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Abstract
In this paper we initiate a systematic study of exact algorithms for some of the well known clustering
problems, namely k-median and k-means. In k-median, the input consists of a set X of n points
belonging to a metric space, and the task is to select a subset C ⊆ X of k points as centers, such
that the sum of the distances of every point to its nearest center is minimized. In k-means, the
objective is to minimize the sum of squares of the distances instead. It is easy to design an algorithm
running in time maxk≤n

(
n
k

)
nO(1) = O∗(2n) (here, O∗(·) notation hides polynomial factors in n). In

this paper we design first non-trivial exact algorithms for these problems. In particular, we obtain
an O∗((1.89)n) time exact algorithm for k-median that works for any value of k. Our algorithm is
quite general in that it does not use any properties of the underlying (metric) space – it does not
even require the distances to satisfy the triangle inequality. In particular, the same algorithm also
works for k-Means. We complement this result by showing that the running time of our algorithm
is asymptotically optimal, up to the base of the exponent. That is, unless the Exponential Time
Hypothesis fails, there is no algorithm for these problems running in time 2o(n) · nO(1).

Finally, we consider the “facility location” or “supplier” versions of these clustering problems,
where, in addition to the set X we are additionally given a set of m candidate centers (or facilities)
F , and objective is to find a subset of k centers from F . The goal is still to minimize the k-
Median/k-Means/k-Center objective. For these versions we give a O(2n(mn)O(1)) time algorithms
using subset convolution. We complement this result by showing that, under the Set Cover
Conjecture, the “supplier” versions of these problems do not admit an exact algorithm running in
time 2(1−ϵ)n(mn)O(1).
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13:2 Exact Exponential Algorithms for Clustering Problems

1 Introduction

Clustering is a fundamental area in the domain of optimization problems with numerous
applications. In this paper, we focus on some of the most fundamental problems in the
clustering literature, namely k-median, k-means, and k-center. We formally define the
optimization version k-median.

Input: Given a metric space (X, d), where X = {x1, . . . , xn} is a collection
of n points, with distance function d on X and a positive integer k.

Task: Find a pair (C, P ), where C = {c1, . . . , ck} ⊆ X is a set of centers
and P is a partition of X into k subsets {X1, . . . , Xk} (clusters).
Here, Xi is the cluster corresponding to the center ci ∈ C. The goal
is to minimize the following cost, over all pairs (C, P ).

cost(C, P ) =
k∑

i=1

∑
x∈Xi

d(ci, x)

k-median

k-means is a variant of k-median, where the only difference is that we want to minimize

the sum of squares of the distances, i.e.,
k∑

i=1

∑
x∈Xi

(d(ci, x))2. In k-center, the objective is to

minimize the maximum distance of a point and its nearest center, i.e., kmax
i=1

max
x∈Xi

d(ci, x).
The special cases of k-median have a long history, and they are known in the literature

as Fermat-Weber problem [23, 24]. A recent formulation of k-means can be traced back
to Steinhaus [20] and MacQueen [19]. Lloyd proposed a heuristic algorithm [17] for k-
means that is extremely simple to implement for euclidean spaces, and it remains popular
even today. k-center was proved to be NP-complete by Hsu and Nemhauser [10]. All
three problems have been studied from the perspective of approximation algorithms for
last several decades. These three problems – as well as several of their generalizations –
are known to admit constant factor approximations in polynomial time. More recently,
these problems have also been studied from the perspective of Fixed-Parameter Tractable
(FPT) algorithms, where one allows the running times of the form f(k) · nO(1) for some
computable function f . k-median and k-means are known to admit improved approximation
guarantees using FPT algorithms [4], and these approximation guarantees are tight up to
certain complexity-theoretic assumptions.

A result that initiated this study is an exact algorithm for k-center1 by Agarwal and
Procopiuc [1], who give an nO(k

1− 1
d ) time algorithm in Rd. In particular, in two dimensional

space, their algorithm runs in 2O(
√

n log n) time for any value of k, i.e., in sub-exponential
time. This led us towards a natural question, namely, studying the complexity of k-median,
k-means, k-center in general metrics.

Note that it is easy to design an exact algorithm that runs in time
(

n
k

)
· nO(1) – it simply

enumerates all sets of centers of size k, and the corresponding partition of X into clusters is
obtained by assigning each point to its nearest center. Then, we simply return the solution
with the minimum cost. However, note that when k belongs to the range n/2±o(n),

(
n
k

)
≃ 2n.

Thus, the naïve algorithm has running time O∗(2n) in the worst case.

1 We note that the result of [1] holds for a slightly different variant, where the centers can be placed
anywhere in Rd. This formulation is more natural and standard in euclidean spaces.
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For many problems, the running time of O∗(2n) is often achievable by a brute-force
enumeration of all the solutions. However, for many NP-hard problems, it is often possible to
obtain improved running times. The field of exact algorithms for NP-hard problems is several
decades old. In 2003, Woeginger wrote a survey [25] on this topic, which revived the field.
This eventually led to a plethora of new results and techniques, such as subset convolution [2],
measure and conquer [8], and monotone local search [7]. A detailed survey on this topic can
be found in a textbook by Kratsch and Fomin [16]. We study the aforementioned classical
clustering problems from this perspective. In other words, we ask whether the classical
clustering problems such as k-median and k-means admit moderately exponential-time
algorithms, i.e., algorithms with running time cn · nO(1) for a constant c < 2 that is as small
as possible. We indeed answer this question in the affirmative, leading to the following
theorem.

▶ Theorem 1. There is an exact algorithm for k-median (k-means) in time (1.89)nnO(1),
where n is the number of points in X.

To explain the idea behind this result, consider the following fortuitous scenario. Suppose that
the optimal solution only contains clusters of size exactly 2. In this case, it is easy to solve
the problem optimally by reducing the problem to finding a minimum-weight matching in
the complete graph defining the metric 2. Note that the problem of finding Minimum-Weight
Perfect Matching is known to be polynomial-time solvable by the classical result of Edmonds
[13]. This idea can also be extended if the optimal solution only contains clusters of size 1
and 2, by finding matching in an auxiliary graph. However, the idea does not generalize to
clusters of size 3 and more, since we need to solve a problem that has a flavor similar to the
3-dimensional matching problem or the “star partition” problem, which are known to be
NP-hard [9, 3, 15]. Nevertheless, if the number of points belonging to the clusters of size at
least 3 is small, one can “guess” these points, and solve the remaining points using matching.
However, the number of points belonging to the clusters of size at least 3 can be quite large
– it can be as high as n. But note that the number of centers corresponding to clusters of
size at least 3 can be at most n/3. We show that “guessing” the subset of centers of such
clusters is sufficient (as opposed to guessing all the points in such clusters), in the sense
that an optimal clustering of the “residual” instance can be found – again – by finding a
minimum-weight matching in an appropriately constructed auxiliary graph.

We briefly explain the idea behind the construction of this auxiliary graph. Note that
in order to find an optimal clustering in the “residual” instance, we need to figure out the
following things: (1) the set of points that are involved in clusters of size 1, i.e., singleton
clusters, (2) the pairs of points that become clusters of size 2, and (3) for each center ci of
a cluster of size at least 3, the set of at least two additional points that are connected to
ci. We find the set of points of type (1) by matching them to a set of dummy points with
zero-weight edges. The pairs of points involved in clusters of size 2 naturally correspond
to a matching, such that the weight of each edge corresponds to the distance between the
corresponding pair of points. Finally, to find points of type (3), we make an appropriate
number of copies of each guessed center ci that will be matched to the corresponding points.
Although the high-level idea behind the construction of the graph is very natural, it is
non-trivial to construct the graph such that a minimum-weight perfect matching in the
auxiliary graph exactly corresponds to an optimal clustering (assuming we guess the centers

2 Note that the cluster-center always belongs to its own cluster, which implies that a cluster of size 2
contains one additional point. This immediately suggests the connection to minimum-weight matching.

IPEC 2022



13:4 Exact Exponential Algorithms for Clustering Problems

correctly). Thus, this construction pushes the boundary of applicability of matching in order
to find an optimal clustering. Since the minimum-weight perfect matching problem can be
solved in polynomial time, the running time of our algorithm is dominated by guessing the
set of centers of clusters of size at least 3. As mentioned previously, the number of such
centers is at most n/3, which implies that the number of guesses is at most

(
n

n/3
)

≤ (1.89)n,
which dominates the running time of our algorithm. We describe this result in Section 3. We
complement these moderately exponential algorithms by showing that these running times
are asymptotically optimal. Formally, assuming the Exponential Time Hypothesis (ETH), as
formulated by Impagliazzo and Paturi [11], we show that these problems do not admit an
algorithms running in time 2o(n) · nO(1). A formal definition of ETH is given in Section 2,
and we prove the ETH-hardness result in Section 4.

We note that our algorithm as well as the hardness result also holds for k-center.
However, it is folklore that the exact versions of k-center and Dominating set are
equivalent. Thus, using the currently best known algorithm for Dominating set by
Iwata [12], it is possible to obtain an O∗((1.4689)n) time algorithm for k-center.

We also consider a “facility location” or “supplier” version, which is a generalization of
the clustering problems defined above. In this setting, we are given a set of clients (or points)
X, and a set of facilities (or centers) F . In general the sets X and F may be different, or
even disjoint. In these versions, the set of k centers C must be chosen from F , i.e., C ⊆ F .
We formally state the “supplier” version of k-median, which we call k-median Facility
Location3.

Input: Given a metric space (X ∪ F, d), where X = {x1, . . . , xn} of n points,
called clients, F is a set of m centers, and a positive integer k.

Task: Find a pair (C, P ), where C = {c1, . . . , ck} ⊆ F of size at most k and
P is a partition of X into k subsets {X1, . . . , Xk} (clusters) such that
each client in cluster Xi is assigned to center ci so as to minimize the
k-median cost of clustering, defined as follows:

cost(C, P ) =
k∑

i=1

∑
x∈Xi

d(ci, x)

k-median Facility Location

It is also possible to define the analogous versions of k-means and k-center– the latter
has been studied in the approximation literature under the name of k-supplier. In this
paper, we show that these “facility location” versions of k-median/k-means/k-center are
computationally harder, as compared to the normal versions, in the following sense. Consider
the concrete example of k-median and k-median Facility Location. As mentioned earlier,
we beat the “trivial” bound of O(2n), by giving a O((1.89)n) time algorithm for k-median.
On the other hand, we show that for k-median Facility Location, it is not possible to
obtain a 2(1−ϵ)n · (mn)O(1) time algorithm for any fixed ϵ > 0 (note that m = |F | is the
number of facilities and n = |X| is the number of clients). For showing this result, we use the
Set Cover Conjecture, which is a complexity theoretic hypothesis proposed by Cygan et
al. [5]. We match this lower bound by designing an algorithm with running time 2n · (mn)O(1)

3 We note that a slight generalization of this problem has been considered by Jain and Vazirani [14],
who called it “a common generalization of k-median and Facility Location”, and gave a constant
approximation in polynomial time.
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under some mild assumptions. The details are in Section 6. While this algorithm is not
obvious, it is a relatively straightforward application of the subset convolution technique.
This algorithm also works for the supplier versions of k-means and k-center; however,
again there is a much simpler algorithm for k-supplier with a similar running time.

Finally, note that designing an algorithm for the supplier versions with running time
2m · (mn)O(1) is trivial by simple enumeration. It is not known whether the base of the
exponent can be improved by showing an algorithm with running time (2 − ϵ)m(mn)O(1) for
some fixed ϵ > 0, or whether this is not possible assuming a similar complexity-theoretic
hypothesis, such as Set Cover Conjecture, or Strong Exponential Time Hypothesis
(SETH). We leave this open for a future work.

2 Preliminaries

We denote by G = (V (G), E(G)) a graph with vertex set V (G) and edge set E(G). Cardinality
of a set S denoted by |S| is the number of elements of the set. We denote an (undirected)
edge between vertices u and v as uv. We denote by N(v) = {u ∈ V (G) | (u, v) ∈ E(G)} be
the open neighbourhood (or simply neighbourhood) of v, and let N [v] = N(v) ∪ {v} be the
closed neighbourhood of v.

A matching M of a graph G is a set of edges such that no two edges have common
vertices. A vertex v ∈ V (G) is said to be saturated by M if there is an edge in M incident
to v, otherwise it is said to be unsaturated. We also say that M saturates v. We say that a
vertex u is matched to a vertex v in M if there is an edge e ∈ M such that e = (u, v). A
perfect matching in a graph G is a matching which saturates every vertex in G. Given a
weight function w : E(G) → R≥0, the minimum weight perfect matching problem is to find a
perfect matching M (if it exists) of minimum weight w(M) =

∑
e∈M w(e). It is well known

to be solvable in polynomial time by the Blossom algorithm of Edmonds [13].
A q-CNF formula ϕ = C1 ∧ . . . ∧ Cm is a boolean formula over n variables X =

{x1, x2, . . . , xn}, such that each clause Ci is a disjunction of at most q literals of the form xi

or ¬xi, for some 1 ≤ i ≤ n. In a q-SAT instance we are given a q-CNF formula ϕ, and the
question is to decide whether ϕ is satisfiable. Impagliazzo and Paturi [11] formulated the
following hypothesis, called Exponential Time Hypothesis. Note that this ETH is a stronger
assumption than P ̸= NP.

Exponential Time Hypothesis (ETH) states that q-SAT, q ≥ 3 cannot be solved within a
running time of 2o(n) or 2o(m), where n is the number of variables and m is the number of
clauses in the input q-CNF formula.

3 Proof of Theorem 1

Before delving into the proof of Theorem 1, we discuss the approach at a high level. We
begin by “guessing” a subset of centers from an (unknown) optimal solution. For each guess,
the problem of finding the best (i.e., minimum-cost) clustering that is “compatible” with
the guess is reduced to finding a minimum weight perfect matching in an auxiliary graph G.
The graph G is constructed in such a way that this clustering can be extracted by essentially
looking at the minimum-weight perfect matching. Note that Minimum Weight Perfect
Matching problem is well known to be solvable in polynomial time by the Blossom algorithm
of Edmonds [13]. Finally, we simply return a minimum-cost clustering found over all guesses.

Let us fix some optimal k-median solution and let k∗
1 , k∗

2 and k∗
3 be a partition of k,

where k∗
1 : the number of clusters of size exactly 1, call Type1 ; k∗

2 : the number of clusters of
size exactly 2, call Type2 ; and k∗

3 : the number of clusters of size at least 3, call Type3. Let

IPEC 2022



13:6 Exact Exponential Algorithms for Clustering Problems

C∗
3 ⊆ X be Type3 centers, and say C∗

3 = {c1, . . . , ck∗
3
}. Observe that number of clusters with

Type3 centers is at most n
3 . Suppose not, then the number of clusters with Type3 centers is

greater than n
3 . Each Type3 cluster contains at least three points. This contradicts that the

number of input points is n.

Algorithm. First, we guess the partition of k into k1, k2, k3 as well as a subset C3 ⊆ X of
size at most n/3. For each such guess (k1, k2, k3, C3), we construct the auxiliary graph G (as
defined subsequently) corresponding to this guess, and compute a minimum weight perfect
matching M in G. Let M∗ be a minimum weight perfect matching over all the guesses. We
extract the corresponding clustering (C∗, P ∗) from M∗ (also explained subsequently), and
return as an optimal solution of the given instance.

Running time. Note that there are at most O(k2) tuples (k1, k2, k3) such that k1+k2+k3 ≤ k

(note that ki’s are non-negative integers). Furthermore, there are at most
∑n/3

i=0
(

n
i

)
≤ (1.89)n

subsets of X of size at most n/3. Finally, constructing the auxiliary graph, and finding
a minimum-weight perfect matching takes polynomial time. Thus, the running time is
dominated by the number of guesses for C3, which implies that we can bound the running
time of our algorithm by O∗((1.89)n).

Construction of Auxiliary Graph. From now on assume that our algorithm made the right
guesses, i.e., suppose that (k1, k2, k3) = (k∗

1 , k∗
2 , k∗

3) and C∗
3 = C ′. Then, we initialize the

Type3 centers by placing each center from C ′ into a separate cluster. At this point, to achieve
this, we reduce the problem to the classical Minimum Weight Perfect Matching on
an auxiliary graph G, which we define as follows. (See Figure 1 for an illustration of the
construction).

For each i ∈ {1, . . . , k3}, construct a set of s = n−k3 −2k2 −k1 vertices Ci = {ci
1, . . . , ci

s}.
Denote W = ∪k

i=1Ci; the block of vertices Ci corresponds to center ci.
Let Y = X \ C ′, that is, a set consisting of unclustered points in X. Observe |Y | = n − k3.
Denote Y = {y1, . . . , y(n−k3)}. For simplicity, we slightly abuse the notation by keeping
the vertices in G same as points in Y . That is, for each i ∈ {1, . . . , (n − k3)}, place a
vertex yi in the set Y . Make each yi adjacent to all vertices of W .
For each i ∈ {1, . . . , k1}, construct an auxiliary vertex ui. Denote Uiso = {u1, . . . , uk1}.
Make each ui adjacent to every vertex of Y .
Construct a set of s(k3 − 1) vertices, Zfill = {z1, . . . , zs(k3−1)}, that we call fillers and
make vertices of Zfill adjacent to the vertices of W .

We define edge weights. For an edge (u, v) ∈ E(G), we will use w(u, v) to denote w((u, v))
to avoid clutter.

For every i ∈ {1, . . . , (n − k3)} and every j ∈ {1, . . . , k3} set w(yi, cj
h) = d(yi, cj) for

h ∈ {1, . . . , s}, i.e, weight of all edges joining yi in Y with the vertices of Ci corresponding
to center cj .
For every i, j ∈ {1, . . . , n − k3}, i ≠ j, set w(yi, yj) = d(yi, yj), i.e, the weight of edges
between vertices of Y .
For every i ∈ {1, . . . , k1} and j ∈ {1, . . . , (n − k3)}, set w(ui, yj) = 0, i.e., the edges
incident to the vertices of Uiso have zero weights.
For every i ∈ {1, . . . , s(k3 − 1)} and j ∈ {1, . . . , k3}, w(zic

j
h) = 0, for h ∈ {1, . . . , s}, i.e.,

the edges incident to the fillers have zero weights.
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u1 u2 uk1

y1 y2 yi yj y(n−k3)

c11 c12
c1s c21 c22 c2s ck31 ck3sck32

z1 z2 zs(k3−1)

d(y1, c1)

0
0

0
0

C1 C2
Ck3

Uiso

W

d(yj, c2)

d(yi, yj)
Y = X \ C ′

Zfill

d(y(n−k3), ck3)

Figure 1 Illustration of the graph G produced in the reduction from k-median to Minimum
Weight Perfect Matching. To avoid clutter, we only show some representative edges. Recall
that we guess the set of k3 centers of type 3, and corresponding to each such center ci, we add a
set Ci consisting of s copies corresponding to that center. Next, we have the set Y corresponding
to n − k3 unclustered points. Finally, Uiso and Zfill consist of auxiliary vertices in order to ensure
a perfect matching. The weights of vertices among Y correspond to the corresponding original
distance; whereas the weight of an edge between yℓ ∈ Y , and a copy cj

i corresponding to a type 3
center ci is defined to be d(yℓ, ci). The weights of all other edges are equal to zero.

▶ Lemma 2. The graph G has a perfect matching.

Proof. We construct a set M ⊆ E(G) that saturates every vertex in G.
Note that |Uiso| < |Y | and every vertex of Uiso is adjacent to every vertex of Y . Therefore,

we can construct M1 ⊆ E(G) by arbitrarily mapping each vertex of Uiso to a distinct vertex
of Y . Clearly, M1 is matching saturating vertices of Uiso . Since |Uiso| = k1, M1 saturates k1
vertices of Y . Denote by Y ′ the set of vertices of Y that are not saturated by M1. Observe
|Y ′| = s + 2k2.

Every vertex of Zfill is adjacent to every vertex of W and |Zfill| < |W |. Construct
M2 ⊆ E(G) by arbitrarily mapping each vertex of Zfill to a distinct vertex of W . Thus, M2 is
a matching which saturates every vertex of Zfill and since |Zfill| = s(k3 − 1), it also saturates
s(k3 − 1) vertices of W . Denote by W ′ the set of vertices of W that is not saturated by M2.
Observe |W ′| = s. Recall, every vertex of W ′ is adjacent to every vertex of Y ′ and note that
|W ′| < |Y ′|. Therefore, construct M3 ⊆ E(G) by arbitrarily matching each vertex of W ′

with a distinct vertex of Y ′.
Thus, the matching M3 saturates s vertices in both the sets W ′ and Y ′. Denote M ′ =

M1 ∪ M2 ∪ M3. Clearly, the vertices of Uiso, W and Zfill are saturated by M ′.
Denote by Y ′′ = Y \ Y ′ the set of vertices of Y that are not saturated by M ′. Note

that |Y ′′| = 2k2. Consider M4 ⊆ E(G) which maps these 2k2 vertices to each other. We set
M = M ′ ∪ M4. It is easy to see that M is a perfect matching. ◀

We next show one-to-one correspondence between perfect matchings of G and k-median
clusterings of X.

IPEC 2022



13:8 Exact Exponential Algorithms for Clustering Problems

▶ Lemma 3. Let OPTmm(G) =weight of minimum weight perfect matching, and
OPTkmed(X) = optimal clustering cost of k-median clustering of X. Then, OPTmm(G) =
OPTkmed(X).

Proof. In the forward direction, let M denote a minimum weight perfect matching M ⊆ E(G).
We construct a k-median clustering of X of same cost.

Observe that each vertex of Zfill is only adjacent to the vertices of W and |Zfill| < |W |.
Let W1 ⊆ W be a set of vertices matched to vertices of Zfill. Since G has a perfect matching,
it saturates Zfill, where |Zfill| = s(k3 − 1). Then, |W1| = s(k3 − 1). Let W2 = W \ W1 be set
of vertices matched to vertices of Y . Clearly, |W2| = s.

For every i ∈ {1, . . . , (n − k3)}, vertex yi ∈ Y is saturated by M . Therefore, we construct
the k-median clustering {X1, . . . , Xk} of X, where each Xi ∈ {Type1, Type2, Type3}, for
i ∈ {1, . . . , k} as follows.

Let Y ′ ⊆ Y be the set of vertices that are matched to vertices of Uiso in M , where
|Uiso| = k1 < |Y |. Corresponding to each such vertex in Y ′, select a center in the solution
C, call CType1 = {c1

Type1, . . . , ck1
Type1}. Correspondingly, also construct a singleton cluster

Xi = {ci
Type1}, for i ∈ {1, . . . , k1}. Let XType1 denote set of all Type1 clusters.

We now construct Type3 clusters: Let Y ′
i ⊆ Y be the set of vertices matched to set Ci, for

i ∈ {1, . . . , k3} in M . Consider Xi = Y ′
i ∪ {ci}. Clearly, Xi, for i ∈ {1, . . . , k3} corresponds

to Type3 clusters in X. Let XType3 denote set of all Type3 clusters. Recall, we already guess
set C ′ = {c1, . . . , ck3}, that is, Type3 centers correctly.

Lastly, we construct clusters of Type2. Denote by Y ′′ set of unclustered points in Y .
Observe these points form a set of k2 disjoint edges in M . Arbitrarily, select one of the
endpoint of each edge as a center in the solution C, call CType2 = {c1

Type2, . . . , ck2
Type2}. That

is, for an edge (y1, y2) ∈ M , where y1, y2 ∈ Y ′′, select center as y1 or y2. Then construct a
cluster Xi, for i ∈ {1, . . . , k2} by placing both the endpoints of the edge in the same cluster.
Denote by XType2 the set of all Type2 clusters.

Clearly, Xi ∈ {Type1, T ype2, Type3}, for i ∈ {1, . . . , k} is a partition of X. Note, since
Type1 clusters are isolated points, therefore, they contribute zero to the total cost of clustering.
Now we upper bound the cost of the obtained k-median clustering:

k∑
i=1

∑
x∈Xi

d(ci, x) =
k2∑

i=1

∑
y∈XType2

d(ci
Type2, y) +

k3∑
i=1

∑
y∈XType3

d(ci, y) = OPTmm(G).

For the reverse direction, consider a k-median clustering {X1, . . . , Xk} of X into
{Type1, Type2, Type3} clusters of X such that |Type1| = k1, |Type2| = k2 and |Type3| = k3
and C ′ = {c1, . . . , ck3}, that is, centers of Type3 clusters with OPTkmed(X). We construct a
perfect matching M ⊆ E(G) of G as follows.

Observe that each Type1 cluster is a singleton cluster. Construct M1 ⊆ E(G) by iterating
over each singleton vertex in Y correspond to each cluster and matched it to a distinct vertex
in Uiso. Since |Type1| = |Uiso| = k1, M1 is a matching saturating set Uiso. Also, M1 saturates
k1 vertices in Y .

Corresponding to each Type2 cluster, construct M2 ⊆ E(G) by adding an edge between
both the end vertices in Y . Clearly, M2 is a disjoint set of k2 edges in G and saturates 2k2
vertices in Y .

Denote Y ′ ⊆ Y be the set of vertices matched by M1 ∪ M2. Clearly, |Y ′| = k1 + 2k2. Let
Y ′′ = Y \ Y ′ be the set of remaining unmatched vertices in Y . Then, |Y ′′| = |Y | − |Y ′| =
n − k3 − 2k2 − k1 = s.
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Note, we already guessed C ′ = {c1, . . . , ck3} and we have a cluster Xi corresponding to
each Ci, for i ∈ {1, . . . , k3}. Construct M3 ⊆ E(G) by matching each vertex of Xi \ {ci} in
Y ′′ to a distinct copy of ci in W . Since |Y ′′| < |W |, M3 saturates Y ′′. Let W1 ⊆ W be the
set of vertices saturated by M3. Note that |Y ′′| = s, then |W1| = s. Let W2 = W \ W1 be the
set of vertices not saturated by M3, where |W | = sk3. Then, |W2| = s(k3 − 1). Every vertex
of Zfill is only adjacent to every vertex of W (in particular of W2). We construct M4 ⊆ E(G)
by matching each vertex of Zfill to a distinct vertex of W2. Since |Zfill| = |W2| = s(k3 − 1),
M4 saturates Zfill and W2.

To evaluate the weight of M , recall that the edges of G incident to set Uiso and filler
vertices Zfill have zero weights, that is, w(M1) = w(M4) = 0. Then

w(M) = w(M2) + w(M3) =
∑

e∈M2

w(e) +
∑

e∈M3

w(e)

=
∑

ci:Xi∈XType2

∑
y∈Ci

d(y, ci) +
∑

ci:Xi∈XType3

∑
y∈Ci

d(y, ci)

= OPTkmed(X).

It is straightforward to see that the construction of the graph G from an instance (X, d)
of k-median can be done in polynomial time. Then, because a perfect matching of minimum
weight of the graph G can be found in polynomial time [13] and the total number of guesses is
at most (1.89)nnO(1), k-median can be solved exactly in (1.89)nnO(1) time. This completes
the proof of the theorem. ◀

▶ Remark 4. Note that even if the distances satisfy the triangle inequality, the sum of squares
of distances do not. Nevertheless, our algorithm also works for k-means, where we want to
minimize the sum of squares of distances; or even more generally, if we want to minimize
the sum of z-th powers of distances, for some fixed z ≥ 1. In fact, our algorithm works for
non-metric distance functions – it is easy to modify construction of graph G so that it works
with asymmetric distance functions, which are quite popular in the context of asymmetric
traveling salesman problem [21, 22]. Finally, we note that it may be possible to improve the
running time (i.e., the base of the exponent) using the metric properties of distances, and we
leave this open for a future work. However, in the next section, we show the running time of
an exact algorithm cannot be substantially improved, i.e., to O∗(2o(n)).

4 ETH Hardness

In this section, we establish result around the (im)possibility of solving k-median problem
in subexponential time in the number of points. For this, we use the result of Lokshtanov et
al. [18] which states that, assuming ETH, Dominating set problem cannot be solved in
time 2o(n) time, where n is the number of vertices of graph.

Given an unweighted, undirected graph G = (V, E), a dominating set S is a subset of V

such that each v ∈ V is dominated by S, that is, we either have v ∈ S or there exists an edge
(uv) ∈ E(G) such that u ∈ S. The decision version of Dominating set is defined as follows.

Input: Given an unweighted, undirected graph G(V, E), positive integer k.
Task: Determine whether G has a dominating set of size at most k.

Dominating set

Lokshtanov et. al [18] proved the following result.

IPEC 2022
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▶ Proposition 5 ([18]). Assuming ETH, there is no 2o(n) time algorithm for Dominating
set problem, where n is the number of vertices of G .

We use this known fact about Dominating set to prove the following.

▶ Theorem 6. k-median cannot be solved in time 2o(n) time unless the exponential-time
hypothesis fails, where n is the number of points in X.

Proof. We give a reduction from Dominating set problem to k-median problem. Let
(G = (V, E), k) be the given instance of Dominating set. We assume that there is no
dominating set in G of size at most k − 1. This assumption is without loss of generality,
since we can use the following reduction iteratively for k′ = 1, 2, . . . , k, which only incurs a
polynomial overhead.

Now we construct an instance (X, d) of k-median as follows. First, let X = V (G), i.e.,
we treat each vertex of the graph as a point in the metric space, and we use the terms vertex
and point interchangeably. Recall that the graph G = (V, E) is unweighted, but we suppose
that the weight of every edge in E(G) is 1. Then, we let d be the shortest path metric in G.
The following observations are immediate.

▶ Observation 7.
For all u ∈ V (G), d(u, u) = 0.
For all distinct u, v ∈ V (G), d(u, v) = 1 ⇐⇒ (u, v) ∈ E(G), and d(u, v) ≥ 2 ⇐⇒
(u, v) ̸∈ E(G).

We now show that there is a dominating set of size k iff there is a k-median clustering of
cost exactly n − k.

In the forward direction, let S ⊆ V (G) be a dominating set of size k. We obtain the
corresponding k-median clustering as follows. We let S = {c1, c2, . . . , ck} to be the set of
centers. For a center ci ∈ S, we define X ′

i = N [ci]. Since S is a dominating set, every vertex
in V (G) \ S has a neighbor in S. Therefore,

⋃
1≤i≤k X ′

i = V (G). Now, we remove all other
centers except for ci from the set X ′

i. Furthermore, if a vertex belongs to multiple X ′
i’s,

we arbitrarily keep it only a single X ′
i. Let {X1, X2, . . . , Xk} be the resulting partition of

V (G). Observe that in the resulting clustering, centers pay a cost of zero, whereas every
other vertex has a center at distance 1. Therefore, the cost of the clustering is exactly n − k.

In the other direction, let (S, {X1, X2, . . . , Xk}) be a given k-median clustering of cost
n − k. We claim that S is a dominating set of size k. Consider any vertex u ∈ V (G) \ S,
and suppose u ∈ Xi corresponding to the center ci. Since u ̸∈ S, d(u, S) ≥ d(u, ci) ≥ 1. This
holds for all n − k points of V (G) \ S. Now, if u ∈ Ci, and d(u, ci) > 1 for some vertex
u ∈ V (G) \ S, then this contradicts the assumption that the given clustering has cost n − k.
This implies that every u ∈ V (G) \ S has a center in S at distance exactly 1, i.e., u has a
neighbor in S. This concludes the proof.

This reduction takes polynomial time. Observe that the number of points in the resulting
instance is equal to n, the number of vertices in G. Therefore, if there is an algorithm for
k-median with running time subexponential in the number of points n then it would give a
2o(n) time algorithm for Dominating set, which would refute ETH, via Proposition 5. ◀
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5 SeCoCo Hardness

In this section, we consider the variant of k-median, which we call k-median Facility
Location. Recall that in this problem, we are given a metric space (X ∪ F, d), where X

is a set of n clients, F is a set of m centers and integer k > 0. The goal is to select a set
C ⊆ F of k centers and assign each client in X to a center in C, such that the k-median cost
of clustering is minimized.

We show that there is no algorithm solves k-median Facility Location problem in
time O(2(1−ϵ)npoly(m)), for every fixed ϵ > 0. For this, we use the Set Cover Conjecture
by Cygan et al. [5].

The decision version of Set Cover problem is defined as follows.

Input: Given a universe U = {u1, . . . , un} of n elements and a family S =
{S1, . . . , Sm} of m subsets of U and an integer k

Task: Determine whether there is a set cover of size at most k.

Set Cover

To state Set Cover Conjecture [5] more formally, let ∆-Set Cover denote the Set
Cover problem where all the sets have size at most ∆ > 0.

▶ Conjecture 8. Set Cover Conjecture (SeCoCo)[5]. For every fixed ϵ > 0 there
is ∆(ϵ) > 0, such that no algorithm (even randomized) solves ∆-Set Cover in time
O(2(1−ϵ)n · poly(m)).

Using this result, we show the following.

▶ Theorem 9. Assuming Set Cover Conjecture, for any fixed ϵ > 0, there is no
O(2(1−ϵ)n · poly(m)) time algorithm for k-median Facility Location, where n is the
number of clients.

Proof. We give a reduction from Set Cover to k-median Facility Location problem.
Given an instance (U , S) of Set Cover problem, where U = {u1, . . . , un} and S =

{S1, . . . , Sm}, such that Si ⊆ U , we create an instance of k-median Facility Location by
building a bipartite graph G = ((X ∪ F ), E) as follows.

For each element ui ∈ U , we create a client, say xi, for i ∈ {1, . . . , n}. Denote X =
{x1, . . . , xn}.
For each set Si ∈ S, we create a center, say ci, for i ∈ {1, . . . , m}. Denote F =
{c1, . . . , cm}.
For every i ∈ {1, . . . , n} and every j ∈ {1, . . . , m}, if ui ∈ Sj , then connect corresponding
xi and cj with an edge of weight 1, i.e., client xi pays cost 1 when assigned to facility cj .

This finishes the construction of G. Now, let d be the shortest path metric in graph G.
We show that there is set cover of size at most k if and only if there is k-median clustering

of cost n.
In the forward direction, assume there is a set cover S ′ ⊆ S of size at most k. Assume

S ′ = {S1, . . . , Sk}. For a set Si, we make the corresponding vertex ci ∈ F a center. Then, we
create its corresponding cluster Xi as follows. We add all the points xj such that (cixj) ∈ E.
Finally, we make the clusters Xi pairwise disjoint, by arbitrarily choosing exactly one cluster
for every client, if the client is present in multiple clusters. Clearly, {X1, . . . , Xk} is a
partition of X. We now calculate the cost of the obtained k-median clustering.

k∑
i=1

∑
x∈Xi

d(ci, x) =
k∑

i=1
|Xi| = n.

IPEC 2022
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In the reverse direction, suppose there is a k-median clustering {X1, . . . , Xk} of X of cost
n. Let C = {c1, . . . , ck} ⊆ F be a set of centers. Every client must be at distance at least 1
from its corresponding center. We claim that each client in a cluster is at distance exactly 1
from its corresponding center. Suppose not, then there exists a client with distance strictly
greater than 1 from its center. The total number of clients is n. This contradicts that the
cost of k-median clustering is n. Thus, every element is chosen in some set corresponding
to set C. Therefore, a subfamily S ′ ⊆ S corresponding to set C forms a cover of U . Since
|C| = k, S ′ is a cover of U of size at most k.

Clearly, this reduction takes polynomial time. Furthermore, observe that the number
of clients in the resulting instance is same as the number of elements in U . Therefore, if
there is an O(2(1−ϵ)n · poly(m)) time algorithm for k-median Facility Location then it
would give a O(2(1−ϵ)n · poly(m)) time algorithm for Set Cover, which, in turn, refutes
Set Cover Conjecture. ◀

We briefly note that the same hardness construction also shows a similar hardness result for
the “supplier” versions of k-means and k-center.

6 A 2n · poly(m, n) time Algorithm for k-Median Facility Location

Let (X ∪ F, d) be a given instance of k-median Facility Location, where n = |X| denotes
the number of clients, and m = |F | denotes the number of centers. In this section, we give a
2n · poly(m, n)-time exact algorithm, under a mild assumption that any distance in the input
is a non-negative integer that is bounded by a polynomial in the input size. 4 Let M := n · D,
where D denotes the maximum inter-point distance in the input. Note that M = poly(m, n).

We define k functions cost1, cost2, . . . , costk : 2X → M , where costi(Y ) denotes the
minimum cost of clustering the clients of Y into at most i clusters. In other words, costi(Y )
is the optimal i-Median Facility Location cost, restricted to the instance (Y ∪ F, d).
First, notice that cost1(Y ) is simply the minimum cost of clustering all points of Y into a
single cluster. This value can be computed in O(mn) time by iterating over all centers in F ,
and selecting the center c that minimizes the cost

∑
p∈Y d(p, c). Thus, the values cost1(Y )

for all subsets Y ⊆ X can be computed in O(2nmn) time. Next, we have the following
observation.

▶ Observation 10. For any Y ⊆ X and for any 1 ≤ i ≤ k,

costi(Y ) = min
A∪B=Y
A∩B=∅

costi−1(A) + cost1(B).

Note that since we are interested in clustering of Y into at most i clusters, we do not need to
“remember” the set of facilities realizing costi−1(A) and cost1(B) in Observation 10. Next,
we discuss the notion of subset convolution that will be used to compute costi(·) values that
is faster than the naïve computation.

Subset Convolutions. Given two functions f, g : 2X → Z, the subset convolution of f and
g is the function (f ∗ g) : 2X → Z, defined as follows.

∀Y ⊆ X : (f ∗ g)(Y ) =
∑

A∪B=Y
A∩B=∅

f(A) · g(B) (1)

4 Since the integers are encoded in binary, this implies that the length of the encoding of any distance is
O(log(m) + log(n)).
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It is known that, given all the 2n values of f and g in the input, all the 2n values of
f ∗ g can be computed in O(2n · n3) arithmetic operations, see e.g., Theorem 10.15 in the
Parameterized Algorithms book [6]. This is known as fast subset convolution. Now, let
(f ⊕g)(Y ) = minA∪B=Y

A∩B=∅
f(A)+g(B). We observe that f ⊕g is equal to the subset convolution

f ∗ g in the integer min-sum semiring (Z ∪ {∞}, min, +), i.e., in Equation (1), we use the
mapping + 7→ min, and · 7→ +. This, combined with a simple “embedding trick” enables one
to compute all values of f ⊕ g : 2X → {−N, . . . , N} in time 2nnO(1) · O(N log N log log N)
using fast subset convolution – see Theorem 10.17 of [6]. Finally, Observation 10 implies that
costi is exactly costi−1 ⊕ cost1, and we observe that the function values are upper bounded
by n · D = M . We summarize this discussion in the following proposition.

▶ Proposition 11. Given all the 2n values of costi−1 and cost1 in the input, all the 2n values
of costi can be computed in time 2nnO(1) · O(M log M log log M).

Using Proposition 11, we can compute all the 2n values of cost2(·), using the pre-computed
values cost1(·). Then, we can use the values of cost2(·) and cost1(·) to compute the values of
cost3(·). By iterating in this manner k −1 ≤ n times, we compute the values of costk(·) for all
2n subsets of k, and the overall time is upper bounded by 2nmnO(1) · O(M log M log log M),
which is 2n · poly(m, n), if M = poly(m, n). Note that costk(X) corresponds to the optimal
cost of k-median Facility Location. Finally, the computed values of the functions costi(·)
can be used to also compute a clustering {X1, X2, . . . , Xk} of X, and the corresponding
centers {c1, c2, . . . , ck}. We omit the straightforward details.

▶ Theorem 12. k-median Facility Location can be solved optimally in 2n · poly(m, n)
time, assuming the distances are integers that are bounded by polynomial in the input size.

Note that the algorithm does not require the underlying distance function to satisfy the
triangle inequality. In particular, we obtain an analogous result the “facility location” version
of the k-means objective. Finally, the algorithm works for k-supplier, which is a similar
variant of k-center. However, in this case there is a much simpler reduction to Set Cover
which gives an 2n · poly(m, n) time algorithm. For this, we first “guess” the optimal radius r,
and define a set system that consists of balls of radius r around the given centers. We omit
the details.
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