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Abstract
Given a graph and two vertex sets satisfying a certain feasibility condition, a reconfiguration problem
asks whether we can reach one vertex set from the other by repeating prescribed modification
steps while maintaining feasibility. In this setting, Mouawad et al. [IPEC 2014] presented an
algorithmic meta-theorem for reconfiguration problems that says if the feasibility can be expressed
in monadic second-order logic (MSO), then the problem is fixed-parameter tractable parameterized
by treewidth + ℓ, where ℓ is the number of steps allowed to reach the target set. On the other hand,
it is shown by Wrochna [J. Comput. Syst. Sci. 2018] that if ℓ is not part of the parameter, then the
problem is PSPACE-complete even on graphs of bounded bandwidth.

In this paper, we present the first algorithmic meta-theorems for the case where ℓ is not part of
the parameter, using some structural graph parameters incomparable with bandwidth. We show
that if the feasibility is defined in MSO, then the reconfiguration problem under the so-called token
jumping rule is fixed-parameter tractable parameterized by neighborhood diversity. We also show
that the problem is fixed-parameter tractable parameterized by treedepth + k, where k is the size of
sets being transformed. We finally complement the positive result for treedepth by showing that the
problem is PSPACE-complete on forests of depth 3.
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1 Introduction

A reconfiguration problem asks, given two feasible solutions S and S′ of a combinatorial
problem, whether there is a step-by-step transformation from S to S′ without losing the
feasibility [18]. The field studying such problems, called combinatorial reconfiguration, is
growing rapidly. The source combinatorial problems in reconfiguration problems have spread
in many subareas of theoretical computer science (see surveys [32,38]). In this work, we focus
on reconfiguration problems on graphs, especially the ones considering some vertex subsets as
feasible solutions. Such problems involve classic properties like independent sets [19], vertex
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covers [28], dominating sets [35], and some connected variants [26]. Restrictions to some
important graph classes such as bipartite graphs [24], split graphs [3], and sparse graphs [25]
are also studied.

Since many problems are studied under many settings in combinatorial reconfiguration, one
may ask for a unified method, or an algorithmic meta-theorem, for handling reconfiguration
problems like Courcelle’s theorem for classic (non-reconfiguration) problems [1,6, 9, 10,12].
Since reconfiguration problems are hard in general (often PSPACE-complete [18]), we need
to consider some special cases or introduce some additional parameters to consider fixed-
parameter tractability. One successful approach in this direction was taken by Mouawad et
al. [30], who showed that if the feasible solutions in a graph can be expressed in monadic
second-order logic, then the reconfiguration problem (under reasonable transformation rules)
is fixed-parameter tractable parameterized simultaneously by the treewidth of the underlying
graph and the length of a transformation sequence. Their method is quite general and can
be applied to several other settings.1 On the other hand, Wrochna [40] showed that if the
length of a transformation sequence is not part of the parameter, then some problems that
fit in this framework are PSPACE-complete even on graphs of bounded bandwidth.

The two results mentioned above (the tractability parameterized by treewidth + transfor-
mation length [30] and the intractability parameterized solely by bandwidth [40]) might be
interpreted as that if we have the length of a transformation sequence in the parameter, then
we can do pretty much everything we expect, and otherwise we can expect very little. Thus,
one might conclude that this line of research is complete and the length of a transformation
sequence is necessary and sufficient in some sense for having efficient algorithms. Indeed, to
the best of our knowledge, the study of meta-algorithms for reconfiguration problems was
not extended after these results.

In this paper, we revisit the investigation of meta-algorithms for reconfiguration problems
and shed light on the settings where the length of a transformation sequence is not part of
the parameter. In particular, we present fixed-parameter algorithms for the reconfiguration
problem of vertex sets defined by a monadic second-order formula parameterized by vertex
cover number or neighborhood diversity. We also show that when combined with the solution
set size, treedepth can be used to obtain a fixed-parameter algorithm. We then complement
this result by showing that when the solution size is not part of the parameter, the problem
is PSPACE-complete on graphs of constant treedepth.

Due to the space limitation, the proofs of some results (marked with ⋆) are omitted or
shortened. The full proofs will be included in the full version.

1.1 Our results

Now we give a little more precise description of our results. Formal definitions not given
here can be found in Section 2 or in the full version.

For a graph G, we denote its clique-width by cw(G), treewidth by tw(G), treedepth by
td(G), vertex cover number by vc(G), neighborhood diversity by nd(G), cluster deletion
number by cd(G). (We define some of these parameters in the last part of Section 2.) See
Figure 1 for the hierarchy among the graph parameters studied in this paper and some related
ones. For a graph parameter f, we often say informally that a problem is fixed-parameter
tractable “parameterized by f” to mean “parameterized by f(G), where G is the input graph.”

1 We elaborate on this a little more in Section 1.2.
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Figure 1 The graph parameters studied in this paper. A connection between two parameters
indicates the existence of a function in the one above that lower-bounds the one below.

Given a monadic second-order (MSO1) formula ϕ with one free set variable, a graph G, and
two vertex subsets S, S′ of the same size, MSO1-Reconfiguration (MSO1-R) asks whether
there exists a sequence of vertex subsets from S to S′ such that each set in the sequence
satisfies the property expressed by ϕ and each set in the sequence is obtained from the
previous one by exchanging one vertex with another. Note that this rule allows to exchange
any pair of vertices. Such a rule is well studied and called the token jumping rule [19]. There is
another well-studied rule called the token sliding rule [17], which requires that the exchanged
vertices are adjacent in G. We focus on the simpler rule token jumping in this paper and
comment on the token sliding counter parts in the full version. MSO2-Reconfiguration
(MSO2-R) with more general MSO2 formulas is defined analogously.

To show a concrete example of MSO1-R, let ϕ(S) := ∀u∀v : (u ∈ S ∧ v ∈ S) ⇒ ¬E(u, v).
This ϕ is an MSO1 formula (see Section 2) expressing that S is an independent set. Thus,
MSO1-R with this ϕ is exactly Independent Set Reconfiguration under the token
jumping rule.

Now the main results in this paper can be summarized as follows.
1. MSO1-R is FPT parameterized by nd + |ϕ|.

MSO2-R is FPT parameterized by vc + |ϕ|, but not by nd + |ϕ| unless E = NE.
The positive results here strongly depend on the token jumping rule.

2. MSO2-R is FPT parameterized by td + k + |ϕ|, where k is the size of input sets S and S′.
This result holds also under the token sliding rule.
As a by-product, we show that MSO1-R is FPT parameterized by cd+k+ |ϕ|. (Omitted
in the short version.)

3. For some fixed ϕ, MSO1-R is PSPACE-complete even on forests of depth 3.
A similar hardness result can be shown under the token sliding rule.

In all positive results, we can find a shortest sequence for transformation (if any exists).

1.2 Related work
Wrochna [40] showed that MSO1-R is PSPACE-complete on graphs of constant bandwidth
when ϕ expresses independent sets. This implies the PSPACE-completeness of MSO1-R on
graphs of constant pathwidth, treewidth, and clique-width (see Figure 1). To cope with this
intractability, Mouawad et al. [30] considered a variant with the additional restriction that
the length of a transformation sequence cannot exceed some upper bound ℓ. They showed
that this variant of MSO2-R is fixed-parameter tractable parameterized by ℓ+ tw + |ϕ|. They
reduce the reconfiguration problem to the model-checking problem of a single MSO2 formula
by expressing the existence of fewer than ℓ intermediate sets that satisfy ϕ and also expressing
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61:4 Algorithmic Meta-Theorems for Combinatorial Reconfiguration Revisited

that the change from a set to the next one obeys the transformation rule. Their framework
is quite general and can be used in several other settings such as vertex sets defined by an
MSO1 formula with the parameter ℓ+ cw + |ϕ|, or size-k vertex sets defined by a first-order
formula with the parameter ℓ + k + |ϕ| on a nowhere dense graph class (as observed also
in [25]). Also, since the step-by-step modification can be defined by a formula, the results
apply not only for the token jumping rule but also for several other rules including the token
sliding rule.2

Another important line of studies on parameterized complexity of reconfiguration problems
take the input set size k as the main parameter instead of a graph structural parameter.
This line was initiated by Mouawad et al. [29], who showed several results parameterized
solely by k and also by k + ℓ. Recently, Bodlaender et al. [4, 5] further extended this line
by showing that depending on whether and how the parameter depends on ℓ, the problem
becomes complete to XL, XNL, or XNLP.

2 Preliminaries

We assume that the reader is familiar with the parameterized complexity theory. See a
standard textbook (e.g., [13, 15,16,31]) for basic definitions.

Let G = (V,E) be a graph. For X ⊆ V , we denote by G[X] and G − X the graphs
induced by X and V \X, respectively. We sometimes denote the vertex set of G by V (G)
and the edge set by E(G). For a digraph D, we denote by A(D) its arc set.

For a non-negative integer d, let [d] denote the set {i ∈ Z | 1 ≤ i ≤ d}. For two
non-negative integers a, b with a ≤ b, let [a, b] denote the set {i ∈ Z | a ≤ i ≤ b}.

Colored graphs. In this paper, we consider graphs in which each vertex has a (possibly
empty) set of colors. We call them colored graphs. Formally, a colored graph G is a tuple
(V,E, C) such that the vertex set is V , the edge set E ⊆

(
V
2
)

is a set of unordered pairs of
vertices, and C = ⟨C1, . . . , Cc⟩ is a tuple of subsets of V , where each Ci is called a color. For
v ∈ V , let C(v) denote the set of colors that v belongs to. When C(v) = ∅ for all v ∈ V , then
the graph is uncolored. As we describe later, monadic second-order formulas treat the edge
set as a symmetric binary relation on V and each color as a unary relation on V . As the
number of colors a formula ϕ can access is bounded by |ϕ|, which is always considered as
a parameter or a constant in this paper, we can assume that the number of colors c is a
parameter as well. We omit the information of colors and say G = (V,E) when colors do not
matter.

Two colored graphs G = (V,E, ⟨C1, . . . , Cc⟩) and G′ = (V ′, E′, ⟨C ′
1, . . . , C

′
c⟩) are isomor-

phic if there is a color-preserving isomorphism f : V → V ′; that is,
for all u, v ∈ V , {u, v} ∈ E if and only if {f(u), f(v)} ∈ E′, and
for all v ∈ V and 1 ≤ i ≤ c, v ∈ Ci if and only if f(v) ∈ C ′

i.
We also say that ⟨G,S⟩ and ⟨G′, S′⟩ are isomorphic for sets S ⊆ V and S′ ⊆ V ′ if the colored
graphs (V,E, ⟨C1, . . . , Cc, S⟩) and (V ′, E′, ⟨C ′

1, . . . , C
′
c, S

′⟩) are isomorphic.

Monadic second-order logic. In the monadic second-order logic on colored graphs, denoted
MSO1, we can use vertex variables and vertex-set variables. The atomic formulas are the
equality x = y of vertex variables, the adjacency relation E(x, y) which means {x, y} ∈ E,
the color predicate Ci(x) for each color Ci which means x ∈ Ci, and the inclusion predicate

2 Actually, the rule used in [30] was another one called “token addition and removal.”
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X(x) for a variable x and a set variable X which means x ∈ X. The MSO1 formulas are
recursively defined from atomic formulas using the usual Boolean connectives (¬, ∧, ∨, ⇒,
⇔), and quantification of variables (∀x, ∃x, ∀X, ∃X). For the sake of readability, we often
use syntactic sugar in MSO1 formulas (e.g., we write “∃x ∈ X : ψ” to mean “∃x : X(x) ∧ ψ”).
As syntax sugars, we also use dotted quantifiers ∃̇ and ∀̇ to quantify distinct objects. For
example, ∃̇a, b, c : ψ means ∃a, b, c : (a ̸= b) ∧ (b ̸= c) ∧ (c ≠ a) ∧ ψ and ∀̇a, b, c : ψ means
∀a, b, c : ((a ̸= b) ∧ (b ̸= c) ∧ (c ̸= a)) ⇒ ψ.

MSO2 is an extension of MSO1 that additionally allows edge variables, edge-set variables,
and an atomic formula I(e, x) that represents the edge-vertex incidence relation. It is known
that MSO2 is strictly more powerful than MSO1 in general [11].

An MSO1 (or MSO2) formula ϕ with free variables X1, . . . , Xp is denoted by ϕ(X1, . . . , Xp).
For a graph G and vertex subsets S1, . . . , Sp of G, we write G |= ϕ(S1, . . . , Sp) if ϕ is true
for G when the free variables X1, . . . , Xp are interpreted as S1, . . . , Sp. We call an MSO1
(MSO2) formula without free variables an MSO1 (MSO2, resp.) sentence.

▶ Proposition 2.1 (Folklore, see e.g., [23]). Let G and G′ be colored graphs and S and S′ be
some vertex subsets of them such that ⟨G,S⟩ and ⟨G′, S′⟩ are isomorphic. Then, for every
MSO1 (or MSO2) formula ϕ with one free set variable, G |= ϕ(S) if and only if G′ |= ϕ(S′).

Problem definitions. For a colored graph G and an MSO1 (or MSO2) formula ϕ(X) a
sequence S0, . . . , Sℓ of vertex subsets of G is a TJ(ϕ)-sequence from S0 to Sℓ (of length ℓ) if

|Si−1 \ Si| = |Si \ Si−1| = 1 for every i ∈ [ℓ], and
G |= ϕ(Si) for 0 ≤ i ≤ ℓ.

We denote by distϕ,G(S, S′) the minimum length of a TJ(ϕ)-sequence from S to S′, which is
set to ∞ if there is no such sequence. We call a TJ(ϕ)-sequence of length 1 a TJ(ϕ)-move.
Now the main problem studied in this paper can be formalized as follows.

MSO1-Reconfiguration (MSO1-R)
Input: An MSO1 formula ϕ, a colored graph G = (V,E, C), and sets S, S′ ⊆ V

such that |S| = |S′|, G |= ϕ(S), and G |= ϕ(S′).
Question: Is there a TJ(ϕ)-sequence from S to S′?

We also study MSO2-R that allows MSO2 formulas having one free vertex-set variable
as ϕ. Observe that MSO1-R is PSPACE-hard as it generalizes various PSPACE-complete
reconfiguration problems such as Independent Set Reconfiguration. On the other
hand, it still belongs to PSPACE since we can non-deterministically find the next vertex set
R in the TJ(ϕ)-sequence and test whether G |= ϕ(R) holds in PSPACE [34,39].

When describing a TJ(ϕ)-move from Si−1 to Si, it is sometimes convenient to say that a
token on the vertex u ∈ Si−1 \ Si is moved to the vertex v ∈ Si \ Si−1. The intuition behind
this is that a vertex set in a TJ(ϕ)-sequence is considered as the positions of tokens and
that in one TJ(ϕ)-move, token on some vertex jumps to another vertex. For simplicity, we
sometimes write Si−1 − u+ v instead of (Si−1 \ {u}) ∪ {v}.

Graph parameters. For a graph G = (V,E), a set S ⊆ V is a vertex cover if each e ∈ E

has at least one endpoint in S. The vertex cover number of G, denoted vc(G), is the size of a
minimum vertex cover of G. A vertex cover of size k of an n-vertex graph, if any exists, can
be found in time O(ck ·n) for some small constant c [8]. This implies that we can assume that
a vertex cover of minimum size is given with the input when vc(G) is part of the parameter.

ESA 2022
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Two vertices u and v are twins if N(u) = N(v) or N [u] = N [v]. The neighborhood
diversity of a graph G, denoted nd(G), is the number of subsets Vi in the unique partition
V1, . . . , Vp of V into maximal sets of twin vertices. It is known that the neighborhood diversity
and the corresponding partition can be computed in linear time [27,37]. From the definitions,
we can see that nd(G) ≤ 2vc(G) + vc(G) for every graph G [21].

The treedepth of a graph G = (V,E), denoted td(G), is the minimum depth d of a rooted
forest F on the vertex set V such that each edge of G connects an ancestor and a descendant
in F , where the depth of a forest is defined as the maximum distance between a root and a
leaf. We call such a forest a treedepth decomposition. It is known a treedepth decomposition
of depth d, if exists, can be found in time 2O(d2) · n [33]. Thus we may assume that a
treedepth decomposition of depth td(G) is given with the input when td(G) is part of the
parameter.

3 MSO1-R parameterized by neighborhood diversity

The main result of this section is the following theorem.

▶ Theorem 3.1. MSO1-R parameterized by nd+|ϕ| is fixed-parameter tractable. Furthermore,
for a yes instance of MSO1-R, finding a shortest TJ(ϕ)-sequence is fixed-parameter tractable
with the same parameter.

We first prove Theorem 3.1 and then discuss the possibility of an extension to MSO2-R.
To prove Theorem 3.1, we first partition the feasible sets into a small number of equivalence
classes. We show that the reachability between feasible sets can be checked by using an
appropriately defined adjacency between the equivalence classes. Then, we take a deeper look
at the connections between the equivalence classes and show that a shortest reconfiguration
sequence can be found by finding some flow-like structure among the equivalence classes.

In the following, we fix the input of MSO1-R as follows:
ϕ(X): an MSO1 formula with one free set variable X;
G = (V,E, C): a colored graph;
S, S′ ⊆ V : the initial and target sets such that G |= ϕ(S), G |= ϕ(S′), and |S| = |S′| = k.

We say that a set X ⊆ V is feasible if G |= ϕ(X).
We assume that the sets S and S′ are colors in G; that is, C is of the form like

⟨C1, . . . , Cc, S, S
′⟩. If S and S′ are originally not colors in G, we may add them and

increase the number of colors only by 2.
Two vertices u, v ∈ V in G are of the same type if u and v are twins and C(u) = C(v). Let

⟨V1, . . . , Vt⟩ be the partition of V into the sets of vertices of the same type. We call each Vi

a type. Note that the type partition can be computed in polynomial time and that t depends
only on the neighborhood diversity of G and the number of colors in C.

For an MSO1 formula ψ, let q(ψ) = 2qs · qv, where qs and qv are the numbers of set and
vertex quantifies in ψ, respectively. Lampis [21] proved the following fact, which is one of
the main ingredients in our algorithm.3

3 Note that Proposition 3.2 implies that, when neighborhood diversity is part of the parameter, the MSO1
model-checking problem admits a small induced subgraph of the input graph as a kernel [21]. However,
this does not directly show the fixed-parameter tractability of MSO1-R (let alone the stronger claim of
Theorem 3.1). In fact, as we will see later, an analogous result (Proposition 4.3) that implies a “natural”
kernel for the MSO1 model-checking problem parameterized by treedepth is known, while MSO1-R is
PSPACE-complete on graphs of constant treedepth (Theorem 5.1).
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▶ Proposition 3.2 ([21]). Let ψ be an MSO1 sentence. Assume that a graph H has more
than q(ψ) vertices of the same type, and H ′ is the graph obtained from H by removing a
vertex in that type. Then, H |= ψ if and only if H ′ |= ψ.

We need the concept of “shapes” of vertex subsets that was used with Proposition 3.2 in
the context of extended MSO1 model-checking problems [20]. Here we introduce it in the
following simplified form, which is sufficient for our purpose. The signature of X ⊆ V is
the mapping σX : [t] → Z≥0 such that σX(i) = |Vi ∩X|. A shape is a mapping from [t] to
Z≥0 ∪ {⊥⊤} that maps each i ∈ [t] to an element of [0, q(ϕ) − 1] ∪ {⊥⊤} ∪ [|Vi| − q(ϕ) + 1, |Vi|].
Note that the number of shapes is (2q(ϕ) + 1)t. A set X ⊆ V has shape σ̄ if for every i ∈ [t],

σ̄(i) =
{

⊥⊤ q(ϕ) ≤ σX(i) ≤ |Vi| − q(ϕ),
σX(i) otherwise.

We say that a shape σ̄ is k-feasible if there is a feasible set X ⊆ V of size k that has σ̄ as its
shape.

Let σ̄S and σ̄S′ be the shapes of the input sets S and S′, respectively. Since S is a color
of G, each type Vi either is a subset of S or has no intersection with S, that is,

σ̄S(i) =
{

|Vi| Vi ⊆ S,

0 otherwise.

This implies that a set R ⊆ V has shape σ̄S if and only if R = S. This applies to S′ as well.

▶ Observation 3.3. R ⊆ V has shape σ̄S (σ̄S′) if and only if R = S (R = S′, resp.).

Proposition 3.2 and the definition of shapes together give the following fact, which is
known in more general forms in the previous studies (see e.g., [20]). This less general one is
sufficient in our setting. We present a full proof in the full version to be self contained.

▶ Lemma 3.4 (⋆). If R,R′ ⊆ V have the same shape, then G |= ϕ(R) if and only if
G |= ϕ(R′).

Lemma 3.4 implies in particular that if a shape σ̄ is k-feasible, then every size-k set of
shape σ̄ is feasible.

▶ Lemma 3.5 (⋆). If feasible sets R,R′ ⊆ V have the same shape and size, then there is a
TJ(ϕ)-sequence of length |R \ R′| from R to R′ such that all sets in the sequence have the
same shape.

We now introduce the adjacency between shapes. Intuitively, this concept captures how
a single token jump connects different shapes. Let S1 and S2 be sets having different shapes
σ̄1 and σ̄2, respectively, such that S1 \ S2 = {u}, u ∈ Vi, S2 \ S1 = {v}, v ∈ Vj , and i ̸= j.
For h ∈ [t] \ {i, j}, σ̄1(h) = σ̄2(h) holds. Since σ̄1 ̸= σ̄2, at least one of σ̄1(i) ̸= σ̄2(i) and
σ̄1(j) ̸= σ̄2(j) holds. If σ̄1(i) ̸= σ̄2(i), then |Vi ∩ S2| = |Vi ∩ S1| − 1 implies that one of the
following holds:

A1: σ̄1(i) ̸= ⊥⊤, σ̄2(i) ̸= ⊥⊤, and σ̄2(i) = σ̄1(i) − 1;
A2: σ̄1(i) = ⊥⊤ and σ̄2(i) = q(ϕ) − 1; (σS1(i) = q(ϕ))
A3: σ̄1(i) = |Vi| − q(ϕ) + 1 and σ̄2(i) = ⊥⊤. (σS2(i) = |Vi| − q(ϕ))

Similarly, if σ̄1(j) ̸= σ̄2(j), then |Vj ∩ S2| = |Vj ∩ S1| + 1 implies that one of the following
holds:

B1: σ̄1(j) ̸= ⊥⊤, σ̄2(j) ̸= ⊥⊤, and σ̄2(j) = σ̄1(j) + 1;
B2: σ̄1(j) = q(ϕ) − 1 and σ̄2(j) = ⊥⊤; (σS2(j) = q(ϕ))
B3: σ̄1(j) = ⊥⊤ and σ̄2(j) = |Vj | − q(ϕ) + 1. (σS1(j) = |Vj | − q(ϕ))

ESA 2022
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Given the observation above, we say that two k-feasible shapes σ̄1 and σ̄2 are adjacent if
and only if the following three conditions are satisfied.
(1) One of the following holds:

σ̄1 and σ̄2 disagree at exactly two indices i and j such that i satisfies one of A1, A2,
A3 and j satisfies one of B1, B2, B3;
σ̄1 and σ̄2 disagree at exactly one index i satisfying one of A1, A2, A3, or j satisfying
one of B1, B2, B3.

(2) There exists a size-k set S1 of shape σ̄1 such that
if i is defined in (1) and σ̄1(i) = ⊥⊤, then σS1(i) = q(ϕ);
if j is defined in (1) and σ̄1(j) = ⊥⊤, then σS1(j) = |Vj | − q(ϕ).

(3) There exists a size-k set S2 of shape σ̄2 such that
if i is defined in (1) and σ̄2(i) = ⊥⊤, then σS2(i) = |Vi| − q(ϕ);
if j is defined in (1) and σ̄2(j) = ⊥⊤, then σS2(j) = q(ϕ).

The size-k shape graph Sk has the set of k-feasible shapes as its vertex set and the
adjacency between the vertices (shapes) is as defined above.

▶ Lemma 3.6 (⋆). Let σ̄1 and σ̄2 be two different shapes that are k-feasible. Then, σ̄1 and
σ̄2 are adjacent in Sk if and only if there exist size-k feasible sets S1 and S2 of shapes σ̄1
and σ̄2, respectively, with |S1 \ S2| = |S2 \ S1| = 1.

Since |S| = |S′| = k, the reachability between them can be reduced to the reachability
between their shapes in Sk.

▶ Lemma 3.7 (⋆). Let σ̄ and σ̄′ be the shapes of S and S′, respectively. There is a
TJ(ϕ)-sequence from S to S′ if and only if σ̄ and σ̄′ belong to the same connected component
of Sk.

Lemma 3.7 implies that MSO1-R can be solved by checking that the shapes of the initial
and target sets belong to the same connected component of Sk. We now show that Sk can
be constructed efficiently.

▶ Lemma 3.8 (⋆). Constructing Sk is fixed-parameter tractable parameterized by t+ q(ϕ).

The lemma above already implies that MSO1-R is fixed-parameter tractable parameterized
by nd + |ϕ|. To find a shortest TJ(ϕ)-sequence, we take a closer look at Sk.

A sequence σ̄0, . . . , σ̄q of shapes with σ̄i ̸= σ̄i+1 for 0 ≤ i < q is the shape sequence of a
TJ(ϕ)-sequence if the TJ(ϕ)-sequence can be split into q + 1 subsequences such that all sets
in the ith subsequence have shape σ̄i for 0 ≤ i ≤ q.

▶ Lemma 3.9 (⋆). If there is a TJ(ϕ)-sequence from S to S′, then there is a shortest one
such that the corresponding shape sequence forms a simple path in Sk.

Lemma 3.9 implies that for finding a shortest TJ(ϕ)-sequence from S to S′, it suffices
to first guess a path in Sk and then find a shortest TJ(ϕ)-sequence having the path as its
shape sequence. Note that |V (Sk)| ≤ (2q(ϕ) + 1)t and thus the number of candidates for
such shape sequences is upper bounded by a function depending only on q(ϕ) and t. (Recall
that t is the number of types in G.) Therefore, the following lemma completes the proof of
Theorem 3.1.

▶ Lemma 3.10 (⋆). Given a sequence σ̄0, . . . , σ̄q of shapes such that σ̄0 = σ̄S and σ̄q = σ̄S′ ,
finding a shortest TJ(ϕ)-sequence with the shape sequence σ̄0, . . . , σ̄q is fixed-parameter
tractable parameterized by t+ q(ϕ).
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Proof. We reduce the problem to Minimum-Cost Circulation defined as follows. Let
D = (X,A) be a directed graph. We define δin(v) = {a ∈ A | a = (u, v) ∈ A} and δout(v) =
{a ∈ A | a = (v, u) ∈ A}. A function f : A → R is a circulation if f(δin(v)) = f(δout(v)) for
each v ∈ X, where f(A′) =

∑
a∈A′ f(a) for A′ ⊆ A. A circulation f is an integer circulation if

f(a) is an integer for each a ∈ A. Given a cost function w : A → Q, the cost of a circulation f
is defined as cost(f) =

∑
a∈A w(a)f(a). Now, given a directed graph D = (X,A), a demand

function d : A → Q, a capacity function c : A → Q, and a cost function w : A → Q, Minimum-
Cost Circulation asks to find a circulation f minimizing cost(f) under the condition that
d(a) ≤ f(a) ≤ c(a) for each a ∈ A. It is known that Minimum-Cost Circulation can be
solved in strongly polynomial time, and if the demand d and the capacity c take integer
values only, then a minimum-cost integer circulation is found [36].

Now we construct an instance of Minimum-Cost Circulation from the graph G =
(V,E, C), its type partition ⟨V1, . . . , Vt⟩, and the shape sequence σ̄0, . . . , σ̄q. We first construct
D = (X,A). The digraph D contains two special vertices s and s′, and q sets L0, L1, . . . , Lq−1
of vertices such that Lj = {vj

1, . . . , v
j
t } for 0 ≤ j ≤ q − 1. Each Lj is a bidirectional clique

(i.e., there is an arc for each ordered pair of vertices in Lj). For 1 ≤ j ≤ q− 1, D contains the
matching {(vj−1

i , vj
i ) | 1 ≤ i ≤ t} from Lj−1 to Lj . There are arcs from s to all vertices in L0

and from all vertices in Lq−1 to s′. Additionally, D contains the arc (s′, s). Each arc a in each
clique Lj has demand d(a) = 0, capacity c(a) = ∞, and cost w(a) = 1. All other arcs have
cost 0. We set d((s′, s)) = c((s′, s)) = k. For i ∈ [t], we set d((s, v0

i )) = c((s, v0
i )) = |Vi ∩ S|

(= σ̄0(i)) and d((vq−1
i , s′)) = c((vq−1

i , s′)) = |Vi ∩ S′| (= σ̄q(i)). For i ∈ [t] and j ∈ [q − 1],
we set

d((vj−1
i , vj

i )) =
{

q(ϕ) σ̄j(i) = ⊥⊤,
σ̄j(i) otherwise,

c((vj−1
i , vj

i )) =
{

|Vi| − q(ϕ) σ̄j(i) = ⊥⊤,
σ̄j(i) otherwise.

In the full version, we show that there exists a TJ(ϕ)-sequence of length at most p
with the shape sequence σ̄0, . . . , σ̄q from S to S′ if and only if the instance ⟨D, d, c, w⟩ of
Minimum-Cost Circulation admits an integer circulation f of cost at most p. This
completes the proof since Minimum-Cost Circulation is solvable in strongly polynomial
time and the size of D depends only on t and the number of shapes. ◀

Using Lemma 6 in [21] and Theorem 3.1, we can show the following.

▶ Corollary 3.11 (⋆). MSO2-R parameterized by vc + |ϕ| is fixed-parameter tractable.
Furthermore, for a yes instance of MSO2-R, finding a shortest TJ-sequence is fixed-parameter
tractable with the same parameter.

On the other hand, using a hardness result in [22], we can show that an extension
of Theorem 3.1 to MSO2 is not possible under some reasonable assumption. Recall that
E = DTIME(2O(n)) and NE = NTIME(2O(n)).

▶ Theorem 3.12 (⋆). Unless E = NE, MSO2-R on n-vertex uncolored graphs of neighborhood
diversity 2 and twin cover number 3 cannot be solved in time O(nf(|ϕ|)) for any function f .

4 Fixed-parameter algorithm parameterized by the solution size and
treedepth

In this section, we show that MSO2-R is fixed-parameter tractable when parameterized
simultaneously by treedepth, the length of the MSO2 formula, and the size of input sets S
and S′.
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▶ Theorem 4.1. MSO2-R parameterized by td + k + |ϕ| is fixed-parameter tractable, where
k is the size of input sets. Furthermore, for a yes instance of MSO2-R, finding a shortest
TJ-sequence is fixed-parameter tractable with the same parameter.

As we show in Section 5, having the size of input sets is necessary since otherwise it is
PSPACE-complete.

It is known (see e.g., [11]) that given a colored graph G and an MSO2 sentence ϕ, one
can compute in polynomial time a colored graph G′ and an MSO1 sentence ϕ′ such that

G |= ϕ if and only if G′ |= ϕ′;
G′ is obtained from G by subdividing each edge, and consider the new vertices introduced
by the subdivisions as a color;
the length of ϕ′ is bounded by a function of |ϕ|.

Observe that td(G′) ≤ td(G) + 1.4 Therefore, to prove Theorem 4.1, it suffices to show that
MSO1-R is fixed-parameter tractable parameterized by the claimed parameter.

Now we generalize the type of a vertex used in Section 3 to the type of a vertex set. For a
colored graph G = (V,E, C) and vertex sets X,X ′ ⊆ V , we say that X and X ′ have the same
type if there is an isomorphism η from G to itself such that η(X) = X ′, η(X ′) = X, and
η(v) = v for every v /∈ X∪X ′. Note that from the definition of isomorphisms between colored
graphs, C(v) = C(η(v)) holds for every v ∈ V . Note also that singletons {x}, {x′} ⊆ V have
the same type if and only if the vertices x and x′ have the same type.

The next lemma says that if there are many disjoint vertex sets of the same type, then
we can avoid most of them when finding TJ(ϕ)-sequences.

▶ Lemma 4.2 (⋆). Let ⟨ϕ,G, S, S′⟩ be a yes-instance of MSO1-R with |S| = |S′| = k. Let
C1, . . . , Ct be a family of disjoint vertex sets with the same type not intersecting S ∪ S′. If
t > k, then for every I ⊆ [t] with |I| = k, there is a shortest TJ(ϕ)-sequence S0, . . . , Sℓ from
S0 = S to Sℓ = S′ such that Ci ∩

⋃
0≤j≤ℓ Sj ̸= ∅ only if i ∈ I.

Next we further argue that if there are a much larger number of disjoint vertex sets of
the same type, then we can safely remove some of them. Note that this claim is stronger
than Lemma 4.2 in some sense. Since the formula ϕ(X) may depend on the whole structure
of G (i.e., not only on G[X]), “not using it in a sequence” and “removing it from the graph”
are different.

We need the following proposition, which is a generalization of Proposition 3.2.

▶ Proposition 4.3 ([23]). Let G be a colored graph and ϕ be an MSO1 formula with one free
set variable. Assume that G contains t > 2p·q(ϕ) disjoint size-p vertex sets with the same
type. Let G′ be the graph obtained from G by removing one of the t sets. Then, for every
subset X ⊆ V disjoint from the t sets, G′ |= ϕ(X) if and only if G |= ϕ(X).

Using Proposition 4.3, we can show the following.

▶ Lemma 4.4 (⋆). Let ⟨ϕ,G, S, S′⟩ be an instance of MSO1-R with |S| = |S′| = k. Let
C1, . . . , Ct be a family of disjoint size-p vertex sets with the same type not intersecting S ∪S′.
If t > k + 2p·q(ϕ), then for every C ∈ {C1, . . . , Ct}, distϕ,G(S, S′) = distϕ,G−C(S, S′).

4 Starting with a treedepth decomposition F of G with depth at most d, we construct a treedepth
decomposition F ′ of G′ with depth at most d + 1 by adding the vertex corresponding to each edge
{u, v} ∈ E(G) as a leaf attached to one of u and v that is a descendant of the other.
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The next lemma completes the proof of Theorem 4.1 as it means that we have a kernel
of MSO1-R parameterized by td(G) + k + |ϕ| that preserves the minimum length of a
TJ(ϕ)-sequence.

▶ Lemma 4.5. Let ⟨ϕ,G, S, S′⟩ be an instance of MSO1-R with |S| = |S′| = k. In polynomial
time, one can compute a subgraph H of G such that distϕ,G(S, S′) = distϕ,H(S, S′) and the
size of H depends only on the parameter td(G) + k + |ϕ|.

Proof. Let F be a treedepth decomposition of depth td(G). If F is not connected, then we
add a new vertex r and add edges from the new vertex to the roots of trees in F and set r
to the new root. We call the resultant tree T . If F is connected, then we just set T = F and
call its root r. Let d be the depth of T . Note that d ≤ td(G) + 1.

A node in T has height h if the maximum distance to a descendant is h, where the height
of a leaf is 0. Let c(0) = 0, n(0) = 1, and for h ≥ 0, let

c(h+ 1) = (k + 2n(h)·q(ϕ)) · 2|ϕ|·n(h) · 2(n(h)+d−h)2
+ 2k,

n(h+ 1) = n(h) · c(h+ 1) + 1.

In the next paragraph, we show that after exhaustively applying Lemma 4.4 in a bottom-up
manner along T , each node of height h has at most c(h) children and each subtree rooted
at a node of height h contains at most n(h) nodes. This implies that H has at most n(d)
vertices, where n(d) depends only on td(G), k, and |ϕ|. If h = 0, then the claim is trivial.
Assume that the claim holds for some h ≥ 0. It suffices to prove the upper bound c(h+ 1)
for the number of children as the upper bound n(h+ 1) follows immediately. Suppose to the
contrary that a node v of height h+ 1 has more than c(h+ 1) children. Since |S ∪ S′| ≤ 2k,
more than c(h+ 1) − 2k subtrees rooted at the children of v have no intersection with S ∪ S′.
Let S1, . . . , Sp be such subtrees. By the induction hypothesis, |V (Si)| ≤ n(h) holds for i ∈ [p].
Let R be the vertices on the v-r path in T (including v and r). Observe that, in H, the
vertices in V (Si) may have neighbors only in V (Si) ∪R. Thus the number of different types
of V (S1), . . . , V (Sp) is at most 2|ϕ|·n(h) ·2(n(h)+d−h)2 , where 2|ϕ|·n(h) is the number of possible
ways for coloring n(h) vertices with subsets of at most |ϕ| colors and 2(n(h)+d−h)2 is an upper
bound on the number of different ways that n(h) vertices form a graph and have additional
neighbors in d− h vertices. Since p > c(h+ 1) − 2k = (k + 2n(h)·q(ϕ)) · 2|ϕ|·n(h) · 2(n(h)+d−h)2 ,
there is a subset I ⊆ [p] such that |I| > k + 2n(h)·q(ϕ) and all vertex sets V (Si) with i ∈ [I]
have the same type. This is a contradiction as Lemma 4.4 can be applied here.

Finally, let us see how fast we can apply Lemma 4.4 exhaustively in a bottom-up manner.
The description above immediately gives a fixed-parameter algorithm parameterized by
td(G) +k+ |ϕ|, which is actually sufficient for our purpose. A polynomial-time algorithm can
be achieve in pretty much the same way as presented in [14] for a reconfiguration problem of
paths parameterized by td. The idea is to use a polynomial-time algorithm for labeled-tree
isomorphism to classify subtrees into different types. Only the differences here are that the
graph is colored and the parameters involved are larger. As the colors of the vertices can be
handled by a labeling algorithm and the involved parameters do no matter when they are
too large (i.e., if it is |V | or more), we still obtain a polynomial-time algorithm. ◀

5 PSPACE-completeness on forests of depth 3

In this section, we complement Theorem 4.1 by showing that if the size of input sets is not
part of the parameter, then the problem becomes PSPACE-complete.
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For a set U , a subset family C ⊆ 2U is an exact cover if the elements of C are pairwise
disjoint and

⋃
C∈C C = U . For two exact covers C1, C2 of U , we say that C1 can be obtained

from C2 by a merge (and C2 can be obtained from C1 by a split) if C1 \ C2 = {D1} and
C2 \ C1 = {D2, D3} for some D1, D2, D3. Note that D1 = D2 ∪D3 and D2 ∩D3 = ∅ as C1
and C2 are exact covers.

Given a set U , a family D ⊆ 2U , and two exact covers C, C′ ⊆ D of U , Exact Cover
Reconfiguration asks whether there exists a sequence C0, . . . , Cℓ of exact covers of U from
C = C0 to C′ = Cℓ such that Ci ⊆ D for all i and Ci is obtained from Ci−1 by a split or a merge
for each i ∈ [ℓ]. It is known that Exact Cover Reconfiguration is PSPACE-complete [7].

In this section, we prove the following hardness result by reducing Exact Cover
Reconfiguration to MSO1-R. (Recall that MSO1-R belongs to PSPACE.)

▶ Theorem 5.1 (⋆). For some fixed ϕ, MSO1-R is PSPACE-complete on uncolored forests
of depth 3.

Let ⟨U,D, C, C′⟩ be an instance of Exact Cover Reconfiguration. We construct an
equivalent instance of MSO1-R. Without loss of generality, we assume that U is a set of
positive integers greater than or equal to 3.

For each set D ∈ D, we construct a tree TD as follows (see Figure 2). The tree TD

contains a central vertex called the root. For each d ∈ D, the root has a child with d

grandchildren. We call the subtree rooted at a child of the root a star and each leaf in a star
a star leaf. Additionally, the root has two more children that have degree 1. They are called
the antennae.

· · ·︸ ︷︷ ︸
d1

· · ·︸ ︷︷ ︸
d2

· · ·︸ ︷︷ ︸
d|D|

· · ·

the antennae

the root

a star

a star leaf

Figure 2 The tree TD with D = {d1, d2, . . . , d|D|}.

The entire forest F consists of trees TD for all D ∈ D and eight isolated vertices. By I, we
denote the set of the isolated vertices. Clearly, F has treedepth 3. The initial set S consists
of all vertices in I and all star leaves of TD for all D ∈ C. Similarly, the target set S′ consists
of all vertices in I and all star leaves of TD for all D ∈ C′. Note that |S| = |S′| = |U | + 8.

For a set R ⊆ V (F ) and a set D ∈ D, the tree TD is full (empty) under R if R contains
all (no, resp.) star leaves of TD, and TD is clean if it is full or empty. We also say that, for a
set R ⊆ V (F ) and a set D ∈ D, a star in TD is full (empty) if R contains all (no, resp.) star
leaves of the star, and the star is clean if it is full or empty.

A tree TD is marked by a vertex set if both antennae are included in the vertex set. A
star in TD is marked by a vertex set if the center (i.e., the unique non-leaf vertex) of the star
is included. We use the eight additional vertices to mark trees and stars.

We construct the MSO1 formula ϕ(X) expressing that X satisfies 1 or 2 below.
1. All trees TD are clean and exactly eight vertices in X are not star leaves.
2. Exactly three trees TD1 , TD2 , TD3 are marked, all other trees are clean, and the following

conditions are satisfied.
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Exactly one of the three trees, say TD3 , is clean.
In each of TD1 and TD2 , exactly one star is marked and all other stars are clean.
The marked star in TD1 is clean if and only if so is the marked star in TD2 .

Constructing such ϕ(X) is tedious but not difficult. The expression is given in the full
version. Now it suffices to show that the constructed instance ⟨ϕ, F, S, S′⟩ is a yes-instance of
MSO1-R if and only if ⟨U,D, C, C′⟩ is a yes-instance of Exact Cover Reconfiguration.
The rest of the proof is omitted in the short version.

6 Conclusion

We revisited the reconfiguration problems of vertex sets defined by MSO formulas, while
putting the length constraint of reconfiguration sequence aside. We showed that the problem
is fixed-parameter tractable parameterized solely by neighborhood diversity and by the
combination of treedepth and the vertex-set size. The parameterization solely by treedepth
would not work as we showed that the problem is PSPACE-complete on forests of depth 3.

Given the positive result for neighborhood diversity and the known hardness for clique-
width (implied by the one for bandwidth [40]), a natural target would be an extension to
modular-width, which is a parameter sitting between neighborhood diversity and clique-
width (see Figure 1). It is known that a special case, the independent set reconfiguration, is
fixed-parameter tractable parameterized by modular-width [2], but the algorithm in [2] is
already quite nontrivial.

Another direction would be strengthening the hardness for treedepth. In Section 5, we
showed the hardness for a quite complicated and rather unnatural formula ϕ, which simulates
the merge and split operations. Although this rules out the possibility of meta-theorems
parameterized by treedepth, it would be still interesting to investigate the complexity of
specific more natural problems. For example, what is the complexity of the independent set
reconfiguration and the dominating set reconfiguration parameterized solely by treedepth?
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