The induced 2XOR instance’s underlying graph G is fixed and distributed like a random
graph, and only the signings on the edges vary as we vary x. That lets us run the algorithm
for 2XOR on G to obtain an upper bound F on all induced instances on G, which then yields
a bound of 2|S| · F . This is where we use that our algorithm depends only on the underlying
graph, hence avoiding an enumeration of all assignments to variables in S.
We immediately see that for a fixed subset S, the above procedure throws away most of
the clauses (keeping only clauses that have 1 variable in S). Thus, it is clearly suboptimal to
look at just one subset S. To resolve this, we partition the variables into subsets S1 , . . . , Sℓ ,
run the algorithm on each of them, and aggregate the results. This is explained in detail in
the proofs of Lemma 4.6 and Theorem 4.4 of the full version.
Clustering. Our next result is an algorithm to upper bound the number of clusters formed
by the solutions. Given x ∈ {±1}n , we call the Hamming ball B(x, r) a radius-r cluster or
diameter-2r cluster. For 3CSPs we prove in Corollary 5.2 of the full version:
▶ Theorem 14. Let P be any 3-ary predicate, and let I be a random instance of P on
n variables 
and ∆n 
clauses. Let η ∈ [0, η0 ] where η0 is a universal constant, and let
q
5
log n
θ := 8η + O
. There is an algorithm that certifies with high probability that the
∆
(1 − η)-satisfying assignments to I as a P -CSP instance are covered by at most
exp(O(θ2 log(1/θ))n)
diameter-(θn) clusters.
Inspecting the proof of counting 2XOR (specifically the argument about I+ ), we see that
it additionally certifies that the approximate solutions form clusters. In a similar fashion,
we certify that any pair of (1 − η)-satisfying assignments to a random 3SAT instance must
have Hamming distance close to 0 or roughly n2 , i.e. the solutions form clusters where the
clusters are roughly n2 apart. The main ingredient is an efficient algorithm to certify an
important structural result of random 3-uniform hypergraphs, allowing us to reason about
the constraints violated in I+ . In fact, this ingredient will also be a crucial step in refuting
CSPs under global cardinality constraints in Section 6 of the full version. The upshot is that
we will be able to certify that any pair of solutions is either ρ-close or 1−ρ
2 -far.
The second ingredient is a result in coding theory. Since the clusters are roughly 1±ρ
2 n
apart in Hamming distance, the number of clusters must be upper bounded by the cardinality
of the largest ρ-balanced binary error-correcting code. The best known upper bound is
2
2O(ρ log(1/ρ))n by [49] (see also [7]), which yields our final result. Complete details are in
Section 5 of the full version.
Balance. We observe that the idea of hypergraph expansion can be applied to the problem
of strongly refuting random CSPs with global cardinality constraints. This problem was
first investigated by Kothari, O’Donnell, and Schramm [43], where they proved that under
the refutation threshold nk/2 , the polynomial-time regime of the Sum-of-Squares hierarchy
Pn
cannot refute the instance even with the global cardinality constraint i=1 xi = B for any
√
√
integer B ∈ [−O( n), O( n)] (here we assume x ∈ {±1}n ). On the other hand, they proved
once that |B| > n3/4 , Sum-of-Squares could indeed refute a random kXOR instance up to a
√
factor of n under the refutation threshold.
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P
We say an assignment x is ρ-biased if n1
i∈[n] xi ⩾ ρ. We give a strong refutation
algorithm for random instances of all Boolean CSPs under the constraint that the solution is
“unbalanced”.
▶ Theorem 15. Let P be any k-variable predicate and let I be a random CSP instance on
k−1
m := n 2 +β clauses where β > 0. For every constant ρ > 0, there is an efficient algorithm
that certifies that I has no 2ρ-biased assignment which (1 − O(ρk ))-satisfies I as a P -CSP
instance.
▶ Remark 16. Compared to [43], our result is a strong refutation algorithm for all CSPs,
whereas their algorithm is specific for kXOR and only a weak refutation (refuting only
exactly satisfying assignments). For k = 3, we match their cardinality constraint requirement.
However, for k ⩾ 4, we require a slightly stronger cardinality assumption.
The formal statements and proofs are detailed in Section 6 of the full version. Akin to
the case for counting solutions, we employ the reduction of every kCSP to kSAT and the
kXOR principle to reduce the problem to strongly refuting kXOR under global cardinality
constraints.
The first main insight is that given a graph G which is a sufficiently good spectral
expander, we can efficiently certify that any 2XOR instance on G, where the number of
positive constraints is roughly equal to the number of negative constraints, has no unbalanced
approximately satisfying assignments. The proof of this is based on using the expander
mixing lemma to show that any imbalanced assignment x must satisfy xu xv = +1 for ≫ 12
of the edges, which then lets us lower bound the number of negative constraints that are
violated.
Then given a random kXOR instance I, we pick some set of ρn vertices S and consider
all clauses with exactly k − 2 vertices in S and 2 variables outside S. If we place an
edge between the two variables outside S for every clause, we get some random graph G.
Now consider any assignment y to the variables in S. For this chosen set of clauses to be
(nearly) satisfied, the assignment to variables outside S must nearly satisfy the induced
2XOR instance on the graph G whose signings are determined by y. The second insight is
that we can efficiently certify that for any assignment y the induced 2XOR instance has a
roughly equal number of positive and negative constraints. This is possible since the quantity
#positive constraints(y) − #negative constraints(y) is the objective value of a particular
random (k − 2)XOR instance on assignment y, which we can certify tight bounds on using
the algorithm of [5].
Certified counting for subspace problems. So far, we have developed certification algorithms
for CSPs mainly based on analyses of random hypergraphs. For other inherently different
problems such as counting solutions to the SK model, we turn to a different technique. Our
main insight is that for several problems, the approximate solutions must lie close to a
small-dimensional linear subspace. Thus, we can reduce the problem to counting the number
of (Boolean) vectors close to a subspace. We name this technique dimension-based count
certification since the algorithms and their guarantees only depend on the dimension of the
subspace.
n
▶ Theorem 17. Let V be a linear nsubspace
on of dimension αn in R . For any ε ∈ (0, 1/4),
the number of Boolean vectors in ± √1n
that are ε away from V is upper bounded by

2(H2 (4ε

2

)+α log

3
ε )n

.
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We note that the upper bound is almost tight.
We now give a brief overview of the proof of Theorem 17. First, we upper bound the
maximum number of (normalized) Boolean vectors that can lie within any ε′ -ball. Secondly,
we take an ε-net of the unit ball in the subspace V (i.e. B1 (0) ∩ V ). We simply multiply the
two quantities to get the upper bound, which only depends on the dimension of V .
Next, we apply this technique to two problems: the Sherrington-Kirkpatrick model and
the independent sets in random d-regular graphs.
Sherrington-Kirkpatrick (SK).
compute
OPT(M ) =

Given M sampled from GOE(n), the SK problem is to

max x⊤ M x.

x∈{±1}n

This problem can also be interpreted as finding the largest cut in a Gaussian-weighted
graph. The SK model arises from the spin-glass model studied in statistical physics [71].
Talagrand [73] famously proved that OPT(M ) concentrates around 2P∗ n3/2 ≈ 1.526n3/2 ,
where P∗ is the Parisi constant, first predicted by Parisi [61, 62].
Recently, the problem of certifying an upper bound for OPT(M ) has received wide
attention. A natural algorithm is the spectral refutation: OPT(M ) ⩽ n · λmax (M ). Since
√
λmax (M ) concentrates around 2 n, the algorithm certifies that OPT(M ) ⩽ (2 + o(1))n3/2 ,
which we call the spectral bound. Clearly, there is a gap between the spectral bound and the
true value, and it is natural to ask whether there is an algorithm that beats the spectral
bound. Surprisingly, building on works by [58, 54, 46], Ghosh et. al. [31] showed that even
the powerful Sum-of-Squares hierarchy cannot certify a bound better than (2 − o(1))n3/2 in
subexponential time. We also mention an intriguing work by Montanari [56] where he gave
an efficient algorithm for the search problem – to find a solution with objective value close
to OPT(M ) with high probability (assuming a widely-believed conjecture from statistical
physics). However, we emphasize that his algorithm is not a certification algorithm (recall
Definition 4).
In the spirit of this work, a natural question is to certify an upper bound on the number
of assignments x ∈ {±1}n such that x⊤ M x ⩾ 2(1 − η)n3/2 for some η > 0.
▶ Theorem 18. Let M ∼ GOE(n). Given η ∈ (0, η0 ) for some universal constant η0 ,
3/5
1
there is an algorithm certifying that at most 2O(η log η )n assignments x ∈ {±1}n satisfy
x⊤ M x ⩾ 2(1 − η)n3/2 .
Our proof first looks at the eigenvalue distribution of M , which follows the semicircle
law. This shows that any x that achieves close to the spectral bound must be close to the
top eigenspace of M (of dimension determined by the semicircle law). Then, we directly
apply Theorem 17. See Section 7.1 of the full version for complete details.
Independent sets in d-regular graphs. The largest independent set size (the independence
number) in a random d-regular graph has been studied extensively. It is well-known that
d
with high probability, the independence number is ⩽ 2n log
for a sufficiently large constant
d
d (cf. [12, 76]). The current best known certifiable upper bound is via the smallest eigenvalue
of the adjacency matrix (often referred to as Hoffman’s bound, cf. [26, 13]): Let A be the
λ
adjacency matrix, and let λ := −λmin (A). Then, |S| ⩽ d+λ
n for all independent sets S.
√
It is also well-established that λ ⩽ 2 d − 1 + o(1) with high probability.
Thus, we can
√
2 √
d−1
certify that the independence number is at most Cd n where Cd := d+2
.
d−1
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The natural question for us is to certify an upper bound on the number of independent
sets larger than Cd (1 − η)n for some η > 0.
▶ Theorem 19. For a random d-regular graph on n vertices, given η ∈ (0, η0 ) for some
3/5
1
universal constant η0 , there is an algorithm certifying that there are at most 2O(η log η )n
independent sets of size Cd (1 − η)n.
The proof is very similar to the SK model. We first map each independent set S to a
vector yS ∈ Rn such that if S is large, then yS is close to the bottom eigenspace of A. Then,
using a variant of Theorem 17, we upper bound the number of such vectors that are close to
the eigenspace. We carry out the proof in full detail in Section 7.2 of the full version.
Optimality for counting kCSP solutions. Finally, we give evidence suggesting that our
algorithmic upper bounds are close to optimal. Our hardness results are built on the
hypothesis that there is no efficient strong refutation algorithm for random kXOR under the
refutation threshold (in the regime nε ≪ ∆ ≪ nk/2−1 ). Although no NP-hardness results are
known, this hypothesis is widely believed to be true. In particular, the problem was shown
to be hard for the Sum-of-Squares semidefinite programming hierarchy [34, 70, 44], which is
known to capture most algorithmic techniques for average-case problems. Thus, improving
our results would imply a significant breakthrough.
We show that assuming this hypothesis is true, then we cannot certify an upper bound
on the number of (1 − η)-satisfying assignments better than exp(O(ηn)).
▶ Theorem 20. If there is an efficient algorithm that with high probability can certify a
ηn
) on the number of (1 − η)-satisfying assignments to I, then there is an
bound of exp( 10k
efficient algorithm that with high probability can certify that I has no (1 − η/2)-satisfying
assignments.
This shows that the term exp(O(η log η1 )n) in Theorem 8 and Theorem 11 is tight up to
log factors. Our proof is simple: given a (1 − η/2)-satisfying assignment and a small set S,
we can flip the assignments to S arbitrarily and still be (1 − η)-satisfying. Hence the number
of (1 − η)-satisfying assignments is at least 2|S| . Thus, an upper bound better than this
would imply that there is no (1 − η/2)-satisfying assignments. See Section 8.1 of the full
version for complete details.
Surprisingly, the optimality of Theorem 8 suggests that there is a phase transition for
certifiable counting at the refutation threshold. For concreteness, take random kSAT for
example,
e k/2 ), there is a strong refutation algorithm [5] which certifies that
▶ Remark 21. At m = Ω(n
no (1 − η)-satisfying assignment exists (even for constant η < 1/2). However, at m = nk/2−ε
ε
1
and take η = n− 4 + 2 , we can at best certify that the number of (1 − η)-satisfying assignments
3
ε
is at most exp(O(n 4 + 2 )). See also Figure 1 for illustration.
Optimality for counting independent sets. We also show barriers to improving Theorem 19,
which can be viewed as a weak hardness evidence. Specifically, we show that improving the
upper bound of Theorem 19 to exp (O(η log(1/η)n)) would imply beating Hoffman’s bound
by a factor of 1 − η/2 (for any small constant η), which would be an interesting algorithmic
breakthrough.
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▶ Theorem 22. Let G be a random d-regular graph. Given constant η ∈ (0, 1/2), if there
 is
an efficient algorithm that with high probability certifies a bound of exp C4d η log(1/η)n on
the number of independent sets of size Cd (1 − η)n, then there is an algorithm that with high
probability certifies that G has no independent set of size (1 − η/2)Cd n.
The proof is a simple observation that for any independent set S, all subsets of S are also
independent sets. Thus, if S is of size (1 − η/2)Cd n, then we can lower bound the number
of subsets of size (1 − η)Cd n. We give a short proof in Section 8.2 of the full version. We
note the interesting gap between η 3/5 and η in the exponent of the upper and lower bounds
respectively, and we conjecture that there may be an algorithm matching the lower bound.

1.2

Context and related work

Information-computation gaps in CSPs. This work is very closely related to the line of
work on information-computation gaps. In the context of certification in random CSPs, the
most well-understood information-gaps are in that of refutation of random CSPs. Feige’s
random 3SAT hypothesis was one of the earliest conjectured gaps. As discussed earlier,
while unsatisfiability for random 3SAT set in at constant density, it was conjectured by
Feige that certifying this was hard at all constant densities. Further, integrality gaps for the
√
Sum-of-Squares hierarchy of [34, 70] seem to point to hardness up to density n. The wide
information-computation gap is a main motivation for us to understand what an efficient
algorithm can certify about the landscape of solutions in the regime between the satisfiability
threshold and the refutation threshold. We refer the reader to the introduction of [5] for
a comprehensive treatment of the literature on information-computation gaps for refuting
random CSPs prior to their work, CSPs more broadly, as well as connections to other areas
of theoretical computer science.
The situation for general constraint satisfaction problems beyond XOR and SAT was
considered in the work of [5], which gave algorithms to refute all CSPs at density nt/2−1
where t is the smallest integer such that there is no t-wise uniform distribution supported on
the predicate’s satisfying assignments. Then somewhat surprisingly, the work of [66] gave
algorithms for refuting random CSPs between constant density and the nt/2−1 threshold
from [5], whose running time smoothly interpolated between exponential time at constant
density to polynomial time at the [5] threshold, with a (steadily improving) subexponential
running time in the intermediate regime. The algorithms of [5, 66] are spectral, and can be
captured within the Sum-of-Squares hierarchy. Finally the work of [44] (presaged by [9])
established that the algorithm of [66] was tight for Sum-of-Squares in all regimes, thereby
nailing a characterization for the exact gaps (up to logarithmic factors) for all random CSPs.
Solution geometry in random CSPs. One of the earlier predictions using nonrigorous
physics techniques was the location of the 3SAT satisfiability threshold in the works of [53, 52].
In particular, they conjectured that there is a sharp threshold at a constant αSAT ≈ 4.267.
These works put forth the “1-step replica symmetry breaking hypothesis” (a conjectured
property of the solution space in random kSAT; we refer the reader to the introduction
of [22] for a description), which was the starting point for several subsequent works. These
techniques were used to precisely predict the kSAT satisfiability threshold for all values of
k [50], proved for large k in a line of work culminating in [22] and building on [2, 3, 18, 19].
Eventually, the works of [45, 57] predicted that besides the satisfiability threshold, random
kSAT goes through other phase transitions too, and gave conjectures for their locations. A
notable one connected to this work is the clustering threshold, for which there has been
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rigorous evidence given in the works of [51, 4, 1]. Above the clustering threshold, the solution
space is predicted to break into exponentially many exponential-sized clusters far away from
each other in Hamming distance. More precisely, there is some function Σ for which there are
exp(Σ(s, ∆)n) clusters of size approximately exp(sn) each. In particular, this leads to the
prediction that the number of solutions at density ∆ is roughly maxs {exp((s + Σ(s, ∆))n)}.
Another phase transition of interest is the condensation threshold, where the number of
clusters of solutions drops to a constant.
Approximate Counting for CSPs. Approximate counting of solutions in CSPs has attracted
much attention in recent years. There have been numerous positive algorithmic results for
approximately counting solutions in (i) sparse CSPs in the worst case, (ii) sparse random
CSPs well under the satisfiability threshold. The takeaway here is that even though the
problems we consider get harder as we approach the satisfiability threshold, if one goes well
under the threshold the algorithmic problems once again become tractable.
One exciting line of research for worst-case CSPs is the problem of approximately counting
satisfying assignments of a kSAT formula under conditions similar to those of the Lovász
Local Lemma (LLL) [24]. A direct application of the LLL shows that if the maximum degree
D of the dependency graph is ⩽ 2k /e, then the formula is satisfiable. Building on works of
[55, 28, 29, 38], Jain, Pham, and Vuong [39] recently showed that there is an algorithm for
approximate counting well under the LLL thresholds, i.e. when D ≲ 2k/5.741 (hiding factors
polynomial in k), using techniques similar to an algorithmic version of the LLL. Further, the
algorithms of [55, 38] are deterministic, which may suggest their techniques are amenable
to obtaining certifiable counts. However, it was shown that the problem of approximately
counting solutions to a kSAT formula is NP-hard when D ≳ 2k/2 by [11], well in the sparse
regime, which suggests a hard phase between the highly sparse setting and the dense setting
we are concerned with.
For random kSAT, the exact satisfiability threshold that was established by Ding, Sly,
and Sun [22] takes on value αSAT = 2k ln 2 − 12 (1 + ln 2) + ok (1). And similarly, well below the
satisfiability threshold, Galanis, Goldberg, Guo, and Yang [30] adapted Moitra’s techniques
[55] to the random setting and developed a polynomial-time algorithm when the density
∆ ⩽ 2k/301 and k sufficiently large.
Closely related to the counting problem is approximating the partition function of random
kSAT, for which there have also been positive algorithmic results. Specifically, given a
P
random kSAT instance I, the partition function is defined as Z(I, β) := σ e−βH(σ) , where
H(σ) is the number of unsatisfied clauses under assignment σ. The partition function can
be viewed as a weighted (or “permissive”) version of the counting problem. Montanari and
Shah [59] first showed that the Belief Propagation algorithm approximately computes the
k
partition function at ∆ ∼ 2 log
k ; their analysis is based on correlation decay (or the Gibbs
uniqueness property). Recently, [17] further showed that Belief Propagation succeeds as long
as the random kSAT model satisfies a replica symmetry condition, conjectured to hold up to
∆ ∼ 2k ln k/k. See also the works of [45, 60, 15] for further details of this matter.
Counting independent sets and related problems. Another counting problem that has been
the subject of active study is that of counting independent sets, especially in the statistical
physics community. For a graph G with maximum degree d, let IS(G) be the set of independent
P
sets in G. The task is to estimate the independence polynomial ZG (λ) = I∈IS(G) λ|I| , also
known as the partition function of the hard-core model with fugacity λ in the physics literature.
Earlier works by [23, 74] developed randomized algorithms based on Glauber dynamics to
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2
estimate ZG (λ) when λ ⩽ d−2
. In a major breakthrough, Weitz [75] showed a deterministic
algorithm, based on correlation decay, that approximates ZG (λ) when 0 ⩽ λ < λc , where
d−1
λc := (d−1)
. Sly and Sun [72] later proved that this is tight: no efficient approximate
(d−2)d
algorithm for ZG (λ) exists for λ > λc unless NP = RP.
Recently, Barvinok initiated a line of research on estimating partition functions using
the interpolation method (see Barvinok’s recent book [10]). The main idea is to estimate the
low-order Taylor approximation of log ZG (λ) provided that the polynomial ZG (λ) does not
vanish in some region in C. This approach led to deterministic algorithms that match Weitz’s
result and work even for negative or complex λ’s [63, 64]. These polynomial-based approaches
were also used to obtain deterministic algorithms for counting colorings in bounded degree
graphs [47], estimating the Ising model partition function [48], and algorithms for a counting
version of the Unique Games problem [20].
There has also been works on worst-case upper bounds of ZG (λ) for d-regular graphs.
Zhao proved that for any d-regular graph G and any λ ⩾ 0, ZG (λ) ⩽ (2(1 + λ)d − 1)n/2d [77].
In particular, setting λ = 1, this shows that the total number of independent sets is bounded
by (2d+1 − 1)n/2d , settling a conjecture by Alon [6] and Kahn [40].

Certifying bounds on partition functions and free energy. A recent line of work [67, 68, 37]
is focused on an approach based on a convex programming relaxation of entropy to certify
upper bounds on the free energy of the Ising model (weighted 2XOR), both in the worst case
and in the average case. While on the surface level, these approaches differ significantly from
ours, an interesting direction is to investigate if these entropy-based convex programming
relaxations can achieve our algorithmic results.

1.3

Open directions

In this section we suggest a couple of avenues for further investigation on the themes related
to this work.
Worst-case complexity of certified counting. In this work, we deal mostly with random
CSPs. Here we present a worst-case version of the problem, specialized to 3SAT. A classic
result due to [35] is that it is NP-hard to distinguish between a (7/8 + ε)-satisfiable 3SAT
formula from a fully satisfiable 3SAT formula. However, it is unclear what the complexity of
a version of this question is when there is a stronger promise on the satisfiable 3SAT formula.
▶ Question 23. Consider the following algorithmic task:
Given a 3SAT formula I under the promise that it is either (7/8 + ε)-satisfiable, or
has at least T fully satisfying assignments, decide which of the two categories I falls
into.
What is the complexity of the above problem?
We remark that this problem is similar to counting-3SAT, but subtly different.
Certifying optimal bounds on number of exactly satisfying kSAT solutions. In the context
of kSAT, while our algorithms can certify subexponential bounds for both exactly satisfying
assignments and approximately satisfying assignments, the matching evidence of hardness is
only for the approximate version of the problem. Thus, it is still possible that there is an
algorithm to certify an even tighter bound than ours for the problem of counting exactly
satisfying assignments to a random kSAT formula. This motivates the following question:
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▶ Question 24. What is the tightest bound an efficient algorithm can certify on the number
of solutions to a random kSAT instance?
We conjecture that the algorithms presented in this paper are indeed optimal. An approach
to providing hardness evidence for this is to construct a hard planted distribution, and prove
it is hard within the low-degree likelihood ratio framework of [36]. We outline a possible
approach in Section 8.3 of the full version to construct a planted distribution for readers
interested in this problem.
Properties of arbitrary CSP instances on random hypergraphs. In the context of approximate kXOR, our certification algorithms for solution counts and cluster counts depend
only on the hypergraph structure and not the random negations. Hence, they also prove
nontrivial statements about the solution space of any XOR instance on a random hypergraph,
which are potentially useful in the context of quiet planting or semi-random models of CSPs.
However, our certification algorithms for other CSPs, such as kSAT, heavily make use of the
random signings in the reduction to kXOR.
▶ Question 25. Can all the results related to certifying bounds on number of solutions/
clusters in this work for random kSAT instances be generalized to arbitrary kSAT instances
on random hypergraphs?
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1

Introduction

Let F be any field and X = {x1 , x2 , . . . , xn } be a set of n free noncommuting variables.
Let X ∗ denote the set of all free words (which are monomials) over the alphabet X with
concatenation of words as the monoid operation and the empty word ϵ as identity element.
The free noncommutative ring F⟨X⟩ consists of all finite F-linear combinations of monomials in X ∗ , where the ring addition + is coefficient-wise addition and the ring multiplication
∗ is the usual convolution product. More precisely, let f, g ∈ F⟨X⟩ and let f (m) ∈ F denote
P
the coefficient of monomial m in polynomial f . Then we can write f = m f (m)m and
P
g = m g(m)m, and in the product polynomial f g for each monomial m we have
f g(m) =

X

f (m1 )g(m2 ).

m1 m2 =m

The degree of a monomial m ∈ X ∗ is the length of the monomial m, and the degree deg f
of a polynomial f ∈ F⟨X⟩ is the degree of a largest degree monomial in f with nonzero
coefficient. For polynomials f, g ∈ F⟨X⟩ we clearly have deg(f g) = deg f + deg g.
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A nontrivial factorization of a polynomial f ∈ F⟨X⟩ is an expression of f as a product
f = gh of polynomials g, h ∈ F⟨X⟩ such that deg g > 0 and deg h > 0. A polynomial
f ∈ F⟨X⟩ is irreducible if it has no nontrivial factorization and is reducible otherwise. For
instance, all degree 1 polynomials in F⟨X⟩ are irreducible. Clearly, by repeated factorization
every polynomial in F⟨X⟩ can be expressed as a product of irreducibles.
In this paper we study the algorithmic complexity of polynomial factorization in the free
ring F⟨X⟩. The factorization algorithm is by an application of Higman’s linearization process
followed by factorization of a matrix with linear entries (under some technical conditions)
using Cohn’s factorization theory.
It is interesting to note that Higman’s linearization process [15] has been used to obtain
a deterministic polynomial-time algorithm for the RIT problem. That is, the problem of
testing if a noncommutative rational formula (which computes an element of the free skew
field F⦓X⦔) is zero on its domain of definition [13, 17, 18, 16].

1.1

Overview of the results

The main result of the paper is the following.
▶ Theorem (Main Theorem). Given a multivariate noncommutative polynomial f ∈ Fq ⟨X⟩
for a finite field1 Fq by a noncommutative arithmetic formula of size s as input, a factorization
of f as a product f = f1 f2 · · · fr can be computed in randomized time poly(s, log2 q, |X|),
where each fi ∈ Fq ⟨X⟩ is an irreducible polynomial that is output as an algebraic branching
program.
The proof has three broad steps described below.
Higman linearization and Cohn’s factorization theory. Briefly, given a noncommutative polynomial f ∈ F⟨X⟩ by a formula, we can transform it into a linear matrix L
such that f ⊕ I = P LQ, where P is an upper triangular matrix with polynomial entries
and all 1’s diagonal and Q is a lower triangular matrix with polynomial entries and all
1’s diagonal, P and Q are the matrices implementing the sequence of row and column
operations required for the Higman linearization process. Cohn’s theory of factorization
of noncommutative linear matrices gives us sufficient information about the structure of
irreducible linear matrices.
Ronyai’s common invariant subspace algorithm. Next, the most important tool
algorithmically, is Ronyai’s algorithm for computing common invariant subspaces of a
collection of matrices over finite fields [24]. We show that Ronyai’s common invariant subPn
space algorithm can be repeatedly applied to factorize a linear matrix L = A0 + i=1 Ai xi ,
into a product of irreducible linear matrices provided A0 is invertible and [A1 A2 · · · An ]
has full row rank or [AT1 AT2 · · · ATn ]T has full column rank. The later conditions are called
as right and left monicity of the linear matrix L respectively. With some technical work
we can ensure these conditions for a linear matrix L that is produced from a polynomial
f by Higman linearization. Then Ronyai’s algorithm yields the factorization of L into a
product of irreducible linear matrices (upto multiplication by units).

1

We present the detailed randomized algorithm over large finite fields. In the case of small finite fields
we obtain a deterministic poly(s, q, |X|) time algorithm with minor modifications.
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Recovering the factors of f . Finally, we design a simple linear algebraic algorithm for
trivializing a matrix product AB = 0, where A is a linear matrix and B is a column vector
of polynomials from F⟨X⟩, using which we are able to extract the irreducible factors of
f from the factors of L. An invertible matrix M with polynomial entries trivializes the
relation AB = 0 if the modified relation (AM )(M −1 B) = 0 has the property that for
every index i either the ith column of AM is zero or the ith row of M −1 B is zero. While
such matrices M exist for any matrix product AB = 0 with entries from F⟨X⟩, we obtain
an efficient algorithm in the special case when A is linear and B’s entries are polynomials
computed by small arithmetic circuits. This special case is sufficient for our application.
There are some additional technical aspects we need to deal with. Let L = A0 +
Pn
i=1 Ai xi be the linear matrix obtained from f ∈ Fq ⟨X⟩ by Higman linearization, where
X = {x1 , x2 , . . . , xn } and Ai ∈ Fd×d
, 0 ≤ i ≤ n. If A0 is an invertible matrix then it turns
q
out that the problem of factorizing L can be directly reduced to the problem of finding a
common invariant subspace for the matrices A−1
0 Ai , 1 ≤ i ≤ n. In general, however, A0 is
not invertible. Two cases arise:
(a) The polynomial f is commutatively nonzero. That is, it is nonzero on Fnq (or on Fn
for a small extension field F). In this case, by the DeMillo-Lipton-Schwartz-Zippel
Lemma [9, 25, 27], we can do a linear shift of the variables xi ← xi + αi in the polynomial
f , for αi randomly picked from Fq (or F). Let the resulting polynomial be f ′ and let its
Higman linearization be Lf ′ . In Lf ′ the constant matrix term A′0 will be invertible with
high probability, and the reduction steps outlined above will work for Lf ′ . Furthermore,
from the factorization of f ′ we can efficiently recover the factorization of f . Section 4
deals with Case (a), with Theorem 32 summarizing the algorithm for factorizing f .
Theorem 28 describes the algorithm for factorization of the linear matrix Lf ′ , and the
factor extraction lemma (Lemma 31) allows us to efficiently recover the factorization of
f ′ from the factorization of Lf ′ .
(b) In the second case, suppose f is zero on all scalars. Then, for example by Amitsur’s theorem [1], for a random matrix substitution xi ← Mi ∈ F2s×2s the matrix
f (M1 , M2 , . . . , Mn ) is invertible with high probability, where s is the formula size of
f .2 3 Accordingly, we can consider the factorization problem for shifted and dilated
Pn
linear matrix L′ = A0 ⊗ Iℓ + i=1 Ai ⊗ (Yi + Mi ) which will have the constant matrix
term invertible, where each Yi is an ℓ × ℓ matrix of distinct noncommuting variables,
where ℓ = 2s. Recovering the factorization of L from the factorization of L′ requires
some additional algorithmic work based on linear algebra. A lemma from [14] (refer
Section 5 and the Appendix for the details) turns out to be crucial here. The algorithm
handling Case (b) is described in Section 5. Indeed, the new aspect of the algorithm
is factorization of the dilated matrix L′ from which we recover the factorization of the
Higman linearization Lf of f . The remaining algorithm steps are exactly as in Section 4.

1.2

Small Finite fields

We now briefly explain the deterministic poly(s, q, |X|) time factorization algorithm (when Fq
is small). There are two places in the factorization algorithm outlined above where randomization is used: first, to obtain a matrix tuple (M1 , M2 , . . . , Mn ) such that f (M1 , M2 , . . . , Mn )

2
3

Amitsur’s theorem strengthens the Amitsur-Levitski theorem [2] often used in noncommutative PIT
algorithms [5].
In the actual algorithm we pick the matrices Mi using a result from [10]
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is invertible, which ensures that the constant matrix term of the linear matrix L′ is invertible.
When q = Ω(d), where d = deg f , it suffices to randomly pick Mi ∈ F2s×2s
. However, if q < d
q
we can choose entries of the matrices Mi from a small extension field Fqk such that q k = Ω(d).
Thereby, we will obtain factorization of L′ and subsequently that of the polynomial f over the
extension field Fqk . However, we can use the fact that the finite field Fqk can be embedded
using the regular representation of the elements of Fqk in the matrix algebra Fk×k
. Thus,
q
we can obtain from (M1 , M2 , . . . , Mn ) a matrix tuple (M1′ , M2′ , . . . , Mn′ ) with Mi′ ∈ F2sk×2sk
q
such that f (M1′ , M2′ , . . . , Mn′ ) is invertible. This will ensure that the linear matrix L′ can be
factorized over the field Fq which will allow us to obtain a complete factorization of f into
irreducible factors over Fq .
In order to get a deterministic polynomial-time algorithm for finding such matrices
Mi′ , 1 ≤ i ≤ n we will use the fact that the polynomial f is given by a small noncommutative
formula and hence has a small algebraic branching program. Then, using ideas from [23, 11, 4]
we can easily find such matrices Mi′ in deterministic polynomial time.
Next, we notice that Ronyai’s algorithm for finding common invariant subspaces of matrices
over Fq is essentially a polynomial-time reduction to univariate polynomial factorization
over Fq . We can use Berlekamp’s deterministic poly(q, D) algorithm for the factorization of
univariate degree D polynomials over Fq . Putting it together, we can obtain a deterministic
poly(s, q, |X|) time algorithm for factorization of f ∈ Fq ⟨X⟩ as a product of irreducible
factors over Fq .
Unfortunately, the algorithm outlined above does not yield an efficient algorithm for
noncommutative polynomial factorization over rationals. The bottleneck is the problem of
computing common invariant subspaces for a collection of matrices over Q. Ronyai’s algorithm
for the problem over finite fields [24] builds on the decomposition of finite-dimensional
associative algebras over fields. Given an algebra A over a finite field Fq the algorithm
decomposes A as a direct sum of minimal left ideals of A which is used to find nontrivial
common invariant subspaces. However, as shown by Friedl and Ronyai [12], over rationals
the problem of decomposing a simple algebra as a direct sum of minimal left ideals is at least
as hard as factoring square-free integers.

1.3

Related research

The study of factorization in noncommutative rings is systematically investigated as part
of Cohn’s general theory of noncommutative free ideal rings [7, 8] which is based on the
notion of the weak algorithm. In fact, there is a hierarchy of weak algorithms generalizing
the division algorithm for commutative integral domains [7].
To the best of our knowledge, the complexity of noncommutative polynomial factorization
has not been studied much, unlike the problem of commutative polynomial factorization
[26, 19, 20]. Prior work on the complexity of noncommutative polynomial factorization
we are aware of is [3] where efficient algorithms are described for the problem of factoring
homogeneous noncommutative polynomials (which enjoy the unique factorization property,
and indeed the algorithms in [3] crucially use the unique factorization property). When the
input homogeneous noncommutative polynomial has a small noncommutative arithmetic
circuit (even given by a black-box as in Kaltofen’s algorithms [19, 20]) it turns out that
the problem is efficiently reducible to commutative factorization by set-multilinearizing the
given noncommutative polynomial with new commuting variables. This also works in the
black-box setting and yields a randomized polynomial-time algorithm which will produce as
output black-boxes for the irreducible factors (which will all be homogeneous). When the
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input homogeneous polynomial is given by an algebraic branching program there is even a
deterministic polynomial-time factorization algorithm. Indeed, the noncommutative factorization problem in for homogeneous polynomials efficiently reduces to the noncommutative
PIT problem [3], analogous to the commutative case [21], modulo the randomness required
for univariate polynomial factorization in the case of finite fields of large characteristic. The
motivation of the present paper is to extend the above results to the inhomogeneous case.

Plan of the paper. In Section 2 we present basic definitions and the background results from
Cohn’s work on factorization. In Section 3 we further present some results from Cohn’s work
relevant to the paper. In Section 4 we present the factorization algorithm for polynomials f
that does not vanish on scalars and in Section 5 we present the algorithm for the general
case. Omitted proofs from the conference version can be found in full version.

2

Preliminaries

In this section we give some basic definitions and results relevant to the paper, mainly
from Cohn’s theory of factorization. Analogous to integral domains and unique factorization domains in commutative ring theory, P.M. Cohn [7, 8] has developed a theory for
noncommutative rings based on the weak algorithm (a noncommutative generalization of
the Euclidean division algorithm) and the notion of free ideal rings. We present the relevant
basic definitions and results, specialized to the ring F⟨X⟩ of noncommutative polynomials
with coefficients in a (commutative) field F, and also for matrix rings with entries from F⟨X⟩.
The results about F⟨X⟩ in Cohn’s text [7, Chapter 5] are stated uniformly for algebraically
closed fields F. However, those we discuss hold for any field F (in particular for Fq or a small
degree extension of it). The proofs are essentially based on linear algebra.
Since we will be using Higman’s linearization [15] to factorize noncommutative polynomials,
we are naturally lead to studying the factorization of linear matrices in F⟨X⟩d×d using Cohn’s
theory.
▶ Definition 1 ([7]). A matrix M in F⟨X⟩d×d is called full if it has (noncommutative)
rank d. That is, it cannot be decomposed as a matrix product M = M1 · M2 , for matrices
M1 ∈ F⦓X⦔d×e and M2 ∈ F⦓X⦔e×d with e < d.
▶ Remark 2. Based on the notion of noncommutative matrix rank [7], the square matrix
M ∈ F⟨X⟩d×d is full precisely when it is invertible in the skew field F⦓X⦔. That is, M is
full if and only if there is a matrix N ∈ F⦓X⦔d×d such that M N = N M = Id , where Id
is d × d identity matrix. We refer to [13] and [18] for different equivalent formulations of
noncommutative matrix rank.
We note the distinction between full matrices and units in the matrix ring F⟨X⟩d×d .
▶ Definition 3. A matrix U ∈ F⟨X⟩d×d is a unit if there is a matrix V ∈ F⟨X⟩d×d such that
U V = V U = Id , where Id is d × d identity matrix.
Clearly, units in F⟨X⟩d×d are full. Examples of units in F⟨X⟩d×d , which have an important
role in our factorization algorithm, are upper (or lower) triangular matrices in F⟨X⟩d×d
whose diagonal entries are all nonzero scalars. Full matrices, in general, need not be units:
for example, the 1 × 1 matrix x, where x is a variable, is full but it is not a unit in the ring
F⟨X⟩1×1 = F⟨X⟩.
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▶ Remark 4. Full non-unit matrices are essentially non-unit non-zero-divisors. For the
factorization of elements in F⟨X⟩d×d , units are similar to scalars in the factorization of
polynomials in polynomial rings. Cohn’s theory [7] considers factorizations of full non-unit
elements in F⟨X⟩d×d .
We next define atoms in F⟨X⟩d×d , which are essentially the irreducible elements in it.
▶ Definition 5. A full non-unit element A in F⟨X⟩d×d is an atom if A cannot be factorized
as A = A1 A2 for full non-unit matrices A1 , A2 in F⟨X⟩d×d .
Noncommutative polynomials do not have unique factorization in the usual sense of
commutative polynomial factorization.4 A classic example [7] is the polynomial x + xyx with
its two different factorizations
x + xyx = x(1 + yx) = (1 + xy)x,
where 1 + xy and 1 + yx are distinct irreducible polynomials.
′

′

▶ Definition 6. Elements A ∈ F⟨X⟩d×d and B ∈ F⟨X⟩d ×d are called stable associates if
there are positive integers t and t′ such that d + t = d′ + t′ and units P, Q ∈ F⟨X⟩(d+t)×(d+t)
such that A ⊕ It = P (B ⊕ It′ )Q.
It is easy to check that the polynomials 1 + xy and 1 + yx are stable associates.
Notice that if A and B are full non-unit matrices that are stable associates then A is
atom if and only if B is atom. Furthermore, we note that stable associativity defines an
equivalence relation between full matrices over the ring F⟨X⟩.
We observe that the problem of checking if two polynomials in F⟨X⟩ given as arithmetic
formulas are stable associates or not has an efficient randomized algorithm (Lemma 17).
Now we turn to the problem of noncommutative polynomial factorization. By Higman’s
linearization [15, 7], given a polynomial f ∈ F⟨X⟩ there is a positive integer ℓ such that
f is stably associated with a linear matrix L ∈ F⟨X⟩ℓ×ℓ , that is to say, the entries of L
are affine linear forms.5 Higman’s linearization process is a simple algorithm obtaining the
linear matrix L for a given f , and it plays a crucial role in our factorization algorithm. We
describe it and state an effective version [13] which gives a simple polynomial-time algorithm
to compute L when f is given as a noncommutative arithmetic formula.

Higman’s linearization process
We describe a single step of the linearization process. Given an m × m matrix M over F⟨X⟩
such that M [m, m] = f + g × h, apply the following:
Expand M to an (m + 1) × (m + 1) matrix by adding a new last row and last column
with diagonal entry 1 and remaining new entries zero:


4
5

M
0

0
1


.

However, as shown by Cohn, using the notion of stable associates there is a more general sense in which
noncommutative polynomials have “unique” factorization [7].
More generally, by Higman’s linearization any matrix of polynomials M is stably associated with a
linear matrix L ∈ F⟨X⟩ℓ×ℓ for some ℓ.
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Then the bottom right 2 × 2 submatrix is transformed as follows by elementary row and
column operations






f + gh 0
f + gh g
f g
→
→
0
1
0
1
−h 1
Given a polynomial f ∈ F⟨X⟩ by repeated application of the above step we will finally
Pn
obtain a linear matrix L = A0 + i=1 Ai xi , where each Ai , 0 ≤ i ≤ n is an ℓ × ℓ over F, for
some ℓ. The following theorem summarizes its properties.
▶ Theorem 7 (Higman Linearization, [7]). Given a polynomial f ∈ F⟨X⟩, there are matrices
P, Q ∈ F⟨X⟩ℓ×ℓ and a linear matrix L ∈ F⟨X⟩ℓ×ℓ such that


f
0
= P LQ
(1)
0 Iℓ−1
with P upper triangular, Q lower triangular, and the diagonal entries of both P and Q are
all 1’s (hence, P and Q are both units in F⟨X⟩ℓ×ℓ ).
Instead of a single f , we can apply Higman linearization to a matrix of polynomials
M ∈ F⟨X⟩m×m to obtain a linear matrix L that is stably associated to M . We state the
algorithmic version of Garg et al. [13] in this general form.
▶ Theorem 8 ([13], Proposition A.2). Let M ∈ F⟨X⟩m×m such that Mi,j is computed by a
noncommutative arithmetic formula of size at most s and bit complexity at most b. Then,
for some k = O(s), in time poly(s, b) we can compute the matrices P, Q and L in F⟨X⟩ℓ×ℓ
of Higman’s linearization such that


M 0
= P LQ.
0 Ik
where ℓ = m + k. Moreover, the entries of the matrices P and Q as well as P −1 and Q−1
are given by polynomial-size algebraic branching programs which can also be obtained in
polynomial time.


M 0
We will sometimes denote the block diagonal matrix
by M ⊕ Ik .
0 Ik
As P and Q are units with diagonal entries all 1’s, the matrix M is full iff the linear
matrix L is full. Also, the scalar matrix M (0) (obtained by setting all variables to zero) is
invertible iff the scalar matrix L(0), similarly obtained, is invertible.

Invariant Subspaces and Ronyai’s Algorithm
▶ Definition 9. Let A1 , . . . , An ∈ Fd×d . A subspace V ⊆ Fn is called as common invariant
subspace of A1 , . . . , An if Ai v ∈ V for all i ∈ [n] and v ∈ V .
Clearly 0 and Fn are, trivially, common invariant subspaces for any collection of matrices.
The algorithmic problem is to find a non-trivial common invariant subspace if one exists.
Ronyai [24] gives a randomized polynomial-time algorithm for this problem when F is finite
field.
▶ Theorem 10 ([24]). Given A1 , . . . , An ∈ Fd×d
there is a randomized algorithm running
q
in time polynomial in n, d, log q that computes with high probability a non-trivial common
invariant subspace of A1 , . . . , An if such a subspace exists, and outputs “no” otherwise.
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▶ Remark 11. We should note here, the classical Burnside’s theorem [6] for matrix algebras over
algebraically closed fields. It essentially shows that the algebra generated by A1 , A2 , . . . , An
is the full matrix algebra iff there is no nontrivial common invariant subspace.
▶ Remark 12. As already mentioned in the introduction, Friedl and Ronyai [12] have shown
that over rationals the problem is at least as hard as factoring square-free integers, and hence
likely to be intractable.
For standard definitions of noncommutative formulas and noncommutative algebraic
branching programs (ABPs) we refer to [22].

3

Some Basic Results

In this section we present some basic results required for our factorization algorithm.

Monic linear matrices
▶ Definition 13 ([7]). Let L = A0 + A1 x1 + . . . + An xn ∈ F⟨X⟩d×d be a linear matrix, where
each Ai is a d×d scalar matrix over F. Then L is called right monic if the d×nd scalar matrix
[A1 A2 . . . An ] has full row rank. Equivalently, if there are matrices B1 , . . . , Bn ∈ Fd×d
such that Σni=1 Ai Bi = Id (i.e. the matrix [A1 A2 . . . An ] has right inverse).
Similarly, L is left monic if the nd × d matrix [AT1 AT2 . . . ATn ]T has full column rank.
L is called monic if it is both left and right monic.
The next two results from Cohn [7] are important properties of monic linear matrices.
▶ Lemma 14 ([7]). A right (or left) monic linear matrix in F⟨X⟩d×d is not a unit in
F⟨X⟩d×d .
Let f ∈ F⟨X⟩ be a nonzero polynomial and L be a linear matrix obtained from f by
Higman linearization as in Equation 1. Clearly, L is a full linear matrix. We show that we
can transform L to obtain a full and right (or left) monic linear matrix L′ that is stably
associated to f . Furthermore, we can efficiently compute L′ and the related transformation
matrices.
Pn
▶ Theorem 15 ([7]). Let L = A0 + i=1 Ai xi be a full linear matrix in F⟨X⟩d×d obtained by
Higman linearization from a non constant polynomial f ∈ F⟨X⟩. Then there are deterministic
poly(n, d, log2 q) time algorithms that compute units U, U ′ ∈ F⟨X⟩d×d and invertible scalar
matrices S, S ′ ∈ Fd×d
such that:
q
′
1. U LS = L ⊕ Ir , and L′ is right monic. Moreover, if L is not right monic then r > 0.
2. S ′ LU ′ = L′ ⊕ Ir′ , and L′ is left monic. Moreover, if L is not left monic then r′ > 0.
▶ Remark 16. By repeated application of the algorithm in Theorem 15 we can compute units
U1 , U2 ∈ F⟨X⟩d×d such that U1 LU2 = L′ ⊕ Ir , where L′ is both left and right monic. Such a
two-sided monic L′ is called monic in [7].
For our factorization algorithm, it suffices to compute an L′ that is either left or right
monic that is associated to L as in Theorem 15. It turns out that either a left monic or a
right monic L′ suffices to use Ronyai’s common invariant subspace algorithm to factorize L′
(and hence also L) as we show in Theorem 28. More importantly, the fact that matrices S
and S ′ in Theorem 15 are scalar is important for the factor extraction algorithm as discussed
in Theorem 32.
▶ Lemma 17. Given polynomials f, g ∈ F⟨X⟩ as input by noncommutative arithmetic
formulas, we can check in randomized polynomial time if f and g are stable associates.
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The next result shows how irreducibility (more generally, the property of being an atom)
is preserved by Higman linearization.
▶ Theorem 18. Let f ∈ F⟨X⟩ be a nonconstant polynomial and L be a full linear matrix stably
associated with f (obtained via Higman linearization).Then the polynomial f is irreducible
iff L is an atom.
We give a self-contained proof of the above theorem, using the following (suitably
paraphrased) result of Cohn.
▶ Lemma 19 (Matrix Product Trivialization, [8], pp. 198). Let A ∈ F⟨X⟩m×n and B ∈ F⟨X⟩n×s
be polynomial matrices such that their product AB = 0. Then there exists a unit P ∈ F⟨X⟩n×n
such that for every index i ∈ [n] either the ith column of the matrix product AP is all zeros
or the ith row of the matrix product P −1 B is all zeros.
Pn
Let L ∈ F⟨X⟩d×d be a full and right (or left) monic linear matrix. Let L = A0 + i=1 Ai xi .
For a positive integer ℓ let Mi , i ∈ [n] be ℓ × ℓ scalar matrices with entries from F (or a
small degree extension of F). Let Yi , i ∈ [n] be ℓ × ℓ matrices whose entries are distinct
noncommuting variables yijk , 1 ≤ j, k ≤ ℓ. Then the evaluation of the linear matrix L at
xi ← Yi + Mi , 1 ≤ i ≤ n is the dℓ × dℓ linear matrix in the yijk variables:
L′ = A0 ⊗ Iℓ +

n
X
i=1

Ai ⊗ Mi +

n X
ℓ
X

(Ai ⊗ Ejk ) · yijk

i=1 j,k=1

▶ Lemma 20. There is a positive integer ℓ ≤ 2d such that for randomly picked ℓ × ℓ
matrices Mi , i ∈ [n] ( with entries from F or a small degree extension field) the matrix
Pn
A0 ⊗ Iℓ + i=1 Ai ⊗ Mi is an invertible matrix.
Proof. Since L ∈ F⟨X⟩d×d is a full linear matrix, it has noncommutative rank d. Hence, by
the result of [10] for the generic 2d × 2d matrix substitution xi ← Xi , i ∈ [n], where Xi is a
matrix of distinct commuting variables, the commutative rank of L(X1 , X2 , . . . , Xn ) is 2d2
(which means it is invertible). Hence there is a least ℓ ≤ 2d such that the commutative rank
of L(X1 , X2 , . . . , Xn ) is dℓ, where Xi are generic ℓ × ℓ matrices with commuting variables.
Hence, by the DeMillo-Lipton-Schwartz-Zippel lemma [9, 25, 27] the rank of the scalar matrix
L(M1 , M2 , . . . , Mn ) is dℓ, where Mi is a random scalar matrix with entries from F or a small
extension.
◀
Finally, we state and prove a modified version of a result due to Cohn that allows us
to relate the factorization of a polynomial f ∈ F⟨X⟩ to the factorization of its Higman
linearization L. The proof is given in the appendix.
▶ Theorem 21 ([7], Theorem 5.8.8). Let C ∈ F⟨X⟩d×d be a full and right monic (or left
monic) linear matrix for d > 1. Then C is not an atom if and only if there are d × d invertible
scalar matrices S and S ′ such that


A 0
SCS ′ =
(2)
D B
where A is an r × r full right (respec. left) monic linear matrix and B is an s × s full right
(respec. left) monic linear matrix such that r + s = d.
▶ Remark 22. In [7] the theorem is proved under the stronger assumption that C is monic.
However, as we show, it holds even for C that is right monic or left monic with minor changes
to Cohn’s proof. We require the above version for our factorization algorithm.
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4

Polynomial factorization: commutatively non-zero case

Recall that F⟨X⟩ denotes the free noncommutative polynomial ring F⟨x1 , x2 , . . . , xn ⟩ and our
goal is to give a randomized polynomial-time factorization algorithm for input polynomials
in F⟨X⟩ given as arithmetic formulas when F = Fq is a finite field of size q.
A polynomial f ∈ F⟨X⟩ is commutatively nonzero if f (α1 , α2 , . . . , αn ) ̸= 0 for scalars
αi ∈ F (or a small extension field of F).
In this section we will present the factorization algorithm for commutatively nonzero
polynomials.6 It has three broad steps:
(i) We transform the given polynomial f to a full and right (or left) monic linear matrix
L by first the Higman linearization of f followed by the algorithm in the proof of
Theorem 15.
(ii) Next, we factorize the full and right (or left) monic linear matrix L into atoms.
(iii) Finally, we recover the irreducible factors of f from the atomic factors of L.
We formally state the three problems of interest in this paper.
▶ Problem 23 (FACT(F)).
Input A noncommutative polynomial f ∈ F⟨X⟩ given by an arithmetic formula.
Output Compute a factorization f = f1 f2 · · · fr , where each fi is irreducible, and each fi is
output as an algebraic branching program.
▶ Problem 24 (LIN-FACT(F)).
Input A full and right (or left) monic linear matrix L ∈ F⟨X⟩d×d .
Output Compute a factorization L = F1 F2 · · · Fr , where each Fi is a full linear matrix that
is an atom.
▶ Problem 25 (INV(F)).
Input A list of scalar matrices A1 , A2 , . . . , An ∈ Fd×d .
Output Compute a nontrivial invariant subspace V ⊂ Fd or report that the only invariant
subspaces are 0 and Fd .
In the three-step outline of the algorithm, for the second step we will show that factoring
a full and right (or left) monic linear matrix is randomized polynomial-time reducible to the
problem of computing a common invariant subspace for a collection of scalar matrices. For
the third step, we will give a polynomial-time algorithm (based on Lemma 19) to recover the
irreducible factors of f from the atomic factors of L.
▶ Remark 26. We use Ronyai’s randomized polynomial-time algorithm [24] to solve the
problem of computing a a common invariant subspace for a collection of matrices over Fq .
Over rational numbers Q, even for a special case the problem of computing a common
invariant subspace turns out to be at least as hard as factoring square-free integers [12].
Hence, our approach to noncommutative polynomial factorization does not yield an efficient
algorithm over Q.
Suppose f ∈ F⟨X⟩ is given by a noncommutative arithmetic formula. Since f has small
degree we can check if it is commutatively nonzero in randomized polynomial-time by the
DeMillo-Lipton-Schwartz-Zippel test [9, 25, 27] and, if so, find αi ∈ F, i ∈ [n] such that
f (α1 , α2 , . . . , αn ) ̸= 0 (if F is small, we pick αi from a small extension field). Furthermore,
6

In the next section we will deal with the general case. The algorithm is more technical in detail, although
in essence the same.
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by a linear shift of the variables xi ← xi + αi , i ∈ [n] followed by scaling we can assume
f (0) = 1. Note that from the factorization of the linear shift of f we can recover the factors
of f by shifting the variables back, and irreducibility is preserved by linear shift. For the rest
of this section we will assume f (0) = 1.
Pn
Let L = A0 + i=1 Ai xi . As f (0) = 1, we have L(0) = A0 is an invertible matrix. We
now present an efficient algorithm for factoring L as a product of linear matrices L1 L2 · · · Lr ,
where each Li is an atom.
▶ Remark 27. The factorization algorithm for arbitrary full and right (or left) monic linear
matrices (in which A0 need not be invertible) is similar but more involved. It is based on
Lemma 20 and is dealt with in the next section.

4.1

Algorithm for a special case of LIN-FACT(Fq )

▶ Theorem 28. There is a randomized polynomial-time algorithm for the following two
special cases of the LIN-FACT(Fq ) problem:
1. Given a full right monic matrix L as input such that L(0) is an invertible matrix, the
algorithm outputs a factorization of L as a product of linear matrices that are atoms.
2. Given a full left monic matrix L as input such that L(0) is an invertible matrix, the
algorithm outputs a factorization of L as a product of linear matrices that are atoms.
Proof. We present the algorithm only for the first part, as the second part has essentially
the same solution.
Pn
Let L = A0 + i=1 Ai xi in F⟨X⟩d×d be such an instance of LIN-FACT(Fq ). We can
write L = A0 · L′ where L′ is the full and right monic linear matrix
L′ = Id +

n
X

A−1
0 Ai xi .

i=1

Clearly, it suffices to factorize the linear matrix L′ into atoms.
First we show that L′ is not an atom iff matrices A−1
0 Ai , 1 ≤ i ≤ n have a nontrivial
′
common invariant
subspace.
By
Theorem
21,
L
is
not
an
atom if and only if we can write


B 0
′
S1 L S2 =
for invertible scalar matrices S1 and S2 , where B and C are full and
D C
right monic linear matrices, and D is some linearmatrix. Equating
the constant terms on

B0 0
both sides of the above equation we have S1 S2 =
as the constant term of L′ is
D 0 C0
Id . Thus the matrices S1 S2 and its inverse also has the same block form which implies that
S1 L′ S1−1 = S1 L′ S2 (S1 S2 )−1 also has the same block form. It follows that the n matrices
A−1
0 Ai , 1 ≤ i ≤ n have a nontrivial common invariant subspace. Conversely, if the matrices
A−1
then we have a basic change
0 Ai , 1 ≤ i ≤ n have a nontrivial common invariant subspace


L
0
1
′ −1
scalar matrix S such that SL S has the block form
, where L1 and L2 are
∗ L2
′
full and right monic linear matrices. So by Theorem 21 L is not an atom. So we have
established, L′ (and hence L) is not an atom iff matrices A−1
0 Ai , 1 ≤ i ≤ n have a nontrivial
common invariant subspace. We will use Ronyai’s randomized polynomial-time algorithm for
finding a nontrivial common invariant subspace for matrices A−1
0 Ai , 1 ≤ i ≤ n over finite
field Fq .
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If there is no nontrivial invariant subspace then the linear matrix L′ (and hence L) is
an atom. Otherwise, by repeated application of Ronyai’s algorithm we will obtain a basis
change scalar matrix T which when applied to L′ yields a linear matrix in the following
atomic block diagonal form:

′

TL T

−1




=



L1
∗
∗

0
L2
∗

0
0
L3

...
...
...
..
.

0
0
0

∗

∗

∗

...

Lr





,



(3)

where for each j ∈ [r], the full right monic linear matrix Lj ∈ F⟨X⟩dj ×dj is an atom, and
each ∗ stands for some unspecified linear matrix. It is now easy to factorize T L′ T −1 as a
product of atoms by noting one step of the factorization of T L′ T −1 from its form:
T L′ T −1 =



A
D

0
Lr




=

A 0
0 I

 
I
·
D

0
I

 
I
·
0

0
Lr


.





 

I 0
I 0
I 0
We note that
is a unit. Since Lr is an atom the product
·
D I
D I
0 Lr
′ −1
is also an atom and a linear matrix, and it is the rightmost factor of T L T . Continuing
thus with A now, we can factorize T L′ T −1 as a product F1′ F2′ · · · Fr′ of r atoms, each of which
is a linear matrix. It follows that L = A0 T −1 F1′ F2′ · · · Fr′ T is a complete factorization of L as
a product of atomic linear matrices (both A0 and T are scalar invertible matrices).
◀
▶ Remark 29. We note that Ronyai’s algorithm [24] for INV(Fq ) is actually a deterministic
polynomial-time reduction from INV(Fq ) to univariate polynomial factorization over Fq .
Based on whether we want to work with right monic or left monic case we will express
f ⊕ Is in an appropriate form using Higman linearization and Theorem 15 as described in
the equation below:
(
P U (L′ ⊕ It )SQ, in the right monic case
f ⊕ Is =
(4)
P S(L′ ⊕ It )U Q, in the left monic case
where d + t = s + 1, L′ ∈ F⟨X⟩d×d is a full and right (or left) monic linear matrix,
P is upper triangular with all 1’s diagonal, Q is lower triangular with all 1’s diagonal,
U ∈ F⟨X⟩(d+t)×(d+t) is a unit, and S ∈ F(d+t)×(d+t) is an invertible scalar matrix.

Algorithm for FACT(Fq )
We are now ready to describe the polynomial factorization algorithm for commutatively
nonzero polynomials in F⟨X⟩. Starting with the Higman linearization of the input polynomial
f ∈ F⟨X⟩ as in Equation 4, by an application of the first parts of Theorems 15 and 28 we
obtain the factorization f ⊕ Is = P U F1′ F2′ · · · Fr′ SQ using the structure in Equation 3.
Alternatively, by applying the second part of Theorem 15 we can compute a left monic
linear matrix L′ that is a stable associate of f and, applying the second part of Theorem 28
we can compute the factorization
f ⊕ Is = P S ′ F1′ F2′ · · · Fr′ U ′ Q.

(5)
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where each linear matrix Fi′ is an atom, P is upper triangular with all 1’s diagonal, Q is lower
triangular with all 1’s diagonal, U ′ is a unit and S ′ is a scalar invertible matrix. Equation 5
is the form we will use for the algorithm (we could equally well use the other factorization).
From the structure of the atomic block diagonal matrix T L′ T −1 in Equation 3 notice
that the product S ′ F1′ F2′ · · · Fi′ is a linear matrix for each 1 ≤ i < r.
The next lemma presents an algorithm that is crucial for extracting the factors of f .
▶ Lemma 30. Let C ∈ F⟨X⟩u×d be a linear matrix and v ∈ F⟨X⟩d×1 be a column of
polynomials such that Cv = 0. Each entry vi of v is given by an algebraic branching program
as input. Then, in polynomial time we can compute a invertible matrix N ∈ F⟨X⟩d×d such
that
For 1 ≤ i ≤ d either the ith column of CN is all zeros or the ith row of N −1 v is zero.
Each entry of N is a polynomial of degree at most d2 and is computed by a polynomial
size ABP, and also each entry of N −1 is computed by a polynomial size ABP.
Proof. We will describe the algorithm as a recursive procedure Trivialize that takes matrix
C and column vector v as parameters and returns a matrix N as claimed in the statement.
Procedure Trivialize(C ∈ F⟨X⟩u×d , v ∈ F⟨X⟩d×1 ).
1. If d = 1 then (since Cv = 0 iff either C = 0 or v = 0) return the identity matrix.
2. If d > 1 then
3. write C = C0 + C1 , where C0 is a scalar matrix and C1 is the degree 1 homogeneous part
of C. Let k be the degree of the highest degree nonzero monomials in the polynomial
vector v, and let m be a nonzero degree k monomial. Let v(m) ∈ Fd×1
denote its (nonzero)
q
coefficient in v. Then Cv = 0 implies C1 v(m) = 0. Let T0 ∈ Fd×d
be
a scalar invertible
q
matrix with first column v(m) obtained by completing the basis.
a. If C0 v(m) = 0 then the first column of CT0 is zero.
b. Otherwise, CT0 has first column as the nonzero scalar vector Cv(m) = C0 v(m).
Suppose ith entry of Cv(m) is a nonzero scalar α. With column operations we can
drive the ith entry in all other columns of CT0 to zero. Let the resulting matrix be
CT0 T1 (where the matrix T1 is invertible as it is a product of elementary matrices
corresponding to these column operations, each of which is of the form Coli ←
P
(Coli + Col1 ·α0 + i αi xi )). Notice that CT0 T1 is still linear.
c. As Cv = (CT0 T1 )(T1−1 T0−1 v), and in the ith row of CT0 T1 the only nonzero entry is α
which is in its first column, we have that the first entry of T1−1 T0−1 v is zero.
4. Let C ′ ∈ F⟨X⟩u×(d−1) obtained by dropping the first column of CT0 T1 . Let v ′ ∈
F⟨X⟩(d−1)×1 be obtained by dropping the first entry of T1−1 T0−1 v. Note that C ′ is still
linear.
5. Recursively call Trivialize(C ′ ∈ F⟨X⟩u×(d−1) , v ′ ∈ F⟨X⟩(d−1)×1 ). and let the matrix
returned by the call be T2 ∈ F⟨X⟩(d−1)×(d−1) .
6. Putting it together, return the matrix T0 T1 (I1 ⊕ T2 ).
To complete the proof, we note that a highest degree monomial m such that v(m) ̸= 0 is
easy to compute in deterministic polynomial time if each vi is given by an algebraic branching
program using the PIT algorithm of Raz and Shpilka [23]. Notice that for the recursive call
we need C ′ to be also a linear matrix and each entry of v ′ to have a small ABP. C ′ is linear
because CT0 T1 is a linear matrix since CT0 is linear, its first column is scalar, and each
column operation performed by T1 is scaling the first column of CT0 by a linear form and
subtracting from another column of CT0 . Each entry of v ′ has a small ABP because T0−1 is
scalar and it is easy to see that the entries of T1−1 have ABPs of polynomial size. Finally, we
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note that T1 is a product of at most d − 1 linear matrices (each corresponding to a column
operation), and N is an iterated product of d such matrices. Hence, each entry of N as well
as N −1 is a polynomial of degree at most d2 and is computable by a small ABP.
◀
Turning back to our algorithm for FACT(Fq ), in the next lemma we design an efficient
algorithm that will allow us to extract all the irreducible factors of f (given Equation 5).
▶ Lemma 31 (Factor Extraction). Let f ∈ F⟨X⟩ be a polynomial and G ∈ F⟨X⟩(d−1)×(d−1)
be a unit such that


f u
= P CD,
(6)
0 G
such that
C is a full linear matrix that is a non-unit, P is upper triangular with all 1’s diagonal,
and D ∈ F⟨X⟩d×d is a full non-unit matrix which is also an atom.
The polynomial f , and the entries of u, G, P, D are all given as input by algebraic branching
programs.
Then we can compute in deterministic polynomial time a nontrivial factorization f = g · h of
the polynomial f such that h is an irreducible polynomial.
Proof. Let

c1
C=
c2

c3
c4




and D =

d1
d2

d3
d4


,

written as 2 × 2 block matrices where c1 and d1 are 1 × 1 blocks. By dropping the first row
of the matrix in the left hand side of Equation 6 and the first row of P we get
(0 G) = (0 P ′ )CD,
where P ′ is also an upper triangular matrix with all 1’s diagonal. Equating the first columns
on both sides we have



c1 c3
d1
0 = (0 P ′ )
, which implies that
c2 c4
d2


d1
′
0 = P (c2 c4 )
, and hence
d2


d1
0 = (c2 c4 )
, since P ′ is invertible.
d2


d1
(d−1)×d
Since (c2 c4 ) ∈ F⟨X⟩
is a matrix with linear entries and
∈ F⟨X⟩d×1
d2
is a column vector of polynomials which are given by ABPs as input, we can apply the
algorithm of Lemma 30 to compute a unit N such that its entries are all given by ABPs
th
′ ′
th
such
 ′ that
 for 1 ≤
 i ≤ d,
 either the i column of (c2 c4 ) = (c2 c4 )N is zero or the i row of
d1
d1
= N −1
is zero.
d′2
d2
Now the following argument is almost identical with the argument towards the end of the
proof of the Theorem 18. We give it below for completeness.
 ′  Since D is a full matrix, the
d1
−1
matrix N D is also full which implies its first column
cannot be all zeros. So there
d′2
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d′1
and the corresponding column in (c′2 c′4 ) is all zero.
d′2
′ ′
This implies there exist a permutation
 ′  matrix Π such that the first column of C(c2 c4 )Π is
d1
all zero and first entry of Π−1
is non zero.
d′2
 ′′ ′′ 
 ′′

c1 c3
d1 d′′3
′′
−1 −1
Consider the matrices C ′′ = CN Π =
and
D
=
Π
N
D
=
.
c′′2 c′′4
d′′2 d′′4
We have



  ′′ ′′   ′′

f ∗
f u
c1 c3
d1 d′′3
−1
=
P
=
,
0 G′
0 G
c′′2 c′′4
d′′2 d′′4


is at least one nonzero entry in

where G′ = (P ′ )−1 G is a unit, c′′2 is all zero column matrix and d′′1 is non-zero. Now observing
(2, 1)th matrix block in the above equation, we get d′′2 is all zero column. Hence, by looking
at (2, 2)th block in the above equation, we can see that c′′4 and d′′4 are units as G′ is a unit.
Clearly, we have f = c′′1 · d′′1 . Now, since C and D are non-units (by assumption), the matrices
C ′′ and D′′ are also non-units. Therefore, c′′1 is not a scalar for otherwise C ′′ would be a
unit. Similarly, d′′1 is not a scalar. It follows that f = c′′1 d′′1 is a nontrivial factorization of f .
Furthermore,since D is 
an atom by assumption and D′′ is a stable associate
ofD, D′′ is an


′′
′′
d1 d3
1
0
d′′1 d′′3
′′
′′
and
d
is
invertible,
we
get
·D
=
.
atom. As D′′ =
4
0 d′′4
0 (d′′4 )−1
0 Is
Now applying suitable row operations to the matrix (1 ⊕ (d′′4 )−1 )D′′ we can drive d′′3 to zero.
So we have U (1 ⊕ (d′′4 )−1 )D′′ = (d′′1 ⊕ Is ) for a unit U . Hence d′′1 is an associate of D′′ and
therefore d′′1 is irreducible as D′′ is an atom.
◀
Finally, we describe the factorization algorithm for commutatively nonzero polynomials
f ∈ F⟨X⟩ over finite fields Fq .
▶ Theorem 32. Let F⟨X⟩ = Fq ⟨X⟩ and f ∈ F⟨X⟩ be a commutatively nonzero polynomial
given by an arithmetic formula of size s as input instance of FACT(Fq ). Then there is a
poly(s, log q) time randomized algorithm that outputs a factorization f = f1 f2 · · · fr such
that each fi is irreducible and is output as an algebraic branching program.
Proof. Given f as input, we apply Higman linearization followed by the algorithm for
LIN-FACT(Fq ) described in Theorem 28. This will yield the factorization of f ⊕ Is =
P SS1 F1 F2 . . . Fr S2 U Q where each linear matrix Fi is an atom, P is upper triangular with
all 1’s diagonal, Q is lower triangular with all 1’s diagonal, U is a unit and S is a scalar
invertible matrix, as given in Equation 5. We can now apply Lemma 31 to extract irreducible
factors of f (one by one from the right).
For the first step, let C = SS1 F1 F2 · · · Fr−1 and D = Fr S2 U Q in Lemma 31. The proof of
Lemma 31 yields the matrix Nr = N Π such that both matrices C ′′ = P SS1 F1 F2 · · · Fr−1 Nr
and D′′ = Nr−1 Fr S2 U Q has the first column all zeros except the (1, 1)th entries c′′1 and d′′1
which yields the nontrivial factorization f = c′′1 d′′1 , where d′′1 = fr is irreducible. Renaming
c′′1 as gr we have from the structure of C ′′ :


gr ∗
= P (SS1 F1 F2 · · · Fr−2 )(Fr−1 Nr ).
0 Gr
Setting C = SS1 F1 F2 · · · Fr−2 and D = Fr−1 Nr in Lemma 31 we can compute the matrix
Nr−1 using which we will obtain the next factorization gr = gr−1 fr−1 , where fr−1 is
irreducible because the linear matrix Fr−1 is an atom. Lemma 31 is applicable as all
conditions are met by the matrices in the above equation (note that Gr will be a unit).
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Continuing thus, at the ith stage we will have f = gr−i+1 fr−i+1 fr−i+2 · · · fr after obtaining the rightmost i irreducible factors by the above process. At this stage we will
have


gr−i+1
∗
= P (SS1 F1 F2 · · · Fr−i−1 )(Fr−i Nr−i+1 ),
0
Gr−i+1
where Gr−i+1 is a unit and all other conditions are met to apply Lemma 31.
Thus, after r stages we will obtain the complete factorization f = f1 f2 · · · fr . For the
running time, it suffices to note that the matrix N computed in Lemma 31 is a product of
degree at most d2 many linear matrices (corresponding to the column operations). Thus, at
the ith of the above iteration, the sizes of the ABPs for the entries of Nr−i+1 are independent
of the stages. Hence, the overall running time is easily seen to be polynomial in s and
log q.
◀
▶ Corollary 33. If f ∈ F⟨X⟩ is commutatively nonzero polynomial given as input in sparse
representation (as an Fq -linear combination of its monomials) then in randomized polynomial
time we can compute a factorization into irreducible factors in sparse representation.
Proof. Let f be given as input in sparse representation. Suppose deg f = d and it is t-sparse.
Then there are at most td2 many monomials that can occur as a substring of the monomials
of f . We can apply the randomized algorithm of Theorem 32 to obtain the factorization
f = f1 f2 · · · fr , where each fi is given by an ABP. Now, for each of the td2 many candidate
monomials of fi we can find its coefficient in fi in polynomial time (using the Raz-Shpilka
algorithm [23]). Hence we can obtain the factorization f = f1′ f2′ · · · fr′ , where each fi′ is a
t-sparse polynomial.
◀

5

Factorization of Commutatively zero polynomials

In this section we will describe the general case of the factorization algorithm when the input
polynomial f ∈ F⟨X⟩ is a commutatively zero polynomial. That is, f evaluates to zero on all
scalar substitutions from Fq or any (commutative) extension field.
The factorization algorithm will follow the three broad steps described in Section 4 for the
commutatively nonzero case: first, using Higman linearization and Theorem 15, transform
the polynomial f to a stably associated linear matrix L that is full and left (or right) monic.
Next, factorize the linear matrix L into atoms. Finally, recover the irreducible factors of f
from the atomic factors of the linear matrix L using the factor extraction procedure described
in Lemma 31.
The step that requires a new algorithm is factorizing a full and right (or left) monic linear
matrix L ∈ F⟨X⟩ into atoms when f is commutatively zero, which means there is no scalar
substitution xi ← αi , i ∈ [n] such that L(α1 , α2 , . . . , αn ) is invertible. Note that in this case
we cannot apply the algorithm for factorizing a linear matrix as discussed in the proof of
Theorem 28).

5.1

Factorization of full and monic linear matrices

Let f ∈ F⟨X⟩ be the input polynomial given by a size s formula and let L ∈ F⟨X⟩d×d be a
full, right monic linear matrix stably associated with f obtained via Higman linearization
and an application of Theorem 15.
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Recall, by Equation 4 we have f ⊕ Is = P U (L ⊕ It )SQ where, P , Q are respectively
upper triangular and lower triangular units with diagonal entries 1, U is a unit and S is
scalar invertible.
Pn
Let L = A0 + i=1 An xi ∈ F⟨X⟩d×d be the given full and right monic linear matrix.
First, by Lemma 20, we will find a suitable scalar matrix n-tuple M̄ = (M1 , M2 , . . . , Mn ),
for ℓ ≤ 2d, such that under the substitution xi ← Mi the matrix L(M̄ ) is
each Mi ∈ Fℓ×ℓ
q
invertible.
For 1 ≤ i ≤ n let Yi be an ℓ × ℓ matrix of distinct noncommuting variables yijk . We
consider the dilated linear matrix
L′ = A0 ⊗ Iℓ +

n
X

Ai ⊗ (Yi + Mi ).

(7)

i=1

It is not hard to see that L′ is full and L′ is right monic as L is right monic. Additionally,
its constant term is invertible. So, we can apply Theorem 28 to factorize L′ as a product of
two linear matrices, both non-units.
The following lemma [14] has an important role in our algorithm for recovering the
factorization for L from a factorization of L′ .
▶ Lemma 34 ([14]). Let L ∈ F⟨X⟩d×d be a full linear matrix with L = A0 +A1 x1 +. . .+An xn
such that Ai =
̸ 0 for at least one i, 1 ≤ i ≤ n and L′ ∈ Rdℓ×dℓ be a matrix obtained from L
by substituting variable xi by Yi for i ∈ [n], where Yi is ℓ × ℓ matrix whose (j, k)th entry is a
fresh noncommuting variable yi,j,k for 1 ≤ j, k ≤ ℓ. Then

 ′
0
A
′
′
1. If L is of the form GL H =
, where A′ is d′ × d′ matrix and B ′ is d′′ × d′′
D′ B ′
matrix for 0 < d′ , d′′ , with d′ + d′′ = dℓ and G, H are dℓ × dℓ invertible
matrices
 scalar 
A 0
then there exist d × d invertible scalar matrices U, V such that U LV =
, where
D B
A is e′ × e′ matrix and B is e′′ × e′′ matrix for 0 < e′ , e′′ , with e′ + e′′ = d.
2. Moreover, given L′ explicitly along with its representation mentioned above, we can find
the matrices U, V in deterministic polynomial time (in n, ℓ, d).
▶ Remark 35. We give a self-contained complete proof of the above linear-algebraic lemma
in the appendix for Fq , because the proof given in [14] is sketchy in parts with some details
missing, and also their lemma is stated only for complex numbers and they are not concerned
about computing the matrices U and V .
Now, we can apply Lemma 34 to transform the factorization of L′ to a factorization of L
as a product of two linear matrices, both non-units. Repeating the above on both the factors
of L we will get a complete atomic factorization of L. Formally, we prove the following.
Pn
▶ Theorem 36. On input a full and right (or left) monic linear matrix L = A0 + i=1 Ai xi
where Ai ∈ Fd×d for i ∈ [n], there is a randomized polynomial time (poly(n, d)) algorithm to
compute scalar invertible matrices S, S ′ such that SLS ′ has atomic block diagonal form.
Proof. We present the algorithm only for right monic L; the left monic case has essentially
the same solution.
If the input L is not full or right monic the algorithm can efficiently detect that and
output “failure”. If L is an atom the algorithm will output that L is an atom and set the
matrices S and S ′ to Id . Otherwise, the algorithm will compute invertible scalar matrices S
and S ′ such that
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SLS ′ = 



L1
∗
∗

0
L2
∗

0
0
L3

...
...
...
..
.

0
0
0

∗

∗

∗

...

Lr





,



(8)

where the matrix on the right is in atomic block diagonal form, that is, each linear matrix
Li is an atom.
Procedure Factor(L).
1. Test if L has full noncommutative rank using the algorithm in [17] or [13]. Test if L is
right monic by checking if the matrix [A1 A2 . . . An ] has full row rank (which is d). If L is
not full and right monic the algorithm outputs “fail”.
2. Assume L is full and right monic. Using Lemma 20, find smallest positive integer ℓ ≤ 2d
and ℓ × ℓ scalar matrices Mi , i ∈ [n] with entries from F (or a small degree extension of F)
such that W = L(M̄ ) is d · ℓ × d · ℓ invertible scalar matrix. Compute the dilated linear
matrix L′ in the yijk variables as in Equation 7 which can be rewritten as:
′

L = A0 ⊗ Iℓ +

n
X
i=1

3.
4.

5.
6.

Ai ⊗ Mi +

n X
ℓ
X

(Ai ⊗ Ejk ) · yijk .

i=1 j,k=1

Let L′′ = W −1 L′ . Clearly L′′ (0) = Idℓ . Hence, by the algorithm of Theorem 28 we can
either detect that L′′ is an atom or factorize L′′ . If L′′ is an atom then L is also an
atom and the algorithm can output that and stop. Otherwise, L′ is not an atom and by
−1 ′ −1
′′ −1
Theorem
28 we
 ′′
 will obtain a basis change matrix T such that T W L T = T L T =
C
0
where C ′′ and D′′ are linear matrices of dimension c′′ × c′′ and d′′ × d′′
∗ D′′
respectively, such that c′′ + d′′ = dℓ.
 ′

C
0
′
˜
By linear shift of variables yijk ← yijk − Mi (j, k) we obtain T̃ L̃T =
for
∗ D′
some scalar invertible matrices T̃ , T˜′ where L̃ = L(Y1 , . . . , Yn ).
Applying the algorithm of Lemma 34 to L̃, T̃ , and T˜′ , in deterministic

polynomial time
C
0
we obtain scalar invertible matrices S̃, S̃ ′ such that S̃LS̃ ′ =
where C, D are
∗ D
square matrices of dimensions e × e and g × g, respectively, such that e + g = d.
Recursively call Factor(C) and Factor(D). Let S1 , S1′ be the matrices returned by
Factor(C) and S2 , S2′ be the matrices returned by Factor(D).
Let S = (S1 ⊕ S2 )S̃ and S ′ = S̃ ′ (S1′ ⊕ S2′ ). Return the invertible scalar matrices S and
S ′ . Note that at this stage SLS ′ has the desired atomic block diagonal form.

Next we give a brief argument for proving correctness of the above algorithm. Firstly, the
algorithm declares L as an atom iff L is indeed an atom. To see this, we will prove L is not
an atom iff L′′ is not an atom. Forward direction is obvious. To prove the reverse direction
of implication, let L′′ is not an atom. Which implies L′ = W L′′ is not an atom. L̃ is a linear
matrix obtained by substituting Mi (j, k) = 0 for all i, j, k in L′ . Clearly, L̃ is not an atom as
L′ is not an atom. Using Lemma 34 it follows that L is not an atom. So we have established
L is not a atom iff L′′ is not an atom. So if input linear matrix L is an atom, the algorithm
will correctly declare it to be an atom in step 2.
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Now we argue that we will get correct atomic block diagonal form in the last step of the
algorithm. Firstly, for giving recursive calls to the Factor procedure for the matrices C, D,
we must have C, D to be right monic as stated in the claim below. This is proved by the
same argument as in the proof of Theorem 21.
d×d
▷
be a full and right monic linear matrix such that P ′ LQ′ =
 Claim 37.
 Let L ∈ F⟨X⟩
C 0
where C and D are linear matrices of dimensions e × e, g × g, respectively, such
E D
that e + g = d. Then both C, D are right monic.

By recursive calls Factor(C) and Factor(D) obtain matrices S1 , S1′ , S2 , S2′ such that
S1 CS1′ = C ′ and S2 DS2′ = D′ are in atomic block diagonal form. We can write S̃LS̃ ′ as


C 0
=
E D




C 0
Ie 0
Ie 0
=
0 Ig
E Ig
0 B


Ie 0
−1
−1
= (S1−1 ⊕ Ig )(C ′ ⊕ Ig )(S ′ 1 ⊕ Ig )
(Ie ⊕ S2−1 )(Ie ⊕ D′ )(Ie ⊕ S ′ 2 )
E Ig


Ie
0
−1
−1
−1
′
′ −1
(S ′ 1 ⊕ Ig )(Ie ⊕ D′ )(Ie ⊕ S ′ 2 )
= (S1 ⊕ Ig )(C ⊕ Ig )(Ie ⊕ S 2 )
S2 ES1′ Ig


Ie
0
−1
−1
= (S1−1 ⊕ Ig )(Ie ⊕ S2−1 )(C ′ ⊕ Ig )
(Ie ⊕ D′ )(S ′ 1 ⊕ Ig )(Ie ⊕ S ′ 2 )
S2 ES1′ Ig


C′
0
−1
−1
(S ′ 1 ⊕ Ig )(Ie ⊕ S ′ 2 )
= (S1−1 ⊕ Ig )(Ie ⊕ S2−1 )
S2 ES1′ D′


0
C′
−1
−1
−1
−1
(S ′ 1 ⊕ S ′ 2 ).
= (S1 ⊕ S2 )
S2 ES1′ D′
Thus we have
(S1 ⊕ S2 )S̃LS̃ ′ (S1′ ⊕ S2′ ) =



C′
S2 ES1′

0
D′


.


C′
0
is also
S2 ES1′ D′
in atomic block diagonal form. Letting S = (S1 ⊕ S2 )S̃ and S ′ = S̃ ′ (S1′ ⊕ S2′ ), it follows that
SLS ′ is in the desired atomic block diagonal form which proves the correctness of Factor
procedure. In each call to the procedure (excluding the recursive calls) the algorithm takes
poly(n, d, log2 q) time. The total number of recursive calls overall is bounded by d. Hence,
the overall running time is poly(n, d, log2 q). This completes the proof of the theorem. ◀
As C ′ and D′ are in atomic block diagonal form, it follows that



For the factorization of f , we assume the stably associated full linear matrix L is left
monic. After we obtain atomic block diagonal form as in Equation 8, we can factorize L into
atomic factors by Theorem 28. Combined with Equation 5 we have
f ⊕ Is = P S ′ F1′ F2′ · · · Fr′ U ′ Q,
where each linear matrix Fi′ is an atom, P is upper triangular with all 1’s diagonal, Q is lower
triangular with all 1’s diagonal, and S ′ is scalar invertible and U ′ is a unit. Now, applying
Lemma 31 and Theorem 32 we obtain the complete factorization of f into irreducible factors.
This is summarized in the following.
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▶ Theorem 38. Let f ∈ F⟨X⟩ be a polynomial given by an arithmetic formula as input
instance of FACT(Fq ). Then there is a poly(s, log q, |X|) time randomized algorithm that
outputs a factorization f = f1 f2 · · · fr such that each fi is irreducible and is output as an
algebraic branching program.
Analogous to Corollary 33, when the polynomial is given in a sparse representation,
we have
▶ Corollary 39. If f ∈ F⟨X⟩ is a polynomial given as input in sparse representation (that
is, an Fq -linear combination of its monomials) then in randomized polynomial time we can
compute a factorization into irreducible factors in sparse representation.

5.2

Factorization over small finite fields

Finally, we briefly discuss the factorization problem over small finite fields. As explained
in Section 1.2, the two steps in our factoring algorithm requiring randomization can be
replaced with deterministic poly(s, q, |X|) time computation. Furthermore, as explained in
Section 1.2, the matrix shift (M1 , M2 , . . . , Mn ) required for the Theorem 36 can be obtained
in deterministic polynomial time such that the entries of the matrices Mi are from Fq for each
i. Putting it together, it gives us a deterministic factorization algorithm for noncommutative
polynomials that are input as arithmetic formulas over Fq . In summary, we have the following.
▶ Theorem 40. Given as input a multivariate polynomial f ∈ Fq ⟨X⟩ for a finite field Fq by a
noncommutative arithmetic formula of size s, a factorization of f as a product f = f1 f2 · · · fr
can be computed in deterministic time poly(s, q, |X|), where each fi ∈ Fq ⟨X⟩ is an irreducible
polynomial that is output as an algebraic branching program.

6

Concluding Remarks

In this paper we present a randomized polynomial-time algorithm for the factorization of
noncommutative polynomials over finite fields that are input as arithmetic formulas. The
irreducible factors are output as algebraic branching programs.
Several open questions arise from our work. We mention two of them. The first question
is the complexity of factorization over rationals of noncommutative polynomials given as
arithmetic formulas. Our approach involves the crucial use of Ronyai’s algorithm for invariant
subspace computation which turns out to be a hard problem over rationals. We believe a
different approach may be required for the rational case.
The use of Higman linearization prevents us from generalizing this approach to noncommutative polynomials given as arithmetic circuits. We do not know any non-trivial
complexity upper bound for the factorization problem for noncommutative polynomials given
as arithmetic circuits.
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1

Introduction

Proving lower bounds on Boolean formulas remains one of the fundamental problems in
complexity theory. Specifically, one of the major open question here is separating classes
P and NC1 by proving a super-logarithmic depth lower bound for a function from P. The
long line of prior work includes [17, 12, 1, 15, 9] up to the currently best depth lower bound
(3 − o(1)) log n from the celebrated paper by Håstad [6] which stands unbeaten for two
decades up to lower order terms [18].
Karchmer, Raz and Wigderson [10] proposed an approach for attacking this problem,
introducing a block composition of two Boolean functions:
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▶ Definition 1. The block composition f ⋄ g : ({0, 1}m )n → {0, 1} of two Boolean functions
f : {0, 1}n → {0, 1} and g : {0, 1}m → {0, 1} is defined as follows:
(f ⋄ g)(x1 , . . . , xn ) = f (g(x1 ), . . . , g(xn ))
where xi ∈ {0, 1}m .
Let D(f ) be the minimal depth of a formula computing f . It is easy to see that f ⋄ g can
be computed by a formula of depth D(f ) + D(g). Karchmer, Raz and Wigderson conjectured
that this bound is roughly optimal.
▶ Conjecture 2 (KRW conjecture). For any non-constant functions f : {0, 1}n → {0, 1} and
g : {0, 1}m → {0, 1}:
D(f ⋄ g) ≈ D(f ) + D(g).
The symbol “approximately equal” could be interpreted in a number of ways, but pretty
much all reasonable interpretations, should the conjecture be proven, imply P ⊈ NC1 . In
fact, while in the original conjecture there is ∀ quantifier for both f and g, the existence of
such g for every f would be quite enough.
As an example, let us formulate a weaker version of conjecture, from which P ⊈ NC1
would still follow.
▶ Conjecture 3 (KRW conjecture, weaker version). There exists a constant ε such that for
any n and m and any non-constant f : {0, 1}n → {0, 1} there exists g : {0, 1}m → {0, 1}
such that
D(f ⋄ g) ≥ D(f ) + εm.
KRW conjecture was extensively studied in a series of work [4], [7], [5], [3], [13], [2], mostly
from communication complexity point of view. To present a thorough overview, we include
the necessary definitions as well.
For a function f : {0, 1}n → {0, 1}, let KWf (Karchmer-Wigderson game for a function
f ) be a communication problem, where Alice gets x ∈ f −1 (0), Bob gets y ∈ f −1 (1), and
they need to find i such that xi ̸= yi . In [11] it was observed that D(f ) = CC(KWf ), where
CC(R) denotes the minimal depth of a communication protocol solving relation R.
KRW conjecture can be reformulated in those terms as CC(KWf ⋄g ) ≈ CC(KWf ) +
CC(KWg ).
Karchmer-Wigderson games have been successfully applied to a monotone setting, separating monotone NC1 and NC2 [11]. There have been attempts to tackle monotone KRW
conjecture [2], where the authors introduced also a semi-monotone setup. [4, 7] proved a
lower bound for a block-composition of two universal relations.
▶ Definition 4. The universal relation is defined as follows:
Un = {(x, y, i) | x, y ∈ {0, 1}n , xi ̸= yi } ∪ {(x, x, ⊥) | x ∈ {0, 1}n }.
In other words, for non-equal x and y the task is to determine the bit of difference, and
for equal strings the answer to a problem is ⊥. 1
1

A more popular definition does not include ⊥ answer, but rather a promise that x ̸= y. It is not hard to
see that difference of the communication complexities of these two versions of universal relation is at
most O(log n).
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In a sense, universal relation generalizes KWf for any f , since a protocol for Un can be
used to solve KWf as well. The difference is that in Un , inputs for players do not come from
two disjoint sets. The same way as universal relation generalizes KW games for functions,
their composition generalizes KW games for composition of functions.
▶ Definition 5. The composition of universal relations is defined as follows:
Un ⋄ Un = {X, x, Y, y, (i, j) | X, Y ∈ {0, 1}n×n , x, y ∈ {0, 1}n , Xi,j ̸= Yi,j }∪
∪{X, x, Y, y, ⊥| X, Y ∈ {0, 1}n×n , x, y ∈ {0, 1}n , x = y or ∃i : xi ̸= yi , Xi = Yi }.
In other words, given two matrices X and Y and two vectors x and y, the task is to
̸ yi ⇒ Xi ̸= Yi and x ̸= y. If
determine a bit of difference in X and Y under promise xi =
the promise is broken, the answer to a problem is ⊥.
Universal relation can also be composed with an instance of Karchmer-Wigderson game, as
well as the other way around, both versions produce different generalizations of compositions
of functions. KWf ⋄Un is the same as Un ⋄Un but with an additional property that x ∈ f −1 (0),
y ∈ f −1 (1). Un ⋄ KWf is the same as Un ⋄ Un but now ∀i : xi = f (Xi ), yi = f (Yi ).
There does not seem to be any formula lower bounds that follow from communication
lower bounds involving universal relation, but it can be considered more of a stepping stone
to hone our techniques before dealing with actual function.
Currently there exist non-trivial lower bounds in the following setups:
a lower bound on Un ⋄ Un [4, 7];
a lower bound on KWf ⋄ Un for any f [5, 13];
a lower bound on Un ⋄ KWg and Un ⊞ KWg for some g [14].
Here the operation ⊞ is defined in the following way:
▶ Definition 6 ([14]). XOR-composition f ⊞g : {0, 1}2n → {0, 1} of two function f : {0, 1}n →
{0, 1} and g : {0, 1}n → {0, 1}n is defined as follows:
(f ⊞ g)(x, y) := f (g(x) ⊕ y).
In the same paper, the authors stated a variant of KRW conjecture using XOR-composition
instead of block-composition. This variant of the conjecture also implies P ⊈ NC1 .
Moreover, [14] also introduced a variant of XOR-KRW regarding size of the formulas.
If proved, this would imply a supercubic lower bound on a modified Andreev’s function.
To outline a general idea of how different variants of KRW work, for P ⊈ NC1 we need
to prove a variant of conjecture of the form “∀f ∃g such that the depth of a formula for f ◦ g
(for a reasonable definition of ◦) noticeably increases in comparison to a depth of a formula
for f ”. For beating cubic size lower bound for Andreev’s function, we only need to prove
that “∃f, g such that the formula size for f ◦ g is big enough”.
The next step following the lower bounds mentioned above would be getting rid of
universal relation as both inner and outer parts of the composition, since for formula lower
bounds of any form we need functions instead of relations there. We are able to do that with
restrictions on top gates of the formula:
▶ Theorem 7 (Main lemma). For any 0 < α < 15 and any constant 0 < ε < α, with
probability 1 − o(1) for a random function f : {0, 1}n → {0, 1}, there exists a function
g : {0, 1}n → {0, 1}n , such that f ⊞ g is not computable by an AND of 2(2α−ε)n formulas of
size at most 2(1−α−ε)n .
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AND in the statement could be replaced by OR, and α should be separated from 15 by an
arbitrary small constant. We also obtain a new lower bound on modified Andreev’s function,
again with the restriction on top gates of the formula.
Our approach equips a technique from [4] of tracking a suitable subadditive measure with
new combinatorial insights.
The plan of the proof of Theorem 7 could be briefly summarized as follows:
we sample a set of functions such that any big enough subset of its compositions with f
have very few zeroes in common;
we track a certain subadditive measure while we walk down the trees of formulas for the
compositions;
we consider different subformulas obtained in this way, and argue that they cannot
represent too many functions g at once, or else the measure would be too small;
then a counting argument gives a lower bound on maximal size of such subformulas.
The paper is organized in the following way. First we give the necessary definitions and
some warm-up lemmas. Then we prove Theorem 7 and derive a lower bound on modified
Andreev’s function from it, assuming the existence of a set of functions with required
combinatorial properties. Then we prove the existence of such set in Section 4.
While in our proof we rely on the fact that the top gate of a formula has a big fan-in
(which, in a setting with fan-in 2, corresponds to having a top subtree of gates of the same
type and big enough depth), this restriction seems somehow artificial. We believe that there
is a possibility that this method could be adapted for the general case.

2

Preliminaries

2.1

Notation

Let us recall the definition of the XOR-composition.
▶ Definition 6 ([14]). XOR-composition f ⊞g : {0, 1}2n → {0, 1} of two function f : {0, 1}n →
{0, 1} and g : {0, 1}n → {0, 1}n is defined as follows:
(f ⊞ g)(x, y) := f (g(x) ⊕ y).
Let us list some notation in regard to formula complexity.
▶ Definition 8. Let L(f ) be the minimum number of leaves in a formula F over basis
{∧, ∨, ¬} such that it computes f .
Let h(x, y) be a function of two variables. We denote as hx a function: hx (y) := h(x, y).
We also introduce the following shortcut notation for dealing with matrices. Let M be a
matrix with rows indexed by X and columns indexed by Y . We denote a submatrix with
rows indexed by A for A ⊆ X and columns indexed by Y as M A . An element of a matrix,
located in row indexed by x ∈ X and column indexed by y ∈ Y , is denoted as M [x, y].
Analogously, we denote a row indexed by x as M [x].
For the rest of the paper, we consider only boolean matrices whose rows and columns are
indexed by X := {0, 1}n and Y := {0, 1}n .
▶ Definition 9. For a function h : {0, 1}n × {0, 1}n → {0, 1}, we define a matrix Mh :
Mh [x, y] := h(x, y).
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▶ Definition 10. For a pair of functions f : {0, 1}n → {0, 1} and g : {0, 1}n → {0, 1}n we
define a matrix Mf,g :
Mf,g [x, y] := f (g(x) ⊕ y).
▶ Definition 11. For a function f : {0, 1}n → {0, 1} and a set of functions Z from {0, 1}n →
{0, 1}n we define a matrix Mf,Z :
_
Mf,Z [x, y] :=
f (g(x) ⊕ y).
g∈Z

For the rest of the paper, N := 2n .
As we use f and g solely to denote first and second arguments of XOR-composition, we
always imply the following domains and ranges for them: f : {0, 1}n → {0, 1}, g : {0, 1}n →
{0, 1}n . Analogously, x and y are implied to be vectors from {0, 1}n .

2.2

Warm-up lemmas

▶ Lemma 12. For a random f and arbitrarily fixed g and x we have: L((f ⊞ g)x ) ≥ N 1−o(1)
with probability 1 − o(1).
Proof. As we fix g and x, f (g(x) ⊕ y) depends only on y, so let h(y) := f (g(x) ⊕ y).
Any formula for h can be transformed into a formula for f by adding negations to the
variables yi for all i where g(x)i = 1. But, as a random function, f does not have a formula
of size less than N 1−o(1) with high probability [16].
◀
The next lemma gives us connection between formula complexity of a function f and the
size of f −1 (0):
▶ Lemma 13. For f : {0, 1}n → {0, 1}, it holds that L(f ) ≤ |f −1 (0)| · n.
Proof. Let us construct a CNF formula for f . For any x ∈ f −1 (0), we write a clause of n
variables which becomes violated iff we substitute x to those variables. It is easy to check
that a CNF formula composed exactly of |f −1 (0)| such clauses represents function f . This
formula has |f −1 (0)| · n leaves, which proves the inequality.
◀
▶ Lemma 14. Let h(x, y) be a function of two variables. Then L(h) ≥ L(hx ) for any x.
Proof. Taking a formula, computing h, we get a formula, computing hx , by hardwiring the
value of x into it.
◀

3

Proof of the main theorem

In this section, we prove Theorem 7 and, as a corollary, a lower bound on modified Andreev’s
function.

3.1

Modified Andreev’s function

▶ Definition 15. Modified Andreev’s function Andr′ takes (3 log n + 1)n bits and outputs 1.
We will treat it’s inputs as:
first 2n log n bits are 2 log n strings of size n;
next n log n bits represent a description of a function from {0, 1}log n to {0, 1}log n ;
n
last n bits represent a description of 
a function from {0, 1}log
 to {0, 1}.
M
M
Andr′ (x1 , . . . , x2 log n , g, f ) = (f ⊞ g)
x1 , . . . ,
x2 log n
L
where
z is parity of the vector z.
CCC 2022
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▶ Theorem 16. Modified Andreev’s function is not computable by an AND of n2α−ε formulas
of size at most n3−α−ε for any 0 < α < 51 and any 0 < ε < α.
Again, AND in the statement could be replaced by OR.
As size of the formula is at most exponential in its depth, it immediately follows that:
▶ Theorem 17. Modified Andreev’s function is not computable by an a (3+α−2ε) log n-depth
formula with (2α − ε) log n layers of AND gates at the top for any 0 < α < 15 and any
constant 0 < ε < α.
Note that lower bounds for different values of α are incomparable, since for increasing
depth we have to pay with increasing number of same-type layers.
This beats current lower bounds on the formula depth of an explicit function, but it is
conditioned on the form of the formula. To the best of our knowledge, this is the first depth
lower bound for formulas with restrictions on their top gates.
Let us first show how a lower bound for a modified Andreev’s function follows from
Theorem 7. We will follow the classical proof of hardness for Andreev’s function. We will take
a look at how modified version behaves under random restriction Rp , where p := 2 ln nlog n and
show that it both shrinks well and remains hard with high probability. The only technical
difficulty we need to overcome is that we need shrinkage to occur for many subformulas
simultaneously. To do this we use concentration inequality on shrinkage proved in [8].
Let Rp be a distribution on partial assignments, such that for any variable x we independently assign:
x := ∗ with probability p;
x := 1 with probability (1 − p)/2;
x := 0 with probability (1 − p)/2;
▶ Lemma 18 ([8]). For any p ≥ √

1
:
(L(f ))

h
i
Pr L(f | Rp )) ≥ p2 L(f )1+o(1) ≤

1
.
L(f )11

As in [8] this lemma is proved somewhat implicitly, we refer the reader to the Appendix A.1
for a more detailed explanation for which families of random restrictions their result works.
Proof of Theorem 16 from Theorem 7. We can take any pair of functions f, g and hardwire
it into Andr′ . We pick those for which f ⊞ g is not computable by AND of n2α−δ formulas
of size at most n1−α−δ . Such functions exist due to Theorem 7.
Let us take a look at how Andr′ with hardwired f and g behaves under random restriction
Rp , where p := 2 ln nlog n . We have 2 log n blocks of n variables that serve as an input to
functions f and g.
Pr [all variables in a block are fixed by a Rp ] = (1 − p)n =

n
2 ln log n
= 1−
≤ e−2 ln log n = (log n)−2 .
n
As there are 2 log n input blocks, with probability 1 − o(1) we have at least one variable
in each block that is not fixed. We pick exactly one such variable per block and fix other
variables to arbitrary values. Now as there is exactly one variable in each block which is
not fixed we end up with a function that is equal to f ⊞ g up to possible negation of some
variables. This means that with high probability Andr′ is not computable by AND of n2α−δ
formulas of size at most n1−α−δ under random restriction Rp .
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Vn2α−ε
Now suppose that modified Andreev’s function equals to i=1 ai , where each ai is
computable by n3−α−ε size formula for some ε > δ > 0.
We prove that under restriction Rp , all ai shrink to a size less than n1−α−δ .
For any i we have 3 different cases depending on L(ai ):
L(ai ) < n1−α−ε . In this case we are already done, as the formula size cannot increase
under random restriction.
p ≥ √ 1 , L(ai ) ≥ n1−α−ε . In this case, we apply Lemma 18. Since L(ai ) ≤ n3−α−ε ,
 L(ai )

Pr L(ai | Rp ) ≥ n1−α−ε+o(1) ≤ L(ai )−11 ≤ n15
p < √ 1 , L(ai ) ≥ n1−α−ε . In this case, we invoke monotonicity of P r[L(ai |
L(ai )


Rp ) ≥ k] on p with fixed k. Let q := √ 1 , then Pr L(ai | Rp ) ≥ q 2+o(1) L(ai ) ≤
L(ai )


Pr L(ai | Rq ) ≥ q 2+o(1) L(ai ) ≤ L(ai )−11 ≤ n15 , and q 2+o(1) L(ai ) = L(ai )o(1) .
Hence, with probability 1−o(1) there is no i such that L(ai | Rp ) ≥ n1−α−δ ≥ n1−α−ε+o(1)
for δ < ε. Then with probability very close to 1 function Andr′ under random restriction Rp
is computable by AND of n2α−δ formulas of size at most n1−α−δ , which is a contradiction.

3.2

Proof of Theorem 7

Now we prove Theorem 7.
▶ Theorem 7 (Main lemma). For any 0 < α < 15 and any constant 0 < ε < α, with
probability 1 − o(1) for a random function f : {0, 1}n → {0, 1}, there exists a function
g : {0, 1}n → {0, 1}n , such that f ⊞ g is not computable by an AND of 2(2α−ε)n formulas of
size at most 2(1−α−ε)n .
To achieve that, we need to define a notion of well-mixed set of functions.
▶ Definition 19 (Well-mixed set of functions). A set of functions G from {0, 1}n → {0, 1}n
is (Q, D, P )-well-mixed for f if ∀Z ⊂ G, |Z| = Q, there exists a set K ⊂ {0, 1}n , |K| ≤ P ,
X\K
such that Mf,Z has no more than D zeroes in total.
We call the set K unlucky rows, and we call the set X \ K lucky rows.
Informally, we say that a set is well-mixed if all of its subsets behave close to how a
random subset of functions would behave.
The key assumption for proving Theorem 7 is that there exists large enough well-mixed
set of functions G with suitable parameters.
▶ Theorem 20. For 0 < α < 15 , let G be a family of functions {0, 1}n → {0, 1}n of size
1−α
1
N 4N
, each sampled uniformly at random. Then G is (N α , 2N 2−2α , 2N 1−α )-well-mixed
1
set for a random function f with probability at least 1 − exp (exp
(n)) .
We leave proving this theorem until next section, and for now let us prove Theorem 7
under this assumption.
Let us recall that N stands for 2n , as this notation is used heavily below.
Proof. Let us randomly pick a function f . Then we take a set of functions G such that
1−α
1
|G| = N 4 N
and G is (N α , 2N 2−2α , 2N 1−α )-well-mixed. We aim to show that f ⊞ g is
hard for some g ∈ G.
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We assume the contrary. Suppose for all g ∈ G the XOR-composition f ⊞ g can be
represented as AND of small enough formulas. Formally, for any g ∈ G:
f ⊞g =

2α−ε
N^

hg,i

i=1

where all hg,i are computable by formulas of size N 1−α−ε . For any g we fix the smallest
formula for f ⊞ g of such form, and we denote it Fg .
We define a measure C(h) of any function h of two arguments:
X
C(h) =
L(hx ).
x∈X

Let us note that C(f ⊞g) ≥ N ·L(f ) ≥ N 2−o(1) . We prove that this measure is subadditive
in the following sense:
▶ Lemma 21. Let h(x, y) = ◦(g1 , g2 , . . . , gk )(x, y), where ◦ is either ∧ or ∨. Then C(h) ≤
C(g1 ) + . . . + C(gk ).
Proof. If we prove that the inequality holds for any specific x, namely, L(hx ) ≤ L(g1x ) +
. . . + L(gkx ), the lemma immediately follows.
Since h(x, y) = ◦(g1 , g2 , . . . , gk )(x, y), we can construct a formula computing hx , applying
operation ◦ to formulas computing each gix . The inequality follows.
◀
VN 2α−ε
It means that for any g ∈ G and Fg = i=1 hg,i we can fix 1 ≤ ig ≤ N 2α−ε such that
for hg,ig the measure is big enough, namely:
C(hg,ig ) ≥ N 2−2α+ε−o(1)
We are going to arrive at a contradiction by showing that this measure is smaller than it
should be. For that, we are going to use two different upper bounds on L(hxg,ig ) for any x. As
we assumed that formulas for hg,ig are small enough, L(hg,ig ) ≤ N 1−α . Then for any x ∈ X:
L(hxg,ig ) ≤ L(hg,ig ) ≤ N 1−α .
On the other hand,
L(hxg,ig ) ≤ |(hxg,ig )−1 (0)| · n
by Lemma 13.
Now let Zh be a subset of G such that ∀g ∈ Zh : hg,ig = h for some fixed h.
We consider two cases depending on the size of Zh . First, suppose that |Zh | ≥ N α . We
are going to arrive at a contradiction with this assumption. Without losing generality, assume
|Zh | = N α , as we can take a subset of Zh of exactly this size. Since G is (N α , 2N 2−2α , 2N 1−α )well-mixed, we can consider a matrix Mf,Zh and distinguish set of unlucky rows K and set
of lucky rows X \ K in it.
From the properties of well-mixed set, we know that:
|K| ≤ 2N 1−α ;
X\K
there is an upper bound on number of zeroes in Mf,Zh , which are exactly common zeroes
of all g ∈ Zh on X \ K:
X \
(g x )−1 (0) ≤ 2N 2−2α .
x∈K
/

g∈Zh
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Let us also note that Mh ≥ Mf,Zh , since (f ⊞ g)(x, y) = 1 for any g ∈ Zh implies
h(x, y) = 1.
X
X
X
C(h) =
L(hx ) =
L(hx ) +
L(hx ) ≤
x

≤

x∈K

X

x

L(h ) +

x∈K

X

≤ 2N

|(h )

(0)| · n ≤

x∈K
/

≤ 2N 1−α · N 1−α +
2−2α

x∈K
/
x −1

+ 2N

X

\

x∈K
/

g∈Zh

2−2α

(g x )−1 (0) · n ≤

· n = N 2−2α+o(1)

since we have no more than 2N 2−2α zeroes in all lucky rows in Mf,Zh , therefore, the number of
zeroes in rows x ∈
/ K in Mh does not exceed this as well. We know that C(h) ≥ N 2−2α+ε−o(1)
though, so this is a contradiction.
1−α
1
|G|
(1−o(1))
4N
.
So |Zh | < N α , and then the number of different h’s is at least N
α ≥ N
Now let s := maxh L(h). The number of functions with formulas of size at most s is at
1−α
1
most ss(1+o(1)) , so ss(1+o(1)) ≥ N 4 N (1−o(1)) and s log s(1 + o(1)) ≥ 14 N 1−α log N (1 − o(1)).
Then s > N 1−α−ε , and this completes the proof.
◀

4

The existence of a well-mixed set of functions

Let us restate the definition of a well-mixed set:
▶ Definition 19 (Well-mixed set of functions). A set of functions G from {0, 1}n → {0, 1}n
is (Q, D, P )-well-mixed for f if ∀Z ⊂ G, |Z| = Q, there exists a set K ⊂ {0, 1}n , |K| ≤ P ,
X\K
such that Mf,Z has no more than D zeroes in total.
We call the set K unlucky rows, and we call the set X \ K lucky rows.
The goal of this section is to prove the following theorem:
▶ Theorem 20. For 0 < α < 15 , let G be a family of functions {0, 1}n → {0, 1}n of size
1−α
1
N 4N
, each sampled uniformly at random. Then G is (N α , 2N 2−2α , 2N 1−α )-well-mixed
1
set for a random function f with probability at least 1 − exp (exp
(n)) .
Note that we sample G as a family of functions, with possible repetitions, which

N 14 N 1−α
1 1−α
N 4N
≥
we use heavily in the proof. But with probability at least 1 − N N
N 14 N
− 1
1
1 − 13 N
≥ e N N/2 ≥ 1 − N N/2
all functions turn out to be different from each
N4
other.
The plan of the proof is as follows:


We identify which rows are supposed to be unlucky, and there will be two kinds of those:
good and bad.
For each kind of unlucky rows, we do three steps:
we prove that for a fixed row the probability to be of this kind for a random family of
functions is very low;
we amplify this probability further, calculating the probability that some number of
rows fail us simultaneously;
we sum the error over subsets of the random family.
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The first kind of unlucky rows would be a bad row.
▶ Definition 22. Let Z be a family of functions {0, 1}n→ {0,1}n , each function
sampled

S
uniformly at random. We call x a bad row for Z, if dim span
{g(x)}
≤
2αn,
and
g∈Z
a good row otherwise. Here the vector space is defined over F2 in a natural way.
We bound the probability that a given x is bad for a random Z:
▶ Lemma 23. Let Z be a random family of functions {0, 1}n → {0, 1}n of size Q. Then for
a fixed x:





Q

[
1
2αn






.
Pr dim span
{g(x)}
≤ 2αn ≤ N
Z
N 1−2α
g∈Z

Proof. The proof is a simple counting argument. To have a vector subspace of dimension
2αn, we need to pick 2αn generating vectors. There are 22αn = N 2α vectors in such space,
and for each of Q functions from Z we pick its value in point x from those possibilities,
versus N Q possibilities in general case. So we have:





[
Pr dim span 
{g(x)} ≤ 2αn ≤
Z

g∈Z


≤

N
2αn

≤N



2αn

N



2α Q

1

N −Q ≤

Q
.

N 1−2α

◀

Now let us prove that with high probability, we have no more than N 1−α bad rows for a
random Z.
▶ Lemma 24. Let Z be as in Lemma 23. Then
"
[
1−α
Pr ∃V ⊂ X, |V | = N

: ∀x ∈ V : dim

Z

span

!!

#
≤ 2αn ≤ N −(1−2α)QN

{g(x)}

1−α

(1−o(1))

g∈Z

if Q = ω(n).
Proof. Since each function in Z is sampled uniformly at random, for each x the event of
“being bad” is independent of others. So for random Z the probability that a fixed set of

Q N 1−α
1
N 1−α x’s is bad can be bounded by N 2αn N 1−2α
. After that we apply a union
bound over all sets of x’s.
We get:
N

N 1−α

N

2αnN 1−α



1
N 1−2α

QN 1−α


=

N 2αn+1
N (1−2α)Q

N 1−α
=
2αn+1

= N −(1−2α)Q(1− (1−2α)Q )N
≤ N −(1−2α)QN

1−α

1−α

≤

(1−o(1))

for Q = ω(n).
At last, we apply union bound over all choices of Z from G.

◀
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i

Q

Pr ∃Z ⊂ G, |Z| = Q, ∃V ⊂ X, |V | = N 1−α : ∀x ∈ V : x is bad for Z ≤ N − 4 N

1−α

(1−o(1))

G

Proof. For any specific Z ⊂ G we can apply Lemma 24, as each function in G is sampled
uniformly at random. We sum the error over all possible choices of Z and get:
!Q
1−α
1
Q
1−α
N 4N
Q −(1−2α)QN 1−α (1−o(1))
≤ N − 4 N (1−o(1)) .
|G| N
=
◀
1−α (1−o(1))
(1−2α)N
N
Hence, for every Z ⊂ G there are no more than N 1−α bad rows with high probability.
We consider bad rows unlucky. After we take those out of consideration, we prove that
almost all good rows are lucky.
To do that, first we consider a technical Lemma:
▶ Lemma 26. Let f be a function {0, 1}n → {0, 1}, chosen uniformly randomly, S be any
set of functions from {0, 1}n → {0, 1}n such that for a fixed x values g(x) for all g ∈ S are
linearly independent, 2 ≤ |S| < n2 . Then:
h
i
n−2|S|−2
Pr Mf,S [x] has 2N 2−|S| zeroes ≤ 2(n+1)|S|−2
.
f

This is a corollary from the following statement by Kaave Hosseini (from personal
communication):
▶ Lemma 27. Let B ⊂ {0, 1}n be a random set, where each point lies with probability
L = x1 , . . . , xk be linearly independent vectors, k ≥ 2. Then:


n−2k−2
Pr |(B + x1 ) ∩ . . . ∩ (B + xk )| ≥ 2n−k+1 ≤ 2(n+1)k−2
.

1
2,

B

First we show how Lemma 26 follows from Lemma 27.
Proof of 26 from 27. The value of Mf,S [x, y] is zero iff ∀g ∈ S : f (g(x) ⊕ y) = 0. Plugging
B := f −1 (0), k := |S|, L := {g(x)}g∈S in 27, we get 26, since zeroes of f (g(x) ⊕ y) are shifted
by vector g(x) in comparison with zeroes of f .
Now we prove Lemma 27.
Proof. To upper bound |(B + x1 ) ∩ . . . ∩ (B + xk )|, let us consider the following sum:
X
A :=
χ(y + x1 )χ(y + x2 ) . . . χ(y + xk )
y∈{0,1}n

where χ is a characteristic function of a set B. This sum equals |(B + x1 ) ∩ . . . ∩ (B + xk )|
exactly.
Let us now extend set L = {x1 , . . . , xk } to a basis and split {0, 1}n onto 2k parts,
depending on whether a vector contains xi in its decomposition onto basis vectors or not.
Each part contains 2n−k different points. Let us consider one of those parts, without losing
generality we pick:
P = {y | y does not contain any of xi in decomposition}.
P
In the sum AP :=
χ(y + x1 ) . . . χ(y + xk ) every point in {0, 1}n occurs as an argument
y∈P

of χ no more than once, so all summands and all multipliers in them are independent.
If we interpret every summand as a Bernoulli variable which equals 1 with probability
1
,
we can apply Chernoff bounds.
2k
The exact form that we use here is the following:
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▶ Theorem 28 (Chernoff bounds, multiplicative form). For independent random X1 , . . . , Xn
from {0, 1} and 0 ≤ δ ≤ 1:
"
Pr

#
X

Xi ≥ (1 + δ)µ ≤ e−

δ2 µ
3

i

where µ is the expected value of

P

i

Xi .

Here the expected value of AP equals 2n−2k .


2
n−2k−2
Pr AP > (1 + δ)2n−2k < e(−δ )2
B

This holds regardless of the choice of a part P . We apply union bound and sum the error
over all possible parts:




2
n−2k−2
Pr A > (1 + δ)2n−k ≤ Pr ∃P : AP > (1 + δ)2n−2k < 2k · e(−δ )2
.
B

B

At last, we apply union bound over all possible choices of L:


2
n−2k−2
Pr ∃L : A > (1 + δ)2n−k < 2nk · 2k · e(−δ )2
.
B

We pick δ := 1 and get:


n−2k−2
.
Pr A > 2n−k+1 < 2(n+1)k−2
B

This finishes the proof of the Lemma.

◀

We use the Lemma to bound the number of zeroes in good rows. First, let us remember
that α is separated from 15 by some small constant. Let that constant be γ, so α + γ = 15 .
▶ Lemma 29. Let x be a good row for a family of functions Z. Then:


α+5γ
(1−o(1))
Pr Mf,Z [x] has 2N 1−2α zeroes ≤ 2−N
.
f

Proof. Since x is good for Z, we can find a subset S ⊂ Z such that |S| = 2αn and {g(x)}g∈S
are linearly independent. By Lemma 26 and the fact that n − 2 · 2αn ≥ (α + 5γ)n, we
immediately have an upper bound on number of zeroes in a row x:


Pr Mf,Z [x] has 2N 1−2α zeroes ≤
f


≤ Pr Mf,S [x] has 2N 1−2α zeroes ≤
f

≤ 2(n+1)2αn−2
= 2−N

α+5γ

(α+5γ)n−2

(1−o(1))

=

.

◀

▶ Lemma 30. Let Z be a random family of functions from {0, 1}n → {0, 1}n . Then:
h
i

Pr ∃V,V is a set of good rows for Z, |V | = N 1−α : ∀x ∈ V : Mf,Z [x] has 2N 1−2α zeroes ≤

f,Z

≤ 2−N

1+5γ

(1−o(1))

.
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Proof. Again, as Z is picked uniformly at random, the events regarding every x are independent for a fixed V . Now let us sum the error over all choices of V :
h
i
Pr ∃V, V is a set of good rows for Z, |V | = N 1−α : ∀x ∈ V : Mf,Z [x] has 2N 1−2α zeroes ≤

f,Z


≤


≤

N
N 1−α

2−N

α+5γ

(1−o(1))

N 1−α

≤



1+5γ
N
(1−o(1))
2−N
≤
1−α
N

≤ 2N
≤2



1−α

·log N

· 2−(1−o(1))N

−(1−o(1))N 1+5γ

1+5γ

≤

.

◀

Now, we are ready to sum over all possible choices of Z in a random G.
▶ Lemma 31. Let G be as in Theorem 20. Then:
h
Pr ∃Z ⊂ G, |Z| = Q, ∃V, V is a set of good rows for Z, |V | = N 1−α :
f
i
1−α
1+5γ
1
∀x ∈ V : Mf,Z [x] has 2N 1−2α zeroes ≤ N Q 4 N
2−(1−o(1))N
.
Proof. This is a union bound over all choices of a subset Z of size Q from set G of size
1−α
1
N 4N
.
◀
Now we are ready to prove Theorem 20.
1−α
1
Let us take a family G of functions from {0, 1}n → {0, 1}n of size N 4 N
, where each
1
function is sampled uniformly at random. With probability 1 − exp (exp
all
functions
turn
(n))
out to be different from each other.
Let us take any Z ⊂ G of size N α . We plug Q := N α into Lemma 25 and get that with
1−α
probability at least 1 − N −N
we have no more than N 1−α bad rows for our Z.
Plugging this parameter in Lemma 31, we get that with probability 1 −
1+5γ
1
N −N 1+5γ (1−o(1))
(1−o(1))
4
N 2
= 1 − 2−N
no more than N 1−α good rows have 2N 1−2α
zeroes in them.
So, with very high probability, all properties hold. We say that both bad rows and good
rows with at least 2N 1−2α zeroes are our unlucky rows, and this is a set K from Theorem 20.
Now, as every lucky row has at most 2N 1−2α zeroes, and there are no more than N lucky
rows, there are no more than 2N 2−2α zeroes in all lucky rows, which gives us the statement
of Theorem 20.

5

Notes and open questions

Note that our result works for α that is separated from 15 by some constant. With more
accurate analysis in Section 4 it might be possible to push α up. So the first natural question
is: can we prove variant of the main theorem for α < 12 ?
The second question concerns the balance of the parameters. In our current result, one
can say that we are trading one arbitrary layer for two AND layers. Can this trade-off be
made more favorable?
But the main question that arises from our work is whether this method could be adapted
to work without restrictions on top gates of the formula, or with weaker restrictions. The first
natural extension would be to to prove a lower bound for AC0 formula on top of arbitrary
De Morgan formulas.
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▶ Conjecture 32. For any positive integer d, there exists α > 0 and c > 1 such that modified
Andreev’s function is not computable by an AC0 formula of depth d and size ncα on top of
(3 − α) log n-depth De Morgan formulas.

6

Another important statement

The contents of this section had to be modified for the reasons of safety of the authors,
compared to the original version, as the recently adopted Russian laws effectively establish
censorship.
Nevertheless, we are deeply upset about the events that started in Ukraine on February
24th and wish for peace more than anything.
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Appendix
Notes on Shrinkage Lemma

As the formulation of Lemma 18 is proven in [8] somewhat implicitly, we give some notes on
that. The following notation is consistent with [8].
Let a p-regular distribution on partial assignments to variables x1 , . . . , xn be the one for
which for any variable xi : P r[xi = ∗] = p.
For random restriction ρ, let supp(ρ) := {xi | ρ(xi ) ̸= ∗}.
[8] use a notion of an independent sequence of restrictions. While it is defined naturally
on families of restrictions to which shrinkage is applicable, defining this in general can be
quite technical. Below we explain the usage of this notion in [8].
The authors construct a random restriction ρ as a sequence of r k-wise independent
restrictions ρ1 , . . . , ρr . First they sample ρ1 , and then ρ2 is sampled independently on those
variables x for which ρ1 (x) = ∗ and so on. Note that supports of such restrictions are not
independent of each other, so formalizing this in general would require some accuracy with
probability space. Nevertheless, this construction is truly independent for a sequence of
uniform distributions with the same parameter.
Let us now present a general statement, which follows [8] almost to a letter.
▶ Lemma 33 (Lemma 4.8 in [8]). Let Γ := 2. For a constant c ≥ 11, p ≥ m−1/Γ , r ≥ 11, a
formula f on ≤ m variables with L(f ) = m and any p-regular random restriction ρ which is
1
a sequence of r independent (q = p r )-regular k-wise independent restrictions:
h
i
2/3
Pr L(f | ρ) ≥ 23c log n pΓ m ≤ m−c .
Note that in [8] authors argue the existence of such distribution and take great care of
minimizing the number of random bits needed to generate it. Nevertheless, their proof works
for any distribution with mentioned properties and we use it for uniform distribution.
The uniform distribution Rp can be broken up to a sequence of r distributions Rq , where
1
q = p r . All of them are k-wise independent for any k, so, plugging in the parameters along
with c = 11, we get Lemma 18.
In terms of uniform distribution this statement was also mentioned in [18].
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Abstract

Multiplicity codes are a generalization of RS and RM codes where for each evaluation point we
output the evaluation of a low-degree polynomial and all of its directional derivatives up to order s.
Multi-variate multiplicity codes are locally decodable with the natural local decoding algorithm that
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when d > q. Surprisingly, we then show the plane test is a local characterization when s < q and
d < qs − 1 for prime q. In addition, we show the s-dimensional test is a local tester for multiplicity
codes, when s < q. 1 Combining the two results, we show our main result that the plane test is
a local tester for multiplicity codes of degree d < qs − 1, with constant rejection probability for
constant q, s.
Our technique is new. We represent the given input as a possibly very high-degree polynomial,
and we show that for some choice of plane, the restriction of the polynomial to the plane is a
high-degree bi-variate polynomial. The argument has to work modulo the appropriate kernels, and
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1

Introduction

Multiplicity codes were defined in [17, 16, 9, 15] and are a generalization of RS and RM
codes. The code MRM(q, m, d, s) has a codeword for each degree d m-variate polynomial
p, and the codeword consists of the evaluation of p and all of its directional derivatives up
m
to order s on Fm
(one coordinate per each evaluation
q . Thus, the length of the code is q
m+s−1
(
)
s−1
, consisting of one F value for each m-directional
point) and the alphabet size is q
q

derivative of order up to s. Choosing s = 1 gives us the familiar RS code (when m = 1) and
RM code (for general m). This work studies the local structure of multiplicity codes.
Let us begin with three (informal) definitions:
A code C is locally correctable with t queries if there exists a randomized algorithm A
that for any string w close to a codeword c ∈ C, and any coordinate i, A(w, i) = ci , while
making at most t queries to w.2
A code C is locally testable with t queries if there exists a randomized algorithm A that
given a string w, decides whether w is a codeword of C, or far away from any codeword
of C, while making at most t queries to w. Being a bit more precise, we require that
the rejection probability of the algorithm on words w that are δ far from the code is at
least min {αδ, c}, for some constants α, c > 0, and is zero on codewords. Note that α is
bounded from above by t, the number of queries A makes, and may be larger than 1.
With the same terminology as the last item, we say C has a local characterization if A
rejects any word w ̸∈ C with nonzero probability.
Local characterization is a necessary, but not sufficient, condition for local testability.
In both, all codewords c pass all tests. Also, in both, any non-codeword w fails some test.
However, in local testability there is an additional requirement that the rejection probability
is linked to the distance from the code, and words far away from the code should have
significant rejection probability.
We note that if C ⊂ Fm
q is a linear code, having local characterization is equivalent to
being LDPC, that is being defined by low weight linear constraints zi of the form zi · c = 0.
∼ Fr , in
In this work we deal with Fq -linear codes over a large alphabet C ⊂ Σm with Σ =
q
which case the notions differ.
While at first it seems local correctability is stronger requirement than local testability,
this is not the case because local correctability only imposes conditions on the behavior of A
on words close to the code C, while local testability also imposes conditions on the behavior
of A on words w that are far away from the code C. As a result, local correctability does not
imply local testability.
Before we discuss how multiplicity codes fare with these local properties, let us first
survey the extensive research done on local properties of RM codes.
Over large enough fields, RM codes have a natural and simple local characterization: A
multi-variate polynomial is degree d iff for every line, its restriction to the line is a uni-variate
degree d polynomial. We call this the line test characterization. The if direction is simple,
while the only-if direction is more subtle and was proved in a sequence of works [8, 18, 19, 7].
Formally, when q is prime and d < q − 1, a multi-variate polynomial is degree d iff its
restriction to all lines is a degree d polynomial. When d = q − 1 the assertion is clearly

2

We say A(w, i) = b if A(w, i) is b with probability at least 2/3 over the internal random coins of A.
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false, as any function from Fq to Fq can be interpolated by a degree q − 1 polynomial. For
non-prime fields Fq with characteristic p, it was shown that when d < q(1 − p1 ) the line test
is a characterization, whereas for d = q(1 − p1 ) it is not.
The small field case also attracted a lot of attention [2, 12, 11, 4, 10]. When q is prime
and q ≤ d + 1 the line test is not a characterization, and the next natural candidate is
the plane test, or more generally the k-dimensional test, where one chooses a random k
dimensional affine space and tests whether the restriction of the function to it agrees with a
degree d polynomial. Roughly speaking, the bottom line is that characterization by (affine)
subspaces happens as soon as it makes sense. For example, when d = q − 1 characterization
by lines does not make sense, because every function on the line can be explained by a degree
q − 1 polynomials, whereas not all functions over Fm
q can be explained by a degree q − 1
polynomial. Similarly, if d ≥ k(q − 1) the k-dimensional test contains no information, because
every function on a k dimensional space can be explained by a degree k(q − 1) polynomial.
Consequently, we may define two quantities:
The naive characterization dimension c̃q,d = ⌈ d+1
q−1 ⌉, and,
The characterization dimension cq,d which is the lowest k such that the k dimensional
test locally characterizes RM(q, m, d).
By the reasoning above, clearly, cq,d ≥ c̃q,d . The line of work cited above shows that in fact
when q is prime characterization happens as soon as it is possible, namely that cq,d = c̃q,d .
When q is a prime p power, a similar phenomenon exits, but the characterization
d+1
dimension should be adjusted to cq,d = ⌈ q−
q ⌉. More precisely, the cq,d dimension test is a
p
characterization, and,
n
▶ Theorem
l
m 1 ([12], Theorem 4). Let d be an integer and q = p a prime power. If
d+1
k < q−q/p there exists a function f such that:
f is not a degree d polynomial, but,
The restriction of f to any k dimensional subspace can be explained by a degree d
polynomial.

We now move on testing. We may define the RM testing dimension tq,d to be the lowest
k such that RM(q, m, d) is locally testable by the k-dimensional test. Roughly speaking,
[12, 10] show that tq,d = cq,d , though here we need to mention the parameters that are
associated with the rejection probability of the test. Being more precise:
l
m
d+1
▶ Theorem 2 ([12]). Let k = q−q/p
. Given f : Fm
q → Fq let:
REJk,d (f ) denotes the rejection probability of the test, namely, the probability over a
random k dimensional affine space, that f restricted to the space cannot be explained by a
degree k polynomial, and,
δ(f, RM(q, m, d)) be the distance of f from the code RM(q, m, d).
Then
REJk,d (f ) ≥ min {α0 · δ(f, RM(q, m, d)), c0 } .
where α0 =

qk
2

and c0 =

1
.
2(k+1)q k+1

RM codes over large enough fields are also locally decodable with q queries when d < q [20].
A simple and natural local correction procedure is the following: Randomly choose a line
in Fm
q , read all the evaluations on points lying on the line, and answer according to the
closest degree d univariate polynomial. Other variants exist, e.g., one may replace the line
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with a low-degree curve to handle larger error, but all variants use the crucial observation
that the restriction of a multi-variate degree d polynomial to a line is a degree d uni-variate
polynomial.
Having said all that we turn our attention back to multiplicity codes, that are a natural
generalization of RM codes. Which of the local properties of RM code are preserved in
multiplicity codes?
Multi-variate multiplicity codes are locally decodable [15] when d < qs. The local
correction procedure also involves reading the evaluations on points lying on a random line,
and finding the closest degree d univariate polynomial. However, this procedure only gives
partial information, and needs to be repeated several times in order to decode. Indeed, in [14]
multiplicity codes previously served as a building block for the construction of the state of
the art high-rate locally decodable codes.
The situation with regard to local characterization and local testability is different. The
question whether multiplicity codes are locally testable is already mentioned in [13], and
without local characterization there is no hope for local testability. To appreciate the problem
let us try to imitate the successful line of thought attacking the RM case. Given q, m, d and
s what is the trivial k for which there is no hope of characterizing the MRM(q, m, d, s) code
by dimension k affine spaces? Stated differently, given k, for what d every table on Fkq giving
evaluations for the function and all directional derivatives, can be explained by a degree d
polynomial? We will see that the answer to that is d = (s − 1)q + k(q − 1). This allows for
degrees d that are significantly larger than q. For example, for k = 1 (i.e., the line test) it
allows d to go up to sq − 2. However, as we shall see soon, for k = 1 even d = q + 1 is too
large.
In this paper we study local characterization and local testing of MRM(q, m, d, s) codes.
The starting point is a simple example that local characterization by lines is not possible
(except for extreme cases). We find what comes next very surprising. We show that local
characterization by planes works as long as s ≤ q and d < sq − pq . I.e., for a very large set of
parameters (containing the parameters that are often used in multiplicity codes) the MRM
characterization dimension is 2, regardless of q, m and d. Given this, the next natural goal is
understanding the MRM testing dimension. Our first result here is that if k is above the
RM testing dimension, then k-dimensional tests give a local MRM test. Said differently,
the MRM testing dimension is no larger than the RM testing dimension. Having that it is
natural to ask: Can it actually be smaller? Our second result shows that it indeed can be
smaller. We show that if d < q(s − p1 ) (and notice that d may get very close to qs) then
the plane test is a local test (with parameters that depend on q and s). We devote the rest
of the introduction to explaining our results, and discussing the new techniques developed
to obtaining them. While we do not give applications of the new results, we believe our
results give us new basic understandings on this important class of codes, extending the vast
literature surveyed before on the corresponding question for RM codes (e.g. [2, 12, 11, 4, 10]).

1.1
1.1.1

Our results – I
The line test

We begin our journey by analyzing a natural candidate test for characterizing multiplicity
codes: the line test. The line test adapts the standard, well known local testing algorithm
for RM and checks whether a restriction to a line is a uni-variate MRM(q, 1, d, s) code.
Specifically:
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m
We are given as input an evaluation table T : Fm
q → Σm,s where for every point x ∈ Fq
and every directional derivative
I of order up to s, we get a value in Fq and therefore

Σm,s is vector of m+s−1
values
from Fq , one value per each directional derivative.
s−1
The test chooses a random line, i.e., we choose a, b ∈ Fm
q uniformly at random and we
m
define ℓa,b : Fq → Fq by ℓa,b (t) = t · a + b.
We then query the table T at the q points of Fm
q that lie on the line ℓa,b , and we learn
the function Ta,b : Fq → Σm,s defined by T ◦ ℓa,b .

Informally, we want to test whether Ta,b is the evaluation table of some degree ≤ d
uni-variate polynomial and its derivatives up to order s. Formally, we should first apply a
transformation ϕa,b that converts multi-variate derivatives to uni-variate derivatives over
the line (see Lemma 17). With this transformation at hand we test whether ϕa,b ◦ T ◦ ℓa,b is
a codeword of MRM(q, 1, d, s).
It is straight forward to check completeness, i.e., that the restriction to a line of an
m-variate multiplicity codeword is indeed a uni-variate multiplicity codeword, and therefore
an m-variate codeword passes all tests. However, it turns out soundness sometimes fails:
▶ Theorem 3 (informal). Fix a prime power q = pr , m and s ≤ d. Let C = MRM(q, m, d, s).
When q ⩽ d the line test is not a local characterization for C.
When q − pq ⩾ d + 1 the line test is a local characterization for C.
Formal statements appear in Theorem 49 and Corollary 52.
The first item states that the line test fails when q ≤ d. To see that let us look at an
example. Set Q(x, y) = (xq − x)y − x(y q − y) = xq y − xy q . Q is a degree q + 1 homogeneous
polynomial that vanishes on Fm
q . When we restrict to the line ℓa,b we get the polynomial
Q ◦ ℓa,b (t) = Q(at + b) = Q(a1 t + b1 , a2 t + b2 ),
which is a degree q polynomial rather then a degree q + 1 polynomial, because the coefficient
of tq+1 is Q(a1 , a2 ) = 0 because Q vanishes on F2q . It therefore follows that the restriction of
Q to lines behaves as a degree q polynomial, whereas Q itself is not degree q and the line
test wrongly accepts Q.
We now turn to the second item. In the terminology of this paper, the case of s = 1 and
q ≥ d + 2 was proved in [7] and we generalize the q ≥ d + 2 case to larger s. The second
item is a special case of a more general claim, that we discuss next.

1.1.2

The k-dimensional test

We next consider the k-dimensional test, that tests whether the restriction to k-dimensional
affine spaces reduces the the m-variate multiplicity code to a k-variate multiplicity code.
More formally, we are given as input a table T : Fm
q → Σm,s . We choose h = (h0 , h1 , . . . , hk )
m
with each hi uniformly at random from Fq conditioned on h1 , . . . , hk being independent
and define the k-dimensional affine space ℓh : Fq → Fm
q by
ℓh (y1 , . . . , yk ) =h0 +

k
X

yi h i .

i=1

We check whether the restriction T ◦ ℓh is a k-dimensional multiplicity code, when applying
the appropriate conversion ϕh (see Lemma 19), i.e., we check whether ϕh ◦ T ◦ ℓh : Fkq → Σk,s
is a codeword of MRM(q, k, d, s). As before completeness is easy, and the big question is
whether soundness holds. In Section 5 we prove:
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▶ Theorem 4. Let Fq be a field of size q, and assume s ≤ min {d, q − 1}. Suppose for
RM(q, m, d) there exists α > 0 and c0 ≤ 1 such that for every f
REJRM
k,d (f ) ≥ min {α · δ(f, RM(q, m, d)), c0 } .

(1)

Then, for every T we have
′
REJMRM
k,d (T ) ≥ min {α · δ(T, MRM(q, m, d, s)), c0 }

(2)

for
α′ =

q − (s − 1)
1
1 .
d/(q−1)
q
1+q
α

(3)

We have used REJRM
k,d (f ) to denote the rejection probability of the RM k-dimensional test on
f , and REJMRM
(T
) to denote the rejection probability of the MRM k-dimensional test on T .
k,d
A consequence of the theorem is that if k is above the RM testing dimension, then,
automatically, the k dimensional MRM test gives local testing for MRM codes. For example,
if q is prime and d < 2(q − 1), the RM testing dimension is 2 and by Theorem 2 the
2
plane test satisfies Equation (1) with α = q2 and c0 = 6q13 . Hence, by the theorem, the
1
plane test is a local testing procedure for MRM(q, m, d, s), for any s < q, with α′ ≥ 3q
in
q
1
′
Equation (2), as d/(q − 1) < 2. If s ≤ 2 we have α ≥ 6 . In essence this means that if k is
above the Reed Muller testing dimension, then the k-dimensional test is also a local testing
algorithm for MRM(q, m, d, s) for any s as large as q − 1, and if, say, s < q/2 we even get
constant α′ . Generally, if d < k(q − 1), the k-dimensional test is a local testing procedure for
MRM(q, m, d, s) for s up to q − 1. Item 2 in the previous subsection is the special case of
this theorem when we pick k = 1 (i.e., we consider the line test) and we replace the testing
property with the weaker characterization property.
The proof idea is as follows. Let us first consider characterization. When k is above
the testing dimension, the evaluation of the function itself that are given in the input T ,
without the evaluations of the derivatives that are given in T , suffice to uniquely characterize
the function. More precisely, if all the line tests pass the MRM test, then in particular the
restriction of the function to all lines is a degree d polynomial. Then, by Theorem 2 the
function itself is a degree d polynomial (because k is above the testing dimension). Let us call
this polynomial P . This polynomial is the only possible candidate for a MRM explanation
of the given input. What remains to show is that the given values of the derivatives in the
input T are consistent with the derivatives of the global function P . To explain the problem,
notice that every successful dimension k test gives us information about k-variate derivatives
in P and T , while we need to claim about m-variate derivatives in P and T .
The crux of the solution uses the fact that given a specific k dimensional subspace H,
the k-variate derivatives of T |H at the point x are a linear combination of the m-variate
derivatives at the point x. We then show that the set of these linear combinations derived
from observing the k-variate derivatives at x for different subspaces H form a good code.
Thus, if a point x ∈ Fm
q is good in the sense that many of the tests passing through it
are good, then we get a codeword which is close to the codeword obtained by taking the
restrictions for P . When these two codewords are closer than the distance of this code, we
know the m-variate derivatives given in P and T coincide. A similar (but technically more
complicated) approach proves the local testing version, giving the theorem.
The theorem is satisfying in that it gives a local testing procedure for multiplicity codes.
However, a natural question arises: Claim 44 shows every table T : Fkq → Σk,s can be
explained by a degree (s − 1)q + k(q − 1) polynomial P (meaning that EVAL(P ) = T ).
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Thus, if our strategy is to use the k-dimensional test to restrict a MRM(q, m, d, s) code
to a MRM(q, k, d, s) code, then this approach breaks down when d ≥ (s − 1)q + k(q − 1).
Thus, we can define the naive MRM characterization dimension to be ⌈ d+1−(s−1)q
⌉, which
q−1
is the minimal k needed for this approach to have chances to work. We have seen that the
d+1
⌈ q−q/p
⌉-dimensional test is a local testing procedure for MRM(q, d, m, s), but considering
the naive bound we must consider whether this is, perhaps, a gross overkill. After all, as far
as the naive bound is concerned even the line test might have worked. True, we have already
seen that the line test does not give a characterization. Yet, is it possible that the plane test
already gives a characterization, or, perhaps, even a local test?

1.1.3

The plane test

So next we analyze the plane test, that tests whether the restriction to two-dimensional
planes reduces the the m-variate multiplicity code to a two-dimensional multiplicity code.
More formally, we are given as input a table T : Fm
q → Σ2,s . We choose a, b, c uniformly
at random from Fm
conditioned
on
a,
b
being
linearly
independent and define the plane
q
ℓa,b,c : Fq → Fm
by
ℓ
(t,
r)
=
t
·
a
+
r
·
b
+
c.
We
check
whether the restriction T ◦ ℓa,b,c
a,b,c
q
is a two-dimensional multiplicity code, when applying the appropriate conversion ϕa,b,c
(see Lemma 18), i.e., we check whether ϕa,b,c ◦ T ◦ ℓa,b,c : F2q → Σ2,s is a codeword of
MRM(q, 2, d, s). As before completeness is easy, and the big question is whether soundness
holds. Our main result is the surprising Theorem 9 which shows that the plane test is
a good local tester with nontrivial soundness. The main ingredients in the proof are the
reduction from RM local testing explained in the previous section, as well as the following
local characterization result:
▶ Theorem 5 (The plane test - informal). Fix q, m, d, s such that q is a power of the prime p
and s ≤ q. Suppose d < (s − p1 )q. Let C = MRM(q, m, d, s). Then, the plane test is a local
characterization for C.
See Section 6 for a formal statement. We mention that we do not know if the condition
s ≤ q is redundant or not.

1.1.4

Why are planes better than lines?

In this subsection, we present an informal discussion on why the line test fails, while the
plane test doesn’t.
So far, we have seen Theorem 3 which shows that the degree up to which the line test
is a local characterization is not much better than in the Reed-Muller case. In contrast,
Theorem 5 shows that when s < p, the plane test is effective up to degree (s − p1 )q, which is
close to the highest degree we could have hoped for - (s − 1)q + 2(q − 1). The failure of the
line test is demonstrated by the polynomial
Q(x, y) = xq y − yxq .
This polynomial is a special case of the Moore determinant
▶ Definition 6 (Moore determinant). Let n ≥ 1 be an integer. The order n Moore matrix
Mn is a matrix over Fq [x1 , . . . , xn ] given by
j

(Mn )i,j = xqi .
The order n Moore determinant Dn is det(Mn ).
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For example,

x1 xq1

M3 = x2 xq2
x3 xq3

2
xq1
2
xq2  .
2
xq3

The determinant D3 is a degree q 2 + q + 1 polynomial in 3 variables. It can be shown
similarly to Theorem 3 that this polynomial is of degree at most q 2 + q when restricted to
any plane.
However, for this polynomial to not be equivalent (in the sense of having the same values
and derivatives) to a lower degree polynomial it is required that s ≥ q + 2.
Therefore, D3 demonstrates the plane test stops being effective, but only does so for quite
large s. For the line test, this failure already happens at s = 2 with the example Q = D2 .
This means it’s never significantly more useful than in the Reed-Muller case s = 1.
We devote the next part of the introduction to an informal explanation of our approach
and technique for proving the planet test characterization theorem, Theorem 5.

1.2

A warm-up proof for RM codes

As a warm-up towards the proof we first prove the line test is a characterization for RM
codes (i.e., when s = 1) and q is prime. This claim is well known. It appears as a well known
claim in Rubinfeld Sudan [19] but only for the case q ≥ 2d + 1. In [7] another proof is given
that holds for all fields Fq of characteristic p, as long as (1 − p1 )q ≥ d + 1. In particular, when
q is prime, the proof works for all q ≥ d + 2. As mentioned above, [7] also show the bound is
tight, i.e., that if d is such that d + 1 > (1 − p1 )q, then the line test is not a characterization.
Here, when q is prime we give yet another proof of the claim that is somewhat simpler than
the one in [7] and will be easier to generalize to larger s. Other proofs exist, see, e.g., [11,
Section 1.4].
The starting point is the same as in [7]. Suppose T : Fm
q → Fq is some function. There
m
exists a polynomial P : Fm
q → Fq in Fq [X1 , . . . , Xm ] that agrees with T on Fq . The
polynomial P is not unique, but it is unique modulo Im,1 which is the ideal of all polynomials
in Fq [X1 , . . . , Xm ] that vanish on Fm
q . If we choose P to be the polynomial of minimal degree
agreeing with T , then from the Combinatorial Nullstellensatz (see Theorem 32) we see that
we can represent P as
X
P (x1 , . . . , xm ) =
αi1 ,...,im xi11 . . . ximm .
0≤i1 ,...,im <q

For ease of notation let us denote I = (i1 , . . . , im ) and XI = xi11 . . . ximm . Before we go on
notice that while the individual degree of P in each of the m variables is smaller than q, the
total degree of P ,deg(P ), may be as large as m(q − 1) and in particular much larger than q.
When we restrict P to the line ℓa,b (t) we see that:
def

Pa,b (t) = P ◦ ℓa,b (t) =P (at + b) =

X
I

and we can express
deg(P )

Pa,b (t) =

X

Ak (a, b)tk ,

k=0

where Ak ∈ Fq [a1 , . . . , am , b1 , . . . , bm ].

αI (at + b)I
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At first it seems our task is to show that if deg(P ) > d, then Adeg(P ) (a, b) is non-zero,
and therefore for some a, b ∈ Fq m we have Pdeg(P ) (a, b) ̸= 0. Then, when we test the line
ℓa,b , the restricted function P ◦ ℓa,b is a degree deg(P ) > d uni-variate polynomial, and
therefore fails the line test. This argument is, however, flawed in two essential points:
1. First, we should look not at Pa,b but rather at Pa,b mod I1,1 , i.e., modulo the ideal
of functions that vanish on Fq . This is because from our point of view a table can be
associated with a degree d polynomial iff there exists a degree d polynomial with such an
evaluation table, and two polynomials that differ by an element from I1,1 have the same
valuation table. The ideal I1,1 is generated by g(t) = tq − t and so we need to look at
Pa,b (t) mod (tq − t).
2. It is not enough to show that Ak is non-zero in Fq [a1 , . . . , am , b1 , . . . , bm ] but rather that
Ak has a non-zero evaluation point in F2m
q . By the Combinatorial Nullstellensatz this is
equivalent to Ak mod I2m,1 being non-zero.
The way we fix these two issues is different than [7]. We say I is a maximal monomial of
P if deg(XI ) = deg(P ). We say (I0 , I1 ) is a partition of I if I0 + I1 = I and I0 , I1 ≥ 0, where
I0 , I1 ∈ Zm and the addition and inequality are in each of the m coordinates. We also let
Pm
w(I), the weight of I, be j=1 ij . We claim:
▶ Lemma 7. Assume q is prime. Let I be a monomial of P of weight at least d + 1 and
I0 , I1 a partition of I with w(I0 ) = d + 1. Then Ad+1 (a, b) is a non-zero polynomial in
Fq [a1 , . . . , bm ] and furthermore aI0 bI1 appears in it as a non-zero monomial.

To see why the lemma is true first notice that the coefficient of aI0 bI1 in (at + b)I is II0

which is non-zero if q is prime (see Section 2.1 for the notation II0 )3 and it appears as a
coefficient of tw(I0 ) mod (tq − t) = td+1 mod (tq − t) = td+1 . In general, other terms may
contribute to the coefficient of td+1 , and we should make sure none of these terms cancel the
monomial aI0 bI1 . For this, we notice that from aI0 bI1 we can recover I0 , I1 , and therefore
I = I0 + I1 . Hence, for all J ̸= I, aI0 bI1 is not obtained in (at + b)J . Thus, there is a unique
way to obtain aI0 bI1 , and it appears with a non-zero coefficient and therefore Ad+1 (a, b)
has the monomial aI0 bI1 with a non-zero coefficient, and the lemma follows.
For the second issue we notice that for every k, Ak (a, b) is a polynomial in Fq [a1 , . . . , bm ]
with individual degree at most q − 1, and therefore it is already reduced modulo I2m,1 . We
q
can therefore conclude that for some a, b ∈ Fm
q the polynomial Pa,b (t) mod (t − t) is a
non-zero polynomial of degree at least d + 1, and therefore the line test fails for this choice
of a, b.

1.3

The general case

We now want to explore whether we can generalize the argument to show the plane test
is a characterization for s > 1. Suppose we are given a table T of function and derivative
evaluations, T : Fm
q → Σm,s . Every table T has some (possibly high degree) polynomial
P such that T is the codeword of P . The functions whose table is identically zero are
those polynomials that vanish on Fm
q with multiplicity s. Let Im,s denote the set of mvariate polynomials that vanish on Fm
q with multiplicity s. Im,s is an ideal of the ring
Fq [X1 , . . . , Xm ]. I1,1 is the ideal of all uni-variate functions that vanish on Fq , and is
3

One can give an analogous argument for a prime power q, and we indeed do that for later on, but we
skip it here because this is just a warm-up exercise.
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generated by g(x) = Πα∈Fq (x − α) = xq − x. Similarly, I1,s is generated by g(x)s (and
s
I1,s = I1,1
). From the combinatorial nullstellensatz [1] one can deduce that Im,1 is generated
s
and is therefore
by {g(x1 ), . . . , g(xm )} and a further generalization [3] shows that Im,s = Im,1
generated by

Gm,s = g(X)I | w(I) = s ,
where we use the notation g(X)I = g(x1 )i1 · . . . · g(xm )im . It turns out that Gm,s is a Grobner
basis for Im,s (see Section 2.3). This implies that a basis for Fq [X1 , . . . , Xm ] mod Im,s (as a
vector space) is

Bm,s = g(X)I · XJ | (I, J) ∈ Ms,q .
Where (I, J) ∈ Ms,q iff w(I) < s and j1 , . . . , jm < q. Notice that there are basis elements in
Bm,s whose degree is as large as m(q − 1) + (s − 1)q ≫ sq. For more details see Section 3.
We will occasionally abuse notation and refer to members of Bm,s as “monomials”.
Going back to the plane test, we are given a table T : Fm
q → Σm,s and we want to check
whether the polynomial P that represents T is a degree d polynomial or not. W.l.o.g., we can
assume P is reduced modulo Im,s and we express P (X1 , . . . , Xm ) ∈ Fq [X1 , . . . , Xm ] mod Im,s
in the basis Bm,s :
X
P (X) =
αI,J · g(X)I XJ .
(I,J)∈Ms,q
def

We let Pa,b,c be P restricted to the plane ℓa,b,c , i.e., Pa,b,c = P ◦ ℓa,b,c ∈ Fq [t, r]. We want
to check whether Pa,b,c belongs to MRM(q, 2, d, s) and we therefore take Pa,b,c modulo I2,s .
We express
X
Pa,b,c (t, r) mod I2,s =
Ai,j,k,ℓ (a, b, c) · g(t)i g(r)j tk rℓ
i+j<s,k,ℓ<q

Our plan is to show that if P has degree larger than d, then for some a0 , b0 , c0 ∈ Fm
q it must
be that Pa0 ,b0 ,c0 (t, r) mod I2,s is a polynomial of degree larger than d, and therefore the
test a0 , b0 , c0 fails. Equivalently, we want to show that for some i0 , j0 , k0 , ℓ0 with i0 + j0 < s
and k0 , ℓ0 < q it holds that:
Ai0 ,j0 ,k0 ,ℓ0 (a, b, c) mod I3m,1 is non-zero, and therefore for some a0 , b0 , c0 ∈ Fm
q we have
Ai0 ,j0 ,k0 ,ℓ0 (a0 , b0 , c0 ) ̸= 0 and the monomial g(t)i0 g(r)j0 tk0 rℓ0 survives, and,
q · (i0 + j0 ) + k0 + ℓ0 > d and therefore deg(Pa0 ,b0 ,c0 ) > d.
The crux of the proof is finding an order on monomials under which the following lemma
is true:
▶ Lemma 8. If (Imax , Jmax ) is such that g(X)Imax X Jmax is a maximal monomial in P in
the monomial order, then
Jbmax + Jcmax such that q · w(Imax ) +
 for any partition of Jmax to
Jmax
b
Imax Jbmax Jcmax
w(Jmax ) < qs and Jb
̸= 0 mod p, the monomial a
b
c
appears with a non-zero
max
coefficient at
A

w(Imax ),⌊

w(Jb
max ) ⌋,0,w(Jb
max )
q

mod q

(a, b, c) mod I3m,1 .

See Lemma 61 for a formal statement. There is no requirement for this order to be a
monomial ordering in the sense usually used for Grobner bases. The proof is much more
delicate than the one we presented before for the RM case (where s = 1) and we give some
essential ideas below. We omit some of the technical details, and, as a result, we do not see,
e.g., why in the proof we also need the assumption q ≥ s. The full proof appears in Section 6.
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Pa,b,c (t, r) = p(at + br + bc) is a polynomial in a1 , . . . , am , b1 , . . . , bm , c1 , . . . , cm , t and r.
We first note that (recalling that g(x) = xq − x)
g(at + br + c) =(at + br + c)q − (at + br + c) = ag(t) + bg(r),
and so g(at + br + c) behaves as a total degree q polynomial in t, r, and as a linear polynomial
in a = a1 , . . . , am and b = b1 , . . . , bm . In particular g(X)I XJ (at + br + c) has total degree
w(I) + w(J) in a, b, where by P (X)(at + br + c) we mean P (at + br + c).
One crucial difference between the s = 1 and s > 1 case is that now we may get monomials
aI1 bI2 cI3 that are not reduced modulo I3m , e.g., aq1 = a1 is a monomial that appears in
g(X1 )X1q−1 (at + br + c). In general, if for some coordinate j ∈ [m] we have Ij + Jj ≥ q, we
get (among other things) a monomial in a, b, c that gets reduced. This complicates things
for us, because a monomial that has more then one “source” may cancel out.
To solve this problem we do two things:
First, we choose a monomial order that first order monomials g(X)I XJ by w(I) + w(J),
and then orders monomials by w(I).
Second, we focus on special monomials in a, b, c and degrees of t, r. We fix (Imax , Jmax )
with maximal w(Imax ) + w(Jmax ) in P , and we take some partition Jbmax + Jcmax of Jmax .
b
c
We look at the monomial aImax bJmax cJmax .
b

c

We observe that the monomial aImax bJmax cJmax (which is reduced modulo I3m,1 ) is always
obtained in a reduced I3m,1 form, i.e., it cannot appear as a reduction from g(X)I XJ for
some (I, J) ̸= (Imax , Jmax ). This is because it has maximal w(Imax ) + w(Jmax ) weight, and if
it was to appear as reduction from (I, J), then those (I, J) would have a higher w(I) + w(J)
weight.
b
c
The monomial aImax bJmax cJmax is obtained from g(X)Imax XJmax (at+br+c) as a coefficient
b
b
c
of tqw(Imax ) rw(Jmax ) . We claim that this is the only way to obtain aImax bJmax cJmax as
b
c
b
a coefficient of tqw(Imax ) rw(Jmax ) . To see that suppose aImax bJmax cJmax is obtained as a
b
coefficient of tqw(Imax ) rw(Jmax ) from some g(X)I XJ (at + br + c). Since the degree in t is
qw(Imax ), i.e., q times the total degree in a, it must be that the a part is obtained from
g(X)I (at + br + c), because only the g part behaves as a linear function in a ∈ Fq and a
degree q polynomial in t. Furthermore w(I) ≥ w(Imax ). Since (Imax , Jmax ) is maximal and
monomials that have the maximal w(I) + w(J) are then ordered by w(I), we must have
w(I) = w(Imax ). From that it is easy to conclude that (I, J) = (Imax , Jmax ).
Next, we need to force the monomial in t, r to have degree d + 1 when taken modulo
I2,s . We take advantage of the fact that our claims work for any partition of a maximal
monomial, and therefore we can shift weight from c to b in the partition of the maximal
monomial. Each time we shift weight one from c to b we change the degree in t, r by one,
and this is true even when working modulo I2,s . If the degree of P is larger than d, then
there is a way to put just the right weight on b such that the resulting polynomial in t, r is
degree at least d + 1 even when taken modulo I2,s . In fact, one can calculate explicitly how
the weight should be partitioned (see Lemma 62). This concludes the proof of Lemma 8.
Having the lemma, there exist some a0 , b0 , c0 ∈ F3m
such that P restricted to the plane
q
a0 t + b0 r + c0 is degree larger than d, even after doing the reduction modulo I2,s , because
the corresponding coefficient polynomial in a, b, c is non-zero modulo I3m,1 . Hence the test
a0 , b0 , c0 fails!

1.4

Our results – II

We have seen two results so far:
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The k-dimensional test, for k above the RM testing dimension gives a MRM local tester,
and,
The planes test gives a MRM local characterization,
where for both results we assume s < q. We now combine the two results to show that the
plane test gives a MRM local tester, with constant parameters when s is constant. We prove:
▶ Theorem 9. Suppose q is a prime power, s ≤ q and d < q(s − p1 ). Let T : Fm
q → Σm,s be
a table and let δ = δ(T, MRM(q, m, d, s)). Then
REJMRM
2,d (T ) ≥ min {αδ, c}
with α = Ω(q −6s+5 ) and c = Ω(q −8s+4 ).
The proof idea is follows. Suppose T is far from MRM(q, m, d, s). By the first result
mentioned above, a random k dimensional affine space H (for k above the RM testing
dimension) cannot be explained a MRM(q, k, d, s) polynomial. Then, by the second result,
some plane in H cannot be explained by a MRM(q, 2, d, s) polynomial. Hence, that plane
rejects. The number of planes in k dimensional space is about q 3k , and so, intuitively, the
rejection probability should be about q −3s times the rejection probability of the k-dimensional
test, which we already saw is quite good. We give the details in Section 7.

1.5

Organization and open problems

In Section 2 we introduce notation, recall multiplicity codes and some basic results about
ideals in polynomial rings (Grobner theory and combinatorial nullstellensatz). In Section 3, we
develop an understanding of the relation between tables of valuations and polynomials which
are consistent with them. This is done by relying on the theory of Grobner bases [5], and the
combinatorial nullstellensatz [1] and a generalization of the combinatorial nullstellensatz for
multiplicities higher than one [3]. In Section 4 we prove the line test is not a characterization
when d > q + 1. In Section 5 we prove the k-dimensional test is a MRM local tester
when k is above the RM testing dimension. In Section 6 we prove the plane test is a local
characterization of the MRM code, and in Section 7 we combine the two results to show the
plane test is a local tester for MRM codes.
Finally, we state some open problems:
A self-evident open problem that arises from our work is whether the parameters of the
plane test in Section 7 can be made better.
Another intriguing question is whether the condition s ≤ q is necessary or not. We remark
that in the usual setting of the parameters q ≫ s. Nevertheless, we think it is interesting
to know whether the condition is required, and this is likely to improve our understanding
of the code.
In Theorem 49 we show that for d ≥ q + 1 the line test is not a local characterization for
MRM(q, m, d, s) for any s > 1. When s > 1 and d < q(1 − p1 ) it follows from Section 5
that the line test is a local characterization. An open problem is pinning down where in
the range q(1 − p1 ) ≤ d < q + 1 the line test stops being a local characterization.
Similarly, in Claim 44 we show that the plane test has no hope of being a local characterization for MRM(q, m, d, s) when d ≥ q(s − 1) + 2(q − 1) = qs + q − 2. When d < q(s − p1 )
Theorem 60 tells us that the plane test is a local characterization. The same question
can be asked about where in the range q(s − p1 ) ≤ d < qs + q − 2 the plane test stops
being a local characterization.
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Another natural open problem, pointed to us by Tali Kaufman, is understanding the
d ≫ (s − p1 )q case. As we mentioned before, For RM codes (where s = 1) the problem
attracted a lot of attention, see, e.g., [2, 12, 11, 4, 10] and it is natural to ask what
happens to multiplicity codes over such small fields.

2

Preliminaries

2.1

Notation

We denote vectors by bold letters. For X = X1 , . . . , Xm we denote by F[X] the set of
multivariate polynomials in the variables X1 , . . . Xm . We denote by F[X]⩽d the set of
polynomials of individual degree at most d , and by F[X]loc⩽d the set of polynomials of
individual degree at most d (i.e degree in each variable). Given a vector I = (i1 , . . . , im ) ∈ Nm ,
we use the notation
def

XI =

m
Y

Xkik .

k=1



Ij , j ∈ S
.
0,
j∈
/S
Recall The definition of the binomial and multinomial coefficients for natural numbers:
 
a def
a!
=
b
b!(a − b)!


a
a!
=
b1 , . . . , b ℓ
b1 ! · · · bℓ !
P
bi = a. We extend this definition to I, I1 , J, J1 , . . . , Jℓ ∈ Nm where J = J1 + . . . + Jℓ
where
by
 

m 
I def Y
Ik
=
I1
(I1 )k
k=1




m
Y
J
Jk
def
=
.
J1 , . . . , J ℓ
(J1 )k , · · · , (Jℓ )k
m

For a vector I ∈ N , and a set S ⊆ [m], we define the vector IS by (IS )j =

k=1

We mention Lucas theorem, that if p is prime, q = pw for w ∈ N, and a, b ∈ N have base
Pw
Pw
p representation a = ℓ=0 aℓ pℓ , b = ℓ=0 bℓ pℓ with 0 ≤ aℓ , bℓ < p, then
 
 
a
aℓ
w
mod p = Πℓ=0
,
(4)
b
bℓ


where we use the convention that dc = 0 when d > c. Thus, ab mod p ̸= 0 iff aℓ ≥ bℓ for
all ℓ = 0, . . . , w − 1.
Finally, we let g ∈ Fq [X] denote the polynomial g(X) = X q − X. For X = (X1 , . . . , Xm )
ik
and I = (i1 , . . . , im ) ∈ Nm we let g(X)I denote Πm
k=1 (g(Xk )) .

2.2

Reed Muller and Multiplicity codes

▶ Definition 10. Let d, m be non-negative integers, and q a prime power. The (m, d, q)
Reed-Muller code is defined as the set of evaluation vectors of m-variate polynomials of degree
⩽ d over Fm
q , namely,
n
o
⩽d
RM (q, m, d) = (f (α))α∈Fm
|
f
∈
F
[X]
.
q
q
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We will make use of the following lemma:
RM
▶ Lemma 11 ([10], Lemma 3.2). Let δq,m,d
be the relative distance of the code RM(q, m, d).
RM
−d/(q−1)
Then δq,m,d ≥ q
.

▶ Definition 12 (Hasse derivative). For a multivariate P (X) ∈ F[X] where X = (X1 , . . . Xm )
for some m ∈ N, and a non-negative vector I ∈ Nm , the I-th Hasse derivative of P , denoted
P (I) (X), is the coefficient of Z I in the polynomial P (X, Z) = P (X + Z). Thus
P (X + Z) =

X

P (I) (X) · Zi

I

Hasse derivatives are linear. I.e, for all P, Q ∈ F[X] and λ ∈ F, (λP )(I) (X) =
λP (X) and P (I) (X) + Q(I) (X) = (P + Q)(I) (X). The product rule shows (P Q)(I) (X) =
P
(I0 )
(X) · QI1 (X).
I0 +I1 =I P
(I)

▶ Definition 13 (Weight). If I = (i1 , . . . , im ) ∈ Nm then w(I) =

Pm

j=1 ij .

▶ Definition 14 (Multiplicity). For P (X) ∈ F[X] and a ∈ Fm , the multiplicity of P at a,
denoted mult(P, a), is the largest integer s such that for every non-negative vector I with
w(I) < s we have P (I) (a) = 0. If s may be taken arbitrarily large, we set mult(P, a) = ∞ .
Note that by definition mult(P, a) ⩾ 0 for every a. One important property about
multiplicities is a generalization of the Schwartz-Zippel lemma for multivariate polynomials:
▶ Lemma 15 ([6]). Let P ∈ F[X] be a non-zero polynomial of total degree at most d. Then
for any finite A ⊆ F,
X
mult(P, a) ⩽ d · |A|m−1 .
a∈Am

▶ Definition 16 (Multiplicity code). Let m, d ≥ s be non-negative integers, and let q be a
prime power. Let
Σm,s = Fq {I:w(I)<s} ≃ Fq (

m+s−1
m

).

For P (X) ∈ Fq [X1 , . . . Xm ] we define the order s evaluation of P at a, denoted P (<s) (a),
to be the vector (P (I) (a))I:w(I)<s ∈ Σm,s . The multiplicity code MRM(q, m, d, s) is defined
as follows. The alphabet of the code is Σm,s and the length
is q m . Every polynomial

m
P (X) ∈ Fq [X] of deg(P ) ⩽ d defines a codeword by P (<s) (a) a:a∈Fm ∈ (Σm,s )q .
q

We also let MRS(q, d, s) := M ult(q, 1, d, s) stand for Reed-Solomon multiplicity code.
The following lemma states the relationship between the derivatives of a polynomial to
the derivatives of its restriction to a line.
▶ Lemma 17 ([15], Sec 4). Let P ∈ F[X] be a multivariate polynomial where X =
(X1 , . . . , Xm ). Let a, b ∈ Fm and define a univariate polynomial P La,b (t) = P (at + b). Then
(j)

P La,b (t) =

X

P (I) (at + b) · aI .

I:w(I)=j

We also derive a formula for the derivative of a restriction to a two dimensional plane.
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▶ Lemma 18. Let P ∈ F[X] be a multivariate polynomial where X = (X1 , . . . , Xm ). Let
a, b ∈ Fm and define a bivariate polynomial by P Pa,b,c (t, r) = P (at + br + c). Then for
(j1 , j2 ) ∈ N2 :
 
X
X
I
(j1 ,j2 )
P Pa,b,c
(t, r) =
P (I) (at + br + c) ·
a I1 b I2 .
I
1
m
I1 +I2 =I
w(I1 )=j1 ,w(I2 )=j2

I∈N

Proof. Given R1 , R2 ∈ F, we write the expression P (a(t + R1 ) + b(r + R2 ) + c) in two
different ways. On the one hand,
P (a(t + R1 ) + b(r + R2 ) + c) = P Pa,b,c (t + R1 , r + R2 ) = P Pa,b,c ((t, r) + (R1 , R2 ))
X
(j1 ,j2 )
=
P Pa,b,c
(t, r)R1j1 R2j2 .
j1 ,j2 ∈N

On the other hand,
P (a(t + R1 ) + b(r + R2 ) + c) = P (at + br + c + R1 a + R2 b)
X
=
P (I) (at + br + c) · (R1 a + R2 b)I
I∈Nm

=

X

P (I) (at + br + c) ·

I∈Nm

=

X

m
Y

(ak R1 + bk R2 )ik

k=1

P

(I)

X

(at + br + c)

I∈Nm

I1 +I2 =I
w(I1 )=j1
w(I2 )=j2

 
I
aI1 bI2 R1j1 R2j2 .
I1

Comparing coefficients of R1j1 R2j2 for every J = (j1 , j2 ) ∈ N2 we get the result.

◀

We will also be interested in the restrictions of polynomials to general k-dimensional
Pk
subspaces. Let P Ph0 ,h1 ,...,hk (Y) = P (h0 + i=1 hi Yi ). Then, similarly to Lemma 18,
▶ Lemma 19.
P PhJ0 ,h1 ,...,hk (Y)

=

X
I∈Nm

P

(I)

(h0 +

k
X

X

h i Yi ) ·

i=1

I1 +···+Ik =I
w(Ir )=jr



Y
k
I
h Ik .
I1 , . . . , Ik i=1 k

The proof is identical to the proof of Lemma 18.

2.3

Grobner bases and Nullstellensatz

The theory of Grobner bases describes the structure of ideals in the ring R = F[X] and we
briefly explain some of the essential concepts of this theory. We refer to [5] for a thorough
treatment of this theory.
▶ Definition 20. A monomial order ≻ on R is a relation ≻ on Zn⩾0 , or equivalently a relation
on the set of monomials xα , α ∈ Zn⩾0 satisfying:
1. ≻ is a total ordering.
2. If α ≻ β and γ ∈ Zn⩾0 then α + γ ≻ β + γ .
3. ≻ is a well-ordering. I.e, every non-empty A ⊂ Zn⩾0 has a minimal element.
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▶ Example 21 (Lexicographic order). Let α, β ∈ Zm
⩾0 . We say α ≻lex β if the minimal i
which satisfies αi ̸= βi , also satisfies αi > βi .
▶ Example 22 (Total degree lexicographic order). The total degree lexicographic order is
defined as follows: A monomial m1 is greater than m2 if it has higher total degree, where
ties are broken lexicographically (i.e X1 > X2 > · · · > Xm ). More formally , let α, β ∈ Zm
⩾0 .
P
P
Then α ≻tot β if w(α) =
αi > w(β) =
βi or, w(α) = w(β) and α ≻lex β.
P
▶ Definition 23. Let f (X) = I aI XI and ≻ a monomial order.
1. The multi-degree of f is multideg(f ) = max {I | aI ̸= 0} where the maximum is taken
w.r.t ≻.
2. The leading coefficient of f is LC(f ) = amultideg(f ) ∈ F.
3. The leading monomial of f is LM (f ) = Xmultideg(f ) .
4. The leading term of f is LT (f ) = LC(f ) · LM (f ).
▶ Definition 24 (Multivariate polynomial division). Let ≻ be a monomial order on Zm
⩾0 , and
let F = {f1 , . . . , fk } be a set of k polynomials in F[X]. Then every f ∈ F[X] can be written as
f = q1 f1 + · · · + qk fk + r,
where qi , r ∈ F[X], and either r = 0 or r is a linear combination, with coefficients in F, of
monomials, none of which is divisible by any of LT (f1 ), . . . , LT (fk ). We call r a remainder of
the division by F . Moreover, multideg(qi fi ) ⩽ multideg(f ) for every i ∈ [s]. The remainder
r is not necessarily unique, and might depend on the order of division.
▶ Definition 25. Let {0} =
̸ I ⊆ F[X] be an ideal. Fix a monomial ordering on F[X]. Then
1. We denote by LT (I) the set of leading terms of non-zero elements in I.
LT (I) = {LT (f ) | f ∈ I \ {0}}
2. We denote by ⟨LT (I)⟩ the ideal generated by the elements in LT (I).
▶ Definition 26. Let {0} =
̸ I ⊆ F[X] be an ideal. Fix a monomial order on F[X]. A subset
G = {g1 , . . . , gt } ⊂ I is said to be a Grobner basis for I, if
⟨LT (g1 ), . . . , LT (gt )⟩ = ⟨LT (I)⟩.
▶ Note 27. Every ideal I ⊂ F[X1 , . . . , Xm ] is finitely generated and has a Grobner basis.
The importance of a Grobner basis, is that it gives a natural way of choosing representatives
for the quotient space F[X1 , . . . , Xm ] /I .
▶ Theorem 28 ([5], Section 2, Proposition 1). Let I ⊂ F[X1 , . . . , Xm ] be an ideal and
G = {g1 , . . . , gk } a Grobner basis. Then given f ∈ F[X] there is a unique r ∈ F[X] such that
there is a g ∈ I such that f = g + r and no term of r is divisible by any of LT (g1 ), . . . , LT (gk ).
We call this r, the reduced form of f (relative to I).
Note that the reduced form of any polynomial is equivalent to this polynomial modulo I.
Thus, the theorem gives us a natural way of choosing representatives modulo I.
▶ Theorem 29. Let R = F[X] be the ring of polynomials, and I ⊂ R an ideal. Let G be a
Grobner basis for I. Then the set
B = {M (X) | M is a monomial not divisible by any LT (g) for g ∈ G } ,
is a basis for R /I .
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The following criterion determines whether G is a Grobner basis.
▶ Definition 30 (LCM and S polynomials). Let f, g ∈ F[X] be non-zero polynomials. Let
α = multideg(f ) and β = multideg(g).
1. The least common multiple of LM (f ) and LM (g), denoted LCM (LM (f ), LM (g)), is
Xγ , where γ = (γ1 , . . . , γm ) and γi = max {αi , βi } for each i.
2. The S− polynomial of f and g is
S(f, g) =

LCM (LM (f ), LM (g))
LCM (LM (f ), LM (g))
·f −
· g.
LT (f )
LT (g)

▶ Theorem 31 (Buchberger’s Criterion, [5], Sec 6). Let I ⊂ F[X] be an ideal. Then a basis
G = {g1 , . . . , gk } of I is a Grobner basis of I if and only if for all pairs i ̸= j, the remainder
on division of S(gi , gj ) by G is zero .
Note that we always have S = S(gi , gj ) ∈ I by the definition of S. When saying the
P
fi gi
remainder of the division by G is zero, we mean that there are {fi }, such that S =
and multideg(fi gi ) ⩽ multideg(S) for every i (as in Definition 24).
▶ Theorem 32 (Combinatorial Nullstellensatz, [1]). Let F be a field, and A1 , . . . , Am ⊆ F. Let
Q
gi (X) = α∈Ai (X − α) for i = 1, . . . , m. Assume a polynomial f ∈ F[X] satisfies f (α) = 0
for all α ∈ A1 × · · · × Am . Then there are h1 , . . . , ht such that
X
f=
hi gi ,
and deg(hi ) + deg(gi ) ⩽ deg(f ) for all i.
When Ai = Fq denote
Y

g(X) =

(X − α) = X q − X.

α∈Fq


Also, let Im denote the ideal Im = f ∈ Fq [X] | ∀α ∈ Fm
f (α) = 0 .
q
▶ Corollary 33. Im = ⟨g(X1 ), . . . , g(Xm )⟩.
P
Proof. Let f ∈ Im . By Theorem 32, taking Si = Fq for every i, we get that f =
hi gi
for some {hi } and so f ∈ ⟨gk ⟩k∈[m] . The other inclusion is trivial since g(Xi ) = Xiq − Xi
vanishes on Fm
◀
q for every i.
Using Theorem 31 it can be easily proved that:
m

▷ Claim 34. G = {g(Xk )}k=1 is a Grobner basis for Im relative to the total degree
lexicographic order.
Let s ∈ N and let Im,s denote the ideal
Im,s = {f ∈ Fq [X] | ∀α ∈ Fq m M ult(f ; α) ≥ s} .
In this notation, Im,1 = Im defined before. For every I = (I1 , . . . , Im ) ∈ Nm define
g(X)I =

m
Y

g(Xk )Ik .

k=1
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▶ Theorem 35 (Combinatorial Nullstellensatz
with multiplicity, [3], Sec 3). Im,s =

⟨g(X)I ⟩w(I)=s . Furthermore, the set Gm,s = g(X)I w(I)=s is a Grobner basis for Im,s .
Proof. To see that Im,s is indeed an ideal, fix f ∈ Im,s and h ∈ F[X]. Then for r < s:
Pr
(hf )(r) = i=0 f (i) · h(r−i) = 0 and so hf ∈ Im,s . Also, clearly, g(X)I ∈ Im,s for every I
with w(I) = s. We need to show Gm,s is a Grobner basis for Im,s ,
P
[3, Section 3] show Gm,s generates Im,s and, furthermore, f = b:w(I)=s g(X)I hI for
some hI with deg(hI ) ⩽ deg(f ) − s deg(g). In particular, this is true for the S polynomials
P
in Theorem 31. I.e, every such S polynomial can be expressed as S =
g(X)I hI where
I
I
deg(g(X) hI ) ⩽ deg(S). By Buchberger’s criterion g(X) is a Grobner basis.
◀
Finally, we look at equality modulo Im,1 .
▶ Definition 36. For n1 , n2 ∈ N we say n1 =Fq n2 iff xn1 = xn2 mod I1,1 . Equivalently,
n1 =Fq n2 iff
n1 = n2 , or,
min(n1 , n2 ) > 0 and n1 = n2 mod (q − 1).
▶ Definition 37. Let A, B ∈ Nm . We say A =Fq B for iff Ak =Fq Bk for every 1 ≤ k ≤ m.
We also record:
▷ Claim 38. Let a, b ∈ N. If a =Fq b and a < q then a ≤ b.
Proof. If b < q then a =Fq b implies a = b. Otherwise a < q ≤ b.

3

◁

Polynomials and tables
m

A table is an element of Σqm,s , i.e., a function mapping every evaluation point in Fm
q to an
element in Σm,s . EVAL takes a multi-variate polynomial and returns its table of evaluations.
More precisely,
▶ Definition 39. We define EVALm,s : Fq [X] × Fm
q → Σm,s by


EVALm,s (P ; a) = P (I) (a)
.
w(I)<s

Similarly, we define EVALm,s : Fq [X] → (Σm,s )q

m

by

EVALm,s (P ) = (EVAL(P ; a))a∈Fm
.
q
We say T ∈ (Σm,s )q

m

is the table of P ∈ Fq [X] if EVAL(P ) = T .

An element in Σm,s contains information about all the derivatives of order up to s.
Sometimes we would like to focus on a certain directional derivative. If σ ∈ Σm,s and I ∈ Nm
with w(I) < s, then σ(I) ∈ Fq is the entry of σ that encodes the I’th derivative. Similarly, if
m
m
f ∈ Σqm,s is a table, i.e., f : Fm
q → Σm,s , then f(I) : Fq → Fq is defined by letting f(I) (x) be
the I’th entry of f (x) ∈ Σm,s .
Note that every polynomial determines its table EVAL(P ). However, two different
polynomials might have the same table if their difference is the zero table on Fm
q . From
Theorem 35,
Ker(EVALm,s ) = Im,s = ⟨g(X)I ⟩w(I)=s .
Since Im,s does not contain any non-zero polynomial of total degree less than sq, we
conclude that:
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▶ Corollary 40. EVALm,s is injective on polynomials of total degree less than sq.
m

▷ Claim 41. EVALm,s is onto Σqm,s .
Proof. We will show that



.



m+s−1
qm
m
F
[X
,
.
.
.
,
X
]
m
dim q 1
=q ·
,
Im,s ≥ dim (Σm,s )
m
where the dimension is over Fq . This implies that the image of EVALm,s is everything, and
the mapping is injective.
To see that consider the set
(
)
m
Y
jk
I
Bm,s = g(X) ·
Xk | w(I) < s, 0 ⩽ jk < q .
(5)
k=1

The elements in Bm,s have different multi degree and therefore are independent. Also
elements in Bm,s are monomials of degree smaller than sq, and therefore are Im,s reduced.
Thus,

.

dim Fq [X] Im,s ≥ dim Span(Bm,s )
=| {(I, J) ∈ Nm × Nm | w(I) < s, 0 ⩽ jk < q} |


m+s−1
=
· qm ,
m
◁

as desired.
.

▶ Corollary 42. The set Bm,s is a basis for F[X] Im,s .

▶ Example 43. When m = 1 the set g(x)i xj | i ∈ N, j < q is a basis of F[X]. Thus, for
every ℓ ∈ N there are βℓ,i,j such that
X
βℓ,i1 ,i2 g(x)i1 xi2 .
xℓ =
i1 ,i2 :i1 q+i2 ⩽ℓ,i2 <q

By comparing coefficients of xℓ we see that βℓ,⌊ ℓ ⌋,ℓ
q

mod q

= 1.

▷ Claim 44. For every table T : Fq m → Σm,s there exists a degree q(s − 1) + (q − 1)m
polynomial such that EVAL(P ) = T .
Proof. By Claim 41, T may be written as EVAL(P ), where P is an Fq -combination of basis
Qm
elements in Bm,s . By the definition of Bm,s , any basis element is of the form g(X)I · k=1 Xkjk
Q
m
where w(I) < s and 0 ⩽ jk < q. As such, deg(P ) ≤ deg(g(X)I ) + deg( k=1 Xkjk ) ≤
q(s − 1) + (q − 1)m.
◁
We will later need:
▶ Lemma 45. Let A ∈ Fq [t] and B ∈ Fq [r]. Then,
degt (A(t)B(r) mod I2,s ) ≤ degt (A).

Proof. Express A in the basis g(t)i tj i∈N,j<q ,
A(t) =

X

αi,j g(t)i tj ,

(i,j)∈A
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and similarly for B,
X
B(r) =
βk,ℓ g(r)k rℓ ,
(k,ℓ)∈B

for some sets A, B, αi,j , βk,ℓ ∈ Fq . Then,
X
A(t)B(r) mod I2,s =

αi,j βk,ℓ g(t)i g(r)k tj rℓ .

(i,j)∈A,(k,ℓ)∈B:i+k<s

Suppose degt (A(t)B(r) mod I2,s ) is achieved on the monomial of (i, j) ∈ A, (k, ℓ) ∈ B.
In particular, this degree in t is already achieved in A for the monomial (i, j). Thus,
degt (AB) ≤ degt (A).
◀
Next, we would like to give a purely algebraic criteria, which states when exactly a table
belongs to the code MRM(q, m, d, s).
m

▶ Definition 46. Let T ∈ Σqm,s be a table. By Corollary 40 and Claim 41 there is a
.
unique element PT ∈ F[X] I
such that EVALm,s (PT ) = T . We call PT the representing
m,s

polynomial of T .
m

▶ Lemma 47. Assume d < sq. Let T ∈ Σqm,s be a table, and PT its representing polynomial.
Then
T ∈ MRM(q, m, d, s) ⇐⇒ deg(PT ) ⩽ d.
Proof. First, assume deg(PT ) ⩽ d. Then, by definition, since EVALm,s (PT ) = T , we have
T ∈ MRM(q, m, d, s). For the other direction, assume T ∈ MRM(q, m, d, s). Then there is
some Q ∈ F[X] of total degree ⩽ d such that EVALm,s (Q) = T . As deg(Q) ≤ d < sq, Q is
Im,s reduced and by Corollary 40 Q is the representing polynomial of T .
◀
To understand the low-dimensional tests on tables, we need to define the restriction of
tables to subspaces. If T is a table T : Fm
q → Σm,s and we want to restrict to the plane
at + br + c the restriction Ta,b,c should be a table F2q → Σ2,s . To this end we define the
alphabet reduction map ϕ(a,b) : Σm,s → Σ2,s by
▶ Definition 48.
ϕ(a,b) )(z)


J=(j1 ,j2 )

=

X

X

zI ·

I∈Nm

I1 +I2 =I
w(I1 )=j1 ,w(I2 )=j2

 
I
a I1 b I2
I1

This map applies the “chain rule” to an element in Σm,s , in accordance with Lemma 18.
We may then define
Ta,b,c = ϕ(a,b) ◦ T ◦ ℓa,b,c
.
Similarly, for h = (h0 , h1 , . . . , hk ) we define ϕh and Th by:
(ϕh (z))J =

X
I∈Nm

zI ·



X
I1 +···+Ik =I
w(Ir )=jr

Th (Y) = ϕ(h) ◦ T (h0 +

k
X
i=1

Y
k
I
hIk , and,
I1 , . . . , Ik i=1 k

Yi h i )
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The line test is not a characterization when d ≥ q

We now show that when the field size is smaller than the degree d, the line test fails.
▶ Theorem 49. Assume q is a prime power, q ⩽ d < sq − 1 and m ⩾ 2. There exists
a table T ∈ Σqm,s which passes all the tests of the line test, but there is no polynomial
P ∈ Fq [X1 , . . . , Xm ]⩽d that satisfies EVALm,s (P ) = T .
Proof. Define
Q = X1d−q · (g(X1 )X2 − g(X2 )X1 )
= X1d−q · (X1q X2 − X2q X1 ).
Note that Q is homogeneous of degree d + 1. Fix a, b ∈ Fq m and let QLa,b (t) = Q(at + b).
Since Q is homogeneous of degree d + 1, the coefficient of td+1 in QLa,b (t) is Q(a). However,
Q ∈ ⟨g(X1 ), g(X2 )⟩ ⊆ Im,1 and therefore Q(α) = 0 for every α ∈ Fm
q . In particular Q(a) = 0.
Thus, deg(QLa,b ) ≤ d and Q passes the degree d line test for the line ℓa,b . Thus, Q passes
the degree d line test for all lines.
Now take the table T = EVAL(Q). By Corollary 40, there cannot be a polynomial P
with deg(P ) ≤ d < deg(Q) = d + 1 < sq having the same table. However, we saw T passes
all line tests. Thus, T wrongly passes the line test.
◀

5

Local testing above the RM testing dimension

In this section we look at the local characterization and local testing of MRM(q, m, d, s) by
d+1
dimension k tests, when k is above the RM testing dimension tq,d = ⌈ q−
q ⌉ of RM(q, m, d).
p

By Theorem 2 dimension k subspaces give a local test (and hence also a local characterization)
for RM(q, m, d). We show they also give a local test (and hence also a local characterization)
for MRM(q, m, d, s) for s < q. There is, however, some parameter loss in the reduction as we
next explain. To formally state the result we need some notation. For x ∈ Fm
q let

Hk = h = (h0 , h1 , . . . , hk ) | h0 , . . . , hk ∈ Fm
q , dim(span{h1 , . . . , hk }) = k , and,
Hk,x = {h ∈ Hk | x ∈ h0 + Span {h1 , . . . , hk }} .
By h ∼k H (resp. Hk,x ) we mean a choosing h uniformly at random from Hk (resp. Hk,x ).
We let Ah = h0 + Span {h1 , . . . , hk } be the k-dimensional affine space defined by h. We also
recall the distance and rejection function from the introduction:
▶ Definition 50. Let T : Fm
q → Σm,s be a table. Then
δ(T, MRM(q, m, d, s)) is the distance between T and the closest evaluation table of a
degree d polynomial, i.e., δ(T, MRM(q, m, d, s)) = minG∈MRM(q,m,d,s) {δ(T, G)}, and,
REJMRM
k,d (T ) is the probability a dimension-k test demonstrates that T is not a degree d
polynomial.
With this notation we prove:
▶ Theorem 51. Let Fq be a field of size q, and assume s ≤ min {d, q − 1}. Suppose for
RM(q, m, d) there exists α > 0 and c0 ≤ 1 such that for every f
REJRM
k,d (f ) ≥ min {α · δ(f, RM(q, m, d)), c0 } .
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Then, for every s < q, for every T we have
′
REJMRM
k,d (T ) ≥ min {α · δ(T, MRM(q, m, d, s)), c0 }

(6)

for
′

α =



s−1
1−
q



1
.
1 + q d/(q−1) α1

(7)

For example, assume q is prime. If d + 1 ≤ q − 1 the testing dimension is 1, meaning
that lines are a good local test for RM(q, m, d). Then, Theorem 51 says that lines are also a
good test for MRM(q, m, d, s), alas, with a larger coefficient. Similarly, if q < d ≤ 2(q − 1)
the RM testing dimension is 2 and therefore planes are a good local test for RM(q, m, d).
Then, Theorem 51 says that planes are also a good test for MRM(q, m, d, s), with a larger
coefficient. In the same vein 3-dimensional planes are a good local test for MRM(q, m, d, s)
when d ≤ 3(q − 1).
To explain the intuition behind the theorem we first consider the characterization aspect
of it. Suppose k is above the RM testing dimension, and that the table T passes all
MRM(q, m, d, s) k-dimensional tests h. Specifically, this means that for every h ∈ Hk ,
the table T restricted to the k-dimensional affine space Ah is consistent with a degree d
polynomial Ph . Now, let T(0) be the table T where at each entry we keep only the evaluation
of the function itself and remove the evaluations that are associated with higher derivatives.
Then, in particular, for every h ∈ Hk , the table T(0) restricted to the k-dimensional space Ah
is still consistent with the degree d polynomial Ph . As k is above the RM testing dimension,
there must be a unique degree d polynomial P that is consistent with Ph (and the table T(0) )
for every h ∈ Hk . This P is the only possible candidate for a low-degree explanation of the
table T . What we need to check, and is indeed correct, is that since T passes all dimension
k tests, P is indeed consistent with T .
The testing case requires more technical details but is similar in spirit. We first, again,
look at T(0) that contains only the function evaluations, and not the higher derivatives
evaluations. If T passes the test with high enough probability, then so does T(0) , and this
ensures the existence of a global degree-d polynomial P that agrees with most values of T(0) .
Again, what remains to be shown is that P agrees with most values of T , which we indeed
prove.
In short, one can informally say that Theorem 51 shows that the MRM testing dimension
is not larger than the RM testing dimension, and that above the RM testing dimension
one can get local testing for MRM codes. A natural question is whether the MRM testing
dimension is equal to the RM testing dimension, or not. In Section 4 we saw that when the
RM testing dimension is larger than 1, so is the MRM testing dimension, and lines do not
characterize the MRM code. One might be drawn to the conjecture that the RM and MRM
testing dimensions coincide. However, surprisingly, in Section 6 we show that no matter what
the RM testing dimension is, when d < sq the MRM testing dimension is at most two (for a
precise statement see Theorem 60). For example, for MRM(q, d, m, s) with 2q < d < 3(q − 1),
the RM testing dimension is (roughly) 3 while the MRM testing dimension is still 2.
Combining the result with Theorem 2 we get:
d+1
▶ Corollary 52. Let d, q, s < q be positive integers and let t = tq,d = ⌈ q−
q ⌉ be the RM testing
p
dimension. Then,


1
s−1
1
REJMRM
(T
)
≥
min
·
(1
−
)
·
δ(T,
MRM(q,
m,
d,
s)),
.
t,d
3
q
2(t + 1)q t+1
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Proof. Theorem 2 from [12] ensures that

 t
q
1
.
REJt,d (f ) ≥ min
· δ(f, RM(q, m, d)),
2
2(t + 1)q t+1
Using Theorem 51 we see that


s−1
1
1
s−1
′
α ≥ 1−
≥ (1 −
).
1
d/(q−1)
q
3
q
1+q
α
using the fact that

d
q−1

≤ t and

q d/(q−1)
α

≤ 2.

◀

In particular, for d < (q − pq ) the line test is a local characterization, as tq,d = 1.
We note that the assumption s ≤ d is quite natural, as derivatives with order higher than
the degree must be identically zero. In contrast, it is not clear whether the assumption s < q
is indeed required, and we leave it for future study.

5.1

The proof

Proof. Let T : Fm
q → Σm,s be a table. Let
ρ =REJMRM
k,d (T )
be the k-dimensional MRM test rejection probability. If ρ ≥ c0 we are done. Therefore, we
assume ρ < c0 . We first utilize what we know at the zero level.
RM
▷ Claim 53. Let δ RM = δq,m,d
be the distance of the RM(q, m, d) code. There exists a
degree d polynomial P such that

Pr



h∈Hk

 def
(ϕh ◦ T )|Ah ̸= EVAL( P |Ah ) = ε0 ≤ ρ(1 +

1
).
α · δ RM

We call h good if (ϕh ◦ T )|Ah = EVAL( P |Ah ) and bad otherwise. In this terminology,
ε0 = Prh∈Hk [h is bad].
Proof. Let T(0) : Fm
q → Fq be as in Section 3, i.e., the table where we keep only the entries of
the function evaluations and ignore the evaluations of higher order derivatives. For a given
affine space A we have that ( T |A )(0) = T(0) A , and so if the former agrees with a degree d
polynomial, so does the latter. It follows that
REJRM
k,d (T(0) ) ≤ρ.
By the hypothesis regarding RM(q, m, d) and using ρ < c0 there exists a unique degree d
polynomial P ∈ Fq [X] such that
def

δ(0) = δ(T(0) , P ) ≤

ρ
.
α

We notice that
Eh∼Hk δ( T(0)

Ah

, P |Ah ) = Prm (T(0) (x) ̸= P (x)) = δ(T(0) , P ) = δ(0) ,
x∼Fq

because the subspaces in Ah for h ∈ Hk , cover every point an equal number of times.
Therefore, by Markov’s inequality,


δ(0)
Pr
δ( T(0) A , P |Ah ) ≥ δ RM ≤ RM .
(8)
h
h∼Hk
δ
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Also, by assumption,
Pr

h∈Hk


(ϕh ◦ T )|Ah ̸∈ MRM(q, k, d, s) ≤ρ.

(9)

This means that except for probability ρ over h, (ϕh ◦ T )|Ah agrees with EVAL(Ph ) for some
k-variate degree d polynomial Ph . When this happens it also holds that T(0) agrees with Ph
over Ah (because ϕh does not change the zero level).
0
Thus, Equations (8) and (9) together imply that except for probability ρ + δδRM
≤ ρ(1 +
1
)
over
h,
we
simultaneously
have
that
T
=
P
over
A
and
that
δ(
T
,
P
| Ah ) <
h
h
(0)
(0) Ah
αδ RM
RM
δ . When both events happen we conclude that
δ(Ph , P |Ah ) < δ RM .
As Ph and P |Ah are degree d polynomials on Ah and are closer than δ RM , it must be the
that in fact Ph = P |Ah . Thus, (ϕh ◦ T )|Ah is a valid MRM(q, k, d, s) table, and it is the
table of the polynomial P |Ah , i.e., (ϕh ◦ T )|Ah = EVAL( P |Ah ) as desired.
◁
Our goal is to bound δ(EVAL(P ), T ). This means that at most x ∈ Fm
q we should have
T (x) = EVAL(P ; x). T (x) and EVAL(P ; x) contains values for all the m-variate directional
derivatives of order up to s. Our handle on these values is Claim 53, that shows that most h
are good, meaning that the k-variate derivatives of P |Ah and ϕh ◦ T |Ah are the same. We
notice that every such k-variate derivative is a linear combination (dependent on h) of the
m-variate derivatives. If x is such that for many h ∈ Hk,x , h is good, then for that x we get
many linear equations on the m-variate derivatives. Our task is to prove that for many x
there are enough good h ∈ Hk,x to force the underlying m-variate derivatives of P and T to
agree.
▷ Claim 54.
Then

We say x ∈ Fm
q is bad if Prh∈Hk,x [h is bad] ≥ 1 −

Pr [x is bad] ≤

x∈Fm
q

s−1
q

and good otherwise.

q
· Pr [h is bad] .
q − (s − 1) h∈Hk

Proof. We have


m
Ex∈Fq
Pr ( h is bad) = Pr ( h is bad) = ε0 ,
h∈Hk,x

h∈Hk

where ε0 is as in Claim 53. This is because choosing a uniform h ∈ Hk is the same as first
choosing a uniform x ∈ Fm
q and then choosing a uniform h ∈ Hk,x . Therefore, for every
c > 1, by Markov’s inequality,


1
Prm
Pr (h is bad) ≥ c · ε0 ≤ .
x∈Fq h∈Hk,x
c
Choosing c =

q−(s−1)
q·ε0

gives the result.

We note that if most k-dimensional subspaces are good, then most lines are:
▷ Claim 55. For every x ∈ Fm
q and k ≥ 1,
Pr [u is bad] ≤

u∈H1,x

Pr

h∈Hk,x

[h is bad]

◁
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Proof. Fix x. For every h ∈ Hk,x , If h is good, then (ϕh ◦ T )|Ah = EVAL( P |Ah ). This
implies, in particular, that for every u ∈ H1,x such that Au ⊆ Ah , we also have that
(ϕu ◦ T )|Au = EVAL( P |Au ). The result then follows because we can sample u ∈ H1,x by
first sampling h ∈ Ak,x and then choosing a random u ∈ H1,x such that Au ⊆ Ah .
◁
We now fix any good x. We will prove:
▷ Claim 56. Suppose x ∈ Fm
q is good. Then for any m-variate direction I with w(I) < s we
have
T(I) (x) = P (I) (x)

(10)

Once we prove the claim we can conclude the proof of the theorem because:
δ(T, EVAL(P )) ≤ Prm (x is bad) ≤
x∈Fq

q
· ε0
q − (s − 1)


−1 

q
q
1
q d/(q−1)
≤
)≤ρ 1−
· ρ · (1 +
1+
.
q − (s − 1)
α · δ RM
s−1
α
Proof of Claim 56. Fix a good x ∈ Fm
q and let w0 < s. We will show Equation (10) simultaneously for all m-variate directions I with w(I) = w0 . We know that
Pr (u is bad) ≤

u∈H1,x

Pr (h is bad) < 1 −

h∈Hk,x

s−1
,
q

(11)

where the first inequality is by Claim 55 and the second because x is good.
Suppose u = (b, a) is good (where b, a ∈ Fm
q ). Then, by definition, (ϕu ◦ T )|Au =
EVAL( P |Au ). In particular ϕu (T (x)) = EVAL( P |Au ; x), because x ∈ Aℓ . Now:
By Definition 48 (and plugging k = 1)
X
T (x)(I) · aI ,
(ϕu (T (x)))w0 =
I,w(I)=w0

Also, by Lemma 17 (plugging t = 0),
X
(EVAL( P |Au ; x))w0 =
P I (x) · aI .
I,w(I)=w0

Thus, a good u = (b, a) gives the liner equation
X
(P I (x) − T (x)(I) ) · aI =0,
I,w(I)=w0

where the variables are vI = P I (x) − T (x)(I) for every m-variate direction I of total weight
exactly w0 . Thus, Equation (11) implies that


X
(s − 1)

Pr
(T (x)(I) − P (I) (x)) · aI = 0 >
.
m
q
a∈Fq \{0}
I,w(I)=w0

Now, look at the polynomial fx ∈ Fq [X1 , . . . , Xm ] defined by
X
fx (a) =
(T (x)(I) − P (I) (x)) · aI .
I,w(I)=w0
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fx is an m-variate, degree w0 homogeneous polynomial, and it is 0 with probability larger
x)
than (s−1)
≥ wq0 = deg(f
. By the Schwartz-Zippel lemma, it must be the 0 polynomial.
q
q
(I)
Therefore, T (x)(I) − P (x) for all I with w(I) = w0 as desired.
◁
◀
▶ Remark 57. Another way to view the argument, is that each a ∈ Fm
q is an evaluation
point of a homogeneous RM(q, m, w0 ) codeword, and therefore each good u = (b, a) gives
a zero coordinate of the codeword. If the number of good u is too large, we get too many
zeroes, and therefore the codeword must be the zero codeword, meaning that the values of
the variables are zero as we wish.
▶ Remark 58. The argument we use has the information that many k-dimensional restrictions
are good, but then chooses to reduce this knowledge to the weaker statement that for many
x, for many lines passing through x, the linear restrictions are good. It seems that using the
stronger statement might give a better code and improve the parameters, but we have not
succeeded yet in analyzing this.

6

The plane test is a characterization

In this section we show that the multiplicity code MRM(q, m, d, s) can be characterized
by restrictions to planes. Let Fq be a field and let m, s ≤ d be positive integers. For
a, b, c ∈ Fq m 4 define:
ℓa,b,c : F2q → Fm
q by:
ℓa,b,c (t, r) = at + br + c.
From Lemma 18 and Definition 48 we see that:
m

▶ Theorem 59 (Completeness). Suppose d < sq − 1. If a table T ∈ Σqm,s satisfies T ∈
MRM(q, m, d, s) then for all a, b, c ∈ Fm
q ,
ϕ(a,b) ◦ T ◦ ℓa,b,c ∈ MRM(q, 2, d, s).
The main challenge is proving the converse:
▶ Theorem 60 (Soundness). Suppose q is a power of the prime p, q ≥ s and d < q(s − p1 ). If
m

a table T ∈ Σqm,2 satisfies that for all a, b, c ∈ Fm
q , ϕ(a,b) ◦ T ◦ ℓa,b,c ∈ MRM(q, 2, d, s) then
T ∈ MRM(q, m, d, s).
We define the vector space of tables which pass the test:
n
o
m
Vm,d,s = T ∈ Σqm,s | ∀a, b, c ∈ Fm
ϕ(a,b) ◦ T ◦ ℓa,b,c ∈ MRM(q, 2, d, s)
q

(12)

We denote by Cm,d,s = Vm,d,s \ MRMm,d,s , the set of tables which cheat the test. We would
like to show that Cm,d,s = ∅. Assume towards a contradiction that there is a table T ∈ .
Cm,d,s .
By Claim 41, T can be realized (uniquely) as an element P of the quotient space Fq [X] I .
m,s

We use the basis Bm,s from Equation (5) to write P in the form
X
P (X) =
αI,J · g(X)I XJ ,
(I,J)∈Ms,q

4

In this section, we omit the requirement that a, b be independent. If some degenerate plane shows that
a table is not a low degree polynomial, then some actual plane will too.
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where αI,J ∈ Fq and (I, J) ∈ Ms,q iff w(I) < s and Jk < q for every 1 ≤ k ≤ m. Since
T ̸∈ MRMm,d,s we have deg(P ) > d. This means there must be some I and J such that
αI,J ̸= 0 and
w(I)q + w(J) > d.

(13)

We may assume that every I, J for which αI,J ̸= 0 satisfy Equation (13). This is since the
test is linear, and any degree ⩽ d terms have no effect on whether P passes the test or not.
We use the following monomial order ≻w on Bm,s :
1. First order monomials according to w(I) + w(J),
2. Then order monomials according to w(I),
3. Finally, order monomials according to the lexicographic order on I, J.
We emphasize that ≻w is not a monomial order in the sense of Grobner bases, and we make
no use of it in that sense.
Let (Imax , Jmax ) be s.t. g(X)Imax · X Jmax is a maximal monomial of P according to ≻w .
For a, b, c ∈ Fm the restriction of P to the plane defined by a, b, c is P Pa,b,c (t, r) =
P (at + br + c). Expressing P Pa,b,c (t, r) in the basis B2,∞ :
X

P Pa,b,c (t, r) =

Ai,j,k,ℓ (a, b, c) · g(t)i g(r)j tk rℓ

i∈N,j∈N,k,ℓ<q

X

P Pa,b,c (t, r) mod I2,s =

Ai,j,k,ℓ (a, b, c) · g(t)i g(r)j tk rℓ

i+j<s,k,ℓ<q

We view Ai,j,k,ℓ (a, b, c) as a polynomial in the variables a, b, c.
▶ Lemma 61. For every partition Jmax = Jbmax + Jcmax such that:
q · w(Imax ) + w(Jbmax ) ≤ qs − 1, and,

Jmax
̸= 0 mod p,
Jb
max

b

c

the monomial aImax bJmax cJmax appears with a non-zero coefficient at
A

w(Imax ),⌊

w(Jb
max ) ⌋,0,w(Jb
max )
q

mod q

(a, b, c) mod I3m,1 .

Where the ideal I3m,1 above is in the variables a1 , . . . , am , b1 , . . . , bm , c1 , . . . , cm .
Proof. We expand P Pa,b,c (t, r). First, P (X) =
P Pa,b,c (t, r) =

X

P

(I,J)∈Ms,q

αI,J · g(X)I XJ . Thus

αI,J · g(at + br + c)I (at + br + c)J

(I,J)∈Ms,q

=

X

αI,J

=

αI,J

=

(I,J)∈Ms,q

m
Y

Jk
(g(t)ak + g(r)bk )Ik · Πm
i=k (ak t + bk r + ck )

k=1

(I,J)∈Ms,q

X

Jk
(g(ak t + bk r + ck ))Ik · Πm
i=k (ak t + bk r + ck )

k=1

(I,J)∈Ms,q

X

m
Y

αI,J

X
Ia +Ib =I
Ja +Jb +Jc =J

 

I
J
aIa +Ja bIb +Jb cJc · g(t)w(Ia ) g(r)w(Ib ) tw(Ja ) rw(Jb ) .
Ia
Ja , Jb , Jc

(14)
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We expand tw(Ja ) and rw(Jb ) in the basis B1,s as in Example 43 to get:
 

X
X
I
J
P Pa,b,c (t, r) =
αI,J ·
Ia
Ja Jb Jc
(I,J)∈Ms,q

X

Ia +Ib =I
Ja +Jb +Jc =J

X

βw(Ja ),i1 ,i2 βw(Jb ),j1 ,j2

i1 ,i2
j1 ,j2
i1 q+i2 ⩽w(Ja ) j1 q+j2 ⩽w(Jb )
i2 <q
j2 <q

aIa +Ja bIb +Jb cJc · g(t)w(Ia )+i1 ti2 · g(r)w(Ib )+j1 rj2 .

(15)

We now have a representation in the basis B2,∞ .
Set:


w(Jbmax )
∆rq =
q
∆t = 0
∆r =

(16)

w(Jbmax )

mod q.

We wish to see for which choice of values I, J, Ia , Ib , Ja , Jb , Jc , i1 , i2 , j1 , j2 in Equation (14),
b
c
aImax bJmax cJmax appears as a coefficient of A(w(Imax ),∆rq ,∆t ,∆r ) mod I3m,1 . We must have
Imax =Fq Ia + Ja

By comparing the powers of a, remembering mod I3m,1 ,

Jbmax
Jcmax

= Fq Ib + J b

By comparing the powers of b, remembering mod I3m,1 ,

= Fq J c

By comparing the powers of c, remembering mod I3m,1 ,

where =Fq was defined in Definition 36.
By Claim 38 together with s < q we have
w(Imax ) ≤ w(Ia ) + w(Ja )

(17)

w(Jbmax )
Jcmax

≤ w(Ib ) + w(Jb )

(18)

= Jc .

(19)

It follows that
w(Imax ) + w(Jmax ) = w(Imax ) + w(Jbmax ) + w(Jcmax )
≤ w(Ia ) + w(Ja ) + w(Ib ) + w(Jb ) + w(Jc )
= w(I) + w(J).
As (Imax , Jmax ) is maximal it follows that
w(Imax ) + w(Jmax ) = w(I) + w(J).

(20)

This, in turn, implies that both inequalities in Equations (17) and (18) are in fact equalities,
i.e.,
w(Imax ) = w(Ia ) + w(Ja )

(21)

w(Jbmax )

(22)

= w(Ib ) + w(Jb ).

We now look at
def

degt = degt (g(ta)Ia · (ta)Ja · g(rb)Ib · (rb)Jb · cJc mod I2,s )
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On the one hand, we look for the monomial
b

c

aImax bJmax cJmax
in Aw(Imax ),∆rq ,∆t ,∆r mod I3m,1 , and so we should have degt = q · w(Imax ) + ∆t . On the
other hand, by Lemma 45,
degt = degt (g(ta)Ia (ta)Ja g(rb)Ib (rb)Jb cJc mod I2,s )
≤ degt (g(ta)Ia (ta)Ja )
= q · w(Ia ) + w(Ja ).
Thus,
q · w(Imax ) + ∆t ≤ q · w(Ia ) + w(Ja ).
Together with Equation (21) we see that q · w(Ia ) + q · w(Ja ) + ∆t ≤ q · w(Ia ) + w(Ja ), and
therefore q · w(Ja ) + ∆t ⩽ w(Ja ) which is possible iff w(Ja ) = 0 (and ∆t = 0, which is indeed
true, see Equation (16)). Now, w(Ja ) = 0 implies:
w(Ia ) = w(Imax ), and,
Ja = ∅.
We saw in Equation (20) that w(I) + w(J) = w(Imax ) + w(Jmax ). If Ib ̸= ∅ then
w(I) = w(Ia ) + w(Ib )
> w(Ia ) = w(Ia ) + w(Ja ) = w(Imax ).
Thus, (I, J) ≻w (Imax , Jmax ) in contradiction to the maximality of (Imax , Jmax ). We conclude
that
Ib = ∅.
As (Imax , Jmax ) ∈ Ms,q we have (Jmax )k ≤ q − 1 for every k ∈ [m]. Thus, Jbmax =Fq Jb ,
w(Jbmax ) = w(Jb ) and Jbmax is already reduced. Together this implies that
Jbmax = Jb .
Finally, we use the hypothesis that q ≥ s. We have, (Imax )k < s ≤ q for all k ∈ [m]. Thus,
Imax =Fq Ia , w(Imax ) = w(Ia ) and Imax is already reduced. Together this implies that that
Imax = Ia .
Thus,
Imax = Ia = Ia + Ib = I,
Jbmax = Ib + Jb = Jb .
b

c

Altogether,the only term that may possibly contribute aImax bJmax cJmax to
Aw(Imax ),∆rq ,∆t ,∆r mod I3m,1
is
(Ia , Ib , Ja , Jb , Jc ) = (Imax , ∅, ∅, Jbmax , Jcmax ).

CCC 2022

14:30

The Plane Test Is a Local Tester for Multiplicity Codes

Also, the tuple (Ia , Ib , Ja , Jb , Jc ) = (Imax , ∅, ∅, Jbmax , Jcmax ) contributes


X
b
c
Jmax
αImax ,Jmax ·
βw(Jbmax ),j1 ,j2 aImax bJmax cJmax · g(t)w(Imax ) · g(r)j1 rj2 .
Jbmax
j ,j
1

2

j1 q+j2 ⩽w(Jbmax )
j2 <q

to the term in Equation (14).
Notice that w(Imax ) + j1 < s, for otherwise q · w(Imax ) + w(Jbmax ) ≥ q(w(Imax ) + j1 ) ≥ qs
in contradiction to the hypothesis. Thus the term is already I2,s reduced. The contribution
to Aw(Imax ),∆rq ,0,∆r mod I3m,1 occurs for (j1 , j2 ) such that j1 = ∆rq and j2 = ∆r . Thus, in
b
c
the sum in Equation (14) there is exactly one possible way to contribute aImax bJmax cJmax to
Aw(Imax ),∆rq ,0,∆r mod I3m,1 , and this is when
(Ia , Ib , Ja , Jb , Jc ) = (Imax , ∅, ∅, Jbmax , Jcmax ), and
(i1 , i2 , j1 , j2 ) = (0, 0, ∆rq , ∆r ).
The coefficient of this term is:


Jmax
αImax ,Jmax ·
· βw(Jbmax ),∆rq ,∆r .
Jbmax
αImax ,Jmax ̸= 0. By assumption

Jmax
Jbmax



is non-zero. βℓ,⌊ ℓ ⌋,ℓ
q

mod q

= 1 (see Example 43)

w(Jbmax )

and taking ℓ =
shows the coefficient is non-zero. As there is a unique term
contributing the monomial with a non-zero coefficient, the monomial cannot cancel in
Aw(Imax ),∆rq ,∆t ,∆r mod I3m,1 and Aw(Imax ),∆rq ,∆t ,∆r mod I3m,1 is non-zero.
◀
▶ Lemma 62. There is a partition Jmax = Jbmax + Jcmax , such that
d < q · w(Imax ) + w(Jbmax ) ≤qs − 1, and,


Jmax
mod p ̸=0.
Jbmax
Proof. Suppose q = pw where p is prime (if q is prime then p = q and w = 1). We choose
Jbmax as follows. We go over k = 1, . . . , m and find the first k0 ≥ 0 such that q · w(Imax ) +
P k0
k=0 (Jmax )k > d. There must be some k0 ≤ m like that since qw(Imax ) + w(Jmax ) > d. We
set:
(Jbmax )k = (Jmax )k , for k = 1, . . . , k0 − 1, and,
(Jbmax )k = 0, for k = k0 + 1, . . . , m.
Set v = (Jmax )k0 . There is a first value 0 < v ′ ≤ v such that
qw(Imax ) +

kX
0 −1

(Jmax )k + v ′ > d.

k=1

Pw−1
We express v = (Jmax )k0 in base p: v = ℓ=0 vℓ · pℓ . We let v ′′ be the first integer such
that:
v ′′ ≥ v ′ , and,
Pw−1
If we express v ′′ in base p as v ′′ = ℓ=0 vℓ′′ · pℓ then vℓ′′ ≤ vℓ for every ℓ.

▷ Claim 63. v ′ ≤ v ′′ ≤ min v, v ′ + pw−1 − 1 .
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Proof. Notice that v respects the conditions that we need, and so if v ≤ v ′ + pw−1 − 1 the
claim holds. Otherwise, v ≥ v ′ + pw−1 − 1. Then, v ′′ ≤ v ′ + pw−1 − 1 because we can
increase v ′ by setting all the lower bits in the p-representation to 0, while increasing the most
significant bit (that is multiplied by pw−1 ) by 1.
◁
Thus, by Lucas theorem (see Equation (4))
 
 
v
vℓ
w−1
mod
p
=
Π
̸= 0.
ℓ=0
v ′′
vℓ′′
b
′′
b
b
Having
 that, we let (Jmax )k0 = v . We have, Jmax ≤ Jmax , qw(Imax ) + w(Jmax ) > d and
Jmax
mod p ̸= 0. Also,
Jb
max

qw(Imax ) + w(Jbmax ) ≤ d + pw−1 ≤ qs − 1,
because d ≤ qs − pw−1 − 1 = q(s − p1 ) − 1, completing the proof of the lemma.

◀

We are now ready to prove Theorem 60.
Proof. Fix a partition Jmax = Jbmax + Jcmax as in Lemma 62. Let
b

degr = degr (g(t)w(Imax ) rw(Jmax ) mod I2,s )
b

= degr (g(t)w(Imax ) rw(Jmax ) ) = w(Jbmax ).
Define ∆rq = ⌊

w(Jbmax )
⌋,∆t
q

= 0 and ∆r = w(Jbmax ) mod q. By Lemma 61 we know that

Aw(Imax ),∆rq ,∆t ,∆r (a, b, c) mod I3m,1 ̸= 0
Thus, there exist a0 , b0 , c0 such that
Aw(Imax ),∆rq ,∆t ,∆r (a0 , b0 , c0 ) ̸= 0
We look at the test a0 , b0 , c0 . We have
X
P Pa,b,c (r, t) mod I2,s =
Ai,j,k,ℓ (a, b, c)g(t)i g(r)j tk rℓ .
i+j<s,k,ℓ<q

As Aw(Imax ),∆rq ,∆t ,∆r (a0 , b0 , c0 ) ̸= 0 we see that
deg(P Pa0 ,b0 ,c0 mod I2,s ) ≥ q · w(Imax ) + q · ∆rq + ∆t + ∆r
= q · w(Imax ) + w(Jbmax ) > d.
Thus, by Lemma 47, the test (a0 , b0 , c0 ) rejects.

7

◀

Planes give a local MRM tester

We restate Theorem 9:
▶ Theorem 64. Suppose q is a prime power, s ≤ q and d < q(s − p1 ). Let T : Fm
q → Σm,s be
a table and let δ = δ(T, MRM(q, m, d, s)). Then
REJMRM
2,d (T ) ≥ min {αδ, c}
with α = Ω(q −6s+5 ) and c = Ω(q −8s+4 ).
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Proof. We remind the reader that

Hk = h = (h0 , h1 , . . . , hk ) | h0 , . . . , hk ∈ Fm
q , dim(span{h1 , . . . , hk }) = k
Let us say that v ∈ Hk is bad, if the k-dimensional test with v rejects, i.e., (ϕv ◦ T )|Av ̸∈
d+1
MRM(q, k, d, s). We let t = ⌈ q−
q ⌉ be the RM(q, m, d, s) testing dimension. Selecting a
p
uniform u ∈ H2 is the same as selecting h ∼ Ht and then a uniform u ∈ H2 such that
Au ⊂ Ah . Thus,
REJMRM
2,d (T ) = Pr (u is bad)
u∼H2

≥ Pr (h is bad) ·
h∈Ht

Pr

u∈H2 :Au ⊂Ah

(u is bad | h is bad).

By Corollary 52, the probability of picking a bad h ∈ Ht is:


δ
1
.
REJMRM
(T
)
≥
min
,
t,d
3q 2(t + 1)q t+1
By Theorem 60 we know that for any bad h ∈ Ht there is at least one u ∈ H2 such
that Au is contained Ah and u is bad. Furthermore, if Au = Au′ then u is bad iff u′ is
bad. We look at Au . There are (q 2 − 1)(q 2 − q)q 2 different u′ ∈ H2 such that Au′ = Au
(because there are q 2 − 1 choices for the first basis element, q 2 − q choices for the second
basis element and |Au | = q 2 choices for the offset).
Altogether,
REJMRM
2,d (T ) ≥

Ω(q 6 )
· min
q 3t

We notice that t ≤ ⌈
promised.

1
q(s− p
)
⌉
q
q− p



δ
1
,
3q 2(t + 1)q t+1





q −4t+5
).
= Ω(min q −3t+5 δ,
t

≤ ⌈ 1−s 1 ⌉ ≤ 2s. Thus α = Ω(q −6s+5 ) and c = Ω(q −8s+4 ) as
p

◀
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1

Introduction

Pseudorandom generators [25] are one the most important notions in modern computer
science. A pseudorandom generator can be considered as a function F : {0, 1}n → {0, 1}m
such that for all small circuits C ∈ C:
Pr

x∈{0,1}n

[C(F(x))] −

Pr

y∈{0,1}m

[C(y)] −−−−→ 0,
n→∞

where C is some circuit class, and x, y are taken from the uniform distribution.
The condition on a pseudorandom generator can be rephrased in the following more
informal way: “For a class of circuits C it is hard to distinguish points inside and outside of the
image of F”. This fact was used by Alekhnovich, Ben-Sasson, Razborov, and Wigderson [2]
who suggested a natural way of viewing pseudorandom generators from the proof complexity
perspective. Following [2] we call a pseudorandom generator F : {0, 1}n → {0, 1}m hard for
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a propositional proof system P if P cannot efficiently prove the (properly encoded as a CNF
formula) statement b ∈
/ Im(F) for any string b ∈ {0, 1}m . Similar constructions were also
proposed by Krajíček [13].
The problem of proving lower and upper bounds on the considered formulas is natural
and at the same time there are lots of motivations from different areas of computer science.
We discuss some of them and also refer the reader to [2, 5, 22] for the detailed survey.
Candidate Hard Examples for Strong Proof Systems. Despite the success of proving lower
bounds on weak proof systems like Resolution, Polynomial Calculus, etc. we are still far
away from lower bounds on strong proof systems like Frege or Extended Frege. Moreover, at
this moment, we have few candidates for hard examples for these systems. In [22] Razborov
introduced explicit conjectures that formulas obtained from Nisan–Wigderson pseudorandom
generators are hard for Frege and Extended Frege.
These conjectures of Razborov are based on the deep connection between pseudorandom
generators and so-called Circuit formulas. This provides another important motivation in
circuit complexity.
Circuit Lower Bound. In [18] Razborov introduced the principle Circuitt (fn ) expressing
that the circuit size of the Boolean function fn in n variables, given as its truth-table, is
lower bounded by t = t(n). Razborov stated that to show that a proof system P does not
have efficient proofs of the formula Circuitt (fn ), it suffices to design a sufficiently constructive
pseudorandom generator hard for P and such that the number of output bits, as a function
of the number of input bits, is as large as possible. In other words, the pseudorandom
generators in proof complexity capture the arguments that are required to prove the circuit
lower bounds (see also [2, 19]).
In this paper, we focus on the Nisan–Wigderson generators that were mention above.
This partial case already illustrates all considered applications and shows the limits of the
current techniques for proving lower bounds in proof complexity that we discuss next section.

1.1

Nisan–Wigderson Generators

The Nisan–Wigderson pseudorandom generator [16] may be described by a family of functions
f := {f1 , . . . , fm } and a bipartite dependency graph G := (L, R, E) where |L| = m, |R| = n
and each vertex in L has degree ∆. We identify the right part of this graph with a set of
boolean variables x1 , . . . , xn and the left part with the output bits. We define a function
FG,f : {0, 1}n → {0, 1}m such that the j-th bit of the output is defined by fj (xi1 , xi2 , . . . , xi∆ )
where xik are neighbours of the vertex vj ∈ L that are ordered in arbitrary but fixed way.
Pick some b ∈ {0, 1}n \ Im(FG,f ). We produce the unsatisfiable CNF formula PRGG,f,b
that states b ∈ Im(F) in the most natural way i.e. we encode the constraints fj (x) = bj
independently. If the function fj is simple enough (or ∆ is small enough) then we can
encode it in CNF directly in terms of xi1 , xi2 , . . . , xi∆ . But if ∆ ≫ log n this encoding will
be superpolynomial even in the case of parity function. To solve this problem, in [2] the
authors suggested to use “local” extension variables (so-called “functional encoding”). In
other words we can introduce any variable yg whose value corresponds to some function g
that depends on some set of variables Xg and Xg ⊆ N (v) where v ∈ L and N (v) is a set of
neighbours of v.
Another important motivation for the considered functional encoding is that it naturally
characterizes the spectrum of proof systems between Resolution and Extended Frege. To see
this we remind a classical Theorem that Resolution with all extension variables is equivalent
to Extended Frege [8, 12]. So if we omit the locality constraint Xg ⊆ N (v) and allow all
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possible extension variables then any lower bound on the size of Resolution proofs can be
transformed into lower bounds on the Extended Frege. Note that the bigger ∆ the more
extension variables we allow to use, and the behaviour of Resolution is closer to the behaviour
of Extended Frege. So the question about proving the lower bounds for a bigger degree of
the dependency graph is a necessary step for proving lower bound on stronger proof systems.

1.1.1

Technical Aspects of Proving Lower Bounds

The most popular technique for proving lower bounds in proof complexity is a restriction.
The main idea of this technique that we can hit the small proof by some restriction and
obtain a well-structured proof. For example, this trick was used to reduce the question
about the size of the resolution proof to a question about the width of proof. It can be used
explicitly [2] or implicitly [7, 11, 6].
The “quality” of the restriction trick depends on the number of variables in our formula.
Hence the lower bounds on the functional encoding of Nisan–Wigderson generator are an
important barrier. The lower bound presented in [2] shows the limits of the classical restriction
approach.

1.1.2

Prior Results

Despite the importance of the problem, only a few lower bounds are known.
i
h  Alekhnovich,
n2
Ben-Sasson, Razborov, and Wigderson [2] showed a lower bound exp Ω
on the
∆
2
m·2
length of Resolution proofs on the functional encoding of the Nisan–Wigderson generator.
Since this proof used the “pure restriction technique” it also works for the Polynomial
Calculus, which was also done in the same paper. This is the only lower bound that deals
with the full functional encoding. They formulated a list of open problems that included:
to prove a lower bound that works for m ≫ n2 ;
∆

to get rid of the 22 scaling factor in the lower bound.
The state of the art techniques say that if we want to prove a lower bound then we need an
expansion property of the dependency graph of the NW generator. And without a solution
to the second problem we cannot deal with large ∆ and hence for large enough m we cannot
deal with expanders. So it seems that a solution to the second problem is a necessary step
for any solution to the first problem.
In [15] Krajíček showed a simplified proof of the lower bound from [2], but it works only
for a certain choice of the small number of local extension variables. This lower bound is
given via reduction from the Pigeonhole Principle and hence it works for the bigger class
of proof systems. For another choice of local extension
 variables Razborov [22] showed
a superpolynomial lower bound up to m = O nlog n . This lower bound works for the
Resolution and k-DNF Resolution, and it is obtained via the so-called “Small Restriction
Switching Lemma” [23, 22].
If we switch back from the Nisan–Wigderson generator to the general case then we must
point out that in [22] Razborov showed a lower bound for subexponential parameter m. This
lower bound is based on two ideas: a lower bound on the Nisan–Wigderson generator, and
the composition Theorem [14, 22]. The generator used in this lower bound is a composition
of several Nisan–Wigderson generators.
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1.2

Our Results

We develop a new measure of resolution proofs that we call “heavy width”. This measure
gives us a way to deal with extension variables in a structured way. We modify the restriction
technique and show that for “proper” formulas small resolution proof may be transformed
into a proof of small heavy width. Also, we show a way for proving lower bounds on heavy
width (even in cases when we cannot bound classical resolution width).
By using the considered measure and techniques we show the following result, that is a
∆
solution to an open problem [2]: to get rid of scaling factor 22 in lower bounds on resolution
proofs of PRG formulas.
▶ Theorem 1 (Informal). Let G := (L, R, E) be an (r, ∆, (1 − ε)∆)-expander, where |L| =
m, |R| = n. If fi is a family of good
/ Im(FG,f ) any resolution
h functions ithen for any b ∈
proof of PRGG,f,b requires size exp 2−O(ε∆) ·

r2
m

.



n
For good enough expander graphs r = Ω poly(∆)
. We give a definition of a “good”
function and expander graph later (see Definition 3 and section 2.1). Informally speaking
function is good iff it remains balanced even if we fix some of its input variables (Parity is a
good function). We may think about expander graphs as about bipartite random graphs
with left degree ∆.
The parameter
ε mayi depends on n and ∆ which allows us to show lower bounds of
h
2
the form exp 2−o(∆) · rm for the proper expander graphs. In particular, we may consider
natural distribution over random graphs G(m, n, ∆) (see section 2.2) for which, our Theorem
implies the following result.
▶ Theorem 2 (Informal). Let n be large enough integer number, δ > 0, m := n2−δ , ∆ :=
log2−δ n and G ∼ G(m, n, ∆). If fi is a family of good
then whp for any b ∈
/ Im(FG,f )
 functions

any resolution proof of PRGG,f,b requires size exp nΩ(δ) .
We believe that heavy width measure could be of independent interest.

1.3

Our Technique

Let FG,f : {0, 1}n → {0, 1}m . Let us remind that we pick some b ∈ {0, 1}n \ Im(FG,f ) and
produce the unsatisfiable CNF formula PRGG,f,b that states b ∈ Im(F) by encoding the
constraints fj (x) = bj independently. To do this, for every function g that depends on some
set of variables Xg and Xg ⊆ N (v) where v ∈ L, we introduce an extension variable yg whose
value corresponds to g. For formal construction see Section 3. Note, that since for all v ∈ L
∆
the size of N (v) is ∆ our CNF formula consists of m · 22 variables.
h  2 i
n
We start with the approach that gives a lower bound exp Ω
on the size of
m·22∆
resolution proofs of PRGG,f . This strategy has the same flavor as a strategy from [2] but has
some differences in details.
Let π := (D1 , . . . , Dℓ ) be a Resolution proof of PRGG,f and H is a set of clauses of width
at least w0 . For the sake of contradiction assume that π has small size and apply the following
algorithm.
1. If π is small then H is small.
w0
2. Pick the most frequent literal y in H. Note that it is contained in at least
fraction
m·22∆ +1
of clauses (by a naive averaging argument).
3. Set y to 0 in π. This operation kills all clauses that contain y.
4. After this assignment π ↾ (y = 0) is still a proof of a restricted formula.
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5. We apply a “closure” trick [3, 2] to make sure that the remaining formula does not contain
a “local contradiction” (see also an iterative version of this trick in [24]).
6. Repeat while we have clauses of large width.
If H is small we kill all clauses of large width in a few iterations. To achieve a contradiction
it remains to show that if there is no “local contradiction” then any resolution proof requires
width at least w0 for the right choice of w0 .
This strategy is semantic, i.e. we do not care about the exact form of clauses in the
proof; we need only two properties:
clauses of large width can be killed with large probability by a “random assignment”;
clauses of small width are not so easy to satisfy (we need this property for the width
lower bound).
The bottleneck of the considered strategy is the fraction of clauses that contain some
specific literal. So if we want to improve the lower bound, we need to expand this bottleneck.
First of all, we will count the number of output bits that are “touched” (in other words,
i-th output bit is touched iff there is a variable (or extension variable) in a clause from N (i)
(that value depends only on N (i))) by a clause rather than the number of input variables.
To do so we define a “functional form” of a clause that helps to split all variables into m
baskets. Unfortunately, our functional form of a clause is a syntactic representation, i.e., it
heavily depends on the exact representation of a clause and not only the function defined by
it. Moreover this representation is not unique and that affects our complexity measures.
On the one hand, the syntactic measure has already provided problems in the analysis.
On the other hand, it is still not enough for our lower bound. To expand the bottleneck even
more we introduce the new measure “heavy width”. Informally speaking if we have clause D
then we want to count only those output bits of the generator the value of which are heavily
correlated to a value of the clause D.
Let us define the full strategy. Let π := (D1 , . . . , Dℓ ) be a Resolution proof of PRGG,f
and H be a set of clauses of heavy width at least w0 (in other words there are at least w0
output bits of the generator whose values are correlated with a value of a clause). For the
sake of contradiction assume that π has small size and apply the following algorithm.
1. If π is small then H is small.
2. Pick an output bit v of the generator uniformly at random.
3. Set all neighbors of v in order to satisfy constraints to this output bit. In our case this
−ε∆
operation kills 2 m fraction of clauses in H (this argument will follow from the definition
of heavy width)
4. After this assignment the restricted proof is still a proof of a restricted formula.
5. We apply a “closure” trick to make sure that the remaining formula does not contain
“local contradiction”.
6. Make sure that heavy width of alive clauses does not grow too much. This is the new and
one of the most problematic step.
7. Repeat while we have clauses of large width.
If H is small we kill all clauses of large width in a few iterations. To achieve a contradiction
it remains to show that if there is no “local contradiction” then any resolution proof requires
a clause of large “heavy width”.
To show the lower bound on the heavy width we equip a game approach (that is similar
to [17, 4]) with a new invariant. This is the place where the problem with the syntactic
definition of a functional form arises. To avoid this problem we again will use the expansion
properties of our dependency graph.
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2

Preliminaries

Let x be a propositional variable, i.e., a variable that ranges over the set {0, 1}. A literal
of x is either x (denoted sometimes as x1 ) or ¬x (denoted sometimes as x0 ). A clause
C := xc11 ∨ xc22 · · · ∨ xckk is a disjunction of literals where c1 , c2 , . . . , ck ∈ {0, 1}. A CNF
formula φ := C1 ∧ · · · ∧ Cm is a conjunction of clauses. We think of clauses and CNF
formulas as sets: order is irrelevant and there are no repetitions.
A Resolution proof π of an unsatisfiable CNF formula φ is an ordered sequence of
clauses π := C1 , . . . , Cs such that Cs = ∅ is an empty clause and for each i ∈ [s] either Ci is a
clause in φ or there exist j, k < i such that Ci is derived from Cj and Ck by the resolution
rule
C ∨x

D ∨ ¬x
C ∨D

or by the weakening rule
C [C ⊆ D].
D
A partial assignment or a restriction on a function f (or a formula φ) is a mapping
ρ : Vars(f ) → {0, 1, ∗}. We let supp(ρ) := ρ−1 ({0, 1}) denote the set of assigned variables.
The restriction of a function f (or a formula φ) by ρ, denoted f |ρ (φ|ρ ), is the Boolean
function (propositional formula) obtained from f (from φ, respectively) by setting the value
of each xi ∈ supp(ρ) to ρ(xi ) and leaving each xi ∈
/ supp(ρ) unassigned.
The size of a partial assignment ρ is the size of the supp(ρ). We denote it by |ρ|.
▶ Definition 3. Let f : {0, 1}n → {0, 1}. We say that f is (δ, k)-balanced for some 0 < δ ≤ 21
and k ≥ 0 iff for any b ∈ {0, 1} and any partial assignment ρ of size at most k the size of
(f |ρ )−1 (b) is at least δ · 2n−|ρ| .
Some examples.

Parity(x1 , . . . , xn ) is 12 , n − 1 -balanced;
n/2

P
IP :=
xi yi mod 2 is 14 , n2 − 1 -balanced;
i=1
√ 
a random function is 14 , n − n -balanced (see Lemma 30 for the calculations).

2.1

Expanders and Closure

We use the following notation: NG (S) is the set of neighbours of the set of vertices S in the
graph G, ∂G (S) is the set of vertices u that are connected with S by exactly one edge. We
omit the index G if the graph is evident from the context.
▶ Definition 4. A bipartite graph G := (L, R, E) is an (r, ∆, c)-expander if all vertices
u ∈ L have degree at most ∆ and for all sets S ⊆ L, |S| ≤ r, it holds that |N (S) | ≥ c · |S|.
Similarly, G := (L, R, E) is an (r, ∆, c)-boundary expander if all vertices u ∈ L have
degree at most ∆ and for all sets S ⊆ L, |S| ≤ r, it holds that |∂ (S) | ≥ c · |S|.
In this context, a simple but useful observation is that
|N (S) | ≤ |∂ (S) | +

∆|S| − |∂ (S) |
∆|S| + |∂ (S) |
=
,
2
2
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since all non-unique neighbours have at least two incident edges. This implies that for any
ε ≤ 12 if a graph G is an (r, ∆, (1 − ε)∆)-expander then it is also an (r, ∆, (1 − 2ε)∆)-boundary
expander.
The next proposition is well known in the literature. In this form it was used in [10].
▶ Proposition 5. If G := (L, R, E) is an (r, ∆, c)-boundary expander then for any set S ⊆ L
of size k ≤ r there is an enumeration v1 , v2 , . . . , vk ∈ S and a sequence R1 , . . . , Rk ⊆ N (S)
such that:
!
i−1
S
Ri = N (vi ) \
N (vj ) ;
j=1

|Ri | ≥ c.
In particular, there is a matching on the set S.
Proof. We create this sequence in reversed order. Since |S| ≤ r it holds that |∂ (S) | ≥ c|S|
and there is a vertex vk ∈ S such that |∂ (S) ∩ N (vk ) | ≥ c. Let Rk := |∂ (S) ∩ N (vk ) |, and
repeat the process on S \ {vk }.
◀
Let G := (L, R, E) denote a bipartite graph. Consider a closure operation that seems to
have originated in [3, 2].
▶ Definition 6. For a vertex set U ⊆ R we say that a set S ⊆ L is (U, r, ν)-contained
if |S| ≤ r and |∂ (S) \ U | < ν|S|. For any set J ⊆ R let Clr,ν (J) denote an arbitrary but
fixed set of maximal size such that Clr,ν (J) is (J, r, ν)-contained. We say that Clr,ν (J) is a
closure of J.
Note that for any J ⊆ R and any positive r, ν the empty set is (J, r, ν)-contained and
closure is well-defined.
▶ Lemma 7. Suppose that G is an (r, ∆, c)-boundary expander and that J ⊆ R has size
|J|
|J| ≤ ∆r. Then |Clr,ν (J)| < c−ν
.
Proof. By definition we have that |∂ (Clr,ν (J)) \ J| < ν|Clr,ν (J)|. Since |Clr,ν (J)| ≤ r
by definition, the expansion property of the graph guarantees that c|Clr,ν (J)| − |J| ≤
|∂ (Clr,ν (J)) \ J|. The conclusion follows.
◀
Suppose J ⊆ R is not too large. Then Lemma 7 shows that the closure of J is not much
larger. Thus, after removing the closure and its neighbourhood from the graph, we are still
left with a decent expander. The following lemma makes this intuition precise.
▶ Lemma 8. Let J ⊆ R be such that |J| ≤ ∆r and |Clr,ν (J)| ≤ 2r and let G′ := G \
(Clr,ν (J) ∪ J ∪ N (Clr,ν (J))). Then any set S of vertices from the left side of G′ , with size
|S| ≤ 2r , satisfies that |∂G′ (S) | ≥ ν|S|.
Proof. Suppose the set S ⊆ L(G′ ) violates the boundary expansion guarantee. Observe
that Clr,ν (J) and S are both sets of size at most 2r . Furthermore, the set (Clr,ν (J) ∪ S)
is (J, r, ν)-contained in the graph G. As Clr,ν (J) is a (J, r, ν)-contained set of maximal
cardinality, this leads to a contradiction.
◀

2.2

Existence

For n, m, ∆ ∈ N, we denote by G(m, n, ∆) the distribution over bipartite graphs with disjoint
vertex sets L := {v1 , . . . , vm } and R := {u1 , . . . , un } where the neighbourhood of a vertex
v ∈ L is chosen by sampling a subset of size ∆ uniformly at random from R.
The next claim follows from the standard calculation.
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▶ Lemma 9 (de Rezende et al. [9]). Let n, m and ∆ be large enough integers such that
m > n ≥ ∆. Let ξ, χ ∈ R+ be such that ξ < 1/2, ξ ln χ ≥ 2 and ξ∆ ln χ ≥ 4 ln m. Then
for r = n/(∆ · χ) and c = (1 − 2ξ)∆ it holds asymptotically almost surely for a randomly
sampled graph G ∼ G(m, n, ∆) that G is an (r, ∆, c)-boundary expander.

3

Nisan–Wigderson PRG and Its Encoding

Let G := (L, R, E) be a bipartite graph such that L := {v1 , v2 , . . . , vm }, R := {u1 , u2 , . . . , un }
and each vertex in L has degree ∆. Also for each vertex v ∈ L we fix some arbitrary
enumeration of its neighbours. We identify the right part of this graph with a set of boolean
variables {x1 , x2 , . . . , xn } and the left part with a set of output bits. Based on this identity
we introduce a pseudorandom generator FG,f : {0, 1}n → {0, 1}m that is defined by the graph
G and a family of the base functions f1 , f2 , . . . , fm : {0, 1}∆ → {0, 1} in the natural way: the
j-th bit of output is defined by fj (ui1 , ui2 , . . . , ui∆ ) (here we use enumeration of neighbours
of the vertex vj ) where uik ∈ N (vj ) is a set of neighbours of the vertex vj ∈ L. We also use
a notation Varsj := N (vj ).
We want to encode the question about inversion of the function FG as a propositional
formula. Following the [2] and [1] we allow to use “local” extension variables.

3.1

Functional Encoding

Let FG,f : {0, 1}n → {0, 1}m be a pseudorandom generator based on the graph G and base
functions f1 , f2 , . . . , fm : {0, 1}∆ → {0, 1}. Let b ∈ {0, 1}m be an arbitrary point. We say
that a boolean function g is local iff there is some i ∈ [m] such that g depends only on Varsi .
Let G be a collection of local functions.
For each local function g ∈ G we introduce a variable yg . And we write a CNF formula
PRGG,f,b on variables yg which consists of the following disjunctions:
∆
(ygc11 ∨ ygc22 ∨ ygc33 · · · ∨ ygcℓℓ ), for all tuples g1 , g2 , . . . , gℓ where ℓ ≤ 22 and all c1 , c2 , . . . , cℓ ∈
{0, 1} such that there is i ∈ [m]:
gj depends only on Varsi for all j ∈ [ℓ];
any assignment a ∈ {0, 1}∆ that satisfy the equality fi (a) = bi also satisfy the equality
gk = ck for at least one k ∈ [ℓ]. In other words the equality gk = ck semantically
follows from the equality fi (a) = bi .
Note that, in particular, PRGG,f,b contains the following constraints:
(yfbii ), for all i ∈ [m];
(¬ys ∨ yg ), (¬ys ∨ yh ) and (ys ∨ ¬yg ∨ ¬yh ) for all local functions s, g, h such that:
s = g ∧ h;
there is i ∈ [m] such that s, g, h depends only on Varsi .
We omit indices of PRGG,f,b if it is clear from the context. Following [2] we say that it is
the functional encoding. The following observation is a straightforward corollary from the
definition.
▶ Remark 10 (Aleckhovich et al. [2]). Formula PRGG,f,b is unsatisfiable iff b ∈
/ Im(FG ).

3.1.1

Assignments, Restrictions and Intuition

If we have some total assignment ρ to x variables of F (we call it x-assignment) it can
define an assignment on y variables in the natural way:
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yxi ← ρ(xi );
if g(x) is a local function then yg ← g(x)|ρ .
We denote this assignment by ρy . The intuition behind the considered encoding and
assignment is that a value of a variable yg on ρy corresponds to a value of a function g on ρ.
We can also define this extension (of x-assignments to y variables) for partial assignments
as well. If we have some partial assignment ρ to x variables, we define an assignment ρy in
the following way: yg |ρy := yg|ρ . We say that these assignments are normal. In this paper
we consider only normal assignments.
Consider a clause D := (ygc11 ∨ ygc22 ∨ · · · ∨ ygcℓℓ ) in y variables where ci ∈ {0, 1}. Note, that
under normal assignments:
yg0 ≡ y1−g ;
yg ∨ yg′ ≡ yg∨g′ .
We can use these equalities and group variables of the clause D. Let B1 , B2 , . . . , Bm be a
sequence of subsets (or bags) of literals {ygc11 , ygc22 , . . . , ygcℓℓ } such that:
c
for all i ∈ [m], j ∈ [ℓ] if ygjj ∈ Bi then Vars(gj ) ⊆ Varsi ;
c
for all j ∈ [ℓ] there is at least one i ∈ [m] such that ygjj ∈ Bi .
Note that we can rewrite a clause D in the equivalent form under normal assignments
D ≡ (yh1 ∨ yh2 ∨ · · · ∨ yhm ) where
_

hi (x) :=

(1 ⊕ c ⊕ g(x)).

ygc ∈Bi

We may think about a clause D as about the following disjunction:
_
F :=
(hi (x) = 1),
i∈[m]

and we say that F is a functional form of the clause D. Denote by
_
F |ρ :=
(hi (x)|ρ = 1),
i∈[m]

where ρ is an x-assignment.
▶ Remark 11. Functional form is not unique.
To illustrate Remark 11 consider the following situation for some function g such that
yg ∈ D: Vars(g) ⊆ (Varsi ∩ Varsi′ ). In this case we can put the literal yg into a bag Bi , into
a bag Bi′ , or into both of these bags (also into none of them if we have an opportunity to
put it into some third bag).
On the one hand Remark 11 provides additional problems if we want to work with
functional forms of the clauses since we should care about all possible functional forms. On
the other hand non-uniqueness allows to deal with assignments.
▶ Lemma 12. Let F :=

W

(hi (x) = 1) be a functional form of a clause D. If ρ is a partial

i∈[m]

x-assignment then F |ρ is a functional form of a clause D|ρy .
Proof. Follows from definition of the functional form. Let D := (ygc11 ∨ ygc22 ∨ · · · ∨ ygcℓℓ ), and
B1 , B2 , . . . , Bm be a collection of bags that generates the functional form (yh1 ∨yh2 ∨· · ·∨yhm ).
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x1

1

x2
x3

2
Figure 1 Dependency graph.

Note that D|ρy = (ygc11 |ρ ∨ ygc22 |ρ ∨ · · · ∨ ygcℓℓ |ρ ). We create a collection of bags Bi′ for a clause
c
c
D|ρy and we put ygjj |ρ ∈ Bi′ iff ygjj ∈ Bi . By construction it satisfy all required properties for
bags and


_
_
_
(1 ⊕ c ⊕ g(x)) =
(1 ⊕ c ⊕ g(x)|ρ ) = 
(1 ⊕ c ⊕ g(x)) |ρ
ygc ∈Bi′

ygc ∈Bi

ygc ∈Bi

that concludes the proof.

◀

▶ Remark 13. The definition of functional form is “syntactic”, or in other words it heavily
depends on variables that appear in the clause D and not only on the boolean function that
is defined by it.
To illustrate the remark above let us consider an example. At first we have to define
dependency graph (otherwise the notion of local function is meaningless). The graph is
defined on fig. 1. Let us choose some collection of local functions:
ℓ(x) := x1 ⊕ x2 ⊕ x3 , ℓ′ (x) := x1 ⊕ x2 , ℓ′′ (x) := x3
and consider two clauses:
D := yℓ ∨ yℓ′ ,

D′ := yℓ ∨ yℓ′′ .

To define a functional form of a clause D we have to define two bags B1 , B2 . We have to put
literal yℓ into the bag B1 (we have to put it somewhere, and we cannot put it into bag B2
since Vars(ℓ) ⊈ Vars2 ). The same situation with the literal yℓ′ , so there is the only way to
define bags: B1 := {yℓ , yℓ′ }, B2 := ∅, and in this case the functional form of D is unique and
is defined by the following functions:
h1 (x) := (x1 ⊕ x2 ⊕ x3 ) ∨ (x1 ⊕ x2 ), h2 (x) := 0.
To define a functional form of a clause D′ we have to define two bags B1′ , B2′ . But the
situation is different for this clause. Again we have to put literal yℓ into the bag B1′ , but the
literal yℓ′′ we can put into B1′ or B2′ or into both of them, so there are three ways:
B1′ := {yℓ , yℓ′′ }, B2′ := ∅ that give a functional form that is defined by the functions:
h1 (x) := (x1 ⊕ x2 ⊕ x3 ) ∨ x3 , h2 (x) := 0;
B1′ := {yℓ }, B2′ := {yℓ′′ } that give a functional form that is defined by the functions:
h1 (x) := (x1 ⊕ x2 ⊕ x3 ), h2 (x) := x3 ;
B1′ := {yℓ , yℓ′′ }, B2′ := {yℓ′′ } that give a functional form that is defined by the functions:
h1 (x) := (x1 ⊕ x2 ⊕ x3 ) ∨ x3 , h2 (x) := x3 .
So functional forms of D and D′ are different, but under normal assignments these clauses
are equivalent. The observation 13 is a source of problems for the proof of the main Theorem,
since we should always pay an attention to the exact form of the clauses.
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Lower Bound

In this section we prove the main Theorem.
▶ Theorem 14 (Formalization of Theorem 1). Let G := (L, R,
 E) be an (r, ∆, (1 − ε)∆)1
expander, where |L| = m, |R| = n. If fi is a family of 4 , 3ε∆ -balanced
then for
h  5 2 functions
i
ε r
any b ∈
/ Im(FG,f ) any resolution proof of PRGG,f,b has size exp Ω 26ε∆ m .
We defer the proof of this Theorem to section 4.4 and start with a plan of our proof.
We introduce an analog of the width measure on clauses with two important differences:
we want to count number of output bits that are touched by a clause rather than
number of variables;
we want to count only those outputs that we cannot erase from a clause “for free”.
Let call this measure “heavy width”.
We hit our proof by a random restriction. We will do it step by step and at each step we
create an x-assignment σ by choosing some output bit vi ∈ [m] and assign its neighbours
in order to satisfy it. This assignment is equivalent to erasing some vertices from the
right part of the graph. So after each step some output bit will not satisfy the expansion
property of the graph. We say that these output bits are in danger and choose some
x-assignment ν on its neighbours to satisfy them. We hit our proof by (σ ∪ ν)y .
We repeat this process while we do not kill all clauses of big heavy width. At this step it
is important that we deal with heavy width rather than usual width.
We prove a lower bound on the heavy width. For the sake of contradiction we assume
that there is a proof of small heavy width. We trace a path in this resolution proof from
the final clause to some axiom and maintain a partial assignment that:
does not satisfy the current clause (note that this clause may have a large classical
width, hence our assignments will not set this clause to a constant);
does not violate any axiom.
In the leaf these properties will give a contradiction.
We apply this Theorem for good enough graphs.
▶ Theorem 15 (Formalization of Theorem 2). Let n be large enough integer number,
δ > 0,

2−δ
1
2−δ
:=
:=
m
n , ∆
log
n and G ∼ G(m, n, ∆). If fi is a family of 4 , 3ε∆ -balanced


functions then whp for any b ∈
/ Im(FG,f ) any resolution proof of PRGG,f,b has size exp nΩ(δ) .
Proof. Fix χ := nδ/10 and ξ :=

100
δ log n .

We use Lemma 9 and show that our graph G whp is an
expander. Indeed:
ξ < 12 ;
δ
ξ ln χ = δ 100
log n 10 ln n > 2;
ξ ln χ∆ ≥ 4 ln m.



2−δ
n1−δ
polylog(n) , log

n, (1 −

200
δ log n )∆



-

Hence
14 i
size of any
of PRGG,f,b has size at least
h  by Theorem
i proof
h  resolution
 Ω(δ) 
n2−δ/5
n2−δ/5
= exp n
.
◀
exp Ω
≥ exp Ω n2−δ/2
Ω(log1−δ n)
polylog(n)2

m

▶ Remark 16. Note that if fi is a balanced function then fi (x) ⊕ bi is also a balanced function.
Hence to simplify the notation wlog we assume that b = 0n and we omit an index b in the
rest of the section. All the results holds for any b ∈
/ Im(FG,f ).
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4.1

The “Heavy Width”

In the classical restriction technique the notion of the width of a clause C is used to estimate
the probability that a random restriction will satisfy a clause. We give the next definition in
order to save this property even if can deal with extension variables.
▶ Definition 17. Fix a formula PRGG,f . Let C be a clause with functional form: F :=
m
W
(hi (x) = 1). We say that i-th output bit is η-heavy in F wrt PRGG,f iff
Pr
[hi (z) =
−1
z←fi

i=1

(0)

1] ≥ η. And the η-heavy width or hwηPRGG,f of F is the number of η-heavy output bits in F .
This definition of width depends on the formula.
To justify this notion we may think about the “information” about i-th output bit in
the clause C (despite on the fact that it is defined for functional form). We pick a point
z ∈ {0, 1}∆ that satisfy the constraint fi (z) = 0 uniformly at random. If the probability that
we satisfy C by this assignment is small then C “almost avoids” y variables that belongs to
i-th output bit. In this case we pretend that the clause C is independent of i-th output bit,
otherwise the value of C is heavily correlated with the value of fi .
▶ Remark 18. The standard width measure can be considered as an η-heavy width measure.
But in the different part of the proofs of classical resolution lower bounds we assume different
parameters η.
for the reduction from size to width: η is an absolute positive constant (usually 12 );
for the width lower bound: 0 < η < 21n .
And it works since without extension variables for local functions we can state that: if an
output bit is η-heavy for some η > 0 then it also η ′ -heavy for some η ′ ≈ 12 .
We define heavy width on functional form of the clause, that may give us potential
problems due to the Remark 13.
▶ Definition 19. Let π := D1 , D2 , . . . , Ds be a resolution proof of PRGG,f . And the η-heavy
width hwηPRGG,f of the proof π is the minimal natural number w such that there is a sequence
F1 , F2 , . . . , Fs where for all i ∈ [s]:
Fi is a functional form of Di ;
hwηPRGG,f of Fi is at most w.

4.2

Size to Heavy Width Reduction

In this section we present a random restriction argument that helps to reduce the question
about size of proof to a question about η-heavy width of the proof for carefully chosen
parameter η. Fix some PRGG,f .
Let define the key object that we use in our main Theorem.
▶ Definition 20. Let G := (L, R, E) be an (r, ∆, (1 − ε)∆)-expander. We say that an
x-assignment ρ of PRGG,f is self-reduction iff there is a set Lρ ⊆ L such that:
r
|Lρ | ≤ ε2 16
;
ρ assigns all and only variables from N (Lρ ), moreover ρ satisfy constraints from the set
Lρ ;
G \ (Lρ ∪ N (Lρ )) is an (r, ∆, (1 − 2ε)∆)-expander.
The size of self-reduction is the size of the set Lρ .
The next observation is trivial, but at the same it gives an opportunity to deal with heavy
width measure since it is defined only for the PRG formulas.
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▶ Remark 21. If ρ is a self-reduction of PRGG,f then PRGG,f |ρy is equivalent to PRGG′ ,f ′
under normal assignments where:
G′ := G \ (Lρ ∪ N (Lρ ));
′
f ′ := {f1′ , . . . , fm
} and fi′ := fi |ρ .
We use the following algorithm to generate self-reductions.
Algorithm 1 r, ε are parameters.
1: O1 := ∅

▷ Set of active output bits
▷ Gi = (Li , Ri , Ei )

2: G1 := G
3: i := 1
4: ρ1 := ∅
5: For all j ∈ [m]: p1j := fj
r
do
6: while i ≤ ε3 32
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:

Pick a vertex v i ∈ Li uniformly at random
Pick an x-assignment σi ← (pivi )−1 (0) uniformly at random
Oi+1 := Oi ∪ {v i }

G′i+1 := Gi \ ({v i } ∪ NGi v i )
Bi := argmax{|B| | B ⊆ L′i+1 , |B| ≤ r, |∂G′i+1 (B) | ≤ (1 − 2ε)|B|}
Pick an x-assignment νi on NG′i+1 (Bi ) that satisfy all constraints from the set Bi
Gi+1 := G′i+1 \ (Bi ∪ NG′i+1 (Bi ))
ρi+1 := ρi ∪ σi ∪ νi
:= fj |ρi+1
For all j ∈ [m]: pi+1
j
i := i + 1
return ρi

Following the Remark 21 note that (PRGG,f )|ρyi is equivalent to PRGGi ,pi .
▶ Lemma 22. Let G := (L, R, E) be an (r, ∆, (1 − ε)∆)-expander graph such that |L| = m,
:= {f1 , . . . , fm } is a collection of 14 , 3ε∆ -balanced functions then
|R| = n and 10
ε ≤ r. If f
Algorithm 1 generates a self-reduction of φ := PRGG,f .
Before the proof we present an intuition about parameters. We are given a family of
expander graphs that fixes some ε (that we want to be as small as possible) and ∆. We
choose a family of balanced functions with proper parameters. Parameter ε determines
γ := 2−ε∆ , on the one hand it is just abbreviation, on the other hand it corresponds to the
scaling factor 2ρ from the definition of balanced function. In the classical Resolution lower
bounds γ is some constant (that is implicit and hidden inside the proof).
r
be the number of iterations of our algorithm.
Proof. Let ℓ := ε3 32
By induction we show the following properties:
Gi is an (r, ∆, (1 − 2ε)∆)-expander;
r
|Ci | ≤ ε2 32
,
i
S
Bj . For proof see Proposition 29 in appendix A.
where Ci :=
j=1

We have to show that on each iteration we can find some x-assignment νi that satisfy
r
r
the requirements. Since |Ci | ≤ ε2 32
that imply, in particular, that |Bi | ≤ ε2 32
.
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Fix some iteration i. Since Gi is an (r, ∆, (1 − 2ε)∆)-expander then by Lemma 28 graph
G′i+1 is an (r, ∆, (1 − 3ε)∆)-expander. Hence by Proposition 5 there is an enumeration
v 1 , v 2 , . . . , v |Bi | ∈ Bi and a sequence R1 , . . . , Rk ⊆ NG′i+1 (S) such that for all e ∈ [|Bi |]:
!
e−1

S
e
j
Re = NG′i+1 (v ) \
NG′i+1 v
;
j=1

|Re | ≥ (1 − 3ε)∆.
We define the x-assignment νi step by step starting
from v 1 . Consider an auxiliary x
1
assignment
κ := ρi ∪ σi . Since fv1 is a 4 , 3ε∆ -balanced function and κ assigns at most

|NG v 1 | − |NG′i+1 v 1 | < 3ε∆ its variables then fv1 |κ is not a constant and we define an
1

x-assignment νiv to R1 variables to satisfy the constraint fv1 (x) = 0. We continue this
|B
j−1
S vb
Si | vb
process for vertices v j and κ := ρi ∪ σi ∪
νi . The x-assignment νi :=
νi satisfy all
b=1

b=1

constraints from the set Bi as desired.
At this moment we proved that we can realise all steps of our algorithm. The x-assignment
ρℓ assigns only variables from N (Oℓ ∪ Cℓ ), hence Lρ := Oℓ ∪ Cℓ . The first property of selfr
r
reduction is satisfied: |Lρ | ≤ ℓ + ε2 32
. The second follow from the construction. The
≤ ε2 16
third property was proved above. Moreover all intermediate x-assignments ρi are also satisfy
these properties.
◀
▶ Theorem 23. Let G := (L, R, E) be an (r, ∆, (1 − ε)∆)-expander graph such that |L| = m,

:= 2−ε∆ . Let f := {f1 , . . . , fm } be a collection of 41 , 3ε∆ |R| = n and 10
ε ≤ r. Fix γ
balanced functions, and π := D1 , . . . , Ds be a resolution proof of φ := PRGG,f .
 3

3
w
If s < exp ε32r · 13 γ 6 m
for some w ∈ N then there is a self-reduction ρ such that hwγφ|ρy
of π|ρy is at most w.
Proof. Let θ := F1 , F2 , . . . , Fs where Fi is a functional form of Di .
We show that under the current assumptions Algorithm 1 whp give such an x-assignment.
r
Let ℓ := ε3 32
be the number of iterations of our algorithm. By Lemma 22 it generates
self-reduction ρ. We have to check that whp π|ρ is a proof of small heavy width. We do
it for each line in the proof separately and moreover for all i ∈ [s] we show that (Fi )|ρ has
small heavy width.
One of the important difference of heavy width and a classical width that after application
of a partial assignment it may increase since we also apply an assignment to the functions fi
γ6

3

and change our formula. To avoid this problem we analyse hwφ3 rather than hwγφ of the
clauses and show that for any F ∈ θ:
γ6

hwφ|3 y (F |ρi ) is small for any i ≤ ℓ than it cannot “grow” to much in the end (in terms of
ρ

i

3
hwγφ );
γ6

if hwφ|3 y (F |ρi ) is big enough for some i ≤ ℓ it will be killed with good enough probability
ρ

i

on i + 1-th iteration.
We start with the first part of the proof. Let F ∈ θ be a functional form of a clause
from π and F is defined by the functions h1 , h2 , . . . , hm . Fix some i ≤ ℓ and pick some alive
output bit v ∈ L \ Lρ . We remind a notation piv := fv |ρi . Output bit v is alive and graph
Gℓ is an (r, ∆, (1 − 3ε)∆)-expander, hence x-assignments ρi and ρℓ can assign at most 3ε∆
variables from N (v). Thus for all i ≤ ℓ:
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[hv (z) = 1] ≤

ℓ −1
|h−1
(0)|
v (1) ∩ (pv )
ℓ
−1
|(pv ) (0)|

i −1
|h−1
(0)|
v (1) ∩ (pv )
ℓ
−1
|(pv ) (0)|
|h−1 (1) ∩ (piv )−1 (0)|
= v
|(piv )−1 (0)|
|h−1 (1) ∩ (piv )−1 (0)|
≤ v
|(piv )−1 (0)|

≤

≤
≤

(ρi ⊆ ρℓ )
|(piv )−1 (0)|
|(pℓv )−1 (0)|
|fv−1 (0)|
·
|(pℓv )−1 (0)|
·

(piv = fv |ρi )

3 ∆
i −1
|h−1
(0)|
v (1) ∩ (pv )
42
·
1 ∆−3ε∆
|(piv )−1 (0)|
2
4

Pr

z←(piv )−1 (0)

(f is balanced)

[hv (z) = 1] · 3 · 23ε∆ .

Hence for all F ∈ θ and all v ∈ L if v is γ 3 -heavy in F |ρℓ wrt φ|ρy then v is
F |ρi wrt φ|ρyi for all i ≤ ℓ. And

3
hwγφ| y (F |ρℓ )
ρ

γ6
3

γ6
3 -heavy

in

≥ w imply that hwφ| y (F |ρi ) ≥ w for all i ∈ ℓ.
ρ

i

i

Consider a clause D in π|ρyi−1 and its functional form F ∈ θ. Denote by H the event that
6

v i is γ3 -heavy output bit in F wrt PRGG,f |ρi−1 . Clause D is killed by ρyi with probability at
least:
Pr [D|σi = 1] ≥ Pr [hvi (x)|σiy = 1]
vi ,σi

v i ,σi

≥ Pr
[H] · Pr
[(hvi |σiy = 1) | H]
i
i
v ,σi

v ,σi

i

≥

|{v ∈ [m] | H}| γ 6
· .
m
3

Hence for the clause D ∈ π there are two ways.
γ6

At some moment i ≤ ℓ the hwφ|3 y (F |ρi ) ≤ w. In this case D is not interesting for us
ρ

i

3

anymore, since as we proved above hwγφ|ρy (F |ρ ) ≤ w.
γ6

If hwφ|3 y (F |ρi ) ≥ w then the probability that the clause D|ρi is survived on i + 1-th
ρ

i

iteration is at most:
Pr[D|ρi is survived on i + 1-th iteration] ≤ 1 −

w γ6
.
m 3

And hence:
Pr[D is survived after ℓ iterations] ≤
Y

Pr[D|ρi is survived on i + 1-th iteration] ≤

i



w γ6
1−
m 3

ℓ

γ6

.

since hwφ|3 y (F |ρi ) ≥ w
ρ
i

To conclude the proof note that
3

Pr[hwγφ| y (F |ρℓ ) > w] ≤
ρ
ℓ


1−

w γ6
m 3

ℓ


=

1−

w γ6
m 3

r
ε3 32


<

1−

w γ6
m 3



1
w γ6
m 3

log s

<

1
.
s
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By the union bound over all F ∈ θ we conclude that:
3

Pr[∃F ∈ θ, hwγφ| y (F |ρℓ ) > w] < 1.
ρ

ℓ

Or in other words there is an x-assignment ρ that satisfy all required properties.

4.3

◀

Heavy Width Lower Bound

For the sake of contradiction assume that we have a proof π := (D1 , . . . , Ds ) of small heavy
width. Starting from Ds we trace the path p in the dag of π to the initial clause. During this
process we maintain a partial x-assignment σ such that in the clause D ∈ p for any small set
S of initial clauses the x-assignment σ can be extended for an x-assignment κ ⊇ σ such that
S is satisfied by κ, but D does not. That give us a contradiction in a leaf where D should be
one of the initial clauses.
This assignment σ will assign neighbours of heavy output bits of the generator and some
extension (closure) to make sure that the remaining graph (after removing assigned variables)
is an expander. Since the remainder is an expander (in particular we assign not so many
neighbours of any alive output bit) then the existence of the assignment κ will follow from
the fact other output bit are not heavy that means that there are a lot of points that satisfy
the constraint but not satisfy the clause.
In this section we assume that G := (L, R, E) be an (r, ∆, (1 − ε)∆)-expander and PRGG,f
is based on this graph an some functions fi (again we assume that zero point not in Im(FG,f )
and state our result for this point, but it holds for all b ∈
/ Im(FG,f )). All clauses deal with
variables of PRGG,f . We also fix an abbreviation γ := 2−ε∆ .
Let start with auxiliary objects and lemmas.
▶ Definition 24. Let ρ be a self-reduction of PRGG,f . Let C be a clause and F its functional
form, Iη be a set of η-heavy output bits wrt PRGG,f |ρy . We say that an output bit v is
η,ν
(η, ν)-dangerous for F iff v ∈ Clr,ν (NG (Iη ∪ Lρ )). Denote this set by DF,ρ
.
Note that this definition make sense only if graph G is an expander. Also note that
Iη ∪ Lρ ⊆ Clr,ν (NG (Iη ∪ Lρ )). For fixed parameters η and ν and a clause C with functional
form F we also say that
an

 x-assignment σ ⊇ ρ is (η, ν)-locally consistent iff:
η,ν
σ −1 ({0, 1}) = N DF,ρ
;
C|σy ̸≡ 1;
η,ν
σ satisfy all constraints that correspond to DF,ρ
.
The following Lemma is the heart of the proof. It says that locally consistent assignments
cannot violate any constraint from our formula.

▶ Lemma 25. Let f := {f1 , . . . , fm } be a collection of 14 , 3ε∆ -balanced functions, γ < 18
and ρ be a self-reduction of PRGG,f . If C is a clause with functional form F such that
3
hwγPRGG,f |ρ (F ) ≤ ε 8r and σ is a (γ 3 , (1 − 2ε∆))-locally consistent assignment then for any
J ⊆ L such that |J| ≤ ε 4r , there is
 an extension κ ⊇ σ such that:
γ 3 ,(1−2ε)∆

κ−1 ({0, 1}) ⊇ N DF,ρ
C|κy ̸≡ 1;
∀v ∈ J, fv (x)|κ = 0.
3

∪ N (J);

γ ,(1−2ε)∆
Proof. Let D := DF,ρ
and F :=

W

(hi (x) = 1). Let I := Clr,(1−2ε)∆ (NG (J) ∪

i

NG (D)) \ D. By Lemma 7 |I| ≤ 83 r. By the definition of closure I ⊇ J \ D.
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By Lemma 8 graph G′ := G \ (D ∪ NG (D)) is an 2r , ∆, (1 − 2ε)∆ -expander. By
Proposition 5 there is an enumeration v 1 , v 2 , . . . , v |I| ∈ I and a sequence R1 , . . . , R|I| ⊆
NG′ (S) such that:
!
i−1


S
Ri = N G′ v i \
NG′ v j ;
j=1

|Ri | ≥ (1 − 2ε)∆.
We define a family of x-assignments νi and κi :=

i
S

νi ∪ σ step by step, starting from ν1

j=1

in the following way:
(−1)
νi ({0, 1}) = Ri ;
fvi (x)|κi = 0;
C|κyi ̸≡ 1.
We have to show the existence of such νi . Note that |Ri | ≥ (1 − 2ε)∆ hence κi−1 can assign
at most 2ε∆ variables in NG v i . Since fvi is a balanced function:
|(fvi |κi−1 )−1 (0)| ≥

1 2 ∆
1
γ 2 ≥ γ 2 |fv−1
i (0)|.
4
4

Output bit v i is not γ 3 -heavy hence there are at most γ 3 |fv−1
i (0)| different x-assignments to
Ri that maps hvi to 1, assuming that γ < 18 we can find an assignment that maps hvi to 0
and satisfy the constraint fvi (x) = 0. We define κ := κ|I| .
It remains to check that κy does not satisfy C, that does not immediately follow from
the construction due to Remark 13. To show this fact we use an expansion of underlying
graph. For the sake of contradiction assume that κy maps some literal ygc ∈ C to 1 and this
literal belongs to bag Bv . Consider three cases.
1. κ assigns all variables from N (v). In this case hv (x)|κ is mapped to 1 since hv is a
disjunction of (1 ⊕ c ⊕ g) with some function. that contradicts with the choice of κ.
2. κ assigns at most 2ε∆ variables from N (v). Note that
Pr

z←fv−1 (0)

[hv (z) = 1] ≥

Pr

[z cons. with κ]

Pr

[z cons. with κ ∧ fv (z) = 0]

z←fv−1 (0)

≥

z←{0,1}∆

≥

[z cons. with κ] ·

Pr
z←{0,1}∆

≥ γ2

Pr
z←{0,1}∆

≥ γ2

Pr
z←{0,1}∆

≥

γ2
≥ γ3.
4

κ maps yg to 1

Pr
z←{0,1}∆

[fv (z) = 0 | z cons. with κ]

[fv (z) = 0 | z cons. with κ]
[fv (z)|κ = 0]
fv is balanced

But in this case v ∈ D by definition of D. Hence κ should assign all variable in N (v).
3. κ assigns at least 2ε∆ + 1 variables from N (v) but not
 all of them. That contradictswith
the fact that κ assigns variables from N (I ∩ D) = N Clr,(1−2ε)∆ (NG (J) ∪ NG (D)) and
Lemma 8.
◀
▶ Theorem 26. Let ε < 31 , G := (L, R, E) be an (r, ∆, (1 − ε)∆)-expander graph such that

|L| = m, |R| = n. Fix γ := 2−ε∆ < 18 . If f := {f1 , . . . , fm } is a collection of 41 , 3ε∆ 3

r
balanced functions then hwγPRGG,f |ρy of any resolution proof of PRGG,f |ρy is at least ε2 16
where ρ is self-reduction.
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Proof. For the sake of contradiction assume that π := (D1 , . . . , Ds ) is a resolution proof
3
r
of PRGG,f |ρy of hwγPRGG,f |ρy at most ε2 16
. Let θ := (F1 , F2 , . . . , Fs ) be a sequence of
functional forms that is witnessing heavy width of π. For a disjunction Fi ∈ θ we denote
γ 3 ,(1−2ε)∆
Di := DFi ,ρ
.
For the clause Ds with functional form Fs an x-assignment ρ is locally consistent, since
graph (G \ (Lρ ∪ N (Lρ )) is an (r, ∆, (1 − 2ε)∆)-expander. We want to show that the existence
of a locally consistent assignment κD for some clause D ∈ π with functional form F ∈ θ
imply the existence of a locally consistent assignment for at least one of its predecessors. In
this case the can trace the path from Ds to some initial clause Dk ∈ π ∩ PRGG,f |ρy with
functional form Fk and show the existence of a locally consistent assignment κDk for this
clause.
Suppose that Dk := (ygc11 ∨ ygc22 ∨ ygc33 · · · ∨ ygcℓℓ ). By construction of PRGG,f we can find an
i ∈ [m] such that for all j ∈ [ℓ]:
gj depends only on Varsi ;
the equality gj (x) = cj semantically follows from the equality fi (x) = 0.
But in this case i is 1-heavy for Dk and for any x-assignment σ the condition fi (x)|σ = 0 imply
that Dk |ρy ≡ 1. This fact contradicts with the definition of locally consistent assignment.
Suppose a locally consistent assignment κ exists for a clause Di ∈ π with functional form
Fi ∈ θ and Da , Db are predecessors of Di in π with functional forms Fa , Fb respectively. Note,
3
r
that hwγφ of these functional forms are at most ε2 16
, hence Lemma 7 together with the
2
ε r
r
r
upper bound |Lρ | ≤ 16 imply that the sizes of Di , Da , Db are at most ε 16
+ ε 16
= ε 8r . By
Lemma 25 we have an extension σ ⊇ κ on NG (Da ∪ Db ) that satisfy constraints of PRGG,f
that correspond to Da ∪ Db but do not satisfy Di . And since σ do not satisfy Di it also do
not satisfy at least one of its predecessor, wlog it is Da . And the x-assignment σ ∩ NG (Da )
is a locally consistent for Da and Fa as desired.
◀

4.4

Proof of Theorem 14

For the sake of
assume that π := D1 , D2 , . . . , Ds is a resolution proof of PRGG,f
i
h contradiction
5 2

ε r
for some δ ≤ 10−4 .
and s ≤ exp δ 26ε∆
m

Fix w :=
 3
exp

ε2 r
20

and γ := 2−ε∆ . Note that:

 3

2

ε r 1 6w
· γ
32 3 m

= exp

ε r 1 6 ε r
· γ
32 3 20 · m


≥ exp

ε5
r2
· γ6
2000
m





> exp δε5 · γ 6

r2
m


≥ s,

hence we can apply Theorem 23 that gives a self-reduction ρ. We hit the proof π by ρy and
3
the proof π|ρy is a proof of PRGG,f |ρy . Moreover the hwγPRGG,f |ρy of π|ρy is at most w.
3

Since ρ is a self-reduction then by Theorem 26 any proof of PRGG,f |ρy requires hwγPRGG,f |ρy
r
> w. Contradiction.
at least ε2 16

5

Comments and Further Directions

The most important is the lower bounds on the Nisan–Wigderson generator with m ≫ n2 .
1
The technical barrier for doing it is the scaling factor m
that comes from the step 7 of the
algorithm 1. And it is a fundamental problem of the general restriction technique that we
use in proof complexity. The most promising approach for avoiding this problem is the
“pseudowidth” that was created by Razborov in [20, 21] and equipped with a closure trick
in [9].
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The pseudowidth technique may be viewed as a replacement of the “self-reductions” and
algorithm from Section 4.2. Instead of hitting the proof by a restriction we look at the
small enough proof and try to add a carefully chosen set of axioms to our formula that
allows to transform this formula into a proof of small “pseudowidth”. The pseudowidth
measure itself may be considered as an α-heavy width where parameter α can be different
for different output bits. Unfortunately, to apply this strategy we have to deal with large
enough parameters α, but all results from Section 4.3 used the fact that α is small enough.
That leads to another technical, but the important open problem: can one prove that any
1
resolution proof of PRGG,f has 100
-heavy width at least Ω(nδ )?
We may also ask to generalize the lower bounds to stronger proof systems. It seems
adaptation of this technique for Polynomial Calculus (or Sherali–Adams) may be a challenging
problem if we want to go beyond the logarithmic threshold, i.e. ∆ ≫ log n.
The current result also does not seem tight. We believe that if the dependency graph of
NW generator is an (r, ∆, 0.99 · ∆)-boundary expander then the right bound should depend
n
only on parameters m and r (usually r ≈ poly(∆)
). As an explicit open problem we ask to
h 2i
r
show the following lower bound: exp m .
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Missed Lemmas

At first we show a simple auxiliary statement.
▶ Lemma 27. Suppose that G := (L, R, E) is an (r, ∆, c)-boundary expander and that J ⊆ R
|J|
has size |J| ≤ ∆r. Then if X ⊆ L has size |X| ≤ r and |∂ (X) \ J| ≤ ν|X| then X ≤ c−ν
.
Proof. The expansion property of the graph guarantees that c|X| − |J| ≤ |∂ (X) \ J|. The
conclusion follows.
◀
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▶ Lemma 28. Let G := (L, R, E) bean (r, ∆, (1 − ε)∆)-boundary expander. Then G \ ({v} ∪
{N (v)}) is an r − 1, ∆, 1 − 32 ε ∆ expander where v ∈ L is an arbitrary vertex.
Proof. Fix some v ∈ L and denote G′ := G \ ({v} ∪ {N (v)}).
Consider some set of S ⊆ (L \ {v}) of size at most r − 1 and denote H := N (S) ∩ N (v).
Since G is an expander:
|∂G (S ∪ v) | = |∂G′ (S) | + ∆ − |H| ≥ (1 − ε)∆(|S| + 1)
|∂G′ (S) | ≥ (1 − ε)∆|S| − ε∆ + |H|.
But from the other point of view:
|∂G′ (S) | ≥ |∂G (S) | − |H| ≥ (1 − ε)∆|S| − |H|.
Altogether:
ε
|∂G′ (S) | ≥ (1 − ε)∆|S| − min(|H|, ε∆ − |H|) ≥ (1 − ε)∆|S| − ∆ ≥
2




3
1 − ε ∆|S|. ◀
2

▶ Proposition 29 (Analog of [24]). For all i ≤ ℓ:
Gi is an (r, ∆, (1 − 2ε)∆)-expander;
r
|.
|Ci | ≤ |ε2 32
r
Proof. At first we prove the second claim |Ci | ≤ ε2 32
by induction. C0 is an empty set.
r
Suppose that |Ci−1 | ≤ ε2 32
. There are two steps in the proof:
we show that |Bi | ≤ 3r that give us an opportunity to use expansion property for the set
Ci ;
we give a lower bound on size ∂G (Ci ) by using expansion property and the upper bound
by the choice of Bi that together give us an upper bound on size of Ci .

Let start with the first step. |∂G (Bi ) \ NG (Ci−1 ∪ Oi+1 ) | ≤ |∂G′i+1 (Bi ) | ≤ (1 − 2ε)|Bi |.
By definition |Bi | ≤ r and hence by Lemma 27 |Bi | ≤
concludes the first step.

|NG (Ci−1 ∪Oi+1 )|
ε∆

≤

r
4

+

ε
32 r

≤ 3r . That

(1 − ε)∆|Ci | ≤
|∂G (Ci ) | ≤
i
[

by expansion

(∂G (Bj ) \ NG (Cj−1 )) ≤

j=1
i
[

(∂G (Bj ) \ (NG (Cj−1 ) ∪ N (Oj+1 ))) ∪ N (Oj+1 ) ≤

j=1
i
[

∂G′j+1 (Bj ) ∪ N (Oi+1 ) ≤

by the choice of Bj

j=1

(1 − 2ε)∆

i
X

|Bj | + |N (Oi+1 ) | ≤

j=1

(1 − 2ε)∆|Ci | + |N (Oi+1 ) |.
And hence |Ci | ≤

|N(Oi+1 )|
ε∆

r
≤ ε2 32
as desired.
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The first claim we prove by contradiction. Pick the minimal i such that G := Gi is not an
(r, ∆, (1 − 2ε))-boundary expander and S ⊆ L be a witness of it, i.e. |S| ≤ r and |∂G (S) | ≤
(1 − 2ε)|S|. As in previous case |∂G (S) \ (NG (Ci−1 ) ∪ Oℓ ) | ≤ |∂G (S) | ≤ (1 − 2ε)|S| hence
i−1 )∪Oℓ |
by Lemma 27 |S| ≤ |NG (Cε∆
≤ 2r .
Consider a set S ∪ Bi−1 and note that size of it at most r. ∂G′i (S ∪ Bi−1 ) ⊆
∂Gi (S) ∪ ∂G′i (Bi−1 ) by definition of Gi . This implies |∂G′i (S ∪ Bi−1 ) | ≤ (1 − 2ε)∆|S| + (1 −
2ε)∆|Bi−1 | = (1 − 2ε)∆|S ∪ Bi−1 |. That contradicts with the choice of Bi−1 .
◀
▶ Lemma 30. There is a constant n0 ∈ N such that for any n > n0 if a function f : {0, 1}n →
√
{0, 1} is chosen uniformly at random then whp it is 14 , n − n -balanced.
Proof. There are at most
n  
X
n
· 2i = 3n
i
i=0
different partial assignments.
A fixed partial assignment ρ of size k corresponds to a boolean subcube S ⊆ {0, 1} of
size 2n−k for which we want to estimate number of ones and zeroes. Note that:

Pr |(f |ρ )

−1

f

 2n−k
X/4 2n−k 
n−k
n−k
n−k
1 n−k
· 2−2
≤ 2−(1−H(1/4))2
≤ 2−0.1·2 .
≤
(1)| ≤ 2
i
4
i=0

Altogether:

X
√
ρ,|ρ|≤n− n





√
1
Pr f is not
, n − n -balanced ≤
f
4
 



1
1
Pr |(f |ρ )−1 (1)| ≤ 2n−|ρ| + Pr |(f |ρ )−1 (0)| ≤ 2n−|ρ|
≤
f
f
4
4
√

2 · 3n · 2−0.1·2

n

≤ 2−2

Ω(

√

n)

.
◀
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Abstract

Understanding the relationship between the worst-case and average-case complexities of NP and of
other subclasses of PH is a long-standing problem in complexity theory. Over the last few years,
much progress has been achieved in this front through the investigation of meta-complexity: the
complexity of problems that refer to the complexity of the input string x (e.g., given a string x,
estimate its time-bounded Kolmogorov complexity). In particular, [11] employed techniques from
meta-complexity to show that if DistNP ⊆ AvgP then UP ⊆ DTIME[2O(n/ log n) ]. While this and
related results [13, 6] offer exciting progress after a long gap, they do not survive in the setting of
randomized computations: roughly speaking, “randomness” is the opposite of “structure”, and upper
bounding the amount of structure (time-bounded Kolmogorov complexity) of different objects is
crucial in recent applications of meta-complexity. This limitation is significant, since randomized
computations are ubiquitous in algorithm design and give rise to a more robust theory of average-case
complexity [18].
In this work, we develop a probabilistic theory of meta-complexity, by incorporating randomness
into the notion of complexity of a string x. This is achieved through a new probabilistic variant of
time-bounded Kolmogorov complexity that we call pKt complexity. Informally, pKt (x) measures
the complexity of x when shared randomness is available to all parties involved in a computation.
By porting key results from meta-complexity to the probabilistic domain of pKt complexity and its
variants, we are able to establish new connections between worst-case and average-case complexity
in the important setting of probabilistic computations:





If DistNP ⊆ AvgBPP, then UP ⊆ RTIME 2O(n/ log n) .





If DistΣP2 ⊆ AvgBPP, then AM ⊆ BPTIME 2O(n/ log n) .

√
√
In the fine-grained
setting [6], we√ get UTIME[2O( n log n) ] ⊆ RTIME[2O( n log n) ] and
√
AMTIME[2O( n log n) ] ⊆ BPTIME[2O( n log n) ] from stronger average-case assumptions.





If DistPH ⊆ AvgBPP, then PH ⊆ BPTIME 2O(n/ log n) . Specifically, for any ℓ ≥ 0, if DistΣPℓ+2 ⊆


AvgBPP then ΣPℓ ⊆ BPTIME 2O(n/ log n) .
Strengthening a result from [13], we show that if DistNP ⊆ AvgBPP then polynomial size Boolean
circuits can be agnostically PAC learned under any unknown P/poly-samplable distribution in
polynomial time.
In some cases, our framework allows us to significantly simplify existing proofs, or to extend results
to the more challenging probabilistic setting with little to no extra effort.
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1
1.1

Introduction
Context and background

Basing the average-case hardness of NP on its worst-case hardness is one of the central
questions in computational complexity theory. In the terminology of Impagliazzo’s five
possible complexity worlds [16], this corresponds to excluding Heuristica, a world where
P ̸= NP but NP problems can be efficiently solved on average with respect to every samplable
distribution. Eliminating this possibility can be seen as a first step toward basing the security
of cryptography on the assumption that P ̸= NP.
Despite the long history of this problem (see, e.g., [25]), we still have limited understanding
of the relationships between the worst-case and average-case complexities of problems in NP
and in other subclasses of the polynomial hierarchy. In order to understand the difficulty of
making progress, a number of works have investigated limitations of known proof techniques
(see, e.g., [45, 4, 17]). These results suggest that fundamentally new ideas are needed to show
that if NP problems are easy to solve on average, then NP is easy to solve in the worst case.
For a detailed discussion on this matter, see [11, Section 1.2] and references therein.
To formally discuss the problem, we briefly review standard definitions from average-case
complexity theory [3]. Recall that a pair (L, D) is a distributional problem if L ⊆ {0, 1}∗ and
D = {Dn }n≥1 is an ensemble of probability distributions, where each Dn is supported over
{0, 1}∗ . Let D = {Dn }n≥1 be an ensemble of this form. We say that D ∈ PSamp if there is
a randomized polynomial time algorithm A such that, for every n ≥ 1, A(1n ) is distributed
according to Dn . For a complexity class C (e.g., C = NP), we let DistC denote the set of
distributional problems (L, D) with L ∈ C and D ∈ PSamp.
We say that a distributional problem (L, D) is solvable in polynomial time on average if
there is a (deterministic) algorithm B such that, for every n and for every x in the support
of Dn , B(x; n) = L(x), and there is a constant ε > 0 such that Ex∼Dn [tB,n (x)ε ] ≤ O(n),
where tB,n (x) denotes the running time of B on input (x; n).1 If this is the case, we write
(L, D) ∈ AvgP.
In a recent breakthrough, [11] established new connections between worst-case and averagecomplexity theory for subclasses of the polynomial hierarchy. Among other results, [11]
proved that (i) if DistNP ⊆ AvgP, then UP ⊆ DTIME[2O(n/ log n) ];2 and (ii) if DistΣP2 ⊆ AvgP,
then NP ⊆ DTIME[2O(n/ log n) ]. While these results constitute significant progress after a
long gap, they come with an important caveat: the new connections do not hold in the setting

1

2

It is possible to show that this is equivalent to saying that there is a constant c > 0 such that the
probability (over Dn ) that the algorithm runs for more than T steps is at most poly(n)/T c . We refer to
[3] for more information about this definition and its motivation.
Recall that UP is the class of languages in NP whose positive instances admit unique witnesses.
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of randomized computations. In other words, under the assumption that NP (or DistΣP2 )
is easy on average for probabilistic algorithms (i.e., DistNP ⊆ AvgBPP), we can no longer
conclude probabilistic worst-case upper bounds.3
This is an important issue for at least two reasons. On the one hand, the theory of
average-case complexity is more robust when defined with respect to randomized algorithms.
For instance, [18] proved that the average-case hardness of NP with respect to the uniform
distribution is equivalent to its hardness with respect to the class of samplable distributions
(see Section 2.2). On the other hand, randomized algorithms and computations are ubiquitous
in both theory and practice. In particular, randomness is crucial for cryptography, which is
only possible if there exist problems that are hard on average for probabilistic polynomial
time algorithms (see, e.g., [8]).
To explain why [11] and related works do not extend to randomized computations, we
need to elaborate on their approach. These papers explore, in a crucial way, techniques from
meta-complexity. Meta-complexity investigates the complexity of problems that refer to the
complexity of the input string (e.g., given a string x, estimate its time-bounded Kolmogorov
complexity). Such meta-computational problems have been at the core of other exciting
recent results in complexity theory, such as a new characterization of the existence of one-way
functions given in [28] and its subsequent developments (e.g., [40, 30]).
A central topic in meta-complexity is the study of time-bounded Kolmogorov complexity.
Here we consider the minimum description length of a string x with respect to time-bounded
machines. We informally review this notion, referring the reader to Section 2.5 for details.
For a Turing machine M, we let |M| denote its description length. Then, for a function
t : N → N and a string x ∈ {0, 1}∗ , we let
Kt (x) = min {|M| | M(ε) outputs x in t(|x|) steps} .
TM M

where ε denotes the empty string. Conditional Kt complexity Kt (x | z) is defined similarly,
where now the machine M receives z as input instead of the empty string.
Following the simplified presentation from [7], the approach of [11] consists of showing,
under the assumption that DistΣP2 ⊆ AvgP, that for every L ∈ NP and every NP-verifier
V for L, if x ∈ L then some witness yx of x ∈ L satisfies Kt (yx | x) = O(n/ log n), where
t(n) = 2O(n/ log n) . Consequently, in order to solve L in the worst case, it is enough to
exhaustively search for a witness of complexity at most O(n/ log n), which can be done
deterministically in time 2O(n/ log n) . This strategy is inherently non-black-box, in the sense
that the code of the average-case algorithm obtained from the initial assumption is used in a
crucial way to upper bound Kt (yx | x): it is part of the description of a machine M that
outputs yx .
Intuitively, if we start with the initial assumption that DistΣP2 ⊆ AvgBPP, i.e., with a
probabilistic average-case algorithm, the high-level approach described above simply does not
work: a typical random string employed in the computation has nearly maximum Kolmogorov
complexity and does not allow us to bound Kt complexity.4 More generally, as mentioned in
the abstract, “randomness” is the opposite of “structure”, and upper bounding the amount
of structure (time-bounded Kolmogorov complexity) of different objects is crucial in recent
applications of meta-complexity.

3
4

We informally discuss AvgBPP in Section 1.2.2. For a formal treatment, see Section 2.2.
For the reader familiar with the arguments from [11], we mention that while it is possible to construct a
pseudorandom generator under the assumption that DistNP ⊆ AvgP via [5], this is not clear under the
assumption that DistΣP2 ⊆ AvgBPP. See Section 1.3 for a discussion.
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To address this fundamental issue, we develop a suitable probabilistic theory of metacomplexity. In other words, we consider probabilistic notions of Kolmogorov complexity
and their corresponding meta-computational problems. We are inspired in part by recent
extensions of Kt complexity to the randomized setting, such as rKt complexity [38, 32] and
its variant rKt [33]. Unfortunately, as explained in Section 1.3, these notions turn out to
be insufficient to study relations between worst-case and average-case complexities in the
setting of probabilistic computations, and a more delicate approach is necessary. To achieve
this, we introduce and systematically investigate a new notion of probabilistic time-bounded
Kolmogorov complexity: pKt complexity.

1.2

Results

As alluded to above, while previous works have employed various techniques to remove randomness from their arguments in order to analyze Kt complexity, we incorporate randomness
in our framework. This has several advantages compared with previous works:
We establish connections that hold in the more natural and robust setting of probabilistic
computations. Previous results for deterministic computations, such as the aforementioned
connections from [11], can be easily derived from our statements.
In some contexts, we obtain significantly simpler proofs, as in the case of fine-grained
connections between worst-case and average-case complexity [6]. In particular, our
approach does not require the design of new pseudorandom generators.
Our probabilistic framework can improve some existing results with little to no extra
effort. As a concrete example, we show how to derive agnostic learning algorithms from a
weaker assumption about the average-case easiness of NP, strengthening a result from [13].
Next, we explain our contributions in detail. In Section 1.2.1 below, we describe the new
notion of time-bounded Kolmogorov complexity that is key to our theory of probabilistic metacomplexity. Then, in Section 1.2.2, we discuss its applications to average-case complexity.

1.2.1

A new notion of probabilistic Kolmogorov complexity
∗

Fix a function t : N → N. For a string x ∈ {0, 1} , the probabilistic t-bounded Kolmogorov
complexity of x is defined as



 2
t
k
pK (x) = min

k

Pr

w∼{0,1}t(|x|)

∃ M ∈ {0, 1} , M(w) outputs x within t(|x|) steps ≥

3

.

In other words, if pKt (x) ≤ k, then for a typical random string w, there is a (deterministic)
machine M of length k that runs in at most t(|x|) steps and prints x when given w.
Note that pKt is conceptually different from rKt [38] and rKt [33], where there is a fixed
randomized machine M that outputs x with probability ≥ 2/3 over its internal randomness.
The definition of pKt is more subtle, and its benefits are less evident. Our main conceptual
discovery is that pKt is a surprisingly useful measure of time-bounded Kolmogorov complexity.
In order to gain more intuition about this definition, consider a 2-party communication
setting where a player A that knows x would like to communicate this string to a computationally bounded player B. If A and B share a typical random string w, then A can simply
send to B the description of a machine M as above, and B will be able to run M(w) to
recover x in at most t(|x|) steps. In other words, pKt (x) can be seen as Kt (x) in a setting
where a public random string is available to all parties involved in a computation.
We elaborate now on some properties of pKt that make it robust and particularly attractive
in meta-complexity and its applications:
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Short descriptions from bounded pKt complexity and the complexity of a random string.
It is not immediately clear from the definition of pKt that, in the absence of a shared
random string, bounded pKt complexity yields short descriptions (as in the case of Kt and
rKt ). However, if pKt (x) ≤ k, notice that we can sample x as follows: randomly generate
a string w of length t(|x|), randomly generate a program M of length k, then output
whatever M(w) outputs after running for t(|x|) steps. It is easy to see that this sampler
outputs x with probability at least ≥ 2/3 · 2−k . By the coding theorem for Kolmogorov
complexity, it follows that x has a description of length about k. This also implies that a
random string x of length n has pKt (x) close to n, as one would expect of any reasonable
and useful notion of resource-bounded Kolmogorov complexity.
Connection to the worst-case complexity of NP. As mentioned in Section 1.1, previous
results were obtained by showing, under an average-case easiness assumption, that every
positive instance x admits a witness yx such that Kt (yx | x) = O(n/ log n), where
t(n) = 2O(n/ log n) . An important observation explored in our results is that a bound of
the form pKt (yx | x) ≤ k is also sufficient to show worst-case upper bounds. Roughly
speaking, with probability ≥ 2/3 over the choice of a random string, we can “pretend”
that Kt (yx | x) ≤ k, which allows us to exhaustively search for a witness in non-trivial
time.
pKt complexity, pseudorandom generators, and reconstruction procedures. In a typical
construction of a pseudorandom generator G based on a string x of high complexity,
the correctness of G against a class of adversaries is established using a reconstruction
procedure. The latter extracts from any candidate distinguisher for G an upper bound
on the complexity of x. Typical reconstruction procedures are randomized, and for
this reason do not yield bounds on deterministic notions of time-bounded Kolmogorov.
Moreover, it is often important to fool randomized algorithms in addition to deterministic
ones. As one of our key lemmas, we show that pKt is an excellent complexity measure
under these circumstances, in the sense that pKt bounds can be obtained in a natural
way from randomized distinguishers and reconstruction procedures. 5
Symmetry of information for pKt and average-case complexity. We show, under the
assumption DistNP ⊆ AvgBPP, that pKt satisfies the symmetry of information condition,
one of the pillars of Kolmogorov complexity (see, e.g., [23]). In other words, we prove under
this hypothesis that for every pair of strings (x, y), pKt (x, y) ≥ pKpoly(t) (x) + pKpoly(t) (y |
x) − O(log t). Consequently, symmetry of information is available in the probabilistic
setting when investigating connections between worst-case and average-case complexity.
Optimal source coding theorem for pKt . As noticed by [34], pKt admits an unconditional
coding theorem with optimal parameters, the first result of this form in the time-bounded
setting (see Section 3.3). This implies that if we can efficiently sample an n-bit string x
with probability ≥ δ, then pKpoly (x) ≤ log(1/δ) + O(log n).
The relationship between pKt , rKt , and Kt . Finally, under standard derandomization
assumptions, for every string x ∈ {0, 1}n and constructive time bound t(n) ≥ n,
Kpoly(t) (x) = pKpoly(t) (x) = rKpoly(t) (x), up to an additive O(log t) term (see Section A.2

5

Trevisan and Vadhan [43] observed that such reconstruction procedures are often randomized algorithms
that take nonuniform advice dependent on the randomness used by the algorithm (and introduced the
notation //). Our pKt measure is a Kolmogorov complexity interpretation of the same phenomenon,
with the randomness-dependent advice of [43] to reconstruct a string x becoming the probabilistic
Kolmogorov description of x.
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for details). In particular, results and insights about the probabilistic measure pKt can
often be translated to other previously investigated measures of time-bounded Kolmogorov
complexity.
As a consequence of these and other desirable properties established in Section 3 (e.g., language compression for any L ∈ AM under randomized average-case easiness), pKt is particularly well-suited for applications of meta-complexity in settings that involve probabilistic
computations. In the next section, we discuss some applications of pKt to average-case
complexity.

1.2.2

Applications of pKt to average-case complexity

A distributional problem (L, D) is in AvgBPP if it admits a randomized errorless heuristic
scheme. Since the definition of a randomized heuristic scheme is somewhat technical, we refer
to Section 2.2 for details, and remark that in our results the following weaker assumption
suffices: there is a randomized polynomial-time algorithm B such that, for every n ≥ 1,
(i) For every x ∈ supp(Dn ), if x ∈ L, then PrrB [B(x; n) = 1] ≥ 1 − n1 ; and
(ii) Prx∼Dn [B(x; n) = L(x)] ≥ 1 − n1 ,
rB

where rB denotes the randomness of B. In other words, our results also hold under the
existence of one-sided error randomized algorithms that can make mistakes on negative
instances.
First, we relate the worst-case and average-case complexities of subclasses of PH with
respect to probabilistic computations.
▶ Theorem 1 (Probabilistic Worst-Case to Average-Case Reductions). The following results
hold.


1. If DistNP ⊆ AvgBPP, then UP ⊆ RTIME 2O(n/ log n) .
2. If DistΣP2 ⊆ AvgBPP, then AM ⊆ BPTIME[2O(n/ log n) ].
3. If DistPH ⊆ AvgBPP, then PH ⊆ BPTIME[2O(n/ log n) ]. More specifically, for any ℓ ≥ 0,
if DistΣPℓ+2 ⊆ AvgBPP, then ΣPℓ ⊆ BPTIME[2O(n/ log n) ].
In contrast, [11] established worst-case upper bounds in DTIME[2O(n/ log n) ] assuming a
corresponding inclusion in AvgP. Theorem 1 provides the first connections of this form that
hold with respect to probabilistic computations.6
In a recent work, [6] established fine-grained connections between worst-case and averagecase complexity. For instance, they showed that√if NTIME[n] can be (deterministically)
solved
√
O( n log n)
O( n log n)
] ⊆ DTIME[2
]. Next, we disin quasilinear time on average, then UTIME[2
cuss implications of fine-grained average-case easiness assumptions in the probabilistic setting.
e
e
Recall the quasilinear-time complexity classes QL = DTIME[O(n)],
NQL = NTIME[O(n)],
QL
and the quasilinear-time analog QLH = ∪ℓ≥0 Σℓ of the polynomial-time hierarchy PH; see,
e
e.g., [36] for more details.7 Define BPQL = BPTIME[O(n)],
the quasilinear-time version of
BPP. Also, define QLSamp to be the class of distribution families that are quasilinear-time
samplable.
▶ Theorem 2 (Probabilistic Fine-Grained Reductions). The following results hold.
6

7

As in [11], we can obtain a stronger worst-case consequence under the additional assumption that the
running time of the (randomized) average-case algorithm on a given instance can be efficiently estimated
(without running the algorithm). We refer to Section 4.6 for this result.
e (n)) to denote a running time of the form O(T (n) · poly(log T (n))).
As usual, we use O(T
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h √
i
h √
i
1. If NQL × QLSamp ⊆ AvgBPQL, then UTIME 2O( n log n) ⊆ RTIME 2O( n log n) .
i
h √
i
h √
O( n log n)
O( n log n)
2. If ΣQL
⊆
BPTIME
2
.
×
QLSamp
⊆
AvgBPQL,
then
AMTIME
2
2
In contrast with the approach of [6], which requires the construction of highly efficient
complexity-theoretic pseudorandom generators, our proofs are significantly simpler and do
not require derandomization.
Theorem 1 and Theorem 2 are formally stronger than the corresponding results from [11, 6],
which are restricted to deterministic algorithms. For instance, consider the implication
from [11] that if DistNP ⊆ AvgP then UP ⊆ DTIME[2O(n/ log n) ]. It immediately follows
from DistNP ⊆ AvgP that DistNP ⊆ AvgBPP, and therefore UP ⊆ RTIME[2O(n/ log n) ] by
Theorem 1. On the other hand, the assumption DistNP ⊆ AvgP yields BPP = P [5]. By
padding, we get that RTIME[2O(n/ log n) ] = DTIME[2O(n/ log n) ]. (For a similar example in
the fine-grained case, see the short proof of Theorem 51 in Section 4.5.)
We also remark that, similarly to previous works, we are not aware of alternate proofs of
the results stated above that do not rely on (probabilistic) meta-complexity.
Next, we establish a connection between learning algorithms and randomized average-case
complexity. Recall that in the PAC learning model, a learner has access to examples (x, f (x))
labelled according to an unknown function f ∈ C, where C is a fixed class of Boolean functions.
The examples x are drawn according to an unknown probability distribution Dn , which we
assume to be supported over {0, 1}n . The goal of the learning algorithm is to produce, with
high probability over its internal randomness and draw of labelled examples, a hypothesis h
such that Prx∼Dn [h(x) ̸= f (x)] ≤ ε.
For a distribution Dn supported over {0, 1}n , we say that Dn ∈ Samp[T (n)]/a(n) if it
can be sampled by an algorithm that runs in time T (n) and has advice complexity a(n). We
consider the learnability of the class C = SIZE[s] of Boolean circuits of size at most s(n), with
respect to an unknown distribution Dn from Samp[T (n)]/a(n). Our result holds in the more
challenging setting of agnostic learning (see Section 2.6 for a review of this learning model).
▶ Theorem 3 (Agnostic Learning from Probabilistic Average-Case Easiness of NP). If DistNP ⊆
AvgBPP, then for any time constructible functions s, T, a : N → N, and ε ∈ [0,1], SIZE[s(n)]
is agnostic learnable on Samp[T (n)]/a(n) in time poly n, ε−1 , s(n), T (n), a(n) .
Theorem 3 strictly improves a result from [13], which established the same conclusion
under the stronger assumption that DistNP ⊆ AvgP.
We finish this section with a technical remark about relativization. The fact that pKt
allows us to avoid the use of a PRG implies that our proofs relativize, i.e., the results stated
above hold in the presence of any oracle. In particular, we can show that for any oracle A,
h
i
DistNPA ⊆ AvgBPPA ⇒ UPA ⊆ RTIMEA 2O(n/ log n) .
It is not known whether the previous (deterministic) worst-case to average-case reduction for
UP, which assumes DistNP ⊆ AvgP, holds with respect to an arbitrary oracle. More precisely,
its proof depends on a PRG from [5], whose proof relies on non-relativizing techniques. (In
contrast, it was observed in [13] that one can obtain an alternate (relativized) PRG under the
assumption that DistPNP ⊆ AvgP, so the worst-case to average-case reduction for NP, which
assumes DistΣP2 ⊆ AvgP, relativizes.) The above implication is the best possible statement of
such a theorem, as it matches the relativization barrier shown by [13], whichsays that there

is an oracle O such that DistPHO ⊆ AvgPO but UPO ∩ coUPO ̸⊆ BPTIMEO 2n/ω(log n) .
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1.3

Techniques

1.3.1

Hirahara’s worst-case to average-case reduction

We first recall Hirahara’s worst-case to average-case reduction from [11], following a presentation in [7]. For simplicity, we consider the case of NP only. Suppose we want an efficient
worst-case algorithm for a given NP language L. The idea is to argue (under appropriate
average-case easiness assumptions) that every x ∈ L has an L-witness yx of small conditional
Kolmogorov complexity Kt (yx | x), for a not too large time bound t, and then simply search
for a good witness y by enumerating all possible short candidate Kolmogorov descriptions of
yx , decoding each in time t, and checking if it is a valid L-witness for x ∈ L. The overall
time complexity of such a procedure is quasi-linear in t and exponential in Kt (yx | x), and so
we would like to minimize these two parameters.

1.3.1.1

Compression via Hadamard codes

How does one argue that a given binary string w has small Kt complexity under average-case
easiness assumptions? The idea is to “encode” w into a distribution D(w) so that any
algorithm distinguishing D(w) from the uniform distribution can be used to “reconstruct”
w, possibly using some randomness and a few bits of advice. Several encoding methods
with such properties are known in the literature on pseudorandomness. The one used by
[11] is (the direct product of) the binary Hadamard error-correcting code encoding, which
has an efficient list-decoding algorithm due to Goldreich and Levin [9]. This decoding
algorithm is randomized, and it needs extra information (advice) about the string w in
order to recover w from a distinguisher algorithm for D(w); moreover, the advice string
a depends on the randomness r used by the decoding algorithm. To get a deterministic
Kt complexity bound, Hirahara [11] fixes the random string r to be G(α), where G is an
efficient PRG fooling polynomial-size Boolean circuits, and α is a short seed.8 The seed α
becomes part of the Kolmogorov description of w, with the other part being the advice string
a corresponding to the random string r = G(α). Such a PRG G is known to exist under
the average-case assumption that DistNP ⊆ AvgP [5]. So one gets to upper-bound Kt (w),
assuming DistNP ⊆ AvgP and that one has an efficient distinguisher for the distribution
D(w), where the time bound t is polynomial in the run time of the distinguisher and the
length of w.

1.3.1.2

Getting a distinguisher

How does one argue the existence of an efficient distinguisher for D(w)? Consider the case
of w = (x, yx ), for an n-bit string x ∈ L (where L ∈ NP) and yx the lexicographically first
L-witness for x. In the presence of the SAT oracle, one can easily compute yx given x by a wellknown search-to-decision reduction, which implies that K2t,SAT (x, yx ) ≤ Kt (x) + O(log t), for
any sufficiently large time bound t. On the other hand, for completely random pairs of strings
(x, y), the Kolmogorov complexity of (x, y) (even with the SAT oracle) is typically larger
than Kt (x) + O(log t) (since y is unrelated to x). By carefully choosing the parameters of the
Hadamard-based encoding of w, one gets a distinguisher for D(x, yx ) from uniform, where a

8

The fact that a PRG G fools the Hadamard code decoding algorithm relies on the observation that the
advice string a happens to be efficiently computable from w and randomness r.
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distinguisher is a ΣP2 algorithm. Since we just need a distinguisher that works well on average,
the assumption DistΣP2 ⊆ AvgP implies the existence of a sufficiently good deterministic
polytime distinguisher for D(x, yx ). The latter implies that Kpoly(t) (x, yx ) ≤ Kt (x) + O(log t).

1.3.1.3

Chain rule for Kt

But we are still not done. Recall that our goal is to upperbound the conditional Kolmogorov
complexity Kt (yx | x), and so far we only have an upper bound on Kpoly(t) (x, yx ). Intuitively,
′
′
one might hope to have a “chain rule” for Kt , saying that Kt (x, y) ≈ Kt (x) + Kt (y | x),
for polynomially related time bounds t and t′ (such a chain rule is known for the original,
time-unbounded Kolmogorov complexity, and is often called “Symmetry of Information”). It
is not known if such a chain rule holds in time-bounded settings (in fact, there is some negative
evidence [31]), but it does hold under the average-case easiness assumption that DistNP ⊆
AvgP [12, 7]. Using this chain rule and the upper bound Kpoly(t) (x, yx ) ≤ Kt (x) + O(log t),
we get that Kpoly(t) (yx | x) ≤ Kt (x) − Kpoly(t) (x) + O(log t).

1.3.1.4

Computational depth

Unfortunately, the two Kolmogorov complexity measures of x on the right-hand side are for
different (polynomially related) time bounds, and so do not cancel out. It is still possible
to get a nontrivial upper bound on such a difference (known as the computational depth
of x) by making t large enough. In particular, a simple averaging argument implies that
n
every x ∈ {0, 1} has the computational depth at most O(n/ log n) for a time bound t ≤
2O(n/ log n) . This concludes the argument bounding the conditional Kolmogorov complexity
of the witness yx .

1.3.2

Extending Hirahara’s reduction to the randomized case

If Hirahara’s worst-case to average-case reduction described above were black-box, then we
could simply replace the assumed AvgP algorithm for DistΣP2 with an AvgBPP algorithm and
obtain a randomized algorithm for solving every language in NP with the same running time.
However, the reduction in Hirahara’s argument is highly non-black-box: It crucially relies on
the assumed average-case algorithm being efficient and deterministic. So we need to look
inside each of the steps in the reduction and try to adapt it, using randomized average-case
easiness assumptions.
For the Hadamard decoding step, we cannot derandomize the Goldreich-Levin algorithm
as we no longer have a PRG (which is only known to exist under the deterministic averagecase assumption that DistNP ⊆ AvgP). Leaving randomness in, we now get an upper bound
on pKt (w) from any (randomized) distinguisher for D(w). The fact that the advice in
the Goldreich-Levin reconstruction algorithm depends on randomness forces us to use the
stronger notion of randomized Kolmogorov complexity pKt rather than rKt . On the positive
side, no average-case easiness assumptions are now needed for this step.9
Using a more complicated notion of pKt creates new challenges in the next step, where
we need to argue the existence of efficient distinguishers for distributions D(x, yx ), where
yx is the lexicographically smallest witness for x ∈ L, for some L ∈ NP. Note that the pKt
9

Formally, the randomized reconstruction procedure only allows us to obtain a bound on pKtδ (w) for
δ = 1/poly(|w|), where pKtδ is the natural generalization of pKt with a relaxed success probability
parameter δ instead of 2/3. However, as another useful feature of pKt complexity, we show that its
success probability can be boosted with a small complexity overhead.
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definition resembles the definition of AM, where Merlin provides a Kolmogorov description
of a given string, based on Arthur’s randomness.10 A naive algorithm to distinguish D(x, yx )
from uniform (mimicking the algorithm for the deterministic case discussed above) would be
in (the promise version of) AMNP ⊆ ΠP3 (see Section A.1 for a related result), which would
force us to use a stronger average-case assumption like DistΣP3 ⊆ AvgBPP. We manage to get
a good randomized distinguisher for D(x, yx ) under the assumption that DistΣP2 ⊆ AvgBPP,
which is a generalization of the deterministic case from [11] discussed above. Roughly
speaking, our idea is to give a random string used in the pKt definition as an additional
input to the distinguisher, reducing its complexity to ΣP2 .11
The proof of Symmetry of Information for Kt under the assumption DistNP ⊆ AvgP
from [7] is fortunately robust enough to generalize to the case of pKt assuming DistNP ⊆
AvgBPP. We extend it further by conditioning on random strings r, and using families of
strings {yr }r , indexed by randomness r, instead of a single string y. This allows us to get
a very simple proof of a natural generalization of the worst-case to average-case reduction
above to the case of AM. Namely, we show that AM ⊆ BPTIME[2O(n/ log n) ], assuming that
DistΣP2 ⊆ AvgBPP. Intuitively, for L ∈ AM, witnesses y depend on both an input x ∈ L
and the randomness r used by Arthur. So it’s natural to try to upperbound pKt (yx,r | x, r).
However, just using (x, r) as a new input x in the original Symmetry of Information statement
would result in pKt (yx,r | x, r) being upperbounded by the pKt version of the computational
depth of (x, r), which is a string of length poly(n), for |x| = n. The averaging argument for the
computational depth (which works for any natural notion of Kolmogorov complexity) would
give us the bound O(n′ / log n′ ) for n′ = |(x, r)| = poly(n), which is useless. On the other hand,
with the new conditional Symmetry of Information statement, we get that pKt (yx,r | x, r) is
at most the conditional computational depth pKt (x | r) − pKpoly(t) (x | r) + O(log t). Now
the input length for the averaging argument for the conditional computational depth is still
|x| = n, yielding the upper bound O(n/ log n), which allows us to prove Item 2 of Theorem 1.
While pKt complexity is instrumental in the proof of Items 1 and 2 of Theorem 1, we
P
show that one can use the simpler rKt notion, if one assumes that DistPΣ2 ⊆ AvgBPP. This
then allows us to get a worst-case to average-case reduction for the polytime hierarchy PH,
assuming DistPH ⊆ AvgBPP, thereby proving Item 3 of Theorem 1. Another important
ingredient in our PH proof is an idea of randomized witness compression, which allows us
to perform a delicate induction on the level ℓ of PH; the randomized witness compression
necessary for our inductive argument is achieved by using the rKt complexity.

1.3.3

Fine-grained case

The use of pKt also allows us to extend our results to the fine-grained case (Theorem
2)
√
more easily. First of all, as observed in [6], an improved worst-case running time 2O( n log n)
follows if one can refine the above-mentioned computational depth expression from Kt (x) −
e (x) + O(log t) (note that the “blow-up” of the time
Kpoly(t) (x) + O(log t) to Kt (x) − KO(t)
bound in Kt is quasilinear in the latter as opposed to polynomial in the former). A key to
such a refinement is to optimize the running time of the reconstruction procedure for the
Hadamard-based encoding described above (see [6, Section 2]). In particular, this running
time depends on both the running time of the distinghuisher and the overhead incurred by

10
11

Analogously, rKt is similar to MA, and Kt to NP.
In the case of Theorem 1 Item 1 (i.e., for UP), we further reduce the complexity of the distinguisher so
we can rely on the weaker assumption that DistNP ⊆ AvgBPP.
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running the PRG. It turns out that the running time of the distinghuisher, which can be
QL
obtained from a ΣQL
2 algorithm (in the NP case), can be optimized if one assumes that Σ2
admits quasilinear-time average-case algorithms, which is exactly the fine-grained averagecase easiness assumption. Then to minimize the overhead of the PRG, the authors of [6]
construct a particular efficient PRG under the fine-grained average-case easiness assumption,
which incurs just a quasilinear overhead in the running time (note that this overhead would
be polynomial using the PRG from [5]).
Thanks to the use of pKt , we do not need any PRG in our proof! Therefore we achieve a
e (x) + O(log t) directly
refined probabilistic computational depth expression of pKt (x) − pKO(t)
from the fine-grained probabilistic average-case easiness assumption.

1.3.4

Learning under randomized average-case assumptions

Our improvement of the learning result from [13] under a weaker probabilistic average-case
easiness assumption, Theorem 3, follows the high-level approach from [13] but also crucially
relies on the use of pKt . The key idea is to design something called random-right-hand-siderefuter (RRHS-refuter). Roughly speaking, thisis an efficient algorithm that distinguishes the
distribution x(1) , . . . , x(m) , f (x(1) ), . . . f (x(m) ) where each x(i) is picked from a distribution

D and f is from the concept class C, from the distribution x(1) , . . . , x(m) , b(1) , . . . b(m) where
each b(i) is uniform. It is known that such an algorithm implies a learner for C under the
distribution D [44, 21]. The authors of [13] construct a deterministic RRHS-refuter, using an
algorithm that estimates the Kt complexity of a given string for a given t, which exists under
the assumption that DistNP ⊆ AvgP [11]. More specifically, [13] shows that if a string is
picked from the former case, where D is samplable by a small circuit and f is also computable
by a small circuit, then it is likely to have “small” Kt complexity (for carefully chosen m and
t). On the other hand, using results such as symmetry of information and optimal coding for
Kt under an average-case easiness assumption [11], it can be shown that a random string
from the latter case is likely to have “large” Kt complexity.
In our case, we will use a randomized algorithm that estimates the more complicated
pKt complexity of a given string, which we show to exist under the weaker assumption that
DistNP ⊆ AvgBPP. Combining such an algorithm with the new symmetry of information
for pKt (which holds under the same probabilistic average-case easiness assumption) and an
optimal coding result for pKt from [34], we are able to construct a randomized RRHS-refuter,
which suffices to yield the same learning result.

1.4

Directions and open problems

We have shown that several recent results proved under assumptions of the form C ⊆ AvgP
survive in the setting of randomized errorless heuristic schemes, i.e., under the weaker
assumption that C ⊆ AvgBPP. Moreover, as in previous results, it is enough for us to
assume the existence of one-sided error (randomized) algorithms that can be incorrect on
negative inputs.12 The next natural step would be to obtain results under an even weaker
average-case easiness assumption such as C ⊆ HeurBPP (i.e., under the existence of two-sided
error randomized heuristic schemes). It would be interesting to investigate if our framework
can be combined with recent results from [14, 15] to achieve progress on this front.

12

Note that we also allow the average-case probabilistic algorithm to err on each fixed positive input with
small probability over its internal randomness.
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We are also interested in understanding the potential of pKt complexity. We have seen
how to employ it to design agnostic learning algorithms, obtain new relations between
worst-case and average-case complexity, and simplify previous proofs. Additionally, in [34]
this complexity measure is used to establish an unconditional version of the main result of [1].
Are there more applications of pKt to algorithms and complexity theory?
Finally, is it possible to extend our techniques to quantum computations, and to show that
if DistΣP2 ⊆ AvgBQP then QMA ⊆ BQTIME[2O(n/ log n) ]? Exploring this and related questions
is likely to lead to interesting developments in quantum time-bounded Kolmogorov complexity.

2
2.1

Preliminaries
Notation

We say that a function p : N → N is non-decreasing if p(ℓ) ≥ ℓ for every integer ℓ ≥ 0.
Throughout the paper, we will rely on constructions whose associated complexity parameters
(e.g., running time) can be bounded by some polynomial p. We will implicitly assume that
the polynomials provided in these results are non decreasing in order to avoid including this
condition in every statement. This can be done without loss of generality by the monotonicity
of our bounds.
For a probability distribution Dn , we use supp(Dn ) to denote its support. Given an
element x, we let Dn (x) denote the probability of x under Dn . We denote by Un the uniform
distribution over n-bit strings.
Let D1 and D2 be probability distributions supported over a set X, A : X → {0, 1}, and
ε ≥ 0. We say that A ε-distinguishes D1 and D2 if
Pr [A(x) = 1] − Pr [A(x) = 1] ≥ ε.

x∼D1

x∼D2

If A is a randomized algorithm, each probability in the expression above also takes into
account the internal randomness of A, which will be denoted by rA .

2.2

Average-case complexity

Recall that a pair (L, D) is a distributional problem if L ⊆ {0, 1}∗ and D = {Dn }n≥1 is an
ensemble of probability distributions, where each Dn is supported over {0, 1}∗ .
Let D = {Dn }n≥1 be an ensemble of distributions. We say that D ∈ PSamp if there is a
randomized polytime algorithm A such that, for every n ≥ 1, A(1n ) is distributed according
to Dn . More generally, we use Dn ∈ Samp[T (n)]/a(n) to denote that Dn can be sampled by
an algorithm that runs in time T (n) and has advice complexity a(n).
We let DistNP denote the set of distributional problems (L, D) with L ∈ NP and D ∈
PSamp.
▶ Definition 4 (Avgδ BPP [3]). Let (L, D) be a distributional problem, and δ : N → [0, 1]. We
say that (L, D) ∈ Avgδ BPP if there is randomized polytime algorithm A such that
1. for every n > 0, and every x ∈ supp(Dn ),
Pr [A(x; n) ∈
/ {L(x), ⊥}] ≤
rA

1
,
4

2. for every n > 0,


Pr Pr[A(x; n) = ⊥] ≥ 1/4 ≤ δ(n),
x∼Dn

rA

where rA denotes the internal randomness of A. Such an algorithm A is called an randomized
errorless heuristic for (L, D) with failure probability at most δ.
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▶ Definition 5 (AvgBPP [3]). 13 We say that (L, D) is in AvgBPP if there exist a randomized
algorithm A and a polynomial p such that
1. for every n, δ > 0, and every x ∈ supp(Dn ),
Pr [A(x; n, δ) ∈
/ {L(x), ⊥}] ≤
rA

1
,
4

2. for every n, δ > 0,


Pr Pr[A(x; n, δ) = ⊥] ≥ 1/4 ≤ δ(n),
x∼Dn

rA

3. for every n, δ > 0, and every x ∈ supp(Dn ), A(x; n, δ) runs in time at most p(n/δ).
Such an algorithm A is called a randomized errorless heuristic scheme for (L, D).
▶ Lemma 6. Let (L, D) be a distributional problem in Avgn−1 BPP. There exists a randomized
polynomial-time algorithm B such that
1. for every n > 0, and every x ∈ supp(Dn ), B(x; n) ∈ {0, 1},
2. for every n > 0, and every x ∈ supp(Dn ), if x ∈ L, then PrrB [B(x; n) = 1] ≥ 1 − n1 , and
3. for every n > 0, Prx∼Dn [B(x; n) = L(x)] ≥ 1 − n3 .
rB

Proof. Let A be an Avgn−1 BPP algorithm for (L, D) as in Definition 4. Let A′ be the
algorithm obtained, using standard amplification techniques,14 such that for all x ∈ supp(Dn ),
Pr[A′ (x; n) ∈
/ {L(x), ⊥}] ≤
r A′

1
n

(1)

and

Pr

x∼Dn

Pr[A′ (x; n) = ⊥] ≥ 1/n
r A′


≤

1
.
n

(2)

Let B be the randomized algorithm which, on input x ∈ supp(Dn ), simulates A′ (x; n) and
outputs 1 if A′ (x; n) ∈ {1, ⊥} or 0 if A′ (x; n) = 0. By Equation (1), if x ∈ L, then
Pr[B(x; n) = 0] = Pr[A′ (x; n) ∈
/ {L(x), ⊥}] ≤
rB

r A′

1
.
n

Let bad := {x ∈ supp(Dn ) | PrrA′ [A′ (x; n) = ⊥] ≥ 1/n}. By Equation (2), at most a
(1/n)-measure of x ∈ supp(Dn ) are in bad. Thus,
Pr [B(x; n) ̸= L(x)]

x∼Dn
rB

≤ Pr [A′ (x; n) = ⊥] + Pr [A′ (x; n) ∈
/ {L(x), ⊥}]
x,rA′

x,rA′

≤ Pr[x ∈ bad] + Pr [A′ (x; n) = ⊥ | x ∈
/ bad] + Pr [A′ (x; n) ∈
/ {L(x), ⊥}]
x

x,rA′

x,rA′

1
1
3
1
≤ + + = .
n n n
n
This completes the proof.
13
14

◀

Some authors define AvgBPP as ∩c>0 Avgn−c BPP. All our results also hold with respect to that definition.
In more detail, A′ can be obtained from A by running it O(n) times and selecting the most common
output.
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The following result of Impagliazzo and Levin [18] shows that, for every ℓ ≥ 1, the easiness
of DistΣPℓ is equivalent to that of (ΣPℓ , U ). This implies that the average-case easiness under
uniform distribution is sufficient for all our main results.
15

▶ Theorem 7 ([18]; see also [3, Theorem 31]).

ΣPℓ , PSamp ⊆ AvgBPP ⇐⇒

2.3

For every ℓ ≥ 1,


ΣPℓ , U ⊆ AvgBPP.

Pseudodeterministic PRGs

▶ Definition 8 (Pseudodeterministic PRG [39, 33]). Fix an error function ε : N → R. A
function family Gn : {0, 1}ℓ → {0, 1}n is an ε-error Pseudorandom Generator (PRG) if, for
all sufficiently large n ∈ N, the distribution G(Uℓ(n) ) ε(n)-fools circuits of size n, using the
seed length ℓ = ℓ(n), i.e., for all circuits C of size n on n inputs,
Pr

r∼{0,1}n

[C(r) = 1] −

[C(G(α)) = 1] ≤ ε.

Pr
α∼{0,1}ℓ(n)

Such a PRG G is called a pseudodeterministic PRG if there is a randomized algorithm MG
ℓ(n)
n
such that, for every n and α ∈ {0, 1}
, MG (1n , α) outputs the string Gn (α) ∈ {0, 1} with
−n
O(ℓ(n))
probability at least 1 − 2
over its internal randomness, and MG runs in time 2
.
▶ Lemma 9 ([19, 39]). If BPE contains a language L of circuit complexity 2Ω(n) for almost all
input lengths n, then there is an ε-error pseudodeterministic PRG of seed length O(log n/ε).
P

▶ Lemma 10 ([35, Lemma 2]). EΣ2 contains a language of maximum circuit complexity (at
least 2n /n) for almost all input lengths n.
Using padding as in [2], we get the following.
P

P

▶ Lemma 11. If DistPΣ2 ⊆ AvgBPP, then EΣ2 = BPE.
P

Proof. The inclusion BPE ⊆ EΣ2 follows from the inclusion BPP ⊆ ΣP2 [22] by padding. For
P
2|x|
the other direction, let L ∈ EΣ2 be arbitrary. Define its padded version Lpad = {(x, 12 ) |
P
2n
x ∈ L}. Note that Lpad ∈ PΣ2 . Define a family of distributions Dn = (Un , 12 ), for the
uniform distribution over n-bit strings Un . By assumption, (Lpad , Dn ) ∈ AvgBPP, and so, by
2|x|
Lemma 6, Item 3, there is a randomized polytime algorithm B such that B(x, 12 ) ̸= L(x)
with probability less than 3 · 2−2n < 1/(3 · 2n ), where the probability is over a uniformly
n
n
random x ∈ {0, 1} and the internal randomness of B. It follows that, for every x ∈ {0, 1} ,
2|x|
B(x, 12 ) ̸= L(x) with probability less than 1/3 over its internal randomness. Hence, the
2|x|
randomized algorithm B ′ (x) := B(x, 12 ) decides if x ∈ L with probability at least 2/3, for
n
all sufficiently large inputs x ∈ {0, 1} , yielding L ∈ BPE.
◀
P

▶ Corollary 12. If DistPΣ2 ⊆ AvgBPP, then there is an ε-error pseudodeterministic PRG of
seed length O(log n/ε).
Proof. Immediate by combining Lemmas 9–11.

15

◀

The published paper by Impagliazzo and Levin [18] contains a proof applicable only to the case of
heuristics with errors (such as HeurBPP). The case of errorless heuristics (such as AvgBPP) requires a
different argument, which is given in Section 5.2 of [3], based on Impagliazzo’s unpublished notes.
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Direct Product Generator

For x, z ∈ {0, 1}n , we let x · z :=

Pn

i=1

xi zi (mod 2) denote their inner product modulo 2.

▶ Definition 13 (Direct Product Generator (DPG) [11, Definiton 3.10]). For k, n ∈ N, we
define the k-wise direct product generator to be the function
DPk : {0, 1}n × {0, 1}nk → {0, 1}nk+k
such that
DPk (x; z 1 , . . . , z n ) := (z 1 , . . . , z k , x · z 1 , . . . , x · z k ).
▶ Lemma 14 (DPG Reconstruction [11, Lemma 3.14]). For any n, k ∈ N with k ≤ 2n, and
ε > 0, there exists a pair of algorithms A and Recon(−) such that
nk+k
ReconD takes oracle access to an oracle D : {0, 1}
→ {0, 1}.
n
r
k
A : {0, 1} × {0, 1} → {0, 1} is called the advice function and is computable in time
poly(n/ε).
k
r
n
Recon(−) : {0, 1} × {0, 1} → {0, 1} is called a reconstruction procedure and is computable in time poly(n/ε).16
The randomness complexity r is at most poly(n/ε).
n
For any string x ∈ {0, 1} and any function D that ε-distinguishes DPk (x; Unk ) from
Unk+k , it holds that
h
i
Pr r ReconD (A(x, w), w) = x ≥ 1/poly(n/ε).
w∼{0,1}

2.5

Kolmogorov complexity measures

For a string w ∈ {0, 1}∗ , we use |w| ∈ N to denote its length. We let ϵ represent the empty
string. Let U be a Turing machine. For a function t : N → N and a string x ∈ {0, 1}∗ , we let
n
o
def
KtU (x) = min ∗ |p| | U (p, ϵ) outputs x in at most t(|x|) steps
p∈{0,1}

be the t-time-bounded Kolmogorov complexity of x. The machine U is said to be time-optimal
if for every machine M there exists a constant cM such that for all x ∈ {0, 1}n and t : N → N
satisfying t(n) ≥ n,
KcUM ·t log t (x) ≤ KtM (x) + cM ,
where for simplicity we write t = t(n). It is well known that there exist time-optimal machines
(see, e.g., [26, Chapter 7]). We fix such a machine, and drop the index U when referring to
time-bounded Kolmogorov complexity measures.
We remind the reader that the (time-unbounded) Kolmogorov complexity of a string x,
denoted K(x), is defined in the same way but does not impose a fixed upper bound t(|x|) on
the running time of U (p, ε).
Given strings x, y ∈ {0, 1}∗ , we can also consider the conditional t-time-bounded
Kolmogorov complexity of x given y, defined as
n
o
def
Kt (x | y) = min ∗ |p| | U (p, y) outputs x in at most t(|x|) steps .
p∈{0,1}

16

We note that if the oracle is a uniform algorithm that runs in time t(m) on inputs of length m, the
reconstruction procedure can be computed in time t(nk + k) · poly(n/ε).
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From now on, we will not distinguish between a Turing machine M and its encoding pM
according to U . While the running time t of M on an input y and the running time of the
universal machine U on (pM , y) might differ by a multiplicative factor of O(log t), this will
be inessential in all our results.17 For simplicity, we will assume the encoded machines to U
are paddable so that M and M ◦ 0a denote the same machine for every natural number a.
We denote by rKtδ (x) the minimum length of a randomized machine M that outputs x
with probability at least δ when running for at most t steps (see [38, 33]). We simply write
rKt (x) when δ = 2/3.
We formally introduce pKtδ (x) and discuss its properties in Section 3.

2.6

Agnostic learning model

This section reviews standard notions from computational learning theory (see, e.g., [41]).
Consider the problem of learning an unknown concept f : X → {0, 1} over a finite domain X.
We will always let X = {0, 1}n , for some n ≥ 1. A concept class C is a collection of concepts
of this form. For a fixed n, we let Cn denote C ∩ {f : {0, 1}n → {0, 1}}. For a size function
s : N → N, we let
SIZE[s] = {f : {0, 1}n → {0, 1} | n ∈ N and f admits a size-s(n) circuit}
denote the concept class of Boolean circuits of size (number of gates) at most s(n) over n
input variables. For definiteness, we consider circuits over AND and OR gates of fan-in 2
and NOT gates.
A randomized Boolean function f maps an input x to a distribution D supported over
{0, 1}. Given a distribution Dn supported over {0, 1}n , a function h : {0, 1}n → {0, 1}, and
a (possibly randomized) Boolean function f : {0, 1}n → {0, 1}, we let
errDn (h, f ) =

Pr [h(x) ̸= f (x)].

f, x∼Dn

We will consider the (agnostic) learnability of a concept class C with respect to a class D
of ensembles D = {Dn }n≥1 of distributions Dn . We use Dn to denote {Dn | D ∈ D}. For
simplicity, we refer to D as a class of distributions.
Given a randomized function f : {0, 1}n → {0, 1} and a distribution Dn , the learning
algorithm has access to an example oracle EX(f, Dn ) that behaves as follows: each query to
EX(f, Dn ) returns an independent and identically distributed pair (x, b), where x is sampled
according to Dn and b = f (x). The sample complexity of the learning algorithm is the
number of queries made to EX(f, Dn ).
Before formalising the agnostic learning model, we provide an informal overview. The
learning algorithm knows the class D of distributions and the concept class C. It is given
access to EX(f, Dn ) for some unknown D ∈ Dn and an arbitrary (possibly randomized)
function f : {0, 1}n → {0, 1}. The goal of the learning algorithm is to produce, with high
probability over its internal randomness and queries to EX(f, D), a hypothesis h such that
errD (h, f ) ≤ optCn ,D,f + ε, where
optCn ,D,f = min errD (c, f ).
c ∈ Cn

17

It is also possible to consider prefix-free notions of Kolmogorov complexity. Since our results hold up to
additive O(log |x|) terms, we will not make an explicit distinction.
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In other words, the learning algorithm is required to output an efficient representation of
a hypothesis h : {0, 1}n → {0, 1} that is almost as accurate as the best concept in Cn with
respect to the pair (D, f ). (Note that h is not required to be a function in C.)
▶ Definition 15 (Agnostic PAC learning [20]). Let C be a concept class, and let D be a
class of distributions. We say that a randomized algorithm A agnostically learns C on D
if the following holds. For every n ≥ 1, distribution D ∈ Dn , and randomized function
f : {0, 1}n → {0, 1}, when A is given oracle access to EX(f, D) and receives as input n, ε > 0,
and δ > 0,
h
i
Pr
AEX(f,D) outputs a hypothesis h such that errD (h, f ) ≤ optCn ,D,f + ε ≥ 1 − δ.
A, EX(f,D)

We remark that an equivalent way of formulating the agnostic learning model is by
considering distributions D supported over {0, 1}n+1 . In this case, there is no need to
refer to randomized functions, and one measures the error of a hypothesis h via errD (h) =
Pr(x,b)∼D [h(x) ̸= b], where x ∈ {0, 1}n and b ∈ {0, 1}.

2.7

Input encodings

In some situations, it will be useful to refer to collections of probability distributions that
are indexed by a constant number of parameters. It is not hard to reduce this to the case
of a single parameter 1n . Moreover, it is possible to assume without loss of generality that
distribution Dn is supported over {0, 1}n instead of {0, 1}≤poly(n) . This can be done using
standard techniques, and will be implicitly assumed in our arguments. In any case, for
completeness, we include more details about input encodings in this section.
⌊log j⌋+1
For j ∈ N, we use bin(j) ∈ {0, 1}
to denote its binary representation. We will
often consider languages that view their inputs as a tuple of parameters. We describe how to
encode such an input into a single binary string. For a tuple (a1 , a2 , . . . , ak ) where k ∈ N,
we encode it as
ℓ1 ◦ 01 ◦ ℓ2 ◦ 01 ◦ ℓk−1 ◦ 01 ◦ a1 ◦ a2 ◦ · · · ◦ ak ,
where for each i ∈ [k], ℓi is obtained from bin(|ai |) with every bit doubled. Note that in this
case, (a1 , a2 , . . . , ak ) has an encoding length of
|ak | +

k−1
X

(2 · (⌊log |ai |⌋ + 2) + |ai |) .

(3)

i=1

We will also need to consider distributions that generate input instances that are tuples,
while the only known information to the distributions is the length of the instances. To do
this, we will encode the format as the length of the instances. More specifically, we use the
following way to encode tuples [3].
▶ Proposition 16 ([3]; see also [6, Proposition 3.1]). There is a pair of polytime encodingdecoding algorithms Enc : N∗ → N and Dec : N → N∗ ∪ {⊥} such that
1. For k ∈ N and k integers n1 , n2 , . . . , nk , we write ⟨n1 , n2 , . . . , nk ⟩ := Enc(n1 , n2 , . . . , nk ),
and we have

Pk
2
k
a.
i=1 (2 · (⌊log ni ⌋ + 2) + ni ) ≤ ⟨n1 , n2 , . . . , nk ⟩ ≤ Ok Πi=1 (ni · log ni ) .
b. Dec(⟨n1 , n2 , . . . , nk ⟩) = n1 , . . . , nk . Here, Dec takes the binary representation of an
integer and outputs k integers which are also represented in binary.
2. Dec(u) = ⊥ if u ̸= ⟨⃗n⟩ for any ⃗n ∈ N∗ .
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Proof. Given k integers n1 , n2 , . . . , nk , the encoding algorithm Enc first obtains the binary
string
z := α1 ◦ 01 ◦ α2 ◦ 01 ◦ αk ◦ 01 ◦ bin(n1 ) ◦ bin(n2 ) ◦ · · · ◦ bin(nk ),
where for each i ∈ [k], αi is obtained from bin(|bin(ni )|) with every bit doubled. Then Enc
outputs the integer n whose binary representation is z. It is easy to see that given the binary
representation of n, which is simply the string z, one can recover the n1 , n2 , . . . , nk in time
polynomial in |z|. Also, item (a) can be verified by a simple calculation.
◀
We give an example of how we will typically use Proposition 16. Suppose we have some
language L that takes k = 3 parameters, then we may define a family of distributions {Dn }n ,
where each Dn does the following.
1. On input 1n , if Dec(n) ̸= n1 , n2 , n3 for any n1 , n2 , n3 ∈ N, then output 0n .
n
n2
:= 1n3 .
2. Otherwise,
∼ {0, 1} 1 , y ∼ {0, 1}
 sample xP
 , and let z
3

3. Output x, y, z, 0n− i=1 (2·(⌊log ni ⌋+2)+ni ) .
Note that Dn runs in time poly(n), and the output length (using Equation (3)) is
!
3
3
X
X
n−
(2 · (⌊log ni ⌋ + 2) + ni ) +
(2 · (⌊log ni ⌋ + 2) + ni ) = n.
i=1

i=1

Also, note that the above distribution Dn outputs instances with k + 1 parameters, where
the last parameter is just some padding so that the output is of length n. To cope with
this, instead of the language L, we will then work with a padded language L′ which takes
k + 1 parameters and L′ simulates L by ignoring the last parameter. In particular, for
some ℓ1 , ℓ2 , ℓ3 ∈ N of interest, we can use D⟨ℓ1 ,ℓ2 ,ℓ3 ⟩ to generate instances of the form
ℓ
ℓ
ℓ
(x, y, z, g) where x ∈ {0,
1} 1 , y ∈ {0, 1} 1 , z ∈ {0, 1} 3 , and the length of such instances is

e 1 · ℓ2 · ℓ3 ).
O Π3i=1 ℓi · polylog(ℓi ) = O(ℓ

3

Probabilistic Time-Bounded Kolmogorov Complexity

In this section, we formally define probabilistic Kolmogorov complexity and prove some
useful properties of this notion, which will be used later in proving our main results.
∗

▶ Definition 17 (pKt ). For strings x, y ∈ {0, 1} , a time bound t ∈ N, an oracle A, and
δ ∈ [0, 1], the δ-probabilistic A-oracle t-bounded Kolmogorov complexity of x given y is defined
as




t,A
k
A
pKδ (x | y) := min

k

Pr

w∼{0,1}t

∃ M ∈ {0, 1} , M (w, y) outputs x within t steps ≥ δ

,

where M is a RAM-machine.18 We omit the subscript δ if δ = 2/3, omit the superscript A
if A = ∅, omit “| y” if y is the empty string, and omit the superscript t if t = ∞.
For simplicity, in the rest of this section we only consider pKt without oracles. It is easy
to see that all the results also hold with any oracle.
18

We use the RAM model in this definition for convenience: it simplifies the time bound estimates for a
machine M that takes as input both randomness w and an “auxiliary” string y, and allows both w and
y to be as long as the running time of the RAM-machine M; cf. [29] for a similar definition in the case
of deterministic time-bounded conditional Kolmogorov complexity. Alternatively, we could use a TM
model, with inputs w and y presented on two different tapes. However, we prefer the RAM model as
it’s also useful in the context of fine-grained worst-case to average-case reductions [6].
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Basic properties of pKt complexity

3.1

▶ Lemma 18. There is a universal constant c > 0 such that the following holds. For every
n
time bound t ∈ N and x ∈ {0, 1} ,
K(x | t) ≤ pKt (x) + c log n.
Proof. Let ℓ := pKt (x). Since x is of length n, we can represent ℓ using O(log n) bits.
Given t, ℓ and n, it is possible to sample x with probability µ ≥ 2/3 · 2−ℓ by randomly
guessing w ∼ {0, 1}t and M ∼ {0, 1}ℓ then simulating M(w) for t steps. Consequently,
by the coding theorem for (time-unbounded) Kolmogorov complexity [24], we get that
K(x | t) ≤ log(1/µ) + O(log n) ≤ pKt (x) + O(log n).
◀
∗

▶ Proposition 19. For any string x ∈ {0, 1} , time bound t ∈ N, and δ ∈ [0, 1], we have
pKtδ (x) ≤ rKtδ (x) ≤ Kt (x).
Proof. Immediate from the definition of the involved Kolmogorov complexity measures.

◀

∗

▶ Lemma 20 (Probabilistic Incompressibility). For any string y ∈ {0, 1} , time bound t ∈ N
(including t = ∞), δ ∈ (0, 1], and positive integer α, we have
 t

1
Pr
pKδ (x | y) ≤ n − α ≤ α−1 .
2
·δ
x∼{0,1}n
Proof. For the sake of contradiction, suppose the statement of the lemma does not hold.
Then by the definition of pKtδ , we have
h
i
≤ n−α
E n ∃ M(x,w) ∈ {0, 1}
such that M(x,w) (w, y) outputs x within t steps
x∼{0,1}
w∼{0,1}t

>

1
2α−1

.
t

By averaging, there is a way to fix w ∈ {0, 1} that at least preserves this expectation,
yielding
h
i
1
≤ n−α
Pr n ∃ M(x,w) ∈ {0, 1}
such that M(x,w) (w, y) outputs x within t steps > α−1 .
2
x∼{0,1}
However, by counting, the above probability is at most 2n−α+1 /2n = 1/2α−1 . A contradiction.
◀
n

▶ Lemma 21 (Success Amplification). For any string x ∈ {0, 1} , time bound t ∈ N, and
0 ≤ α < β ≤ 1, we have
O(qt/α)

pKβ

(x) ≤ pKtα + O(log(q/α)) ,

where q = ln(1/(1 − β)).
Proof. Suppose pKtα (x) = k. Then by definition, we have
h
i
k
Pr t ∃ Mw ∈ {0, 1} such that Mw (w) outputs x within t steps ≥ α.
w∼{0,1}

Call such a w good. After sampling ℓ independent w(1) , w(2) , . . . , w (ℓ) ∈ {0, 1}t , the probability
that no w(i) is good is at most (1 − α)ℓ ≤ e−αℓ , which can be made at most 1 − β
by choosing ℓ = q/α. It follows that, with probability at least β over a random w =
qt/α
w(1) , w(2) , . . . , w (q/α) ∈ {0, 1}
, there exists an index 1 ≤ i ≤ q/α (described
with at

k
(i)
most ⌈log(q/α)⌉ bits) and a program Mw(i) ∈ {0, 1} such that Mw(i) w
outputs x
O(qt/α)
within O(qt/α) steps. Hence, pKβ
(x) ≤ k + O(log(q/α)).
◀
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O(qt/α)

Note that the parameter α affects the time complexity in the resulting pKβ
Lemma 21 is sufficient in applications where α ≥ 1/poly(n).

bound.

Bounding pKt and rKt via DPG reconstruction

3.2

The following is a key lemma for pKt that we will use in proving our main results related to
randomized average-case complexity.
▶ Lemma 22 (pKt Reconstruction Lemma). For ε > 0, x ∈ {0, 1}n , s ∈ N, and k ∈ N
satisfying k ≤ 2n, let D be a randomized algorithm that takes an advice string β and runs in
time tD such that D ε-distinguishes DPk (x; Unk ) from Unk+k . Then there is a polynomial
pDP such that
e D )·pDP (n/ε) (x | β) ≤ k + log p (nt /ε).
pKO(t
DP
D
Proof. We will view the distinguisher D as a deterministic algorithm that takes a string of
tD bits, denoted by rD , as its internal randomness. By our assumption (and dropping the
absolute value sign without loss of generality), we have
E

y∼{0,1}nk
rD ∼{0,1}tD

[D(DPk (x, y); rD )] −

E

z∼{0,1}nk+k
rD ∼{0,1}tD

[D(z; rD )] ≥ ε.

Then by an averaging argument, we have


Pr E[D(DPk (x, y); rD )] − E[D(z; rD )] ≥ ε/2 ≥ ε/2.
rD

y

(4)

z

In other words, with probability at least ε/2 over the internal randomness rD , D(−, rD ) is
an (ε/2)-distinguisher for DPk (x; Unk ) and Unk+k . Let us say that rD is good if this is true.
k
r
n
Let Recon(−) : {0, 1} × {0, 1} → {0, 1} be the reconstruction procedure in Lemma 14
that works for distinguishing parameter ε/2, where the randomness complexity r is poly(n/ε).
We have
h
i
k
Pr r ∃ α ∈ {0, 1} such that ReconD(−,rD ) (α, w) = x
w∼{0,1}
rD ∼{0,1}tD

h
i
k
≥ Pr ∃ α ∈ {0, 1} such that ReconD(−,rD ) (α, w) = x rD is good · Pr [rD is good]
w,rD

1
≥
· (ε/2).
poly(n/ε)

rD

(Lemma 14 and Equation (4))

The above implies that for at least 1/poly(n/ε) fraction of the randomness (w, rD ), there
exists a program M, which takes k bits for some α (that can depend on the randomness)
and the advice of β used by D, such that M simulates ReconD(−,rD ) on (α, w) and outputs
x. Note that since ReconD runs in time tD · poly(n/ε), our program M can be made to run
e D ) · poly(n/ε). Therefore, we have
in time T := O(t
pKT1/poly(n/ε) (x | β) ≤ k + O(log(ntD /ε)).
Then the lemma follows easily from Lemma 21.

◀

The following is an analog of Lemma 22 for the case of rKt . In this case, we additionally
assume the existence of a pseudodeterministic PRG (see Definition 8); later we will use
Corollary 12 to argue the existence of a pseudodeterministic PRG from the assumption that
P
DistPΣ2 ⊆ AvgBPP.
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▶ Lemma 23 (rKt Reconstruction Lemma). Assume the existence of a pseudodeterministic
PRG. For ε > 0, x ∈ {0, 1}n , s ∈ N, and k ∈ N satisfying k ≤ 2n, let D be a randomized
algorithm that takes an advice β and runs in time tD such that D ε-distinguishes DPk (x; Unk )
from Unk+k . Then there is a polynomial p′DP such that
′

rKpDP (ntD /ε) (x | β) ≤ k + log p′DP (ntD /ε).
Proof. By averaging, arguing as in Lemma 22 up to Equation (4),


Pr s E[D(DPk (x, y), rD )] − E[D(z, rD )] ≥ ε/2 ≥ ε/2.
y

rD ∼{0,1}

(5)

z

That is, with probability at least ε/2 over its internal randomness rD , D(−, rD ) is an
(ε/2)-distinguisher for DPk (x; Unk ) and Unk+k . Let us say that rD is good if this is true.
k
r
n
Let Recon(−) : {0, 1} ×{0, 1} → {0, 1} be the reconstruction procedure from Lemma 14
that works for distinguishing parameter ε/2. By definition of Recon, if rD is good, then
h
i
Pr r ReconD(−,rD ) (A(x, w), w) = x ≥ 1/poly(n/ε),
w∼{0,1}

and so
h
i ε
1
def ′
Pr ReconD(−,rD ) (A(x, w), w) = x ≥ ·
= ε.
w,rD
2 poly(n/ε)
Observe that by Lemma 14, the condition ReconD(−,rD ) (A(x, w), w) = x can be checked by a
circuit of size s = poly(ntD /ε) given (rD , w) as input. Consider an assumed pseudodeterministic PRG
ℓ

|rD |+|w|

G : {0, 1} → {0, 1}

that (ε′ /2)-fools all circuits of size s, where ℓ ∈ O(log(s/ε′ )) ⊆ O(log(ns/ε)). Let MG be an
algorithm as described in Definition 8, running in time poly(s/ε′ ) ≤ poly(ntD /ε), such that
ℓ
for all σ ∈ {0, 1} ,
Pr
rM ∼{0,1}poly(ntD /ε)

[MG (σ, rM ) = G(σ)] ≥ 1 − 2−s ,

where rM denotes the internal randomness of MG . By definition of G,
h
i
Pr ReconD(−,G0 (σ)) (A(x, G1 (σ)), G1 (σ)) = x ≥ ε′ /2,
σ

where G0 (σ) = G(σ)1...|rD | (the |rD |-length prefix) and G1 (σ) = G(σ)|rD |+1...|rD |+|w| (the
ℓ
remaining suffix). So there must exist a seed σ ∈ {0, 1} such that
ReconD(−,G0 (σ)) (A(x, G1 (σ)), G1 (σ)) = x.
k

Let σ be a seed with this property, and let α = A(x, G1 (σ)) ∈ {0, 1} . The definition of MG
implies that α and σ are such that
h
i
Pr ReconD(−,MG0 (σ,rM )) (α, MG1 (σ, rM )) = x ≥ 1 − 2−s > 2/3,
rM

where MG0 (σ, rM ) denotes the |rD |-length prefix of MG (σ, rM ), and MG1 (σ, rM ) the remaining suffix of MG (σ, rM ). It is easy to verify that the reconstruction procedure
ReconD(−,MG0 (σ,rM )) (α, MG (σ, −)) runs in time poly(ntD /ε) overall. By definition of rKt , for
some polynomial p′DP , we get
′

rKpDP (ntD /ε) (x | β) ≤ |α| + |σ| + O(log(ns/ε))
≤ k + log p′DP (ntD /ε),
as required.

◀
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3.3

Optimal source coding for pKt

We will need the following result, which is an easy extension of an unconditional source
coding theorem for pKt described in [34].
▶ Lemma 24 (Unconditional Source Coding for pKt [34]). There exists a polynomial p such
that for any T, a : N → N, n ∈ N, Dn ∈ Samp[T (n)]/a(n), and x ∈ Supp(Dn ),
pKp(T (n)) (x) ≤ log(1/Dn (x)) + O(log(T (n))) + a(n).
For a distribution Dn supported over X and an integer m ≥ 1, we let Dnm := Dn ×. . .×Dn
be the probability distribution supported over X m obtained by taking the product of m
independent copies of Dn .
As a consequence of Lemma 24, we obtain the following result.
▶ Lemma 25 (Source Coding for m copies of Dn ). There exists a polynomial p such that for
any T, a : N → N, n, m ∈ N, Dn ∈ Samp[T (n)]/a(n), and x ∈ Supp(Dnm ),
pKp(T (n),m) (x) ≤ log(1/Dnm (x)) + O(log(T (n))) + a(n) + O(log(m)).
Proof. Since Dn can be sampled in time T (n) using a(n) bits of advice, it is possible to
sample from Dnm in time poly(T (n), m) using a(n) + O(log m) bits of advice, where the extra
advice is used to encode m. The result now immediately follows from Lemma 24.
◀

3.4

Symmetry of information under randomized average-case easiness

Recently, [7], extending a technique from [11], have proved a symmetry of information result
for the deterministic version of time-bounded Kolmogorov complexity Kt under the averagecase easiness assumption that DistNP ⊆ AvgP. We adapt and generalize their argument to
prove an analogous result for conditional pKt (and rKt ) under the randomized average-case
P
easiness assumption that DistNP ⊆ AvgBPP (respectively, DistPΣ2 ⊆ AvgBPP).
▶ Lemma 26 (Symmetry of information for pKt and rKt under the average-case easiness of NP).
1. If DistNP ⊆ AvgBPP, then there exist polynomials p and p0 such that for all sufficiently
large n, m ∈ N, all t ≥ p0 (n, m), and all 0 ≤ τ ≤ t the following holds: for every
n
m
τ
x ∈ {0, 1} and every family {yr ∈ {0, 1} | r ∈ {0, 1} }, with probability at least 9/10
τ
over r ∈ {0, 1} ,
pKt (x, yr | r) > pKp(t) (x | r) + pKp(t) (yr | x, r) − log p(t).
P

2. If DistPΣ2 ⊆ AvgBPP, then there exist polynomials p′ and p′0 such that for all sufficiently
large n, m ∈ N, all t ≥ p′0 (n, m), and all 0 ≤ τ ≤ t the following holds: for every
n
m
τ
x ∈ {0, 1} and every family {yr ∈ {0, 1} | r ∈ {0, 1} }, with probability at least 9/10
τ
over r ∈ {0, 1} ,
′

′

rKt (x, yr | r) > rKp (t) (x | r) + rKp (t) (yr | x, r) − log p′ (t).
Moreover, the special case without conditioning on r also holds for both items above, i.e.,
when r is the empty string (for τ = 0) and y is an arbitrary single string.
Proof of Item 1. Define a language

′
s
s

L := (u, v, w, w , 1 ) | ∃ M ∈ {0, 1} , M(w, w′ ) prints uv in |w| steps, and s = |u| + |v| − 10 .
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Note that L ∈ NP. Define a distribution family D = {D⟨nk+k,mk′ +k′ ,2t,τ,s⟩ } as follows:
sample u ∼ Unk+k , v ∼ Umk′ +k′ , w ∼ U2t , and w′ ∼ Uτ , and then output (u, v, w, w ′ , 1s ).
Note that the ensemble D is in PSamp under an appropriate encoding of its defining tuple (for
simplicity, we omit the padding in the output of D; see Section 2.1). Using the assumption
that DistNP ⊆ AvgBPP, it follows that (L, D) ∈ AvgBPP. Let B be a randomized algorithm
for (L, D) as in Lemma 6.
Let x ∈ {0, 1}n and {yr }r ⊆ {0, 1}m be given (for sufficiently large n and m). Let
k, k ′ ∈ N be arbitrary parameters such that k ≤ n and k ′ ≤ m. Observe that there exists
a polynomial p0 such that for any t ≥ p0 (n, m), some constant d, and all z ∈ {0, 1}nk ,
′
τ
z ′ ∈ {0, 1}mk , and r ∈ {0, 1} ,
pK2t (DPk (x; z), DPk′ (yr ; z ′ ) | r) ≤ pKt (x, yr | r) + |z| + |z ′ | + d log t.

(6)

Here p0 (n, m) reflects the time required to deterministically compute (DPk (x; z), DPk′ (yr ; z ′ ))
given x, yr , z, z ′ , and d log t bits of information to delineate x from yr .
Let t ≥ p0 (n, m). By a counting argument, for independently random u, v, w, and w′ ,
′

′

Pr

u,v,w,w′

s

[(u, v, w, w , 1 ) ∈ L] ≤

2s · 2|w|+|w |
2|u|+|v|+|w|+|w′ |

= 2s−|u|−|v| = 2−10 ,

where the last equality is by the definition of L requiring that s = |u| + |v| − 10. Then
Pr

u,v,w,w′ ,rB

≤

Pr

u,v,w,w′

[B(u, v, w, w ′ , 1s ) = 1]

[(u, v, w, w ′ , 1s ) ∈ L] +

Pr

u,v,w,w′ ,rB

[B(u, v, w, w ′ , 1s ) ̸= L(u, v, w, w ′ , 1s )]

≤ 2−10 + (3/n).

(7)
τ

By Markov’s inequality, for at least 9/10 fraction of random strings r ∈ {0, 1} , we get

Pr [B(u, v, w, r, 1s ) = 1] ≤ 10 · 2−10 + (3/n) ≤ 1/10.
(8)
u,v,w,rB

Fix any such r so that Equation (8) holds. This also fixes the string yr .
Next we show, using a hybrid argument, that B(−, U2t , r, 1s ) cannot distinguish between
the uniform distribution and the distribution (DPk (x; z), DPk′ (yr ; z ′ )), for random independent z, z ′ , where k ≈ pKpDP (t) (x | r) and k ′ ≈ pKpDP (t) (yr | x, r). This will imply that
Pr [(DPk (x; z), DPk′ (yr ; z ′ ), w, r, 1s ) ∈ L] < 2/3
w

for some z, z ′ , yielding the desired lower bound on pK2t (DPk (x; z), DPk′ (yr ; z ′ ) | r) via our
choice of s and the definition of L. We give the details of the hybrid argument next.
First, toward a contradiction, suppose
Pr

z,v,w,rB

[B(DPk (x; z), v, w, r, 1s ) = 1] > 1/2.

In this case, comparing with Equation (8), we get a randomized distinguisher (with advice) for
DPk (x; Unk ), defined by sampling v ∼ Umk′ +k′ and w ∼ U2t , and outputting B(−, v, w, r, 1s ).
By Lemma 22,
pKq(t) (x | r) ≤ k + log q(t)

(9)

for some polynomial q such that q(t) ≥ pDP (tB · 3 · n) whenever t ≥ n + m and s ≤ n3 ,
where pDP is the polynomial from Lemma 22 and tB denotes the time required to compute
B(−, v, w, r, 1s ).
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Define k := pKq(t) (x | r) − log q(t) − 1 so that Equation (9) does not hold. Assume for
now that k > 0. Hence,
Pr

z,v,w,rB

[B(DPk (x; z), v, w, r, 1s ) = 1] ≤ 1/2.

(10)

Again, toward a contradiction, suppose that for all z, z ′ ,
Pr [(DPk (x; z), DPk′ (yr ; z ′ ), w, r, 1s ) ∈ L] ≥ 2/3.
w

By definition of B, this implies that
Pr

z,z ′ ,w,rB

[B(DPk (x; z), DPk′ (yr ; z ′ ), w, r, 1s ) = 1] ≥ (2/3)(1 − 1/n) > 5/8.

In this case, comparing with Equation (10), we get a randomized distinguisher (with
advice) B ′ for DPk′ (yr ; Umk′ ), defined by sampling z ∼ Unk , w ∼ U2t , and outputting
B(DPk (x; z), −, w, r, 1s ). By Lemma 22,
′

pKq (t) (yr | x, r) ≤ k ′ + log q ′ (t)

(11)

for some polynomial q ′ with q ′ (t) ≥ pDP (tB ′ · 8 · m) whenever t ≥ n + m and s ≤ n3 , where
tB ′ denotes the time required to compute B ′ .
′
We now choose k ′ := pKq (t) (yr | x, r) − log q ′ (t) − 1 so that Equation (11) does not hold.
Assume for now that k ′ > 0. Hence, there exist z and z ′ such that


′
s
Pr (DPk (x; z), DPk′ (yr ; z ), w, r, 1 ) ∈ L
w

= Pr ∃ M ∈ {0, 1}s , M(w, r) outputs (DPk (x; z), DPk′ (yr ; z ′ )) within |w| steps < 2/3,





w

which implies that
pK2t (DPk (x; z), DPk′ (yr ; z ′ ) | r) > s.
For this choice of z, z ′ , by definition of s we get that s = |u|+|v|−10 = |z|+k+|z ′ |+k ′ −10,
and so
pK2t (DPk (x; z), DPk′ (yr ; z ′ ) | r) > |z| + k + |z ′ | + k ′ − 10.
Combining this inequality with Equation (6), we get
pKt (x, yr | r) ≥ pK2t (DPk (x; z), DPk′ (yr ; z ′ ) | r) − |z| − |z ′ | − d log t
> k + k ′ − d log t − 10.

(12)

The definitions of k and k ′ then imply that
′

pKt (x, yr | r) > pKq(t) (x | r) + pKq (t) (yr | x, r) − log q(t) − log q ′ (t) − d log t − 12.
For the polynomial p(t) := (td+1 ) · q(t) · q ′ (t) and for every t ≥ p0 (|x|, |y|), we get
pKt (x, yr | r) > pKp(t) (x | r) + pKp(t) (yr | x, r) − log p(t),
as desired.
Finally, consider the case that k ≤ 0 or k ′ ≤ 0. If k ≤ 0, then pKq(t) (x | r) ≤ log q(t) + 1,
implying that pKp(t) (x | r) < log p(t). But then the lemma simply follows from the fact that
pKt (x, yr | r) ≥ pKp(t) (yr | x, r). Similarly, if k ′ ≤ 0, then pKp(t) (yr | x, r) < log p(t), and the
lemma follows from the fact that pKt (x, yr | r) ≥ pKp(t) (x | r).
◀
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Proof of Item 2. Argue as in the proof of Item 1, but at Equation (9), apply Lemma 23
instead of Lemma 22 to get
rKq(t) (x | r) ≤ k + log q(t)
for some polynomial q such that q(t) ≥ p′DP (tB · 3 · n), where p′DP is the polynomial from
Lemma 23 and tB denotes the time required to compute B(−, v, w, r, 1s ). We then define
k := rKq(t) (x | r)−log q(t)−1 so the above equation does not hold. Similarly, at Equation (11),
apply Lemma 23 to get
′

rKq (t) (yr | x, r) ≤ k ′ + log q ′ (t)
for some polynomial q ′ with q ′ (t) ≥ p′DP (tB ′ · 8 · m), where tB ′ denotes the time required
′
to compute the distinguisher B ′ defined as above. Then define k ′ := rKq (t) (yr | x, r) −
log q ′ (t) − 1.
Following the proof of Item 1 up to Equation (12), we get that
pKt (x, yr | r) > k + k ′ − d log t − log n.
The definitions of k, k ′ , and rKt then imply that
′

rKt (x, yr | r) > rKq(t) (x | r) + rKq (t) (yr | x, r) − log q(t) − log q ′ (t) − d log t − 12,
and so
rKt (x, yr | r) > rKp(t) (x | r) + rKp(t) (yr | x, r) − log p(t)
for the polynomial p(t) := (td+1 ) · q(t) · q ′ (t).

3.5

◀

Approximating pKt under randomized average-case easiness

▶ Lemma 27. If DistNP ⊆ AvgBPP, then there exists a polynomial τ such that the following
promise problem is in promiseBPP:

x, 1s , 1t | pKt (x) ≤ s ,
n
o

:= x, 1s , 1t | pKτ (t) (x) > s + log τ (t) .

ΠYES :=
ΠNO



Proof. Let k = s + log n. Consider the language
L := {(DPk (x; z), w, 1s , 1n ) | ∃ M ∈ {0, 1}s , M(w) outputs x ∈ {0, 1}n within |w| steps}.

Note that L ∈ NP. Define a distribution family D = {D⟨nk+k,t,s,n⟩ }, each member of
which does the following: sample u ∼ Unk+k and w ∼ Ut , and then output (u, w, 1s , 1n ). By
assumption, (L, D) ∈ AvgBPP. Let B be a randomized heuristic algorithm for (L, D) as
described in Lemma 6.
Now, define an algorithm B ′ :
On input (x, 1s , 1t ) with x ∈ {0, 1}n , sample z ∼ Unk and w ∼ Ut , and then output
B(DPk (x; z), w, 1s , 1n ).
Below, we show that B ′ solves (ΠYES , ΠNO ) correctly with high probability in the worst case.
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First, consider the case that (x, 1s , 1t ) ∈ ΠYES . By the definitions of L and pK, for any
choice of z ∈ {0, 1}nk ,
Pr [(DPk (x; z), w, 1s , 1n ) ∈ L] ≥ 2/3.
w

The definition of B then implies that
Pr [B(DPk (x; z), w, 1s , 1n ) = 1] > 1/2,

w,z,rB

and so


Pr B ′ (x, 1s , 1t ) = 1 > 1/2,
rB ′

(13)

where rB denotes the internal randomness of B, and rB ′ = (w, z, rB ) that of B ′ .
Now consider the case that (x, 1s , 1t ) ∈ ΠNO . For a contradiction, suppose that
Pr [B(DPk (x; z), w, 1s , 1n ) = 1] > 1/3.

w,z,rB

(14)

By a counting argument, for randomly selected u and w,
Pr [(u, w, 1s , 1n ) ∈ L] ≤

u,w

1
2s · 2nk · 2|w|
= ,
nk+k+|w|
n
2

where the last line follows from the definition of k = s + log n. Then by definition of B,
Pr [B(u, w, 1s , 1n ) = 1] ≤ 4/n = o(1).

u,w,rB

(15)

Comparing Equations (14) and (15), it is clear that B(−, Ut , 1s , 1n ) (1/4)-distinguishes
DPk (x; Unk ) from Unk+k . Lemma 22 implies that
′

pKp (t) (x) ≤ k + log p′ (t)
= s + log n + log p′ (t),
for some polynomial p′ with p′ (t) ≥ pDP (tB · 4 · n), where pDP is the polynomial from
Lemma 22 and tB denotes the time required to compute B(−, Ut , 1s , 1n ). For the polynomial
τ (t) = t · p′ (t), this means that (x, 1s , 1t ) is not in ΠNO , which gives the desired contradiction.
By definition of B ′ , we have that


Pr B ′ (x, 1s , 1t ) = 1 ≤ 1/3.
rB ′

(16)

By Equations (13) and (16), B ′ yields a promiseBPP algorithm for (ΠYES , ΠNO ) via standard
success amplification techniques.
◀
▶ Lemma 28 (Approximating pKt ). If DistNP ⊆ AvgBPP, then there exist a polynomial
τ , a constant C ≥ 1, and a randomized algorithm Approxτ -pK that, on input (x, 1t ) where
n
x ∈ {0, 1} and t ≥ Cn, runs in time poly(n, t) and with probability at least 1 − o(1) outputs
an integer se such that
pKτ (t) (x) − log τ (t) ≤ se ≤ pKt (x).
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Proof. Consider a polynomial-time randomized algorithm A that solves the promise problem
from Lemma 27. Assume without loss of generality that on the inputs satisfying the promise
its error is at most 1/n2 , where n = |x|. Algorithm Approxτ -pK runs A on (x, 1s , 1t ) for
s t
s = 1, 2, . . . , n + log n, and outputs the first se such that A(x, 1e
, 1 ) = 1.
The correctness of Approxτ -pK follows by a union bound. Indeed, if s < pKτ (t) (x)−log τ (t),
i.e., pKτ (t) (x) > s + log τ (t), using the promise we get that PrA [A(x, 1s , 1t ) = 1] ≤ 1/n2 . On
the other hand, if s = pKt (x), which implies that pKt (x) ≤ s and the promise is satisfied,
we have PrA [A(x, 1s , 1t ) = 1)] ≥ 1 − 1/n2 . Since pKt (x) ≤ n + log n if t ≥ Cn, where C is a
sufficiently large constant, with high probability over the internal randomness of Approxτ -pK,
it outputs a value se such that pKτ (t) (x) − log τ (t) ≤ se ≤ pKt (x).
◀

3.6

Language compression under randomized average-case easiness

In some results that rely on language compression, it is useful to consider languages and
promise problems that consist of strings of the form (x, 1ℓ ), where |x| = α(ℓ) for some
function α. More specifically, we need the following definition.
▶ Definition 29 (Ensembles of Promise Problems). 19 Let α : N → N. We say that a promise
problem Π = (ΠYES , ΠNO ) is an ensemble of promise problems with input size α if

ΠYES ∪ ΠNO ⊆ (x, 1ℓ ) | ℓ ∈ N and |x| = α(ℓ) .
In this case, we let
n
o
α(ℓ)
ΠYES,ℓ := x ∈ {0, 1}
| (x, 1ℓ ) ∈ ΠYES ,
and similarly
n
o
α(ℓ)
ΠNO,ℓ := x ∈ {0, 1}
| (x, 1ℓ ) ∈ ΠNO .
Below we show a language compression result for problems in promiseAM. Before
stating and proving this result, note that it is not immediately clear what it means
to have language compression for such a promise class. A reasonable definition may
n
be that for every (ΠYES , ΠNO ) ∈ promiseAM and every x ∈ ΠYES ∩ {0, 1} , we have
n
poly(n)
pK
(x) ≲ log |ΠYES ∩ {0, 1} |. However, it is unclear how to show such a strong
theorem. On the other hand, we manage to show a weaker version which instead says
n
n
pKpoly(n) (x) ≲ log ΠNO ∩ {0, 1} for every x ∈ ΠYES ∩ {0, 1} , and it turns out that such a
language compression for promiseAM suffices in some applications (see Section 4.6).
▶ Theorem 30 (Language compression for pKt under average-case easiness of NP). Let
(ΠYES , ΠNO ) ∈ promiseAM be an ensemble of promise problems with input size α : N → N.
Assume that DistNP ⊆ AvgBPP. Then there is a polynomial p such that for every ℓ ∈ N and
every x ∈ ΠYES,ℓ ,
α(ℓ)

pKp(α(ℓ)+ℓ) (x) ≤ log {0, 1}

19

− ΠNO,ℓ + log p(α(ℓ) + ℓ).

In the original definition of ensemble languages from [11], then length of x is not fixed and is required
to be less than ℓO(1) . For simplicity, here we require that this length is fixed according to ℓ.
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Proof. Let c > 0 be a constant and V be a (deterministic) polynomial-time algorithm such
that
h
i

(α(ℓ)+ℓ)c
ℓ
(x, 1ℓ ) ∈ ΠYES ⇒
Pr
∃
y
∈
{0,
1}
,
V
x,
1
,
y,
r
=
1
≥ 1 − 1/2α(ℓ) ,
c
r∼{0,1}(α(ℓ)+ℓ)

(x, 1ℓ ) ∈ ΠNO ⇒

h

Pr
r∼{0,1}

(α(ℓ)+ℓ)c

Define the language


′
L :=
DPk (x; z), r, 1ℓ , 1α(ℓ)

(α(ℓ)+ℓ)c

∀ y ∈ {0, 1}

i

, V x, 1ℓ , y, r = 0 ≥ 1 − 1/2α(ℓ) ,

|x| = α(ℓ), |z| = α(ℓ)k, |r| = (α(ℓ) + ℓ)c and
∃ y ∈ {0, 1}

(α(ℓ)+ℓ)c


such that V x, 1 , y, r = 1 .
ℓ




Note that L′ ∈ NP. Define a distribution family D = D⟨α(ℓ)k+k,(α(ℓ)+ℓ)c ,ℓ,α(ℓ)⟩ , each of

which does the following: sample u ∼ Uα(ℓ)k+k , r ∼ U(α(ℓ)+ℓ)c , and output u, r, 1ℓ , 1α(ℓ) .
By assumption, (L′ , D) ∈ AvgBPP. Let B be a randomized heuristic algorithm for (L′ , D)
as described in Lemma 6.
Consider any ℓ ∈ N and any x ∈ ΠYES,ℓ . Note that for any z ∈ {0, 1}α(ℓ)k ,
h

i
Pr DPk (x; z), r, 1ℓ , 1α(ℓ) ∈ L′ ≥ 2/3.
r

Then by property of B,
h 

i
Pr B DPk (x; z), r, 1ℓ , 1α(ℓ) = 1 ≥ 1/2.
z,r,rB

(17)

On the other hand, for u and r selected uniformly at random, by a counting argument,


c
h

i 2α(ℓ)k · 2(α(ℓ)+ℓ) · {0, 1}α(ℓ) − ΠNO,ℓ + |ΠNO,ℓ | /2α(ℓ)
Pr u, r, 1ℓ , 1α(ℓ) ∈ L′ ≤
u,r
2α(ℓ)k+k · 2(α(ℓ)+ℓ)c
≤ 2−3 ,
α(ℓ)
where the last equality holds if we set k := log {0, 1}
− ΠNO,ℓ + 4. Then again by
property of B,
h 

i
Pr B u, r, 1ℓ , 1α(ℓ) = 1 ≤ 1/10.
u,r,rB


ℓ α(ℓ)
c
Comparing with Equation (17),
is a randomized
 it is clear that B −, U(α(ℓ)+ℓ) , 1 , 1
distinguisher for DPk x; Uα(ℓ)k . Lemma 22 implies that
pKpoly(α(ℓ)+ℓ) (x) ≤ k + O(log(α(ℓ) + ℓ))
α(ℓ)

≤ log {0, 1}

− ΠNO,ℓ + O(log(α(ℓ) + ℓ)) ,

as desired.

3.7

◀

Probabilistic computational depth

The next lemma is a straightforward adaptation of an argument from [11]. We provide a
proof for completeness.
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▶ Lemma 31 (Computational Depth Upper Bound). For all x ∈ {0, 1}n and r ∈ {0, 1} , and
for all non-decreasing polynomials p0 and p, if n is large enough then
1. there exists a time bound t1 such that p0 (n) ≤ t1 ≤ 2n/ log n and
pKt1 (x | r) − pKp(t1 ) (x | r) ≤ O(n/ log n);
2. there exists a time bound t2 such that p0 (n) ≤ t2 ≤ 2n/ log n and
rKt2 (x | r) − rKp(t2 ) (x | r) ≤ O(n/ log n).
Proof. We will start by proving Item 1. Given x ∈ {0, 1}n and polynomials p0 and p, define
the polynomial τ := p ◦ p0 . For an integer I ≥ 1, consider the following telescoping sum:
I+1

pKτ (n) (x | r) − pKτ (n) (x | r)

 

2
2
3
= pKτ (n) (x | r) − pKτ (n) (x | r) + pKτ (n) (x | r) − pKτ (n) (x | r)


I
I+1
+ · · · + pKτ (n) (x | r) − pKτ (n) (x | r) ,
where τ i (−) denotes the composition of τ with itself i times. For any choice of x, p0 , and p
as in the statement of the lemma, pKτ (n) (x | r) ≤ n + d, for some universal constant d ≥ 0;
hence, the above sum is at most n + d. By averaging, there is some index i0 ∈ [I] such that
pKτ

i0

(n)

(x | r) − pKτ

i0 +1

(n)

(x | r) ≤

n+d
.
I

For this i0 , define t1 := τ i0 (n). Note that t1 ≥ τ (n) ≥ p0 (n), since i0 ≥ 1 and p(ℓ) ≥ ℓ
for every input ℓ. Letting c ∈ N be such that τ (n) ≤ nc for sufficiently large n, define
I
I := logc (n/(log2 n)2 ). Then t1 ≤ nc = 2n/ log n . Moreover,
pKt1 (x | r) − pKp(t1 ) (x | r) ≤ pKt1 (x | r) − pKτ (t1 ) (x | r)
≤ O(n/ log n),
as desired.
The proof of Item 2 is similar.

4

◀

Probabilistic Worst-Case to Average-Case Reductions

4.1

Auxiliary lemmas

Given a language L ∈ NP with a corresponding verifier V , and x ∈ L, let yx be the
lexicographically first witness that x ∈ L. It is not hard to compute yx from x if an NP
oracle is available, by performing a standard search-to-decision reduction. For this reason,
the time-bounded Kolmogorov complexity of the pair (x, yx ) is essentially that of x, in the
presence of an NP oracle. We will show, more generally, that the oracle can be eliminated
under an appropriate average-case easiness assumption, even for the following randomized
versions of ΣPℓ , denoted BPδ ◦ ΣPℓ .
▶ Definition 32 (BPδ ◦ ΣPℓ ). A language L is in the class BPδ ◦ ΣPℓ if there is a BP ◦ Σℓ ◦ P
formula
ϕ(x) = BPr ∃y1 ∀y2 . . . Qyℓ R(x, y1 , y2 , . . . , yℓ , r)
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for a polytime predicate R and all string variables y1 , . . . , yℓ , r of length poly(|x|), such that,
n
for all x ∈ {0, 1} ,
x∈L

=⇒

x ̸∈ L

=⇒

Pr [∃ y1 ∀ y2 . . . Q yℓ R(x, y1 , y2 , . . . , yℓ , r)] ≥ δ, and
r


Pr ∀ y1 ∃ y2 . . . Q̄ yℓ ¬R(x, y1 , y2 , . . . , yℓ , r) ≥ δ.
r

▶ Lemma 33 (Oracle Elimination). For any ℓ ≥ 1, suppose DistΣPℓ+1 ⊆ AvgBPP. For an
nc
arbitrary L ∈ BPδ ◦ ΣPℓ , let x ∈ Ln be sufficiently large, let r ∈ {0, 1} be any random string
under the BP quantifier such that there exists a witness for the left-most ∃ quantifier in the
c
definition of L, and let yx,r ∈ {0, 1}n be the lexicographically first such L-witness for x and
randomness r, for some constant c > 0.
1. There exist polynomials q and q0 such that, for all sufficiently large n ∈ N, allc x ∈ Ln ,
n
and all t ≥ q0 (n), we have with probability at least δ − 1/10 over r ∈ {0, 1} that an
L-witness yx,r exists, and
pKq(t) (x, yx,r | r) ≤ pKt (x | r) + log q(t).
P

2. Assume in addition that DistPΣ2 ⊆ AvgBPP (which holds in particular for ℓ ≥ 2). Then
there exist polynomials q ′ and q0′ such that, for all sufficiently large n ∈ N, allc x ∈ Ln ,
n
and all t ≥ q0′ (n), we have with probability at least δ − 1/10 over r ∈ {0, 1} that an
L-witness yx,r exists, and
′

rKq (t) (x, yx,r | r) ≤ rKt (x | r) + log q ′ (t).
Moreover, for the case of no BP quantifier, i.e., for L ∈ ΣPℓ , we get the same conclusions
(with probability 1) without conditioning on r.
Proof of Item 1. Define

L′ :=

DPk (x, y; z), w, w′ , 1k , 1s , 1n



P

∃ M ∈ {0, 1}s , MΣℓ (w, w′ ) prints (x, y) ∈ {0, 1}n+n
within |w| steps, where |w′ | = nc , and s = k − 10

c


.

More formally, in this and subsequent proofs, the above notation should be interpreted asc
n+n
follows: a string (u, w, w ′ , 1k , 1s , 1n ) belongs to L′ iff there exist some (x, y) ∈ {0, c1}
s
(n+n )k
and M ∈ {0, 1} such that DPk (x, y; z) = u, where u = (z, α) for some z ∈ {0, 1}
and
k
ΣPℓ
′
′
c
α ∈ {0, 1} , and M (w, w ) outputs (x, y) within |w| steps, for |w | = n .
P
Note that L′ ∈ NPΣℓ . Define a distribution family D = {D⟨(n+nc )k+k,2t,nc ,k,s,n⟩ } as
follows: sample u ∼ U(n+nc )k+k , w ∼ U2t , w′ ∼ Unc , and output (u, w, w ′ , 1k , 1s , 1n ), for
s = k − 10. By assumption, (L′ , D) ∈ AvgBPP. Let B be a randomized algorithm for (L′ , D)
as in Lemma 6.
For all (sufficiently large) n, k, and s, and for independent uniformly random u, w, and
w′ ,


Pr (u, w, w ′ , 1k , 1s , 1n ) ∈ L′
u,w,w′

c
c
= Pr ′ ∃ (x, y) ∈ {0, 1}n+n , ∃ z ∈ {0, 1}(n+n )k , ∃ M ∈ {0, 1}s ,
u,w,w

P
MΣℓ (w, w′ ) = (x, y) ∧ u = DPk (x, y; z)
′

2s+|w|+|w |+|z|
≤ k+|w|+|w′ |+|z| = 2s−k = 2−10 ,
2
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where the inequality is by a union bound and a counting argument, and the last equality by
the condition that s = k − 10 in the definition of L′ . Hence,


Pr
B(u, w, w ′ , 1k , 1s , 1n ) = 1
u,w,w′ ,rB


≤ Pr ′ (u, w, w ′ , 1k , 1s , 1n ) ∈ L′
u,w,w


+ Pr′
B(u, w, w ′ , 1k , 1s , 1n ) ̸= L′ (u, w, w ′ , 1k , 1s , 1n )
u,w,w ,rB

−10

≤2

+ (3/n).

By Markov’s inequality, for at least 9/10 fraction of strings r,


Pr B(u, w, r, 1k , 1s , 1n ) = 1 ≤ 10 · (2−10 + (3/n)) ≤ 1/10.
u,w,rB

(18)

Let x ∈ Ln be arbitrary.
By definition of the BPδ quantifier, for at least δ fraction of
nc
random strings r ∈ {0, 1} , there exists an L-witness, and hence, the lexicographically first
L-witness yx,r . By the above, for at least δ − 1/10 of random r, we have that both a witness
yx,r exists and Equation (18) holds. Fix any such r.
Observe that for some polynomial q0 (dependent on L) and some constant d, for any
t ≥ q0 (n),
P

pK2t,Σℓ (x, yx,r | r) ≤ pKt (x | r) + d log n =: s(x, r).

(19)

In particular, q0 (n) reflects the time required to deterministically compute yx,r , given x and
r, by a search-to-decision procedure for L using a ΣPℓ -oracle.
Define s := s(x, r) (which determines k = s + 10), and let t ≥ q0 (n). By the definitions
P
c
of pK2t,Σℓ and L′ , for every z ∈ {0, 1}(n+n )k ,


Pr (DPk (x, yx,r ; z), w, r, 1k , 1s , 1n ) ∈ L′ ≥ 2/3.
w

Then by the definition of B,


Pr B(DPk (x, yx,r ; z), w, r, 1k , 1s , 1n ) = 1
z,w,rB


≥ Pr (DPk (x, yx,r ; z), w, r, 1k , 1s , 1n ) ∈ L′ · Pr [B(ω) = L′ (ω) | ω ∈ L′ ]
z,w

rB

2
≥ · (1 − (1/n))
3
≥ 2/3 − o(1).

(20)

Comparing Equation (18) with Equation (20), it is clear that B(−, U2t , r, 1k , 1s , 1n ) is
a randomized algorithm (with advice) that (1/2)-distinguishes DPk (x, yx,r ; U(n+nc )k ) from
uniform. Lemma 22 implies that
′

pKp (t) (x, yx,r | r, s, n, t) ≤ k + log p′ (t)

(21)
′

= s + 10 + log p (t)
= pKt (x | r) + d log n + log p′ (t) + 10,
for some polynomial p′ with p′ (t) ≥ pDP (tB · 3 · (n + nc )), where pDP is the polynomial from
Lemma 22 and tB denotes the time required to compute B(−, U2t , r, 1k , 1s , 1n ). As the advice
(s, n, t) can be encoded with log s + log n + log t + O(log log n) ≤ (3.1) · log t bits, it follows
that pKq(t) (x, yx,r | r) ≤ pKt (x | r) + log q(t) for the polynomial q(t) := t(d+4) · p′ (t).
The “Moreover” statement follows the same argument, dropping any mention of w′
(and r).
◀
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Proof of Item 2. The proof is similar to that of Item 1, except at Equation (19), we observe
that for all t ≥ q0 (n),
P

pK2t,Σℓ (x, yx,r | r) ≤ pKt (x | r) + d log n
≤ rKt (x | r) + d log n,
and then define s(x, r) := rKt (x | r) + d log n. We then follow the proof of Item 1 up to
Equation (21), where we apply Lemma 23 instead of Lemma 22 to obtain
rKp

′′

(t)

(x, yx,r | r, s, n, t) ≤ rKt (x | r) + d log n + log p′′ (t) + 10

for some polynomial p′′ with p′′ (t) ≥ p′DP (tB · 3 · (n + nc )), where p′DP is the polynomial from
Lemma 23 and tB denotes the time required to compute B(−, U2t , r, 1k , 1s , 1n ). It follows
′
that rKq (t) (x, yx,r | r) ≤ rKt (x | r) + log q ′ (t) for the polynomial q ′ (t) := t(d+4) · p′′ (t).
◀
▶ Lemma 34 (Witness Compression). For any ℓ ≥ 1, suppose DistΣPℓ+1 ⊆ AvgBPP. For an
nc
arbitrary L ∈ BPδ ◦ ΣPℓ , let x ∈ Ln be sufficiently large, r ∈ {0, 1} be any good random
c
string, and let yx,r ∈ {0, 1}n be the lexicographically first L-witness for x with respect to
randomness r, for some constant c > 0.
1. Let p0 , p and q0 , q be the polynomials from Items 1 of Lemmas 26 and 33 respectively.
Then for every t ≥ max{p0 (n), q0 (n + nc )}, with probability at least δ − 1/5 over r, an
L-witness yx,r exists, and


pKp(q(t)) (yx,r | x, r) ≤ pKt (x | r) − pKp(q(t)) (x | r) + 2 log p(q(t)).
P

2. Assume in addition that DistPΣ2 ⊆ AvgBPP (which holds in particular when ℓ ≥ 2). Let
p′0 , p′ and q0′ , q ′ be the polynomials from Items 2 of Lemmas 26 and 33 respectively. Then
for every t ≥ max{p′0 (n), q0′ (n + nc )}, with probability at least δ − 1/5 over r, an L-witness
yx,r exists, and


′
′
′
′
rKp (q (t)) (yx,r | x, r) ≤ rKt (x | r) − rKp (q (t)) (x | r) + 2 log p′ (q ′ (t)).
Moreover, for L ∈ ΣPℓ , we get the same conclusions without conditioning on r.
Proof. We start by proving Item 1. By Item 1 of Lemma 33 and Lemma 26, we get by a
union bound that, with probability at least δ − 2/10 over r,
pKq(t) (x, yx,r | r) ≤ pKt (x | r) + log q(t),
and
pKq(t) (x, yx,r | r) > pKp(q(t)) (x | r) + pKp(q(t)) (yx,r | x, r) − log p(q(t)).
Combining the previous two inequalities,
pKp(q(t)) (yx,r | x, r) < pKq(t) (x, yx,r | r) − pKp(q(t)) (x | r) + log p(q(t))


≤ pKt (x | r) − pKp(q(t)) (x | r) + 2 log p(q(t)).
The “Moreover” part follows by applying the “no random r” versions of Lemma 33 and
Lemma 26. The proof of Item 2 is the same, except we apply Items 2 of Lemmas 33 and 26
respectively.
◀
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We will also need the following analogue of Lemma 33 for the case of unique witnesses.
▶ Lemma 35 (Oracle Elimination for UP). Suppose DistNP ⊆ AvgBPP, and let L ∈ UP. Let
c
x ∈ Ln be sufficiently large, and let yx ∈ {0, 1}n be the unique L-witness for x, for some
constant c > 0. There exists a polynomial q such that for all t ≥ n + nc ,
pKq(t) (x, yx ) ≤ pKt (x) + log q(t).
Proof. Let L ∈ UP with deterministic verifier V running in time nc on inputs x ∈ {0, 1}n
c
and y ∈ {0, 1}n . Let

L′ :=

(DPk (x, y; z), w, 1s , 1n ) | ∃ M ∈ {0, 1}s , M(w) outputs x ∈ {0, 1}n within |w| steps,


where k = s + 10, and V (x, y) = 1 .

Note that L′ ∈ NP. Define a distribution family D = {D⟨(n+nc )k+k,t,s,n⟩ } as follows: sample
u ∼ U(n+nc )k+k , w ∼ Ut , and output (u, w, 1s , 1n ). By assumption, (L′ , D) ∈ AvgBPP. Let
B be a randomized heuristic algorithm for (L′ , D) as described in Lemma 6.
c
Let x ∈ Ln be sufficiently large, and let yx ∈ {0, 1}n be the unique L-witness for x.
c
Define s := pKt (x), and let t ≥ n + nc . By definition of pKt and L′ , for any z ∈ {0, 1}(n+n )k ,
Pr[(DPk (x, yx ; z), w, 1s , 1n ) ∈ L′ ] ≥ 2/3.
w

Then by definition of B,
Pr [B(DPk (x, yx ; z), w, 1s , 1n ) = 1]

z,w,rB

≥ Pr [(DPk (x, yx ; z), w, 1s , 1n ) ∈ L′ ] · Pr [B(ω) = L′ (ω) | ω ∈ L′ ]
z,w

rB

2
≥ · (1 − (1/n)) ≥ 1/2.
3

(22)

On the other hand, for u and w selected uniformly at random,

c
c
Pr [(u, w, 1s , 1n ) ∈ L′ ] = Pr ∃ (x, y) ∈ {0, 1}n+n , ∃ z ∈ {0, 1}(n+n )k , ∃ M ∈ {0, 1}s ,
u,w
u,w

M(w) = x ∧ V (x, y) = 1 ∧ u = DPk (x, y; z)
≤

2s+|w|+|z|
= 2−10 ,
2k+|w|+|z|

where the inequality is by a union bound and a counting argument, and the last equality by
definition of k = s + 10 = pKt (x) + 10. Then
Pr [B(u, w, 1s , 1n ) = 1]

u,w,rB

≤ Pr [(u, w, 1s , 1n ) ∈ L′ ] + Pr [B(u, w, 1s , 1n ) ̸= L′ (u, w, 1s , 1n )]
u,w

u,w,rB

≤ 2−10 + (3/n) ≤ 1/10.
Comparing with Equation (22), it is clear that B(−, Ut , 1s , 1n ) is a randomized distinguisher for DPk x, yx ; U(n+nc )k . Lemma 22 implies that
′

pKp (t) (x, yx ) ≤ k + log p′ (t)
= pKt (x) + 10 + log p′ (t)
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for some polynomial p′ with p′ (t) ≥ pDP (tb · 3 · (n + nc )), where pDP is the polynomial from
Lemma 22 and tB denotes the time required to compute B(−, Ut , 1s , 1n ). It follows that
pKq(t) (x, yx ) ≤ pKt (x) + log q(t) for the polynomial q(t) := t · p′ (t).
◀

4.2

Case of AM



▶ Theorem 36. If DistΣP2 ⊆ AvgBPP, then AM ⊆ BPTIME 2O(n/ log n) .
Proof. Consider an arbitrary L ∈ AM given by a BP ◦ ΣP1 formula such that, for every
n
x ∈ {0, 1} ,
x ∈ L =⇒ BP(1−2−n ) r ∃y V (x, y, r),
x ̸∈ L =⇒ BP(1−2−n ) r ∀y ¬V (x, y, r),
for a polytime verifier V (x, y, r), where |r|, |y| ≤ nc for some constant c > 0, and the notation
BP(δ) r ϕ(−, r), for a formula ϕ, means Prr [ϕ(−, r)] ≥ δ.
For a given (sufficiently large) x ∈ Ln , and a good random string r, let yx,r be the
lexicographically first L-witness for x, r. By Lemma 34, for some constant a > 0, and for all
large enough time bounds t, we have, with probability at least 1 − 2−n − 1/5 over random
strings r, that


a
a
pKt (yx,r | x, r) ≤ pKt (x | r) − pKt (x | r) + (2a) log t.
a

By Lemma 31, there exists a time bound t ≤ 2O(n/ log n) such that pKt (x | r) − pKt (x |
r) ≤ bn/ log n, for some universal constant b > 0. Hence, for some universal constant d > 0
(independent of x, r),
pK2

dn/ log n

(yx,r | x, r) ≤ dn/ log n.

A randomized algorithm for L is now obvious:
|x|c

Given x ∈ {0, 1}n , sample uniformly random strings r ∈ {0, 1}

and w ∈

2dn/ log n

{0, 1}
, and then exhaustively search over all dn/ log n-bit machines M, running
each M(w, x, r) for 2dn/ log n steps to produce a candidate witness y, accepting if
V (x, y, r) accepts.
The runtime 2O(n/ log n) is clear. For correctness, for every x ∈ Ln , we know there is at least
a (4/5 − 2−n ) fraction of good random strings r for which a witness yx,r will be found by
our algorithm, with probability at least 2/3 over random w’s (by the definition of pK). So
our algorithm accepts x ∈ L with probability at least (2/3)(4/5) − o(1) > 1/2. On the other
hand, for any x ̸∈ L, our algorithm may find a witness y and accept x for at most 2−n
fraction of r’s.
◀

4.3

Case of UP



▶ Theorem 37. If DistNP ⊆ AvgBPP, then UP ⊆ RTIME 2O(n/ log n) .
c

Proof. Let L ∈ UP, x ∈ Ln for n sufficiently large, and yx ∈ {0, 1}n the unique L-witness
for x, for some constant c > 0. Let V be a deterministic verifier for L running in time nc .
Let p0 , p, and q be the polynomials from Lemmas 26 (Item 1) and 35 respectively.
By Lemma 31, there exists p0 (n + nc ) ≤ t ≤ 2n/ log n such that
pKt (x) − pKp(q(t)) (x) ≤ O(n/ log n).
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For such a t, combining Lemma 26 and Lemma 35 as in the proof of Lemma 34, we obtain


pKp(q(t)) (yx | x) ≤ pKt (x) − pKp(q(t)) (x) + 2 log p(q(t)).
The above inequalities imply that for some constant d ∈ N,
pK2

dn/ log n

(yx | x) ≤ dn/ log n.

We are now ready to define a probabilistic algorithm A deciding L.
dn/ log n

On input x ∈ {0, 1}n , A samples w ∼ {0, 1}2
. It then exhaustively searches
dn/ log n
over all machines M ∈ {0, 1}
, running M(w, x) for 2dn/ log n steps to produce
some output y. A accepts iff a y is obtained such that V (x, y) = 1.
If x ∈ L, then A accepts with probability at least 2/3 over w; if x ∈
/ L, then A never
accepts.
◀

4.4

Case of PH

As a warm-up, we consider a special case of PH languages L, where a ΣPℓ verifier for L ∈ ΣPℓ
has all its ∃/∀ quantifiers over binary strings of length O(|x|) for a given input x. Denote
the class of such ΣPℓ languages by linΣPℓ .
▶ Theorem 38. For an arbitrary ℓ ≥ 1, suppose that DistΣPℓ+1 ⊆ AvgBPP. Then
h
i
linΣPℓ ⊆ BPTIME 2O(n/ log n) .
Proof. The proof is by induction on ℓ. The base case of ℓ = 1 follows from Theorem 36. We
will argue the case of ℓ ≥ 2. Consider an arbitrary language L ∈ linΣPℓ . By definition, there
n
is a polytime predicate R and a constant a > 0 such that, for every x ∈ {0, 1} ,
x ∈ L ⇐⇒ ∃ y1 ∀ y2 . . . Q yℓ R(x, y1 , y2 , . . . , yℓ ),
where |yi | ≤ an for all 1 ≤ i ≤ ℓ. Define the language
L′ = {(x, y) | ∀ y2 . . . Q yℓ R(x, y, y2 , . . . , yℓ )} .
Note that L′ ∈ linΠPℓ−1 , and so, by the Inductive Hypothesis, L′ ∈ BPTIME[2O(n/ log n) ], since
|(x, y)| ≤ O(|x|) by assumption. By standard success amplification, we may assume that this
probabilistic algorithm for L′ has error probability at most 2−n .
On the other hand, by Items 1 of Lemmas 34 and 31, we have that, for some universal
constant d > 0, for every sufficiently large input x ∈ Ln ,
pK2

dn/ log n

(yx | x) ≤ dn/ log n,

where yx is the lexicographically first L-witness for x ∈ L.
We are now ready to define a probabilistic algorithm A deciding L.
dn/ log n

On input x ∈ {0, 1}n , A samples w ∼ {0, 1}2
. It then exhaustively searches
over all machines M ∈ {0, 1}dn/ log n , running M(w, x) for 2dn/ log n steps to produce
some output y. A accepts iff a y is obtained such that (x, y) ∈ L′ , where the latter is
checked using a BPTIME[2O(n/ log n) ] algorithm for L′ shown to exist earlier.
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The overall runtime 2O(n/ log n) of the described algorithm A is clear. For correctness, consider
an arbitrary x ∈ Ln . With probability at least 2/3 over w’s, A will check if (x, yx ) ∈ L′ .
The latter check will succeed with probability at least 1 − 2−n , by assumption. Therefore, A
will correctly accept x with probability at least (2/3)(1 − 2−n ) ≥ 6/10. Next consider an
n
arbitrary x ∈ {0, 1} such that x ∈
/ L. For this x, no witnesses exist, and hence every string
y tried by A is such that (x, y) ̸∈ L′ . The probability that at least one such y is incorrectly
accepted by A is, by the union bound, at most 2dn/ log n · 2−n ≤ 2−n/2 , for all sufficiently
large n.
◀
It is observed in [7, Corollary 17] that, for every ℓ ≥ 1, ΣPℓ = linΣPℓ , under the assumption
that DistΣPℓ+1 ⊆ AvgP. We will show a similar result for the class promise-ΣBP
ℓ defined below.
▶ Definition 39 (promise-ΣBP
and promise-linΣBP
ℓ
ℓ ). A promise problem Π = (ΠY , ΠN ) ∈
BP
promise-Σℓ for ℓ ≥ 0, if there is a Σℓ ◦ BP ◦ P formula
ϕ(x) = ∃ y1 ∀ y2 . . . Q yℓ BPr R(x, y1 , y2 , . . . , yℓ , r),
for a polytime predicate R and all string variables y1 , . . . , yℓ , r of length polynomial in |x|,
n
such that, for all x ∈ {0, 1} ,
x ∈ ΠY

=⇒

∃ y1 ∀ y2 . . . Q yℓ BP(2/3) r R(x, y1 , y2 , . . . , yℓ , r), and

x ∈ ΠN

=⇒

∀ y1 ∃ y2 . . . Q̄ yℓ BP(2/3) r ¬R(x, y1 , y2 , . . . , yℓ , r),

where BP(δ) r R(−, r) means that Prr [R(−, r)] ≥ δ. The constant 2/3 in the definition
above can be changed to 1 − 2−poly(n) by standard success amplification techniques (even if we
start with any pair δY > 1 − δN + ε of thresholds, for some ε ≥ 1/poly(n), where δY is the
probability R(−, r) accepts, and δN the probability ¬R(−, r) accepts).
The promise class promise-linΣBP
ℓ is defined the same way as above, with an extra condition
that, for some constant a > 0, |yi | ≤ an for all 1 ≤ i ≤ ℓ (but the randomness r may still be
of any poly(n) length).
▶ Theorem 40 (Witness Compression for PH). For any ℓ ≥ 0, suppose DistΣPℓ+2 ⊆ AvgBPP.
Then
BP
promise-ΣBP
ℓ = promise-linΣℓ .

Proof. The proof is by induction on ℓ. The base case of ℓ = 0 is trivially true.
For any ℓ > 0, suppose the claim is true for ℓ − 1. Consider an arbitrary promise problem
n
Π = (ΠY , ΠN ) ∈ promise-ΣBP
ℓ . That is, for every x ∈ {0, 1} ,
x ∈ ΠY

=⇒

∃ y Πℓ−1 z BP(1−2−n ) r R(x, y, z, r),

x ∈ ΠN

=⇒

∀ y Σℓ−1 z BP(1−2−n ) r ¬R(x, y, z, r),

for some polytime predicate R, where z is a sequence of ℓ − 1 strings z1 , . . . , zℓ−1 under
the corresponding ℓ − 1 quantifiers of the Πℓ−1 pattern, and |y|, |r|, |zi | ≤ q(n), for some
polynomial q, for all 1 ≤ i ≤ ℓ − 1.
As in the proof of the inclusion BPP ⊆ ΣP2 ∩ ΠP2 [22], we replace the BP quantifier by the
∃∀ pattern if ℓ is odd, or by the ∀∃ pattern if ℓ is even. We get that there exists a polytime
n
predicate R′ such that, for every x ∈ {0, 1} ,
x ∈ ΠY

=⇒

∃ y Πℓ−1 z Q0 z ′ Q1 z ′′ R′ (x, y, z, z ′ , z ′′ ),

x ∈ ΠN

=⇒

∀ y Σℓ−1 z Q1 z ′ Q0 z ′′ ¬R′ (x, y, z, z ′ , z ′′ ),

where z ′ , z ′′ have the lengths polynomial in n and Q0 Q1 = ∃∀ if ℓ is odd, and Q0 Q1 = ∀∃ if
ℓ is even.
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Note that the above transformation shows that our promise problem Π ∈ promise-ΣPℓ+1 .
For any given x ∈ ΠY , let yx be the lexicographically first string y such that
Πℓ−1 z Q0 z ′ Q1 z ′′ R′ (x, y, z, z ′ , z ′′ ).

(23)

▷ Claim 41. For x and yx as above,
Πℓ−1 z BP(1/poly(n)) r R(x, yx , z, r).
Proof. Immediate from the properties of Lautemann’s proof of BPP ⊆ ΣP2 [22]. Recall that
in that proof, the subformula BPr R(−, r) is replaced by
∃u1 . . . uk ∀r ∨ki=1 R(−, r ⊕ ui ),
for some k ≤ poly(|r|), where |ui | = |r|, for all 1 ≤ i ≤ k, and ⊕ is the bit-wise XOR. If
Prr [R(−, r)] < 1/k, then such a collection of u1 , . . . , uk cannot exist. Indeed, each “shifted”
|r|
predicate R(−, r ⊕ ui ), for 1 ≤ i ≤ k, accepts less than 1/k fraction of r ∈ {0, 1} , and
hence, by the union bound, the OR of any k such shifts accepts less than k · (1/k) = 1
|r|
fraction of r ∈ {0, 1} .
◁
On the other hand, for every x ∈ ΠN and every y, we have
Σℓ−1 z BP(1−2−n ) r ¬R(x, y, z, r).
Using Claim 41, by standard success amplification, for a random string r′ of length q ′ (n), for
n
some polynomial q ′ , and a polytime predicate Rboost , we get for every x ∈ {0, 1} and yx as
defined above,
x ∈ ΠY
x ∈ ΠN

=⇒
=⇒

Πℓ−1 z BP(1−2−n ) r′ Rboost (x, yx , z, r′ ),
′

∀ y Σℓ−1 z BP(1−2−n ) r ¬R

boost

(24)
′

(x, y, z, r ).

(25)

▷ Claim 42. For some universal constant a > 0 and some polynomial p′ , for every n-bit
x ∈ ΠY with a witness yx as defined above, we have
′

rKp (n) (yx | x) ≤ an.
Proof. Using Equation (23), we get by Item 2 of Lemma 34 (since DistΣP3 ⊆ AvgBPP), that,
for some polynomial p and all large enough t,
rKp(t) (yx | x) ≤ rKt (x) − rKp(t) (x) + 2 log p(t).
Since, for any t, rKt (x) ≤ O(n), the claim follows.

◁

Consider the formula
ϕ(x) = ∃ y ′ (|y ′ | ≤ an) Πℓ−1 z BPw R′′ (x, y ′ , z, w),

(26)

where the predicate R′′ is computed by the following polytime algorithm A:
On input x, y ′ , z, and a string w = w′ r′ , where w′ is of length p′ (n), and r′ is of length
q ′ (n), first run the universal machine U (y ′ , x, w ′ ) for p′ (n) steps, getting an output y.
Then run Rboost (x, y, z, r ′ ), accepting iff Rboost accepts.
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We claim that Equation (26) is a correct ΣBP
ℓ formula for the promise problem Π. Indeed,
for any x ∈ ΠY , by Claim 42, there is a string y ′ that is decompressed to yx with high
probability over random strings w′ (say, with probability at least 3/4). By Equation (24),
Rboost (x, U (y ′ , x, w ′ ), z, r′ ) accepts with probability at least (3/4)(1 − 2−n ) > 2/3 over strings
w = w′ r′ . On the other hand, for any x ∈ ΠN , Equation (25) implies that
∀ y ′ Σℓ−1 z BP(1−2−n ) w ¬R′′ (x, y ′ , z, w).
Next, using Equation (26), define a new promise problem Π′ = (Π′Y , Π′N ) ∈ promise-ΠBP
ℓ−1 :
Π′Y = {(x, y ′ ) | |y ′ | ≤ a|x|, Πℓ−1 z BPw R′′ (x, y ′ , z, w)} ,
Π′N = {(x, y ′ ) | |y ′ | ≤ a|x|, Σℓ−1 z BPw ¬R′′ (x, y ′ , z, w)} .
By the Inductive Hypothesis, Π′ ∈ promise-linΠBP
ℓ−1 , with all quantified binary strings of
length O(|x| + |y ′ |) ≤ O(n). It follows that Π ∈ promise-linΣBP
◀
ℓ .
▶ Theorem 43. For any ℓ ≥ 0,
DistΣPℓ+2 ⊆ AvgBPP

=⇒

promise-ΣPℓ ⊆ promise-BPTIME[2O(n/ log n) ].

Proof. The proof is by induction on ℓ. The base case of ℓ = 0 is trivially true. Consider any
ℓ ≥ 1, and assume the claim for ℓ − 1. Let Π = (ΠY , ΠN ) ∈ promise-ΣPℓ be arbitrary. By
Theorem 40, Π ∈ promise-linΣBP
ℓ via some formula
ϕ(x) = ∃ y Πℓ−1 z BPr R(x, y, z, r),
with a polytime R, linearly-bounded y and z = (z1 , . . . , zℓ−1 ) (under the Πℓ−1 quantifiers),
and a poly-bounded r.
Arguing as in the proof of Theorem 40 (see the proof of Claim 42), but using Lemma 31
(for the case of pK) to bound the computational depth of an input x by O(n/ log n) with a
time bound t ≤ 2O(n/ log n) , we get that, for some universal constant a > 0, every x ∈ ΠY
has a witness yx with
pK2

an/ log n

(yx | x) ≤ an/ log n.

(27)

Applying success amplification to R, we get a new polytime predicate Rboost with polyn
bounded randomness r′ such that we get for every x ∈ {0, 1} and yx as defined above,
x ∈ ΠY
x ∈ ΠN

=⇒
=⇒

Πℓ−1 z BP(1−2−n ) r′ Rboost (x, yx , z, r′ ),
′

∀ y Σℓ−1 z BP(1−2−n ) r ¬R

boost

(28)
′

(x, y, z, r ).

(29)

Define a promise problem Π′ = (Π′Y , Π′N ) ∈ promise-ΠBP
ℓ−1 :

Π′Y = (x, y) | Πℓ−1 z BPr′ Rboost (x, y, z, r ′ ) ,

Π′N = (x, y) | Σℓ−1 z BPr′ ¬Rboost (x, y, z, r ′ ) .
By the Inductive Hypothesis, Π′ ∈ promise-BPTIME[2O(n/ log n) ], where |x| = n, via some
randomized algorithm A, with error probability at most 2−n .
We now solve Π with the following randomized algorithm B:
n

Given x ∈ {0, 1} , choose a random string w of length 2an/ log n , and then enumerate
an/ log n
over all machines M ∈ {0, 1}
, and run M(w, x) for 2an/ log n steps, getting a
candidate witness y of length O(n). Run A(x, y), accepting iff A accepts.
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The time complexity of the described algorithm B is clearly 2O(n/ log n) . For correctness,
for every x ∈ ΠY , with probability at least 3/4 over w, our algorithm will consider a short
description of a TM M such that M(w, x) = yx . Since (x, yx ) ∈ Π′Y , we get that A(x, yx ) will
accept with probability at least 1 − 2−n over its internal randomness. Hence, the algorithm
B accepts x with probability at least (3/4)(1 − 2−n ) > 2/3. On the other hand, for every
x ∈ ΠN , for every w and all M, the string y = M(w, x) is such that (x, y) ∈ Π′N , and
so A(x, y) accepts with probability at most 2−n . It follows that the probability that B(x)
accepts in this case is
h
i


an/ log n
E ∃ v ∈ {0, 1}
: A(x, U (v, x, w)) ≤ 2an/ log n · E 2−n ≤ 2−n/2 ,
w

w,A

for all sufficiently large n.

◀

▶ Corollary 44. If DistPH ⊆ AvgBPP, then PH ⊆ BPTIME[2O(n/ log n) ]. More precisely, for
any ℓ ≥ 0,
h
i
DistΣPℓ+2 ⊆ AvgBPP =⇒ ΣPℓ ⊆ BPTIME 2O(n/ log n) .
Proof. Immediate from Theorem 43.

4.5

◀

Fine-grained case

e
e
Recall the quasilinear-time complexity classes QL = DTIME[O(n)],
NQL = NTIME[O(n)],
QL
and the quasilinear-time analog QLH = ∪ℓ≥0 Σℓ of the polynomial-time hierarchy PH; see,
e
e.g., [36] for more details. Define BPQL = BPTIME[O(n)],
the quasilinear-time version of
BPP. We show better probabilistic worst-case to average-case reductions under fine-grained
average-case easiness assumptions.
h √
i
× QLSamp ⊆ AvgBPQL
▶ Theorem 45. ΣQL
=⇒
AMTIME 2O( n log n) =
2
h √
i
BPTIME 2O( n log n) .
√
√
It suffices to prove the inclusion AMTIME[2O( n log n) ] ⊆ BPTIME[2O( n log n) ] (as the
other inclusion is obvious). We will need the following analog of Lemma 31. The difference
is that the “blow-up” of the time bound in pKt here is linear in t, while in Lemma 31, this
blow-up is polynomial in t.
∗

▶ Lemma 46 (Fine-Grained Computational Depth). Let x ∈ {0, 1}n and r ∈ {0, 1} be
arbitrary strings, f any function, and τn (t) :=√t · poly(n). There exists a constant a > 0 and
a time bound t such that f (n) ≤ t ≤ f (n) · 2a n log n and
p

pKt (x | r) − pKτn (t) (x | r) ≤ O
n log n .
Proof. Fix x ∈ {0, 1}n . Let τn (t) := t · nc . Define t0 := f (n), and for i ≥ 1, ti := τn (ti−1 ).
Consider the following telescoping sum:


pKt0 (x | r) − pKtI (x | r) = pKt0 (x | r) − pKt1 (x | r) + pKt1 (x | r) − pKt2 (x | r)

+ · · · + pKtI−1 (x | r) − pKtI (x | r) .
Note that pKf (n) (x | r) ≤ n + d, for some universal constant d ≥ 0; hence, the above sum is
at most n + d. By averaging, there is some index 1 ≤ i∗ ≤ I such that
pKti∗ −1 (x | r) − pKti∗ (n) (x | r) ≤

n+d
,
I
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√

p

n log n for I := n/ log n. Finally, by induction, for every i ≥ 0,
√
◀
ti ≤ f (n) · 2c·i·log n . The bound ti∗ −1 ≤ f (n) · 2O( n·log n) follows.

which is at most O

We will also need the following fine-grained version of Lemma 26.
▶ Lemma 47 (Fine-Grained Symmetry of Information for pKt ). If NQL × QLSamp ⊆ AvgBPQL,
then there exists a polynomial p such that for all sufficiently large n, m ∈ N, all t ∈ N such that
ε
t ≥ 2(n·m) for some ε > 0, and all time-constructible
0 ≤ τ (n, m) ≤ t,o the following holds:
n
n
m
τ (n,m)
for every x ∈ {0, 1} and every family yr ∈ {0, 1} | r ∈ {0, 1}
, with probability at
τ (n,m)

least 9/10 over r ∈ {0, 1}

,

e (x | r) + pKO(t)
e (y | x, r) − log p(t).
pKt (x, yr | r) > pKO(t)
r
Proof Sketch. The proof is adapted from that of Lemma 26. Define

L :=

u, v, w, w ′ , 1t , 1s , 1n , 1m



∃ M ∈ {0, 1}s , M(w, w′ ) prints uv within 2t steps, where
|w′ | = τ (n, m) ≤ t, |w| = 2t, and s = |u| + |v| − 10


.

A distribution D will be given parameters ⟨nk + k, mk ′ + k ′ , 4t, s, n, m⟩ =: N . It will be
defined to randomly sample u ∼ Unk+k , v ∼ Umk′ +k′ , w ∼ U2t , and w′ ∼ Uτ (n,m) , and then
output (u, v, w, w ′ , 1t , 1s , 1n , 1m ).
The key observation is that L can be solved in NQL, so using our fine-grained averagecase easiness assumption, we obtain a randomized heuristic algorithm B that solves the
ε
distributional problem (L, D) in quasilinear time. In particular, since t ≥ 2(n·m) for some
e
e (see Proposition 16 and Definition 5).
ε > 0, N ≤ O(t).
This ensures that B runs in time O(t)
The rest of the proof follows that of Lemma 26, except when B is used later on as a
distinguisher, where we invoke the reconstruction lemma (Lemma 22), we get time bounds of
e
O(t)
instead of poly(t).
◀
Using similar ideas, we can get an analog of Lemma 33 for a special case of ℓ = 1. We
will use the following definitions, similar to Definition 32, which respectively allow for larger
time-bounds and impose a separate length restriction on witnesses.
▶ Definition 48 (BPδ ◦ NTIME and BPδ ◦ NTIMEGUESS). A language L is in the class
BPδ ◦ NTIME[τ ] for a time bound τ if there is a formula
ϕ(x) = BPr ∃ y R(x, y, r)
for a predicate R running in time τ and variables y, r of length at most τ , such that, for all
n
x ∈ {0, 1} ,
x∈L

=⇒

Pr [∃ y R(x, y, r)] ≥ δ, and

x ̸∈ L

=⇒

Pr [∀ y ¬R(x, y, r)] ≥ δ.

r

r

The class BPδ ◦ NTIMEGUESS[τ, ℓ] is defined the same way as above, with an extra
condition that |y| ≤ ℓ (but the randomness r may still be of length at most τ ).
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▶ Lemma 49
√ (Fine-Grained Oracle Elimination). Suppose NQL × QLSamp ⊆ AvgBPQL. Let
τ (n) = 2O( n log n) be some time-constructible function and c > 0 a constant. For an
τ (n)
arbitrary L ∈ BPδ ◦ NTIMEGUESS[τ (n), nc ], let x ∈ Ln be sufficiently large, let r ∈ {0, 1}
be any random string under the BP quantifier such that there exists a witness for x ∈ L, and
c
let yx,r ∈ {0, 1}n be the lexicographically first such L-witness for x and randomness r.
There exist polynomials q and q0 such that, for all sufficiently large n ∈ N, all x ∈ Ln ,
τ (n)
and all t ≥ q0 (τ (n)), we have with probability at least δ − 1/10 over r ∈ {0, 1}
that an
L-witness yx,r exists, and
e (x, y | r) ≤ pKt (x | r) + log q(t).
pKO(t)
x,r
Proof Sketch. The proof is adapted from that of Lemma 33. Define


L′ :=
DPk (x, y; z), w, w ′ , 1t , 1k , 1s , 1n ∃ M ∈ {0, 1}s , such that MSAT (w, w′ ) prints
c

(x, y) ∈ {0, 1}n+n within 2t steps, where

′
|w | = τ (n) ≤ t, |w| = 2t, and s = k − 10 .
n

Since SAT
is NQL-complete under many-one QL reduction, we have, for x ∈ {0, 1} , y ∈
nc
2t
τ (n)
{0, 1} , w ∈ {0, 1} , and w′ ∈ {0, 1}
that L′ ∈ ΣQL
2 .
Again, using our fine-grained average-case easiness assumption, we get a randomized
e
heuristic algorithm B that solves L′ in time O(t).
Also note that given x and good randomness
τ (n)
r ∈ {0, 1}
, we can compute yx,r via search-to-decision reduction using a SAT oracle,
which takes time poly(τ ) =: q0 (τ ). Therefore, similar to Equation (19) in the original proof,
we get
pK2t,SAT (x, yx,r | r) ≤ pKt (x | r) + d log t

(30)

for some constant d > 0, provided t ≥ q0 (τ ). The rest of the proof is the same as that of
Lemma 33, except when B is used later in the proof as a distinguisher, where we invoke the
e
reconstruction lemma (Lemma 22), we get a time bound of O(t)
instead of poly(t).
◀
We will also use the following simple generalization of (non-fine-grained) oracle elimination,
Lemma 33, to higher time bounds.
▶ Lemma √
50. Suppose DistΣP2 ⊆ AvgBPP. For an arbitrary L ∈ NTIME[τ (n)], for some
τ (n) = 2O( n log n) , let x ∈ Ln be sufficiently large, and let yx ∈ {0, 1}τ (n) be the lexicographically first L-witness for x. There exist polynomials q and q0 such that, for all t ≥ q0 (τ (n)),
we have
pKq(t) (x, yx ) ≤ pKt (x) + log q(t).
Proof Sketch. The proof follows that of the “Moreover” statement of Lemma 33, except the
search-to-decision computation of yx , where |yx | = τ (n), now takes time at least q0 (τ (n)) for
some polynomial q0 , yielding
pK2t,NP (x, yx,r | r) ≤ pKt (x | r) + d log n
for t ≥ q0 (τ (n)) in Equation (19).

◀

We are now ready to show Theorem 45.
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√
a n log n
Proof of Theorem 45. Assume ΣQL
×
QLSamp
⊆
AvgBPQL.
Let
τ
=
2
for some
2
n
constant a > 0, and let L ∈ AMTIME[τ ] be arbitrary. That is, for every x ∈ {0, 1} ,
x ∈ L =⇒ BP(1−2−n ) r ∃y V (x, y, r),
x ̸∈ L =⇒ BP(1−2−n ) r ∀y ¬V (x, y, r),
for a polytime verifier V (x, y, r), where |r|, |y| = τ . Let x ∈ Ln and good randomness
τ
τ
r ∈ {0, 1} be given, with lexicographically first witness yx,r ∈ {0, 1} .
QL
P
Note that Σ2 × QLSamp ⊆ AvgBPQL implies DistΣ2 ⊆ AvgBPP by a simple padding
argument. Combining Lemma 50 and Lemma 26 as in the proof of Lemma 34, for some
τ
constant b > 0, with probability at least 1 − 2−n − 1/5 over r ∈ {0, 1} ,


b
b
pKτ (yx | x, r) ≤ pKτ (x | r) − pKτ (x | r) + O(log τ ),
(31)
b

from which it follows that pKτ (yx | x, r) ≤ 2n by the trivial upper bound on pKτ (x|r). In
other words, by definition of pK,
h
i
2n
Pr
∃M ∈ {0, 1} , M(x, r, r ′ ) outputs yx within time τ b ≥ 2/3.
(32)
r ′ ∼{0,1}τ

b

Define a verifier V ′ (x, z, r, r ′ ), which does the following:
Simulate the machine described by z on input (x, r, r ′ ) for τ b steps to produce some
output yz , and then return the output of V (x, yz , r).
2n

Note that V ′ runs in time τ c for some constant c > 0. For x ∈ L, there exists z ∈ {0, 1}
such that V ′ (x, z, r, r ′ ) so long as Equation (31) and Equation (32) both hold, which occurs
with probability at least (2/3)(1 − 2−n − 1/5) =: δ > 1/2 over r, r′ . For x ∈
/ L, V ′ (x, z, r, r ′ )
rejects unless there is an L-witness yx,r under the original verifier V , which occurs with
probability at most 2−n . This leads to the following characterization of L:
x ∈ L =⇒ BP(δ) r, r′ ∃z V ′ (x, z, r.r ′ ),
x ̸∈ L =⇒ BP(1−2−n ) r, r′ ∀z ¬V ′ (x, z, r, r ′ ),
where |r| = τ , |r′ | = τ b , and |z| = 2n, which implies that L ∈ BPδ ◦ NTIMEGUESS[τ c , 2n].
Combining Lemma 47 and Lemma 49 as in the proof of Lemma 34, we have that with
τ +τ b
probability at least δ − 1/5 > 1/4 over (r, r′ ) ∈ {0, 1}
that for all t ≥ p′0 (τ c ), for some
polynomials p′ and p′0 ,


′
′
pKt·p (n) (zx,r,r′ | x, r, r′ ) ≤ pKt (x | r, r′ ) − pKt·p (n) (x | r, r′ ) + O(log t)
(33)
where zx,r,r′ is such that V ′ (x, zx,r,r′ , r, r ′ )√accepts. Lemma 46 then implies the existence
′

of some t ∈ N such that p′0 (τ c ) ≤ t ≤ 2O( n log n) and pKt (x | r, r′ ) − pKt·p (n) (x | r, r′ ) ≤
√
O( n log n). So by Equation (33), for some constant d > 0,
p
d
pKτ (zx,r | x, r, r ′ ) ≤ d n log n.

This suggests the following algorithm to decide L:
n

τ

τb

Given x ∈ {0, 1} , sample uniformly random strings r ∼ {0, 1} , r′ ∈ {0, 1} ,
√
τd
and w ∈ {0, 1} . Then exhaustively search over all d n log n-bit machines M,
running each M(x, r, r ′ , w) for τ d steps to produce a candidate witness z, accepting if
V ′ (x, z, r, r ′ ) accepts.
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√
The runtime poly(τ ) = 2O( n log n) is clear. For correctness, for every x ∈ Ln , there is at
least a 1/4 fraction of good random strings r, r′ such that Equation (33) holds, in which
case a witness zx,r,r′ will be found by our algorithm with probability at least 2/3 over w (by
definition of pK). So, our algorithm accepts x ∈ Ln with probability at least (1/4)(2/3) = 1/6.
On the other hand, for x ∈
/ L, our algorithm will accept with probability at most 2−n , as
this upper-bounds
√ the probability of r being good for the original verifier V . Thus, we have
O n log n
L ∈ BPTIME[2
] via standard success amplification.
◀
√
A proof of the analogous statement for the class UTIME[2O( n log n) ], Item 1 of Theorem 2,
h √
i
h √
i
NQL × QLSamp ⊆ AvgBPQL =⇒ UTIME 2O( n log n) ⊆ RTIME 2O( n log n) ,
is presented in Appendix B. Though its proof requires some additional ideas, it does not
need to use an extremely efficient PRG as the one developed in [6].
Finally, we note that one immediately obtains the main results of [6], under deterministic
average-case easiness assumptions, as corollaries of the theorems above via a simpler proof.
For example, we will prove the following.
h √
i
=⇒
AMTIME 2O( n log n) =
▶ Theorem 51 ([6]). ΣQL
2 × QLSamp ⊆ AvgQL
h √
i
DTIME 2O( n log n) .
then trivially ΣQL
Proof. If ΣQL
⊆ AvgBPQL, and by
2 × QLSamp ⊆ AvgQL, √
2 × QLSamp
√
Theorem 45, we get that AMTIME[2O( n log n) ] = BPTIME[2O( n log n) ]. On the other hand,
DistNP ⊆ AvgP (implied by the
yields BPP = P [5], which implies
√assumption of the theorem)
√
by padding that BPTIME[2O( n log n) ] = DTIME[2O( n log n) ].
◀
▶ Remark 52. The main technical work in [6] was to construct a particular efficient PRG
to argue that the DPG reconstruction yields a quasilinear-time deterministic Kolmogorov
complexity. Instead, by using the probabilistic time-bounded Kolmogorov complexity measure
pK, we forgo the need for a PRG within the DPG reconstruction
lemma. This yields a
√
O( n log n)
]. Finally, at the very
randomized algorithm for any given language in NTIME[2
end, we derandomize this randomized algorithm, with polynomial overhead, using a standard
hardness-based PRG [37, 19], which is shown to exist by [5] assuming DistNP ⊆ AvgP.

4.6

Time-computable heuristic schemes

One drawback of the worst-case to average-case reductions in Theorem 1 is that assuming
average-case easiness for a class such as NP, we only get non-trivial worst-case algorithms
for a smaller class, such as UP. A natural question then is whether we can get non-trivial
worst-case algorithms for NP assuming only average-case easiness for NP. While this remains
an interesting open problem, Hirahara [11] showed that such a worst-case to average-case
reduction exists for NP if one considers a stronger notion of average-case easiness called
P-computable average-case polynomial time (denoted as AvgP P), where, given an input x,
the running time of the average-case algorithm on x can be efficiently estimated.
The proof of Hirahara’s result built on ideas developed by [1], who showed that under
a strong derandomization assumption, a language L is average-case easy if and only if it
poly(n)
(x)−K(x)+log n)
can be solved in time 2O(K
for every input x ∈ {0, 1}n . The proof of this
result in [1] makes use of a fundamental theorem in Kolmogorov complexity called language
n
compression, which states that for every (computable) language L, K(x) ≲ log |L ∩ {0, 1} |
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n

for all x ∈ L ∩ {0, 1} . The intuition is that for an average-case easy language, the set
of “hard” instances that requires large running time must be small, and by the language
compression theorem has low Kolmogorov complexity. This indicates that an instance with
high (time-unbounded) Kolmogorov complexity has small running time.
Under the assumption DistNP ⊆ AvgP, Hirahara proved a Kt version of the language
compression theorem for languages in NP. By further assuming that one can efficiently
estimate the running times of the average-case algorithms for NP, which is required to apply
the ideas of [1] in the time-bounded case, he showed that NP can be solved in worst-case
t
poly(t)
(x)+log t)
time 2O(K (x)−K
for every input x and large enough t. As explained above, for
n
every x ∈ {0, 1} there exists some t ≤ 2O(n/ log n) such that Kt (x) − Kpoly(t) (x) ≤ O(n/ log n)
so this yields non-trivial worst-case running times for NP. We remark that the reason why a
language compression theorem only for NP is sufficient in the above argument is linked to
the fact that Kt complexity can be checked in NP.
Here, we consider an analogy of AvgP P in the randomized setting, called AvgBPP BPP,
and we show that DistNP ⊆ AvgBPP BPP implies NP ⊆ BPTIME[2O(n/ log n) ]. While it is not
surprising that our proof will require to show a pKt version of the language compression
theorem (under probabilistic average-case easiness of NP), there are also subtleties in terms
of which language class that we need to compress. First of all, using ideas from previous
n
sections, we can show that for every L ∈ NP, we have pKpoly(n) (x) ≲ log |L ∩ {0, 1} | for all
n
x ∈ L ∩ {0, 1} . However, it turns out that such a language compression theorem for NP
is not sufficient, and we actually need language compression for promiseAM (Section 3.6),
again, due to the fact that pKt is a more complicated notion and can only be estimated in
promiseAM.
▶ Definition 53 (AvgBPP BPP). For a language L and a family D = {Dn }n∈N of distributions, we say that (L, D) ∈ AvgBPP BPP if there exist a randomized algorithm A, a function
∗
t : {0, 1} × {1}∗ → N and constants ε, b > 0 such that for every n ∈ N,
1. PrA [A(x, 1n ) = L(x)] ≥ 2/3, for every x ∈ Supp(Dn ),
2. A(x, 1n ) halts within time t(x, 1n ) (on each of its computational path), for every x ∈
Supp(Dhn ),
i
n ε

)
3. Ex∼Dn t(x,1
≤ b, and
n
4. there is a polynomial-time randomized algorithm such that given x, 1n and θ, decides
whether t(x, 1n ) ≤ θ.


▶ Theorem 54. If DistNP ⊆ AvgBPP BPP, then AM ⊆ BPTIME 2O(n/ log n) .

For the proof of this result, we will also need the following weak symmetry of information,
which follows as a simple corollary from Lemma 47 and Lemma 20.
▶ Lemma 55 (Weak Symmetry of Information for pKt ). If DistNP ⊆ AvgBPP, then there
n
exist polynomials p0 and pw such that for every sufficiently large x ∈ {0, 1} , m ∈ N and
p0 (n, m) ≤ t ≤ 2n+m ,
h
i
Pr m pKt (x, u) > pKt·pw (nm) (x) + m − log pw (t) ≥ 0.99.
u∼{0,1}

We are now ready to prove Theorem 54.
Proof of Theorem 54.
A “universal” distribution. We first define a distribution family D = {D⟨m,t0 ⟩ }, each of
which does the following. On input 1⟨m,t0 ⟩ ,
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1. Sample s ∈ [2m],
t

2. Sample w ∈ {0, 1} 0 ,
s

3. Sample M ∈ {0, 1} ,
4. Run M(w) for t0 steps, if it outputs a string y of length m, then output x; otherwise
output 1m .
Note that D is polynomial-time samplable. Moreover, it dominates the “universal distribution”
t0
for pKt0 , which assigns each y the probability mass 2−pK (y) . In particular, it is easy to see
m
that for every y ∈ {0, 1} ,
t0

D⟨m,t0 ⟩ (y) ≥

2−pK (y)
.
O(m)

(34)

Worst-case running times for NP. Let L ∈ AM be the language that we want to solve in
n
the worst case. Let L′ ∈ NP and c > 0 be a constant such that for every input x ∈ {0, 1}
to L,
Pr

r∈{0,1}n

c

[L′ (x, r) = L(x)] ≥ 1 − 1/n.

Therefore, to decide L(x) (probabilisticaly), it suffices to decide L′ (x, r) for a typical r. For
the rest of the proof, we will use x to denote an input to L and y := (x, r) to L′ .
′
By assumption, (L′ , D) ∈ AvgBPP
 BPP. Let A be an algorithm that solves L on average
⟨m,t0 ⟩
with respect to D. Let tA y, 1
denote the running
time of A on input y ∈ Supp(D⟨m,t0 ⟩ ).

We will also write tA (y) instead of tA y, 1⟨m,t0 ⟩ when the input size to the distribution is
clear in the context.
Let B be a promiseBPP algorithm that solves the promise problem from Lemma 27 and
let τ be the polynomial there. Now, consider the following ensemble of promise problems:
ΠYES :=



y, 1⟨m,i,s,t⟩




 


|y| = m, tA y, 1⟨m,τ (t)⟩ ∈ 2i , 2i+1 and B y, 1s , 1t = 1

with probability ≥ 2/3 ,

ΠNO :=



y, 1⟨m,i,s,t⟩




 


|y| = m, tA y, 1⟨m,τ (t)⟩ ̸∈ 2i , 2i+1 or B y, 1s , 1t = 0

with probability ≥ 2/3 .

Note that the above problem is in PromiseBPP, since B is a promiseBPP algorithm and tA is
probabilistically polynomial-time checkable. Let
m
H⟨m,i,s,t⟩ := {0, 1} − ΠNO,⟨m,i,s,t⟩ .

Note that by property of B (recall Lemma 27), for every y ∈ H⟨m,i,s,t⟩ , we have
pKτ (t) (y) < s + log τ (t).

(35)
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Now consider any m, i, s, t ∈ N. Since A runs in time polynomial on average with respect
to D, there are constants b and ε such that
X
tA (y)ε
b≥
· D⟨m,τ (t)⟩ (y)
⟨m, τ (t)⟩
y∈H⟨m,i,s,t⟩

τ (t)

≥

X
y∈H⟨m,i,s,t⟩

tA (y)ε
2−pK (y)
·
⟨m, τ (t)⟩
O(m)

(Equation (34))

2ε·i
· 2−s−log τ (t)
τ (t)3

(Equation (35))

≥ |H⟨m,i,s,t⟩ | ·

= 2ε·i+log(|H⟨m,i,s,t⟩ |)−s−4 log τ (t) .
By rearranging, we get that for every x ∈ H⟨m,i,s,t⟩ ,
ε · i ≤ s − log |H⟨m,i,s,t⟩ | + O(log t).

(36)

Also, applying language compression (Theorem 30) to (ΠYES , ΠNO ), we have that for every
y ∈ ΠYES,⟨n,i,s,t⟩ ⊆ H⟨m,i,s,t⟩ ,
pKpLC (⟨m,i,s,t⟩) (y) ≤ log |H⟨m,i,s,t⟩ | + log pLC (⟨m, i, s, t⟩),

(37)

where pLC is some
polynomial. Combining Equations (36) and (37), and using the fact that

tA y, 1⟨m,τ (t)⟩ ≤ 2i+1 for every y ∈ ΠYES,⟨m,i,s,t⟩ , we have for every such y,


−1
p1 (⟨m,i,s,t⟩)
(y)+log p1 (⟨m,i,s,t⟩))
tA y, 1⟨m,τ (t)⟩ ≤ 2ε ·(s−pK
,
where p1 is some polynomial.
n

Worst-case running
times for AM. Now cfix any input x ∈ {0, 1} to L, and let m := |(x, r)|
nc
n
for r ∈ {0, 1} . Consider any r ∈ {0, 1} . Let s := pKt (x, r) ≤ m2 and let i be an integer
such that


2i ≤ tA (x, r), 1⟨m,τ (t)⟩ ≤ 2i+1 .
By definition, (x, r) ∈ ΠYES,⟨m,i,s,t⟩ . Note that i ≤ m2 , since A runs in polynomial time on
average and every string y of length m in the support of the distribution has probability
mass at least 2−O(m) . Consequently, from the above, we have for every t ≥ m2 ,


t
p2 (t)
(x,r)+log p2 (t))
tA (x, r), 1⟨m,τ (t)⟩ ≤ 2O(pK (x,r)−pK
,
(38)
where p2 is some polynomial. Now observe that by weak symmetry of information (Lemma 55),
as long as t is greater than q(m) for some polynomial q, with probability at least 0.99 over r
(which we consider good), we have
pKt (x, r) − pKp2 (t) (x, r)

 

≤ pKt/2 (x) + |r| + O(log n) − pKpw (p2 (t)) (x) + |r| + log pw (p2 (t))
≤ pKt/2 (x) − pKp3 (t/2) (x) + log p3 (t/2),

(39)

where p3 is some polynomial. Then by Equation (38), Equation (39), and Lemma 31, there
exist a constant d > 0 and t∗ ≤ 2dn/ log n such that for every good r,


∗
tA (x, r), 1⟨m,τ (t )⟩ ≤ 2dn/ log n .
This suggests the following randomized algorithm for solving L.
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c

n
n
Given x ∈ {0, 1} , randomly pick r ∼ {0, 1}
and
let m := |(x, r)|. For

t = q(m), . . . , 2dn/ log n , check if tA (x, r), 1⟨m,τ (t)⟩ ≤ 2dn/ log n . If so, run
∗
A (x, r), 1⟨n,τ (t )⟩ for at most 2dn/ log n steps and output whatever it outputs.

It is easy to verify that the above probabilistic algorithm runs in time 2O(n/ log n) and
decides L.
◀

5

Learning in Randomized Heuristica

The main result of this section is the following.
▶ Theorem 56. If DistNP ⊆ AvgBPP, then for any time constructible functions
s, T, a : N → N, and ε ∈ [0, 1],
 SIZE[s(n)] is agnostic learnable on Samp[T (n)]/a(n) in time
poly n, ε−1 , s(n), T (n), a(n) with sample complexity
!
3 1+o(1)
(n + s(n) + a(n) + log T (n))
.
ε8

5.1

Ingredients

In this section, we will use D to denote a family of distributions (one for each n) and
D to denote a class of family of distributions (e.g., those that are efficiently samplable).
For a distribution D and m ∈ N, let Dm denote the distribution x1 ◦ x2 ◦ · · · ◦ xm where
x1 , x2 , . . . , xm ∼ D.

5.1.1

Learning from RRHS Refutation

▶ Definition 57 (Correlative RRHS-Refutation [21, Definition 3]). Let C be a concept class,
and let D be a class of example distributions. A randomized algorithm A is a correlatively random-right-hand-side-refuter (correlative RRHS-refuter) for C on D with sample
complexity m if A satisfies the following.
A takes as input n ∈ N, ε ∈ (0, 1) and a set

n
(1) (1)
(m) (m)
S = x ,b
,..., x ,b
of samples, where x(i) ∈ {0, 1} and b(i) ∈ {0, 1} for
every i ∈ [m], and
n
Soundness: if the samples S are i.i.d. from a distribution D′ on {0, 1} × {0, 1} such
n
that the marginal on {0, 1} equals Dn for some Dn ∈ Dn and there exists f ∈ Cn with
h
i 1 ε
Pr
b(i) = f (x(i) ) ≥ + ,
2 2
⟨x(i) , b(i) ⟩ ∼ D′
then
Pr [A(n, ε, S) = correlative ] ≥ 2/3.

S,A

Completeness: if the samples S are selected i.i.d. so that x(1) , . . . , x(m) ∼ Dn for some
Dn ∈ Dn and b(1) , . . . , b(m) ∼ U , then
Pr [A(n, ε, S) = random ] ≥ 2/3.

S,A

▶ Theorem 58 (Agnostic Learning from RRHS-Refutation [21]; see also [13, Theorem 5]). Let
C be a concept class, and let D be a class of example distributions. If there exists a correlative
RRHS-refuter for C on D with sample complexity m(n, ε) and running time T (n, ε), then C
is agnostic learnable with




3
2
sample complexity = O

m(n, ε/2)
ε2

and

running time = O T (n, ε/2) ·

m(n, ε/2)
ε2

.
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5.1.2

Probabilistic sampling depth

▶ Definition 59 (Probabilistic Sampling Depth). Let t, t′ ∈ N, where t′ > t. For a family
D = {Dn }nn≥1 of distributions,
we introduce the (t, t′ )-probabilistic-sampling-depth functions
o
t,t′
t,t′
psdD := psdD,n
, where
n≥1

′

psdt,t
D,n (m) =

h
i
′
E m pKt (X) − pKt (X) .

X∼Dn

n
o
′
t,t′
:=
For a collection D of families of distributions, we define psdt,t
psd
D
D,n
′

, where
n≥1

′

t,t
psdt,t
D,n (m) = max psdD,n (m).
D∈D

▶ Lemma 60 (Small Probabilistic Sampling Depth for Samplable Distributions). There exists a
polynomial p1 : N × N → N such that for any T, a : N → N and n, m ∈ N, the following holds.
For every t ≥ p1 (T (n), m), and every t′ > t,
′

′
psdt,t
Samp[T (n)]/a(n),n (m) ≤ O(log m + log T (n) + a(n) + log t ) .

Proof. The proof is essentially the same as that of [13, Lemma 6], but uses the unconditional
coding theorem for probabilistic Kolmogorov complexity (Lemma 25).
Fix any Dn ∈ Samp[T (n)]/a(n). Let p1 be the polynomial p in Lemma 25. We have for
every t ≥ p1 (T (n), m),
h
i


E m pKt (x) ≤ E m pKp1 (T (n),m) (x)
x∼Dn

x∼Dn

≤

E [log(1/Dnm (x))] + O(log(m) + log T (n) + a(n))

m
x∼Dn

(Lemma 25)

= H(Dnm ) + O(log(m) + log T (n) + a(n))
≤
≤

E [K(x)] + O(log(m) + log T (n)) + a(n)
h
i
′
E m pKt (x) + O(log(m) + log T (n) + a(n) + log t′ ) ,

m
x∼Dn

x∼Dn

(Lemma 18)

where the second last inequality uses the fact that for any distribution D, its Shannon entropy
H(D) ≤ Ey∼D [K(y)] (see [27, Theorem 8.1.1] and [13, Lemma 5]). Rearranging the above,
we get
h
i
′
E m pKt (x) − pKt (x) ≤ O(log(m) + log T (n) + a(n) + log t′ ) ,
x∼Dn

as desired.

5.2

◀

RRHS refuters from probabilistic average-case easiness

We first prove the following technical theorem.
▶ Theorem 61. If DistNP ⊆ AvgBPP, then for any time constructible functions s, T, a : N →
N and for any constant ζ > 0, there is a correlative RRHS-refuter for SIZE[s(n)] under
Samp[T (n)]/a(n) with sample complexity

1+ζ
n + s(n) + a(n) + log T (n)
m :=
ε2
and running time poly(n, m, T (n)) = poly(n, 1/ε, T (n), a(n), s(n)).
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Proof. The proof closely follows that of [13, Theorem 8].
The (correlative) RRHS-refuter R. Let τ be the polynomial from Lemma 28. Let ℓs (n) ≤
O(s(n) log s(n)) denote the number of bits needed to encode a function
f ∈ SIZE[s(n)]. On

input n ∈ N, ε > 0, and a set S = x(1) , b(1) , . . . , x(m) , b(m) of samples, R operates as
follows.

1. Compute t := max{p0 n · m2 , p1 (T (n), m)}, where p0 is the polynomial from Lemma 26
and p1 is the polynomial from Lemma 60. Also compute t′ := t′ (t), where t′ is some
polynomial specified later (in Claim 62).
2. Compute

β := Approxτ -pK X, 1t , and


′
β ′ := Approxτ -pK X ◦ b, 1t ,
where X := x(1) ◦ · · · ◦ x(m) , b := b(1) ◦ · · · ◦ b(m) , and Approxτ -pK is the randomized
algorithm from Lemma 28.
3. Output “correlative” if β ′ − β ≤ θ, where θ := m(1 − ε2 /8) + ℓs (n) + n + log τ (t), and
output “random” otherwise.
It is easy to verify that the running time of R is poly(n, m, T (n)). Next, we argue its
correctness.
Soundness. Suppose we are in the “correlative” case. That is, the labelled examples in S
n
n
are sampled i.i.d from some distribution D′ on {0, 1} × {0, 1}, whose marginal on {0, 1} is
given by some D ∈ Samp[T (n)]/a(n), and there exists f ∈ SIZE[s(n)] such that
h
i 1 ε
Pr
b(i) = f (x(i) ) ≥ + .
2 2
⟨x(i) , b(i) ⟩ ∼ D′
In this case, by a standard concentration bound, the probability over S ∼ (D′ )m that
{i ∈ [m] | bi = f (x(i) )} < (1/2 + ε/4) · m
is at most exp(−2m(ε/4)2 ) ≤ o(1), where the last inequality relies on our choice of m. Now
observe the following.
▷ Claim 62. There exists a polynomial t′ such that for any b ∈ {0, 1}

m

satisfying

{i ∈ [m] | bi = f (x(i) )} ≥ (1/2 + ε/4) · m,
we have

′
pKt (t) (X ◦ b) ≤ pKτ (t) (X) + ℓs (n) + 1 − ε2 /8 · m.
Proof of Claim 62. Note that given X, we can compute f (x(1) ), . . . , f (x(m) ) in time poly(m ·
ℓs (n)) using the encoding of f , which is of ℓs (n) bits. Note that b and f (x(1) ), . . . , f (x(m) )
disagree on at most (1/2 − ε/4) · m coordinates. Then to recover b, we can define a string
m
e ∈ {0, 1} such that ei = 1 iff f (x(i) ) ̸= bi . Note that e has hamming weight at most
(1/2 − ε/4) · m. Using the inequality
k  
X
m
i=0

i

≤ 2H2 (k/m)·m ,
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where H2 is the binary entropy function, e can be encoded with H2 (1/2 + ε/4) · m bits, by
lexicographic indexing among binary strings of bounded hamming weight. Using the Taylor
series of H2 in the neighborhood of 1/2, for δ := ε/4, we have
∞

H2 (1/2 + δ) = 1 −

1 X (2δ)2i
2 2
≤1−
δ ≤ 1 − 2δ 2 .
2 ln 2 i=1 i(2i − 1)
ln 2

Moreover, using such an encoding, it is not hard to see that e can be reconstructed in time
poly(n, m). Therefore, given X, we can compute b in time poly(n, m) using strings of length
ℓs (n) (which encodes f ) and (1 − ε2 /8) · m (which encodes e). In other words, if X has
probabilistic τ (t)-time-bounded Kolmogorov complexity k, then

′
pKt (t) (X ◦ b) ≤ k + ℓs (n) + 1 − ε2 /8 · m,
for some t′ (t) := poly(τ (t)). This completes the proof of the claim.

◁

Now, suppose in Step 2 of R, β and β ′ output by the algorithm Approxτ -pK are good
approximations as given in Lemma 28. Note that this happen with high probability. Then
by a union bound, with probability at least 2/3, over the samples S ∼ (D′ )m and the internal
randomness of R, we have
′

β ′ ≤ pKt (X ◦ b)

(β ′ is a good approximation)


≤ pKτ (t) (X) + ℓs (n) + 1 − ε2 /8 · m

≤ β + log τ (t) + ℓs (n) + 1 − ε2 /8 · m,

(Claim 62)
(β is a good approximation)

which implies

β ′ − β ≤ 1 − ε2 /8 · m + ℓs (n) + n + log τ (t) = θ,
and R will output “correlative”.
Completeness. Suppose we are in the “random” case. That is, b is sampled from Um .
Assuming DistNP ⊆ AvgBPP, by combining symmetry of information (Lemma 26) and
nm
probabilistic incompressibility (Lemma 20), for any X ∈ {0, 1}
and some polynomial pw ,
we have
h
i
′
′
Pr pKτ (t ) (X ◦ b) ≥ pKpw (τ (t )) (X) + (m − 10) − log pw (τ (t′ )) ≥ 1 − 1/8.
(40)
b ∼ Um

Let us define
pτ (t) := pw (τ (t′ (t))).
By Markov, we have
h
i
t,p (t)
Pr m pKt (X) − pKpτ (t) (X) > 8 · psdD,nτ (m)
X∼D
h
i
EX∼Dm pKt (X) − pKpτ (t) (X)
1
≤
= .
t,pτ (t)
8
8 · psd
(m)
D,n

(41)
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Again, let us assume that in Step 2 of R, β and β ′ output by the algorithm Approxτ -pK are
good approximations. Then with with probability at least 1 − (1/8 + 1/8 + o(1)) ≥ 2/3 over
b ∼ Um , X ∼ Dm and the internal randomness of R, we have
′

β ′ ≥ pKτ (t ) (X ◦ b) − log τ (t′ )

(β ′ is a good approximation)

′

≥ pKpw (τ (t )) (X) + m − log (pw (τ (t′ )) · τ (t′ ))


= pKt (X) − pKt (X) − pKpτ (t) (X) + m − 10 − log(pτ (t) · τ (t′ ))
t,p (t)

≥ β − 8 · psdD,nτ (m) + m − 10 − log(pτ (t) · τ (t′ )) ,

(Equation (40))

(Equation (41))

which implies
t,p (t)

β ′ − β ≥ m − 8 · psdD,nτ (m) − log(pτ (t) · τ (t′ )) − 10.
Now we want the above to be greater than θ. We have
(β ′ − β) − θ


t,p (t)
≥ m − 8 · psdD,nτ (m) − log(pτ (t) · τ (t′ )) − 10

− m + ℓs (n) + n + log τ (t) − mε2 /8


t,p (t)
= mε2 /8 − n + ℓs (n) + 8 · psdD,nτ (m) + log(pτ (t) · τ (t′ ) · τ (t)) + 10
≥ mε2 /8 − [n + ℓs (n) + c · (log m + log T (n) + a(n)) + log p2 (n, m, T (n)) + 10] ,
(Lemma 60)
where c > 0 is some constant and p2 is some polynomial (that depends on τ , p0 , p1 and pw ).
From here, it can be easily seen that the above is greater than 0 by our choice of m, provided
that n is sufficiently large. Hence R will output “random”. This completes the proof of the
theorem.
◀

5.3

Concluding the proof

We are now ready to prove Theorem 56.
▶ Theorem 63 (Reminder of Theorem 56). If DistNP ⊆ AvgBPP, then for any time constructible functions s, T, a : N → N, and ε ∈ [0, 1], SIZE[s(n)] is agnostic learnable on
Samp[T (n)]/a(n) in time poly n, ε−1 , s(n), T (n), a(n) with sample complexity
(n + s(n) + a(n) + log T (n))
ε8

3

!1+ζ
,

where ζ > 0 is any arbitrary small constant.
Proof. The theorem follows by combining Theorem 61 and Theorem 58.

◀
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Additional Properties of pKt Complexity

A
A.1

Upper bound on the complexity of estimating pKt

The following says that the problem of estimating the pKt complexity of a given string for a
given t is in promise AM.
▶ Definition 64 (Gap-MINpKT). For a function τ : N → N, let Gapτ -MINpKT be the following
promise problem (ΠYES , ΠNO ):

x, 1s , 1t | pKt (x) ≤ s ,
n
o

:= x, 1s , 1t | pKτ (t) (x) > s + log τ (t) .

ΠYES :=
ΠNO



▶ Proposition 65. There is a constant c ≥ 1 for which the following holds. For any function
τ such that τ (t) ≥ c · t, Gapτ -MINpKT ∈ promiseAM.
Proof. We first observe that the following problem (Π′YES , Π′NO ) is in promiseAM.
n
o

Π′YES = x, 1s , 1t | pKt2/3 (x) ≤ s ,
n
o

Π′NO = x, 1s , 1t | pKt1/3 (x) > s .
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t

To solve the above problem, on input x, the verifier first sends a random w ∈ {0, 1} to
the prover, who then sends back a program Mw . Finally, the verifier accepts if and only
if |Mw | ≤ s and Mw (w) outputs x within t steps. It is easy to see that if x ∈ Π′YES , then
the above protocol accepts with probability at least 2/3. If x ∈ Π′NO , then the fraction
t
of w ∈ {0, 1} such that x can be generated by some size-s program in time t is less than
1/3 (otherwise pKt1/3 (x) would be at most s), so the protocol accepts with probability less
than 1/3. Now the proposition follows from Lemma 21, which implies that the set ΠNO
of NO instances in Gapτ -MINpKT satisfies ΠNO ⊆ Π′NO , provided that c is a large enough
constant.
◀

A.2

Relations between time-bounded Kolmogorov complexity notions

In this section, we present the tight relations between Kt , rKt , and pKt (see Section 2.5) that
hold under derandomization assumptions.
▶ Proposition 66. The following results hold.
If E ̸⊆ i.o.SIZE 2Ω(n) , then there is a polynomial p such that Kp(t) (x) ≤ rKt (x) + log p(t),
for every t and x.

If E ̸⊆ i.o.NSIZE 2Ω(n) , then there is a polynomial p such that Kp(t) (x) ≤ pKt (x)+log p(t),
for every t and x. 

If BPE ̸⊆ i.o.NSIZE 2Ω(n) , then there is a polynomial p such that rKp(t) (x) ≤ pKt (x) +
log p(t), for every t and x.
n

Proof. Let x be any string {0, 1} and t be any integer such that
 t≥
 n.
For the first item, note that the assumption E ̸⊆ i.o.SIZE 2Ω(n) implies that there is
O(log s)
s
→ {0, 1} that (1/s)-fools size-s circuits and has running time
a PRG G : {0, 1}
k
t
poly(s) [19]. Suppose rK (x) ≤ k. Let M ∈ {0, 1} be a randomized program with running
time t that outputs x with probability at least 2/3. Consider the following function C on
inputs of length t:
C(w) = 1 ⇐⇒ M(w) = x.
It is clear that C can be implemented as a poly(t)-size circuit, and by definition the acO(log t)
ceptance probability of C is at least 2/3. Then there exists some seed z ∈ {0, 1}
such that C(G(z)) = 1, which implies M(G(z)) = x. This means given M and z, we can
deterministically compute x in time poly(t). In other words, Kpoly(t)
≤ k+ O(log t).
 Ω(n)
Next, we show the second item. The assumption E ̸⊆ i.o.NSIZE 2
implies that there
O(log s)
s
is a PRG G′ : {0, 1}
→ {0, 1} that (1/s)-fools size-s nondeterministic circuits and
has running time poly(s) [42]. Now suppose pKt (x) ≤ k. Consider the following function C ′
on t bits.
k

C ′ (w) = 1 ⇐⇒ ∃ M ∈ {0, 1} such that M(w) outputs x within t steps.
It is easy to see that C ′ can be implemented as a size-poly(t) nondeterministic circuit. Then
O(log t)
there exists some seed z ∈ {0, 1}
such that C ′ (G′ (z)) = 1. This means for such z,
k
′
there exists some program M ∈ {0, 1} (which can depend on z) such that M′ (G′ (z)) runs
t steps and outputs x. Then given such z and M′ , we can computes x in time poly(t), by
first computing w := G′ (z) and executing M(w). This yields pKpoly(t) (x) ≤ k + O(log t).
The proof of the third item is essentially the same as
 that of the second item. The only
difference here is that the assumption BPE ̸⊆ i.o.NSIZE 2Ω(n) implies a pseudodeterministic
PRG that fools size-s nondeterministic circuits with seed length O(log s), which follows from

CCC 2022

16:56

Probabilistic Kolmogorov Complexity with Applications to Average-Case Complexity

the construction of the PRG in [42]. Therefore, at the end of the proof for the second item
above, we can successfully compute w := G′ (z) with high probability (over the internal
randomness of the algorithm computing G′ ), and hence we get rKpoly(t) (x) ≤ k + O(log t). ◀


√

Probabilistic Fine-Grained Reduction for UTIME 2O(

B

▶ Theorem 67. NQL × QLSamp
h √
i
RTIME 2O( n log n) .

⊆

AvgBPQL

=⇒

n log n)



i
h √
UTIME 2O( n log n)

⊆

We will need the following fine-grained version of Lemma 27.
▶ Lemma 68. If NQL × QLSamp ⊆ AvgBPQL, then there exists a polynomial τ such that
the following promise problem is in promiseBPP:


ΠYES := x, 1s , 1t | pKt (x) ≤ s ,
n
o

e
(|x|)
ΠNO := x, 1s , 1t | pKO(t)·τ
(x) > s + log τ (t) .
Proof. Define

L :=

s

n

s

(DPk (x; z), w, 1 , 1 ) ∃ M ∈ {0, 1} , M(w) outputs x ∈ {0, 1}

n


within |w| steps ,

where c > 0 is some large constant so that L ∈ NQL. Define a distribution family

D := D⟨nk+k,t,s,n⟩ ,
each member of which does the following: sample u ∼ Unk+k and w ∼ Ut and then output
(u, w, 1s , 1n ). (Again, for the simplicity of presentation, we omit the padding, which is of
e · poly(nk).) By assumption, (L, D) ∈ AvgBPQL. Let B be a randomized
length at most O(t)
heuristic algorithm for (L, D) as described in Lemma 6. Now, define an algorithm B ′ :
On input (x, 1s , 1t ) with x ∈ {0, 1}n , set k = s + 10, sample z ∼ Unk and w ∼ Ut , and
then output B(DPk (x; z), w, 1s , 1n ).
Note that B ′ runs in time
e · p(n)
tD := O(t)
for some polynomial p. Below, we show that B ′ solves the mentioned promise problem
correctly with high probability in the worst case.
First, consider the case that (x, 1s , 1t ) ∈ ΠYES . By the definitions of L and pK, for any
choice of z ∈ {0, 1}nk ,
Pr [(DPk (x; z), w, 1s , 1n ) ∈ L] ≥ 2/3.
w

The definition of B then implies that
Pr [B(DPk (x; z), w, 1s , 1n ) = 1] > 1/2,

w,z,rB

and so


Pr B ′ (x, 1s , 1t ) = 1 > 1/2,
rB ′

where rB denotes the internal randomness of B, and rB ′ = (w, z, rB ) that of B ′ .

(42)
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Now consider the case that (x, 1s , 1t ) ∈ ΠNO . For a contradiction, suppose that
Pr [B(DPk (x; z), w, 1s , 1n ) = 1] > 1/3.

w,z,rB

(43)

Recall k = s + 10. By a counting argument, for randomly selected u and w,
Pr [(u, w, 1s , 1n ) ∈ L] ≤

u,w

2s · 2nk · 2t
1
=
.
nk+k+t
2
10

Then by definition of B,
Pr [B(u, w, 1s , 1n ) = 1] ≤ 1/9.

u,w,rB

(44)

Comparing Equations (43) and (44), we see that B(−, Ut , 1s , 1n ) (2/9)-distinguishes the
distribution DPk (x; Unk ) from uniform. Lemma 22 implies that
e
0 (n)
pKO(t)·τ
(x) ≤ k + log τ0 (t)
= s + 10 + log τ0 (t),
for some polynomial τ0 that depends on the polynomials p and pDP from Lemma 22. This
means that (x, 1s , 1t ) is not in ΠNO , by setting τ properly. This gives the desired contradiction.
By definition of B ′ , we have that


Pr B ′ (x, 1s , 1t ) = 1 ≤ 1/3.
(45)
rB ′

By Equations (13) and (16), B ′ yields a promiseBPP algorithm for (ΠYES , ΠNO ) via standard
error reduction techniques.
◀
The following is a simple corollary of Lemma 47 and Lemma 20.
▶ Lemma 69 (Fine-Grained Weak Symmetry of Information for pKt ). If NQL × QLSamp ⊆
AvgBPQL, then there exist polynomials p0 and p such that for every sufficiently large x ∈
n
{0, 1} , m ∈ N and p0 (n, m) ≤ t ≤ 2n+m ,
h
i
Pr m pKt (x ◦ u) > pKt·p(nm) (x) + m − log p(t) ≥ 0.99.
u∼{0,1}

We will use the following black-box hitting set generator whose outputs can be small
relative to the “hard string” used in its construction.
▶ Lemma 70 ([10, Theorem 4.3]). For any T, m ∈ N with m ≤ 2T , there exists a function
T
d
m
a
(−)
HT,m : {0, 1} × {0, 1} → {0, 1} and a deterministic procedure Recon
: {0, 1} →

T
{0, 1} , where d = O log T + log3 m and a = 2m + O log T + log3 m such that, for any
T
m
x ∈ {0, 1} and any function D : {0, 1} → {0, 1} that 0.1-avoids HT,m (x, −), there exists
a
advice α ∈ {0, 1} such that ReconD (α) = x. Moreover, HT,m can be computed in time
poly(T ) and ReconD can be computed in time poly(T ) with oracle access to D.
We are now ready to show Theorem 67.
√
Proof of Theorem 67. Let L ∈ UTIME [T (n)] with verifier V , where T (n) = 2O( n log n) .
n
T (n)
Fix an input x ∈ {0, 1} . Let yx ∈ {0, 1}
be the unique L-witness for x. Let B be a
promiseBPP algorithm that solves the promise problem (ΠYES , ΠNO ) from Lemma 68.
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Let t be any number such that q0 (T (n)) ≤ t ≤ 2n/2 , where q0 is some polynomial
specified later. Let H := HT (n),m be the hitting set generator from Lemma 70, where
m := mx (t) ≤ O(n) is defined later, and let d := O log T (n) + log3 m be the seed length
of H.
Using H and B, we will argue that the time-bounded pK complexity of yx is small given x.
First note the following.
▷ Claim 71. There exists a polynomial q such that for every q0 (T (n)) ≤ t ≤ 2n/2 and every
d
zH ∈ {0, 1} ,
pKt·q(nm) (x ◦ H(yx ; zH )) ≤ pKt (x) + d + log q(t).
Proof of Claim 71. Let L be the following language


c
L′ :=

DPk (x ◦ H(y; z ′ ); z), w01T (n) , 1s , 1n , 1m

∃ M ∈ {0, 1}s , M(w) outputs x ∈ {0, 1}n


within |w| steps, and V (x, y) = 1 ,

where c > 0 is some constant so that L′ ∈ NQL. Define a distribution family

D := D⟨(n+m)k+k,t+T (n)c +1,s,n,m⟩ ,
each member of which samples u ∼ U(n+m)k+k , w ∼ Ut and outputs


c
u, w01T (n) , 1s , 1n , 1m .
By assumption, (L′ , D) ∈ AvgBPQL. Let B ′ be a randomized heuristic algorithm for (L′ , D)
as described in Lemma 6.
Define s := pKt (x). By definition of pKt and L′ , for any fixed z ∈ {0, 1}(n+m)k ,
h

i
c
Pr DPk (x ◦ H(yx ; zH ); z), w01T (n) , 1s , 1n , 1m ∈ L′ ≥ 2/3.
w

Then by definition of B ′ , it is easy to see that
h 

i
c
Pr′ B ′ DPk (x ◦ H(yx ; zH ); z), w01T (n) , 1s , 1n , 1m = 1 ≥ 1/2.

(46)

z,w,rB

On the other hand, by a counting argument it is easy to see that for u and w selected
uniformly at random, we have
Pr

h

u,w


i 2s · 2t · 2d · 2(n+m)k
c
u, w01T (n) , 1s , 1n , 1m ∈ L′ ≤
2|u| · 2|w|
≤ 1/n.

where the last inequality holds by setting k := s + d + log n. By the definition of B ′ , we have
h 

i
c
Pr ′ B ′ u, w01T (n) , 1s , 1n , 1m = 1 ≤ o(1).
(47)
u,w,rB


′
T (n)c s n m
Given Equations (46) and (47), it is clear that D(−) :=
,1 ,1 ,1
is a
 B −, Ut 01
randomized distinguisher for DPk x ◦ H(yx ; zH ); U(n+m)k . Note that provided that q0 is a
large enough polynomial, D needs only O(log t) bits as advice, and then it runs in time
e + T (n)c ) · poly(nm) ≤ O(t)
e · poly(nm).
tD := O(t
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Lemma 22 implies that
e
pKO(t)·q(nm)
(x ◦ H(yx ; zH )) ≤ k + O(log t) ≤ pKt (x) + d + log q(t),
for some large polynomial q. This completes the proof of Claim 71.

◁

By Lemma 69, there exist polynomial p0 and p such that for every p0 (n, m) ≤ t1 ≤ 2n+m
h
i
(48)
Pr m pKt1 (x ◦ u) > pKt1 ·p(nm) (x) + m − log p(t1 ) ≥ 0.99.
u∼{0,1}

e · q(nm)) · τ (n + m), where τ is the function from Lemma 68. Note that we
We set t1 := O(t
can make the polynomial q0 to be large enough so that t1 satisfies the condition for which
Equation (48) holds. Now we choose m so that
pKt1 ·p(nm) (x) + m − log p(t1 ) ≥ s + log τ (t · q(nm)).

(49)

That is, we set


c
m := pKt (x) − pKt·n (x) + c · log t,
where c > 0 is some large constant, and we use the fact that t ≤ 2n/2 to simplify t1 . Define
the following (probabilistic) function:


D(−) := ¬B x ◦ −, 1s , 1t·q(nm) .
Observe the following properties of D.
d
For every z ∈ {0, 1} , PrD [D(H(yx ; z)) = 0] ≥ 2/3. This follows from Claim 71 and the
correctness of B on solving the promise problem (ΠYES , ΠNO ) from Lemma 68.
m
For at least 0.99 fraction of β ∈ {0, 1} , PrD [D(β) = 1] ≥ 2/3. This follows from
Equations (48) and (49) (and the correctness of B).
D runs in time poly(t).
At this point, we can see that D is a randomized function that distinguishes H(yx ; Ud ) from
Um , and by randomly fixing its internal randomness we get a deterministic distinguisher with
good probability. However, in order to utilize the reconstruction procedure in Lemma 70
to recover yx , we need a deterministic function that avoids H. By amplifying the success
probability of D on the “promised” inputs, we can show that randomly fixing the internal
randomness of D gives a function that avoids H with high probability. More specifically,
using standard error reduction techniques, we can make both the probability in the first two
items above at least 1 − 1/(4 · 2m ), which only causes a multiplicative overhead of poly(m) in
the running time. By abusing notation, we use the same D to denote this new function with
small error. Now consider the set S of inputs for which D has this small error. That is,
o
n
o n
d
m
S := H(yx ; z) | z ∈ {0, 1} ∪ β ∈ {0, 1} | Pr[D(β) = 1] ≥ 1 − 1/(4 · 2m ) .
D

Note that |S| ≤ 2m . For β ∈ S, let us say that the correct answer of β is 0 (resp. 1) if β is
in the first (resp. second) subset in the definition of S. By a union bound, we have
Pr
rD ∼{0,1}

poly(t)

[∃ β ∈ S such that D(β; rD ) is not correct] ≤ |S| ·

1
1
≤ ,
m
4·2
4

(50)
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where rD above denotes the internal randomness of D. This means with probability at least
2/3 over a uniformly random rD , D(−; rD ) is a deterministic function that is correct on all
the inputs in S. In particular, such a function 0.1-avoids H. Let us say that rD is good if this
a
T (n)
is true. Let Recon(−) : {0, 1} → {0,
1}
be the reconstruction procedure in Lemma 70,

3
where a := 2m + O log T + log m . We have
h
i
a
Pr
∃ α ∈ {0, 1} such that ReconD(−;rD ) (α) = x
rD ∼{0,1}poly(t)

h
i
a
≥ Pr ∃ α ∈ {0, 1} such that ReconD(−,rD ) (α) = x rD is good · Pr [rD is good]
rD

rD

2
≥ .
3

(Lemma 70 and Equation (50))

Note that given x, D can be constructed using the integers s, t, n, m and the code for B,
which can be encoded using O(log t) bits. Then the above implies

pKpoly(t·T ) (yx | x) ≤ a + O(log t) ≤ 2m + O log t + log3 m .
(51)
Note that the above holds for every q0 (T (n)) ≤ t ≤ 2n/2 . Also, recall that m = pKt (x) −
c
pKt· (x) + c · log t for some constant c > 0. By Lemma 46, there exists some t∗ such that
√
√
q0 (T (n)) ≤ t∗ ≤ q0 (T (n)) · 2c· n log n ≤ 2O( n log n) ,
and
c

pKt∗ (x) − pKt∗ ·n (x) ≤ O

p


n log n .


√
Then for such t∗ , we have m ≤ O n log n . Therefore, plugging this t∗ into Equation (51)
for t, we have that there exists some constant d > 0 such that
pK2

d·

√

n log n

(yx | x) ≤ d ·

p

n log n.

This suggests the following probabilistic algorithm A for solving L:
√
On input x ∈ {0, 1}n√
, A samples w ∼ {0, 1}d· n log n .√It then exhaustively searches
over all M ∈ {0, 1}d· n log n , running M(w, x) for 2d· n log n steps to produce some
output y. A accepts iff a y is obtained such that V (x, y) = 1.
This completes the proof.

◀
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superpolynomial size P -proofs. One of the well-studied maps in the theory of proof complexity
generators is Nisan–Wigderson generator. Razborov [37] conjectured that if A is a suitable matrix
and f is a NP ∩ CoNP function hard-on-average for P/poly, then NWf,A is a hard proof complexity
generator for Extended Frege. In this paper, we prove a form of Razborov’s conjecture for AC0 -Frege.
We show that for any symmetric NP ∩ CoNP function f that is exponentially hard for depth two
AC0 circuits, NWf,A is a hard proof complexity generator for AC0 -Frege in a natural setting. As
direct applications of this theorem, we show that:
1. For any f with the specified properties, τb (NWf,A ) (for a natural formalization) based on
a random b and a random matrix A with probability 1 − o(1) is a tautology and requires
superpolynomial (or even exponential) AC0 -Frege proofs.
2. Certain formalizations of the principle fn ̸∈ (NP ∩ CoNP)/poly requires superpolynomial AC0 Frege proofs.
These applications relate to two questions that were asked by Krajíček [21].
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1

Introduction

Proving superpolynomial lower bounds for every proof system is one of the ultimate goals in
proof complexity. For this matter, we need to prove that for every proof system P , there
exists an infinite family of tautologies {ϕn }n∈N such that P does not have polynomial-size
proofs for {ϕn }n∈N . It is known that some weak proof systems require superpolynomial (or
even exponential) size proofs for some families of tautologies (see [21] for more information).
No superpolynomial lower bounds are known for strong proof systems such as Frege or
Extended Frege. We do not even know superpolynomial lower bounds for AC0 (⊕)-Frege. It
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seems that one of the main issues in proving lower bounds is the lack of good candidate hard
formulas. There are three prominent candidates of formulas that are believed to be hard for
any proof system.
The first candidate of these formulas is random CNFs. Some experts believe that these
formulas should be hard for any proof system (see [21]). Another family of conjectured hard
formulas is finite consistency statements. These formulas have tight connections to important
conjectures in proof complexity and experts believed that they are hard for any proof system
(For a detailed discussion, see [23, 35]). The third candidate is proof complexity generators.

1.1

Proof complexity generators

Let g : {0, 1}n → {0, 1}m (m > n) be a function which is computable in a reasonable
low complexity class such as FP/poly. As m > n, {0, 1}m \ Rng(g) is nonempty. Let
b ∈ {0, 1}m \ Rng(g), then as g is computable in FP/poly, we can naturally express the true
statement b ̸∈ Rng(g) as a propositional formula which is denoted by τb (g). If for a proof
system P , τb (g) requires superpolynomial size P -proofs for every b ∈ {0, 1}m \ Rng(g), then
g is a hard proof complexity generator for P . The concept of proof complexity generators
were defined independently by Alekhnovich et. al. [2] and Krajíček [11].
As pseudorandom generators are an important topic in computational complexity, Alekhnovich et al. [2] asked the following natural question: which mappings g : {0, 1}n → {0, 1}m
should be considered hard from the point of view of proof complexity? To understand this
concept, different mappings were investigated from different aspects in [2]. In particular,
they investigated conditions that make a Nisan–Wigderson generator hard for proof systems
such as Resolution and Polynomial Calculus.
Krajíček [11] investigated the hardness of different variants of the Pigeonhole principle
in proof systems and their provability in related theories of bounded arithmetic. One of
these variants is the dual weak Pigeonhole principle (dWPHPn2n ) which says that for every
function g : [n] → [2n], g cannot be onto. An interesting theory of bounded arithmetic is
BT := S12 + dWPHP(PV) which has several nice properties (see [7, 8]). Here S12 is the base
bounded arithmetic theory in the Buss’s Bounded arithmetic hierarchy which is related
to the polynomial-time reasoning (see [5]) and dWPHP(PV) consists of dWPHPn2n (f ) for
every polynomial-time computable function f . A natural question is whether S12 and BT are
actually the same theory. Krajíček introduced the concept of proof complexity generators as
functions which violate dWPHP(PV) and formulated a conjecture about them in the setting
of model theory of arithmetic that implies S12 ̸= BT (see [22] for a proof of separation of PV
and PV + dWPHP(PV) under a different assumption). Moreover, this conjecture implies that
proof complexity generators are hard for Extended Frege.
Later, Krajíček [12, 13, 14, 15, 16, 18, 19] investigated proof complexity generators from
different aspects, developed the theory of proof complexity generators in great length and
proposed some conjectures. In particular, Krajíček [18] defined the generator nwn,c based on
the gadget generators of [16] and conjectured that nwn,c is a hard proof complexity generator
for any proof system.
Razborov [37] made a significant contribution to the lower bound problem for proof
complexity generators. He proved that Nisan–Wigderson generators based on suitable
matrices and suitable functions are hard not only for Resolution but also for k-DNF Resolution,
which improved the previous lower bounds in terms of the stretch of the generator and the
strength of the proof system in [2, 14]. Moreover, he formulated the following intriguing
conjecture:
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▶ Conjecture 1 (Razborov [37]). Any Nisan–Wigderson generator based on suitable matrices
and any function in NP ∩ CoNP that is hard on average for P/poly, is hard for Extended
Frege.
Conjecture 1 initiated new investigations in the theory of proof complexity generators
from different aspects. We refer the reader for comprehensive dissections of the conjectures
about the proof complexity generators to read Chapter 30 of [18] and Section 19.4 of [21].
Regarding Razborov’s conjecture, Pich [28] proved that this conjecture is true for proof
systems that enjoy different forms of the feasible interpolation property.
The strongest argument that supports Conjecture 1 was done by Krajíček in [19]. He
proved that assuming the existence of a function f ∈ NP ∩ CoNP which is hard on average for
P/poly; it is consistent with the universal theory PV that for any Nisan–Wigderson generator
based on f (or for a function closely related to f ) and suitable matrices is an onto function.
It is worth noting that the arithmetical sentence that Krajíček used to formalize the sentence
Nisan–Wigderson generator is onto is a natural one. However, it is not clear whether this
consistency result based on this formalization implies Razborov’s conjecture or not. Note that
PV is a fairly strong theory as it proves a reasonable fragment of computational complexity
theorems (see [30] for more information). It is worth mentioning that those investigations
of the Nisan–Wigderson generators in proof complexity led to advancements in other areas
as well, such as [29, 32] which proved unprovability of circuit lower bounds in bounded
arithmetic and [31] which proved the existence of learning algorithms from circuit lower
bounds.
Razborov’s conjecture is inherently different from other conjectures in proof complexity
that imply that strong proof systems are not p-bounded. The reason is that this conjecture
describes a situation where the hardness of computation implies the hardness of proof for
strong proof systems. For weak proof systems, such a relation exists, which is called feasible
interpolation property. Krajíček defined this property in [10] and proved that several proof
systems such as Resolution have the feasible interpolation property, which implied lower
bounds for new formulas. Proving lower bounds using feasible interpolation proved to be
very fruitful and led to several lower bounds for different proof systems such as Cutting
Planes [34]. Unfortunately, this property does not hold for strong proof systems such as
Extended Frege [24], and even AC0 -Frege [4] assuming cryptographic hardness assumptions
(for more information, see chapter 17 of [21]). To overcome the barrier against the feasible
interpolation property, different attempts were made to prove hardness of computation
implies hardness of proof theorems for strong proof systems. Krajíček [17] proved a form of
feasible interpolation for AC0 -Frege that is different from the original definition of the feasible
interpolation property. Moreover, he developed the method of Forcing with random variables
in [18] intending to prove hardness of computation to hardness of proofs theorems for strong
proof systems (bounded arithmetics) and proved types of this theorem for AC0 -Frege and
AC0 (⊕)-Frege (for a finitary proof of the theorem for AC0 (⊕)-Frege see [20]). Pudlák [36]
characterized the canonical disjoint NP-pairs of AC0 -Frege and proved a generalized feasible
interpolation theorem for them.

1.2

Our results

This paper aims to find sufficient conditions that make a Nisan–Wigderson generator hard
for proof systems such as AC0 -Frege. Our main contribution is the proof of Razborov’s
conjecture for AC0 -Frege in a natural setting which was not known before. The following
theorem states a natural restriction of Razborov’s conjecture.
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▶ Theorem 2 (Main theorem, informal version). Let f ∈ NP ∩ CoNP be a symmetric function
Ω(1)
that requires 2n
depth two AC0 circuits. Then for any Σ11 ∩ Π11 pair (ϕ0 , ϕ1 ) that defines
f , any suitable matrix A, and any b ̸∈ Rng(NWf,A ), τb (NWf,A ) requires superpolynomial or
exponential size AC0 -Frege proofs based on whether the stretch is exponential or polynomial
when the Paris-Wilkie translation of (ϕ0 , ϕ1 ) is used to form the formula τb (NWf,A ).
Theorem 2 unconditionally implies that NWf,A for suitable functions f (such as Parity or
Majority) and suitable matrices A are hard proof complexity generators for AC0 -Frege even
when the stretch is exponential. No lower bounds for Nisan–Wigderson generators were
known for this system. It is worth noting that before this work, the only known hard proof
complexity generators for AC0 -Frege, were the PHP-generator of [16] and the more general
generator nwn,c of [18]. Moreover, Theorem 2 implies the following results:
1. For any f that satisfies the conditions of Theorem 2 such as Parity, the formula τb (NWf,A )
(for a natural formalization) based on a random b and a random matrix A is a tautology
with probability 1 − o(1) and requires superpolynomial (exponential) AC0 -Frege proofs.
2. Certain formalizations of the principle fn ̸∈ (NTime(nk ) ∩ CoNTime(nk ))/poly requires
superpolynomial AC0 -Frege proofs.
These results relate to two questions asked by Krajíček [21] (problems 19.4.5 and 19.6.1).
The first problem asks whether random linear generators (random systems of linear equations
over F2 ) are hard for AC0 -Frege or not. The second problem asks whether linear generators
are iterable for AC0 -Frege or not, which relates to the question of the hardness of proving
the principle fn ̸∈ SIZE(nk ) in AC0 -Frege. It seems that because of the formalization that
we used in the main theorem, our lower bounds do not imply the hardness of proving the
principle fn ̸∈ SIZE(nk ) for AC0 -Frege.

2
2.1

Preliminaries
Nisan–Wigderson generators

For the rest of the paper for any two real numbers r1 ≤ r2 , define [r1 , r2 ) := {i ∈ N : ⌊r1 ⌋ ≤
i < ⌈r2 ⌉} and [r1 , r2 ] := {i ∈ N : ⌊r1 ⌋ ≤ i ≤ ⌈r2 ⌉}.
Let f : {0, 1}∗ → {0, 1} be a Boolean function. For a natural number n, fn denotes the
function f restricted to {0, 1}n . Let A be an m × n 0 − 1 matrix such that each row of A
has exactly l ones. Such a matrix is called an l-sparse matrix. For such a m × n l-sparse
matrix A, Ji (A) := {j ∈ [0, n) : Ai,j = 1}.
For every pair (f, A) where f : {0, 1}l → {0, 1} is a Boolean function and A is a m × n
l-sparse matrix, Nisan and Wigderson [26] defined the generator NWf,A : {0, 1}n → {0, 1}m
as follows:
For every input a ∈ {0, 1}n , the i’th bit of the output of NWf,A (a) is f (a|Ji (A)).
It was proved in the seminal paper [26] that if f is a hard function (depending on the application) and A satisfies specific combinatorial properties, then NWf,A is a good pseudorandom
generator (depending on the parameters).
Let f ∈ NP∩CoNP. A pair of propositional formulas (σ0 (p, q), σ1 (p, r)) is a representation
of fn for a natural number n iff:
1. |p| = n and moreover p, q, and r variables are disjoint.
2. (σ0 , σ1 ) defines the function fn which means:
a. ¬σ0 ∨ ¬σ1 is a tautology.
b. For every a ∈ {0, 1}n , f (a) = i iff σi (a, t) is satisfiable where i ∈ {0, 1}.
Note that as f ∈ NP ∩ CoNP, for every n, fn has a representation.
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Suppose f ∈ NP ∩ CoNP, (σ0 , σ1 ) is a representation for fl , and A is a m × n l-sparse
matrix. Then for any b ∈ {0, 1}m , τb (NWf,A ) based on (σ0 , σ1 ) is the following propositional
formula:
_
_
¬σ1 (p|Ji (A), qi ) ∨
¬σ0 (p|Ji (A), qi )
bi =1

bi =0

where qi ’s are disjoint variables. Note that if b ̸∈ Rng(NWf,A ), then τb (NWf,A ) is tautology.
As it was discussed in previous works [2, 15, 37, 19], NWf,A can be a hard proof complexity
generator for a proof system P for the following four reasons:
The complexity of f .
The properties that A satisfies.
The representation of f that is used in the formula τb (NWf,A ).
The string b ̸∈ Rng(NWf,A ).
As we will see, our main result also imposes different conditions on τb (NWf,A ) to make
sure that it requires long proofs.
The following parts explain the properties that we need for the matrices and representations to prove our theorems.

2.1.1

Representations

The hardness of τb (NWf,A ) can depend on the pair (σ0 , σ1 ) that is used in it. This matter has
been investigated in [2], and they examined different representations. Recently, Sokolov [38]
answered one of the open problems that was stated about a representation of τb (NWf,A )
in [2]. Here we investigate representations based on definability over finite structures in logic,
which is a well-studied concept in descriptive complexity and finite model theory.

Σ11 ∩ Π11 representation
Let L be a finite relational language and X be a unary relational symbol which is not in L.
A Σ11 formula ψ(X) in the language L ∪ {X} with equality defines a function f ∈ NP iff:
1. ψ := ∃Ȳ ϕ(X, Ȳ ) where ϕ(X, Ȳ ) is a first-order formula in the language L ∪ {X} with
equality.
2. X is not in Ȳ .
3. For every n, every a ∈ {0, 1}n , fn (a) = 1 iff ([0, n), a) |= ψ(X) when X is interpreted
by a.
Fagin’s theorem [6] directly implies that for every symmetric f ∈ NP, a Σ11 formula ψf (X)
exists in a language L ∪ {X} that defines f . Therefore, the set of functions that are Σ11
definable is exactly symmetric NP and hence this set is quite rich. As an example, we explain
how the negation of Parity function can be defined as a Σ11 formula. Let L = {Y } where Y
is a binary relation symbol. Then
¯
⊕(X,
Y ) := ∀i (X(i) → ∃j(j ̸= i ∧ X(j) ∧ Y (i, j) ∧ Y (j, i) ∧ ∀k(k = i ∨ ¬Y (i, k) ∨ j = k)) .
¯
Then ψ⊕
Y ) defines the negation of Parity function (parity of a ∈ {0, 1}n is
¯ (X) := ∃Y ⊕(X,
0 iff the number of 1’s in a is even).
The class of Σ11 formulas is a natural and important class in finite model theory and
descriptive complexity. Moreover, this class has appeared in different places in proof
complexity, too (for example, see [17]).
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To prove Theorem 2, the following lemma is needed. This lemma states that the truth of
first-order formulas in a relational language does not change under permutations.
If A is a set and Q is a relation on it, i.e. Q ⊆ Ak for some k, and h : A → A is a function,
then h(Q) := {(h(a0 ), ..., h(ak−1 )) : (a0 , ..., ak−1 ) ∈ Q}.
▶ Lemma 3. Let L = {Y0 , ..., Yk } be a finite relational language and A0 = (A, {Q00 , ..., Q0k })
be an L-structure. Let h be a bijective function from A onto A. Consider the L-structure
A1 := (A, {Q10 , ..., Q1k }) where Q1i = h(Q0i ), for every i ∈ [0, k]. Then for every first-order
formula ϕ(x0 , ..., xp−1 ) in L with equality, every (a0 , ..., ap−1 ) ∈ Ap :
A0 |= ϕ(a0 , ..., ap−1 ) ⇔ A1 |= ϕ(h(a0 ), ..., h(ap−1 )).
Proof. This lemma can be proved by induction on the complexity of ϕ.

◀

Let ∃Ȳ ϕ(X, Ȳ ) be a Σ11 formula. Then for any n, the Paris–Wilkie translation [27] (see also
Section 8.2 of [21]) of ϕ<n (X, Ȳ ) (ϕ<n is ϕ when every first-order quantifier is bounded by
n) is denoted by ⟨ϕ⟩n (p, q) which is a constant depth formula (without loss of generality we
can assume that it is a CNF using extension variables). The number n indicates the size of
the universe in which ϕ(X, Y ) has been considered. For example the Paris-Wilkie translation
¯
of ⊕(X,
Y ) in the universe of size n is



n−1
n−1
n−1
^
_
^
pj ∧ qi,j ∧ qj,i ∧
¬pi ∨
¯
¬qi,k  .
⟨⊕(X,
Y )⟩n :=
i=0

j=0,j̸=i

k=0,k̸=i,k̸=j

Let f ∈ NP ∩ CoNP be a symmetric function. Then a pair of Σ11 formulas
(∃Ȳ ϕ0 (X, Ȳ ), ∃Z̄ϕ1 (X, Z̄)) defines f iff:
1. ∃Ȳ ϕ1 (X, Ȳ ) defines f .
2. ∃Z̄ϕ0 (X, Z̄) defines ¬f .
Such a pair is called a Σ11 ∩ Π11 definition of f . Moreover, for any n, (⟨ϕ0 ⟩n , ⟨ϕ1 ⟩n ) is
a representation of fn . For the sake of easiness, by ⟨ψ⟩n we mean ⟨ϕ⟩n where ψ(X) :=
∃Ȳ ϕ(X, Ȳ ) is a Σ11 formula.

2.2

Proof systems

We assume the reader knows the basic facts about proof complexity, proof systems, and
bounded arithmetics (for a detailed discussion, see [21, 9]). Here we state some useful facts
about AC0 -Frege, which will be used in the results.

2.2.1

AC0 -Frege

AC0 -Frege is the name for a family of proof systems that work with constant-depth de Morgan
formulas. For each d ≥ 1, Fd denotes AC0 -Frege proof system of depth d, which is the Frege
proof system that works with formulas of depth at most d.
To prove Theorem 2, we need some known relations between AC0 -Frege and V10 , which is
a two-sorted bounded arithmetic (see [5, 9]). These relations are related to the model theory
of V10 .
Let M be an arbitrary nonstandard model of true arithmetic and n ∈ M \ N. Then
Mn := {a ∈ M : There exists a b ∈ M \ N such that a < 2n

1/b

}.
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The following theorems explain the relationship between AC0 -Frege and V10 from the
point of view of proof complexity. These theorems state that lower bounds for AC0 -Frege
correspond to unprovability in V10 in a certain sense.
For a set A, P(A) denotes the power set of A.
▶ Theorem 4 (Section 9.4 of [9]). Let (M, χ) |= V10 and σ ∈ χ be a constant depth
propositional formula (depth of σ is standard). If ¬σ is satisfiable by an assignment in χ,
then for every standard d, there is no Fd -proof of σ in (M, χ).
Note that Theorem 4 also holds in the case where σ is the Paris-Wilkie translation of a
bounded arithmetical formula such as ϕ(x, R̄) (σ = ϕ(n, R̄) n for some n ∈ M), i.e. if there
is an ᾱ ∈ χ such that (M, χ) |= ¬ϕ(n, ᾱ), then ¬σ is satisfiable by an assignment from χ
and therefore σ does not have any Fd -proof in M.
▶ Theorem 5 (Section 9.4 of [9]). Let M be a countable nonstandard model of true arithmetic and ϕ(x, R) be a bounded arithmetical formula such that for every d, the family
{⟨ϕ(n, R)⟩n }n∈N requires exponential Fd -proofs. Then for every m ∈ M \ N, there exists a
χ ⊆ P(Mm ) such that:
1. Every bounded subset of Mm which is definable in M is in χ.
2. (Mm , χ) |= V10 .
3. There is an α ∈ χ such that (Mm , χ) |= ¬ϕ(m, α).

3

Razborov’s conjecture for AC0 -Frege

In this section, we state and prove the main result of the paper.
A Boolean function f is symmetric iff for every n, fn is invariant under any permutation
of its inputs. Let SAC02 denote the depth two AC0 circuit complexity of functions, then:
Ω(1)

▶ Theorem 6. Let f ∈ NP ∩ CoNP be a symmetric function such that SAC02 (f ) = 2n
and
(ϕ0 , ϕ1 ) be a Σ11 ∩ Π11 definition of f . Then for every d:
1. For every positive c ∈ N, every 0 < ϵ < 1, there exits an ϵ′ > 0 such that for every
large enough n, every nc × n ⌊nϵ ⌋-sparse matrix A, any b ̸∈ Rng, τb (NWf,A ) based on
ϵ′

(⟨ϕ0 ⟩⌊nϵ ⌋ , ⟨ϕ1 ⟩⌊nϵ ⌋ ) does not have Fd -proofs of size less than 2n .
2. For every positive r ∈ N, every large enough s, every t ∈ [s/r, s], every c ∈ N, every
large enough n, every 2n × ns nt -sparse matrix A, any b ̸∈ Rng, τb (NWf,A ) based on
(⟨ϕ0 ⟩nt , ⟨ϕ1 ⟩nt ) does not have Fd -proofs of size less than 2cn .
Note that in Theorem 6, the size of the formula τb (NWf,A ) is nO(1) in the first part and
it is 2O(n) in the second part. This theorem is proved by a model-theoretic argument
based on the relations explained in Preliminaries in combination with the hardness of the
Pigeonhole principle in AC0 -Frege. Model theoretic arguments have been used previously
in proof complexity and they were very fruitful (for example see [1, 11, 17] and [9] for a
detailed explanation). See [39, 12] for discussions about the importance and benefits of the
model-theoretic arguments (and in general, the logical point of view) in proof complexity.
Note that an immediate consequence of Theorem 6 is that NWf,A based on a hard enough
function f with suitable parameters is a hard proof complexity generator for AC0 -Frege. As
the Parity function or the Majority function satisfies the required assumptions of Theorem 6,
we get that NW-generators based on these functions are hard proof complexity generators
for AC0 -Frege.
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Proof of Theorem 6
We state the proof as a series of lemmas for more clarity. We prove the second part of this
theorem. The first part can be proved in the same way. For the rest of the paper, [n] := [0, n).
Intuitively, the proof goes as follows. Let n be large enough. As f is symmetric and has
high depth two circuit complexity, then there is a u such that fnt on strings with u many 1’s
is different from fnt on strings with u + 1 many 1’s and moreover, u is not too big and not
too small. This implies that there is an input a for the NW generator such that the number
of 1’s of a restricted to each row is close to u. Now, assuming PHP fails, for every row i we
can find a witness for ϕbi (a|Ji (A)) by constructing permutations between sets that actually
have different sizes and this forces any string b into the range of the generator and this is
possible as the truth of representations are closed under permutations. The next lemmas
formalize this intuitive proof and their combination proves the theorem.
▶ Lemma 7. Let f : {0, 1}∗ → {0, 1} be a symmetric Boolean function such that SAC02 (fn ) =
ϵ
Ω(2n ) for an ϵ > 0. Then there is a natural m such that for every n ≥ m there is natural
number u ∈ [nϵ/2 , n − nϵ/2 ] such that
fn (1u 0n−u ) ̸= fn (1u+1 0n−u−1 ).
Proof. Let g : {0, 1}n → {0, 1} be a symmetric function. If there exists a r ≤ n/2 such that
for every r ≤ k ≤ n − r, g(1k 0n−k ) = 0, then
SDNF (g) ≤ 2n ·

r  
X
n

i

i=0

≤ 2n(

en r
)
r

where SDNF denotes the DNF complexity of functions. Writing this inequality (1) for fn , we
ϵ
r
δ
get c2n ≤ 2n( en
r ) for a c > 0. So if we put r = n and rewriting this inequality we have
ϵ

δ

δ

δ

δ

c2n ≤ 2n(en1−δ )n ≤ 2en n1+n ≤ 2n1+2n = 2(2n

δ

+1) log n+1

.

So assuming δ = ϵ/2, we have (2nδ + 1) log n + 1 = o(nϵ ). Therefore for every large
enough n, there exists a v ∈ [nϵ/2 , n − nϵ/2 ] such that fn (1v 0n−v ) = 1. Following the
same argument for ¬fn , we can deduce that for every large enough n, there exists a
′
′
v ′ ∈ [nϵ/2 , n − nϵ/2 ] such that ¬fn (1v 0n−v ) = 1. So we have found v, v ′ ∈ [nϵ/2 , n − nϵ/2 ]
′
′
such that fn (1v 0n−v ) ̸= fn (1v 0n−v ), hence there exists a u ∈ [nϵ/2 , n − nϵ/2 ] such that
fn (1u 0n−u ) ̸= fn (1u+1 0n−u−1 ).

◀

Now let M be a countable nonstandard model of true arithmetic. Let n, s, t, A, b be
arbitrary elements of M such that:
1. n, t ∈ M \ N.
t/u
2. A ∈ M\N encodes a 2n ×ns nt -sparse matrix where t ∈ [s/r, s], ns < 2n , and ns 2n ≤ 2n
for a nonstandard u.
3. b ∈ M \ N is a binary string of length 2n such that b ̸∈ Rng(NWf,A ).
Let χ be the set of all bounded subsets of Mnt encoded in M. So in particular A, b ∈ χ.
Ω(1)
ϵ
As SAC02 (fm ) = 2m , there is a standard rational ϵ > 0 such that SAC02 (fm ) = Ω(2m ).
Let δ := ϵ/2, then there exists u ∈ [nδt , nt − nδt ] that is guaranteed to exist by Lemma 7 for
fnt . Let v := min{u, nt − u}, then
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▶ Lemma 8. There exists a binary string α ∈ χ of length ns such that for every i ∈ [2n ],
1
1
#1 (α|Ji (A)) ∈ [v(1 − √
), v(1 + √
)]
3
3
v
v
where #s (w) is the number of occurrences of symbol s in the string w.
Proof. Let X0 , ..., Xns −1 be independent random variables taking values in {0, 1} such that
P
for every i, P r[Xi = 1] = nvt . For every i ∈ [2n ], let Yi = j∈Ji (A) Xj and hence E[Yi ] = v.
By the Chernoff bound we have the following inequalities for every i ∈ [2n ]:
1. P r[Yi ≤ v(1 −

1
√
3 )]
v

≤e

√
− 3v
2

.

√
− 3v
3

1
2. P r[Yi ≥ v(1 + √
.
3 )] ≤ e
v
′
Let X be the concatenation of X0 , ..., Xns −1 , hence it is a random string of length of ns .
Now combining the above inequalities with the union bound we get:
"2n −1
#
_
1
1
′
P = Pr
#1 (X |Ji (A)) ̸∈ [v(1 − √
), v(1 + √
)] ≤
3
3
v
v
i=0
n


2X
−1
1
1
′
), v(1 + √
)] ≤
P r #1 (X |Ji (A)) ̸∈ [v(1 − √
3
3
v
v
i=0
n

2X
−1 
1
1
P r[Yi ≤ v(1 − √
)] + P r[Yi ≥ v(1 + √
)] ≤
3
3
v
v
i=0

2n · 2e

√
− 3v
3

.

We know that v ≥ nδt , t is a nonstandard number, and δ is a standard rational, so
√
3
nδt/3
v
≤
n+1<
3
3
√
− 3v

which implies 2n · 2e 3 < 1, and hence P < 1. This implies that there exists a string α ∈ χ
that satisfies the desired property.
◀
▶ Lemma 9. The following functions exist in χ:
1. γ : [2n ] → [nt + 1] such that for every i ∈ [2n ], γ(i) = #1 (α|Ji (A)).
n
2. ω : [2n ] × [nt ] → [nt ] such that
], ω(i, .) defines a permutation over [nt ]
 for every i ∈ [2 γ(i)
t
and moreover βj = α|Ji (A) ω(i,j) where β = 1 0n −γ(i) .
Proof.
1. The function γ exists in M as it is definable by an arithmetical formula with parameter
α. To prove that γ is in χ, we observe that encoding of√ γ as a binary string requires at
t
most c2n · log nt (for some c ∈ N) which is less than 2n , hence γ ∈ χ.
2. Like the previous part, ω exists in M as it is definable by an arithmetical formula with
parameters α and γ, and its bit representation
requires at most c2n · nt log nt (for some
√
t
c ∈ N) which is again less than 2n , and therefore ω ∈ χ.
◀
To continue the proof, we need the celebrated result about the hardness of the Pigeonhole
principle for AC0 -Frege.
▶ Theorem 10 ([1, 25, 33]). For any natural number d, there exists an ϵd > 0 such that for
ϵ
large values of n, any Fd -proof of PHPn+1
has size at least 2Ω(n d ) .
n
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√
Now let l = ⌊ 4 v⌋, then we have the following lemma.
▶ Lemma 11. There exists χ′ ⊆ P(Mnt ) such that:
1. χ ⊆ χ′ .
2. There exists a function σ ∈ χ′ such that σ is a bijection from [l] onto [l − 1].
3. (Mnt , χ′ ) |= V10 .
Proof. By Theorem 10 we know that PHPm
m−1 requires exponential size Fd -proofs for every d.
Therefore by Theorem 5, there exists a χ′ ⊆ P(Ml ) such that every bounded subset of Ml
is in χ′ , (Ml , χ′ ) |= V10 and there exists a σ ∈ χ′ such that it is bijection from [l] onto [l − 1].
t/b
Note that if a ∈ Mnt , then there exists a b ∈ M \ N such that a < 2n . Let b′ = ⌊ δb
4 ⌋, then
1/b′

a < 2l
as we know l ≥ nδt/4 . This implies that Ml = Mnt , and moreover χ ⊆ χ′ which
completes the proof.
◀
The following lemma shows that we can simultaneously falsify some weak Pigeonhole
principle instances.
▶ Lemma 12. There exists a function F : [2n ] × {−1, 0, 1} × [nt ] → [nt ] in χ′ such that for
every i ∈ [2n ]
1. F (i, a, .) restricted to [v + a], is a bijection from [v + a] onto [γ(i)].
2. F (i, a, .) restricted to [v + a, nt ), is a bijection from [v + a, nt ) onto [γ(i), nt ).
Proof. Let σ ∈ χ′ be the function that Lemma 11 provides. Let
1. wi,a = |γ(i) − v − a|.
2. Mi,a = max{v + a, γ(i)}.
3. mi,a = min{v + a, γ(i)}.
Then we define the function G0 (i, a, b) as follows:
(
σ(b − lk) + (l − 1)k b ∈ [lk, l(k + 1)) ∧ k ∈ [wi,a ]
G0 (i, a, b) :=
b − wi,a
b ∈ [lwi,a , Mi,a )
where i ∈ [2n ], a ∈ {−1, 0, 1}, and b ∈ [Mi,a ].
Note that v − 1 ≤ Mi,a , hence
v−1
Mi,a
v−1
≤
wi,a ≤ √
≤
4
l
l
v
√
3
as wi,a ≤ v 2 + 1 by Lemma 8. So G0 (i, a, .) is a bijection from [lwi,a ] onto [(l − 1)wi,a ] and
moreover is a bijection from [lwi,a , Mi,a ) onto [(l − 1)wi,a , mi,a ) as
Mi,a − lwi,a = mi,a − (l − 1)wi,a .
Therefore the conclusion is that G(i, a, .) is a bijection from [Mi,a ] onto [mi,a ] for every
i ∈ [2n ] and a ∈ {−1, 0, 1}. Now, we define the function G1 (i, a, b) as the inverse of G0 which
means that
G1 (i, a, G0 (i, a, b)) = b
where i ∈ [2n ], a ∈ {−1, 0, 1}, and b ∈ [Mi,a ]. So G1 (i, a, .) is a bijection from [mi,a ] onto
[Mi,a ].
Using G0 and G1 , we can fulfill (1) from the lemma. Now we want to construct two other
functions H0 and H1 to fulfill (2).
The task is to define H0 (i, a, .) as a function that defines a bijection from [max{nt − v −
a, nt − γ(i)}] onto [min{nt − v − a, nt − γ(i)}] where i ∈ [2n ] and a ∈ {−1, 0, 1} and moreover
H1 would be the inverse of H0 . Let
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′
= max{nt − v − a, nt − γ(i)}.
1. Mi,a
′
2. mi,a = min{nt − v − a, nt − γ(i)}.
Then we define H0 (i, a, b) as follows:
(
σ(b − lk) + (l − 1)k b ∈ [lk, l(k + 1)) ∧ k ∈ [wi,a ]
H0 (i, a, b) :=
′
)
b − wi,a
b ∈ [lwi,a , Mi,a
′
where i ∈ [2n ], a ∈ {−1, 0, 1}, and b ∈ [Mi,a
].
t
′
′
Note that n − v − 1 ≤ Mi,a and moreover v ≤ nt /2, therefore nt /2 − 1 ≤ Mi,a
. This
implies that

wi,a ≤

√
3

v 2 +1 ≤

p
3

(nt /2)2 +1 ≤

p
4

′
Mi,a
nt /2 − 1
nt /2 − 1
nt /2 − 1
√
(nt /2)3 −1 ≤ p
≤
≤
≤
.
4
4
l
l
v
nt /2

Therefore H0 (i, a, .) is a bijection from [lwi,a ] onto [(l − 1)wi,a ] and moreover is a bijection
′
′
[lwi,a , Mi,a
) onto [(l − 1)wi,a , m′i,a ). Hence H0 (i, a, .) is a bijection from [Mi,a
] onto [m′i,a ]
n
for every i ∈ [2 ] and a ∈ {−1, 0, 1}. Now we define the function H1 (i, a, b) as the inverse
again as follows:
H1 (i, a, H0 (i, a, b)) = b
′
where i ∈ [2n ], a ∈ {−1, 0, 1}, and b ∈ [Mi,a
]. Hence H1 (i, a, .) is a bijection from [m′i,a ] onto
′
[Mi,a
].
Now F (i, a, b) is:


G0 (i, a, b)
b ∈ [v + a] ∧ v + a = Mi,a



G (i, a, b)
b ∈ [v + a] ∧ v + a = mi,a
1
F (i, a, b) :=
′

H
(i,
a,
b
−
v
−
a)
b
∈ [v + a, nt ) ∧ nt − v − a = Mi,a
 0



H1 (i, a, b − v − a) b ∈ [v + a, nt ) ∧ nt − v − a = m′i,a

As G0 , G1 , H0 , H1 are definable by a bounded arithmetical formula based on γ and σ,
therefore F is also definable by a bounded arithmetical formula based on γ and σ and this
implies that F ∈ χ′ as (Mnt , χ′ ) |= V10 .
◀
t

Without the loss of generality we can assume fnt (1u 0n −u ) = 0. Consider the following
relations in χ:
t
1. θ0 = 1u 0n −u .
t
2. θ0′ = 0n −u 1u .
t
3. θ1 = 1u+1 0n −u−1 .
t
4. θ1′ = 0n −u−1 1u+1 .
5. λ¯0 such that ϕ0 (θ0 , λ¯0 ) holds in (Mnt , χ).
6. λ¯′0 such that ϕ0 (θ0′ , λ¯′0 ) holds in (Mnt , χ).
7. λ¯1 such that ϕ1 (θ1 , λ¯1 ) holds in (Mnt , χ).
8. λ¯′1 such that ϕ1 (θ1′ , λ¯′1 ) holds in (Mnt , χ).
Now we are ready to describe the assignments X , {Ȳi }i∈[2n ] , and {Z̄i }i∈[2n ] such that


(Mnt , χ′ ) |= ∀i < 2n bi = 0 → ϕ0 (X |Ji (A), Ȳi ) ∧ bi = 1 → ϕ1 (X |Ji (A), Z̄i )
which implies that τb (NWf,A ) based on (⟨ϕ0 ⟩nt , ⟨ϕ1 ⟩nt ) fails under an assignment in (Mnt , χ′ ).
We define these assignments as follows:
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1. If u = v:
a. X = α.
b. Ȳi = ω(i, F (i, 0, λ¯0 )).
c. Z̄i = ω(i, F (i, 1, λ¯1 )).
2. If u = nt − v:
a. X is the complement of α, i.e., Xj = 1 − αj j ∈ [ns ].
b. Ȳi = ω(i, F (i, 0, λ¯′0 )).
c. Z̄i = ω(i, F (i, −1, λ¯′1 )).
Without loss of generality assume v = u. Then for an arbitrary i ∈ [2n ], we know that
X |Ji (A) = ω(i, F (i, 0, θ0 )),
hence σ0 (X |Ji (A), Ȳi ) holds by Lemma 3 as ω(i, F (i, 0, .)) is a bijection from [nt ] onto itself
and the fact that σ0 (θ0 , λ¯0 ) holds. The same argument works for σ1 (X |Ji (A), Z̄i ). Moreover
if v = nt − u, the same argument works by using θ0′ , θ1′ , λ¯′0 , λ¯′1 .
To complete the proof, we argue as follows. Suppose the statement of the theorem is
not true. This means that there exist standard d and r such that the following arithmetical
sentence is true in N:
H := ∀s1 ∃s ≥ s1 , ∃t ∈ [s/r, s], ∃c > 0, ∀m, ∃n > m∃ 2n × ns nt -sparse matrix A,
∃b ̸∈ Rng(NWf,A ), ∃ Fd -proof π for τb (NWf,A ) such that |π| ≤ |τb (NWf,A )|c .
Let M be a countable nonstandard model of true arithmetic. This means that M |= H. To
simplify the presentation let
H := ∀s1 ∃s, t, c∀m∃n, A, b, πΦ(s1 , s, t, c, m, n, A, b, π).
Let s1 ∈ M \ N, then there exist s, t ∈ M \ N and c ∈ M such that
M |= ∀m∃n, A, b, πΦ(s1 , s, t, c, m, n, A, b, π).
√

t/2

cm1
We choose an m ∈ M \ N such that for all m1 ≥ m, mct
≤ 2m1 , hence there exist an
1 2
n
s t
n > m, a 2 × n n -sparse matrix A ∈ M \ N, a b ∈ M \ N such that b ̸∈ Rng(NWf,A ), and
an Fd -proof π ∈ M for τb (NWf,A ) such that |π| ≤ |τb (NWf,A )|c . Now we consider Mnt and
by the argument in this section, there exists a χ′ ⊆ P(Mnt ) such that it has every bounded
M-definable subset of Mnt and moreover
1. (Mnt , χ′ ) |= V10 .
2. There exists an α ∈ χ′ which falsifies τb (NWf,A ).
Then by Theorem 4 there is no Fd -proof of τb (NWf,A ) in (Mnt , χ′ ). Note that there is a
standard number e such that
√

|π| ≤ |τb (NWf,A )|c ≤ (nct 2cn )e ≤ 2en

t/2

which implies that π ∈ χ, but this leads to a contradiction and completes the proof.

4

What are the implications of the hardness of NW-generators for a
proof system?

Some experts believe that random DNFs with suitable parameters give hard formulas to
prove in any proof system. The hardness of random DNFs has been proved for several proof
systems. One way of proving the hardness of these formulas is by proving the hardness
of certain NW-generators. Let A be a m × n l-sparse matrix such that m ≥ 2n and l is a
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constant or it is at most O(log n). Let the base function be the Parity function ⊕. Then
if we choose a random b ∈ {0, 1}m uniformly, with probability 1 − o(1), b ̸∈ Rng(NW⊕,A ).
Now, if we choose a random A and a random b uniformly, then with probability 1 − o(1)
τb (NW⊕,A ) is a tautology (here we use DNF representation of the Parity function in the
definition of the τ formula). The interesting point about these formulas is that if τb (NW⊕,A )
is hard with probability 1 − o(1) for a proof system P , then random l-DNFs are hard with
probability 1 − o(1) for P . This strategy was used to prove the hardness of random DNFs for
some proof systems (for example, see [14, 3]). For more information, see Section 13.4 of [21].
In this regard, Krajíček [21] asked whether random systems of linear equations over F2 are
hard for AC0 -Frege or not (problem 19.4.5). We note that Theorem 6 partially answers this
question as follows.
Let (ϕ0 , ϕ1 ) be a Σ11 ∩ Π11 definition of a function f ∈ NP ∩ CoNP (for example we can
take f as the Parity function). Then a random formula F ∼ F (ϕ0 , ϕ1 , m, n, l) is generated
as follows:
1. we choose m subsets J0 , ..., Jm−1 independently uniformly randomly such that Ji ⊆ [n]
and |Ji | = l for every i ∈ [m]. These subsets specify a random m × n l-sparse matrix A.
2. We choose a random b ∈ {0, 1}m uniformly randomly.
3. Then F := τb (NWf,A ) based on (⟨ϕ0 ⟩l , ⟨ϕ1 ⟩l ).
The following corollary partially answers Krajíček’s question.
Ω(1)

▶ Corollary 13. Let f ∈ NP ∩ CoNP be a symmetric function such that SAC02 (fn ) = 2n . Let
(ϕ0 , ϕ1 ) be a Σ11 ∩ Π11 definition of f . Then for every d, for every c > 1 and every 0 < ϵ < 1,
if n is large enough, then F ∼ F (ϕ0 , ϕ1 , nc , n, ⌊nϵ ⌋) is a tautology with probability 1 − o(1)
and it requires exponential Fd -proofs.
Another implication of the hardness of NW-generators for a proof system P is that it
implies that it is hard for P to prove circuit lower bounds effectively. Razborov [37] pointed
out that if the base function is in P/poly and the 2n ×nO(1) matrix A is efficiently constructibe
(an example of such matrices was constructed in [26]), and moreover NWf,A is a hard proof
complexity generator for a proof system P , the P cannot prove circuit lower bounds effectively.
Moreover, this implies that NP ̸⊆ P/poly does not have efficient proofs in P . Razborov
proved such a result for k-DNF Resolution in [37]. In this regard, our results imply a partial
answer for the question of the hardness of circuit lower bounds for proof systems. A related
question about AC0 -Frege was asked by Krajíček [21] (problem 19.6.1). Let f ∈ NTime(nk ) ∩
CoNTime(nk ) and A be a 2n × ns nt -sparse matrix which is effectively constructible. Then for
c
any fixed w ∈ {0, 1}n , NWf,A (w) defines a function Cw ∈ (NTime(nk ) ∩ CoNTime(nk ))/poly
as follows:

For every i ∈ {0, 1}n , Cw (i) = f w|Jn(i) (A) where n(i) is the number with the binary
representation i.
This means that if τb (NWf,A ) is a tautology (for a fixed representation of f ), then the function
s
with the truth-table b does not have a Cw circuit for any w ∈ {0, 1}n . As Theorem 6 (part 2)
implies that NW-generators based on suitable NP ∩ CoNP functions, suitable matrices, and
suitable representations are hard proof complexity generators AC0 -Frege, we get the fact
that proving certain (NP ∩ CoNP)/poly lower bounds (b does not have Cw circuits) for
Boolean functions are hard for AC0 -Frege. Note that in contrast with with the principle
fn ̸∈ SIZE(nk ) which can be written as a propositional formula, it is not clear how the
principle fn ̸∈ (NTime(nk ) ∩ CoNTime(nk ))/poly can be written as a propositional formula.
So one way of considering this principle in proof complexity is to consider τfn (NWf,A ) for any
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g ∈ NTime(nk ) ∩ CoNTime(nk ), any representation of g and any effectively constructible A.
In this regard, Theorem 6 states lower bounds for a lot of possible natural formalizations
(but not all) of the principle fn ̸∈ (NTime(nk ) ∩ CoNTime(nk ))/poly.
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1

Introduction

In 1989, Babai, Kantor, and Lubotzky made a conjecture that significantly guided research
on expander graphs:
▶ Conjecture 1 ([7]). There are constants k ∈ N and λ < 1 such that for every nonabelian
finite simple group G, there is a symmetric set S ⊂ G of 2k generators such that the Cayley
graph Cay(G, S) is a λ-spectral expander graph.
(Here we say that a graph is a λ-spectral expander if all the eigenvalues of its random walk
matrix, excluding the largest, are at most λ.)
Notable achievements toward the conjecture include: Kassabov’s proof [36] for the
alternating groups; work of Lubotzky and Nikolov [37] proving the conjecture for non-Suzuki
groups of Lie type (the Chevalley groups and their twisted versions); and, the Breuillard–
Green–Tao [11] proof for the Suzuki groups. In light of the Classification of Finite Simple
Groups [6], these completed the proof of Conjecture 1. An immediate consequence is that
for every nonabelian simple group G, there is a 2k-regular λ-spectral expander K such that
G acts transitively on the vertices of K.
Having expander graphs with such nontrivial symmetry properties (or even stronger
ones) has played an important role in applications to computer science. For example,
motivated by the search for locally testable codes (see [42]), Kaufman and Wigderson [44]
made substantial progress on finding so-called “highly symmetric” LDPC codes of constant
rate and relative distance (“good”) using expanding Cayley graphs of nonabelian groups;
at the same time, they showed that highly symmetric LDPC codes arising from abelian –
or even solvable – groups cannot work. Later, notable work of Kaufman and Lubotzky [38]
© Ryan O’Donnell and Kevin Pratt;
licensed under Creative Commons License CC-BY 4.0
37th Computational Complexity Conference (CCC 2022).
Editor: Shachar Lovett; Article No. 18; pp. 18:1–18:26
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(see also [9]) positively resolved the problem, giving explicit, highly symmetric, good LDPC
codes; the main tool was the use of explicit edge-transitive (not just vertex-transitive), highly
expanding (indeed, Ramanujan) Cayley graphs of PSL2 (Fq ) (for q = 4093). In turn, the
existence of these highly-symmetric expanders arose from the construction of Ramanujan
high-dimensional expanders (HDXs) [8, 14, 47, 49, 48, 52] from Bruhat–Tits buildings, relying
on the Lafforgue’s work [45] on the Langlands correspondence.
High-dimensional expanders – defined, say, as simplicial complexes where the 1-skeleton
of every link is a λ-spectral expander – have been crucial in many new works in theoretical computer science, either through inspiration, their spectral analysis, or their direct
construction. Example applications include results in analysis of Boolean functions [17],
computational geometry [25], inapproximability [3, 19], list-decoding [2, 20], Markov chain
mixing [4], property testing [21, 16, 39, 41], and quantum codes [24, 43]; particularly notable
examples including the resolution of the Mihail–Vazirani Conjecture on the bases-exchange
walk for matroids [5] and the construction of locally testable codes of constant rate, distance,
and locality [18, 51].

1.1

Our goal

In this paper, we investigate a problem similar to Conjecture 1 for high-dimensional expanders.
Namely, for nonabelian finite simple groups G, we seek:
1. bounded-degree λ-spectral HDXs whose top-dimensional faces are acted on transitively
by G,
2. with λ arbitrarily close to 0, as opposed to merely bounded away from 1.
(Recall that existence of highly symmetric good LDPC codes was resolved by obtaining onedimensional HDXs – i.e., expander graphs – with both properties.) The aforementioned HDXs
built from Bruhat–Tits buildings [47, 49, 48, 52] have property (2) above, and the work of
Kaufman and Lubotzky [38] also verified property (1) for G = PSL3 (F) (for char F sufficiently
large). Later, Kaufman and Oppenheim [40] gave a new (and elementary) construction of
HDX families of any dimension d satisfying both (1) and (2) with G = PSLd+1 (F). These
two constructions are the only previous examples of bounded-degree λ-spectral HDXs of
which we are aware. To quote the final remark from [49]: “Of course one hopes eventually to
define and construct Ramanujan complexes as quotients of the Bruhat–Tits buildings of other
simple groups as well.”

Results
We give strongly explicit constructions of d-dimensional HDX families satisfying properties
(1) and (2) above, for any rank-d Chevalley group G (except for “G2 ”) over any field F
of characteristic exceeding 3.1 Informally, Chevalley groups (also known as the untwisted
groups of Lie type) are the finite-field analogues of continuous Lie groups. These groups
are specified by two pieces of data: a root system Φ, consisting of a set of vectors in Rd
with certain symmetry properties, and a finite field F. Our work gives a general recipe that
produces HDX families from Chevalley groups with Φ and the characteristic of F being fixed,
and with |F| growing. Our approach generalizes that of [40], which corresponds to the case
Φ = Ad . As with their work, our construction incidentally gives new families of strongly
explicit ∆-degree-bounded λ-spectral expander graphs, with λ → 0 as ∆ → ∞.

1

In fact, we can show that our construction works for characteristic 3 when one excludes the case of G2 .
But for simplicity of presentation we will just assume the characteristic exceeds 3.
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Our approach

As in [40], we associate to G a coset complex, a kind of d-dimensional simplicial complex
determined by G and a choice of subgroups H1 , . . . , Hd+1 of G. A few challenges arise in
generalizing the construction of [40] to Chevalley groups G of type other than Ad . One
immediate question is: what is a “good” choice of H1 , . . . , Hd+1 ? We give one such choice,
which has an elegant description in terms of the root system Φ associated with G: the Hi ’s
are certain unipotent subgroups of G (these are essentially groups of upper unitriangular
matrices), obtained from a set of fundamental roots of Φ. While all of our constructions
can be realized with matrices (see the examples in the next section), it is more convenient
in our analysis to work with a set of generators and relations of G known as the Steinberg
presentation. In particular, the Chevalley commutator formula gives us workable descriptions
of the subgroups Hi , and the links of our complexes.
As in [40], we apply the trickling down theorem of [50] (originating in work of Garland [27])
to show that these coset complexes have expanding links. This theorem says that under a
mild connectivity condition, it suffices to show that the links of the (d − 2)-dimensional faces
are good expander graphs. The connectivity condition will follow from some calculations
using the properties of Chevalley groups and root systems. In their case of Φ = Ad ,
Kaufman–Oppenheim establish expansion of links by appealing to a general result of Ershov–
Jaikin-Zapirain [22] on expansion in certain groups of nilpotency class two. Unfortunately,
to handle root systems Φ that are not “simply-laced”, one would need an analogous result
for groups of nilpotency class three (and higher, when Φ = G2 ). Related results were given
in [23] (see its Sec. 10.3), but these are not strong enough for our setting. An alternative,
and much simpler, proof of expansion of the Kaufman–Oppenheim complexes was given by
Harsha and Saptharishi [31]; their proof was quite specific to the Φ = Ad case, but we were
much inspired its elementary nature.
We prove expansion by observing that, when Φ ̸= G2 , the squares of the links of the
(d − 2)-dimensional faces are Cayley graphs of abelian groups. This allows us to express their
eigenvalues as character sums, which we bound with an elementary argument that ultimately
boils down to the Schwartz–Zippel lemma. (In the G2 case, the squared links are not abelian
Cayley graphs, but we discuss some approach that might be used ito show their expansion.)

1.3

Example constructions

In this section we explicitly give the easiest new HDX family implied by our work. We
start by recalling the basic construction of [40], arising from the group G = SL3 (F).2 Let
F = Fp [x]/(f ) where p is prime and f ∈ Fp [x] is irreducible of degree m. Now define the
following three subgroups of G:

2

In [40] they work over the ring Fp [x]/(xm ) rather than the field Fpm , but this does not materially change
their result, and we prefer to work with the field. Also, regarding the distinction between SL3 (F) and
PSL3 (F), see Footnote 3.
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Let K(p, m) be the 2-dimensional simplicial complex whose vertices are the cosets of these
subgroups inside SL3 (F), and where a “triangle” (2-dimensional face) is added between a
triple of cosets g1 H1 , g2 H2 , g3 H3 whenever g1 H1 ∩ g2 H2 ∩ g3 H3 ̸= ∅. Edges are included
between any two cosets contained in a common triangle. This is an example of a coset
complex, a well-studied construction from the theory of algebraic groups.
In [40] it was shown that for any fixed λ > 0, and for sufficiently large p, the complex
K(p, m) is a bounded-degree λ-spectral HDX. (Here “bounded-degree” means that each vertex
of K(p, m) is contained in a number of triangles depending only on p.) Moreover, SL3 (F)
acts simply transitively on the set of triangles in K(p, m). In a similar manner, Kaufman
and Oppenheim show how a d-dimensional HDX family can be associated to SLd+1 (F).
Following this, the most basic new construction provided by our work is as follows. Again,
we form a coset complex, but this time we will consider cosets of subgroups of the 4 × 4
symplectic group, Sp4 (F),3 defined by





0
I2×2 ⊺
0
I2×2
Sp4 (F) = A ∈ F4×4 : A
A =
.
−I2×2
0
−I2×2
0
The vertices of our coset complex KSp4 (p, m) will be the cosets of the following subgroups
of Sp4 (F):
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deg(ℓ
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1
2



ℓ
1
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1
The triangles in KSp4 (p, m) are again added between triples of cosets whenever they have
2

a nontrivial intersection. Our work shows that for any λ > 0, provided p ≥ 2 (1+λ)
λ2 , the
2-dimensional complexes (KSp4 (p, m))m form a (strongly explicit) λ-spectral HDX family of
3

Technically, this group is not simple; it only becomes the simple group PSp4 (F) upon identifying the
matrices A and −A. This is an example of the (very minor) distinction between “universal” and “adjoint”
Chevalley groups that is explained in Definition 25.
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size Θ(p10m−4 ) in which each vertex participates in at most p22 triangles. Moreover, the
group Sp4 (Fpm ) acts on KSp4 (p, m), with the action being transitive on triangles. Finally, we
remark that the underlying skeleton of KSp4 (p, m) is a (strongly explicit) λ-spectral expander
graph of degree at most p11 and with Θ(p10m−4 ) vertices. Since this graph is tripartite, its
smallest eigenvalue is at least −1/2, and it is therefore also a two-sided 1/2-spectral expander.

1.4

Outline

In Section 2 we give an overview of high-dimensional spectral expansion and coset complexes.
We then briefly discuss Chevalley groups and root systems, making explicit all facts about
Chevalley groups that we will need.
In Section 3 we give the choice of subgroups used in our coset complex construction.
We show in Corollary 55 that these have the connectivity properties needed to apply the
trickling down Theorem 3. In Section 3.3 we show that the links of the (d − 2)-dimensional
faces in these complexes are good expander graphs. By Claim 10, this conveniently reduces
to studying the expansion of vertex links in three different 2-dimensional complexes, two of
which are the examples in Section 1.3.
We conclude with further questions. It is interesting to ask if our analogue of Conjecture 1
has an affirmative answer when G is a more “combinatorial” group; for example, the
symmetric/alternating group. We also leave open the case of the Chevalley group based
on root system G2 ; we conjecture it has the desired expansion properties, and suggest an
approach to proving this.

2

Preliminaries

Let N = {0, 1, 2, . . .}, Z+ = {1, 2, 3, . . .}. We identify elements in a finite field F of size pm
(where p is prime) with polynomials in Fp [x]/(f ) for some irreducible polynomial f ∈ Fp [x]
of degree m. When we write deg(t) for t ∈ F we mean the degree of the corresponding
polynomial in the quotient ring. If g and h are elements of a group, we use the notation
[g, h] = g −1 h−1 gh for their commutator.

2.1

High-dimensional spectral expansion

In this section we recall the notion of spectral HDX families. Let K(0) be a finite set. A
simplicial complex K with vertex set K(0) is a collection of subsets of K(0) satisfying the
following conditions:
1. {v} ∈ K for all v ∈ K(0);
2. If σ ∈ K, then τ ∈ K for all τ ⊆ σ.
Said differently, K is a downward-closed hypergraph on the set K(0). For i = −1, 0, 1, 2, . . . ,
we denote by K(i) the set of subsets of size i + 1 in K. An element of K(i) is called an
i-dimensional face. K is said to be pure if all maximal faces are d-dimensional for some d; in
this case we say that d is the dimension of K, denoted dim K. (In this work, all simplicial
complexes will be pure.) Note that a 1-dimensional simplicial complex can be identified with
an ordinary graph. We say that K is of ∆-bounded degree if every vertex participates in at
most ∆ maximal faces; and, we say that K is k-partite if there is a partition of K(0) into k
parts such that each face has intersection size at most 1 with each part. (Pure (d + 1)-partite
complexes are sometimes called balanced, or numbered.)
The link of a face σ ∈ K is the simplicial complex Linkσ (K) = {τ \ σ : τ ∈ K, σ ⊆ τ }. In
particular, the link of the (−1)-dimensional face ∅ is K. For a pure d-dimensional complex K,
we define the 1-skeleton of K to be the multigraph on vertex set K(0) in which j, k ∈ K(0)
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are connected by a number of edges equal to the number of d-dimensional faces containing
{j, k}. We will say that K is connected if its 1-skeleton is a connected (multi)graph. Finally,
for a face σ, we introduce the notation Kσ for the 1-skeleton of Linkσ (K), and we will
write λ2 (Kσ ) for the second largest eigenvalue of the standard random walk matrix of Kσ .
(This refers to the walk on the vertices of Kσ in which a random out-edge is taken at each step.)
By now, the most common definition of expansion for HDXs is probably the following:
▶ Definition 2 ([50, 40]). A d-dimensional pure simplicial complex K is a λ-spectral HDX
(also known as λ-link or λ-local-spectral HDX) if λ2 (Kσ ) ≤ λ for all faces σ of dimension
at most d − 2.
(Note that the d = 1 case yields the usual notion of a λ-expander graph, one in which the
second eigenvalue of the random walk matrix is at most λ.) The trickling down theorem [50]
essentially shows that a d-dimensional complex is an HDX provided the links of its (d − 2)dimensional faces are λ-expander graphs for λ < d1 :
▶ Theorem 3 ([50]). Let K be a d-dimensional pure simplicial complex in which Linkσ (K)
1
is connected for all σ ∈ K(i),
 i ≤ d− 2. Further suppose that λ2 (Kσ ) ≤ γ ≤ d for all
γ
σ ∈ K(d − 2). Then K is a 1−(d−1)γ
-spectral HDX.
(We remark that in the case d = 2,√if K is a Cayley graph then the conclusion of this theorem
can be improved by a factor of 2/ 3; see [55].)
The objects we seek are (highly symmetric versions of) the following:
▶ Definition 4. A d-dimensional, ∆-bounded degree, λ-spectral HDX family is a sequence
(Kn )n∈N of pure d-dimensional, ∆-bounded degree complexes, with Kn having some n′ = Θ(n)
vertices, such that Kn is a λ-spectral HDX for sufficiently large n. We also say the family is
explicit if there is a poly(n)-time algorithm for computing the description of Kn , and strongly
explicit if there is a polylog(n)-time algorithm. (See the proof of Theorem 42, item 1 for
more details.)

2.2

Coset complexes

The following notion has been studied since at least the 1950 PhD thesis of Lannér [46]:
▶ Definition 5. Let G be a finite group and let H = (H1 , . . . , Hd+1 ) be a sequence of
subgroups. The associated coset complex CC(G; H) is the pure d-dimensional, (d + 1)F
partite simplicial complex with vertices being the cosets i G/Hi , and with maximal faces
{gH1 , . . . , gHd+1 : g ∈ G}. Equivalently, a set of cosets forms a face if all cosets have an
element in common.
Some well-studied instances of coset complexes are Coxeter complexes and Tits buildings [10].
▶ Definition 6. The ith part of the (d + 1)-partite coset complex CC(G; H) is the coset G/Hi ,
and the type of a face σ refers to the subset of parts [d + 1] to which its vertices belong.
The group G naturally acts on CC(G; H) by left-multiplication, and it is easy to see the
following:
▷ Claim 7. The action of G on the (d + 1)-partite complex CC(G; H) is type-preserving (it
does not change the type of any face), and transitive on the maximal faces. Moreover, the
action is simply transitive if H1 ∩ H2 ∩ · · · ∩ Hd+1 = {1}.
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(In fact, Lannér [46] showed that whenever there is a G-action on some (d+1)-partite complex
that is type-preserving and transitive on maximal faces, then the complex must be of the
form CC(G; H) for some subgroups H1 , . . . , Hd+1 .)
We can also easily understand the connectivity and link structure of coset complexes, as
the following facts show.
T
▶ Definition 8. Given H and T ⊆ [d + 1] we write HT = i∈T Hi , with the convention that
H∅ = ⟨H1 , . . . , Hd+1 ⟩, the subgroup of G generated by H.
The following facts are easy to prove:
▷ Claim 9 ([1]). CC(G; H) is connected if and only if H∅ = G.
̸ ∅. Then the link of F
▷ Claim 10 ([28],p. 13, [31]). Let σ be a face in CC(G; H) of type T =
is isomorphic to the coset complex CC(HT ; (HT ∪{i} : i ̸∈ T )).
Note that Claim 10 says that, up to isomorphism, the link of a face only depends on its
type. This will help us apply Theorem 3, as we will only have to consider a small number
of cases. Finally we quote another easy-to-prove claim from Kaufman and Oppenheim,
which we can use to pass between the (very slightly different) different universal and adjoint
Chevalley groups:
▷ Claim 11 ([40], essentially Prop. 2.12). Let K = CC(G; H) be a coset complex with
H = (H 1 , . . . , H d+1 ), suppose Z ◁ G is a normal subgroup (e.g., if Z is the center of G), and
suppose that Z ∩ H i = {1} for all i ∈ [d + 1]. Then for G = G/Z and H = (H1 , . . . , Hd+1 ),
where Hi = H i Z/Z, the coset complex K = CC(G; H) is “covered” by K, and the following
property holds: every link in K of type T ̸= ∅ is isomorphic to every link of type T in K.
▶ Remark 12. A consequence of Claim 11 is that if K is a ∆-bounded degree, λ-spectral
HDX, then so too is K; moreover, provided H1 Z ∩ H2 Z ∩ · · · ∩ Hd+1 Z = Z, the group G
acts simply transitively on the maximal faces of K. We note that our complexes satisfy this
condition in Observation 53.

2.3

Root systems

Killing and Cartan [12] classified simple Lie algebras over C via root systems:
▶ Definition 13. A (reduced) root system of rank d is a finite set Φ of nonzero vectors
spanning a d-dimensional real vector space such that for each α ∈ Φ:
Φ is closed under wα , where wα is the reflection through the hyperplane orthogonal to α;
wα (β) − β is an integer multiple of α for all β ∈ Φ;
for λ ∈ R we have λα ∈ Φ (if and) only if λ ∈ {±1}.
The root system Φ is irreducible if it cannot be written as Φ1 ⊔ Φ2 with Φ1 , Φ2 nonempty
and lying in orthogonal subspaces. Root system Φ′ is said to be isomorphic to Φ if there is
bijection between them that preserves inner products up to a fixed positive scalar multiple.
Figure 1 shows the three non-isomorphic rank-2 root systems (all of which are irreducible).
The irreducible root systems have been completely classified:
▶ Note 14. Up to isomorphism, the irreducible root systems are classified as the families
Ad (d ≥ 1), Bd (d ≥ 2), Cd (d ≥ 3), Dd (d ≥ 4), and the exceptional systems G2 , F4 , E6 ,
E7 , E8 . In all cases, the subscript gives the dimension of the root system. For explicit
descriptions of these root systems, see e.g. [13, Sec. 3.6].
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Figure 1 The rank 2 (irreducible) root systems, with a simple set {α, β} shown.

▶ Remark 15. The restriction of a root system to a subspace is also a root system. Thus if Φ
is a root system containing roots α, β, and α + β, then the restriction of Φ to the subspace
spanned by α and β must be (isomorphic to) A2 , B2 , or G2 . In fact, since G2 is the only
irreducible root system containing vectors at an angle of 30◦ (see, e.g., [13, Sec. 3.6]), an
irreducible root system containing G2 as a subsystem must in fact be isomorphic to G2 .
Let us now record a handy fact involving the inner product α · β of two roots:
▷ Claim 16 ([34], p. 45, Lem. 9.4). ] Let α, β be roots. If α · β < 0 then α + β ∈ Φ ∪ {0},
and if α · β > 0 then α − β ∈ Φ ∪ {0}.
This fact can be used to prove another simple result (which is surely well known, though we
could not find a reference):
▷ Claim 17. Let Φ be an irreducible root system of rank at least 2, and let α ∈ Φ. Then α
is the sum of two other roots.
Proof. We claim there must exist a root β =
̸ ±α with α · β ̸= 0. Otherwise, every root is
either orthogonal to α or parallel to α, meaning Φ is either irreducible or of rank 1. We may
assume α · β > 0, by replacing β by the root −β, if necessary. Thus Claim 16 tells us that
α − β ∈ Φ. But now α − β and β are roots summing to α.
◁
We now discuss “simple” subsets of roots:
▶ Definition 18. Let Φ be a root system spanning Rd . A set of roots Π = {α1 , . . . , αd } ⊆ Φ
is called simple (or a base) if it is a basis for Rd , and every root γ ∈ Φ may be expressed as
γ = n1 α 1 + · · · + n d α d
either with n1 , . . . , nd ∈ N or with −n1 , . . . , −nd ∈ N. (Since Π is a basis, there is a unique
such expression.) In the former case, γ is called a positive root; in the latter case, a negative
root. One also defines the height of γ (with respect to Π, or more generally a set of linearly
Pd
independent roots whose span contains γ), denoted htΠ (γ), to be i=1 |ni |.
(In Figure 1, each root system has labeled a simple set {α, β}.)
In a certain sense, up to symmetries there is a unique choice of simple roots for a given
root system:
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▷ Claim 19 ([13], Prop. 2.1.2, Cor 2.2.5). Every root system has a set of simple roots.
Further, for any two simple sets, there is a unique reflection wα mapping one to the other.
▶ Definition 20. For any subset Ψ ⊆ Φ, we write Ψ+ = Φ ∩ {
Ψ− = −Ψ+ .

P

α∈Ψ

nα α : nα ∈ N}, and

▷ Claim 21. Let Ψ ⊂ Φ be a set of linearly independent roots. Then there is set of simple
roots Π of Φ where Ψ ⊆ Π+ .
Proof. We can always find a hyperplane H not containing any root, and where all of Ψ is
contained on one side of H. Then by [29, Thm. 8.16], there is a set of simple roots Π such
that the roots in Φ on this side of H are positive with respect to Π.
◁
The following fact is very similar to a standard one about root systems, but it is usually
only stated when {α, . . . , αm } form a simple set (see, e.g., [13, Lem. 3.6.2]):
Pℓ
▷ Claim 22. Let A = {α1 , . . . , αℓ } ⊆ Φ be any set of roots, and suppose that γ = i=1 ni αi ∈
Pm
Φ for n1 , . . . , nℓ ∈ N. Then we may express γ = j=1 αij for certain i1 , . . . , im ∈ [ℓ] in such
Pk
a way that all the prefix-sums j=1 αij (1 ≤ k ≤ ℓ) are in Φ.
Proof. By induction, it suffices to show that if γ is not already in A, then there exists i0 ∈ [ℓ]
Pℓ
with ni0 > 0 such that γ − αi0 ∈ Φ. To do this, note that 0 < γ · γ = i=1 ni (γ · αi ), and
since the ni ’s are nonnegative we must have γ · αi0 > 0 for (at least) one i0 . By Claim 16
we conclude that γ − αi0 ∈ Φ ∪ {0}, and the case γ − αi0 = 0 (i.e., γ = αi0 ) is impossible
because γ is assumed not already in A.
◁
Finally, we need the following known fact [32]:
▷ Claim 23. Let Φ be an irreducible root system with simple roots Π = {α1 , . . . , αd }. Then
Pd
i=1 αi ∈ Φ.

2.4

Chevalley groups

We may now define the Chevalley groups, via the Steinberg presentation (see, e.g., [13,
Thm. 12.1.1]).
▶ Definition 24. Corresponding to any irreducible root system Φ of rank at least 2, and
any finite field F, there is an associated universal (or simply connected) Chevalley group,
denoted G(Φ, F). Abstractly, it is generated by symbols xα (t) for α ∈ Φ and t ∈ F, subject to
the relations
xα (t)xα (u) = xα (t + u)
Y
α,β i j
[xα (t), xβ (u)] =
xiα+jβ (Cij
tu )

(for α + β ̸= 0)

i,j>0

hα (t)hα (u) = hα (tu)
where
and

(for tu ̸= 0),

hα (t) = nα (t)nα (−1)
nα (t) = xα (t)x−α (−t−1 )xα (t).

The second relation above is the Chevalley commutator formula, and it is elaborated upon in
Theorem 28 below.
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Table 1 The Chevalley groups corresponding to classical root systems.
Type of Φ
Ad
Bd
Cd
D2ℓ
D2ℓ+1

G(Φ, ·)
PSLd+1
SO2d+1
PSp2d
PSO4ℓ
PSO4ℓ+2

G(Φ, ·)
SLd+1
Spin2d+1
Sp2d
Spin4ℓ
Spin4ℓ+2

▶ Definition 25. Let Z(Φ, F) denote the center of G(Φ, F). The adjoint Chevalley group,
which we denote by G(Φ, F), is the quotient G(Φ, F)/Z(Φ, F). In all cases, Z(Φ, F) is a
constant-sized subgroup (of size d + 1 for Φ = Ad , and of size at most 4 otherwise).4 It is
Q
generated by certain products α∈Π hα (tα ) (i.e., diagonal matrices in the matrix realizations),
where Π is a simple set of roots and the tα ’s are roots of unity in F.
▶ Remark 26. The Classification of Finite Simple Groups [6] states that as F ranges over
all finite fields, the adjoint Chevalley groups (excluding G(A1 , F2 ), G(A1 , F3 ), G(B2 , F2 ),
G(G2 , F2 ), but including the “twisted” versions, which we do not discuss in this work)
constitute the finite simple groups, together with the cyclic, alternating, and sporadic simple
groups.
Although, strictly speaking, it is the adjoint Chevalley groups that are the simple ones, it
is more convenient to work with the very slightly larger universal Chevalley groups. If one
wants to precisely fulfill the goal concerning simple (adjoint) Chevalley groups described
in Section 1.1, one may use do so by appealing to Remark 12. But henceforth we work
exclusively with the universal Chevalley groups, and we will drop the adjective “universal”.
Although we have defined the Chevalley groups abstractly, we have [54, Sec. 3.3] the
isomorphisms with classical groups shown in Table 1, for the “classical” root systems of types
A, B, C, and D.
Identifications of the root elements xα (t) of the Chevalley groups of classical type as
elements of the corresponding matrix groups can be found in [13, Sec. 11.3], and matrix
realizations for the exceptional Chevalley groups can be found in [33].
As we discuss in Section 2.5, we have
n := |G(Φ, F)| = |F|Θ(1) = exp(Θ(m))
for fixed p and Φ; indeed, an exact formula for |G(Φ, F)| is known, and one can compute
within G(Φ, F) (and G(Φ, F)) in poly(m) = polylog(n) time (see Section 2.5).
▶ Remark 27. From the first relation of Definition 24, it follows that the subgroup ⟨xα (r) :
r ∈ F⟩ of G(Φ, F) is isomorphic to the additive group of F. This subgroup is called the root
subgroup associated to α.
The second relation in Definition 24 will be used to give explicit descriptions of the links
in our constructions, so we elaborate on it here.

4

Specifically, it is isomorphic to Zd+1 when Φ = Ad , to Z2 when Φ ∈ {Bd , Cd , E7 }, to Z4 or Z2 × Z2
when Φ = Dd (for odd, even d respectively), to Z3 when Φ = E7 , and is trivial otherwise. [54, Sec. 3.3].

R. O’Donnell and K. Pratt

18:11

▶ Theorem 28. The Chevalley commutator formula asserts that within G(Φ, F) and G(Φ, F),
if α, β ∈ Φ with α + β ̸= 0, and t, u ∈ F, then
Y
α,β i j
[xα (t), xβ (u)] =
xiα+jβ (Cij
tu )
i,j∈Z+
iα+jβ∈Φ
α,β
for certain structure constants Cij
∈ {±1, ±2, ±3} that can be found in, e.g., [13, Sec. 5.2].
Here the product above is taken in order of increasing i + j.5 In addition, the structure
constants only depend on the set {(i, j) : iα + jβ ∈ Φ}.

▶ Remark 29. In particular, the commutator formula implies that if α + β ̸∈ Φ ∪ {0}, then
[xα (r), xβ (r)] = 1.
α,β
▶ Remark 30. The constants Cij
are determined uniquely by Φ up to signs. Different signs
can arise from different choices of a Chevalley basis. The resulting groups are isomorphic,
however. See [13, Prop. 4.2.2] and the preceding discussion.

Although not strictly necessary for our work, we give explicit structure constants in the
following description of the commutator formula for root systems of rank 2:
▶ Proposition 31 ([35], Sec. 33.3–33.5). Let Φ be one of A2 , B2 , or G2 and let t, u ∈ F.
Then:6
If Φ = A2 with positive roots α, β, α + β, then
[xα (t), xβ (u)] = xα+β (tu).
If Φ = B2 with positive roots α, β, α + β, 2α + β, then
[xβ (t), xα (u)] = xα+β (tu)x2α+β (t2 u)
[xα+β (t), xα (u)] = x2α+β (2tu).
If Φ = G2 with positive roots α, β, α + β, 2α + β, 3α + β, 3α + 2β, then
[xβ (t), xα (u)] = xα+β (tu)x2α+β (tu2 )x3α+β (tu3 )x3α+2β (−t2 u3 )
[xα+β (t), xα (u)] = x2α+β (2tu)x3α+β (3tu2 )x3α+2β (−3t2 u)
[x2α+β (t), xα (u)] = x3α+β (3tu)
[x3α+β (t), xβ (u)] = x3α+2β (tu)
[x2α+β (t), xα+β (u)] = x3α+2β (−3tu).
Finally, we will require two more key facts:
▶ Proposition 32 ([54], Lem. 17). In the Chevalley group G(Φ, F), suppose S ⊂ Φ is a set
of roots with the following two properties: (i) α, β ∈ S and α + β ∈ Φ implies α + β ∈ S;
(ii) α ∈ S implies −α ̸∈ S. Then each element of the subgroup ⟨xα (t) : α ∈ S, t ∈ F⟩ can be
Q
expressed uniquely as α∈S xα (tα ) for some tα ∈ F, where the product is taken in some fixed
order (and this is true for any fixed ordering of S for the product).
▶ Proposition 33. Let Π be a set of simple roots, and define the two subgroups U ± = ⟨xα (t) :
α ∈ Π± ⟩. Then U + ∩ U − = {1}.
Proof. By [54, Lem. 18, Cor. 3], G(Φ, F) can be realized as a group of matrices over F where
the subgroup U + is upper-unitriangular and U − is lower-unitriangular. The proposition
follows.
◀
5
6

Ties may be broken arbitrarily, as it turns out that elements with equal i + j commute.
For G2 we fix the signs implemented in the GAP [26] package Unipot [30], which we used for calculations
in Remark 60.
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2.5

Computation within the Chevalley groups

Given field F = Fq = Fpm and root system Φ of rank d, let us treat Φ and p as fixed, and
m → ∞ as an asymptotically growing parameter. Here we recap the known facts that the
Chevalley group G(Φ, F) has order n = exp(Θ(m)) and that one can compute within G in
deterministic poly(m) = polylog(n) time. (The same is true for the adjoint Chevalley group
G(Φ, F).)
First, field arithmetic is efficient, thanks to Shoup:
▶ Theorem 34 ([53]). For a fixed prime p, there is an deterministic poly(m)-time algorithm
for finding an irreducible f ∈ Fp [x] of degree d, and thereby “constructing” the field F = Fq =
Fpm . The elements of F are encoded by bit-strings of length Θ(m), and field operations may
be computed in deterministic poly(m) time – this includes computing all kth roots of unity in
poly(k, m) time.
Next, we note that there is an easy-to-compute formula for the order of a given Chevalley
group:
2

▶ Theorem 35. For Φ of rank d, the order of the group G(Φ, F) is of the form q Θ(d ) =
2
pΘ(d m) , where the constant hidden in the Θ(·) depends only on Φ. Moreover there is a
precise formula for |G(Φ, F)| that can easily be computed in poly(d, log p, m) time; see, e.g. [54,
Thm. 25]. (All of this is also true of G(Φ, F).)
Finally, we appeal to the work of Cohen, Murray, and Taylor [15] to show that one can
efficiently construct and compute within Chevalley groups:
▶ Theorem 36 ([15], see especially Sec. 8.1). For Φ of rank d and F = Fpm , there is a
canonical representation (“Bruhat normal form”) for each element of G(Φ, F), encoded by
a bit-string of length poly(d, log q, m). One can pass between this form, a natural matrix
representation, and an expression in the Steinberg presentation – and also compute group
products and inverses – via deterministic poly(d, log q, m)-time algorithms. (Since kth roots
of unity can also be computed efficiently (Theorem 34), the O(d)-size center Z of G(Φ, F)
can also be constructed efficiently, and hence this whole theorem is also true for G(Φ, F).)

3

The Construction

For the rest of the paper we fix a field F of size pm where p > 3, an irreducible root system
Φ of rank at least 2, and a set of simple roots Π = {α1 , . . . , αd } ⊂ Φ. With this in mind,
xα (t) refers to the corresponding root element of G(Φ, F).
▶ Definition 37. For S ⊆ Φ and d ∈ N, let XS,d = ⟨xα (t) : α ∈ S, t ∈ F, deg(t) ≤ d⟩. For
shorthands we write XS = XS,1 and also Xα,d = X{α},d .
▶ Definition 38. Recalling Π = {α1 , . . . , αd }, we define S to be the following particular set
of roots:
S = Π ∪ {−(α1 + · · · + αd )} .

(1)

(The last of these is a root by by Claim 23.)
▶ Remark 39. Since Π is a basis, it follows that every subset of S of cardinality d is linearly
independent.
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▶ Definition 40. For each α ∈ S, we introduce the following subgroup of G(Φ, F):
Hα = XS\{α} .
Finally, we can introduce our coset complex:
▶ Definition 41. K = Km := CC(G(Φ, F); (Hα )α∈S ).
▶ Theorem 42. For d = rank(Φ), it holds that K is a d-dimensional pure simplicial complex,
where:
1. |K(0)| = pΘ(m) , where the constant hidden by Θ(·) depends only on Φ; moreover, the
family that arises as m → ∞ is strongly explicit.
2. Every vertex participates in at most ∆ = ∆(Φ, p) = pΘ(1) maximal faces, where the Θ(·)
constant (independent of m) depends only on Φ (indeed, it is Θ(d2 )).
3. If p > 3,7 then Linkσ (K) is connected for all σ ∈ K(i), i ≤ d − 2.
then for all σ ∈ K(d − 2) it holds that Kσ is a p2 -regular bipartite
4. If Φ ̸= G2 and p > 2, p
graph with λ2 (Kσ ) ≤ 2/p.
5. G(Φ, F) acts simply transitively on the maximal faces of K (and this is also true if one
constructs K from G(Φ, F) rather than G(Φ, F)).
By Theorem 3, we conclude our final goal:
▶ Corollary 43. Fixing Φ ̸= G2 of rank d ≥ 2, p > 3 prime, and taking m → ∞, the sequence
2
(Km ) forms a strongly explicit d-dimensional, ∆-bounded degree (∆ = pΘ(d ) ), λ-spectral
HDX family, where
1

λ≤ p

p/2 − d + 1

.
2

(Hence for large p, we have λ ∼ 1/∆Θ(1/d ) .) Moreover, the universal Chevalley group
G(Φ, F) acts simply transitively on Km ’s maximal faces.
We add that the results all remain true if uses the (simple) adjoint Chevalley groups G(Φ, F)
in place of G(Φ, F).

3.1

Global connectivity of the coset complex

The main goal of this section is to show that the subgroups Hα for α ∈ S generate G(Φ, F).
By Claim 9, this is necessary to ensure that the 1-skeleton of K is connected.
▶ Theorem 44. Let S ⊆ Φ be a subset of rank(Φ) + 1 roots where S + = Φ. Then
XS = G(Φ, F).
The particular set of roots S we selected in Equation (1) has the desired property, as the
following shows:
▶ Proposition 45. For S as in Equation (1) we have S + = Φ.
Proof. We have S + ⊇ Π+ , and so S + certainly contains all positive roots in Φ (recall
Definition 18). It remains to show that S + contains each negative root γ ∈ Φ. Writing
γ = −n1 α1 − · · · − nd αd , it follows that we can reexpress it as
γ = r(−(α1 + · · · + αd )) + r1 α1 + · · · + rd αd
for a sufficiently large positive integer r, and positive integers r1 , . . . , rd . Thus indeed
γ ∈ S +.
◀
7

Recall Footnote 1.
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▶ Example 46. Ad is the set of vectors {ei − ej , i ̸= j} ⊂ Rd . A set of simple roots is given
P
by Π = {ei − ei+1 : i ∈ [d]}; in this case − α∈Π α = ed − e1 . It is straightforward to check
that S = {ei − ei+1 : i ∈ [d]} ∪ {ed − e1 } ⊂ Ad satisfies the hypothesis of Theorem 44. This
is the set of roots implicitly used in [40].
▶ Remark 47. There are other choices of S besides our S from Equation (1) that satisfy the
condition of Theorem 44. These can be used to obtain slightly different constructions. For
example, referring to Figure 1 one see that in B2 one can take S = {α, β, −β − 2α}, or in G2
one can take S = {α, α + β, −2α − β}.
We will require the following (presumably known) fact:
▶ Lemma 48. For i, j, d1 , d2 ∈ N with char(F) > max(i, j), write d = id1 + jd2 . Then
F[x]≤d = span{f i g j : f ∈ F[x]≤d1 , g ∈ F[x]≤d2 }.
where F[x]≤k represents the polynomials of degree at most k.
Proof. It suffices to establish that xe is in the span, for any e ≤ d. Express e = a1 + · · · +
ai + b1 + · · · + bj , with each a being a natural number at most d1 and each b being a natural
number at most d2 . Now note that the monomial
x a 1 x a 2 · · · x a i x b1 x b2 · · · x b j

(2)

becomes equal to xe if each indeterminate xc is substituted with xc . Next, we use the identity
!i
i
X
1 X
|s|+i
(−1)
s ℓ xaℓ ,
xa1 x2 · · · xai =
i!
i
s∈{0,1}

ℓ=1

with the constant i!1 being sensible in the field F since char(F) > i. (This is the “higher
or Ryser’s formula applied to the matrix where every row is
order polarization identity”,

xa1 xa2 · · · xai .) Multiplying this against the analogous identity with the b’s (and
using char(F) > j), we get that (2) can be expressed as a linear combination of multivariate
polynomials F i Gj , where each F is a linear combination of xc ’s with c ≤ d1 and each G
is a linear combination of xc ’s with c ≤ d2 . Now substituting xc = xc yields the desired
univariate expression for xe .
◀
A key goal now is to establish the below Lemma 49. We remark that several times
it will use Lemma 48; in each application we will have “i” and “j” at most 3, less than
char(F) = p > 3 as required.
▶ Lemma 49. Fix roots β ̸= −α and any d1 , d2 ∈ N. Then
⟨Xα,d1 , Xβ,d2 ⟩ = ⟨Xiα+jβ,id1 +jd2 : i, j ∈ N, iα + jβ ∈ Φ⟩.
Proof. The inclusion ⊆ is immediate by taking (i, j) ∈ {(1, 0), (0, 1)}, so it suffices to prove
the reverse inclusion ⊇. The case β = α is trivial, so we may assume that α, β span some
2-dimensional subspace H. Let R := {iα + jβ ∈ Φ : i, j ∈ N}, a subset of the 2-dimensional
root system Φ′ = Φ ∩ H. If R = {α, β} only then the lemma is immediate. Otherwise, R
must also contain α + β (using Claim 22) and hence Φ′ is isomorphic to A2 , B2 , or G2 as
explained in Remark 15. This allows us to classify the possibilities for R; with the assistance
of Figure 1, we see there are four cases, namely R = {α, β} ∪ R′ for R′ equal to. . .
1. {α+β},

2. {α+β, 2α+β},

3. {α+β, 2α+β, α+2β},

4. {α+β, 2α+β, 3α+β, 3α+2β}.
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In each case, we need to show for every γ = iα + jβ ∈ R′ that xγ (w) ∈ ⟨Xα,d1 , Xβ,d2 ⟩ for all
w ∈ F of degree at most d = id1 + jd2 . By virtue of Lemma 48 (and using char(F) > 3 ≥ i, j),
it suffices to show this for w’s that are linear combinations of field elements of the form ti uj ,
where t has degree d1 and u has degree d2 . Further, since xγ (r + s) = xγ (r)xγ (s), it
suffices to handle w of the form cti uj for arbitrary c ∈ Fp . Finally, it suffices to handle
just one specific c =
̸ 0, because if xγ (cti uj ) is in ⟨Xα,d1 , Xβ,d2 ⟩ then so too is its kth power
i j k
xγ (ct u ) = xγ (kcti uj ), and kc varies over all Fp as k varies in N. We will always use
′
′
a c which is the product of structure constants Ciα′ ,j,β′ , and such are never 0 in Fp because
′

′

1 ≤ |Ciα′ ,j,β′ | ≤ 3 < p.
Summarizing, for fixed t, u ∈ F of degree at most d1 , d2 (respectively), it suffices to show
the following in Cases 1–4: For each γ = iα + jβ ∈ R′ we have xγ (cti uj ) ∈ ⟨xα (t), xβ (u)⟩ for
some product of structure constants c.
Case 1: R′ = {α + β}. This case arises when Φ′ = A2 and ∠(α, β) = 120◦ , or when
Φ′ = B2 and α, β are short roots with ∠(α, β) = 90◦ , or when Φ′ = G2 and α, β are
short roots with ∠(α, β) = 60◦ . We handle γ = α + β via the commutator formula
α,β
[xα (t), xβ (u)] = xα+β (C1,1
tu).
Case 2: R′ = {α + β, 2α + β}, which arises for Φ′ = B2 .
γ = 2α + β. By the commutator formula we have

We first treat the root

α,β
α,β 2
[[xα (t), xβ (u)], xα (t)] = [xα+β (C1,1
tu)x2α+β (C2,1
t u), xα (t)].
α,β 2
In this latter commutator we can delete x2α+β (C2,1
t u) because it commutes with the other
two elements. (This is since no root is a nontrivial N-linear combination involving 2α + β.)
Thus
α,β
α+β,α α,β 2
[[xα (t), xβ (u)], xα (t)] = [xα+β (C1,1
tu), xα (t)] = x2α+β (C1,1
C1,1 t u).

(3)

Thus γ = 2α + β is handled. As for γ = α + β, the commutator formula gives
α,β 2
α,β
α,β 2
α,β 2
[xα (t), xβ (u)] · x2α+β (−C2,1
t u) = xα+β (C1,1
tu)x2α+β (C2,1
t u) · x2α+β (−C2,1
t u)
α,β
= xα+β (C1,1
tu),
α,β 2
and so γ = α + β is also handled (since we already know x2α+β (−C2,1
t u) is in ⟨xα (t), xβ (u)⟩
via Equation (3)).

Case 3: R′ = {α + β, 2α + β, α + 2β}.
treating γ = 2α + β. We have

This case only arises for Φ′ = G2 . We start by

α,β
[[xα (t), xβ (u)], xα (t)] = [xα+β (C1,1
tu)y, xα (t)]

α,β 2
α,β 2
for y = x2α+β (C2,1
t u)xα+2β (C3,1
tu ),

and similar to Case 2 we can delete y from this commutator as it commutes with the other
two elements (by virtue of the height of 2α + β and α + 2β). Hence
α,β
α,β α+β,α 2
[[xα (t), xβ (u)], xα (t)] = [xα+β (C1,1
tu), xα (t)] = x2α+β (C1,1
C1,1 t u)

and we’ve handled γ = 2α + β. The case of γ = α = 2β is similar. Finally the treatment of
γ = α + β is similar to Case 2; it follows from
α,β 2
α,β 2
α,β
[xα (t), xβ (u)]xα+2β (−C3,1
tu )x2α+β (C2,1
t u) = xα+β (C1,1
tu).
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Case 4: R′ = {α + β, 2α + β, 3α + β, 3α + 2β}. This case only arises for Φ′ = G2 . To
reduce clutter in this case, we will sometimes abbreviate xiα+jβ (cti uj ) to xiα+jβ . We start
with
[xα (t), xβ (u)] = xα+β · x2α+β · x3α+β · x3α+2β ,

(4)

which implies
[[xα (t), xβ (u)], xβ (u)] = [xα+β · x2α+β · x3α+β , xβ ],
where we deleted the x3α+2β element since it commutes with everything else. Now since xβ
commutes with xα+β and x2α+β , we get
3α+β,β α,β 3 2
[xα+β · x2α+β · x3α+β , xβ ] = [x3α+β , xβ ] = x3α+2β = x3α+2β (C1,1
C3,1 t u ),

where in the last step we explicitly wrote in the argument to x3α+2β that arises. Thus we have
handled γ = 3α + 2β. Taking care of γ = 3α + β is somewhat more tedious. Considerations
similar to the above lead us to
[[xα (t), xβ (u)], xα (t)] = [xα+β · x2α+β , xα ],
which in turn equals
α,β 2
α,β 2
x2α+β (−C2,1
t u) · [xα+β , xα ] · x2α+β (C2,1
t u) · [x2α+β , xα ],

(5)

where we explicitly wrote in the arguments to x2α+β that arise. We now observe that when
the commutator rule is twice applied in the above, the resulting elements are x2α+β · x3α+2β ·
x3α+β (first commutator) and x3α+β (second commutator), and these all commute with the
α,β 2
α,β 2
x2α+β (±C2,1
t u) in Equation (5). Thus said x2α+β (±C2,1
t u) cancel out, and we end up
deducing that [[xα (t), xβ (u)], xα (t)] equals
α+β,α α,β 2
α+β,α α,β 3 2
α+β,α α,β
2α+β,α α,β 3
x2α+β (C1,1
C1,1 t u)x3α+2β (C2,1
C1,1 t u )x3α+β ((C1,2
C1,1 + C1,1
C2,1 )t u). (6)

Finally, we take one more commutator with xα (t). The latter two elements in the above
commute with xα (t) and thus may be deleted; we are left with
α+β,α α,β 2
[[[xα (t), xβ (u)], xα (t)], xα (t)] = [x2α+β (C1,1
C1,1 t u), xα(t) ]
2α+β,α α+β,α α,β 3
= x3α+β (C1,1
C1,1 C1,1 t u).

Thus we have handled γ = 3α +β. Since γ = 3α +2β has also been treated, we get γ = 2α +β
from Equation (6), and then γ = α + β from Equation (4).
◀
We may now complete our goal for this section:
Proof of Theorem 44. We first show that Xα = Xα,1 ⊆ XS for all α ∈ Φ. Since we are
P
assuming S + = Φ, we can write α = β∈S nβ β with nβ ∈ N. Then by Claim 22 we can
write α = pi1 + pi2 + · · · + piℓ with pij ∈ S and where all prefix sums are roots. Clearly
we may assume that pj ̸= −(p1 + · · · + pj−1 ) does not occur for any j, as otherwise the
first j terms could be excised from the expression for α. Then by Lemma 49 it follows that
Xpi1 +pi2 ⊆ ⟨Xpi1 , Xpi2 ⟩, Xpi1 +pi2 +pi3 ⊆ ⟨Xpi1 , Xpi2 , Xpi3 ⟩, and so on, eventually yielding
Xα ⊆ ⟨Xβ : β ∈ Φ⟩.
Now suppose by induction on i ≥ 0 that Xα,2i ⊆ XS for all α ∈ Φ. By Claim 17, for any
root γ ∈ Φ we can write γ = α + β for some α, β ∈ Φ, and it follows from Lemma 49 that
Xγ,2i +2i ⊆ ⟨Xα,2i , Xβ,2i ⟩. Thus indeed Xγ,2i+1 ⊆ XS , completing the induction.
◀
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Structure of the links

In this section we describe the structure of the subgroups XT where T ⊂ S. This will be
used to show that the links of all faces of K are connected.
We will first need a “graded” version of Proposition 32.
▶ Proposition 50. Fix any ordering ≺ of the roots Φ, and let Ψ ⊆ Φ be linearly independent.
Q
Then the elements of XΨ are in 1-1 correspondence with expressions of the form γ∈Ψ+ xγ (tγ )
with xγ (tγ ) ∈ Xγ,htΨ (γ) (and the product taken in order ≺).
Proof. We first prove that every expression of the given form is indeed in XΨ . Precisely, we
show by induction on h that XΨ contains all subgroups Xγ,h with h = ht(γ). The base case
of h = 1 is immediate. For general h, take any γ ∈ Ψ+ with height h and write γ = α + β
with α, β ∈ Ψ+ of height smaller than h. (This is possible by Claim 22.) Now it follows
from Lemma 49 that Xγ,ht(γ) = Xγ,ht(α)+ht(β) ⊆ ⟨Xα,ht(α) , Xβ,ht(β) ⟩, and this is in XΨ by
induction.
We next show that every element in XΨ has a unique expression of the given form. In
fact, it suffices to show existence, since uniqueness follows from Proposition 32 (note that Ψ+
satisfies its hypotheses). Let us say that an expression of the form
xγ1 (u1 )xγ2 (u2 ) · · · xγm (um )

(7)

with γi ∈ Ψ+ is well-bounded if each ui has degree at most ht(γi ). The desired existence
result is that every z ∈ XΨ has a well-bounded expression as above, where γ1 , . . . , γm list the
elements of Ψ+ in the order ≺. (We remark that it doesn’t matter whether we are allowing
consecutive duplicate γi ’s in this list, since xγ (u)xγ (u′ ) = xγ (u + u′ ) and this preserves
well-boundedness.)
To show this existence, it actually suffices to repeat the existence proof in Proposition 32.
At a high level, this works because that proof ultimately only uses the commutator formula,
and applications of the commutator formula preserve well-boundedness. That is, starting
from an arbitrary z ∈ XΨ , by definition we may express z as in Equation (7) with each
γi ∈ Ψ and each ui of degree at most 1. This is well-bounded. Then an application of the
commutator formula switches some consecutive xγ (u)xγ ′ (u′ ) to xγ ′ (u′ )xγ (u)[xγ (u), xγ ′ (u′ )],
γ,γ ′ i ′ j
and this commutator is the product of elements of the form xiγ+jγ ′ (Ci,j
u (u ) ). But this
product is indeed well-bounded, presuming the former expression was well-bounded.
For completeness, we sketch why the existence result in Proposition 32 only relies on
the commutator formula. We prefer to first follow the existence result in [13, Thm. 5.3.3],
which assumes that the order ≺ is consistent with heights (meaning htΨ (α) ≤ htΨ (β) implies
α ≺ β). Under this assumption, we may repeatedly reorder consecutive products xγ (u)xγ ′ (u′ )
whenever γ ′ ≺ γ, as described above. Notice that the new products of elements of the form
γ,γ ′ i ′ j
xiγ+jγ ′ (Ci,j
u (u ) ) that arise are have ht(iγ + jγ ′ ) > ht(γ), ht(γ ′ ). Because of this, and the
height-respecting property of ≺, this process must eventually terminate with a (well-bounded)
expression like Equation (7) where the roots γi are in the order ≺ (and any missing root
γ ∈ Φ+ can be inserted via xγ (0)).
It remains to treat the case that the root order ≺ does not necessarily respect heights.
For this we appeal to [54, Lem. 18], the associated component of the proof of Proposition 32.
It says that it suffices to check – when γ is a height-respecting order, and Ψ+ = {γ1 ≺ γ2 ≺
· · · ≺ γm } – that each subgroup of the form
Bi := Xγi ,ht(γi ) · Xγi+1 ,ht(γi+1 ) · · · Xγr ,ht(γm )
is normal in XΨ . To see this, take a generic well-bounded expression
y = xγi (ti )xγi+1 (ti+1 ) · · · xγm (tm )
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in Bi and consider conjugating it by an arbitrary well-bounded expression w as in Equation (7).
We have w−1 yw = y[y, w], and expanding the commutator yields a well-bounded expression
consisting only of xγ (v)’s where ht(γ) ≥ ht(γi ). Now as in the previous argument, this may
be further rearranged into a well-bounded expression in Bi , showing that Bi is closed under
conjugation and hence normal.
◀
We have the following immediate consequence:
▶ Corollary 51. Let Ψ be a set of linearly independent roots. Then |XΨ | =

Y

phtΨ (α)+1 .

α∈Ψ+

Importantly, |XΨ | can be bounded independently of m (where recall |F| = pm ). This will
imply that a vertex in K belongs to just pO(1) faces where the O(1) does not depend on m.
The proceeding normal form result also helps us show the following:
▶ Proposition 52. Let Ψ and Ψ′ be sets of linearly independent roots. Then XΨ ∩ XΨ′ =
XΨ∩Ψ′ .
Proof. By Claim 21 we may choose a set Π of simple roots with Ψ ⊆ Π+ . We apply
Q
Proposition 50 to any g ∈ XΨ and h ∈ XΨ′ , writing them as g = α∈Ψ+ xα (tα ) and
Q
h = α∈Ψ′+ xα (uα ) = U · L, where we have ordered h as a product U of root elements in
Π+ times a product L of root elements in Π− . Now supposing g = h, we get U −1 g = L.
But by Proposition 33, the only way this equality can hold is if L = 1. Hence we have
Q
Q
+
α∈Ψ+ xα (tα ) =
α∈Ψ′+ xα (uα ), where on both sides α is ranging in Π ; hence by uniqueness
of these expressions (assuming the products are taken in the same order), equality holds
just when tα = uα for all α. So the elements of XΨ ∩ XΨ′ are exactly the elements
Q
of the form α∈Ψ+ ∩Ψ′+ xα (fα ) where deg(fα ) ≤ min(htΨ (α), htΨ′ (α)). But note that
Ψ+ ∩ Ψ′+ = (Ψ ∩ Ψ′ )+ and htΨ (α) = htΨ′ (α) = htΨ∩Ψ′ (α) for α ∈ (Ψ ∩ Ψ′ )+ due to linear
independence. So any such an element belongs to XΨ∩Ψ′ (using Proposition 50 again), which
proves the proposition.
◀
▶ Observation 53. In fact, Z · XΨ ∩ Z · XΨ′ = Z · XΨ∩Ψ′ , where Z denotes the center
of G(Φ, F). The proof proceeds in the same fashion: Under the matrix identification of
Proposition 33, Z consists of diagonal matrices. Thus if D1 U −1 g = D2 L with D1 and D2
diagonal, L lower-unitriangular and U −1 g upper-unitriangular, we must have D1 = D2 and
Q
Q
L = U −1 g = 1. This implies α∈Ψ+ xα (tα ) = α∈Ψ′+ xα (uα ), and the rest of the proof
follows as before.
Combining Proposition 52 with Claim 10 lets us understand the structure of the links
in K:
▶ Theorem 54. Let σ ∈ K be a face of type T ⊊ S. Then the link of F is isomorphic to the
coset complex CC(XS\T ; (XS\T \{α} : α ∈ S \ T )).
Proof. For T = ∅, this is the combination of Theorem 44 and Proposition 45. Otherwise, by
virtue of Claim 10 it suffices to show that for any U ⊆ S,
\
\
HU =
Hα =
XS\{α} = XS\U .
α∈U

α∈U

But this follows from Proposition 52 after recalling (Remark 39) that S \ {α} is linearly
independent for any α.
◀
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Finally, whenever |T | ≤ d − 1 the sets S \ T \ {α} are nonempty, and so we may therefore
conclude using Claim 9:
▶ Corollary 55. For all σ ∈ K(i) with i ≤ d − 2, Kσ is connected.
▶ Remark 56. The fact that K and all of its links of dimension at most d − 2 are connected
is equivalent to saying that K is strongly gallery connected [40, Rem. 2.1].

3.3

Expansion of links

▶ Definition 57. For α, β ∈ Φ with α ̸= −β, let CC(α; β) = CC(X{α,β} ; (Xα , Xβ )).
It follows from Theorem 54 that the link of every (d − 2)-dimensional face in our complex K
is isomorphic to CC(α; β) for distinct α, β ∈ S. The main goal of this section is to show that
the bipartite skeleton graphs of these CC(α; β) are good expanders. (For this we will not
even need to recall our specific choice of S.) Combined with Theorem 3 and the connectivity
result Corollary 55, it follows that all links of K are good expanders.
We begin with a simple observation:
▶ Proposition 58. For α ̸= −β, CC(α; β) is a p2 -regular bipartite (multi)graph.
Proof. From Claim 10, the link of a vertex in Xα,β /Xβ is isomorphic to CC(Xβ ; Xα ∩ Xβ ) =
CC(Xβ ; 1), where we used Proposition 52. But this is equivalent to saying the neighborhood
of a vertex in the skeleton is a set of size |Xβ | = p2 (recalling Corollary 51). The same
consideration holds for vertices in Xα,β /Xα .
◀
The key idea we will use in understanding the expansion of the links CC(α; β) will be to
look at the graph-theoretic square, CC(α; β)2 , of (the skeleton of) CC(α; β). Since CC(α; β)
is connected and bipartite, we know that its random walk matrix has isolated “trivial”
eigenvalues of ±1, and all other eigenvalues are between ±λ2 (CC(α; β)). Thus if we exclude
from CC(α; β)2 the “trivial” eigenvalue 1, its maximum eigenvalue will be λ2 (CC(α; β))2 , the
square of what we wish to bound. In fact, since CC(α; β) is bipartite, CC(α; β)2 will have
two disconnected components corresponding to the two parts of CC(α; β). It is a simple
and well-known linear algebra fact that these two components have the same eigenvalues
(possibly up to some eigenvalues of 0). Hence it suffices for us to bound the eigenvalues of
CC(α; β)2 on only one of the two sides, Xα,β /Xα or Xα,β /Xβ .
As we will now show, whenever Φ ̸= G2 , at least one of these two sides is an abelian
Cayley graph. (Interestingly, we do not know that both sides are.) Thus we can understand
the eigenvalues by elementary methods. We discuss a potential approach to handling the G2
case in Section 4.1.
▶ Theorem 59. Let α, β ∈ Φ ̸= G2 , with p
α ̸= −β. Then the nontrivial eigenvalues of
CC(α; β)2 are at most 2/p; hence λ2 (Kσ ) ≤ 2/p for every σ ∈ K(d − 2).
Proof. When it is relevant, we will follow the convention of calling the shorter of the two
roots α and the longer β. Then, with foresight toward Case 3 below, we choose to study the
Xα,β /Xα side of CC(α; β)2 .
By virtue of Proposition 50, we can describe coset representatives for Xα,β /Xα fairly
simply; fixing an ordering for the roots in which α is last, we can take as coset representatives
precisely those elements of the form
Y
g=
{xiα+jβ (tij ) : (i, j) ∈ N × N \ {(1, 0)}, iα + jβ ∈ Φ, deg(tij ) ≤ i + j}.
(8)
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Moreover, the p2 neighbors (counted with multiplicity) of vertex gXα in the squared
(multi)graph CC(α; β)2 are the following cosets:
(g · xα (f0 ) · xβ (f1 ))Xα ,

for f0 , f1 ∈ F of degree at most 1.

Via the commutator formula one sees that the associated coset representatives are
Y
β,α
g · xα (f0 ) · xβ (f1 ) · xα (−f0 ) = g · xβ (f1 ) ·
xiα+jβ (Cij
(−f0 )i f1j ).

(9)

i,j∈Z+
iα+jβ∈Φ

By Remark 15, either α + β ∈
/ Φ, or the root subsystem of Φ spanned by α and β is
one of A2 , B2 , or G2 . We will skip the case when α and β span G2 , as it only arises when
Φ = G2 . Now as in the proof of Lemma 49, we will do case analysis on the possible sets
R = {i, j : iα + jβ ∈ Φ}.
Case 1: R = {α, β}. If α + β ∈
/ Φ, then Xα and Xβ commute by Theorem 28, and it
is easy to check that CC(α; β) is in fact the complete p2 -regular bipartite graph; hence the
nontrivial eigenvalues of CC(α; β)2 are all 0.
Case 2: {α, β, α
p+ β}. It was shown in [40], and alternatively in [31, Corollary 5.6], that
λ2 (CC(α; β)) = 1/p; equivalently, the nontrivial eigenvalues of CC(α; β) are at most 1/p.
Here we give a different proof of this fact, the strategy of which will be generalized in Case 3.
From Equations (8) and (9) we have that a typical coset representative g = xβ (t01 ) ·
xα+β (t11 ) is connected in CC(α; β)2 to the following coset representatives, for f0 , f1 ∈ F of
degree at most 1:
β,α
β,α
xβ (t01 ) · xα+β (t11 ) · xβ (f1 ) · xα+β (−C11
f0 f1 ) = xβ (t01 + f1 ) · xα+β (t11 − C11
f0 f1 ).
β,α
β,α
Reparameterizing with f2 = −C11
f0 (and recalling C11
̸= 0), it is evident that CC(α; β)2
is an abelian Cayley group, wherein each vertex is a pair (ℓ, q) with ℓ linear and q quadratic,
hence (ℓ, q) ∼
= F5p , and with edges involve adding a pair (f1 , f1 f2 ) for f1 , f2 linear. With x
denoting the field indeterminate, we can write f1 = a + bx and f2 = c + dx; then the
Xα,β /Xα side of our graph CC(α; β)2 may be identified as an abelian Cayley graph on F5p
with symmetric generating set

{(a, b, ac, ad + bc, bd) : a, b, c, d ∈ F4p }.
Then it is well known that the eigenvalues of this graph are given by the exponential sums


E
Expp (r1 a + r2 b + r3 ac + r4 (ad + bc) + r5 bd)
a,b,c,d∼Fp



 

= E E Expp (a · h(c, d)) E Expp (b · h′ (c, d))
(10)
c,d a

b

for r1 , . . . , r5 ∈ Fp , where Expp (z) = e2πiz/p , and
h(c, d) = r1 + r3 c + r4 d,

h′ (c, d) = r2 + r4 c + r5 d.



Notice whenever the outcome c, d has h(c, d) ̸= 0, the quantity Ea Expp (a · h(c, d)) inside
Equation (10) becomes 0. On the other hand, if h(c, d) = 0 then this quantity is 1. Similar
considerations hold for h′ , and we conclude that the eigenvalue in Equation (10) is precisely
Pr[h(c, d) = h′ (c, d) = 0].
c,d
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Of course if r1 = · · · = r5 = 0 then h, h′ are formally 0 and the above is the trivial eigenvalue
of 1. But otherwise, at least one of h, h′ is nonzero – say, h – and, being an affine linear
polynomial over Fp , it has Prc,d [h(c, d)] ≤ 1/d. This shows that indeed the nontrivial
eigenvalues of CC(α; β)2 are at most 1/p.
Case 3: R = {α, β, α + β, 2α + β}. As mentioned earlier, here we have named the
shorter root α and the longer root β. From Equations (8) and (9) we have that a typical
coset representative g = xβ (t01 ) · xα+β (t11 ) · x2α+β (t21 ) is connected in CC(α; β)2 to the
following coset representatives, for f0 , f1 ∈ F of degree at most 1:
β,α
β,α 2
xβ (t01 ) · xα+β (t11 ) · x2α+β (t21 ) · xβ (f1 ) · xα+β (−C11
f0 f1 ) · x2α+β (C12
f0 f1 )
β,α
β,α 2
= xβ (t01 + f1 ) · xα+β (t11 − C11
f0 f1 )) · x2α+β (t21 + C12
f0 f1 ).

(We remark that had we looked at the Xα,β /Xβ side of CC(α; β)2 , we would not have
gotten all of the commutativity in the above calculation.) Reparameterizing again with
β,α
f2 = −C11
f0 , this is
xβ (t01 + f1 ) · xα+β (t11 + f1 f2 ) · x2α+β (t21 + Cf1 f22 )
for some constant C ̸= 0 in Fp .
Similar to Case 2, we see that this is an abelian Cayley graph on F9p with symmetric
generating set
{(a, b, ac, ad + bc, bd, Cac2 , C(bc2 + 2acd), C(2bcd + ad2 ), Cbd2 ) : a, b, c, d ∈ Fp }.
As before, the eigenvalues of this graph are given by
E

a,b,c,d∈Fp



Expp (r1 a + r2 b + r3 ac + r4 (ad + bc) + r5 bd + r6 Cac2 +
r7 C(bc2 + 2acd) + r8 C(2bcd + ad2 ) + r9 Cbd2 )




 

= E E Expp (a · h(c, d)) E Expp (b · h′ (c, d)) ,
c,d a

b



(11)

for all r1 , . . . , r9 ∈ Fp , where
h(c, d) = r1 + r3 c + r4 d + Cr6 c2 + 2Cr7 cd + Cr8 d2 ,
h′ (c, d) = r2 + r4 c + r5 d + Cr7 c2 + 2Cr8 cd + Cr9 d2 .
The argument is now the same as in Case 2, except we reason that if h is nonzero, then
Prc,d [h(c, d)] ≤ 2/p by Schwartz–Zippel, since now h is quadratic.
◀
▶ Remark 60. When Φ = G2 two other graphs can arise as CC(α; β). The squares of these
graphs are not Cayley graphs of abelian groups, and so the previous approach fails. For
completeness we now give explicit description of the squared graphs CC(α; β)2 restricted to
the vertices on the side Xα,β /Xα .
From Figure 1 we see that if α, β ∈ G2 and α + β ∈ G2 then ∠(α, β) ∈ {60◦ , 120◦ , 150◦ }.
If ∠(α, β) = 60◦ or if ∠(α, β) = 120◦ and α and β are long roots, the analysis is the same as
in Case 2 of the previous proof. There are two remaining cases: (I) α and β are simple roots
and ∠(α, β) = 150◦ as in Figure 1; (II) ∠(α, β) = 120◦ and α and β are short roots.
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Case I: ∠(α, β) = 150◦
From Equation (8), a typical coset representative in Xα,β /Xα is
g = xβ (t01 ) · xα+β (t11 ) · x2α+β (t21 ) · x3α+β (t31 ) · x3α+2β (t32 )
with deg(tij ) ≤ i + j. By Equation (9), the neighbors of this coset representative in CC(α; β)2
are parameterized by
g · xβ (f1 − t01 ) · [xβ (f1 − t01 ), xα (−f0 )]
for all f0 , f1 of degree at most 1. Using Proposition 31, one can show that this is the
multigraph with vertices (t01 , t11 , t21 , t31 , t32 ) whose neighbors are parameterized by
(f1 + t01 , −f0 f1 + t11 , f02 f1 + t21 , −f03 f1 + t31 , −f1 (t31 + 3t21 f0 + f03 f1 ) + t32 ).

Case II: ∠(α, β) = 120◦
A typical coset representative in Xα,β /Xα is
g = xβ (t01 ) · xα+β (t11 ) · x2α+β (t21 ) · xα+2β (t12 ),
where deg(tij ) ≤ i + j. The neighbors of this coset representative are parameterized by
g · xβ (f1 − t01 ) · [xβ (f1 − t01 ), xα (−f0 )]
for all f0 , f1 of degree at most 1. Using Proposition 31, one can show that this is the
multigraph with vertices (t01 , t11 , t21 , t12 ) whose neighbors are parameterized by
(f1 + t01 , −2f0 f1 + t11 , 3f02 f1 + t21 , 3f1 (t11 + f0 f1 ) + t12 ).

4

Concluding

Finally we can prove Theorem 42.
Proof of Theorem 42.
1. By Theorem 35, we have |G(Φ, F)| = pΘ(m) . By Corollary 51, the subgroups Hα have
size at most pO(1) . (Here the Θ(·) and O(·) depend only on Φ.) Hence there are pΘ(m)
total cosets, and the claim that |K(0)| = pΘ(m) follows. Note that as m increases by 1,
the size of the complex grows by a constant factor pO(1) ; thus we have the linear growth
in size needed for a strongly explicit family, and the exact number of vertices n can be
computed efficiently in poly(m) = polylog(n) time (by Theorem 35). The resulting family
is strongly explicit thanks to Theorem 36: one can and construct all the group elements in
G(Φ, F) efficiently, one can identify the vertices (cosets) explicitly and naively by listing
all their elements (recall each Hα has constant size), and one can compute the complex’s
adjacency structure (e.g., list all maximal faces to which a given vertex belongs) thanks
to the efficient (poly(m) = polylog(n) time) group arithmetic from Theorem 36.
2. Again, by Corollary 51 the subgroups Hα have size at most pO(1) . The number of maximal
faces containing a vertex is therefore at most pO(1)·(d+1) = pO(1) .
3. This is Corollary 55.
4. This is Theorem 59.
T
5. From Proposition 52, α∈S Hα = {1}. The claim then follows from Claim 7. In addition,
T
by Observation 53 we have that α∈S ZHα = Z, and so in the quotient group G(Φ, F)
the subgroups Hi Z/Z intersect trivially. Hence we also get a simply-transitive action for
the adjoint Chevalley groups.
◀
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Further questions

As mentioned in Remark 60, we do not know if the 2-dimensional complexes obtained from
our construction for G(G2 , F) yield HDX families, either in the case S = {α, β, −α − β} (as
we selected in Definition 38) or in the alternative case S = {α, α + β, −2α − β} mentioned
in Remark 47. We note that this latter case with S = {α, α + β, −2α − β} is particularly
appealing, as all vertex links are isomorphic (i.e., the 1-skeleton is a graph of constant link).
Additionally, to the best of our knowledge none of the links in this case arise in previous
HDX constructions. This is in contrast to our other constructions, which always contain
some links isomorphic to those studied in [40].
One approach to prove the expansion of these links is to count the number of closed walks
of some fixed length k in one side of their square, which (by the trace method) equals the
sum of the kth powers of the eigenvalues of their adjacency matrices. By Remark 60, the
number of length-k paths starting and ending at a fixed vertex on the side Xα,β /Xα equals
the number of solutions to the following systems of equations, corresponding to the first and
second cases in Remark 60, respectively:
0=

0=

k
X

gi =

k
X

fi gi =

k
X

fi2 gi =

k
X

i=1

i=1

i=1

i=1

k
X

k
X

k
X

k
X

i=1

gi =

i=1

fi gi =

i=1

fi2 gi =

i=1

fi3 gi =

k
X

−gi (fi3 gi +

i=1

gi (fi gi − 2

i−1
X

(fj3 gj + 3fj2 gj fi )),

j=1
i−1
X

fj gj ).

j=1

Here fi and gi are linear polynomials in Fp [x]. The graphs corresponding to the first and
second systems have pn vertices, where n = 20 and n = 13, respectively. Therefore if for some
particular k one could bound the number of solutions to either of these by, say, p4k−n + p3.99k ,
expansion of the corresponding complexes would follow. To show this it would suffice to show
that the varieties defined over C by these systems are irreducible and of dimension at most
4k − 20 in the first case, or 4k − 13 in the second case, for some k. This seems potentially
tractable for a computer algebra system.
Finally, we have shown that the untwisted groups of Lie type act (simply) transitively
on the maximal faces of certain HDXs. Are there more “combinatorial” families of groups –
perhaps the symmetric group or the generalized symmetric groups – which admit transitive
actions on HDXs?
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Abstract
We study the complexity of computing majority as a composition of local functions:
Majn = h(g1 , . . . , gm ),
where each gj : {0, 1}n → {0, 1} is an arbitrary function that queries only k ≪ n variables and
h : {0, 1}m → {0, 1} is an arbitrary combining function. We prove an optimal lower bound of
m≥Ω



n
log k
k



on the number of functions needed, which is a factor Ω(log k) larger than the ideal m = n/k. We call
this factor the composition overhead; previously, no superconstant lower bounds on it were known
for majority.
Our lower bound recovers, as a corollary and via an entirely different proof, the best known
lower bound for bounded-width branching programs for majority (Alon and Maass ’86, Babai et
al. ’90). It is also the first step in a plan that we propose for breaking a longstanding barrier in
lower bounds for small-depth boolean circuits.
Novel aspects of our proof include sharp bounds on the information lost as computation flows
through the inner functions gj , and the bootstrapping of lower bounds for a multi-output function
(Hamming weight) into lower bounds for a single-output one (majority).
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Introduction

A basic theme in computer science is the representation of certain functions as the combination
of simpler ones. Indeed, the field of distributed computing and the widespread principle of
divide-and-conquer rely on this property of functions.
In this paper we focus on locality as our notion of simplicity: a k-local function over
n variables is one that depends only on k ≪ n input coordinates. This leads us to the
following complexity measure of boolean functions, first studied by Hrubeš and Rao [15],
which quantifies how easily they can be represented as the combination of local functions:
▶ Definition 1 (composition complexity). The k-composition complexity of a function f ,
denoted CCk (f ), is the minimum m such that f can be expressed as h(g1 , . . . , gm ), where
each of the inner functions gj queries only k variables.
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Clearly, any function f that actually depends on all n variables must have CCk (f ) ≥ n/k,
since every variable must be queried at least once. The parity function shows that this bound
can be tight: CCk (Parityn ) ≤ O(n/k), since we can let each gj compute the parity of a set of
k variables, and let h compute the parity of these parities. However, some functions inherently
require more than n/k inner functions: they incur a composition overhead. This motivates
k (f )
defining the k-composition overhead of f to be the ratio CCn/k
between its k-composition
complexity and the ideal n/k.

1.1

This work

In this paper we study the composition complexity of the majority function. Prior to our
work, this was perhaps the most basic function whose composition complexity was not well
understood. For an upper bound, it is not hard to see that CCk (Majn ) ≤ O( nk log k). We can
split the variables into n/k disjoint sets of size k and devote O(log k) of the inner functions gi
to computing the Hamming weight of each set. Then h can determine the overall Hamming
weight, and output 1 if and only if it is at least n/2. This uses a total of m ≤ O( nk log k)
inner functions.
As for lower bounds, while it is an easy exercise to improve the trivial lower bound
of ≥ n/k to > n/k in the case of majority, even a modest lower bound of ≥ 1.1 nk seems
challenging to establish. Our main result is an asymptotically tight lower bound showing that
the construction described above is optimal, and that majority has a composition overhead
of Θ(log k).
▶ Theorem 2 (Main theorem). For all ϵ > 0 and k ≤ n1−ϵ , CCk (Majn ) ≥ Ω( nk log k).
In addition to being a natural complexity measure that is of independent interest, our
study of composition complexity is further motivated by its relationships to two important
models of computation: bounded-width branching programs and small-depth circuits. These
are two of the most intensively studied models in circuit complexity, and majority plays a
starring role in the efforts at lower bounds for both models. As we now elaborate, Theorem 2
recovers, as a corollary and via an entirely different proof, the current best lower bounds
on the length of bounded-width branching programs for majority [2, 4]. It is also the first
step in a plan that we propose for lower bounds against depth-3 circuits computing majority,
a long-standing open problem that dates back to the 1990s [13]; such lower bounds would
represent the first improvements over the state of the art for depth-3 circuits in over three
decades [12].

1.2
1.2.1

Motivation and implications
Bounded-width branching programs

There is an easy reduction from branching programs to our model: if function f is computed
by a bounded-width branching program of length L, then CCk (f ) ≤ O(L/k). The reduction
works by cutting the branching programs into ∼ L/k segments of length at most k, then
for each segment and for each state s at the start of the segment, use O(1) inner functions
to compute which state one would end up at the end of the segment if one started from s.
Since the segments have length at most k, each of the inner functions depends on at most k
variables.
This means that nontrivial lower bounds on the composition complexity CCk (f ) for
any k directly imply nontrivial lower bounds on the length of bounded-width branching
√
programs: L ≥ Ω(k · CCk (f )). In particular, setting k = n, by Theorem 2 we obtain
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that bounded-width branching programs computing the majority function must have length
√
√
L ≥ Ω( n· √nn log n) = Ω(n log n), recovering the classic lower bound of Alon and Maass [2]
and Babai, Pudlák, Rödl, and Szemerédi [4] as a corollary:
▶ Theorem 3 ([2, 4]). Any bounded-width branching program computing Majn must have
length Ω(n log n).
This lower bound remains the current state of the art. Interestingly, our techniques
are completely different from the techniques used in [2] and [4]: they first prove a Ramseytheoretic lemma that identifies two sets of variables that are queried in disjoint segments of
the branching program, then conclude by a communication complexity argument between
them. We elaborate on our techniques in Section 1.3.

1.2.2

Lower bounds for small-depth circuits computing majority

We view Theorem 2 in part as an essential and necessary first step towards proving stronger
lower bounds against small-depth circuits. In this section, we will outline why such lower
bounds are particularly interesting, and the relationship between our composition complexity
lower bounds and circuit lower bounds.

Lower bounds for small-depth circuits
A fruitful line of work from the ’80s [7, 1, 32, 12] managed to prove strong lower bounds
against small-depth circuits, but using a surprisingly simple function: parity. In particular,
the result that culminated
 from these works was that any depth-d circuit computing Parityn
1
d−1

must have size 2Ω n
, which is superpolynomial for any d = o(log n/ log log n). These
bounds are optimal for parity – an extension of the divide-and-conquer scheme mentioned
earlier matches this bound. As we now elaborate, these remain essentially the strongest
(explicit) lower bounds against small-depth circuits we have for any function, even in the
case of d = 3, despite the fact that counting arguments give lower bounds of Ω(2n /n), and
we expect that circuits for hard functions like SAT must also have size 2Ω(n) .

Depth-3 circuits and majority
√

The problem of improving the state of the art for depth-3 circuits (2Ω( n) for Parityn ) in
particular has received significant attention as one of the simplest restricted models that are
poorly understood. Stronger depth-3 bounds are likely to imply stronger small-depth bounds
in general, and much stronger bounds of the form 2ω(n/ log log n) would also give functions that
cannot be computed by linear-size log-depth circuits due to a classical result of Valiant [30].
For a detailed exposition of the motivations for depth-3 and the attempts to understand the
model, see [16, Chapter 11].
Of the functions that could prove stronger depth-3 lower bounds, majority, being such a
basic and simple-to-understand function, is a particularly enticing candidate. The divide-and
√
conquer construction
analogous to that for parity gives depth-3 circuits of size 2O( n log n) ,
√
and the same 2Ω( n) lower bound for parity also applies to majority.1 In light of this gap,
Håstad, Jukna, and Pudlák [13] posed the following challenge.

1

1

For general depth d, the upper bound is 2
once again.

O n d−1 ·(log n)

1−

1
d−1

1


[17] and the lower bound is 2

Ω n d−1
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▶ Open
Problem 1 ([13]). Find an explicit function that requires depth-3 circuits of size
√
2ω( n) . In particular, does Majn require depth-3 circuits of that size?
Despite this natural candidate function, all of
the improvements on the lower bounds
√
for depth-3 circuits have still been of the form 2c n for successively larger c. [13] found an
innovative method of proving lower bounds for circuits from the “top down”, and were able
to get constants c = 0.618 and 0.849 for parity and majority respectively. Paturi, Pudlák,
and Zane [24] improved the constant to the optimal c = 1 for parity, and later the same
authors along with Saks [23] obtained the constant c = 1.282 for the membership function of
an error-correcting code. Getting a super-constant improvement over this state of the art
has been a major frontier of circuit complexity for decades.
For majority, there have also been attempts at improved upper bounds. [31]√proposed a
probabilistic construction of a depth-3 circuit computing Majn with size 2O( n) , but the
construction turned out to be mistaken.2

The need for new techniques
One view of why previous techniques have fallen short on resolving Open Problem 1 is that
at their core, they use sensitivity as the key complexity measure for which small depth
circuits are weak (see [5, 28, 20]). With respect to sensitivity, of course Parityn is the most
complex function because it has sensitivity n at every input. The fact that parity is the
hardest should suggest why we have struggled to get lower bounds stronger than those for
1
d−1

)
parity. More concretely, these techniques do not establish bounds stronger than 2Ω(s(f )
n
where s(f ) is the sensitivity √
of f : {0, 1} → {0, 1}. But s(f ) ≤ n, so this leaves us stuck the
current state of the art (2Ω( n) for depth-3).
To push beyond our current small-depth circuit lower bounds, there is a need for new
techniques. In particular, we need to make use of complexity measures beyond sensitivity,
where parity is no longer the hardest function. Moreover, to solve Open Problem 1, such
a complexity measure needs to be one where majority is demonstrably harder than parity.
The notion of composition complexity and the techniques of this paper meet both of these
demands (as shown by Theorem 2). We are hopeful that these techniques (described in
Section 1.3) can be extended to prove stronger lower bounds in more general settings.

Composition complexity and depth-3 circuits
If CCk (f ) ≤ m, then we can write f = h(g1 , . . . , gm ) where each of the functions gj only
needs to query k variables. But then we can write h as a DNF (or CNF) of size 2m , and
we can write the inner functions gj as CNFs (or DNFs) of size 2k . In this form we have a
depth-3 circuit for f of size
2m + m · 2k ≤ 2O(m+k)

(1)

with bottom fan-in k. The best-known depth-3 circuits for computing Majn are obtained in
√
precisely this manner, by using the bound CCk (Majn ) ≤ O( nk log k) and setting k := n log n.
√
It follows that in order to prove that Majn requires depth-3 circuits of size 2Ω( n log n) , one
√
must first prove that max(CCk (f ), k) ≥ Ω( n log n). This is implied directly by Theorem 2,
which we view as a key first step towards proving stronger depth-3 lower bounds. In particular,

2

Briefly, in the notation of [31],√it requires that kn/c < n, and so k < c, but c then takes on all the values
of n, n/2, n/3, . . . , 1 and k ≈ n. The third author thanks Srikanth Srinivasan [29] who informed him
about this gap in the proof.
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√
it shows that if one wanted to construct a depth-3 circuit for Majn of size 2o( n log n) , it
would have to look very different from the current divide-and-conquer strategy. In Section 6.1
we outline some ways in which our results could be extended beyond the model we consider
to depth-3.

1.3

Our techniques

In this section, we briefly describe the techniques we use to prove Theorem 2, and highlight
some aspects that we feel are particularly interesting.

Information theory
While there have been some attempts to incorporate information theory into the toolbox
of boolean function lower bounds [22, 8], these techniques remain uncommon. Our proof
crucially uses mutual information to measure information flow from the input variables to
the inner functions.
Our key insight can be summed up as the counterintuitive maxim “the less it is queried
the more it is revealed”. More concretely, suppose we can compute the Hamming weight
function as h(g1 , . . . , gm ), then we show that if few of the inner functions g1 , . . . , gm query
a particular input variable xi , then the output of the inner functions must reveal a lot of
information about xi ’s value – that is, one can guess xi better than random chance based on
g1 (x), . . . , gm (x).
▶ Lemma 4 (key insight, informally). Suppose that xi is queried by at most q of the inner
functions g1 , . . . , gm . Then I[Xi : g1 (X), . . . , gm (X)] ≥ 2−O(q) .
One of the novelties of our proof is that the information flow can be distilled so cleanly
as the above lemma, and that tight lower bounds follow quite easily from it (see Section 3).
It is natural to wonder whether this approach can be generalized to stronger models of
computation.

From multi-output functions to binary-output functions
Another intriguing aspect of our proof is that in proving the lower bound for majority,
it turns out to be easiest to first prove a lower bound for the Hamming weight function
HWn : {0, 1}n → {0, . . . , n}, which maps x 7→ |x| (i.e., the number input bits that are 1).
Notably, this is not a binary-output function, but rather a “multi-output” function (its output
takes ⌈log(n + 1)⌉ bits), and the proof of our information-theoretic Lemma 4 fundamentally
uses this larger output space.
The way in which we extend the lower bound from HWn to Majn is also worth noting.
In Section 4, we give a general framework for, in a sense, forcing binary-output functions to
become multi-output. We use “control variables” to manipulate the construction h(g1 , . . . , gm )
into telling us more about the input, and “buffer variables” to avoid incurring a blowup in
how many inner functions are necessary. This allows us to show that an efficient construction
for Majn would imply a similarly efficient construction computing the Hamming weight on
a large fraction of inputs, and we can then conclude with a slightly more general version of
Lemma 4.
Perhaps there is more to be found in this direction. Could the frontier of circuit lower
bounds be pushed further by first proving lower bounds for multi-output functions, and then
bootstrapping these to get lower bounds against the usual single-output functions? Indeed,
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our proof technique suggests that proving more lower bounds for multi-output functions
could be a valuable endeavor, even when those lower bounds do not seem to immediately
lead to lower bounds for binary-output functions we traditionally study.

Natural proofs
The proof of our key lemma in Section 5 is tailored specifically to the Hamming weight
function.3 While this could be seen as a limitation, it can also be seen as a strength. Indeed,
Razborov and Rudich [27] showed that lower bound arguments cannot apply to too broad
a range of functions, assuming that pseudorandom functions exist. Given that our lower
bound argument only works for the Hamming weight and closely related functions like the
majority function, it does not seem to fall within the natural proofs framework.

1.4

Related work

Hrubeš-Rao and Nechiporuk’s method
Hrubeš and Rao [15] gave a function f for which CCk (f ) ≥ nΩ(1−k/n) .4 Their proof draws
inspiration from Nechiporuk’s method [21], which gives lower bounds for functions f for
which one can split the variables into disjoint sets S1 , . . . , Sℓ such that f has many distinct
subfunctions on each Sr (r ∈ [ℓ]).
Their lower bound is quantitatively stronger than ours, but just like other bounds obtained
from Nechiporuk’s method, it only applies to a limited set of functions specially created
for that purpose, and says nothing about many basic functions like majority. Nechiporuk’s
method is unable to prove lower bounds for majority because its subfunctions are all threshold
functions, of which there are only a handful.5 Moreover, the functions that [15] uses have no
bearing on stronger lower bounds for depth-3 circuits, since their functions actually have
depth-2 circuits of size nO(log n) .
It is interesting to contrast our techniques with Nechiporuk’s method. At a very high
level, Nechiporuk’s method considers what one can infer about the function after fixing
several variables (particularly, how many subfunctions remain), whereas our method considers
what one can infer about the variables given the output of several of the inner functions.
This difference in perspective is key in our ability to get tight lower bounds in a case where
Nechiporuk’s method only gives trivial bounds.

Lower bounds for canonical boolean circuits
Goldreich and Wigderson [11] recently introduced
a new restricted of model of “canonical”
√
boolean circuits, with the hope of proving 2ω( n) lower bounds for this model. Their model
is inspired by the structure of optimal depth-3 circuits for Parityn , which dissects the
√
computation into disjoint parities of smaller arity (over n variables). [11] proposes a
generalization of this construction, where one aims to represent a multi-linear function as
a depth-2 circuit where the gates are arbitrary multi-linear functions of small arity. They

3

4
5

At a high level, it uses the facts that the possible Hamming weight values 0, . . . , n are a completely
ordered set and that flipping a bit from 0 to 1 increases the Hamming weight by one, in order to find
one weight w∗ for which the corresponding inputs are biased on a given coordinate.
Their paper denotes k-composition complexity as Ck2 instead of CCk .
Indeed, there is an exactly analogous situation with branching programs. While Nechiporuk’s method
can establish strong branching program lower bounds (see [26, Theorem 2], attributed to Beame and
Cook), [2, 4] had to introduce new techniques to prove lower bounds for majority.
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propose proving strong lower bounds in this model as a “sanity check” for proving better
general depth-3 circuit bounds (Open Problem 1) – to do the latter, one must necessarily do
the former as well.
Our approach can be viewed in a very similar light. In fact, our model is strictly stronger:
we consider gates that compute arbitrary boolean functions of small arity, not just functions
that are multi-linear over GF(2). In the same way, our model serves as a sanity
√ check for
Ω( n log n)
Open Problem 1 – any proof that depth-3 circuits for Majn require size 2
must
prove Theorem 2 as well.
Strong lower bounds have indeed been proven in the model introduced by [11]. Goldreich
2/3
3/8
and Tal [9] proved a lower bound of 2Ω̃(n ) . [10] also proved lower bounds of 2Ω̃(n ) for
1/3
canonical depth-4 circuits, an improvement over the 2Ω(n ) bound that is known for the
general depth-4 circuits computing Parityn . In our model where the gates can compute
arbitrary boolean functions of small arity, such strong bounds are not possible for the Majn
function, and we pin down exactly the right bounds in this case.

Majority as a majority of majorities
There has been interest [18, 6, 14, 3, 25] in the optimal ways of computing majority as a
composition of functions h(g1 , . . . , gm ) in the restricted model, where the h and g1 , . . . , gm
are majority functions of smaller fan-in (Maj≤k for some k). [18] showed that k ≥ n0.7 was
necessary, [6] improved this to k ≥ n0.8 , and [14] further improved this to k ≥ n/2 − o(n). In
terms of upper bounds, [3] gave k ≤ n + 2 for odd n ≥ 7, and [25] improved this to k ≤ 23 n + 4
(for all n).
Similar to the state of canonical boolean circuits discussed above, this setting is more
restrictive, so it makes sense that their lower bounds are stronger than Theorem 2. It would
be interesting to see if our techniques could apply to these more restricted models as well.

2
2.1

Preliminaries
Locality

In this subsection, we define some notation that we will use repeatedly, and we give a formal
definition of k-locality.
▶ Definition 5 (x(i7→b) , x⊕i ). For any x ∈ {0, 1}n , i ∈ [n] and b ∈ {0, 1}, let
x(i7→b) := (x1 , . . . , xi−1 , b, xi+1 , . . . , xn );
x⊕i := (x1 , . . . , xi−1 , 1 − xi , xi+1 , . . . , xn ).
▶ Definition 6 (k-local). A function g : {0, 1}n → {0, 1} is k-local if there is a set of variables
I ⊆ [n] with |I| = k such that g depends only on the variables in I, i.e. for each x ∈ {0, 1}n
and each i ∈ [n] \ I, we have g(x) = g(x⊕i ).
▶ Definition 7 (composition complexity, formal version of Definition 1). The k-composition
complexity of a function f : {0, 1}n → D, denoted CCk (f ), is the minimum integer m such
that there exist functions g1 , . . . , gm : {0, 1}n → {0, 1} and h : {0, 1}m → D with the following
properties:
(i) for all x ∈ {0, 1}n , f (x) = h(g1 (x), . . . , gm (x));
(ii) for each j ∈ [m], gj is k-local.
▶ Remark 8. Note that the inner functions gj are restricted to having binary outputs. This
is necessary for making the definition nontrivial: if their output domains were arbitrary, then
the composition complexity would always be O(n/k), since we could simply let each inner
function output the values of all of the variables they query.
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2.2

Number of queries per variable

In this subsection, we show that without loss of generality, we can assume that all variables
are queried roughly the same number of times. More precisely, say that f = h(g1 , . . . , gm )
where each gj is k-local. Then the total number of queries is at most mk, so the average
variable is queried at most mk
n times. We will show that for the purpose of proving lower
bounds on composition complexity, we can assume that every variable is queried at most mk
n
times.
▶ Definition 9 (self-containing). A family of functions {fn }n∈N is self-containing if for any
n and any I ⊆ [n], there is a subfunction of fn on I that computes f|I| .
▶ Fact 10. Both majority {Majn }n∈N and Hamming weight {HWn }n∈N are self-containing.
▶ Lemma 11. Let {fn }n∈N be a self-containing family of functions. Suppose that CCk (f2n ) ≤
m. Then we can write fn = h(g1 , . . . , gm ) where each gj is k-local and each variable is queried
at most mk
n times.
Proof. Suppose f2n = h(g1 , . . . , gm ), where each gj is k-local. Let q := mk
2n . Then the
average variable is queried ≤ q times, so by Markov’s inequality at most half of the variables
are queried more than 2q times. Let I be any set of n variables, each of which is queried
at most 2q = mk
n times. Since {fn }n∈N is self-containing, there is a subfunction of f2n on I
that computes fn . The lemma follows by restricting each gj to I.
◀
▶ Corollary 12. In order to prove that CCk (fn ) ≥ Ω( nk log k), it is enough to prove that if
fn = h(g1 , . . . , gm ) and each variable is queried at most mk
n times by the inner functions gj ,
n
then m ≥ Ω( k log k).
▶ Remark 13. The quantity mk
n corresponds exactly to our definition of composition overhead
(recall the discussion following Definition 1). This makes sense, since the composition
overhead is the ratio of how many inner functions we need compared to the ideal situation
where each variable is queried exactly once. The more inner functions, the more queries per
variable (assuming they all query roughly k variables).

2.3

Information theory

In this subsection, we introduce some information-theoretic notions and properties that are
used in our proofs. To learn more about information theory from a theoretical computer
science perspective, we recommend checking out the Simons Institute workshop titled
“Information Theory Boot Camp”.6
The most important notion in information theory is the entropy of a random variable
X, denoted H[X], which represents “how much randomness” the variable contains, or how
many bits I need to communicate to you on average for you to learn X.
▶ Definition 14 (entropy). Given a random variable X with support D, the entropy of X is
the quantity


 

X
1
1
H[X] :=
Pr[X = x] log
= ′E log
X ∼X
Pr[X = x]
Pr[X = X ′ ]
x∈D

where X ′ is an independent copy of X.
6

https://simons.berkeley.edu/workshops/inftheory2015-boot-camp

V. Lecomte, P. Ramakrishnan, and L.-Y. Tan

19:9

A related notion is the conditional entropy H[X | Y ] of two random variables X and Y ,
which represents the “how much randomness remains” in X once you know Y , or how many
bits I need to communicate to you on average for you to learn X, assuming that you already
know Y .
▶ Definition 15 (conditional entropy). Given two random variables (X, Y ) over domain D,
the entropy of X conditioned on Y is the quantity


X
1
H[X | Y ] :=
Pr[X = x ∧ Y = y] log
Pr[X = x | Y = y]
(x,y)∈D
 

1
= ′ ′E
log
Pr[X = X ′ | Y = Y ′ ]
(X ,Y )∼(X,Y )
where (X ′ , Y ′ ) is an independent copy of (X, Y ).
The entropy and conditional entropy have the following properties, which we use in our
proofs.
▶ Fact 16 (bounds). If X is a random variable over a finite domain D and Y is a random
variable, then
0 ≤ H[X | Y ] ≤ H[X] ≤ log |D|,
where the last inequality is tight iff X is uniform on D.
▶ Fact 17 (subadditivity). Let X1 and X2 be two random variables. Then H[X1 , X2 ] ≤
H[X1 ] + H[X2 ], with equality iff X1 and X2 are independent. Similarly, H[X1 , X2 | Y ] ≤
H[X1 | Y ] + H[X2 | Y ].
▶ Fact 18 (dependence). Let X, Y be random variables such that X2 is completely determined
by X1 (i.e. X2 = f (X1 ) where f is a function). Then we have the following:
H[X2 | X1 ] = 0;
H[Y | X1 ] ≤ H[Y | X2 ].
Finally, a crucial notion in our proof is the mutual information I[X : Y ] of two random
variables X and Y , which represents “how much information X reveals about Y ”, or
symmetrically, “how much information Y reveals about X”.
▶ Definition 19 (mutual information). Given two random variables X, Y , the mutual information of X and Y is the quantity I[X : Y ] := H[X] − H[X | Y ].
▶ Fact 20 (symmetry of mutual information). I[X : Y ] = I[Y : X].

3

The less it is queried, the more it is revealed

Hamming weight: a multi-output function
Even though the main function of interest in this paper is the majority function, we will first
prove a lower bound for the related Hamming weight function: a “multi-output” function (as
opposed to binary-output) that reveals the entire Hamming weight of the input string.
▶ Definition 21. Let HWn : {0, 1}n → {0, 1, . . . , n} : x 7→ |x| = x1 + · · · + xn be the
Hamming weight function.
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The most natural way to express HWn as h(g1 , . . . , gm ) is to split the n variables into
groups of k variables, and for each group to create ⌈log(k + 1)⌉ inner functions gj , each
computing one bit of the sum of the k variables in this group. The function h can then
compute the Hamming weight of the whole input string by first recovering the sum for
each group, then adding them up. Clearly, each of the inner functions is k-local, and there
are O( nk log k) of them, so CCk (HWn ) ≤ O( nk log k). We will show that this is optimal:
CCk (HWn ) = Θ( nk log k).

Simple counting does not give much
It is easy to see CCk (HWn ) > n/k: suppose that there were a way to represent HWn as
h(g1 , . . . , gm ) with m = n/k. Then each of the inner functions gj would query k variables
and each variable would be queried only once. Take g1 , and consider the k variables it queries.
Say that we fix all other variables to 0. Then there are still k + 1 possible values for the
Hamming weight. But this fixes the outputs of g2 , . . . , gm , so there can only be two possible
values for h(g1 , . . . , gm ) (one where g1 outputs 0 and the other where g1 outputs 1), so we
have a contradiction.
In general, it is easy to see that each set of r variables must collectively be queried by at
least log(r + 1) different inner functions. But this observation is not enough to show that
the average variable will need to be queried a super-constant number of times.

A very counterintuitive lemma
Basic counting arguments like the above do not seem to say anything that keeps a variable
from being queried by only a constant number of inner functions. But it turns out there is
something we can say about variables that are queried by few inner functions: the outputs
of the inner functions must reveal a lot about their value, in terms of mutual information.
Put another way, this means that if you are given the outputs of the inner functions, you
can often guess the value of such variables better than random chance.
▶ Lemma 22 (key lemma). Suppose that HWn = h(g1 , . . . , gm ) and that variable i is queried
at most q of the inner functions g1 , . . . , gm . Let X ∼ {0, 1}n be a uniformly random input.
Then I[Xi : g1 (X), . . . , gm (X)] ≥ 2−O(q) .
Consider how counterintuitive this statement is: it says that the less the ith variable is
queried by the inner functions g1 , . . . , gm , the more it will be revealed by their collective
outputs.

A lower bound for Hamming weight, assuming Lemma 22
We will not prove Lemma 22 until Section 5, but let us see how it implies the lower bound
we want. First, we will show the intuitive fact that “if the inner functions reveal a lot about
many of the variables, then there must be many inner functions”.
▶ Corollary 23. Suppose that HWn = h(g1 , . . . , gm ) and each variable is queried by at most
q of the inner functions g1 , . . . , gm . Then m ≥ n · 2−O(q) .
Proof. We bound the quantity I[X : g1 (X), . . . , gm (X)] in two ways. First, we give an
upper bound on m based on the fact that there are only m inner functions, each of which
outputs a single bit. Then we lower bound this same quantity using Lemma 22. Combining
these bounds yields the corollary.
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On the one hand,
I[X : g1 (X), . . . , gm (X)] = H[g1 (X), . . . , gm (X)] − H[g1 (X), . . . , gm (X) | X]
= H[g1 (X), . . . , gm (X)]
(because X determines gj (X) completely)
≤ H[g1 (X)] + . . . + H[gm (X)]
≤ m.

(because H[·] is subadditive)

(because each gj has a binary output)

On the other hand,
I[X : g1 (X), . . . , gm (X)] = H[X] − H[X | g1 (X), . . . , gm (X)]


X
=
H[Xi ] − H[X | g1 (X), . . . , gm (X)]
i∈[n]

(because the Xi are independent)
≥

X

(H[Xi ] − H[Xi | g1 (X), . . . , gm (X)])

i∈[n]

(because H[· | Y ] is subadditive for any Y )
=

X

I[Xi : g1 (X), . . . , gm (X)]

i∈[n]

≥

X

2−O(q)

(by Lemma 22)

i∈[n]

= n · 2−O(q) .
The corollary follows from combining these two bounds.

◀

We can now use Corollary 23 to deduce the desired lower bound.
▶ Theorem 24 (composition complexity of HWn ). CCk (HWn ) ≥ Ω( nk log k).
Proof. Suppose that HWn = f (g1 , . . . , gm ), where each of the inner functions g1 , . . . , gm is
k-local. By Corollary 12, we only have to show that m ≥ Ω( nk log k) under the assumption
that each variable is queried at most q := mk
n times. Then by Corollary 23,
nq
= m ≥ n · 2−O(q) .
k
Rearranging, we get
q · 2O(q) ≥ k ⇒ q ≥ Ω(log k),
which means m =

4

n
kq

≥ Ω( nk log k).

◀

From Hamming weight to majority

In the previous section, we gave a lower bound on the composition complexity for the
Hamming weight function HWn . This is a multi-output function (it has more than two
possible outputs), and the proof arguably relied a lot on this fact. In this section, we show
how to extend the lower bound to Majn , a binary-output function, by manipulating it to
become multi-output.
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▶ Definition 25 (majority function). Let
(
1 if |x| ≥ n/2
n
Majn : {0, 1} → {0, 1} : x 7→
0 otherwise
be the majority function.

4.1

Reduction toolkit

Before proving the lower bound, let us introduce the tools we will use to reduce majority to
Hamming weight.

Control variables
Majn (x) tells us whether x has Hamming weight ≥ n/2 or < n/2, but nothing more. For
example, what if we wanted it to also tell us something special when the Hamming weight is
exactly n/2? Suppose n is even, then we could figure this out by looking at the values of
Majn+1 (x1 , . . . , xn , 0) and Majn+1 (x1 , . . . , xn , 1): indeed,
if |x| < n/2 then both return 0;
if |x| > n/2 then both return 1;
if |x| = n/2 then Majn+1 (x1 , . . . , xn , 0) = 0 but Majn+1 (x1 , . . . , xn , 1) = 1.
Note how the last variable of Majn+1 does not stay free, but rather is assigned a fixed value
that modifies the behavior of Majn+1 as a function of x1 , . . . , xn . For this reason, we will
call it a control variable, and we will call the n other variables free variables.
Now, assume that Majn+1 can be computed as h(g1 , . . . , gm ). Then we can compute the
function



0 if |x| < n/2
n
f : {0, 1} → {0, 1, 2} : x 7→ 1 if |x| = n/2


2 if |x| > n/2
as h′ (g10 , . . . , gl0 , g11 , . . . , gl1 ) where
gj0 (x) := gj (x1 , . . . , xn , 0)

gj1 (x) := gj (x1 , . . . , xn , 1).

This suggests a potential approach for proving a lower bound on the composition complexity
Majn : add enough control variables to it so that the values we get are enough to determine
the Hamming weight of x, then use the lower bound for HWn as a black box. Indeed, if we
know all of the values

Maj2n−1 (x1 , . . . , xn , 0, 0, . . . , 0)



 Maj2n−1 (x1 , . . . , xn , 1, 0, . . . , 0)
..


.


Maj2n−1 (x1 , . . . , xn , 1, 1, . . . , 1)
then we can recover |x|. However, this would cause a huge blowup in the number of inner
functions needed to compute it: assuming Maj2n−1 can be computed as h(g1 , . . . , gm ), this
would only guarantee that HWn can be computed as a function of the nm components
gj (x1 , . . . , xn , 0, . . . , 0), . . . , gj (x1 , . . . , xn , 1, . . . , 1)
for j ∈ [m], thus the Ω( nk log k) lower bound we have for HWn would fail to give any
nontrivial lower bound on m. So we need to do this in a smarter way.
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Buffer variables
We will avoid this blowup by using some buffer variables to “isolate” the control variables
from the free variables. Assume that Majn = h(g1 , . . . , gm ). Suppose we split the variables
into three sets Ifree , Icontrol , Ibuffer ⊆ [n] such that none of the inner functions gj queries
variables from both Ifree and Icontrol (informally, Ibuffer acts as a buffer between Ifree and
Icontrol ; see Figure 1).
gj

Ifree

gj

Ibuffer

Icontrol

Ifree

OK

Ibuffer

Icontrol

OK
gj

Ifree

Ibuffer

Icontrol

not allowed!
Figure 1 The inner functions gj are allowed to query variables in both Ifree and Ibuffer , or variables
in both Ibuffer and Icontrol , but not variables in both Ifree and Icontrol .

Then if we fix the value of the variables in Ibuffer , we can avoid a blow up in the number
of times each variable is queried. Let us informally see why. There are two types of inner
functions gj :
if gj queries a free variable, then it does not query any control variables, so no blowup
will happen;
if gj does not query any free variables, then it only depends on the control variables
and the buffer variables, both of which are known, so in that case we can recompute the
output of gj ourselves.
A bit more formally, let x(Icontrol 7→0) denote x with all variables in Icontrol set to 0. Then
we can recover Majn (x) if we know only g1 (x(Icontrol 7→0) ), . . . , gm (x(Icontrol 7→0) ) as well as the
value of the variables in Icontrol and Ibuffer . Since gj (x(Icontrol 7→0) ) does not depend on the
value of the variables in Icontrol , no blowup happens when we start to vary their values.

Partial functions
Even with the help of buffer variables, though, it turns out we will not be able to have
enough control variables to compute HWn from Majn .7 We will only be able to compute
the Hamming weight correctly on a fraction of the possible inputs. Therefore we need to
adapt our techniques from Section 3 to a “partial functions” setting, where f (x) = |x| is only
guaranteed when x is in a subset D ⊆ {0, 1}n of the possible inputs.
First, the following lemma is a generalization of our key lemma Lemma 22, which gave
a lower bound on the mutual information between Xi and the inner function outputs
g1 (X), . . . , gm (X) when variable i is queried few times. What differs from Lemma 22 is that

7

Or more precisely, to compute HWn′ from Majn for some n′ = Ω(n).
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the result gives a nontrivial bound only when the probability Pr[X ⊕i ∈
̸ D] is small. This
probability measures how likely you are to leave D if you start out in D then flip the ith bit,
so intuitively, the bigger D is, the smaller it will be.
▶ Lemma 26 (key lemma, “partial functions” version). Let D ⊆ {0, 1}n be a non-empty
subset of the hypercube (the “domain” on which f computes the Hamming weight), and
let f : {0, 1}n → {0, . . . , n} be a function such that ∀x ∈ D, f (x) = |x|. Suppose that
f = h(g1 , . . . , gm ) and that variable i is queried by at most q of the inner functions g1 , . . . , gm .
Let X ∼ D be a random input drawn uniformly over D. Then H[Xi | g1 (X), . . . , gm (X)] ≤
1 + Pr[X ⊕i ̸∈ D] − 2−O(q) .
We postpone the proof of this lemma until Section 5. For now, let us see why it implies
Lemma 22.

Proof of Lemma 22 assuming Lemma 26. Set f := HWn . Then f (x) = |x| for all x ∈
{0, 1}n , so we can set D := {0, 1}n . This means that X is a uniformly random input, and
Pr[X ⊕i ̸∈ D] = 0. Therefore, after rearranging, we obtain
2−O(q) ≤ 1 − H[Xi | g1 (X), . . . , gm (X)]
= H[Xi ] − H[Xi | g1 (X), . . . , gm (X)]
= I[Xi : g1 (X), . . . , gm (X)].

(because X is uniformly random)
(by definition of mutual information)
◀

We can also prove an analog of Corollary 23, which gave a lower bound on the number of
inner functions m assuming that many variables are queried few times by the inner functions.
▶ Corollary 27. There is an integer constant C > 0 such that the following holds. Let D ⊆
{0, 1}n be a non-empty subset of the hypercube, and let f : {0, 1}n → {0, . . . , n} be a function
such that ∀x ∈ D, f (x) = |x|. Suppose that f = h(g1 , . . . , gm ), that each variable is queried
by at most q > 0 of the inner functions g1 , . . . , gm , and that PrX∼D [X ⊕i ̸∈ D] ≤ 2−Cq .
Then m + (n − log |D|) ≥ n · 2−O(q) .
Proof. Let C ′ be a possible integer value for the constant in the O(·) of Lemma 26. We
will prove the corollary for C := C ′ + 1. The proof works in the same way as the proof of
Corollary 23: we will upper and lower bound the quantity I[X : g1 (X), . . . , gm (X)]. On the
one hand,
I[X : g1 (X), . . . , gm (X)] = H[g1 (X), . . . , gm (X)] − H[g1 (X), . . . , gm (X) | X]
= H[g1 (X), . . . , gm (X)]
(because X determines gj (X) completely)
≤ H[g1 (X)] + . . . + H[gm (X)]
≤ m.

(because H[·] is subadditive)

(because each gj has a binary output)
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On the other hand,
I[X : g1 (X), . . . , gm (X)] = H[X] − H[X | g1 (X), . . . , gm (X)]
X
≥ H[X] −
H[Xi | g1 (X), . . . , gm (X)]
i∈[n]

≥ H[X] −

X

(because H[· | Y ] is subadditive for any Y )

′
(by Lemma 26)
1 + Pr[X ⊕i ̸∈ D] − 2−C q

i∈[n]

≥ H[X] − n +

X

′

2−C q − 2−(C

′

+1)q



i∈[n]

(by assumption that PrX∼D [X ⊕i ̸∈ D] ≤ 2−Cq )
X
= log |D| − n +
2−O(q) .
i∈[n]

(because X is uniform on D, and because q > 0)
The corollary follows from combining these two bounds.

4.2

◀

A lower bound for majority

With all the tools in hand, let us prove a lower bound on the composition for Majn by
reducing it to a partial version of Hamming weight.
▶ Theorem 28 (composition complexity of Majn ). CCk (Majn ) ≥ Ω( nk · min(log k, log nk )).
Proof. Suppose that Majn = h(g1 , . . . , gm ) where each of the inner functions gj is klocal. By Corollary 12, it is enough to show that m ≥ Ω( nk · min(log k, log nk )) under the
assumption that each variable is queried at most q := mk
n times. To do this, we will show
that q ≥ Ω(min(log k, log nk )).
The plan of the proof is as follows. We will start by defining the sets of variables Ifree ,
Ibuffer and Icontrol . We will make sure that |Ifree | = Ω(n), and we will play with the variables
in Icontrol to show that the inner functions g1 , . . . , gm must compute the Hamming weight over
a large subset D of {0, 1}Ifree . From there, we will apply Corollary 27, and only asymptotic
calculations will remain, similar to the proof of Theorem 24.
Defining Ifree , Ibuffer and Icontrol . Let C be the constant in Corollary 27. Assume that
22Cq+1 qk ≤ n/2 (otherwise, q = Ω(log nk ) and we are done). Let Icontrol be any 22Cq+1 element subset of [n], let J ⊆ [m] be the set of inner functions that query some variable
in Icontrol , and let I ′ ⊆ [n] be the set of all variables queried by at least one of the inner
functions in J. That is, let I ′ be the set of variables that are queried by some inner function
gj that also queries a variable in Icontrol .
Since each variable in Icontrol is queried by at most q inner functions, and each inner
function queries at most k variables, we have |I ′ | ≤ |I| · q · k = 22Cq+1 qk ≤ n/2. In case |I ′ | <
2|Icontrol | + 1, extend I ′ to include some more variables of [n] until it reaches size 2|Icontrol | + 1.
After this, we still have |I ′ | ≤ max(n/2, 2|Icontrol | + 1) = max(n/2, 2 · 22Cq+1 + 1) ≤ n/2.
Let Ifree := [n] \ I ′ , and let Ibuffer := I ′ \ Icontrol (see Figure 2). Note that Ifree ∪ Ibuffer ∪
Icontrol = [n]. Since Ifree contains no element of I ′ , it is clear that no inner function queries
both variables in Ifree and Icontrol . Also, defining nfree := |Ifree |, we have
nfree = n − |I ′ | ≥ n − n/2 = n/2.

(2)
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[n]
I′
Icontrol
Ifree
Ibuffer

Figure 2 A schematic view of the sets of variables Ifree , Ibuffer , and Icontrol .

Computing a partial version of HWnfree from Majn . We will split the input into three
parts x = xfree ◦ xbuffer ◦ xcontrol , where xfree ∈ {0, 1}Ifree , xbuffer ∈ {0, 1}Ibuffer and xcontrol ∈
{0, 1}Icontrol . First, let us fix a value for xbuffer . We will fix xbuffer to be some vector with
exactly |xbuffer | = ⌈n/2⌉−⌈nfree /2⌉−22Cq ones. To make sure this is possible, we need to show
0 ≤ ⌈n/2⌉ − ⌈nfree /2⌉ − 22Cq ≤ |Ibuffer |. Firstly, we have that
n − nkfree = |Ibuffer | + |Icontrol | ≥
j 2Cq+1
 n−n 
2
2Cq+1
free
≥
|Icontrol | = 2
, so ⌈n/2⌉ − ⌈nfree /2⌉ ≥
= 22Cq , which gives the
2
2
lower bound. Secondly, we have |Ibuffer | ≥ |I ′ | − |Icontrol | ≥ |Icontrol | + 1 (since we made sure
that |I ′ | ≥ 2|Icontrol | + 1) and thus
|Ibuffer | ≥

|Ibuffer | + |Icontrol | + 1
n − |Ifree | + 1
n − nfree + 1
=
=
≥ ⌈n/2⌉ − ⌈nfree /2⌉,
2
2
2

which gives the upper bound.
Since each inner function gj (x) is either completely determined by xfree and xbuffer or
completely determined by xbuffer and xcontrol , in order to compute Majn (x), it is enough to
know gj (xfree ◦ xbuffer ◦ 0Icontrol ) for all j ∈ [m] (where 0Icontrol ∈ {0, 1}Icontrol is the all zeros
string) as well as the value of xbuffer and xcontrol . So even if gj (xfree ◦ xbuffer ◦ 0Icontrol ) for
j ∈ [m] is all we know about xfree , we can compute the value of Majn (xfree ◦ xbuffer ◦ xcontrol )
for any xcontrol we desire. Thus, setting |xcontrol | between 0 and |Icontrol | = 22Cq+1 , we can
figure out:
whether |xfree | + |xbuffer | + 0 ≥ ⌈n/2⌉;
whether |xfree | + |xbuffer | + 1 ≥ ⌈n/2⌉;
...
whether |xfree | + |xbuffer | + 22Cq+1 ≥ ⌈n/2⌉.
Given that we set |xbuffer | = ⌈n/2⌉ − ⌈nfree /2⌉ − 22Cq , this means we can distinguish between
the following cases:
|xfree | ≥ ⌈nfree /2⌉ + 22Cq ;
|xfree | = ⌈nfree /2⌉ + 22Cq − 1;
...
|xfree | = ⌈nfree /2⌉ − 22Cq ;
|xfree | < ⌈nfree /2⌉ − 22Cq .

V. Lecomte, P. Ramakrishnan, and L.-Y. Tan

19:17

Therefore, we can form a function f (xfree ) = h′ (g1 (xfree ◦ xbuffer ◦ 0Icontrol ), . . . , gm (xfree ◦
xbuffer ◦ 0Icontrol )) such that


⌈nfree /2⌉ + 22Cq
if |xfree | ≥ ⌈nfree /2⌉ + 22Cq




2Cq

− 1 if |xfree | = ⌈nfree /2⌉ + 22Cq − 1

⌈nfree /2⌉ + 2
f (xfree ) = . . .




⌈nfree /2⌉ − 22Cq
if |xfree | = ⌈nfree /2⌉ − 22Cq



⌈n /2⌉ − 22Cq − 1 if |x | < ⌈n /2⌉ − 22Cq .
free

free

free

Applying Corollary 27. This function f computes the Hamming weight correctly on the set

D = xfree ∈ {0, 1}Ifree ⌈nfree /2⌉ − 22Cq − 1 ≤ |xfree | ≤ ⌈nfree /2⌉ + 22Cq .
We now prepare to apply Corollary 27 to f . Clearly, each input variable of f is queried by at
most q of the inner functions g1 (xfree ◦ xbuffer ◦ 0Icontrol ), . . . , gm (xfree ◦ xbuffer ◦ 0Icontrol ). Let
us see check that D satisfies the condition of Corollary 27. Observe that |X ⊕i | = |X| ± 1, so
when ⌈nfree /2⌉ − 22Cq ≤ |X| < ⌈nfree /2⌉ + 22Cq , we have X ⊕i ∈ D. Therefore,
Pr [X ⊕i ̸∈ D] ≤ Pr [|X| = ⌈nfree /2⌉ − 22Cq − 1 ∨ |X| = ⌈nfree /2⌉ + 22Cq ]

X∼D

X∼D

2
#{⌈nfree /2⌉ −
− 1, . . . , ⌈nfree /2⌉ + 22Cq }
(because the further |X| is from nfree /2, the fewer possible values there are for X)
2
= 2Cq+1
2
+2
≤ 2−2Cq .
≤

22Cq

Thus we can apply Corollary 27 and obtain
m + (nfree − log |D|) ≥ nfree · 2−O(q) .

(3)

Now, we also have
log |D| ≥ log {xfree ∈ {0, 1}Ifree | |xfree | = ⌈nfree /2⌉}
√
≥ log(Ω(2nfree / nfree ))
= nfree − O(log nfree ),
so nfree − log |D| = O(log nfree ) = O(log n). Plugging this into (3), we get
m + O(log n) ≥ nfree · 2−O(q) .

(4)

Asymptotics and conclusion. Since each inner function g1 , . . . , gm queries k variables and
each variable is queried at most q times, we have mk ≤ nq. Therefore,
nq
+ O(log n) ≥ m + O(log n)
k
≥ nfree · 2−O(q)
n
≥ · 2−O(q) .
2

(by (4))
(by (2))
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Rearranging, we get 2O(q)



q
k

+

O(log n)
n



≥ 1/2, so either

2O(q) q
≥ 1/4 ⇒ q = Ω(log k)
k
or
2O(q) O(log n)
≥ 1/4 ⇒ q = Ω(log n) ≥ Ω(log k).
n

5

◀

Proof of Lemma 26

In this section we present the proof of our key lemma Lemma 26, which is a generalization of
Lemma 22 to functions that only compute the Hamming weight correctly on a subset of the
inputs.
▶ Lemma 26 (key lemma, “partial functions” version). Let D ⊆ {0, 1}n be a non-empty
subset of the hypercube (the “domain” on which f computes the Hamming weight), and
let f : {0, 1}n → {0, . . . , n} be a function such that ∀x ∈ D, f (x) = |x|. Suppose that
f = h(g1 , . . . , gm ) and that variable i is queried by at most q of the inner functions g1 , . . . , gm .
Let X ∼ D be a random input drawn uniformly over D. Then H[Xi | g1 (X), . . . , gm (X)] ≤
1 + Pr[X ⊕i ̸∈ D] − 2−O(q) .
We will start by proving a special case to build intuition, then prove the full version using
a similar approach.

5.1

Warmup: q = 1 for total functions

In preparation for proving Lemma 26 in its full generality, let us prove the special case q = 1
of Lemma 22 (the “total functions” version), which is simpler and illustrates the core idea
quite well.
▶ Proposition 29 (“baby version” of Lemma 22). Suppose that HWn = h(g1 , . . . , gm ) and
that variable i is queried by only one of the inner functions g1 , . . . , gm . Let X ∼ {0, 1}n be a
uniformly random input. Then I[Xi : g1 (X), . . . , gm (X)] = 1. That is, the outputs of the
inner functions g1 (X), . . . , gm (X) determine Xi completely.
Proof. Say without loss of generality that the only inner function which queries variable i is
g1 . Fix any input x. We will show how to recover xi from the values g1 (x), . . . , gm (x).
First, set aside g1 (x), and consider what values |x| could take if we knew only
g2 (x), . . . , gm (x). By our assumption HWn = h(g1 , . . . , gm ), |x| = h(g1 (x), . . . , gm (x)),
so |x| must belong to the set
W = {h(0, g2 (x), . . . , gm (x)), h(1, g2 (x), . . . , gm (x))}.
Now, consider the input x⊕i (x with its ith coordinate flipped). Since only g1 depends on
the ith coordinate, x⊕i must share the same output values for g2 , . . . gm . This means that
both Hamming weights |x| and |x⊕i | must belong to the set W . But we know that |x⊕i | is
equal to either |x| + 1 (when xi = 0) or |x| − 1 (when xi = 1), and |W | ≤ 2, so that means
that W must be of the form
W = {|x|, |x⊕i |} = {w, w + 1}
for some w.
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So to find the value of xi , it suffices to check whether |x| = w (in which case xi = 0) or
|x| = w + 1 (in which case xi = 1). Since both W and |x| = h(g1 (x), . . . , gm (x)) can easily be
computed from g1 (x), . . . , gm (x), this gives us a way to recover xi from g1 (x), . . . , gm (x). ◀

5.2

General case

The proof of Lemma 26 is a generalization of the trick above: we fix the outputs of the inner
functions that do not query variable i, then consider the (relatively small) set of possible
values for |X| given those outputs, and finally use our knowledge of |X| to guess Xi better
than random chance.
Proof of Lemma 26. First, let us show that the inequality holds when q = 0. If q = 0, then
f does not depend on variable i at all, so for any x ∈ {0, 1}n , f (x) = f (x⊕i ). This means
we cannot simultaneously have f (x) = |x| and f (x⊕i ) = |x⊕i |. Thus whenever x ∈ D, x⊕i
cannot also be in D. As a result, Pr[X ⊕i ̸∈ D] = 1, so the right hand side becomes
1 + Pr[X ⊕i ̸∈ D] − 2−O(q) = 1 + 1 − 1 = 1,
and the inequality is trivially verified. Having proved the inequality for q = 0, we may assume
that q ≥ 1 for the remainder of the proof.
Let Ji ⊆ [m] be the set of inner functions that depend on variable i (so |Ji | ≤ q), and
let Ji := [m] \ Ji . Using the fact that g1 (X), . . . , gm (X) determine |X| completely, we can
weaken the conditioning to get
H[Xi | g1 (X), . . . , gm (X)] ≤ H[Xi | {gj (X)}j∈Ji , |X|],
and by definition of conditional entropy,
H[Xi | {gj (X)}j∈Ji , |X|]
= E [− log Pr[Xi = Yi | (∀j ∈ Ji , gj (X) = gj (Y )) ∧ |X| = |Y |]]
Y ∼D

= E [H2 (Pr[Xi = 1 | (∀j ∈ Ji , gj (X) = gj (Y )) ∧ |X| = |Y |])],
Y ∼D

where H2 (p) := −p log p − (1 − p) log(1 − p) is the binary entropy function. Thus, to prove
the lemma, it suffices to show that
E [H2 (Pr[Xi = 1 | (∀j ∈ Ji , gj (X) = gj (Y ))∧|X| = |Y |])] ≤ 1+Pr[X ⊕i ̸∈ D]−2−O(q) .

Y ∼D

(5)
Partitioning D according to the outputs of the inner functions that do not query the
variable i. To prove this inequality, let us first split into cases according to the outputs of the
inner functions that do not query variable i. Fix the output values v ∈ {0, 1}Ji of the inner
functions that do not query variable i, and suppose that those output values are achievable
by some input in D (that is, there exists some input x ∈ D such that ∀j ∈ Ji , gj (x) = vj ).
Let Sv := {x ∈ {0, 1}n | ∀j ∈ Ji , gj (x) = vj } be the set of inputs that produce these inner
function outputs. Note that the sets D ∩ Sv form a partition of D. As we will see later, a
key property of Sv is that its image under f has cardinality at most 2q .
Let us call v good if Pr[X ⊕i ̸∈ D | X ∈ Sv ] ≤ 2 · Pr[X ⊕i ̸∈ D] (that is, v is good if
⊕i
X is not much more likely to lie outside of D when X is in Sv than on average). By
Markov’s inequality, the sets Sv with good v account for most of the probability mass: that
P
is, v good Pr[X ∈ Sv ] ≥ 1/2.
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Our objective will be to show that for every good v,
E [H2 (Pr[Xi = 1 | X ∈ Sv ∧ |X| = |Y |]) | Y ∈ Sv ] ≤ 1 + Pr[X ⊕i ̸∈ D] − 2−O(q) . (6)

Y ∼D

Informally, the task is: for any good v ∈ {0, 1}Ji (representing the outputs of the inner
functions that do not query variable i), based only on v and the Hamming weight |X|, guess
the value of Xi slightly better than random chance.
Let us see why (6) implies (5):
E [H2 (Pr[Xi = 1 | (∀j ∈ Ji , gj (X) = gj (Y )) ∧ |X| = |Y |])]
X
=
Pr[X ∈ Sv ] · E [H2 (Pr[Xi = 1 | X ∈ Sv ∧ |X| = |Y |]) | Y ∈ Sv ]

Y ∼D

Y ∼D

v

(by the law of total expectation)
(
≤

X

Pr[X ∈ Sv ] ·

v


=1+

X

1 + Pr[X ⊕i ̸∈ D] − 2−O(q)

if v is good

1

otherwise
(by (6) and because H2 (·) ≤ 1)




Pr[X ∈ Sv ] Pr[X ⊕i ̸∈ D] − 2−O(q)

v good


≤ 1 + Pr[X ⊕i ̸∈ D] − 


X

Pr[X ∈ Sv ]2−O(q)

v good

(because
≤ 1 + Pr[X

⊕i

−O(q)

̸∈ D] − 2

.

(because

P

v good

P

v good

Pr[X ∈ Sv ] ≤ 1)

Pr[X ∈ Sv ] ≥ 1/2 and q > 0)

Proof overview for (6). Fix some good v ∈ {0, 1}Ji , and let Wv := {|x| | x ∈ D ∩ Sv } be
the set of possible Hamming weights for inputs in D ∩ Sv . When x ∈ D, we know that
|x| = f (x) = h(g1 (x), . . . , gm (x)), and when in addition x ∈ Sv , then for all j ∈ Ji , the
output value gj (x) is already fixed to vj . Therefore, when x ∈ D ∩ Sv , the Hamming weight
|x| can only depend on the remaining q output values gj (x) for j ∈ Ji , so there are at most
2q possible values for |x|. In other words, |Wv | ≤ 2q .
Informally, using the fact that Wv is small, we will show that there exists a Hamming
weight w∗ ∈ Wv that occurs with significant probability within Sv , and such that conditioned
on |X| = w∗ , the probability that Xi = 1 is not too close to 1/2. This means that when
|X| = w∗ we can guess Xi slightly better than random chance, and even if we just guess
randomly when |X| ̸= w∗ , we will have achieved better-than-random-chance accuracy overall.
Formally, we will show that ∃w∗ ∈ Wv such that
Pr[|X| = w∗ | x ∈ Sv ] ≥ 2−O(q)

(7)

and
Pr[Xi = 1 | X ∈ Sv ∧ |X| = w∗ ] ≤

1
− 2−O(q) .
2

Let us see why (7) and (8) together imply (6):

(8)
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E [H2 (Pr[Xi = 1 | X ∈ Sv ∧ |X| = |Y |]) | Y ∈ Sv ]

Y ∼D

=

X

Pr[|X| = w | X ∈ Sv ]

w∈Wv

· E [H2 (Pr[Xi = 1 | X ∈ Sv ∧ |X| = |Y |]) | Y ∈ Sv ∧ |Y | = w]
Y ∼D

(by the law of total expectation)
=

X

Pr[|X| = w | X ∈ Sv ]

w∈Wv

· E [H2 (Pr[Xi = 1 | X ∈ Sv ∧ |X| = w]) | Y ∈ Sv ∧ |Y | = w]
Y ∼D

(replace |Y | by w using the conditioning)
=

X

Pr[|X| = w | X ∈ Sv ] · H2 (Pr[Xi = 1 | X ∈ Sv ∧ |X| = w])

w∈Wv

(the expectation was constant)

(
≤

X

Pr[|X| = w | X ∈ Sv ] ·

w∈Wv

H2 (Pr[Xi = 1 | X ∈ Sv ∧ |X| = w∗ ])

if w = w∗

1

otherwise
(because H2 (·) ≤ 1)

∗

= 1 − Pr[|X| = w | X ∈ Sv ] · (1 − H2 (Pr[Xi = 1 | X ∈ Sv ∧ |X| = w∗ ]))
(rearrange and use the fact that probabilities sum to 1)
≤ 1 − 2−O(q) 1 − H2 1/2 − 2−O(q)
=1−2

−O(q)

1− 1−2

−O(q)





(by (7) and (8))
(because H2 (1/2 − p) = 1 − Ω(p2 ))

= 1 − 2−O(q) .

Existence of the weight w∗ . Let us now find this magical Hamming weight w∗ .
First of all, assume that Pr[X ⊕i ̸∈ D] ≤ 2−10q (otherwise, we can replace the right-hand
side of (6) by 1 and the inequality becomes trivial). Since v is good, this means that
Pr[X ⊕i ̸∈ D | X ∈ Sv ] ≤ 2 · 2−10q = 2−10q+1 .
When x ∈ Sv , x⊕i must also be in Sv , since flipping variable i does not affect the output
of any inner function gj for j ∈ Ji . Informally, this means that for most inputs x ∈ D ∩ Sv
(those for which x⊕i ∈ D), we can pair it up with another input x⊕i also in D ∩ Sv . We can
identify each such pair by looking at the value of x(i7→0) (x with its ith coordinate set to 0).
Our argument will rely crucially on this pairing of inputs.
For any integer −1 ≤ w ≤ n, let pw := Pr[X ⊕i ∈ D ∧ |X (i7→0) | = w | X ∈ Sv ] (note that
p−1 = 0 somewhat vacuously). It is clear that pw = 0 whenever w, w + 1 ̸∈ Wv . This means
that the sequence {pw }w∈{−1,...,n} has at most 2|Wv | ≤ 2q+1 nonzero elements. Moreover
Pn
⊕i
∈ D | X ∈ Sv ] ≥ 1 − 2−10q+1 , so we must have maxnw=−1 pw ≥
w=−1 pw = Pr[X
(1 − 2−10q+1 )/2q+1 ≥ 2−q−2 . Now, again using the fact that the sequence {pw }w∈{−1,...,n}
has at most 2q+1 nonzero elements, to go from p−1 = 0 to this maximum value of ≥ 2−q−2 ,
the sequence must contain some “upwards jump” of at least 2−q−2 /2q+1 = 2−2q−3 , so there
must exist a weight w∗ ∈ {0, . . . , n} such that pw∗ ≥ pw∗ −1 + 2−2q−3 .
Let us show that w∗ ∈ Wv and that it satisfies (7) and (8). First, note that the set
{x ∈ D ∩ Sv | |x| = w∗ } includes at least the following two disjoint sets:
(i) the inputs x ∈ D ∩ Sv such that x⊕i ∈ D, xi = 0, and |x(i7→0) | = w∗ ;
(ii) the inputs x ∈ D ∩ Sv such that x⊕i ∈ D, xi = 1 and |x(i7→0) | = w∗ − 1.
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It is easy to see that there are exactly
inputs of type (ii). This means that

pw ∗
2

pw∗ + pw∗ −1
2
pw ∗
≥
2
2−2q−3
≥
2
= 2−O(q) ,

|D ∩ Sv | inputs of type (i) and

pw∗ −1
|D
2

∩ Sv |

Pr[|X| = w∗ | X ∈ Sv ] ≥

(9)
(because pw∗ −1 is a probability)
(because pw∗ ≥ pw∗ −1 + 2−2q−3 ≥ 2−2q−3 )

satisfying (7). Also, given that Pr[|X| = w∗ | X ∈ Sv ] ≥ 2−O(q) > 0, there must be some
x ∈ D ∩ Sv such that |x| = w∗ , so w∗ ∈ Wv . Finally,
Pr[Xi = 1 | X ∈ Sv ∧ |X| = w∗ ]
Pr[Xi = 1 ∧ |X| = w∗ | X ∈ Sv ]
(by definition of conditional probability)
Pr[|X| = w∗ | X ∈ Sv ]
⊕i
∗
⊕i
Pr[X ̸∈ D ∧ Xi = 1 ∧ |X| = w | X ∈ Sv ] + Pr[X ∈ D ∧ Xi = 1 ∧ |X| = w∗ | X ∈ Sv ]
=
Pr[|X| = w∗ | X ∈ Sv ]

=

?

(split according to X ⊕i ∈ D)
≤

≤
=
≤
=
≤
<
=

Pr[X ⊕i ̸∈ D | X ∈ Sv ] + Pr[X ⊕i ∈ D ∧ Xi = 1 ∧ |X (i7→0) | = w∗ − 1 | X ∈ Sv ]
Pr[|X| = w∗ | X ∈ Sv ]
(logical consequences)
2−10q+1 +

pw∗ −1
2

pw∗ +pw∗ −1
2
−10q+2
2
+ pw∗ −1

pw∗ + pw∗ −1
2−10q+2 + (pw∗ − 2−2q−3 )
pw∗ + (pw∗ − 2−2q−3 )
1 2−2q−3 /2 − 2−10q+2
−
2
2pw∗ − 2−2q−3
2−2q−5
1
−
2 2pw∗ − 2−2q−3
1 2−2q−5
−
2
2
1
− 2−O(q) ,
2

(because there are

pw∗ −1
|D
2

∩ Sv | inputs of type (ii), and by (9))

(because pw∗ ≥ 2−2q−3 > 210q+2 and pw∗ −1 ≤ pw∗ − 2−2q−3 )

thus (8) is satisfied, and this concludes the proof.

6

(because q ≥ 1)
(because pw∗ ≤ 1)
(because q ≥ 1)

◀

Conclusion

In this section we outline several interesting directions for future work.

6.1

A plan towards better depth-3 lower bounds

√
As we pointed out in the introduction, if it were possible to
compute Majn as a fan-in-O( n)
√
√
function of fan-in-O( n) functions, there would be 2O( n) -size depth-3 circuits for Majn .
√
By showing that CCΘ(√n) (Majn ) = ω( n), we ruled out this particular way of obtaining
√
2O( n) -size depth-3 circuits for√Majn . Theorem 2 is therefore a necessary first step for
showing that Majn requires 2ω( n) -size depth-3 circuits.
If we keep considering constructions of the form Majn = h(g1 , . . . , gm ), there are several
ways we can make both the outer function h and the inner functions g1 , . . . , gm more powerful
while still giving depth-3 circuit upper bounds. For example, one could try to prove that
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√
√
Majn cannot be computed as a fan-in-O( n) function of depth-O( n) decision trees, or even
√
√
as a depth-O( n) decision tree of depth-O( n) decision trees. Indeed,√if such a construction
were possible, the outer function could be transformed into a size-2O( n) DNF (resp.
CNF),
√
O( n)
while the inner functions and their negations
could
be
transformed
into
size-2
CNFs
√
O( n)
3
3
(resp. DNFs), which would give a 2
-size Σ (resp. Π ) circuit for Majn .
This motivates the following plan towards proving better depth-3 lower bounds for the
majority function: prove lower bounds against computing Majn as h(g1 , . . . , gm ), where the
inner and outer functions are replaced by increasingly powerful objects. For now, let us
conjecture the following first steps, which could be solved independently.
▶ Conjecture 30 (making the inner functions more powerful). Majn cannot be represented as
√
√
h(g1 , . . . , gm ), where m = O( n) and each gj is a depth-O( n) decision tree.
▶ Conjecture 31 (making the outer function more powerful). Majn cannot be represented as
√
√
h(g1 , . . . , gm ), where h is a depth-O( n) decision tree and each gj depends on only O( n)
variables.
In fact, we do not have to climb very far up the power ladder in order to reach the full
√
power of√depth-3 circuits. Indeed, if we were to replace “depth-O( n) decision tree” by
“size-2O( n) DNF” (resp. CNF) in Conjecture 31, this would already be equivalent
to the
√
conjecture that Majn cannot be represented by Σ3 (resp. Π3 ) circuits of size 2O( n) .8

6.2

Further applications of our techniques

An information theoretic toolbox for circuit lower bounds?
In this paper, we showed (in Lemma 22 and Lemma 26) how we can trace the information
flow within a circuit of arbitrary functions to prove tight lower bounds. Could one prove
lower bounds against boolean circuits via the same technique? In particular, it would
be interesting to prove a statement analogous to Lemma 22, but quantifying the mutual
information between internal nodes of a boolean circuit.
One challenge of accomplishing this is in the difference in power between the inner
functions and the AND/OR gates of boolean circuits. Since the boolean gates are so much
weaker than the inner functions (which compute arbitrary boolean functions), we would need
to prove much stronger statements about the information flow in order to get tight lower
bounds. Nonetheless, we believe that challenges like Open Problem 1 require techniques that
can precisely identify the weaknesses of small-depth circuits, and that information theory is
a well-suited tool for this task.

The usefulness of multi-output functions
Multi-output functions played a key role in two steps of the proof. These steps can be
distilled as a general plan for proving lower bounds for single-output functions as follows:
(1) Prove a lower bound for a multi-output function (in our case, HWn ).
(2) Show that the act of computing a desired single-output function (in our case, Majn )
essentially entails computing the multi-output function (perhaps on a smaller set of
inputs).
8

√
In fact, this would√still be true even if we replaced “each gj depends only on O( n) variables” by “each
gj is an OR of O( n) variables”.
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We believe that this general approach could be applied to a much wider range of models.
For example, consider the
problem of improving the best lower bounds for depth-3 circuits.
√
If one could prove a 2ω( n) lower bound against depth-3 circuits of HWn , then this would
automatically
give us better√lower bounds for an explicit function (we would get a lower
√
ω( n)
bound of 2
/ log n = 2ω( n) for at least one of the output bits of HWn ). In all likelihood,
this could be extended (perhaps by the approach in step (2)) to work for Majn , thereby
resolving Open Problem 1.
We usually think of single-output functions as being components of multi-output functions,
but this work shows that multi-output functions can be hidden within single-output functions
as well. We hope that this will encourage the incorporation of multi-output functions into
the lexicon of hard functions to prove lower bounds for.

Random linear codes
As a concrete example of functions that one might prove strong lower bounds for using our
techniques, we propose random linear error-correcting codes.
In a celebrated work, Paturi et al. [23] showed that error-correcting
codes9 with large
√
enough distance and enough codewords require size-21.282 n -size Σ3 circuits, which remains
to date the strongest lower bound proved for any
explicit function. A natural question
√
is, was this technique tight? Can we obtain 2ω( n) lower bounds for all “good enough”
error-correcting codes?
Unfortunately, the answer is at least partially negative. Leffman, Pudlák, and Savický
[19] showed that there exist linear codes of large distance which have sparse parity check
matrices. More precisely, they show the existence of a linear code f of distance nΩ(1) whose
√
√
parity check matrix has n rows, each of which has only O( n) non-zero entries. This
means that we can write f = h(g1 , . . . , g√n ), where each of the inner functions gj computes
√
a parity check over O( n) variables, and h is the √
AND function. Using the notation of this
√
paper, CCO(√n) (f ) ≤ n, and thus f has size-2O( n) Σ3 circuits.
However, this code has small depth-3 circuits precisely because its parity check matrix is
sparse. It is easy to see by a counting argument that most linear codes do not have sparse
parity check matrices. So it is natural to wonder whether a random linear code (a code
whose parity check matrix is chosen uniformly at random) might require large Σ3 circuits.
Concretely, we conjecture the following.
▶ Conjecture 32. Let ℓ ≪ k ≪ n. Let H ∼ {0, 1}ℓ×n be a random matrix of ℓ parity checks,
and let
(
1 if Hx = ⃗0
n
f : {0, 1} → {0, 1} : x 7→
0 otherwise
be the corresponding
 Then, with high probability,
 linear code.
ℓ
(i) CCk (f ) ≥ Ω nk · log(n/k)
;
√
(ii) f requires Σ3 circuits of size 2Ω( nℓ/ log n) .
ℓ
The proposed bound Ω( nk · log(n/k)
) in point (i) comes from the observation that one can
verify any log(n/k) parity check using O(n/k) inner functions: first split the variables into
O(n/k) sets according to their coefficients in each of the log(n/k) parity check, then compute
the parity of each of those O(n/k) sets. Point (i) simply conjectures that this observation

9

More precisely, functions computing whether their input x belongs to a fixed error-correcting code.
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√
gives the best upper bound on CCk (f ). The proposed bound 2Ω( nℓ/ log n) in point (ii) is
obtained by conjecturing that the best Σ3 circuit size for f will be obtained as 2O(CCk (f )+k)
through the connection
p with composition complexity (see Section 1.2.2), then balancing the
sum by setting k := nℓ/ log n.
1−ϵ

If Conjecture 32 is true, it would give lower bounds of the form 2n
against Σ3 circuits.
It seems likely to us that, depending on how the proof works, the randomness could then be
lifted, and it could be extended to some explicit pseudorandom linear code.
We think the techniques in our paper would be particularly well-suited to proving
Conjecture 32. Indeed, just like majority has a natural multi-output analog (the Hamming
weight function), f has an even more obvious corresponding multi-output function: the
function f⃗(x) := Hx which gives the outputs of all the parity checks. Therefore, it seems
plausible that one could first prove a lower bound for f⃗ using techniques similar to the ones
in Section 3, then extend it to f using our framework for bootstrapping lower bounds from
multi-output functions to binary-output functions, which we presented in Section 4.

References
1

Miklós Ajtai. Σ11 -formulae on finite structures. Annals of Pure and Applied Logic, 24(1):1–48,
1983.

2

Noga Alon and Wolfgang Maass. Meanders, ramsey theory and lower bounds for branching
programs. In 27th Annual Symposium on Foundations of Computer Science (SFCS 1986),
pages 410–417. IEEE, 1986.

3

Kazuyuki Amano and Masafumi Yoshida. Depth two (n-2)-majority circuits for n-majority.
IEICE Transactions on Fundamentals of Electronics, Communications and Computer Sciences,
101(9):1543–1545, 2018.

4

László Babai, Pavel Pudlák, Vojtech Rödl, and Endre Szemerédi. Lower bounds to the
complexity of symmetric boolean functions. Theoretical Computer Science, 74(3):313–323,
1990.

5

Ravi B Boppana. The average sensitivity of bounded-depth circuits. Information processing
letters, 63(5):257–261, 1997.

6

Christian Engels, Mohit Garg, Kazuhisa Makino, and Anup Rao. On expressing majority as a
majority of majorities. SIAM Journal on Discrete Mathematics, 34(1):730–741, 2020.

7

Merrick Furst, James Saxe, and Michael Sipser. Parity, circuits, and the polynomial-time
hierarchy. In Proceedings of the 22nd IEEE Annual Symposium on Foundations of Computer
Science, pages 260–270, 1981.

8

Dmitry Gavinsky, Or Meir, Omri Weinstein, and Avi Wigderson. Toward better formula
lower bounds: an information complexity approach to the krw composition conjecture. In
Proceedings of the forty-sixth annual ACM symposium on Theory of computing, pages 213–222,
2014.

9

Oded Goldreich and Avishay Tal. Matrix rigidity of random toeplitz matrices. computational
complexity, 27(2):305–350, 2018.

10

Oded Goldreich and Avishay Tal. On constant-depth canonical boolean circuits for computing
multilinear functions. In Computational Complexity and Property Testing, pages 306–325.
Springer, 2020.

11

Oded Goldreich and Avi Wigderson. On the size of depth-three boolean circuits for computing
multilinear functions. In Computational Complexity and Property Testing, pages 41–86.
Springer, 2020.

12

Johan Håstad. Computational Limitations for Small Depth Circuits. MIT Press, Cambridge,
MA, 1986.

CCC 2022

19:26

The Composition Complexity of Majority

13

14

15
16
17

18
19
20
21
22
23
24

25
26

27
28
29
30
31
32

Johan Hastad, Stasys Jukna, and Pavel Pudlák. Top-down lower bounds for depth 3 circuits.
In Proceedings of 1993 IEEE 34th Annual Foundations of Computer Science, pages 124–129.
IEEE, 1993.
Pavel Hrubes, Sivaramakrishnan Natarajan Ramamoorthy, Anup Rao, and Amir Yehudayoff. Lower bounds on balancing sets and depth-2 threshold circuits. In 46th International
Colloquium on Automata, Languages, and Programming (ICALP 2019). Schloss DagstuhlLeibniz-Zentrum fuer Informatik, 2019.
Pavel Hrubes and Anup Rao. Circuits with medium fan-in. In 30th Conference on Computational Complexity (CCC 2015). Schloss Dagstuhl-Leibniz-Zentrum fuer Informatik, 2015.
Stasys Jukna. Boolean function complexity: advances and frontiers, volume 5. Springer, 2012.
Maria Klawe, Wolfgang J Paul, Nicholas Pippenger, and Mihalis Yannakakis. On monotone
formulae with restricted depth. In Proceedings of the sixteenth annual ACM symposium on
Theory of computing, pages 480–487, 1984.
Alexander S Kulikov and Vladimir V Podolskii. Computing majority by constant depth
majority circuits with low fan-in gates. Theory of Computing Systems, 63(5):956–986, 2019.
Hanno Lefmann, Pavel Pudlák, and Petr Savicky. On sparse parity check matrices. Designs,
Codes and Cryptography, 12(2):107–130, 1997.
Or Meir and Avi Wigderson. Prediction from partial information and hindsight, with application
to circuit lower bounds. computational complexity, 28(2):145–183, 2019.
Edward I Nechiporuk. A boolean function. Engl. transl. in Sov. Phys. Dokl., 10:591–593, 1966.
Ilan Newman and Avi Wigderson. Lower bounds on formula size of boolean functions using
hypergraph entropy. SIAM Journal on Discrete Mathematics, 8(4):536–542, 1995.
Ramamohan Paturi, Pavel Pudlák, Michael E Saks, and Francis Zane. An improved exponentialtime algorithm for k-sat. Journal of the ACM (JACM), 52(3):337–364, 2005.
Ramamohan Paturi, Pavel Pudlák, and Francis Zane. Satisfiability coding lemma. In
Proceedings 38th Annual Symposium on Foundations of Computer Science, pages 566–574.
IEEE, 1997.
Gleb Posobin. Computing majority with low-fan-in majority queries. arXiv preprint, 2017.
arXiv:1711.10176.
Alexander A Razborov. Lower bounds for deterministic and nondeterministic branching
programs. In International Symposium on Fundamentals of Computation Theory, pages 47–60.
Springer, 1991.
Alexander A Razborov and Steven Rudich. Natural proofs. Journal of Computer and System
Sciences, 55(1):24–35, 1997.
Benjamin Rossman. The average sensitivity of bounded-depth formulas. computational
complexity, 27(2):209–223, 2018.
Srikanth Srinivasan. Personal communication, 2015.
Leslie G Valiant. Exponential lower bounds for restricted monotone circuits. In Proceedings of
the fifteenth annual ACM symposium on Theory of computing, pages 110–117, 1983.
Guy Wolfovitz. The complexity of depth-3 circuits computing symmetric boolean functions.
Information Processing Letters, 100(2):41–46, 2006.
Andrew Yao. Separating the polynomial-time hierarchy by oracles. In Proceedings of the 26th
Annual Symposium on Foundations of Computer Science, pages 1–10, 1985.

The Acrobatics of BQP
#Ñ
University of Texas at Austin, TX, USA

Scott Aaronson

DeVon Ingram #
University of Chicago, IL, USA
#Ñ
University of Texas at Austin, TX, USA

William Kretschmer
Abstract

One can fix the randomness used by a randomized algorithm, but there is no analogous notion of
fixing the quantumness used by a quantum algorithm. Underscoring this fundamental difference,
we show that, in the black-box setting, the behavior of quantum polynomial-time (BQP) can be
remarkably decoupled from that of classical complexity classes like NP. Specifically:
There exists an oracle relative to which NPBQP ̸⊂ BQPPH , resolving a 2005 problem of Fortnow.
As a corollary, there exists an oracle relative to which P = NP but BQP ̸= QCMA.
Conversely, there exists an oracle relative to which BQPNP ̸⊂ PHBQP .
QMA···

Relative to a random oracle, PP is not contained in the “QMA hierarchy” QMAQMA
.
P
Relative to a random oracle, ΣPk+1 ̸⊂ BQPΣk for every k.
There exists an oracle relative to which BQP = P#P and yet PH is infinite. (By contrast, relative
to all oracles, if NP ⊆ BPP, then PH collapses.)
There exists an oracle relative to which P = NP ̸= BQP = P#P .
To achieve these results, we build on the 2018 achievement by Raz and Tal of an oracle relative
to which BQP ̸⊂ PH, and associated results about the Forrelation problem. We also introduce
new tools that might be of independent interest. These include a “quantum-aware” version of the
random restriction method, a concentration theorem for the block sensitivity of AC0 circuits, and a
(provable) analogue of the Aaronson-Ambainis Conjecture for sparse oracles.
2012 ACM Subject Classification Theory of computation → Quantum complexity theory; Theory
of computation → Complexity classes
Keywords and phrases BQP, Forrelation, oracle separations, Polynomial Hierarchy, query complexity
Digital Object Identifier 10.4230/LIPIcs.CCC.2022.20
Related Version Full Version: https://arxiv.org/abs/2111.10409 [8]
Funding Scott Aaronson: Supported by a Vannevar Bush Fellowship from the US Department of
Defense, a Simons Investigator Award, and the Simons “It from Qubit” collaboration.
DeVon Ingram: Supported by an NSF Graduate Research Fellowship.
William Kretschmer : Supported by an NDSEG Fellowship.
Acknowledgements We thank Lance Fortnow, Greg Kuperberg, Patrick Rall, and Avishay Tal for
helpful conversations. We are especially grateful to Avishay Tal for helping us prove a tail bound on
the block sensitivity of AC0 circuits.

1

Introduction

The complexity-theoretic study of quantum computation is often dated from 1993, when
Bernstein and Vazirani [15] defined BQP, or Bounded-Error Quantum Polynomial-Time: the
class of languages that admit efficient quantum algorithms. Then as now, a central concern
was how BQP relates to classical complexity classes, such as P, NP, and PH. Among the
countless questions that one could raise here, let us single out three as especially fundamental:
© Scott Aaronson, DeVon Ingram, and William Kretschmer;
licensed under Creative Commons License CC-BY 4.0
37th Computational Complexity Conference (CCC 2022).
Editor: Shachar Lovett; Article No. 20; pp. 20:1–20:17
Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

20:2

The Acrobatics of BQP

(1) Can quantum computers efficiently solve any problems that classical computers cannot?
In other words, does BPP = BQP?
(2) Can quantum computers solve NP-complete problems in polynomial time? In other
words, is NP ⊆ BQP?
(3) What is the best classical upper bound on the power of quantum computation? Is
BQP ⊆ NP? Is BQP ⊆ PH?
Three decades later, all three of these still stand as defining questions of the field.
Nevertheless, from the early 2000s onwards, it became rare for work in quantum computing
theory to address any of these questions directly, perhaps simply because it became too hard
to say anything new about them. A major recent exception was the seminal work of Raz
and Tal [38], who gave an oracle relative to which BQP ̸⊂ PH, by completing a program
proposed by one of us [2]. In this paper, we take the Raz-Tal breakthrough as a starting
point. Using it, together with new tools that we develop, we manage to prove many new
theorems about the power of BQP – at least in the black-box setting where much of our
knowledge of quantum algorithms resides.
Before discussing the black-box setting or Raz-Tal, though, let’s start by reviewing what
is known in general about BQP. Bernstein and Vazirani [15] showed that BPP ⊆ BQP ⊆ P#P ,
and Adleman, DeMarrais, and Huang [10] improved the upper bound to BQP ⊆ PP, giving
us the following chain of inclusions:
P ⊆ BPP ⊆ BQP ⊆ PP ⊆ P#P ⊆ PSPACE ⊆ EXP.
Fortnow and Rogers [21] slightly strengthened the inclusion BQP ⊆ PP, to show for
example that PPBQP = PP. This complemented the result of Bennett, Bernstein, Brassard,
and Vazirani [14] that BQPBQP = BQP: that is, BQP is “self-low,” or “the BQP hierarchy
collapses to BQP.”

1.1

The Contrast with BPP

Meanwhile, though, the relationships between BQP and complexity classes like NP, PH, and
P/poly have remained mysterious. Besides the fundamental questions mentioned above – is
NP ⊆ BQP? is BQP ⊆ NP? is BQP ⊆ PH? – one could ask other questions:
(i) In a 2005 blog post, Fortnow [20] raised the question of whether NPBQP ⊆ BQPNP . Do
we even have NPBQP ⊆ BQPPH ? I.e., when quantum computation is combined with
classical nondeterminism, how does the order of combination matter?
(ii) What about the converse: is BQPNP ⊆ PHBQP ?
(iii) Suppose NP ⊆ BQP. Does it follow that PH ⊆ BQP as well?
(iv) Suppose NP ⊆ BQP. Does it follow that PH collapses?
(v) Is BQP ⊂ P/poly?
(vi) Suppose P = NP. Does it follow that BQP is “small” (say, not equal to EXP)?
(vii) Suppose P = NP. Does it follow that BQP = QCMA, where QCMA (Quantum Classical
Merlin Arthur) is the analogue of NP with a BQP verifier?
What is particularly noteworthy about the questions above is that, if we replace BQP by
BPP, then positive answers are known to all of them:
(i) NPBPP ⊆ AM ⊆ BPPNP .
(ii) BPPNP ⊆ PH = PHBPP .
(iii) If NP ⊆ BPP, then PH = BPP – this is sometimes given as a homework exercise in
complexity theory courses, and also follows from (i).

S. Aaronson, D. Ingram, and W. Kretschmer

20:3

(iv) If NP ⊆ BPP, then PH = ΣP2 – this follows from (iii) and the Sipser-Lautemann Theorem
[45, 34].
(v) BPP ⊂ P/poly is Adleman’s Theorem [9].
(vi) If P = NP, then P = BPP and hence BPP ̸= EXP, by the time hierarchy theorem.
(vii) If P = NP, then of course BPP = MA.
So what is it that distinguishes BPP from BQP in these cases? In all of the above
examples, the answer turns out to be one of the fundamental properties of classical randomized
algorithms: namely, that one can always “pull the randomness out” from such algorithms,
viewing them as simply deterministic algorithms that take a uniform random string r as
an auxiliary input, in addition to their “main” input x. This, in turn, enables one to play
all sorts of tricks with such an algorithm M (x, r) – from using approximate counting to
estimate the fraction of r’s that cause M (x, r) to accept, to moving r from inside to outside
a quantifier, to hardwiring r as advice. By contrast, there is no analogous notion of “pulling
the randomness (or quantumness) out of a quantum algorithm.” In quantum computation,
randomness is just an intrinsic part of the model that rears its head at the end (rather than
the beginning) of a computation, when we take the squared absolute values of amplitudes to
get probabilities.
This difference between randomized and quantum algorithms is crucial to the analysis of
the so-called “sampling-based quantum supremacy experiments” – for example, those recently
carried out by Google [11] and USTC [49]. The theoretical foundations of these experiments
were laid a decade ago, in the work of Aaronson and Arkhipov [5] on BosonSampling,
and (independently) Bremner, Jozsa, and Shepherd [19] on the commuting Hamiltonians
or IQP model. Roughly speaking, the idea is that, by using a quantum computer, one can
efficiently sample a probability distribution D over n-bit strings such that even estimating
the probabilities of the outcomes is a #P-hard problem. Meanwhile, though, if there were a
polynomial-time classical randomized algorithm M (x, r) to sample from the same distribution
D, then one could use the “pulling out r” trick to estimate the probabilities of M ’s outcomes
in PH. But this would put P#P into PH, thereby collapsing PH by Toda’s Theorem [47].
More generally, with any of the apparent differences between quantum algorithms and
classical randomized algorithms, the question is: how can we prove that the difference is
genuine, that no trick will ever be discovered that makes BQP behave more like BPP? For
questions like whether NP ⊆ BQP or whether BQP ⊆ NP, the hard truth here is that not
only have we been unable to resolve these questions in the unrelativized world, we’ve been
able to say little more about them than certain “obvious” implications. For example, suppose
NP ⊆ BQP and BQP ⊆ AM. Then since BQP is closed under complement, we would also
have coNP ⊆ BQP, and hence coNP ⊆ AM, which is known to imply a collapse of PH [17].
And thus, if PH is infinite, then either NP ̸⊂ BQP or BQP ̸⊂ AM. How can we say anything
more interesting and nontrivial?

1.2

Relativization

Since the work of Baker, Gill, and Solovay [13], whenever complexity theorists were faced with
an impasse like the one above, a central tool has been relativized or black-box complexity: in
other words, studying what happens when all the complexity classes one cares about are fed
some specially-constructed oracle. Much like perturbation theory in physics, relativization
lets us make well-defined progress even when the original questions we wanted to answer are
out of reach. It is well-known that relativization is an imperfect tool – the IP = PSPACE [42],
MIP = NEXP [12], and more recently, MIP∗ = RE [30] theorems provide famous examples
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where complexity classes turned out to be equal, even in the teeth of oracles relative to which
they were unequal. On the other hand, so far, almost all such examples have originated from
a single source: namely, the use of algebraic techniques in interactive proof systems. And if,
for example, we want to understand the consequences of NP ⊆ BQP, then arguably it makes
little sense to search for nonrelativizing consequences if we don’t even understand yet what
the relativizing consequences (that is, the consequences that hold relative to all oracles) are
or are not.
In quantum complexity theory, even more than in classical complexity theory, relativization
has been an inextricable part of progress from the very beginning. The likely explanation
is that, even when we just count queries to an oracle, in the quantum setting we need to
consider algorithms that query all oracle bits in superposition – so that even in the most
basic scenarios, it is already unintuitive what can and cannot be done, and so oracle results
must do much more than formalize the obvious.
More concretely, Bernstein and Vazirani [15] introduced some of the basic techniques of
quantum algorithms in order to prove, for the first time, that there exists an oracle A such
that BPPA ̸= BQPA . Shortly afterward, Simon [44] gave a quantitatively stronger oracle
separation between BPP and BQP, and then Shor [43] gave a still stronger separation, along
the way to his famous discovery that Factoring is in BQP.
On the negative side, Bennett, Bernstein, Brassard, and Vazirani [14] showed that there
exists an oracle relative to which NP ̸⊂ BQP: indeed,
 relative to which there are problems
that take n time for an NP machine but Ω 2n/2 time for a BQP machine. Following
the discovery
√  of Grover’s algorithm [25], which quantumly searches any list of N items
N queries, the result of Bennett, Bernstein, Brassard, and Vazirani gained the
in O
interpretation that Grover’s algorithm is optimal. In other words, any quantum algorithm for
NP-complete problems that gets more than the square-root speedup of Grover’s algorithm
must be “non-black-box.” It must exploit the structure of a particular NP-complete problem
much like a classical algorithm would have to, rather than treating the problem as just an
abstract space of 2n possible solutions.
Meanwhile, clearly there are oracles relative to which P = BQP – for example, a PSPACEcomplete oracle. But we can ask: would such oracles necessarily collapse the hierarchy of
classical complexity classes as well? In a prescient result that provided an early example
of the sort of thing we do in this paper, Fortnow and Rogers [21] showed that there exists
an oracle relative to which P = BQP and yet PH is infinite. In other words, if P = BQP
would imply a collapse of the polynomial hierarchy, then it cannot be for a relativizing
reason. Aaronson and Chen [6] extended this to show that there exists an oracle relative to
which sampling-based quantum supremacy is impossible – i.e., any probability distribution
approximately samplable in quantum polynomial time is also approximately samplable in
classical polynomial time – and yet PH is infinite. In other words, if it is possible to prove
the central theoretical conjecture of quantum supremacy – namely, that there are noisy
quantum sampling experiments that cannot be simulated in classical polynomial time unless
PH collapses – then nonrelativizing techniques will be needed there as well.
What about showing the power of BQP, by giving oracle obstructions to containments
like BQP ⊆ NP, or BQP ⊆ PH? There, until recently, the progress was much more limited.
Watrous [48] showed that there exists an oracle relative to which BQP ̸⊂ NP and even BQP ̸⊂
MA (these separations could also have been shown using the Recursive Fourier Sampling
problem, introduced by Bernstein and Vazirani [15]). But extending this further, to get an
oracle relative to which BQP ̸⊂ PH or even BQP ̸⊂ AM, remained an open problem for two
decades. Aaronson [2] proposed a program for proving an oracle separation between BQP
and PH, involving a new problem he introduced called Forrelation:

S. Aaronson, D. Ingram, and W. Kretschmer

20:5

▶ Problem 1 (Forrelation). Given black-box access to two Boolean functions f, g :
{0, 1}n → {1, −1}, and promised that either
(i) f and g are uniformly random and independent, or
(ii) f and g are uniformly random individually, but g has Ω(1) correlation with fˆ, the
Boolean Fourier transform of f (i.e., f and g are “Forrelated”),
decide which.
Aaronson [2] showed that Forrelation is solvable, with constant bias, using only a
single quantum query to f and g (and O(n) time). By contrast, he showed that any classical
n/4
randomized algorithm
queries – improved by Aaronson and
 for
 the problem needs Ω 2
n/2

Ambainis [4] to Ω 2 n
queries, which is essentially tight. The central conjecture, which
Aaronson left open, said that Forrelation ̸∈ PH – or equivalently, by the connection
between PH machines and AC0 circuits [22], that there are no AC0 circuits for Forrelation
of constant depth and 2poly(n) size.
Finally, Raz and Tal [38] managed to prove Aaronson’s conjecture, and thereby obtain
the long-sought oracle separation between BQP and PH.1 Raz and Tal achieved this by
introducing new techniques for constant-depth circuit lower bounds, involving Brownian
motion and the L1 -weight of the low-order Fourier coefficients of AC0 functions. Relevantly
for us, Raz and Tal actually proved the following stronger result:
▶ Theorem 2 ([38]). A PH machine can guess whether f and g are uniform or Forrelated
with bias at most 2−Ω(n) .
Recall that before Raz and Tal, we did not even have an oracle relative to which
BQP ̸⊂ AM. Notice that, if BQP ⊆ AM, then many other conclusions would follow in a
relativizing way. For example, we would have:
P = NP implies P = BQP,
NPBQP ⊆ NPAM∩coAM ⊆ BPPNP ⊆ BQPNP ,
If NP ⊆ BQP, then NPNP ⊆ NPBQP ⊆ BQPNP = BQPBQP = BQP, and
If NP ⊆ BQP, then NP ⊆ coAM, which implies that PH collapses.
Looking at it a different way, our inability even to separate BQP from AM by an oracle
served as an obstruction to numerous other oracle separations.
The starting point of this paper was the following question: in a “post-Raz-Tal world,”
can we at last completely “unshackle” BQP from P, NP, and PH, by showing that there are
no relativizing obstructions to any possible answers to questions like the ones we asked in
Section 1.1?

1.3

Our Results

We achieve new oracle separations that show an astonishing range of possible behaviors for
BQP and related complexity classes – in at least one case, resolving a longstanding open
problem in this topic. Our title, “The Acrobatics of BQP,” comes from a unifying theme of the
new results being “freedom.” We will show that, as far as relativizing techniques can detect,
collapses and separations of classical complexity classes place surprisingly few constraints on
the power of quantum computation. In most cases, this can be understood as ultimately

1

Strictly speaking, they did this for a variant of Forrelation where the correlation between g and fˆ
is only ∼ n1 , and thus a quantum algorithm needs ∼ n queries to solve the problem, but this will not
affect anything that follows.
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stemming from the fact that one cannot “fix the randomness” (or quantumness) used by
a quantum algorithm, similarly to how one fixes the randomness used by a randomized
algorithm in many complexity-theoretic arguments.
As we alluded to earlier, many of our new results would not have been possible without
Raz and Tal’s analysis of Forrelation [38], which we rely on extensively. We will treat
Forrelation no longer as just an isolated problem, but as a sort of cryptographic code,
by which an oracle can systematically make certain information available to BQP machines
while keeping the information hidden from classical machines.
Having said that, very few of our results will follow from Raz-Tal in any straightforward
way. Most often we need to develop other lower bound tools, in addition to or instead of
Raz-Tal. Our new tools, which seem likely to be of independent interest, include a random
restriction lemma for quantum query algorithms, a concentration theorem for the block
sensitivity of AC0 functions, and a provable analogue of the Aaronson-Ambainis conjecture [3]
for certain sparse oracles.
Perhaps our single most interesting result is the following.
▶ Theorem 3. There exists an oracle relative to which NPBQP ̸⊂ BQPNP , and indeed
NPBQP ̸⊂ BQPPH .
As mentioned earlier, Theorem 3 resolves an open problem of Fortnow [20], and demonstrates a clear difference between BPP and BQP that exemplifies the impossibility of pulling
the randomness out of a quantum algorithm. Indeed, Theorem 3 shows that there is no
general, black-box way to move quantumness past an NP quantifier, like we can do for
classical randomness.
As a straightforward byproduct of Theorem 3, we are also able to prove the following:
▶ Theorem 4. There exists an oracle relative to which P = NP but BQP ̸= QCMA.
Conversely, it will follow from one of our later results, Theorem 9, that there exists an
oracle relative to which P ̸= NP and yet BQP = QCMA = QMA. In other words, as far as
relativizing techniques are concerned, the classical and quantum versions of the P vs. NP
question are completely uncoupled from one another.
Theorem 3 also represents progress toward a proof of the following conjecture, which
might be the most alluring open problem that we leave.
▶ Conjecture 5. There exists an oracle relative to which NP ⊆ BQP but PH ̸⊂ BQP. Indeed,
for every k ∈ N, there exists an oracle relative to which ΣPk ⊆ BQP but ΣPk+1 ̸⊂ BQP.
Conjecture 5 would provide spectacularly fine control over the relationship between BQP
and PH, going far beyond Raz-Tal to show how BQP could, e.g., swallow the first 18 levels of
PH without swallowing the 19th. To see the connection between Theorem 3 and Conjecture 5,
suppose NPBQP ⊆ BQPNP , and suppose also that NP ⊆ BQP. Then, as observed by Fortnow
[20], this would imply
NPNP ⊆ NPBQP ⊆ BQPNP ⊆ BQPBQP = BQP,
(and so on, for all higher levels of PH), so that PH ⊆ BQP as well. Hence, any oracle that
witnesses Conjecture 5 also witnesses Theorem 3, so our proof of Theorem 3 is indeed a
prerequisite to Conjecture 5.
At a high level, we prove Theorem 3 by showing that no BQPPH machine can solve the
OR ◦ Forrelation problem, in which one is given a long list of Forrelation instances,
and is tasked with distinguishing whether (1) all of the instances are uniformly random, or (2)
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at least one of the instances is Forrelated. A first intuition is that PH machines should gain no
useful information from the input, just because Forrelation “looks random” (by Raz-Tal),
and hence a BQPPH machine should have roughly the same power as a BQP machine at
deciding OR ◦ Forrelation. If one could show this, then completing the theorem would
amount to showing that OR ◦ Forrelation is hard for BQP machines, which easily follows
from the BBBV Theorem [14].
Alas, initial attempts to formalize this intuition fail for a single, crucial reason: the possibility of homomorphic encryption! The Raz-Tal Theorem merely proves that Forrelation is
a strong form of encryption against PH algorithms. But to rule out a BQPPH algorithm for
OR ◦ Forrelation, we also have to show that one cannot take a collection of Forrelation
instances and transform them, by means computable in PH, into a single Forrelation
instance whose solution is the OR of the solutions to the input instances. Put another way,
we must show that AC0 circuits of constant depth and 2poly(n) size cannot homomorphically
evaluate the OR function, when the encryption is done via the Forrelation problem.
More generally, we even have to show that AC0 circuits cannot transform the “ciphertext”
into any string that could later be decoded by an efficient quantum algorithm. Theorem 3
accomplishes this with the help of an additional structural property of AC0 circuits: our
concentration theorem for block sensitivity. Loosely speaking, the concentration theorem
implies that, with overwhelming probability, any small AC0 circuit is insensitive to toggling
between a yes-instance and a neighboring no-instance of the OR ◦ Forrelation problem.
This, together with the BBBV Theorem [14], then implies that such “homomorphic encryption”
is impossible.
We also achieve the following converse to Theorem 3:
▶ Theorem 6. There exists an oracle relative to which BQPNP ̸⊂ PHBQP , and even BQPNP ̸⊂
PHPromiseBQP .
Note that an oracle relative to which BQPNP ̸⊂ NPBQP is almost trivial to achieve, for
example by considering a problem in coNP. However, BQPNP ̸⊂ PHBQP is much harder. At a
high level, rather than considering the composed problem OR ◦ Forrelation, we now need
to consider the reverse composition: Forrelation ◦ OR, a problem that’s clearly in BQPNP ,
but plausibly not in PHBQP . The key step is to show that, when solving Forrelation ◦ OR,
any PHBQP machine can be simulated by a PH machine: the BQP oracle is completely
superfluous! Once we’ve shown that, Forrelation ◦ OR ̸∈ PH then follows immediately
from Raz-Tal.
For our next result, recall that QMA, or Quantum Merlin-Arthur, is the class of problems
for which a yes-answer can be witnessed by a polynomial-size quantum state. Perhaps our
second most interesting result is this:
▶ Theorem 7. PP is not contained in the “QMA hierarchy”, consisting of constant-depth
QMA···
towers of the form QMAQMA
, with probability 1 relative to a random oracle.2
Note that PP = PostBQP, where PostBQP denotes BQP augmented with the power of
postselection [1], and so Theorem 7 contrasts with the classical containment PostBPP ⊆
BPPNP ⊆ PH [26, 33]. Nevertheless, before this paper, to our knowledge, it was not even

2

Actually, our formal definition of the QMA hierarchy is more general than the version given here, in
order to accommodate recursive queries to QMA promise problems. This only makes our separation
stronger.
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known how to construct an oracle relative to which PP ̸⊂ BQPNP , let alone classes like
BQPNP

···

QCMA···

BQPNP
or QCMAQCMA
, which are contained in the QMA hierarchy. The closest
result we are aware of is due to Kretschmer [32], who gave a quantum oracle relative to which
BQP = QMA ̸= PostBQP.
Perhaps shockingly, our proof of Theorem 7 can be extended even to show that PP
QMIP···
is not in, say, QMIPQMIP
relative to a random oracle, where QMIP means Quantum
Multi-prover Interactive Proofs with entangled provers. This is despite the breakthrough
results of Reichardt, Unger, and Vazirani [39], and more recently Ji, Natarajan, Vidick,
Wright, and Yuen [30], which showed that in the unrelativized world, QMIP = MIP∗ = RE
(where MIP∗ means QMIP with classical communication only, and RE means Recursively
Enumerable), so in particular, QMIP contains the halting problem. This underscores the
dramatic extent to which results like QMIP = RE are nonrelativizing!
Theorem 7 can also be understood as showing that in the black-box setting, there is no
quantum analogue of Stockmeyer’s approximate counting algorithm [46]. For a probabilistic
1
algorithm M that runs in poly(n) time and an error bound ε ≥ poly(n)
, the approximate
counting problem is to estimate the acceptance probability of M up to a multiplicative factor
of 1 + ε. Stockmeyer’s algorithm [46] gives a relativizing poly(n)-time reduction from the
approximate counting problem to a problem in the third level of the polynomial hierarchy,
and crucially relies on pulling the randomness out of M . In structural complexity terms,
Stockmeyer’s algorithm can be reinterpreted as showing that SBP ⊆ PH relative to all oracles,
where SBP is the complexity class defined in [16] that captures approximate counting.
One might wonder: is there a version of Stockmeyer’s algorithm for the quantum approximate counting problem, where we instead wish to approximate the acceptance probability of
a quantum algorithm? In particular, is SBQP, the complexity class that captures quantum
approximate counting [33], contained in the QMA hierarchy?3 Kuperberg [33] showed that
PP ⊆ PSBQP , so it follows that PP ⊆ QMAH if and only if SBQP ⊆ QMAH, where QMAH
denotes the QMA hierarchy. Thus, Theorem 7 implies that SBQP ̸⊂ QMAH relative to a
random oracle, implying that such a quantum analogue of Stockmeyer’s algorithm does
not exist in the black-box setting.4 This demonstrates yet another case where a classical
complexity result that relies on fixing randomness cannot be generalized to the quantum
setting.
Notably, our proof of Theorem 7 does not appeal to Raz-Tal at all, but instead relies on a
new random restriction lemma for the acceptance probabilities of quantum query algorithms.
Our random restriction lemma shows that if one randomly fixes most of the inputs to a
quantum query algorithm, then the algorithm’s behavior on the unrestricted inputs can be
approximated by a “simple” function (say, a small decision tree or small DNF formula). We
then use this random restriction lemma to generalize the usual random restriction proof that,
for example, Parity ̸∈ AC0 [27].
Here is another noteworthy result that we are able to obtain, by combining random
restriction arguments with lower bounds on quantum query complexity:

3
4

We thank Patrick Rall (personal communication) for bringing this question to our attention.
Note that this is just one of many possible ways that we could ask whether there exists a quantum
analogue of Stockmeyer’s algorithm. For example, one might consider alternative definitions of the
quantum approximate counting task, such as the problem defined in [18] of approximating the number
of witness states accepted by a QMA verifier. One might also consider other definitions of the “quantum
polynomial hierarchy,” some of which are explored in [23].
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P

▶ Theorem 8. For every k ∈ N, ΣPk+1 ̸⊂ BQPΣk with probability 1 relative to a random
oracle.
Theorem 8 extends the breakthrough of Håstad, Rossman, Servedio, and Tan [28], who
(solving an open problem from the 1980s) showed that PH is infinite relative to a random
oracle with probability 1. Our result shows, not only that a random oracle creates a gap
between every two successive levels of PH, but that quantum computing fails to bridge
that gap.
Again, Theorem 8 represents a necessary step toward a proof of Conjecture 5, because if
P
we had ΣPk+1 ⊆ BQPΣk , then clearly ΣPk ⊆ BQP would imply ΣPk+1 ⊆ BQPBQP = BQP.
Our last two theorems return to the theme of the autonomy of BQP.
▶ Theorem 9. There exists an oracle relative to which NP ⊆ BQP, and indeed BQP = P#P ,
and yet PH is infinite.
Theorem 9 resolves an open problem of Aaronson [2]. As a simple corollary, we also obtain
an oracle relative to which BQP ̸⊂ NP/poly, resolving a question of Aaronson, Cojocaru,
Gheorghiu, and Kashefi [7].
For three decades, one of the great questions of quantum computation has been whether
it can solve NP-complete problems in polynomial time. Many experts guess that the answer
is no, for similar reasons as they guess that P ̸= NP – say, the BBBV Theorem [14], combined
with our failure to find any promising leads for evading that theorem’s assumptions in
the worst case. But the fact remains that we have no structural evidence connecting the
NP ̸⊂ BQP conjecture to any “pre-quantum” beliefs about complexity classes. No one has
any idea how to show, for example, that if NP ⊆ BQP then P = NP as well, or anything even
remotely in that direction.
Given the experience of classical complexity theory, it would be reasonable to hope
for a theorem showing that, if NP ⊆ BQP, then PH collapses – analogous to the KarpLipton Theorem [31], that if NP ⊂ P/poly then PH collapses, or the Boppana-Håstad-Zachos
Theorem [17], that if NP ⊆ coAM then PH collapses. No such result is known for NP ⊆ BQP,
once again because of the difficulty that there is no known way to pull the randomness out
of a BQP algorithm. Theorem 9 helps to explain this situation, by showing that any proof of
such a conditional collapse would have to be nonrelativizing. The proof of Theorem 9 builds,
again, on the Raz-Tal Theorem. And this is easily seen to be necessary, since as we pointed
out earlier, if BQP ⊆ AM, then NP ⊆ BQP really would imply a collapse of PH.
▶ Theorem 10. There exists an oracle relative to which P = NP ̸= BQP = P#P .
Theorem 10 says, in effect, that there is no relativizing obstruction to BQP being
inordinately powerful even while NP is inordinately weak. It substantially extends the
Raz-Tal Theorem, that there is an oracle relative to which BQP ̸⊂ PH, to show that in some
oracle worlds, BQP doesn’t go just slightly beyond the power of PH (which, if P = NP, is
simply the power of P), but vastly beyond it. Once again, this illustrates the difference
between randomness and quantumness, because if P = NP, then P = BPP for relativizing
reasons.
We conjecture that Theorem 10 could be extended yet further, to give an oracle relative
to which P = NP and yet BQP = EXP, but we leave that problem to future work.
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1.4

Proof Techniques

We now give rough sketches of the important ideas needed to prove our results. Here, in
contrast to Section 1.3, we present the results in the order that they appear in the main text,
which is roughly in order of increasing technical difficulty.
Our proofs of Theorem 9 and Theorem 10 serve as useful warm-ups, giving a flavor for
how we use the Raz-Tal Theorem and oracle construction techniques in later proofs. In
Theorem 9, to construct an oracle where BQP = P#P but PH is infinite, we start by taking a
random oracle, which by the work of Håstad, Rossman, Servedio, and Tan [28, 41] is known
to make PH infinite. Then, for each P#P machine M , we add to the oracle an instance
of the Forrelation problem that encodes the behavior of M : if M accepts, we choose a
Forrelated instance, while if M rejects, we choose a uniformly random instance. This gives a
BQP machine the power to decide any P#P language.5
It remains to argue that adding these Forrelation instances does not collapse PH. We
want to show that relative to our oracle, for every k, there exists a language in ΣPk+1 that
is not in ΣPk . This is where we leverage the Raz-Tal Theorem: because the Forrelation
instances look random to PH, we can show, by a hybrid argument, that a ΣPk algorithm’s
probability of correctly deciding a target function in ΣPk+1 is roughly unchanged if we replace
the Forrelation instances with uncorrelated, uniformly random bits. But auxiliary random
bits cannot possibly improve the success probability, and so a simple appeal to [28] implies
that the ΣPk+1 language remains hard for ΣPk .
The proof of Theorem 10, giving an oracle where P = NP =
̸ BQP = P#P , follows a similar
recipe to the proof of Theorem 9. We start with a random oracle, which separates PH from
P#P , and then we add a second region of the oracle that puts P#P into BQP by encoding all
P#P queries in instances of the Forrelation problem. Next, we add a third region of the
oracle that answers all NP queries, which has the effect of collapsing PH to P. Finally, we
again leverage the Raz-Tal Theorem to argue that the Forrelation instances have no effect
on the separation between PH and P#P , because the Forrelation instances look random
to PH algorithms.
P

We next prove Theorem 8, that ΣPk+1 ̸⊂ BQPΣk relative to a random oracle. Our proof
builds heavily on the proof by [28] that ΣPk+1 ̸⊂ ΣPk relative to a random oracle. Indeed, our
proof is virtually identical, except for a single additional step.
[28]’s proof involves showing that there exists a function Sipserd that is computable by
a small AC0 circuit of depth d (which corresponds to a ΣPd−1 algorithm), but such that any
small AC0 circuit of depth d − 1 (which corresponds to a ΣPd−2 algorithm) computes Sipserd
on at most a 12 + o(1) fraction of random inputs. This proof uses random restrictions, or
more accurately, a generalization of random restrictions called random projections by [28].
Roughly speaking, the proof constructs a distribution R over random projections with the
following properties:

5

The careful reader might wonder: if we can encode the answers to P#P machines, then what is to stop us
from encoding the answers to some arbitrarily powerful class, such as EXP or RE, into the Forrelation
instances? For a P#P machine M , we exploit the fact that we can always choose Forrelation instances
on oracle strings that cannot be queried by M . For example, if M runs in time t, then we can encode
M ’s output into strings of length tc for some c > 1, which remain accessible to a BQP machine with a
larger polynomial running time. By contrast, if we tried to do the same for an EXP machine (say), we
run into the problem that the machine whose behavior we are trying to encode could query the very
encoding we are making of its output, and thus our oracle would be circularly defined.
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(i) Any small AC0 circuit C of depth d − 1 “simplifies” with high probability under a
random projection drawn from R, say, by collapsing to a low-depth decision tree.
(ii) The target Sipserd function “retains structure” with high probability under a random
projection drawn from R.
(iii) The structure retained in (ii) implies that the original unrestricted circuit C fails to
compute the Sipserd function on a large fraction of inputs.
P

To prove Theorem 8, we generalize step (i) above from ΣPd−2 algorithms to BQPΣd−2
algorithms. That is, if we have a quantum algorithm that queries arbitrary depth-(d − 1)
AC0 functions of the input, then we show that this algorithm’s acceptance probability also
“simplifies” under a random projection from R. We prove this by combining the BBBV
Theorem [14] with [28]’s proof of step (i).
We next move on to the proof of Theorem 3, where we construct an oracle relative to
which NPBQP ̸⊂ BQPPH . Recall that we prove Theorem 3 by showing that no BQPPH machine
can solve the OR ◦ Forrelation problem. To establish this, imagine that we fix a “no”
instance x of the OR ◦ Forrelation problem, meaning that x consists of a list of ∼ 2n
Forrelation instances that are all uniformly random (i.e. non-Forrelated). We can turn x
into an adjacent “yes” instance y by randomly choosing one of the Forrelation instances
of x and changing it to be Forrelated.
Our proof amounts to showing that with high probability over x, an AC0 circuit of size
poly(n)
2
is unlikely (over y) to distinguish x from y. Then, applying the BBBV Theorem [14],
we can show that for most choices of x, a BQPPH algorithm is unlikely to distinguish x from
y, implying that it could not have solved the OR ◦ Forrelation problem.
Next, we notice that it suffices to consider what happens when, instead of choosing y by randomly flipping one of the Forrelation instances of x from uniformly random to Forrelated, we instead choose a string z by randomly resampling one if the instances of x from the uniform distribution. This is because, as a straightforward consequence of the Raz-Tal Theorem (Theorem 2), if f is an AC0 circuit of size 2poly(n) , then
|Pry [f (x) ̸= f (y)] − Prz [f (x) ̸= f (z)]| ≤ 2−Ω(n) .
Our key observation is that the quantity Prz [f (x) ̸= f (z)] is proportional to a sort of
“block sensitivity” of f on x. More precisely, it is proportional to an appropriate averaged
notion of block sensitivity, where the average is taken over collections of blocks that respect
the partition into separate Forrelation instances. This is where our block sensitivity
concentration theorem comes into play:
▶ Theorem 11. Let f : {0, 1}N → {0, 1} be an AC0 circuit of size quasipoly(N ) and depth
O(1), and let B = {B1 , B2 , . . . , Bk } be a collection of disjoint subsets of [N ]. Then for any t,
Pr

x∼{0,1}N

[bsxB (f ) ≥ t] ≤ 4N · 2

−Ω

t
polylog(N )



,

where bsxB (f ) denotes the block sensitivity of f on x with respect to B.
Informally, Theorem 11 says that the probability that an AC0 circuit has B-block sensitivity
t ≫ polylog(N ) on a random input x decays exponentially in t. This generalizes the result
of Linial, Mansour, and Nisan [35] that the average sensitivity of AC0 circuits is at most
polylog(N ). It also generalizes a concentration theorem for the sensitivity of AC0 circuits
that appeared implicitly in the work of Gopalan, Servedio, Tal, and Wigderson [24], by
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taking B to be the partition into singletons.6 In fact, we derive Theorem 11 as a simple
corollary of such a sensitivity tail bound for AC0 . For completeness, we will also prove our
own sensitivity tail bound, rather than appealing to [24]. Our sensitivity tail bound follows
from an AC0 random restriction lemma due to Rossman [40].
To prove Theorem 4, which gives an oracle relative to which P = NP but BQP =
̸ QCMA,
we use a similar technique to the proof of Theorem 10. We first take the oracle constructed
in Theorem 3 that contains instances of the OR ◦ Forrelation problem. Next, we add a
second region of the oracle that answers all NP queries. This collapses PH to P. Finally, we
use Theorem 3 to argue that these NP queries do not enable a BQP machine to solve the
OR ◦ Forrelation problem, which is in QCMA.
We now move on to the proof of Theorem 6, that there exists an oracle relative to which
BQPNP ̸⊂ PHBQP . Recall that our strategy is to show that no PHBQP machine can solve
the Forrelation ◦ OR problem. We prove this by showing that with high probability, a
PHBQP machine on a random instance of the Forrelation ◦ OR problem can be simulated
by a PH machine, from which a lower bound easily follows from the Raz-Tal Theorem. This
simulation hinges on the following theorem, which seems very likely to be of independent
interest:
▶ Theorem 12. Consider a quantum algorithm Q that makes T queries to an M ×N array of
bits x, where each length-N row of x contains a single uniformly random 1 and 0s everywhere
else. Then for any ε ≫ √TN and δ > 0, there exists a deterministic classical algorithm that
 5

makes O Tε4 log Tδ queries to x, and approximates Q’s acceptance probability to within
additive error ε on a 1 − δ fraction of such randomly chosen x’s.
Informally, Theorem 12 says that any fast enough quantum algorithm can be simulated
by a deterministic classical algorithm, with at most a polynomial blowup in query complexity,
on almost all sufficiently sparse oracles. The crucial point here is that the classical simulation
still needs to work, even in most cases where the quantum algorithm is lucky enough to find
many “1” bits. We prove Theorem 12 via a combination of tail bounds and the BBBV hybrid
argument [14].
In the statement of Theorem 12, we do not know whether the exponent of 5 on T is tight,
and suspect that it isn’t. We only know that the exponent needs to be at least 2, because of
Grover’s algorithm [25].
We remark that Theorem 12 bears similarity to a well-known conjecture that involves
simulation of quantum query algorithms by classical algorithms. A decade ago, motivated by
the question of whether P = BQP relative to a random oracle with probability 1, Aaronson
and Ambainis [3] proposed the following conjecture:
▶ Conjecture 13 ([3, Conjecture 1.5]; attributed to folklore). Consider a quantum algorithm
Q that makes T queries to x ∈ {0, 1}N . Then
 for any ε, δ > 0, there exists a deterministic
classical algorithm that makes poly T, 1ε , 1δ queries to x, and approximates Q’s acceptance
probability to within additive error ε on a 1 − δ fraction of uniformly randomly inputs x.

6

Interestingly, [24]’s goal, in proving their concentration theorem for the sensitivity of AC0 , was to make
progress toward a proof of the famous Sensitivity Conjecture – a goal that Huang [29] achieved shortly
afterward using completely different methods. One happy corollary of this work is that, nevertheless,
[24]’s attempt on the problem was not entirely in vain.
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While Conjecture 13 has become influential in Fourier analysis of Boolean functions, 7 it
remains open to this day. Theorem 12 could be seen as the analogue of Conjecture 13 for
sparse oracles – an analogue that, because of the sparseness, turns out to be much easier to
prove.
We conclude with the proof of Theorem 7, showing that PP is not contained in the QMA
hierarchy relative to a random oracle. This is arguably the most technically involved part of
this work. Recall that our key contribution, and the most important step of our proof, is a
random restriction lemma for quantum query algorithms. In fact, we even prove a random
restriction lemma for functions with low quantum Merlin-Arthur (QMA) query complexity:
that is, functions f where a verifier, given an arbitrarily long “witness state,” can become
convinced that f (x) = 1 by making few queries to x. Notably, our definition of QMA query
complexity does not care about the length of the witness, but only on the number of queries
made by the verifier. This property allows us to extend our results to complexity classes
beyond QMA, such as QMIP.
An informal statement of our random restriction lemma is given below:
▶ Theorem 14. Consider a partial function f : {0, 1}N → {0, 1, ⊥} with QMA query
1
complexity at most polylog(N ). For some p = √N polylog(N
, let ρ be a random restriction
)
that leaves each variable unrestricted with probability p. Then fρ is
expectation over ρ, to a polylog(N )-width DNF formula.8

1
quasipoly(N ) -close,

in

An unusual feature of Theorem 14 is that we can only show that fρ is close to a simple
function in expectation. By contrast, Håstad’s switching lemma for DNF formulas [27] shows
that the restricted function reduces to a simple function with high probability, so in some sense
our result is weaker. Additionally, unlike the switching lemma, our result has a quantitative
dependence on the number of inputs N . Whether this dependence can be removed (so that
the bound depends only on the number of queries) remains an interesting problem for future
work.
QMA···
With Theorem 14 in hand, proving that PP ̸⊂ QMAQMA
relative to a random oracle
is conceptually analogous to the proof that PP ̸⊂ PH relative to a random oracle [27]. We
QMA···

first view a QMAQMA
machine as a small constant-depth circuit in which the gates are
functions of low QMA query complexity. Then we want to argue that the probability that
such a circuit agrees with the Parity function on a random input is small. We accomplish
this via repeated application of Theorem 14, interleaved with Håstad’s switching lemma for
DNF formulas [27].
To elaborate further, we first take a random restriction that, by Theorem 14, turns all of
the bottom-layer QMA gates into DNF formulas. Next, we apply another random restriction
and appeal to the switching lemma to argue that these DNFs reduce to functions of low
decision tree complexity, which can be absorbed into the next layer of QMA gates. Finally, we
repeat as many times as needed until the entire circuit collapses to a low-depth decision tree.
Since the Parity function reduces to another Parity function under any random restriction,
7

8

In the context of Fourier analysis, the Aaronson-Ambainis Conjecture usually refers to a closely-related
conjecture about influences of bounded low-degree polynomials; see e.g. [36, 37]. Aaronson and
Ambainis [3] showed that this related conjecture implies Conjecture 13.
By saying that fρ is “close” to a DNF formula, we mean that there exists a DNF g depending on ρ such
1
that the fraction of inputs on which fρ and g agree is 1 − quasipoly(N
) , in expectation over ρ. In the full
version [8], we introduce some additional notation and terminology that makes it easier to manipulate
such expressions, but we will not use them in this exposition.
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we conclude that this decision tree will disagree with the reduced Parity function on a
large fraction of inputs, and hence the original circuit must have disagreed with the Parity
function on a large fraction of inputs as well.
Of course, the actual proof of Theorem 7 is more complicated because of the accounting
needed to bound the error introduced from Theorem 14, but all of the important concepts
are captured above.
We end with a few remarks on the proof ideas needed for Theorem 14. Essentially, the first
step involves proving that if we take a function f computed by a quantum query algorithm
Q, a random restriction ρ, and a uniformly random input x to fρ , then x likely contains a
small set K of “influential” variables. These influential variables have the property that for
any string y that agrees with x on K, |Pr[Q(x) = 1] − Pr[Q(y) = 1]| is bounded by a small
constant. Hence, K serves as a certificate for fρ ’s behavior on x.
Proving that such a K usually exists amounts to a careful application of the BBBV
Theorem [14]. Finally, we generalize from quantum query algorithms to arbitrary QMA query
algorithms by observing that we only need to keep track of the certificates for inputs x such
that fρ (x) = 1. The DNF we obtain in Theorem 14 is then simply the OR of all of these
small 1-certificates.
Due to space constraints, we defer to the full version of our paper [8] for complete proofs
and additional discussion.
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1

Introduction

Polynomial threshold functions (PTFs) are a classical and well-studied class of functions
with several applications in complexity theory, learning theory, theory of approximation, and
more. Here we study the question of designing pseudorandom generators (PRGs) that fool
test functions that are PTFs. We first start with some standard definitions. Let sign : R → R
be defined as sign(z) = 1 if z ≥ 0 and 0 otherwise.
▶ Definition 1. For an integer d > 0, a degree d PTF f : Rn → {0, 1} is a function of the
form f (x) = sign(p(x)), where p : Rn → R is a polynomial of degree at most d.
Our goal is to design a PRG that takes few random bits and outputs a high-dimensional
vector whose distribution is indistinguishable from a standard multivariate gaussian by any
low-degree PTF. Specifically:
1

A version of our manuscript with the same proofs and results as in this submission appeared on arxiv
on March 25, 2021. There are, however, differences in the technical overview and exposition (among
other things, we’ve incorporated feedback from others within this submission).
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▶ Definition 2. A function G : {0, 1}r → Rn is a pseudorandom generator for degree d PTFs
with error ε if for every degree at most d PTF f : Rn → {0, 1},
P

y∈u {0,1}r

(f (G(y)) = 1) −

P

x∼N (0,1)n

(f (x) = 1) ≤ ε.

We call r the seed length of the generator and say G ε-fools degree d PTFs with respect
to the gaussian distribution 2 . We say G is explicit if its output can be computed in time
polynomial in n.
Of particular interest is the boolean case where the target distribution is not gaussian
but the uniform distribution on the hypercube {+1, −1}n . The gaussian case is interesting
by itself both from a complexity-theoretic view as well as a geometric one. For instance, a
PRG as above can be used to get deterministic algorithms for approximating the gaussian
volumes of polynomial surfaces. Further, the gaussian case is a necessary stepping-stone to
obtaining PRGs in the Boolean case: a PRG for the latter implies a PRG for the gaussian
case. Achieving similar parameters as we do for the boolean case would be a significant
achievement: we do not even have non-trivial correlation lower bounds for NP against PTFs
of degree ω(log n) over the hypercube. A PRG would at the very least imply correlation lower
bounds against a function in NP, resolving a longstanding bottleneck in circuit complexity.
Over the last several years, the question of designing PRGs for PTFs has received much
attention. Non-explicitly (i.e., the generator is not necessarily efficiently computable), by
the probabilistic method, it is known that there exists PRGs that ε-fool degree d PTFs
with seed-length O(d log n + log(1/ε)). Meka and Zuckerman [12] gave the first non-trivial
PRG for bounded degree PTFs with a seed length of dO(d) log(n)/ε2 for the boolean and
gaussian cases. Independent of [12], [2] showed that bounded independence fools degree-2
PTFs leading to seed length O(log(n)/ε2 ). Since then, there have been several other works
that make progress on the gaussian case [7, 6, 8, 10, 11]. The seed length in all of these works
had an exponential dependence on the degree d of the PTF. In particular, until recently
no non-trivial PRGs (i.e., seed length o(n)) were known for PTFs of degree ω(log n). In
a remarkable recent work, O’Donnell, Servedio, and Tan [14] got around this exponential
dependence on the degree d, achieving a seed length of (d/ε)O(log d) log(n). Our work builds
on their work (which in turn builds on a framework of [7]).

1.1

Main Results

Our main result is a PRG with seed length (d/ε)O(1) log(n) that ε-fools n-variate degree-d
PTFs:
▶ Theorem 3 (PRG for PTFs). There exist constants c, C such that for all ε > 0 and d ≥ 1,
there exists an explicit PRG that ε-fools n-variate degree d PTFs with respect to the gaussian
distribution with seed length r(n, d, ε) = Cdc log(n/ε) log(1/ε)/ε2 .
As remarked above, this is the first result with polynomial dependence on the degree for
fooling PTFs against any distribution and gives the first non-trivial
√ PRGs against PTFs of
O( log n)
Ω(1)
degree n
. Previously, we could only handle degree at most 2
.
Towards proving the above result, we develop several structural results on PTFs in the
gaussian space that might be of independent interest. We expand on these later on. Briefly:
2

Here, and henceforth, y ∈u S denotes a uniformly random element from a multi-set S, and N (0, 1)
represents the standard univariate gaussian distribution of variance 1.
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We show that the derivatives of a low-degree polynomial p, taken at a random point
x ∼ N (0, 1)n , are likely to have magnitudes ∥∇k p(x)∥ which grow slowly as k increases.
We apply this fact to the study of random “gaussian restrictions” of a polynomial p,
√
√ 
px,λ (y) := p
1 − λx + λy ,
and conclude that for small enough λ, with high probability over x ∼ N (0, 1)n , px,λ (Y )
becomes highly concentrated around its mean value µ when Y ∼ N (0, 1)n , as quantified
by a bound on the higher-moments E(px,λ (Y ) − µ)R .
As this concentration result relies only on moment bounds, it extends easily to pseudorandom distributions Y over Rn which are k-moment-matching with N (0, 1)n , when
k ≥ R · deg(p).
Note that the magnitudes of the derivatives ∇k px,λ (0) (with respect to x) are the same
as the magnitudes of the degree-k coefficients of px,λ (y) (as a polynomial in y), up to a
scaling factor of roughly λk/2 . However, to obtain the moment bound, we must translate to
the basis of Hermite polynomials and bound the degree-k coefficients with respect to this
basis (rather than the standard basis). In contrast with our work, [14] derive coefficient-size
bounds for the Hermite basis directly and work with it exclusively. However, there are some
significant advantages in having the flexibility to work also within the standard basis which
will become relevant later – mainly they are due to the fact that standard basis representations
(or equivalently: derivatives) behave nicely under the scaling operator p(t) 7→ p(γt). The
Hermite-basis representation behaves poorly under scaling3 .
For an arbitrary fixed polynomial p(t), a bound on the coefficient-sizes in one basis
translates only to a fairly crude bound in the other basis4 . Therefore, we come to the
following rather technical contribution of our work which we would like to highlight: we find
that, although it is rather painful to convert between bases while studying an arbitrary fixed
polynomial, it is actually quite possible to do so when studying certain average-case behaviors
of polynomials; for instance, to study the typical behavior of√p(x) in the√neighborhood around
a random point x ∼ N (0, 1)n , or the typical moments of p( 1 − λx + λY ), it is possible to
pass freely between either polynomial basis, and we develop some simple tools for doing so.
These tools appear to be new (at least with respect to the body of works on PTFs) and it
seems likely that they could be helpful in future works.
Besides these structural results and technical contributions, we also manage to introduce
some substantial simplifications to the analysis of the main PRG as compared to [14]. This
is in part due to the flexibility we have to measure the well-behavedness of a polynomial p in
the neighborhood around a point x directly via the derivatives at x, rather than indirectly
by taking several Hermite expansions of p and other auxiliary polynomials (cf. horizontal,
diagonal mollifier checks in [14]). We will expand on this in Section 2 when discussing our
analysis, but we briefly summarize a few key points here.
PL
Following [7] and [14], the construction we analyze has the form Z := √1L i=1 Yi , where
each Yi is a k-moment-matching gaussian. This can be thought of as the gaussian analogue
of the boolean construction from [12], which pseudorandomly partitions the n input bits
into L buckets, and then assigns the bits in each bucket using k-wise independence. This

3

4

In contrast, √
the Hermite
√ basis representation behaves nicely under the noise operator, p(t) 7→
Ex∼N (0,1)n p( 1 − λx + λt).
This is especially true in the current setting where we must control the relative sizes of the magnitudes
of coefficients at degree k vs. k + 1.
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construction and its variants are by now the most widely-applied pseudorandom tool for
fooling various “geometric” function classes including linear threshold functions and their
generalizations (such as PTFs and intersections of halfspaces).
A tempting first idea for analyzing Z is to apply a hybrid argument –q
this seems promising
q

in light of the fact that for a low-degree polynomial, we know that p

1−

1
Lx

+

1
L Yi

should be highly-concentrated around its mean for typical x5 . However, this naive idea
fails quantitatively:
The probability that we have good behavior at x is in general not
p
smaller than 1/L, so we cannot afford a union-bound over L events as required by the
standard hybrid argument. Remarkably in [7], Kane shows how to address this obstacle
with a clever sandwiching argument which in some sense mimics the hybrid argument but
manages to pay for the error caused by “bad points” x only once rather than L times.
However, one drawback of Kane’s analysis is that its implementation is highly elaborate.
After the framework was extended by [14] to break the log(n)-degree barrier, the complexity only increased and the details of the argument became only more specialized and
technical6 . Given the wide applicability of the aforementioned pseudorandom construction
and its variants, it would be highly desirable to have a lean and more transparent analysis
which might better serve as a flexible starting point for future adaptations. We propose
that in this work, we do obtain such an analysis.

PTFs simplify under restrictions
As a byproduct of our analysis, we obtain a structural result on PTFs that is similar in
spirit to the celebrated switching lemmas that show that certain classes of functions simplify
significantly under random restrictions. Switching lemmas and random restrictions are a
cornerstone in complexity theory, and are one of the main methods we have for proving lower
bounds. We prove analogous results with nearly optimal parameters for the important class
of PTFs in the continuous space.
In the boolean case, i.e., when studying distributions on the hypercube {+1, −1}n , a
restriction is a partial assignment of the form ρ ∈ {+1, −1, ∗}n with the understanding that
the ∗-variables are left free. Typically, restrictions ρ as above are parametrized by some
λ > 0, the fraction of ∗’s.
Here, we study analogues of the above results in the continuous world, where the inputs
are coming from the standard gaussian distribution. The first question however is what
should the analogue of random restrictions be in the continuous space? As it turns out,
adopting the usual interpretation (where some coordinates are fixed and some are free) is
not a natural one to study in the continuous space especially for PTFs7 .
The answer comes from the work of [7] (further developed in [14]) who introduced the
notion of a zoom of a polynomial. To draw a clearer parallel with random restrictions, we
term these gaussian restrictions:
▶ Definition 4. Given a function p : Rn → R and x ∈ √
Rn , and a √restriction parameter
n
8
λ ∈ (0, 1), let px,λ : R → R be the function px,λ (y) = p( 1 − λx + λy).
Intuitively, we can view px,λ as a restriction where√(1 − λ)-fraction
of the variance is already
√
n
fixed. (Note that for independent x, y ∼ N (0, 1) , 1 − λx + λy is distributed as N (0, 1)n .)

5
6
7
8

For a quantitative version of this statement, see Lemma 13.
Refer to [15], which fills in several details absent in [14], to see the full scope of the argument.
One reason is that the class of PTFs is invariant under linear transformations, so it would be nice to
have our notion of restrictions also have some symmetry under linear transformations.
As the value of λ will often be clear, we will often in fact just use px for brevity.
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We show that PTFs simplify significantly, i.e., become essentially constant, under gaussian
restrictions for λ ≪ 1/d6 .
▶ Theorem 5. There is a constant C > 0 such that the following holds. For any δ, ε > 0, if
f : Rn → {0, 1} is a PTF of degree d, and
δ2
,
λ ≤ C d6 log(1/ε)
then with probability at least 1 − δ over x ∼ N (0, 1)n , the gaussian restriction of the PTF
(fx,λ ) is nearly fixed to a constant: for some b ∈ {0, 1} we have
P

y∼N (0,1)n

[fx,λ (y) = b] > 1 − ε.

The work of [14] achieves a similar conclusion but when the restriction parameter is
λ = d−O(log d) as opposed to being polynomially small as above. This improved significantly
on the work of [7] that implicitly shows a similar claim for λ = 2−O(d) .
We remark that in a related line of work, [1, 4, 3, 5] study random restrictions of PTFs
over the hypercube. Our focus here is on gaussian restrictions and obtaining stronger bounds
quantitatively: these works had exponential dependence on the degree d.

Slow-growth of derivatives
The analysis of the PRG (Theorem 21) and the random restriction statement above (Theorem 5) rely crucially on a claim about the magnitude of the derivatives of a polynomial
evaluated at random gaussian input which may itself be of independent interest (and can be
stated in a self-contained way).
For a function p : Rn → R, let ∥∇k p(x)∥2 denote the sum of squares of all partial
derivatives of p of order k at x. That is, ∥∇k p(x)∥ is the Frobenius norm of the tensor
of k’th order partial derivatives of p. We show that for any degree d polynomial p, the
Frobenius-norm of the k’th order derivatives are comparable to the (k −1)’th order derivatives
on a random gaussian input with high probability:
▶ Lemma 6. For any degree-d polynomial p : Rd → R, and x ∼ N (0, 1)n , the following holds
with probability at least 1 − δ:
∥∇k p(x)∥ ≤ O(d3 /δ)∥∇k−1 p(x)∥, for all 1 ≤ k ≤ d.

(1)

Note that the above lemma is tight up to the factor of O(d2 ): consider the example
p(x) = xd1 .

Independent and concurrent work
Independently and concurrent to our work, [15] (following up on [14]) also obtained similar
results to Theorem 3. They first obtained an analogue of hypervariance reduction (cf.,
Lemma 11) as studied in [14] with better parameters and combined the improved hypervariance reduction lemma with the framework of [14] to yield a PRG with dO(1) dependence on
the degree d.
Our approach differs in that we critically use our new bounds on the growth of derivatives
of polynomials as in Lemma 6 (instead of Lemma 11 which follows from Lemma 6). Working
with the derivatives directly allows us to get a substantially simpler analysis of the main
PRG construction compared to [14, 15].
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2

Proof Overview

We first describe the high-level ideas underlying our main PRG construction - the proof of
Theorem 21. We then describe the main idea behind the proof of Lemma 6 which is critical
in being able to handle PTFs of polynomially large degree. The proof of Lemma 6 is quite
different from the approach taken in [7, 14] to prove analogous results in their analysis.

2.1

Analysis of the PRG

We will use the same generator as in [7], and the high-level strategy is similar in spirit to
that of [7, 14]. However, we introduce several additional ingredients that exploit Lemma 6
and significantly simplify the analysis.
As in the works of [7] and [14], the PRG output will be
L

1 X
Z := √
Yi ,
L i=1
where each Yi is an independent k-moment-matching gaussian vector with k = dΘ(1) . For
the time being let us work under the idealized assumption that each Yi is exactly k-momentmatching with a standard gaussian: i.e., for any polynomial h : Rn → R of degree at
most k, E[h(Yi )] = Ez∼N (0,1)n [h(z)]. We will later relax this condition without too much
additional work as is now standard (see Section 3 for details), and ultimately output a
discrete approximation to Z with finite support. For now, it is appropriate to imagine that
the seed length required for generating each Yi will be roughly O(k log n); the total seed
length will thus be L · O(k log n). We improve prior works by showing that it suffices to let
L = dΘ(1) , rather than L = 2Θ(d) as in [7] or L = dΘ(log d) as in [14].
For the rest of this section, fix a degree d polynomial p : Rn → R and let f : Rn → {0, 1}
defined as f (x) = sign(p(x)) be the corresponding PTF we are trying to fool. For simplicity
in this introduction, we consider the case where p is multi-linear. The general case is similar
but is slightly more nuanced.
We wish to compare EZ [f (Z)] to Ez [f (z)] where z ∼ N (0, 1)n . Note that we can rewrite
PL
z ∼ N (0, 1)n as z := √1L i=1 yi where each yi is an independent standard gaussian.

First attempt: A hybrid argument
A natural approach to analyze the PRG is to use a hybrid argument by replacing each yi
with a k-moment matching Gaussian vector Yi as in our PRG output. That is, show the
following sequence of inequalities:
 

 

y1
y2
yL
Y1
y2
yL
E f √ + √ + ··· + √
≈ E f √ + √ + ··· + √
L
L
L
L
L
L
 

 

Y1
Y2
yL
Y1
Y2
YL
≈ E f √ + √ + ··· + √
≈ ··· ≈ E f √ + √ + ··· + √
. (2)
L
L
L
L
L
L
√
Let λ = 1/L and y ′ = λ(y2 + · · · + yL ). Note that y ′ ∼ N (0, 1 − λ)n . The first inequality
in the sequence above, corresponding to a single-step of the hybrid argument is, equivalent
to showing:
h √
i
h √
i
E f ( λy1 + y ′ ) ≈ E f ( λY1 + y ′ ) .
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In other words, the above inequality is asking to show that
E[fy′ /√1−λ (y1 )] ≈ E[fy′ /√1−λ (Y1 )].
Intuitively, this is equivalent to showing that k-moment matching gaussians fool gaussian
restrictions of a PTF with high probability over the restriction. Indeed, such a claim follows
from our bounds on the derivatives of polynomials at random evaluation points (Lemma 6).
We say that a polynomial p is well-behaved at a point x if
∥∇k+1 p(x)∥ ≤ (1/ε)∥∇k p(x)∥ for all k = 0, 1, . . . , d − 1,
√
where ε is a parameter that will be set to be slightly larger than λ. We say p is poorlybehaved at x if the above condition does not hold.
√
The starting point of the analysis is that if p is well-behaved at x, then sign(p(x + λY ))
is fooled by a moment-matching Y with very good error:
▶ Proposition 7 (Direct Corollary of Lemma 13). Let q : Rn → R be a degree d multi-linear
polynomial and suppose that q is well-behaved at a point x. Let R = ε2 /λ. Then, for
y ∼ N (0, 1)n and Y a dR-moment matching gaussian,
√
√
E n [sign(q(x + λy)] − E[sign(q(x + λY )] ≤ 2−Ω(R) .
y∼N (0,1)

Y

This fact follows from the following argument. Since q is well-behaved at x, this in
particular
√ implies a non-negligible lower bound on the size of the constant term c of h(t) :=
q(x + λt), relative to its other coefficients. In particular, sign(h(t)) is nearly fixed to a
constant in the sense of Theorem 5. Indeed, writing h(t) = c+(h(t)−c), we see that sign(h(t))
can only differ from sign(c) if we have a deviation with magnitude at least |h(t) − c| ≥ |c|.
We can use a concentration inequality to bound the probability that either |h(y) − c| ≥ |c| or
|h(Y ) − c| ≥ |c|. In light of the bounds on ∥∇k q(x)∥, such a concentration inequality follows
from moment bounds obtained from hypercontractivity.
The above lemma shows the first step of the hybrid
√ argument and suggests the following
strategy for analyzing the PRG. Define Z−i = Z − λYi . We can now aim to show that the
polynomial p is well-behaved at Z−i with high probability. This indeed seems plausible as our
Lemma 6 indeed shows that when Z is standard gaussian, the polynomial p is well-behaved
at Z with high probability.
Immediately, there are two obstacles for this approach:
First, Lemma 6 works only for truly random gaussian and not for our pseudorandom Z−i .
Second, even if we argue that p is likely to be well-behaved at √
Z−i , we cannot apply
a union bound over i. The error guarantee in Lemma 6, is ≫ λ; whereas, we have
L = 1/λ choices of i, so we cannot use such a straightforward union-bound argument to
replace each Yi with a yi .
The second issue is especially problematic as the error probability in Lemma 6 cannot be
improved, at least in that variant; the probability that the derivatives don’t grow too fast is
not small compared to L = 1/λ.

Beating the union bound
Roughly speaking, the main insight in going beyond the union bound obstacle mentioned
above is as follows. There are two sources of error in the naive hybrid argument outlined
above: (1) The probability of failure coming from p being poorly-behaved at the points
Z−i . (2) The error coming from applying Proposition 7 to replace a Yi with yi when p is
well-behaved at Z−i .
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Note that we have very good control on the error of type (2) above: we could make it be
much smaller than 1/L by increasing the amount of independence k. We will exploit this
critically. We will complement this by showing that even though a naive union bound would
be bad for errors of type (1) above, it turns out that we don’t have to incur this loss: we
(implicitly) show that P (∀i, p is well-behaved at Z−i ) ≈ 1 − O(εd3 ). We do so by checking
only that p is well-behaved at the single point Z (in a slightly stronger sense) and then we
conclude that p is also highly-likely to be well-behaved at each of the “nearby” points Z−i .
Intuitively, this is what allows us to circumvent the union bound in the hybrid argument.
However, it would be difficult to actually carry out the analysis as stated this way – we use
a sandwiching argument to sidestep the complicated conditionings which would arise in this
argument as stated.
We proceed to describe the sandwiching argument. We wish to lower-bound the PTF
sign(p(x)) by sign(p(x)) · g(x), where g(x) is some “mollifier” function taking values in [0, 1].
The role of g(x) is roughly to “test” whether p is well-behaved at x; we ideally want g(x) = 1
at points x where p is well-behaved and g(x) = 0 at points x where p is poorly-behaved.
However, we also need g(x) to be smooth9 , so there will be some intermediate region of
points for which g(x) yields a non-informative, non-boolean value.
We set g(x) to be a smoothed version of the indicator function

d−1
Y 
1 k
k+1
g(x) ≈
1 ∥∇ p(x)∥ ≤ ∥∇ p(x)∥ ,
ε
k=0

which tests whether the derivatives of p at x have controlled growth in the sense of Lemma 6.
More specifically, we set
d−1
Y   1 ∥∇k p(x)∥2 
g(x) :=
ρ log
,
16ε2 ∥∇k+1 p(x)∥2
k=0

where ρ(t) : R → [0, 1] is some smooth univariate function with ρ(t) = 0 for t ≤ 0 and
ρ(t) = 1 for t ≥ 1.
Now, for every point x ∈ Rn we have
sign(p(x)) ≥ sign(p(x))g(x).
Furthermore, under truly-random gaussian inputs z ∼ N (0, 1)n we have
E sign(p(z))g(z) ≥ E sign(p(z)) − E |g(z) − 1| ≥ E sign(p(z)) − O(εd3 ),
z

z

z

z

where the final inequality here follows from Lemma 6. Combining these, we get that
E sign(p(Z)) ≥ E sign(p(z)) − O(εd3 ) − | E sign(p(Z))g(Z) − E sign(p(z))g(z)|.
Z

z

Z

z

Note that we can similarly obtain an upper-bound for EZ sign(p(Z)) by repeating this
argument on the polynomial −p(x).
Thus, it suffices to bound | EZ sign(p(Z))g(Z) − Ez sign(p(z))g(z)|. Having introduced
the mollifier, we can now afford to do so by a standard hybrid argument. We represent z as
PL
PL
z := √1L i=1 yi and recall that Z is of the form Z = √1L i=1 Yi . We can replace each Yi
with yi and get
| E sign(p(Z))g(Z) − E sign(p(z))g(z)| ≤ γL,
Z

z

where γ is the (quite small) error coming from the following lemma.
9

Ultimately we need g to be well approximated by some polynomial so that it can be fooled by limited
independence. Smoothness will allow us to get such an approximation by truncating the Taylor series.
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▶ Lemma 8. There exists a constant c such that the following holds for λ ≤ ε2 /Rdc . For
any fixed vector x ∈ Rn , Y a dR-moment-matching gaussian vector, and y ∼ N (0, 1)n ,
√
√
√
√
| E sign(p(x + λY ))g(x + λY ) − E sign(p(x + λy))g(x + λy)| ≤ γ = 2−Ω(R) .
y

Y

Technically speaking, the above lemma is where our intuition on going around the union
bound is quantified, allowing us to use the hybrid argument. We briefly outline our proof of
this lemma, where for the purpose of illustration we continue with the simplifying assumption
that the polynomial p is multilinear.
The proof is by a case analysis on the behavior of p at the the fixed point x. In the
multilinear case it suffices to consider the derivatives ∇k p(x); in the general case we need to
consider something slightly different.
Case 1: p is well-behaved at x, i.e., ∥∇k+1 p(x)∥ ≤ (1/ε)∥∇k p(x)∥
√ for all k.
√
We can use Lemma 13 in this case to conclude that sign(p(x + λy)), sign(p(x + λY ))
are both almost constant with error 2−Ω(R)√
.
So, it remains to show that Y fools g(x + λy). We approximate g by a low-degree
polynomial in y using a Taylor-truncation argument. Our assumption on the controlled
growth of derivatives ∥∇k p(x)∥ allows us to bound
√ the truncation error by bounding
the higher-moments of the deviations ∥∇k p(x + λY )∥ − ∥∇k p(x)∥.
Case 2: p is not well-behaved at x; let k0 be the largest k such that ∥∇k0 +1 p(x)∥ >
(1/ε)∥∇k0 p(x)∥.
Intuitively, this says that the polynomial p is well behaved at degree above k0 , but not
at degree k0 . This
show, via an R-th moment bound, that both
√ allows us to
k0 +1
∗ ∥∇k0 p(x + λY
)∥
≤
2ε∥∇
p(x)∥
√
∗ ∥∇k0 +1 p(x + λY )∥ ≥ 12 ∥∇k0 +1 p(x)∥
are highly likely. Thus, it is highly likely that
√
√
∥∇k0 p(x + λY )∥ ≤ 4ε∥∇k0 +1 p(x + λY )∥.
√
The latter means p is still sufficiently poorly-behaved
at
the
point
x
+
λY that the
√
mollifier classifies it correctly as g(x + λY ) = 0.

2.2

Slow-growth of derivatives and simplification under restrictions

The proof of Lemma 6 is iterative and is relatively simple given Kane’s relative anticoncentration inequality for degree d polynomials [9] developed in the context of studying
the Gotsman-Linial conjecture for PTFs.
[9] shows that for any degree d polynomial, and x, y ∼ N (0, 1)n with probability at least
1 − δ, we have |⟨y, ∇p(x)⟩| ≤ (d2 /δ)|p(x)|. As y in the above statement is independent
of x, for any x, ⟨y, ∇p(x)⟩ is distributed as N (0, ∥∇p(x)∥2 ). This says that the inequality
is essentially equivalent to saying that with probability at least 1 − δ over x, we have
∥∇p(x)∥2 ≤ O(d2 /δ)|p(x)|. The latter can be seen as the inequality corresponding to k = 1
in the statement of Lemma 6. The full proof of the lemma is via iteratively applying the
above argument using a vector-valued generalization of Kane’s inequality.
Next, it is not too hard to prove Theorem 5 given Lemma 6. For illustration,
suppose
√
that we have a degree d multi-linear polynomial p, and write f (t) := p( 1 − λt). Then, by
elementary algebra10 , we have the identity
|α|/2

√
√  X α
λ
yα .
(3)
px (y) = p
1 − λx + λy =
∂ f (x)
1−λ
α
10

If p is multi-linear, then the Hermite expansion (see Section 3) is just p(x) =

P
I⊆[n]

p̂(I)

Q
i∈I

P

α∈{0,1}n

p̂(α)hα (x) =

xi . We can prove the identity for each monomial and use additivity.
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Now, by Lemma 6, with probability 1−δ over x, we have ∥∇k f (x)∥ ≤ O(d3 /δ)∥∇k−1 f (x)∥,
for all k. Thus, if we take λ ≪ δ 2 /(R2 d6 ), the factor of λ will kill the growing derivatives
leading to a bound on the higher-order moments of px (y) − px (0) via hypercontractivity.
These moment bounds in turn imply that |px (y) − px (0)| < |px (0)| with high probability over
y, and hence that sign(px (y)) = sign(px (0)) with high probability over
√ y.
Notice that Equation (3) is essentially a Taylor expansion of p at 1 − λx: it expresses the
function px (y) as a polynomial
in y in the standard basis, whose coefficients are determined
√
by the derivatives of p at 1 − λx. We want to do something similar in the general case, but
in the Hermite basis; for non-multi-linear polynomials these two bases no longer coincide.
So, in the general case, we rely on the following identity, which we regard as an analogue of
the Taylor expansion for the Hermite basis.
P
▶ Lemma 9 (See Section 3). Let f (y) = α fˆ(α)hα (y). Then

|α|/2
√
√  X ∂ α g(x)
λ
√
1 − λx + λy =
f
hα (y),
1−λ
α!
α
P
where g(x) := U√1−λ f (x) = α fˆ(α)(1 − λ)|α|/2 hα (x).
Hermite polynomials are such a ubiquitous tool used in such a wide range of fields that
it seems unlikely that such an identity is new. However, we are not aware of any previous
appearance of such an identity in the literature (at least in the body of work on PTFs) and
we provide a proof.

Hypervariance reduction
We next remark on the relation between slow-growth of derivatives (as in Lemma 6) and
hypervariance reduction as studied and introduced in [14]. The latter plays a similar role
in their paper as the former does in this work. However, Lemma 6 importantly has only
polynomial dependence on the degree d and is also much more conducive to our analysis of
the PRG.
Recall the Hermite expansion (see Section 3) of polynomials: A degree d polynomial
p : Rn → R can be uniquely expressed as
X
p(y) :=
p̂(α)hα (y),
|α|≤d

where α ∈ Nn denotes a multi-index and hα (y) is the α’th Hermite polynomial. The
hypervariance and normalized hypervariance of a polynomial introduced in [14] are defined
as follows:
P
▶ Definition 10. For a polynomial p : Rn → R of the form p(y) := α p̂(α)hα (y), define its
hypervariance, HyperVarR ( ), and normalized hypervariance, HR ( ), as
X
HyperVarR (p)
HyperVarR (p) :=
p̂(α)2 R2|α| , HR (p) :=
.
p̂(0)2
α̸=0

Intuitively, if the normalized hypervariance HR (p) of a polynomial is small for a large R,
then it means that the weights of the higher-order Hermite coefficients of p have a geometric
decay.
[14] showed that for any polynomial p, for a suitable λ > 0, a gaussian restriction of p will
have small normalized hypervariance with high probability. Specifically, they showed that
if λ = d−O(log d) , then HR (px,λ ) is bounded with high probability over x ∼ N (0, 1)n . They
also asked whether this property holds when λ = d−O(1) instead of being quasi-polynomially
small in d. Lemma 6 implies this conjecture without too much difficulty:
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▶ Lemma 11. For any degree d polynomial p and λ, δ > 0, the following holds. Except with
probability δ over x ∼ N (0, 1)n , the normalized hypervariance HR (px,λ ) = O(λd6 R2 /δ 2 ).
The proof of the analogue of Lemma 11 for quasi-polynomially small λ (i.e. λ = d−O(log d) )
d
in [14] was by an iterative process: Intuitively, if one sets λ0 = d−O(1) , and λ = λlog
, then
0
the random restriction pλ,x is equivalent to (log d) independent random restrictions with
restriction parameter λ0 . The authors in [14] show that each such λ0 -restriction (essentially)
decreases the degree by a factor of 2. We instead take a different approach by drawing a
connection between norms of derivatives and to relative anti-concentration as developed in
the context of studying the Gotsman-Linial conjecture for PTFs.

3

Preliminaries

The pseudorandom generator construction: idealization vs. discretization.
and [14], we analyze the idealized pseudorandom distribution

Following [7]

L

1 X
Z=√
Yi ,
L i=1
where each Yi ∈ Rn is a k-moment-matching gaussian (that is, E[p(Yi )] = Ex∼N (0,1)n [p(x)]
for all polynomials p : Rn → R of degree at most k).
Suppose that, for any such Z with parameters (L, k), it is the case that Z fools degree-d
PTFs with error ε = ε(L, k, d). Then, it is shown in [7] how to obtain a small-seed length
PRG (in the sense of Definition 2) by providing a specific instantiation and discretization of
this construction.
▶ Theorem 12 ([7], implicit in Section 6). Suppose a Z as above with parameters (L, k) fools
degree d-PTFs with error ε = ε(L, k, d). Then, there is an explicit, efficiently computable
PRG with seed length O(dkL log(ndL/ε) that (2ε)-fools degree d PTFs.
Hermite polynomials. To argue about polynomials which are not necessarily multilinear,
we need some simple facts concerning Hermite polynomials. For our purposes, Hermite
polynomials are simply a convenient choice of polynomial basis which have nice properties
(in particular being orthonormal) with respect to gaussian inputs. For a more detailed
background on Hermite polynomials and their use for analyzing functions over gaussian
space, see [13, Ch. 11].
One concrete way to define the Hermite polynomials is the following:
For the univariate polynomials, the degree-m “Probabilist’s” Hermite polynomial is the
m-th coefficient of the generating function
X
1 2
Hm (t)sm .
est− 2 s =
m≥0

We define the degree-m univariate Hermite polynomial by the normalization
1
hm (t) := √ Hm (t).
m!
For a multi-index α ∈ Nn , we define the multivariate Hermite polynomial hα : Rn → R
via the product
hα (x) :=

n
Y

hai (xi ).

i=1
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We record some basic properties of this particular choice of polynomial basis. The final
two properties say that the Hermite basis is orthonormal with respect to correlation under
the standard gaussian distribution – this is the reason for our choice of normalization.
The set {hα (x) : |α| ≤ d} is a basis for real polynomials in n variables of degree ≤ d.
h0 is the constant polynomial h0 ≡ 1.
Q
For multi-indicies α ∈ {0, 1}n , hα (x) is simply the monomial i:ai =1 xi .
For x ∼ N (0, 1)n , and distinct multi-indices α ̸= β, Ex hα (x)hβ (x) = 0.
For x ∼ N (0, 1)n , and any multi-index α, Ex hα (x)2 = 1.
Gaussian noise operator. We recall the definition of the noise operator Uρ , which here we
regard as an operator on real polynomials in n variables (see [13, Ch. 11] for background
and a more general viewpoint). For a polynomial f : Rn → R and a parameter ρ ∈ [0, 1], the
action of Uρ on f is specified by


p
(Uρ f )(x) :=
E n f ρx + 1 − ρ2 Z .
Z∼N (0,1)

An important feature of the Hermite basis is that the noise operator acts on it diagonally
(see [13, Ch. 11]):
Uρ hα (x) = ρ|α| hα (x).
Thus, if f is a degree-d polynomial given in the Hermite basis as
X
f (x) =
fˆ(α)hα (x),
|α|≤d

then we can express the result of the noise operator applied to f explicitly as
X
Uρ f (x) =
fˆ(α)ρ|α| hα (x).
|α|≤d

Higher moments and hypercontractivity.
X
f (x) :=
fˆ(α)hα (x).

Fix a polynomial

|α|≤d

For an even natural number q ≥ 2, we write the gaussian q-norm of f as

1/q
q
∥f ∥q :=
E n f (x)
.
x∼N (0,1)

We wish to be able to bound this quantity in terms of the magnitudes of the Hermite
coefficients of f , fˆ(α). For this purpose, we extend the definition of Uρ also to ρ > 1 by its
action on the Hermite basis: Uρ hα (x) = ρ|α| hα (x). With this notation, we can express the
well-known (q, 2)-hypercontractive inequality [13, Ch. 9,11] as
∥f ∥q ≤ ∥U√q−1 f ∥2 ,
which is quite convenient for us, as we can use orthonormality of the Hermite basis to
explicitly compute
X
X
∥U√q−1 f ∥22 =
(q − 1)|α| fˆ(α)2 ≤
q |α| fˆ(α)2 .
|α|≤d

|α|≤d

To get a feel for the utility of this bound, let’s see how it can be used to prove the
following concentration bound:
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▶ Lemma 13. Let f : Rn → R be a degree d polynomial with normalized hypervariance
H√q (f ) ≤ 41 , where q is an even natural number. Then,

P

y∼N (0,1)n


sign(f (y)) ̸= sign(fˆ(0)) ≤ 2−q .

Further, the same holds more generally for y ∼ Y , as long as the distribution Y is dqmoment-matching.
Proof. Suppose that f (y) is normalized so that
E

y∼N (0,1)n

f (y) = fˆ(0) = ±1.

We have the q-th moment bound


∥f (x) − fˆ(0)∥q ≤ ∥U√q f (y) − fˆ(0) ∥2 ≤ 12 .
From the generic concentration inequality
P (|X| ≥ t∥X∥q ) ≤ t−q
we obtain


P sign(f (y)) ̸= sign(fˆ(0)) ≤ 2−q .
Thus, we find that the PTF sign(f ) almost always yields the value sign(fˆ(0)) under random
gaussian inputs. Crucially for us, this argument is also easy to derandomize: since the
argument merely relies on a bound on the q-th moment Ey∼N (0,1)n (f (y) − fˆ(0))q , and for Y
which is k-moment-matching for k ≥ dq we have
E(f (Y ) − fˆ(0))q =
Y

E

y∼N (0,1)n

(f (y) − fˆ(0))q ,

we conclude also that sign(f (Y )) is typically equal to sign(fˆ(0)).

◀

We remark that this lemma further implies that Y fools sign(f ) when H√q (f ) is small:
E sign(f (Y )) =
Y

E

y∼N (0,1)n

sign(f (y)) ± O(2−q ).

Gaussian restrictions and derivatives on the Hermite basis. Besides the effect of the noise
operator, it will also be important to understand the effect of two further operations on
polynomials:
The derivative map, f (y) 7→ ∂ α f (y).
√
√ 
The gaussian restriction at x, f (y) 7→ f
1 − λx + λy .
In particular, we are concerned with how these operations affect the Hermite coefficients of a
polynomial; ultimately, our goal will be to develop
analogue” of the Taylor
√ a “Hermite-basis
√ 
expansion which can be applied to expand f
1 − λx + λy as a function of y. We start
by computing the effect of these two operations on univariate Hermite polynomials, and then
on the full multivariate Hermite basis, and finally on a general polynomial f (x) expressed in
the Hermite basis.
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▶ Proposition 14.
q For univariate Hermite polynomials, we have the identities
∂k
m!
h
(t)
=
(m−k)! hm−k (t),
∂tk m
√
√  Pm q m
(m−k)/2 k/2
hm
1 − λx + λy = k=0
λ hm−k (x)hk (y).
k (1 − λ)
Proof. The first of these identities is standard (see e.g. [13, Ex. 11.10]); we provide a proof
of the second.
The second identity can be proved by considering the generating function
X√
1 2
est− 2 s =
m!hm (t)sm ,
m

and comparing the coefficient of sm on both sides of
es(

√

√
1−λx+ λy)− 12 s2

= e(s

√

√
1−λ)x− 21 (s 1−λ)2

· e(s

√

√
λ)y− 12 (s λ)2

◀

The corresponding identities for multivariate Hermite polynomials follow easily from above.
▶ Proposition q
15. We have
α
∂ hβ (y) = α!
γ! hγ (y), where γ = β − α,
√

|α|/2
√ 
P
∂ α h (x)
λ
hβ
1 − λx + λy = (1 − λ)|β|/2 α≤β √βα!
hα (y),
1−λ

|γ|/2
√

√
P
∂ α+γ hβ (x)
λ
√
hγ (y).
∂ α hβ
1 − λx + λy = (1 − λ)|β−α|/2 γ≤β−α
1−λ
γ!

We conclude with a Taylor-like expansion in the Hermite basis that we use repeatedly.
P
▶ Lemma 16. Let f (y) = α fˆ(α)hα (y). Then
f

√

1 − λx +

√

X ∂ α g(x)  λ |α|/2
√
λy =
hα (y),
1−λ
α!
α


where g(x) := U√1−λ f (x) =

P ˆ
|α|/2
hα (x).
α f (α)(1 − λ)

Proof. We express
√
√
√  X
√ 
f
1 − λx + λy =
fˆ(α)hα
1 − λx + λy
α

X hα (y)  λ |α|/2 X
√
=
fˆ(β)(1 − λ)|β|/2 ∂ α hβ (x)
1
−
λ
α!
α
β≥α


|α|/2
X hα (y)
λ
√
=
∂ α g(x).
1
−
λ
α!
α

◀

Lastly, we will also need an extension of this theorem which expresses ∂ α f , at the point
√
√
1 − λx + λy,
as a polynomial in y in the Hermite basis.
P
▶ Theorem 17. Let f (y) = α fˆ(α)hα (y). Then
α

∂ f

√

1 − λx +

√

s


λy = (1 − λ)

−|α|/2

X
β≥α

where g(x) := U√1−λ f (x).

β

∂ g(x)

α!
β!



λ
1−λ

|β−α|/2
hβ−α (y),
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Proof. We express
√
√
√  X
√ 
∂αf
1 − λx + λy =
fˆ(β)∂ α hβ
1 − λx + λy
β

X hγ (y)  λ |γ|/2 X
√
=
(1 − λ)|β−α|/2 ∂ α+γ hβ (x)
1
−
λ
γ!
γ
β≥γ+α

|γ|/2
X hγ (y)
λ
√
= (1 − λ)−|α|/2
∂ α+γ g(x).
1
−
λ
γ!
γ

4

◀

Gaussian restrictions of polynomials

Here we prove the structural properties of gaussian restrictions of polynomials: Theorem 5,
Lemma 6, Lemma 11. Note that Theorem 5 follows immediately from Lemma 11 and
Lemma 13. We next prove Lemma 11 from Lemma 6.
Proof of Lemma 11 from Lemma 6. Define f (x) := U√1−λ p(x). Then, by Lemma 16,
X ∂ α f (x)  λ |α|/2
√
hα (y).
px (y) = f (x) +
1−λ
α!
α̸=0
Thus,

|α|
X  ∂ α f (x) 2  λ |α|
X
λ
2
2|α|
α
√
HyperVarR (px ) =
R
≤
(∂ f (x))
R2|α|
1−λ
1−λ
α!
α̸=0
α̸=0

k
d
X
λ
=
R2k
∥∇k f (x)∥2 ,
1−λ
k=1

√

where the first inequality follows as α! ≥ 1.
We now conclude by applying Lemma 6 to f . We have

k
Pd
λ
2k
R
∥∇k f (x)∥2
k=1
1−λ
HR (px ) =
.
f (x)2
Except with probability δ over x ∼ N (0, 1)n , we can bound this by
d
X
k=1

4.1

R

2k



λ
1−λ

k 

Cd3
δ

2k


≤O

λd6 R2
δ2


.

◀

Proof of Lemma 6

Our main tool will be Kane’s relative-anticoncentration lemma for gaussian polynomials.
▶ Lemma 18 ([9]). For a degree d polynomial p, and independent standard gaussian vectors
x, y ∈ Rn ,
P(|p(x)| ≤ ε| ⟨y, ∇p(x)⟩ |) ≤ O(εd2 ).
In fact, we will actually work with the following corollary which is essentially the first of the
d inequalities in Lemma 6.

CCC 2022

21:16

Random Restrictions and PRGs for PTFs in Gaussian Space
▶ Corollary 19. For a degree d polynomial p, and independent standard gaussian vector
x ∈ Rn ,
P(|p(x)| ≤ ε∥∇p(x)∥) ≤ O(εd2 ).
Proof. We note that for any fixed x, ⟨y, ∇p(x)⟩ is identical in distribution to Z∥∇p(x)∥,
where Z ∼ N (0, 1) is a standard gaussian. So, we express
P(|p(x)| ≤ ε| ⟨y, ∇p(x)⟩ |) = P(|p(x)| ≤ ε|Z|∥∇p(x)∥)
≥ P(|p(x)| ≤ ε∥∇p(x)∥) · P(|Z| ≥ 1) .
Since P(|Z| ≥ 1) ≥ Ω(1), we conclude that
P(|p(x)| ≤ ε∥∇p(x)∥) ≤ O(εd2 ).

◀

The heart of the proof of Lemma 6 is a vector-valued variant of the above corollary:
#»
▶ Lemma 20. Let f (x) := (f1 (x), f2 (x), . . . , fm (x)) be a collection of m degree-at-most d
polynomials fj (x). If x ∈ Rn is a standard gaussian vector, then



m
X
#»
P∥ f (x)∥2 ≤ ε2
∥∇fj (x)∥2  ≤ O(εd2 ).
j=1

Proof of Lemma 6. We simply apply the above lemma d times and take a union bound. For
#»
#»
1 ≤ k ≤ d, let f k (x) := ((∂ α f (x) : |α| = k)). Note that ∥ f k (x)∥2 = ∥∇k f (x)∥2 . Further,
note that
X
∥∇(∂ α f (x))∥2 ≥ ∥∇k+1 f (x)∥2 ,
α:|α|=k

where the inequality follows as each (k + 1)’th order derivative would be counted at least once
in the expression on the left hand side. Therefore, by the above lemma, for x ∼ N (0, 1)n , we
have

P ∥∇k f (x)∥2 ≤ ε2 ∥∇k+1 f (x)∥2 ≤ O(εd2 )
Setting ε = δ/d3 , and taking a union bound over all k, we get that for a constant C > 0,

P ∀k, ∥∇k f (x)∥2 > C(δ 2 /d6 )∥∇k+1 f (x)∥2 ≥ 1 − δ.
This proves Lemma 6.
Proof of Lemma 20. Consider the auxiliary polynomial
h(x, y) :=

m
X

fj (x)yj .

j=1

As a function of both x and y, we have
#»
∇h(x, y) = f (x) ◦ Mx y,

◀

Z. Kelley and R. Meka

21:17

∂
fj (x)). So,
where Mx is the matrix with columns ∇fj (x) (that is, Mx has (i, j)-th entry ∂x
i
applying Corollary 19 to this auxiliary polynomial gives the probability bound


q := P h(x, y)2 ≤ ε2 ∥∇g(x, y)∥2
D
 #»

#» E2
2
2
2
= P y, f (x) ≤ ε ∥ f (x)∥ + ∥Mx y∥
≤ O(εd2 ).
Now, for some constant C ≥ 2 to be specified later, let E denote the event that
ε2
#»
(C 2 − 1)∥ f (x)∥2 ≤ ∥Mx ∥2F ,
2
where ∥Mx ∥F is the Frobenius norm of Mx . We note that we can lower-bound the probability
q by

D
1
#» E
#»
2
2
q ≥ P(E) · P
y, f (x) ≤ C∥ f (x)∥ and ∥Mx y∥ ≥ ∥Mx ∥F |E .
2
We claim that for large enough choice of constant C, this conditional probability can be
lower-bounded by Ω(1). Indeed, we can argue for any fixed x:

 D #» E
#»
y, f (x) ≥ C∥ f (x)∥ ≤ C12 .
P

P ∥Mx y∥2 ≥ 12 ∥Mx ∥2F ≥ Ω(1).
The first item is just a Chebyshev inequality; the second item can be derived e.g. from the
basic anticoncentration bound one obtains for degree-2 polynomials from the Paley-Zygmund
bound together with hypercontractivity (since, for any fixed matrix M , the quadratic form
g(y) := ∥M y∥2 has second-moment E g(y)2 ≥ (E g(y))2 = ∥M ∥2F ).
Thus, by choosing C large enough, we can lower-bound this conditional probability by
Ω(1) −

1
≥ Ω(1).
C2

We conclude that P(E) ≤ O(q) = O(εd2 ). This gives the desired conclusion
 #»

P ∥ f (x)∥ ≤ Ω(ε)∥Mx ∥F ≤ O(εd2 ).

5

◀

Pseudorandom Generator for PTFs

The following theorem gives quantitative bounds on the error of our main generator:
▶ Theorem 21. Fix some parameters ε > 0 and R ∈ N. Let z be a standard gaussian, and
PL
let Z = √1L i=1 Yi , where each Yi is dR-moment-matching. Then for some sufficiently large
absolute constant c and any polynomial p of degree d,
E sign(p(Z)) ≥
Z

E

z∼N (0,1)n

sign(p(z)) − O(εd3 ) − L · 2−Ω(R) ,

as long as L is at least Rdc /ε2 .
Combining the above with Theorem 12 immediately implies our main result Theorem 3.
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Proof of Theorem 3. Given a target error ε′ , set ε = ε′ /Cd3 , and R = C log(d/ε) for a
sufficiently big constant so that the error in the above lemma is at most ε′ /2 for L =
Rdc /ε2 = O(dc log(d/ε)/ε2 ). While the above theorem only gives a lower bound, we can
get an upper bound by applying the result to −p. Now, by applying Theorem 12 there
exists an efficient PRG that fools degree d PTFs with error at most ε′ and seed length
O(dO(1) log(nd/ε′ ) log(d/ε′ )/(ε′ )2 which can be simplified to the bound in the theorem. ◀
We now prove the above theorem by the lower-sandwiching argument outlined in Section 2.1. Fix a polynomial p(x) of degree d. We remind the reader of our convention
sign(t) := 1(t ≥ 0).
We define the mollifier function
g(x) :=

d−1
Y
k=0


 
1 ∥∇k p(x)∥2
,
ρ log
16ε2 ∥∇k+1 p(x)∥2

where ρ : R → [0, 1] is some smooth univariate function with ρ(t) = 0 for t ≤ 0, ρ(t) = 1 for
k
t ≥ 1, and ∥ ∂∂tkρ ∥∞ ≤ k O(k) for all k. 11
Proof of Theorem 21. For every point x ∈ Rn we have
sign(p(x)) ≥ sign(p(x))g(x).
Furthermore, under the truly-random gaussian inputs z ∼ N (0, 1)n we have
E sign(p(z))g(z) ≥ E sign(p(z)) − E |g(z) − 1| ≥ E sign(p(z)) − O(εd3 ),
z

z

z

z

where the final inequality here follows from Lemma 6. Combining these, we get that
E sign(p(Z)) ≥
Z

E

z∼N (0,1)n

sign(p(z)) − O(εd3 ) − | E sign(p(Z))g(Z) −
Z

E

z∼N (0,1)n

sign(p(z))g(z)|.

Thus, it suffices to bound | EZ sign(p(Z))g(Z)−Ez∼N (0,1)n sign(p(z))g(z)|, which we do by
PL
a hybrid argument. We first represent z as z := √1L i=1 yi where each yi is an independent
standard gaussian. We can replace each Yi with yi and get
| E sign(p(Z))g(Z) − E sign(p(y))g(y)| ≤ 2−Ω(R) L,
y

Z

as a consequence of the following lemma (restatement of Lemma 8) that we prove in the next
section. Theorem 21 now follows.
◀
▶ Lemma 22 (Main hybrid-step). There exists a constant c such that the following holds for
λ ≤ ε2 /Rdc . For any fixed vector x ∈ Rn , Y a dR-moment-matching gaussian vector, and
y ∼ N (0, 1)n ,
| E sign(p(x +
Y

11

√

√
λY ))g(x +

λY ) − E sign(p(x +
y

√

√
λy))g(x +

λy)| ≤ γ = 2−Ω(R) .

For example, it suffices to
 let ρ(t) be the standard mollifier ρ(t) := 0 for t ≤ 0, ρ(t) := 1 for t ≥ 1, and
1
ρ(t) := e · exp (t−1)
for t ∈ (0, 1).
2 −1

Z. Kelley and R. Meka

5.1

21:19

Analysis of the main hybrid-step

The proof of Lemma 22 is by a case-analysis as outlined in the introduction. Consider the
setting as in the lemma and define


z
ϕ(z) := U√1−λ p √
.
1−λ
The core argument will be a case-analysis on the derivatives of ϕ at the fixed point x and
whether these are slow-growing. Note that if p were multi-linear, then we would simply have
ϕ ≡ p. The starting point is the following re-scaling of Lemma 16:

X ∂ α ϕ(x)
√ 
√
p x + λy =
λ|α|/2 hα (y).
α!
|α|≤d

(4)

Further, by a re-scaling of Theorem 17, we get the following identity which gives a nice nearly
self-referential expression relating the derivatives of p to those of ϕ:
s

 X α!
√
(5)
∂ α p x + λy =
∂ β ϕ(x)λ|β−α|/2 hβ−α (y).
β!
β≥α

√
Now, note that for a truly random gaussian y we have ∂ α ϕ(x) = Ey ∂ α p(x + λy).
√ Thus,
it is reasonable to expect that for typical points x and small enough λ, ∂ α p(x + λy) will
be strongly concentrated around ∂ α ϕ(x).
√ The following lemma gives quantitative bounds
on how much the derivatives ∂ α p(x + λy) deviate from their expectations ∂ α ϕ(x) for a
random y ∼ N (0, 1)n . As we will need such bounds even for k-moment-matching Y , we state
the deviation bound in terms of moments:
z
▶ Lemma 23. Suppose f is a degree-d polynomial, and let ϕ(z) = U√1−λ f ( √1−λ
). Consider
the polynomial

D(y) := ∥∇k f (x +

√

λy) − ∇k ϕ(x)∥2 ,

which measures the euclidean distance between the k-th order derivatives ∇k f (x +
their expectations ∇k ϕ(x).
For y ∼ N (0, 1)n , we have the moment bound
∥D(y)∥q/2 ≤

d
X

√

λy) and

(λdq)t−k ∥∇t ϕ(x)∥2 .

t=k+1

That is,

E

y∼N (0,1)n

∥∇k f (x +

√

λy) − ∇k ϕ(x)∥q

1/q

v
u d
u X
≤t
(λdq)t−k ∥∇t ϕ(x)∥2 .
t=k+1

Proof. We express

D(y) =

X
α

∂ α f (x +

√


λy) − ∂ α ϕ(x)

2

=

X

s
X


α

β>α

2
α! β
∂ ϕ(x)λ|β−α|/2 hβ−α (y) .
β!
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First, by triangle-inequality, we get

2
s
X α!
X

∥D(y)∥q/2 ≤
∂ β ϕ(x)λ|β−α|/2 hβ−α (y)
β!
α
β>α

q/2

s
=

X X
α

β>α

α! β
∂ ϕ(x)λ|β−α|/2 hβ−α (y)
β!

.
q

Applying hypercontractivity, we now get
s
X
X α!
U √q
∥D(y)∥q/2 ≤
∂ β ϕ(x)λ|β−α|/2 hβ−α (y)
β!
α
β>α

2

X X α!
=
∂ β ϕ(x)2 λ|β−α| q |β−α|
β!
α β>α
XX
≤
∂ β ϕ(x)2 λ|β−α| q |β−α|
α β>α



d
X
t
=
(λq)t−k ∥∇t ϕ(x)∥2
t−k
t=k+1

≤

d
X

(λdq)t−k ∥∇t ϕ(x)∥2 .

◀

t=k+1

We are now ready to prove Lemma 22.
Proof of Lemma 22. We study two cases:
√
1. x is poorly-behaved for ϕ. In this case, we will show that g(x + λY ) = 0 with probability
at least 1 − 2−Ω(R) .
√
2. x is well-behaved for ϕ: In this case, we will exploit the fact that sign(p(x + λY )) will
equal sign(ϕ(x)) with probability 1 − 2−Ω(R) . We then have to show that Y fools the
mollifier g which is a bit technically involved (hence we deal with this case second unlike
in Section 2.1).
We begin with the first case.
Case 1: x is poorly-behaved for ϕ. Consider the case where the inequality ∥∇k ϕ(x)∥ ≥
ε∥∇k+1 ϕ(x)∥ is violated for some k, and indeed let k0 be the largest k such that this inequality
is violated. We will argue that with probability at least 1 − 2−Ω(R) , over random choice of
Y , that
√
√
∥∇k0 p(x + λY )∥ ≤ 4ε∥∇k0 +1 p(x + λY )∥,
√
in which case g(x + λY ) = 0.
More specifically,
we will show that it is highly likely that both
√
∥∇k0 p(x + λY
)∥
≤ 2ε∥∇k0 +1 ϕ(x)∥, and
√
k0 +1
∥∇
p(x + λY )∥ ≥ 12 ∥∇k0 +1 ϕ(x)∥.
For this, we will use Equation (5) and Lemma 23. Supposing k0 is the largest k such that
∥∇k ϕ(x)∥ < ε∥∇k+1 ϕ(x)∥,
we have
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∥∇k0 ϕ(x)∥ ≤ ε∥∇k0 +1 ϕ(x)∥ and
∥∇k0 +1 ϕ(x)∥ ≥ εt ∥∇k0 +1+t ϕ(x)∥ for all t ≥ 0.
Lemma 23 therefore gives the bounds
sX
1/R

√
R
k0 +1
k0
k0
≤ ε∥∇
ϕ(x)∥
E ∥∇ p(x + λY ) − ∇ ϕ(x)∥
(λdR/ε2 )t
Y

and


E ∥∇k0 +1 p(x +
Y

t≥1

√

λY ) − ∇k0 +1 ϕ(x)∥R

1/R

sX
≤ ∥∇k0 +1 ϕ(x)∥
(λdR/ε2 )t .
t≥1

So, as long as λdR/ε2 is at most a sufficiently small constant, we conclude that the following
bounds hold with probability at least 1 − 2−R :
√
√
∥∇k0 p(x + √
λY )∥ ≤ ∥∇k0 ϕ(x)∥ + ∥∇k0 p(x + λY√
) − ∇k0 ϕ(x)∥ ≤ 2ε∥∇k0 +1 ϕ(x)∥, and
k0 +1
k0 +1
k0 +1
∥∇
p(x+ λY )∥ ≥ ∥∇
ϕ(x)∥−∥∇
p(x+ λY )−∇k0 +1 ϕ(x)∥ ≥ 12 ∥∇k0 +1 ϕ(x)∥.
In the case that these bounds hold, we get
√
√
∥∇k0 p(x + λY )∥ ≤ 4ε∥∇k0 +1 p(x + λY )∥,
√
and so g(x+ λY ) = 0. As this holds with probability at least 1−2−Ω(R) for both y ∼ N (0, 1)n
as well as Y , the conclusion of Lemma 22 follows. This finishes the proof of Case 1.
⌟
Case 2: x is well-behaved for ϕ.

We now consider the complimentary case where

∥∇k ϕ(x)∥ ≥ ε∥∇k+1 ϕ(x)∥
for all k = 0, 1, . . . , d − 1. Consider the normalized polynomial
√
1 X α
p(x + λy)
=1+
∂ ϕ(x)λ|α|/2 hα (y).
f (y) :=
ϕ(x)
ϕ(x)
α̸=0

Using hypercontractivity, we bound the R-th moment of f (y) − 1 by its
v
uX 
k
u
λR
1
√
t
∥f (y) − 1∥R ≤ ∥U R (f (y) − 1) ∥2 ≤
≤ .
2
ε
2

√

R-hypervariance:

k≥1

So, by a Markov argument, we have


√
P sign(p(x + λY )) ̸= sign(ϕ(x)) ≤ 2−R ,
√
and this holds whenever Y is k-moment-matching for k ≥ dR. So, √
sign(p(x + λY )) is
nearly a constant for random Y ; it remains to show that Y fools g(x + λY ). We do this by
(essentially) truncating the Taylor-series of g about x so that we are left with a degree dR
polynomial, which is fooled by Y . The truncation-error will be small because our assumption,
∥∇k ϕ(x)∥ ≥ ε∥∇k+1 ϕ(x)∥ for all k,
gives
us good control on the R-th order moments of the deviations ∥∇k ϕ(x)∥ − ∥∇k p(x +
√
λY )∥. The exact calculations are somewhat cumbersome and are given below. We will
show that Y fools the mollifier function
!!
√
d−1
Y
√
1 ∥∇k p(x + λy)∥2
√
g(x + λy) =
ρ log
.
16ε2 ∥∇k+1 p(x + λy)∥2
k=0
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To simplify notation we define the shifted function σ(t) := ρ(t − log(16ε2 )), and express
√
g(x +

λy) =

d−1
Y



√
√
σ log ∥∇k p(x + λy)∥2 − log ∥∇k+1 p(x + λy)∥2 .

k=0

It will be convenient to think of g (redundantly) as function of 2d auxiliary variables s1 . . . sd ,
t1 , . . . td , which we will
√ eventually fix to
si := ∥∇i−1 p(x √
+ λy)∥2
ti := ∥∇i p(x + λy)∥2 ,
so we write
g(s, t) :=

d
Y

σ (log(si ) − log(ti )) .

i=1

We Taylor-expand g(s, t) around the points
ai := ∥∇i−1 ϕ(x)∥2
bi := ∥∇i ϕ(x)∥2 ,
which gives
g(s, t) = ℓ(s, t) + h(s, t),
with low-degree part
X

ℓ(s, t) :=

α,β∈Nd
|α|+|β|<R

∂sα ∂tβ g(a, b)
α
β
(s − a) (t − b)
α!β!

and remainder
|h(s, t)| ≤

X
α,β∈Nd
|α|+|β|=R

|∂sα ∂tβ g(s∗ , t∗ )|
α
β
|s − a| |t − b| ,
α!β!

where “|∂sα ∂tβ g(s∗ , t∗ )|” is notation for the maximum magnitude of ∂sα ∂tβ g on any point on
the line segment from (a, b) to (s, t). We need the following fact to bound the size of the
derivatives of g,
▷ Claim 24. Suppose σ is a smooth univariate function with uniform derivative bounds
∥σ (n) ∥∞ ≤ nO(n) .
The bivariate function
r(u, v) := σ(log(u) − log(v))
has derivatives bounded in size by
∂n ∂m
nO(n) mO(m)
r(u,
v)
≤
.
∂un ∂v m
|u|n |v|m
This claim follows easily from the generalized chain rule (Faà di Bruno’s formula). As a
result, we get the derivative bounds
∂sα ∂tβ g(s, t) ≤

|α|O(|α|) |β|O(|β|)
.
|sα |
|tβ |
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Using this, we bound the remainder
|h(s, t)| ≤

X

d

O(R)

d

α,β∈N
|α|+|β|=R

d
Y
i=1

|1 −
1 − |1

si
ai |
− asii |

! αi

|1 −
1 − |1

ti
bi |
− btii |

!βi
.

Now, consider the event E (which depends on y) that
√
(1 − δ)∥∇i ϕ(x)∥2 ≤ ∥∇i p(x + λy)∥2 ≤ (1 + δ)∥∇i ϕ(x)∥2
holds for all i, where δ ≤ 1/2 is a parameter we will set shortly. In the case that this indeed
holds, we get
|h(s, t)| ≤ dO(R) O(δ)R .
We set δ just small enough to ensure
|h(s, t)| ≤ 2−R .
Now, we express g (which we now think of as a function of the underlying variable y) as
g = g · 1E + g · 1Ē
= ℓ · 1E + h · 1E + g · 1Ē
= ℓ − ℓ · 1Ē + h · 1E + g · 1Ē ,
and we obtain the pointwise bound
|g − ℓ| ≤ 2−R + 1Ē + |ℓ| · 1Ē .
On average over Y , we get truncation error
q
q
√
E g(x + λY ) − ℓ(Y ) ≤ 2−R + E 1Ē (Y ) + E ℓ2 (Y ) E 1Ē (Y )
Y

Y

Y

Y

 R 
−Ω(R)
d
λdR
−R
≤2
+O
·
δ
ε2
−Ω(R)

λdR
≤ 2−R + dO(1) ·
ε2
where the second inequality here follows from the moment bounds in Lemma 23. As
required by the conditions of Lemma 22, we insist that λ is small enough that this error
is at most 2−Ω(R) . Since this bound holds also for truly-random standard gaussian y, and
EY ℓ(Y ) = Ey ℓ(y), we obtain the desired bound
√
√
| E g(x + λY ) − E g(x + λy)| ≤ 2−Ω(R) .
Y

y

This finishes the proof in Case 2 and hence of Lemma 22.

◀
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1

Introduction

Polynomial approximations of important functions play a key role in many areas of computer
science and mathematics. We measure the extent to which a function can be approximated
by a degree d polynomial as follows.
▶ Definition 1. For any real numbers B ≥ 1 and δ ∈ (0, 1), and function f : [0, B] → R, let
dB;δ (f ) ∈ Z>0 denote the minimum degree of a non-constant polynomial p(x) satisfying
sup

p(x) − f (x) < δ.

x∈[0,B]

Past work in polynomial approximation theory has typically focused on the case when
B = O(1); see, for example, [31, Chapter 7]. However, recent computer science applications
have motivated studying the setting where both B and δ −1 are growing simultaneously.
Indeed, in algorithmic applications, both the magnitude of the input to the function f and
the tolerance for error can scale with the size of the input to the problem.
In this paper, we focus specifically1 on the functions ex and e−x . As we will discuss more
shortly, polynomial approximations for these functions appear naturally in computational
problems throughout scientific computing, graph algorithms, machine learning, statistics, and
many other areas. Precisely determining dB;δ (e−x ) and dB;δ (ex ) is particularly important
since in a number of algorithmic applications, such as the batch Gaussian Kernel Density
Estimation that we discuss in Section 1.2 below, these quantities appear in the exponent of
the input size in the running time. In these settings, logarithmic or even constant factors can
be the difference between a fast or a trivially slow running time (see especially Sections 1.2.1
and 1.2.3 below). The standard framework of approximation theory (e.g., [26, 31, 32]) can
be used to deduce bounds on dB;δ that are typically suboptimal, often losing (at least) such
logarithmic factors, especially in the regime when B is large.
Our main results are tight asymptotics, including the exact leading constant in most
parameter regimes (see Remark 5 below), for both dB;δ (e−x ) and dB;δ (ex ).
In what follows, we define the function
p
p

G(x) = x2 + 1 + x log
x2 + 1 − x ,
(1)
for each x ∈ R≥0 .
▶ Theorem 2 (Approximate degree of e−x ). Let B ≥ 1 and δ ∈ (0, 1). Then,



p
log(δ −1 )
dB;δ (e−x ) = Θ max
B log(δ −1 ),
.
log(B −1 log(δ −1 ))
More precisely, we have the following asymptotics as B + δ −1 tends to ∞.





log δ −1
−1
−x
 1 + o(1) .
1. If B = o log(δ ) , then dB;δ (e ) =
−1
−1
log B log(δ )

2. If B = 2r log(δ −1 ) for fixed r > 0, then dB;δ (e−x ) = νr + o(1) log(δ −1 ), where ν =
ν(r) > 0 is the unique positive solution2 to the equation G(ν) = 1 − r−1 .

1
2

We mention, however, that the method used in this paper is quite general and is expected to more
broadly apply for functions f whose Taylor series coefficients decay sufficiently quickly.
The uniqueness of this solution (and the ones to be mentioned below) follows from the facts that
G(0) = 1, limz→∞ G(z) = −∞, and G′ (z) < 0 for z > 0.
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p
3. If B = ω log(δ −1 ) and B ≤ δ −o(1) , then dB;δ (e−x ) = 1 + o(1) B log(δ −1 ).

q

4. If B ≥ δ −Ω(1) , then dB;δ (e−x ) = Θ
B log δ −1 .
▶ Theorem 3 (Approximate degree of ex ). Let B ≥ 1 and δ ∈ (0, 1). Then,



log(δ −1 )
x
dB;δ (e ) = Θ max B,
.
log(B −1 log(δ −1 ))
More precisely, we have the following asymptotics as B + δ −1 tends to ∞.





log δ −1
 1 + o(1) .
1. If B = o log(δ −1 ) , then dB;δ (ex ) =
log B −1 log(δ −1 )

−1
2. If B = 2r log(δ ) for fixed r > 0, then dB;δ (ex ) = µr + o(1) log(δ −1 ), where µ =
µ(r) > 0 is the unique positive solution to the equation G(µ) = −1 − r−1 .


z∗ B
1 + o(1) , where z∗ ≈ 2.2334 denotes the
3. If B = ω log δ −1 ) , then dB;δ (ex ) =
2
unique positive solution to the equation G(z∗ ) = −1.
▶ Remark 4. Polynomials achieving the degree upper bounds stated in Theorems 2 and 3 can
be constructed in poly(d) time, with coefficients which are rational numbers with poly(d)-bit
integer numerators and denominators, where d is the degree.
▶ Remark 5. In the fourth case of Theorem 2, q
we do not determine the leading constant


−x
A = A(B; δ) for which dB;δ (e ) = A + o(1) B log δ −1 ; as we will see below, when
δ = o(1), we only bound it between 12 ≤ A ≤ 1. It is unclear to us whether or not this
constant would admit a concise description in this parameter regime, especially in the case
when δ is fixed as B tends to ∞. In all other parameter regimes of Theorem 2, and in every
case of Theorem 3, we determine the exact leading constant.3
Previous bounds. The question of providing tight bounds on dB;δ (e−x ) was posed in works
of Orecchia, Sachdeva, and Vishnoi [24, Sections 4 and 7], and Sachdeva and Vishnoi [28,
Section 5]. They were motivated by algorithmic applications, as [24] showed how upper bounds
problem from
on dB;δ (e−x ) can be used to design faster algorithms for the Balanced Separator
p
−x
−1 ), B} ·
spectral graph theory. They gave an upper bound
of
d
(e
)
≤
O(
max{log(δ
B;δ
√
3/2 −1
1
−x
log (δ )), and a lower bound of dB;δ (e ) ≥ 2 B. Later, [28] improved the upper bound
p
to dB;δ (e−x ) ≤ O( max{log(δ −1 ), B} · log1/2 (δ −1 )) (noting that such a bound was also
implicit in [16]). Theorem 2 provides precise asymptotics for dB;δ (e−x ), thereby answering
the above question.
In particular, Theorem 2 shows that the prior upper bound could be improved by a
logarithmic factor in some parameter regimes, but was otherwise asymptotically tight. For the
Balanced Separator problem studied by [24], where the running time depends polynomially
on dB;δ (e−x ), this rules out a big improvement without a new approach. For other applications
where the running time has an exponential dependence on dB;δ (e−x ), our improvements have
more significant implications. For instance, as we discuss below in Section 1.2.1, in some
parameter regimes of the batch Gaussian Kernel Density Estimation problem, our Theorem 2
yields a near linear time algorithm, whereas applying instead the prior bound of [28] would
only yield a trivial quadratic running time.

3

−1/2
It is quickly
≤
 verified that the constants
 ν, µ, and z∗ from Theorem 2 and Theorem 3 satisfy 2r
ν ≤ max r−1 , e and z∗ ≤ µ ≤ max r−1 , e for all r > 0.
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We are unaware of prior work which specifically bounded dB;δ (ex ), although one could
apply standard results on Chebyshev interpolation (such as [32, Theorem 8.2]) with some
work to yield a bound dB;δ (ex ) ≥ Ω(max{B, log(δ −1 )}).
Phase transitions. In fact, Theorem 2 and Theorem 3 indicate that the dependence of the
optimal degrees dB;δ (e−x ) and dB;δ (ex ) on the parameters B and δ is quite intricate. First,
their orders of magnitudes both exhibit transitions
depending on the relative sizes of B and

log(δ −1 ). For example, when B = ω log(δ −1 ) , Theorem 2 shows that dB;δ (e−x ) exhibits
square root dependence on both log(δ −1 ) and B, but when B = o log(δ −1 ) it exhibits
nearly linear dependence on log(δ −1 ) and only logarithmic dependence on B. Second,
 in the
“critical regime” B = 2r log(δ −1 ), Theorem 2 shows that dB;δ (e−x ) = Θ log(δ −1 ) , whose
implicit constant is obtained by solving the transcendental equation G(z) = 1 − r−1 . A
similar transition (with a transcendental leading constant in the critical regime) is shown
for the approximating degrees of ex in Theorem 3, but with the qualitative difference
 that
dB;δ (ex ) is linear in B (to leading order) and independent of δ, for B = ω log(δ −1 ) .
To our knowledge, this is the first appearance of a transition arising when one simultaneously scales B and δ in the context of polynomial approximation theory. Indeed, as
mentioned previously, prior works in this direction typically analyzed the case B = O(1),
where transitions like these are not visible. As we will explain in Section 1.1 below, these
behaviors for dB;δ (e−x ) and dB;δ (ex ) will have algorithmic interpretations. For example,
we will see that the estimates on dB;δ (e−x ) provided in Theorem 2 imply a fine-grained
computational phase transition for Gaussian Kernel Density Estimation in certain parameter
regimes.
Previous methods. In the theoretical computer science literature, proofs of upper and
lower bounds on the approximate degree dB;δ (f ) of a function f had been typically based
on two distinct arguments [23, 29, 1, 8, 24, 28, 10]. Upper bounds were often shown by
providing an explicit polynomial approximation for f , usually given by (a truncation of)
the expansion of f in the basis of Chebyshev polynomials. Lower bounds were typically
shown by making use of an estimate, such as Markov Brothers’ inequality, that constrains
the maximum derivative of a bounded polynomial in terms of its degree. Both ideas are
archetypes of classical approximation theory; see [31, Chapters 2 and 4].
Our methods. As above, to upper bound dB;δ (f ) we will explicitly provide an approximating
polynomial for f , obtained from the Chebyshev expansion of its rescale fB (x) = f B2 (1 − x)
(whose domain is now [−1, 1]). However, derivative-degree estimates such as Markov’s
inequality that prior works used to lower bound dB;δ (f ) usually become insensitive to the
tolerance parameter δ once it passes below a (typically non-optimal) threshold. Thus, they
will not suffice for our purposes of pinpointing the precise asymptotic behavior of dB;δ (f ).
We therefore proceed differently, by instead again making use of the Chebyshev expansion
of fB (x). In particular, we use the orthogonality of the Chebsyhev polynomials to lower
bound the minimal distance from fB to a polynomial of degree d in terms of the series
coefficients of fB when expanded in the Chebyshev basis; see Proposition 11 below. Thus,
bounds on these series coefficients can be used to bound dB;δ (f ). This idea was also ubiquitous
in the traditional theory and practice of approximating polynomials; for instance, it was
very fruitful in proving the classical sharp estimates [31, Chapter 7.8 (22)] on dB;δ (e−x ) and
dB;δ (e−x ) when B = O(1).
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However, to our understanding, this idea has not been implemented before in our context
where B and δ scale jointly (either in the computer science or approximation theory literature).
In this setting, we must study the limiting behaviors for the high-degree coefficients in the
Chebyshev expansion fB , simultaneously as the degree and as B tend to ∞; see Proposition 13
below. This analysis becomes more involved than in the case B = O(1), as it should in order
to give rise to the intricate asymptotic phenomena described in Theorem 2 and Theorem 3.
In particular, the phase transitions observed in those results can be traced to corresponding
phase transitions for these series coefficients, given in Lemma 15 below.

1.1

Algorithmic Applications

Polynomial approximations with low error have numerous applications throughout algorithm
design and complexity theory; see, for instance, the introduction of the survey by Sachdeva
and Vishnoi [28] for an overview. The quantities dB;δ (e−x ) and dB;δ (ex ), in particular, play
a central role in many algorithms due to the prevalence of exponential functions. Some
examples include:
Approximating matrix exponentials. Given a matrix A and a vector v, approximate
eA · v. One of the most common algorithms in theory and in practice for this problem
is the Lanczos method [18], whose running time is bounded by O(d · mA + d2 ) [21],
where mA is the amount of time required to do a matrix-vector multiplication by A, and
d = dB;δ (ex ) is the approximate degree which we compute in Theorem 3 with B = ||A||
and δ is the desired approximation error parameter.
Finding balanced separators in graphs. The aforementioned work by Orecchia,
Sachdeva and Vishnoi [24] uses polynomial approximations of e−x in a way similar to the
Lanczos method to give fast, practical algorithms for the Balanced Separator problem. 4
Estimating softmax. Many “multinomial classification” problems in natural language
processing and other areas make use of the softmax function to convert vectors representing
the different classes into estimated probabilities. Given n vectors w1 , . . . , wn ∈ Rm
≥0 , an
index i ∈ [n] and a sample vector h ∈ Rm
,
softmax
is
defined
as
≥0
e⟨wi ,h⟩
softmax(h, i, w1 , . . . , wn ) := Pn
.
⟨wj ,h⟩
j=1 e
Training models in these applications frequently requires many softmax computations,
and so approximations of softmax which are faster to compute are often used [14].
Replacing the exponentials in softmax by the optimal polynomial approximations we give
in Theorem 3 can be used to more quickly compute such approximations [17, 22].
Kernel methods. Polynomial approximations for e−x have been used to design faster
sketching and estimation techniques for Gaussian kernels, including in a number of recent
algorithms; see e.g. [33, 19, 6, 4]. In Section 1.2 below, we show a new application along
these lines to batch Gaussian Kernel Density Estimation.

4

They also give a faster algorithm in some special cases using rational approximations of e−x .
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1.2

Gaussian Kernel Density Estimation

Kernel Density Estimation (KDE) is one of the most common methods for non-parametric
estimation of the density of an unknown distribution D. Given a set P ⊂ Rm of samples
from D, along with a weight wy ∈ R for each y ∈ P , the kernel density function (KDF) of P
at a point x ∈ Rm is given by
KDFP (x) :=

X

wy · k(x, y),

y∈P

where k : Rm × Rm → R is a carefully chosen kernel function. In most applications, one
would like to compute KDFP at many points x. Perhaps the most commonly studied kernel
2
function is the Gaussian kernel k(x, y) = e−∥x−y∥2 . This motivates the question:
▶ Problem 6 (Batch Gaussian KDE). Given as input 2n points x(1) , . . . , x(n) , y (1) , . . . , y (n) ∈
(i)
(j) 2
Rm which implicitly define the matrix K ∈ Rn×n by K[i, j] = e−∥x −y ∥2 , as well as a
vector w ∈ Rn , and an error parameter δ > 0, compute an approximation to K · w, meaning,
output a vector v ∈ Rn such that ∥K · w − v∥∞ ≤ δ · ∥w∥1 .
Polynomial method algorithm. This problem can be solved by using a polynomial approximation to e−x in order to construct a low-rank approximation to the matrix K, as follows.
Let B ≥ 1 and δ ∈ (0, 1) denote real numbers, and suppose p(z) is a univariate polynomial
of degree d ≥ dB;δ (e−x ) such that
p(z) − e−z ≤ δ.

sup
z∈[0,B]

Pm
Thus, for x, y ∈ Rm with ∥x − y∥22 ≤ B, the polynomial p( ℓ=1 (xℓ − yℓ )2 ) outputs a value
2
within an additive δ of e−∥x−y∥2 . Hence, to solve Batch Gaussian KDE, it suffices to output
Pm
(i)
(j)
the vector K̃ · w, where K̃ ∈ Rn×n is the matrix given by K̃[i, j] = p( ℓ=1 (xℓ − yℓ )2 ). By
a standard argument, the rank of K̃ is at most the number of monomials in the expansion
Pm
of p( ℓ=1 (xℓ − yℓ )2 ), which is bounded above by M ≤ 2d+2m
, and the corresponding low
2d
rank expression for K̃ can be found in time O(n · M · m).
In other words, whenever M < no(1) , we can solve Batch Gaussian KDE in deterministic
1+o(1)
n
time in this way (see also [6, Section 5.3] where this approach was previously laid
out). Theorem 2 characterizes exactly when this is possible in terms of m (the dimension of
the points), B (the square of the diameter of the point set), and δ (the error parameter):
▶ Corollary 7. For any positive integer m < no(1) , and real numbers B ≥ 1 and δ ∈ (0, 1),
define d = dB;δ (e−x ) as in Theorem 2. Then,
batch Gaussian KDE can

 bec solved in
2d+2m
o(1)
deterministic time n1+o(1) whenever 2d+2m
<
n
.
Similarly,
if
< n for some
2d
2d
constant 0 < c < 1, then batch Gaussian KDE can be solved in truly subquadratic deterministic
time n1+c+o(1) .

1.2.1

Comparison with prior work

The previous best known algorithm for Batch Gaussian KDE is due to recent work of
Charikar and Siminelakis [13], which showed how to solve this problem in randomized time
2/3
δ −2 n1+o(1) · (log n)O(B ) for any dimension m < no(1) . Their algorithm achieves randomized
running time n1+o(1) whenever δ −1 < no(1) , B < o((log n/ log log n)3/2 ), and m < no(1) .
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Focusing on the setting5 where m = O(log n), Corollary 7 achieves deterministic running
time n1+o(1) in all the same parameter settings as the previous algorithm, and also new
settings including:
When B = o(log2 n) and δ −1 < no(log n/B) (slightly improving the parameter B), or
When B = o(log n) and δ −1 = nΘ(1) (considerably improving the parameter δ).
In particular, the latter setting enables us to take δ to depend polynomially in n, while
still retaining an n1+o(1) running time.
The above parameter regimes are also where our upper bound on dB;δ (e−x ) from Theorem 2 logarithmically improves on the one given in [28]. This improvement was in fact
necessary for our application to KDE, as the estimate from [28]
dB;δ (e−x ) = Ω(log n) in
 was1+Ω(1)
2d+2m
these settings, which would give a running time of n ·
≥n
, as opposed to our
2d
near-linear one.
Interestingly, our algorithm and that of [13] take approaches which rely on very different
properties of the kernel function k. Charikar and Siminelakis’s algorithm uses a clever
Locality-Sensitive Hashing-based approach, and also works well for other kernels with efficient
hash functions, whereas our approach instead requires k to have a low-degree polynomial
approximation. Other popular algorithmic techniques for KDE, such as the Fast Multipole
Method [15], or core-sets [3, 25], lead to n1+Ω(1) running times in the high-dimensional
d = Ω(log n), low-error ε < n−Θ(1) setting; see [30, Section 1.3.2] for an overview of these
known approaches.

1.2.2

SETH lower bound

To complement Corollary 7, we also show a fine-grained lower bound, that assuming the
Strong Exponential Time Hypothesis (SETH), when m = Θ(log n) and δ −1 = nΘ(1) , one
cannot achieve running time n1+o(1) when B = Ω(log n).
▶ Proposition 8. Assuming SETH, for every q > 0, there are constants α, β, κ > 0 such that
Batch Gaussian KDE in dimension m = α log n and error δ = n−β for input points whose
diameter squared is at most B = κ log n requires time Ω(n2−q ).
The proof of Proposition 8 is a slight modification of a similar lower bound of Backurs,
Indyk, and Schmidt [9], which relates Gaussian KDE to nearest neighbor search (for which
SETH lower bounds are already known [27]).
To summarize, in the natural setting where m = Θ(log n) and δ −1 = nΘ(1) :
Our algorithm using the polynomial method achieves running time n1+o(1) when B =
o(log n).
Assume SETH. It is not possible to improve our algorithm to achieve running time n1+o(1)
when B = Θ(log n). Moreover, if B = ω(log n), then no algorithm achieves running time
faster than n2−o(1) .

1.2.3

Critical regime behavior from the leading constant in Theorem 2

Thus, assuming SETH (and under the setting m = Θ(log n) and δ −1 = nΘ(1) ), the complexity
of Batch Gaussian KDE exhibits a transition mirroring the one exhibited by dB;δ (e−x ) in
Theorem 2. More specifically, as B goes from o(log n) to ω(log n), this complexity transitions

5

Often, depending on the desired error guarantees, one can reduce to roughly this case using dimensionality
reduction like the Johnson–Lindenstrauss lemma.
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from n1+o(1) to n2−o(1) . In the “critical regime” where B = κ log n for some fixed κ > 0,
this suggests that its complexity should grow as n1+φ(κ) , for some non-decreasing function
φ : R>0 → R>0 satisfying limκ→0 φ(κ) = 0 and limκ→∞ φ(κ) = 1. It would be fascinating to
better understand more precise behavior of this function φ. Does it continuously transition
from 0 to 1 as κ increases, or does it admit a sudden “jump” at a specific threshold value
for κ?
While these questions remain open, we can use our asymptotics for dB;δ (e−x ) to provide
bounds on φ(κ) for small
κ. In particular, the below corollary implies that φ(κ) =

−1
−1
O log log κ / log κ
. Our derivation of the term log log κ−1 / log κ−1 appearing in the
exponent makes use of the leading constant ν (defined in the second part of Theorem 2) for
the asymptotics of dB;δ (e−x ). Indeed, thisis the case of Corollary 7 where d = dB;δ (e−x ) =
Θ(log n) and m = O(log n), and so 2d+2m
= nΘ(1) , where the leading constant in dB;δ (e−x )
2d
determines the value of the Θ(1).
▶ Corollary 9. Fix constants α, β > 0, and suppose that m = α log n and δ = n−β .
If B = κ log n for some κ < 12 , then Batch Gaussian KDE can be solved in time
−1
−1
O(n1+c log log κ / log κ ), where c = c(α, β) > 0 only depends on α and β.
Prior work has shown similar “critical regime” behavior for other problems with SETHbased lower bounds. The Orthogonal Vectors problem for n vectors in dimension κ log n for
large κ can be solved in time n2−1/O(log κ) [2, 12], whereas the problem in dimension ω(log n)
requires time n2−o(1) assuming SETH. The Batch Hamming Nearest Neighbors
problem for
√
n vectors in dimension κ log n for large κ can be solved in time n2−1/Õ( κ) [7, 5], whereas the
problem in dimension ω(log n) also requires time n2−o(1) assuming SETH. Interestingly, these
algorithms make use of variants on the polynomial method using probabilistic polynomials,
whereas we make use of approximate polynomials here.
The proofs of our results stated in Section 1.2 can be found in the full version of this
paper.

2

Proof Overview

In this section we outline the proofs of Theorem 2 and Theorem 3, which will be established
in detail in Section 3 below. To that end, we will use the Chebyshev polynomials, which are
defined as follows; see Section 3 for a more thorough explanation of its properties.
▶ Definition 10. Fix an integer d ≥ 0. Let Pd ⊂ R[x] denote the set of single-variable
polynomials p(x) with deg p ≤ d, and define the degree d monic Chebyshev polynomial
Qd (x) ∈ Pd as follows. Set Q0 (x) = 1 and, for each d ≥ 1, define Qd (x) by imposing that
Qd (cos θ) = 21−d cos(dθ),

for each θ ∈ [0, 2π].

(2)

It is well understood in the literature that smooth functions f are typically wellapproximated by polynomials obtained by truncating the series expansion of f in the basis
of Chebyshev polynomials; see, for instance, [32, (15.5), (15.8)] for more precise formulations
of this statement.
In particular, the following proposition provides a version of this statement that will be
more useful for our purposes. It provides upper and lower bounds on the optimal error of
a polynomial approximation p(x) of a function f : [−1, 1] → R in terms of its Chebyshev
expansion coefficients. Both bounds in this result are known; the lower bound follows from
the L2 -orthogonality of the Chebyshev polynomials, and the upper bound follows from (2).
Still, we provide a short and self-contained proof of the below proposition in Section 3.3.
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P∞
▶ Proposition 11. Let a0 , a1 , . . . ∈ R satisfy j=0 |aj | < ∞. Then, the absolutely convergent
P∞ j−1
series f : [−1, 1] → R defined by f (x) = j=0 2 aj Qj (x) satisfies
∞
1 X a2k
2
k

!1/2

k=D

≤

inf

sup

p∈PD−1 x∈[−1,1]

p(x) − f (x) ≤

∞
X

|aj |,

(3)

j=D

for any integer D ≥ 1.
In particular, (3) provides nearly matching upper and lower bounds (up to a factor of
(2D)1/2 ) if the coefficients {aj } decay sufficiently quickly. Indeed, then the left and right
sides of that inequality are asymptotically governed by their leading terms aD .
As stated, Proposition 11 only applies for approximating polynomials on the interval
[−1, 1]. However, we would like to approximate e−x and ex on [0, B], for some B ≥ 1.
Therefore, we rescale by first setting λ = B2 , and then by observing that to approximate e−x
(or ex ) on [0, B] it suffices to approximate eλx−λ (or eλx+λ , respectively) on [−1, 1].
We will show that the coefficients of these latter functions, when written in the Chebyshev basis, indeed decay quickly (with an explicit rate, dependent on λ), and then apply
Proposition 11. We can in fact compute these coefficients exactly, by first expressing e−x
and ex through their Taylor series, and then by changing basis from the monomials xn to
the Chebyshev polynomials. This yields the following (known) lemma, whose short proof
will be recalled in Section 4.1 below.
▶ Lemma 12. For any real numbers λ > 0 and x ∈ [−1, 1], we have that
e−λx−λ =

∞
X

2v−1 Av,λ Qv (x),

eλx+λ =

v=0

∞
X

2v−1 Bv,λ Qv (x),

(4)

v=0

where for any integer v ≥ 0 we have set


X
λn
n
Av,λ = 2e−λ (−1)v
,
2n n! n−v
2
n−v∈2Z≥0

Bv,λ = 2eλ

X
n−v∈2Z≥0

λn
2n n!



n
n−v
2


.

(5)

We next apply a saddle point analysis to obtain precise asymptotics for Av,λ and Bv,λ ,
as λ + v tends to ∞. In particular, the following proposition shows that these coefficients
decay exponentially in v, with an explicit rate function given by Ψv,λ in (6). This exact
form of this rate function will eventually serve as the source of the phase transitions for
dB;δ (e−x ) and dB;δ (ex ) explained in Theorem
2 and Theorem 3, respectively. Indeed, one

might already observe that Ψv,λ = λG λv , where we recall the function G(x) from those
results. The below proposition will be stated a bit informally; we refer to Proposition 19
below for the more precise formulation needed for our purposes.
▶ Proposition 13. Recall the quantities Av,λ and Bv,λ from (5) for any integer v ≥ 0 and
real number λ ≥ 12 . Denote
Ψv,λ =

√ 2

p
v + λ2 − v
v 2 + λ2 + v log
.
λ

(6)

As v + λ tends to ∞, we have that

(−1)v Av,λ = (λ + v)O(1) exp Ψv,λ − λ ;


Bv,λ = (λ + v)O(1) exp Ψv,λ + λ .
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Combining Proposition 11 and Proposition 13, we obtain the following corollary, which
provides nearly sharp bounds on the error one can achieve for a degree d polynomial
approximation of e−x and ex on [0, B]. Once again, the below proposition will be stated a
bit informally, and we refer to Proposition 23 below for a more precise formulation.
▶ Corollary 14. Let d ≥ 1 be an integer, and let B ≥ 1 be a real number. Set λ =
recall Ψ from (6). As λ + d tends to ∞, we have that

B
2

and

inf

sup

p(x) − e−x = (λ + d)O(1) exp(Ψd,λ − λ),

(7)

inf

sup

p(x) − ex = (λ + d)O(1) exp(Ψd,λ + λ).

(8)

p∈Pd x∈[0,B]
p∈Pd x∈[0,B]

Now Theorem 2 and Theorem 3 will follow from an explicit analysis of (7) and (8),
respectively. For the purposes of this outline, we will omit the remaining details of analyzing
the asymptotics of these expressions (referring to Section 4 for a moredetailed exposition).

However, let us briefly explain how the transitions from B = ω log(δ −1 ) to B = o log(δ −1 )
arise, for example in Theorem 2.
They ultimately follow from the fact that the function Ψv,λ − λ behaves differently
depending on whether v = O(λ) or v = Ω(λ), as different terms in the definition of Ψv,λ are
dominant in each of these settings; this is stated more precisely through the following lemma,
which will be established in Section 4.2 below.
▶ Lemma 15. Let λ ≥ 12 be a real number, v ≥ 0 be an integer, denote κ = λv , and recall the
function Ψv,λ from (6).

v2
1 + O(κ) .
2λ
 v 

1 + O (log κ)−1 .
2. If v ≥ 2λ (that is, κ ≥ 2) then Ψv,λ − λ = −v log
λ
1. If v ≤ 2λ (that is, κ ≤ 2) then Ψv,λ − λ = −

In particular, the first part of Lemma 15 gives rise to the first part of Theorem 2, and the
second part of Lemma 15 gives rise to the third part of Theorem 2.
Finally, we need one last tool to prove the fourth part of Theorem 2. In Theorem 3 as
well as the first three parts of Theorem 2, our degree lower bound ultimately followed by
finding a large coefficient in the Chebyshev expansion of eλx+λ or eλx−λ and then applying
Proposition 11. However, when B (and hence λ) is very large compared to the desired error,
the Chebyshev expansion of eλx−λ actually has no sufficiently large coefficients.
We instead take a different approach in this last case. We observe that any polynomial p
satisfying the bound supx∈[0,B] p(x) − e−x < δ must have,
|p(x)| ≤ 2δ in the entire interval x ∈ [log(δ −1 ), B], and
p(0) ≥ 1 − δ.
It is known (see Fact 16 below) that the polynomial of lowest degree achieving these two
properties must in fact be a (rescaled)
Chebyshev polynomial. We then show that a Chebyshev
p
polynomial requires degree Ω( B log(δ −1 )) to realize these properties, from which the desired
result follows.
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Preliminaries
Notation

For a nonnegative integer d, we write Pd to denote the set of polynomials p : R → R with
real coefficients of degree at most d. For a Boolean predicate P , we write
(
1 if P is true,
1P =
0 if P is false.
All logarithms in this paper are assumed to have base e, and we similarly write exp(x) := ex .

3.2

Chebyshev Polynomials

In this paper we make heavy use of the Chebyshev polynomials. Chebyshev polynomials
appear prominently throughout polynomial approximation theory, and have been used in
numerous other areas of theoretical computer science, including in Boolean function analysis
and quantum computing; see e.g., [11]. Here we define them and give some of their well-known
properties which will be important in our proofs. We refer the reader to [20] for more details.
The degree d monic Chebyshev polynomial Qd (x) ∈ Pd is defined in many equivalent
ways:
Definition 1 Set Q0 (x) = 1 and, for each d ≥ 1, define Qd (x) by imposing that, for each
θ ∈ [0, 2π], we have Qd (cos θ) = 21−d cos(dθ).
Definition 2 Q0 (x) = 1, Q1 (x) = x, and for d ≥ 2 we have Qd (x) = x · Qd−1 (x) − 12 Qd−2 (x).
P⌊d/2⌋ d  2
Definition 3 Q0 (x) = 1 and for each d ≥ 1 we have Qd (x) = 21−d · k=0 2k
(x − 1)k xd−2k .
In particular, Qd (x) is an even function when d is even, and an odd function when d is
odd. From Definition 1, one observes several simple properties of Qd (x) for all d > 0 for
x ∈ [−1, 1]:
For all x ∈ [−1, 1], we have 2d−1 · Qd (x) ∈ [−1, 1].

All d roots of Qd (x) lie in [−1, 1], and they lie at the points x = cos π(2k + 1)/2d for
each integer 0 ≤ k < d.
On the interval [−1, 1], the extrema of Qd are located at the points x = cos (πk/d) for
each integer 0 ≤ k ≤ d. Qd (x) alternates between the values 21−d and −21−d at these
extrema, starting at Qd (cos(0)) = Qd (1) = 21−d .
Outside of the interval [−1, 1], it is well-known that the Chebyshev polynomials exhibit
useful extremal properties.
▶ Fact 16. For every integer d > 0, every polynomial p(x) ∈ Pd of degree d such that
2d−1 · p(x) ∈ [−1, 1] for all x ∈ [−1, 1], and every real x′ ∈
/ [−1, 1], we have |Qd (x′ )| ≥ |p(x′ )|.
Proof. Assume to the contrary that there is an x′ ∈
/ [−1, 1] such that |Qd (x′ )| < |p(x′ )|.
′
By rescaling p by a factor in the range (|Qd (x )|/|p(x′ )|, 1), we can further assume that
2d−1 · p(x) ∈ (−1, 1) for all x ∈ [−1, 1]. By the symmetry of Qd (x) (and by negating p if
necessary), we may also assume without loss of generality that x′ > 1 and that p(x′ ) >
Qd (x′ ) > 0 are positive.
Define the difference polynomial g(x) = p(x) − Qd (x), which has degree at most d.
Consider the d + 2 points x−1 > x0 > x1 > x2 > · · · > xd ∈ R given by
x−1 = x′ , and
xk = cos (πk/d) for each integer 0 ≤ k ≤ d.
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We have g(x−1 ) = p(x′ ) − Qd (x′ ) > 0 by assumption. For even k ≥ 0 we have Qd (xk ) = 21−d
and |p(xk )| < 21−d , and so g(xk ) < 0. Similarly, for odd k > 0 we have g(xk ) > 0. Hence,
g(x) alternates signs at least d + 2 times in the interval [xd , x−1 ], meaning it has at least
d + 1 roots in that interval, a contradiction.
◀
√
In fact, Qd (1 + ε) for small ε > 0 is very closely approximated by an exponential in ε:
▶ Fact 17. For any ε > 0 we have Qd (1 + ε) = 2−d · ed

√

√
2ε(1+O( ε))

.

Proof. Extending Definition 1 of Qd (x) to x ∈
/ [−1, 1], we find that

d 
d 
p
p
Qd (x) = 2−d
x − x2 − 1 + x + x2 − 1
,
for each x with |x| > 1.
For x = 1 + ε with ε > 0, we thus get

d 
d 
√
√
√
√
Qd (1 + ε) = 2−d
1 − 2ε + O(ε) + 1 + 2ε + O(ε)
= 2−d ed 2ε(1+O( ε)) ,
◀

as desired.

3.3

Chebyshev Expansion Coefficients

In this section we prove Proposition 11, which shows how the coefficients of a function f
written in the basis of Chebyshev polynomials can be used to bound how well f can be
approximated by low-degree polynomials.
Proof of Proposition 11. Observe for any d ∈ Z≥0 and x ∈ [−1, 1] that Qd (x) ≤ 21−d ,
which follows from (2) after setting x = cos θ. This implies the absolute convergence of f (x)
P∞
for x ∈ [−1, 1], since j=0 |aj | < ∞. So, it remains to establish (3).
To establish the upper bound there, define
HD (x) =

D−1
X

2j−1 aj Qj (x).

(9)

j=0

Since Qd (x) ≤ 21−d for each x ∈ [−1, 1], we have that
sup

HD (x) − f (x) =

x∈[−1,1]

sup

∞
X

2j−1 aj Qj (x) ≤

x∈[−1,1] j=D

∞
X

|aj |,

(10)

j=D

which proves the upper bound in (3).
To establish the lower bound, fix p ∈ PD−1 , and let c0 , c1 , . . . ∈ R satisfy
p(x) =

D−1
X

2j−1 cj Qj (x),

and cj = 0 for j ≥ D.

j=0

Then, applying (2), we obtain
p(cos θ) − f (cos θ) =

∞
X
j=0

∞

2j−1 (aj − cj )Qj (cos θ) =

a0 − c0 X
+
(aj − cj ) cos(jθ).
2
j=1

0
and bj = aj − cj for j > 0, and observe that
Define b0 , b1 , . . . ∈ R by setting b0 = a0 −c
2
Z 2π
cos(jθ) cos(kθ)dθ = 0,
for j ̸= k,

0

(11)
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2π

cos2 (kθ)dθ =
0

1
|k|
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2π

Z

cos2 (θ)dθ = π|k|−1 1k̸=0 + (2π)1k=0 ,
0

it follows that
2π

Z

p(cos θ) − f (cos θ)

2

2π

Z
=
0

0

=

!2

∞
X

bj cos(jθ)

dθ

j=0

∞ X
∞ Z
X
j=0 k=0

2π

bj bk cos(jθ) cos(kθ)dθ = 2πb20 + π
0

∞ 2
X
b

k

k=1

k

.

Thus, since bj = aj for j ≥ D (since cj = 0 for j ≥ D), we deduce
p(x) − f (x)

sup

2

= sup

p(cos θ) − f (cos θ)

2

≥

θ∈[0,2π]

x∈[−1,1]

1
2π

2π

Z

2

p(cos θ) − f (cos θ) dθ
0

∞
1 X a2k
≥
,
2
k
k=D

◀

which yields the proposition.

Finally, we recall a well-known [20] identity expressing a monomial as an explicit linear
combination of Chebyshev polynomials.
▶ Lemma 18 ([20], 2.14). For any integer n ≥ 0, we have that
⌊n/2⌋
n

x =

X

2

−2k

k=0

4

 
n
Qn−2k (x).
k

Degree Bounds for Polynomial Approximations

4.1

Estimating Av,λ and Bv,λ

In this section we analyze Av,λ and Bv,λ from (5). We begin with the proof of Lemma 12.
Proof of Lemma 12. We only establish the first statement in (4), as the proof of the second
n
P∞
is entirely analogous. To that end, first using the series expansion for e−z = n=0 (−z)
and
n!
then applying Lemma 18, yields
e

−λx−λ

=e

−λ

 
⌊n/2⌋
∞
∞
X
X
(−λ)n n
(−λ)n X −2k n
−λ
x =e
2
Qn−2k (x).
n!
n!
k
n=0
n=0
k=0

Then, by setting v = n − 2k, we obtain
e

−λx−λ

=e

−λ

∞
X
v=0

Qv (x)

∞
X
(−λ)v+2k
k=0

(v + 2k)!

from which we deduce the lemma.

−2k

2



v + 2k
k


=

∞
X

2v−1 Av,λ Qv (x),

v=0

◀

We next have the following proposition that more precisely formulates Proposition 13.
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▶ Proposition 19. There exist constants C, c > 0 such that the following holds. For any
integer v ≥ 0 and real number λ ≥ 12 , recall the quantities Av,λ and Bv,λ from (5) and Ψλ,v
from (6).
1. For any v and λ as above, we have that


c(v + λ)−1 exp Ψv,λ − λ ≤ (−1)v Av,λ ≤ C(v + λ) exp Ψv,λ − λ ;


c(v + λ)−1 exp Ψv,λ + λ ≤ Bv,λ ≤ C(v + λ) exp Ψv,λ + λ .
2. If v ≤ λ, then


c(v + λ)−1 exp Ψv,λ − λ ≤ (−1)v Av,λ ≤ Cλ−1/2 exp Ψv,λ − λ .
To to establish the above result, observe that the two quantities Av,λ and Bv,λ are quite
similar, in that they both involve certain sum given by


X
λn
n
Ev,λ =
.a
(12)
2n n! n−v
2
n−v∈2Z≥0

We therefore require the following proposition that estimates Ev,λ . Observe its second
statement slightly improves the upper bound in its first statement for λ large (which will be
useful in analyzing dB;δ in the regime of large B below).
▶ Proposition 20. There exist constants C, c > 0 such that the following holds. For any
integer v ≥ 0 and real number λ ≥ 21 , recall the quantities Ev,λ and Ψv,λ from (12) and (6),
respectively.


1. If v ≥ λ, then c(v + λ)−1 exp Ψv,λ  ≤ Ev,λ ≤ C(v + λ) exp Ψv,λ
.

2. If v ≤ λ, then c(v + λ)−1 exp Ψv,λ ≤ Ev,λ ≤ Cλ−1/2 exp Ψv,λ .
Proposition 13 now follows directly from Proposition 20.
Proof of Proposition 19 Assuming Proposition 20. Given Proposition 20, Proposition 19
follows from the facts that (−1)v Av,λ = 2e−λ Ev,λ and Bv,λ = 2eλ Ev,λ .
◀
We must thus establish Proposition 20, to which end we begin with the following lemma.
▶ Lemma 21. For any integer v ≥ 1 and real number λ ≥ 12 , we have that
!
X
−1/2

2
2
Ev,λ = Θ
n −v +n
exp F (n) ,

(13)

n−v∈2Z≥0

where for any real number n ≥ v we have defined F (n) = F (n) by
n − v  n + v 
n + v 
n − v 
log
−
log
.
F (n) = n log λ − n log 2 + n −
2
2
2
2

(14)


Proof. The explicit form (12) for Ev,λ and the Stirling estimate n! = Θ (n + 1)n+1/2 e−n ,
which holds uniformly in n ≥ 0, together imply
!
X


2
2 −1/2
Ev,λ = Θ
(n + 2) − v
exp F (n) .
n−v∈2Z≥0

From this, we deduce the lemma since (n + 2)2 − v 2 = Θ(n2 − v 2 + n), uniformly in n ≥ v.

◀
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The right side of (13) will be dominated by the terms near which F is maximized, so we
next perform a critical point analysis on F .
1
▶
√ Lemma 22. Fix an integer v ≥ 1 and a real number λ ≥ 2 , and set n0 = n0 (v, λ) =
2
2
v + λ . There exist constants c, C > 0 (independent of v and λ) such that the following
holds.

1.
2.
3.
4.

The function F (n) is maximized at n = n0 , and F (n0 ) = Ψv,λ (recall (6)).
For z ≥ 2λ, we have that F (n0 + z) ≤ F (n0 ) − cz.
For at least one choice of m ∈ ⌊n0 ⌋, ⌈n0 ⌉ , we have that F (m) ≥ F (n0 ) − C.
If v ≤ λ, then for any z ∈ [v − n0 , 2λ] we have that F (n0 + z) ≤ F (n0 ) − cλ−1 z 2 .

Proof. Using the explicit form (14) for F (n), we deduce for n ≥ v that


1
1
n
F ′ (n) = log λ − log(n2 − v 2 ), and F ′′ (n) = 2
∈
−
,
0
,
2
v − n2
n

(15)

which implies that F ′ (n0 ) = 0 and that F is maximized at n0 . Upon insertion into (14) (and
recalling (6)), we also find that
 √v 2 + λ2 − v 
p
= Ψv,λ ,
F (n0 ) = v 2 + λ2 + v log
λ
which verifies the first statement of the lemma.
To establish the second, first observe since F ′′ (n) ≤ 0 and n20 − v 2 = λ2 that

1
1
log 2
′
2
2
2
2
2
F (n0 + λ) = log λ −

2

log (n0 + λ) − v

≤ log λ −

2

log(n0 + λ − v ) = −

2

.

(16)

Thus, we deduce for z ≥ 2λ that
F (n0 + z) − F (n0 ) ≤ F (n0 + z) − F (n0 + λ) ≤ (z − λ)F ′ (n0 + λ) ≤

log 2
z log 2
(λ − z) ≤ −
,
2
4

where in the first inequality we used the fact that F is maximized at n0 ; in the second we
used the fact that F ′′ (n) ≤ 0; in the third we used (16); and in the fourth we used the fact
that z − λ ≥ z2 . This verifies the second statement of the lemma.
To show the third part of the lemma, we separately consider the cases when v ≤ λ2
and v ≥ λ2 . In the former situation v ≤ λ2 , we select m = ⌈n0 ⌉. Since F ′′′ (n) =
(n2 + v 2 )(n2 − v 2 )−2 ≥ 0, we then have for for n ∈ [n0 , m] that
F ′ (n) ≥ (n − n0 )2 F ′′ (n0 ) ≥ −

1
n0
(n − n0 )2
≥−
≥ 2,
n0
n0
λ

using the last second identity in (15). Since n0 ≤ λ+v ≤ 3λ2 (due to the facts that λ ≥ 12 and
v ≤ λ2 ), it follows that F ′ (n) ≥ − 13 for n ∈ [n0 , m], which implies that F (m) ≥ F (n0 ) − 13 if
v ≤ λ2 .
Now instead suppose that v ≥ λ2 , in which case we take m = ⌊n0 ⌋ = v. Then, using the
second identity in (15), we obtain


 
Z n0 −v
Z n0 −v
Z n0 −v
2
F ′ (v + z)dz = −

F (n0 ) − F (v) =
0

1
2

log
0

2vz + z
λ2

dz ≤ −

1
2

log
0

vz
dz.
λ2

2

λ
v

, and observe that n0 − v ≤ r ≤ 1. This yields
 
Z
Z
1 r
z
r 1
r
F (m) ≥ F (n0 ) +
log
dz = F (n0 ) +
(log y)dy = F (n0 ) − ≥ F (n0 ) − 1,
2 0
r
2 0
2

Now set r =

where in the first equality we changed variables z = ry. This verifies the third part of the
lemma.
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To establish the fourth part of the lemma, let us first consider the case when z ∈ [v − n0 , 0].
Then, since F ′ (n0 ) = 0 and F ′′′ (n) = (n2 + v 2 )(n2 − v 2 )−2 ≥ 0 for each n ≥ v, we have that
z 2 F ′′ (n0 )
z 2 (λ2 + v 2 )1/2
, for z ∈ [v − n0 , 0],
= F (n0 ) −
2
2λ2
where√in the last equality we used the second identity in (15) for F ′ (n) (and the fact that
n0 = λ2 + v 2 ). Thus, we deduce that
F (n0 + z) ≤ F (n0 ) +

z2
, for z ∈ [v − n0 , 0].
(17)
2λ
Next we consider the case when z ∈ [0, 2λ]. In this case, the second identity in (15)
implies for each m ∈ [n0 , n0 + 2λ] that
F (n0 + z) ≤ F (n0 ) −

m
λ
1
≤− 2 ≤−
,
v 2 − m2
m
16λ
where√in the last inequality we used the fact that m ≤ n0 + 2λ ≤ 4λ (as v ≤ λ and
n0 = v 2 + λ2 ). Thus, it follows from the fact that F ′ (n0 ) = 0 that
F ′′ (m) =

z2
, for each z ∈ [0, 2λ].
32λ
Now the fourth statement of the lemma follows from (17) and (18).
F (n0 + z) ≤ F (n0 ) −

(18)
◀

Now we can establish Proposition 20.
Proof of Proposition 20. We begin by establishing the lower bound on Ev,λ , simultaneously
in both cases v ≥ λ and v ≤ λ. To that end, we first apply Lemma 21 and then use the third
part of Lemma 22 to bound thesum on the right side of (13) its summand corresponding to
a suitable choice of index m ∈ ⌊n0 ⌋, ⌈n0 ⌉ . This yields constants c1 , c2 > 0 such that
−1/2


Ev,λ ≥ c1 λ2 + v 2
exp − F (m) ≥ c1 (λ + v)−1 exp F (n0 ) − c2 ,
which implies the lower bound on Ev,λ (in either case v ≥ λ or v ≤ λ), since F (n0 ) = Ψλ,v .
To establish the upper bound in the case v ≥ λ, observe that Lemma 21; the fact that
F (n) ≤ F (n0 ) = Ψv,λ for each n ∈ [v, n0 + 2λ] (by the first part of Lemma 22); and the
existence of a constant c > 0 such that F (n0 + z) ≤ F (n0 ) − cz for z ≥ 2λ (by the second
part of Lemma 22) together yield a constant C1 > 0 such that
Ev,λ ≤ C1 (n0 + 2λ) exp(Ψv,λ )

∞
X

e−cz ≤ 2c−1 C1 (n0 + 2λ) exp(Ψv,λ ).

z=2λ

This establishes the upper bound on Ev,λ when v ≥ λ.
In the latter case v ≤ λ, we proceed as above but additionally use the facts that
F (n0 + z) ≤ F (n0 ) − cλ−1 z 2 for z ∈ [v − n0 , 2λ] (by the fourth part of Lemma 22) to deduce
for some constant C2 > 0 that
 X

2λ
∞
X
−1/2
2
e−cz

(n0 + z)2 − v 2 + n0 + z

Ev,λ ≤ C1 exp(Ψv,λ )

/λ

z=v−n0

≤ C1 exp(Ψv,λ )

 X

z=2λ

(n0 + z)2 − v 2 + n0 + z

−1/2

|z|≤λ/4



≤ C1 exp(Ψv,λ ) 12λ−1

e−cz

+

e−cz

2

/λ

+

X

e−cz

2

|z|≥λ/4

X

e−cz

2

/λ

+ 35c−1 e−2λ



/λ

+

∞
X

e−cz



z=2λ

≤ C2 λ−1/2 exp(Ψv,λ ),

|z|≤λ/4
2

λ
where√in the third inequality we used the fact that (n0 + z)2 − v 2 ≥ 144
for |z| ≤ λ4 (as
n0 = λ2 + v 2 ≥ λ3 +v for λ ≥ v). This establishes the upper bound on Ev,λ when v ≤ λ. ◀
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Estimates for the Minimum Polynomial Approximation Error

In this section we establish the following proposition, which is the variant of Corollary 14
that will be useful for our purposes.
▶ Proposition 23. There exist constants C, c > 0 such that the following holds. Let d ≥ 1 be
an integer, and let B ≥ 1 be a real number. Set λ = B2 and recall Ψ from (6).
1. For any B and d as above, we have
c(d + λ)−3/2 exp(Ψd,λ − λ) ≤ inf

sup

c(d + λ)−3/2 exp(Ψd,λ + λ) ≤ inf

sup

p∈Pd x∈[0,B]

p∈Pd x∈[0,B]

p(x) − e−x ≤ C(d + λ)2 exp(Ψd,λ − λ);

(19)

p(x) − ex ≤ C(d + λ)2 exp(Ψd,λ + λ).

(20)

2. If B ≥ 2d, then we have that
c(d + λ)−3/2 exp(Ψd,λ − λ) ≤ inf

sup

p∈Pd x∈[0,B]

p(x) − e−x ≤ C exp(Ψd,λ − λ).

(21)

We will establish Proposition 23 as a consequence of Proposition 11 and Proposition 19.
However, before doing so, it will be useful to obtain some properties for Ψv,λ . Therefore, we
first prove Lemma 15.
Proof of Lemma 15. First observe that
p
p

Ψv,λ − λ = λ
κ2 + 1 − 1 + κ log
κ2 + 1 − κ .
In particular, if κ ≤ 2 then using the series expansions
p
z2
z2 + 1 = 1 +
+ O(z 3 ),
2

log(1 + z) = z + O(z 2 ),

and

valid for z ∈ [0, 2],

we obtain that
 2



κ2 λ
κ
+ O(κ3 ) + κ log 1 − κ + O(κ2 )
=−
1 + O(κ) .
Ψv,λ = λ
2
2
If instead κ ≥ 2 then using the series expansion
p
1
−2
−1
z2 + 1 = z +

2z

+ O(z

),

and

log(z

+ z −2 ) = − log z − O(z −1 ),

valid for |z| ≥ 2,

we deduce that
Ψv,λ = λ κ + O

1
κ


+ κ log

1
1
+O 2
2κ
κ

!



= −λκ log κ 1 + O (log κ)−1 .
◀

This establishes the lemma.
Now we can establish Proposition 23.

Proof of Proposition 23. First observe that by rescaling (namely, replacing x with λ(x + 1)
or −λ(x + 1)), we have that
inf

sup

p(x) − ex = inf

inf

sup

p(x) − e−x = inf

p∈Pd x∈[0,B]
p∈Pd x∈[0,B]

sup

p∈Pd x∈[−1,1]

sup

p(x) − eλx+λ ;

p∈Pd x∈[−1,1]

p(x) − e−λ−λx .

(22)
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Therefore, Proposition 11 and the definitions of Av,λ and Bv,λ from (5), together yield
inf

sup

p∈Pd x∈[0,B]

p(x) − e−x ≥ (2d)−1/2 Av,λ ;

sup

inf

p∈Pd x∈[0,B]

p(x) − ex ≥ (2d)−1/2 Bv,λ .

(23)

Thus, the lower bounds on the minimal error for e−x and ex in both of the cases listed in
the proposition follow from (23) and the lower bounds on |Av,λ | and |Bv,λ | from the first
part of Proposition 19.
Now let us establish the upper bounds in this proposition; in what follows, C > 0 will
denote a constant (uniform in d and λ) that might change between appearances. We first
show (20), to which end, observe that (22), Proposition 11, and the upper bound for Bv,λ
from the first part of Proposition 19 together yield
inf

sup

p∈Pd x∈[0,B]

p(x) − e−x ≤

∞
X

Bv,λ ≤ C

v=d

∞
X

(v + λ) exp(Ψv,λ + λ).

(24)

v=d

Next, observe from the second part of Lemma 15 that
Ψv,λ + λ ≤ −v,

for v > Cλ.

(25)

Further observe that
Ψv,λ is decreasing in v ≥ 0 for fixed λ,

(26)

since
p

∂
v
Ψv;λ = log
κ2 + 1 − κ ≤ 0,
for κ = ≥ 0.
∂v
λ
From (24), (25), and (26), it follows that

(27)

!
inf

sup

p∈Pd x∈[0,B]

p(x) − e

x

≤ C(d + λ) exp Ψd,λ + λ



X

d + Cλ +

(v + λ)e

−v

v≥d+Cλ


≤ C(d + λ)2 exp Ψd,λ + λ .
This establishes (20); the proof of (19) is omitted as it is entirely analogous.
Now let us establish the improved upper bound on the minimum error in the case when
B ≥ 2d. To that end, we as before apply (22), Proposition 11, and the upper bound for Av,λ
from the second part of Proposition 19 to obtain
inf

sup

p∈Pd x∈[0,B]

p(x) − e−x ≤ C

∞
X

λ−1/2 exp(Ψv,λ − λ).

(28)

v=d

By (27), we have that Ψv;λ < 0 for v > 0 and moreover that

 2
 v 2 
∂
v
v
v
Ψv;λ = log 1 − + O 2
=O 2 − ,
∂v
λ
λ
λ
λ

 
 λ 2  
 λ 
∂
λ
λ
Ψv;λ = log
+O 2
= 1+O
log
,
∂v
2v
v
v
2v
In particular, there exist constants c1 , c2 > 0 such that for v, λ ≥
∂
v
v ≥ c2 λ and ∂v
Ψv;λ ≤ − 2λ
for v ≤ c2 λ. Thus,
Ψv;λ − Ψd;λ ≤ −

and so
∞
X

c2
(v − d)2 ,
4λ

for v ≤ c2 λ;

for v ≤ 10λ;
for v ≥ 10λ.
1
2

we have

Ψv;λ − Ψd;λ ≤ C −1 (d − v),

exp(Ψv,λ − λ) ≤ Cλ1/2 exp(Ψd,λ − λ).

∂
∂v Ψv;λ

≤ −c1 if

for v ≥ c2 λ,

(29)

v=d

The upper bound in (21) now follows from (28) and (29).

◀
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Proofs of Theorem 2 and Theorem 3

In this section we establish Theorem 2 and Theorem 3. Recalling the function G(x) and the
quantity Ψv,λ from (6) from these statements, both of these proofs will use the fact that
Ψv,λ = λG

v
λ

.

(30)

We begin with the proof of Theorem 3.
Proof of Theorem 3. Set λ = B2 . Observe that there exists a constant c1 > 0 such that
G′ (z) < −c1 whenever z ∈ [z∗ − c1 , z∗ + c1 ]. Thus, G(x) + 1 > c1 (z − x∗ ), and so (30) yields
for some constant c2 > 0 that
(d + λ)−1 exp(Ψd,λ + λ) > (d + λ)−1 exp(c2 λ1/2 ) > 10,
if d < z∗ λ − λ1/2 and λ is sufficiently large. Thus, by the lower bound in Proposition 23, for
any λ sufficiently large and δ ≤ 21 we have

B
dB;δ ≥ z∗ + o(1) λ = z∗ + o(1)
.
2

(31)


Now, assume first that B = ω log(δ −1 ) . Then, the upper
 bound in Proposition 23
implies that d(B; δ) ≤ d if d satisfies (d + λ)2 exp Ψd,λ + λ < δ. Since G(z∗ ) = 0 and
G′ (z∗ ) < 0, there exists a constant C > 0 such that

(d + λ)2 exp Ψd,λ + λ ≤ (d + λ)2 e−C(d−z∗ λ) .



Since λ = B2 = ω log(δ −1 ) implies that (d + λ)2 exp Ψd,λ + λ < δ for d = z∗ + o(1) λ =
in this case dB;δ (ex ) ≤ z∗ + o(1) B2 , which by (31) implies that
z∗ + o(1) B2 . Hence,

dB;δ (ex ) = z∗ + o(1) B2 .

Now
assume that B = 2r + o(1) log(δ −1 ) for some fixed r > 0, so that λ = r +

o(1) log(δ −1 ). Suppose that d < µ′ λ for some µ′ < µ(r). Then, G(µ′ ) + 1 > −r−1 and so we
have again using (30) (and the fact that G is decreasing) that there would exist a constant
c3 > 0 such that
 


d
(d + λ)−3/2 exp Ψd,λ + λ = (d + λ)−3/2 exp λG
+λ
λ


≥ (d + λ)−3/2 exp λ G(µ′ ) + 1

≥ (d + λ)−3/2 exp (c3 − r−1 λ = δ(d + λ)−1 e(c3 −o(1))λ > δ.

Thus,
lower bound in Proposition 23 implies that dB;δ (ex ) ≥ µ + o(1) λ = µr +
 the −1
o(1) log(δ ).
Similarly, if d > µ′′ λ for some µ′′ > µ(r), then there exists some constant c4 > 0 such
that



(d + λ)2 exp Ψd,λ + λ ≥ (d + λ)2 exp λ G(µ′′ ) + 1

≥ (d + λ)−1 exp − λ(r−1 + c4 ) = δ(d + λ)2 e(o(1)−c4 )λ < δ,

which implies by the upper bound
in Proposition 23 that dB;δ (ex ) ≤ µr + o(1) log(δ −1 ).

Hence, dB;δ (ex ) = µr + o(1) log(δ −1 ).
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Now let us consider the final case B = o log(δ −1 ) . Suppose that
d=

γ log(δ −1 )
,
log(B −1 log(δ −1 ))

for some γ ∈ (0, ∞) (bounded above and below). Then,
Lemma 15 implies that
Ψd,λ = −d log

d
λ

d
λ

= ω(1), and so the second part of


1 + o(1) .

Hence, if γ < 1, then
(d + λ)−3/2 exp Ψd,λ + λ



= (d + λ)−3/2 exp
= (d + λ)−3/2 exp
= (d + λ)−3/2 exp


− d log


−



d
λ

 

1 + o(1)





γ log(δ −1 )
2γB −1 log(δ −1 )
log
−1
−1
log(B log(δ ))
log(B −1 log(δ −1 ))





γ + o(1) log(δ −1 ) ≥ δ γ+o(1) log(δ −1 )





−3/2

1 + o(1)





> δ.

Hence, the lower bound in (23) implies that

1 + o(1) log(δ −1 )
,
dB;δ (ex ) ≥
log(B −1 log(δ −1 ))
The proof of the matching upper bound is entirely analogous and is therefore omitted.

◀

Next we establish Theorem 2. To that end, we begin with the following lemma that
addresses the last part of that theorem, when B ≥ δ −Ω(1) .
real δ ∈ (0, 1/4) and B ≥ 1 with B > ω(log(δ −1 )) we have
▶ Lemma 24. For every
p
dB;δ (e−x ) ≥ (1/2 + o(1)) B log((2δ)−1 ).
Proof. Let p(x) be any polynomial satisfying supx∈[0,B] p(x) − e−x < δ, and set d = deg p.
Let x0 = 0, x1 = log(δ −1 ), and x2 = B. It follows that p(x0 ) ≥ 1 − δ, and that p(x) ∈ [−δ, 2δ]
for all x ∈ [x1 , x2 ]. Let a : R → R be the linear function satisfying a(1) = x1 and a(−1) = x2 ,
and let
x′0 := a−1 (x0 ) = 1 +

2(x1 − x0 )
2 log(δ −1 )
=1+
.
x2 − x1
B − log(δ −1 )

Finally, define the polynomial q(x) = p(a(x))
2δ , which also has degree d. It follows that
q(x) ∈ [−1, 1] for all x ∈ [−1, 1], and that q(x′0 ) ≥ 1−δ
2δ .
Applying Fact 16 to q, we see that |Qd (x′0 )| ≥ 21−d q(x′0 ) ≥ 1−δ
. Furthermore, by Fact 17
2d δ
√
√
′
−d ( 2+o(1))d x′0 −1
we have that |Qd (x0 )| ≤ 2 e
. Combining the two bounds yields:
√
√
√
1−δ
−d ( 2+o(1))d x′0 −1
−d (2+o(1))d log(δ −1 )/(B−log(δ −1 ))
≤
2
e
=
2
e
.
2d δ
Taking logs of both sides and rearranging gives the desired result.
Now we can establish Theorem 2.

◀
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Proof of Theorem 2. The proofs of the estimates
on dB;δ (e−x ) in the first and second cases,


when either B = o log(δ −1 ) and B = Θ log(δ −1 ) are entirely analogous to those for
dB;δ (ex ) shown in Theorem 3 above. Therefore,
they are omitted.

So, let us assume that B = ω log(δ −1 ) , and let d > 0 be some integer with
p
p
d = γB log(δ −1 ) = 2γλ log(δ −1 ),

where γ is uniformly bounded above and below. Observe since B = ω log(δ −1 ) that
d = o(B), and so Lemma 15 implies that
Ψd,λ − λ = −


d2
1 + o(1) .
2λ

p
Now, let us first approximate dB;δ (e−x ) by (1 + o(1) B log(δ −1 ) in the regime where
B ≤ δ −o(1) . To lower bound it, suppose that γ < 1 (and is uniformly bounded away from 1).
Then,
 d2

(λ + d)−3/2 exp(Ψd,λ − λ) ≥ (λ + d)−3/2 exp −
1 + o(1)
 2λ

≥ (λ + d)−3/2 exp − γ log(δ −1 ) ≥ δ γ+o(1) ,
where in the last bound we used the fact that d = o(λ) and that λ = B2 ≤ δ −o(1) . Hence,
−x
by the
p lower bound in the second part of Proposition 23, we find that dB;δ (e ) ≥ 1 +
o(1) B log(δ −1 ).
To upper bound dB;δ (e−x ) for B ≤ δ −o(1) , assume that γ > 1 (and is uniformly bounded
away from 1). Then,
 d2

exp(Ψd,λ − λ) ≤ (λ + d)2 exp −
1 + o(1)
 2λ

2
≤ (λ + d) exp − log(δ −1 ) γ − o(1) ≤ (λ + d)2 δ γ−o(1) < δ,
p
and so again by Proposition 23 we deduce that dB;δ (e−x ) ≤ 1+o(1)p B log(δ −1 ). Together,
these upper and lower bounds imply that dB;δ (e−x ) = 1 + o(1) B log(δ −1 ) when B =
ω log(δ −1 ) and B ≤ δ −o(1) .
p

It remains to show that dB;δ (e−x ) = Θ B log(δ −1 ) when B ≥ δ −Ω(1) . The lower
bound (with implicit constant 12 + o(1)) was shown by Lemma 24, so we must verify the
upper bound. To that end, we assume γ > 1 (uniformly bounded away from 1) and observe
that B ≥ 2d for B ≥ δ −Ω(1) . Then, the upper bound from (21) applies; since the first part
of Lemma 15

 d2


1 + o(1) ≤ exp − log(δ −1 ) γ − o(1) ≤ δ γ−o(1) ≤ δ,
exp(Ψd,λ − λ) ≤ exp −
2λ
p
we deduce that dB;δ (e−x ) ≤ 1 + o(1) B log(δ −1 )), which establishes the theorem.
◀
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Abstract

In a recent work, Fan, Li, and Yang (STOC 2022) constructed a family of almost-universal hash
functions such that each function in the family is computable by (2n + o(n))-gate circuits of fan-in 2
over the B2 basis. Applying this family, they established the existence of pseudorandom functions
computable by circuits of the same complexity, under the standard assumption that OWFs exist.
However, a major disadvantage of the hash family construction by Fan, Li, and Yang (STOC 2022)
is that it requires a seed length of poly(n), which limits its potential applications.
We address this issue by giving an improved construction of almost-universal hash functions with
seed length polylog(n), such that each function in the family is computable with POLYLOGTIMEuniform (2n + o(n))-gate circuits. Our new construction has the following applications in both
complexity theory and cryptography.
(Hardness magnification). Let α : N → N be any function such that α(n) ≤ log n/ log log n.
We show that if there is an nα(n) -sparse NP language that does not
h have
i probabilistic circuits of
2n + O(n/ log log n) gates, then we have (1) NTIME[2n ] ⊈ SIZE 2n

1/5

and (2) NP ̸⊆ SIZE[nk ]

for every constant k. Complementing this magnification phenomenon, we present an O(n)-sparse
language in P which requires probabilistic circuits of size at least 2n − 2. This is the first result
in hardness magnification showing that even a sub-linear additive improvement on known circuit
size lower bounds would imply NEXP ̸⊂ P/poly .
Following Chen, Jin, and Williams (STOC 2020), we also establish a sharp threshold for explicit
obstructions: we give an explict obstruction against (2n − 2)-size circuits, and provehthat a
i
sub-linear additive improvement on the circuit size would imply (1) DTIME[2n ] ⊈ SIZE 2n

1/5

and (2) P ̸⊆ SIZE[nk ] for every constant k.
(Extremely efficient construction of pseudorandom functions). Assuming that one of
integer factoring, decisional Diffie-Hellman, or ring learning-with-errors is sub-exponentially
hard, we show the existence of pseudorandom functions computable by POLYLOGTIME-uniform
AC0 [2] circuits with 2n + o(n) wires, with key length polylog(n). We also show that PRFs
computable by POLYLOGTIME-uniform B2 circuits of 2n + o(n) gates follows from the existence
of sub-exponentially secure one-way functions.
2012 ACM Subject Classification Theory of computation → Circuit complexity; Theory of computation → Pseudorandomness and derandomization
Keywords and phrases Almost universal hash functions, hardness magnification, pseudorandom
functions
Digital Object Identifier 10.4230/LIPIcs.CCC.2022.23
Funding Lijie Chen is supported by NSF CCF-2127597 and an IBM Fellowship.
Acknowledgements We are grateful for Ryan Williams for insightful discussions during this project
and many helpful comments on a draft of this paper. We would also like to thank Ce Jin for discussions
during the early stage of this research project and anonymous reviewers for their comments.
© Lijie Chen, Jiatu Li, and Tianqi Yang;
licensed under Creative Commons License CC-BY 4.0
37th Computational Complexity Conference (CCC 2022).
Editor: Shachar Lovett; Article No. 23; pp. 23:1–23:37
Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

23:2

Extremely Efficient Constructions of Hash Functions with Applications

1

Introduction

Background and motivation. Universal hash families 1 , introduced by Carter and Wegman [6], are among the most useful and well-studied objects in computer science, with
applications to both real-world systems and the theory of computation (e.g., algorithm
design, complexity theory, and cryptography). Its wide applications motivate the problem
of constructing universal hash functions with the smallest computational overhead. After
decades of research, optimal constructions (up to a constant factor) have been obtained in
both the RAM model [36] and the Boolean circuit model [23].
In particular, the investigation of hash functions with small circuit complexity was
motivated by the program of constructing low-complexity cryptographic primitives. Ishai,
Kushilevitz, Ostrovsky, and Sahai [23] showed that universal hash functions can be constructed
with linear-size circuits, which, combined with Levin’s trick of domain extension (see,
e.g., [5]), led to linear-size constructions of pseudorandom functions (PRFs) and many other
cryptographic primitives, under the standard assumption that one-way functions (OWFs)
exist.
In a recent work, Fan, Li, and Yang [13] proved that almost universal hash functions2 are
sufficient for constructing extremely efficient PRFs. They then constructed almost universal
hash functions with 2n + o(n) circuit complexity in both general and CC0 [2] circuits3 , and
proved the optimality of the constant factor 2 (i.e., there is no 2n − O(1)-size almost-universal
hash construction). As a consequence of their almost-universal hash construction, they
presented 2n + o(n)-size constructions of PRFs assuming OWFs exist. However, a major
disadvantage of the hash constructions in [13] is that they require a seed of length O(n log n)
to sample a circuit from the hash family, which greatly limits their applications.
Overview of our results. The main technical contribution of this paper is to improve the
hash constructions in [13] for both general and CC0 [2] circuits by reducing the seed length
from O(n log n) to polylog(n). Moreover, we observe that the improvement of the seed length
makes the hash family explicit in a strong sense: the local topology of the circuit computing
the hash function can be obtained with a uniform algorithm (e.g., given a gate index, compute
its gate type and which gates’ outputs are fed into this gate) in poly-logarithmic time given
a seed of poly-logarithmic length. We call such hash family POLYLOGTIME-uniform; see
Theorem 1.1 for the details.
Despite being weaker than universal hash functions, our new randomness-efficient lowcomplexity hash constructions allow us to obtain two important consequences in complexity
theory and cryptography.
(Hardness magnification) Following the kernelization method developed by Chen,
Jin, and Williams [9, 10], we present extremely sharp bootstrapping results for hardness
magnification and explicit obstruction. In particular, we show that a 2.01n lower bound

1

2

3

Recall that a universal hash family has the property that for a function drawn from the family, the
hash values of any distinct pair of inputs collide with probability 2−m , where m is the bit length of the
hash value.
2
In an almost universal hash family, the hash collision probability is a negligible function (e.g., 1/2log n )
m
instead of 1/2 for m-bit hash values. It is weaker than a universal hash family, but is still useful in
many applications.
For general circuits we mean B2 circuits, in which each gate is of fan-in 2 and can compute an arbitrary
Boolean function in B2 ≜ F2 × F2 → F2 . CC0 [2] is a sub-class of AC0 [2] representing the constant-depth
circuits consisting of only unbounded fan-in XOR gates. The complexity of CC0 [2] circuits are measured
in the number of wires instead of gates.
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for any sparse NP language against probabilistic B2 circuits would imply a major breakthrough: NP does not have nk -size circuits for every fixed constant k. We also obtain
stronger consequences with the same lower bound for MCSP using the explicitness of our
hash family.4
(Extremely efficient PRFs) Following [23, 13], our new hash constructions imply
extremely efficient PRFs as well. Under the sub-exponential decisional Diffie-Hellman
assumption (see, e.g., [5]), we can construct a PRF computable by AC0 [2] circuits of
wire complexity 2n + o(n) with polylog(n) seed length (instead of poly(n) in [13]).5
Furthermore, the AC0 [2]-computable PRF is POLYLOGTIME-uniform, which implies a
parallel algorithm to print the AC0 [2] circuit. Similar results also hold for general circuits
assuming sub-exponentially secure one-way function exists.
Both of the above consequences crucially rely on our improvement upon [13] on seed length
and explicitness; we believe that our new hash construction will find further applications in
other areas of computer science.

1.1

Randomness-efficient and strongly-explicit almost universal hash
functions

Before stating our main theorem, we first define the notion of an almost universal hash family
and its properties. A family of hash functions is defined as H = {Hn }n≥1 , where each Hn
is a distribution of functions from {0, 1}n to {0, 1}m for output length m = m(n). For a
function ε : N → R, we say H is ε-almost universal if for all sufficiently large n ∈ N, and for
every two distinct inputs x, y ∈ {0, 1}n , it holds that
Pr [h(x) = h(y)] ≤ ε(n).

h←Hn

We say H is linear if every function in the family is linear over the field F2 .
We are now ready to present our construction of almost universal hash functions. The
theorem is formally proved as Theorem 3.9.
▶ Theorem 1.1 (Unconditional construction of extremely efficient almost universal hash). Let
ℓ ≜ log2 n/ log log n. There is a family of linear Θ(ℓ)-output exp(−Ω(ℓ))-almost universal
hash functions H = {Hn }n≥1 satisfying the following properties.
(Low complexity) Each function h ∈ supp(Hn ) is computable by a CC0 [2] circuit with at
most 2n + o(n) wires.
(Randomness efficient) Hn is samplable with seed length r = O(ℓ log2 n) in polynomial time.
More formally, there exists a polynomial-time algorithm G that takes 1n and a seed v of
length r and outputs (the description of) a function hv ∈ supp(Hn ), such that Hn and
G(1n , Ur ) are identical distributions (if we identify a function with its description), where
Ur is the uniform distribution over {0, 1}r . The function hv is said to be corresponding
to the seed v.
4

5

The Minimum Circuit Size Problem with size parameter s(n) (MCSP[s(n)]) is defined as follows: given
a string x of length N = 2n , determine whether there exists an n-input s(n) size circuit with x as its
truth table.
The existence of PRFs computable by AC0 [2] circuits might sound surprising, given that there exists
a natural property against sub-exponential-size AC0 [2] and natural properties can be used to break
PRFs [38]. However, a closer look at the arguments in [38] shows that the natural property against
k
AC0 [2] only gives a large quasi-polynomial-time (i.e., 2log n for some large constant k) adversary
0
breaking PRFs computable by AC [2]. This does not contradict our PRF construction in AC0 [2], as our
construction is only secure against exp(log2 n/ log log n)-time adversaries; see Theorem 1.8 for details.

CCC 2022

23:4

Extremely Efficient Constructions of Hash Functions with Applications

(POLYLOGTIME-uniform) There exists a polynomial-time algorithm A which takes a tuple
(n, v, i, j) as the input6 , and outputs the source of the j th in-wire of the ith gate in the
CC0 [2]-circuit (with 2n + o(n) wires) computing the function hv ∈ supp(Hn ) corresponding
to the seed v.
(Strongly explicit) There exists a polynomial-time algorithm B(n, v, i, j) satisfying the following: Let v be a seed, hv ∈ supp(Hn ) be the F2 -linear function corresponding to v, and
Pn
M be the m × n F2 -matrix such that hv (x)i = j=1 Mi,j xj for any i ∈ [m]. It holds that
B(n, v, i, j) outputs Mi,j .
The POLYLOGTIME-uniformity and strongly explicitness characterize the explicitness of
our hash construction in two different senses. The former one captures the explicitness of
the 2n + o(n)-size circuit computing the hash function, while the latter one focuses on the
linear transformation corresponding to the hash function.
Here we briefly discuss why the notion of POLYLOGTIME-uniformity is important for our
(and other potential) applications. POLYLOGTIME-uniformity is the most natural definition
of parallel uniformity. It says that our hash function is parallel-efficient not only in the
evaluation phase (since it is in sparse CC0 [2]) but also in the pre-processing phase, i.e., to
construct the circuit according to the seed. With a POLYLOGTIME-uniform hash family,
we are able to construct POLYLOGTIME-uniform low-complexity PRFs under standard
assumptions, which is beneficial to the overall efficiency of other cryptographic systems
involving PRFs (see, e.g., [5]). The “strongly explicitness” of our construction will be useful
in proving hardness magnification theorems for MCSP, see Section 4.2.
Table 1 summarizes the differences between our new construction and known lowcomplexity constructions in [23, 9, 13].
Table 1 Comparison of known constructions of almost universal hash functions. Note that the
collision probability of these hash function are exp(−Ω(m)) for output length m. The construction
in [23] is in addition a pairwise-independent hash function.

Folklore7
[23]
[13]
Ours

1.2

Output size m

Seed Length

Circuit Class

Uniformity/Explicitness

m≤n
m≤n

log2 n
m = O log
log n

log n + O(m)
O(n)

linear-size NC1
linear-size NC1

P-uniform8
P-uniform

O(n log n)

2n + o(n) size CC0 [2]

P-uniform

polylog(n)

2n + o(n) size CC0 [2]

POLYLOGTIME-uniform
and strongly explicit

m=O



2

log n
log log n



Implications on sharp bootstrapping results

Prior works in Hardness Magnification. Proving strong circuit lower bounds against
explicit functions is one of the most significant challenges in complexity theory. However,
despite decades of efforts, it remains unknown whether NP has linear-size circuits. The
6
7
8

The input lengths to A and the algorithm B in the next bullet are both O(log n) + r = polylog(n), so
their running times are actually polylogarithmic in n.
This is done by sampling over the output bits of Spielman’s ECC [40] with an random sampling based
on an expander walk (see Lemma 3.2 of [9]).
A hash construction is P-uniform if there is a polynomial time algorithm that prints the circuit computing
a hash function given its seed v.
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strongest explicit circuit lower bounds against general fan-in 2 circuits (known as B2 circuits)
is 3.1n − o(n) [28], following [12, 14]. A 5n − o(n) lower bound is known against U2
circuits [26, 24]9 .
A recently discovered phenomena in computational complexity called hardness magnification (see, e.g., [35, 34, 30, 9, 8]) provides new insights in bridging the gap between what
we can prove and what we want to prove regarding circuit lower bounds. It says that a
relatively weak circuit lower bound (e.g., n · polylog(n) size against B2 circuits) for some
special problems would imply major breakthroughs like NP ⊈ P/poly .
Most interestingly, the required lower bounds for hardness magnification are only slightly
stronger than provable lower bounds. For instance, Chen, Jin, and Williams [10] showed
that an n2+ε lower bound against probabilistic De Morgan formulas for MCSP would imply
NP ⊈ SIZE[nk ] for all k, while an n2−o(1) lower bound for the same problem can be proved
using a variant of the random restriction method in [18, 41, 22, 21, 34]. For more related
works on hardness magnification, see [8] for a comprehensive summary.
Still, there are asymptotically significant gaps between what are provable and what suffice
to bootstrap in all known results. For example, [30] says that proving a slightly super-linear
circuit lower bound for a sparse version of MCSP would already imply NP ⊈ P/poly . However,
the best unconditional lower bound for any language in NP is only 3.1n − o(n) [28], which is
still far from the superlinear threshold for bootstrapping. This is formally discussed in [17],
which shows that the current technique for proving unconditional circuit lower bounds is not
capable of breaking the linear barrier. Hence, even proving a super-linear lower bound for
MCSP seems out of reach.

Overview of results in this section. By slightly generalizing the computation model to
probabilistic circuits, we observe that even a sub-linear improvement over the known lower
bounds would be enough to imply breakthroughs in complexity theory. For example, we
show that improving a known 2n − O(1) probabilistic circuit lower bound for particular
sparse languages to 2n + O(n/ log log n) would imply NP ̸⊆ SIZE[nk ] for every constant
k. Regarding circuit lower bounds for deterministic time classes, we also obtain a similar
threshold phenomenon by studying explicit obstructions; see Section 1.2.2 for details.

1.2.1

Sharp magnification threshold for probabilistic circuits

Notation. Formally, a probabilistic circuit deciding a language L is a distribution D over
circuits that outputs the wrong answer with probability at most 1/poly(n) on any input x,
i.e., for all x ∈ {0, 1}n it holds that PrD←D [D(x) ̸= L(x)] < 1/poly(n).10 We say a language
L is s(n)-sparse if for all sufficiently large n, L ∩ {0, 1}n has size at most s(n).
We first present the most standard form of our result, which gives fixed polynomial
lower bounds for NP. This theorem is a special case of our general theorem of hardness
magnification, which is stated and proved as Theorem 4.1.

9
10

A U2 circuit consists of fan-in 2 gates computing all binary functions except for XOR and its complement.
Note that in contrast to robust classes like BPP, our result is actually sensitive to the error probability
in the definition of probabilistic circuits, since the complexity overhead of error reduction is costly in
the linear-size setting. For simplicity, we stick to the definition with error 1/poly(n).
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▶ Theorem 1.2 (Hardness magnification, high-end). Let α(n) ≜ log n/ log log n. If there
exists an nα(n) -sparse language in NP that does not have
probabilistic
circuits11 of size
h 1/5
i
2n + O(n/ log log n), then we have (1) NTIME[2n ] ⊈ SIZE 2n
and (2) NP ̸⊆ SIZE[nk ] for
every constant k.12
Let us compare this theorem with Theorem 1.2 of [9]. They proved that NP ⊈ SIZE[nk ]
follows from the non-existence of O(n)-time randomized algorithms with nε bits of advice
o(1)
and O(log n) bits of randomness for 2n -sparse NP languages. In our theorem, we trade the
sparsity for the exact constants in the running time of the randomized algorithm, showing
that even a 2n + o(n) probabilistic circuit lower bound is enough.
Theorem 1.2 allows us to bootstrap a non-trivial lower bound for sparse languages in NP
to strong sub-exponential lower bounds. If we only want a super-polynomial circuit lower
bound for NEXP, then the assumption can be considerably weakened. The following theorem
is another extreme case of Theorem 4.1.
▶ Theorem 1.3 (Hardness magnification,
h o(1) i low-end). Let α(n) ≜ log n/ log log n. If there is an
nα(n) -sparse language in NTIME 2n
that is not computable by probabilistic circuits of
size 2n + O(n/ log log n), then NEXP ⊈ P/poly .
We show that a nearly-matching lower bound is provable, from the proof of the 2n − O(1)
lower bound for pseudorandom functions in [13]. This complements the bootstrapping above,
and shows that there is only a gap of an additive sub-linear term towards breakthrough
circuit lower bounds. The following theorem is formally proved as Corollary 4.11.
▶ Theorem 1.4. There is an explicit O(n)-sparse language L computable in P, such that
every probabilistic circuit deciding L must have size at least 2n − 2.
Comparison with known lower bounds. We remark that a better-than-2n circuit lower
bound against probabilistic B2 circuits can indeed be proved for certain non-sparse languages
in P from known average-case lower bounds. This is because given a probabilistic circuit
with small error probability, we can guarantee the existence of a particular circuit that
approximates the language well by an averaging argument. In particular, the following lower
bound of Chen and Kabanets [11] implies that no probabilistic circuits of size 2.49n can
decide an explicit language in P.
▶ Theorem 1.5 (Theorem 4.8, [11]). There is a language L in P such that for any B2 circuit
C of size 2.49n,
Pr

x←{0,1}n

[C(x) = L(x)] ≤

1
1
+
.
2 2Ω(n)

Note that every sparse language must be easy on average as a trivial circuit outputting 0
can approximate it well. As a result, it is impossible to obtain a breakthrough directly from
our hardness magnification result and an average-case lower bound. Nevertheless, linear-size

11

Although it is not explicitly stated for simplicity, we mention that the lower bound required to obtain a
breakthrough in Theorem 1.2, Theorem 1.3, and Theorem 1.6 can be weakened to the one-sided error
case. That is, we only need to show that for any sparse language L ∈ NP, no probabilistic circuit of
small size could output 1 with certainty for any x ∈ L and output 0 with high probability otherwise.
12
We remark that we can indeed obtain a conclusion that is stronger than
h both i(1) and (2),
h albeit
i it is
′

more technical: for all c > 0 there exists some c′ > c such that NTIME 2c n

1/5

⊈ SIZE 2cn

1/5

.
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lower bounds against general circuits of size greater than 2n is a widely-studied problem for
decades, so this magnification phenomenon may give us more insights on the setting of small
linear size circuits. Following [8], our results achieve a “hardness magnification frontier”.
Better magnification results for meta-complexity problems. We also show that weak
circuit lower bounds for specific meta-complexity problems such as MCSP imply consequences
stronger than that of Theorem 1.2. Formally, we define MCSP[s(n)] as the language taking
a truth table of length N = 2n as input, and decides whether it admits a circuit of size at
most s(n). The following theorem is formally proved as Theorem 4.3.
▶ Theorem 1.6. Let N = 2n be the truth table length of n-input Boolean functions and
n ≤ s(n) ≤ n2 / log n be any size function. If MCSP[s(n)] does not have probabilistic
 circuits
c
of size 2N + O(N/ log log N ), then there exists some c > 0 such that ⊕P ⊈ SIZE 2N .
Unfortunately, our lower bound technique in proving Theorem 1.4 cannot be used to
derive a lower bound for MCSP. We leave proving an unconditional 2n − o(n) circuit size
lower bound for MCSP, even against deterministic circuits, as an interesting open problem.

1.2.2

Sharp magnification thresholds for explicit obstruction

A drawback of Theorem 1.2 and Theorem 1.3 is that the conclusion only gives circuit lower
bounds for nondeterministic time classes such as NTIME[2n ]. By studying a stronger notion
called explicit obstruction, we are able to obtain a bootstrapping theorem with tight threshold,
which gives circuit lower bounds for deterministic time classes such as TIME[2n ].
Explicit obstruction. An explicit obstruction of size S(n) against C is an algorithm A
running in poly(n, S(n)) time, such that on input 1n , A outputs a set En = {(xi , yi )} of size
S(n) such that xi ∈ {0, 1}n and yi ∈ {0, 1} for every i, and xi ̸= xj for every i ̸= j. The set
has the property that, for all circuit C ∈ C, there exists some i ∈ [S(n)] such that C(xi ) ̸= yi .
This can be viewed as an explicit proof of the hardness of C computing any n-bit function f
that is consistent with En , since one can always efficiently find a counter-example from the
explicit obstruction. Indeed, giving an explicit obstruction of polynomial size would directly
imply P ⊈ C. This concept is first suggested by Mulmuley [32] in the context of geometric
complexity theory, where he argued that explicit obstructions might be essential in proving
arithmetic circuit lower bounds. For more discussions on explicit obstruction, see [10].
Our results. Our theorem below shows that in the case of general Boolean circuits, even
presenting such an obstruction for very small linear-size circuits would imply breakthrough
circuit lower bounds. It is proved formally as Corollary 4.9 and Theorem 4.5.
▶ Theorem 1.7. Let α(n) = log n/ log log n. The following holds.
There is an explicit obstruction of poly(n)-size against (2n − 2)-size B2 circuits.
If for some β(n) ≥ ω(n/ log log n), there is an explicit obstruction hof sizei nα(n) against
1/5
2n + β(n)-size B2 circuits, then we have (1) DTIME[2n ] ⊈ SIZE 2n
and (2) P ⊈
SIZE[nk ] for every k.13
13

Similar to Theorem 1.2,hwe caniindeed obtain
ai stronger conclusion that for all c > 0 there exists a
h
′

c′ > c such that DTIME 2c n

1/5

⊈ SIZE 2cn

1/5

.
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1.3

Strongly uniform pseudorandom functions

Utilizing the POLYLOGTIME-uniformity and short seed length of our hash constructions, we
can apply them to the framework in [23, 13] to obtain extremely uniform low-complexity
pseudorandom functions (PRFs) with short key length. Recall that a PRF is a family of
distributions over functions that are indistinguishable from uniformly random functions by
efficient adversaries. We show, from standard cryptography assumptions, that each member
of a PRF can be constructed by circuits of size 2n + o(n); moreover, the construction itself
can be POLYLOGTIME-uniform as well.
Formally, an m-output t-secure pseudorandom function is a family F = {Fn }n≥1 of
distributions Fn on n-input m-output Boolean functions that fools every probabilistic t(n)time adversary A, i.e.,
Pr

f ←Fn




Af (1n ) accepts −

Pr

g:{0,1}n →{0,1}m

[Ag (1n ) accepts] <

1
.
t

We say that C has key length s(n) if Fn is samplable (by a poly(n)-time algorithm) with s(n)
random bits. Similar to the hash functions, we say that F is computable by POLYLOGTIMEuniform C-circuits, if s(n) ≤ polylog(n) and there exists an algorithm A(n, v, i, j) running in
polylog(n) time (hence polynomial in its input length), that outputs the type of the ith gate
and the j th descendant of the ith gate in the C-circuit computing the function fv ∈ supp(Fn )
keyed by v.
Since our hash functions can be implemented in CC0 [2], we can obtain uniform PRFs in
different circuit models based on different assumptions.
 

log2 n
▶ Theorem 1.8 (Uniform low-complexity PRFs). There is a t = t(n) = exp Ω log
log n
and the following candidates of t-secure PRFs. Let ε be an arbitrarily small constant.
B2 circuits. Assuming OWFs against exp(nε )-time adversaries exist, there exists a family
of t-secure PRFs with key length polylog(n) computable by POLYLOGTIME-uniform B2
circuits of size 2n + o(n) and depth polylog(n) simultaneously.
NC1 circuits. Assuming exp(nε )-secure PRFs in NC1 exist, there exists a family of t-secure
PRFs with key length polylog(n) computable by POLYLOGTIME-uniform B2 circuits of
size 2n + o(n) and depth log n + O(log log n) simultaneously.
0
AC [2] circuits. Assuming exp(nε )-secure PRFs in NC1 exist, there exists a family of tsecure PRFs with key length polylog(n) computable by POLYLOGTIME-uniform AC0 [2]
circuits of wire complexity 2n + o(n).
Note that the assumption for our NC1 and AC0 [2] constructions can be derived from
standard assumptions such as sub-exponentially hard decisional Diffie-Hellman [33] or Ring
Learning-with-Error [4], as well as other constructions like [31, 2]. We also mention that
quasi-polynomial security is known to be optimal for AC0 [2] PRFs by [38] (see, e.g., [5]).
Our PRF constructions are the first to achieve extremely low-complexity (efficient evaluation), short key length, and POLYLOGTIME-uniformity (parallel pre-processing) simultaneously from standard assumptions. Prior to our result, only PRF candidates with O(n log n)
key length computable by P-uniform circuits of the same sizes were known [13] in these three
circuit classes, improved on the linear-size NC1 PRFs by Ishai, Kushilevitz, Ostrovsky, and
Sahai [23] and the AC0 [2] PRF due to Viola [43] with n · polylog(n) wire complexity and key
length. Our improvement could also improve the efficiency of other cryptographic primitives
involving PRFs such as message authentication code (MAC) and CCA-secure encryption
(see, e.g., [23, 5]). See Section 1.3 [13] for more discussions on low-complexity PRFs.
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▶ Remark 1.9. As pointed out by an anonymous reviewer, assuming a PRF against exp(nε )time adversaries (as we did in Theorem 1.8), we can reduce the key length to polylog(n)
generically by directly applying such a PRF to the keys (here we are actually using the PRF
as a PRG of sub-exponential stretch). Particularly, let F = {Fn }n≥1 be the low-complexity
PRF in [13], m = m(n) ≤ poly(n) be the key length of Fn , and G = {Gn }n≥1 be a PRF
against exp(nε )-time adversaries. Let fn,k be the function in Fn with key k, and ttm (f ) be
the first m bits in the truth table of the function f . We can define H = {Hn }n≥1 as
n
o
Hn = fn,ttm (g) | g ∈ G⌈log2/ε m⌉ .
Then H is a PRF with the same circuit complexity as F , while the key length is only
poly(⌈log2/ε m⌉) = polylog(n). However, it is not clear how to directly reduce the uniformity
to POLYLOGTIME-uniform in this way.

1.4

Intuition

We now briefly discuss the ideas behind our new results. Since our hash construction is based
on the previous construction by Fan, Li, and Yang [13], we will first recall their original
construction and then discuss how to reduce the key length and make the construction
POLYLOGTIME-uniform and strongly explicit. After that, we will explain how to derive
sharp bootstrapping results and construct POLYLOGTIME-uniform PRFs from the new hash
construction.

1.4.1

Construction of randomness efficient almost-universal hash
functions

The 2n + o(n) almost universal hash in [13]. Our starting point is the low-complexity
hash function H in [13] from high-girth graphs14 . The constructed H is linear over F2 . Hence,
in order to make it almost universal, we only need to guarantee that for every non-zero input
x ∈ {0, 1}n \ 0n , H(x) ̸= 0 with high probability.
Their hash function H is the concatenation of two “hash functions” Hlight and Hheavy .
The former one ensures that Hlight (x) ̸= 0 with high probability for any non-zero x with
small Hamming weights (0 < |x| ≤ n/2), and the latter one ensures that Hheavy (x) ̸= 0 for
any x with large Hamming weights (|x| > n/2). The construction of Hheavy is quite simple:
for any non-zero input with Hamming weight larger than n/2, a random sampling of n/ log n
positions over all input bits includes a 1 with high probability; the hash Hlight that deals with
non-zero inputs with Hamming weights smaller than n/2 is in fact a combinatorial primitive
called 1-detector: a distribution L over n-bit functions such that for any non-zero x with
Hamming weight at most r (which is called the range of the 1-detector), L(x) ̸= 0 with high
probability.
Fan, Li, and Yang [13] presented a construction of low-complexity 1-detectors using
high-girth graphs. Consider an undirected graph with m vertices and n edges, the girth of G
is the length
ofthe shortest cycle in it. Let G be a graph with n = Θ(m log m) and girth

log n
g = Ω log log n (see, e.g., [27, 7]), then the required 1-detector (with range r = n/2) is a
depth-1 CC0 [2] circuit whose topology is the vertex-edge incident graph of G, with input
bits being randomly permuted. More formally, the edges of G are randomly permuted and
14

The girth of an undirected graph is the length of the shortest cycles in it. A high-girth graph usually
means a graph G = (V, E) with girth Ω(logk n), where k = 2|E|/|V | is the average degree of vertices.
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assigned to the n input bits of the circuit, and each of the m nodes in G is assigned to an
output gate computing the XOR of the input bits corresponding to the adjacent edges of the
node.
The crucial observation leading to the analysis of their construction is that every input x
with an all-zero output would imply a subset S of edges in G of size |x| such that every
vertex is adjacent to even number of edges in S, which further leads to a cycle in G of size at
most |x| that does not likely to exist in a high-girth graph.
Now we present the analysis more formally. We call a subset S of edges good if at least one
of the vertices is adjacent to an odd number of edges in S. It is easy to see that an input x
with non-zero output corresponds to a good subset of size |x|. Therefore, the 1-detector
above has range r if and only if for all 0 < ℓ ≤ r, a randomly chosen subset of size ℓ is good
with high probability. Consider the cases for ℓ < g and g ≤ ℓ ≤ n/2 separately.


1. Note that the graph has girth at least g = Ω logloglogn n . Every subset S of size ℓ < g
is good, since the induced subgraph of a bad subset S would contain a cycle of size at
most |S|.
2. Otherwise let ℓ ∈ [g, n/2]. We claim that if we have chosen all but the first ⌈g/3⌉ edges,
there will be at most one bad subset containing the ℓ − ⌈g/3⌉ chosen edges: if both S1
and S2 are two distinct bad subsets containing them, their symmetric difference S1 ⊕ S2
would also be a bad subset of size at most 2⌈g/3⌉ < g, which is impossible as discussed
above. This means that if a subset of edges of size ℓ is randomly chosen, it will not hit a
bad subset with high probability.
Derandomizing the construction. The original hash in [13] requires O(n log n) bits of seed
in Hlight to permute the input bits and another O(n) bits of seed in Hheavy to randomly sample
n/ log n input bits. To reduce the overall seed length to polylog(n), we need to derandomize
both of these two parts.
To derandomize Hlight (i.e., the 1-detector L based on high-girth graphs), we need to look
into the correctness proof of it. Let x be an input with Hamming weight smaller than the
range r of the 1-detector. It can be verified that the analysis of the 1-detector is correct as
long as the 1-indices of x are randomly permuted (i.e., the 1-indices are randomly assigned
to distinct edges in G). So if we restrict ourselves to the cases r = log3 n (instead of n/2 in
[13]), then a log3 n-wise (almost) independent permutation15 would already be sufficient. In
particular, we use the k-wise ε-dependent permutation by Kaplan, Naor, and Reingold [25]
with seed length O(k log n + log(1/ε)) = O(log4 n), where k = log3 n and ε = exp(− log2 n)
in our setting.
Apart from the 1-detector, we also need to derandomize the random sampling part in
Hheavy . We need to carefully choose the parameters so that we can handle all x with Hamming
weights greater than log3 n (since our 1-detector can only handle those below this threshold).
In order to achieve negligible collision probability, we can sample n/ log n number of bits.
This is done with a folklore sampling trick via k-wise independent hash functions, which
requires O(log4 n) bits of randomness using [1].
log2 n
Note that the collision probability of our derandomized hash function is exp(−Ω( log
log n )),
which is the same as the original construction in [13] up to the constant hidden in Ω(·).

15

A k-wise almost independent permutation is a distribution F of permutations over [n] such that for
all 0 ≤ i0 < i1 < · · · < ik−1 < n, the distribution (F(i0 ), F (i1 ), . . . , F (ik−1 )) is statistically close to
(R(i0 ), R(i1 ), . . . , R(ik−1 )), where R is a truly random permutation.
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Reducing the output length. The hash function above has Θ(n/ log n) output bits, whereas
an ordinary universal hash with the same collision probability has output length only
polylog(n). Fortunately, the output length can be reduced to polylog(n) with little overhead
in seed length and circuit complexity. Since the composition of two almost universal hash
functions is still almost universal, we compose the hash above with itself to reduce the output
length to Θ(n/ log2 n). We can then compose the resulting hash function with an almost
universal hash with output length polylog(n) and (CC0 [2]) circuit complexity o(n log2 n) in
[9] based on ε-biased sets [1] and expander walks, the overall circuit complexity can still be
bounded by 2n + o(n).
In fact, there is a trade-off between circuit depth and seed length in our hash construction
by setting up the parameters more carefully. The approach described above can be computed
by depth-3 CC0 [2] circuits and requires a seed length O(log4 n). If we allow the depth to be
300, the seed length can be reduced to log3.01 n.
Making the construction explicit and uniform. There are several main components in our
hash construction that are not obviously strongly explicit and POLYLOGTIME-uniform. The
first one is the high-girth graph construction of 1-detectors in Hlight . We observe that the
local topology around an edge or vertex in the high-girth graphs constructed by [27] can be
obtained within poly-logarithmic time; see Appendix A for a formal argument. The k-wise
almost-independent random permutation used in our 1-detectors for Hlight is also strongly
explicit according to [25]. Therefore Hlight is strongly explicit. It is also easy to verify that
Hheavy is strongly explicit given the k-wise ε-dependent distribution in [1]. Finally, the hash
function in [9] for shrinkage reduction is strongly explicit, since both of its two components
(i.e., ε-biased sets and expander graphs) are strongly explicit (see [25, 3]).

1.4.2

Applications to hardness magnification and construction of PRFs

Sharp hardness magnification. We first show how to apply our new hash construction to
obtain an extremely sharp hardness magnification result for all sparse NP languages (i.e.,
Theorem 1.2 and Theorem 1.3), following [9, 10]. Recall that [9, Theorem 1.2] proved that
o(1)
if there is a 2n -sparse NP language L that cannot be computed by cn-size probabilistic
circuits for some big constant c ≫ 1, then NP ⊈ SIZE[nk ] for all constant k.
[9, Theorem 1.2] is proved by taking the contrapositive: assuming that NP ⊆ SIZE[nk ] for
some k, we first sample h from a proper hash function family to kernelize any sparse language
L in NP (i.e., a randomized reduction from the sparse language L to another (non-sparse)
NP problem L′ with much smaller input size m ≪ n1/k ), then use the SIZE[nk ] circuit D for
L′ (which has size mk ≪ n) to solve L. Now, composing the hash function h together with
D gives a linear-size probabilistic circuit computing L. This proves the contrapositive of our
desired theorem. Due to technical reasons, in the proof above one also has to combine the
hash function h with an error-correcting code. While there is an efficient construction of
linear-size error-correcting codes [40], it has size cn for some constant c ≫ 2. Hence, the size
of encoding circuits for error-correcting codes become the bottleneck which prevents further
improvement.
We are able to avoid using error-correcting codes by utilizing properties of the new
almost-universal hash construction (the construction of [9] works for all k-perfect hash).
2
In more details, let H(v, x) : {0, 1}O(ℓ log n) × {0, 1}n → {0, 1}m(n) be the hash function
given by Theorem 1.1 with ℓ = log2 n/ log log n. For any sparse language L, we define
an intermediate problem as follows: L′ = {(v, h) | ∃x ∈ {0, 1}n ∩ L s.t. H(v, x) = h}.
By the definition, for any no-instance x ∈ {0, 1}n \ L, the probability that there exists
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an yes-instance x′ ∈ L ∩ {0, 1}n having the same hash value with x can be bounded by
exp(−Ω(ℓ)) · |L ∩ {0, 1}n | = n−ω(1) . Hence by checking whether (v, H(v, x)) ∈ L′ for a
random seed v, we can determine with high probability whether x ∈ L. This gives us a
simple probabilistic circuit to decide L that only needs one evaluation of the hash function H
(which is of circuit complexity 2n + o(n)) and one oracle query to L′ . Given the assumption
that NP ⊆ SIZE[nk ], we can show that L′ can be decided by circuits of size o(n), hence the
overall circuit complexity would be 2n + o(n).
Uniform pseudorandom functions. We now briefly describe how our hash function can be
used to obtain POLYLOGTIME-uniform pseudorandom functions with polylog(n) key length.
Following the framework established in [23, 13], we use Levin’s trick, which says that the
composition of a PRF and an almost universal hash function is also pseudorandom. More
formally, let F = {Fn }n≥1 be a family of PRF secure against any exp(nε )-time adversary,
and H = {Hn }n≥1 be an almost universal hash function with output length logc n, then
the composition F ◦ H is also a PRF against any polynomial-time adversary as long as
c > ε−1 . Let c = 2ε−1 and C be any circuit class. By assuming a PRF (secure against any
exp(nε )-time adversary) with polynomial key length computable by P-uniform C-circuits of
size o(exp(nε )), we can then obtain a PRF (secure against any polynomial-time adversary)
computable by POLYLOGTIME-uniform 2n + o(n) size C-circuits with polylog(n) key length,
using our POLYLOGTIME-uniform efficient hash with polylog(n) seed length. Note that for
C ∈ {B2 , NC1 , AC0 [2]}, we can implement such PRF candidates by plugging in standard
constructions based on the existence of OWFs against any sub-exponential adversary for
B2 circuits, and decisional Diffie-Hellman [33] or Ring Learning-with-Errors [4] for NC1 and
AC0 [2] circuits.

2

Preliminaries

Notation. We define [n] ≜ {0, 1, . . . , n − 1}, Bn,m as the set of all functions from Fn2 to Fm
2
and Bn ≜ Bn,1 . The Hamming weight of x ∈ Fn2 , denoted by |x|, is defined as the number
of 1’s in x; the Hamming distance ∆(x, y) of x and y from Fn2 is defined as the Hamming
weight of the bitwise XOR of them. The concatenation of two strings x and y is denoted by
x∥y, and the ith bit of x (0-indexed) is denoted by xi . Graphs are undirected by default. We
assume that all functions used as parameters of our constructions are poly-logarithmic time
constructible, i.e., for any function ℓ(n) that is used as a parameter in our results, there is a
polynomial-time algorithm A such that A(n) outputs the binary representation of ℓ(n).
We use x ← D to denote a random element x sampled from a distribution D, and
D(x0 ) ≜ Prx←D [x = x0 ]. Natural numbers are represented in binary when being fed into
Turing machines or circuits; and 1n represents the unary representation of n. We assume
basic familiarity with cryptographic primitives like one-way functions and pseudorandom
functions, and typical complexity classes like P, NP, and ⊕P (see, e.g., [3]).

2.1

Probability Theory

Let U (S) be the uniform distribution supported on a set S, and Uℓ ≜ U ({0, 1}ℓ ). A family
D = {Dn }n≥1 of distributions is said to be samplable with seed length ℓ(n) (or ℓ(n)-samplable)
if there is a polynomial-time algorithm A such that A(1n , Uℓ(n) ) samples Dn . For every
s ∈ {0, 1}ℓ , we say A(1n , s) is the element corresponding to the seed s.
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The statistical distance between two distributions D1 and D2 over a set S, denoted by
SD(D1 , D2 ), is defined as
1X
|D1 (u) − D2 (u)| .
SD(D1 , D2 ) ≜
2
u∈S

A distribution D2 is said to be δ-close to D1 if their statistical distance is at most δ.
Statistical distance characterizes the intractability of distinguishing two distributions by
any test (even computationally unbounded): if D1 and D2 have statistical distance at most
δ, then for any stochastic process T , | Pru←D1 ,T [T (u) = 1] − Pru←D2 ,T [T (u) = 1]| ≤ δ.

2.2

Circuit Classes

In this paper we will work with various circuit classes. In general, a circuit is an acyclic graph
where each of its nodes can be an input variable, a constant c ∈ {0, 1}, or a gate. One or
more nodes are marked as output nodes (together with an index i denoting the corresponding
output bit). The depth of a circuit is the number of edges on the longest path from any input
variable to an output node. An n-input m-output circuit computes a function in Bn,m .
B2 circuits. A B2 circuit (or general circuit) contains fan-in-2 gates that can compute any
binary function f ∈ B2 . The size of a B2 circuit refers to the number of gates involved.
NC1 circuits. An NC1 circuit is a B2 circuit with O(log n) depth. Note that a single-output
NC1 circuit of depth d can be converted into a formula of size O(2d ).
CC0 [2] circuits. A CC0 [2] circuit is a constant-depth circuit with only XOR gates of unbounded fan-in. It is easy to see that CC0 [2] circuits can only compute linear functions over
F2 . The complexity of a CC0 [2] circuit is usually measured by the number of wires.
0
AC [m] circuits. An AC0 [m] circuit is a constant-depth circuit with fan-in-1 NOT gates and
unbounded fan-in gates over {AND, OR, MODm }, where MODm (x1 , . . . , xk ) = 1 if and
only if x1 + x2 + · · · + xk ≡ 0 (mod m). Similar to CC0 [2] circuits, the complexity of an
AC0 [m] circuit is measured by the number of wires.
A probabilistic B2 circuit (or simply a probabilistic circuit) with input size n and output
size m is a distribution Cn over n-input m-output B2 circuits. The circuit complexity of a
probabilistic circuit is defined as the maximum complexity of functions in its support. A family
C = {Cn }n≥1 of n-input 1-output probabilistic circuit is said to decide a language L with error
probability ε = ε(n) if for sufficiently large n and all x ∈ Fn2 , PrC←Cn [C(x) ̸= L(x)] ≤ ε.

2.3

Hash and 1-detector

▶ Definition 2.1 (Almost universal hash function). Let m = m(n) and ε = ε(n) be two
parameters. An m-output ε-almost universal hash function is a family of distributions
H = {Hn }n≥1 , where Hn is supported on Bn,m , such that Prh←Hn [h(x) = h(y)] ≤ ε(n) for
all x ̸= y and sufficiently large n. The parameter ε is called its collision probability. It is
linear if every function in the support of Hn is linear. It is said to be s(n)-samplable if the
family H of distributions is samplable with seed length s(n).
We will make heavy use of the notion of 1-detectors in [13], as parts of our almost universal
hash construction.
▶ Definition 2.2 (1-detector). An m-output (randomized) 1-detector with range r and error
ε is a family of distributions D = {Dn }n≥1 , where Dn is supported on linear functions in
Bn,m , such that for sufficiently large n, PrL←Dn [L(x) ̸= 0] ≤ ε(n) for all x ∈ Fn2 satisfying
0 < |x| ≤ r. It is said to be s(n)-samplable if the family D of distributions is samplable with
seed length s(n).
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We emphasize that the definition requires the functions in the family of distributions to be
linear. This ensure that, for any randomized 1-detector Dn with range r and error ε, and any
x1 ̸= x2 with Hamming distance at most r, it holds that PrL←Dn [L(x1 ) ̸= L(x2 )] ≤ ε(n).
The shrinkage of a hash function (or 1-detector) is defined as the input length n divided
by the output length m (e.g., poly-logarithmic shrinkage means m = n/polylog(n)).

2.4

ε-biased set and k-wise independence

To derandomize the low-complexity hash function in [13], we need several standard derandomization tools including strongly explicit ε-biased sets, k-wise independent distributions,
and k-wise independent permutations.
▶ Definition 2.3 (ε-biased set). For any n ≥ 1 and ε ∈ (0, 1/2), a set S ⊆ Fn2 is said to be
ε-biased if for all non-zero v ∈ Fn2 , Prw←S [⟨w, v⟩ = 0] ∈ [1/2 − ε, 1/2 + ε].
▶ Theorem 2.4 (Alon, Goldreich, Håstad, and Peralta [1]). For any constant ε ∈ (0, 1/2),
there is a family {Sn ⊆ Fn2 }n≥1 of ε-biased sets such that |Sn | = Õ(n2 ). Moreover, there is
an algorithm A(n, i, j) running in time poly(log n) that computes the j th bit of the ith vector
in Sn .
▶ Definition 2.5. A k-wise ε-dependent distribution with length n and alphabet size p is a
distribution D over [p]n such that for all 0 ≤ i1 < i2 < · · · < ik < n, the distribution over
th
th
[p]k obtained by restricting D to the ith
1 , i2 , . . . , ik coordinates is ε-close to the uniformly
k
distribution over [p] . It is said to be a k-wise independent distribution if ε = 0.
▶ Theorem 2.6 (Alon, Goldreich, Håstad, and Peralta [1]). Let ε = ε(n) > 0 be a parameter.
There is an algorithm A such that A(1n , k, Ur ) runs in time poly(n, log(1/ε)) and samples a
k-wise ε-dependent distribution with length n and alphabet size 2 for every 1 ≤ k ≤ n, where
r = O(k + log log n + log(1/ε)). Moreover, there is an algorithm B such that B(n, k, v, i) runs
in poly(log n, k, log(1/ε)) time and computes the ith coordinate of the string corresponding to
the seed v.
▶ Definition 2.7. Let n ≥ 1 be the number of elements, and Pn be the set of all permutations
over [n]. A k-wise ε-dependent permutation is a distribution D over Pn such that for all
0 ≤ i1 < i2 < · · · < ik < n, the distribution of (f (i1 ), f (i2 ), . . . , f (ik )) with f ← D is ε-close
to the uniform distribution over {(j1 , j2 , . . . , jk ) | j1 , . . . , jk ∈ [n] are pairwisely distinct}.
▶ Theorem 2.8 (Kaplan, Naor, and Reingold [25], Theorem 5.9). Let n be a power of 2,
2 ≤ k ≤ n, and ε > 2−n . There is an n-element k-wise ε-dependent permutation that is
samplable with seed length O(k log n+log(1/ε)). Moreover, there is an algorithm A(n, v, i) that
runs in poly(log n, k, log(1/ε)) time and outputs ρv (i) for the permutation ρv corresponding
to the seed v.

2.5

Expander Graphs

We will need strongly explicit expander graphs in our proofs. We first recall the definition of
expander graphs.
▶ Definition 2.9. An n-vertex d-regular graph G is called an (n, d, λ) expander graph (or
(n, d, λ)-graph) if λ2 (G) ≤ λ, where λ2 (G) denotes the second largest eigenvalue of normalized
adjacency matrix (i.e., adjacency matrix divided by d) of G. A family of graphs {Gn }n≥1 is
an expander graph family if there exists constants d and λ < 1 such that for all sufficiently
large n, Gn is an (n, d, λ)-graph.
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We will make use of the following construction of strongly explicit expander graphs.
▶ Theorem 2.10 (Strongly explicit expander; see [3, Theorem 21.19]). There exists an
expander graph family {Gn }n≥1 and an algorithm A(n, v, i) that runs in polylog(n) time (i.e.,
polynomial in input length) and outputs the ith neighbor of the node v in Gn , where v ∈ [n]
and i ∈ [d].
Performing random walk on expanders is a standard derandomization technique. Consider
the task to find a good element from n elements in which there is a constant fraction of them
being good. A trivial approach is to sample ℓ independently random elements, which has
exp(−Ω(ℓ)) error probability but requires ℓ log n random bits. By applying the following
lemma, we can reduce the randomness complexity to O(log n + ℓ) while keeping the error
probability to be exponentially small.
▶ Lemma 2.11 (Expander walk; see [3, Theorem 21.12]). Let G be an (n, d, λ)-graph and S
be a subset of vertices of size at most βn for some β ∈ (0, 1). Let X1 , X2 , . . . , Xk be random
variables denoting a random walk in G (where X1 is uniformly chosen), then

k−1
p
Pr[∀1 ≤ i ≤ k, Xi ∈ S] ≤ (1 − λ) β + λ
.

2.6

Graph with large girth

The girth of an undirected graph is the length of the minimum cycle in it. We need the
following construction of strongly explicit graphs with large girth.
▶ Theorem 2.12 (Adapted from [27]; see Appendix A). Let r = r(n) = no(1) be a parameter.
For every sufficiently large n, there exists an m = Θ( nr ) and a regular graph Gm,n with
n
m vertices, n edges, and girth Ω( log
log r ). Moreover, there exists a polylog(n)-time algorithm
A(n, i) for i ∈ [n] that outputs the indices of the two endpoints of the ith edge in Gm,n , and
a polylog(n)-time algorithm B(n, i, j) for i ∈ [m] that outputs the j th edge attaching to the
ith vertex.

3

Randomness-efficient low-complexity hash functions

In this section, we present constructions of randomness-efficient low-complexity hash functions
with various parameters and properties.
In Section 3.1, we show almost universal hash functions can be constructed from 1detectors (Lemma 3.2). In Section 3.2 we give a derandomized version of construction of
1-detectors from [13] based on high-girth graphs (Lemma 3.3), and use that to construct
a low-complexity hash function with poly-logarithmic seed-length and n/polylog(n) output
length (Theorem 3.4).
In Section 3.3, we show how to reduce the output length from n/polylog(n) to polylog(n),
by composing almost universal hash families. Finally, in Section 3.4 and 3.5, we establish
the uniformity and explicitness of our constructions, which are essential for our applications
to hardness magnification and PRF constructions.
Notation.

In this section, for a construction H with parameters a, b, c, we will use Hâ,b̂,ĉ to

denote the specific construction H with the parameters specified to â, b̂ and ĉ. When the
parameters are obvious from the context, we often omit the subscripts and simply write it
as H.
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3.1

General construction from 1-detectors

We first give a general construction of almost universal hash functions from 1-detectors, using
the following sampling procedure.
▶ Lemma 3.1. For all integers n, b and r such that b ≤ n and max{10n/b, 10 log log n} ≤
samp
r ≤ n, there is a distribution Dn,b,r
supported on [n]b samplable by O(r log(n/b)) bits, such
that the following conditions hold:
1. (Hitting Condition). For all x ∈ Fn2 with |x| ≥ r, it holds that




^
br


Pr
[x
=
0]
≤
2
exp
−
.
wj
samp
2n
(w0 ,...,wb−1 )←Dn,b,r

(1)

j∈[b]

samp
), it holds that w0 < w1 < · · · < wb−1 .
2. (Ordering) For every (w0 , . . . , wb−1 ) ∈ supp(Dn,b,r
samp
samp
3. (Explicitness) There are algorithms An,b,r (v, i) and Bn,b,r
(v, j) running in poly(log n, r)
time such that
(
j if wj = i for some j ∈ [b],
samp
An,b,r (v, i) outputs
⊥ otherwise;
samp
Bn,b,r
(v, j) outputs wj .
samp
where (w0 , . . . , wb−1 ) ∈ supp(Dn,b,r
) is the vector corresponding to the seed v.

Proof. We firstly describe a sampling procedure that satisfies Equation (1) but has a long
seed length and then reduce the seed length to O(r log(n/b)) bits using the explicit k-wise
ε-dependent distribution from Theorem 2.6. The sampling procedure is simple: we first
partition [n] into b consecutive groups g0 , g1 , . . . , gb−1 of size either ⌊n/b⌋ or ⌈n/b⌉; we then
uniformly choose an ij ∈ gj for each j ∈ [b]; finally we output the tuple (i0 , i1 , . . . , ib−1 ).
For any x ∈ Fn2 with Hamming weight at least r, for some ℓ ≤ r, there are ℓ groups such
that there are at least r 1-indices (i.e., the corresponding bits of x are 1) in these groups.
Assume that there are aj 1-indices in the j th among these ℓ groups. The probability that
none of the 1-indices is sampled is at most









ℓ 
ℓ
ℓ
Y
X
X
aj b
a
b
a
b
br
j
j




1−
≤ exp
log 1 −
≤ exp −
≤ exp −
.
(2)
2n
2n
2n
2n
j=1
j=1
j=1
A trivial implementation of the sampling procedure above needs seed length O(b log(n/b)):
for each group, we sample a random binary string of length t ≜ ⌈log(n/b)⌉ indicating the
index we want to choose. Therefore, we would need to sample bt bits in total. The observation
here is that the argument in (2) only involves ℓ ≤ r groups. Hence, the analysis still works if
we sample those required bt bits from an rt-wise exp(−br/(2n))-dependent distribution with
alphabet 2. Note that this incurs an additional error of exp(−br/(2n)).
By Theorem 2.6, the distribution is samplable with seed length
O(rt + log log(bt) + br/(2n)) = O(r log(n/b)),
samp
and the algorithms Asamp
n,b,r and Bn,b,r can be constructed straightforwardly from the algorithm
B in Theorem 2.6.16
◀

16

To compute Asamp
n,b,r (v, i) for some i belonging to the group ga , we only need to check if i is the selected
element of the group ga , and then output a if the answer is yes, and output ⊥ otherwise.
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Now we are ready to give the construction of our hash function from 1-detectors. Recall
that their definitions are given in Section 2.3.
▶ Construction 1 (Hash function HL from 1-detectors L). Let n be the input length and
b(n) = o(n) be a parameter. Given a randomized 1-detector L = {Ln }n≥1 with range r̂, we
construct a hash function HbL = {Hn }n≥1 as follows.
Let Dsamp be the distribution in Lemma 3.1 with parameters n, b and r = r̂. For each
L in the support of L and each D = (j0 , . . . , jb−1 ) in the support of Dsamp , we define a
function hL,D as
hL,D (x) ≜ L(x)∥xj0 ∥xj1 ∥ . . . ∥xjb−1 .
Hn is then defined to be the distribution generated as follows: sample L ← Ln and
D ← Dsamp , and then output hL,D .
We show that Construction 1 indeed gives almost universal hash functions.
▶ Lemma 3.2 (HL is a linear almost universal hash). Let L = {Ln }n≥1 be an m̂-output
ŝ-samplable randomized 1-detector with error ε̂ and range r̂, such that m̂ = o(n) and
r̂ = ω(log n). Let b = b(n) = o(n) be a parameter and r = r(n) = r̂(n). The followings hold
for HbL :
1. HbL has output length m = m̂ + b.
2. HbL is (ŝ + r̂ log(n/b))-samplable.
3. HbL is a linear ε-almost universal hash function, where ε ≜ ε̂ + exp(−Ω(br/n)).
Proof. The first two items follow directly from the definition of HL from Construction 1. So
we will only establish the last item. We need to show that for any two inputs x1 ̸= x2 from
{0, 1}n , their hash values collide with probability at most ε.
Consider the following two cases depending on whether the Hamming distance between
x1 and x2 is small or large:
If 0 < ∆(x1 , x2 ) ≤ r, then by the definition of randomized 1-detector (Definition 2.2),
L(x1 ) equals to L(x2 ) with probability at most ε̂ for L ← Ln (note that L is a linear
function over F2 ). Since the hash values contain the output of the 1-detector as the first
m̂ bits, the hash values collide with probability at most ε̂.
If ∆(x1 , x2 ) > r, then y ≜ x1 ⊕ x2 has Hamming weight at least r. By Lemma 3.1, a ransamp
dom D ← Dn,b,r
fails to contain all 1-indices of y with probability at most exp(−Ω(br/n)),
which means that the last b bits of the hash values of x1 and x2 collide with probability
at most exp(−Ω(br/n)).
It follows immediately that the collision probability is at most ε = ε̂ + exp(−Ω(br/n)). ◀

3.2

Randomness-efficient low-complexity 1-detectors

Now we will present the construction of randomness-efficient low-complexity 1-detectors.
Applying Lemma 3.2, this construction yields a hash function with inverse-super-polynomial
collision probability, short seed length, and moderately large shrinkage.
Intuition. Our construction is essentially a derandomized version of the randomized 1detector based on high-girth graphs in [13]. The randomized 1-detector supports on depth-1
CC0 [2] circuits with o(n) gates and wire-complexity 2n. The topology of any depth-1
CC0 [2] circuit can be considered as the edge-vertex incident graph of an undirected graph
Gm,n = (V, E), that is, we identify the m gates with the vertices, and the n variables with
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the edges in the graph. One can check that if Gm,n has girth g, the corresponding circuit
would directly make a (deterministic) m-output 1-detector with range g − 1: assume that
it is not the case, the bad input x with Hamming weight w < g specifies a subset of edges
T ⊆ E which forms a Eulerian cycle of size w < g. By a similar argument, [13] boosts the
range to n/2 by randomly permuting the input bits.
The construction of [13] does not suffice for our application because we need Θ(n log n)
bits to sample a random permutation. Fortunately, it can be derandomized. By looking into
its correctness proof, we can see that if we replace the random permutation by an r-wise
almost independent permutation (see Theorem 2.8), it can still achieve 1-detection for range
r and roughly quasi-polynomial error probability.
Now we specify the construction of our 1-detector Lhg (hg stands for high-girth graphs).
▶ Construction 2 (Construction of the 1-detector Lhg from high-girth graphs). Let k =
k(n) = no(1) be the shrinkage parameter, log n ≤ r(n) ≤ n/2 be the range. Let γ = γ(n) ≜
log2 n/ log k. Lhg
k,r = {Ln }n≥1 is constructed as follows.
Let n′ be the smallest power of two that is larger than n. Let Gm,n′ be the regular graph
with m = Θ(n′ /k) vertices, n′ edges, and girth g = Θ(log n/ log k) from Theorem 2.12.
Let D = {Dn′ } be the explicit family of r-wise 2−γ -dependent permutation in Theorem 2.8.
Let Γ(i) be the set of indices of edges incident to the ith vertex in Gm,n′ . For each
permutation σ ∈ supp(Dn′ ), we define a function Lσ : {0, 1}n → {0, 1}m as
Lσ (x)i ≜

M

xj

∀i ∈ [m].

j∈[n] s.t. σ(j)∈Γ(i)

Ln is then defined to be the distribution generated as follows: sample σ ← Dn′ and then
output Lσ .
▶ Lemma 3.3 (Lhg is a 1-detector). Let k = k(n) = no(1) be the shrinkage parameter,
log n ≤ r(n) ≤ n/2 be the range. The followings hold for Lhg
k,r = {Ln }n≥1 :
1. Lhg
k,r has output size Θ(n/k) and seed length O(r log n).
2. Every L ∈ Ln can be computed by depth-1 CC0 [2] circuits of wire complexity at most 2n,
or B2 circuits of size 2n and depth log k + O(1).
2
3. Lhg
k,r is a randomized 1-detector with range r and error exp(−Ω(log n/ log k)).
Proof. Recall that γ = log2 n/ log k from Construction 2. For the first item, the output size
hg
follows directly from the definition of Lhg
k,r . The seed length of Lk,r equals the seed length of
the required r-wise 2−γ -dependent permutation, which is O(r log n + γ) = O(r log n) from
Theorem 2.8 (note that r ≥ log n). The second item follows directly from the definition of
Lσ in Construction 2 together with the fact that Gm,n′ has maximum degree O(k) (since it
is regular).
In the rest of the proof we establish the third item. We need to show that for any non-zero
x ∈ Fn2 , the probability that L(x) = 0 with L ← Ln is at most exp(−Ω(γ)). For any input x
with Hamming weight 0 < |x| < g (where g is the girth of Gm,n ), we must have Lσ (x) ̸= 0
for all σ ∈ Dn′ , since otherwise we can extract from the edges {σ(i) | xi = 1 ∧ i ∈ [n]} a cycle
of size length less than g. Now we consider the case when g ≤ |x| ≤ r. Let i1 , i2 , . . . , i|x| be
the indices corresponding to the 1’s in x (i.e., xij = 1 for all j). Since our construction is
linear, only these bits can influence the output. Also, by the r-wise 2−γ -dependence of Dn′ ,
we have
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Pr [Lσ (x) = 0] =

σ←Dn′


^

Pr 

σ←Dn′

[|{ij | σ(ij ) ∈ Γ(i′ )}| is even]

i′ ∈[m]


≤


^

Pr

S⊆[n′ ],|S|=|x|


i′ ∈[m]


=

E

S⊆[n′ ]
|S|=|x|−α




[|S ∩ Γ(i′ )| is even] + 2−γ

^


[|(S ∪ S ′ ) ∩ Γ(i′ )| is even] + 2−γ .


Pr

S ′ ⊆[n′ ]\S
|S ′ |=α

i′ ∈[m]



α≜

 g 
3

The final observation is that for any fixed S, there should be at most one S ′ satisfying the
condition in the summation. Indeed, if two sets S1′ and S2′ satisfy the condition at the same
time, then the symmetric difference of them contains a cycle in Gm,n′ of length 2α < g for
sufficiently large n, contracting the fact that Gm,n′ has girth g. In particular, it means for
every fixed S, we have

Pr

S ′ ⊆[n′ ]\S
|S ′ |=α


^



[|(S ∪ S ′ ) ∩ Γ(i′ )| is even] ≤ 

i′ ∈[m]

1
.
n′ − |x| + α
α

Since α = ⌈g/3⌉ = Θ(log n/ log k), putting everything together, for sufficiently large n we
have
Pr [Lσ (x) = 0] ≤

σ←Dn

1
n′ −|x|+α
α

 + 2−γ = exp(−Ω(γ)).

◀

Plugging Lhg into Construction 1 with appropriately chosen parameters, we immediately
obtain a linear hash Hmd with poly-logarithmic seed length and shrinkage as follows. (Here
md stands for moderate, meaning that the hash has moderate (poly-logarithmic) shrinkage.)
▶ Construction 3 (Construction of hash Hmd with poly-logarithmic shrinkage). Let β ∈ (0, 2]
log2 n
md
be a constant and ω(log n) ≤ δ(n) ≤ O( log
log n ) be the error parameter. Hβ,δ = {Hn }n≥1 is
constructed as follows.
β+1
Setting k = logβ n and r = δ logβ n, Lhg = Lhg
n)k,r (from Construction 2) is an O(δ log
β
samplable Θ(n/ log n)-output randomized 1-detector with range r and error exp(−Ω(δ)).
hg
Setting b = n/ logβ n, Hmd is now defined to be HbL (from Construction 1).
The following theorem follows directly from the Construction 3, Lemma 3.2, and
Lemma 3.3.
▶ Theorem 3.4 (Properties of the intermediate hash construction Hmd ). Let β ∈ (0, 2] be
log2 n
the shrinkage parameter and ω(log n) ≤ δ(n) ≤ O( log
log n ) be the error parameter. The
md
followings hold for Hβ,δ
= {Hn }n≥1 :
md
1. Hβ,δ
is a linear O(δ logβ+1 n)-samplable Θ(n/ logβ n)-output exp(−Ω(δ))-almost universal
hash function.
2. Every H ∈ Hn can be computed either by a depth-1 CC0 [2] circuit of wire complexity 2n,
or by a B2 circuit of size 2n and depth β log log n + O(1).
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3.3

Shrinkage reduction of hash function

Now we reduce the output length of the hash function Hmd in Construction 3 from n/polylog(n)
to polylog(n) with little overhead in its circuit complexity and seed length, which is crucial
for our applications. The idea is simple: we composite it with a hash with large shrinkage,
short seed length, and relatively larger circuit complexity. In particular, we can use the
following hash construction Hexpw of Chen, Jin, and Williams [9]. (Here expw stands for
expander walk.)
▶ Construction 4 (Hash function Hexpw from expander walk [9]). Let ℓ = ℓ(n) be the output
length. Hℓexpw = {Hn }≥n is constructed as follows.
Let {Sn }n≥1 be a family of 0.1-biased set from Theorem 2.4 and {Gn }n≥1 be the family
of strongly explicit expanders from Theorem 2.10. Assume that Sn = {w0 , w1 , . . . , wt−1 }
for t = Õ(n2 ).
For each walk v = (v0 , v1 , . . . , vℓ−1 ) ∈ [t]ℓ of length ℓ on Gt , we define a hash function
hv : {0, 1}n → {0, 1}ℓ as
hv (x) ≜ ⟨wv0 , x⟩ ∥ ⟨wv1 , x⟩ ∥ . . . ∥ wvℓ−1 , x ,
where ⟨a, b⟩ denotes the inner product over F2 .
Hn is then defined to be the distribution generated as follows: samples a random walk v
of length ℓ on Gt uniformly at random, then outputs hv .
▶ Lemma 3.5 (Properties of the hash construction Hexpw from [9]). Let ℓ = ℓ(n) be the output
length. The followings hold for Hℓexpw = {Hn }n≥1 :
1. Every H ∈ supp(Hn ) can implemented by a depth-1 CC0 [2] circuit of wire complexity nℓ
or a B2 circuit of size nℓ and depth log n + O(1).
2. Hℓexpw is a linear O(log n + ℓ)-samplable ℓ-output exp(−Ω(ℓ))-almost universal hash
function.
Proof. The first item follows directly from the definition of hv from Construction 4. In the
following we establish the second item.
The linearity, seed length, and output length are straightforward to verify, thus we only
analyze the collision probability. Since the hash function is linear, we only need to show that
for any non-zero x ∈ Fn2 , Prh←Hn [h(x) = 0] ≤ exp(−Ω(ℓ)). By Theorem 2.4, we know that for
any non-zero x, at least 0.4 fraction of vectors w ∈ Sn satisfies ⟨w, x⟩ = 1. Then by Theorem
2.11, a random walk of length ℓ will find one of such w with probability 1 − exp(−Ω(ℓ)). This
immediately implies that h(x) ̸= 0 with probability at most exp(−Ω(ℓ)) for h ← Hn .
◀
Next we formally define the composition of two hash function families.
▶ Definition 3.6 (Composition of hash families). Let F = {Fn }n≥1 and G = {Gn }n≥1 be two
families of hash functions. The composition of F and G is defined as F ◦ G = {(F ◦ G)n }n≥1 ,
where (F ◦ G)n is the following distribution: let m = m(n) be the output length of G, we
sample f ← Fm and g ← Gn , and then output f ◦ g.
The following proposition is crucial for the analysis of our final hash construction.
▶ Proposition 3.7. The composition H′ ◦ H of an ε1 -almost universal hash function H′
and an ε2 -almost universal hash function H is an (ε2 (n) + ε1 (m(n)))-almost universal hash
function, where m(n) is the output length of H. Moreover, H′ ◦ H is linear if both of H′ and
H are linear.
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The following is a simple corollary of Proposition 3.7.
▶ Corollary 3.8. For any t ≥ 2, non-increasing ε = ε(n), and output length parameter
ℓ(n) ≤ n, the tth order composition of an ℓ-output ε-almost universal hash H with itself,
denoted by H◦t , is also a hash function with collision probability t·ε(ℓ̂), where ℓ̂ = ℓ◦ℓ◦· · ·◦ℓ(n)
(t − 1 times) is the input of the outer-most hash. Moreover, H◦t is linear if H is linear.
We are now ready to specify our final hash construction Hfinal with polylog(n) output length.
▶ Construction 5 (Construction of Hfinal with polylog(n) output length). Let β ∈ (0, 2] be a
log2 n
parameter and ω(log n) ≤ ℓ(n) ≤ O( log
log n ) be a non-decreasing function. We define
final
md
Hβ,ℓ
≜ Hℓexpw ◦ Hβ,ℓ

◦⌈ β2 ⌉

.

We analyze the properties of Hfinal constructed above by combining the composition
proposition (Proposition 3.7 and Corollary 3.8) together with properties of Hexpw (Lemma 3.5)
and Hmd (Theorem 3.4).
▶ Theorem 3.9 (Properties of the final hash construction Hfinal ). Let β ∈ (0, 2] be a constant
log2 n
and ω(log n) ≤ ℓ(n) ≤ O( log
log n ) be a non-decreasing function. The followings hold for
final
Hβ,ℓ = {Hn }n≥1 :
final
1. Hβ,ℓ
is a linear O(ℓ logβ+1 n)-samplable Θ(ℓ̂)-output exp(−Ω(ℓ̂))-almost universal hash
2

function, where ℓ̂ = ℓ(Θ(n/ logβ·⌈ β ⌉ n)).
2. Every H ∈ Hn can be computed by depth-(1 + ⌈ β2 ⌉) CC0 [2] circuits of wire complexity




2n + O logn2ℓ̂ n , or by B2 circuits of size 2n + O logn2ℓ̂ n and depth log n + O(1).
md
Proof. Let Hmd = Hβ,ℓ
and Hexpw = Hℓexpw be the hash functions described in Construction
md
5. We also use Hn and Hnexpw to denote the distributions over n-input hash functions in
Hmd and Hexpw , respectively.

Hfinal is almost universal with polylog(n) output length. Let m̂ be the output length of
2
2
(Hmd )◦⌈ β ⌉ , and ℓ̂ ≜ ℓ(m̂) = ℓ(Θ(n/ logβ·⌈ β ⌉ )). By a simple induction and Theorem 3.4 we
know that for any 1 ≤ d ≤ ⌈ β2 ⌉, (Hmd )◦d is a linear O(ℓ logβ+1 n)-samplable Θ(n/ logβd n)output exp(−Ω(ℓ̂))-almost universal hash function. In particular, when d = ⌈ β2 ⌉, we know that
2

2

(Hmd )◦⌈ β ⌉ is a linear O(ℓ logβ+1 n)-samplable Θ(n/ logβ·⌈ β ⌉ n)-output exp(−Ω(ℓ̂))-almost
universal hash function.
2
Now apply Proposition 3.7 and Lemma 3.5, we know that Hfinal = Hexpw ◦ (Hmd )◦⌈ β ⌉ is a
linear O(ℓ logβ+1 n)-samplable Θ(ℓ̂)-output exp(−Ω(ℓ̂))-almost universal hash function.
Complexity with CC0 [2] circuits. By Theorem 3.4, every H ∈ supp(Hnmd ) can be computed
by a depth-1 CC0 [2] circuit with wire complexity 2n. Also, by Lemma 3.5, every H ∈
supp(Hnexpw ) can be computed by a depth-1 CC0 [2] circuit with wire complexity nℓ. Since
the output length of (Hmd )◦d is Θ(n/ logβd ), the total wire complexity of a hash function
2
from the support of Hexpw ◦ (Hmd )◦⌈ β ⌉ can be bounded by
 2

!
⌈ β ⌉−1
X
n
n
n
ℓ̂
+
2n + O 
· ℓ̂ = 2n + O
.
2
log2 n
logβd n
logβ·⌈ β ⌉ n
d=1
The depth complexity can be verified straightforwardly.
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Complexity with B2 circuits. We only analyze the depth since the analysis of the size
complexity is similar to the analysis above. By Theorem 3.4 and Lemma 3.5, every H ∈
supp(Hnmd ) can be computed by a B2 circuit with depth β log log n + O(1), and every
H ∈ supp(Hnexpw ) can be computed by a B2 circuit with depth log n + O(1). Therefore the
2
total depth of a hash function from the support of Hexpw ◦ (Hmd )◦⌈ β ⌉ is at most
2
⌉−1 
⌈β

X
d=0

3.4

 
β log log Θ

n
logβd n




+ O(1) + log Θ

!!

n
2

logβ·⌈ β ⌉ n

= log n + O(1).

◀

Explicitness of our construction

Apart from the seed length, shrinkage and collision probability, the explicitness of the a hash
function is also critical for many applications. That is, given a seed v (which is usually much
shorter than the input, say |v| = polylog(n)), whether we can obtain information about the
hash function corresponding to the seed v efficiently. In this section we show that our hash
constructions are indeed explicit in a strong sense, which is crucial for our application to
hardness magnification.
▶ Definition 3.10 (Locally explicit hash function). A family of polylog(n)-samplable distributions over m-output linear functions (e.g., linear hash functions or 1-detectors) H = {Hn }n≥1
is said to be locally explicit if each input bit only influences polylog(n) output bits, and there
exists an algorithm A(n, v, i) running in polylog(n) time that returns the list of output bits
influenced by the ith input bit in the hash function corresponding to the seed v.
Note that any linear function can be realized as x 7→ Mx for some transformation matrix
M over F2 . Clearly, a locally explicit linear hash has a sparse transformation matrix, and
we can efficiently list all 1-entries in any column of it. By performing a sparse matrix
multiplication, we can immediately obtain the following proposition.
▶ Proposition 3.11. The composition of two locally explicit hash families is locally explicit.
Now we verify that our constructions of the randomness-efficient low-complexity hash
functions are indeed locally explicit.
▶ Theorem 3.12. Let k = k(n) = no(1) be the shrinkage parameter and log n ≤ r(n) ≤ n/2
be the range. The 1-detector Lhg
k,r in Construction 2 is locally explicit.
Proof. Recall that the 1-detector in Construction 2 consists of two components: a depth-1
CC0 [2] circuit whose topology is determined by the high-girth graph from Theorem 2.12,
and a random permutation of the input bits according to the k-wise almost independent
permutation from Theorem 2.8. Given the seed v of the 1-detector (i.e., the seed for the
permutation) and an index i. According to Theorem 2.8, we can obtain σv (i) in poly(log n, |v|)
time, where σv is the permutation corresponding to the seed v. To find all the output bits
influenced by the ith input bit, we only need to find the two endpoints of the σv (i)-th edge
in the high-girth graph, which can be done in polylog(n) time by Theorem 2.12.
◀
2

log n
▶ Theorem 3.13. Let β > 0 be the shrinkage parameter and δ = δ(n) ≤ O( log
log n ) be the
md
error parameter. The hash family Hβ,δ in Construction 3 is locally explicit.

Proof. Recall that the hash function H in Construction 3 is obtained by the 1-detector Lhg
md
in Construction 2 and the reduction in Construction 1. The output of the hash Hβ,δ
consists
of two parts: the output of the 1-detector Lhg , and several randomly sampled bits from the
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input. Since Lhg is locally explicit by Theorem 3.12, it is sufficient to show that the sampling
procedure is locally explicit. More precisely, given a seed v of the sampling procedure and
an index i, we need to compute efficiently all the indices j such that wj = i for the vector
(w0 , . . . , wb−1 ) corresponding to the seed v. This can be done using the algorithm Asamp
from Lemma 3.1.
◀
▶ Theorem 3.14. Let ℓ = ℓ(n) = polylog(n). The hash family Hℓexpw in Construction 4 is
locally explicit.
Proof. Let Sn = {w0 , . . . , wt−1 } with t = Õ(n2 ) is a 0.1-biased set from Theorem 2.4 and
Gt is the expander in Theorem 2.10. The hash function in Construction 4 is defined as
hv (x) ≜ ⟨wv0 , x⟩ ∥ ⟨wv1 , x⟩ ∥ . . . ∥ wvℓ−1 , x ,
where v = (v0 , . . . , vℓ−1 ) ∈ [t]ℓ is a random walk on Gt . Given the seed v (i.e., the seed of a
random walk), we can produce v0 , v1 , . . . , vℓ−1 in polylog(n, ℓ) = polylog(n) time by Theorem
2.10. Then using the algorithm A in Theorem 2.4 we can check for each j whether the ith
bit of wvj is 1, which indicates whether the j th output bit is influenced by the ith input bit.
Enumerating all j ∈ [ℓ] gives a required polylog(n) time algorithm listing all the outputs
influenced by a particular input bit.
◀
Using Theorem 3.13, Theorem 3.14, and Proposition 3.11, we immediately obtain the
explicitness of Construction 5.
2

log n
▶ Corollary 3.15. Let β ∈ (0, 2] be a parameter and ℓ = ℓ(n) ≤ O( log
log n ) be a non-decreasing
final
function. The hash family Hβ,ℓ
in Construction 5 is locally explicit.

3.5

Uniformity of our construction

We have shown in Theorem 3.9 that our hash function can be computed by extremely sparse
CC0 [2] circuit or B2 circuits with small size and depth simultaneously. It remains to clarify
the uniformity of our hash construction, i.e., the complexity we need to construct the circuit
given the input length and the seed.
The definitions of uniformity vary with respect to the complexity measures, which can
be chosen according to the applications. Typical choices include space complexity (e.g.,
LOGSPACE-uniform, see Section 6.2.1 of [3]), time complexity (e.g., polynomial-time uniform),
parallel time (see, e.g., Section 3 of [29]), and descriptive complexity (see, e.g., [20]). If we
choose the time complexity, for instance, we can define P-uniformity as the existence of the
polynomial-time algorithm that prints the circuit given 1n and the seed v. Indeed, it is easy
to check that the 2n + o(n) size B2 and CC0 [2] circuits for Construction 5 in Theorem 3.9 is
P-uniform.
Since our hash function can be evaluated in low-depth circuit models such as NC1 and
CC0 [2], the parallel time to generate the circuit also seems to be crucial for its further
applications. Therefore in this section we will discuss the POLYLOGTIME-uniformity of our
hash functions, defined as follows.
▶ Definition 3.16. Let C be a circuit class. A family of polylog(n)-samplable distributions
over m-output functions (e.g., hash functions or 1-detectors) H = {Hn }n≥1 is said to be
computable with POLYLOGTIME-uniform S(n)-size (measured in size, depth, wire complexity,
etc) C-circuits if each of the functions hv ∈ supp(Hn ) corresponding to the seed v is computable
by an S(n)-size C-circuit, supplemented with the following polylog(S(n))-time algorithms:
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SIZE(n, v) returns the size of the C-circuit Cv computing hv ;
TYPE(n, v, i) returns the type of the ith node in the circuit Cv , which indicates (1) whether
it is a gate, an input variable or a constant; (2) whether it is an output node; and (3) the
type (if it is a gate or a constant) or index (if it is an input variable and/or output node)
of it;
EDGE(n, v, i, j) returns the j th input of the ith node if the ith node is a gate in Cv .
OUT(n, v, i) returns the number of the ith output node.
It is guaranteed that the nodes are numbered in topological orders, and in particular, the input
variables are numbered from 1 to n.
We claim that all our results of circuit complexity for the constructions in the previous
parts of this section are in fact POLYLOGTIME-uniform. It is straightforward to check the
claim, so we only sketch the proof and left the details to the readers.
▶ Theorem 3.17 (Uniformity of Theorem 3.9). Let β ∈ (0, 2] be a parameter and ℓ = ℓ(n) ≤
log2 n
final
O( log
log n ) be a non-decreasing function. The hash function Hβ,ℓ in Construction 5 can be
computed either by POLYLOGTIME-uniform depth-(1+⌈ β2 ⌉) CC0 [2] circuits of wire complexity
2n + O(n/ log log n), or by POLYLOGTIME-uniform B2 circuits of size 2n + O(n/ log log n)
and depth log n + O(β −1 ) simultaneously.
Sketch. Since the POLYLOGTIME-uniformity is close under composition, we only need to
verify that Construction 3 and Construction 4 are POLYLOGTIME-uniform. The uniformity
of Construction 3 directly follows from the algorithm B in Theorem 2.12, the algorithm A in
Theorem 2.8, and the algorithm A in Lemma 3.1. The uniformity of Construction 4 follows
from the algorithm A in Theorem 2.4 and the algorithm A in Theorem 2.10. Note that the
circuit for Construction 4 should be slightly modified to make EDGE(n, ·, ·) polylog(n)-time
computable. Take the CC0 [2] case for example: each of the output gates has fan-in exactly n
(instead of |wvi | for the ith output bit, see Construction 4 for the notation); the j th input
wire of the ith output gate is connected to the j th input or a constant 0 according to the j th
bit of wvi .
◀

4

Sharp bootstrapping results from hash functions

We now show the extremely sharp bootstrapping results for small linear size circuits based on
the almost universal hash function constructed above, using a refined kernelization method
of Chen, Jin, and Williams [9, 10].
We will first prove the general hardness magnification theorem for all sparse NP languages
in Section 4.1. In Section 4.2, we will present stronger hardness magnification results for
MCSP, which will utilize the explicitness of our hash construction. Then we will show in
Section 4.3 that similar techniques can be applied to obtain a bootstrapping result for explicit
obstructions (see, e.g., [10]), which formalizes the explicit proofs of circuit lower bounds. In
Section 4.4, we construct explicit obstructions and prove circuit lower bounds that tightly
match these bootstrapping results.

4.1

Hardness magnification for all sparse NP languages

We first prove the most general version of the hardness magnification result. More discussions
are presented after the proof.
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▶ Theorem 4.1. Let s = s(n) and T = T (n) be two functions such that
ω(log n) ≤ s(n) ≤ O(log2 n/ log log n), s(Θ(n/ log2 n)) = Θ(s(n)), s is non-decreasing;
nγ ≤ T (n) ≤ 2O(n) , where γ > 1 is an absolute large constant.
Then, if there is a 2s(n) -sparse language L in NTIME[T (n)], such that L cannot be computed
by probabilistic
ofisize 2n +h O(ns/ilog2 n) within error exp(−Ω(s)), it then follows
h circuits
1/5
O (n1/5 )
that NTIME T 2
⊈ SIZE 2cn
for all c > 1.
h 
i
h 1/5 i
1/5
Proof. Towards a contradiction we assume that NTIME T 2O(n ) ⊆ SIZE 2cn
for
some c > 1. Let L be a 2s(n) -sparse language in NTIME [T (n)]. We now show that L can be
computed by probabilistic circuits of size 2n + O(ns/ log2 n) within error exp(−Ω(s)).
final
Let H = Hβ,ℓ
= {Hn }n≥1 be the linear O(ℓ log1+β n)-samplable Θ(ℓ)-output exp(−Ω(ℓ))almost universal hash function in Theorem 3.9 with ℓ(n) = O(s) and β = 2, such that the
collision probability is at most 2−2s17 . The circuit complexity of each h ∈ supp(Hn ) is
bounded by 2n + O(ns/ log2 n). Since H is efficiently samplable, there is a polynomial
time algorithm M (1n , v, ·) computing the hash function corresponding to the seed v, where
|v| = O(ℓ log3 n) = O(s log3 n).18
We now define an intermediate language L′ = {(n, v, h) | ∃x ∈ {0, 1}n ∩ L, M (1n , v, x) =
h}. For any sufficiently large n, we pad the language to make the corresponding length of
5
the tuple in L′ has length exactly m = m(n) = ⌊(log(n)/(2c)) ⌋ to obtain L′′ . That is, for
sufficiently large n and v, h of appropriate length, we define
zn,v,h ≜ (n, v, h)∥1∥0m(n)−|(n,v,h)|−1
and we have
zn,v,h ∈ L′′ ⇔ (n, v, h) ∈ L′ .
Using the straightforward non-deterministic algorithm for L′ (guessing
1}niand
h x∈ {0,1/5
determine whether M (1n , v, x) = h), we can show that L′′ ∈ NTIME T 2O(m )
⊆
h
i
1/5
SIZE 2cm
, the second containment follows from our assumption.
The key in our argument is an algorithm for the sparse language L with an oracle access
to this intermediate problem L′′ , and then replace the oracle with the small size circuit by
assumption. This is formalized in the following lemma.
▶ Lemma 4.2. There is a uniform family D = {Dn }n≥1 of probabilistic oracle circuits of
size 2n + O(ns/ log2 n), such that for every input length n, the followings hold:
1. Every D ∈ supp(Dn ) contains at most one L′′ oracle gate of fan-in ⌊log5 (n)/(32c5 )⌋.
2. D decides the language L with error at most 2−s .
Proof. Consider the following probabilistic circuit family D = {Dn }n≥1 . Given input x
of length n, Dn is constructed as follows: we randomly choose a seed v to sample a hash
function hv from Hn ; and then query whether zn,v,hv (x) is in L′′ via the oracle gate, where
hv is the hash function corresponding to the seed v. The circuit complexity of Dn equals
the circuit complexity of the hash function hv , which is at most 2n + O(ns/ log2 n) by

17

In particular, assume that α is a constant such that H is exp(−αℓ)-almost universal hash function, then
we take ℓ(n) = ⌈2s/α⌉.
18
That is, for every x ∈ {0, 1}n and every seed v, we have M (1n , v, x) = hv (x), where hv is the hash
function corresponding to the seed v.
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Theorem 3.9, and every D ∈ supp(Dn ) only needs to call the L′′ oracle once with input
length m = ⌊log5 (n)/(32c5 )⌋. Clearly, by the definition of L′′ , for any x ∈ L, Dn accepts x
with probability 1. For any x ∈
/ L, we have
Pr [Dn accepts x]
v

= Pr [∃x′ ∈ L ∩ {0, 1}n s.t. h(x) = h(x′ )]
h←Hn
X
≤
Pr [h(x) = h(x′ )]
x′ ∈L∩{0,1}n

h←Hn

=2s · 2−2s
≤2−s .

◀

Now applying
h 1/5 iLemma 4.2 and replacing the oracle query by circuits using the fact that
L ∈ SIZE 2cn
, we finish the proof of Theorem 4.1.
◀
′′

We now discuss some typical choices of parameters in the above theorem. Let the sparsity
log2 n 19
parameter s(n) = log
log n .
A standard form of hardness magnification result similar to the one in [9] but quantitatively
stronger can be obtained by choosing T (n) = poly(n). Then the theorem says that, if
there exists an nlog n/ log log n -sparse language inh NP thati does not
h have
i probabilistic
O (n1/5 )
cn1/5
circuits of size 2n + O(n/ log log n), then NTIME 2
⊈ SIZE 2
for all c > 0.
By a padding argument, this implies that NP ⊈ SIZE[nc ] for all c > 0. This establishes
Theorem 1.2.
o(1)
Being less ambitious, we can let T (n) = 2nh and
i show that, even the existence of
log n/ log log n
no(1)
an n
-sparse language in NTIME 2
that does not have probabilistic


o(n1/5 )
circuits of size 2n + O(n/ log log n), would be enough to imply that NTIME 22
⊈
h o(1) i
h 1/5 i
, and hence NTIME 2n
⊈ SIZE[nc ] for all c > 0 and NEXP ⊈ P/poly ,
SIZE 2cn
which would already be a major breakthrough in circuit complexity. This establishes
Theorem 1.3.

4.2

Hardness magnification for MCSP

We now utilized the strongly explicit hash function constructed above to obtain a stronger
hardness magnification theorem for MCSP. Intuitively, this is possible since the yes-instances
of MCSP can be efficiently encoded in a much shorter string. Indeed, for MCSP[s(n)], one
only need O(s(n) log s(n)) bits to encode a small circuit, instead of 2n bits for a whole truth
table.
We assume a paddable encoding of circuits, i.e., any string x and x∥0 encode the same
circuit. This can be done with only a constant overhead. For a circuit C, we use the notation
⟨C⟩ to denote its encoding.
▶ Theorem 4.3. Let n ≤ s(n) ≤ O(n2 / log2 n) be a non-decreasing size parameter that
satisfies s(log(Θ(n/ log2 n))) = Θ(s(log n)). Let N = 2n be the truth table length. Let
g = g(n) = s(n) log s(n). If MCSP[s(n)] cannot be computed by probabilistic circuits of
2
size 2N + O(N
 N cg/
 log N ) within error exp(−Ω(g)), then there is some c ∈ (0, 1) such that
⊕P ⊈ SIZE 2
.
19

For a typical 2s(n) -sparse language in NP, consider MCSP[n1.9 ] on input length N = 2n .
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Intuition. The proof is similar to the one for Theorem 4.1, but we need to make the oracle
from Lemma 3.1 computable in ⊕P instead of in super-polynomial non-deterministic time.
Concretely, we need to slightly modify the intermediate problem so that we can make use of
the strongly explicitness of our hash construction Hfinal .
 c
Proof. Towards a contradiction, suppose that ⊕P ⊆ SIZE 2N for all c ∈ (0, 1), we now
prove that MCSP[s(n)] can be computed by probabilistic circuits of size 2N + O(N g/ log2 N )
within error 2−Ω(g(n)) .
final
Let N = 2n be the truth table length of n-input functions. Take H = Hβ,ℓ
= {HN }N ≥1
1+β
to be the linear O(ℓ log
N )-samplable Θ(ℓ)-output exp(−Ω(ℓ))-almost universal hash
function in Theorem 3.9 with ℓ(N ) = O(g(n)) = O(g(log N )) and β = 2, such that the
collision probability is at most 2−2g .20
We denote the hash function of input length N corresponding to the seed v as HN,v (·).
By the strongly explicitness (Corollary 3.15), there exists a algorithm M (N, v, i, j) running
in polylog(N ) = poly(n) time that decides whether the ith output bit depends on the j th
input bit in HN,v . Note that for a circuit C of input length n,21
HN,v (tt(C))i =

N
−1
X

M (N, v, i, j) · C(j)

(mod 2),

j=0

and M (N, v, i, j) · C(j) can be computed in poly(n, |⟨C⟩|) time, so the language Lh =
{(N, i, v, ⟨C⟩) | HN,v (tt(C))i = 1} is decidable in ⊕P. Hence if we define an intermediate
language L′ = {(N, v, h) | ∃C ∈ SIZE[s(n)], HN,v (tt(C)) = h} similar to the proof of Theorem
4.1, it is now decidable in NP given oracle access to ⊕P.
Let m = O(ℓ log3 n) be the input length of L′ . Note that L′ ∈ NP⊕P ⊆ BPP⊕P ⊆ P⊕P
/poly ⊆
⊕P/poly , where NP⊕P ⊆ BPP⊕P follows from [42] (see also [15]) and P⊕P
/poly ⊆ ⊕P/poly follows
 Nc 
⊕P
22
from ⊕P ⊆ ⊕P [37] Since ⊕P ⊆ 2
for all c ∈ (0, 1) by the assumption,
we know that

Nc
the evaluation of ⊕P/poly
circuits
can
be
computable
in
SIZE
2
for
all
c
∈
(0, 1), which
h√ i
′
implies that L ∈ SIZE N . The rest of the proof follows similar to Theorem 4.1 and the
fact that the m = O(ℓ log3 N ) = o(log5 N ).

4.3

◀

Explicit obstruction

We now formally state and prove our results regarding explicit obstructions. We begin by
formally defining the notion of explicit obstructions.
▶ Definition 4.4 (Explicit obstruction). An explicit obstruction of size S(n) computable in C
against D is a family of lists of input-output pairs O = {On }n≥1 satisfying the following.
|On | ≤ S(n) for all sufficiently large n.
There is a machine in C that prints the set On given input 1n .
For every n, On = {(xi , yi )} satisfies that xi ̸= xj for all i ̸= j.
For all sufficiently large n, and for every n-input D circuit f , there is a pair (xi , yi ) ∈ On
such that f (xi ) ̸= yi .
20

Note that since s(n) ≤ O(n2 / log2 n), we have ℓ(N ) = O(log2 N/ log log N ) and ℓ is non-decreasing.
Hence, ℓ satisfies the requirements in Theorem 3.9.
21
Here we use the notation tt(C) to represent the truth table of C. Particularly, if C is a single-output
circuit of n inputs, then tt(C) is a string of length 2n such that tt(C)i = C(i).
22
Since ⊕P⊕P ⊆ ⊕P implies that P⊕P ⊆ ⊕P, it follows that the evaluation of polynomial-size circuits
with ⊕P oracles can be computable in ⊕P, which further implies that P⊕P
⊆ ⊕P/poly .
/poly

CCC 2022

23:28

Extremely Efficient Constructions of Hash Functions with Applications

▶ Theorem 4.5. There is an absolute constant γ > 0 such that the following holds.
Let nγ ≤ T (n) ≤ 2n and log n ≤ s(n) ≤ min{O(log2 n/ log log n), log T (n)} being nondecreasing and satisfying s(Θ(n/ log2 n)) = Θ(s(n)). If there is an explicit obstruction
of size h2s(n)
 computable
i in DTIME[T
h 1/5 i(n)] against 2n + O(n/ log log n)-size circuits, then
O (n1/5 )
DTIME T 2
⊈ SIZE 2cn
for all c > 1.
Proof. Let t(n) = 2s(n) .h Towards
a i
contradiction

h we
iassume that there is some constant
O (n1/5 )
cn1/5
c > 1, such that DTIME T 2
⊆ SIZE 2
. Suppose that O = {On }n≥1 is an
explicit obstruction against 2n + O(n/ log log n) size circuits. For any sufficiently large input
length n, we suppose that On = {(xn,1 , yn,1 ), (xn,2 , yn,2 ), . . . , (xn,t(n) , yn,t(n) )}. Our goal is
to design a circuit with extremely small size, but agree with On on all its input-output pairs.
Following the similar proof outline as for Theorem 4.1, we begin by using an almost universal
hash function to kernalize the inputs from On .
final
Let H = Hℓ,β
= {Hn }n≥1 be the linear O(ℓ log1+β n)-samplable Θ(ℓ)-output exp(−Ω(ℓ))almost universal hash function in Theorem 3.9 with ℓ(n) = O(s) and β = 2 such that the
collision probability is at most 2−3s . Let n be a sufficiently large input length. We call a
hash function h good if it is perfect on the inputs in On , i.e., any two distinct inputs in
On have different hash values assigned by h. For a randomly chosen function h ← Hn , the
probability of it not being good is bounded by
Pr [∃1 ≤ i < j ≤ t(n) s.t. h(xn,i ) = h(xn,j )]
X
≤
Pr [h(xn,i ) = h(xn,j )]
h←Hn

1≤i<j≤t(n)

≤

h←Hn

 s
2
2−3s ≤ 2−s .
2

So a good hash function always exists in the support of Hn for all sufficiently large n. For
any large input length n, we arbitrarily fix such a good hash and denote its seed by vngood .
Let hv be the hash function corresponding to the seed v. We define an intermediate
language L′ = {(n, v, h) | ∃1 ≤ i ≤ t(n), yn,i = 1 ∧ hv (xn,i ) = h}. We again pad its
5
input to haveh length
exactly
⌋, and form a padded language L′′ . Then

i m = ⌊(log(n)/(2c))
h
i
√
1/5
O (m1/5 )
′′
cm1/5
L ∈ DTIME T 2
⊆ SIZE 2
. We also note that 2cm ≤ n.
Then we consider the function fn (x) ≜ L′ (n, vngood , Hn (vngood , x)), where Hn (v, ·) is the
hash function in Hn corresponding to the seed v. By an argument similar to that of
Theorem 4.1, we can show that fn can be decided by a circuit of size 2n + O(n/ log log n) +
√
n = 2n + O(n/ log log n), but totally agrees with On , contradicting to the assumption that
O is an explicit obstruction against circuits of such size.
◀

4.4

Unconditional lower bounds for sparse languages

Now we complement the results mentioned in previous subsections by constructing an explicit
obstruction against B2 circuits of size 2n − O(1) and a corresponding sparse language in P
with a 2n − O(1) probabilistic circuit lower bound. They form sharp bootstrapping thresholds
together with Theorem 4.1 and Theorem 4.5.
The main idea behind our explicit obstruction is the investigation of a combinatorial
structure in Boolean circuits called critical path introduced in [13], which was used to prove
2n − O(1) circuit lower bounds for PRFs and hash functions.
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For the simplicity of presentation, we assume without loss of generality that our circuits
are normalized, in the sense that there is no non-output gates with out-degree 0. This is
without loss of generality since redundant gates with out-degree 0 can be removed.
▶ Definition 4.6 (Critical path). Let C be a circuit, and u be an input variable of it. The
critical path of u in C is a sequence of vertices v0 , v1 , . . . , vk satisfying the following conditions:
1. v0 = u, and vi is a descendent of vi−1 for all i ≥ 1, and
2. out-degree(vi ) = 1 for all 0 ≤ i < k, and out-degree(vk ) ̸= 1.
Fix a circuit with n input bits, we can obtain a total of n critical paths. The crucial
observation in [13] is that, if all critical paths do not intersect with one another, then the
circuit must contain at least 2n − O(1) gates. This is formalized below.
▶ Lemma 4.7 ([13], Lemma 6.4). For any normalized n-input single-output circuit C with
no intersecting critical paths and no input variables with out-degree 0, the number of gates in
the circuit is at least 2n − 2.
Let O = {On ⊆ {0, 1}n × {0, 1}}n≥1 , where
On = {(x, 0) | |x| ∈ {0, 2, n − 2, n − 1}} ∪ {(x, 1) | |x| ∈ {1, n}}.
In the remaining part of the section, we will first prove that O is an explicit obstruction
against 2n−2 size circuits, and then present a general connection between explicit obstruction
and probabilistic circuit lower bounds.
Explicit obstruction. According to Lemma 4.7, we only need to prove that any circuit with
intersecting critical paths or input variables with out-degree 0 does not fully agree with O.
For circuits with input variables of out-degree 0, this can be verified straightforwardly. Now
we prove the case for circuits with intersecting critical paths.
▶ Lemma 4.8. For any circuit Cn : {0, 1}n → {0, 1} with intersecting critical paths, there
must exist a pair (x, b) ∈ On such that Cn (x) ̸= b.
Proof. Suppose that the critical paths of u and v in Cn intersect. Let G be the first gate on
the intersection. Let fG be the function computed by G. Assume that we take a restriction ρ
to all variables except u and v, and consider the restricted function Cn ↾ρ . The key observation
is that, for any ρ, there are functions ϕρ , ψρ , χρ : {0, 1} → {0, 1} such that
Cn ↾ρ (u, v) = χρ (fG (ϕρ (u), ψρ (v))).
Based on the characterization of different functions in B2 , we call a function f quadratic
if it has the form f (u, v) = ((u ⊕ c1 ) ∧ (v ⊕ c2 )) ⊕ c3 . We call a function linear if it has the
form f (u, v) = u ⊕ v ⊕ c. The pivotal point in [13] is that for a fixed pair of u and v, Cn ↾ρ
cannot be quadratic under some restriction ρ1 , then become linear under another restriction
ρ2 . However, by checking the truth table it can be verified that our construction of On
forces Cn ↾ρ to be the linear function (u, v) 7→ u ⊕ v for all-zero restriction, and the quadratic
function (u, v) 7→ u ∧ v for all-one restriction, which leads to contradiction.
◀
▶ Corollary 4.9. O is an explicit obstruction against 2n − 2 size B2 circuits.
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Probabilistic circuit lower bound. We now present a general reduction from explicit
obstruction to probabilistic circuit lower bounds for sparse languages in P.
▶ Lemma 4.10. For any circuit class C, if there exists an explicit obstruction O of size S(n)
against C, then every language agreeing with O cannot be computed by probabilistic C-circuits
1
with error probability less than S(n)
, even infinitely often.
Proof. Towards contradiction, let L be a language agreeing with O, and assume that there
1
exists a probabilistic C-circuit C computing L with error probability smaller than S(n)
, for
infinitely many n. Then for those n, we have
E [|{(x, b) ∈ On | C(x) ̸= b|}] < 1.
C

By the averaging argument, there exists a deterministic circuit that agrees with all pairs in
On . This guarantees the existence of a family of circuit in C that agrees with O on those n,
which leads to a contradiction.
◀
In particular, let L = {Ln }n≥1 be a language such that Ln ≜ {x ∈ {0, 1}n | (x, 1) ∈ On },
then it is a sparse language in P that agrees with O. Together with Corollary 4.9, we obtain
the following lower bound.
▶ Corollary 4.11. There exists a O(n)-sparse language in P that cannot be computed (even
infinitely often) by probabilistic B2 circuits of size 2n − 2 with error probability smaller than
1
2n2 .
▶ Remark 4.12. We note that the error probability in the lower bound cannot be trivially
boosted to 1/3, since the complexity overhead of error reduction is not affordable when we
are dealing with small linear-size circuits. Therefore it might be significantly more difficult
to prove a similar circuit lower bound with constant error probability.

5

Low-complexity PRFs from hash functions

In this section, we will present the consequences of our hash constructions for low-complexity
constructions of pseudorandom functions. We will discuss the Levin’s trick for PRF construction in Section 5.1, and then present our constructions of PRFs for B2 and low-depth
circuits in Section 5.2 and 5.3, respectively.

5.1

PRF and Levin’s trick

▶ Definition 5.1 (Pseudorandom functions). Let s = s(n), m = m(n), and ε = ε(n). An (s, ε)secure m-output pseudorandom function (PRF) is a family F = {Fn }n≥1 of distributions
Fn over Bn,m such that no probabilistic s(n)-time adversary could distinguish f ← Fn
from a truly random function g ← U(Bn,m ) with advantage ε(n) given oracle access to the
functions, i.e.,
Pr

f ←Fn




Af (1n ) accepts −

Pr

[Ag (1n ) accepts] < ε.

g←U (Bn,m )

for all probabilistic s(n)-time algorithm A and sufficiently large n.
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A PRF is said to be s-secure if it is (s, 1/s)-secure. In particular, a PRF is said to
be polynomially secure if it is nk -secure for all constants k ≥ 1, and it is said to be subexponentially secure if it is exp(nε )-secure for some constant ε ∈ (0, 1). Similar to the hash
functions, we define the key (seed) length, circuit complexity, composition, P-uniformity, and
POLYLOGTIME-uniformity of PRFs.
Following [23, 13], the key to construct low-complexity PRFs is Levin’s trick: the
composition of a PRF and an almost universal hash function is still a PRF.
▶ Lemma 5.2 (Levin’s trick, see, e.g., [5, 13]). Let s = s(n), m = m(n), ε = ε(n), and
δ = δ(n). The composition F ◦H of an (s, ε)-secure PRF F and a polynomial-time computable
m-output δ-almost universal hash H is an (ŝ, ε̂)-secure PRF if ŝ(n) ≤ s(m(n)) − poly(n) and
ε̂(n) ≥ ε(m(n)) + ŝ(n)2 · δ(n) for sufficiently large n.
Note that the circuit complexity of the resulting PRF mostly depends on the complexity
of the hash function, since we can reduce the complexity of the “pseudorandom kernel” by
reducing the length of the hash value. Indeed, we need to balance the complexity and security
by tuning the output length of the hash function: it should be sufficiently small to reduce
the complexity of the original PRF, while it has to be moderately large to guarantee the
security of the constructed PRF.

5.2

Low-complexity PRFs in B2 circuit

Now we discuss the low-complexity PRF construction in B2 circuits. We first introduce the
assumption for the security of our PRF construction.
▶ Assumption 5.3. There exists a sub-exponentially secure polynomial-time computable
pseudorandom function with polynomial key length.
Note that by the celebrated works of Goldreich, Goldwasser, and Micali [16], the existence
of sub-exponentially secure PRF is equivalent to the existence of sub-exponentially secure
pseudorandom generator, which is further equivalent to the existence of sub-exponentially
secure one-way function [19].

 
log2 n
▶ Theorem 5.4. Assuming Assumption 5.3, there exists an exp Ω log
-secure PRF
log n
with key length polylog(n) computable by POLYLOGTIME-uniform B2 circuits of size 2n +
O(n/ log log n) and depth polylog(n) simultaneously
Proof. Since any polynomial-time computable function can be computed by a P-uniform
polynomial-size B2 circuit, the existence of polynomial-time PRF implies the existence of PRF
computable by P-uniform polynomial-size B2 circuits. Under Assumption 5.3 we can obtain
an (exp(nε ), exp(nε ))-secure PRF F computable by P-uniform polynomial-size B2 circuits
log2 n
for an ε ∈ (0, 1). From Construction 5, Theorem 3.9, and Theorem 3.17 with ℓ = log
log n and
β = 1, we can construct a polylog(n)-samplable Θ(ℓ)-output exp(−Ω(ℓ))-almost universal
hash function H computable by POLYLOGTIME-uniform 2n + O(n/ log log n) size B2 circuits.
We increase the output length of H to m = ⌈log2/ε (n)⌉ to obtain H′ by padding constant
outputs. We now prove that F ◦ H′ is the desired exp(−Ω(ℓ))-secure PRF.
Recall that H′ is an m-output exp(−cℓ)-almost universal hash function for some constant
c ∈ (0, 1). According to Lemma 5.2, we know that for ŝ(n) ≜ exp(cℓ/4), F ◦ H′ is an ŝ-secure
PRF, since for sufficiently large n,
exp(mε ) − poly(n) ≥ exp(log2 n) − poly(n) ≥ ŝ,
exp(−mε ) + ŝ2 · exp(−cℓ) ≤ exp(− log2 n) + exp(−cℓ/2) ≤

1
.
ŝ

CCC 2022

23:32

Extremely Efficient Constructions of Hash Functions with Applications

Because the key of F ◦ H′ consists of the seed of H′ (with input length n) and the key of F
(with input length m), the key length would be polylog(n) + poly(m) = polylog(n).
It is straightforward to verify that F ◦ H′ can be computed by B2 circuits of size
2n + O(n/ log log n) and depth polylog(n) + poly(m) = polylog(n), so it remains to show that
the circuit computing it is POLYLOGTIME-uniform. We only demonstrate the evaluation of
function EDGE(n, v, i, j) (i.e., the j th input node of the ith node in the circuit computing
function keyed by v) and remark that the evaluations of other functions (SIZE, TYPE, and
OUT) can be done in a similar way.
Given a key v = v1 ∥v2 where v1 is the seed for H′ and v2 is the key for F , we firstly decide
whether the ith node is inside the hash H′ or the PRF F (which can be done since we can
compute the number of nodes in H in polylog(n) time given v1 ). In the former case, we can
use the EDGE(n, v1 , ·, ·) function for the hash function H′ , since it is POLYLOGTIME-uniform.
In the latter case, we can draw the circuit computing F given key v2 in polylog(n) time (since
F is P-uniform, and the input length is m = polylog(n)), and then find out the j th input
node of the ith node.
◀
▶ Remark 5.5. It can be easily verified that if we do not require the PRF to be computable
within polylog(n) depth, we can in fact rely on the following (possibly) weaker assumption:
the existence of exp(nε/4 )-time computable exp(nε )-secure PRFs with polynomial key length
for an ε > 023 . By [16, 19] (implicitly), this assumption follows from the existence of
exp(nε/8 )-time computable OWFs against any exp(nε )-time adversary for an ε > 0. We stick
to Assumption 5.3 since it has been a quite standard assumption.

5.3

Low-complexity PRFs in low-depth circuits

To construct efficient PRFs in low-depth circuit classes such as NC1 and AC0 [2] using our
low-complexity hash functions, we need to rely on the existence of low-depth PRFs. In
particular, we will need the existence of (sub-exponentially secure) NC1 PRFs to construct
efficient NC1 and AC0 [2] PRFs.
▶ Assumption 5.6 (NC1 PRF). There exists a sub-exponentially secure PRF with polynomial
key length computable by P-uniform polynomial-size NC1 circuits.
Note that it is unknown whether such assumption can be reduced to more elementary
ones such as the existence of certain kinds of one-way functions. Nevertheless, it follows from
standard cryptographic assumptions such as sub-exponential decisional Diffie-Hellman [33]
or sub-exponential Ring Learning-with-Error [4].

 
log2 n
▶ Theorem 5.7. There exists a exp Ω log
-secure PRF with polylog(n) key length
log n
computable by POLYLOGTIME-uniform B2 circuits of size 2n + O(n/ log log n) and depth
log n + O(log log n) simultaneously under Assumption 5.6.
Proof. We will use the construction in the proof of Theorem 5.4 by replacing the PRF
F with a PRF computable by P-uniform NC1 circuits. We only check the circuit depth
of the construction since other properties can be established similarly as in the proof of
Theorem 5.4. By Theorem 3.17, the B2 circuit computing the hash function H (and H′ ) in
23

The POLYLOGTIME-uniformity follows from the folklore simulation of P algorithms by POLYLOGTIMEuniform circuits (see, e.g., [29]).

L. Chen, J. Li, and T. Yang

23:33

the proof of Theorem 5.4 has depth log n + O(1). Since the output length of H′ (i.e., the
input length of the original PRF) is polylog(n), the depth of the original PRF would be
log(polylog(n)) = O(log log n). Therefore the total depth would be log n + O(log log n). ◀
To construct AC0 [2] PRFs from Assumption 5.6, we need a folklore reduction from
logarithmic depth circuits to AC0 circuits. In particular, we show how to transform a
ε
polynomial-size NC1 circuit to an AC0 circuit of size 2O(n ) and depth O(1/ε).
▶ Lemma 5.8. Let f be a function computable by P-uniform NC1 circuits. For any constant
ε
ε > 0, f is computable by POLYLOGTIME-uniform AC0 circuits of 2O(n ) size and O(1/ε)
depth.
Proof. Suppose that f is computable by an NC1 circuit C of depth d log n. Let k = d/ε.
We partition C into k layers of chunks, each of depth ε log n. In such case, each chunk only
depends on O(2ε log n ) = O(nε ) number of gates, so we can expand it into a CNF of size
ε
ε
2O(n ) . After expanding all the chunks, we get an AC0 circuit C ′ of size 2O(n ) and depth
2k = O(1/ε).
ε
Let N = 2O(n ) be the size of C ′ . To show the uniformity, we observe that to compute
the local structure of a gate, we only need to evaluate one of the chunks on a given input,
which can be done in poly(n) = polylog(N ) time.
◀
 

log2 n
▶ Theorem 5.9. There exists a exp Ω log
-secure PRF with polylog(n) key length
log n
computable by POLYLOGTIME-uniform AC0 [2] circuits with 2n + O(n/ log log n) wires under
Assumption 5.6.
Proof. We will use the construction in the proof of Theorem 5.4 by replacing the PRF F with
a PRF computable by P-uniform NC1 circuits. Suppose that the parameter m in the proof
of Theorem 5.4 is at most logc n. Initiating Lemma 5.8 with ε = 1/(2c),
we can compute
√
0
O( log n)
the PRF F with an POLYLOGTIME-uniform AC circuit with 2
= no(1) wires. It
immediately follows that our PRF construction is computable by POLYLOGTIME-uniform
AC0 [2] circuits with 2n + O(n/ log log n) wires. The other parts are the same as the proof of
Theorem 5.4.
◀
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Strongly explicit high-girth graphs

In this section, we will examine the construction of bipartite high-girth graphs of Lazebnik and
Ustimenko [27], and verify that it is indeed strongly explicit, thereby proving Theorem 2.12.
Let q be an odd prime power. Let P and L be two infinite sequences of elements from Fq
indexed as follows:
P = p1 , p1,1 , p1,2 , p2,1 , p2,2 , p′2,2 , p3,2 , . . . , pi,i+1 , pi+1,i , pi+1,i+1 , p′i+1,i+1 , pi+1,i+2 , . . .
′
′
L = l1 , l1,1 , l1,2 , l2,1 , l2,2 , l2,2
, l3,2 , . . . , li,i+1 , li+1,i , li+1,i+1 , li+1,i+1
, li+1,i+2 , . . . .

The names P and L mean points and lines, respectively, due to certain geometric intuition of
the construction. We say P is incident with L if they satisfy the following set of equations

l − pi,i = l1 pi−1,i



 i,i


l1,1 − p1,1 = l1 p1
 l ′ − p′ = l
i,i−1 p1
i,i
i,i
E1 = l1,2 − p1,2 = l1,1 p1 , Ei =
(∀i ≥ 2)
(3)

li,i+1 − pi,i+1 = li,i p1




l2,1 − p2,1 = l1 p1,1

li+1,i − pi+1,i = l1 p′i,i
One can verify that for every point P , a line L incident with it is uniquely determined by
l1 , since all other coordinates of L can be computed from the equations above iteratively.
Similarly for every line L, a point P incident with it is uniquely determined by p1 .
Let Pk ∈ Fkq be the length-k prefix of P , and Lk ∈ Fkq be the length-k prefix of L. We
define D(k, q) = (V1 , V2 , E ⊆ V1 × V2 ) to be the following bipartite graph:
V1 = V2 = Fkq ;
(u, v) ∈ E ⇐⇒ ∃(P, L), P is incident with L, u = Pk , and v = Lk .
Equivalently, u and v are connected if and only if they satisfy the first k equations of ∪i Ei
in (3). Note that |V1 | = |V2 | = q k , |E| = q k+1 , and the graph is q-regular.
▶ Theorem A.1 (Lazebnik and Ustimenko [27]). Let k ≥ 3 be an odd integer and q be an odd
prime power. Then the girth of D(k, q) is at least k + 5.
For our purpose, it is sufficient to consider q = pr for prime p = O(1). To construct
the graph explicitly, we need to evaluation field operations over Fq for a prime power q in
polylog(q) time, for which we need a representation of Fq . Recall that Fq is isomorphic to
Fp [x]/(Q(x)) for any irreducible degree-r polynomial Q ∈ Fp [x]. So the explicit representation
of Fq follows from the construction of irreducible polynomials by Shoup [39].
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▶ Theorem A.2 (Shoup [39]). There is a deterministic algorithm that constructs a degree-n
irreducible polynomial over Fp given an integer n and a prime power p in poly(n, p) time.
Now we check that D(k, q) is strongly explicit, in the sense that given the index i of
an edge, we can obtain the indices j1 and j2 in poly(k, log q) time such that the ith edge
connects the j1th vertex in V1 and the j2th vertex in V2 . Let q = pr for a prime p = O(1). We
number the vertices and edges as follows.
1. We identify the elements in the finite field Fq as length-r vectors from [p]r , and number
all the elements in the lexicographic order.
2. We identify the vertices in both V1 and V2 (that are length k sequences of elements in
Fq ) as length-kr vectors from [p]kr , and number them in the lexicographic order.
3. For any i ∈ [q k ] and j ∈ [q], the (iq + j)th edge connects the ith vertex P in V1 and the
unique vertex L = (l1 , . . . ) in V2 connected to P such that l1 is the j th element in Fq .
Under such a numbering scheme, given the index iq + j of an edge with i ∈ [q k ] and j ∈ [q],
we can easily determine its two endpoints in poly(k, log q) time.
Now we are ready to prove Theorem 2.12.
▶ Remainder of Theorem 2.12. Let r = r(n) = no(1) be a parameter. For every sufficiently
large n, there exists an m = Θ( nr ) and a regular graph Gm,n with m vertices, n edges, and
n
girth Ω( log
log r ). Moreover, there exists a polylog(n)-time algorithm A(n, i) for i ∈ [n] that
outputs the indices of the two endpoints of the ith edge in Gm,n , and a polylog(n)-time
algorithm B(n, i, j) for i ∈ [m] that outputs the j th edge attaching to the ith vertex.
Proof. Let q be the power of 3 in the interval [r, 3r). Applying Theorem A.2, we construct
a fixed representation of Fq in polylog(q) time so that the field operations over Fq can be
evaluated in polylog(q) time. Let k ≜ ⌊logq n⌋ − 1 (i.e., k is the largest integer such that
q k+1 ≤ n), ℓ ≜ ⌈n/q k+1 ⌉, and m ≜ 2q k ℓ. Note that


n
n
2n 2q k+1
k
m ≤ 2q
+
1
=
+
≤
O
,
q k+1
q
q
r


n
n
,
m ≥ 2q k · k+1 ≥ Ω
q
r
and therefore m = Θ(n/r). Now we construct a graph Gm,n with ℓ connected components as
follows. Each of the first ℓ − 1 connected components is a copy of D(q, k) with 2q k vertices
and q k+1 edges. The last connected component is a subgraph of D(q, k) with 2q k vertices
but only the first n − q k+1 (ℓ − 1) edges.
By Theorem A.1, it is easy to see that the girth of Gm,n is at least k = Ω(log n/ log q) =
n
Ω( log
log r ). According to our numbering scheme and related discussions, it is also easy to verify
that given an edge index i, we can compute the two endpoints of the ith edge in Gm,n in
polylog(n) time. Furthermore, the j th edge attaching to the ith vertex can be easily computed
since each of the q edges attaching to the ith vertex is uniquely determined by l1 ∈ Fq or
p1 ∈ Fq (see Equation 3).
◀
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Introduction

Many combinatorial optimization problems are NP-hard, and so there is little hope to solve
them in polynomial time. This has motivated the study of polynomial-time approximation
algorithms to solve optimization problems, which has revealed a surprising landscape. While
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they are equivalent as decision problems (under polynomial-time reductions), NP-complete
problems behave radically different from the point of view of approximability. Specifically,
known approximation algorithms for NP-complete problems sometimes achieve approximations to within any constant, sometimes only to within a certain constant, and sometimes do
not even achieve a constant approximation.
This differing behavior is justified via results in the area of hardness of approximation.
For a given NP-complete problem, the goal is to prove that it is NP-hard to approximate
the problem to better than a certain approximation ratio (e.g., better than 1/2). Ideally,
this ratio would match the best known approximation algorithm, thereby ruling out better
approximation algorithms.
The key tool used to establish hardness of approximation for NP-complete problems are
probabilistic proofs [13]. For example, the PCP theorem [6, 5] says that every language in
NP can be decided via a verifier that reads O(1) bits from a polynomial-length proof, and in
turn this implies, e.g., that the value of 3SAT cannot be approximated to within an arbitrary
constant.
More generally, improvements in PCP constructions imply hardness results for corresponding constraint satisfaction problems (CSPs). Yet, there are numerous problems of interest
that are not CSPs, and for which we wish to understand their behavior with respect to
inapproximability.

Hardness of approximation beyond NP
Prior work has investigated hardness of approximation for natural problems in other complexity classes. In one direction, PCP-like theorems for fine-grained complexity have been used
to establish hardness results for problems within the complexity class P (see [1, 3, 2, 9, 8]).
In the other direction, several works study the inapproximability of two-player CSPs. A
CSP can be viewed as a one-player game where the player wishes to maximize the number
of satisfied constraints; this view naturally leads to two-player CSPs played in moves. Ko
and Lin [17] proved the inapproximability of two-player CSPs with k moves, based on the
hardness of the k-th level of the Polynomial Hierarchy. Haviv, Regev, and Ta-Shma [16]
proved that this inapproximability result holds even when each variable occurs O(1) times.

SCSPs and their hardness
In this paper, we study the hardness of approximating a natural class of problems known as
stochastic constraint satisfaction problems (SCSPs), also known as games against nature [19].
Informally, they are two-player CSPs where one player is an adversary and the other player
is a (public-coin) referee that plays random moves.
▶ Definition 1 (informal). An SCSP Φ with k alternations is a list of constraints C1 , . . . , Cm
over variables that are grouped into 2k blocks and take on values over an alphabet Σ. The
SCSP has arity q if each constraint depends on at most q variables. An assignment for Φ is
defined by two players who alternate in setting values to a designated block of variables with
one player choosing their assignments uniformly at random and the other player trying to
maximize the number of satisfied clauses. The value of Φ is the expected fraction of clauses
satisfied in this process.
The hardness of approximating the value of SCSPs, to within a constant factor, has
been studied in a line of works. Let AM[k] be the class of languages that have a k-round
public-coin IP with constant soundness error. Drucker [12] extended the PCP theorem to the
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stochastic setting, showing that it is AM[1]-complete to approximate the value of SCSPs with
one alternation (k = 1) and arity q = O(1). Subsequently, [4] showed that, for every k, it is
AM[k]-complete to approximate the value of SCSPs with k alternations and arity q = O(k).
In the regime of many alternations, Condon, Feigenbaum, Lund, and Shor [10] showed that
it is PSPACE-complete to approximate the value of SCSPs with k = poly alternations and
arity q = O(1). This leaves open the approximation hardness of SCSPs with k alternations
and constant arity, for general values of k:
How hard is approximating the value of SCSPs with k alternations and arity q = O(1)?
It seems reasonable to hypothesize that it is AM[k]-hard to approximate SCSPs with k
alternations.
Note that Goldreich, Vadhan, and Wigderson [14] showed that AM[k] ̸= AM[o(k)] (under
reasonable hardness assumptions), meaning that increasing the round complexity k adds
more power to the complexity class AM[k]. For sufficiently many rounds, we know that
IP = PSPACE [18, 21]. Thus, it is imperative to understand the approximation hardness of
SCSPs with k alternations while respecting the different regimes for k.

SCSP hardness from IOPs
The above results are derived (implicitly or explicitly) by leveraging the connection between
SCSPs and the PCP analog of interactive proofs, called interactive oracle proofs (IOPs)
[7, 20]. A k-round (public-coin) IOP is a k-round (public-coin) IP where the verifier has
PCP-like access to each prover message: after the interaction, the verifier probabilistically
reads a small number of locations from the interaction transcript and then accepts or rejects.
A k-round public-coin IOP with query complexity q can be viewed as an SCSP with k
alternations and arity q (see Section 2.1). Therefore, constructions of IOPs for hard languages
imply corresponding hardness of approximation results for the resulting SCSPs. This leads
us to ask:
Does every language in AM[k] have a k-round IOP with constant query complexity?

1.1

Our results

In this paper, we establish hardness of approximation for SCSPs from (general) interactive
proofs. Moreover, we also prove that tighter hardness results can be achieved for specific
languages that are interactively reducible (a notion that we introduce).

1.1.1

On the AM hardness of SCSPs

We prove that it is AM[k]-hard to approximate the value of binary-alphabet SCSPs with k
alternations and arity max{O(1), O(k/ log | |)} ( is the instance).

x

x

▶ Theorem 2 (informal). Let L ∈ AM[k] be a language. There exists a deterministic
polynomial-time reduction that maps an instance for L to an SCSP instance Φ with binary
alphabet, k alternations, and arity max{O(1), O(k/ log | |)} such that:
if ∈ L then the value of Φ is 1;
if ∈
/ L then the value of Φ is at most 1/2.

x

x
x

x

Our improvement in arity is particularly meaningful for logarithmic round complexity:
Theorem 2 establishes that, for k(| |) = O(log | |), approximating the value of an SCSP
instance with k alternations and arity O(1) is as hard as deciding all of AM[k]. Previously,
this was known only for constant k [12, 4].

x

x
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Many results on the hardness of approximating the value of (standard) CSPs are achieved
by constructing suitable PCPs. Similarly (as was noted in [4]), by constructing a suitable
k-round IOP for a language L, one can show that approximating the value of SCSPs with k
alternations up to a constant factor is as hard as deciding L. We establish Theorem 2 using
this framework by providing a transformation that maps a k-round IP into a k-round IOP
with small query complexity.
▶ Lemma 3 (informal). Let L be a language with a k-round public-coin IP. Then L has a
k-round public-coin binary IOP where, on input , the verifier reads max{O(1), O(k/ log | |)}
bits of the interaction transcript. All other parameters are polynomially related.

x

x

Lemma 3 is surprising in light of the work of Goldreich, Vadhan, and Wigderson [14],
which shows a separation between AM[k] and AM[o(k)] (under relatively weak hardness
assumptions). Since the query complexity is smaller than the round complexity, Lemma 3
implies that the IOP verifier does not make queries to every round of the protocol. This
can be viewed as saying that the power of AM[k] is unchanged even when the verifier only
accesses O(k/ log | |) of the k rounds. In other words, reducing round complexity of publiccoin protocols reduces their power, but it is nevertheless possible to not read every round of
interaction while preserving the power.

x

1.1.2

Hardness of SCSPs from interactive reducibility

x

Theorem 2 establishes the hardness of SCSPs with k = O(log | |) alternations and arity
O(1) (over the binary alphabet), but does not work for O(1)-arity SCSPs with k = ω(log | |)
alternations.
We extend this by showing that approximating the value of O(1)-arity SCSPs with
k alternations is as hard as solving #SATk .1 In fact, we show this for a more general
class of languages that are interactively reducible, a notion that we introduce in this work.
Informally, the notion requires that it is possible to reduce, via an interactive protocol,
multiple transcripts of an IP for the relation into a single transcript. We require that the
probability of the verifier accepting conditioned on the reduced transcript be (roughly) the
minimum probability of the verifier accepting conditioned on any of the original transcripts.
See Section 2.3 for further details and discussion.
Interactive reducibility is a natural property; we show that general interactive proofs can
be seen as interactive reductions (albeit ones with bad parameters), and show interactive
reductions for the sumcheck protocol [18] and for Shamir’s protocol [21].
The notion of interactive reducibility allows us to get an optimal version of Lemma 3 for
additional languages. Let IR[k] be the class of languages that have a (1-round) interactive
reduction with k predicates (these predicates roughly align with rounds of an IP).

x

▶ Lemma 4 (informal). Let L be a language in IR[k]. Then L has an O(k)-round public-coin
IOP, with polynomial proof length, where the verifier reads O(1) bits of the interaction
transcript.
In particular, applying Lemma 4 to the sumcheck protocol yields the following (perhaps
surprising) conclusion: any k-round sumcheck protocol can be transformed to a O(k)-round
IOP where the verifier has O(1) query complexity (over the binary alphabet). Notice that
using standard PCP techniques it is only known how to achieve a similar (non-interactive)
result with exponential proof length.

1

#SATk is the restriction of #SAT to instances of size n and k(n) variables.
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Using this improved lemma, we immediately get that for every k, deciding whether a
binary-alphabet SCSP instance with O(k) alternations and arity O(1) has value 1 or value
1/2 is IR[k]-hard:
▶ Theorem 5 (informal). Let L ∈ IR[k] be a language. There exists a deterministic polynomialtime reduction that maps an instance for L to an SCSP instance Φ with binary alphabet,
O(k) alternations, and arity O(1) such that:
if ∈ L then the value of Φ is 1;
if ∈
/ L then the value of Φ is at most 1/2.

x

x
x

Using our interactive reduction for sumcheck, we know that #SATk ∈ IR[k]. Thus, by
Theorem 5, we establish that approximating the value of SCSPs with O(k) alternations
and constant arity is #SATk -hard. Similarly, using our interactive reduction for Shamir’s
protocol, we recover the result of [10], showing that approximating the value of SCSPs with
polynomially-many alternations and constant arity is PSPACE-hard.

1.1.3

Summary of results and open questions

x

We construct O(1)-query IOPs for every language in AM[k ≤ O(log | |)] or in IR[k]. Moreover,
we construct O(k/ log | |)-query IOPs for every language in AM[k]. These results establish
approximation hardness for SCSPs as follows: (a) for k = O(log | |), it is AM[k]-hard
to approximate the value of SCSPs with k alternations and constant arity; and (b) for
k = ω(log | |), it is IR[k]-hard to approximate the value of SCSPs with O(k) alternations
and constant arity, and AM[k]-hard when the SCSPs have arity O(k/ log | |). Our results
are summarized in Figure 1 together with previously known results.
Our work leaves open the AM-hardness of approximating the value of SCSPs with
k = ω(log | |) alternations and constant arity. From the perspective of IOPs, we also leave
open the basic question that we raised in the introduction: Does every language in AM[k]
have a k-round (public-coin) IOP with constant query complexity over the binary alphabet?
Our results contribute notable progress towards resolving this question (see paragraph above),
but answering the question for every regime of k remains a fascinating challenge in the theory
of probabilistic proofs.

x

x

x

x

x

hardness

alternations

arity

[10]

PSPACE

unbounded

O(1)

[this work]

IR[k]

O(k)

O(1)

[this work]

#SATk

O(k)

O(1)

[4]

AM[k]

k

O(k)

[this work]

AM[k]

k

max{O(1), O(k/ log |x|)}

[12]

AM[1]

1

O(1)

[5, 6, 11]

NP

n/a

O(1)

Figure 1 Summary of results for approximating the value of binary-alphabet SCSPs to within a
constant factor. AM[k] denotes the class of languages with k-round public-coin interactive proofs.
IR[k] denotes the class of languages with (1-round) interactive reductions with k predicates. #SATk
is the restriction of #SAT to instances of size n and k(n) variables.
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2

Techniques

We outline the main ideas behind our results. In Section 2.1 we explain a generic connection
between SCSPs and IOPs: in order to establish the hardness of approximating SCSPs, it
suffices to construct IOPs with certain properties. This will be our goal in the remaining
sections. In Section 2.2 we show how to transform k-round IPs into k-round IOPs with
query complexity max{O(1), O(k/ log | |)}. In Section 2.3 we show that for relations that
are interactively reducible we can construct O(1)-query IOPs even when those relations are
only known to have IPs with round complexity ω(log | |).

x

x

2.1

On the hardness of approximating SCSPs via IOPs

We review the generic connection between CSPs and PCPs, and then describe the analogous
connection between SCSPs and IOPs. In both cases, efficient constructions of PCPs/IOPs
imply hardness of approximation results for corresponding CSPs/SCSPs.

2.1.1

CSP hardness from PCPs

A CSP Φ is a list of boolean functions C1 , . . . , Cm over variables from a bounded alphabet
Σ. The CSP has arity q if each constraint depends on at most q variables. The goal is to
determine the maximum fraction of constraints that can be satisfied by any assignment.
We can map a non-adaptive PCP verifier V for a language L and an instance into
a CSP. The variables represent locations of the PCP string. Each choice of PCP verifier
randomness induces a corresponding constraint, whose variables are those that the PCP
verifier would have read from the PCP string. The constraint is satisfied if and only if the
PCP verifier accepts when it receives the assignment of the variables as its query answers.
The CSP’s arity equals the PCP’s query complexity.
By completeness of the PCP system, if
∈ L then there exists a PCP string that
makes the PCP verifier accept with probability 1, which in turn means that there is an
assignment that simultaneously satisfies every constraint in the CSP. By the soundness of
the PCP system, if ∈
/ L then every PCP string makes the PCP verifier accept with at most
probability 1/2, which in turn means that no assignment can satisfy more than half of the
constraints of the CSP.
Thus, distinguishing whether the CSP’s value is 1 or at most 1/2 is as hard as deciding L.

x

x

x

2.1.2

SCSP hardness from IOPs

The general connection between SCSPs (Definition 1) and IOPs is stated in the lemma below.
Recall that a k-round IOP is a k-round IP where the verifier has PCP-like access to each
prover message: the prover and verifier interact for k rounds, and after the interaction, the
verifier probabilistically reads a small number of bits from each prover message and decides
to accept or reject based on the examined locations. The randomness used in the final phase
is called decision randomness (which we distinguish from the random messages that the
verifier sends to the prover during the interaction and may be queried at only few locations).
▶ Lemma 6. Let L be a language with a non-adaptive k-round public-coin IOP with alphabet
Σ, polynomial proof length, query complexity q, decision randomness rdc , and soundness
error β.
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x

Then there exists a deterministic polynomial-time reduction that maps an instance for
L to an SCSP instance Φ with alphabet Σ, k alternations, arity q, 2rdc constraints and a
polynomial number of variables such that:
if ∈ L then the value of Φ is 1;
if ∈
/ L then the value of Φ is at most β.

x
x

Proof sketch. Let VIOP be the (non-adaptive) IOP verifier for L and let l be the (per-round)
proof length of the IOP. Given an instance , we construct the SCSP instance Φ as follows.
The SCSP has 2k blocks of l variables that align with the interaction transcript between the
IOP prover and IOP verifier (the i-th variable of the j-th block corresponds to the i-th symbol
of the j-th message of the protocol). The SCSP has a constraint Cρ for each ρ ∈ {0, 1}rdc ,
whose input variables correspond to the locations of the transcript that VIOP queries given
instance and randomness ρ; the constraint Cρ is satisfied if and only if VIOP ( ; ρ) accepts if
it reads the symbols assigned to the variables of Cρ .
The SCSP instance Φ has k alternations (corresponding to the rounds of the IOP) and
l = poly(| |) variables per alternation (corresponding to the message length) that are assigned
values in the alphabet Σ (the alphabet of the IOP). Each of its 2rdc constraints has arity q
since each constraint has as many inputs as queries made by the IOP verifier VIOP .
Finally, we analyze the value of the SCSP. By construction, there exists an IOP prover
strategy that causes the IOP verifier VIOP to accept with probability δ if and only if there
exists a strategy for the existential player in the SCSP such that the expected fraction of
constraints that are satisfied is δ (i.e., the value of Φ is at least δ). Therefore, by perfect
completeness of the IOP, if ∈ L then the value of Φ is 1. Conversely, by soundness of the
IOP, if ∈
/ L then the value of Φ is at most β.
◀

x

x

x

x

x

x

2.2

Transforming IPs into IOPs

We outline the proof of Lemma 3 (transforming an IP into an IOP with small query
complexity). In Section 2.2.1, we show how to transform a logarithmic-round IP into a
O(1)-query IOP. Then in Section 2.2.2 we extend this idea to transform a k-round IP into a
O(k/ log | |)-query IOP.

x

2.2.1

From O(log |x|)-round IP to O(1)-query IOP

x

We show how to transform a k-round public-coin IP where k = O(log | |) into an O(k)-round
public-coin IOP with the following efficiency: polynomial proof length over the binary
alphabet; constant query complexity; and logarithmic decision randomness.
First, we sketch how to transform a k-round public-coin IP (PIP , VIP ) into an O(k)-round
public-coin IOP (PIOP , VIOP ) where the verifier reads O(1) rounds (in their entirety) from the
interaction transcript. Then we explain how to ensure that the verifier queries O(1) bits in
total.

2.2.1.1

A strawman protocol

We describe a natural strategy for transforming the IP into an IOP where the verifier reads
O(1) rounds, albeit with high soundness error. The IOP prover PIOP and IOP verifier VIOP
respectively simulate the IP prover and verifier (PIP , VIP ), inducing an interaction transcript
tr = (ρ1 , a1 , . . . , ρk , ak ). At this time, however, VIOP does not read any messages from tr.
After this interaction, PIOP sends a transcript tr′ , which is allegedly equal to tr, as a single
message. Then VIOP reads tr′ and checks that tr′ is an accepting transcript for the IP verifier
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VIP . Moreover, VIOP tests consistency between tr (the real interaction) and tr′ (the alleged
copy of the interaction sent as a single message): VIOP samples a random i ∈ [k], reads the i-th
prover message and i-th verifier message in tr, and checks that these equal the corresponding
messages in tr′ .
In this IOP, VIOP reads O(1) messages from the interaction transcript, but the soundness
error of the IOP is large (even when discounting the soundness error of the underlying
IP). Indeed, it may be that a cheating IOP prover sends a malicious transcript tr′ that is
accepting but differs from the real transcript tr in one round only. In this case, VIOP catches
the inconsistency only with probability 1/k, which means that the soundness error could be
as large as 1 − 1/k.
Note that reducing this soundness error via parallel repetition would increase the number
of rounds queried by VIOP . Achieving constant soundness error would require O(k) repetitions,
resulting in an IOP verifier that reads O(k) rounds, taking us back to where we started.

2.2.1.2

Our transformation

We present a transformation that improves on the above strawman protocol, achieving a
constant soundness error for any IP that has a logarithmic number of rounds.
A malicious IOP prover in the strawman protocol has two strategies: the transcript tr′
sent as the last message either agrees with the real transcript tr on more than half of the
rounds, or it does not. If tr′ agrees with tr in less than half of the rounds, then the IOP verifier
catches this inconsistency with probability at least 1/2. Intuitively, the transformation that
we sketch below ensures that if tr′ is consistent with tr on at least half of the rounds, then
the consistent rounds must contain within them a full execution of the underlying IP. Then,
since this consistent part was generated interactively in tr, by the soundness property of the
IP, this contained transcript will be rejected with high probability. We now describe our
transformation in more detail.
Suppose that our public-coin IP has k(| |) = O(log | |) rounds and that the verifier
message in each round is r bits long. The IOP (PIOP , VIOP ) on a given instance works as
follows.
1. PIOP sets S0 := {∅} (i.e., S0 consists of the empty transcript).
2. For i = 1, . . . , 2k:
PIOP sends Si−1 .
VIOP sends a random ρi ∈ {0, 1}r (corresponding to a message of VIP ).
PIOP sets Si := Si−1 ∪ {(tr||ρi ||atr,i )}tr∈Si−1 where atr,i := PIP ( , tr||ρi ) for each tr ∈
Si−1 .
3. PIOP sends S2k and, for every i ∈ [2k], also sends Ti := Si .
4. In the decision phase, VIOP performs the checks below.
a. Subset consistency: For every i ∈ [2k], check that Ti−1 ⊆ Ti .
b. Transcript consistency: Choose a random i ∈ [2k]. Check that Si−1 = Ti−1 and
Si = Ti . Additionally, check that for every tr ∈ Si−1 there is a message atr,i such
that (tr||ρi ||atr,i ) ∈ Si , where ρi is the verifier message sent during the i-th round of
interaction.
c. Membership: Check that for every transcript tr ∈ T2k that is complete (i.e., contains
messages for all k rounds of the IP) it holds that VIP ( , tr) = 1.

x

x

x

x

x

2.2.1.3

Efficiency

We briefly discuss the main efficiency measures of the transformation.
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Query complexity. The IOP verifier reads O(1) rounds from the transcript.
Communication complexity. We argue that all messages in the protocol have length
poly(| |). For every i, |Si | ≤ 2|Si−1 | since Si contains all transcripts in Si−1 and
continuations of each of these transcripts. Since k = O(log | |), |Si | = poly(| |) for every
i. Each transcript within Si has polynomial length, so the length of these messages is
poly(| |). Finally, the sets T1 , . . . , T2k have the same sizes as S1 , . . . , S2k (respectively)
and so the prover’s final message has length poly(| |).
Decision randomness. The IOP verifier uses O(log k) = O(log | |) bits of decision
randomness.

x

x

x

2.2.1.4

x

x

x

Analysis

In this overview, we discuss soundness only, as completeness follows straightforwardly from
the construction. Let β be the soundness error of (PIP , VIP ). We show that the IOP (PIOP , VIOP )
has soundness error
   
1 2k
βIOP = max
,
·β .
2
k

x

The above expression can be made constant by applying poly(| |) parallel repetitions to

−1
(PIP , VIP ) prior to applying our transformations, until it has soundness error β ′ ≤ 2 · 2k
.
k
Fix

x ∈/ L and a cheating IOP prover P̃

S0 , ρ1 , S1 , . . . , ρ2kIP , S2k , (T0 , . . . , T2k )

IOP



. A fixed transcript of the IOP has the structure:

.

Given such a transcript, we say that an index i is consistent if: (a) Si−1 = Ti−1 and Si = Ti ;
and (b) for every tr ∈ Si−1 there is a message atr,i such that (tr||ρi ||atr,i ) ∈ Si .
Conditioned on the event that the transcript generated during the interaction has less than
k consistent indices i, VIOP rejects with probability at least 1/2 due to its check in Item 4b.
We are thus left to analyze the probability that VIOP rejects conditioned on the event that
the generated transcript has at least k consistent indices.
Fix indices i1 < · · · < ik and suppose that all these indices are consistent with respect to
the transcript. By the definition of consistency, for every j ∈ [k], Sij −1 = Tij −1 , Sij = Tij and
(tr||ρij ||atr,ij ) ∈ Sij for every tr ∈ Sij −1 . This implies that there exist ai1 , . . . , aik such that
(ρi1 ||ai1 || · · · ||ρik ||aik ) ∈ Tik . By the subset consistency check, VIOP accepts only if Tik ⊆ T2k ,
in which case (ρi1 ||ai1 || · · · ||ρik ||aik ) ∈ T2k . This transcript was generated interactively by the
prover and verifier and hence, by the soundness of the IP, VIP ( , ρi1 ||ai1 || · · · ||ρik ||aik ) = 1
with probability at most β. If the transcript is rejecting, then this is detected by VIOP in its
membership check.
The previous analysis holds for fixed indices i1 < · · · < ik . By applying the union bound
to all choices of indices, we have that, conditioned on the transcript
 generated having at
least k consistent rounds, VIOP accepts with probability at most 2k
k · β.
Putting together both (non-intersecting) events of the number of rounds consistent
with the generated
transcript, we conclude that VIOP accepts with probability at most

1 2k
max{ 2 , k · β}.

x

2.2.1.5

Achieving query complexity O(1) over the binary alphabet

The verifier in the IOP described above reads O(1) rounds (in their entirety) from the
interaction transcript, rather than O(1) bits in total. We additionally achieve this latter goal
by building on a result in [4].
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In more detail, [4] transforms a k-round public-coin IP into an O(k)-round public-coin
IOP with polynomial proof length over the binary alphabet and where the IOP verifier reads
O(1) bits from each round. We extend this to transform a k-round IOP whose verifier reads
q of the k rounds into a O(k)-round IOP whose verifier reads O(1) bits from each of O(q)
rounds. See the full version of this paper for more details.

2.2.2

IOPs from general IPs

x

The transformation described in the previous section works for O(log | |)-round IPs. However,
it cannot be directly applied to IPs with more rounds because the proof length (and thus
also the verifier running time) would be more than polynomial.
Nevertheless, we extend the transformation to work for any public-coin IP while achieving
a moderate improvement on the number of read rounds. In the main loop of the IOP, rather
than advancing each IP transcript in Si−1 by one round, advance it by O(k/ log | |) rounds
before inserting the resulting transcripts into the set Si . During its decision phase, the IOP
verifier chooses an index i and reads the entire O(k/ log | |)-round interaction done during
this iteration of the IOP. Completeness and soundness of this new transformation are similar
to the one presented in the previous section, but now the verifier reads O(k/ log | |) rounds.
The rest of the efficiency parameters are similar to the IOP described in the previous section,
except that proof length is polynomial regardless of k.
After applying the (adapted) transformation of [4], this process yields a O(k)-round IOP
with query complexity O(k/ log | |) (over the binary alphabet). This concludes the proof
sketch of Lemma 3.

x

x

x

x

Can we do better?
The construction described in this section doubles the number of transcripts stored in the set
Si relative to Si−1 . This causes a blow-up in parameters and is the reason why this approach
fails in constructing O(1)-query IOPs from IPs with super-logarithmic round complexity.
Intuitively, if we could reduce this doubling then we may be able to modify the transformation
to get O(1)-query IOPs. While we do not achieve this for general IP, we show that, using this
intuition, we can construct O(1)-query IOPs for a rich class of relations that are interactively
reducible. We discuss this notion, and corresponding new IOP constructions, in the following
section.

2.3

Interactive reducibility

In Section 2.2.1 we described how to transform an IP into an IOP with O(1) query complexity.
The new protocol kept track of a set containing all partial transcripts of the IP generated
so far in the protocol. In every round, every partial transcript in the set was advanced by
one round, and the newly advanced transcripts were added to the set held previously. This
meant that in every round, the set contains twice as many transcripts as in the previous
round. As we require polynomial proof length and verifier running time, this technique was
unable to allow reading of O(1) rounds for IPs with greater than O(log | |) rounds.
Intuitively, suppose it were possible to take multiple transcripts and reduce them into a
single transcript that in some sense preserves soundness of all of the transcripts combined.
In that case, this issue could be bypassed, and the protocol would work for IPs with
super-logarithmic round complexity. In more detail, suppose we want to reduce transcripts
tr1 , . . . , trt into a new transcript tr′ . The acceptance probability of a transcript prefix tri is the
maximum over all prover strategies of the probability that the verifier will end up accepting

x
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when continuing interaction with the prover from transcript tri . Roughly, we require that:
(a) if the acceptance probability of every tri is 1, then so is the acceptance probability of tr′ ;
and (b) if there exists some transcript tri with small acceptance probability, then (with high
probability) the acceptance probability of tr′ is also small.
In this section, we introduce the concept of interactive reducibility, which formally
captures this intuition. We exemplify this in Section 2.3.1 by describing how to reduce
multiple transcripts of the sumcheck protocol into a single transcript. Then, in Section 2.3.2,
we formally define interactive reducibility. In Section 2.3.3, we show how to adapt the protocol
described in Section 2.2.1 to work with interactive reductions and bypass the blow-up in the
original protocol. Finally, in Section 2.3.4, we discuss relations known to have interactive
reducibility.

2.3.1

An interactive reduction for sumcheck

We exemplify the notion of interactive reducibility in the case of the sumcheck protocol [18].
Below we review this protocol, and then explain how to reduce multiple transcripts into one
transcript via an interactive reduction.

2.3.1.1

The sumcheck protocol

The verifier has query access to a n-variate polynomial p of individual degree d over some
field F. The goal of the verifier is to test, for a given field element γ, whether
X
p(α1 , . . . , αn ) = γ .
α1 ,...,αn ∈{0,1}

The protocol begins with the prover sending a polynomial p̃1 of degree d, claimed to
P
equal p1 (X) := α2 ,...,αn ∈{0,1} p(X, α2 , . . . , αn ). The verifier checks that p̃1 (0) + p̃1 (1) = γ
(rejecting if not), samples a random field element r1 , and sends it to the prover. Both parties
define γ1 := p̃1 (r1 ).
This one-round interaction leads to a new sumcheck claim
X
p(r1 , α2 , . . . , αn ) = γ1 ,
α2 ,...,αn ∈{0,1}

that has the following properties: (a) if the original claim is true then the new claim is also
true; and (b) if the original claim is false then with high probability the new claim is also
false.
P
Next, the prover sends p̃2 claimed to equal p2 (X) := α3 ,...,αn ∈{0,1} p(r1 , X, α3 , . . . , αn )
and the protocol repeats as before. This process continues until the n variables are fixed
to some field elements (r1 , . . . , rn ), and the problem has been reduced to checking that
p(r1 , . . . , rn ) = γn , which the verifier can check via one query to the polynomial p.
One can associate a round j of the protocol with a list of field elements (r1 , . . . , rj ) and
a claimed sum γj , and think of that round as “reducing” a claim = ((r1 , . . . , rj ), γj ) that
P
p(r1 , . . . , rj , αj+1 , . . . , αn ) = γj into a new claim ′ = ((r1 , . . . , rj+1 ), γj+1 )
αj+1
P,...,αn ∈{0,1}
that αj+2 ,...,αn ∈{0,1} p(r1 , . . . , rj+1 , αj+2 , . . . , αn ) = γj+1 .

z
z

2.3.1.2

Reducing multiple sumcheck claims

z

z

z

We are given claims 1 , . . . , t where each i consists of (ri,1 , . . . , ri,j ) and a claimed sum
′
′
γi,j . We seek to reduce these t claims into a single claim ′ = ((r1′ , . . . , rj+1
), γj+1
) such that:

z
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z

z

z

(a) If each i is a true statement, then ′ is a true statement; and (b) If there is some i
that is a false statement, then with high probability ′ is a false statement. Notice that in
order to merge multiple sumcheck transcripts it suffices to merge multiple sumcheck claims
1 , . . . , t . Thus we will focus on merging such claims.
Before describing the reduction, we define a polynomial Iz1 ,...,zt : F → Fj that represents
a curve through the t points described by the instances 1 , . . . , t . That is, Iz1 ,...,zt (i) =
(ri,1 , . . . , ri,j ) for every i ∈ [t] (here we implicitly associate the set [t] with an arbitrary set
S ⊆ F of size t, known to all parties). By interpolation, the degree of Iz1 ,...,zt is less than t.
Given this definition, we describe the interactive reduction for the sumcheck protocol.
Prover: Send the polynomial g ∈ F[X1 , X2 ] defined as:

z

z

z

z

X

g(X1 , X2 ) :=

z

p(Iz1 ,...,zt (X1 ), X2 , αj+2 , . . . , αn ) .

(1)

αj+2 ,...,αn ∈{0,1}

Verifier: Receive a bivariate polynomial g̃ ∈ F[X1 , X2 ] of degree at most j · d · (t − 1) in
X1 and degree at most d in X2 .
P
1. Consistency: Check that for every i ∈ [t] it holds that α∈{0,1} g̃(i, α) = γi,j . (Reject
if not.)
2. Generate new instance:
(i) Sample uniformly random field elements ρ, r∗ ← F and send them to the prover.
(ii) Set (r1′ , . . . , rj′ ) := Iz1 ,...,zt (ρ) and γj+1 := g̃(ρ, r∗ ) and output the new instance

z′ :=



(r1′ , . . . , rj′ , r∗ ), γj+1



.

z

z

Analysis. It follows straightforwardly from the protocol that, if 1 , . . . , t are all true
statements and the prover acts honestly, then ′ is a true statement. We show that if any
one of the statements 1 , . . . , t is false then with high probability so is ′ .
Let g be as defined in Equation (1) with respect to 1 , . . . , t . Suppose that i is a false
P
claim (i.e., αj+1 ,...,αn ∈{0,1} p(ri,1 , . . . , ri,j , αj+1 , . . . , αn ) ̸= γi,j ). Then, by definition,

z

X

g(i, α) =

α∈{0,1}

z

z

z

X

z

z

z

p(ri,1 , . . . , ri,j , αj+1 , . . . , αn ) ̸= γi,j .

αj+1 ,...,αn ∈{0,1}

P
During its consistency check, the verifier checks that α∈{0,1} g̃(i, α) = γi,j . Thus, in order
for the verifier to not reject, a cheating prover must send g̃ ̸= g. By the Schwartz–Zippel
lemma, since g and g̃ are low-degree polynomials (provided that the degree d and the number
of instances being reduced t are small with respect to |F|), the probability that the uniformly
chosen ρ and r∗ are such that g̃(ρ, r∗ ) = g(ρ, r∗ ) is small. Whenever g̃(ρ, r∗ ) ̸= g(ρ, r∗ ) we
have that
X
p(r1′ , . . . , rj′ , r∗ , αj+2 , . . . , αn ) = g(ρ, r∗ ) ̸= g̃(ρ, r∗ ) = γj+1 ,
αj+2 ,...,αn ∈{0,1}

and so the resulting statement

2.3.2

z′ := ((r1′ , . . . , rj′ , r∗ ), γj+1 ) is false.

Defining interactive reducibility

We define interactive reducibility, which captures the capability of merging multiple transcripts/instances into a single transcript/instance while preserving correctness and soundness.
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▶ Definition 7. An ℓ-round public-coin protocol (PIR , VIR ) where VIR runs in polynomial time
is an interactive reduction for a relation R with k predicates and soundness error ε if
there exists a sequence of predicates f0 , f1 , . . . , fk such that the following holds.
Completeness: For every ( , ) ∈ R, j ∈ [k], and 1 , . . . , t such that fj−1 ( , i ) = 1
for every i ∈ [t], it holds that:

xw

xz

z

z

xz

z′ ← ⟨P (x, w, z1 , . . . , zt ), V (x, z1 , . . . , zt )⟩  = 1 .
For every x ∈
/ L(R), j ∈ [k], and z1 , . . . , zt , if there exists i ∈ [t] where


Pr fj ( , ′ ) = 1

IR

IR

Soundness:
fj−1 ( , i ) = 0 then for every (computationally unbounded) P̃IR it holds that:

xz

xz

z′ ← ⟨P̃ , V (x, z1 , . . . , zt )⟩  ≤ ε(x, t)
Relation identity: f0 (x, z) = 1 if and only if x ∈ L(R).
Triviality: fk (x, z) can be computed in time poly(|x|, |z|).
We call x the base instance and z1 , . . . , zt round instances.

Pr fj ( , ′ ) = 1

IR

IR

.

An interactive reduction (PIR , VIR ) has (polynomially) bounded output length if there
exists c ∈ N such that, for every base instance , witness , and round instances 1 , . . . , t ,
the new instance ′ output by (PIR , VIR ) on inputs ( , , 1 , . . . , t ) has length at most | |c .

x

z

2.3.3

w
xwz

z

z

z
x

IOPs from interactive reducibility

We show that any relation with an ℓ-round interactive reduction with k predicates (and
bounded output length) has a (ℓ · k)-round public-coin IOP with query complexity O(k).
This is a variation of the protocol described in Section 2.2, adapted to work with interactive
reducibility. For simplicity, in this overview, we present the protocol only for the case ℓ = 1
(such as the sumcheck protocol).
To aid with notation, in the description of the protocol, we replace the set Si (which
in Section 2.2.1 contained the set of all transcripts generated up until the i-th iteration) with
an array Ai where Ai [j] contains all of the round instances generated in the i-th iteration
that are associated with the j-th predicate of the interactive reduction. In iteration i, the
interactive reduction will be run k times in parallel, where for every j ∈ [k] we run given the
round instances stored in Ai−1 [j].

2.3.3.1

The protocol

Let (PIR , VIR ) be a one-round interactive reduction for R with k predicates. The IOP prover
PIOP receives as input an instance and witness , and the IOP verifier VIOP receives as
input the instance . They interact as follows.
1. For every i ∈ {0, . . . , 2k}, PIOP defines the (k + 1)-entry array Ai as follows

x

x

(
Ai [j] :=

{⊥}

if j = 0

∅

if j ∈ {1, . . . , k}

w

.

The set Ai [j] will store all instances corresponding to fj collected by iteration i of the
protocol.
2. For i = 1, . . . , 2k:
a. PIOP sends Ai−1 to VIOP .
b. VIOP sends a random ρi ← {0, 1}r (this corresponds to a message of VIR ).
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xw
x

c. PIOP sends ai,j := PIR ( , , Ai−1 [j − 1], ρi ) for all j ∈ [k], and sets Ai [j] := Ai−1 [j] ∪
{ i,j } where i,j := VIR ( , Ai−1 [j −1], ρi , ai,j ) is the output of the interactive reduction
verifier given base instance , round instances Ai−1 [j − 1], verifier randomness ρi , and
prover reply ai,j .
3. PIOP sends A2k and, for every i ∈ {0, . . . , 2k}, sends Bi := Ai . This concludes the
interaction.
4. In the decision phase, VIOP is given oracle access to a transcript with the following
structure:

z

z

x

(A0 , ρ1 , (a1,1 , . . . , a1,k ) , A1 , . . . , ρ2k , (a2k,1 , . . . , a2k,k ) , A2k , (B0 , . . . , B2k )) .
VIOP performs the checks below.
a. Subset consistency. Read the arrays B0 , B1 , . . . , B2k in their entirety. For every i ∈ [2k]
and j ∈ {0, . . . , k} check that Bi−1 [j] ⊆ Bi [j].
b. Transcript consistency. Sample a random i ∈ [2ℓ]. Read the arrays Ai−1 and Ai sent
by PIOP and the interaction ρi and (ai,1 , . . . , ai,ℓ ).
i. Check that Ai−1 = Bi−1 and Ai = Bi .
ii. For every j ∈ [k], check that Ai [j] = Ai−1 [j] ∪ { ′i,j } where

z

z′i,j := V (x, Ai−1 [j − 1], ρi , ai,j )
IR

,

x

is the output of the interactive reduction verifier given base instance , round
instances Ai−1 [j − 1], verifier randomness ρi , and prover reply ai,j . (Reject if VIR
rejects.)
c. Final predicate holds. Check that fk ( , ) = 1 for every ∈ B2k [k].

xz

2.3.3.2

z

Analysis


The protocol has perfect completeness and soundness error max{ 12 , 2·k
k · k · ϵ} where k is the
number of predicates and ϵ is the soundness of the interactive reduction respectively. This can
be shown in a similar manner to that described in Section 2.2.1. The main difference between
the two protocols is in the analysis of the proof length. In the protocol of Section 2.2.1 the
number of sent transcripts doubled in each round. In contrast, in the new protocol, one round
instance is added for each predicate. In more detail, for every i ∈ [2k] and j ∈ [k], we have
|Ai [j]| = |Ai−1 [j]| + 1. Since k = poly(| |), the total number of round instances generated
and sent is polynomial in | |. If the interactive reduction has bounded output length, then
each of these round instances has polynomially-bounded length. We can therefore conclude
that the overall proof length is poly(| |).

x

x

x

2.3.4

Relations with interactive reducibility

Several relations of interest have interactive reductions.

2.3.4.1

General IPs

We show that any relation with a k-round interactive proof has an m-round interactive
reduction with k/m predicates (for any m that divides k). To see this, consider round
instances that are sets of j-message partial transcripts of the IP. The interactive reduction
advances each of the transcripts in the set by m rounds, as in the IP. The predicates are
defined with respect to the “state function” of the IP, which roughly denotes whether the
prover has an accepting strategy with respect to this transcript or whether no strategy will

z

z
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cause the verifier to accept with high probability (over the remaining interaction). See the
full version of this paper for a formal definition of the state function of an IP through the
concept of round-by-round soundness.
Notice that if this interactive reduction is used in the protocol of Section 2.3.3, this yields
the protocol described in Section 2.2.1. This interactive reduction does not have bounded
output length since the new round instance stores all of the previous transcripts and their
continuations. Therefore the resulting IOP does not achieve O(1) total query complexity.

2.3.4.2

Sumcheck protocol

Using the ideas described in Section 2.3.2, we show that any relation that can be reduced
into k-variate sumcheck has a one-round interactive reduction with k predicates and bounded
output length. As a result, any relation that can be reduced into k-variate sumcheck has a
O(k)-round public-coin IOP with query complexity O(1).

2.3.4.3

Shamir’s protocol

Shamir’s protocol [21] gives an IP for all of PSPACE, thereby showing the IP = PSPACE
theorem. Extending the ideas developed in Section 2.3.2, we show a one-round interactive
reduction with bounded output length and polynomially-many predicates for Shamir’s
protocol. This establishes that every language in PSPACE has a poly(| |)-round public-coin
IOP with query complexity O(1).

x

2.3.4.4

Future directions

We leave the exploration of what other relations have interactive reductions to future work.
Following the extensive use of polynomials in both the sumcheck protocol and Shamir’s
protocol, it seems likely that these techniques can be adapted to also work for low-depth
circuits through the delegation protocol in [15].
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Introduction

Average-case complexity has been studied extensively in computational complexity theory.
In the theory of average-case complexity, the computational cost of solving a distributional
problem (L, D) well on average is investigated, where L is a language, and D is a polynomialtime samplable distribution on instances. Average-case complexity depends on the definition
of “average-case easiness,” and there are at least two natural ways to formulate this: errorless
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and error-prone 1 average-case easiness. In both formulations, an efficient algorithm needs to
output a correct answer with high probability over a choice of random instances sampled
from distribution D. The difference is in the requirement when the algorithm cannot solve
an instance. In the errorless setting, the algorithm is not allowed to output a wrong answer;
instead, it is allowed to output a special symbol ⊥, which represents the failure of the
algorithm. In the error-prone setting, an algorithm is allowed to output a wrong answer,
provided that the error probability of the algorithm is small.
The difference between the two notions originates from two different motivations of
studying average-case complexity. On one hand, Levin [29] laid the foundation of the theory
of average-case complexity of NP and introduced the notion of average-case polynomial-time,
which is equivalent to errorless heuristic schemes [24, 7]. The motivation of Levin is to
clarify which distributional NP problems are hard, as some NP-complete problems are indeed
easy on average with respect to natural distributions. Levin proved the distributional NPcompleteness of a problem called the tiling problem. Although Levin’s theory is applicable
to both of the average-case notions, it is more natural to consider the notion of errorless
average-case easiness in this context: Practical heuristic algorithms, such as SAT solvers,
can be considered as errorless heuristics. A SAT solver is usually guaranteed to output the
correct answer if it halts, but the solver may “fail” on some instances, i.e., may require a
long time to halt on some instances. Levin’s theory demonstrates that some distributional
NP problems are hard and are unlikely to be solved by such heuristic algorithms. On the
other hand, the errorless notion is not (necessarily) appropriate for discussing the security
of cryptographic primitives. The foundational work of Blum and Micali [6] and Yao [44]
demonstrated that error-prone average-case hardness of some distributional NP problems
is useful to build cryptographic primitives. Closing the gap between the errorless and
error-prone average-case notions would unify the two motivations of studying average-case
complexity. In his influential paper, Impagliazzo [24] explicitly raised this question as an
important research direction. The question can be formally stated as follows.
▶ Question 1. Is DistNP ⊆ HeurP equivalent to DistNP ⊆ AvgP?
Here, AvgP (resp. HeurP) denotes the class of distributional problems solvable on average
by a polynomial-time algorithm in the errorless (resp. error-prone) setting; see Section 3.1
for a formal definition. DistNP denotes the class of distributional NP problems, i.e., DistNP =
{(L, D) : L ∈ NP and D is a polynomial-time samplable distribution}.
Giving an affirmative answer to Question 1 is necessary for basing the security of
cryptography on the worst-case hardness of NP. An additional motivation was recently
provided by Hirahara and Santhanam [22]: they identified a deep connection between
the question of errorless versus error-prone average-case complexities and the question of
constructing an instance checker for NP, which is another long-standing and important open
question raised in the seminal work of Blum and Kannan [5].
Despite its importance, there does not seem to be an effective method for addressing this
question, so it is natural to ask whether there is a technical barrier. This meta-approach is
often considered in computational complexity theory and is useful for excluding hopeless proof
techniques from consideration. For example, proof techniques that are captured by standard
frameworks, such as relativization [4], natural proofs [38], and algebrization [1], are known to
be incapable of resolving the P versus NP question. However, to the best of our knowledge,

1

It is originally called the “heuristic” complexity, and the term “error-prone” is due to the follow-up
work [22].

S. Hirahara and M. Nanashima

25:3

there is no barrier for the question of errorless versus error-prone average-case complexities.
In fact, Impagliazzo [24, 25] raised the open question of presenting a relativization barrier to
Question 1.
▶ Question 2. Is there an oracle O such that DistNPO ⊈ AvgPO and DistNPO ⊆ HeurPO ?
The main contribution of this study is to resolve this decade-old open question affirmatively.
Before presenting the details of our results, we review the recent progress in complexity
theory that demonstrates the notable power of the errorless average-case easiness of NP
by relativizing proof techniques. Along the way, we provide additional questions related
to errorless versus error-prone average-case complexities. We refer to the possible world
in which DistNP ⊆ AvgP (resp. DistNP ⊆ HeurP) but P ̸= NP as errorless Heuristica (resp.
error-prone Heuristica). In any relativized errorless Heuristica, the following computational
tasks regarding worst-case complexity are proved to be feasible.

Errorless Heuristica I: Approximating Complexity (Meta-Complexity)
Meta-complexity is a field that studies the computational complexity of determining computational complexity. One central meta-computational problem is MINKT; for an input
(x, t) ∈ {0, 1}n × N, MINKT is the problem of determining the minimum description length
of the program that prints x in t time, i.e., the t-time-bounded Kolmogorov complexity of
n
x. Another well-studied problem is MCSP; for an input x ∈ {0, 1}2 (regarded as the truth
table of a function), MCSP is the problem of determining the minimum size of the n-input
circuit whose truth table corresponds to x, i.e., the circuit complexity of x.
Hirahara [16] revealed that the approximation versions of the aforementioned problems
are efficiently solvable in the worst case based on the errorless average-case easiness. For every
σ : N × N → N, let Gapσ MINKT denote the problem of approximating the t-time-bounded
Kolmogorov complexity of x ∈ {0, 1}n within an additive error term σ(·, n). For every
ϵ ∈ [0, 1], let Gapϵ MCSP denote the problem of approximating the circuit complexity of
n
x ∈ {0, 1}2 within a multiplicative approximation factor 2(1−ϵ)n . The formal definitions of
these problems are presented in Section 3.2, where they are defined as promise problems.
Hirahara’s theorem is stated as follows.
√
▶ Theorem 1 ([16]). If DistNP ⊆ AvgP, then there exist a function σ(s, n) = s · polylog(n)
and a constant ϵ > 0 such that Gapσ MINKT ∈ pr-ZPP and Gapϵ MCSP ∈ pr-BPP. Furthermore,
these results are relativized.2

Errorless Heuristica II: PAC Learning
PAC (Probably Approximately Correct) learning is one of the well studied subjects in
theoretical computer science, introduced by Valiant [40]. In the PAC learning model, a
learner is required to learn all target functions f in the target class on all unknown example
distributions D, i.e., the learner constructs a good approximator for f from passively collected
data of the form (x, f (x)), where each x (called an example) is selected according to D.
In other words, the performance of the learner is measured by the worst-case analysis on
target functions and example distributions, and this task is not directly captured as a

2

A subsequent result [18] improved the approximation errors using a potentially non-relativizing proof
technique of [9].
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distributional problem. Nevertheless, Hirahara and Nanashima [20] revealed that these
worst-case requirements in PAC learning are performed based on only the average-case
easiness of NP under a natural computational assumption on example distributions.
▶ Theorem 2 ([20]). If DistNP ⊆ AvgP, then P/poly is PAC learnable in polynomial time on
all unknown P/poly-samplable example distributions. Furthermore, this result is relativized.

Errorless Heuristica III: No Auxiliary-Input Cryptography
The aforementioned results are sufficient to break the security of any efficiently computable
auxiliary-input cryptographic primitive, as observed in [3, 21], which is yet another notable
consequence of DistNP ⊆ AvgP. An auxiliary-input primitive, introduced in [36, 37], is defined
as a family of primitives and has the weak security condition that at least one primitive in
the family is required to be secure depending on each adversary. In other words, an adversary
for an auxiliary-input primitive needs to succeed in breaking all primitives in the family,
and this task is not captured directly as a distributional NP problem. Nevertheless, we can
efficiently break any auxiliary-input cryptographic primitive in errorless Heuristica.
▶ Theorem 3. If DistNP ⊆ AvgP, then there is no auxiliary-input one-way function. Furthermore, this result is relativized.
The three theorems mentioned above demonstrate that several fascinating tasks concerning
worst-case requirements can be performed in errorless Heuristica. By contrast, there is no
result which shows the feasibility of a similar task in error-prone Heuristica. Thus, there are
two possibilities: the errorless condition is essential in the aforementioned results, or they
can be extended by similar (especially, relativizing) proof techniques. Determining which
is correct is important to understand the capability and limitation of the technique for the
worst-case to average-case reduction within NP developed by Hirahara [16]. Particularly,
a significant line of work [26, 30, 2, 23, 31, 32] shows the characterization of a one-way
function (OWF) based on the error-prone average-case hardness of several central problems
in meta-complexity, including GapMINKT and GapMCSP. Therefore, if Hirahara’s reduction
can be extended to error-prone average-case analogues of these problems, then OWFs is
characterized by the worst-case hardness of meta-computational problems. Despite many
efforts, however, extending Hirahara’s reduction is currently open. Proving Theorems 1, 2,
and 3 in error-prone Heuristica is one natural and necessary approach for this research
direction, where we consider the stronger assumption that DistNP ⊆ HeurP (instead of the
non-existence of OWFs) and attempt to solve easier problems such as breaking auxiliary-input
cryptography.
▶ Question 3. Do Theorems 1, 2, and 3 also hold in error-prone Heuristica, i.e., under the
assumption that DistNP ⊆ HeurP? Or, is there any barrier for such research directions?
In this study, we address these questions and study the difference between the errorless
average-case complexity and the error-prone average-case complexity from the perspective of
relativization.

1.1

Our results

Our main contribution is the oracle construction for separating the error-prone average-case
hardness and the errorless average-case hardness for distributional NP problems. Furthermore,
the proposed oracle also separates the error-prone average-case hardness and (i) the hardness
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of approximating complexity (i.e., the lower bound of meta-complexity), (ii) the hardness of
PAC learning, and (iii) the existence of auxiliary-input cryptographic primitives. Therefore,
the proposed oracle exhibits the relativization barrier for Question 3.
We remark several points before presenting the result. When we consider the adversary
defined as (a family of) circuits for some cryptographic primitives (e.g., auxiliary-input
primitives and hitting set generators), we regard a size function s(n) of an adversary as a
function in the length of a hidden seed instead of output of the primitive for simplicity. In
addition, we regard a time-bound function of a learning algorithm as a function in the length
of examples, i.e., the input size to the target function.
Now, we present the main theorem. The formal definition of each notion in the statement
is presented in Section 3.
▶ Theorem 4. For any constant a > 0, there exists an oracle O relative to which the following
hold:
(Error-prone average-case easiness of NP) DistNPO ⊆ HeurPO .
(Errorless average-case hardness of NP) DistNPO ⊈ AvgSIZEO [2an/ log n ].
(Lower bound of meta-complexity) Gapσ MINKTO ∈
/ pr-SIZEO [2an/ log n ] for any σ(s, n) =
o(s) · polylog(n). In addition, for each ϵ ∈ [0, 1], there exists δ ∈ (0, 1) such that
δ
Gapϵ MCSPO ∈
/ pr-SIZEO [2n ].
(Worst-case hardness of learning on uniform distributions) SIZEO [n] is not weakly PAC
learnable with membership queries (MQ) on the uniform distribution by nonuniform
O(2an/ log n )-time algorithms. Furthermore, there exists a polynomial s(n) such that
SIZEO [s(n)] is not weakly PAC learnable with MQ on the uniform distribution by nonuniform 2n /nω(1) -time algorithms.
(Average-case hardness of distribution-free learning) There exists a polynomial s(n) such
that SIZEO [s(n)] is not weakly PAC learnable on average by nonuniform O(2an/ log n )-time
algorithms. Furthermore, SIZEO [n] is not weakly PAC learnable on average by nonuniform
ϵ
O(2n )-time algorithms for some constant ϵ > 0.
(Relaxed cryptographic primitives) There exist a hitting set generator (HSG), an auxiliaryinput one-way function (AIOWF), an auxiliary-input pseudorandom generator (AIPRG),
and an auxiliary-input pseudorandom function (AIPRF) against SIZEO [2an/ log n ].
The lower bound in the oracle separation is considerably stronger than the polynomial
lower bound and holds for the nonuniform computation model.
Wee [42] constructed an oracle relative to which DistNP ⊈ HeurP, and no AIOWF exists
against P/poly, which is the opposite separation of one of our results. Combined with Wee’s
result, our results show that auxiliary-input cryptography and the error-prone average-case
hardness of NP are incomparable by any relativizing proof.

1.2

Related Work

The study of oracle separations is initiated by Baker, Gill, and, Solovay [4] to identify the
barrier for resolving the P versus NP problem. The study of the average-case complexity is
initiated by Levin [29], and later it was brushed up by Impagliazzo [24], where he introduced
the notion of five worlds. In the same paper, Impagliazzo first addressed the question on the
difference between the errorless complexity and the error-prone complexity. Each relativized
world in Impagliazzo’s five worlds is found in [4, 25, 42, 27, 8]. Specifically, Impagliazzo
ϵ
found a relativized heuristica in which DistNP ⊆ AvgP but NP ⊈ SIZE[2n ] for some ϵ > 0,
and Wee found a relativized pessiland in which DistNP ⊈ HeurP, but neither AIOWF nor
OWF exists. Watson [41] also constructed a relativized world in which there is no black-box
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Figure 1 relativization barriers in heuristica and pessiland.

worst-case to average-case reduction for NP, but the reduction presented by Hirahara [16, 18]
is non-black-box and overcomes the barrier against black-box reductions. Hirahara and
Nanashima [20] improved the oracle construction proposed by Impagliazzo to the tight
worst-case hardness of NP and also presented the relativized world in which DistNP ⊆ AvgP,
but PAC learning P/poly with MQ is sub-exponentially hard. Ko [28] showed the relativized
world in which P ̸= NP, but a gap variant of the problem called MINLT is efficiently solvable,
which is sufficient for PAC learning P/poly. Xiao [43] found the relativized world in which
PAC learning P/poly with MQ is hard, but there is no AIOWF. Ren and Santhanam [39]
presented various relativization barriers on the problems in meta-complexity, including the
relativized world in which there is no efficient and robust reduction from distributional NP
problems to the GapMINKT oracle. They also found the relativized world in which no AIOWF
exists but GapMCSP and GapMINKT are hard (even in the error-prone average case). The
oracle separation between AIOWF and OWF was discussed in [34]. The relationships among
these oracle separation results is visualized in Figure 1.
Hirahara and Santhanam [22] also addressed the errorless complexity versus error-prone
complexity problem, and they showed that the equivalence between a non-adaptive errorless to
error-prone reduction for NP and an average-case instance checker for NP. They also discussed
Question 1 for other classes of distributional problems such as DistPH and Dist(UP ∩ coUP)
and showed that Dist(UP ∩ coUP) ⊆ AvgP if and only if Dist(UP ∩ coUP) ⊆ HeurP, i.e., they
resolved Question 1 for the subclass UP ∩ coUP of NP.

2

Proof Techniques

We present ideas behind our oracle separation. The oracle construction is based on the one
presented by Impagliazzo [25], in which the worst-case hardness and the errorless average-case
easiness are separated for NP. First, we briefly review the idea and subsequently present its
adjustment for the separation between the errorless average-case hardness and the error-prone
average-case hardness for NP. For simplicity, we only consider the uniform distribution as
the distribution over instances (instead of all sampleable distributions) and a lower bound
for P/poly (instead of SIZE[2an/ log n ]) in this section.
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Oracle Separation between NP ⊈ P/poly and DistNP ⊆ AvgP
The oracle construction by Impagliazzo [25] is based on the following observation: For a
hidden random function f : {0, 1}n → {0, 1}m(n) , the answers to most NP computations
involving in f are determined by a random restriction of the truth-table of f . Therefore,
by providing access to a restrictive NP oracle A that answers correctly only if the random
restriction determines the answer (otherwise, A answers ⊥), NP problems become easy on
average. By contrast, we require all the information of f to perform all NP computations
involving in f . Thus, NP problems remain hard in the worst-case sense in the presence of A.
We review how this idea can be implemented.
The oracle in [25] consists of two oracles V and A and a hidden internal random function3
f : {0, 1}n → {0, 1}m(n) , where V represents a verification oracle for the NP relation R(x, f (x))
which makes NP worst-case hard, and A represents a restrictive NP oracle which makes
NP average-case easy while retaining the worst-case hardness. The NP oracle A is given a
description of a nondeterministic oracle machine M , an input x, and a time bound T (of
4
the form 1T to prevent the circular call for A), simulates M V,A (x) in T time, and returns
the answer, where we allow A to use only partial values of f on randomly selected positions.
If the execution is determined only by the partial information, then A returns the result;
otherwise, A returns ⊥.
The average-case easiness of NP follows from the switching lemma for DNFs, where we
regard each f (y)i as a binary variable for each input y and position i (assigned in the random
selection of f ) and M V,A (x) (executed in T time) as a m(n) · T -DNF formula4 . If there is no
query access to A by M , then the switching lemma implies that M V (x) is determined only
by the partial information of f for a large fraction of inputs x. In general cases, however, we
need to take the recursive query access to A into account. To address this issue, we introduce
a structure in f by multiple applications of random restrictions in the selection of f . Then,
4
for a given time bound 1T , we only apply from the first to iT := 2−1 log log T -th random
′4
restrictions. If M queries (M ′ , x′ , 1T ) to A in T time, then (T ′ )4 ≤ T holds. Because
iT ′ = 2−1 log log T ′ ≤ iT − 1, the answer to the query to A is determined only by up to the
iT − 1-th random restriction. Thus, under an arbitrary condition on up to the (iT − 1)-th
random restriction, all the answers from A (for executing M V,A (x) in T time) are determined
by the condition, and a certain DNF formula is determined regardless of query access to
A. Then, the average-case easiness follows from the switching lemma for the iT -th random
restriction (conditioned on up to the (iT − 1)-th random restriction). To apply the switching
lemma for the average-case easiness, the parameter for the random restriction (i.e., the unset
probability) is set to at most n−ω(1) (we require a subexponentially small parameter for the
subexponential lower bound for NP, as discussed in [20]).
By contrast, the worst-case hardness is shown by considering the NPV,A problem L =
{⟨x, i⟩ : ∃y s.t. V(x, y) = 1 and yi = 1} (in fact, L ∈ UPV,A ∩ coUPV,A ). Any polynomial-size
circuit C can only access up to the 2−1 log log poly(n) = O(log log n)-th random restriction.
Intuitively, if there still remain many unassigned values in the O(log log n)-th random
restriction, then C should guess such values at random to find the witness f (x) for L, which
implies the worst-case hardness.

3
4

This is a slightly modified analog of the original construction discussed in [20] for applying the standard
switching lemma for DNFs in the proof instead of the switching lemma on matching variables.
Specifically, the top-most ∨ is taken over a nondeterministic configuration path π for M and a choice of
f , and each term corresponds to one choice of (π, f ) such that M V (x) accepts, where ∧ in the term is
applied to verify the consistency of the values of f at the (at most m(n) · T ) points M V (x) queries.
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The aforementioned oracle yields the errorless average-case easiness because A returns ⊥
in the case in which the simulation of the given nondeterministic machine is not determined
by the random restrictions. Therefore, a natural idea to separate the errorless and error-prone
complexities is that we make A return a wrong answer in such cases. To implement this
idea, the following concerns should be addressed. First, how should the answer from A
be determined in such cases? Note that A cannot use the values of f assigned at higher
levels in the structure to identify the wrong answer because it causes a circular problem,
i.e., the DNF representing M V,A (x) is not determined only by up to the (iT − 1)-th random
restriction anymore. Second, how should a distributional problem be determined for the
errorless average-case hardness? Particularly, Hirahara and Santhanam [22] showed the
equivalence between the errorless average-case easiness and the error-prone average-case
easiness of UP ∩ coUP by relativizing proof techniques. Thus, we cannot hope to prove the
errorless average-case hardness for the same UP ∩ coUP problem L under the error-prone
average-case easiness of NP.

First Attempt for DistNP ⊈ AvgP/poly and DistNP ⊆ HeurP
The answer to the first question is relatively simple: we make A always answer 0. The
intuition behind this is that an oracle machine given 1 as an answer from A (for some
NP-type statement) can also obtain the witness for this assertion by the self-reducibility
of NP; otherwise, the oracle machine can detect the error of A and output ⊥. Thus, any
error-prone algorithm can be translated into an errorless algorithm when A answers 1 as a
wrong answer at some stage. By contrast, if A answers 0, i.e., declares “no witness,” then
there seems no efficient way to detect this error. Thus, we let A always answer 0, and this
choice is indeed crucial in the proof.
By contrast, the answer to the second question is less obvious. Our approach is to construct
a hitting set generator (HSG) instead of determining a distributional problem directly. A
HSG (against P/poly) is a (family of) efficiently computable function G : {0, 1}n → {0, 1}m(n)
which stretches the seed (i.e., m(n) > n) and hits any language recognized by a polynomialsize circuit. Specifically, if a polynomial-size circuit C accepts more than half of the strings
in {0, 1}m(n) , then C also accepts G(x) for some x ∈ {0, 1}n (for infinitely many n ∈ N).
Constructing a HSG for the errorless average-case hardness is a natural approach because
it immediately yields a natural distributional NP problem (ImG, Uniform) that is hard on
average in the errorless setting, and Hirahara [17] demonstrated the equivalence between the
errorless average-case hardness of PH and the existence of PH-computable HSGs.
A first attempt to construct a HSG is that we regard the random function f : {0, 1}n →
{0, 1}m(n) as a generator, where we let m(n) > n. Now, we replace the verification oracle
V with F defined as F (x, i) = f (x)i because the generator requires direct access to f for
computing its values. Then, we define the candidate GF ,A : {0, 1}n → {0, 1}m(n) for a HSG
as GF ,A (x) = F (x, 1) ◦ · · · ◦ F (x, m(n)) (= f (x)). However, this generator G is not a HSG,
and G can be broken efficiently by using the partial information of f efficiently obtained from
A, informally as follows: For each random restriction, an expected fraction of unassigned
values in f is n−ω(1) . Thus, for a given string y ∈ {0, 1}m(n) , we can easily detect the case
of y = G(x) for a large fraction of x ∈ {0, 1}n by asking an NP-type query to A such as “Is
there x ∈ {0, 1}n such that G(x) is partially consistent with y?” because the answer tends
to be fixed to 1 only by the random restriction in A if such an x exists. After applying the
random restrictions ω(1) times, the aforementioned strategy is sufficient for detecting all the
cases of y ∈ ImG. Thus, some different approach is required.
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We remark that we can now regard executing a nondeterministic M F ,A (x) in T time as
a T -DNF formula (instead of an m(n) · t-DNF) because F accesses only one entry in f for
each query.

Our Construction: Random Restriction with Masks
To construct a HSG, we introduce a new type of random restrictions, random restriction with
masks, which is crucial to solve Question 2. A random restriction with masks to f : {0, 1}n →
{0, 1}m(n) with parameter p ∈ [0, 1] (i.e., the unset probability) is performed as follows: First,
we select a random subset S1 ⊆ {0, 1}n of size p · 2n and then apply a standard random
restriction with unset probability p to a variable set {f (x)i : x ∈ {0, 1}n \ S1 and i ∈ [m(n)]},
i.e., the random set S1 performs as a “mask” that prevents restriction. This variant of
random restriction is extended to multiple applications inductively as follows: Let Si be
the random subset (i.e., the mask) selected in the i-th random restriction with masks to f .
Next, the (i + 1)-th restriction (with parameter p) is performed by selecting a random subset
Si+1 ⊆ Si of size p · |Si | and applying random restriction to variables except for Si+1 .
We consider a modified oracle in which the oracle construction is the same as previously
mentioned except that we apply random restrictions with masks instead of the standard
random restrictions. For now, we select the unset probability p(n) = n− log n . This choice is
sufficient for a HSG against P/poly and the statement that DistNP ⊈ AvgP/poly. Note that
p(n) should be selected more carefully according to the size complexity of the adversary in
the formal argument (for the detail, see Section 4).
Specifically, we randomly select the aforementioned oracles F and A by selecting the
internal random function f : {0, 1}n → {0, 1}m(n) with log n applications of random restrictions with masks for each n ∈ N (after applying random restrictions, we also select the
remaining values of f at random). For each n ∈ N, let Sn,log n ⊆ {0, 1}n be the random
3
mask selected in the log n-th restriction. Then, we have |Sn,log n | = p(n)log n · 2n = 2n−(log n) .
Thus, there exist exponentially many z ∈ Sn,log n ⊆ {0, 1}n (we call these hard indices) such
that no value in f (z) is assigned by the log n-th restriction. Remember that for a query
4
(M, x, 1T ), the oracle A applies only up to the iT := 2−1 log log T -th random restriction.
Since any polynomial-size adversary C can make a query only with T = poly(n), C can
only access up to the O(log log n)-th restrictions. Therefore, any polynomial-size adversary
cannot obtain any information about f (z) from A for each hard index z, and oracle access
to F (z, i) = f (z)i is indistinguishable from access to a random function for such adversaries.
The aforementioned argument is sufficient for constructing a HSG. In fact, by defining the
generator G as GF ,A (x) = F (x, 1) ◦ · · · ◦ F (x, m(n)), we can show that G is a HSG against
P/poly by a similar argument as in [20]. Furthermore, the random restriction method with
masks has another advantage: even if we select exponentially large m(n), it still provides hard
indices z such that A does not reveal any information of f (z) to polynomial-size adversaries.
Specifically, by letting m(n) = 2n · n (i.e., the length of the truth table of a mapping from
n-bit to n-bit), we can prepare an auxiliary-input oracle F : {0, 1}n × {0, 1}n → {0, 1}n such
that F (z, ·) is (computationally) indistinguishable from a random oracle for subexponentially
many hard z’s. Therefore, F (·, ·) is an AIOWF because it is known that a random oracle is
also a OWF with probability 1 over the choice of the random oracle (cf. [27, 11]). Furthermore,
by the technique presented in [45], we can construct an AIPRG based on the auxiliary-input
analog of a random oracle with less security loss than the general methods to convert OWFs
into PRGs (e.g., [15]). In the formal proof of Theorem 4, we first construct such an AIPRG
and subsequently show the related hardness notion (e.g., HSGs and the hardness of learning)
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to prevent security loss. Note that the aforementioned argument does not yield standard
cryptographic primitives such as OWFs because the set of hard indices are selected at random,
and there is no efficient sampling algorithm that selects a hard index with high probability.
A random restriction with masks assigns fewer variables than a standard random restriction. Therefore, the remaining problem is whether the error-prone average-case easiness is
preserved in the modified oracle construction. This issue can be addressed by the choice of
the answer (i.e., 0) from A when the simulation is not determined by random restrictions.
The proof is outlined as follows (for the formal proof, see Section 5).
For convenience, we regard that a random restriction with masks is performed as follows:
(i) a standard random restriction is applied to remaining variables at the stage, (ii) the
random subset Si+1 ⊆ Si is selected in the same manner, and (iii) the values in f (z) are
returned to unassigned for each z ∈ Si+1 . Let us call the first step (resp. the second and
third steps) a restriction (resp. reverse) step. The random restriction in the restriction step
is merely a standard one. Thus, by the standard switching lemma, we can show that the
value of a T -DNF ϕ (representing the execution of a nondeterministic machine in T time) is
determined with high probability at this stage. Therefore, it is sufficient to show that the
answer from A rarely changes in the reverse step.
For simplicity, we use the notation ∗ to refer to the cases in which the DNF ϕ is not fixed
by the random restriction. Then, there are 3 × 3 = 9 possibilities about the change in the
state on the restricted ϕ, i.e., from {0, 1, ∗} (in the restriction step) to {0, 1, ∗} (in the reverse
step). Obviously, we do not need to consider the following 3 cases: {0} → {0}, {1} → {1},
and {∗} → {∗}. Since we cancel some assignments in the reverse step, the following 4 cases
do not occur: {∗} → {0, 1}, {0} → {1}, and {1} → {0}. Furthermore, because A answers 0
in the case of ∗, we do not need to consider the case of {0} → {∗}. Therefore, the remaining
case is only {1} → {∗}.
We show that the case of {1} → {∗} rarely occurs as follows. Since the T -DNF formula ϕ
is satisfied in the restriction step, there must exist a satisfied term τ of size T . If ϕ becomes
unfixed in the reverse step, then τ is also unfixed. This event occurs only if there exists
z ∈ {0, 1}n such that some variable f (z)i is contained in τ (for some i), and z is selected
on the choice of the random subset in the reverse step. Since τ covers at most T indices z
in literals, this probability is at most T · p(n) = T · n− log n . Particularly, for solving a NP
problem by A, we only need to simulate a nondeterministic machine in poly(n) times, so we
can let T = poly(n). Therefore, the error probability that the answer from A is changed in
the reverse step is negligible.

Limitations of Our Technique and Future Direction
We remark that the aforementioned argument above heavily relies on the characteristics
of DNFs (i.e., nondeterministic machines). Currently, it is unclear whether the proposed
argument can be extended to a general case of constant-depth circuits, even for depth-3
∧-∨-∧-circuits (which corresponds to Πp2 ). By contrast, the oracle separation between the
worst-case hardness and the errorless average-case easiness for NP in [25] is naturally extended
for PH, as explicitly discussed in [20] by considering the switching lemma for constant-depth
circuits. Therefore, we pose the following open question for the further research on the
difference between the errorless and error-prone average-case complexity.
▶ Question 4. Is there any oracle O relative to which DistNPO ⊈ AvgPO /poly and DistPHO ⊆
HeurPO ? Or, is there a relativizing proof which shows that DistPH ⊆ HeurP =⇒ DistNP ⊆
AvgP/poly?
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The fact that we failed to extend our results to PH might suggest the feasibility of proving
DistPH ⊆ HeurP =⇒ DistNP ⊆ AvgP/poly. Furthermore, we failed to improve our lower
bound 2o(n/ log n) on the time complexity of errorless average-case algorithms to 2o(n) . In this
light, we conjecture that the worst-case-to-average-case connection of Hirahara [19], which
shows that DistNP ⊆ AvgP =⇒ UP ⊆ DTIME(2O(n/ log n) ), can be extended to the error-prone
average-case complexity by using a relativizing proof.
▶ Conjecture 5. For every oracle O, if DistNPO
BPTIMEO [2O(n/ log n) ].

3

⊆

HeurPO ,

then UPO

⊆

Preliminaries

For each n ∈ N, let [n] = {1, . . . , n}. For each x ∈ {0, 1}n and i ∈ [n], we let xi denote the
i-th bit of x and x≤i denote x1 ◦ · · · ◦ xi . For a distribution D, we write x ← D to refer to
a random sampling x according to D. For a finite set S, we also use the notation x ←u S
to denote the uniform sampling from S. For each n ∈ N, we let Un denote the uniform
distribution over {0, 1}n or a random variable selected uniformly at random from {0, 1}n
in context. We use the notation negl to represent a certain negligible function, i.e., for any
polynomial p(n), negl(n) < 1/p(n) for sufficiently large n ∈ N. For a randomized algorithm
A using r(n) random bits on an n-bit input, we use A(x; s) to refer to the execution of A(x)
with a random tape s for x ∈ {0, 1}n and s ∈ {0, 1}r(n) .
For any oracles O0 and O1 , we let O0 + O1 denote the combination, i.e., for any b ∈ {0, 1}
and any x ∈ {0, 1}∗ , (O0 + O1 )(b ◦ x) = Ob (x).
In this paper, we assume the basic knowledge of probability theory, including the union
bound, Markov’s inequality, Hoeffding’s inequality, and the Borel–Cantelli lemma.
For each p ∈ [0, 1] and set S of variables taking binary values, we define a p-random
restriction ρ to S as a partial assignment ρ : S → {0, 1, ∗} (where ∗ represents “unassigned”)
randomly selected as follows: for each x ∈ S,



∗ with probability p
ρ(x) = 0 with probability (1 − p)/2


1 with probability (1 − p)/2.
For every restriction ρ to S and function f defined on S, we let f |ρ denote the restricted
function obtained by applying a partial assignment to f according to ρ.

3.1

Average-Case Complexity

We present the notions in average-case complexity theory. Further backgrounds can be found
in a survey [7].
We say that a family D = {Dn }n∈N of distributions, where each Dn is a distribution
on {0, 1}n , is (polynomial-time) samplable if there exists a randomized sampling algorithm
S such that the distribution of S(1n ) is identical to Dn for each n ∈ N. We consider a
family of distributions as a single distribution on instances. We define a distributional
problem as a pair of a language L ⊆ {0, 1}∗ and a distribution D = {Dn }n∈N on instances.
For a standard complexity class C (e.g., NP), we define its average-case extension DistC as
DistC = {(L, D) : L ∈ C, D is samplable}.
We present the errorless average-case easiness. We say that a distributional problem
(L, D) has an errorless heuristic algorithm A with failure probability ϵ : N → (0, 1) if (1) A
outputs L(x) (:= 1l{x ∈ L}) or ⊥ (which represents “failure”) for every x ∈ supp(D), and (2)
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the failure probability that A(x) outputs ⊥ over the choice of x ← D is bounded above by
ϵ(n) for each n ∈ N. Note that an errorless heuristic algorithm never outputs an incorrect
value ¬L(x) for any x ∈ supp(D). Then, for every ϵ : N → (0, 1), we define a class Avgϵ P as
a class of distributional problems that have a polynomial-time errorless heuristic algorithm
with failure probability ϵ(n). Furthermore, we say that a distributional problem (L, D) has
an errorless heuristic scheme A if A is given an instance x ∈ supp(D) and ϵ ∈ (0, 1) as input
and satisfies the condition of an errorless heuristic algorithm with failure probability ϵ. We
define a class AvgP as a class of distributional problems that have a polynomial-time errorless
heuristic scheme. It is not hard to verify that AvgP ⊆ Avg1/p(n) P for any polynomial p(n).
Next, we present the error-prone average-case easiness. We say that a distributional
problem (L, D) has an error-prone heuristic algorithm A with failure probability ϵ : N → (0, 1)
if the failure probability that A(x) ̸= L(x) over the choice of x ← D is bounded above by ϵ(n)
for each n ∈ N. Note that an error-prone heuristic algorithm may output an incorrect value
¬L(x), but the error probability is bounded above by ϵ(n). Then, for every ϵ : N → (0, 1),
we define a class Heurϵ P as a class of distributional problems that have a polynomial-time
error-prone heuristic algorithm with failure probability ϵ(n). We also define an error-prone
heuristic scheme and the class HeurP in the same manner as the errorless case.
We also define classes AvgP/poly, HeurP/poly, AvgSIZE[s(n)], and HeurSIZE[s(n)] for each
size parameter s(n) in the same manner as above.

3.2

Meta-Complexity

Next, we define problems GapMINKT and GapMCSP formally. In this study, we fix a universal
Turing machine U arbitrarily to specify the Kolmogorov complexity.
▶ Definition 6 (Kolmogorov complexity, GapMINKT). For each t ∈ N and x ∈ {0, 1}∗ , we
define the t-time-bounded Kolmogorov complexity Kt (x) of x as
Kt (x) =

min {|p| : U (p) outputs x in t time} .

p∈{0,1}∗

We also define K(x) by K(x) = limt→∞ Kt (x).
For a function σ : N × N → N, Gapσ MINKT is a promise problem (ΠY , ΠN ) defined as
ΠY = (x, 1s , 1t ) : Kt (x) ≤ s and ΠN = {(x, 1s , 1t ) : K(x) > s + σ(s, |x|)}5 .
n

▶ Definition 7 (Circuit complexity, GapMCSP). For each n ∈ N and x ∈ {0, 1}2 , we define
the circuit complexity cc(x) of x as the minimum size of an n-input circuit whose truth table
corresponds to x.
For a constant ϵ ∈ [0, 1], Gapϵ MCSP is a promise problem (ΠY , ΠN ) defined as ΠY =
n
n
{(x, 1s ) : n ∈ N, x ∈ {0, 1}2 , cc(x) ≤ s} and ΠN = {(x, 1s ) : n ∈ N, x ∈ {0, 1}2 , cc(x) >
2(1−ϵ)n · s}.

3.3

Learning

We define a concept class as a subset of {f : {0, 1}n → {0, 1} : n ∈ N}. For any concept
class C and n ∈ N, we let Cn represent C ∩ {f : {0, 1}n → {0, 1}}. Then, the (weak) PAC
learning model with membership queries (MQ) is defined as follows. We refer to a family
D = {Dn }n∈N , where each Dn is a distribution on {0, 1}n , as an example distribution in the
learning context.
5

Note that this formulation of GapMINKT has a relaxed (i.e., easier) requirement than one discussed
in [16, 18], in the sense that we do not consider the time-bound in “no” cases. In other words, we only
need to distinguish efficiently generated strings from strings no short program can generate even in
time-unbounded settings.
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▶ Definition 8 (PAC learning [40]). Let C be a concept class, D be an example distribution,
and t : N → N be a time-bound function. We say that a (possibly nonuniform) randomized
oracle machine L, referred to as a weak learner, (weakly) learns C with MQ on D in time
t(n) if L satisfies the following conditions for some polynomial p(n):
1. L is given n ∈ N as the input and oracle access to EXf,D (called an example oracle)
and MQf (called a membership query oracle), which are determined by a target function
f ∈ Cn and the example distribution D.
2. For each access (with no input), EXf,D () returns an example of the form (x, f (x)), where
x is selected identically and independently according to Dn . Furthermore, for each access
with input x ∈ {0, 1}n , MQf (x) returns f (x).
3. For each n ∈ N and target function f : {0, 1}n → {0, 1}, L outputs a circuit h : {0, 1}n →
1
{0, 1} that is ( 12 − p(n)
)-close to f under D with probability at least 2/3, i.e., L satisfies
the following condition:


1
1
2
EXf,D ,MQf
Pr L
(n) outputs h such that Pr [h(x) ̸= f (x)] ≤ −
≥ .
x←D
L,EX
2 p(n)
3
4. LEXf,D ,MQf (n) halts in time t(n) for each n ∈ N.
We say that a concept class C is weakly PAC learnable with MQ on D in t(n) time if
there exists a t(n)-time weak learner for C.
When the example distribution is uniform, a randomized learner can simulate EX based
on MQ and its randomness with no loss of time complexity. Thus, we ignore EX in learning
on the uniform distribution without loss of generality.
We also define an average-case analog of PAC learning, in which a target function is
randomly selected according to some fixed distribution F (called a target distribution). By
contrast, we consider the distribution-free setting on example distributions, formally, as
follows:
▶ Definition 9 (learning on average). Let C be a concept class, t : N → N be a time-bound
function, and F = {Fn }n∈N be a target distribution, where each Fn is a distribution on Cn .
We say that a (possibly nonuniform) randomized oracle machine L, referred to as a weak
learner, (weakly) learns C on average with respect to F in time t(n) if L satisfies the following
condition for some polynomial p(n): For any n ∈ N and example distribution Dn on {0, 1}n ,
LEXf,Dn (n) halts in time t(n) (for each f ∈ supp(Fn )) and




Pr

f ←Fn

Pr

LEXf,D (n) outputs a circuit h such that

L,EXf,D

Pr [h(x) ̸= f (x)] ≤
x←D

1
1
−
2
p(n)

≥

2
3

≥

1
.
p(n)

We say that a concept class C is not weakly PAC learnable on average in t(n) time if
there exists a polynomial-time samplable target distribution F such that there is no t(n)-time
weak learner that satisfies the condition above with respect to F .

3.4

Cryptography

We introduce cryptographic primitives. Let C be a complexity class of adversaries (e.g.,
P/poly). We regard the complexity parameter (e.g., time and size) on C as a function in the
size of a hidden seed for primitives.
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▶ Definition 10 (auxiliary-input one-way function). Let n, m : N → N be polynomials. We
say that f = {fz : {0, 1}n(|z|) → {0, 1}m(|z|) }z∈{0,1}∗ is an auxiliary-input one-way function
(AIOWF) against C if each fz (x) is polynomial-time computable from (z, x), and for any
adversary A in C, there exists an infinite subset ZA ⊆ {0, 1}∗ such that for every z ∈ ZA ,


Pr fz (A(z, fz (Un(|z|) ))) = fz (Un(|z|) ) < negl(|z|).
▶ Definition 11 (auxiliary-input pseudorandom generator). Let n, m : N → N be polynomials.
We say that G = {Gz : {0, 1}n(|z|) → {0, 1}m(|z|) }z∈{0,1}∗ is an auxiliary-input pseudorandom
generator (AIPRG) against C if each Gz (x) is polynomial-time computable from (z, x),
n(ℓ) < m(ℓ) holds for any ℓ ∈ N, and for any adversary A in C, there exists an infinite subset
ZA ⊆ {0, 1}∗ such that for every z ∈ ZA ,




Pr A(z, Gz (Un(|z|) )) = 1 − Pr A(z, Um(|z|) ) = 1 < negl(|z|).
▶ Definition 12 (auxiliary-input pseudorandom function). We say that F = {Fz : {0, 1}|z| ×
{0, 1}|z| → {0, 1}}z∈{0,1}∗ is an auxiliary-input pseudorandom function (AIPRF) against C
if each Fz is polynomial-time computable from z and its input, and for any adversary A? in
(an oracle machine analog of) C, there exists an infinite subset ZA ⊆ {0, 1}∗ such that for
every z ∈ ZA ,
Pr

A,u∼{0,1}|z|

h

i
h
i
AFz (u,·) (z) = 1 − Pr Aϕ|z| (·) (z) = 1 < negl(|z|),
A,ϕ|z|

where ϕ|z| : {0, 1}|z| → {0, 1} denotes a truly random function.
When the auxiliary-input z is obvious in context, we write n(|z|) and m(|z|) as n and m,
respectively.
▶ Definition 13 (hitting set generator). Let ℓ, m : N → N be polynomials. We say that
G = {Gn }n∈N , where Gn : {0, 1}ℓ(n) → {0, 1}m(n) is a hitting set generator (HSG) against
C if each Gn is polynomial-time computable, ℓ(n) < m(n) holds for each n ∈ N, and G hits
any language recognized by adversaries in C in the following sense: For any adversary A in
C, let LA = {LA,n }n∈N be a language recognized by A, where LA,n ⊆ {0, 1}n for each n ∈ N.
Then, for infinitely many n ∈ N, the following holds:
|LA,m(n) | > 2m(n)−1 =⇒ LA,m(n) ∩ ImGn ̸= ∅.

4

Oracle Construction

In this section, we formally present the proposed oracle construction. Let a > 0 be a
parameter.
▶ Construction. Oa = F + A, where each oracle is randomly selected according to the
following process:
1. Let t(n) = 2an/ log n be the upper bound on the time of nonuniform adversaries and c = 7a.
2. Define functions p and imax as p(n) = t(n)−6 and imax (n) = 1c log log t(n). Here, p is
a parameter of random restriction, and imax is the number of applications of random
restrictions.
3. For each n ∈ N, define a set Vn,0 of variables taking binary values as follows:
Vn,0 = {Fz,x,ℓ : z, x ∈ {0, 1}n , ℓ ∈ [n]}.
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4. For each n ∈ N, let Sn,0 = {0, 1}n .
5. For each n ∈ N and i ∈ [imax (n)−1], we inductively (on i) select a p(n)-random restriction
ρ∗n,i to Vn,i−1 and a random subset Sn,i ⊆ Sn,i−1 of size p(n) · |Sn,i−1 |. Then, we define
a restriction ρn,i to Vn,i−1 and a subset Vn,i ⊆ Vn,i−1 as follows:
(
∗
if z ∈ Sn,i
ρn,i (z, x, ℓ) =
∗
ρn,i (z, x, ℓ) otherwise


∗ −1
Vn,i = ρ−1
(∗)
=
ρ
(∗)
∪
{F
:
z
∈
S
}
.
z,x,ℓ
n,i
n,i
n,i
We also define ρn,imax (n) as a full assignment to Vn,imax (n)−1 selected uniformly at random.
Let ρn,i ≡ ρn,imax (n) for each i ≥ imax (n) + 1. We use the notation ρn,≤i to represent the
composite restriction ρn,1 · · · ρn,i to Vn,0 for each n and i.
6. Define F = {Fn }n∈N , where Fn : {0, 1}n × {0, 1}n × [n] → {0, 1}, as Fn (z, x, ℓ) =
ρn,≤imax (n) (z, x, ℓ).
2c

7. Define A as follows: On input (M, x, 1T ), where M is a nondeterministic oracle machine,
2c
x ∈ {0, 1}∗ , and T ∈ N, the oracle A(M, x, 1T ) returns 0 or 1 according to the following
procedure:
1: Let iT := 1c log log T .
2: Construct a T -DNF ϕ on variables in Vn,0 representing the execution of M F +A (x)
in T steps, where the top-most OR corresponds to the nondeterminism on a possible
′
choice of F (say, F ′ ) and an accepting path of M F +A (x), and each term performs
verification whether M ’s at most T queries (say, (z1 , x1 , ℓ1 ), . . . , (zq , xq , ℓq ) for some
q ≤ T ) are consistent with the actual choices of F , i.e., for each i ∈ [q], the term
contains Fzi ,xi ,ℓi if F ′ (zi , xi , ℓi ) = 1; otherwise, ¬Fzi ,xi ,ℓi as a literal.
3: If ϕ|ρ1,≤iT ,...,ρT ,≤iT ≡ b for some b ∈ {0, 1}, then return b, otherwise, return 0.
We can verify that A is well-defined (i.e., not circular on recursive calls for A) as follows.
2c

▶ Proposition 14. For each input, the value of A(M, x, 1T ) is determined only by ρn,j
(equivalently, ρ∗n,j and Sn,j ) for n ≤ T and j ≤ iT (remember that iT = 1c log log T ).
2c

Proof. We show the proposition by induction on T . Remember that, on input (M, x, 1T ),
the oracle A first makes a T -DNF ϕ based on M independently
of the values of F .
′2c
Suppose that M makes some query (M ′ , x′ , 1T ) to A for constructing ϕ. Since the
c
length of such a query is at most T , we have T ′2 ≤ T and
iT ′ =

1
1
1
1
log log T ′ ≤ log log T 2c = log log T − 1 = iT − 1.
c
c
c
′2c

By the induction hypothesis, the answer of A(M ′ , x′ , 1T ) is determined by only ρn,j for
n ≤ T ′ and j ≤ iT − 1, and so is ϕ. Then, A determines the answer by restricting ϕ by ρn,j
2c
for n ≤ T and j ≤ iT . Therefore, A(M, x, 1T ) is determined only by ρn,j for n ≤ T and
j ≤ iT .
◀
When the parameter a is clear from the context, we omit the subscript a from Oa .

5

Error-Prone Average-Case Easiness of NP

In this section, we show the error-prone average-case easiness of NP.
▶ Theorem 15. With probability 1 over the choice of Oa , DistNPOa ⊆ HeurPOa holds.
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First, we introduce several notations. For each choice of O, we define the oracle A∗
in the same manner as A except we apply ρ1,≤iT −1 ρ∗1,iT , . . . , ρT,≤iT −1 ρ∗T,iT to ϕ instead of
ρ1,≤iT , . . . , ρT,≤iT . Note that A∗ executes a given nondeterministic machine M with access
to A (rather than A∗ ) to construct the corresponding DNF ϕ. We can verify that A∗ is
well-defined (i.e., not circular) in the same manner as Proposition 14.
Now, we show that A and A∗ do not differ considerably.
2c

▶ Lemma 16. For each input (M, x, 1T ) to A, we have that
h
i
2c
2c
Pr A(M, x, 1T ) ̸= A∗ (M, x, 1T ) = O(T −4 ).
O

Proof. Let i := iT = (1/c) log log T . For all n ≤ T and j ≤ i − 1, we fix ρ∗n,j , Sn,j , and ρ∗n,i
arbitrarily; let CT denote this condition. Notice that the DNF formula ϕCT constructed
by A and A∗ is determined only by CT because all answers to recursive calls for A are
determined by CT as in Proposition 14. Let ϕ′CT = ϕCT |ρ1,≤i−1 ,...,ρT ,≤i−1 . Then, the value of
2c

2c

A(M, x, 1T ) (resp. A∗ (M, x, 1T )) is determined by ϕ′CT |ρ1,i ,...,ρT ,i (resp. ϕ′CT |ρ∗1,i ,...,ρ∗T ,i ).
For any DNF formula ϕ and a restriction ρ, there are the following three cases: (i) ϕ|ρ ≡ 0,
(ii) ϕ|ρ ≡ 1, or (iii) ϕ|ρ does not become a constant (we write this case as ϕ|ρ ≡ ∗). Following
this case analysis, there exist 32 = 9 cases on (ϕ′CT |ρ∗1,i ,...,ρ∗T ,i , ϕ′CT |ρ1,i ,...,ρT ,i ). However, since
each ρn,i is a subrestriction of ρ∗n,i (i.e., ρn,i assigns values only to variables that are also
assigned by ρ∗n,i ), the following 4 cases do not occur: (0, 1), (1, 0), (∗, 0), and (∗, 1). Further,
in the cases of (0, 0), (1, 1), (∗, ∗), and (∗, 0), the answers by A∗ and A do not differ because
A∗ and A return 0 in the case of ∗. Thus, we only need to consider the case of (1, ∗).
By the aforementioned argument, the probability in the lemma is expressed as follows:


h
i
c
c
 ′

T2
∗
T2
′
Pr A(M, x, 1
O

) ̸= A (M, x, 1

) = ExpCT

Pr

S1,i ,...,ST ,i

ϕCT |ρ1,i ,...,ρT ,i ≡ ∗ CT , ϕCT |ρ∗1,i ,...,ρ∗T ,i ≡ 1

.

To bound the probability in the right-hand side for each condition, we consider the case in
which ϕ′CT |ρ∗1,i ,...,ρ∗T ,i ≡ 1. Then, we can select a term τ in ϕ′CT such that τ |ρ∗1,i ,...,ρ∗T ,i ≡ 1.
For each n ≤ T , define Zn ⊆ {0, 1}n as
Zn = {z ∈ {0, 1}n : ∃(x, ℓ) ∈ {0, 1}n × [n] s.t. a variable Fz,x,ℓ is contained in τ }.
Since ϕ′CT is a T -DNF, |Zn | ≤ T for each n ≤ T . Furthermore, for any n ∈ N such that
imax (n) ≤ i − 1, we have that Zn = ∅ because all such variables must be assigned by
ρn,≤i−1 . If ϕ′CT |ρ1,i ,...,ρT ,i ≡ ∗, then τ |ρ1,i ,...,ρT ,i ≡ ∗ must hold. This event occurs only if
S
n≤T (Sn,i ∩ Zn ) ̸= ∅ holds. Since each Sn,i is selected from Sn,i−1 uniformly at random,
this probability is bounded above by


[
X
Pr 
(Sn,i ∩ Zn ) ̸= ∅ ≤
Pr [Sn,i ∩ Zn ̸= ∅]
n≤T

n≤T

≤

X

|Zn | · |Sn,i |/|Sn,i−1 |

n≤T :imax (n)≥i

X

≤ O(T ) ·

n:t−1 (T )≤n≤T

≤ O(T 2 · t(t−1 (T ))−6 )
= O(T −4 ).

p(n)
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i

Pr A(M, x, 1T ) ̸= A∗ (M, x, 1T ) = ExpCT



O

≤ O(T

−4



Pr
S1,i ,...,ST ,i

ϕ′CT |ρ1,i ,...,ρT ,i ≡ ∗ CT , ϕ′CT |ρ∗1,i ,...,ρ∗T ,i ≡ 1





◀

).

Furthermore, we can show the average-case easiness of NP under the oracle access to A∗
(instead of A). This part is similar to in [25, 20]. Thus, we defer the proof to Appendix A.
▶ Lemma 17 ([25, 20]). Let M be a tM (n)-time nondeterministic oracle machine and S
be a randomized polynomial-time oracle sampling machine. We assume that S(1n ) takes at
most tS (n) time to generate an instance of length n. Then, the following event occurs with
probability 1 over the choice of O: for any n ∈ N,
h
i
2c
Pr
M O (x) ̸= A∗ (M, x, 1T ) ≤ O(n−4 ),
x←S O (1n )

c

c

c

where T = max{n2 , tM (n)2 , tS (n)2 }.
Now, we derive the average-case easiness of NP from Lemmas 16 and 17 .
Proof of Theorem 15. We consider an arbitrary distributional NP problem (L, D) and
assume that L is specified by a tM (n)-time nondeterministic oracle machine M , and
D is specified by a randomized tS (n)-time oracle sampling machine S. Let T =
c
c
c
max{n2 , tM (n)2 , tS (n)2 } as in Lemma 17.
We construct an error-prone heuristic algorithm B for (L, D) as follows: On input
2c
x ∈ {0, 1}n , B queries (M, x, 1T ) to A and returns the same answer. In the following, we
will verify that the error probability of B (over the choice of O and S O (1n )) is bounded
above by O(n−4 ) for each input size n. Then, by applying Markov’s inequality and the
Borel–Cantelli lemma, the error probability of B is bounded above by n−2 for all sufficiently
large n with probability 1 over the choice of O. Since the number of tuples (M, S) is countable,
we can conclude that all distributional NP problems have an error-prone heuristic algorithm
with error probability at most n−2 with probability 1 over the choice of O. Based on the
argument in [24, Proposition 3], this is sufficient for the statement that DistNPO ⊆ HeurPO .
Therefore, it is sufficient to show that, for any n ∈ N,
h
i
2c
Pr
M O (x) ̸= A(M, x, 1T ) ≤ O(n−4 ).
O,x←S O (1n )

2c

2c

Obviously, this event occurs only if (i)A(M, x, 1T ) ̸= A∗ (M, x, 1T ) or (ii) M O (x) ̸=
2c
A∗ (M, x, 1Th ) occur. By Lemmasi 16 and 17 and the union bound, we have
Pr

O,x←S O (1n )

2c

M O (x) ̸= A(M, x, 1T )

≤

Pr

O,x←S O (1n )

h

2c

2c

i

A(M, x, 1T ) ̸= A∗ (M, x, 1T ) +

O,x←S O (1n )

= O(T −4 ) + O(n−4 ) = O(n−4 ) + O(n−4 ) = O(n−4 ).

6

Pr

h

2c

M O (x) ̸= A∗ (M, x, 1T )

i

◀

Errorless Average-Case Hardness of NP

In this section, we show the hardness part of our oracle separation. First, we show the
existence of AIPRG relative to Oa . Then we show the other hardness results, including the
errorless average-case hardness for NP, as corollaries.
We use the following theorem, which shows the existence of PRGs based on a random
oracle.
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▶ Theorem 18 ([45]). For each n ∈ N, let Rn : {0, 1}n → {0, 1}n be a random function
oracle, i.e., Rn is selected uniformly at random from {f : {0, 1}n → {0, 1}n }.
There exist a polynomial-time deterministic oracle machine G? and constants c ≥ 1 and
b, ϵ > 0 satisfying the following: For any n ∈ N and x ∈ {0, 1}cn , GRn (x) generates a binary
string of length 4cn, and all oracle circuits C ? of size 2bn satisfy that




Pr C Rn (GRn (Ucn )) = 1 − Pr C Rn (U4cn ) = 1 ≤ 2−ϵn ,

Ucn

U4cn

with probability at least 1 − 2n over the choice of Rn .
Furthermore, the result above is relativized, i.e., the above holds in the presence of an
arbitrary oracle O independent of the choice of Rn .
Now, we show the existence of AIPRG relative to Oa .
▶ Theorem 19. Let a > 0 be an arbitrary constant. With probability 1 over the choice of Oa ,
Oa ϵan/ log n
a
there exists an AIPRG GOa = {GO
[2
] for some absolute
z }z∈{0,1}∗ against SIZE
Oa
|z|
3|z|
constant ϵ > 0, where Gz : {0, 1} → {0, 1}
for each z ∈ {0, 1}∗ .
Proof. Let G? and c be the oracle machine and the constant in Theorem 18, respectively.
Fz ′
Then, we define an AIPRG G′ = {G′z }z∈{0,1}∗ as G′O
(x′ )≤3|z| , where x ∈ {0, 1}|z| ,
z (x) = G
′
′
′
′
|z
|
|z
|
z = z≤⌊|z|/c⌋ , x = x≤c|z′ | , and Fz′ : {0, 1} → {0, 1}
is defined as Fz′ (y) = F (z ′ , y, 1) ◦
· · · ◦ F (z ′ , y, |z ′ |). The validity of the truncation is verified as that |x′ | = c|z ′ | ≤ c · |z|/c =
|z| = |x| and |GFz′ (x′ )| = 4|x′ | = 4c|z ′ | ≥ 4c(|z|/c − 1) ≥ 4|z| − 4c ≥ 3|z| for any z with
|z| ≥ 4c.
Let ϵ = 1/2c and s(n) = 2ϵan/ log n . We show that G′ above is an AIPRG against
SIZEO [s(n)]. Suppose there exists a family C = {Cn }n∈N of oracle circuits of size s(n) that
breaks G′ , i.e., for any sufficiently large n ∈ N and any z ∈ {0, 1}n ,


 O

Pr CnO (z, G′O
z (Un )) = 1 − Pr Cn (z, U3n ) = 1 >
Un

U3n

1
.
poly(n)

Fix n ∈ N arbitrarily, and let n′ = ⌊n/c⌋. We consider an arbitrary choice of O except
for the values of ρn′ ,imax (n′ ) (we write this condition as R for convenience). Fix z ∈ {0, 1}n
such that z ′ = z≤n′ ∈ Sn′ ,imax (n′ )−1 arbitrary (where S·,· is the random set in the oracle
construction). We refer to such z as a hard index.
a(⌊n/c⌋)

an

Since the size of Cn is at most s(n) = 2 2c log n ≤ 2 log(⌊n/c⌋) = t(n′ ) for sufficiently
large n (where t is the time-bound function in the oracle construction), the answers to
2c
queries by Cn of the form A(M, y, 1T ) do not depend on the values of Fz′ and are
determined by condition R because they are determined only by the restrictions ρ·,j for
c
j ≤ c−1 log log T ≤ c−1 log log s(n)1/2 ≤ c log log t(n′ ) − 1 < imax (n′ ). Now, we consider an
arbitrary choice of ρn′ ,imax (n′ ) except for the values of Fz′ and denote this condition by R′ .
It is not hard to verify that Fz′ is selected uniformly at random even under the conditions R
and R′ . Therefore, under the conditions R and R′ , we can identify the query access to O by
C with the query access to another oracle O′ (determined only by R and R′ ) and a random
function oracle Fz′ that are selected independently of O′ .
For any n ∈ N, let En be an event (over the choice of Fz′ ) that there exists a circuit C ′
′
of size 2bn , where b represents the constant in Theorem 18, such that




z ′ (U )) = 1 − Pr C ′O (U
Pr C ′O (G′F
n
3n ) = 1
z
Un

U3n

h

i
h
i
′
= Pr C ′O ,Fz′ (GFz′ (Un )) = 1 − Pr C ′O ,Fz′ (U3n ) = 1 >
Un

′

U3n

1
.
poly(n)
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Then, by Theorem 18 (relative to O′ ), we have PrO [En |R, R′ ] ≤ 2−Ω(n) . By the Borel–
Cantelli lemma, En occurs only for finitely many n’s with probability 1 over the choice of O
conditioned on R, R′ (i.e., the choice of Fz′ ). By taking the expectation over R, R′ , we can
′
show that, with probability 1 over the choice of O, there is no family C ′ of 2bn -size circuits
satisfying that for any sufficiently large n ∈ N, there exists a hard index z ∈ {0, 1}n such that




z ′ (U )) = 1 − Pr C ′O (U
Pr C ′O (G′F
3n ) = 1 >
n
z
Un

U3n

1
.
poly(n)

However, the circuit C in the assumption violates this statement by embedding a hard
′
index z as auxiliary-input because the size is at most n + s(n) = O(2(a/2c)·n/ log n ) = o(2bn ).
Therefore, we conclude that, with probability 1 over the choice of O, there is no such a
circuit C of size s(n), and G′ is an AIPRG against SIZE[s(n)].
◀
Now, we present the consequences of the existence of AIPRG. First, it is the wellestablished that any PRG is also OWF (cf. [12, Proposition 3.3.8]). This result is trivially
extended to the case of auxiliary-input primitives, and the following holds.
▶ Corollary 20. Let a > 0 be an arbitrary constant. With probability 1 over the choice of Oa ,
there exists an AIOWF against SIZEOa [2ϵan/ log n ] relative to Oa for some absolute constant
ϵ > 0.
Next, AIPRG implies HSG by regarding the auxiliary-input as a part of the hidden input
to HSG. It is not hard to verify the security (refer to [34, Lemma 18] for the formal proof).
▶ Corollary 21. Let a > 0 be an arbitrary constant. With probability 1 over the choice of Oa ,
Oa ϵan/ log n
a
there exists an HSG GOa = {GO
[2
] for some absolute constant
n }n∈N against SIZE
Oa
2n
3n
ϵ > 0, where Gn : {0, 1} → {0, 1} for each n ∈ N.
Furthermore, the existence of HSGs implies the errorless average-case hardness of NP,
as observed in [21] in the context of natural proofs and the average-case complexity of the
minimum circuit size problem.
▶ Corollary 22. Let a > 0 be an arbitrary constant. With probability 1 over the choice of
ϵan
Oa , DistNPOa ⊈ AvgSIZEOa [2 log n ] for some absolute constant ϵ > 0.
Proof. Let GO and ϵ be the HSG and the constant in Corollary 21, respectively. Then,
we define the language LO as LO := ImGO . Obviously, LO ∈ NPO and (LO , {Un }n∈N ) ∈
ϵan
DistNPO . Thus, it is sufficient to show that (LO , {Un }n∈N ) ∈
/ Avg1/4 SIZEO [2 4 log n ].
ϵan
For contradiction, we assume that (LO , {Un }n∈N ) ∈ Avg1/4 SIZEO [2 4 log n ]. Then, there
ϵan
exists a family C = {Cn }n∈N of O(2 4 log n )-size oracle circuits for (LO , {Un }n∈N ), i.e., for any
sufficiently large n ∈ N,
Pr

y←u {0,1}3n




O
C3n
(y) = ⊥ ≤ 1/4

and for each y ∈ {0, 1}3n ,
O
C3n
(y) ∈ {1l(y ∈ LO ), ⊥}.
ϵa·3n

Note that the size of C3n is at most O(2 4 log 3n ).
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Next, we define an adversary C ′ for GO as follows: for a given y ∈ {0, 1}3n (i.e., the
′O
O
′
length of seed is 2n), C2n
simulates C3n
(y), and if C3n returns 1 or ⊥, then C2n
outputs
′
0; otherwise (i.e., if C3n returns 0), C2n outputs 1. Then, based on the aforementioned
inequalities, it is not hard to verify that for any sufficiently large n ∈ N,
Pr
y←u

{0,1}3n



 1 |{GO (x) : x ∈ {0, 1}2n }|
1
1 22n
′O
≤ + 3n < ,
C2n
(y) = 0 ≤ +
3n
4
|{0, 1} |
4 2
2

O
′O
(GO (x)) = 0.
and for any x ∈ {0, 1}2n , we have C3n
(GO (x)) ∈ {1, ⊥} and C2n
ϵan
Therefore, C ′ succeeds in avoiding ImGO , and the size is bounded above by O(2 log n ) =
ϵa(2n)

O(2 log(2n) ). This contradicts Corollary 21. Thus, we conclude that (LO , {Un }n∈N ) ∈
/
ϵan
Avg1/4 SIZEO [2 4 log n ].
◀
Furthermore, based on the GGM construction in [13], we can translate AIPRGs into
AIPRFs. In the security proof, the seed length is preserved, and an adversary of size s(n) for
the PRF is translated into an adversary of size s(n) · poly(n) for the original PRG, where
poly is a polynomial depending on the computational cost of the PRG. This observation
implies the following:
▶ Corollary 23. Let a > 0 be an arbitrary constant. With probability 1 over the choice of
Oa , there exists an AIPRF f Oa = {fzOa }z∈{0,1}∗ against SIZEOa [2ϵan/ log n ] for some absolute
constant ϵ > 0, where fzOa : {0, 1}|z| × {0, 1}|z| → {0, 1} for each z ∈ {0, 1}∗ .
Nanashima [33] observed that the existence of AIPRF implies the average-case hardness
of distribution-free learning, where the complexity of the concept class depends on the
complexity of computing AIPRF. Thus, we obtain the following, where we apply the standard
transformation from nonuniform Turing machines to circuit families.
▶ Corollary 24. There exist a polynomial s(n) and a constant ϵ > 0 such that for any a > 0,
SIZE[s(n)] is not PAC learnable on average by nonuniform O(2ϵan/ log n )-time algorithms with
probability 1 over the choice of Oa .
Without loss of generality, we can let s(n) = nb in above for some b > 0. By the simple
padding argument, where we stretch an n-bit example into an s(n)-bit example, the size
complexity of the target function becomes O(n) (for the input length s(n)) in above. Since
1/(b+1)
2s(n)
= o(2ϵan/ log n ), we have the following:
▶ Corollary 25. There exists ϵ > 0 such that for any a > 0, SIZE[n] is not PAC learnable on
ϵ
average by nonuniform O(2n )-time algorithms with probability 1 over the choice of Oa .
The existence of AIPRF also implies the (worst-case) hardness of PAC learning SIZE[s(n)]
on the uniform distribution, as observed in [3], where s(n) is a polynomial depending on the
complexity of computing the AIPRF. In our case, we can directly construct a hard-to-learn
class and show the hardness of learning SIZE[n].
▶ Theorem 26. Let a > 0 be an arbitrary constant. With probability 1 over the choice of Oa ,
SIZEOa [n] is not weakly PAC learnable with MQ on the uniform distribution by nonuniform
O(2ϵan/ log n )-time algorithms relative to Oa for some absolute constant ϵ > 0.
The proof of Theorem 26 is an analog of the proof in [20]. For completeness, we present
the formal proof in Appendix B.
Furthermore, Oliveira and Santhanam [35] showed the speedup phenomena in PAC
learning with MQ on the uniform distribution. One of their results is stated below.
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▶ Theorem 27 (speedup lemma [35]). For any polynomial s(n) and constant ϵ > 0, there
exists a polynomial s′ (n) such that if SIZE[s(n)] is not weakly PAC learnable with MQ on
ϵ
uniform distribution by nonuniform O(2n )-time algorithms, then SIZE[s′ (n)] is not weakly
PAC learnable with MQ on uniform distribution by nonuniform 2n /nω(1) -time algorithms.
Furthermore, this result is relativized.
Theorems 26 and 27 immediately imply the following.
▶ Corollary 28. There exists a polynomial s(n) such that for any a > 0, SIZE[s(n)] is not
PAC learnable with MQ on the uniform distribution by nonuniform 2n /nω(1) -time algorithms
with probability 1 over the choice of Oa .
Finally, we mention the hardness of approximation problems in meta-complexity. The
hardness of GapMINKT follows from the existence of HSG in the same manner as Corollary 22.
▶ Corollary 29. Let a > 0 be an arbitrary constant. With probability 1 over the choice of
Oa , Gapσ MINKTOa ∈
/ pr-SIZEOa [2ϵan/ log n ] for any σ(s, n) = o(s) · polylog(n), where ϵ > 0 is
an absolute constant.
Proof sketch. Suppose that Gapσ MINKTO ∈ pr-SIZEO [2(ϵ/4)an/ log n ] for some σ(s, n) = o(s) ·
polylog(n), where ϵ > 0 is the constant in Corollary 21. Then, there exists an O(2(ϵ/4)an/ log n )size oracle circuit C for Gapσ MINKTO . Based on C, we can construct an adversary for an
arbitrary HSG GO : {0, 1}2n → {0, 1}3n because, for each n ∈ N and x ∈ {0, 1}2n , it holds
that Kt,O (GO (x)) ≤ 2n + O(1) for a proper choice of t = poly(n) and Pry←u {0,1}3n [KO (y) ≥
3n − 2 (> 2n + O(1) + σ(2n + O(1), n))] ≥ 3/4. It is not hard to verify that the size of the
adversary based on C is at most O(2(ϵ/4)3an/ log 3n ). Thus, this contradicts Corollary 21. ◀
Furthermore, Carmosino, Impagliazzo, Kabanets, and Kolokolova [10] constructed a PAC
learning algorithm for P/poly with MQ on the uniform distribution based on an algorithm
for GapMCSP (originally, the existence of natural proofs). As the contraposition, we obtain
the following from Corollary 28.
▶ Corollary 30. Let a > 0 be an arbitrary constant. With probability 1 over the choice of
δ
Oa , for each ϵ > 0, there exists δ > 0 such that Gapϵ MCSPOa ∈
/ pr-SIZEOa [2n ].
Theorem 4 follows from Theorems 15, 19, and 26 and Corollaries 20– 30 by selecting an
appropriately large parameter in the oracle construction according to a > 0 in the statement
of Theorem 4.
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A

Proof of Lemma 17
c

c

c

Fix n ∈ N arbitrarily. Remember that T = max{n2 , tM (n)2 , tS (n)2 }. Let iT =
c−1 log log T .
We first show that the instance x ∈ {0, 1}n generated by S O (1n ) is determined by only
ρn′ ,j for n′ ≤ T and j ≤ iT − 1 with probability at least 1 − O(n−5 ). Then, we show that
2c
A∗ (M, x, 1T ) returns M O (x) with probability at least 1 − O(n−5 ) under the condition that
x is determined by only ρn′ ,j for n′ ≤ T and j ≤ iT − 1. If we assume these, then by the
union bound, we have the lemma as
Pr

h

O,x←S O (1n )

i
2c
M O (x) ̸= A∗ (M, x, 1T ) ≤ O(n−5 ) + O(n−5 ) = O(n−5 ) (= O(n−4 )).
c

Now, we show the first claim. Since tS (n) ≤ T 1/2 , the answers of A to queries made
c
by S O (1n ) are determined by only ρn′ ,j for n′ ≤ T 1/2 and j ≤ iT − 2. Under an arbitrary
c
condition on restrictions ρn′ ,j for n′ ≤ T 1/2 and j ≤ itS (n)1/2c ≤ iT − 2, the output
S O (1n ) is determined by only ρn′ ,j for n′ ≤ T and j ≤ iT − 1 unless S queries (z, x, ℓ) ∈
c
∪n′ ≤T 1/2c ρ∗n′ ,iT −1 −1 (∗) to F . Note that, if n′ ∈ N satisfies n′ < t−1 (T 1/2 ), then we
c
have imax (n′ ) < c−1 log log(T 1/2 ) = c−1 log log T − 1 = iT − 1. Thus, ρ∗n′ ,iT −1 −1 (∗) =
∅. Otherwise, each element in ρ∗n′ ,iT −1 −1 (∗) is selected from Vn′ ,iT −2 independently with
c
probability p(n′ ). Since S O (1n ) accesses to A at most T 1/2 times, such a conditional
probability is bounded above by
T 1/2

c

max

t−1 (T 1/2c )≤n′ ≤T 1/2c

c

c

c

c

p(n′ ) = T 1/2 p(t−1 (T 1/2 ))
= T 1/2 t(t−1 (T 1/2 ))−6
c

= (T 1/2 )−5
≤ n−5 ,
c

where the inequality holds because T ≥ n2 .
Next, we show the second claim. Under the condition that the given instance x ∈ {0, 1}n
is determined by only ρn′ ,j for n′ ≤ T and j ≤ iT − 1, the T -DNF formula ϕ constructed
2c
in A∗ (M, x, 1T ) is determined only by ρn′ ,j for n′ ≤ T and j ≤ iT − 1. Then, applying
the restriction ρn′ ,j for n′ ≤ T and j ≤ iT under this condition is regarded as a p(n′ )random restriction to Vn′ ,iT −1 for each n′ ≤ T , where we can ignore small n′ such that
n′ < t−1 (T ) because imax (n′ ) < c−1 log log T = iT for such n′ . By applying the switching
lemma (particularly, the baby switching lemma) for T -DNF [14], the probability that ϕ does
not become a constant is at most



′
O T −1 max ′ p(n ) = O T · t(t−1 (T ))−6
t

(T )≤n ≤T

= O(T −5 )
= O(n−5 ),
c

where the last equation holds because T ≥ n2 ≥ n. Remember that A∗ always returns the
correct answer whenever ϕ becomes constant. Therefore, the second claim holds.
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Proof of Theorem 26

We first introduce the following lemma.
▶ Lemma 31 ([11]). Let S, T ⊆ {0, 1}∗ be finite subsets of the same size N , and let b : S → T
be a bijection. Let A? be a deterministic oracle machine that makes at most q queries
to b. If Af (y) = f −1 (y) for all y ∈ T , then b has the representation of length at most
2 log Na + log((N − a)!) when A is given, where a = N/(q + 1).
Now, we present the formal proof of Theorem 26.
Proof of Theorem 26. For every choice of Oa , we define a concept class COa as
COa = {F|z| (z, ·, 1) : z ∈ {0, 1}∗ }.
Then, we show that COa is not weakly PAC learnable with MQ on the uniform distribution
by nonuniform tL (n) = O(2(a/2)n/ log n )-time algorithms with probability 1 over the choice of
Oa . Since COa ⊆ SIZEOa [n], the theorem also holds.
Let ϵ(n) = n− log n . We fix n ∈ N arbitrarily. We consider an arbitrary nonuniform
randomized oracle machine (i.e., a learner) L. For each z ∈ {0, 1}n , we define Iz as an event
(over the choice of O) that L succeeds in learning fz (x) ≡ Fn (z, x, 1) ∈ CO
n in tL (n) time
with advantage ϵ(n), i.e.,
 h
i

Iz = Pr LO,MQfz (n) → hO s.t. Pr[hO (x) = fz (x)] ≥ 1/2 + ϵ(n) in tL (n) time ≥ 2/3 .
L

x

Ω(n)

We will show that PrO [∧z∈{0,1}n Iz ] ≤ 2−2
. For now, we assume this and show the
hardness of learning CO . Since any nonuniform tL (n)-time oracle machine has a binary
representation of length at most O(tL (n)) (for each n ∈ N), the event En that there exists a
Ω(n)
O(tL (n))
nonuniform tL (n)-time oracle machine succeeds in learning CO
=
· 2−2
n is at most 2
negl(n) by the union bound. By the Borel–Cantelli lemma, these events En occur only for
finitely many n ∈ N with probability 1 over the choice of O. In such cases, there is no
nonuniform tL (n)-time algorithm that succeeds in weak learning for CO .
Ω(n)
Now, we show that PrO [∧z∈{0,1}n Iz ] ≤ 2−2
. For any z, x ∈ {0, 1}n , we use a notation
O
L (n)(x) to refer to the following procedure: We execute LO,MQfz (n) and if L outputs some
hypothesis h? in tL (n) time, then we also execute hO (x). For any z ∈ {0, 1}n , we define an
event Jz as the event (over the choice of O) that L or its hypothesis directly access a target
function
 fz by F , i.e.,



′
′
n
O
4
Jz =

Pr

L,x∼{0,1}n

F(z, x , ℓ) is queried for some (x , ℓ) ∈ {0, 1} × [n] during L (n)(x) ≥ ϵ(n)

.

We say that z ∈ {0, 1}n is a hard index (relative to O) if z ∈ Sn,imax (n)−1 . Then, we have
that




^
^
Pr 
Iz  ≤ Pr 
Iz 
O

z∈{0,1}n

O

z∈{0,1}n :hard




^

≤ Pr 
O

"
≤ Pr
O

(Iz ∨ Jz )

z∈{0,1}n :hard

#
^
z:hard

Jz + Pr [∃z : hard s.t. Iz ∧ ¬Jz ] .
O

In the following, we show that each term is bounded above by 2−2
theorem.

Ω(n)

, which implies the
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▷ Claim 32. PrO [

V

z:hard

Jz ] ≤ 2−2

Ω(n)

.

Proof. Let N = |Sn,imax (n)−1 |. For any choice of Sn,imax (n)−1 , we can divide a random
selection of ρn,imax (n) into the following two steps without loss of generality: (i) select N
n
random functions x1 , . . . , xN ∈ {0, 1}n2 uniformly at random (where we regard each xj
as a truth table of a mapping from n bits to n bits), and (ii) select a random bijection
b : Sn,imax (n)−1 → {x1 , . . . , xN } to assign each value of F (z, ·, ·) as F (z, ·, ·) ≡ b(z) for each
z ∈ Sn,imax (n)−1 .
We consider an arbitrary choice of O except for the aforementioned bijection b and use the
notation C to refer to such a partial choice of O. We regard C as a condition on the choice
of O. We say that the partial choice C is bad if there are two distinct indices j1 , j2 ∈ [N ]
n
such that xi1 = xi2 . Since x1 , . . . , xN is uniformly and independently selected from 2n2
elements, by the union bound, we obtain that
n

n

n

Pr[C is bad ] ≤ N 2 · 2−n2 ≤ 22n · 2−n2 = 2−Ω(2 ) .
O

Thus, we have that
"
#
" "
##
^
^
Pr
Jz = ExpC Pr
Jz C
O

O

z:hard

"

z:hard

"

≤ ExpC Pr
O

"

#
^

b

Jz C C is not bad + Pr [C is bad]
O

z:hard

"

≤ ExpC Pr

#

#
^

#
n

Jz C C is not bad + 2−Ω(2 ) .

z:hard

Therefore, it is sufficient to show that for every not bad condition C,
"
#
^
Ω(n)
Pr
Jz C = 2−2
.
b

z:hard

V
To show the aforementioned bound, we assume that z:hard Jz holds under a not bad
condition C (notice that C determines all hard indices), i.e., for any hard index z ∈ {0, 1}n ,


Pr n F (z, ·, ·) is queried during LO (n)(x) ≥ ϵ(n)4
L,x∼{0,1}

By the standard probabilistic argument, we can reduce the upper bound from 1 − ϵ(n)4
to 2−2n on the probability that F (z, ·, ·) is not queried by L or its hypothesis by repeating
LO (n)(x) 2n/ϵ(n)4 times. Then, by the union bound for all hard indices, there exists a
4
random seed r ∈ {0, 1}tL (n)·2n/ϵ(n) such that for any hard index z, F (z, ·, ·) is queried during
at least one execution of LO (n)(x) by using the randomness r. We remark that all queries
to O by L or its hypothesis are determined by C except for F (z, ·, ·) for each hard index
z. This is because L and its hypothesis are executed in time O(tL (n)) = O(2(a/2)n/ log n ) ≤
2an/ log n = t(n) (for sufficiently large n), i.e., all answers from A depend on only ρ·,j for
c
j ≤ c−1 log log t(n)1/2 = c−1 log log t(n) − 1 < imax (n).
Therefore, by executing L with the randomness r and tracing queries to F , we can obtain
a deterministic inverter for b of the query complexity at most tL (n) · 2n/ϵ(n)4 , where the
inverter simulates membership queries by using its input and its own query access to b.
Particularly, the inverter accesses b only for answering the queries of the form F (z ′ , ·, ·)
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′
for some
 z ∈ Sn,imax (n)−1 . However, by Lemma 31, such−4a bijection b is represented by
N
2 log a + log((N − a)!) bits, where a = N/(tL (n) · 2nϵ(n) + 1), when L and r are given.
Thus, we obtain that
6an

a≥

1

6

2n · p(n)imax (n)
2n · 2− log n · c log n
2n · 2− 7 n
≥
≥ 2Ω(n) ,
≥
−4
O(tL (n)nϵ(n) )
O(2(a/2)n/ log n n4 log n+1 )
2O(n/ log n)

and
#

"
Pr
b

^

Jz C ≤

z:hard


N 2
a

· (N − a)! · 2O(tL (n)·2nϵ(n)
N!

−4

)

 
(a/2)n/ log n
N
1
)
· · 2O(2
a
a!

a
Ne
1  e a 2O(n/ log n)
≤
·√
·2
a
2πa a
a  e a 2O(n/ log n)
≤ e(tL (n) · 2nϵ(n)−4 + 1) ·
·2
a
 O(n/ log n) a
O(n/ log n)
2
· 22
≤
a
≤

≤ 2−a · 22

O(n/ log n)

= 2−2

Ω(n)

.

▷ Claim 33. PrO [∃z : hard s.t. Iz ∧ ¬Jz ] ≤ 2−2

Ω(n)

◁
.

Proof. We consider an arbitrary choice of O except for values of ρn,imax (n) (we write this
condition as C). Note that hard indices are determined by the condition C, and for any hard
index z ∈ {0, 1}n , fz is a random function even under the condition C.
Suppose that z is a hard index, and ¬Iz ∧ Jz occurs. By Markov’s inequality, we derive
the following from ¬Iz :
h 
i

Pr Pr F (z, ·, ·) is queried during LO,MQfz (n)(x) ≤ 4ϵ(n)3 ≥ 1 − ϵ(n)/4.
L

x

Since Jz holds, we also have
h
i 2
Pr LO,MQfz (n) → hO s.t. Pr[hO (x) = fz (x)] ≥ 1/2 + ϵ(n) in tL (n) time ≥ .
x
L
3
From the aforementioned two inequalities, there exists a random string r for L such that
LO,MQfz (n; r) outputs some hypothesis hO in tL (n) time without querying (z, ·, ·) to F ;
Prx [hO (x) queries (z, ·, ·) to F ] ≤ 4ϵ(n)3 ; and
Prx [hO (x) = fz (x)] ≥ 1/2 + ϵ(n).
Since L and h are only executed in O(tL (n)) ≤ t(n) time (for sufficiently large n), any
2c
c
query (M, x′ , 1T ) to A by L and h satisfies that T 2 ≤ t(n) and iT = c−1 log log T =
c−1 log log t(n) − 1 < imax (n). Therefore, if L and h do not query (z, ·, ·) to F , then the
answers from O do not depend on ρn,imax (n) , i.e., they are determined only by the condition C.
In this case, we show that a truth table of fz has a short description under the condition C.
This implies the upper bound on the probability of this case because a random function does
not have such a short description with extremely high probability.
The short description of fz is obtained as follows. Let Bz ⊆ {0, 1}n be the subset
consisting of x such that hO (x) queries F (z, ·, ·). By the second property of the above,
|Bz | ≤ 2n · 4ϵ(n)3 holds. We execute LO,MQfz (n; r) to obtain hO , and we write down all
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answers from the membership query oracle MQfz in Q, i.e., Q is a binary string of length at
most tL (n). By the first property on r, the answers from O are determined by the condition C.
Next, we execute the outputted hypothesis hO (x) on each input x ∈ {0, 1}n \ Bz . From these
predictions and auxiliary information fz (Bz ) = {(x, fz (x)) : x ∈ Bz }, we obtain a function
f˜ : {0, 1}n → {0, 1} defined as
(
hO (x) if x ∈
/ Bz
f˜(x) =
fz (x) if x ∈ Bz .
n

Then, by the third property, f˜ is (1/2 − ϵ(n))-close to fz . We define e ∈ {0, 1}2 as
ex+1 = fz (x) ⊕ f˜(x), where we identify x ∈ {0, 1}n with an integer in [0, 2n − 1]. Then, the
Hamming weight of e is at most 2n · (1/2 − ϵ(n)), and e is represented by a binary string ẽ of
length at most (1 − Ω(ϵ(n)2 )) · 2n by lexicographic indexing among binary strings of the same
weight. Obviously, fz is reconstructed from f˜ and ẽ. Therefore, based on the aforementioned
constructions, fz is represented only by L, r, Q, fz (Bz ), and ẽ on the condition C. The total
number of such representations is at most
|L| + tL (n) + tL (n) + (n + 1) · |Bz | + (1 − Ω(ϵ(n)2 )) · 2n

≤ O(tL (n)) + 1 + 4(n + 1)ϵ(n)3 − Ω(ϵ(n)2 ) 2n

≤ O(tL (n)) + 1 − Ω(ϵ(n)2 ) · 2n .
Therefore, we have that for any condition C and any hard index z ∈ {0, 1}n ,
Pr [Iz ∧ ¬Jz |C] ≤
O

2
n
2O(tL (n))+(1−Ω(ϵ(n) ))·2
22n

≤ 22

O(n/ log n)

≤ 2−2

Ω(n)

−Ω(n−2 log n )·2n

.

Thus, we conclude that
"
#
" "
##
_
_
Pr
Iz ∧ ¬Jz = ExpC Pr
Iz ∧ ¬Jz C
O

O

z:hard

z:hard




X

≤ ExpC 

z∈{0,1}n

≤ 2n · 2−2

Ω(n)

Pr [z is hard and Iz ∧ ¬Jz |C]
O

= 2−2

Ω(n)

.

◁
◀
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Abstract
Symmetry of information for time-bounded Kolmogorov complexity is a hypothetical inequality that
relates time-bounded Kolmogorov complexity and its conditional analogue. In 1992, Longpré and
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We demonstrate the significance of our proof techniques by presenting two applications. First, using that symmetry of information does not hold for Levin’s Kt-complexity, we prove that randomized
Kt-complexity cannot be computed in time 2o(n) on inputs of length n, which improves the previous
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1

Introduction

One of the basic facts in information theory is symmetry of mutual information: For two
random variables X and Y , the mutual information I(X : Y ) is symmetric: I(X : Y ) = I(Y :
X). In terms of Shannon entropy H(-), this equality is equivalent to
H(Y ) − H(Y | X) = H(X) − H(X | Y ).
An alternative way of measuring the amount of information is to use Kolmogorov complexity. The Kolmogorov complexity K(x) of a finite string x ∈ {0, 1}∗ is defined to be the
length of a shortest program that prints x. While Shannon entropy can measure the average
amount of information in a collection of strings, the notion of Kolmogorov complexity enables
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quantifying the amount of information in an individual string, thereby giving a finer notion
than Shannon entropy. Kolmogorov complexity has had fundamental impacts on theoretical
computer science [55].
Kolmogorov and Levin [74] established a fundamental property of Kolmogorov complexity:
Symmetry of information for Kolmogorov complexity states that
K(y) − K(y | x) = K(x) − K(x | y) ± O(log(|x| + |y|))

(1)

for any strings x and y ∈ {0, 1}∗ . Here, K(x | y) denotes the conditional Kolmogorov
complexity of x given y, i.e., the length of a shortest program that prints x given y as input.
One disadvantage of Kolmogorov complexity, which was already noted in the seminal
paper of Kolmogorov [51], is that K(x) does not take into account the complexity of generating
the string x. Kolmogorov suggested considering t-time-bounded Kolmogorov complexity,
denoted by Kt (x), which is the shortest size of a program that prints x in time t. According
to Levin [52], as early as 1967 Kolmogorov suggested time-bounded versions of symmetry of
information as an interesting avenue of research. We consider the following time-bounded
version of symmetry of information.1
▶ Definition 1.1. Symmetry of information for time-bounded Kolmogorov complexity (SoI)
refers to the following hypothesis: There exists a polynomial p such that for any strings
x ∈ {0, 1}∗ and y ∈ {0, 1}∗ , for every t ≥ |x| + |y|,
Kp(t) (x | y) + Kp(t) (y) − log p(t) ≤ Kt (x, y).

(SoI)

Throughout this paper, we refer to this hypothesis as SoI.
Note that Kt (x, y) ≤ Kt/4 (y | x) + Kt/4 (x) + O(1) unconditionally holds for all large
t because strings x and y can be computed by running a program of length Kt/4 (x) that
outputs x in time t/4 and a program of length Kt/4 (y | x) that takes x as input and outputs
y in time t/4.2 Consequently, SoI implies that
Kp(t) (x | y) + Kp(t) (y) ≤ Kt/4 (y | x) + Kt/4 (x) + O(log t),
which is a natural time-bounded analogue of Equation (1).
The original Kolmogorov–Levin proof of Equation (1) is based on an exhaustive search
of all strings of a given length. By applying the original proof to a space-bounded setting,
symmetry of information for space-bounded Kolmogorov complexity was proved by Longpré
and Mocas [57]. Interestingly, as is repeatedly stated by Levin (e.g., in [53, 19, 54]), even before
the notion of NP-completeness was formalized, Kolmogorov envisioned that investigating
symmetry of information for time-bounded Kolmogorov complexity would be a good approach
toward P ̸= NP. To quote [53],
“this information symmetry theorem may be a good test case to prove that for
some tasks exhaustive search cannot be avoided (in today’s terms, P =
̸ NP).”

1

2

Previous works [57, 58] studied a slightly different version called polynomial-time-bounded symmetry of
information, in which the time bound t of SoI is fixed to an arbitrary polynomial. SoI is stronger than
polynomial-time-bounded symmetry of information, which makes Theorem 1.2 stronger. Moreover, it is
not hard to observe that the results of [57, 58] hold for SoI. We also mention that our version of SoI is
useful to show worst-case-to-average-case connections; see Section 7.
For our definition of time-bounded Kolmogorov complexity (Definition 3.1), there is a larger overhead
of the simulation of the programs. For simplicity, we ignore this minor issue in this introduction.
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In 1992, Longpré and Watanabe [58]3 showed that P = NP implies SoI, and that SoI
implies the non-existence of one-way functions. Their results can be seen as formalizing
Kolmogorov’s insightful approach to P ̸= NP: Finding a single sequence of pairs (x, y)
of strings that violates SoI implies P ̸= NP! Despite the rich literature on Kolmogorov
complexity [55], providing an exact characterization of SoI remains elusive. In fact, it has
been a long-standing open question to improve the results of [58] over the last three decades.
In this work, we improve the result of [58] by showing that SoI holds under the weaker
assumption that NP is easy on average.
▶ Theorem 1.2. If DistNP ⊆ AvgP, then SoI holds.
Here, the statement DistNP ⊆ AvgP means that for every language L in NP and for every
polynomial-time samplable distribution D,4 there exists an errorless heuristic scheme that
solves L on inputs sampled from D; we refer the reader to the survey of Bogdanov and
Trevisan [16] for background on average-case complexity theory.
We find Theorem 1.2 surprising: The assumption of Theorem 1.2 is that NP is easy on
most instances, whereas SoI is an inequality for every pair of strings x and y; thus, it is
natural to expect that SoI is related to the worst-case complexity of some problem. Indeed,
we show that SoI is closely related to the worst-case complexity of GapMINKT, which is the
problem of approximating time-bounded Kolmogorov complexity. We also show that, under
the plausible assumption that E requires exponential-size circuits, SoI is sandwiched between
the existence of an errorless heuristic scheme (AvgP) for computing Kt (-) and the existence
of an error-prone heuristic scheme (HeurP) for computing Kt (-), thereby narrowing SoI.
▶ Theorem 1.3 (informal; see Theorem 8.2 for the formal version). Assume that E ̸⊆
i.o.SIZE(2ϵn ) for some constant ϵ > 0. In the following list, we have 1 ⇐⇒ 2 =⇒ 3
=⇒ 4 and 3 =⇒ 5.
1. GapMINKT ∈ P.
2. For every polynomial-time samplable distribution D and for all sufficiently large polynomials t, there exists an errorless heuristic scheme that computes Kt(n) (x) for a random
input x ∼ Dn .
3. SoI holds.
4. For every polynomial-time samplable distribution D and for all sufficiently large polynomials t, there exists an error-prone heuristic scheme that computes Kt(n) (x) for a random
input x ∼ Dn .
5. Gapτ MINKT ∈ DTIME(2O(n/ log n) ) for some function τ (n, t) = 2O(n/ log n) .
The difference between errorless and error-prone heuristics is as follows: Error-prone
heuristics compute a problem on most instances but are allowed to output a wrong answer.
Errorless heuristics also compute a problem on most instances; in addition, they must output
either a correct answer or a special failure symbol “⊥”. Hirahara and Santhanam [38]
showed the equivalence between errorless and error-prone average-case complexities of any
problem that admits an instance checker in the sense of Blum and Kannan [15]. In particular,
Theorem 1.3 implies that SoI is exactly characterized by the worst-case complexity of
GapMINKT if time-bounded Kolmogorov complexity admits an instance checker (and E
requires exponential-size circuits). Whether an instance checker can be constructed or not is
an interesting open question.

3
4

The conference version of [58] was presented in ISAAC 1992.
In fact, even if we restrict the distribution D to {U , T }, the statement remains the same. Here, U
denotes the uniform distribution and T denotes the tally distribution supported only on {1}∗ . This is a
consequence of the theorems of Impagliazzo and Levin [45], Buhrman et al. [18]; see [35].
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Previously, under the assumption that DistNP ⊆ AvgP, [35] showed weak symmetry
of information, which states that |x| + Kpoly(t) (y) − O(log t) ≤ Kt (x, y) holds with high
probability over x ∼ {0, 1}n uniformly chosen at random. Our proof is largely inspired by the
proof of weak symmetry of information. In fact, it is “not hard” to prove Theorem 1.2 itself
using the proof techniques developed in [35]5 . Independently of this work, Goldberg and
Kabanets [28] proved Theorem 1.2 using the same proof techniques and used it to provide
an alternative proof of main results of [35].6
Our main contribution is to develop more general proof techniques that are applicable
to any resource-bounded Kolmogorov complexity and to demonstrate their significance: In
general, for any (randomized) resource-bounded Kolmogorov complexity Kµ(-), we show that
symmetry of information for Kµ(-) follows from an efficient algorithm that computes Kµ(-).
Since symmetry of information is a fundamental property of Kolmogorov complexity, we expect
that our new proof techniques will have a variety of applications in future. In the following
two subsections, we present two specific applications that concern two central questions of
computational complexity theory: (1) P ̸= NP and (2) P ̸= NP =⇒ DistNP ̸⊆ AvgP.

1.1

Kolmogorov’s Approach to the P versus NP Problem

Is Kolmogorov’s approach to the P versus NP problem an illusion made in the premature
era of theoretical computer science? We present strong evidence that this is not the case:
Using our new proof techniques of proving symmetry of information, we demonstrate that
Kolmogorov’s insightful approach is indeed useful to prove lower bounds! Specifically, we
consider a randomized version of Levin’s Kt-complexity. The randomized Kt-complexity of a
string x, denoted by rKt(x), is defined as the minimum of |M | + log t over all the randomized
programs M that print x with probability at least 23 in time t [62]. Let GapMrKtP be the
promise problem of approximating rKt(x) on input x up to an additive error of O(log |x|).
Using an exhaustive search, it is easy to observe that GapMrKtP ∈ pr-BPTIME(2O(n) ). We
prove that this exhaustive search cannot be avoided.
▶ Theorem 1.4. GapMrKtP ̸∈ i.o.BPTIME(2ϵn ) for some constant ϵ > 0.
The proof of Theorem 1.4 is given by implementing Kolmogorov’s approach in the case
of rKt: Ronneburger [66] proved that symmetry of information for Levin’s Kt-complexity
does not hold. Using this result, we observe that symmetry of information for rKt is also
false (conditionally). Then, using our proof techniques, we prove symmetry of information
for rKt from an efficient hypothetical algorithm that computes GapMrKtP, which leads to a
contradiction.
O(1)
n
Previously, Oliveira [62] proved GapMrKtP ̸∈ pr-BPTIME(2log
) using a different
proof technique. Theorem 1.4 improves this result in the following two respects: 7
O(1)
n
1. The lower bound is improved from a quasi-polynomial 2log
to a strongly exponential
2ϵn , which is optimal up to a constant exponent.
2. Our lower bound works against algorithms that are correct infinitely often (i.o.).

5
6
7

if the feasibility of proving Theorem 1.2 is given as advice; see Appendix A.1 for more comments.
Independently, we also find a similar alternative proof; see Section 7.
A caveat is that our lower bound is applicable to BPP, i.e., randomized algorithms that satisfy the
promise of BPP-type algorithms over all the inputs, whereas the lower bound of [62] is also applicable
to pr-BPP. In this respect, these two lower bounds are incomparable. We leave an open problem of
improving our lower bound to i.o.pr-BPTIME(2ϵn ). However, we note that BPP = P = pr-BPP under
the plausible assumption that E requires exponential-size circuits [46], in which case there is no difference
between the two lower bounds.
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The fact that Theorem 1.4 improves the previous state-of-the-art result of [62] indicates
the significance of the new approach of proving lower bounds via symmetry of information.
[34] developed yet another proof technique of showing lower bounds for resource-bounded
Kolmogorov complexity and showed that Kt(|x|) (x) cannot be computed in polynomial time
if t(n) = nω(1) . Interestingly, this previous proof technique does not seem to be applicable to
the setting of Theorem 1.4,8 which suggests the “novelty” of Kolmogorov’s approach.
Why was Kolmogorov’s approach not implemented before? Previously, the only proof
technique of proving symmetry of information was due to Kolmogorov and Levin [74]; for
example, the aforementioned work of Longpré and Watanabe [58] showed symmetry of
information from a hypothetical efficient algorithm that computes some problem in PH, by
applying the original Kolmogorov–Levin proof to the resource-bounded case. It was not known
if symmetry of information can be proved from an efficient algorithm that computes resourcebounded Kolmogorov complexity. Our general proof techniques of showing symmetry of
information from efficient algorithms make it possible to implement Kolmogorov’s insightful
approach, for the first time. Our results demonstrate the significance of Kolmogorov’s
approach and hint that it may indeed lead to the resolution of the P versus NP problem in
future.

1.2

Toward Excluding Heuristica

One of the central open questions in computational complexity theory is to show the
equivalence between the worst-case and average-case complexities of NP, e.g., P = NP ⇐⇒
DistNP ⊆ AvgP. Equivalently, this question is well known as whether Heuristica can be
excluded from Impagliazzo’s five possible worlds [43]. Heuristica is a hypothetical world
in which P ̸= NP and DistNP ⊆ AvgP. There are at least three types of results explaining
the difficulty of excluding Heuristica: Standard proof techniques for relating worst-case
and average-case complexities, such as black-box nonadaptive reductions [23, 17], hardness
amplification procedures [73, 72], and relativizing proof techniques [44, 36], are known to
be incapable of excluding Heuristica. To make progress on this central problem, we need to
develop new types of proof techniques that are not subject to any of these technical barriers.
Recently, several new proof techniques of analyzing average-case complexity have been
developed based on meta-complexity. Meta-complexity refers to the complexity of a problem
that asks for complexity. One representative example of meta-computational problems is
MINKT [50], which asks to compute Kt (x) given (x, 1t ) as input. [31] developed a non-blackbox reduction technique that goes beyond the limits of black-box reductions presented by
Feigenbaum and Fortnow [23], Bogdanov and Trevisan [17], and showed GapMINKT ∈ P if
DistNP ⊆ AvgP. Informally, GapMINKT is the problem of approximating the time-bounded
Kolmogorov complexity Kt (x) up to an additive error of O(log t) on input (x, 1t ).9 As
a consequence, Heuristica can be excluded if GapMINKT is NP-hard. Subsequently, [35]
developed proof techniques that simultaneously overcome the limits of black-box reductions
[23, 17] and the impossibility of hardness amplification procedures [73, 72], and proved
(among other results) that DistNP ̸⊆ AvgP follows from the worst-case assumption that
UP ̸⊆ DTIME(2O(n/ log n) ). The next goal along this research line is to develop a proof

8

9

By combining the infinitely-often pseudo-deterministic subexponential-time algorithm of Oliveira and
O(1)
n
Santhanam [63] with [34], it is possible to prove GapMrKtP ̸∈ pr-BPTIME(2log
). However, this
ends up with essentially the same proof as [62].
More precisely, GapMINKT is the problem of computing a value v such that Kp(t) (x) − log p(t) ≤ v ≤
Kt (x) on input (x, 1t ) such that |x| ≥ t, where p is some polynomial; see Fact 3.4.
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technique that overcomes the limits of relativizing barriers, for which quantitatively tight
results are known: Building on the work of Impagliazzo [44], Hirahara and Nanashima [36]
showed that a relativizing proof technique is incapable of improving the time complexity
2O(n/ log n) achieved in [35] to 2o(n/ log n) . Chen et al. [20] bypassed this relativization
barrier by showing
 √ that NTIME[n] is hard on average for quasi-linear-time algorithms if
UP ̸⊆ DTIME 2 n log n . To make further progress, we would need to develop a proof
technique that overcomes 10 the relativization barrier.
In search of non-relativizing proof techniques, we review another line of research on
meta-complexity. A long-standing open question on meta-complexity, which dates back to as
early as the 1960s [69, 8], is to prove NP-hardness of meta-computational problems, such as
MINKT. Recently, there has been substantial progress on this question in a line of research
[7, 37, 40, 42, 41, 56, 4]. A salient feature of the proof techniques developed in this line of
research is that these are apparently non-relativizing. Specifically, Ko [50] constructed an
oracle under which NP ̸= P but GapMINKT is easy, thereby showing that a relativizing
proof technique is incapable of showing NP-hardness of GapMINKT. In contrast, building
on the work of Ilango [40], Allender et al. [4], Liu and Pass [56] showed NP-hardness of the
problem of computing sublinear-time-bounded conditional Kolmogorov complexity, which we
denote by MINcKT (“c” stands for “conditional”).
Toward excluding Heuristica, we aim at combining the two lines of research reviewed above.
One interpretation of SoI is an approximate equality between time-bounded conditional
Kolmogorov complexity and its unconditional version. Specifically, SoI implies that
Kp(t) (x | y) ≤ Kt (x, y) − Kp(t) (y) + O(log t) ≤ Kt/4 (x | y) + Kt/4 (y) − Kp(t) (y) + O(log t).
= Kt/4 (x | y) + cdt/4,p(t) (y) + O(log t).

(2)

Here, cds,t (y) := Ks (y) − Kt (y) is called the (s, t)-time-bounded computational depth of y
[9, 35] and is known to be small for most strings y [9, 11] (see Lemma 8.4 for a formal
′
statement). Equation (2) means that the conditional Kolmogorov complexity Kt (x | y) can
be approximated up to an additive error of cdt/4,p(t) (y) + O(log t) for some t′ ∈ [t/4, p(t)]
if time-bounded Kolmogorov complexity can be efficiently computed.11 In other words,
SoI enables reducing the problem of approximating conditional Kolmogorov complexity to
the problem of approximating unconditional Kolmogorov complexity; i.e., GapMINcKT is
reducible to GapMINKT. As a consequence of Theorem 1.2, we generalize the approach
of [31] for excluding Heuristica as follows:
▶ Theorem 1.5. If Gapτ MINcKT is NP-hard under randomized reductions for every polynomial τ , then Heuristica does not exist; that is, DistNP ⊆ AvgP if and only if P = NP. Here,
the problem Gapτ MINcKT asks to compute an integer k ∈ N such that
Kτ (|x|,|y|,t) (x | y) − log τ (|x|, |y|, t) ≤ k ≤ Kt (x | y) + cdt,τ (|x|,|y|,t) (y)
on input (x, y, 1t ).

10

We say that a proof technique A overcomes a barrier B if A proves a statement S such that proof
techniques subject to B are incapable of proving S. The results of [20] do not necessarily overcome the
relativization barriers of [44, 36] because the conclusion that NTIME[n] is hard on average is weaker
than DistNP ̸⊆ AvgP.
11
It is unlikely that the additive error term cdt/4,p(t) (y) can be improved by using relativizing proof
techniques; see Remark 6.4.
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More generally, our proof techniques provide a general approach of reducing conditional
resource-bounded Kolmogorov complexity Kµ(- | -) to its unconditional analogue Kµ(-) for
every resource-bounded Kolmogorov complexity Kµ: Using a hypothetical efficient algorithm
that computes Kµ(-), we prove symmetry of information for Kµ. Then, we use symmetry of
information to reduce conditional complexity Kµ(- | -) to Kµ(-).
Next, we investigate whether Gapτ MINcKT can be proved to be NP-hard. Building on
the proof techniques developed in [40, 4, 56], we prove NP-hardness of Gapτ MINcKT if the
approximation parameter τ (|x|, |y|, t) is sublinear in |y|, e.g., τ (|x|, |y|, t) ≤ |x|O(1) · |y|0.99 ·
tO(1) .
▶ Theorem 1.6 (informal; see Theorem 6.6 for the formal version). Let c > 1 be an arbitrary
constant. Let τ : N3 → N be a function such that τ (n, m, t) ≤ nc · m1−1/c · tc for all large n, m,
and t ∈ N. Then, Gapτ MINcKT is NP-hard under randomized polynomial-time reductions.
Moreover, it is NP-hard to approximate Kt (x | y) to within a factor of |x|

1/(log log |x|)O(1)

.

The contributions of Theorem 1.6 are two-fold.
1. We improve an inapproximability factor. Most previous hardness proofs in the literature
[7, 37, 40, 42, 41, 56, 4] reduce the set cover problem to meta-computational problems.
In particular, the inapproximability factor obtained in [4, 56] is at most O(log |x|). Our
1/(log log |x|)O(1)

inapproximability factor |x|
is a nearly exponential improvement and is close
to the trivial upper bound of |x|. In addition, we prove the NP-hardness of approximating
Kt (x | y) even when there is an additive error term cdt,τ (|x|,|y|,t) (y).
Our strong inapproximability is not only a quantitative improvement but also a qualitative
improvement. In fact, the two previous results [4, 56] prove NP-hardness of two different
versions of conditional Kolmogorov complexity, McKTP and MINcKT. Here, McKTP
is the problem of computing the KT-complexity of x given y, i.e., the minimum of
|M | + t over all programs M that compute x given y as input in time t. Because of
the previous weak inapproximability, these two results are proved by different proofs.
Our inapproximability is strong enough to prove NP-hardness of McKTP and MINcKT
simultaneously.
2. We present a new connection between a secret sharing scheme and sublinear-time-bounded
conditional Kolmogorov complexity. This new connection abstracts essential proof ideas
implicitly developed in the line of research and enables us to provide a streamlined proof.

Perspective
How should we interpret our results? Optimistically, our results indicate that excluding
Heuristica might be reachable by combining current proof techniques. We are not aware
of any technical barrier that suggests Theorems 1.5 and 1.6 cannot inherently be matched.
It is currently plausible that all the technical barriers to excluding Heuristica that we are
aware of ([23, 17, 73, 72, 44, 36]) can be overcame in this way. Pessimistically, our results
can be understood as indicating the difference between sublinear-time-bounded Kolmogorov
complexity and time-bounded Kolmogorov complexity. However, we emphasize that the fact
that Theorems 1.2 and 1.5 do not work for sublinear-time bounded Kolmogorov complexity is
not an inherent limitation of our proof techniques. Our proof techniques make it possible to
prove symmetry of information even for some version of sublinear-time bounded Kolmogorov
complexity with error [25] by using a pseudorandom generator construction from average-case
hardness. Whether there is a technical barrier that explains the inherent difficulty of the
current approach remains to be explored.12
12

A candidate is the limits of oracle-independent reductions of [39].
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1.3

Related Work

Symmetry of Information
Lee and Romashchenko [52] unconditionally showed that for every polynomial p, for some
polynomial q, for any strings x and y of length n,
KAMDq(n) (x | y) + KAMDq(n) (y) − O(log3 n) ≤ Kp(n) (x, y).
Here, KAMD denotes an Arthur–Merlin variant of distinguishing Kolmogorov complexity.
Consequently, symmetry of information holds up to an additive error of O(log3 n) under the
′
assumption that Kq (n) (x | y) ≤ KAMDq(n) (x | y) + O(log n) holds for any strings x and y.
They also showed that this assumption is in fact equivalent to P = NP and hence gave no
improvement over the conditional result of [58].

Symmetry of Information and Hardness
Symmetry of information is used to show hardness results for Kolmogorov complexity [34].
Similarly, an inequality analogous to SoI is used to show NP-hardness of a multi-output variant
of MCSP [42]. The Minimum Circuit Size Problem (MCSP [47]) is the meta-computational
problem that asks to compute the size of a minimum circuit that computes a given function
f : {0, 1}n → {0, 1} represented as the truth table of length 2n . Ilango [40] showed that a
conditional variant of MCSP is NP-hard under randomized reductions. Subsequently, Ilango
et al. [42] proved NP-hardness of a multi-output variant of MCSP. Their proof is based
on an inequality reminiscent of SoI, which enables translating the hardness result for the
conditional variant of MCSP [40] to an unconditional variant.

The Shortest Vector Problem
The complexity landscape about GapMINcKT is reminiscent of the shortest vector problem
GapSVP. If “approximation factors” are small, then GapMINcKT and GapSVP are NPhard [30]. If “approximation factors” are large, then these problems admit worst-caseto-average-case connections. However, there are fundamental differences: On one hand,
GapSVP is known to be in NP ∩ coNP for a large approximation factor [29, 1] and thus is
unlikely to be NP-hard. Moreover, this phenomenon is inherent: The limits of black-box
reductions presented by Bogdanov and Trevisan [17] show that any problem reducible to
DistNP by nonadaptive black-box reductions must be in NP/poly ∩ coNP/poly. The worstcase-to-average-case connections presented for GapSVP are given by black-box reductions
[2, 60] and thus subject to this barrier. On the other hand, the worst-case-to-average-case
connection for GapMINcKT (Theorem 1.5) is not subject to the barrier of [17] since it
is proved by a non-black-box reduction, i.e., a reduction that exploits the efficiency of a
hypothetical heuristic algorithm for DistNP. There is no evidence against NP-hardness of
Gapτ MINcKT for any large polynomial τ ; on the contrary, the NP-hardness of Gapτ MINcKT
for sublinear-time-bounded functions τ can be seen as supporting evidence.

2

Proof Techniques

In this section, we outline our proof techniques.
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We first sketch a proof of Theorem 1.2, which shows SoI in Heuristica. In doing so, we
present a general technique of proving symmetry of information from any efficient algorithm
that computes resource-bounded Kolmogorov complexity and any pseudorandom generator
construction. We need two lemmas from previous work, which we review below.
Our proof of Theorem 1.2 is based on the meta-complexity of time-bounded Kolmogorov
complexity: We crucially use the fact that time-bounded Kolmogorov complexity can be
approximated in Heuristica.
▶ Lemma 2.1 ([31, 33]). If DistNP ⊆ AvgP, then GapMINKT ∈ P.
This result makes it possible to approximate Kt (x). For the purpose of exposition, we
assume below that there exists an algorithm which, on input (x, t), computes Kt (x) exactly
in time poly(|x|, t). It is worth emphasizing that our proof deviates from the original
Kolmogorov–Levin proof in this respect: Our proof is “meta-computational” in that we use
GapMINKT ∈ P, whereas the Kolmogorov–Levin proof cannot be “meta-computational”
since the resource-unbounded Kolmogorov complexity K(-) cannot be computed in finite
time steps.
The second lemma is the reconstruction property of a k-wise direct product generator [34],
which turned out to be a fundamental tool for analyzing Kolmogorov complexity [33, 65, 32,
35]. A k-wise direct product generator DPk : {0, 1}n × {0, 1}nk → {0, 1}nk+k is defined as
follows:
DPk (x; z) := (z 1 , . . . , z k , ⟨z 1 , x⟩, . . . , ⟨z k , x⟩)
for every x ∈ {0, 1}n and every z = (z 1 , . . . , z k ) ∈ ({0, 1}n )k , where ⟨x, y⟩ denotes the inner
Pn
product of x and y ∈ {0, 1}n over GF(2), i.e., ⟨x, y⟩ := ( i=1 xi yi ) mod 2. The k-wise
direct product generator DPk (x; -) is a pseudorandom generator secure against an algorithm
D if K(x | D) > k + O(log |x|). More formally, we have the following property:
▶ Lemma 2.2 (Deterministic Reconstruction for DPk ; see [35]). Assume that E ̸⊆ i.o.SIZE(2ϵn )
for some constant ϵ > 0. Then, there exists a polynomial p such that, for every n ∈ N,
x ∈ {0, 1}n , parameters k, ϵ−1 , s ∈ N, and for every randomized circuit D of size s such that
Pr [D(DPk (x; z); r) = 1] − Pr [D(w; r) = 1] ≥ ϵ,
z,r

w,r

where z ∼ {0, 1}nk , w ∼ {0, 1}nk+k , and r ∼ {0, 1}s , it holds that
Kp(ns/ϵ) (x | D) ≤ k + log p(ns/ϵ).
The assumption of Lemma 2.2 is satisfied in Heuristica, as Buhrman et al. [18] showed that
E ̸⊆ i.o.SIZE(2ϵn ) for some constant ϵ > 0 if DistNP ⊆ AvgP. We mention in passing that the
proof of Lemma 2.1 also uses Lemma 2.2.
Now, we sketch the proof of SoI from an efficient algorithm that computes Kt (-) and the
pseudorandom generator construction DP(-; -). Fix strings x ∈ {0, 1}n and y ∈ {0, 1}m and
an integer t ≥ n + m. We claim
Kq(t) (x | y) + Kq(t) (y) − log q(t) ≤ Kt (x, y)
for some universal polynomial q. The proof is given by analyzing the following three values
for z ∼ {0, 1}nk , w ∼ {0, 1}nk+k , z ′ ∼ {0, 1}mℓ , and w′ ∼ {0, 1}mℓ+ℓ :
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′

Kt (
′
Kt (
′
Kt (

DPk (x; z),
w,
w,

DPℓ (y; z ′ ) ),
DPℓ (y; z ′ ) ),
w′
),

where t′ , k, and ℓ are parameters chosen later.
First, by a standard counting argument, we have
′

Kt (w, w′ ) ≈ |w| + |w′ |

(3)

with high probability over the random choice of w and w′ .
Next, by the contrapositive of Lemma 2.2, DPℓ (y; -) is a pseudorandom generator secure
against uniform algorithms if ℓ ≪ Kp(t) (y), where p is some polynomial; thus, we obtain
′

′

Kt (w, DPℓ (y; z ′ )) ≈ Kt (w, w′ ).

(4)

In more detail, consider a randomized circuit D that takes w′ as input as well as random bits
′
w and checks whether Kt (w, w′ ) ≥ θ for a threshold θ. By Lemma 2.2, if D can distinguishes
DPℓ (y; z ′ ) and w′ , we would get Kp(t) (y) ≤ ℓ + log p(t). We choose ℓ := Kp(t) (y) − log p(t) − 1
so that this inequality does not hold. Equation (4) follows from the fact that D cannot
distinguish the pseudorandom distribution DPℓ (y; z ′ ) from the uniform distribution w′ .
By combining Equations (3) and (4), we conclude that
′

Kt (w, DPℓ (y; z ′ )) ≳ |w| + |w′ | = |z| + k + |z ′ | + ℓ ≈ |z| + k + |z ′ | + Kp(t) (y)

(5)

with high probability over the random choice of w and z ′ .
On the other hand, observe that for some t′ := poly(t),
′

Kt (DPk (x; z), DPℓ (y; z ′ )) ≤ Kt (x, y) + |z| + |z ′ | + O(log n)

(6)

holds because the strings DPk (x; z) and DPℓ (y; z ′ ) can be computed from k, ℓ, z, z ′ , and a
program of size Kt (x, y) that outputs (x, y) in time t.
Comparing Equations (5) and (6), for a sufficiently large k := Kt (x, y)−Kp(t) (y)+O(log t),
′
there exists a threshold θ′ such that Kt (w, DPℓ (y; z ′ )) ≥ θ′ with high probability over the
′
random choice of w and z ′ , whereas Kt (DPk (x; z), DPℓ (y; z ′ )) < θ′ for every z and z ′ . Let
Dy be a randomized circuit that takes an input w and random bits z ′ and checks whether
′
Kt (w, DPℓ (y; z ′ )) < θ′ . Then, we obtain
1 = Pr′ [Dy (DPk (x; z); z ′ ) = 1] ≫ Pr′ [Dy (w; z ′ ) = 1] ≈ 0
z,z

w,z

Using Lemma 2.2, we obtain
Kpoly(t) (x | Dy ) ≤ k + O(log t) = Kt (x, y) − Kp(t) (y) + O(log t).
Since the circuit Dy can be efficiently constructed from y, we have Kt (Dy | y) ≤ O(log t). It
follows that for some large polynomial q,
Kq(t) (x | y) ≤ Kt (x | Dy ) + Kt (Dy | y) + O(1) ≤ Kt (x, y) − Kp(t) (y) + O(log t)
as desired. This completes the proof of Theorem 1.2, except that the circuits D and Dy must
carefully be defined using an algorithm for GapMINKT. A complete proof can be found
in Section 4. We also present a simple proof of Theorem 1.2 based on weak symmetry of
information of [35] in Appendix A and clarify that the techniques of proving Theorem 1.2
were already developed in [35].
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Lower Bounds for rKt via Kolmogorov’s Approach

Observe the generality of the proof technique described in Section 2.1: The only two
ingredients of the proof of symmetry of information are (1) a hypothetical algorithm that
computes resource-bounded Kolmogorov complexity and (2) a pseudorandom generator
construction. The same proof strategy can be applied to any resource-bounded Kolmogorov
complexity; the tightness of the resulting SoI is determined by the advice complexity of a
pseudorandom generator construction.
We review the notion of pseudorandom generator construction and its advice complexity.
A pseudorandom generator construction G : {0, 1}n × {0, 1}d → {0, 1}m is an efficiently
computable function that has a (randomized) reconstruction procedure R with the following
property: For every x ∈ {0, 1}n , if an oracle D distinguishes the output distribution G(x; -)
from the uniform distribution, then there exists an advice string α ∈ {0, 1}a such that the
randomized algorithm R outputs x given α as advice with high probability. The length a
of the advice string is referred to as the advice complexity of G. Trevisan and Vadhan [71]
showed that the advice complexity a is always at least m − d − 3. In the case of the k-wise
direct product generator DPk (x; -), the advice complexity is k + O(log n), which is close to
the lower bound of m − d − 3 = k − 3. The fact that the additive term of SoI is O(log t)
comes from the nearly optimal advice complexity of DPk (x; -). The disadvantage of DPk ,
however, is that the seed length d = nk is too large, which prevents us from obtaining the
tight lower bound of Theorem 1.4.
There are several different constructions of pseudorandom generators in the literature
(e.g., [70, 64, 68, 34]). For example, the pseudorandom generator construction G of Raz et al.
[64] satisfies the following properties: The advice complexity of G is at most m + O(log3 n).
In particular, if some t-time algorithm distinguishes the output distribution G(x; -) from the
uniform distribution, then rKt(x) ≤ m + O(log3 n) + O(log t). Moreover, the seed length d
is O(log3 n), which is small enough for our application.
Now, we sketch the proof of Theorem 1.4. For simplicity, we claim that the problem
MrKtP of computing rKt exactly cannot be solved in time 2o(n) . Toward a contradiction,
assume MrKtP ∈ BPTIME(2o(n) ). Applying the general proof technique of Section 2.1 to (1)
the algorithm that computes MrKtP and (2) the pseudorandom generator construction G,
we obtain symmetry of information for rKt:
rKt(x | y) + rKt(y) ≤ rKt(x, y) + O(log3 n) + o(n)
for any strings x and y of length n (Lemma 5.6). Next, we construct a pair (x, y) that
violates this symmetry of information. Ronneburger [66] constructed such a pair in the case
of Kt-complexity. We apply the same proof idea to the case of rKt-complexity. The pair (x, y)
is constructed as follows: Exhaustively search a string y ∈ {0, 1}n such that rKt(y) ≥ n in
time 2n+o(n) . Next, exhaustively search a string x ∈ {0, 1}n such that rKt(x, y) ≥ 2n − o(n)
in time 2n+o(n) . The existence of such a string x is guaranteed by symmetry of information
because rKt(x | y) + rKt(y) ≥ 2n holds for a string x such that rKt(x | y) ≥ n. Overall, the
pair (x, y) is constructed in time
2n+o(n) + 2n+o(n) = 2n+o(n) ,
However, by the definition of rKt, we obtain rKt(x, y) ≤ O(log n) + log 2n+o(n) ≤ n + o(n),
which contradicts the lower bound of rKt(x, y). We present the details in Section 5.
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2.3

Secret Sharing Schemes and Sublinear-Time-Bounded Conditional
Kolmogorov Complexity

We now present a new connection between a secret sharing scheme and sublinear-timebounded conditional Kolmogorov complexity.
To do so, however, we first need to clarify the definition of Kt (x | y) for sublinear-time
bounds t (i.e., t ≪ |x| and t ≪ |y|). For the standard computational model of Turing
machines, it takes at least |y| time steps just to read the entire input y. To define sublineartime-bounded Kolmogorov complexity in a meaningful way, we assume that algorithms are
given random access to each bit of y; in other words, the input y is given as the oracle that,
on query i ∈ {1, . . . , |y|, |y| + 1}, answers the i-th bit of y if i ≤ |y| and a special stop symbol
“⊥” if i = |y| + 1. Similarly, it takes at least |x| steps for a Turing machine to output all the
bits of x; instead, we assume that an algorithm is given an index i ∈ {1, . . . , |x|, |x| + 1} as
input and is asked to compute the i-th bit of x if i ≤ |x| and “⊥” if i = |x| + 1. This notion
of sublinear-time-bounded Kolmogorov complexity is standard in the literature (e.g., [3, 32]).
See Section 3 for the formal definition.
Next, we review the notion of secret sharing scheme. A secret sharing scheme, introduced
by Blakley [14], Shamir [67], is an algorithm that shares a secret among n parties so that
any authorized set of parties can reconstruct the secret but no unauthorized set of parties
can obtain any information about the secret. Specifically, let A ⊆ 2[n] be an access structure,
i.e., a monotone collection of subsets of [n]. We say that a pair (Share, Rec) of algorithms is
a secret sharing scheme for A if it satisfies the following two properties:
Correctness: For a secret x ∈ {0, 1}∗ and an authorized set T ∈ A of parties,
Rec(Share(x)T ) = x,
where Share(x)T denotes the set of shares that are shared to some party i ∈ T .
Perfect Privacy: For an unauthorized set T ̸∈ A of parties, X and Share(X)T are statistically
independent for every random variable X.
We refer the reader to the survey of Beimel [12] for more background on secret sharing
schemes.
We present a generic reduction that takes an arbitrary secret sharing scheme and reduces
the problem of computing the minimum size of an authorized set to sublinear-time-bounded
conditional Kolmogorov complexity.
▷ Claim 2.3 (informal; see Theorem 6.14 for the formal version). Let A = {Aφ }φ∈{0,1}∗ be
a family of access structures for which there exists an efficient secret sharing scheme. Let
w(Aφ ) := minT ∈Aφ |T |. Then, there is a randomized polynomial-time reduction that takes
φ as input and outputs (x, y, t, λ) such that
w(Aφ ) · λ ≈ Kt (x | y),
where t ≪ |y|.
Benaloh and Leichter [13] showed that for any monotone formula φ, there exists an efficient
secret sharing scheme for the access structure Aφ represented by φ.13 Applying their secret
sharing scheme to Claim 2.3, we obtain a reduction from the Minimum Monotone Satisfying

13

More generally, Karchmer and Wigderson [49] showed that the access structure represented by any
monotone span program admits an efficient secret sharing scheme.
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Assignment (MMSA) problem to GapMINcKT. MMSA is known to be hard to approximate
1/(log log |φ|)O(1)

within a factor of |φ|
even for depth-3 monotone formulas14 [22, 21], which
will complete the proof of Theorem 1.6.
We now sketch a proof for Claim 2.3. Here is an outline of the reduction, which generalizes
the reduction presented by [4, 56]: We share a random string x ∼ {0, 1}ℓ among n parties
using a secret sharing scheme (Shareφ , Recφ ) for Aφ . Let (s1 , . . . , sn ) := Shareφ (x), where
si is the share of the i-th party. Randomly choose k1 , . . . , kn ∼ {0, 1}λ , which are called
“keys”. We define an oracle y ′ : {0, 1}λ → {0, 1}m such that y ′ (ki ) := si and y ′ (k) := 0m if
λ
k ̸∈ {ki | i ∈ [n]}. Let y ∈ {0, 1}m·2 denote the truth table of y ′ , i.e., the concatenation of
the values of y(k) for all the inputs k ∈ {0, 1}λ in lexicographical order. We claim that for
some time bound t,
Kt (x | y) ≲ w(Aφ ) · λ + |φ|

(7)

and that
Kt (x | y) ≳ w(Aφ ) · λ.

(8)

It is easy to see Equation (7): Let T ∈ Aφ be an authorized set of parties. Consider an oracle
program that, given oracle access to y, takes the set {ki ∈ {0, 1}λ | i ∈ T } as input, queries ki
to the oracle y and obtains the i-th share si = y ′ (ki ) for all i ∈ T , and then reconstructs the
secret x = Recφ ({si | i ∈ T }). The size of this program is at most approximately |T | · λ + |φ|.
To see (8), assume, toward a contradiction, that there exists an oracle program M of size
≪ w(Aφ ) · λ such that M prints x in time t given oracle access to y. Since t ≪ |y| and
k1 , . . . , kn are chosen randomly, it can be shown that the program M of size |M | can read at
most approximately |M |/λ shares from y. The intuition behind this is that the i-th share
si cannot be accessed without knowing the i-th key ki , which must be hard-wired in the
program M . Let T be the set of indices i ∈ [n] such that the i-th share si is read by M .
Then, we have |T | ≲ |M |/λ ≪ w(Aφ ), which implies that T ̸∈ Aφ . However, by the perfect
privacy of the secret sharing scheme, it is not possible to reconstruct x from {si | i ∈ T },
which is a contradiction.
There are two issues in the proof sketch above. First, it can be the case that w(Aφ )·λ ≪ |φ|,
in which case Equation (7) is too loose. Second, we need to show that an additive error
term cdt,τ (|x|,|y|,t) (y) is small compared to w(Aφ ) · λ. Fortunately, there is a simple trick
that simultaneously fixes these two issues: Share D independent secrets x1 , . . . , xD ∼ {0, 1}ℓ
among n parties, construct oracles y 1 , . . . , y D for each secret, and reduce φ to (x, y, t, Dλ)
for x := (x1 , . . . , xD ) and y := (y 1 , . . . , y D ). Then we get
w(Aφ ) · λ ≲

1
|φ|
· Kt (x | y) ≲ w(Aφ ) · λ +
,
D
D

whose last term is negligible for a large enough D. This fixes the first issue. Moreover, it
1
can be shown that the “amortized” computational depth D
· cdt (y) goes to 0 as D increases,
which fixes the second issue.
Finally, we explain the relationship between our reduction and the previous reductions
in [40, 4, 56]. Previously, the set cover problem was reduced to MINcKT and a conditional
variant of MCSP by implicitly using a secret sharing scheme that can share a random
string and satisfies the imperfect privacy. Specifically, let S1 , · · · , Sn ⊆ [m] be an instance
14

It is worth mentioning that MMSA for depth-2 monotone formulas corresponds to the set cover problem.
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of the set cover problem. Let A be the collection of the sets T ⊆ [n] that form a cover;
S
i.e., i∈T Si = [m]. Then, in [40, 4, 56], the following secret sharing scheme for A was
implicitly used: For a secret x = (x1 , . . . , xm ) ∼ ({0, 1}ℓ )m , the i-th share si is defined
to be {xj | j ∈ Si } for each i ∈ [n]. This secret sharing scheme satisfies correctness, i.e.,
the property that x can be reconstructed from sT := {si | i ∈ T } for any authorized set
T ∈ A; it also satisfies imperfect privacy in the sense that, for any unauthorized set T ̸∈ A,
S
there exists j ∈ [m] \ i∈T Si such that no information about xj is leaked from sT . Our
generalized reduction abstracts the essential ideas developed in [40, 4, 56] and would be
useful for making further progress on the final goal of proving NP-hardness of GapMINKT
and excluding Heuristica.

Organization
In Section 4, we present a formal proof of SoI in Heuristica. In Section 5, we prove the
lower bound for rKt. In Section 6, we examine the complexity of conditional Kolmogorov
complexity. In Section 7, we present an application of SoI to average-case complexity. In
Section 8, we present several statements that follow from SoI.

3

Preliminaries

Notation
[n] denotes {1, . . . , n}. For a function p : N → N and i ∈ N, the function p(i) : N → N is
recursively defined as follows: p(0) (n) := n and p(i+1) (n) := p(i) (p(n)) for every n ∈ N.

Kolmogorov Complexity
For a string x ∈ {0, 1}∗ and an index i ∈ N, let xi denote the i-th bit of x if i ≤ |x| and
⊥ if i > |x|. We fix an efficient universal Turing machine U . Time-bounded Kolmogorov
complexity is formally defined as follows.
▶ Definition 3.1 (Time-bounded Kolmogorov complexity). For strings x, y ∈ {0, 1}∗ , a time
bound t ∈ N ∪ {∞}, and an oracle A, the A-oracle t-time-bounded Kolmogorov complexity of
x given y is defined as

t,A
A,y,d
K

(x | y) := min |d| U

outputs xi on input i in time t for every i ∈ [1, . . . , |x| + 1] .

Here, U A,y,d indicates that the universal Turing machine is given oracle access to A and each
bit of y and d ∈ {0, 1}∗ . We omit the superscript A if A = ∅, the superscript t if t = ∞, and
“ | y” if y is the empty string.
A simple counting argument implies the following basic fact of Kolmogorov-randomness.
▶ Fact 3.2. For any integer s ≥ 1 and any string y ∈ {0, 1}∗ , the number of strings
x ∈ {0, 1}∗ such that K(x | y) < s is less than 2s .
Ps−1
Proof. The number of programs of length less than s is at most i=0 2i < 2s .
◀
▶ Definition 3.3 ([50, 33]). For a polynomial τ : N → N, let

ΠYes := (x, 1t , 1s ) Kt (x) ≤ s ,
n
o
ΠNo := (x, 1t , 1s ) Kτ (|x|,t) (x) > s + log τ (|x|, t) .

S. Hirahara

26:15

We define Gapτ MINKT to be the promise problem (ΠYes , ΠNo ). We say that GapMINKT ∈ P
if there exists some polynomial τ such that Gapτ MINKT ∈ P.
The problem GapMINKT can be equivalently formulated as follows.
▶ Fact 3.4 ([35]). The following are equivalent.
1. GapMINKT ∈ P.
e and a polynomial p such that
2. There exist a polynomial-time algorithm K
e
Kp(t) (x) − log p(t) ≤ K(x,
1t ) ≤ Kt (x)
for every string x ∈ {0, 1}∗ and every integer t ≥ |x|.
We recall the notion of time-bounded computational depth.
▶ Definition 3.5 (Time-Bounded Computational Depth [9, 35]). For time bounds s ∈ N and
t ∈ N ∪ {∞} and a string x ∈ {0, 1}∗ , the (s, t)-time-bounded computational depth of x is
defined as
cds,t (x) := Ks (x) − Kt (x).
We omit the superscript t if t = ∞.

4

Symmetry of Information from Average-Case Easiness of NP

In this section, we present a formal proof of Theorem 1.2. In fact, under a plausible
assumption that E requires exponential-size circuits to compute, we prove that SoI follows
from an approximation algorithm for time-bounded Kolmogorov complexity.
▶ Theorem 4.1. If GapMINKT ∈ P and E ̸⊆ i.o.SIZE(2ϵn ) for some constant ϵ > 0, then
SoI holds.
Theorem 4.1 immediately implies Theorem 1.2.
Proof of Theorem 1.2. It is known that the two hypotheses of Theorem 4.1 are implied
by the assumption that NP is easy on average: Buhrman et al. [18] showed that E ̸⊆
T
ϵn
ϵ>0 i.o.SIZE(2 ) if DistNP ⊆ AvgP; We also have GapMINKT ∈ P if DistNP ⊆ AvgP by
Lemma 2.1.
◀
We now present the formal proof of Theorem 4.1.
e be the polynomial-time algorithm of Fact 3.4 which satisfies
Proof of Theorem 4.1. Let K
the property that there exists a polynomial p such that for every x ∈ {0, 1}∗ and every
t ≥ |x|,
e
Kp(t) (x) − log p(t) ≤ K(x;
1t ) ≤ Kt (x)

(9)

Fix strings x ∈ {0, 1}n and y ∈ {0, 1}m and an integer t ≥ n + m. The proof of SoI is given
by analyzing the following three values for z ∼ {0, 1}nk , w ∼ {0, 1}nk+k , z ′ ∼ {0, 1}mℓ , and
w′ ∼ {0, 1}mℓ+ℓ :
e
K(
e
K(
e
K(

DPk (x; z),
w,
w,

DPℓ (y; z ′ )
DPℓ (y; z ′ )
w′

′

; 1t ),
′
; 1t ),
′
; 1t ),

where t′ = tO(1) , k ≈ Kt (x, y) − ℓ, and ℓ ≈ Kpoly(t) (y) are parameters chosen later.
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First, observe that Fact 3.2 implies that K(w, w′ ) ≥ |w| + |w′ | − 2 with probability at
least 43 . Let θ := |w| + |w′ | − 2 − log p(t′ ); using Equation (9), we obtain
h
i 3
′
e
Pr ′ K(w,
w ′ ; 1t ) ≥ θ ≥ .
w,w
4

(10)
′

Next, we set the parameter ℓ to Kp (t) (y) − log p′ (t) − 1, where p′ is some large polynomial.
Consider a randomized circuit D that takes w′ as input as well as random bits w and
′
e
outputs 1 if and only if K(w,
w′ ; 1t ) ≥ θ. By the contrapositive of Lemma 2.2, DPℓ (y; -) is a
pseudorandom generator secure against D; i.e., D cannot distinguish DPℓ (y; z ′ ) and w′ in
the sense that
h
i
h
i
′
′
1
e
e
Pr′ K(w,
DPℓ (y; z ′ ); 1t ) ≥ θ − Pr ′ K(w,
w ′ ; 1t ) ≥ θ < ,
w,z
w,w
4
which, together with Equation (10), implies that
h
i 1
′
e
Pr′ K(w,
DPℓ (y; z ′ ); 1t ) ≥ θ ≥ .
w,z
2
′

′

′
t
e
e
Finally, we compare K(w,
DPℓ (y; z ′ ); 1t ) with K(DP
k (x; z), DPℓ (y; z ); 1 ). On one hand,
′
′
since |w| = |z| + k and |w | = |z | + ℓ, we have

h
i 1
′
e
Pr′ K(w,
DPℓ (y; z ′ ); 1t ) ≥ |z| + |z ′ | + k + ℓ − 2 − log p(t′ ) ≥ .
w,z
2

(11)

On the other hand, observe that for some t′ := poly(t),
′
t′
t′
′
t
′
e
K(DP
k (x; z), DPℓ (y; z ); 1 ) ≤ K (DPk (x; z), DPℓ (y; z )) ≤ K (x, y) + |z| + |z | + O(log n)

holds because the strings DPk (x; z) and DPℓ (y; z ′ ) can be computed from k, ℓ, z, z ′ , and a
program of size Kt (x, y) that outputs (x, y) in time t. We now set k := Kt (x, y) − ℓ + O(log t)
so that
h
i
′
t′
′
′
e
Pr′ K(DP
(12)
k (x; z), DPℓ (y; z ); 1 ) < |z| + |z | + k + ℓ − 2 − log p(t ) = 1.
z,z

Let Dy be a randomized circuit that takes an input w and random bits z ′ and outputs 1 if
′
e
DPℓ (y; z ′ ); 1t ) < |z|+|z ′ |+k +ℓ−2−log p(t′ ). It follows from Equations (11)
and only if K(w,
and (12) that
Pr [Dy (DPk (x; z); z ′ ) = 1] − Pr′ [Dy (w; z ′ ) = 1] ≥ 1 −

z,z ′

w,z

1
1
= .
2
2

Using Lemma 2.2, we obtain
′

Kpoly(t) (x | Dy ) ≤ k + O(log t) = Kt (x, y) − Kp (t) (y) + O(log t).
It follows that for some large polynomial q,
′

Kq(t) (x | y) ≤ Kt (x | Dy ) + Kt (Dy | y) + O(1) ≤ Kt (x, y) − Kp (t) (y) + O(log t)
≤ Kt (x, y) − Kq(t) (y) + log q(t)
as desired.

◀
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A Lower Bound for Randomized Kt Complexity

Here, we implement Kolmogorov’s insightful approach to the P versus NP problem for
randomized Kt complexity. We recall the formal definition of rKt, which was introduced
by Oliveira [62].
▶ Definition 5.1 ([62]). For every x ∈ {0, 1}∗ and every λ ∈ [0, 1], the randomized timebounded Kolmogorov complexity rKtλ (x) of x is defined as


rKtλ (x | y) := min |d| + ⌈log t⌉
Pr t [ U (d, y, r) outputs x in time t ] ≥ λ .
r∼{0,1}

We omit the subscript “λ” if λ =
is defined as

2
3

and “| y” if y is the empty string. The language MrKtP

MrKtP := {(x, 1s ) | rKt(x) ≤ s}.
The definition of rKtλ is robust with respect to a choice of λ.
▶ Lemma 5.2 (Lu and Oliveira [59]). For all x ∈ {0, 1}∗ and λ ∈ (0, 1],
rKt(x) ≤ rKtλ (x) + O(log(1/λ)).
For simplicity, we first prove the following weaker lower bound than Theorem 1.4.
▶ Theorem 5.3. There exists a constant ϵ > 0 such that MrKtP ̸∈ BPTIME(2ϵn ).
In what follows, let ϵ > 0 be a sufficiently small positive constant. The O notation below
does not depend on ϵ. We say that a pseudo-deterministic algorithm M computes y on input
x [27] if
Pr [M (x) = y] ≥
M

2
,
3

where the probability is taken over an internal coin flip sequence of the randomized algorithm
M . We use the following pseudorandom generator construction.
▶ Lemma 5.4 (see the proof of [32, Theorem 4.7]). For all sufficiently large n, m ∈ N such
that m ≤ 2n, there exists a triple (G, A, R(-) ) such that
G : {0, 1}n × {0, 1}d → {0, 1}m ,
A : {0, 1}n × {0, 1}d → {0, 1}m ,
R(-) : {0, 1}m × {0, 1}d × {0, 1}r → ({0, 1}n )L ,
and for every x ∈ {0, 1}n and any D : {0, 1}m → {0, 1} such that
Pr

z∼{0,1}d
w′ ∼{0,1}O(m)

[D(G(x; z); w′ ) = 1] −

it holds that


Pr r x ∈ RD (A(x, z), z, w) ≥
w∼{0,1}
z∼{0,1}d

Pr

w∼{0,1}m
w′ ∼{0,1}O(m)

[D(w; w′ ) = 1] ≥

1
,
m

1
.
2m2

Here, we have d = O(log3 n), r = O(m), and L = poly(m). Moreover, G and A can be
computed in time poly(n) and RD can be computed in time poly(n) with oracle access to D.
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Proof Sketch. The construction is given by the improvement of Trevisan’s extractor [70]
given by Raz et al. [64]. Specifically, we encode x using a list-decodable error-correcting code
and regard the encoding of x as the truth table of a hard function f . Then, the pseudorandom
generator construction G is defined as the Nisan–Wigderson generator [61] instantiated with
the function f and the weak design of [64]. ([32, Theorem 4.7] is stated as a black-box hitting
set generator construction; however, it is easy to observe that the construction actually
provides a pseudorandom generator construction, which is a stronger object.)
◀
▶ Corollary 5.5. Under the same hypothesis of Lemma 5.4, it holds that
rKtD (x) ≤ m + O(log3 n).
Proof. By an averaging argument, there exists a string z ∈ {0, 1}d such that


Pr x ∈ RD (A(x, z), z, w) ≥
w

1
.
2m2

Let α := A(x, z) ∈ {0, 1}m . The string x can be described by the following pseudodeterministic algorithm M : M takes the advice string α ∈ {0, 1}m and z ∈ {0, 1}d as input,
picks w ∼ {0, 1}r randomly, and outputs a random element of RD (α, z, w). Since the list
size is at most L = poly(m), the probability that the output of M is equal to x is at least
1
1
λ := 2m
2 · L . Therefore, we obtain rKtλ (x) ≤ m + d + O(log n). The result follows from
Lemma 5.2.
◀
▶ Lemma 5.6. If MrKtP ∈ BPTIME(2ϵn ), then for all sufficiently large n ∈ N and any
strings x ∈ {0, 1}n and y ∈ {0, 1}n , it holds that
rKt(x | y) + rKt(y) ≤ rKt(x, y) + O(ϵn).
Proof. We may assume without loss of generality that rKt(y) ≫ log3 n. Let m and m′ be
′
parameters chosen later. Let G : {0, 1}n × {0, 1}d → {0, 1}m and G′ : {0, 1}n × {0, 1}d →
′
{0, 1}m be the pseudorandom generator construction of Lemma 5.4 with parameters m and
m′ , respectively.
′
Fix z ∈ {0, 1}d and z ′ ∈ {0, 1}d . Since the strings (G(x; z), G′ (y; z ′ )) can be described
by z, z ′ , and a program that computes (x, y), we obtain
rKt(G(x; z), G′ (y; z ′ )) ≤ rKt(x, y) + |z| + |z ′ | + O(log n) = rKt(x, y) + O(log3 n).

(13)

′

Pick w ∼ {0, 1}m and z ′ ∼ {0, 1}d randomly. We claim that rKt(w, G′ (y; z ′ )) ≥
|w| + |w′ | − O(log n) with high probability. Toward a contradiction, assume that
Pr′ [rKt(w, G′ (y; z ′ )) < |w| + |w′ | − O(log n)] ≥

w,z

1
.
2

By Fact 3.2, we have
Pr [rKt(w, w′ ) ≥ |w| + |w′ | − O(log n)] ≥ 1 − o(1).

w,w′

We define an oracle D so that D(w′ ; w) := 1 if and only if rKt(w, w′ ) < |w| + |w′ | − O(log n).
Then, the two inequalities above show that D distinguishes the output distribution of G′ (y; -)
from the uniform distribution. By Corollary 5.5, we obtain
rKtD (y) ≤ m′ + O(log3 n).
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Using the assumption that MrKtP ∈ BPTIME(2ϵn ), the oracle D can be computed by a
′
randomized algorithm running in time 2O(ϵm ) . It follows that
rKt(y) ≤ m′ + O(ϵm′ ) = (1 + O(ϵ)) · m′ .
We choose m′ so that this inequality does not hold; that is,
m′ := (1 − O(ϵ)) · rKt(y).
Then, we obtain a contradiction and conclude that
Pr [rKt(w, G′ (y; z ′ )) ≥ m + m′ − O(log n)] ≥

w,z ′

1
.
2

(14)

Define Dy to be an oracle such that Dy (w; z ′ ) := 1 if and only if rKt(w, G′ (y; z ′ )) ≤
rKt(x, y) + O(log3 n). By Equations (14) and (13), Dy distinguishes the output distribution
of G(x; -) from the uniform distribution if
m + m′ − O(log n) ≥ rKt(x, y) + O(log3 n).
We define m := rKt(x, y) − m′ + O(log3 n) so that this inequality holds. By Corollary 5.5,
we obtain
rKtDy (x) ≤ m + O(log3 n).
Since the oracle Dy can be computed in time 2O(ϵm) given y as hard-wired input, we conclude
that
rKt(x | y) ≤ m + O(ϵm).
≤ rKt(x, y) − m′ + O(ϵn).
≤ rKt(x, y) − (1 − O(ϵ)) · rKt(y) + O(ϵn).
≤ rKt(x, y) − rKt(y) + O(ϵn).

◀

Proof of Theorem 5.3. The outline of the proof is as follows: First, we find a string y ∈
{0, 1}n such that rKt(y) ≥ n by an exhaustive search over all strings y ∈ {0, 1}n . Next, we
find a string x ∈ {0, 1}n such that rKt(x, y) ≥ 2n − O(ϵn) by an exhaustive search over all
strings x ∈ {0, 1}n . The existence of such a string x is guaranteed by Lemma 5.6. Finally,
we observe that the pair (x, y) can be pseudo-deterministically computed in time 2n+O(ϵn) ,
which contradicts the lower bound on rKt(x, y). Details follow.
Using the assumption that MrKtP ∈ BPTIME(2ϵn ), let M be the randomized algorithm
that computes rKt(y) on input y of length n in time 2O(ϵn) with probability at least 1 − 2−2n .
Fix n ∈ N. Let yn be the lexicographically first string y ∈ {0, 1}n such that rKt(y) ≥ n.
Note that the existence of such a string yn is guaranteed by Fact 3.2.
We claim that there exists a pseudo-deterministic algorithm M1 that computes yn on
input n ∈ N in time 2n+O(ϵn) . For all strings y ∈ {0, 1}n in lexicographical order, the
algorithm M1 tests whether rKt(y) ≥ n using M , and outputs the first string y that passes
this test. Since the error probability of M is at most 2−2n , by a union bound, the algorithm
M1 computes yn pseudo-deterministically with probability 1 − 2−n . The running time of M1
is at most 2n+O(ϵn) .
Next, let xn be the lexicographically first string x ∈ {0, 1}n such that
rKt(x, yn ) ≥ 2n − c · ϵn,

(15)
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where c is a large constant to be chosen independently of ϵ. We prove that xn is well defined,
i.e., there exists a string x ∈ {0, 1}n such that rKt(x, yn ) ≥ 2n − c · ϵn. By Fact 3.2, there
exists a string x ∈ {0, 1}n such that rKt(x | y) ≥ n. By Lemma 5.6,
rKt(x, y) + O(ϵn) ≥ rKt(x | y) + rKt(y) ≥ 2n.
Choosing a large constant c, we obtain rKt(x, y) ≥ 2n − c · ϵn, as desired.
We claim that there exists a pseudo-deterministic algorithm M2 that computes xn given yn
as input in time 2n+O(ϵn) . For all strings x ∈ {0, 1}n in lexicographical order, the algorithm
M2 tests whether rKt(x, yn ) ≥ 2n − c · ϵn using M , and outputs the first string x that passes
this test. Using a union bound, the error probability of M2 is bounded by 2−n . The running
time of M2 is at most 2n+O(ϵn) .
Finally, by combining the algorithms M1 and M2 , we obtain an algorithm that computes
(xn , yn ) pseudo-deterministically in time 2n+O(ϵn) . By the definition of rKt, this implies that
rKt(xn , yn ) ≤ n + O(ϵn).
We also have rKt(xn , yn ) ≥ 2n − O(ϵn) by Equation (15). Therefore, we obtain 2n − O(ϵn) ≤
n + O(ϵn), which is a contradiction for a sufficiently small constant ϵ > 0.
◀
We observe that MrKtP is in the exponential-time variant of PP.
▶ Proposition 5.7. MrKtP ∈ PEXP.
Proof. Since PP is closed under truth-table reductions [26], it suffices to show that MrKtP
is reducible to PP via an exponential-time truth-table reduction. Let (x, 1s ) be an input
such that x ∈ {0, 1}n and s ∈ N. For each string d ∈ {0, 1}∗ of length at most s, we ask the
PP oracle whether U (d, r) outputs x in time t for at least a 23 -fraction of r ∈ {0, 1}t , where
t := 2s−|d| . We accept the input (x, 1s ) if and only if a positive answer is returned from the
oracle.
◀
We expect that Theorem 5.3 can be extended to a lower bound against PP-type
algorithms. However, the original motivation of Oliveira [62] is to study a gap version of MrKtP, for which the upper bound of pr-BPE can be proved. Specifically, let
GapMrKtP denote the promise problem (ΠYes , ΠNo ) such that ΠYes = {(x, s) | rKt(x) ≤ s}
and ΠNo = {(x, s) | rKt(x) > s + c log |x|}, where c is a sufficiently large constant. One can
observe GapMrKtP ∈ pr-BPE [62]. Theorem 5.3 can be extended to this promise problem:
▶ Theorem 5.8 (Theorem 1.4, restated). GapMrKtP ̸∈ i.o.BPTIME(2ϵn ) for some constant
ϵ > 0.
Here, abusing a notation, for a class C of languages, we say that a promise problem Π ∈ C
if there exists a language L ∈ C such that ΠYes ⊆ L ⊆ {0, 1}∗ \ ΠNo for (ΠYes , ΠNo ) = Π.
The lower bound of Theorem 5.8 does work against a bounded probabilistic algorithm that
satisfies the promise of BPP-type algorithms over all the inputs. In contrast, the upper bound
pr-BPE = pr-BPTIME(2O(n) ) holds only for an algorithm that may not satisfy the promise
of BPP-type algorithms for some inputs. This leaves a qualitative gap between the lower
bound and the upper bound on GapMrKtP; closing this gap is an interesting open question.
We note, however, that there is no gap under the plausible assumption that E ̸⊆ i.o.SIZE(2ϵn )
for some constant ϵ > 0, in which case pr-BPP = P = BPP [46].
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Proof of Theorem 5.8. The proof is essentially the same with Theorem 5.3. We only explain
how to modify the proof of Theorem 5.3.
Toward a contradiction, we assume the existence of a randomized algorithm M that
computes some language L infinitely often, where L is a language consistent with GapMrKtP.
For all large n ∈ N and every x ∈ {0, 1}n and s ∈ [n], we assume that the binary encoding
of (x, s) is exactly equal to m(n), where m(n) = Θ(n) is some function. This ensures that
for infinitely many n ∈ N, the algorithm M computes L correctly on input (x, s) for every
x ∈ {0, 1}n and every s ∈ [n].
First, we explain how to extend the lower bound of Theorem 5.3 to the infinitely-often
version. Let n be the length of xn ∈ {0, 1}n and yn ∈ {0, 1}n constructed in the proof of
Theorem 5.3. By inspection, in the proof of Theorem 5.3, we use the algorithm M on inputs
of length at most n′ , where n′ = O(n). Any input x of length less than n′ can be padded to
′
an input of length n′ by mapping x to x′ := x1n −|x| . This ensures that the length of any
input to M that we use in the proof is exactly equal to n′ . Moreover, the correctness of the
proof remains unchanged because rKt(x) = rKt(x′ ) ± O(log n).
Second, we explain how to deal with the promise problem. In the proof of Theorem 5.3,
we exhaustively search the lexicographically first string yn ∈ {0, 1}n such that rKt(yn ) ≥ n.
Instead, we search the lexicographically first string yn ∈ {0, 1}n such that (yn , n−2c·log n) ̸∈ L.
Since L ⊆ {0, 1}∗ \ ΠNo , this ensures that rKt(yn ) ≥ n − c log n. Similarly, we search the
lexicographically first string xn ∈ {0, 1}n such that ((xn , yn ), 2n − O(ϵn)) ̸∈ L. This ensures
that rKt(xn , yn ) ≥ 2n − O(ϵn). Since the language L can be decided by the randomized
algorithm M , we can compute the pair (xn , yn ) pseudo-deterministically in time 2n+O(ϵn) .
This is a contradiction.
◀

6

The Complexity of Conditional Kolmogorov Complexity

In this section, we examine the complexity of the problem GapMINcKT of approximating
time-bounded conditional Kolmogorov complexity.
▶ Definition 6.1. For a polynomial τ : N3 → N, we define the promise problem Gapτ MINcKT
to be (ΠYes , ΠNo ) such that
n
o
ΠYes := (x, y, 1t , 1s ) Kt (x | y) ≤ s − cdt,τ (|x|,|y|,t) (y) ,
n
o
ΠNo := (x, y, 1t , 1s ) Kτ (|x|,|y|,t) (x | y) > s + log τ (|x|, |y|, t) .

6.1

Approximating Conditional Kolmogorov Complexity in Heuristica

We observe that SoI enables reducing GapMINcKT to GapMINKT.
▶ Proposition 6.2. Assume that SoI holds. If GapMINKT ∈ P, then there exists a polynomial
τ : N3 → N such that Gapτ MINcKT ∈ P.
e be the polynomial-time algorithm of Fact 3.4 such that for some polynomial p,
Proof. Let K
e
Kp(t) (x) − log p(t) ≤ K(x,
1t ) ≤ Kt (x)
for every string x ∈ {0, 1}∗ and every integer t ≥ |x|. Applying this inequality to xy and y,
we obtain
e
Kp(t) (xy) − log p(t) ≤ K(xy,
1t ) ≤ Kt (xy),
e 1t ) ≤ Kt (y)
Kp(t) (y) − log p(t) ≤ K(y,
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e
e 1p(3) (t) ).
for every t ≥ |x| + |y|. Using these inequalities, we next analyze K(xy,
1p(t) ) − K(y,
On one hand, we have
e
e 1p(3) (t) ) ≤ Kp(t) (xy) − Kp(4) (t) (y) + log p(4) (t)
K(xy,
1p(t) ) − K(y,
≤ Kt (x | y) + Kt (y) + O(1) − Kp
= Kt (x | y) + cdt,p

(4)

(t)

(4)

(t)

(y) + log p(4) (t)

(y) + log p(4) (t) + O(1).

On the other hand, we have
e
e 1p(3) (t) ) ≥ Kp(2) (t) (xy) − log p(2) (t) − Kp(3) (t) (y)
K(xy,
1p(t) ) − K(y,
≥ Kp

(3)

(t)

(x | y) − 2 log p(3) (t),

where the last inequality follows from SoI.
We now set τ (n, m, t) := p(4) (t + n + m) so that p(4) (t) ≤ τ (|x|, |y|, t) for any x, y ∈ {0, 1}∗
′
e
e 1p(3) (t′ ) ) − 1 ·
and t ∈ N. Define an algorithm B so that B(x, y, 1t ) := K(xy,
1p(t ) ) − K(y,
2
log τ (n, m, t), where t′ := max{|x| + |y|, t}. Then, we have
Kτ (n,m,t) (x | y) − log τ (n, m, t) ≤ B(x, y, 1t ) ≤ Kt (x | y) + cdt,τ (n,m,t) (y)
for n := |x| and m := |y|.
In order to show that Gapτ MINcKT ∈ P, consider an algorithm M such that M accepts
an input (x, y, 1t , 1s ) if and only if B(x, y, 1t ) ≤ s. It is easy to see that M accepts every
Yes instance and rejects every No instance of Gapτ MINcKT.
◀
▶ Corollary 6.3. If DistNP ⊆ AvgP, then Gapτ MINcKT ∈ P for some polynomial τ .
Proof. This immediately follows from Proposition 6.2, Theorem 1.2, , and Lemma 2.1

◀

As a consequence, Heuristica can be excluded if GapMINcKT is NP-hard under randomized reductions.
Proof of Theorem 1.5. Assume that DistNP ⊆ AvgP. By Corollary 6.3, there exists a
polynomial τ such that Gapτ MINcKT ∈ P. By the NP-hardness assumption, we obtain
NP ⊆ BPP = P, where the last equality follows from the theorem of Buhrman et al. [18]. ◀
▶ Remark 6.4 (On the optimality of the additive error). Generalizing Corollary 6.3, it holds
that DistΣp2 ⊆ AvgP implies that GapMINcKTNP ∈ P, where GapMINcKTNP is an NP-oracle
version of GapMINcKT which asks to approximate Kt,SAT (x | y) within an additive error
cdt,p(t) (y)+O(log t). Below, we informally argue that a relativizing proof technique is unlikely
to improve the error term cdt,p(t) (y) of GapMINcKTNP : In [34], NP-hardness of MINcKTNP
was proved. The NP-hardness reduction in fact shows that for every L ∈ NP, an instance
y for L can be reduced to the problem of approximating Kt,NP (x | y) up to an additive
error ∆ in time 2O(∆+log |y|) . In particular, applying this reduction to GapMINcKTNP , L
t,p(t)
(y)+log |y|+log t)
can be solved in time 2O(cd
on input (y, 1t ) if GapMINcKTNP ∈ P. This
induces a universal heuristic scheme for L, which yields an algorithm that solves L in time
2O(n/ log n) (see Section 7). Now, if Kt,SAT (x | y) could be approximated with an additive
error o(cdt,p(t) (y)) under the assumption that DistΣp2 ⊆ AvgP, then we would obtain an
improved algorithm that solves every language L ∈ NP in time 2o(n/ log n) , which contradicts
the relativization barrier of [36].
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NP-Hardness of Sublinear-Time-Bounded Conditional Kolmogorov
Complexity

We now show that Gapτ MINcKT is NP-hard under randomized reductions if τ (|x|, |y|, t) is
sublinear in the length of y. In fact, we prove that it is NP-hard to approximate Kt (x | y) to
1/(log log |x|)O(1)

within a factor of |x|
multiplicative factor as follows.

. We define a version of GapMINcKT that incorporates a

▶ Definition 6.5. For a polynomial τ : N3 → N and a function σ : N → N, we define the
promise problem Gapτ,σ MINcKT to be (ΠYes , ΠNo ) such that
n
o
ΠYes := (x, y, 1t , 1s ) Kt (x | y) ≤ s − cdt,τ (|x|,|y|,t) (y) ,
n
o
ΠNo := (x, y, 1t , 1s ) Kτ (|x|,|y|,t) (x | y) > σ(|x|) · s + log τ (|x|, |y|, t) .
Note that Gapτ,1 MINcKT = Gapτ MINcKT is trivially reducible to Gapτ,σ MINcKT for
every σ ≥ 1. We show that Gapτ,σ MINcKT is NP-hard for σ(|x|) = |x|

1/(log log |x|)O(1)

.

▶ Theorem 6.6. Let c > 1 be an arbitrary constant and τ : N3 → N be a function such that
τ (n, m, t) ≤ nc · m1−1/c · tc for all large n, m, and t ∈ N. Then, Gapτ,σ MINcKT is NP-hard
under one-query randomized polynomial-time reductions for some function σ : N → N such
O(1)
that σ(n) = n1/(log log n)
.

6.2.1

Secret Sharing Scheme

We review the notion of secret sharing scheme below.
▶ Definition 6.7 (Access Structure). An access structure A ⊆ 2[n] is a “monotone” collection
of subsets of [n]; that is, for every T ⊇ S ∈ A, we have T ∈ A. The minimum weight of A is
defined to be w(A) := min{|T | | T ∈ A}.
We will prove that there is a generic reduction from the problem of estimating the weight
of access structures A to GapMINcKT if there exists an efficient secret sharing scheme for A.
▶ Definition 6.8 (Secret Sharing [12]). A secret sharing scheme for A is a pair (Share, Rec) of
a randomized algorithm Share and a deterministic algorithm Rec with the following properties
for every ℓ ∈ N:
1. Correctness: For every T ∈ A and for every string x ∈ {0, 1}ℓ , any output of Share(x) is
a sequence (y1 , . . . , yn ) of n strings that satisfies
Rec(yT ) = x,
where yT := {(i, yi ) | i ∈ T }.
2. Privacy: For every T ̸∈ A and for every random variable X on {0, 1}ℓ , the random
variables X and Share(X)T are statistically independent.
We observe that the privacy condition can be stated in terms of Kolmogorov complexity. 15

15

We mention in passing that Kolmogorov complexity-theoretic versions of privacy conditions are studied
in, e.g., [10, 48].
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▶ Lemma 6.9. Let (Share, Rec) be a secret sharing scheme for an access structure A over
[n]. Then, for every ℓ and k ∈ N, it holds that


Pr min K(X | Share(X)T ) ≥ ℓ − n − k ≥ 1 − 2−k ,
T ̸∈A

where X is the uniform distribution over {0, 1}ℓ and the probability is taken over X as well
as the internal randomness of Share.
Proof. Fix an arbitrary subset T ̸∈ A of [n]. Let yT ∈ supp(Share(X)T ) be an outcome of
Share(X)T . By Fact 3.2, we obtain
Pr [K(X | yT ) < ℓ − n − k] ≤ 2−n−k .
By the privacy of the secret sharing scheme, the random variables X and Share(X)T are
statistically independent. By averaging the inequality above over all yT ∈ supp(Share(X)T ),
we obtain
Pr [K(X | Share(X)T ) < ℓ − n − k] ≤ 2−n−k .
Finally, we take the union bound over all subsets T ̸∈ A and conclude that
Pr [∃T ̸∈ A, K(X | Share(X)T ) < ℓ − n − k] ≤ 2−k .

◀

The “efficiency” of a secret sharing scheme is defined as follows.
▶ Definition 6.10. A family A = {Aφ }φ∈{0,1}∗ of access structures is said to admit efficient
secret sharing schemes if there exists a pair (Share, Rec) of a randomized polynomial-time
algorithm Share and a deterministic polynomial-time algorithm Rec such that for every φ ∈
{0, 1}∗ , the pair (Share(φ, -), Rec(φ, -)) is a secret sharing scheme for the access structure Aφ .
Benaloh and Leichter [13] showed that access structures represented by monotone formulas
admit efficient secret sharing schemes.
▶ Lemma 6.11 ([13]). Let A := {Aφ }φ∈{0,1}∗ be the family of access structures Aφ := {T ⊆
[n] | φ(χT ) = 1}, where φ is a monotone formula on n variables and χT ∈ {0, 1}n denotes
the characteristic vector of T ⊆ [n]. Then, A admits efficient secret sharing schemes.

6.2.2

Minimum Monotone Satisfying Assignment

In order to prove Theorem 6.6, we reduce the Minimum Monotone Satisfying Assignment
(MMSA) problem to GapMINcKT.
▶ Definition 6.12 (Minimum Monotone Satisfying Assignment; MMSA). For a monotone
Pn
formula φ on n variables, the weight of an assignment α ∈ {0, 1}n is defined to be i=1 αi .
Let MMSA(φ) denote the minimum weight of α ∈ {0, 1}n such that φ(α) = 1.
Observe that MMSA(φ) = w(Aφ ) for the family A of access structures of Lemma 6.11.
It is known that MMSA is NP-hard to approximate:
O(1)

▶ Lemma 6.13 ([22, 21]). For some function g(n) = n1/(log log n)
, it is NP-hard to solve
the promise problem Gapg MMSA = (ΠYes , ΠNo ) defined as follows:
ΠYes := {(φ, s) | MMSA(φ) ≤ s},
ΠNo := {(φ, s) | MMSA(φ) > s · g(|φ|)},
where |φ| denotes the length of the binary string that represents φ.
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Proof Sketch. Dinur and Safra [22] presented a polynomial-time reduction from any constraint satisfaction problem (CSP) to Gapg MMSA with the following property: Let ψ be an
instance of the CSP. Let (φ, s) be the output of the reduction. Let D be the arity of ψ. If ψ is
satisfiable, then MMSA(φ) ≤ s. If there is no assignment satisfying a 1/ 2(2Dg)D fraction
of the constraints of ψ, then MMSA(φ) > s · g, where g is an arbitrary parameter. Dinur et al.
[21] showed that it is NP-hard to decide whether a given CSP with n variables and of arity
D = (log log n)O(1) is satisfiable or every assignment satisfies at most a 1/poly(n) fraction
of the constraints. Combining these two hardness results, we conclude that Gapg MMSA is
NP-hard, where g ≥ poly(n)1/D · D−D ≥ n1/(log log n)

6.2.3

O(1)

◀

.

A Generic Connection from Secret Sharing Schemes

We now formally state a generic reduction that reduces the problem of estimating the weight
of access structures to GapMINcKT.
▶ Theorem 6.14. Let A = {Aφ }φ∈{0,1}∗ be a family of access structures that admits efficient
secret sharing schemes. Let τ : N3 → N be a function such that t ≤ τ (n, m, t) ≤ nc · m1−1/c · tc
for some constant c > 1. Then, there exists a randomized polynomial-time algorithm R that
takes φ ∈ {0, 1}∗ as input and outputs x, y ∈ {0, 1}∗ and t, ρ ∈ N such that
′
ρ
· w(Aφ ) + log t′ ≤ Kt (x | y) ≤ Kt (x | y) ≤ ρ · w(Aφ ) − cdt (y)
8c

holds with probability at least 1 − o(1) over the internal randomness of R, where t′ :=
τ (|x|, |y|, t).
It is easy to observe that this reduction implies NP-hardness of GapMINcKT.
Proof of Theorem 6.6. Let A = {Aφ }φ be the family of access structures for monotone
formulas given in Lemma 6.11. Let R be the reduction of Theorem 6.14. Consider a
′
reduction R′ that reduces an instance (φ, s) of Gapg MMSA to an instance (x, y, 1t , 1s ) of
Gapτ MINcKT such that (x, y, t, ρ) := R(φ) and s′ := s · ρ.
Let (ΠYes , ΠNo ) := Gapg MMSA. We claim below that the reduction R′ reduces
Gapg MMSA to Gapτ,σ MINcKT for some σ, which implies NP-hardness of Gapτ,σ MINcKT
by Lemma 6.13. If (φ, s) ∈ ΠYes , then w(Aφ ) = MMSA(φ) ≤ s. By the properties of
′
R, with high probability, it holds that Kt (x | y) ≤ ρ · w(Aφ ) − cdt (y) ≤ s′ − cdt,t (y),
′
which implies that (x, y, 1t , 1s ) is a Yes instance of Gapτ,σ MINcKT. If (φ, s) ∈ ΠNo , then
w(Aφ ) = MMSA(φ) > g(|φ|) · s. Also by the properties of R, with high probability, it holds
′
ρ
′
′
t s′
that Kt (x | y) ≥ 8c
·w(Aφ )+log t′ > g(|φ|)
8c ·s +log t , which implies that (x, y, 1 , 1 ) is a No
1/(log log |φ|)O(1)

instance of Gapτ,σ MINcKT for some σ(|x|) := g(|φ|)
8c ≥ |φ|
where the last inequality follows from the fact that |φ| ≥ |x|Ω(1) .

≥ |x|

1/(log log |x|)O(1)

,
◀

It remains to prove Theorem 6.14. To show that the additive error cdt (y) is relatively
small, we use the fact that for D independent random samples y 1 , . . . , y D from a distribution
D samplable by polynomial-size circuits, the amortized time-bounded Kolmogorov complexity
of y 1 , . . . , y D approaches the entropy of D asymptotically.
▶ Lemma 6.15 ([6, 5]). Let D = {Dx }x∈{0,1}∗ be a family of distributions sampled by circuits
of size poly(|x|). Then, there exist a polynomial p and a constant δ > 0 such that for every
x ∈ {0, 1}∗ and for every D ≥ p(|x|),
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1
1
· Kt (y 1 , . . . , y D ) ≤ H(Dx ) + · D−δ ,
D
2
1
1
1
D
· K(y , . . . , y ) ≥ H(Dx ) − · D−δ
D
2
holds with probability at least 1 − 2−|x| over a random choice of D independent samples
y 1 , . . . , y D from Dx , where t := p(|x|).
This lemma immediately implies that the computational depth of independent samples from
Dx is small.
▶ Corollary 6.16. Under the same assumptions as Lemma 6.15, with probability at least
1 − 2−|x| over a random choice of D independent samples y 1 , . . . , y D from Dx , it holds that
cdt (y 1 , . . . , y D ) ≤ D1−δ .
Proof. It follows from Lemma 6.15 that
cdt (y 1 , . . . , y D ) = Kt (y 1 , . . . , y D ) − K(y 1 , . . . , y D ) ≤ D1−δ .

◀

We are now ready to prove Theorem 6.14.
Proof of Theorem 6.14. Fix an input φ ∈ {0, 1}∗ . Let n be the number of parties in the
access structure Aφ . Let λ = O(log |φ|), t, and ℓ be parameters chosen later.
We first define a family D = {Dφ }φ∈{0,1}∗ of distributions by using the following sampling
procedure: Choose x ∼ {0, 1}ℓ uniformly at random. Let (s1 , . . . , sn ) := Share(φ, x) and let
m be the length of each share; i.e., m := |si |. Pick k1 , . . . , kn ∼ {0, 1}λ randomly. We define
λ
a string y ∈ {0, 1}2 ·m , which we identify with a function y : {0, 1}λ → {0, 1}m : For every
q ∈ {0, 1}λ , let y(q) := si if q = ki for some i ∈ [n] and let y(q) := 0m otherwise. Note that
y is not well defined if (ki )i∈[n] is not pairwise distinct; however, we will show that y is well
defined with high probability. The output of the sampling procedure is defined as (x, y, k, s),
where k := (k1 , . . . , kn ) and s := (s1 , . . . , sn ).
The algorithm R operates as follows: For a given input φ ∈ {0, 1}∗ , pick D independent samples (x1 , y 1 , k 1 , s1 ), . . . , (xD , y D , k D , sD ) from Dφ . Let x := (x1 , . . . , xD ),
y := (y 1 , . . . , y D ), and ρ := 2λD. The output of R is defined to be (x, y, t, ρ).
Below, we prove the correctness of R using a sequence of claims. Let k := (kid | i ∈ [n], d ∈
[D]) and let s := (sdi | i ∈ [n], d ∈ [D]). We first observe that k is Kolmogorov-random with
high probability:
▷ Claim 6.17. With probability at least 1 − o(1), it holds that
K(k | s) ≥ nDλ − log n.

(16)

Proof. Since k = (kid )i∈[n],d∈[D] is uniformly distributed over ({0, 1}λ )nD and independent of
s, the claim follows from Fact 3.2.
◁
▷ Claim 6.18. If Equation (16) holds, then k = (kid )i∈[n],d∈[D] is pairwise distinct and hence
y is well defined.
′

Proof. If there exists (i, d) ̸= (i′ , d′ ) such that kid = kid′ , then k can be described by a program
of size nDλ − λ + O(log nD). Choosing a large enough λ = O(log |φ|), this implies that
K(k) ≤ nDλ − λ + O(log nD) < nDλ − log n, which contradicts Equation (16).
◁
Below, we assume that Equation (16) holds. We prove an upper bound of Kt (x | y).
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▷ Claim 6.19. Kt (x | y) ≤ ρ · w(Aφ ) − cdt (y) holds with probability at least 1 − o(1).
Proof. Let T ∈ Aφ be a minimum authorized set of parties such that |T | = w(Aφ ). We
d
ℓ
y
present an oracle program M y that
 d takes an index d and outputs x ∈ {0, 1} as follows: M
takes
 d d ∈ [D] as
 input and T , ki i ∈ T, d ∈ [D] and φ as hard-wired input, computes
si i ∈ T = y d (ki ) i ∈ T by making queries to the oracle y, and outputs Rec(φ, sdT ),
which is equal to xd by the correctness of a secret sharing scheme and the assumption that
T ∈ Aφ . The size of the oracle machine M is at most
O(|T | · log n) + |T | · D · λ + |φ| + O(log D) ≤ 2λD · w(Aφ ) − D1−δ ,
where δ > 0 is the constant from Corollary 6.16 and this inequality follows by choosing
sufficiently large D ≥ poly(|φ|). Applying Corollary 6.16 to the distribution of y, we obtain
cdt (y) ≤ D1−δ with probability at least 1 − o(1); thus, |M | ≤ ρ · w(Aφ ) − cdt (y). The running
time of M is at most poly(|φ|), which is independent of λ. We choose t so that this running
time is at most t.
◁
The remainder of the proof is devoted to proving the lower bound.
▷ Claim 6.20. Let θ :=
1 − o(1).

ρ
8c

′

· w(Aφ ) + log t′ . Then, Kt (x | y) ≥ θ with probability at least

We first clarify the condition of random variables under which the claim holds. Let
′
:= (sdi | i ∈ [n], d′ ∈ [D] \ {d}).

[D]\{d}
s[n]

▷ Claim 6.21. With probability at least 1 − o(1), it holds that for every unauthorized set
T ̸∈ Aφ of parties and for every d ∈ [D],


[D]\{d}
K xd sdT , s[n]
, k ≥ ℓ − n − 2 log D.

(17)
[D]\{d}

Proof. Fix d ∈ [D]. Since the random variable xd is independent of s[n]
Lemma 6.9,


[D]\{d}
min K xd sdT , s[n]
, k ≥ ℓ − n − 2 log D

and k, by

T ̸∈Aφ

holds with probability at least 1 −
d ∈ [D].

1
D2 .

The claim follows by taking a union bound over all
◁
′

In what follows, we assume Equations (16) and (17) and prove Kt (x | y) ≥ θ, which will
′
complete the proof of Claim 6.20. Assume, by way of contradiction, that Kt (x | y) < θ. Let
M ∈ {0, 1}∗ be the description of an oracle program such that |M | ≤ θ + O(log ℓ) and M y (d)
outputs xd ∈ {0, 1}ℓ in time t′′ := t′ ℓ for every d ∈ [D]; the machine M can be constructed
′
from a program that witnesses Kt (x | y) < θ. For each d ∈ [D], let T (M, d) be the set of
indices i ∈ [n] such that some bit of y d (kid ) ∈ {0, 1}m is queried during the computation of
M y (d).
▷ Claim 6.22. Let M be an oracle program that runs in time t′′ and let α :=
Then,

PD

d=1

|T (M, d)|.

K(k | s) ≤ |M | + (nD − α) · λ + α · (log t′′ + log nD) + O(log nD).
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Proof. By the definition of T (M, d), for every i ∈ T (M, d), there exists a time step ti,d ∈ [t′′ ]
such that M y makes a query kid to the oracle y on input d ∈ [D]. To describe k given s,
consider the following program M ′ : M ′ takes
{(i, d, ti,d ) ∈ [n] × [D] × [t′′ ] | i ∈ T (M, d)},
 d
ki ∈ {0, 1}λ (i, d) ∈ [n] × [D], i ̸∈ T (M, d) ,
and M as input and simulates M y on input d for every d ∈ [D]. At the time step ti,d of the
simulation of M y (d) for some i ∈ T (M, d), M ′ reads the query kid that M y (d) makes to the
oracle y d and answers the query with sdi . M ′ continues the simulation until the time step t′′ ,
at which point M ′ knows kid for every i ∈ T (M, d). Finally, M ′ outputs k. The input of M ′
can be encoded as a string of length α · (log t′′ + log nD) + (nD − α) · λ + |M | + O(log nD).
◁
It follows from Claim 6.22 and Equation (16) that
nDλ − log n ≤ |M | + (nD − α) · λ + α · (log t′′ + log nD) + O(log nD),
which can be simplified to
(λ − log t′′ − log nD) · α ≤ |M | + O(log nD).

(18)

Since t′′ /ℓ = t′ = τ (|x|, |y|, t) ≤ |x|c · |y|1−1/c · tc ≤ 2(1−1/c)·λ · (D · |φ| · ℓ · m)O(c) , we may
choose λ = O(log |φ|) large enough so that t′′ ≤ 2(1−1/2c)·λ−log nD . Then, by Equation (18),
we obtain
α≤

2c
4c
ρ
· (|M | + O(log nD)) <
· (θ − log t′ ) =
· w(Aφ ) = D · w(Aφ ),
λ
λ
2λ

where the second inequality follows from |M | + O(log nD) ≤ θ + O(log nDℓt′ ) < 2θ.16 It
follows that there exists d ∈ [D] such that |T (M, d)| ≤ α/D < w(Aφ ), which implies that
T (M, d) ̸∈ Aφ .
By Equation (17), we obtain


[D]\{d}
K xd sdT (M,d) , s[n]
, k ≥ ℓ − n − 2 log D.
However, this contradicts the following claim.
▷ Claim 6.23. Let M be an oracle program such that M y (d) outputs xd for every d ∈ [D].
Then, for every d ∈ [D], it holds that


[D]\{d}
K xd sdT (M,d) , s[n]
, k ≤ |M | + O(log D).

Proof. Since M y (d) outputs xd without making any query in kid i ∈ [n] \ T (M, d) , we
′
′
can define another oracle z = (z 1 , . . . , z D ) such that z d := y d for every d′ ∈ [D] \ {d} and
z d (kid ) := sdi for every i ∈ T (M, d) and z d (k) := 0m otherwise, so that there is no difference
between y and z on inputs queried by M y (d); therefore, we obtain xd = M y (d) = M z (d).
The claim follows by observing that the oracle z can be constructed from M , d ∈ [D], sdT (M,d) ,
[D]\{d}

s[n]
16

, and k.

◁

We may assume without loss of generality that w(Aφ ) ≥ 1; then, we have θ ≥ Ω(ρ) ≥ Ω(D), which can
be assumed to be larger than logarithmic terms.
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We conclude that ℓ−n−2 log D ≤ |M |+O(log D) ≤ O(θ) ≤ O(nλD), which is a contradiction
by letting ℓ ≫ O(nλD). This completes the proof of Claim 6.20.
◀
▶ Remark 6.24. It is not hard to observe that our NP-hardness hardness reduction also
proves the NP-hardness of McKTP [4] because the upper bound of Claim 6.19 also holds for
KT(x | y).

7

A Simple Proof for Worst-Case to Average-Case Connections

In this section, using SoI, we present an alternative proof of the connection from the worst-case
complexity of the polynomial hierarchy PH to the average-case complexity of PH.
▶ Theorem 7.1 ([35]). DistPH ⊆ AvgP implies that PH ⊆ DTIME(2O(n/ log n) ).
One important component of the proof of Theorem 7.1 is the notion of universal heuristic
scheme.
▶ Definition 7.2 (Universal Heuristic Scheme [35]). A (strong) universal heuristic scheme for
a language L is a pair (S, C) of polynomial-time algorithms such that, for some polynomial
p, for any n ∈ N, any t ≥ p(n), and any x ∈ {0, 1}n ,
1. if cdt,p(t) (x) ≤ k, then C(x, 1t , 1k ) = 1, and
k
2. if C(x, 1t , 1k ) = 1, then S(x, 1t , 12 ) = L(x).
S and C are referred to as a solver and a checker, respectively.
A strong universal heuristic scheme enables the construction of an efficient algorithm:
▶ Lemma 7.3 ([35]). For every language L, if there exists a strong universal heuristic scheme
for L, then L ∈ DTIME(2O(n/ log n) ).
Our goal is to construct a strong universal heuristic scheme for every language in PH. To
this end, we introduce a weaker version of a universal heuristic scheme:
▶ Definition 7.4. A weak universal heuristic scheme for a language L is a polynomial-time
algorithm S such that, for some polynomial p, for any n ∈ N, any t ≥ p(n), and any
k
x ∈ {0, 1}n , if cdt,p(t) (x) ≤ k, then S(x, 1t , 12 ) = L(x).
We observe that weak and strong universal heuristic schemes are in fact equivalent in
Heuristica.
▶ Lemma 7.5. If GapMINKT ∈ P, the following are equivalent for every language L.
1. There exists a strong universal heuristic scheme for L.
2. There exists a weak universal heuristic scheme for L.
Under the assumption that DistNP ⊆ AvgP, [35] showed the equivalence between the existence
of a strong universal heuristic scheme for L and {L}×PSamp ⊆ AvgP P, where AvgP P denotes
the class of distributional problems solvable by algorithms whose running time is bounded
above by some polynomial-time-computable average-case polynomial-time bound. Lemma 7.5
adds a new equivalent statement to this.
Proof of Lemma 7.5.
strong → weak. For a strong universal heuristic scheme (S, C), the solver S satisfies the
definition of a weak universal heuristic scheme.
weak → strong. The idea of constructing a checker is to estimate the time-bounded computational depth of an input by using an algorithm for GapMINKT.
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Let S be a weak universal heuristic scheme for L and let p be the polynomial in Definie be the polynomial-time algorithm of Fact 3.4 such that for every x ∈ {0, 1}∗
tion 7.4. Let K
and every t ≥ |x|,17
e
Kp(t) (x) − log p(t) ≤ K(x,
1t ) ≤ Kt (x).
Observe that
cdp(t),p

(2)

(t)

e
e
(x) − log p(t) ≤ K(x,
1t ) − K(x,
1p

(2)

(t)

) ≤ cdt,p

(3)

(t)

(x) + log p(3) (t).

(19)

(2)
e
e
We define a checker C as follows: C(x, 1t , 1k ) = 1 if and only if K(x,
1t ) − K(x,
1p (t) ) ≤
k
k′
k + log p(3) (t). We define a solver S ′ so that S ′ (x, 1t , 12 ) := S ′ (x, 1p(t) , 12 ), where k ′ :=
k + log p(t) + log p(3) (t).
Below, we claim that (S ′ , C) is a strong universal heuristic scheme by showing that it
satisfies the two properties of Definition 7.2.
(3)
1. If cdt,p (t) (x) ≤ k, then by the upper bound of Equation (19), we have C(x, 1t , 1k ) = 1.
2. If C(x, 1t , 1k ) = 1, then by the definition of C and by the lower bound of Equation (19),
(2)
we obtain cdp(t),p (t) (x) ≤ k + log p(t) + log p(3) (t) = k ′ . It follows from the property of
k
k′
the weak heuristic scheme S that S ′ (x, 1t , 12 ) = S(x, 1p(t) , 12 ) = L(x).
◀

The following lemma shows that any string that can be efficiently compressed with some
PH oracle can also be compressed without the oracle if DistPH ⊆ AvgP.
▶ Lemma 7.6 ([33]). Let A be an oracle. Assume that DistNPA ⊆ AvgP. Then, there exists
a polynomial p such that, for every x ∈ {0, 1}∗ and every t ≥ |x|,
Kp(t) (x) ≤ Kt,A (x) + log p(t).
We now use SoI to construct a weak universal heuristic scheme for every language in PH.
▶ Lemma 7.7. Let k ∈ N. If DistΣpk+1 ⊆ AvgP, then for every language L ∈ Σpk , there exists
a weak universal heuristic scheme for L.
Proof. We prove this by induction on k ∈ N. The base case (k = 0) is trivial because every
language L ∈ Σp0 = P admits a weak universal heuristic scheme. Let k ≥ 1. Let V be a
language in Πpk−1 such that x ∈ L if and only if V (x, y) = 1 for some y ∈ {0, 1}poly(|x|) . For
every x ∈ L, let yx be the lexicographically first string y such that V (x, y) = 1. The following
claim is the key to the construction of a weak universal heuristic scheme.
▷ Claim 7.8. There exists a polynomial q such that for every x ∈ L and every t ≥ |x|,
Kq(t) (yx | x) ≤ cdt,q(t) (x) + log q(t).
Proof. By a standard search-to-decision reduction, yx can be computed from x in polynomial
time with oracle access to some oracle A in Σpk ; thus, it follows that
Kp

(2)

(t)

(yx , x) ≤ Kp(t),A (yx , x) + log p(2) (t) ≤ Kt (x) + log p(2) (t) + O(1),

where the first inequality follows from Lemma 7.6.

17

We may assume without loss of generality that the polynomial p in Fact 3.4 is the same polynomial
with Definition 7.4.
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We claim that Kq(t) (yx | x) ≤ cdt,q(t) (x) + log q(t) for some polynomial q. Note that SoI
holds because of Theorem 1.2. Using SoI, we obtain
Kp

(3)

(t)

(yx | x) ≤ Kp

(2)

(t)

(yx , x) − Kp

≤ Kt (x) − Kp
= cdt,p

(3)

(t)

(3)

(t)

(3)

(t)

(x) + log p(3) (t)

(x) + O(log p(3) (t))

(x) + O(log p(3) (t)),

where the first inequality follows from SoI. The claim follows by letting q(t) := p(3) (t)

O(1)

.
◁

By the induction hypothesis, there exists a weak universal heuristic scheme S for V . Let
p be the polynomial in Definition 7.4.
We now present a weak universal heuristic scheme S ′ for L: The algorithm S ′ takes
k
(x, 1t , 12 ) as input and computes the set Y of strings y ∈ {0, 1}∗ such that there exists a
program of length at most k + log q(t) that takes x as input and outputs y in time q(t).
Equivalently, we define
n
o
Y := y ∈ {0, 1}∗ Kq(t) (y | x) ≤ k + log q(t).
Note that |Y | ≤ 2k+log q(t)+1 and Y can be computed in time poly(|x|, t, 2k ). The algorithm
′
k′
S ′ outputs 1 if and only if there exists a string y ∈ Y such that S((x, y), 1t , 12 ) = 1, where
t′ = tO(1) and k ′ = O(k + log t) are parameters chosen later. Clearly, S ′ is a polynomial-time
algorithm.
We claim the correctness of S ′ . Let q ′ be a polynomial chosen later. Assume that
t,q ′ (t)
cd
(x) ≤ k. We claim that for some parameter t′ = q(t)O(1) and for every y ∈ Y , the
′
′
(t , p(t ))-time-bounded computational depth of (x, y) is at most k ′ , which will imply that
the output of the weak universal heuristic scheme S is correct on input (x, y). For every
y ∈ Y , we have
′

′

′

cdt ,p(t ) (x, y) ≤ Kq(t) (x) + Kq(t) (y | x) − Kp(t ) (x, y) + O(1)
′

≤ cdq(t),2p(t ) (x) + k + log q(t) + O(1)
≤ 2k + log q(t) + O(1) =: k ′ ,
where the first inequality follows from the definition of time-bounded computational depth,
′
′
the second inequality follows from the fact that K2p(t ) (x) ≤ Kp(t ) (x, y) + O(1) and y ∈ Y ,
′
′
and the third inequality follows from the assumption that cdq(t),2p(t ) (x) ≤ cdt,q (t) (x) ≤ k,
where we define q ′ (t) := 2p(t′ ). By the correctness of the weak universal heuristic scheme
′
k′
S, we obtain S((x, y), 1t , 12 ) = V (x, y). If x ∈ L, Claim 7.8 implies that yx ∈ Y ; thus,
′
k′
we have S((x, yx ), 1t , 12 ) = V (x, yx ) = 1, which implies that S ′ outputs 1. If x ̸∈ L, then
′
k′
V (x, y) = 0 for every string y; thus, we obtain S((x, y), 1t , 12 ) = V (x, y) = 0, which implies
that S ′ outputs 0.
◀
Proof of Theorem 7.1. By Lemma 7.7, every language L ∈ PH admits a weak universal
heuristic scheme. By Lemmas 2.1 and 7.5, the weak universal heuristic scheme can be
converted into a strong universal heuristic scheme. Finally, using Lemma 7.3, we obtain
L ∈ DTIME(2O(n/ log n) ).
◀
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8

What Is Implied by Symmetry of Information?

Toward giving an exact characterization of SoI, we investigate what SoI implies. We show
that SoI is sandwiched between the existence of errorless heuristic schemes (denoted by
AvgP) for MINKT and the existence of error-prone heuristic schemes (denoted by HeurP)
for MINKT under the plausible assumption that E requires exponential-sized circuits. We
start with the definition of error-prone and errorless heuristic schemes.
▶ Definition 8.1. For a function t : N → N and a family D = {Dn }n∈N of distributions, an
algorithm A is said to be an error-prone heuristic scheme for Kt (-) with respect to D if for
every n ∈ N and every δ −1 ∈ N,
1. A(x; n, δ) halts in time poly(n/δ) for every x ∈ supp(Dn ).


2. Prx∼Dn A(x; n, δ) ̸= Kt(n) (x) ≤ δ.
If A satisfies the additional condition that

resume A(x; n, δ) ∈ Kt(n) (x), ⊥ for every x ∈ supp(Dn ),
then A is said to be an errorless heuristic scheme for Kt (-) with respect to D. We write
(Kt (-), D) ∈ AvgP and (Kt (-), D) ∈ HeurP if there exists an errorless heuristic scheme and
an error-prone heuristic scheme for Kt (-) with respect to D, respectively.
Definition 8.1 is different from the standard definition given in [16] in the following two
respects.
1. The classes AvgP and HeurP are usually defined as the class of decision problems; here, we
require that heuristic algorithms output an integer Kt(n) (x) ∈ N on input x ∈ supp(Dn ).
2. The output Kt(n) (x) of the distributional problem (Kt (-), D) depends on the size parameter n.18
We mention that it is possible to state Theorem 8.2 below using only the standard definitions,
though the statement becomes somewhat awkward; see Footnote 19. We now state the main
result of this section.
▶ Theorem 8.2. Assume that E ̸⊆ i.o.SIZE(2ϵn ) for some constant ϵ > 0. In the following
list, we have 1 ⇐⇒ 2 =⇒ 3 =⇒ 4 and 3 =⇒ 5.
1. GapMINKT ∈ P.
2. For every D ∈ PSamp, there exists a polynomial t0 such that (Kt (-), D) ∈ AvgP for every
polynomial t ≥ t0 .19
3. SoI holds.
4. For every D ∈ PSamp, there exists a polynomial t0 such that (Kt (-), D) ∈ HeurP for
every polynomial t ≥ t0 .
5. Gapτ MINKT ∈ DTIME(2O(n/ log n) ) for some function τ (n, t) = 2O(n/ log n) .
Here, PSamp denotes the class of families D = {Dn }n∈N of distributions such that there
exists a randomized polynomial-time algorithm S such that the distribution induced by S(1n )
is identical to Dn .
Longpré and Watanabe [58] showed that SoI implies that Kt (-) admits an error-prone
heuristic scheme with respect to the uniform distribution. Theorem 8.2 extends their result
to an arbitrary polynomial-time samplable distribution. To prove this, we need the following
result from [58].

18

The output does not depend on the size parameter n in the special case that n = |x| for every
x ∈ supp(Dn ).
19
This statement can be equivalently
stated as the statement that (MINKT, Dt ) ∈ AvgP, where MINKT

t s
t
is the language defined as (x, 1 , 1 ) Kt (x) ≤ s and Dt denotes the family {Dn
}n∈N of distributions
t
such that Dn
is the distribution that picks (x, 1s ) ∼ Dn and outputs a sample (x, 1t(n) , 1s ).
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▶ Lemma 8.3 ([58]). If SoI holds, then there exist a polynomial p and a polynomial-time
algorithm M such that for every x ∈ {0, 1}∗ and every t ≥ p(|x|) such that cdt,p(t) (x) ≤ k, on
k
input (x, 1t , 12 ), M outputs the lexicographically first program of length Kt (x) that outputs
x in time t.
Interestingly, this was proved even before the notion of computational depth was introduced
by Antunes et al. [9]. Lemma 8.3 is reminiscent of a weak universal heuristic scheme for
the search version of MINKT; however, it does not satisfy the definition of a weak universal
heuristic scheme in that the parameter t cannot be chosen independently of the instance of
MINKT. For completeness, we present the proof of Lemma 8.3.
Proof. Let x ∈ {0, 1}∗ , t ∈ N, and k ∈ N be given inputs. Let dx,t ∈ {0, 1}∗ be the
lexicographically first program of length Kt (x) that outputs x in time t. By SoI, for some
polynomial p, we have
Kp(2t) (dx,t | x) ≤ K2t (dx,t , x) − Kp(2t) (x) + log p(2t)
≤ |dx,t | + O(1) − Kp(2t) (x) + log p(2t) = cdt,p(2t) (x) + log p(2t) + O(1),
where the last inequality holds because (dx,t , x) can be computed from the description dx,t
of the program. Consequently, there exists a polynomial q such that
Kq(t) (dx,t | x) ≤ cdt,q(t) (x) + log q(t).

(20)
k

We now describe the algorithm M : Given an input (x, 1t , 12 ) such that cdt,q(t) (x) ≤ k,
the algorithm M computes the set Y of strings d ∈ {0, 1}∗ such that Kq(t) (d | x) ≤ k + log q(t)
and the program described by d outputs x in time t. The set Y can be computed in time
poly(|x|, t, 2k ) by enumerating all the programs of length at most k + log q(t) that take x as
input. Let s := min{|d| | d ∈ Y }. The algorithm M outputs the lexicographically first string
d ∈ Y ∩ {0, 1}s .
k
To see the correctness of M , fix an input (x, 1t , 12 ) such that cdt,q(t) (x) ≤ k. We claim
that M outputs dx,t . Observe that s ≥ Kt (x) by the definition of Kt (x). Moreover, it follows
from Equation (20) that dx,t ∈ Y ; hence, we obtain s ≤ |dx,t | = Kt (x). Since s = Kt (x), the
lexicographically first string d ∈ Y ∩ {0, 1}s is equal to dx,t .
◀
Under a plausible derandomization hypothesis, Antunes and Fortnow [11] showed that if
a string x is drawn from a polynomial-time samplable distribution, then the computational
depth of x is small with high probability. The same conclusion holds under SoI.
▶ Lemma 8.4 (see [35, Theorem 9.6 and Corollary 9.8]). If SoI holds, then for every D =
{Dn }n∈N ∈ PSamp, there exists a polynomial t such that for every n ∈ N,
h
i
Pr cdt(n) (x) > k ≤ 2−k+log t(n) .
x∼Dn

▶ Theorem 8.5. If SoI holds, then for every D ∈ PSamp, there exist a polynomial t and an
error-prone heuristic scheme for Kt (-) with respect to D.
Proof. Let M be the polynomial-time algorithm and p be the polynomial of Lemma 8.3. Let
t0 be the polynomial of Lemma 8.4.
We describe an error-prone heuristic scheme A: The algorithm A takes (x; n, δ) as input,
where x is sampled from Dn and δ −1 ∈ N is an error parameter. Let k := log(1/δ) + log t0 (n).
k
The algorithm A outputs the length of the program computed by M (x, 1t(n) , 12 ). Clearly,
the algorithm A runs in time poly(n/δ).
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We claim the correctness of A, i.e., for every n ∈ N and every δ −1 ∈ N,
h
i
Pr A(x; n, δ) ̸= Kt(n) (x) ≤ δ.
x∼Dn

By the property of M , the algorithm M fails to output a program of size Kt(n) (x) on input
k
(x, 1t(n) , 12 ) only if cdt(n),p(t(n)) (x) > k, which implies that cdt0 (n) (x) ≥ cdt(n) (x) > k. By
Lemma 8.4, this happens with probability at most 2−k+log t0 (n) ≤ δ. We conclude that the
probability that A(x; n, δ) ̸= Kt(n) (x) is at most δ, as desired.
◀
Next, we present an errorless heuristic version of Theorem 8.5.
▶ Theorem 8.6. If SoI holds and GapMINKT ∈ P, then for every D ∈ PSamp, there exist
a polynomial t and an errorless heuristic scheme for Kt (-) with respect to D.
Proof. The proof is similar to that of Theorem 8.5, except that we use the algorithm for
GapMINKT to translate the error-prone algorithm of Theorem 8.5 to an errorless algorithm
in a way similar to Lemma 7.5.
Let p be the larger of the polynomial of Lemma 8.3 and the polynomial of Fact 3.4. Let
C be the checker defined in the proof of Lemma 7.5, which satisfies the following properties:
For every x ∈ {0, 1}∗ and every t ≥ |x| and every t ∈ N,
(3)
1. if cdt,p (t) (x) ≤ k, then C(x, 1t , 1k ) = 1, and
(2)
2. if C(x, 1t , 1k ) = 1, then cdp(t),p (t) (x) ≤ k + log p(t) + log p(3) (t).
We now describe an errorless heuristic scheme A: The algorithm A takes (x; n, δ) as
input. Let t := t(n) and k := log(1/δ) + log t. The algorithm A outputs the special failure
symbol ⊥ if C(x, 1t , 1k ) = 0. Otherwise, A outputs the length of the program computed by
k′
M (x, 1p(t) , 12 ), where we define k ′ := k + log p(t) + log p(3) (t). Clearly, the algorithm A
runs in time poly(n/δ).
To prove the correctness of A, we first show that A is errorless. For every n ∈ N and
every x ∈ supp(Dn ), we claim
A(x; n, δ) ∈ {Kt (x), ⊥}
by considering the following two cases: (1) If the checker C outputs 0, then by definition, A
(2)
outputs ⊥. (2) Otherwise, we have C(x, 1t , 1k ) = 1, which implies that cdp(t),p (t) (x) ≤ k ′ .
In the latter case, by the properties of M , the output of A is equal to Kt (x).
Next, we show that the failure probability of A is at most δ. Observe that A fails only if
(3)
C(x, t, 1k ) = 0, which implies that cdt (x) ≥ cdt,p (t) (x) > k. This happens with probability
at most 2−k+log t ≤ δ by Lemma 8.4. We conclude that
Pr [A(x; n, δ) = ⊥] ≤ δ.

x∼Dn

◀

Finally, we construct a slightly sub-exponential-time algorithm for GapMINKT from SoI.
▶ Theorem 8.7. If SoI holds, then for every constant δ > 0, there exists an algorithm M that,
1−δ
on input (x, t) such that |x| ≤ t ≤ 2|x| , outputs a program of length Kt (x) that outputs x
in time t′ , where t′ = 2O(|x|/ log |x|) . The algorithm M runs in time 2O(|x|/ log |x|) on input
(x, t).
In particular, the length of the program d computed by M on input (x, t) satisfies that
′

Kt (x) ≤ |d| ≤ Kt (x).

(21)
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Proof of Theorem 8.7. Let M be the algorithm and p be the polynomial from Lemma 8.3.
Fix a string x ∈ {0, 1}∗ of length n and an integer t ∈ N. Following [35], we consider the
following telescoping sum:
I
X

cdp

(i−1)

(t),p(i) (t)

(x) = cdt,p

(I)

(t)

(x) ≤ n + O(1) ≤ 2n,

i=1

where I is a parameter chosen later. By taking the minimum term on the left-hand side,
there exists an index i ∈ [I] such that
cdp

(i−1)

(t),p(i) (t)

(x) ≤ 2n/I.

(22)

We define an algorithm M ′ as follows. Given (x, t) as input, let t0 := max{t, p(n)} and
2n/I
ti := p(i) (t0 ) for every i ∈ [I]. Let di be the program computed by M (x, 1ti , 12
) for every
i ∈ [I]. The algorithm M ′ outputs the shortest program di that outputs x in time ti .
The running time of M ′ is at most
I

poly(tI , 22n/I ) ≤ tc · 2O(n/I) ≤ 2O(c

I

·n1−δ +n/I)

,

where c is some universal constant. By letting I := ϵ log n for a sufficiently small constant
ϵ > 0, the running time can be bounded by 2O(n/ log n) .
We prove the correctness of M ′ . Let i∗ be the index that satisfies Equation (22). Then,
by the correctness of M , the program di∗ prints x in time ti∗ and |di∗ | = Kti∗ (x). This
means that the output of M ′ is well defined. Let di be the program computed by M ′ . By the
definition of M ′ , we have |di | ≤ |di∗ | = Kti∗ (x) ≤ Kt (x). Moreover, the program di prints x
in time ti ≤ tI .
◀
Proof of Theorem 8.2. The implication from Item 2 to 1 is proved in [33]. Theorems 4.1
and 8.6 prove the implication from Item 1 to 2. Theorem 4.1 proves the implication from
Item 1 to 3. Theorem 8.5 proves the implication from Item 3 to 4.
The implication from Item 3 to 5 easily follows from Theorem 8.7: We describe a 2O(n/ log n) time algorithm that solves Gapτ MINKT. Given an instance (x, 1t , 1s ) of Gapτ MINKT, if
t ≤ |x|2 , then we use the search algorithm M of Theorem 8.7 and output 1 if and only if
the length of the program computed by M (x, t) is at most s. The search algorithm M runs
in time 2O(|x|/ log |x|) . If t > |x|2 , then we use a trivial exhaustive search to find a shortest
program that prints x in time t; this exhaustive search runs in time 2O(|x|) · tO(1) . In both
cases, the algorithm runs in time 2O(n/ log n) , where n denotes the length Θ(|x| + t) of the
instance (x, 1t , 1s ). The correctness of the algorithm follows from Equation (21).
◀
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Symmetry of Information from Weak Symmetry of Information

In this appendix, we present a simple proof of SoI based on weak symmetry of information.
Weak symmetry of information is formally stated as follows:
▶ Lemma A.1 (Weak Symmetry of Information [35]). If GapMINKT ∈ P and E ̸⊆ i.o.SIZE(2ϵn )
for some constant ϵ > 0, then there exists a polynomial p such that, for any n, m ∈ N, any
t ≥ n + m, any ϵ > 0, and any x ∈ {0, 1}n ,
h
i
Pr m Kt (x, w) ≥ Kp(t/ϵ) (x) + m − log p(t/ϵ) ≥ 1 − ϵ.
w∼{0,1}

Alternative Proof of Theorem 4.1. Let M be an algorithm for Gapτ MINKT, where τ is
some polynomial. Fix x, y ∈ {0, 1}∗ , and t ∈ N such that t ≥ |x| + |y|. Let n := |x|. We
prove SoI by analyzing the behavior of
′

M (DPk (x; z) · y, 1t , 1s )
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over a random choice of z ∼ {0, 1}nk , where k, s and t′ are parameters chosen later. To
this end, we first compare the time-bounded Kolmogorov complexity of DPk (x; z) · y with
that of w · y for random choices of z ∼ {0, 1}nk and w ∼ {0, 1}nk+k : On one hand, since
DPk (x; z) · y can be described by z, k ≤ O(t), and a program that outputs (x, y), we have
′

Kt (DPk (x; z) · y) ≤ Kt (x, y) + |z| + log t′ ,

(23)

where t′ = poly(t) is some polynomial. On the other hand, by Lemma A.1, there exists a
polynomial p0 such that
′

′

Kt (w · y) ≥ Kp0 (t ) (y) + |w| − log p0 (t′ )

(24)

with probability at least 21 over a random choice of w ∼ {0, 1}nk+k .
Comparing Equations (23) and (24), when k is sufficiently large, the output distribution
of DPk (x; -) can be distinguished from the uniform distribution by using the algorithm M .
In more detail, let s := Kt (x, y) + |z| + log t′ , which is the right-hand side of Equation (23).
′
Let k := Kt (x, y) − Kp0 (t ) (y) + log p0 (t′ ) + log t′ + log τ (n′ , t′ ) + 1 so that the right-hand side
of Equation (24) is greater than s + log τ (n′ , t′ ), where n′ := |w| + |y|. Then, Equation (23)
implies that DPk (x; z) · y is a Yes instance of Gapτ MINKT; thus, we obtain
h
i
′
Pr M (DPk (x; z) · y, 1t , 1s ) = 1 = 1.
z

Equation (24) implies that w · y is a No instance of Gapτ MINKT with probability at least
1
2 ; thus, we obtain
h
i 1
′
Pr M (w · y, 1t , 1s ) = 1 ≤ .
w
2
′

Define a circuit Dy so that Dy (w) := M (w · y, 1t , 1s ) for every input w ∈ {0, 1}nk+k ; then,
it follows that
Pr [Dy (DPk (x; z)) = 1] − Pr [Dy (w) = 1] ≥
z

w

1
,
2

which, by Lemma 2.2, implies that
Kp1 (t) (x | Dy ) ≤ k + log p1 (t)
for some polynomial p1 . Finally, observe that the circuit Dy can be described by using
y ∈ {0, 1}∗ , n, k, t′ , and s ∈ N as well as an O(1)-size program for M ; therefore, we obtain
′

Kp1 (t) (x | y) ≤ Kt (x | Dy ) + O(log t) ≤ k + O(log t) ≤ Kt (x, y) − Kp0 (t ) (y) + O(log t).
By choosing a large enough polynomial p, it follows that
Kp(t) (x | y) + Kp(t) (y) ≤ Kt (x, y) + log p(t).

A.1

◀

Why Was Symmetry of Information Not Proved Before?

The alternative proof of Theorem 1.2 is reminiscent of the lemma of [35] that constructs
a universal heuristic scheme from an algorithm for Gap(KPH vs K). In retrospect, the
proof techniques for Theorem 1.2 were already developed in [35]. It is natural to ask why
Theorem 1.2 was not proved in [35]. The reason is that previous results suggested the
infeasibility of proving Theorem 1.2, as we explain below.
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Weak symmetry of information is implicitly proved in [33] under the strong assumption
that DistPH ⊆ AvgP. Specifically, [33] showed that if DistPH ⊆ AvgP, then
Kpoly(t) (x) ≤ Kt,PH (x) + O(log t)
for every x ∈ {0, 1}∗ and every t ≥ |x|.20 That is, the PH-oracle time-bounded Kolmogorov
complexity of x is approximately equal to Kt (x). By using the Kolmogorov–Levin proof of
symmetry of information (as in [58]), it can be shown that
Kpoly(t),PH (y | x) + Kpoly(t),PH (x) ≤ Kt (x, y) + O(log t).
Now, for a random y ∼ {0, 1}m , we have Kpoly(t),PH (y | x) ≈ |y| by Fact 3.2. Therefore, we
obtain weak symmetry of information:
|y| + Kpoly(t) (x) ≤ Kt (x, y) + O(log t)
holds with high probability over a random choice of y ∼ {0, 1}m .
One may be tempted to try to prove symmetry of information by extending the result
of [33] to
Kpoly(t) (x | y) ≤ Kt,PH (x | y) + O(log t)

(25)

under the assumption that DistPH ⊆ AvgP. However, this statement is in fact equivalent
to the equivalence between the average-case easiness of PH and the worst-case easiness of
PH (i.e., P = PH ⇐⇒ DistPH ⊆ AvgP) [52, 24], which is a long-standing open question and
cannot be proved by relativizing proof techniques [44, 36]. These results suggest the difficulty
of proving symmetry of information because it relates conditional Kolmogorov complexity
and unconditional Kolmogorov complexity, which previously seemed to imply Equation (25).
[35] proved DistPH ⊆ AvgP =⇒ PH ⊆ DTIME(2O(n/ log n) ), which is the first non-trivial
worst-case-to-average-case connection of PH. [35] also proved weak symmetry of information
under the weaker assumption that DistNP ⊆ AvgP than [33]. What was overlooked in [35] is
that symmetry of information does not necessarily imply Equation (25). In fact, under the
assumption that DistPH ⊆ AvgP, SoI implies a weaker statement that
Kpoly(t) (x | y) ≤ Kt,PH (x | y) + cdt,poly(t) (y) + O(log t).

(26)

This statement looks quite similar to Equation (25), especially because the computational
depth of y is small for most strings y (Lemma 8.4). Although Equation (26) is not sufficient
to obtain P = PH, it does suffice to prove PH ⊆ DTIME(2O(n/ log n) ), which provides the
alternative proof of the main results of [35] presented in Section 7. The fact that SoI provides
the worst-case-to-average-case connections indicates the importance of SoI in average-case
complexity theory.

20

Kt,PH (x) is an informal notation that represents the A-oracle t-time-bounded Kolmogorov complexity of
x for an oracle A ∈ PH. The statement is true for every oracle A ∈ PH.
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1

Introduction

Random walks on expander graphs have numerous applications in computer science due to
their pseudorandom properties (see e.g. [13] for a survey). Typically, an expander random
walk is used to provide a randomness-efficient means for generating a sequence of vertices
v0 , . . . , vt−1 . In a given application, this expander walk will be used to “fool” certain desired
test functions f , in the sense that the distribution of f (v0 , . . . , vt−1 ) is approximately the
same whether the vertices v0 , . . . , vt−1 are sampled from a random walk on an expander, or
independently and uniformly at random (which is equivalent to using a random walk on
a complete graph with self loops). In this paper, we prove tight bounds on the extent to
which expander graph random walks fool certain functions f of interest, namely, symmetric
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functions as well as functions computable by permutation branching programs. These results
improve on a recent line of work [11, 6, 5]. Our results also yield further implications,
including a strengthening of the expander-walk Chernoff bound [7, 12].
An expander graph is a graph that is sparse but well connected. In this paper we consider
regular λ-spectral expanders, which are constant-degree graphs for which all nontrivial
eigenvalues of the random walk matrix have absolute value at most λ. Intuitively, the
spectrum of an expander graph approximates that of the complete graph, so an expander
provides a sparsification of the complete graph. Random walks on expander graphs therefore
provide a derandomized approximation for random walks on complete graphs. A major aim
of this paper is to obtain tight bounds on the error in this approximation.
Many explicit constructions of λ-spectral expanders are known for arbitrarily small λ > 0
(e.g. [18, 17, 19, 4]). Random walks on such expanders have many applications, such as in
randomness-efficient error reduction, error-correcting codes, and small-space derandomization
(see the surveys [13, 21, 10]). Randomness-efficient error reduction uses the ability of expander
random walks to fool threshold functions, while Ta-Shma’s recent breakthrough construction
of ϵ-balanced codes [20] uses their ability to fool the parity function. Meanwhile, work on
small-space derandomization starting from [15] uses the ability of expander walks to fool
branching programs. In this paper, we prove new bounds on the extent to which expander
walks fool symmetric functions (which include the threshold and parity functions), as well as
(permutation) branching programs.
Specifically, we strengthen and generalize a result of Cohen et al. [5], which shows that
a random walk on a sequence of λ-spectral expanders fools symmetric functions up to a
O(λ) error in total variation distance. Our result extends the result of Cohen et al. [5] to
labelings of the vertices by symbols from an arbitrary alphabet and, in the binary case,
achieves the optimal dependence on the bias of the labeling; the Cohen et al. [5] result only
applies to binary labelings, and has a suboptimal dependence on the labeling bias. We
also unite this total variation bound with a tail bound, which yields a strengthening of the
expander-walk Chernoff bound. We furthermore show that expander random walks fool
√
width-w permutation branching programs up to a O(λ) error in ℓ2 -distance and a O( w · λ)
error in total variation distance,
√ which extends a result of [2, 14] to walks of length > 2,
and also strengthens the O(w4 · λ) total variation bound of Cohen et al. [6]. For programs
possessing a certain structure, we prove much stronger bounds. We also present several lower
bounds that show our upper bounds to be tight.
The organization of the remainder of this extended abstract is as follows. Section 2
describes the main problem we consider, and introduces notation. Section 3 describes our
contributions. We present proof outlines of our results for symmetric functions and for
permutation branching programs in Section 4 and Section 5 respectively. For complete proofs
of all results, the reader is referred to the full version of this paper [9].

2

Problem overview

For a sequence G = (G1 , . . . , Gt−1 ) of graphs on a shared vertex set V , let RWtG denote the
random variable taking values in V t that is given by taking a length-t random walk on V ,
where the ith step is taken in the graph Gi . If all Gi = G then we write RWtG = RWtG .
For some fixed integer d ≥ 2, we are given a labeling val : V → [d] = {0, . . . , d −
1}, which we extend to act on sequences componentwise, that is, val(v0 , . . . , vt−1 ) =
(val(v0 ), . . . , val(vt−1 )). We let the tuple p = (p0 , . . . , pd−1 ) ∈ [0, 1]d specify the weights
of the labels, so that pb equals the fraction of vertices with label b ∈ [d].
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In this paper, we study the distribution of val(RWtG ) for a sequence G of λ-spectral
expanders. In particular, letting J denote the complete graph with self-loops, we will
compare the distributions of f (val(RWtG )) and f (val(RWtJ )) for certain test functions f
on [d]t . Specifically, we study functions f that are either symmetric or computable by a
permutation branching program.
Let Σ : [d][t] → [t + 1][d] be the histogram function, so that (Σa)b = |{i ∈ [t] : ai = b}|
denotes the number of copies of b in the sequence a. All symmetric functions factor through
Σ, so to study symmetric functions we restrict attention to Σ.

3

Contributions

This section describes our main results. The reader is referred to the full version [9] for
theorem statements containing explicit constants.

3.1

Symmetric functions

A major objective of this paper is to study the extent to which expander walks fool symmetric
functions. In our notation, for a sequence G of λ-spectral expanders, we would like to bound
the distance between the distributions of Σ val(RWtG ) and Σ val(RWtJ ) as a function of λ,
regardless of the choice of G. Rather than directly comparing these distributions, in the
following theorem we bound the change in Σ val(RWtG ) when one of the graphs Gu in the
sequence G is changed. We then apply a hybrid argument by changing the graphs in G to J
one at a time.
Thus the consideration of arbitrary expander sequences G is inherent in our proof. Yet as
a side benefit, we are able to show fine-grained bounds on the distance between Σ val(RWtG )
and Σ val(RWtG ′ ) when G and G ′ only differ at a few steps. Such bounds are used in a
follow-up work [8] to prove a new Berry-Esseen theorem for expander walks.
The following theorem considers the case of d = 2 possible labels; we will subsequently
show a similar result for d > 2. In a slight abuse of notation below, we let G both denote a
graph and its random walk matrix. We use ∥ · ∥ to denote the spectral norm of a matrix.
▶ Theorem 1. Fix positive integers u < t. Let G = (Gi )1≤i≤t−1 and G ′ = (G′i )1≤i≤t−1 be
sequences of regular 1/100-spectral expanders on a shared vertex set V such that Gi = G′i
for all i ̸= u. Fix a labeling val : V → [2] that assigns each label b ∈ [2] to pb -fraction of the
vertices. Then for every c ≥ 0,
X
Pr[Σ val(RWtG ′ ) = (t − j, j)] − Pr[Σ val(RWtG ) = (t − j, j)]
j∈[t+1]:|j−p1 t|≥c

=O

∥G′u − Gu ∥ · e−c
t

2

/8t

!
.

Theorem 1 bounds the change in the distribution of Σ val(RWtG ) when the graph at a
single step in G is changed. A key point is that the bound decays linearly in t. That is, the
longer the walk, the less effect changing one of the graphs has. By changing all the graphs to
the complete graph with self loops J one step at a time, we obtain the following corollary.
▶ Corollary 2. For all positive integers t and all 0 ≤ λ ≤ 1/100, let G = (Gi )1≤i≤t−1 be a
sequence of regular λ-spectral expanders on a shared vertex set V with labeling val : V → [2].
Then for every c ≥ 0,
X
Pr[Σ val(RWtG ) = (t − j, j)] − Pr[Σ val(RWtJ ) = (t − j, j)]
j∈[t+1]:|j−p1 t|≥c

= O(λ · e−c

2

/8t

).
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The bounds in Theorem 1 and Corollary 2 both provide unified bounds for two different
notions of distance, namely total variation distance and tail bounds. Specifically, when c = 0
then the results above bound total variation distance, while as c grows large they provide
tail bounds, as p1 t is the expected value of (Σ val(RWtG ))1 .
Both the total variation and tail bounds above are novel, to the best of our knowledge.
Our tails bounds can be viewed as strengthening the expander-walk Chernoff bound [7, 12],
and indeed our proof of Theorem 1 draws on similar techniques as used in Healy’s [12] proof
of the expander-walk Chernoff bound. Recall that for a sequence G of λ-spectral expanders
with λ bounded away from 1, the expander-walk Chernoff bound states that
X

Pr[Σ val(RWtG ) = (t − j, j)] = O(e−Ω(c

2

/t)

),

j∈[t+1]:|j−p1 t|≥c

that is, the tails of Σ val(RWtG ) decay approximately as quickly as the tails of the binomial
distribution as c2 /t → ∞. Corollary 2 shows the stronger statement that as λ → 0, the tails
of Σ val(RWtG ) converge to the tails of the binomial distribution Σ val(RWtJ ), even when
c2 /t = O(1).
The c = 0 case of Corollary 2 shows a O(λ) bound on the total variation distance between
Σ val(RWtG ) and Σ val(RWtJ ). Equivalently, this result shows that every symmetric function
f : {0, 1}t → {0, 1} satisfies |E[f (val(RWtG ))] − E[f (val(RWtJ ))]| = O(λ), that is, random
walks on λ-spectral expanders O(λ)-fool symmetric functions. This bound improves upon
a line of prior work [11, 6, 5]. Guruswami and Kumar [11] initiated this line of work by
showing a O(λ) bound on the total variation distance between Σ val(RWtG ) and Σ val(RWtJ )
for the special case where G is the 2-vertex sticky random walk. Cohen et al. [6] then
showed a O(λ(log(1/λ))3/2 ) bound on this total variation distance for arbitrary expanders
G with a balanced labeling, that is, when p0 = p1 = 1/2. A follow-up paper of Cohen
et al.p
[5] generalized to arbitrary p, and improved the total variation distance bound to
O(λ/ min(p)), where min(p) = min{p0 , p1 }. In contrast, the c = 0 case of Corollary 2
strengthens this bound to O(λ) regardless of p. Our results also allow for sequences G of
λ-spectral expanders with different graphs at different steps, whereas the prior work [6, 5]
assumed that the graph was the same at each step.
Theorem 1, Corollary 2, and all of the prior work [11, 6, 5] assumes a binary labeling
val : V → {0, 1} on the expander graph’s vertices. Jalan and Moshkovitz [16] asked whether
these results generalize to labelings val : V → [d] for d > 2. We provide an affirmative
answer to this question in the following results, which generalizing the total variation distance
bounds in Theorem 1 and Corollary 2 to arbitrary d ≥ 2. Below, we let min(p) = minb∈[d] pb .
▶ Theorem 3. For every integer d ≥ 2 and every distribution p ∈ [0, 1]d over the labels [d],
there exists a constant λ0 = λ0 (d, p) > 0 such that the following holds. For all positive integers
u < t, let G = (Gi )1≤i≤t−1 and G ′ = (G′i )1≤i≤t−1 be sequences of λ0 -spectral expanders on
a shared vertex set V , such that for all i ̸= u we have Gi = G′i . Let val : V → [d] be any
labeling that assigns each label b ∈ [d] to pb -fraction of the vertices. Then

dTV Σ val(RWtG ′ ), Σ val(RWtG )




=O

d
min(p)

O(d)

∥G′u − Gu ∥
·
t

!
.
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▶ Corollary 4. For all integers t ≥ 1 and d ≥ 2, let G = (Gi )1≤i≤t−1 be a sequence of
λ-spectral expanders on a shared vertex set V with labeling val : V → [d] that assigns each
label b ∈ [d] to pb -fraction of the vertices. Then

O(d) !

d
t
t
·λ .
dTV Σ val(RWG ), Σ val(RWJ ) = O
min(p)
In the results above, it is helpful to think of d and p as fixed, so that Corollary 4 gives a
O(λ) bound on total variation distance. When d = 2, Theorem 1 and Corollary 2 with c = 0
show that the factor of (d/ min(p))O(d) in the bounds above can be removed. We suspect
that this (d/ min(p))O(d) dependence for d > 2 is not tight, and we leave the determination
of the optimal dependence on d and p as an open question.
To show that the O(λ) upper bounds on total variation distance described above are
tight, we present the following lower bound.
▶ Theorem 5. For every 0 < λ < 1 and p = (p0 , p1 ), there exists a sufficiently large
t0 = t0 (p, λ) ∈ N and a λ-spectral expander G = Gλ,p with vertex labeling val : V → [2] that
has label weights given by p, such that for every t ≥ t0 ,
dTV (Σ val(RWtG ), Σ val(RWtJ )) = Ω(λ).
Theorem 5 generalizes a similar result of Guruswami and Kumar [11] for the special case
of p0 = p1 = 1/2, and indeed our proof method is similar to theirs. Cohen et al. [5] showed a
similar Ω(λ) lower bound for all t but only when p0 = p1 = 1/2. Their result is incomparable
to ours, as Theorem 5 considers all p but only sufficiently large t.
The graph Gλ,p in Proposition 8 is the λ-sticky, p-biased random walk, which generalizes
the sticky walk studied by Guruswami and Kumar [11] for the case where p = (1/2, 1/2).
From a given vertex v ∈ V , with probability 1 − λ the sticky walk chooses the next vertex
v ′ ∈ V uniformly at random, and with probability λ it instead chooses a random v ′ that
has the same label val(v ′ ) = val(v). This sticky walk is in some sense a canonical λ-spectral
expander, and arises in all of our lower bounds in this paper.
The main idea to prove Theorem 5 is that by the Markov chain CLT, as t → ∞ then
√
((Σ val(RWtGλ,p ))1 − p1 t)/ p0 p1 t converges in distribution (that is, in Kolmogorov distance)
to a normal distribution with variance (1 + λ)/(1 − λ). In contrast, the CLT implies that
√
the normalized binomial distribution ((Σ val(RWtJ ))1 − p1 t)/ p0 p1 t converges to a normal
distribution with variance 1. Theorem 5 then follows because the distance between these two
normals is Ω(λ). All the details are provided the full version [9].

3.2

Permutation branching programs

This section describes our main results on the extent to which expander walks fool permutation
branching programs.
To begin, we recall the formal definition of a permutation branching program B, which
sequentially reads in inputs ai and updates its internal state according to a permutation
Bi (ai ).
▶ Definition 6. A permutation branching program B of length t, width w, and degree
d is a collection of functions Bi : [d] × [w] → [w] for i ∈ [t] such that for b ∈ [d], each
restriction Bi (b) = Bi |{b}×[w] : [w] → [w] is a permutation. The program is said to compute
the function B : [d]t → [w] defined by1
B(a) = (Bt−1 (at−1 ) ◦ · · · ◦ B0 (a0 ))(0).
1

Without loss of generality the initial state is assumed to be 0 ∈ [w].
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We first present a bound that makes no assumptions on the structure of the program.
▶ Theorem 7. For integers t ≥ 1, w ≥ 2, and d ≥ 2, let G be a λ-spectral expander with
λ < .1, and assign some vertex labeling val : V → [d]. Let B : [d]t → [w] be computed by a
permutation branching program B of length t, width w, and degree d. Then
dℓ2 (B(val(RWtG )), B(val(RWtJ ))) = O(λ).
Note that the bound in Theorem 7 has no dependence on the width w of the branching
program, but only bounds ℓ2 rather than total variation distance. Applying the CauchySchwartz inequality to this ℓ2 -bound gives the total variation bound
√
dTV (B(val(RWtG )), B(val(RWtJ ))) = O( w · λ).
(1)
√
This bound improves upon the work of Cohen et al. [6], who showed a O(w4 · λ) bound on
dTV (B(val(RWtG )), B(val(RWtJ ))) for the special case where d = 2 and p0 = p1 = 1/2.
Theorem 7 is closely related to the analysis of the Impagliazzo-Nisan-Wigderson [15]
pseudorandom generator studied by Hoza et al. [14], which also uses expander walks to fool
permutation branching programs. Both Theorem 7 and the results of Hoza et al. [14] are
also proven using similar matrix approximation notions. However, Hoza et al. [14] consider
many length-2 expander walks, whereas we consider a single longer walk.
The following lower bound shows that Theorem 7 is tight.
▶ Proposition 8. For every 0 ≤ λ ≤ 1 and every p = (p0 , p1 ), there exists a λ-spectral
expander G = Gλ,p with vertex labeling val : V → [2] that assigns each label b ∈ [2] to
pb -fraction of the vertices, such that the following hold:
1. There exists a permutation branching program B of length t = 2, width w = 2, and degree
d = 2 such that
Pr[B(val(RWtG )) = 0] − Pr[B(val(RWtJ )) = 0] = 2p0 p1 λ.
2. There exists a permutation branching program B of length t = ⌊1/ min{p0 , p1 }⌋ + 1, width
w = t + 1, and degree d = 2 such that
Pr[B(val(RWtG )) = 0] − Pr[B(val(RWtJ )) = 0] ≥

λ
.
2e2

For these lower bounds, a smaller program length and width corresponds to a stronger
result, as the length and width can be increased arbitrarily with padding. Proposition 8
implies a Ω(λ) lower bound for both the ℓ2 and total variation distance between B(val(RWtG ))
and B(val(RWtJ )). This ℓ2 lower bound meets the upper bound in Theorem 7. However,
whereas the Ω(λ) total variation lower bound has no dependence on the program width w,
√
the O( w · λ) upper bound in (1) decays with w. It is an open question to resolve this gap.
The graph Gλ,p in Proposition 8 is same the λ-sticky, p-biased random walk used to show
Theorem 5, as described in Section 3.1. More details can be found in the full version [9].
Although Proposition 8 shows that Theorem 7 is tight in general, much stronger bounds
hold for certain permutation branching programs.
▶ Theorem 9. For integers t ≥ 1, w ≥ 2, and d ≥ 2, let G be a sequence of λ-spectral
expanders on a shared vertex set V with labeling val : V → [d]. Let B t : [d]t → [w]
P
denote the sum modulo w, that is B t (a) = i∈[t] ai (mod w). Then there exists a constant
c = c(d, w, p, λ) < 1 such that
√
dTV (B t (val(RWtG )), B t (val(RWtJ ))) ≤ w · ct .
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That is, expander walks fool the small modular functions B t , which are naturally computed
by permutation branching programs, up to an exponentially small error. This result can be
viewed as a generalization of the previously known fact that expander walks fool the parity
function up to an exponentially small error, as can be recovered by letting w = 2 and d = 2
in Theorem 9. This fact that expander walks are good parity samplers played a pivotal role
in Ta-Shma’s breakthrough construction of almost optimal ϵ-balanced codes [20].
For arbitrary w ≥ 2, Guruswami and Kumar [11] showed that the total variation distance
between B t (val(RWtG )) and B t (val(RWtJ )) is exponentially small in t when G is the 2-vertex
sticky random walk. Theorem 9 generalizes this exponential decay bound to arbitrary
expander walks.
Theorem 9 presents a particular class of permutation branching programs B for which
B(val(RWtG )) approaches a uniform distribution exponentially quickly. In the full version [9],
we provide a more general class of such permutation branching programs B, and deduce
Theorem 9 as a special case. For illustrative purposes to avoid more cumbersome notation,
we have omitted the more general case here.

4

Proof overview for symmetric functions

In this section, we outline the proof of Theorem 1, which contains many of the key technical
insights in our paper. In particular, the proof of Theorem 3 follows the same general argument,
so for the exposition in this section we focus on Theorem 1. All of the proof details can be
found in the full version [9].
As in Theorem 1, for some u < t let G = (Gi )1≤i≤t−1 and G ′ = (G′i )1≤i≤t−1 be sequences
of 1/100-spectral expanders that agree at all positions i ̸= u, and again fix a vertex labeling
val : V → [2]. Define g ∈ [−1, 1][t+1] ⊆ [−1, 1]Z to be the difference between the probability
mass functions of (Σ val(RWtG ′ ))1 and (Σ val(RWtG ))1 , that is,
gj = Pr[Σ val(RWtG ′ ) = (t − j, j)] − Pr[Σ val(RWtG ) = (t − j, j)].
In this notation, the c = 0 case of Theorem 1 states that g has ℓ1 -norm ∥g∥1 = O(∥G′u −Gu ∥/t),
which is bounded by O(λ/t) if G′u and Gu are λ-spectral expanders.
We first show that the ℓ2 -norm of g satisfies
 ′

1
∥Gu − Gu ∥
.
(2)
∥g∥ = O
·
t
(p0 p1 t)1/4
The proof of this bound is sketched below in Section 4.1. We will then explain in Section 4.2
how to go from this ℓ2 -bound to the desired ℓ1 -bound. We compare our techniques to those
of prior work in Section 4.3, and in particular we draw connections with Healy’s proof of the
expander-walk Chernoff bound [12].

4.1

Bounding the ℓ2 -distance ∥g∥

In this section, we sketch the proof of the ℓ2 -bound (2). Because the Fourier transform
preserves ℓ2 -norms, we will bound the ℓ2 -norm ∥ĝ∥ = ∥g∥ of the Fourier transform ĝ of g.
P
Recall that here the Fourier transform is given by ĝ(θ) = j∈Z e−iθj gj , and has ℓ2 -norm
qR
π
|ĝ(θ)|2 dθ/2π.
∥ĝ∥ =
θ=−π
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To motivate this shift to the Fourier basis, recall that the Fourier transform interchanges
convolution and multiplication, so that addition of independent random variables translates
to multiplication of the Fourier transforms of their probability density functions (i.e. multiplication of their characteristic functions). Such products can be easier to analyze than
convolutions, so the Fourier transform is a natural tool for analyzing sums of independent
random variables, as is exemplified in proofs of the central limit theorem. Theorem 1 and
Corollary 2 intuitively show that the expander walk distribution (Σ val(RWtG ))1 is close to
the sum of independent variables, so it is also natural to analyze this distribution with the
Fourier transform.
Whereas we apply the Fourier transform over the group Z to the random variable
Σ val(RWtG ) (which is distributed over Z), the prior work of Cohen et al. [6] and Cohen et
al. [5] applied the Fourier transform over the group (Z/2)t to the random variable val(RWtG )
(which is distributed over {0, 1}t ∼
= (Z/2)t ). As described above, our approach seems well
suited for symmetric functions, and it generalizes naturally to give Theorem 3 and Corollary 4
for alphabet sizes d > 2. In contrast, Cohen et al. [6] only consider d = 2, but they are able
to apply their techniques to other classes of functions such as bounded-depth circuits, which
we do not consider. More comparisons to prior techniques are provided in
pSection 4.3.p
To begin, we express ĝ(θ) linear-algebraically. Specifically, let ⃗1 = (1/ |V |, . . . , 1/ |V |)
denote the uniform unit vector, and define the diagonal matrix Pθ = diag(xθ ) ∈ CV ×V ,
where xθ ∈ CV is the vector with (xθ )v = e−iθ(val(v)−p1 ) . Then it can be verified that
!
!
t
u−1
Y
Y
iθp1 t
⊤
′
e
· ĝ(θ) = ⃗1
Gi Pθ (Gu − Gu )
Pθ Gi ⃗1,
i=u+1

i=0

where the products above multiply from right-to-left, and we take G0 = Gt = J. This
equality can be seen by expanding the right hand side above as a sum over all length-t walks
v0 , . . . , vt−1 on V . Therefore because G′u − Gu annihilates ⃗1 from both sides, we have
|ĝ(θ)| ≤

!!⊥

t
Y

⃗⊤
1

·

Gi Pθ

∥G′u

− Gu ∥ ·

i=u+1

u−1
Y

! !⊥
Pθ Gi ⃗1

,

(3)

i=0

where the notation x⊥ denotes the projection of a vector x onto the orthogonal complement
of ⃗1. We will also use x∥ to denote the projection of x onto ⃗1.
We bound the rightmost factor above by induction on u. Splitting off a factor of Pθ Gu−1
gives
u−1
Y

! !⊥
Pθ Gi ⃗1

i=0

⊥

≤ ∥(Pθ⃗1) ∥ ·

u−2
Y

! !∥
Pθ Gi ⃗1

+ ∥Pθ ∥ · λ(Gu−1 ) ·

i=0

⊥

≤ ∥(Pθ⃗1) ∥ ·

u−2
Y
i=0

u−2
Y

! !⊥
Pθ Gi ⃗1

i=0

! !∥
Pθ Gi ⃗1

1
·
+
100

u−2
Y

! !⊥
Pθ Gi ⃗1

,

(4)

i=0

where the last inequality follows because ∥Pθ ∥ = 1 and Gu−1 is a 1/100-spectral expander.
Thus if we can bound the first term on the right hand side of (4) by some B(u) that decays
less rapidly than 100−u (i.e. B(u) = Θ(β −u ) for β < 100), we can inductively bound the left

L. Golowich and S. Vadhan

27:9

hand side by B(u) + B(u − 1)/100 + B(u − 2)/1002 + · · · = O(B(u)). Specifically, we will
2
√
show this bound for B(u) = Θ( p0 p1 · θ · e−Ω(p0 p1 (u−1)θ ) ). Intuitively, it suffices to bound
what happens to the component parallel to ⃗1, because the component orthogonal to ⃗1 is
shrunk by a factor of 100 with each application of Pθ Gi .
Letting F = J + (1/10)(I − J) be the matrix that preserves ⃗1 and scales its orthogonal
complement by 1/10, then because by assumption all i ̸= u have λ(Gi ) ≤ 1/100, it follows
that ∥F −1 Gi F −1 ∥ ≤ 1. Thus
u−2
Y

! !∥
Pθ Gi ⃗1

⃗⊤

= 1

i=0

u−2
Y

!
F Pθ F · F

−1

Gi F

−1

⃗1 ≤ ∥F Pθ F ∥u−1 .

i=0

Next via some technical calculations, we show that for all −π < θ ≤ π,
∥x⊥ ∥
√
∥(Pθ⃗1)⊥ ∥ = p θ = Θ( p0 p1 · θ).
|V |

(5)

For intuition, observe that if p0 p1 or θ equals 0, then all entries of xθ are the same, so x⊥
θ = 0.
Using (5), we also deduce that
2

∥F Pθ F ∥ ≤ 1 − Ω((∥(Pθ⃗1)⊥ ∥2 ) = e−Ω(p0 p1 θ ) .
Here for intuition, as F isqa 1/10-spectral expander, we should expect ∥F Pθ F ∥ to be close
to ∥JPθ J∥ = ∥(Pθ⃗1)∥ ∥ = 1 − ∥(Pθ⃗1)⊥ ∥2 = 1 − Ω(∥(Pθ⃗1)⊥ ∥2 ). Thus (4) becomes
u−1
Y

! !⊥
Pθ Gi ⃗1

≤O

√

p0 p1 · θ · e−Ω(p0 p1 (u−1)θ

2

)



i=0

1
+
·
100

u−2
Y

! !⊥
Pθ Gi ⃗1

.

i=0

Recursively applying this inequality to bound the last term on its right hand side then gives
u−1
Y

! !⊥
Pθ Gi ⃗1

=O

√

p0 p1 · θ · e−Ω(p0 p1 u·θ

2

)



.

i=0

We now apply the above bound on ∥((
Qt
on ∥(⃗1⊤ ( i=u+1 Gi Pθ ))⊥ ∥, in (3) to give

Qu−1
i=0

Pθ Gi )⃗1)⊥ ∥, along with an analogous bound



2
|ĝ(θ)| = O p0 p1 · θ2 · e−Ω(p0 p1 t·θ ) · ∥G′u − Gu ∥ .
We then obtain the desired ℓ2 -bound (2) by squaring and integrating this bound with the
√
substitution q = c p0 p1 t · θ for a sufficiently small constant c > 0:
∥g∥ = ∥ĝ∥ = O p0 p1 ·

∥G′u

sZ

π

θ4 e−Ω(p0 p1 t·θ2 )

− Gu ∥ ·
−π

sZ

∥G′u − Gu ∥
=O
·
t · (p0 p1 t)1/4


∥G′u − Gu ∥
.
=O
t · (p0 p1 t)1/4

dθ
2π

!

!

∞

q4 e

−q 2

dq

−∞
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4.2

Going from an ℓ2 to ℓ1 bound

In this section, we show how to extend the techniques for bounding ∥g∥ described above to
bound ∥g∥1 , and more generally to prove Theorem 1.
First observe that by the expander-walk Chernoff √
bound, Σ val(RWtG ) and Σ val(RWtG ′ )
are mostly supported in an interval of length ℓ ≈ O( t) about their mean.
√ Applying the
Cauchy-Schwartz inequality to (2) on this interval (which costs a factor of ℓ ≈ O(t1/4 ) to
convert from ℓ2 to ℓ1 ), and the expander-walk Chernoff bound on the tails lying outside of
the interval, yields a total variation bound of

1/4 !
∥G′u − Gu ∥
log(∥G′u − Gu ∥/t)
∥g∥1 = O
·
.
t
p0 p 1
However, the above ℓ1 -bound does not help us prove Theorem 1 when c2 /t is large.
Furthermore, even to prove the c = 0 case Theorem 1, we need to remove the factor
(log(∥G′u − Gu ∥/t)/p0 p1 )1/4 from the bound above.
To obtain these improvements, we first generalize (2) to bound the ℓ2 -norm of the vector
g (sr) = (esr(j−p1 t) gj )j∈[t+1] for s = ±1 and various values of r ≥ 0. The proof of this bound
on ∥g (sr) ∥ for general r simply generalizes the argument presented in Section 4.1. The
special case r = 0 recovers g = g (0) , while when r > 0 then the sum of the elements of g (sr)
t
equals the difference between the moment generating functions E[esr((Σ val(RWG ))1 −p1 t) ] and
t
E[esr((Σ val(RWG′ ))1 −p1 t) ] that are used in the proofs of Chernoff bounds.
√
We then partition [t + 1] ⊆ Z into intervals of length approximately p0 p1 t, and we bound
the ℓ1 -norm of g restricted to each interval by applying the Cauchy-Schwartz inequality with
our ℓ2 -bound on g (sr) for appropriately chosen s, r. Summing these bounds over all intervals
lying at least some distance c from p1 t yields Theorem 1.
√
Intuitively, as Σ val(RWtG ) and Σ val(RWtG ′ ) have standard deviation Θ( p0 p1 t), we
would expect these distributions to be somewhat evenly distributed across an interval of
√
length p0 p1 t. This is the regime where Cauchy-Schwartz is tight. Appropriately choosing
√
s, r allows us to “isolate” a given length- p0 p1 t interval, by ensuring that the components of
g (sr) in that interval dominate components outside that interval.

4.3

Comparison with techniques in prior work

Our techniques described above to prove Theorem 1 are closely related to Healy’s [12] proof
of the expander-walk Chernoff bound. In some sense, Healy’s proof [12] makes up “half” of
t
our proof: Healy’s proof bounds the moment-generating function E[esr((Σ val(RWG ))1 −p1 t) ], but
t
does not bound the characteristic function E[e−iθ((Σ val(RWG ))1 −p1 t) ] as described in Section 4.1
(as the Fourier coefficient ĝ(θ) by definition equals the difference between the characteristic
functions of (Σ val(RWtG ))1 and (Σ val(RWtG ′ ))1 ). Intuitively, our proof combines the moment
generating and characteristic function bounds, as in order to bound ∥g (sr) ∥, we bound the
t
difference eiθp1 t · ĝ (sr) (θ) between the generating functions E[e(sr−iθ)((Σ val(RWG ))1 −p1 t) ] and
t
E[e(sr−iθ)((Σ val(RWG′ ))1 −p1 t) ].
Although Cohen et al. [6] and Cohen et al. [5] also studied the extent to which expander
walks fool symmetric functions, their proofs are less similar to ours. Most notably, both
of these papers use Fourier analysis over the group (Z/2Z)t by viewing val(RWtG ) as a
distribution on (Z/2Z)t . In contrast, we use Fourier analysis over Zd−1 by viewing Σ val(RWtG )
as a distribution on Zd (or Zd−1 , if we drop the first component). This explains why our
results generalize more naturally to the case d > 2, which is not considered in [6, 5]. We

L. Golowich and S. Vadhan

27:11

could also do our analysis using discrete Fourier analysis over (Z/m)d−1 instead, for any
m ≥ t, but then the modulus m is superfluous (as it is cleaner to avoid modular reduction)
and only makes the notation more cumbersome.

5

Proof overview for permutation branching programs

In this section, we outline the proof of Theorem 7, which uses singular-value approximations
as described below. We do not outline the proof of our other results for permutation branching
programs, specifically Theorem 9, and instead refer the reader to the full version [9], as this
latter result uses techniques somwhat similar to those described above in Section 4.

5.1

Proof outline

We now describe the proof of Theorem 7. As in the theorem statement, for arbitrary integers
t ≥ 1, w ≥ 2, and d ≥ 2, let B be a permutation branching program of length t, width w,
and degree d that computes some function B : [d]t → [w]. Let G be a λ-spectral expander
with λ < .1, and assign some vertex labeling val : G → [d]. We again let g ∈ [−1, 1][w] denote
the difference between the distributions B(val(RWtG )) and B(val(RWtJ )) of interest, that is,
gj = Pr[B(val(RWtG )) = j] − Pr[B(val(RWtJ )) = j].
In this notation, Theorem 7 states that ∥g∥ = O(λ).
As in the proof of Theorem 1, we begin by expressing g linear-algebraically. Let P̃ be the
operator on the vector space RV ⊗ Rt ⊗ Rw given by
X
P̃ =
δv δv⊤ ⊗ δi+1 δi⊤ ⊗ Bi (val(v)),
v∈V,i∈[t]

where i + 1 is taken (mod t) above, and by abuse of notation Bi (val(v)) ∈ Rw×w refers to the
permutation matrix associated to the permutation Bi (val(v)) : [w] → [w]. Also for W = G
or J, let W̃ = W ⊗ I ⊗ I. Then for every j ∈ [w],
g = (⃗1 ⊗ δ0 ⊗ I)⊤ ((G̃P̃ )t − (J˜P̃ )t )(⃗1 ⊗ δ0 ⊗ δ0 ).

(6)

This equality can again be seen by expanding the right hand side above as a sum over all
length-t walks on V .
We will bound the right hand side using singular-value approximations [1, 3]. A matrix
W ′ ∈ CN ×N is a singular-value ϵ-approximation of another matrix W ∈ CN ×N , written
sv
W ′ ≈ϵ W , if for all x, y ∈ CN ,
|x∗ (W ′ − W )y| ≤

ϵ
(∥x∥2 + ∥y∥2 − ∥x∗ W ∥2 − ∥W y∥2 ),
2

where x∗ denotes the conjugate transpose of x. The following properties were shown by
Ahmadinejad et al. [1, 3]:
sv
˜
1. G̃ ≈λ J.
sv
Assume that W ′ ≈ϵ W . Then:
sv
2. For every matrix X with spectral norm ∥X∥ ≤ 1, then W ′ X ≈ϵ W X.
sv
3. If ϵ < .1, then (W ′ )t ≈ϵ+5ϵ2 W t . (Importantly, the bound ϵ + O(ϵ2 ) does not grow with
t.)
4. ∥W ′ − W ∥ ≤ ϵ.
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We now bound the right hand side of (6) using singular value approximations. Because by
sv
definition ∥P̃ ∥ = 1, property 1 and property 2 above imply that G̃P̃ ≈λ J˜P̃ . Then property 3
sv
implies that (G̃P̃ )t ≈λ+5λ2 (J˜P̃ )t , and property 4 then gives that ∥(G̃P̃ )t − (J˜P̃ )t ∥ ≤ λ + 5λ2 ,
so ∥g∥ ≤ λ + 5λ2 = O(λ).

5.2

Comparison with techniques in prior work

The proof of Theorem 7 described above is closely related to the analysis of the ImpagliazzoNisan-Wigderson (INW) [15] pseudorandom generator in Hoza et al. [14]. Hoza et al. [14]
use unit-circle approximations [2] to show that length-2 walks on λ-spectral expanders fool
permutation branching programs up to a O(λ) ℓ2 -error; the INW generator they study
recursively applies many such length-2 walks. We generalize this O(λ) bound to walks
of arbitrary length, and simplify the analysis by replacing the unit-circle approximations
with singular-value approximations. We obtain these improvements because the unit-circle
approximations, though similar in nature to singular-value approximations, do not satisfy
property 2 described above. Although our results do not directly translate to an improved
pseudorandom generator, it is an interesting question whether longer walks could somehow
be used to improve the seed length.
√
As described in Section 3.2, Theorem √
7 implies a O( w · λ) total variation distance
bound, which improves upon the O(w4 · λ) total variation bound of Cohen et al. [6].
However, Cohen et al. [6] prove their result using bounds on the Fourier tails over (Z/2Z)t
of permutation branching programs with alphabet size d = 2, differing significantly from our
proof using singular-value approximations, which generalizes readily to d > 2.
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Introduction

This paper is motivated by quantum query complexity and its relation to classical query
complexity. Query complexity has been the context in which many of the main quantum
algorithms have been developed, including Shor’s [32] (building on [33]) and Grover’s [21]. It
has the added advantage that we actually know how to prove good lower bounds on query
complexity, in contrast to a setting like circuit complexity.
© Nikhil Bansal, Makrand Sinha, and Ronald de Wolf;
licensed under Creative Commons License CC-BY 4.0
37th Computational Complexity Conference (CCC 2022).
Editor: Shachar Lovett; Article No. 28; pp. 28:1–28:21
Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

28:2

Influence in Completely Bounded Block-Multilinear Forms

Quantum query complexity is closely connected to the study of bounded polynomials
(or forms) on the Boolean hypercube. The key to this connection is that the amplitudes of
the final state of a d-query quantum algorithm are polynomials of degree at most d in the
bits of the input x, and therefore its acceptance probability p(x) is a polynomial of degree at
most 2d. This observation was made by Beals, Buhrman, Cleve, Mosca and de Wolf [12],
who used it to show that the bounded-error quantum query complexity and classical query
complexity are polynomially related for any total Boolean function. Since then a long line of
research [7, 3, 13, 8, 34, 4, 10, 31] has tried to pinpoint the exact polynomial dependence
as well as studied the relationship with other measures of complexity of a Boolean function
(e.g., sensitivity, certificate complexity, and others [27, 15, 11]).
On the other hand, quantum algorithms can offer a huge (superexponential) advantage
for partial functions, which are only defined on a subset of the Boolean hypercube; there
are many known examples of partial functions whose classical query complexity is much
larger than their quantum query complexity, for instance k-fold Forrelation and its variants
[2, 34, 10, 31]. This means that the acceptance probability p(x) of a quantum algorithm
cannot always be efficiently approximated by a classical algorithm, since otherwise quantum
algorithms could offer only a polynomial speedup for any function, be it total or partial.
However, we can set our sights lower, and ask whether it is possible to classically efficiently
approximate p(x) on almost all inputs. The following conjecture, which first appeared in [1]
and is attributed there to folklore, says that we can.
▶ Conjecture 1 (Folklore). The acceptance probability of any d-query quantum algorithm on
n-bit inputs can be estimated up to additive error ϵ on a 1 − δ fraction of the inputs by a
classical query algorithm making poly(d, 1/ϵ, 1/δ) queries.
This conjecture is one expression of the general idea that quantum computers can only
give significant speedup (in terms of queries, circuit complexity, or other things) on very
structured problems, i.e., when the input to the problem has a particular structure, for
instance some periodicity or specific correlations between different parts of the input. For
generic unstructured inputs, the conjecture says that only a limited quantum speedup can
be expected. This conjecture motivates and is implied by the following conjecture due to
Aaronson and Ambainis [1]:
▶ Conjecture 2 (Aaronson-Ambainis conjecture). Let f : {±1}n → [0, 1] be a degree-d
multilinear polynomial. Then, the maximum influence among all variables in f is at least
poly(Var[f ], 1/d).
The above conjecture poses a fundamental structural question about bounded polynomials
on the hypercube and is a notable open problem in the analysis of Boolean functions.
Conjecture 2 is known to hold if the function is Boolean-valued (this follows from [24, 29]).
For bounded polynomials, [1] observed that the results of Dinur, Friedgut, Kindler and
O’Donnell [19] imply that the conjecture holds with at least an exponential dependence in d.
Montanaro [25] proved a special case of the conjecture for block-multilinear forms where all
coefficients have the same magnitude1 . Defant, Mastyło and Perez [18] generalized this to
bounded polynomials where all Fourier coefficients have the same magnitude and showed that
√
the conjecture holds with an exp( d log d) dependence. O’Donnell and Zhao [30] showed
that it is sufficient to prove the conjecture for so-called one-block decoupled polynomials.

1

This argument can be generalized to the case when nΩ(d) coefficients have the same magnitude and the
rest are zero, as noted in [25] where the observation is attributed to Ambainis.
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In this work, our motivation is to study Conjecture 2 for polynomials that represent the
acceptance probability of quantum algorithms. Such polynomials have a lot more structure
– as shown by Arunachalam, Briët and Palazuelos [9], they can be represented in terms of
completely bounded block-multilinear forms (as described in the next section) and conversely,
such forms even characterize quantum algorithms in a certain sense (see Section 4). As such
here we focus on understanding influences in such polynomials.

1.1

Our results

A degree-d block-multilinear form f (x1 , . . . , xd ) mapping {±1}n×d to R is a polynomial
where the variables are partitioned into d blocks of n variables each, and each monomial
contains at most one variable from each block. Formally, xb = (xb (1), . . . , xb (n)) ∈ {±1}n
constitutes the bth block of variables and
f (x1 , . . . , xd ) = Ef +

d
X
X

fbb,i · xb1 (i1 )xb2 (i2 ) · · · xbm (im ),

(1)

m=1 |b|=m
|i|=m

where the tuple b = (b1 , . . . , bm ) satisfies 1 ≤ b1 < . . . < bm ≤ d and i ∈ [n]m is an m-tuple.
Note that m is determined from the size of the tuple b, so we just write fbb,i above.
Since each non-constant monomial contains at most one variable from each block and the
ordering of the blocks is fixed, a degree-d block-multilinear form f : {±1}n×d → R can be
naturally viewed as a non-commutative polynomial in matrix variables with the constant
term replaced with Ef times the identity. Denoting the non-commutative polynomial as
f (U 1 , . . . , U d ) where each U b = (Ub (1), . . . , Ub (n)) is a block of non-commutative variables,
the completely bounded norm2 ∥f ∥cb of the form f is defined as
(
)
∥f ∥cb = sup ∥f (U 1 , . . . , U d )∥op N ∈ N, Ub (i) ∈ CN ×N , ∥Ub (i)∥op ≤ 1, b ∈ [d], i ∈ [n] .
The supremum above is always attained and can be computed by solving a semidefinite program as shown by Gribling and Laurent [20]. One can also equivalently restrict
the supremum in the definition above to unitary matrices since the convex hull of the
set of unitary matrices is the unit operator-norm ball. Moreover, ∥T ∥∞ ≤ ∥T ∥cb where
∥T ∥∞ = maxx∈{±1}n×d |T (x)|, so forms that are completely bounded are also bounded on
the hypercube.
Our main result is a proof of the Aaronson-Ambainis conjecture for block-multilinear
forms that are completely bounded. To state our result, we recall that the influence of a
variable xb (i) on f is
2

Inf b,i (f ) = E |∂b,i f (X)| ,
where X is uniform in {±1}n×d and ∂b,i f (x) is the discrete derivative (see Section 2). Denoting by MaxInf(f ) = maxb∈[d],i∈[n] Inf b,i (f ) the maximum influence of any variable in f
and by Var[f ] the variance of f on the hypercube, we show:

2

The completely bounded norm originates in the theory of operator algebras. In the literature, this norm
is sometimes defined for homogeneous block-multilinear forms only, but here we extend the definition to
non-homogeneous block-multilinear forms.
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▶ Theorem 3. Let f be a degree-d block-multilinear form with ∥f ∥cb ≤ 1. Then, we have
MaxInf(f ) ≥

(Var[f ])2
.
e(d + 1)4

The main technical ingredient in the proof of Theorem 3 is a new influence inequality
for homogeneous block-multilinear forms that relates the completely bounded norm to the
influences.
▶ Theorem 4. (Non-commutative root-influence inequality).
degree-d block-multilinear form. Then, for blocks b ∈ {1, d},
n

X
1
∥f ∥cb ≥ p
e(d + 1) i=1

Let f be a homogeneous

q

Inf b,i (f ).

In general, the completely bounded norm can change if we permute the blocks, and the
theorem above only gives a bound in terms of the influences of the variables in the leftmost
and rightmost blocks.
The inequality also easily implies the special case of Theorem 3 for homogeneous forms,
with a better dependence on d, as follows:
1

∥f ∥cb ≥ p

e(d + 1)
1

≥p

e(d + 1)

n q
X
i=1
n
X
i=1

Inf b,i (f )

Inf (f )
Var[f ]
p b,i
≥p
,
MaxInf(f )
e(d + 1) · MaxInf(f )

where the last inequality follows since for any homogeneous block-multilinear form the sum
of influences of variables in any one block equals Var[f ] (see (7) in the preliminaries). Then,
if ∥f ∥cb ≤ 1, it follows that
MaxInf(f ) ≥

(Var[f ])2
.
e(d + 1)

The non-homogeneous case (Theorem 3) requires a bit more care and we use the inequality
as an intermediate step to prove Theorem 3 with a worse polynomial dependence on d.
Combined with the results of [1], we obtain that completely bounded forms can be
well-approximated by classical query algorithms (decision trees) on most inputs.
▶ Corollary 5. Let ϵ, δ > 0 and let f : {±1}n×d → R be a degree-d block-multilinear form
with ∥f ∥cb ≤ 1. Then, there is a deterministic classical algorithm that makes O(d5 ϵ−8 δ −5 )
queries and approximates f (x) up to an additive error ϵ on 1 − δ fraction of the inputs
x ∈ {±1}n×d .

1.1.1

Application to quantum algorithms

We consider quantum query algorithms of the type shown in Figure 1. Any such algorithm
has black-box access to the input (x1 , . . . , xd ) where xb ∈ {±1}n for each b ∈ [d], via a phase
oracle. In other words, the algorithm can apply the unitary Oxb = Diag(xb ) for each b ∈ [d].
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Figure 1 Quantum algorithms considered in Section 1.1.1.

The algorithm starts in some arbitrary quantum state3 u ∈ Rn , makes d quantum (phase)
queries to oracles Oxb for each b ∈ [d], and succeeds according to a projective measurement
that measures the projection of the final state onto some fixed state v ∈ Rn . The algorithm
is restricted to use each oracle Oxb at most once (which means that each query is made to a
disjoint input block not queried previously). The inner product of the state v with the final
state at the end of the algorithm is given by the following degree-d block-multilinear form
T : {±1}n×d → R,
T (x1 , . . . , xd ) = uU1 (Ox1 ⊗ Is )U2 (Ox2 ⊗ Is )U3 · · · (Oxd ⊗ Is )v,
(2)

and the acceptance probability of the algorithm on input x = (x1 , . . . , xd ) is T (x)2 .
The connection between such algorithms and completely bounded norm comes from the
following proposition in [9].
▶ Proposition 6 ([9], Theorem 3.2). Let T : {±1}n×d → R be a degree-d block-multilinear
form given by (2). Then, ∥T ∥cb ≤ 1.

Using this connection, applying Corollary 5 to T implies the following almost-everywhere
simulation result for quantum algorithms of the type mentioned above.

▶ Corollary 7. The acceptance probability of any d-query quantum algorithm of the type
shown in Figure 1 can be estimated up to an additive error ϵ on 1 − δ fraction of the inputs
in {±1}n×d by a classical query algorithm making O(d5 ϵ−8 δ −5 ) queries.

Note that quantum algorithms of the type considered in the above theorem can already
exhibit super-exponential separation over classical algorithms in the query complexity model.
For instance, problems like k-fold Forrelation (for k = O(1)) or its variants exhibit a O(1)
vs n1−1/k separation [10, 31] between the quantum and classical query complexities. In
contrast however, Corollary 7 implies that such quantum algorithms can always be simulated
almost-everywhere with only a polynomial overhead.
We remark that a general quantum algorithm can query the same block multiple times.
Such an algorithm can be converted to an algorithm of the type given in Figure 1 by taking
all the blocks xb to be the same (and allowing some bits to be fixed to constants). However,
the corresponding polynomial (2) that results from such an algorithm is not block-multilinear
and thus handling this more general case remains an interesting open problem. We discuss
the challenges involved in more detail in Section 4.

Throughout this paper, we will assume that all unitaries and states used in the quantum algorithm are
real, which one may assume without loss of generality (see e.g. [6]).
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1.2

Proof overview

We first consider the case of homogeneous forms and explain the key ideas that go towards
proving Theorem 4. We can write a homogeneous block-multilinear form in the following
way,
X
f (x1 , . . . , xd ) =
fbi1 ,...,id x1 (i1 )x2 (i2 ) · · · xd (id )
i1 ,...,id ∈[n]

=

n
X


x1 (i) 

i=1


X

fbi,...,id x2 (i2 ) · · · xd (id ) .

i2 ,...,id ∈[n]

|

{z
:= fi (x2 , . . . , xd )

}

For a first attempt, let us try to show that ∥f ∥cb must be large by picking x from the discrete
cube {±1}n×d as follows: for each block b except the first block, we choose xb uniformly
and independently from {±1}n , and for the first block we take x1 (i) = sign(fi (x2 , . . . , xd )).
Taking expectation, this gives us that
∥f ∥cb ≥

n
X

E|fi | ≥ 2−d/2

i=1

n
X

∥fi ∥2 ,

i=1

where the second inequality follows from the multilinear Khintchine inequality 4 which gives
us an exponential dependence in d. Note that ∥fi ∥22 = Inf 1,i (f ) for each i, thus we get that
−d/2

∥f ∥cb ≥ 2

n q
X
Inf 1,i (f ).

(3)

i=1

The above also gives a lower bound on ∥f ∥∞ which is also a lower bound on ∥f ∥cb . However,
the exponential dependence in d is necessary for the sup-norm as the following example
shows.
Example. Consider the following block-multilinear form closely related to the address function.
Let n = 2d and for a = (a1 , . . . , ad ) ∈ {0, 1}d , let addr(a) denote the unique integer in [n]
whose binary expansion equals a. Define the degree-(d + 1) homogeneous block-multilinear
form f : {±1}n×(d+1) → {±1} as follows,
X
f (x1 , . . . , xd , xd+1 ) =
ga (x1 , . . . , xd ) · xd+1 (addr(a)),
(4)
a∈{0,1}d

where ga (x1 , . . . , xd ) : {±1}n×d → {−1, 0, 1} is defined as




x1 (1) + (−1)a1 x1 (2)
xd (1) + (−1)ad xd (2)
ga (x1 , . . . , xd ) =
· ···
.
2
2
Note that f only depends on the first two variables in the blocks x1 , . . . , xd (which we
refer to as the address blocks) and all the variables in the last block xd+1 (which we

4

The multilinear Khintchine inequality states that E|f | ≥ 2−d/2 ∥f ∥2 for a homogeneous degree-d blockmultilinear form f . A similar conclusion E|f | ≥ 3−d ∥f ∥2 holds for any degree-d polynomial f on the
hypercube and can be derived from the (4, 2)-hypercontractive inequality (Ef 4 )1/4 ≤ 3d/2 ∥f ∥2 and
using that E[|S|] ≥ E[S 2 ]3/2 /E[S 4 ]1/2 for any random variable S by Hölder’s inequality.
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refer to as the data block). Moreover, ga (x1 , . . . , xd ) ∈ {±1} iff the parity of bits in
the address blocks matches with a, that is xb (1)xb (2) = (−1)ab for every b ∈ [d], and
ga (x1 , . . . , xd ) = 0 otherwise.
It follows that ∥f ∥∞ = 1, as for any setting of x1 , . . . , xd exactly one term in the
summation in (4) survives. However, for i = addr(a) ∈ [n],
Inf d+1,i (f ) = E[|ga |2 ] = 2−d =
thus

Pn

i=1

1
,
n

p
√
Inf d+1,i (f ) = n = 2d/2 .

On the other hand, ∥f ∥cb ≥ 2d/2 in the example above – this can be checked by
plugging in the following values on the complex unit circle (one-dimensional unitaries):
xb (1) = 1, xb (2) = i for each b ∈ [d] and choosing the data block xd+1 so that all the
magnitudes add up. Thus, one can hope that the freedom to choose large matrices can
still allow us to show something like inequality (3) for the completely bounded norm with a
polynomial dependence on d, instead of exponential.

Lower bounding ∥f ∥cb using Haar random unitaries
Our key observation is that a non-commutative analog of the above strategy
works very well.
In particular, substituting N × N Haar random unitaries
U2 (1), . . . , U2 (n), . . . , Ud (1), . . . , Ud (n) for the blocks x2 , . . . , xd and choosing the block x1
depending on the polar decomposition of fi (U 2 , . . . , U d ) allows one to obtain a much larger
lower bound on the completely bounded norm ∥f ∥cb , losing only a polynomial rather than
an exponential factor in d.
To obtain quantitative bounds, we need to understand the operator norm of low-degree
polynomials of Haar random unitaries. A standard way to upper bound the expected operator
norm of random matrices is via the trace method: computing the expected (normalized) trace
of the matrix (AA∗ )m for large enough m, and then taking mth root, gives a good control of
the operator norm ∥A∥op . Since the entries of a Haar random unitary are not independent
of one another, it is hard to get a handle on the expected trace directly. A powerful method
to understand such quantities is via free probability theory, which considers what happens
when the dimension of the matrices N → ∞. In this case, large random matrices behave
like free operators, which live on an infinite-dimensional space with a corresponding “trace”.
We rely on a limiting theorem of Collins and Male [16] who, by strengthening a result of
Voiculescu [35], show that the operator norm of a polynomial of Haar random unitaries
converges to the operator norm of the polynomial of certain infinite-dimensional operators,
called free Haar unitaries; thus it suffices to study such free operators.
In free probability theory, such quantities have been studied for a long time (since the
work of Haagerup [22]), and we rely on a result of Kemp and Speicher [23] who generalized
Haagerup’s inequality and showed that for free Haar unitaries one can obtain much better
bounds for the operator norm using the usual trace method. In particular, one gets that
almost surely as N → ∞, we have
∥fi (U 2 , . . . , U d )∥op ≤ poly(d)∥fi ∥2 ,
in the non-commutative setting. Crucially, the improvement comes because free operators are
much more constrained, and many terms that arise while looking at higher moments using
the trace method in free probability are zero. One can keep close track of the non-zero terms
by using careful combinatorial counting involving what are called non-crossing partitions.
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Using the above, one can obtain Theorem 4 with the strategy described above using the
polar decomposition. The non-homogeneous case requires a bit more technical care, but the
key underlying idea is the same.

2

Preliminaries

Notation. Throughout this paper, [d] denotes the set {1, 2, . . . , d}. For a random vector
(or bit-string) z in Rn , we will use zi or z(i) to denote the i-th coordinate of z, depending on
whether we need to use the subscript for another index. We shall use i = (i1 , . . . , id ) for a
d-tuple of indices. For a d-tuple i, we write |i| = d to denote the size of the tuple.
For a matrix M ∈ CN ×N , we denote by M ∗ its conjugate transpose. Given a string
x ∈ RN , the N × N diagonal matrix with x on the diagonal is denoted by Diag(x). The
PN
normalized trace of an N ×N matrix M is defined as trN (M ) = N1
i=1 Mii . The operator
norm of a matrix M is denoted by ∥M ∥op . The left (resp. right) polar decomposition (V, P )
of a square matrix M is a factorization of the form M = V P (resp. M = P V ) where V is a
unitary matrix and P is a positive semidefinite matrix – such a factorization always exists
for any square matrix, and can be obtained easily from the singular-value decomposition of
M . An N × N matrix U is called a Haar random unitary if it is distributed according to the
Haar measure on the Unitary group U(N ).
Random variables are typically denoted by capital letters (e.g., X). We write E[f (X)]
and Var[f (X)] to denote the expectation and variance of the random variable f (X); if
f : {±1}m → R then we abbreviate it to Ef and Var[f ], where the expectation and variance
are taken with respect to the uniform measure on the discrete cube {±1}m .

Fourier Analysis on the Discrete Cube
We give some basic facts about Fourier analysis on the discrete cube and refer to the
book [28] for more details. Every function f : {±1}m → R can be written uniquely as a sum
Q
of monomials χS (x) = i∈S xi ,
f (x) =

X

fb(S)χS (x),

(5)

S⊆[m]

where fb(S) = E[f (X)χS (X)] is the Fourier coefficient with respect to the uniform X ∈ {±1}m .
Q
The monomials χS (x) = i∈S xi form an orthonormal basis for real-valued functions on
{±1}m , called the Fourier basis. Parseval’s identity implies that for uniform X ∈ {±1}m ,
X
X
Ef 2 =
fb(S)2 , and Var[f ] =
fb(S)2 .
S⊆[m]

S⊆[m]:S̸=∅

For a function on the hypercube, we define ∥f ∥22 := Ef 2 which can also be viewed as the
sum of squared Fourier coefficients because of Parseval’s identity.
The discrete derivative of a function on the hypercube {±1}m is given by
∂i f (x) =

1
(f (xi→1 ) − f (xi→−1 )),
2

where xi→b is the same as x except that the i-th coordinate is set to b. It is easily checked
∂
that ∂i f (x) coincides with the real partial derivative
of the real multilinear polynomial
∂xi
given by (5).
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For a real-valued function f : {±1}m → R, the influence of a variable xi on f is defined as
X
Inf i (f ) = E|∂i f |2 =
fb(S)2 .
S⊆[m]:i∈S

Block-multilinear Forms
A degree-d block-multilinear form f : {±1}n×d → R is given by
f (x1 , . . . , xd ) = Ef +

d
X
X

fbb,i · xb1 (i1 )xb2 (i2 ) · · · xbm (im ),

(6)

m=1 |b|=m
|i|=m

where the tuple b = (b1 , . . . , bm ) satisfies 1 ≤ b1 < . . . < bm ≤ d and i ∈ [n]m is an m-tuple.
The expectation that yields the constant term is uniform over {±1}n×d . Note that m is
determined from the size of the tuple b, so we just write fbb,i above.
From Parseval’s identity, the variance of f and the influence of xb (i) on f (where b ∈ [d]
and i ∈ [n]) are respectively given by
Var[f ] =

d
X
X

2
fbb,i
and Inf b,i (f ) =

m=1 |b|=m
|i|=m

d
X

X

2
fbb,i
.

m=1 |b|=m:b∈b
|i|=m:ib =i

From the above, it follows that for any block b ∈ [d],
X
X
Inf b,i (f )2 ≤ Var[f ] ≤
Inf b,i (f )2
i∈[n]

(7)

b∈[d],i∈[n]

where the first inequality is an equality if f is a homogeneous degree-d block-multilinear form.
For any b ∈ [d], we write MaxInf b (T ) = max{Inf b,i (T ) | i ∈ [n]} to denote the maximum
influence of any variable in the block xb .
Note that if f is a degree-d block-multilinear form and if we fix some of the input bits to
±1, then the resulting function g is also a degree-d block-multilinear form with the same
blocks x1 , . . . , xd , but it does not depend on the variables that were fixed. It is also easy to
see that ∥g∥cb ≤ ∥f ∥cb because while computing ∥g∥cb we may restrict the matrix variables
to ±I if that particular variable was set to ±1. In other words, completely bounded norm
does not increase under restrictions.

3

Influence in Completely Bounded Block-multilinear Forms

In this section we prove the non-commutative root-influence inequality (Theorem 4), the
special case of the Aaronson-Ambainis conjecture given in Theorem 3, and also briefly
mention how the simulation result in Corollary 5 follows from Theorem 3 and the results
in [1]. We first need some preliminaries from free probability theory.

3.1

Low-degree polynomials of Haar random unitaries

As discussed in the proof overview, we require bounds on the operator norm (as well as
normalized trace) of low-degree polynomials of random unitaries and these follow from known
results in free probability theory. Here we explain these connections and also prove some
auxillary lemmas needed for the proof of Theorem 4 and Theorem 3.
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Let zi denote the non-commutative monomial zi1 zi2 · · · zid for a d-tuple i = (i1 , . . . , id ) ∈
[t]d and let p(z1 , . . . , zt ) be a non-commutative polynomial in the variables z1 , . . . , zt . We
are interested in computing the operator norm ∥ · ∥op and the normalized trace trN of the
polynomial p(z1 , . . . , zt ) (or its higher moments) when substituting N × N Haar random
unitaries for the variables zi .
As explained previously, the theory of free probability gives us tools that allow us to
compute the above in the limit N → ∞. In particular, Voiculescu [35] showed that the
(normalized) trace of polynomials in Haar random unitaries and their conjugates converges
to the trace of the same polynomial evaluated on certain infinite-dimensional operators
called Haar unitaries that satisfy a non-commutative notion of independence called free
independence. This was strengthened by Collins and Male [16] who showed that such
convergence also holds for the operator norm. A short primer on free probability is given in
Appendix A.1, but for now one can think of A as a self-adjoint algebra of bounded linear
operators on a Hilbert space and φ as a trace functional for such operators in the statement
given below.
▶ Theorem 8 ([35, 16]). Let p(z1 , . . . , z2t ) be a non-commutative polynomial in R⟨z1 , . . . , z2t ⟩.
If U1 , . . . , Ut are N × N Haar random unitaries, then almost surely,
lim trN [p(U1 , . . . , Ut , U1∗ , . . . , Ut∗ )] = φ[p(u1 , . . . , ut , u∗1 , . . . , u∗t )],

N →∞

lim ∥p(U1 , . . . , Ut , U1∗ , . . . , Ut∗ )∥op = ∥p(u1 , . . . , ut , u∗1 , . . . , u∗t )∥,

N →∞

where u1 , . . . , ut are free Haar unitaries in a C ∗ -probability space (A, φ) and ∥ · ∥ is the norm
for the underlying C ∗ -algebra.
Using the above result it suffices to consider free Haar unitaries in a C ∗ -probability space
to compute the operator norm and trace of polynomials of random unitaries. For a nonP
1/2
P
2
,
commutative polynomial p(z1 , . . . , zt ) = |i|≤d ci zi , denoting by ∥p∥2 =
|i|≤d |ci |
one can show the following easily using techniques from free probability.
P
▶ Lemma 9. Let p(z1 , . . . , zt ) = |i|≤d ci zi be a non-commutative degree-d polynomial in
R⟨z1 , . . . , zt ⟩ and u1 , . . . , ut be free Haar unitaries in a C ∗ -probability space (A, φ). Then,
φ[p(u1 , . . . , ut )(p(u1 , . . . , ut ))∗ ] = ∥p∥22 .
The above implies that trN [p(U1 , . . . , Ut )(p(U1 , . . . , Ut ))∗ ] converges to ∥p∥22 almost surely
as N → ∞. We shall defer the proof of Lemma 9 to Appendix A, but to aid our intuition we
note here that since the Ui ’s are independent N × N Haar random unitaries, the expected
value
E [trN [p(U1 , . . . , Ut )(p(U1 , . . . , Ut ))∗ ] = ∥p∥22 ,
and from concentration of measure, it is natural to expect that it converges to the expected
value.
Similarly, to compute the operator norm of p(U1 , . . . , Ut ) for Haar random unitaries
one can instead study the norm of the polynomial evaluated on free Haar unitaries. Such
bounds are easier to prove using the trace method since free independence imposes strong
restrictions on the non-commutative moments. For instance, if U1 and U2 are independent
N × N Haar random matrices, then E[trN (U1 U2 U1∗ U2∗ )] is non-zero (albeit quite small),
while the corresponding trace evaluated on free Haar unitaries u1 and u2 is zero, that is
φ(u1 u2 u∗1 u∗2 ) = 0. Thus, computing the trace φ[p(u1 , . . . , ut , u∗1 , . . . , u∗t )] reduces to handling
the combinatorics of the patterns of ui ’s and u∗i ’s.
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In particular, we will rely on the following result that follows from the work of Kemp and
Speicher [23] who consider the operator norm of homogeneous polynomials evaluated on free
R-diagonal operators, a class that includes free Haar unitaries as well. We also remark that
a bound where the right-hand side below is worse by a multiplicative O(d1/2 ) factor also
follows from the work of Haagerup5 [22] who proved it in another context, predating even the
introduction of free probability theory.
P
▶ Theorem 10 ([23]). Let p(z1 , . . . , zt ) = |i|=d ci zi be a homogeneous non-commutative
degree-d polynomial in R⟨z1 , . . . , zt ⟩ and u1 , . . . , ut be free Haar unitaries in a C ∗ -probability
space. Then,
p
∥p(u1 , . . . , ut )∥ ≤ e(d + 1) · ∥p∥2 ,
where the left-hand side denotes the norm in the underlying C ∗ -algebra.
For completeness, we introduce the necessary free probability background and some
combinatorial details in Appendix A, and we present the fairly short proof of Theorem 10
(from [23]) there in a self-contained way. We shall need to extend the above bound to nonP
P
homogeneous polynomials. Let p(z1 , . . . , zt ) = |i|≤d ci zi and let pk (z1 , . . . , zt ) = |i|=k ci zi
denote the degree-k homogeneous part of p. Writing pk = pk (u1 , . . . , ut ) for 0 ≤ k ≤ d and
p = p(u1 , . . . , ut ), it follows from the triangle inequality, Theorem 10, and Cauchy-Schwarz,
that
∥p∥ ≤

d
X

∥pk ∥ ≤

k=0

≤

√

e

d p
X
e(k + 1)∥pk ∥2
k=0

d
X

!1/2
(k + 1)

k=0

d
X

!1/2
∥pk ∥22

≤

√

e(d + 1) · ∥p∥2 .

k=0

Thus, we essentially get the same bound as in the homogeneous case, at the expense of an
additional O(d1/2 ) factor.
Collecting all the above we have the following as a direct consequence:
P
▶ Theorem 11. Let p(z1 , . . . , zt ) = |i|≤d ci zi be a non-commutative degree-d polynomial
in R⟨z1 , . . . , zt ⟩ and U1 , . . . , Ut be independent N × N Haar random unitaries. Then, the
following holds almost surely,
lim trN [p(U1 , . . . , Ut )(p(U1 , . . . , Ut ))∗ ] = ∥p∥22 ,

N →∞

and
lim ∥p(U1 , . . . , Ut )∥op ≤

N →∞

√

e(d + 1) · ∥p∥2 ,

Moreover, the factor (d + 1) in the operator norm bound can be improved to
additionally p is also assumed to be homogeneous.

√

d + 1 if

Based on the above theorem, we prove the following key lemma which captures the polar
decomposition strategy mentioned in the earlier proof overview (Section 1.2). This will serve
as the key ingredient in the proof of Theorem 3 and Theorem 4.

5

We note that Haagerup considered the more general case of polynomials in both ui ’s and u∗i ’s.
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▶ Lemma 12. Let p be a non-commutative degree-d polynomial in R⟨y1 , . . . , ym , z1 , . . . , zt ⟩
given by
p(y1 , . . . , ym , z1 , . . . , zt ) =

m
X

yi qi (z1 , . . . , zt ) + q0 (z1 , . . . , zt ).

i=1

Then, for every δ > 0, there exist an integer N and N × N unitaries V1 , . . . , Vm , W1 , . . . , Wt
such that
m

∥p(V1 , . . . , Vm , W1 , . . . , Wt )∥op ≥ √

X
1
∥qi ∥2 − δ.
e(d + 1) i=1

Moreover, the factor in front can be improved to (e(d + 1))−1/2 if p is homogeneous as well.
We note that the definition of completely bounded norm allows us to plug in matrices of
arbitrarily large dimensions, so the exact dependence on δ is not relevant for our purposes
since we can always make it arbitrarily small.
Proof. For an arbitrary integer N , let us pick independent N × N Haar random unitaries
W1 , . . . , Wt which we substitute for the variables z1 , . . . , zt , respectively, and let Mi =
qi (W1 , . . . , Wt ) be the corresponding random matrices. Then, for any tuple of matrices
V1 , . . . , Vm that we could substitute for the variables y1 , . . . , ym , we have that
p(V1 , . . . , Vm , W1 , . . . , Wt ) =

m
X

V i Mi + M0 .

i=1

Theorem 11 and union bound imply that as N → ∞, with probability 1 all the following
events simultaneously hold:
√
∥Mi ∥op ≤ e(d + 1) · ∥qi ∥2 for each i,
trN (Mi∗ Mi ) = ∥qi ∥22 for each i, where trN (M ) is the normalized trace.
To show that the operator norm must be large, let us fix a sufficiently large N and a choice
√
of N × N unitaries W1 , . . . , Wt such that Mi satisfies ∥Mi ∥op ≤ e(d + 1) · ∥qi ∥2 + ϵ and
trN (Mi∗ Mi ) ≥ ∥qi ∥22 − ϵ for each 0 ≤ i ≤ m, where ϵ can be made arbitrarily small by
increasing N . For 0 ≤ i ≤ m, let Mi = Ui Pi be the left polar decomposition of Mi , where Ui
is a unitary matrix and Pi is a positive semidefinite matrix.
We select the tuple of unitary matrices V1 , . . . , Vm that we substitute for the variables
y1 , . . . , ym to be Vi = U0 Ui∗ for i ∈ [m]. With this we have that ∥p(V1 , . . . , Vm , W1 , . . . , Wt )∥op
is at least
M0 +

m
X
i=1

V i Mi

op

= U0 P0 +
= U0 P0 +

m
X
i=1
m
X

U0 Ui∗ Ui Pi
U0 Pi

i=1

= P0 +

m
X
i=1

Pi

op

op

op

m
m


X

X
≥ trN P0 +
Pi ≥ trN
Pi ,
i=1

i=1

where the last equality follows since the operator norm is unitarily invariant and the last two
inequalities follow from the positive semidefiniteness of the Pi ’s.
For every positive semidefinite matrix P , we have that trN (P ) ≥ trN (P 2 )/∥P ∥op . Hence,
∥p(V1 , . . . , Vm , W1 , . . . , Wt )∥op ≥

m
X
trN (P 2 )
i

i=1

∥Pi ∥op

.
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By our choice of Mi , we have that trN (Pi2 ) = trN (Mi∗ Mi ) ≥ ∥qi ∥22 −ϵ and ∥Pi ∥op = ∥Mi ∥op ≤
√
e(d + 1)∥qi ∥2 + ϵ. Since ϵ can be made arbitrarily small by increasing N , it follows that
m

∥p(V1 , . . . , Vm , W1 , . . . , Wt )∥op

≥√

X
1
∥qi ∥2 − δ,
e(d + 1) i=1

for large enough N . The improved bound for the homogeneous case follows directly by
plugging the bound of Theorem 11 into the above proof.
◀

3.2

Non-commutative root-influence inequality

For clarity in the proofs below, we remind our convention that all tuples or blocks are denoted
with boldface fonts (e.g. U 1 or A), while a single element is denoted without boldface (e.g.
U1 (i) or Ai or A). Before proceeding with the proof, we restate the statement for convenience.
▶ Theorem 4. (Non-commutative root-influence inequality).
degree-d block-multilinear form. Then, for blocks b ∈ {1, d},
n

X
1
∥f ∥cb ≥ p
e(d + 1) i=1

Let f be a homogeneous

q

Inf b,i (f ).

Proof of Theorem 4. Since f is homogeneous, we can write
X
f (x1 , . . . , xd ) =
fbi1 ,...,id x1 (i1 )x2 (i2 ) · · · xd (id )
i1 ,...,id ∈[n]

=

n
X


x1 (i) 

i=1


X

fbi,...,id x2 (i2 ) · · · xd (id ) .

i2 ,...,id ∈[n]

|

{z
:= fi (x2 , . . . , xd )

}

In this case, it follows from (7) that for each i ∈ [n], we have
Var[fi ] = ∥fi ∥22 = Inf 1,i (f ) and Var[f ] =

n
X

Inf 1,i (f ).

(8)

i=1

Let us denote the corresponding non-commutative block-multilinear polynomials by
f (U 1 , . . . , U d ) and fi (U 2 , . . . , U d ) where U b = (Ub (1), . . . , Ub (n)) denotes the bth block
of non-commutative variables. To show a lower bound on ∥f ∥cb it suffices to exhibit a
collection of square matrices {Ub (i)}b∈[d],i∈[n] with operator norm at most 1, such that
∥f (U 1 , . . . , U d )∥op is large.
Applying Lemma 12 for the homogeneous case (with p = f , qi = fi for i ∈ [n], and
q0 = 0), it follows that for every δ > 0 there exists an integer N and a choice of tuples
U 1 , . . . , U d of N × N unitaries such that
!
n q
X
X
1
1
(8)
∥f ∥cb ≥ ∥f (U 1 , . . . , U d )∥op ≥ p
Inf 1,i (f ) −δ.
∥fi ∥2 −δ = p
e(d + 1) i∈[n]
e(d + 1) i=1
Taking δ → 0, we get the statement of the lemma. The proof for the inequality when
b = d is the last block follows similarly by using the right polar decomposition analogue of
Lemma 12.
◀
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3.3

Aaronson-Ambainis Conjecture for non-homogeneous forms

In this section, we prove Theorem 3, which requires handling non-homogeneous forms. The
proof will be similar to the proof of Theorem 4 but we will need to be careful about certain
details.
Proof of Theorem 3. Any block-multilinear polynomial f (x1 , . . . , xd ) can be written as
X
f (x1 , . . . , xd ) = Ef +
fb (xb , xb+1 , . . . , xd ),
b∈[d]

where fb consists of all monomials of f that start with a variable in the bth block xb . Note
that fb depends only on the variables in blocks xb , xb+1 , . . . , xd . Moreover, it follows from
Parseval that
X
X
Var[f ] =
∥fb ∥22 =
Var[fb ],
(9)
b∈[d]

b∈[d]

so there exists a block β ∈ [d] such that Var[fβ ] ≥ d1 Var[f ].
Since fβ contributes a lot to the variance, it is natural to try to find an influential variable
in the block xβ . Towards this end, we pull out the variables xβ (i) and write
X
fβ (xβ , . . . , xd ) =
xβ (i)fβ,i (xβ+1 , . . . , xd ),
i∈[n]

for block-multilinear polynomials fβ,i (xβ+1 , . . . , xd ). Note that some of the fβ,i ’s could be
identically zero, so let us define S to be the set of those i such that fβ,i is non-zero. We
note that
∥fβ,i ∥22 = Inf β,i (fβ ) ≤ Inf β,i (f ),

(10)

which implies (using Parseval’s identity) that
X
X
1
Var[f ] ≤ Var[fβ ] =
∥fβ,i ∥22 =
Inf β,i (fβ ).
d
i∈S

(11)

i∈S

Denote the corresponding non-commutative block-multilinear polynomials by
f (U 1 , . . . , U d ), fb (U b , . . . , U d ), and fβ (U β+1 , . . . , U d ) where U b = (Ub (1), . . . , Ub (n)) denotes the bth block of non-commutative variables. To show a lower bound on ∥f ∥cb it suffices
to exhibit a collection of square matrices {Ub (i)}b∈[d],i∈[n] with operator norm at most 1 such
that ∥f (U 1 , . . . , U d )∥op is large.
We set the matrices in blocks U 1 , . . . , U β−1 to be zero (that is, the all-zero matrix 0).
Note that with this choice all polynomials fb (U b , . . . , U d ) where b < β vanish and the
non-commutative polynomial becomes
f (0, . . . , 0, U β , U β+1 , . . . , U d )
=

X
i∈S

Uβ (i)fβ,i (U β+1 , . . . , U d ) +

d
X

fb (U b , U b+1 , . . . , U d ) + Ef,

b=β+1

which is a non-commutative polynomial of the form considered in Lemma 12 (with m = |S|,
Pd
qi = fβ,i and q0 = b=β+1 fb + Ef ). Thus, by Lemma 12 for every small δ > 0 there exists
an integer N and a choice of N × N matrices for the blocks U β , . . . , U d such that
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∥f ∥cb ≥ ∥f (0, . . . , 0, U β , U β+1 , . . . , U d )∥op
!
X
Xq
1
1
(10)
≥√
∥fβ,i ∥2 − δ = √
Inf β,i (fβ ) − δ
e(d + 1)
e(d + 1)
i∈S
i∈S
!
!
P
(10)
(11)
1
Var[f ]
1
i∈S Inf β,i (fβ )
p
p
−δ ≥ √
−δ
≥ √
e(d + 1)
e(d + 1)2
MaxInf(f )
MaxInf(f )
Taking δ → 0 and using the assumption that ∥f ∥cb ≤ 1, we obtain the statement of the
theorem:
1 ≥ ∥f ∥cb ≥ √

3.4

1
Var[f ]
(Var[f ])2
p
·
=⇒
MaxInf(f
)
≥
.
e(d + 1)4
e(d + 1)2
MaxInf(f )

◀

Approximating completely bounded forms with decision trees

In this section, we briefly mention how to obtain Corollary 5. Aaronson and Ambainis [1,
Theorem 3.3] showed that querying the most influential variable reduces the variance of
the function f , and if that influence is lower bounded by a polynomial in Var[f ]/d, then
after poly(d) queries (the exact quantitative dependence can be read off from their proof),
the variance of the function becomes small enough so that it can be approximated almosteverywhere by its expectation. Since the family of degree-d block-multilinear forms with
completely bounded norm at most one is closed under restrictions, one can apply Theorem 3
repeatedly. This gives us Corollary 5.

4

Discussion and Open Problems

To prove Conjecture 1 in full generality, one would need to consider arbitrary quantum query
algorithms: such an algorithm operating on an input z ∈ {±1}m always makes queries to the
same oracle Oz (with a control qubit possibly). One can always convert any such algorithm
to the type given in Figure 1 by replacing the oracle Oz used at each step b with a new oracle
Oxb where xb ∈ {±1}m+1 . The execution of the original algorithm can then be recovered by
substituting xb = (z, 1) for every b ∈ [d]. As such one can always obtain a completely bounded
block-multilinear form associated with any quantum query algorithm. Conversely, the work [9]
shows that the existence of a degree-2d homogeneous block-multilinear form F : {±1}(m+1)×2d
with completely bounded norm at most one also implies the existence of a d-query quantum
algorithm whose bias is given by F ((z, 1), . . . , (z, 1)) on every input z ∈ {±1}m .6 Thus,
completely bounded homogeneous block-multilinear forms fully characterize quantum query
algorithms in this sense.
In many works in quantum query complexity that concern worst-case complexity, understanding completely bounded or bounded block-multilinear polynomials is sufficient to prove
lower bounds as well as give worst-case classical simulation results (i.e. for all inputs), see for
instance [2, 14]. However, a transformation that converts a general quantum query algorithm
to the type shown in Figure 1 is not conducive to the almost-everywhere results considered
in this paper, as the size of the input domain increases exponentially and the number of
relevant inputs (i.e. where each xb is set to the same (z, 1)) becomes an exponentially small
fraction of the new domain.
6

Note, however, that the polynomial in the variables z obtained after this substitution may not be
block-multilinear.
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It thus remains an intriguing open problem to see if the characterization of [9] can be
used to make further progress on Conjecture 1. One can also hope to make progress on
Conjecture 1 without relying on the connection via influences – recently, Aaronson, Ingram
and Kretschmer [5] managed to directly prove Conjecture 1 for the special case where the
quantum algorithm queries a sparse oracle, without first proving a special case of Conjecture 2.
Another interesting direction is to show that the Aaronson-Ambainis conjecture holds
for bounded block-multilinear polynomials, that is, polynomials whose sup-norm on the
Boolean hypercube is at most one. While this by itself does not suffice for the application
to quantum algorithms as explained above, it might pave the way towards Conjecture 2 in
full generality. Lastly, the free-probability toolbox has already found several applications in
quantum information theory (see e.g. [36, 17]), and we hope this work will stimulate more
applications elsewhere as well.
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Influence in Completely Bounded Block-Multilinear Forms

A

Free Probability Primer

There are many excellent books on free probability theory. In particular, we refer to the
book [26] for more details than the brief introduction given here.

A.1

Preliminaries

C ∗ -algebras
Let A be a unital C ∗ -algebra. For our purposes, we can think of this as an algebra of bounded
operators on a complex Hilbert space which is self-adjoint (a ∈ A implies a∗ ∈ A), closed
in the operator norm ∥ · ∥, and contains the identity (1 ∈ A). A faithful trace φ on A is a
continuous linear functional φ : A → C that is unital (φ(1) = 1), positive φ(aa∗ ) ≥ 0, and
φ(aa∗ ) = 0 iff a = 0.
The pair (A, φ) where A is a unital C ∗ -algebra and φ is a faithful trace on A is called a C ∗ probability space. Elements of A are called non-commutative random variables. An example
of a finite-dimensional C ∗ -probability space is the class (Mn (C), trn ), which is the class of
Pn
n×n complex matrices with the normalized trace functional defined as trn (M ) = n1 i=1 Mii .
General C ∗ -probability spaces allow us to extend these definitions to infinite-dimensional
operators, which are needed to define a non-commutative analog of independence called free
independence. Faithfulness of the trace φ then ensures that ∥a∥ = limm→∞ φ((aa∗ )m )1/2m
(see [26, Proposition 3.17]). In particular, this allows one to compute the norm ∥ · ∥ by using
the trace method and taking higher powers of the trace functional φ, as we will see later.
An illustrative example of an infinite-dimensional C ∗ -algebra is the following: let G be an
infinite discrete group with the identity element 1 and let ℓ2 (G) be the associated complex
Hilbert space. The canonical orthonormal basis for ℓ2 (G) is given by the standard basis
vectors {eg | g ∈ G}. The left-regular representation of G maps elements of G to bounded
linear operators on ℓ2 (G) and is defined by its action on the standard basis vectors,
ρ(g)eh = egh , ∀h ∈ G.

The operator norm closure of the linear span of {ρ(g) | g ∈ G} forms a unital algebra A
(called the reduced C ∗ -algebra of G) and together with the faithful trace φ defined as
!
X
φ
αg ρ(g) = α1
g

gives a C ∗ -probability space.

Free Independence
Let (A, φ) be a C ∗ -probability space and let {Ai }ni=1 be unital ∗-subalgebras of A. They are
said to be free (or freely independent) if for all k ∈ [n], for all indices i1 , . . . , ik ∈ [n], and for
all a1 ∈ Ai1 , . . . , ak ∈ Aik satisfying φ(a1 ) = . . . = φ(ak ) = 0, the joint free moment,
φ(a1 · · · ak ) = 0
whenever j1 ̸= j2 , j2 =
̸ j3 , . . . , jk−1 =
̸ jk , that is, the free moments vanish when all the
neighboring elements in the sequence a1 , . . . , ak come from subalgebras with distinct indices,
for example, φ(a1 a2 a∗1 a∗2 a3 a2 ) = 0.
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Non-commutative random variables a1 , . . . , an ∈ (A, φ) are said to be free if the subalgebras {Ai }ni=1 are free, where Ai is the unital ∗-subalgebra generated by ai (the linear
span of all monomials aϵi 1 aϵi 2 · · · aϵi r where ϵ1 , . . . , ϵr ∈ {1, ∗} and r ∈ N ∪ {0}). Note that the
corresponding unital C ∗ -subalgebras obtained by taking the norm closure of each Ai are also
freely independent in this case (see [26, Exercise 5.23]).
We remark that the set of free non-commutative random variables is an empty set if the
underlying C ∗ -probability space is finite (for instance (Mn (C), trn )), so to find non-trivial
examples one needs to work with infinite-dimensional C ∗ -probability spaces.

Free Haar Unitaries and Free Groups
Let (A, φ) be a C ∗ -probability space. An element u ∈ A is a Haar unitary if it is a unitary, i.e.
uu∗ = u∗ u = 1, and if φ(uk ) = 0 for all non-zero integers k. A family S = {u1 , . . . , un } ∈ A
in a C ∗ -probability space (A, φ) is called a free Haar unitary family if each u ∈ S is a Haar
unitary and if u1 , . . . , un are free. For notational convenience, let us define S ∗ = {u∗1 , . . . , u∗n }
to be the set of corresponding adjoints.
One can give a concrete construction of free Haar unitaries in terms of the free group.
The free group Fn with a generating set S of size n is an infinite discrete group constructed
as follows: a word is defined to be product of elements of S ∪ S ∗ with ⊥ denoting the empty
word that contains no symbols. A word is called reduced if it does not contain a sub-word of
the form gg ∗ or g ∗ g for g ∈ S. Given a word that is not reduced, the process of repeatedly
removing such sub-words until it becomes reduced is called reduction. The free group Fn
consists of all reduced words that can be built from the symbols in S ∪ S ∗ with the group
operation being a product of words followed by reduction. The identity is the empty word ⊥.
Let ρ denote the left-regular representation of the free group Fn . Then, writing S =
{s1 , · · · , sn }, the family ui = ρ(si ) for i ∈ [n], is a free Haar unitary family in the C ∗ probability space given by the reduced C ∗ -algebra of the group Fn . This connection to the
free group also allows us to give a very precise condition when the trace φ evaluated on a
non-commutative monomial in the ui ’s vanishes. For a d-tuple i = (i1 , . . . , id ) ∈ [m]d , let
ui denote the non-commutative monomial ui1 · · · uid and write u∗i = (ui )∗ = u∗id · · · u∗i1 . Let
i1 , . . . , it , j 1 , . . . , j t each be a d-tuple in [m]d and consider the degree-2td non-commutative
monomial w = ui1 u∗j 1 ui2 u∗j 2 · · · uit u∗j t . Note that a degree-2td monomial w corresponds
to an ordered 2td-tuple of variables. To illustrate, if t = 1, m = 3 and i1 = (1, 2, 3)
and j 1 = (2, 2, 1), then w = u1 u2 u3 (u2 u2 u1 )∗ = u1 u2 u3 u∗1 u∗2 u∗2 and corresponds to the
ordered tuple (u1 , u2 , u3 , u∗1 , u∗2 , u∗2 ). We can also interpret w as a word in the free group by
applying the reduction rules. Then the next proposition follows from the definitions of free
independence and Haar unitaries.
▶ Proposition 13. φ(w) = 1 iff w reduces to identity in the free group Fn , and φ(w) = 0
otherwise.
For a monomial w that reduces to identity in the free group, the procedure for reducing
a monomial w as above first removes some adjacent pair uk (at index i) and u∗k (at index
j), then removes another adjacent pair ul and u∗l in the resulting word and so on and so
forth until we reach the empty word. In particular, this reduction procedure produces a
pairing of the set [2td] where the index i and j are paired up iff the variables at indices i and
j in the monomial w are uk and u∗k (for some k). Moreover, this pairing is what is called a
non-crossing pairing defined below (see Figure 2). Note that a monomial could be reduced
to identity in different ways, so there could be many such non-crossing pairings for a given
monomial w.
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sha1_base64="R6Y6089HdFFMFZgr4KANh0X8RoM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBPJSkFPVY8OKxgq2FNpbNdtIu3WzC7kYoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvpn5D0+oNI/lvZkk6Ed0KHnIGTVWaqV97/GiX664VXcOskq8nFQgR7Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj92Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5wMuEJmxMQSyhS3txI2oooyY/Mp2RC85ZdXSbtW9S6rtbt6pVHP4yjCCZzCOXhwBQ24hSa0gAGHZ3iFN0c6L86787FoLTj5zDH8gfP5Ax+bjjI=</latexit>

u⇤1
<latexit

Proof of Theorem 10. We have that ∥p∥ = limm→∞ (φ((pp∗ )m ))
of the trace φ. Writing u∗j = (uj )∗ for a tuple j, we can compute
sha1_base64="R6Y6089HdFFMFZgr4KANh0X8RoM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBPJSkFPVY8OKxgq2FNpbNdtIu3WzC7kYoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvpn5D0+oNI/lvZkk6Ed0KHnIGTVWaqV97/GiX664VXcOskq8nFQgR7Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj92Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5wMuEJmxMQSyhS3txI2oooyY/Mp2RC85ZdXSbtW9S6rtbt6pVHP4yjCCZzCOXhwBQ24hSa0gAGHZ3iFN0c6L86787FoLTj5zDH8gfP5Ax+bjjI=</latexit>

u⇤1
<latexit
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Figure 2 A non-crossing ∗-pairing resulting from the reduction of a word to identity in the free group.

Non-crossing Pairings

For any even integer n, let P2 (n) denote the set of all pairings of n, that is, the set of all
partitions of [n] where each block is of size two. Let N C 2 (n) ⊆ P2 (n) denote the set of all
pairings of [n] that are non-crossing, i.e. pairings which do not contain blocks {i1 , i3 }, {i2 , i4 }
such that i1 < i2 < i3 < i4 .
For integers d, m, we divide the set [2dm] into 2m consecutive blocks of d elements each
and color consecutive blocks alternatively with red and blue. Formally, for i ∈ [2m], the
elements {(i − 1)d + 1, . . . , id} are colored red if i is odd and blue if i is even. We define
N C ∗2 (d, m) ⊆ N C 2 (2dm) to be the set of those non-crossing pairings of [2dm] which only
pair up elements of different colors. We call any pairing in N C ∗2 (d, m) a ∗-pairing.
We shall need the following combinatorial fact about the number of ∗-pairings (see [23,
Corollary 3.2]).

▶ Lemma 14. For all d, m, the number of ∗-pairings |N C ∗2 (d, m)| equals the Fuss-Catalan
number
!


1 m(d + 1)
(d + 1)m(d+1)
Cd,m =
=O
.

1 md+1
m−1
m
d+ m

Proofs of Lemma 9 and Theorem 11

Proof of Lemma 9. Writing u∗i = (ui )∗ for a tuple i and using linearity of φ, we have that
X
φ[p(u1 , . . . , ut )(p(u1 , . . . , ut ))∗ ] =
ci cj φ(ui u∗j ).

|i|,|j|≤d

From Proposition 13, the term φ(ui u∗j ) is 1 iff ui u∗j reduces to identity in the free group Ft
with generators u1 , . . . , ut . For the right-hand side above, this only happens when i = j and
thus these are the only non-zero terms. Thus,
X
φ[p(u1 , . . . , ut )(p(u1 , . . . , ut ))∗ ] =
|ci |2 .
◀

|i|≤d

Below we present the argument of Kemp and Speicher [23]. Our exposition follows their
proof closely but we adapt it to our context.

1/(2m)

ci1 · · · cim cj 1 · · · cj m φ(ui1 u∗j 1 · · · uim u∗j m ).

by the faithfulness
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Since u1 , . . . , ut are free Haar unitaries, Proposition 13 implies that φ(ui1 u∗j 1 · · · uim u∗j m )
is 1 iff the word ui1 u∗j 1 · · · uim u∗j m reduces to identity in the free group Ft , and is 0 otherwise.
Moreover, if the word corresponding to the index (i1 , j 1 , . . . , im , j m ) reduces to identity,
then there exists a ∗-pairing π ∈ N C ∗2 (d, m) which matches only variables with the same
indices. We call any such ∗-pairing π consistent with the 2dm-tuple (i1 , j 1 , . . . , im , j m ) and
denote this by the indicator function 1[π, i1 , j 1 , . . . , im , j m ].
The above implies that we may bound
X
φ(ui1 u∗j 1 · · · uim u∗j m ) ≤
1[π, i1 , j 1 , . . . , im , j m ],
π∈N C ∗
2 (d,m)

where the inequality occurs because there could be multiple ∗-pairings consistent with a
tuple. We thus have that
X
X
φ((pp∗ )m ) ≤
|ci1 · · · cim cj 1 · · · cj m |
1[π, i1 , j 1 , · · · , im , j m ]
π∈N C ∗
2 (d,m)

|i1 |=...=|im |=d
|j 1 |=...=|j m |=d

X

=

X

|ci1 · · · cim cj 1 · · · cj m |1[π, i1 , j 1 , · · · , im , j m ].

π∈N C ∗
2 (d,m) |i1 |=...=|im |=d
|j 1 |=...=|j m |=d

If a term corresponding to a fixed ∗-pairing π is non-zero, then the list of indices
(i1 , . . . , im ) is the same as (j 1 , . . . , j m ) up to the exact ordering. Let us relabel (i1 , . . . , im ) =
(a1 , . . . , adm ) and (j 1 , . . . , j m ) = (b1 , . . . , bdm ) and let ca1 ,...,adm = ci1 . . . cim and cb1 ,...,bdm =
cj 1 · · · cj m . Since π gives a non-crossing bijection between the two lists (a1 , . . . , adm ) and
(b1 , . . . , bdm ), it holds that cb1 ,...,bdm = cπ(a1 ),...,π(adm ) . Thus, the above sum is
X
X
|ca1 ,...,adm | · |cπ(a1 ),...,π(adm ) |
φ((pp∗ )m ) ≤
a ,...,adm
π∈N C ∗
2 (d,m) 1

!1/2
≤

X

X

π∈N C ∗
2 (d,m)

a1 ,...,adm

!1/2
X

|ca1 ,...,adm |2

|cπ(a1 ),...,π(adm ) |2

,

a1 ,...,adm

where the inequality follows from Cauchy-Schwarz. The two internal summations are exactly
the same since the summation is over all dm tuples of indices and π is a bijection. Switching
back to the old indexing scheme, the internal summation then equals

m
X
X
X
|ca1 ,...,adm |2 =
|ci1 · · · cim |2 = 
|ci |2  .
a1 ,...,adm

|i1 |=...=|im |=d

|i|=d

Overall, we have
m


φ((pp∗ )m ) ≤ |N C ∗2 (d, m)| 

X

|ci |2  .

|i|=d

Using Lemma 14 to bound the number of ∗-pairings,
!


1 m(d + 1)
(d + 1)m(d+1)
∗
|N C 2 (d, m)| = Cd,m =
=O
md+1 .
m
m−1
d+ 1
m

Thus, taking the m-th root in the limit m → ∞ yields




d+1
X
X
(d
+
1)

∥p∥2 = lim φ((pp∗ )m )1/m =
|ci |2  ≤ e(d + 1) 
|ci |2  .
m→∞
dd
|i|=d

This completes the proof of the theorem.

|i|=d

◀
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Introduction

Meta-complexity studies the complexity of computational problems that are themselves
about complexity, such as the Minimum Circuit Size Problem MCSP which asks if a Boolean
function represented by its truth table has circuits of a given size, and the problem K poly
of determining the polynomial-time bounded Kolmogorov complexity of a string. One of
the main open questions in meta-complexity is: Are MCSP and related problems such as
K poly NP-hard? This is a question with a long history; indeed, Levin is reported [15] to have
delayed publication of his seminal NP-completeness results [40] because he hoped to show that
MCSP was NP-complete. More than 50 years on, the question remains unresolved, despite
much effort [41, 12, 29, 34, 36, 35], and MCSP is one of the few remaining natural problems
in NP for which there is no clear evidence either of NP-hardness or of non-NP-hardness.
Why is it so difficult to show MCSP is NP-hard? This has been investigated in a series of
works [37, 43, 33, 30, 14, 13, 44]. The theme of this line of works is that hardness of MCSP
under various kinds of deterministic reducibility is related to our ability to prove longstanding
complexity conjectures. The basic idea is simple: since we can generate negative instances of
© Michael Saks and Rahul Santhanam;
licensed under Creative Commons License CC-BY 4.0
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SAT efficiently, an efficient honest reduction from SAT to MCSP would allow us to generate
negative instances of MCSP efficiently, which would enable us to prove circuit lower bounds
for EXP. There are many refinements of this idea in the aforementioned series of works, and
in particular [42] unconditionally rule out hardness of MCSP under polylogarithmic-time
projections, a class of reductions that is sufficient to show hardness for all known natural
NP-complete problems.
Note that the difficulty identified above relies on the determinism of the reductions. Indeed,
truth tables of hard Boolean functions are easy to generate for randomized algorithms - a
uniformly random string is likely to be hard! Therefore, previous works shed no light on
whether MCSP and related problems can be shown to be hard under randomized reductions.
This question is at the heart of our work.
▶ Question 1. How powerful are randomized reductions to meta-complexity problems?
We note that several works showing hardness results for meta-complexity problems
[6, 8, 11, 34, 36, 28] do employ randomness in their reductions, which is a further reason to
consider Question 1. As far as we are aware, there is no evidence in the literature against
solving all of NP with efficient randomized reductions to meta-complexity problems such as
MCSP 1 , K poly or even the problem of computing Kolmogorov complexity, even for the case
of many-one reductions.
In fact, the hardness results for meta-complexity problems mentioned above [6, 8, 11,
34, 36, 28] are even robust to close approximations of the complexity measure of interest,
in the sense that the reduction continues to work even if the oracle only knows a close
approximation to the complexity measure rather than an exact value. This motivates us to
consider Question 1 more broadly in terms of robustness to approximation for randomized
reductions. It is known, for instance [37, 6], that if one-way functions exist, then circuit size
of a Boolean function with truth table size N is even hard to approximate to within an N 1−ϵ
factor for any ϵ > 0. One might hope that such strong inapproximability results continue to
hold under the weaker assumption that NP ̸⊆ BPP. Moreover, an intriguing recent line of
work [22, 27, 45] on worst-case to average-case reductions for meta-complexity problems seem
to require an inapproximability assumption to infer a conclusion on average-case hardness.
So, for example, if our goal is to show that NP has worst-case to average-case reductions
using these results, we need to show NP-hardness of approximating circuit size or K poly
complexity.

1.1

Our Results

Our two main results address Question 1 by showing that efficient randomized non-adaptive
reductions to the meta-complexity problems of additively approximating the Kolmogorov
complexity and additively approximating the polynomial-time bounded Kolmogorov
complexity are surprisingly weak, even when the approximation term is super-logarithmic 2 .
We first state the results informally, and then describe them in more detail.

1

2

As pointed out by an anonymous reviewer, the results of [43] unconditionally rule out NP-hardness of
MCSP under a very special form of randomized reduction: projections computable in sublinear time.
The techniques of [43] do not seem immediately applicable to reductions that are not projections, or
where the bits of the output take at least linear time to compute.
Note that a smaller approximation term makes a negative result stronger.
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▶ Theorem 1 (Informal). If there is a “nice” randomized non-adaptive poly-time reduction
from L to approximating the Kolmogorov complexity within some super-logarithmic additive
term, then L ∈ AM ∩ coAM.
▶ Theorem 2 (Informal). Under plausible complexity assumptions, if there is a “nice”
randomized non-adaptive fixed poly-time reduction from L to approximating the K poly
complexity within some super-logarithmic additive term, then L ∈ AM ∩ coAM.
Here “nice” has a fairly standard meaning: the reduction is required to be polynomially
honest, meaning that it doesn’t make queries which are too small. In the statement of
Theorem 2, “fixed poly-time” means that the reduction runs within a time bound that
is independent of the polynomial time bound used in the definition of K poly . As direct
corollaries of Theorem 1 and Theorem 2, we get that under plausible complexity assumptions,
neither additively approximating the Kolmogorov complexity to a super-logarithmic term
nor additively approximating the polynomial-time bounded Kolmogorov complexity to a
super-logarithmic term is NP-hard under efficient randomized reductions.
All our results in this paper have to do with non-adaptive reductions - analysing adaptive
reductions is an interesting open question. Indeed, it is not even known whether hardness of
MCSP under general deterministic adaptive reductions leads to any new complexity lower
bounds, or has any other surprising consequences3 .

1.1.1

Randomized Reductions to Approximating Kolmogorov Complexity

As a first step, we consider Question 1 when the meta-complexity problem is to approximate
Kolmogorov complexity. Several known reductions to meta-complexity problems such as
MCSP [6, 8, 11, 34, 36], especially those that exploit ideas from pseudorandomness, continue
to work when the meta-complexity oracle is substituted with a Kolmogorov complexity oracle.
Moreover, the power of reductions to Kolmogorov complexity has been studied extensively in
its own right [7, 5, 21, 32, 10, 9, 4, 28]. Question 4.8 of Allender’s survey [2] explicitly asks
about the power of reductions to approximating Kolmogorov complexity.
When considering reductions to a Kolmogorov complexity4 oracle, there is an ambiguity:
Kolmogorov complexity KU is defined with respect to some universal Turing machine U . In
several works [5, 21, 10, 9, 4], the following approach has been taken to resolve the ambiguity.
A language L is said to be reducible to Kolmogorov complexity if L is reducible to KU for
every universal machine U . In this paper, we take a different approach, as proposed by
Allender [2]: we consider reductions to additively approximating Kolmogorov complexity
rather than reductions to exact Kolmogorov complexity. In practice, reductions rarely take
advantage of the exact Kolmogorov complexity of a queried string, so this doesn’t lose us
too much in terms of modelling known reductions. Moreover, by varying the approximation
parameter, we can ensure robustness with respect to the universal machine, and even with
respect to the precise notion of Kolmogorov complexity. For instance, reducibility to ω(1)additively approximating Kolmogorov complexity is robust to the universal machine, using

3

4

Some partial results in this direction appear in [44]. Analogous questions about the power of adaptivity
in the setting of worst-case to average-case reductions [23, 20] have remained open despite significant
effort.
Most works in the literature consider the Kolmogorov random strings as oracle, or else the overgraph
for Kolmogorov complexity [3]. Without loss of generality, we instead consider the functional oracle
that when asked a query q, returns the Kolmogorov complexity of q. Note that the Kolmogorov
random strings and the overgraph are both reducible to the functional oracle why simple deterministic
non-adaptive reductions.
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the fact that for any two universal machines U and U ′ , KU and KU ′ are at most a constant
apart. Reducibility to O(log(n))-additively approximating Kolmogorov complexity is robust
to whether we consider the standard version of Kolmogorov complexity or the prefix free
version5 , using the fact that for any string, the Kolmogorov complexity and prefix-free
Kolmogorov complexity are at most a logarithmic term apart.
Intuitively, a deterministic non-adaptive reduction cannot make use of the Kolmogorov
randomness oracle in an effective way, because queries generated by the reduction on
compressible inputs have low Kolmogorov complexity. However, if the reduction is allowed
to be randomized, this limitation disappears, because the reduction can take advantage
of randomness to produce queries of high complexity. Hirahara [28] recently showed that
every language in NEXP (non-deterministic exponential time) is randomized polynomial-time
non-adaptively reducible to the Kolmogorov random strings. This implies a strong positive
answer to Question 1 when the meta-complexity problem is to approximate Kolmogorov
complexity, and the approximation gap is small.
We show, somewhat counter-intuitively, that randomized polynomial-time non-adaptive
reductions to approximating the Kolmogorov complexity are inherently limited when the
approximation gap is ω(log(n)). Indeed, languages with such reductions (satisfying a natural
honesty condition) are in AM ∩ coAM. As far as we are aware, the previous best complexity
upper bound known for languages that are randomized polynomial-time non-adaptively
reducible to ω(log(n))-approximating the Kolmogorov complexity was EXPSPACE [10].
Indeed, we get a sharp complexity dichotomy based on the approximation gap, by
combining our results with those of [28]:
▶ Theorem 3. If a language L is computable and there is a randomized polynomial-time nonadaptive reduction F from L to ω(log(n))-additively approximating Kolmogorov complexity
such that F is polynomially honest and has inverse polynomial advantage, then L ∈ AM ∩
coAM. On the other hand, every L ∈ NEXP has a randomized polynomial-time non-adaptive
reduction making q queries to O(log(n))-additively approximating Kolmogorov complexity
that is polynomially honest and has constant advantage.
Theorem 3 is a more precise version of Theorem 1.
A polynomially honest reduction is one where any query on input x is of size |x|Ω(1) . We
do have a more general result that is operative even when queries are only guaranteed to
have super-constant size, but we adopt the formulation of Theorem 3 here because it is more
easily stated. The honesty condition is a very natural one that is satisfied in most reductions
of which we are aware. It appears for technical reasons, which we describe in Section 1.2.
The advantage of a reduction is ϵ if it is correct with probability at least 1/2 + ϵ; thus the
condition on advantage in the statement of Theorem 3 is the mildest reasonable one.
Our result yields an interesting phenomenon in terms of the tradeoff between adaptivity
of the reduction and the robustness to approximation of the reduction. As mentioned before,
it is shown in [28] that approximating Kolmogorov complexity when the approximation
term is sufficiently small, i.e., logarithmically bounded, is hard for NEXP under randomized
non-adaptive reductions. When the randomized reduction is allowed to be adaptive, it follows
from work of [6] that approximating Kolmogorov complexity, even for large multiplicative
approximation gap |q|1−ϵ for any ϵ > 0, is hard for PSPACE. Theorem 3 shows that we

5

The prefix free version of Kolmogorov complexity considers only prefix-free Turing machines, i.e., Turing
machines M such that if M halts on x, M does not halt on xy for any non-empty y. This is more
natural in certain contexts.
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cannot get a hardness result that combines the best of both worlds: if we require the reduction
to be non-adaptive, and in addition the approximation gap is large, then the power of the
reduction decreases significantly.
Theorem 3 has an application to non-adaptive black-box constructions of hitting set
generators from worst-case hardness assumptions. Recall that a hitting set generator with
seed length s(n) < n is an efficiently computable function from s(n) bits to n bits such that
the range of the generator hits every dense set that is computable by polynomial-size circuits.
Motivated by connections to uniform hardness-randomness tradeoffs, [26] showed that if
there is a randomized non-adaptive reduction from a language L to avoiding the range of an
exponential-time computable hitting set generator with seed length < n/4, then L ∈ BPPNP .
Recently, [31] improved this by showing that if there is a randomized non-adaptive reduction
from a language L to avoiding the range of an exponential-time computable hitting set
generator with seed length (1 − ϵ)n for some ϵ > 0, then L ∈ AM ∩ coAM. Since a Kolmogorov
complexity oracle can be used to avoid the range of any computable hitting set generator
(by using the fact that outputs of the hitting set generator have non-trivial Kolmogorov
complexity), we get the following immediate corollary:
▶ Corollary 4. If a language L is computable and there is a randomized polynomial-time
non-adaptive reduction F from L to avoiding the range of a computable hitting set generator
with seed length n − ω(log(n)) such that F is polynomially honest, then L ∈ AM ∩ coAM.
Corollary 4 is not directly comparable to the main result of [31] because of the honesty
condition, but modulo this condition, it shows an optimal limitation on reductions to avoiding
the range of hitting set generators in terms of the seed length. We note that [28] shows that for
every language L ∈ NEXP, L randomized polynomial-time non-adaptively reduces to avoiding
the range of a EXPNP -computable hitting set generator with seed length n − O(log(n)). Under
standard derandomization assumptions [38], AM ∩ coAM = NP ∩ coNP, which is strictly
contained in NEXP.
As discussed in [31], close connections between hitting-set generators and average-case
hardness mean that Corollary 4 also relates to a long line of work ruling out non-adaptive
black-box worst-case to average-case reductions for NP [23, 20, 1].

1.1.2

Randomized Reductions to Approximating Polynomial-Time
Bounded Kolmogorov Complexity

The main application of Theorem 3 is to the question of NP-hardness of meta-complexity
problems. As an immediate consequence of Theorem 3, even computing an approximation
of Kolmogorov complexity with small gap is not NP-hard under (honest) randomized nonadaptive reductions, unless there is a surprising complexity collapse.
▶ Corollary 5. Suppose there is a randomized polynomial-time non-adaptive reduction from
SAT to ω(log(n))-additively approximating Kolmogorov complexity that is polynomially honest.
Then the Polynomial Hierarchy collapses.
Corollary 5 follows from Theorem 3 by using the fact that if SAT is in AM ∩ coAM, then
the Polynomial Hierarchy collapses [46].
As far as we are aware, Corollary 5 gives the first negative implication of the assumption
that approximating Kolmogorov complexity is NP-hard under randomized non-adaptive
reductions. Several recent works on hardness of meta-complexity problems [34, 36, 35] are
only able to handle small approximation gap - Corollary 5 provides one possible explanation
of this (in cases when the reduction is not refined enough to distinguish between Kolmogorov
complexity and other complexity measures).
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Corollary 5 does not immediately imply that NP-hardness of K poly under randomized
reductions is unlikely, as there is no known efficient non-adaptive reduction from K poly to
Kolmogorov complexity. By working quite a bit harder, we are able to show the following
result.
▶ Theorem 6. Suppose that there is a polynomially bounded function t′ : N → N such that
for all large enough t = poly(t′ ), there is a randomized time t′ non-adaptive reduction that
is polynomially honest, has fixed query length and inverse polynomial advantage, from SAT
to ω(log(m))-additively approximating K t complexity. Then either E has non-deterministic
circuits of size 2o(n) infinitely often, or NE = coNE.
Theorem 6 is a more precise version of Theorem 2.
This appears to be the first negative evidence against NP-completeness of a metacomplexity problem in NP with respect to randomized non-adaptive reductions in the
unrelativized setting6 . Note that previous results on consequences of hardness with respect to
deterministic reductions of MCSP do not suggest that such reductions are unlikely, but rather
that they are hard to show. In contrast, the consequent of Theorem 6 would be considered
unlikely by many complexity theorists.
A subtlety in the statement of Theorem 6 is that the negative evidence depends on the
running time of the reduction being smaller than the time bound for Kolmogorov complexity.
Typically, reductions from SAT to NP-complete L run in quasi-linear time. Theorem 6
suggests that the picture is very different for K poly - if it is indeed NP-complete under
randomized polynomial-time reductions, then the reductions are likely to need a lot of time.

1.2

Proof Techniques

We sketch the ideas behind the proofs of our main results: Theorem 3 and Theorem 6. We
first introduce some notation, as per Section 2. Given a function β : N → N, we say that
two functional oracles O : Σ∗ → N and O′ : Σ∗ → N are β-close if |O(q) − O′ (q)| ≥ β(|q|) for
every string q. In the following, we use β-closeness with β(n) = ω(log(n)).
Suppose M is an oracle machine implementing the reduction hypothesized in Theorem 3.
At a high level, we’d like to construct an explicit computable oracle K ′ such that :
1. K ′ is β-close to K
2. There is an Arthur-Merlin protocol that given a string q and integer a to K ′ (q), allows
Merlin to prove to Arthur that a is “close” to K ′ (q).
Suppose we have such an oracle K ′ . The hypothesis that M is a non-adaptive reduction
to β-approximating Kolmogorov complexity with inverse polynomial advantage implies that
′
M K computes L with advantage ϵ = 1/nO(1) . We then hope to use the second condition
above to show that it is possible to give an AM protocol that allows Merlin to give a proof of
′
the output value of M K (x) by having Merlin provide answers to all of the queries and then
prove them to Arthur.
The proof roughly follows this strategy, but there are several obstacles that require
modification. We don’t know how to construct the desired oracle K ′ . Instead we consider
a generalized notion of oracle called a context-sensitive oracle. This is an oracle O whose

6

A result of Ko [39] states there is no relativizing NP-hardness proof for K poly , but this seems to say
little about the unrelativized case. Also, a result of Hirahara and Watanabe [30] shows that 1-query
randomized reductions to MCSP that are “oracle independent” only exist for languages in AM ∩ coAM.
We do not need the “oracle indepedent” restriction and our results hold for any number of queries, as
long as they are non-adaptive.
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answer to a query q can depend not just on q but also on the “context” within which q is
generated, i.e., the oracle machine M making the query and the input x on which M makes
the query. In what follows we use oracle to mean a possibly context-sensitive oracle and refer
to an ordinary oracle as context-insensitive.
We will define a context-sensitive oracle which we call J that will be used in place of
K ′ in the above outline. Here is a rough description of J. Fix the machine M and input x.
Suppose that the machine M makes k queries to K, where the choice of queries is a function
of the auxiliary random string ρ. For i ∈ {1, . . . , k}, let qi (ρ) denote the ith query when the
random string is ρ. Let π(q) denote the probability (over ρ and random i ∈ {1, . . . , k}) that
qi (ρ) = q. The context-sensitive oracle JxM (q) is the ceiling of log 1/π(q). It is not hard to
show that, for fixed M and x, J(q) is β-close to K(q) for all but a small fraction of q.
We want to show that (a) M J computes the same language as M K , and (b) the language
computed by M J is in AM ∩ coAM. We can’t show either of these, but we are able to state
and prove small modifications to these assertions that suffice to give the desired conclusion.
′
We would like that M J computes the same language as M K . By hypothesis L = M K
for every context-insensitive oracle K ′ that is a β-approximation to K with advantage ϵ,
but J is context-sensitive. Nevertheless, we are able to show that for all sufficiently long
inputs x, the probability (with respect to the randomness of M ) that M J (x) ̸= M K (x) is at
most ϵ/2, and since M K computes L with advantage ϵ, we conclude that M J computes L
on all sufficiently long inputs with advantage at least ϵ/2. To do this we fix a “sufficiently
long” input x. We describe how to construct a context insensitive oracle K ′ (depending
′
on x) that satisfies (i) if M J and M K are run on x then with probability at least 1 − ϵ/2
over the auxiliary random string ρ, J and K give the same answers on all of the queries
′
q1 (ρ), . . . , qk (ρ) and therefore the probability that M J and M K give different output on x is
′
at most ϵ/2, and (ii) K ′ is β-close to K, which implies that M K computes L with advantage
J
ϵ. Therefore M (x) gives the correct output with advantage ϵ/2.
We conclude that M K and M J compute the same language except for finitely many
strings. We can modify M J to fix those strings.
For the second part of the proof we aim to show that one can simulate the computation of
M J in AM ∩ coAM. The J oracle can be viewed as solving an approximate counting problem:
For a given query q, how many pairs (ρ, i) have qi (ρ) = q, and such counting problems can
be approximated in AM ∩ coAM [25, 20].
However, there is a major difficulty in translating this intuition into a simulation of M J
in AM ∩ coAM. We are not guaranteed that the Merlin-Arthur protocol provides consistent
answers that depend only on x and M . In order to get around this diffculty, our main idea
is to use the following perturbation argument.
We define a family of oracles J[γ] for γ ∈ [0, 1). J[γ] is a shifted version of J; it is the
ceiling of the logarithm of log(1/(1 + γ)π(x)). We show that given M , there is a γ (in fact a
random γ works with high probability) such that M J[γ] can be computed in AM ∩ coAM.
In order to use this we show a stronger version of the first step: for all sufficiently long
inputs x, for all γ ∈ [0, 1), the probability that M J [γ] disagrees with M K is at most ϵ/2.
The Arthur-Merlin protocol we use bears significant similarities to the ideas of [23, 20, 31],
however we need to work a bit harder to accommodate the perturbation argument.
Why does the honesty condition comes into our results? Our argument works by
contradiction and involves using the fact that the first x on which the simulation fails
has low Kolmogorov complexity. But this complexity bound is in terms of |x|, while the
approximation condition on the Kolmogorov complexity oracle is in terms of the query length
|q|. Thus it is important that there is some way of connecting |x| and |q| when q is a query
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asked on x, and this is what the honesty condition guarantees. In fact our more general
Theorem 14 is applicable even when the reduction is not polynomially honest, but it does
require that query length is at least super-constant.
We now proceed to sketch the ideas behind Theorem 6. A natural idea is to try to
derandomize the reduction using a standard derandomization hypothesis, and then argue that
efficient deterministic non-adaptive reductions are unlikely. However, this doesn’t work for
the following reason: in order to derandomize the reduction using a standard derandomization
hypothesis, we need to fool the test that checks, given fixed x and random string r, that the
input x is consistent with the output f (x, r) of the reduction. This test involves running
machines both for the langage from which we are reducing and the language to which we are
reducing, and a naive implementation takes at least non-deterministic time t (to simulate K t ).
Hence the derandomized reduction will run in time poly(t), which is greater than the time
bound for Kolmogorov complexity, and we do not know how to argue against this possibility.
Instead, we use Theorem 3. The idea is to show that, under a standard derandomization
hypothesis, oracle access to K t can be replaced by oracle access to K, without affecting the
correctness of the reduction. We prove a new lemma stating that for with high probability
over samples from a distribution D samplable in time t′ , the K t complexity of the sample q
is at most O(log(|q|)) apart from the K complexity. This lemma uses the derandomization
hypothesis that E requires exponential-size non-deterministic circuits, and the time bound t
is polynomially bounded in t′ once the parameters of the derandomization hypothesis are
fixed. The derandomization hypothesis is required to get a hitting set generator whose seed
length has optimal dependence on the error parameter [19]. Our lemma implicitly improves
a result of Antunes and Fortnow [16], which requires a stronger derandomization hypothesis.
However, we are unable to implement this idea for an arbitrary language L that reduces to
K t . The idea does work for unary languages however, and we get that every unary language
in NP is in AM ∩ coAM, applying Theorem 3. The derandomization hypothesis can now be
applied one more time to get a simulation in NP ∩ coNP. By a standard upward translation
argument, we get that NE = coNE. Thus, under the assumption on reducibility, either the
derandomization hypothesis fails or NE = coNE, both of which are unlikely or, at the very
least, surprising consequences.

2
2.1

Preliminaries
Basic Complexity Notions

We refer to the book by Arora and Barak [18] for definitions of standard complexity classes.
A time-constructible function T : N → N is a function such that there is a Turing machine
transducer M , which for each n, on input 1n halts with output T (n) within O(T (n)) steps.
We say that L is a tally language if it is contained in Σ∗ for some single-letter alphabet Σ.

2.2

Oracle Turing Machines

We consider randomized oracle Turing machines (OTMs). Our OTMs have a read-only
input tape, a write-only output tape, one or more work tapes, a random tape, and an oracle
tape. The alphabet for all tapes is {0, 1}. If the TM never makes oracle queries we say it is
oracle-free.
We refer to an ordered pair (M, x) where M is a Turing machine and x is the input as a
context.
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We assume without loss of generality that a polynomial-time bounded randomized Turing
Machine M comes equipped with a poly-time computable function rM : {0, 1}∗ −→ N where
rnM is a polynomial upper bound on the number of random bits generated by the machine on
input x. On input x the TM starts by generating an auxiliary random string ρ of length rxM
which is written on the random tape, and the program operates deterministicially on the
pair x, ρ.
Normally, an oracle is a function O from a query set Q to an answer set A. We also need
a more general notion of a context-sensitive oracle in which the response depends on the
query q and the context (machine M and input x that is calling the oracle). We write OxM (q)
for the output of oracle O to query q.
Unless otherwise specified all oracles in this paper have query set Q = {0, 1}∗ and answer
set A = N.
An OTM M instantiated by oracle O, denoted M O is the program that uses oracle O to
answer any queries. If O is computable, then M O is computably instantiated, and can be
identified with an oracle-free Turing machine, even in the case that O is a context-sensitive
oracle.
The randomized OTMs we consider are decision machines which means that they always
halt and output either 1 (identified with accept) or 0 (identified with reject). The language
L(M O ) recognized by an (possibly randomized) instantiated decision OTM M O is the set of
x for which the probability that M (x) accepts is greater than 1/2.
Let ϵ : N −→ [0, 1]. We say that L is accepted by M O with advantage ϵ if every accepted
string x is accepted with probability at least (1 + ϵ(|x|))/2 and every rejected string is
accepted with probability at most (1 − ϵ(|x|))/2. Note that computing with advantage ϵ = 1
means that M O (x) always outputs L(x).
An algorithm that accepts L with advantage ϵ can be converted to an algorithm with
advantage (1 − ϵ′ ) by repeating the algorithm O(log(1/ϵ′ ) + (1/ϵ))2 times and taking majority
vote.
We restrict attention to OTMs that are nonadaptive. A nonadaptive OTM comes equipped
with:
A computable function k M : {0, 1}∗ −→ N. For x ∈ {0, 1}∗ , kxM is the number of oracle
queries that M makes on input x. For convenience (and with no significant loss of
generality) we assume that knM is a power of 2.
M
A computable function q M that takes as input a string x and an integer i ∈ {1, . . . , k|x|
},
M
and (if the OTM is randomized) a random string ρ of length r|x| , and outputs an element
of {0, 1}∗ . qxM (i, ρ) is the ith query asked by M on input x when the random string is ρ.
A computable function outM that takes as input x and the sequence of query answers
(a1 , . . . akxM ) and (if the OTM is randomized) the random string ρ and outputs either 0
M , ρ) is the output of the algorithm on input x, random string ρ
or 1. outM
x (a1 , . . . , akx
when the query answers are r1 , . . . , rkxM .
In the above definition the nonadaptive OTM M is deterministic if rxM is identically 0.
Thus the function qxM depends only on the query index i.
∗
QM
x denotes the set of all q ∈ {0, 1} such that on input x, M asks query q with positive
M
M
M
probability. Qx is a finite set of size at most 2rx kxM since there are 2rx choices for ρ and
each results in kxM queries.
We say that M is α-honest, for α : N −→ N, provided that on any input x, all oracle
queries have length at least α(|x|). If α(n) = nτ for some constant τ > 0 we say that M is
polynomially honest. Conventionally, a polynomially honest oracle algorithm is referred to
simply as honest, but it will be useful for us to distinguish different kinds of honesty.
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If M is α-honest for some α that tends to ∞ we say that M is weakly honest. We say
that M is fixed query length if the length of each query of M on input x depends only on |x|.

2.3

Approximate Oracles and Robust Oracle Algorithms

Recall that in this paper we consider oracles that take as input a string and output an integer.
We now introduce two related concepts for an oracle (possibly context-sensitive) O:
Approximation of O by another oracle O′ that is “suitably close”.
An oracle algorithm M instantiated by O that is robust with respect to replacing O by
any O′ that is close enough to O.
The closeness of two oracles is measured by a nonnegative valued closeness function β
with two arguments, a string q and natural number n. The value of β at these arguments
is written βn (q). We say that O and P are β-close with respect to M provided that for all
M
M
inputs x to M , and queries q ∈ QM
x , |Ox (q) − Px (q)| ≤ β|x| (q).
Let M be a randomized oracle algorithm, O be an oracle and L be the language accepted
by M O . Let β be a closeness function and let ϵ : N −→ [0, 1]. We say that M is (β, ϵ)-robust
′
with respect to oracle O provided that for every oracle O′ that is β-close to O, M O accepts
L with advantage ϵ. We say that M is β-robust if it is (β, 1)-robust, which means that for
′
every oracle O′ that is β-close to O, M O (x) always outputs the correct answer L(x).

2.4

Descriptions and Kolmogorov complexity

Throughout we assume a fixed pairing function < · > and a standard encoding of Turing
machines M by binary strings, with M̃ denoting the encoding of M .
We fix a universal Turing machine U that for any Turing machine M and input x takes as
input < M̃ , x > and outputs M (x). The Kolmogorov complexity K(q) of q (with respect to
U ), denoted K(q), is the minimum length of y such that U (y) = q. We define the Kolmogorov
complexity of a machine M to be K(M̃ ). We have:
▶ Proposition 7. For every computable function f : {0, 1}∗ −→ {0, 1}∗ there is a constant
Cf such that if q = f (z) then K(q) ≤ K(z) + Cf .
In particular, for f being the identity function ID we have
▶ Proposition 8. For all strings q, K(q) ≤ |q| + CID .
P
2−K(q)
▶ Proposition 9.
q∈{0,1}∗ K(q)2 ≤ 2.
Proof. Letting Sk be the set of strings of Kolmogorov complexity exactly k, we can rewrite
the above sum as:
X X 2−k
k≥1 q∈Sk

k2

Since |Sk | ≤ 2k , this is at most

P

k≥1

1/k 2 < 2.

◀

The canonical order on {0, 1}∗ is the order in which x precedes y if |x| < |y| or |x| = |y|
and x is lexicographically less than y.
▶ Proposition 10. Let L be a computable language that contains infinitely many strings.
1. Let Λ : N −→ N be any computable unbounded function. Let xj be the first string
(according to the canonical order) satisfying |xj | ≥ Λ(j) and x ∈ L. There is an integer
C (depending on L and Λ) such that for all integers j, K(xj ) ≤ log(j) + C.
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2. Let κ : N −→ Z be any computable nondecreasing function that tends to ∞. Let L be a
computable language that contains infinitely many strings. Then L contains a string x
for which K(x) < κ(|x|).
Proof. Let M be a Turing Machine that computes L and N be a Turing machine that
computes Λ. We can construct a machine M ′ that on input j outputs xj . M first evaluates
Λ(j) and then enumerates strings x of length at least Λ(j) in the canonical order and stops
when it finds the first string in L. M ′ is a program whose length is a constant (depending
on |N | and |M |) and so the pair M ′ , j has a description of length log(j) + C.
For the second part, given κ, let Λ be the function where Λ(j) is the least integer m
such that 2 log(j) < κ(m). The function Λ is computable. Applying the first part, there is
a constant C (depending on L and Λ) such that for all j, xj is a string of length at least
Λ(j) such that K(xj ) ≤ log(j) + C. Choose j = 2C . Then xj has length at least Λ(j), and
K(xj ) ≤ log(j) + C ≤ 2 log(j) < κ(Λ(j)) ≤ κ(|xj |), as required.
◀
We also need the followng proposition giving symmetry of information for Kolmogorov
complexity.
▶ Proposition 11 (Symmetry of information). Let x, y be strings. Then K(x; y) = K(x) +
K(y|x) + O(log(K(x, y))).

2.5

Resource-Bounded Kolmogorov Complexity

We study various notions of resource-bounded Kolmogorov complexity, and associated decision
problems.
In the RK problem, the instance is a string x, and the question is whether K(x) ≥ |x|/2.
Given a function g : N → N, the RK problem with gap g is the promise problem whose
NO instances are strings x with K(x) ≥ |x|/2 and whose YES instances are strings x with
K(x) < |x|/2 − g(|x|). Given a function α : N → R such that α(n) ≥ 1 for all n, the RK
problem with multiplicative gap α is the promise problem whose NO instances are strings x
with K(x) ≥ |x|/2 and whose YES instances are strings x such that K(x) < |x|/(2α(|x|)).
Given a time bound t : N → N, the K t complexity of a string is defined as follows:
K(x) = min{|p| : U (p) halts and outputs x within t steps}.
In the MCSP problem, the instance is a string x together with a parameter s, and the
question is whether x is the truth table of a Boolean function with circuit complexity at
most s.
MCSP is easily seen to be in NP, but it is unknown whether MCSP is NP-hard. A
brute-force search strategy of trying all circuits C of size at most s and checking if any of
them computes the function with truth table x can easily be implemented to run in time
poly(|x|)sO(s) .

3

Simulating M K : the deterministic case
′

In this section we consider deterministic oracle machines M such that M K computes L
for any context-sensitive oracle K ′ that is suitably close to K and show (under suitably
assumptions) that L is especially simple: either in P or P/poly. Allender, Buhrman, Friedman
and Loff [4] use related ideas to show that any computable language that is non-adaptively
reducible to K t for some fixed time bound t is in P/poly. Their task is somewhat simpler
because the reduction is to time-bounded Kolmogorov complexity for some fixed time bound;
we, on the other hand, need to exploit the robustness of our presumed reduction with respect
to approximation.
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▶ Theorem 12. Let β = βn (q) be a closeness function that is computable in time polynomial
in n and |q|. Let L be a decidable language and M be a polynomial time deterministic oracle
′
Turing Machine such that L is computed by M K for any K ′ that is β-close to K. Let C and
r be constants so that the running time of M on input x of length at most n is at most Cnr .
1. Suppose that βn (q) = (2r + 1) log(n) + ωn (1). Then L ∈ P.
2. If M is polynomially honest and βn (q) = ω(log(|q|)) then L ∈ P.
3. If βn (q) = δK(q) for some constant δ > 0 then L ∈ P/poly.
Proof. Let L and M be as hypothesized.
For each string x, recall that kx is the number of queries asked by M on input x. Let
Qx = {qx (1), . . . , qx (kx )} be the set of queries asked on input x. Each of the queries qx (i)
can be computed given i,x and M and so K(q) ≤ log(kx ) + 2K(x) + O(1) for any q ∈ Qx .
Since kx ≤ C|x|r we have that for all x and all q ∈ Qx :
K(q) ≤ K(x) + 2r log(|x|) + O(1).

(1)

(The factor 2 multiplying r is more than is needed, but is used to keep the expressions
simple.)
The proofs of the first and third parts of the theorem have the following structure. In
each part we make a specific definition for an oracle U , define B to be the set of strings x
such that M U (x) ̸= L(x). If B is finite, we can modify M to the machine M̂ which on input
x checks whether x ∈ B and if so outputs L(x) and otherwise runs M U . The machine M̂ U
also computes L. In the first part U is a just the oracle that always outputs 0, and so the
resulting computation is in P . In the third part, U is a more complicated oracle, but the
operation of U when M U is run on input of length n can be implemented efficiently given an
advice string An of polynomial length, and so the resulting computation is in P/poly.
So it will suffice to prove that B is finite. We will make use of the following:
▶ Lemma 13. Let z be a string such that for all queries q ∈ {qz (1), . . . , qz (kz )} we have
|Uz (q) − K(q)| ≤ β|z| (q). Then on input z, M U outputs L(z). In particular, z ̸∈ B.
Proof. Given such a z define the context-sensitive oracle U ′ as follows: Uy′ (q) is equal to Uy (q)
if y = z and q ∈ {qz (1), . . . , qz (kz )} and is equal to K(y) otherwise. It follows immediately
from the hypothesis on z that the oracle U ′ is β-close to K and therefore by the hypothesis of
′
′
the theorem M U computes L correctly on all inputs. Also M U and M U behave identically
on input z, so M U (z) outputs L(z).
◀
To prove that B is finite we assume for contradiction that B is infinite. Let F be the
subset of x ∈ B such that x is lexicographically minimum among all strings y ∈ B of length
x. Then F is also infinite. We then prove:
(*) For any sufficiently large x ∈ F , |K(q) − Ux (q)| ≤ β|x| (q) for every query q ∈ Qx .
We then select z ∈ F so that |z| is sufficiently large for this to happen. But then Lemma 13
contradicts that z ∈ B.
We now carry out this strategy for the first and third part of the Theorem.
For the first part of the Theorem, as mentioned, we define U so that Ux (q) = 0 for any
input x and query q. Note that M U is a polynomial time oracle-free computation.
Defining B as above, it suffices to show that B is finite. Suppose for contradiction that
B is infinite, and define F as above. As noted above, it suffices to show (*) above. Note that
for x ∈ F , K(x) = log |x| + O(1) since x can be described by the machine M , the oracle-free
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machine N that computes L (since L is computable) and the number |x|. Using (1), for any
q ∈ Qx we have K(q) ≤ (2r + 1) log(|x|) + O(1). By the hypothesis on β, and for x sufficiently
large we get that for all q ∈ Qz , K(q) ≤ β|x| (q) and therefore |U (q) − K(q)| ≤ β|x| (q).
The second part of the theorem follows from the first part. Assume that M is polynomially
honest. Then there is a constant γ > 0 so that on input of length n, all queries have size
at least nγ . By hypothesis, βn (q) = ω(log(|q|)) = ω(log(n)), and thus the hypothesis of the
first part is satisfied.
For the third part, given δ and r as hypothesized let D = (2r + 2)/δ. Define the
(context sensitive) oracle U as follows: on input x and oracle query q, Ux (q) outputs
min(K(q), D log(n)(. Again we need to prove that the set B is finite. Assuming this is true,
we can modify the machine M V to the machine M̂ V which on input x first checks whether
x ∈ B, and if so outputs L(x) and otherwise runs M W [x]. Now M̂ V can be implemented in
P/poly since for any input x of size n, the action of V on queries asked during the computation
M V (x) can be specified by an advice string An of polynomial size. Indeed, let Sn be the
set of strings of length at most cnr that satisfy K(q) < D log(n) and let An be the set of
ordered pairs (q, K(q)) for q ∈ Sn . (Note that during the computation of M V (x) given a
query q, Vx (q) = D log(n) unless q ∈ Sn , in which case the second part of the ordered pair
specifies the query answer.)
For use below, we observe that K(Ax ) ≤ D log(|x|) + O(1) since A|x| can be reconstructed
by knowing the number T ≤ 2nD of programs of length less than D log(|x|) that output a
string in S|x| . (Given T , S|x| can be determined by interleaving the execution of all programs
of length less than D log(n) until T of them halt with an output of length at most cnr . Sn
is then the set of such output strings, and for each string q ∈ Sn , K(q) is the length of the
shortest program that output q.)
It remains to prove that B is finite, and again we suppose for contradiction that B is
infinite, and define the infinite set F as above. Again we will show that (*) is satisfied.
For x ∈ F , K(x) = log |x| + K(A|x| ) + O(1) since since x can be described by the machine
M , the oracle-free machine N that computes L (since L is computable) the advice string
A|x| (which allows simulation of the oracle V during the computation of M (x)) and the
number |x|. From (1), for any q ∈ Qx we have K(q) ≤ (2r + 1) log(|x|) + K(Ax ) + O(1) ≤
(2r + 1 + D) log(|x|) + O(1) which is at most D(1 + δ) log(|x|) provided that |x| is sufficiently
large. For any such x, if K(q) < D log(|x|), then Ux (q) = K(q) so that |Ux (q) − K(q)| = 0, or
K(q) ≥ D log(|x|), in which case Ux (q) = D log(|x|) and K(q) ∈ [D log(|x|), D(1 + δ) log(|x|)]
and so |Ux (q) − K(q)| ≤ δD log(|x|) ≤ δK(q), establishing (*) as required.
◀

4

Simulating robust K-oracle computation in AM ∩ coAM

Throughout this section we make the following assumptions.
H1 M is a randomized nonadaptive decision OTM
H2 M K recognizes the computable language L.
H3 β = βn (q) is a computable closeness function.
H4 ϵ : N −→ [0, 1].
H5 M is (β, ϵ)-robust with respect to oracle K.
H6 α : N −→ N is an unbounded non-decreasing function.
Also, let knM denote the maximum of kxM over x of length n.
Our overall goal is to prove the following theorem:
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▶ Theorem 14. Suppose M, α, β, ϵ satisfy hypotheses [H1-H6]. Suppose also that βn (q) =
log(knM /ϵ(n)) + 2 log K(q) + α(n) + 5. Then both L and L̄ have constant round Arthur-Merlin
protocols for membership whose running time is polynomial in the running time of M and
1/ϵ. In particular if M runs in polynomial time then L ∈ AM ∩ coAM .
The rather cumbersome condition on β arises from the proof. It is more natural if the
closeness function depends only on the query q and not on the length of the input x to the
calling algorithm.
We prove Theorem 14 in two parts. First, in this section, we construct a parameterized
family {J[γ] : γ ∈ [0, 1)} of computable context-sensitive oracles J based on simple
combinatorial properties of the machine M and show that there exists an integer ℓ such that
under [H1]-[H6], M [ℓ]J[γ] computes L with advantage ϵ/2 for every γ ∈ [0, 1).
Then, in the next section, we show that if L satisfies the conclusion of the first part, then
it has an efficient AM protocol and coAM protocol.

4.1

Some additional preliminaries

Let (M, x) be a context. As usual, for a set or quantity Z that depends on the context, we
denote this dependence by ZxM , but we often suppress this dependence and write simply Z.
For example we write r for rxM and k for kxM .
r
Let Γ = ΓM
x = {(ρ, i) : (ρ, i) ∈ {0, 1} × {1, . . . , k}}. Under the assumption stated earlier
that k is a power of 2 we have that log |Γ| = r + log k is an integer, and we can identify Γ
with the set {0, 1}r+log k .
It will be convenient to introduce notation for some elementary functions of positive real
numbers.
For a nonnegative integer s:
ϕ is the function given by ϕ(s) = ⌈log( Γs )⌉ = log(|Γ|) − ⌊log s⌋.
µ is the function given by: µ(s) is the least nonnegative number γ such that s(1 + γ) is a
power of 2. Note that µ(s) ∈ [0, 1).
It is easy to check:
▶ Proposition 15. For γ ∈ [0, 1) and s > 0, ϕ((1 + γ)s) = ϕ(s) if γ < µ(s) and ϕ((1 + γ)s) =
ϕ(s) − 1 if γ ≥ µ(s).
The following technical fact will be needed later.
▶ Proposition 16. Let s, t ∈ N and τ ∈ [0, 1) with t ∈ [s/(1 + τ ), s(1 + τ )]. Let γ ∈ [0, 1) be
such that γ ̸∈ [µ(s) − 2τ, µ(s) + 2τ ] ∪ [1 − 2τ, 1) ∪ [0, 2τ ). Then ϕ((1 + γ)s)) = ϕ((1 + γ)t).
Proof. We prove the contrapositive. Suppose ϕ((1+γ)s) ̸= ϕ((1+γ)t). Then ⌊log((1+γ)s)⌋ ̸=
⌊log((1 + γ)t)⌋. This means that there is an integral power of 2 between them, which means
that the interval [(1 + γ)s/(1 + τ ), (1 + γ)(1 + τ )s] contains an integral power of 2, say 2w .
Note that s ≤ 2w+1 < 8s. This implies that (1 + µ(s))s = 2w+1 , or (1 + µ(s))s = 2w , or
(1 + µ(s))s = 2w−1 .
Case 1. Suppose (1 + µ(s))s = 2w+1 . This means s > 2w , and since [(1 + γ)s/(1 + τ ), (1 +
γ)(1 + τ )s] contains 2w , we have that τ > γ. Hence γ ∈ [0, 2τ ).
Case 2.Suppose (1 + µ(s))s = 2w . Then (1 + µ(s))s belongs to the interval [(1 + γ)s/(1 +
τ ), (1 + γ)(1 + τ )s] so 1 + µ(s) belongs to the interval [(1 + γ)/(1 + τ ), (1 + γ)(1 + τ )] ⊆
[1 + γ − 2τ, 1 + γ + 2τ ] which implies γ ∈ [µ(s) − 2τ, µ(s) + 2τ ].
Case 3. Suppose (1 + µ(s))s = 2w−1 . Then 2 ≤ 2(1 + µ(s)) = 2w /s ≤ (1 + γ)(1 + τ ) ≤
1 + γ + 2τ which implies γ ≥ 1 − 2τ .
◀
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Replacing K by the oracle J [γ]

As described earlier the context (M, x) determines a function qxM : Γ −→ {0, 1}∗ where
qxM (ρ, i) is the ith query asked by M on input x when the random string is ρ.
For a query q, we define S(q) = SxM (q) to be the set {(ρ, i) ∈ Γ : qxM (ρ, i) = q}.
sM (q)

Let s(q) = |S(q)| and let π(q) = πxM (q) = x|Γ| . This is the probability, with respect to
(ρ, i) chosen uniformly from Γ that q(ρ, i) = q. Note that for the function ϕ defined earlier
1
⌉.
we have ϕ(s(q)) = ⌈log π(q)
For each γ ∈ [0, 1), define the function J[γ] on queries by:
J[γ](q) = J[γ]M
x (q) = ϕ((1 + γ)s(q)).
If γ = 0 we often write J(q) for J[γ](q).
From the definition we observe that for all γ ∈ [0, 1):
J[γ](q) ∈ [log(

1
1
) − 1, log(
) + 1].
π(q)
π(q)

(2)

We view J[γ] as a context-sensitive oracle and we will see below that J[γ]M
x can be used
in place of K in a suitably robust oracle algorithm. The following Lemma relates J[γ] to K:
▶ Lemma 17. Let M be a randomized oracle algorithm and x a string. Recall that QM
x is
the set of queries q such that M on input x asks the query q with positive probability.
M
1. There are constants C0 , C1 such that for any string q ∈ QM
x , K(q) − J[γ]x (q) ≤ C0 K(x) +
C1 .
M
2. For u > 0 let PxM (u) be the set of strings in QM
x such that J[γ]x (q)−K(q) ≥ u+2 log K(q).
M
M
3−u
Then πx (Px (u)) ≤ 2
.

Proof. Fix M and x. We omit the superscript M and subscript x from J[γ], π, P and Q.
For the first part, order the elements of Q lexicographically by the triple (1/π(q), |q|, q).
For a query q, let p(q) be the number of q ′ ∈ Q that precede q in this order. Given the
Turing machine M and input x we can construct a Turing machine of size O(K(x)) + O(1)
that takes as input an integer h ∈ {0, . . . , |Q| − 1} and outputs q such that p(q) = h.
Therefore K(q) ≤ O(K(x)) + log p(q) + O(1). Since there are at most 1/π(q) members of
Q that precede q in the order, we have p(q) ≤ (1/π(q)) and therefore log p(q) ≤ log(1/π(q)) ≤
J[γ](q) + 1. Therefore K(q) − J[γ](q) ≤ O(K(x)) + O(1), as required.
For the second part, (2) implies π(q) ≤ 21−J[γ](q) . For q ∈ P (u) we therefore have π(q) ≤
P
21−K(q)−u /K(q)2 . Summing over all q ∈ P (u) this is at most 21−u q∈P (u) 2−K(q) /K(q)2
which is at most 22−u by Proposition 9.
◀

4.3

Replacing a K oracle by a J [γ] oracle

In this section we prove:
▶ Theorem 18. Assume hypotheses [H1]-[H6] and that β|x| (q) = log(kxM /ϵ(|x|))+2 log K(q)+
α(|x|) + 5. Then there is an integer ℓ such that for all γ ∈ [0, 1], M [ℓ]J[γ] (x) computes L
with advantage ϵ/2, where M [ℓ] is the OTM that outputs L(x) on any input x of length less
than ℓ and otherwise executes M on x. Letting N = M [ℓ], there is an OTM N such that
N J[γ] (x) computes L with advantage ϵ/2.
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Proof. Fix M . Say that x is bad for γ if M J[γ] (x) outputs L(x) with probability less than
1
2 (1 + ϵ(|x|)/2) and let B[γ] be the set of strings that are bad for γ. Let B = ∪γ∈[0,1) B[γ].
If B is finite, let ℓ be the length of the largest string in B. Then M [ℓ] satisfies the desired
conclusion. So we assume that B is infinite and derive a contradiction.
Note that x ∈ B holds if and only if one of the infinitely many conditions x ∈ B[γ] holds.
The following Proposition reduces this to a finite set of conditions.
M
▶ Proposition 19. Let x ∈ {0, 1}∗ and let Γx = {µ(s(q)) : q ∈ QM
x } (where Qx is the (finite)
set of queries that are asked with nonzero probability by M on input x and µ is the function
defined in the definition of J[γ]). Then x ∈ B if and only if x ∈ B[γ] for some γ ∈ Γx .

Proof. For each γ ∈ [0, 1) let γ − = max{µ(s(q)) : q ∈ QM
x , µ(s(q)) ≤ γ}. By the definition
of J[γ], we have J[γ](q) = J[γ − ](q) for all q ∈ Q. Therefore M J[γ] (x) behaves identically to
M J[γ−](x) and so x ∈ B if and only if there exists γ ∈ Γx such that x ∈ B[γ].
◀
Let us define γx to be the least γ ∈ Γx for which x ∈ B[γx ].
The set Γx is computable from x, and for each γ ∈ Γx we can computably determine the
probability that M J[γ] (x) agrees with L(x). Therefore there is an (instantiated) program of
size |M | + O(1) that on input x, tests whether x ∈ B.
Let β ∗ (n) be the minimum over all q and all n′ ≥ n of βn′ (q). To obtain the desired
contradiction we will prove:
▶ Lemma 20. For any string x there is an oracle K[x] satisfying:
K[x] is β-close to K and therefore the probability that M K[x] on input x differs from
M K on input x is at most (1 − ϵ(|x|))/2.
If K(x) < (β ∗ (|x|) − C1 )/C0 (where C0 , C1 are given in Lemma 17) then the probability
that M K[x] on input x differs from M J on input x is at most ϵ(|x|)/4.
The lemma implies any string x satisfying K(x) < (β ∗ (|x|) − C1 )/C0 is not in B,
since the probability that M J on input x disagrees with M K on input x can be upper
bounded by (1 − ϵ(|x|)/2 + ϵ(|x|)/4 ≤ (1 − ϵ(|x|)/2)/2. But by applying the second part of
Proposition 10 to the language B and κ(n) = (β ∗ (n) − C1 )/C0 there is a string x ∈ B such
that K(x) < (β(|x|) − C1 )/C0 , which yields the desired contradiction. Note that κ is an
unbounded non-decreasing function as required for the application of Proposition 10 by the
definition of β ∗ and the fact that α is an unbounded non-decreasing function.
So it remains to prove Lemma 20. Given x, we define the oracle K[x] as follows. Recall
that QM
x is the set of queries q that are made by M with non-zero probability when the input
M
is x(w). Let Qclose be the set of q ∈ QM
x for which |J[γ]x (q) − K(q)| ≤ β|x| (q), let Q> be
M
M
the set of q ∈ QM
x for which J[γx ]x (q) > K(q) + β|x| (q) and let Q< be the set of q ∈ Qx
for which J[γx ](q) < K(q) − β|x| (q) Define the oracle K[x] as follows: K[x](q) = J[γx ](q) if
q ∈ Qclose and K[x](q) = K(q) otherwise.
By definition K[x] is β-close to K and therefore by hypothesis M K[x] computes L with
advantage ϵ. In particular M K[x] on input x differs from L(x) with probability at most
(1 − ϵ(|x|))/2. This completes the first part of the lemma.
For the second part of the lemma, assume that x is such that K(x) < (β(|x|) − C1 )/C0
(where C0 , C1 are given in Lemma 17).
If all of the queries asked by M on input x are in Qclose then all query answers during the
computation M J[γ] (x) are identical to those during the computation M K[x] (x), and therefore
the output is the same. .
So it now suffices to prove an upper bound of ϵ(x)/4 on the probability that at least one
of the selected queries on input x belongs to Q< ∪ Q> .
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From the hypothesis, we have K(x) ≤ (β(|x|) − C1 )/C0 . We now show that this
implies that Q< = ∅. By the first part of Lemma 17, for all queries q ∈ QM
x we have
K(q) − JxM (q) ≤ C0 K(x) + C1 which is at most β(|x|) and so q ̸∈ Q< .
Hence we only need to upper bound the probability that, on input x, at least one query
belongs to Q> . For brevity let k = kxM . For i ∈ {1, . . . , k} let pi be the probability that
P
the ith query is in Q> . Let σ = i pi , it suffices to show that σ ≤ ϵ(|x|)/4. Note that σ/k
is the chance that a random query i (with respect to the random bits and the choice of
i ∈ {1, . . . , k}) is in Q> . By the second part of Lemma 17, with u = β(|x|) − 2 log(K(q)),
p ≤ 22+2 log(K(q))−β(|x|) . Using the hypothesis on β(|x|) this is at most ϵ(|x|)/4k and therefore
σ ≤ ϵ(|x|)/4, as required.
◀

5

The Arthur-Merlin protocol

The starting point for this section is the conclusion of Theorem 18:
Hypothesis AM(N ). N is an oracle machine such such that for all γ ∈ [0, 1),
N J[γ] (x) computes L with advantage ϵ/2.
We will show that this implies that there is an Arthur-Merlin protocol for L whose running
time is in the running time of N .
We make use of two known AM protocols. The input to both protocols includes:
A function f : {0, 1}w −→ {0, 1}∗ given by a circuit Cf . The function f induces a
probability distribution πf on {0, 1}∗ , with πf (q) equal to |f −1 (q)|/22 , which is the
probability that a uniformly chosen element of {0, 1}w maps to q.
ζ, δ > 0 are input parameters for the protocol.
▶ Lemma 21 (Entropy Estimation Protocol, [24]). There is a constant round AM-protocol
that takes as input a circuit Cf as above, an integer h and an error parameter δ, runs in
time |Cf |poly(log(1/δ)), and outputs accept or reject with the following conditions
1. If |h − H(πf )| ≤ 1 then Merlin has a strategy that causes Arthur to reject with probability
at most δ.
2. If |h − H(πf )| ≥ 2 then the probabilty that the verification is accepted is at most δ.
▶ Lemma 22 (Lower Bound protocol, [25]). There is a constant round protocol with input
Cf , input sequences q1 , . . . , qm ∈ ({0, 1}∗ )m and (s1 , . . . , sm ) ∈ Nm , and error parameters
(ζ, δ) both in (0, 1) that runs in time Cf poly(m, 1/ζ, log(1/δ)), and outputs either accept
or reject according to the following:
1. If si ≥ |f −1 (qi )| for every i, then Merlin has a strategy such that the protocol rejects with
probability at most δ.
2. If si ≤ |f −1 (qi )|/(1 + ζ) for some i then for any strategy of Merlin the probabilty that the
verification is accepted is at most δ.
We fix some notation for this section:
x denotes the string whose membership in L is to be determined.
r = rxN is the length of the random string generated by N on input x.
k = kxN is the number of queries asked by N on input x. We assume (with no significant
loss of generality) that log k is an integer.
For ρ ∈ {0, 1}r , q1 (ρ), . . . , qk (ρ) denotes the queries asked by N on input x.
f denotes the function on {0, 1}r+log k that maps (ρ, i) to qi (ρ).
Let π = πf be the probability distribution on {0, 1}∗ induced by f , which is given by
πf = |f −1 (q)|/2r+log k .
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Q = QN
x is the image of the function f , which is the set of queries that are asked with
positive probability.
For ρ ∈ {0, 1}r , a1 [γ](ρ), . . . , ak [γ](ρ) is the sequence of answers from the oracle J[γ] to
the queries q1 (ρ), . . . , qk (ρ).
When the random string is ρ, the output of the algorithm is out(a1 [γ](ρ), . . . , ak [γ](ρ); ρ).
We denote this by z[γ](ρ).
ϵ = ϵN
|x| .
We note the following technical fact:
▶ Proposition 23. Let π be a probability distribution over {0, 1}w .
1. If q is selected according to π, E[log(1/π(q))] = H(π) where H(π) is the binary entropy
of π.
2. Suppose q1 , . . . , qt are selected independently according to π. Then
t

Prob[

1X
w2
log(1/π(qi )) − H(π)| > ζ] ≤ 2 .
t i=1
tζ

Proof. The first part follows directly from the definition of H(π). For the second part, let
P
P
Zi = log(1/π(qi )) and let Z = 1t
E[Zi ] = H(π) by the first
Zi . Note that E[Z] = 1t
part. Also, note that since Z is an average of t i.i.d. random variables, it’s variance is
w2
1
2
t Var(Zi ) ≤ t since a random variable taking values in [0, w] has variance at most w . By
Chebyshev’s inequality, for any random variable X, the probability that |Z − E[Z]| > ζ is at
w2
most V ar(Z)/ζ 2 ≤ tζ
◀
2.
In describing the Arthur-Merlin protocol we refer to the actions of “Honest Merlin” which is
the ideal behavior for Merlin (which Merlin may not follow).
The protocol makes use of several parameters, whose values are determined by the analysis.
For reference we list these parameters here with their values:
2 2
k
t is the sample complexity, and it set to t = 32000 max(r,1)
.
ϵ(|x|)2
ϵ(|x|)
16(4k+2)
ϵ(|x|)2
to ν = 20000k
2.

τ is the safety parameter, which is set to τ =

ν is the lower bound parameter, which is set
D is the precision parameter and is a positive integer. We choose D = ⌈ 16(4k+2)
ϵ(|x|) ⌉.
It is straightforward to verify that these parameter values satisfy the following conditions:
▶ Proposition 24.
τ

≤

ν

≤

t

≥

t

≥

t

≥

D

≥

D

≥

ϵ(|x|)
16(4k + 2)
τ ϵ(|x|)/128k
256k
16
log
ϵ(|x|)
ϵ(|x|)
(r + log k)2
.
16
ϵ(|x|)
320k
.
ϵ(|x|)τ
1
.
τ
32(k + 1)
ϵ(|x|)

The inequalities stated in this Proposition are needed in the analysis of the protocol. The
values of the parameters were chosen to ensure these conditions.
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We are now ready to state the protocol:
Step 1. Merlin provides an integer h. Arthur and Merlin perform the Entropy estimation
protocol of Lemma 21 for the probability distribution π and input h with error parameter
δ = ϵ(|x|)/16. (If Merlin is honest, then Merlin sets h so that |h − H(π)| ≤ 1, and adopts
the strategy from the first part of Lemma 21 that makes the rejection probability at
most ϵ(|x|)/16.)
Step 2. Random strings ρ1 , . . . , ρt , each of length r, are generated using public coins. Let χ
be the t × k matrix with χi,j = f (ρi , j), the jth query asked when the random string is
ρi .
Step 3. Merlin provides a t by k positive integer matrix B (Honest Merlin sets B to be
equal to the matrix B ∗ whose i, j entry is |f −1 (χi,j )|.)
Notational Remark. It is convenient here to define some matrices and vectors that are
determined from B. For γ ∈ [0, 1) the t × k matrix A[γ] is given A[γ]i,j = ϕ((1 + γ)Bi,j ),
and the vector z[γ] ∈ {0, 1}t is given by z[γ]i = out(A[γ]i,1 , . . . , A[γ]i,k ). The matrix
A∗ [γ] and vector z ∗ [γ] are obtained analogously with B replaced by B ∗ . Note that row
i of A∗ [γ] is exactly the sequence of query answers provided by oracle J[γ] when the
random string is ρi and z ∗ [γ]i is the output of N J[γ] (x) for random string is ρi .
Step 4. For each row index i, Arthur randomly chooses ĵ(i) ∈ {1, . . . , k}. Define
σ(B) =

1X
(r − log(Bi,ĵ(i) )).
t i

Arthur computes σ(B) approximately to determine an integer H ′ that belongs to the
interval [σ(B) − 1, σ(B) + 1]. Arthur rejects this step if |H ′ − h| > 3 and accepts this
step otherwise.
Step 5. Arthur-Merlin perform the lower bound protocol of Lemma 22 for the abovementioned function f that maps (ρ, i) to qi (ρ), with error parameters (ζ, δ) = (ν, ϵ(|x|)/16).
The input (q1 , . . . , qm ), (s1 , . . . , sm ) to the protocol is the sequence of tk entries of the
matrix χ and the corresponding sequence of entries of the matrix B. (If Merlin is Honest
then since B = B ∗ , si = |f −1 (qi )| for every i and Merlin follows the strategy from the
first part of Lemma 22 so that the probability of rejection is at most ϵ(|x|)/16.)
Step 6. Arthur selects a uniformly random λ̂ ∈ {1, . . . , D} and a uniformly random î ∈
{1, . . . , t}. ẑ is defined to be z[λ/D]î . For future reference we also define ẑ ∗ to be ẑ if B
is replaced by B ∗ .
Step 7. If any of the steps 1,4 or 5 result in reject, then the protocol outputs failure.
Otherwise the output is ẑ.
This protocol outputs either failure or 0 or 1. The main theorem of this subsection is:
▶ Theorem 25. Under the hypotheses AM(N ) given earlier, the above protocol satisfies:
1. If Merlin behaves honestly, then the protocol outputs L(x) with probability at least 12 +
ϵ(|x|)/16.
2. For any behavior of Merlin, the probability that the protocol outputs failure or outputs
L(x) is at least 12 + ϵ(|x|)/16.
▶ Corollary 26. Both L and L̄ can be recognized by AM protocols that run in time polynomial
in the 1/ϵ and the running time of N .
Proof. The protocol obtained by changing a failure output to 0 (resp. 1) is an AM protocol
(resp. coAM protocol) for L.
◀
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Proof of Theorem 25. We first note the following:
▶ Proposition 27. The value ẑ ∗ determined in Step 6 in the case that B = B ∗ agrees with
L(x) with probability at least 12 + ϵ(|x|)
4 .
Proof. The value ẑ ∗ determined in Step 6 is equal to the output of N J[λ/D] on input x when
the random string is ρî . Since ρî is a uniformly random string, the hypothesis on N implies
◀
that this is equal to L(x) with probability at least 12 + ϵ(|x|)
4 .
We now prove the first part of the Theorem. For s ∈ {1, 4, 5} define the event Rs to be
the event that the test in Step s outputs reject.
Assume Merlin behaves honestly, and therefore B = B ∗ . By the above proposition, the
probability that the output of the protocol is L(x) is at least:
1 ϵ(|x|)
1 ϵ(|x|)
+
− Prob[R1 ∨ R4 ∨ R5 ] ≥ +
− Prob[R1 ] − Prob[R4 ] − Prob[R5 ].
2
4
2
4
As noted in the description of Steps 1 and 5, Prob[R1 ] and Prob[R5 ] are each at most
ϵ(|x|)/16. So it suffices to show that Prob[R4 ] ≤ ϵ(|x|)/16, which we now do.
Step 4 is rejected only if |H ′ − h| > 3. We have:
|H ′ − h| ≤ |H ′ − σ(B ∗ )| + |σ(B ∗ ) − H(π)| + |H(π) − h|.
|H ′ − σ(B ∗ )| ≤ 1 by the choice of H ′ and the fact that B = B ∗ , and |H(π) − h| ≤ 1 since
Merlin is assumed to be honest. Therefore Prob[R4 ] ≤ Prob[|σ(B ∗ ) − H(π)| > 1. So it
suffices to prove:
▶ Proposition 28. Prob[|σ(B ∗ ) − H(π)| > 1] ≤ ϵ(|x|)/16.
Proof. By the definition of B ∗ , Bi,∗ ĵ = 2r+log k π(χi,ĵ(i) ) and so r + log k − log(Bi,∗ ĵ(i) ) =
Pt
log(1/π(χi,ĵ(i) )) and so σ(B ∗ ) = 1t i=1 log(1/π(χi,ĵ(i) )). Since χ1,ĵ(1) , . . . , χt,ĵ(t) is a
sequence of independent samples from the distribution π, Proposition 23 implies
Prob[

1X
(r + log k)2
log(1/π(χi,ĵ(i) )) − H(π)| > 1] <
≤ ϵ(|x|)/16,
t i
t

where the last inequality used Proposition 24.

◀

This completes the proof of the first part of the theorem.
We now turn to the proof of the second part. We consider an arbitrary strategy for
Merlin. We break up into cases according to properties of the matrix B.
We divide into three cases.
∗
Case 1. There is at least one entry (i, j) with Bi,j < Bi,j
/(1 + ν). By the property of
the Lower bound protocol performed in Step 5, this will reject with probability at least
1 − ϵ(|x|)/16 ≥ 12 ) + ϵ(|x|)/4.
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∗
Case 2. Bi,j ≥ Bi,j
/(1 + ν) for all entries (i, j) and there are more than ϵ(|x|)t/16 entries
∗
with Bi,j > (1+τ )Bi,j
. We claim that Step 4 will reject with probability at least 1−ϵ(|x|)/8 ≥
1/2 + ϵ/4. For this we give a lower bound on the probability H ′ − H(π) exceeds 3. We have

H ′ − H(π)

=

σ(B) − σ(B ∗ ) − (Σ(B) − H ′ ) − (H(π) − σ(B ∗ ))

≥

σ(B) − σ(B ∗ ) − |σ(B) − H ′ | − |H(π) − σ(B ∗ )|.

By the choice of H ′ , |σ(B) − H ′ | ≤ 1. Therefore:
Prob[H ′ − H(π) > 3]

≥

Prob[(σ(B) − σ(B ∗ ) ≥ 5) ∧ (|σ(B ∗ ) − H(π)| < 1)]

≥

1 − Prob[σ(B) < σ(B ∗ ) + 5] − Prob[|σ(B ∗ ) − H(π)| ≥ 1].

The desired lower bound will follow by showing that each of the two probabilities on the
right is at most ϵ(|x|)/16. Proposition 28 shows this for the second probability. So we now
bound the first probability.
For i ∈ {1, . . . , t} define:
P
∗
Vi = {j ∈ {1, . . . , k} : log Bi,j ≥ (1 + τ )Bi,j
. (Note that i Vi ≥ ϵ(|x|)t/16 by the case
assumption.)
P
Yi is the 0-1 indicator of the event that ĵ(i) ∈ Vi , and Y = i Yi .
We now make two claims.
Claim 1. σ(B) − σ(B ∗ ) ≥ τ Y − νt.
Claim 2. Prob[Y < 12 ϵ(|x|)t
16k ] ≤ ϵ(|x|)/16.
1 ϵ(|x|)t
If Y ≥ 2 16k , then by the conditions on τ and ν given by Proposition 24 we have that
τ Y − νt ≥ 5 and so
Prob[σ(B) − σ(B ∗ ) < 5] ≤ Prob[Y <

1 ϵ(|x|)t
] ≤ ϵ(|x|)/16.
2 16k

To prove the first claim, note that for i such that Yi = 1, we have
log(Bi,ĵ(i) ) ≥ log((1 + τ )Bi,∗ ĵ(i) ≥ log(Bi,∗ ĵ(i) ) + τ
(since log(1 + τ ) ≥ τ for τ ∈ [0, 1]). For i such that Yi = 0, we have Bi,ĵ(i) ≥ Bi,ĵ(i) /(1 + ν)
which implies log Bi,ĵ(i) ≥ log Bi,ĵ(i) − 2ν since log(1 + ν) ≤ 2ν). Therefore σ(B) − σ(B ∗ ) ≥
τ Y − νt.
P
P
For the second claim, note that that E[Y ] = i E[Yi ] = i |Vki | ≥ ϵ(|x|)t
16k , by the case
assumption. The “multiplicative Chernoff bound” implies that if Y is a sum of independent
0-1 random variables, then Prob[Y ≤ 21 E[Y ]] ≤ e−E[Y ]/8 . Applying this here we obtain
−ϵ(|x|)t
Prob[Y ≤ ϵ(|x|)t
256k ≤ ϵ(|x|)/16 by Proposition 24.
32k ≤ e
∗
Case 3. Bi,j ≥ Bi,j
/(1 + ν) for all entries (i, j) and there are at most ϵ(|x|)t/16 entries
∗
with Bi,j > (1 + τ )Bi,j
.
By Proposition 27, ẑ ∗ is equal to L(x) with probability at least 12 + ϵ(|x|)/4. We show
that under the case assumption the probability that ẑ =
̸ ẑ ∗ is at most ϵ(|x|)/8 which will
1
show that ẑ is equal to L(x) with probability at least 2 + ϵ(|x|)/8.
We say that a row index i ∈ {1, . . . , t} is unsafe if there is at least one j such that
∗
Bi,j > (1 + τ )Bi,j
and is safe otherwise. We identify the following “bad” events:
B1 The selected row index î is unsafe.
Sk
∗
∗
B2 The selected λ̂ satisfies λ̂/D ∈ [0, 2τ ) ∪ [1 − 2τ, 1) ∪ j=1 [µ(Bî,j
) − 2τ, µ(Bî,j
) + 2τ ].
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We claim that if neither bad event happens then ẑ = ẑ ∗ . Since [B1] doesn’t happen,
î is safe. Together with the case assumption and the fact that ν ≤ τ this implies that
∗
∗
/(1 + τ ), Bî,j
(1 + τ )]. Since [B2] doesn’t happen, then for all
for each j ∈ [k], Bî,j ∈ [Bî,j
∗
j ∈ {1, . . . , k}, the hypotheses of Proposition 16 hold for (s, t) = (Bî,j , Bî,j
) from which we
conclude that for all j ∈ {1, . . . , k}
∗
A[λ/D]î,j = ϕ((1 + λ/D)Bî,j )) = ϕ((1 + λ/D)Bî,j
)) = A∗ [λ/D]î,j ,

which implies that ẑ[λ/D] = ẑ ∗ [λ/D].
So now it will be enough to show that Prob[B1] and Prob[B2] are both at most ϵ(|x|)/16.
Prob[B1] is equal to the fraction of unsafe rows, which is at most ϵ(|x|)/16 by the case
assumption.
Since λ is chosen uniformly from {1, . . . D}, Prob[B2] is the fraction of integers in
Sk
∗
∗
{1, . . . , D} that belong to the set [0, 2Dτ )∪[D(1−2τ ), D)∪ j=1 [D(µ(Bî,j
)−2τ ), D(µ(Bî,j
)+
2τ )]
Now we use the fact that the number of integers in an interval [a, b) is less than b−a+1 and
an interval [a, b] is at most b−a+1. Therefore the number of integers in [0, 2Dτ )∪[D(1−2τ ), D)
is less than 4τ D + 2 and the number of integers in each set of the big union is at most 4τ D + 1.
Summing up over all intervals the number of integers in the union is at most (4k +4)τ D +k +1.
Since τ D ≤ 1/4 by Proposition 24, this is at most 2k + 2. So the probability that λ is in
this set is at most (2k + 2)/D which is at most ϵ(|x|)/16 by Proposition 24.
◀

6

A Dichotomy

We first make Theorem 14 more concrete by identifying some interesting parameter settings.
One natural setting is where the number of queries is polynomial and the advantage is inverse
polynomial.
▶ Theorem 29. Suppose L is computable and there is a randomized polynomial-time nonadaptive reduction F from L to ω(log(|q|))-additively approximating Kolmogorov complexity
such that F is polynomially honest and has inverse polynomial advantage. Then L ∈
AM ∩ coAM.
Proof. We apply Theorem 14 with knM = poly(n), ϵ(n) = 1/ poly(n), and α(n) = O(log(n)).
Hence we have βn (q) = O(log(n)). Since F is polynomially honest, we have that βn (q) =
O(log(q)) for every q ∈ QM
x for x of length n. Hence by the conclusion of Theorem 14, we
have L ∈ AM ∩ coAM.
◀
Another natural setting is where the number of queries and the advantage are both
constant. In this case, we can get a conclusion from a smaller upper bound on the
approximation gap.
▶ Theorem 30. Suppose L is computable and there is a computable function η = ω(1) such
that there is a randomized polynomial-time non-adaptive reduction F from L to (2 log(K(q)) +
η(|q|))-additively approximating Kolmogorov complexity such that F makes O(1) queries, is
weakly honest and has advantage Ω(1). Then L ∈ AM ∩ coAM.
Proof. Let λ : N → N be an unbounded function such that F is λ-honest. When applying
Theorem 14, we choose knM = O(1) and ϵ(n) = Ω(1). We also choose α appropriately so
that βn (q) ≥ 2 log(K(q)) + η(|q|) - this is possible since F is weakly honest, by ensuring
α(λ−1 ) = o(η). Once more, applying Theorem 14 gives us the desired condlusion.
◀
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Theorem 29 supplies the first part of our dichotomy result. We require the following
result of Hirahara [28] for the second part of our dichotomy. This is Theorem 6.3 in [28],
where it is stated without mentioning the honesty property of the reduction. The proof of
Theorem 6.3 in [28] does yield a polynomially honest reduction.
▶ Theorem 31 ([28]). For any constant c ∈ N, there exists an EXPNP computable function
G = {Gn }, where Gn maps n − c log(n) bits to n bits, such that for any L ∈ NEXP, there
is a randomized polynomial-time polynomially honest non-adaptive reduction from L to
distinguishing G from uniform.
▶ Corollary 32. For every constant c ∈ N and any L ∈ NEXP, there is a randomized
polynomial-time non-adaptive reduction F from L to c log(|q|)-additively approximating
Kolmogorov complexity such that F is polynomially honest and has constant advantage.
Proof. Let c ∈ N , and let K ′ be any oracle that c log(|q|)-additively approximates
Kolmogorov complexity. Wlog we assume c ≥ 3 - note that establishing the conclusion for
a constant c also establishes it for any constant c′ ≤ c. Applying Theorem 31, we have
that there is a computable function G = {Gn }, where Gn maps n − 3c log(n) bits to n bits
such that for any L ∈ NEXP, there is a randomized polynomial-time polynomially honest
non-adaptive reduction from L to D, where D is any language distinguishing G from the
uniform distribution. We define D(q) = 1 if K ′ (q) < |q| − 1.5c log(|q|). Note that any output
of the generator G can be described with log(n) + n − 3c log(n) + O(1) bits, and hence
has Kolmogorov complexity < n − 2.5c log(n) for large enough n. This implies that for
every n-bit output y of the generator Gn , K ′ (y) < n − 1.5c log(n). On the other hand, with
probability at least 1 − 1/nc/2 over y ∼ Un . we have that K(y) ≥ n − 0.5c log(n), and hence
K ′ (y) ≥ n − 1.5c log(n). Thus K ′ does distinguish the output of Gn from uniform. Since D′
can be computed with a single deterministic query to K ′ of the same length as the input, we
have that for any L ∈ NEXP, there is a randomized polynomial-time polynomially honest
non-adaptive reduction from L to K ′ . Since this holds for any K ′ that c log(|q|)-additively
approximates Kolmogorov complexity, the result follows.
◀
Theorem 29 together with Corollary 32 establishes the dichotomy result in Theorem 3.

7

On Randomized Reductions to K t

In this section, we show limitations on randomized nonadaptive reductions to K t for
polynomially bounded t. We first need to define the notion of a hitting set generator.
▶ Definition 33. Given integers n and ℓ < n and rational error parameter ϵ ∈ [0, 1] with
ϵ ≥ 1/2n , a hitting set generator Hn,ϵ for size n with seed length ℓ and error ϵ is a function
from ℓ(n) bits to n bits, such that for any circuit Cn of size n, if Cn accepts at least an ϵ
fraction of inputs of length n, we have that Prz∈{0,1}ℓ [Cn (Hn,ϵ (z)) = 1] > 0. Given a function
ℓ : N × [0, 1] → N, we say that a sequence Hn,ϵ of functions is a polynomial-time computable
hitting set generator with seed length ℓ if for each integer n and rational ϵ ∈ [0, 1] such that
ϵ ≥ 1/2n , Hn,ϵ is a hitting set generator for size n with error ϵ and seed length ℓ(n, ϵ), and
moreover Hn,ϵ can be computed in time poly(n, log(1/ϵ)) when given n and ⌈log(1/ϵ)⌉ in
unary.
A key component of our proof is a construction of hitting set generators with optimal
dependence on ϵ in the seed length [19].
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▶ Theorem 34 ([19]). If E requires non-deterministic circuits of size 2Ω(n) , then there is a
polynomial-time computable hitting set generator H with seed length O(log(n)) + log(1/ϵ).
It is crucial for our results that the constant factor in front of the log(1/ϵ) term is 1; if
we could afford an arbitrary constant factor there, we would only need an assumption on
hardness for deterministic circuits. We note that the result of [19] is stated for ϵ with a fixed
dependence on n, but it is easy to see that their proof works also if log(1/ϵ) is given as an
independent parameter to the algorithm computing the hitting set generator.
We next use Theorem 34 to argue that under a standard derandomization assumptions, the
Kolmogorov complexity of a typical sample from a polynomial-time samplable distributions
does not differ by much from the time-bounded Kolmogorov complexity. We require that the
time bound when measuring time-bounded Kolmogorov complexity is large enough compared
to the time required for sampling.
▶ Lemma 35. Let t′ : N → N be a polynomially bounded function, and {Dm } be a sequence
of distributions samplable in time t′ (m), where for each m ∈ N, Dm is supported on m-bit
strings. Suppose that E requires non-deterministic circuits of size 2Ω(n) . Then there is
t : N → N such that t = poly(t′ ) and Prx∼Dm [K t (x) − K(x) = ω(log(m))] = 1/mω(1) .
Proof. Let {Dm } be a sequence of distributions, where Dm is supported on m-bit strings,
sampled by an algorithm A running in time t′ (m). Using the standard simulation of
′
deterministic time by circuit size, A can be simulated by a sequence of circuits {Cm
}, where
′
′
2
Cm is of size at most t (m) for large enough m. Also, let f = ω(log(m)) be an arbitrary
function.
Let z be a fixed string of length at most n = 2t′ (m)2 that is assigned probability ϵ by
Dm . We argue that the polynomial-time bounded Kolmogorov complexity of z is at most
log(1/ϵ) + O(log(n)), under the assumption that E required non-deterministic circuits of size
2Ω(n) . Indeed, under the given derandomization assumption, there is hitting set generator
H = {Hn,ϵ } with seed length O(log(n)) + log(1/ϵ)) computable in polynomial time as per
Definition 33. Let B be an algorithm that computes H in polynomial time.
′
We show that there must be at least one output r of Hn,ϵ such that Cm
outputs z on
′
′
input r. Indeed, consider a circuit Cn that on input r of length at most n, runs Cm
(r′ ) and
′
accepts iff the answer is z. Since z has probability ϵ according to Dm and Cm
samples from
Dm , we have that Cn accepts with probability at least ϵ on a uniformly random input. Since
Hn,ϵ is a hitting set generator, we have that at least one output r of the hitting set generator
′
is such that Cm
(r) = z.
Let y be the seed of length O(log(n)) + log(1/ϵ) for which Hn,ϵ (y) = r. We describe
z using the code of B, the string y and descriptions of n and ⌈log(1/ϵ)⌉ in binary. This
composite description is of size at most O(log(n)) + log(1/ϵ), and z can be computed in
time t = poly(n, log(1/ϵ)) from this description by running the algorithm B with parameters
n and log(1/ϵ) and input y to produce a string r, and then running A on r to produce
z. Hence K t (z) = O(log(n)) + log(1/ϵ). Let C be an explicit constant such that K t (z) ≤
C log(m) + log(1/ϵ) for large enough n.
In the next part of our argument, we show that the cumulative probability according to
Dm of strings with additive gap at least f (m) between Kolmogorov complexity and t-time
bounded Kolmogorov complexity is 1/mω(1) , establishing our result.
Partition all binary strings of length m into 2m groups as follows. The group Si , i ∈ [2m−1]
contains all strings of length m sampled with probability at most 1/2i−1 and greater than
1/2i from Dm . The group Sm contains all strings of length m sampled with probability at
most 1/22m−1 . We will obtain our upper bound on the likelihood of a large gap between K
and Kt complexity by using a union bound on the groups Si .

M. Saks and R. Santhanam

29:25

Consider any group Si , i ∈ [2m − 1]. Let g(m) = f (m) − C log(m). Since f (m) =
ω(log(m)), so is g(m). Call a string x of length m i-bad if x ∈ Si and K(x) ≤ i − g(m). By
the upper bound on Komogorov complexity, we have that there are at most 2i−g(m) = 2i /mω(1)
i-bad strings. Since each i-bad string is in Si , it has probability at most 1/2i−1 of being
sampled according to Dm , and therefore the cumulative probability of i-bad strings according
to Dm is at most 1/2i−1 · 2i /mω(1) = 1/mω(1) .
By the argument earlier in the proof, each string in Si has K t complexity at most
C log(m)+ log(1/2i ) = C log(m)+ i. Hence any string x ∈ Si such that K t (x) − K(x) ≥ f (m)
is i-bad, and the cumulative probability of all such strings according to Dm is 1/mω(1) . By a
union bound over i ∈ [2m − 1], we have that the cumulative probability of all strings with gap
at least f (m) between Kolmogorov complexity and t-time bounded Kolmogorov complexity
and that occur with probability greater than 1/22m in Dm is 1/mω(1) . Since there are only
2m m-bit strings, the cumulative probability according to Dm of strings from S2m is at most
2−m = 1/mω(1) . Hence, by another union bound, Prx∼Dm [K t (x) − K(x) = ω(log(m))] =
1/mω(1) , as desired.
◀
We note that a weaker version of Lemma 35, where the hypothesis is that E requires
Σp2 -oracle circuits of truly exponential size, is implicit in work of Antunes and Fortnow [16].
We require a couple of other well-known results. The first is a proposition shown using a
straightforward padding argument.
▶ Proposition 36. If every tally language in NTIME(n) is in coNP, then NE = coNE.
The second is a standard derandomization result.
▶ Theorem 37 ([38]). If there is an ϵ > 0 such that E does not have non-deterministic
circuits of size 2ϵn , then AM = NP.
Now we have the tools to state and prove the main result of this section, which also
appears as Theorem 6 in the Introduction.
▶ Theorem 38. Suppose that there is a polynomially bounded function t′ : N → N such that
for all large enough t = poly(t′ ), there is a randomized time t′ non-adaptive reduction that
is polynomially honest, has fixed query length and inverse polynomial advantage, from SAT
to ω(log(m))-additively approximating K t complexity. Then either E has non-deterministic
circuits of size 2o(n) infinitely often, or NE = coNE.
Proof. Suppose there is a randomized time t′ non-adaptive reduction R from SAT to
O(log(n))-additively approximating K t complexity with the properties specified in the
statement of the Theorem, where t = poly(t′ ) and the precise polynomial dependence is
to be specified later. We use Lemma 35 to show that under the assumption that E does
not have non-deterministic circuits of size 2ϵn for some ϵ > 0, R also reduces any tally
language in NTIME(n) to ω(log(m))-additively approximating K complexity, and then apply
Theorem 29.
Indeed, let L ∈ NTIME(n) be a tally language. By the Cook-Levin theorem, there is a
m-reduction from L to SAT running in time n polylog(n). This reduction is polynomially
honest and has fixed query length. By composing this reduction with the reduction R in the
assumption, we get that there is a randomized time t′′ non-adaptive reduction R′ from L
to ω(log(m))-additively approximating K t complexity, where the reduction is polynomially
honest and has fixed query length, and where t′′ = t(n polylog(n)) is polynomially bounded.
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Now we apply Lemma 35 to the sequence of distributions Dm sampled by running the
randomized reduction R′ on input 1m and outputting a random query 7 . Applying Lemma
35 and a union bound, we have that with probability 1 − 1/mΩ(1) over the randomness r
of R′ , all queries z asked on randomness r have |K(z) − K t (z)| = O(log(m)), and since the
reduction has inverse polynomial advantage, replacing an oracle that ω(log(m))-additively
approximates K t complexity with one that ω(log(m))-additively approximates K complexity
will preserve the answer of the reduction for each string 1m . Hence we have that the
hypothesis of Theorem 29 is satisfied, and we get that L ∈ AM ∩ coAM.
Using the assumption that E does not have non-deterministic circuits of size 2ϵn once
more and applying Theorem 37, we have that L ∈ NP ∩ coNP. Since this is the case for every
L ∈ NTIME(n), we can use Proposition 36 and conclude that NE = coNE, as desired.
◀

8

Future Directions

There are two obvious directions to pursue. The first is to extend our negative results to
other meta-complexity problems such as MCSP. As mentioned before, [43] unconditionally
rule out NP-hardness of MCSP under randomized sublinear-time projections, but nothing
seems to be known about less specialized forms of reduction.
The second is to obtain evidence against NP-hardness of meta-complexity problems with
respect to randomized adaptive reductions. An anonymous reviewer suggests that it might
be possible to use ideas from [17] to obtain interesting consequences from NP-hardness of
approximating Kolmogorov reductions with respect to randomized reductions with bounded
adaptivity.
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Limitations of Randomized m-Reductions to Approximating
Kolmogorov Complexity

In this section, we show that any language that has a low-error randomized polynomial-time
m-reduction to a gap version of the Kolmogorov random strings is solvable in Statistical Zero
Knowledge.
▶ Theorem 39. Let L be any decidable language such that there is a randomized polytime m-reduction with error 1/nω(1) from L to RK with gap g for some time-constructible
g = ω(log(n)). Then L ∈ SZK.
Proof. Let L be a language as in the statement of the theorem. Let f be a randomized
poly-time m-reduction with error 1/nω(1) to RK with gap g for some g = ω(log(n)).
We can assume without loss of generality that any query made by f on input x of length
n is of length p(n) for some polynomial p. Indeed, let p(n) be an upper bound on the
running time of f . We modify the reduction by “padding” any query made by f to length
m = 2p(n) as follows. Let c be the constant in the O(·) in Proposition 11. If the query q
is of length k, we sample a string y = r0(m−k)/2−2c log(n) where r ∈ {0, 1}(m−k)/2+2c log(n) is
chosen uniformly at random, and output the query qy. Observe that by Proposition 11, with
probability 1 − 1/nω(1) , if q is a YES instance of RK , then qy is a YES instance of RK , and
if q is a NO instance of RK , then qy is a NO instance of RK .
For each x ∈ {0, 1}∗ , f (x) is a random variable supported on {0, 1}2p(|x|) . We claim
that the following holds. If x ̸∈ L, the random variable f (x) has entropy at least p(|x|) −
g(2p(|x|))/2 + 1, and if x ∈ L, the random variable f (x) has entropy at most p(|x|) −
g(2p(|x|))/2 − 1.
We first show that the claim implies that L ∈ SZK, and then establish the claim. To see
that the claim implies L ∈ SZK, we use the fact that Entropy Difference is in SZK. Namely,
there is a statistical zero-knowledge protocol that, given a circuit C sampling a distribution
over m bits and a parameter s, accepts when the entropy of C is at least s + 1 and rejects
when the entropy of C is at most s − 1. Note that a circuit C sampling f (x) can easily be
computed from x. Since SZK is closed under poly-time m-reductions, we have that L ∈ SZK,
by reducing to Entropy Difference with parameter m/2 − g(m)/2.
Next we establish the claim. Assume for the sake of contradiction that the claim fails for
infinitely many inputs. Let {ni } be an infinite sequence of numbers such that the claim fails
for at least one input of length ni for each i, and let xi be the first input of length ni for
which the claim fails. Note that K(xi ) = O(log(ni )). The reason is that we can describe
xi by a program which has ni in binary encoded into it, and then searches for the first
string z of length ni such that the claim fails for z, i.e., either z ∈ L and the entropy of f (z)
is greater than p(|z|) − g(2p(|z|)/2 − 1, or z ̸∈ L and the entropy of f (z) is smaller than
p(|z|) − g(2p(|z|))/2 + 1.
Let i be large enough and xi be the first string of length ni for which the claim fails. Let
m = 2p(ni ). Either xi ∈ L and the entropy of f (xi ) is greater than m/2 − g(m)/2 − 1, or
xi ̸∈ L and the entropy of f (xi ) is smaller than m/2 − g(m)/2 + 1. We show that either case
leads to a contradiction.
In the first case, the random variable f (xi ) has entropy greater than m/2 − g(m)/2 − 1.
Then with probability at least 1/m over y ∈ {0, 1}m sampled from f (xi ), K(y) > m/2− g(m).
Indeed, if not, the entropy of f (xi ) is at most 1/m ∗ m + (1 − 1/m) ∗ (m/2 − g(m)) ≤
m/2 − g(m) + 1 < m/2 − g(m)/2 − 1, which contradicts the lower bound on the entropy of
f (xi ). But if K(y) > m/2 − g(m) with probability at least 1/m, the reduction cannot be
correct for xi ∈ L, as correctness of the reduction would imply K(y) ≤ m/2 − g(m) with
probability 1 − 1/nω(1) (as we could answer NO for all queries y with K(y) > m/2 − g(m)).

CCC 2022

29:30

On Randomized Reductions to the Random Strings

In the second case, the random variable f (xi ) has entropy at most m/2 − g(m)/2 + 1.
We show that in this case, with probability 1/nΩ(1) , y sampled from f (xi ) has K(y) < m/2,
which again contradicts the correctness of the reduction.
We show that with probability 1/nΩ(1) over y sampled from f (xi ), K(y|xi ) < m/2 −
ω(log(m)), from which the previous line follows using Proposition 11 and the fact that
K(xi ) = O(log(ni )) = O(log(m)). Indeed let k be the entropy of f (xi ) and let y1 . . . y2k+log(m)
be the first 2k+log(m) strings in the support of f (xi ) in order of decreasing probability, and
let Y be the set of these strings. Conditioned on xi , each such string can be described with
a program of size k + log(m) + O(log(m)), which is m/2 − ω(log(m)), using the facts that
k ≤ m/2 − g(m)/2 + 1 and g(m) = Ω(log(m)). We claim that with probability at least 1/m,
y sampled from f (xi ) belongs to Y . Indeed, if not, we have that with probability greater
than 1 − 1/m, y sampled from f (xi ) has probability at most 2−(k+log(m)) , and hence the
contribution to the entropy of f (xi ) from such strings is at least (1 − 1/m)(k + log(m)) > k,
which is impossible.
Thus we have that with probability 1/m, y sampled from f (xi ) belongs to Y , and that
each string in Y has Kolmogorov complexity smaller than m/2. But this contradicts the
correctness of the reduction, as xi is a NO instance, and hence with probability 1 − 1/nω(1) ,
y sampled from f (xi ) should have K(y) ≥ m/2 (as otherwise we could answer YES for all
queries y with K(y) < m/2 − g(m)).
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1

Introduction

Let C ⊂ ΣS be an evaluation code with evaluation domain S of size n and alphabet Σ. For
u ∈ ΣS , if ∆(u, C) > δ, we say that u is δ-far from C and δ-close otherwise. We address
the problem of proximity testing to a code C, i.e. given a code C and assuming a verifier
has oracle access to a function f : S → Σ, distinguish between the case where f ∈ C and f
is δ-far from C. In this paper, we focus on the case where C is an AG code. An algebraic
geometry (AG) code C = C(X , P, D) is a vector space formed by evaluations on a set P ⊂ X
of functions in the Riemann-Roch space LX (D). We address this problem in the Interactive
Oracle Proof model [15], which has demonstrated to be particularly promising for the design
of proof systems in the past few years.
Context of this work. Under the generic term of arithmetization [34], algebraic techniques
for constructing proof systems using properties of low-degree polynomials have emerged from
the study of interactive proofs [5, 24]. Arithmetization techniques have been enhanced and
fruitfully applied to other broad families of proof systems since then, including probabilistically
checkable proofs (PCPs, [6, 3, 2]). Loosely speaking, in a probabilistic proof system for a
binary relation R, the arithmetization process transforms any instance-witness pair (x, w)
into a word that belongs to a certain error-correcting code C if (x, w) ∈ R, and is very far
from C otherwise.
Since the seminal works of Kilian [31] and Micali [38], a lot of efforts have been put
into making PCPs efficient enough to obtain practical sublinear non-interactive arguments
for delegating computation. In search of reducing the work required to generate such
probabilistic proofs, as well as the communication complexity of succinct arguments based
on them, Interactive Oracle Proofs (IOPs, [15, 42]) have been introduced as a common
generalization of PCPs, IPs and IPCPs [28]
Considering for the first time univariate polynomials instead of multivariate ones, [19, 23]
constructed a PCP with quasilinear proof length and constant query complexity. Since then,
efficient transparent and zero-knowledge non-interactive arguments have been designed by
relying on Reed-Solomon (RS) codes, including [1, 10, 14, 13, 30, 22, 49]. At some point,
aforementioned sublinear arguments require a proximity test for RS codes.
As a solution, one can use an IOP of Proximity for Reed-Solomon codes (an IOP of
Proximity [12] is the natural extension to the IOP model of a PCP of Proximity). In an IOP
of Proximity (IOPP) for an error-correcting code, a verifier is given as input a code, has
oracle access to a function (a purported codeword) and interacts with a prover. After the
interaction, the verifier accepts if the function is indeed a codeword, and rejects with high
probability if the function is far from any codeword. We defer the formal definition of an
IOPP to Section 1.1.
The FRI protocol is a prover-efficient IOP of Proximity for testing proximity to ReedSolomon codes evaluated over well-chosen evaluation points (introduced by [9] and further
improved in [18, 16, 11]). It admits linear prover time, logarithmic verifier time and
logarithmic query complexity. While being sub-optimal for some parameters, the FRI
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protocol is highly-efficient in practice and is a crucial tool in systems deployed in the realworld. For instance, [12, 43] proposed IOPP constructions for RS codes with constant query
complexity whereas the FRI protocol has logarithmic query complexity.
The main drawback of RS codes is that they must have an alphabet size larger than
their length. AG codes [25], as evaluations of a set of functions at some designated rational
points on a given curve, extend the notion of Reed-Solomon codes and inherit many of their
interesting properties. Therefore, replacing RS codes with AG codes is not only natural but
has also led to improvements in the past. Examples of cryptographic applications of AG
codes include public key cryptography, distributed storage, secret sharing and multi-party
computation. A feature for a family of codes that facilitates arithmetization is a multiplication
property [37], namely the fact that the component-wise multiplication of two codewords
results in codewords in a code whose minimum distance is still good. This multiplication
property actually emulates multiplication of low-degree polynomials. Algebraic geometry
codes not only feature this multiplication property but may also have arbitrary large length
given a fixed finite field F, unlike RS codes.
Limitations of Reed-Solomon codes. We identify two limitations of using RS codes in
IOPs.
As mentioned earlier, RS codes are the simplest case of AG codes, but possess an inherent
limitation: the alphabet size must be larger than the block length of the code. Therefore,
practical IOP-based succinct arguments are designed over large fields.
The second limitation is related to the algebraic structure of the field. RS-IOPPs [19, 9]
require the set D ⊂ F of evaluation points to have a special structure. Concretely, the field
must contain a subgroup of large smooth order, typically a power of 2 which is larger than
the size of the non-deterministic computation to be verified. Depending on the applications
of succinct non-interactive arguments, a base field might already be imposed. This is for
instance the case for standard digital signature schemes. For computations whose size exceeds
the order of the largest smooth subgroup of the field, RS-IOPPs known to date can no longer
be used.
We observe that lowering the size of field elements may not significantly shorten the
length of IOP-based succinct non-interactive arguments (see [15]). There are, however, other
reasonable motivations to replace RS codes with AG ones. We explain below how AG codes
could circumvent the limitations of RS codes.
Why can AG codes be useful? First, working over smaller fields lowers the cost of field
operations1 . For concrete efficiency, complexity measures such as prover time and verifier
time are closely examined. Reducing significantly the size of the alphabet would have a direct
impact on the binary cost of arithmetic operations. Smaller fields could enhance efficiency of
proof systems since arithmetization of general circuits would be more efficient. Moreover, on
the prover side, the bit complexity of encoding codewords might be smaller.
A popular belief is that encoding with AG codes is an heavy task. It is surely true in
general, but there are explicit families of AG codes for which there are quasilinear time
encoding algorithms [8]. We discuss more about encoding in Section 1.3. On another note,
putting forward applications of AG codes can motivate the study of fast encoding algorithms
for AG codes, in particular in the computer algebra community.

1

Consider the application of checking the correct execution of a size n computation. Then an RS-based
IOP for this problem will work over a field of size Ω(n). This means that a single addition of two field
elements will cost Ω(log n) operations. If the IOP is instead based on a code with polylogarithmic-size
alphabet, the cost of a single addition is only Ω(log(polylog(n)).
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One may be concerned by the overhead of reducing the alphabet size when targeting a
soundness error less than 2−κ . Notice that it is possible to sample enough bits of randomness
from an extension field when needed, or to repeat only some parts of the protocol (see [44, 9]).
−1
For instance, the soundness error of our IOPP is bounded from below by |F| . Reaching the
targeting soundness requires to repeat the interactive phase of the IOPP s times, inducing a
κ
factor s ≃ log|F|
multiplicative overhead for the prover. A rough estimation of bit complexities
does not show evidence of a significant overhead. Overall, a proof system supporting small
fields might be more efficient: any part of the protocol which does not contribute to the
soundness error could benefit from cheaper field operations.
In addition, AG codes offer more flexibility on the choice of the field. For computations
of size n, we propose AG codes for which the field is not required to admit an n-th root of
unity (unlike RS-IOPP on a prime field). Specifically, for AG codes over Kummer curves,
the base field needs only to have a N -th root of unity, where N divides n. For AG codes
over curves in a Hermitian tower (which admits a polylogarithmic-size alphabet), our IOPP
does not involve any assumption on the alphabet, except that it must be a degree-2 extension
of a field Fq , where q is any prime power.
Finally, the question of whether there exist concretely efficient IOPPs for AG codes is
motivated by both a theoretical and practical perspective.

1.1

Definition of an IOPP for a code

We are specifically interested in public-coin IOP of Proximity (IOPP) for a family of evaluation
codes C , thereby we specify our definition for this particular setting. An IOPP (P, V) for a
code C is a pair of randomized algorithms, where both P (the prover) and V (the verifier)
receive as explicit input the specification of a code C ∈ C , C ⊆ ΣS . We define the input
size to be n = |S|. Furthermore, a purported codeword f : S → Σ is given as explicit input
to P and as an oracle to V. The prover and the verifier interact over at most r(n) rounds.
During this conversation, P seeks to convince V that the purported codeword f belongs to
the code C.
At each round, the verifier sends a message chosen uniformly and independently at
random, and the prover answers with an oracle. Verifier’s queries to the prover’s messages
are generated by public randomness and performed after the end of the interaction with the
prover. Thus, such an IOPP is in particular a public-coin protocol (or Arthur-Merlin [5]).
Let us denote ⟨P ↔ V⟩ ∈ {accept, reject} the output of V after interacting with P.
The notation Vf means that f is given as an oracle input to V. We say that a pair of
randomized algorithms (P, V) is an IOPP system for the code C ⊆ ΣS with soundness error
s : (0, 1] → [0, 1], if the following conditions hold:
Perfect completeness: If f ∈ C, then Pr[⟨P(C, f ) ↔ Vf (C)⟩ = accept] = 1.
Soundness: For any function f ∈ ΣS such that δ := ∆(f, C) > 0 and any unbounded
malicious prover P∗ , Pr[⟨P∗ ↔ Vf (C)⟩ = accept] ≤ s(δ).
The length of any prover message is expressed in the number of symbols of an alphabet
a(n). The sum of lengths of prover’s messages defines the proof length l(n) of the IOPP.
The query complexity q(n) is the total number of queries made by the verifier to both the
purported codeword f and the oracle sent by the prover during the interaction. The prover
complexity tp (n) is the time needed to generate prover messages during the interaction
(which does not include the input function f ). The verifier complexity tv (n) is the time spent
by the verifier to make her decision when queries and query-answers are given as inputs.
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Our results

In this section, we provide and overview of the three contributions of this paper. In all this
work, we state complexities in field elements and field operations, where the field is the
alphabet of the considered code. Asymptotic complexities are relative to the length of the
code.
The first one is a clear criterion for constructing IOPPs with linear proof length and
sublinear query complexity for AG codes. Our hope with this result is to open up new
possibilities for designing efficient probabilistic proof systems based on families of AG
codes with constant rate and constant distance.
The second contribution is a concrete instantiation for AG codes defined over Kummertype curves. This IOPP has strictly linear prover time and strictly logarithmic verification
(counted in field operations). Thus, we give a strict generalization of the FRI protocol for
codes of length n over an alphabet of size roughly n2/3 .
The third one is a concrete instantiation for AG codes defined over a tower of Hermitian
curves. Considering recursive towers enables to construct an IOPP for AG codes with
polylogarithmic-size alphabet. For those codes, we give an IOPP with quasilinear prover
time and polylogarithmic verification (counted in field operations).
Efficiency of our two AG-IOPP instantiations leverages the fact that proximity testing
for these families of AG code can be reduced to a proximity test for a small RS code.

Generic criterion for constructing AG-IOPPs
Let X be a curve defined over a finite field F, D a divisor on the curve X and P ⊂ X (F).
This defines an AG code C = C(X , P, D). We construct a sequence of curves
X := X0

π0

X1

π1

X2

π2

···

πr−1

Xr ,

so that Xi+1 arises as the quotient of the curve Xi by some automorphism subgroup Γi under
the quotient map πi .
Using these consecutive projection maps, we construct a sequence of AG codes (Ci )0≤i≤r of
decreasing length to turn the proximity test of the function f (0) = f to C0 into a membership
test of a function f (r) in Cr . We show that such a procedure is possible if there is a large
enough (with respect to the length of the code C0 ) group G in the automorphism group of X
and under some hypotheses on the divisor D (overviewed in Section 2.2, detailed in Section
4). An AG code fulfilling all the required conditions is called foldable.
Assuming that an AG code C(X , P, D) of blocklength n is foldable, we show that there
is an O(log n)-round IOPP for it, with linear proof length, sublinear query complexity and
constant soundness (see Theorem 42).
In general, we observe that the larger is the group G acting on X0 compared to n, the
smaller are the query complexity and the verifier decision complexity of the protocol.
However, we notice that the hypothesis on the size of G is not a necessary condition for
constructing an IOPP with sublinear verification. For instance, if the curve Xr is isomorphic
to the projective line P1 , we can continue to recurse in order to reduce even more the size of
the proximity testing problem. We propose two interesting families of AG codes for which it
is the case.
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Concrete IOPP for AG codes on Kummer curves
When X is a Kummer curve of the form y N = f (x), we show how to choose P and D to make
the AG code C = C(X , P, D) foldable. We benefit from the action of the group Z/N Z on X
that yields a quotient curve X /(Z/N Z) isomorphic to the projective line. This enables us to
define a sequence of codes (Ci )0≤i≤s such that C0 = C and the code Cs is a Reed-Solomon
code of dimension (deg D)/N + 1.
▶ Theorem 1 (Informal, see Theorem 43). Let C = C(X , P, D) ⊂ FP be a foldable AG code
defined over a Kummer curve X of equation X : y N = f (x) such that deg f = N ℓ − 1 for
some integer ℓ > 0 and N is a smooth integer, coprime with |F|. Assume F contains a
primitive N -th root of unity. The block length n := |P| is a multiple of N and satisfies
1/2
n < ℓN 2 |F| . Let f : P → F be a purported codeword. For every proximity parameter
δ ∈ (0, 1) and soundness ε ∈ (0, 1), there exists a public-coin IOPP system (P, V) for C with
perfect completeness and the following properties:
rounds
r(n) < log n,
proof length
l(n)
= O(n),
query complexity
q(n) = O(log n),
prover complexity
tp (n) = O(n),
verifier decision complexity tv (n) = O(log n).
It is worth noting that the Hermitian curve defined over Fq2 by y q+1 = xq + x satisfies
the hypotheses of the previous theorem. It is well known to be maximal, i.e. it has the
maximum number of rational points with respect to its geometry. Besides, we recall that
3/2
Hermitian codes over alphabet Σ support block length up to |Σ| .

Concrete IOPP for AG codes on towers of Hermitian curves
We recall that a tower of curves consists of an infinite sequence of curves
P1 = X0 ← X1 ← . . . ← Xn ← . . .
such that the number of rational points of the nth curve tends to infinity as n tends to
infinity. Towers of curves play a prominent role in the history of AG codes as they define
codes with outstanding length and correction capacity [47, 7].
The Hermitian tower is an example of the widely studied Artin-Scheier extensions [33, 45].
In this case, the curve Xi arises as the quotient of the curve Xi+1 above modulo the action of
a group of order q of the finite field Fq2 , the curve X0 being isomorphic to the projective P1 .
Therefore, one can test proximity to an AG code from one of the curves Xn by going down
along the tower and then testing proximity to a RS code, whose degree can be expressed
explicitly in terms of the initial AG code.
Beyond supporting polylogarithmic-size alphabet, AG codes over the Hermitian tower
happen to be more naturally “foldable”. In particular, no additional assumptions on the
alphabet are required.


We write polylog(n) for functions that are in O logk (n) for some k.
▶ Theorem 2 (Informal, see Theorem 46). Let C = C(X , P, D) ⊂ FP be a foldable AG code
over an alphabet F of size |F| = Ω(logk (n)) for some constant k. We denote n = |P|. Let
f : P → F be a purported codeword. For every proximity parameter δ ∈ (0, 1) and soundness
ε ∈ (0, 1), there exists a public-coin IOPP system (P, V) for C with perfect completeness and
the following properties:
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r(n) < log n,
l(n)
= O(n),
q(n) = polylog(n),
e
tp (n) = O(n),
tv (n) = polylog(n).

More on the practicality of AG codes

When constructing a proximity test for a code, it is assumed that the purported codeword
is given as input to the prover. Thus, the prover complexity is computed thereof. While
we heavily rely on the group of automorphisms of the curve for proving the existence of an
efficient IOPP for “foldable” AG codes, we emphasize that the work of the prover and the
verifier during the protocol is essentially to perform some univariate polynomial interpolation
tasks, with very small degree. In particular, neither the prover nor the verifier of the IOPP
system needs to run an encoding algorithm for AG codes.
However, keeping applications to code-based IOP constructions in mind, the running time
of the IOP prover is bounded from below by the time needed to encode codewords during
arithmetization. Fast encoding for AG codes is not the most widely studied computational
task, and is often a concern when suggesting constructions based on AG codes2 .
This is a reason why we focus our study on families of AG codes that are particularly
likely to lead to practical implementations, as we argue next. Specifically, our study includes
the two following subfamilies of one-point AG codes over small alphabets with constant rate
and distance.
The first family includes one-point AG codes over Kummer-type curves, and in particular
the notorious Hermitian curve. [8] proposed an encoding algorithm with quasilinear
e
complexity O(n).
Roughly speaking, [8] method consists in translating the encoding task
into a bivariate polynomial multipoint-evaluation problem. Assuming that the evaluation
points are well-structured, they view a bivariate polynomial in F[X, Y ] as a polynomial
in F[X][Y ] in order to evaluate it thanks to two univariate multipoint evaluations. It is
the same idea as the one for computing m-dimensional FFT from m (univariate) FFTs.
The second family of one-point AG codes arises from curves on the Hermitian tower and
has an alphabet size polylogarithmic in the block length of the code. It is very likely
that those codes could also be encoded in quasilinear time, by iteratively applying the
encoding method proposed by [8].
We also point out that bases for Riemann-Roch spaces related to these codes are explicitly
known.

1.4

Related work

We discuss works related to AG-based proximity testing. We emphasize that the motivation
behind existing works was only theoretical. In particular, the PCP techniques being used are
too complex to be implemented for verifying meaningful computations.
In 2013, [17] constructed a PCP with linear proof length and sublinear query complexity
for boolean circuit satisfiability by relying on AG codes. More precisely, for any ε > 0 and
instances of size n, their PCP has length 2O(1/ε) n and query complexity nε . When aiming

2

In general, the asymptotic cost of the task of encoding an arbitrary linear code of length n is O(n2 )
(using a generator matrix for the code).
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at optimal proof length and query complexity as small as possible, this result remains the
state-of-the-art PCP construction. By using AG codes, the authors of [17] reduced the field
size to a constant, which avoids a logarithmic blowup in proof bit-length (occurring e.g.
in [19] when using univariate polynomials of degree m to encode binary strings of length
m). In [17], the authors pointed out that they are not able to apply proof composition [3]
to reduce the query complexity of their PCP because the decision complexity of the PCP
verifier is too large (polynomial in the query complexity).
Improving on [17], [12] proposed an IOP for boolean circuit satisfiability with linear proof
length and constant query complexity. The IOP of [12] invoked the sumcheck protocol [34]
on O(1)-wise tensor product of AG codes, which exponentially deteriorates the rate of the
base code. Then, they use Mie’s PCP of Proximity for non-deterministic languages [39] to
test proximity to the tensored code. Both constructions benefit from the use of AG codes to
get constant size alphabet and linear proof bit-lengths.
A recent work of [43] constructed an IOPP for any deterministic language which can be
decided in time poly(n) and space no(1) . In particular, [43, Corollary 3.6] can be applied to
test proximity to AG codes. This IOPP outperforms our construction on some parameters: it
has constant round and query complexities, and proof length is slightly less than n. However,
it is unlikely that [43]’s IOPP leads to a concrete implementation, which is a motivation for
our work. Indeed, prover running time is polynomial, and the inner IOPP used for achieving
constant query complexity via proof composition is the heavy PCPP of [39]. Mie’s PCPP is
a theoretical and complex tool used to achieve constant query (e.g in [12, 13, 20]), but it is
seen as impractical3 .
By contrast, we exhibit two explicit families of AG codes for which we are able to construct
a proximity test with linear prover running time and logarithmic verification (for the first one)
and quasilinear prover time with polylogarithmic verification (for the second one). The main
point however, is that our construction is undoubtedly much simpler to implement: the most
complex task of the prover and the verifier is simply to perform univariate interpolations
(with very small degrees). The technical difficulties are in analyzing the conditions allowing
the construction, but the protocol itself is very similar to the FRI protocol. IOPP inspired
by the FRI protocol have the inherent barrier of logarithmic query complexity. However, in
practice, it is still the most efficient proximity test for Reed-Solomon codes known to date.

2

Technical Overview

Our IOPP construction relies on the generalization of the FRI protocol to AG codes. Let us
first recall some ideas behind the construction of FRI protocol (see e.g. [18] for a detailed
presentation). Then we shall describe how we tailor these ideas and which difficulties arise
to construct our IOPP for AG codes over curves of positive genus.

2.1

The FRI protocol for RS proximity testing

Let k be a positive integer and ρ ∈ (0, 1) such that ρ = 2−k . The FRI protocol allows to
check proximity to the Reed-Solomon code

RS [F, P, ρ] := f ∈ FP | deg f < ρ · |P|

3

Proposing an alternative to [39] which does not involve heavy PCP machinery would allow to narrow
the gap between the best constructions known in theory and the most efficient ones used in practice.
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by testing proximity to RS [F, P ′ , ρ] with |P ′ | < |P|. The FRI protocol considers a family of
′
′
linear maps FP → FP which randomly “fold” any function in FP into a function in FP . We
present in a simplified way three key ingredients that enable the FRI protocol to work.
a) Splitting of polynomials. For any polynomial f of degree deg f < ρn, there exist two
polynomials g, h of degree < 12 ρn such that


f (x) = g x2 + x · h x2 .

(1)

One may view such a decomposition as the result of the splitting of the space of polynomials
of degree less than ρn into two copies of the space of polynomials of degree less than
ρn/2.
b) Randomized folding. Choose P to be a multiplicative group of order 2r generated by
ω ∈ F. Then, define P ′ = ⟨ω 2 ⟩ = {x2 | x ∈ P}. Set π : F → F to be the map defined
by π(x) = x2 , observe that π(P) = P ′ . Moreover, |P ′ | = |P| /2. The structure of the
evaluation domain will allow to reduce the problem of proximity to one of half the size at
each round of interaction.
′
Based on the decomposition (1), define a folding operator Fold [·, z] : FP → FP for any
z ∈ F as follows:
Fold [f, z] := g + zh.
If deg f < ρn, both functions g : P ′ → F and h : P ′ → F belong to RS [F, P ′ , ρ]. Then for
any random challenge z ∈ Fq , the operator Fold [·, z] maps RS [F, P, ρ] into RS [F, P ′ , ρ].
c) Distance preservation after folding. Except with small probability over z, we have that if
∆(f, RS [F, P, ρ]) ≥ δ, then
∆ (Fold [f, z] , RS [F, P ′ , ρ]) ≥ (1 − o(1))δ.
The protocol then goes as follows: the verifier sends a random challenge z ∈ F and
the prover answers with an oracle function f ′ : P ′ → F, which is expected to be equal to
Fold [f, z] : P ′ → F. At the next round, f ′ becomes the function to be “folded”, and the
process is repeated for r rounds. Each round reduces the problem by half, eventually leading
to a function f (r) evaluated over a small enough evaluation domain. This induces a sequence
of Reed-Solomon codes of strictly decreasing length. The code rate remains unchanged, and
so does the relative minimum distance. The final test consists in testing that f (r) belongs to
the last RS code.
Perfect completeness follows from Item b. Prover and verifier efficiencies of the FRI
protocol come from the possibility of determining any value of Fold [f, z] at a point y ∈ P ′
with exactly two values of f , namely on the set π −1 ({y}). Consequently, a single test of
consistency between f and f ′ requires only two queries to f and one query to f ′ .
Soundness of the protocol relies notably on Item c. It is proved using results about
distance preservation under random linear combinations, that could be roughly stated as
follows: “Let V ⊂ Fnq be a linear code and g, h ∈ Fnq . As long as δ is small enough, if
we have ∆(g + zh, V ) ≤ δ for enough values z ∈ Fq , then both g and h are δ ′ -close to
V , where δ ′ = (1 − o(1))δ.” (see [9, 18, 16, 11]). Based on that, one can deduce that if
Fold [f, z] = g + zh is δ-close to V for enough values of z, then both g and h are δ ′ -close
from V . The idea of the proof of Item c is to exhibit a codeword which is δ-close from f ,
based on the decomposition of Item a.
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▶ Remark 3. We point out that Item c holds because the functions g and h appearing in the
decomposition (1) have exactly the same degree. This arises from the crucial fact that the
FRI protocol considers only RS code of dimension a power of 2. This means that the RS
code is defined by polynomials of degree at most an odd bound.
Let us give a glimpse of what happens when f is expected to have degree at most an
even integer, say 2d. The degrees of the functions g and h appearing in the decomposition
(1) of f are respectively deg g ≤ d and deg h ≤ d − 1. Therefore, if deg f ≤ 2d, then g + zh
corresponds to a polynomial of degree ≤ d. However, knowing that g + zh is a polynomial
of degree ≤ d with high probability on z only tells us that both g and h are of degree ≤ d,
which is not enough to deduce that f has degree ≤ 2d and not 2d + 1. It is worth noting
that words corresponding to a polynomial of degree 2d + 1 are among the farthest words
from the RS code of degree ≤ 2d. In the univariate case, one can overcome this obstacle by
supposing not only deg g, deg h ≤ d but also deg(νh) ≤ d for a degree-1 polynomial function
ν. This implies that deg h < d, hence deg f ≤ 2d.

2.2

Our IOPP for AG proximity testing

Let X be a curve defined over a finite field F and C = C(X , P, D) be an AG code. We aim
to adapt the three ingredients of the FRI protocol to the AG context.
Group actions and Riemann-Roch spaces. The splitting of the polynomial f into an even
and an odd part in (1) comes from the action of a multiplicative group of order 2 on the
evaluation set P. This observation is also true with the actual FRI protocol, which sets π
to be an affine subspace polynomial. This phenomenon is likely to occur in a more general
framework.
As soon as a group Γ of order p acts on the curve X , its action naturally extends onto
the functions on X . Let us denote by π the canonical projection π : X → X /Γ. If we are
able to write the Riemann-Roch space associated to D as following
f=

p−1
X

µj fj ◦ π with fj ∈ LX /Γ (Ej ),

(⋆)

j=0

for some function µ on the curve X and some divisors Ej on the quotient curve that are
explicitly expressed in terms of the divisor D, then we can mimic the decomposition (1) used
in the FRI protocol.
Now assume that no point of P is fixed by Γ, i.e. for every P ∈ P and γ ∈ Γ, γ · P =
̸ P.
Set P ′ = π(P). Polynomial interpolation enables the determination of fj (P ) for any point
P ∈ P ′ with exactly p values of f , namely on the set π −1 ({P }). This means that the
decomposition (⋆) can be written for any function in FP , not only for elements of LX (D).
Folding operators. From the decomposition (⋆) above, we want to define a family of
′
folding operators (Fold [·, z])z∈F from FP to FP and a code C ′ = C(X /Γ, P ′ , D′ ) such that
Fold [·, z] (C) ⊆ C ′ .
In a first approach, one could choose to define the folding operators similarly to the FRI
protocol by setting for z ∈ F,
Fold [f, z] =

p−1
X
j=0

z j fj
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where the functions fj come from the decomposition (⋆) of f ∈ FP . With this definition, the
code C ′ has to be associated to a divisor D′ on X /Γ such that each Riemann-Roch space
LX /Γ (Ej ) can be embedded into LX /Γ (D′ ).
The best scenario is when the divisor D yields a decomposition of LX (D) as p “copies” of
the same Riemann-Roch space, as it is the case with Reed-Solomon codes of even dimension.
Unfortunately, to the best of our knowledge, it is unlikely that all divisors Ej involved in the
decomposition (⋆) of f are the same (or even equivalent) if X is not the projective line. We
are then facing an issue analogous to the one described in Remark 3 on P1 .
Therefore, such a choice of the folding operators does not guarantee the soundness of
our protocol. We thus aim to adapt the idea at the end of Remark 3 to the AG setting. We
introduce some balancing functions νj such that, for every fj ∈ C ′ , if the product νj fj also lies
in C ′ , then the function fj belongs to the desired Riemann-Roch space LX /Γ (Ej ). Defining
such a balancing function νj is tantamount to specify its pole order at the points supporting
the divisor D′ . The existence of all the functions νj thus depends on the Weierstrass
semigroup of these points (see [26, Section 6.6] for definition) and does not hold for any
divisor D′ . If such balancing functions exist for a divisor D′ , we say that D′ is compatible
with D. Finding a convenient divisor D′ compatible with a given divisor D is definitely the
trickiest part in defining the folding operators properly.
Once we have a divisor D′ that is D-compatible, we shall embed additional terms in the
folding operators to take account of the balancing functions. We shall use more randomness
so as not to double the degree in z to avoid a loss in soundness. For (z1 , z2 ) ∈ F2 , we set
Fold [f, (z1 , z2 )] =

p−1
X
j=0

z1j fj

+

p−1
X

z2j+1 νj fj .

j=0
′

We prove that Fold [·, (z1 , z2 )] (C) ⊆ C ′ , the function Fold [f, (z1 , z2 )] ∈ FP can be locally
computed from p values of f , and Fold [·, (z1 , z2 )] preserves the distance to the code.
Finding a decomposition (⋆). Such a decomposition exists for a cyclic group Γ = ⟨γ⟩ whose
order is coprime with the characteristic. A result of Kani [29] states that, in this case, there
exists a function µ on X satisfying (⋆) such that γ · µ = ζµ where ζ is a primitive root of
unity of order |G|. Moreover, the divisor Ej can be explicitly written in terms of the divisor
D and the function µ.
Alternatively, if a basis of LX (D) is explicitly known, we may also be able to exhibit such
a decomposition without invoking Kani’s theorem for some cyclic group of order divisible by
the characteristic. This is exactly the strategy we use to design an IOPP for AG codes along
the Hermitian tower.
Soundness preservation. The soundness of the protocol depends on the relative minimum
distance of the codes C and C ′ . Ideally , we would like the rates of the codes C and C ′ to
be roughly equal to prevent the relative minimum distance from dropping. In particular, we
need LX /Γ (D′ ) to be not too large with respect to the components LX /Γ (Ej ).
A natural idea would be to choose D′ as the divisor Ej with the largest Riemann-Roch
space. However, balancing functions only exists for some well-chosen divisors D′ , whose degree
can be significantly larger than the degree of the divisor Ej in (⋆). Therefore, the divisors D
and D′ have to be carefully chosen to prevent the minimum distance from collapsing.
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Sequence of “foldable” AG codes. With the goal of iterating the folding process in mind,
we assume that the base curve X0 := X is endowed with a suitable acting group G that we
decompose into smaller groups Γ0 , Γ1 , . . . , Γr−1 to fragment its action and create intermediary
quotients
X0

π0

X1

π1

X2

π2

···

πr−1

Xr ,

where the morphism πi : Xi → Xi+1 is the quotient map by Γi . For instance, a sufficient
condition on the group G to have such a sequence is the solvability.
A code C = C(X , P, D) is said to be a foldable AG code (Definition 8) if we are able to
construct a sequence of AG codes Ci := C(Xi , Pi , Di ) that support a family of randomized
folding operators Fold [·, z] : FPi → FPi+1 with the desirable properties for our IOPP (i.e.
Fold [·, z] (Ci ) = (Ci+1 ), local computability, distance preservation to the code). Moreover,
to ensure that the last code Cr has sufficiently small length and to obtain an IOPP with
e
sublinear query complexity, we require the size of G to be greater than |P| for a certain
e ∈ (0, 1). Details are provided in Section 4.

3

Preliminaries

We start with some reminders on important terms and notations related to the theory of AG
codes. We refer readers to [48, 45] for further details on these notions. We will always use F
to denote a finite field.

3.1

Functions and divisors on algebraic curves

Let X be an algebraic curve defined over a field F. Let F be an algebraic closure of the field
F. We denote by X (F) the set of its F-rational points and Aut(X ) its automorphism group.
P
nP P . We say that the divisor D
A divisor D on X is a formal sum of points D =
is effective if nP ≥ 0 for every point P . The support of D, denoted by Supp(D), is the
set of points P for which the coefficient nP is non zero. We will always consider rational
divisors, whose support only consists in Fq -rational points. We define the degree of D equals
P
deg D :=
nP .
The set of divisors on the curve X forms an additive group, denoted by Div(X ). It is
endowed with a partial order relation ≤ such that D ≤ D′ if D′ − D is effective. An element
f of the function field F := F(X ) of the curve X defines a divisor
divF (f ) =

X

vP (f )P

P ∈X

where vP (f ) is the valuation of the function f at the point P . The index F will be omitted
when the context is clear.
We denote by div0 (f ) (respectively div∞ (f )) the positive (respectively negative) part of
the principal divisor div(f ), i.e.
div0 (f ) =

X
P ∈X
vP (f )>0

vP (f )P

and

div∞ (f ) =

X

vP (f )P

P ∈X
vP (f )<0

so that div(f ) = div0 (f ) − div∞ (f ). The divisors div0 (f ) and div∞ (f ) correspond to the
loci of zeroes and poles respectively.
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Let ϕ : X → X ′ be a map between two algebraic curves. It induces a pull-back map
P
ϕ : F(X ′ ) → F(X ) defined by ϕ∗ f = f ◦ ϕ for f ∈ F(X ′ ). For D = P np P ∈ Div(X ), the
P
push-forward of D is the divisor on X ′ defined by π∗ (D) = P nP ϕ(P ).
The Riemann-Roch space of a divisor D ∈ Div(X ) is the F-vector space defined by
∗

LX (D) = {f ∈ F(X ) | divF (f ) + D ≥ 0} ∪ {0}.
The subscript specifying the curve in LX (D) is omitted when it is clear from the context. If
D′ ≤ D′ , then LX (D) ⊆ LX (D′ ).
As usual, given a real number α, ⌊α⌋ denotes the biggest integer less than or equal to α
and ⌈α⌉ the smallest integer bigger than or equal to α.
P
4. Let D =
nP P ∈ Div(X ). For any positive integer n, we denote by
▶1 Definition

D
∈
Div(X
)
the
divisor
defined
by
n


X j nP k
1
P.
D :=
n
n

3.2

Algebraic geometry codes

Throughout this paper, the term code will refer to a linear code, i.e. a linear subspace of Fn ,
where n is the length of the code.
Take D ∈ Div(X ) and P ⊂ X (F) of size n := |P| such that Supp(D) ∩ P = ∅. The
Algebraic Geometry (AG) code C = C(X , P, D) is defined as the image under the evaluation
map
ev : L(D) → Fn .
The integer n is called the length of C. The dimension of C is defined as its dimension as
F-vector space. We denote by ∆(C) the relative minimum distance of C, i.e.
∆(C) = min {∆(c, c′ ) | c, c′ ∈ C and c ̸= c′ } .
In particular, AG codes on X = P1 correspond to Reed-Solomon codes. The AG code C
is said to be one-point if the support of D consists in a single point.
By the Riemann-Roch theorem, if deg D ≥ 2g − 1 where g is the genus of the curve X ,
then dim LX (D) = deg D − g + 1. Moreover, if deg D < n, the evaluation map is injective
and the Riemann-Roch theorem gives the dimension of the associated AG code. In this case,
the minimum distance is bounded from below by n − deg D.
The divisor D will always be chosen so that the map ev is injective. Therefore, the
elements of Fn will be regarded as functions in FP , and elements of C simply as functions in
the Riemann-Roch space L(D).

3.3

Group and action

A finite group G is said to be solvable if there exists a sequence of subgroups of G
G = G0 ▷ G1 ▷ · · · ▷ Gr = 1,
such that Gi+1 is a normal subgroup of Gi and each factor group Gi /Gi+1 is abelian. Such a
sequence is called a normal series. If G is solvable, its cardinality equals the product of the
sizes of the factor groups. Additionally, a normal series of G is a composition series of G if
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each Gi+1 is a maximal proper normal subgroup of Gi . In the case where G is a finite group,
we have that G is solvable if and only if G has a composition series whose factor groups are
cyclic groups of prime order.
Let X be an algebraic curve. A group Γ is said to act on the curve X if Γ is a subgroup
of the automorphism group Aut(X ). The stabilizer of a point P ∈ X is the subgroup
ΓP = {γ ∈ Γ | γ · P = P } ⊂ Γ.
P
A divisor D = P nP P ∈ Div(X ) is said to be Γ-invariant is nP = nγ·P for all P ∈ X and
γ ∈ Γ.
The action of Γ on X gives a projection π : X → X /Γ onto the quotient curve X /Γ. A
point Q ∈ X /Γ is called a ramification point if the number of preimages of Q by π is not
equal to |Γ|. Equivalently, Q is a ramification point if one of its preimages has a non-trivial
stabilizer.

4

Setting of AG codes compatible with proximity test

In this section, we display a workable setting for the construction of an IOPP system (P, V)
to test whether a given function f : P → F is close to the evaluation of a function in a given
Riemann-Roch space. As the idea is to iteratively reduce the problem of testing proximity to
C(X , P, D) to testing proximity to a smaller AG code, we introduce a sequence of suitable
AG codes of decreasing length.

4.1

Sequence of curves

Fix a curve X defined over F, a finite solvable group G ⊆ Aut(X ) and a sequence
G := (G0 , G1 , . . . , Gr )
such that
G = G0 ▷ G1 ▷ · · · ▷ Gr = 1,

(2)

is a normal series for the group G.
For i ∈ {0, . . . , r − 1}, we denote by Γi the (abelian) factor group Γi := Gi /Gi+1 and by
pi the order of Γi . We have that the cardinality of G equals
|G| =

r−1
Y

|Γi | =

i=0

r−1
Y

pi .

i=0

The group Γ0 acts on X0 := X , as a factor group of G. We thus define the quotient curve
X1 := X0 /Γ0 . The group Γ1 acts trivially on the orbits under Γ0 . Repeating the process for
every i ∈ {0, . . . , r − 1} defines a sequence of curves recursively as follows:
X0 := X and Xi+1 := Xi /Γi .
We set Fi := F(Xi ) and we denote by πi : Xi → Xi+1 the canonical projection modulo the
action of Γi . Even if the sequence of curves (3) depends on the derived series (2) of G, the
last curve Xr is always isomorphic to the quotient X /G:
Γ0

Γ1

X0

π0

Γi+1

Γi

X1

π1

···

πi

Xi

πi+1

Xi+1

···

πr−1

Xr .

(3)

▶ Definition 5. A sequence of curves constructed as above will be called a (X , G)-sequence.
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Sequence of codes

Let (Xi ) be a (X , G)-sequence. For any i ∈ {0, . . . , r − 1}, the factor group Γi which acts on
the curve Xi is abelian of order pi .
For i ∈ {0, . . . , r}, we aim to define an AG code Ci ⊂ FPi associated to a divisor
Di ∈ Div(Xi ) and an evaluation set Pi . The rest of this subsection is dedicated to the choice
of the sets Pi and the divisors Di .

4.2.1

Evaluation points

From a set P0 ⊂ X (F), we want to recursively define a sequence of set of points (Pi ) such
that Pi ⊆ Xi (F) and Pi+1 = πi (Pi ).
For our protocol, we need for each i ∈ {0, . . . , r − 1} that every point in Pi+1 admits
exactly pi preimages under πi . Since the last curve Xr is isomorphic to the quotient X /G, it
is necessary and sufficient that the first set P0 ⊂ X0 is a union of G-orbits of size |G|, i.e.
that G acts freely on P0 .

4.2.2

Divisors

Fix a divisor D0 ∈ Div(X0 ) that is globally Γ0 -invariant. This way, the support of D0 does
not meet the set P0 . For the sake of simplicity, we will assume that D0 is in fact supported
by Γ0 -fixed points. To make our protocol complete and sound, we need the sequence of
divisors (Di ) to have the following properties:
the divisor Di is supported by Γi -invariant points;
for each divisor Di , its associated Riemann-Roch space admits a nice decomposition
(given in (4) below);
at each step, a divisor Di+1 needs to be compatible with Di and the decomposition of
LXi (Di ) in the sense of Definition 7 below.
▶ Definition 6. Let i ∈ {0, . . . , r − 1}. Fix a divisor Di ∈ Div(Xi ) and a function µi ∈ Fi .
We say that µi partitions LXi (Di ) (with respect to the action of Γi ) if
LXi (Di ) =

pM
i −1

µji πi∗ LXi+1 (Ei,j )

(4)

j=0

with


Ei,j


1
:=
πi∗ (Di + j divFi (µi )) ∈ Div(Xi+1 ) for j ∈ {0, . . . , pi − 1} ,
pi

(5)

where the floor function of a divisor is given in Definition 4.
▶ Definition 7. Let i ∈ {0, . . . , r − 1}. Fix a divisor Di ∈ Div(Xi ) and a function µi ∈ Fi
such that µi partitions LXi (Di ). A divisor Di+1 ∈ Div(Xi+1 ) is said to be compatible with
(Di , µi ) if both assertions hold.
1. for every j ∈ {0, . . . , pi − 1}, Ei,j ≤ Di+1 ,
2. for every j ∈ {0, . . . , pi − 1}, there exists a function νi+1,j ∈ F(Xi+1 ) such that
div∞ (νi+1,j ) = Di+1 − Ei,j .

(6)

The functions νi+1,j are called balancing functions.

CCC 2022

30:16

Interactive Oracle Proofs of Proximity to Algebraic Geometry Codes

In Definition 7, the first requirement implies that L(Ei,j ) ⊆ L(Di+1 ). The second one
means that a function fj belongs to L(Ei,j ) if and only if the product νi+1,j fj lies in L(Di+1 ).
We have now described all the key components to formally define the notion of foldable
codes.
▶ Definition 8 (Foldable AG codes). Let C = C(X , P, D) be an AG-code. This code is said
to be foldable if the following conditions are satisfied.
1. There exists a finite solvable group G ∈ Aut(X ) that acts freely on P : a normal series of
G (2) provides a (X , G)-sequence of curves (Xi );
e
2. There exists e ∈ (0, 1) such that |G| > |P| ;
3. There exist some sequences of functions (µi ) and divisors (Di ) where µi ∈ Fi , D0 = D
and Di ∈ Div(Xi ) such that, for every i ∈ {0, . . . , r − 1}, all the following properties hold:
a. the divisors Di are supported by Γi -fixed points,
b. the function µi partitions LXi (Di ) (Definition 6),
c. the function µi maps distinct points in the same Γi -orbit to distinct values: for every
γi ∈ Γi and P ∈ Pi , we have µi (P ) = µi (γi (P )) if and only if γi is the identity map,
d. Di+1 is (Di , µi )-compatible (Definition 7).
The second requirement given in Definition 7 is definitely compelling and requires some
geometric knowledge about the curves Xi . Indeed, on a general curve, not every effective
divisor is the poles locus of a function. Characterizing which effective divisors arise this way
is at the heart of the Weierstrass gaps theory. Nonetheless, the existence of the balancing
functions νi+1,j happens to be the main ingredient in Lemma 41, which will take a prominent
role in the design of our IOPP.
To prevent the relative minimum distance of the code Ci+1 from collapsing and thence
ensure a good soundness of the protocol designed in Section 7, one may be tempted to
take Di+1 as one of the divisors Ei,j (5) that appear in the decomposition (4) of LXi (D).
However the Weierstrass gaps theory indicates that balancing functions exist only when
choosing a (Di , µi )-compatible divisor Di+1 whose degree may be unexpectedly substantial
(an illustration of this situation will be given in Example 20). Therefore, to broaden the
spectrum of foldable codes, we do not make this additional hypothesis.
Condition 3c in Definition 8 is necessary for the completeness of our protocol. If the
divisors Di have degree sufficiently large, it is always fulfilled, as proven in the following
lemma.
▶ Lemma 9. Let us assume that a function µi ∈ Fi partitions LXi (Di ) with respect to the
action of Γi for some divisor Di ∈ Div(Xi ). Let us denote by gi the genus of the curve Xi . If
deg(Di ) ≥ 2gi + 1, then µi takes different values at points lying in the same orbit under Γi .
Proof. Let us assume by contradiction that there exists two distinct points P and Q on Xi
such that πi (P ) = πi (Q) and µi (P ) = µi (Q). By Definition 6, every function f in L(Di )
P j
can be written f =
µi fj ◦ πi some some functions fj on the quotient curve Xi+1 . Then,
for every f ∈ L(Di ), we have f (P ) = f (Q). In particular, this means that a function of
L(Di ) vanishes at P if and only if its vanishes at Q. Therefore, the Riemann-Roch spaces
L(Di − P ) and L(Di − P − Q) are equal, which contradicts the Riemann-Roch theorem,
since deg(Di − P − Q) ≥ 2gi − 1.
◀

4.3

RS codes are foldable AG codes

Reed-Solomon codes are AG codes on the projective line P1 . Moreover the Riemann-Roch
space LP1 (dP∞ ) on P1 for P∞ = [0 : 1] is isomorphic to the set of polynomials of degree (less
than or equal to) d.

S. Bordage, M. Lhotel, J. Nardi, and H. Randriam

30:17

In this case, the decomposition (4) is nothing but the splitting of a polynomial into
an even part and an odd part, which plays a crucial role in the FRI protocol when the
characteristic is not 2.
To make both points of view coincide, let us consider the involution γ : [X0 : X1 ] 7→
[−X0 : X1 ]. It generates a group isomorphic to Z/2Z and the quotient of P1 by this group is
obtained as the image by π : [X0 : X1 ] 7→ [X02 : X12 ].
0
The divisor D := dP∞ is invariant under γ. Let us choose µ as the function x = X
X1 . We
have div(x) = P0 − P∞ with P0 = [1 : 0]. Noticing that π∗ (P∞ ) = P∞ and π∗ (P0 ) = P0 , we
get

 
 

1
1
d−1
π∗ (D + (x)) =
((d − 1)P∞ + P0 ) =
P∞ ,
2
2
2
and the Riemman-Roch space LP1 (dP∞ ) is split into two parts:
 




d
d−1
LP1 (dP∞ ) = π ∗ LP1
P∞ + xπ ∗ LP1
P∞ .
2
2
We recover
of a polynomial of degree d into even and odd parts of respective


 the decomposition
.
degrees d2 and d−1
2
▶ Remark 10. The function µ is not unique: any odd polynomial of x would make a suitable
choice for µ.
Now, let us remark that the RS code

V := f ∈ FP ; deg f ≤ d = C(P1 , P, dP∞ )
is a foldable AG code, for any P ⊂ F of size |P| = 2r for a certain integer r and any degree
bound d. We shall then retrieve the construction of the RS proximity test of [9].
Firstly, the finite solvable group Z/2r Z of size |P| acts on P1 via [X0 : X1 ] 7→ [X0 , ξX1 ],
where ξ is a primitive 2r -th root unity. It clearly fulfils the two first items of Definition 8.
When considering its composition series
Z/2r Z ▷ Z/2r−1 Z ▷ · · · ▷ 1

(7)

and the action of the corresponding factor group Γ = ⟨γ⟩ ≃ Z/2Z, we obtain a trivial
sequence of curves (Xi ) with Xi = P1 for all i. Next, consider the sequence (µi ) with

1
:= d, and for any i ∈ {0, . . . , r − 1}, di+1 := d2i .
µi = µ = x := X
X0 , then γµ = −µ. Set d0
 
Note that there exists r′ < r such that dr′ , . . . , dr are all equal to 0. Setting Di = d2i P∞ ,
we have Γi -invariant divisors fulfilling the compatibility condition
  digiven
 in Definition 7, by
di
−1
letting νi+1,j to be the constant function equal to 1 if 2 =
, and νi+1,j : x 7→ x
2
otherwise.

4.4

Splitting Riemann-Roch spaces according to a cyclic group of
automorphisms

The first requirement to make a sequence of codes foldable is the splitting the RiemannRoch spaces as in (4), which mimics the decomposition in odd and even parts of univariate
polynomials. Under some additional hypotheses, a decomposition like (4) always exists. Let
us detail this framework.
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Let X be a smooth irreducible curve over a field F and let Γ be a cyclic group of order m
generated by an element γ that acts on F(X ) × F. Assume that m and the characteristic
of F are coprime and consider ζ ∈ F a primitive mth root of unity, lying in some algebraic
closure F of F.
Set Y := X /Γ and π : X → Y be the canonical projection morphism.
Fix a Γ-invariant divisor D ∈ Div(X ). We want to exhibit a relation between the
Riemann-Roch space LX (D) and some Riemann-Roch spaces on Y. The group Γ acts on the
vector space LX (D) via γ · f = f ◦ γ. By representation theory,
LX (D) =

m−1
M

LX (D)j ,

j=0

where LX (D)j := {g ∈ LX (D) | γ · g = ζ j g}.
One of the key ingredients of this section is a theorem due to Kani [29], which we
reformulate here in the case where Γ is cyclic.
▶ Theorem 11 ([29]). Let Γ = ⟨γ⟩ be a cyclic group that acts on F(X ) × F. Assume that the
order m = |Γ| is coprime with |F|. Then the two following statements hold.
1. There exists a function µ ∈ F(X ) such that γ · µ = ζµ.
2. For any Γ-invariant divisor D ∈ Div(X ), when considering the Riemman-Roch spaces
over the algebraic closure F, we have
 


1
LX (D)j ⊗ F ≃ µj π ∗ LY
(8)
π∗ (D + j div(µ))
⊗F .
m
▶ Remark 12. If the function µ is defined over the base field F then the decomposition (8) is
valid when considering F-vector spaces:
 

1
j ∗
LX (D)j ≃ µ π LY
π∗ (D + j div(µ))
.
m
In practical instantiations, we are always able to choose µ defined over F, even when ζ
does not belong to F. For instance, in the case of Kummer curves (see Section 5), the
decomposition provided by Theorem 15 is always valid. However, as the evaluation set P
needs to be formed of orbits of size |G|, instantiations require this primitive root to belong to
F.
Let us highlight that Theorem 11 does not apply on the Hermitian tower, as the degree of
the Artin–Schrieir extensions is not coprime with the characteristic.
To handle the divisors that appear in the decomposition above, we need to get a better
grasp on the zeroes and the poles of the function µ. If the group action fixes the field of
constants, the ramification points of π are zeroes or poles of the function µ, as stated in the
following lemma.
▶ Lemma 13. Assume that Γ = ⟨γ⟩ is a cyclic group of order m which fixes the mth primitive
root ζ. Let P be a point of X whose stabilizer ΓP is non-trivial. Then P ∈ Supp(µ).
Proof. By hypothesis, there exists j ∈ {1, . . . , m − 1} such that γ j ∈ ΓP . Then
(γ j · µ)(P ) = ζ j µ(P )
= µ(P )

by definition of µ in Th. 11,
because γ j ∈ ΓP .

Since ζ j ̸= 1, the point P is either a pole or a zero of µ.

◀
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Foldable AG codes on Kummer curves

5.1

Preliminaries

Let us consider a Kummer curve over a finite field F defined by an equation of the form
X : y N = f (x) =

m
Y

(x − αℓ )

(9)

ℓ=1

where f is a degree-m separable polynomial of F[X], gcd(N, m) = 1 and αℓ ∈ F for all
ℓ ∈ {1, . . . , m}. Let us denote by Pℓ the affine point (αℓ , 0) and P∞ the unique point of X
lying on the line at infinity.
Sequence of curves. Assume that gcd(N, |F|) = 1. The group Z/N Z acts on X via the
morphism (x, y) 7→ (x, ζy) where ζ is a primitive N th root of unity. We assume that ζ
belongs to F.
Qs−1
The cyclic group Z/N Z is solvable: writing the prime decomposition of N = i=0 pi
gives the following sequence of subgroups
Z/N Z ▷ Z/N1 Z ▷ Z/N2 Z ▷ · · · ▷ Z/Ns−1 Z ▷ 1,

(10)

where
Ni :=

s−1
Y

pj .

(11)

j=i

The i-th factor group Γi is isomorphic to the cyclic group of prime order Z/pi Z. It is spanned
by γi : (x, y) 7→ (x, ζi y) where ζi is a primitive pth
i root of unity.
Set X0 := X . By Section 4.1, the composition series (10) gives a sequence of curves (Xi )
in which the ith curve is defined by
Xi : y Ni = f (x)

(12)

and has genus
gi =

(Ni − 1)(m − 1)
.
2

The last curve Xs has genus 0 and is isomorphic to the projective line P1 . These successive
quotients provide a sequence of projections πi : Xi → Xi+1 defined by πi (x, y) = (x, y pi ):
γ0

γi+1

γi

X0

π0

...

πi

Xi

πi+1

Xi+1

...

πr−1

X r ≃ P1 .

▶ Example 14. The Hermitian curve defined over Fq2 by
X0 : y q+1 = xq + x.

(13)

is a well-studied particular case of Kummer type curve. In this case, every curve in a
(X , G)-sequence is maximal over Fq2 [32, Proposition 6], i.e. Xi (Fq2 ) = q 2 + 1 + 2gi q.
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i
Stabilized points. Let us denote P∞
the unique point at infinity on the curve Xi . One can
easily check that

(1 : 0 : 0) if N > m
i
P∞
:=
(0 : 1 : 0) otherwise.

The points of X0 whose stabilizer under Z/N Z is non-trivial are in fact fixed by Z/N Z
i
and consist precisely in P1 , . . . , Pm and P∞
.

5.2

Decomposition of Riemann-Roch spaces

The theory of Kummer extensions provides us a decomposition like (4) at each level, with
µi = y for every i ∈ {0, . . . , s − 1}.
▶ Theorem 15 ([35, Theorem 2.2]). Let D ∈ Div(Xi ) that is Γi -invariant. Then
LXi (Di ) =

pM
i −1

y j LXi+1



j=0

1
(πi )∗ (Di + j divFi (y))
pi


.

Note that the function y maps distinct points in the same Γi -orbits onto different values,
and thus satisfies the condition 3c of Definition 8.
An example of a sequence of y-compatible divisors. In order to exhibit a sequence of
divisors (Di ) such that Di+1 is (Di , y)-compatible for every i ≥ 0, we need to handle the
divisor associated to y and some other elementary functions on each curve Xi , described for
instance in [36].
▶ Lemma 16 ([36]). On Xi for every i ∈ {0, . . . , s − 1}, we have
i
1. divFi (x − αℓ ) = Ni (Pℓ − P∞
),
i
2. divFi (y) = P1 + · · · + Pm − mP∞
.
We now give sufficient conditions on the curve X0 and the first divisor D0 to get a
sequence of compatible divisors.
▶ Lemma 17. Set D0 =

m
X

0
a0,ℓ Pℓ + b0 P∞
∈ Div(X0 ).

ℓ=1

Assume that m ≡ −1 mod N and that the integers a0,1 , . . . , a0,m , b0 are all divisible by N .
i
For every i ∈ {0, . . . , s − 1}, set Di+1 = D
pi . Then, the divisor Di+1 is (Di , y)-compatible.
Pm
a
Proof. For i ∈ {1, . . . , s}, let us set ai,ℓ = pi−1,ℓ
and bi = pbi−1
such that Di = ℓ=1 ai,ℓ Pℓ +
i−1
i−1
i
bi P∞
.
Fix i ∈ {0, . . . , s − 1}. The divisor Di is supported only by Γi -fixed points.
For any j ∈ {0, . . . , pi − 1}, we have

 X



m 
1
ai,ℓ + j
bi − jm
i+1
Ei,j =
πi∗ (Di + j divFi (y)) =
Pℓ +
P∞
.
pi
pi
pi
ℓ=1

Since Ni divides N , we have m ≡ −1 mod Ni . Write m = κi Ni − 1 with κi ≥ 1. The
hypothesis on the integers a0,1 , . . . , a0,m , b0 entails


 
ai,ℓ + j
j
= ai+1,ℓ +
= ai+1,ℓ ,
pi
pi


 
bi − jm
j
jκi Ni
= bi+1 −
+
= bi+1 − jκi Ni+1 .
pi
pi
pi
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i+1
Then Ei,j = Di+1 − jκi Ni+1 P∞
. In particular, Di+1 = Ei,0 and Ei,j ≤ Di+1 . Any
κ
j
i
νi+1,j := (x − α)
with α ∈ {α1 , . . . , αm } gives the last condition on Di+1 for it to be
(Di , y)-compatible by Definition 7, i.e. Di+1 − Ei,j = div∞ (νi+1,j ).
◀

5.3

Family of foldable codes

We have gathered all the components to exhibit a foldable code on a family of Kummer
curves.
▶ Proposition 18. Let X0 be a Kummer curve defined by (9) with m ≡ −1 mod N . Consider
0
an evaluation set P0 ⊆ X0 (F)\{P1 , . . . , Pm , P∞
} formed by Z/N Z-orbits. Take D0 ∈ Div(X0 )
satisfying hypothesis of Lemma 17. If N > ne for some e ∈ (0, 1), then the AG code
C = C(X0 , P0 , D0 ) is foldable.
The length of foldable codes over a Kummer curve as defined in (9) over Fq is bounded
√
from above by q + 1 + (N − 1)(κN − 2) q − κN , using Hasse-Weil bound, write m = κN − 1.
▶ Remark 19.
1. The primitive N th root ζ needs to belong to the base field F to ensure that the set P0 is
not empty.
2. The condition on the coefficients of D0 can be loosened while the previous statement still
Qs−2
by i=0 pi and not necessarily by ps−1 , we choose
holds. Ifl a0,1 , .m. . , a0,m , b0 are
j divisible
k
as−1,ℓ
ps−1

as,ℓ =

and bs =

bs−1
ps−1

for the coefficients of Ds . The last curve Xs being

1

isomorphic to P , the existence of balancing functions is trivial, if the first requirement of
Definition 7 holds.
What happens outside these hypotheses? Lemma 17 provides sufficient conditions to
make the code Ci+1 as small as possible compared to Ci by choosing Di+1 among the divisors
Ei,j , as required for a sequence of foldable codes by Definition 8. Let us have a look at what
could happen when dropping these conditions.
▶ Example 20. Over F8 , consider y N = xm + x where N = 9 and m = 5. Then m ̸≡ −1
0
mod N and N = p0 p1 with p0 = p1 = 3. For D0 = 18P∞
, we have



18
1
1
P∞
= 6P∞
,
3


18 − 5
1
1
=
P∞
= 4P∞
,
3


18 − 2 × 5
1
1
=
P∞
= 2P∞
.
3

E0,0 =
E0,1
E0,2

Choosing D1 = E0,0 would satisfy the first and the second conditions of Definition 7 to
be (D0 , y)-compatible but not the third one. One can reasonably ask the support of D1
0
1
to consist only of π0 (P∞
) = P∞
, as one-point codes are generally better understood. The
Weierstrass gap theory on Kummer curves (e.g. [36, Theorem 3.2]) entails that if a function
1
on X1 : y 3 = x5 + x has a pole locus of the form αP∞
, then α ∈ 3Z+ + 5Z+ . Therefore the
1
1
smallest divisor of the form D1 = d1 P∞ that is (D0 , y)-compatible is D1 = 12P∞
. With such
a choice of divisors, the code C0 of dimension 15 is folded into the code C1 of dimension 12
whereas the length of C1 is the third of the length of C0 .
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5.3.1

Explicit basis of the Riemann-Roch spaces

AG codes from the Kummer curve X associated to divisors as defined in Lemma 17 have
been studied by Hu and Yang [27]. They provide a basis of the Riemann-Roch spaces in a
combinatorial form.
▶ Theorem 21 ([27, Theorem 5]). Let j, j2 , . . . , jm be integers. We define
Ej, j2 ,...,jm := y j

m
Y

(x − αℓ )jℓ .

ℓ=2

Consider D =
Ωa1 ,...,am ,b

Pm

aℓ Pℓ + bP∞ . Set



−j − aℓ
:= (j, j2 , . . . , jm ) | j + a1 ≥ 0, jℓ =
for ℓ = 2, . . . , m
N

and mj + N (j2 + · · · + jm ) ≤ b .
ℓ=1

Then the elements Ej, j2 ,...,jm for (j, j2 , . . . , jm ) ∈ Ωa1 ,...,am ,b form a basis of LX (D).

5.3.2

Parameters

To estimate the parameters of the code by using the Riemann-Roch theorem, we shall rely
on the following result.
▶ Lemma 22. Assume that 2(g0 − 1) < deg(D0 ) (resp. deg(D0 ) < n0 ). Then for every
i ∈ {0, . . . , s}, 2(gi − 1) < deg(Di ) (resp. deg(Di ) < ni ).
Proof. It is enough to notice that for every i ∈ {0, . . . , s − 1},
deg Di+1 =

deg Di
,
pi

ni+1 =

ni
,
pi

and

gi+1 ≤

gi
.
pi

◀

In other words, if the degree of the first divisor is such that we can estimate the parameters
of C0 thanks to Riemann-Roch Theorem, then we handle the parameters of all the sequence
of codes.
▶ Proposition 23. If deg(D0 ) < n0 , then for every i ∈ {0, . . . , s}, the code Ci has length ni
and minimum relative distance ∆(Ci ) = 1 − degn0D0 . In particular, the RS code Cs has length
deg D0
n0
+ 1 and relative minimum distance 1 − degn0D0 .
N , dimension
N
Moreover, if 2(g0 − 1) < deg(D0 ), for every i ∈ {0, . . . , s}, the code Ci has dimension
deg Di − gi + 1.
Proof. The length of Ci is ni by construction and its dimension is given by the Riemann-Roch
theorem. So let us prove the statement concerning the relative minimum distance.
First notice that ni = pi ni+1 and deg(Di ) = pi deg(Di+1 ) so 1 − degniDi = 1 − degn0D0 . For
i = s, the code Cs is a Reed-Solomon code of degree 0 ≤ deg(Ds ) < ns by Lemma 22 and
has the expected relative minimum distance.
Now assume that ∆(Ci+1 ) equals 1 − degn0D0 and let us prove that so does ∆(Ci ). On
the one hand, the divisor Di+1 corresponds to Ei,0 then for every f ∈ Ci+1 , f ◦ πi ∈ Ci . In
addition, the weight of f ◦ πi in Ci is pi times the weight of f in Ci+1 . Since ni = pi ni+1 ,
we have ∆(Ci ) ≤ ∆(Ci+1 ). On the other hand, as deg(Ci ) < ni , we have ∆(Ci ) ≥ 1 − degniDi ,
which concludes the proof.
◀
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Foldable AG codes along the Hermitian tower

6.1

Preliminaries

Sequence of curves. We consider the sequence of function fields F = (Fi )i≥0 over Fq2 that
is defined recursively by F0 = Fq2 (x0 ) and Fi = Fi−1 (xi ) with equations
xqi + xi = xq+1
i−1 for i ≥ 1.

(14)

Note that this tower of function field F corresponds to a tower of curves (Xi )i≥0 such that
Fi = Fq2 (Xi ). One can view the curve Xi embedded in an i-dimensional affine space with
variables (x1 , . . . , xi ) defined by the equations (14).
For i = 1, the field F1 is the function field of the Hermitian curve H := X1 over Fq2 .
Let gi := g(Xi ) denote the genus of the curve Xi . An explicit formula was given by
Pellikaan, Shen and Wee [41, Proposition 4]: we have g0 = 0 and for i ≥ 1,
!
k−1

i

 1 X
1 2
1
i
i
i
i
i+1
+ 1 − (1 + q) . (15)
gi =
(q − 1) (q + 1) − q + 1 − q = ·
q
· 1+
2
2
q
k=1

For every i ≥ 0, the number of Fq2 –rational places in Fi is given by
Xi (Fq2 ) = q i+2 + 1.
We have an infinite sequence of curves (Xi )i≥0 as follows.
Γi−1

Γi

...

πi+1

Xi

πi

Xi−1

πi−1

...

π1

X 0 ≃ P1 .

▶ Remark 24. In the context of recursive towers, it is classical to index the curves the
other way round compared to the notations used in Section 4. In the context of the
Hermitian tower, the curve Xi−1 is the quotient curve of the curve Xi under the action of the
group Γi . To design foldable codes, we will fix a level of the tower, say imax , and consider
codes over the curve Ximax , which we will fold using the sequence of curves with decreasing
indices (Xi )imax ≥i≥0 .
This tower is a tower of Artin-Schreier extensions, which have been extensively studied
(see for example [45]). Let us recall some classical results that will be useful to design foldable
AG codes along this tower.
Automorphisms and projection maps. By definition of the Hermitian tower [45, Proposition
3.7.10], the Galois group of the extension Fi /Fi−1 is the group of automorphisms defined by
(x1 , . . . , xi−1 , xi ) 7→ (x1 , . . . , xi−1 , xi + α) where α runs in

S = α ∈ Fq 2 | α q + α = 0 .
Note that if we fixed a non–zero element α ∈ S, then for every β ∈ Fq , αβ lies in S. So S is
an additive group which is isomorphic to Fq .
The quotient map πi : Xi → Xi−1 consists in the projection onto the first i coordinates.
For every i ≥ 0, we set Πi to be the composition of the first i quotient maps, i.e.
Πi := πi ◦ πi−1 ◦ · · · ◦ π0 .

CCC 2022

30:24

Interactive Oracle Proofs of Proximity to Algebraic Geometry Codes

(0)

Behaviour of the point of infinity. In what follows, let us denote by P∞ the unique pole
of the function x0 in F0 , which corresponds to the point at infinity on the projective line
X 0 = P1 .
(0)

▶ Lemma 25 ([45, Proposition 3.7.8]). n
Let i ≥o
1. The place P∞ is totally ramified in
(0)
−1
Fi , which means that the preimage Πi
consists in a unique place, denoted by
P∞
(i)

(0)

P∞ ∈ Xi . Moreover, P∞ is the unique place that is ramified in the tower F .
(i)

The peculiar behaviour of the points P∞ in the tower encourages us to define a sequence
of codes associated with divisors Di ∈ Div(Xi ) of the form
(i)
Di := di P∞
for i ≥ 1.

Let us focus on the principal divisors divFi (xj ) (0 ≤ j ≤ i) and their valuation at the
(i)
point P∞ . Their properties follow from the study of the basic function field F = Fq2 (x, y)
which is nothing but the Hermitian function field. It is a special case of Artin-Schreier
extension of Fq2 (x) and is well known that we have
0
divF (y) = P (0) − P∞
.

▶ Remark 26. The role of the variables x and y is reversed compared to the Kummer model
of the Hermitian curve, studied in the previous section.
Since each extension Fi /Fi−1 corresponds to the same Artin-Schreier extension, and that
(0)
P∞ is fully ramified in Fi /F0 , we can deduce the form of the divisor divFi (xi ), given in the
(j)
next lemma. The valuation of the function xj ∈ Fi−1 at P∞ follows from the extension
i−1−j
degrees [Fi−1 : Fj ] = q
for j < i.
▶ Lemma 27. The following two assertions hold.
1. For i ≥ 1, denote by P (i) the unique common zero of the functions x0 , ..., xi . Then we
have


(i)
divFi (xi ) = (q + 1)i P (i) − P∞
;
2. Let i ≥ 1. Then for 0 ≤ j < i, the valuation of the function xj ∈ Fi−1 is given by
vP (i−1) (xj ) = −q i−1−j (q + 1)j .
∞

(i)
Basis of the Riemann-Roch spaces associated to the divisor di P∞
. For a given i ≥ 0,
(i)
the P∞ is the unique pole of the functions x0 , ..., xi , which gives an explicit basis of the
(i)
Riemann-Roch space associated to a multiple of P∞ .
(i)

▶ Lemma 28. For all i ≤ 1 and m ≤ 1, the Riemann-Roch space LXi (mP∞ ) is formed by
linear combinations of functions in the following set:




xa0 0 · · · xai i | 0 ≤ a0 , 0 ≤ aj ≤ q − 1 and

i
X
j=0



aj q i−j (q + 1)j ≤ m .
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Construction of foldable AG codes

Fix a level imax in the Hermitian tower. We want to construct foldable codes on the curve
Ximax of the form
(imax )
(imax )
C(Ximax , Pimax , Dimax ) where Pimax ⊆ Ximax (Fq2 ) \ {P∞
} and Dimax = dimax P∞
.

We thus define a sequence of codes (Ci ) as follow:
(i)
Ci := C(Ximax −i , Pimax −i , Dimax −i ) where Pi−1 = πi (Pi ) and Di = di P∞

In order to make sure C0 = C(Ximax , Pimax , Dimax ) is foldable, we need to describe the
Riemann-Roch spaces on a certain step from Riemann-Roch spaces on lower curves. A priori
Kani’s theorem does not apply, so we will have to find a decomposition by hand. We deduce
such a decomposition from the explicit basis of the Riemann-Roch space given in Lemma 28.
(i)

▶ Proposition 29. Let i ≥ 0. Set Di = di P∞ for some integer di . Then
LXi (Di ) =

q−1
M

xji πi∗ LXi−1 (Ei,j )



j=0

with

Ei,j :=

1
πi∗ (Di − j · divFi (xi ))
q


for 0 ≤ j ≤ q − 1.

In other words, the function xi ∈ Fi partitions the divisor Di in the sense of Definition 6.
Proof. By Lemma 28, the space LXi (Di ) is formed by linear combinations of xa0 0 · · · xai i with
non-negative exponents such that 0 ≤ aj ≤ q − 1 for j ̸= 1 and
i
X

aj q i−j (q + 1)j ≤ m.

j=0
a

i−1
As aj runs in {0, . . . , q−1}, the proof is concluded by noticing that the function xa0 0 · · · xi−1
∈
ai−1
a0
Fi lies in L(Di − j · divFi (xi )) which means that x0 · · · xi−1 ∈ Fi−1 belongs to LXi−1 (Ei,j ).
◀

To make Di−1 compatible with (Di , xi ) (Definition 7), we need the existence of q balancing
functions νi−1,j ∈ Fi−1 (for every 0 ≤ j ≤ q − 1) such that
Di−1 − Ei,j = (νi−1,j )∞ .

(16)

In our setup, we have


di − j(q + 1)i
(i−1)
Ei,j =
P∞
.
q
Thus, we need to “balance” the divisors



di − j(q + 1)i
(i−1)
P∞
.
Di−1 − Ei,j = di−1 −
q
(i−1)

We are led to study the Weierstrass semigroup of P∞



(i−1)
, denoted by H P∞
. The
(i−1)

generators of this semigroup can be found using Lemma 27. In fact, P∞
is the unique
common pole of the functions x0 , ..., xi−1 ∈ Fi−1 and we know their exact valuation. Thus
we have


(i−1)
H P∞
= q i−1−k (q + 1)k , 0 ≤ k ≤ i − 1 N .
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▶ Remark 30. In the spirit of the FRI protocol, one could be tempted to choose Di−1 as Ei,0 .
Such a choice would be valid in the sense of Definition 7 if and only for every 0 ≤ j ≤ q − 1
  



di
di − j(q + 1)i
(i−1)
.
−
∈ H P∞
q
q
Unfortunately, when i increases, this condition is never satisfied.
(i−1)

To ensure that deg(Di−1 − Ei,j ) is never a Weierstrass gap for P∞
degree di−1 of Di−1 .
(i)

, we increase the
(i−1)

▶ Theorem 31. Let i ≥ 1. Set Di = di P∞ for some integer di and Di−1 = di−1 P∞
where
 
di
di−1 :=
+ 2gi−1 .
(17)
q
Then Di−1 is compatible with (Di , xi ) (Definition 7).
Proof. By [45, Theorem 1.6.8], we know that



(i−1)
max N \ H P∞
≤ 2gi−1 − 1.
Then for every 0 ≤ j ≤ q − 1, the difference


  
di − j(q + 1)i
di
−
+ 2gi−1
mi,j := deg(Di−1 − Ei,j ) =
q
q


(i−1)
always belongs to the Weierstrass semigroup H P∞
.

(18)
◀

About the balancing functions. Since we know a N-basis of the Weierstrass semigroup
(i−1)
at P∞ , we are able to explicit the form of the functions νi−1,j . In particular, they
can be chosen as the products of powers of the functions x0 , ..., xi−1 . More precisely, if
ai,j := (ai,j (0), ..., ai,j (i − 1)) ∈ Ni are integers such that
mi,j =

i−1
X

ai,j (k) · q i−1−k (q + 1)k ,

(19)

k=0



(i−1)
then mi,j ∈ H P∞
. The corresponding choice for the balancing function is then given by

νi−1,j =

i−1
Y

a

xki,j

(k)

.

k=0

Note that finding a vector ai,j ∈ Ni satisfying (19) leads to the study of the diophantine
equation
mi,j =

i−1
X

ak · q i−1−k (q + 1)k

k=0

with i unknowns ak ∈ N, for which we know there exists at least a solution (and we only
need one).
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A family of foldable codes

We denote by imax the level in the tower (Xi )i≥0 , such that Ximax is the curve on which the
code we want to test proximity is defined.
0
▶ Proposition 32. Fix an integer imax . Set P0 ⊆ P1 (Fq2 ) \ {P∞
} and define Pimax as
the preimage of P0 under the morphism Πimax . Fix an integer dimax . Then the code
(i)
C(Ximax , Pimax , dimax P∞ ) is foldable.

Proof. Beware that the sequence of curves is indexed decreasingly here, contrary to Section 4.
In particular, the original code is defined over the curve Ximax .
By definition of the Hermitian tower, there exists a solvable group G acting on Ximax that
admits a normal series for which each factor group is isomorphic to the additive abelian
group of Fq . The action of G on Pimax is free, by definition of Pimax . The cardinality of Pimax
e
is equal to |P0 | q imax , hence |G| > |Pimax | for some e ∈ (0, 1).
The third condition of Definition 8 follows from Theorem 31, noticing that for every i ≥ 0,
the function xi maps different points in the same Γi -orbit onto different values.
◀
To control the dimension of foldable codes, we will focus on those of the form


(imax )
(imax )
C := C Ximax , Ximax (Fq2 ) \ {P∞
, (2α + 1)gimax )P∞

(20)

for some α > 1/2. In this case, we have nimax = q imax +2 . We can determine a sufficient
condition over imax and α to get a constant rate.
▶ Lemma 33. Let R ∈ (0, 1). Fix ε ∈ (0, 1). Set imax := q ε and α := Rq 1−ε .
The ratio of the dimension of the code C defined in (20) by its block length goes to R
when q tends to infinity.


If 2(q ε −1) < q, the relative minimum distance of C is bounded from below by 1−R 1 + 1q .
Proof. If α > 12 , the dimension of the code is equal to (2α+1)gimax −gimax +1 = 2Rq 1−ε gimax +1
by the Riemann-Roch Theorem. As R is fixed and q goes to infinity, we can assume that
α > 1/2 to compute the rate as
2Rq 1−ε gimax
q→∞
q imax +2
lim

for imax = q ε . Lemma 54 in Appendix B clearly implies that this limit is equal to R.
Regarding the relative minimum distance, we use the Goppa bound: if
(2α + 1)gimax < q imax +2 ,
then the relative minimum distance of C satisfies
∆(C) ≥ 1 −

(2α + 1)gimax
.
q imax +2

By Proposition 53 in Appendix B, we have


gimax
imax
imax
≤
1+
,
q imax +2
2q
q
which gives the expected lower bound for our choice of α and imax .

◀
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7

Folding operators for AG codes

Now that we have determined the needed properties of an AG-code to be foldable, we
construct the fundamental building block of our IOPP by generalizing the so-called algebraic
hash function of [18] to the AG codes setting, and we refer to it as the folding operator. Next,
we provide a formal description of the IOPP system (P, V) and state the theorem capturing
its efficiency properties.

7.1

Definition of folding operators

Let C0 = C(X0 , P0 , D0 ) be a code satisfying Definition 8. We consider its associated
(X , G)-sequence of curves (Xi ) and its sequence of divisors (Di ).
To test proximity of a function f (0) : P0 → F to C0 , we aim to inductively reduce the
problem to a smaller one, consisting of testing proximity to the code Ci = C(Xi , Pi , Di ).
Broadly speaking, our goal is to define from any function f (i) : Pi → F a function f (i+1) :
Pi+1 → F such that the relative distance ∆(f (i+1) , Ci+1 ) is roughly equal to ∆(f (i) , Ci ).
Fix i ∈ {0, . . . , r − 1} and let f : Pi → F be an arbitrary function.
▶ Notation 34 (Interpolation polynomial). For each P ∈ Pi+1 , let us denote SP := πi−1 ({P })
the set of pi distinct preimages of P . Recall that the function µi satisfies Item 3c of Definition
8 and consider
If,P (X) :=

pX
i −1

X j aj,P

(21)

j=0

the univariate polynomial over F of degree less than pi which interpolates the set of points
n
o
(µi (Pb), f (Pb)); Pb ∈ SP .
Specifically, for all Pb ∈ SP , we have
If,P (µi (Pb)) = f (Pb).
Then for every j ∈ {0, . . . , pi − 1}, we define the function

Pi+1 →
F,
fj :
P
7→ aj,P .

(22)

Given f : Pi → F, the idea is to define pi functions fj : Pi+1 → F, where |Pi+1 | = |Ppii |
such that f corresponds to the evaluation of a function in L(Di ) if and only if each fj coincides
with a function in L(Ei,j ) ⊂ L(Di+1 ). Instead of testing for each j ∈ {0, . . . , pi − 1} whether
fj ∈ Ci+1 , we reduce those pi claims to a single one, by taking a random linear combination of
the fj ’s, which we referred to as a folding of f . By linearity of the codes, such a combination of
the fj ’s belongs to Ci+1 whenever f ∈ Ci (see Proposition 37 below). However, for soundness
analysis, one needs to ensure that no fj corresponds to a function lying in L(Di+1 ) \ L(Ei,j ).
Some safeguards are embedded into the folding operation by introducing the balancing
functions νi+1,j from Definition 7 in the second term of the sum in (23).
▶ Definition 35 (Folding operator). For any z = (z1 , z2 ) ∈ F2 , we define the folding of f to
be the function Fold [f, z] : Pi+1 → F such that
Fold [f, z] :=

pX
i −1
j=0

z1j fj +

pX
i −1

z2j+1 νi+1,j fj

(23)

j=0

where the functions fj are defined in Equation (22) and the functions νi+1,j in Definition 7.
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Properties of folding operators

Our aim is to prove that the folding operators satisfy three key properties: local computability,
completeness, and distance preservation. This will enable us to invoke [4, Theorem 1] for the
completeness and soundness of our AG-IOPP.
Given the pi points ((µi (Pb), f (Pb)))Pb∈S , one can determine the coefficients (aj,P )0≤j<p
P
of If,P defined in (21) by polynomial interpolation. Recalling that for each P ∈ Pi+1 , we
have fj (P ) = aj,P , we get the following lemma. This lemma will allow to obtain fast prover
time and verifier decision complexity.
▶ Lemma 36 (Locality). Let z ∈ F2 . For each P ∈ Pi+1 , the value of Fold [f, z] (P ) can be
computed with exactly pi queries to f , namely at the points πi−1 ({P }).
▶ Proposition 37 (Completeness). Let z ∈ F2 . If f ∈ Ci , then Fold [f, z] ∈ Ci+1 .
Proof. Write z = (z1 , z2 ). If f ∈ Ci , it coincides with a function of L(Di ). By definition of
the divisors Ei,j and Theorem 11, there exist some functions fej ∈ L(Ei,j ) such that
f=

pX
i −1

µji fej ◦ πi .

j=0

Let P ∈ Pi+1 . For any Pb ∈ SP ,
pX
i −1
h
i
Fold f, (µi (Pb), 0) (P ) = If,P (µi (Pb)) = f (Pb) =
µi (Pb)j fej (P ).
j=0

Moreover, for any P ∈ Pi+1 , polynomials
If,P (X)
n
o and Fold [f, (X, 0)] (P ) in F[X] are of
degree less than pi and agree on µi (Pb); Pb ∈ SP of size pi , therefore they are equal. In
particular,
pX
i −1
h
i
Fold f, (µi (Pb), 0) (P ) =
µi (Pb)j fj (P ).
j=0

Thus, for all P ∈ Pi+1 ,
pX
i −1

µi (Pb)j (fej (P ) − fj (P )) = 0

j=0

and the polynomial
pX
i −1

X j (fej (P ) − fj (P ))

j=0

of degree less than pi is zero on at least

n

µi (Pb); P ∈ Pi+1

o

= pi points. Hence, for every
j ∈ {0, . . . , pi − 1}, the function fj defined in Equation (22) coincides with fej and
Fold [f, z] :=

pX
i −1
j=0

z1j fej +

pX
i −1

z2j+1 νi+1,j fej

j=0

where fej ∈ L(Ei,j ) ⊆ L(Di+1 ) and νi+1,j fj ∈ L(Di+1 ), by definition of the divisors Ei,j ,
Di+1 and the functions νi+1,j (see Definition 7). Thus each term of Fold [f, z] lies in the
vector space Ci+1 , which concludes the proof.
◀
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We discuss the effect of the folding operation on a function which is far from the code.
Roughly speaking, we want to show that, if f is δ-far from the code Ci , then the folding
Fold [f, z] of f is almost δ-far from the code Ci+1 with high probability over z ∈ F2 . We
start with the notion of weighted agreement.
▶ Definition 38 (Weighted agreement). For any function η ∈ [0, 1]P , we define the ηagreement of two functions u, v ∈ FP by
ωη (u, v) :=

1 X
η(P ).
|P| P ∈P
u(P )=v(P )

Given a subspace V ⊂ FP and u ∈ FP , we set
ωη (u, V ) := max ωη (u, v).
v∈V

Notice that since η ∈ [0, 1]P , we have for any V ⊂ FP and any u ∈ FP ,
ωη (u, V ) ≤ 1 − ∆(u, V ).

(24)

Let us introduce some notations related to the Johnson list-decoding function. For any
ε ∈ (0, 1], let Jε : [0, 1] → [0, 1] be the function such that
p
Jε (λ) = 1 − 1 − (1 − ε)λ,
and denote Jεl = Jε ◦ · · · ◦ Jε .
|
{z
}
l times

We now state a preliminary result concerning the weighted agreement on a low-degree
parametrized curve. Proof of Proposition 39 builds upon the one of [18, Theorem 4.5] and is
given in Appendix A.
▶ Proposition 39. Let η ∈ [0, 1]P and ε, δ > 0 such that and δ < Jεl (λ). Let u0 , . . . , ul−1 ∈ FP
such that
"
!
#
 l+1
l−1
X
l−1 2
i
Pr ωη
z ui , V > 1 − δ ≥
,
(25)
z∈F
|F|
ε
i=0
then there exists T ⊂ P , and v0 , . . . , vl−1 ∈ V such that:
P
P ∈T η(P ) ≥ (1 − δ − ε)|P|
for each i, ui|T = vi|T .
Here, for a function u ∈ FP , u|T ∈ FT corresponds to the function obtained by restriction
on T ⊂ P.
As mentioned earlier, soundness analysis relies on the relation between the weighted
agreement of f to Ci and the weighted agreement of the folding of f to Ci+1 , constrained by
the next corollary.
▶ Corollary 40. Fix i ∈ {0, . . . , r − 1}. For a function η : Pi → [0, 1], define θ : Pi+1 → [0, 1]
by
∀P ∈ Pi+1 , θ(P ) :=

1 X
η(Pb).
pi
b∈SP
P
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distance of Ci . Fix ε ∈ (0, 1) and

ε
.
2

For any function f : Pi → F such that ωη (f, Ci ) < 1 − δ, we have

  p i
1
4
4
Pr [ωθ (Fold [f, z] , Ci+1 ) > 1 − δ + ε] ≤
pi + − 1
.
z∈F2
|F|
ε
ε
Proving Corollary 40 requires the lemma stated next. We prove Corollary 40, then prove
Lemma 41.
▶ Lemma 41. Let i ∈ {0, . . . , r − 1}, Di ∈ Div(Xi ) and µi ∈ F(Xi ) satisfying Definition (6).
Consider a divisor Di+1 ∈ Div(Xi+1 ) that is (Di , µi )-compatible in the sense of Definition 7.
Fix j ∈ {0, . . . , pi − 1}. Then a function g ∈ F(Xi+1 ) belongs to L(Ei,j ) if and only if
both functions g and gνi+1,j belong to L(Di+1 ).
Proof of Corollary 40. Let f : Pi → F be an arbitrary function. According to Equation
(22), there exist pi function fj : Pi+1 → F such that for any z = (z1 , z2 ) ∈ F2 ,
Fold [f, z] =

pX
i −1

z1j fj +

j=0

pX
i −1

z2j+1 νi+1,j fj .

j=0

Rewrite Fold [f, z] as a polynomial function in z2 :
Fold [f, z] = fz1 + z2 f0′ + z22 f1′ + · · · + z2pi fp′ i −1 ,
where
fz1

:=

pX
i −1

z1j fj ,

fj′ := νi+1,j fj .

j=0

Finally, set
pi − 1
K0 :=
|F|

 p i
4
ε

and

pi
K1 :=
|F|

 pi +1
4
.
ε

Let us prove the corollary by contrapositive. We assume that
Pr [ωθ (Fold [f, z] , Ci+1 ) > 1 − δ + ε] > K0 + K1 ,

z∈F2

and thus


Pr Pr [ωθ (Fold [f, z] , Ci+1 ) > 1 − δ + ε] > K0 > K1 .
z1 ∈F z2 ∈F

Fix z1 ∈ F such that
Pr [ωθ (Fold [f, z] , Ci+1 ) > 1 − δ + ε] > K0 .

z2 ∈F

By Proposition 39, there exist vz1 , v1′ , . . . , vp′ i −1 ∈ Ci+1 and T ′ ⊂ P such that
P
ε
P ∈T ′ θ(P ) ≥ (1 − δ + 2 ) |Pi+1 |,
vz1 |T ′ = fz1 |T ′ ,
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for each j ∈ {1, . . . , pi − 1}, vj′ |T ′ = fj′ |T ′ .
In particular,
ωθ (fz1 , Ci+1 ) ≥ ωθ (fz1 , vz1 ) =

1

X

|Pi+1 |

P ∈T

ε
θ(P ) ≥ 1 − δ + .
2
′

It means that


h
εi
≥ Pr Pr [ωθ (Fold [f, z] , Ci+1 ) > 1 − δ + ε] > K0
Pr ωθ (fz1 , Ci+1 ) ≥ 1 − δ +
z1 ∈F z2 ∈F
z1 ∈F
2
> K1 .
The polynomial form of fz1 in z1 enables us to reapply Proposition 39: there exist T ⊂ P
and v0 , v1 , . . . , vpi −1 ∈ Ci+1 such that
P
P ∈T θ(P ) ≥ (1 − δ) |Pi+1 |,
for each j ∈ {0, . . . , pi − 1}, vj |T = fj |T .
On T ′ ∩ T , we thus have
vj′ |T ′ ∩T = fj′ |T ′ ∩T = (νi+1,j fj )|T ′ ∩T = (νi+1,j vj )|T ′ ∩T .
The cardinality of T ′ ∩ T satisfies
|T ′ ∩ T | = |T ′ | + |T | − |T ′ ∪ T | ≥

X

θ(P ) +

P ∈T ′

X
P ∈T

ε
θ(P ) − |Pi+1 | ≥ (1 − 2δ + )|Pi+1 |.
2

The assumption on δ ensures that 2δ − 2ε < λi+1 where λi+1 is the minimal distance of Ci+1 .
Hence, for every j ∈ {0, . . . , pi − 1}, the evaluations of vj′ and νi+1,j vj on Pi+1 are equals.
They are codewords of Ci+1 , thus this implies that both functions vj and νi+1,j vj belong to
L(Di+1 ). By Lemma 41, we get that the function vj lies in L(Ei,j ).
Now let us define v : Pi → F by
∀Q ∈ Pi , v(Q) :=

pX
i −1

µji (Q)vj ◦ πi (Q).

j=0

By definition of the divisors Ei,j (5), the function v belong to L(Di ). Now let us prove that
F
it agrees with f on ST := P ∈T SP .
Let P ∈ T and Pb ∈ SP .
f (Pb) = If,P (µi (Pb)) =

pX
i −1

µi (Pb)j fj (P )

by definition of If,P ,

j=0

=

pX
i −1

µi (Pb)j vj ◦ πi (Pb)

since fj |T = vj |T and P = πi (Pb),

j=0

= v(Pb).
As a result, since v ∈ Ci , we can conclude that
ωη (f, Ci ) ≥ ωη (f, v) ≥

X
1
1 X X
η(Pb) =
θ(P ) ≥ 1 − δ.
|Pi |
|Pi+1 |
P ∈T P
P ∈T
b∈SP

◀
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Proof of Lemma 41. Assume that g ∈ L(Ei,j ). Then Definition 7 ensures that g and gνi+1,j
lie in L(Di+1 ).
P
Conversely, assume that g and gνi+1,j belong to L(Di+1 ) and write Di+1 =
nP P . The
hypotheses on g imply that
g ∈ L(Di+1 ) ∩ L(Di+1 − (νi+1,j )).
′
′
By [40, Lemma 2.6], the function g belongs to L(Di+1
), where the divisor Di+1
is defined by
′
:=
Di+1

X

n′P P

where n′P := min(nP , nP + vP (νi+1,j )).

P
′
Then Di+1
= Di+1 − div∞ (νi+1,j ) = Ei,j by the second item of Definition 7.

7.3

◀

IOPP for foldable AG codes

Let C0 = C(X0 , P0 , D0 ) be a foldable AG code over an alphabet F. Given a family of folding
operators defined as per Definition 35, [4] yields an IOPP for C0 , which is abstracted from
the FRI protocol of [9]. We informally describe the IOPP system (P, V) for testing proximity
of a function f (0) : P0 → F to C0 , then give its properties. A formal description will be
provided in Section 8 for instantiations with concrete AG codes.
As in the FRI protocol, the IOPP is divided in two phases, referred to as COMMIT and
QUERY. Before any interaction, P and V agree on:
a (X , G)-sequence of curves (Xi ), for which we denote the length of the composition serie
of G by r.
a sequence of codes (Ci ) where for each i ∈ {0, . . . , r}, Ci = (Xi , Pi , Di ) and Xi , Pi and
Di are defined as per Section 4,
a sequence of functions (µi ) ∈ F(Xi ) satisfying Definition 6,
a sequence of balancing functions (νi+1 )0≤i<r of pi -tuples of functions in F(Xi+1 ) such
that νi+1 = (νi+1,j )0<j<pi and νi+1,j satisfies (6).
We recall that the choice of a sequence (Xi ) induces a sequence of projections πi : Xi → Xi+1 .
The COMMIT phase is an interaction over r rounds between P and V. For each round
i ∈ {0, . . . , r − 1}, the verifier samples a random challenge z (i) ∈ F2 . As an answer, the
prover
oracle
access to function f (i+1) : Pi+1 → F, which is expected to be equal to
 gives

(i)
(i)
Fold f , z . To compute the values of f (i+1) on Pi+1 , an honest prover P exploits the
fact that the folding of f (i) is locally computable (Lemma 36). Namely, for each P ∈ Pi+1 ,
P computes the coefficients (aj,P )0≤j<p of If (i) ,P ∈ F[X] from f (i) |SP , evaluates νi+1,j at
P , and sets
pX
pX
i −1 
i −1 
h
i
j
j+1
(i)
(i)
Fold f (i) , z (i) (P ) :=
z1
aj,P +
z2
νi+1,j (P )aj,P .
j=0

j=0

During the QUERY phase, one of the two tasks of the verifier V is to check that each pair
of successive oracle functions (f (i) , f (i+1) ) is consistent. A standard idea is to check that
the equality
h
i
f (i+1) = Fold f (i) , z (i)
(26)
holds at a random point in Pi+1 . By leveraging the local property of the folding operator,
such a test requires only pi queries to f (i) and 1 query to f (i+1) . As in [9], we call this
step of verification a round consistency test. The verifier begins by sampling at random
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Q0 ∈ P0 and once this is done, all the locations of the round consistency tests run inside
the current query test are determined. More specifically, for each round i, V defines
Qi+1 := πi (Qi ) to be the random point where Equation (26) is checked. Through this
process, the round consistency tests are correlated to improve soundness. Such a query
test can be seen as a global consistency test, similar to the one of the FRI protocol. For
the final test, V reads f (r) : Pr → F in its entirety to test if f (r) ∈ Cr .
▶ Theorem 42. Let C0 = C(X0 , P0 , D0 ) be a foldable AG code of length n := |P0 |. By
definition, C0 admits a solvable group G ∈ Aut(X0 ) such that |G| > ne for a certain e ∈ (0, 1)
and induces a sequence of codes (Ci ). Set pmax := max pi , λ := mini ∆(Ci ) and


1
ε
pmax
γ := min Jε
(λ), (λ + ) .
2
2
There is an IOPP system (P, V) for C0 satisfying:
Perfect completeness: If f (0) ∈ C0 and f (1) , . . . , f (r) are honestly generated by the prover,
the verifier outputs accept with probability 1.
Soundness: Assume f (0) is δ-far from C0 and let ε ∈ (0, 1). With probability at least
1 − errcommit over the randomness of the verifier during the COMMIT phase, where

  pmax
4
4
log n
pmax + − 1
errcommit ≤
|F|
ε
ε
and for any oracles f (1) , . . . , f (r) adaptively chosen by a possibly dishonest prover P∗ , the
probability that the verifier V outputs accept after a single query test is at most
errquery (δ) ≤ (1 − min(δ, γ) + ε log n).
Overall, for any prover P∗ , the soundness error err(δ) after t repetitions of the QUERY
phase satisfies
t

err(δ) ≤ errcommit + (errquery (δ))
  pmax

4
log n
4
<
pmax + − 1
+ (1 − min(δ, γ) + ε log n)t .
|F|
ε
ε
Moreover, the IOPP system is public-coin, has round complexity r(n) < log n, proof length
l(n) < n and query complexity q(n) < tpmax log n + n1−e .
Proof. Lemma 36, Proposition 37 and Corollary 40 satisfy the conditions of [4, Theorem 1].
Completeness and soundness are given by [4, Theorem 1]. Let us prove the rest of the
theorem. Regarding round complexity, we have that
r−1
Y
i=0

pi =

n
,
nr

where
nr = |Pr | =

n
< n1−e .
|G|

For every i ∈ {0, . . . , r − 1}, 2 ≤ pi ≤ pmax . Therefore
r(n) ≤ log2 n − log2 nr < log2 n.
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For query complexity, notice that for i ∈ {0, . . . , r − 2}, f (i+1) (Qi+1 ) is reused for the
next round consistency test. Hence,
r−1
X

q(n) = t

!
pi

+ n1−e ≤ trpmax + n1−e .

i=0

Finally, the total proof length l(n) is the sum of the lengths of all the oracles provided by
Qi
P during the COMMIT phase, counted in field elements. Denoting ti+1 := j=0 pj , we notice
that
|Pi+1 | =

|Pi |
|P0 |
=
.
pi
ti+1

Thus, we have
l(n) =

r
X
i=1

8

|Pi | =

r
X
|P0 |
i=1

ti

≤n



r
X
1
1
=
n
1
−
< n.
2i
2r
i=1

◀

Proximity tests for AG codes on Kummer curves and Hermitian
towers

When we instantiate the AG-IOPP proposed in Section 7.3 for the setting of Kummer curves
(Section 5) and curves in the Hermitian tower (Section 6), we end up with a membership test
to a RS code. An RS code is itself a foldable AG code (see Section 4.3). In order to lower
verifier complexity, we can extend the AG-IOPP by replacing the final test by an IOPP for
RS code. This enhanced AG-IOPP is examined in this section.

8.1

How to iterate the folding to reach a code of dimension 1

Let C = C(X , P, G) be foldable in the sense of Definition 8 on a Kummer curve or on a
curve in the Hermitian tower. In Sections 5 and 6, we defined s codes (Ci )0≤i≤s , where s
is the the number of prime in the decomposition of N in the Kummer case and s = imax
for the Hermitian tower. The code Cs = C(P1 , P ′ , D′ ) corresponds to a Reed-Solomon code
RS [F, P ′ , d] = {f : Ps → F; deg f ≤ d}, where the degree bound depends on the parameters
of the original code C0 . Taking this into consideration, we want to iterate the folding
operation until we get a RS code of dimension 1, as it is done in the FRI protocol [9].
 
As in Example 4.3, we set d0 = d and define di+1 = d2i for any integer i. Set s′ the
smallest integer such that ds′ = 0. Then, we consider the sequence of Reed-Solomon codes
(Cs+i )1≤i≤s′ when applying the construction described in Section 4 to the initial code Cs .
Letting r = s + s′ , we iteratively reduce the proximity test to the code C0 to a membership
test to the code Cr , which is a Reed-Solomon code of dimension 1. If f (0) ∈ C0 , then f (r) is
expected to be a constant function, and this can be tested in a trivial way. We can leverage
the fact that Cr is a Reed-Solomon code to extend the protocol described in Section 7.3. We
obtain a r-round IOPP system (P, V) for C0 , which is described below.
The prover P and the verifier V are given as input the description of the code C0 . The
verifier V is given oracle access to a function f (0) : P0 → F, which is also given as explicit
input to the prover P.
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COMMIT phase
1. For each round i from 0 to r − 1 :
a. V picks uniformly at random z (i) in F2 and sends it to P,


b. P computes f (i+1) = Fold f (i) , z (i) ,
c. If i < r − 1: P gives oracle access to f (i+1) : Pi+1 → F.
d. If i = r − 1: P commits to β ∈ F (if f (0) ∈ C0 , then f (r) is supposed to be constant
equal to β).

QUERY phase
1. Repeat t times the following query test:
a. Pick Q0 ∈ P0 uniformly at random.
b. For i = 0 to r − 1, run the following round consistency test:
i. Define Qi+1 ∈ Pi+1 by Qi+1 = πi (Qi ),
b ∈ SQ ,
ii. Query f (i+1) to get f (i+1) (Qi+1 ) and query f (i) at points Q
i+1
(r)
(if i = r − 1, set f (Qr ) = β)


iii. Compute the value Fold f (i) , z (i) (Qi+1 ),


iv. If i < r − 1: return reject if and only if f (i+1) (Qi+1 ) ̸= Fold f (i) , z (i) (Qi+1 )


v. If i = r − 1: return reject if and only if β ̸= Fold f (i) , z (i) (Qi+1 )
2. Return acccept.

8.2

Properties of the AG-IOPP with Kummer curves

Assume C0 = C(X0 , P0 , D0 ) is a foldable AG code of blocklength n0 = |P0 | on a Kummer
curve X0 (cf. Proposition 18). This means that X0 is defined by an equation y N = f (x),
where f ∈ F[X] is a separable degree-m polynomial, m ≡ −1 mod N , N is coprime with
|F|, |P0 | = αN for some integer α, and deg D0 < αN . Assume α is a power of 2 and N is a
η-smooth integer for a small fixed parameter η ∈ N.
Proposition 23 states that the relative minimum distances of the codes Ci are all equal
D0
to ∆(C0 ) = 1 − deg
. Therefore, the ordering on the integers involved in the prime
Qs−1αN
decomposition i=0 pi of N does not impact the parameters of the protocol. Moreover, the
code Cs = C(Xs , Ps , Ds ) corresponds to a RS code

 

deg D0
deg D0
Cs = RS F, Ps ,
= f : Ps → F; deg f ≤
N
N
of blocklength |Ps | = α, which is itself a foldable AG code (see Example 4.3).
▶ Theorem 43 (Kummer case). Let C = (X0 , P0 , D0 ) be a foldable AG code on a Kummer
curve satisfying the hypotheses of Proposition 18 with N a η-smooth integer. Denote n = |P0 |.
The IOPP (P, V) described in Section 8.1 has perfect completeness and soundness as stated
in Theorem 42. Moreover, for t repetitions of the QUERY phase, we have:
rounds complexity
proof length
query complexity
prover complexity
verifier decision complexity

r(n)
l(n)
q(n)
tp (n)
tv (n)

< log n,
< n,
≤ tη log2 n + 1,
= Oη (n),
= Oη (t log n).
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Proof. Noticing that the round complexity is now r(n) = s + s′ , straightforward calculations
show that complexity, query complexity and proof length computed in the proof 42 still hold.
Completeness and soundness also follow from [4]. We estimate prover complexity and verifier
complexity below.
Prover complexity. Fix a round index i < r − 1. The balancing functions νi+1,j : Pi+1 → F
can be precomputed since they do not depend on f (i) , z (i) (see Remark 44). To simplify
notation, denote f = f (i) . For any z = (z1 , z2 ) ∈ F2 , computing the successive powers
(z1j , z2j )0≤j<pi takes 2(pi − 2) multiplications. For each P ∈ Pi+1 , an honest prover must
If,P (X) of degree deg If,P < pi
compute the coefficients (aj,P
n )0≤j,<P of the polynomial
o
b
b
b
from the interpolation set (µi (P ), f (P )) | P ∈ SP of size pi . Notice that µi = y, so
computing µi (Pb) for Pb ∈ SP is done for free. Univariate interpolation for a polynomial
of degree < pi can be done in O(p2i ) by Lagrange interpolation. Overall, one can honestly
evaluate Fold [f, z] : Pi+1 → F with |Pi+1 | O(p2i ) operations in F. We showed previously that
Pr−1
i=1 |Pi | < n, thus when summing over r − 1 rounds, we get that the cost of (honestly)
generating the oracles f (1) , . . . , f (r−1) is Oη (n).
Verifier decision complexity. Verifier complexity is inferred from the previous discussion
about prover complexity. For each round, the verifier computes the successive powers of z1 and
z2 , interpolates If,P for a point P ∈ Pi+1 in O(p2i ) operations, then computes Fold [f, z] (P )
in a number of operations which is independent of n. Hence, verifier complexity for repetition
parameter t is tv (n) = Oη (t log(n)).
◀
▶ Remark 44. We give the cost of precomputing the evaluation tables of the balancing
functions. Letting νi+1,j be as defined in proof of Lemma 17, the sequence of functions
(νi+1,j )0<j<pi can be evaluated at the same point P ∈ Pi+1 in time O(log m + pi ) using
exponentiation by squaring. Thus, the evaluations of νi+1,1 , . . . νi+1,pi −1 on Pi+1 are obtained
with O((log m + pi ) |Pi+1 |) operations.
We give an example of an AG code over a Kummer curve where pmax = 2.
▶ Example 45. On Fq2 with q = 261 − 1 (9th Mersenne prime), we consider the curve
X0 : y N = x 3 + x
where N = 2r with r = 16. It is maximal [46] of genus g = N − 1. We consider the code C0
0
associated to D0 = 217 P∞
on an evaluation set P0 ⊂ X0 (Fq2 ) of size n = 220 . Its dimension
16
equals dim C0 = 2 + 2 and its relative minimum distance λ is bounded from below by
1 − 2−3 . Take ε = 2−6.55 . By Theorem 42,
  2

4
log(n)
4
≈ 24.33+6+3·6.55−121 ≤ 2−91
errcommit ≤
1+
ε
ε
Fq 2
errquery (δ) ≤ (1 − δ + ε log(n))
1

where 1 − δ = (1 − λ + ε) 3 ≤ 0, 51384. Hence
errquery (δ) ≤ 0, 51384 +

20
≈ 0, 72728.
26.55

By running the QUERY phase with repetition parameter t ≥ 199, we get (errquery )t ≤ 2−91
and err(δ) ≤ 2−90 . The last code Cr is a small Reed-Solomon code of length nr = 24 and
dimension 2. The total number of rounds of the IOPP is thus r + 1.
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8.3

Properties of the AG-IOPP with towers of Hermitian curves

▶ Theorem 46. Let C = (X , P, D) be a foldable AG code with alphabet F = Fq2 on a tower
of Hermitian curves satisfying the hypotheses of Proposition 32. Letting imax be the index
of the curve X in the Hermitian tower (Xi )i≥0 , the length n = |P| of C is at most q imax +2 .
The IOPP (P, V) described in Section 8.1 has perfect completeness, and soundness as stated
in Theorem 42. Moreover, we have:
rounds complexity
proof length
query complexity
prover complexity
verifier decision complexity

r(n)
l(n)
q(n)
tp (n)
tv (n)

< log n,
< n,
≤ tq log n + 1,
= O(n · MF (q) log(q)),
= O(log n · MF (q) log(q)).

Proof. The proof follows from proof of Theorem 43, replacing η by q. Prover and verifier
complexities are computed from the cost of computing the coefficients of a univariate polynomial of degree less than q from its evaluation on points forming an arithmetic progression in
F = Fq2 . This interpolation task can be done in MF (q) log q + O(MF (q)) base field operations
[21], where MF (d) denotes the cost of multiplying two degree-d univariate polynomials in
F[X].
◀
Given a foldable code as in Proposition 32, the IOPP constructs a sequence of codes as
follow:
(i)
Ci := C(Ximax −i , Pimax −i , Dimax −i ) where Pi−1 = πi (Pi ) and Di = di P∞

with the integers di defined recursively by
 
di
di−1 :=
+ 2g(Xi−1 ).
q
▶ Remark 47. Be careful about the indices: the indices for the codes on one hand and for the
curves, the support and the degree on the other hand, are in reserved order. The original
code to which we test proximity is C0 , defined over the curve Ximax , and the last RS code is
Cimax , which is defined over X0 ≃ P1 .
Unlike the Kummer case, we have to increase the degree of divisor by twice the genus of
the curve at each step to make sure the compatibility hypotheses of Definition 7 are valid.
This has a counterpart: the dimension of the codes Ci decreases much slowly than their block
length. A foldable code in the sense of Definition 8 may induce of a sequence of codes in
which the last code Cimax is trivial. In this case, the protocol would no longer be sound. We
thus need to control the dimension of the code Cimax . This is the purpose of the remaining
of this section.
▶ Remark 48. In light of the Kummer case in which the group Z/N Z is factored as much as
ℓ
possible, if q is some prime power q = pℓ , we could split the additive group Fq ≃ (Z/pZ)
acting at each level with ℓ intermediary rounds. In 36, any value taken by the folding of a
function f would be determined by p values of f (instead of q values), and the verifier and
the prover would perform polynomial interpolations of degree p. However, for each of these
intermediary steps, we would have to make the new divisor grow to fulfill the compatibility
conditions (Definition 7), as mentioned above. If the rate increases too much, the relative
minimum distance drops and the total number queries to target a designated soundness may
be tremendous. The loss in terms of soundness error per QUERY phase seems to be much
more significant than the aforementioned advantages.

S. Bordage, M. Lhotel, J. Nardi, and H. Randriam

8.3.1

30:39

Bounding the rate of the underlying Reed-Solomon code

We aim to bound the dimension of the code Reed-Solomon code Cimax . Let us compute the
degree dimax of the divisor Dimax on P1 .
▶ Lemma 49. For 1 ≤ j ≤ imax , we have


dimax −j

dimax
≤
qj


+

j 
X
2gi
k=1

max −k


+ (j − 1).

q j−k

Proof. It follows from the definition of the degrees di given in (17) and by induction on j.

◀

From Lemma 49, we can get an upper bound on d0 .
▶ Corollary 50. Let us assume that 2(imax − 1) < q. The degree d0 of the divisor D0 on P1
is bounded from above by




imax
dimax
d0 ≤ imax + (imax − 1) 1 +
· (3q − 4 + 2imax )
q
6
Proof. By Lemma 49, we have the following bound over d0 :


dimax
d0 ≤ imax
q


+

imax
X−1 
i=0


2gi
+ imax − 1.
qi

It is thus enough to estimate the sum

imax
P−1
k=0

imax
X−1 
k=0

2gk
qk


≤

imax
X−1




2gk
. By Proposition 53,
qk

(kq + k(k − 1))

k=0

imax (imax − 1) imax (imax − 1)(2imax − 1)
+
2
6

imax (imax − 1)
4 2imax
=
· q− +
,
2
3
3
= (q − 1) ·

which gives the expected result.

◀

We aim to determine a sufficient condition on imax that ensures that the RS code Cimax
is not trivial. Let us denote by n0 the size of the support P0 of Cimax . It satisfies n0 ≤ q 2 .
The rate of Cimax is equal to
d0 + 1
.
n0
Also we have nimax := |Pimax | = q imax n0 .
▶ Corollary 51. Let us fix ρ ∈ (0, 1). If




dimax
imax
·
(3q
−
4
+
2i
)
+ 1 < ρn0 ,
+
(i
−
1)
1
+
max
max
q imax
6
then the rate of the RS code Cimax is less than ρ.
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8.3.2

Foldable codes with constant rate which are endowed with an
IOPP with designed soundness

In this paragraph, we focus on foldable codes of the form


(imax )
(imax )
, (2α + 1)gimax )P∞
C0 = C Ximax , Ximax (Fq2 ) \ {P∞

(20)

for some α > 1/2, as in Section 6.2.1. The evaluation set Pimax is the whole set of rational
(i
)
points of Ximax minus the point of at infinity P∞max , i.e. nimax = q imax +2 .
▶ Proposition 52. Let us fix ρ ∈ (0, 1). The rate of the RS code Cimax below C0 is less than
ρ if
2i3max + 3i2max (2α + q − 1) + imax (6α(q − 1) + 7) − 6ρq 2 < 0.
Proof. For q large enough, we can assume that 2imax − 1 < q. Using Proposition 53, we get
an upper bound over dimax :
imax imax
(q + (imax − 1)).
q
2
From Corollary 51, a sufficient condition for the underlying RS code to have a rate less than
ρ is


imax
imax
(2α + 1)
(q + (imax − 1)) + (imax − 1) 1 +
(3q − 4 + 2imax ) + 1 < ρq 2
2
6
dimax ≤ (2α + 1)

Multiplying the inequality by 6, expanding and simplifying, we get our condition.

◀

Now assume that imax = q ε for ε ∈ (0, 1). In the constant rate regime described in Lemma
33, we have αimax = Rq. The condition above becomes



1
3
2
2
2imax + 3imax (q − 1) + imax (6Rq + 7) < 6q ρ − R 1 −
.
q


If R 1 − 1q < ρ, the right handside is positive. Let us give a rough estimation of the
largest ε such that imax = q ε satisfies
this
The left handside begin equivalent to


 inequality.
1
1
1+2ε
3q
, we have ε ≃ 2 (1 + logq ρ − R 1 − q .
Table 1 displays some examples of level imax and initial rate R of foldable codes for
which the AG-IOPP reduce the proximity test to testing RS codes of rate ρ. In terms of the
soundness of the protocol, it means that λ as defined in Theorem 42 is greater than 1 − ρ.
Table 1 Example of parameters of foldable codes of rate R along the Hermitian tower. Alphabet
is F2q and block length is n. The last column gives a bound on the minimal distance of the RS code.
q

imax

n

R

1−ρ>

1/8

1/3

2

4

3

2

2

5

5

235

24

4

224

1/3

3

2

25

3/4

5

2

35

4

236

5

2

42

2/3

2

54

1/2

2

20

25

2

6

7
2

4

3

20

1/16

1/2
3/4

1/32

1/2
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A

Proof of Proposition 39

Proposition 39 is a weighted version of [18, Theorem 4.5]. We only highlight the changes to
be made in the proof of [18, Theorem 4.5].
l−1
X
For z ∈ F and (v0 , . . . , vl−1 ) ∈ V l , let us set vz :=
z i vi . Rewriting the proof of
i=0

Theorem 4.5 [18] with
A := {z ∈ F | ωη (uz , V ) > 1 − δ}
provides v0 , . . . , vl−1 ∈ V and a set
C := {z ∈ F | ωη (uz , vz ) > 1 − δ} ⊂ A
with cardinality |C| >
1−δ <

l−1
ε .

Let us set T := {P ∈ P | ui|T = vi|T for all i}. Therefore

1 X
ωη (uz , vz )
|C|
z∈C
XX
1

η(P )1uz (P )=vz (P )
|C| × |P|
z∈C P ∈P
1 X
1 X
η(P )
1uz (P )=vz (P )
=
|P|
|C|
=

P ∈P

z∈C

Notice that if there exists i ∈ {0, . . . , l − 1} such that ui which does not coincide with vi , the
number of z ∈ F such that uz (P ) = vz (P ) is at most l − 1. Then

1−δ ≤

1 X
l−1
1 X
η(P )
η(P ) +
|P|
|P|
|C|
P ∈T

P ∈C\T

1 X
≤
η(P ) + ε,
|P|
P ∈T

which gives the first item of the proposition.

B

Properties of the genera of the curves in the Hermitian tower

To estimate the parameters of the foldable codes we define along the Hermitian tower, we
need to handle the genera of the curves in this tower. From the formulae (15), we deduce a
bound on the genus of the curve Xi for small i (Proposition 53) and the asymptotic behaviour
of the ratio of gi by q i+2 for i = q ε when q goes to infinity (Lemma 54).
▶ Proposition 53. For i ≥ 1, we have
i  
i  k−1
q i+1 X i
1
iq i+1 X i
i
i(i − 1) i
gi ≤
≤
≤ q i+1 +
q,
k−1
2
k q
2
q
2
2
k=1

k=1

the last inequality holding only if 2(i − 1) < q.
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Proof. Starting from the second formula of (15), we can write

1
gi = ·
2

q

i+1

i 
X
k=1

1
1+
q

!

k−1
+ 1 − (1 + q)

i

q i+1
· q · ((1 + 1/q)i − 1)
2
i  
q i+1 X i
1
,
·
=
2
k q k−1
≤

k=1

using that the term outside the geometric sum is non-positive. Note that if k ≥ 2, then we
can bound the binomial coefficients as follows
 
i
i(i − 1) · · · (i − k + 1)
i(i − 1)k−1
=
≤
,
k
k(k − 1) · · · 2
2
as the denominator is greater than 2 and the factors i − 1, i − 2, ..., i − k + 1 are all lesser
than i − 1. Factoring and using this upper bound on the binomial coefficients, we get
k−1 !

 X
k−2 !
i 
i 
q i+1
i X i−1
iq i+1
1
i−1
i−1
gi ≤
· i+
=
1+ ·
·
.
2
2
q
2
2
q
q
k=2

Assuming that 2(i − 1) < q, we can bound the sum

k=2

i
P



k=2

i−1
q

k−2
by 2, which concludes
◀

the proof.
▶ Lemma 54. Fix ε ∈ (0, 1) and set i = q ε . Then
gi
∼
i+2
q→∞
q

1
2q 1−ε

.

Proof. From the first formula of (15), we get
#

q ε
 "
2gimax
1
1
1
1
= 1− 2
1+
− 1 + imax +2 − 2
q imax +2
q
q
q
q

q ε
Let us examine the asymptotic behaviour of 1 + 1q
when q goes to infinity. Set h = q −1 .

1+

1
q

q ε






log(1 + h)
h
= exp h1−ε ·
= exp h1−ε 1 − + o(h)
= 1+h1−ε +o(h1−ε )
h
2

Therefore, we have


1
1+
q

q ε
−1∼

1
.
q 1−ε

◀
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Abstract
We study the following natural question on random sets of points in Fm
2 :
Given a random set of k points Z = {z1 , z2 , . . . , zk } ⊆ Fm
2 , what is the dimension of the
space of degree at most r multilinear polynomials that vanish on all points in Z?



m
We show that, for r ≤ γm (where γ > 0 is a small, absolute constant) and k = (1 − ε) · ≤r
for
any constant ε > 0, the space of degree at most r multilinear polynomials vanishing on a random
m
set Z = {z1 , . . . , zk } has dimension exactly ≤r
− k with probability 1 − o(1). This bound shows
that random sets have a much smaller space of degree at most r multilinear polynomials vanishing
on them,
compared
to the worst-case bound (due to Wei (IEEE Trans. Inform. Theory, 1991)) of


m
log2 k
m
−
≫
− k.
≤r
≤r
≤r
Using this bound, we show that high-degree Reed-Muller codes (RM(m, d) with d > (1 − γ)m)
“achieve capacity” under
 the Binary Erasure Channel in the sense that, for any ε > 0, we can recover
m
from (1 − ε) · ≤m−d−1
random erasures with probability 1 − o(1). This also implies that RM(m, d)

is also efficiently decodable from ≈

m
≤m−(d/2)



random errors for the same range of parameters.
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Introduction

The Reed-Muller (RM) code is one of the most basic error-correcting codes studied in
coding theory, first introduced by Muller [7] and Reed [9] in 1954. Stated in the language of
polynomials, the RM code with parameters m and r for positive integers m > r, denoted by
RM(m, r), is the code whose codewords are evaluations of m-variate multilinear polynomials
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of degree at most r over the vector space Fm
2 . Despite these being one of the earliest codes
discovered in coding theory, several properties of these codes (weight-distribution, capacityachieving on any binary memory-less symmetric (BMS) channel) are not yet fully-understood.
A natural problem that arises while investigating the Shannon-capacity of RM code is
the following:
Given a set Z of k points Z = {z1 , z2 , . . . , zk } ⊆ Fm
2 , what is the dimension of the
space Ir (Z) of degree at most r multilinear polynomials that vanish on all points in Z?
To understand the connection to RM codes, we give an equivalent description of this
m
problem in terms of the parity check matrix of the RM code. Let E(m, r) be the ≤r
× 2m m
matrix whose columns are indexed by elements in F2 and rows by m-variate multilinear
monomials of degree at most r. The z th column of E(m, r) for z ∈ Fm
2 is the column vector
z (r) consisting of evaluations of all multilinear m-variate degree ≤ r monomials at the point
z. It is not hard to see that E(m, r) is the parity check matrix of the Reed-Muller code
RM(m, m − r − 1). An equivalent formulation of the above question in terms of the matrix
E(m, r) is the following:
given a set Z of k points Z = {z1 , z2 , . . . , zk } ⊆ Fm
2 , what is the

m
rank of the ≤r × |Z| sub-matrix E(m, r)Z of E(m, r) obtained by picking the columns
corresponding to the points in Z.
While studying the generalized Hamming weights of RM codes over F2 , Wei [15] proved
worst-case bounds for the above problem. In its simplest form, these worst-case bounds
m
ℓ
show that if |Z| = 2ℓ for some 0 ≤ ℓ ≤ m, then dim(Ir (Z)) ≤ ≤r
− ≤r
. These worst-case
bounds were then generalized to arbitrary fields by Keevash and Sudakov [5] and have had
applications in combinatorics as well as theoretical computer science. Ben-Eliezer, Hod
and Lovett [2] reproved the above form of this bound and used it to study the correlation of
random polynomials with lower-degree polynomials. Nie and Wang [8] used these bounds
bound to prove extensions of the Kakeya Theorem. Chen, De, and Vijayaraghavan [3] used
these bounds to analyze their algorithms for learning mixtures of subspaces over finite fields.
In the context of RM codes, Abbe, Shpilka and p
Wigderson [1] used these worst-case bounds
to show that RM codes of high rate (r = m − o( m/ log m)) achieve Shannon-capacity over
the BEC channel.
These bounds due to Wei only prove extremal (i.e., worst-case) bounds on dim(Ir (Z)).
The tightness
Zis a subcubeof size 2ℓ , where dim(Ir(Z) =
 of this bound is witnessed when m
m
ℓ
m
m
ℓ
≤r − ≤r which is considerably larger than ≤r − |Z| = ≤r − 2 . We note that ≤r − |Z|
is a lower bound on the dimension of Ir (Z) since each point in Z can reduce the dimension by
at most 1. It is thus natural to ask how large is dim(I
 r (Z)) for sets Z other than a subcube.
m
In particular, how does dim(Ir (Z)) compare to ≤r
− |Z| when Z is a random set of points

m
of size K < ≤r . Our main result shows that for small r (more precisely, for r ≤ γm for

m
a small, but absolute, constant γ > 0) and |Z| = (1 − ε) · ≤r
for any constant ε ∈ (0, 1),
a random set Z behaves very differently from a subcube and the dimension of Ir (Z) is as
m
small as it can be, namely ≤r
− |Z|.
▶ Theorem 1.1 (dimension of degree-r vanishing space of random set). There exists
a constant

m
γ0 > 0 such that for all ε > 0 the following is true. Let K = (1 − ε) · ≤r and r < γ0 m.
Then,




m
Prm dim(Ir (Z)) =
− K = 1 − o(1)
Z⊆F2
≤r
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where Z = {z1 , . . . , zK } is a uniformly random set of K distinct points in Fm
2 . In other
(r) (r)
(r)
words, the probability that the set of columns {z1 , z2 , . . . , zK } is not linearly independent
is o(1), where z (r) denotes the vector consisting of evaluations of all multilinear m-variate
degree ≤ r monomials at the point z.
Abbe, Shpilkapand Wigderson [1] also proved a similar result for a smaller range of
r, namely r = o( m/ log m) using Wei’s
extremal bound. We note that if γ0 is chosen

m
sufficiently small such that K ≤ ≤r
= o(2m/2 ), then it does not matter if the points
z1 , . . . , zk are chosen with or without replacement since the two distributions are then o(1)indistinguishable. When the points are chosen with replacement, then one cannot expect to
improve the range of r for which the above theorem holds (up to the choice of the constant
γ0 ) since if K ≫ 2m/2 , then with high probability two of the
 zi ’s are equal in which case
m
Ir (Z) will definitely have dimension strictly larger than ≤r − K.
As one would expect, this average-case bound on dim(Ir (Z)) leads to a better understanding of the Shannon-capacity of RM codes over the high-rate regime.

Shannon-capacity of Reed-Muller codes
Reed-Muller codes were shown to achieve Shannon-capacity over the BEC channel in the
extremal regimes (low rate r = o(m) and high rate r = m − o(m)) by Abbe, Shpilka and
√
Wigderson [1] and in the constant rate regime (r = m/2 ± O( m)) by Kudekar et al [6].
More recently, Reeves and Pfister [10] showed that RM codes over the constant rate regime
√
(r = m/2 ± O( m)) achieve Shannon-capacity over any BMS channel. Despite all this
progress, the general question of whether RM codes achieve capacity over the entire regime
(1 ≤ r < m − 1) and over any BMS channel remains open.
The results of Kudekar et al [6] and Reeves and Pfister [10] are obtained using Boolean
function analysis while the results of Abbe, Shpilka and Wigderson for the Shannon-capacity
over the BEC channel of RM codes in the low-rate regime (r = o(m)) were obtained using
the weight-distribution bound of Kaufman, Lovett and Porat [4]. Subsequent improvements
in the weight distribution due to Sberlo and Shpilka [13] led to the Shannon-capacity of RM
codes over the BEC channel for a wider range of the degree parameter r, more precisely for
r = γm for γ < 1/70.
p
The Shannon-capacity of RM over the high-rate regime (r = m − o( m/ log m) were also
proved by Abbe, Shpilka and Wigderson using Wei’s worst-case bounds on dim(Ir (Z)). In
particular, these latter results do not use the weight distribution of RM codes and hence the
subsequent improvements in our understanding of the weight distribution of RM codes due
to Samorodnitsky [11] and Sberlo-Shpilka [13] did not lead to an improved understanding of
the Shannon-capacity of RM codes in the high-rate regime. We rectify this gap by giving
an alternate bound for the Shannon-capacity in terms of the our average-case bound on
dim(Ir (Z)) and widen the range of the degree parameter r for which high-rate RM codes
achieve Shannon-capacity over the BEC channel.
▶ Theorem 1.2 (high-degree RM codes under erasures). There exists a constant γ0 > 0 such
that for all ε > 0 the following is true. Let m, d be growing parameters with d > m(1 − γ0 ).
m
Then, the code RM(m, d) can correct K = (1 − ε) ≤m−d−1
random errors with probability
1 − o(1).
Abbe, Shpilka and Wigderson [1] and Saptharishi, Shpilka and Volk [12] showed how to
reduce the resilience of certain RM codes under the BSC to the resilience of appropriate RM
codes under the BEC. Using this reduction, we obtain the following corollary of the above
theorem for the BSC channel.
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▶ Corollary 1.3 (high-degree RM codes under errors). There exists a constant γ0 > 0 such
that for all ε > 0 the following is true. Let m, r be growing parameters with r < γ0 m. Then,
m
the code RM(m, m − 2r − 2) can be efficiently decode from K = (1 − ε) ≤r
random errors.
See Section 4 for further discussion on Shannon-capacity and what it means for high-rate
RM codes to achieve it over the BEC and BSC channels.
We remark that our proof methods work for any linear code, not necessarily the RM
code, provided one has good bounds on the weight distribution of the dual code.

1.1

Proof Overview

Recall that Theorem 1.1 is a statement about the dimension of the degree-r
 vanishing space
m
of a uniformly random subset Z of Fm
of
size
K
where
K
=
(1
−
ε)
·
2
≤r . In the regime of
parameters we are interested in (i.e., r < γ0 m for a small enough constant γ0 ), this is more
or less equivalent to1 choosing K points z1 , . . . , zK independently and uniformly from Fm
2 .
We assume that Z is defined this way for the rest of this section.
To argue about the dimension of the degree-r vanishing space Ir (Z), we instead argue
m
about the size S of Ir (Z). Note that since dim(Ir (Z)) ≥ D := ≤r
− K, this set has size
D
D+1
at least 2 , and has size at least 2
if dim(Ir (Z)) > D. In light of this, it is sufficient to
show that
E[S] = exp2 (D)(1 + o(1)).
Estimating E[S] turns out to be very closely related to a recent result of Sberlo and
Shpilka [13], who prove strong results on the parameters of capacity-achieving Reed-Muller
codes in the low-degree setting.
More precisely, we can easily see that the probability that a uniformly random polynomial
P ∈ RM(m, r) belongs to Ir (Z) is exactly (1 − wt(P ))K where wt(P ) is the fractional
Hamming weight of P (i.e., the fraction of points where it does not vanish). Thus, we have
X

E[S] =

(1 − wt(P ))K .

P ∈RM(m,r)

Now, while there are polynomials P ∈ RM(m, r) of very small weight2 , most polynomials
in RM(m, r) have weight close to 1/2, which should indicate that the sum is close to 2−K
as required. However, a careful analysis is required, as the contribution of a polynomial P
increases exponentially as its weight decreases.
It turns out that Sberlo and Shpilka [13] analyzed a very similar quantity in their recent
work. More precisely they showed that for any constant δ > 0 (and also a large range of
sub-constant δ), we have
X

m

(1 − wt(P ))(1+δ)·(≤r) = o(1).

P ∈RM(m,r)\{0}

While this is very closely related to our result, we are not able to recover the exact bound
we need using this inequality.

1
2

In the sense that the two distributions have small statistical distance.
It is a standard fact (e.g. by the Schwartz-Zippel lemma) that the minimum weight of a non-zero
polynomial from RM(m, r) is 2−r .
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However, the technical lemmas used to derive the above result are strong results on the
weight distribution of RM(m, r), which are upper bounds on the number of polynomials of
small weight. Using these upper bounds and carrying out the relevant computations yields
Theorem 1.1.
The application to resilience under the BEC and BSC (Theorem 1.2 and Corollary 1.3)
follow from Theorem 1.1 in a straight-forward manner from the works of Abbe, Shpilka and
Wigderson [1] and Saptharishi, Shpilka and Volk [12].

Organisation
We discuss some notation and preliminaries in Section 2 and proceed to the proof of
Theorem 1.1 in Section 3. We then present the applications to proving the resilience of RM
codes under BEC and BSC in Section 4.

2

Notation and preliminaries

1. We use [m] to represent the set {1, 2, 3, . . . , m} and the expression
sum
 
 
m
m
+ ··· +
.
0
r

m
≤r



to denote the



2. We denote by [m]
and [m]
r
≤r the sets {S ⊆ [m] : |S| = r} and {S ⊆ [m] : |S| ≤ r}
respectively.
3. We shall abuse notation and use RM(m, r) to denote the vector space of all m-variate
multivariate polynomials in F2 [x1 , . . . , xm ] of degree at most r. Throughout the paper,
the parameter m will be unchanged and we will avoid mentioning it for brevity. Let
n = 2m .

m
4. For parameters m, r, define the matrix E(m, r) as the ≤r
× 2m -matrix whose columns
m
are indexed by elements in F2 and rows by multlinear m-variate monomials of degree at
most r and whose z-th column is the vector consisting of the evaluation of all multilinear
m-variate degree ≤ r monomials on z.
5. For a polynomial P ∈ RM(m, r), we use wt(P ) to denote the fractional Hamming weight:
wt(P ) :=

|{z ∈ Fm
2 : P (z) ̸= 0}|
2m

We shall say that a polynomial P ∈ RM(m, r) is η-biased if |wt(P ) − 1/2| ≥ η. We shall
also use RMη (m, r) to denote the set of all η-biased polynomials in RM(m, r).
6. For a real number α ∈ (0, 1), we denote by WtDistm,r (α) the number of polynomials of (fractional) weight at most α in RM(m, r), i.e., WtDistm,r (α) := |{P ∈
RM(m, r) : wt(p) ≤ α}|.
7. All complexity notations used in the paper are with respect to m as the growing parameter.

2.1

Weight distribution bounds

We use the following bounds on the weight-distribution of Reed-Muller codes due to Sberlo
and Shpilka [13].
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▶ Theorem 2.1 (Sberlo and Shpilka [13]: bounds for low-weight codewords). For any ℓ ≥ 1,
we have



m
WtDistm,r (2−ℓ ) ≤ exp2 O(m4 ) + 17 · (cγ ℓ + dγ ) · γ ℓ−1 ·
≤r
(2−γ)
where cγ = 1/(1 − γ) and dγ = (1−γ)
2.
In particular, if γ ≤ (1/2), we have



m
−ℓ
4
ℓ−1
WtDistm,r (2 ) ≤ exp2 O(m ) + O(ℓ · γ ) ·
.
≤r

(1)

▶ Theorem 2.2 (Sberlo and Shpilka [13]: bounds for medium-weight codewords). Assume that
γ ∈ (0, (1/2) − Ω(1)). For a positive integer ℓ such that ℓ/m upper bounded by a small enough
constant3 , we have





1
m
−ℓ
4
−c(γ,ℓ)
WtDistm,r
−2
≤ exp2 O(m ) + (1 − 2
)·
(2)
2
≤r
where c(γ, ℓ) = O(max{γ 2 ℓ, γ}).

3

Degree-r vanishing spaces and closures

We first define the notion of a vanishing space. This is similar to the notion of vanishing
ideals in basic algebraic geometry but we refer to them as vanishing space instead to stress
that we are studying them as a vector space and not an ideal.
▶ Definition 3.1 (degree-r vanishing spaces). For a set Z ⊆ Fm
2 , we use Ir (Z) to denote the
degree-r vanishing space defined as
Ir (Z) := {P ∈ RM(m, r) : P (z) = 0 for all z ∈ Z} .
Related to the vanishing ideals is also the notion of the degree-r closure (similar to the
Zariski closure in standard algebraic geometry but restricted to the setting of Fm
2 ), which is
the set of points on which every polynomial in the degree-r vanishing space vanishes.
▶ Definition 3.2 (degree-r closure). For a set Z ⊆ Fm
2 , we use Closurer (Z) to denote the
degree-r closure of Z defined as
Closurer (Z) := {u ∈ Fm
2 : P (u) = 0 for all P ∈ Ir (Z)} .
The above notion can be equivalently defined as the set of all u ∈ Fm
2 such that column of
E(m, r) indexed by u is in the span of columns of E(m, r) indexed by z ∈ Z. That is,
n
n
oo
(r)
(r)
Closurer (Z) = u ∈ Fm
:
u
∈
span
z
:
z
∈
Z
,
2

m
where z (r) denotes the ≤r
-dimension vector of evaluations of all m-variate degree at most
r monomials at the point z.
m
For any set Z ⊆ F2 of size k, note that Ir (Z) is a vector space of dimension at least
− k, as each constraint P (z) = 0 adds one homogeneous linear constraint on the ambient

m
space RM(m, r). In fact, it is easy to see that Ir (Z) has rank ≤r
− k if and only if each
point of Z is not in the closure of the previous points.
m
≤r

3

[13, Theorem 1.3] only guarantees this for ℓ = o(m) but [13, Remark 1.1] after the theorem statement
says that in this setting it holds for ℓ = Ω(m).
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▶ Observation 3.3 (vanishing ideals of minimal rank). Let Z = {z1 , . . . , zk } ⊆ Fm
2 . Then,

dim Ir (Z) =

3.1


m
− k ⇐⇒ (∀i = 1, . . . , k − 1 : zi ∈
/ Closurer ({z1 , . . . , zi−1 })) .
≤r

◀

Dimension of the degree-r vanishing spaces of random sets

In this section, we will be interested in studying the vanishing spaces and closures of a
m
random set Z obtained by picking K = (1 − ε) ≤r
points from Fm
2 (where ε > 0 is some
constant). We restate Theorem 1.1 below.
▶ Theorem 1.1 (dimension of degree-r vanishing space of random set). There exists
a constant

m
γ0 > 0 such that for all ε > 0 the following is true. Let K = (1 − ε) · ≤r and r < γ0 m.
Then,




m
Pr dim(Ir (Z)) =
− K = 1 − o(1)
Z⊆Fm
≤r
2
where Z = {z1 , . . . , zK } is a uniformly random set of K distinct points in Fm
2 . In other
(r) (r)
(r)
words, the probability that the set of columns {z1 , z2 , . . . , zK } is not linearly independent
is o(1), where z (r) denotes the vector consisting of evaluations of all multilinear m-variate
degree ≤ r monomials at the point z.

We will use the following lemma to prove the above theorem.
▶ Lemma 3.4 (size of degree r-vanishing space of random set). There
 exists a constant γ0 > 0
m
such that for all ε > 0 the following is true. Let K = (1 − ε) · ≤r
and r < γ0 m. Then,



|I
(Z)|
r
   = 2−K (1 + o(1))
E
m
exp2 ≤r
where Z = {z1 , . . . , zK } is a uniformly random set of K distinct points in Fm
2 .
We first use the above lemma to prove Theorem 1.1. Lemma 3.4 is proved in Subsection 3.2.

m
Proof of Theorem 1.1. Let p be the probability that dim(Ir (Z)) = ≤r
− K. Note that

m
dim(Ir (Z)) is always at least ≤r − K, as the space Ir (Z) is a subspace of RM (m, r) defined
by K linear equations. Thus,






|I
(Z)|
m
r


  = E exp2 dim(Ir (Z)) −
E
m
≤r
exp2 ≤r
≥ p · exp2 (−K) + (1 − p) · 2 · exp2 (−K).
Combining this with Lemma 3.4 we get that
p · exp2 (−K) + (1 − p) · 2 · exp2 (−K) ≤ 2−K (1 + o(1))
which gives 1 − p ≤ o(1). Hence, we get that p = 1 − o(1).

◀
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3.2

Proof of Lemma 3.4

We start with reformulating the problem of bounding size of Ir (Z) to computing a certain
weighted sum of the polynomials in RM(m, r).
Let Q be a uniformly random polynomial chosen from RM(m, r). Then,


|I
(Z)|
r
   = E [1[Q ∈ Ir (Z)]]
E
m
Z,Q
exp2 ≤r
h
i
= E E[1[Q ∈ Ir (Z)]]
Q Z
 
 (1−wt(P ))2m 
X
m
K

=
exp2 −
·
2m
≤r
K
P ∈RM(m,r)




 (1−wt(P ))2m 
X
m
K
.

= exp2 (−K) · 
exp2 −ε ·
·
2m
≤r
K
P ∈RM(m,r)

To complete the proof of Lemma 3.4 we therefore need the following claim.
▷ Claim 3.5.


X

exp2

P ∈RM(m,r)



m
−ε ·
≤r


·

(1−wt(P ))2m
K

2m
K


≤ 1 + o(1).

Given Claim 3.5, we see that






X
|Ir (Z)| 
m
  = exp2 (−K) · 
E
exp2 −ε ·
·
m
≤r
exp2 ≤r
P ∈RM(m,r)

(1−wt(P ))2m
K

2m
K




≤ exp2 (−K) · (1 + o(1)),
which concludes the proof of Lemma 3.4.
Next, we proceed to prove Claim 3.5.

m
Proof of Claim 3.5. Let u = ≤r
in the following. Recall that K = (1 − ε)u. Also,
X

exp2 (−εu) ·

P ∈RM(m,r)



1

(1−wt(P ))2m
K

2m
K


≤

X

exp2 (−εu) · (1 − wt(P ))(1−ε)u .

P ∈RM(m,r)

2

and let RMδ (m, r) = {P ∈ RM(m, r) : | wt(P ) − 1/2| ≥ δ/2}, i.e., the set
m
(≤r
)
of polynomials with bias at least δ.
Now,
X
exp2 (−εu) · (1 − wt(P ))(1−ε)u
Set δ =

P ∈RMδ (m,r)

≤2·

X

exp2 (−εu) · (1 − wt(P ))(1−ε)u ,

P : wt(P )≤1/2−δ/2

since the term corresponding to a polynomial P of weight greater than 1/2 + δ/2 can be
upper bounded by the term corresponding to the polynomial 1 + P which has weight at most
1/2 − δ/2.
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Since the RHS of the above equation involves polynomials whose weights are in the
interval [1/2r , 1/2 − δ], we will split this interval into sub-intervals and analyse the contribution
from each.
for i = 2, 3, . . . , r − 1,
1
for i = 2, 3, . . . , t = log .
δ

Lowi := [1/2i+1 , 1/2i ]
Medi := [(1/2 − 1/2i ), (1/2 − 1/2i+1 )]

Let us use the following quantities to denote the number of polynomials with weights in the
above intervals:
Li := |{P ∈ RM(m, r) : wt(P ) ∈ Lowi }|
Mi := |{P ∈ RM(m, r) : wt(P ) ∈ Medi }| .
Therefore,
X

X

exp2 (−εu)·(1−wt(P ))(1−ε)u ≤ 2·

P ∈RMδ (m,r)

≤2

exp2 (−εu)·(1−wt(P ))(1−ε)u

P : wt(P )≤1/2−δ/2
r−1
X

k

Li · (1 − 1/2i+1 ) +

i=2

t
X

!
Mi · (1/2 + 1/2i )

k

1

·
exp2

i=2



m
≤r



−K

.

By Claim 3.6 proved below using the weight distribution bounds of Sberlo and Shpilka
(Theorem 2.1 and Theorem 2.2), we have that
r−1
X

Li · (1 −

1/2i+1 )k

+

i=2

Hence,
X

t
X

!
Mi ·

(1/2

+

1/2i )k

1

·
exp2

i=2



m
≤r



−K

 ≤ O(δ 2 ).

exp2 (−εu) · (1 − wt(P ))(1−ε)u

P ∈RM(m,r)

X

=

exp2 (−εu) · (1 − wt(P ))(1−ε)u

P ∈RMδ (m,r)

X

+

exp2 (−εu) · (1 − wt(P ))(1−ε)u

P ∈RM
/
δ (m,r)
2

≤ O(δ ) +

X

exp2 (−εu) · (1/2 + δ/2)(1−ε)u

P ∈RM
/
δ (m,r)
2

≤ O(δ ) + (1 + δ)(1−ε)u
≤ O(δ 2 ) + exp(δu)
≤ 1 + O(1/u) = 1 + o(1).

◁

It remains to prove the following technical claim.
▷ Claim 3.6.

1. For all i = 2, . . . , r − 1, we have
k

Li · (1 − 1/2i+1 )
 
 ≤ δ3 .
m
exp2 ≤r − k
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2. For all i = 2, . . . , t = log 1δ , we have
k

Mi · (1/2 + 1/2i )
 
 ≤ δ3 .
m
exp2 ≤r
−k
Prooff of Claim 3.6(1). Note that (1 − 1/2i+1 )k ≤ exp(−k/2i+1 ) ≤ exp2 (−k/2i+1 ). Hence,
WtDistm,r (2−i ) · exp2 (−k/2i+1 )
Li · (1 − 1/2i+1 )k
 
≤
 

.
m
m
exp2 ≤r
−k
exp2 ≤r
−k
Using Theorem 2.1 to bound WtDistm,r (2−i ), we get






k
Li · (1 − 1/2i+1 )
m
m
 
 ≤ exp2 O(m4 ) + O(iγ i−1 ) ·
− k/2i+1 −
+k
m
≤r
≤r
exp2 ≤r
−k




m
= exp2 O(m4 ) −
· (1 − O(iγ i−1 )) + k · (1 − 2−i−1 ) ,
≤r
where γ = r/m. If this γ is a small enough absolute constant, we can see that the O(iγ i−1 )
term is always at most 2−i−1 . Using this and continuing the computation above, we get





k
m
Li · (1 − 1/2i+1 )
4
−i−1
 ≤ exp2 O(m ) −
 
− k · (1 − 2
)
m
≤r
−k
exp2 ≤r




m
4
−i−1
≤ exp2 O(m ) − ε
· (1 − 2
)
≤r






ε
m
m
≤ exp2 O(m4 ) − ·
≤ exp2 −Ω
≤ δ3
2
≤r
≤r
where for the second inequality above, we used the fact that k ≤ K = (1 − ε) ·
Proof of Claim 3.6(2). Note that
i

(1/2 + 1/2 )k = 2−k · (1 + 1/2i−1 )k
≤ 2−k · exp(k/2i−1 ) = 2−k · exp2 (k/2i−1 · log2 e)
= exp2 (−k · (1 − 2 log2 e · 2−i )).
Using the fact that Mi ≤ WtDistm,r (1/2 − 1/2i+1 ), we get
WtDistm,r (1/2 − 1/2i+1 ) · exp2 (−k · (1 − 2 log2 e · 2−i ))
 

m
exp2 ≤r
−k



2
m
exp2 O(m4 ) + (1 − 2−O(max{γ i,γ}) ) · ≤r
− k · (1 − 2 log2 e · 2−i ))
 

≤
m
exp2 ≤r
−k




1
m
1
= exp2 O(m4 ) − O(max{γ 2 i,γ}) ·
+ k · −(i−1−log log e)
2
2
≤r
2
2
where γ = r/m, and we used Theorem 2.2 for the second inequality.

m
≤r



.

◁
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Note that as long as γ is a small enough absolute constant, the O(max{γ 2 i, γ}) term
above is at most i − 1 − log2 log2 e for each i ∈ {2, . . . , t}. Using this bound, we continue the
above computation as follows.




k
2
m
Mi · (1/2 + 1/2i )
 
 ≤ exp2 O(m4 ) − 2−O(max{γ i,γ}) ·
−k
m
≤r
exp2 ≤r
−k




2
m
≤ exp2 O(m4 ) − 2−O(max{γ i,γ}) ·
−K
≤r



2
m
= exp2 O(m4 ) − 2−O(max{γ i,γ}) · ε ·
≤r
s
!!
m
≤ exp2 O(m4 ) − Ω
≤ δ3 ,
≤r

m
where for the last inequality we used the fact that ≤r
≥ 2Ω(γ log(1/γ)m) and hence for small
enough absolute constant γ, we have




m
m
−O(max{γ 2 i,γ})
−O(γ 2 t)
2
·
≥2
·
≥ exp2 (Ω(γ log(1/γ)m) − O(γ 2 log(1/δ)))
≤r
≤r
= exp2 (Ω(γ log(1/γ)m) − O(γ 3 log(1/γ)m)) = exp2 (Ω(m)).

◁

This completes the proof of Lemma 3.4.

4

Resilience of Reed-Muller codes under erasures and errors


m
For parameters m, r, recall that E(m, r) is the ≤r
× 2m -matrix where the columns are
m
indexed by elements in F2 , and the z-th column is the column vector consisting of evaluations
of all multilinear m-variate degree ≤ r monomials on z. It is well-known that the matrix
E(m, r) is the generator matrix of the RM(m, r) code, and is also the parity-check matrix of
the RM(m, m − r − 1) code.
Theorem 1.1 can be re-interpreted as a statement about random sub-matrices of E(m, r)
in the regime where r ≤ γm for a small absolute constant γ > 0.
▶ Corollary 4.1 (rank of random sub-matrices of E(m, r)). Let γ > 0 be an absolute constant
and m, r growing
 parameters with r ≤ γm. Then, for any constant ε > 0, a random set of
m
K = (1 − ε) ≤r
columns of E(m, r) are linearly independent with probability 1 − o(1).
Proof. A set of columns of E(m, r) indexed by Z = {z1 , . . . , zK } are linearly dependent if
m
− K. Theorem 1.1 asserts that this
and only if Ir (Z) has dimension strictly larger than ≤r
happens with only o(1) probability.
◀

4.1

Channels under consideration

The above corollary can be used to talk about the resilience of Reed-Muller codes under the
erasure and error channels. We first define the precise definitions to be able to state the
results accurately.
▶ Definition 4.2 (binary erasure channel (BEC)). The binary erasure channel with parameter
α, denoted by BECα , is the channel with input alphabet {0, 1} where the each binary symbol
is “erased” (replaced by the ‘?’ symbol) independently with probability α.
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A closely related model is where we have a fixed number of random erasures instead of
each coordinate being erased with a fixed probability. We will refer to this as the BEC∗
model although this isn’t a channel in the traditional sense of altering each coordinate
independently.
▶ Definition 4.3 (capped binary erasure channel (BEC* )). The capped binary erasure channel
n
with parameter K, denoted by BEC∗K , refers to the channel with input alphabet {0, 1} that
replaces a random subset of at most K of the coordinates by the ‘?’ symbol.
The Binary Symmetric Channel deals with errors or corruptions as opposed to erasures in
the Binary Erasure Channel.
▶ Definition 4.4 (binary symmetric channel (BSC)). The binary symmetric channel with
parameter α, is the channel where the each binary symbol is “flipped” (that is, 0 changed to 1
and vice-versa) independently with probability α.
In similar spirit to Definition 4.3, we define the capped binary symmetric channel.
▶ Definition 4.5 (capped binary symmetric channel (BSC* )). The capped binary symmetric
channel with parameter K, denoted by BSC∗K , refers to the channel with input alphabet
n
{0, 1} that “flips” a random subset of at most K of the coordinates.
In most cases, resilience with respect to BECα (or BSCα ) is the same as resilience with
respect to BEC∗K (or BSC∗K )for K = αn, by standard concentration inequalities but this
might require some subtlety when dealing with codes of rate very close to zero or close to
one. For a concrete example, the code RM(m, m − 1) has rate R = 1 − 1/2m and is not
resilient under BECα for α = (1 − R)/2 = 1/2m+1 (with constant probability we may have
two coordinates erased, and this is not recoverable), but is vacuously resilient under BEC∗K
for K = α2m . To avoid these nuances, we will only be dealing with the setting of capped
channels although this does not make much difference with most of our range of parameters.

Notion of “capacity achieving” codes with respect to BECα
Shannon’s seminar work [14] showed that, for any constant rate, the supremum of rates of
random codes that is resilient to BECα is exactly R = 1 − α. That is, for any ε > 0, there are
codes of rate 1 − α − ε that can decode from BECα with decoding error 1 − o(1). However,
when the rate is very close to zero or one, the situation becomes more nuanced due to the
asymptotics involved.
Dealing specifically with Reed-Muller codes, let us consider the code RM(m, m − r − 1)

(m)
m
with r ≤ m/2. This has rate R = 1 − 2≤r
and can recover from a maximum of ≤r
errors.
m
Abbe, Shpilka and Wigderson [1] defined the notion of “capacity achieving
under
BEC”
to

m
mean that the code can decode (with 1 − o(1) probability) from (1 − ε) ≤r erasures for any
constant ε > 0. We refer the reader to [1, Section 1] and [13, Section 2.2] for a nuanced
discussion on this.

4.2

Reed-Muller codes under BEC*

An immediate consequence of the above corollary is that RM(m, d) with d ≥ m(1 − γ) for
a small but absolute constant γ > 0 achieves capacity (as defined above) under the Binary
Erasure Channel.
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▶ Theorem 1.2 (high-degree RM codes under erasures). There exists a constant γ0 > 0 such
that for all ε > 0 the following is true. Let m, d be growing parameters with d > m(1 − γ0 ).
m
Then, the code RM(m, d) can correct K = (1 − ε) ≤m−d−1
random errors with probability
1 − o(1).
Proof. The code RM(m, d) can recover from erasures on coordinates indexed by Z ⊆ Fm
2 if
and only if the corresponding columns of the parity check matrix are linearly independent.
Since the parity-check matrix of RM(m, d) is E(m, r) for r = m − d − 1, we have from
Corollary 4.1 that a random set of K columns are linearly independent with probability
1 − o(1).
◀

4.3

Reed-Muller codes under BSC*

The following theorem of Abbe, Shpilka and Wigderson [1] provides a method to derive the
resilience of certain Reed-Muller codes under the BSC by using the resilience of appropriate
Reed-Muller codes under the BEC. Subsequent work of Saptharishi, Shpilka and Volk also
showed that these codes also have efficient decoding procedures to recover from random
errors.
▶ Theorem 4.6 ([1, 12]). For any growing parameters m, r > 0, if the code RM(m, m−2r −2)
can recover from a subset Z ⊆ [2m ] of erasures, then the code RM(m, m − r) can efficiently
recover from errors on the subset Z.
In particular, if the code RM(m, m−2r−2) can recover K random erasures with probability
1 − o(1), then the code RM(m, m − r) can efficiently decode from K random errors.
Applying the above theorem to Theorem 1.2 yields the following corollary.
▶ Corollary 1.3 (high-degree RM codes under errors). There exists a constant γ0 > 0 such
that for all ε > 0 the following is true. Let m, r be growing parameters with r < γ0 m. Then,
m
the code RM(m, m − 2r − 2) can be efficiently decode from K = (1 − ε) ≤r
random errors.
▶ Corollary 4.7. There exists a constant γ0 > 0 such that for all γ < γ0 and ε > 0 the
following is true. Let m, r be growing parameters with r = γm. Then, the code RM(m, m −
m
2r − 2) can be efficiently decode from K = (1 − ε) ≤r
random errors.
◀
It is worth
 noting that the minimum distance of the code RM(m, m − 2r − 2) is merely
m
22r+2 ≪ ≤r
when r = γm for a small enough γ > 0. Thus, the above corollary shows that
high-degree (or high-rate) Reed-Muller codes are resilient to random errors well beyond their
minimum distance, and efficiently so.
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Abstract

We make progress on understanding a lower bound technique that was recently used by the authors
to prove the first superpolynomial constant-depth circuit lower bounds against algebraic circuits.
More specifically, our previous work applied the well-known partial derivative method in a new
setting, that of lopsided set-multilinear polynomials. A set-multilinear polynomial P P FrX1 , . . . , Xd s
(for disjoint sets of variables X1 , . . . , Xd ) is a linear combination of monomials, each of which
contains one variable from X1 , . . . , Xd . A lopsided space of set-multilinear polynomials is one where
the sets X1 , . . . , Xd are allowed to have different sizes (we use the adjective “lopsided” to stress
this feature). By choosing a suitable lopsided space of polynomials, and using a suitable version
of the partial-derivative method for proving lower bounds, we were able to prove constant-depth
superpolynomial set-multilinear formula lower bounds even for very low-degree polynomials (as long
as d is a growing function of the number of variables N ). This in turn implied lower bounds against
general formulas of constant-depth.
A priori, there is nothing stopping these techniques from giving us lower bounds against algebraic
formulas of any depth. We investigate the extent to which this lower bound can extend to greater
depths. We prove the following results.
1. We observe that our choice of the lopsided space and the kind of partial-derivative method used
can be modeled as the choice of a multiset W Ď r´1, 1s of size d. Our first result completely
characterizes, for any product-depth ∆, the best lower bound we can prove for set-multilinear
formulas of product-depth ∆ in terms of some combinatorial properties of W , that we call the
depth-∆ tree bias of W .
2. We show that the maximum depth-3 tree bias, over multisets W of size d, is Θpd1{4 q. This shows
1{4
a stronger formula lower bound of N Ωpd q for set-multilinear formulas of product-depth 3,
and also puts a non-trivial constraint on the best lower bounds we can hope to prove at this
1{∆
depth in this framework (a priori, we could have hoped to prove a lower bound of N Ωp∆d q at
product-depth ∆).
3. Finally, we show that for small ∆, our proof technique cannot hope to prove lower bounds of the
1{ polyp∆q
q
form N Ωpd
. This seems to strongly hint that new ideas will be required to prove lower
bounds for formulas of unbounded depth.
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1

Introduction and Motivation

Basic background
This paper is motivated by questions arising in the area of Algebraic Circuit complexity,
which studies the computational complexity of problems defined by families of multivariate
polynomials. Given an infinite family of polynomials pPN px1 , . . . , xN qqN ě1 over a field F, we
consider the computational problem of evaluating PN at input point a P FN . Many natural
and important computational problems can be stated in this language, including the problems
of computing the determinant and the permanent, and that of multiplying matrices.
Algebraic circuits are succinct representations of multivariate polynomials that allow us
to solve computational problems of the above form. More precisely, an algebraic circuit
is a directed acyclic graph, where the sources are labelled by variables x1 , . . . , xN or field
elements and internal nodes (or gates) by algebraic operations ` and ˆ. Each internal
node thus represents a polynomial in the variables x1 , . . . , xN and a designated output gate
represents the polynomial computed by the algebraic circuit. The size of the algebraic circuit
is given by the number of gates. The depth and product-depth of an algebraic circuit denote
the maximum number of gates and ˆ-gates respectively, on a directed path in the circuit.1
Finally, we call an algebraic circuit an Algebraic formula if the underlying directed graph is
a tree. (Equivalently, an Algebraic formula is just a nested algebraic expression made up of
additions and multiplications, as one might write down on paper, represented in the form of
a tree.)
An algebraic circuit for a polynomial P allows us to evaluate the polynomial P on a given
input in time polynomially related to the size of the circuit. Thus, algebraic circuits are a
restricted, but natural, model of computation for computational problems of this form. The
study of this model of computation is one of the principal topics of study in Algebraic circuit
complexity, and has received much attention over the past four decades (see e.g. [3, 26, 24] for
nice introductions). Many central questions in Boolean circuit complexity have analogous and
closely-related versions in the algebraic setting. For instance, the VP vs. VNP question [28],
which is the problem of proving explicit lower bounds against algebraic circuits, is formally
easier than the (non-uniform) P vs. NP question [2]. The problem of proving lower bounds
against algebraic formulas is similarly closely related to the problem of proving lower bounds
against the Boolean complexity class NC1 .

A recent result [18]
While circuit lower bounds in the algebraic setting are formally easier than the Boolean
setting, they still have been hard to come by. For example, a famous line of research in
the 1980s [1, 7, 13, 23, 27] showed exponential lower bounds against Boolean circuits of
constant-depth, but did not yield such results for algebraic circuits. 2 This situation was
somewhat rectified recently by the authors [18], building on some important earlier results in
the area [20, 21]. In particular, we were able to prove superpolynomial lower bounds against
constant-depth algebraic circuits over fields of characteristic zero.

1
2

W.l.o.g., we may assume that the product-depth and depth of a circuit are related to each other by a
multiplicative factor of 2. However, some results are easier to state in terms of product-depth.
Note that algebraic circuit lower bounds are not necessarily easier than Boolean circuit lower bounds in
the constant-depth setting. However, some of these ideas did translate in the setting of constant-sized
fields. [8, 9]
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This paper is motivated by the problem of extending this lower bound to stronger models
of computation. At a high level, our results are as follows.
We show that our previous result [18] can be formulated purely in terms of a combinatorial
property of the space of polynomials under consideration.
We characterize the best lower bound that can be achieved in this framework at productdepth 3. It is better than the analogous lower bound from [18], but not as good as one
might hope at first sight (as explained below).
We place limitations on how well the bound extends to higher depths.
To describe these results in detail, we first recall the outline of the proof of [18].

The proof of [18]
The proof of [18] proceeds in two steps. In the first step, we reduce the problem of proving
lower bounds for general circuits of depth ∆ to proving lower bounds for product-depth-p∆´1q
circuits that have a special structure. In the second step, we prove lower bounds for the
structured circuits. We describe these steps in some more detail next.
Step 1: Set Multilinearization. We work throughout with a partition of the variable
set X “ tx1 , . . . , xN u into X1 Y X2 Y ¨ ¨ ¨ Y Xd . Given such a partition, a set-multilinear
monomial w.r.t. this variable partition is a monomial of degree d that contains exactly one
variable from each of X1 , X2 , . . . , Xd . A set-multilinear polynomial P is a linear combination
of set-multilinear monomials. We denote the space of set-multilinear polynomials w.r.t.
X1 , . . . , Xd by Fsm rX1 , . . . , Xd s. A set-multilinear circuit or formula is one where each gate
computes a set-multilinear polynomial w.r.t. a subset of tX1 , . . . , Xd u. An important example
of a set-multilinear polynomial is the Iterated Matrix Multiplication polynomial IMMn,d ,
where X1 , . . . , Xd are square matrices of dimension n ˆ n with distinct indeterminates, and
the polynomial represents, say, the p1, 1qth entry of the product of these matrices.
In the first step of the proof, we show that if a polynomial P P Fsm rX1 , . . . , Xd s has a
circuit C of depth ∆ and size s, then it also has a set-multilinear circuit C 1 of product-depth
∆ ´ 1 and size s1 “ polypsq ¨ dOpdq . Note that while the blow-up in size in going from C
to C 1 is large as a function of d, it can be made small (say polypN q) assuming that d is a
slow-growing function of N (say, d “ Oplog N { log log N q). So, to prove superpolynomial
constant-depth circuit lower bounds, it suffices to prove superpolynomial lower bounds for
constant-depth set-multilinear circuits in this low-degree setting.
Step 2: Set-multilinear lower bounds for low-degree polynomials. Lower bounds for
constant-depth set-multilinear circuits have been known since the work of Nisan and
Wigderson [20] from the 1990s. However, such lower bounds were typically of the form
exppdΩp1q q ¨ polypN q, which are not good enough for our purposes in the low-degree setting.
The main contribution of [18] was to prove a lower bound of the form N ωd p1q , which yields a
superpolynomial lower bound for any degree d “ dpN q which is a growing function of N .
Somewhat surprisingly, the proof of this latter lower bound used just the lower bound
technique of Nisan and Wigderson [20], which goes by the name of the partial derivative
method. The key observation was to apply this technique to a suitable space of set-multilinear
polynomials. Specifically, it is crucial in the proof to allow for the sets X1 , . . . , Xd to have
fairly different sizes. To stress this feature, we refer to such a space of set-multilinear
polynomials as lopsided.
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For such polynomials that have efficient small-depth set-multilinear formulas, we argue
that certain matrices associated to these polynomials have low rank. This is the basic recipe
suggested by the partial derivative method, and is described in more detail later.
To complete the argument, we need to find explicit polynomials for which the associated
matrices have high (ideally maximal) rank. We do this by considering suitable restrictions
of IMMn,d where n “ maxiPrds |Xi |. Using this idea, we showed [18] a lower bound of
expp´Op∆qq
Nd
for set-multilinear circuits of product-depth ∆. In conjunction with Step 1, this
implies a superpolynomial lower bound for constant-depth algebraic circuits, and in fact for
circuits of depth oplog log dq.

The potential of this lower bound technique
Can the above proof strategy be used to prove lower bounds for stronger models of computation, such as algebraic formulas of unbounded depth or, optimistically, even algebraic circuits?
It turns out that Step 1 of the strategy still works, as shown in previous work of Nisan and
Wigderson [20] and Raz [22]. Consequently, proving superpolynomial set-multilinear lower
bounds against these models in the low-degree setting imply general circuit or formula lower
bounds.
However, a problem arises because of the technique used in Step 2. As IMMn,d (or
more precisely, its restrictions) is a polynomial of “maximal complexity” for the partial
derivative method, we cannot use it to prove lower bounds for computational models that
can compute this polynomial efficiently. In particular, this suggests a new idea is required to
prove lower bounds for, say, set-multilinear circuits of depth Oplog dq, which can compute
IMMn,d efficiently.
Nevertheless, this does not seem to rule out lower bounds for circuits of depth oplog dq,
or for formulas (of any depth). A simple, folklore divide-and-conquer strategy shows that
1{∆
IMMn,d has set-multilinear circuits of product-depth ∆ and size nOpd q , and also set1{∆
multilinear formulas of product-depth ∆ and size nOp∆d q . Given the fact that this basic
bound has not been improved upon significantly3 for a long time, it is tempting to conjecture
that it is tight, at least in the set-multilinear setting. If so, it seems that we could hope to
prove lower bounds for set-multilinear circuits of depth oplog dq and formulas of any depth.
Doing this would yield at least lower bounds for general algebraic formulas, which would be
a very interesting result. This brings us to our main motivating question.
▶ Question 1. Can we hope to use the partial derivative method (as applied to lopsided
spaces of set-multilinear polynomials) to prove set-multilinear lower bounds that match the
standard divide and conquer algorithms for IMMn,d ?
Our results in this paper indicate that the answer to this question is probably “No”, and
that, alone, the proof technique from [18] is not powerfull enough to handle formulas of depth
plog dqop1q . In the process of proving these results, we also introduce what we believe is a
clean framework for studying the power of this technique.
We start with a more formal description of the partial derivative method and then state
our results.

3

A famous result of Gupta, Kamath, Kayal and Saptharishi [12] does improve this bound, but gives up
on set-multilinearity. Moreover, the basic form of the bound is still preserved. More precisely, their
1{2∆
q
work implies circuits of product-depth ∆ and size nOpd
.
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The partial derivative method for lopsided set-multilinear polynomials
We prove lower bounds for set-multilinear polynomials P pX1 , . . . , Xd q where each |Xi | “ nαi
for some αi P p0, 1s. Given such a polynomial P , we associate with it a matrix as follows. We
partition rds into sets P and N . The rows of the matrix are associated with set-multilinear
monomials over the variable sets tXi : i P Pu, and the columns symmetrically with the
set-multilinear monomials over tXj : j P N u. Given a row labelled by monomial m1 and a
column labelled by monomial m2 , the corresponding entry in the matrix is the coefficient of
the set-multilinear monomial m1 m2 in the polynomial P . We use the rank of this matrix
(or, more precisely, how close it is to full-rank) to prove lower bounds on the algebraic circuit
complexity of P .
We define this more precisely now. Note that the matrix is completely specified by the
choice of the numbers α1 , . . . , αd and the partition rds “ P Y N . We can describe these
together by the multiset W Ď r´1, 1s, defined by W “ tαi : i P Pu Y t´αj : j P N u.
Finally, we use MW pP q to denote the above matrix.
ř
ř
Note that MW pP q is a matrix with R “ n αPW Xp0,1s α rows and C “ n αPW Xr´1,0q |α|
columns. In particular, the rank of the matrix MW pP q is bounded by the minimum of these
quantities. We consider the relative rank of P , defined as follows.
relrkW pP q “

rankpMW pP qq
rankpMW pP qq
ř
?
“
.
1
RC
n 2 αPW |α|

(1)

Observe that the quantity in the denominator is the geometric mean of the number of rows
and the number of columns of MW pP q and hence relrkW pP q P r0, 1s. In fact, more řgenerally,
it is not hard to see that as rankpMW pP qq ď mintR, Cu, we have relrkW pP q ď n´| αPW α|{2 .
Further, it was shown by
the authors [18] that for any W , there is a polynomial P0
ř
such that relrkW pP0 q “ n´| αPW α|{2 and P0 can be obtained by starting with an instance
of IMMpolypnq,d and setting some variables to 0 and identifying variables within certain
sub-matrices, i.e. by a set-multilinear projection.

High-level description of the results
Our results give a better understanding of what lower bounds the partial derivative method
can hope to show in this setting.
Our first main result is a transformation of our problem to a combinatorial problem
about labelled trees. More precisely, we show that understanding the best lower bound
our techniques can hope to prove in the low-degree setting is perfectly captured by the
best-possible “tree-like decomposition” of the set W .4
While this transformation is simple, it is conceptually clean, and simplifies the problem
in multiple ways. Firstly, it eliminates the parameter n (which is roughly the number
of variables in the underlying polynomial) and makes completely clear the dependence
of the lower bound on properties of the multiset W . Secondly, this reformulation of the
problem completely eliminates any mention of polynomials or algebra from the problem.
It is now purely a problem about the “additive structure” of W .
Our second result uses the above characterization of the problem to give a near-perfect
understanding of the best lower bounds we can prove for set-multilinear formulas of
product-depth 3 (i.e. ΣΠΣΠΣΠΣ formulas). More precisely, we show that the best
1{4
product-depth-3 lower bound we can prove via our proof technique is nΘpd q . This is
interesting for the following two different reasons.
4

This is not to be confused with standard tree decompositions of graphs, which have no connection with
objects studied here.
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For one, this is a stronger lower bound than known previously for set-multilinear formulas
of product-depth 3 in the low-degree regime: Nisan and Wigderson [20] showed a lower
bound of exppΩpd1{3 qq ¨ polypN q (which does not yield anything for d “ Oplog N q), while
1{7
in our earlier work [18], we showed lower bounds of nΩpd q .
On the other hand, the result also implies that this technique does not go as far as we
would like. Recall from above that the (suspected) optimal lower bound for IMMn,d at
1{3
product-depth 3 is nΩpd q . So, our result implies that this technique cannot be used to
obtain this bound at product-depth 3.
The above results already indicate that we are not able to prove the best possible lower
bound we could hope for product-depth-3 set-multilinear formulas. However, it is still
conceivable that we can hope to prove a lower bound which stays “close” to the right
Ωp1{∆q
expected bound for IMMn,d (say a bound of the form n∆d
), which could as yet lead
to superpolynomial formula lower bounds.
In our third result, we give strong indication that this is not the case, by showing that this
1{Γp∆q
technique cannot prove lower bounds of the form nd
for a quasipolynomial function
Γp¨q, and small enough ∆.

1.1

Formal description of the results

To describe the results formally, we introduce a combinatorial measure of the complexity
of the multiset W Ď r´1, 1s. In the low-degree setting, this will characterize the best lower
bound we can prove via our lower bound technique.

Notation
Let W Ď R be a multiset. Throughout |W | denotes the size of the multiset (i.e. counted
with multiplicity) and SumpW q denote the sum of its elements. Finally, }W }1 denotes the
L1 -norm of W (i.e. the sum of the absolute values of the elements of W ).
▶ Definition 2 (W -trees, path bias, tree bias). Let W “ tα1 , . . . , αd u be a multiset contained
in r´1, 1s. A W -tree T , or equivalently a tree T for W , is a rooted, directed tree5 with d “ |W |
leaves which are labelled by distinct elements of the form pi, αi q (i P rds).6 Any vertex v of
T thus corresponds to a subset Wv of W (corresponding to the leaves of the subtree induced
by v) and we define Sumpvq to be SumpWv q.
An internal path π in T is a path from the root to an internal (i.e. non-leaf) node. Given
such an internal path π, we define the set of Off-path nodes of π, denoted Offpathpπq to be
the set of nodes v of the tree T that are not on the path
´řπ, but have a parent¯on the path
π. We define the bias of the path π, denoted biaspπq “
vPOffpathpπq |Sumpvq| ´ |Sumprq|
where r is the root of T .
(It is easy to check that if π is any internal path, then W “ Wr is the disjoint
union of Wv (v P Offpathpπq). Hence, by the triangle inequality, we have |Sumprq| ď
ř
vPOffpathpπq |Sumpvq|. Thus, biaspπq ě 0 for any internal path π.)
Finally, we define the path bias of T w.r.t. W , denoted PathbiasW pT q, to be the maximum
bias of any internal path of T . If the tree T has depth 0 (i.e. it consists of just the root node),
then we define the path bias of T w.r.t. W to be 0.

5
6

The edges are directed away from the root.
We require the label to be a pair here as W is a multiset where elements may repeat. If the elements of
W are all distinct, then we can think of the labels as simply elements of W .
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With the above notation in place, we can define the combinatorial measure mentioned
above. We define the depth-∆ tree bias of W to be the minimum path bias of any depth-∆
W -tree T . We denote this quantity by Treebias∆ pW q.
Our first theorem relates the depth-∆ tree bias of W “ tα1 , . . . , αd u Ď r´1, 1s with the
best lower bound we can prove using the complexity measure relrkW p¨q.
▶ Theorem 3 (Connecting tree bias with relative rank). Let n, d be positive integer parameters.7 Let ∆ ě 1 be any integer. Assume W Ď r´1, 1s is a multiset of size d such that
Treebias∆ pW q “ t. Then, for any set-multilinear formula F of product-depth at most ∆ and
size at most s, we have relrkW pF q ď pd3d ¨ s ¨ n´t{2 q ¨ n´|SumpW q|{2 . Conversely, for any n
and d, there is a set-multilinear formula F with at most 3d nt{2 leaves and of product-depth ∆
such that relrkW pF q ě 2´d ¨ n´|SumpW q|{2 .
This theorem is the consequence of Lemmas 13 and 14 and will be proved in Section 3.
As already noted above, for any polynomial P P Fsm rX1 , . . . , Xd s (with |Xi | “ n|αi | for each
i P rds), we have relrkW pP q ď n´|SumpW q|{2 . Theorem 3 shows that this maximum possible
relative rank can be achieved by product-depth-∆ formulas of size nOptq , but not those of
size noptq , where t “ Treebias∆ pT q. This means that the best lower bound we can hope to
prove via this technique is nΘptq .
The next couple of theorems give an understanding of the maximum possible tree bias
for various depths ∆. The first result gives tight bounds on the maximum possible tree bias
of a given multiset W for depth 3 (Section 4 will be dedicated to this result).
▶ Theorem 4 (Tight bounds on tree bias for depth 3). Let d be a growing integer parameter.
Then, maxW Treebias3 pW q “ Θpd1{4 q, where W ranges over multisets from r´1, 1s of size d
in the expression above.
The second result (proved in the long version of the paper) gives an asymptotic bound
for larger depths (as long as ∆ is bounded by a small function of d).
▶ Theorem 5?(Bounds on tree bias for larger depths). Let d, ∆ be growing integer parameters
Ωplog ∆q
with ∆ “ 2op log log dq . Then, we have maxW Treebias∆ pW q ď d1{∆
, where W ranges
over multisets from r´1, 1s of size d.

1.2

Proof Outline

Throughout this section, we work with a multiset W “ tα1 , . . . , αd u Ď r´1, 1s and a space of
lopsided set-multilinear polynomials Fsm rX1 , . . . , Xd s where |Xi | “ n|αi | . Recall also that we
are working in the low-degree setting, i.e. d is a slow-growing function of n. All formulas in
this section should be assumed to be set-multilinear.

Motivation for tree bias
We start by motivating the notion of tree bias which, at first sight, might appear mysterious
to the reader. In fact, this notion comes up quite naturally in the course of constructing
small set-multilinear formulas that have large relative rank. These constructions, in turn, are
motivated by the following basic properties of relative rank which are all slight modifications
of standard facts used in the literature. In this form they can be found in our earlier
work [19].8
7
8

We think of d as a slow-growing function of n.
The paper deals with a related notion of relative rank w.r.t. ordered W (or equivalently, W is replaced
by a tuple pα1 , . . . , αd q). However, the proof works in the same way for multisets.
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▶ Lemma 6 (Properties of Relative Rank).
1. (Imbalance) Say P P Fsm rX1 , . . . , Xd s. Then, relrkW pP q ď n´|SumpW q|{2 .
2. (Sub-additivity) Say P, Q P Fsm rX1 , . . . , Xd s. Then relrkW pP ` Qq ď relrkW pP q `
relrkW pQq.
3. (Multiplicativity) Say P “ P1 ¨ P2 ¨ . . . ¨ Pt and assume that for each i P rts, Pi P Fsm rXj :
j P Si s, where tS1 , . . . , St u is a partition of rds. Then
ś
relrkW pP q “ relrkW pP1 ¨ P2 ¨ . . . ¨ Pt q “ iPrts relrkWi pPi q, where Wi “ tαj | j P Si u.
With these properties in mind, we try to construct small set-multilinear formulas with
optimally large relative rank. We do not lose much generality in assuming that SumpW q « 0,
which we will do in the rest of this proof outline. So, the optimal relative rank is 1.
It is instructive to consider the example of W such that α1 “ ¨ ¨ ¨ “ αd{2 “ 1 and
αd{2`1 “ ¨ ¨ ¨ “ αd “ ´1. We start with a trivial formula F that consists of a single variable
x1 P X1 , which has relative rank n´1{2 . Does it make sense to take linear combinations of
such formulas? From the perspective of relative rank, the answer is No, because that increases
the size without increasing the relative rank at all, by the Imbalance criterion in Lemma 6.
So we can only multiply variables (from different sets, as we are dealing with set-multilinear
formulas). Moreover, it makes sense to multiply variables such that the corresponding αi s
have different signs, as multiplying variables from X1 and X2 (say) would only make the
imbalance worse. So we multiply x1 P X1 and xd{2`1 P Xd{2`1 . This creates a formula of
relative rank 1{n, by the property of Multiplicativity. By Sub-additivity, we need to sum at
least n such formulas to get a formula of relative rank 1 (which is optimal). And indeed, this
can be done, say, with an inner product between the variables of X1 and Xd{2`1 . Multiplying
d{2 such formulas together (for a partition of α1 , . . . , αd into positive and negative pairs)
gives us a formula of product-depth 2, size Od pnq, and relative rank 1.9 One can see that
the underlying multiplicative structure of the formula thus constructed naturally suggests a
W -tree T of the form shown in Figure 1. This is a W -tree of depth-2 and bias 2 (which is
the best possible for this W ).

... ... ...

p1, 1q

p d ` 1, ´1q
2

p2, 1q

p d ` 2, ´1q
2

p d , 1q
2

pd, ´1q

Figure 1 The W -tree of depth 2 and bias 2 arising from the formula construction above.

The above indicates a general technique for constructing formulas of large relative rank.
Start by finding a W 1 Ď W such that |SumpW 1 q| is small. Construct a formula of plausibly
1
optimal relative rank (i.e. n´|SumpW qq|{2 ) over the variable sets corresponding to W 1 by
adding enough set-multilinear monomials so that sub-additivity no longer indicates that the
rank of the formula is small. In doing this, we end up taking a sum of size nb where
b :“

9

1 ÿ
|SumpW 1 q|
.
|αi | ´
2 iPW 1
2

(2)

This is an example of Nisan and Wigderson [20], aptly called the Product of Inner Products polynomial.
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This indicates that it helps to take W 1 to be a small set, since otherwise this formula would
be too large (if there were no such constraint, we could simply have taken W 1 “ W ). We
partition W into small sets W11 , . . . , Wr1 this way, and construct formulas for each. Then,
applying again the same principle to the multiset tSumpW11 q, . . . , SumpWr1 qu, we get a highrank set-multilinear formula over all of X1 , . . . , Xd . As in the simple example above, this
gives rise to a multiplicative structure that can be described by means of a W -tree T . The
set W 1 constructed above corresponds to one of the nodes at height 1 in T and the quantity
b in (2) is (almost) something we will define later to be the bias of the corresponding node,
and nb{2 lower bounds the size of the constructed formula. However, a careful analysis of the
construction shows that the size of the formula is actually larger: at each node of the tree T ,
the formula uses a sum governed by the bias of the corresponding node. This naturally ends
up yielding a formula whose size is governed by the path bias of T . Minimizing this over the
choice of all trees yields the tree bias of W , as defined above.

Proof of Theorem 3
The above outline already indicates how to construct a set-multilinear formula of productdepth ∆ and size nOpTreebias∆ pW qq that computes a polynomial of optimal relative rank.
The only part that is unclear is how to ensure that the bounds on relative rank imposed
by sub-additivity are actually tight. We do this by a careful inductive definition of the
formulas. In a revision of our earlier paper [18], we showed
? how to do this for a specific W
which contains only the two distinct elements ´1 and 1{ 2. In this paper, we extend this
construction to all W . This gives the second part of Theorem 3.
In the process, we note that the formulas we construct all have a special property: they
have a unique multiplicative structure, i.e. they build up all their set-multilinear monomials
in the same way, given by a single W -tree T . In principle, a general set-multilinear formula
could contain many different kinds of trees (e.g. by summing formulas corresponding to
different trees). These special formulas that we construct have been studied before: they are
called Pure formulas [20] or Unique Parse Tree (UPT) formulas [16, 15]. We use the latter
terminology.
For the first part of Theorem 3, we proceed as follows. We first show that UPT formulas
of product-depth ∆ have indeed the claimed upper bound on the relative rank, by using the
basic properties of relative rank from Lemma 6 and a simple inductive argument. To argue
about a general set-multilinear formula F , we show that any set-multilinear formula can be
written as a sum of Od p1q many UPT formulas of the same size and product-depth. Using
the sub-additivity of relative rank and the bound for UPT formulas, we see that F also has
small relative rank.
We illustrate the power
of the latter theorem with a short proof of one of the main
?
Ωp dq
results of [18]: an n
lower bound for set-multilinear formulas of product-depth 2.10
By Theorem? 3, it suffices to construct a multiset W Ď r´1, 1s with |SumpW?
q| “ 0 and
tree bias Ωp dq. Consider a W with Θpdq copies each of p´1q and α :“ p1 ´ 1{ dq so that
SumpW q “ 0. Given any depth-2 W -tree T , it can be checked that one of the following hold.
?
There is a depth-1
vertex u with tu ě d{2 children. In this case, any path through u
?
has bias Ωp dq.
?
?
Every u at depth-1 has tu ă d{2 children, ?
in which
? case |Sumpuq| ě tu {p2 dq. This
ř
implies that any path in T has bias u tu {p2 dq “ d{2.
10

This is essentially the heart of the argument of [18], abstracting away the details about algebraic
formulas, and keeping only the combinatorial core.
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Proof of Theorem 4
In a similar way, we can also extend the results of [18] to show improved lower bounds
for product-depth 3 (i.e. ΣΠΣΠΣΠΣ formulas). More precisely, taking W as above but
redefining α “ 1 ´ p1{d1{4 q ´ p1{d3{4 q, we are able to prove a tree-bias lower bound of Ωpd1{4 q.
1{4
1{7
This implies a formula lower bound of nΩpd q , which improves upon a lower bound of nΩpd q
from our previous work.
In the second part of the proof, we show that this is the best bound that this technique
can prove, for any choice of W . Equivalently, we can show that every W has depth-3 tree
bias Opd1{4 q. We illustrate the idea with a sketch of the special case when W has two distinct
elements (as in the two lower bounds above). In this case, it is not hard to argue that without
loss of generality, the two distinct elements of W are p´1q and α P p0, 1s.
1{∆
First of all, we observe that any W has a tree of depth ∆ and path bias Op∆}W }1 q,
where }W }1 denotes the sum of the absolute values of the elements of W . This is analogous
1{∆
to the fact that IMMn,d has set-multilinear formulas of depth-∆ and size nOp∆d q . Call
this the “basic construction”.
Now, given W as above, we proceed as follows. By a classical result of Dirichlet (see,
e.g. [14, Theorem 4.9]), for any t, there exist integers q P rts and p P t0, . . . , tu such that
1
1
|qα´p| ď 1{t. Note that this gives
? a multiset W Ď W of size p`q such that |SumpW q| ď 1{t.
We apply this result with t “ d and proceed in one of two ways depending on the value
of p ` q.
3{4
If p ` q ě d1{4 , then we can partition W
sets W1 , . . . , Wr of size
? into at most r?ď d
p ` q, each of which has sum at most 1{ d. As p ` q ď 2 d, using the basic construction
of depth 2, we get a tree Ti of bias Opd1{4 q for each Wi . Attaching all these
? to a common
root gives a tree of path-bias Opd1{4 q (the root adds at most d3{4 ¨ p1{ dq “ d1{4 to the
bias of any path).
?
If p ` q ď d1{4 , then by using d1{4 {pp ` qq many disjoint
sets
of
sum
1{
d each, we get a
?
set W 1 of size d1{4 and sum at most d1{4 {ppp ` qq ¨ dq ď 1{d1{4 . We partition W into
r ď d3{4 sets W11 , . . . , Wr1 of this form. We use a tree Ti of depth-1 for each Wi1 (which
has path bias at most d1{4 trivially) and attach these to the leaves of a depth-2 tree for
the set W̃ “ tSumpW1 q, . . . , SumpWr qu. The latter tree is constructed
using the basic
?
1{4
1{4
construction of depth 2, and has bias Opd q as }W̃ }1 ď r{d ď d.
This gives the argument in the case of W with only two distinct elements. For general W , we
use a similar high-level argument. However, we need a suitable replacement for Dirichlet’s
theorem, which only works for the special W dealt with above. We prove a generalization of
this theorem (see Lemma 9 below) to the setting of arbitrary multisets W . We think the
statement is natural and interesting in its own right, but could not find mention of it in the
literature.
In the special case that W contains d copies of α P p0, 1q and d copies of ´1, the above
implies the standard Dirichlet theorem used above. With the above generalized theorem
in place, we can follow the structure of the argument for the special case, with technical
modifications. This yields the depth-3 relative rank upper bound for any W .

Proof of Theorem 5 for depth ∆
While the proof of this theorem employs the same high-level argument as Theorem 22
described above, it is considerably more technical. We illustrate the idea again with the
case when W contains only two distinct elements, which we can assume to be ´1 and some
α P r0, 1s. Let Biasp∆, dq denote the largest possible bias of a depth-∆ W -tree. We give a
constructive bound on this quantity by an inductive construction (based on ∆).
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For ∆ “ 1, we have the trivial bound Biasp1, dq ď d. For ∆ ą 1, we use Dirichlet’s
theorem to find integers p, q ď d1´ε such that |q ´ pα| ď d´p1´εq . This gives us a set W 1 Ď W
of size p ` q such that |SumW 1 | ď d´p1´εq . There are again two cases to consider based on
the magnitude of q.
If q ě dε , then this yields that |W 1 | ě dε . Partitioning W into t “ d1´ε subsets
W11 , . . . , Wt1 of this form and using a recursive construction for each of W11 , . . . , Wt1 , we
get a W -tree of bias Biasp∆ ´ 1, dε q ` Op1q. (Here, the last Op1q term accounts for the
bias accrued at the root, which is only a constant.)
Conversely, if q ď dε , we pick as many sets W11 , . . . , Wr1 as we can to form a set W 2 of
size (roughly) d1´ε . Note that |SumpW 2 q| ď d1´ε {d1´ε ď 1. We partition W into s ď dε
sets W12 , . . . , Ws2 of this form. We can construct a W -tree T of depth ∆ “ ∆1 ` ∆2 by
Constructing a Wi2 -tree Ti of depth ∆1 by constructing Wj1 -tree Ti,j of depth ∆1 ´ 1
for each Wj1 Ď Wi2 and connecting these trees to a common root.
Constructing a depth-∆2 W̃ -tree T̃ , where W̃ “ tSumpW12 q, . . . , SumpWs2 qu11 and
replacing the leaf labelled i with the tree Ti .
As the sets W̃ and Wi1 have size dε each, it makes sense to take ∆1 “ ∆2 “ ∆{2. This
leads to a bound on the bias of the tree T of 2 ¨ Biasp∆{2, dε q ` Op1q.
We choose ε to balance the bias obtained from each of the above two strategies. It is
clear that if ε ă 1{p2∆q (say), then the first strategy yields a bad bound of d1{2 (or worse).
This implies that we must take ε ě 1{2∆, which can yield a best possible upper bound of
Oplog ∆q
d1{∆
from the second strategy. We show that this upper bound is indeed achievable,
by taking ε “ Θplog2 ∆{∆q.

1.3

Related Work

Barriers for lower bound techniques
The partial derivative method and its variants have been used to prove several lower bounds in
algebraic complexity theory including the recent work of the authors. While these techniques
have been quite useful, it is unclear whether they can be used to separate VP from VNP. In
the last decade, there were many attempts at understanding the limitations of these lower
bound techniques. This has led to a body of work about barrier results [25, 10, 6, 11, 5, 4]
in algebraic complexity theory. These results typically consider a large family of lower
bound techniques and argue that such techniques cannot be used to prove strong lower
bounds. However, all such results are either conditional, or hold for relatively weak models
of computation (such as set-multilinear formulas of product-depth 1). In contrast to these
results, here we focus on a specific technique, namely the technique that gave the first
super-polynomial lower bound for low-depth circuits. We show an unconditional limitation
on this technique with respect to a reasonably strong model of computation. Hence, our
work is incomparable to this literature.

11

There is a small technical point here, which is that we will be left with a few more elements not covered
by any of the Wi2 s. We ignore this here.
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Our other recent work [17]
In a different recent paper, we prove algebraic formula lower bounds for formulas of larger
depths. Specifically, we are able to prove superpolynomial set-multilinear formula lower
bounds for IMMn,n and non-commutative formula12 lower bounds for formulas of depths up
?
to op log dq. Note that the first of these results is a lower bound in the high-degree setting.
This does not immediately imply a lower bound for general formulas, as we do not know of
an efficient transformation to set-multilinear formulas when the degree is large. The second
result does not imply any lower bounds in the commutative setting, as far as we know.
The results of this paper are thus somewhat orthogonal, as they apply to set-multilinear
(commutative) formulas in the low-degree setting.

Organization
We start with some preliminaries in Section 2. We then prove Thorems 3 and 4 in Sections 3
and 4 respectively. The proofs of Theorem 5 and many other statements are deferred to the
full version for lack of space.

2

Basic Preliminaries and Results from Previous Work

Fix any multiset W “ tα1 , . . . , αd u Ď r´1, 1s and let Fsm rX1 , . . . , Xd s be a lopsided setmultilinear space of polynomials with |Xi | “ nαi .
The following is a consequence of earlier work of the authors.
▶ Lemma 7 (Lower bounds from relative rank, Implicit in [18]). Let d and n be integer
parameters. Assume that W “ tα1 , . . . , αd u Ď r´1, 1s is an arbitrary multiset and consider
the space Fsm rX1 , . . . , Xd s where |Xi | “ n|αi | . Assume that we have shown the following: for
any set-multilinear formula F (over variable sets X1 , . . . , Xd ) of size at most spn, dq and
product-depth at most ∆, we have
relrkW pF q ď Cd ¨ εn ¨ n´|SumpW q|{2 ,
where Cd depends only on d and εn Ñ 0 as n Ñ 8.
Then, for n large enough in comparison to d, any set-multilinear formula F of productdepth ∆ computing IMMpolypnq,d must have size at least spn, dq. Further, any (possibly
non-set-multilinear) formula of depth at most ∆ ` 1 computing IMMpolypnq,d must have size
at least spn, dq{dOp∆dq .
The following simple proposition regarding path bias will be useful.
▶ Proposition 8. Let W Ď r´1, 1s be any finite multiset and let T be a W -tree with internal
vertex u. If u has children u1 , . . . , ur , then
¸
ˆ
˙ ˜ÿ
r
PathbiasWu pTu q “ max PathbiasWui pTui q `
|Sumpuj q| ´ |Sumpuq|
iPrrs

j“1

where Tv denotes the subtree rooted at vertex v (which is, by definition, a Wv -tree in the
natural way).
12

This means that the operations of the formula are those of the non-commutative polynomial ring
Fxx1 , . . . , xN y where variables do not commute.
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Proof. Let pv denote PathbiasWv pTv q for any vertex v of T .
For any i P rrs, let πui denote the path of bias pui in Tui . Let πu denote the path in Tu
obtained by adding the vertex u to πui . Note that the off-path nodes of πu are precisely the
off-path nodes of πui along with uj (j ‰ i). Thus, the bias of πu can be written as
¨
˛
ÿ
biaspπu q “ ˝
|Sumpvq|‚´ |Sumpuq|
vPOffpathpπu q

“ biaspπui q ` |Sumpui q| `

ÿ
|Sumpuj q| ´ |Sumpuq|
jPrrsztiu

˜
“ pu i `

¸

r
ÿ

|Sumpuj q|

´ |Sumpuq|.

j“1

As this holds for each i P rrs, we have shown that
¸
ˆ
˙ ˜ÿ
r
pu ě max pui `
|Sumpuj q| ´ |Sumpuq|.
iPrrs

(3)

j“1

For the reverse inequality, we proceed in the same way. Let πu be a path in Tu of bias pu . If
πu has length 0, then we have
˜
¸
¸
ˆ
˙ ˜ÿ
r
r
ÿ
pu “ biaspπu q “
|Sumpuj q| ´ |Sumpuq| ď max pui `
|Sumpuj q| ´ |Sumpuq|
j“1

iPrrs

j“1

and hence we are trivially done. Otherwise, the path πu passes through some child ui of
u. Let πui be the path in Tui obtained by removing u from πu . Then, through the same
sequence of equalities proved above, we get
˜
¸
¸
ˆ
˙ ˜ÿ
r
r
ÿ
pu “ p u i `
|Sumpuj q| ´ |Sumpuq| ď max pui `
|Sumpuj q| ´ |Sumpuq|.
j“1

iPrrs

j“1

Hence, we have proved the reverse inequality to (3) and we are done.

2.1

◀

A Generalized form of Dirichlet’s theorem

Here we prove a generalized form of the standard Dirichlet Principle (see, e.g. [14, Theorem
4.9]), which we will use in Sections 4 and in the proof of Theorem 5 in the full version.
▶ Lemma 9 (A Generalized Form of the Dirichlet Principle). Assume d ě 2. Let W Ď r´1, 1s be
any multiset with at least d non-negative and d non-positive elements. Then, for each positive
integer t ď 2d, there is a multiset T Ď W of size at most t such that |SumpT q| ď 4{pt ´ 1q.
Proof. The proof is via the Pigeonhole principle. Fix a t as above and let ℓ “ tt{2u. If W
contains an element x such that |x| ď 2{ℓ, then we are done trivially, so we assume that this
is not the case.
Let tx1 , . . . , xℓ u and t´y1 , . . . , ´yℓ u be any ℓ positive and negative elements of W respectively (here, xi , yi P p2{ℓ, 1s for each i).
ři
ři
For i P t0, . . . , ℓu, define ui “ j“1 xj and vi “ j“1 yj . For i, j P t0, . . . , ℓu, let
wi,j “ ui ` vj . Note that as xi , yi P r0, 1s for each i P rℓs, we have ui , vj P r0, ℓs and
wi,j P r0, 2ℓs for each i, j P t0, . . . , ℓu. Also note that u0 , . . . , uℓ and v0 , . . . , vℓ are increasing
sequences in which the difference between any pair of elements is strictly more than 2{ℓ.
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Divide the interval r0, 2ℓs into ℓ2 sub-intervals of length 2{ℓ each. By the pigeonhole
principle, there exist distinct pi, jq and pi1 , j 1 q from t0, . . . , ℓu ˆ t0, . . . , ℓu such that wi,j and
wi1 ,j 1 lie in the same interval. In particular, we have
|wi,j ´ wi1 ,j 1 | “ |pui ´ ui1 q ´ pvj 1 ´ vj q| ď

2
.
ℓ

(4)

Fix such pi, jq and pi1 , j 1 q. Since these pairs are distinct, they must differ in some coordinate.
We assume that they differ in the first coordinate (the other case is similar).
Without loss of generality, assume that i ą i1 . We note that it cannot be the case that
j ě j 1 . This is because we would then have
|wi,j ´ wi1 ,j 1 | “ pui ` vj q ´ pui1 ` vj 1 q ě ui ´ ui1 ą

2
ℓ

where for the inequalities we use the fact that u0 , . . . , uℓ and v0 , . . . , vℓ are increasing
sequences in which the difference between any pair of elements is strictly more than 2{ℓ.
This contradicts (4) above. In particular, this implies that j ă j 1 . By (4), this yields
ˇ
ˇ
ˇ ÿ
ˇ
j1
ÿ
ˇ i
ˇ 2
|pui ´ ui1 q ´ pvj 1 ´ vj q| “ ˇˇ
xk ´
yj ˇˇ ď .
ˇp“i1 `1
ˇ ℓ
q“j`1
This implies that to get a set T satisfying the requirements of the lemma, it is sufficient
to take T “ txi1 `1 , . . . , xi , ´yj`1 , . . . , ´yj 1 u. Note that |T | ď 2ℓ ď t, and by the above
computation |SumpT q| ď 2{ℓ ď 4{pt ´ 1q.
◀

3

The Lower Bound technique and Tree bias

In this section we will show that tight bounds on the tree bias yield the best possible bound
on the relative-rank of set-multilinear low-depth formulas. Specifically, we prove Theorem 3.

3.1

Set-multilinear formulas and Unique Parse Trees

First, it will be helpful to make some structural changes to the formula. We will write a
set-multilinear formula as a small sum of set-multilinear formulas such that each formula
has a unique parse tree. In order to describe this we introduce some definitions.
▶ Definition 10 (Parse Formula). Let F be a set-multilinear formula. A parse formula F 1 is
obtained from F as follows.
The root ` gate is added to F 1 .
For every ` gate added to F 1 , one of its children is added to F 1 .
For every ˆ gate added to F 1 , all its children are added to F 1 .
Note that, such a parse formula computes a set-multilinear monomial. The polynomial
computed by F is the sum of monomials computed by its parse formulas.

Parse trees and W -trees
Let F 1 be a parse formula from a set-multilinear formula F . We define the parse trees of F
as follows. Let g be a ` gate with the parent u and child v. We draw a direct edge between
u and v and remove the ` gate from F 1 . We do this short-circuiting step for each ` gate of
the parse formula. Similarly, we remove the ` root of F 1 . Let T be the tree thus obtained.
We call this the shape of F 1 .

N. Limaye, S. Srinivasan, and S. Tavenas

32:15

Let ℓ be a leaf of T. It corresponds to a gate g in F which is either a ` gate in F 1 or a
leaf in F 1 . The polynomial computed by g is a linear polynomial on variable set Xi for some
i P rds. We label ℓ with pi, αi q. This way, we label each leaf of T with elements of W . We
call the W -tree T thus obtained a parse tree of F . Note that the depth of T is the same as
the product-depth of F .
▶ Definition 11 (UPT formula). We say that a set-multilinear formula F is a Unique Parse
Tree formula (or UPT) if all the parse trees of F are identical.
▶ Lemma 12. Let F be a set-multilinear formula of size s and depth ∆. Then F can be
written as a sum of at most d3d many set-multilinear UPT formulas such that each formula
has size at most s and depth ∆.
We defer the proof of this lemma to the full version due to lack of space.

3.2

Tree bias lower bounds imply formula lower bounds

In this section, we show how lower bounds on Treebias∆ pW q imply set-multilinear formula
lower bounds in the low-degree setting. By Lemma 7, this implies lower bounds for general
formulas as well.
We first show this connection for a UPT formula and then use the lemma from the
previous section to conclude the same for general set-multilinear formulas. Specifically, we
prove the following statement.
▶ Lemma 13. Let n, d be positive integers. Let ∆ ě 1. Let W be a multiset of r´1, 1s of
size d. Let F be a set-multilinear UPT formula of size s, product-depth ∆, and parse tree T .
Assume, moreover, that PathbiasW pT q “ p. Then,
relrkW pF q ď ps ¨ n´p{2 q ¨ n´|SumpW q|{2 .
We first use this lemma to prove part (1) of Theorem 3.
Proof of Part (1) of Theorem 3. Let W and t be as in the statement of Theorem 3. Let F
be a set-multilinear formula of product depth ∆ and size at most s. From Lemma 12 we
know that F can be written as a sum of UPT formulas, say Ψ1 , Ψ2 , . . . , Ψr , where r ď d3d .
We also know that the size of each Ψi is at most s and their depth is ∆. Let Γ1 , . . . , Γr be
the parse trees of these formulas and let pi “ PathbiasW pΓi q for i P rrs.
By Lemma 13, for each i P rrs, relrkW pΨi q ď ps¨n´pi {2 q¨n´|SumpW q|{2 . As Treebias∆ pW q “
t, we have pi ě t for each i P rrs. Therefore, we get
i P rrs, relrkW pΨi q ď ps ¨ n´t{2 q ¨ n´|SumpW q|{2 .
řr
As F “ i“1 Ψi , r ď d3d and by sub-additivity of relrk, we get the claimed bound on
the relrk of F , i.e.
relrkW pF q ď pd3d ¨ s ¨ n´t{2 q ¨ n´|SumpW q|{2 .

◀

We now prove Lemma 13.
Proof of Lemma 13. We prove the statement by induction on the depth of T (which is also
the product depth of F ).
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ř ś
Base case. Let F “ i j Fi,j be a set-multilinear UPT formula of product-depth ∆ “ 1.
Let T be the W -tree corresponding to F . Let u0 be the root of T and let u1 , . . . , ud be the
children of u0 with labels p1, α1 q, . . . , pd, αd q, respectively.
By sub-additivity and sub-multiplicativity (Lemma 6, Items 2 and 3) of relrk, we can say
ř ś
that relrkW pF q ď i j relrktαj u pFi,j q. By using the Imbalance bound (Lemma 6 Item 1)
on the relative rank of each Fi,j we get that
relrkW pF q ď

ÿ

n´

ř
j

|αj |{2

“ s ¨ n´

ř
j

|αj |{2

“ sn´p{2 n´|SumpW q|{2

i

where the last equality follows from Proposition 8. We get the desired bound.
ř ś
Induction step. Let F “ i j Fi,j be a set-multilinear UPT formula of depth ∆ ą 1.
Let T be the W -tree corresponding to F . Let u0 be the root of T and let u1 , . . . , uk be the
children of u0 . Let T1 , . . . , Tk be the trees rooted at u1 , . . . , uk respectively.
As F is a UPT formula, we have that for each i ‰ i1 and for any j P rks, the parse tree of
Fi,j is the same as the parse tree of Fi1 ,j . Without loss of generality let us say the parse tree
of Fi,j is Tj for every i.
Also, for T , let us assume without loss of generality that the path bias of T is realised
by a path π, where π “ u0 ¨ u1 ¨ π 1 , i.e. specifically it passes through u1 . Let p1 denote
PathbiasWu1 pT1 q.
ř
Finally, let si,j denote the size of the subformula Fi,j . Note that i,j si,j ď s.
relrkW pF q ď

ÿ

relrkWu1 pFi,1 q ¨

i

ÿ
ď

relrkWuj pFi,j q

relrkWu1 pFi,1 q ¨

ź

n´|Sumpuj q|{2

¯ ź
psi,1 ¨ n´p1 {2 q ¨ n´|Sumpu1 q|{2 ¨
n´|Sumpuj q|{2

i

ÿ

Trivial bound on relrk

jě2

ÿ´

ď

Properties of relrk

jě2

i

ď

ź

Induction Hypothesis

jě2

si,1 ¨ n´pp1 `

řk
j“1

Sumpuj qq{2

i

ÿ
“

si,1 ¨ n´pp`|SumpW q|q{2

Proposition 8

i

ď s ¨ n´p{2 ¨ n´|SumpW q|{2 .

3.3

◀

Tree bias upper bounds imply formula upper bounds

We now sketch the proof of the second part of Theorem 3. The main idea is an abstraction
of a proof from our earlier result [18]13 where we constructed polynomials to show that our
lower bound technique was “tight” for certain concrete spaces of lopsided set-multilinear
polynomials. In the second part of Theorem 3, we essentially show that the lower bound
proved via tree-bias is tight for all lopsided spaces.
The main technical result (which generalizes [18, Lemma 26]) is the following, which
handles the case where each |Xi | is a power of 2.

13

More specifically, this result appeared in a later version of the paper that can be found on ECCC.
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▶ Lemma 14. Let n, d be growing parameters and ∆ any positive integer. Let W “
tα1 , . . . , αd u Ď r´1, 1s be a multiset. Assume that Fsm rX1 , . . . , Xd s be a lopsided space of
set-multilinear polynomials with |Xi | “ n|αi | “ 2ki for non-negative integers k1 , . . . , kd .
Let T be any W -tree of depth ∆ with PathbiasW pT q “ p. Then, there is a UPT formula F
of parse tree T (and hence product-depth ∆) with at most d¨np{2 leaves such that rankpMW pF qq
is as large as possible (i.e. equal to either the number of its rows or columns).
We defer the proof of this lemma, as well as its generalization which yields the second
part of Theorem 3, to the full version of the paper.

Optimal bounds for depth 3 via our technique

4

This section is devoted to the proof of Theorem 4, which characterizes (up to constant factors)
the maximum possible tree bias of a tree of depth 3.
In proving this theorem, it will be useful to consider a variant on the notion of tree bias
defined above, that we will call node bias. The node bias of W (at any given depth ∆) is
equal to the tree bias of W up to a factor of Op∆q. By Theorem 3, for constant-depths ∆, the
node bias also captures the best lower bound that we can hope to prove via our technique.
▶ Definition 15 (Node bias). Fix a W -tree T . For an internal node v of T , we define the
ř
bias of v, denoted biaspvq, to be u |Sumpuq| where the sum runs over the children u of v.
The node bias of T , denoted NodebiasW pT q, is the largest bias of any internal node v of T .
Further, the depth-∆ node bias of W , is the minimum node bias of any depth-∆, W -tree T .
This quantity is denoted Nodebias∆ pW q.
The following basic proposition (proof omitted) relates the node bias of W and the tree
bias of W .
▶ Proposition 16. For any depth-∆ W -tree T , we have
NodebiasW pT q ď PathbiasW pT q ` |SumpW q| ď ∆ ¨ NodebiasW pT q.
In particular, for any multiset W Ď r´1, 1s and any depth ∆, we have Nodebias∆ pW q ď
Treebias∆ pW q ` |SumpW q| ď ∆ ¨ Nodebias∆ pW q.

4.1

Some simple claims

This section presents several statements about W -trees. As the proofs are simple, we defer
them to the full version of the paper.
Given a partition14 P of the elements of W , we define the grouping W 1 of W to be the
multiset obtained by taking the sums of elements of P. Formally,
W 1 “ tSumpAq | A P P u.
The following basic lemma shows how to construct a W -tree from trees of its groupings and
subsets.
14

We follow the usual convention that H R P .
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▶ Lemma 17. Assume that P “ tW1 , . . . , Wt u is a partition of W and let W 1 be the
corresponding grouping. Say we have a W 1 -tree T 1 of node bias b1 and depth ∆1 and for each
i P rts, a Wi -tree Ti of depth ∆i and node bias at most bi . Then, there is a W -tree T of node
bias at most maxtb1 , bi u and depth at most ∆1 ` maxiPrts ∆i .
Moreover, if each Wi is sign-monochromatic (i.e., all elements of Wi have the same
sign)15 , then there is a W -tree T of depth ∆1 and bias b1 .
▶ Lemma 18 (Preprocessing Lemma). Let W Ď r´1, 1s be any multiset. Then, there is a
partition P “ tW1 , . . . , Wt u of W such that each Wi is sign-monochromatic (as in Lemma 17),
SumpWi q P r´1, 1s for all i P rts and SumpWi q P r´1, ´1{2s Y r1{2, 1s for each i P t3, . . . , tu.
In particular, there is a grouping W 1 Ď r´1, 1s of W such that |W 1 z pr´1, ´1{2s Y r1{2, 1sq|
ď 2 and for each W 1 -tree T 1 , there is a W -tree T of same depth and node bias.
The next lemma shows, in particular, how to construct W -trees of depth ∆ and node
bias Opd1{∆ q for any multiset W Ď r´1, 1s of size d and of sum at most 1.
▶ Lemma 19. Let W Ď r´1, 1s such that }W }1 ď L and |SumpW q| ď 1. Then, for any
∆ ě 1, there is a W -tree of depth at most ∆ and node bias at most 5L1{∆ .
We also have the following simple “pasting” lemma.
▶ Lemma 20. Let P “ tW1 , . . . , Wr u be a partition of W and assume that for all i there is
a Wi -tree Ti of depth at most ∆, node bias at most bi and such that the root node of each Ti
has bias at most b1i . Then, there is a W -tree T of depth at most ∆ and of node bias at most
ř
maxtb1 , . . . , br , i b1i u.
Finally, the following claim will allow us to balance a given subset of W so that removing
this subset results in two sets of absolute sum at most 1.
▶ Lemma 21 (Balancing lemma). Say W Ď r´1, 1s is such that |SumpW q| ď 1. Let W 1 Ď W
be arbitrary. Then there exists W 2 Ď W such that W 2 Ě W 1 and }W 2 zW 1 }1 ď |SumpW 1 q| ` 1
and |SumpW 2 q|, |SumpW zW 2 q| ď 1.

4.2

Depth-3 trees of small bias

The main theorem of this section is the following.
▶ Theorem 22. Let W Ď r´1, 1s be any multiset such that |W | ď d and |SumpW q| ď 1.
Then, there is a W -tree T of depth 3 and node bias Opd1{4 q.
The rest of the section is devoted to the proof of the above theorem. To construct the
required W -tree T , we use the following procedure.
1. Preprocessing: By the Preprocessing lemma (Lemma 18), it suffices to consider multisets
W such that |W zpr´1, ´1{2s Y r1{2, 1sq| ď 2.
2. We apply the following procedure to our multiset W .

15

Here, we think of 0 as having the same sign as any other number.
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Algorithm 1 ApW q.

Assignment d :“ |W |.
Initialization If d ď 25 then return the trivial depth-1 W -tree of node bias at most 25.
Phase 1: As long as it is possible, pick pairwise disjoint sets A such that |A| ď d1{4 and
|SumpAq|
12
ď 1{2 .
|A|
d
When this is no longer possible, let A1 , . . . , Ae1 be the sequence of sets picked and let
W11 “ A1 Y A2 ¨ ¨ ¨ Y Ae1 . Using the Balancing lemma, let W1 “ W11 Y ta1 , . . . , af1 u Ď W
ř
be such that iďf1 |ai | ď |SumpW11 q| ` 1 and |SumpW1 q|, |SumpW zW1 q| ď 1.
Construct a W1 -tree T1 in the following way. Fix the grouping W̃1 corresponding to the
partition P1 “ tA1 , . . . , Ae1 , ta1 u, . . . , taf1 uu of W1 . For each element of P1 , construct a
trivial tree
bof depth-1 and for the grouping W̃1 , construct a depth-2 tree T̃1 of node bias
at most 5 }W̃1 }1 (using Lemma 19). Combine these using Lemma 17 to get a tree T1 of
depth 3 for W1 .
Set W 1 “ W zW1 and continue.
Phase 2: As long as it is possible, pick pairwise disjoint sets B Ď W 1 such that |B| ď d1{2
and
12
|SumpBq|
ď 3{4 .
|B|
d
When this is no longer possible, let B1 , . . . , Be2 be the sequence of sets picked and let
W21 “ B1 Y B2 ¨ ¨ ¨ Y Be2 . Using the balancing lemma, let W2 “ W21 Y tb1 , . . . , bf2 u Ď W 1
ř
be such that iďf1 |bi | ď |SumpW21 q| ` 1 and |SumpW2 q|, |SumpW 1 zW2 q| ď 1.
Construct a W2 -tree T2 in the following way. Fix the grouping W̃2 corresponding to the
partition P2 “ tB1 , . . . , Be2 , tb1 u, . . . , tbf2 uu of W2 . Construct a trivial depth-1 W̃2 -tree
T̃2 of nodeabias }W̃2 }1 . For each element B of P2 , construct a depth-2 tree of node bias
at most 5 }B}1 (using Lemma 19). Combine these using Lemma 17 to get a tree T2 of
depth 3 for W2 .
Set W 2 “ W 1 zW2 and continue.
Recursive call Compute T3 “ ApW 2 q.
Return The W -tree T of node bias at most b1 ` b2 ` b3 , where bi “ NodebiaspTi q (for i P r3s)
given by T1 , T2 , T3 and Lemma 20.

We now analyze the above construction. We first state a technical lemma.
▶ Lemma 23. If d ą 25, then after Phases 1 and 2, we have |W 2 | ď d{2.
Let us assume the above lemma for now and prove the theorem.
Let bi pdq denote the node bias of the tree Ti (i P r3s) assuming that the word W has
size at most d. Then, the node bias of the tree is b1 pdq ` b2 pdq ` b3 pdq. By Lemma 23, we
can bound b3 pdq by b1 pd{2q ` b2 pd{2q ` b3 pd{2q. Continuing recursively in this way (until d
becomes smaller than 25) we have
˜
¸
ÿ
i
i
NodebiaspT q ď
b1 pd{2 q ` b2 pd{2 q ` 25.
iě0

So to prove Theorem 22, it suffices to show that b1 pdq, b2 pdq ď Opd1{4 q. From now on, we fix
d and let bi “ bi pdq for i P r2s.
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We first bound b1 . By construction each element of the partition P1 is a set A of size at
most d1{4 and hence has a depth-1 tree of node bias at most d1{4 . Moreover, we have
ÿ
ÿ
}W̃1 }1 “
|SumpAi q| `
|aj |
iďe1

ÿ
ď

jďf1

|SumpAi q| ` |SumpW11 q| ` 1 ď 2

iďe1

ď2

ÿ

|SumpAi q| ` 1

iďe1

ÿ 12|Ai |
` 1 ď Opd1{2 q.
1{2
d
iďe
1

Hence, the tree T̃1 has node bias b̃1 “ Opd1{4 q. Hence, by Lemma 17, we see that b1 ď Opd1{4 q.
We can bound b2 similarly. By construction, each element of P2 is a set B of size at most
d1{2 and hence by Lemma 19 has a depth-2 tree of node bias at most 5d1{4 . Moreover, we
have
ÿ
ÿ
}W̃2 }1 “
|SumpBi q| `
|bj |
iďe2

ÿ
ď

jďf1

|SumpBi q| ` |SumpW21 q| ` 1 ď 2

iďe2

ď2

ÿ

|SumpBi q| ` 1

iďe2

ÿ 12|Bi |
` 1 ď Opd1{4 q.
3{4
d
iďe
1

In particular, this implies that the tree T̃2 has node bias b̃2 “ Opd1{4 q. In particular, by
Lemma 17, we see that b2 ď Opd1{4 q.
Thus, we have shown that b1 , b2 “ Opd1{4 q and we are done.
It remains only to prove Lemma 23, which we do now.
Proof of Lemma 23. Let d2 “ |W 2 |. Assuming that d ą 25 and d2 ą d{2, we will show that
Phases 1 and 2 of the algorithm could not have concluded, and hence derive a contradiction.
Let W`2 and W´2 denote the positive and negative elements of W 2 respectively. Recall
that W 2 Ď W and the latter set contains at most two elements of absolute value less than
1{2 (by the preprocessing in Step 1). Further using the fact that |SumpW 2 q| ď 1, it is easy
to see that |W`2 |, |W´2 | ě d3 where d3 “ pd2 ´ 4q{3 ą 2.
?
2
3
By Lemma 9, it follows
? that there is a non-empty set T Ď W of size
? t ď d `1
3
such that |SumT
? | ď 4{ d . Since d ě 24, this set T has size at most d and satisfies
|SumT | ď 12{ d.
Now, we do a short case analysis. Assume |T | ď d1{4 . Then, T is the kind of set that the
algorithm tries to find in Phase 1. Hence, the existence of such a T tells us that Phase 1
could not have concluded.
Otherwise, we have |T | ą d1{4 . In this case, we have |SumT |{|T | ď 12d´3{4 and is hence
the kind of set that the algorithm tries to find in Phase 2. Hence, the existence of such a T
tells us that Phase 2 could not have concluded.
In either case, we are done.
◀

4.3

Optimality of the quartic bound

We will show here that the bound of Theorem 22 is optimal.
▶ Proposition 24. Let d be a growing integer parameter. There exists a multiset W Ď r´1, 1s
such that |W | ď d, |SumW | ď 1, and for all W -tree T of depth 3, T has node bias at least
Ωpd1{4 q.
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Proof. If d ă 16 the result follows immediately (just adapt the constant in the Ωpq to deal
with these cases). So let us assume that d ě 16. Let d1 be the largest integer such that
d1 ď d and d1 is a fourth power of an integer. So d11{4 ě 2 ˇand d1 ě d{16.
ˇ
1
1
ˇ
ˇ
Let q be the closest integer to 2´1{d11{4 d`1{p2d13{4 q . So ˇq ´ 2´1{d11{4 d`1{p2d13{4 q ˇ ď 12 . Let
us construct W with q copies of 1 ´ 1{d11{4 ` 1{p2d13{4 q and p “ d1 ´ q copies of ´1. So
|W | ď d1 ď d and
ˇ
ˇ
ˇ
ˇ
|SumpW q| “ ˇ´p ` qp1 ´ 1{d11{4 ` 1{p2d13{4 qqˇ
ˇ
ˇ
ˇ
ˇ
“ ˇ´d1 ` qp2 ´ 1{d11{4 ` 1{p2d13{4 qqˇ
ˇ
ˇ
ˇ 1 ˇˇ
ˇ
ď ˇp´d1 ` d1 qˇ ` ˇp2 ´ 1{d11{4 ` 1{p2d13{4 qqˇ ď 1.
2
It is sufficient to prove that any W -tree has large enough node bias.
Let T be any W -tree. Let us assume that NodebiasW pT q ă d11{4 {4.
Since every internal node α at distance two of the roots with k children (in particular the
children of α are leaves of T ) has bias at least biaspαq ě k minvPW |v| ě k{2, it implies that
k ă d11{4 {2.
Assume then that there is an internal node α at distance one of the root such that the
subtree rooted in α has at least d11{2 leaves. Notice that for any children β of α with pβ
negative children and qβ positive ones we have
ˇ
ˇ
ˇ
ˇ
|Sumβ| “ ˇ´pβ ` qβ p1 ´ 1{d11{4 ` 1{p2d13{4 qqˇ
ˇ
ˇ
ˇ
ˇ
“ ˇp´pβ ` qβ q ´ qβ p1 ´ 1{2d11{2 q{d11{4 ˇ .
Since qβ ď pβ ` qβ ă d11{4 {2 and pβ , qβ are integers, it implies that the fractional part of
|Sumβ| is at least qβ p1 ´ 1{2d11{2 q{d11{4 . Moreover, if |Sumpβq| ă 1, it means that qβ ě pβ ,
i.e., qβ ě ppβ ` qβ q{2. Hence in all cases,
q β ` pβ 1
1
¨ ¨ 11{4 .
2
2 d
ř
d11{2
d11{4
Consequently, biaspαq “ β child of α |Sumpβq| ě 4d
11{4 “
4 , which contradicts the hypo11{2
thesis. So any node at depth 1 of the tree has less than d
leaves in its subtree.
Let us show that finally the root ρ of T has large bias. Let β one of its children. Say
that in the tree rooted in β, there are pβ negative leaves and qβ positive ones. So,
ˇ
ˇ
ˇ
ˇ
|Sumβ| “ ˇ´pβ ` qβ p1 ´ 1{d11{4 ` 1{p2d13{4 qqˇ
ˇ
ˇ
ˇ
1
1 ˇˇ
11{4
11{4
ˇ
“ ˇp´pβ d
` qβ d
´ qβ q 11{4 ` qβ 13{4 ˇ .
d
2d
|Sumpβq| ě

Since qβ {p2d13{4 q ă 1{p2d11{4 q, it implies that the distance of |Sumpβq| to the set N{d11{4 is
at lest qβ {p2d13{4 q. Again, if |Sumpβq| ă 1, it ensures that qβ ě ppβ ` qβ q{2. So in all cases,
|Sumpβq| ě

1
pβ ` q β
. 13{4 .
2
2d

Consequently,
biaspρq “

ÿ
|Sumpβq| ě
β child of ρ

1
4d13{4

ÿ
β child of ρ

pβ ` q β “

d11{4
4

which again contradicts the hypothesis.
In conclusion, we have that for any W -tree T and NodebiasW pT q ě

d11{4
4

ě

d1{4
8 .

◀
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▶ Remark 25. We can generalize the previous proof to larger depths by defining q to be the
ř∆´1
p2i ´1q{2∆´1
closest integer to d1 {p2 ` i“1 p´1qi {d1
q. It implies that for all ∆, there exists a
∆´1
multiset W such that any W -tree of depth ∆ has node bias at least Ωpd1{2
q. It improves
the constant in the exponent slightly in the lower bound from [18].
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1

Introduction

Our main results are two collapses of total NP search problem (TFNP) classes.
▶ Theorem 1. EOPL = PLS ∩ PPAD.
▶ Theorem 2. SOPL = PLS ∩ PPADS.
Let us explain what these collapses mean and how they fit into the diverse complexity zoo
of search problem classes, as summarised in Figure 1. The classes PLS, PPAD, PPADS are
classical. They were all introduced in the original pioneering works [17, 16, 20] that founded
the theory of TFNP. To define these classes, it is most convenient to describe a canonical
complete problem for each class. (See Section 2 for more formal definitions).
PLS: Sink-of-DAG (SoD). We are given implicit access to a directed graph G = (V, E)
that is acyclic, has out-degree at most 1, and has exponentially many nodes, |V | = 2n .
The graph is described by a poly(n)-sized circuit: for any node v ∈ V , we can compute
its unique successor (out-neighbour) u, if any, and also an integer potential, which is
guaranteed to increase along the direction of the edge (v, u). The goal is to find a sink
node (in-degree ≥ 1, out-degree 0).
PPAD: End-of-Line (EoL). We are given access to a directed graph G = (V, E) that
has in/out-degree at most 1, and has |V | = 2n nodes. The graph is described by a
poly(n)-sized circuit: for any v ∈ V , we can compute its successor u and predecessor u′ ,
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if any. We are guaranteed that if v’s successor is u, then u’s predecessor is v, and vice
versa. In addition, we are given the name of a distinguished source node v ∗ (in-degree 0,
out-degree 1). The goal is to find any source or sink other than v ∗ .
PPADS: Sink-of-Line (SoL). Same as EoL except the goal is to find a sink.
PLS ∩ PPADS

SOPL

PLS

Theorem 2

FP

UEOPL

EOPL

CLS = PLS ∩ PPAD

PPADS

PPP

TFNP

Theorem 1

PPAD

PPA

Figure 1 Class diagram for TFNP with new inclusions highlighted. An arrow A → B denotes
A ⊆ B.

Modern classes
Research in the past decade has studied several relatively weak classes of search problems
that lie below PLS and PPAD. The intersection class PLS ∩ PPAD is, of course, one immediate
such example. This class, however, feels quite artificial at first glance. It does not seem to
admit any “natural” complete problem. Motivated by this, Daskalakis and Papadimitriou [5]
introduced the continuous local search class CLS ⊆ PLS ∩ PPAD, which, by its very definition,
admits natural complete problems related to the local optimisation of continuous functions
over the real numbers (computed by arithmetic circuits). The class CLS is exceptional in
that it captures the complexity of real continuous optimisation problems, while most classical
search problem classes are designed to capture combinatorial principles, often phrased in
terms of directed graphs.
In order to understand CLS from a more combinatorial perspective, Hubáček and
Yogev [14] and Fearnley, Gordon, Mehta, and Savani [9] introduced the class EOPL ⊆ CLS,
whose complete problem is the namesake End-of-Potential-Line (EoPL) problem,
defined below. (The paper [14] initially defined a more restricted “metered” version of
this problem, but we use the formulation from [9], which they prove is equivalent to the one
from [14].) It is also natural to define a sink-only version of EOPL as suggested by [12].
EOPL: End-of-Potential-Line (EoPL). We are given access to a directed graph G =
(V, E) that is acyclic, has in/out-degree at most 1, and has |V | = 2n nodes; that is, G
is a disjoint union of directed paths. The graph is described by a poly(n)-sized circuit:
for any node we can compute its successor and predecessor, if any, and also an integer
potential, which is guaranteed to increase along the directed edges. In addition, we are
given the name of a distinguished source v ∗ . The goal is to find any source or sink other
than v ∗ .
SOPL: Sink-of-Potential-Line (SoPL). Same as EoPL except the goal is to find a
sink.
It is comforting to know that the definition of EOPL is robust: Ishizuka [15] showed that a
version of EoPL that guarantees poly(n) many distinguished sources is still equivalent (via
polynomial-time reductions) to the above standard version with a single source.
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Fearnley et al. [9] also defined a more restricted subclass UEOPL ⊆ EOPL where the
complete problem is Unique-EoPL, a version of EoPL with a unique directed path. They
showed that this class contains many important search problems with unique witnesses,
such as unique sink orientations, linear complementary problems, Arrival [6, 10]. Other
problems known to lie in UEOPL are a restricted version of the Ham-Sandwich problem [3]
and a pizza cutting problem [21]. Fearnley et al. [9] conjecture that UEOPL ̸= EOPL.

A surprising collapse
In a breakthrough, Fearnley, Goldberg, Hollender, and Savani [8] showed that, despite
appearances to the contrary, CLS = PLS ∩ PPAD. This goes against the conjecture of
Daskalakis and Papadimitriou [5] that the classes are distinct, a belief which underlied much
of their original motivation for introducing CLS. The nontrivial direction of the collapse is a
reduction from a canonical complete problem SoD ⋏ EoL ∈ PLS ∩ PPAD (defined below)
to a problem KKT ∈ CLS, which involves computing a Karush–Kuhn–Tucker point of a
smooth function. We may summarise the main technical result of Fearnley et al. [8] as
SoD ⋏ EoL ≤ KKT

which implies PLS ∩ PPAD ⊆ CLS.

(1)

Here we use ≤ to denote a polynomial-time reduction between search problems. The
operator ⋏ produces the meet of two search problems: the input to problem A ⋏ B is a pair
(x, y) where x is an instance of A and y is an instance of B and the goal is to output either
a solution to x or to y. Then SoD ⋏ EoL is the canonical (albeit “unnatural”) complete
problem for PLS ∩ PPAD [5].

Our new collapses
Our main results, Theorems 1 and 2, follow from two new reductions, the first one of which
strengthens the reduction (1) from [8]:
SoD ⋏ EoL ≤ EoPL

which implies PLS ∩ PPAD ⊆ EOPL,

(2)

SoD ⋏ SoL ≤ SoPL

which implies PLS ∩ PPADS ⊆ SOPL.

(3)

These reductions are between purely combinatorially defined search problems. In the case
of (2), this bypasses the continuous middle-man of CLS and makes our reduction relatively
simple to describe. In particular, we get a new simpler proof of the breakthrough collapse
of [8] by combining (2) with the inclusion EOPL ⊆ CLS proved by [14]. Furthermore, the
new collapse implies that problems related to Tarski’s fixpoint theorem [7] and to a colourful
version of Carathéodory’s theorem [18] lie in EOPL.

A further surprise?
Given that the collapse CLS = PLS ∩ PPAD was considered extremely surprising by most
people, how surprised should we be by the further collapse
EOPL = CLS = PLS ∩ PPAD ?
Fearnley et al. [9] wrote regarding EOPL vs. CLS that “we actually think it could go either
way.” In the wake of their breakthrough, the paper [8] explicitly conjectured EOPL ̸= CLS.
For the authors of the present paper, the new collapse did come as an utter shock. When
we began work on this project, our intuitions convinced us that, again, EOPL ̸= CLS, a
conjecture which had just found its way to the second author’s PhD thesis [13, Section 7.5].
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In our convictions, we set out to prove this separation in the black-box model where, instead
of circuits, the directed graphs are described by black-box oracles. We tried in vain for nine
months. The upshot is that Theorems 1 and 2 now crush this possibility, as they hold even
in the black-box model.

2

A Unified View: The Grid Problem

In this section we formally define all the problems of interest. We take the unusual approach
of defining a single problem (which we call the Grid problem) with various parameters which
can be tweaked to obtain all of the problems we study in this paper. This mainly serves
two purposes. First of all, it is particularly convenient for presenting our reductions, since it
allows us to combine instances from different problems more easily. The second reason is
that we believe that this unified view of seemingly very different problems is of independent
interest.

The Grid problem
For n ∈ N, let [n] := {1, 2, . . . , n}. We define a general problem on a grid [N ] × [M ], where
N and M should be thought of as being (potentially) exponentially large. The problem
involves A paths starting from column 1 ([N ] × {1}) and moving from column i ([N ] × {i})
to column i + 1 ([N ] × {i + 1}). On the last column ([N ] × {M }) there are at most B valid
ends of paths. If paths are not allowed to merge, then by the Pigeonhole Principle A > B
ensures the existence of a solution, i.e., a path that does not end at a valid position on the
last column. If paths are allowed to merge, then a solution is guaranteed to exist as long as
B = 0. To make things more precise, the paths start from nodes 1 to A in the first column
(i.e., [A] × {1}), and the valid termination points are nodes 1 to B in the last column (i.e.,
[B] × {M }).
In more detail, we are given a boolean circuit S : [N ] × [M ] → [N ] ∪ {null}, the successor
circuit, which allows us to efficiently compute the outgoing edge at a node. If S(x, y) = null,
then (x, y) does not have an outgoing edge. Otherwise, there is an outgoing edge from (x, y) to
(S(x, y), y + 1). The problem also has two parameters which are used to tweak the definition:
r (reversible) and b (bijective). Intuitively, when r = 1, we change the representation of paths
to make them reversible. Namely, in addition to the successor circuit S, we are also given
access to a predecessor circuit P : [N ] × [M ] → [N ] ∪ {null}, which, analogously to S, allows
us to efficiently compute the incoming edge at a node. In particular, when r = 1, every node
can have at most one incoming edge, i.e., two paths cannot merge. When r = 1, the other
parameter b is used to introduce additional solutions. Namely, when b = 1, then we do not
allow any new paths apart from the original A paths, and we also require that all B valid
ends of paths are actually reached by a path. The combination r = 0, b = 1 is not allowed.
We use the term sink to refer to a node with at least one incoming edge but no outgoing
edge. Similarly, a source is a node with an outgoing edge but no incoming edge. The formal
definition of the problem is as follows.
▶ Definition 3. In the Grid problem, given N, M, A, B with N ≥ A > B ≥ 0 and M ≥ 2,
boolean circuits S, P : [N ] × [M ] → [N ] ∪ {null}, and bits r, b ∈ {0, 1}, output any of the
following:
1. x ∈ [A] such that S(x, 1) = null,
(missing pigeon/source)
2. x ∈ [N ] such that S(x, M − 1) > B,
(invalid hole/sink)
3. x ∈ [N ] and y ∈ [M − 2] such that
S(x, y) ̸= null and S(S(x, y), y + 1) = null,
(pigeon interception/sink)
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4. If r = 1 and b = 1:
a. (x, y) ∈ ([N ] × [M − 1]) \ ([A] × {1}) such that
S(x, y) ̸= null and P (x, y) = null, or
(pigeon genesis/source)
b. x ∈ [B] such that P (x, M ) = null.
(empty hole/sink)
We also enforce the following two conditions syntactically:
If r = 0, then b = 0 and B = 0.
If r = 1, then the successor and predecessor circuits are consistent, which can be enforced
as follows. The circuit S is replaced by the circuit S, which on input (x, y) computes
x′ := S(x, y) and outputs x′ , unless (x′ , y + 1) ∈
/ [N ] × [M ] or P (x′ , y + 1) ̸= x, in
which case it outputs null. Similarly, the circuit P is replaced by the circuit P , which
on input (x, y) computes x′ := P (x, y) and outputs x′ , unless (x′ , y − 1) ∈
/ [N ] × [M ] or
′
S(x , y − 1) ̸= x, in which case it outputs null.

Canonical complete problems as special cases of Grid
As defined above, the inputs N, M, A, B of the Grid problem are completely unrestricted,
apart from the natural restrictions N ≥ A > B ≥ 0 and M ≥ 2. By imposing various
additional restrictions on these inputs, we obtain the following canonical complete problems;
see Figure 2. (Here inj-PHP/bij-PHP stand for Injective/Bijective Pigeonhole Principle.)
SoD: r = 0, b = 0, A = 1, B = 0. (PLS-complete)
SoPL: r = 1, b = 0, A = 1, B = 0. (SOPL-complete)
EoPL: r = 1, b = 1, A = 1, B = 0. (EOPL-complete)
inj-PHP: r = 1, b = 0, M = 2, N = A = B + 1. (PPADS-complete)
bij-PHP: r = 1, b = 1, M = 2, N = A = B + 1. (PPAD-complete)
Note that beyond those restrictions, the inputs are left unrestricted. For example, in SoD,
the input M can be very large, which is indeed needed for the problem to be PLS-complete.

(a) Sink-of-DAG (SoD).

(b) inj-PHP.

(c) Sink-of-Potential-Line
(SoPL).

Figure 2 Examples of Grid problems. Square nodes are valid starts of paths (top-most A nodes
in the first column) and diamonds are valid ends of paths (top-most B nodes in the last column).
Solutions are drawn in red. However, for visual clarity we highlight the actual sinks rather than
the sink predecessors as in Definition 3. Nodes with a null successor are drawn without an outgoing
pointer. (2a) has parameters (r = 0, b = 0, A = 1, B = 0) and defines an SoD instance. Only the
successor circuit is drawn, as the predecessor circuit is not used by SoD. In particular, directed
paths can merge, such as for node (2, 3). (2b) has parameters (r = 1, b = 0, A = N, B = N − 1)
and defines an inj-PHP instance. The diamond with a green circle would be a solution of bij-PHP
(with b = 1) but is not a solution of inj-PHP. (2c) has parameters (r = 1, b = 0, A = 1, B = 0) and
defines an SoPL instance. Sources with green circles would be solutions of an EoPL instance (with
b = 1).
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▶ Remark 4. Here we have slightly abused notation by calling these problems SoD, SoPL
and EoPL even though their original definitions (in [16, 12, 9], respectively) do not use
a grid structure, and instead come with an additional circuit computing the potential of
any node. It is not too hard to see that these grid-versions of the problems are indeed
polynomial-time equivalent to the original versions. The main idea is that the grid implicitly
provides a potential value for every node (x, y), namely its column number y. Thus, given
such a problem on a grid, it is easy to define a potential circuit by simply assigning the
potential value y to any node (x, y) of the grid.
The other direction is slightly more involved. Consider an instance of one of the original
problems with vertex set V = [N ] and potential values lying in P = [M ]. Without loss of
generality, we can assume that along any edge the potential increases by exactly one. Indeed,
this was proved explicitly by [9] when they reduced EoPL to EoML, and the same idea
applies to SoD and SoPL as well. The reduction to the grid-version of the problem is then
obtained by identifying a vertex x ∈ V that has potential p ∈ P with the node (x, p) on the
[N ] × [M ] grid.
The following is essentially folklore (see, e.g., [2]), so we only provide a brief proof sketch.
▶ Lemma 5. inj-PHP and bij-PHP are respectively PPADS- and PPAD-complete.
Proof Sketch. To see that bij-PHP lies in PPAD, we can reduce to EoL (see, e.g., [4] for a
formal definition) with vertex set V = [N ] × [2] as follows: add a directed edge from node
(x, 2) to node (x, 1) for all x ≤ A − 1. By taking (x, A) as the distinguished source node,
this yields an EoL instance with the same solutions as the original bij-PHP instance. On
the other hand, given an instance of EoL with vertex set V = [N ] and distinguished source
node N (without loss of generality), we construct an instance of bij-PHP on [N ] × [2] as
follows: for any isolated vertex x ∈ [N ], create an edge from (x, 1) to (x, 2); for any edge
from x to y, create an edge from (x, 1) to (y, 2). This simple reduction proves the PPADhardness of bij-PHP. The exact same constructions can be used to prove that inj-PHP is
PPADS-complete, by reducing to and from the SoL problem (formally defined by Beame et
al. [1], who call it Sink).
◀
In Section 6, we briefly explain how an extended version of the Grid problem can be
used to also capture PPP, the class defined by Papadimitriou [20] to capture a version of the
Pigeonhole Principle where edges can only be computed efficiently in the forward direction.
We do not currently see any natural way of extending the definition of the Grid problem so
that it also captures the class PPA.

3

Path-Pigeonhole Problems

In this section we use the Grid problem to define some interesting extensions of the two
pigeonhole problems. Namely, we consider the case where, instead of just two columns, there
are many columns. In a certain sense, this corresponds to allowing the pigeons to travel for
a long time before reaching a hole. In particular, we can no longer efficiently tell in which
hole a given pigeon will land. This allows us to show that the problems remain hard even
when there are significantly more pigeons than holes. This fact, stated in Lemma 6 below,
will be crucial to obtain our main result later.
Let f : N → N be a polynomial-time computable function with f (t) > t. In this section,
we consider the following restrictions of Grid:
Path-inj-PHPf : r = 1, b = 0, A = f (B).
Path-bij-PHPf : r = 1, b = 1, A = f (B).
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The following lemma is an important ingredient for the proof of our main result.
▶ Lemma 6. Let f (t) > t be polynomial-time computable. There exists a reduction
inj-PHP ≤ Path-inj-PHPf that maps an instance with parameters (A, B) = (T + 1, T ) to
an instance with parameters (A, B) = (f (T ), T ) and (N, M ) = (f (T ), f (T ) − T + 1).
Proof. The idea behind this reduction is very simple. Intuitively, we have the ability to
“merge” T + 1 paths into T paths by using the inj-PHP instance. Namely, we can go from
having T + 1 paths on some column i to having only T paths on the next column i + 1,
and such that finding a “mistake”, i.e., a path that stops between the two columns, requires
solving the inj-PHP instance. In particular, if we start with some N paths, where N ≥ T + 1,
then we can “merge” those paths into N − 1 paths by “merging” the first T + 1 paths into T
paths, and leaving the remaining N − (T + 1) paths unchanged. Applying this idea repeatedly,
we can “merge” f (T ) paths into just T paths in f (T ) − T steps. This results in an instance
of Path-inj-PHPf with f (T ) − T + 1 columns, where every solution yields a solution to the
inj-PHP instance; see Figure 3. More formally, let (S, P ) denote an instance of inj-PHP
with parameters A = T + 1 and B = T . Without loss of generality, we can assume that
no pigeon goes to the invalid hole, i.e., S(x, 1) ̸= T + 1 for all x ∈ [T + 1]. Indeed, if there
is such an edge, we can just remove it and this does not change the set of solutions; the
node pointing to the invalid hole was a solution before, and now it is still a solution, because
b Pb) of Path-inj-PHPf on the [N ] × [M ]
it has no successor. We construct an instance (S,
grid, where N = f (T ), M = f (T ) − T + 1, A = f (T ) and B = T . The successor circuit Sb is
defined as follows:



S(x, 1) if x ∈ [T + 1] and y ∈ [M − 1],
b
S(x, y) :=
x−1
if T + 2 ≤ x ≤ f (T ) − y + 1 and y ∈ [M − 1],


null
otherwise,
b Both circuits
and the predecessor circuit Pb is then defined accordingly to be consistent with S.
can be constructed in polynomial time, given S and P , and given that f can be computed in
polynomial time. It is straightforward to check that any solution of the constructed instance
yields a solution to the original inj-PHP instance.
◀
The same proof idea also yields that bij-PHP ≤ Path-bij-PHPf .
Path-inj-PHPf
inj-PHP

≤

Figure 3 The reduction inj-PHP ≤ Path-inj-PHPf in Lemma 6. We build a Path-inj-PHPf
instance by chaining several identical inj-PHP instances side-by-side. Note that a solution to the
Path-inj-PHPf instance can be directly mapped to one for the original inj-PHP instance.
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4

SOPL = PLS ∩ PPADS

In this section, we prove Theorem 2, namely SOPL = PLS ∩ PPADS. To prove this we provide
a reduction from a PLS ∩ PPADS-complete problem to the canonical SOPL-complete problem.
▶ Lemma 7. SoD ⋏ inj-PHP ≤ SoPL.
Proof Sketch. There are two obstacles to a direct reduction from SoD to SoPL: (i) we can
only compute edges in the forward direction (i.e., we only have access to a successor circuit),
and (ii) multiple edges can point to the same node.
To resolve the first issue, we modify the original [N ] × [M ] grid of the SoD instance
by taking N copies of each node. This ensures that there is a separate copy of each node
v for each potential predecessor on the previous column. As a result, edges from different
predecessor nodes will point to different copies of v. This means that predecessor nodes
can now also be computed efficiently. Namely, in order to compute the predecessors of the
ith copy of node v, it suffices to check whether in the original SoD instance the ith node
on the previous column points to v. If that is the case, then all copies of this ith node are
predecessors in the modified instance. Otherwise, there are no predecessors. However, the
second issue remains: since we have made N copies of each node, there are also N copies of
each predecessor node, and thus N edges pointing to the corresponding copy of v. This is
not acceptable, since SoPL allows at most one incoming edge.
To overcome the second obstacle, we make use of the following high-level idea: use the
inj-PHP instance (which maps K + 1 pigeons to K holes) to “hide” the fact that multiple
edges can point to a single node. Unfortunately, we cannot use the inj-PHP instance to hide
the fact that N paths merge into a single node. But, if we take KN copies of each original
node, instead of just N , then we have KN paths and K target nodes. By Lemma 6, the
inj-PHP instance can be turned into a Path-inj-PHPf instance that hides the fact that
KN paths merge into K paths. Thus, we replace each original node v of the SoD instance by
a gadget that has KN nodes in the left-most column and K nodes in the right-most column,
and such that finding the sink of a path inside the gadget requires solving the inj-PHP
instance. Importantly, we only construct the paths inside this gadget when the original node
v has a successor in the SoD instance. This ensures that when v is an isolated node, the
corresponding gadget does not contain any edges. Figure 4 illustrates the construction for
N = 3, M = 4 and K = 2.
Note that although we might have added many new sources to the graph (which are
irrelevant for SoPL), it remains the case that from any sink of the new graph, we can extract
either a solution to SoD or to inj-PHP.
In the final construction, edges can indeed be computed in both directions efficiently.
Namely, given any node, we can determine in polynomial time if it has an incoming and/or
outgoing edge, as well as the identity of the potential predecessor and successor nodes. Here,
we crucially use the fact that edges can be computed efficiently in both directions in the
inj-PHP instance.
◀
Proof. Let S be an instance of SoD on the grid [N ] × [M ]. We are also given an instance of
inj-PHP with parameters (A, B) = (K + 1, K). Without loss of generality we can assume
that K = N , because we can easily pad the SoD or inj-PHP instance with additional rows
without changing the set of solutions. By Lemma 6, we can reduce this inj-PHP instance
to a Path-inj-PHPt2 instance on the grid [N 2 ] × [M ′ ] with parameters (A, B) = (N 2 , N ).
Without loss of generality, we can assume that M ′ = M , because we can pad the SoD or
Path-inj-PHPt2 instance with additional columns, if needed. This is not important for the
reduction, but will be convenient.
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SoPL

SoD

⋏

≤

Path-inj-PHP

Figure 4 The reduction SoD ⋏ Path-inj-PHP ≤ SoPL in the proof of Lemma 7. Given instances
of SoD and Path-inj-PHP, we build an SoPL instance whose solutions can be traced back to
solutions of SoD ⋏ Path-inj-PHP. To overcome the issue of merging paths in SoD, the nodes of
the SoD instance are replaced with a copy of a Path-inj-PHP gadget (in blue). Those gadgets are
ultimately built out of the initial inj-PHP instance (not shown) using Lemma 6.

We will take N 2 copies of each node in the original SoD instance, and make M copies of
each column. As a result, our SoPL instance will be defined on the [N 3 ] × [M 2 ] grid. It will
be convenient to use some special notation to refer to points in this grid. For α ∈ [N 2 ] and
x ∈ [N ], we use the notation (α, x) to denote the row α+(x−1)·N 2 ∈ [N 3 ]. This corresponds
to indexing the αth copy of row x of the original instance. We also introduce some additional
notation to index these [N 2 ] copies: for i, j ∈ [N ], we let [i, j] := i + (j − 1) · N ∈ [N 2 ]. Thus,
([i, j], x) denotes the [i, j]th copy of row x. The “[i, j]” notation essentially subdivides [N 2 ]
into N blocks containing N values each, which will be useful for routing incoming edges to
the correct copy of a node. Using the analogous subdivision also on the columns, the notation
(α, x; k, y) ∈ [N 2 ] × [N ] × [M ] × [M ] denotes the node (α + (x − 1) · N 2 , k + (y − 1) · M ) ∈
[N 3 ] × [M 2 ]. In particular, the notation ([i, j], x; k, y) is well-defined.
b Pb of the SoPL instance on [N 3 ] × [M 2 ] are defined as follows:
The circuits S,



([i, x], S(x, y)) if k = M and j = 1,
b
S([i, j], x; k, y) :=
(S ′ ([i, j], k), x) if k < M and S(x, y) ̸= null,


null
otherwise



([i, 1], j)
Pb([i, j], x; k, y) :=
(P ′ ([i, j], k), x)


null

if k = 1 and y > 1 and S(j, y − 1) = x,
if k > 1 and S(x, y) ̸= null,
otherwise

where (α, z) ∈ [N 2 ] × [N ] is interpreted as an element in [N 3 ] as above, and where we use
the convention (∗, null) = (null, ∗) = null. Using the fact that S ′ and P ′ are consistent, it can
be checked that Sb and Pb are also consistent.
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In order to argue about the correctness of the reduction, consider any sink ([i, j], x; k, y)
of the SoPL instance. If 2 ≤ k ≤ M − 1, then it must be that ([i, j], k) is a sink of the
Path-inj-PHPt2 instance (S ′ , P ′ ). If k = M and j = 1, then ([i, j], x; k, y) cannot be a sink,
b j], x; k, y) ̸= null. If
since Pb([i, j], x; k, y) ̸= null implies that S(x, y) ̸= null, and thus S([i,
k = M and j > 1, then ([i, j], k) is an invalid sink on the last column of the Path-inj-PHPt2
instance, and so in particular a solution. If k = 1 and S(x, y) ̸= null, then ([i, j], k) is a
missing source on the first column of the Path-inj-PHPt2 instance, and so again a solution.
Finally, if k = 1 and S(x, y) = null, then it must be that S(j, y − 1) = x and thus (x, y) is a
sink of the original SoD instance, and this is witnessed by the node (j, y − 1).
◀

5

EOPL = PLS ∩ PPAD

In this section, we prove Theorem 1, namely EOPL = PLS ∩ PPAD. The equality SOPL =
PLS ∩ PPADS (Theorem 2) proved in the previous section, together with the fact that
PPAD ⊆ PPADS, immediately imply that
SOPL ∩ PPAD = PLS ∩ PPAD.
As a result, in order to prove Theorem 1, it suffices to give a reduction from an SOPL ∩ PPADcomplete problem to an EOPL-complete problem:
▶ Lemma 8. SoPL ⋏ bij-PHP ≤ EoPL.
Proof Sketch. A very natural attempt at a reduction from SoPL to EoPL is to try to
remove all undistinguished sources, i.e., all sources except the trivial one. Then, clearly, any
EoPL-solution would have to be a sink, and thus also a solution to SoPL.
There is a simple trick that almost achieves this. First, make a reversed copy of the
SoPL instance, i.e., reverse the direction of all edges, and the ordering of the potential. Note
that sources of the original instance have now become sinks in the reversed copy, and vice
versa. Then, for each source node v of the original graph, add an edge pointing from its copy
v (which is a sink) to v.
u

reversed SoPL
v0

original SoPL
v0

Figure 5 A naive attempt at a reduction SoPL ≤ EoPL. Although most solutions arise from
the sinks of the original SoPL instance, a spurious solution is introduced at v̄0 , which does not
correspond to any sink of the original instance.

The only problem with this reduction is that we have eliminated all sources of the original
graph, including the distinguished one. In particular, the distinguished source v0 of the
original instance is no longer a source, since there is an edge from its copy v 0 to v0 . As a
result, the reduction fails, because the instance of EoPL we have constructed does not have
a distinguished source. Furthermore, we cannot hope to turn one of the new sources into a
distinguished source, since any such source yields a solution to the original instance (where
it is a sink).

M. Göös, A. Hollender, S. Jain, G. Maystre, W. Pires, R. Robere, and R. Tao

33:11

In order to address this issue, we add a new node u and select it as our new distinguished
source. Clearly, u is a solution of the instance, since it is a distinguished source that is not
actually a source, but just an isolated node. Now, imagine that we remove the edge (v 0 , v0 )
and instead introduce an edge (u, v0 ); see Figure 5. Then, u is no longer a solution, but v 0
becomes a sink, and thus a solution, instead. In other words, the reduction can pick whether
it wants u or v 0 to be a solution by changing this edge. Of course, in both cases, the resulting
instance is very easy to solve, but this minor observation already provides the idea for the
next step.
Take k copies of the instance we have constructed (before adding u). There are now k
(1)
(k)
copies v0 , . . . , v0 of the original distinguished source, and k copies of the reverse copy
(1)
(k)
(i) (i)
v 0 , . . . , v 0 . Remove the edges (v 0 , v0 ) for i = 1, . . . , k. If we now introduce the new
distinguished source u, we have k + 1 nodes that “need” an outgoing edge in order to not
(1)
(k)
be solutions (namely, u, v 0 , . . . , v 0 ) and k nodes that “need” an incoming edge (namely,
(1)
(k)
(1)
(k)
v0 , . . . , v0 ). Clearly, no matter how we introduce edges here, one of u, v 0 , . . . , v 0 will
not have an outgoing edge and will be a solution. However, we can use a bij-PHP instance
to make it hard to find such a solution. Let K denote the parameter of the bij-PHP instance,
i.e., K + 1 points are mapped to K points. Then, we let k := K and add edges between
(1)
(k)
(1)
(k)
u, v 0 , . . . , v 0 and v0 , . . . , v0 according to the bij-PHP instance. An example of the
construction is depicted in Figure 6.
EoPL
u

SoPL

⋏

≤

bij-PHP
Figure 6 The reduction SoPL ⋏ bij-PHP ≤ EoPL in Lemma 8. The bij-PHP instance (in pink)
connects the newly introduced source u together with the distinguished sources and sinks of the
copied SoPL instances. Non-distinguished sources and sinks are connected with blue edges. The
node circled in green corresponds to a solution of the bij-PHP instance.

Now, it is easy to check that any undistinguished source or any sink of the resulting
graph must yield a solution to the bij-PHP instance or a solution of the SoPL instance. In
particular, if u is not a source, then this yields a solution to bij-PHP.
◀
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Proof. Let (S, P ) be an instance of SoPL on the grid [N ] × [M ]. Without loss of generality,
we can assume that all sources occur on the first column, i.e., for any source (x, y) ∈ [N ]×[M ]
it holds that y = 1. Indeed, by appropriately increasing N , for each source (x, y) we can add
a path that starts on the first column and ends at (x, y), thus effectively “transferring” the
source to the first column. Let (S ′ , P ′ ) be an instance of bij-PHP on the grid [K + 1] × [2]
that maps K + 1 pigeons to K holes.
We take K copies of the SoPL instance and K copies of the reversed SoPL instance, all
together in a single grid. This grid will be of the form [KN ]×[2M ]. For clarity, we will use the
notation (i, x; y) ∈ [K] × [N ] × [2M ] to denote the element (x + (i − 1) · N, y) ∈ [KN ] × [2M ].
The ith copy of the instance will be embedded in {i} × [N ] × ([2M ] \ [M ]), while the ith
reversed copy will be in {i} × [N ] × [M ]. Formally, we define new successor and predecessor
b Pb on [KN ] × [2M ] as follows:
circuits S,
(
b x; y) := (i, P (x, M − y + 1)) if y ≤ M,
S(i,
(i, S(x, y − M ))
if y ≥ M + 1
(
Pb(i, x; y) :=

(i, S(x, M − y + 1))

if y ≤ M,

(i, P (x, y − M ))

if y ≥ M + 1

where (i, z) ∈ [K] × [N ] represents the element z + (i − 1) · N ∈ [KN ], and where we use the
convention (i, null) = null.
Since S and P are consistent, Sb and Pb are also consistent. Note that there are currently
no edges between column M and column M + 1. In the second step of the reduction we
add edges between these two columns as follows. For every i ∈ [K] and x ∈ [N ] \ {1}, if
(i, x; M + 1) is a source, then we add an edge from (i, x; M ) to (i, x; M + 1). Note that in that
case (i, x; M ) was a sink. The case where x = 1 is handled separately, because it corresponds
to nodes that are copies of the distinguished source of the original SoPL instance. For any
i ∈ [K] and for x = 1, if S ′ (i, 1) = j ̸= null, we add an edge from (i, 1; M ) to (j, 1; M + 1).
Note that here we also use P ′ (which is assumed to be consistent with S ′ ) to implement this
b Pb).
edge in (S,
Finally, we introduce a new special node u on column M which will act as our new
distinguished source. If S ′ (K + 1, 1) = j =
̸ null, then we add an edge from u to (j, 1; M + 1).
By extending the grid to be [KN + 1] × [2M ], by renaming nodes and by “transferring” the
source u to the first column as before, we can ensure that the distinguished source is (1, 1).
b Pb can be constructed in polynomial time.
It is easy to check that the new circuits S,
For the correctness of the reduction, note that any source or sink that occurs on columns
[2M ] \ {M, M + 1} must correspond to a sink of the original SoPL instance. On the other
hand, any source or sink that occurs on column M or M + 1 must correspond to a solution
of the bij-PHP instance (namely, a pigeon without a hole, or a hole without a pigeon). This
completes the reduction.
◀

6

Discussion
?

As mentioned in the introduction, it remains open whether UEOPL = EOPL. Separating the
two classes in the black-box model would be an important first step towards pinning down
the complexity of the various natural problems contained in UEOPL, since it would provide
strong evidence that these problems are unlikely to be complete for PLS ∩ PPAD.

M. Göös, A. Hollender, S. Jain, G. Maystre, W. Pires, R. Robere, and R. Tao

33:13

The techniques developed in this paper do not seem to yield any other major class collapse.
Indeed, our reductions are all black-box, and the main classes are known to be distinct in
that model [1, 19, 2]. A notable exception is the question of whether PLS is a subset of PPP,
or even of PPADS. This remains open even in the black-box model.
In the remainder of this section we briefly present some observations about the path
pigeonhole problems, as well as a further consequence of our reduction techniques: a version
of SoD where paths are not allowed to merge turns out to be PLS ∩ PPP-complete.

Path-Pigeonhole problems
Lemma 6 in particular establishes that Path-inj-PHPf is PPADS-hard. Membership in
PPADS can be shown by reducing to inj-PHP using a construction similar to the reduction
from EoL to bij-PHP in the proof of Lemma 5.
The statement of Lemma 6 also holds for bij-PHP ≤ Path-bij-PHPf , and the proof
is essentially the same. This shows that Path-bij-PHPf is PPAD-hard. However, it
is unclear whether Path-bij-PHPf lies in PPAD. Indeed, using the same idea as for
Path-inj-PHPf ≤ inj-PHP yields an instance with A ≫ B, and we cannot increase B
artificially here (whereas this is possible in inj-PHP). Another way to state this is to say that
we can reduce Path-bij-PHPf to an instance of EoL that has many distinguished source
nodes, instead of just one. It is known that EoL with a polynomial number of distinguished
sources remains PPAD-complete [11], but in general we will obtain an exponential number of
such sources here.

Extending the Grid problem to capture PPP
The canonical PPP-complete problem is Pigeon-Circuit [20]: given a circuit mapping N
pigeons to N − 1 holes, find a collision, i.e., two pigeons that are mapped to the same hole.
Importantly, unlike in inj-PHP or bij-PHP, we are not given a circuit to compute the
mapping in the other direction, i.e., from holes to pigeons. In order to capture this problem,
we extend the definition of Grid by introducing an additional parameter bit c ∈ {0, 1},
which stands for collision. We also introduce a new solution type:
5. If r = 0 and c = 1: x1 , x2 ∈ [N ] and y ∈ [M − 1] such that
x1 ̸= x2 and S(x1 , y) = S(x2 , y) ̸= null,
(pigeon collision/merging)
Furthermore, the syntactic condition “If r = 0, then b = 0 and B = 0” is replaced by the
condition:
If r = 0, then b = 0. If r = 0 and c = 0, then B = 0.
The PPP-complete problem Pigeon-Circuit is then obtained by setting r = 0, c = 1, M =
2, N = A = B + 1. In fact, Grid remains in PPP even if we just set r = 0, c = 1 and leave
the other parameters unfixed. This can be shown by using a construction similar to the
reduction from EoL to bij-PHP in the proof of Lemma 5.

SoD without merging
What is the complexity of SoD if paths are not allowed to merge? In other words, what is the
complexity of the Grid problem with parameters r = 0, c = 1, A = 1, B = 0? Clearly, this
restricted version still lies in PLS, and by the previous paragraph it also lies in PPP. Using
the ideas developed in this paper, it can be shown that the problem is in fact PLS ∩ PPPcomplete. To see this, note that using the simple construction in the proof of Lemma 6
we can reduce Pigeon-Circuit to a path-version of the problem where f (T ) pigeons are
mapped to T holes. Then, the construction in the proof of Lemma 7 can be used to reduce
SoD ⋏ Pigeon-Circuit to SoD without merging.
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Abstract
We give PRG for depth-d, size-m AC0 circuits with seed length O(logd−1 (m) log(m/ε) log log(m)).
Our PRG improves on previous work [27, 25, 18] from various aspects. It has optimal dependence
on 1ε and is only one “log log(m)” away from the lower bound barrier. For the case of d = 2, the
seed length tightly matches the best-known PRG for CNFs [5, 26].
There are two technical ingredients behind our new result; both of them might be of independent
interest. First, we use a partitioning-based approach to construct PRGs based on restriction lemmas
for AC0 . Previous works [27, 25, 18] usually built PRGs on the Ajtai-Wigderson framework [1].
Compared with them, the partitioning approach avoids the extra “log(n)” factor that usually
arises from the Ajtai-Wigderson framework, allowing us to get the almost-tight seed length. The
partitioning approach is quite general, and we believe it can help design PRGs for classes beyond
constant-depth circuits.
Second, improving and extending [27, 25, 18], we prove a full derandomization of the powerful
multi-switching lemma [13]. We show that one can use a short random seed to sample a restriction,
such that a family of DNFs simultaneously simplifies under the restriction with high probability.
This answers an open question in [18]. Previous derandomizations were either partial (that is, they
pseudorandomly choose variables to restrict, and then fix those variables to truly-random bits) or
had sub-optimal seed length. In our application, having a fully-derandomized switching lemma is
crucial, and the randomness-efficiency of our derandomization allows us to get an almost-tight seed
length.
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1

Introduction

Let F be a class of functions. A pseudorandom generator (PRG) for F is an algorithm
s
n
G : {0, 1} → {0, 1} that maps a short random seed x into a longer string G(x) that appears
random to every distinguisher in F . More specifically, we say that G ε-fools F , if for every
f ∈ F , it holds
|Ex∼Us [f (G(x))] − Ex∼Un [f (x)]| ≤ ε.
In this work, we consider the class of bounded-depth Boolean circuits (aka. AC0 circuits),
a circuit class that has been studied extensively over the past few decades. Constructing
PRGs for AC0 circuits is a central problem that has been studied extensively [1, 14, 24, 3,
26, 12, 27, 25, 18].
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Quantitatively, let AC0d [m(n)] be the class of depth-d, size-m circuits. By the probabilistic method, one can show that there exists an ε-PRG for AC0d [m(n)] with seed length
O(log(m/ε)). However, finding an explicit PRG with the same seed length seems beyond
current technique. In particular, any PRG for AC0d [m(n)] with seed length logo(d) (m) would
give a non-trivial PRG for NC1 and imply that NP ̸⊆ NC1 (see, e.g., [8, Appendix A]). Also,
it was observed in [27, 25, 18] that, if there is an explicit pseudorandom generator with
seed length o(logd (m/ε)) for AC0d [m(n)], then there is an explicit function that requires
1/(d−1)
)
AC0d -circuits of size 2ω(n
to compute, improving Håstad’s lower bound [14] that has
resisted attack for more than 30 years!
There is an extensive line of work [1, 14, 24, 3, 26, 12, 27, 25, 18] aiming to construct
better and better PRGs for AC0 . The seminal paper by Ajtai and Wigderson [1] gave the
first non-trivial pseudorandom generator for AC0 . Their PRG has seed length no(1) for
polynomial-size AC0 circuits. Later, Nisan constructed PRG for AC0 circuits by applying
Håstad’s correlation bound [14] to the Nisan-Wigderson “hardness-to-randomness” framework [24]. Nisan’s PRG has seed length log2d+O(1) (m/ε) when ε-fooling AC0d [m(n)] circuits.
2
A breakthrough result by Braverman [3] showed that any logO(d ) (m/ε)-wise independent
distribution ε-fools AC0d [m(n)]. Combined with the standard construction of k-wise independ2
ent distribution, this gave a PRG with seed length logO(d ) (m/ε). Braverman’s analysis was
further sharpened by Tal [26] and by Harsha and Srinivasan [12], bringing the seed length
down to log3d+O(1) (m) log(1/ε). The Ajtai-Wigderson technique was revisited by Trevisan
and Xue [27], who constructed a PRG with seed length logd+O(1) (m/ε). Recently there were
two incomparable improvements over the Trevisan-Xue result, one by Servedio and Tan [25]
with seed length logd+O(1) (m) · log(1/ε) (i.e., it had optimal dependence on 1ε ), and the other
d
e
by Kelley [18], who got seed length O(log
(m/ε) log n).

1.1

Our Result

The main result of this work is a new PRG for AC0d [m] with improved seed length O(logd−1 (m)·
log(m/ε) · log log m).
▶ Theorem 1. For every d ∈ N the following is true. For every m, n ∈ N such that m ≥ n
and every ε > 0, there is an ε-PRG for AC0d [m] circuits with seed length O(logd−1 (m) ·
log(m/ε) · log log(m)).
Our PRG construction improves two incomparable results by Servedio, Tan [25] and
Kelley [18]. Its seed length has optimal dependence on 1ε , and is only one “log log m” away
from the barrier of Håstad’s lower bounds [14, 13]. For the case of d = 2, the seed length
becomes O(log(m) log(m/ε) log log m), tightly matching the best-known PRG for CNFs [5, 26].
Furthermore, if the log log(m) term in the PRG for CNF can be shaved, then our construction
directly implies PRG for depth-d circuits with seed length O(logd−1 (m) log(m/ε)), tightly
matching current hardness bounds for AC0 circuits. Interpreted from the “hardness-torandomness” perspective [24], our result has converted almost all the “hardness” against AC0
into pseudorandomness for AC0 .

2

Techniques

Our PRG crucially depends on two new technical ingredients. Both of them might be of independent interest. First, we show a framework to construct PRGs based on switching lemmas 1 .
Our framework shares some similarities with the seminal Ajtai-Wigderson framework [1] but
1

More generally, just like the Ajtai-Wigderson framework, our framework can apply to any kind of
“simplify-under-restriction” lemmas (e.g., the shrinkage lemma for De-Morgan formulae).
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achieves shorter seed length. Second, improving and extending results from [27, 25, 18], we
show a fully-derandomized multi-switching lemma for small-width DNFs. That is to say, we
give an algorithm that samples a pseudorandom restriction from a short random seed, such
that a family of DNFs simultaneously simplifies under the restriction with high probability.
Applying our framework with the new derandomization gives PRGs for AC0 circuits with
the claimed seed length.

Notation
n

We define some useful pieces of notation first. Let f : {0, 1} → {0, 1} be a function. Let
n
Λ ⊆ [n] be a set and x ∈ {0, 1} be a string. A set-string pair (Λ, x) gives a restriction to f .
The restricted function is denoted by f |Λ[x,⋆] and is defined as f |Λ[x,⋆] (y) = f (Λ[x, y]), where
(
xi i ∈
/Λ
Λ[x, y]i =
.
yi i ∈ Λ
Intuitively, this means that all but the Λ part of the input is fixed to the corresponding bits
in x, and f |Λ[x,⋆] is now only a function of those Λ bits.
Let Λ ⊆ [n] be a random variable. We say that Λ has marginal p, if for each i ∈ [n]
it holds that Pr[i ∈ Λ] = p. We say that Λ[U, ⋆] is a (truly) p-random restriction, if each
i ∈ [n] is included in Λ independently with probability p, and U is a uniformly random n-bit
n
string. We always use U to denote the uniform distribution over {0, 1} .

2.1

A Partitioning-Based PRG

Our almost-tight (with respect to the lower bounds barrier) seed length crucially depends on
a new approach to construct PRGs, which we call a partitioning-based approach. Previous
best PRGs for AC0 [25, 18] were built on the iterative restriction framework, developed
by Ajtai and Wigderson in their seminal work [1]. Using a partitioning strategy, we get
simpler proof for the correctness of our PRG with even improved seed length. We believe
the partitioning-based approach could also apply to function classes beyond bounded-depth
circuits.

The PRG Template
We briefly describe our construction. Suppose we want to design a PRG for a circuit class
n
Cgoal . What we have is a pseudorandom distribution X ∈ {0, 1} for another related circuit
class Csimple . We further assume a derandomized “simplify-under-restriction” lemma: there
n
is an integer k ≥ 1, a real p > 0 and a pseudorandom distribution Y ∈ {0, 1} satisfying the
following:
Let Λ ⊆ [n] be a k-wise independent set with marginal p. Then for every Cgoal circuit C,
with high probability over Λ, Y, the restricted circuit
C|Λ[Y,⋆] (x) := C(Λ[Y, x])
is in Csimple .
Then, we choose w = p1 and let H : [n] → [w] be a k-wise independent hash function.
Consider the following distribution
B = Y ⊕ (X(1) ∧ H1 ) ⊕ (X(2) ∧ H2 ) ⊕ · · · ⊕ (X(w) ∧ Hw ).
Here, ⊕, ∧ denote bitwise XOR, AND respectively. X(1) , . . . , X(w) are w independent copies
of X.
CCC 2022
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The idea is, for every i ∈ [w], if we zoom in and check the set H−1 (i), we see that
H (i) is a k-wise independent set with marginal w1 . Let C ∈ Cgoal be a circuit that we
wish to fool. Imagine that we sample all but the X(i) part of B first. We then calculate
L
Zi := Y ⊕ j̸=i (X(j) ∧ Hj ) and consider the restricted function C|Λ[Zi ,⋆] . We hope that
with high probability over H and Zi , the restricted function is in Csimple , which can be fooled
by X(i) . As we will show, this is indeed the case with one minor technicality 2 . Therefore,
we conclude that C cannot distinguish B from another distribution where we replace the
X(i) part in B with a uniform random string U(i) . Applying a hybrid argument allows us to
show that C fails to distinguish between B and
−1

B′ = Y ⊕ (U(1) ∧ H1 ) ⊕ (U(2) ∧ H2 ) ⊕ · · · ⊕ (U(w) ∧ Hw ) ≡ U,
implying that B fools Cgoal circuits.
Assume the seed length to sample Y, H is short enough so that it would not be the
bottleneck to sample B. Then, the seed length for sampling B is larger than that for X by a
factor of w = O(1/p).

Application to AC0 circuits
In the next section, we will show a derandomized simplify-under-restriction lemma (i.e., the
derandomized Håstad’s multi-switching lemma) for AC0 circuits. For now let us assume
the lemma, which works with parameter p1 = O(log m) and simplifies depth-d circuits to
depth-(d − 1) circuits with high probability. Plugging the lemma in our framework gives a
PRG for AC0d circuits with seed length longer than AC0d−1 -PRG by O(log m). Currently, the
best PRG for depth-2 circuits (i.e., CNF/DNFs) has seed length O(log(m) log(m/ε) log log m)
([5, 26]). Using it as our starting point, for every d ≥ 3 we construct a PRG for depth-d
circuits with seed length O(logd−1 (m) log(m/ε) log log(m)), as claimed.

Comparison with the Ajtai-Wigderson framework
Ajtai and Wigderson were the first to apply restriction lemmas to construct PRGs [1]. They
developed the so-called “iterative restrictions” framework and gave the first non-trivial
PRG for AC0 circuits. Compared with the Nisan-Wigderson “hardness-to-randomness”
framework [24], the Ajtai-Wigderson framework can “open up” the black box of lower bounds
proof, which enables us to construct short PRGs for some delicate circuit classes (e.g.,
read-once AC0 formulae [10]). For these reasons, the Ajtai-Wigderson framework has been
increasingly popular in recent years, and its applications went far beyond AC0 [10, 27, 11,
19, 7, 22, 6].
It would be instructive to compare our new approach with their framework. In the
following, we briefly review their framework first. Let t = Θ(log n/p) be a parameter. Let
X(1) , . . . , X(t) be t independent copies of X (the pseudorandom distribution for Csimple ). We
sample a list of random sets Λ1 , . . . , Λt as follows.
First, sample Λ1 ⊆ [n] being a k-wise independent p-marginal subset of [n].
Having observed Λ1 , we sample Λ2 ⊆ [n] \ Λ1 in a k-wise independent and p-marginal
way.

2

Specifically, note that there might be a correlation between H and Zi , because H determines which
part of each X(j) gets added to Zi . We show how to handle this issue in Section 2.2. See also Section 4
for the formal proof of the construction.
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Si−1
For every i ≥ 3. We first observe Λ1 ∪ · · · ∪ Λi−1 and then sample Λi ⊆ [n] \ ( j=1 Λj ),
also in a k-wise independent and p-marginal way.
Si−1
In the real implementation, we can first sample Λt ⊆ [n] and then subtract j=1 Λj from
it. Given these primitives, the Ajtai-Wigderson PRG outputs
D = (X(1) ∧ Λ1 ) ⊕ (X(2) ∧ Λ2 ) ⊕ · · · ⊕ (X(t) ∧ Λt ).
We observe that with high probability, Λ1 ⊔ · · · ⊔ Λt forms a partition of [n]. The proof
of correctness is also by a hybrid argument. We observe two major differences between the
Ajtai-Wigderson framework and ours.
1. As an advantage, the Ajtai-Wigderson framework does not need to sample Y, and a
partial derandomization of the “simplify-under-restriction” lemma suffices for applying
Ajtai-Wigderson. That is, it only requires that the circuit C|Λ[U,⋆] simplifies with high
probability over a partially-pseudorandom restriction (Λ, U), where the restriction set Λ
is pseudorandom and the string U is truly random.
To see why this is true, we look into the analysis of the hybrid argument. For example,
consider comparing the hybrid distribution
D(0) = (U(1) ∧ Λ1 ) ⊕ (U(2) ∧ Λ2 ) ⊕ · · · ⊕ (U(t) ∧ Λt ),
with
D(1) = (X(1) ∧ Λ1 ) ⊕ (U(2) ∧ Λ2 ) ⊕ · · · ⊕ (U(t) ∧ Λt ).
For simplicity, let us assume that Λ1 ⊔ · · · ⊔ Λt always covers [n]. Then we have
D(0) = Λ1 [U, U(1) ] and D(1) = Λ1 [U, X(1) ], which enable us to apply the partiallyderandomized restriction lemma.
2. However, when there is a fully-derandomized restriction lemma, using our approach
results in a PRG of shorter seed length. Note that the Ajtai-Wigderson framework
partitions the [n] coordinates into t = Θ(log n/p) blocks and fills in each block with
independent pseudorandom strings. Since the set Λi covers (roughly) p-fraction of
currently uncovered coordinates at each time i ∈ [t], it is crucial to set t = Ω(log n/p)
St
so that j=1 Λj covers [n] with high probability. Our construction, on the other hand,
samples a k-wise independent hash function H : [n] → [w], which naturally induces a
partition H−1 (1) ⊔ · · · ⊔ H−1 (w). Then we only need w = O(1/p) independent samples of
X to complete the construction. In other words, we save the log(n) overhead by exploiting
the symmetry between blocks in our design.

Concluding remarks
The partitioning-based approach is quite general: for every scenario that Ajtai-Wigderson
applies, if we can prove a fully-derandomized “simplify-under-restriction” lemma, then we may
hope to use the new framework to shave the log(n) overhead in seed length. Two more concrete
examples are sparse F2 -polynomials [25] and small-size De-Morgan formulae [17, 15]. However,
the log(n) overhead from the Ajtai-Wigderson framework is minor in those
applications. For
√
example, the PRG for S-sparse F2 -polynomials has seed length 2O( S) [25]. Improving a
log(n) factor here is not as significant as for AC0 circuits.
In the case of (arbitrary-order) read-once branching programs, Forbes and Kelley [7]
2
e
have shown PRGs with seed length O(log3 n) and O(log
n) for general and constant-width
ROBPs, respectively. Their PRGs are based on the Ajtai-Wigderson framework, and both
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of them have an extra log(n) overhead in seed length due to this reason. It would be
exciting to see if one can use the partitioning-based approach to give improved PRG for
these models. If this turns out to be true, then we may hope for a simpler construction
of nearly-logarithmic seed PRG for ROBPs of all constant width, which would be a major
advance in the derandomization of small-space computation. Currently, we only know a
nearly-logarithmic seed PRG for width-3 ROBP [22], whose proof seems hard to generalize
to larger widths.
Partitioning (or called “bucketing” in some literature) is not a completely new strategy
in the pseudorandomness literature. There are works [21, 9] using partitioning to design
approximate counting algorithms for DNF. We also note that Meka and Zuckerman [23] have
used a similar strategy to construct PRGs for low-degree polynomial threshold functions
(PTFs). Their PRG also partitions [n] coordinates into small blocks by a bounded-independent
hash function and fills in each block with independent but pseudorandom bits. However,
their analysis was completely different from ours, nor did they need to add a noise string “Y”
to fool any restriction lemma. As far as we are aware, our work is novel in using partitioning
to construct PRGs based on restriction lemmas.

2.2

Derandomized Multi-Switching Lemma

The second technical ingredient behind our result is a fully-derandomized multi-switching
lemma for small-width DNFs.

Håstad’s switching lemma
Switching lemmas are perhaps the most powerful and versatile tools in analyzing lowdepth Boolean circuits, with applications ranging from proving lower bounds [14, 13, 29],
constructing pseudorandom generators [1, 27, 25, 18], learning of AC0 functions [20], designing
circuit-analysis algorithms for AC0 [2, 16], to proving Fourier-analytic properties of AC0
[20, 26], to name a few.
The standard switching lemma, originally proved by Håstad, says that for a width-w DNF3
1
F , if we apply a 20w
-random restriction (Λ, x), then with probability 1 − ε, F |Λ[x,⋆] collapse
to a decision tree of depth O(log(1/ε)). We can also prove a switching lemma for small-size
1
DNFs: suppose F is a size-m unbounded-width DNF. Then, applying a log(m/ε)
-random
restriction collapses F to a depth-O(log(m/ε)) decision tree with probability 1 − ε.
In Section 5, we show a derandomization for the standard switching lemma. That is, we
prove
▶ Lemma 2 (Derandomized Switching Lemma, slightly-simplified). Let k, m ≥ 1 be integers,
Wm
n
and ε, p > 0 be reals. Let F = i=1 Ci be a size-m width-k DNF over inputs {0, 1} . For all
t ≥ 1, let (Λ, x) be any joint random variable such that:
Λ is a (t + k)-wise p-marginal subset of [n].
Conditioning on Λ, x is a random string that ε-fools CNF of size at most m.
Consider the random restriction F |Λ[x,⋆] , we have:
t

Pr [DT(F |Λ[x,⋆] ) > t] ≤ (10kp) + (4m)t+k ε.

Λ,x

See Section 5 for the stronger statement and the formal proof. Also note that we allow
correlation between Λ and x, which is crucial to apply the lemma in our PRG framework.
3

The width of a DNF F is defined as the maximum number of variables in any term of F .
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1
One can already construct a m
-error PRG for AC0d [m] with seed length
d
O(log (m) log log(m)) based on Lemma 2. Let C ∈ AC0d [m] be a size-m depth-d circuit.
We assume that each bottom-layer gate of C has fan-in bounded by O(log(m)) for simpli1
−c log2 (m)
city4 . We apply Lemma 2 with p = c log
for some large
m , t = c log(m), and ε = 2
constant c > 1. We also take x as a pseudorandom string that ε-fools CNF. Then with
probability at least 1− m12 over the pseudorandom restriction (Λ, x), every depth-2 sub-circuit
of C simplifies to a depth-t decision tree, which means that we can express C|Λ[x,⋆] as a
depth-(d − 1) circuit of size poly(m). Hence, assuming we can fool depth-(d − 1) circuit
with seed length O(logd−1 (m) log log(m)), then we can fool depth-d circuit with seed length
O(logd (m) log log(m)) by applying the partitioning-based PRG. Here we have omitted the
seed length to sample Y and H. It turns out they will not be the bottleneck: see Section 4
for the details.

Multi-switching lemma
For the case that ε < m−ω(1) , using Lemma 2 may result in a longer seed length. In fact,
to simplify the circuit with probability at least 1 − ε, one must take the “t” parameter in
Lemma 2 as Θ(log(m/ε)). Then, applying Lemma 2 once simplifies C to a depth-(d − 1)
circuit with bottom fan-in bounded by t = Θ(log(m/ε)). To further apply the lemma, one has
1
to set p as Ω(log(m/ε))
to make the probability bound in Lemma 2 non-trivial. Therefore, the
depth-d PRG would have seed length longer than the depth-(d − 1) PRG by p1 = Ω(log(m/ε)),
bringing the total seed length to Ω(logd (m/ε) log log(m)).
1
If we insist on using a log(m)
-random restriction and want to have the same (1 − ε)
probability guarantee, we can use the multi-switching lemma. We give its statement first.
▶ Lemma 3. Let t, w, k, n, m ≥ 1 be integers. Let p, δ > 0 be reals. Let F = {F1 , . . . , Fm }
be a list of size-m width-k DNFs on inputs {0, 1}n . Let (Λ, x) be a joint random variable
satisfying the following:
Λ is a (t + k)-wise p-marginal subset of [n],
Conditioning on Λ, x is an n-bit random string that δ-fools size-(m2 ) CNF.
Then with probability at least 1 − 4mt/w (24pk)t + (24m)t+k · δ over (Λ, x), there exists a
common w-partial depth-t decision tree5 for F|Λ[x,⋆] . That is, we can construct a list of
decision trees T1 , . . . , Tm computing F1 |Λ[x,⋆] , . . . , Fm |Λ[x,⋆] . Each Ti is of depth at most
(t + w), and all of Ti ’s share the same query strategy in the first t queries.
Let C ∈ AC0d [m] be a circuit with bottom fan-in bounded by k = log(m). Let F
denote the family of depth-2 sub-circuits of C. Apply Lemma 3 on F with p1 = O(log(m)),
ε
t = O(log(m/ε)), w = O(log(m)) and δ = mO(t)
. We know that F|Λ[x,⋆] fails to simplify with
probability at most


4mt/w (24pk)t + (24m)t+k · δ ≤ ε.
When F does simplify, we can compute C|Λ[x,⋆] by a hybrid model: a depth-t decision
tree with AC0d−1 [m · 2w ]-circuits on leaves. The decision tree part performs t adaptive
queries according to the common partial decision tree of F . After that, functions in F
can be expressed as depth-w decision trees, which means that C can be computed by an
AC0d−1 [m · 2w ] circuit.
4
5

This assumption can be met by first applying a 12 -(pseudo)random restriction, because with high
probability every bottom-layer gate with large fan-in is killed under such a restriction.
See Section 3.2 for the formal definition of “partial decision tree”.
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If we can fool every depth-(d − 1) circuit on the leaves with error 2εt , then we can fool
this hybrid model with error ε. Assuming a O(logd−2 (m) log(m/ε) log log(m)) PRG for
depth-(d − 1) circuits, fooling this hybrid model requires seed length


O logd−2 (m · 2w ) log(m2t /ε) log log(m) = O(logd−2 (m) log(m/ε) log log(m)).
This allows us to construct a PRG for depth-d circuits with seed length O(logd−1 (m) ·
log(m/ε) · log log(m)), as claimed.

Proof intuition
When the restriction string is truly random, Kelley’s technique [18] shows a clear picture
about what makes a random restriction Λ[U, ⋆] bad. Fix an AC0d [m] circuit C. Given a
restriction Λ[U, ⋆], we want to know whether C simplifies under Λ[U, ⋆]. Roughly speaking,
Kelley shows that one can first observe the restriction string U and come up with a list of
t = log(m)log(m) sets S1 , . . . , St , each of size c log(m) for a large constant c ≥ 1. Then, we
look at the set Λ: C fails to simplify under Λ[U, ⋆], only when Λ contains at least one set
1
Si from the list. Since Λ is O(log(m))-wise c log(m)
-marginal, this happens with probability
at most 2−c log(m) by a simple union bound.
We apply Kelley’s technique to derandomize the multi-switching lemma [13]. The proof
of the multi-switching lemma involves many tricks and technicalities. Here we try to give
some (over-simplified) intuition. At a very high level, the multi-switching lemma is proved by
combining the standard switching lemma with a union bound. If F|ρ fails a have w-partial
depth-t decision tree, then there is a subset of at most wt formulae in Fρ , such that the
summation of their decision tree complexities exceeds t. This is because every formula
with decision tree complexity no larger than w can be handled “for free”. Therefore, each
bad formula contributes at least w to the summation. There are at most mt/w = 2O(t)
such subsets. For each of them, we bound the probability that the summation of their DT
complexities exceeds t by O(kp)t . This step is rather similar (in spirit) to the case of standard
switching lemma, and Kelley’s technique applies.
The final piece in our analysis is the full derandomization. By Kelley’s technique, we
know that the partially-pseudorandom restriction Λ[U, ⋆] is as good as a truly random
one. We further derandomize the random string by using the techniques by Trevisan, Xue,
and by Servedio, Tan [27, 25]. Specifically, they constructed bounded-depth circuits (called
“testers”) that take a restriction as input and decide whether the restriction is good or not
(for simplifying the target circuit). Now, consider sampling a string x from a distribution
that fools bounded-depth circuits, Given the tester, we can show that Λ[x, ⋆] is as good as
Λ[U, ⋆]. Since fooling higher-depth circuits requires longer random bits, to control the final
seed length of our PRG, we need the tester to be implementable in AC02 . For the standard
switching lemma, the Trevisan-Xue tester [27] does have depth 2. For the multi-switching
lemma, things become a bit trickier: the Servedio-Tan tester [25] was designed as a depth-3
circuit and did the test faithfully. We (implicitly) implemented a “upper-side approximator”
of their tester. Our one-sided tester can be expressed as a CNF, and is equally useful when
upper-bounding the probability of picking bad restrictions.
See our derandomized switching lemmas for the standard and multi-switching versions
in Section 5 and Section 6, respectively. Instead of playing with decision trees and tracing
down query paths, we strive to present the proof based on the “canonical query algorithm”.
Our proof is more operational and, in our opinion, easier to follow.
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Comparison with previous works
For the task of designing PRGs for AC0 circuits, before our result, there were two incomparable
results on the frontier, one by Servedio and Tan [25] and the other by Kelley [18]. Both of
them were built on derandomization results for switching lemmas.
The Servedio-Tan PRG is based on a derandomization of Håstad’s multi-switching
lemma [13], and has seed length logd+O(1) (m) log(1/ε) when ε-fooling AC0d [m(n)]. Due to the
usage of multi-switching lemma, their PRG has optimal dependence on the error parameter
ε. However, their derandomization of the switching lemma is weaker in seed length. The two
factors together determined the final seed length of their PRG.
Kelley’s PRG, on the other hand, is based on a stronger derandomization of the standard
d
e
switching lemma [14]. It has seed length O(log
(m/ε) log(n)). The exponent on log(m)
matches the lower bound barrier, credit to the fact that their stronger derandomization
allows one to sample a restriction using a much shorter seed. However, Kelley only showed a
partial derandomization, which is not applicable in our framework. Also, the dependence on
1
ε is inferior due to the somewhat coarse analysis in the standard switching lemma. It was
left as an open question in [18] whether one can get the same high-equality derandomization
of the multi-switching lemma and optimize the dependency on 1ε .
We answer this question in the affirmative by showing a fully-derandomized multiswitching lemma that improves both works. Combined with the partitioning-based PRG
framework, our lemma gives a PRG for AC0 with an almost tight seed length. We hope our
derandomization of the switching lemmas could find applications in other contexts.
Finally, we remark that the “decision-tree-followed-by-circuit” type hybrid model also
appears in many previous works. The applications include proving correlation bounds and
Fourier spectrum bounds [13, 26], constructing PRGs [25, 15], designing circuit-analysis
algorithms [4], etc.

3

Preliminaries

In this section, we set up necessary pieces of notation, and review some well-known and
useful facts from the literature of pseudorandmoness and complexity theory.

3.1

Restrictions, Partial-Assignments and Strings

We use the term “restriction” and “partial assignment” interchangeably. Both of them refer
to a string of the form ρ ∈ {0, 1, ⋆}. Here, if ρi = 0/1, it means the i-th bit of ρ is fixed to
that value. Otherwise, the i-th bit of ρ is unfixed.
For two partial assignments ρ, σ ∈ {0, 1, ⋆}, define their composition ρ ◦ σ as:
(
ρi ρi ̸= ⋆
(ρ ◦ σ)i =
.
σi o.w.
Note that the left partial assignment always has a higher priority than the right one.
Let Λ ⊆ [n] be a set. For two partial assignments ρ, σ ∈ {0, 1, ⋆}n , let Λ[ρ, σ] be the
assignment defined as
(
ρi , i ∈
/Λ
Λ[ρ, σ]i =
.
σi , i ∈ Λ
n

Let f : {0, 1} → {0, 1} be a function and ρ ∈ {0, 1, ⋆}n be a partial assignment. We use
n
f |ρ : {0, 1} → {0, 1} to denote the restriction of f on ρ. That is, f |ρ (y) := f (ρ ◦ y).
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3.2

Computational Models

AC0d [s(n)] denotes the family of Boolean circuits of size at most s(n) and depth at most d.
Such circuits can have AND, OR, NOT gates. Here, NOT gates do not count in the depth,
and AND, OR gates can have unbounded fan-in. We measure the size of a circuit by the total
number of wires (including input wires) in it. For the case of d = 2, we also use the terms
DNF and CNF to refer to OR ◦ AND and AND ◦ OR circuits respectively. The width of a
DNF or CNF is defined as the maximum of its bottom fan-in. We also use k-DNF (resp.
k-CNF) to denote DNF (resp. CNF) of width at most k.
A decision tree T is a binary tree. Each inner node of T is labelled with an index i ∈ [n],
and has exactly two children, which are labelled with 0 and 1. Each leaf of T is labelled with
a Boolean value b ∈ {0, 1}. A decision tree T computes a function in the following manner:
n
on an input x ∈ {0, 1} , we start from the root of T . In each turn we observe the index i of
current node, query xi and move to the left/right child depending on the bit xi we received.
Once we reach a leaf with label b, we output T (x) = b. The depth of a decision tree is the
length of the longest path from root to any leaf.
We also consider a special decision tree model for a list of functions. See the definition
below.
▶ Definition 4. Let t, w, n, m ≥ 1 be integers. Let F = {F1 , . . . , Fm } be a list of functions
n
mapping from {0, 1} to {0, 1}. A w-partial depth-t decision tree for F is a depth-t decision
tree T satisfying the following. For every Fi ∈ F and every leaf ℓ of T , let α ∈ {0, 1, ⋆}n
be the partial assignment that corresponds to ℓ (That is, αi equals ⋆ if T does not query xi
before reaching ℓ, otherwise αi equals to the value that leads T to move towards ℓ). Then it
holds that DT(Fi |α ) ≤ w.

3.3

Pseudorandomness

Recall the definition of bounded independence.
▶ Definition 5. Let n, m be two integers. Let H be a distribution over hash functions mapping
n
m
{0, 1} into {0, 1} . We say that H is k-wise independent, if for any k input-output pairs
n
m
(x1 , y1 ), . . . , (xk , yk ) ∈ {0, 1} × {0, 1} where x1 , . . . , xt are distinct, it holds that
Pr [∀i ∈ [k], h(xi ) = yi ] = 2−km .

h∼H

We have the following standard construction of bounded independence hash functions
(check e.g., [28, Chapter 3.5.5]).
▶ Lemma 6. For every n, m, k ≥ 1, there is an explicit k-wise independent hash functions H
n
m
that maps {0, 1} into {0, 1} . One can sample a function in H using O(k(n + m)) random
bits.
We also consider a weaker notion of pseudorandomness called “k-wise p-boundedness”,
first defined and studied by [18].
▶ Definition 7. Suppose Λ is a random subset of [n]. We say that Λ is k-wise p-bounded if
for any set B ⊆ [n] of size at most k, it holds that PrΛ [B ⊆ Λ] ≤ p|B| .
For intuition, if we sample Λ by independently including each i in Λ with probability at
most p, then Λ is n-wise p-bounded.
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In this section, we aim to prove the main theorem, re-stated below.
▶ Reminder of Theorem 1. For every d ≥ 2 the following is true. For every m, n ∈ N
such that m ≥ n and every ε > 0, there is an ε-PRG for AC0d [m] circuits with seed length
O(logd−1 (m) · log(m/ε) · log log(m)).
We start with the following fact, which is crucial in our construction.
▶ Theorem 8 ([5, 26]). For every m, n ∈ N such that m ≥ n and every ε > 0, there is
an ε-PRG for AC02 [m] circuits (namely, CNF/DNF formulae) with seed length O(log(m) ·
log(m/ε) · log log(m)).
We give the formal statement of the derandomized multi-switching lemma below. This is
the full version of Lemma 3 in the introduction.
▶ Lemma 9. Let t, w, k, n, m ≥ 1 be integers. Let p, ε > 0 be reals. Let F = {F1 , . . . , Fm } be
a list of size-m k-DNFs on inputs {0, 1}n . Let (Λ, x) be a joint random variable satisfying
the following:
Λ is a (t + k)-wise p-bounded subset of [n],
Conditioning on Λ, x is an n-bit random string that ε-fools size-(m2 ) CNF.
Then we have
Pr

T ∼Λ,x∼x

[F|Λ[x,⋆] does not have w-partial depth-t DT] ≤ 4mt/w (24pk)t + (24m)t+k · ε.

We defer the proof of Lemma 9 to Section 6. Assuming Lemma 9, we prove Theorem 1.
We prove a slightly stronger form of Theorem 1, stated below.
▶ Theorem 10. For every d ≥ 2 the following is true. For every m, n ∈ N such that m ≥ n,
k ∈ N and every ε > 0, there is an ε-error, O((log2 (m)+k ·logd−2 (m))·log(m/ε)·log log(m))seed PRG for AC0d [m] circuits with bottom fan-in bounded by k.
Theorem 10 shows that, when the bottom fan-in of the AC0d circuits is smaller than
o(log(m)), we can hope for shorter seed length through our construction. Note that we can
always interpret a depth-d AC0 circuit with unbounded bottom fan-in as a depth-(d + 1) AC0
circuit with bottom fan-in being 1. Then, Theorem 1 follows from Theorem 10 easily.
Proof. We use induction on the depth d. The case for d = 2 follows from Theorem 8.
Assuming this is true for depth d − 1 ≥ 2, we prove it for the case of d. Let w = 40k and
t = 80 log(m/ε). We prepare the following pseudorandom primitives.
First, let H : [n] → [w] be a 2t-wise independent hash function, samplable using
O(log(n) log(m/ε)) bits. In the following, we will use Hi to denote H−1 (i). We remark
that Hi can be equivalently expressed as an n-bit string. Namely, (Hi )j = 1 if and only
if j ∈ Hi .
Second, let ε′ = ε/(w · 2t+1 ). Sample X1 , . . . , Xw ∈ {0, 1}n , each being an independent
string that ε′ -fools AC0d−1 -circuits of size 2m2 and bottom-width log m. When d−1 ≥ 3, Xi
is samplable using O(logd−2 (m) · log(m/ε) · log log(m)) bits by the induction hypothesis.
For the case d − 1 = 2, Xi is samplable using O(log(m) log(m/ε) log log(m)) bits by
Theorem 8.
Lastly, let Y ∈ {0, 1}n be a random string that ε/(24m)2t -fools size-m CNF, samplable
using O(log2 m · log(m/ε) · log log m) bits (by Theorem 8).
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The seed for our generator is the concatenation of the seeds used to sample all the
primitives above. We compute the output of our generator as
Y ⊕ (X1 ∧ H1 ) ⊕ (X2 ∧ H2 ) ⊕ · · · ⊕ (Xw ∧ Hw ).

(1)

Here, ∧ and ⊕ denote bit-wise AND and XOR respectively. The seed length is bounded by


O log(n) log(m/ε) + w · logd−2 (m) log(m · 2t /ε) log log(m) + log2 m log(m/ε) log log m
≤ O((log2 (m) + k · logd−2 (m)) · log(m/ε) · log log(m)).
We argue the correctness by a hybrid argument. Fix C to be an AC0d -circuit that we wish
to fool. Let U1 , . . . , Uw denote w independent uniformly random strings from {0, 1}n . For
every i ∈ {0, 1, . . . , w}, we define the i-th hybrid distribution as
Di := Y ⊕ (U1 ∧ H1 ) ⊕ · · · ⊕ (Ui ∧ Hi ) ⊕ (Xi+1 ∧ Hi+1 ) ⊕ · · · ⊕ (Xw ∧ Hw ).

(2)

We observe that D0 is the output distribution of our PRG, while Dw is a uniformly random
string from {0, 1}n . Hence, it suffices to show that
|Ex∼D0 [C(x)] − Ex∼Dw [C(x)]| ≤ ε.

(3)

To show (3), it suffices to show for every i ∈ {1, . . . , w} that
|Ex∼Di−1 [C(x)] − Ex∼Di [C(x)]| ≤ ε/w.

(4)

In the following, we prove (4). We observe that Hi is 2t-wise w1 -bounded. Conditioning
P
P
on an instantiation of H, we have that Zi := Y ⊕ j<i (Uj ∧ Hj ) ⊕ j>i (Xj ∧ Hj ) is an
ε/(24m)2t -pseudorandom string for size-(m2 ) CNF, because Y is. Let F be the family of all
next-to-bottom layer sub-circuits of C. Denote by E the event
“F|Hi [Zi ,⋆] does not have log(m)-partial depth-t DT.”
Then it follows from Lemma 9 that
t/ log(m)

Pr

H,Y,U1 ,...,Ui−1 ,Xi+1 ,...,Xw

[E] ≤ 4m



k
24
w

t
+

ε · (24m)t+log(m)
ε
≤
.
2t
(24m)
2w

Conditioning on ¬E, H, Y, U1 , . . . , Ui−1 , Xi+1 , . . . , Xw and calculating Zi as defined above,
one can then write C|Hi [Zi ,⋆] as a depth-t decision tree T where each leaf of T is labelled
by an AC0d−1 -circuit of size m2 and bottom fan-in log(m). Let {ℓ1 , . . . , ℓ2t } enumerate the
leaves of the decision tree. Each ℓj is associated with a size-m2 depth-(d − 1) circuit, which
is also denoted by ℓj : {0, 1}n → {0, 1} for brevity. Then one can write C|(Hi )[Zi ,⋆] as
t

C|Hi [Zi ,⋆] (y) =

2
X

ℓj (y) · 1{T (y) reaches leaf ℓj }.

j=1

Let’s fix an index j ∈ [2t ] for now. Note that ℓj (y) · 1{reach ℓj on y} is itself a depth-(d − 1)
circuit of size at most 2m2 . By the construction of Xi we know that
EXi [ℓj (Xi + Zi ) · 1{T reaches ℓj on Xi + Zi }]−
EUi [ℓj (Ui + Zi ) · 1{T reaches ℓj on Ui + Zi }] ≤

ε
2t+1 w

.
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Taking a summation over all leaves j, one gets
EXi [C|Hi [Zi ,⋆] (Xi + Zi )] − EUi [C|Hi [Zi ,⋆] (Ui + Zi )]] ≤

ε
.
2w

Finally, one has
|Ex∼Di−1 [C(x)] − Ex∼Di [C(x)]| ≤ Pr[¬E] ·

ε
ε
+ Pr[E] ≤ ,
2w
w
◀

proving (4).
Given Theorem 10, we prove Theorem 1 by tuning parameters.

Proof of Theorem 1. For every d ≥ 3 and every AC0d [m] circuit with unbounded bottom
fan-in, we can interpret it as a depth-(d + 1) circuit with bottom fan-in being 1. Applying
Theorem 10 in this case gives a PRG with seed length O(logd−1 (m) log(m/ε) log log(m)), as
desired. For the case of d = 2, we use Theorem 8 directly. This completes the proof.
◀
As a final remark, suppose we could have O(log(m) log(m/ε))-seed PRG for CNFs (namely,
if we can shave the log log m factor in Theorem 8). Then our construction implies PRG
for AC03 with seed length O(log2 (m) log(m/ε)), and further implies PRG for AC0d with seed
length O(logd−1 (m) log(m/ε)), matching the lower bound barrier [14, 13].

5

Fully-Derandomized Switching Lemma

Before we show the proof of Lemma 9, we state and prove the simpler version of the classical
switching lemma in this section. The following statement is the full version of Lemma 2 in
Introduction. Lemma 2 follows from Lemma 11 trivially.
Wm
▶ Lemma 11. Let k, m ≥ 1 be integers, and ε, p > 0 be reals. Let F = i=1 Ci be a size-m
n
k-DNF over inputs {0, 1} . For all t ≥ 1, let (Λ, x) be a joint random variable such that:
Λ is a (t + k)-wise p-bounded subset of [n].
Conditioning on Λ, x is a random string that ε-fools CNF of size at most m.
Consider the random restriction F |Λ[x,⋆] , we have:
t

Pr [DT(F |Λ[x,⋆] ) > t] ≤ (10kp) + (4m)t+k · ε.

Λ,x

Understanding the proof of Lemma 11 is necessary to read the proof of Lemma 9. On
the other hand, once Lemma 11 is established, we can prove Lemma 9 using a rather similar
strategy. The rest of the section is devoted to the proof of Lemma 11.
We will first introduce the important concept of “canonical decision tree” ([14, 27, 25, 26])
in Section 5.1. We prove for the case that x is truly random (and only Λ is pseudorandom)
in Section 5.2, and then argue how to prove for pseudorandom x in Section 5.3.
Wm
Throughout the whole section, we always use F = i=1 Ci to denote the k-DNF that we
are analyzing. For every i ∈ [m] let Vi ⊆ [n] be the variables involved in the term Ci .

5.1

Canonical decision tree

Wm
For a DNF F = i=1 Ci , denote by TF the canonical decision tree of F , whose construction
is shown in Algorithm 1. We use CDT(F ) to denote the depth of the canonical decision tree
for F . Since canonical decision tree is one particular decision tree of F , its depth must be no
less than DT(F ). To prove Lemma 11, we will analyze canonical decision trees, and show
that with high probability over the random restriction ρ, we have CDT(F |ρ ) < t.
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Algorithm 1 Canonical Decision Tree.

Input: A DNF F =
initialize:
j ∗ ← 0.
x ← (⋆)n .

Wm

i=1

n

Ci , black-box access to a string α ∈ {0, 1} .

while j ∗ < m do
Find the first j > j ∗ such that Cj (x) ̸≡ 0. If no such j exists, exit the loop.
Bj ← the set of unknown variables in Cj .
Query αBj .
Set xBj ← αBj .
if Cj (x) = 1 then
return 1.
j ∗ ← j.
return 0

5.2

Proof when x is truly random

Defining witness
Let ρ = Λ[x, ⋆] being a bad restriction, under which CDT(F |ρ ) ≥ t. Consider simulating the
n
canonical decision tree TF |ρ . We know that on some inputs α ∈ {0, 1} , TF |ρ fails to output
the decision after making (t − 1) queries. We choose one such α and simulate TF |ρ until it
makes at least t queries. The “running transcript” of TF |ρ on α is naturally a witness to the
fact that CDT(Fρ ) ≥ t. We formalize this idea in the following definition.
Wm
▶ Definition 12. Let F = i=1 Ci be the k-DNF and ρ ∈ {0, 1, ⋆}n be a restriction. Let
t ≥ 1. Consider a tuple (r, ℓi , si , Bi , αi ), where:
1. r ∈ [1, t] is an integer.
2. (ℓ1 , . . . , ℓr ) ∈ [m]r is a list of increasing indices.
Pr
3. (s1 , . . . , sr ) is a list of positive integers such that s := i=1 si ∈ [t, t + k − 1].
4. (B1 , . . . , Br ) is a list of subsets of [k]. Moreover, for every i ∈ [r], |Bi | = si .
5. (α1 , . . . , αr ) is a list of binary strings. For every i ∈ [r], |αi | = si .
n
We call (r, ℓi , si , Bi , αi ) a t-witness for ρ, if there exists α ∈ {0, 1} such that:
When we run TF |ρ on α, for every i ∈ [r], Cℓi is the i-th term queried by TF |ρ .
By the time TF |ρ issues the i-th set of query, exactly si variables in Cℓi are not known,
and their “relative positions‘’ in Vℓi are specified by Bi .
The response to the i-th set of query is αi .
Pr
We define the size of the witness (r, ℓi , si , Bi , αi ) as s := i=1 si .

Notation convention
When Bi and αi are associated with a term Cℓi , sometimes we will slightly abuse notation
by using Bi to refer to the set of variables it corresponds to in Vℓi (Recall Vℓi is the set of
variables that appear in Cℓi ), and use αi to denote a partial assignment αi ∈ {0, 1, ⋆}n in
which we only assign the Bi part of αi and leave other coordinates unfixed. In this section,
we will mostly use the term “witness” to denote t-witness, since we are always analyzing for
a fixed t.
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It is easy to see that if DT(F |ρ ) ≥ t, there must be a witness for CDT(F |ρ ) ≥ t6 . By now,
a natural idea to bound the probability of picking a bad restriction would be (1) enumerating
every possible witness, (2) calculating the probability of a random ρ having such a witness,
and (3) union-bounding over them. Unfortunately this is too expensive for us: we have at
least m
t choices of the list (ℓi ). In order for this approach to be meaningful, we have to
bound the probability that a random restriction has a particular witness by m−t , which
seems very hard, if not impossible.
It turns out we can avoid the enumeration of (ℓi ) part in the witness. To succinctly
describe the idea, let us define partial witnesses first.
Wm
▶ Definition 13. Let F = i=1 Ci be the k-DNF and ρ ∈ {0, 1, ⋆}n be a restriction. Let
t ≥ 1. Consider a tuple (r, si , Bi , αi ). We call (r, si , Bi , αi ) a partial t-witness for ρ, if there
exists (ℓ1 , . . . , ℓr ) such that (r, ℓi , si , Bi , αi ) is a t-witness for ρ.
▶ Remark 14. Here we make an important observation: if (r, si , Bi , αi ) is a partial witness for
ρ, then there is only one valid list (ℓi ) which makes (r, ℓi , si , Bi , αi ) a witness for ρ (To see
this, first note that ℓ1 is fixed. After querying ℓ1 and getting the response α1 , use induction).
This observation will prove useful in Section 5.3 and Section 6.
Then, the proof goes by enumerating r, si , Bi , αi and bounding the following:
X
Pr[DT(F |ρ ) ≥ t] ≤
Pr[(r, si , Bi , αi ) is a partial witness for ρ].
ρ

ρ

(5)

(r,si ,Bi ,αi )

Fixing an s ∈ [t, t + k − 1], there are at most (4k)s possible partial witnesses (r, si , Bi , αi )
of size s. For each of them, if we can bound the probability by, say, (2p)s , then the lemma is
proved.

The witness searcher
Now, given a restriction ρ and a candidate partial witness (r, si , Bi , αi ), how can we decide
if there is a list (ℓi )i such that (r, ℓi , si , Bi , αi ) constitutes a witness for ρ? We will do so by
designing and using a simple procedure, which we call the witness searcher. More specifically,
our searcher receives as input a restriction ρ, a partial witness (r, si , Bi , αi ) and an advice
string y ∈ {0, 1}n . It outputs either a complete witness (r, ℓi , si , Bi , αi ), or a special ERROR
symbol. Its description in shown in Algorithm 2.
In the following, we use S to denote Algorithm 2.
▶ Lemma 15. If (r, si , bi , αi ) is a partial witness for ρ, then there exists an advice y that
makes S find (ℓi )ri=1 . More importantly, on a uniformly random y ∼ Un , S finds (ℓ1 , . . . , ℓr )
with probability exactly 2−s .
Proof. If (r, si , ℓi , bi , αi ) is a witness for ρ, it records a running transcript of TF |ρ on some
input α ∈ {0, 1}n . This mean that Cℓ1 is the first term queried by TF |ρ , which implies:
1. Every term before Cℓ1 is falsified by ρ (because TF |ρ skipped them).
2. Cℓ1 is consistent with ρ (because TF |ρ was uncertain of the value of Cℓi (α).
Now, consider running S on (r, si , bi , αi ), S will also skip all the terms before Cℓ1 . At Cℓ1 ,
since ρ is consistent with Cℓ1 , the random string ρ ◦ y satisfies Cℓ1 with probability 2−|B1 | .
Conditioning on this happened, in the later execution, we modify z and replace the part
corresponding to B1 with α1 .
6

However, we note that the converse may not be true, since our witness can only refute the existence of
shallow canonical decision trees.
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Algorithm 2 Witness Searcher.

Wm
Input: A DNF F = i=1 Ci , a restriction ρ ∈ {0, 1, ⋆}n , a partial witness
n
(r, si , Bi , αi ), an advice y ∈ {0, 1} .
initialize:
z ← ρ ◦ y.
j ∗ ← 0.
c ← 1.
while c ≤ r do
Find the first j > j ∗ such that Cj is satisfied by z. If no such i exists, return
ERROR.
Set ℓc ← j, and associate Bc , αc with Cℓc .
Replace the Bc part of z with αc . That is, z ← ρ ◦ α1 ◦ · · · ◦ αc ◦ y.
c ← c + 1.
j ∗ ← j.
return (r, ℓi , si , Bi , αi )

At this point, we go back and inspect the execution of TF |ρ on α. Since (r, si , ℓi , bi , αi ) is
the running transcript of TF |ρ on α, we know that α1 was the response that TF |ρ received
from querying alive variables in Cℓ1 . Since TF |ρ issued its second bunch of queries to alive
variables in Cℓ2 , it implies that terms from Cℓ1 +1 to Cℓ2 −1 are all falsified by ρ ◦ α1 , and
Cℓ2 is consistent with ρ ◦ α1 . Then, it follows that ρ ◦ α1 ◦ y satisfies Cℓ2 with probability
2−|B2 | . Conditioning on this happened, the searcher will proceed with string ρ ◦ α1 ◦ α2 ◦ y
and we can again consider the execution of TF |ρ after querying Cℓ2 . We do this argument
so on and so forth, until we have identified all of r indices ℓ1 , . . . , ℓr and exit the procedure.
In summary, we have shown there exists y which makes S find the list (ℓi )ri=1 , and the
probability of sampling such a y is
Pc
2− i=1 |Bi | = 2−s
◀

as desired.

Decoupling
If we inspect the execution of S carefully, we can notice that it only needs to know the string
z = ρ ◦ y to work. In particular, it does not need to know which part of z is fixed in the
restriction ρ. Therefore, we can revise S to get a searcher S ′ : the input to S ′ is now a string
z and (r, si , Bi , αi ). Otherwise it runs identically the same way as S. We denote the output
of S ′ as S ′ (z, (r, si , Bi , αi )). By Lemma 15, we have
Pr [(r, si , Bi , αi ) is a partial witness for ρ]

ρ∼R

≤ 2s ·

Pr

ρ∼R,y∼Un

[S ′ (ρ ◦ y, (r, si , Bi , αi )) is a witness for ρ].

Denote ρ = Λ[x, ⋆]. We observe that



r
 [

1{ (r, ℓi , si , Bi , αi ) is a witness for ρ} ≤ 1  Bj  ⊆ Λ .


j=1

(6)
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For
P a (t + k)-wise p-bounded set Λ, the event on the right hand side holds with probability
|B |
p j j . Then, we have
Pr
ρ∼Λ[x,0],y∼Un

[ S ′ (ρ ◦ y, (r, si , Bi , αi )) is a witness for ρ]

= EΛ Ex,y∼Un [1{S ′ (Λ[x, y], (r, si , Bi , αi )) is a witness for ρ}]


= Ez∼Un Pr[S ′ (z, (r, si , Bi , αi )) is a witness for ρ]
Λ

s

≤p ,
where the third equality is due to that Λ[x, y] is distributed as Un when x, y ∼ Un , and the
last inequality holds by (6) and the (t + k)-wise p-bounded property of Λ.

Wrapping-up
We finish the proof by enumerating all (r, si , Bi , αi ) and taking a summation.
X
Pr

ρ∼Λ[x,⋆]

[DT(F |ρ ) ≥ t] ≤

Pr

ρ∼Λ[x,⋆]

[(r, si , Bi , αi ) is a partial witness for ρ]

(r,si ,Bi ,αi )

≤

X

h

2s · Ez∈Un Pr[S ′ (z, (r, si , Bi , αi )) is a witness for Λ[x, ⋆]]

i

Λ

(r,si ,Bi ,αi )

≤

t+k
X

2s (4k)s ps

s=t

≤ (10kp)t .

5.3

(7)

Proof when x is pseudorandom

Now we consider the case that x is not truly random. There could even be correlation
between x and Λ. Our only requirement for x is that, for every fixed Λ, x is a pseudorandom
string that ε-fools CNFs of size at most m. First of all, by Remark 14, the following equation
is established.
X
1{(r, si , Bi , αi ) is a partial witness for ρ} = 1{(r, ℓi , si , Bi , αi ) is a witness for ρ}. (8)
ℓi

If we inspect the deduction in (7), it actually shows the following:
X
X
Pr [(r, ℓi , si , Bi , αi ) is a witness for ρ] ≤ (10kp)t .
(r,si ,Bi ,αi ) ℓi

(9)

ρ∼Λ[Un ,⋆]

Next, fixing the set Λ and a tuple of (r, ℓi , si , Bi , αi ), we consider the predicate
(r,ℓi ,si ,Bi ,αi )

hΛ

(x) := 1{(r, ℓi , si , Bi , αi ) is a witness for Λ[x, ⋆]}.

We omit the superscript and subscript of h when they are clear from context. We claim that
h can be implemented by a CNF of size at most m. To see this, note that h(x) = 1 if all of
the following hold.
For every j < ℓ1 , Cj is falsified by Λ[x, ⋆]. For this to be true, there is at least one variable
in Cj that is not chosen by Λ and is assigned to the opposite value to its appearance in
Cj . Note that we can use an OR over relevant variables or their negations to verify if Cj
is falsified.
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For j = ℓ1 , Cℓ1 cannot be falsified by Λ[x, ⋆], which means all variables in Cℓ1 that are
not chosen by Λ are assigned so that it does not contradict Cℓ1 . We can use an AND
over those variables to verify this.
For every ℓ1 < j < ℓ2 , Cj is falsified by Λ[x, α1 ], which means that either Cj is falsified
by α1 , or there is at least one variable in Cj that is not chosen by Λ and is assigned to
the opposite value. If Cj is falsified by α1 , there is nothing to verify. Otherwise, we can
verify it by an OR over relevant variables.
The same reasoning applies to Cj for every j ≥ ℓ2 . Finally, after we finish the verification
for Cℓr , we are done.
In summary, we can implement h by a CNF (AND of ORs). It is obvious that the size of the
CNF is no larger than the size of F , which is m. Therefore, we conclude that x ε-fools h.
That is,
(r,ℓi ,si ,Bi ,αi )

Pr [hΛ

x∼Un

(r,ℓi ,si ,Bi ,αi )

(x)] − Pr [hΛ
x∼x

(x)] ≤ ε.

(10)

Finally, we have
Pr
ρ∼Λ[x,⋆]

[DT(F |ρ ) ≥ t] ≤

X
(r,si ,Bi ,αi )

≤

X

Pr
ρ∼Λ[x,⋆]

X

(r,si ,Bi ,αi ) ℓi

≤

X

X

(r,si ,Bi ,αi ) ℓi

[(r, si , Bi , αi ) is a partial witness for ρ]

Pr
ρ∼Λ[x,⋆]

ε+

[(r, ℓi , si , Bi , αi ) is a witness for ρ]

Pr
ρ∼Λ[Un ,⋆]

[(r, ℓi , si , Bi , αi ) is a witness for ρ]

≤ (10kp)t + (4m)t+k · ε.
Here, the first line is due to the argument in Section 5.2. The second line holds by (8). The
third line is due to (10). The last line holds because (9) and there are at most (4m)k+t
possible tuples (r, ℓi , si , Bi , αi ).

6

Derandomizing the Multi-Switching Lemma

In this section, we prove Lemma 9. Recall the statement.
▶ Reminder of Lemma 9. Let t, w, k, n, m ≥ 1 be integers. Let p, ε > 0 be reals. Let
F = {F1 , . . . , Fm } be a list of size-m k-DNFs on inputs {0, 1}n . Let (Λ, x) be a joint random
variable satisfying the following:
Λ is a (t + k)-wise p-bounded subset of [n],
Conditioning on Λ, x is a random string that ε-fools size-(m2 ) CNF.
Then we have
Pr

T ∼Λ,x∼x

[F|Λ[x,⋆] does not have w-partial depth-t DT] ≤ 4mt/w (24pk)t + (24m)t+k · ε.

The rest of the section is devoted to the proof of Lemma 9. Section 6.1 states some
preliminary tools and includes a proof overview. Section 6.2 considers the case that x is
truly random. It extends the idea in Section 5.2 and has a rather similar structure. Finally
in Section 6.3, we consider the case that x is pseudorandom, and finish the proof.
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Preliminaries

The canonical partial decision tree
Let ρ be a random restriction under which F|ρ fails to have a w-partial depth-t decision
tree. Let β ∈ {0, 1}n be an unknown string that our decision tree shall query. We consider
the following attempt (see Algorithm 3) to construct a partial decision tree for F|ρ . Here
n
n
z ∈ {0, 1} is an auxiliary string to be chosen. Every choice of z ∈ {0, 1} yields a different
partial decision tree for F . In [25], the construction was called “canonical partial decision
tree”.
Algorithm 3 Canonical Partial Decision Tree.

Input: A list of DNFs F = {F1 , . . . , Fm }, black-box access to a string β ∈ {0, 1}n ,
n
and an auxiliary string z ∈ {0, 1} .
initialize:
x ← (⋆)n .
j ← 1.
counter ← 0.
while counter < t do
Find the smallest i ≥ j such that DT(Fi |x ) > w. If no such i exists, exit the loop.
y ← (⋆)n .
I ← ∅.
while Fi |x◦y (⋆) is not constant and counter < t do
Ci,q ← the term that TFi |x◦y will query.
Bi,q ← the set of unknown variables in Ci,q |x◦y .
yBi,q ← zBi,q .
I ← I ∪ Bi,q .
counter ← counter + |Bi,q |.
Query βI , and set xI ← βI .
j ← i.
return x

Note that in Algorithm 3, it is possible that for a formula Fi to get picked by the outer
“while” loop more than once.

Proof overview
Before we dive into the formal proof, we try to give some (over-simplified) intuition here.
If F does not have w-partial DT of depth t, then Algorithm 3 fails to construct a partial
decision tree of depth t on every auxiliary string z. However, we will only consider some
“adversarially chosen” z’s. That is, we only consider those z’s that trick Algorithm 3 to make
at least w queries on each chosen formula. By doing so, we are guaranteed that Algorithm 3
only chooses wt formulae in total.
t
Then, we can pay a factor of m w to enumerate a subset of wt formulae in F , and calculate
the probability that Algorithm 3 “gets stuck” on those formulae. Having fixed those wt
formulae, we can use ideas similar to Section 5.2, and bound the probability by O(pk)t . In
summary, we get
t

Pr[bad restriction] ≤ m w · O(pk)t .
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Here we only considered the case that the restriction string x is purely random. For the case
that both Λ and x are pseudorandom, we use tricks similar to Section 5.3 and pay another
additive factor.

6.2

Proof when x is truly random

We start the proof by considering the case that x is a truly random string. Fix ρ to be a bad
restriction, under which F|ρ fails to have a w-partial depth-t decision tree. It implies that on
n
every z ∈ {0, 1} , Algorithm 3 fails to construct a partial decision tree for F . However, for
ease of our analysis, we will only consider a special class of string z. We give the following
definition.
n

▶ Definition 16. Let ρ be a bad restriction for F . We call z ∈ {0, 1} a powerful (w, t)n
refutation for ρ, if there exists β ∈ {0, 1} satisfying the following: Algorithm 3 on input
(F|ρ , β, z) makes at least t queries. Moreover, at each time we query βI , it is guaranteed that
|I| ≥ w.
Powerful refutations always exist for bad restrictions, as shown in the following.
▶ Lemma 17. If F|ρ does not have w-partial decision tree of depth t, then there exists a
powerful (w, t)-refutation for ρ.
Proof. If Fρ does not have w-partial decision tree of depth t, then it means Algorithm 3 fails
n
to construct a w-partial DT of depth t for every z ∈ {0, 1} . Then we construct a powerful
refutation z, together with its associated adversarial input β, in the following way.
Initially, we set z = β = (⋆)n . Then we monitor the execution of Algorithm 3 on (F , β, z),
and gradually fill in z, β when they are accessed by Algorithm 3.
Whenever Algorithm 3 chooses one formula Fi |ρ◦x in the outer while-loop, we do the
following:
When running inside the inner while-loop, Algorithm 3 needs to consult the auxiliary
string z. We can fill in relevant variables of z in such a way that Algorithm 3 consults
at least w bits from z in the loop. Since DT(Fi |ρ◦x ) ≥ w, this is always possible.
After finishing the inner loop, Algorithm 3 will make a query to βI . At this point, we set
βI in such a way that F|ρ◦x◦β does not have w-partial DT of depth (t − counter). This
is always possible as long as Fρ◦x does not have w-partial DT of depth (t−counter+|I|),
which holds by induction.
After Algorithm 3 returns, we fill in the remaining bits of β, z with zeros.
◀
Having established Lemma 17, we come up with the following definition of “global witness”
naturally.
▶ Definition 18. Let t, w be two integers. Consider a list of k-DNFs F = {F1 , . . . , Fm }.
Suppose ρ ∈ {0, 1, ⋆}n is a restriction. Let (R, Li , Si , Wi , βi ) be a tuple, where
1. 1 ≤ R ≤ wt is an integer;
2. 1 ≤ L1 ≤ L2 ≤ · · · ≤ LR ≤ m is a list of R non-decreasing indices;
PR
3. S1 . . . . , SR is a list of R integers such that i=1 Si ∈ [t, t + k];
4. W1 , . . . , WR is a list of witnesses (as per Definition 12). For every i ∈ [R], Wi has size
Si ;
5. β1 , . . . , βR are R strings where |βi | = Si for every i ∈ [R].
We call the tuple a (w, t)-global witness for ρ, if it satisfies the following.
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1. Set ρ1 = ρ. W1 is a S1 -witness for FL1 |ρ1 .
2. For every i ≥ 2, let Ii−1 ⊆ [n] be the set of variables involved in Wi−1 . Note that
|Ii−1 | = Si−1 since the size of Wi−1 is Si−1 . Identify βi−1 as a partial assignment in
{0, 1, ⋆}n where only the part βi−1,Ii−1 is set and other coordinates are filled in with ⋆.
Construct ρi = ρi−1 ◦ βi−1 . Then Wi is a Si -witness for FLi |ρi .
PR
The size of the global witness is defined as i=1 Si .
As a corollary of Lemma 17, we have:
▶ Corollary 19. Consider a list of k-DNFs F = {F1 , . . . , Fm }. Suppose ρ ∈ {0, 1, ⋆}n is a
restriction such that F|ρ does not have w-partial depth-t decision tree. Then there exists a
(w, t)-global witness for ρ.
Proof. By Lemma 17, there exists a powerful (w, t)-refutation for F|ρ . Take one such
refutation z with its adversarial input β. Inspect the execution of Algorithm 3 on (F|ρ , β, z)
and record the transcript. The transcript contains the desired tuple.
◀
Similar to what we have done in Section 5.2, we define the global partial witness.
▶ Definition 20. Let t, w be two integers. Consider a list of k-DNFs F = {F1 , . . . , Fm }.
Suppose ρ ∈ {0, 1, ⋆}n is a restriction. Let (R, Li , Si , Pi , βi ) be a tuple, where
1. 1 ≤ R ≤ wt is an integer;
2. 1 ≤ L1 ≤ L2 ≤ · · · ≤ LR ≤ m is a list of R non-decreasing indices;
PR
3. S1 . . . . , SR is a list of R integers such that i=1 Si ∈ [t, t + k];
4. P1 , . . . , PR is a list of partial witnesses. For every i ∈ [R], Pi has size Si .
5. β1 , . . . , βR are R strings where |βi | = Si for every i ∈ [R].
We call (R, Li , Si , Pi , βi ) a (w, t)-global partial witness for ρ, if we can complete Pi to get a
witness Wi for every i ∈ [R], such that (R, Li , Si , Wi , βi ) is a global witness for ρ.
▶ Remark 21. Again, it is easy to see by induction that, for every global partial witness,
there is exactly one way to complete it and get a global witness.
By a simple counting, it turns out for every S ∈ [t, t + k], there are at most 2mt/w (12k)S
possible global partial witnesses of size S:
1. First, 2mt/w ways to choose at most wt formulae in F .
2. Then, 3S ways to partition the s units of “query budget” into R partial witnesses as
PR
P ri
S = i=1 Si , and further partition the budget for each partial witness as Si = j=1
si,j .
3. Then, at most k S ways to construct sets Bi,j for each partial witness.
4. Finally, there are 4S ways to choose βi ’s, as well as αi,j ’s in each partial witness.
Fixing a global partial witness (R, Li , Si , Pi , βi ), we try to bound the probability that a
random ρ has this witness by (2p)k . Using the witness searcher (Algorithm 2) as a subroutine,
we design a global witness searcher first. Again, the global witness searcher needs access to
n
an advice string y ∈ {0, 1} . See Algorithm 4.
In the following, we use S to denote Algorithm 4 for brevity. Based on Lemma 15, we
prove:
▶ Lemma 22. If (R, Li , Si , Pi , βi ) is indeed a global partial witness for ρ, then there exists
an advice y that makes S find (R, Li , Si , Pi , βi ). More importantly, on a uniformly random
PR
y ∼ Un , S finds (ℓ1 , . . . , ℓr ) with probability exactly 2−S , where S := i=1 Si is the size of
the global witness.
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Algorithm 4 Global Witness Searcher.

Input: A list of DNFs F = {F1 , . . . , Fm }, a restriction ρ ∈ {0, 1, ⋆}n , a global
n
partial witness (R, Li , Si , Pi , βi ), and an advice y ∈ {0, 1} .
initialize:
z ← ρ ◦ y.
c ← 1.
ρ(1) ← ρ.
while c ≤ R do
Run Algorithm 2 on (FLc , ρ(c) , Pc , y). If it reports ERROR, report ERROR and
terminate the procedure. Otherwise let Wc be the witness returned.
Ic ← the set of variables involved in Wc .
Identify βc as a partial assignment, where only βIc is fixed.
ρ(c+1) ← ρ(c) ◦ βc .
c ← c + 1.
return x

Proof. We examine the execution of S. It first runs Algorithm 2 as a subroutine, trying
to find W1 for P1 . With probability 2−S1 over y, Algorithm 2 succeeds in finding W1 .
Conditioning on this happened, we have only committed the assignment of yI1 , and the rest
(2)
part of y is still uniformly random. Also note that we set ρI1 to β1 , which will hide yI1 in
the later execution. This enables us to do an induction and finish the proof.
◀

Decoupling
Now, we can observe that S only needs to know z = ρ ◦ y to work. In particular, it does not
need to know which part of z is fixed in ρ. Therefore, we can revise S to get a searcher S ′ :
the input to S ′ is now a string z and a global partial witness (R, Li , Si , Pi , βi ). Otherwise it
runs identically the same way as S. We denote the output of S ′ as S ′ (z, (R, Li , Si , Pi , βi )).
By Lemma 22, we have
Pr [(R, Li , Si , Pi , βi ) is a global partial witness for ρ]

ρ∼R

≤ 2S ·

Pr

ρ∼R,y∼Un

[S ′ (ρ ◦ y, (R, Li , Si , Pi , βi )) is a global witness for ρ]

We observe that



R

 [
1{ (R, Li , Si , Wi , βi ) is a global witness for ρ} ≤ 1  Ij  ⊆ Λ .



(11)

j=1

For
P a (t + k)-wise p-bounded Λ, the event on the right hand side holds with probability
|I |
p j j . Then, we have
Pr
ρ∼Λ[x,0],y∼Un

[ S ′ (ρ ◦ y, (R, Li , Si , Pi , βi )) is a global witness for ρ]

= EΛ Ex,y∼Un [1{S ′ (Λ[x, y], (R, Li , Si , Pi , βi )) is a global witness for ρ}]


= Ez∼Un Pr[S ′ (z, (R, Li , Si , Pi , βi )) is a global witness for ρ]
Λ

S

≤p ,
where the third line is due to that Λ[x, y] is distributed as Un when x, y ∼ Un , and the last
inequality holds by (11) and the (t + k)-wise p-bounded property of Λ.
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Wrapping-up
We finish the proof by enumerating all (R, Li , Si , Pi , βi ) and taking a summation.
Pr [F|ρ does not have w-partial depth-t decision tree]
X
Pr [(R, Li , Si , Pi , βi ) is a global partial witness for ρ]

ρ∼Λ[x,⋆]

≤

(R,Li ,Si ,Pi ,βi )



2S · Ez∈Un Pr[S ′ (z, (R, Li , Si , Pi , βi )) is a global witness for Λ[x, ⋆]]

X

≤

ρ∼Λ[x,⋆]

Λ

(R,Li ,Si ,Pi ,βi )

≤

t+k
X

2mt/w 2S (12k)S pS

S=t
t/w

≤ 4m

6.3

(24kp)t .

(12)

Proof when x is pseudorandom

Now we consider the case that x is not truly random. Our only requirement for x is that, for
every fixed Λ, x is a pseudorandom string that ε-fools CNFs of size at most m. First of all,
by Remark 21, the following equation is established.

1{(R, Li , Si , Pi , βi ) is a global partial witness for ρ}
1{(R, Li , Si , Wi , βi ) is a global witness for ρ}.

X

=

(13)

Wi :completion of Pi

Then, the deduction in (12) implies that
X
Pr [(R, Li , Si , Wi , βi ) is a global witness for ρ] ≤ 4mt/w (24kp)t . (14)
(R,Li ,Si ,Wi ,βi )

ρ∼Λ[Un ,⋆]

Next, fixing a tuple (R, Li , Si , Wi , βi ) and an instantiation of Λ, we consider the predicate
(R,Li ,Si ,Wi ,βi )

hΛ

(x) := 1{(R, Li , Si , Wi , βi ) is a global witness for Λ[x, ⋆]}.

We omit the superscript and subscript of h when they are clear from context. We claim
Pm
that h can be implemented by a CNF of size at most i=1 size(Fi ) ≤ m2 . To see this, note
that h(x) = 1 if for every i ∈ [R], Wi is a witness for ρ ◦ β1 ◦ · · · ◦ βi−1 . By argument in
Section 6.3, this can be verified using a CNF of size size(FLi ). Therefore, we can evaluate h
using an AND over R CNFs, which is itself a larger CNF. Therefore, we conclude that x
ε-fools h. That is,
(R,Li ,Si ,Wi ,βi )

Pr [hΛ

(R,Li ,Si ,Wi ,βi )

(x)] − Pr [hΛ
x∼x

x∼Un

(x)] ≤ ε.

(15)

Finally, we have
Pr [F|ρ does not have w-partial depth-t decision tree]
X
Pr [(R, Li , Si , Wi , βi ) is a global witness for ρ]

ρ∼Λ[x,⋆]

≤

(R,Li ,Si ,Wi ,βi )

≤

X
(R,Li ,Si ,Wi ,βi )

ρ∼Λ[x,⋆]

ε+

Pr
ρ∼Λ[Un ,⋆]

[(R, Li , Si , Wi , βi ) is a global witness for ρ]

≤ 4mt/w (24kp)t + (24m)t+k · ε.
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Here, the first line is due to the argument in Section 6.2 and observation (13). The second
line is due to (15). The last line holds because (14) and there are at most (24m)t+k possible
tuples (R, Li , Si , Wi , βi ).
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1

Introduction

Randomness is an ubiquitous tool in algorithm design. A central open problem in complexity
theory concerns the question of whether all randomized algorithms can be derandomized;
that is, can every randomized polynomial-time algorithm be simulated by a deterministic
polynomial-time one? In this work, we consider this question with respect to promise
problems; as usual, we refer to prBPP as the class of promise problems (as opposed to
languages) that can be solved in probabilistic polynomial time (with 2-sided error), and prP
to the class of promise problems than can be solved in deterministic polynomial time, and
we here consider the question of whether prBPP = prP.
A long sequence of works originating with the works of Blum-Micali [5], Yao [29], Nisan [21],
Nisan-Widgerson [22], Babai-Fortnow-Nisan-Wigderson [4], Impagliazzo-Wigderson [14]
have presented beautiful connections between this problem and the problem of proving
computational-complexity lower bounds – the so-called hardness v.s. randomness paradigm.
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For instance, the results of [22, 14] show that prBPP = prP under the assumption that
E = DTIME(2O(n) ) contains a language that requires Boolean circuits of size 2Ω(n) for
almost all input lengths (i.e., E is not contained in ioSIZE(2Ω(n) )). Additionally, results by
Impagliazzo, Kabanets and Wigderson [13] show a partial converse: if prBPP = prP, then
some non-trivial circuit lower bound also must hold. In more detail, if prBPP = prP (or even
just MA = NP), then NEXP ̸⊆ P/poly; very recent works [26, 20] managed to strengthen the
conclusion to e.g., NTIME[npoly log n ] ̸⊆ P/poly.
But despite over 40 years of research on the topic of derandomization, there is still a large
“gap” between the hardness assumptions required for derandomizing prBPP, and the ones
that are known to be necessary for derandomization, leaving open the following question:
Does there exist some hardness assumption that is equivalent to prBPP = prP?
Most notably, known derandomization results for prBPP require complexity lower-bounds on
functions in EXP, whereas it is only known that derandomization of prBPP implies complexity
lower bounds for functions in non-deterministic classes.
Circumventing this problem, an elegant result by Goldreich [10] – which will be instrumental in the current work – provides a characterization of prBPP = prP through the existence
of a generalized form of a pseudo-random generator (PRG). In more detail, Goldreich [10]
shows that prBPP = prP if and only if a certain type of a targeted PRG exists; roughly
speaking, this is a PRG g that gets an additional target z as input, and indistinguishability
holds with respect to uniform algorithms that also get the target z as input. In other words,
g is just like a normal PRG, but with the exception that both the PRG and the distinguisher
get access to the auxiliary “target” string z, and we require security to hold for all strings z.
Since we consider PRGs in the context of derandomization, we allow the running-time of
the PRG to be (polynomially) larger than the running-time of the distinguisher. As noted
by Goldreich, such targeted PRGs suffice to derandomize prBPP, where the instance to be
decided can be used as the “target”; Goldreich next provides a construction of such a targeted
PRG assuming that prBPP = prP. As pointed out by Goldreich, however, the existence of a
PRG is not a “hardness” assumption, and thus his work does not provide a characterization
of derandomization in terms of some hardness assumption.
As far as we are aware, the only work that that shows an equivalence between prBPP = prP
and some hardness assumption does so under a conjecture (a weaker version of the nondeterministic exponential-time hypothesis) [8]. Very recently, however, two intriguing works
make progress on closing the gap between the necessary and sufficient assumptions for
derandomization:
Chen and Tell [9], relying on the work by Goldreich [10], present a new uniform hardness
assumption – roughly speaking, that there exists a multi-output function f computable
by polynomial size logspace-uniform circuits with depth bounded by n2 that cannot be
computed in some (a-priori bounded) probabilistic polynomial time on any sufficiently
large inputs – which implies that prBPP = prP. They also show a partial converse: That
a relaxed version of this conjecture, where the depth requirement is dropped, also is
necessary.
A work by Hirahara [11] presents an equivalence between hitting set generators (HSG)
[1, 2] with respect to some circuit class and the hardness of approximating a Kolmogorov
complexity problem (in more detail, the Levin-Kolmogorov complexity problem) with the
same circuit class. While his result is stated with respect to low-level complexity classes
(such as AC0 ◦ XOR), his proof actually extends also to classes such as P/poly. While HSG
w.r.t., P/poly are known to imply that prBPP = prP, and they are a central tool toward
establishing this in known results, they are not known to be implied by derandomization.
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In this work, we present a hardness assumption that is both necessary and sufficient for
derandomizing prBPP. In more detail, we present an (in our eyes) natural class of promise
problems such that prBPP = prP if and only if every problem in this class is (almosteverywhere) worst-case hard. The class of problems is related to Kolmogorov complexity.
Conditional Time-bounded Kolmogorov Complexity. What makes the string 121212
12121212121 less random than 60484850668340357492? The notion of Kolmogorov complexity
(K-complexity), introduced by Solomonoff [24], Kolmogorov [16] and Chaitin [7], provides a
method for measuring the amount of “randomness” in individual strings: The K-complexity
of a string is the length of the shortest program Π (to be run on some fixed universal Turing
machine U ) that outputs the string x. K-complexity, however, disregards the running time
of the program Π. Levin-Kolmogorov Complexity [18] is an elegant way for incorporating
the running time of the program Π into the complexity: Kt(x) is defined as the minimal
cost of a program Π that outputs x, where the cost of Π is defined as the sum of the length
of Π and the logarithm of its running time.
We can also consider a conditional version of Kt-complexity: The Conditional LevinKolmogorov Complexity [30, 18, 27, 19] of a string x conditioned on a string z – denoted
Kt(x | z) – is the minimal “cost” of a program that, given the “auxiliary input” z (for free),
outputs the string x.
We will here be interested in a promise version of the decisional conditional Kt-complexity
problem, parametrized by thresholds TYES , TNO that specify on what Kt-complexities a
decider needs to work. In more detail, the promise problem GapMcKtP[TYES , TNO ] is defined
as follows:
YES instances: (x, z) such that |x| = |z|, and Kt(x | z) ≤ TYES (|x|).
NO instances: (x, z) such that |x| = |z|, and Kt(x | z) ≥ TNO (|x|).
Note that this is a “gap” problem as we are not considering strings that have “intermediary”
conditional Kt-complexity.
The Main Theorem.

We are now ready to state our main theorem.

▶ Theorem 1. There exists a constant c such that the following are equivalent:
prBPP = prP;
For all BPTIME(nc ) algorithm M , all sufficiently large z ∈ {0, 1}n , there exists some
x ∈ {0, 1}n such that M fails to decide whether (x, z) ∈ GapMcKtP[O(log n), n − 1].
In other words, prBPP = prP iff GapMcKtP[O(log n), n − 1] is hard to decide for all
(sufficiently large) auxiliary inputs z (w.r.t., nc time probabilistic algorithms).
Comparison with [11]. Let us start by comparing Theorem 1 with the results established
by Hirahara [11]. As mentioned above, Hirahara characterizes hitting sets generators as
opposed to derandomization, but the problem he considered is very related to the one we
consider. More specifically, Hirahara consider the exact same promise problem, but without
any conditioning/auxiliary inputs, and shows that hardness with respect to circuits (as
opposed to uniform probabilistic algorithms as we do) implies HSGs that are hard with
respect to the same class of circuits.
He also used this result
to characterize some non-trivial
√
√
derandomization (i.e., RTIME[2Õ( n) ] into DTIME[2n−ω̃( n) ] on feasibly generated inputs).
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On a high level, Hirahara constructs a HSG by using the first O(log n) bits of the seed to
select a program M , lets the output of the program determine a truthtable of a function f ,
and then relies on the Impagliazzo-Wigderon (IW) PRG [14] (applied to the second part of
the seed) using f as the “hard function”.1 Hirahara shows that any attacker for such a HSG
can be used to distinguish whether Kt(x) is smaller than O(log n) or at least n − 1.
Our construction of a targeted PRG relies on similar principles. Similarly to [11], we use
the first O(log n) bits of the seed to select a program M , but instead of letting M operate
not just on the empty input (as in [11]), we also let the program M access the target string
z; in other words, we can think of this approach as using the target/instance to get a hard
function, and next applying IW to this function. As we shall see, when doing this, we can
show that any distinguisher for the targeted HSG that works given a target z can be used,
together with the IW reconstruction procedure, to distinguish for any x ∈ {0, 1}|z| whether
Kt(x | z) is small or large.

Comparison with [9]. It is also worthwhile to compare Theorem 1 with the result of
Chen and Tell [9]. Most importantly, Theorem 1 present a full characterization of when
prBPP = prP, whereas the result in [9] has a gap between the sufficient and necessary
assumptions. Nevertheless, there are also similarities: The condition where we require
hardness for all auxiliary inputs is closely related to the hardness condition in [9] which
requires hardness for (almost) all inputs. Indeed, on a technical level, the reason these
requirements arise are quite similar in both works, and our condition is inspired by [9]. On
the other hand, our condition is also more complex than the one in [9] in that the input to
our problem consists of two parts – the auxiliary input z and the instance x – and whereas
we require hardness w.r.t. all sufficiently large z (just like [9]), we only require the algorithm
to fail on some instance x (similarly to standard notions of worst-case hardness).
An alternative way of looking at our result is as presenting an explicit multi-output
function F where the ith component of the output of F on input z is Kt(i, z) such that
almost-all-input hardness of n − O(log n) approximating F is equivalent to prBPP = prP.
This condition differs from the one in [9] in that (1) we are considering an explicit function,
rather that just any function, (2) the output length of the function is exponential (similar
to [12]) whereas it is polynomial in [9], and (3) we require hardness of approximating the
function, as opposed to computing it exactly.
Finally, we note that we actually prove an even stronger result: we do not actually require
hardness of GapMcKtP w.r.t (almost) all auxiliary input strings to deduce that prBPP = prP.
In fact, we show that for every γ, there exists a universal and uniformly computable sequence
Z γ = {z1 , z2 , . . .} such that nc -time hardness of GapMcKtP[γ log n, n − 1] w.r.t. the specific
sequence Z γ implies that prBPP = prP.
We also mention that we can characterize quasi-polynomial time derandomization of
prBPP using the same problems, by changing the YES-threshold to poly log n. For technical
reasons, our approach does not extend to subexponential-time derandomization. 2

1

2

Hirahara presented his construction in a somewhat different way. In more detail, his construction of the
HSG is simply a “universal HSG” obtained by interpreting the seed as a program M that is executed.
He then uses the [14] construction in the analysis of the HSG. For our purposes, the above alternative
presentation where incorporating the IW PRG directly into the construction will be helpful.
More precisely, our characterization only works for complexity classes C of running times T such that if
T ∈ C then T (T (·)) ∈ C as well. This follows from our use of [23, 17, 6].
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Proof Overview

To prove Theorem 1, we prove each direction of the equivalence separately.

Hardness of GapMcKtP from prBPP = prP. The first direction involves showing the
hardness of GapMcKtP assuming that prBPP = prP. This direction follows mostly leveraging
Goldreich’s [10] earlier result showing the existence of a targeted PRG assuming prBPP = prP.
We here consider a notion of a targeted PRG that is essentially identical to the notion of
a “targeted canonical derandomizer” defined by Goldreich, but generalizes/strengthens his
notion in several ways; most notably, we consider randomized distinguishers that may have
superlinear running time, whereas Goldreich restricts attention to deterministic distinguishers
with linear running time. Nevertheless, we observe that the PRG constructed by Goldreich
(with minor modifications) actually satisfies the notion of a targeted PRG that we consider.
Additionally, we observe that this (slightly new) notion of a targeted PRG suffices for
demonstrating hardness of GapMcKtP for all sufficiently large auxiliary inputs z – roughly
speaking, any solver for GapMcKtP can break the PRG as random strings (most often) are
NO-instances, and strings in the range of the PRG are YES-instances; the target of the PRG
will here correspond to the auxiliary input z used for the GapMcKtP problem.

prBPP = prP from the Hardness of GapMcKtP. To prove the second direction, we first
observe that by the result of Buhrman and Fortnow [6] (building on [23, 17]), it suffices
to show that prRP = prP to deduce that prBPP = prP. (We remark that for this result to
hold, it is crucial that we are considering promise problems and not languages). Thus, it
will suffice to derandomize prRP. Next, we consider the notion of a targeted HSG (discussed
above) and demonstrate how to construct such a targeted HSG assuming that GapMcKtP is
hard for all sufficiently large auxiliary inputs z. As mentioned above, the construction relies
on ideas similar to those employed by Hirahara [11] except that, similarly to [9], we are using
the target/instance z to obtain a “hard function” that we can plug into the IW generator.
Finally, to weaken the assumption to require hardness of GapMcKtP with respect to a
specific universal and uniformly computable sequence of auxiliary inputs, we observe more
generally that for any candidate construction of a HSG, there exists some universal sequence
of targets such that security of the HSG w.r.t. this target sequence implies security w.r.t. all
target sequences; and furthermore, this target sequence can be computed (in exponential
time).

2

Preliminaries and Definitions

We assume familiarity with basic concepts such as Turing machines, polynomial-time algorithms, and probabilistic algorithms and computational classes such as prBPP, prRP, and
prP. We let Un the uniform distribution over {0, 1}n . Given a string x ∈ {0, 1}n and an
index j ∈ [n], we let [x]j denote the length-j prefix of x.
Let S ⊆ {0, 1}∗ be a set. We say that S is decidable if there exists a Turing machine M
such that for all x ∈ {0, 1}∗ , x ∈ S iff M (x) = 1. Let Z = {zn }n∈N be a sequence. We say
that Z is uniform if there exists a Turing machine M such that for all n ∈ N, zn = M (1n ).
We say that a function f : N → N is time-constructible if f is increasing and for all n ∈ N,
f (n) can be computed by a Turing machine in time poly(f (n)).
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2.1

Levin’s Conditional Kolmogorov Complexity

We recall the notion of Levin-Kolmogorov complexity. Roughly speaking, the Levin’s
Kolmogorov complexity [16, 23, 27, 15, 18], Kt(x | z), of a string x ∈ {0, 1}∗ conditioned
on a “auxiliary input” string z ∈ {0, 1}∗ is the cost of the most “efficient” program Π such
that Π(z) outputs x in t steps, where the efficiency of Π is defined to be the sum of the
length of Π and the logarithm of t. We proceed to the formal definition. Let U be some
fixed Universal Turing machine that can emulate any Turing machine Π with polynomial
overhead. Let U (Π(z), 1t ) denote the output of Π(z) when emulated on U for t steps.
▶ Definition 2. For all x ∈ {0, 1}∗ and z ∈ {0, 1}∗ , define
Kt(x | z) =

min

Π∈{0,1}∗ ,t∈N

{|Π| + ⌈log t⌉ : U (Π(z), 1t ) = x}

We will here focus on a promise version of the decisional minimum conditional LevinKolmogorov complexity problem, parametrized by thresholds TYES , TNO .
▶ Definition 3 (GapMcKtP). Let TYES , TNO be two threshold functions. The promise problem
GapMcKtP[TYES , TNO ] is defined as follows.
YES instances: (x, z) such that |x| = |z|, and Kt(x | z) ≤ TYES (|x|).
NO instances: (x, z) such that |x| = |z|, and Kt(x | z) ≥ TNO (|x|).
▶ Definition 4 (Deciding GapMcKtP). We say that a probabilistic machine M fails to decides
whether (x, z) ∈ GapMcKtP[TYES , TNO ] if either Kt(x | z) ≤ TYES (|x|) but Pr[M (x, z) =
0] > 1/3 or Kt(x | z) ≥ TNO (|x|) but Pr[M (x, z) = 1] > 1/3.
We will consider two notions of hardness of deciding GapMcKtP: either when the auxiliary
input is fixed to some particular sequence (one for each input length), or hardness with
respect to almost all auxiliary inputs.
▶ Definition 5 (Hardness of GapMcKtP). We say that GapMcKtP[TYES , TNO ] is:
hard for probabilistic T -time algorithms given the auxiliary input sequence Z =
{z1 , z2 , . . .} if for all probabilistic T -time algorithms M , all sufficiently large n, there exists
a string x ∈ {0, 1}n such that M fails to decide whether (x, zn ) ∈ GapMcKtP[TYES , TNO ].
hard for probabilistic T -time algorithms on almost all auxiliary inputs if for
all sufficiently large z, there exists some x ∈ {0, 1}|z| such that M fails to decide whether
(x, z) ∈ GapMcKtP[TYES , TNO ].

2.2

Targeted Pseudorandom Generator

We consider the notion of a targeted pseudorandom generator (targeted PRG), which is a
generalization of the notion of a targeted derandomizer due to Goldreich [10]. Roughly
speaking, a targeted pseudorandom generator g takes a seed along with a “target” string z as
input, and we require that its output is indistinguishable from uniform by (computationallybounded) distinguishers that additionally get the target z as input. In other words, g is just
like a normal PRG, but with the exception that both the PRG and the distinguisher get
access to the auxiliary “target” string z, and we require security to hold for all strings z. Since
we consider PRGs in the context of derandomization, we allow the running-time of the PRG
to be (polynomially) larger than the running-time of the distinguisher. We highlight that our
notion slightly generalizes the notion of Goldreich by allowing the length of the target string
to be different than the length of the output of the PRG, and additionally, we require the
PRG to be defined over all output lengths. Furthermore, it strengthens Goldreich’s notion
by considering randomized distringuishers that may have superlinear running time (whereas
Goldreich restricts attention to deterministic distinguishers with linear running time).
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▶ Definition 6 (Targeted pseudorandom generator (generalizing [10])). Let g : 1n × {0, 1}ℓ(n) ×
{0, 1}m(n) → {0, 1}n be an efficiently computable function. We say that g is an T (n)-secure
(ℓ(n), m(n))-targeted pseudorandom generator (T -secure (ℓ(n), m(n))-targeted PRG) if for
all probabilistic attackers D that run in T (n) time (where n is the length of its first input),
for all sufficiently large n ∈ N and all strings z ∈ {0, 1}ℓ(n) , it holds that
| Pr[s ← {0, 1}m(n) : D(1n , z, g(1n , z, s)) = 1] − Pr[x ← {0, 1}n : D(1n , z, x) = 1]| <

2.3

1
.
6

Targeted Hitting Set Generator

We turn to introducing the notion of hitting set generator (HSG) [1, 2] that we rely on.
Recall that a standard hitting set generator requires its image set to have an overlap with
any dense set that can be accepted by a small circuit. However, we here restrict our attention
to uniform deterministic machines and we will consider the targeted variant of HSGs [10]
(see also [9]).
▶ Definition 7 (Targeted hitting set generator). Let g : 1n × {0, 1}ℓ(n) × {0, 1}m(n) → {0, 1}n
be an efficiently computable function. We say that g is an T (n)-secure (ℓ(n), m(n))-targeted
hitting set generator (T -secure (ℓ, m)-targeted HSG) secure w.r.t. deterministic attackers
if for all deterministic attackers D that run in T (n) time (where n is the length of its first
input), for all sufficiently large n ∈ N and all strings z ∈ {0, 1}ℓ(n) , it holds that if
Pr[x ← {0, 1}n : D(1n , z, x) = 1] ≥

1
6

then
Pr[s ← {0, 1}m(n) : D(1n , z, g(1n , z, s)) = 1] > 0
For any targeted HSG g, we say that g is O(T (n))-secure if for all constant c > 0, g is
(cT (n))-secure.
In addition, we will also consider a weaker notion of the targeted hitting set generator,
where security is only guaranteed given some particular sequence of target inputs (rather
than for all target inputs). Formally, let ℓ(n) be a function and let Z = {zn }n∈N such
that |zn | = ℓ(n). Let g : 1n × {0, 1}ℓ(n) × {0, 1}m(n) → {0, 1}n be an efficiently computable
function. We say that g is a T (n)-secure (Z, m(n))-targeted hitting set generator (T -secure
(Z, m)-targeted HSG) if its security requirement holds for all sufficiently large n ∈ N and
z = zn .
It is well-known that a (non-uniformly) secure HSG can derandomize prRP. We next show
that when considering a targeted uniformly-secure HSG, the same derandomization result
still holds. This in essence follow by the standard proof (that non-uniformly secure HSG
derandomize RP), but with an additional padding argument to deal with the “target”/auxiliary
input.
▶ Lemma 8. Assume that there exist constants c ≥ 1, θ ≥ 1 and a O(nθ )-secure (nθ , c log n)θ
targeted HSG g : 1n × {0, 1}n × {0, 1}c log n → {0, 1}n secure w.r.t. deterministic attackers.
Then, prRP = prP.
Proof. To show that prRP = prP, it suffices to prove that for any polynomial-time randomized
algorithm A, there exists a polynomial-time deterministic algorithm B such that for all
sufficiently long x ∈ {0, 1}∗ , if Prr [A(x; r) = 1] ≥ 12 , then B(x) = 1; and if Prr [A(x; r) =
0] = 1, then B(x) = 0 (where r denotes the random coins that A uses).
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Consider any poly-time randomized algorithm A. We can without loss of generality
assume that A runs in linear time and A uses as many random coins as its input length.3 If
θ > 1, the following padding argument is needed. For any string x ∈ {0, 1}∗ , let x′ be the
θ
string x10|x| −|x|−1 ; that is, we pad as many ‘0’ at the end of x||1 until it becomes of length
|x|θ . Let A′ be an algorithm such that A′ (x′ ; r) = A(x; r) for any x, r.4 (If θ = 1, we let
x′ = x and A′ = A.)
We proceed to constructing a poly-time deterministic algorithm B that deterministically
emulates A. On input an instance x ∈ {0, 1}n , B(x) tries all possible seeds v ∈ {0, 1}c log n
and B(x) outputs 1 if and only if there exists a seed v such that A′ (x′ , g(1n , x′ , v)) = 1;
otherwise B(x) outputs 0.
Observe that if A(x, r) outputs 0 with probability 1 (over the random choice of r), A′ (x′ , r)
will output 0 with probability 1 and thus B(x) will also output 0. Also note that B runs in
polynomial time.
We show that, for all sufficiently long x, B(x) will output 1 if A(x, r) outputs 1 with
probability ≥ 12 Since g is a O(nθ )-secure (nθ , c log n)-targeted HSG and A′ runs in deterministic O(nθ ) time with respect to n = |r| = |x|, it follows that for all sufficiently large n ∈ N,
θ
x′ ∈ {0, 1}n , it holds that if
Pr[r ← {0, 1}n : A′ (x′ , r) = 1] ≥

1
6

(1)

then
Pr[v ← {0, 1}c log n : A′ (x′ ; g(1m , x′ , v)) = 1] > 0.

(2)

Consider some string x such that g is secure on auxiliary input x′ (with respect to A′ ) and it
holds that Prr [A(x; r) = 1] ≥ 12 . It follows that Prr [A′ (x′ ; r) = 1] ≥ 12 which implies that
Equation 1 holds. Therefore, by the hitting property of g, Equation 2 also holds and there
exists a seed v ∈ {0, 1}c log n such that A′ (x′ , g(1n , x′ , v)) = 1. Thus, B(x) will output 1.
Finally note that g will be secure on all sufficiently long x′ , so B can always find a seed v
◀
such that A′ (x′ , g(1n , x′ , v)) = 1 if Prr [A(x, r) = 1] ≥ 21 for all sufficiently long x.

3

Universal Target Strings for Targeted HSG or PRG

In this section, we show a useful statement about targeted PRGs/HSGs: For every candidate
PRG/HSG, there exists a universal sequence of targets (one for each input lenght) such
that if the PRG/HSG is secure with respect to this sequence, then it will be secure with
respect to any target. Furthermore, this universal sequence is computable (in exponential
time). Looking ahead, this will later be useful to us to show that hardness of GapMcKtPwith
respect to a particular, computable, sequence of auxiliary inputs, suffices to characterize
derandomization.
▶ Lemma 9. Let g : 1n ×{0, 1}ℓ(n) ×{0, 1}m(n) → {0, 1}n be an efficiently computable function
such that ℓ, m are polynomially bounded, and let T (n) ≤ 2n be a function. There exists an
exponential time uniform sequence Z = {zn ∈ {0, 1}ℓ(n) }n∈N such that if g is a T -secure
(Z, m(n))-target HSG (resp PRG) secure on Z, then g is a T -secure (ℓ(n), m(n))-target HSG
(resp PRG) secure on all target inputs.
3
4

If A does not run in linear time (or uses more random coins than its input length), we can pad the input
of A so that the padded version (of A) now runs in linear time (or uses equally many random coins).
More formally, A′ is an algorithm proceeding as the following. A′ takes input (x′ , r) and then removes
as many ‘0’ in the end of x′ as it can. A′ further remove a single bit ‘1’ and denote the result by x. A′
returns A(x, r).
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Proof. Let g, T be as in the lemma statement. We consider the Turing machine M that
proceeds as follows. On input 1n , M (1n ) enumerates all TMs D of (description) length
≤ log n in lexicographic order. M (1n ) verifies whether the following two conditions are
satisfied.
D(y1 , y2 , y3 ) terminates within T (|y1 |) steps for all strings y1 , y2 , y3 satisfying |y1 | ≤
n, |y2 | = ℓ(|y1 |), |y3 | = |y1 |.
There exists a string x ∈ {0, 1}ℓ(n) such that D breaks g on the target input x. Specifically,
if g is a HSG candidate, it requires that
Pr[s ← {0, 1}m(n) : D(1n , x, g(1n , x, s)) = 0] = 1
and
Pr[r ← {0, 1}n : D(1n , x, r) = 1] >

1
.
6

Let D′ be the first machine M finds such that the above two checks are passed. Let x′ be
the lexicographically smallest string such that the second condition above is satisfied (with
respect to D′ ). M (1n ) will simply output x′ . Finally, let Z = {zn } be a sequence such that
for all n ∈ N, zn = M (1n ).
We next argue that if g is a T -secure (Z, m(n))-target HSG (resp PRG) secure on Z,
then g is a T -secure (ℓ(n), m(n))-target HSG (resp PRG) secure on all target inputs, which
concludes our proof (since M also runs in exponential time). Assume for contradiction that
there exists a T -time distinguisher D such that D breaks g on infinitely many target inputs.
Let D∗ be such a distinguisher with the lexicographically smallest description. Consider all
TMs D′ that are lexicographically smaller than D∗ , and the following two observations will
show that M (1n ) will never accept any TM D′ <lex D∗ when n is sufficiently large.
If D′ is not a T -time machine. Then there exists an input of the form y1 , y2 , y3 to D′ such
that D′ (y1 , y2 , y3 ) runs more than T (|y1 |) steps before it halts. M (1n ) will not accept D′
if n > |y1 |.
If D′ is a T -time machine, since D′ <lex D∗ , D′ will only break g on finitely many target
inputs (if any). M (1n ) will not accept D′ if n is sufficient large (so that D′ never breaks
g on target inputs of length larger than n).
On the other hand, note that M (1n ) will accept D∗ if D∗ breaks g on some target input of
length n (which happens infinitely often). Whenever M (1n ) accepts D∗ , D∗ will break g
on target zn since zn = M (1n ). Therefore, we conclude that D∗ breaks the security of g on
infinitely many z’s ∈ Z.
◀

4

Main Theorem

We are now ready to formally state out main theorem.
▶ Theorem 10. There exist a constant c ≥ 1 and a Turing machine M such that the following
are equivalent.
1. prBPP = prP.
2. The existence of a constant γ0 such that for all γ ≥ γ0 , GapMcKtP[γ log n, n − 1] is hard
for probabilistic nc -time algorithms on almost all auxiliary inputs.
3. The existence of a constant γ0 such that for all γ ≥ γ0 , all uniform auxiliary sequence Z,
it holds that GapMcKtP[γ log n, n − 1] is hard for probabilistic nc -time algorithms given
the sequence Z.
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4. The existence of a constant γ such that GapMcKtP[γ log n, n−1] is hard for probabilistic nc time algorithms given the auxiliary input sequence Z = {z1 , z2 , . . .} where zi = M (γ, 1i ).
5. The existence of constants σ ≥ 1, θ ≥ 1 and an O(nθ )-secure (nθ , σ log n)-targeted HSG.
6. prRP = prP
Proof. The proof of this theorem relies on many results which will be stated and proved
later. Let c be the constant as in Lemma 21. Although it is stated in Lemma 21 that for
each constant γ, there exists a uniform auxiliary input sequence Z0 = {z0,n }n∈N (such that
some desired propertise are satisfied), its proof actually proves a stronger statement: There
exists a machine M such that M with γ as input will generate the auxiliary sequence Z0 in
the sense that z0,n = M (γ, 1n ) for all n ∈ N. Given the existence of such c and M , our proof
proceeds as the following.
(1) ⇒ (2): it follows from Theorem 11.
(2) ⇒ (3) and (3) ⇒ (4): These two implications trivially hold.
(4) ⇒ (5): This implication follows from Lemma 21 due to our choice of M and the way
we pick Z.
(5) ⇒ (6): The proof of this implication relies on the fact that a targeted HSG allows us to
emulate prRP computation in deterministic time, and a detailed proof can be found in
Lemma 8.
(6) ⇒ (1): This implication can be proved using standard reductions in [23, 17] (and see
also [6]).
◀

5

GapMcKtP Hardness from prBPP = prP

In this section, we show that the assumption prBPP = prP will imply the hardness of
GapMcKtP with the desired parameters.
▶ Theorem 11. Assume that prBPP = prP. Then for all constants c ≥ 1, there exists a
constant γ0 > 0 such that for all constants γ ≥ γ0 , it holds that GapMcKtP[γ log n, n − 1] is
hard for probabilistic nc -time algorithms on almost all auxiliary inputs.
Recall that Goldreich [10] showed that if prBPP = prP, then there exists a so-called
“targeted derandomizer”. Since our notion of a targeted PRG is very similar to his notion,
his proof extends with just minor modifications of the parameters also to our notion.
▶ Theorem 12 (essentially implicit in [10]). Assume that prBPP = prP. Then for all constants
γ > 0, c ≥ 1, there exists a nc -secure (n, γ log n)-targeted PRG g.
We defer the proof of Theorem 12 (which closely follows [10]) to the full version. [10] further
shows that a targeted PRG can be used to derandomize prBPP (and thus shows equivalence
of derandomization of prBPP and targeted PRGs). We here instead show that the existence
of targeted PRGs implies hardness of GapMcKtP. Roughly speaking, this follows from the
observation that any solver for GapMcKtP can break the PRG as random strings (most often)
are NO-instances, and strings in the range of the PRG are YES-instances; the target of the
PRG will here correspond to the auxiliary input z used for the GapMcKtP problem.
▶ Lemma 13. Assume that for all constants γ > 0, c ≥ 1, there exists a nc -secure (n, γ log n)targeted PRG. Then, for all constants c ≥ 1, there exists a constant γ0 > 0 such that for all
constants γ ≥ γ0 , GapMcKtP[γ log n, n − 1] is hard for probabilistic nc -time algorithms on
almost all auxiliary inputs.
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Proof. Consider any constant c ≥ 1. By our assumption, it follows that there exists a
nc -secure (n, log n)-targeted PRG g : 1n × {0, 1}n × {0, 1}log n → {0, 1}n . Let γ0 be a
constant such that computing the PRG g(1n , x, v), x ∈ {0, 1}n , v ∈ {0, 1}log n can be done
in time nγ0 −2 . Let γ be any constant such that γ ≥ γ0 . Assume for contradiction that
GapMcKtP[γ log n, n − 1] is easy for probabilistic nc -time algorithms on almost all auxiliary
inputs. Then, there exist a nc -time probabilistic machine M such that for infinitely many
n ∈ N, there exists zn ∈ {0, 1}n such that for all x ∈ {0, 1}n , Pr[M (1n , x, zn ) = 1] ≥ 0.9
if Kt(x | zn ) ≤ γ log |x| and Pr[M (1n , x, zn ) = 1] ≤ 0.1 if Kt(x | zn ) ≥ |x| − 1. We will
show that M (1n , zn , ·) distinguishes between g(1n , zn , Ulog n ) and Un on all zn on which M
succeeds, which contradicts the security of g. Towards this, let us fix some n ∈ N, z = zn on
which M succeeds.
We first prove that on input (1n , z, g(1n , z, v)) where v ∈ {0, 1}log n , M (1n , z, g(1n , z, v))
will output 1 with probability ≥ 0.9. Observe that
Kt(g(1n , z, v) | z) ≤ log n + log(nγ0 −2 ) + O(1) ≤ γ log n
when n is sufficiently large since g(1n , z, v) can be computed by hardwiring the seed v (of
length log n) and the code of g (of length O(1)) in time nγ0 −2 when having access to the
string z. Therefore, Pr[M (1n , z, g(1n , z, v)) = 1] ≥ 0.9 for every v ∈ {0, 1}log n .
We next show that on input (1n , z, Un ), M will output 1 with probability ≤ 0.6. Observe
that there are at most 2n−1 strings x of length n that have conditional Kt-complexity
≤ n − 2 since there are at most 2n−1 machines of description length ≤ n − 2. It follows
n−1
that Pr[Kt(Un | z) ≥ n − 1] ≥ 1 − 2 2n ≥ 12 . Conditioned on this event, we know that the
probability that M outputs 1 is at most 0.1. Thus, by a union bound, Pr[M (1n , z, Un ) =
1] ≤ 21 + 12 × 0.1 ≤ 0.6.
◀
We can now conclude the proof of Theorem 11.
of Theorem 11. Theorem 11 follows directly from Theorem 12 and Lemma 13.

6

◀

Derandomization from Hardness of GapMcKtP

We proceed to proving that hardness of GapMcKtP implies that prBPP = prP. Note that
by standard techniques in [23, 17], it suffices to derive prRP = prP. Towards this, we will
present how to construct a targeted HSG from the assumption, which is known to enable us
to derandomize prRP (see also Lemma 8).

6.1

Targeted HSG from Hardness of GapMcKtP

We here show how to obtain an targeted HSG assuming hardness of GapMcKtP. The following
result is the crux of our proof.
▶ Lemma 14. There exists a constant c ≥ 1 such that the following holds. For each constant
γ > 0, there exist constants σ ≥ 1, θ ≥ 1, and an efficiently computable function g : 1m ×
θ
{0, 1}m × {0, 1}σ log m → {0, 1}m such that for any target input sequence Z1 = {z1,m }m∈N ,
if g is not an O(mθ )-secure (Z1 , σ log m)-targeted HSG, then GapMcKtP[γ log n, n − 1] is not
hard for probabilistic nc -time algorithms given an auxiliary input sequence Z0 = {z0,n }n∈N
1
where for all n ∈ N, z0,n = z1,m(n) and m(n) = ⌊n θ ⌋.
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Tool 1: List-decidable ECCs. We start by recalling the notion of a list-decodable error
correcting code that we will be relying on.
▶ Definition 15 (List-decodable error correcting code (see e.g. [28])). For any n, n′ , L ∈ N
′
and δ > 0, a function Enc : {0, 1}n → {0, 1}n is said to be a (L, 21 − δ)-list-decodable
′
L
error correcting code if there exists a function Dec : {0, 1}n → ({0, 1}n ) such that for
′
any x ∈ {0, 1}n and x′ ∈ {0, 1}n satisfying Pri∈[n′ ] [Enc(x)i ̸= x′i ] ≤ 21 − δ it holds that
x ∈ Dec(x′ ). We refer to Dec as a decoder of Enc.
The following construction of a list-decodable error correcting code will be useful for us.
▶ Theorem 16 ([25]; see also [28, Problem 5.2]). There exist two deterministic polynomial time
r
algorithms Enc, Dec such that for all n ∈ N, δ > 0, the function Encn,δ : {0, 1}n → {0, 1}2
where r = O(log(n/δ)) is a (poly(1/δ), 12 − δ)-list-decodable error correcting code with Decn,δ
being its decoder, and both Encn,δ and Decn,δ run in time poly(n, 1/δ).
Tool 2: The NW PRG. We turn to recalling the construction of the Nisan-Wigderson
(NW) PRG [22]. For any string y ∈ {0, 1}d and subset I ⊆ [d], we let yI denote the |I|-bit
string consisting of the the projection of y to the coordinates ∈ I.
▶ Definition 17 (NW generator). Let I = (I1 , . . . , Im ) be a family of m subsets of [d] with
each |Ij | = r and let f : {0, 1}r → {0, 1} be a function. The (I, f )-NW generator is the
function NWfI : {0, 1}d → {0, 1}m that takes any string y ∈ {0, 1}d as a seed and outputs
NWfI (y) = f (yI1 ) . . . f (yIm )
The core ingredient of the Nisan-Wigderson construction is a combinatorial design which
will be used as the family of subsets in a NW generator.
▶ Definition 18 (Combinatorial designs). For any integers d, r, s ∈ N such that d > r > s, a
family I = {I1 , . . . , Im } of subsets of [d] is said to be a (d, r, s)-design if for every j ∈ [m],
|Ij | = r, and for every k ∈ [m], k ̸= j, |Ij ∩ Ik | ≤ s.
Recall that combinatorial designs can be efficiently constructed.
▶ Lemma 19 ([22]; see also [3, Lemma 16.18]). There exists a deterministic algorithm
GenDesign such that on input d, r, s ∈ N where r > s and d > 10r2 /s, runs in poly(2d ) steps
and outputs a (d, r, s)-design I containing 2s/10 subsets of [d].
The following version of the reconstruction theorem will be useful for us.
▶ Lemma 20 (Implicit in [22, 14]). There exists a PPT algorithm NWRecon such that the
following conditions hold.
Input: the truthtable of a function f : {0, 1}r → {0, 1}, a (d, r, s)-design I = {I1 , . . . , Im }.
Given oracle access to an oracle D ⊆ {0, 1}m such that
Pr[y ← {0, 1}d : D(NWfI (y)) = 1] − Pr[w ← {0, 1}m : D(w) = 1] ≥

1
.
6

(3)

Output: a (deterministic) program M of description length ≤ m · 2s + m + d + O(log drsm)
r
such that M D (I) will output a string x′ ∈ {0, 1}2 in poly(2r ) steps and x′ satisfies that
Pr[p ← [2r ] : x′p ̸= f (p)] ≤

1
1
−
.
2 12m

For the sake of completeness, we refer the read to the full version for a proof of Lemma 20.
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We are finally ready to prove Lemma 14 by relying

Proof of Lemma 14. Before presenting a formal proof, it may be helpful to first discuss the
choice of parameters in our construction.
Notations. Let m denote the output length of the targeted HSG g that we hope to construct.
Let n denote the length of GapMcKtP instances and let θ ∈ N be a constant such that θ1
is sufficiently small. In this proof, we usually assume that n = poly(m) and it holds that
n = mθ . In some cases depending on the context, m is defined w.r.t. n and it holds that
1
m = ⌊n θ ⌋ (and we can think of m as being sublinear in n).
Let c be a sufficiently large constant (which will be fixed later). Consider any constant
γ > 0 and a YES-threshold of GapMcKtP TYES = γ log n.
Constructing the HSG. Our HSG will take as input a unary string 1m , a target string z of
1
length mθ = n, along with a seed. Let δ = O( m
) and we will need a list-decodable ECC that
1
corrects a 2 − δ fraction of errors. By Theorem 16, there exists a function L = poly(1/δ), a
function r = O(log n), a (L, 21 − δ)-list-decodable ECC Encn,δ that produces codewords of
length 2r , and a decoding algorithm Decn,δ that outputs a candidate message set of size L
(if Dec succeeds). We will also need a NW generator that takes functions with truthtable
length 2r (matching the output length of the ECC) and outputs m bits (matching the output
length of our HSG). To achieve this, we require a (d, r, s)-design I that contains m subsets
of [d]. By Lemma 19, we can pick s = O(log m) to ensure that I contains m subsets, and
pick d = Ω(log n) to satisfy that d > 10r2 /s. (Such designs can be efficiently generated by
GenDesign.) For our HSG to be secure, it is crucial in the NW security proof that 2s is small
√
enough, say, < n (which will also guarantee that s < r). This can be achieved by picking θ
to be sufficiently large. (For a concrete choice of parameters, consider picking s = 10 log m
and θ = 20.)
We turn to describing our HSG formally. We will consider a function g : 1m ×
{0, 1}n × {0, 1}log n+TYES +d → {0, 1}m defined as follows. On input (1m , z, (j, Π′ , y)) where
z ∈ {0, 1}n , j ∈ {0, 1}log n , Π′ ∈ {0, 1}TYES , y ∈ {0, 1}d . Let k ′ be an integer that k ′ = j when
k ′ is represented in a binary string and let k = min{k ′ , TYES }. Let Π = [Π′ ]k be the length-k
prefix of Π′ . Let t = 2TYES . The algorithm g proceeds in the following steps.
1. g first interprets the string Π ∈ {0, 1}k as a program and computes the output xΠ =
U (Π(z), 1t ) of Π(z) after t steps.
2. Then g lets f : {0, 1}r → {0, 1} be the function f = fn(Encn,δ (xΠ )) that is associated
r
with the truthtable Encn,δ (xΠ ) ∈ {0, 1}2 . (g simply aborts if |xΠ | ̸= n.)
3. Next, g invokes the design generating algorithm GenDesign(d, r, s) to obtain a (d, r, s)design I = {I1 , . . . , Im }.
4. Finally, g outputs
g(1m , z, (j, Π′ , y)) = NWfI (y) = f (yI1 ) . . . f (yIm )
where the function NW is defined in Definition 17.
(Note that the seed length of g is log n + TYES + d = O(log n) = O(log m). And we can let σ
be the constant such that the seed length of g is σ log m. Notice that g is a function of the
θ
form 1m × {0, 1}m × {0, 1}σ log m → {0, 1}m .)
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Deciding GapMcKtP. Suppose that g is not an O(mθ )-secure (Z1 , σ log m)-targeted HSG
θ
w.r.t. deterministic algorithms and some target string sequence Z1 = {z1,m ∈ {0, 1}m }m∈N ;
then, there exists a O(mθ )-time deterministic distinguisher D such that for infinitely many
m ∈ N,
Pr[v ← {0, 1}σ log m : D(1m , z1,m , g(1m , z1,m , v)) = 0] = 1

(4)

and
Pr[w ← {0, 1}m : D(1m , z1,m , w) = 0] < 1 −

1
6

(5)

We will prove that there exists a probabilistic nc -time algorithm that decides
GapMcKtP[TYES , n − 1] infinitely often given the auxiliary input sequence Z0 , where Z0
is a sequence of auxiliary input strings such that z0,n = z1,m for all n ∈ N. (We can think of
Z0 as being a padded version of Z1 to ensure that z0,n = z1,m .)
We will construct an algorithm A that runs in a-priori bounded polynomial time such
that for any sufficiently large m ∈ N, n = mθ , z = z1,m = z0,n , if Equation 4 and Equation 5
hold w.r.t. m, then for any x ∈ {0, 1}n , the following is true. If Kt(x | z) ≤ TYES , then
A(x, z) outputs a program Π such that |Π| ≤ |x|2/3 and Π(z) produces x within (a-priori
bounded) poly time with high probability. Let us fix c to be some sufficiently large constant
such that the running time of A (together with the time needed to check whether the
output of A is correct) is bounded by nc . Note that the existence of algorithm A will imply
GapMcKtP[TYES , n − 1] can be decided by a nc -time algorithm on auxiliary input sequence
Z0 since it suffices to first run A(x, z) and check whether the program Π output by A indeed
produces x on input z within some fixed polynomially amount of time. If Kt(x | z) ≥ |x| − 1,
it follows that there exists no such machine Π and A will never find it.
We proceed to describing the algorithm A. On input strings x, z ∈ {0, 1}n (and let
1
m = ⌊n θ ⌋), the algorithm A acts as the follows.
1. A(x, z) lets f : {0, 1}r → {0, 1} be the function f = fn(Encn,δ (x)) that is associated with
r
the truthtable Encn,δ (x) ∈ {0, 1}2 .
2. A(x, z) runs the design generating algorithm GenDesign(d, r, s) to obtain a (d, r, s)-design
I = {I1 , . . . , Im }.
m
3. A(x, z) executes the NW reconstruction algorithm NWReconD(1 ,z,·) (f, I) and let M
denotes the program it outputs.
m
4. A(x, z) evaluates M D(1 ,z,·) (I) and denotes the output string by x′ .
5. A(x, z) computes a list ⃗x of size L by letting ⃗x = Decn,δ (x′ ) (which is a list of candidate
strings for x output by the list decoding algorithm), and let pos denote a coordinate of ⃗x
such that ⃗xpos = x. (If x does not appear in ⃗x, A(x, z) simply aborts.)
6. Finally, A outputs a program Π with the values n, m, d, r, s, δ −1, pos, the code of M, D, Dec,
GenDesign hardwired in it. In addition, on input z, Π(z) proceeds in the following steps.
a. Π(z) first invokes GenDesign(d, r, s) to get a (d, r, s)-design I = {I1 , . . . , Im }.
m
b. Π(z) computes x′ = M D(1 ,z,·) (I).
c. Π(z) runs the list decoding algorithm Decn,δ (x′ ) and obtains a list ⃗x.
d. Π(z) outputs the string ⃗xpos and halts.
Analyzing the reduction. We turn to proving that the program Π will indeed output x on
input z within polynomial time if n is of the form n = mθ for some m such that Equation 4
and Equation 5 hold w.r.t. m, z = z1,m , and Kt(x | z) ≤ TYES . Fix some such x, z that
are sufficiently long. We first show that program Π will indeed output x on input z. Since
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Kt(x | z) ≤ TYES , there exists a machine Πx with |Πx | ≤ TYES such that Πx (z) will output
the string x within 2TYES = t steps. Let j = |Πx | (in its binary representation) and let Π′x
be a string ∈ {0, 1}TYES such that [Π′x ]j = Πx . Observe that for all y ∈ {0, 1}d , the string
NWfI (y) equals g(1m , z, (j, Π′x , y)) and thus NWfI (y) is in the range of the HSG g. Note that
D(1m , z, ·) is a HSG distinguisher and will always output 0 in the range of g(1m , z, ·). By
Equation 4, it follows that
Pr[y ← {0, 1}d : D(1m , z, NWfI (y)) = 0] = 1
Combining this with Equation 5, it holds that D(1m , z, ·) distinguishes the output of NWfI
from uniform with advantage 16 and thus it breaks the NW generator NWfI . Then by
m
Lemma 20, the NW reconstruction algorithm NWReconD(1 ,z,·) (f, I) will output a good
approximation for f ; that is, it holds that
Pr[p ← [2r ] : Encn,δ (x)p ̸= x′p ] = Pr[p ← [2r ] : f (p) ̸= x′p ] ≤

1
1
1
−
≤ −δ
2 12m
2

So x′ is relatively close to Encn,δ (x). Since Enc is a good error correcting code, by Theorem 16,
Decn,δ (x′ ) will return a list contain x; i.e., x ∈ ⃗x = Decn,δ (x′ ). A(x, z) will then find the
coordinate pos such that ⃗xpos = x. Note that Π(z) will finally output ⃗xpos and we conclude
that Π(z) will indeed produce x.
We next argue that Π has a short description. Π spends O(log n) bits to store the values
n, m, d, r, s, δ −1 , the code of D, Dec, GenDesign. In addition, Π uses
1

m · 2s + m + d + log(drsm) ≤ n θ ·

√

1

n + n θ + O(log n)

bits to save the code of M . Π takes O(log n) bits to hardwire pos since the list ⃗x is of size L,
√
1
which is polynomial in n. Thus, the description length of Π is at most O(n θ · n) < n2/3 =
|x|2/3 (if n is sufficiently large).
We then prove that the running time of Π(z) is a priori-bounded and polynomial in n. It
takes poly(2d ) time to compute GenDesign(d, r, s), executing the program M D(z,·) (I) takes
poly(2r ) · O(mθ ) time (since the distinguisher D runs in O(mθ ) time). The list decoding
algorithm runs in poly(n, 1/δ), and finally to find ⃗xpos and output takes O(nL). So the total
running time of Π(z) is at most an a-priori bounded polynomial in n. Combining this and
the proofs given above, we reach the conclusion that Π is of length at most |x|2/3 and Π(z)
indeed outputs x within a fixed number of steps.
It remains to show that the algorithm A(x, z) runs in poly time. Note that A takes
poly(n, 1/δ) time for running Encn,δ (x), poly(2d ) time for GenDesign(d, r, s), poly(2r ) · O(mθ )
time for NWReconD(z,·) (f, I), poly(2r ) · O(mθ ) time for emulating M D(z,·) (I), poly(n, 1/δ)
for Decn,δ (x′ ), and finally O(nL) to locate x in ⃗x. To sum up, A runs in polynomial time. ◀
As a summary, Lemma 14 shows that if GapMcKtP is hard given some particular auxiliary
input sequence, then we can obtain a “partial” targeted HSG which is only secure on some
sequence of targeted strings. We next show how to make use of this result to obtain a
full-fledged targeted HSG.
▶ Lemma 21. There exists a constant c ≥ 1, and for each constant γ > 0, there exists
an exponential time uniform auxiliary input sequence Z0 such that the following holds. If
GapMcKtP[γ log n, n − 1] is hard for probabilistic nc -time algorithms given auxiliary input
Z0 , then there exist constants σ ≥ 1, θ ≥ 1 and a O(mθ )-secure (mθ , σ log m)-target HSG.
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Proof. Let c be the constant guaranteed to exist by Lemma 14. Consider any constant γ > 0,
θ
and let σ, θ be the constants and g : 1m × {0, 1}m × {0, 1}σ log m → {0, 1}m be the efficiently
computable function where σ, θ, g are guaranteed to exist by Lemma 14. Given g and the
security bound of g (which is taken to be O(mθ )), let Z1 = {z1,n }n∈N be the exponential
time uniform (universal) sequence of target strings we pick in Lemma 9. Let Z0 = {z0,n }n∈N
be an auxiliary input sequence such that z0,n = z1,n1/θ (which is a simply padded version of
Z1 ). Notice that Z0 can also be produced by an exponential machine.
Assume that GapMcKtP[γ log n, n − 1] is hard for probabilistic nc -time algorithms given
auxiliary input Z0 . Then, by (the contrapositive of) Lemma 14, g is a O(mθ )-secure
(Z1 , σ log m)-target HSG with respect to the target string sequence Z1 . Finally, by Lemma 9,
g is a O(mθ )-secure (mθ , σ log m)-target HSG secure on all target strings.
◀
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Abstract
We present the first natural NP-complete problem whose average-case hardness w.r.t. the uniform
distribution over instances is equivalent to the existence of one-way functions (OWFs). The problem,
which originated in the 1960s, is the Conditional Time-Bounded Kolmogorov Complexity Problem:
let K t (x | z) be the length of the shortest “program” that, given the “auxiliary input” z, outputs
the string x within time t(|x|), and let McKt P[ζ] be the set of strings (x, z, k) where |z| = ζ(|x|),
|k| = log |x| and K t (x | z) < k, where, for our purposes, a “program” is defined as a RAM machine.
Our main result shows that for every polynomial t(n) ≥ n2 , there exists some polynomial ζ such
that McKt P[ζ] is NP-complete. We additionally extend the result of Liu-Pass (FOCS’20) to show
that for every polynomial t(n) ≥ 1.1n, and every polynomial ζ(·), mild average-case hardness of
McKt P[ζ] is equivalent to the existence of OWFs. Taken together, these results provide the following
crisp characterization of what is required to base OWFs on NP ̸⊆ BPP:
There exists concrete polynomials t, ζ such that “Basing OWFs on NP ̸⊆ BPP” is equivalent
to providing a “worst-case to (mild) average-case reduction for McKt P[ζ]”.
In other words, the “holy-grail” of Cryptography (i.e., basing OWFs on NP ̸⊆ BPP) is equivalent to
a basic question in algorithmic information theory.
As an independent contribution, we show that our NP-completeness result can be used to shed
new light on the feasibility of the polynomial-time bounded symmetry of information assertion
(Kolmogorov’68).
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1

Introduction

A one-way function (OWF) [15] is a function f that can be efficiently computed (in polynomial time), yet no probabilistic polynomial-time (PPT) algorithm can invert f with inverse
polynomial probability for infinitely many input lengths n. Whether OWFs exist is unequivocally the most important open problem in Cryptography: OWFs are both necessary [34]
and sufficient for many of the most central cryptographic primitives and protocols (e.g.,
pseudorandom generators [10, 24], pseudorandom functions [19], private-key encryption [20],
digital signatures [56], commitment schemes [51], identification protocols [16], coin-flipping
protocols [9], and more). These primitives and protocols are often referred to as private-key
primitives, or “Minicrypt” primitives [33] as they exclude the notable task of public-key
encryption [15, 55].
While many candidate constructions of OWFs are known – most notably based on
factoring [55], the discrete logarithm problem [15], or the hardness of lattice problems [1]
– the question of whether OWFs can be based on some “standard” complexity-theoretic
assumption is mostly wide open. Indeed, a central open problem – often referred to as the
“holygrail of cryptography” – originating in the seminal work of Diffie and Hellman [15] is
whether the existence of OWFs can be based on the assumption that NP ̸⊆ BPP.1 So far,
however, most results in the literature have been negative. Notably, starting with the work
by Brassard [13] in 1983, a long sequence of works have shown various types of black-box
separations between restricted types of OWFs (e.g., one-way permutations) and NP-hardness
(see e.g., [13, 12, 3, 53, 21, 47, 22, 11]). We emphasize, however, that these results only show
limited separations: they either consider restricted types of one-way functions, or restricted
classes of black-box reductions. Thus, even w.r.t. black-box reductions, the question of
whether OWFs can be based on the assumption that NP ̸⊆ BPP, is wide open. In this work,
our focus is on providing a complexity-theoretic characterization of exactly what is required
for basing OWFs on NP ̸⊆ BPP:
Is there a simple complexity-theoretic characterization of what is required for basing
OWFs on the assumption that NP ̸⊆ BPP?
We believe that having a crisp complexity-theoretic characterization will be useful both for
obtaining more meaningful separation results, and towards the goal of eventually getting a
construction of OWFs based on NP ̸⊆ BPP.
Towards Characterizing the Possibility of Basing OWFs on NP ̸⊆ BPP. A first step
towards answering the above question is implied by a recent work by Liu and Pass [43]; they
demonstrated the first natural NP-language whose average-case hardness characterizes the
existence of OWFs. In more detail, they demonstrated that for any polynomial t(n) ≥ 1.1n,
OWFs exist if and only the t-time-bounded Kolmogorov complexity problem, MKt P, is mildly
hard-on-average, where a language L is said to be mildly hard-on-average if there exists some
polynomial p(·) such that no PPT heuristic H can decide L with probability 1 − 1/p(n) over
random n-bit instances for infinitely many input lengths n. (We provide more details on
the definition of MKt P below.) MKpoly P is contained in NP, but it is unknown whether this
problem (which has been studied since the 1960s) is NP-complete. Indeed, this is one of the

1

Or more precisely, whether OWFs can be based on the assumption that NP ̸⊆ ioBPP since the definition
of OWFs requires “almost everywhere” hardness. For convenience, in the introduction we are ignoring
this issue.
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long-standing open problems in algorithmic information-theory [38]. A simple corollary of
the result from [43] (as far as we know, this has not been previously observed) is that basing
OWFs on NP ̸⊆ BPP is equivalent to (1) proving that MKpoly P is NP-complete (perhaps with
a non-constructive reduction), and (2) providing a worst-case to average-case reduction for
MKpoly P.2 To see why this is the case, note that if (1) and (2) are satisfied, then by the result
of [43], we have directly based OWFs on NP ̸⊆ BPP. For the converse direction, note that if
OWFs can be based on NP ̸⊆ BPP, then NP ̸⊆ BPP implies the existence of OWF, which
by [43] implies that MKpoly P is average-case hard (and thus also worst-case hard); thus we
have that (1) must hold. To see that (2) also holds, note that since MKpoly P ∈ NP, it follows
that MKpoly P ̸⊆ BPP implies that NP ̸⊆ BPP, which in turn implies OWF (by assumption)
which in turn by [43] implies that MKpoly P is average-case hard, and thus (2) follows.
The above discussion, however, leaves open the question of whether a crisper characterization can be obtained. In particular, if one can come up with a natural NP-complete
language L whose average-case hardness is equivalent to the existence of OWFs, then the
question of whether OWFs can be based on NP ̸⊆ BPP would be equivalent to the question
of whether there exists a worst-case to average-case reduction for this particular problem.
This thus begs the question whether there exists some natural NP-complete language that
characterizes the existence of OWFs:
Does there exist some “natural” NP-complete language L such that OWFs exist iff L
is hard-on-average?
This question was recently raised (but not solved) in a paper by Allender et al [5] (and
without the above motivation). We note that “naturality” of the language L is key for this
question to make sense: It is easy to modify MKpoly P into a new “artificial” language L′
which is both NP-complete, yet (mild) average-case hardness of L′ is equivalent to mild
average-case hardness of MKpoly P (and thus equivalent to the existence of OWFs).3 But such
an artificial problem would have no relevance to the central question that concerns us (i.e.,
providing a crisp characterization of when OWF can be based on NP ̸⊆ BPP).
There is a long history of work on trying to base OWFs on average-case hardness of
NP-complete problems, starting with the work of Merkle and Hellman [50]. While the original
attempts failed to produce secure schemes (see [52] for a survey), more recent approaches
pioneered by Impaglizzo and Naor [35], Ajtai [1] and Ajtai and Dwork [2] produced not
just OWFs but also more advanced cryptographic primitives (such as collision-resistant
hash functions and public-key encryption) based on well-founded average-case hardness
assumptions on the subset sum problem (which is NP-complete). However, it is not known
whether the existence of OWFs implies average-case hardness of the subset sum problem
(i.e., they only have a one-sided implication).
In this work, we identify the first natural NP-complete language L – time-bounded
Conditional Kolmogorov-complexity [62, 42, 59, 48] – such that mild average-case hardness
of L (with respect to the uniform distribution on instances) is equivalent to the existence

2

3

We emphasize that we need a worst-case to 2-sided error average-case reduction. Hirahara’s elegant
work [25] makes partial progress on this question by presenting a worst-case (approximate) to errorless
average-case reduction; errorless average-case hardness does not suffice for [43].
Simply consider the language L′ of 2n-bit instances x||y where x, y ∈ {0, 1}n , and either (a) x = 0n
and y ∈ SAT, or (b) x ̸= 0n and y ∈ MKpoly P. In other words, L′ is a combination of SAT and MKpoly P,
so clearly this language is NP-complete, but when considering uniform statements, we only hit SAT
instances with negligible probability, and thus this language behaves essentially just like MKpoly P on
average.
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of OWFs. As a consequence, we get that basing OWFs on NP ̸⊆ BPP is equivalent to
providing a worst-case to average case reduction for this particular problem, yielding a simple
complexity-theoretic characterization of exactly what it takes to base OWFs on NP ̸⊆ BPP.

1.1

Our Results

Before describing our results in detail, let us first briefly recall the notion of Time-bounded
Kolmogorov Complexity and the result of [43] that we will be relying on.
Time-bounded Kolmogorov Complexity and OWFs. What makes the string 1212121212
1212121 less random than 60484850668340357492? The notion of Kolmogorov complexity
(K-complexity) [58, 40, 14] from the field of algorithmic information theory provides an
elegant method for measuring the amount of “randomness” in individual strings: The Kcomplexity of a string is the length of the shortest program (to be run on some fixed universal
Turing machine U ) that outputs the string x. The notion of t(·)-time-bounded Kolmogorov
Complexity (K t -complexity) is a computationally-restricted version of K-complexity: K t (x)
is defined as the length of the shortest program that outputs the string x within time t(|x|).
As surveyed by Trakhtenbrot [59], the problem of efficiently determining the K t -complexity
for t(n) = poly(n) predates the theory of NP-completeness and was studied in the Soviet
Union since the 60s as a candidate for a problem that requires “brute-force search”. The
modern complexity-theoretic study of this problem goes back to Sipser [57], Ko [37] and
Hartmanis [23]. Let MKt(·) P denote the decisional t(n)-time bounded Kolmogorov complexity
problem; namely, the language of pairs (x, k) where |k| = ⌈log |x|⌉ and K t (x) ≤ k.
As mentioned above, Liu and Pass [43] demonstrated that for every polynomial t(n) ≥ 1.1n,
mild average-case hardness of MKt P is equivalent to the existence of OWFs. But as mentioned,
it is not known whether MKt P is NP-complete (for any polynomial t). Towards getting a
characterization of OWFs based on average-case hardness of an NP-complete problem, we
will consider a generalization of MKt P based on conditional Kolmogorov complexity.
Conditional Time-bounded Kolmogorov Complexity. The t(·)-time-bounded Conditional
Kolmogorov Complexity [62, 42, 59, 48] of a string x conditioned on the string z – denoted
K t (x | z) – is the length of the shortest program that, given the “auxiliary input” z, outputs
the string x within time t(|x|). More formally,
K t (x | z) =

min {|Π| : U (Π(z), 1t(|x|) ) = x},

Π∈{0,1}∗

where U is a universal Turing machine, and we let U (Π(z), 1t ) denote the output of the
program Π on input z after t steps. Whereas the notion of a “program” typically is taken
to be a Turing machine, in this work we focus on the setting where a program is taken
to be a RAM-machine – namely Π is now allowed to be a RAM-machine that can make
Random Access queries into the auxiliary string z. Let McKt(·) P[ζ(·)] denote the decisional
t(·)-time-bounded ζ(·)-conditional Kolmogorov complexity problem; namely, the language
of triples (x, z, k) where |z| = ζ(|x|), |k| = ⌈log |x|⌉ and K t (x | z) ≤ k. Whereas conditional
(time-bounded) Kolmogorov complexity has been studied for decades (see e.g., [48]), it has
also remained an open question to determine whether this problem is NP-complete.4

4

We remark, however, that as far as we know, we are the first to consider this problem w.r.t. RAM
programs as opposed to Turing machines. In our view, this RAM version of the problem is as natural
(if not more) than the “standard” TM version.
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We observe that the result of [43] extends, with only relatively minor modifications in
the proof, also to conditional Kolmogorov complexity: We show that for every polynomial
t(·) ≥ 1.1n, and every polynomial ζ(·), mild average-case hardness of McKt P[ζ] is equivalent
to the existence of OWFs.
▶ Theorem 1.1 (closely following [43]). For every polynomial t(n) ≥ 1.1n, every polynomial
ζ(·), mild average-case hardness of McKt P[ζ] is equivalent to the existence of OWFs.
So, if we could show that McKt P[ζ] is NP-complete for some polynomials t, ζ, we would be
done. Our main theorem does exactly this.
▶ Theorem 1.2 (Main Theorem). For every polynomial t(n) ≥ n2 , there exists some polynomial ζ(·), such that McKt P[ζ] is NP-complete (under randomized polynomial-time reductions).
Let us emphasize that the combination of Theorem 1.1 and Theorem 1.2, for instance,
yields the following crisp characterization of the “holygrail” of Cryptography:
There exists (concrete) polynomials t, ζ such that “Basing OWFs on NP ̸⊆ BPP”
is equivalent to the existene of a worst-case to (mild) average-case reduction for
McKt P[ζ].
In other words, the “holy grail” of Cryptography is equivalent to a basic question in algorithmic
information theory. Furthermore, let us point out that for the unconditional time-bounded
Kolmogorov complexity problem MKpoly P, some partial5 worst-case to average-case reductions
are known [25], so this gives us hope that a full worst-case to average-case reduction may be
possible also for McKt P.
As we shall discuss shortly, Theorem 1.2 is also interesting in its own right and has other
direct applications: we show how to shed new light on a long-standing open problem regarding
symmetry of information [62] for the setting of time-bounded Kolmogorov complexity.
Let us emphasize that for the NP-completeness result to hold, it is imperative that our
notion of conditional Kolmogorov complexity views programs as RAM-machines (as opposed
to Turing machines). We leave it as an intriguing open problem to determine whether the
“standard” conditional time-bounded Kolmogorov complexity (where interpreting a program
as a Turing machine) is also NP-complete.
We proceed to providing a proof overview of the main theorem (i.e. Theorem 1.2).

1.2

Proof Overview

We first note that it directly follows that for all polynomials t, ζ, McKt P[ζ] ∈ NP – the witness
for an instance (x, z, k) is simply a RAM program Π such that |Π| ≤ k and Π(z) generates
x within t(|x|) steps. We turn to discussing how to prove that there exist polynomials t, ζ,
such that McKt P[ζ] is NP-hard. On a high-level, our approach will start off by using the
recent breakthrough approach by Ilango [29, 30] showing NP-hardness of an oracle-variant
of the circuit minimization problem (MCSP) [36] – that is, the problem of, given the truth
table of a boolean function, determining the size of the smallest circuit that computes the
function – and next extend it to deal with the conditional Kolmogorov complexity problem
by appropriately embedding the “oracles” used in the construction of [29] in the auxiliary
input.

5

The reduction only shows so-called errorless, as opposed to 2-sided error, average-case hardness.
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In more detail, following [8, 28, 29, 30, 32], we will embed an (approximate) Bounded Set
Cover instance into an McKt P[ζ] instance; the approximate Bounded Set Cover problem is
known to be NP-complete [60]. Recall that in the Bounded Set Cover problem, we are given a
collection of sets S1 , S2 , . . . Sr , each of which is a constant-size subset of the universe U = [n]
and the goal is to find a minimal set of indexes, s, such that ∪i∈s Si = [n] (i.e., finding the
minimal collection S of sets Si that cover [n]). We start off by generalizing an idea from
[29, 30, 32] and replace the universe U = [n] with n random strings Ai ∈ {0, 1}m , where m(n)
is some sufficiently large polynomial (in the formal proof m(n) = n3 ). Roughly speaking, the
rationale for doing this is that a set cover, intuitively, should give a succinct (proportional to
the size of the set cover) way to generate the random string A = A1 ||A2 || . . . ||An if we have
oracle access to the sets Si – we simply need to specify the sets in the set cover and can then
reconstruct the union of these sets. This construction was used in [29] to prove NP-hardness
of the oracle-version of the MCSP problem – the sets Si were simply placed into the oracle.
([30] provides a more elaborate construction that also shows NP-hardness of a conditional
variant of the MCSP problem; we will, however, not rely on that extension.)
To convert the above set-cover instance into a conditional Kolmogorov complexity problem,
our new idea will be to place the description of the sets Si (each of which consists of some set
of strings Ai ) at random locations in the auxiliary string z and to make sure z is very long
(yet still only of polynomial length), and consider the conditional Kolmogorov complexity
problem of computing K t (A | z) where A = A1 ||A2 || . . . ||An . Conceptually, one can view
this approach as a way to obfuscate the oracle used in [29] and placing the obfuscation in z.
Intuitively, since we are placing the descriptions of the sets Si at random locations in z, a
time-bounded algorithm can only access Si if it “knows” the random location where it has
been put, and thus, intuitively, we can view z as an information-theoretic obfuscation of
gates that compute these descriptions.6
If there exists a set cover s of size ℓ, K t (A | z) should be no more than ℓO(log n) + O(1),
by considering the program that simply hardcodes the location in z of the descriptions of
the sets Si for i ∈ s. The harder part is showing that if K t (A | z) ≤ ℓO(log n) then there
exists a set-cover of size O(ℓ). Relying on the intuition that z acts as an obfuscation of
the description of the sets {Si }, the intuition for why this holds is that if z is sufficiently
longer than t(|x|), and the descriptions of the sets are put into random positions of z, any
program with running-time t(|x|) that reconstructs the string A = A1 ||A2 || . . . ||An (which
with overwhelming probability has high Kolmogorov complexity) must “know” the location
in the auxiliary string z of sets {Si }i∈s in some set cover s, in the sense that by running
this program, those positions can be “reconstructed”. In a bit more detail, by running this
program and looking at the memory access queries made by the program into z, we must be
hitting the locations where the sets have been put. But since these locations are random
(by construction of z), the program needs to basically “hard-code” them, or else we would
be able to compress the indexes of these locations, but these indexes have high Kolmogorov
complexity as they were picked at random, which is a contradiction.
The reader may note that, perhaps curiously, we are using an argument based on
Kolmogorov complexity to formalize the statement that K t (A | z) ≈ ℓO(log n). In more
detail, we are relying on a Kolmogorov-complexity style compression argument to formalize

6

This intuition is somewhat misleading: since z is only of polynomial length, the “obfuscation” only
works with respect to a-priori time-bounded attackers (that can only explore a small fraction of z) and
can only have inverse polynomial security. But in our context, such a relaxed notion of security suffices.
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that z acts as a good “obfuscation” of the description of the sets {Si }. This proof technique
bears similarities to the proof technique pioneered by Gennero and Trevisan [17] in the
context of proving that a random permutation is one-way w.r.t. polynomial-size circuits.
Let us end by noting that the above proof outline oversimplifies and misses several crucial
details that make the actual proof quite a bit more complicated.

1.3

Applications to Polynomial-time Bounded Symmetry of Information

The celebrated symmetry of information theorem by Kolmogorov and Levin from 1967 [62]
states that for all strings x, y ∈ {0, 1}∗ :
K(xy) = K(y) + K(x | y) ± O(log |xy|)
where xy denotes the concatenation of the strings x, y. The proof of this theorem, however,
involves a computationally expensive exhaustive search through all strings of lengths |x|, |y|.
The question of whether a polynomial-time bounded version of information symmetry holds,
where K-complexity is replaced by K t -complexity for polynomials t, has remained an open
problem. We refer to the assertion that there exists some constant 0 < ϵ ≤ 1 such that for
all sufficiently large polynomials t, all x, y ∈ {0, 1}∗ (of polynomially-related length), it holds
that
ϵ

K t (xy) ≥ K t (y) + K t (x | y) − O(log |xy|)
Kt

1/ϵ

(xy) ≤ K t (y) + K t (x | y) + O(log |xy|)

as the polynomial-time symmetry of information assertion (polySOI). The question of
whether a polynomial-time symmetry of information assertion holds goes back to a work by
Kolmogorov from 1968 [39]; as retold by Levin [41]:
Kolmogorov suggested at the time [39] that this information symmetry theorem may
be a good test case to prove that for some tasks exhaustive search cannot be avoided
(in today’s terms, P ̸= NP)
The first formal complexity-theoretic investigation of this question goes back to works by
Longpré and Mocas [48] and Longpré and Watanabe [49]. They consider a length-restricted
version of the polySOI where we additionally add the requirement that |x| = |y| and show
that (1) the length-restricted polySOI assertion holds if NP = P, and (2) the length-restricted
polySOI assertion is false if one-way functions exist. We here focus our attention on the above
“length-unrestricted” version of the polySOI assertion, where x and y can be of arbitrary
polynomially-related lengths. We demonstrate, as a corollary of the techniques behind the
proof of Theorem 1.2, that the (length unrestricted) polySOI assertion is unconditionally
false.
▶ Theorem 1.3. The (length-unrestricted) polynomial-time symmetry of information assertion is false.
Let us provide a brief overview of how this theorem is proven, and the instrumental role that
the proof of Theorem 1.2 plays in this proof. The proof, roughly speaking, proceeds in the
following steps:
Step 1: Polynomial increase in running-time can only decrease K t (x) by
O(log |x|). We first show that polySOI implies that if we polynomially increase the
running-time bound, then this cannot have a significant effect on K t ; more precisely, for
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large enough t, it holds that for all constants c, K t (x) cannot be more than O(log |x|)
c
more than K t (x). Intuitively, this follows from polySOI by letting y be a sufficiently
long all “dummy” string, 0m . We note that this step inherently relies on us considering a
length unrestricted polySOI.
Step 2: Showing that a “strong” polySOI assertion holds. We next observe that
combining Step 1 with polySOI yields a strong form of the polySOI assertion where ϵ = 1;
i.e., it holds that
K t (xy) = K t (y) + K t (x | y) ± O(log |xy|)
Step 3: Polynomial increase in running-time can only decrease conditional
K t (x|z) by O(log |xz|). We then combine the “strong” polySOI assertion from Step 2
with Step 1 to show that an analog of Step 1 holds also with respect to conditional
time-bounded Kolmogorov complexity. More precisely, for large enough t, it holds that
c
for all constants c, K t (x | z) cannot be more than O(log |xz|) larger than K t (x | z).
Step 4: Contradicting the construction in Theorem 1.2. We finally observe
that the statement of Step 3 contradicts the construction in the proof of Theorem 1.2.
In particular, in the proof of Theorem 1.2, we showed strings x, z where the condition
time-bounded Kolmogorov complexity K t (x | z) is large (roughly the size of the set-cover).
However, this relied on t being sufficiently small so that the program cannot read all of
z. If t is large, so that the program can read all of z, then K t (x | z) is tiny (x can be
trivially reconstructed from z). This contradicts the statement of Step 3.
Let us emphasize that Theorem 1.3 is incomparable to the result of [49]: [49] consider
a weaker “length-restricted” polynomial-time symmetry of information assertion (where
|x| = |y|), whereas we are considering a “length-unrestricted” version. While [49] show that
the length-restricted polySOI indeed holds if NP = P, we show that the length-unrestricted
version is unconditionally false. We do, however, note that the “standard” (non time-bounded)
symmetry of information theorem of [62] consider the length unrestricted case, in analogy
with what we do.
Furthermore, for our result to hold (and in contrast to [49]), it is crucial that we consider
RAM-programs as the model of computation, as opposed to the (more standard in the
context of time-bounded Kolmogorov complexity) notion of TM-programs; nevertheless, in
our eyes, considering RAM programs is equally motivated (if not more) than TM programs.

1.4

Related Works

As mentioned above, there has been a recent sequence of surprising works proving NPhardness results for variants of the MCSP problem [8, 28, 29, 30, 32]; in particular, as
mentioned, Ilango [30] proves that a conditional version of the MCSP problem is NP-hard.
As observed already in [59], and further explored in [4], the MCSP problem is closely related
to the time-bounded Kolmogorov complexity problem – intuitively, the two problems capture
the same concept, but using a different model of computation – but a formal reduction
between these problems is not known so these results do not directly extend to the setting
we consider. (However, as mentioned above, the starting point for our approach is the result
of [29] showing NP-hardness for an oracle version of the MCSP problem.)
A recent result by Hirahara [26] directly addresses conditional time-bounded Kolmogorov
complexity and shows NP-hardness for a variant of this problem, McKpoly PSAT , where the
program has access to a SAT-oracle. (The McKpoly PSAT problem, however, is not known to
be in NP, but is in NPNP , so NP-completeness is not shown).
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An intriguing recent paper by Allender et al [5] presented a natural NP-complete problem
L – a sparse variant of the MCSP problem – such that average-case hardness of L was
claimed to imply the existence of OWFs; the authors also claimed a “weak” converse of this
implication – that the existence of OWFs implies a very weak, so-called “non-trivial”, notion
of average-case hardness of the language7 ; unfortunately, an error was found in the paper.
Concurrently and independently from the current work, the authors of [5] show how to repair
the issues in their proof and present a different NP-complete language whose average-case
hardness implies the existence of OWFs, and for which the same weak converse holds. 8 While
their original posting [5] – which inspired the current work – attempted to base OWFs on the
average-case hardness of a sparse version of the MCSP problem, their new paper [6] instead
bases OWFs on average-case hardness of a conditional Kolmogorov complexity style problem,
just as in the current work. Their conditional Kolmogorov complexity problem differs from
ours in several aspects: (1) whereas we consider conditional Kolmogorov complexity w.r.t.
RAM programs, [6] considers it w.r.t. Turing machines with “oracle-access” to the auxiliary
input z; and (2) instead of considering a time-bounded version of conditional Kolmogorov
complexity (as we do), [6] instead charge for running-time in their notion of Kolmogorov
complexity, following the KT notion of [4]. Due to these differences, NP-completeness of
their problem follows essentially directly from the NP-completeness results of [29] (whereas
we have to work a lot harder, as explained above). However, due to these differences, they
only manage to show a one-directional implication between average-case hardness of their
problem and OWFs (and only a weak converse in the other direction), whereas we establish an
equivalence between average-case hardness of McKt P[ζ] (for any polynomials t(n) > 1.1n, ζ(·))
and OWFs.
Subsequent to the initial posting [44] of this paper,9 [7] have shown, based on the results
in [54] that (mild) average-case hardness of the NP-complete problem considered in [6] is
equivalent to the existence of OWFs computable in log space; their work thus provides
an elegant characterization of what it means to base OWFs computable in logspace on
NP ̸⊆ BPP.
After the initial posting of this paper, we were informed by Rahul Ilango [31] that he had
independently also shown NP-completeness of some conditional time-bounded Kolmogorov
complexity problem, but without writing down the results. Indeed, as far as we can tell, our
paper is the first to present any type of NP-completeness results for Kolmogorov complexity
problems.
Resource bounded notions of conditional Kolmogorov complexity are useful also in other
(related) contexts. In a companion paper to the current work [46], we rely on a notion of
space-bounded conditional Kolmogorov complexity (defined similarly to the time-bounded
notion of conditional Kolmogorov complexity used in the current paper) to characterize OWFs
in NC0 ; alternative characterizations without relying on condition Kolmogorov complexity
were provided in [54].
In [46], we also identify a problem whose (infinitely-often) average-case hardness w.r.t.
error-less heuristics is equivalent to EXP ̸= BPP (i.e., the problem is EXP-average-case
complete w.r.t. errorless heuristics), yet (two-sided error) average-case hardness of this
problem is equivalent to the existence of OWFs; related results were also obtained in [54].

7
8
9

Roughly speaking, that average-case hardness holds for an inverse exponential, as opposed to inverse
polynomial, fraction of inputs.
The papers were submitted to on ECCC/Eprint within one day of each other.
The initial posting [44] did not contain the results on polynomial-time symmetry of information
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Taken together, the current work and [46, 54], demonstrate that the existence of OWFs can
be characterized through the average-case hardness of both NP-complete (this work) and
EXP-complete ([46, 54]) languages.
It has been recently shown in [27, 18] that some other variant of symmetry of information
holds under the assumption that NP is easy on average. We mention that our result (proved
in Theorem 1.3) combined with the aforementioned result in [27, 18] does not prove that
NP is hard on average unconditionally (due to the difference in formulating symmetry of
information). In the form used in [27, 18], they require that symmetry of information holds
with respect to individual running time bounds t ∈ N that are not polynomially-related
to |x| (or |y|), whereas we consider polynomially-related running time bounds and allow a
(polynomially) larger running time bound when the string is longer. Our proof does not work
in the setting of [27, 18] for technical reasons.

1.5

Outline

We will provide the formalizations and proofs of Theorem 1.2 in Section 3. We refer the
reader to the full version [45] for formal treatments of Theorem 1.1 and 1.3.

2

Preliminaries

We let [n] denote the set {1, 2, . . . , n} for any integer n ∈ N. For any two strings x, y, let x||y
denote the concatenation of x and y; whenever it is clear from context, we sometimes also use
xy to denote the concatenation of x and y. In this work, we sometimes consider strings that
contain a special symbol ⊥ (besides 0 and 1). We will use the following standard encoding
scheme – which we refer to as simple the standard encoding scheme enc⊥ ) to transform a
string that may contain ⊥ into a binary string: enc⊥ (x), of a string x ∈ {0, 1, ⊥}∗ is a 2|x|-bit
binary string where we replace each bit in x by 00 for 0, 01 for 1, and 11 for ⊥.

2.1

Set Cover

Let n be an integer and S1 , S2 , . . . , Sℓ , T be sets ⊆ [n]. We say that the sets S1 , S2 , . . . , Sℓ
cover T if T ⊆ S1 ∪ S2 ∪ . . . ∪ Sℓ . Let S be a collection of sets. We define cover(T, S) to be
the minimum number of sets in S necessary to cover T .
We recall the γ-Bounded Set Cover Problem:
Input: (1n , 1ℓ , S) where n, ℓ are integers ∈ N and S = {S1 , S2 , . . . , Sr } is a collection of
subsets ⊆ [n]. It is guaranteed that all the sets in S covers [n] together and for all i ∈ [r],
|Si | ≤ γ.
Decide: Is cover([n], S) ≤ ℓ.
We also consider the approximate version of the γ-Bounded Set Cover problem. The αapproximate γ-Bounded Set Cover Problem is a promise problem (Πyes , Πno ) where Πyes
contains (1n , 1ℓ , S) such that cover([n], S) ≤ ℓ and Πno consists of (1n , 1ℓ , S) such that
cover([n], S) > α · ℓ.
Trevisan [60] showed that approximating the γ-Bounded Set Cover Problem within a
constant factor is NP-hard:
▶ Theorem 2.1 ([60]). For every constant α ≥ 1, there exists a constant γ ∈ N such that the
α-approximate γ-Bounded Set Cover Problem is NP-hard. More concretely, for any language
L ∈ NP, there exists a polynomial-time algorithm R such that on input x ∈ L, R(x) outputs
an instance in Πyes ; on input x ̸∈ L, R(x) outputs an instance in Πno , where (Πyes , Πno )
denotes the α-approximate γ-Bounded Set Cover Problem.
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The RAM Model

A RAM program Π = (M, y) consists of a CPU “next-step” Turing machine M , and some
initial input y ∈ {0, 1}∗ . Let state = 0 be an initial state. The execution of this RAM
program Π on input z ∈ {0, 1}∗ (which may be empty) proceeds as follows.
At initialization, the memory is set to y||⊥||z, and the “read bit” bread is set to ⊥. (For
simplicity, we assume that each memory position contains a symbol ∈ {0, 1, ⊥}.10 We
assume that the memory is of infinite length and the rest of the positions in the memory
are filled with ⊥.)
At each CPU step, M receives as input state ∈ {0, 1}∗ , the most recently read bit bread ,
and outputs a new state state′ ∈ {0, 1}∗ , a read position iread , a write position iwrite and
some bit bwrite (to be written to position iwrite ).11
The execution of this step replaces state with state′ , sets bread to the content of memory
position iread , and replaces the content of memory position iwrite by bwrite .
When state = ε (i.e., the empty string), the computation ends and the output of the of
the computation is defined as the content of the memory tape up to the symbol ⊥.12
The running time of Π is defined to be the sum of the running time of M in all CPU
steps.
Note that any polynomial-time Turing machine can be simulated by a polynomial-time RAM
program by simply copying the content of the memory into state, next letting M run the
original Turing machine using state as its tape, and finally copying the content of state back
into the memory.

2.3

Time-bounded Conditional Kolmogorov Complexity

We introduce the notion of time-bounded conditional Kolmogorov complexity with respect
to RAM programs. Roughly speaking, the t-time-bounded Kolmogorov complexity, K t (x | z),
of a string x ∈ {0, 1}∗ conditioned on a string z ∈ {0, 1}∗ is the length of the shortest RAM
program Π = (M, y) such that Π(z) outputs x in t(|x|) steps.
Let U be some fixed Universal Turing machine that can emulate any RAM program Π
with polynomial overhead. Let U (Π(z), 1t ) denote the output of Π(z) when emulated on U
for t steps. We now define the notion of t-time-bounded conditional Kolmogorov complexity.
▶ Definition 2.2. Let t be a polynomial. For all x ∈ {0, 1}∗ and z ∈ {0, 1}∗ , define
K t (x | z) =

min {|Π| : U (Π(z), 1t(|x|) ) = x}

Π∈{0,1}∗

where |Π| is referred to as the description length of Π. When there is no time bound, we
define
K(x | z) =

′

min {|Π| : U (Π(z), 1t ) = x for some finite t′ }

Π∈{0,1}∗

10

When we implement this, we always use the standard encoding scheme, enc⊥ . We also note that the
string y and z can never contain the symbol ⊥ (since they exclusively consist of 0s and 1s). When we
load y and z into the memory, instead of storing y and z directly, we store the standard encoding of y
and z (where 0 becomes 00 and 1 becomes 01).
11
Formally, the inputs and outputs of M are separated by the ⊥ symbol so that state can be of variable
length.
12
In a real execution, the content of the memory is encoded by the standard encoding scheme. The output
of the computation is then defined by the decoded content of the memory.
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We also consider the decisional variant of the minimum t-time-bounded conditional
Kolmogorov complexity problem. Let t, ζ be two polynomials, and let McKt P[ζ] denote the
language of triples (x, z, k), having the property that K t (x | z) ≤ k, where z ∈ {0, 1}ζ(|x|)
and k ∈ {0, 1}⌈log n⌉ .
We note that for any string z ∈ {0, 1}∗ , x ∈ {0, 1}∗ , for any polynomial t(·), K t (x | z), is
always upper bounded by |x| + O(1).
▶ Fact 2.3. There exists a constant c ∈ N such that for all polynomial t(·), for all string
z ∈ {0, 1}∗ , x ∈ {0, 1}∗ , K t (x | z) ≤ |x| + c.
Proof. Consider the RAM program Π = (M, x) where M is a Turing machine that directly
sets state = ε. Note that in the execution of Π, x will be put into the memory and Π will
halt immediately. Thus Π will output the string x. Note that M is a constant-size machine,
so the description length of Π is at most |x| + c for some constant c.
◀
We finally remark that for any polynomials t(·), ζ(·), McKt P[ζ] ∈ NP.
▷ Claim 2.4. For all polynomials t(·), ζ(·), McKt P[ζ] ∈ NP.
Proof. On input an instance (x, z, k) ∈ McKt P[ζ], and a witness Π, checking if |Π| ≤ k,
|z| = ζ(|x|) and U (Π(z), 1t(|x|) ) = x can be done in polynomial time.
◁

2.4

One-way Functions

We recall the definition of one-way functions [15]. Roughly speaking, a function f is one-way
if it is polynomial-time computable, but hard to invert for PPT attackers.
▶ Definition 2.5. Let f : {0, 1}∗ → {0, 1}∗ be a polynomial-time computable function. f is
said to be a one-way function (OWF) if for every PPT algorithm A, there exists a negligible
function µ such that for all n ∈ N,
Pr[x ← {0, 1}n ; y = f (x) : A(1n , y) ∈ f −1 (f (x))] ≤ µ(n)
We may also consider a weaker notion of a weak one-way function [61], where we only
require all PPT attackers to fail with probability noticeably bounded away from 1:
▶ Definition 2.6. Let f : {0, 1}∗ → {0, 1}∗ be a polynomial-time computable function. f is
said to be a α-weak one-way function (α-weak OWF) if for every PPT algorithm A, for all
sufficiently large n ∈ N ,
Pr[x ← {0, 1}n ; y = f (x) : A(1n , y) ∈ f −1 (f (x))] < 1 − α(n)

2.5

Average-case Hard Languages

We turn to defining what it means for a language to be average-case hard (for PPT algorithms).
We will be considering languages that are only defined on some input lengths (such as
McKt P[ζ]). We say that a language L is defined over inputs lengths s(·) if L ⊆ ∪n∈N {0, 1}s(n) .
For concreteness, note that McKt P[ζ] is defined on input lengths s(n) = n + ζ(n) + ⌈log n⌉.
We now turn to defining average-case hardness.
▶ Definition 2.7. We say that a language L defined over inputs lengths s(·) is α(·) hard-onaverage (α-HoA) if for all PPT heuristic H, for all sufficiently large n ∈ N,
Pr[x ← {0, 1}s(n) : H(x) = L(x)] < 1 − α(n)
In other words, there does not exist a PPT “heuristic” H that decides L with probability
1 − α(n) on infinitely many input lengths n ∈ N over which L is defined.
We refer to a language L as being mildly HoA if there exists a polynomial p(·) > 0 such
1
that L is p(·)
-HoA.
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3

In this section, we prove our main theorem: We show that there exists a reduction from the
approximate γ-Bounded Set Cover Problem to McKt P[ζ] when t, ζ are sufficiently large.
▶ Theorem 3.1. For all polynomial t(n) ≥ n2 , there exists a polynomial ζ(n) such that
McKt P[ζ] is NP-hard under many-one randomized polynomial-time reductions.
Proof. The theorem follows from Proposition 3.3 and Proposition 3.4 (stated and proved in
Section 3.2), and Theorem 2.1.
◀
In fact, we note that the reduction only has one-sided errors:
▶ Theorem 3.2. For all polynomial t(n) ≥ n2 , if there exists a polynomial ζ(n) such that
McKt P[ζ] ∈ coRP, then NP ⊆ coRP.
Proof. By Proposition 3.3, our reduction succeeds with probability 1 on YES instances. By
Proposition 3.4, our reduction succeeds with high probability (≥ 12 ) on NO instances. Finally,
the corollary follows from Theorem 2.1.
◀

3.1

A Reduction from the γ-Bounded Set Cover Problem to McKt P

Let γ be a constant, let t(n) ≥ n2 be a polynomial, and consider ζ(n) = (t(n))4 n2γ . We will
show that there exists a randomized reduction from the γ-Bounded Set Cover Problem to
McKt P[ζ].
Given an instance (1n , 1ℓ , S) where S = {S1 , S2 , . . . , Sr } of the γ-Bounded Set Cover
Problem, we proceed as follows:
Let m = n3 ; for each i ∈ [n], sample a random string Ai ∈ {0, 1}m , and consider the
length-(n × m) concatenation A = A1 ||A2 || . . . ||An of the sampled strings. Think of Ai
as a randomized encoding of the element i in the Set Cover problem. See Figure 1 for an
illustration of these strings.
A:

101...0

001...1

110...1

A₁

A₂

A₃

000...0
Figure 1 An illustrativeW₁:
example
for theA₂
string000...0
A.

... 010...0
Aₙ

...

Aₙ

...

W₂:
Aₙ
A₁
000...0
A₃
...
For each i ∈ [r], we construct a “gadget” string Wi ∈ ({0, 1}m )n (for set Si ). We partition
Wi into n blocks Wi,1 , Wi,2 , . . . , Wi,n where each block is of size m. We let Wi,j = Aj if
j ∈ Si , and otherwise Wi,j = 0m . In other words, Wi reveals the strings Aj for all j ∈ Si ;
Wᵣ:
000...0
000...0 000...0
A₃
think of Wi as a randomized encoding of the set S...
i . See Figure 2 for an illustration of
there strings.
λ
Let λ = 4 log r + 4 log z:
t(nm).
each0...0
i ∈ [r],W₂we sample
i . For
0...0For ...
W₁ ki...∈ {0,
0...01} for
Wᵣ W...
0...0
... 0...0a “key”
simplicity, we assume that the sampled keys are distinct with each other. (If this is not
location:
k₁ negligible probability
kᵣ
the case, the reduction
just aborts; since this k₂happens only with
we
may ignore this event in the analysis.)
We are finally ready to describe the “auxiliary input” z. The idea is to hide the gadgets
{Wi } in z at random locations specified by the keys so as to ensure that the only way for
a t-time bounded program to recover Wi is to essentially hard-code the key ki as part of
its description. In more detail, we consider a string z of length 2λ × n × m; partition z

0...0

CCC 2022

On One-Way Functions
from001...1
NP-Complete
Problems
A:
010...0
101...0
110...1 ...
A₂

A₃

Aₙ

W₁:

000...0

A₂

000...0

...

Aₙ

S₁=(2,...,n)

W₂:

A₁

000...0

A₃

...

Aₙ

S₂=(1,3,...,n)

...

A₁

A:

101...0 001...1 110...1
Wᵣ:
000...0 000...0
A₁
A₂
A₃

... 010...0
A₃

Aₙ

... 000...0

Sᵣ=(3,...)

Figure 2 An illustrative example for the gadget strings Wi . Note that if we have a Set Cover
W₁:
Aₙ
000...0z:
A₂
000...0
0...0
W₂ W
0...0A. Wᵣ
(i1 , i2 , . . . , iℓ ), then
the bitwise
OR
of0...0
the ...
strings
Wi1 , . . W₁
. Wiℓ ...
equals
...
...i1 , 0...0
... 0...0 0...0
W₂:

... k₂ Aₙ
k₁
kᵣ
λ
λ
into 2 blocks z0λ , z0λ−1 1 , . . . , z1λ−1 0 , z1λ where for all p ∈ {0, 1} , |zp | = n × m. For all
λ
p ∈ {0, 1}2 , let zp = Wi if p = ki for some i ∈ [r], and otherwise, let zp = 0n×m . See
Wᵣ:3 for
000...0
000...0
000...0
Figure
an illustration
ofA₃these...strings.
A₁
000...0
location:

A₃

...
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z:

0...0

... 0...0

location:

W₂

... 0...0

k₂

W₁

... 0...0

Wᵣ

... 0...0

0...0

kᵣ

k₁

Figure 3 An illustrative example of the “auxiliary” input z.

Finally, the reduction will output YES if K t (A | z) ≤ 2λℓ. Note that the length of z is
upper bounded by ζ(|A|), and thus this is a syntactically valid reduction to an McKt P[ζ]
instance.
We turn to analyzing the success probability of the reduction.

3.2

Analyzing the Reduction

We will prove that the above reduction gives us a 4-approximation of the γ-Bounded Set
Cover Problem. We first show that if [n] can be covered by a small number (≤ ℓ) of sets,
the time-bounded Kolmogorov complexity of A conditioned on the string z will be small
(≤ 2λℓ): the program computing A simply needs to hard-code the keys ki corresponding to
the ℓ sets in the set cover; it can look into z at the positions specified by the keys and output
the bitwise OR of the content of those positions.
′

▶ Proposition 3.3. If cover([n], S) ≤ ℓ then K t (A | z) ≤ K t (A | z) ≤ 2λℓ where t′ (n) = n2 .
Proof. Let Si1 , Si2 , . . . , Siℓ be the ℓ sets in S that cover [n]. (Since the sets are γ-Bounded,
it follows that ℓ ≥ n/γ.) Let Π be a RAM program with n, m, λ and the keys ki1 , . . . , kiℓ
hardwired in it. For each j ∈ [ℓ], Π first reads Wi′j = zkij from the kij -th block of the string
z (where |zkij | = n × m). (Recall that z is partitioned into 2λ blocks and each block is of
size n × m.) Π then obtains Wi′1 , . . . , Wi′ℓ and Π simply outputs
Wi′1 ∨ Wi′2 ∨ . . . ∨ Wi′ℓ
where ∨ denotes the bitwise OR for binary strings.
We first show that Π indeed outputs the string A. Note that by the construction of string
z, it holds that
(Wi′1 , . . . , Wi′ℓ ) = (zki1 , . . . , zkiℓ ) = (Wi1 , . . . , Wiℓ ).
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Recall that in the construction of the gadget string Wij (for each j ∈ [ℓ]), Wij is partitioned
into n blocks Wij ,1 , . . . , Wij ,n . And for each block b ∈ [n], Wij ,b = Ab if b ∈ Sij , and otherwise
Wij ,b = 0m . Since the sets Si1 , . . . , Siℓ cover [n], for all b ∈ [n], there exists an index j such
that the b-th block of the gadget string Wij matches Ab . Thus, Wi1 ∨ Wi2 ∨ . . . ∨ Wiℓ = A.
We then show that Π can be described within 2λℓ bits. Recall that Π contains the values
n, m, λ (which takes O(log n) bits to describe), the keys ki1 , . . . , kiℓ (which takes λℓ bits),
and the code of Π (which takes O(1) bits). We will provide a more fine-grained analysis in
the full version [45] to show that the code of Π is of constant-bit length in the RAM model.
Thus, Π can be represented using λℓ + O(log n) ≤ 2λℓ bits.
Finally, note that Π runs in time O(ℓnmpoly log n) ≤ (nm)2 = t′ (|A|) ≤ t(|A|) (since in
each CPU step, the CPU next-step machine takes O(poly log n) time). (We refer the reader
to the full version [45] for a more detailed running time analysis.) Thus, we conclude that
′
K t (A | z) ≤ K t (A | z) ≤ 2λℓ.
◀
The key part of the analysis is showing that if K t (A | z) ≤ 2λℓ then cover([n], S) ≤ 4ℓ:
▶ Proposition 3.4. With probability at least 1 − 2/n over the random choice of k1 , k2 , . . . , kr
(which determines z) and A, it holds that if K t (A | z) ≤ 2λℓ then cover([n], S) ≤ 4ℓ.
The proof of Proposition 3.4 is provided in Section 3.3. Proposition 3.3 together with
Proposition 3.4 concludes that our reduction achieves a 4-approximation.

3.3

Proof of Proposition 3.4

Let Π be a RAM program such that |Π| ≤ 2λℓ and Π(z) prints A in ≤ t = t(|A|) CPU steps
(where t is the running time bound associated with the problem McKt P[ζ]). The existence of
such Π is implied by the assumption that K t (A | z) ≤ 2λℓ. We will now show how to use
Π, z to extract out a Set Cover of size 4ℓ. Towards this, recall that when executing Π(z), in
each CPU step, Π(z) will read one bit from the memory. Let
q1 , q 2 , . . . , q t
be the memory positions that Π(z) reads in the execution of Π(z) (such that in CPU step
i, Π(z) reads the content of memory position qi ). Note that the string z will be stored in
the memory of Π(z), and we are interested in the memory positions where the string z is
stored. So, we let d be the memory position such that z is stored from position d to position
d + |z| − 1. In addition, most of the bits in z are just zeros and zk1 , zk2 , . . . , zkr are the only
informative blocks. (Recall that z is partitioned into 2λ blocks of size n × m.) Thus, let
pi = ⌊(qi − d)/(n × m)⌋
be the index of the block in z from which Π(z) reads one bit in CPU step i. When pi matches
some key kj , zpi = zkj = Wj . When pi does not match any of the keys, zpi = 0n×m .13
We say that Π(z) makes a useful access to the string z in CPU step i if there exists j ∈ [r]
such that pi = kj and for all i′ < i, pi ̸= pi′ . In other words, Π(z) makes a useful access when
it first reads some bit in the block zkj for some j ∈ [r]. We say that Π(z) hits some block zp
if in some CPU step i, Π(z) reads one bit from zp .

13

Here we discuss the string z constructed by the reduction, instead of the one stored in the memory. (So
Π can not manipulate values in z.) Thus, when pi is out of the range (e.g., pi < 0), it still holds that
zpi = 0n×m .
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Bounding the number of useful accesses. We first present an upper-bound on the number
of useful accesses. The following central claim shows that if the number of useful accesses is
large, then the Kolmogorov complexity of Keys must be small.
▷ Claim 3.5. Let Keys = k1 ||k2 || . . . ||kr be the concatenation of k1 , k2 , . . . , kr . If Π(z) makes
α (or more) useful accesses to the string z, then
K(Keys | A, S) ≤ |Π| + (r − α)λ + α(log t + log r) + O(log n)
We defer the proof of Claim 3.5 to Section 3.4
We observe that since Keys are picked at random, their (conditional) Kolmogorov complexity is high.
▷ Claim 3.6. For all A ∈ {0, 1}n×m , with probability 1 − 1/n (over the random choice of
Keys), it holds that
K(Keys | A, S) ≥ |Keys| − log n = rλ − log n.
Proof. Note that the total number of RAM programs with description length < rλ − log n is
rλ
at most 2rλ−log n ≤ 2n , while the total number of the choices of Keys is 2rλ ); thus the claim
follows.
◁
By combining Claim 3.5 and Claim 3.6 we get the following bound on the number of
useful accesses.
▶ Corollary 3.7. With probability 1 − 1/n over the random choice of Keys, if |Π| ≤ 2λℓ, it
holds that Π(z) makes at most 4ℓ useful accesses
Proof. Assume not. Then by Claim 3.5,
K(Keys | A, S) ≤ |Π| + (r − 4ℓ)λ + 4ℓ(log t + log r) + O(log n)
≤ 2λℓ + rλ − 4λℓ + 4ℓ(log t + log r) + O(log n)
≤ rλ − (2λℓ − 4ℓ(log t + log r) − O(log n))
≤ rλ − (2 · 4(log t + log r) · ℓ − 4ℓ(log t + log r) − O(log n))
n
≤ rλ − ( − O(log n))
γ
< rλ − log n
which contradicts Claim 3.6.

◀

Extracting a small Set Cover. We now turn to showing that we can extract a Set Cover
from Π, z which is bounded in size by the number of useful accesses. We first show that if
Π(z) manages to output the string A, yet does not make useful accesses such that the union
of all the blocks that are hit by Π(z) equal A, then the Kolmogorov complexity of A must be
small.
▷ Claim 3.8. Assume that
Π(z) makes α useful accesses;
Π(z) outputs the string A.
zp1 ∨ zp2 ∨ . . . ∨ zpt ̸= A; 14
14

When pi < 0 or pi ≥ 2λ , we assume that zpi is an all-zero string and zpi = 0n×m .
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Then,
K(A | S) ≤ |Π| + (n − 1)m + α(log t + log r) + O(log n)
We defer the proof of Claim 3.8 to Section 3.4.
We observe that since A is a random string, its (conditional) Kolmogorov complexity
must be high.
▷ Claim 3.9. With probability 1 − 1/n (over the random choice of A), it holds that
K(A | S) ≥ |A| − log n ≥ nm − log n.
Proof. Note that the total number of RAM programs with description length < nm − log n
nm
is at most 2nm−log n ≤ 2 n (while the total number of the choices of A is 2nm ); thus the
claim follows.
◁
Combining Claim 3.8 and Claim 3.9, we conclude that the union of all the blocks hit
by Π(z) must equal A (provided that Π(z) prints the string A and makes at most 4ℓ useful
accesses).
▶ Corollary 3.10. With probability 1 − 1/n over the random choice of A, if |Π| ≤ 2λℓ,
Π(z) = A, and Π(z) makes at most 4ℓ useful accesses, it holds that zp1 ∨ zp2 ∨ . . . ∨ zpt = A.
Proof. Assume not. Then by Claim 3.8,
K(A | S) ≤ |Π| + (n − 1)m + 4ℓ(log t + log r) + O(log n)
≤ 2λℓ + (n − 1)m + 4ℓ(log t + log r) + O(log n)
= nm − (m − (2λℓ + 4ℓ(log t + log r) + O(log n)))
< nm − log n

(since m = n3 , λ ≤ n, ℓ ≤ n)

which contradicts to Claim 3.9.

◀

We finally show that if the union of all the blocks hit by Π(z) matches A, then we can
extract out a Set Cover whose size is bounded by the number of useful accesses Π(z) made.
▷ Claim 3.11. If Π(z) makes at most 4ℓ useful accesses and zp1 ∨ zp2 ∨ . . . ∨ zpt = A, then
cover([n], S) ≤ 4ℓ.
Proof. Let α be the number of useful accesses made by Π(z). Let
i1 , i 2 , . . . , i α
be the CPU steps when Π(z) makes a useful access; that is, i1 , i2 , . . . , iα is a sequence of
CPU step indices such that for each l ∈ [α], Π(z) will make a useful access in CPU step il .
(Recall that except for zk1 , . . . , zkr , the blocks in the string z are all-zero strings.) Recall
that Π(z) makes a useful access when it first reads some bit in the block zkj for some j ∈ [r].)
Thus, by the definition of useful access, it follows that
zp i 1 ∨ zp i 2 ∨ . . . ∨ zp i α = zp 1 ∨ zp 2 ∨ . . . ∨ zp t = A
Since Π(z) makes a useful access in CPU step il , pil must equal some key. We let
j1 , j2 , . . . , jα ∈ [r] be a sequence of indices of the keys such that
(pi1 , pi2 , . . . , piα ) = (kj1 , kj2 , . . . , kjα )

CCC 2022

36:18

On One-Way Functions from NP-Complete Problems

Note that (by the construction of the string z)
(Wj1 , Wj2 , . . . , Wjα ) = (zpi1 , zpi2 , . . . , zpiα )
Thus, it follows that
W j 1 ∨ W j 2 ∨ . . . ∨ W j α = zp i 1 ∨ z p i 2 ∨ . . . ∨ zp i α = A
Finally, we argue that Sj1 , Sj2 , . . . , Sjα cover [n], which concludes the proof (since α ≤ 4ℓ).
We recall that for each l ∈ [α], Wjl is the gadget string for Sjl . Furthermore, Wjl is partitioned
into n blocks, Wjl ,1 , Wjl ,2 , . . . , Wjl ,n . For each block b ∈ [n], Wjl ,b = Ab if b ∈ Sjl , and
otherwise Wjl ,b = 0m . Since Wj1 ∨ Wj2 ∨ . . . ∨ Wjα = A, it follows that for all blocks b ∈ [n],
Wj1 ,b ∨ Wj2 ,b ∨ . . . ∨ Wjα ,b = Ab .
Thus, for all b ∈ [n], there must exist l ∈ [α] such that b ∈ Sjl . We conclude that the sets
Sj1 , Sj2 , . . . , Sjα indeed cover [n].
◁
We can now conclude the proof of Proposition 3.4:
Proof of Proposition 3.4. By Corollary 3.7, with probability 1−1/n, Π(z) makes at most 4ℓ
useful accesses. By Corollary 3.10, with probability 1−1/n, it holds that zp1 ∨zp2 ∨. . .∨zpt = A.
Finally by Claim 3.11, it holds that cover([n], S) ≤ 4ℓ, which happens with probability at
least 1 − 2/n (by a union bound).
◀

3.4

Proof of Claim 3.5 and Claim 3.8

In both Claim 3.5 and Claim 3.8, the goal is to compress some strings (either Keys or
A) provided that Π(z) prints A. Towards doing this, we need be able to find a short
representation of the information needed to perform the execution of Π(z). Towards this, it
will be helpful to track when Π(z) makes a useful access. Furthermore, note that every useful
access corresponds to some key kj such that zkj stores the gadgets Wj of the set Sj . For
each such useful access, we will also track this “key index” j. As we shall see, given Π, A
and S, as well as the sequence of CPU steps and key indexes (of useful accesses), the whole
execution of Π(z) can be emulated without having access to z. In fact, as we shall formalize
now, we actually do not even need the full content of A and S, but rather just the gadgets
Wj corresponding to the sets hit by the useful accesses.
To formalize this, let t = t(|A|) be the maximum number of CPU steps that Π(z) can
run, and let α be some integer bounded by the number of useful accesses made by Π(z). We
refer a pair of sequences of CPU steps and key indexes ω = ((i1 , i2 , . . . , iα ), (j1 , j2 , . . . , jα )) ∈
[t]α × [r]α as a configuration. We say that Π(z) matches ω if the first time Π(z) makes a
useful access is in CPU step i1 and Π(z) reads one bit from the block zkj1 (and recall that
zkj1 = Wj1 ), and the second time Π(z) makes a useful access is in CPU step i2 and Π(z)
reads one bit from the block zkj2 , and so on.
▶ Lemma 3.12. Let α ∈ N, and ω = ((i1 , . . . , iα ), (j1 , . . . , jα )) be a configuration in [t]α ×[r]α .
If Π(z) matches ω then one can emulate Π(z) for iα CPU steps using the code of Π, the
configuration ω, and Wj1 , Wj2 , . . . , Wjα (without having access to z).
Proof. We now describe how to emulate the execution of Π(z) for iα steps using the code of
Π, the configuration ω, and Wj1 , Wj2 , . . . , Wjα . Recall that d is the memory position where z
starts at; that is, z is stored in memory positions d to d + |z| − 1.
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Given the code of Π, we start to emulate Π(z) with the content of memory positions
d, d + 1, . . . , d + |z| − 1 (which are supposed to store z) set to 0. In the simulation, we keep
track of all memory positions that Π(z) has written to. In each CPU step i, if i matches
some value in {i1 , i2 , . . . , iα } (and suppose i = il ), we proceed as follows:
Let qi be the memory position which Π will read from in CPU step i and proceed as
follows.
Let pi = ⌊(qi − d)/(n × m)⌋. Put the string Wjl ∈ {0, 1}n×m into the memory from
position d + pi × nm to position d + pi × nm + nm − 1, with the following exception:
If Π has ever previously written into a memory between position d + pi × nm and
d + pi × nm + nm − 1, we keep those bits unchanged.
Finally, let Π will read the bit from the memory (just as if the string z had been there),
and we continue to emulate the execution of Π(z) in the rest of CPU step i.
If i does not appear in {i1 , i2 , . . . , iα }, we simply emulate the execution honestly. When
i = iα , we stop to emulate Π(z).
We argue, by induction, that the above procedure perfectly emulates the execution of
Π(z) in the first iα CPU steps. For the base case, we consider CPU step i = 0, in which Π(z)
has not started yet, so the statement is trivially true. For any i ≤ iα , we now assume that in
all the steps ≤ i − 1, our simulation perfectly emulates Π(z), and we will prove that also in
CPU step i, the simulation does so as well. First note that if, in CPU step i, Π attempts to
read from a memory position qi that has (1) previously been written or read from, (2) the
memory position is not within the range [d, d + |z| − 1], or (3) the memory access to qi is not
a useful access, then the induction step directly follows from the induction hypothesis and
the fact that the step is performed in exactly the same way in the simulation as in the real
execution. We thus only need to consider the case when the memory access to qi is a useful
access. But whenever this happens, by the induction hypothesis, the simulation will produce
exactly the same content in the block of z where qi is contained, as in the real execution of
Π(z). It thus follows that also this step is perfectly emulated.
Thus, we conclude that Π(z) can be emulated for iα steps using the code of Π, the
configuration ω, and Wj1 , Wj2 , . . . , Wjα .
◀
We are now ready to prove Claim 3.5, which we restate for the convenience of the reader.
▷ Claim 3.13 (Claim 3.5, restated). Let Keys = k1 ||k2 || . . . ||kr be the concatenation of
k1 , k2 , . . . , kr . If Π(z) makes α (or more) useful accesses to the string z, then
K(Keys | A, S) ≤ |Π| + (r − α)λ + α(log t + log r) + O(log n)
Proof. If Π(z) makes at least α useful accesses, Π(z) must match some configuration
ω = ((i1 , i2 , . . . , iα ), (j1 , j2 , . . . , jα ))
′
where ω ∈ [t]α × [r]α . We let {j1′ , j2′ , . . . , jr−α
} = [r] − {j1 , j2 , . . . , jα } be the set of key
indices that do not appear in ω.
We consider the following program Π′ that prints the string Keys = k1 ||k2 || . . . ||kr with
the string A and the collection of sets S as auxiliary information. Π′ has the values n, m,
λ, α, t, r hardwired in it, and the code of Π′ also includes the configuration ω, the code of
′
Π, and the r − α keys kj1′ , kj2′ , . . . , kjr−α
. Π′ first computes Wj1 , Wj2 , . . . , Wjα from A and
′
S. Π then emulates the execution of Π(z) (using the code of Π, the configuration ω, and
Wj1 , Wj2 , . . . , Wjα , using the method described in Lemma 3.12) for iα CPU steps (recall that
iα is the CPU step when Π(z) makes its α’th useful access). Let d be the index such that z
is initially stored in the memory from position d to the position d + |z| − 1. Let

q 1 , q 2 , . . . , q iα

CCC 2022

36:20

On One-Way Functions from NP-Complete Problems

be the memory positions that Π(z) reads (such that in CPU step i, Π(z) reads one bit
from memory position qi ) in the first iα CPU steps. We will decode kj1 , kj2 , . . . , kjα from
q1 , q2 , . . . , qiα as follows: For each i ≤ iα , let
pi = ⌊(qi − d)/(n × m)⌋
Since Π(z) matches ω, it follows that
pi 1 = k j 1 , p i 2 = k j 2 , . . . , p i α = k j α
′
Thus, Π′ has access to kj1′ , kj2′ , . . . , kjr−α
(hardwired) and can compute kj1 , kj2 , . . . , kjα as
specified above. Thus, Π′ can recover and output the string Key = k1 ||k2 || . . . ||kr .
Finally, we show that the description length of Π′ is at most |Π| + (r − α)λ + α(log t +
log r) + O(log n). To describe Π′ , we require:
|Π| bits to store the code of Π;
′
(r − α)λ bits to store the r − α keys kj1′ , kj2′ , . . . , kjr−α
;
α(log t + log r) bits to store the configuration ω.
O(log n) bits to store the values n, m, λ, α, t, r.
O(1) bits to describe the CPU next-step machine.
Thus, the description length of Π′ is at most |Π| + (r − α)λ + α(log t + log r) + O(log n), and
from this we conclude that

K(Keys | A, S) ≤ |Π| + (r − α)λ + α(log t + log r) + O(log n)
which completes the proof.

◁

We next proceed to prove Claim 3.8, which we first restate:
▷ Claim 3.14 (Claim 3.8, restated). Assume that
Π(z) makes α useful accesses;
Π(z) outputs the string A.
zp1 ∨ zp2 ∨ . . . ∨ zpt ̸= A; 15
Then,
K(A | S) ≤ |Π| + (n − 1)m + α(log t + log r) + O(log n)
Proof. Consider some Π, z satisfying the pre-conditions of the claim. Since Π(z) has the
property that
zp1 ∨ zp2 ∨ . . . ∨ zpt ̸= A,
and recalling that each zpi is divided n m-size blocks, zpi ,1 , . . . , zpi ,n , it follows that there
exists a block index b ∈ [n] such that for each block zpi ∈ {0, 1}n×m that Π(z) reads,
zpi ,b = 0m . In addition, note that Π(z) makes α useful accesses, so Π(z) must match some
configuration
ω = ((i1 , i2 , . . . , iα ), (j1 , j2 , . . . , jα ))
where ω ∈ [t]α × [r]α . Since Π(z) matches ω, we know that
(Wj1 , Wj2 , . . . , Wjα ) = (zpi1 , zpi2 , . . . , zpiα )
15

When pi < 0 or pi ≥ 2λ , we assume that zpi is an all-zero string and zpi = 0n×m .
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Thus,
Wj1 ∨ Wj2 ∨ . . . ∨ Wjα ̸= A
It follows that for all l ∈ [α], Wjl ,b = 0m . From this, we can conclude that the gadget strings Wj1 , Wj2 , . . . , Wjα can be constructed from S and all randomized encodings
A1 , . . . , Ab−1 , Ab+1 , . . . , An excluding Ab .
Based on this observation, let us show how to construct a program Π′ that outputs the
string A given S as auxiliary information. The program Π′ embeds the values n, m, λ, α, r,
t, the value of b, the code of Π, the configuration ω, and strings A1 , . . . , Ab−1 , Ab+1 , . . . , An
into its code. Π′ first computes Wj1 , Wj2 , . . . , Wjα from A1 , . . . , Ab−1 , Ab+1 , . . . , An and S.
Π′ then simulates the execution of Π(z) using the code of Π, the configuration ω, and the
gadget strings Wj1 , Wj2 , . . . , Wjα (making use of Lemma 3.12), and finally outputs whatever
Π(z) outputs. Note that since Π(z) makes exactly α useful accesses, Π′ can emulate Π(z) all
the way until it terminates. Furthemore, recall that by assumption Π(z) outputs A, so Π′
will do so as well.
We finally show that the description length of Π′ is at most |Π| + (n − 1)m + α(log t +
log r) + O(log n). To see this, note that to specify Π′ , we require:
|Π| bits to include the code of Π;
(n − 1)m bits to store strings A1 , . . . , Ab−1 , Ab+1 , . . . , An ;
α(log t + log r) bits to save the configuration ω.
O(log n) bits to strore the values n, m, λ, α, r, t, b
O(1) bits to implement the CPU next-step machine:
Thus, we have that the description length of Π′ is at most |Π| + (n − 1)m + α(log t + log r) +
O(log n). From this we conclude that
K(A | S) ≤ |Π| + (n − 1)m + α(log t + log r) + O(log n).
which proves the claim.

◁
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1

Introduction

Mathematicians have long been familiar with the curious phenomenon of a non-constructive
proof : an argument which demonstrates the existence of an object satisfying some special
property, but which fails to indicate a particular example of such an object. The advent
of complexity theory has provided us with a formal way of defining the level of “inherent
constructivity” in a theorem: we can say that an existence theorem is constructive if there
is an accompanying polynomial time algorithm supplying an example of one of the objects
the theorem proves to exist, and is inherently non-constructive if no such algorithm exists.
Papadimitriou initiated a formal complexity-theoretic treatment of this topic three decades
ago [18], where he provided a taxonomy of total search problems (problems that always have
solutions) in NP by classifying them based on the strength of the lemma guaranteeing the
existence of a solution on all instances.
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When a particular theorem appears to be inherently non-constructive, in that no polynomial time algorithm can witness the solutions it guarantees, one perspective we can take is
that this theorem is “effectively false” in a certain context, despite being irrefutably true in
general. This is essentially the outlook presented by Yao in his seminal paper introducing the
basis of theoretical cryptography [24]. Here, Yao focuses on the central tenets of Shannon’s
information theory. He argues that although Shannon’s theorems are of course provably
correct, in many scenarios it appears computationally infeasible to witness their truth. For
example, an output of some function f : {0, 1}n → {0, 1}2n under the uniform distribution
on {0, 1}n has entropy n, and thus by a result of Shannon can be encoded on average using
n bits. However for an observer who sees only the outputs of this distribution, there seems
to be no efficient way to generate such a code without the ability to efficiently invert f . If we
posit that there are some specific functions f for which it is in fact impossible to efficiently
realize Shannon’s theorem in this sense, one might venture to say that Shannon’s theorem
effectively fails for f in the computational realm, perhaps allowing us to carry out tasks
which would, in the absence of computational constraints, be deemed impossible. Indeed it
is widely conjectured that there are efficiently computable functions f of this form, and this
conjecture underpins the security of many cryptographic protocols. Similar situations are
abundant in the field of cryptography, where the computational infeasibility of witnessing
impossibility theorems from information theory allows us to effectively bypass them.
With this perspective in mind, let us now turn our attention to a special family of
non-constructive proofs of great interest to complexity theorists, proofs which guarantee
the existence of “pseudorandom objects.” Key examples include the existence of truth
tables of high circuit complexity and of pseudorandom generators capable of derandomizing
algorithms. The task of making these proofs constructive is often referred to as an “explicit
construction problem,” since the goal is to print one explicit example of an object possessing
some pseudorandom property. In [14] it is shown that a broad collection of such problems can
be reduced to the following more general task: given some efficiently computable function
f : {0, 1}n−1 → {0, 1}n , find an n-bit string outside the range of f . The existence of a solution
is guaranteed by the “dual weak pigeonhole principle,” and indeed this principle guarantees
that a randomly chosen string is a solution with high probability. The question at hand is
whether this principle is inherently nonconstructive. Unlike the case of Shannon’s theorems
on information transmission, the prevailing wisdom in complexity theory is this theorem can
be made constructive: it is widely conjectured that exponential time requires exponential
circuit size, and by [14], this would in fact imply a generic non-trivial1 “witnessing” algorithm
for the dual weak pigeonhole principle, i.e. an algorithm which produces n-bit strings outside
the range of any such f .
In search of evidence for this widely-conjectured belief that the weak pigeonhole principle
can be made more constructive, the starting point of this work is to imagine what the
computational landscape would look like if it were false, i.e. if we lived in a world where
there was an “effective counterexample” to the weak pigeonhole principle. In particular,
let us model this scenario by supposing that there are a pair of efficiently computable
functions G = {gn : {0, 1}n → {0, 1}n−1 }n∈N , F = {fn : {0, 1}n−1 → {0, 1}n }n∈N , such that
no polynomial time algorithm is able to construct an n-bit string x such that fn (gn (x)) ̸= x
in poly(n) time (for more then finitely many n). Note that this is a slightly different version
of the weak pigeonhole principle then what we defined in the previous paragraph: here we
are given both the length-increasing function f and a supposed inverse g, and the pigeonhole

1

The implied witnessing algorithm runs in PNP , whereas the trivial upper bound for this problem is ΣP
2.
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principle tells us that f ◦ g cannot be the identity. In this hypothetical world where F , G
are an “effective counterexample” to the weak pigeonhole principle, we have access to an
efficient compression scheme which allows us to encode any n-bit string using n − 1 bits.
What improbable feats can be accomplished in such a world?
In this work we give one answer to this question: if the weak pigeonhole principle effectively
fails in the above sense, we can utilize this failure to construct an efficient data structure
which allows us to simulate RAM computations in low space and near-linear time on a
1-tape Turing machine. Stated in contrapositive, mild time-space tradeoffs for simulating
RAM machines on a 1-tape Turing machine would imply a generic algorithm to witness the
weak pigeonhole principle, and in turn would have significant consequences in the theory of
pseudorandomness and circuit complexity.

1.1
1.1.1

Our Contributions
Derandomization from Time-Space Tradeoffs

Let C, D = {Cn : {0, 1}n → {0, 1}n−1 }n∈N , {Dn : {0, 1}n−1 → {0, 1}n }n∈N . We call such a
pair a “uniform compression scheme,” where C is the “compressor” which encodes n-bit
“messages” by n − 1-bit “codewords,” and D is the “decompressor” which maps n − 1-bit
codewords to the messages they represent2 . We use the term “uniform” since in the relevant
cases, C and D will each be described by a single Turing machine which computes Cn (resp.
Dn ) for all n. We will say that a string x ∈ {0, 1}n is “incompressible” for such a scheme
if Dn (Cn (x)) ̸= x, i.e. if D cannot be used to recover the message x from the codeword
assigned to it by C. In this paper, we study the complexity of the explicit construction task
of generating incompressible strings for uniform compression schemes. This task can be
viewed naturally as a derandomization problem, since a randomly chosen n-bit string will be
incompressible with high probability with respect to any fixed compression scheme.
Our results then show how to derive efficient derandomized algorithms for generating
incompressible strings, assuming certain uniform lower bounds. The lower bounds we consider
are time-space tradeoffs for simulating RAM by 1-tape machines. Roughly, they posit that
there are problems solvable in time T on a RAM machine which cannot be solved on a 1-tape
machine using T 0.01 space and T 1.01 time. Depending on certain features of the compression
scheme and the resources available to the explicit construction algorithm, the specifics of the
tradeoff assumption will vary, as we shall explain in Table 1.
Initially, we consider the case of “poly-time compression schemes”, where both C and D
are computable in polynomial time. We show that for such schemes, incompressible strings
can be constructed deterministically in polynomial time assuming time-space tradeoffs for
deterministic exponential time:
▶ Theorem (Theorem 31). Suppose there is some exponential time bound T (n) ≥ 2Ω(n) and
some ϵ > 0 such that it is impossible to simulate T (n)-time RAM computations on 1-tape
Turing machines that use T (n)1+ϵ time and T (n)ϵ space. Then for any poly-time compression
scheme, there is a polynomial time algorithm that produces incompressible n-bit strings for
this scheme on input 1n (for infinitely many n).
Constructing incompressible strings for poly-time compression schemes is a natural and
quite broad derandomization problem. Theorem 31 gives a novel connection between derandomizing this task and proving uniform time-space tradeoffs– in contrast, the assumptions

2

The formal definition given in Section 3 is slightly more general, but we will focus on this special case
for now.

CCC 2022

37:4

Derandomization from Time-Space Tradeoffs

previously required to derandomize this sort of problem require a lower bound against nonuniform algorithms, such as circuits. To put this derandomization task in a more familiar
context, in Section 3.2 we show that several well-studied explicit construction problems, such
as the construction of large prime numbers or the construction of truth tables of high circuit
complexity/formula size, can be reduced to the problem of finding incompressible strings
for some uniform compression scheme. In each case, the compression scheme will either be
computable efficiently, or efficiently with access to an oracle for some search problem in FNP
which is not known to be NP-complete.
To state our other main results in their most interesting form, we focus our attention
now on the construction of strings/truth tables of high complexity with respect to some nonuniform complexity measure, such as formula size, circuit size, or time-bounded Kolmogorov
complexity. In each case there is an associated NP search problem, where we are given
a string/truth table and must find a small formula/circuit/program computing it (if one
exists); we call this the “compression problem.” The following table shows how our three
main theorems relate various time-space tradeoff hypotheses to such problems:
Table 1 Main Results. We use the shorthand T = T (n).

The classes seen on the left hand side will be defined formally in Section 2.2, but we give
a brief explanation here so that the table can be interpreted appropriately. TIME[T (n)]
and NTIME[T (n)] are defined in the standard way using multitape machines; the prefixes
1 and RAM indicate, respectively, either a restriction of the model to 1-tape machines or a
strengthening to random access machines. The class TISP[T (n), S(n)] consists of problems
decidable simultaneously in time T (n) and space S(n). Finally, NTISPG[T (n), S(n), G(n)]
consists of problems decidable by a nondeterministic machine running in time T (n) which,
on every computation path, uses at most S(n) space and G(n) nondeterministic guesses.
For a concrete example of how to apply these results, lets focus on the compression
problem Circuit Synthesis (given a truth table find a small circuit for it if one exists), and
the explicit construction problem of producing truth tables of exponential circuit complexity.
The first hypothesis in the above table implies that if Circuit Syntheses is in P then
there is a polynomial time construction of hard truth tables (i.e. E has exponential circuit
complexity). The second hypothesis implies unconditionally that there is an efficient NP
oracle construction of hard truth tables (i.e. ENP has exponential circuit complexity). Finally,
the third and strongest hypothesis tells us that there is a polynomial time construction of
hard truth tables using an oracle for Circuit Synthesis.
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The case of large prime construction does not fit in as neatly to the above picture, as the
scheme we devise for this problem will require a factoring oracle for both the compressor and
decompressor (while the above problems have a polynomial-time computable decompressor).
In this case we get the following result:
▶ Theorem (Corollary 35). Under the hypothesis in the top row of the above table, a polynomial
time algorithm for factoring implies a polynomial time algorithm to construct 32n-bit primes
of magnitude > 2n for infinitely many n.
If we forgo the questionable assumption that factoring lies in P, we get:
▶ Theorem (Corollary 36). One of the following is true:
1. For every exponential time bound T and every ϵ > 0, every language decidable in time
T (n) on a RAM machine can be decided in time T (n)1+ϵ and space T (n)ϵ by a 1-tape
machine with a factoring oracle, which makes oracle calls of length at most T (n)ϵ .
2. There is a polynomial time algorithm with a factoring oracle that generates 32n-bit primes
of magnitude > 2n for infinitely many n.
The problem of deterministically generating large primes has been investigated previously
in several works, and was notably the subject of the Polymath 4 project [20]. In the public
discussion forums for this project, it was explicitly asked whether a polyomial time algorithm
for factoring, or more generally an oracle for factoring, would help. More recently, Oliviera
and Santhanam gave a subexponential time “pseudodeterministic” construction of large
primes [17], using only the fact that primality is testable in P [1] and that primes occur with
non-negligible frequency.

1.1.2

BPP and the Weak Pigeonhole Principle

In Section 6 we briefly consider the relationship between various search problems associated
with the weak pigeonhole principle, and the “full derandomization task” characterized by the
class prBPP. Observe that the problem introduced above of finding incompressibe strings
for uniform compression schemes can be generalized to a TFNP search problem – instead of
considering compression schemes generated by uniform Turing machines, we can consider
the search problem where a compression scheme of some fixed length is given as input in the
form of a pair of boolean circuits:
▶ Definition 1. In Lossy Code, we are given as input a pair of circuits C : {0, 1}n →
{0, 1}n−1 , D : {0, 1}n−1 → {0, 1}n , and must output some x ∈ {0, 1}n such that D(C(x)) ̸= x.
While finding a deterministic algorithm for Lossy Code appears to be a quite generic
derandomization problem, it would be a major breakthrough to show that Lossy Code
captures the “full derandomization problem:” since Lossy Code lies in TFNP, if prBPP
reduces to Lossy Code then BPP ⊆ NP, which is a notorious open problem. In Section 6,
we show that a natural generalization of Lossy Code, where we allow the compressor C
to be randomized, is indeed strong enough to characterize prBPP precisely. The formal
problem is as follows:
▶ Definition 2. In R-Lossy Code, we are given as input circuits C : {0, 1}n × {0, 1}m →
{0, 1}n−1 , D : {0, 1}n−1 → {0, 1}n , and must find some x such that P rr [D(C(x, r)) = x] < 21 .
In this work we demonstrate:
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▶ Theorem (Theorem 40). R-Lossy Code is complete for prBPP under deterministic
Turing reductions.
The relation between pigeonhole principle search problems and more standard derandomization problems is summarized in Figure 1.

Figure 1 Relations between the total search problems associated with various weak pigeonhole
principles, and standard derandomization problems. Solid arrows represent deterministic polynomial
time reductions, while dotted arrows represent NP-oracle reductions.

The proof of Theorem 40 is mostly standard, following quite directly from Yao’s next
bit predictor lemma. From the proof of this theorem we are able to extract the following
interesting corollary:
▶ Corollary (Corollary 41, Informal). If the fixing of the leftover bits in Yao’s hybrid argument
can be derandomized, then BPP ⊆ NP. Indeed, under this assumption, every problem in
prBPP reduces to the search problem Lossy Code in PPP ⊆ TFNP.
In other words, derandomizing a particular step in Yao’s classical argument implies a
quite universal derandomization of prBPP.

1.2

Relation to Prior Work

Hardness vs. Randomness
As mentioned above, the task of constructing incompressible strings can be naturally viewed
as a derandomization problem, and is thus amenable to the standard hardness/randomness
paradigm. In particular, when the compression scheme is polynomial time computable as in
Theorem 31, the standard hardness assumptions used to derandomize BPP (e.g. [8]) would
suffice to yield a polynomial time construction of incompressible strings. Such hardness
assumptions require a lower bound for a language in E against some non-uniform model of
computation, such as boolean circuits. In contrast, Theorem 31 gives a hardness/randomness
connection for this problem which only requires a uniform lower bound for a a language in
E, in particular a lower bound against low-space algorithms running in slightly more time
using a weaker memory model.
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The Easy Witness Lemma
Perhaps the closest prior work to our results is the “Easy Witness Method,” initiated by [11]
and furthered in [7] and [23], which roughly says that assuming ENP has small circuits, any
nondeterministic exponential time computation must have witnesses of low circuit complexity.
This immediately implies that unless ENP requires large circuits, we can efficiently simulate
NTIME[2n ] using limited nondeterminism by “guessing a small circuit.” In the full version,
we show that this old method (along with one other well-known tool) is in fact enough to
prove the second implication in Table 1, although this connection to time-space tradeoffs does
not seem to have been noted previously. However, this proof heavily utilizes the distinctive
power of nondeterminism, whereby additional “guesses” allow us to vastly simplify the
verification procedure, and does not seem to extend to our other two main results.

1.3

Known Time-Space tradeoffs

Finally, we cover the known results on time-space tradeoffs and separations between the
RAM and 1-tape models. We first emphasize the following: all three time-space tradeoff
hypotheses stated on the left-hand side of Table 1 are known to hold unconditionally when
the time bound T is O(n). In particular, an old result of Maass [15] shows that the set of
palindromes is recognizable in quasilinear time on a deterministic RAM machine, but requires
Ω(n2 ) time on a nondeterministic 1-tape machine. However, Maass’s proof is essentially a
counting argument which crucially relies on the entropy of the input being comparable in
magnitude to the total computation time, which is no longer the case for exponential time
computations. When it comes to separating the RAM and 1-tape models for generic time
bounds, a result of [21] shows that there must be some slowdown when simulating a RAM
on a 1-tape machine for any time bound greater then n log log n, but the slow-down is an
astronomically small multiplicative factor, on the order of log log T (n).
Another sequence of works ([2], [3], [22] among others) has shown unconditionally that
nondeterministic linear time cannot be solved in TISP[n1+ϵ , nϵ ] for certain fixed values of
ϵ > 0, even when the simulating machine is given access to RAM. These results can be
scaled to larger time bounds as follows: for any time-constructible T , Σ2 TIME[T (n)] is not
contained in TISP[T (n)1+ϵ , T (n)ϵ ] for certain fixed values of ϵ > 0. Such results are obtained
by combining hierarchy theorems with a fast simulation result, whereby a Σ2 machine can
simulate a TISP[T (n)1+ϵ , T (n)ϵ ] computation in time T (n)1−δ time for some fixed ϵ, δ > 0.
It is evident that such results will not be sufficient for our purposes, as they only rule out
efficient low-space simulations of Σ2 computations by deterministic machines.

1.4

Main Tool: the J-tree

The basis of our main proofs is a construction which we call the “J-tree.” Roughly speaking,
the J-tree is a data structure which allows us to store an array of T elements, subject
to fast update/query operations, using significantly less then T bits. While this task is
information-theoretically impossible (by the weak pigeonhole principle), the J-tree uses a
compression scheme C, D to perform its operations, and whenever it fails in its role as a data
structure, it is able to print out an incompressible string for this scheme. Thus, assuming no
polynomial time algorithm can witness the weak pigeonhole principle for C, D, no polynomial
time algorithm can witness the failure of this data structure. This will allow our low-space
simulations to operate a RAM memory using low space on a 1-tape machine, in such a way
that if the simulation fails, then a polynomial time algorithm can witness this failure, and
thus witness the weak pigeonhole principle for C, D. The core construction underlying the

CCC 2022

37:8

Derandomization from Time-Space Tradeoffs

J-tree has a long and intriguing history, occurring in some form or another in [16, 5, 19, 9],
and [14]. The details of this history and its relation to our results are explained in the
full version; our main novel contribution to this line of work is the “J-tree Update Lemma”
(Lemma 25).

2
2.1

Preliminaries
Basics

Our notation for basic concepts is standard, e.g. all logarithms are base 2, we use [n] to
denote {1, . . . , n}, |x| to denote length of a binary string. We will define the following precise
notion of an “exponential time bound:”
▶ Definition 3. We say a function T : N → N is an “exponential time bound” if T is
time constructible, and there exist constants 0 < β < B such that for sufficiently large n,
2βn ≤ T (n) ≤ 2Bn .
β

This is in contrast to the more general notion of exponential growth where we have 2n ≤
B
T (n) ≤ 2n .

2.2

Machine Models

We start by precisely defining the various machine models and complexity classes that will
be used. We begin with a definition of “random access memory” or “RAM” machines:
▶ Definition 4 (RAM machines). A RAM machine is a turing machine equipped with two
binary tapes, one called the “auxilliary tape” and the other called the “addressing tape.” We
collectively refer to these as the “linear tapes.” Both linear tapes admit the same operations as
a standard Turing machine tape, where in one step we can move the head left/right and read
or modify a cell of the tape. In addition, there is an associated “RAM memory” consisting of
a sequence of binary variables A1 , A2 , . . .. The addressing tape has two additional operations
that allow it to interact with the RAM memory. There is an Update operation, which in
one step sets Ai = b, where i is the integer whose binary representation lies to the left of
the addressing tapehead, and b is the bit currently read by the auxiliary tape. There is also
a Load operation, which in one step sets the cell pointed to by the auxiliary tapehead to
the value Ai , where again i is the integer whose binary representation lies to the left of the
addressing tapehead. At the start of the computation on input x, the RAM cells A1 , . . . , A|x|
are initialized to the bits of x in order, and A|x|+1 , . . . are initialized to 0. The addressing
tape is then initialized to |x|, so that the machine knows where the input ends.
We will use the following simplification lemma for RAM computations later, which follows
easily from the use of balanced binary search trees:
▶ Lemma 5 ([6]). A RAM machine running in time T (n) can be simulated in time T ′ (n) =
Õ(T (n)) by a RAM machine that uses O(log T ′ (n)) space on its addressing and auxiliary
tapes, and uses only its first T ′ (n) RAM cells.
We will also make reference to k-tape Turing machines, for which we omit a formal
definition as this model is standard. However, we will at some points concern ourselves with
multi-tape machines equipped with oracles for languages/functions, and here we will need to
be precise about the oracle access mechanism:
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▶ Definition 6 (Oracle Turing Machines). For a function F : {0, 1}∗ → {0, 1}∗ , an F -oracle
k-tape Turing machine has k standard read/write “work tapes,” in addition to an oracle tape
where in one step the machine can replace the leading cells of the oracle tape with F (x),
where x is the string lying to the left of the oracle tapehead prior to the oracle call; after this
the oracle tapehead is moved to the first cell of the oracle tape. In some cases we will give a
machine access to several oracles F1 , F2 , . . . , Fk (for a fixed constant k), in which case each
gets its own oracle tape. The oracle tape(s) and the first work tape share a single tapehead,
and in one move this tapehead can move from the first cell of the work tape to the first cell
of one of the oracle tapes, or vice-versa.
The space usage of an oracle k-tape machine is defined to be the sum of the space used
on all of its work tapes and oracle tapes.
The sharing of a single tapehead between the oracle tapes and the first work tape is only
relevant for 1-tape machines, where we don’t want the machine to “cheat” and use it’s oracle
tapes as additional work tapes.
▶ Definition 7 (Time Bounded Classes). For a function T : N → N, let TIME[T (n)] denote
the class of languages which are decidable by a deterministic multi-tape Turing machine
running in time O(T (n)). Let RAM-TIME[T (n)] be defined analogously for RAM machines.
▶ Definition 8 (Time-Space Classes). For functions T, S : N → N, let TISP[T (n), S(n)]
denote the class of languages which are decidable by a deterministic multi-tape Turing machine
running simultaneously in time O(T (n)) and total space O(S(n)). Let 1-TISP[T (n), S(n)]
be defined identically, but with the additional restriction that the machine uses only one tape.
Finally, we define an analogous “time-space” class for nondeterministic time:
▶ Definition 9 (Nondeterministic Time-Space Classes). For functions T, S, G : N → N,
let NTISPG[T (n), S(n), G(n)] (“nondeterministic time, space, guess”) denote the class
of languages decidable by a nondeterministic multi-tape Turing machine such that on
any computation path on an input of length n, the machine spends time O(T (n)), uses
space at most O(S(n)), and makes at most O(G(n)) non-deterministic guesses. Let
1-NTISPG[T (n), S(n), G(n)] be defined identically, but with the additional restriction that
the machine uses only one tape. We define NTIME[T (n)] in the standard way, which is
analogous to the above but with no restriction on space usage or nondeterminism.
We make note of the following result, which tells us that for nondeterministic computations
the multi-tape and RAM models are roughly equivalent:
▶ Lemma 10 ([6]). Any time-T (n) computation on a nondeterministic RAM machine can
be simulated in Õ(T (n)) time on a nondeterministic multi-tape machine.
We will thus not bother to explicitly define a nondeterministic RAM model, though the
definition for the deterministic case naturally extends.

3

Pigeonhole Principles and Compression Schemes

We now define the basic formalization of the weak pigeonhole principle we will investigate in
this work, and introduce the relevant terminology.
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3.1

Compressors and Decompressors

▶ Definition 11. Let D : {0, 1}m → {0, 1}n , with m < n. We call such a map which extends
its input length a “decompresser.” The “code length” of this decompressor is m, and its
“message length” is n.
The terminology should be interpreted as follows: for a string x such that D(y) = x, y
functions as an m-bit compressed representation (or “codeword”) for the n-bit “message”
x, and D functions as an an algorithm which lets us “decompress” this codeword into the
message it represents.
By the dual weak pigeonhole principle, if n > m, any function mapping 2m “pigeons”
to 2n “holes” must leave some hole empty. We thus know there must exist an x ∈ {0, 1}n
such that ∀y ∈ {0, 1}m , D(y) ̸= x. We call such a string x an “empty pigeonhole” for the
decompressor D.
The primary subject of [14] was the problem EMPTY, originally introduced in [13], where
we are given a decompressor specified by a boolean circuit and must output one of its empty
pigeonholes. In this work, we will study a slight modification of this problem, where we are
given both a compressor and a decompressor, and must and must find a witness to the fact
that some message is not recoverable from its codeword. This was referred to by Jeřábek as
the “retractive pigeonhole principle.”[10].
▶ Definition 12. Let C : {0, 1}n → {0, 1}m , D : {0, 1}m → {0, 1}n , where m < n; we call
such a C a “compressor”, and collectively we will refer to C, D as a “compression scheme.”
Again, m and n are the “code length” and “message length” respectively. By the pigeonhole
principle, we know that there must exist some x ∈ {0, 1}n such that D(C(x)) ̸= x; we call
such an x “incompressible” with respect to the scheme C, D.
Note that when x ∈ {0, 1}n is an empty pigeonhole for a decompressor D, it is necessarily
incompressible for all schemes C, D which use D as the decompressor. The converse is not
true in general, but when it is we use the following terminology:
▶ Definition 13. We call C a “proper compressor” for D if C, D satisfy the following for all
x ∈ {0, 1}n : if there exists an y ∈ {0, 1}m such that D(y) = x, then D(C(x)) = x.
By definition, when C is a proper compressor for D, the incompressible strings for the
scheme C, D correspond exactly to the empty pigeonholes for D. It should be noted that
when D is polynomial time computable, or is specified by some boolean circuit, there always
exists a proper compressor for D computable efficiently with an NP oracle, which simply
finds the lexicographically first preimage of a string under D or else outputs something
arbitrary when none exist. In this sense, the work of [14], which studies the complexity of
EMPTY with respect to NP-oracle reductions, was essentially studying a special case of
this problem, where the compressor is the “canonical proper compressor” which searches for
the lexicographically first preimage.
For most of this work it will be convenient to focus on the special case of functions which
exactly double their input length:
▶ Definition 14. When a compression scheme has code length n and message length 2n, we
will say that it has “stretch 2.”
We will utilize the following lemma, which tells us that if our goal is to find an incompressible string with respect to some scheme, we can assume it has stretch 2 without loss of
generality:
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▶ Lemma 15. Let C, D be a compression scheme with code length n and message length m.
Then there is another scheme C ′ , D′ of code length n and message length 2n, such that C ′ is
computable in poly(m) time with an oracle for C, D′ is computable in poly(m) time with an
oracle for D, and such that given an incompressible string for C ′ , D′ , we can construct an
incompressible string for C, D in poly(m) time with oracles for C, D.
Proof. This is proven in [14] for the special case when C is a proper compressor for D, but
the exact same proof extends to the more general case stated here.
◀
In [14], the problem EMPTY was studied as a search problem, where the decompressor
D is provided as input (in the form of a circuit), and the goal is to find one of its empty
pigeonholes. We could equivalently define such a search problem for the retractive pigeonhole
principle, where we are given circuits computing C, D as input, and must output an incompressible string for this scheme (this search problem is considered in Section 6). However,
for the purposes of our main results it will be more suitable to study a uniform version of
this problem, where we have a sequence of schemes Cn , Dn of increasing size, and each are
computable within some uniform complexity class.
▶ Definition 16. A uniform compression scheme is a pair C = {Cn : {0, 1}ℓ(n) →
{0, 1}m(n) }n∈N , D = {Dn : {0, 1}m(n) → {0, 1}ℓ(n) }n∈N for some pair of time constructible functions m, l : N → N such that m(n) < ℓ(n) for all n, and ℓ(n) is bounded above by a
polynomial in n.
In this work we will concern ourselves with uniform compression schemes where C, D are
computable in polynomial time, each with access to different oracles, hence the name
“uniform.”

3.2

Particular Compression Schemes of Interest

We now introduce some uniform compression schemes whose incompressible strings have
certain desirable properties for which no explicit constructions are currently known.

3.2.1

Compression Schemes for Non-Uniform Complexity Measures

We start with the case of hard truth tables. The following lemma is a well-known folklore
result, for which a formal proof can be found in [14]:
▶ Lemma 17. For sufficiently large N ∈ N, there is function fN : {0, 1}N −1 → {0, 1}N
computable uniformly in Õ(N 2 ) time such that if x ∈ {0, 1}N has circuits of size at most
N
2 log N , then x is in the range of fN .
We now define the search problem associated with finding preimages of strings under fN ,
which has commonly been referred to as the “circuit synthesis problem:”
▶ Definition 18 (Circuit Synthesis). Given a string x ∈ {0, 1}N , output an N − 1 bit
N
description of a circuit C of size at most 2 log
N on ⌈log N ⌉ variables such that C(i) = xi for
all 0 ≤ i < N if such a circuit exists, or else determine that no such circuit exists.
This problem is the search variant of the more well-studied “Minimum Circuit Size Problem” [12], which is not known to admit a search-to-decision reduction. By the same arguments
underlying Lemma 17, given an instance x ∈ {0, 1}N of Circuit Synthesis, any circuit
of the stated size can be represented using at most N − 1 bits via a standard encoding so
this search problem is well defined. Further, requiring the output to be specified in such an
encoding does not increase the complexity of the problem, since the standard encoding can
be computed efficiently from any description of such a circuit.
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By definition, we see that there is a proper compressor for fN computable in polynomial
time with a Circuit Synthesis oracle3 , and thus any incompressible string for this scheme
is an N -bit string with high circuit complexity.
We similarly have the following:
▶ Lemma 19. For any fixed polynomial p, there is a uniform compression scheme whose
decompressor is computable in polynomial time, and whose compressor is computable with an
oracle for K p(n) Minimization (given x ∈ {0, 1}n find a short program y ∈ {0, 1}n−2 that
prints x in p(n) steps if one exists). The incompressible strings for this scheme have K p(n)
complexity ≥ n − 1.
▶ Lemma 20. There is a uniform compression scheme whose decompressor is computable in
polynomial time, and whose compressor is computable with an oracle for Formula Synthesis
(given a truth table find a short formula if one exists). The incompressible strings for this
scheme are truth tables of exponential formula size.
We provide these as basic examples without defining the problems too formally; more generally
it can be verified that for most reasonable non-uniform measures of complexity (which are
bounded above by K poly ), such a uniform scheme exists whose decompressor is computable
efficiently, whose compressor is computable with access to the relevant “compression problem,”
and whose incompressible strings have high complexity with respect to this measure.

3.2.2

Large Primes

We next construct a compression scheme related to the large prime construction problem.
This scheme is unlike the previous ones, in that both the compressor and decompressor have
the same complexity: each will require an oracle for factoring.
▶ Theorem 21. There is a compression scheme R, P with code length n + ⌈log n⌉ + 3 and
message length n + ⌈log n⌉ + 4, such that R, P are each computable uniformly in polynomial
time with a factoring oracle, and given an incompressible string for this scheme, a 32n-bit
prime of magnitude > 2n can be constructed in polynomial time with a factoring oracle.
A proof of Theorem 21 can be found in the full version. This theorem is an algorithmic
analogue of a well known result of Paris, Wilkie, and Woods [19], and our proof follows from
analysing the computational resources needed to carry out their construction.

4

J-Trees

In this section we develop the core tool used in our main result, namely the “J-tree.” The J-tree
is, informally, a data structure “solving” the following information-theoretically impossible
task: store an array of T elements, subject to efficient updates and queries, using significantly
fewer then T bits. While such a data structure cannot exist unconditionally, the J-tree will
take as input a compression scheme C, D, and will be set up so that when it fails in its
capacity as a data structure, it prints out an incompressible string for C, D. In other words,
if it is hard to witness the weak pigeonhole principle for the scheme C, D, then it is hard to
find a sequence of updates/queries which causes our data structure to fail.

3

There is some subtly when considering oracles for search problems like Circuit Synthesis which have
multiple valid solutions on each input, see the full version for a discussion of how our results are robust
to this potential issue.
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Figure 2 A J-tree of depth 3. Each arrow consists of n wires, where n is the code length of the
decompressor D.

▶ Definition 22 (J-trees). Let D : {0, 1}n → {0, 1}2n be a decompressor of code length n
and stretch 2. We define D0 , D1 : {0, 1}n → {0, 1}n to be the maps obtained by computing
D and taking the first n and last n bits of output respectively. Now, for any binary string
x ∈ {0, 1}∗ , we define Dx : {0, 1}n → {0, 1}n as follows. When |x| = 0, Dx is the identity,
and when |x| = 1, D0 , D1 are defined as above. In the general case, when x = b1 · · · bk for
some b1 , . . . , bk ∈ {0, 1}, Dx is defined as:
D x = D bk ◦ · · · ◦ D b1
Now, for a particular input y ∈ {0, 1}n , we can define the function D[y] : {0, 1}∗ → {0, 1}n
as follows. For each x ∈ {0, 1}∗ :
D[y](x) = Dx (y)
For an integer k, we then define Dk [y] : {0, 1}k → {0, 1}n , which is simply the restriction of
D[y] to the domain {0, 1}k .
We will refer to Dk [y] as a “J-tree,” D as its decompressor, y as its “seed,” and k as its
“depth.”
It will be useful to visualize a J-tree as a binary tree (hence the name). Refer to Figure 2
which illustrates a J-tree Dk [y] where k = 3. For a given D and depth k, we can construct
a tree-like circuit which starts with one copy of D, then feeds each of its two n-bit output
blocks into another copy of D, and so on for k iterations, ultimately yielding a circuit with n
inputs and 2k n outputs which has the structure of a perfect binary tree of depth k. If we
now fix the inputs to some value y (the seed), by passing y through this tree-like circuit we
obtain 2k n-bit values at the output. As seen in the figure, each of the 2k n-bit values is
associated uniquely with a leaf in this binary tree of depth k, and thus can be specified by a
k-bit index indicating whether to move left or right at each step along a root-to-leaf path.
Dk [y] is then the function which, given the description of such a path, returns the value at
the corresponding leaf.
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We will think of a J-tree Dk [y] operationally as a data structure which stores an array of
2 n-bit values, one for each for each of its 2k “leaves”, where the ith value is simply Dk [y](i).
The state of the data structure is described purely by y and D, which in our use cases will
require far fewer bits then storing 2k n-bit strings explicitly. In the following, we now prove
that the J-tree data structure admits fast query and update operations, i.e. operations that
allow us to read one entry of the data structure, or update the value of one entry. While the
query operation will be computable efficiently by evaluating only the decompressor D O(k)
times, the update operation will require evaluating some compressor C, and might “fail” in a
certain well-defined sense. However, when the update does not fail, there is a deterministic
algorithm which can verify, using O(k) evaluations of D, that the resulting J-tree is in fact
the true updated version of the original. We begin with the query or “access” operation:
k

▶ Lemma 23 (J-tree Access Lemma). Let Dk [y] be a J-tree. Then for any i ∈ {0, 1}k we can
compute Dk [y](i) in time O(nk) given i, y and using O(k) evaluations of D.
Proof. This follows directly from the definition of Dk [y]. Letting b1 , . . . , bk be the individual
bits of i, we have that:
Dk [y](i) = Dbk ◦ Dbk−1 ◦ · · · ◦ Db1 (y)
So we can compute Dk [y](i) by evaluating D k times successively starting with the input
y.
◀
▶ Definition 24 (J-tree Modifications). Let Dk [y], Dk [y ′ ] be J-trees of depth k and code
length n. We say that the relation Modified(y, y ′ , i, s, D) holds if:
1. Dk [y ′ ](i) = s
2. For all i′ ∈ {0, 1}k , i′ ̸= i, Dk [y ′ ](i′ ) = Dk [y](i′ )
In other words, Modified(y, y ′ , i, s, D) asserts that the J-tree Dk [y ′ ] represents a local modification of the J-tree Dk [y] which changes its ith value to s and leaves all other values the
same.
▶ Lemma 25 (J-tree Update Lemma). There exist algorithms Find and Verify satisfying the
following.
Verify takes as input a decompressor D (specified as an oracle) of code length n and
stretch 2, a pair of seeds y, y ′ ∈ {0, 1}n , an index i ∈ {0, 1}k , and a value s ∈ {0, 1}n , and
either accepts or rejects. Verify runs in deterministic time O(nk) using O(k) evaluations of
D, and satisfies the property that if Verify(y, y ′ , i, s, D) accepts, then Modified(y, y ′ , i, s, D)
must hold.
Find takes as input a compression scheme C, D of code length n and stretch 2 (again
specified as oracles), a seed y ∈ {0, 1}n , an index i ∈ {0, 1}k , and a value s ∈ {0, 1}n . It either
“succeedes” and outputs a string y ′ ∈ {0, 1}n , or else outputs FAIL⟨e⟩, where e ∈ {0, 1}2n .
Find runs in O(nk) time using O(k) evaluations of C and D, and satisfies the property that
for every input y, i, s, C, D, one of the following holds:
1. Find(y, i, s, C, D) outputs a string y ′ such that Verify(y, y ′ , i, s, D) accepts.
2. Find(y, i, s, C, D) outputs FAIL⟨e⟩, where e is incompressible with respect to C, D.
Proof. We start by defining the procedure Find. Given inputs y, i, s, C, D, Find begins by
computing a sequence of k values z1 , . . . , zk ∈ {0, 1}n as follows. Let b1 , . . . , bk denote the
bits of i in order. For each j ∈ [k], we set
zj = D[y](b1 b2 . . . bj−1 ¬bj )
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Figure
3
“Forward
phase”
of
Find(y, 100, s, C, D) (where k = 3), during
which the z1 , . . . , zk are computed.

Figure
4
“Backward phase” of
Find(y, 100, s, C, D) (where k = 3), during
which the v1 , . . . , vk are computed.

It is clear that the list of zj be computed in O(nk) time using O(k) evaluations of D, by
storing the intermediate values of D[y](b1 · · · bj ) for each j and computing the zj in increasing
order of j.
Now, given this list of values, we compute a second sequence v1 , . . . , vk ∈ {0, 1}n . We
compute the vj for each j ∈ [k] in decreasing order of k as follows. First we set:
(
vk =

C(szk )

if bk = 0

C(zk s)

if bk = 1

We then check that D(C(szk )) = szk (resp. D(C(zk s)) = zk s). If this check fails we
abort and return FAIL⟨szk ⟩ (resp. FAIL⟨zk s⟩). Now, for each j ∈ {k − 1, k − 2, . . . , 1}, we set:
(
vj =

C(vj+1 zj )

if bj = 0

C(zj vj+1 )

if bj = 1

Again, each time we evaluate C on some input, we check that that input is indeed compressible
with respect to C, D, and if not then we return FAIL⟨e⟩ where e is the incompressible string
we found. If we get to the end of this process without returning failure, we return the string
v1 . This completes the description of the Find procedure, which overall requires at most
O(nk) time to compute using at most O(k) evaluations of C and D. Figures 3 and 4 illustrate
this procedure for a J-tree of depth 3.
We now describe the Verify procedure on input y, y ′ , i, s, D, which simply verifies that
a given string y ′ is a possible successful output of Find(y, i, s, C, D) for some C. Given
y, y ′ , i, s, D, again let b1 , . . . , bk denote the bits of i in order. First, Verify iterates over
each value of j ∈ [k], and checks that D[y ′ ](b1 , . . . , bj−1 , ¬bj ) = D[y](b1 , . . . , bj−1 , ¬bj ).
Next, it checks that D[y ′ ](b1 , . . . , bk ) = Dk [y ′ ](i) = s. If all these conditions hold, the
Verify procedure accepts, and otherwise it rejects. It is clear that these conditions can
be verified in O(nk) time using O(k) evaluations of D, by storing the intermediate values
D[y](b1 , . . . , bj ),D[y ′ ](b1 , . . . , bj ) at each step.
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We now show that if Find(y, i, s, C, D) succeeds and returns a string y ′ , then
Verify(y, y ′ , i, s, D) accepts. By definition, if Find(y, i, s, C, D) doesn’t fail, then it is able to
compute some list of values v1 , . . . , vk ∈ {0, 1}n such that for all j < k, Dbj (vj ) = vj+1 and
D¬bj (vj ) = zj , and it returns v1 as its output. So then we have that D[v1 ](b1 , . . . , bj−1 , ¬bj ) =
D[vj ](¬bj ) = zj for all j ∈ [k]. Further, we have that D[v1 ](b1 , . . . , bk−1 , bk ) = D[vk ](bk ) = s.
So overall Verify(y, v1 , i, s, D) must accept if Find(y, i, s, C, D) succeeds and returns v1 .
It remains only to show that if Verify(y, y ′ , i, s, D) accepts, then Modified(y, y ′ , i, s, D)
must hold. Recall that Modified(y, y ′ , i, s, D) asserts that the two J-trees Dk [y], Dk [y ′ ] agree
an all indices i′ ̸= i, and that Dk [y ′ ](i) = s. If Verify accepts then this second condition
holds trivially, since Verify explicitly checks that Dk [y ′ ](i) = s and rejects if this does not
hold. Now consider the first condition of Modified. Let i′ ∈ {0, 1}k , i′ ̸= i. Let ℓ1 , . . . , ℓk
denote the bits of i′ in order, and let t ∈ [k] be the smallest index such that ℓt ̸= bt . By our
assumption that Verify accepted, we have that
D[y](ℓ1 , . . . , ℓt ) = D[y](b1 , . . . , bt−1 , ¬bt ) = D[y ′ ](b1 , . . . , bt−1 , ¬bt ) = D[y ′ ](ℓ1 , . . . , ℓt )
But by definition we also know that
D[y](ℓ1 , . . . , ℓt , ℓt+1 , . . . , ℓk ) = D[D[y](ℓ1 , . . . , ℓt )](ℓt+1 , . . . , ℓk )
and similarly
D[y ′ ](ℓ1 , . . . , ℓt , ℓt+1 , . . . , ℓk ) = D[D[y ′ ](ℓ1 , . . . , ℓt )](ℓt+1 , . . . , ℓk )
so if D[y](ℓ1 , . . . , ℓt ) = D[y ′ ](ℓ1 , . . . , ℓt ) then it must be that D[y](ℓ1 , . . . , ℓk ) =
D[y ′ ](ℓ1 , . . . , ℓk ). So we have established that Dk [y](i′ ) = Dk [y ′ ](i′ ), which completes
the proof.
◀
In addition to the update and access lemmas, we will need the following “initialization”
lemma, which lets us efficiently set all leaves of a J-tree to a common value in time proportional
to its depth:
▶ Lemma 26 (J-Tree Initialization Lemma). There is an algorithm Initialize which takes as
input a compression scheme C, D of code length n and stretch 2 (specified as oracles), a value
s ∈ {0, 1}n , and a depth parameter k. It either succeeds and returns a seed y ∈ {0, 1}n such
that for all i ∈ {0, 1}k , Dk [y](i) = s, or else outputs Fail⟨e⟩ where e is incompressible with
respect to C, D. Initialize(s, k, C, D) runs in time O(nk) using O(k) evaluations of C an D.
Finally, we utilize the following “iterated compression” lemma.
▶ Lemma 27 (J-Tree Iterated Compression Lemma). Let C, D be a compression scheme of
code length n, and let S = (s1 , s2 , . . . , sℓ ) be a sequence of strings, where si ∈ {0, 1}n . There
exists an algorithm Iter-Compress running in time poly(n, ℓ) and using poly(ℓ) evaluations of
C and D which, given C, D and S, either “succedes” and outputs a seed y ∈ {0, 1}n such
that D⌈log ℓ⌉ [y](i) = si for all i ∈ {0, 1}⌈log ℓ⌉ , i ≤ ℓ, or else “fails” and outputs a string e
which is incompressible with respect to C, D.
The proofs of both the iterated compression and initialization lemmas follow the same format
as the update lemma, and can be found in the full version.
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Low-Space Simulations

In this section we prove our main set of theorems. In each case, we show how to simulate
an exponential time computation with a drastic reduction in certain resources, using short
oracle calls to some uniform compression scheme. We then show that either this simulation
is successful, or there is an explicit construction algorithm that prints incompressible strings
for this compression scheme.

5.1

Proofs of Main Theorems

▶ Theorem 28. Let C, D = {Cn }n∈N , {Dn }n∈N be a uniform compression scheme.
Then one of the following must hold:
1. There is polynomial time algorithm with oracle access to C, D which, for infinitely many
n, outputs an incompressible string for Cn , Dn on input 1n .
2. For every exponential time bound T , every language L ∈ RAM-TIME[T (n)], and every
ϵ > 0, there is 1-tape Turing machine with oracle access to C, D which decides L in time
T (n)1+ϵ , uses space at most T (n)ϵ , and makes oracle calls of length at most T (n)ϵ .
Proof. Let L ∈ RAM-TIME[T (n)], and let M be the deterministic random access oracle
machine witnessing this inclusion. Let C, D be a uniform compression scheme. By Lemma 15,
we can assume Cn , Dn have stretch 2 for all n. We will define a “simulator machine” which
attempts to decide L using low space and small oracle calls to C, D. We then define a second
“checker machine” which checks the work of the simulator. We show that whenever the
simulator fails to decide L, the checker will be able to witness this failure in the form of
an incompressible string. We will thus conclude that if simulation of L fails for infinitely
many inputs, the “checker” will constitute an explicit construction algorithm which prints
incompressible strings for C, D.
Step 1 – Defining the Simulator. Let 0 < ϵ < 1 be a fixed rational constant. We define a
machine Sϵ which will attempt to efficiently simulate M using low space, short C, D-oracle
queries, and which operates on a 1-tape oracle Turing machine. Let x ∈ {0, 1}n be an input.
For the remainder of thi s section we will keep a particular input length n fixed in our mind
and thus drop the dependence of other terms on n in our notation; in particular we will
use the abbreviation T = T (n). Our machine will now fix a particular instance of C, D, in
particular C⌈2ϵn ⌉ , D⌈2ϵn ⌉ ; again we simplify our notation from here on and simply write C, D
for this scheme. By definition of a uniform compression scheme, we see that the code length
of C, D will by poly(2ϵn ) = T (n)O(ϵ) , and by assumption its message length is twice its code
length. We will use W to denote its code length for the remainder of the proof.
We start by invoking Lemma 5, which lets us assume without loss of generality that
M uses its first T cells of RAM and uses at most O(log T ) space on its linear tapes. This
simplification will come at a log T multiplicative cost to run time, which is negligible here.
Now, our simulating machine will initialize a variable Mem ∈ {0, 1}W which will be used as a
seed in a J-tree with decompressor D and depth ⌈log T ⌉. From now on we will fix k = ⌈log T ⌉.
The simulation Sϵ will run in T phases, and will maintain the invariant that if M’s ith
memory cell has value b ∈ {0, 1} at the start of M’s tth time step, then Dk [Mem](i) = bW
at the start of Sϵ ’s tth phase. Aside from Mem, Sϵ will also explicitly store a copy of M’s
linear tapes (which have total length O(k)), the input x, and descriptions of M’s state and
tape-head pointers, each requiring at most k bits. Thus the total space required to store all
local variables between phases in the simulation is at most O(W (n)2 + n) = T (n)O(ϵ) (recall
that T is an exponential time bound).
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Figure 5 Simulating a RAM memory with a J-tree. While the RAM memory on the left requires
T bits to store explicitly, the virtual RAM on the right can be stored with |Mem| = W = T O(ϵ) bits.

At the start of the first phase, Sϵ initializes Mem to a value such that Dk [Mem](i) = 0W for
all i ∈ {0, 1}k , which matches the initial state of M’s RAM memory at the beginning of its
computation. By Lemma 26, this can be accomplished in time O(kW ) = T O(ϵ) with oracle
access to C, D; if the initialization procedure fails and returns an incompressible string for
C, D, the simulation halts and rejects its input x. Now, in phase t ∈ [T ], Sϵ will simulate the
tth step of M as follows:
1. Read the values at the current tapehead positions on all linear tapes, and the current
state of M.
2. Based on these values, determine which of M’s transition rules to apply. Every rule
involves a state update, which we can perform manually as we explicitly store M’s
state. If the new state is an accept/reject state for M, then Sϵ halts and accepts/rejects
accordingly. Otherwise:
a. First, say the rule only involves updates to the linear tapes. In this case we just carry
out the rule explicitly, which requires at most poly(k) = T o(ϵ) operations since the
linear tapes have length O(k).
b. Next, say the rule involves a RAM operation. In this case we start by reading the entire
contents of the addressing tape, which we denote i ∈ {0, 1}k . Now, if the operation
is a Load, we compute the first bit of Dk [Mem](i) and update the auxiliary tape at its
current tapehead position to this value. If the operation is an Update, we read the
value at the current position of the auxiliary tape, call it s ∈ {0, 1}. We then compute
Find(Mem, i, sW , C, D). If this procedure fails and returns an incompressible string, Sϵ
aborts its entire simulation and rejects its input. Otherwise, we update Mem to the
value returned by this Find call.
If we get through all T phases without halting, we reject the input.
We now show that Sϵ operates within the required resource bounds. First, we note that
all oracle calls are of length W = T O(ϵ) . Second, it is clear that the Find/Initialize operations
and the evaluations of Dk [Mem] can be carried out in poly(W ) space, since in particular they
require at most poly(W ) time by Lemmas 23, 25, and 26. So the space used within a phase
is at most poly(W ) = T O(ϵ) and the size of oracle calls are bounded identically. To bound
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the time complexity, we note that by the same arguments each phase can be completed in
time T O(ϵ) , and overall there are T phases, so the total time complexity is T 1+O(ϵ) . In the
above description of each phase, we were informal about the number of work tapes required
to carry out these computations. However, since any multi-tape machine running in space S
and time T can be simulated on a one-tape machine in time poly(S, T ) and space poly(S),
we see that we can modify the algorithm within each phase to operate on a 1-tape machine
with at most a polynomial blowup in space and time. So the above bounds still hold on a
1-tape machine, where the space is bounded by poly(T ϵ ) = T O(ϵ) , and the time within each
phase is bounded identically.
Step 2 – If Find Never Fails Then the Simulator Works. We now show that if Sϵ completes
its computation on an input x without any Initialize or Find operation failing, then Sϵ accepts
x if and only if x ∈ L. To prove this, we show by induction on t ∈ [T ] that at the beginning of
the tth phase of Sϵ ’s simulation on x, Sϵ ’s simulated configuration matches the configuration
of M on input x at the beginning of time step t. This is clearly true for t = 1, since at
the start of the simulation we initialize explicit representations of M’s linear tapes to all
zeroes, and do the same for the RAM memory using the Initialize operation, which succeeds
by assumption.
Now assume the inductive hypothesis up to step t. So at the beginning of this time step
on input x, M’s linear tapes, tapehead pointers, machine state and RAM memory at the
start of time step t are faithfully represented by Sϵ at the start of phase t. Thus, Sϵ is able
to choose the correct transition rule to apply during this phase. It then updates the linear
tapes, tapehead pointers, and machine state accordingly; all of these are stored explicitly so
Sϵ has no potential for failure here. Next, if M uses a Load operation at this step, since we
assumed the previous state of the virtual RAM is accurate, the correct value will be found
by Sϵ . Finally, if M uses a Update operation at this step, Sϵ makes the associated call to
the Find procedure. By Lemma 25, if this does not fail, then the state of the virtual RAM
after this step will accurately represent M’s ram at the end of time step t. This completes
the inductive case.
Step 3 – Failure of the Simulator Witnesses the Pigeonhole Principle for C, D. We now
show that if the above simulation Sϵ fails to decide L for infinitely many inputs, then there
is an algorithm which, given 1n , outputs an incompressible string for Cn , Dn in polynomial
time using oracles for C, D, for infinitely many n.
In particular, assume that there is an infinite set R ⊆ N such that for all n ∈ R, S
makes a mistake on some length n input in its attempt to decide L. Recall that Sϵ uses
the compression scheme C⌈2ϵn ⌉ , D⌈2ϵn ⌉ in its simulation on inputs of length n. Now, let
I = {⌈2ϵn ⌉ | n ∈ R}. We will give a construction algorithm that succeeds for all input lengths
in I.
Given an input 1m , our construction algorithm H operates as follows. It starts by
computing an n such that ⌈2ϵn ⌉ = m; by construction we see n = O(log m). Next, H runs
the simulation Sϵ on all inputs of length n one after the other; by construction we see that Sϵ
uses the same compression scheme Cm , Dm on all such inputs. During each simulation, if Sϵ
fails on some Find or Initialize operation and returns an incompressible string for Cm , Dm , H
halts and outputs that string. If H gets through all inputs of length n without any operation
failing, it outputs something arbitrary, say 1m . By definition we see that when m ∈ I, H
cannot get through all simulations without Sϵ failing, since by definition of I we know that Sϵ
fails to compute L on some input of length n, and by the previous section we know this can
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only happen when Sϵ fails on some Find/Initialize operation. So overall we have that H runs
in poly(2n ) = 2O(n) = 2O(log m) = poly(m) time, and successfully finds an incompressible
string for Cm , Dm on input 1m for infinitely many m.
Step 4 – Wrapping Things Up. We now have that for any language L ∈ RAMTIME[T (n)] and every ϵ > 0, there is a machine Sϵ running in time T (n)1+O(ϵ) , space T O(ϵ) ,
and making C, D oracle calls of length T O(ϵ) , such that one of the following holds:
1. Sϵ correctly decides L on all but finitely many inputs.
2. There is a polynomial time construction algorithm which finds incompressible strings for
Cn , Dn given oracles for C, D, which works for infinitely many inputs.
Clearly if the first possibility holds then we can get a simulation of the same complexity
which decides L exactly. In addition, if the first possibility holds for all ϵ > 0, then we can
replace the O(ϵ) terms with ϵ as we take ϵ to zero. This yields the stated theorem.
◀
We now prove a variant of the above theorem, which allows us to replace the oracle for
the compressor C in our low-space simulation with nondeterminism. This will be relevant for
schemes C, D where C is significantly harder to compute then D.
▶ Theorem 29. Let T be an exponential time bound, and let C, D be a uniform compression
scheme.
Then one of the following must hold:
1. There is polynomial time algorithm with oracle access to C, D which, for infinitely many
n, outputs an incompressible string for Cn , Dn on input 1n .
2. For every language L ∈ RAM-TIME[T (n)] and every ϵ > 0, there is nondeterministic
1-tape Turing machine with oracle access to D which decides L in time T (n)1+ϵ , uses space
at most T (n)ϵ , and makes at most T (n)ϵ nondeterministic guesses on all computation
paths.
Proof. We follow the same simulation Sϵ of some language L in RAM-TIME[T (n)], with
a slight modification. The key observation is the following: the procedure Find is proven to
work with access to both C and D oracles by Lemma 25. However, recall that Lemma 25
also defines separate procedure Verify, which is able to verify that a certain J-tree seed is the
updated form of another, and this verification only needs the D oracle. Recall also the key
property relating Find and Verify, which says that Verify will accept any successful output of
a Find operation.
Thus, if we make our simulator Sϵ nondeterministic, it can replace the Find operation
by a nondeterministic guess as to the new value of the seed Mem during each phase, and
then use Verify to check that this guess is correct, which requires only the D oracle. This
immediately gives us a low space nondeterministic simulator Sϵ with similar properties as
that in the proof of Theorem 28. However, the total nondeterminism used by this simulation
is T (n)1+O(ϵ) , since it has to guess a seed of length T O(ϵ) during each of the T phases.
To get away with T O(ϵ) bits of nondeterminism, we use the following trick4 . At the
beginning of Sϵ ’s simulation, it guesses a single seed for a separate J-tree of the same code
length, call this seed Up. Now, during phase t, to simulate an Update operation which sets
RAM cell i ∈ {0, 1}k to value s ∈ {0, 1}, we first set Mem′ = Dk [Up](t), and then check if
Verify(Mem, Mem′ , i, sW , D) holds. If so we then set Mem = Mem′ and continue to the next phase,

4

This trick is essentially the “easy witness method” of [11].
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and if not then we halt the simulation and reject outright. It is straightforward to see that
this simulation runs in time T (n)1+O(ϵ) , uses space T (n)O(ϵ) , and guesses at most T (n)O(ϵ)
nondeterministic bits.
By the same arguments as in Theorem 28, we have that if every Verify call accepts during
Sϵ ’s computation on input x, then Sϵ correctly decides if x ∈ L. To finish the proof, it
suffices to show that given some x such that Sϵ fails to decide if x ∈ L, we can construct
an incompressible string for C2ϵn , D2ϵn in poly(T (n)) time with C, D oracles; from here the
theorem follows directly using the arguments at the end of the proof of Theorem 28.
So, say we have such an x. Since our simulation errs on the side of rejecting, we know
that x ∈ L but Sϵ rejects x. We start by running the deterministic low space simulation from
Theorem 28 (corresponding to L, ϵ) on x, which can be done in poly(T (n)) time with C, D
oracles. During this simulation, we keep track of all updated memory seeds constructed using
Initialize and Find. If at any step a Find or Initialize procedure fails, we find an incompressible
string and output it. Otherwise, we have found a sequence of seeds Mem1 , . . . , MemT ∈ {0, 1}W
(where W is the code length used by the simulation), such that Memt+1 represents a correct
update to the RAM memory previously represented by Memt after time step t. Now, we use
the Iter-Compress procedure to construct a seed Up ∈ {0, 1}W such that for all t ∈ {0, 1}k ,
Dk [Up](t) = Memt . By Lemma 27, in poly(T (n)) time we can either find such a seed Up,
or else find an incompressible string for our scheme. But if such a string Up exists, this is
precisely the nondeterministic guess which would cause our nondeterministic simulation Sϵ
to accept x. So by assumption that it rejects x, if we get to this point then Iter-Compress
must find an incompressible string.
◀
Finally, we show that if the explicit construction algorithm in the above theorem is also
granted access to an NP oracle, we can get the same result, but where we simulate languages
in the larger class NTIME[T (n)].
▶ Theorem 30. Let T be an exponential time bound, and let C, D be a uniform compression
scheme.
Then one of the following must hold:
1. There is polynomial time algorithm with oracle access to C, D, and SAT which, for
infinitely many n, outputs an incompressible string for Cn , Dn on input 1n .
2. For every language L ∈ NTIME[T (n)] and every ϵ > 0, there is nondeterministic 1-tape
Turing machine with oracle access to D which decides L in time T (n)1+ϵ , uses space at
most T (n)ϵ , and makes at most T (n)ϵ nondeterministic guesses on all computation paths.
Proof. This will follow quite directly from the proof of the previous theorem. Let M
be some NTIME[T (n)] machine which we are attempting to simulate. At the outset of
its computation, in addition to guessing one seed Up which encodes a sequence of RAMseed updates, our new simulator Sϵ also guesses a second seed Wit which will encode the
nondeterministic choices made by M during its computation. In particular, after guessing this
seed, at each phase t of our simulation the simulator reads the first O(1) bits of Dk [Wit](t),
and uses this to determine which transition rule to apply at that step (in a nondeterministic
machine there can be O(1) such rules, which will be smaller then the code length of the
decompressor for sufficiently large input lengths). Otherwise we run the simulation exactly
as in the above proof.
By the same reasoning as in the previous proof, we see that if this machine accepts an
input x then x ∈ L (since the simulation errs on the side of rejection), but it is possible that
x ∈ L and the simulation fails to determine this. In such a case, the only possibility is that
for all sequences z ∈ {0, 1}O(T ) of nondeterministic guesses causing M to accept x, there is
no pair Up, Wit ∈ {0, 1}W such that Wit encodes z (as described above), and Up encodes a
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sequence of valid RAM seeds representing the deterministic computation of M on x with
witness z. Thus, if we have some input x on which our simulation fails, we can use an NP
oracle to compute a witness z causing M to accept x. We then run the deterministic low
space simulation M on x with witness z, and either find an incompressible string for C, D,
or else find a sequence of valid RAM seeds Mem1 , . . . , MemT for this computation. We then
proceed as in the previous Theorem, attempting to compress the Memt to a single seed Up and
the bits of z to another seed Wit, both using the Iter-Compress procedure. By assumption
that our main nondeterministic simulation rejected x, if we get to this point we know that
one of these Iter-Compress procedures must return an incompressible string.
◀

5.2

Implications

Consider the following three hypotheses:
▶ Hypothesis 1. There exists some exponential time bound T and some ϵ > 0 such that:
RAM-TIME[T (n)] ̸⊆ 1-TISP[T (n)1+ϵ , T (n)ϵ ]
▶ Hypothesis 2. There exists some exponential time bound T and some ϵ > 0 such that:
NTIME[T (n)] ̸⊆ 1-NTISPG[T (n)1+ϵ , T (n)ϵ , T (n)ϵ ]
▶ Hypothesis 3. There exists some exponential time bound T and some ϵ > 0 such that:
RAM-TIME[T (n)] ̸⊆ 1-NTISPG[T (n)1+ϵ , T (n)ϵ , T (n)ϵ ]
The first Hypothesis asserts that deterministic exponential time RAM computations
cannot be simulated on 1-tape machines using low space and near-linear blowup in time. The
second Hypothesis asserts roughly the same for nondeterministic computations, claiming that
such a simulation cannot occur which simultaneously uses a small amount of nondeterminism.
Recall that for nondeterministic time, the multi-tape and RAM models are roughly equivalent,
which is why we don’t make a distinction here on the left-hand side. Finally, the third
hypothesis says that deterministic RAM computations cannot be recognized by machines
with short “proofs” verifiable in low space and near-linear time on a 1-tape machine.
While 1 and 2 seem incomparable and both quite reasonable, we see that 3 is formally
stronger then the previous two, and we have significantly less intuition as to whether or not
it should be true. However, recall from Section 1.3 that when the time bound T is linear, all
three of these hypotheses are known to hold unconditionally (indeed they hold for all ϵ < 1).
In any case, the results of the previous section give us the following:
▶ Theorem 31. If Hypothesis 1 holds, then for any uniform compression scheme C, D where
both C and D are computable in polynomial time, there is a polynomial time algorithm which,
given 1n , prints an incompressible string for Cn , Dn for infinitely many n.
▶ Theorem 32. If Hypothesis 2 holds, then for any uniform decompressor D computable in
polynomial time, there exists there is a polynomial time NP-oracle algorithm which, given 1n ,
prints an empty pigeonhole for Dn for infinitely many n. In particular, ENP ̸⊆ size[2n /2n].
▶ Theorem 33. If Hypothesis 3 holds, then for any uniform compression scheme C, D where
D is computable in polynomial time, there is a polynomial time algorithm using a C oracle
which, given 1n , prints an incompressible string for Cn , Dn for infinitely many n.
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In each case, the stated result follows from the fact that oracle calls of length T O(ϵ) to
a problem computable in polynomial time can be simulated directly without effecting the
resource bounds of the simulation as we take ϵ → 0. To illustrate the use of these theorems,
we first consider their implications for the compression schemes related to non-uniform
complexity measures described in Section 3.2.1. In these cases, we have some complexity
measure on strings/truth tables, such as circuit complexity, formula size, or K poly complexity,
and wish to construct strings/truth tables of high complexity (for infinitely many input
lengths), which we call the “construction problem.” In each case there is an associated
“compression problem” in FNP, where we are given a string/truth table and wish to find a
small circuit/formula/program computing it if one exists. For these sorts of problems, we
now have the following:
▶ Corollary 34. For each of the above mentioned uniform compression schemes related to
non-uniform complexity measures, we have:
1. If Hypothesis 1 holds, then an efficient algorithm for the compression problem implies an
efficient algorithm for the construction problem.
2. If Hypothesis 2 holds, then there is an efficient NP-oracle algorithm for the construction
problem.
3. If Hypothesis 3 holds, then there is an efficient algorithm for the construction problem
using an arbitrary oracle for the compression problem. In other words, the construction
problem reduces to the compression problem.
We see here that the conclusion of the third implication implies the conclusion of the previous
two. As noted in the introduction, the second implication can be proved by simpler techniques,
utilizing the “Easy Witness Lemma.” We give an alternate proof using this method in the
full version for the interested reader. However, for the first and third implication, the J-tree
update lemma seems necessary.
The case of large prime construction does not quite fit in with the others, as both the
compressor and decompressor given in Theorem 21 require a factoring oracle. In addition,
the second implication of Corollary 34 above is trivial when applied to the construction of
large primes, since primality testing is in P [1]. However we can still derive the following
from Theorem 31:
▶ Corollary 35. If Hypothesis 1 holds, then a polynomial time algorithm for factoring implies
a polynomial time algorithm to construct 16n-bit primes of magnitude > 2n (for infinitely
many n).
More generally we can conclude the following directly from Theorem 28:
▶ Corollary 36. One of the following is true:
1. For every exponential time bound T and every ϵ > 0, every language decidable in time
T (n) on a RAM machine can be decided in time T (n)1+ϵ and space T (n)ϵ by a 1-tape
machine with a factoring oracle, which makes oracle calls of length at most T (n)ϵ .
2. There is a polynomial time algorithm with a factoring oracle that generates 32n-bit primes
of magnitude > 2n for infinitely many n.

6

BPP, TFNP, and the Weak Pigeonhole Principle

Throughout this paper we have studied the problem of finding incompressible strings for
uniform compression schemes. As mentioned in Section 3, it would also be natural to study
the more general search problem, where a compression scheme of a fixed message/code length
is given as input in the form of a boolean circuit:
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▶ Definition 37. Lossy Code is the following problem: given circuits C : {0, 1}n → {0, 1}n−1
and D : {0, 1}n−1 → {0, 1}n , find some x such that D(C(x)) ̸= x.
It follows from the definition that Lossy Code lies in TFNP (more specifically the class
PPP defined in [18]), and reduces to the problem Empty studied in [13] and [14]. Further,
we have seen that Lossy Code admits a randomized algorithm that outputs a solution with
high probability. Since solutions can be verified efficiently, this fits it into a family of search
problems studied by Goldreich [4], whose results imply the following:
▶ Lemma 38. Lossy Code is polynomial time Turing reducible to CAPP.
Here, CAPP denotes the canonical complete problem for prBPP, where we are given as
input a circuit E : {0, 1}n → {0, 1}, and must output an approximation of P rx [E(x) = 1]
that is accurate to within ± 16 . A natural question is whether the converse holds, i.e. whether
CAPP reduces deterministically to Lossy Code. As hinted towards in Section 3.2, a
polynomial time algorithm for Circuit Synthesis would imply such a reduction, but an
unconditional reduction would be a major breakthrough as it would place BPP ⊆ NP.
We show here that if the compressor C in Lossy Code is allowed to be randomized, the
associated total search problem is in fact Turing-equivalent to CAPP, and thus complete for
prBPP. The problem is defined formally as follows:
▶ Definition 39. R-Lossy Code is the following problem: given C : {0, 1}n × {0, 1}m →
{0, 1}n−1 , D : {0, 1}n−1 → {0, 1}n , find some x ∈ {0, 1}n such that P rr [D(C(x, r)) = x] < 12 .
To clarify, this is precisely the same problem as Lossy Code, except that the “compressor
circuit” C now uses some random coins. In this case, we seek a string which has a < 12
probability of being recoverable from its description (where the probability is taken over
the random coins of the compressor C). Just like Lossy Code this search problem is total,
but verifying a solution is no longer in P. Indeed, it may be PP-hard to determine if any
particular string is a solution, but there is a efficient randomized verification procedure that
accepts only valid solutions, and accepts a random solution with high probability.
In the full version we show the following:
▶ Theorem 40. R-Lossy Code and CAPP are Turing reducible to one another in deterministic polynomial time.
An interesting takeaway from the proof of the above theorem is the following: choosing a
good fixing of the “leftover bits” in Yao’s lemma is in some sense a universal probabilistic
search problem, since derandomizing this step would give a reduction from prBPP to Lossy
Code ∈ TFNP (and in particular would imply BPP ⊆ NP). More formally:
▶ Corollary 41. Consider the following promise problem: we are given a circuit E : {0, 1}n →
{0, 1}, a matrix A ∈ {0, 1}m×n , and an index i ∈ [n], such that A fails Yao’s next-bit test
1
with respect to E at index i with bias ϵ = poly( m
), and we must produce some z ∈ {0, 1}n−i
such that fixing the last n − i bits of E to z preserves a non-negligible bias for this next-bit
test. If this problem can be solved in deterministic polynomial time, then prBPP reduces to
Lossy Code.
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Abstract
In this paper, we prove strengthened lower bounds for constant-depth set-multilinear formulas. More
precisely, we show that over any field, there is an explicit polynomial f in VNP defined over n2
variables, and of degree n, such that any product-depth ∆ set-multilinear formula computing f has
1/∆
size at least nΩ(n /∆) . The hard polynomial f comes from the class of Nisan-Wigderson (NW)
design-based polynomials.
Our lower bounds improve upon the recent work of Limaye, Srinivasan and Tavenas (STOC
1/∆
2022), where a lower bound of the form (log n)Ω(∆n ) was shown for the size of product-depth
∆ set-multilinear formulas computing the iterated matrix multiplication (IMM) polynomial of the
same degree and over the same number of variables as f . Moreover, our lower bounds are novel for
any ∆ ≥ 2.
The precise quantitative expression in our lower bound is interesting also because the lower
bounds we obtain are “sharp” in the sense that any asymptotic improvement would imply general
set-multilinear circuit lower bounds via depth reduction results.
In the setting of general set-multilinear formulas, a lower bound of the form nΩ(log n) was already
obtained by Raz (J. ACM 2009) for the more general model of multilinear formulas. The techniques
of LST (which extend the techniques of the same authors in (FOCS 2021)) give a different route
to set-multilinear formula lower bounds, and allow them to obtain a lower bound of the form
(log n)Ω(log n) for the size of general set-multilinear formulas computing the IMM polynomial. Our
proof techniques are another variation on those of LST, and enable us to show an improved lower
bound (matching that of Raz) of the form nΩ(log n) , albeit for the same polynomial f in VNP (the
NW polynomial). As observed by LST, if the same nΩ(log n) size lower bounds for unbounded-depth
set-multilinear formulas could be obtained for the IMM polynomial, then using the self-reducibility
of IMM and using hardness escalation results, this would imply super-polynomial lower bounds for
general algebraic formulas.
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1

Introduction

1.1

Background

An algebraic circuit over a field F for a multivariate polynomial P (x1 , . . . , xN ) is a directed
acyclic graph (DAG) whose internal vertices (called gates) are labeled as either + (sum) or ×
(product), and leaves (vertices of in-degree zero) are labeled by the variables xi or constants
from F. A special output gate (the root of the DAG) represents the polynomial P . If the
DAG happens to be a tree, such a resulting circuit is called an algebraic formula. The size
of a circuit is the number of nodes in the DAG. We also consider the product-depth of the
circuit, which is the maximum number of product gates on a root-to-leaf path.
An algebraic circuit is therefore a computational model, which solves the computational
task of evaluating P on a given input (x1 , . . . , xN ). The complexity of this model is measured
by the size of the circuit, which serves as an indicator of the time complexity of computing
the polynomial. The product-depth measures the degree to which this computation can be
made parallel. As an algebraic circuit is supposed to construct a formal polynomial P , it is a
syntactic model of computation. This is unlike a Boolean circuit, which is only required to
model specific truth-table constraints. The problem of proving algebraic circuit lower bounds
is therefore widely considered to be easier than its Boolean counterpart. Indeed, we know
that proving VP ̸= VNP, the algebraic analog of the P vs. NP problem, is implied by the
latter separation, in the non-uniform setting ([3]). We refer the reader to [28] for a much
more elaborate survey of this topic.

1.2

The LST breakthrough

Much like in the Boolean setting, the problem of showing lower bounds for general algebraic
circuits (or even formulas) has remained elusive. However, some remarkable progress has
been made very recently by Limaye, Srinivasan, and Tavenas ([20]) who in a spectacular
breakthrough, showed the first super-polynomial lower bounds for algebraic circuits of all
constant depths. Prior to their work, the best known lower bound ([14]) even for productdepth 1 (or ΣΠΣ circuits) was only almost-cubic. This is in stark contrast with the Boolean
setting, in which we have known strong constant-depth lower bounds for many decades
[2, 8, 31, 9, 27, 29]. Constant-depth circuits are critical to the study of algebraic complexity
theory, as unlike the Boolean setting, strong enough bounds against them are known to yield
VP ̸= VNP ([1]). This helps put into perspective the importance of the work [20].
The crucial step in the proof of their result is to first establish super-polynomial lower
bounds for a certain restricted class of (low-depth) algebraic circuits, namely set-multilinear
circuits which we now define along with other important circuit models. A polynomial is
said to be homogeneous if each monomial has the same total degree and multilinear if every
variable occurs at most once in any monomial. Now, suppose that the underlying variable
set is partitioned into d sets X1 , . . . , Xd . Then the polynomial is said to be set-multilinear
with respect to this variable partition if each monomial in P has exactly one variable from
each set. We also define different models of computation corresponding to these variants
of polynomials classes. An algebraic formula (circuit) is set-multilinear with respect to
a variable partition (X1 , . . . , Xd ) if each internal node in the formula (circuit) computes
a set-multilinear polynomial. Multilinear/homogeneous circuits and formulas are defined
analogously.
Several well-studied and interesting polynomials happen to be set-multilinear. For
example, the Determinant and the Permanent polynomials, the study of which is profoundly
consequential to the field of algebraic complexity theory, are set-multilinear (with respect
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to the column variables). Another well-studied polynomial, namely the Iterated Matrix
Multiplication polynomial, is also set-multilinear. The polynomial IMM n,d is defined on
N = dn2 variables, where the variables are partitioned into d sets X1 , . . . , Xd of size n2 , each
of which is represented as an n × n matrix with distinct variable entries. The polynomial
IMMn,d is defined to be the polynomial that is the (1, 1)-th entry of the product matrix
X1 X2 · · · Xd . This polynomial has a simple divide-and-conquer-based set-multilinear formula
of size nO(log d) , and more generally for every ∆ ≤ log d, a set-multilinear formula of product1/∆
1/∆
depth ∆ and size nO(∆d ) , and circuit1 of size nO(d ) . Even without the set-multilinearity
constraint, no significantly better upper bound is known. It is reasonable to conjecture that
this simple upper bound is tight up to the constant in the exponent.
The lower bounds in [20] for general constant-depth algebraic circuits are shown in the
following sequence of steps:
1. It is shown that general low-depth algebraic circuits can be transformed to set-multilinear
algebraic circuits of low depth, and without much of a blow-up in size (as long as the
degree is small). More precisely, any product-depth ∆ circuit of size s computing a
polynomial that is set-multilinear with respect to the partition (X1 , . . . , Xd ) where each
|Xi | ≤ n, can be converted to a set-multilinear circuit2 of product-depth 2∆ and size
poly(s) · dO(d) . Such a “set-multilinearization” of general formulas of small degree was
already shown before in [25] (which we describe soon in more detail); however, the main
contribution of [20] here is to prove this depth-preserving version of it.
2. Strong lower bounds are then established for low-depth set-multilinear circuits (of small
enough degree). More precisely, any set-multilinear circuit C computing IMMn,d (where
exp(−O(∆))
d = O(log n)) of product-depth ∆ must have size at least nd
. This combined
with the first step yields the desired lower bound for general constant-depth circuits.
Given Raz’s set-multilinearization of formulas of small degree that we alluded to, and
this description of the set-multilinear formula lower bounds from [20] when d = O(log n),
it is evident the “small degree” regime is inherently interesting to study - as it provides
an avenue, via “hardness escalation”, for tackling one of the grand challenges of algebraic
complexity theory, namely proving super-polynomial lower bounds for general algebraic
formulas. However, we shall now see that even the large degree regime can be equally
consequential in this regard.

1.3

The large degree regime

Consider a polynomial P that is set-multilinear with respect to the variable partition
(X1 , . . . , Xd ) where each |Xi | ≤ n. The main focus of this paper is to study set-multilinear
circuit complexity in the regime where d and n are polynomially related (as opposed to
say, the assumption d = O(log n) described above). We now provide some background and
motivation for studying this regime.
In follow-up work [21], the same authors showed the first super-polynomial lower bound
against unbounded-depth set-multilinear formulas computing IMMn,n 3 . As is astutely
described in [21], studying the set-multilinear formula complexity of IMM is extremely
interesting and consequential even in the setting d = n because of the following reasons:
1

2
3

In this paper, when speaking of constant-depth models of computation at a high level, we shall often use
the terms circuit and formula interchangeably as a product-depth ∆ circuit of size s can be simulated
by a product-depth ∆ formula of size s2∆ .
There is also an intermediate “homogenization” step which we skip describing here for the sake of
brevity.
Note that for IMMn,n , each Xi has size n2 , not n. But the important thing for us here is that the
degree, n, is polynomially related to this parameter.
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IMMn,n is a self-reducible polynomial i.e., it is possible to construct formulas for IMMn,n
by recursively using formulas for IMMn,d (for any d < n). In particular, if we had formulas
of size no(log d) for IMMn,d (for some d < n), this would imply formulas of size no(log n)
for IMMn,n . In other words, an optimal nΩ(log n) lower bound for IMMn,n implies nωd (1)
lower bounds for IMMn,d for any d < n.
Raz in [25] showed that if an N -variate set-multilinear polynomial of degree d has an
algebraic formula of size s, then it also has a set-multilinear formula of size poly(s)·(log s)d .
In particular, for a set-multilinear polynomial P of degree d = O(log N/ log log N ), it
follows that P has a formula of size poly(N ) if and only if P has a set-multilinear formula
of size poly(N ). Thus, having N ωd (1) set-multilinear formula size lower bounds for such
a low degree would imply super-polynomial lower bounds for general formulas.
In particular, proving the optimal nΩ(log n) set-multilinear formula size lower bound for
IMMn,n would have dramatic consequences. To this end, the authors in [21] are able to show
a weaker bound of the form (log n)Ω(log n) instead. Even though it is the case that “simply”
improving the base of this exponent from log n to n yields general formula lower bounds, it
seems that we are
still far from achieving it. Indeed, as is observed in [21], we do not even have
√
Ω( n)
the optimal n
lower bound4 when product-depth
∆ = 2. Moreover, we do not know how
√
to obtain a lower bound of the form nΩ( n) for product-depth 2 set-multilinear circuits for
any explicit polynomial of degree n and in poly(n) variables. For product-depths ∆ ≤ log n,
1/∆
[21] shows a set-multilinear formula size lower bound of (log n)Ω(∆n ) for IMMn,n , which
is in fact the best set-multilinear lower bound we know for any polynomial of degree n and
in poly(n) variables, and for any ∆ ≥ 2. As far as we know, the previous best lower bound
of exp(Ω(n1/∆ )), also for IMMn,n , followed from the work of Nisan and Wigderson ([23]). It
is therefore an interesting challenge to improve the base of this exponent from log n to n i.e.,
1/∆
establish a near-optimal nΩ(n ) lower bound in the constant (or low) depth setting.

1.4

Our Results

In this paper, we obtain these “optimal” lower bounds, albeit not for IMMn,n , but rather for
another explicit polynomial in VNP. We show the following:
▶ Theorem 1. Let N be a growing parameter and ∆ be an integer such that 1 ≤ ∆ ≤
log N/ log log N . There is an explicit polynomial PN defined over N = n2 variables with
degree d = n that is set-multilinear with respect to the variable partition X = (X1 , . . . , Xd )
where each |Xi | = n and such that any set-multilinear formula of product-depth ∆ computing
1/∆
PN (X) must have size at least N Ω(d /∆) .
Notice that obtaining this precise bound is interesting also when viewed through the lens
of depth reduction. Tavenas ([30]), building on several prior works ([1, 16]), showed that any
algebraic circuit of poly(N ) size computing a homogeneous N -variate polynomial of degree d
1/∆
can be converted to a homogeneous circuit of product-depth5 ∆ of size (N d)O(d ) . It easily
follows from the proof that this depth reduction preserves syntactic restrictions. That is, if
we start with a syntactically set-multilinear circuit, the resulting product-depth ∆ circuit is
also syntactically set-multilinear. Therefore, the precise bound in Theorem 1 is sharp in the

4
5

This is known for set-multilinear (and even multilinear) ΣΠΣΠ circuits (see [7, 15]), but those are only
special cases of general product-depth 2 circuits, which are ΣΠΣΠΣ.
The result is stated in [30] for ΣΠΣΠ circuits but the proof can be appropriately modified for larger
product-depths.
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sense that any asymptotic improvement in its exponent would imply super-polynomial setmultilinear circuit lower bounds, which would be quite a strong and interesting consequence.
Another very intriguing direction is to consider the problem of improved depth reduction
for set-multilinear circuits. If an asymptotic improvement in the exponent on the bound for
general circuits from [30] could be shown to hold for set-multilinear circuits in the setting
of Theorem 1 (i.e., when N = d2 ), this would again imply super-polynomial set-multilinear
circuit lower bounds. There is some evidence towards this possibility, as [17] shows such an
improvement in a certain regime of parameters for multilinear circuits (see the discussion in
Section 4 for more details).
1/∆

▶ Remark 2. The lower bound in Theorem 1 is actually dΩ(d /∆) , where d is the degree of
the underlying polynomial, and it holds as long as degree d ≤ n (the details are deferred
to the proof of Theorem 9 in Section 3). Observe that for constant ∆ this bound already
1/∆
nearly matches the bound (log n)Ω(∆d ) in [21] (which was shown for IMMn,d ) when
d = (log n)Ω(1) and exceeds it as soon as d becomes super-polylogarithmic in n. Moreover
for d < log n/ log log n, both the bounds are trivial even for ∆ = 1.
We also remark that in several lower bounds for algebraic circuit classes in the past, the
lower bound was initially shown for a polynomial in VNP and then with additional effort,
was shown to also hold for a polynomial in VP (in particular, the IMM polynomial). A strong
candidate for the choice of this polynomial family in VNP has been the Nisan-Wigderson
(NW)
design-based ([22]) family of polynomials.
For instance, [13] showed a lower bound of
√
√
√
Ω( n)
[O( n)]
[ n]
n
for the top fan-in of a ΣΠ
ΣΠ
circuit computing the NW
√ polynomial, which
was subsequently shown for IMM by [7]. Similarly, [11] showed an nΩ( d) size lower bound
for homogeneous depth-4 algebraic formulas for the NW polynomial, which was then shown
for IMM later in [19]. Much like these examples, our hard polynomial family in Theorem
1 is also indeed the NW polynomial family, as we shall see in Section 3. Our motivation
to study constant-depth set-multilinear formula complexity was to prove the optimal lower
bounds for the IMM polynomial. Although we are presently able to show it only for the NW
polynomial instead of IMM, we are hopeful that this is an important step in its direction.
In addition to our lower bound for bounded-depth set-multilinear formulas, we observe
that the same proof technique also implies a lower bound of the form nΩ(log n) for unboundeddepth set-multilinear formulas. [21] showed a weaker bound of the form (log n)Ω(log n) but
for IMMn,n .
▶ Theorem 3. For a given integer N , there is an explicit polynomial PN defined over N = n2
variables with degree d = n that is set-multilinear with respect to the variable partition
X = (X1 , . . . , Xd ) where each |Xi | = n such that any set-multilinear formula computing
PN (X) must have size at least N Ω(log N ) .
The hard polynomial in Theorem 3 is also the NW polynomial, which if “improved” to
IMMn,n , then as discussed, would yield super-polynomial general formula lower bounds.
However, we note that in this case, our result is in some sense subsumed by the result of
Raz ([24]) who showed an nΩ(log n) lower bound for the n × n permanent (or determinant)
polynomial for unbounded-depth multilinear formulas.

1.5

Other Related Work

In the bounded-depth setting, other than the works [20, 21, 23] already mentioned, there have
been several lower bounds for the class of low-depth multilinear circuits ([26, 5, 4, 12]). In the
unbounded-depth setting, apart from the works [21, 24] already mentioned for set-multilinear
formulas, there have also been several strong lower bounds of the form nΩ(log n) against
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multilinear formulas ([6, 10, 15]). However, in both settings of depth, several of these works
are not even applicable to the set-multilinear setting as the corresponding hard polynomial
does not happen to be set-multilinear.

1.6

Proof overview

Our overall proof techniques are similar to that of many known lower bounds. We work
with a measure that we show to be small for all polynomials computed by small enough
set-multilinear formulas (appropriately so in the bounded and unbounded-depth settings)
and large for the NW polynomial. These partial derivative measures were introduced by
Nisan and Wigderson in [23], who used them to prove the constant-depth set-multilinear
formula lower bounds we discussed earlier. [20, 21] use a particular variant of this measure
and our measure is in turn inspired from these works.
Given a variable partition (X1 , . . . , Xd ), we label each set of variables Xi as “positive”
or “negative” uniformly at random. Let P and N denote the set of positive and negative
indices respectively, and let MP and MN denote the sets of all set-multilinear monomials
over P and N respectively. For a polynomial that is set-multilinear over the given variable
partition (X1 , . . . , Xd ), our measure then is simply the rank of the “partial derivative matrix”
whose rows are indexed by the elements of MP and columns indexed by N P , and the entry
of this matrix corresponding to a row m1 and a column m2 is the coefficient of the monomial
m1 · m2 in the given polynomial.
In contrast, the measure used in [20] is deterministic and moreover, it is asymmetric with
respect to the positive and negative variable sets, in the sense that while keeping the positive
variable sets as is, it first reduces the size of the negative variable sets by arbitrarily setting
a few of these variables to field constants, and then works with the resulting polynomial. On
the other hand, [21] does use a randomized measure, but one that is still asymmetric, relying
on randomly setting a few of the variables inside each set to constants. The way they control
the discrepancy between the sizes of the positive and negative variable sets (which is indeed
crucial for obtaining the claimed lower bounds) is by imposing a Martingale-like distribution.
The lower bound of [23] also uses random restrictions to enable them to effectively “simplify”
the circuit and upper bound its complexity. Our symmetric, randomized measure avoids
random restrictions altogether, and though it is mainly inspired by the measure and the
techniques from [20], it is also reminiscent of the measures used in [24, 26] to prove multilinear
formula lower bounds.

2

Preliminaries

We begin by defining the hard polynomial of our main result (Theorem 1). As is done in
previous lower bounds using the NW polynomials (for example, see [13]), we will identify the
set of the first n integers as elements of Fn via an arbitrary correspondence ϕ : [n] → Fn .
If f (z) ∈ Fn [z] is a univariate polynomial, then we abuse notation to let f (i) denote the
evaluation of f at the i-th field element via the above correspondence i.e., f (i) := ϕ−1 (f (ϕ(i))).
To simplify the exposition, in the following definition, we will omit the correspondence ϕ and
identify a variable xi,j by the point (ϕ(i), ϕ(j)) ∈ Fn × Fn .
▶ Definition 4 (Nisan-Wigderson Polynomials). For a prime power n, let Fn be a field of size
n. For an integer d ≤ n and the set X of nd variables {xi,j : i ∈ [n], j ∈ [d]}, we define the
degree d homogeneous polynomial N Wn,d over any field as
N Wn,d (X) =

X

Y

f (z)∈Fn [z] j∈[d]
deg(f )<d/2

xf (j),j .
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Next, we turn to the measure that we shall use to prove Theorems 1 and 3. For the
purpose of setting it up, we follow the notation of [20] in the following definition. However,
we do remark that we do not need it in its full generality as we will eventually work with
a simpler, symmetric notion that was alluded to in Section 1. Nevertheless, employing the
same notation has the advantage that the reader is quite possibly already familiar with it in
the context of proving set-multilinear circuit lower bounds.
▶ Definition 5 (Relative Rank Measure of [20, 21]). Let f be a polynomial that is setmultilinear with respect to the variable partition (X1 , X2 , . . . , Xd ) where each set is of size n.
Let w = (w1 , w2 , . . . , wd ) be a tuple (or word) of non-zero real numbers such that 2|wi | ∈ [n]
for all i ∈ [d]. For each i ∈ [d], let Xi (w) be the variable set obtained by removing arbitrary
variables from the set Xi such that |Xi (w)| = 2|wi | , and let X(w) denote the tuple of sets of
variables (X1 (w), . . . , Xd (w)). Corresponding to a word w, define Pw := {i | wi > 0} and
Nw := {i | wi < 0}. Let MP
w be the set of all set-multilinear monomials over a subset of the
variable sets X1 (w), X2 (w), . . . , Xd (w) indexed by Pw , and similarly let MN
w be the set of
all set-multilinear monomials over these variable sets indexed by Nw .
Define the ‘partial derivative matrix’ matrix Mw (f ) whose rows are indexed by the
P
elements of MP
w and columns indexed by the elements of Nw as follows: the entry of this
matrix corresponding to a row m1 and a column m2 is the coefficient of the monomial m1 · m2
in f . We define
rank(Mw (f ))
rank(Mw (f ))
= 1P
relrkw (f ) := p
.
P
N
|wi |
|Mw | · |Mw |
2 2 i∈[d]
▶ Definition 6. For any tuple w = (w1 , . . . , wt ) and a subset S ⊆ [t], we shall refer to the
P
sum i∈S wi by wS . And by w|S , we will refer to the tuple obtained by considering only
the elements of w that are indexed by S. We denote by Fsm [T ] the set of set-multilinear
polynomials over the tuple of sets of variables T .
The following is a simple result that establishes various useful properties of the relative
rank measure.
▷ Claim 7 ([20]).
1. (Imbalance) Say f ∈ Fsm [X(w)]. Then, relrkw (f ) ≤ 2−|w[d] |/2 .
2. (Sub-additivity) If f, g ∈ Fsm [X(w)], then relrkw (f + g) ≤ relrkw (f ) + relrkw (g).
3. (Multiplicativity) Say f = f1 f2 · · · ft and assume that for each i ∈ [t], fi ∈ Fsm [X(w|Si )],
where (S1 , . . . , St ) is a partition of [d]. Then
Y
relrkw (f ) =
relrkw|Si (fi ).
i∈[t]

3

Main Result

We are now ready to prove our main result. We start by showing that the symmetric relative
rank is large for the NW polynomial.
▷ Claim 8. For an integer n = 2k and d ≤ n, let w ∈ {k, −k}d with w[d] = 0. Then
relrkw (N Wn,d ) = 1 i.e., Mw (N Wn,d ) has full rank.
Proof. Fix n = 2k and d, so that we can also write N W for N Wn,d , and let n′ = d/2. The
condition on w implies that |Pw | = |Nw | = n′ . Observe that Mw (N W ) is a square matrix
N
n′
of dimension |MP
w | = |Mw | = n . Consider a row of Mw (N W ) indexed by a monomial
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m1 = xi1 ,j1 · · · xin′ ,jn′ ∈ MP
w . m1 can be thought of as a map from S = {j1 , . . . , jn′ } to Fn
which sends jℓ to iℓ for each ℓ ∈ [n′ ]. Next, by interpolating the pairs (j1 , i1 ), . . . , (jn′ , in′ ), we
know that there exists a unique polynomial f (z) ∈ Fn (z) of degree < n′ for which f (jℓ ) = iℓ for
each ℓ ∈ [n′ ]. As a consequence, there is a unique “extension” of the monomial xi1 ,j1 · · · xin′ ,jn′
Q
that appears as a term in N W , which is precisely m1 · j∈Nw xf (j),j . Therefore, all but one
of the entries in the row corresponding to m1 must be zero, and the remaining entry must
be 1. Applying the same argument to the columns of Mw (N W ), we deduce that Mw (N W )
is a permutation matrix, and so has full rank.
◁
The following is a more precise and general version of Theorem 1 that is stated in
Section 1. We also incorporate Remark 2 here and show our lower bound for any degree
d ≤ n. Theorem 1 follows from the special case d = n.
▶ Theorem 9. For an integer n = 2k , let Fn be a field of size n. Let d, ∆ be integers such
that d ≤ n is large enough6 and ∆ ≤ log d/ log log d. Let Xi denote the set of n variables
{xi,j : j ∈ [d]} and X be the tuple (X1 , . . . , Xd ). Then, any set-multilinear formula family of
1/∆
product-depth ∆ computing N Wn,d (X) must have size at least dΩ(d /∆) .
Proof. We show that the symmetric relative rank of low-depth set-multilinear formulas is
small with high probability in the lemma below, and then combine it with Claim 8 above to
prove the desired bound.
▶ Lemma 10. Let C be a set-multilinear formula of product-depth 1 ≤ ∆ ≤ log d/ log log d of
size at most s which computes a polynomial that is set-multilinear with respect to the partition
(X1 , . . . , Xd ) where each |Xi | = n. Let w ∈ {k, −k}d be chosen uniformly at random. Then,
we have
relrkw (C) ≤ s · 2−

kd1/∆
20

with probability at least 1 − s · d−

d1/∆
12∆

.

Proof. We prove the statement by induction on ∆.
If ∆ = 1, then C = C1 + · · · + Ct where each Ci is a product of linear forms. So, for all
i ∈ [t], by Claim 7,
relrkw (Ci ) =

d
Y

1

2− 2 |wj | = 2−

kd
2

i=1

where in the last step, we used the observation that regardless of the choice of w, |wj | = k
for all j ∈ [n]. Hence, by the sub-additivity of relrkw , with probability 1, we have
relrkw (C) ≤ s · 2−

kd
2

kd

≤ s · 2− 20 .

Next, we assume the statement is true for all formulas of product-depth ≤ ∆. Let C be
a formula of product-depth ∆ + 1. So, C is of the form C = C1 + · · · + Ct . Following an
overall proof strategy similar to the one in [20], we say that a sub-formula Ci of size si is of
∆
type 1 if one of its factors has degree at least T∆ = d ∆+1 , otherwise we say it is of type 2.

6

We only need d to be larger than some absolute constant.

D. Kush and S. Saraf

38:9

Suppose Ci = Ci,1 · · · · · Ci,ti is of type 1 with, say, Ci,1 having degree at least T∆ . Let
wi,1 be the corresponding word i.e., wi,1 = w|S1 if Ci,1 is set-multilinear with respect to
S1 ⊊ [d]. If it has size si,1 , then since it has product-depth at most ∆, it follows by induction
that
−

relrkw (Ci ) ≤ relrkwi,1 (Ci,1 ) ≤ si,1 · 2

1/∆
∆
20

kT

≤ si · 2−

kd1/(∆+1)
20

with probability at least
1 − si,1 ·

−
T∆

1/∆
∆
12∆

T

≥ 1 − s i · d−

d1/(∆+1)
12∆

∆
· ∆+1

= 1 − s i · d−

d1/(∆+1)
12(∆+1)

.

Now suppose that Ci = Ci,1 · · · · · Ci,ti is of type 2 i.e., each factor Ci,j has degree < T∆ .
1
Note that this forces ti > d/T∆ = d ∆+1 . As the formula is set-multilinear, (S1 , . . . , Sti ) form
a partition of [d] where each Ci,j is set-multilinear with respect to (Xℓ )ℓ∈Sj and Ci is setmultilinear with respect to (Xℓ )ℓ∈S . Let wi,1 , . . . , w i,ti be the corresponding decomposition,
whose respective sums are denoted simply by wS1 , . . . , wSti .
From the properties of relrkw (Claim 7), we have
relrkw (Ci ) =

ti
Y
j=1

relrkwi,j (Ci,j ) ≤

ti
Y

1

2− 2 |wSj | = 2

− 21

P ti
j=1

|wSj |

,

j=1

from which we observe that the task of upper bounding relrkw (C) can be reduced to the
Pti
task of lower bounding the sum j=1
|wSj |, which is established in the following claim. For
the sake of convenience, the choice of the alphabet for w below is scaled down to {−1, 1}.
▷ Claim 11. For large enough d, suppose (S1 , . . . , Sℓ ) is a partition of [d] such that each
∆
|Sj | < T∆ = d ∆+1 . Then, we have



1/(∆+1)
1/(∆+1)
d

 ≤ d− d 12 .
|wSj | <
P
d
10
w∼{−1,1}
j=1
ℓ
X

Proof. We first show that without loss of generality, we may assume that each Sj has size
“roughly” T∆ . To see this, we apply the following clubbing procedure to the sets in the
partition (S1 , . . . , Sℓ ):
Start with the given partition (S1 , . . . , Sℓ ). At each step in the procedure, we shall “club”
two of the sets in the partition according to the following rule.
If there are two distinct sets S ′ and S ′′ in the current partition each of size < T∆ /2, we
remove both of them and add their union S ′ ∪ S ′′ to the partition.
If the rule above is no longer applicable, then we have at most one set in the current
partition of size < T∆ /2. If there is none, then we halt the procedure here. Otherwise,
we union this set with any one of the other sets and then halt.
After the clubbing procedure, we are left with a partition (S1′ , . . . , Sℓ′ ′ ) of [d] such that
T∆
3T∆
2d1/(∆+1)
′
′
≤ ℓ′ ≤ 2d1/(∆+1) . Through
2 ≤ |Sj | ≤ 2 for each j ∈ [ℓ ], also implying that
P ℓ′ 3
Pℓ
a repeated use of the triangle inequality, we see that j=1 |wSj′ | ≤ j=1 |wSj |. Therefore,
upper bounding the latter sum is a “smaller” event than upper bounding the former sum.
Hence, it suffices to prove the statement of the claim with the assumption that T2∆ ≤ |Sj | ≤
3T∆
2 for each j ∈ [ℓ] (we henceforth drop the primed notation).
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Pℓ
1/(∆+1)
1/(∆+1)
Now, in the event that the sum j=1 |wSj | is at most d 10 , since ℓ ≥ 2d 3
, it
1
1
follows that for at least half of the sets Sj , wSj = 0 (as 23 − 10
= 17
>
).
By
Stirling’s
30
2
approximation, it follows that for a fixed j, the probability
s
r
r


2
2
4
4
1
P
w Sj = 0 ≤
=
< 1/3 ,
≤
·
∆
d
π|Sj |
πT∆
π d 2(∆+1)
d
w∼{−1,1}
where in the final step, we used ∆ ≥ 2. Therefore, the probability that this happens for ℓ/2
distinct j is bounded by


 
 2ℓ

 2ℓ
 √ ℓ 
d1/(∆+1)
d1/(∆+1)
ℓ
2
2
2 2
2
ℓ
·
<
2
·
=
≤
< d− 12 ,
1/3
1/3
1/6
1/9
ℓ/2
d
d
d
d

where we used the bound ℓ ≥

2d1/(∆+1)
.
3

◁

The claim above and the preceding calculation immediately implies that for a sub-formula
Ci of type 2,
relrkw (Ci ) ≤ si · 2−

kd1/(∆+1)
20

d1/(∆+1)

d1/(∆+1)

with probability at least 1 − d− 12
≥ 1 − si · d− 12(∆+1) .
Next, by a union bound over i ∈ [t] and the sub-additivity property of relrkw , it follows
that
relrkw (C) ≤ relrkw (C1 )+· · ·+relrkw (Ct ) ≤ s1 ·2−

with probability at least 1 − s · d−

d1/(∆+1)
12(∆+1)

kd1/(∆+1)
20

+· · ·+st ·2−

kd1/(∆+1)
20

= s·2−

kd1/(∆+1)
20

◀

, which concludes the proof of the lemma.

Returning to the proof of the theorem, let C be a set-multilinear formula of product depth ∆
of size s computing N Wn,d (X). Suppose s < d
at least 1 − d

d1/∆
24∆

. Then, by Lemma 10, with probability

1/∆

− d24∆

,

relrkw (C) ≤ s · 2−

kd1/∆
20

.

But now, we can condition on the event that w[d] = 0 (which occurs with probability
Θ( √1d )) to establish the existence of a word w ∈ {−k, k}d with w[d] = 0 such that w satisfies
d1/∆

kd1/∆

relrkw (C) ≤ s · 2− 20 . This is because of the asymptotic bound √1d ≫ d− 24∆ , which
follows from the given constraints on the parameters d, ∆. Therefore, by Claim 8,
s≥2

kd1/∆
20

· relrkw (C) = n

d1/∆
20

which contradicts the assumption that s < d
1/∆
dΩ(d /∆) .

d1/∆
24∆

. Thus, we conclude that s ≥ d

d1/∆
24∆

=
◀

Next, we show the supplementary result (Theorem 3) mentioned in Section 1, stated
more precisely below.
▶ Theorem 12. For an integer n = 2k , let Fn be a field of size n and suppose d ≤ n
is large enough. Let Xi denote the set of n variables {xi,j : j ∈ [n]} and X be the tuple
(X1 , . . . , Xd ). Then, any set-multilinear formula family computing N Wn,d (X) must have size
at least dΩ(log d) .
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Proof. We first need the following structural result, whose proof can be immediately extrapolated from [28] (see Lemma 13.3), where it is shown for multilinear and homogeneous
formulas.
▶ Lemma 13 (Product Lemma). Assume that F is a formula with at most s leaves, and is
set-multilinear with respect to the set partition (X1 , . . . , Xd ). Then, we can write
F =

s Y
ℓ
X

Fi,j

i=1 j=1

Qℓ
where ℓ ≥ log3 d and for each i ∈ [s], the product Fi = j=1 Fi,j is also set-multilinear.
Furthermore, the degrees of Fi,j satisfy the following geometric decay property:
 j
 j
1
2
d ≤ deg(Fi,j ) ≤
d, and deg(Fi,ℓ ) = 1.
3
3
▶ Lemma 14. Let F be a set-multilinear formula of size at most s which computes a
polynomial that is set-multilinear with respect to the partition (X1 , . . . , Xd ) where each
|Xi | = n. Let w ∈ {k, −k}d be chosen uniformly at random. Then, we have
relrkw (C) ≤ s · 2−

k log d
20

with probability at least 1 − s · d−

log d
60

.

Proof. We begin by writing F in the form that is given by Lemma 13. Now, because of the
geometric decay of the degrees of Fi,j , we observe that for each i ∈ [s], at least for the first 3ℓ
4
many values of j, deg(Fi,j ) ≥ d1/4 . In other words, at least a constant fraction of the Fi,j s
have their degrees at least polynomially large in d. This observation will be instrumental in
establishing the following claim, which is akin to Claim 11 used in the proof of Lemma 10.
▷ Claim 15. For large enough d, suppose (S1 , . . . , Sℓ ) is a partition of [d] such that

j
1 j
d ≤ |Sj | ≤ 32 d for all j ∈ [ℓ], and |Sℓ | = 1. Then, we have
3

P

w∼{−1,1}d

ℓ
X




|wSj | <

j=1

log d
log d 
≤ d− 60 .
10

Pℓ
d
log d
5 log d
Proof. Consider the given event that log
j=1 |wSj |. As ℓ ≥ log 3 >
10 exceeds the sum
8 ,
5
1
21
1
it follows that for at least half of the sets Sj , wSj = 0 (since 8 − 10 = 40 > 2 ). By the
observation above, it also follows that at least for 4ℓ many of the first 3ℓ
4 values of j, wSj = 0.
1/4
But for a fixed such j, since |Sj | ≥ d , the probability
s
P

w∼{−1,1}d





w Sj = 0 ≤

2
1
1
<p
≤ 1/8 ,
π|Sj |
d
|Sj |

Therefore, the probability that this happens for ℓ/4 distinct j amongst the first
j is bounded by


 
 4ℓ

 4ℓ

ℓ
log d
3ℓ/4
1
1
2
3ℓ/4
·
<
2
·
<
< d− 60 .
ℓ/4
d1/8
d1/8
d1/32

3ℓ
4

values of

◁
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By sub-additivity of relrkw (Claim 7), we have
relrkw (F ) ≤ relrkw (F1 ) + · · · + relrkw (Fs ).

(1)

So, fix an i ∈ [s]. As the formula is set-multilinear, let (S1 , . . . , Sℓ ) be the partition of
[d] such that each Fi,j is set-multilinear with respect to (Xt )t∈Sj . Let wi,1 , . . . , w i,ℓ be the
corresponding decomposition, whose respective sums are denoted by wS1 , . . . , wSℓ . Then, by
Claim 15,
relrkw (Fi ) =

ℓ
Y

relrkwi,j (Fi,j ) ≤

j=1

1

2− 2 |wSj | = 2

− 21

Pℓ
j=1

|wSj |

≤ 2−

k log d
20

j=1

with probability at least 1 − d−
conclude that
relrkw (F ) ≤ s · 2−

ℓ
Y

log d
60

. Therefore, by a union bound over i ∈ [s] and (1), we

k log d
20

with probability at least 1 − s · d−

log d
60

◀

.

Returning to the proof of the theorem, let F be a set-multilinear formula of size s
log d
computing N Wn,d . Suppose s < d 120 . Then, by Lemma 14, with probability at least
log d
1 − d− 120 ,
relrkw (F ) ≤ s · 2−

klog d
20

.

But now, we can condition on the event that w[d] = 0 (which occurs with probability
Θ( √1d )) to establish the existence of a word w ∈ {−k, k}d with w[d] = 0 such that w satisfies
klog d

relrkw (F ) ≤ s · 2− 20 . This is because of the trivial asymptotic bound
Therefore, again by Claim 8,
s≥2

klog d
20

· relrkw (F ) = n

√1
d

log d

≫ d− 120 .

log d
20

log d

log d

which contradicts the assumption that s < d 120 . Thus, we conclude that s ≥ d 120 =
dΩ(log d) .
◀

4

Discussion and Open Problems

We conclude by mentioning some interesting directions for future work.
The most interesting and natural question is to make the hard polynomial in our main
result IMMn,n . This would imply super-polynomial algebraic formula lower bounds. As
far as we know, it is conceivable that our complexity measure could be used to prove
the lower bound for the IMMn,n polynomial. While the relative rank of IMMn,n itself
is low, there might be a suitable “restriction” of it such that for a randomly chosen
w ∈ {−k, k}n , with reasonably high probability the restriction has large rank. This could
then be used to prove the lower bound for IMMn,n (using Lemma 10 or Lemma 14). The
result from [20] also showed its lower bound for the IMM polynomial by first analyzing
a suitable restriction of IMM (although unfortunately that very same restriction idea
does not work for us; please see the discussion in the appendix). Perhaps an intermediate
question is to make the hard polynomial computationally simpler, for instance to find
any hard polynomial that lies in VP.
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Another interesting question is to prove an improved depth hierarchy theorem for constantdepth set-multilinear formulas. [20] shows a depth hierarchy theorem for low-depth
set-multilinear formulas. However, since their lower bounds only hold for small degrees,
the depth hierarchy theorem in [20] only gives a quasi-polynomial separation of successive
product-depths. It would be very interesting to obtain exponential separations (which for
instance have been shown for low-depth multilinear circuits in [4]) using our measure.
Another interesting direction could be to obtain lower bounds for general set-multilinear
circuits via improved depth reduction results. The work of Kumar, Oliveira, and Saptharishi ([17]) provides some insight in this context, which shows an improved depth reduction
1/∆
to product-depth ∆ with a size blow-up of N O(∆·(N/ log N ) ) for multilinear circuits
(regardless of degree). If a similar improvement (or any asymptotic improvement in
the exponent) on the bound for general circuits from [30] could be shown to hold for
set-multilinear circuits in the setting of Theorem 1 or Theorem 9 (i.e., when N ≥ d2 ),
then combined with our lower bounds, this would imply super-polynomial set-multilinear
circuit lower bounds. We should note that [7] rules out the possibility√ of obtaining
a stronger reduction to depth-4, or ΣΠΣΠ circuits, as it shows an nΩ( n) size lower
bound for set-multilinear depth-4 circuits computing IMMn,n , which of course has small
polynomial-sized set-multilinear circuits. Nevertheless, there is still the possibility of
obtaining improved depth reduction statements for product-depths 2 (which as noted
earlier, is ΣΠΣΠΣ and hence more general than depth-4) or higher, and combining it
with our Theorem 1 to obtain unbounded-depth set-multilinear circuit lower bounds. [18]
shows a quasi-polynomial separation between the strength of homogeneous ΣΠΣΠ and
ΣΠΣΠΣ circuits, which could be considered as some evidence towards the validity of this
possibility.
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Word Polynomials from [20, 21] and Our Measure

Both [20, 21] show their set-multilinear formula lower bounds for IMMn,d by showing that
small enough set-multilinear formulas have low relative rank and that a certain “restriction”
of IMMn,d has large relative rank. This restriction possesses the desirable property that if
there is a small low-depth set-multilinear circuit computing IMM n,d , then there is one for
this restriction as well. It is then natural to wonder if we can use these same restrictions
for our symmetric measure and deduce strong lower bounds for IMM (in order to show
super-polynomial general formula lower bounds as discussed), in addition to obtaining them
for the NW polynomial. Unfortunately, it is straightforward to show that this is not possible,
as we shall now see.
▶ Definition 16 (Word Polynomials of [20, 21]). Let w ∈ Rd be any word with non-zero
entries. Say X(w) = (X1 , . . . , Xd ) where each Xi has size 2|wi | ; we assume that the variables
of Xi are labelled by strings in {0, 1}|wi | .
Given any monomial m ∈ Fsm [X(w)], let m+ denote the corresponding “positive”
N
monomial from MP
w and m− the corresponding “negative” monomial from Mw . As each
variable of X(w) is labelled by a Boolean string and each set-multilinear monomial over any
subset of X(w) is associated with a string of variables, we can associate any such monomial
(j ) (j )
(j )
m′ with a Boolean string σ(m′ ). More precisely, if j1 < · · · < jt and m′ = xσ11 xσ11 . . . xσtt
(j )
with xσii ∈ Xji and σi ∈ {0, 1}|wji | for each i ∈ [t], then σ(m′ ) is defined to be σ1 · · · σt . We
will write σ(m+ ) ∼ σ(m− ) when the shorter one is a prefix of the other one. The polynomial
Pw is defined as follows
X
Pw =
m.
m∈F[X(w)],
σ(m+ )∼σ(m− )

Clearly, the matrices Mw (Pw ) are full-rank (i.e., have rank equal to either the number of
rows or the number of columns, whichever is smaller). So, relrkw (Pw ) = 2−|w[d] |/2 .
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In our measure, w ∈ {k, −k}d with w[d] = 0 i.e., there is an equal number of positive and
negative variable sets and an equal number of variables n = 2k in each set. Thus, in the
sum above, σ(m+ ) ∼ σ(m− ) gets replaced with σ(m+ ) = σ(m− ). The sum is indexed over
all Boolean strings of length kd/2, and so there are nd/2 terms in all. Moreover, there is a
canonical bijection between the positive and negative variables: since |Pw | = |Nw | = d/2,
if an element j ∈ Pw is the k-th largest element in Pw , it corresponds to the k-th largest
element j ′ in Nw such that xi,j appears in a monomial of Pw if and only if so does xi,j ′ . Let
ϕ : Pw → Nw denote this correspondence. Then, we see that
Pw =

n
Y X

xi,j · xi,ϕ(j) ,

j∈Pw i=1

implying that Pw actually has small depth-3 set-multilinear formulas.

