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Abstract
We study unitary property testing, where a quantum algorithm is given query access to a black-box
unitary and has to decide whether it satisfies some property. In addition to containing the standard
quantum query complexity model (where the unitary encodes a binary string) as a special case, this
model contains “inherently quantum” problems that have no classical analogue. Characterizing the
query complexity of these problems requires new algorithmic techniques and lower bound methods.

Our main contribution is a generalized polynomial method for unitary property testing problems.
By leveraging connections with invariant theory, we apply this method to obtain lower bounds
on problems such as determining recurrence times of unitaries, approximating the dimension of a
marked subspace, and approximating the entanglement entropy of a marked state. We also present
a unitary property testing-based approach towards an oracle separation between QMA and QMA(2),
a long standing question in quantum complexity theory.
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1 Introduction

The query model of quantum algorithms plays a central role in the theory of quantum
computing. In this model, the algorithm queries (in superposition) bits of an unknown input
string X, and after some number of queries decides whether X satisfies a property P or not.
We now have an extensive understanding of the query complexity of many problems; we refer
the reader to Ambainis’s survey [9] for an extensive list of examples.

Although this query model involves quantum algorithms, the task being solved is classical
property testing, that is, deciding properties of classical strings. This has been very useful
for comparing the performance of classical versus quantum algorithms for the same task. In
contrast, quantum property testing – deciding properties of quantum objects such as states
and unitaries – has been been studied much less but has been receiving more attention in
recent years [35].
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In this paper we focus on unitary property testing, where the goal is to decide whether a
unitary U satisfies a property P by making as few queries to U as possible. This systematic
study of this topic was initiated by Wang [46], and various aspects have been studied further
in [35, 22, 7]. We continue explorations of this topic by developing a new lower bound
technique, demonstrating its utility with several unitary property testing problems, and
exploring intriguing connections between unitary property testing, invariant theory, and
the complexity class QMA(2). Before presenting our findings in detail, we first explain the
unitary property testing model.

1.1 Unitary Property Testing
The model of unitary property testing we consider is formally defined as follows. Fix a
dimension d and let Pyes,Pno denote disjoint subsets (called yes and no instances respectively)
of d-dimensional unitary operators. A tester for deciding the problem P = (Pyes,Pno) is
a quantum algorithm that, given query access to a unitary U ∈ Pyes ∪ Pno (called the
problem instance), accepts with high probability if U ∈ Pyes and otherwise accepts with low
probability.1

This model includes the standard query model as a special case: a quantum query to
a classical string X ∈ {0, 1}d is defined to be a query to the unitary U that maps |i⟩ to
(−1)Xi |i⟩ for all i ∈ [d]. In other words, the unitary is self-adjoint and diagonal in the
standard basis.

We can go beyond self-adjoint, diagonal unitaries and study quantum analogues of classical
property testing problems, such as:

Testing quantum juntas: if U is an n-qubit unitary, determining whether there is a
k-sized subset S of qubits outside of which U acts as the identity. This is analogous to
determining whether the input X, interpreted as a function on {0, 1}n, only depends on
a k-subset of coordinates. This was studied in [46, 22].
Approximate dimension: promised that U applies a phase to all states |ψ⟩ in a subspace
S of dimension either at w or 2w, determine the dimension of the subspace. This is
analogous to the classical problem of approximating the Hamming weight of an input X.
This was studied in [4].

We can also study property testing problems that have no classical analogue at all, such as:
Unitary recurrence times: Determining whether U t = I or ∥U t − I∥ ≥ ϵ (promised that
one is the case) where t is a fixed integer.
Hamiltonian properties: Promised that U = e−iH for some Hamiltonian H with bounded
spectral norm, determine properties of H, such as whether it is a sum of k-local terms,
or the ground space is topologically ordered.
Unitary subgroup testing: decide whether U belongs to some fixed subgroup of the unitary
group (such as the Clifford subgroup). This was studied in [16].
Entanglement entropy problem: Given access to a unitary U = I − 2 |ψ⟩ ⟨ψ| for some
state |ψ⟩ ∈ Cd ⊗ Cd, decide if the entanglement entropy of the state |ψ⟩ is low or high,
promised one is the case.

These examples illustrate the rich variety of unitary property testing problems: some are
motivated by well-studied classical problems in computer science (such as junta testing and
approximate counting), whereas others are inspired by questions in quantum physics (e.g.,
identifying quantum chaos, topological order, or entanglement).

1 We note that the concept of property testing discussed in this paper is more general than typically
presented in the literature (see, e.g., [46, 24]), where no instances are defined to be ϵ-far from the set of
yes instances for some distance measure. In this paper we allow for other ways of defining no instances
(as long as they are disjoint from yes instances), which may be more natural in many contexts.
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1.2 A Generalized Polynomial Method and Its Applications

Our main contribution is a lower bound technique for unitary property testing that generalizes
the well-known polynomial method in complexity theory. First introduced by Nisan and
Szegedy as [36] in classical complexity theory and then adapted for quantum algorithms by
Beals, et al. [10], the polynomial method is a powerful technique to lower bound the quantum
query complexity of a variety of problems (see, e.g., [6, 18], and the references therein).

The polynomial method is based on the fact that a quantum algorithm making T queries
to a boolean input X = (x1, . . . , xn) yields a real polynomial p : Rn → R of degree at most
2T such that p(x1, . . . , xn) is equal to the acceptance probability of the algorithm on input
X. If the algorithm distinguishes between yes and no instances with some bias, so does
the polynomial p. Thus, lower bounds on the degree of any such distinguishing polynomial
directly translates into a lower bound on the quantum query complexity for the same task.

We generalize this to arbitrary unitary properties.

▶ Proposition 1.1 (Generalized polynomial method). The acceptance probability of a quantum
algorithm making T queries to a d× d unitary U and its inverse U∗ can be computed by a
degree at most 2T self-adjoint2 polynomial p : C2(d×d) → C evaluated at the matrix entries
of U and U∗. Thus, degree lower bounds on such polynomials yields a query lower bound on
the algorithm.

Proof. Refer to Section 3.1 of the full version [41]. ◀

Furthermore, we say that a unitary property P = (Pyes,Pno) is closed under inversion if
U ∈ Pyes iff U∗ ∈ Pyes, and U ∈ Pno iff U∗ ∈ Pno. All properties we will study in this paper
will be closed under inversion, and hence the polynomial p satisfies a symmetry under this
condition.

▶ Proposition 1.2. Let P be an property closed under inversion and suppose there is a T -
query quantum algorithm for testing property P. Let p be the polynomial from Proposition 1.1
that computes the acceptance property of the algorithm. Then, we may assume that p(U,U∗) =
p(U∗, U).

Proof. Refer to Section 3.1 of the full version [41]. ◀

Hence, while establishing the existence of p is straightforward, proving lower bounds on
its degree is another matter. The standard approach in quantum query complexity is to
symmetrize p to obtain a related polynomial q whose degree is not too much larger than p,
and acts on a much smaller number of variables (ideally a single variable). The choice of
symmetrization method depends on the problem being analyzed. For example, for (classical)
properties that only depend on the Hamming weight of the boolean string (these are called
symmetric properties in the literature), the polynomial p is averaged over all binary strings
with Hamming weight k in order to obtain a univariate polynomial q(k) (this is known as
Minsky-Papert symmetrization [34]). Lower bounds on the degree of q can be then obtained
by using Markov-Bernstein type inequalities from approximation theory.

2 A self-adjoint polynomial is unchanged after complex conjugating every variable and every coefficient.
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1.2.1 Lower Bounds for Unitarily Invariant Properties
To make Proposition 1.1 useful, we develop symmetrization techniques for unitary properties
that are invariant under certain symmetries. We first study unitarily invariant properties3:
these are properties P = (Pyes,Pno) such that conjugating an instance in Pyes ∪ Pno by any
g in the unitary group U(d) does not change whether it is a yes or no instance (in other
words gPyesg

−1 ⊆ Pyes and gPnog
−1 ⊆ Pno for all g ∈ U(d)). An example of such a property

includes deciding whether a unitary U is a reflection about a subspace of Cd of dimension at
most w (the no instances) or dimension at least 2w (the yes instances).

It is easy to see that whether a unitary U is a yes or no instance of a unitarily invariant
property P only depends on the multiset of eigenvalues of U . In fact, we can say something
stronger; the following establishes a symmetrization method for polynomials that decide
unitarily invariant properties.

▶ Theorem 1.3 (Symmetrization for unitarily invariant properties). Let P = (Pyes,Pno) de-
note a d-dimensional unitarily invariant property. Suppose there is a T -query quantum
algorithm that accepts yes instances with probability at least a and no instances with proba-
bility at most b. Then there exists a degree at most 2T symmetric4 self-adjoint polynomial
q(z1, . . . , zd, z

∗
1 , . . . , z

∗
d) satisfying

If U ∈ Pyes then q(z1, . . . , zd, z
∗
1 , . . . , z

∗
d) ≥ a

If U ∈ Pno then q(z1, . . . , zd, z
∗
1 , . . . , z

∗
d) ≤ b

where (z1, . . . , zd) and (z∗
1 , . . . , z

∗
d) are the eigenvalues of U and their complex conjugates,

respectively.

Proof. Refer to Section 3.1 of the full version [41]. ◀

The symmetrization of Theorem 1.3 may at first appear quite modest. The symmetrized
polynomial q still acts on 2d variables, which is fewer than the 2d2 variables acted on by the
original polynomial p from Proposition 1.1, but is a far cry from a univariate polynomial which
approximation theory is best suited to handle. We have made some progress, however: as
mentioned, the property P only depends on the eigenvalue multiset of U , and the polynomial
q is directly a function of the eigenvalues (whereas the original polynomial p is a function
of the matrix entries of U , which are not obviously related to the property in a low-degree
fashion). Furthermore, the polynomial q can be symmetrized further to obtain a univariate
polynomial r, which we analyze using approximation theory. We illustrate this with two
applications of Theorem 1.3.

Unitarily Invariant Subspace Properties

As a warmup, consider subspace properties, which consist of reflections about a subspace, i.e.,
U = I − 2Π where Π is the projector onto some subspace S ⊆ Cd. We say that U encodes
the subspace S. An example of a unitarily invariant subspace property is the Approximate
Dimension problem, which we parametrize by an integer w ∈ {1, 2, . . . , d}. The yes instances
consist of (unitaries encoding) subspaces of dimension at least 2w, and the no instances
consist of subspaces of dimension at most w. This is a quantum generalization of the
Approximate Counting problem, which is to determine whether the Hamming weight of an
input string is at least 2w or at most w.

3 We acknowledge that the name “unitarily invariant unitary property” may seem redundant! The first
“unitarily” refers to the symmetry; the second “unitary” refers to the type of property we are studying.

4 Here, symmetric means that for all permutations π : [d] → [d], permuting the variables zi → zπ(i) and
z∗

i → z∗
π(i) leaves the polynomial q unchanged.
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Since the eigenvalues of subspace unitaries are either 1 or −1, by Theorem 1.3 unitarily
invariant subspace properties yield polynomials that compute acceptance probabilities on
(a subset of) {1,−1}d. Note that, after mapping {1,−1} to {0, 1}, these are the same kind
of polynomials that arise when analyzing classical properties! In fact, there is a one-to-one
correspondence between symmetric classical properties S (properties that only depend on
the Hamming weight of the input) and unitarily invariant subspace properties P.

This implies that the polynomial q given by Theorem 1.3 (associated to a unitarily
invariant subspace property P), also distinguishes between the yes and no instances of the
associated classical symmetric property S. This yields a lower bound method for the query
complexity of P:

▶ Proposition 1.4. Let P be a unitarily invariant subspace property and let S be the associated
symmetric classical property. The query complexity of distinguishing between yes and no
instances of P is at least the minimum degree of any polynomial that distinguishes between
the yes and no instances of S.

Proof. Refer to Section 4.1 of the full version [41]. ◀

Therefore, degree lower bounds on polynomials that decide a classical symmetric property
S, automatically yield query complexity lower bounds for the quantum property P . Approxi-
mate degree lower bounds on symmetric boolean functions are well-studied in complexity
theory [37, 25]; these can be automatically “lifted” to the unitary property testing setting.

We note that there is another way of seeing this reduction: any T -query tester for P
is automatically a T -query tester for S; thus lower bounds on S imply lower bounds on P.
Here our motivation is to present Proposition 1.4 as a simple application of Theorem 1.3.

For example, the Approximate Dimension problem contains the Approximate Counting
problem as a special case. Any polynomial that decides with bounded error the Approximate
Counting problem must have degree at least Ω(

√
d/w), which implies the same lower bound

for the query complexity of the Approximate Dimension problem.

Recurrence Time of Unitaries

Not all unitarily invariant properties reduce to classical lower bounds. For instance, we
analyze a problem related to the recurrence times of unitaries.

In general, the recurrence time of a dynamical system is the time that the system takes
to return to a state that is close to its initial state (if it exists). The recurrence statistics of
dynamical systems have been extensively studied in the physics literature, where they have
been used as indicators of chaotic behaviour within a dynamical system [40]. As the time
evolution of a quantum system is governed by a unitary operator, the recurrence times of
unitary matrices is of particular interest. The Poincaré recurrence theorem guarantees that
the recurrence time exists for certain quantum mechanical systems [15]. For example, the
expected recurrence times of a Haar-random unitary were studied in [32]. We now define
these concepts more formally.

▶ Definition 1.5 (Recurrence Time Problem). The (t, ϵ)-Recurrence Time problem is to decide,
given oracle access to a unitary U , whether U t = I (yes case) or ∥U t − I∥ ≥ ϵ in the spectral
norm (no case), promised that one is the case.

Note that the instances of this problem are generally not self-adjoint; their eigenvalues
can be any complex number on the unit circle. There is no obvious classical analogue of
the unitary Recurrence Time problem, and thus it does not seem to naturally reduce to a
classical lower bound. We instead employ Theorem 1.3 to prove the following lower bound
on the Recurrence Time problem:

ITCS 2023
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▶ Theorem 1.6. Let ϵ ≤ 1
2π . Any quantum query algorithm solving the (t, ϵ)-Recurrence

Time problem for d-dimensional unitaries with error ϵ must use Ω(max( t
ϵ ,

√
d)) queries.

Proof. Refer to Section 4.2 of the full version [41]. ◀

We prove the lower bound by observing that the Recurrence Time problem is testing
a unitarily invariant property, and hence Theorem 1.3 applies to give a polynomial q
representing the acceptance probability of any algorithm solving the problem in terms of the
eigenvalues of the input unitary U . We then symmeterize the polynomial q by constructing
a distribution D(p, z) on unitaries with exactly two eigenvalues {1, z = eiθ} such that the
expected acceptance probability r(p, z) of the algorithm over D(p, z) remains a polynomial
in p and z. Afterwards, Markov-Bernstein type inequalities are used to prove a lower bound
on the degree of r.

We also establish the following upper bound:

▶ Theorem 1.7. The (t, ϵ)-Recurrence Time problem can be solved using O(t
√
d/ϵ) queries.

Proof. Refer to Section 4.2 of the full version [41]. ◀

It is an interesting question to determine whether the upper bound or lower bound (or
neither) is tight.

1.2.2 Beyond Unitarily Invariant Properties
For unitarily invariant properties, there was a natural candidate for how to symmetrize
the polynomials p we get from Proposition 1.1 by using viewing p as a polynomial in the
eigenvalues of the matrix U rather than the matrix entries of U . However, a symmetrization
technique for other properties is less unclear. In this direction, we develop symmetrization
techniques based on invariant theory.

Invariant theory studies the action of a group G on a polynomial ring C[x1, . . . , xn]. We
denote the action of g ∈ G on f ∈ C[x1, . . . , xn] by g · f. The ring of invariant polynomials
C[x1, . . . , xn]G is then the subring of C[x1, . . . , xn] consisting of polynomials satisfying g·f = f

for all g ∈ G, that is f ∈ C[x1, . . . , xn]G is left unchanged by the action of g for all group
elements.

There are many natural questions about the invariant ring C[x1, . . . , xn]G one can ask,
such as construction of a generating set for the invariant ring. For example, one classical
example is the action of a permutation σ ∈ Sn acting on a polynomial p(x1, . . . , xn) by
permuting the variables by σ · p = p(xσ(1), . . . , xσ(n)). The invariant ring is known as the ring
of symmetric polynomials, for which there are many well-known generating sets. One example
of a generating set is the power sum symmetric polynomials given by pi =

∑n
j=1 x

i
j , which

generate the symmetric polynomial ring as an algebra. In other words, for any symmetric
polynomial f , there exists a polynomial g for which f = g(p1, . . . , pn). There are similar
characterizations of the invariant ring for numerous other group actions.

To connect invariant theory with our Proposition 1.1, we prove the following result for
testing G-invariant unitary properties. Since we are studying properties of general unitaries,
not just boolean strings, we consider symmetries coming from subgroups of the unitary group
U(d). Let G ⊆ U(d) be a compact subgroup equipped with a Haar measure µ (i.e., a measure
over G that is invariant under left-multiplication by elements of G).

▶ Definition 1.8 (G-invariant property). Let G ⊆ U(d) be a compact group. A d-dimensional
unitary property P = (Pyes,Pno) is G-invariant if for every g ∈ G we have gPyesg

−1 ⊆ Pyes

and gPnog
−1 ⊆ Pno.
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▶ Definition 1.9 (Invariant rings). Let C[X,Y ]d be the ring of complex polynomials in matrix
variables X = (xi,j)1≤i,j≤d and Y = (yi,j)1≤i,j≤d. Observe that there is an action of G on
any f(X,Y ) ∈ C[X,Y ] by simultaneous conjugation g · f(X,Y ) = f(gXg−1, gY g−1).

The invariant ring C[X,Y ]Gd is the subring of polynomials in C[X,Y ]d satisfying g · f = f

for all g ∈ G.

The general theory of invariant theory guarantees the existence and finiteness of a
generating set for the invariant ring C[X,Y ]G for all compact groups, which includes all finite
groups, the unitary group, and products of unitary groups as special cases. Furthermore,
the following proposition connects the invariant ring to property testers for G-invariant
properties.

▶ Proposition 1.10 (Symmeterization for G-invariant properties). Suppose P = (Pyes,Pno) is
a G-invariant d-dimensional unitary property. If there is a T -query tester for P that accepts
yes instances with probability at least a and no instances with probability at most b, then
there exists a self-adjoint degree-2T polynomial q in the invariant ring C[X,X∗]Gd satisfying

If U ∈ Pyes, then q(U,U∗) ≥ a.
If U ∈ Pno, then q(U,U∗) ≤ b.

Proof. Refer to Section 3.1 of the full version [41]. ◀

While Proposition 1.10 at first may seem difficult to apply, the invariant ring has been
characterized in numerous cases. Depending on the group, the associated invariant ring may
have a much simpler description than the full polynomial ring, making it easier to prove
degree lower bounds. For instance, in the case where G is the full unitary group, the invariant
polynomials are exactly symmetric polynomials in the eigenvalues of U and the adjoint U∗.

We illustrate this connection to invariant theory by considering property testing questions
related to entanglement of quantum states, which is a central concept in quantum information
theory. Recall that a state |ψ⟩ ∈ Cd ⊗ Cd is entangled if it cannot be written as a tensor
product of two states |ψ1⟩ ⊗ |ψ2⟩ where |ψ1⟩ , |ψ2⟩ ∈ Cd. The property of being entangled is
invariant under the local unitary group instead of the full unitary group.

▶ Definition 1.11 (Local Unitary Group). Let d1, d2 ≥ 2. The local unitary group LU(d1, d2)
is the subgroup U(d1) × U(d2) of U(d1d2) consisting of all unitaries of the form g ⊗ h where
g ∈ U(d1), h ∈ U(d2).

Furthermore, the entanglement entropy of a state |ψ⟩ ∈ Cd ⊗ Cd can be used as a
measurement of how entangled the state is. Numerous definitions of entanglement entropy
have been proposed in the physics and quantum information literature; we use the following
definition of entanglement entropy in this work.

▶ Definition 1.12 (Rényi 2-entropy). Given a state |ψ⟩ ∈ Cd ⊗Cd with reduced density matrix
ρ, the Rényi 2-entropy of |ψ⟩ is defined as H2(|ψ⟩) = − log Tr(ρ2).

We now define the Entanglement Entropy problem as the task of distinguishing between
high and low entropy states.

▶ Definition 1.13 (Entanglement Entropy Problem). Let 0 < a < b ≤ log d. Given oracle
access to a reflection oracle U = I − 2|ψ⟩⟨ψ| where |ψ⟩ ∈ Cd ⊗ Cd, decide whether or not the
state |ψ⟩ satisfies one of the following two conditions, promised one of the following is the
case:

Low entropy case: H2(|ψ⟩) ≤ a

ITCS 2023
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High entropy case: H2(|ψ⟩) ≥ b

Since entanglement entropy of a state is an LU-invariant quantity (i.e. H2((g ⊗ h) |ψ⟩) =
H2(|ψ⟩) for all unitaries g and h), the Entanglement Entropy problem corresponds to an LU-
invariant unitary property, opening the door to exploiting well-known results from invariant
theory to prove query lower bounds. Indeed, leveraging a characterization of LU-invariant
polynomials by Procesi [38] and Brauer [17], and specializing it to the Entanglement Entropy
problem, we obtain the following lower bound using our generalized polynomial method and
Proposition 1.10:

▶ Theorem 1.14. Assume a ≥ 5. Given parameters a < b ≤ log d, any tester must make
Ω(exp(a/4)) queries to distinguish between the low and high entropy cases in the Entanglement
Entropy problem.

Proof. Refer to Section 5.2 of the full version [41]. ◀

We hope that this connection between invariant theory and quantum query complexity
can be used as a general framework to prove new lower bounds.

1.3 Property Testing with Quantum Proofs
We also study unitary property testing with quantum proofs: in addition to getting query
access to the instance U , the tester also receives an additional quantum state called a proof
that supposedly certifies that U is a yes instance. On one hand, having access to a quantum
proof can significantly reduce the number of queries to U needed. On the other hand, the
proof state is not trusted and must be verified: if U is a no instance it must be rejected with
high probability no matter what proof was provided. Since this definition is analogous to
the definition of the complexity class QMA, we call this the “QMA property testing model”.
Similarly we call the standard definition of unitary property testing (without quantum proofs)
the “BQP property testing model”.

An illustration of QMA property testing is that of unstructured search, where the goal is
to determine whether U |ψ⟩ = − |ψ⟩ for some state |ψ⟩ (and acts as the identity everywhere
else) or whether U = I, promised that one is the case. If U is d-dimensional, then the
generalized polynomial method (see Section 4.2 of [41]) implies the BQP query complexity of
this problem is Θ(

√
d), but on the other hand the QMA query complexity of this problem

is 1: given a proof state |θ⟩, the tester can verify using a single query whether U applies a
nontrivial phase to |θ⟩, in which case the tester would accept, and otherwise reject. Thus
quantum proofs can dramatically reduce the query complexity of a problem.

The QMA property testing model motivates the following questions: which problems
admit query speedups when quantum proofs are provided? For which problems are quantum
proofs useless? In addition to the BQP property testing lower bounds mentioned above, we
prove QMA property testing lower bounds for the Approximate Dimension, Recurrence Time,
and Entanglement Entropy problems.

We note that in the BQP setting, our lower bounds can also be obtained by other methods,
such as the “hybrid method” of [13]. However, it is unclear how to apply this method in the
QMA setting, and hence the polynomial method appears necessary to prove non-trivial QMA
lower bounds. Furthermore, even in the BQP setting, we believe that the polynomial method
provides a clean and simple method to prove lower bounds compared to other methods.

The QMA lower bound for Approximate Dimension is obtained by observing that any
QMA tester for Approximate Dimension is also a QMA tester for the classical Approximate
Counting problem (i.e., counting the Hamming weight of an input string). Thus, the lower
bound follows immedately from the QMA lower bound on Approximate Counting proved by
Aaronson, et al. [4]:
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▶ Theorem 1.15 (QMA lower bound for Approximate Dimension). Suppose there is a T -
query algorithm that solves the Approximate Dimension problem (i.e. deciding whether a
d-dimensional unitary encodes a subspace of dimension at least 2w or at most w) with the
help of a m-qubit proof. Then either m = Ω(w), or T ≥ Ω(

√
d
w ).

Proof. Refer to Section 4.1 of the full version [41]. ◀

As with the BQP lower bound for the Recurrence Time problem, the QMA lower bounds
for the Recurrence Time problem requires more work than leveraging lower bounds on a
related classical problem. However, using a similar technique as the BQP lower bound, we
obtain the following:

▶ Theorem 1.16 (QMA lower bound for the Recurrence Time problem). Let ϵ ≤ 1
2π . Suppose

there is a T -query algorithm that solves the Recurrence Time problem for d-dimensional uni-
taries with the help of an m-qubit proof. Then either m ≥ Ω(d), or T ≥ Ω(max(

√
d
m ,

t
m ,

1
ϵ )).

Proof. Refer to Section 4.2 of the full version [41]. ◀

Finally, we also adapt the technique for the BQP lower bound for the Entanglement
Entropy problem, to prove a QMA lower bound for the same problem.

▶ Theorem 1.17 (QMA lower bound for the Entanglement Entropy problem). Assume a ≥ 5
and a < b ≤ log d Suppose there is a T -query algorithm that solves the entanglement entropy
problem with the help of an m-qubit witness, then mT ≥ Ω(exp(a/4)).

Proof. Refer to Section 5.2 of the full version [41]. ◀

We note that we are able to give an algorithm for the entanglement entropy problem using
O(exp(a)) queries and a certificate size with O(exp(a)) qubits as long as the gap satisfies
b ≥ 2a. Furthermore, our best upper bound in the QMA setting for the Recurrence Time
problem is identical to the BQP upper bound (Theorem 1.7), which uses O( t

√
d

ϵ ) queries. It
is open whether or not the query complexity in the QMA setting can be improved by making
use of the witness, or if the lower bounds can be tightened.

1.4 QMA vs. QMA(2)
In addition to the QMA model of property testing with the help of a quantum proof, we can
also study what happens if we place restrictions on the proof states allowed. For example,
what if the proof is guaranteed to be a classical string (i.e., a QCMA proof) or is unentangled
across a fixed bipartition of qubits (i.e., a QMA(2) proof)?

For example, consider the problem of testing whether or not a given unitary U was the
identity I or a reflection I − 2|ψ⟩⟨ψ| where |ψ⟩ is an n-qubit state. As we observed in the
previous section, this problem can be solved using one query given access to a proof state
|ψ⟩. However, Aaronson and Kuperberg [5] showed that if the proof given was an m-bit
classical string, any quantum algorithm must use Ω(

√
2n

m+1 ) queries to distinguish between
the two cases. In particular, the result was used by Aaronson and Kuperberg in [5] to give a
quantum oracle separation between QMA and QCMA.

The complexity class QMA(k) is defined as the class of problems verifiable by a polynomial
time quantum circuit with access to k ≥ 2 unentangled proofs. It was shown in [27] that for
any constant k > 2, we have QMA(k) = QMA(2), as any QMA(k) verifier can be simulated
by a QMA(2) verifier.
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As discussed in Aaronson’s survey paper on quantum query complexity in [2], an oracle
separation between QMA(2) and QMA is a notorious open problem in quantum complexity
theory. There is evidence that QMA(2) could be more powerful than QMA:

The existence of QMA(2) protocols for the verification of NP-complete problems (eg.
graph 3-colouring) using a logarithmic number of qubits, as outlined in [14]. If there
were a QMA protocol for these problems using a logarithmic number of qubits, then NP
⊆ QMAlog = BQP, which is considered unlikely [33]. Otherwise, if there exists a QMA
protocol with a sublinear number of qubits for 3-SAT or 3-colouring, then the (classical)
Exponential Time Hypothesis is false [3, 19]. 5

Certain problems in quantum chemistry, specifically the pure state N -representability
problem, known to have QMA(2) protocols but not QMA protocols [31].
The non-existence of a product test using local quantum operations and classical commu-
nication (LOCC) as proven in [27]. If an LOCC product test existed, then QMA(2) =
QMA.

On the other hand, despite many years of study, the only complexity inclusions about QMA(2)
known are QMA ⊆ QMA(2) ⊆ NEXP, a vast gap in the complexity-theoretic landscape. A
first step towards showing that QMA(2) is indeed more powerful than QMA would be to
identify an oracle relative to which QMA(2) is different than QMA. This would already have
very interesting consequences in quantum information theory, such as ruling out the existence
of disentanglers [3].

In this paper we identify a unitary property testing problem, for which if we can prove a
strong QMA lower bound would immediately imply an oracle separation between QMA(2)
and QMA. While we do not obtain a lower bound, we present some observations that may
be helpful towards eventually obtaining the desired oracle separation.

In order to define the problem, we first have to define the notion of an ϵ-completely
entangled subspace. This is a subspace S ⊆ Cd ⊗ Cd such that all states |θ⟩ ∈ S are ϵ-far in
trace distance from any product state |ψ⟩ ⊗ |ϕ⟩. It is known, via the probabilistic method,
that there exist subspaces of dimension Ω(d2) that are Ω(1)-completely entangled [28]. We
now introduce the Entangled Subspace problem:

▶ Definition 1.18 (Entangled Subspace problem). Let 0 ≤ a < b < 1 be constants. The
(a, b)-Entangled Subspace problem is to decide, given oracle access to a unitary U = I − 2Π
where Π is the projector onto a subspace S ⊆ Cd ⊗ Cd, whether

(yes case) S contains a state |θ⟩ that is a-close to a product state |ψ⟩ ⊗ |ϕ⟩.
(no case) S is b-completely entangled

promised that one is the case.

First, we observe that the Entangled Subspace property is LU-invariant: applying local
unitaries g ⊗ h to a subspace S preserves whether it is a yes instance or a no instance of
the problem. Thus one can hope to prove query lower bounds for the Entangled Subspace
problem in both the BQP and QMA setting using our generalized polynomial method and
tools from invariant theory.

Next, we observe that there is in fact a QMA(2) upper bound for the Entangled Subspace
problem:

5 We can prove there is an oracle relative to which NP does not have sublinear-sized QMA proofs, using
an argument of Aaronson similar to that in [1] that combines the “guessing lemma” and the polynomial
method.
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▶ Proposition 1.19 (QMA(2) upper bound for the Entangled Subspace problem). The Entangled
Subspace problem can be solved by a QMA(2) tester, meaning that the tester receives a proof
state in the form |ψ⟩ ⊗ |φ⟩ of poly log(d) qubits, makes poly log(d) queries to the unitary
U , and can distinguish between yes and no cases with constant bias. We call this tester the
product test verifier.

Proof. Refer to Section 6.1 of the full version [41]. ◀

The QMA(2) tester from Proposition 1.19 is based on the product test, which is a procedure
for detecting whether a state |θ⟩ is close to a product state |ψ⟩ ⊗ |ϕ⟩, given access to k ≥ 2
copies |θ⟩⊗k. We use of a generalization of the product test analysis of [43] that applies for
all k ≥ 2, which they showed for the case k = 2.

We conjecture the following QMA lower bound on the Entangled Subspace problem.

▶ Conjecture 1.20. Any QMA tester for the Entangled Subspace problem that makes T queries
to the oracle and receives an m-qubit witness must have either m or T be superpolynomial in
log d.

If this conjecture is true, then this would imply the existence of a quantum oracle that
separates QMA from QMA(2): the oracle would encode, for each QMA tester, an instance of
the Entangled Subspace problem that the tester decides incorrectly.

As a first step towards understanding whether Conjecture 1.20 is true, we analyze the
behavior of product test verifier from Proposition 1.19 in the QMA setting. This means that
instead of getting a proof state that is promised to be unentangled across a bipartition, the
product test verifier receives a single pure state that may be entangled everywhere. We show
that the product test verifier loses its soundness in the QMA setting:

▶ Theorem 1.21. There exists a 6-dimensional completely entangled subspace S and an
entangled proof state |θ⟩ that the product test verifier accepts with probability 1 (even though
it rejects all product proof states |ψ⟩ ⊗ |ϕ⟩ with high probability).

Proof. Refer to Section 6.3 of the full version [41]. ◀

The construction of the “fooling” subspace S and the proof state |θ⟩ is completely explicit
and combinatorial; we believe it can suggest how more general QMA verifiers (beyond the
product test) can be fooled, which would give insight towards proving Conjecture 1.20.
Indeed in Appendix B of [41], we characterize all states that pass the product test with
probability one, which enables the construction of other “fooling” subspaces for the product
test.

Constraints on the Conjecture

We now identify constraints on the conjecture: we show that we cannot hope to prove a super-
polynomial QMA lower bound on the Entangled Subspace problem when only considering
one-dimensional subspaces. This is a consequence of the following general statement:

▶ Lemma 1.22. Let P denote a property where the instances are unitaries encoding a one-
dimensional subspace (i.e. a pure state): U = I − 2|ψ⟩⟨ψ| for some state |ψ⟩. Suppose that
there is a T -query QMA(2) tester that decides P, with the condition that a valid proof state
for yes instances is |ψ⟩⊗2. Then there exists a O(T )-query QMA tester that also decides P.

Proof. Refer to Section 6.2 of the full version [41]. ◀
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Let P denote the property testing problem where in the yes case the unitary encodes a
product state |φ⟩ ⊗ |ξ⟩ and in the no case it encodes an entangled state. Proposition 1.19
yields an efficient QMA(2) tester for this property. This lemma shows that there is also
a QMA tester for this property. Intuitively, this theorem is saying that property testing
questions related to quantum states are insufficient to give an oracle separation between
QMA and QMA(2). On the other hand, as far as we know, Conjecture 1.20 potentially could
be proved by giving a QMA lower bound for the Entangled Subspace problem restricted to
two-dimensional subspaces.

Average Case Problems

Finally, we also propose two average case variants of the Entangled Subspace problem, in
which the task is to distinguish between two distributions over unitaries U .

▶ Definition 1.23 (Planted Product State Problem). Let 0 < s < d2 denote an integer
parameter. Consider the following two distributions over subspaces S of Cd ⊗ Cd:

No planted state: S is a Haar-random subspace of dimension s.
Has planted state: S is an (s+ 1)-dimensional subspace chosen by taking the span of
a Haar-random s-dimensional subspace with a product state |ψ⟩ ⊗ |ϕ⟩ for Haar-random
|ψ⟩ , |ϕ⟩.

The Planted Product State problem is to distinguish, given oracle access to a unitary
U = I − 2Π encoding a subspace S, whether S was sampled from the No planted state
distribution (no case) or the Has planted state distribution (yes case), promised that one
is the case.

▶ Definition 1.24 (Restricted Dimension Counting Problem). Let 0 < t ≤ d and 0 < r ≤ t2

denote integer parameters. Consider the following distribution, parameterized by (t, r), over
subspaces S ⊆ Cd ⊗ Cd:

Sample Haar-random t-dimensional subspaces R,Q ⊆ Cd.
Sample a Haar-random r-dimensional subspace of S ⊆ R⊗Q.

Let 0 < C1 < C2 < 1 denote constants. The Restricted Dimension Counting problem is to
decide, given query access to a unitary U = I − 2Π encoding a subspace S, whether S was
sampled from either the (t, C1t

2) distribution or (t, C2t
2) distribution, promised that one is

the case.

The relationship between these two average case problems and the Entangled Subspace
problem is captured by the following propositions.

▶ Proposition 1.25. If S is sampled from the Has planted state distribution of the Planted
Product State problem, then it is a yes instance of the Entangled Subspace problem. If S is
sampled from the No planted state distribution with s = Cd2 for some sufficiently small
constant C > 0, then it is a no instance with overwhelming probability.

Proof. Refer to Section 6.4 of the full version [41]. ◀

▶ Proposition 1.26. There exist constants 0 < C1 < C2 < 1 such that if S is sampled from
the (t, C1t

2) distribution from the Restricted Dimension Counting problem, it is a no instance
of the Entangled Subspace problem with overwhelming probability. If it is sampled from the
(t, C2t

2) distribution, then it is a yes instance with overwhelming probability.
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Proof. Refer to Section 6.4 of the full version [41]. ◀

These two propositions are proved using methods from random matrix theory. Proposi-
tion 1.19 in turn implies that the Planted Product State and Restricted Dimension Counting
problems can be solved by a QMA(2) tester with overwhelming probability. We further
conjecture that in fact these two problems cannot be solved in polynomial time by a QMA
tester. This conjecture would clearly also imply an oracle separation between QMA and
QMA(2).

▶ Conjecture 1.27. Any QMA tester that solves the Planted Product State or Restricted
Dimension Counting problems with constant probability either requires a proof state of
super-polynomial size, or make super-polynomially many queries to the oracle.

As evidence towards Conjecture 1.27, we show a lower bound against QCMA testers.

▶ Theorem 1.28. Any T -query quantum algorithm solving the Planted Product State problem
with the help of an m-bit classical witness must have m or T superpolynomial in log d.

Proof. Refer to Section 6.6 of the full version [41]. ◀

We believe that these two average case problems are connected to several interesting
topics. The first is the QMA versus QMA(2) problem, of course. Their formulation also
suggests that tools from random matrix theory can be brought to bear to study them. Finally,
the Restricted Dimension Counting problem is, as the name suggests, a more structured,
special case of the general Approximate Dimension problem, for which we proved a strong
QMA lower bound! Perhaps the techniques used to prove lower bounds on the Approximate
Dimension problem can be extended to the Restricted Dimension Counting problem.

1.5 Related Work
In quantum query complexity, there have been two main paradigms for proving lower bounds
for query complexity, namely the polynomial method [10] and the adversary method [45].
The methods are generally incomparable, as there are problems where one method is able to
prove a tight lower bound but the other cannot. For instance, the collison problem [30] is a
case where the polynomial method proves a tight lower bound but the adversary method
provably fails to do so. On the other hand, Ambanis [8] constructed an example where
the adversary method is provably better than the polynomial method. Furthermore, for
evaluation of Boolean functions, the general adversary method characterizes the quantum
query complexity up to constant factors [39].

However, in their original form, both methods assume that the quantum oracle encodes
a Boolean function f : {0, 1}n → {0, 1}. A similar generalization of the adversary method
to unitary property testing problems was introduced by Belovs [11]. In particular, it was
applied to the approximate counting problem [12], with a symmetrization technique based
on the representation theory of the symmetric group.

Next, unitary property testing questions were also considered by Aharanov et al. in [7],
who introduced a model called quantum algorithmic measurement and studied the query
complexity of problems in this model. Their techniques used to prove lower bounds in their
model primarily rely on the combinatorics of Weingarten functions, which discuss in Section
3.2 of the full version [41]. However, their model allows for interaction between a prover
and a verifier, whereas we discuss query lower bounds in the non-interactive setting. Similar
sample complexity lower bounds for quantum machine learning problems were proven using
Weingarten calculus techniques in the works of [20] and [21].
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Next, Kretschmer [29] as well as Copeland and Pommersheim [23] also studied query
complexity problems where the oracle does not necessarily encode a Boolean function. In
particular, [29] studied the quantum query complexity of the heavy output generation problem
and is motivated by recently quantum supremacy experiments, and [23] studied problems
where the set of possible oracles form a representation of a group. However, there is a
substantial difference between lower bound techniques in our works, which relies on linear
programming duality in [29] and group character theory in [23].

Finally, we also note that Gur et al. [26] consider the query complexity of estimating
the von Neumann entropy to a multiplicative factor of α > 1, promised that the entropy of
the given quantum state is not too small. They established a Ω(d

1
3α2 ) lower bound on the

query complexity by reduction to the collision problem lower bound of [30]. On the other
hand, the strongest lower bound we are able to prove is a Ω(d 1

4α ) lower bound by setting
parameters a = 1

α log d and b = log d in the definition of our problem. However, our results
are incomparable with their results since the oracle access models we consider are different.

2 Open Questions

We end by describing some open problems and future directions.

Strong QMA Lower Bounds for the Entangled Subspace Problem

Can one show that any QMA tester for the Entangled Subspace problem requires either a
superpolynomial number of queries, or a superpolynomial sized witness? This would yield a
(quantum) oracle separation between QMA and QMA(2), and in particular would rule out
the existence of so-called “disentanglers” [3].

Better Query Upper Bounds

Are the bounds proven using the generalized polynomial method tight? In particular, the
following gaps remain:

We have shown that there is a O( t
√

d
ϵ ) upper bound and a Ω(max( t

ϵ ,
√
d)) lower bound

in the BQP setting for the recurrence problem and used this bound to prove a similar
lower bound in the QMA setting. Is there a better lower or upper bound in either the
BQP or QMA settings? However, a more sophisticated symmetrization technique may be
required to improve the lower bound.
We expect the BQP lower bound in Theorem 1.14 for the entanglement entropy can be
improved by using a more creative application of the polynomial method.

Improving Theorem 1.21

Is the counterexample of Theorem 1.21 tight, in the sense that there are no examples that
fool the verifier in dimensions 2, 3, 4, or 5? Otherwise, if there was an example that fools
the verifier in dimension 2, this would give additional evidence that the Entangled Subspace
problem in low dimensions is already hard for QMA.

Other Applications of the Generalized Polynomial Method

What are other applications of the generalized polynomial method? For instance, Procesi
[38] has characterized the invariants of matrix tuples under conjugation by the general linear,
unitary, orthogonal, and symplectic groups. Are there natural problems in quantum query
complexity that display other, non-unitary symmetries?
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Applications of Weingarten Calculus

Can the Weingarten calculus techniques introduced in Section 3.2 of the full version [41] be
used to prove lower bounds on unitary property testing problems? In particular, could it be
used to prove degree lower bounds for acceptance probability polynomials?

A Generalized Dual Polynomial Method?

A line of works established tight quantum query lower bounds on classical problems by
employing a method of dual polynomials [42, 44, 18]. The goal of this method is to prove
degree lower bounds of acceptance probability polynomials, but instead of symmetrizing the
polynomials to obtain a polynomial of one or two variables, one instead takes advantage
of linear programming duality to prove the degree lower bounds; this involves constructing
objects known as dual polynomials. A natural question would be to investigate whether
the method of dual polynomials can be extended to prove query lower bounds for unitary
property testing.
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