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Abstract
The well-known Cluster Vertex Deletion problem (cluster-vd) asks for a given graph G and an
integer k whether it is possible to delete at most k vertices of G such that the resulting graph is
a cluster graph (a disjoint union of cliques). We give a complete characterization of graphs H for
which cluster-vd on H-free graphs is polynomially solvable and for which it is NP-complete.
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1 Introduction and result

A very extensively studied version of graph modification problems asks to modify a given
graph to a graph that satisfies a certain property G by deleting a minimum number of
vertices. The case G being ‘edgeless’ is the well-known vertex cover problem, one of
the classical NP-hard problems. If G is a ‘cluster graph’, a graph in which every connected
component is a clique, the corresponding problem is another well-known NP-hard problem,
the cluster vertex deletion problem (cluster-vd for short). In this paper, we revisit
the computational complexity of cluster-vd, formally given below.

cluster-vd
Instance: A graph G = (V, E) and an integer k.
Question: Does there exist a vertex set S ⊆ V of size at most k such that G − S

is a cluster graph?

Being an hereditary property on induced subgraphs, cluster-vd is NP-complete [16], even
when restricted to planar graphs [20] and to bipartite graphs [21], and to bipartite graphs
of maximum degree 3 [13]. Most recent works on cluster-vd deal with exact, fpt and
approximation algorithms [1, 2, 14, 19].

It is noticeable that there are only a few known cases where the problem can be solved
efficiently: cluster-vd is polynomially solvable on block graphs and split graphs [3], and on
graphs of bounded treewidth [18]. On the other hand, the complexity status of cluster-vd
on many well-studied graph classes is still open, e.g., chordal graphs discussed in [3] and
planar bipartite graphs mentioned in [4].

In this paper we initiate studying the computational complexity of cluster-vd on graphs
defined by forbidding certain induced subgraphs. We remark that related approaches for other
problems are quite common in the literature, e.g., for vertex cover (aka independent
set) [9, 12] and coloring [10, 15], and that many popular graph classes are defined
or characterized by forbidding induced subgraphs, e.g., chordal and bipartite graphs (by
infinitely many forbidden subgraphs), and cographs and line graphs (by finitely many
forbidden subgraphs).
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68:2 Cluster Vertex Deletion on H-Free Graphs

All graphs considered are undirected and finite and have no multiple edges or self-loops.
Let H be a given graph. A graph G is H-free if no induced subgraph in G is isomorphic
to H. A path with n vertices and n − 1 edges is denoted by Pn. The main result of the
present paper is the following complexity dichotomy:

▶ Theorem 1. Let H be a fixed graph. cluster-vd is polynomially solvable on H-free
graphs if H is an induced subgraph of the 4-vertex path P4, and NP-complete otherwise.

Theorem 1 is remindful of the main result in [15] which characterizes all graphs H for
which coloring H-free graphs is easy and for which it is hard. In fact, the present paper was
motivated by this H-free coloring theorem.

For a set H of graphs, H-free graphs are those in which no induced subgraph is isomorphic
to a graph in H. We denote by K1,n the tree with n ≥ 3 vertices and n leaves, by Cn the
n-vertex cycle, and as usual, by G the complement of a graph G. The union G + H of two
vertex-disjoint graphs G and H is the graph with vertex set V (G) ∪ V (H) and edge set
E(G) ∪ E(H); we write pG for the union of p copies of G. For a subset S ⊆ V (G), we let
G[S] denote the subgraph of G induced by S; G− S stands for G[V (G) \ S]. By ‘G contains
an H’ we mean G contains H as an induced subgraph.

A graph G is a cluster graph if each of its connected components is a clique. Observe
that G is a cluster graph if and only if G is P3-free. If S ⊆ V (G) is a subset of vertices of G

such that G− S is P3-free, then S is called a cluster vertex deletion set of G. An optimal
cluster vertex deletion set is one of minimum size.

We first address the polynomial part of Theorem 1 in the next section. Then we present
two new NP-completeness results for cluster-vd in Sections 3 and 4. These hardness results
allow us to clear the NP-completeness part of Theorem 1 in Section 5. The last section
concludes the paper.

2 Polynomial cases

The polynomial part in Theorem 1 consists of six cases; see also Fig. 1 for all graphs H for
which cluster-vd is polynomially solvable on H-free graphs.

P1 2P1 P2 P2 + P1 P3 P4

Figure 1 The graphs H for which cluster-vd is polynomially solvable on H-free graphs.

Observe that H-freeness is hereditary, meaning if H ′ is an induced subgraph of H then
H ′-free graphs are H-free graphs. Thus, it suffices to prove the polynomial part only for the
case where H is the 4-vertex path P4.

We now are going to describe how to solve cluster-vd in polynomial time when
restricted to P4-free graphs. P4-free graphs are also called cographs [6]. More precisely, for
vertex-disjoint graphs Gi = (Vi, Ei), i = 1, 2, let G1 0⃝G2 be the union (or co-join) of G1
and G2,

G1 0⃝G2 = (V1 ∪ V2, E1 ∪ E2),

and let G1 1⃝G2 be the join of G1 and G2,

G1 1⃝G2 = (V1 ∪ V2, E1 ∪ E2 ∪ {uv | u ∈ V1, v ∈ V2}).
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With these notations, cographs are exactly those graphs that can be constructed from
the one-vertex graph by applying the join and co-join operations. Thus, a cograph is the
one-vertex graph or is the join of two smaller cographs or is the co-join of two smaller
cographs.

Recall that S ⊆ V (G) is a vertex cover if G−S is edgeless and is a cluster vertex deletion
set if G− S is a cluster graph. Let τ(G) and ς(G) denote the vertex cover number and the
cluster vertex deletion number of G, respectively,

τ(G) = min{|S| : S is a vertex cover of G},
ς(G) = min{|S| : S is a cluster vertex deletion set of G}.

We will see that τ(G) and ς(G) can be computed efficiently when restricted to cographs.
The calculation is based on the following fact:

▶ Lemma 2. For any (not necessarily P4-free) graphs G1 and G2, the following relations
hold:

τ(G1 0⃝G2) = τ(G1) + τ(G2); (1)
τ(G1 1⃝G2) = min{τ(G1) + |V (G2)|, τ(G2) + |V (G1)|}; (2)
ς(G1 0⃝G2) = ς(G1) + ς(G2); (3)
ς(G1 1⃝G2) = min{ς(G1) + |V (G2)|, ς(G2) + |V (G1)|, τ(G1) + τ(G2)}. (4)

Proof. (1) and (3) are trivial.
(2): Let Si be a vertex cover of Gi of optimal size τ(Gi), i = 1, 2. Then S1 ∪ V (G2) and
S2 ∪ V (G1) are vertex covers of G1 1⃝G2. Hence τ(G1 1⃝G2) ≤ min{|S1| + |V (G2)|, |S2| +
|V (G1)|} = min{τ(G1) + |V (G2)|, τ(G2) + |V (G1)|}.

For the other direction, let S be a vertex cover of G1 1⃝G2 of optimal size, and write
Si = S ∩ V (Gi). Then Si is a vertex cover of Gi, and moreover, S1 = V (G1) or else
S2 = V (G2). Hence τ(G1 1⃝G2) ≥ min{|S1| + |V (G2)|, |S2| + |V (G1)|} ≥ min{τ(G1) +
|V (G2)|, τ(G2) + |V (G1)|}.
(4): Let Si be a cluster vertex deletion set of Gi of optimal size ς(Gi), i = 1, 2. Then
S1 ∪ V (G2) and S2 ∪ V (G1) are cluster vertex deletion sets of G1 1⃝G2. Hence ς(G1 1⃝G2) ≤
min{|S1|+ |V (G2)|, |S2|+ |V (G1)|} = min{ς(G1) + |V (G2)|, ς(G2) + |V (G1)|}. Let Si be a
vertex cover of Gi of optimal size τ(Gi), i = 1, 2. Then S1 ∪ S2 is a cluster vertex deletion
set of G1 1⃝G2, hence ς(G1 1⃝G2) ≤ |S1|+ |S2| = τ(G1) + τ(G2).

For the other direction, let S be a cluster vertex deletion set of G1 1⃝G2 of optimal size,
and write Si = S ∩ V (Gi). Then Si is a cluster vertex deletion set of Gi, and moreover,

if G1 − S1 is not a clique then S2 = V (G2), likewise
if G2 − S2 is not a clique then S1 = V (G1).

In these two cases, |S| = ς(G1 1⃝G2) ≥ min{|S1|+ |V (G2)|, |S2|+ |V (G1)|} ≥ min{ς(G1)+
|V (G2)|, ς(G2)+ |V (G1)|}. In the third case where each of G1−S1 and G2−S2 is a clique, S1
and S2 are vertex covers of G1 and G2, respectively. Hence in this case, |S| = ς(G1 1⃝G2) =
|S1|+ |S2| ≥ τ(G1) + τ(G2). ◀

▶ Remark 3. For any integer r ≥ 2, Lemma 2 holds accordingly for G1 0⃝G2 0⃝ · · · 0⃝Gr =
G1 0⃝(G2 0⃝ · · · 0⃝Gr) and G1 1⃝G2 1⃝ · · · 1⃝Gr = G1 1⃝(G2 1⃝ · · · 1⃝Gr). We also note that Lemma 2
holds for the weighted version, too.

With each cograph G = (V, E), one can associate a so-called cotree T of G as follows.

MFCS 2022



68:4 Cluster Vertex Deletion on H-Free Graphs

The leaves of T are the vertices of G;
Every internal node of T has a label 0⃝ or 1⃝, and has at least two children;
No two internal nodes of T with the same label are adjacent;
Two vertices u and v of G are (non-)adjacent if and only if the least common ancestor
of u and v in T has label 1⃝ (respectively, 0⃝).

In particular, the cotree of an n-vertex cograph has at most 2n− 1 nodes.
Note that, for any internal node v of T , the subtree Tv of T rooted at v is the cotree of

the subgraph of G induced by the leaves of Tv. The cograph corresponding to Tv where v

has label 0⃝ is the disjoint union of the cographs corresponding to the children of v. The
cograph corresponding to Tv where v has label 1⃝ is the join of the cographs corresponding
to the children of v.

In particular, the cotree of G can be obtained from the cotree of G by changing the
label 0⃝ to 1⃝ and 1⃝ to 0⃝.

In [7], a linear time algorithm is given for recognizing if a given graph is a cograph, and
if so, constructing its cotree. Note that the cotree can immediately be transformed to an
equivalent binary tree; see Fig. 2 for an example of a cograph G and the cotree of G and its
binary version. For simplification, we will use the binary cotree in our algorithm below.
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Figure 2 A cograph G, the cotree of G and its binary version.

Now, given a cograph G together with its binary cotree T , the bottom-up Algorithm 1
below computes the cluster vertex deletion number ς(G) of G, as suggested by Lemma 2.
The algorithm uses the following notations. For a node v of T ,

if v is an internal node then ℓ(v) and r(v) stands for the left child and the right child
of v, respectively;
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n(v) denotes the size of the subgraph of G induced by the leaves of Tv. Thus, if v is a
leaf then n(v) = 1 and if v is the root of T then n(v) = |V (G)|;
ς(v) denotes the cluster vertex deletion number of the subgraph of G induced by the
leaves of Tv. Thus, if v is a leaf then ς(v) = 0 and if v is the root of T then ς(v) = ς(G);
τ(v) denotes the vertex cover number of the complement of the subgraph of G induced
by the leaves of Tv. Thus, if v is a leaf then τ(v) = 0 and if v is the root of T then
τ(v) = τ(G).

Algorithm 1 computing cluster vertex deletion number.

Input: A cograph G = (V, E) together with its (binary) cotree T .
Output: ς(G), the cluster vertex deletion number of G

1 Traverse T by post-order and let v be the current node
2 if v is a leaf then
3 n(v)← 1; τ(v)← 0; ς(v)← 0
4 end
5 else
6 n(v)← n(ℓ(v)) + n(r(v))
7 if v has label 0⃝ then
8 τ(v)← min{τ(ℓ(v)) + n(r(v)), τ(r(v)) + n(ℓ(v))}
9 ς(v)← ς(ℓ(v)) + ς(r(v))

10 end
11 if v has label 1⃝ then
12 τ(v)← τ(ℓ(v)) + τ(r(v))
13 ς(v)← min{ς(ℓ(v)) + n(r(v)), ς(r(v)) + n(ℓ(v)), τ(v)}
14 end
15 end

▶ Proposition 4. Given a P4-free n-vertex graph G together with its cotree, Algorithm 1
correctly computes the cluster deletion number ς(G) of G in O(n) time.

Proof. The correctness of Algorithm 1 directly follows from Lemma 2. Since per node in the
cotree a constant number of operations are performed, the algorithm runs in O(n) time. ◀

We remark that Algorithm 1 can be slightly modified for computing a minimum cluster
vertex deletion set. Also, since Lemma 2 holds accordingly for the weighted version, the
minimum weight cluster vertex deletion number of cographs can be computed in linear time,
too.

Another approach is based on the concept of clique-width of graphs in connection with the
so-called LinEMSOLτ1,p

problems (problems definable in monadic second-order logic and
allowed in searching optimal sets of vertices with respect to some linear objective function).
We refer to [8] for details. It is well known that cographs have clique-width at most 2 and a
corresponding 2-expression can be constructed in linear time. Hence, every LinEMSOLτ1,p

problem on cographs can be solved in linear time [8, Theorem 4].

MFCS 2022



68:6 Cluster Vertex Deletion on H-Free Graphs

Observe that the optimization version of cluster-vd, minimum cluster-vd, is a
LinEMSOL(τ1, p) problem, since it can be expressed as follows:

minimize |S| with respect to
∀u, v, w

(
¬S(u) ∧ ¬S(v) ∧ ¬S(w) ∧ E(u, v) ∧ E(v, w) ∧ (u ̸= w)→ E(u, w)

)
,

where S(x) means x ∈ S and E(x, y) means xy ∈ E(G).
We remark that minimum weight cluster-vd is also a LinEMSOLτ1,p

problem, hence
it can be solved in linear time on cographs, too.

3 Cluster-VD on sparse graphs

Recall that cluster-vd is NP-complete on bipartite graphs [21], even when restricted to
bipartite graphs of maximum degree 3 [13]. In this section, we show that, for any given
tree T containing two vertices of degree 3, cluster-vd remains NP-complete when restricted
to T -free bipartite graphs of maximum degree 3 and with arbitrarily large girth. The girth
g(G) of a graph G is the smallest length of a cycle in G; we set g(G) =∞ if G is a forest.
Thus, for any fixed g ≥ 3, g(G) > g if and only if G is {C3, C4, . . . , Cg}-free.

▶ Theorem 5. For any given integer g ≥ 3 and any given tree T containing two degree-3
vertices, cluster-vd is NP-complete on T -free bipartite graphs of maximum degree 3 and
with girth > g.

In particular, cluster-vd is NP-complete on bipartite graphs of maximum degree 3 and
with girth > g.

Proof. We give a polynomial reduction from cluster-vd on bipartite graphs of maximum
degree 3 to cluster-vd on T -free bipartite graphs of maximum degree 3 and of girth > g.
(Note that NP-membership of cluster-vd restricted to these graphs is clear.)

First, given a bipartite graph G of maximum degree 3 with m edges, let G′ be obtained
from G by subdividing each edge e = xy in G with three new vertices ex, exy and ey, thus
obtaining the 5-vertex path xexexyeyy in G′ in which all new vertices are of degree 2. Note
that like G, G′ is bipartite. We claim that G has a cluster vertex deletion set of size at
most k if and only if G′ has a cluster vertex deletion set of size at most k + m. For one
direction, extend a cluster vertex deletion set S ⊆ V (G) to a cluster vertex deletion set
S′ ⊆ V (G′) of size |S|+ m as follows: initially, set S′ = S. Then, for each edge e = xy in G,

if both x and y are in S or outside S, put exy into S′;
if x ∈ S and y /∈ S, put ey into S′;
if x /∈ S and y ∈ S, put ex into S′.

To see that G′ − S′ is P3-free, notice that by construction, for each edge e = xy in G,
exactly one of ex, exy and ey is in S′, and if ex, exy /∈ S′ then x ∈ S, and if ex, x /∈ S′

then y ∈ S. Since each P3 in G′ has the form xexexy, exexyey or exxe′
x for some edge e = xy

and e′ = xz, it follows from these facts that G′ − S′ is P3-free.
For the other direction, suppose that G′ has a cluster deletion set of size at most

k + m, and consider such a set S′ of minimum size. Then, we may assume that, for
each edge e = xy in G, S′ contains exactly one of ex, exy and ey: note that exexyey is
a P3, hence |S′ ∩ {ex, exy, ey}| ≥ 1, and by minimality, |S′ ∩ {ex, exy, ey}| ≤ 2. Now, if
|S′ ∩ {ex, exy, ey}| = 2 for some edge e = xy in G, then S′ can be modified to a minimum
cluster vertex deletion set containing exactly one of ex, exy and ey as follows:
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suppose that ex, exy ∈ S′. Then x, y ̸∈ S′ (if x ∈ S′ then S′ − ex would be a cluster
vertex deletion set of G′, and if y ∈ S′ then S′ − exy would be a cluster vertex deletion
set of G′, contradicting the minimality of S′), and S′′ = S′ − exy + y is a desired cluster
vertex deletion set of minimum size;
suppose that ey, exy ∈ S′. Then similar to the above case, x, y ̸∈ S′, and S′′ = S′−exy +x

is a desired cluster vertex deletion set of minimum size;
suppose that ex, ey ∈ S′. Then x, y /∈ S′ (if x ∈ S′ or y ∈ S′ then S′′ = S′ − ex,
respectively S′ − ey, would be a cluster vertex deletion set of G′, contradicting the
minimality of S′), and S′′ = S′−ex +x is a desired cluster vertex deletion set of minimum
size.

Hence, S = S′ ∩ V (G) has at most k vertices, and G − S is P3-free: if there would be
an induced P3 xyz in G with edges e = xy and e′ = yz, then, as |S′ ∩ {ex, exy, ey}| = 1
= |S′ ∩ {e′

y, e′
yz, e′

z}|, one of the 3-paths xexexy, eyye′
y and e′

yze′
zz would be outside S′.

Thus, G has a cluster vertex deletion set of size at most k if and only if G′ has a cluster
vertex deletion set of size at most k + m, as claimed.

Now, given g > 0 and a tree T with two degree-3 vertices, repeating the construction
t = max{log4(g/g(G)) + 1, |V (T )|} times, the final bipartite graph has girth 4tg(G) > g and
maximum degree 3 and contains no induced subgraph isomorphic to T . ◀

4 Cluster-VD on dense graphs

In this section, we give a polynomial reduction from vertex cover to cluster-vd, showing
that cluster-vd remains NP-complete when restricted to {3P1, 2P2}-free graphs.

Recall that the vertex cover problem asks, for a given graph G and an integer k, if
one can delete a vertex set S of size at most k such that G− S is edgeless. Let (G, k) be an
instance for vertex cover. We may assume that

G is not perfect.1 This is because vertex cover is polynomially solvable on perfect
graphs (see [11]); notice that G is perfect if and only if G is perfect and perfect graphs
can be recognized in polynomial time [5]),
G has girth > g for any given integer g ≥ 3 (see, e.g., [17]), and
k ≤ |V (G)|/2. This fact is probably known and can be easily seen as follows: given G

with n vertices and an integer k, let G′ be obtained from G by adding p = max{0, 2k−n}
isolated vertices. Then k = |V (G′)|/2 and (G, k) ∈ vertex cover if and only if
(G′, k) ∈ vertex cover. Notice that like G, G′ satisfies the first two conditions, too.

From (G, k) we construct an equivalent instance (G′, k′) for cluster-vd as follows: G′

is obtained from two disjoint copies of G, G1 and G2, by adding all possible edges between
V (G1) and V (G2). Set k′ = 2k.

We argue that (G, k) ∈ vertex cover if and only (G′, k′) ∈ cluster-vd. First, let
S ⊂ V (G) with |S| ≤ k be such that G − S is edgeless. Let S1 and S2 be the copy of S

in G1 and G2, respectively. Then Gi − Si is a clique in Gi = G, hence G′ − S′ is a clique
in G′ where S′ = S1 ∪ S2 with |S′| = 2|S| ≤ 2k = k′. Conversely, let S′ ⊆ V (G′) be a cluster
vertex deletion set of G′ with |S′| ≤ k′ = 2k. Observe that S′ ∩ V (Gi) is a proper nonempty
subset of both V (G1) and V (G2): if for some i, S′ ∩ V (Gi) = ∅ then Gi (hence G) would be
perfect, and if V (Gi) ⊂ S′ then 2k ≥ |S′| > |V (Gi)| = |V (G)|, contradicting k ≤ |V (G)|/2.
It follows from the above that G′ − S′ is a single clique, implying for each i, Gi − Si is a

1 Actually, we will only use the fact that G contains at least one induced P3.

MFCS 2022
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clique in Gi where Si = S′ ∩ V (Gi). Since |S′| ≤ 2k, |S1| ≤ k or |S2| ≤ k. Let |S1| ≤ k, say,
and let S ⊆ V (G) be the set of the corresponding vertices in G. Then G− S is edgeless with
|S| ≤ k.

We have seen that G has a vertex cover of size at most k if and only if G′ has a cluster
vertex deletion set of size at most k′, as claimed.

Now, observe that, for any connected graph X, if G is X-free then G′ is X-free. Since G

has girth > g, we obtain:

▶ Theorem 6. For any fixed g ≥ 3, cluster-vd is NP-complete on {C3, C4, . . . , Cg}-free
graphs.

In particular, cluster-vd is NP-complete on {3P1, 2P2}-free graphs.

5 NP-completeness cases

In this section we give the proof of the NP-completeness part of Theorem 1.
Let H be a fixed graph. By Proposition 4, cluster-vd is polynomially solvable on

H-free graphs whenever H is an induced subgraph of the 4-vertex path P4. The following
fact is easy to see:

▶ Observation 7. A graph is an induced subgraph of the 4-path P4 if and only if it is a
{3P1, 2P2}-free forest.

Thus, it remains to consider the cases where H contains a cycle or a 3P1 or a 2P2 as an
induced subgraph.

Now, if H contains a cycle then graphs of girth > g = |V (H)| are H-free, hence Theorem 5
implies that cluster-vd is NP-complete on H-free graphs. If H contains a 3P1 or a 2P2
then {3P1, 2P2}-free graphs are H-free graphs, hence Theorem 6 implies that cluster-vd is
NP-complete on H-free graphs.

The proof of Theorem 1 is complete.

6 Conclusion

We have found a complete characterization of graphs H for which cluster-vd on H-free
graphs is polynomially solvable and for which it is NP-complete (Theorem 1).

We remark that a complexity dichotomy for vertex cover on H-free graphs, like
Theorem 1 for cluster-vd, seems very hard to achieve. Indeed, it is a long-standing open
problem whether there exists a constant t for which vertex cover is NP-complete on
Pt-free graphs. So far it is known that such a constant t, if any, must be at least 7 [12].

Let H be a set of (possibly infinitely many) graphs. A natural question generalizing the
case of one forbidden induced subgraph is: what is the complexity of cluster-vd on H-free
graphs? The case H = {H} is completely solved by Theorem 1. The case H = {Cℓ | ℓ ≥ 4}
addressed in [3] is still open. The next step may be the case of two-element sets H = {H1, H2}.
This case is more complex and currently we are investigating the case H = {H, H}. Another
interesting problem is to clear the complexity of cluster-vd on line graphs, a well-studied
graph class defined by excluding nine small induced subgraphs.
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