
40th International Symposium on
Theoretical Aspects of Computer
Science

STACS 2023, March 7–9, 2023, Hamburg, Germany

Edited by

Petra Berenbrink
Patricia Bouyer
Anuj Dawar
Mamadou Moustapha Kanté

LIPIcs – Vo l . 254 – STACS 2023 www.dagstuh l .de/ l ip i c s



Editors

Petra Berenbrink
University of Hamburg, Germany
petra.berenbrink@uni-hamburg.de

Patricia Bouyer
Université Paris-Saclay, CNRS, ENS Paris-Saclay, LMF, Gif-sur-Yvette, France
bouyer@lsv.fr

Anuj Dawar
University of Cambridge, UK
anuj.dawar@cl.cam.ac.uk

Mamadou Moustapha Kanté
Université Clermont Auvergne, Clermont Auvergne INP, LIMOS, CNRS, Aubière, France
mamadou.kante@uca.fr

ACM Classification 2012
Mathematics of computing → Combinatorics; Mathematics of computing → Graph theory; Theory of
computation → Formal languages and automata theory; Theory of computation → Logic; Theory of
computation → Design and analysis of algorithms; Theory of computation → Computational complexity
and cryptography; Theory of computation → Models of computation

ISBN 978-3-95977-266-2

Published online and open access by
Schloss Dagstuhl – Leibniz-Zentrum für Informatik GmbH, Dagstuhl Publishing, Saarbrücken/Wadern,
Germany. Online available at https://www.dagstuhl.de/dagpub/978-3-95977-266-2.

Publication date
March, 2023

Bibliographic information published by the Deutsche Nationalbibliothek
The Deutsche Nationalbibliothek lists this publication in the Deutsche Nationalbibliografie; detailed
bibliographic data are available in the Internet at https://portal.dnb.de.

License
This work is licensed under a Creative Commons Attribution 4.0 International license (CC-BY 4.0):
https://creativecommons.org/licenses/by/4.0/legalcode.
In brief, this license authorizes each and everybody to share (to copy, distribute and transmit) the work
under the following conditions, without impairing or restricting the authors’ moral rights:

Attribution: The work must be attributed to its authors.

The copyright is retained by the corresponding authors.

Digital Object Identifier: 10.4230/LIPIcs.STACS.2023.0
ISBN 978-3-95977-266-2 ISSN 1868-8969 https://www.dagstuhl.de/lipics

mailto:petra.berenbrink@uni-hamburg.de
https://orcid.org/0000-0002-2823-0911
mailto:bouyer@lsv.fr
https://orcid.org/0000-0003-4014-8248
mailto:anuj.dawar@cl.cam.ac.uk
https://orcid.org/0000-0003-1838-7744
mailto:mamadou.kante@uca.fr
https://www.dagstuhl.de/dagpub/978-3-95977-266-2
https://www.dagstuhl.de/dagpub/978-3-95977-266-2
https://portal.dnb.de
https://creativecommons.org/licenses/by/4.0/legalcode
https://doi.org/10.4230/LIPIcs.STACS.2023.0
https://www.dagstuhl.de/dagpub/978-3-95977-266-2
https://www.dagstuhl.de/dagpub/1868-8969
https://www.dagstuhl.de/lipics


0:iii

LIPIcs – Leibniz International Proceedings in Informatics

LIPIcs is a series of high-quality conference proceedings across all fields in informatics. LIPIcs volumes
are published according to the principle of Open Access, i.e., they are available online and free of charge.

Editorial Board

Luca Aceto (Chair, Reykjavik University, IS and Gran Sasso Science Institute, IT)
Christel Baier (TU Dresden, DE)
Mikolaj Bojanczyk (University of Warsaw, PL)
Roberto Di Cosmo (Inria and Université de Paris, FR)
Faith Ellen (University of Toronto, CA)
Javier Esparza (TU München, DE)
Daniel Král’ (Masaryk University - Brno, CZ)
Meena Mahajan (Institute of Mathematical Sciences, Chennai, IN)
Anca Muscholl (University of Bordeaux, FR)
Chih-Hao Luke Ong (University of Oxford, GB)
Phillip Rogaway (University of California, Davis, US)
Eva Rotenberg (Technical University of Denmark, Lyngby, DK)
Raimund Seidel (Universität des Saarlandes, Saarbrücken, DE and Schloss Dagstuhl – Leibniz-Zentrum
für Informatik, Wadern, DE)

ISSN 1868-8969

https://www.dagstuhl.de/lipics

STACS 2023

https://www.dagstuhl.de/dagpub/1868-8969
https://www.dagstuhl.de/lipics




Contents

Preface
Petra Berenbrink, Patricia Bouyer, Anuj Dawar, and
Mamadou Moustapha Kanté . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0:ix

Conference Organization
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0:xi

List of Authors
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0:xvii

Invited Talks

A Brief History of History-Determinism
Karoliina Lehtinen . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1:1–1:2

Amortised Analysis of Dynamic Data Structures
Eva Rotenberg . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2:1–2:2

Logical Algorithmics: From Theory to Practice
Moshe Y. Vardi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3:1–3:1

Regular Papers

The Complexity of Checking Quasi-Identities over Finite Algebras with a Mal’cev
Term

Erhard Aichinger and Simon Grünbacher . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4:1–4:12

Packing Odd Walks and Trails in Multiterminal Networks
Maxim Akhmedov and Maxim Babenko . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5:1–5:19

Improved Weighted Matching in the Sliding Window Model
Cezar-Mihail Alexandru, Pavel Dvořák, Christian Konrad,
and Kheeran K. Naidu . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6:1–6:21

Approximate Sampling and Counting of Graphs with Near-Regular Degree
Intervals

Georgios Amanatidis and Pieter Kleer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7:1–7:23

Enumerating Regular Languages with Bounded Delay
Antoine Amarilli and Mikaël Monet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8:1–8:18

Regular Separability in Büchi VASS
Pascal Baumann, Roland Meyer, and Georg Zetzsche . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9:1–9:19

Approximating Highly Inapproximable Problems on Graphs of Bounded
Twin-Width

Pierre Bergé, Édouard Bonnet, Hugues Déprés, and Rémi Watrigant . . . . . . . . . . . . . 10:1–10:15

Tight Lower Bounds for Problems Parameterized by Rank-Width
Benjamin Bergougnoux, Tuukka Korhonen, and Jesper Nederlof . . . . . . . . . . . . . . . . . . 11:1–11:17

40th International Symposium on Theoretical Aspects of Computer Science (STACS 2023).
Editors: Petra Berenbrink, Patricia Bouyer, Anuj Dawar, and Mamadou Moustapha Kanté

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

https://www.dagstuhl.de/lipics/
https://www.dagstuhl.de


0:vi Contents

On the Multilinear Complexity of Associative Algebras
Markus Bläser, Hendrik Mayer, and Devansh Shringi . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12:1–12:18

Strongly Hyperbolic Unit Disk Graphs
Thomas Bläsius, Tobias Friedrich, Maximilian Katzmann, and Daniel Stephan . . . 13:1–13:17

Tight Bounds for Connectivity Problems Parameterized by Cutwidth
Narek Bojikian, Vera Chekan, Falko Hegerfeld, and Stefan Kratsch . . . . . . . . . . . . . . . 14:1–14:16

Twin-Width V: Linear Minors, Modular Counting, and Matrix Multiplication
Édouard Bonnet, Ugo Giocanti, Patrice Ossona de Mendez,
and Stéphan Thomassé . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15:1–15:16

Non-Adaptive Proper Learning Polynomials
Nader H. Bshouty . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16:1–16:20

Cut Paths and Their Remainder Structure, with Applications
Massimo Cairo, Shahbaz Khan, Romeo Rizzi, Sebastian Schmidt,
Alexandru I. Tomescu, and Elia C. Zirondelli . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17:1–17:17

Geometric Amortization of Enumeration Algorithms
Florent Capelli and Yann Strozecki . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18:1–18:22

One Drop of Non-Determinism in a Random Deterministic Automaton
Arnaud Carayol, Philippe Duchon, Florent Koechlin, and Cyril Nicaud . . . . . . . . . . . 19:1–19:14

Improved NP-Hardness of Approximation for Orthogonality Dimension and
Minrank

Dror Chawin and Ishay Haviv . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20:1–20:14

Extending Merge Resolution to a Family of QBF-Proof Systems
Sravanthi Chede and Anil Shukla . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21:1–21:20

On Hardness of Testing Equivalence to Sparse Polynomials Under Shifts
Suryajith Chillara, Coral Grichener, and Amir Shpilka . . . . . . . . . . . . . . . . . . . . . . . . . . . 22:1–22:20

Online Paging with Heterogeneous Cache Slots
Marek Chrobak, Samuel Haney, Mehraneh Liaee, Debmalya Panigrahi,
Rajmohan Rajaraman, Ravi Sundaram, and Neal E. Young . . . . . . . . . . . . . . . . . . . . . . 23:1–23:24

On Rational Recursive Sequences
Lorenzo Clemente, Maria Donten-Bury, Filip Mazowiecki, and Michał Pilipczuk . . 24:1–24:21

Semigroup Intersection Problems in the Heisenberg Groups
Ruiwen Dong . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25:1–25:18

Solving Homogeneous Linear Equations over Polynomial Semirings
Ruiwen Dong . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26:1–26:19

An Approximation Algorithm for Distance-Constrained Vehicle Routing on Trees
Marc Dufay, Claire Mathieu, and Hang Zhou . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27:1–27:16

Representation of Short Distances in Structurally Sparse Graphs
Zdeněk Dvořák . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28:1–28:22

Exact Matching: Algorithms and Related Problems
Nicolas El Maalouly . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29:1–29:17



Contents 0:vii

Counting Temporal Paths
Jessica Enright, Kitty Meeks, and Hendrik Molter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30:1–30:19

Barriers for Faster Dimensionality Reduction
Ora Nova Fandina, Mikael Møller Høgsgaard, and Kasper Green Larsen . . . . . . . . . 31:1–31:15

A Regular and Complete Notion of Delay for Streaming String Transducers
Emmanuel Filiot, Ismaël Jecker, Christof Löding, and Sarah Winter . . . . . . . . . . . . . 32:1–32:16

New Clocks, Optimal Line Formation and Self-Replication Population Protocols
Leszek Gąsieniec, Paul G. Spirakis, and Grzegorz Stachowiak . . . . . . . . . . . . . . . . . . . . 33:1–33:22

Avoidance Games Are PSPACE-Complete
Valentin Gledel and Nacim Oijid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34:1–34:19

Parameterized Lower Bounds for Problems in P via Fine-Grained
Cross-Compositions

Klaus Heeger, André Nichterlein, and Rolf Niedermeier . . . . . . . . . . . . . . . . . . . . . . . . . . 35:1–35:19

Dynamic Maintenance of Monotone Dynamic Programs and Applications
Monika Henzinger, Stefan Neumann, Harald Räcke, and Stefan Schmid . . . . . . . . . . 36:1–36:16

Approximate Selection with Unreliable Comparisons in Optimal Expected Time
Shengyu Huang, Chih-Hung Liu, and Daniel Rutschmann . . . . . . . . . . . . . . . . . . . . . . . . 37:1–37:23

Relating Description Complexity to Entropy
Reijo Jaakkola, Antti Kuusisto, and Miikka Vilander . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38:1–38:18

Induced Matching Below Guarantees: Average Paves the Way for Fixed-Parameter
Tractability

Tomohiro Koana . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39:1–39:21

Finding and Counting Patterns in Sparse Graphs
Balagopal Komarath, Anant Kumar, Suchismita Mishra, and Aditi Sethia . . . . . . . . 40:1–40:20

Maximum Matching via Maximal Matching Queries
Christian Konrad, Kheeran K. Naidu, and Arun Steward . . . . . . . . . . . . . . . . . . . . . . . . . 41:1–41:22

Distributed Quantum Interactive Proofs
François Le Gall, Masayuki Miyamoto, and Harumichi Nishimura . . . . . . . . . . . . . . . . 42:1–42:21

Reconfiguration of Digraph Homomorphisms
Benjamin Lévêque, Moritz Mühlenthaler, and Thomas Suzan . . . . . . . . . . . . . . . . . . . . . 43:1–43:21

An O(3.82k) Time FPT Algorithm for Convex Flip Distance
Haohong Li and Ge Xia . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44:1–44:14

Tight Bounds for Repeated Balls-Into-Bins
Dimitrios Los and Thomas Sauerwald . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45:1–45:22

Maintaining CMSO2 Properties on Dynamic Structures with Bounded Feedback
Vertex Number

Konrad Majewski, Michał Pilipczuk, and Marek Sokołowski . . . . . . . . . . . . . . . . . . . . . . 46:1–46:13

Sublinear-Time Probabilistic Cellular Automata
Augusto Modanese . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47:1–47:22

STACS 2023



0:viii Contents

Real Numbers Equally Compressible in Every Base
Satyadev Nandakumar and Subin Pulari . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48:1–48:20

Gap Preserving Reductions Between Reconfiguration Problems
Naoto Ohsaka . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49:1–49:18

Dynamic Data Structures for Parameterized String Problems
Jędrzej Olkowski, Michał Pilipczuk, Mateusz Rychlicki, Karol Węgrzycki,
and Anna Zych-Pawlewicz . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50:1–50:22

An Algebraic Approach to Vectorial Programs
Charles Paperman, Sylvain Salvati, and Claire Soyez-Martin . . . . . . . . . . . . . . . . . . . . . 51:1–51:23

Reconstructing Words Using Queries on Subwords or Factors
Gwenaël Richomme and Matthieu Rosenfeld . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52:1–52:15

Dynamic Binary Search Trees: Improved Lower Bounds for the Greedy-Future
Algorithm

Yaniv Sadeh and Haim Kaplan . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53:1–53:21

The Complexity of Translationally Invariant Problems Beyond Ground State
Energies

James D. Watson, Johannes Bausch, and Sevag Gharibian . . . . . . . . . . . . . . . . . . . . . . . 54:1–54:21

Restless Temporal Path Parameterized Above Lower Bounds
Philipp Zschoche . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55:1–55:16



Preface

The International Symposium on Theoretical Aspects of Computer Science (STACS) confer-
ence series is an internationally leading forum for original research on theoretical aspects of
computer science.

For the first time, STACS 2023 consists of two tracks, A and B. Track A is dedicated
to algorithms and data structures, complexity and games. Track B covers automata, logic,
semantics and theory of programming.

STACS is held alternately in France and in Germany. This year’s conference, taking place
in Hamburg (University of Hamburg) from March 7 to March 9, is the 40th in the series.
Previous meetings took place in Paris (1984), Saarbrücken (1985), Orsay (1986), Passau
(1987), Bordeaux (1988), Paderborn (1989), Rouen (1990), Hamburg (1991), Cachan (1992),
Würzburg (1993), Caen (1994), München (1995), Grenoble (1996), Lübeck (1997), Paris
(1998), Trier (1999), Lille (2000), Dresden (2001), Antibes (2002), Berlin (2003), Montpellier
(2004), Stuttgart (2005), Marseille (2006), Aachen (2007), Bordeaux (2008), Freiburg (2009),
Nancy (2010), Dortmund (2011), Paris (2012), Kiel (2013), Lyon (2014), München (2015),
Orléans (2016), Hannover (2017), Caen (2018), Berlin (2019), Montpellier (2020), Saarbrücken
(2021, taking place virtually), and Marseille (2022, taking place virtually).

The interest in STACS has remained at a very high level over the past years. The
STACS 2023 call for papers led to 183 submissions (148 for Track A and 35 for Track B) with
authors from 34 countries. Each paper was assigned to three program committee members
who, at their discretion, asked external reviewers for reports. For the ninth time within
the STACS conference series, there was also a rebuttal period during which authors could
submit remarks to the PC concerning the reviews of their papers. In addition, and for the
third time, STACS 2023 employed a lightweight double-blind reviewing process: submissions
should not reveal the identity of the authors in any way. However, it was still possible for
authors to disseminate their ideas or draft versions of their paper as they normally would,
for instance by posting drafts on the web or giving talks on their results. The committee
selected 52 papers during for publication (41 for Track A and 11 for Track B). This means
an acceptance rate around 28%. As co-chairs of the program committee, we would like to
sincerely thank all its members and the 285 external reviewers for their valuable work. In
particular, there were intense and interesting discussions inside the PC committee. The very
high quality of the submissions made the selection an extremely difficult task.

We would like to express our thanks to the three invited speakers: Karoliina Lethinen
(CNRS, Aix-Marseille Université, France), Eva Rotenberg (Technical University of Denmark,
Denmark), and Moshe Y. Vardi (Rice University, USA).

We thank Michael Wagner from the LIPIcs team for assisting us in the publication process
and the final production of the proceedings. These proceedings contain extended abstracts
of the accepted contributions and abstracts of the invited talks. The authors retain their
rights and make their work available under a Creative Commons license. The proceedings
are published electronically by Schloss Dagstuhl – Leibniz-Center for Informatics within
their LIPIcs series. We would also like to thank the local organising team at University of
Hamburg for all their help with the web pages, registration and preparing the program. Our
special thank to Felix Biermeier, Christohper Hahn, Lukas Hinze and Hamed Hosseinpour.
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A Brief History of History-Determinism
Karoliina Lehtinen #

CNRS, Aix-Marseille University, LIS, Marseille, France

Abstract
Most nondeterministic automata models are more expressive, or at least more succinct, than their
deterministic counterparts; however, this comes at a cost, as deterministic automata tend to have
better algorithmic properties. History-deterministic automata are an intermediate model that allows
a restricted form of nondeterminism: all nondeterministic choices must be resolvable on-the-fly,
with only the knowledge of the word prefix read so far – as opposed to general nondeterminism,
which allows for guessing the future of the word. History-deterministic automata combine some of
the algorithmic benefits of determinism with some of the increased power of nondeterminism, thus
enjoying (some of) the best of both worlds.

History-determinism, as it is understood today, has its roots in several independently invented
notions: Kupferman, Safra and Vardi’s automata recognising tree languages derived from word
languages [11] (a notion that has been later referred to as automata that are good-for-trees [1]),
Henzinger and Piterman’s good-for-games automata [9], and Colcombet’s history-deterministic
automata, introduced in his work on regular cost-automata [6]. In the ω-regular setting, where they
were initially most studied, the notions of good-for-trees, good-for-games and history-determinism
are equivalent, despite differences in their definitions. The key algorithmic appeal of these automata
is that like deterministic automata, they have good compositional properties. This makes them
particularly useful for applications such as reactive synthesis, where composition of games and
automata is at the heart of effective solutions.

Since then, history-determinism has received its fair share of attention, not least because of
its relevance to synthesis. Indeed it turns out to be a natural and useful form of nondeterminism
more broadly, and can be generalised to all sorts of different automata models: alternating auto-
mata [2], pushdown automata [12, 8], timed automata [10, 5], Parikh automata [7], and quantiative
automata [3], to name a few. In each of these models, history-determinism offers some trade-offs
between the power of nondeterminism and the algorithmic properties of determinism. In particular,
depending on the model, they can be either more expressive or more succinct than their deterministic
counterparts, while retaining better algorithmic properties – in particular with respect to deciding
universality, language inclusion and games – than fully nondeterministic automata.

The drive to extend history-determinism to more powerful automata models has also lead to a
better understanding of the properties of these automata, of how they compare to related notions
(such as good-for-games automata and determinisability by pruning), and of the various games and
tools used to study them.

This talk aims to give a broad introduction to the notion of history determinism as well as
an overview of some of the recent developements on the topic. It will also highlight some of the
many problems that remain open. It is loosely based on a recent survey, written jointly with
Udi Boker, which gives an informal presentation of what are, in our view, the key aspects of
history-determinism [4].
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Abstract
In dynamic data structures, one is interested in efficiently facilitating queries to a data set, while
being able to efficiently perform updates as the data set undergoes changes. Often, relaxing the
efficiency measure to the amortised setting allows for simpler algorithms. A well-known example of
a data structure with amortised guarantees is the splay tree by Sleator and Tarjan [14].

Similarly, in data structures for dynamic graphs, one is interested in efficiently maintaining some
information about the graph, or facilitating queries, as the graph undergoes changes in the form of
insertion and deletion of edges. Examples of such information include connectivity, planarity, and
approximate sparsity of the graph: is the graph presently connected? Is it planar? Has its arboricity
grossly exceeded some specified number α̃? The related queries could be: is a connected to b? Are
the edges uv and uw consecutive in the ordering around u in its current planar embedding? Or,
report the O(α) out-edges of vertex x.

In this talk, we will see Brodal and Fagerberg’s amortised algorithm for orienting sparse graphs
(i.e. of arboricity ≤ α), so that each vertex has O(α) out-edges [2]. The algorithm itself is extremely
simple, and uses an elegant amortised argument in its analysis. Then, we will visit the problem of
dynamic planarity testing: is the graph presently planar? Here, we will see an elegant amortised
reduction to the seemingly easier problem, where planarity-violating edges may be detected and
rejected [5]. We will see a sketch of how the current state-of-the-art algorithm for efficient planarity
testing [8] uses ideas similar to those in [2] to analyse the behaviour of a greedy algorithm via a
possibly inefficient algorithm with provably low recourse [9]. If time permits, we will touch upon a
recent simple amortised data structure for maintaining information in dynamic forests [10], which
builds on ideas from splay trees.

The talk concludes with some open questions in the area.
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Logical Algorithmics: From Theory to Practice
Moshe Y. Vardi #

Rice University, Houston, TX, USA

Abstract
The standard approach to algorithm development is to focus on a specific problem and develop for it
a specific algorithm. Codd’s introduction of the relational model in 1970 included two fundamental
ideas: (1) Relations provide a universal data representation formalism, and (2) Relational databases
can be queried using first-order logic. Realizing these ideas required the development of a meta-
algorithm, which takes a declarative query and executes it with respect to a database. In this talk, I
will describe this approach, which I call Logical Algorithmics, in detail, and explore its profound
ramification.
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Abstract
We consider finite algebraic structures and ask whether every solution of a given system of equations
satisfies some other equation. This can be formulated as checking the validity of certain first
order formulae called quasi-identities. Checking the validity of quasi-identities is closely linked
to solving systems of equations. For systems of equations over finite algebras with finitely many
fundamental operations, a complete P/NPC dichotomy is known, while the situation appears to be
more complicated for single equations. The complexity of checking the validity of a quasi-identity
lies between the complexity of term equivalence (checking whether two terms induce the same
function) and the complexity of solving systems of polynomial equations. We prove that for each
finite algebra with a Mal’cev term and finitely many fundamental operations, checking the validity of
quasi-identities is coNP-complete if the algebra is not abelian, and in P when the algebra is abelian.
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1 Introduction

The computational complexity of solving equations over some fixed finite algebra has been
an active field of research for the last two decades, and several different problems related to
solving equations have been studied in the literature. The most general problem that we
consider is that of solving systems of polynomial equations (PolSysSat). For this problem,
Goldmann and Russel [9] have proved a P/NPC dichotomy for groups, which was later
generalized to algebras in congruence modular varieties by Larose and Zádori [15, 22]. For
arbitrary finite algebras with finitely many fundamental operations, a dichotomy follows
from [3, 23] because solving polynomial systems can be seen as a constraint satisfaction
problem [15, Theorem 2.2]. If the input is restricted to a single equation (PolSat), it
becomes easier for some algebras, including nilpotent rings and groups [12]. No dichotomy
theorem is known for PolSat and in fact, recent results suggest that such a dichotomy
might not exist [21, 14]. The situation is similar for the problem of checking whether two
polynomials induce the same function (PolEqv).

In this paper, we ask whether all solutions of a system of term equations over an algebraic
structure A = (A, (fi)i∈I) satisfy some other equation. Solving this problem, we can
determine whether a set S = {x ∈ An |

∧
i∈k si(x ) = ti(x )} defined as the solution set

of a system of term equations is contained in another set U = {x ∈ An | u(x ) = v(x )}.
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4:2 Quasi-Identities over Finite Mal’cev Algebras

(For k ∈ N0, we use k as an abbreviation for {1, 2, . . . , k}.) This problem arises naturally
in algebraic geometry and has therefore motivated considerable mathematical insights: for
algebraically closed fields, Hilbert’s Nullstellensatz reduces this question to the radical
membership problem of a multivariate polynomial ring, and in a finite field Fq, a polynomial
u ∈ Fq[x1, . . . , xn] vanishes at all solutions of s1(x1, . . . , xn) = · · · = sk(x1, . . . , xn) = 0
if and only if there are a1, . . . , ak, b1, . . . , bn ∈ Fq[x1, . . . , xn] such that u =

∑k
i=1 ai si +∑n

i=1 bi (xq
i − xi) ([19], [6, Theorem 7]). In the present note, we consider this problem for

finite algebras from the viewpoint of universal algebra [5, 17], and we seek to determine
its computational complexity. For an algebraic structure A = (A, (fi)i∈I), an equation is
a formula s(x1, . . . , xn) = t(x1, . . . , xn), where s and t are terms built from the operation
symbols fi and the variables x1, . . . , xn. A solution to this equation is a tuple (a1, . . . , an) ∈
An such that s(a1, . . . , an) = t(a1, . . . , an). Given k, n ∈ N, equations si(x1, . . . , xn) =
ti(x1, . . . , xn) (i ∈ {1, . . . , k}) and an equation u(x1, . . . , xn) = v(x1, . . . , xn), the solutions
of

∧
i∈k si(x1, . . . , xn) = ti(x1, . . . , xn) are contained in the solutions of u(x1, . . . , xn) =

v(x1, . . . , xn) if and only if the first order formula

∀x :
( ∧

i∈k

si(x ) = ti(x )
)

⇒ u(x ) = v(x )

holds in A. Such a formula is called a conditional identity or quasi-identity. For a given
algebra A, the problem QuasiIdVal(A) is to decide whether a given quasi-identity holds in A.
For example, in the group S3, ∀x1, x2 : (x1·(x1·x1) = 1∧x2·(x2·x2) = 1) ⇒ x1·x2 = x2·x1 is a
valid quasi-identity expressing that all elements of order dividing 3 commute. For semigroups,
this decision problem has been investigated in [20].

▶ Definition 1.1. Let A be an algebra. Then the quasi-identity validity problem over A,
QuasiIdVal(A), is defined as follows: Given terms s1, t1, . . . , sk, tk, u, v over the variables
(xi)i∈n in the language of the algebra A, determine whether

∀a ∈ An :
( ∧

i∈k

si(a) = ti(a)
)

⇒ u(a) = v(a)

holds.

We refer to
∧

i∈k si(x ) = ti(x ) as the precondition and to u(x ) = v(x ) as the conclusion of
the quasi-identity. The length of the input is defined by l := (

∑k
i=1 ||si|| + ||ti||) + ||u|| + ||v||,

where ||t|| denotes the length of t as defined, e.g., in [2]. There are constants c1, c2 ∈ R such
that over a finite alphabet with at least two letters, we can encode the input into a string
of length x with c1 l ≤ x ≤ c2 l log(l); the log(l) factor comes from the fact that the input
terms may contain at most l different variables, for which we find names of length ≤ c3 log(l).
Since our results are a mere P/coNPC-distinction, measuring computation time in terms of l
is a sufficient degree of precision. We will use the notions from complexity theory as they
are defined in [18]; in particular, coNP-completeness is to be understood with respect to
polynomial time many-one reductions. For a finite algebra of finite type, a tuple a from An

for which the precondition is true and the conclusion is false can serve as a certificate for the
answer “no”, and therefore the problem is in coNP. Since QuasiIdVal is closely related to
solving polynomial systems and checking identities, the complexity of QuasiIdVal is often
determined by the connection to these problems.
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2 Complexity determined by the relation to other problems on terms
and polynomials

For a finite algebra A, we first compare QuasiIdVal(A) to the problem PolSysSat(A) of
solving systems of polynomial equations over A, which was studied, e.g., in [15]. Here, a
polynomial equation over A is a formula s(x1, . . . , xn, b1, . . . , bm) = t(x1, . . . , xn, b1, . . . , bm),
where s, t are terms and b1, . . . , bm ∈ A; a solution is an a ∈ An with

s(a1, . . . , an, b1, . . . , bm) = t(a1, . . . , an, b1, . . . , bm).

We first observe that PolSysSat(A) is harder than QuasiIdVal(A) because an instance of
(the negation of) QuasiIdVal(A) can be reduced to solving a constant number of instances
of PolSysSat(A): given an instance

∀x ∈ An : (
∧
i∈k

si(x ) = ti(x )) ⇒ u(x ) = v(x ) (2.1)

of QuasiIdVal(A), we observe that (2.1) is not valid if and only if there are a, b ∈ A with
a ̸= b such that the system

(
∧
i∈k

si(x ) = ti(x )) ∧ u(x ) = a ∧ v(x ) = b (2.2)

has a solution. We note that this reduction from (the negation of) QuasiIdVal to PolSysSat
is not a many-one reduction, but just a truth table reduction: we solve |A|·(|A|−1) polynomial
systems in order to find a counterexample to the validity of a given quasi-identity.

When A has all constant functions in its term operations, which means that each
polynomial function of A is a term function, and |A| ≥ 2, then PolSysSat(A) can be
reduced to (the negation of) QuasiIdVal(A) by observing that the system

∧
i∈k pi(x ) = qi(x )

has a solution if and only if

(
∧
i∈k

pi(x ) = qi(x )) ⇒ y = z

is not valid, where y, z are distinct variables that do not appear among the xi’s. Without
constants, this reduction shows that QuasiIdVal(A) is harder than solving systems of term
equations (TermSysSat(A)). If A is a group or a ring, every system of term equations is
satisfied by x = (1, . . . , 1) (respectively x = (0, . . . , 0)). This means that solving systems of
term equations is trivial for groups and rings, and therefore for these algebras, the relation to
TermSysSat does not yield a meaningful lower bound on the complexity of QuasiIdVal(A).

Such a bound can be obtained by comparing QuasiIdVal(A) to the term equivalence
problem TermEqv(A). This is the problem that asks whether two given terms s, t induce
the same function on A. The quasi-identity validity problem is at least as hard as checking
the validity of a single term equality because ∀x ∈ An : s(x ) = t(x ) is valid if and only if
the quasi-identity

∀x ∈ An, y ∈ A : y = y ⇒ s(x ) = t(x )

holds. For an algebra A, let Clo(A) denote the set of its finitary term functions (this set
has also been called the clone of A). Strengthening the relation between TermEqv and
QuasiIdVal given above, we have that for every algebra B of finite type with Clo(B) ⊆

STACS 2023



4:4 Quasi-Identities over Finite Mal’cev Algebras

Clo(A), TermEqv(B) can be reduced to QuasiIdVal(A); we explain this reduction by an
example. Let A = (A, ·) be a group, and let B = (B, f, g) with f(x, y) := y · (x · y) and
g(x) := x · x. Suppose that we want to check whether the equality

f(g(x1), f(x2, x3)) = g(x3) (2.3)

is valid in B. Then by replacing f and g with their definition in terms of the operation ·, we
obtain that (2.3) is valid in B if and only if the quasi-identity

x1 = x1 ⇒ (x3 · (x2 · x3)) · ((x1 · x1) · (x3 · (x2 · x3))) = x3 · x3 (2.4)

holds in A. However, in this example, we see that the quasi-identity in (2.4) is longer than the
equality in (2.3) from which we started. In general, the reduction given above may produce
a quasi-identity whose size is exponential in the length of the given equality, and therefore
does not qualify as a polynomial time many-one reduction. This exponential increase in
length is avoided if we introduce variables for all subterms that appear in (2.3). We observe
that (2.3) is valid in B if and only if the quasi-identity

(z1 = x1 · x1 ∧ z2 = x3 · (x2 · x3) ∧ z3 = z2 · (z1 · z2) ∧ z4 = x3 · x3) ⇒ z3 = z4

holds in A, and the size of the quasi-identity obtained in this way is bounded by a polynomial
in the size of the input equality. Hence in this way, we obtain a polynomial time reduction
of TermEqv(B) to QuasiIdVal(A). The problem TermEqv has been investigated for
some classes of finite groups and rings (see e.g. [4, 9]). In [13], it is proved that for every
non-nilpotent group A, there is an algebra B with Clo(B) = Clo(A) such that TermEqv(B)
is coNP-complete; this implies that every non-nilpotent group has a coNP-complete quasi-
identity validity problem. We summarize these consequences of the literature in Table 1.
In this table, we do not require that a ring has a unit element; a ring is nilpotent if there

Table 1 Complexity of the studied problems as known before the present note.

A TermEqv(A) QuasiIdVal(A) PolSysSat(A)
module/abelian group/zero ring P P P ([9, 15])

nonabelian nilpotent group P ([9]) open NPC ([9])
non-nilpotent solvable group partially open coNPC ([13]) NPC ([9])

non-solvable group coNPC ([9]) coNPC NPC ([9])
non-zero nilpotent ring P ([4]) open NPC ([15])

non-nilpotent ring coNPC ([4]) coNPC NPC ([15])

is a k ∈ N such that every product of at least k elements is 0, and a ring R with r · s = 0
for all r, s ∈ R is called a zero ring. Theorem 3.1 establishes that in both cases in which
the complexity of QuasiIdVal is referred to as open in the above table, the answer is
coNP-complete.

In [20], M. Volkov constructs a 10-element semigroup Q such that TermEqv(Q) is in P
and QuasiIdVal(Q) is coNP-complete. Combining the results of the present note with [9, 4],
we obtain that every finite nilpotent nonabelian group and every finite nilpotent nonzero
ring, such as the quaternion group and the ring 2Z8, have a tractable term equivalence and
a coNP-complete quasi-identity validity problem.
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3 Complexity for finite Mal’cev algebras

Groups and rings are all contained in the larger class of Mal’cev algebras. An algebra A is a
Mal’cev algebra if it has a ternary term function M ∈ Clo(A) (called a Mal’cev term) such
that M(a, b, b) = M(b, b, a) = a for all a, b ∈ A (cf. [16, 17]). For a group M(x, y, z) = xy−1z,
and for a ring M(x, y, z) = x− y + z are examples of Mal’cev terms. In the present note, we
show that for a finite Mal’cev algebra of finite type (i.e., having finitely many fundamental
operations), QuasiIdVal is either in P or coNP-complete, and that the dividing line is the
same as for PolSysSat. This dividing line can be expressed using a notion from universal
algebra. Denoting the set of n-ary term functions of an algebra A by Clon(A), the algebra
A is called abelian if for all m ∈ N, for all t ∈ Clo1+m(A) and for all a, b ∈ A and c,d ∈ Am

with t(a, c) = t(a,d), also t(b, c) = t(b,d) holds [17, Definition 4.146]. A group is abelian in
this sense if and only if its operation is commutative, i.e., it is abelian in the sense of classic
algebra, and a ring is abelian if and only if it is a zero ring. The main result of this note,
proved in Section 5, is:

▶ Theorem 3.1. Let A be a finite nonabelian Mal’cev algebra of finite type. Then
QuasiIdVal(A) is coNP-complete.

If A is abelian, then it follows from [15] that PolSysSat(A) is in P. Then as observed at
the beginning of Section 2, the validity of a given quasi-identity Φ can be determined by
checking the solvability of |A| · (|A| − 1) systems of polynomial equations. Hence we obtain:

▶ Corollary 3.2. Let A be a finite Mal’cev algebra of finite type. Then QuasiIdVal(A) is
in P if A is abelian, and coNP-complete otherwise.

4 Preliminaries on Mal’cev Algebras

Our proof of Theorem 3.1 requires the notions congruence and commutator from universal
algebra, and we therefore introduce these briefly. A congruence relation of an algebra
A = (A,F ) is an equivalence relation α on A that satisfies the compatibility condition

(a1, b1) ∈ α, . . . (an, bn) ∈ α =⇒ (f(a1, . . . , an), f(b1, . . . , bn)) ∈ α

for each n ∈ N, for each n-ary basic operation f of A, and for each a , b ∈ An. For such an α
and for an n-ary basic operation f of A, the operation fα(a1/α, . . . , an/α) := f(a1, . . . , an)/α
is well-defined; this allows to define a factor algebra A/α. For a group G, each congruence
relation α is of the form

α = {(g1, g2) ∈ G×G | g−1
1 g2 ∈ Nα},

where Nα is a normal subgroup of G; similarly, every congruence of a ring R is of the form

α = {(r1, r2) ∈ R×R | r1 − r2 ∈ Iα}

for some ideal Iα of R. For k ∈ N and a = (a1, . . . , ak) and b = (b1, . . . , bk) ∈ Ak, we write
ΘA(a , b) for the smallest congruence relation on A containing {(a1, b1), . . . , (ak, bk)} as a
subset, and call ΘA(a , b) the congruence on A that is generated by {(a1, b1), . . . , (ak, bk)}.
For the algebras that we consider, the generated congruence has a useful description using
term operations. In fact, if A is a Mal’cev algebra, we have

ΘA(a , b) = {(t(a , e), t(b, e)) | m ∈ N, t ∈ Clok+m(A), e ∈ Am};

STACS 2023



4:6 Quasi-Identities over Finite Mal’cev Algebras

it is easy to verify that the right hand side of this equation is a subuniverse of A × A
containing 0A = {(a, a) | a ∈ A}; in a Mal’cev algebra, all subuniverses of A × A containing
0A are congruence relations (cf., e.g., [11, Lemma 5.22]). We denote the set of congruence
relations on A by Con(A).

The other concept from universal algebra that we use is the commutator. Here, one
associates a congruence relation γ, denoted by [α, β], with every pair of congruences α, β from
Con(A). The universal algebraic construction generalizes the commutator subgroup [N,M ]
of two normal subgroups N,M of G, which is the subgroup generated by {n−1m−1nm |
n ∈ N,m ∈ M}, and the ideal product IJ of two ideals I, J in rings, which is the ideal
generated by {ij | i ∈ I, j ∈ J} ∪ {ji | i ∈ I, j ∈ J}. For generalizing these concepts
to arbitrary universal algebras, one starts by defining a relation C(α, β; η) between three
congruences α, β, η that is designed to guarantee that [α, β] ≤ γ. Doing this formally, we say
that for α, β, η ∈ Con(A), the congruence α centralizes β modulo η if for all m,n ∈ N, for all
a , b ∈ Am and c,d ∈ An with ΘA(a , b) ≤ α and ΘA(c,d) ≤ β and for all t ∈ Clom+n(A)
we have

(t(a , c), t(a ,d)) ∈ η ⇒ (t(b, c), t(b,d)) ∈ η. (4.1)

The commutator of α and β, denoted by [α, β], is then defined to be the smallest congruence
relation η on A such that α centralizes β modulo η. What is given here is a reformulation
of [8, Definition 3.2(2)]; other sources give slightly different, but equivalent, definitions of
the commutator. For example, in [17, Definition 4.148], m is restricted to be equal to 1,
which gives an equivalent condition (a rough explanation of this equivalence is that in the
implication (4.1), we may change a to b by changing one component of a at a time, repeating
this m times, see also [1, Proposition 2.1(2)]). Using the concept of commutators, we see
that an algebra A is abelian if and only if [1A, 1A] = 0A.

From this definition, it is not easy to determine the commutator [α, β] of two congruences,
and therefore one seeks descriptions of [α, β] that allow us to compute its elements more
directly. In Lemmas 4.2 and 4.3, we provide parametrizations of those commutators [α, β]
where one of α and β is equal to 1A = A × A. It is known that if A has a Mal’cev term,
then [α, β] = [β, α] ([17, Exercise 4.156(13)], a proof is written in [1, Lemma 2.5]). Hence
[ΘA(a , b), 1A] = [1A,ΘA(a , b)].

▶ Definition 4.1. Let A be an algebra, let k,m ∈ N, and let t ∈ Clok+m(A). Then z ∈ Am

is called a right zero of t if t(x , z ) = t(y , z ) for all x ,y ∈ Ak.

▶ Lemma 4.2. Let A be a Mal’cev algebra, let k ∈ N, and let a , b ∈ Ak. Then [ΘA(a , b), 1A]
= {(t(a ,w), t(b,w)) | m ∈ N,w ∈ Am, and t ∈ Clok+m(A) such that t has a right zero}.

Proof. We define

Ψ(a , b) := {(t(a ,w), t(b,w)) | m ∈ N,w ∈ Am, t ∈ Clok+m(A), t has a right zero}.

For ⊇, we observe that for a term t with a right zero z , we have t(a , z ) = t(b, z ). Now
using the term condition (4.1) (for t′(x ,y) := t(y ,x ) and η := [1A,ΘA(a , b)]) and observing
that, obviously, ΘA(z ,w) ≤ 1A, we obtain (t(a ,w), t(b,w)) ∈ [1A,ΘA(a , b)].

For ⊆, we first show that Ψ(a , b) is a congruence of A. To this end, we show that for all
n, p ∈ N, s ∈ Clon+p(A), (c1, d1), . . . , (cn, dn) ∈ Ψ(a , b) and e ∈ Ap, we have

(s(c1, . . . , cn, e), s(d1, . . . , dn, e)) ∈ Ψ(a , b). (4.2)
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For each i ∈ n, let ti be a term function with right zero z (i) and let w (i) be a tuple from A
such that (ci, di) = (ti(a ,w (i)), ti(b,w (i))). Let

s′(x ,y (1), . . . , y (n), z ) := s(t1(x ,y (1)), . . . , tn(x ,y (n)), z ).

Since z (i) is a right zero of ti, (z (1), . . . , z (n), e) is a right zero of s′. Hence

(s′(a ,w (1), . . . ,w (n), e), s′(b,w (1), . . . ,w (n), e)) ∈ Ψ(a , b),

and thus (s(c, e), s(d , e)) ∈ Ψ(a , b), completing the proof of (4.2).
From (4.2), we see that Ψ(a , b) is a subuniverse of A × A that contains the diagonal 0A

as a subset. Since A is a Mal’cev algebra, this implies that Ψ(a , b) is a congruence of A.
Next, we show that ΘA(a , b) centralizes 1A modulo Ψ(a , b). To this end, let f, g ∈

A with (f, g) ∈ ΘA(a , b), let m ∈ N, let c,d ∈ Am, and let t ∈ Clo1+m(A) be such
that (t(f, c), t(f,d)) ∈ Ψ(a , b). For proving the centralizing property, we need to show
(t(g, c), t(g,d)) ∈ Ψ(a , b). First, we observe that since (f, g) ∈ ΘA(a , b), there are n ∈ N, a
term function r ∈ Clok+n(A) and e ∈ An such that f = r(a , e) and g = r(b, e). Denoting
the Mal’cev term of A by M(x, y, z), we define a term function q ∈ Clok+(m+n+m+1)(A) by

q(x ,y ,u , v , w) := M(t(r(x ,u),y), t(r(x ,u), v), t(w, v)).

Then (y ,u , v , w) := (c, e , c, g) is a right zero of q because for all x ,x ′ ∈ Ak, we have

q(x , c, e , c, g) = M(t(r(x , e), c), t(r(x , e), c), t(g, c))
= t(g, c)
= M(t(r(x ′, e), c), t(r(x ′, e), c), t(g, c))
= q(x ′, c, e , c, g).

Hence

(q(a ,d , e , c, g), q(b,d , e , c, g)) ∈ Ψ(a , b).

We have

q(a ,d , e , c, g) = M(t(r(a , e),d), t(r(a , e), c), t(g, c))
= M(t(f,d), t(f, c), t(g, c))

and

q(b,d , e , c, g)) = M(t(r(b, e),d), t(r(b, e), c), t(g, c))
= M(t(g,d), t(g, c), t(g, c))
= t(g,d).

From the definition of Ψ(a , b), we therefore obtain(
M(t(f,d), t(f, c), t(g, c)), t(g,d)

)
∈ Ψ(a , b).

Since (t(f, c), t(f,d)) ∈ Ψ(a , b), we have that M(t(f,d), t(f, c), t(g, c)) is congruent modulo
Ψ(a , b) to M(t(f,d), t(f,d), t(g, c)) = t(g, c). Thus we have (t(g, c), t(g,d)) ∈ Ψ(a , b).
Hence ΘA(a , b) centralizes 1A modulo Ψ(a , b). Since [ΘA(a , b), 1A] is defined as the
intersection of all congruences ψ such that ΘA(a , b) centralizes 1A modulo ψ, we obtain
[ΘA(a , b), 1A] ⊆ Ψ(a , b). ◀
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The next lemma tells that we can find one single term to parametrize commutators of the
form [α, 1A].

▶ Lemma 4.3. Let A be a finite Mal’cev algebra and let k ∈ N. Then there exist m ∈ N and
t ∈ Clok+m(A) such that

t has a right zero, and for all a , b ∈ Ak,

we have [ΘA(a , b), 1A] = {(t(a ,w), t(b,w)) | w ∈ Am}. (4.3)

Proof. For each m ∈ N and each t ∈ Clok+m(A) with a right zero, let

Ψ(t,a , b) := {(t(a ,w), t(b,w)) | w ∈ Am}.

We order the terms in

T := {t ∈ Clok+m(A) | m ∈ N, t has a right zero}

by t1 ≤ t2 if Ψ(t1,a , b) ⊆ Ψ(t2,a , b) for all a , b ∈ Ak. The relation ≤ is a quasi-order. For
the term function π(x1, . . . , xk, y) := y, we have Ψ(π,a , b) = 0A. Since Ψ(t,a , b) can take
only finitely many values, there is t ∈ T such that π ≤ t and t is maximal in T with respect
to ≤. Let m ∈ N be such that t ∈ Clok+m(A). Our claim is that this t satisfies (4.3). By
Lemma 4.2, we have [ΘA(a , b), 1A] ⊇ {(t(a ,w), t(b,w)) | w ∈ Am} for all a , b ∈ Ak.

For proving the “⊆”-inclusion of (4.3), suppose that there are c,d ∈ Ak, (f, g) ∈
[ΘA(c,d), 1A] and (f, g) ̸∈ {(t(c,w), t(d ,w)) | w ∈ Am}. By Lemma 4.2, there are n ∈ N,
an s ∈ Clok+n(A) with a right zero and e ∈ An such that (f, g) = (s(c, e), s(d , e)). Denoting
the Mal’cev term of A by M(x, y, z), we define a term function r ∈ Clok+(n+m+m)(A) by

r(u ,x ,y , z ) := M(s(u ,x ), t(u ,y), t(u , z )).

Let h , i be the right zeros of s and t, respectively. Then (h , i , i) is a right zero of r. We
first show that t ≤ r. To this end, let a , b ∈ Ak and w ∈ Am. We want to show that
(t(a ,w), t(b,w)) ∈ Ψ(r,a , b). Since h is a right zero of s, we have s(a ,h) = s(b,h), and
thus (s(a ,h), s(b,h)) ∈ 0A = Ψ(π,a , b). Since π ≤ t, we therefore have (s(a ,h), s(b,h)) ∈
Ψ(t,a , b) and thus there is v ∈ Am such that (t(a , v), t(b, v)) = (s(a ,h), s(b,h)). Hence

(r(a ,h , v ,w), r(b,h , v ,w)) =
(
M(s(a ,h), t(a , v), t(a ,w)),M(s(b,h), t(b, v), t(b,w))

)
=

(
M(s(a ,h), s(a ,h), t(a ,w)),M(s(b,h), s(b,h), t(b,w))

)
= (t(a ,w), t(b,w)),

and thus (t(a ,w), t(b,w)) ∈ Ψ(r,a , b). Hence Ψ(t,a , b) ⊆ Ψ(r,a , b) and thus t ≤ r.
We will now establish that r ̸≤ t. To this end, we observe that (f, g) is an element of

Ψ(r, c,d) because

(s(c, e), s(d , e)) = (r(c, e , i , i), r(d , e , i , i)) ∈ Ψ(r, c,d).

Since (f, g) ∈ Ψ(r, c,d) and by assumption (f, g) ̸∈ Ψ(t, c,d), we have r ̸≤ t.
Now t ≤ r and r ̸≤ t contradict the maximality of t, which completes the proof that

[ΘA(a , b), 1A] ⊆ {(t(a ,w), t(b,w)) | w ∈ Am}

for all a , b ∈ Ak. ◀
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5 Graphs and the completeness proof

For establishing coNP-completeness, we use an NP-complete problem from graph theory.
In our proof, we take the formal viewpoint to consider a graph as a relational structure
G = (G, ρ) such that ρ ⊆ G×G is symmetric. We call the graph G loopless if there is no
v ∈ G with (v, v) ∈ ρ, and we say that G contains a triangle if there are u, v, w ∈ G with
(u, v) ∈ ρ, (v, w) ∈ ρ, (u,w) ∈ ρ. For a graph H, the computational problem H-Coloring
studied in [10] asks whether for a finite input graph G, there exists a homomorphism from G
to H. Theorem 1 of [10] states that if H is loopless and not bipartite, then H-Coloring is
NP-complete. Since a bipartite graph cannot contain a triangle, we obtain:

▶ Corollary 5.1 ([10]). Let H be a finite loopless graph that contains a triangle. Then
H-Coloring is NP-complete.

Let A be a finite Mal’cev algebra and let µ ∈ Con(A). The difference graph of A with
respect to µ is the graph Hµ = (Hµ, ρµ), where the set of vertices Hµ is equal to A2. The
set of edges ρµ is defined by

ρµ = {(a , b) | a , b ∈ A2, µ ≤ [ΘA(a , b), 1A]}.

Intuitively, we draw an edge between two vectors a , b from A2 if a , b are “sufficiently
different”. Here, “sufficiently different” means that the smallest congruence collapsing a and
b is still large enough to have its commutator with 1A above µ.

▶ Lemma 5.2. Let A be a finite Mal’cev algebra, and let µ ∈ Con(A) with µ > 0A. Then
the difference graph Hµ = (Hµ, ρµ) is loopless.

Proof. Let a ∈ A2. We have to show that (a ,a) is not an edge of Hµ. Suppose that
(a ,a) ∈ ρµ. Then from the definition of ρµ, we obtain µ ≤ [ΘA(a ,a), 1A]. Clearly,
ΘA(a ,a) = 0A. Furthermore, by [17, Lemma 4.149(i)], the commutator [α, β] is always
contained in the intersection α ∩ β, and therefore [ΘA(a ,a), 1A] = [0A, 1A] = 0A. Hence
µ ≤ 0A, contradicting the assumption µ > 0A. Thus (a ,a) is not an edge of Hµ, and
therefore Hµ is loopless. ◀

▶ Lemma 5.3. Let A be a finite nonabelian Mal’cev algebra. Then there is β ∈ Con(A) such
that β > 0A and Hβ = (Hβ , ρβ) has a triangle.

Proof. Let ζ be the center of A, i.e., the largest congruence with [ζ, 1A] = 0A. We note that
from [17, Lemma 4.149(ii)] it follows that such a largest congruence exists: in fact, ζ is the
join of all congruences ζ ′ with [ζ ′, 1A] = 0A. In particular, every congruence ζ ′ ∈ Con(A)
with [ζ ′, 1A] = 0A satisfies ζ ′ ≤ ζ. Since A is nonabelian, ζ < 1A. Thus there are a, b ∈ A

such that (a, b) ̸∈ ζ. Let

β := [ΘA(a, b), 1A].

We first show that β > 0A. Suppose β = 0A. Then [ΘA(a, b), 1A] = 0A, and therefore
ΘA(a, b) ≤ ζ. Then (a, b) ∈ ζ, contradicting the choice of a and b. Hence β > 0A. Next, we
show that Hβ has a triangle. To this end, we consider the vertices u = ( a

a ), v = ( a
b ), w = ( b

b )
of Hβ . For showing that (u , v) is an edge of Hβ , we observe that (u , v) ∈ ρβ if and only if β ≤
[ΘA(( a

a ), ( a
b )), 1A]. Now ΘA(( a

a ), ( a
b )) is the smallest congruence containing {(a, a), (a, b)}

and therefore ΘA(( a
a ), ( a

b )) = ΘA(a, b). Hence β = [ΘA(a, b), 1A] = [ΘA(( a
a ), ( a

b )), 1A], and
therefore (u , v) ∈ ρβ . Similarly, (u ,w) and (v ,w) are edges of Hβ . ◀
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On a set G of graphs, we can define a quasi-order by G ⪯ H if there is a homomorphism from
G to H. We say that G is maximal in G with respect to ⪯ if for every H ∈ G with G ⪯ H, we
also have H ⪯ G. If G is finite and nonempty, it must contain at least one maximal element.

▶ Lemma 5.4. Let A be a finite nonabelian Mal’cev algebra. For each γ ∈ Con(A), let Hγ

be the difference graph of A with respect to γ. Let β ∈ Con(A) be such that β > 0A and Hβ

has a triangle. Let µ ∈ Con(A) be such that µ > 0A and Hµ = (Hµ, ρµ) is maximal with
respect to ⪯ in

{Hα | α ∈ Con(A), α > 0A,Hβ ⪯ Hα}.

Let m ∈ N and let t(x, y, z1, . . . , zm) be a term in the language of A such that its induced term
function tA ∈ Clo2+m(A) satisfies (4.3); such a term exists by Lemma 4.3. Let G = (G, ρG)
be a graph. We assume that G ∩Hµ = ∅. Let Φ be the quasi-identity( ∧

(u,v) ∈ ρG ∪ ρµ

(
a = t(xu, yu, z(u,v)) ∧ b = t(xv, yv, z(u,v))

))
⇒ a = b

in the variables {xu | u ∈ G ∪ Hµ} ∪ {yu | u ∈ G ∪ Hµ} ∪ {(z(u,v))i | i ∈ m, (u, v) ∈
ρG ∪ ρµ} ∪ {a, b}. Then G ⪯ Hµ if and only if Φ is not valid in A.

Proof. For the “only if”-direction, let f be a homomorphism from G to Hµ. We set the
variables in Φ in a way that contradicts the validity of Φ. First, we assign values to a and
b such that (a, b) ∈ µ \ 0A. Next, we assign values to the variables xu, yu with u ∈ G. To
this end, for each u ∈ G, we set xu, yu ∈ A such that ( xu

yu ) = f(u). Then for each pair
(u, v) ∈ ρG, the fact that f is a homomorphism yields (f(u), f(v)) ∈ ρµ, and therefore we
have µ ≤ [Θ(( xu

yu ), ( xv
yv )), 1A]. Since (a, b) ∈ µ, Lemma 4.3 allows us to find z(u,v) ∈ Am such

that t(xu, yu, z(u,v)) = a and t(xv, yv, z(u,v)) = b. In the next step, we assign values to the
variables xu, yu with u ∈ Hµ. To this end, we observe that each u ∈ Hµ is an element of
A2, and hence there are xu, yu ∈ A such that u = ( xu

yu ). Then for each (u, v) ∈ ρµ, we have
(( xu

yu ), ( xv
yv )) = (u, v) ∈ ρµ. Hence from the definition of ρµ, we obtain

µ ≤ [Θ(( xu
yu ), ( xv

yv )), 1A].

Thus from Lemma 4.3 we obtain z(u,v) ∈ Am such that t(xu, yu, z(u,v)) = a and
t(xv, yv, z(u,v)) = b. Now this assignment of the variables confirms that Φ is not valid
in A.

For the “if”-direction, we assume that that the variables in Φ are assigned such that Φ
does not hold and we construct a homomorphism f : G → Hµ. Let τ := ΘA(a, b). Since
a ̸= b, we have τ > 0A. We first define a mapping g from Hµ to Hτ by

g(u) = ( xu
yu ) for all u ∈ Hµ.

Next, we prove that g is a homomorphism from Hµ to Hτ . Since Φ does not hold, its
precondition is fulfilled, and therefore for each (u, v) ∈ ρµ, we have a = t(xu, yu, z(u,v))
and b = t(xv, yv, z(u,v)). Hence setting a := ( xu

yu ) and b := ( xv
yv ) in Lemma 4.2, we obtain

(a, b) ∈ [Θ(( xu
yu ), ( xv

yv )), 1A], and therefore τ ≤ [Θ(( xu
yu ), ( xv

yv )), 1A]. From the definition of the
difference graph Hτ , we now see that (( xu

yu ), ( xv
yv )) = (g(u), g(v)) is an edge of Hτ . Hence g is

a homomorphism from Hµ to Hτ , which implies Hµ ⪯ Hτ . Since Hβ ⪯ Hµ, we have Hβ ⪯ Hτ

and thus Hτ ∈ {Hα | α ∈ Con(A), α > 0A,Hβ ⪯ Hα}. By the maximality of Hµ within this
set, we therefore have Hτ ⪯ Hµ, which yields a graph homomorphism h : Hτ → Hµ.
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Next, we define a homomorphism j : G → Hτ . For u ∈ G, we define j(u) := ( xu
yu ).

Using the same reasoning as for g, we show that j is a homomorphism: assume that
(u, v) ∈ ρG. Since Φ is not satisfied, we have t(xu, yu, z(u,v)) = a and t(xv, yv, z(u,v)) =
b. Hence (a, b) ∈ [Θ(( xu

yu ), ( xv
yv )), 1A], which implies that τ ≤ [Θ(( xu

yu ), ( xv
yv )), 1A]. Thus

(j(u), j(v)) = (( xu
yu ), ( xv

yv )) is an edge of Hτ , and therefore j is a homomorphism from G
to Hτ .

Now f := h ◦ j is the required homomorphism from G to Hµ. ◀

We will now prove the main result.

Proof of Theorem 3.1. From Lemma 5.3, we obtain β ∈ Con(A) such that the difference
graph Hβ has a triangle. Let Hµ be as in the assumptions of Lemma 5.4. Since µ > 0A, Hµ is
loopless. Now from Hβ ⪯ Hµ, we obtain that Hµ contains a triangle. Thus from Corollary 5.1,
we obtain that Hµ-coloring is NP-complete. By Lemma 5.4, the existence of a Hµ-coloring
of a given graph G can be determined by checking the validity of a quasi-identity Φ that
can be computed in time polynomial in the size of G. This implies that QuasiIdVal(A) is
coNP-complete. ◀

Proof of Corollary 3.2. Given Theorem 3.1, we only have to verify that QuasiIdVal(A) is
in P when A is an abelian finite Mal’cev algebra of finite type. In Section 2, we observed
that QuasiIdVal(A) can be reduced to PolSysSat(A) using a truth table reduction. In
fact, a counterexample to the validity of a quasi-identity can be found as the solution of one
of |A| · (|A| − 1) many polynomial systems: one passes from a quasi-identity such as (2.1)
to the systems given in (2.2). From this reduction, we see that it suffices to show that
PolSysSat(A) is in P when A is an abelian finite Mal’cev algebra of finite type. Since a
Mal’cev algebra generates a congruence modular variety, it follows from [15, Corollary 3.14]
(which is proved using [7, Theorem 33]) that in this case PolSysSat(A) can be solved in
polynomial time. ◀

As special cases, we obtain:

▶ Corollary 5.5. For a finite group G, QuasiIdVal(G) is in P if G is abelian, and coNP-
complete otherwise. For a finite ring R (not necessarily commutative and not necessarily
with unit), QuasiIdVal(R) is in P if R is a zero ring, i.e., R ·R = 0, and coNP-complete
otherwise.
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Abstract
Let G be an undirected network with a distinguished set of terminals T ⊆ V (G) and edge capacities
cap : E(G) → R+. By an odd T -walk we mean a walk in G (with possible vertex and edge self-
intersections) connecting two distinct terminals and consisting of an odd number of edges. Inspired
by the work of Schrijver and Seymour on odd path packing for two terminals, we consider packings
of odd T -walks subject to capacities cap.

First, we present a strongly polynomial time algorithm for constructing a maximum fractional
packing of odd T -walks. For even integer capacities, our algorithm constructs a packing that is
half-integer. Additionally, if cap(δ(v)) is divisible by 4 for any v ∈ V (G)−T , our algorithm constructs
an integer packing.

Second, we establish and prove the corresponding min-max relation.
Third, if G is inner Eulerian (i.e. degrees of all nodes in V (G) − T are even) and cap(e) = 2

for all e ∈ E, we show that there exists an integer packing of odd T -trails (i.e. odd T -walks with
no repeated edges) of the same value as in case of odd T -walks, and this packing can be found in
polynomial time.

To achieve the above goals, we establish a connection between packings of odd T -walks and
T -trails and certain multiflow problems in undirected and bidirected graphs.

2012 ACM Subject Classification Theory of computation → Network optimization

Keywords and phrases Odd path, signed and bidirected graph, multiflow, polynomial algorithm

Digital Object Identifier 10.4230/LIPIcs.STACS.2023.5

1 Introduction

Hereinafter, for graph G we use notation V (G) (resp. E(G)) to denote the set of vertices
(resp. edges) of G.

Consider an undirected network G with a distinguished set of terminals T ⊆ V (G)
and edge capacities cap : E(G) → R+. We use the notions of walks and paths; the
former allow arbitrary edge and vertex self-intersections, while the latter forbid any self-
intersections. Additionally, we consider trails that allow vertex self-intersections but not
edge self-intersections. Any path is a trail and any trail is a walk, but not vice versa. A
T -walk (resp. T -trail or T -path) is a walk (resp. trail or path) connecting two distinct
vertices in T (note that its intermediate vertices may also be in T ).

By a (fractional) packing of T -walks (resp. T -trails, T -paths) subject to capacities cap

we mean a weighted collection P = {α1 ·W1, . . . , αm ·Wm}, where Wi are T -walks (resp.
T -trails, T -paths) and αi ∈ R+ are weights such that

∑
i αini(e) ≤ cap(e) for any e ∈ E(G),

where ni(e) = 0, 1, . . . denotes the number of occurrences of e in Wi. If all αi are integer
(resp. 1

k -integer, i.e. become integer after multiplying by k) then the whole packing is said
to be integer (resp. 1

k
-integer). The value of P (denoted by ∥P∥) is

∑
i αi; a packing of

maximum value will be referred to as maximum.
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5:2 Packing Odd Walks and Trails in Multiterminal Networks

If one imposes no additional restrictions, the values of maximum packings of T -walks,
T -trails and T -paths coincide; this follows from the fact that any walk can be reduced into
a path by removing its cyclic parts. Also for |T | = 2 and integer edge capacities the value
of a maximum fractional packing equals the value of a maximum integer packing (by the
max-flow integrality theorem [10, Cor. 10.3a]), while for |T | ≥ 3 a maximum packing may be
half-integer [10, Sec. 73.2].

Now consider a much harder case where T -walks (resp. T -trails, T -paths) comprising a
packing are required to be odd, i.e. to consist of an odd number of edges. Now an attempt
to transform a walk into a path (or even a walk into a trail) by a similar decycling approach
fails since it may alter the parity.

Our original source of inspiration lies in the work of Schrijver and Seymour [11], who
established a min-max formula for the value of a maximum fractional packing of odd T -paths
for T = {s, t}. At its dual side, the formula involves enumerating (not necessarily induced)
subgraphs H of G that contain both s and t but no odd s − t path and upper-bounding
the value of packings by a certain “capacity” of H. In a sense, such H is analogous to an
s− t cut in the standard max-flow-min-cut-theorem [10, Th. 10.3] and is called an odd path
barrier.

The above result is established for just |T | = 2, only concerns fractional packings and,
moreover, is non-constructive. In case of integer capacities one should ultimately aim for a
min-max formula and a polynomial algorithm for constructing a maximum integer packing of
odd T -paths. These questions, unfortunately, seem to be notoriously hard. In particular, [12,
Sec. 3.3] shows that checking if a given graph contains a pair of edge-disjoint odd T -trails is
NP-hard already for |T | = 2.

1.1 Our results
The present paper deals with the multiterminal version of the problem (allowing arbitrary
number of terminals T ) but considers packings of odd T -walks and T -trails rather than odd
T -paths.

First, for packings of odd T -walks and real-valued capacities we present a polynomial
time reduction (Theorem 9) from a maximum odd T -walk packing problem to a maximum
multiflow problem for a special commodity graph family due to Karzanov [6]. For even
integer capacities, our algorithm produces a half-integer packing. Also, if capacities are even
integers and cap(δ(v)) (which is, as usual, the sum of cap(e) for all edges e incident to v) is
divisible by 4 for any v ∈ V (G)− T , a maximum packing can be made integer.

Second, we present a min-max formula (Theorem 12) for maximum odd T -walk packings.
It is strikingly similar to the one due to Schrijver and Seymour [11] (for odd s− t paths) and
involves, at its dual side, subgraphs of G containing no odd T -walks.

Third, we extend the above results to odd T -trail packings. Consider the unit-capacity
case. Then a Schrijver–Seymour-type min-max relation does not hold for integer packings
even if one assumes that |T | = 2 and the underlying graph is inner Eulerian (i.e. degrees
of all non-terminal verticies are even). An example of such a “bad” instance can be found in
[11, Sec.3]. (There it was given for the case of odd T -paths rather than odd T -trails but it
turns the example works in both cases.)

The fractionality status of such a packing problem seems to be open. We partially resolve
it by proving that for an inner Eulerian graph with unit capacities and an arbitrary number
of terminals an optimum packing of T -trails can always be chosen half-integer (and also can
be found in polynomial time). If all capacities are multiplied by 2, the inner Eulerianness
condition becomes cap(δ(v)) being divisible by 4 for all v ∈ V (G)− T , which is equivalent to
the condition from the first result, and our optimum packing becomes integer.
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We prove (Theorem 14) that there exists a packing of odd T -trails of the same value as in
the case of odd T -walks, and this packing can be found in polynomial time. In other words,
odd T -walks forming a maximum integer packing can always be rearranged (“untangled”) to
ensure that none of them has edge self-intersections.

1.2 Our techniques

The algorithm that deals with odd T -walks is based on a reduction to a certain multiflow
problem [6] and some graph symmetrization. For the min-max formula regarding packing of
odd T -walks, we indicate how optimum collections of cuts (in the sense of the above multiflow
problem) correspond to minimum odd T -walk barriers.

The algorithm dealing with odd T -trails attracts additional combinatorial ideas. Loosely
speaking, it constructs a maximum integer packing consisting of odd T -walks Wi. If all of
these T -walks Wi are already T -trails (i.e. have no edge self-intersections), then we are done.
Otherwise, for walk Wi with edge self-intersections, we either simplify Wi (while maintaining
its parity) or find a redundant edge in G whose removal does not decrease the number
of T -walks in the current packing, drop it, and repeat. The existence of a redundant edge
is proved by a novel characterization of integer odd T -walk packings in terms of T -trail
packings in inner Eulerian bidirected graphs [1] and relies on the corresponding min-max
theorem.

1.3 Related work

There is also a solid body of recent research devoted to path packings in unit-capacitated
graphs. (Note that here the notions of integer walk and trail packings coincide.)

While even for T = {s, t} the problem of finding a maximum integer packing of odd
T -trails in general networks does not seem to be tractable, a certain lower bound for the
maximum value of such packings (relating it to odd T -trail covers) is known [5] (also see [4]
for a weaker bound).

Note that if one is interested in packing odd T -trails (rather than odd T -walks) in graphs
with integer capacities larger than 1, then the problem does not seem to be directly reducible
to unit capacities. Indeed, splitting each edge and solving the problem in the unit-capacitated
case, one will face challenges with edge self-intersections when attempting to return back to
the original graph.

These challenges seem to be quite fundamental, and, in particular, we are not aware of
any prior art concerning capacitated versions of the maximum odd T -trail integral packing
problem. Our algorithm for constructing a maximum packing of odd T -trails is able to deal
with edge self-intersections by certain T -walk “untangling” but this battle is not won easily.

Another related (but still substantially different) area of research concerns integer packing
of vertex-disjoint A-paths in group-labeled graphs. Here each edge xy ∈ E is endowed with
an element g(x, y) of group Γ (obeying g(x, y) = −g(y, x)). Path P with both (distinct) ends
in A ⊆ V (G) is called a non-zero A-path if the sum of all group elements corresponding
to (directed) edges of P is non-zero. (This also extends to non-Abelian groups.) In [3] a
polynomial algorithm for constructing a maximum integer packing of vertex-disjoint A-paths
is given. See also [9] for a similar treatment involving permutation groups.

With an appropriate choice of group Γ and edge labels, non-zero A-paths may express
various well-studied notions, e.g. the much-celebrated Mader’s integer packings of vertex-
disjoint S-paths [8], [10, Sec. 73.1].
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Note that if Γ = Z2 and g(x, y) = 1 for all edges xy one gets the odd parity constraint for
paths comprising a packing. The latter motivates adding such Γ as a direct group summand
in the Mader’s case above hoping to capture the parity restriction. This approach, however,
will not work as expected: now a path could either be odd or connect terminals in distinct
S-classes (while we were certainly hoping for paths that simultaneously have ends in distinct
S-classes and have odd length).

2 Walks, trails, packings and other notation

Consider an undirected loopless graph G with possible parallel edges. In this paper we deal
with certain families of path-like objects in G differing in kinds of allowed self-intersections.
Formally:

▶ Definition 1. Given x, y ∈ V (G), an x− y walk is a sequence W = (e1, e2, . . . , el), where
ei ∈ E are such that ei = vi−1vi for v0 = x, vl = y and v1, . . . , vl−1 ∈ V (G).

Here l is called the length of W . A walk is called even or odd depending on the parity
of its length. Vertices x and y are called the endpoints of W and v1, . . . , vl−1 are called
intermediate (for W ).

Note that some of vertices vi of W may coincide, allowing a walk to visit the same vertex
multiple times and traverse same edge multiple times.

▶ Definition 2. An x−y trail (resp. path) is an x−y walk W with all edges (resp. vertices)
being distinct. An x− x walk (resp. trail) is called cyclic.

▶ Definition 3. Let T ⊆ V (G) be a distinguished set of vertices called terminals. A T -walk
(resp. T -trail, T -path) is an x − y walk (resp. x − y trail, x − y path) for two distinct
x, y ∈ T . (Note that unless explicitly stated otherwise, intermediate vertices of such walks
are allowed to be terminals.)

▶ Definition 4. Graph G is called inner Eulerian with respect to T (or simply inner
Eulerian if T is clear from context) if for any v ∈ V (G)− T the degree of v in G is even.

▶ Definition 5. Given edge capacities cap : E(G) → R+, a weighted multiset P = {α1 ·
W1, . . . , αm · Wm}, where αi ∈ R+ are weights and each Wi is a walk, is said to be a
(fractional) walk packing if for any e ∈ E(G) the load P(e) :=

∑
i αini(e) of edge e does

not exceed cap(e), where ni(e) = 0, 1, . . . is the number of occurrences of e in Wi.
∥P∥ :=

∑
i αi is called the value of P. If all αi ∈ Z+ then P is called integer.

If P,Q are packings and α ∈ R+, P +Q denotes a union of weighted multisets and α · P
denotes the result of multiplying all weights in P by α.

When walks comprising a packing are restricted in some way, the analogous terminology
is applied to the packing as a whole. In particular, one may speak of T -walk (resp. T -trail,
T -path) packings P indicating that walks in P are, in fact, T -walks (resp. T -trails, T -paths).

▶ Definition 6. A triple (G, T, cap) consisting of an undirected graph G, terminal set
T ⊆ V (G) and capacity function cap : E(G)→ R+, is called a network.

Two notable special cases of constant capacity function to appear throughout our paper
are 1(e) := 1 and 2(e) := 2 for any e ∈ E(G).

▶ Definition 7. Consider network N = (G, T, cap) together with undirected graph H such
that V (H) = T (called the commodity graph). A multi-commodity flow (or simply a
multiflow) in network N with commodity graph H is a T -walk packing P such that for any
T -walk W in P its (distinct) endpoints are connected by an edge in H.
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We also employ the following graph-theoretic notation:

▶ Definition 8.
Given graph G and A ⊆ V (G), v ∈ V (G), δ(v) denotes the set of edges incident to v, δ(A)
denotes the set of edges with exactly one endpoint in A and γ(A) denotes the set of edges
with both endpoints in A;
For function f : X → R and Y ⊆ X, f(Y ) is defined as

∑
x∈Y f(x); e.g. for a set of

vertices A, f(δ(A)) is the total value of f over all edges with exactly one endpoint in A;
Given edge capacities cap : E(G) → R+ in graph G and S, T ⊆ V (G), S ∩ T = ∅, an
S − T cut is a vertex set C such that S ⊆ C ⊆ V (G) − T ; the capacity of cut C is
cap(δ(C)); the minimum capacity of an S − T cut is denoted by λ(S, T );
When graph G is not clear from the context, it is specified explicitly, e.g. δG, γG and λG.

3 Odd T -walk packing algorithm

Let (G, T, cap) be a network. In this section we introduce an auxiliary network (G̃, T̃ , c̃ap)
constructed from G and employ it to provide a strongly polynomial time algorithm for finding
a maximum odd T -walk packing. This network also plays a crucial role in further sections.

Construct graph G̃ with V (G̃) := V (G) ⊔ V (G)′, where V (G)′ is a disjoint copy of V (G),
i.e. each vertex v ∈ V (G) has its own copy v′ ∈ V (G)′, and E(G̃) := {u′v, uv′ | uv ∈ E(G)}.
Also, let v′′ := v for v ∈ V (G). If x, y ∈ V (G), vertices x and x′ are called symmetric
to each other, and similarly for edges xy′ and x′y. For a vertex set (resp. an edge set
or a walk) X, let X ′ be the vertex set (resp. edge set or walk) consisting of vertices (or
edges) symmetric to ones in X. Let T̃ := T ⊔ T ′. Finally, define capacities on edges of G̃ as
c̃ap(uv′) := c̃ap(u′v) := 1

2 cap(uv) for any uv ∈ E(G).
The following theorem encapsulates the first of our results announced in Section 1.

▶ Theorem 9 (Odd T -walk packing). Given network (G, T, cap), it is possible to construct a
maximum fractional odd T -walk packing P in (G, T, cap) in strongly polynomial time.

If all capacities are non-negative even integers, the resulting P is half-integer. If addi-
tionally cap(δ(v)) is divisible by 4 for all v ∈ V (G)− T , P is integer.

Proof. Note that G̃ is bipartite, so for distinct x, y ∈ T any x − y′ walk in G̃ is odd and
corresponds to an odd x− y walk in G.

Construct commodity graph HT as follows: V (HT ) := T̃ and E(HT ) := {tit
′
j | i ̸= j}.

Note that HT is isomorphic to K|T |,|T | without a perfect matching (see Figure 1).
Consider an arbitrary fractional odd T -walk packing P = {α1 ·W1, . . . , αm ·Wm} in

(G, T, cap) of value p. Denote endpoints of Wk as tk,1 and tk,2; this walk corresponds to a
pair of tk,1 − t′

k,2 walk W̃k and t′
k,1 − tk,2 walk W̃ ′

k in G̃, which are symmetric to each other.
Packing P̃ := {α1 · W̃1, . . . , αm · W̃m} in (G̃, T̃ , c̃ap) is of value p. For any xy ∈ E(G) holds
P̃(xy′) + P̃(x′y) = P(xy) since each occurrence of xy in some walk Wk in P corresponds to
exactly one occurrence of either x′y or xy′ in W̃k. The same properties hold for packing
P̃ ′ = {α1 · W̃ ′

1, . . . , αm · W̃ ′
m}, which is the symmetric counterpart of P̃.

Construct Q := 1
2 (P̃ + P̃ ′); the value of Q is also p. For any xy ∈ E(G) holds P̃ ′(xy′) =

P̃(x′y), thus Q(xy′) = 1
2 (P̃(xy′) + P̃ ′(xy′)) = 1

2 (P̃(xy′) + P̃(x′y)) = 1
2P(xy) ≤ 1

2 cap(xy) =
c̃ap(xy′), i.e. Q is a (self-symmetric) multiflow in (G̃, T̃ , c̃ap) with commodity graph HT .
Thus p does not exceed the value of a maximum fractional multiflow in (G̃, T̃ , c̃ap) with
commodity graph HT .
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t1 t2 t3

t′1 t′2 t′3

Figure 1 Commodity graph HT ; anticlique family A1 is in red and A2 is in blue.

Conversely, consider a fractional multiflow Q of value q in network (G̃, T̃ , c̃ap) with
commodity graph HT . Construct an odd T -walk packing P of value q in (G, T, cap) by taking
preimages of all weighted walks in Q with their respective weights. Clearly, for xy ∈ E(G)
holds P(xy) = Q(xy′) +Q(x′y) ≤ c̃ap(xy′) + c̃ap(x′y) = cap(xy). Thus, q does not exceed
the value of a maximum fractional odd T -walk packing in (G, T, cap).

Therefore, the maximum value of a fractional odd T -walk packing in (G, T, cap) equals
the value of a maximum fractional multiflow in (G̃, T̃ , c̃ap) with commodity graph HT . To
conclude the proof, we utilize the following result due to Karzanov [6]:

▶ Theorem 10. Let (G, T, cap) be a network with commodity graph H. Denote by A the
family of all inclusion-wise maximal anticliques (i.e. independent sets) in H. Suppose A can
be split into two subfamilies A1,A2 such that all anticliques in each family Ai are pairwise
disjoint.

Then a maximum multiflow in (G, T, cap) can be found in strongly polynomial time. If,
additionally, cap are integers and cap(δ(v)) is even for any v ∈ V (G)− T , then the resulting
multiflow is integer.

Note that the family of anticliques in HT obeys the property from Theorem 10. Indeed,
define A1 := {T, T ′} and A2 := {{t, t′} | t ∈ T} (see Figure 1). If some maximal anticlique
contains a terminal and its symmetric copy, then it must belong to A2; otherwise it cannot
contain both a vertex from T and a vertex from T ′, thus it belongs to A1. Also, if cap(δ(v))
is divisble by 4 for any v ∈ V (G)−T , then c̃ap(δ(v)) is even for any v ∈ V (G̃)− T̃ . Therefore,
applying Theorem 10 finishes the proof. ◀

4 Odd T -walk barrier

In this section we provide a combinatorial description of barrier structure that defines a tight
upper bound for the value of a maximum odd T -walk packing, which is our second result
announced in Section 1. This characterization is surprisingly similar to the corresponding
barrier structure for maximum odd s− t path packings due to Schrijver and Seymour [11].
A strong duality is proven using the equivalence with multiflows from Section 3.

▶ Definition 11. Given network (G, T, cap), a (not necessarily induced) subgraph B of G

with T ⊆ V (B) is called an odd T -walk barrier if there is no odd T -walk in B.
The capacity cap(B) of barrier B is defined as 1

2 cap(I(B)) + cap(U(B)), where for an
arbitrary (not necessarily induced) subgraph H of G we use the following notation:

I(H) := {xy ∈ E(G) | xy ∈ δG(V (H))} (informally, the edge leaves H and does not
return);
U(H) := {xy ∈ E(G) | x, y ∈ V (H), xy ∈ E(G)− E(H)} (informally, the edge takes a
U-turn by leaving H and immediately returning back).
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Figure 2 An example of an odd T -walk barrier B; vertices in T are crosses, vertices in V (B)− T

are black dots, vertices not in V (B) are white dots; edges in E(B) are solid, edges not in E(B) are
dashed; edges in I(B) are blue, edges in U(B) are red.

It is easy to verify that the capacity of any barrier B is an upper bound for the value
of any odd T -walk packing P. Indeed, any odd T -walk W endowed with weight α in P is
not entirely contained in B; thus it either visits some vertex v ∈ V (G)− V (B) or traverses
some edge xy ∈ E(G)− E(B) such that x, y ∈ V (B). In the former case it reserves α units
of capacity of at least two edges in I(B), and in the latter case it reserves α units of capacity
of at least one edge in U(B). Therefore ∥P∥ ≤ cap(B). The strong duality also holds:

▶ Theorem 12 (see Appendix). Let (G, T, cap) be a network. If P ranges over odd T -walk
packings and B ranges over odd T -walk barriers, then max

P
∥P∥ = min

B
cap(B).

The min-max formula above enables strengthening the statement of Theorem 9 as follows.

▶ Corollary 13. Given network (G, T, cap), let P be a maximum fractional odd T -walk
packing in (G, T, cap). If all capacities are non-negative even integers, ∥P∥ is integer. If
additionally cap(δ(v)) is divisible by 4 for all v ∈ V (G)− T , ∥P∥ is even integer.

Proof. By Theorem 12, ∥P∥ = 1
2 cap(I(B)) + cap(U(B)) for minimum odd T -walk barrier B.

If all capacities are even integers, then cap(U(B)) and cap(I(B)) are also even, therefore the
first part of the statement is trivial. Let A := V (G)− V (B), note that δ(A) = I(B). Under
the second condition, note the following congruence:

0 ≡
∑
v∈A

cap(δ(v)) ≡ 2cap(γ(A)) + cap(δ(A)) ≡ cap(I(B)) (mod 4)

Therefore, 1
2 cap(I(B)) is also an even integer. ◀

5 Odd T -trail packing algorithm

Hereinafter we focus on network (G, T, 2) for an inner Eulerian graph G. Since all capacities
are 2, each edge can be traversed by at most two walks in an integer packing. Our ultimate
goal is to construct a maximum integer T -trail packing. The third result announced in
Section 1 is as follows:

▶ Theorem 14. Given network (G, T, 2) with inner Eulerian G, it is possible to construct a
maximum integer packing of odd T -trails in polynomial time. This packing is also a maximum
fractional packing of odd T -walks in (G, T, 2).

We use a chemistry-inspired notation: replace each edge in G with two valencies each of
which may be occupied by a walk. More formally:

▶ Definition 15. For edge e ∈ E(G), denote e1 and e2 to be two valencies of e; edge e is
called underlying for e1 and e2. Define the valence graph G12 to be the graph on the same
vertices as G with valencies regarded as edges.
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In what follows, instead of integer odd T -walk packings in (G, T, 2) we shall be dealing
with integer odd T -trail packings in (G12, T, 1), which effectively are sets of edge-disjoint
odd T -trails in G12. However, a T -trail in G12 may correspond to a non edge-simple T -walk
in G once we replace valencies with their underlying edges. This is captured as follows:

▶ Definition 16. Edge e ∈ E(G) is called irregular for T -trail W in G12 if W traverses
both valencies e1, e2 and regular otherwise.

Hence we are looking for a maximum set of edge-disjoint odd T -trails in G12 without
irregular edges.

A brief outline of our approach is as follows. In Section 5.1 we introduce signing on
valencies that guide T -trails and ensure they have proper parities. Given a suitable signing,
we prove the existence of an integer odd T -trail packing in (G12, T, 1) (with possible irregular
edges) of the needed value by reduction to bidirected networks. We also prove that a
suitable signing exists.

In Section 5.2 we construct such a signing and also perform the so-called terminal
evacuation by introducing an auxiliary terminal t′ for each t ∈ T that is connected to t

with a proper number of valencies of certain signs. This transformation allows to assume
that no trail in the packing contains any terminal as its intermediate vertex.

Next, Section 5.3 ensures that inner vertices are of degree at most 3.
Finally in Section 5.4 we deal with irregular edges. We show that whenever both valencies

e1 and e2 of some edge e are used by some odd T -trail W in the packing, either W could
be simplified (preserving its parity) or e is in fact redundant, i.e. G can be reduced by
dropping e. This reduction preserves the needed properties of G; hence one can recompute a
packing and iterate. These iterations continue until there are no more remaining irregular
edges.

5.1 Signed graphs
We also use the framework of signed graphs whose edges are endowed with signs “+” and
“-”. Intuitively, a signed valence graph introduces a convenient family of T -trails defined by
the requirement of alternation which makes parity of the trail uniquely determined by the
signs of the first and the last valence.

▶ Definition 17. A signing is an arbitrary function M : E(G12) → {+, -}. Graph G12

together with some signing M forms a signed valence graph (G12, M). In presence of
terminal set T ⊆ V (G), a signed valence network (G12, M, T, 1) appears. A T -trail W in
(G12, M) is called alternating if signs of valencies alternate along W .

▶ Definition 18. Signing M is called inner balanced if for any v ∈ V (G)− T , the number
of positive edges incident to v equals the number of negative edges incident to v.

We shall need the notion of bidirected graphs, which generalize digraphs and admit
three possible kinds of edges: a usual directed edge (ingoing for one endpoint and outgoing
for another), a positive edge (which is ingoing for both its endpoints) and a negative edge
(which is outgoing for both its endpoints). The definition of a bidirected walk or a bidirected
trail is similar to Definition 1 with the only difference that for any internal vertex vi exactly
one of ei, ei+1 is ingoing to vi and another is outgoing from vi. Refer to [10, Ch. 36] for
details.
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The notion of inner Eulerianness is extended to bidirected graphs as follows: a bidirected
graph G is inner Eulerian with respect to terminal set T if for any v ∈ V (G) − T the
number of edges ingoing to v is equal to the number of edges outgoing from v. Similarly to
the undirected case, triple (G, T, cap) consisting of bidirected graph G, terminal set T and
capacity function cap is called a bidirected network.

We rely on two theorems of a similar kind, one of which is due to Cherkassky [2] and
Lovász [7], and another is due to Babenko and Karzanov [1, Th. 1.1]:

▶ Theorem 19 (Min-max formula for T -trail packings in inner Eulerian undirected graphs [2, 7]).
Let (G, T, 1) be an inner Eulerian network. Then the value of a maximum packing of T -trails
equals 1

2
∑

t∈T λ({t}, T − {t}). Such a packing can be chosen integer and can be constructed
in polynomial time.

▶ Theorem 20 (Min-max formula for T -trail packings in inner Eulerian bidirected graphs [1]).
Let (G, T, 1) be an inner Eulerian bidirected network. Then the value of a maximum packing
of bidirected T -trails equals 1

2
∑

t∈T λ({t}, T − {t}). Such a packing can be chosen integer
and can be constructed in polynomial time.

Note that the value of a maximum packing in the latter theorem does not depend on
actual directions of edges. As we mentioned before, signings encode a certain family of odd
T -walks. The following theorem describes why it is important for us.

▶ Theorem 21. Let (G12, M, T, 1) be a signed valence network with an inner balanced signing
M . Let P be a maximum packing of odd T -trails in (G12, T, 1), and S be a maximum packing
of alternating T -trails in (G12, M, T, 1). Then ∥P∥ = ∥S∥. Additionally, P and S can be
chosen integer and can be constructed in polynomial time.

Proof. Construct an auxiliary bidirected graph
←→
G12 corresponding to the signed valence

graph (G12, M) as follows: edges in
←→
G12 correspond to valences in E(G12); an edge is positive

if the sign of the valence is “+” and negative otherwise; M being inner balanced implies
that

←→
G12 is inner Eulerian, therefore Theorem 20 is applicable to (

←→
G12, T, 1). Also note that

bidirected T -trails in
←→
G12 correspond to alternating T -trails in (G12, M). Refer to Figures

3a and 3b for an example.
Note that G12 is automatically inner Eulerian due to each vertex in V (G12) being adjacent

to an even number of valencies, therefore Theorem 19 is applicable to (G12, T, 1).
It follows that maximum packing P of odd T -trails in (G12, T, 1) and maximum packing

←→
P of bidirected T -trails in (

←→
G12, T, 1) are of the same value 1

2
∑

t∈T λ({t}, T − {t}). The
latter packing can be chosen integer and can be constructed in polynomial time, and then
transformed into a maximum integer packing S of alternating T -trails in signed valence
network (G12, M, T, 1). ◀

▶ Definition 22. A signed valence network (G12, M, T, 1) with inner balanced signing M is
(p, q)-tight if 1) there exists an integer T -trail packing in (G12, T, 1) of value p + q and 2)
the number of “-” valencies adjacent to terminals T is q.

▶ Lemma 23. Given a signed valence network (G12, M, T, 1) with a (p, q)-tight inner balanced
signing M , there exists an integer packing P +Q in (G12, M, T, 1) of value p + q, where P
consists of at least p odd alternating T -trails and Q consists of at most q even alternating
T -trails. Moreover, T -trails in P +Q can be chosen so as to avoid passing through terminals
T as intermediate vertices.
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(a) Packing of two t1−t2 trails in (G12, M, T, 1),
one of which is even and another is odd.
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(b) Packing of two bidirected t1 − t2 trails in
(
←→
G12, T, 1), one of which is even and another is odd.

Figure 3 Correspondence between signed valence graph with inner balanced signing (G12, M, T, 1)
and inner Eulerian bidirected graph (

←→
G12, T, 1). Terminals are crosses, other vertices are black dots.

Proof. The first tightness property implies existence of an integer T -trail packing in (G12, T, 1)
of value p + q. Then, by Theorem 21 we get a packing of p + q alternating T -trails in
(G12, M, T, 1). Break this packing into two parts P and Q, where P consists of odd T -trails
and Q consists of even T -trails.

The second tightness property implies ∥Q∥ ≤ q as each trail in Q has a - valence incident
to a terminal, therefore ∥P∥ ≥ p, as needed.

W.l.o.g. all these T -trails do not contain terminals as intermediate vertices (for otherwise,
if some alternating T -trail W visits t ∈ T as its intermediate vertex, then W can be split
into two subtrails W1, W2 at t; among W1, W2 at least one, say W1 is a valid alternating
T -trail; replace W with W1 and repeat). ◀

5.2 Initial signing and terminal evacuation
In this section we present an algorithm for constructing a tight inner balanced signing M .
This is done with the help of network (G̃, T̃ , c̃ap) from Section 3. Note that since cap = 2,
we have c̃ap = 1. Degrees of vertices in G̃ coincide with degrees of their pre-images in G,
therefore G̃ is also inner Eulerian.

Consider a maximum multiflow F in (G̃, T̃ , 1) with commodity graph HT . Theorem 10
ensures that F can be chosen integer, i.e. F is a collection of edge-disjoint T̃ -trails (endowed
with weight 1) in G̃ connecting vertex pairs of form t1 − t′

2 for distinct t1, t2 ∈ T . Each
of these T -trails is odd, therefore their pre-images are odd T -trails in G12 (see Figure 4).
Denote the packing of these odd T -trails in (G12, T, 1) (taken with weight 1) as P. Let
p := ∥P∥. The proof of Theorem 9 implies:

▶ Corollary 24. P is a maximum odd T -trail packing in (G12, T, 1).

Consider the subgraph Z̃ of G̃ consisting of edges not appearing in T -trails of F . Since
any vertex v ∈ V (G̃) − T̃ has even degree in G̃, Z̃ is also inner Eulerian with respect to
terminals T̃ . Therefore Z̃ decomposes into two families of edge-disjoint trails: a collection of
cyclic trails and a collection of T̃ -trails.

The former ones correspond to even cyclic trails in G12 (due to biparticity of G̃); denote
the packing (with unit weights) of these even cyclic trails in (G12, T, 1) as E .

The latter ones may be further subdivided into two categories: (i) t1 − t2 or t′
1 − t′

2 trails
for distinct t1, t2 ∈ T ; and (ii) t − t′ trails for t ∈ T . (Note that t1 − t′

2 trails for t1 ̸= t2
cannot appear due to maximality of F .) The first category corresponds to even T -trails in
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Figure 4 Four possible trail-like components of G̃ and their images in G12: an odd T -trail, an
odd cyclic trail passing through terminal, an even T -trail and an even cyclic trail. Terminals are
crosses, other vertices are black dots.

(G12, T, 1). The second category corresponds to odd cyclic trails passing through terminals
in (G12, T, 1). Denote the packings in (G12, T, 1) (with unit weights) corresponding to these
two categories as Q and R respectively, and let q := ∥Q∥ and r := ∥R∥.

Note that P +Q+R+ E is an integer packing of (possibly cyclic) trails in (G12, T, 1)
that traverses each edge in G12 exactly once.

Starting from this moment we forget about graph G̃ and release the notation (·)′ of its
meaning of symmetry in G̃.

Perform terminal evacuation as follows. For each terminal t ∈ T introduce a new
terminal t′ connected to t by a certain number of edges. Namely, extend each t1 − t2 trail (t1
and t2 may coincide) in P +Q+R with new t′

1 − t1 and t2 − t′
2 valencies in G12, obtaining

a new valence graph G′12 and new integer packings P ′,Q′,R′ in (G′12, T ′, 1).
Note that originally each terminal t ∈ T had an even number of adjacent edges in G12,

therefore it serves as an endpoint for an even number of trails in P + Q + R (counting
endpoints of R twice). Hence, for any t ∈ T the number of added t′ − t valencies is even,
therefore the underlying graph G′ is well-defined and can be constructed by adding half the
number of t′ − t valencies. Note that odd (resp. even) T ′-trails in G′12 correspond to odd
(resp. even) T -trails in G12.

Now construct signing M ′ for G′12 by: turning trails in P ′ and R′ into odd alternating
trails starting and ending with + valencies; turning trails in Q′ into even alternating trails (in
any of two possible ways); turning each (cyclic) trail in E alternating (in any of two possible
ways). Clearly, such M ′ is inner balanced w.r.t. T ′. Also M ′ is (p, q)-tight. Indeed, P ′ +Q′

is a T ′-trail packing of value p + q. Finally, “-” valencies adjacent to terminals T ′ correspond
to T ′-trails in Q′, hence there are exactly q of them. Hence we proved the following theorem.

▶ Theorem 25. Given network (G, T, 2) with inner Eulerian G such that the maximum
value of an odd T -walk packing in (G, T, 2) is p, it is possible to construct in polynomial time
a signed valence network (G′12, M ′, T ′, 1) with an inner balanced signing M ′ such that:

M ′ is (p, q)-tight for some q;
any packing P ′ of odd T ′-trails in (G′, T ′, 2) can be transformed into a packing P of odd
T -trails in (G, T, 2) of the same value in polynomial time.

5.3 Subcubization
In this section we prove that it is sufficient to solve the problem only for graphs with degree
of non-terminal vertices not exceeding 3, which simplifies the subsequent case splitting.
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Figure 5 Subcubization at v.

▶ Definition 26. Valence network (G12, T, 1) is called inner subcubic, if deg v ≤ 3 for any
v ∈ V (G)− T .

Define the supercubicity of G to be

s(G) :=
∑

v∈V (G)−T

max{0, deg v − 3}.

Obviously, s(G) = 0 for inner subcubic networks.
Let (G12, M, T, 1) be a signed valence network with a (p, q)-tight inner balanced signing M .

Apply Lemma 23 to construct an integer packing P +Q, where P (resp. Q) consists of at
least p (resp. at most q) odd (resp. even) alternating T -trails.

Consider an inner vertex v of degree d ≥ 4. Denote edges incident to v in G as
δG(v) = {e1, . . . , ed}. Whenever some trail W in P +Q passes through v, it contains a pair
of consequent valencies corresponding to some edges {ei, ej} in E(G); call (ei, ej) for i ≤ j

an (ordered) transit pair. (Note that this ordering of ei and ej is not related to the order
in which these edges are passed by W .) Clearly, whenever an alternating trail passes through
a transit pair, it takes valencies of opposite signs.

Valencies corresponding to edges in δG(v) not traversed by any of Wi could also be
(arbitrarily) divided into pairs of opposite signs (due to signs balance). Fix some division; it
generates (by replacing valencies with their preimages in G) more pairs (ei, ej) for i ≤ j that
we also regard as transit. Totally we get exactly d transit pairs.

▶ Lemma 27. One can partition the set of incident edges δG(v) into two subsets L ⊔R such
that |L|, |R| ≥ 2 and there are at most two transit pairs (ei, ej) (call them split transit
pairs) such that ei, ej belong to distinct subsets, i.e. ei ∈ L, ej ∈ R or ei ∈ R, ej ∈ L.

Proof. Suppose there exists a transit pair (ei, ej) for i < j. Define L := {ei, ej} and
R := δG(v) − L. Each split transit pair must use another valence of ei or ej , hence there
could be at most two such pairs.

On the other hand, if all transit pairs are of the form (ei, ei), then an arbitrary partition
L ⊔R with |L|, |R| ≥ 2 will do. ◀

Construct a new valence network (G′, M ′, T ′ = T, 1) (Figure 5) by replacing vertex v

with three vertices u, v′, w and two edges uv′, v′w, and also replacing v with u in all edges
from L and replacing v with w in all edges from R. There are either 0 or 2 split transit
pairs; if there are two of them, extend these trails by inserting valencies of uv′ and v′w with
suitable signs so that signing M ′ is inner balanced. If there are no transit pairs, simply make
both uv′ and v′w have one positive and one negative valence. Thus, we also obtain a new
packing P ′ +Q′ in (G′12, M ′, T, 1), where P ′ (resp. Q′) contains at least p (resp. at most q)
odd (resp. even) alternating T -trails not passing through terminals as intermediate vertices.

▶ Lemma 28. s(G′) = s(G)− 1 for the resulting G′.
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Proof. First of all, deg v′ = 2 < 3, so we do not need to consider v′ when calculating
the change of supercubicity. Then, deg u = 1 + |L| ≥ 3 and deg w = 1 + |R| ≥ 3; also
deg u + deg w = 2 + |L|+ |R| = d + 2 and finally deg v = d. We conclude:

s(G′)− s(G) = max{0, deg u− 3}+ max{0, deg w − 3} −max{0, deg v − 3} =
(deg u−3)+(deg w−3)−(deg v−3) = (deg u+deg w)−deg v−3 = (d+2)−d−3 = −1 .

◀

Repeat these transformations until there are no more inner vertices with degree more
than 3. We obtain an inner subcubic signed valence network (G′12, M ′, T ′ = T, 1) with
an inner balanced signing M ′. Note that any T ′-trail W ′ in (G′12, T ′, 1) may easily be
transformed into a T -trail W in (G12, T, 1) of the same parity by performing all actions in
the reverse order and removing added parts of W ′, if there are any.

▶ Lemma 29. The resulting signing M ′ is (p, q)-tight.

Proof. The total number of “-” valencies adjacent to terminals does not change during
subcubization. Also, packing P ′ +Q’ has the same value as P +Q, i.e. p + q. ◀

Hence we proved the following theorem.

▶ Theorem 30. If (G12, M, T, 1) is signed valence network with a (p, q)-tight inner balanced
signing M , it is possible to construct a signed valence network (G′12, M ′, T ′ = T, 1) with a
(p, q)-tight inner balanced signing M ′ such that:

G′ is inner subcubic;
any packing P ′ of odd T ′-trails in (G′, T ′, 2) may be transformed into packing P of odd
T -trails in (G, T, 2) of the same value in polynomial time.

5.4 Regularization
Let (G12, M, T, 1) be an inner subcubic signed valence network with a (p, q)-tight inner
balanced signing M . Construct an integer packing P + Q of at least p odd alternating
T -trails (denoted by P) and at most q even alternating T -trails (denoted by Q) using
Lemma 23.

Suppose there is edge xy in E(G) that is irregular for some T -trail W in P +Q, i.e. W

traverses both of xy’s valencies in G12. Denote the fragment of W between two occurrences
of valencies of xy (but not including them) by C.

Note that xy is not adjacent to any terminal since all T -trails in P +Q are assumed to
avoid passing through terminals as intermediate vertices. Consider cases as follows:
Case 1 (Figure 6a): valencies of xy have opposite signs and W traverses them in the same

direction. Simplify W by dropping occurrences of both of these valencies.
Case 2 (Figure 6b): valencies of xy have opposite signs and W traverses them in the opposite

directions. Simplify W by dropping occurrences of both of these valencies together with C.
Case 3 (Figure 6c): valencies of xy have same signs and W traverses them in the same

direction. Simplify W by dropping one of the occurrences of these valencies together
with C.

Case 4 (Figures 6d and 6e): valencies of xy have same signs and W traverses them in the
opposite directions. Assume that xy is chosen such that C is the shortest possible. W.l.o.g.
y belongs to C. Finally assume that both valencies of xy are +; the remaining case is
done analogously.
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Figure 6 Regularization cases.

▶ Lemma 31. In Case 4, deg y = 3 and C starts with a negative valence of some edge yu

and terminates with a negative valence of some edge vy with u ̸= v.

Proof. If deg y = 1, the inner Eulerianess of y is contradicted as both of its adjacent valencies
are positive.

If deg y = 2, two valencies of the remaining adjacent edge are both negative and W must
follow both of them in order to be alternating. This contradicts the choice of xy with the
shortest C.

Finally deg y = 3 and C starts with some valence of yu and terminates with some valence
of vy, both of which are negative. If u = v, this would again contradict the choice of xy with
the shortest C. ◀

Consider two remaining valencies of yu and yv. For signing to be balanced at y, one of
them must be + and another must be -. Therefore, one of yu and yv has both a + and a -
valence; assume it is yu, the other case is done analogously. Call yu redundant and obtain
a new signed valence network (G′12, M ′, T ′ = T, 1) by removing yu in G′.

▶ Lemma 32. New signing M ′ is inner balanced and (p, q)-tight.

Proof. Signing M ′ is inner balanced since we remove two valencies of the same edge of
opposite signs. Also, the removed edge is not adjacent to a terminal, therefore the total
number of “-” valencies adjacent to terminals is preserved.

Let us prove that a packing of T -trails of value at least p + q still remains. Namely, we
alter P +Q so that none of its T -trails passes through valencies of the removed edge yu.

W.l.o.g. let e1 be the valence of e = yu that is the initial or the final valence of C.
Alter W by removing both valencies of xy and C, obtaining a (non-alternating) subtrail W ′

avoiding e1. Note that the remaining valence e2 may either: (i) not belong to any trail in
P +Q; (ii) belong to C; (iii) belong to the same trail W outside of C; (iv) belong to another
trail in P +Q.
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In subcases (i,ii) (Figure 6d) e2 is no longer used by any trail in P +Q; replace W with
W ′. In subcases (iii,iv) (Figure 6e), consider trail containing e2 and replace e2 in it with the
y − u fragment of C that is different from e1 (note that C is not used by W ′ anymore). ◀

Repeat the procedure until no more irregular edges exist. In Cases 1–3 the signed
valence graph does not change, but the total length of odd T -trails in the packing decreases.
Therefore, this step may be iterated until either there are no irregular edges or Case 4
happens and we obtain a new signed graph (G′12, M ′). In other words, (|E(G)|, L), where
L is the total length of T -trails in P, decreases lexicographically in each case. Thus the
total number of iterations is polynomial. Let us summarize the result of this section by the
following theorem.

▶ Theorem 33. If (G12, M, T, 1) is an inner subcubic signed valence network with a (p, q)-
tight inner balanced signing M , then it is possible to construct an integer packing of odd
T -trails in (G, T, 2) of value at least p in polynomial time.

5.5 Concluding the proof
Proof of Theorem 14. Let (G, T, 2) be a inner Eulerian network and let p be the value of a
maximum odd T -walk packing in it. Apply Theorem 25 to construct a signed valence network
(G′12, M ′, T ′, 1) with a (p, q)-tight inner balanced signing M ′ (for some q). By Theorem 30
the latter network can be replaced by a subcubic signed valence network (G′′12, M ′′, T ′′, 1)
with a (p, q)-tight inner balanced signing M ′′. Now Theorem 33 implies the existence of
packing P ′′ of odd T ′′-trails of value p in (G′′, T ′′, 2).

Finally reverse the changes applied to network: P ′′ gives rise to packing P ′ of odd T ′-trails
of the same value p in (G′, T ′, 2) (by Theorem 30); in its turn, P ′ generates packing P of
odd T -trails of value p in (G, T, 2) (by Theorem 25), as needed.

Note that all of the above steps take polynomial time. ◀
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A Proof of Theorem 12

We are going to use the following min-max relation for multiflows due to Karzanov under
the same commodity graph constraints as in Theorem 10; see [6]:

▶ Theorem 34. Let (G, T, cap) be a network and H be a commodity graph obeying the
conditions of Theorem 10. Consider a partition X := {X1, X2, . . . , Xk} of T into disjoint
nonempty sets X1, X2, . . . , Xk; call X proper if each Xi is an independent set of H. Define
the capacity of X as cap(X ) := 1

2
∑k

i=1 λ(Xi, T−Xi); also let Yi (Xi ⊆ Yi ⊆ V (G)−(T−Xi))
be the corresponding minimum cut between Xi and T −Xi in G.

Let F range over multiflows in network (G, T, cap) with commodity graph H, and X range
over proper partitions of T ; then

max
F
∥F∥ = min

X
cap(X ).

Moreover, the minimum X can be chosen such that Yi are pairwise disjoint.

Let us rewrite the capacity of an odd T -walk barrier as follows.

▶ Definition 35. Let H be a (not necessarily induced) subgraph of G. Define function
S[H] : E(G) → {0, 1

2 , 1} called a slice of H by S[H](e) := 1 for e ∈ U(H), S[H](e) := 1
2

for e ∈ I(H), and 0 otherwise.

A similar notion of slices (differing by a factor of 2) earlier appeared in [11]. Now for an odd
T -walk barrier cap(B) = cap • S[B], where • stands for the scalar product.

▶ Lemma 36. Let H be a (not necessarily induced) subgraph of G and C be the family of
connected components of H. Then S[H] =

∑
C∈C S[C] (regarded as functions on E(G)).

Proof. If S[H](xy) = 1, either x and y belong to the same connected component C1, in
which case S[C1](xy) = 1 and S[C2](xy) = 0 for any other C2 ∈ C, C2 ̸= C1, or to two
distinct connected components C1, C2 ∈ C, in which case S[C1](xy) + S[C2](xy) = 1

2 + 1
2 = 1

and S[C3](xy) = 0 for any other C3 ∈ C, C3 ̸= C1, C2.
If S[H ](xy) = 1

2 , let C1 be the connected component containing one of xy’s endpoints; in
this case S[C1](xy) = 1

2 and S[C2](xy) = 0 for C2 ∈ C, C2 ̸= C1.
Otherwise S[H](xy) = 0 and S[C1](xy) = 0 for any C1 ∈ C. ◀

▶ Lemma 37. Let X range over proper partitions of T̃ and B be fixed odd T -walk barrier,
then

min
X

cap(X ) ≤ cap(B).
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Proof. Consider some barrier B and let C denote the family of connected components of B.
We construct a proper partition X of T̃ and a corresponding family of cuts separating X and
T̃ −X for any X ∈ X . Moreover, the capacities of these cuts are bounded by corresponding
summands in

∑
C∈C cap • S[C].

Call a component C ∈ C redundant if it contains no terminals from T and singular if
it contains a single terminal. Otherwise C must be bipartite (regarded as a graph) and all
terminals must belong to the same part of bipartition so that there is no odd T -walk within
this component. Construct a proper partition as follows.

If C is singular containing just terminal t ∈ T , enclose t with its symmetric vertex t′

with set X := {t, t′}, which is a maximal anticlique in HT . Note that Y := C ∪ C ′ is a cut
between X and T̃ −X; edges of δ(Y ) in G̃ correspond to edges of I(C) in G. Thus

1
2 c̃ap(δ(Y )) = 1

2
∑

xy∈δ(Y )̃

cap(xy) = 1
2

∑
xy∈I(C)

(c̃ap(xy′) + c̃ap(x′y)) =

= 1
2

∑
xy∈I(C)

cap(xy) = 1
2cap(I(C)) ≤ cap • S[C]. (1)

If C is bipartite containing multiple terminals t1, . . . , tk, introduce sets X := {t1, . . . , tk}
and X ′ := {t′

1, . . . , t′
k}, which are subsets of maximal anticliques T and T ′ in HT , respectively.

Let L and R be the bi-partition parts of C such that t1, . . . , tk ∈ L. Note that Y := L ⊔R′

is a cut between X and T̃ −X and, symmetrically, Y ′ = L′ ⊔ R is a cut between X ′ and
T̃ −X ′.

There are two kinds of edges in δ(Y ) ∪ δ(Y ′) in G̃: the ones connecting Y or Y ′ with
V (G)− (Y ⊔ Y ′), and the ones connecting Y with Y ′. Again, the former ones correspond to
edges in I(C), while the latter ones are edges connecting L with L′ or R with R′; therefore
their pre-images belong to γ(L) or γ(R), hence they belong to U(C). Using these observations,
we get the following:

1
2 (c̃ap(δ(Y )) + c̃ap(δ(Y ′))) = 1

2
∑

xy∈δ(Y ⊔Y ′ )̃

cap(xy) +
∑

x∈Y, y∈Y ′̃

cap(xy) ≤

≤ 1
2

∑
xy∈I(C)

(c̃ap(xy′) + c̃ap(x′y)) +
∑

xy∈U(C)

(c̃ap(xy′) + c̃ap(x′y)) =

= 1
2

∑
xy∈I(C)

cap(xy) +
∑

xy∈U(C)

cap(xy) = 1
2cap(I(C)) + cap(U(C)) = cap • S[C]. (2)

Finally, if C is redundant, it does not produce any set for our proper partition. Note that
each vertex v ∈ T̃ belongs to exactly one of the formed sets in our partition.

Summing Equation (1) and Equation (2) over all singular and bipartite components, we
get cap(X ) ≤ cap • S[B] = cap(B), which completes the proof. ◀

▶ Lemma 38. There exists a proper partition X with minimum cap(X ) such that no two
X1, X2 ∈ X are subsets of the same maximal anticlique in HT .

Proof. Construct another proper partition Z by replacing X1 and X2 with X1 ⊔X2. The
change in capacity is cap(Z) − cap(X ) = λ(X1 ⊔ X2, T̃ − (X1 ⊔ X2)) − λ(X1, T̃ − X1) −
λ(X2, T̃ −X2).

Let Yi be a minimum cut between Xi and T̃ − Xi for i = 1, 2. Submodularity of cut
capacities [10, Sec. 44.1a] implies λ(X1, T̃ −X1)+λ(X2, T̃ −X2) = cap(δ(Y1))+cap(δ(Y2)) ≥
cap(δ(Y1∩Y2))+cap(δ(Y1∪Y2)) ≥ 0+λ(X1⊔X2, T̃−(X1⊔X2)). Therefore, cap(Z) ≤ cap(X ).
Repeat merging parts until done. ◀
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(a) Odd T -walk barrier B in (G, T, c): left connected component is singular; right connected component is
non-singular; blue and red edges are I(B) and U(B), respectively.

(b) Proper partition X in (G̃, T̃ , c̃): left set is singular; two right sets are non-singular and symmetric;
blue and red edges are accounted in cap(X ) with weight 1

2 and 1, respectively.

Figure 7 Odd T -walk barrier B and its corresponding proper partition X .

From the previous lemma trivially follows the following corollary.

▶ Corollary 39. There exists a proper partition X with minimum cap(X ) such that all of its
sets are of the form {t, t′} for t ∈ T (call them singular) except for, possibly, two symmetric
sets X, X ′ ∈ X (call them non-singular).

▶ Lemma 40. There exists a proper partition X with minimum cap(X ) such that the
associated minimum cuts between X and T̃ −X for X ∈ X obey the following properties:

if X is singular, the corresponding cut Y is self-symmetric, i.e. Y ′ = Y ;
if X and X ′ are non-singular, their corresponding cuts are also symmetric to each other;
all the above cuts are disjoint.

Proof. Using Theorem 34, we may choose X such that the corresponding cuts Y , Y ′ are
disjoint.

If Y is a minimum cut between {t, t′} and T̃ − {t, t′} for some t ∈ T , then so is Y ′. Since
by submodularity cap(δ(Y )) + cap(δ(Y ′)) ≥ cap(δ(Y ∩ Y ′)) + cap(δ(Y ∪ Y ′)), it follows that
Y ∩ Y ′ is also a minimum cut between {t, t′} and T̃ − {t, t′}; also Y ∪ Y ′ is self-symmetric
by construction. Replace Y with Y ∩ Y ′.

The second part of the statement is similar. If X and X ′ are non-singular and Y1 (resp. Y2)
is a minimum cut between X and T̃ −X (resp. X ′ and T̃ −X ′), then Y ′

2 and (resp. Y ′
1) is

also a minimum cut for the same vertex sets. Using a similar argument, replace Y1 and Y2
with Y1 ∩ Y ′

2 and Y2 ∩ Y ′
1 , which are also minimum cuts symmetric to each other.

The steps above replace cuts with their subsets; therefore the last property is preserved. ◀

▶ Lemma 41. Let X range over proper partitions of T and B range over odd T -walk barriers,
then

min
X

cap(X ) ≥ min
B

cap(B).

Proof. Pick X with the minimum capacity cap(X ) satisfying the properties from the previous
lemma.

If X = {t, t′} ∈ X is singular and Y is the corresponding cut, consider the pre-image
C ⊆ V (G) of Y . Add the subgraph of G induced by C to barrier B. Note that U(C) = ∅.
Now
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cap • S[C] = 1
2cap(I(C)) = 1

2
∑

xy∈I(C)

cap(xy) =

= 1
2

∑
xy∈I(C)

(c̃ap(xy′) + c̃ap(x′y)) = 1
2 c̃ap(δ(Y )). (3)

If X, X ′ ∈ X are non-singular, consider their corresponding cuts Y and Y ′. Let Y = L⊔R′

for L, R ⊆ V (G) (which implies Y ′ = L′ ⊔R). Add the bipartite subgraph D of G induced
by L and R to barrier B. Note that U(D) is the pre-image of edges xy′ with x ∈ Y and
y′ ∈ Y ′. Therefore

cap • S[D] = cap(U(D)) + 1
2cap(I(D)) =

∑
xy∈U(D)

cap(xy) + 1
2

∑
xy∈I(D)

cap(xy) =

= 2 · 1
2

∑
xy∈U(D)

(c̃ap(xy′) + c̃ap(x′y)) + 1
2

∑
xy∈I(D)

(c̃ap(xy′) + c̃ap(x′y)) =

= 1
2(c̃ap(δ(Y )) + c̃ap(δ(Y ′))). (4)

◀

Proof of Theorem 12. From Theorem 9 we know that maxP ∥P∥ = maxQ ∥Q∥, where P
ranges over odd T -walk packings and Q ranges over multiflows in (G̃, T̃ , c̃ap) with commodity
graph HT . Then, from Theorem 34 it follows that maxQ ∥Q∥ = minX cap(X ), where X
ranges over proper partitions of T in HT . Finally, from Lemma 37 and Lemma 41 it follows
that minX cap(X ) = minB cap(B). ◀
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Abstract

We consider the Maximum-weight Matching (MWM) problem in the streaming sliding window model
of computation. In this model, the input consists of a sequence of weighted edges on a given vertex
set V of size n. The objective is to maintain an approximation of a maximum-weight matching in
the graph spanned by the L most recent edges, for some integer L, using as little space as possible.
Prior to our work, the state-of-the-art results were a (3.5 + ε)-approximation algorithm for MWM by
Biabani et al. [ISAAC’21] and a (3 + ε)-approximation for (unweighted) Maximum Matching (MM)
by Crouch et al. [ESA’13]. Both algorithms use space Õ(n).

We give the following results:

1. We give a (2 + ε)-approximation algorithm for MWM with space Õ(
√

nL). Under the reasonable
assumption that the graphs spanned by the edges in each sliding window are simple, our algorithm
uses space Õ(n

√
n).

2. In the Õ(n) space regime, we give a (3 + ε)-approximation algorithm for MWM, thereby closing
the gap between the best-known approximation ratio for MWM and MM.

Similar to Biabani et al.’s MWM algorithm, both our algorithms execute multiple instances of
the (2 + ε)-approximation Õ(n)-space streaming algorithm for MWM by Paz and Schwartzman
[SODA’17] on different portions of the stream. Our improvements are obtained by selecting these
substreams differently. Furthermore, our (2 + ε)-approximation algorithm runs the Paz-Schwartzman
algorithm in reverse direction over some parts of the stream, and in forward direction over other parts,
which allows for an improved approximation guarantee at the cost of increased space requirements.

2012 ACM Subject Classification Theory of computation → Design and analysis of algorithms;
Theory of computation → Streaming models

Keywords and phrases Sliding window algorithms, Streaming algorithms, Maximum-weight matching

Digital Object Identifier 10.4230/LIPIcs.STACS.2023.6

Funding Cezar-Mihail Alexandru: Supported by EPSRC DTP studentship EP/T517872/1.
Pavel Dvořák: Supported by EPSRC New Investigator Award EP/V010611/1 and by Czech Science
Foundation GAČR grant #22-14872O.
Christian Konrad: Supported by EPSRC New Investigator Award EP/V010611/1.
Kheeran K. Naidu: Supported by EPSRC DTP studentship EP/T517872/1.

© Cezar-Mihail Alexandru, Pavel Dvořák, Christian Konrad, and Kheeran K. Naidu;
licensed under Creative Commons License CC-BY 4.0

40th International Symposium on Theoretical Aspects of Computer Science (STACS 2023).
Editors: Petra Berenbrink, Patricia Bouyer, Anuj Dawar, and Mamadou Moustapha Kanté;
Article No. 6; pp. 6:1–6:21

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

mailto:ca17021@bristol.ac.uk
mailto:koblich@iuuk.mff.cuni.cz
mailto:christian.konrad@bristol.ac.uk
mailto:kheeran.naidu@bristol.ac.uk
https://doi.org/10.4230/LIPIcs.STACS.2023.6
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics/
https://www.dagstuhl.de


6:2 Improved Weighted Matching in the Sliding Window Model

1 Introduction

The data streaming model is a well-established computational model that provides a framework
for studying massive data set algorithms. The defining features of the model are restricted
access to the input data and sublinear space. A data streaming algorithm processes its input
sequentially in a single pass while maintaining only a small summary of the input in memory.

In this paper, we study the Maximum-weight Matching (MWM) problem in the (streaming)
sliding window model. In this variant of the streaming model, the input consists of a
potentially infinite sequence e1, e2, . . . of weighted edges on an underlying vertex set V of
size n. The objective is to maintain a matching of large weight in the graph spanned by
the L most recent edges, for some integer L, using as little space as possible. In more
detail, after having processed the current edge ei, for every i, the objective is to report an
approximation of a maximum-weight matching in the graph spanned by the current sliding
window Ei := {ej : max{i − L + 1, 1} ≤ j ≤ i}. Many of the known sliding window
algorithms for graph problems operate within semi-streaming space [12], i.e., within space
O(n polylog n) = Õ(n). In this paper, we will work both with the semi-streaming space
regime and also consider algorithms that use more space.

While sliding window algorithms have been studied for two decades [10], sliding window
algorithms for graph problems were first considered by Crouch et al. [7] in 2013. Amongst
other results, they showed that there is a (3 + ε)-approximation semi-streaming sliding
window algorithm for unweighted Maximum Matching (MM) and a 9.027-approximation
semi-streaming sliding window algorithm for MWM. While no improved results are known
for MM, Crouch and Stubbs [8] subsequently improved upon the result for MWM and gave a
(6 + ε)-approximation semi-streaming algorithm, and, very recently, Biabani et al. [4] gave a
(3.5 + ε)-approximation in the semi-streaming space regime. The state-of-the-art results for
MM and MWM in the semi-streaming sliding window model therefore do not yet line up.

Our Results

In this paper, we give two sliding window algorithms for MWM that both improve upon the
state-of-the-art approximation guarantee of 3.5 + ε.

As our first result, we give a substantial improvement and obtain an approximation factor
of 2 + ε at the expense of increased space requirements:

▶ Theorem 1 (simplified version). There is a deterministic (2 + ε)-approximation sliding
window algorithm for Maximum-weight Matching that uses space Õ(

√
nL) (with dependency

on ε and logarithms suppressed), for any ε > 0.

Some remarks are in order. First, we observe that going beyond the approximation
factor of 2, even using space O(n1.999), would answer a long-standing open problem in
graph streaming research, namely, whether there is a one-pass (2 − Ω(1))-approximation
streaming algorithm for MM with space O(n1.999). We thus cannot expect to obtain further
improvements in the approximation guarantee with current techniques. Second, the space
requirements of our algorithm depend on the sliding window length L. This is in contrast
to the (3.5 + ε)-approximation algorithm by Biabani et al. [4] and our second algorithm
described below. Under the natural assumption that the graphs described by all sliding
windows are simple, we have L = O(n2), which yields a space bound of Õ(n

√
n).

As our second result, we close the gap between MM and MWM in the semi-streaming
space regime. To this end, we give a semi-streaming sliding window algorithm for MWM that
matches the approximation guarantee of the best-known sliding window algorithm for MM.
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Table 1 Known sliding window algorithms for MM and MWM.

Approximation Factor Space Reference
MM 3 + ε Õ(n) Crouch et al. [7]
MWM 9.027 Õ(n) Crouch et al. [7]

6 + ε Õ(n) Crouch and Stubbs [8]
3.5 + ε Õ(n) Biabani et al. [4]
3 + ε Õ(n) This paper (Theorem 2)
2 + ε Õ(

√
nL) This paper (Theorem 1)

▶ Theorem 2 (simplified version). There is a deterministic semi-streaming sliding window
algorithm for Maximum-weight Matching with approximation factor 3 + ε, for any ε > 0.

Table 1 summarizes all results known for MM and MWM in the sliding window model.

Techniques

Both our algorithms make use of the one-pass (2 + ε)-approximation streaming algorithm
for MWM by Paz and Schwartzman [19]. Since we make use of the inner workings of the
algorithm, we will discuss this algorithm first.

Paz and Schwartzman’s MWM Algorithm. Paz and Schwartzman’s original algorithm [19]
uses space O

( 1
ε · n log2 n

)
and is based on the local ratio technique (see [3] for further details

on this technique). Ghaffari and Wajc [13] gave a simplified version and improved the space
complexity to the (optimal in n) bound O

( log(1/ε)
ε · n log n

)
.

The Paz and Schwartzman algorithm with Ghaffari and Wajc’s improvement works as
follows. For every vertex v ∈ V , it maintains a potential φ(v) that is initialized with 0, and uses
a stack data structure Stack. When an edge e = {u, v} arrives in the stream, e is pushed onto
Stack if its weight w(e) exceeds the sum of the potentials of its incident vertices by a factor of
at least (1+ε), i.e., w(e) ≥ (1+ε)(φ(u)+φ(v)). The discrepancy between w(e) and φ(u)+φ(v)
is denoted the reduced weight of e and is abbreviated by w′(e) := w(e)− (φ(u) + φ(v)). Then,
the potentials φ(u) and φ(v) are updated as φ(u) = φ(u) + w′(e) and φ(v) = φ(v) + w′(e).
Last, if either u or v is adjacent to at least 3 log(1/ε)

ε + 1 edges in Stack then the oldest (and
thus lightest) edge incident to the vertex is removed from Stack, thereby limiting the number
of edges on Stack. After having processed all the edges in the stream, the output matching
M̂ is computed in a post-processing step. The edges in Stack are popped one by one and
greedily inserted into M̂ if possible, i.e., as long as M̂ remains a matching. We denote the
Paz and Schwartzman algorithm by ALGε

PS. See Section 2 for a formal description.

(2 + ε)-approximation Algorithm with Space Õ(
√

nL). Our (2 + ε)-approximation
algorithm processes the input in blocks of size s = Θ̃(

√
nL). Consider one such block Bj ,

i.e., a substream of s consecutive edges. The key idea of our algorithm is to run multiple
instances of the Paz-Schwartzman algorithm ALGε

PS on Bj , however, in reverse direction.
We start with a single instance I1. At various moments during the processing of Bj , we fork
the current instance Ii to obtain an additional instance Ii+1, and then only continue to feed
further edges into Ii+1; thus, in any moment of processing the block Bj , we feed the edge
to only one instance of the Paz-Schwartzman algorithm. The fork happens when the sum
of reduced weights W ′(Ii) of the edges on Stack in Ii exceeds the sum of reduced weights
of the previous instance by a 1 + ε factor, i.e., W ′(Ii) > (1 + ε) ·W ′(Ii−1). As a result, we
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obtain instances of Paz-Schwartzman that processed suffixes of different lengths of block
Bj (remember that we process Bj in the reverse direction), and adjacent instances have a
similar sum of reduced weights (up to a 1 + ε factor). As we will point out in Section 2, the
sum of reduced weights in an instance of Paz-Schwartzman is strongly related to the weight
of a maximum-weight matching among the edges observed thus far, and we heavily exploit
this property in our proofs.

In each block Bj , besides preparing the instances of Paz-Schwartzman as described
above, we also feed the edges of Bj (in the forward direction) into those instances of Paz-
Schwartzman that were prepared during previous blocks Bj′ , with j′ < j, and that are still
alive, i.e., have only been fed edges from the current sliding window. As such, each instance
of Paz-Schwartzman is executed on a portion of the stream in the reverse direction, followed
by all the subsequent edges from more recent blocks in the forward direction until the current
edge. The output produced when processing the current edge is the output of the oldest
alive instance of Paz-Schwartzman.

Consider two adjacent instances Ii and Ii+1 of Paz-Schwartzman prepared in the same
block, where Ii has processed only a subset of the edges of Ii+1 and their sums of reduced
weights W ′ are such that W ′(Ii+1) ≈ (1 + ε)W ′(Ii). The key benefit of executing Paz-
Schwartzman in the reverse direction as opposed to forward is that the edges processed
by Ii+1 but not by Ii contribute to the sum of reduced weights only with an ε-fraction
of W ′(Ii) (since W ′(Ii+1) −W ′(Ii) ≈ εW ′(Ii)). When Ii is the oldest alive instance and
thus constitutes the output of our algorithm, we only miss an ε-fraction in terms of reduced
weights of the edges in the sliding window that Ii has not considered. We remark that this
property could not be established if we run Paz-Schwartzman in the forward direction. This
property together with the fact that the sum of reduced weights is related to the weight of a
maximum-weight matching allows us to establish the approximation factor of our algorithm.

Since only the L most recent edges are relevant, our algorithm considers at most L
s =

Θ̃(
√

L/n) blocks simultaneously. Each block consists of Õ(1) instances of Paz-Schwartzman.
Since each of these instances requires space Õ(n), we obtain the final space bound of
Õ(n) · L

s = Õ(
√

nL).

(3 + ε)-approximation Semi-streaming Algorithm. Our (3 + ε)-approximation algorithm
follows similar arguments as the (3.5 + ε)-approximation algorithm by Biabani et al. [4]. We
will therefore first explain the techniques behind Biabani et al.’s algorithm and then discuss
our new ideas which yield the improved approximation guarantee.

Biabani et al.’s algorithm combines the smooth histogram technique for sliding window
algorithms by Braverman and Ostrovsky [6] with the Paz and Schwartzman algorithm.
Braverman and Ostrovsky showed that if a function f fulfills certain smoothness criteria1

then a sliding window algorithm for approximating f can be obtained from a traditional
(non-sliding window) streaming algorithm for f at the expense of only a logarithmic increase
in the space requirements (as long as the approximation factor of the streaming algorithm is
constant), and a slight increase in the approximation factor. In the context of MWM, the
smoothness criteria are captured by Biabani et al. [4] via the notion of lookahead algorithm.

1 Informally, a function f : 2X → R is considered to be smooth if it satisfies the following: If f(A) is close
to f(B) for A, B ⊆ X, for a suitable notion of closeness, then the values f(A ∪ C) and f(B ∪ C) are
close for all C ⊆ X.
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▶ Definition 3 ((f, α, β)-lookahead algorithm [4]). Let β ∈ (0, 1) and α > 0 be real numbers.
Let X be a ground set, S a stream of items of X, and let f : 2X → R+ be a non-decreasing
function.We say that a streaming algorithm ALG is a (f, α, β)-lookahead algorithm if, for
any partitioning of S into three substreams A, B, C with ALG(B) ≥ (1− β) · ALG(AB), the
following holds: f(ABC) ≤ α · ALG(BC).

In this paper, the stream AB denotes the concatenation of streams A and B (as it is used
in the previous definition). We observe that the previous definition holds for real-valued
non-decreasing functions. In the context of MWM, the weight of a maximum-weight matching
rather than the matching itself fulfills these conditions. We will therefore consider the problem
of determining the weight of a maximum-weight matching instead, and, in order to be able to
output an actual matching as required in MWM, we will rely on the fact that the underlying
algorithm which we will consider also maintains the actual matching itself. Furthermore, we
will write MWM(S) to denote the weight of a maximum-weight matching in stream S.

Biabani et al. [4] showed that if there is a (MWM, α, β)-lookahead algorithm that uses
space s then there exists a sliding-window algorithm with approximation ratio α and space
O
( 1

β · s log σ
)
, where σ = n

2 ·wmax/wmin and wmax and wmin are the maximum and minimum
weights of an edge in the input stream, respectively. Observe that, under the usual assumption
that wmax/wmin is polynomial in n, we have log σ = O(log n).

The main part of their analysis is to show that a monotonic version of the Paz and
Schwartzman algorithm, denoted ALGmon, constitutes a (MWM, (3.5 + ε), β)-lookahead
algorithm, for small values of ε and β ≤ ε/9. Combined, this yields a (3.5 + ε)-approximation
semi-streaming sliding window algorithm for MWM.

We first note (see Appendix A for details) that the analysis of Biabani et al. is best
possible in that the Paz and Schwartzman algorithm and its monotonic version are no better
than (MWM, 3.5, β)-lookahead algorithms. The smooth histogram technique applied to
lookahead algorithms as defined in Definition 3 thus cannot give an improved approximation
guarantee when Paz and Schwartzman’s algorithm is used as the underlying algorithm.

To illustrate our improvement, we first provide insight into the structure of Biabani et
al.’s analysis. In order to prove that ALGmon is a (MWM, 3.5 + ε, β)-lookahead algorithm,
Biabani et al. relate MWM(ABC) to the output of ALGmon on various substreams of ABC:

MWM(ABC) ≤ 2(1 + ε) ·
(
ALGmon(AB) +ALGmon(BC)

)
− 1

2(1 + ε) · ALGmon(B) . (1)

They subsequently use the smoothness assumption from Definition 3 and a monotonicity prop-
erty of ALGmon to relate ALGmon(AB) and ALGmon(B) to ALGmon(BC). This ultimately
yields the desired bound MWM(ABC) ≤ (3.5 + ε) · ALGmon(BC).

To obtain our improvement, we observe that a similar inequality to Inequality 1 can be
obtained by considering sums of reduced weights of the respective runs of ALGmon instead of
the weights of the output matchings of ALGmon on the different substreams. This idea is
motivated by the fact that the sum of reduced weights is a lower bound on the weight of
the matching produced by the algorithm, which can therefore give a more precise analysis.
However, when departing from such an inequality involving sums of reduced weights, we
unfortunately cannot immediately complete our analysis since, unlike when considering the
outputs of ALGmon directly, we do not have a sufficient smoothness property regarding sums
of reduced weights at our disposal that would allow us to bound these quantities.

Our key idea is as follows. To establish the necessary smoothness properties, we employ
the smooth histogram technique directly on sums of reduced weights rather than on the
size of the output matching itself. To be consistent with the literature and to illustrate the
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6:6 Improved Weighted Matching in the Sliding Window Model

increment over Biabani et al.’s work, we encapsulate this idea via an alternative definition
of lookahead algorithms, denoted refined lookahead algorithms (see Definition 9 for details),
which enables us to incorporate the required smoothness property of sums of reduced weights
into the definition. We then prove that, similar to lookahead algorithms, refined lookahead
algorithms can still be turned into sliding window algorithms with a similar small increase
in the space complexity. Last, we finish our argument by proving that ALGε

PS is a refined
lookahead algorithm with an approximation factor of 3 + ε, which establishes our result.

Further Related Work

The sliding window model can be regarded as a streaming insertion-deletion model with
highly structured deletions since, for each incoming edge, the oldest edge in the current
window is deleted. Interestingly, the complexities of MM and MWM in the sliding window
model are much closer to those in the insertion-only model, where no deletions are allowed,
as opposed to the insertion-deletion model, where arbitrary deletions are allowed. In the
insertion-only model, the currently best one-pass algorithm known for MM is the Greedy
matching algorithm, which produces a 2-approximation and uses semi-streaming space Õ(n).
It is known that computing a (1 + ln 2)-approximation requires strictly more space than
Õ(n) [15], see also the previous lower bounds [14, 16]. It remains a key open problem to
close this gap. Regarding MWM, a series of works [12, 18, 21, 11, 8, 19, 13] culminated in
the Paz and Schwartzman algorithm, which closes the gap between MWM and MM from an
algorithmic perspective in the insertion-only model. In the insertion-deletion model, where
arbitrary previously inserted edges can be deleted again, it is known that space Θ(n2/α3) is
necessary and sufficient for computing an α-approximation to MM, see [2] for the algorithm
and [9] for a matching lower bound (see also the previous works [17, 1]). MWM reduces easily
to MM in the insertion-deletion model, by, for example, grouping edges of similar weights
into groups and running the MM algorithm a logarithmic number of times in parallel at the
expense of only a marginal increase in the approximation factor.

The sliding window model is inspired by the problem of inferring statistics of data
occurring within a certain time frame over a continuous stream of data (e.g., maintaining the
number of distinct users who have accessed a social media page in the last 24 hours). The
model was introduced by Datar et al. [10], and Crouch et al. [7] were the first to consider
graph problems in the sliding window model. Among others, they showed that testing
Connectivity and Bipartiteness, and constructing (1 + ε)-sparsifiers can be done in the sliding
window model using semi-streaming space. Furthermore, as previously mentioned, they also
gave the first sliding window algorithms for MM and MWM.

The smooth histogram technique used in our work was introduced by Braverman and
Ostrovsky [6] and can be regarded as an improvement of the exponential histogram tech-
nique [10] for smooth functions. This technique has successfully been applied to a wide range
of problems, including the computation of coresets [20] and for clustering problems [5].

Outline

We first give notation and a discussion of Paz and Schwartzman’s algorithm including
its properties in Section 2. The (2 + ε)-approximation is presented in Section 3. The
semi-streaming (3 + ε)-approximation via the refined lookahead algorithms is then given in
Section 4. Finally, we conclude with open questions in Section 5.
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2 Preliminaries

In this section, we start with some important notation and a formal description of the improved
version of Paz and Schwartzman’s algorithm by Ghaffari and Wajc (see Algorithm 1). This
is followed by some key insights about the algorithm.

Let S be an input stream representing an edge-weighted graph G = (V, E, w) with a
weight function w : E → R+. We assume that each edge, including its weight, can be
stored in a single word of memory; as such, all our space bounds are in terms of words
of memory. For any subset of edges F ⊆ E, let w(F ) =

∑
e∈F w(e) be the sum of their

weights. Then, for any maximum-weight matching in G, denoted by M∗(S), we have that
MWM(S) = w

(
M∗(S)

)
.

Algorithm 1 ALGε
PS (Paz and Schwartzman’s algorithm with Ghaffari and Wajc’s improvements.)

Input: A stream S of weighted edges
Initialization:

1: Stack ← an empty stack
2: for every vertex v ∈ V do φ(v)← 0

Streaming:
3: while a new edge e = {u, v} of the stream S is revealed do
4: if w(e) < (1 + ε) ·

(
φ(u) + φ(v)

)
then w′(e)← 0

5: else
6: w′(e)← w(e)−

(
φ(u) + φ(v)

)
▷ w′(e) is the reduced weight of e

7: φ(u)← φ(u) + w′(e); φ(v)← φ(v) + w′(e) ▷ update potentials
8: Stack.Push(e)
9: for x ∈ {u, v} do ▷ optimizing space

10: if x is adjacent to > 3 log(1/ε)
ε + 1 edges in Stack then

11: Remove the oldest edge adjacent to x from Stack
Postprocessing:
12: Let M̂ be an empty matching
13: while Stack is not empty do
14: e← Stack.Pop()
15: if M̂ ∪ {e} is a matching then M̂ ← M̂ ∪ {e}
16: return M̂ ▷ a Greedy matching of the edges in Stack

ALGε
PS (Algorithm 1) uses the notions of reduced weights and vertex potentials. These are

respectively represented by the functions w′
S : E → R+

0 and φS : V → R+
0 when the algorithm

is executed on a stream S. The sum of all reduced weights is denoted by W ′
S =

∑
e∈S w′

S(e).
For any edge in the stream, its reduced weight is non-negative and is unchanged by the
processing of any subsequent edges. In particular, for a stream AB and any edge e ∈ A (i.e.,
the edge e is present in the stream A), we have w′

A(e) = w′
AB(e) ≥ 0. Hence, the sum of

the reduced weights is a non-decreasing function, i.e., W ′
A ≤W ′

AB . The output matching of
ALGε

PS on stream S is denoted by M̂(S).
Ghaffari and Wajc’s analysis of the algorithm reveals the following key observations and

results which we later use in our proofs.

▶ Observation 4 (Ghaffari and Wajc [13]). At any moment there are O
(

log(1/ε)
ε · n

)
edges

stored in Stack during the execution of ALGε
PS.
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6:8 Improved Weighted Matching in the Sliding Window Model

▶ Proposition 5 (Ghaffari and Wajc [13]). For any edge e = {u, v} in a stream S, after the
execution of ALGε

PS, its weight is bounded as w(e) ≤ (1 + ε) ·
(
φS(u) + φS(v)

)
.

▶ Proposition 6 (Ghaffari and Wajc [13]). Let ε > 0 and S be a stream of edges. Then, the
following inequalities hold:

w
(
M∗(S)

)
≥W ′

S ,

w
(
M̂(S)

)
≥ 1

1 + 4ε
·W ′

S = 1
2(1 + 4ε)

∑
v∈V

φS(v) ≥ 1
2(1 + 4ε)(1 + ε) · w

(
M∗(S)

)
.

Note that Proposition 6 uses the important fact that W ′
S = 1

2
∑

v∈V φS(v) as the potential
of a vertex v is actually the sum of reduced weights of edges incident to v. Furthermore, its
last inequality is due to Proposition 5 since each vertex in a matching is incident to at most
one edge. Indeed, Proposition 6 shows that ALGε

PS is a (2 + ε)-approximation streaming
algorithm for MWM, and, by Observation 4, ALGε

PS uses space O( log(1/ε)
ε · n) (in words).

3 (2 + ε)-approximation Sliding Window Algorithm

In this section, we give a (2 + ε)-approximation sliding window algorithm for MWM with
space Õ(

√
nL), where L is the length of the sliding window.

Algorithm 2 MWM Sliding Window Algorithm.

Input: A stream S with a sliding window of length L

A: ALGε
PS with sum of reduced weights W ′ and output matching M̂ .

Initialization:
1: Stack ← an empty stack
2: k ← 0 ▷ Number of blocks
3: Parameter s←

⌊√
n·L·log 1/ε·log σ

ε

⌋
for σ = n

2 · wmax/wmin.

Streaming:
4: while a new item e of the stream S is revealed do
5: Feed e to all existing instances of A
6: Delete all instances of A which have processed more than L edges
7: Stack.Push(e)
8: if |Stack| ≥ s then ▷ Create new instances of A
9: k ← k + 1

10: Let Ik
1 be a new instances of A

11: Let W ′
prev ← 0, i← 1

12: while Stack is not empty do ▷ Process all edges in reverse order of arrival
13: e′ ← Stack.Pop and feed e′ to Ik

i

14: if W ′(Ik
i ) > (1 + ε) ·W ′

prev then ▷ W ′(Ik
i ) exceeds (1 + ε) ·W ′(Ik

i−1)
15: Create a new instance Ik

i+1 as a copy of Ik
i

16: W ′
prev ←W ′(Ik

i ), i← i + 1
17: if any instance of A exists then
18: report output matching of the instance that has processed the most edges
19: else report the maximum-weight matching of the edges in Stack
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For brevity of notation, denote by A the Paz and Schwartzman algorithm ALGε
PS, which

our algorithm (see Algorithm 2 for a listing) maintains several instances of. When the current
edge e of the stream arrives, the algorithm feeds e to all existing instances of A, then deletes
any instance that has processed more than L edges, i.e., the ones that could return edges
outside the sliding window. The edge e is subsequently pushed onto Stack.

When Stack has accumulated s edges, Algorithm 2 uses it to create several instances of A:
It first creates a new instance I1 of A, then starts to pop the edges from Stack, processing
the edges in reverse order of their arrival. When an edge e is popped it is fed into the last
created instance Ii (initially I1). At any given moment, the algorithm stores the sum of
reduced weights W ′(Ii−1) of the previous instance (initially set to 0). If the sum of reduced
weights W ′(Ii) of the latest instance Ii exceeds (1 + ε) ·W ′(Ii−1), then a new instance Ii+1
is created as a copy of Ii. This procedure is repeated until Stack is empty again.

After processing edge e, the algorithm reports the matching computed by the instance of
A which has processed the most edges of the current sliding window. If no instances have
been created yet, then it reports an exact solution on the edges stored in Stack.

Overall, Algorithm 2 maintains multiple runs of A, each fed with different suffixes of the
sliding window. It uses Stack to implicitly partition the stream S into blocks B1, B2, . . . of s

edges each, thus processing it block by block. Each block Bj is then processed, crucially in
reverse order of arrival, feeding each edge into an initially empty instance Ij

1 of A. Then,
copies Ij

i are created whenever the sum of reduced weights exceed a (1 + ε) factor of the
previous copy. Once the block Bj has been processed entirely, the subsequent edges of the
stream are fed to the instances Ij

1 , Ij
2 , . . . , Ij

ℓ in the natural arrival order. Note that the
algorithm constructs the instances such that Ij

1 only processes a single edge of the block Bj

and Ij
ℓ processes the entire block.

Intuitively, Algorithm 2 ensures that, as edges of the block start to fall outside of the
sliding window, the oldest remaining instance is still a good approximation of the solution on
the entire sliding window, i.e., consecutive runs of A are not too different in terms of output.
Moreover, immediately after processing block Bj , it holds that W ′(Ij

i ) > (1 + ε) ·W ′(Ij
i−1)

for all 1 < i ≤ ℓ. Therefore, there are only logarithmically many runs of A per block.
In the following proofs, we use a notion S(I) to denote a substream that is processed by

the instance I of A.

WF3
> (1 + ε)WF2

F1

F2

I1I2I3I5

F3

T

L

I4

R

WF2 > (1 + ε)WF1

s

Figure 1 A schematic of a block of the algorithm. The notation here coincides with the notation
used in the proof of Theorem 7. The window of length L is marked between the square brackets.
There are five instances I1, . . . , I5 created for the block of length s. The instance Ii processed
the stream ↼

FiT . Note that I4 and I5 are already expired, thus they were deleted. The algorithm
outputs the result of the instance I3 meaning the stream ↼

F3T . The proof of Theorem 7 will show
that the omission of the remainder ↼

R does not compromise the output matching too much.
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▶ Theorem 7. There is a deterministic streaming sliding window algorithm for Maximum-

weight Matching with an approximation factor 2 + ε that uses O

(√
n·L·log 1/ε·log σ

ε

)
words of

memory for any ε > 0 and σ = n
2 · wmax/wmin.

Proof. We will prove that Algorithm 2 satisfies the assertion of the theorem. Let Bj be the
oldest block of the stream which is still partially contained in the current sliding window
E, i.e., E contains at least one edge of Bj and no edge of Bj−1. Let Ij

1 , . . . , Ij
ℓ be the

instances created during the processing of block Bj . Note that each instance Ij
i processes

the edges of Bj in reverse order. Thus, we consider Bj as a stream of edges ordered in
reverse to the order in which they arrived. For clarity, we denote this as ↼

Bj and similarly for
all relevant substreams of ↼

Bj . Let ↼
Fi be the substream of ↼

Bj fed into the instance Ij
i , i.e.,

↼
Fi = S(Ij

i ) ∩ ↼
Bj . Note that ↼

F1 ⊆ · · · ⊆
↼
Fℓ = ↼

Bj .

Approximation. Let T be the stream of edges that arrive after the stream ↼
Bj , i.e., E ⊆

↼
BjT .

First suppose that E = ↼
BjT . Then, Algorithm 2 returns the matching computed by the

oldest instance Ij
ℓ which has processed the whole stream ↼

FℓT , i.e., all edges of E (as ↼
Fℓ = ↼

Bj).
Thus, it returns a (2 + ε)-approximation of the optimal solution.

Now, suppose that E ⊂
↼
BjT . Let ↼

FiT ⊆ E ⊂
↼
F i+1T . Note that such an i exists as

E ∩
↼
Bj ̸= ∅ and |↼F1| = 1. Algorithm 2 returns a matching computed by the instance Ij

i that
processed the stream S(Ij

i ) = ↼
F T for ↼

F = ↼
Fi. Let ↼

R be the substream of ↼
F i+1 \

↼
F such

that E contains exactly the edges of the stream ↼
F

↼
RT . See Figure 1, for an illustration of

the substreams processed by various instances Ii.
Since E ⊂

↼
F i+1T , it holds by construction of Algorithm 2 that W ′

↼
F

↼
R
≤ (1 + ε) ·W ′

↼
F

,
where W ′

↼
F

↼
R

and W ′
↼
F

are the sums of reduced weights computed by A on streams ↼
F

↼
R and ↼

F ,
respectively. For any vertex v, let ∆(v) := φ↼

F
↼
R(v)− φ↼

F (v). Recall that φ is an increasing
function by the construction of the algorithm, thus ∆(v) ≥ 0. Then, by the proportionality
between the sum of reduced weights and the sum of potentials (

∑
e w′(e) = 2

∑
v φ(v), see

Proposition 6), we have the following upper bound:

∑
v∈V

∆(v) =
∑
v∈V

φ↼
F

↼
R(v)− φ↼

F (v) ≤
∑
v∈V

(1 + ε) · φ↼
F (v)− φ↼

F (v) = ε ·
∑
v∈V

φ↼
F (v) .

We now claim that if we assign, for every v ∈ V , a weight c(v) := (1 + ε) ·
(
φ↼

F T (v) + ∆(v)
)
,

then we have a valid (weighted) vertex cover in the graph consisting of all edges in ↼
F

↼
RT ,

i.e., for each edge e = {u, v} ∈
↼
F

↼
RT , it holds that c(e) := c(u) + c(v) ≥ w(e). Consider two

cases. If e ∈
↼
F T , then we have c(e) ≥ (1 + ε) ·

(
φ↼

F T (v) + φ↼
F T (u)

)
≥ w(e). Otherwise, e ∈

↼
R

and we have

c(e) = (1 + ε) ·
(
φ↼

F T (v) + φ↼
F T (u) + φ↼

F
↼
R(v)− φ↼

F (v) + φ↼
F

↼
R(u)− φ↼

F (u)
)

≥ (1 + ε) ·
(
φ↼

F
↼
R(v) + φ↼

F
↼
R(u)

)
(↼
F is a substream of ↼

F T )
≥ w(e) . (by Proposition 5)

Thus, we get a valid vertex cover as required. Now, we can use this to show that the returned
matching M̂(↼

F T ) computed by A on the stream ↼
F T is a (2 + ε)-approximation of the

maximum weighted matching M∗ of the sliding window E:
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w(M∗) =
∑

e∈M∗

w(e) ≤
∑
v∈V

c(v) (each vertex is incident to at most one edge in M∗)

= (1 + ε)
∑
v∈V

(
φ↼

F T (v) + ∆(v)
)

≤ (1 + ε)
∑
v∈V

(
φ↼

F T (v) + εφ↼
F (v)

)
≤ (1 + ε)2

∑
v∈V

φ↼
F T (v) (since φ is monotonic)

≤ (1 + 3ε)
∑
v∈V

φ↼
F T (v) (since ε2 < ε for 0 < ε < 1)

≤ 2(1 + 3ε)(1 + 4ε) · w
(
M̂(↼

F T )
)

(by Proposition 6)

≤ (2 + 38ε) · w
(
M̂(↼

F T )
)

.

Space. The sliding window E can be covered by O
(

L
s

)
many blocks, as s is the block size.

First, we bound the number of instances ℓ created for a block ↼
Bj . Recall that edges from

the block Bj processed by the instance Ij
i are the edges in ↼

Fi, and ↼
F1 ⊆ · · · ⊆

↼
Fℓ = ↼

Bj .
Furthermore, ↼

F1 = {e′}, W ′
↼
F1

= w(e′) ≥ wmin, and W ′
↼
F i+1

> (1 + ε) ·W ′
↼
Fi

for all i < ℓ. Thus,

(1 + ε)ℓ−1 · wmin ≤ (1 + ε)ℓ−1 ·W ′
↼
F1

< W ′
↼
Fℓ
≤ w

(
M̂(↼

Fℓ)
)
≤ n

2 · wmax.

By rearranging, we get ℓ = O(log1+ε σ) = O
( 1

ε · log σ
)
. By Observation 4, each instance

of A stores O
(

n log(1/ε)
ε

)
edges. Thus, at any moment, all existing instances of A store

O
(

L
s ·

log σ
ε · n log(1/ε)

ε

)
many edges.

Note that we additionally need to store the edges of at most one block (stored in Stack),
i.e., at most s edges. Overall, we need to store at most O

(
L
s ·

log σ
ε · n log(1/ε)

ε + s
)

edges.

Setting s to
⌊√

n·L·log 1/ε·log σ

ε

⌋
gives us the final space bound in words of memory. ◀

▶ Remark. Assuming that ε is constant and that σ is polynomial in n, we obtain an algorithm
that uses Õ(

√
nL) space. This is o(n2) space as long as L = õ(n3). If, additionally, the input

graph of each window is simple, we have that L = O(n2) (a simple graph always has O(n2)

edges) and a space bound of O

(
n
√

n ·
√

log 1/ε·log σ

ε

)
, which simplifies to Õ (n

√
n).

We can easily adapt the algorithm to the (unweighted) MM problem. More specifically,
the Paz-Schwartzman algorithm becomes the Greedy matching algorithm, while the sum
of reduced weights simply becomes the size of the Greedy matching obtained. While the
approximation factor remains 2 + ε, the matchings of the instances now store O(n) edges

instead of O
(

n log(1/ε)
ε

)
. Also, σ = n

2 . Then, by setting s to
⌊√

n·L·log n
ε

⌋
, we obtain a

better memory bound for the algorithm. This adaptation yields the following result:

▶ Theorem 8. There is a deterministic streaming sliding window algorithm for MM with an

approximation factor of (2 + ε) that uses O

(√
n·L·log n

ε

)
words of memory for any ε > 0.
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4 (3 + ε)-approximation Sliding Window Algorithm

In this section, we give a (3 + ε)-approximation semi-streaming sliding window algorithm
by applying the smooth histogram technique [6] in a similar manner as Biabani et al. [4].
We start with our definition of a refined lookahead algorithm which we use to describe a
sliding window algorithm. Then, we show that ALGε

PS is a refined lookahead algorithm;
thus, obtaining the sliding window algorithm for MWM.

▶ Definition 9 ((f, α1, α2, β)-refined lookahead algorithm). Let β ∈ (0, 1), α1, α2 ≥ 1 and, for
a ground set X, let f : 2X → R+ be a non-decreasing function. We say a streaming algorithm
ALG with two outputs O1, O2 is a (f, α1, α2, β)-refined lookahead algorithm if the following
holds for any stream S of items of the set X:
1. O1(S) ≤ f(S) ≤ α1 ·O1(S), i.e., the first output is an α1-approximation of f .
2. For any partitioning of S into three disjoint sub-streams A, B, and C with O1(B) ≥

(1− β) ·O1(AB), we have O2(BC) ≤ f(ABC) ≤ α2 ·O2(BC), i.e., if the first output on
the substream AB is similar to the first output on the substream B then the second output
on the substream BC is an α2-approximation of f on the whole stream S = ABC.

Observe that if O1 = O2 and α1 = α2 = α then we retrieve the standard definition of
a (f, α, β)-lookahead algorithm as given by Biabani et al. (see Definition 3). Our refined
lookahead algorithm is also similarly turned into a sliding window algorithm. In essence,
the algorithm simulates runs of a traditional streaming algorithm on suffixes of the current
sliding window. It maintains runs on suffixes such that the value of O1 of any two consecutive
runs are not too different, while the value of O1 of any non-consecutive runs are sufficiently
different so as to ensure that at most a logarithmic number of runs are required at any point
of time. The second output O2 is a solution which, given the smoothness assumptions of the
runs, is always guaranteed to be an α2-approximation of the next oldest run. Details of the
algorithm and the proof of the following theorem are provided in Appendix B.

▶ Theorem 10. Let 0 < β < 1 and α1, α2 ≥ 1, S be a stream of items from a set X, and
f : 2X → R+ be a non-decreasing function. Suppose there exists a (f, α1, α2, β)-refined
lookahead algorithm that uses at most s words of memory. Then, there is a sliding window
algorithm that maintains an α2-approximation of f using O

( 1
β · s log(α1σ)

)
words of memory

for σ = f(S)/fmin where fmin = min{f(e) : e ∈ S}.

We will now apply Definition 9 to algorithm ALGε
PS. To this end, we consider the first

output O1 as the sum of reduced weights W ′
S , the second output O2 as the weight of the

returned matching w
(
M̂(S)

)
, and function f as the weight of a maximum-weight matching

MWM(S). In fact, we prove in Theorem 11 that this indeed yields a
(
MWM, (2 + 2ε), (3 +

20ε), β
)
-refined lookahead algorithm. Hence, the algorithm given by Theorem 10 with ALGε

PS
is a (3 + ε)-approximation semi-streaming sliding window algorithms for MWM.

▶ Theorem 11. Let 0 < ε ≤ 1
10 and 0 < β ≤ ε

9 . The algorithm ALGε
PS is a

(
MWM, (2 + 2ε),

(3 + 20ε), β
)
-refined lookahead algorithm.

To prove Theorem 11, we follow the approach of Biabani et al. [4]. Let an input stream S

be partitioned into three substreams ABC. They split the maximum matching of the stream
M∗ = M∗(ABC) into two parts M∗

AB and M∗
C where M∗

AB := M∗ ∩AB is the restriction of
M∗ to the edges in AB, analogously for the substream C. Biabani et al. then bound the
weights of these two parts separately. To this end, they use the notion of a critical subgraph.
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▶ Definition 12 (Critical Subgraph [4]). Consider a graph G specified by a stream S of edges.
Let A, B, C be disjoint substreams of S such that S = ABC. Then, the critical subgraph
of G with respect to the maximum matching M∗(ABC) and the substreams A, B, C is the
subgraph H = (VH , EH) such that

EH := {e ∈ B | e is adjacent to two edges in M∗
C}.

VH := V (EH), i.e., VH is the set of endpoints of the edges in EH .

Biabani et al. use the critical subgraph to bound the weights of M∗
AB and M∗

C in terms
of the weight of the matching returned by the algorithm w

(
M̂
)

(Lemmas 13 and 14 in their
work [4]). In our analysis, in particular, in Lemmas 15 and 16, we use the same ideas to
bound the weights of M∗

AB and M∗
C in terms of sums of reduced weights computed by the

algorithm instead.
Before stating and proving Lemmas 15 and 16, we present the following auxiliary lemma

already proved by Biabani et al. in the exact formulation as we need it. We highlight that
their proof holds for any run of ALGε

PS on an arbitrary stream.

▶ Lemma 13 (Biabani et al. [4], Lemma 15). For any stream AB,

(1 + ε) ·
∑

v∈VH

φAB(v) ≥
∑

e∈EH

w′
B(e) .

For the statement of the next auxiliary lemma, we need the following notion. Let S be a
stream of edges. For an edge e ∈ S, we define the set PS(e) as the set of edges incident to e

(including e) arriving no later than e, i.e, PS(e) = {e′ ∈ S | e′ ∩ e ̸= ∅, te′ ≤ te}, where, for
any edge f , tf is the arrival time of edge f . Biabani et al. [4] showed that the weight of any
edge e can be bounded by the sum of the reduced weights of the edges in PS(e) (up to a
(1 + ε) factor).

▶ Lemma 14 (Biabani et al. [4], Lemma 5). For each edge e ∈ S,

w(e) ≤ (1 + ε)
∑

e′∈PS(e)

w′
S(e).

With that, we can finally prove our analogous lemmas of Biabani et al.’s Lemmas 13 and
14 [4] which bound w

(
M∗

AB

)
and w

(
M∗

C

)
, respectively.

▶ Lemma 15 (Analogue of Lemma 13, [4]). For any stream ABC,

w
(
M∗

AB

)
≤ 2(1 + ε) ·W ′

AB −
∑

e∈EH

w′
B(e).

Proof. By definition, we have w
(
M∗

AB

)
=
∑

e∈M∗
AB

w(e). Let e = {u, v} ∈M∗
AB . Note that

the vertices u and v are not in VH . Thus, we can bound the sum as follows.

w
(
M∗

AB

)
≤ (1 + ε)

∑
v∈V \VH

φAB(v) by Proposition 5

= (1 + ε)
(∑

v∈V

φAB(v)−
∑

v∈VH

φAB(v)
)

By Proposition 6 and by Lemma 13, we have∑
v∈V

φAB(v) = 2W ′
AB and (1 + ε)

∑
v∈VH

φAB(v) ≥
∑

e∈EH

w′
B(e).

Thus, we can conclude that

w
(
M∗

AB

)
≤ 2(1 + ε) ·W ′

AB −
∑

e∈EH

w′
B(e). ◀
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▶ Lemma 16 (Analogue of Lemma 14, [4]). For any stream ABC,

w
(
M∗

C

)
≤ 2(1 + ε) ·W ′

BC − (1 + ε)
∑

e∈B\EH

w′
B(e).

Proof. First, when considering a run of the algorithm on BC, by Lemma 14, we obtain

w
(
M∗

C

)
=
∑

e∈M∗
C

w(e) ≤ (1 + ε)
∑

e∈M∗
C

∑
e′∈P (e)

w′
BC(e′) .

Observe that any edge e ∈ BC is incident to at most two edges of M∗
C , and the edges of

B \ EH are incident to at most one edge of M∗
C . Hence, we can rewrite the previous double

sum as follows:∑
e∈M∗

C

∑
e′∈P (e)

w′
BC(e′) ≤ 2 ·

∑
e∈BC

w′
BC(e)−

∑
e∈B\EH

w′
BC(e)

= 2 ·W ′
BC −

∑
e∈B\EH

w′
BC(e) ,

which implies the result. ◀

Now, we are ready to prove Theorem 11, i.e., ALGε
PS is a

(
MWM, (2 + 2ε), (3 + 20ε), β

)
-

refined lookahead algorithm for suitable parameters ε and β.

Proof of Theorem 11. We recall that we consider a version of ALGε
PS such that the first

output is the sum of reduced weight W ′ and the second output is the weight of the computed
matching w

(
M̂
)
. First, by Proposition 6, we get that for any stream S it holds that

W ′
S ≤ w

(
M∗(S)

)
≤ 2(1 + ε) ·W ′

S . Thus, it remains to prove that for any stream ABC,
given that W ′

B ≥ (1− β) ·W ′
AB, the maximum matching M∗ = M∗(ABC) is such that

w
(
M∗) ≤ (3 + 20ε) · w

(
M̂(BC)

)
.

w
(
M∗) ≤ 2(1 + ε) ·W ′

AB + 2(1 + ε) ·W ′
BC −W ′

B by Lemmas 15 and 16

≤ 2(1 + ε)
1− β

·W ′
B + 2(1 + ε) ·W ′

BC −W ′
B by W ′

B ≥ (1− β) ·W ′
AB

≤ (1 + 3ε) ·W ′
B + 2(1 + ε) ·W ′

BC since β ≤ ε

9
≤ (3 + 5ε) ·W ′

BC by W ′ being non-decreasing

≤ (3 + 5ε)(1 + 4ε) · w
(
M̂(BC)

)
by Proposition 6

≤ (3 + 20ε) · w
(
M̂(BC)

)
since ε ≤ 1

10 ◀

Theorems 10 and 11 together then imply our main result.

▶ Theorem 2. There is a deterministic streaming sliding window algorithm for Maximum-
weight Matching with an approximation factor 3 + ε that uses O

(
log(1/ε)

ε2 · n log σ
)

words of
memory, for any 0 < ε ≤ 0.1 and σ = n

2 · wmax/wmin.

▶ Remark. Our (3 + ε)-approximation algorithm for MWM yields the (3 + ε)-approximation
algorithm for MM by Crouch et al. [7] when ALGε

PS is replaced with the Greedy matching
algorithm (the sum of reduced weights becomes the size of the matching). The hard instance
of their algorithm also holds for our algorithm.
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5 Conclusion

In this paper, we gave two algorithms for MWM in the sliding window model. Our first
algorithm has an approximation factor of 2 + ε and uses space Õ(

√
nL), and our second

algorithm has an approximation factor of 3 + ε and uses semi-streaming space. The approx-
imation factor of our semi-streaming algorithm matches the approximation factor of the best
semi-streaming sliding window algorithm known for (unweighted) MM [7].

Regarding the semi-streaming space regime, since further improvements in the approxim-
ation factor would imply improvements for (unweighted) MM, the most natural direction for
future research is to make further progress on the unweighted version of the problem first. Is
there a 2.99-approximation semi-streaming space sliding window algorithm for MM?

While the known lower bounds for MM for one-pass streaming algorithms in the insertion-
only model also apply to the sliding window model, no stronger lower bounds for the sliding
window model are known. Can we prove a lower bound on the approximation factor of
sliding window algorithms for MM that use semi-streaming space and are stronger than what
is currently known for the insertion-only model, i.e., stronger than 1 + ln(2) [15]?
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In other words, if the algorithm ALG outputs similar results on the streams B and AB then
the algorithm’s output on BC is required to be an α-approximation of the objective value
f(ABC) of the whole stream ABC.

We will present a graph G whose edges are divided into three substreams A, B and C

such that ALGε
PS outputs matchings of the same weight on substreams AB and B, while the

outputted matching on substream BC is roughly a 3.5-approximation of a maximum-weight
matching of the entire stream ABC. The graph G is such that even if we modified ALGε

PS to
return maximum-weight matchings among the edges stored in Stack then the same properties
still hold. Thus, the hard instance is also hard for the monotonic version of the algorithm.
The graph G is depicted in Figure 2.

A1

A2

A2

A1

A2

A2

C1

C2

C2

C3

B1B2 B2

1 + ε 1 + ε

1 + 3ε1 + ε 1 + ε 1 + ε

Figure 2 The edges of the graph G are divided into substreams A, B and C. The order of
the edges within the substreams is indicated by subscripts (the order of the edges with the same
subscript is not important). The thin edges have unit weight and the thick edges have the indicated
larger weights.

Matchings computed on AB and B. First, we analyze ALGε
PS separately on the sub-

streams A and B. See Figure 3 for the values of the reduced weights and potentials computed
by the algorithm.

A1

A2

A2

B1B2 B2

1 + ε

w w′
A

1 + ε

1

1 0

0
1 + ε 1 + ε w1

w′
B1ε ε

ϕA

1 + ε

1 + ε

0

0

ϕB1 + ε 1 + εε ε

Figure 3 Reduced weights and potentials computed by ALGε
PS when run separately on substreams

A and B. Recall that substream A consists of two paths, while only one of them is depicted here.
The edges outputted by the runs of the algorithm are marked by dotted circles.

Observe that the substream A consists of two disjoint paths of length three. While only
one of them is shown in Figure 3, the algorithm computes the same reduced weights and
potentials for both paths.

We now analyze the execution of the algorithm on substream AB. To this end, consider
the moment when the substream A has been fully processed and substream B begins. Observe
that each edge of B is now incident to a single vertex with potential 1 + ε. Thus, by the
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construction of the algorithm, none of the edges of B are pushed onto Stack. These edges
therefore have reduced weights zero and cannot be outputted by the algorithm. Furthermore,
when run on AB, the algorithm outputs the two edges in A1, i.e., w

(
M̂(AB)

)
= 2 + 2ε,

which are the only two edges pushed onto Stack.
As established in Figure 3, when the algorithm runs only on the substream B, it outputs

the two edges in B2, i.e., w
(
M̂(B)

)
= 2 + 2ε. Hence, we have that w

(
M̂(B)

)
= w

(
M̂(AB)

)
.

It follows that the stream ABC satisfies the condition w
(
M̂(B)

)
≥ (1− β) ·w

(
M̂(AB)

)
, for

any value of β ≥ 0, as required by the definition of a lookahead algorithm.

Matching computed on BC. Now, we analyze the execution of the algorithm on the
substream BC. At the time when the substream C begins, the reduced weights of edges in
B and the current potentials of the incident vertices are the same as when the algorithm is
run only on the substream B – see Figure 3 for these values. See Figure 4, for the reduced
weights of the edges in C when we run the algorithm on the substream BC.

C1

C2

C2

C3

B1B2 B2

1 + 3ε

ϕB ε 1 + ε 1 + ε ε

w′
BC

1

w

1 + ε

1

1

0

0

w′
BCw

2ε

Figure 4 The reduced weights of the edges in C after the execution on the substream BC and the
potentials of the vertices incident to the edges in B at the time when the substream B is processed.

By the end of the execution, only the two edges in C1 and C3 are pushed onto Stack
since the edges in C2 have reduced weights zero. The algorithm ALGε

PS outputs a greedy
matching of the edges pushed onto Stack (in the reverse order they arrived). In particular, it
outputs the edges in C1 and C3 and they block all edges in B. Hence, w

(
M̂(BC)

)
= 2 + 4ε.

Observe further that these edges constitute a maximum-weight matching among the edges
pushed onto Stack.

Maximum-weight Matching and Approximation Factor. First, observe that the unique
maximum-weight matching in G consists of all the edges that have an endpoint of degree 1
(the edges in A2, C2, and C3) and is thus of weight 7 + 3ε. Since w

(
M̂(BC)

)
= 2 + 4ε, we

conclude that it is not possible for ALGε
PS to yield a (MWM, 3.5−∆, β)-lookahead algorithm,

for any constant ∆ > 0 and suitable parameter β.

B More on Refined Lookahead Algorithms

In this section, we will prove Theorem 10. To this end, for convenience, we restate the
definition of refined lookahead algorithms first.

▶ Definition 9 ((f, α1, α2, β)-refined lookahead algorithm). Let β ∈ (0, 1), α1, α2 ≥ 1 and, for
a ground set X, let f : 2X → R+ be a non-decreasing function. We say a streaming algorithm
ALG with two outputs O1, O2 is a (f, α1, α2, β)-refined lookahead algorithm if the following
holds for any stream S of items of the set X:
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1. O1(S) ≤ f(S) ≤ α1 ·O1(S), i.e., the first output is an α1-approximation of f .
2. For any partitioning of S into three disjoint sub-streams A, B, and C with O1(B) ≥

(1− β) ·O1(AB), we have O2(BC) ≤ f(ABC) ≤ α2 ·O2(BC), i.e., if the first output on
the substream AB is similar to the first output on the substream B then the second output
on the substream BC is an α2-approximation of f on the whole stream S = ABC.

Algorithm 3 Lookahead Sliding Window Algorithm.

Input: A stream S with a sliding window of length L

A: a (f, α1, α2, β)-refined lookahead algorithm with outputs O1 and O2

Initialization:
1: Let k ← 0 be the number of instances

Streaming:
2: while a new item e of the stream S is revealed do
3: Create an instance Ik+1 of A
4: Feed e into all existing instances I1, . . . , Ik+1
5: i← 1
6: while i < k do ▷ Deleting instances with similar value of O1
7: Let j > i be the largest index for which O1(Ij) ≥ (1− β) ·O1(Ii)
8: if no such j exists then j ← i + 1
9: Delete instances Ir for each i < r < j

10: i← j

11: Let I>1 be the next existing instance after I1 ▷ I1 was not deleted
12: if I>1 does not exist then continue to line 15
13: if |S(I>1)| ≥ L then ▷ |S(I>1)| is the number of items fed into I>1
14: Delete I1

15: Renumber the instances and let k be the number of remaining ones
16: if |S(I1)| = L then report O2(I1)
17: else report O2(I2)

Let e be the current item of the stream being processed by Algorithm 3 and let E be
the current sliding window consisting of the L most recently processed items (including
e). While processing e, the algorithm first creates a new instance Ik+1 (called a bucket in
Biabani et al. [4]) of A. Then, e is fed into all existing instances I1, . . . , Ik+1. Next, starting
from the oldest instance I1, only its newest similar instance, determined by O1 (Item 2 of
Definition 9), is kept and every other instance in between is deleted. Whether a newest
similar instance exists or not, the process is then repeated with the next oldest remaining
instance until reaching the newest instance. Note that the oldest and newest instances, I1
and Ik+1 respectively, are never deleted by this process. However, if the number of items fed
into the second oldest remaining instance I>1 is at least L, i.e., the current sliding window
E is fully contained in the stream S(I>1) of edges processed by I>1, then I1 is deleted. The
instances are then renumbered to I1, . . . , Ik, from the oldest one to the newest, such that k

is the number of remaining instances. At this stage, the sliding window E is sandwiched
between streams S(I1) and S(I2). Finally, after processing the item, if the current sliding
window contains exactly the edges processed by I1, then the algorithm reports the second
output O2 of the instance I1 as the solution, otherwise it reports O2(I2).

In essence, the instances of A created by Algorithm 3 simulate runs of a traditional
streaming algorithm on suffixes of the current sliding window. Note that the oldest run
always contains all items of the sliding window and potentially some additional ones. The
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idea is to maintain runs on suffixes such that the value of O1 of any two consecutive runs are
not too different, while the value of O1 of any non-consecutive runs are sufficiently different
so as to ensure that at most a logarithmic number of instances of A is used at any point of
time.

This idea is exactly captured when A, with two outputs O1 and O2, is a (f, α1, α2, β)-
refined lookahead algorithm (which applies the smooth histogram technique by Braverman
and Ostrovsky [6]). The first output O1 is used to determine how often a run on a suffix should
be maintained, which depends on the smoothness criteria given by Item 2 of Definition 9.
The second output O2 is a solution which, given the smoothness assumptions of the runs,
is always guaranteed to be an α2-approximation of the next oldest run. We highlight that
the smoothness assumptions are only guaranteed to hold for consecutive runs whose suffixes
differ by more than one item. Then, for a stream S of items from a set X and a non-
decreasing function f : 2X → R+, the number of runs is at most logarithmic in n as long
as σf (S) = f(S)/fmin, where fmin = min{f(e) : e ∈ S}, is polynomial in n. We prove this
formally in Theorem 10.

▶ Theorem 10. Let 0 < β < 1 and α1, α2 ≥ 1, S be a stream of items from a set X, and
f : 2X → R+ be a non-decreasing function. Suppose there exists a (f, α1, α2, β)-refined
lookahead algorithm that uses at most s words of memory. Then, there is a sliding window
algorithm that maintains an α2-approximation of f using O

( 1
β · s log(α1σ)

)
words of memory

for σ = f(S)/fmin where fmin = min{f(e) : e ∈ S}.

Proof. We prove that Algorithm 3 satisfies the assertion of the theorem. Let A be the used
(f, α1, α2, β)-refined lookahead algorithm with the outputs O1 and O2.
Approximation. Let E be the sliding window at any instance of the algorithm, i.e., the
set of the L most recently processed items. The algorithm ensures that E is sandwiched
between streams of items fed to I1 and I2, i.e., S2 ⊆ E ⊆ S1 for Si = S(Ii), i ∈ {1, 2}. We
are now in one of two cases, either the items of S1 and S2 differ by exactly one item or more
than one item.

In the former case, the algorithm asserts that |S2| < L, otherwise S1 would have been
deleted, and therefore the items of S1 are exactly those of the sliding window E, i.e., |S1| = L.
The reported solution is then always O2(S1) = O2(E) which by Item 2 of Definition 9
(consider the case when E = ABC = BC) is trivially an α2-approximation of f(E).

In the latter case, the algorithm would have, at some point, deleted instances which
caused I1 and I2 to become consecutive instances (Line 9 of Algorithm 3). Consider the
time t∗ when they first became adjacent. Let S∗

1 and S∗
2 be the streams processed by I1 and

I2, respectively, in the time t∗. The algorithm asserts that O1(S∗
2 ) ≥ (1− β) ·O1(S∗

1 ). Let
C be the remaining items fed into the instances such that S1 = S∗

1 C and S2 = S∗
2 C. Then,

by Item 2 of Definition 9 and f being non-decreasing,

O2(S2) ≤ f(S2) ≤ f(E) ≤ f(S1) ≤ α2 ·O2(S2).

Hence, we have that, O2(S2), is an α2-approximation of f(E). Now, if |S1| ̸= L the solution
reported is O2(S2), otherwise |S1| = L and the solution reported is O2(S1) = O2(E). We
conclude that in either case an α2-approximation of f(E) is reported.
Space. Let k be the maximum number of instances stored by the algorithm after processing
an item. After the process of deleting and renumbering the instances, the algorithm ensures
that O1(Ii+2) < (1− β) · O1(Ii) holds for any instances Ii and Ii+2. Thus for the largest
odd number k′ not exceeding k,

(1 + β)
k′−1

2 O1(Ik′) < O1(I1).
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Recall that f(S(I1))
f(S(Ik′ )) ≤ σ. Then, by Item 1 of Definition 9, we have that O1(I1)

O1(Ik′ ) ≤ α1σ.
It follows that

k′ − 1
2 < log1+β(α1σ) and k′ = O

(
1
β
· log(α1σ)

)
.

This implies the result since there are only ever k + 1 ≤ k′ + 2 instances of A, each of which
uses at most s words of memory. ◀

A motivating example of the refined lookahead definition is exactly the Paz-Schwartzman
algorithm ALGε

PS with the first output O1 as the sum of reduced weights W ′
S , the second

output O2 as the weight of the returned matching w
(
M̂(S)

)
, and function f as the weight of

a maximum-weight matching MWM(S). Now, consider the graph given in Appendix A (see
Figure 2). We have that w

(
M̂(AB)

)
= w

(
M̂(B)

)
= 2 + 2ε, W ′

AB = 2 + 2ε and W ′
B = 1 + 2ε.

We showed in Appendix A that this is indeed a hard instance for (standard) lookahead
algorithms when the weight of the matching computed is used as the smoothness constraint
(recall that (1− β) · w

(
M̂(AB)

)
≤ w

(
M̂(B)

)
is then required in a hard instance, which is

the case here). On the other hand, refined lookahead algorithms allow us to use the sum of
reduced weights as the smoothness constraint. Since (1− β) ·W ′

AB ≰ W ′
B , for small enough

β, the instance therefore is not hard for refined lookahead algorithms.

STACS 2023





Approximate Sampling and Counting of Graphs
with Near-Regular Degree Intervals
Georgios Amanatidis
University of Essex, Colchester, UK

Pieter Kleer
Tilburg University, The Netherlands

Abstract
The approximate uniform sampling of graphs with a given degree sequence is a well-known, extensively
studied problem in theoretical computer science and has significant applications, e.g., in the analysis
of social networks. In this work we study a generalization of the problem, where degree intervals are
specified instead of a single degree sequence. We are interested in sampling and counting graphs
whose degree sequences satisfy the corresponding degree interval constraints. A natural scenario
where this problem arises is in hypothesis testing on networks that are only partially observed.
We provide the first fully polynomial almost uniform sampler (FPAUS) as well as the first fully
polynomial randomized approximation scheme (FPRAS) for sampling and counting, respectively,
graphs with near-regular degree intervals, i.e., graphs in which every node has a degree from an
interval not too far away from a given r ∈ N. In order to design our FPAUS, we rely on various
state-of-the-art tools from Markov chain theory and combinatorics. In particular, by carefully using
Markov chain decomposition and comparison arguments, we reduce part of our problem to the recent
breakthrough of Anari, Liu, Oveis Gharan, and Vinzant (2019) on sampling a base of a matroid
under a strongly log-concave probability distribution, and we provide the first non-trivial algorithmic
application of a breakthrough asymptotic enumeration formula of Liebenau and Wormald (2017).
As a more direct approach, we also study a natural Markov chain recently introduced by Rechner,
Strowick and Müller-Hannemann (2018), based on three local operations – switches, hinge flips, and
additions/deletions of an edge. We obtain the first theoretical results for this Markov chain, showing
it is rapidly mixing for the case of near-regular degree intervals of size at most one.

2012 ACM Subject Classification Theory of computation → Random walks and Markov chains

Keywords and phrases graph sampling, degree interval, degree sequence, Markov Chain Monte
Carlo method, switch Markov chain

Digital Object Identifier 10.4230/LIPIcs.STACS.2023.7

Related Version Full Version: https://arxiv.org/abs/2110.09068

Acknowledgements Part of this work has been carried out while Pieter Kleer was a postdoctoral
fellow at the Max Planck Institute for Informatics in Saarbrücken, Germany.

1 Introduction

The (approximate) uniform sampling and counting of graphs with given degrees has received
a lot of attention during the last few decades, see, e.g., [1,5,6,8,10,14–18,20,22,24–29,34,36,
37, 39, 42–44,50]. Given a degree sequence d = (d1, . . . , dn), the goal of approximate uniform
sampling is to design a randomized algorithm that outputs a labelled simple undirected
graph G with degree sequence d, according to a distribution that is close to the uniform
distribution over the set of all graphs with this degree sequence. Such an algorithm is
called an approximate (uniform) sampler. Approximate samplers find applications in fields
such as complex network analysis, where they serve as null models for hypothesis testing.
Consider, e.g., a social network with edges representing friendships or relationships. One
might see a very high number of edges between a certain group of nodes and, based on this,

© Georgios Amanatidis and Pieter Kleer;
licensed under Creative Commons License CC-BY 4.0

40th International Symposium on Theoretical Aspects of Computer Science (STACS 2023).
Editors: Petra Berenbrink, Patricia Bouyer, Anuj Dawar, and Mamadou Moustapha Kanté;
Article No. 7; pp. 7:1–7:23

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

https://doi.org/10.4230/LIPIcs.STACS.2023.7
https://arxiv.org/abs/2110.09068
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics/
https://www.dagstuhl.de
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conjecture that these nodes form a community of friends or colleagues. In order to test this
hypothesis, one would like to be able to generate graphs with similar characteristics as the
observed network and, based on these generated samples, decide how likely it is that there is
a high number of edges between that particular group of nodes by chance alone. Here the
characteristic of interest is the degree sequence of the observed network [47]. For determining
how many samples are sufficient in order to test the hypothesis, we also need to be able to
count the number of graphs with the given degree sequence.

In practice, it is not always possible to have exact knowledge of the degree sequence of
an observed network, due to erroneous measurements. In order to overcome this, there is
a need for more robust null models. One such model was proposed by Rechner, Strowick
and Müller-Hannemann [48]. Instead of a given degree sequence d, the null models now
consist of all graphs with given degree interval constraints [ℓi, ui], for i ∈ [n] = {1, . . . , n}.
In this case we say that a graph G has degrees in the interval [ℓ,u] with ℓ = (ℓ1, . . . , ℓn)
and u = (u1, . . . , un). The algorithmic task at hand then becomes to develop algorithms
for sampling and counting graphs from the set G(ℓ,u) of all graphs satisfying the interval
constraints. An intuitive two-step approach for solving this problem is to first sample
according to the correct proportional distribution a degree sequence d = (d1, . . . , dn) from the
set of all degree sequences satisfying the interval constraints ℓi ≤ di ≤ ui, for i ∈ [n], and
then sample uniformly at random a graphical realization from the set G(d) of all graphs with
degree sequence d. A crucial difficulty that arises here is that the probability with which
each degree sequence d needs to be sampled in the first step is not obvious. This probability
should be proportional to the number |G(d)| which is not known in general.

To make the problem more concrete, we give a brief example in the context of the social
network application that we started out with. Suppose we have a partially observed network.
For a given node i, we let ℓi be the number of observed edges adjacent to i, δi the number of
missing observations and, thus, ui = n− 1 − (ℓi + δi) the number of observed non-edges (i.e.,
pairs {i, j} for which we know there is no edge between nodes i and j). There are now two
extreme cases: either all missing observations are non-edges, meaning that node i has degree
ℓi, or all missing observations are indeed edges, meaning that node i has degree ui. Hence,
we are interested in sampling (and counting) graphs for which each node i has a degree in the
interval [ℓi, ui], for every i ∈ [n]. In this and other similar settings, these problems seem to
be natural and elegant generalizations of the classic graph sampling and counting problems.

Towards sampling graphs with given degree intervals, Rechner et al. [48] introduced a
Markov chain based on three simple operations: switches, hinge flips and additions/deletions.
The chain in each step selects one of these operations uniformly at random and performs
it, if possible. We call this chain the degree interval Markov chain. The operations are
shown in Figure 1 and a formal definition is given in Section 2. These three operations are
the ones described by Coolen et al. [15] as the most commonly used operations in Markov
Chain Monte Carlo algorithms for the generation of simple undirected graphs in practice.
This serves as additional motivation for rigorously studying Markov chains based on these
operations. We will also be interested in the switch-hinge flip Markov chain that only uses
the switch and hinge flip operations. The hinge flip and switch operations are of particular
interest both in theory and in practice as they preserve the number of edges and the degree
sequence of a graph, respectively.

Our contributions. In this work, we give the first efficient approximate sampler and
approximate counter for graphs with so-called near-regular degree intervals. Near-regularity
here refers to the fact that all graphs have degrees which are close to a common value up to a
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Figure 1 Left to right: switch on v, w, x, y; hinge flip on v, w, x; edge addition/deletion on v, w.

sublinear margin. To be more precise, we show that there is a fully polynomial almost uniform
sampler (FPAUS) and a fully polynomial randomized approximation scheme (FPRAS) (for
formal definitions see Section 2), in case the degree intervals are close to a common value
r = r(n) ∈ N, i.e., if [ℓi, ui] ⊆ [r − rα, r + rα] for some 0 < α < 1

2 . The parameter α > 0
models the maximum length of the degree intervals that we allow; this length of 2rα should
be relatively small compared to r.1 We also need a minor technical assumption on the value
of r in order to avoid some (arguably not very interesting) boundary cases. The main result
of this work is Theorem 1 below.

For vectors a = (a1, . . . , an), b = (b1, . . . , bn) ∈ Rn, we write a ≤ b if ai ≤ bi for all
i ∈ [n]. Given ℓ,u ∈ Nn, by G(ℓ,u) we denote the set of all graphs G whose degree sequence
d(G) satisfies ℓ ≤ d(G) ≤ u.

▶ Theorem 1. Let 0 < α < 1/2 and 0 < σ < 1 be fixed. Let r = r(n) with 2 ≤ r ≤ (1 − σ)n.
If for every node i ∈ [n] it holds that [ℓi, ui] ⊆ [r − rα, r + rα], then there is an FPAUS for
the approximate uniform sampling of graphs from G(ℓ,u) and an FPRAS for approximating
|G(ℓ,u)|.

For given degree intervals [ℓ,u] and m ∈ N, we write Gm(ℓ,u) for the set of graphs G
whose degree sequence d(G) satisfies ℓ ≤ d(G) ≤ u and

∑
i di = 2m. By using reductions

between approximate sampling and approximate counting [2, Appendix C] we get that to
prove Theorem 1 it suffices to show the existence of an FPAUS for sampling from Gm(ℓ,u).
To this end, we show that the switch-hinge flip Markov chain is rapidly mixing under the
conditions of Theorem 1. This result is summarized in Theorem 2.

▶ Theorem 2. Let α, σ, and r be as in Theorem 1. If [ℓi, ui] ⊆ [r − rα, r + rα], for all
i ∈ [n], and 2m ∈

[ ∑
i ℓi,

∑
i ui

]
, then the switch-hinge flip Markov chain is rapidly mixing

on Gm(ℓ,u).

A more direct approach for sampling from G(ℓ,u) than the one behind Theorem 1 would
be to use the degree interval Markov chain. An interesting open question is whether this
chain is rapidly mixing under the assumptions in Theorem 1 (or under weaker assumptions).
As a first step into this direction, we show rapid mixing when all the degree intervals have
size at most one, i.e., when ui − 1 ≤ ℓi ≤ ui.

▶ Theorem 3. Let α, σ, and r be as in Theorem 1. If [ℓi, ui] ⊆ [r − rα, r + rα] and
ui − 1 ≤ ℓi ≤ ui, for all i ∈ [n], then the degree interval Markov chain is rapidly mixing on
G(ℓ,u).

The technical novelty of our work lies in the highly nontrivial combination of state-of-the-
art tools from Markov chain theory and combinatorics. An overview of our proof approach is
given in Section 3. It relies on Markov chain decomposition and comparison techniques of

1 One should note that an assumption of this kind is to be expected. Otherwise, we would be also solving
the problem of (approximately) uniformly sampling a graph with any given degree sequence, which is a
long-standing open problem.

STACS 2023
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Martin and Randall [41], rapid mixing results for the switch Markov chain by Amanatidis
and Kleer [1], the breakthrough work of Anari et al. [4] on strongly log-concave probability
distributions, and the work of Liebenau and Wormald [39] regarding asymptotic enumeration
formulas for the number of near-regular graphs.

▶ Remark 4. Our theorems – and all the building blocks used in their proofs – are shown
to be true for all n ≥ n0, where n0 ∈ N is a constant that depends on the other constant
parameters involved. It is straightforward that for n < n0 our results are always true.

Related work. For the problem of sampling graphs with a given degree sequence, there is an
extensive literature, particularly on Markov Chain Monte Carlo (MCMC) methods. Jerrum
and Sinclair [34] provide an approximate uniform sampler and an approximate counter for
P -stable degree sequences, for which the number of graphical realizations of a given degree
sequence does not vary too much under small perturbations of the sequence. A first step
beyond P -stability was recently made by Erdős et al. [21]. Jerrum, Sinclair and Vigoda [35]
provide an approximate sampler (and counter) for arbitrary bipartite degree sequences by
reducing the problem to sampling perfect matchings in an appropriate graph representation
of the given instance. The work of Bézakova, Bhatnagar and Vigoda [7] provides a more
direct approach. There are also various non-MCMC methods available in the literature, see,
e.g., [5, 27,28,37,43,50]. One MCMC approach that has received considerable attention is
the switch Markov chain, based on the switch operation in Figure 1. This is a simpler, more
direct approach than reducing the problem to sampling a perfect matching from a large
auxiliary graph. The chain was first analyzed by Kannan, Tetali and Vempala [36], and has
been extensively studied, see, e.g., [1, 16, 22, 44]. The state of the art on its mixing time
is the work of Erdős et al. [22], who show that the chain is rapidly mixing for all P -stable
degree sequences. Very recently, Erdős, Mezei and Miklós [23] generalized our Theorem 3 to
intervals of length 1 centered around P -stable degree sequences. We consider the fact that
their meticulous direct approach does not go beyond length 1 as another indication of the
difficulty of directly arguing about the degree interval Markov chain.

The decomposition theorem of Martin and Randall [41] we use (Theorem 8), based on the
decomposition method of Madras and Randall [40], also appeared in an unpublished manu-
script by Caracciolo, Pelissetto and Sokal [13]. Erdős et al. [25] use a related decomposition
approach for sampling balanced joint degree matrix realizations. Rechner et al. [48] introduce
the degree interval Markov chain for the bipartite version of the problem of sampling graphs
with given degree intervals and show its irreducibility for arbitrary degree intervals. The
result of Liebenau and Wormald [39] builds on a long line of work on asymptotic expressions
for the number of graphs with given degrees. Indicatively, Bender and Canfield [6] gave
a formula for bounded degree sequences and Bollobás [10] for r-regular sequences with
r = O(

√
log(n)). McKay and Wormald gave expressions both for sparse sequences with

maximum degree o(n1/2) [43] and for a certain dense regime [42].
Anari et al. [4], in a breakthrough recent work, gave the first polynomial time algorithm

for approximate sampling a base of a matroid under a strongly log-concave probability
distribution. The theory of strongly log-concave (or Lorentzian) polynomials dates back to
the work of Gurvits [31], and was further developed by Anari, Oveis Gharan and Vinzant [3]
and Brändén and Huh [12]. In another recent work, Kleer [38] made a connection between
asymptotic enumeration formulas and strongly log-concave polynomials for a case of sparse
bipartite graphs where only the degrees on one side of the bipartition can vary.
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Outline. In Section 2 we provide all the necessary preliminaries. We then continue with a
proof overview for Theorems 2 and 3 in Section 3. For readers with some familiarity regarding
Markov chains and some intuition about degree sequence problems, it should be possible to
go through (most of) Section 3 without delving into (the admittedly long) Section 2 first. As
one of the main building blocks of the proof of Theorem 2, we show in Section 4 that the
asymptotic formula of Liebenau and Wormald [39], when restricted to the degree interval
regime of Theorem 1, approximately gives rise to a so-called strongly log-concave polynomial,
a result which might be of independent interest. Appendix A contains most of the remaining
arguments about the Markov chains used in our proofs. Any missing proofs are deferred to
the full version of this paper [2].

2 Preliminaries

We need a variety of preliminaries for this work, that are all collected in this section.

2.1 M -convexity and strongly log-concave polynomials

We start with the notion of M -convexity for functions [45,46]. Let ν : Zn
≥0 → R ∪ {∞} be

a function. The effective domain of ν is given by dom(ν) = {α ∈ Nn : v(α) < ∞}. The
function ν is called M ♯-convex if it satisfies the (symmetric) exchange property: For any
α,β ∈ dom(ν) and any i ∈ [n] satisfying αi > βi, there exists a j ∈ [n] such that αj < βj

and ν(α) + ν(β) ≥ ν(α − ei + ej) + ν(β + ei − ej),
where ek is defined as ek(ℓ) = 1 if k = ℓ and ek(ℓ) = 0 otherwise. The function ν is called

M -convex if it is M ♯-convex and there is an d ∈ N such that dom(ν) ⊆ {α :
∑

i αi = d}. A
subset C ⊆ Zn

≥0 is called M -convex if the indicator function νC : Zn
≥0 → R ∪ {∞}, given by

νC(α) = 1 if α ∈ C and νC(α) = 0 otherwise, is M -convex.
We write R[x1, . . . , xn] to denote the set of all polynomials in x1, . . . , xn with real

coefficients. We consider polynomials p ∈ R[x1, . . . , xn] with non-negative coefficients. For
a vector β = (β1, . . . , βn) ∈ Zn

≥0, we write ∂β =
∏n

i=1 ∂
βi
xi

to denote the partial differential
operator that differentiates a function βi times with respect to xi for i = 1, . . . , n. For
α ∈ Zn

≥0, we write xα to denote
∏n

i=1 x
αi
i . Furthermore, we write α! =

∏
i αi!, and

for α,κ ∈ Zn
≥0 with αi ≤ κi for all i, we write

(
κ
α

)
=

∏n
i=1

(
κi

αi

)
. For a constant c ∈ N

with c ≥ maxi αi, we write
(

c
α

)
=

∏n
i=1

(
c

αi

)
. Let κ ∈ Zn

≥0 and the Cartesian product
K = ×i{0, . . . , κi}. Let w : K → R≥0 be a weight function. The generating polynomial of w
is gκ(x) =

∑
α∈K w(α)xα. The support of gκ is the set supp(gκ) = {α ∈ K : w(α) > 0}.

The polynomial gκ is called d-homogeneous if |α| =
∑

i αi = d for all α ∈ supp(gκ).

▶ Definition 5 (Strong log-concavity [31]). A polynomial p ∈ R[x1, . . . , xn] with non-negative
coefficients is called log-concave on a subset S ⊆ Rn

≥0 if its Hessian ∇2 log(p) is negative
semidefinite on S. A polynomial p is called strongly log-concave (SLC) on S if for any
β ∈ Nn, we have that ∂βp is log-concave.

For convenience, the zero polynomial is defined to be SLC always. Finally, if the generating
polynomial gκ is SLC, then the probability distribution π(α) ∝ w(α) is called SLC as well.
We next state some properties of SLC polynomials that will be used in this work.

▶ Proposition 6 ( [12]). If p ∈ R[x1, . . . , xn] is SLC and γ ∈ R≥0, then γp is SLC.
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7:6 Approximate Sampling and Counting of Graphs with Near-Regular Degree Intervals

▶ Proposition 7 (Following from [12]).2 Let ν : Zn
≥0 → R∪{∞} with dom(ν) ⊆ {0, 1, . . . , n−

1}n and let

fκ(x) =
∑

α∈dom(ν)

1
α!e

−ν(α)xα and gκ(x) =
∑

α∈dom(ν)

(
γ

α

)
e−ν(α)xα, (1)

be 2m-homogeneous polynomials, where γ = (n− 1, . . . , n − 1). If ν is M-convex, then fκ

and gκ are SLC.

2.2 Markov chains and mixing times
Let M = (Ω, P ) be an ergodic, time-reversible Markov chain with state space Ω, transition
matrix P , and stationary distribution π. We write P t(x, ·) for the distribution over Ω at
time step t with initial state x ∈ Ω. The total variation distance of this distribution from
stationarity at time t with initial state x is

∆x(t) = 1
2

∑
y∈Ω

∣∣P t(x, y) − π(y)
∣∣ ,

and the mixing time of M is

τ(ϵ) = max
x∈Ω

τx(ϵ) where τx(ϵ) = min{t : ∆x(t′) ≤ ϵ for all t′ ≥ t} for ϵ > 0 .

The chain M is said to be rapidly mixing if its mixing time is upper bounded by a polynomial
in ln(|Ω|/ϵ).

It is well-known that the matrix P only has real eigenvalues 1 = λ0 > λ1 ≥ · · · ≥ λ|Ω|−1 >

−1. We may replace P by (P + I)/2 to make the chain lazy, and hence guarantee that all its
eigenvalues are non-negative. In that case, by Gap(P ) = 1 − λ1 we denote the spectral gap
of P . In this work all Markov chains involved are lazy. It is well known that one can use the
spectral gap to give an upper bound on the mixing time of Markov chain. That is, it holds
that

τx(ϵ) ≤ 1
2(1 − λ1(P ))

(
log π(x)−1 + 2 log

( 1
2ϵ

))
,

as it follows directly from Proposition 1 in [49]. Furthermore, if one has two Markov chains
M = (Ω, P ) and M′ = (Ω, P ′) both with stationary distribution π and there are constants
c1, c2 such that c1P (x, y) ≤ P ′(x, y) ≤ c2P (x, y) for all x, y ∈ Ω with x ≠ y. Then (see,
e.g., [41]) it follows that c1 Gap(P ) ≤ Gap(P ′) ≤ c2 Gap(P ).

The state space graph of the chain M is the directed graph G = G(M) with node set Ω
that contains the edges (x, y) ∈ Ω×Ω for which P (x, y) > 0 and x ≠ y. that contains an edge
(x, y) ∈ Ω × Ω if and only if P (x, y) > 0 and x ̸= y (denoted by x ∼ y). Let P =

⋃
x̸=y Pxy,

where Pxy is the set of simple paths between x and y in the state space graph G. A flow f in
Ω is a function P → [0,∞) satisfying

∑
p∈Pxy

f(p) = π(x)π(y) for all x, y ∈ Ω, x ̸= y. The
flow f can be extended to the oriented edges e = (z, z′) of G by setting f(e) =

∑
p∈P:e∈p f(p),

so that f(e) is the total flow routed through e ∈ E(G). Let length(f) = maxp∈P:f(p)>0 |p|

2 Our gκ is a slight variant the corresponding function of Theorem 3.14 of [12] with q = 1/e. The
statement for this gκ follows from a simple transformation of fκ that preserves strong log-concavity,
namely the operator that maps xα to α!

(
γ
α

)
xα [11].
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be the length of a longest flow-carrying path, and let load(e) = f(e)/Q(e) be the load of
the edge e, where Q(e) = π(x)P (x, y) for e = (x, y). If load(f) = maxe∈E(G) ψ(e) is the
maximum load of the flow, it holds that Gap(P )−1 ≤ load(f) length(f) (see, e.g, [49]).

We will sometimes also work (implicitly) with the so-called modified log-Sobolev constant
ρ = ρ(P ). This constant can also be used to upper bound the mixing time of a Markov chain.
In particular, it holds that

τx(ϵ) ≤ 1
ρ(P )

(
log log π(x)−1 + log

(
1

2ϵ2

))
,

see, e.g., [9]. Details on ρ(P ) are given in [2, Appendix B].

Markov chain decomposition. We describe a Markov chain decomposition of Martin
and Randall [41] that follows the decomposition framework of Madras and Randall [40].
Let M = (Ω, P ) be a Markov chain and

⋃q
i=1 Ωi be a partition of Ω for some q ∈ N.

We define the restriction Markov chains Mi = (Ωi, PΩi
) as follows. For x ∈ Ωi we let

PΩi
(x, y) = P (x, y) if x, y ∈ Ωi with x ̸= y, and PΩi

(x, x) = 1 −
∑

y∈Ωi,y ̸=x PΩi
(x, y).

Furthermore, let ∂i(Ωj) = {y ∈ Ωj : ∃x ∈ Ωi with P (x, y) > 0} be the set of elements in Ωj

that can be reached with positive probability in one transition of the chain M from some
element in Ωi.

Let MMH = ([q], PMH) be (the Metropolis-Hastings variation of) the projection Markov
chain on [q] = {1, . . . , q}. That is, PMH(i, j) > 0 if and only if ∂i(Ωj) ̸= ∅ and, in that case,

PMH(i, j) = 1
2∆ min

{
1, π(Ωj)
π(Ωi)

}
, (2)

for i ̸= j, where ∆ is the maximum out-degree in the state space graph of MMH, while
PMH(i, i) = 1 −

∑
j∈[q] {i} PMH(i, j). Note that MMH has stationary distribution πMH(i) =

π(Ωi) for i ∈ {1, . . . , q} and a holding probability of at least 1/2. We will use the following
decomposition theorem from [41].

▶ Theorem 8 ( [41], Corollary 3.3). Suppose there exist β > 0 and γ > 0 such that P (x, y) ≥ β

for all x, y that are adjacent in G(M), and π(∂i(Ωj)) ≥ γπ(Ωj) for all i, j that are adjacent
in G(MMH). Then Gap(P ) ≥ βγ · Gap(PMH) · mini=1,...,q Gap(PΩi

).

Load-exchange Markov chain. In this work, we will need a weighted version of the base-
exchange Markov chain studied by Anari et al. [4]. Let π be a strongly log-concave probability
distribution with π(α) ∝ w(α) whose support forms an M -convex set C. We define the
(unit) load-exchange Markov chain on C ⊆ Zn

≥0:

Assuming α ∈ C is the current state of the (unit) load-exchange Markov chain:
Select an element i ∈ [n] uniformly at random.
Pick an α′ ∈ C with α′ ≥ α − ei with probability ∝ w(α′) among all such α′.

Similarly to the base-exchange Markov chain [4], the above procedure defines an ergodic,
time-reversible Markov chain with stationary distribution π over C given by π(α) ∝ w(α).
Using the notion of polarization for SLC polynomials [12], in combination with a simple
Markov chain comparison argument (as in [2, Appendix B]), Corollary 9 can be shown. The
proof (which is implicitly given in [38]), roughly speaking, uses a reduction to the case of
matroids, after which a result of Cryan et al. [19] gives the desired result.
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7:8 Approximate Sampling and Counting of Graphs with Near-Regular Degree Intervals

▶ Corollary 9. Let κ = (n, . . . , n) and suppose that the d-homogeneous polynomial gκ(x) =∑
α∈K w(α)xα ∈ R[x1, . . . , xn] is SLC. Then the transition matrix P of the load-exchange

Markov chain on supp(gκ) satisfies ρ(P ) ≥ 1/(n2d), where ρ(P ) is the modified log-Sobolev
constant of P .

Degree intervals and the switch-hinge flip Markov chain. A sequence of non-negative
integers d = (d1, . . . , dn) is called a graphical degree sequence if there exists a simple,
undirected, labeled graph G = (V,E) on nodes V = [n], where node i has degree di, for
i ∈ V . Such a graph is called a (graphical) realization of d. By G(d) we denote the set of
all graphical realizations of d, while by d(G) we denote the degree sequence of a graph G.
For given vectors ℓ = (ℓ1, . . . , ℓn) and u = (u1, . . . , un) of non-negative integers, we define
G(ℓ,u) =

⋃
ℓ≤d≤u G(d) as the set of all graphical realizations G satisfying ℓ ≤ d(G) ≤ u,

meaning ℓi ≤ di(G) ≤ ui for all i ∈ V . For m ∈ N, we define Gm(ℓ,u) as the set of all
graphical realizations G ∈ G(ℓ,u) with precisely m edges, i.e., with

∑
i di(G) = 2m. Finally,

we define the set of all degree sequences satisfying the degree interval constraints, and whose
total sum of the degrees equals 2m, as Dm(ℓ,u) = {d : ℓ ≤ d ≤ u and

∑
i di = 2m} .

A fully polynomial almost uniform sampler (FPAUS) for sampling graphs with given
degree intervals [ℓ,u] is an algorithm that, for any ϵ > 0, outputs a graph G ∈ G(ℓ,u)
according to a distribution π̃ such that dTV(π, π̃) ≤ ϵ, where π is the uniform distribution
over G(ℓ,u), and runs in time polynomial in n, log(1/δ) and log(1/ϵ). A fully polynomial
randomized approximation scheme (FPRAS) for the problem is an algorithm that, for every
ϵ, δ > 0, outputs |G(ℓ,u)| up to a multiplicative factor (1 + ϵ) with probability at least 1 − δ,
in time polynomial in n, 1/ϵ and log(1/δ). Analogous definitions hold for Gm(ℓ,u) for a
given m.

First we define the switch-hinge flip Markov chain to uniformly sample elements from
Gm(ℓ,u) based on two of the local operations of Figure 1.

Assuming G ∈ Gm(ℓ,u) is the current state of the switch-hinge flip Markov chain:
With probability 2/3, do nothing.
With probability 1/6, try to perform a switch operation: Choose an ordered tuple
of distinct nodes (v, w, x, y) uniformly at random. If {w, v}, {x, y} ∈ E(G), and
{y, v}, {x,w} /∈ E(G), then delete {w, v}, {x, y} from E(G), and add {y, v}, {x,w}
to E(G).
With probability 1/6, try to perform a hinge flip operation: Choose an ordered tuple
of distinct nodes (v, w, x) uniformly at random. If {w, v} ∈ E(G) and {w, x} /∈ E(G),
then delete {w, v} from and add {w, x} to E(G) if the resulting graph is in Gm(ℓ,u).

Similarly, we define the degree interval Markov chain of Theorem 3, that can also perform
addition/deletion operations.

Assuming G ∈ G(ℓ,u) is the current state of the degree interval Markov chain:
With probability 1/2, do nothing.
Otherwise:

With probability 1/6, try to perform a switch operation.
With probability 1/6, try to perform a hinge flip operation.
With probability 1/6, try to perform an addition/deletion operation: select an
ordered tuple of distinct nodes (v, w) uniformly at random. If {v, w} ∈ E(G), then
delete it from E(G) if the resulting graph is in G(ℓ,u). Similarly, if {v, w} /∈ E(G),
then add it to E(G) if the resulting graph is in G(ℓ,u).
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Due to the symmetry of the transition probabilities, it is not hard to see that both chains
are time-reversible with respect to the uniform distribution. Also because of the hold-
ing probability of at least 1/2, the chains are aperiodic. Finally, by a simple counting
argument, there exists polynomials t(n), t′(n) such that PG(ℓ,u)(G,H) ≥ 1/t(n) for all
G,H ∈ G(ℓ,u) with PG(ℓ,u)(G,H) > 0 and PGm(ℓ,u)(G,H) ≥ 1/t′(n) for all G,H ∈ Gm(ℓ,u)
with PGm(ℓ,u)(G,H) > 0 respectively. The irreducibility of the chain (i.e., the fact that its
state space is strongly connected) for the intervals of interest will follow implicitly from our
analysis, in particular Lemmata 18 and 20.

2.3 Near-regular degree sequences
Let r ≥ 1 be a given integer. A degree sequence d is said to be r-regular if di = r for
i ∈ [n]. For a fixed 0 ≤ α < 1 we say that a degree sequence d is (α, r)-near-regular if
maxi |di − r| ≤ rα. When we do not refer to a specific (α, r) pair, we just write about
near-regular degree sequences.

We state some properties of near-regular degree sequences that we will use later. The
most important result is Theorem 10 below. We use a slightly different formulation than
that of [39].3 For any degree sequence d = (d1, . . . , dn), define

ξ =
∑

i

di/n, µ = ξ/(n− 1), and χ =
∑

i

(di − ξ)2/(n− 1)2 .

Roughly speaking, the theorem states that if the distance between the degree sequence d

and the ξ-regular sequence of the same size is not too large, then the expression in (3) is a
good approximation for |G(d)|. The absolute constant α in Theorem 1 is mostly restricted
by the ϵ in Theorem 10.

▶ Theorem 10 (Liebenau and Wormald [39]). There exists an absolute constant ϵ > 0 such
that for every sequence of degree sequences

(
d(n))

n∈N with ξn even, maxi∈[n] |d(n)
i − ξ| =

o
(
nϵ min{ξ, n− ξ − 1}1/2)

, and n2 min{µ, 1 − µ} → ∞, it holds that

|G(d)| ∼ w̄(d) :=
√

2 exp
(

1
4 − χ2

4µ2(1 − µ)2

) (
µµ(1 − µ)(1−µ)

)n(n−1)/2 ∏
i

(
n− 1
d

(n)
i

)
. (3)

To be precise, there exists a non-negative function δ(n) with δ(n) → 0 as n → ∞, so that the
relative error in “∼” is bounded above in absolute value by δ(n) for every such

(
d(n))

n∈N.

Furthermore, we also rely on the notion of strong stability introduced in [1] (and implicitly
already used in [32]). A combinatorial definition of this notion is given below. It essentially
states that any graph with a slightly perturbed degree sequence can easily be transformed into
a graph with the desired degree sequence by flipping the edges on a short alternating path.
An alternating (u, v)-path in a graph G is a (possibly non-simple) edge-disjoint (u, v)-path (in
the corresponding complete graph) alternating between edges and non-edges of G, starting
with an edge adjacent to u, and ending with a non-edge adjacent to v; recall that a non-edge
is an edge contained in the complement of E(G). If u = v we obtain an alternating cycle.
To facilitate the definition of strong stability, let G′(d) =

⋃
d′ G(d′) with d′ ranging over all

sequences d′ satisfying
∑

i d
′
i =

∑
i di and

∑
i |d′

i − di| = 2, i.e., there exist κ, λ such that
d′

κ = dκ + 1, d′
λ = dλ − 1, and d′

i = di otherwise.

3 Our formulation is in line with the note after Conjecture 1.2 in [39].
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7:10 Approximate Sampling and Counting of Graphs with Near-Regular Degree Intervals

▶ Definition 11 (Strong stability). A class D of degree sequences is strongly stable if there
exists a constant k ∈ N, such that for all d ∈ D and all G ∈ G′(d), there is an alternating
(u, v)-path in G of length at most k, where u and v are the unique nodes with degG(u) = du +1
and degG(v) = dv − 1.

▶ Proposition 12. Let 0 < α < 1/2 be a constant and assume that 2 ≤ r(n) ≤ (1 − σ)n for
some constant 0 < σ < 1 and n ∈ N. Then there exists some n1 ∈ N so that the class F(α,r)
of (α, r)-near-regular degree sequences of length at least n1 is strongly stable.

The following two results hold for the class F(α,r) in Proposition 12. Lemma 13 essentially
states that if an edge is present in some graphical realization, then there exists a short altern-
ating cycle to obtain a graphical realization with the same degree sequence not containing
that edge. As a result, the subset of realizations in G(d) containing a given edge and the set
of realizations not containing it are polynomially related in size.

▶ Lemma 13. Let d ∈ F(α,r). Suppose that G ∈ G(d) and let {u, v} ∈ E(G) (resp. {u, v} /∈
E(G)). Then there exists a graph G′ ∈ G(d) with {u, v} /∈ E(G′) (resp. {u, v} ∈ E(G))
and E(G)△E(G′) is an alternating cycle of length at most 12. Similarly, suppose that
{u,w}, {u, v} ∈ E(G). Then there exists a graph G′ ∈ G(d) with {u,w} ∈ E(G′) and
{u, v} /∈ E(G′), and E(G)△E(G′) is an alternating cycle of length at most 12.

Furthermore, the switch Markov chain is rapidly mixing for the class F(α,r). This follows
directly from [1] where it is shown that the switch Markov chain is rapidly mixing for all
strongly stable classes of degree sequences. In particular, we will use the following result.

▶ Corollary 14 (Follows from [1]). Let q(n) ≥ 2 be a given polynomial and consider the lazy
switch Markov chain M = (G(d), PG(d)) for some d ∈ F(α,r) that proceeds as follows: For a
given G ∈ G(d)

With probability 1 − 1/q(n) do nothing, and
With probability 1/q(n), try to perform a switch operation.

Then there exists a polynomial p(n), such that for any d ∈ F(α,r) we have Gap(PG(d)) ≥
1/p(n).

3 Proof approach overview

In this section we give a high-level overview of the proofs of Theorems 2 and 3. The idea is
to decompose the degree interval Markov chain twice, using the graph operations in Figure 1.
(The second step suffices to prove Theorem 2, and both steps are needed to prove Theorem 3.)
We first decompose G(ℓ,u) based on the addition/deletion operation. Every part of the
decomposition corresponds to a set Gm(ℓ,u) containing all graphs respecting the degree
intervals [ℓ,u] and having exactly m edges, for some m. That is, there is a one-to-one
correspondence between the possible values of m, and the parts of the decomposition. The
Markov chain decomposition result of Theorem 8 tells us that if the switch hinge-flip chain
is rapidly mixing for every m, and if it relatively “easy” to move between the different parts
Gm(ℓ,u) by means of additions/deletions, then the degree interval chain is rapidly mixing
on G(ℓ,u). In the second step we carry out a similar decomposition, but now based on the
hinge flip operation. That is, for a given m we decompose Gm(ℓ,u) in the sets G(d) for all
sequences d which satisfy the interval constraints, and whose degrees sum up to 2m. If the
switch chain is rapidly mixing on every G(d), and we can move “easily” between the sets
G(d) using hinge flip operations, then the switch hinge-flip Markov chain on Gm(ℓ,u) is also
rapidly mixing. We continue with a formalization of these statements.



G. Amanatidis and P. Kleer 7:11

Let T = {m1, . . . ,m2}, where m1 and m2 are the minimum and maximum number of
edges, respectively, that any G ∈ G(ℓ,u) could have; e.g., m1 = 1

2
∑

i ℓi and m2 = 1
2

∑
i ui

in case the two summands are even.
First we partition G(ℓ,u) into disjoint sets Gm(ℓ,u) for m ∈ T . Recall that Gm(ℓ,u) ={

G ∈ G(ℓ,u) :
∑

i di(G) = 2m
}

. The restriction Markov chains MGm(ℓ,u) are essentially
given by restricting the original chain to only perform switch and hinge flip operations that
respect the degree intervals on graphs with precisely m edges. Applying Theorem 8 – with β
and γ to be determined later – we get

Gap(P ) ≥ βγ · Gap(PT ) · min
m∈T

Gap(PGm(ℓ,u)) , (4)

where PT is the transition matrix of the Metropolis-Hastings projection chain on T , and P

the transition matrix of the degree interval Markov chain. The goal will be to show that
β and γ, as well as all the spectral gaps, can be lower bounded by an inverse polynomial
function of the form 1/p(n) for some polynomial p(n). This means that Gap(P ) is lower
bounded by an inverse polynomial as well, which is equivalent to showing that the degree
interval Markov chain is rapidly mixing (see Section 2.2).

Next we partition the sets Gm(ℓ,u) further into sets G(d) for sequences d in Dm(ℓ,u) ={
d :

∑
i di = 2m and ℓ ≤ d ≤ u

}
. For this part of the decomposition we get a Metropolis-

Hastings projection chain on the set Dm. The restriction chains on MG(d) are the chains in
which we essentially only apply switch operations on all graphs with degree sequence d. This
is precisely the switch Markov chain with some polynomially bounded holding probability
(as defined in Corollary 14). Using one more time Theorem 8 for each m – again, with βm

and γm to be determined later – we have

Gap(PGm(ℓ,u)) ≥ βmγm · Gap(PDm
) · min

d∈Dm

Gap(PG(d)) , (5)

where PDm is the transition matrix of the Metropolis-Hastings chain on Dm. This time, in
order to show that the switch-hinge flip Markov chain is rapidly mixing, we need to bound
γm, βm, and all the spectral gaps by an inverse polynomial function.

Combining (4) and (5) we now get

Gap(P ) ≥ βγ · Gap(PT ) · min
m∈T

{
βmγm · Gap(PDm) · min

d∈Dm

Gap(PG(d))
}
, (6)

and in order to show that the degree interval Markov chain is rapidly mixing, we need to
show that β, γ, all βm and γm, and all spectral gaps can be lower bounded by 1/q(n) for
some polynomial q(n).

While this is what we are going to do for Theorem 3, recall that for Theorem 2 (directly)
and Theorem 1 (through Theorem 2 and the reductions in [2, Appendix C]), we only show
that the switch-hinge flip Markov chain is rapidly mixing. In that case, it suffices to show
that βm, γm, and the spectral gaps involved in (5) are polynomially bounded for any given
m (and the polynomial bound is independent of m), i.e., we only need to globally consider
the second decomposition step. A polynomial lower bound on β and each one of the βm

follows by the very definition of the degree interval Markov chain (see also the discussion
after its definition). In order to bound γ and γm, for all m, we use Lemma 13. Roughly
speaking, we need to show that we can move rather easily between realizations of two degree
sequences d and d′, with

∑
i |di − d′

i| = 2. The high-level idea for γm is to show that it is
either directly possible to perform a hinge flip in order to transition from a graph G with
degree sequence d to some G′ with degree sequence d′, or that G is not too far away from
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7:12 Approximate Sampling and Counting of Graphs with Near-Regular Degree Intervals

some other graph H with the same degree sequence d from which it is possible to directly
move to some G′ with degree sequence d′ via a hinge flip. We take an analogous approach
for bounding γ but in terms of addition/deletion operations rather than hinge flips.

The gaps of the chains MG(d) are globally bounded because of known rapid mixing results
for the switch Markov chain [1] (Corollary 14). Therefore, in order to show Theorem 2, it
remains to bound Gap(PDm), which we do in Appendix A.1; an outline is given in Section 3.1
below. For Theorem 3, we additionally need to bound Gap(PT ), which we do in Appendix A.2;
a very brief outline is given in Section 3.2.

3.1 Proving Theorem 2
The main technical challenge of Theorem 2 lies in proving that the resulting Metropolis-
Hastings projection chain on Dm(ℓ,u) is rapidly mixing, i.e., that Gap(PDm

) can be polyno-
mially bounded. We sometimes refer to this chain as the hinge flip projection chain. Note
that for d,d′ ∈ Dm(ℓ,u), with ||d − d′||1 = 2, it follows from (2) that

PMH(d,d′) ≥ 1
2n2 min

{
1, |G(d′)|

|G(d)|

}
,

by taking the obvious upper bound ∆ ≤ n2 in (2). So, intuitively, whether or not the hinge
flip projection chain is rapidly mixing depends on the quantities |G(d)| for d ∈ Dm(ℓ,u).
To this end, we first argue, using a comparison argument, that if suffices to show that the
load-exchange Markov chain on Dm(ℓ,u), i.e., the Markov chain that allows us to move
between degree sequences by adjusting the degree of two nodes by 1 (while keeping the degree
sums fixed), is rapidly mixing for the weights w(d) = |G(d)|. (It is not hard to see that Dm

is in fact an M -convex set.) A Markov chain comparison argument, very informally speaking,
proceeds by showing that if one Markov chain is rapidly mixing, and a second chain is very
close to it (in terms of similar stationary distribution and transition probabilities), then the
second chain is also rapidly mixing. In our setting, the comparison is based on the fact that
both chains have the same stationary distribution π with π(d) ∝ w(d), and the fact that
their transition probabilities are polynomially related for the degree sequences that we are
interested in (using the remark at the end of [2, Appendix B]).

In order to show that the load-exchange Markov chain on Dm(ℓ,u) is rapidly mixing, we
would like to use Corollary 9, which states that the load-exchange Markov chain is rapidly
mixing if a polynomial identified with its stationary distribution satisfies the property of
strong log-concavity (SLC). To be precise, we may apply Corollary 9 if, for given ℓ,u and m,
the polynomial

h(x) =
∑

d∈Dm(ℓ,u)

w(d) · xd =
∑

d∈Dm(ℓ,u)

|G(d)| · xd

is SLC. This seems hard to prove (and might not be true in general). However, it turns
out that when replacing the weights w(d) by by the approximations w̄(d) as given in the
asymptotic formula (3) of Liebenau and Wormald [39], the resulting polynomial

h̄(x) =
∑

d∈Dm(ℓ,u)

w̄(d) · xd (7)

is in fact SLC, when considering the degree interval instances of Theorem 1.4 We show this
fact in Theorem 17 in Section 4 by observing that the polynomial in (7) is of the form (1) in
Proposition 7, which is a general sufficient condition for a polynomial to be SLC [12].

4 We remark at this point, that, although this is true for the regime considered in Theorem 1, this does
not seem to be true for the general range in Theorem 10.
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The above implies that if we run the load-exchange Markov chain with the approximations
w̄(d), it is in fact rapidly mixing with stationary distribution π̄ given by π̄(d) ∝ w̄(d). Now,
the approximations have the property that for some n0 sufficiently large, it holds that for all
n ≥ n0 and d ∈ Dm(ℓ,u),

e−(19/σ)2
|G(d)| ≤ w̄(d) ≤ |G(d)| .

This also implies that

e−(19/σ)2
π(d) ≤ π̄(d) ≤ e(19/σ)2

π(d) .

One can then again use a Markov chain comparison argument to argue that the load-exchange
Markov chain based on the original weights w(d) is also rapidly mixing (based on the final
remark in [2, Appendix B] with δ = 1 − e−(19/σ)2). This in turn implies that the hinge flip
projection chain is also rapidly mixing, which is what we wanted to show.

General framework. The approach described above for showing rapid mixing of the switch-
hinge flip Markov chain might be applicable to other classes of degree interval instances.
Informally speaking, the essential things that are needed are the following two things:
1. The degree sequences satisfying the interval constraints are strongly stable (see Def. 11).
2. The weights |G(d)| “approximately” give rise to an SLC polynomial.

The requirement of strong stability in the first point is needed for various reasons. First
of all, it is a sufficient condition for the switch Markov chain (i.e., the restrictions chains
in our decomposition) to be rapidly mixing [1]. Secondly, we rely on it when bounding the
parameter γ in the Martin-Randall decomposition theorem (Theorem 8). Thirdly, strong
stability is sufficient to argue that the transition probabilities of the load-exchange Markov
chain, and the Metropolis-Hastings projection chain, are polynomially related (so that we
can use a Markov chain comparison argument to compare their mixing times).

For the second point, even if the weights |G(d)| do not give rise to an SLC polynomial,
one may still make things work. It suffices to find values z(d) and polynomials q1 and q2
such that

1
q1(n) |G(d)| ≤ z(d) ≤ q2(n)|G(d)| ,

and for which

h̄(x) =
∑

d∈Dm(ℓ,u)

z(d) · xd

is SLC.

3.2 Proving Theorem 3
In order to prove Theorem 3, we additionally need to show that the projection chain on
T is also rapidly mixing, i.e., that Gap(T ) is polynomially bounded. In other words, we
consider the Metropolis-Hastings projection Markov chain with state space {a, . . . , b}, where
a = 1

2
∑

i ℓi and b = 1
2

∑
i ui (where we assume a and b to be integral here for the sake of

simplicity), and π(m) ∝ |Gm(ℓ,u)| for m ∈ {a, . . . , b}. This chain will sometimes be referred
to as the addition/deletion projection chain. A sufficient condition for this Markov chain to
be rapidly mixing is that the sequence (wm)m=a,...,b given by wm = |Gm(ℓ,u)| is log-concave,

STACS 2023



7:14 Approximate Sampling and Counting of Graphs with Near-Regular Degree Intervals

meaning that for every m wm+1wm−1 ≤ w2
m. We show log-concavity of this sequence to be

true when the intervals have size at most one (corresponding to the statement of Theorem 3)
by using a variation on an argument of Jerrum and Sinclair [33].
▶ Remark 15. One might wonder if the theory of strongly log-concave polynomials can also
be used to prove rapid mixing for degree intervals beyond size one. For example, one might
consider a polynomial of the form

g(x1, . . . , xn, y) =
m2∑

m=m1

∑
d∈Dm(ℓ,u)

(
n− 1

2m2 − 2m

)
z̄(d) · y2m2−2mxd ,

where m1 and m2 are the minimum and maximum number of edges that any graph in
D(ℓ, u) can have, respectively. This is then a 2m2-homogeneous polynomial. The problem
that now occurs though, is that the domain of this polynomial, indexed by the tuples
(d1, . . . , dn, 2m2 − 2m), can be shown not to be an M -convex set and, thus, g cannot be SLC.

4 SLC property in a restricted range of the Liebenau-Wormald result

Throughout this section, we consider m and n as fixed. Recall that for a given degree sequence
d = (d1, . . . , dn) we defined ξ = ξ(n,m) =

∑
i di/n = 2m/n, µ = µ(n,m) = ξ/(n − 1) =

2m/(n(n− 1)) and χ(d) =
∑

i(di − ξ)2/(n− 1)2. Furthermore, in (3) we defined

w̄(d) =
√

2 exp
(

1
4 − s(d)2

) (
µµ(1 − µ)(1−µ)

)n(n−1)/2 ∏
i

(
n− 1
di

)
, (8)

which is approximately the number of graphs with degree sequence d in case it is near-regular.
Here we have

s(d) = χ(d)
2µ(1 − µ) .

In order to show that the weights w̄(d) give rise to an SLC polynomial,

h̄(x) =
∑

d∈Dm(ℓ,u)

w̄(d) · xd,

it would be sufficient by Proposition 7 to argue that the function s(d)2 is M -convex.
Unfortunately, it turns out that this is not the case. Instead, we simply show that in the
regime of Theorem 1, it holds that s(d) = O(1), and so we can ignore the contribution
exp(−s(d)2) in (8) at the expense of a slightly worse bound on the mixing time. The resulting
approximation formula is easily seen to be SLC, which intuitively follows from a discrete
form of log-concavity of the binomial coefficients; see Theorem 17.

▶ Lemma 16. Under the conditions on [ℓ,u] as in Theorem 1, with 0 < σ < 1 and
2 ≤ r = r(n) ≤ (1 − σ)n, if n is large enough, then for any ℓ ≤ d ≤ u it holds that

0 ≤ s(d) ≤ 18n
σr1−2α(n− 1) ≤ 19

σ
(9)

Proof. By the definition of χ(d), s(d) ≥ 0 always holds. To see the upper bound, let
n1 = max

{⌈
(2/σ)

1
1−2α

⌉
, ⌈18/σ⌉

}
and note that the quantity s(d) can be rewritten as

s(d) = χ(d)
2µ(1 − µ) = n2(n− 1)2

(n− 1)2

∑
i(di − ξ)2

2 · 2m(n(n− 1) − 2m) , (10)
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where 2m =
∑

i di. Note that
∑

i(di − ξ)2 ≤ n(2rα)2 = 4nr2α. Moreover, we can bound m

using the simple facts that r − rα ≥ r/4 and nα ≤ σn/2 for n ≥ n1. The latter implies that

r + rα ≤ (1 − σ)n+ (1 − σ)nα ≤ (1 − σ)n+ σn/2 = (1 − σ/2)n .

So, we have

n
r

4 ≤ 2m ≤ n
(

1 − σ

2

)
n ,

and therefore,

2m(n(n− 1) − 2m) ≥ n
r

4

(
1 −

(
1 − σ

2

) n

n− 1

)
n(n− 1) ≥ rσn2(n− 1)

9 , (11)

where the last inequality holds because nσ/2−1
n−1 ≥ 4σ

9 for n ≥ n1. By combining (10) and
(11), we then get

s(d) ≤ n2 · 4nr2α · 9
2rσn2(n− 1) = 18n

σr1−2α(n− 1) ,

which completes the second inequality. The final inequality holds because r ≥ 2 and
n/(n− 1) ≤ 19

18 for n ≥ n1. ◀

We next summarize the main result of this section, and give the remaining small technical
steps of its proof. In a nutshell, it states that a simplified version of the Liebenau-Wormald
formula which is within a constant factor from the original in (3) is approximately SLC in
the regime of Theorem 1.

▶ Theorem 17. For given n,m ∈ N, ℓ, u ∈ Nn with ℓ ≤ u, and degree sequence d with∑
i di = 2m and ℓ ≤ d ≤ u, let

z̄(d) =
√

2e 1
4

(
µµ(1 − µ)(1−µ)

)n(n−1)/2 ∏
i

(
n− 1
di

)
. (12)

The resulting 2m-homogeneous polynomial

f̄(x) =
∑

d∈Dm(ℓ,u)

z̄(d) · xd

is SLC.
Furthermore, there exists an n0 ∈ N such that for all n ≥ n0 and m ≥ n, if the degree

interval [ℓ,u] satisfies the conditions of Theorem 1, then

e−(19/σ)2
|G(d)| ≤ z̄(d) ≤ |G(d)|. (13)

for every ℓ ≤ d ≤ u.

Proof. We first note that the factors
√

2 and
(
µµ(1 − µ)(1−µ))n(n−1)/2 can all be seen as

non-negative scalars as n and m are given. This means, by Proposition 6, that it suffices to
show that the polynomial with coefficients

e
1
4

∏
i

(
n− 1
di

)
is SLC.

Comparing this to the second polynomial in Proposition 7, it follows that we can simply
choose ν to be the constant function ν(d) = − 1

4 on its effective domain Dm(ℓ,u). (As
mentioned earlier, intuitively it is SLC because the binomial coefficients satisfy a discrete form
of log-concavity.) The statement in (13) follows directly from Theorem 10 and Lemma 16. ◀
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5 Discussion and future directions

We did not attempt to optimize the upper bounds on the mixing times of the Markov chains
involved. Already for the switch Markov chain no low-degree polynomial upper bounds are
known on its mixing time. For instance, the best known upper bound for r-regular graphs is
r23n8(rn log(rn) + log(1/ϵ)) [16, 17]. This is a central issue for many MCMC approaches for
sampling graphs with given degrees (or degree intervals in our case). Various non-MCMC
approaches to the problem, see, e.g., [5,27,28,37,43,50], often have better running times, but
only work for smaller classes of degree sequences or have weaker guarantees on the uniformity
of the output than we require in our setting.

An interesting first direction for future work is determining whether the degree interval
chain is rapidly mixing for more general instances. The most intriguing question from our
point of view, however, is whether there is a black-box reduction implying that if the switch
Markov chain is rapidly mixing for all degree sequences d satisfying ℓ ≤ d ≤ u, then the
degree interval Markov chain is also rapidly mixing. Even more generally, can the problem
of sampling graphs with given degree intervals always be reduced to the problem of sampling
graphs with given degrees?

Further, one could explore other, non-MCMC, approaches for approximate sampling,
especially when the degree ranges are relatively large. Can one come up with an algorithm
in which resampling certain “bad events” (e.g., resampling edges adjacent to a node not
satisfying its degree interval constraints) yields an exactly uniform sample, following the
“partial rejection sampling” framework of Guo, Jerrum and Liu [30]? While this seems
unlikely when sampling graphs with given degrees, we suspect it is possible for the problem
of sampling graphs with (sufficiently large) given degree intervals.
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A.1 Bounding βm, γm and Gap(PDm
)

Throughout this section we assume that some m ∈ {m1, . . . ,m2} is fixed. Moreover, recall
that we consider degree intervals of the form [di, di + 1], or [di, di], for i ∈ [n]. It is not hard
to see that βm ≥ (6n4)−1. This rough polynomial bound follows directly from the transition
probabilities of the degree interval Markov chain.

We first lower bound the γm in Lemma 18 below. By the definition of the hinge flip
operation we have that for any d,d′ ∈ Dm, there is a strictly positive transition probability
between d and d′ if and only if

∑
i |di − d′

i| = 2. The proof of Lemma 18 follows from
Lemma 13, where it is shown that for a graph with a given degree sequence, we can always
find a graph with a slightly perturbed degree sequence that is close to the former in terms of
symmetric difference (when the original sequences satisfies strong stability).

▶ Lemma 18. There exists a polynomial q1(n) such that, for any feasible m and for all
d,d′ ∈ Dm with

∑
i |di − d′

i| = 2, we have πDm
(∂d (G (d′))) ≥ 1

q1(n)πDm
(G (d′)) .

Proof. Again assume that n ≥ n1 =
⌈

(2/σ)
1

1−2α

⌉
. Let a and b be the unique nodes such

that d′
a = da + 1 and d′

b = db − 1; note that the uniqueness of a, b follows from the condition∑
i |di − d′

i| = 2. Let

H = {G ∈ G(d) : ∃c ∈ [n] such that {b, c} ∈ E(G), {a, c} /∈ E(G)} ,

and note that it has the property

|∂d(G(d′))| ≥ 1
n

|H| . (14)

To see this, note that for a given G ∈ H, we can perform the hinge flip that removes the
edge {b, c} and adds the edge {a, c} to obtain an element in G(d′). Moreover, there can be at
most n graphs G ∈ H that map onto a given G′ ∈ ∂d(G(d′)), as there are at most n choices
for c.

Moreover, using the second part of Lemma 13, we show that

|H| ≥ 1
n12 |G(d)| . (15)

To see this, note that for any G ∈ G(d), we have db = d′
b + 1 ≥ 0 which implies that b has

at least one neighbor c in G. Now, if {a, c} /∈ E(G) we obtain an element in H; otherwise,
we can find a graph G′ close to G (using Lemma 13) for which {a, c} /∈ E(G) while still
{b, c} ∈ E(G). As there are at most n12 graphs G ∈ G(d) that map to the same G′ ∈ H, the
inequality (15) follows. Moreover, we also have n10|G(d)| ≥ |G(d′)| which follows directly
from Definition 11 and (the proof of) Proposition 12 (see [2, Appendix A] ).

Combining the last observation with (14) and (15) then yields

|∂d(G(d′))| ≥ 1
q1(n) |G(d′)| ,

for q1(n) = n23. Dividing both sides by
∑

d∈Dm
|G(d)|, then gives the desired result. ◀

It remains to bound Gap(PDm). As explained in Section 3.1, the first step is to carry out
a comparison argument with the load-exchange Markov chain with weights w(d) = |G(d)|
(so that it will be sufficient to study the mixing time of the latter). Remember that both the
hinge flip projection chain, as well as the load-exchange chain have stationary distribution
π(d) ∝ w(d).

In what follows we write MDm = (Dm, P ) for the (Metropolis-Hastings) hinge flip
projection chain, and M′

Dm
= (Dm, P

′) for the load-exchange chain on Dm.
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▶ Lemma 19. There exists a polynomial p(n) such that

p(n) Gap(PDm) ≥ Gap(P ′
Dm

) .

for any m ∈ {m1, . . . ,m2}.

Proof (sketch). It suffices to show that there exists polynomials p1 and p2 such that,
whenever d,f ∈ Dm satisfy ||d − f ||1 = 2, then

1
p1(n) ≤ P (d,f), P ′(d,f) ≤ 1

p2(n) . (16)

This then implies that the transition probabilities P (d,f) and P ′(d,f) are themselves
polynomially related. In turn, this implies the existence of the desired polynomial p(n)
as both chains have the same stationary distribution and therefore their spectral gaps are
polynomially related (see [2, Appendix B]).

The existence of the polynomials in (16) follows from the fact that all near-regular degree
sequences are strongly stable. First of all, it holds that the term |G(d′)|/|G(d)| in the
Metropolis-Hastings hinge flip projection chain can always be upper and lower bounded by a
polynomial because of strong stability. Furthermore, in the load-exchange Markov chain we
pick (in the second step) a new degree sequence d′ proportional to w(d′) over all possible
choices of d′ with ||d − d′||1 = 2 that respect the degree interval bounds. For a given d, let
N(d) be the set of all such sequences d′. Then the probability of transitioning to d′ is (up to
an additional polynomial factor because of the first step of the load-exchange Markov chain)
equal to

|G(d′)|∑
f∈N(d)

|G(f)|
,

which can again be upper and lower bounded by a polynomial because of strong stability,
and because |N(d)| ≤ n2. ◀

Lemma 19 implies that we may focus on bounding Gap(P ′
Dm

). Now, by the arguments
given in Section 3.1 in combination with another simple comparison argument as in [2,
Appendix B] and Theorem 17, it suffices to bound Gap(P ′′

Dm
) where P ′′ is the transition matrix

of the hinge flip Markov chain in which we replace the weights w(d) by the approximations
z̄(d) as in (12).

In Section 4, we showed that the polynomial in (13) is in fact SLC, so then Corollary 9
implies that the modified log-Sobolev constant of this chain can be lower bounded by a
polynomial, which implies the same for the spectral gap by what is explained in [2, Appendix
B]. This completes this section, and shows in particular that the switch-hinge flip Markov
chain is rapidly mixing, which in turn completes the proof of Theorem 2.

A.2 Bounding β, γ and Gap(PT )
Recall that MT is the Metropolis-Hastings chain on the index set T = {m1, . . . ,m2}. For
simplicity, we use wm = |Gm(ℓ,u)| to denote the number of feasible graphical realizations with
m edges. Note that for any m ∈ T we have πT (m) = wm/

∑
i∈T wi, and that PT (m,m′) > 0

if and only if |m − m′| ≤ 1. From the definition of the degree interval Markov chain, it
immediately follows that β ≥ 1/q(n) for some polynomial q(n). We lower bound γ in the
following lemma following the same approach as for Lemma 18.
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▶ Lemma 20. There exists a polynomial q2(n) such that, for all m,m′ ∈ T with |m−m′| = 1,
we have πT (∂m (Gm′)) ≥ 1

q2(n)πT (Gm′).

Proof. Assume that m′ = m+ 1 (the case m′ = m− 1 is analogous). Let G ∈ Gd for some
d ∈ Dm. Note that m′ ≥ m1 + 1 > m1, which implies that there are nodes i and j whose
degrees in G are not equal to the upper bound of their degree interval. Note that the set

H = {G ∈ Gm : ∃i, j ∈ [n] with di(G) < ui, dj(G) < uj and {i, j} /∈ E(G)}

has the property that

|∂m(Gm′)| ≥ 1
m+ 1 |H| . (17)

In order to see this, note that for any G ∈ H we can add the edge {i, j} (recall that these
nodes depend on the choice of G) to obtain an element in Gm′ . On the other hand,there can
be at most m+ 1 graphs G that map onto a given graph H ∈ Gm′ using this procedure. This
gives the inequality (17).

Moreover, using the first part of Lemma 13 and following the same argument as in the
proof of Lemma 18 it can be shown that

|H| ≥ 1
n12 |Gm| . (18)

To see this, note that for any graph G ∈ Gm, nodes i and j with di(G) < ui and dj(G) < uj

always exist, as m < m2. Moreover, if {i, j} ∈ E(G) we know from Lemma 13 that there is
a graph G′ with the same degree sequence not containing edge {i, j} close to G.

We next show that |Gm| ≥ |Gm′ |/p(n) for some polynomial p(n). To see this, note that
for any G′ ∈ |Gm′ | there exist nodes x and y such that dx(G′) > ℓx and dy(G′) > ℓy as
m′ = m+1 > m1. If {x, y} ∈ E(G′) we can remove it to obtain an element of |Gm|. Otherwise,
again using Lemma 13 we can first find an element G′′ ∈ Gm′ close to G′ that contains {x, y}
and the remove it. Combining this with (18) yields the existence of a polynomial q2(n) such
that

|H| ≥ 1
q2(n) |Gm′ | .

Finally, combining the latter inequality with (17) and dividing both sides by
∑

m∈T wm,
then gives the desired result. ◀

In order to show that MT is rapidly mixing or, in particular, that the gap Gap(T ) can
be polynomially bounded, it is sufficient to show that the sequence (wm)m∈T is log-concave.
Log-concavity means that for any m ∈ T {m1,m2}, wm−1wm+1 ≤ w2

m.

▶ Theorem 21. The sequence (wm)m∈T is log-concave for all interval sequences [ℓ,u] for
which ui ∈ {ℓi, ℓi + 1} for all i ∈ [n].

Proof. We follow the notation, terminology and general outline of the proof of Theorem 5.1
in [33]. Define A = Gm+1 × Gm−1 and B = Gm × Gm. We will show that |A| ≤ |B|, from
which the claim follows.

Note that the symmetric difference of any two subgraphs of Kn can be decomposed into
a collection of alternating cycles and simple paths. We will do this in a canonical way.5 Fix

5 This decomposition is the main extra step we need compared to the proof of Theorem 5.1 in [33]. The
symmetric difference of two matchings is by construction already a disjoint union of cycles and paths.
This is also where the analysis breaks down in case the degree intervals have length at least two.
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some total order ⪯e on the edges of Kn. For two subgraphs G and G′ we will call edges in
E(G) E(G′) blue, and edges in E(G′) E(G) red. Around every node, we will pair up blue
edges with red edges as much as possible. We do this by repeatedly selecting a node and
pairing up the lowest ordered red and blue edge that have not yet been paired up. This yields
a decomposition of the symmetric difference into i) alternating red-blue cycles, ii) alternating
simple red-blue paths of even length (with same number of red and blue edges), iii) simple
paths ending and starting with a red edge, iv) simple paths ending and starting with a blue
edge. We call this the canonical symmetric difference decomposition of E(G)△E(G′) with
respect to ⪯e, or simply the canonical decomposition of E(G)△E(G′). We call a simple path
a G-path if it contains one more edge of G than of G′ (i.e., red edges are one more than blue
edges), and a G′-path if it contains one more edge of G′. We emphasize that any path of
odd length in the symmetric difference is of one of these two types.

Now, for every pair (G,G′) ∈ A it holds that the number of G-paths exceeds the number
of G′-paths by precisely two (as G has two edges more than G′). For this reason, we partition
A into disjoint classes {Ar : r = 1, . . . ,m} where

Ar = {(G,G′) ∈ A : the canonical decomposition of E(G)△E(G′)
contains r + 1 G-paths and r − 1 G′-paths} .

In order to prove |A| ≤ |B| it suffices to show |Ar| ≤ |Br| for all r. We call a pair (L,L′) ∈ B

reachable from (G,G′) ∈ A if and only if E(G)△E(G) = E(L)△E(L′) and L is obtained by
from G by taking some G-path in the canonical decomposition and flipping the parity of the
edges with respect to G and G′. It is important to see that the canonical symmetric difference
decomposition of the pairs (G,G′) and (L,L′) is the same because all degree intervals have
length one. Note that the number of pairs in Br reachable from a given (G,G′) ∈ Ar is
precisely the number of G-paths in the canonical decomposition of G and G′, which is r + 1.
Conversely, any given (L,L′) ∈ Br is reachable from precisely r pairs in Ar. Therefore, if
|Ar| > 0, we have

|Br|
|Ar|

= r + 1
r

> 1 .

This proves the claim. ◀

We are ready to bound the spectral gap of PT . Note that Ω in the statement of Theorem 22
is actually T . Recall that |T | = m2 −m1 + 1 ≤ n/2 + 1 ≤ n. Moreover, the ratios wi/wj are
also polynomially bounded for any i, j ∈ T with |i− j| = 1. This can be shown exactly as in
the proofs of the Lemmata 18 and 20; see also [2, Appendix C]. As a result, it is sufficient to
prove the statement in Theorem 22 below in order to bound the gap of PT .

▶ Theorem 22. Let (wm)m∈Ω be a log-concave sequence of non-negative numbers and let
M = (Ω, P ) be a Markov chain with transition probabilities

P (i, j) =


1
4 min {1, wj/wi} if |i− j| = 1 ,
0 if |i− j| > 1 ,
1 − P (i, i− 1) − P (i, i+ 1) if i = j .

Then 1/Gap(P ) ≤ 4 |Ω|3 maxi,j:|i−j|=1 wi/wj.6

6 We suspect a similar result is true without the dependence on the wi but this is not needed for our
purpose.
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Proof. First note that the stationary distribution π of M is proportional to the weights
(wi)i∈Ω, i.e., π(i) = wi/

∑
p∈Ω wp, as desired. We bound the congestion of the straightforward

multi-commodity flow f in which we route π(i)π(j) units of flow over the path i → (i+ 1) →
· · · → j if i < j, or i → (i− 1) → · · · → j if i > j.

We consider a fixed transition e = (z, z + 1). Note that the proof for transitions of
the form (z, z − 1) is symmetric, since a sequence (wi)i∈Ω is log-concave if and only if the
sequence (w|Ω|−i+1)i∈Ω is log-concave. We have

load(e) =
∑

1≤i≤z

∑
z<j≤|Ω|

π(i)π(j)
π(z)P (z, z + 1) ≤ 4 max

i,j:|i−j|=1

wi

wj

∑
1≤i≤z

∑
z<j≤|Ω|

π(i)π(j)
π(z)

= 4 max
i,j:|i−j|=1

wi

wj

( ∑
p∈Ω

wp

)−1 ∑
1≤i≤z

∑
z<j≤|Ω|

wiwj

wz
. (19)

Log-concavity of the sequence (wq)q∈Ω implies that for any fixed i < j, and any a ∈ N such
that i+ a ≤ j − a, we have

wiwj ≤ wi+awj−a . (20)

This follows from repeatedly applying the log-concavity condition. Indeed, log-concavity
gives us wi

wi+1
≤ wi+1

wi+2
≤ . . . ≤ wj−2

wj−1
≤ wj−1

wj
and thus wiwj ≤ wi+1wj−1. By repeating this

with i+ 1 and j − 1 (i.e., by removing the outer terms) we get wi+1
wi+2

≤ . . . ≤ wj−2
wj−1

and thus
wi+1wj−1 ≤ wi+2wj−2. After a steps we get (20).

Now, for a fixed i and j in the double summation in (19), let aij be such that wi+aij or
wj−aij

(or both) equals wz. Then (20) gives us that wiwj ≤ wz wp for some p ∈ Ω. Note
that for any choice of z, the double summation in (19) has at most |Ω|2 terms (as there are
at most |Ω| choices for i and j). This implies that∑

1≤i≤z

∑
z<j≤|Ω|

wiwj/wz ≤ |Ω|2
∑
p∈Ω

wzwp/wz = |Ω|2
∑
p∈Ω

wp .

Combining this inequality with (19), we obtain

load(e) ≤ 4|Ω|2 max
i,j:|i−j|=1

wi/wj .

The proof is completed once we notice that, by the definition of the flow f , length(f) ≤ |Ω|. ◀

This then completes the proof of Theorem 3.
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as an infinite sequence such that the Levenshtein edit distance between any two consecutive words
is bounded by a value that depends only on the language. For instance, pa ` bq˚ is orderable (with
a variant of the Gray code), but a˚

` b˚ is not.
We characterize which regular languages are enumerable in this sense, and show that this can

be decided in PTIME in an input deterministic finite automaton (DFA) for the language. In fact,
we show that, given a DFA A, we can compute in PTIME automata A1, . . . , At such that LpAq is
partitioned as LpA1q \ . . . \ LpAtq and every LpAiq is orderable in this sense. Further, we show that
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8:2 Enumerating Regular Languages with Bounded Delay

1 Introduction

Enumeration algorithms [23, 26] are a way to study the complexity of problems beyond
decision or function problems, where we must produce a large number of outputs without
repetitions. In such algorithms, the goal is usually to minimize the worst-case delay between
any two consecutive outputs. The best possible bound is to make the delay constant, i.e.,
independent from the size of the input. This is the case, for example, when enumerating the
results of acyclic free-connex conjunctive queries [7] or of MSO queries over trees [6, 14].

Unfortunately, constant-delay is an unrealistic requirement when the objects to enumerate
can have unbounded size, simply because of the time needed to write them out. Faced by
this problem, one option is to neglect this part of the running time, e.g., following Ruskey’s
“Do not count the output principle” [21, p. 8]. In this work, we address this challenge in
a different way: we study enumeration where each new object is not written from scratch
but produced by editing the previous object, by a small sequence of edit operations called an
edit script. This further allows us to study the enumeration of infinite collections of objects,
with an algorithm that runs indefinitely and ensures that each object is produced after some
finite number of steps, and exactly once. The size of the edit scripts must be bounded, i.e., it
only depends on the collection of objects to enumerate, but not on the size of the current
object. The algorithm thus outputs an infinite series of edit scripts such that applying them
successively yields the infinite collection of all objects. In particular, the algorithm witnesses
that the collection admits a so-called ordering: it can be ordered as an infinite sequence with
a bound on the edit distance between any two consecutive objects, namely, the number of
edit operations.

In this paper, we study enumeration for regular languages in this sense, with the Lev-
enshtein edit distance and variants thereof. One first question is to determine if a given
regular language L admits an ordering, i.e., can we order its words such that the Levenshtein
distance of any two consecutive words only depends on L and not on the word lengths? For
instance, the language a˚ is easily orderable in this sense. The language a˚b˚ is orderable,
e.g., following any Hamiltonian path on the infinite N ˆ N grid. More interestingly, the
language pa ` bq˚ is orderable, for instance by considering words by increasing length and
using a Gray code [17], which enumerates all n-bit words by changing only one bit at each
step. More complex languages such as apa ` bcq˚ ` bpcbq˚ddd˚ can also be shown to be
orderable (as our results will imply). However, one can see that some languages are not
orderable, e.g., a˚ ` b˚. We can nevertheless generalize orderability by allowing multiple
“threads”: then we can partition a˚ ` b˚ as a˚ and b˚, both of which are orderable. This
leads to several questions: Can we characterize the orderable regular languages? Can every
regular language be partitioned as a finite union of orderable languages? And does this lead
to a (possibly multi-threaded) enumeration algorithm with bounded delay (i.e., depending
only on the language but not on the current word length)?

Contributions. The present paper gives an affirmative answer to these questions. Specifically,
we show that, given a DFA A, we can decide in PTIME if LpAq is orderable. If it is not, we can
compute in PTIME DFAs A1, . . . , At partitioning the language as LpAq “ LpA1q\ . . .\LpAtq

such that each LpAiq is orderable; and we show that the t given in this construction is optimal,
i.e., no smaller such partition exists. If the language is orderable (i.e., if t “ 1), we show in
fact that the same holds for a much more restricted notion of distance, the push-pop distance,
which only allows edit operations at the beginning and end of the word. The reason we are
interested in this restricted edit distance is that edit scripts featuring push and pop can be
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easily applied in constant-time to a word represented in a double-ended queue; by contrast,
Levenshtein edit operations are more difficult to implement, because they refer to integer
word positions that change whenever characters are inserted or deleted.1

And indeed, this result on the push-pop distance then allows us to design a bounded-delay
algorithm for LpAq, which produces a sequence of bounded edit scripts of push or pop
operations that enumerates LpAq. The length of the edit scripts is polynomial in |A| and the
delay of our algorithm is exponential in |A|, but crucially it remains bounded throughout
the (generally infinite) execution of the algorithm, and does not depend on the size of the
words that are achieved. Formally, we show:

▶ Result 1. Given a DFA A, one can compute in PTIME automata A1, . . . , At for some t ď

|A| such that LpAq is the disjoint union of the LpAiq, and we can enumerate each LpAiq with
bounded delay for the push-pop distance with distance bound 48|A|2 and exponential delay in
|A|. Further, LpAq has no partition of cardinality t´ 1 into orderable languages, even for the
Levenshtein distance.

Thus, we show that orderability and enumerability, for the push-pop or Levenshtein edit
distance, are in fact all logically equivalent on regular languages, and we characterize them
(and find the optimal partition cardinality) in PTIME. By contrast, as was pointed out
in [18], testing orderability for a fixed distance d is NP-hard in the input DFA, even for finite
languages.

Last, we study the push-pop-right distance, which only allows edits at the end of the word.
The motivation for studying this distance is that it corresponds to enumeration algorithms
in which the word is maintained on a stack. We show that, among the regular languages,
the slender languages [19] are then precisely those that can be partitioned into finitely many
orderable languages, and that these languages are themselves enumerable. Further, the
optimal cardinality of the partition can again be computed in PTIME:

▶ Result 2. Given a DFA A, then LpAq is partitionable into finitely many orderable languages
for the push-pop-right distance if and only if LpAq is slender (which we can test in PTIME
in A). Further, in this case, we can compute in PTIME the smallest partition cardinality,
and each language in the partition is enumerable with bounded delay with distance bound 2|A|

and linear delay in |A|.

In terms of proof techniques, our PTIME characterization of Result 1 relies on a notion
of interchangeability of automaton states, defined via paths between states and via states
having common loops. We then show orderability by establishing stratum-connectivity,
i.e., for any stratum of words of the language within some length interval, there are finite
sequences obeying the distance bound that connect any two words in that stratum. We
show stratum-connectivity by pumping and de-pumping loops close to the word endpoints.
We then deduce an ordering from this by adapting a standard technique [25] of visiting
a spanning tree and enumerating even and odd levels in alternation (see also [22, 13]).
The bounded-delay enumeration algorithm then proceeds by iteratively enlarging a custom
data structure called a word DAG, where the construction of the structure for a stratum is
amortized by enumerating the edit scripts to achieve the words of the previous stratum.

1 There is, in fact, an Ωplog |w|{ log log |w|q lower bound on the complexity of applying Levenshtein edit
operations and querying which letter occurs at a given position: crucially, this bound depends on the size
of the word. See https://cstheory.stackexchange.com/q/46746 for details. This is in contrast to the
application of push-pop-right edit operations, which can be performed in constant time (independent
from the word length) when the word is stored in a double-ended queue.
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Related work. As we explained, enumeration has been extensively studied for many struc-
tures [26]. For regular languages specifically, some authors have studied the problem of
enumerating their words in radix order [15, 1, 2, 10]. For instance, the authors of [1, 2]
provide an algorithm that enumerates all words of a regular language in that order, with
a delay of Op|w|q for w the next word to enumerate. Thus, this delay is not bounded, and
the requirement to enumerate in radix order makes it challenging to guarantee a bounded
distance between consecutive words (either in the Levenshtein or push-pop distance), which
is necessary for bounded-delay enumeration in our model. Indeed, our results show that not
all regular languages are orderable in our sense, whereas their linear-delay techniques apply
to all regular languages.

We have explained that enumeration for pa ` bq˚ relates to Gray codes, of which there
exist several variants [17]. Some variants, e.g., the so-called middle levels problem [16], aim
at enumerating binary words of a restricted form; but these languages are typically finite
(i.e., words of length n), and their generalization is typically not regular. While Gray codes
typically allow arbitrary substitutions, one work has studied a variant that only allows
restricted operations on the endpoints [9], implying the push-pop orderability of the specific
language pa ` bq˚.

Independently, some enumeration problems on automata have been studied recently in the
database theory literature, in particular for document spanners [8], which can be defined by
finite automata with capture variables. It was recently shown [11, 3] that we can enumerate
in constant delay all possible assignments of the capture variables of a fixed spanner on an
input word. In these works, the delay is constant in data complexity, which means that it
only depends on the (fixed) automaton, and does not depend on the word; this matches
what we call bounded delay in our work (where there is no input word and the automaton is
given as input). However, our results do not follow from these works, which focus on the
enumeration of results of constant size. Some works allow second-order variables and results
of non-constant size [4] but the delay would then be linear in each output, hence unbounded.

Paper structure. We give preliminaries in Section 2. In Section 3 we present our PTIME
construction of a partition of a regular language into finitely many orderable languages, and
prove that the cardinality of the obtained partition is minimal for orderability. We then
show in Section 4 that each term of the union is orderable, and then that it is enumerable in
Section 5. We present the NP-hardness result on testing orderability for a fixed distance and
our results on push-pop-right operations in Section 6. We conclude and mention some open
problems in Section 7. Due to space constraints, we mostly present the general structure
of the proofs and give the main ideas; detailed proofs of all statements can be found in the
extended version of this work [5].

2 Preliminaries

We fix a finite non-empty alphabet Σ of letters. A word is a finite sequence w “ a1 ¨ ¨ ¨ an

of letters. We write |w| “ n, and write ϵ for the empty word. We write Σ˚ the infinite
set of words over Σ. A language L is a subset of Σ˚. For k P N, we denote Lăk the
language tw P L | |w| ă ku. In particular we have Lă0 “ H.

In this paper we study regular languages. Recall that such a language can be described by
a deterministic finite automaton (DFA) A “ pQ, Σ, q0, F, δq, which consists of a finite set Q

of states, an initial state q0 P Q, a set F Ď Q of final states, and a partial transition function
δ : Q ˆ Σ Ñ Q. We write |A| the size of representing A, which is Op|Q| ˆ |Σ|q. A (directed)
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path in A from a state q P Q to a state q1 P Q is a sequence of states q “ q0, . . . , qn “ q1 where
for each 0 ď i ă n we have qi`1 “ δpqi, aiq for some ai. For a suitable choice a0, . . . , an´1,
we call the word a0 ¨ ¨ ¨ an´1 P Σ˚ a label of the path. In particular, there is an empty path
with label ϵ from every state to itself. The language LpAq accepted by A consists of the
words w that label a path from q0 to some final state. We assume without loss of generality
that all automata are trimmed, i.e., every state of Q has a path from q0 and has a path to
some final state; this can be enforced in linear time.

Edit distances. For an alphabet Σ, we denote by δLev : Σ˚ ˆ Σ˚ Ñ N the Levenshtein
edit distance: given u, v P Σ˚, the value δLevpu, vq is the minimum number of edits needed
to transform u into v, where the edit operations are single-letter insertions, deletions or
substitutions (we omit their formal definitions).

While our lower bounds hold for the Levenshtein distance, our positive results already
hold with a restricted set of 2|Σ| ` 2 edit operations called the push-pop edit operations:
pushLpaq and pushRpaq for a P Σ, which respectively insert a at the beginning and at the end
of the word, and popLpq and popRpq, which respectively remove the first and last character
of the word (and cannot be applied if the word is empty). Thus, we define the push-pop edit
distance, denoted δpp, like δLev but allowing only these edit operations.

Orderability. Fixing a distance function δ : Σ˚ ˆ Σ˚ Ñ N over Σ˚, for a language L Ď Σ˚

and d P N, a d-sequence in L is a (generally infinite) sequence s of words w1, . . . , wn, . . .

of L without repetition, such that for every two consecutive words wi, wi`1 in s we have
δpwi, wi`1q ď d. We say that s starts at w1 and, in case s is finite and has n elements, that s

ends at wn (or that s is between w1 and wn). A d-ordering of L is a d-sequence s in L such
that every word of L occurs in s; equivalently, it is a permutation of L such that any two
consecutive words are at distance at most d. An ordering is a d-ordering for some d P N.
If these exist, we call the language L, respectively, d-orderable and orderable. We call L

pt, dq-partition-orderable if it can be partitioned into t languages that each are d-orderable:

▶ Definition 2.1. Let L be a language and t, d P N. We call L pt, dq-partition-orderable if L

has a partition L “
Ů

1ďiďt Li such that each Li is d-orderable.2

Note that, if we allowed repetitions in d-orderings, then the language of any DFA A would
be Op|A|q-orderable: indeed, any word w can be transformed into a word w1 of length Op|A|q

by iteratively removing simple loops in the run of w. By contrast, we will see in Section 3
that allowing a constant number of repetitions of each word makes no difference.

▶ Example 2.2. We consider the Levenshtein distance in this example. The language paaq˚

is p1, 2q-partition-orderable (i.e., 2-orderable) and not pk, 1q-partition-orderable for any k P N.
The language a˚ ` b˚ is p2, 1q-partition-orderable and not orderable, i.e., not d-orderable for
any d P N. Any finite language is d-orderable with d the maximal length of a word in L. The
non-regular language tan2

| n P Nu is not pt, dq-partition-orderable for any t, d P N.

Enumeration algorithms. We study enumeration algorithms, which output a (generally
infinite) sequence of edit scripts σ1, σ2, . . .. We only study enumeration algorithms where
each edit script σi is a finite sequence of push-pop edit operations. The algorithm enumerates
a language L if the sequence satisfies the following condition: letting w1 be the result of

2 We use
Ů

for disjoint unions.
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8:6 Enumerating Regular Languages with Bounded Delay

applying σ1 on the empty word, w2 be the result of applying σ2 to w1, and so on, then all wi

are distinct and L “ tw1, w2, . . .u. If L is infinite then the algorithm does not terminate, but
the infinite sequence ensures that every w P L is produced as the result of applying (to ϵ)
some finite prefix σ1, . . . , σn of the output.

We aim for bounded-delay algorithms, i.e., each edit script must be output in time that
only depends on the language L that is enumerated, but not on the current length of the
words. Formally, the algorithm can emit any push-pop edit operation and a delimiter Output,
it must successively emit the edit operations of σi followed by Output, and there is a bound
T ą 0 (the delay) depending only on L such that the first Output is emitted at most T

operations after the beginning of the algorithm, and for each i ą 1 the i-th Output is emitted
at most T operations after the pi´ 1q-th Output. Note that our notion of delay also accounts
for what is usually called the preprocessing phase in the literature, i.e., the phase before the
first result is produced. Crucially the words wi obtained by applying the edit scripts σi are
not written, and T does not depend on their length.

We say that a bounded-delay algorithm d-enumerates a language L if it produces
a d-ordering of L (for the push-pop distance). Thus, if L is d-enumerable (by an algo-
rithm), then L is in particular d-orderable, and we will show that for regular languages, the
converse also holds.

▶ Example 2.3. Consider the regular language L :“ a˚b˚`b˚a˚. This language is 2-orderable
for the push-pop distance. Indeed, we can order it by increasing word length, finishing for
word length i by the word ai as follows. We start by length zero with the empty word ϵ (so
the first edit script is empty), then, assuming we have ordered all words of L of size ď i

while finishing with ai, we continue with words of L of size i ` 1 in the following manner:
we push-right the letter b to obtain aib, and then we “shift” with edit scripts of the form
ppushRpbq; popLpqq until we obtain bi`1, and then we shift again with edit scripts of the
form ppushRpaq; popLpqq until we obtain ai`1 as promised. This gives us an enumeration
algorithm for L, shown in Algorithm 1. As such, the delay of Algorithm 1 is not bounded,
because of the time needed to increment the integer variable size: this variable becomes
arbitrarily large throughout the enumeration, so it is not realistic to assume that we can
increment it in constant time. This can however be fixed by working in a suitable pointer
machine model, as explained next.

Note that our enumeration algorithms run indefinitely, and thus use unbounded memory:
this is unavoidable because their output would necessarily be ultimately periodic otherwise,
which is not suitable in general. To avoid specifying the size of memory cells or the complexity
of arithmetic computations (e.g., incrementing the integer size in Algorithm 1), we consider
a different model called pointer machines [24] which only allows arithmetic on a bounded
domain. We use this model for our enumeration algorithms (but not, e.g., our other complexity
results such as PTIME bounds).

Intuitively, a pointer machine works with records consisting of a constant number of
labeled fields holding either data values (in our case of constant size, i.e., constantly many
possible values) or pointers (whose representation is not specified). The machine has memory
consisting of a finite but unbounded collection of records, a constant number of which are
designated as registers and are always accessible. The machine can allocate records in
constant time, retrieving a pointer to the memory location of the new record. We can access
the fields of records, read or write pointers, dereference them, and test them for equality,
all in constant time, but we cannot perform any other manipulation on pointers or other
arithmetic operations. (We can, however, count in unary with a linked list, or perform
arbitrary operations on the constant-sized data values.) See the full version [5] for details.
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Algorithm 1 Push-pop enumeration algorithm for the language a˚b˚
` b˚a˚ from

Example 2.3.

// The first edit script is empty, corresponding to the empty word.
Output;
int size “ 0;
while true do

size``;
pushRpbq ; Output;
for int j “ 0; j ă size ´ 1; j`` do

pushRpbq ; popLpq ; Output;
end
for int j “ 0; j ă size; j`` do

pushRpaq ; popLpq ; Output;
end

end

▶ Example 2.4. Continuing Example 2.3, Algorithm 1 can easily be adapted to a pointer-
machine algorithm that 2-enumerates L, maintaining the word in a double-ended queue
(deque) and keeping pointers to the first and last positions in order to know when to stop
the for loops. Deques can indeed be simulated in this machine model, e.g., with linked lists.

3 Interchangeability partition and orderability lower bound

In this section, we start the proof of our main result, Result 1. Let A be the DFA and let Q

be its set of states. The result is trivial if the language LpAq is finite, as we can always
enumerate it naively with distance Op|A|q and some arbitrary delay bound, so in the rest of
the proof we assume that LpAq is infinite.

We will first define a notion of interchangeability on DFAs by introducing the notions of
connectivity and compatibility on DFA states (this notion will be used in the next section
to characterize orderability). We then partition LpAq into languages LpA1q \ ¨ ¨ ¨ \ LpAtq

following a so-called interchangeability partition, with each Ai having this interchangeability
property. Last, we show in the section our lower bound establishing that t is optimal.

Interchangeability. To define our notion of interchangeability, we first define the loopable
states of the DFA as those that are part of a non-empty cycle (possibly a self-loop):

▶ Definition 3.1. For a state q P Q, we let Aq be the DFA obtained from A by setting q

as the only initial and final state. We call q loopable if LpAqq ‰ tϵu, and non-loopable
otherwise.

We then define the interchangeability relation on loopable states as the transitive closure
of the union of two relations, called connectivity and compatibility:

▶ Definition 3.2. We say that two loopable states q and q1 are connected if there is a directed
path from q to q1, or from q1 to q. We say that two loopable states q, q1 are compatible
if LpAqq X LpAq1q ‰ tϵu. These two relations are symmetric and reflexive on loopable states.
We then say that two loopable states q and q1 are interchangeable if they are in the transitive
closure of the union of the connectivity and compatibility relations. In other words, q and q1
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Figure 1 Example DFAs from Example 3.4.

are interchangeable if there is a sequence q “ q0, . . . , qn “ q1 of loopable states such that for
any 0 ď i ă n, the states qi and qi`1 are either connected or compatible. Interchangeability
is then an equivalence relation over loopable states.

Note that if two loopable states q, q1 are in the same strongly connected component
(SCC) of A then they are connected, hence interchangeable. Thus, we can equivalently see
the interchangeability relation at the level of SCCs (excluding those that do not contain a
loopable state, i.e., excluding the trivial SCCs containing only one state having no self-loop).

▶ Definition 3.3. We call classes of interchangeable states, or simply classes, the equivalence
classes of the interchangeability relation. Recall that, as LpAq is infinite, there is at least one
class. We say that the DFA A is interchangeable if the partition has only one class, in other
words, if all loopable states of A are interchangeable.

▶ Example 3.4. The DFA A1 shown in Figure 1a for the language pa ` bq˚ has only one
loopable state, so A1 is interchangeable.

The DFA A2 shown in Figure 1b for the language a˚b˚ has two loopable states 0 and 1
which are connected, hence interchangeable. Thus, A2 is interchangeable.

The DFA A3 shown in Figure 1c for the language c˚pa˚ ` b˚q has three loopable states:
0, 1 and 2. The states 0 and 1 are connected, and 0 and 2 are also connected, so all loopable
states are interchangeable and A3 is interchangeable.

The DFA A4 shown in Figure 1d for the language a˚ ` b˚ has two loopable states 1 and 2
which are neither connected nor compatible. So A4 is not interchangeable.

The DFA A5 shown in Figure 1e for the language apa ` bcq˚ ` bpcbq˚ddd˚ mentioned in
the introduction has five loopable states: 1, 2, 3, 4, and 6. Then 1 and 2 are connected, 3
and 4 are connected, 3 and 6 are connected, and 1 and 4 are compatible (with the word bc).
Hence, all loopable states are interchangeable and A5 is interchangeable.

The DFA A6 shown in Figure 1f for the language a˚b˚ ` b˚a˚ from Example 2.3 has
four loopable states: 1, 2, 3, and 4. Then 1 and 2 are connected, 3 and 4 are connected,
and (for instance) 1 and 4 are compatible (with the word a). Hence all loopable states are
interchangeable and A6 is interchangeable.
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Interchangeability partition. We now partition LpAq using interchangeable DFAs:

▶ Definition 3.5. An interchangeability partition of A is a sequence A1, . . . , At of DFAs such
that LpAq is the disjoint union of the LpAiq and every Ai is interchangeable. Its cardinality
is the number t of DFAs.

Let us show how to compute an interchangeability partition whose cardinality is the
number of classes. We will later show that this cardinality is optimal. Here is the statement:

▶ Proposition 3.6. We can compute in polynomial time in A an interchangeability partition
A1, . . . , At of A, with t ď |A| the number of classes of interchangeable states.

Intuitively, the partition is defined following the classes of A. Indeed, considering any
word w P LpAq and its accepting run ρ in A, for any loopable state q and q1 traversed in ρ,
the word w witnesses that q and q1 are connected, hence interchangeable. Thus, we would like
to partition the words of LpAq based on the common class of the loopable states traversed in
their accepting run. The only subtlety is that LpAq may also contain words whose accepting
run does not traverse any loopable state, called non-loopable words. For instance, ϵ is a
non-loopable word of LpA5q for A5 given in Figure 1e. Let us formally define the non-loopable
words, and our partition of the loopable words based on the interchangeability classes:

▶ Definition 3.7. A word w “ a1 ¨ ¨ ¨ an of LpAq is loopable if, considering its accepting run
q0, . . . , qn with q0 the initial state and qi “ δpqi´1, aiq for 1 ď i ď n, one of the qi is loopable.
Otherwise, w is non-loopable. We write NLpAq the set of the non-loopable words of LpAq.

Letting C be a class of interchangeable states, we write LpA, Cq the set of (loopable) words
of LpAq whose accepting run traverses a state of C.

We then have the following, with finiteness of NLpAq shown by the pigeonhole principle:

▷ Claim 3.8. The language LpAq can be partitioned as NLpAq and LpA, C1q, . . . , LpA, Ctq

over the classes C1, . . . , Ct of interchangeable states, and further NLpAq is finite.

We now construct an interchangeability partition of A of the right cardinality by defining
one DFA Ai for each class of interchangeable states, where we simply remove the loopable
states of the other classes. These DFAs are interchangeable by construction. We modify the
DFAs to ensure that the non-loopable words are only captured by A1. This construction
(explained in the full version [5]) is doable in PTIME, in particular the connectivity and
compatibility relations can be computed in PTIME, testing compatibility by checking the
nonemptiness of product automata. This establishes Proposition 3.6.

Lower bound. We have shown how to compute an interchangeability partition of a DFA A

with cardinality the number t of classes. Let us now show that this value of t is optimal,
in the sense that LpAq cannot be partitioned into less than t orderable (even non-regular)
languages. This lower bound holds even when allowing Levenshtein edits. Formally:

▶ Theorem 3.9. For any partition of the language LpAq as LpAq “ L1 \ ¨ ¨ ¨ \Lt1 if for each
1 ď i ď t1 the language Li is orderable for the Levenshtein distance, then we have t1 ě t for t

the number of classes of A.

This establishes the negative part of Result 1. Incidentally, this lower bound can also be
shown even if the unions are not disjoint, indeed even if we allow repetitions, provided that
there is some constant bound on the number of repetitions of each word.

Theorem 3.9 can be shown from the following claim which establishes that sufficiently
long words from different classes are arbitrarily far away for the Levenshtein distance:
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▶ Proposition 3.10. Letting C1, . . . , Ct be the classes of A, for any distance d P N, there
is a threshold l P N such that for any two words u P LpA, Ciq and v P LpA, Cjq with i ‰ j

and |u| ě l and |v| ě l, we have δLevpu, vq ą d.

This proposition implies Theorem 3.9 because, if we could partition LpAq into less than t

orderable languages, then some ordering must include infinitely many words from two
different classes LpA, Ciq and LpA, Cjq, hence alternate infinitely often between the two. Fix
the distance d, and consider a point when all words of L of length ď maxpl, maxwPNLpAq |w|q

have been enumerated, for l the threshold of the proposition: then it is no longer possible for
any ordering to move from one class to another, yielding a contradiction. As for the proof of
Proposition 3.10, we give a sketch below (the complete proofs are in the full version [5]):

Proof sketch. Given a sufficiently long word u P LpA, Ciq, by the pigeonhole principle its
run must contain a large number of loops over some state q P Ci. Assume that we can
edit u into v P LpA, Cjq with d edit operations: this changes at most d of these loops. Now,
considering the accepting run of v and using the pigeonhole principle again on the sequence
of endpoints of contiguous unmodified loops, we deduce that some state q1 occurs twice; then
q1 P Cj by definition of LpA, Cjq. The label of the resulting loop on q1 is then also the label of
a loop on q, so q and q1 are compatible, hence Ci “ Cj . ◀

4 Orderability upper bound

We have shown in the previous section that we could find an interchangeability partition
of any regular language LpAq into languages LpA1q, . . . , LpAtq of interchangeable DFAs,
for t the number of classes. We know by our lower bound (Theorem 3.9) that we cannot
hope to order LpAq with less than t sequences. Thus, in this section, we focus on each
interchangeable Ai separately, and show how to order LpAiq as one sequence. Hence, we
fix for this section a DFA A that is interchangeable, write k its number of states, and show
that LpAq is orderable. We will in fact show that this is the case for the push-pop distance:

▶ Theorem 4.1. For any interchangeable DFA A, the language LpAq is 48k2-orderable for
the push-pop distance.

We show this result in the rest of this section, and strengthen it in the next section to a
bounded-delay algorithm. Before starting, we give an overview of the structure of the proof.
The proof works by first introducing d-connectivity of a language (not to be confused with
the connectivity relation on loopable automaton states). This weaker notion is necessary
for d-orderability, but for finite languages we will show a kind of converse: d-connectivity
implies 3d-orderability. We will then show that LpAq is stratum-connected, i.e., the finite
strata of words of LpAq in some length interval are each d-connected for some common d.
Last, we will show show that this implies orderability, using the result on finite languages.

Connectivity implies orderability on finite languages. We now define d-connectivity:

▶ Definition 4.2. A language L is d-connected if for every pair of words u, v P L, there
exists a d-sequence in L between u and v.

Clearly d-connectivity is a necessary condition for d-orderability: indeed if w1, w2, . . .

is a d-ordering of L, and u “ wi, v “ wj are two words of L with i ď j (without loss of
generality), then wi, wi`1, . . . , wj is indeed a d-sequence in L between u and v. What is
more, for finite languages, the converse holds, up to multiplying the distance by a constant
factor:
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▶ Lemma 4.3. Let L be a finite language that is d-connected and s ‰ e be words of L. Then
there exists a 3d-ordering of L starting at s and ending at e.

Proof sketch. We use the fact, independently proved by Sekanina and by Karaganis [22, 13],
that the cube of every connected graph G has a Hamiltonian path between any pair of
vertices (see also [17]). One algorithmic way to see this is by traversing a spanning tree of G

and handling odd-depth and even-depth nodes in prefix and postfix fashion (see, e.g., [25]).
Applying this to the graph G whose vertices are the words of L and where two words w, w1

are connected by an edge when δpw, w1q ď d yields the result. ◀

The constant 3 in this lemma is optimal, as follows from [20]; see the full version [5] for
more details. Note that the result does not hold for infinite languages: a˚` b˚ is 1-connected
(via ϵ) but not d-orderable for any d.

Stratum-connectivity. To show orderability for infinite languages, we will decompose them
into strata, which simply contain the words in a certain length range. Formally:

▶ Definition 4.4. Let L be a language, let ℓ ą 0 be an integer, and let i ą 0. The i-th
stratum of width ℓ (or ℓ-stratum) of L, written stratℓpL, iq, is LăiℓzLăpi´1qℓ.

We will show that, for the language LpAq of our interchangeable DFA A, we can pick ℓ

and d such that every ℓ-stratum of LpAq is d-connected, i.e., LpAq is pℓ, dq-stratum-connected :

▶ Definition 4.5. Let L be a regular language and fix ℓ, d ą 0. We say that L is pℓ, dq-
stratum-connected if every ℓ-stratum stratℓpL, iq is d-connected.

Note that our example language a˚`b˚, while 1-connected, is not pℓ, dq-stratum-connected
for any ℓ, d, because any i-th ℓ-stratum for i ą d is not d-connected. We easily show that
stratum-connectivity implies orderability:

▶ Lemma 4.6. Let L be an infinite language recognized by a DFA with k1 states, and assume
that L is pℓ, dq-stratum-connected for some ℓ ě 2k1 and some d ě 3k1. Then L is 3d-orderable.

Proof sketch. We show by pumping that we can move across contiguous strata. Thus, we
combine orderings on each stratum obtained by Lemma 4.3 with well-chosen endpoints. ◀

We can then show using several pumping and de-pumping arguments that the language
of our interchangeable DFA A is pℓ, dq-stratum-connected for ℓ :“ 8k2 and d :“ 16k2.

▶ Proposition 4.7. The language LpAq is p8k2, 16k2q-stratum-connected.

Proof sketch. As there are only a finite number of non-loopable words, we focus on loopable
words. Consider a stratum S and two loopable words u and v of S. Their accepting runs
involve loopable states, respectively q and q1, that are interchangeable because A is. We first
show that u is d-connected (in S) to a normal form: a repeated loop on q plus a prefix and
suffix whose length is bounded, i.e., only depends on the language. We impose this in two
steps: first we move the last occurrence of q in u near the end of the word by pumping at
the left end and de-pumping at the right end, second we pump the loop on q at the right
end while de-pumping the left end. This can be done while remaining in the stratum S. We
obtain similarly a normal form consisting of a repeated loop on q1 with bounded-length prefix
and suffix that is d-connected to v in S.

Then we do an induction on the number of connectivity and compatibility relations
needed to witness that q and q1 are interchangeable. If q “ q1, we conclude using the normal
forms of u and v. If q is connected to q1, we impose the normal form on u, then we modify
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it to a word whose accepting run also visits q1, and we apply the previous case. If q is
compatible with q1, we conclude using the normal form with some loop label z in Aq X Aq1

(of length ď k2) that witnesses their compatibility. The induction case is then easy. ◀

From this, we deduce with Lemma 4.6 that LpAq is 48k2-orderable, so Theorem 4.1 holds.
Note that the construction ensures that the words are ordered stratum after stratum, so
“almost” by increasing length: in the ordering that we obtain, after producing some word w,
we will never produce words of length less than |w| ´ ℓ.

5 Bounded-delay enumeration

In this section, we show how the orderability result of the previous section yields a bounded-
delay algorithm. We use the pointer-machine model from Section 2, which we modify for
convenience to allow data values and the number of fields of records to be exponential in the
automaton (but fixed throughout the enumeration, and independent on the size of words):
see the full version [5] for more explanations. We show:

▶ Theorem 5.1. There is an algorithm which, given an interchangeable DFA A with k states,
enumerates the language LpAq with push-pop distance bound 48k2 and exponential delay
in |A|.

Let us accordingly fix the interchangeable DFA A with k states. Following Proposition 4.7,
we let d :“ 16k2 and ℓ :“ 8k2.

Overall amortized scheme. The algorithm will run two processes in parallel: the first
process simply enumerates a previously prepared sequence of edit scripts that gives a 3d-
ordering of some stratum, while the second process computes the sequences for subsequent
strata (and of course imposing that the endpoints of the sequences for contiguous strata are
sufficiently close). We initialize this by computing in an arbitrary way a 3d-ordering for the
first stratum.

The challenging part is to prepare efficiently the sequences for all strata, and in particular
to build a data structure that represents the strata. We will require of our algorithm that
it processes each stratum in amortized linear time in its size. Formally, letting Nj :“
|stratℓpL, jq| be the number of words of the j-th stratum for all j ě 1, there is a value C P N
that is exponential in |A| such that, after having run for C

ři
j“1 Nj steps, the algorithm is

done processing the i-th stratum. Note that this is weaker than processing each separate
stratum in linear time: the algorithm can go faster to process some strata and spend this
spared time later so that some later strata are processed arbitrarily slowly relative to their
size.

If we can achieve amortized linear time, then the overall algorithm runs with bounded
delay. To see why, notice that the prepared sequence for the i-th stratum has length at least
its size Ni, and we can show that the size Ni`1 of the next stratum is within a factor of Ni

that only depends on L (this actually holds for any infinite regular language and does not
use interchangeability):

▶ Lemma 5.2. Letting CA :“ pk` 1q|Σ|ℓ`k`1, for all i ě 1 we have Ni{CA ď Ni`1 ď CANi.

Proof. Each word in the pi ` 1q-th stratum of L can be transformed into a word in the i-th
stratum as follows: letting k be the number of DFA states, first remove a prefix of length at
most ℓ ` k to get a word (not necessarily in L) of length iℓ ´ k ´ 1, and then add back a
prefix corresponding to some path of length ď k from the initial state to get a word in the
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i-th stratum of L as desired. Now, for any word w of the i-th stratum, the number of words
of the pi ` 1q-th stratum that lead to w in this way is bounded by CA, by considering the
reverse of this rewriting, i.e., all possible ways to rewrite w by removing a prefix of length
at most k and then adding a prefix of length at most ℓ ` k. A simple union bound gives
Ni`1 ď CANi. Now, a similar argument in the other direction gives Ni{CA ď Ni`1. ◀

Thanks to this lemma, it suffices to argue that we can process the strata in amortized
linear time, preparing 3d-orderings for each stratum: enumerating these orderings in parallel
with the first process thus guarantees (non-amortized) bounded delay.

Preparing the enumeration sequence. We now explain in more detail the working of
the amortized linear time algorithm. The algorithm consists of two components. The
first component runs in amortized linear time over the successive strata, and prepares a
sequence Γ1, Γ2, . . . of concise graph representations of each stratum, called stratum graphs;
for each i ě 1, after C

ři
j“1 Nj computation steps, it has finished preparing the i-th stratum

graph Γi in the sequence. The second component will run as soon as some stratum graph Γi is
finished: it reads the graph Γi and computes a 3d-ordering for stratℓpL, iq in (non-amortized)
linear-time, using Lemma 4.3. Let us formalize the notion of a stratum graph:

▶ Definition 5.3. Let ∆ be the set of all push-pop edit scripts of length at most d; note
that |∆| ď p2|Σ| ` 2qd`1, and this bound depends on the alphabet and on d. For i ě 1,
the i-th stratum graph is the edge-labeled directed graph Γi “ pVi, ηiq where the nodes
Vi “ tvw | w P stratℓpL, iqu correspond to words of the i-th stratum, and the directed (labeled)
edges are given by the function ηi : Vi ˆ ∆ Ñ Vi Y tKu and describe the possible scripts: for
each vw P Vi and each s P ∆, if the script s is applicable to w and the resulting word w1 is
in stratℓpL, iq then ηpvw, sq “ vw1 , otherwise ηpvw, sq “ K.

In our machine model, each node vw of Γi is a record with |∆| pointers, i.e., we do not
store the word w. Hence, Γi has linear size in Ni.

A stratum graph sequence is an infinite sequence pΓ1, vs1 , ve1q, pΓ2, vs2 , ve2q, . . . consisting
of the successive stratum graphs together with couples of nodes of these graphs such that, for
all i ě 1, si and ei are distinct words of the i-th stratum, and we have δpppei, si`1q ď d.

We can now present the second component of our algorithm. Note that the algorithm
runs on the in-memory representations of the stratum graphs, in which, e.g., the subscripts
are not stored.

▶ Proposition 5.4. For i ě 1, given the stratum graph Γi and starting and ending nodes
vsi

‰ vei
of Γi, we can compute in time Op|Γi|q a sequence of edit scripts σ1, . . . , σNi´1

such that, letting si “ u1, . . . , uNi be the successive results of applying σ1, . . . , σNi´1 starting
with si, then u1, . . . , uNi

is a 3d-ordering of stratℓpL, iq starting at si and ending at ei.

Proof sketch. We apply the spanning tree enumeration technique from Lemma 4.3
(in Op|Γi|q) on Γi, starting with vsi and ending with vei , and read the scripts from the
edge labels. ◀

In the rest of the section we present the first component of our enumeration algorithm:

▶ Proposition 5.5. There is an integer C P N exponential in |A| such that we can produce a
stratum graph sequence pΓ1, vs1 , ve1q, pΓ2, vs2 , ve2q, . . . for L in amortized linear time, i.e., for
each i ě 1, after having run C

ři
j“1 Nj steps, the algorithm is done preparing pΓi, vsi

, vei
q.
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Word DAGs. The algorithm to prove Proposition 5.5 will grow a large structure in memory,
common to all strata, from which we can easily compute the pΓi, vsi

, vei
q. We call this

structure a word DAG. A word DAG is informally a representation of a collection of words,
each of which has outgoing edges corresponding to the possible left and right push operations.

▶ Definition 5.6. Let Λ :“ tpushRpaq | a P Σu Y tpushLpaq | a P Σu be the set of labels
corresponding to the possible left and right push operations. A pre-word DAG is an edge-
labeled directed acyclic graph (DAG) G “ pV, η, rootq where V is a set of anonymous vertices,
root P V is the root, and η : V ˆ Λ Ñ V Y tKu represents the labeled edges in the following
way: for each node v P V and label s P Λ, if ηpv, sq ‰ K then v has one successor ηpv, sq for
label s, and none otherwise. We impose:

The root has no incoming edges. All other nodes have exactly two incoming edges: one
labeled pushRpaq for some a P Σ, the other labeled pushLpbq for some b P Σ. Each node
stores two pointers leading to these two parents, which may be identical.
All nodes can be reached from the root via at least one directed path.
The root has one outgoing edge for each child, i.e., for all s P Λ, we have ηproot, sq ‰ K.

The word represented by a directed path from the root to a node n is defined inductively:
the word represented by the empty path is ϵ,
the word represented by a path P, pushRpaq is wa where w is the word represented by P ,
the word represented by a path P, pushLpaq is aw where w is the word represented by P .

The pre-word DAG G is called a word DAG if for each node n, all paths from root to n

represent the same word. This word is then called the word represented by n.

Example pre-word DAGs and word DAGs are shown on Figures 2 and 3 in the appendix.
In our machine model, each node is represented by a record; crucially, like for stratum graphs,
the word that the node represents is not explicitly written.

Crucially, word DAGs do not us allow not to create two different nodes that represent
the same word – these would be problematic since we have to enumerate without repetition.

▶ Fact 5.7. There are no two different nodes in a word DAG that represent the same word.

We can then show the following theorem, intuitively saying that we can discover all the
words of the language by only visiting words that are not too far from it:

▶ Proposition 5.8. We can build a word DAG G representing the words of L in amortized
linear time: specifically, for some value C that is exponential in |A|, for all i, after C ˆ
ři

j“1 Nj computation steps, for each word w of Σ˚ whose push-pop distance to a word
of

Ťi
j“1 stratℓpL, jq is no greater than d, then G contains a node that represents w. Moreover,

there is also a value D exponential in |A| such that any node that is eventually created in the
word DAG represents a word that is at push-pop distance at most D from a word of L.

Proof sketch. We progressively add nodes to a word DAG while efficiently preserving its
properties, and thus avoid creating duplicate nodes. By labeling each node with the element
of Q Y tKu achieved by the word represented by that node, and also by the distance to the
closest known word of L, we can restrict the exploration to nodes corresponding to words
that are close to the words of L, which ensures the amortized linear time bound. ◀

This is enough to prove Proposition 5.5: we run the algorithm of Proposition 5.8 and,
whenever it has built a stratum, construct the stratum graph Γi and nodes vsi , vei by
exploring the relevant nodes of the word DAG. Full proofs are deferred to the full version [5].
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6 Extensions

Complexity of determining the optimal distance. We have shown in Result 1 that, given
a DFA A, we can compute in PTIME a minimal cardinality partition of LpAq into languages
that are each d-orderable, for d “ 48|A|2. However, we may achieve a smaller distance d

if we increase the cardinality, e.g., a˚ ` bbba˚ is p1, 3q-partition-orderable and not p1, dq-
partition-orderable for d ă 3, but is p2, 1q-partition-orderable. This tradeoff between t and d

seems difficult to characterize, and in fact it is NP-hard to determine if an input DFA is
pt, dq-partition-orderable, already for fixed t, d and for finite languages. Indeed, there is a
simple reduction pointed out in [18] from the Hamiltonian path problem on grid graphs [12]:

▶ Proposition 6.1 ([18]). For any fixed t, d ě 1, it is NP-complete, given a DFA A with
LpAq finite, to decide if LpAq is pt, dq-partition-orderable (with the push-pop or Levenshtein
distance).

Push-pop-right distance. A natural restriction of the push-pop distance would be to
only allow editions at the right endpoint of the word, called the push-pop-right distance.
A d-ordering for this distance witnesses that the words of the language can be produced
successively while being stored in a stack, each word being produced after at most d edits.

Unlike the push-pop distance, one can show that some regular languages are not even
partition-orderable for this distance, e.g., a˚b˚ is not pt, dq-partition-orderable with any t, d P

N. The enumerable regular languages for this distance in fact correspond to the well-known
notion of slender languages. Recall that a regular language L is slender [19] if there is a
bound C P N such that, for each n ě 0, we have |L X Σn| ď C. It is known [19] that we can
test in PTIME if an input DFA represents a slender language. Rephrasing Result 2 from
the introduction, we can show that a regular language is enumerable for the push-pop-right
distance if and only if it is slender; further, if it is, then we can tractably compute the optimal
number t of sequences (by counting the number of different paths to loops in the automaton),
and we can do the enumeration with bounded delay:

▶ Theorem 6.2. Given a DFA A, the language LpAq is pt, dq-partition-orderable for the
push-pop-right distance for some t, d P N if and only if LpAq is slender. Further, if LpAq is
slender, we can compute in PTIME the smallest t such that LpAq is pt, dq-partition-orderable
for some d P N for the push-pop-right distance.

In addition, there is an algorithm which, given a DFA A for which LpAq is slender and
t “ 1, enumerates the language LpAq with push-pop-right distance bound 2k and linear delay
in |A|. Further, the sequence of edit scripts produced by the algorithm is ultimately periodic.

Of course, our results for the push-pop-right distance extend to the push-pop-left distance
up to reversing the language, except for the complexity results because the reversal of the
input DFA is generally no longer deterministic.

7 Conclusion and future work

We have introduced the problem of ordering languages as sequences while bounding the
maximal distance between successive words, and of enumerating these sequences with small
edit scripts to achieve bounded delay. Our main result is a PTIME characterization of the
regular languages that can be ordered in this sense for the push-pop distance (or equivalently
the Levenshtein distance), for any specific number of sequences; and a bounded-delay
enumeration algorithm for the orderable regular languages. Our characterization uses the

STACS 2023



8:16 Enumerating Regular Languages with Bounded Delay

number of classes of interchangeable states of a DFA A for the language, which, as our results
imply, is an intrinsic parameter of LpAq, shared by all (trimmed) DFAs recognizing the same
language. We do not know if this parameter can be of independent interest.

Our work opens several questions for future research. The questions of orderability
and enumerability can be studied for more general languages (e.g., context-free languages),
other distances (in particular substitutions plus push-right operations, corresponding to the
Hamming distance on a right-infinite tape), or other enumeration models (e.g., reusing factors
of previous words). We also do not know the computational complexity, e.g., of optimizing
the distance while allowing any finite number of threads, in particular for slender languages.
Another complexity question is to understand if the bounded delay of our enumeration
algorithm could be made polynomial in the input DFA rather than exponential, or what
delay can be achieved if the input automaton is nondeterministic.
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Figure 2 Two example pre-word DAGs which are not word DAGs. The labels pushL and pushR
are abbreviated for legibility. In the left pre-word DAG, the four paths to the top node that start to
the left of the root all represent the word baa, whereas the four paths to that same node that start
to the right of the root all represent the word bba. In the right pre-word DAG, the left topmost
node represents ab and bb and the right topmost node represents aa and ba. The criteria of word
DAGs, and our construction to enlarge them, are designed to prevent these problems.
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Figure 3 An example word DAG. We annotate the nodes with the word that they represent, even
though in the memory representation the nodes are anonymous and the words are not represented.
The labels pushL and pushR are abbreviated for legibility.
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1 Introduction

The separability problem asks, given languages L1 and L2, whether there exists a language
R that separates L1 and L2, meaning L1 ⊆ R and R ∩ L2 = ∅. Here, R is constrained to be
from a particular class S of admitted separators. Since safety verification of systems with
concurrent components is usually phrased as an intersection problem for finite-word languages,
and separators certify disjointness, deciding separability can be viewed as synthesizing safety
certificates. Analogously, deciding separability for infinite-word languages is a way of
certifying liveness. If S is the class of (ω-)regular languages, we speak of regular separability.

Separability problems have been studied intensively over the last few years. If the input
languages are themselves regular and S is a subclass [36, 35, 34, 33, 37, 38, 30, 14], then
separability generalizes the classical subclass membership problem. Moreover, separability
for languages of infinite-state systems has received a significant amount of attention [16, 15,
13, 12, 9, 8, 11, 1, 44, 42, 10, 7]. Let us point out two prominent cases.

First, one of the main open problems in this line of research is whether regular separability
is decidable for (reachability) languages of vector addition systems with states (VASS): A
VASS consist of finitely many control states and a set of counters that can be incremented
and decremented, but not tested for zero. Moreover, each transition is labeled by a word
over the input alphabet. Here, a run is accepting if it reaches a final state with all counters
being zero. While there have been several decidability results for subclasses of the VASS
languages [16, 13, 12, 9, 8], the general case remains open. Second, a surprising result is that
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if K and L are coverability languages of well-structured transition systems (WSTS), then K

and L are separable by a regular language if and only if they are disjoint [13]. As VASS are
one example of WSTS, this result also applies to their coverability languages.

Regular separability in Büchi VASS. In this paper, we study the regular separability
problem for Büchi VASS. These are VASS that accept languages of infinite words. A run
is accepting if it visits some final state infinitely often. Since no condition is placed on the
counter values, Büchi VASS languages are an infinite-word analogue of finite-word coverability
languages, where acceptance is defined by the reached state (not the counters). The regular
separability problem is to decide, given Büchi VASS V1 and V2, whether there exists an
ω-regular language R such that L(V1) ⊆ R and L(V2) ∩R = ∅.

Our main results are that (i) regular separability for Büchi VASS is decidable, and
that (ii) for one-dimensional Büchi VASS (i.e. those with a single counter) the problem is
PSPACE-complete. Here, we assume that the counter updates are encoded in binary.

Given that Büchi VASS accept using final states and their transition systems are WSTS,
one may suspect that there is an analogue of the aforementioned result for WSTS: Namely,
that two languages of Büchi VASS are separable by an ω-regular language if and only if they
are disjoint. We show that this is not the case: There are Büchi VASS V1 and V2 such that
L(V1) and L(V2) are disjoint, but not separable by an ω-regular language. In fact, we show
an even larger disparity between these two problems for WSTS in the infinite-word case: We
exhibit a natural class of WSTS for which intersection is decidable but regular separability is
not. Thus, regular separability for Büchi VASS requires significantly new ideas and involves
several phenomena that do not occur for finite-word languages of VASS.

New phenomena and key ingredients. We first observe that we can assume one input
language to be fixed, namely an infinite-word version Dn of the Dyck language. Then,
following the basic separator approach from [16], we identify a small class B of ω-regular
languages such that L is separable from Dn if and only if L is included in a finite union of
sets from B. Here, a crucial insight is that a Büchi automaton can guarantee disjointness
from Dn without knowing exactly when the letter balance crosses zero. Note that a negative
letter balance is the exact condition for non-membership in Dn. In contrast, in the finite
word case, there are always separating automata that can tell when zero is crossed [16]. This
insight is also key to the example differentiating disjointness and separability in Büchi VASS,
and to the undecidability proof for certain WSTS despite decidable disjointness.

We then develop a decomposition of Büchi VASS languages into finitely many pieces,
which are induced by what we call profiles. Inspired by Büchi automata, the idea of a
profile is to fix the set of transitions that can and have to be taken infinitely often in a
run. Finding the right generalization to Büchi VASS, however, turned out to be non-trivial.
Our formulation refers to edges in the Karp-Miller graph, augmented by constraints that
guarantee the existence of an accepting run. The resulting decomposition has properties
similar to the decomposition of VASS languages into run ideals [28], which has been useful
for previous separability procedures [16, 11].

We associate to each profile a system of linear inequalities and show that separability
holds if and only if each of these systems is feasible. While this yields decidability, checking
feasibility is not sufficient to obtain a PSPACE-upper bound in the one-dimensional case.
Instead, we use Farkas’ Lemma to obtain a dual system of inequalities so that separability
fails if and only if one dual system is satisfiable. A solution to a dual system yields a
pattern in the Karp-Miller graph, called inseparability flower, which witnesses inseparability.
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Compared to prior witnesses for deciding properties of VASS languages (e.g. regularity [17],
language boundedness [6], and other properties [2]), inseparability flowers are quite unusual:
they contain a non-linear condition, requiring one vector to be a scalar multiple of another.

For one-dimensional Büchi VASS, the condition degenerates into a linear one. This allows
us to translate inseparability flowers into particular runs in a two-dimensional VASS subject
to additional linear constraints. Using methods from [4], this yields a PSPACE procedure.

Related work. It was already shown in 1976 that regular separability is undecidable for
context-free languages [41, 25]. Over the last decade, there has been intense interest in
deciding regular separability for subclasses of finite-word VASS reachability languages: The
problem is decidable for (i) reachability languages of one-dimensional VASS [12], (ii) cov-
erability languages of VASS [13], (iii) reachability languages of Parikh automata [8], and
(iv) commutative reachability languages of VASS [9]. Moreover, decidability still holds if one
input language is an arbitrary VASS language and the other is as in (i)-(iii) [16]. As discussed
above, for finite-word coverability languages of WSTS, regular separability is equivalent to
disjointness [13]. Moreover, the aforementioned undecidability for context-free languages has
been strengthened to visibly pushdown languages [27]. To our knowledge, for languages of
infinite words, separability has only been studied for regular input languages [32, 24].

Our result makes use of Farkas’ Lemma to demonstrate the absence of what can be
understood as a linear ranking function (on letter balances). There are precursors to this. In
liveness verification [39], Farkas’ Lemma has been used to synthesize, in a complete way, linear
ranking functions proving the termination of while programs over integer variables. In the
context of separability for finite words, Farkas’ Lemma was used to distinguish separable from
non-separable instances [16], similar to our approach. The novelty here is the combination of
Farkas’ Lemma with the new notion of profiles needed to deal with infinite runs.

The languages of Büchi VASS have first been studied by Valk [43] and (in the determin-
istic case) Carstensen [5]. Some complexity results (such as EXPSPACE-complexity of the
emptiness problem) were shown by Habermehl [23]. More recently, there have been several
papers on the topological complexity of Büchi VASS languages (and restrictions) [21, 18, 22].
See the recent article by Finkel and Skrzypczak [22] for an overview.

2 Preliminaries

Dyck Language. We use an infinite-word version of the Dyck language over n pairs of
matching letters ai, āi. We denote the underlying alphabet by Σn :=

⋃n
i=1{ai, āi}. The

Dyck language contains those infinite words where every occurrence of āi has a matching
occurrence of ai to its left: Dn := {w ∈ Σω

n | ∀v ∈ prefix(w) : ∀i ∈ [1, n] : φi(v) ≥ 0}. Here,
φi : Σ∗

n → Z is the ith (letter) balance function that computes for a given word w the
difference |w|ai − |w|āi . We also use φ(w) for the vector (φ1(w), . . . , φn(w)) ∈ Zn.

Büchi VASS and Automata. A Büchi vector addition system with states (Büchi VASS)
of dimension d ∈ N over alphabet Σ is a tuple V = (Q, q0, T, F ) consisting of a finite set of
states Q, an initial state q0 ∈ Q, a set of final states F ⊆ Q, and a finite set of transitions
T ⊆ Q×Σ∗ ×Zd ×Q. The size of the Büchi VASS is |V| := |Q|+1+ |F |+

∑
(q,w,δ,q′)∈T |w|+∑d

i=1 max{log |δ(i)|, 1}. If d = 0, we call V a Büchi automaton.
The semantics of the Büchi VASS is defined over configurations, which are elements of

Q× Nd. We call the second component in a configuration the counter valuation and refer to
the entry in dimension i as the value of counter i. The initial configuration is (q0,0). We lift

STACS 2023



9:4 Regular Separability in Büchi VASS

the transitions of the Büchi VASS to a relation over configurations → ⊆ Q×Nd ×Σ∗ ×Q×Nd

as follows: (q,m) w−→ (q′,m′) if there is (q, w, δ, q′) ∈ T so that m′ = m + δ. A run of the
Büchi VASS is an infinite sequence of transitions of the form (q0,0) w1−−→ (q1,m1) w2−−→ · · ·
Thus, the sequence starts in the initial configuration and makes sure the target of one
transition is the source of the next. The run is accepting if it visits final states infinitely
often, meaning there are infinitely many configurations (q,m) with q ∈ F . The run is said to
be labeled by the word w = w0w1 · · · in Σω. The language L(V) of the Büchi VASS consists
of all infinite words that label an accepting run. Note that we can always ensure that every
accepting run has an infinite-word label, by tracking in the state whether a non-ε-transition
has occurred since the last visit to a final state. An infinite-word language is (ω-)regular, if
it is the language of a Büchi automaton. As we only consider infinite-word languages, we
just call them languages.

Karp-Miller Graphs. We work with the Karp-Miller graph KM(V) associated with a Büchi
VASS V [26]. Since we are interested in infinite runs, we define the Karp-Miller graph as a
Büchi automaton. Its state set is a finite set of extended configurations, which are elements
of Q× (N ∪ {ω})d. The initial state is the initial configuration in the Büchi VASS. The final
states are those extended configurations (q,m) with q ∈ F . The transitions are labeled by
T , so instead of letters they carry full Büchi VASS transitions. An entry ω in an extended
configuration denotes the fact that a prefix of a run can be repeated to produce arbitrarily
high counter values. More precisely, the Karp-Miller graph is constructed as follows. From
an extended configuration (q,m) we have a transition labeled by (q1, a, δ, q2), if q = q1 and
m + δ remains non-negative. The latter addition is defined componentwise and assumes
ω + k := ω =: k + ω for all k ∈ Z. The result of taking the transition is the extended
configuration (q2,m2), where m2 is constructed from m + δ as follows. We raise to ω

all counters i for which there is an earlier configuration (q2,m1) with m1 ≤ m + δ and
m1(i) < [m + δ](i), earlier meaning on some path from (q0,0) to (q,m). If this is the case,
the path from (q2,m1) to (q2,m + δ) can be repeated indefinitely to produce arbitrarily
high values for counter i. We refer to the repetition of such a path in a run as pumping.

The Karp-Miller graph over-approximates the language of the Büchi VASS in the following
sense. Every infinite sequence of transitions that leads to a run of the Büchi VASS is the
labeling of an infinite run in the Karp-Miller graph. Moreover, if the run of the Büchi VASS
is accepting, so is the run in the Karp-Miller graph. In the other direction, every finite
transition sequence in the Karp-Miller graph represents a transition sequence in the Büchi
VASS. The sequence in the Büchi VASS, however, may be longer to compensate negative
effects on ω-entries by pumping.

3 Problem, Main Result, and Proof Outline

A language R is a regular separator for a pair of languages L1, L2, if R is regular, L1 ⊆ R, and
R ∩ L2 = ∅. We write L1 |L2 for the fact that a regular separator exists. We consider here
languages of Büchi VASS, and formulate the regular separability problem as follows. Given
Büchi VASS V1, V2, check whether L(V1) |L(V2) holds. Our main result is the following.

▶ Theorem 3.1. The regular separability problem for Büchi VASS is decidable.

It should be noted that our procedure is non-primitive recursive, as it explicitly constructs
the Karp-Miller graph of an input Büchi VASS, which can be of Ackermannian size [31,
Theorem 2]. In the case of VASS coverability languages (and even for more general WSTS),
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Figure 1 Left: A Büchi VASS accepting a language S with S ∩ D1 = ∅ but S ̸ | D1. Here, e1 ∈ Z
is the one-dim. vector with entry 1. Right: A regular language that is not included in a finite union
of languages Pi,k and Si,k, but that is included in Sx,k for x = (1, 1), k = 1. The horizontal and
vertical dimensions denote the balance for a1 resp. a2.

it is known that regular separability is equivalent to disjointness [13]. Thus, for finite
words, separability reduces to the much better understood problem of disjointness. For the
infinite-word languages considered here, the situation is different.

▶ Theorem 3.2. There are Büchi VASS languages L1, L2 with L1 ∩ L2 = ∅ and L1 ̸ |L2.
There are classes of WSTS where intersection is decidable but separability is not.

For the second statement, we introduce the class of weak Büchi reset VASS, which are VASS
with reset instructions, with the additional constraint that each run can only use resets a
finite number of times.

For the first statement of Theorem 3.2, let us give an intuition. We choose L1 = L(V),
where V is the Büchi VASS in Figure 1(left), and L2 = D1, the Dyck language. To show
L(V) ̸ | D1, suppose there is a Büchi automaton A with n states such that L(V) ⊆ L(A)
and L(A) ∩ D1 = ∅. Then A has to accept (an

1 ā
n+1
1 )ω ∈ L(V). However, pumping yields

that for some m > n the word (am
1 ā

n+1
1 )ω ∈ D1 also has to be accepted by A, contradiction.

Moreover, to show L(V) ∩D1 = ∅ we observe that in accepting runs of V , almost every visit
(meaning: all but finitely many) to the final state drops the letter balance by 1. Therefore on
any accepting run this balance eventually becomes negative, yielding a word outside of D1.

In the remainder of the section, we outline the proof of Theorem 3.1. Assume we are
given L1 = L(V1) and L2 = L(V2) and this is a non-trivial instance of separability, meaning
L1, L2 are not regular and L1 ∩ L2 = ∅. For proving separability, we could enumerate
regular languages until we find a separator. The difficult part is disproving separability.
Inseparability of L1 and L2 is witnessed by a set of words W ⊆ L1 so that every regular
language R containing them already intersects L2, formally: W ⊆ R implies R ∩ L2 ̸= ∅.
Showing the existence of such a set W is difficult for two reasons. First, it is unclear which
sets of words ensure the universal quantification over all regular languages. Second, as we
have a non-trivial instance of separability, W (if it exists) will be a non-regular language. So
it is unclear how to represent it in a finite way and how to check its existence.

To address the first problem and understand the sets of words that disprove separability,
we use diagonalization. Call an (L2-)separator candidate a regular language that is disjoint
from L2. Let R1, R2, . . . be an enumeration of the separator candidates. If L1 is not separable
from L2, for every Ri there is a word wi ∈ L1 with wi /∈ Ri. We call such a set of words
W = {w1, w2, . . .} that escapes every separator candidate an inseparability witness.

▶ Observation 3.3. L1 ̸ |L2 if and only if there is an inseparability witness.
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Our decision procedure will check the existence of an inseparability witness. We obtain the
procedure in four steps: the first is a simplification, the second is devoted to understanding
the separator candidates, the third is another simplification, and the last characterizes the
inseparability witnesses and checks their existence.

Step 1: Fixing L2. We first reduce general regular separability to regular separability from
the Dyck language. The reduction is simple and works just as for finite words [16].

▶ Lemma 3.4. Given Büchi VASS V1 and V2, we can compute a Büchi VASS V over Σn so
that L(V1) |L(V2) if and only if L(V) |Dn, where n is the dimension of V2.

Step 2: Understanding the Separator Candidates. To understand the regular languages
that are disjoint from Dn, we will define basic separators, sets Pi,k and Sx,k, on which we
elaborate in a moment. The following theorem says that finite unions of basic separators are
sufficient for regular separability. This is our first technical result and shown in Section 4.

▶ Theorem 3.5. If R ⊆ Σω
n is regular and R ∩Dn = ∅, then R is included in a finite union

of basic separators.

For the definition of Pi,k, we note that the words outside Dn have, for some index i ∈ [1, n],
an earliest moment in time where the balance between ai and āi falls below zero. To turn
this into a regular language, we impose an upper bound k ∈ N on the (positive) balance
between the letters ai and āi that is maintained until the earliest moment is reached. This
yields the regular language

Pi,k := {w ∈ Σω
n | ∃v ∈ prefix(w) : φi(v) < 0 ∧ ∀u ∈ prefix(v) : φi(u) ≤ k}.

The family of languages Pi,k already captures the complement of Dn. The problem is
that we may need infinitely many such languages to cover the language R of interest. For
every bound k, a regular R with R∩D1 = ∅ may contain a word with a higher balance before
falling below zero, take for example R = a∗

1ā
ω
1 . The first insight is that if R can fall below

zero from arbitrarily high values, then the underlying Büchi automaton has to contain loops
with a negative balance. The R thus contains words uv with an unconstrained prefix and a
suffix that decomposes into v = v1v2 · · · so that every infix w = vℓ has a negative balance on
letter ai. The observation suggests the definition of a language that contains precisely the
words u.v. To make the language regular, we impose a bound k on the positive balance that
can be used during the infixes w. Call the resulting language Si,k. Unfortunately, taking the
Pi,k and the Si,k as basic separators is still not enough: Figure 1(right) exhibits a regular
language, disjoint from D1, that is not included in a finite union of Pi,k and Si,k, because it
contains infixes where the balance on each letter exceeds all bounds in each coordinate.

The second insight is that we can catch the remaining words with a version of Si,k that
weights coordinates with some x ∈ Nn. Let us give some intuition on this. The words from R

that we cannot catch with a Pi,k must come across, for each i that becomes negative, a loop
with positive balance on i (otherwise, the balance on those i would be bounded). But then,
the only way such words can avoid D1 is by ending up in a strongly connected component
where every loop (with a final state) makes progress towards crossing 0, i.e. is negative in
some coordinate. One can then conclude that even all Q≥0-linear combinations of loops
(a convex set) must avoid the positive orthant Qn

≥0 ⊂ Qn. By the Hyperplane Separation
Theorem (we use it in the form of Farkas’ Lemma), this is certified by a hyperplane that
separates all loop effects from Qn

≥0. This hyperplane is given by some orthogonal vector
x ∈ Nn, meaning that every loop balance must have negative scalar product with x. Hence,
we can catch these words by:
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Sx,k :=
{
u.v ∈ Σω

n

∣∣∣∣∣ a.) ∀f ∈ infix(v) : ⟨x, φ(f)⟩ ≤ k, and
b.) v = v0.v1.v2 · · · ∧ ∀ℓ ∈ N : ⟨x, φ(vℓ)⟩ < 0

}
.

Coming back to Figure 1(right), the weight vector x = (1, 1) guarantees that the weighted
balance decreases indefinitely and also the weighted balances of all infixes stay bounded.
In [16], a similar argument has been used to show sufficiency of basic separators.

Step 3: Pumpable Languages. With the basic separators at hand, the task is to understand
the sets of words witnessing inseparability. While studying this problem, we observed that
the argumentation for the Pi,k was always similar to the one for the Sx,k. This led us to
the question of whether we can get rid of the Pi,k in separators. The answer is positive, and
hinges on a new notion of pumpability for languages over Σn.

Call infinite words u and v equivalent, written u ∼ v, if v can be obtained from u by
removing and inserting finitely many letters: There are u0, v0 ∈ Σ∗ and w ∈ Σω such that
u = u0w and v = v0w. We say that a language L ⊆ Σω

n is pumpable if for every w ∈ L

and every k ∈ N, there exists a decomposition w = w0w1 and a word w′
0 ∈ Σ∗

n that is a
prefix of a word in Dn such that w′

0.w1 ∈ L and the letter balance satisfies the following:
(a) φ(w′

0) ≥ φ(w0) and (b) for the indices i ∈ [1, n] where φi becomes negative on some
prefix of w, we have φi(w′

0) ≥ max{φi(w0), 0} + k. The consequence of this definition is that
a pumpable language leaves every language Pk :=

⋃
i∈[1,n] Pi,k. Indeed, for every word w ∈ L

and every k ∈ N, there is a word w′ ∈ L with w ∼ w′ where the letter balance exceeds k
before becoming negative, and thus w′ /∈ Pk. With the previous characterization of separator
candidates, what is left to separate L from Dn are the languages Sx,k.

▶ Lemma 3.6. If L ⊆ Σω
n is pumpable, then L | Dn if and only if L |limDn, where L |limDn

means L ⊆
⋃

x∈X Sx,k for some finite set X ⊆ Nn and some k ∈ N.

In our context, pumpability is interesting because we can turn every Büchi VASS language
into a pumpable language without affecting separability.

▶ Theorem 3.7. Let V be a d-dim. Büchi VASS over Σn. We can compute a d-dim. Büchi
VASS Vpump that satisfies the following:
1. L(Vpump) is pumpable,
2. there is a k ∈ N so that L(Vpump) ⊆ L(V) ⊆ L(Vpump) ∪ Pk, and
3. L(V) | Dn if and only if L(Vpump) | Dn.
The construction of Vpump employs the Karp-Miller graph in an original way, namely to
track the unboundedness of letter balances. Let V̄ be the (d+ n)-dimensional Büchi VASS
obtained from V by tracking the effect of the letters from Σn in n additional counters. For
V̄, we construct the Karp-Miller graph. The relationship between the languages of KM(V̄)
and V is as follows. For all words where every letter balance stays non-negative, their runs
in V can be mimicked in KM(V̄). For all other words, where the balance eventually becomes
negative, this only holds if the corresponding counter in V̄ has been raised to ω beforehand.
Essentially, the new Büchi VASS Vpump restricts V to those runs that have counterparts in
KM(V̄). This is achieved with a simple product construction of V and KM(V̄). The thing
to note is that every word from L(V) that does not make it into L(Vpump) belongs to Pk,
where k is the maximum concrete number in KM(V̄): A run in V that cannot be mimicked
in KM(V̄) will at some point have a negative letter balance, before reaching ω in KM(V̄) in
that component; thus all counter values had been at most k until that point.
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q0 q1 q2

(1, 0)|ε

0|ε 0|ε

(0,−1)|ε

(−1, 1)|ε

(1,−1)|ε

(q0, ω, 0) (q1, ω, 0) (q2, ω, 0)

(q1, 0, 0)(q0, 0, 0) (q2, 0, 0)

(q2, ω, ω)(q1, ω, ω)

e1|ε

0|ε 0|ε

e1|ε

0|ε 0|ε

−e1|a1

0|ε

0|ā1

−e1|a1

e1|ā1

Figure 2 Left: The Büchi VASS V̄ constructed from the Büchi VASS V found in Figure 1(left).
Note how the added second counter tracks the letter balance of the now removed transition labels,
incrementing on letter a1 and decrementing on letter ā1. Right: The Büchi VASS Vpump corresponding
to V as given by Theorem 3.7. Here we did not mark the final states to reduce visual clutter; every
state that includes q1 is considered final. Similarly, the two labels above the loop in the top right
correspond to two distinct transitions. Note that Vpump essentially looks like KM(V̄), just with
different transition labels.

An example on how to construct V̄ and Vpump can be found in Figure 2, where both were
constructed for the Büchi VASS found in Figure 1(left).

In the proof of Theorem 3.5, we make use of Theorem 3.7 (recall that a regular language
is the language of a 0-dimensional Büchi VASS). This may look like cyclic reasoning, but it
is not: We will show Theorem 3.7(1)+(2) directly, using the arguments above. With this, we
prove Theorem 3.5, which in turn is used to derive Lemma 3.6 and Theorem 3.7(3).

Step 4: Non-Separability Witnesses and Decidability. Because of pumpability, it remains
to decide whether a Büchi VASS language L(V) is included in a finite union

⋃
x∈X Sx,k for

some k. Part of the difficulty is that we have no bound on the cardinality of X. To circumvent
this, we decompose L(V) into a finite union

⋃
π Lπ(V), where π is a profile, meaning a set of

edges in KM(V) seen infinitely often during a run of V. We then show that each Lπ(V) is
either (i) included in a single separator Sx,k or (ii) escapes every finite union

⋃
x∈X Sx,k.

Here, it is key to show an even stronger fact: In case (i), not only Lπ(V) is included in
some Sx,k, but the entire set of runs in KM(V) that eventually remain in π. The advantage
of strengthening is that finiteness of KM(V) allows us to express inclusion in Sx,k, for some k,
as a finite system of linear inequalities over x: We say that (1) the balance of every primitive
cycle, weighted by x, is at most zero and (2) the balance, weighted by x, of some cycle
containing all edges from π is negative. Here, (1) and (2) correspond to Conditions a.) and
b.) of Sx,k. If they are met, then the runs of KM(V) along π are included in Sx,k for some k.

We then prove that if the system is not feasible, then V has runs that escape every
finite union

⋃
x∈X Sx,k. To this end, we employ Farkas’ Lemma: It tells us that if there is

no solution, then the dual system has a solution. The solution of the dual system can be
interpreted as an executable linear combination of primitive cycles with non-negative balances.
We show that these cycles can be arranged in a pattern in KM(V) we call inseparability
flower. Such an inseparability flower then yields a sequence of runs ρ1, ρ2, . . . in KM(V) such
that ρk escapes Sx,k for every vector x. Finally, pumpability allows us to lift these runs of
KM(V) to runs of V and thus conclude inseparability.

This equips us with two possible decision procedures: We can either check solvability of
each system of inequalities, or detect inseparability flowers in KM(V).
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4 Basic Separators

We prove Theorem 3.5, that any regular language R over Σn with R ∩Dn = ∅ is contained
in a finite union of languages Pi,k and Sx,k. Note that a single value of k is sufficient, since
we have Pi,k ⊆ Pi,k+1 and Sx,k ⊆ Sx,k+1 for each i,x, k. The proof decomposes the Büchi
automaton for R in a way that allows us to forget about connectedness issues and reason
over cycles (and their letter balances) using techniques from linear algebra. We make use of
the following basic fact from linear programming [40, Corollary 7.1f].

▶ Theorem 4.1 (Farkas’ Lemma (variant), [40]). Let A ∈ Qm×n be a matrix and let b ∈ Qm

be a vector. Then the system Ax ≤ b has a solution x ∈ Qn
≥0 if and only if y⊤b ≥ 0 for

each vector y ∈ Qm
≥0 with y⊤A ≥ 0.

Decomposing with profiles. We decompose R = L(A) into a (not necessarily disjoint)
union of several languages, each linked to a so-called profile. We will later see that for
pumpable R, every such profile language already has to be contained in a single Sx,k.

▶ Definition 4.2. Let A be a Büchi automaton. A profile of A is a set π of transitions of A
for which there exists a cycle σπ in A such that (a) σπ contains exactly the transitions in π,
and (b) σπ starts (and ends) in a final state qπ.

We denote by Π(A) the finite set of profiles of A. Moreover, we associate to every accepting
run ρ of A its profile Π(ρ), which contains exactly the transitions appearing infinitely often
in ρ. This definition is sound, as the infinitely occurring transitions of an accepting run must
form a cycle due to repetition, which visits a final state due to acceptance.

Given a profile π of A, we define Lπ(A) ⊆ L(A) to be the language of all words that
have an accepting run ρ of A with Π(ρ) = π. Note that this language is still regular: From
A one can construct a Büchi automaton that guesses a point after which only transitions
from π can occur, and once this point is reached it keeps a list of already used transitions
from π in each state. Then only once all transitions of π have been used the state becomes
final and the list is set back to empty.

This now allows us to view R as the union of the languages Lπ(A) with π ∈ Π(A). We
show that each language Lπ(A) is either contained in Sx,k for some x, k, or there is a cycle
that, assuming the pumpability from the previous section, makes Lπ(A) intersect Dn.

▶ Lemma 4.3. Let A be a Büchi automaton over Σn and let π be one of its profiles. Then
one of the following conditions holds:

(i) There is a number k ∈ N and a vector x ∈ Nn such that Lπ(A) ⊆ Sx,k, or
(ii) there is a cycle σ′ in A over w′ with φ(w′) ≥ 0, and σ′ contains all transitions from π.

Assume Lπ(A) ̸= ∅, otherwise Condition (i) trivially holds. We build a system Aπx ≤ b of
linear inequalities as follows. It contains one inequality ⟨x, φ(v)⟩ ≤ 0 for each word v read by
a primitive cycle of transitions in π. By primitive cycle we mean a cycle that does not repeat
a state. Moreover, the system contains the inequality ⟨x, φ(vπ)⟩ ≤ −1 for the cycle σπ over
vπ that justifies the profile π. Let us quickly remark that the solution space of the system
Aπx ≤ b is independent of the precise choice of the justifying cycle σπ: To see this, we claim
that Aπx ≤ b holds if and only if all primitive cyles in π have an x-weighted balance at most
zero, and at least one primitive cycle in π has a strictly negative x-weighted balance. For
the “if” direction, note that a sufficiently long repetition of σπ will contain each primitive
cycle as a (possibly non-contiguous) subsequence. This means, the repetition, and thus σπ,
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must have a strictly negative x-weighted balance. For the converse, we observe that σπ can
be decomposed into primitive cycles. Thus, if σπ has strictly negative x-weighted balance,
then so must at least one of its constituent primitive cycles.

Applying Farkas’ Lemma to Aπx ≤ b either yields a solution x ∈ Qn
≥0 or a vector

y ∈ Qm
≥0 with y⊤Aπ ≥ 0 and y⊤b < 0. In both cases we assume wlog. that the given vector

has entries in N, as we can always multiply with the lcm of the denominators.
Suppose we have a solution x. We claim that then Lπ(A) ⊆ Sx,k, where k = |Qπ| · h and

h is the maximal length of a transition label of A. This is because x weights primitive cycles
non-positively, and k is chosen such that for any infix v of a word in Lπ(A), if |v| > k, then
v’s associated transition sequence has to contain a primitive cycle. Thus, infixes at almost
all start positions of a word in Lπ(A) must have x-weighted balance ≤ k.

If we obtain a vector y = (y1, . . . , ym), then we can view it as a selection of rows in the
matrix Aπ, where the jth row is being selected yj many times. Since each row corresponds
to a cycle, this is also a selection of cycles. Then by y⊤b < 0 we selected σπ, where we
can insert the other selected cycles. By y⊤Aπ ≥ 0 this forms a cycle σ′ as required, with
non-negative letter balance for all letter pairs.

Here, we used a system of linear inequalities Aπx ≤ b, which was solely dependent on A
and π. We reasoned that if this system has a solution, then Condition (i) has to hold. This
is a fact that we want to refer to in a later proof, and therefore we formalize it here.

▶ Corollary 4.4. If A is a Büchi automaton with a profile π for which there is an x ∈ Nn

with Aπx ≤ b, then Lπ(A) ⊆ Sx,k for some k ∈ N.

With Theorem 3.7 and Lemma 4.3, we can now show Theorem 3.5. Suppose R = L(A) for
some Büchi automaton A. First, applying Theorem 3.7 with d = 0 yields a Büchi automaton
Apump such that L(A) ⊆ L(Apump) ∪ Pℓ for some ℓ ∈ N and L(Apump) ∩Dn = ∅. Therefore,
it suffices to show that L(Apump) is included in a finite union of languages Sx,k. Suppose not.
Then the set L(Apump) decomposes into the sets Lπ(Apump) for π ∈ Π(Apump). By Lemma 4.3,
we know that for some π, Condition (ii) must hold: Otherwise, each Lπ(Apump) would be
included in some Sx,k. But if (ii) holds for π, then there is a cycle σ′ in Apump that contains
π (and thus visits a final state) and reads a word v with φ(v) ≥ 0. Now for some finite prefix
u, the word uvω belongs to L(Apump). Since φ(v) ≥ 0, there is some lower bound B ∈ Z such
that for each i ∈ [1, n] and every prefix p of uvω, we have φi(p) ≥ B. Finally, since L(Apump) is
pumpable, we can exchange a prefix in w = uvω to obtain another word w′ ∈ L(Apump) where
every prefix p has φ(p) ≥ 0. Hence w′ ∈ Dn and thus L(Apump) ∩Dn ̸= ∅, a contradiction.

5 Deciding Regular Separability

We now present the algorithm to decide, given a Büchi VASS V whether L(V) | Dn. We
first employ Theorem 3.7, because for pumpable languages we only have to deal with one
type of basic separators. The next step is to generalize the notion of profiles from Büchi
automata to Büchi VASS. Recall that for a sequence χ of transitions in V, δ(χ) denotes its
effect on the counters of V. If χ is a transition sequence in KM(V), then χ is labeled with
a transition sequence of V, so we define δ(χ) accordingly. Since we consider Büchi VASS
with input alphabet Σn, we write φ(χ) for the image of the input word under φ. Again, this
notation is used for transition sequences in KM(V). We also write ∆(χ) = (δ(χ), φ(χ)).

▶ Definition 5.1. Let V be a Büchi VASS. A profile for V is a set π of edges in KM(V) for
which there exists a cycle σ in KM(V) such that (i) σ contains exactly the edges in π, (ii) σ
starts (and ends) in a final state, and (iii) δ(σ) ≥ 0.
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Clearly, every Büchi VASS has a finite set of profiles, which we denote by Π(V). Moreover,
Π(V) can be constructed effectively: Given a set of edges, a simple reduction to checking
unboundedness of a counter can be used to check if it is a profile. Furthermore, to every run
ρ of V , we can associate a profile: The run ρ must have a corresponding run in KM(V), which
has a finite set Π(ρ) of edges that are used infinitely often. Thus, ρ decomposes as ρ0ρ1 such
that ρ1 only contains edges from π. Then, ρ1 decomposes into σ1σ2 · · · such that each σi

uses every edge from Π(ρ) at least once and starts (and ends) in a final state. Since ≤ is a
well-quasi ordering on Nn, there are r < s such that δ(σr · · ·σs) ≥ 0. Thus, σ = σr · · ·σs is
our desired transition sequence showing that Π(ρ) is a profile. For each π ∈ Π(V), we denote
by Lπ(V) the set of all words accepted by runs ρ of V for which Π(ρ) = π. Then clearly:

▶ Lemma 5.2. L(V) =
⋃

π∈Π(V) Lπ(V).

A system of inequalities for each profile. Our next step is to associate with each profile
π ∈ Π(V) a system of linear inequalities. We need some terminology. A π-cycle is a cycle σ
in KM(V) that only contains edges in π. If in addition, σ visits each state of KM(V) at most
once, except for the initial state, which is visited twice, then σ is a primitive π-cycle. Clearly,
a primitive π-cycle has length ≤ |π|. Moreover, from every π-cycle σ, one can successively cut
out primitive π-cycles until it is empty. Therefore, if τ1, . . . , τm are the primitive π-cycles of
KM(V), then there are numbers r1, . . . , rm ∈ N such that ∆(σ) = r1 ·∆(τ1)+ · · ·+rm ·∆(τm).
We call σ a complete π-cycle if this holds for some r1, . . . , rm ≥ 1. Observe that if π is a profile,
then this is always witnessed by a complete π-cycle: Take any cycle σ witnessing that π is a
profile. Then σ|π| contains each primitive π-cycle as a subsequence. Hence, the cycle σm·|π|

is complete: We can carry out the cutting in each factor σ|π| so as to cut some τi at least
once. Moreover, σm·|π| still witnesses that π is a profile, since δ(σm·|π|) = m · |π| · δ(σ) ≥ 0.

Let us now construct the system of inequalities associated with π. Let σ be a complete
π-cycle witnessing that π is a profile and let τ1, . . . , τm be the primitive π-cycles. Let
Aπ ∈ Z(m+1)×n be the matrix with rows φ(τ1), . . . , φ(τm), φ(σ), and let b ∈ Zm+1 be the
column vector (0, . . . , 0,−1). Then clearly, Aπx ≤ b is equivalent to ⟨x, φ(σ)⟩ < 0 and
⟨x, φ(τ)⟩ ≤ 0 for each primitive π-cycle τ .

Inseparability flowers. An inseparability flower is a structure in the Karp-Miller graph
KM(V) as depicted below. It consists of a final state q and three cycles α, β, γ that all start
in q and that meet the given conditions.

q

α

β
γ

δ(αβγ) ≥ 0
φ(αβ) ≥ 0
φ(αβγ) ∈ Q · φ(α)

Let us give some intuition on why such a flower is the relevant structure to look for. True
to its name, an inseparability flower guarantees the existence of an inseparability witness, i.e.
a family of words accepted by the pumpable Büchi VASS V that escape every basic separator
Sx,k. Such a family of words therefore needs an accepting run for each member, and the three
conditions of the flower provide such runs: The first condition ensures that the three cycles
actually correspond to a transition sequence enabled in V . The second condition guarantees
that for every x ∈ Nn, the x-weighted letter balance of α or of β is positive; unless they are
both zero, in which case the third condition ensures that αβγ has x-weighted balance zero.
This allows us to construct, for each k, a run that escapes Sx,k for all x: By sufficiently
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((q2, ω, ω), ω)((q1, ω, ω), ω)

e1|ε

0|ε 0|ε
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0|ε 0|ε

−e1|a1

0|ε

0|ā1
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Figure 3 The Karp-Miller graph KM(Vpump) of the Büchi VASS Vpump from Figure 2(left). Here
we did not mark the final states to reduce visual clutter; every state that includes q1 is considered
final. For similar reasons, we also only labelled the edges of the graph with letters and counter
effects. The proper edge labels would be full transitions of Vpump, including source and target state.

repeating each cycle α, β, and γ, we obtain a run that for each x ∈ Nn, will either (i) have
infixes with x-weighted balance > k, or (ii) attain some x-weighted balance infinitely often.
Each of these properties rules out membership in Sx,k. Proposition 5.5 proves this formally.

▶ Theorem 5.3. Let V be a Büchi VASS such that L(V) is pumpable. Then the following are
equivalent: (i) L(V) ̸ | Dn. (ii) There is a profile π ∈ Π(V) such that the system Aπx ≤ b

has no solution x ∈ Nn. (iii) There exists an inseparability flower in KM(V).

The decision procedure. Before we prove Theorem 5.3, let us see how to use it to decide
separability. Given Büchi VASS V1 and V2, we can compute V so that L(V1) | L(V2) if and
only if L(V) | Dn, by Lemma 3.4. Then Theorem 3.7 tells us that L(Vpump) is pumpable
and we have L(V) | Dn if and only if L(Vpump) | Dn. Finally, by Theorem 5.3, we can check
whether L(Vpump) | Dn by checking the systems Aπx ≤ b for satisfiability: If there is a
solution for every π ∈ Π(Vpump), then we have separability; otherwise, we have inseparability.
Since the systems Aπx ≤ b are constructed directly from KM(Vpump), we need to explicitly
construct the latter. Therefore our procedure may take Ackermann time, because Karp-Miller
graphs can be Ackermann large [31, Theorem 2].

▶ Example 5.4. Consider the instance of regular separability where our two inputs are the
Büchi VASS V found in Figure 1(left), and another Büchi VASS accepting the language D1.
Since we are already in the case of wanting to decide L(V) | D1, we can skip the first step of
applying Lemma 3.4. The second step is to apply Theorem 3.7 and construct Vpump, which
we have already done for this case in Figure 2(right).

Now we have to construct KM(Vpump), which can be found in Figure 3. There are two
relevant parts of KM(Vpump), where we can find cycles involving a final state: (1) the part on
the right, where the state tuples contain ω twice and the counter value is 0, and (2) the part
at the top with triple ωs. In the following we will only write down the states, as the counter
values and the other contents of the state tuples will be clear from context.
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For part (1), the Büchi VASS Vpump has only a single profile π1 containing only the two
edges between q1 and q2. Since each π1-cycle σ only consists of repetitions of the primitive
cycle q1

0|ε−−→ q2
0|ā1−−−→ q1, we have φ(σ) < 0. Therefore the system Aπ1x ≤ b trivially has a

solution x = 1.
Regarding part (2), Vpump has exactly two more profiles: profile π2 containing only the

two edges between q1 and q2, and profile π3, which additionally contains the two loop edges
on q2. The cycles of π2 look almost exactly like the cycles of π1 with only the counter values
of the nodes in the graph being different. Thus, the system Aπ2x ≤ b is the exact same
system as Aπ1x ≤ b and also trivially has a solution x = 1.

For π3, we have as primitive cycles both the loop edges on q2 as well as the primitive
cycle of π2. To obtain a complete π3-cycle, we simply insert both loops into the π2-cycle
at q2 forming the cycle σ = q1

0|ε−−→ q2
−e1|a1−−−−→ q2

e1|ā1−−−→ q2
0|ā1−−−→ q1. Since σ contains all

primitive cycles exactly once without overlap, it is automatically complete. We also have
δ(σ) = 0, meaning σ is a cycle witnessing π3 as a profile. Thus these cycles lead to the
following system of inequalities Aπ3x ≤ b:

1 · x1 ≤ 0 loop 1
−1 · x1 ≤ 0 loop 2
−1 · x1 ≤ 0 π2-cycle
−1 · x1 ≤ −1 complete π3-cycle

Clearly this system has no solution; the first and last inequality are contradictory. Therefore
we conclude regular inseparability for L(V) and D1.

While not part of the decision procedure, for an inseparable instance of the problem
as we have here, we can also find an inseparability flower in KM(Vpump). In this case
we have α = q1

0|ε−−→ q2
0|ā1−−−→ q1, β = q1

0|ε−−→ q2
−e1|a1−−−−→ q2

−e1|a1−−−−→ q2
0|ā1−−−→ q1, and

γ = q1
0|ε−−→ q2

e1|ā1−−−→ q2
e1|ā1−−−→ q2

0|ā1−−−→ q1. This selection of cycles meets all the requirements
of a flower: δ(αβγ) = 0, φ(αβ) = 0, and φ(αβγ) = −3 = 3 · φ(α).

Inseparability flowers disprove separability. The remainder of this section is devoted to
proving Theorem 5.3. The implication “(i)⇒(ii)” follows by applying Corollary 4.4 to KM(V),
viewed as a Büchi automaton (see full version). For “(iii)⇒(i)”, we employ Lemma 3.6:

▶ Proposition 5.5. If L(V) is pumpable and KM(V) has an insep. flower, then L(V) ̸ | Dn.

Proof. Suppose there is an inseparability flower α, β, γ in KM(V) and also L(V) | Dn. By
Lemma 3.6, there is a k ∈ N and a finite set X ⊆ Nn such that L(V) ⊆

⋃
x∈X Sx,k. We claim

that for every x ∈ Nn, at least one of the following holds:

⟨x, φ(α)⟩ > 0, ⟨x, φ(β)⟩ > 0, or ⟨x, φ(αβγ)⟩ = 0. (1)

Indeed, if ⟨x, φ(α)⟩ ≤ 0 and ⟨x, φ(β)⟩ ≤ 0, then φ(αβ) ≥ 0 implies that ⟨x, φ(α)⟩ =
⟨x, φ(β)⟩ = 0. Since φ(αβγ) = N · φ(α) for some N ∈ Q, we have φ(αβγ) = 0. This
proves the claim. Because of (1), the sequence αk+1βk+1γk+1 either has an infix χ with
⟨x, φ(χ)⟩ > k or we have ⟨x, φ(αk+1βk+1γk+1)⟩ = 0. Since δ(αk+1βk+1γk+1) ≥ 0, there is
a run ρ such that ραk+1βk+1γk+1 is a run in V. Hence, ρ(αk+1βk+1γk+1)ω is a run in V
whose word cannot belong to Sx,k for any x ∈ Nn, contradicting L(V) ⊆

⋃
x∈X Sx,k. ◀
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Constructing inseparability flowers. It remains to show the implication “(ii)⇒(iii)”. Suppose
there is a profile π ∈ Π(V) whose associated system of inequalities Aπx ≤ b is unsatisfiable.
By Farkas’ Lemma, there exists a y ∈ Nm+1 such that y⊤Aπ ≥ 0 and y⊤b < 0. From this
vector y, we now construct an inseparability flower in KM(V).

Let σ be the complete π-cycle in KM(V) that was chosen to construct Aπ. Let τ1, . . . , τm

be the primitive π-cycles. Since σ is complete, there is a vector r = (r1, . . . , rm) ∈ Nm so that
r1, . . . , rm ≥ 1 and ∆(σ) = r1 ·∆(τ1)+ · · ·+rm ·∆(τm). Moreover, since σ contains every edge
of π, we can wlog. write σ = σ0 · · ·σm such that between σi−1 and σi, σ arrives in the initial
state of τi. The decomposition allows us to insert further repetitions of the primitive cycles.
For z = (z1, . . . , zm) ∈ Nm with z ≥ r, we define σz as σ0τ

z1−r1
1 σ1 · · · τzm−rm

m σm. Then
∆(σz) = z1 ·∆(τ1)+ · · ·+zm ·∆(τm). In particular, for s, t ≥ r, we have ∆(σsσt) = ∆(σs+t).

Recall that every transition in a Karp-Miller graph is labeled by a VASS transition, and
so every transition sequence χ in KM(V) is labeled by a transition sequence in V , which we
denote by trans(χ). We now define the transition sequences α, β, and γ as trans(σz) for
suitable vectors z. For α, we take trans(σ), the transitions labeling the complete π-cycle.
Observe that σ = σr. We proceed to define β = trans(σs) and γ = trans(σt). The choice of
the vectors s and t has to meet the requirements on an inseparability flower: φ(αβ) ≥ 0,
δ(αβγ) ≥ 0, and φ(αβγ) ∈ Q · φ(α).

Step I: Building β. We will define s so that φ(αβ) = φ(σrσs) = φ(σr+s) ≥ 0. The
remaining two requirements (i.e. δ(αβγ) ≥ 0 and φ(αβγ) ∈ Q · φ(α)) will be ensured with
an appropriate choice of t in Step II. Let us now describe how to pick s. Recall that y is the
vector from the application of Farkas’ Lemma. It can be understood as assigning a repetition
count yi to every primitive cycle τi in the profile and a repetition count ym+1 to the complete
π-cycle σ. Since y⊤Aπ ≥ 0, and since our goal is to make φ(αβ) non-negative, we will use y

to construct a vector ŷ = (ŷ1, . . . , ŷm) ∈ Nm so that φ(σŷ) = y⊤Aπ. The right definition is
ŷi := yi + ym+1 · ri for i ∈ [1,m], because

y⊤Aπ =
m∑

i=1
yi · φ(τi) + ym+1 · φ(σ) =

m∑
i=1

(yi + ym+1ri)φ(τi) = φ(σŷ).

We now choose M ∈ N such that s = M · ŷ − r ≥ r. This is possible since all entries in ŷ

are positive, due to ym+1 > 0 by y⊤b < 0, and ri > 0 for all i by definition. Then we have
φ(αβ) = φ(σrσs) = φ(σr+s) = φ(σM ·ŷ) = M · φ(σŷ) ≥ 0.

Step II: Building γ. It remains to define t so that γ = trans(σt) satisfies δ(αβγ) =
δ(σr+s+t) ≥ 0 and φ(αβγ) ∈ Q · φ(α). The idea is to choose t so that r + s + t is a positive
multiple of r. Such a choice is possible, because r has positive entries everywhere: We pick
N ∈ N such that t := N · r − s − r ≥ r. Then indeed δ(αβγ) = δ(σr+s+t) = δ(σN ·r) =
N · δ(σr) = N · δ(σ) ≥ 0 and φ(αβγ) = φ(σr+s+t) = φ(σN ·r) = N · φ(σr) = N · φ(α).

6 One-dimensional Büchi VASS

Our second contribution is the precise complexity of separability for the 1-dimensional case.

▶ Theorem 6.1. Regular separability for 1-dimensional Büchi VASS with binary encoded
updates is PSPACE-complete.

For the lower bound, we use a simple reduction from the disjointness problem L1 ∩L2
?= ∅

for finite-word languages of 1-dim. VASS [20]. However, we can also show that separability
is PSPACE-hard even if the input languages are promised to be disjoint.
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For the upper bound, we rely on the results in Section 5, but need a modification. There,
to simplify the exposition, we first make the input language pumpable, which may incur an
Ackermannian blowup. A closer look at the results, however, reveals that we can also check
separability directly on the Karp-Miller graph of V̄ as defined in Section 3.

▶ Proposition 6.2. Let V be a Büchi VASS with L(V) ⊆ Σω
n. Then L(V) ̸ | Dn if and only if

KM(V̄) has an inseparability flower.

Proposition 6.2 allows us to phrase inseparability as the existence of a run in V̄ that
satisfies certain constraints. Recall that if V is 1-dimensional and over Σ1, then V̄ has two
counters the second of which tracks the letter balance.

▶ Corollary 6.3. Let V be a 1-dimensional Büchi VASS with L(V) ⊆ Σω
1 and L(V) ∩D1 = ∅.

Then L(V) ̸ | D1 if and only if there exist states p, q, r with r final, and a run in V̄ as follows:

(q0, 0, 0) ∗−→

σ1︷ ︸︸ ︷
(p, x1, y1) ∗−→ (p, x2, y2) ∗−→

σ2︷ ︸︸ ︷
(q, x3, y3) ∗−→ (q, x4, y4)

∗−→

α︷ ︸︸ ︷
(r, x5, y5) ∗−→ (r, x6, y6) ∗−→

γ︷ ︸︸ ︷
(r, x7, y7)︸ ︷︷ ︸

β

∗−→ (r, x8, y8)

(1) y3 < y4 and also (a) x3 ≤ x4
or (b) x1 < x2 and y1 ≤ y2

(2) y5 ≤ y7

(3) x5 ≤ x8

(4) if y5 = y6, then y5 = y8.

Observe that an inseparability flower in KM(V̄) must carry ω in the second coordinate,
meaning the letter balance is unbounded. Otherwise, it would yield an accepting run of V̄,
which cannot exist because L(V) ∩D1 = ∅. If the flower has ω in the second coordinate, we
can construct a finite run as above. The cycles σ1 and σ2 plus Condition 1 ensure that indeed
the second coordinate becomes ω. Condition 2 is φ(αβ) ≥ 0. Condition 3 says δ(αβγ) ≥ 0.
Finally, to express φ(αβγ) ∈ Q · φ(α), note that for integers a ∈ Q · b iff b = 0 implies a = 0.
Condition 4 expresses that y6 − y5 = 0 implies y8 − y5 = 0.

In order to apply Corollary 6.3 for deciding L(V1) | L(V2) for 1-dim. Büchi VASS V1,V2
with binary counter updates, we would like to follow the approach for the general case and
use Lemma 3.4 to first construct V so that L(V1) | L(V2) if and only if L(V) | D1. From V,
we would then construct the 2-dimensional Büchi VASS V̄ that tracks the letter balance, and
on V̄ we would then check the conditions of Corollary 6.3. The problem is that, under binary
updates, the intermediary V may become exponentially large. We use the fact that also V̄
has binary counters available. This allows us to directly construct a compact variant of V̄ :

▶ Lemma 6.4. Given 1-dim. Büchi VASS V1,V2 with binary updates, there is a a 1-dim.
Büchi VASS V with L(V1) ∩ L(V2) = ∅ iff L(V) ∩D1 = ∅, L(V1) | L(V2) iff L(V) | D1, and
we can construct in time polynomial in |V1| + |V2| the 2-dim. Büchi VASS V̄ (binary updates).

Detecting constrained runs in 2-VASS. It remains to check for the existence of runs in
V̄ as described in Corollary 6.3, and to check whether L(V1) ∩ L(V2) = ∅. Both of these
problems reduce to what we call the constrained runs problem for 2-VASS. Recall that
Presburger arithmetic is the first-order theory of (N,+, <, 0, 1). We will use the existential
fragment to express conditions on counter values of VASS like the ones from Corollary 6.3.
The constrained runs problem is the following:
Given A 2-dim. VASS V (with updates encoded in binary), a number m ∈ N, states q1, . . . , qm

in V, a quantifier-free Presburger formula ψ(x1, y1, . . . , xm, ym), and s, t ∈ [1,m], s ≤ t.
Question Does there exist a run (q0, 0, 0) ∗−→ (q1, x1, y1) ∗−→ · · · ∗−→ (qm, xm, ym) that visits a

final state between (qs, xs, ys) and (qt, xt, yt) and satisfies ψ(x1, y1, . . . , xm, ym)?

STACS 2023
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Lemma 6.4 and Corollary 6.3 imply that if L(V1) ∩ L(V2) = ∅, then L(V1) | L(V2) reduces
to the constrained runs problem on V̄ . Moreover, checking L(V1) ∩ L(V2) = ∅ reduces via a
product construction to checking emptiness of a 2-VASS. Such a 2-VASS has an accepting
run iff (q0, 0, 0) ∗−→ (q, x, y) ∗−→ (q, x′, y′) with (x, y) ≤ (x′, y′) and q final. Hence, this problem
also reduces to the constrained runs problem for 2-VASS. We thus need to show:

▶ Proposition 6.5. The constrained runs problem for 2-VASS is solvable in PSPACE.

For Proposition 6.5, we show that if there is a constrained run, then there is one with at
most exponential counter values along the way. For this, we use methods from [4].

Complexity in higher dimension. We leave open two natural questions: (i) What is the
complexity of regular separability for Büchi d-VASS, for each d ≥ 2? (ii) What is the
complexity of regular separability for Büchi VASS (where the dimension is part of the input)?

Given that the regular separability and the disjointness problem usually (but not al-
ways [27, 42]) coincide regarding decidability, we expect the complexity of regular separability
to be PSPACE in every fixed dimension d and EXPSPACE in general. The lower bounds
follow from Theorem 6.1 for fixed d and from [13] (because disjointness is EXPSPACE-
complete [19, 29]). However, it is not clear how to show the upper bounds.

The clearest obstacle is that inseparability flowers involve a non-linear condition: The
requirement φ(αβγ) ∈ Q ·φ(α) is not expressible in Presburger arithmetic. There are several
generic results providing EXPSPACE upper bounds for detecting particular types of runs in
VASS [17, 2, 3]. However, the numerical properties directly expressible there are confined to
Presburger arithmetic. The only reason we could obtain the PSPACE upper bound for d = 1
is that the non-linear condition degenerates into a linear condition in dimension one: It is
equivalent to “φ(αβγ) = 0 or φ(α) ̸= 0”.
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Abstract
For any ε > 0, we give a polynomial-time nε-approximation algorithm for Max Independent
Set in graphs of bounded twin-width given with an O(1)-sequence. This result is derived from
the following time-approximation trade-off: We establish an O(1)2q−1-approximation algorithm
running in time exp(Oq(n2−q

)), for every integer q ⩾ 0. Guided by the same framework, we obtain
similar approximation algorithms for Min Coloring and Max Induced Matching. In general
graphs, all these problems are known to be highly inapproximable: for any ε > 0, a polynomial-time
n1−ε-approximation for any of them would imply that P=NP [Håstad, FOCS ’96; Zuckerman,
ToC ’07; Chalermsook et al., SODA ’13]. We generalize the algorithms for Max Independent
Set and Max Induced Matching to the independent (induced) packing of any fixed connected
graph H.

In contrast, we show that such approximation guarantees on graphs of bounded twin-width given
with an O(1)-sequence are very unlikely for Min Independent Dominating Set, and somewhat
unlikely for Longest Path and Longest Induced Path. Regarding the existence of better
approximation algorithms, there is a (very) light evidence that the obtained approximation factor
of nε for Max Independent Set may be best possible. This is the first in-depth study of the
approximability of problems in graphs of bounded twin-width. Prior to this paper, essentially the
only such result was a polynomial-time O(1)-approximation algorithm for Min Dominating Set
[Bonnet et al., ICALP ’21].
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1 Introduction

Twin-width is a graph parameter introduced by Bonnet, Kim, Thomassé, and Watrigant [7].
Its definition involves the notions of trigraphs and of contraction sequences. A trigraph is
a graph with two types of edges: black (regular) edges and red (error) edges. A (vertex)
contraction consists of merging two (non-necessarily adjacent) vertices, say, u, v into a vertex w,
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10:2 Approximating Highly Inapproximable Problems on Graphs of Bounded Twin-Width

replacing an edge uz (resp. vz) by wz in the following way: we keep wz black if and only
if uz and vz were previously black edges. The other edges incident to w become red (if
not already), and the rest of the trigraph remains the same. A contraction sequence of an
n-vertex1 graph G is a sequence of trigraphs G = Gn, . . . , G1 = K1 such that Gi is obtained
from Gi+1 by performing one contraction. A d-sequence is a contraction sequence in which
every vertex of every trigraph has at most d red edges incident to it. The twin-width of G,
denoted by tww(G), is then the minimum integer d such that G admits a d-sequence. Figure 1
gives an example of a graph with a 2-sequence, i.e., of twin-width at most 2. Twin-width can
be naturally extended to matrices (with unordered [7] or ordered [6] row and column sets)
over a finite alphabet, and thus to binary structures.

a

b

c

d

e

f

g

a

b

c

d

ge

f

ef

b

c

gef

a dad

c

g

ad

b efbef

c

adg

bef

adg

bcef
abcdefg

Figure 1 A 2-sequence witnessing that the initial graph has twin-width at most 2.

An equivalent viewpoint that will be somewhat more convenient is to consider a d-sequence
as a sequence of partitions Pn := {{v} : v ∈ V (G)}, Pn−1, . . . , P1 := {V (G)} of V (G),
such that for every integer 1 ⩽ i ⩽ n − 1, Pi has i parts and is obtained by merging two
parts of Pi+1 into one. Now the red degree of a part P ∈ Pi is the number of other parts
Q ∈ Pi such that there is in G at least one edge and at least one non-edge between P and Q.
A d-sequence is such that no part of no partition of the sequence has red degree more than d.
In that case the maximum red degree of each partition is at most d. And we similarly get
the twin-width of G as the minimum integer d such that G admits a (partition) d-sequence.
The quotient trigraph G/Pi is the trigraph Gi, if the (contraction) d-sequence Gn, . . . , G1
and the (partition) d-sequence Pn, . . . , P1 correspond.

Classes of binary structures with bounded twin-width include graph classes with bounded
treewidth, and more generally bounded clique-width, proper minor-closed classes, posets
with antichains of bounded size, strict subclasses of permutation graphs, as well as Ω(log n)-
subdivisions of n-vertex graphs [7], and some classes of (bounded-degree) expanders [4].
A notable variety of geometrically defined graph classes have bounded twin-width such
as map graphs, bounded-degree string graphs [7], classes with bounded queue number or
bounded stack number [4], segment graphs with no Kt,t subgraph, visibility graphs of
1.5D terrains without large half-graphs, visibility graphs of simple polygons without large
independent sets [3].

For every class C mentioned so far, O(1)-sequences can be computed in polynomial time2

on members of C. For classes of binary structures including a binary relation interpreted as
a linear order on the domain (called ordered binary structures), there is a fixed-parameter
approximation algorithm for twin-width [6]. More precisely, given a graph G and an integer k,
there are computable functions f and g such that one can output an f(k)-sequence of G

or correctly report that tww(G) > k in time g(k)nO(1). Such an approximation algorithm

1 In this introduction, we might implicitly use n to denote the number of vertices, and m, the number of
edges of the graph at hand.

2 Admittedly, for the geometric classes, a representation is (at least partially) needed.



P. Bergé, É. Bonnet, H. Déprés, and R. Watrigant 10:3

is currently missing for classes of general (not necessarily ordered) binary structures, and
in particular for the class of all graphs. We also observe that deciding if the twin-width of
a graph is at most 4 is an NP-complete task [2].

We will therefore assume that the input graph is given with a d-sequence, and treat d

as a constant (or that the input comes from any of the above-mentioned classes). Thus
far, this is the adopted setting when designing faster algorithms on bounded twin-width
graphs [7, 5, 26, 23, 15]. From the inception of twin-width [7] –actually already from the
seminal work of Guillemot and Marx [17]– it was clear that structures wherein this invariant
is bounded may often allow the design of parameterized algorithms. More concretely, it was
shown [7] that, on graphs G given with a d-sequence, model checking a first-order sentence
φ is fixed-parameter tractable –it can be solved in time f(d, φ) · n–, the special cases of,
say, k-Independent Set or k-Dominating Set admit single-exponential parameterized
algorithms [5], an effective data structure almost linear in n can support constant-time edge
queries [26], the triangles of G can be counted in time O(d2n + m) [23].

So far, however, the connection between having bounded twin-width and enjoying enhanced
approximation factors was tenuous. The only such result concerned Min Dominating Set,
known to be inapproximable in polynomial-time within factor (1−o(1)) ln n unless P=NP [12],
but yet admits a constant-approximation on graphs of bounded twin-width given with an
O(1)-sequence [5]. We start filling this gap by designing approximation algorithms on graphs
of bounded twin-width given with an O(1)-sequence for notably Max Independent Set
(MIS, for short), Max Induced Matching, and Coloring. Getting better approximation
algorithms for MIS and Coloring in that particular scenario was raised as an open
problem [5]. Before we describe our results and elaborate on the developed techniques, let us
briefly present the notorious inapproximability of these problems in general graphs.

MIS and Coloring are NP-hard [16], and very inapproximable: for every ε > 0, it is
NP-hard to approximate these problems within ratio n1−ε [19, 27]. The same was shown to
hold for Max Induced Matching [9]. Besides, there is only little room to improve over
the brute-force algorithm in 2O(n): Unless the Exponential Time Hypothesis3 [21] (ETH)
fails, no algorithm can solve MIS in time 2o(n) [22] (nor the other two problems). For any r

(possibly a function of n) WMIS can be r-approximated in time 2O(n/r) [11, 8]. Bansal
et al. [1] essentially shaved a log2 r factor to the latter exponent. It is known though that
polynomial shavings are unlikely. Chalermsook et al. [10] showed that, for any ε > 0 and
sufficiently large r (again r can be function of n), an r-approximation for MIS and Max
Induced Matching cannot take time 2O(n1−ε/r1+ε), unless the ETH fails. For instance,
investing time 2O(

√
n), one cannot hope for significantly better than a

√
n-approximation.

Contributions and techniques

Our starting point is a constant-approximation algorithm for MIS running in time 2O(
√

n)

when presented with an O(1)-sequence, which is very unlikely to hold in general graphs by
the result of Chalermsook et al. [10].

▶ Theorem 1. On n-vertex graphs given with a d-sequence Max Independent Set can be
Od(1)-approximated in time 2Od(

√
n).

Our algorithm builds upon the functional equivalence between twin-width and the so-called
versatile twin-width [4]. We defer the reader to Section 2 for a formal definition of versatile
twin-width. For our purpose, one only needs to know the following useful consequence of that

3 That is, the assumption that there is a δ > 0 such that n-variable 3-SAT cannot be solved in time δn.
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10:4 Approximating Highly Inapproximable Problems on Graphs of Bounded Twin-Width

equivalence. From a d′-sequence of G, we can compute in polynomial time another partition
sequence Pn, . . . , P1 of G of width d := f(d′), for some computable function f , such that for
every integer 1 ⩽ i ⩽ n, all the i parts of Pi have size at most d · n

i . Even if some parts of Pi

can be very small, this partition is balanced in the sense that no part can be larger than d

times the part size in a perfectly balanced partition. Of importance to us is P⌊
√

n⌋ when the
number of parts (⌊

√
n⌋) and the size of a larger part in the partition (at most d n

⌊
√

n⌋ ≈ d
√

n)
are somewhat level.

We can then properly color the red graph (made by the red edges on the vertex set P⌊
√

n⌋)
with d + 1 colors. Any color class X is a subset of parts of P⌊

√
n⌋ such that between two

parts there are either all edges (black edge) or no edge at all (non-edge). In graph-theoretic
terms, the subgraph GX of G induced by all the vertices of all the parts of X has a simple
modular decomposition: a partition of at most

√
n modules each of size at most d

√
n. It is

thus routine to compute a largest independent set of GX essentially in time exponential in
the maximum between the number of modules and the maximum size of a module, that is,
in at most d

√
n. As one color class X∗ contains more than a 1

d+1 fraction of the optimum,
we get our d + 1-approximation when computing a largest independent set of GX∗ . Figure 2
on page 10 serves as a visual summary of what we described so far.

The next step is to substitute exact exponential algorithms on induced subgraphs of size
Od(

√
n) by recursive calls of our approximation algorithm. Following this inductive process

at depth q = 2, 3, 4, . . ., we degrade the approximation ratio to (d + 1)3, (d + 1)7, (d + 1)15,
etc. but meanwhile we boost the running time to 2Od(n1/4), 2Od(n1/8), 2Od(n1/16), etc. In effect
we show by induction that:

▶ Theorem 2. On n-vertex graphs given with a d-sequence Max Independent Set has an
Od(1)2q−1-approximation algorithm running in time 2Od,q(n2−q

), for every integer q ⩾ 0.

The following polynomial-time algorithm is a corollary of Theorem 2 choosing q =
Od,ε(log log n).

▶ Theorem 3. For every ε > 0, Max Independent Set can be nε-approximated in
polynomial-time Od,ε(1) · logOd(1) n · nO(1) on n-vertex graphs given with a d-sequence.

Note that the exponent of the polynomial factor is an absolute constant (not depending on d

nor on ε).

We then apply our framework to Coloring and Max Induced Matching.

▶ Theorem 4. For every ε > 0, Coloring and Max Induced Matching admit polynomial-
time nε-approximation algorithms on n-vertex graphs of bounded twin-width given with an
O(1)-sequence.

The main additional difficulty for Coloring is that one cannot satisfactorily solve/ap-
proximate that problem on a modular decomposition by simply coloring its modules and
its quotient graph. One needs to tackle a more general problem called Set Coloring.
Fortunately this generalization is the fixed point we are looking for: approximating Set
Coloring can be done in our framework by mere recursive calls (to itself).

For Max Induced Matching, we face a new kind of obstacle. It can be the case that
no decent solution is contained in any color class X –in the chosen d + 1-coloring of the red
graph G/P⌊

√
n⌋. For instance, it is possible that any such color class X induces in G an

edgeless graph, while very large induced matchings exist with endpoints in two distinct color
classes. We thus need to also find large induced matchings within the black edges and within
the red edges of G/P⌊

√
n⌋. This leads to a more intricate strategy intertwining the coloring
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of bounded-degree graphs (specifically the red graph and the square of its line graph) and
recursive calls to induced subgraphs of G, and to special induced subgraphs of the total
graph (i.e., made by both the red and black edges) of G/P⌊

√
n⌋.

We then explore the limits of our results and framework in terms of amenable problems.
We give the following technical generalization to the approximation algorithms for MIS and
Max Induced Matching.

▶ Theorem 5. For every connected graph H and ε > 0, Mutually Induced H-packing
admits a polynomial-time nε-approximation algorithms on n-vertex graphs of bounded twin-
width given with an O(1)-sequence.

In this problem, one seeks for a largest induced subgraph that consists of a disjoint
union of copies of H. All the previous technical issues are here combined. We try all the
possibilities of batching the vertices of H into at most |V (H)| parts of G/P⌊

√
n⌋, based on

the trigraph that these parts define. For instance with H = K2 (an edge), i.e., the case
of Max Induced Matching, the three possible trigraphs are the 1-vertex trigraph, two
vertices linked by a red edge, and two vertices linked by a black edge. In the general case,
the problem generalization is quite delicate to find. We have to keep some partitions of
V (G) and V (H) to enforce that the copies of H in G follow a pattern that the algorithm
committed to higher up in the recursion tree, and a weight function on |V (H)|-tuples of
vertices of G, not to forget how many mutually induced copies of H can be packed within
these vertices. The other novelty is that some recursive calls are on induced subgraphs of
the total graph of G/P⌊

√
n⌋ that are not induced subgraphs of G. Fortunately, these graphs

keep the same bound of versatile twin-width, and thus our framework allows it.
Defining, for a family of graphs H, Mutually Induced H-packing as the same

problem where the connected components of the induced subgraph should all be in H,
we get a similar approximation factor when H is a finite set of connected graphs. (Note
that Mutually Induced H-packing is sometimes called Independent Induced H-
Packing.) In particular, we can similarly approximate Independent H-Packing, which is
the same problem but the copies of H need not be induced. (Our approximation algorithms
could extend to other H-packing variants without the independence requirement, but these
problems can straightforwardly be O(1)-approximated in general graphs.)

We can handle some cases when H is infinite, too. For instance, by slightly adapting the
case of MIS, we can get an nε-approximation when H is the set of all cliques. We also show
the following result, also expressible as Mutually Induced H-packing for H the set of
all trees or the set all stars.

▶ Theorem 6. For every ε > 0, finding the induced (star) forest with the most edges admits
a polynomial-time nε-approximation algorithms on n-vertex graphs of bounded twin-width
given with an O(1)-sequence.

As we already mentioned, our framework is exclusively useful for problems that are very
inapproximable in general graphs; at least for which an nε-approximation algorithm is not
known for every ε > 0. Are there natural such problems that cannot be approximated better
in graphs of bounded twin-width? We answer this question positively with the example of
Min Independent Dominating Set.

▶ Theorem 7. For every ε > 0, Min Independent Dominating Set does not admit an
n1−ε-approximation algorithm in n-vertex graphs given with an O(1)-sequence, unless P=NP.

STACS 2023



10:6 Approximating Highly Inapproximable Problems on Graphs of Bounded Twin-Width

The reduction is the same as the one for general graphs [18], but performed from a planar
variant of 3-SAT. The obtained instances are not planar but can be contracted to planar
trigraphs, hence overall have bounded twin-width.

Finally the case of Longest Path and Longest Induced Path is interesting. The
best approximation factor for the former [14] is worse than n0.99, while the latter is known
to have the same inapproximability as MIS [24]. However an nε-approximation algorithm
(for every ε > 0) is not excluded for Longest Path. We show that the property of bounded
twin-width is unlikely to help for these two problems, as it would lead to better approximation
algorithms for Longest Path in general graphs. This is mainly because subdividing at least
2 log n times every edge of any n-vertex graph gives a graph with twin-width at most 4 [2].

▶ Theorem 8. For any r = ω(1), an r-approximation for Longest Induced Path
or Longest Path on graphs given with an O(1)-sequence would imply a (1 + o(1))r-
approximation for Longest Path in general graphs.

In turn, this can be used to exhibit a family H with an infinite antichain for the induced
subgraph relation such that Mutually Induced H-packing is hard to nε-approximate on
graphs of bounded twin-width. The family H is simply the set of all paths terminated by
triangles at both ends.

▶ Theorem 9. There is an infinite family H of connected graphs such that if for every ε > 0,
Mutually Induced H-packing admits an nε-approximation algorithm on n-vertex graphs
given with an O(1)-sequence, then so does Longest Path on general graphs.

Table 1 summarizes our results and hints at future work.

Table 1 Approximability status of graph problems in general graphs and in graphs of bounded
twin-width given with an O(1)-sequence. Everywhere “ε” should be read as “∀ε > 0”. Our results
are enclosed by boxes. “Longest Path-hard” means that getting an r-approximation would yield
essentially the same ratio for Longest Path in general graphs. The other lower bounds are under
standard complexity-theoretic assumptions, mostly P ̸=NP. Not to clutter the table, we do not put
the references, which can all be found in the paper.

Problem name lower bound upper bound lower bound
general graphs bounded tww bounded tww

Max Independent Set n1−ε nε ?, self-improvement
Coloring n1−ε nε 4/3 − ε

Max Induced Matching n1−ε nε ?
Mut. Ind. H-Packing n1−ε nε (H connected) ?
Mut. Ind. H-Packing n1−ε nε for some H Longest Path-hard
Min Ind. Dom. Set n1−ε n/polylog(n) n1−ε

Longest Path 2log1−ε n n/ exp(Ω(
√

log n)) Longest Path-hard
Longest Induced Path n1−ε n/polylog(n) Longest Path-hard
Min Dominating Set (1 − ε) ln n O(1) ?

For the main highly inapproximable graph problems, we either obtain an nε-approximation
algorithm on graphs of bounded twin-width given with an O(1)-sequence, or a conditional
obstruction to such an algorithm. In the former case, can we improve further the approxima-
tion factor? The next theorem was observed using the self-improvement reduction of Feige
et al. [13], which preserves the twin-width bound. This reduction consists of going from a
graph G to the lexicographic product G[G], where every vertex of G is replaced by a module
inducing a copy of G (and iterating this trick).
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▶ Theorem 10 ([5]). Let r : N → R be any non-decreasing function such that for every
ε > 0, r(n) = o(nε). If Max Independent Set admits an r(n)-approximation algorithm
on n-vertex graphs of bounded twin-width given with an O(1)-sequence, then it further admits
an r(n)ε-approximation.

To our knowledge, the application of the self-improvement trick is always to strengthen
a lower bound, and never to effortlessly obtain a better approximation factor. Therefore, we
may take Theorem 10 as a weak indication that our approximation ratio is best possible.
Still, not even a polynomial-time approximation scheme (PTAS) is ruled out for MIS (nor
for Max Induced Matching, Min Dominating Set, etc.) and we would like to see better
approximation algorithms. For Coloring, as was previously observed [5], a PTAS is ruled
out by the NP-hardness of deciding if a planar graph is 3-colorable or 4-chromatic, since
planar graphs have twin-width at most 9 and a 9-sequence can be found in linear time [20].

Due to space restrictions, only Theorems 1–3 and half of Theorem 4 are presented in the
short version of the paper. All other results as well as some deferred proofs, marked with a ⋆,
can be found in the long version, in appendix.

2 Preliminaries

For i and j two integers, we denote by [i, j] the set of integers that are at least i and at
most j. For every integer i, [i] is a shorthand for [1, i].

2.1 The contraction and partition viewpoints of twin-width
A trigraph G has vertex set V (G), black edge set E(G), red edge set R(G) such that
E(G) ∩ R(G) = ∅ (and E(G), R(G) ⊆

(
V (G)

2
)
). A contraction in a trigraph G replaces a

pair of (non-necessarily adjacent) vertices u, v ∈ V (G) by one vertex w that is linked to
G − {u, v} in the following way to form a new trigraph G′. For every z ∈ V (G) \ {u, v},
wz ∈ E(G′) whenever uz, vz ∈ E(G), wz /∈ E(G′) ∪ R(G′) whenever uz, vz /∈ E(G) ∪ R(G),
and wz ∈ R(G′), otherwise. The red graph (V (G), R(G)) will be denoted by R(G). We
denote by T (G) the total graph of G defined as (V (G), E(G)∪R(G)). An induced subtrigraph
of a trigraph G is obtained by removing vertices (but no edges) to G, analogously to induced
subgraphs. A partial contraction sequence of an n-vertex (tri)graph G (to a trigraph H) is a
sequence of trigraphs G = Gn, · · · , Gt = H for some t ∈ [n] such that Gi is obtained from
Gi+1 by performing one contraction. A (complete) contraction sequence is such that t = 1,
that is, H is the 1-vertex trigraph. A d-sequence S of G is a contraction sequence of G in
which the red graph of every trigraph of S has maximum degree at most d.

Assume that there is a partial contraction sequence from a (tri)graph G to a trigraph H.
If u is a vertex of H , then u(G) ⊆ V (G) denotes the set of vertices eventually contracted into
u in H. We denote by P(H) the partition {u(G) : u ∈ V (H)} of V (G). If G is clear from
the context, we may refer to a part of H as any set in {u(G) : u ∈ V (H)}. We will mostly
see d-sequences as sequences of partitions, that is, Pn, . . . , Pt with Pi := {u(G) : u ∈ V (Gi)}
when Gn, . . . , Gt is a partial (contraction) d-sequence.

Given a graph G and a partition P of V (G), the quotient graph of G with respect to P is
the graph with vertex set P, where PP ′ is an edge if there is u ∈ P and v ∈ P ′ such that
uv ∈ E(G). Given a (tri)graph G and a partition P of V (G), the quotient trigraph G/P is
the trigraph with vertex set P , where PP ′ is a black edge if these two parts are fully adjacent
– for every u ∈ P and every v ∈ P ′, uv ∈ E(G) –, and a red edge if either there is u ∈ P and
v ∈ P ′ such that uv ∈ R(G), or there is u1, u2 ∈ P and v1, v2 ∈ P ′ such that u1v1 ∈ E(G)
and u2v2 /∈ E(G).
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10:8 Approximating Highly Inapproximable Problems on Graphs of Bounded Twin-Width

A trigraph H is a cleanup of another trigraph G if V (H) = V (G), R(H) ⊆ R(G), and
E(G) ⊆ E(H) ⊆ E(G) ∪ R(G). That is, H is obtained from G by turning some of its red
edges into black edges or non-edges. We further say that H is full cleanup of G if H has no
red edge, and thus, is considered as a graph. Note that the total graph T (G) and the black
graph (V (G), E(G)) of a trigraph G are extreme examples of full cleanups of G.

2.2 Balanced partition sequences
It was shown that twin-width and versatile twin-width (we will not need a definition here;
see long version) are functionally equivalent [4]. The relevant consequence for our purposes
is that every graph G with a d′-sequence admits a balanced d-sequence, where d = h(d′)
depends only on d′, i.e., one for which the partitions Pn, . . . , P1 are such that for every i ∈ [n]
and P ∈ Pi, |P | ⩽ d · n

i . As we will resort to recursion on induced subtrigraphs and quotient
trigraphs, we need to keep more information on those subinstances that the mere fact that
they have twin-width at most d (otherwise the twin-width bound could quickly diverge).

This will be done by opening up the proof in [4], and handling divided 0, 1, r-matrices
with some specific properties. Thus we need to recall the relevant definitions.

Given two partitions P, P ′ of the same set, we say that P ′ is a coarsening of P if every
part of P is contained in a part of P ′, and P, P ′ are distinct. Given a matrix M , we call row
division (resp. column division) a partition of the rows (resp. columns) of M into parts of
consecutive rows (resp. columns). A (k, ℓ)-division, or simply division, of a matrix M is a pair
(R = {R1, . . . , Rk}, C = {C1, . . . , Cℓ}) where R is a row division and C is a column division.
In a matrix division (R, C), each part R ∈ R is called a row part, and each part C ∈ C is
called a column part. Given a subset R of rows and a subset C of columns in a matrix M , the
zone M [R, C] denotes the submatrix of all entries of M at the intersection between a row of R

and a column of C. A zone of a matrix partitioned by (R, C) = ({R1, . . . , Rk}, {C1, . . . , Cℓ})
is any M [Ri, Cj ] for i ∈ [k] and j ∈ [ℓ]. A zone is constant if all its entries are identical,
horizontal if all its columns are equal, and vertical if all its rows are equal. A 0,1-corner is a
2 × 2 0, 1-matrix which is neither horizontal nor vertical.

Unsurprisingly, 0, 1, r-matrices are such that each entry is in {0, 1, r} where r is an error
symbol that should be understood as a red edge. A neat division of a 0, 1, r-matrix is a
division for which every zone either contains only r entries or contains no r entry and is
horizontal or vertical (or both, i.e., constant). Zones filled with r entries are called mixed.
A neatly divided matrix is a pair (M, (R, C)) where M is a 0, 1, r-matrix and (R, C) is a neat
division of M . A t-mixed minor in a neatly divided matrix is a (t, t)-division which coarsens
the neat subdivision, and contains in each of its t2 zones at least one mixed zone (i.e., filled
with r entries) or a 0,1-corner. A neatly divided matrix is said t-mixed free if it does not
admit a t-mixed minor.

A mixed cut of a row part R ∈ R of a neatly divided matrix (M, (R, C = {C1, C2, . . .})) is
an index i such that both M [R, Ci] and M [R, Ci+1] are not mixed, and there is a 0, 1-corner
in the 2-by-|R| zone defined by the last column of Ci, the first column of Ci+1, and R. The
mixed value of a row part R ∈ R of a neatly divided matrix (M, (R, C = {C1, C2, . . .})) is
the number of mixed zones M [R, Cj ] plus the number of mixed cuts of R. We similarly
define the mixed value of a column part C ∈ C. The mixed value of a neat division of a
0, 1, r-matrix is the maximum of the mixed values taken over every part. The part size of a
division (R, C) is defined as max(maxR∈R |R|, maxC∈C |C|). A division is symmetric if the
largest row index of each row part and the largest column index of each column part define
the same set of integers. We call symmetric fusion of a symmetric division the contraction of
two consecutive parts in C and of the two corresponding parts in R. A symmetric fusion
on a symmetric division yields another symmetric division. A matrix A := (ai,j)i,j is said
symmetric in the usual sense, namely, for every entry ai,j of A, ai,j = aj,i.
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In what follows, we set cd := 8/3(d + 1)224d.

▶ Definition 11. Let Mn,d be the class of the neatly divided n × n symmetric 0, 1, r-matrices
(M, (R, C)), such that (R, C) is symmetric and has:

mixed value at most 4cd,
part size at most 24cd+2, and
no d-mixed minor.

We show in the long version the next couple of key lemmas.

▶ Lemma 12 (⋆). Let d be a natural, s := 24cd+4, and d′ := cd · 24cd+4. Given an n-vertex
graph G with a d-sequence, one can compute in time nO(1) a partition P = {P1, P2, . . . , P⌊

√
n⌋}

of V (G) satisfying
for every integer 1 ⩽ i ⩽ ⌊

√
n⌋, |Pi| ⩽ s

√
n ⩽ d′√n, and

the red graph of G/P has maximum degree at most d′.

A neatly divided matrix (M, (R, C)) is said conform to a trigraph G if M is the adjacency
matrix of a trigraph G′ such that G is a cleanup of G′.

▶ Lemma 13 (⋆). Let d̂ be a natural, d = 2d̂ + 2, and set s := 24cd+4, and d′ := cd · 24cd+4.
Given an n-vertex graph G with a d̂-sequence, or an n-vertex trigraph G with a neatly divided
matrix (M, (R, C)) ∈ Mn,d such that M is conform to G, one can compute in time nO(1)

a partition P = {P1, P2, . . . , P⌊
√

n⌋} of V (G) with maximum red degree at most d′ satisfying
that, for every integer 1 ⩽ i ⩽ ⌊

√
n⌋, |Pi| ⩽ s

√
n ⩽ d′√n, and for any trigraph H that is

a cleanup of an induced subtrigraph of G/P, or
an induced subtrigraph G[

⋃
i∈J⊆[⌊

√
n⌋] Pi],

a neatly divided matrix (M ′, (R′, C′)) ∈ M|V (H)|,d conform to H can be computed in time
nO(1).

3 Approximation algorithms for Max Independent Set

We naturally start our study with Max Independent Set, a central problem that is very
inapproximable [19, 27], and yet constitutes the textbook example of our approach.

3.1 Subexponential-time constant-approximation algorithm
We present a subexponential-time Od(1)-approximation for WMIS on graphs given with
a d-sequence, which we recall, is unlikely to exist in general graphs [10].

▶ Lemma 14. Let d′ be a natural, s := 24cd′ +4, and d := cd′ ·24cd′ +4. Assume n-vertex inputs
G, vertex-weighted by w, are given with a d′-sequence. Weighted Max Independent Set
can be (d + 1)-approximated in time 2Od(

√
n) on these inputs.

Proof. By Lemma 12, we compute in polynomial time a partition P = {P1, . . . , P⌊
√

n⌋}
of V (G) whose parts have size at most s

√
n and such that R(G/P) has maximum degree at

most d.
For every integer 1 ⩽ i ⩽ ⌊

√
n⌋, we compute a heaviest independent set in G[Pi], say Si.

Even with an exhaustive algorithm, this takes time
√

n · s2n · 2s
√

n = 2Od(
√

n). We then
(d + 1)-color (in linear time) R(G/P), which is possible since this graph has maximum degree
at most d. This defines a coarsening of P in d + 1 parts Q = {C1, . . . , Cd+1}. Thus, Q is
a partition of V (G) such that Cj consists of all the parts Pi ∈ P receiving color j in the
(d + 1)-coloring of R(G/P).
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For every j ∈ [d+1], let Hj be the graph (G/P)[Cj ]4 vertex-weighted by Pi ⊆ Cj 7→ w(Si).
Note that (G/P)[Cj ] can indeed be assimilated to a graph, since it has, by design, no red edge.
We compute a heaviest independent set in Hj , say Rj . This takes time (d+1)·n·2

√
n = 2Od(

√
n).

We output
⋃

Pi⊆Rj
Si for the index j ∈ [d + 1] maximizing

∑
Pi⊆Rj

w(Si).

This finishes the description of the algorithm. We already argued that its running time is
2Od(

√
n). We shall justify that it does output an independent set of weight at least a 1

d+1
fraction of the optimum α(G). Let I be the output of the algorithm.

w(S4)

w(S2)

w(S7)w(S13)

w(S10) w(S9)

⩽ s
√

n
vertices

. . .

C1 C2 C3

Figure 2 The trigraph G/P with its ⌊
√

n⌋ vertices, each corresponding to a subset of at most s
√

n

vertices of G. The weights w(Si) of heaviest independent sets Si of G[Pi] for each part Pi of the color
class C2 of the d + 1-coloring of R(G/P). A heaviest independent set in the so-weighted (G/P)[C2]
(shaded) corresponds to an optimum solution in G[

⋃
Pi⊆C2

Pi]. One of these d + 1 independent sets
is a d + 1-approximation.

I is indeed an independent set. For any j ∈ [d + 1], consider two vertices x, y ∈
⋃

Pi⊆Rj
Si.

If {x, y} ∈ Si for some i, then x and y are non-adjacent since Si is an independent set of
G[Pi]. Else x ∈ Si and y ∈ Si′ for some i ̸= i′. Pi and Pi′ are not linked by a black edge in
(G/P)[Cj ] since Rj is an independent set in Hj , nor they can be linked by a red edge (there
are none in (G/P)[Cj ]). Thus again, x and y are non-adjacent in G.

I has weight at least α(G)
d+1 . We claim that

⋃
Pi⊆Rj

Si is a heaviest independent set of
G[Cj ]. Note that the Pis that are included in Cj (and partition it) form a module partition of
G[Cj ]. In particular, any heaviest independent set intersecting some Pi ⊆ Cj has to contain
a heaviest independent of G[Pi]. This is precisely what the algorithm computes. Then a
heaviest independent set in G[Cj ] packs such subsolutions to maximize the total weight,
which is what is computed in Hj .

We conclude by the pigeonhole principle, since a heaviest independent set X of G is such
that w(X ∩ Cj) ⩾ α(G)

d+1 for some j ∈ [d + 1]. ◀

3.2 Time-approximation trade-offs
Lemma 14 runs exhaustive algorithms on induced subgraphs of size Od(

√
n). As such,

the latter inputs keep the same twin-width upper bound. To speed up the algorithm
(admittedly while worsening the approximation factor) it is tempting to recursively call our
very algorithm. We show that this leads to a time-approximation trade-off parameterized

4 We use this notation as a slight abuse of notation for (G/P)[{Pi : Pi ⊆ Cj}].
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by an integer q = 0, . . . , Od(log log n). At one end of this discrete curve, one finds the exact
exponential algorithm (q = 0), and more interestingly the d + 1-approximation in time
2Od(

√
n) (q = 1), while at the other end lies a polynomial-time algorithm with approximation

factor nε, where ε > 0 can be made as small as desired.
As we will deal with the same kind of recursions for several problems, we show the

following generic abstraction.

▶ Lemma 15. Let d̂ be a natural, d′ = 2d̂+2, and d := cd′ ·24cd′ +4. Let Π be an optimization
graph problem where inputs come with a d̂-sequence of their n-vertex graph G, or with a neatly
divided matrix (M, (R, C)) ∈ Mn,d′ conform to G. Let P be the partition of V (G) given
by Lemma 13. Assume that
1. Π can be exactly solved in time 2O(n), and there are constants c1, c2, c3, and a function

f ⩾ 1 such that
2. a dc3r2-approximation of Π on G can be built in time nc2 by using at most nc1 calls

to an r-approximation of Π –or another optimization problem Π ′ already satisfying the
conclusion of the lemma– on an induced subgraph of G with at most f(d)

√
n vertices or

a full cleanup of an induced subtrigraph of G/P (on at most
√

n vertices).
Then Π can be dc3(2q−1)-approximated in time

(f(d)qn)(2−2−q)(c1+c2) · 2f(d)2(1−2−q)n2−q

,

for any non-negative integer q.

Proof. The proof is by induction on q. The case q = 0 is implied by Item 1. The case q = 1,
and the induction step in general, is nothing more than an abstraction of Lemma 14, where
exhaustive algorithms are replaced by recursive calls.

For any q ⩾ 0, we assume that Π can dc3(2q−1)-approximated in the claimed running time,
and show the same statement for the value q + 1. Following Item 2, we run this algorithm –or
one for another optimization problem Π ′ satisfying the conclusion of the lemma– at most nc1

times on f(d)
√

n-vertex induced subgraphs of the input graph G or on full cleanups of induced
subtrigraphs of G/P . The latter graphs have at most

√
n ⩽ f(d)

√
n vertices. By Lemma 13,

we can compute in polynomial time a neatly divided matrix (M ′, (R′, C′)) ∈ M|V (H)|,d′

conform to H, for each graph H of a recursive call; hence the induction applies.
Overall this takes time at most

nc1 + nc2 ·
(

(f(d)q · f(d)
√

n)(2−2−q)(c1+c2) · 2f(d)2(1−2−q)(f(d)
√

n)2−q
)

⩽ (f(d)q+1n)c1+c2+ 1
2 (2−2−q)(c1+c2) · 2f(d)2(1−2−q)+2−q

n
2−q

2

= (f(d)q+1n)(2− 2−q

2 )(c1+c2) · 2f(d)2−2−q+1+2−q
n2−(q+1)

= (f(d)q+1n)(2−2−(q+1))(c1+c2) · 2f(d)2(1−2−(q+1))n2−(q+1)

.

For the first inequality, we assume that the two summands are larger than 2, so their
sum can be bounded by their product.

Besides we get an approximation of factor at most (dc3(2q−1))2dc3 = dc3(2q+1−1). ◀

In more legible terms we have proved that:

▶ Lemma 16. Problems Π satisfying the assumptions of Lemma 15 can be dO(1)(2q−1)-
approximated in time 2Od,q( 2q√

n), for any non-negative integer q.
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While most graph problems admit single-exponential algorithms, we will deal with such
a problem that is only known to be solvable in time 2O(n log n). Therefore we prove a variant
of Lemma 15 with a slightly worse running time.

▶ Lemma 17 (⋆). Let Π be solvable in time 2O(n log n) and satisfy the second item of Lemma 15.
Then Π can be dc3(2q−1)-approximated in time

2
(

(c1+c2)(2−2−q) log f(d)+f(d)2(1−2−q)n2−q )
log n

,

for any non-negative integer q.

Again the previous lemma can be rewritten as:

▶ Lemma 18. Problems Π satisfying the assumptions of Lemma 17 can be dO(1)(2q−1))-
approximated in time 2Od,q( 2q√

n log n), for any non-negative integer q.

We derive from Lemma 17 the following notable regimes.

▶ Theorem 19 (⋆). Problems Π satisfying the assumptions of Lemma 17 admit polynomial-
time nε-approximation algorithms, for any ε > 0.

▶ Theorem 20 (⋆). Problems Π satisfying the assumptions of Lemma 15, resp. Lemma 17,
admit a log n-approximation algorithm running in time 2Od(n

1
log log n ), resp. 2Od(n

1
log log n log n).

We derive the following for Weighted Max Independent Set.

▶ Theorem 21 (⋆). Weighted Max Independent Set on n-vertex graphs G (vertex-
weighted by w) given with a d′-sequence satisfies the assumptions of Lemma 15. In particular,
this problem admits

a (d + 1)2q−1-approximation in time 2Od,q(n2−q
), for every integer q ⩾ 0,

an nε-approximation in polynomial-time Od,ε(1) logOd(1) n · nO(1), for any ε > 0, and

a log n-approximation in time 2Od(n
1

log log n ),
with d := c2d′+2 · 24c2d′+2+4.

4 Finding the suitable generalization: the case of Coloring

In this section, we deal with the Coloring problem. Unlike for WMIS, we cannot solely
resort to recursively calling our Coloring algorithm on smaller graphs. The right problem
generalization needs to be found for the inductive calls to work through, and it happens to
be Set Coloring.

In the Set Coloring problem, the input is a couple (G, b) where G is a graph, and
b is a function assigning a positive integer to each vertex of G. The goal is to find, for
each v ∈ V (G), a set Sv of at least b(v) colors such that Su ∩ Sv = ∅ whenever uv ∈ E(G),
and minimizing | ∪v∈V (G) Sv|. Let χb(G) be the optimal value of Set Coloring for (G, b).
Observe that Coloring corresponds to the case where b(v) = 1 for every v ∈ V (G).

▶ Theorem 22. Set Coloring (and hence Coloring) on n-vertex graphs G given with a
d′-sequence satisfies the assumptions of Lemma 17. In particular, this problem admits

a (d + 1)2q−1-approximation in time 2Od,q(n2−q
log n), for every integer q ⩾ 0, and

an nε-approximation in polynomial-time for any ε > 0.
with d := c2d′+2 · 24c2d′+2+4.
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Proof. It is known [25] that Set Coloring can be solved using the inclusion-exclusion
principle in time O∗(maxv∈V (G) b(v)n) = 2O(n log n). We now prove that it satisfies the second
item of Lemma 15. We denote by A the r-approximation algorithm of the statement, which
we will use on instances of Set Coloring. In particular, we will call it at most

√
n + 1

times, and will obtain at the end a (d + 1)r2-approximation on our input (G, b) in polynomial
time.

We first apply Lemma 13 to get, in polynomial-time, a partition P = {P1, . . . , P⌊
√

n⌋}
of V (G) whose parts have size at most d

√
n and such that R(G/P) has maximum degree

at most d. For every i ∈ [⌊
√

n⌋], we use A to compute an r-approximated solution cPi
of

(G[Pi], b|Pi
). We denote by b′ the function which assigns, to each Pi, the number of colors

of cPi
. We now compute, in polynomial-time, a proper (d + 1)-coloring of R(G/P), which

defines the sets C1, . . . , Cd+1. For each j ∈ [d + 1], we construct another Set Coloring
instance consisting of the graph Hj = (G/P)[Cj ] (recall that this trigraph has no red edge,
and can thus be seen as a graph), together with the function b′

|Cj
. Again we use A to compute

an r-approximated solution on (Hj , b′
|Cj

). We denote by cH this solution. Let Gj be the
subgraph of G induced by ∪Pi∈Cj

Pi, and bj the restriction of b to V (Gj). We now show how
to construct a solution cj of Set Coloring to (Gj , bj) from cH and all cPi

. Recall that
for every Pi ∈ Cj , every v ∈ Pi, we have that cPi

(v) is a subset of {1, . . . , b′(Pi)} of size at
least b(v), and that cH(Pi) is a subset of size at least b′(Pi). Hence, for each Pi ∈ Cj , one
can choose an arbitrary bijection τ from {1, . . . , b′(Pi)} to cH(Pi), and define to each vertex
v ∈ Pi the set cj(v) as {τ(x) : x ∈ cPi

(v)}.
By construction, this solution is a feasible one for the instance (Gj , bj). Let us prove

that it is an r2-approximation of χbj
(Gj). First, by definition of cH , our solution uses at

most r · χb′
|Cj

(Hj) colors. Then, by definition of cPi for every Pi ∈ Cj , we have b′
Cj

(Pi) ⩽

r · χb|Pi
(G[Pi]). Now, denote by Γ the function which assigns to each Pi ∈ Cj the number

χb|Pi
(G[Pi]). We now use the following claim, whose proof is left to the reader.

▷ Claim 23. Let (G, b) be an instance of Set Coloring, and r ∈ R+. It holds that
χr·b(G) ⩽ r · χb(G), where r · b is the function which assigns r · b(v) to each v ∈ V (G).

This implies χb′
|Cj

(Hj) ⩽ r ·χΓ (Hj), and thus our solution uses at most r2 ·χΓ (Hj) colors.
We now prove the following claim.

▷ Claim 24. χΓ (Hj) ⩽ χbj (Gj).

Proof of the claim. Let c be an optimal solution for (Gj , bj). For every distinct Pi, Pi′ ∈ Cj

such that PiPi′ is an edge of Hj , it holds that there are all possible edges between Pi and
Pi′ in Gj (by definition of the coloring C1, · · · , Cd+1), hence it holds that

⋃
v∈Pi

c(v) and⋃
v∈Pi′ c(v) have empty intersection. Moreover, by definition of Γ , we have that

⋃
v∈Pi

c(v)
is of size at least Γ (Pi), hence the function which assigns

⋃
v∈Pi

c(v) to each Pi is a feasible
solution for (Hj , Γ ) using at most χbj

(Gj) colors. ◁

We now have in hand an r2-approximated solution of (Gj , bj) for every j ∈ [d + 1], which
can be turned into a (d + 1)r2-approximated solution of (G, b), as desired. ◀
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1 Introduction

Decompositions of graphs and their associated width parameters are a popular approach for
solving NP-hard graphs problems. Several fundamental graph problems, like Independent
Set, are known to be fixed-parameter tractable parameterized by width parameters like
the treewidth (tw) of the input graph [1]. While treewidth is the most prominent width
parameter, it has limited applicability as it can be bounded only for sparse graphs. To
capture the tractability of problems on structured dense graph classes, like cographs and
distance-hereditary graphs, the parameter clique-width (cw) was introduced by Courcelle,
Engelfriet, and Rozenberg [9]. Every graph with treewidth tw has clique-width cw ≤ O(2tw),
and for example complete graphs have unbounded treewidth but constant clique-width. Many
fixed-parameter tractability results parameterized by treewidth generalize to parameterization
by clique-width [10], and in particular Independent Set can be solved in time 2cwnO(1)

given a decomposition witnessing clique-width at most cw.
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11:2 Tight Lower Bounds for Problems Parameterized by Rank-Width

The width parameter rank-width (rw) was introduced by Oum and Seymour [29] in order
to obtain a fixed-parameter approximation algorithm for computing the clique-width. In
particular, they showed that rw ≤ cw ≤ 2rw+1 − 1 and rank-width can be 3-approximated
in time 8rwnO(1), implying an exponential 2O(cw)-approximation for clique-width within the
same time complexity. Even though multiple improvements for computing rank-width have
been given [17, 21, 24, 27], the only known way to approximate clique-width remains via
computing rank-width.

In the past decade, the focus of the study of algorithms on graph decompositions has
shifted from complexity classification into establishing fine-grained bounds on the time
complexity as a function of the parameter [4, 5, 11, 12, 15, 16, 20, 23, 25, 26, 28], under
either the Exponential Time Hypothesis (ETH) or the Strong Exponential Time Hypothesis
(SETH) [22]. For example, Lokshtanov, Marx, and Saurabh [26] showed that assuming SETH,
Independent Set cannot be solved in time (2 − ε)pwnO(1) parameterized by path-width
(pw) for any constant ε > 0, which also translates into a tight lower bound of (2 − ε)cwnO(1)

parameterized by clique-width because of the relation cw ≤ pw + 2 [14]. Lampis [25] showed
that for every constant k ≥ 3, the optimal time complexity of k-coloring parameterized by
clique-width is (2k − 2)cwnO(1) assuming SETH.

Even though fine-grained lower bounds parameterized by clique-width have been intens-
ively studied [4, 5, 15, 16, 25], less attention has been given to fine-grained lower bounds
parameterized by rank-width. As the only known way to compute clique-width is via com-
puting rank-width and using the constructive version of the inequalities rw ≤ cw ≤ 2rw+1 − 1,
it could be argued that fine-grained bounds parameterized by rank-width have more signific-
ance than bounds parameterized by clique-width: In the end, the only known way to use
clique-width in its full generality is to actually use rank-width.

The lack of fine-grained lower bounds for parameterizations by rank-width in the literature
could be explained by the fact that the best known upper bounds appear to require more
complicated arguments than for other width parameters. In particular, while the translation
to clique-width or a straightforward dynamic programming leads to a double-exponential
22O(rw)

nO(1) time algorithm for Independent Set parameterized by rank-width, Bui-Xuan,
Telle, and Vatshelle showed in 2010 that surprisingly this is not optimal, giving a 2O(rw2)nO(1)

time algorithm by exploiting the algebraic properties of rank-width [6]. It was asked by
Bergougnoux and Kanté [3] whether this algorithm could be shown to be optimal assuming
ETH, and by Vatshelle [30] whether a 2O(rw)nO(1) time algorithm exists.

In this paper, we show that assuming ETH, the 2O(rw2)nO(1) time algorithm for Inde-
pendent Set by Bui-Xuan, Telle, and Vatshelle is optimal. We show in fact a slightly more
general result, using parameterization by linear rank-width (lrw), which is a path-like version
of rank-width whose value is at least the rank-width, i.e., rw ≤ lrw.

▶ Theorem 1.1. Unless ETH fails, there is no 2o(lrw2)nO(1) time algorithm for Independent
Set, where lrw is the linear rank-width of the input graphs.

Unlike for the fine-grained lower bounds parameterized by clique-width, for our result
the matching upper bound holds even without the assumption that the decomposition is
given because rank-width can be 3-approximated in time O(8rwn4) [27].

Theorem 1.1 is the first ETH-tight lower bound parameterized by rank-width that does
not follow directly from a lower bound for n-vertex graphs and the relation rw ≤ n. Tight
bounds of the latter type are known for the problems of finding a largest induced subgraph
with odd vertex degrees and for partitioning a graph into a constant number of such induced
subgraphs. In particular, these problems admit 2O(rw)nO(1) time algorithms but cannot be
solved in time 2o(n) unless ETH fails [2].
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Algorithms with time complexity 2O(rw2)nO(1) were given for Dominating Set and
Maximum Induced Matching by Bui-Xuan, Telle, and Vatshelle [6, 8] and for Feedback
Vertex Set by Ganian and Hlinený [18]. We extend our lower bound construction to show
that these algorithms for Maximum Induced Matching and Feedback Vertex Set and
a weighted variant of the algorithm for Dominating Set are optimal assuming ETH.

▶ Theorem 1.2. Unless ETH fails, there is no 2o(lrw2)nO(1) time algorithm for Weighted
Dominating Set, Maximum Induced Matching, or Feedback Vertex Set, where lrw
is the linear rank-width of the input graphs.

Boolean-width. Boolean-width (boolw) is a width-parameter introduced by Bui-Xuan, Telle,
and Vatshelle [7]. It is defined on branch decompositions over the vertex set V (G) with the cut
function boolw(A, B) = log2 |{N(X)∩B : X ⊆ A}|, which naturally leads to algorithms with
time complexity 2O(boolw)nO(1) for local problems when a branch decomposition with Boolean-
width boolw is given. Bui-Xuan, Telle, and Vatshelle proved that log2 rw ⩽ boolw ⩽ O(rw2)
and asked as an open question whether the upper bound boolw ⩽ O(rw2) is tight [7]. Since
Independent Set can be solved in time 2O(boolw)nO(1) given a branch decomposition with
Boolean-width boolw, Theorem 1.1 gives evidence that there are graphs whose Boolean-width
is quadratic in rank-width. A small variant of our construction for Theorem 1.1 can be
used to give a quadratic separation between Boolean-width and rank-width, answering the
question of Bui-Xuan, Telle, and Vatshelle:

▶ Theorem 1.3. There are graphs with rank-width k and Boolean-width Ω(k2) for arbitrarily
large k.

The proof of this theorem is given in the full version of this paper.

Our Method. We briefly describe our main technical ideas for Theorem 1.1, as the other
ideas are similar.

Our starting point is the 2O(rw2)nO(1) time algorithm for Independent Set from [6].
Intuitively, the algorithm can be thought of as normal dynamic programming over tree
decompositions where we have table entries for each subset of a bag of the tree-decomposition
(which is a separator in the graph). The twist however is that the size of the separator
may be large, but instead we are only guaranteed that the rank (over F2) of the incidence
matrix of the cut between the separator and the remainder of the graph is small. The crucial
observation from [6] is that we do not need to know the exact subset of the separator of
vertices selected in the independent set, but only its set of neighbors across the cut, and that
such a neighborhood can be described by a (row- or column-) subspace of the mentioned
incidence matrix. Since there are only 2O(rw2) such subspaces, the runtime follows.

To turn this encoding idea into a reduction from 3-CNF-SAT to Independent Set on
graphs of rank-width rw (and get an ETH-tight lower bound), we first show this description
cannot be further shortened: Two vertex sets of the separator that describe different subspaces
in fact will have different sets of neighbors accross the cut. This allows us to design a “copy
gadget”: Once locally a certain vertex subset is chosen to be in the independent set, this is
has to be copied in various places throughout the graph (such that we can check a clause of
the 3-CNF per one such location). Furthermore, there is a simple inductive construction of
subspaces that enables us to directly encode assignments of Ω(rw2) variables of an 3-CNF
formula into a subspace of Frw

2 . This allows us to get a tight bound.

STACS 2023



11:4 Tight Lower Bounds for Problems Parameterized by Rank-Width

Organization. The rest of this paper is organized as follows. In Section 2 we set up notation.
In Section 3 we present structural results on the maximal unique cut with rank-width k

(that we call “the universal k-rank cut”). Subsequently, Section 4 builds upon these results
to prove Theorem 1.1. In Section 5 we prove the lower bounds for Maximum Induced
Matching and Feedback Vertex Set. We prove the lower bound for Weighted
Dominating Set in Section 6. We provide a brief conclusion in Section 7.

2 Notation

Given two integers i, j such that 1 ⩽ i ⩽ j, we denote by [i, j] the set of integer {i, i+1, . . . , j}
and by [i] the set {1, 2, . . . , i}. The size of a set V is denoted by |V | and its power set is
denoted by 2V .

Graphs. Our graph terminology is standard and we refer to [13]. The vertex set of a graph
G is denoted by V (G) and its edge set by E(G). For every vertex set X ⊆ V (G), when
the underlying graph is clear from context, we denote by X the set V (G) \ X. An edge
between two vertices x and y is denoted by xy or yx. The set of vertices that are adjacent
to x is denoted by NG(x). For a set U ⊆ V (G), we define NG(U) :=

⋃
x∈U NG(x) \ U . If the

underlying graph is clear, then we may remove G from the subscript. Two distinct vertices
u, v ∈ V (G) are twins if N(v) \ {u} = N(u) \ {v}. They are true twins if uv ∈ E(G) and
false twins if uv /∈ E(G).

The subgraph of G induced by a subset X of its vertex set is denoted by G[X]. For two
disjoint subsets X and Y of V (G), we denote by G[X, Y ] the bipartite graph with vertex set
X ∪ Y and edge set {xy ∈ E(G) : x ∈ X and y ∈ Y }.

Problem Statements. An independent set is a set of vertices that induces an edgeless
graph. A matching is a set of edges having no common endpoint and an induced matching is
a matching M where every pair of edges of M do not have a common adjacent edge in G.
Given a graph, the problems Independent Set and Maximum Induced Matching ask
for respectively an independent set and an induced matching of maximum size.

A feedback vertex set is the complement of a set of vertices inducing a forest (i.e. acyclic
graph). A set D ⊆ V (G) dominates a set U ⊆ V (G) if every vertex in U is either in D or is
adjacent to a vertex in D. A dominating set of G is a set that dominates V (G). Given a
graph, the problems Dominating Set and Feedback Vertex Set ask respectively for a
dominating set and a feedback vertex set of minimum size.

Given a graph G with a weight function w : V (G) → N, the problem Weighted
Independent Set (resp. Weighted Dominating Set) asks for an independent set of
maximum weight (resp. dominating set of minimum weight), where the weight of a set
X ⊆ V (G) is

∑
x∈X w(x).

Width parameters. Let V be a finite set with |V | ≥ 3, and f a function f : 2V → Z≥0 so
that f(∅) = 0 and f(A) = f(A) for all A ⊆ V . A branch decomposition of f is a tree whose
all internal nodes have degree 3 and whose leaves are bijectively mapped to V . Observe that
every edge of a branch decomposition of f corresponds to a bipartition (A, A) of V given by
the leaves on different sides of the edge. The width of the decomposition is the maximum
value of f(A) over the bipartitions (A, A) corresponding to the edges, and the branch-width
of f is the minimum width of a branch decomposition of f . The width of a permutation σ of
V is the maximum value of f(A) over prefixes A of the permutation. The linear branch-width
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of f is the minimum width of a permutation of V . Notice that the branch-width of f is
always at most the linear branch-width of f , in particular linear branch-width corresponds
to a restriction of branch-width where we demand the tree to be a caterpillar.

Let G be a graph and A, B ⊆ V (G) two disjoint sets of vertices. We define MG(A, B) to
be the |A| × |B| 0-1 matrix representing the bipartite graph G[A, B]. The cut-rank rw(A, B)
between A and B is defined as the F2-rank of MG(A, B). For a set of vertices A ⊆ V (G) we
define rw(A) = rw(A, A). The rank-width of a graph G is the branch-width of the cut-rank
function rw and the linear rank-width of G is the linear branch-width of rw. The Boolean-rank
between A and B is defined as boolw(A, B) = log2 |{N(X) ∩ B : X ⊆ A}|, and we define
boolw(A) = boolw(A, A). The Boolean-width of a graph G is the branch-width of boolw.

We will use the following lemma about the cut-rank.

▶ Lemma 2.1. Let A, B be disjoint subsets of V (G) and S ⊆ V (G). It holds that rw(A, B) ≤
rw(A ∩ S, B) + rw(A \ S, B).

Proof. The edges of G[A ∩ S, B] and G[A \ S, B] are disjoint, and therefore MG(A, B) can
be written as the sum of (appropriately permuted) MG(A ∩ S, B) and MG(A \ S, B). The
lemma follows from the fact that the rank of a sum of matrices is at most the sum of the
ranks of the matrices. ◀

3 Structural Results on the Universal k-Rank Cut

In this section, we study the universal k-rank cut which is the unique inclusion-wise maximal
cut of a given rank k with no twin vertices. This cut was used in [6] to give a non-algebraic
definition of rank-width and in [7] to prove that some cuts can have rank-width k and
Boolean-width Ω(k2) for arbitrary large k.

▶ Definition 3.1. For any integer k ≥ 1, the universal k-rank cut Rk is defined as the bipartite
graph with 2 · 2k vertices with color classes Ak ..= {as : s ⊆ [k]} and Bk ..= {bt : t ⊆ [k]}
such that as and bt are adjacent if and only if |s ∩ t| is odd. Given S = {s1, . . . , sℓ} ⊆ 2[k],
we define Ak[S] ..= {as1 , . . . , asℓ

} and Bk[S] ..= {bs1 , . . . , bsℓ
}. We may omit k from the

superscript when it is clear from the context.

The following lemma characterizes the cut-rank in terms of Rk.

▶ Lemma 3.2 ([6]). Let G be a graph and A, B disjoint subsets of V (G). It holds that
rw(A, B) ≤ k if and only if G[A, B], after removing twins, is an induced subgraph of Rk.

In particular, it follows that in the graph Rk we have rw(Ak, Bk) = k.
In the following, we define a family Fk of subsets of 2[k] that will play a crucial role in

our reductions. One major property of this family will be that for every distinct S1, S2 in
Fk, the sets of vertices Ak[S1] and Ak[S2] have different neighborhoods in Rk.

▶ Definition 3.3. Given any integer k ≥ 1 and S = {s1, . . . , sℓ} ⊆ 2[k], we define S ⊗ k + 1
as the collection consisting of {s1, . . . , sℓ, {k + 1}} and all the sets {s′

1, . . . , s′
ℓ} such that for

every i ∈ [ℓ], we have s′
i ∈ {si, si ∪ {k + 1}}. We define F1 as the family containing ∅ and

{{1}}. For every k ≥ 1, we define Fk+1 =
⋃

S∈Fk
S ⊗ k + 1.

For example, the collection F2 is the union of ∅⊗2 and {{1}}⊗2 where ∅⊗2 = {∅, {{2}}}
and {{1}} ⊗ 2 is the collection containing {{1}}, {{1, 2}} and {{1}, {2}}.

STACS 2023



11:6 Tight Lower Bounds for Problems Parameterized by Rank-Width

It is natural to view S = {s1, . . . , sℓ} ⊆ 2[k] as a binary ℓ × k matrix (so the si’s are
interpreted as k-dimensional binary vectors). Then the ⊗ operation can be thought of as
transforming a single matrix into a set of matrices as displayed in Figure 1, and the family
Fi can be thought of as the family of all different binary matrices with k columns that are in
row-reduced echelon form: The steps in which we add a row are exactly the pivotal columns.

S ⊗k + 1 =

s1

s2

sℓ

k

S

0 0 0 1
0

0
0

0

0

S S

S S

0

0
0
0

0
1

0
0
0

0

0

0
0
0

1
1

1
1
1

1

, ,

, . . . ,

,

Figure 1 Illustration of the interpretation of the ⊗ operation as an operation on binary matrices.

The following observation gives an alternative definition of Fk.

▶ Observation 3.4. For every k ≥ 1 and S ⊆ 2[k], we have S = {s1, . . . , s|S|} ∈ Fk if and
only if there exist pairwise distinct integers α1, . . . , α|S| ∈ [k] such that for every i ∈ [|S|], we
have si ∩ {α1, . . . , α|S|} = {αi} and si ⊆ {β ∈ [k] : αi ⩽ β}.

Note that the distinct integers α1, . . . , α|S| in Observation 3.4 are the column indices of the
leading coefficients in the matrix formulation in Figure 1.

We are ready to prove the two properties on the collections in Fk that we will use in our
reductions. We first prove the distinct neighborhoods property.

▶ Lemma 3.5. For every k ≥ 1 and every pair S1, S2 ∈ Fk with S1 ≠ S2 it holds that
NRk

(Ak[S1]) ̸= NRk
(Ak[S2]).

Proof. We start with the following claim.

▷ Claim 3.6. For every k ≥ 1 and S, X ⊆ 2[k] with X ⊆ S ∈ Fk, there exists t ⊆ [k] such
that for every s ∈ S, |s ∩ t| is odd if and only if s ∈ X (i.e. N(bt) ∩ Ak[S] = Ak[X ]).

Proof. Let S = {s1, . . . , sℓ} ∈ Fk and X ⊆ S. By Observation 3.4, there exists α1, . . . , αℓ ∈
[k] such that for every i ∈ [ℓ], we have si∩{α1, . . . , αℓ} = {αi}. Let t = {αi : i ∈ [ℓ]∧si ∈ X }.
Observe that, for every i ∈ [ℓ], we have si ∩ t = {αi} iff si ∈ X . Hence, |si ∩ t| is odd iff
si ∈ X for every i ∈ [ℓ]. ◁

We are now ready to prove the lemma by induction on k. It is obviously true for F1.
Let k ≥ 1 and suppose that the lemma holds for Fk. Let S ′

1, S ′
2 ∈ Fk+1 such that S ′

1 ̸= S ′
2.

By construction of Fk+1, for every i ∈ {1, 2}, there exists a unique Si ∈ Fk such that
S ′

i ∈ Si ⊗ k + 1.
If S1 ̸= S2, then by induction hypothesis, NRk

(Ak[S1]) ̸= NRk
(Ak[S2]). By definition

of Rk+1, for each i ∈ {1, 2}, the sets of vertices Ak+1[Si] and Ak+1[S ′
i] have the same

neighborshoods in Rk+1 when restricted to the subset Bk ⊆ Bk+1. We conclude that if
S1 ̸= S2, then NRk+1(Ak+1[S ′

1]) ̸= NRk+1(Ak+1[S ′
2]).
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It remains to consider the case when S1 = S2 = {s1, . . . , sℓ}. For both i ∈ {1, 2}, we
define a set Xi

..= {sj : j ∈ [ℓ] ∧ sj ∪ {k + 1} ∈ S ′
i}. Since S ′

1 ̸= S ′
2, we have X1 ̸= X2. By

Claim 3.6, there exists t1 ⊆ [k] such that |sj ∩ t1| is odd if and only if sj ∈ X1 for every j ∈ [ℓ].
We claim that bt1∪{k+1} is adjacent to Ak+1[S ′

2] but not to Ak+1[S ′
1] in Rk+1. For every

j ∈ [ℓ], we have sj ∈ X1 if and only if sj ∪ {k + 1} ∈ S ′
1, we deduce that |s ∩ (t1 ∪ {k + 1})|

is even for every s ∈ S ′
1. Consequently, bt1∪{k+1} is not adjacent to Ak+1[S ′

1] in Rk+1. As
X1 ̸= X2, there exists j ∈ [ℓ] such that sj ∈ X1△X2.

If sj ∈ X1 \ X2, then sj ∈ S ′
2 and |sj ∩ (t1 ∪ {k + 1})| = |sj ∩ t1| is odd.

If sj ∈ X2 \ X1, then sj ∪ {k + 1} ∈ S ′
2 and |sj ∪ {k + 1} ∩ (t1 ∪ {k + 1})| = |sj ∩ t1| + 1 is

odd since |sj ∩ t1| is even.
We deduce that bt1∪{k+1} is adjacent to Ak+1[S ′

2] and conclude that NRk+1(Ak+1[S ′
1]) ̸=

NRk+1(Ak+1[S ′
2]). ◀

We then show that the size of the neighborhood of Ak[S] depends only on |S|.

▶ Lemma 3.7. For every k ≥ 1 and S ∈ Fk, we have |NRk
(Ak[S])| = 2k − 2k−|S|.

Proof. Let k ≥ 1 and S ∈ Fk. In this proof, we view each subset s ⊆ [k] as a vector
(s1, . . . , sk) ∈ Zk

2 with si = 1 if and only if i ∈ s for every i ∈ [k]. Observe that, given
s, t ⊆ [k], the inner product ⟨s, t⟩ of s and t is the sum s1t1 + s2t2 + · · · + sktk over Z2 and
it equals 1 if and only if |s ∩ t| is odd.

We denote by ⟨S⟩ the subspace of Zk
2 generated by the vectors of S and by ⟨S⟩⊥ ..= {t ⊆

[k] : ∀s ∈ ⟨S⟩, ⟨s, t⟩ = 0} its orthogonal subspace.
Observe that, for every s1, s2, t ⊆ [k], if ⟨s1, t⟩ = ⟨s2, t⟩ = 0, then ⟨s1 + s2, t⟩ = 0.

Consequently, we have t ∈ ⟨S⟩⊥ if and only if ⟨s, t⟩ = 0 for every s ∈ S. We deduce that

NRk
(Ak[S]) = Bk \ Bk[⟨S⟩⊥].

By the rank-nullity theorem, we have dim⟨S⟩ + dim⟨S⟩⊥ = k. By Claim 3.6, for every s ∈ S,
there exists t ⊆ [k] such that ⟨s, t⟩ = 1 and ⟨s′, t⟩ = 0 for every s′ ∈ S \ {s}. We deduce that
dim⟨S⟩ = |S| and thus dim⟨S⟩⊥ = k − |S|. As NRk

(Ak[S]) = Bk \ Bk[⟨S⟩⊥], we conclude
that |NRk

(Ak[S1])| = |Zk
2 | − |⟨S⟩⊥| = 2k − 2k−|S|. ◀

4 Reduction for Independent Set

Our reduction is from the variant of 3-CNF-SAT with a square number of variables. Since,
for every n ∈ N, there is always a square number between n and 2n + 1, we can always add
O(n) dummy variables to an instance of 3-CNF-SAT to ensure a square number of variables.
Thus, we have the following easy consequence of ETH [22].

▶ Lemma 4.1. Unless ETH fails, there is no 2o(k2)(k+m)O(1) time algorithm for 3-CNF-SAT
with m clauses and k2 variables, where k is an integer.

We start from an instance φ of 3-CNF-SAT with m clauses C1, . . . , Cm and a set of k2

variables Var(φ) ..= {vi,j : i ∈ [k], j ∈ [k + 1, 2k]}. The main idea of our construction is to
use the following bijection between the assignments of Var(φ) and some collections in F2k.

▶ Definition 4.2. Let S ..= {s ⊆ [2k] : |s ∩ [k]| = 1}. For each i ∈ [k], we denote by Si the
set {s ∈ S : s ∩ [k] = {i}}. For every assignment f : Var(φ) → {0, 1}, we denote by Sf the
collection containing the sets s1 ∈ S1, s2 ∈ S2, . . . , sk ∈ Sk, where for every i ∈ [k]

si = {i} ∪ {j ∈ [k + 1, 2k] : f(vi,j) = 1}.

Given a literal ℓ ∈ {vi,j , ¬vi,j}, we define Sℓ as the set {s ∈ Si : j ∈ s} if ℓ = vi,j and
{s ∈ Si : j /∈ s} if ℓ = ¬vi,j.
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For example with k = 2, the interpretation f which sets the variables v1,3, v1,4 and v2,4
to true is associated with the collection Sf containing {1, 3, 4} and {2, 4}.

▶ Observation 4.3. For every interpretation f : Var(φ) → {0, 1} and literal ℓ ∈ {vi,j , ¬vi,j :
vi,j ∈ Var(φ)}, we have f(ℓ) = 1 if and only if Sf ∩ Sℓ ̸= ∅ if and only if Sf ∩ S¬ℓ = ∅.

High level description of the reduction. We consider a modified version of the universal
2k-rank cut R2k which is obtained by: (1) removing the vertices that are in A2k but not in
A2k[S] and (2) making A2k[Si] a clique for every i ∈ [k]. This way in the graph induced
by A2k[S], every maximal independent set is of the form A2k[Sf ] with f an assignment of
Var(φ).

We make m copies A1, . . . , Am of such A2k[S] and for each i ∈ [m], we create a simple
clause gadget that is adjacent to some vertices of Ai. For each i ∈ [m], the clause gadget for
Ci is simply a triangle whose vertices are associated with the literals of Ci. For each literal ℓ

of Ci, the vertex associated with ℓ is adjacent to the vertices in the Ai associated with the
sets in S¬ℓ. See Figure 2 for an overview of this construction and Figure 3 for an example of
clause gadget.

Finally, we define a vertex-weight function (that can be emulated in the unweighted
setting by adding false twins) in such a way that for any independent set I of maximum
weight, there exists an interpretation f of Var(φ) such that I contains the copies of A2k[Sf ].
To this end, we actively use the fact that for all interpretations f, g of Var(φ), we have
Sf , Sg ∈ F2k and thus A2k[Sf ] and A2k[Sg] have the same neighborhood in R2k if and only
if f = g.

A1A1[S1] A1[S2] A1[Sk]T1

A2A2[S1] A2[S2] A2[Sk]T2

A3A3[S1] A3[S2] A3[Sk]T3

B

Figure 2 Overview of the reduction for Independent Set with m = 3. The gray areas represent
cliques and dotted lines indicates the existence of edges between two sets of vertices.

The construction. We construct a graph G as follows. We create m copies A1, . . . , Am of
A2k[S], for each i ∈ [m], we have Ai

..= {ai
s : s ∈ S}. Given S ′ ⊆ S and i ∈ [m], we denote

by Ai[S ′] the set {ai
s ∈ Ai : s ∈ S ′}. For each i ∈ [m] and j ∈ [k], we add edges so that

Ai[Sj ] induces a clique. Thanks to these k cliques, we have the following relation between
the independent sets of G[Ai], the subsets of S and the interpretations of Var(φ).

▶ Lemma 4.4. Let i ∈ [m] and S ′ ⊆ S. If Ai[S ′] is an independent set of G[Ai], then
S ′ ∈ F2k. Moreover, Ai[S ′] is an independent set of G[Ai] of size k if and only if there exists
an interpretation f of Var(φ) such that S ′ = Sf .
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ai{1}

ai{1,3}

ai{1,4}

ai{1,3,4}
ai{2}

ai{2,3}

ai{2,4}

ai{2,3,4}

Ai[S1] Ai[S2]

civ1,3 civ2,4

ci¬v1,4

Ti

Ai

Figure 3 Example of clause gadget with k = 2 and a clause Ci = {v1,3, ¬v1,4, v2,4}. The
independent set containing the white-filled vertices is Ai[Sf ] for the interpretation f with f−1(1) =
{v1,4, v2,3, v2,4} and f−1(0) = {v1,3}. This independent set can be extended with the vertex ci

v2,4 .

Proof. Let i ∈ [m] and S ′ = {s1, . . . , sr} ⊆ S such that Ai[S ′] is an independent set of G.
By construction of G[Ai], we know that Ai[S ′] contains at most one vertex from Ai[Sj ] for
each j ∈ [k]. Thus, there exist pairwise distinct integers α1, . . . , αr ∈ [k] such that for every
j ∈ [r], we have {αj} ⊆ sj ⊆ {αj} ∪ [k + 1, 2k]. By Observation 3.4, we deduce that S ′

belongs to the collection F2k.
It is easy to see that |S ′| = k if and only if S ′ = {s1, . . . , sk} with {j} ⊆ sj ⊆ {j}∪[k+1, 2k]

for every j ∈ [k] and this is equivalent to S ′ = Sf with f−1(1) = {vi,j : i ∈ [k] ∧ j ∈
si ∩ [k + 1, 2k]}. ◀

We create B = B2k ..= {bs : s ⊆ [2k]}. For every i ∈ [m], s ∈ S and t ⊆ [2k], if |s ∩ t| is
odd, we make bt adjacent to ai

s. Consequently, G[Ai, Bi] is isomorphic to R2k[A2k[S], B2k].
We deduce the following observations from Lemma 4.4 and our results on R2k.

▶ Observation 4.5. Let i, j ∈ [m] and f, g be two assignments of Var(φ). We have N(Ai[Sf ])∩
B = N(Aj [Sg]) ∩ B if and only if f = g.

▶ Observation 4.6. For every i ∈ [m] and S ′ ⊆ S such that Ai[S ′] is an independent set of
G, we have |N(Ai[S ′]) ∩ B| = 22k − 22k−|S′|.

For every i ∈ [m] with Ci = {ℓ1, ℓ2, ℓ3}, we create a triangle induced by a set Ti of three
new vertices ci

ℓ1
, ci

ℓ2
and ci

ℓ3
. For each j ∈ [3], we make ci

ℓj
adjacent to all the vertices in

Ai[S¬ℓj
]. Thanks to Observation 4.3 and these edges, each independent sets associated with

an interpretation that satisfies Ci can be extended with one of the vertices in Ti.

▶ Observation 4.7. For every assignment f of Var(φ) and i ∈ [m] with Ci = {ℓ1, ℓ2, ℓ3}, we
have Ti \ N(Ai[Sf ]) ̸= ∅ if and only if f satisfies Ci.

Finally, we define the weight function w : V (G) → N such each vertex v in A1 ∪ · · · ∪ Am

have weight w(v) ..= 22k = |B| and all the other vertices have weight 1. The purpose of w is
to guarantee that maximum independent set of G contains k vertices in each Ai.

We are ready to prove the correctness of our reduction.

▶ Lemma 4.8. If φ is a satisfiable 3-CNF-SAT formula, then G admits an independent set
of weight 22kkm + 2k + m.

Proof. Suppose φ admits a satisfying assignment f . For each i ∈ [m], let ℓi be a literal
of Ci such that f(ℓi) = 1. Let I be the set of vertices that contains (1) the vertices in
B \ N(A1[Sf ]) = · · · = B \ N(Am[Sf ]) and (2) for every i ∈ [m] the vertices in Ai[Sf ] ∪ {ci

ℓi}.
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Lemmas 4.4 and 4.6 and Observations 4.7 and 4.5 imply that I is an independent
set of G. For every i ∈ [m], we have |Ai ∩ I| = k and by Observation 4.6 we have
B ∩ I = |B \ N(A1[Sf ])| = 2k. Hence, the weight of I is 22kkm + 2k + m. ◀

▶ Lemma 4.9. If G admits an independent set of weight at least 22kkm + 2k + m, then φ is
a satisfiable 3-CNF-SAT formula.

Proof. Assume that G admits an independent set I of maximum weight with w(I) ≥
22kkm+2k +m. First, we assume towards a contradiction that there exists i ∈ [m] and j ∈ [k]
such that I ∩ Ai[Sj ] = ∅. Let s ∈ Sj . By construction of G, we have N(ai

s) ⊆ B ∪ Ai[Sj ] ∪ Ti.
By Observation 4.6, we have |N(ai

s) ∩ B| = 22k−1. Moreover, since Ti induces a triangle in
G, I contains at most one of vertex in Ti. We deduce that

w(N(ai
s) ∩ I) ⩽ 22k−1 + 1 < w(ai

s) = 22k.

Consequently, I ′ = (I \ N(ai
s)) ∪ {ai

s} is an independent set of G with w(I) < w(I ′), yielding
a contradiction with I being of maximum weight.

From now, we assume that, for every i ∈ [m] and j ∈ [k], I contains exactly one vertex
in Ai[Sj ]. Since each Ai[Sj ] induces a clique, we deduce that for every i ∈ [m], we have
|Ai ∩ I| = k. By Lemma 4.4, there exist m interpretations f1, . . . , fm of Var(φ) such that,
for every i ∈ [m], we have I ∩ Ai = Ai[Sfi ]. By Observation 4.6, for every i ∈ [m], we have

|N(Ai[Sfi ]) ∩ B| = 22k − 2k. (1)

Hence, we have w(I ∩ B) = |I ∩ B| ⩽ 2k. Since each Ti induces a triangle in G, we have
w(I ∩Ti) = |I ∩Ti| ⩽ 1. As w(I) ≥ 22kkm + 2k + m, we deduce that I has exactly 2k vertices
in B and 1 in each Tj for j ∈ [m].

Equation 1 and |I ∩ Bi| = 2k imply that the neighborhoods of I ∩ A1, I ∩ A2, . . . , I ∩ Am

in B is the same. From Observation 4.5, we deduce that f1 = f2 = · · · = fm. Since I contains
exactly one vertex in each Ti, we conclude from Observation 4.7 that f1 = · · · = fm satisfies
every clause of φ. ◀

▶ Lemma 4.10. The linear rank-width of G is at most 2k + 4.

Proof. For each i ∈ [m] and j ∈ [k], let σ(Ai[Sj ]) be an arbitrary permutation of Ai[Sj ] and
σ(Ai) be the concatenation of σ(Ai[S1]), . . . , σ(Ai[Sk]). For each X ∈ {T1, . . . , Tm} ∪ {B},
let σ(X) be an arbitrary permutation of X. We define the permutation σ of V (G) as the
concatenation of σ(B), σ(A1), σ(T1), σ(A2), σ(T2), . . . , σ(Am) and σ(Tm). We claim that
rw(σ) ⩽ 2k + 4.

Let (X, X) be a cut of G induced by σ. If X ∩ (A1 ∪ · · · ∪ Am) = 0, then rw(X, X) is
at most rw(B, A1 ∪ · · · ∪ Am). Now, observe that G[B, A1 ∪ · · · ∪ Am] is obtained from the
universal 2k-rank cut R2k by removing some vertices A2k and making copies of the ones we
do not remove. Consequently, we have rw(B, A1 ∪ · · · ∪ Am) ⩽ 2k.

Suppose now that X ∩ (A1 ∪ · · · ∪ Am) ̸= ∅. Let i ∈ [m] and j ∈ [k] be maximum such
that X ∩ Ai[Sj ] ̸= ∅. Observe that the only edges of G[X, X] are (1) between X ∩ B and
X ∩ (Aj+1 ∪ · · · ∪ Am), (2) between Ai[Sj ] ∩ X and Ai[Sj ] ∩ X, (3) between X ∩ (Ai ∪ Ti)
and X ∩ Ti. As G[Ai] is a clique, we have rw(Ai[Sj ] ∩ X, Ai[Sj ] ∩ X) ⩽ 1. Since |X ∩ Ti| ⩽ 3,
we deduce that rw(X, X) is at most 2k + 4. As it holds for any prefix X of σ, we conclude
that lrw(G) ⩽ 2k + 4. ◀

▶ Theorem 4.11. There is no algorithm solving Weighted Independent Set in time
2o(lrw(G)2)nO(1) unless ETH fails.
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Proof. Assume that there exists a 2o(lrw(G)2)nO(1) time algorithm for Weighted Independ-
ent Set. We prove that it implies the existence of a 2o(k2)nO(1) time algorithm for 3-SAT
where k2 is the number of variables. This will contradict ETH.

Suppose that we are given a 3-SAT formula φ with k2 variables and m clauses. We
construct the graph G described above. As G has 22k + (2kk + 3)m vertices, we deduce that
we can construct G in time 2O(k)m.

From Lemmas 4.8 and 4.9, we know that G admits an independent set of weight at
least 22kkm + 2k + m if and only if φ is satisfiable. By assumption, we can compute an
independent set of G in time 2o(lrw(G)2)nO(1). By Lemma 4.10, the linear rank-width of G

is at most 2k + 4. Hence, we can decide whether φ is satisfiable in time 2o(k2)nO(1). This
contradicts ETH by Lemma 4.1. ◀

▶ Lemma 4.12. Let G be a graph with a weight function w : V (G) → N and σ be a linear
decomposition of rank-width w. We can construct in time O(|V (G)| maxv∈V (G) w(v)) a graph
G′ and a linear decomposition σ′ of G′ with rank-width at most w + 1 such that G admits an
independent set I of weight at least W iff G′ admits a independent set of size at least W .

Proof. We assume without loss of generality that G has no vertex of weight 0 (we can always
delete them without changing the weights of the independents sets of G). The graph G′

is obtained from G by adding iteratively w(v) − 1 false twins to each vertex v ∈ V (G).
Formally, G′ is the graph with vertex set V (G′) = {vi : v ∈ V (G) ∧ i ∈ [w(v)]} and edge
set {uivj : uv ∈ E(G) ∧ i ∈ [w(u)] ∧ j ∈ [w(v)]}. We construct σ′ from σ by replacing every
vertex v ∈ V (G) by the sequence (v1, . . . , vw(v)). Obviously, G′ and σ′ can be constructed in
time O(|V (G)| maxv∈V (G) w(v))

Given an independent set I of G, it is easy to see that {vi : v ∈ I ∧ i ∈ [w(v)]} is an
independent set of G’ of size w(I). On the other hand, for every independent set I ′ of G′,
we have |I ′| ⩽ w({v ∈ V (G) : I ∩ {v1, . . . , vw(v)} ̸= ∅}).

Let (A′, B′) be a cut induced by σ′, A = {v ∈ V (G) : v1 ∈ A′} and B = {v ∈ V (G) :
vw(v) ∈ B′}. By construction, (A, V (G)\A) is a cut of G induced by σ and B is either V (G)\A

or (V (G)\A)∪{v} for some vertex v ∈ A if v1 ∈ A′ and vw(v) ∈ B′. Moreover, the adjacency
matrix between A′ and B′ in G′ can be obtained from the one between A and B in G by adding
copies of rows and columns. Since adding a copy of a row or a column does not increase the
rank of a matrix, we conclude that rw(A′, B′) ⩽ rw(A, B)+ rw(A, {v}) ⩽ rw(A, V (G)\A)+1.
As rw(A, V (G)) ⩽ w, we deduce that rw(A′, B′) ⩽ w + 1. We conclude that the rank-width
of σ′ is at most w + 1. ◀

Theorem 1.1 is now a direct consequence of Theorem 4.11 and Lemma 4.12.

5 Maximum Induced Matching and Feedback Vertex Set

In this subsection, we prove that our lower bound for Independent Set holds also for
Maximum Induced Matching and Feedback Vertex Set. To prove this, we provide a
single reduction from Independent Set that works for both problems.

▶ Lemma 5.1. Let G be a graph, σ be a linear decomposition of G of rank-width w. We can
construct in polynomial time a graph G′ and a linear decomposition of G′ of rank-width at
most w + 1 such that, for every k ∈ N, the following properties are equivalent:
1. G admits an independent set of size k.
2. G′ admits an induced matching on k edges.
3. G admits an induced forest with 2k vertices.
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Proof. Let G′ be the graph with vertex set {v, v̂ : v ∈ V (G)} and edge set

{vv̂ : v ∈ V (G)} ∪ {uv, ûv, uv̂, ûv̂ : uv ∈ E(G)}.

We construct a linear decomposition σ′ of G′ from σ by inserting v̂ after v in σ for each
vertex v ∈ V (G). Obviously, G′ and σ′ can be constructed in polynomial time. Since v̂ is
a true twin of v in G′ for every v ∈ V (G), we deduce that the rank-width of σ′ is at most
w + 1.

(1 ⇒ 2 ∧ 3). Given an independent set I of G, the set of vertices {vv̂ : v ∈ I} induces a
matching (and a forest) of G′.

(2 ⇒ 1). For M an induced matching M of G′, we obtain an independent set of G of size
|M | by considering any set of vertices that contains exactly one endpoint in V (G) of each
edge in M .

(3 ⇒ 1). Let F be a forest of G′ of maximum size with a maximum number of edges
in Ê ..= {vv̂ : v ∈ V (G)}. Assume towards a contradiction that F admits a connected
component C with an edge not in Ê. By construction, we deduce that V (C) contain at
most one vertices in {v, v̂} for each v ∈ V (G). As C is a tree, there exists IC ⊆ C such that
2|IC | ≥ |C| and G′[IC ] is an independent set. Observe that M = {v, v̂ : v ∈ IC ∨ v̂ ∈ IC}
induces a matching of size at least |C|. It follows that (V (F ) \ V (C)) ∪ M induces a forest
with at least as much vertices as F and with more edges in Ê, yielding a contradiction.
Consequently, we have E(F ) ⊆ Ê and we conclude that V (F ) ∩ V (G) is an independent set
of size |V (F )/2|. ◀

The following corollary is a direct consequence of Theorem 1.1 and Lemma 5.1.

▶ Corollary 5.2. There is no algorithm solving Maximum Induced Matching or Feedback
Vertex Set in time 2o(rw(G)2)nO(1) unless ETH fails.

6 Weighted Dominating Set

As for Independent Set, the starting point is an instance φ of 3-CNF-SAT with m clauses
C1, . . . , Cm and a set of k2 variables Var(φ) ..= {vi,j : i ∈ [k], j ∈ [k + 1, 2k]}. Similarly to
Independent Set, we construct a graph G with m copies A1, . . . , Am of A2k[S] and we
make sure that for any dominating set of minimum weight D, the intersection of D with
A1, . . . , Am corresponds to A1[Sf ], . . . , Am[Sf ] for some interpretation f of Var(φ). The
clause gadget associated with Ci consists of a single vertex adjacent to the vertices of the
i-th copy of A2k[S] that represent the partial interpretations of Var(φ) satisfying Ci. Thus,
if φ is satisfied by an interpretation f , a dominating set including A1[Sf ], . . . , Am[Sf ] would
dominate the vertices associated with the clause gadgets.

The main difference with our reduction for Independent Set is that we need 2(m − 1)
copies B1, B̂1, . . . , Bm−1, B̂m−1 of B2k to guarantee our equivalence between minimum
dominating sets and interpretations of Var(φ). Briefly, for each i ∈ [m − 1], G[Ai, Bi] and
G[B̂i, Ai+1] are isomorphic to R2k[A2k[S], B2k] and G[Bi, B̂i] is an induced matching such
that for each set s ⊆ [2k], the two vertices in Bi ∪ B̂i associated with s are adjacent. See
Figure 4 for an overview of the reduction.
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A1

A1[S1]

A1[S2]

A1[Sk]
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Figure 4 Overview of the reduction for Weighted Dominating Set with m = 3. The gray
areas represents cliques and dotted lines indicates the existence of edges between two sets of vertices.

This path-shaped construction and prohibitive weights on some vertices ensure that
φ is satisfiable by an interpretation f iff the set containing A1[Sf ], . . . , Am[Sf ] and B1 \
N(A1[Sf ]), . . . , Bm−1 \ N(Am[Sf ]) is a dominating set of minimum weight. Thanks to the
induced matchings between Bi and B̂i, the vertices of Bi \ N(Ai[Sf ]) dominate the vertices
in B̂i that are not dominated by Ai+1[Sf ].

The construction. We construct a graph G as follows. We create m copies A1, . . . , Am

of A2k[S], for each i ∈ [m], we have Ai
..= {ai

s : s ∈ S}. For each i ∈ [m] and j ∈ [k], we
create a vertex ai,j and we add edges so that Ai[Sj ] ∪ {ai,j} induces a clique denoted by
Ki,j . As the vertex ai,j will be only adjacent to the vertex in Ai[Sj ]. This guarantee that
any dominating set of G contains at least one vertex in Ki,j .

We create 2(m − 1) copies B1, B̂1, . . . , Bm−1, B̂m−1 of B2k, for each i ∈ [m − 1], we
have Bi

..= {bi
s : s ⊂ [2k]} and B̂i

..= {b̂i
s : s ⊆ [2k]}. For every i ∈ [m − 1], s ∈ S and

t ⊆ [2k] such that |s ∩ t| is odd, we make (1) ai
s adjacent to bi

t, (2) b̂i
t adjacent to ai+1

s

and (3) bi
t adjacent to b̂i

t. Consequently, G[Ai, Bi] and G[B̂i, Ai+1] are both isomorphic to
R2k[A2k[S], B2k] and G[Bi, B̂i] is an induced perfect matching.

For every i ∈ [m] with B̂i = {ℓ1, ℓ2, ℓ3}, we create a vertex ci adjacent to the vertices in
Ai[Sℓ1 ∪ Sℓ2 ∪ Sℓ3 ].

Finally, we define the weight function w : V (G) → N such each vertex v ∈ B1∪· · ·∪Bm−1∪
{ci : i ∈ [m]} has weight w(v) ..= 1, each vertex u ∈ A1 ∪· · ·∪Am has weight w(u) ..= 22k +2
and every vertex x ∈ B̂1 ∪ · · · ∪ B̂m−1 ∪ {ai,j : i ∈ [m] ∧ j ∈ [k]} has weight w(x) ..= +∞.
The purpose of w is to guarantee that every minimum dominating set of G contains at most
1 vertices in each Ai[Sj ] and no vertex in B̂1 . . . B̂m−1 ∪ {ai,j : i ∈ [m] ∧ j ∈ [k]}.

▶ Lemma 6.1. If φ is satisfiable, then G admits a dominating set of weight (22k + 2)km +
2k(m − 1).

Proof. Suppose that φ is satisfied by an interpretation f . Let D be the union of Ai[Sf ]
and Bj \ N(Aj [Sf ]) for every i ∈ [m] and j ∈ [m − 1]. We claim that D is a dominating
set of weight (22k + 2)km + 2k(m − 1). The weight of D is deductible from the following
observations:

For each i ∈ [m], the weight of each vertex in Ai is 22k + 2 and |Ai[Sf ]| = k.
The weight of each vertex in B1 ∪ · · · ∪ Bm−1 is 1, and by Observation 3.4, we have
Sf ∈ F2k which implies with Lemma 3.7 that |Bj \ N(Aj [Sf ])| = 2k for each j ∈ [m − 1].
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We conclude that D is a dominating set of G from the following arguments:
Let i ∈ [m]. By definition, Ai[Sf ] contains one vertex in Ai[Sj ] for every j ∈ [k]. As
Ki,j = Ai[Sj ] ∪ ai,j is a clique, we deduce that D dominates Ai and {ai,j : j ∈ [k]}.
Moreover, f interprets at least one literal ℓ of Ci as true. Thus, Ai[Sf ] ∩ Ai[Sℓ] ̸= ∅ and
ci – the vertex representing Ci – has a neighbor in D. So, D dominates Ai ∪ {ci} ∪ {ai,j :
j ∈ [k]} for every i ∈ [m].
Let j ∈ [m − 1]. As Aj [Sf ] and Bj \ N(Aj [Sf ]) are included in D, we know that D

dominates Bj . Let b̂j
s be a vertex in B̂j . If bj

s ∈ Bj is in D, then b̂j
s is dominated by D

as bj
sb̂j

s is an edge of G. Otherwise, if bj
s is not in D, then bj

s is adjacent to a vertex aj
t

in Aj [Sf ] ⊆ D. In this later case, the vertex aj+1
t belongs to Aj+1[Sf ] ⊆ D and aj+1

t is
adjacent to b̂j

s. It follows that D dominates B̂i. ◀

▶ Lemma 6.2. If G admits a dominating set of weight at most (22k + 2)km + 2k(m − 1),
then Var(φ) is satisfiable.

Proof. Let D be a dominating set of weight at most (22k + 2)km + 2k(m − 1). We use the
following claim prove that there exists some interpretation f such that D is the union of
A1[Sf ], . . . , Am[Sf ] and B1 \ N(A1[Sf ]), . . . , Bm \ N(Am[Sf ]).

▷ Claim 6.3. For every i ∈ [m], there exists an interpretation fi of Var(φ) such that
Ai ∩ D = Ai[Sf ].

Proof. By Definition 4.2, it is sufficient to prove that D contains exactly one vertex in
Ai[Sj ] for every i ∈ [m] and j ∈ [k]. Let i ∈ [m] and j ∈ [k]. By construction, we have
N(ai,j) = Ai[Sj ]. Since ai,j must be dominated by D and w(ai,j) = +∞, D contain at least
one vertex in Ai[Sj ].

Assume towards a contradiction that D contains two different vertices u, v in Ai[Sj ]. By
construction, we have N(u) \ N(v) ⊆ B̂i−1 ∪ Bi ∪ {ci} (we consider that B0 = B̂0 = Bm = ∅)
and the vertices in {ci} ∪ B̂i−1 ∪ Bi are dominated by the set X ..= Bi−1 ∪ Bi ∪ {ci}. Thus,
(D \ {u}) ∪ X is a dominating set of G. But, as w(X) = |X| ⩽ 22k + 1 < w(u) = 22k + 2, this
contradicts D being a dominating set of minimum weight. We conclude that D ∩Ai = Ai[Sfi

]
for some interpretation fi of Var(φ). ◁

For every i ∈ [m−1], we denote by B⋆
i the vertices in Bi that are not dominated by Ai[Sfi

],
i.e. B⋆

i
..= Bi \ N(Ai[Sfi ]). Similarly, we denote by B̂⋆

i the vertices in B̂i not dominated
by Ai+1[Sfi+1 ]. By Observation 3.4, we have Sf1 , . . . , Sfm

∈ F2k and from Lemma 3.7, we
deduce that |B⋆

i | = |B̂⋆
i | = 2k. By construction, each B⋆

i is an independent set and N(B⋆
i ) is

included in Ai ∪ B̂i. As Ai ∩ D = Ai[Sfi
] and w(v) = +∞ for every v ∈ B̂i, we deduce that

D contains B⋆
i for every i ∈ [m − 1].

Observe that w(Ai[Sfi
]) = (22k + 2)k for every i ∈ [m] and w(B⋆

j ) = |B⋆
j | = 2k for each

j ∈ [m − 1]. As w(D) is at most (22k + 2)km + 2k(m − 1), we deduce that D is exactly the
union of Ai[Si] and B⋆

j for i ∈ [m] and j ∈ [m − 1].
By definition, for each i ∈ [m − 1], the vertices in B̂⋆

i are not dominated by Ai+1[Sfi+1 ]
and thus they must be dominated by B⋆

i . As G[Bi, B̂i] is an induced perfect matching
with set of edges {bi

sb̂i
s : s ⊆ [2k]}, we deduce that B̂⋆

i = {b̂i
s : bi

s ∈ B⋆
i }. This implies

that N(Ai[Sfi
]) = N(Ai[Sfi+1 ]). Since fi and fi+1 belong to F2k, by Lemma 3.5, it follows

that fi = fi+1. We deduce that f1 = f2 = · · · = fm. We conclude that the interpretation
f1 = · · · = fm satisfies φ because for every i ∈ [m], the vertex ci representing the clause Ci

is dominated by Ai[Sfi
] and by Observation 4.3 it implies that fi satisfies Ci. ◀
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▶ Lemma 6.4. We can compute in polynomial time a linear decomposition of G with
rank-width at most 4k + 2.

Proof. For every X ∈ {Ki,j : i ∈ [m] ∧ j ∈ [k]}, let σ(X) be an arbitrary permutation of
X. For every i ∈ [m], we define the permutation σ(Ai) of Ai ∪ {ci} ∪ {ai,j : j ∈ [k]} as
the concatenation of the permutation (ci), σ(Ki,1), σ(Ki,2), . . . , σ(Ki,k−1) and σ(Ki,k). Let
(s1, . . . , st) be a permutation of 2[2k], for every i ∈ [m − 1], we define σ(Bi ∪ B̂i) as the
permutation (bi

s1
, b̂i

s1
, bi

s2
, . . . , b̂i

st−1
, bi

st
, b̂i

st
). Let σ be the concatenation of σ(A1), σ(B1 ∪

B̂1), σ(A2), . . . , σ(Bm−1 ∪ B̂m−1) and σ(Am).
Obviously, σ is a linear decomposition of G that can be computed in polynomial time.

We claim that the rank-width of σ is at most 4k + 2. Let (X, X) be a cut of G induced by σ.
We distinguish the following cases:

Suppose that there exists i ∈ [m] such that X intersect Ai ∪ {ci} ∪ {ai,j : j ∈ [k]}
but not Bi (we consider that Bm = ∅). The edges of G[X, X] belong to the following
cuts: (1) the cut between B̂i−1 and Ai ∩ X, (2) the cut between Ai ∩ X and Bi,
(3) the cut between ci and Ai ∩ X and (4) the cut between Ki,j ∩ X and Ki,j ∩ X with
j = max{ℓ ∈ [k] : Ki,ℓ ∩ X ̸= ∅}.
The ranks of the first two cuts are upper bounded by rw(Ai, B̂i−1) and rw(Ai, Bi)
respectively, since G[Ai, B̂i−1] and G[Ai, Bi] are isomorphic to R2k, these ranks are at
most 2k. The rank of the third cut is upper bounded by 1 since one side consists of a
single vertex. Since the fourth cut is a biclique, its rank is at most 1. We deduce that
rw(X, X) ⩽ 4k + 2.
Suppose now that there exists i ∈ [m − 1] such that X intersect Bi ∪ B̂i but not Ai+1.
Let bi

s ∈ Bi be the rightmost vertex in σ that belongs to X. The edges of G[X, X] belong
to the following cuts: (1) the cut between Ai and Bi ∩ X, (2) the cut between B̂i ∩ X

and Ai+1 and (3) the cut between bi
s and {b̂i

s} ∩ X. As argued for the previous case, the
ranks of the first two cuts are upper bounded by 2k and the rank of the third is upper
bounded by one. We conclude that rw(X, X) ⩽ 4k + 1. ◀

▶ Theorem 6.5. There is no algorithm solving Weighted Dominating Set in time
2o(lrw(G)2)nO(1) unless ETH fails.

Proof. Assume that there exists a 2o(lrw(G)2)nO(1) time algorithm for Weighted Dominat-
ing Set. We prove that it implies the existence of a 2o(k2)nO(1) time algorithm for 3-SAT
where k2 is the number of variables. This will contradict ETH.

Suppose that we are given a 3-SAT formula φ with k2 variables and m clauses. We
construct the graph G described above. As G has (2kk + k + 1)m + 22k(m − 1) vertices, we
deduce that we can construct G in time 2O(k)m.

From Lemmas 6.1 and 6.2, we know that G admits a dominating set of weight at most
(22k + 2)km + 2k(m − 1) iff φ is satisfiable. Thanks to Lemma 6.4, we can compute in
polynomial time a linear decomposition of G of rank-width at most 4k + 2. By assumption,
we can compute a dominating set of minimum weight of G in time 2o(k2)nO(1). Hence, we can
decide whether φ is satisfiable in time 2o(k2)nO(1). This contradicts ETH by Lemma 4.1. ◀

7 Concluding Remarks

We showed the first ETH-tight lower bounds for problems with time complexity 2O(rw2)nO(1)

parameterized by rank-width rw. In particular, we showed that algorithms with such time
complexity are optimal for Independent Set, Weighted Dominating Set, Maximum
Induced Matching, and Feedback Vertex Set.
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We hope the tools designed in this paper could be used to design tight lower bounds
for more problems parameterized by rank-width. In particular, is the 2O(rw2)nO(1) time
algorithm in [6] for (unweighted) Dominating Set optimal under ETH? What about the
2O(q·rw2)nO(1) time algorithm in [6] for q-Coloring (even when q = 3)? Finally, one could
also explore the optimality of XP algorithms parameterized by rank-width such as the n2O(rw)

time algorithm in [19] for Chromatic Number. For the clique-width parameterization this
was solved in [16].
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Abstract
Christandl and Zuiddam [12] study the multilinear complexity of d-fold matrix multiplication in the
context of quantum communication complexity. Bshouty [8] investigates the multilinear complexity
of d-fold multiplication in commutative algebras to understand the size of so-called testers. The
study of bilinear complexity is a classical topic in algebraic complexity theory, starting with the
work by Strassen. However, there has been no systematic study of the multilinear complexity of
multilinear maps.

In the present work, we systematically investigate the multilinear complexity of d-fold multi-
plication in arbitrary associative algebras. We prove a multilinear generalization of the famous
Alder-Strassen theorem, which is a lower bound for the bilinear complexity of the (2-fold) multiplic-
ation in an associative algebra. We show that the multilinear complexity of the d-fold multiplication
has a lower bound of d · dim A − (d − 1)t, where t is the number of maximal twosided ideals in A.
This is optimal in the sense that there are algebras for which this lower bound is tight. Furthermore,
we prove the following dichotomy that the quotient algebra A/ rad A determines the complexity of
the d-fold multiplication in A: When the semisimple algebra A/ rad A is commutative, then the
multilinear complexity of the d-fold multiplication in A is polynomial in d. On the other hand, when
A/ rad A is noncommutative, then the multilinear complexity of the d-fold multiplication in A is
exponential in d.

2012 ACM Subject Classification Theory of computation → Algebraic complexity theory; Mathem-
atics of computing

Keywords and phrases Multilinear computations, associative algebras, matrix multiplication, Alder–
Strassen theorem

Digital Object Identifier 10.4230/LIPIcs.STACS.2023.12

Acknowledgements Hendrik Mayer would like to thank the MIT MISTI-Germany program for
funding his internship.

1 Introduction

A fundamental problem in algebraic complexity theory is the question about the costs of
multiplication, for instance, of matrices, triangular matrices, or polynomials. To be more
specific, let F be a field and let A be a finite dimensional associative F-algebra with unity 1.
By fixing a basis of A, say v1, . . . , vN , we can define a set of bilinear forms corresponding to
the multiplication in A. If vµvν =

∑N
κ=1 αµ,ν,κvκ for 1 ≤ µ, ν ≤ N with structural constants

αµ,ν,κ ∈ F, then these constants and the identity
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12:2 On the Multilinear Complexity of Associative Algebras

(
N∑

µ=1
Xµvµ

)(
N∑

ν=1
Yνvν

)
=

N∑
κ=1

bκ(X, Y )vκ

define the desired bilinear forms b1, . . . , bN . The bilinear complexity or rank of b1, . . . , bN

is the smallest number of bilinear multiplications necessary and sufficient to compute
b1, . . . , bN from the indeterminates X1, . . . , XN and Y1, . . . , YN . A bilinear multiplication
is a multiplication of the form uρ(X1, . . . , XN )vρ(Y1, . . . , YN ), where uρ and vρ are linear
forms. Additions and multiplications with scalars from F are free of costs.

It is easy to see that the bilinear complexity of b1, . . . , bN does not depend on the choice of
v1, . . . , vN , thus we may speak about the bilinear complexity (or rank) of (the multiplication
in) A. Equivalently, we can formulate the problem as a tensor rank problem. Given the
structure tensor (αµ,ν,κ) of the algebra, which you can think of as a three-dimensional matrix,
the bilinear complexity of an algebra is exactly the number of rank-one tensors that are
needed to write the structure tensor of an algebra as a sum of rank-one tensors. For an
introduction to algebraic complexity theory and for further background on tensor rank, we
recommend [11, 18].

The best general lower bound for the bilinear complexity of an associative algebra A is
due to Alder and Strassen [1], they show

R(A) ≥ 2 dim A − t , (1)

where t is the number of maximal twosided ideals in A. (See Section 2 for more background
on algebras.) This bound has been improved for a large class of so-called semisimple algebras
to 5

2 dim A − 3n, where n is the sum of the sizes of the matrices in the decomposition
of A into simple algebras [3]. The Alder–Strassen theorem itself even holds for a more
general complexity measure, the so-called multiplicative complexity. Algebras for which the
Alder–Strassen bound is tight are called algbras of minimal rank or minimal multiplicative
complexity. They have been characterised in terms of their algebraic structure in [4] and [6].

The most prominent algebra is the algebra of n × n-matrices. Strassen [23] proved that
the rank of 2 × 2-matrix multiplication is upper bounded by 7, giving rise to his famous
matrix multiplication algorithm. Winograd [25] proved that the bound of 7 is optimal, which
can be considered as a first instance of the Alder–Strassen theorem. Over the past decades,
an exciting development of fast matrix multiplication algorithms has taken place, culminating
in the current fastest algorithms with running time O(n2.373) [14, 22, 24, 16, 2], see [5] for
an overview. The best lower bound is due to Landsberg [17] and is R(Fn×n) ≥ 3n2 − o(n2).

When an algebra A is associative, the d-fold multiplication is a multilinear map A × · · · ×
A → A. The notion of bilinear complexity naturally generalizes: Instead of bilinear products,
we have d-linear products. Equivalently, we can study the tensor rank of tensors of higher
orders. Christandl and Zuiddam [12] recently studied the multilinear complexity of d-fold
matrix multiplication, which is a so-called graph tensor on the cycle graph of length d. The
multilinear complexity of such graph tensors plays a particular role in quantum communication
complexity, see e.g. [10]. Prior to this, Nisan and Wigderson studied depth-three circuits for
iterated matrix multiplication using the partial derivative method [19].

Bshouty [9] invented the concept of testers. Testers are a useful tool in algebraic algorithms
to reduce identity testing from large domains to smaller ones. In the case of the class of
multilinear forms of degree d over an algebra A, he proves that the size of the optimal tester
is exactly equal to the multilinear complexity of the d-fold multiplication in the algebra A [8].
Thus, it is interesting to understand the multilinear complexity of d-fold multiplication of
arbitrary algebras.
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Related models have been studied in algebraic complexity theory, like (set-multilinear)
depth-3-circuits, higher order tensor rank, or Waring rank, see e.g. the surveys [21, 7]. But
there has been no systematic study of the multilinear complexity of d-fold multiplication
maps.

1.1 Our work
We initiate the systematic study of the multilinear complexity of d-fold multiplication in an
associative algebra. Our motivation comes from the work mentioned above that relies on
bounds for the multilinear complexity in certain algebras.

We prove a multilinear generalization of the Alder–Strassen theorem (Theoreom 19),
namely that

R(A, d) ≥ d · dim A − (d − 1)t,

where t is the number of maximal twosided ideals in A. Here R(A, d) denotes the rank of
d-fold multiplication in A (see Section 3). This bound is tight in the sense that there are
algebras for which equality holds, for instance, products of simply generated division algebras
(see Section 5.3). For d = 2, we exactly recover the Alder–Strassen theorem.

Moreover, an interesting phenomenon arises. When we keep the algebra A fixed and
consider the multilinear complexity R(A, d) as a function of d, then the growth is either
polynomial (where the exponent might depend on A) or exponential. When A/ rad A is
commutative, then R(A, d) is polynomial, more precisely R(A, d) ≤ d(s−1)(D+1) · D(D+3)s,
where D is the dimension of A and s is the so-called index of nilpotency, which can be upper
bounded by D (Theorem 18). This result holds over large enough perfect fields. Note that
most fields are perfect, like fields of characteristic zero, finite fields, or algebraically closed
fields. On the other hand, when A/ rad A is noncommutative, then we prove an exponential
lower bound (Theorem 13 together with Lemma 5). So we obtain a dichotomy.

We would like to stress once again that the motivation for this work are the above
mentioned applications in quantum communication and the study of testers. Multilinear
computations are in general not suited to actually evaluate d-fold multiplication maps
in practice. While for instance Christandl and Zuiddam [12] prove that the multilinear
complexity of d-fold matrix multiplication is exponential in d, we can of course multiply d

matrices in polynomial time. The reason is that in practice, we first multiply two matrices,
then multiply the result with the third one and so on. In multilinear computations, we
cannot reuse results. It is essentially the same as the difference between formula and circuit
size, which can be exponential, too. Nevertheless, bilinear algorithms have been successfully
used to construct algorithms for the multiplication of two matrices, because in the case d = 2,
bilinear computations and circuit size only differ by a factor of 2, see e.g. [5].

1.2 Organisation of the paper
Section 2 provides some basic facts about associative algebras. In Section 3, we introduce the
model of computation and prove some basic facts about it. Then we prove how to remove the
radical in Section 4, similar to the original proof of the Alder–Strassen theorem. In Sections 5
and 6, we study semisimple algebras, first semisimple algebras that are in addition basic and
then arbitrary semisimple algebras. Then we go on with a study of the algebra of upper
triangular matrices in Section 7, which is an example of a noncommutative algebra such that
A/ rad A is commutative. In constrast to general matrices, for which we have an exponential
lower bound, we prove a polynomial upper bound for the multilinear complexity (as a function
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12:4 On the Multilinear Complexity of Associative Algebras

of d). In Section 8, we generalize this result to arbitrary, potentially noncommutative algebras
A for which A/ rad A is commutative. Finally, we prove the generalized Alder–Strassen
theorem in Section 9.

2 Structure of associative algebras

We collect some elementary properties of associative algebras. The term algebra here always
means a finite dimensional associative algebra with identity 1 over some field F. The term
left module and right module always means a finitely generated left module and right module
over some algebra A, respectively. By the embedding α 7→ α · 1, F becomes a subalgebra of A.
Hence, every A-left module or A-right module is also a finite dimensional F-vector space. If
we speak of a basis of an algebra or a module, we always mean a basis of the underlying
vector space. Further material as well as proofs of the mentioned properties can be found
in [20, 13, 15].

A left ideal I (and in the same way, a right ideal or twosided ideal) is called nilpotent, if
In = {0} for some positive integer n.

▶ Fact 1. For all finite dimensional algebras A, the following holds:
1. The sum of all nilpotent left ideals of A is a nilpotent twosided ideal, which contains every

nilpotent right ideal of A. This twosided ideal is called the radical of A and is denoted by
rad A.

2. The quotient algebra A/ rad A contains no nilpotent ideals other than the zero ideal.
3. The radical of A is contained in every maximal twosided ideal of A.
4. The algebras A and A/ rad A have the same number of maximal twosided ideals.

We call an algebra A semisimple, if rad A = {0}. By the above fact, A/ rad A is semisimple.
An algebra A is called simple, if there are no twosided ideals in A, except the zero ideal and
A itself.

We now describe some of the most important ways to construct new algebras from given
ones: If A and B are F-algebras, then the direct product A × B with componentwise addition
and multiplication is again an F-algebra. The set of all n × n–matrices with entries from
A forms an F-algebra (with the usual definition of addition and multiplication of matrices).
This algebra is denoted by Mn(A) or An×n.

We denote the set of all units of an algebra A, that is, the set of all invertible elements,
by A×. An algebra D is called a division algebra, if D× = D \ {0}. An algebra A is called
local, if A/ rad A is a division algebra, and A is called basic, if A/ rad A is a direct product of
division algebras.

If x ∈ A, we denote by AxA the ideal generated by x. If A is commutative, we will also
write (x) for short. Furthermore, F[x] denotes the smallest subalgebra of A that contains
x. If x1, . . . , xm ∈ A mutually commute, then F[x1, . . . , xm] denotes the smallest subalgebra
of A that contains x1, . . . , xm. For elements v1, . . . , vn of some vector space, ⟨v1, . . . , vn⟩
denotes their linear span.

The following fundamental theorem describes the structure of semisimple algebras.

▶ Theorem 2 (Wedderburn). Every finite dimensional semisimple algebra is isomorphic to
a finite direct product of simple algebras. Every finite dimensional simple F-algebra A is
isomorphic to an algebra Mn(D) for an integer n ≥ 1 and an F-division algebra D. The
integer n and the algebra D are uniquely determined by A (the latter one up to isomorphism).
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3 Multilinear computations

For a vector space V , V ∗ denotes the dual space of V , that is, the vector space of all linear
forms on V .

We define multilinear complexity in a coordinate-free way. The d-fold multiplication in
an algebra is a multilinear map ϕ : Ad → A. A multilinear computation consists of linear
forms Fi,δ ∈ A∗, 1 ≤ δ ≤ d, and elements wi ∈ A, 1 ≤ i ≤ r, such that

x1 · x2 · . . . · xd =
r∑

i=1
Fi,1(x1)Fi,2(x2) . . . Fi,d(xd) · wi

for all x1, . . . , xd ∈ A. r is called the length of the computation. The length of a shortest
computation for the d-fold multiplication is the d-linear complexity of A. We denote this
quantity by R(A, d).

In the remainder of this section, we collect some useful properties of multilinear complexity.
If we choose vector spaces Vi ⊆ A, 1 ≤ δ ≤ d, we get a multilinear map ϕ′ : V1 × . . . , ×Vd → A

in the canonical way. By restricting each Fi,δ to Vδ, the computation above turns into a
computation for ϕ′ of the same length. Obviously, R(ϕ′) ≤ R(ϕ).

If I is a twosided ideal of A, then A/I is an algebra again. Each Fi,δ induces a linear
form on A/I in the canonical way. By replacing each Fi,δ with this linear form and mapping
each wi to its image in A/I, the computation turns into a computation for the multiplication
in A/I.

We can define an equivalence relation on the set of all d-linear computations for an
algebra. Let a0, . . . , ad ∈ A be invertible. We have the identity

a−1
0 a0x1a−1

1 a1x2a−1
2 a2 . . . ad−1xdad

−1ad = x1 . . . xd.

Therefore, the computation given by F̂i,δ(x) = Fi,δ(ai−1xa−1
i ), 1 ≤ δ ≤ d, and ŵi = a−1

0 wiad

is again a computation for ϕ, the multiplication in A. The action of (A×)d+1 defines an
equivalence relation on the set of all computations of length r.

The following claim will turn out useful in our lower bound proofs:

▷ Claim 3. Consider a computation for an algebra A of dimension N as above. For every
j, F1,j , F2,j , . . . , Fr,j span A∗. That is, we can have F1,j , . . . , FN,j as a basis of A∗ after
reordering.

Proof. Assume they do not span A∗ for some j, then there is an element y ∈ A\{0} such that
F1,j(y) = F2,j(y) = . . . = Fr,j(y) = 0. This means that x1 · x2 · . . . · xj−1 · y · xj+1 · . . . · xd = 0
for all x1, . . . , xd. By setting xi = 1 for i ̸= j, we get that y = 0, which is a contradiction.
We can reorder the Fi,j ’s such that F1,j , . . . , FN,j span A∗. ◁

The first item of the following fact follows from the trivial decomposition. The second by
setting xd+1 = 1.

▶ Fact 4.
1. R(A, d) ≤ (dim A)d

2. R(A, d) ≤ R(A, d + 1)

The d-fold multiplication in an algebra corresponds to a tensor in tA,d ∈ A∗ ⊗· · ·⊗A∗ ⊗A.
The rank of tA,d is the minimum number r of rank-one tensors uρ,1 ⊗ · · · ⊗ uρ,d ⊗ vρ ∈
A∗ ⊗ · · · ⊗ A∗ ⊗ A such that

tA,d =
r∑

ρ=1
uρ,1 ⊗ · · · ⊗ uρ,d ⊗ vρ.

Tensor rank and multilinear complexity coincide, that is, R(tA,d) = R(A, d).
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12:6 On the Multilinear Complexity of Associative Algebras

4 Removing the radical rad(A)

We start by generalizing the first lemma of the proof by Alder-Strassen to multilinear
complexity, allowing us to work with the semisimple algebra A/ rad(A), which has a nicer
structure than a general algebra.

▶ Lemma 5.

R(A, d) ≥ R(A/ rad(A), d) + d · dim(rad(A)).

Proof. Consider an algebra A over the field F. Let ϕ be a length r computation with
Fi,j ∈ A∗ and wi ∈ A such that the d-fold multiplication of A is computed by the following
equation:

x1 · x2 · . . . · xd =
r∑

i=1
Fi,1(x1)Fi,2(x2) . . . Fi,d(xd) · wi.

We will inductively construct vector spaces V1, . . . , Vd such that Vδ ⊕ rad(A) = A and
1 ∈ Vδ. Let ϕj be the multiplication map restricted to V1 × · · · × Vj × A × · · · × A. We will
now prove that R(A, d) ≥ R(ϕj) + j · dim(rad(A)). The base case j = 0 is clear.
Induction Hypothesis: R(A, d) ≥ R(ϕj−1) + (j − 1) · dim(rad(A)).
Induction Step: We obtain a basis of A∗ using the following claim similar to Claim 3, which

we prove later.

▷ Claim 6. For all j, we have that in a computation for ϕj−1, F1,j , F2,j , . . . , Fr,j span A∗.
That is, we can have F1,j , . . . , FN,j as a basis of A∗ after reordering. Here, N = dim A.

Now for the basis F1,j , . . . , FN,j of A∗, we calculate the dual basis a1,j , . . . , aN,j , which
is a basis of A as A∗∗ = A (A is finite dimensional). Note that from the definition of dual
basis, Fi,j(ak,j) = δik, where δik is Kronecker’s delta.

Consider the canonical projection P : A −→ A/ rad(A). Let dim(rad(A)) = ρ. Then
dim(A/ rad(A)) = N − ρ. After rearrangement, we can have that P (a1,j), . . . , P (aN−ρ,j)
form a basis of A/ rad(A). So we can assume w.l.o.g. that P (ai,j) for i ∈ [N − ρ] span
A/ rad(A). In particular, with Vj := ⟨a1,j , . . . , aN−ρ,j⟩, we have that Vj ∩ rad A = {0}.

We also observe that 1 ̸∈ rad(A). Now, we want that a1,j , . . . , aN−ρ,j span 1. If they
don’t, then there must exist z ∈ rad(A) such that 1 − z is spanned by a1,j , . . . , aN−ρ,j , i.e.,
there are β1, . . . , βN−ρ ∈ F such that

1 − z =
N−ρ∑
i=1

βiai,j .

As z ∈ rad(A), there exists an s such that zs = 0. Therefore, 1 − z is invertible and has
inverse 1 + z + z2 + . . . + zs−1. We can write

x1 . . . xj−1xjxj+1 . . . xd = x1 . . . xj−1(xj(1 − z))((1 − z)−1xj+1) . . . xd,

which changes the computation as follows:

∀i ∈ [r] : F̂i,j(xj) = Fi,j(xj(1 − z)), and F̂i,j+1(xj+1) = Fi,j+1((1 − z)−1xj+1).

All other Fi,h are not changed. If j = d, then wi is changed instead of Fi,d+1 (which does
not exist). Compare also Section 3.
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The dual basis will change as âi,j = ai,j(1 − z)−1. As we have 1 − z in the span of
a1,j , . . . , aN−ρ,j , we will have that 1 is in the span of â1,j , . . . , âN−ρ,j . Note that this does
not change the spaces V1, . . . , Vj−1. So, we have 1 =

∑N−ρ
i=1 βiâi,j .

Set Vj = ⟨â1,j , . . . , âN−ρ,j⟩. By the choice of Vj , Fi,j |Vj = 0 for i ∈ {N − ρ + 1, . . . N}, as
F̂i,j(âk,j) = Fi,j(ak,j) = 0 if i ̸= k. Thus when restricting to Vj , we can remove ρ products
from the computation. By the induction hypothesis, we get that

R(A, d) ≥ R(ϕj−1) + (j − 1) dim(rad A)) ≥ R(ϕj) + dim(rad A) + (j − 1) dim(rad A)).

This finishes the proof of the induction step.
We now have a multilinear map ϕd : V1 × · · · × Vd → A with R(A, d) ≥ R(ϕd) + d ·

dim(rad A)). To finish the proof of the lemma, it suffices to prove R(ϕd) ≥ R(A/ rad A, d).
Since Vδ ∩ rad A = {0} for δ ∈ [d], the restriction of the projection P to Vδ is an isomorphism.
The following diagram commutes:

V1 × . . . × Vd −→ A

↓ . . . ↓ ↓
A/ rad A × . . . × A/ rad A −→ A/ rad A

Thus a computation for ϕd can be turned into a computation for the d-fold multiplication in
A/ rad A (compare Section 3). ◀

We also give a proof of Claim 6, which we made in the proof above.

Proof of Claim 6. Assume they do not span A∗ for some j, then there is an element y ∈ A\{0}
such that F1,j(y) = F2,j(y) = . . . = Fr,j(y) = 0. This means that x1 · x2 · . . . · xj−1 · y ·
xj+1 · . . . · xd = 0 for all x1, . . . , xd. Since 1 ∈ Vδ for every δ, this means y = 0, which is a
contradiction. We can reorder the Fi,j ’s such that F1,j , . . . , FN,j span A∗. ◁

4.1 A tight example
An example we can consider is the algebra A = F[x]/(xn) of univariate polynomials modulo
xn. We clearly have dim(A) = n. We see that all polynomials in the algebra with zero
constant term are nilpotent. Therefore, rad(A) = ⟨x, x2, . . . , xn−1⟩ and dim(rad(A)) = n − 1.

From Lemma 5, we get that R(A, d) ≥ R(A/ rad(A), d) + d · dim(rad(A)), i.e. for this
case R(A, d) ≥ d · (n − 1) + 1 as A/ rad(A) is just F.

For the upper bound, we see that the d-fold product (without reduction modulo xn)
f = f1 · f2 · . . . · fd will actually be a polynomial of degree d(n − 1). We can evaluate each
fi at d(n − 1) + 1 points (which is free of costs in our model) and multiply the evaluations
with d(n − 1) + 1 costing multiplication operations to get an evaluation of f at d(n − 1) + 1
points. (This assumes that our field F is large enough.) Using d(n − 1) + 1 evaluations of
f , we can obtain f using interpolation, which is again free of costs. We ignore the terms
with degree higher than n, thus obtaining the final result f . This gives an upper bound of
d · (n − 1) + 1, proving that our lower bound is tight in this case.

5 Products of division algebras

Now that we are to work on R(A/ rad(A), d), we see that A/ rad(A) is a semisimple algebra.
Using Theorem 2, we have

A/ rad(A) = A1 × A2 × . . . × Ak

where Ai = Mni(Di), i.e., ni × ni matrices with entries from a division algebra Di.
In this section, we will mainly focus on case when ni = 1, i.e., all Ai are division algebras.
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12:8 On the Multilinear Complexity of Associative Algebras

5.1 Single division algebra (k = 1)
For simplicity, we will first take a look at the following lemma, for the case when k = 1, i.e.,
A = D where D is any division algebra. Let N = dim(A).

▶ Lemma 7. Let A be a division algebra. Then

R(A, d) ≥ d · dim(A) − (d − 1).

Proof. Let r = R(A, d). We consider an optimal length r computation for the d-fold
multiplication of A. By Claim 3, F1,1, . . . , FN,1 is a basis of A∗. Let a1,1, . . . , aN,1 be the
dual basis, that is, Fi,1(aj,1) = δi,j . We know that the a1,1, . . . , aN,1 are all invertible. Let
us define a new basis âi,1 = ai,1a1,1

−1, i ∈ [N ]. Let

∀i ∈ [r] : F̂i,1(x1) = Fi,1(x1a1,1), F̂i,2(x2) = Fi,2(a1,1
−1x2), and F̂i,j(xj) = Fi,j(xj), j ≥ 3.

We note that â1,1 = 1 and F̂i,1(1) = Fi,1(a1,1) = δi,1. We have that:

1 ·x2 · . . . ·xd = F̂1,1(â1,1)F̂1,2(x2) . . . F̂1,d(xd) ·w1 +
r∑

i=N+1
F̂i,1(â1,1)F̂i,2(x2) . . . F̂i,d(xd) ·wi.

As there are r − N + 1 terms to sum, R(A, d − 1) ≤ r − N + 1 = R(A, d) − N + 1. Since
R(A, 1) = N , we have by induction that

R(A, d) ≥ N + (N − 1)(d − 1) = d · dim(A) − (d − 1). ◀

5.2 Arbitrary products of division algebras
Now A = D1 × · · · × Dk is a product of division algebras.

▶ Theorem 8.

R(A, d) ≥ d · dim(A) − (d − 1)k.

Proof. As in the single division algebra case, we consider an optimal length r computation
for the d-fold multiplication in A:

x1 · x2 · . . . · xd =
r∑

i=1
Fi,1(x1)Fi,2(x2) . . . Fi,d(xd) · wi.

Similarly to the single division algebra case, F1,1, F2,1, . . . , FN,1 is w.l.o.g. a basis of A∗.
Let a1, a2, . . . , aN be the dual basis, that is, Fi,1(aj) = δi,j . Each ai can be written as
ai = (ai,1, ai,2, . . . , ai,k), where each ai,ℓ ∈ Dℓ, 1 ≤ ℓ ≤ k.

We can assume w.l.o.g. that the span of a1, . . . , ak contains an element b = (b1, . . . , bk)
that is nonzero in every component of D1 × · · · × Dk. Since each bℓ is nonzero, it is invertible,
because Dℓ is a division algebra. Thus b is invertible, too, and b−1 = (b−1

1 , . . . , b−1
k ).

Now, we define âj = ajb−1. Also, let F̂i,1(x1) = Fi,1(x1b) and F̂i,2 = Fi,2(b−1x2). By
construction, 1 = (1, . . . , 1) is contained in the linear span of â1, . . . , âk. Thus

1 · x2 · . . . · xd =
k∑

ℓ=1
F̂ℓ,1(1)F̂ℓ,2(x2) . . . F̂ℓ,d(xd) · wℓ +

r∑
i=N+1

F̂i,1(1)F̂i,2(x2) . . . F̂i,d(xd) · wℓ.

Similarly to the k = 1 case, we have that R(A, d − 1) ≤ r − N + k = R(A, d) − N + k.
Using induction, we get R(A, d) ≥ N + (d − 1)N + (d − 1)k, because R(A, 1) = N . ◀
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5.3 Tight example
An example we can consider is the divison algebra A = F[x]/(xn + 1), with xn + 1 being
irreducible (think of F = Q for instance). We clearly have dim(A) = n. This example is
similar to the one in Section 4.1.

From Lemma 7, we get that R(A, d) ≥ d · dim(A) − (d − 1). For the matching upper
bound, we see that f = f1 · f2 · . . . · fd will actually be a polynomial of degree d(n − 1).
We can evaluate each fi at d(n − 1) + 1 different points and multiply the evaluations to
get an evaluation of f at d(n − 1) + 1 points. Using these d(n − 1) + 1 evaluations of
f , we can obtain f using interpolation. Again, F needs to be large enough. Finally, we
calculate f mod (xn + 1), giving the final result in A. Thus, this yields an upper bound of
d · (n − 1) + 1 = d · dim A − (d − 1).

If we take the k-fold product Ak, we also see that the bound of Theorem 8 is tight, too,
for arbitrary k.

In general, we can get a polynomial upper bound (in d) on the multilinear complexity
of the d-fold multiplication in any commutative algebra, provided that the field F is large
enough. The exponent of the polynomial depends on the dimension of the algebra.

▶ Fact 9. Let A be a finite dimensional commutative algebra. Then there is a polynomial
ring R and an ideal I ⊂ R such that A = R/I.

▶ Lemma 10. Let A be a commutative algebra over a field F with k generators and highest
degree δ of a variable in a basis of the vector space R/I as above. Then R(A, d) ≤ (dδ + 1)k

provided that |F| ≥ dδ + 1.

Proof. The idea is to use the same construction as in the example above. Each element xi

in the d-fold product can be presented as a polynomial in k variables and degree at most δ

in each variable (modulo I). When we multiply these polynomials, we get a polynomial of
individual degree ≤ dδ in k variables. By multivariate Lagrange interpolation, it is enough to
interpolate on a k-dimensional grid with (dδ + 1) points in each direction and a total number
of (dδ + 1)k many points. In this way we get the stated upper bound because reduction
modulo I is free of costs in our model. ◀

We can bound k and δ − 1 in the lemma above by dim A. Thus the bound simplifies to
(d · dim A)dim A.

When A is simply generated, then the construction of the lemma becomes the construction
of the example above and we get the following tight bound.

▶ Corollary 11. If A is a simply generated commutative algebra, then R(A, d) = d · dim A −
(d − 1).

Let D be a commutative division algebra, that is, an extension field. If D is separable,
then by the primitive element theorem, it is simply generated and the corollary above applies.

6 General semisimple algebras

In this section, we will look at the case of semisimple algebras, that is A = A1 × · · · × Ak

and each Aℓ is a matrix algebra of format nℓ × nℓ with entries from a divison algebra Dℓ.
We can assume that at least one nℓ > 1, otherwise we have a product of divison algebras.
W.l.o.g. n1 > 1.
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6.1 Simple algebras (k = 1)
Christandl and Zuiddam [12] prove a lower bound for the case of a single matrix algebra
with entries from the ground field F using flattening. When d is odd, then their bound nd+1

is optimal. It is rather easy to generalize the flattening approach to semisimple algebras. We
start with simple algebras that are not division algebras.

▶ Theorem 12. Let n > 1 and let D be a division algebra of dimension ℓ, and let d be odd.
Then we have an exponential lower bound of

R(Mn(D), d) ≥ ℓ · nd+1.

Proof. Let f1 = 1, f2, . . . fℓ be a basis for the division algebra D. Let fi,j,λ be the matrix in
Mn(D) that has the element fλ in position (i, j) and zeros elsewhere. By the choice of f1,
fi,j,1 = ei,j , where ei,j is the matrix that has a 1 in position (i, j) and zeros elsewhere. The
set of all such fi,j,λ forms a basis of Mn(D). The multiplication tensor in this case looks like∑

i1,...,id+1∈[n],λ1,...,λd∈[ℓ]

f∗
i1,i2,λ1

⊗ . . . ⊗ f∗
id,id+1,λd

⊗ (fλ1 · fλ2 · . . . · fλd
)fid+1,i1,1.

The product fλ1 · fλ2 · . . . · fλd
is an element of D, so it can be written as

∑ℓ
h=1 αh

λ1,...,λd
fh

for suitable scalars αh
λ1,...,λd

. Thus, the tensor can be rewritten as

∑
i1,...,id+1∈[n],λ1,...,λd∈[ℓ]

f∗
i1,i2,λ1

⊗ . . . ⊗ f∗
id,id+1,λd

⊗
ℓ∑

h=1
αh

λ1,...,λd
fid+1,i1,h. (2)

Now we flatten the multilinear map into a matrix. The tensor defines a multilinear map

Dn×n
1 × Dn×n

2 × . . . × Dn×n
d −→ Dn×n

d+1 ,

where we use the subscript i in Di just to indicate the position. We will make it into a
((n2ℓ)(d+1)/2) × ((n2ℓ)(d+1)/2) matrix by combining the odd and even positions into the same
parts, respectively. Therefore, the odd positions will index the rows and even will index the
columns of the resulting matrix:

Dn×n
1 ⊗ Dn×n

3 ⊗ . . . ⊗ Dn×n
d −→ (Dn×n

2 )∗ ⊗ (Dn×n
4 )∗ ⊗ . . . ⊗ Dn×n

d+1 .

We further restrict this mapping to

Dn×n
1 ⊗ Fn×n ⊗ . . . ⊗ Fn×n −→ (Fn×n)∗ ⊗ (Fn×n)∗ ⊗ . . . ⊗ Dn×n

d+1 .

The matrix is then of size ℓnd+1 × ℓnd+1. For every vector fi1,i2,λ ⊗ fi3,i4,1 ⊗ · · · ⊗ fid,id+1,1 ∈
Dn×n

1 ⊗ Fn×n ⊗ . . . ⊗ Fn×n, there is exactly one element in (Fn×n)∗ ⊗ (Fn×n)∗ ⊗ . . . ⊗ Dn×n
d+1

such that the tensor product appears in Equation (2), namely, f∗
i2,i3,1 ⊗f∗

i4,i5,1 ⊗· · ·⊗fid+1,i1,λ.
(Note that in this case, only one of the coefficients αh

λ1,...,λd
is nonzero, namely αλ

λ,1...,1.)
This means that the matrix is the identity matrix after appropriate permutation of rows and
columns, which has rank ℓ · nd+1.

The rank of the matrix is a lower bound on the rank of the tensor, which in turn
is a lower bound on the multilinear complexity of Mn(D). Thus, we have R(Mn(D)) ≥
dim(D) · nd+1. ◀

We also note that computing the rank of the flattened matrix for small ℓ, n and d using a
computer algebra system gave us values suggesting the matrix rank to be ℓ · nd+1. Therefore,
a better lower bound using the flattening approach is unlikely.
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6.2 Semisimple algebras
We can generalize the above proof for the case when the algebra A = (D1)n1×n1 ×(D2)n2×n2 ×
. . . × (Dk)nk×nk .

▶ Theorem 13. Let A ∼=
∏k

i=1 Mni
(Di) for arbitrary ni > 1, arbitrary k, and Di being

a division algebra of dimension ℓi, and let d be odd. Then we have an exponential lower
bound of

R(A, d) ≥
k∑

i=1
ℓi · ni

d+1.

Proof. The multiplication in A is a direct sum of multiplications in the k factors. The
flattening matrix has a block structure when taking bases with respect to the k factors.
Therefore, the flattening ranks add up. ◀

If d is even, we get a lower bound by using the fact that R(A, d − 1) ≤ R(A, d). In the
theorem above, all ni > 1. The theorem also works in a similar way when ni = 1 but Di

is noncommutative. In this case, we simply replace F by its algebraic closure (or just the
splitting field of the division algebra). This will transform Di into a matrix algebra with
matrix size > 1.

6.3 Example
Consider the multiplication of d n × n matrices with elements from D = F[x]/(xℓ + 1) with
xℓ + 1 being irreducible, i.e., we want to upper bound R(Mn(D), d).

The degree of polynomials in the product matrix will be d · (ℓ − 1), which means we will
need d · (ℓ − 1) + 1 points to interpolate them. Thus, the algorithm is simply to evaluate the
matrices at d · (ℓ − 1) + 1 points, calculate the result matrices of the product (complexity
R(Mn(F), d)) and interpolate at the points to get the final result matrix.

The number of multiplications will be (d·(ℓ−1)+1)·R(Mn(F), d). We can do multiplication
of d matrices in complexity nd+1 using the straight forward algorithm. Thus, it gives an
upper bound of R(Mn(D), d) ≤ (d · (ℓ − 1) + 1) · nd+1. We note that there is still a gap
between our lower bound and this upper bound by a factor of d, but it is doubtful that the
lower bound can be improved using flattening methods.

In particular, Theorem 8 can be viewed as the case of Theorem 13 when each ni = 1 (the
proof also works in this case). The flattening bound gives the lower bound ℓ while Theorem 8
gives dℓ − (d − 1).

7 Upper triangular Matrices

In this section, we will look at the multilinear complexity of upper triangular matrices which
are one of the special cases when A is noncommutative, but A/ rad(A) is commutative. This
is interesting as we saw in the case when A/ rad(A) is noncommutative, we got exponential
lower bounds in d, but for commutative algebras we saw linear lower bounds, and examples
with linear upper bounds in d and polynomial upper bounds in general.

The result from Lemma 5 gives us a linear lower bound in d for general A. We will try
to get more relevant lower and upper bounds for the special example of upper triangular
matrices.

In the following, Un(F) denotes the algebra of upper triangular matrices. Its radical
rad(Un(F)) is the set of all upper triangular matrices with all diagonal elements 0. The
quotient Un(F)/ rad(Un(F)) will therefore be the set of all diagonal matrices, which is a
commutative algebra and isomorphic to Fn.
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7.1 Lower Bound for d ≤ n

We will use the flattening approach we used earlier to get a lower bound on the tensor rank
for upper triangular matrices.

▶ Theorem 14. For upper-triangular matrices, for d ≤ n odd, we have a lower bound of

R(Un(F), d) ≥
(

n + d

n

)
.

Proof. We will be using flattening arguments similar to the one for general matrices. The
multiplication tensor for the d-fold multiplication of upper triangular matrices looks as
follows:

U⊗d =
∑

i1,j1,...,id+1,jd+1∈[n]

ti1,j1,...,id+1,jd+1e∗
i1j1

⊗ . . . ⊗ e∗
idjd

⊗ ejd+1id+1

with ti1,j1,...,id+1,jd+1 = (
∏

k<d δjkik+1) · δjdjd+1 · δid+1i1 when ik ≤ jk for all k ∈ [d], otherwise
it will be 0. This means ti1,j1,...,id+1,jd+1 = 1 when ik = jk+1. From the upper triangular
condition, we also have ik ≤ jk.

We again flatten the tensor into a (n2)(d+1)/2 × (n2)(d+1)/2 matrix. As we saw in the
proof of Theorem 12, each row or column has exactly one 1 and the matrix has full rank.
With the extra condition of being upper triangular, we see that the rows will be non-zero if
i1 ≤ j1, . . . , id ≤ jd, and as the columns are fixed with j1 = i2 ≤ j2 = i3 . . ., we basically get
the rows with i1 ≤ j1 ≤ i3 ≤ j3 ≤ . . . ≤ id ≤ jd will have exactly one 1. A similar thing can
be done for the columns, with jd+1 ≤ i2 ≤ j2 ≤ i4 ≤ j4 ≤ . . . ≤ id+1 with exactly one element
1. Therefore, the rank of the matrix will be the number of i1 ≤ j1 ≤ i3 ≤ j3 ≤ . . . ≤ id ≤ jd

sequences with i, j ∈ [n]. This number is
(

n+d
n

)
. ◀

7.2 Upper Bound for d ≫ n

We see that unlike the case where A/ rad(A) is noncommutative, the complexity flattens
down as d becomes larger than n, becoming polynomial in d (for fixed n). We have the
following upper bound:

▶ Theorem 15. For multiplying upper-triangular matrices, for d ≫ n, we have an upper
bound of

R(Un(K), d) ≤ O

(
(2d)n

√
n

)
.

Proof. We can express the multiplication of d upper triangular matrices as

M1 · M2 · . . . · Md.

Additionally, we can deconstruct any upper triangular matrix Mi as Mi = Di + Ni, where
Di is a diagonal matrix and Ni has zeroes on the diagonal. We note that multiplying n

upper triangular matrices which have zeroes on the diagonal yields 0, because they are in
the radical. Then,

M1 · M2 · . . . · Md = (D1 + N1)(D2 + N2), . . . , (Dd + Nd).
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We call the Dj ’s diagonal terms and the Nj ’s radical terms. We expand the product on
the righthand side into a big sum. All the summands that have more than n − 1 of the
radical terms vanish. There are

(
d
k

)
summands that have k radical terms, which in turn

uniquely determines the positions of the diagonal terms in the summands. Therefore, there
are

∑n−1
k=0

(
d
k

)
nonzero summands all together. We decompose each summand into rank-

one tensors separately and in the trivial way. Each rank-one tensor in this decomposition
corresponds to a subsequence of (1, 2, . . . n) of the form (i1, j1, i2, j2, . . . , ik, jk) such that
i1 < j1 = i2 < j2 = j3 < . . . = ik < jk. The number of such subsequences is

(
n

k+1
)

as
choosing i1, i2, . . . , ik, jk uniquely determines the subsequence. This sequence of indices
corresponds to the basis elements eiκ,jκ

in each of the k radical terms. There is only one
diagonal element that can stand between eiκ,jκ and eiκ+1,jκ+1 , namely, ejκ,jκ . (Recall that
jκ = iκ+1.) Thus, each summand has a decomposition into rank-one tensors of length

(
n

k+1
)
.

Altogether, we have that

R(Un(K), d) ≤
n−1∑
k=0

(
d

k

)(
n

k + 1

)
.

We have
(

n
n/2
)

≥
(

n
k+1
)

for all 1 ≤ k ≤ n − 1 and we have that
∑n−1

k=0
(

d
k

)
≤ dn. Thus,

R(Un(K), d) ≤
(

n
n/2
)

· dn. Using Stirling’s approximation, we have that

R(Un(K), d) ≤ O

(
(2d)n

√
n

)
. ◀

8 General algebras with commutative semisimple part

We see the above method can be used to give an upper bound on general algebras with
commutative semisimple part, similar to the upper triangular matrices. We will only work
over perfect fields (see [15] for a definition). Note that most fields are perfect, for instance,
fields of characteristic zero, finite fields, and algebraically closed fields.

▶ Theorem 16 (Wedderburn-Malcev Theorem, see [15]). An algebra A over a perfect field
can be written as A = B ⊕ rad(A) with B being a subalgebra of A and B ∼= A/ rad(A).

We see that in the situation of the theorem, we can write any element x ∈ A as xB +xrad(A)
with xB ∈ B and xrad(A) ∈ rad(A). This decomposition is unique. There are examples over
non-perfect fields where such a B does not exist as a subalgebra of A, see [15].

The case when B is commutative is what is interesting to us, as the noncommutative
case has an exponential lower bound anyway and we can remove the radical with Lemma 5.
We focus on the case when d ≫ s, where s is the smallest integer such that (rad(A))s = {0}.
This number is also called the index of nilpotency. Obviously, s ≤ dim A.

When we consider a product x1 · x2 · . . . · xd, we write it as
∏d

i=1(xi,B + xi,rad(A)). In this,
terms with at least s terms from rad(A) will be 0. Therefore, when we expand the product
as a sum, each nonzero summand contains at most s − 1 factors from the radical.

Let ϕℓ denote the (ℓ + 1)-linear map Bℓ × rad(A) → rad(A), which takes b1, . . . , bℓ ∈ B

and r ∈ rad(A) and maps it to b1 · · · · · bℓ · r. This is a restriction of the (ℓ + 1)-fold
multiplication in A. We start with bounding the complexity of ϕℓ.

▶ Lemma 17. For all ℓ, R(ϕℓ) ≤ ℓDDD+2, where D denotes the dimension of A.

Proof. ϕ1 is the bilinear multiplication B × rad(A) → rad(A). We can simply bound this by
R(A, 2) ≤ D2, see Fact 4.
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By Lemma 10, we have R(B, ℓ) ≤ (ℓD)D. As seen above, R(ϕ1) ≤ D2. Consider a
computation for the ℓ-fold multiplication in B, that is,

b1 · b2 · . . . · bℓ =
r∑

i=1
Fi,1(b1)Fi,2(b2) . . . Fi,ℓ(bℓ) · wi,

where r ≤ (ℓD)D. Furthermore, take a computation for ϕ1,

b · m =
r′∑

j=1
Uj(b)Vj(m) · zj

with r′ ≤ D2. Plugging the first computation into the second, we get

b1 · · · · · bℓ · m =
r′∑

j=1
Uj

(
r∑

i=1
Fi,1(b1)Fi,2(b2) . . . Fi,ℓ(bℓ) · wi

)
Vj(m) · zj

=
r′∑

j=1

r∑
i=1

Fi,1(b1)Fi,2(b2) . . . Fi,ℓ(bℓ)Uj(wi)Vj(m) · zj

=
r′∑

j=1

r∑
i=1

Fi,1(b1)Fi,2(b2) . . . Fi,ℓ(bℓ)Vj(m) · (Uj(wi)zj).

Thus R(ϕℓ) ≤ rr′ = ℓDDD+2. ◀

Concatenating k of the mappings ϕℓ, we obtain an upper bound in a similar fashion to
the upper triangular matrices.

▶ Theorem 18. Let A be an algebra of dimension D over a perfect field F such that A/ rad A is
commutative. Then R(A, d) ≤ d(s−1)(D+1) · D(D+3)s, where s denotes the index of nilpotency
of rad A.

Proof. Consider a product of d elements and write it as

x1 · x2 · . . . · xd =
d∏

i=1
(xi,B + xi,rad(A)).

We expand the product on the righthand side into a large sum. Summands with at least s

factors from the radical will be zero by the definition of s. Let k < s. There are at most(
d
k

)
choices of k factors from the radical. As above, we will treat each summand separately.

A summand is characterized by the k positions of the factors of the radical; they cut the
product into k + 1 parts of lengths ℓ1, . . . , ℓk+1 with ℓ1 + · · · + ℓk+1 = d − k:

x1,B · · · xℓ1,B · xℓ1+1,rad(A)xℓ1+2,B · · · xℓ1+ℓ2+2,B · xℓ1+ℓ2+3,rad(A) · xℓ1+ℓ2+4,B · · · =
ϕℓ1(x1,B , . . . , xℓ1,B , xℓ1+1,rad(A)) · ϕℓ2(xℓ1+2,B , . . . , xℓ1+ℓ2+2,B , xℓ1+ℓ2+3,rad(A)) · · ·

(There are a total of k + 1 factors on the righthand side, but we only wrote down the first two
for the sake of readability.) For each ϕℓκ , we can bound R(ϕℓκ) ≤ ℓD

κ DD+2 using Lemma 17.
The last factor is a product of ℓk+1 elements from B, we can simply bound the rank by
(ℓk+1D)D ≤ ℓD

k+1DD+2.
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We trivially have R(A, k + 1) ≤ Dk+1, see Fact 4. By plugging computations for the ϕℓκ

in the computation for the (k + 1)-fold multiplication in A, we get that there is a multilinear
computation for our summand of length

ℓD
1 DD+2 · · · ℓD

k+1DD+2 · Dk+1 ≤ dkD · D(D+3)(k+1).

Altogether we can bound the multilinear complexity by

s−1∑
k=0

(
d

k

)
dkD · D(D+3)(k+1) ≤ ds−1d(s−1)D · D(D+3)s = d(s−1)(D+1) · D(D+3)s. ◀

In the appendix, we present a more refined technique, that allows us to reduce the
exponent of d in the upper bound.

9 Multilinear Alder–Strassen theorem

Finally, we prove the multilinear generalization of the Alder–Strassen theorem.

▶ Theorem 19. Let A be a finite dimensional associative algebra with k maximal twosided
ideals. Then R(A, d) ≥ d · dim A − (d − 1)k.

Proof. We can assume d ≥ 3, since the case d = 1 is trivial and the case d = 2 is the classical
Alder–Strassen theorem.

By Lemma 5,

R(A, d) ≥ R(A/ rad A, d) + d · dim rad A. (3)

Since A has k maximal twosided ideals, A/ rad A has k maximal twosided ideals, too. and is
of the form A/ rad A = B1 × · · · × Bk with Bκ being simple algebras. Each Bκ = Mnκ

(Dκ)
with Dκ being a division algebra. Assume that n1 = . . . nj = 1 and nj+1, . . . , nk > 1. That
means that B1, . . . , Bj are division algebras.

We next prove that

R(A/ rad A, d) ≥ d · dim(B1 × · · · × Bj) − (d − 1)j + R(Bj+1 × · · · × Bk). (4)

This is done by showing by induction that for all 1 ≤ i ≤ j,

R(Bi × · · · × Bk) ≥ d · dim Bi − (d − 1) + R(Bi+1 × · · · × Bk). (5)

To prove Equation (5), we will inductively construct vector spaces V1, . . . , Vd such that
Vδ +Bi ×{0}×· · ·×{0} = Bi ×· · ·×Bk for all 1 ≤ δ ≤ d, (1, 0, . . . , 0) ∈ Vδ for 1 ≤ δ ≤ d−1,
and

R(ϕ) ≥ δ · dim Bi − δ + R(ϕ|V1×···×Vδ×(Bi×···×Bk)×···×(Bi×···×Bk)) for 1 ≤ δ ≤ d − 1,
R(ϕ) ≥ d · dim Bi − d + 1 + R(ϕ|V1×···×Vd

), (6)

where ϕ is the d-fold multiplication in Bi × · · · × Bk. The proof is similar to the one of
Theorem 8. Consider a multilinear computation for the d-fold multiplication in Bi × · · · × Bk,
i.e.,

x1 · x2 · . . . · xd =
r∑

i=1
Fi,1(x1)Fi,2(x2) . . . Fi,d(xd) · wi.
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Let N = dim Bi. Similar to before, we can achieve that F1,1, . . . , FN,1 restricted to Bi ×
{0} × · · · × {0} is a basis of (Bi × {0} × · · · × {0})∗. Let a1, . . . , aN be the dual basis. Like
before, we can assume that aN = (1, 0, . . . , 0) using sandwiching. We set V1 =

⋂N−1
ν=1 ker Fν,1.

Then V1 has the desired properties. Restricting to V1 trivializes N − 1 of the multilinear
products, namely, the products 1, . . . , N − 1. Since (1, 0, . . . , 0) ∈ V1, we can conclude that
w.l.o.g. FN−1,2, . . . , F2N−1,2 restricted to Bi × {0} × · · · × {0} form a basis and construct
V2 and so on. Since the induction stops at d, the dimension of the space Vd can be by one
smaller, since we do not need (1, 0, . . . , 0) ∈ Vd. Therefore, restricting to Vd trivializes even
N products and we obtain Equation (6).

Bi × {0} × · · · × {0} is a twosided ideal in Bi × · · · × Bk with the property that Bi+1 ×
· · · × Bk

∼= Bi × · · · × Bk/Bi × {0} × · · · × {0}. Thus (5) follows from (6) in the similar way
like in the end of the proof of Lemma 5.

Finally, we prove that

R(Bj+1 × · · · × Bk) ≥ d · dim(Bj+1 × · · · × Bk). (7)

This will finish the proof. To prove the last equation, we use Theorem 13 and get R(Bj+1 ×
· · · × Bk) ≥

∑k
i=j+1 dim Di · nd

i . (The exponent is d instead of d + 1, since d might be even.)
Since dim Bi = n2

i dim Di, we are done when we can show that nd
i ≥ d · n2

i . The latter
inequality is implied by nd−2

i ≥ d. Since ni ≥ 2, this is true when d ≥ 4. In the case when
d = 3, note that nd−1

i ≥ d is sufficient, since d is odd. Combining (3), (4), and (7) finishes
the proof. ◀

For d ≥ 3, the proof in fact yields the stronger lower bound d · dim A − (d − 1)j, where j

is the number of division algebras in the decomposition of A/ rad A into simple parts.
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A Improvements of Theorem 18

Wedderburn’s Theorem holds in a similar manner for modules over simple algebras. If A is
an algebra, let An×m denote the vector space of all n × m–matrices with entries from A.

▶ Theorem 20 (Wedderburn). Let A be a simple algebra with A ∼= Mn(D) for some division
algebra D. For every A-left module M ≠ {0}, there is a (unique) integer m ≥ 1 such that M

is isomorphic to Dn×m.

If C and D are algebras and M is a C-left module that is also a D-right module, then the
module M is called a (C, D)-bimodule, if in addition (am)b = a(mb) for all a ∈ C, m ∈ M ,
and b ∈ D. If C = D, M is also called a C-bimodule for short.

While the above bound of Theorem 18 is polynomial in d (when the dimension of the
algebra is fixed), the algorithm can be improved and the exponent can be reduced. We sketch
this approach below, but the actual bounds depend on a lot of parameters of the algebra,
captured by the so-called path diagram of the algebra.
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We decompose the semisimple algebra B = B1 ⊕ · · · ⊕ Bn into simple algebras. (Here,
the decomposition is written additively, and we consider the Bν to be subspaces of B.) Each
Bν is a commutative division algebra. Let ℓν be its dimension.

Let eν be the unit element of the algebra Bν . It is well known [15], that 1 = e1 + · · · + en

and that the e1, . . . , en annihilate each other, that is, eµeν = 0 for all µ ̸= ν. Write

A = 1 · A · 1 = (e1 + · · · + en)A(e1 + · · · + en) =
n∑

µ,ν=1
eµAeν .

Since e1, . . . , en annihilate each other, the sum of vector spaces on the right hand side is
direct. In the same way, we can decompose rad A.

▶ Fact 21.
1. F[X] ⊗ F[Y ] = F[X, Y ] whenever X and Y are disjoint sets of variables.
2. Let I ⊆ F[X] and J ⊆ F[Y ] be ideals. Then F [X]/I ⊗ F[Y ]/J = F[X, Y ](I + J).

Since each Bi is commutative, we can write is as F[Xi]/Ii for some set of variables Xi

and an ideal Ii. We assume that the sets of variables are pairwise disjoint.
The opposite algebra Aopp is the algebra obtained by “reversing” the multiplication of A.

The multiplication ∗ in Aopp is defined by a ∗ b = b · a. When A is commutative, then Aopp

and A are isomorphic (as algebras).
Let Ri,j := ei(rad A)ej . The Ri,j are B left-modules and B right-modules, so they are

B-bimodules. However, the only nontrivial multiplication from the left is with elements from
Bi and the only nontrivial multiplication from the right is with Bj . So it is more natural
to view Ri,j as a (Bi, Bj)-bimodule. A (Bi, Bj)-bimodule is isomorphic to a Bi ⊗ Bopp

j -left
module. Since Bj is commutative, this is in turn isomorphic to a Bi ⊗ Bj module. Take an
element m ∈ Ri,j . (Bi ⊗ Bj)m is a submodule of Ri,j and since Bi ⊗ Bj is a quotient of a
polynomial ring, so is the submodule.

Let D = dim A. There are
(

d
k

)
choices for the factors from the radical, 0 ≤ k ≤ s. For

each factor of the radical, we choose a subspace Riκ,jκ
, 1 ≤ κ ≤ k, such that iκ+1 = jκ.

So essentially, we sum over all path in the so-called path diagram of the algebra, see [15],
which describes the structure of the radical. Along such a path, by the above consideration,
the multiplication can be simulated by a polynomial multiplication, so we can do the
multiplication “in one stroke” and do not need to glue different pieces like we did in the
proof above.
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1 Introduction

Studying networks in terms of graph classes based on certain properties is a fundamental
tool in graph theory. Instead of having to consider all possible graphs, we can focus on the
ones in a certain class, which allows us to get a more fine-grained understanding of their
structural properties and the complexity of graph problems. Additionally, it facilitates the
development of more efficient algorithms that are tailored towards the characteristics of the
considered networks.

Different classes can be utilized in different contexts. For example, the characteristics of
wireless communication networks are captured naturally in Euclidean unit disk graphs [6, 15],
i.e., graphs where vertices can be identified with disks of equal size in the Euclidean plane
and any two are adjacent if and only if their disks intersect. In this paper, we use the
following formalization. Let G = (V, E) be an undirected graph. A (Euclidean) unit disk
representation of G is a mapping ϕ : V → R2 together with a threshold radius R such that
{u, v} ∈ E if and only if the distance between ϕ(u) and ϕ(v) is at most R. Then, the graph G
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is a (Euclidean) unit disk graph if it has a unit disk representation. In such graphs, the
generally NP-complete problem of finding a maximum clique can be solved in polynomial
time [6, 24], and routing can be performed more efficiently than in general graphs [16].

In this paper, we study a related graph class where the Euclidean ground space is replaced
with the hyperbolic plane. The result is a generalization of the Euclidean variant, containing
networks with a broader range of structural properties. Formally, a graph G is a hyperbolic
unit disk graph, if there exists a hyperbolic unit disk representation ϕ : V → H2 together with
a threshold radius R, such that {u, v} ∈ E, if and only if the hyperbolic distance between the
vertex representations is at most dH2(ϕ(u), ϕ(v)) ≤ R. We note that the threshold radius R

is part of the representation and can thus depend on the graph. The choice of R does not
matter in Euclidean space, as scaling R and all coordinates ϕ(·) by the same factor yields
the same adjacencies. In contrast, there is no scaling operation in the hyperbolic plane
that leaves relative distances intact.1 As a result, the size of the considered region and the
threshold radius do have an impact on the structure of the graphs in the hyperbolic setting.

To understand this effect, which is visualized in Figure 1, first consider some region, say
a disk D of radius R′, in the Euclidean plane and assume we distribute vertices evenly in D.
Then the resulting Euclidean unit disk graph resembles a grid-like structure (with a density
depending on the threshold radius R and the radius R′ of D). That is, in the sparse setting,
we only find small cliques, while separators and treewidth as well as the diameter are large,
and we observe a homogeneity among the vertices, in the sense that all neighborhoods feature
similar characteristics. Essentially, as in a grid, the graph looks the same no matter from
which vertex it is viewed.

As the hyperbolic plane resembles the Euclidean plane locally, we can achieve the same
grid-like structures by choosing a very small radius R′ and an even smaller threshold radius R

(Figure 1 (left)). In fact, by scaling the Euclidean unit disk representation of a graph into a
sufficiently small region, we can realize the same adjacencies in the hyperbolic plane and
obtain the following.

▶ Theorem 1. Every Euclidean unit disk graph is a hyperbolic unit disk graph.

Beyond that, we can increase the radii R′ and R. Then, the grid-like structures start to
vanish and hierarchical structures begin to form (Figure 1 (center)). Eventually, we reach
the strongly hyperbolic setting where only hierarchical and no grid-like structures remain
(Figure 1 (right)). There, vertices are rather heterogeneous, with respect to their degree and
what neighborhoods look like. The diameter is small, while large cliques can form. We note
that the treewidth is also large, just as in grid-like graphs. However, in hierarchical graphs
this is an artifact of the large cliques, while in grid-like graphs we observe large treewidth
despite the fact that only small cliques form. In hierarchical networks vertices connect via
hubs, which connect via larger hubs, and so on. The hubs explicitly exhibit the hierarchy in
the graph structure. As a result, the graph looks very different when viewed from vertices on
different levels in the hierarchy.

Formally, we say that a graph is a strongly hyperbolic unit disk graph if it admits a
hyperbolic unit disk representation in which ϕ maps all vertices to points within a disk whose
radius matches the threshold (R′ = R). For better understanding, we recommend using the
interactive visualization2, which lets the user change the size of the ground space, allowing
to smoothly transition between Euclidean and strongly hyperbolic unit disk graphs.

1 Under the common assumption that the curvature is −1, such a scaling operation does not exist. The
term “unit disk” is still justified as we could instead fix R = 1 and allow for different curvatures.

2 https://thobl.github.io/hyperbolic-unit-disk-graph/

https://thobl.github.io/hyperbolic-unit-disk-graph/
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R′ = 8.5 R = R′,R′ = 4.9 R = R′/2,R′ = 0.001 R = R′/5,

Figure 1 Hyperbolic unit disk graphs with different ground space and threshold radii. The
representations have been scaled such that the ground spaces appear to have the same size, while
their actual sizes are denoted by R′. (Left) The ground space is very small and the threshold
radius even smaller, leading to grid-like structures. (Center) Ground space and threshold radius
are increased, hierarchies start form but grid like structures remain. (Right) Ground space and
threshold have the same large value, leading to hierarchical structures.

To paint the big picture, hyperbolic unit disk graphs comprise two extremes: Euclidean
unit disk graphs with grid-like structures on one side and strongly hyperbolic unit disk
graphs with hierarchical structures on the other. Therefore, if we want to design algorithms
for grid-like structures, it makes sense to analyze them on Euclidean unit disk graphs. For
hierarchical structures, strongly hyperbolic unit disk graphs are a good choice.

Related Concepts

To the best of our knowledge, intersection graphs of hyperbolic unit disks, or hyperbolic
unit balls, have so far only been considered by Kisfaludi-Bak [17]. There, for every ρ > 0,
a graph is said to be in the graph class UBGHd(ρ) (UBG = unit ball graph) if its vertices
can be mapped into Hd such that vertices have distance at most 2ρ if and only if they are
adjacent. There are two core differences compared to our definition of hyperbolic unit disk
graphs. First, it allows for higher dimensions. Secondly, it is parameterized by the radius,
i.e., UBGHd(ρ) describes an infinite family of graph classes rather than a single class.

This second difference is somewhat subtle but rather important. Consider the class
UBGHd(ρ) for a fixed radius ρ. Moreover, assume we want to study graphs in UBGHd(ρ)
that are sparse; for the sake of argument, assume constant average degree. Then, for an
increasing number of vertices n, the region of Hd spanned by the vertices has to grow, as
otherwise the density of the graph grows with n. Thus, for sufficiently large n, the radius ρ is
arbitrarily small compared to the region spanned by the vertices, yielding grid-like structures
(see discussion above). Thus, for fixed ρ, large graphs in UBGHd(ρ) are grid-like rather
than hierarchical. This means that asymptotic statements for the classes UBGHd(ρ) do not
translate to the hierarchical structures in the class of strongly hyperbolic unit disk graphs.

A second related concept are hyperbolic random graphs [18], which are basically random
strongly hyperbolic unit disk graphs. A hyperbolic random graph is obtained by assigning
each vertex a random point in a disk of radius R ≈ 2 log(n) and connecting two vertices if
and only if their distance is at most R. This yields graphs that resemble certain real-world
networks, as they have small diameter, high clustering, and a power-law degree distribution
whose exponent can be adjusted using the probability distribution of the vertex positions.

STACS 2023
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This is not the case for graphs in UBGHd(ρ) as the connection radius cannot increase with
the graph size. Nevertheless, every hyperbolic random graph is a strongly hyperbolic unit
disk graph and thus any statement shown for the latter also holds for the former.

Hyperbolic random graphs have also been studied in a noisy setting, where, with some
small probability, distant vertices are adjacent and close vertices are not adjacent. Similarly,
Kisfaludi-Bak [17] also studies a noisy variant of the class UBGHd(ρ). It would be interesting
to also study (strongly) hyperbolic unit disk graphs in a noisy setting. This is, however,
beyond the scope of this paper and left for future research.

Contribution

Beyond the generalization of Euclidean unit disk graphs to hyperbolic unit disk graphs,
we identify strongly hyperbolic unit disk graphs as a natural counterpart to the Euclidean
special case and provide the first insights into their structural and algorithmic properties.
In particular, we study fundamental criteria relating the coordinates of vertices to their
adjacency and investigate the formation of cliques (Section 2). Using these insights, we follow
up on prior empirical efforts towards understanding how an underlying hyperbolic geometry
facilitates efficient routing on internet-like networks [4, 21], and utilize strongly hyperbolic
unit disk graphs to obtain theoretical performance guarantees, proving that routing in such
networks can be performed more efficiently than in general (Section 3). While similar results
have been obtained on the grid-like Euclidean unit disk graphs [16], our analysis covers
networks with hierarchical structures. In particular, it includes hyperbolic random graphs,
which are used to represent real-world complex networks like the internet [4], where routing
plays an important role. By developing a simple routing scheme, which is interesting in its
own right, we show that greedy routing on such graphs can be performed with a stretch of
at most 3, while asymptotically almost surely requiring at most O(log4 n) bits of storage
per vertex and taking O(log2 n) time per routing decision. We note that some proofs are
deferred to the full version of the paper [3].

2 Strongly Hyperbolic Unit Disk Graphs

Throughout the paper we consider the polar-coordinate model of the hyperbolic plane H2.
There, we have a designated pole O ∈ H2, together with a polar axis, i.e., a reference ray
starting at O. A point p is identified by its radius r(p), denoting the hyperbolic distance
to O, and its angle φ(p), denoting the angular distance between the polar axis and the
ray from O through p. In our figures we interpret these values as polar coordinates in the
Euclidean plane. The disk of radius R centered at p is denoted by DR(p). When p = O we
simply write DR. The hyperbolic distance between points p and q is given by

dH2(p, q) = acosh
(

cosh
(
r(p)

)
cosh

(
r(q)

)
− sinh

(
r(p)

)
sinh

(
r(q)

)
cos

(
∆φ(p, q)

))
, (1)

where cosh(x) = (ex + e−x)/2, sinh(x) = (ex − e−x)/2, and ∆φ(p, q) = π − |π − |φ(p) − φ(q)||
denotes the angular distance between p and q. Without loss of generality, we assume that
the representation ϕ of a strongly hyperbolic unit disk graph maps the vertices into a disk of
radius R that is centered at O. For the sake of readability, we typically associate a vertex v

with its mapping ϕ(v) and denote the set of vertices lying in a region A ⊆ DR with V (A).
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O p1 p2

p

DR(p2)
DR(p1)

DR(p)

DR

Figure 2 Visualization of the proof of Lemma 2. Point p1 has a smaller radius than p2, both having
the same angular coordinate. Consequently, DR(p1) (green region) is a superset of DR(p2) ∩ DR

(blue region). The triangle formed by the points p, p2, and O is contained in DR(p) (both red).

2.1 Adjacency
Similar results to the ones described in this subsection have been determined on hyperbolic
random graphs before (see, e.g., [13]). Here we verify under which requirements they also
hold on strongly hyperbolic unit disk graphs. By definition, two vertices in a strongly
hyperbolic unit disk graph G are adjacent, if and only if their hyperbolic distance is at
most R. Consequently, we can imagine that each vertex v is equipped with a neighborhood
disk DR(v). That is, N(v) = V (DR(v)). The following lemma shows that moving such a
neighborhood disk closer to the center of DR only increases the region of DR that it covers.

▶ Lemma 2. Let R be a radius and let p1, p2 ∈ DR be points with r(p1) ≤ r(p2) and
φ(p1) = φ(p2). Then, DR(p1) ⊇ DR(p2) ∩ DR.

Proof. Let p ∈ DR(p2) ∩ DR be a point and note that dH2(p, p2) ≤ R. Now consider the
triangle spanned by the points p, p2, and the origin O. This triangle is completely contained
in the disk DR(p), as dH2(p, p2) ≤ R and r(p) ≤ R, as shown in Figure 2. Since disks are
convex and p1 lies on the line from O to p2, it is part of the triangle and therefore also
contained in the disk. Consequently, dH2(p, p1) ≤ R and thus p ∈ DR(p1). ◀

Consequently, moving a vertex towards the center does not decrease its neighborhood.

▶ Corollary 3. Let G be a strongly hyperbolic unit disk graph with radius R and let v1, v2 be
vertices with r(v1) ≤ r(v2) ≤ R and φ(v1) = φ(v2). Then, N(v1) ⊇ N(v2).

In the following, we investigate in greater detail under which circumstances two vertices
are adjacent. Consider two vertices v1 and v2 in G with radii r1 and r2, respectively. Clearly,
the two are adjacent if r1 + r2 ≤ R. When r1 + r2 > R, the hyperbolic distance between
them depends on their angular distance ∆φ(v1, v2). More precisely, for vertices of fixed radii,
increasing the angular distance also increases the hyperbolic distance. Let θ(r1, r2) denote
the angular distance, such that the hyperbolic distance between v1 and v2 is exactly R. That
is, for ∆φ(v1, v2) ≤ θ(r1, r2) we have dH2(v1, v2) ≤ R, meaning v1 and v2 are adjacent. We
can compute θ(r1, r2) by using the hyperbolic distance function in Equation (1), setting the
distance equal to R, and solving for the angular distance. That is,

θ(r1, r2) = acos
(

cosh(r1) cosh(r2) − cosh(R)
sinh(r1) sinh(r2)

)
. (2)

Tight asymptotic bounds on θ(r1, r2) have been derived before [19, Lemma 3.2]. The
following lemma holds for all R > 0.
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13:6 Strongly Hyperbolic Unit Disk Graphs

▶ Lemma 4. Let R > 0 and r1, r2 ∈ (0, R] with r1 + r2 ≥ R be given. Then,

2
√

eR−r1−r2 + e−R−r1−r2 − (e−2r1 + e−2r2) ≤ θ(r1, r2) ≤ π
√

eR−r1−r2 .

We note that, while the above bounds are easier to work with than the exact function
and are generally applicable due to the few constraints on the considered radii, the lower
bound is still a bit tedious to work with. However, by introducing some minor requirements,
we can obtain a slightly weaker bound that can be worked with more easily.

▶ Corollary 5. Let R ≥ 1 and r1, r2 ∈ (0, R] with r1 + r2 ≥ R and |r1 − r2| ≤ R − 1 be given.
Then,

√
eR−r1−r2 ≤ θ(r1, r2) ≤ π

√
eR−r1−r2 .

Apart from the above bounds, we highlight another property of the function θ(r1, r2), for
the special case where r1 = r2.

▶ Lemma 6. The function θ(r, r) is monotonically decreasing for r ≥ 0.

2.2 Cliques
In the following, we examine how the underlying geometry affects the formation of cliques.
We start by showing that the vertices lying in DR(p), having smaller radius than p, form
two cliques. More precisely, we say that a vertex set S ⊆ V can be covered by k cliques, if
there exists a partitioning S1, . . . , Sk of S such that the induced subgraphs G[Si] for i ∈ [k]
are cliques.

▶ Lemma 7. Let G be a strongly hyperbolic unit disk graph with radius R > 0 and let p ∈ DR

be a point with r(p) = r. Then, V (DR(p) ∩ Dr) can be covered by two cliques.

Proof. Assume without loss of generality that φ(p) = 0. We divide the region DR(p) ∩ Dr

into two halves A and A′ containing all points with angles in [0, π) and [π, 2π), respectively,
as illustrated in Figure 3 (left). The goal now is to show that the vertices in V (A) and the
ones in V (A′) induce a clique. More precisely, we show that this is the case for A. For
symmetry reasons this then also holds for A′. Consider two vertices v1, v2 ∈ A and assume
without loss of generality that φ(v1) ≤ φ(v2). Since v2 ∈ A ⊆ DR(p) and since by Lemma 2
moving DR(p) towards the origin increases the region of DR that it covers, we know that v2 is
contained in the disk DR(p′) for p′ = (r(v1), 0) (dark green in Figure 3 (left)). It follows that
dH2(p′, v2) ≤ R. Note that v1 has the same radius as p′ and that ∆φ(p′, v2) ≥ ∆φ(v1, v2).
As established above, decreasing the angular distance between two points with fixed radii
decreases their hyperbolic distance. Therefore, dH2(v1, v2) ≤ dH2(p′, v2) ≤ R, meaning v1
and v2 are adjacent. ◀

We note that the above lemma implies that for a vertex v, the neighbors with smaller
radius than v form two cliques. We continue by investigating the number of cliques required
to cover a strongly hyperbolic unit disk graph.

▶ Lemma 8. Let G be a strongly hyperbolic unit disk graph with radius R > 0. Then, G can
be covered by max{2π

√
2, 2πeR/2} cliques.

Proof. To prove the claim, we utilize the underlying geometry by covering the ground
space DR with a set of k disks D1, . . . , Dk, such that each V (Di) for i ∈ [k] can be covered
by two cliques. All of these disks have radius R and their centers lie on the boundary of
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p
p′

DR Dr
DR(p)

DR(p
′)

O

A

DR(p) ∩ Dr

v2
v1

DR O
D1

D2

D3

Dk

2θ(R,R)

Dk−1

Figure 3 Covering strongly hyperbolic unit disk graphs with cliques. (Left) Visualization of
the proof of Lemma 7. Vertices v1, v2 (blue) are in the half A (orange) of the region DR(p) ∩ Dr

(red) and are adjacent. (Right) Visualization of the proof of Lemma 8, showing five of the k disks
D1, . . . , Dk (blue) and the angular distance between two consecutive centers (green).

the disk DR. The center of the first disk has an angular coordinate of 0. All other disks Di

are placed at an angular distance of 2θ(R, R) to their predecessor Di−1 in counterclockwise
direction. See Figure 3 (right) for an illustration. As a consequence, the boundaries of two
consecutive disks intersect on the boundary of DR, which is therefore covered completely by
the k disks. It follows that each vertex is contained in at least one disk Di.

Since by Lemma 7 each V (Di) for i ∈ [k] can be covered by two cliques, it suffices to
show that k ≤ max{π

√
2, πeR/2} in order to finish the proof. To this end, recall that two

consecutive disks are placed at an angular distance of 2θ(R, R). Consequently, it takes
k = 2π/(2θ(R, R)) = π/θ(R, R) disks to cover the whole disk DR. Using Lemma 4 we can
conclude

θ(R, R) ≥ 2
√

e−R + e−3R − 2e−2R = 2
√(

e−R/2 − e−3/2·R
)2 = 2e−R/2(1 − e−R).

It follows that k can be bounded by

k = π

θ(R, R) ≤ π

2e−R/2 (1 − e−R)
= πeR/2 · 1

2 (1 − e−R) . (3)

We now distinguish between two cases depending on the size of R and start with R < log(2).
Recall that the function θ(R, R) is monotonically decreasing in R (see Lemma 6). As a
consequence, we have θ(R, R) ≥ θ(log(2), log(2)). Then, it follows that

k ≤ π

θ(log(2), log(2)) ≤ πelog(2)/2 1
2

(
1 − e− log(2)

) = π
√

2,

which we account for with the first part of the maximum. When R ≥ log(2), note that we
have (1 − e−R) ≥ 1/2. Consequently, we can bound the last fraction in Equation (3) by 1,
which yields the claim. ◀

3 Routing in Strongly Hyperbolic Unit Disk Graphs

Throughout the remainder of the paper, we utilize strongly hyperbolic unit disk graphs to
investigate the performance of routing on networks with underlying hyperbolic geometry.
This is not only interesting since routing is one of the most fundamental graph problems,
but is also particularly relevant on complex networks like the internet, which has previously
been observed to fit well into the hyperbolic plane [4].
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While finding a path between two vertices in an undirected network is typically rather
simple, the internet is decentralized and does not allow for the use of a central data structure.
Instead each vertex can only use local information to perform a routing decision, i.e., the
decision to which vertex information is forwarded next such that it eventually reaches the
target. This situation is further complicated by the fact that the internet consists of billions
of vertices. In order to be able to handle a network of this scale, a routing scheme has to be
optimized with respect to three criteria: the space requirement (the amount of information
that the scheme uses to forward information), the query time (the time it takes to make a
routing decision), and the stretch (how much longer the routed path is compared to a shortest
path in the network, where the length of a path denotes the number of contained edges).
Formally, a path between two vertices has multiplicative stretch c ≥ 1 if it is at most c times
longer than a shortest path between them. An additive stretch of ℓ denotes that the routed
path contains at most ℓ more vertices than a shortest path. A multiplicative stretch c with
additive bound ℓ denotes that the routed paths have stretch c or additive stretch ℓ. Note
that this implies a multiplicative stretch of max{c, 1 + ℓ}.

There is a long line of research on how to obtain efficient routing schemes with respect to
these criteria, together with tight bounds on the trade-offs that have to be made to optimize
one criterion over another. In particular, it was shown that routing with a multiplicative
stretch of c ≥ 1 requires a total storage of Ω(n1+1/(2c+4)) bits in general graphs [23]. We
refer to the full version of the paper for a comprehensive overview of related work [3].

In the following, we combine standard techniques in routing to obtain a simple routing
scheme and analyze its performance on strongly hyperbolic unit disk graphs. For the special
case of hyperbolic random graphs, a graph model that is used to represent complex networks
like the internet [18], it improves below the above mentioned performance lower bounds.

3.1 Greedy Routing Scheme
A standard approach to routing in a decentralized setting is greedy routing, where the idea is
to always forward a message to a neighbor of a vertex that is closer to the target.3 When
designing a greedy routing scheme, we therefore need to compute distances between vertices
and select a suitable neighbor with respect to these distances. For a graph G = (V, E)
let d : V × V → R≥0 be a semi-metric on G. That is, for all s, t ∈ V we have d(s, t) ≥ 0,
d(s, t) = 0 if and only if s = t, and d(s, t) = d(t, s). We say that a greedy routing scheme
routes with respect to d, if at s a message to t is forwarded to a neighbor v of s where
d(v, t) < d(s, t). Depending on d such a neighbor may not exist and the message cannot be
forwarded, which is called starvation. In contrast, a routing scheme with guaranteed delivery
is called starvation-free and it is known that greedy routing is starvation-free, if at every
vertex s ̸= t there is a neighbor v with d(v, t) < d(s, t) (see e.g. [28]). Moreover, we say
that d is integral if it maps to the natural numbers, i.e., d : V × V → N. Note that, if d is
integral and routing with respect to d is starvation-free, the distance to the target decreases
by at least one in each step. Thus, the length of the routed path between s and t is bounded
by d(s, t). When this is the case, we say that routing with respect to d is d-bounded.

Given a connected graph G, a natural choice for determining a distance between s and t

is to use the length of a shortest path between them, which we denote with dG(s, t). Routing
with respect to dG is starvation-free and yields perfect stretch. However, dG cannot be
computed while simultaneously keeping the required space and query time low [12]. Therefore,

3 The term greedy often refers to routing to a neighbor closest to the target. For us closer is sufficient.
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we relax the constraint on routing with respect to exact graph distances and use upper
bounds instead. This can be achieved by taking a subgraph G′ of G and routing on G with
respect to dG′ . The stretch of the resulting routing scheme depends on how well the distances
in G′ approximate the distances in G. Unfortunately, finding a subgraph with good stretch is
hard in general [5, 22]. However, instead of routing with respect to the distances in a single
subgraph, we can combine the distances in multiple subgraphs. To obtain a good stretch,
it then suffices to find low-stretch subgraphs for small parts of the graph. To formalize
this, we use a (c, ℓ, k)-graph-cover C of G, which is a collection of subgraphs of G, such that
for all s, t ∈ V there exists a connected subgraph G′ in C with dG′(s, t) ≤ c · dG(s, t) or
dG′(s, t) ≤ dG(s, t) + ℓ, and every vertex v ∈ V is contained in at most k graphs in C. We
say that C has multiplicative stretch c with additive bound ℓ. For two vertices s and t we
define dC(s, t) = minG′∈C dG′(s, t).

▶ Lemma 9. Let G be a graph and let C be a (c, ℓ, k)-graph-cover of G. Then, greedy routing
on G with respect to dC has multiplicative stretch c with additive bound ℓ.

To show that dC can be computed efficiently, we use distance labeling schemes [11]. Such
a scheme implements a semi-metric d by assigning each vertex a distance label, such that for
two vertices s, t we can compute d(s, t) by looking at their distance labels only. The label
size of a distance labeling scheme denotes the maximum number of bits required to represent
the label of a vertex. The query time denotes the time it takes to compute d using the labels.
Given a graph-cover C, a distance labeling scheme that implements dC can be obtained by
combining distance labeling schemes for the contained subgraphs.

▶ Lemma 10. Let G be a graph and let C be a (c, ℓ, k)-graph-cover of G such that for every
G′ ∈ C there exists a distance labeling scheme that implements dG′ with label size λ and
query time q. Then, there exists a distance labeling scheme for G that implements dC with
label size O(k(λ + log k + log n)) and query time O(kq).

In order to perform a routing decision efficiently, we want to avoid performing a linear
search over all neighbors. To this end, we need to be able to identify a neighbor directly,
which can be done by assigning each neighbor v of s a unique port ps(v) : N(s) → {1, . . . , n}.
Finding a neighbor of s that is closer to a target t with respect to a semi-metric d then
boils down to determining the corresponding port. To this end, we can use a port labeling
scheme that implements d. Such a scheme assigns each vertex in a graph a port label such
that we can determine the port of a neighbor of s that is closer to t with respect to d, by
only looking at the port labels of s and t. The corresponding label sizes and query times are
defined analogous to how they are defined for distance labels.

Given a graph-cover C, we can combine distance and port labels of the subgraphs in the
cover, to obtain a port labeling scheme that implements dC .

▶ Lemma 11. Let G be a graph and let C be a (c, ℓ, k)-graph-cover of G such that for every
G′ ∈ C there exist distance and port labeling schemes that implement dG′ with label size λ

and query time q. Then, there exists a port labeling scheme for G that implements dC with
label size O(k(λ + log k + log n)) and query time O(kq).

We are now ready to combine the above results to obtain our greedy routing scheme. To
this end, we need to find (c, ℓ, k)-graph-covers with small values for c, ℓ, and k, as well as
distance and port labeling schemes with small label sizes and query times, as all of these
properties affect the performance of the routing scheme. While distance labeling schemes
require large labels in general graphs [11], better results can be obtained by restricting
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the graph-cover to only contain trees as subgraphs. Such a cover is then called tree-cover.
Tree-covers are standard in routing [1, 2, 8, 9, 14, 26, 27], and while it is known that greedy
routing with respect to dC for a (c, ℓ, k)-tree-cover C is starvation-free (see e.g., [14]), we also
know that the resulting routing scheme has stretch c with additive bound ℓ due to Lemma 9.
Moreover, for trees there are distance and port labeling schemes with O(log2 n) bit labels
and constant query time [10, 27]. Together with Lemma 11 we obtain the following theorem.

▶ Theorem 12. Given a (c, ℓ, k)-tree-cover of a graph G, greedy routing on G can be
implemented such that the routing scheme is starvation-free, has stretch c with additive bound
ℓ, stores O(k(log2 n + log k)) bits at each vertex, and takes O(k) time for a routing decision.

To complete our scheme, we propose an algorithm that computes a tree-cover with
bounded stretch. It is an adaptation of an algorithm previously used to compute graph
spanners [7]. We start with the following lemma, describing a situation that is exploited by
our algorithm.

▶ Lemma 13. Let G = (V, E) be a graph, u, v ∈ V , and let H be an induced subgraph
that contains all vertices on a shortest uv-path P in G. Let T be a partial shortest-path
tree in H rooted at t that contains u and v. Then, for every vertex w in T that lies on P ,
dT (u, v) ≤ dG(u, v) + 2dH(t, w).

Consider the setting as in the above lemma, let w be chosen such that dH(t, w) is minimal
and let ξ = 2dH(t, w)/dG(u, v). Then, it holds that dT (u, v) ≤ (1 + ξ)dG(u, v). That is, T

has stretch (1 + ξ). The following algorithm computes a tree-cover with the same stretch.
Let G be the input graph. The algorithm operates in phases, starting with phase 0. For

each phase i, we define a radius ri = bi, for a base b > 1. Then, for a > 0, we choose a vertex t

in the current graph and compute the partial shortest-path tree with root t containing all
vertices with distance at most (1 + a)ri from t. Afterwards, we delete all vertices with
distance at most ri to t from the current graph. This is iterated until all vertices are deleted.
Afterwards, phase i is done and we restore the original input graph G before starting phase
i + 1. This process is stopped, once the whole graph is deleted after processing the first tree
in a phase. The output of the algorithm is the set of all trees computed during execution.
Since the algorithm produces tree-covers of networks, we call it Proton.

Note that Proton has several degrees of freedom. We can choose the parameters a > 0
and b > 1, as well as the order in which the roots of the partial shortest-path trees are
selected. The following lemma holds independent of the root selection strategy.

▶ Lemma 14. The tree-cover computed by Proton has stretch (1 + 2b/a) with additive
bound 2.

Proof. Let C be the tree-cover computed by Proton, let G = (V, E) be the input graph,
and let u ≠ v ∈ V be two arbitrary vertices. We have to show that C contains a tree T that
includes u and v such that dT (u, v) ≤ (1 + 2b/a)dG(u, v) or dT (u, v) ≤ dG(u, v) + 2.

Let i be minimal such that dG(u, v) ≤ ari. Assume for now that Proton did not stop
before phase i; we deal with the other case later. As phase i continues until all vertices are
deleted, at one point a vertex w on a shortest uv-path in G is deleted. Let H be the current
graph before that happens for the first time and let T be the partial shortest-path tree
computed in H rooted at t. To show that T is the desired tree, we aim to apply Lemma 13.

First note that H is an induced subgraph of G that contains all vertices on a shortest
uv-path of G. Moreover, T contains u and v for the following reason. As w is deleted, we
have that dH(t, w) ≤ ri. Moreover, as w lies on a shortest uv-path, the distance from w
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to either u or v cannot exceed dH(u, v) = dG(u, v). Thus, by the triangle inequality and
the above choice of i, we have dH(t, u) ≤ dH(t, w) + dH(w, u) ≤ ri + ari = (1 + a)ri, which
implies that u is a vertex of T . Analogously, v is also contained in T .

With this, we can apply Lemma 13, yielding stretch (1 + ξ) for ξ = 2dH(t, w)/dG(u, v).
To bound ξ, recall that we chose i minimal such that dG(u, v) ≤ ari. Thus, if i > 0, then
dG(u, v) > ari−1 = a

b ri. Together with the fact that dH(t, w) ≤ ri, we obtain ξ ≤ 2 b
a , as

desired. In the special case that i = 0 we have ri = 1 and therefore dH(t, w) ≤ 1. Thus,
Lemma 13 directly yields dT (u, v) ≤ dG(u, v) + 2, which is covered by the additive bound 2.

Finally, we assumed above that Proton did not stop before phase i and it remains to
consider the case where it stops in phase j < i. In this case, let T be the tree we get in
phase j, which includes all vertices of G. Let t be the root of T . As all vertices have distance
at most rj from t, we get dT (u, v) ≤ 2rj . Moreover, as i was chosen minimal such that
dG(u, v) ≤ ari, we have dG(u, v) > arj . Together with the previous inequality, this gives a
stretch of 2/a, which is smaller than the desired (1 + 2b/a), as b > 1. ◀

3.2 Performance on Strongly Hyperbolic Unit Disk Graphs
While Proton computes a (c, ℓ, k)-tree-cover with bounded stretch, the value k, i.e., the
maximum number of trees that a vertex is contained in, depends on the structure of the
considered graph. In the following, we show that k is small on networks with an underlying
hyperbolic geometry. In our analysis, we consider the radially increasing root selection
strategy that selects the vertices in order of increasing distance to the origin of the hyperbolic
plane, and prove the following theorem. There, diam(G) denotes the diameter of G, i.e., the
length of the longest shortest path in G.

▶ Theorem 15. Let G be a strongly hyperbolic unit disk graph with radius R > 0. Given
the disk representation of G, a > 0, and b > 1, the Proton algorithm with the radially
increasing root selection strategy computes a (c, ℓ, k)-tree-cover of G with

c = 1 + 2b/a, ℓ = 2 , and k = πe

(
1 + a

b − 1 (b2 diam(G) − 1)R + 2 (logb(diam(G)) + 2)
)

.

First note that the correctness of the claimed stretch immediately follows from Lemma 14.
However, bounding k is more involved. To that end, we first compute an upper bound that
holds for a given phase and afterwards sum over all phases.

Consider the roots of the partial shortest-path trees that contain a vertex v in a given
phase, which we refer to as the roots of v. We partition the hyperbolic disk into radial bands
and compute an upper bound on the number of roots of v in each band, see Figure 4 for an
illustration. We then utilize two key ingredients. First, since v is contained in the partial
shortest-path trees of its roots, the length of the path between v and a root is bounded, and
so is the angular distance between them. Consequently, all roots in a band lie in a bounded
angular interval (blue areas in Figure 4). Secondly, roots cannot be adjacent as they would
otherwise delete each other, which means that the hyperbolic distance between them has to
be sufficiently large. For roots in the same band, this can only be achieved if their angular
distance is large. Consequently, each root in a band reserves a portion of the angular interval
(red areas in Figure 4) that no other root can lie in, from which we can derive an upper
bound on the number of roots that lie in the band.

The following lemma bounds the angular distance between a vertex u and another
vertex uk, assuming that there exists a path of length k between them that consists only of
vertices whose radius is not smaller than the one of u. In particular, this applies to roots
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R/2
v

Figure 4 The hyperbolic disk is divided into radial bands. The roots (black vertices) of v (red
dot) in a band lie in an angular interval Φ of bounded width (blue). Each root reserves a portion of
that interval (red) that no other root can lie in. All vertices with radius at most R/2 are removed
after processing the first root.

of v: In a given phase, the length of the paths considered in the partial shortest-path trees is
bounded. Moreover, when the partial shortest-path tree of a root ρ of v is computed, all
vertices of smaller radii than ρ have been deleted (since roots are considered in order of
increasing radius), meaning the path from ρ to v cannot contain vertices of smaller radius.

▶ Lemma 16. Let G be a strongly hyperbolic unit disk graph with radius R and let u be a
vertex with r(u) ≥ R/2. Further, let P = (u, u1, . . . , uk) be a path with r(u) ≤ r(ui) for all
i ∈ [k]. Then, ∆φ(u, uk) ≤ k · πeR/2−r(u).

Proof. For convenience, we define u0 = u. Then, ∆φ(u, uk) can be bounded by

∆φ(u, uk) ≤
k∑

i=1
∆φ(ui−1, ui).

Note that ui−1 and ui are adjacent and recall that θ(r(ui−1), r(ui)) denotes the maximum
angular distance between them, such that this is the case. Thus,

∆φ(u, uk) ≤
k∑

i=1
θ(r(ui−1), r(ui)).

Since R/2 ≤ r(u) ≤ r(ui) for all i ∈ [k] is a precondition of this lemma, we have r(ui−1) +
r(ui) ≥ R for all i ∈ [k]. Consequently, we can apply Lemma 4 to bound θ(r(ui−1), r(ui)),
which yields

∆φ(u, uk) ≤
k∑

i=1
πe(R−r(ui−1)−r(ui))/2 ≤

k∑
i=1

πe(R−r(u)−r(u))/2 = k · πeR/2−r(u),

where the second inequality is valid since r(u) ≤ r(ui) for all i ∈ [k]. ◀

The second key ingredient is a lower bound on the minimum angular distance between
two non-adjacent vertices in a radial band of fixed width in the hyperbolic disk. We note
that in order to obtain a bound that is easy to work with, we aim to utilize Corollary 5.
However, this requires that R is not too small. For now, we assume that this requirement is
met and afterwards resolve the constraint in the analysis of the algorithm.
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▶ Lemma 17. Let G be a strongly hyperbolic unit disk graph with radius R ≥ 1 and let
r ≥ R/2 be a radius. Further, let u, v be non-adjacent vertices with r(u), r(v) ∈ [r, r + τ ] for
τ ∈ [0, R − 1]. Then, ∆φ(u, v) ≥ eR/2−(r+τ).

Proof. Recall that θ(r(u), r(v)) denotes the maximum angular distance such that u and v

are adjacent. Since the two vertices are not adjacent in our case, we can derive that
∆φ(u, v) > θ(r(u), r(v)). We now aim to apply Corollary 5 in order to obtain a lower
bound on θ(r(u), r(v)). To this end, we first validate that its preconditions are met. Since
r(u), r(v) ≥ r ≥ R/2, we have r(u) + r(v) ≥ R. Moreover, by assumption we know that
r(u), r(v) ∈ [r, r + τ ] for τ ∈ [0, R − 1], which implies that |r(u) − r(v)| ≤ τ ≤ R − 1.
Consequently, we can apply Corollary 5 to conclude that

θ(r(u), r(v)) ≥ e(R−r(u)−r(v))/2

≥ e(R−2r−2τ)/2

= eR/2−(r+τ),

where the second inequality is valid, since by assumption r(u), r(v) ≤ r + τ . ◀

We can now combine the two key ingredients to compute an upper bound on the number
of the roots of v in a given phase i, which we denote by ρi(v).

▶ Lemma 18. Let G be a strongly hyperbolic unit disk graph with radius R > 0. Let the
disk representation of G, a > 0, and b > 1 be given and consider phase i of the Proton
algorithm. Then, for every vertex v it holds that |ρi(v)| ≤ πe(R(1 + a)bi + 2).

Proof. In the following, we aim to utilize Lemmas 16 and 17, both of which require that the
considered vertices have a radius of at least R/2 and one additionally assumes that R ≥ 1
Therefore, we first argue about the case where these conditions are not met. First note that
after the first root in a phase is processed, all vertices with radius at most R/2 are removed
since (if they exist in the first place) they form a clique. Additionally, when R < 1, the whole
graph can be covered by few cliques. More precisely, by Lemma 8 a strongly hyperbolic unit
disk graph with radius R can be covered by max{2π

√
2, 2πeR/2} cliques. In particular, for

R < 1, this yields a bound of 2π
√

e. Since processing each root removes at least one such
clique from the graph, the number of roots in the phase is bounded by the number of cliques.
It follows, considering the first clique in DR/2 and the remaining cliques when R < 1, that
we can bound the roots of v in phase i as |ρi(v)| ≤ 1 + 2π

√
e ≤ 2πe, which we account for

with the +2 in the lemma statement.
For the remaining roots of v we can now assume that R ≥ 1 and that all vertices have

radius at least R/2. Furthermore, it suffices to show that there are at most πeR(1 + a)bi

such roots. We cover the remainder of the disk with R/2 bands of radial width 1, where the
jth band (for j ∈ {0, . . . , R/2 − 1}) contains all points with radius in [R/2 + j, R/2 + j + 1],
see Figure 4. The claim then follows if we can bound the number of roots of v in a single
band by 2πe(1 + a)bi.

Let ρi,j(v) denote the roots of v that lie in the jth band (see Figure 5). We first bound
the angular distance between v and a root in ρi,j(v), and with that the width of the angular
interval Φ (blue region in Figure 5) that contains all of them. Afterwards, we show that each
root reserves a portion of Φ that no other root can be in. An upper bound on |ρi,j(v)| is
then obtained by the quotient of the widths of the two intervals.

Consider a root ρ ∈ ρi,j(v). Since the roots are processed in order of increasing radius,
all vertices of radius at most r(ρ) have been removed before. Consequently, the path from ρ

to v in the partial shortest-path tree rooted at ρ consists only of vertices with radius at
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Angular Distance to v

0

R

R/2 + j + 1

R/2 + jR
a
d
iu
s

v

∆φ(ρ, ρ
′)

∆φ(v, ρ)

Φ ρ ρ′

Figure 5 A vertex v (red dot) and the roots (black vertices) that are contained in the jth band
and are connected to v (via the green paths). All roots lie in the angular interval Φ (blue region).
Other than ρ, no root can lie in the red region.

least r(ρ). Moreover, in phase i the depth of this tree is (1 + a)bi, which means that the
path between ρ and v is at most this long. Therefore, we can apply Lemma 16 to conclude
that the maximum angular distance between v and a root ρ is at most

max
ρ∈ρi,j(v)

∆φ(v, ρ) ≤ max
ρ∈ρi,j(v)

(1 + a)bi · πeR/2−r(ρ) ≤ (1 + a)bi · πe−j ,

where the last inequality stems from the fact that r(ρ) ≥ R/2 + j holds for all ρ ∈ ρi,j(v).
Moreover, since roots cannot be adjacent (as they would otherwise delete each other) and all
roots in ρi,j(v) have their radii in [R/2 + j, R/2 + j + 1], we can apply Lemma 17 to conclude
that the minimum angular distance between two roots ρ, ρ′ ∈ ρi,j(v) is at least

min
ρ̸=ρ′∈ρi,j(v)

∆φ(ρ, ρ′) ≥ eR/2−(R/2+j+1) = e−(j+1).

Note that the angular interval Φ extends to both angular directions from v. Therefore, the
number of roots in ρi,j(v) can be bounded by

|ρi,j(v)| ≤ 2 ·
maxρ∈ρi,j(v) ∆φ(v, ρ)

minρ̸=ρ′∈ρi,j(v) ∆φ(ρ, ρ′)

≤ 2(1 + a)bi · πe−j

e−(j+1)

= 2πe(1 + a)bi. ◀

With this we are now ready to bound the number k of trees that a vertex is contained in,
for tree-covers produced by the Proton algorithm.

Proof of Theorem 15. First note that the values for c and ℓ hold for any graph due
to Lemma 14. It remains to show that the stated bound on k is valid. To that end,
we make use of Lemma 18, which states that v is contained in at most πe(R(1 + a)bi + 2)
trees in phase i, and sum over all phases. Since the radius of the shortest-path trees that
are removed from the graph in two consecutive phases increases by a factor of b and the
algorithm terminates when the first tree in a phase deletes the whole graph, there are at
most ⌈logb(diam(G))⌉ phases. Thus,

k =
logb(diam(G))+1∑

i=0
πe(R(1 + a)bi + 2)

= πe

R(1 + a)

logb(diam(G))+1∑
i=0

bi

 + 2 (logb(diam(G)) + 2)

 .
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Note that the remaining sum is a partial sum of a geometric series with b > 1, which can be
computed as

∑x
i=0 bi = (bx+1 − 1)/(b − 1). We obtain

k = πe

(
R(1 + a)blogb(diam(G))+2 − 1

b − 1 + 2 (logb(diam(G)) + 2)
)

= πe

(
1 + a

b − 1 (b2 diam(G) − 1)R + 2 (logb(diam(G)) + 2)
)

. ◀

Since hyperbolic random graphs are a special case of strongly hyperbolic unit disk graphs,
where vertices are distributed in a disk of radius R = O(log n) and since these graphs have a
diameter of O(log n) asymptotically almost surely [20], we obtain the following corollary.

▶ Corollary 19. Let G be a hyperbolic random graph. Given the disk representation of G,
a > 0, and b > 1, the Proton algorithm with the radially increasing root selection strategy
computes a (c, ℓ, k)-tree-cover of G with c = 1 + 2b/a, ℓ = 2, and, asymptotically almost
surely

k = O
(

(1 + a)b2

b − 1 · log2 n

)
.

Together with Theorem 12, it follows that greedy routing on hyperbolic random graphs
can be implemented such that the resulting scheme is starvation-free and has stretch 1 + 2b/a

with additive bound 2. Moreover, by setting a = b = 2 we obtain a multiplicative stretch
of 3, and can derive that the scheme, asymptotically almost surely, stores O(log4 n) bits at
each vertex and takes O(log2 n) time per query, which improves upon the performance lower
bound for general graphs.

4 Experiments

We designed a routing scheme that utilizes hierarchical structures and showed that it has
small stretch, space requirements, and query times on strongly hyperbolic unit disk graphs.
To evaluate how well our results translate to real-world networks, we performed experiments
on 50 graphs from the Network Data Repository [25], with sizes ranging from 14 k to over
2.3 M vertices. Since we do not have unit disk representations for these, we used the degrees
of the vertices as a proxy for their place in the hierarchical structure. That is, the root
selection strategy processed the vertices by decreasing degree. For each graph, we computed
a tree-cover using the Proton algorithm with parameters a = b = 2, and sampled 10 k
vertex pairs for which the path obtained by our routing scheme was compared to a shortest
path between them. Figure 6 shows boxplots aggregating our observations.

As expected, the maximum observed stretch is 3. However, this stretch occurred only
rarely. In all networks most of the sampled routes had a stretch of at most 1.5 and in 16 of
the 50 graphs the median stretch was 1. At the same time, the number of trees that a vertex
was contained in on average remained small. In 42 of the 50 networks this number was less
than 50, even in networks with over 2.3 M vertices.

STACS 2023



13:16 Strongly Hyperbolic Unit Disk Graphs

1.0

1.5

2.0

2.5

3.0

b
io
-h
u
m
an

-g
en
e2

so
cf
b
-I
n
d
ia
n
a6
9

gr
ap

h
50
0-
sc
al
e1
9-
ef
16
-a
d
j

gr
ap

h
50
0-
sc
al
e1
8-
ef
16
-a
d
j

ci
t-
H
ep
T
h

b
io
-C

E
-C

X
ia
-w

ik
i-
T
al
k
-d
ir

em
ai
l-
E
U

re
c-
ye
lp
-u
se
r-
b
u
si
n
es
s

te
ch
-a
s-
to
p
ol
og
y

em
ai
l-
en
ro
n
-l
a
rg
e

ca
-A

st
ro
P
h

so
c-
S
la
sh
d
ot
09
02

te
ch
-i
n
te
rn
et
-a
s

so
c-
fl
ic
k
r

te
ch
-a
s-
sk
it
te
r

ia
-d
ig
g
-r
ep
ly

ia
-s
ta
ck
ex
ch
-u
se
r-
m
ar
k
s-
p
os
t-
u
n
d

re
c-
gi
th
u
b

ca
-c
oa
u
th
or
s-
d
b
lp

ia
-y
ah

o
o-
m
es
sa
ge
s

te
ch
-R

L
-c
a
id
a

te
ch
-p
2p

-g
n
u
te
ll
a

re
c-
am

az
on

-r
a
ti
n
gs

b
n
-h
u
m
an

-B
N
U
-1
-0
02
58
90
-s
es
si
o
n
-1

ca
-c
it
es
ee
r

w
in
g

sc
-p
k
u
st
k
1
3

in
f-
ro
ad

N
et
-P
A

sc
-s
h
ip
se
c5

sc
-m

sd
o
o
r

sc
-p
k
u
st
k
1
1

th
er
m
al
1

rg
g-
n
-2
-1
6-
s0

re
c-
ea
ch
m
o v
ie

ci
te
u
li
ke
-u
2p

-u
2t

m
ov
ie
le
n
s-
10
m
-n
oR

a
ti
n
gs

so
cf
b
-U

C
F
52

w
eb
-f
rw

ik
in
ew

s-
u
se
r-
ed
it
s

ep
in
io
n
s

ia
-w

ik
i-
u
se
r-
ed
it
s-
p
ag
e

fb
-p
ag
es
-c
om

p
an

y
rt
-r
et
w
ee
t-
cr
aw

l
rt
-h
ig
gs

ia
-w

ik
iq
u
ot
e-
u
se
r-
ed
it
s

w
eb
-s
k
-2
00
5

d
el
au

n
ay
-n
20

ec
on

-p
ol
i-
la
rg
e

ck
t1
17
52
-d
c-
1

w
eb
-S
ta
n
fo
rd

S
ta
n
fo
rd
-B

er
ke
le
y

d
eg
m
e

M
u
lt
ip
li
ca
ti
ve

S
tr
et
c h

20 40 60 80
Trees per Vertex

Figure 6 Multiplicative stretch when routing with a tree-cover obtained using Proton with
a = b = 2. Colors show the number of trees that an average vertex is contained in. Boxes denote
the interquartile range extending to the 25th and 75th percentile with horizontal bars showing the
median. Whiskers extend to 0.1% and 99.9%, while dots show values beyond that.
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Abstract
In this work we start the investigation of tight complexity bounds for connectivity problems para-
meterized by cutwidth assuming the Strong Exponential-Time Hypothesis (SETH). Van Geffen et
al. [21] posed this question for Odd Cycle Transversal and Feedback Vertex Set. We answer
it for these two and four further problems, namely Connected Vertex Cover, Connected
Dominating Set, Steiner Tree, and Connected Odd Cycle Transversal. For the latter two
problems it sufficed to prove lower bounds that match the running time inherited from parameteriz-
ation by treewidth; for the others we provide faster algorithms than relative to treewidth and prove
matching lower bounds. For upper bounds we first extend the idea of Groenland et al. [8] to solve
what we call coloring-like problems. Such problems are defined by a symmetric matrix M over F2

indexed by a set of colors. The goal is to count the number (modulo some prime p) of colorings of a
graph such that M has a 1-entry if indexed by the colors of the end-points of any edge. We show
that this problem can be solved faster if M has small rank over Fp. We apply this result to get our
upper bounds for CVC and CDS. The upper bounds for OCT and FVS use a subdivision trick to
get below the bounds that matrix rank would yield.
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1 Introduction

Parameterized complexity studies the complexity of (typically NP-hard) computational
problems in a finer way where aside from the input size n, other values, called parameters and
frequently denoted by k, are considered in the running time. This might be for example the
solution size or some structural properties of input. The class of fixed-parameter tractable
problems (FPT) contains problems that admit an algorithm with running time O

(
f(k)nc

)
for a computable function f and a constant c. Since f is only required to be computable,
it might grow very rapidly, e.g., f(k) = 100k or kk, or even the power tower function are
allowed by this definition. Therefore, from a practical point of view, a problem being FPT
does not say much about the solvability of the problem in reasonable running time.
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14:2 Tight Bounds for Connectivity Problems Parameterized by Cutwidth

This inspired the search for better functions f. Since the problems we deal with are
already NP-hard, stronger hardness conjectures than P ̸= NP have been assumed to show that
some function f is essentially optimal for a problem and a specific parameter. For example,
assuming the Exponential Time Hypothesis (ETH) [10], it has been shown that many
problems do not admit algorithms with single-exponential running time [7, 16], i.e., a running
time of the form O∗(

ck
)

for some constant c. Since some problems in FPT are known to
admit an algorithm with single-exponential running time, an even stronger conjecture known
as the Strong Exponential Time Hypothesis (SETH) was stated and used to prove that some
base c is optimal for such a problem under this conjecture. This conjecture claims, roughly
speaking, that SAT cannot be solved much better than brute-forcing. Such lower bounds
were easier to prove for structural parameters on graphs, where the value of the parameter
reflects how well-structured or interconnected a graph is. Upper bounds for such parameters
usually rely on dynamic programming employing some tricks and advanced techniques like
fast subset convolution [1], rank-based methods [2, 6, 5], the isolation lemma [19] etc. For
many classical problems parameterized by treewidth, it has been shown that the optimal
running time under SETH is single-exponential and the base of the exponent is known,
e.g., [15]. There is a special class of problems related to this question. These are the
connectivity problems. Even though the class is not well-defined, all problems in this class
impose connectivity constraints on the structure of a solution. In these problems we usually
look for a set of vertices (or edges) that it is either connected itself and has some further
properties (e.g., Connected Vertex Cover or Connected Dominating Set), or such
that the input graph satisfies a certain disconnectivity requirement after its removal (e.g.,
Feedback Vertex Set). For a long time, the existence of single-exponential algorithms for
connectivity problems parameterized by treewidth or other structural parameters remained
open. But then a breakthrough work of Cygan et al. introduced a new view on such problems
called Cut&Count [7]. This technique is randomized and it reduces connectivity problems to
counting certain bipartitioned solutions modulo two.

Tight bounds for problems parameterized by treewidth and pathwidth have been widely
studied (e.g., [7, 6, 5, 15]). An optimal dynamic programming algorithm traverses a tree or
a path decomposition in a bottom-up manner and utilizes the fact that every bag of the
decomposition is a small vertex separator. Therefore, it is also natural to study parameters
that are based on edge separators. Imagine that the vertices of the graph are put on the line
in some fixed order and the edges are drawn as x-monotone curves. The cutwidth of this
arrangement is then the maximal number of edges crossing any vertical line. The cutwidth of
the graph is then the smallest cutwidth of such an arrangement. Note that for any vertical
line, the set of edges crossing it separates vertices lying on different sides of this line from
each other. Therefore, cutwidth is an analogue of pathwidth based on edge separators. In
fact, pathwidth can be defined in an analogous way to cutwidth, that is, we count the number
of vertices on one side of the cut that have neighbors on the other side of the cut [13]. This
also shows that pathwidth is upper-bounded by cutwidth.

Since cutwidth is an upper bound for pathwidth, an algorithm running in time O∗(
f(pw)

)
also runs in time O∗(

f(ctw)
)
. In particular, single-exponential solvability transfers from

pathwidth to cutwidth. However, it is possible that the optimal dependence on cutwidth
is smaller than for pathwidth. Tight bounds for problems parameterized by cutwidth have
already been determined for example for Coloring [12], #q-Coloring [8], Independent
Set and Dominating Set [21], and for various factor problems [18]. However, for connectiv-
ity problems, this question remained open. Van Geffen et al. asked for the complexity of
Odd Cycle Transversal, Feedback Vertex Set, and Hamiltonian Cycle [21]. We
start this investigation in our work. Generally, tight bounds have also been studied for other
decompositional parameters as well: treedepth (e.g., [9]), clique-width (e.g., [14]) etc.
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Table 1 Tight bounds for parameterizations by treewidth and cutwidth.

Connected Vertex Cover (CVC) 3tw 2ctw

Connected Dominating Set (CDS) 4tw 3ctw

Odd Cycle Transversal (OCT) 3tw 2ctw

Feedback Vertex Set (FVS) 3tw 2ctw

Steiner Tree (ST) 3tw 3ctw

Connected Odd Cycle Transversal (COCT) 4tw 4ctw

Our contribution. Van Geffen et al. [21] asked for the exact complexity of Odd Cycle
Transversal (OCT) and Feedback Vertex Set (FVS) parameterized by cutwidth
under SETH. In this work, we answer this question for these two problems in addition to
four other connectivity problems. For two of the problems, we show the optimal base of
exponent is the same for the parameterizations by treewidth and cutwidth. For the remaining
problems, the base is smaller for cutwidth. The right column of Table 1 contains the tight
bounds for these problems parameterized by cutwidth and summarizes the results of our
work. The middle column contains the analogous results for treewidth for comparison [7, 15].

Organization. We begin this work with a brief summary of the used notation. In Section 3
we define coloring-like problems and provide a general framework to solve these problems
efficiently. In Section 4, we present the trick used to solve both Odd Cycle Transversal
and Feedback Vertex Set. We follow by a brief summary of our lower-bound construction
on the example of Steiner Tree. We conclude in Section 6 by providing possible directions
of further research in this area. Technical details and the remaining results can be found in
the full version of the paper [3].

2 Preliminaries

For n ∈ N0, let [n] = {1, 2, . . . , n} and [n]0 = [n] ∪ {0}. For a function f : X → Y and a
set S ⊆ X, with f|S we denote the function f|S : S → Y such that f|S(x) = f(x) for all x ∈ S.
If Y ̸⊆ Z we define f(S) = {y ∈ Y | ∃x ∈ S : f(x) = y}. With f−1(y) we denote the
set {x ∈ X | f(x) = y}. We abuse the notation for injective functions and consider the
singleton {x} as an element x ∈ X. For a function f : X → Y with Y ⊆ Z and a subset S ⊆ X,
with f(S) we denote the value f(S) =

∑
s∈S f(s). Further, let f : X × Z2 → Y be a function,

sometimes we call it a table. We call X the domain of f and denote it with dom(f). If 0 ∈ Y,
the support of f is the set supp(f) =

{
x ∈ X

∣∣ ∃K,W ∈ Z : f(x, K,W) ̸= 0
}

.
Apart from [n], we will use several other interpretations of square brackets. First,

Iverson’s bracket notation: for a predicate p, the value [p] is equal to 1 if p is true and 0

otherwise. Sometimes, for space reasons, we will also write 1p instead of [p]. Second,
for a function f : X → Y, element x∗, and element y ∈ Y, with f[x∗ 7→ y] we denote the
function f[x∗ 7→ y] : X ∪ {x∗} → Y, where f[x∗ 7→ y](x∗) = y and f[x∗ 7→ y](x) = f(x)

for x ̸= x∗. Note that both x∗ ∈ X and x∗ /∈ X are allowed by this definition. Finally, for two
elements x, y, with [x 7→ y] we denote the unique function in {y}{x}.

In this work, we will only consider simple loopless undirected graphs. A linear arrange-
ment ℓ of a graph G = (V, E) is a bijection ℓ : [n] → V . For i ∈ [n], let vi = ℓ(i) and with Ei

we refer to the set of edges Ei =
{
{vj, vk} ∈ E

∣∣ j ≤ i, k > i
}

called the ith cut (also
called the cut at vi or between vi and vi+1). If an edge e belongs to Ei, we also say that it
crosses the ith cut. We say that two edges e ̸= e ′ overlap on ℓ, if there exists i ∈ [n] such

STACS 2023
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that e, e ′ ∈ Ei. The cutwidth ctw(ℓ) of ℓ is defined as ctw(ℓ) = maxi∈[n] |Ei|. The cutwidth
ctw(G) of a graph G is then the smallest cutwidth over all linear arrangements of G. Let ℓ

now denote a fixed linear arrangement of G. For i ∈ [n], we use the following notation:
Vi = {v1, v2, . . . , vi}, Gi = G[Vi],
Xi =

{
vj

∣∣ j ≤ i, ∃k > i : {vj, vk} ∈ Ei

}
∪ {vi},

Yi =
{
vj

∣∣ j > i, ∃k ≤ i : {vj, vk} ∈ Ei

}
,

Hi = (Xi∪Yi, Ei) the cut-graph at vi (also called the ith cut-graph; note that it is bipartite
with the left side Xi and the right side Yi),
and if i ≥ 2, then Zi = Xi−1 ∪ {vi}.

Observe that every vertex v ̸= vi ∈ Xi has an incident edge in the ith cut whose other end-
vertex belongs to Yi. Therefore, the size of Xi is at most ctw + 1. Further, for i ∈ [n− 1], we
have Xi+1 ⊆ Xi∪{vi+1} (for any vertex v ̸= vi+1 ∈ Xi+1, an incident edge crossing the (i+1)th
cut, also crosses the ith cut). Hence, Xi+1 ∩ Xi = Xi+1 \ {vi+1}, and Xi+1 \ Xi = {vi+1}.
To prove the tightness of our bounds, we will sometimes rely on results for problems
parameterized by treewidth or pathwidth.

A path decomposition of a graph G is a sequence B = B1, . . . , Br of the so-called bags
such that:

It holds that B1 ∪ · · · ∪ Br = V .
For each {u, v} ∈ E, there exists an index i ∈ [r] such that u, v ∈ Bi.
And for every i < j ∈ [r], the property v ∈ Bi ∩ Bj implies v ∈ Bk for every i ≤ k ≤ j.

The pathwidth of B is defined as pw = maxi∈[r] |Bi| − 1. The pathwidth of G is the
smallest pw(B) over all path decompositions B of G. A path decomposition with certain
useful properties is called nice. In the full version of the paper [3], we employ these properties
to develop a dynamic programming algorithm and we also provide a formal definition there.
We skip the definition of treewidth since we do not work with it explicitly. We will mainly
use the following result:

▶ Lemma 1 ([13]). The cutwidth of a graph is an upper bound for its tree- and pathwidth.

All lower bounds in this work assume the Strong Exponential Time Hypothesis (SETH).
We use the following equivalent formulation of SETH:

▶ Conjecture 2 ([10, 11]). For any positive value δ there exists an integer d such that d-SAT
cannot be solved in time O∗(

(2− δ)n
)

where n denotes the number of variables.

As mentioned in the introduction, there is a class of the so-called connectivity problems.
In their seminal paper Cygan et al. provided a breakthrough approach called Cut&Count
to solve connectivity problems in single-exponential time based on the so-called consistent
cuts [7]. Let us sketch the idea on an example of Connected Vertex Cover. A vertex
cover of a graph is a set of vertices such that every edge of the graph is incident to some
vertex in this set. So the Connected Vertex Cover is defined as follows.

Input: A graph G = (V, E) and an integer k.
Question: Is there a vertex cover S ⊆ V of cardinality at most k such that G[S] is
connected?

Let v ∈ V be a fixed vertex contained in some fixed vertex cover S. A consistent cut of S
is a partition L∪R = S such that v ∈ L and there is no edge between L and R in G. Let cc(S)
denote the number of connected components of G[S]. By definition, every component is
completely contained either in L or in R and the component containing v is in L. Therefore,
the number of consistent cuts of S is 2cc(S)−1. Crucially, this number is odd if and only if G[S]
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is connected. So if we could assume that the solution is unique, then counting the number of
consistent cuts modulo 2 would suffice to solve the problem. However, a graph might contain
several solutions so that the corresponding cuts cancel out. To overcome this issue Cygan
et al. assign weights to vertices and employ the Isolation Lemma of Mulmuley et al. [19] to
ensure that with high probability the minimum-weight solution is unique. The following
theorem summarizes this result in a suitable for us form applied to the parameterization by
cutwidth:

▶ Theorem 3 ([7]). Let G = (V, E) be a graph, ℓ a linear arrangement of G of cutwidth ctw, v ∈
V a fixed vertex, ω : V → [

2|V |
]

a weight function, and K ∈ [n]0,W ∈
[
2|V |2

]
0

integers.
With CK

W (resp. DK
W) we denote the family of pairs

(
S, (L, R)

)
such that S is a vertex cover

(resp. dominating set) of G, |S| = K, ω(S) = W, v ∈ L, and (L, R) is a consistent cut of S.
If there exists an algorithm A that given the above input computes the size of CK

W (resp. DK
W)

modulo 2 in time O∗(
β(ctw)

)
for some computable function β, then there exists a randomized

algorithm that given a graph G and its linear arrangement of cutwidth ctw solves the CVC
(resp. CDS) problem in time O∗(

β(ctw)
)
. The algorithm cannot give false positives and may

give false negatives with probability at most 1/2.

3 Coloring-like Problems

In this section, we generalize the approach of Groenland et al. [8] counting the number of
proper q-list-colorings modulo some prime number p to what we call coloring-like problems.
We will mostly use their definitions, and slightly adapt them for our purposes. Since
many ideas and proofs are very similar to their approach, we only provide the sketch of an
algorithm and emphasize key observations and new results here. The long version with the
full description of the algorithm and the whole proof of its correctness can be found in the
full version of the paper [3].

A coloring-like problem P is defined by a finite set C =
{
1, . . . , |C|

}
of colors, a set Q ⊆ C

of special colors, and a symmetric consistency matrix M ∈ {0, 1}|C|×|C|. Additionally, the
problem might contain a prime number p. An instance of P consists of a graph G = (V, E)

with a linear arrangement ℓ :
[
|V |

] → V of cutwidth ctw, a list function a : V → 2C of allowed
colors, numbers N,K∗,W∗ ∈ N0, and a weight function ω : V → [N]. The goal is to compute
the following value:∣∣∣∣{c ∈ CV

∣∣∣∣∣c−1(Q)
∣∣ = K∗,ω

(
c−1(Q)

)
= W∗,

∀v ∈ V : c(v) ∈ a(v), ∀{u, v} ∈ E : M
[
c(u), c(v)

]
= 1

}∣∣∣∣.
This is the number of proper list-colorings (with respect to a) of G such that the end-vertices
of every edge are colored with consistent colors (with respect to M), exactly K∗ vertices are
colored with special colors (i.e., the coloring has order K∗), and these vertices have total
weight of W∗ in ω (i.e., the coloring has weight W∗). If a prime p is given, the goal is to
compute this value modulo p.

Observe that for q = |C|, Q = ∅, and the consistency matrix M defined by M[i, j] = 1

if i ̸= j and M[i, j] = 0 if i = j for all i, j ∈ [q], the coloring-like problem P is exactly the
problem of counting the number of proper list q-colorings of a graph (modulo p). Groenland
et al. showed that for a prime number p, this matrix has (full) rank of q over Fp if p

does not divide q− 1 and rank of q− 1 otherwise. Based on this property, they developed
an O∗(

(q − 1)ctw)
(if p divides q − 1) resp. O∗(qctw) (otherwise) algorithm to solve the
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problem. We generalize their idea to our notion of a coloring-like problem (i.e., defined by
an arbitrary consistency matrix) and apply it to Connected Vertex Cover and (with
additional tricks) to Connected Dominating Set.

A coloring of a vertex set X ⊆ V is an assignment x ∈ CX. A coloring x is valid if for
every vertex v ∈ X, it holds that c(v) ∈ a(v) and for every edge {v,w} of G[X], it holds
that M

[
x(v), x(w)

]
= 1. For sets X ⊆ Y ⊆ V and colorings x ∈ CX, y ∈ CY , we say

that y extends x if y|X = x. For sets X, Y ⊆ V and colorings x ∈ CX, y ∈ CY we say
that x is compatible with y and write x ∼ y if x|X∩Y

= y|X∩Y
and for every edge {u, v} ∈ E

with u ∈ X, v ∈ Y \ X it holds that M
[
x(u), y(v)

]
= 1. We emphasize that compatibility is

not symmetrical in general. The definition of compatibility is indeed not completely intuitive
but it is motivated by the technical details of the correctness proof of our algorithm (see [3]):
we allow x and y to be compatible even if x has conflicts along the edges of G[X].

For i ∈ [n], c ∈ CXi , and K,W ∈ Z, let the value Ti[c, K,W] be defined as

Ti[c, K,W] =

∣∣∣∣{ϕ ∈CVi

∣∣∣ ϕ|Xi
= c,

∣∣ϕ−1(Q)
∣∣ = K,ω

(
ϕ−1(Q)

)
= W,

∀v ∈ Vi : ϕ(v) ∈ a(v), ∀{u, v} ∈ E
(
G[Vi]

)
: M

[
ϕ(u), ϕ(v)

]
= 1

}∣∣∣∣.
This is the number of possibilities to extend a coloring c of Xi to a valid coloring of Vi of
order K and weight W. Recall that Xn = {vn} and Vn = V. Therefore, the number of list
colorings that we are looking for as a final result is given by

∑
s∈C Tn

[
[vn 7→ s], K∗,W∗]

.
The following lemma generalizes a similar result of Groenland et al. (a proof is provided

in the full version of the paper [3]).

▶ Lemma 4. For 2 ≤ i ≤ n, c ∈ CXi , and K,W ∈ Z, the following holds

Ti[c, K,W] =
[
c(vi) ∈ a(vi)

] ∑
z∈CXi−1

z∼c

Ti−1

[
z, K− [c(vi) ∈ Q],W −ω(vi) · [c(vi) ∈ Q]

]
.

Recall that we have Xi ⊆ Xi−1 ∪ {vi}. So the intuition behind this lemma is that given a
valid coloring of Vi−1, we can extend it to a valid coloring of Vi by assigning vi some color
from a(vi) if and only if no conflicts on the edges incident to vi are created this way. Such
edges cross the (i− 1)st cut so their end-vertices other than vi belong to Xi−1 and it suffices
to consider the restriction of the coloring to Xi−1.

This lemma provides the recurrence for the dynamic programming solving the problem P.
With a small trick also developed by Groenland et al., it is possible to compute Ti by iterating
through the support of Ti−1 only once. This gives a rise to an O∗(

|C|ctwN
)

algorithm. Next
we present how it can be accelerated if M has small rank over a certain field. The main idea
will be to transform every table Ti (for i ∈ [n]) in such a way that the arising table has a
smaller support and it still contains a sufficient amount of information to solve the problem.

Let F denote the field F = Fp if p is a part of the input and the field F = Q otherwise.
Let “≡” denote equality over F. Let X, Y ⊆ V be disjoint sets and let f̂, f : CX × Z2 → F be
tables. We say that f̂ (X, Y)-represents f if for every coloring y ∈ CY and all K,W ∈ Z, it holds
that

∑
x∈CX,x∼y f̂(x, K,W) ≡

∑
x∈CX,x∼y f(x, K,W). Note that (X, Y)-representation is an

equivalence relation, in particular, it is transitive. For i ∈ [n] and tables f, f̂ : CXi × Z2 → F,
we say that f̂ i-represents f if f̂ (Xi, Yi)-represents f.

Let rank(M) denote the rank of M over F. We may assume that the first rank(M)

rows of M form a row basis (otherwise we may permute the colors in C and consider the
corresponding consistency matrix). We call the colors

{
rank(M) + 1, . . . , |C|

}
reduced. For
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a set X ⊆ V and a table f : CX × Z2 → F we say that a vertex v ∈ X is reduced (in f) if
for every coloring x ∈ CX with x(v) > rank(M) (i.e., v has a reduced color in x), it holds
that f(x, K,W) ≡ 0 for all K,W ∈ Z. The following lemma generalizes a simpler version of
Groenland et al. [8]. Since this result is new and non-trivial, we provide the construction of
a reduced representative here while the proof of correctness can be found in the full version
of the paper [3].

▶ Lemma 5. Let X, Y ⊆ V be disjoint, let i ∈ [n], and let f : CX × Z2 → F be a table such
that f−1

(
F\{0}

)
⊆ CX × [i]0 × [iN]0 holds. Let R ⊆ X be a set of reduced vertices in f. Finally,

let v ∈ X \ R be a vertex that has exactly one neighbor in Y. Then there is an algorithm
Reduce that, given this information as input, in time O∗(

rank(M)|R||C||X|−|R|N
)

outputs a
function f̂ : CX × Z2 → F (X, Y)-representing f with reduced vertices R ∪ {v}.

Proof. For b ∈
[
|C|

]
, let mb denote the bth row of M and let k = rank(M). Since the

set {m1, . . . ,mk} forms a row basis of M, for every b ∈
{
k + 1, . . . , |C|

}
and j ∈ [k], there

exists db,j ∈ F such that mb ≡
∑k

j=1 db,jmj. We define the values of f̂ as

f̂(x, K,W) ≡


0 if x(v) ≥ k+ 1,

f(x, K,W) +
|C|∑

b=k+1

db,x(v)f
(
x[v 7→ b], K,W

)
otherwise,

for all x ∈ CX, K,W ∈ Z. It is not hard to see that R ∪ {v} is a set of reduced vertices of f̂
and that the non-zero entries of f̂ can be computed within the claimed running time (see [3]
for more details).

It remains to prove that f̂ (X, Y)-represents f. So by the definition of f̂, we need to show
that for all y ∈ CY and K,W ∈ Z

∑
x∈CX,x∼y

f(x, K,W) ≡
∑

z∈CX,z∼y,1≤z(v)≤k

f(z, K,W) +

|C|∑
b=k+1

db,z(v)f
(
z[v 7→ b], K,W

)
holds. In [3], we show that for every coloring x ∈ CX the summand f(x, K,W) occurs one
the left side as often (over F) as on the right side thus proving the equality. For this purpose,
we carry out a case distinction based on whether x ∼ y holds or not. ◀

For i ∈ [n], a table f : CXi × Z2 → F is fully reduced if for every v ∈ Xi that has exactly
one neighbor in Yi, the vertex v is reduced. The analogue of the following lemma has already
been proven by Groenland et al., see [3] for the proof of our version.

▶ Lemma 6. Let 2 ≤ i ≤ n and let T̂i−1 be a fully reduced table that (i − 1)-represents
Ti−1. Given T̂i−1 and a set Ri−1 of reduced vertices for T̂i−1, in time O∗(

rank(M)|Ri−1|

|C||Xi−1|−|Ri−1|N
)

it is possible to compute a table T̂i given by

T̂i[c, K,W] ≡
[
c(vi) ∈ a(vi)

] ∑
z∈CXi−1

z∼c

T̂i−1

[
z, K−

[
c(vi) ∈ Q

]
,W −ω(vi) ·

[
c(vi) ∈ Q

]]

along with a set Ri of reduced vertices of T̂i such that |Xi \ Ri| ≤
(
ctw − |Ri|

)
/2 + 1 holds.

The table T̂i then i-represents Ti.

The combination of the previous two lemmas results in a faster algorithm for P. In short,
it can be summarized as follows. First, the table T1 is computed via brute-forcing over
all colorings of X1 = {v1}. If v1 has the degree of one in G, then we apply the algorithm
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Reduce and obtain a fully reduced 1-representative T̂1 of T1. Then, for i = 2, . . . , n, we
first apply Lemma 6 to obtain a i-representative T̂i of Ti and then we iteratively apply
the Reduce-algorithm to T̂i to make all vertices in Xi with exactly one neighbor in Yi
reduced, i.e., to obtain a fully reduced i-representative of Ti. Finally, we output the
value

∑
s∈C T̂n

[
[vn 7→ s], K∗,W∗]

.
The next theorem claims the running time and the correctness of this approach. The

requirement
√
|C| ≤ rank(M) is technical. Informally speaking, it ensures that the running

time spent on the vertices of Xi that have more than one neighbor in Yi (i.e., they are not
reduced and can be colored with all |C| colors) is not too large.

▶ Theorem 7. Let P be a coloring-like problem such that
√
|C| ≤ rank(M) holds. Then P

can be solved in O∗(
rank(M)ctwN

)
time.

3.1 Connected Vertex Cover
Now we can apply this result to solve the Connected Vertex Cover (CVC) problem.
In [3] we provide a matching lower bound proving its tightness.

▶ Theorem 8. There exists an algorithm that given a graph G and a linear arrangement ℓ

of G of cutwidth ctw in time O∗(2ctw) solves the Connected Vertex Cover problem.
The algorithm cannot give false positives and may give false negatives with probability at
most 1/2.

Proof. We solve the CVC problem by formulating it as a coloring-like problem using the
Cut&Count technique. By Theorem 3, to prove the claim, it suffices to provide an algorithm A
that given G, ℓ, a fixed vertex v of G, a weight function ω : V → [

2|V |
]
, and numbers K∗ ∈

[n]0,W
∗ ∈

[
2|V |2

]
0

computes the size of CK∗

W∗ modulo 2 in time O∗(2ctw).
We fit this task into a coloring-like problem as follows. Let C = {X, L, R} (X denotes not

belonging to a vertex cover while L and R are the sides of a consistent cut), let Q = {L, R}

(to count the number of vertices in a vertex cover), and let the consistency matrix M have
zero-entries M[L, R] = M[R, L] = M[X,X] = 0 whilst the remaining entries are equal to one.
This consistency matrix reflects that for every edge, there must be an end-vertex in a vertex
cover (i.e., in L or R) and there is no edge between L and R. The list function a is given
by a(v) = {L} and a(w) = C for any w ̸= v. The instance of a coloring-like problem defined
by C, Q, M, p = 2, G, ℓ, a, N = 2|V |, K∗, W∗, and ω then corresponds to the problem of
counting (modulo p) the number of consistent cuts of G of order K∗ and weight W∗ (see [3]
for more details). It turns out that the consistency matrix M has rank of two over F2: the
sum of rows indexed by X and L is equal to the row indexed by R (modulo 2). Thereby, by
Theorem 7, the size of CK∗

W∗ modulo 2 can be determined in time O∗(
2ctw2|V |

)
= O∗(2ctw)

and this concludes the proof. ◀

3.2 Connected Dominating Set
A dominating set of a graph is a set of vertices such that for every vertex of the graph not in
this set, at least one of its neighbors belongs to this set. Connected Dominating Set is
defined as follows.

Input: A graph G = (V, E) and an integer k.
Question: Is there a dominating set S ⊆ V of G of cardinality at most k such
that G[S] is connected?
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By Theorem 3, solving CDS again reduces to the problem of counting the number
of certain consistent cuts (i.e., vertex-colorings). Unfortunately, the conditions on these
partitions do not yet fit in the framework of a coloring-like problem. The conditions defining
a general coloring-like problem in the previous subsection are universal properties determined
by a consistency matrix M: all neighbors of a vertex of a color a are only allowed to be
colored with colors from some set B. The satisfaction of these conditions can be verified
by checking every edge of the graph independently. The trick from the proof of Lemma 5
that allowed to reduce the vertices with only one incident edge in the ith cut (for i ∈ [n])
utilized this property. However, CDS contains an existential property: for every vertex not
in the dominating set, there exists a neighbor in it. Therefore, the edges cannot be checked
independently.

We will overcome this issue as follows. In addition to the colors L, R (for the sides of a
consistent cut), and D (for dominated vertices), we introduce two further colors A and F to
handle partial solutions. The color A (stands for “allowed”) denotes that a vertex is not in
the partial solution but it is possibly dominated by it. The color F (stands for “forbidden”)
denotes that a vertex is not in a partial solution and it is not dominated by it. Then the
number of partial solutions to which a vertex does not belong but in which it is dominated
is equal to the number of solutions in which it is possibly dominated minus the number of
solutions where it is not dominated (informally: D = A− F). This is an application of the
well-known inclusion-exclusion paradigm. In this form, it has been used by Pilipczuk and
Wrochna to solve the Dominating Set problem parameterized by treedepth [20]. In this
way, the neighbors of a vertex colored with A are allowed to have any color and the neighbors
of a vertex colored with F are not allowed to have color L or R. Thus, we obtain the desired
universal property and we can solve this problem relying on a technique similar to the one
we used for a general coloring-like problem.

So let

M =


L R A F

L 1 0 1 0

R 0 1 1 0

A 1 1 1 1

F 0 0 1 1


be the consistency matrix indexed by colors {L, R,A, F} and capturing the interpretation of
colors sketched above. The crucial observation for the construction of a fast algorithm solving
the CDS problem is that the consistency matrix M does not have the full rank: the sum of
the first three rows is equal to the fourth one over F2. Therefore, we may let the color F be
reduced and apply a trick from Lemma 5 to reduce vertices with exactly one neighbor in
the ith cut (for i ∈ [n]). It is challenging to combine the inclusion-exclusion with this trick
but it is possible. On a high level, similarly to a general coloring-like problem, we traverse
the linear arrangement from left to right and store the number of partial solutions using
colors {L, R,A, F} with certain footprints. But every time some vertex occurs on the left side
of a cut for the last time (i.e., all edges incident to this vertex have already been considered),
we carry out the transformation from the colors A and F to the color D for this vertex. We
provide all details in the full version of the paper [3].

▶ Theorem 9. There exists an algorithm that given a graph G = (V, E) and a linear
arrangement ℓ of G of cutwidth ctw, in time O∗(3ctw) solves the Connected Dominating
Set problem. The algorithm cannot give false positives and may give false negatives with
probability at most 1/2.

In [3] we provide a matching lower bound proving the tightness.
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4 Odd Cycle Transversal

In this section we provide an algorithm solving the Odd Cycle Transversal problem in
time O∗(2ctw). The problem is defined as follows:

Input: A graph G = (V, E) and an integer k.
Question: Is there a subset S ⊆ V of cardinality at most k such that G − S is
bipartite?

We present the main idea here and keep the details to the full version of the paper [3].
In [3], we also show that this problem cannot be solved in time O∗(

(2 − ε)ctw)
assuming

SETH, hence proving the tightness of our upper bound.

▶ Lemma 10. Let a graph G = (V, E) and a linear arrangement ℓ of G of cutwidth at most
ctw be given. Let Ĝ = (V̂, Ê) be the graph resulting from G after subdividing each edge twice.
Then Ĝ admits a linear arrangement of width at most ctw. Moreover, this linear arrangement
can be computed from G and ℓ in polynomial time.

Proof. We only sketch the proof and refer to the full version of the paper [3] for a complete
version. Let V0 = V̂ \ V be the set of subdivision vertices. Each vertex w in V0 lies on the
unique induced path on 4 vertices whose end-vertices belong to V. We denote it by P(w).
For each vertex v ∈ V, let Sv be the set of vertices adjacent to v in Ĝ. Let S1v be the
set of vertices w ∈ Sv such that the end-vertex u ̸= v ∈ V of P(w) lies before v on ℓ.
Let S2v = Sv \ S1v. We build ℓ̂ from ℓ by inserting the vertices in S1v directly before v and
the vertices in S2v directly after v. Then for every vertex w ∈ V0, the edges of P(w) do
not overlap on ℓ̂. Also for every cut in ℓ̂, its edges are in bijection with the edges of the
corresponding cut in ℓ (namely, we map every edge of Ê to the edge of E it subdivides). This
implies ctw(Ĝ) ≤ ctw(G). We refer to [3] for details. ◀

The following lemma allows to turn a linear arrangement of G into a path decomposition
of Ĝ with useful properties. The proof can be found in the full version of the paper [3] (see
Figure 1 for a sketch).

▶ Lemma 11. Let G = (V, E) be a graph and let ℓ be a linear arrangement of G of cutwidth ctw.
Then the graph Ĝ admits a nice path decomposition B̂ of pathwidth at most ctw such that
every bag of B̂ contains at most one vertex of V. Moreover, the path decomposition B̂ contains
a polynomial number of bags and it can be computed in polynomial time from G and ℓ.

Figure 1 A linear arrangement ℓ of a graph G (top), the linear arrangement ℓ̂ of the graph Ĝ

(middle), and the path decomposition B̂ of Ĝ of width at most ctw(ℓ) (bottom). The subdivision-
vertices and edges are depicted in the same color as the subdivided edge of G while the vertices of G
are green. Each bag of B̂ contains at most one vertex of G (depicted in green).

We state the following lemma and refer to the full version of the paper [3] for a proof:
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▶ Lemma 12. Let G = (V, E) be a graph and let Ĝ be the graph resulting from G by subdividing
each edge twice. Then an odd cycle transversal of G is an odd cycle transversal of Ĝ. Also
an odd cycle transversal of Ĝ that only uses vertices of V is an odd cycle transversal of G
as well. Finally, the graph Ĝ admits a minimum odd cycle transversal that only contains
vertices from V. In particular, both graphs have the same odd cycle transversal number.

▶ Theorem 13. Given a graph G = (V, E) and a linear arrangement ℓ of G of cutwidth at
most ctw, the size of the minimum odd cycle transversal of G can be computed in O∗(2ctw).

Proof. Let Ĝ = (V̂, Ê) be the graph resulting from G by subdividing each edge twice,
let n̂ = |V̂ |, and let B̂ = B1, . . . Br be nice a path decomposition of Ĝ satisfying Lemma 11.
Both Ĝ and B̂ can be built in polynomial time. By Lemma 12, we can restrict ourselves
to odd cycle transversals of Ĝ that only use vertices from V. So we describe a dynamic
programming algorithm that traverses the bags of B̂ from B1 to Br to find the size of a
minimum odd cycle transversal of Ĝ with this property, i.e., we seek the smallest set S ⊆ V

such that Ĝ− S is bipartite. We use the set C = {B,W,D} of states. They stand for black,
white (the sides of a bipartition), and deleted (i.e., in an odd cycle transversal), respectively.
Every table Ti (i ∈ [r]) is indexed by assignments δ : Bi → C such that δ−1(D) ⊆ V (i.e., only
the vertices from V may have the state D) and integers K ∈ [n̂]0. The entry Ti(δ, K) is the
number of tuples (S, c) such that the following properties hold:

S ⊆ Ĝ[B1 ∪ · · · ∪ Bi] ∩ V ,
|S| ≤ K,
S ∩ Bi = δ−1(D),
c is a proper 2-coloring of Ĝ[B1 ∪ · · · ∪ Bi] − S,
and c agrees with δ on the values of Bi \ S, i.e., c|Bi\S

= δ|Bi\S
.

So the graph G admits an odd cycle transversal of size at most K if and only if Tr
(
−, K

)
> 0

holds (− denotes the unique assignment to Br = ∅). The computation of the tables T1, . . . , Tr
uses standard dynamic programming so we omit the details here (see [3]). Recall that we
have |Bi| ≤ ctw + 1 and |Bi ∩ V | ≤ 1 for any i ∈ [n̂] by the choice of B. Since the vertices
in V̂ \V are only assigned states B and W in our dynamic programming routine, the number
of table entries of Ti is bounded by 3 · 2ctw · (n̂+ 1). Since the size of Ĝ is linear in the size
of G, the running time of the provided algorithm can be bounded by O∗(2ctw). We refer
to [3] for details. ◀

In [3], we show that an analogous idea of the edge-subdivision can be applied to accelerate
the Cut&Count dynamic programming and solve the Feedback Vertex Set problem
in O∗(2ctw). In [3] we also provide a matching lower bound.

5 Steiner Tree

In this section we exemplify our lower-bound construction on Steiner Tree. We refer to
the full version of the paper [3] for the rest of the lower bounds. The problem is defined as
follows.

Input: A graph G = (V, E), a set T ⊆ V of terminals, and an integer k.
Question: Is there a set S ⊆ V of cardinality at most k such that T ⊆ S and G[S] is
connected?

Here we will sketch a reduction, that shows that this problem cannot be solved in time O∗(
(3−

ε)ctw)
assuming SETH. We refer to the full version for formal proofs [3]. The Steiner Tree

problem can be solved in time O∗(3tw) when parameterized by treewidth [7] so by Lemma 1,
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it can also be solved in O∗(3ctw). Thus, under SETH, this bound is tight. In the following
lemma an integer t0 occurs. It is a constant depending on d and ε from the formulation of
SETH we use (see Conjecture 2). The precise choice of t0 is provided in the full version [3].

▶ Lemma 14. Let d ∈ N and let I be an instance of the d-SAT problem with n variables.
Let t0 ∈ N be any constant, s = ⌈n/t0⌉, and t = ⌈t0 log3 2⌉. In polynomial time, an instance(
G = (V, E), T, k

)
of the Steiner Tree problem can be constructed such that G admits a

Steiner tree of size at most k if and only if I is a yes-instance. Moreover, G has cutwidth
at most s · t+ O(1) and a linear arrangement ℓ of G of such cutwidth can be constructed in
polynomial time as well.

Proof. As mentioned earlier, a formal proof can be found in the full version of the paper [3].
We follow the basic setup introduced by Lokshtanov et al. [15]. First, we partition the
variables of I into s groups each of size at most t0. With each group, we associate a set of t
path-like structures (called paths for simplicity) resulting in n ′ = s · t such paths in total.
Each path consists of (2n ′ + 1)m copies of a so-called path gadget. In each path gadget,
there are two special vertices called the left-end vertex and the right-end vertex. We add
an edge between the right-end vertex of each path gadget and the left-end vertex of the
following one on the same path (resulting in a path-like structure). Each path gadget also
contains three special vertices sC, sD, sO called clique vertices. We add an edge between each
pair of clique vertices of the path gadget and subdivide it by a terminal. Thus, any Steiner
tree must contain at least two of the clique vertices in each path gadget. The choice of the
budget k (i.e., the size of the desired Steiner tree) ensures that exactly two clique vertices
from each path gadget belong to any Steiner tree of size exactly k. In order to achieve this,
we can define a packing of disjoint sets of vertices (called components) of the graph G and
provide a lower bound on the number of vertices any Steiner tree must have in each such
component. By setting the budget k to be equal to the sum of these lower bounds, we ensure
that the Steiner tree matches the lower bound exactly in each component. For instance, the
three clique vertices of each path gadget form a component with a lower bound of two. The
choice of k also restricts the set of possible Steiner trees and simplifies the analysis. There
are several further vertices in a path gadget, we give more details on their function later. We
refer to Figure 2 (a) for a visualization of a path gadget.

Given a Steiner tree S of size k of G, we can then assign one of three states to every path
gadget depending on the clique vertex sC, sD, or sO that does not belong to S. We call these
states C, D, and O, respectively. We call the set of the jth path gadgets on each path the jth
column. We partition each column into s sets of t consecutive path gadgets. We call each
such set a bundle. Note that a bundle contains path gadgets that belong to the same group
of paths. A bundle can have one of 3t state combinations. The key idea of the construction
is to define a mapping ϕ that assigns a different state combination to each of at most 2t0

Boolean assignments of the corresponding variable group.
For this purpose, to each bundle B we attach a so-called decoding gadget. A decoding

gadget Y is a matching of size 3t. We subdivide each of its edges by a terminal. Hence, one
endpoint of each matching edge must be included in any Steiner tree. Again, the choice of
the budget k ensures that any Steiner tree of size k contains exactly one endpoint of each
matching edge. Each edge eσ of the matching corresponds to a different assignment σ of
states C,D,O to the path gadgets of the bundle it is attached to. We fix one end-vertex of eσ
to be the left endpoint vσ and the other one to be the right endpoint uσ. We attach Y to its
bundle B in such a way that the following holds. Given a Steiner tree S of size k, there exists
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(a) A path gadget with orange left- and right-
end vertices and red clique vertices.
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(b) A group of paths, corresponding to a variable group.
Yellow boxes denote single path gadgets. A bundle is a
group of vertically aligned path gadgets. A blue decoding
gadget is attached to each bundle.

Figure 2 A single path gadget (a) and a group of paths (b) corresponding to a variable group.
Terminals are depicted as small squares. Adjacencies to the root-path depicted in purple.

at most one matching edge whose right endpoint belongs to S. Then for the remaining edges
of Y, the left endpoint belongs to S. This will allow us to “decode” a truth-value assignment
corresponding to S.

We also introduce a so-called root-path: it is a simple path, each of its vertices adjacent
to a private terminal. Therefore, all vertices of the root-path belong to any Steiner tree. The
vertices of this path are then used to ensure the connectivity of the vertices in a Steiner tree
and restrict the set of relevant Steiner trees to simplify the analysis. Among others, the
clique vertices of each path gadget and the endpoints of each decoding gadget have private
neighbors on the root-path.

We partition the set of all columns into n ′ + 1 groups of m consecutive columns. For
each group, we assign a private clause C of I to each column in this group. We attach a
new terminal to each column as follows. For each i ∈ [s], let Πi be the set of all partial
Boolean assignments to the ith variable group that satisfy C, and let Σi be the set of
state assignments over the ith bundle of this column corresponding to the elements of Πi,
i.e., Σi =

{
ϕ(π)

∣∣ π ∈ Πi

}
. We add an edge between this terminal and the right-end of

each matching edge eσ in the corresponding decoding gadget attached to the ith bundle
with σ ∈ Σi. This ensures that for any Steiner tree S of size k, at least one bundle is assigned
a state σ that corresponds to a Boolean assignment π satisfying the clause C.

Hence, given a Boolean assignment π satisfying I, we can build a Steiner tree S of size
exactly k in G. Let πi be the restriction of π to the ith variable group for each i ∈ [s] and
let σi = ϕ(πi). We choose the state of each path gadget so that each bundle in the ith
group of paths is assigned the state σi. For each decoding gadget attached to a bundle in
this group of paths, we add the right end uσi

of the matching edge corresponding to σi to S.
This ensures that each terminal added to some column has a neighbor in the Steiner tree,
and consecutive path gadgets on each path have the same state in S. This maintains the
connectivity of the Steiner tree.

On the other hand, given a Steiner tree of size k, if we could find a group of m columns
corresponding to m different clauses such that for each i ∈ [s], all the bundles of the ith group
of paths have the same state assignment on these m columns, then we can define partial
assignments of each of the s variable groups such that the union of all partial assignments
yields a Boolean assignment satisfying I. For this purpose, we build the path gadgets in
such a way that for the ordering of states defined by D ⪯ O ⪯ C, the following holds. If a
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path gadget has a state x ∈ {C,D,O} in S, then the following path gadget of the same path
has some state y with x ⪯ y. So the state of path gadgets along each path might change at
most twice. Since there are n ′ paths, at most 2n ′ state changes can occur. And since there
are 2n ′ + 1 groups of columns, there always exists a group where no such change happens.
This ensures the existence of a Boolean assignment satisfying I. We refer to [3] for a formal
proof.

Finally, we bound the cutwidth of the graph G. We achieve this by defining a linear
arrangement ℓ of width at most n ′ + O(1). The arrangement ℓ is built columnwise, i.e., it
contains the columns of path gadgets one after another. After each bundle, it contains the
decoding gadget attached to it and after each column, the terminal attached to it. Since the
vertices of different path gadgets do not interleave on the linear arrangement and since both
path gadgets and decoding gadgets have constant size, the edges of G having both ends in the
same gadget contribute most a constant to the cutwidth of ℓ. Similarly, the edges incident to
decoding gadgets contribute only a constant value. Hence, ignoring the root-path for now,
only the edges between consecutive path gadgets are left. Since we created the arrangement
columnwise, any cut of G contains at most one edge between two consecutive path gadgets
on a fixed path. There are n ′ such paths and this yields an upper bound of n ′ +O(1) on the
cutwidth of ℓ without the vertices of the root-path. The ordering of vertices on the root-path
is then chosen in such a way that its edges do not overlap on ℓ and the cutwidth is only
increased by a constant when these vertices are taken into account. ◀

The following theorem shows that this reduction suffices to prove that the Steiner Tree
problem does not admit an O∗((3− ε)ctw) algorithm for any positive ε assuming SETH.

▶ Theorem 15. Assuming SETH, there is no algorithm that solves the Steiner Tree
problem in time O∗(

(3− ε)ctw)
for any positive real ε.

Proof. If such an algorithm exists, for any instance of the d-SAT problem, we can build the
graph defined in Lemma 14 for the values t0 and t depending on ε and d only, and run this
algorithm on the created instance. This yields an algorithm for the d-SAT problem with
running time O∗((2− δ)n) for a positive value of δ. We omit the details and refer to the full
version [3] for a complete proof. ◀

The lower bounds for the remaining five problems considered in this work can be found
in the full version of the paper [3]. Apart from lower bounds already mentioned in previous
sections, there we also provide the lower bound for Connected Odd Cycle Transversal
whose tightness is also implied by an upper bound derived from the parameterization by
treewidth.

6 Conclusion

We have initiated the study of the exact complexity of hard connectivity problems paramet-
erized by cutwidth (under SETH) and we provided tight bounds for six problems, namely
Connected Vertex Cover, Connected Dominating Set, Odd Cycle Transversal,
Feedback Vertex Set, Steiner Tree, and Connected Odd Cycle Transversal.

One specific question that remains open is the exact complexity of Hamiltonian Cycle
parameterized by cutwidth (also open for treewidth). For pathwidth, it is known that (2+

√
2)

is the optimal base assuming SETH [6]. For more general questions, recall that cutwidth is
an edge-separator analogue of pathwidth. It would be interesting to study tight bounds for
connectivity problems when parameterized by edge-separator analogues of treewidth such as
tree-cut width [22], edge-treewidth [17], and edge-cut width [4].
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Abstract
We continue developing the theory around the twin-width of totally ordered binary structures (or
equivalently, matrices over a finite alphabet), initiated in the previous paper of the series. We
first introduce the notion of parity and linear minors of a matrix, which consists of iteratively
replacing consecutive rows or consecutive columns with a linear combination of them. We show that
a matrix class (i.e., a set of matrices closed under taking submatrices) has bounded twin-width if and
only if its linear-minor closure does not contain all matrices. We observe that the fixed-parameter
tractable (FPT) algorithm for first-order model checking on structures given with an O(1)-sequence
(certificate of bounded twin-width) and the fact that first-order transductions of bounded twin-width
classes have bounded twin-width, both established in Twin-width I, extend to first-order logic with
modular counting quantifiers. We make explicit a win-win argument obtained as a by-product of
Twin-width IV, and somewhat similar to bidimensionality, that we call rank-bidimensionality. This
generalizes the seminal work of Guillemot and Marx [SODA ’14], which builds on the Marcus-Tardos
theorem [JCTA ’04]. It works on general matrices (not only on classes of bounded twin-width) and,
for example, yields FPT algorithms deciding if a small matrix is a parity or a linear minor of another
matrix given in input, or exactly computing the grid or mixed number of a given matrix (i.e., the
maximum integer k such that the row set and the column set of the matrix can be partitioned into
k intervals, with each of the k2 defined cells containing a non-zero entry, or two distinct rows and
two distinct columns, respectively).

Armed with the above-mentioned extension to modular counting, we show that the twin-width
of the product of two conformal matrices A, B (i.e., whose dimensions are such that AB is defined)
over a finite field is bounded by a function of the twin-width of A, of B, and of the size of the field.
Furthermore, if A and B are n × n matrices of twin-width d over Fq, we show that AB can be
computed in time Od,q(n2 log n).

We finally present an ad hoc algorithm to efficiently multiply two matrices of bounded twin-
width, with a single-exponential dependence in the twin-width bound. More precisely, pipelined
to observations and results of Pilipczuk et al. [STACS ’22], we obtain the following. If the inputs
are given in a compact tree-like form (witnessing twin-width at most d), called twin-decomposition
of width d, then two n × n matrices A, B over F2 can be multiplied in time 4d+o(d)n, in the sense
that a twin-decomposition of their product AB, with width 2d+o(d), is output within that time, and
each entry of AB can be queried in time Od(log log n). Furthermore, for every ε > 0, the query time
can be brought to constant time O(1/ε) if the running time is increased to near-linear 4d+o(d)n1+ε.
Notably, the running time is sublinear (essentially square root) in the number of (non-zero) entries.
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1 Introduction

Since its introduction, the treewidth of a graph has proved to be a particularly important
concept in graph theory, both in finite model theory [19], in algorithmic design (see for
instance the textbook of Cygan et al. [12, Chapter 7]) and in structural analysis (see the
Graph Minors series of Robertson and Seymour [27]). This invariant is strongly related
to the concept of graph minor. Recall that a minor of a graph is a graph obtained by a
succession of edge contractions and vertex or edge deletions. The treewidth of a graph is
monotone with respect to this operation, in the sense that the treewidth of a minor of a
graph G cannot be larger than the treewidth of G. By a classical theorem by Robertson and
Seymour [28], a class of graphs has bounded treewidth if and only if its minor closure (that
is, the set of all the minors of graphs in the class) does not contain all grids. In particular,
a graph with huge treewidth admits a large square grid as a minor. This result, as well as
its subsequent qualitative improvements (see [9], for instance), is the basis of the so-called
bidimensionality algorithmic technique, a win-win argument leveraging low treewidth or the
existence of a large grid minor [16].

This paper is the fifth of a series dedicated to a novel invariant of binary structures, the
twin-width (see Section 2 for formal definitions). This invariant appeared to be particularly
relevant for the study of ordered binary structures, and especially matrices over a finite
alphabet [4]. Some of our results will only need the matrix entries to belong to a finite
alphabet, while some will require the entries to belong to a finite field. A submatrix of a
matrix is obtained by deleting some rows and columns. Most of our results concern (infinite)
sets of matrices. In our framework, it will be natural to consider sets of matrices closed
under the operation of taking a submatrix. Sets of matrices with this property are called
matrix classes, analogously to permutation classes, which are classes of permutations closed
under taking subpermutations. The alphabet or field being fixed (and having at least two
elements), a matrix class is said to be proper if it does not include all matrices with entries
in the prescribed alphabet or field.

The notion of a rank Latin division has been introduced in [4] (see definition in Section 3).
It consists of a regular partition of the rows and columns delimiting blocks that either have
constant entries or have full rank, in a globally controlled way, where full-rank blocks draw
a universal permutation. Just as the grids act as witnesses of a large treewidth, the rank Latin
divisions witness a large twin-width: a matrix has either small twin-width or has a submatrix
with a large rank Latin division. This is effective: in FPT time, either a contraction sequence
of the matrix (witnessing that the twin-width is low) is output or a large rank Latin division
is found in a submatrix (witnessing that the twin-width is high).

In this paper, we introduce an operation that plays an analogous role with respect
to the twin-width of ordered binary structures that taking a minor plays with treewidth.
Applied to 0,1-matrices, this operation consists of a succession of row or column deletions,
and replacements of two consecutive rows or columns by their entry-wise sum (modulo 2).

https://doi.org/10.4230/LIPIcs.STACS.2023.15
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More generally, when applied to matrices over a finite field Fp, this operation consists of a
succession of replacements of two consecutive rows or columns by a linear combination of
these (over Fp), and any matrix over Fp obtained this way is a linear minor of the original
matrix. We say that a matrix class excludes a matrix M as a linear minor if M is not a linear
minor of a matrix in the class. As expected, every matrix is a linear minor of any matrix
having a sufficiently large rank Latin division, thus classes with unbounded twin-width do not
exclude any matrix as a linear minor (Lemma 18). It appears that this necessary condition
is also sufficient.

▶ Theorem 1. A matrix class over a finite field has bounded twin-width if and only if
it excludes some matrix as a linear minor.

While this characterization of bounded twin-width is related to those expressed in terms
of matrix divisions (see Section 2.3 for definitions, and [5, 4] for the corresponding results),
the operational nature of linear minors make them closer to what is currently missing in the
unordered setting: an operation that is to twin-width what graph minors are to treewidth.
In addition, even if the current paper only deals with finite fields, linear minors appear to
naturally extend to the case of infinite fields, when the other invariants based on matrix
divisions fail to do so. As such, Theorem 1 paves the way to the adequate extension of
twin-width to (ordered) binary structures on infinite domains.

Our proof of Theorem 1 involves some (finite) model theoretic arguments. From a model
theoretical point of view, a matrix over a finite alphabet of size p is seen as a structure with
two linearly ordered sets of elements, the row and column index sets, and p binary predicates
expressing the presence of a particular symbol at a specific entry. The logical formulas we
will consider will allow distinguishing row and column indices, comparing indices of a same
sort, and testing whether the entry of the matrix defined by two indices contains a given
symbol.

It appears that the twin-width of ordered structured behaves very nicely with respect
to first-order logic and (as we shall see) its modulo-counting extension. This situation
is reminiscent of the relation of treewidth (and cliquewidth) with monadic second-order
logic [10] and its modulo-counting extension [11].

Indeed, it follows from the results proved in the first paper of the series [5], that first-order
model checking (that is: the problem of deciding whether a first-order (FO) sentence φ is
satisfied on a structure) is fixed-parameter tractable on matrices over a finite alphabet, when
parametrized by φ, the size of the alphabet, and the twin-width of the matrix, provided
that some so-called d-sequence witnessing the upper bound on the twin-width is given
together with the matrix. Here we observe that this result extends to the more expressive
first-order logic with modulo-counting (FO+MOD), which is the logic obtained by adding to
the standard first-order constructions new quantifiers ∃i[p], where “∃i[p]x φ(x)” expresses
that the number of witnesses x for the formula φ is congruent to i modulo p.

Logical formulas also allow defining new structures from an original structure. This is
the essence of the notion of transduction. A transduction of binary structures T first colors
the elements of a given binary structure A in all possible ways, thus constructing a set of
colored structures. Then, each of these colored structures gives rise to a new binary structure
by means of fixed logical formulas, thus constructing a set T(A) of derived structures, the
transduction of A by T. A simple interpretation is the same without the initial coloring
process, hence a given structure produces a single other structure. A set D of structures is a
transduction of a set C of structures if there exists a transduction T with D ⊆ T(C). A set C
of structures is monadically dependent if the set of all finite graphs is not a transduction
of C. (While this actually follows from [1], we will take here this characteristic property as
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a definition of monadic dependence.) Note that it has been recently proved [8] that, for
hereditary classes of structures (like matrix classes) monadic dependence coincides with the
classical notion of dependence (or NIP), which is one of the most fundamental dividing lines
in model theory; a proof of such a collapse in the particular case of hereditary classes of
ordered graphs was previously shown in [4].

In [5], it was proved that for every FO-transduction T of binary structures, the maximum
twin-width of a structure in T(A) is bounded by a function (depending on T) of the twin-
width of A. We also extend this result to FO+MOD-transductions. As an example, there is
a transduction Lp such that for every matrix M over Fp, the set Lp(M) is exactly the set of
all linear minors of M . Thus, the closure by linear minors of a matrix class with bounded
twin-width also has bounded twin-width, from which Theorem 1 follows.

Together with the results established in [4], this leads to the following equivalence, where
the equivalence with the properties in bold is proved in the current paper.

▶ Theorem 2. Given a matrix class M over a finite field, the following are equivalent.
(i) M has bounded twin-width;
(ii) M excludes a linear minor;
(iii) M is monadically dependent;
(iv) every matrix class that is an FO-transduction of M is proper;
(v) every matrix class that is an FO+MOD-transduction of M is proper;
(vi) M is small (i.e. the number of n × n matrices in M is at most 2O(n));
(vii) every FO+MOD-transduction of M is small;
(viii) M is subfactorial (i.e. the number of n×n matrices in M is less than n!, for sufficiently

large n).
Assuming that FPT ̸= AW[∗], those conditions are further equivalent to:
(ix) FO-model checking is FPT on M;
(x) FO+MOD-model checking is FPT on M.

We now consider some consequences of these results (for more, see long version).
We call rank-bidimensional a parameterized problem defined on matrices whenever the

presence of a large rank Latin division in a submatrix incurs an (easy) FPT algorithm. Thus,
we get the following.

▶ Theorem 3. Every FO+MOD-definable rank-bidimensional problem is in FPT.

From Theorem 3, we obtain FPT algorithms for deciding if a (small) matrix is a linear
minor of another matrix, for exactly computing the grid number, mixed number, and grid
rank of a matrix (see Section 2 for definitions).

Next we show that, over a finite field, the square M2 of a matrix M with bounded
twin-width has bounded twin-width, by expressing the squaring operation as an FO+MOD-
transduction. From the characterization in terms of large rank Latin division of submatrices,
it follows that if two matrices A and B have small twin-width, then so does the matrix ( 0 A

B 0 ).
As ( 0 A

B 0 )2 = ( AB 0
0 BA ), we deduce:

▶ Theorem 4. There is a computable function f : N2 → N such that the following holds. Let
A and B be two conformal matrices over a finite field Fq, both of twin-width at most d. Then
the twin-width of the product AB is at most f(d, q).

Note that, by similar arguments, the sum of two conformal matrices over Fq, both of
twin-width at most d, has twin-width at most f ′(d, q), for some computable function f ′.
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We now consider the problem from an algorithmic point of view. From a computational
perspective, the data structures used to encode matrices over a finite field are crucial.
Encoding matrices as bipartite binary structures allows using the machinery developed
for (ordered) graphs. In this setting, natural witnesses for twin-width boundedness are
d-sequences (or, contraction sequences), which we mentioned earlier when discussing first-
order model checking complexity on classes with bounded twin-width (see Section 2.2 for a
formal definition). A naive implementation of the algorithm presented in [4, Theorem 2] runs
in time exp(exp(O(d2 log d)))n3, and outputs a 2O(d4)-sequence if the twin-width is indeed
at most d. We show how to bring the dependence in n down to Od(n2 log n) (Theorem 8).

Gajarský et al. [18], building on Pilipczuk et al. [26], showed that given an n-vertex graph
(or binary structure) G with a d-sequence and a first-order formula φ(x1, . . . , xk), one can
compute in time Od,φ(n1+ε) (resp. Od,φ(n)) a data structure that answers for any query
v1, . . . , vk ∈ V (G) whether G |= φ(v1, . . . , vk) in time Od,φ(1/ε) (resp. Od,φ(log log n)). This
result can be extended to FO+MOD. Then, the squaring operation can be performed by
means of a simple interpretation, which gives a near-linear representation of M2 (in the
domain size, that is, sublinear in the number of matrix entries) where entries can be queried
in constant time.

We thus obtain an algorithm that takes two matrices of bounded twin-width (without
witnesses) and outputs their product in quasilinear time in the number of entries.

▶ Theorem 5. Given two n × n matrices A and B over Fq, both of twin-width at most d,
there is an algorithm to compute their product AB in time Od,q(n2 log n).

However, this algorithm is not practical due to the acute dependence on the twin-width
bound. We thus place ourselves in a setting where inputs are already in compact form
(witnessing low twin-width). The use of an adapted internal representation is a classical
technique of digital computing (Fourier transform, redundant representation of numbers,
etc.). Likewise, it appears that convenient representations of matrices of bounded twin-width
for matrix computations are twin-decompositions [3, 6]. Informally, a twin-decomposition is
a tree whose leaves are bijectively mapped to the domain of the structure (here, to the row
and column indices), and internal nodes are ordered and naturally correspond to contractions.
The binary relations (here, the entries) are encoded by additional edges joining pairs of nodes
of the tree, and respecting some specific rules. Every binary structure with bounded twin-
width has a twin-decomposition with linearly many extra edges, hence the twin-decomposition
forms a degenerate graph. The width of the twin-decomposition is related to this degeneracy
(see Section 2 for precise definitions). Notice that a twin-decomposition of constant width
takes quasilinear space to describe a set of binary relations with possibly quadratically many
pairs. We show that a twin-decomposition can be computed from a contraction sequence in
quadratic time and observe that, conversely, a contraction sequence can be computed from
a twin-decomposition in linear time.

Our last contribution is an ad hoc efficient matrix multiplication algorithm for matrices
over Fp with bounded twin-width, which we state here in the case of matrices over F2.

▶ Theorem 6 (Theorem 7+[26]). Let A and B be two n × n matrices over F2 given in the
form of twin-decompositions of width at most d. For every ε > 0, there is a 4d+o(d)n1+ε-time
algorithm that outputs a twin-decomposition of the product AB of width 2d+o(d) and a data
structure of size 2d+o(d)n1+ε such that querying an entry of AB takes time O(1/ε).

The following (Theorem 7) is our main technical contribution: an algorithm computing
a twin-decomposition of the square M2 of a matrix M from a twin-decomposition of M ,
which extends to a matrix multiplication algorithm for matrices each represented by a
twin-decomposition.
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▶ Theorem 7. Let A and B be two n × n matrices over F2 given in the form of twin-
decompositions of width at most d. There is a 4d+o(d)n-time algorithm that outputs a twin-
decomposition of the product AB of width 2d+o(d).

Contrary to Theorem 5 that hides a non-elementary dependence in the twin-width bound,
the dependence in d given by Theorem 7 is single-exponential. In addition, since Theorem 7
assumes that a twin-decomposition is given in input, the running time is sublinear in the
number of matrix entries, n2 (as opposed to quasilinear for Theorem 5).

The entries of AB can then be queried in time essentially the height of the twin-
decomposition, which can be made logarithmic. However, by computing the data structure
introduced by Pilipczuk et al. [26] in O(d′n1+ε) time and space where d′ upperbounds the
width of a twin-decomposition of the matrix, the entry queries can be performed in O(1/ε)
time. Theorems 6 and 7 carry over on any finite field Fq with running time q2d+o(d)n and
2Oq(d)n1+ε, respectively.

An intriguing question concerns the existence of such results over infinite fields (starting
with Q). We do not have a direct definition of twin-width of matrices over Q based on
contraction sequences. However linear-minor freeness naturally carries to infinite fields, and
thus, it is natural to consider that a class of matrices over Q has bounded twin-width if its
closure under linear minors is not the set of all matrices. This can be equivalently stated via
the notion of grid rank of a matrix M , i.e., the largest k for which there is a k × k subdivision
of M in which every block has rank at least k. Note that if a matrix has grid rank k, then
any linear minor has grid rank at most k. Indeed, one can even show that a class of matrices
has bounded grid rank if and only if it does not contain some matrix as a linear minor. We
believe that computing the product of two matrices over Q with bounded grid rank should
be done in almost quadratic time, however, we lack a structural decomposition as in the
finite field case.

There is a vast literature on computing matrix multiplication, or other natural primitives
of linear algebra, on classes of structured matrices. We give a few references on rank-structured
matrices (see for instance [15, 21, 7, 30, 29]) and matrices of bounded treewidth.

A square matrix has quasiseparable order s if all its submatrices that are completely
above the main diagonal, or completely below it, have rank at most s. Note that on adjacency
matrices this is equivalent to the linear rank-width parameter (a dense analogue of pathwidth).
Pernet [24] shows that multiplying two n×n matrices with quasiseparable order s can be done
in time O(sω−2n2), where ω is the exponent of matrix multiplication, or O(s3n) if the matrices
are given in a suitable compact form [25]. The closely-related semiseparable matrices also
have efficient multiplication algorithms [31]. So-called H-matrices (for hierarchical matrices)
and H2-matrices admit almost linear-time algorithms for vector-matrix multiplication [7].

One can naturally extend the treewidth graph parameter to 0,1-matrices M by considering
the treewidth of the bipartite graph whose biadjacency matrix is M . Fomin et al. [17] show
how to compute the determinant, the rank, and to solve a linear system defined by an n × n

matrix of treewidth k, in time kO(1)n. It was recently shown by Dong et al. [13] how to solve
linear programs in expected almost linear-time on matrices of bounded treewidth.

2 Preliminaries

We denote by [i, j] the set of integers {i, i + 1, . . . , j − 1, j}, and [i] is a short-hand for [1, i].
We use the standard graph-theoretic notations: V (G), E(G), NG[S], NG(S) respectively
denote the vertex set, edge set, closed neighborhood of S, open neighborhood of S. Given a
matrix M , we may interchangeably denote by Mx,y or M [x, y] the entry of M at row x and
column y.
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2.1 Binary structures and matrices
A relational signature Σ is a finite set of relation symbols R, each with a specified arity r ∈ N.
A Σ-structure A is defined by a set A (the domain of A) together with a relation RA ⊆ Ar

for each relation symbol R ∈ Σ with arity r. The syntax and semantics of first-order formulas
over Σ, or Σ-formulas for brevity, are defined as usual. A binary structure is a Σ-structure
such that every relation symbol of Σ has arity at most 2. An ordered binary structure is
a structure A over a signature Σ consisting of unary and binary relation symbols which
includes the symbol <, defining in A a total order on the domain of A.

A matrix M over a finite alphabet A with rows R and columns C is viewed as an ordered
binary structure with domain R ⊎ C, equipped with the following relations:

a unary relation R interpreted as the set of rows,
an antisymmetric binary relation < which defines a total order on R ⊎ C, extending the
total orders on the rows and columns of M in such a way that the rows precede the
columns,
one binary relation Ea, for each a ∈ A, where Ea(r, c) holds if and only if r is a row, c is
not (hence is a column), and a is the entry of M at row r and column c.

2.2 Contraction sequences and twin-width
A trigraph G has vertex set V (G), (black) edge set E(G), and red edge set R(G), with E(G)
and R(G) being disjoint. The set of neighbors NG(v) of a vertex v in a trigraph G consists of
all the vertices adjacent to v by a black or red edge. A d-trigraph is a trigraph G such that
the red graph (V (G), R(G)) has degree at most d. In that case, we also say that the trigraph
has red degree at most d. A (vertex) contraction or identification in a trigraph G consists of
merging two (non-necessarily adjacent) vertices u and v into a single vertex z, and updating
the edges of G in the following way. Every vertex of the symmetric difference NG(u)△NG(v)
is linked to z by a red edge. Every vertex x of the intersection NG(u) ∩ NG(v) is linked to z

by a black edge if both ux ∈ E(G) and vx ∈ E(G), and by a red edge otherwise. The rest of
the edges (not incident to u or v) remain unchanged. We insist that the vertices u and v

(together with the edges incident to these vertices) are removed from the trigraph.
A d-sequence (or contraction sequence) is a sequence of d-trigraphs Gn, Gn−1, . . . , G1,

where Gn = G, G1 = K1 is the graph on a single vertex, and Gi−1 is obtained from Gi by
performing a single contraction of two (non-necessarily adjacent) vertices. We observe that
Gi has precisely i vertices, for every i ∈ [n]. The twin-width of G, denoted by tww(G), is
the minimum integer d such that G admits a d-sequence. See Figure 1 for an illustration.
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Figure 1 A 2-sequence witnessing that the initial graph has twin-width at most 2.

Twin-width can be generalized from graphs to binary structures in some (functionally)
equivalent ways [5, 2]. Here we choose the following definition.

On general binary structures, red edges exist between two vertices x, y ∈ V (Gi) whenever
there are up to four vertices u ̸= v, u′ ̸= v′ ∈ V (G) such that u and u′ (which might be the
same vertex) were contracted (together with possibly other vertices) to form x, similarly
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v and v′ were contracted to form y, and the atomic types of (u, v) and of (u′, v′), or of
(v, u) and of (v′, u′), are distinct. If instead, all such pairs (u, v) have the same atomic type,
this shared atomic type labels the edge xy in Gi. Contraction sequences, d-sequences, and
twin-width are then similarly defined.

In particular, we now have a definition of twin-width for the matrices of Section 2.1.

2.3 Matrix divisions
We will often denote by R (resp. C) the sets of row (resp. column) indices of a matrix M .
For X ⊆ R and Y ⊆ C, we denote by M [X, Y ] the submatrix of M consisting of the entries
at rows in X and columns in Y .

A (k, ℓ)-division of a matrix M is a pair of partitions (R = {R1, . . . , Rk}, C =
{C1, . . . , Cℓ}) of R and C, respectively, such that every Ri corresponds to consecutive
rows, and every Cj , to consecutive columns. A k-division is a (k, k)-division. We may call
a set of consecutive row or column indices an interval. The grid number, mixed number,
grid rank, respectively, of a matrix is the largest integer k such that M has a k-division
({R1, . . . , Rk}, {C1, . . . , Ck}) for which, for every i, j ∈ [k], respectively,

M [Ri, Cj ] has a non-zero entry,
M [Ri, Cj ] has at least two distinct rows and at least two distinct columns,
M [Ri, Cj ] has at least k distinct rows or at least k distinct columns.

The divisions are called k-grid minor, k-mixed minor, and rank-k division, respectively.
An interval minor of a matrix M is a matrix N with k rows and ℓ columns such that M has
a (k, ℓ)-division ({R1, . . . , Rk}, {C1, . . . , Cℓ}) such that for every i ∈ [k] and every j ∈ [ℓ],
Ni,j is an entry of M [Ri, Cj ]. We call k-Grid Minor, k-Mixed Minor, Rank-k Division,
Interval Minor Containment, respectively, the computational problems of deciding if an
input matrix has grid number at least k, mixed number at least k, grid rank at least k, and
if a matrix is an interval minor of another matrix.

2.4 Computing contraction sequences
Efficiently (in polynomial time, FPT time, or even slice-wise polynomial time) approximating
the twin-width of a binary structure remains a challenging open question. However, such an
algorithm is known for totally ordered binary structures, or matrices over a finite alphabet [4].
Following [4], we bring the complexity from a cubic down to an almost quadratic dependence
in the number of rows and columns.

▶ Theorem 8. Given an n×n symmetric matrix M over a finite alphabet A, and an integer d,
there is an algorithm running in time Od,|A|(n2 log n) that

either correctly reports that the twin-width of M is larger than d,
or outputs an exp(exp(exp(O|A|(d4))))-sequence for M .

2.5 Twin-decompositions
A twin-decomposition of a graph G also uses the framework of a rooted carving decomposition,
i.e., a rooted binary tree whose leaves are in one-to-one correspondence with the vertices
of G. In the case of twin-decompositions though, the internal nodes of the rooted binary
tree are totally ordered and the width is quite different from how carving-width is defined.

A rooted binary tree with n − 1 internal nodes bijectively labeled by ℓ on [n − 1] is
said ranked if whenever u and v are two distinct internal nodes such that v is a descendant of
u, then ℓ(u) < ℓ(v) holds. By convention, we then decide that all the leaves are labeled +∞



É. Bonnet, U. Giocanti, P. Ossona de Mendez, and S. Thomassé 15:9

(or equivalently n). For every i ∈ [n], the i-th border of a ranked tree T with n − 1 internal
nodes is the set of maximal rooted subtrees whose roots have label at least i. We denote by
Bi(T ) the i-th border of T . It can be easily shown (using that T is a ranked tree) that the
i-th border of T consists of exactly i subtrees. We denote by r(T ) the root of T .

A twin-decomposition of an n-vertex graph G is a pair (T , B) where
(a) T is a rooted binary tree, ranked by ℓ on [n − 1], whose leaves are in one-to-one

correspondence with V (G), and
(b) B (for bicliques) is a set of edges over V (T ) (disjoint from edge set of T ), such that:

1. B partitions the edge set of G, where an edge between u, v ∈ V (T ) is interpreted as
the biclique of G linking every leaf in the subtree of T rooted at u, to every leaf in
the subtree of T rooted at v, and

2. No edge of B crosses an i-th border, i.e., links a node in a subtree T ′ of Bi(T ) but
not the root of T ′ to a vertex outside every subtree of Bi(T ).

The width of the twin-decomposition (T , B) is again defined as the maximum red degree
among every vertex of every trigraph Gi (as previously defined). See Figure 2 for an
illustration of a twin-decomposition corresponding to a particular contraction sequence.

a

b

c

d

e

f

2

1

5 3

4

a b c d e f

5 3 4

2

1

a b c d e f

5 3 4

2

1

Figure 2 Left: a graph G with a contraction sequence (or partition sequence), where trigraph Gi

is obtained after performing the contraction labeled i. Center: the twin-decomposition corresponding
to this contraction sequence, with the edges of B in blue. Right: a ranked tree T and a partition
B of the edges of G that does not make for a twin-decomposition, since the edge b3 crosses B5(T )
(and B4(T )).

For our intended purposes in this extended abstract, we only described twin-
decompositions for graphs but they readily generalize to binary structures (see long version).

2.6 Computing a twin-decomposition from a contraction sequence
There is an easy linear (in the input size, i.e., in the number of edges) algorithm that, given a d-
sequence, computes a corresponding twin-decomposition (of same width d). The list of triples
of a contraction sequence Gn, . . . , Gi, . . . , G1 is (un, vn, zn), . . . , (ui, vi, zi), . . . , (u2, v2, z2)
such that the contraction of ui and vi in Gi into a new vertex zi results in Gi−1.

▶ Theorem 9. A twin-decomposition of width d of an n-vertex graph G given with the list of
triples of a d-sequence can be computed in time O(n2).

A consequence of the second paper of the series is that, given twin-decompositions of
bounded width, one can find twin-decompositions of (larger) bounded width, where in
addition the tree T has logarithmic depth.
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▶ Theorem 10 ([2, see Lemma 23 and Proposition 22]). For every integer d, there is a larger
integer D such that every n-vertex graph of twin-width d admits a twin-decomposition of
width at most D and depth Od(log n).

Given a twin-decomposition (T , B) of G with width d and depth h, the presence of an
edge between two vertices of G can be decided in time O(dh). This yields a linear-space
representation of G with edge queries in logarithmic time. Pilipczuk et al further show that:

▶ Theorem 11 ([26]). Given a twin-decomposition of width d of an n-vertex graph G, and
any ε > 0, there is a data structure of size O(dn1+ε), computable in time O(dn1+ε) that
supports edge queries of G in time O(1/ε).

All the results mentioned in this section extend from graphs to binary structures.

2.7 Parameterized complexity of model checking
First-order (FO) matrix model checking asks, given a matrix M (or a totally ordered binary
structure S) and a first-order sentence φ, if M |= φ holds, that is, if φ is true in M . FO model
checking is fixed-parameter tractable (FPT) on a matrix class M, with respect to the sentence
size and the input matrix, if there exists a constant c and a computable function f , such
that M |= φ can be decided in time f(|φ|) (m + n)c, for every n × m matrix M ∈ M and
FO sentence φ.

FO model checking of general (unordered) graphs is AW[∗]-complete [14], and thus very
unlikely to be FPT. Indeed FPT ̸= AW[∗] is a much weaker assumption than the already
widely-believed Exponential Time Hypothesis [22], and if false, would in particular imply
the existence of a subexponential algorithm solving 3-SAT. FO model checking of general
binary structures of bounded twin-width given with an O(1)-sequence can even be solved in
linear FPT time f(|φ|) |U |, where U is the domain of the structure [5].

Gajarský et al. [18] reproved that result using a different, and more standard formalism.
Building on Theorem 11, they also presented an algorithm that inputs a binary structure given
with an O(1)-sequence and a formula with some free variables, and after some preprocessing
in near-linear time, can answer queries of the form does the given tuple satisfy the formula in
the structure in constant time.

▶ Theorem 12 ([18]). For every ε > 0, given a binary Σ-structure A on a domain of
size n, a d-sequence of A, and a first-order Σ-formula φ(x1, . . . , xk), there is a data structure
computable in time Od,φ(n1+ε) that given any query of the form v1, . . . , vk ∈ A reports in
time Od,φ(1/ε) whether A |= φ(v1, . . . , vk) holds.

In classes of ordered binary structures or matrices, one need not require that the contrac-
tion sequence is given in input. Indeed there is an FPT approximation algorithm, that takes
a matrix M of twin-width d, and outputs a g(d)-sequence of M in time h(d) |M |O(1) [4].
Hence, FO matrix model checking can be solved in FPT time f(|φ|) |M |O(1) [4] in classes of
bounded twin-width. We observe that this algorithm extends to FO+MOD model checking.

▶ Theorem 13 (follows with some small adjustments from [5, Section 7]). Given a d-sequence
of a binary structure S, and a prenex FO+MOD-sentence φ of quantifier rank ℓ, one can
decide S |= φ in time f(ℓ, d)n for some computable non-elementary function f .

The same applies to the fact that bounded twin-width is preserved by transductions.

▶ Theorem 14 (similarly follows from [5, Section 8]). Let C be a set of binary structures
with bounded twin-width, and T be an FO+MOD-transduction. Then T(C) has bounded
twin-width.
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3 Equivalence of bounded twin-width and linear-minor freeness

Alternatively to the definition given in introduction, linear and parity minors can be charac-
terized by matrix divisions. A parity minor of a matrix M is any n × m matrix N obtained
by summing up every cell of an (n, m)-division of a submatrix of M . We denote that by
N ⩽pm M . See Figure 3 for an illustration.
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Figure 3 A parity minor, equivalently linear minor, N of a matrix M over F2. In the middle, the
deleted rows and columns of M are in light gray, while the (4, 3)-division of the remaining submatrix
giving rise to N is represented with solid black lines.

Let us call F-weighting of M any mapping w : rows(M) ∪ cols(M) → F. Equivalently
a linear minor of a matrix M over a finite field F is any n × m matrix N obtained from
an F-weighting w and (n, m)-division D = ({R1, . . . , Rn}, {C1, . . . , Cm}) of M by replacing
every cell M [Ri, Cj ] of D by the single entry

∑
r∈Ri,c∈Cj

w(r)w(c)Mr,c, that is, setting
Ni,j =

∑
r∈Ri,c∈Cj

w(r)w(c)Mr,c. We denote that by N ⩽lm M .

▶ Observation 15. Over F2, parity minors and linear minors coincide.

The linear-minor closure of M, denoted by Closlm(M), is the matrix class of all matrices
N which are linear minors of some M in M. We say that M is parity-minor free (resp. linear-
minor free) if its parity-minor closure (resp. linear-minor closure) is not the set of all F-matrices.
We first show that bounded twin-width matrix classes over finite fields are linear-minor free,
and in particular parity-minor free.

▶ Lemma 16. Let F be a finite field. For every matrix class M over F of bounded twin-width,
M is linear-minor free.

Proof sketch. We can express the set of linear minors of a matrix by a FO+MOD-
transduction. Indeed the modulo-counting quantifiers allow one to write a first-order formula
summing up the entries in a given contiguous submatrix. Thus by Theorem 14, Closlm(M)
has bounded twin-width, and cannot be the set of all F-matrices. ◀

For the converse, we will need the notion of rank Latin divisions previously introduced [4].
For any integers k ⩾ 2 and d ⩾ 1, a rank-k Latin d-division of a kd2×kd2 matrix M is a regular
d-division D of M that can be refined into a regular d2-division ((R1, . . . , Rd2), (C1, . . . , Cd2))
such that

∀i ∈ [d2], M [Ri, Cj ] is constant for every j ∈ [d2] but one ji for which it has rank k,
∀j ∈ [d2], M [Ri, Cj ] is constant for every i ∈ [d2] but one ij for which it has rank k,
and every cell of D contains exactly one M [Ri, Cj ] with rank k.

It was previously shown that matrix classes with unbounded twin-width contain matrices
with rank-k Latin d-divisions for arbitrarily large values of k and d. For our purpose we will
only need k = 2 and d diverging.

STACS 2023
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▶ Lemma 17 ([4]). Let M be a matrix class of unbounded twin-width over a finite field.
Then for every d, there is a matrix M ∈ M with a rank-2 Latin d-division.

Equipped with that technical lemma, we can show the following (see long version).

▶ Lemma 18. Let F be a finite field and M be a matrix class of F-matrices. If M is
linear-minor free then it has bounded twin-width.

4 Fixed-parameter algorithms for matrix division problems

We show how to use Theorem 13 and the approximation algorithm of matrix twin-width [4,
Theorem 2], to decide matrix problems involving a division (of a submatrix) with some
FO+MOD-definable properties in fixed-parameter time. This is based on a win-win argument
generalizing the algorithmic scheme of Guillemot and Marx [20] to solve Permutation
Pattern, and somewhat resembling the bidimensionality technique [16]. It allows for
instance to detect a k-grid minor or a k-mixed minor in an n × n matrix, or to decide if a
k × k matrix is a parity or linear minor of an n × n matrix in time f(k)nO(1).

▶ Theorem 19 ([4]). Given as input an n × m matrix M over a fixed finite field F, and an
integer k, there is an f(k)(n + m)O(1)-time algorithm which returns

either a rank-k Latin division of a submatrix of M ,
or a contraction sequence certifying that tww(M) ⩽ g(k).

where f and g are computable functions.

A parameterized problem Π, taking as input a matrix over a fixed finite field and a non-
negative integer, is FO+MOD-definable if, there is a computable function f , and for every
non-negative integer k, there is a FO+MOD[τ ] sentence φΠ,k of size f(k) such that (M, k) is
a YES-instance of Π if and only if M |= φΠ,k. A parameterized problem Π, taking as input
a matrix M and a non-negative integer k, is said rank-bidimensional if, for some computable
functions f and g, the existence of a rank-f(k) Latin division in M (i.e., a submatrix of M

has a rank-f(k) Latin division) permits to decide Π in time g(k)|M |O(1). We can now state
the main observation of this section.

▶ Theorem 20. Every FO+MOD-definable rank-bidimensional problem is in FPT.

Proof. Let Π be a rank-bidimensional problem, with computable functions f and g. Let
(M, k) be an input of Π . We run the algorithm of Theorem 19 with parameter f(k). In time
f ′(k)|M |O(1), this either yields a rank-f(k) division of a submatrix of M , and we can decide
(M, k) in further time g(k)|M |O(1) (since Π is rank-bidimensional), or a g′(k)-sequence of
M , and we can conclude by Theorem 13 (since Π is FO+MOD-definable). ◀

As a corollary of Theorem 20, we obtain for instance that deciding if N is a parity minor
of M is fixed-parameter tractable in the size of N . Indeed we show (in the long version) how
to express the parity minor containment with FO+MOD sentences.

▶ Theorem 21. Let N be a k × k matrix, and M be an n × m matrix, both over F2. One
can decide N ⩽pm M in time f(k)(n + m)O(1) for some computable function f .

Similarly we can invoke Theorem 20 for the following problems. In the following theorem,
Linear Minor Containment is the problem of deciding N ⩽lm M , given two matrices
N, M over a fixed finite field, parameterized by |N |.

▶ Theorem 22. Linear Minor Containment, Interval Minor Containment, k-Grid
Minor, k-Mixed Minor, Rank-k Division, Permutation Pattern are in FPT.
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5 Products of bounded twin-width matrices over a finite field

First we show that if a matrix class M over a finite field has bounded twin-width, then so
does its set of squares M2 = {AB : A and B are two conformal matrices of M}.

▶ Theorem 23. There is a function f : N3 → N such that for every conformal matrices A

and B over Fq, The product AB (over Fq) has twin-width at most f(tww(A), tww(B), q).

Proof. Since
(

0 A

B 0

)
·
(

0 A

B 0

)
=

(
AB 0
0 BA

)
and

tww
((

0 X

Y 0

))
= tww

((
X 0
0 Y

))
= max(tww(X), tww(Y ), 2),

we shall just prove that there is a function g such that M2 has twin-width at most g(tww(M)),
for every square matrix M over Fq. There is a simple FO+MOD-interpretation S such that
S(M) = M2. Indeed one can keep the relations R and ≺ as in M , and express EM2

i (x, y) as∨
a:[q−1]2→[0,q−1]∑

j,k∈[q−1]2
a(j,k)·(j̃k̃)=ĩ

∧
j,k∈[q−1]

∃a(j,k)[q]z EM
j (x, z) ∧ EM

k (z, y),

where ĩ is the element of Fq corresponding to relation Ei. The expression j̃k̃ is a product in
Fq, while a(j, k) · (j̃k̃) is the sum of a(j, k) occurrences of j̃k̃. As every element of (Fq, +) has
an order dividing q, it is enough to count the number of pairs (j̃, k̃) = (Mx,z, Mz,y) modulo q,
which the formula does. We finally invoke Theorem 14 to conclude that tww(M2) is bounded
by a function of tww(M) and q. ◀

▶ Theorem 24. Let q be a prime power, and d be a natural. Let A, B be two n × n

matrices over Fq, both of twin-width at most d. One can compute the product AB in time
Od,q(n2 log n).

Proof. By Theorem 8, we compute an Od,q(1)-sequence for

M =
(

0 A

B 0

)
, in time Od,q(n2 log n).

We conclude either by turning this contraction sequence into a twin-decomposition in time
Od,q(n2), by Theorem 9, and invoking the upcoming practical matrix squaring of Theorem 25,
or by combining the FO+MOD-interpretation of Theorem 23 (and Theorem 14) with the
efficient algorithm of Gajarský et al. [18] (see Theorem 12) to compute the interpretations of
bounded twin-width structures. We can finally read off the top-left block AB in M2 in time
Od,q(n2).

If we chose the former approach, we now have a twin-decomposition (T , B) of AB. We
can initialize an n × n matrix to all 0 entries, and for each edge of B labeled ℓ, fill the
corresponding entries with ℓ. This takes quadratic time since we access each matrix entry
at most once. If we instead went with the latter approach, we shall simply make (q − 1)n2

constant-time queries to build AB, q − 1 for each entry of AB. ◀

The most technical contribution of the paper is the following, stated and shown in the
language of edge-colored graphs in the long version. For every prime power q = pα, we let
m(q) denote the cost of basic arithmetic computations in Fq; here only addition, subtraction
and multiplication are needed.
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▶ Theorem 25. For every prime power q ⩾ 2, there is an O(m(q)d2q2dn)-time algorithm
that, given a twin-decomposition (T , B) of width d of a symmetric n × n matrix M over Fq,
outputs a twin-decomposition of width O(d2qd) of M2.

Note that in practice, if q = pα with p prime, one can choose m(q) = O(logp(q)2 log(p)2)
(see for example [23, Table 2.8]). The comparatively good dependence on twin-width is
achieved by working directly on the twin-decomposition and problem-specific insights. The
algorithm follows three steps. In the first step, a contraction sequence is computed for M2

as a refinement of the one for M . The contraction sequence naturally yields the tree T ′ of a
twin-decomposition (T ′, B′), where one shall now find B′. The next step aims to obtain a set
B1 encoding M2 (but not yet a twin-decomposition). This set is then cleaned in the third
and last step into a twin-decomposition (T ′, B′) of M2 of width at most exponential in the
width of the twin-decomposition (T , B).
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Abstract
We give the first polynomial-time non-adaptive proper learning algorithm of Boolean sparse mul-
tivariate polynomial under the uniform distribution. Our algorithm, for s-sparse polynomial
over n variables, makes q = (s/ϵ)γ(s,ϵ) log n queries where 2.66 ≤ γ(s, ϵ) ≤ 6.922 and runs in
Õ(n) · poly(s, 1/ϵ) time. We also show that for any ϵ = 1/sO(1) any non-adaptive learning algorithm
must make at least (s/ϵ)Ω(1) log n queries. Therefore, the query complexity of our algorithm is also
polynomial in the optimal query complexity and optimal in n.
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1 Introduction

In this paper, we study the non-adaptive learnability of the class of sparse (multivariate)
polynomials over GF(2). A polynomial over GF(2) is the sum in GF(2) of monomials, where
a monomial is a product of variables. It is well known that every Boolean function has a
unique representation as a (multilinear) polynomial over GF(2). A Boolean function is called
s-sparse polynomial if its unique polynomial expression contains at most s monomials.

In the learning model [1, 19], the learning algorithm has access to a black-box query
oracle to a function f that is s-sparse polynomial. The goal is to run in poly(n, s, 1/ϵ) time,
make poly(n, s, 1/ϵ) black-box queries and, with probability at least 2/3, learn a Boolean
function h that is ϵ-close to f under the uniform distribution, i.e., Prx[f(x) ̸= h(x)] ≤ ϵ.
The learning algorithm is called proper learning if it outputs a s-sparse polynomial. The
learning algorithm is called exact learning algorithm if ϵ = 0.

In the adaptive learning algorithms, the queries can depend on the answers to the previous
queries, wherein in the non-adaptive learning algorithms, the queries are independent of the
answers to the previous queries.

Adaptive proper and non-proper learning algorithms of s-sparse polynomials that run
in polynomial-time and make a polynomial number of queries have been studied by many
authors [2, 4, 5, 6, 7, 10, 12, 11, 14, 15, 17, 18].

Non-adaptive proper and non-proper learning algorithms of s-sparse polynomials have
been studied in [13, 16, 17]. In [16], Hellerstein and Servedio gave a non-proper learning
algorithm that learns only from random examples under any distribution (PAC-learning
without black-box queries, [19]) that runs in time nO(n log s)1/2 . Roth and Benedek, [17],
show that for any s ≥ 2 polynomial-time proper PAC-learning without black-box queries of
s-sparse polynomials implies RP=NP. They also gave a non-adaptive proper exact learning
(ϵ = 0) algorithm that makes (n/ log s)log s black-box queries. They also show that to exactly
learn s-sparse polynomial, you need at least (n/ log s)log s black-box queries. See also [13, 14].
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To the best of our knowledge, no polynomial-time non-adaptive proper (or non-proper)
learning algorithm is known for s-sparse polynomials. In this paper, we give the first
polynomial-time non-adaptive proper learning algorithm for sparse multivariate polynomial.
We prove

▶ Theorem 1. There is a non-adaptive proper learning algorithm for s-sparse polynomial
that runs in polynomial-time and makes (s/ϵ)O(1) log n queries.

In [17], Roth and Benedek show that any deterministic non-adaptive learning algorithm
with ϵ = 1/sO(1) must make at least (s/ϵ)Ω(1) log n queries. We prove the same bound
for randomized algorithms. This shows that our query complexity in Theorem 1 is also
polynomial in the optimal query complexity and optimal in n.

Our paper is organized as follows. In Section 2, we give the technique used for our
algorithm in Theorem 1. In Section 3, we provide some definitions and preliminary results.
The learning algorithm is given in Section 4. In Section 5, we give another algorithm that
has sublinear complexity in 1/ϵ when ϵ is “very” small. Then, in Section 6, we give lower and
upper bounds for the query complexity of algorithms with unlimited computational power.
Appendices A and B are dedicated to two proofs of two lemmas that are needed for the main
algorithm.

2 Techniques

In this section, we give a brief overview of the techniques used for the main result, Theorem 1.
For the other results, see Sections 5 and 6.

Our learning algorithm is composed of the following five reductions.
The first reduction reduces the non-adaptive learning of s-sparse polynomials to non-

adaptive exact learning s-sparse polynomials with monomials of size at most d = O(log(s/ϵ)),
i.e., degree-d s-sparse polynomials. Given a s-sparse polynomial f , we assign each variable
xi to 0 with probability1 p = 1 − 2−Θ(

√
log s/ log(1/ϵ)). In this partial assignment, with high

probability, monomial of size greater than d vanish. Then we learn the resulted functions.
We take enough random zero assignments (partial assignments) so that, with high probability,
for each small monomial M of f , there is an partial assignment q that M does not vanish
under q. Collecting all the monomials of degree at most d in all the resulted functions gives
a hypothesis that ϵ-approximate the target function f .

The second reduction reduces the non-adaptive exact learning of degree-d s-sparse
polynomials to non-adaptive exact learning only the monomials of degree d of the degree-d
s-sparse polynomial. This is done by running all the algorithms that learn the monomials of
degree i, i ∈ [d] on the target f (which is a degree-d s-sparse polynomial). After learning the
monomials of degree d in f , we let g be their sum and then learn the monomials of degree
d − 1 in f + g (which are the monomials of degree d − 1 in f). Then continue the same way
with f + g.

The third reduction reduces the non-adaptive exact learning of the monomials of degree
d in the degree-d s-sparse polynomials to exact learning degree-d s-sparse determinant-
polynomials. A degree-d s-sparse determinant-polynomial is a polynomial over the new nd

variables {yi,j}i∈[n],j∈[d] of the form∑
I∈S

det(Y(I))

1 We can also choose a constant p, but this value of p is the one that minimizes the query complexity of
the tester.
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where S is a set of d-subsets of [n], |S| = s and for I = {i1, . . . , id} ∈ S, Y(I) is the d × d

matrix where Y(I)
k,j = yik,j . Notice that the degree-d s-sparse determinant-polynomials is a

homogeneous degree-d (d!s)-sparse polynomial over dn variables. For this reduction, we use
the operator ϕd defined in [9] that changes the degree-d s-sparse polynomial f to degree-d
s-sparse determinant-polynomial. This operator is linear, changes each monomial Πi∈Ixi

of degree d in f to det(Y(I)), removes monomials of degree less than d, and each black-box
query to ϕdf can be simulated by 2d = poly(s/ϵ) queries to f . Obviously, if we can learn S

in the degree-d s-sparse determinant-polynomial ϕdf , we can learn the monomials of degree
d of the degree-d s-sparse polynomials f .

Notice that the monomials of degree-d s-sparse determinant-polynomials are of the
form yi1,1yi2,2 · · · yid,d. This reduction aims to change the polynomial to a homogeneous
polynomial that their monomials are of the form yi1,1 · · · yid,d, so we can apply the following
(fourth) reduction, which can be applied only to such polynomials.

The fourth reduction uses the simulation in Lemma 2 (see also [9]), which shows that
any black-box query in GF(2t)n to a homogeneous degree-d polynomial f with monomials
of the form yi1,1 · · · yid,d can be simulated in poly(2d, t)Õ(n) = poly(s/ϵ)Õ(n) time by
O(21.66dt) = poly(s/ϵ)t black-box queries in GF(2)n. We will choose t = (d + 1) log n, which
is necessary for applying the following (fifth) reduction and the final algorithm.

Notice that this reduces exact learning degree-d s-sparse determinant-polynomials with
black-box queries in GF(2)dn to exact learning degree-d s-sparse determinant-polynomials
with black-box queries in GF(2t)dn. There are many non-adaptive learning algorithms of
sparse polynomials over large fields. However, unfortunately, as we said before, degree-d
s-sparse determinant-polynomials are degree-d (d!s)-sparse polynomials and d!s = sΩ(log log s),
which makes the time and query complexity of the algorithm super-polynomial. So, we need
another reduction to reduce the number of monomials.

The fifth reduction reduces non-adaptive exact learning degree-d s-sparse determinant-
polynomials with queries in GF(2t)dn to non-adaptive exact learning degree-d s-sparse
(multilinear) polynomial over GF(2t) with queries in GF(2t)n. We simply choose, uniformly
at random, dn elements αi,j in GF(2t) and substitute yi,j = αi,jxi. This changes each
det(Y(I)) to the monomial (det Γ(I))

∏
i∈I xi where for I = {i1, i2, . . . , id}, ΓI

k,j = αik,j .
We then argue that whp, det Γ(I) ≠ 0 and, therefore, we can find all the terms of the
determinant-polynomials of the target.

Combining all the above, we reduce non-adaptive learning s-sparse polynomial to non-
adaptive exact learning degree-d s-sparse polynomial with black-box that answer queries in
GF(2t)n. Now we use the algorithm of Ben-Or and Tiwari [3] with some modification to
learn degree-d s-sparse multilinear polynomial over GF(2t) with 2s queries. We show that
to use Ben-Or and Tiwari algorithm, it is enough to have t = (d + 1) log n. This implies
Theorem 1.

The following depicts the above reductions. Here, Ps is the class of s-sparse polynomials,
Pd,s is the class of degree-d s-sparse polynomials, DPd,s is the class of degree-d s-sparse
determinant-polynomials, Pd,s[2t] is the class of degree-d s-sparse multilinear polynomials
over GF(2t) and “qu. in” is an abbreviation of “queries in”.

DPd,s qu. in GF(2t)dn → Pd,s[2t] qu. in GF(2t)n

↑
Ps → Pd,s → Pd,s d-mono. → DPd,s qu. in GF(2)dn

STACS 2023
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3 Definitions and Preliminary Results

We will denote by Ps the class of s-sparse polynomials over the Boolean variables (x1, . . . , xn)
and Pd,s ⊂ Ps, the class of degree-d s-sparse polynomials. For a power of two q, the classes
Ps[q] is the class of s-sparse multilinear polynomials over the field GF(q) and Pd,s[q] ⊂ Ps[q],
the class of degree-d s-sparse multilinear polynomials over GF(q).

Formally, let Sn,≤d = ∪i≤dSn,i, where Sn,i =
([n]

i

)
is the set of all i-subsets of [n] =

{1, 2, . . . , n}. The class Pd,s (resp. Pd,s[q]) is the class of all the polynomials of the form∑
I∈S

aI

∏
i∈I

xi

where S ⊆ Sn,≤d, |S| ≤ s and aI = 1 for all I (resp. aI ∈ GF(q)\{0} for all I). The class Ps

(resp. Ps[q]) is Pn,s (resp. Pn,s[q]).
Let {yj,i}i∈[n],j∈[d] be nd variables. A degree-d s-sparse determinant-polynomial is a

polynomial of the form∑
I∈S

det(Y(I)) (1)

where S ⊆ Sn,d, |S| ≤ s and for I = {i1, . . . , id} ⊆ [n], Y(I) is the d × d matrix where
Y(I)

j,k = yj,ik
. We denote by DPd,s the class of degree-d s-sparse determinant-polynomials and

DPd = ∪s≥0DPd,s.
Consider the operator ϕd : Pd,s → DPd,s defined as2

ϕdf =
∑

J⊆[d]

f

∑
j∈J

yj

 (2)

where yj = (yj,1, . . . , yj,n), j ∈ [d]. By Lemma 61 in [8], we have

ϕd

∑
I∈S

∏
i∈I

xi =
∑

I∈S,|I|=d

det(Y(I)).

That is,
1. ϕd removes all the monomials of degree less than d from f .
2. It changes each monomial

∏
i∈I xi with |I| = d to det(Y(I)).

3. Given ϕdf represented as in (1), one can find the degree-d monomials of f in linear time.
4. Every black-box query to ϕdf can be simulated by 2d black-box queries to f .
To see 3, notice that any row of Y(I) uniquely gives I and therefore uniquely gives the
monomial

∏
i∈I xi.

We denote by HPd the set of homogeneous polynomials F (over GF(2)) of degree d over
the variables Y = {yi,j}i∈[n],j∈[d] where each monomial of F is of the form y1,i1y2,i2 · · · yd,id

where {i1, i2, . . . , id} ∈
([n]

d

)
. Obviously, DPd,s ⊂ HPd.

The following Lemma shows why we need the operator ϕd. Its proof is in Appendix A.

2 In [8] the sum contains (−1)d−|J|. This disappears here since in GF(2), −1 = 1.
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▶ Lemma 2. For any integer power of two t > 1 there is an algorithm that runs in time
n · poly(t, 2d) and finds N = Õ(21.66d)t polynomial-time computable maps Mi : GF(2t)dn →
GF(2)dn, i ∈ [N ], and elements {αi}i∈[N ] in GF(2t) such that for every β ∈ GF(2t)dn and
every F ∈ HPd

F (β) =
N∑

i=1
αiF (Mi(β)).

In particular, if F ∈ DPd then a black-box query in GF(2t)dn to F can be simulated in
time n · poly(N) by N black-box queries in GF(2)dn to F .

In this paper, the representation that is used for elements in the Galois field GF(2t) is
GF(2)[w]/ (g(w)) for some irreducible polynomial g ∈ GF(2)[w] of degree t.

4 The Learning Algorithm

In this section, we give the learning algorithm for Ps. Recall the reductions from Section 2.

DPd,s qu. in GF(2t)dn → Pd,s[2t] qu. in GF(2t)n

↑
Ps → Pd,s → Pd,s d-mono. → DPd,s qu. in GF(2)dn

4.1 The Reduction Algorithms
In this subsection, we give the reductions. We will prove a lemma for each reduction.

Let f(x1, . . . , xn) be any Boolean function. A p-zero projection of f is a random function,
f(z) = f(z1, . . . , zn) where each zi is equal to xi with probability p and is equal to 0 with
probability 1 − p. The first reduction is Lemma 6 from [11]. The Lemma in [11] is stated for
adaptive algorithms. The same proof holds for non-adaptive algorithms.

▶ Lemma 3 ([11] (Ps → Pd,s)). Let 0 < p < 1, w = (s/ϵ)log(1/p) ln(16s) and

D = log s

ϵ
+ log s + log log s + 6

log(1/p) .

Suppose there is a non-adaptive proper learning algorithm that exactly learns Pd,s with Q(d, δ)
queries in time T (d, δ) and probability of success at least 1 − δ. Then there is a non-adaptive
proper learning algorithm that learns Ps with O(w · Q(D, 1/(16w)) · log(1/δ)) queries, in time
w · T (D, 1/(16w)) log(1/δ), probability of success at least 1 − δ and accuracy 1 − ϵ.

We now give the second reduction.

▶ Lemma 4 (Pd,s → Pd,s d-monomials). Suppose there is a non-adaptive algorithm that
for f ∈ Pd,s exactly learns the monomials of degree d of f with Q(d, δ) queries in time
T (d, δ) and probability of success at least 1 − δ. Then there is a non-adaptive proper exact
learning algorithm that learns Pd,s with

∑d
j=0 Q(j, δ/d) queries, time O(d2s maxj Q(j, δ/d))+∑d

j=0 T (j, δ/d) and probability of success at least 1 − δ.

Proof. Let f ∈ Pd,s. Let fi be the sum of all the monomials of f of degree i, and si the
number of monomials of fi. Let A(d, δ) be a non-adaptive algorithm that exactly learns the
monomials of degree d of f ∈ Pd,s with Q(d, δ) queries in time T (d, δ) and probability of
success at least 1 − δ. We define an algorithm B as follows. First, algorithm B makes all
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16:6 Non-Adaptive Proper Learning Polynomials

the queries that all A(i, δ/d), i ≤ d, make. Let Ci be the set of queries that A(i, δ/d) makes,
i ≤ d. Then B continues to run A(d, δ/d) with the answers of the queries in Cd and learns
the monomials of degree d of f . Let fd be the sum of those monomials. Then B continues to
run A(d−1, δ/d) with {(a, f(a)+fd(a))|a ∈ Cd−1}. That is, for each query a of A(d−1, δ/d)
we query f to find f(a) and then return the answer f(a) + fd(a) to A(d − 1, δ/d). Since
f + fd is the sum of all the monomials of degree at most d − 1 of f , A(d − 1, δ/d) learns the
monomials of degree d − 1 of f + fd, which are the monomials of degree d − 1 of f . At the
d − i + 1-th stage, algorithm B continues to run A(i, δ/d) on

a, f(a) +
d∑

j=i+1
fj(a)

∣∣∣∣∣∣ a ∈ Cd−1


where fj , j ∈ {i + 1, i + 2, · · · , d} is the sum of all the monomials of f of degree j. Since
g := f +

∑d
j=i+1 fj is of degree i, A(i, δ/d) learns the monomials of degree i of g, which

are the monomials of degree i of f . Notice that all the queries are all made for f , so the
algorithm in non-adaptive.

It is clear that B exactly learns f , makes
∑d

j=0 Q(j, δ/d) queries, runs in time

O

 d∑
j=0

(
j∑

i=0
si

)
d · Q(j, δ/d)

+ T (j, δ/d) = O(d2s max
j

Q(j, δ/d)) +
d∑

j=0
T (j, δ/d),

and has probability of success at least 1 − δ. ◀

The following is the third reduction.

▶ Lemma 5 (Pd,s d-monomials → DPd,s). Suppose there is a non-adaptive proper exact
learning algorithm that learns DPd,s (with the matrix representation as in (1)) with Q(d, δ)
queries in time T (d, δ) and probability of success at least 1 − δ. Then there is a non-adaptive
exact learning algorithm that for f ∈ Pd,s learns the monomials of degree d of f with 2dQ(d, δ)
queries in time T (d, δ) + O(2dQ(d, δ)n) and probability of success at least 1 − δ.

Proof. Let A(d, δ) be a non-adaptive proper exact learning algorithm that learns DPd,s

with Q(d, δ) queries in time T (d, δ) and probability of success at least 1 − δ. We define an
algorithm B(d, δ) as follows. Define F = ϕdf ∈ DPd,s and run A(d, δ) to learn F . Recall
that ϕd removes all the monomials of degree less than d from f and changes each monomial∏

i∈I xi with |I| = d on f to det(Y(I)). By item 4 in Section 3, every black-box query to F

can be simulated by 2d black-box queries to f . Given F in its matrix representation as in
(1), we can find the degree-d monomials of f . See item 3 in Section 3. ◀

The following is the fourth reduction.

▶ Lemma 6 (DPd,s queries in GF(2)dn → DPd,s queries in GF(2t)dn). Let t be a power of
two. Suppose there is a non-adaptive proper exact learning algorithm that learns DPd,s

with Q(d, δ) black-box queries in GF(2t)dn, time T (d, δ) and probability of success at least
1 − δ. Then there is a non-adaptive proper exact learning algorithm that learns DPd,s with
21.66dtQ(d, δ) black-box queries in GF(2)dn, time T (d, δ) + poly(t, 2d)Q(d, δ)n and probability
of success at least 1 − δ.

Proof. The result follows from Lemma 2. ◀

The following is the fifth reduction.
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▶ Lemma 7 (DPd,s queries in GF(2t)dn −→ Pd,s[2t] queries in GF(2t)n). Let ℓ =
⌈log(2s/δ)/(t − 1)⌉. Suppose there is a non-adaptive proper exact learning algorithm that
learns Pd,s[2t] with Q(d, δ) queries in GF(2t)n in time T (d, δ) and probability of success at
least 1 − δ. Then there is a non-adaptive proper exact learning algorithm that learns DPd,s

with ℓ · Q(d, δ/(2ℓ)) queries in GF(2t)dn in time O(ℓdnt) + ℓT (d, δ/(2ℓ)) and probability of
success at least 1 − δ.

Proof. Let A(d, δ) be a non-adaptive proper exact learning algorithm that learns Pd,s[2t]
with Q(d, δ) queries in time T (d, δ) and probability of success at least 1 − δ. Let
F (y1, y2, . . . , yd) ∈ DPd,s where yj = (yj,1, . . . , yj,n), j ∈ [d]. We define an algorithm
B(d, δ) as follows. Algorithm B uniformly at random chooses dnℓ elements α

(k)
j,i ∈ GF(2t),

j ∈ [d], i ∈ [n], and k ∈ [ℓ]. Let z
(k)
j = (α(k)

j,1 x1, . . . , α
(k)
j,nxn), j ∈ [d], k ∈ [ℓ] and

g(k)(x1, . . . , xn) = F (z(k)
1 , z

(k)
2 , . . . , z

(k)
d ). If F =

∑
I∈S det(YI), then

g(k)(x1, . . . , xn) =
∑
I∈S

((
det Γ(k,I)

)∏
i∈I

xi

)

where for I = {i1, . . . , td},

Γ(k,I) =


α

(k)
1,i1

· · · α
(k)
1,id

...
. . .

...
α

(k)
d,i1

· · · α
(k)
d,id

 .

Therefore,
∏

i∈I xi is a monomial of g(k) if and only if
1. det(YI) is a term of F , and
2. det Γ(k,I) ̸= 0.
Now notice that each g(k) is an s-sparse polynomial. Therefore, if we learn the monomials of
g(k), k ∈ [ℓ], then we learn the terms det(YI) of F for which det Γ(k,I) ̸= 0. So, algorithm B

runs A(d, δ/(2ℓ)) to learn all g(k), and from the monomials of all g(k) finds the terms of F .
The probability that B fails to learn all the monomials of F is equal to the probability that

for some term det(YI) of F , there is no k ∈ [ℓ] such that det Γ(I,k) ̸= 0. Since α
(k)
j,i ∈ GF(2t)

are uniformly random, this probability is at most

s

(
1 −

(
1 − 1

2dt

)(
1 − 1

2(d−1)t

)
· · ·
(

1 − 1
2t

))ℓ

≤ s

(
1

2dt
+ 1

2(d−1)t
+ · · · + 1

2t

)ℓ

≤ s

2(t−1)ℓ
≤ δ

2 .

The probability that A(d, δ/(2ℓ)) fails to learn all g(k) is at most ℓ(δ/(2ℓ)) = δ/2. This
completes the proof. ◀

Now we show

▶ Lemma 8 (Pd,s[2t] queries in GF(2t)n). Let t = d′m be an integer where d < d′ = O(d) and
log n < m = O(log n). There is a deterministic non-adaptive proper exact learning algorithm
that learns Pd,s[2t] with 2s queries in GF(2t)n in time poly(d, s) · Õ(n).

Proof. The result follows from the BCH decoding and the algorithm of Ben-Or and Tiwari [3],
with a small modification. See the details in the Appendix B. ◀
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4.2 Query and Time Complexity
In this section, we prove,

▶ Theorem 9. Let β > 0 be any real number. There is a non-adaptive proper learning
algorithm for s-sparse polynomial with accuracy parameters ϵ = 1/sβ and confidence parameter
δ that makes

q = O

((s

ϵ

)2.66+ 1
β+1 + 3.262√

β+1 log n log(1/δ)
)

= O

((s

ϵ

)6.922
log n log(1/δ)

)
queries and runs in time Õ(n) · poly(s, 1/ϵ) log(1/δ).

Proof. Denote by ⌈x⌉2 the smallest power-of-two integer that is greater than or equal to x.
Notice that x ≤ ⌈x⌉2 < 2x.

We choose t = ⌈D + 1⌉2⌈log n⌉2 = O(D log n), τ := log(1/p),

D = log s

ϵ
+ log s + log log s + 6

τ
, and w =

(s

ϵ

)τ

ln(16s),

where p will be determined later. We only need to know here that for this choice of p,
we will have D = Θ(log(s/ϵ)). By Lemma 8, there is a deterministic non-adaptive proper
exact learning algorithm that learns PD,s[2t] with Q1(D, δ) = 2s queries over GF(2t) in time
T1(D, δ) = poly(D, s)Õ(n). By Lemma 7, there is a non-adaptive proper exact learning
algorithm that learns DPD,s with Q2(D, δ) = Õ(s) log(1/δ) queries over GF(2t) in time
T2(D, δ) = poly(D, s)Õ(n) log(1/δ) and probability of success at least 1 − δ. By Lemma 6,
there is a non-adaptive proper exact learning algorithm that learns DPd,s with

Q3(D, δ) = 21.66DtQ2(D, δ) = Õ

(
s2.66+ 1.66

τ +os(1)

ϵ1.66 log n log(1/δ)
)

queries in time

T3(D, δ) = T2(D, δ) + poly(t, 2D)Q2(d, δ)n = Õ(n)poly(s, 1/ϵ) log(1/δ)

and probability of success at least 1 − δ. By Lemma 5 and 4, there is a non-adaptive exact
learning algorithm that learns PD,s with

Q4(D, δ) = D2DQ3(D, δ/D) = Õ

(
s3.66+ 2.66

τ +os(1)

ϵ2.66 log n log(1/δ)
)

queries in time T4(D, δ) = Õ(n) · poly(s, 1/ϵ) log(1/δ) and probability of success at least 1 − δ.
Now, by Lemma 3, there is a non-adaptive proper learning algorithm that learns Ps with

Q(D, δ) = O(w · Q4(D, 1/(16w)) log(1/δ)) = Õ

(
s3.66+τ+ 2.66

τ +os(1)

ϵ2.66+τ
log n log(1/δ)

)

queries in time T (D, δ) = w·T4(D, 1/(16w)) log(1/δ) = Õ(n)·poly(s, 1/ϵ) log(1/δ), probability
of success at least 1 − δ and accuracy 1 − ϵ.

For ϵ = 1/sβ we choose3 τ =
√

2.66/(1 + β) and get

Q(D, δ) = O

((s

ϵ

)2.66+ 1
β+1 + 3.262√

β+1 log n log(1/δ)
)

. ◀

3 This choice of τ minimizes the query complexity of the algorthm.
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5 The Learning Algorithm for Small ϵ

In this section, we give a more query-efficient learning algorithm for s-sparse polynomials
when ϵ < 1/s0.752 log s. We prove

▶ Theorem 10. Let β > 0 be any real number. There is a non-adaptive proper learning al-
gorithm for s-sparse polynomials with accuracy parameters ϵ = 1/sβ and confidence parameter
δ that makes

q =
(

s log 1
ϵ

)2 log s

sO(log log s) log n log(1/δ) =
(s

ϵ

) 2 log s+2 log β+O(log log s)
β+1 log n log(1/δ)

queries and runs in time Õ(qsn).

5.1 Technique

We will use the following result from [17]. See also [13].

▶ Lemma 11. Let Un,s be the set of all the assignments in {0, 1}n of Hamming weight at
least n − ⌊log s⌋ − 1. There is a non-adaptive exact learning algorithm for Ps that makes the
black-box queries in Un,s and runs in time sn(en/ log s)log s+1.

In particular,
1. Let f, g ∈ Ps be two distinct s-sparse polynomials. There is a ∈ Un,s such that f(a) ̸= g(a).
2. If f ∈ Ps depends on the variable xi then there are two assignments a, b ∈ Un,s that differ

only in the ith coordinate and f(a) ̸= f(b).
The above lemma follows from the fact that if f is of size s > 1, then there is i ∈ [n] such that
f = f1xi + f2 and f2 ̸≡ 0. Then either4 f2 = fxi←0 is of size ⌊s/2⌋, or f1 = fxi←0 + fxi←1 is
of size ⌊s/2⌋. See [17].

Item 2 follows from applying item 1 to f(x) and g(x) = f(1, x2, . . . , xn).
In the first stage of our algorithm, we set each variable to 0 with probability 1 −

1/O(log(s/ϵ)). This assignment removes monomials of size D > Ω((log s)(log(s/ϵ)). By
Lemma 3, to be able to collect all the monomials of size at most log(s/ϵ) of f , it is
enough to take O(log s) such assignments. This reduced the non-adaptive learning of s-
sparse polynomials to non-adaptive learning degree-d s-sparse polynomials, where d =
O((log s)(log s/ϵ)).

Now, let g be a degree-d s-sparse polynomial where d = O((log s)(log s/ϵ)). The function
g(x) depends on at most v = sd = O(s log s log(s/ϵ)) variables. We, uniformly at random,
assign the n variables of g into w = O(v2) new variables Y = {y1, y2, . . . , yw}. Let h(y) be
the resulted function. With high probability, different relevant variables in g are assigned
to different variables in Y . Now, assuming this event occurs, we run two algorithms. The
first one learns h(y) by the algorithm in Lemma 11. This takes |Uw,s| ≤ (ew/ log s)log s =
(s log(1/ϵ))O(log s) queries. The second algorithm uses item 2 in Lemma 11 to find the relevant
variable in g(x) corresponding to each yi (if any). To achieve that, for every two assignments
in Uw,s that differ in one coordinate, say i, we non-adaptively search for the relevant variable
among all the variables that are assigned to yi. Each search takes O(log n). This algorithm
takes w|Uw,s| log n = (s log(1/ϵ))O(log s) log n queries. This proves the Theorem.

4 fxi←0 is f when we substitute 0 in xi.
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5.2 The Algorithm
In this section, we give the algorithm and prove its correctness.

By Lemma 3 with log(1/p) = 1/ log(s/ϵ), we have

▶ Lemma 12 (Ps → Pd,s). Let w = 2 ln(16s). Suppose there is a non-adaptive proper
learning algorithm that exactly learns Pd,s with Q(d, δ) queries in time T (d, δ) and probability
of success at least 1 − δ. Then there is a non-adaptive proper learning algorithm that learns
Ps with O(w · Q(D, 1/(16w)) log(1/δ)) queries where

D =
(

log s

ϵ

)
(log s + log log s + 7),

in time w · T (D, 1/(16w)) log(1/δ), probability of success at least 1 − δ and accuracy 1 − ϵ.

The following is trivial:

▶ Lemma 13. There is a non-adaptive exact proper learning algorithm for C = {0, 1, x1, . . . ,

xn, x̄1, . . . , x̄n} that makes log n + O(1) queries and runs in time O(n log n).

We now prove

▶ Lemma 14. There is a proper exact learning algorithm for Pd,s with probability of success
at least 1 − δ that makes q = O(d(2e(ds)2/ log s)log s log n log(1/δ)) queries and runs in time
O(qn).

Proof. The algorithm draws uniformly at random a map ϕ : [n] → [m] where m = (2ds)2, and
defines F (x1, . . . , xm) = f(xϕ(1), . . . , xϕ(n)) and then exactly learns F using the algorithm in
Lemma 11. Then, for every i ∈ [m] and every a, b ∈ Um,s that differ in the ith coordinate, it
learns, using the algorithm in Lemma 13, f(π(i,a)) where

π
(i,a)
j =

{
aϕ(j) ϕ(j) ̸= i

xj ϕ(j) = i
.

Then the algorithm returns F (y1, . . . , ym) where yi = xj if there is a ∈ Um,s such that
f(π(i,a)) ∈ {xj , x̄j} and yi = 0 otherwise.

We now prove the correctness of the algorithm. Let xr1 , . . . , xrℓ
, ℓ ≤ ds, be the relevant

variables of f . The probability that ϕ(r1), . . . , ϕ(rℓ) are distinct is at least (1 − 1/m)(1 −
2/m) · · · (1 − (ℓ − 1)/m) ≥ 7/8. We now assume that this event occurs. In particular,
xϕ(r1), . . . , xϕ(rℓ) are the relevant variables of F .

Let ϕ(ri) = ti. Let a, b ∈ Um,s be two assignments that differ in the ti-th coordin-
ate and F (a) ̸= F (b). Then f(π(ti,a)) is a non-constant function, and since ϕ(ri) = ti,
we have f(π(ti,a)) ∈ {xri , x̄ri}. Therefore, yϕ(ri) = yti = xri and F (y1, . . . , ym) =
f(yϕ(1), . . . , yϕ(n)) = f .

The query complexity of the algorithm is |Um,s| = (em/ log s)log s for learning F and
d|Um,s| = d(em/ log s)log s log n for learning all f(π(i,a)). This algorithm has a success
probability of at least 7/8. Repeating the algorithm O(log(1/δ)) times gives the result. ◀

We are now ready to prove Theorem 10.

Proof. We first run the algorithm in Lemma 12. Then for each projection runs the algorithm
in Lemma 14 with d = D. This gives the query complexity in the Theorem. ◀
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6 Upper and Lower Bounds

In this section, we prove lower and upper bounds for learning sparse polynomials with
unlimited computational power.

As we have seen in the previous sections, for constant confidence δ, the query complexity
of the learning algorithms for ϵ = 1/sβ is of the form (s/ϵ)γ′ log n. In this section, we will
study learning algorithms with query complexity(s

ϵ

)γ(β)
log n.

We denote by Γ(β) = minA γ(β) the minimal possible value of γ(β) among all the learning
algorithms A of s-sparse polynomials with unlimited computational power. Formally,

Γ(β) = min
A

lim
n→∞

log(q(A)/ log n)
log(s/ϵ) .

In particular, we may assume that s and 1/ϵ are arbitrary small compared to n.
By Theorem 9 and 10, we already know the following bounds

Γ(β) ≤


2.66 + 3.262√

β+1
+ 1

β+1 β < 0.752 log s

2 log s+2 log β+O(log log s)
β+1 β ≥ 0.752 log s

In this section, we prove the upper bound Γ(β) ≤ 1 + min(1, β)/(β + 1). The above
bounds gives the upper bound

Γ(β) ≤



1 + β
β+1 β < 1

1 + 1
β+1 1 ≤ β < 4.923

log β
β+1 + Θ

(
1
β

)
β ≥ 4.923

. (3)

The exact bound when β ≥ 4.923 is

Γ(β) ≤ min
0.801<η<0.847

η + 1
β + 1 +

(
1 + η−1)H2

(
1

(β + 1)(1 + η−1)

)
,

where H2(x) = −x log2 x − (1 − x) log2(1 − x) is the binary entropy function. In particular,
Γ(β) ≤ 1.5 for all β and Γ(β) → 0 as β → 0.

We then prove the lower bound,

Γ(β) ≥



1
β+1 0 < β < 0.441

0.694 0.441 ≤ β < 2.548

log β
β+1 + Θ

(
1
β

)
β ≥ 2.548

. (4)

The exact bound when β ≥ 2.548 is

Γ(β) ≥ β · H2(1/β)
β + 1 .
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Notice that our first algorithm in Section 4, for ϵ = 1/sO(1), makes (s/ϵ)γ log n queries
where 2.66 ≤ γ ≤ 6.922 and the lower bound for this case is (s/ϵ)1/(β+1) log n = (s/ϵ)Θ(1) log n.
Therefore, our first algorithm is polynomial in the optimal query complexity and optimal
in n.

The second algorithm in Section 5, for ϵ = 1/sω(log s), makes (s/ϵ)O((log s+log β)/β) log n =
(s/ϵ)oβ(1) log n queries and the lower bound is (s/ϵ)βH2(1/β)/(β+1) log n = (s/ϵ)Θ(log β/β) log n.
Therefore, the query complexity of the second algorithm is polynomial in the optimal query
complexity when β = sΩ(1).

All the upper bounds are in the full paper. We next give the lower bounds.

6.1 Lower Bounds
In this section, we give three lower bounds that prove the lower bound in (4). We remind
the reader that the parameters s and 1/ϵ are arbitrary small compared to n.

We first give the following information-theoretic lower bound.

▶ Theorem 15. Any non-adaptive algorithm for Ps with a confidence probability of at least
2/3 must make at least

Ω
((

log 1
ϵ

)
s log n

)
queries. In particular, when ϵ = 1/sβ, the bound is

Ω̃
((s

ϵ

) 1
β+1
)

log n and Γ(β) ≥ 1
β + 1 .

Proof. Consider the class C = Plog(1/(2ϵ)),s. Consider a (randomized) non-adaptive learning
algorithm AR for Ps with a confidence probability of at least 2/3 and accuracy ϵ. Then AR is
also a (randomized) non-adaptive learning algorithm for C. Since any two distinct functions
in C have distance 2ϵ, AR exactly learns5 C with a confidence probability of at least 2/3. By
Yao’s minimax principle, there is a deterministic non-adaptive exact learning algorithm AD

with the same query complexity as AR that learns at least (2/3)|C| functions in |C|. By the
information theoretic lower bound, the query complexity of AD is at least log |C| − 2. Since

log |C| = log
(( n

log(1/(2ϵ))
)

s

)
= Ω

((
log 1

ϵ

)
s log n

)
,

the result follows. ◀

We now show the following.

▶ Theorem 16. Let ϵ = 1/sβ, β > 2. Any non-adaptive algorithm for Ps with a confidence
probability of at least 2/3 must make at least

Ω
((s

ϵ

) β·H2(1/β)
β+1 log n

)
queries.

In particular, for β > 2,

Γ(β) ≥ β · H2(1/β)
β + 1 ≥ log β

β + 1 .

5 Just take the function in C closest to the output of AR.
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Proof. Let t = log(1/ϵ) − log s − 2 ≥ log s − 2 and r = log s. Let W be the set of all pairs
(I, J) where I and J are disjoint sets, I ∪ J = [t + r], |I| ≥ t, and |J | = t + r − |I| ≤ r.
For every (I, J) ∈ W , define fI,J =

∏
i∈I xi

∏
j∈J(1 + xj). For k ∈ [n]\[t + r] define

fI,J,k = xk · fI,J . Consider the set C of all such functions. First notice that fI,J,k ∈ C ⊂
Pt+r+1,s ⊆ Ps and Pr[fI,J,k = 1] ≥ 2−(t+r+1) = 2− log(1/ϵ)+1 = 2ϵ. Furthermore, since
for (I1, J1, k1) ̸= (I2, J2, k2) the degree of fI1,J1,k1 + fI2,J2,k2 is log(1/ϵ) − 1, we also have
Pr[fI1,J1,k1 ̸= fI2,J2,k2 ] ≥ 2ϵ. Therefore, any learning algorithm for Ps (with accuracy ϵ and
confidence 2/3) is a learning algorithm for C and thus is an exact learning algorithm for C.

Consider now a (randomized) non-adaptive exact learning algorithm AR for C with a
success probability of at least 2/3 and accuracy ϵ. By Yao’s minimax principle, there is a
deterministic non-adaptive exact learning algorithm AD that for uniformly at random f ∈ C,
with a probability at least 2/3, AD returns f . We will show that AD must make more than
q = (1/20)w log N queries where N = n − (t + r) and w = |W | =

∑r
i=0
(

t+r
i

)
. Now since,

r ≤ (t + r)/2 + 1,

w =
log s∑
i=0

(
log 1

ϵ − 2
i

)
≥ Ω̃

(
2H2
(

log s
log(1/ϵ)

)
log(1/ϵ)

)
= Ω̃

((
1
ϵ

)H2(1/β)
)

= Ω̃
((s

ϵ

) β·H2(1/β)
β+1

)
we get the result.

To this end, suppose for the contrary, AD makes q queries. Let S = {a(1), . . . , a(q)} be the
set of queries that AD makes. For every (I, J) ∈ W , let SI,J = {a ∈ S|fI,J(a) = 1}. Since
for any two distinct (I1, J1), (I2, J2) ∈ W , we have fI1,J1 · fI2,J2 = 0, the sets {SI,J}(I,J)∈W

are disjoint. Let f = fI′,J ′,k′ be uniformly at random function in C. We will show that, with
probability at least 4/5, AD fails to learn f , which gives a contradiction.

Since

E(I,J)∈W [|SI,J |] =
∑

(I,J)∈W |SI,J |
|W |

= q

w
= (1/20) log N,

by Markov’s bound with probability at least 9/10, we have |SI′,J ′ | ≤ (1/2) log N . Since for
(I, J) ̸= (I ′, J ′), f(I′,J ′,k′)(SI,J ) = {0}, the only queries that are relevant for learning k′ in f

are the ones in SI′,J ′ . Therefore, it is enough to show that, if |SI′,J ′ | ≤ (1/2) log N , then
with probability at least 9/10, the queries in SI′,J ′ fail to learn k′. Since the algorithm is
deterministic and the number of possible answers to the queries in SI′,J ′ is 2(1/2) log N =

√
N ,

the number of possible distinct outputs of the algorithm is at most
√

N . Since k′ is drawn
uniformly at random and can take N possible values, the probability that the algorithm
returns k′ is less than or equal to

√
N/N = 1/

√
N ≤ 1/10. Therefore, the algorithm fails to

output k′ with probability at least 9/10. This completes the proof. ◀

We now show

▶ Theorem 17. Let ϵ = 1/sβ, 0.44 ≤ β ≤ 2.61. Any non-adaptive algorithm for Ps with a
confidence probability of at least 2/3 must make at least

Ω
((s

ϵ

)0.694
log n

)
queries.

Proof. Let η be such that 1+βη
1+β = 5+

√
5

10 ≈ 0.7236. Then 0.0955 ≤ η ≤ 0.618. Also

1 + βη

β(1 − η) = 1
(1 + β)/(1 + βη) − 1 = 3 +

√
5

2 ≈ 2.618. (5)
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Let

t = log s + (2η − 1) log(1/ϵ) + 3 = (1 + β(2η − 1)) log s + 3 (6)

and r = (1−η) log(1/ϵ)−3 = β(1−η) log s−3. We first show that t ≥ 3. By 5, 1+βη > β(1−η)
and therefore (1 + β(2η − 1)) > 0. Thus, by 6, t ≥ 3.

Let σ = 8ϵ1−ηs = 8s1−β(1−η). Since, by 5, β(1 − η) = (1 + βη)/2.618 ≤ (1 + 2.61 ·
0.618)/2.618 < 1, we have σ ≥ 8.

Let W be the set of all r-sets J ⊆ I := [t + r]. For every J ∈ W , define fJ =∏
i∈I\J xi

∏
j∈J(1 + xj). Let U be the set of all σ-sets J = {(J1, t1), . . . , (Jσ, tσ)} where

J1, . . . , Jσ ⊆ I are distinct r-sets and tk ∈ [n]\[t + r]. Let

fJ (x) =
σ∑

k=1
xtk

fJk
=

σ∑
k=1

xtk

∏
i∈I\Jk

xi

∏
i∈Jk

(1 + xi)

 .

We first show that fJ is well-defined. That is, it is possible to choose σ distinct r-sets
J1, . . . , Jσ ⊂ I. This is possible because(

t + r

r

)
=

(
(1 + βη) log s

β(1 − η) log s − 3

)
= s

(1+βη)H
(

β(1−η)
1+βη

)
−o(1) = s0.9594(1+βη)−o(1) (7)

and σ = 8s1−β(1−η) = 8s1−0.382(1+βη) < s0.626(1+βη) < s0.9594(1+βη)−o(1) =
(

t+r
r

)
.

Consider the class C = {fJ |J ∈ U}. The number of monomials of fJ (x) is σ2r = s and
therefore C ⊆ Ps. Since the terms of fJ are disjoint, we have Pr[fJ = 1] = σ2−(t+r)−1 =
4ϵ1−ηs · (ϵη/s) = 4ϵ. Notice that the distance between every two functions in C can be as
small as 2 · 2−(t+r) = 2ϵη/s = 2ϵη+β , which may take values less than ϵ. Therefore, the
argument used in Theorem 16 will not hold here.

Consider now a (randomized) non-adaptive learning algorithm AR for C with a success
probability of at least 2/3 and accuracy ϵ. By Yao’s minimax principle, there is a deterministic
non-adaptive learning algorithm AD that for a uniformly at random target function fJ ∈ C,
with probability at least 2/3, AD returns a hypothesis h(J ) that is ϵ-close to fJ . Consider the
deterministic algorithm A′D that runs AD and outputs J ′ where fJ ′ is the closest function
in C to h(J ). Since h(J ) is ϵ-close to both fJ and fJ ′ , fJ and fJ ′ are 2ϵ-close. We will
show in the sequel that if fJ and fJ ′ are 2ϵ-close, then |J ∩ J ′| ≥ σ/2. This shows that
A′D returns a σ-set J ′ that, with probability at least 2/3, |J ∩ J ′| ≥ σ/2 where fJ is the
target function. We now show that if A′D makes less than q = (1/100)w log N queries where
w =

(
t+r

r

)
and N = n − (s + t) then, with probability at least 2/3, algorithm A′D fails to

output such J ′. Now, since, by (7),(
t + r

r

)
= s0.9594(1+βη)−o(1) =

(s

ϵ

)0.9594 1+βη
β+1 −o(1)

=
(s

ϵ

)0.6942−o(1)
,

the result follows.
To this end, suppose A′D makes less than q queries. Let S = {a(1), . . . , a(q)} be the queries

that A′D makes. For every J ∈ W , let SJ = {a ∈ S|fJ(a) = 1}. Since for any two distinct
J1, J2 ∈ W , we have fJ1fJ2 = 0, the sets {SJ}J∈W are disjoint. Since

EJ∈W [|SJ |] =
∑

J∈W |SJ |
|W |

= q

w
= log N

100 ,

by Markov’s bound, at least 49/50 fraction of the r-subsets J of [t+r] satisfy |SJ | ≤ (1/2) log n.
Now, for a uniformly at random target function fJ = f{(J1,t1),...,(Jσ,tσ)} ∈ C, let Xi be an
indicator random variable that is equal to 1 if |SJi | > (1/2) log N . Then E[Xi] ≤ 1/50. Let
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X = X1 + · · · + Xσ. Since E[X] ≤ σ/50, by Markov’s bound, with probability at least 4/5,
at least 9σ/10 of the Jis in J satisfy |SJi

| < (1/2) log N . Assume, wlog, |SJi
| < (1/2) log N

for i ≤ 9σ/10. As in Theorem 16, the algorithm A′D can find each ti, i ≤ 9σ/10 with
probability at most 1/

√
N < 1/20. Since the tis are drawn iid and uniformly at random, by

Chernoff bound, with probability at least 4/5, the algorithm A′D fails to find σ/2 of the tis
for i ≤ 9σ/10. Therefore, with probability at least 2/3, A′D fails to return a σ-set J ′ such
that |J ∩ J ′| ≥ σ/2.

It remains to show that if fJ is 2ϵ-close to fJ ′ , then |J ∩ J ′| ≥ σ/2. Suppose, for the
contrary, |J ∩ J ′| < σ/2. Suppose, wlog, J = {(J1, t1), . . . , (Jσ, tσ)} and

J ′ = {(J1, t1), . . . , (Jℓ, tℓ), (Jℓ+1, t′ℓ+1), . . . , (Jµ, t′µ), (J ′µ+1, t′µ+1), . . . , (J ′σ, t′σ)}

where Ji, J ′k, i ∈ [σ], k ≥ µ + 1 are distinct r-subsets of [r + t] and t′i ̸= ti for µ ≥ i > ℓ. Then

fJ + fJ ′ =
µ∑

k=ℓ+1
(xtk

+ xt′
k
)fJk

+
σ∑

k=µ+1
xtk

fJk
+

σ∑
k=µ+1

xt′
k
fJ′

k
.

Since fJi
, fJ′

k
, i ∈ [σ], k ≥ µ + 1 are pairwise disjoint and 2σ − µ − ℓ > σ/2, we have

Pr[fJ ̸= fJ ′ ] = Pr[fJ + fJ ′ = 1] = (2σ − µ − ℓ)2−(t+r)−1 >
σ

2 4ϵ1−ηs · (ϵη/s) = 2ϵ.

A contradiction. ◀
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A Proof of Lemma 2

Recall that HPd is the set of homogeneous polynomial F of degree d over the variables
Y = {yi,j}i∈[n],j∈[d] where each monomial of F is of the form y1,i1y2,i2 · · · yd,id

where
{i1, i2, . . . , id} ∈

([n]
d

)
. Throughout this section, q will be a power of two. All the arithmetic

operations in the field GF(qt) have time complexity poly(t, log q). Therefore, each arithmetic
operation will be considered as one unit-time.

Let d > 1 be an integer. We write GF(qt) N−→dGF(q) if there are Nd linear maps
Mi,j : GF(qt) → GF(q), i ∈ [N ], j ∈ [d] and elements {αi}i∈[N ] in GF(qt) such that for every
a1, a1, . . . , ad ∈ GF(qt)

d∏
j=1

aj =
N∑

k=1

αk

d∏
j=1

Mk,j(aj)

 . (8)

We say that GF(qt) N−→dGF(q) in time T if such maps can be found in time T .
We first prove

▶ Lemma 18. If GF(2t) N−→dGF(2) in time T , then we can find maps M∗
k : GF(2t)dn →

GF(2)dn, k ∈ [N ] in time O(Tn) that are computable in time O(dnt) such that, for every
F ∈ HPd and every β ∈ GF(2t)dn, we have

F (β) =
N∑

i=1
αiF (M∗

i (β)).

https://eccc.weizmann.ac.il/report/2019/156
https://eccc.weizmann.ac.il/report/2019/156
http://arxiv.org/abs/TR19-156
https://doi.org/10.1007/978-3-031-20624-5_19
https://doi.org/10.1007/978-3-031-20624-5_19
https://doi.org/10.1137/S009753979732058X
https://doi.org/10.1137/S009753979732058X
https://doi.org/10.1016/0304-3975(91)90157-W
https://doi.org/10.1137/0222046
https://doi.org/10.1137/0221014
https://doi.org/10.1016/j.tcs.2007.05.018
https://doi.org/10.1137/0220019
https://doi.org/10.1006/jcss.1996.0017
https://doi.org/10.1006/jcss.1996.0017
https://doi.org/10.1145/1968.1972
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Proof. Since GF(2t) N−→dGF(2) in time T , we can find Nd linear maps Mi,j : GF(2t) → GF(2),
i ∈ [N ], j ∈ [d] and elements {αi}i∈[N ] in GF(2t) such that for every a1, a1, . . . , ad ∈ GF(qt),
(8) holds.

We define M∗
k ((yj,i)i∈[n],j∈[d]) = (Mk,j(yj,i))i∈[n],j∈[d]. Let F be any function in HPd.

Suppose

F ((yj,i)i∈[n],j∈[d]) =
∑

I={i1,i2,...,id}∈S

γI

d∏
j=1

yj,ij


where S ⊆

([n]
d

)
and γI ∈ GF(2) for all I ∈ S. Then for every β ∈ GF(2t)dn, by 8, we have

F (β) =
∑

I={i1,i2,...,id}∈S

γI

d∏
j=1

βj,ij


=

∑
I={i1,i2,...,id}∈S

γI

N∑
k=1

αk

d∏
j=1

Mk,j(βj,ij )



=
N∑

k=1

αk

∑
I={i1,i2,...,id}∈S

γI

 d∏
j=1

Mk,j(βj,ij
)


=

N∑
k=1

αkF ((Mk,j(βj,i))i∈[n],j∈[d]) =
N∑

k=1
αkF (M∗

k (β)). ◀

In particular, to prove Lemma 2, it is enough to prove.

▷ Claim 19. For any integer power of two t > 1, we have GF(2t) Õ(21.66d)t−−−−−−→dGF(2) in time
poly(t, 2d).

We now prove some Lemmas which lead to this result.
Using exhaustive search for the linear maps Mi,j and {αi}i∈N , we have

▶ Lemma 20. If GF(qt) N−→dGF(q) then GF(qt) N−→dGF(q) in time qO(tdN).

The following four Lemmas are easy to prove.

▶ Lemma 21. If GF(qt) N−→dGF(q) in time T then for every N ′ ≥ N , GF(qt) N ′

−−→dGF(q) in
time T .

▶ Lemma 22. If GF(qt) N−→dGF(q) in time T then for every d′ ≤ d, GF(qt) N−→d′GF(q) in
time O(T ).

▶ Lemma 23. If GF(qt1t2) N2−−→dGF(qt1) in time T1 and GF(qt1) N1−−→dGF(q) in time T2 then

GF(qt1t2) N1N2−−−−→dGF(q)

in time O(T1 + T2 + N1N2t1t2).

▶ Lemma 24. If GF(qt) N1−−→d1GF(q) in time T1 and GF(qt) N2−−→d2GF(q) in time T2 then

GF(qt) N1N2−−−−→d1+d2GF(q)

in time O(T1 + T2 + N1N2).

STACS 2023
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In particular, by Lemmas 22 and 24, we get

▶ Lemma 25. If GF(qt) N−→d′GF(q) in time T then GF(qt) N⌈d/d′⌉

−−−−−→dGF(q) in time O(dT/d′+
N⌈d/d′⌉).

Now we prove

▶ Lemma 26. If q ≥ d(t − 1), then GF(qt) d(t−1)+1−−−−−−→dGF(q) in time poly(dt).

Proof. Let f (1), . . . , f (d) ∈ GF(q)[x] be arbitrary d polynomials of degree t − 1 where
f (i) =

∑t−1
j=0 f

(i)
j xj . Choose an element β ∈ GF(qt) such that GF(qt) ∼= GF(q)[β]. Then

a1 := f (1)(β), . . . , ad := f (d)(β) are arbitrary d elements in GF(qt). So it is enough to show
that

∏d
i=1 f (i)(β) can be expressed as in (8) with N = d(t − 1) + 1.

Let f =
∏d

i=1 f (i)(x) = f0 +f1x+ . . .+fd(t−1)x
d(t−1). One way to express the coefficients

of f as functions of f
(i)
j , i ∈ [d], j = 0, 1, . . . , d(t − 1), is the following: First, we have

fd(t−1) =
∏d

i=1 f
(i)
t . Then substitute d(t − 1) distinct elements η1, . . . , ηd(t−1) of the field

GF(q) in
∏d

i=1 f (i)(x) and interpolate to find coefficients f0, . . . , fd(t−1)−1. This shows that
for every i = 0, 1, . . . , d(t − 1), there are ωi,0, ωi,1, . . . , ωi,d(t−1) independent of f

(i)
j , i ∈ [d],

j = 0, 1, . . . , d(t − 1) such that

fi = ωi,0

d∏
k=1

f
(k)
t +

d(t−1)∑
j=1

wi,jf(ηj) = ωi,0

d∏
k=1

f
(k)
t +

d(t−1)∑
j=1

wi,j

d∏
k=1

f (k)(ηj).

Then
d∏

i=1
f (i)(x) =

d(t−1)∑
i=0

fix
i =

d(t−1)∑
i=0

ωi,0xi

 d∏
k=1

f
(k)
t +

d(t−1)∑
j=1

d(t−1)∑
i=0

wi,jxi

 d∏
k=1

f (k)(ηj).

Let

αi =
d(t−1)∑

i=0
wi,jβi

for j = 0, 1, . . . , d(t − 1). Then
d∏

i=1
f (i)(β) = α0

d∏
k=1

f
(k)
t +

d(t−1)∑
j=1

αj

d∏
k=1

f (k)(ηj).

Now recall that f (i)(β), i ∈ [d] are d (arbitrary) elements in GF(qt). Since ηj ∈ GF(q) we
have f

(k)
i and f (k)(ηj) are linear functions from GF(qt) to GF(q). This implies the result. ◀

The following lemma proves Claim 19 for a power of two t = O(log d).

▶ Lemma 27. Let c be a constant. Let t be a power of two such that t < c log d. We have
GF(2t) 21.66d

−−−−→dGF(2) in time poly(2d).

Proof. By Lemma 26, GF(22) 3−→2GF (2) in time O(1). By Lemma 25, GF(22) N1=3⌈d/2⌉

−−−−−−−→d

GF (2) in time O(N1). Now for any i, by Lemma 26, GF(22i+1) 22i
+1−−−−→22i GF (22i) in time

poly(22i). By Lemma 25, GF(22i+1) Ni−−→dGF(22i) in time poly(22i) + O(Ni) where Ni =
(22i +1)

⌈
d/22i⌉

. By Lemma 23, we have GF(2t) N−→dGF(2) in time poly(2t, 2log2 dN) = poly(2d)
where

N = 3⌈d/2⌉5⌈d/4⌉ · · · (2t/2 + 1)⌈d/2t/2⌉ ≤ 2O(log2 d)2( log 3
2 + log 5

4 +··· )d ≤ 21.66d. ◀
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The following lemma will be frequently used to prove Claim 19 for larger values of d.

▶ Lemma 28. Let t and t′ be powers of 2, where 2 log(dt) > t′ ≥ log(dt). Then GF(2t) dt/t′

−−−→d

GF(2t′) in time poly(dt).

Proof. We have q = 2t′ ≥ dt ≥ d(t/t′ − 1). By Lemma 21 and 26, the result follows. ◀

The following lemma proves Claim 19 for a power of two t = dO(1).

▶ Lemma 29. Let c be a constant. Let t be a power of two such that t < dc. We have
GF(2t) Õ(21.66d)t−−−−−−→dGF(2) in time poly(2d).

Proof. By Lemma 28, GF(2t) dt/t′

−−−→dGF(2t′) in time poly(dt) for some power of two t′, where
t′ ≤ 2(c + 1) log d. By Lemma 27, GF(2t′) 21.66d

−−−−→dGF(2) in time poly(2d). By Lemma 23,

GF(2t) Õ(21.66d)t−−−−−−→dGF(2) in time poly(2d). ◀

The following lemma proves Claim 19 for a power of two t = 2dO(1) .

▶ Lemma 30. Let c be a constant. Let t be a power of two such that t < 2dc . We have
GF(2t) Õ(21.66d)t−−−−−−→dGF(2) in poly(t, 2d).

Proof. By Lemma 28, GF(2t) dt/t′

−−−→dGF(2t′) in time poly(dt) for some power of two t′,

where t′ ≤ dc+2. By Lemma 29, GF(2t′) Õ(21.66d)t′

−−−−−−−→dGF(2) in time poly(2d). By Lemma 23,

GF(2t) Õ(21.66d)t−−−−−−→dGF(2) in time poly(t, 2d). ◀

The following is from [9], Corollary 17 item 7

▶ Lemma 31. For any q ≥ d and t, we have GF(qt) O(d4t)−−−−→dGF(q).

By Lemma 31 and Lemma 20 we get

▶ Lemma 32. For any q ≥ d and t, we have GF(qt) O(d4t)−−−−→dGF(q) in time qO(t2d5).

The following lemma proves Claim 19 for a power of two t > 2d12 .

▶ Lemma 33. Let t ≥ 2d12 be a power of two. We have GF(2t) Õ(21.66d)t−−−−−−→dGF(2) in time
poly(t, 2d).

Proof. Let 2d > 2ℓ ≥ d power of two. By Lemma 28, we have GF(2t) dt/t′

−−−→dGF(2t′) in time
poly(dt) for a power of two 2 log(dt) > t′ ≥ log(dt). Then again, by Lemma 28, we have
GF(2t′) dt′/t′′

−−−−→dGF(2t′′) in time poly(dt′) for a power of two 2 log(dt′) > t′′ ≥ log(dt′). By
Lemma 32, GF(2t′′) O(d4t′′/ℓ)−−−−−−→dGF(2ℓ) in time

(2ℓ)O((t′′/ℓ)2d5)) ≤ 2O(d6 log2 log t) ≤ 2O(log1/2 t log2 log t) < t.

By Lemma 29, GF(2ℓ) Õ(21.66d)ℓ−−−−−−→dGF(2) in time poly(2d). By Lemma 23, GF(2t) Õ(21.66d)t−−−−−−→d

GF(2) in time poly(t, 2d). ◀

Now Claim 19 follows immediately from Lemma 29 and 33.

STACS 2023
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B Proof of Lemma 8

In this Section, we prove
▶ Lemma 7. Let t = d′m be an integer where d < d′ = O(d) and log n < m = O(log n).
There is a deterministic non-adaptive proper exact learning algorithm that learns Pd,s[2t]
with 2s queries in GF(2t)n in time poly(d, s) · Õ(n).

Proof. The proof is the same as in [3].
Let w ∈ GF(2t) such that GF(2t) ≃ GF(2m)[w]. The minimal polynomial p ∈ GF(2m)[x]

of w is of degree d′ − 1 ≥ d. Each element in GF(2t) can be represented as γ0 + γ1w + · · · +
γd′−1wd′−1 where γi ∈ GF(2m) for all i.

Let f(x) =
∑s

i=1 aiMi, where Mi = xri,1xri,2 · · · xri,di
and di ≤ d for all i ∈ [s]. Here, we

assume that the number of monomials in f is exactly s. We will show later the case when
the size is less than s.

We choose n distinct elements α1, α2, · · · , αn in GF(2m). This is possible because 2m ≥ n.
The queries of the algorithm are

ui = ((w − α1)i, (w − α2)i, . . . , (w − αn)i), i = 0, 1, 2, . . . , 2s − 1.

Let vi = f(ui).
We now show how to find Mi, i ∈ [s], and then find the coefficients ai, i ∈ [s].
We first give some observations. Let mi = Mi(u1) and Λ(x) =

∏
i∈[s](x−mi) =

∑s
i=0 λix

i.

Notice that Mi(uj) = mj
i and Λ(mi) = 0 for every i. Now, for every ℓ = 0, 1, 2, . . . , s − 1

0 =
s∑

i=1
aim

ℓ
iΛ(mi) =

s∑
i=1

aim
ℓ
i

s∑
j=0

λjmj
i =

s∑
j=0

λj

s∑
i=1

aim
ℓ+j
i

=
s∑

j=0
λj

s∑
i=1

aiMi(uℓ+j) =
s∑

j=0
λjvℓ+j .

Since λs = 1, we get the linear equation V λ = v, where

V =


v0 v1 v2 · · · vs−1
v1 v2 v3 · · · vs

...
...

...
. . .

...
vs−1 vs vs+1 · · · v2s−1

 , λ =


λ0
λ1
...

λs−1

 and v =


−vs

−vs+1
...

−v2s−1

 .

Ben-Or and Tiwari show in [3] that if f has s monomials, then V is a non-singular matrix.
Then we can find λ = V −1v and therefore Λ(x). By factoring Λ(x), we get mi = Mi(u1).
Let mi = mi,0 + mi,1w + · · · + mi,d′−1wd′−1 where mi,j ∈ GF(2m) for all j. Now since
mi = Mi(u1) = (w − αri,1) · · · (w − αri,di

) and the minimal polynomial of w is of degree
d′ − 1 ≥ d ≥ di, we have mi,0 + mi,1x + · · · + mi,d′−1xd′−1 = (x − αri,1) · · · (x − αri,di

). So
by factoring mi,0 + mi,1x + · · · + mi,d′−1xd′−1, we get αri,1 , . . . , αri,di

and therefore Mi(x).
To find the coefficients ai, we solve the linear equation f(ui) =

∑s
i=1 aiMi(ui) = vi, i =

0, 1, . . . , s − 1. This finishes the case when the number of monomials is s. When the number
of monomial is at most s, then it is known that the number of monomials is equal to the
maximum r such that the upper left r × r sub-matrix of V is non-singular. So we find r and
continue as above. ◀
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In a strongly connected graph G = (V, E), a cut arc (also called strong bridge) is an arc e ∈ E whose
removal makes the graph no longer strongly connected. Equivalently, there exist u, v ∈ V , such
that all u-v walks contain e. Cut arcs are a fundamental graph-theoretic notion, with countless
applications, especially in reachability problems.

In this paper we initiate the study of cut paths, as a generalisation of cut arcs, which we naturally
define as those paths P for which there exist u, v ∈ V , such that all u-v walks contain P as subwalk.
We first prove various properties of cut paths and define their remainder structures, which we use to
present a simple O(m)-time verification algorithm for a cut path (|V | = n, |E| = m).

Secondly, we apply cut paths and their remainder structures to improve several reachability
problems from bioinformatics, as follows. A walk is called safe if it is a subwalk of every node-covering
closed walk of a strongly connected graph. Multi-safety is defined analogously, by considering node-
covering sets of closed walks instead. We show that cut paths provide simple O(m)-time algorithms
verifying if a walk is safe or multi-safe. For multi-safety, we present the first linear time algorithm,
while for safety, we present a simple algorithm where the state-of-the-art employed complex data
structures. Finally we show that the simultaneous computation of remainder structures of all
subwalks of a cut path can be performed in linear time, since they are related in a structured way.
These properties yield an O(mn)-time algorithm outputting all maximal multi-safe walks, improving
over the state-of-the-art algorithm running in time O(m2 + n3).

The results of this paper only scratch the surface in the study of cut paths, and we believe a rich
structure of a graph can be revealed, considering the perspective of a path, instead of just an arc.
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1 Introduction

1.1 Motivation
Connectivity problems are a fundamental aspect of graph theory and graph algorithms. In
directed graphs, cut arcs (also known as strong bridges) are a basic structure to characterise
the reachability properties of the graph. They are defined as arcs whose removal makes
the graph no longer strongly connected, or equivalently, as arcs e such that there exists a
pair of nodes u, v such that each u-v walk contains e. Cut arcs and the related strongly
connected components are nowadays part of any lecture about graph theory. Moreover,
significant work has been done to investigate the properties of a graph in relation to its
cut arcs, e.g. by finding all cut arcs in linear time [14], and, after linear-time preprocessing,
answering connectivity queries in constant time under the removal of any single arc [11].
These gave rise to further theoretical advances, and are used in algorithms to compute e.g.
2-vertex connected components in directed graphs [10] or 2-edge connected components in
directed graphs [9]. The results are also useful for more practical works, like in the analysis
of non-equilibrium biochemical reaction networks [22] or when analysing real-world graphs
such as social networks or the world wide web [15]. Naturally, cut arcs play a crucial role in
various practical networks, as they represent critical links in e.g. communication networks,
road networks or transportation networks.

A natural generalisation of a cut arc is a cut path2, similarly defined as a walk (not a single
arc) W such that there exists a pair of nodes u, v such that each u-v walk has W as subwalk.
While there is (to the best of our knowledge) no research around cut paths as such, they
seem to be equally fundamental as cut arcs. On the practical side, one can view cut paths
as representing critical routes through social networks, the world wide web, communication
networks, road networks or transportation networks. Additionally, in practical applications,
when nodes represent street crossings or network routers, cut paths imply critical links within
these objects. On the more theoretical side, in this paper we show that cut paths are a useful
tool in some reachability problems theoretically modelling the genome assembly problem in
bioinformatics. In addition to exhibiting interesting properties on their own, cut paths also
allows us to improve several of these results, as we discuss in Section 1.3.

1.2 Overview of cut paths
To give an overview of cut paths, we start with some basic definitions. A graph G = (V, E)
with n nodes and m arcs is directed and may have self-loops. For an arc e = (u, v), we
call u = tail(e) its tail and v = head(e) its head. Sets of nodes can induce subgraphs in
the standard manner. A graph is strongly connected if each pair of nodes is connected by
a directed path in both directions. A strongly connected component (SCC) is a maximal
induced subgraph that is strongly connected. A cut arc is an arc that upon removal increases
the number of strongly connected components in G.

2 Note that walks that contain a cycle cannot be cut paths, hence the name cut path and not cut walk.
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(a) (b)

Figure 1 (a) A cut path P = (p1, p2, p3, p4, p5), highlighted by red dashed nodes. Each walk
from p1 to p5 has P as a subwalk. (b) The remainder structure of P . The set R+(P ) is enclosed
by the green area, and the set R−(P ) is enclosed by the blue area. Its source component S−(P ) is
highlighted by blue nodes, its sink component S+(P ) is highlighted by green nodes and the inner
component S̄(P ) is highlighted by grey nodes. The path component P̄ (P ) is the intersection of
R+(P ) and R−(P ). Note that, to get from S+(P ) to S−(P ), one needs to traverse P completely.

An equivalent definition of a cut arc in strongly connected graphs is an arc that is part
of all walks from some node to some other node. Generalising, a cut path is a walk that is a
subwalk of all walks from some node to some other node. We assume a graph to be strongly
connected from here on.

When removing a cut arc (u, v) from a graph, the graph is not strongly connected anymore,
but instead contains multiple SCCs. There is exactly one source SCC (containing v), which is
an SCC without any incoming arcs from other SCCs, and exactly one sink SCC (containing
u), which is an SCC without any outgoing arcs to other SCCs. The source is connected to
the sink via direct arcs or via other SCCs.

A similar structure exists for cut paths, which we call their remainder structure. This
structure is helpful both to efficiently check whether a walk is a cut path, and for applying
cut paths to other problems. We define the remainder structure of a cut path P = (p1, . . . , pℓ)
(where pi are nodes), which we denote R(P ) = (S−(P ), S̄(P ), S+(P ), P̄ (P )), as follows. Let
R+(P ) be the set of nodes reachable by walks starting from the first node of P without using
(pℓ−1, pℓ). Symmetrically, let R−(P ) be the set of nodes reaching the last node of P without
using (p1, p2). With this definition, R+(P ) and R−(P ) may intersect, so we define the source
component S−(P ) := R−(P ) \R+(P ), the sink component S+(P ) := R+(P ) \R−(P ), the
inner component S̄(P ) := V \ (S− ∪ S+), and the path component P̄ (P ) := R−(P ) ∩R+(P ).
In the remainder structure R(P ), for each node u in the subgraph induced by S−(P ) and
each node v in the subgraph induced by S+(P ), the walk P is on every u-v walk in G.
Computing the remainder structure is trivial given its definition, and it additionally allows
for a very simple way to efficiently check if a walk is a cut path.

▶ Theorem 1 (Efficient verification of cut paths). Let P = (p1, . . . , pℓ) be a walk of length
ℓ− 1 ≥ 1. P is a cut path if and only if P̄ (P ) = {p2, . . . , pℓ−1} (specifically, for ℓ = 2, P̄ (P )
is empty). This property can be verified in O(m) time.

1.3 Applications of cut paths
Background. We apply cut paths to improve several reachability-based results that have
been given over the last years for “safe walks”, motivated by the genome assembly problem
in bioinformatics [20, 5, 6, 1, 17, 16]. We give here a minimal self-contained description, and
refer the reader to these papers for motivation and applications. One can formulate the
genome assembly problem as finding one closed node-covering walk (i.e., passing through
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every node at least once)3 in a given strongly connected graph built from the input sequencing
data. Since such graphs may admit multiple such walks, one can define a safe walk as one
appearing in any closed node-covering walk of a strongly connected graph. Formally:

▶ Definition 2 (Safe walk [20]). Given a graph G, a walk is safe if it is a subwalk of each
possible closed node-covering walk of G.

We are interested in enumerating all maximal safe walks, namely all those that are not
a proper subwalk of another safe walk. These can be thought as representing the maximal
correct (partial) answers to the genome assembly problem. In [20] it is argued that some
specific types of walks used by genome assembly programs are safe walks, and thus finding
all maximal safe walks can be relevant in practice, since it can lead to longer parts of the
genome being reconstructed. Similar problems have been previously studied without the
covering constraint but instead by considering subwalks of all possible walks from a given
node s to a given node t [4], or with the covering constraint set to cover exactly once (i.e.,
closed Eulerian walks) [16, 2].

Safe walks can be characterised as follows. Let (w1, . . . , wℓ) be a walk. A path from wi

to wj , with 1 < i ≤ j < ℓ, with first arc different from (wj , wj+1), and last arc different from
(wi−1, wi), is called a forbidden path. Tomescu and Medvedev [20] proved that a walk is
safe if and only if it has no forbidden path and all its arcs are cut arcs. For a walk made
up only of cut arcs, such a forbidden path can be seen as a NO-certificate, since it testifies
that the walk is not safe. Even though NO-certificates are usually harder to check, Cairo et
al. [6] showed that the absence of a forbidden path can be checked in O(m) time, but using
complex data structures. Moreover, all maximal walks without forbidden paths can still be
enumerated in O(mn) time [5]. By appropriately splitting such walks at non-cut arcs, and
removing duplicates, also maximal safe walks can be enumerated in O(mn) time.4

One can also consider another variant of the problem, where one needs to assemble
an unknown number of genomes from a graph, or a genome with an unknown number of
chromosomes [1]. For this, one can formulate the genome assembly problem as finding a
node-covering set of closed walks (i.e., such that every node appears in at least one walk in
the set). In this setting, the notion of safety is adapted as follows:

▶ Definition 3 (Multi-safe walk [20, 1]). Given a graph G, a walk is multi-safe if it is a
subwalk of some walk in each possible node-covering set of proper closed walks of G.

The theory around multi-safe walks is less developed, the only algorithmic result being by
Obscura Acosta et al. [1], who showed that all maximal multi-safe walks can be enumerated
in O(m2 + n3) time. This algorithm is also based on forbidden paths, with some additional
conditions. One reason behind this lack of overall progress around multi-safe walks can be
due to the lack of a YES-certificate, which requires building new machinery from scratch.

Safety-related previous works. The idea of partial solutions common to all solutions to a
problem is very natural and has appeared in several other contexts. For example, Costa [7]
studied persistent edges belonging to all maximum matching of a bipartite graph, and Hammer

3 To be precise, [20, 5, 6, 1] focus mostly on the arc-covering case, where the closed walks have to pass
through all arcs at least once. In this paper we focus on the node-covering case, for two reasons: first, it
has a more direct relation to cut paths, and second, the arc-covering case can be reduced to it in linear
time by subdividing every arc (i.e., introducing a node in the middle of every arc).

4 This fact was not observed previously in the literature (recall that in this paper we are defining safety
in terms of node-covering walks), but follows by standard techniques of removing duplicates using a
suffix tree. For completeness, we explain this in Section 4 and Appendix A.
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et al. [13] studied persistent nodes belonging to all maximum stable sets. Recently, Bumpus
et al. [3] studied c-essential vertices, defined as those contained in all c-approximate solutions
to e.g. Odd Cycle Transversal and Directed Feedback Vertex Set problems. See also Table 1
in [3] for algorithms detecting some c-essential vertices for several other NP-hard problems.
As opposed to the latter problems, in this paper we tackle polynomially solvable problems
(computing closed node-covering walks is trivial), and thus their safe partial solutions admit
rich structures which can be exploited in getting efficient algorithms enumerating all of them.

Our results. We show that cut paths and their remainder structure provide a flexible
technique to study both safe and multi-safe walks. For example, they can be used to derive
natural YES-certificates for both types of walks.

Figure 2 Walks P , Q, R and their cores highlighted by red dashed nodes. Nodes p3, q3 and r2

are splits, and nodes p3, q4 and r4 are joins. The walks P and Q are interleaved, and the walk R is
non-interleaved. Note that (q1, . . . , q5) is defined to be interleaved, since even though it has separate
split-free and join-free parts, they are not trivially safe since (q3, q4) is only safe if it is a cut arc.

To describe our results, we need additional definitions for walks. Examples for these
definitions are given in Figure 2. A split is a node with at least two outgoing arcs and a join
is a node with at least two incoming arcs. Let W = (w1, . . . , wℓ) be a walk with ℓ ≥ 2. The
inner nodes of W are w2, . . . , wℓ−1. Let wi be its first inner join, or wℓ if W has no inner
join. Let wj be its last inner split, or w1 if W has no inner split. Then W is an interleaved
walk if i ≤ j + 1 and a non-interleaved walk otherwise. The core of an interleaved walk is its
subwalk from wi−1 to wj+1. The core of a non-interleaved walk is its subwalk from wj to wi.

A first consequence is that verifying whether a walk is safe can now be done by a simple
check whether the core of a walk is a cut path (after excluding trivial cases). Since this
can be computed in linear-time using simple graphs traversals (Theorem 1), we obtain a
verification algorithm much simpler than the one in [6] (which uses complex data structures
from [11], which in turn uses dominator trees [8] and loop-nesting forests [19]).

▶ Theorem 4 (Safety characterisation and verification). Let W be a walk, and let C(W ) be
its core. W is safe if and only if it is a non-interleaved walk or C(W ) is a cut path. This
property can be verified in O(m) time.

In our proof, we use the properties of the remainder structure to show that if the core
of a walk W is not a cut path, then it can be replaced by a walk avoiding the core in any
closed node-covering walk. On the other hand, if the core is a cut path, then there is a pair
of nodes that can only be connected via the core. Since a closed node-covering walk contains
a subwalk between each pair of nodes, that makes W safe.

For the multi-safe case we obtain a YES-certificate based on checking a property of the
remainder structure. This leads to the first linear-time algorithm verifying whether a walk is
multi-safe. In contrast to safe walks, the characterisation depends on the existence of certain
SCCs of size one. Intuitively, a multi-safe walk must be safe, since otherwise there would be
a closed node-covering walk avoiding it, which then also disproves multi-safety. Moreover,
if R+(C(W )), R−(C(W )) and S̄(C(W )) of a core C(W ) contain only SCCs of size at least
two, then they can all be covered by proper closed walks without leaving the respective
component, and thus without using C(W ) as subwalk, disproving the multi-safety of W . If
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however one of them contains an SCC of size one, then to cover this SCC, the respective
component needs to be left and reentered. This can only happen by using C(W ) as subwalk,
hence W is multi-safe.

▶ Theorem 5 (Multi-safety characterisation and verification). Let W be a walk, and let C(W )
be its core. If W is non-interleaved, then it is multi-safe. Otherwise, it is multi-safe if and
only if it is safe and any of G[S̄(C(W ))], G[R+(C(W ))] or G[R−(C(W ))] contains an SCC
of size one. This property can be verified in O(m) time.

Lastly, we improve the existing O(m2 + n3)-time algorithm enumerating all maximal
multi-safe walks. A naive application of Theorem 5 would lead to an O(m2n)-time algorithm
for this enumeration problem, already improving the previous one for dense graphs. However,
by proving several additional properties of the remainder structure, we can amortise the time
to just O(mn + o), where o is the size of the output. First, the remainder structure of all
subwalks P ′ of a given cut path P can be precomputed in linear time. This works because
when shifting either the start or end of the subwalk to the right (along the walk), then the
set R+(P ′) monotonously grows and the set R−(P ′) monotonously shrinks (except for some
subwalks that are trivial to handle without the remainder structure). Further, when growing
R+(P ′), only complete SCCs get removed from the inner component, and when shrinking
R−(P ′), the existing SCCs in the inner component are not altered.

▶ Theorem 6 (Enumerating maximal multi-safe walks). All maximal multi-safe walks can be
identified in O(mn) time and enumerated in O(mn + o) time, where o is the total length of
the output and it holds that o ∈ O(n3).

In a nutshell, using cut paths and the remainder structure, we gain a deeper understanding
of critical structures for the connectivity of directed graphs. In bioinformatics applications,
this allows us to get better characterisations for two problems that for the first time admit
a simple to compute and verify YES-certificate. Moreover, meticulously investigating the
properties of the remainder structure, we improve over the complexity of the best known
enumeration algorithm for maximal multi-safe walks.

Notation. A split is a node with at least two outgoing arcs, and a join is a node with at
least two incoming arcs. Let G = (V, E) be a strongly connected graph, with |V | = n and
|E| = m ≥ n. We denote the removal of an arc e ∈ E by G−e. Given a subset of nodes V ′ ⊆ V ,
the subgraph induced by V ′ subgraph is defined as G[V ′] = (V ′, {(u, v) ∈ E | u, v ∈ V ′}).

For two nodes u, v ∈ V , a u-v walk of length ℓ−1 is a sequence of nodes W = (w1, . . . , wℓ)
with w1 = u and wℓ = v and such that for each i ∈ {1, . . . , ℓ−1} it holds that (wi, wi+1) ∈ E.
The tail tail(W ) of W is w1, and the head head(W ) of a W is wℓ. W is closed if u = v and
open otherwise. W is a path if all nodes are unique except that w1 = wℓ is allowed. The inner
nodes of a W are the nodes w2, . . . , wℓ−1, where a walk of length ℓ−1 ≤ 1 has no inner nodes.
The notation WW ′ denotes the concatenation of walks W and W ′ if head(W ) = tail(W ′).
Subwalks of walks are defined in the standard manner, where subwalks of closed walks may
run over the end (e.g. (c, a, b) is a subwalk of (a, b, c, a)). A proper subwalk of W is a subwalk
that is shorter than W .

2 Cut paths and their remainder structure

In this section, we formally define cut paths and the remainder structure and prove their
main properties. See Appendix B for all formal proofs that we omitted here.
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▶ Definition 7. A walk W in a strongly connected graph G = (V, E) is a cut path if there is
a pair of nodes u, v ∈ V such that all u-v walks in G have W as subwalk.

One intuitive property of a cut path is that it is an open path.

▶ Lemma 8 (Open path property). A cut path is an open path.

Further, for any cut path P , the pair of nodes tail(P ), head(P ) is a witness for P being
a cut path, i.e. all tail(P )-head(P ) walks contain P as a subwalk.

▶ Lemma 9 (Witness property). A walk W is a cut path if and only if it is subwalk of all
tail(W )-head(W ) walks.

2.1 Restricted reachabilities
The remainder structure is based on the restricted reachabilities of a walk. Even though only
open paths can be cut paths, we define the remainder structure here on arbitrary walks. As
we see below, the remainder structure makes it easy to check if a walk is a cut path.

▶ Definition 10. The restricted forward and backward reachability of a walk W =
(w1, . . . , wℓ) in a strongly connected graph G = (V, E) are

R+(W ) := {v ∈ V | ∃tail(W )-v walk in G− (wℓ−1, wℓ)},
R−(W ) := {v ∈ V | ∃ v-head(W ) walk in G− (w1, w2)}.

The restricted reachabilities exhibit the following property, which makes them simple to
work with.

▶ Lemma 11 (Bottleneck property). For a walk W = (w1, . . . , wℓ), the only arc leaving
R+(W ) is (wℓ−1, wℓ) and the only arc entering R−(W ) is (w1, w2).

Proof. Assume for a contradiction that an arc (u, v) different from (wℓ−1, wℓ) would leave
R+(W ). Since u ∈ R+(W ), there is a tail(W )-u walk without (wℓ−1, wℓ). Appending (u, v)
to such a walk cannot introduce (wℓ−1, wℓ) as subwalk, because (u, v) is not (wℓ−1, wℓ).
Therefore, v ∈ R+(W ), contradicting (u, v) leaving R+(W ).

By symmetry, the only arc entering R−(W ) is (w1, w2). ◀

Note that by leaving R+(W ), one always ends up in R−(W ) (or one was in R−(W )
already, if one leaves R+(W ) from a node in R+(W ) ∩ R−(W )), and by entering R−(W ),
one always comes from R+(W ) (and possibly ends up in R+(W ) again, if one enters R−(W )
at a node in R+(W ) ∩R−(W )). Further, the restricted reachabilities are strongly connected
in certain cases.

▶ Lemma 12 (Strong connectivity property). Let P = (p1, . . . , pℓ) be a cut path. If the last
inner node of P is a split, then G[R+(P )] is strongly connected. If the first inner node of P

is a join, then G[R−(P )] is strongly connected.

Proof. Let the last inner node of P be a split. By definition, p1 reaches all nodes in R+(P )
via walks not leaving R+(P ). Assume for a contradiction that there is a node v ∈ R+(P )
that cannot reach p1 without leaving R+(P ). Then by Lemma 11, each v-p1 walk contains
(pℓ−1, pℓ), so each pℓ−1-p1 walk contains (pℓ−1, pℓ). Let v′ ̸= vℓ be a node with (pℓ−1, v′) ∈ E.
Then since v′ is reachable from pℓ−1, each v′-p1 walk contains (pℓ−1, pℓ). So there is a p1-pℓ

walk W via v′ that does not have p1 or pℓ as inner nodes, so it does not have P as subwalk.
By Lemma 9, this contradicts P being a cut path. ◀

Note that, whenever a restricted reachability is not strongly connected, then it consists
of a strongly connected component, plus nodes from P that form SCCs of size one.
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2.2 The remainder structure
▶ Definition 13. The remainder structure R(W ) = (S−(W ), S̄(W ), S+(W ), P̄ (W )) of a
walk W in a strongly connected graph G = (V, E) is defined as

S−(W ) := R−(W ) \R+(W ) (the source component),
S̄(W ) := V \ (R+(W ) ∪R−(W )) (the inner component),

S+(W ) := R+(W ) \R−(W ) (the sink component),
P̄ (W ) := R+(W ) ∩R−(W ) (the path component).

Note that the remainder structure is a decomposition of the nodes of G. For checking if
a walk is a cut path, we can use the inner path property of the remainder structure. The
inner path property can be checked in linear time with trivial algorithms that directly follow
from the definition of the remainder structure and the property.

▶ Theorem 1 (Efficient verification of cut paths). Let P = (p1, . . . , pℓ) be a walk of length
ℓ− 1 ≥ 1. P is a cut path if and only if P̄ (P ) = {p2, . . . , pℓ−1} (specifically, for ℓ = 2, P̄ (P )
is empty). This property can be verified in O(m) time.

Proof. By definition, it holds that {p2, . . . , pℓ−1} ⊆ P̄ (P ). Assume for a contradiction that
there was a node v ∈ P̄ (P ) \ {p2, . . . , pℓ−1}. If v = pℓ, then pℓ ∈ R+(P ), so there is a
tail(P )-head(P ) walk that does contain (pℓ−1, pℓ), which by Lemma 9 contradicts P being
a cut path. In the same way, if v = p1, then p1 ∈ R−(P ), which again contradicts P being a
cut path. Therefore, v /∈ {p1, . . . , pℓ}.

Since v ∈ R+(P ), there is a tail(P )-v walk W1 in G that does not contain (pℓ−1, pℓ).
Further, since v ∈ R−(P ), there is a v-head(P ) walk W2 in G that does not contain
(p1, p2). Then, W = W1W2 is a tail(P )-head(P ) walk. Since v /∈ {p1, . . . , pℓ}, it holds that
concatenating W1W2 does not introduce P as subwalk. So by Lemma 9 it holds that P is
not a cut path, which completes the contradiction.

If ℓ > m, then W contains a cycle, so by Lemma 8 it is not a cut path. The sets R+(W )
and R−(W ) can be computed in linear time and hence R+(W ) ∩R−(W ) can be computed
in linear time. Resulting, P being a cut path can be verified in O(m) time. ◀

The remainder structure exhibits two more properties useful for other problems.

▶ Lemma 14 (Extended witness property). Let P = (p1, . . . , pℓ) a cut path of length ℓ− 1 ≥ 1.
Let u ∈ S+(P ) and v ∈ S−(P ) be nodes. It holds that all u-v walks contain P as subwalk.

▶ Lemma 15 (Nonemptiness property). For a cut path P = (p1, . . . , pℓ) of length ℓ− 1 ≥ 1,
it holds that p1 ∈ S+(P ) and pℓ ∈ S−(P ).

3 Linear-time verifiable characterisations of (multi-)safe walks

We apply the remainder structure of a cut path to give easily and efficiently verifiable
characterisations of safe and multi-safe walks. From here on we assume that our strongly
connected graph G = (V, E) is not a cycle. All missing formal proofs are in Appendix B.

First note that the univocal extension of a walk always needs to be traversed
when traversing the walk itself with a closed walk. The univocal extension U(W ) =
(l1, . . . , la, w1, . . . , wℓ, r1, . . . , rb) of W is a maximal walk where l2, . . . , la, w1 are not joins
and wℓ, r1, . . . , rb−1 are not splits.
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▶ Lemma 16 (Safety of univocal extensions). The univocal extension U(W ) of a walk W is
safe if and only if W is safe. It is multi-safe if and only if W is multi-safe.

Since walks are (not necessarily maximal) univocal extensions of their cores, we get the
following property useful for characterising safe and multi-safe walks.

▶ Lemma 17 (Safety of cores). The core C(W ) of a walk W is safe if and only if W is safe.
It is multi-safe if and only if W is multi-safe.

The difficulty in characterising safe and multi-safe walks lies in characterising interleaved
walks. Non-interleaved walks are very simple to handle.

▶ Lemma 18 (Non-interleaved walks). A non-interleaved walk W = (w1, . . . , wℓ) with core
C(W ) = (wj , . . . , wi), j + 2 ≤ i, is both safe and multi-safe. This property can be verified in
O(m) time.

Safe walks can be characterised as follows.

▶ Theorem 4 (Safety characterisation and verification). Let W be a walk, and let C(W ) be
its core. W is safe if and only if it is a non-interleaved walk or C(W ) is a cut path. This
property can be verified in O(m) time.

Proof. If W is non-interleaved, the statement follows by Lemma 18.
If the core C(W ) of W is not a cut path, then by Lemma 9, there is a tail(C(W ))-

head(C(W )) walk that does not have C(W ) as subwalk. This can be used to replace all
occurrences of C(W ) in a node-covering closed walk. To ensure that the resulting walk C

covers all nodes, we insert two closed walks C1 and C2 into it, constructed as follows. Let
v be the last inner split in C(W ) and v′ one of its successors outside of C(W ). C1 starts
in tail(C(W )) and walks C(W ) until v and then v′. From v′ it walks back to tail(C(W )),
which is possible because the graph is strongly connected, and also possible without C(W ) as
subwalk since it ends in tail(C(W )). C2 is constructed symmetrically through head(C(W )).
Since W is interleaved, it holds that C(W ) is interleaved, so C1 and C2 together cover C(W ).
Further, because C contains tail(C(W )) and head(C(W )), we can insert C1 and C2 into
it. Since the insertions happen at the first/last node of C(W ) they do not introduce it as
subwalk. Thus, W is not safe.

If the core C(W ) of W is a cut path, then there is a pair of nodes u, v ∈ V such that
all u-v walks have C(W ) as a subwalk. A closed node-covering walk contains a subwalk
between each pair of nodes, so also between u and v. Therefore, each closed node-covering
walk contains C(W ) as subwalk, so by Lemma 17, W is safe.

Finally, the core C(W ) can be computed in linear time, and by Theorem 1 it can be
checked for being a cut path in linear time. Hence, verifying if W is safe takes O(m) time. ◀

Multi-safe walks can be characterised as follows. See Figure 3 for an example.

▶ Theorem 5 (Multi-safety characterisation and verification). Let W be a walk, and let C(W )
be its core. If W is non-interleaved, then it is multi-safe. Otherwise, it is multi-safe if and
only if it is safe and any of G[S̄(C(W ))], G[R+(C(W ))] or G[R−(C(W ))] contains an SCC
of size one. This property can be verified in O(m) time.

Proof. If W is non-interleaved, the statement follows by Lemma 18.
If C(W ) is not a cut path, then by Theorem 4, W is not safe, so it is also not multi-safe.
If none of G[S̄(C(W ))], G[R+(C(W ))] and G[R−(C(W ))] contain an SCC of size one,

then all nodes can be covered by proper closed walks that do not leave a single one
of G[S̄(C(W ))], G[R+(C(W ))] or G[R−(C(W ))]. By definition, G[S̄(C(W ))] contains no
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(a) (b)

Figure 3 (a) A walk (p1, p2, p3, p4, p5) (as red dashed nodes) that is multi-safe, because the
inner component of its remainder structure contains an SCC of size one (the green dashed node).
The red walk is an example proper closed walk that covers the marked SCC. (b) Neither the
restricted reachabilities nor the inner component contain an SCC of size one, so the two SCCs in the
inner component and the restricted reachabilities can be covered by separate closed walks, without
traversing the walk.

node of C(W ). Further, by Lemma 11, G[R+(C(W ))] misses the last node of C(W ) and
G[R−(C(W ))] misses the first node of C(W ). Thus, none of the proper closed walks can
have C(W ) as subwalk, so W is not multi-safe.

If C(W ) is a cut path and G[S̄(C(W ))] contains an SCC of size one, then this SCC
cannot be covered by a proper closed walk without leaving S̄(C(W )). By Lemmas 11 and 15,
when leaving S̄(C(W )), a walk ends up in S+(C(W )), and when entering S̄(C(W )), a walk
comes from S−(C(W )). By Lemma 14, walking from S+(C(W )) to S−(C(W )) requires
having C(W ) as a subwalk. Therefore, by Lemma 17, W is multi-safe.

If C(W ) is a cut path and G[R+(C(W ))] contains an SCC of size one, then by Lemma 12,
R+(C(W )) contains exactly one node v. By definition, v is not contained in G[S̄(C(W ))]
and by Lemma 15, v is not contained in G[R−(C(W ))]. So to cover v, a proper closed walk
X would leave R+(C(W )). By Lemmas 11 and 15, this implies that X would have a subwalk
from tail(C(W )) to head(C(W )). By Lemma 9 this implies X has C(W ) as subwalk, so
by Lemma 17, W is multi-safe. By symmetry, if C(W ) is a cut path and G[R−(C(W ))]
contains an SCC of size one, then W is multi-safe.

Finally, the core C(W ) can be computed in linear time, and by Theorem 1 it can be
checked for being a cut path in linear time. Moreover, the strongly connected components can
be computed in linear time by [18]. Hence, W being safe can be verified in O(m) time. ◀

4 Amortised enumeration of all maximal multi-safe walks

In this section we give the algorithm supporting Theorem 6. Since every multi-safe walk
is also safe, by definition, we start by enumerating all safe walks, and then finding their
subwalks that are also multi-safe, using further properties of their remainder structure,
including an additional monotonicity property of it.

Enumerating all maximal safe walks. Recall that all walks without forbidden paths can be
enumerated in time O(mn) with the algorithm from Cairo et al. [5]. From these, it is simple
to get the safe walks using the following property from [20, Theorem 3]:

▶ Lemma 19 (Safe walks [20]). A walk is safe if and only if it has no forbidden paths and
has no cut arc.
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Algorithm 1 MultiSafe.

Input: Strongly connected graph G = (V, E), all maximal safe walks W.
Output: All maximal multi-safe walks W ′.

1 W ′ ← () // empty list
2 for W ∈ W do
3 if W is a non-interleaved walk then
4 append W to W ′, continue
5 (w1, . . . , wℓ)← C(W ), start← 1, end← 1
6 while end ≤ ℓ do
7 if (wstart, . . . , wend) is multi-safe then
8 end← end + 1
9 else

10 append U((wstart, . . . , wend−1)) to W ′

11 start← start + 1

12 while (wstart, . . . , wend−1) is not multi-safe do
13 start← start + 1
14 append U((wstart, . . . , wend−1)) to W ′

15 Remove duplicates and subwalks from W ′ using e.g. a suffix tree

We compute the cut arcs in linear time [14] and then break all the walks without forbidden
paths at arcs that are not cut arcs. Then we remove duplicates and proper subwalks from
the result using standard methods and suffix trees. See Appendix A for details.

▶ Lemma 20 (Enumeration of safe walks). All maximal safe walks can be enumerated in
O(mn) time.

Enumerating all maximal multi-safe walks. Using Theorem 5, we are able to derive an
algorithm that enumerates maximal multi-safe walks. It works by iterating all safe walks
and enumerating all their maximal multi-safe subwalks. We start with the subwalk of a
safe walk consisting of its first core arc, and then extend it to the right whenever it is
safe, while removing its first node (only from the subwalk, not the graph) whenever it is
not safe. Afterwards, we deduplicate and remove proper subwalks again, as described in
Appendix A. See Algorithm 1 for pseudocode. To analyse the runtime of this algorithm
without amortisation, we use the following property.

▶ Lemma 21 (Amount of interleaved safe walks). A strongly connected graph contains at
most O(n) interleaved maximal safe walks.

By Cairo et al. [5], the total length of the maximal walks without forbidden paths is
O(mn), and hence the total length of the maximal safe walks is O(mn). Thus, if there
are no interleaved walks, the algorithm runs in O(mn) time. However, there may be up
to O(n) interleaved walks, and since their cores can not have cycles, for each interleaved
walk, Algorithm 1 performs up to O(n) multi-safety checks. Each such check takes O(m) by
Theorem 5. Further, in a strongly connected graph that is not a cycle, a univocal extension
increases the length of a walk by at most O(n). So the total length of the maximal multi-safe
walks produced by a maximal safe walk is O(n2). Hence, including linear-time deduplication
and removal of proper subwalks, the runtime of Algorithm 1 is O(mn) for non-interleaved
walks plus O(mn + n2) for each of the up to O(n) interleaved walks. Summed up, that is
O(mn2 + n3) = O(mn2). However, using amortisation, we get O(mn), as shown below.
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▶ Theorem 22 (Amortised computation). Let P = (p1, . . . , pℓ) be a cut path and let P ′ =
(pi, . . . , pj) be a subwalk of P with i < j. If pj−1 and pℓ−1 are splits, then R+(P ′) ⊆ R+(P ).
If p2 and pi+1 are joins, then R−(P ′) ⊆ R−(P ).

Proof. Let pj−1 and pℓ−1 be splits. Let v /∈ R+(P ). Then by definition each p1-v walk
contains (pℓ−1, pℓ). Further, since i ̸= ℓ and by Lemma 8 it holds that P is an open path,
it holds that pi ∈ R+(P ). So each pi-v walk contains (pℓ−1, pℓ). Further, since P is a cut
path, also its subwalk PC = (pi, . . . , pℓ−1) is a cut path. By Lemma 9, this implies that
each pi-pℓ−1 walk has PC as subwalk, which especially means that it contains (pj−1, pj).
Therefore, each pi-v walk contains (pj−1, pj), so v /∈ R+(P ′). Resulting, R+(P ′) ⊆ R+(P ).

By symmetry, if p2 and pi+1 are joins, then R−(P ′) ⊆ R−(P ). ◀

Figure 4 Amortised computation of R+(P ′) where P ′ is a prefix of P = (p1, . . . , p9). The red
dashed arcs mark the ends of the prefixes P ′. They are also the only arc leaving their respective
R+(P ′). The SCCs of G \ R+(P ′) are enclosed in grey areas, and the different R+(P ′) are enclosed
in green areas.

An example for Theorem 22 is given in Figure 4. Using Theorem 22 to implement
Algorithm 1, we can answer all multi-safety queries for a single walk W ∈ W in O(m) time.
For this, we observe that the boundaries of the subwalk W ′ of C(W ) that is tested for safety
only get shifted towards the end of C(W ). Further, whenever W ′ contains no split or no
join as inner node, then it is either a non-interleaved walk or a univocal extension of a cut
arc (by Lemma 19) and hence safe. So we only need to compute the remainder structure for
subwalks that contain at least one split and one join. For such subwalks, by Theorem 22
it holds that R+(W ′) is monotonically increasing within each execution of the body of the
loop in Algorithm 1, and R−(W ′) is monotonically decreasing. Therefore, all R+(W ′) and
R−(W ′) can be precomputed by computing them for all prefixes and suffixes of W that
contain splits or joins, respectively. The computation of the R+(W ′) is done in forward
order, and for each node, the search is started from the node itself and nodes visited by
earlier searches are pruned. With this strategy, the R+(W ′) of all prefixes W ′ of C(W ) can
be computed in O(m) time. By computing the R−(W ′) in reverse order, they can also be
computed in O(m) time.

To check the safety of all subwalks W ′ based on the precomputed remainder structure
in linear time, note the following. When executing the body of the loop in Algorithm 1,
R+(W ′) only increases and R−(W ′) only decreases for the relevant subwalks (those that are
interleaved). Further, by Lemma 12, G[R+(W ′)] and G[R−(W ′)] are strongly connected if
they have a split as last inner node or a join as first inner node, respectively. If they are not
strongly connected then the inner nodes after the last inner split or the inner nodes before
the first inner join, respectively, form SCCs of size 1. Therefore, the query if G[R+(W ′)] or
G[R−(W ′)] contain an SCC of size 1 can be answered in constant time if the size of R+(W ′)
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and R−(W ′) as well as the joins and splits of W ′ are tracked within the body of the loop in
Algorithm 1. Further, by definition of R+(W ′) and R−(W ′), when R+(W ′) grows, SCCs of
the inner component enter it as a whole, so by growing R+(W ′), the remaining SCCs of the
inner component remain unchanged. Symmetrically, when shrinking R−(W ′), the new nodes
do not alter the existing SCCs in the inner component, so to check whether an SCC of size
one was added, only the SCCs of the induced subgraph of the newly added nodes need to be
computed. Since the SCCs of a graph can be computed in linear time [18], this means that
tracking whether there are SCCs of size 1 in any of G[S̄(W ′)], G[R+(W ′)] or G[R−(W ′)] can
be implemented in O(m) time per execution of the body of the loop in Algorithm 1.

Hence, we get a runtime of O(m) for the multi-safety checks of each of the O(n) interleaved
safe walks. However, each interleaved maximal safe walk may produce maximal multi-safe
walks of total length O(n2). But, amortising over all interleaved maximal safe walk, we see
that each core of a multi-safe walk is uniquely identified by its first and last node, since
otherwise it would not be a cut path by Lemma 9. So, we can use a flag for each pair of
nodes and thus avoid repetitions in multi-safe walks produced by interleaved maximal safe
walks in constant time. In total, at most O(n2) such checks happen, so the interleaved walks
take O(mn + o) time, where o is the total length of the interleaved walks. This results in a
total time of O(mn + o) for Algorithm 1, and since there are at most n interleaved safe walks
by Lemma 21, o ∈ O(n3). By reporting the maximal multi-safe walks as start and end index
in their respective maximal safe walks, we get an output size of O(n2) interleaved maximal
multi-safe walks, plus O(mn) non-interleaved maximal multi-safe walks. So if we are only
interested in identifying maximal multi-safe walks and not in an explicit enumeration, we
have an algorithm that runs in O(mn) time.

▶ Theorem 6 (Enumerating maximal multi-safe walks). All maximal multi-safe walks can be
identified in O(mn) time and enumerated in O(mn + o) time, where o is the total length of
the output and it holds that o ∈ O(n3).

5 Conclusions and future work

We introduced cut paths as a generalisation of cut arcs, as well as the remainder structure
of cut paths. Using properties of the remainder structure, we applied cut paths to some
well-studied reachability problems from bioinformatics. In the same way as the remainder
structure gave a simple YES-certificate for a path to be a cut path (Theorem 1), the remainder
structure led to easily verifiable YES-certificates for walk safety (Theorem 4) and multi-safety
(Theorem 5), which were open questions. By proving an additional monotonicity property
(Theorem 22), we improved the state-of-the-art of enumeration of all maximal multi-safe
walks (Theorem 6).

There are central structural questions about cut paths that remain open. It is known
that there are at most O(n) cut arcs which can be enumerated in O(m) time [14]. But for
cut paths, there is no known upper bound to their amount or total length, and it is open how
they can be enumerated efficiently. Further, it is open how they can overlap and intersect.

For our applications, it is open if the total length of safe and multi-safe walks is really
O(mn), or if our enumeration algorithm for safe and multi-safe walks is not optimal. Further,
it is open if there is a linear output-sensitive algorithm for safe or multi-safe walks, as the
one for walks without forbidden paths from [6].
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A Deduplication and removal of proper subwalks in linear time

Algorithm 2 RemoveDuplicatesAndProperSubwalks.

Input: List of walks W = (W1, . . . , W|W|).
Output: Set of walks W ′ containing one copy of each unique walk in W that is not

a proper subwalk of another walk in W.
1 Sort W by length descending
2 Build string S = W1$W2$ . . . $W|W|$
3 Build suffix tree T on S

4 W ← ∅
5 for Wi ∈ W do
6 (l, r)← first occurrence of Wi in S

7 if (l, r) = coordinates of Wi in S then
8 W ′ ←W ′ ∪ {Wi}

The removal of duplicates and subwalks is implemented in linear time using a suffix tree
in Algorithm 2. It works by sorting the walks by length descending and only reporting a
walk if it is no subwalk of a previous walk, meaning if it is no proper subwalk of a previous
walk and it is the first occurrence of itself.

▶ Lemma 23 (Deduplication). Algorithm 2 is correct and works in time linear in the total
length of W.

Proof. The algorithm sorts the walks by length descending and then reports walks only if
their string of nodes does not occur any earlier than themselves in S. This reports only one
copy of each walk since only the first occurrence of a walk in S is reported. Moreover, if a
walk is a proper subwalk of another, then that subwalk will occur earlier in S, so the subwalk
will never be reported. Therefore, Algorithm 2 is correct.

For the runtime, let ||W|| be the total length of W. Sorting W by length descending
can be done by bucket sort with ||W|| buckets containing each a dynamic array. Then it
runs in time linear in ||W||. Building S and the suffix tree is linear in ||W|| [21]. The total
cost of checking for the first occurrences of all Wi in S is linear in ||W|| [12]. Checking the
coordinates of Wi can be done by storing the coordinates for each string while constructing
S in a lookup table indexed by i. Then the branch runs in constant time. Therefore,
Algorithm 2 runs in time linear in ||W||. ◀
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B Omitted proofs

This section contains the proofs omitted from the main matter.

▶ Lemma 8 (Open path property). A cut path is an open path.

Proof. Let W be a walk in a strongly connected graph G = (V, E) that is not an open path,
i.e. it repeats some node v. Then we can construct the walk W ′ ̸= W by removing all v-v
subwalks from W (if W is a v-v walk, then W ′ is a single node). Assume for a contradiction
that W was a cut path. Then there would be a pair of nodes u, w ∈ V such that every u-w
walk in G would have W as subwalk. But we could replace all occurrences of W by W ′ in
any u-w walk, resulting in u-w walks that do not have W as subwalk. By contradiction, W

is not a cut path. ◀

▶ Lemma 9 (Witness property). A walk W is a cut path if and only if it is subwalk of all
tail(W )-head(W ) walks.

Proof. Let G = (V, E) be the strongly connected graph that contains W . If there is a
tail(W )-head(W ) walk without W as subwalk, then for any pair of nodes u, v ∈ V , any u-v
walk that contains W as subwalk can be transformed into a u-v walk that does not contain
W as subwalk. Then W is not a cut path.

If all tail(W )-head(W ) walks have W as subwalk, then by definition W is a cut path. ◀

▶ Lemma 14 (Extended witness property). Let P = (p1, . . . , pℓ) a cut path of length ℓ− 1 ≥ 1.
Let u ∈ S+(P ) and v ∈ S−(P ) be nodes. It holds that all u-v walks contain P as subwalk.

Proof. Let W1W2W3 be a tail(P )-head(P ) walk where W1 is a tail(P )-u walk, W2 is a
u-v walk, and W3 is a v-head(P ) walk. By Lemma 9, W1W2W3 must have P as a subwalk
since P is a cut path. By definition, tail(P ) reaches all nodes in S+(P ) ⊆ R+(P ) without
using (pℓ−1, pℓ), so we can choose W1 without using P as subwalk. Also, all nodes in
S−(P ) ⊆ R−(P ) reach head(P ) without using (p1, p2), so we can choose W3 without using
P as subwalk. Further, by definition, u, v /∈ P̄ (P ), so by Theorem 1, neither u nor v are
inner nodes of P . Therefore, concatenating W1W2W3 cannot introduce P as a subwalk by
crossing the boundary between either W1 and W2 or W2 and W3. Concluding, W2 has P as
subwalk. ◀

▶ Lemma 15 (Nonemptiness property). For a cut path P = (p1, . . . , pℓ) of length ℓ− 1 ≥ 1,
it holds that p1 ∈ S+(P ) and pℓ ∈ S−(P ).

Proof. By definition, p1 ∈ R+(P ) and pℓ ∈ R−(P ). It holds that pℓ /∈ R+(P ) and p1 /∈
R−(P ), since by Lemma 11 any of the two implies a tail(P )-head(P ) walk without P as
subwalk, which by Lemma 9 contradicts P being a cut path. ◀

▶ Lemma 16 (Safety of univocal extensions). The univocal extension U(W ) of a walk W is
safe if and only if W is safe. It is multi-safe if and only if W is multi-safe.

Proof. Let U(W ) = (u1, . . . , uℓ) and W = (ui, . . . , uj). Any closed walk having W as
subwalk can only enter W via (u1, . . . , ui) since (u2, . . . ui) has no joins, and it can only leave
W via (uj , . . . , uℓ) since (uj , . . . , uℓ−1) has no splits. Hence, U(W ) is safe if and only if W is
safe, and U(W ) is multi-safe if and only if W is multi-safe. ◀

Since walks are (not necessarily maximal) univocal extensions of their cores, we get the
following property useful for characterising safe and multi-safe walks.
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▶ Lemma 17 (Safety of cores). The core C(W ) of a walk W is safe if and only if W is safe.
It is multi-safe if and only if W is multi-safe.

Proof. Let W = (w1, . . . , wℓ) and C(W ) = (wi, . . . , wj). By definition, independent of
W being interleaved or non-interleaved, it holds that (w2, . . . , wi) contains no joins and
(wj , . . . , wℓ−1) contains no splits. Hence, W is subwalk of U(C(W )), so U(W ) = U(C(W )).
By Lemma 16, W is safe ⇐⇒ U(W ) is safe ⇐⇒ U(C(W )) is safe ⇐⇒ C(W ) is safe.
The same equivalence holds for the multi-safe property. ◀

▶ Lemma 18 (Non-interleaved walks). A non-interleaved walk W = (w1, . . . , wℓ) with core
C(W ) = (wj , . . . , wi), j + 2 ≤ i, is both safe and multi-safe. This property can be verified in
O(m) time.

Proof. Since j + 2 ≤ i, it holds that C(W ) has an inner node that can only be covered by a
closed walk by using C(W ) as subwalk. Hence, by Lemma 17, it holds that W is both safe
and multi-safe.

Finally, checking a walk for being interleaved can be done in O(m) time. If ℓ > 3m, then
if the graph is a cycle, W is non-interleaved. If the graph is not a cycle, then assume for a
contradiction that W is non-interleaved. Then W contains a join-free or split-free subwalk of
length m + 1. Such a subwalk contains a cycle, because m + 1 > m. And such a cycle is
then join-free or split-free. This contradicts the graph not being a cycle or the graph being
strongly connected. ◀

▶ Lemma 21 (Amount of interleaved safe walks). A strongly connected graph contains at
most O(n) interleaved maximal safe walks.

Proof. Note that each interleaved walk with a core of length 1 is safe only if its core is a
cut arc. So there are at most O(n) interleaved safe walks with a core of length 1. Further,
by Cairo et al. [6], it holds that there are at most O(n) walks without forbidden paths that
are interleaved with a core of length at least 2. Assume for a contradiction that any such
walk W could contain more than one non-cut arc. The non-cut arcs cannot be outside of the
core, since all non-core arcs are the only outgoing or the only incoming arcs of some node.
If there are at least two non-cut arcs in the core, we can construct an arc-covering closed
walk W ′ that does not contain W . Start with any arc-covering closed walk and repeat it
twice. In the first repetition, replace any occurrence of the first non-cut arc of W with a walk
that avoids the non-cut arc. And in the second repetition, replace any occurrence of the last
non-cut arc of W with a walk that avoids the non-cut arc. Such avoiding walks exist since
the avoided arcs are not cut arcs. Further, by avoiding an arc of W , they do not have W as
subwalk. The resulting walk W ′ is arc-covering and closed, but does not have W as subwalk.
Hence, W has a forbidden path by Lemma 19. Finally, each walk without forbidden path
that is interleaved with a core of length at least 2 produces at most two interleaved safe
walks. Since non-interleaved walks without forbidden path cannot be broken into interleaved
ones, there are at most O(n) interleaved maximal safe walks. ◀
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In this paper, we introduce a technique we call geometric amortization for enumeration algorithms,
which can be used to make the delay of enumeration algorithms more regular with little overhead on
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that is, algorithms enumerating, on input x, a set A(x) such that for every t ≤ ♯A(x), it outputs
at least t solutions in time O(t · p(|x|)), where p is a polynomial. We call p the incremental delay
of the algorithm. While it is folklore that one can transform such an algorithm into an algorithm
with maximal delay O(p(|x|)), the naive transformation may use exponential space. We show that,
using geometric amortization, such an algorithm can be transformed into an algorithm with delay
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In terms of complexity, we prove that classes DelayP and IncP1 with polynomial space coincide.

We apply geometric amortization to show that one can trade the delay of flashlight search
algorithms for their average delay up to a factor of O(log(♯A(x))). We illustrate how this tradeoff is
advantageous for the enumeration of solutions of DNF formulas.
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1 Introduction

An enumeration problem is the task of listing a set of elements without redundancies. It
is an important and old class of problems: the Baguenaudier game [28] from the 19th
century can be seen as the problem of enumerating integers in Gray code order. Ruskey even
reports [33] on thousand-year-old methods to list simple combinatorial structures such as
the subsets or the partitions of a finite set. Modern enumeration algorithms date back to
the 1970s with algorithms computing circuits or spanning trees of a graph [36, 32], while
fundamental complexity notions for enumeration have been formalized 30 years ago by
Johnson, Yannakakis and Papadimitriou [23]. The main specificity of enumeration problems
is that the size of the enumerated set is typically exponential in the size of the input. Hence,
a problem is considered tractable and said to be output polynomial when it can be solved in
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time polynomial in the size of the input and the output. This measure is relevant when one
wants to generate and store all elements of a set, for instance to build a library of objects later
to be analyzed by experts, as it is done in biology, chemistry, or network analytics [2, 6, 9].

For most problems, the set to enumerate is too large, or may not be needed in its entirety.
It is then desirable to efficiently generate a part of the set for statistical analysis or on the fly
processing. In this case, a more relevant measure of the complexity and hence of the quality
of the enumeration algorithm is its delay, that is, the time spent between two consecutive
outputs. One prominent focus has been to design algorithms whose delay is bounded by a
polynomial in the size of the input. Problems admitting such algorithms constitute the class
DelayP and many problems are in this class, for example the enumeration of the maximal
independent sets of a graph [23], or answer tuples of restricted database queries [19] (see [39]
for many more examples).

It also happens that new elements of the output set, also called solutions, become
increasingly difficult to find. In this case, polynomial delay is usually out of reach but one
may still design algorithms with polynomial incremental time. An algorithm is in polynomial
incremental time if for every i, the delay between the output of the ith and the (i + 1)st

solution is polynomial in i and in the size of the input. Such algorithms naturally exist
for saturation problems: given a set of elements and a polynomial time function acting on
tuples of elements, produce the closure of the set by the function. One can generate such a
closure by iteratively applying the function until no new element is found. As the set grows
bigger, finding new elements becomes harder. The best algorithm to generate circuits of a
matroid uses a closure property of the circuits [24] and is thus in polynomial incremental
time. The fundamental problem of generating the minimal transversals of a hypergraph can
also be solved in quasi-polynomial incremental time [21, 8] and some of its restrictions in
polynomial incremental time [20]. In this paper, the class of problems which can be solved
with polynomial incremental time is denoted by UsualIncP.

While the delay is a natural way of measuring the quality of an enumeration algorithm, it
might sometimes be too strong of a restriction. Indeed, if the enumeration algorithm is used
to generate a subset of the solutions, it is often enough to have guarantees that the time
needed to generate i solutions is reasonable for every i. For example, one could be satisfied
with an algorithm that has the property that after a time i · p(n), it has output at least i

solutions, where p is a polynomial and n the input size. In this paper, we refer to this kind
of algorithm as IncP1-enumerators1 and call p(n) the incremental delay of the algorithm.

While polynomial delay enumerators are IncP1-enumerator, the converse is not true.
Indeed, IncP1-enumerators do not have to output their solutions regularly. Take for example
an algorithm that, on an input of size n, outputs 2n solutions in 2n steps, then nothing for
2n steps and finally outputs the last solution. It can be readily verified that this algorithm
outputs at least i solutions after 2i steps for every i ≤ 2n + 1, and it is thus an IncP1-
enumerator. However, the delay of such an algorithm is not polynomial as the time spent
between the output of the last two solutions is 2n. Instead of executing the output instruction
of this algorithm, one could store the solutions that are found in a queue. Then, every two
steps of the original algorithm, one solution is removed from the queue and output. The
IncP1 property ensures that the queue is never empty when dequeued and we now have
polynomial delay. Intuitively, the solutions being dense in the beginning, they are used to
pave the gap until the last solution is found. While this strategy may always be applied
to turn an IncP1-enumerator into a polynomial delay algorithm, the size of the queue may

1 The 1 in IncP1 stands for the linear dependency of the incremental time in the number of solutions.
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become exponential in the size of the input. In the above example, after the simulation of 2n

steps, 2n solutions have been pushed into the queue but only 2n−1 of them are output, so
the queue still contains 2n−1 solutions. Unfortunately, an algorithm using exponential space
may not be feasible. Therefore, much effort has been devoted to ensure that polynomial
delay methods run with polynomial space [27, 3, 15, 17, 10].

Contributions. The main result of this paper is a proof that the regularization of an IncP1-
enumerator may be done without exponentially increasing the space used. More formally, we
show that the class DelayPpoly of problems that can be solved by a polynomial delay and
polynomial space algorithm is the same as the class IncPpoly

1 of problems that can be solved
by a polynomial space IncP1-enumerator. In other words, we prove DelayPpoly = IncPpoly

1 ,
answering positively a question we raised in [11] and where only special cases were proven.
Our result relies on a constructive method that we call geometric amortization. It turns any
IncP1-enumerator into a polynomial delay algorithm whose delay and space complexity are
the incremental delay and space complexity of the original enumerator multiplied by a factor
of log(S), where S is the number of solutions (Theorem 3). Interestingly, we also show that
the total time can be asymptotically preserved.

We also apply geometric amortization to transform the average delay of many DelayP-
enumerators into a guaranteed delay. Indeed, we show that some widely used algorithmic
techniques to design DelayP algorithms also have an incremental delay that matches their
average delay. Thus, using geometric amortization, we show that the delay of such an
enumerator can be traded for their average delay multiplied by the logarithm of the number
of solutions. We apply this result to an algorithm solving ΠDNF [12], the problem of listing
the models of a DNF formula. This gives an algorithm with sublinear delay and polynomial
memory, answering an open question of [12].

The main consequence of our result is that it makes proving that an enumeration problem
is in DelayPpoly easier as one does not have to design an algorithm with polynomial delay
but only with polynomial incremental delay. One side-effect of our transformation however
is that the order the solutions are output in is changed which may have some practical
consequences when used. However, we do not see this as a downside. Actually, we do not
believe our method should be used in practice as we cannot see any advantages of having an
algorithm with polynomial delay over one with polynomial incremental delay, a notion that
we find more natural. This opinion may not be shared by everyone and the main point of
our result is to show that from a purely theoretical point of view, it actually does not matter
as both notions are – and it came as a surprise to us – the same.

Related work. The notion of polynomial incremental delay is natural enough to have
appeared before in the literature. In her PhD thesis [22], Goldberg introduced the notion
of polynomial cumulative delay, which exactly corresponds to our notion of polynomial
incremental delay. We however decided to stick to the terminology of [11]. Goldberg
mentions on page 10 that one can turn a linear incremental algorithm into a polynomial delay
algorithm but at the price of exponential space. She argues that one would probably prefer in
practice incremental delay and polynomial space to polynomial delay and exponential space.
Interestingly, she also designs for every constant k, an IncP1-algorithm with polynomial space
to enumerate on input n, every graph that is k-colorable (Theorem 15 on page 112). She
leaves open the question of designing a polynomial delay and polynomial space algorithm for
this problem, which now comes as a corollary of our theorem applied to her IncP1-algorithm.
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In [37], Tziavelis, Gatterbauer and Riedewald introduce the notion of Time-To-k to
describe the time needed to output the k best answers of a database query for every k. They
design algorithms having a Time-To-k complexity of the form poly(n)k where n is the size of
the input, which hence corresponds to the notion of IncP1. They argue that delay is sufficient
but not necessary to get good Time-to-k complexity and they argue that in practice, having
small Time-to-k complexity is better than having small delay. Observe however that in their
case, our method does not apply well since they are interested in the best answers, meaning
that the order is important in this context. Our method does not preserve order.

Organization of the paper. In Section 2, we introduce enumeration problems, the related
computational model and complexity measures. Section 3 presents different techniques to
turn an IncP1-enumerator into a DelayP-enumerator using a technique called geometric
amortization. Interactive visualization of how geometric amortization works can be found at
http://florent.capelli.me/coussinet/. In Section 3.3 we apply geometric amortization
to incremental polynomial algorithms, showing that our result generalizes to the IncPi

hierarchy. Section 4 gives a method to transform many DelayP-enumerators of average delay
a(n) into a DelayP-enumerator with maximal delay a(n) log(K) where K is the number of
solutions. We use it to obtain an algorithm for the problem of enumerating the models
of a DNF formula. To outline the main ideas of our algorithms, they are presented using
pseudocode with instructions to simulate a given Random Access Machin (RAM). The details
on the complexity of using such instructions with minimal overhead are given in the appendix.

2 Preliminaries

Enumeration problems. Let Σ be a finite alphabet and Σ∗ be the set of finite words built
on Σ. We denote by |x| the length of x ∈ Σ∗. Let A ⊆ Σ∗ × Σ∗ be a binary predicat. We
write A(x) for the set of y such that A(x, y) holds. The enumeration problem ΠA is the
function which associates A(x) to x. The element x is called the instance or the input, while
an element of A(x) is called a solution. We denote the cardinality of a set A(x) by ♯A(x).

A predicate A is said to be polynomially balanced if for all y ∈ A(x), |y| is polynomial
in |x|. It implies that ♯A(x) is bounded by |Σ|poly(|x|). Let Check·A be the problem of
deciding, given x and y, whether y ∈ A(x). The class EnumP, a natural analogous to NP for
enumeration, is defined to be the set of all problems ΠA where A is polynomially balanced
and Check·A ∈ P. More details can be found in [11, 35].

Computational model. In this paper, we use the Random Access Machine (RAM) model
introduced by Cook and Reckhow [18] with comparison, addition, subtraction and multipli-
cation as its basic arithmetic operations augmented with an OUTPUT(i, j) operation which
outputs the content of the values of registers Ri, Ri+1, . . . , Rj as in [4, 34] to capture enumer-
ation problems. We use an hybrid between uniform cost model and logarithmic cost model
(see [18, 1]): output, addition, multiplication and comparison are in constant time on values
less than n, where n is the size of the input. In first-order query problems, it is justified by
bounding the values in the registers by n times a constant [19, 4]. However, it is not practical
for general enumeration algorithms which may store and access 2n solutions and thus need
to deal with large integers. Hence, rather than bounding the register size, we define the cost
of an instruction to be the sum of the size of its arguments divided by log(n). Thus, any
operation on a value polynomial in n can be done in constant time, but unlike in the usual
uniform cost model, we take into account the cost of dealing with superpolynomial values.

http://florent.capelli.me/coussinet/
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A RAM M on input x ∈ Σ∗ produces a sequence of outputs y1, . . . , yS . The set of outputs
of M is denoted by M(x) and its cardinality by ♯M(x). We say that M solves ΠA if, on
every input x ∈ Σ∗, A(x) = M(x) and for all i ̸= j we have yi ≠ yj , that is no solution is
repeated. All registers are initialized with zero. The space used by the M is the sum of the
bitsize of the integers stored in its registers, up to the register of the largest index accessed.

We denote by TM (x, i) the time taken by the machine M on input x before the ith

OUTPUT instruction is executed. When the machine is clear from the context, we drop the
subscript M and write T (x, i). The delay of a RAM which outputs the sequence y1, . . . , yS

is the maximum over all i ≤ s of the time spent between the generation of yi and yi+1, that
is max1≤i≤S T (x, i + 1)− T (x, i). The preprocessing is TM (x, 1), the time spent before the
first solution is output. The postprocessing is the time spent between the output of the last
solution and the end of the computation. To simplify the presentation, we assume that there
is no postprocessing, that is, a RAM solving an enumeration problem stops right after having
output the last solution. This assumption does not affect the complexity classes studied in
this paper, as the output of the last solution can be delayed to the end of the algorithm.

Pseudocode. In this paper, we describe our algorithms using pseudocode that is then
compiled to a RAM with the usual complexity guarantees. In our algorithms, we freely use
variables and the usual control flow instructions, arithmetic operations and data structures.
We also assume that we have access to an output(s) instruction which outputs the value of
variable s. When compiled, this instruction calls the OUTPUT instruction of the RAM on the
registers holding the value of s.

As this paper mostly deals with transforming a given enumeration algorithm into another
one having better complexity guarantees, it is convenient to call an algorithm as an oracle to
execute it step by step. Therefore, we use two other instructions in our pseudocode: load
and move. The instruction load(I, x) takes two parameters: the first one is the code of a
RAM and the second one is its input. It returns a data structure M that can later be used
with the move instruction: move(M) simulates the next step of the computation of machine
I on input x. We assume that move(M) returns false if the computation is finished. We also
assume that we have access to the following functions on M :

sol(M) returns the solution that M has just output. If the last simulated step of M was
not an output instruction, it returns undef. We abuse notation by writing if(sol(M))
then . . . to express the fact that we explore the then branch if and only if sol(M) is not
undef.

steps(M) returns the number of steps of M that have been simulated.
If we have an upper bound u(|x|) on the memory used by a machine of code I on input x, and
if u is computable in time t(|x|), we can implement load and move on a RAM with respective
complexity O(t(|x|)) and O(1) and space O(u(|x|)). Indeed, it is sufficient to reserve u(|x|)
contiguous registers in memory and shift all registers used by I so that it uses the reserved
memory.

It is also possible to implement these instructions without knowing in advance the
memory used by I but one has to use data structures able to dynamically adjust the memory
used. In this case, move can be executed either in O(1) with a small space overhead or in
O(log(log(|x|))) with no space overhead. We leave this improvement for a long version of
this article (see [13]) and state the main results when a polynomial time computable upper
bound u(|x|) on the memory is known.
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Complexity measures and classes. Complexity measures and the relevant complexity classes
for enumeration have been formally introduced by Johnson, Yanakakis and Papadimitriou
in [23] first. The total time, that is TM (x, ♯A(x)), is similar to what is used for the complexity
of decision problems. Since the number of solutions can be exponential in the input size,
it is more relevant to give the total time as a function of the combined size of the input
and output. However, this notion does not capture the dynamic nature of an enumeration
algorithm. When generating all solutions already takes too long, we want to be able to
generate at least some solutions. Hence, we should measure (and bound) the total time used
to produce a given number of solutions. We give here the notion of linear incremental time,
central to the paper, while the more general notion of polynomial incremental time is given
and studied in Section 3.3.

▶ Definition 1 (Linear incremental time). A problem ΠA ∈ EnumP is in IncP1 if there is a
polynomial d and a machine M which solves ΠA, such that for all x and for all 1 < i ≤ ♯A(x),
T (x, i) < i · d(|x|) and T (x, 1) < d(|x|). Such a machine M is called an IncP1-enumerator
with incremental delay d(n).

▶ Definition 2 (Polynomial delay). A problem ΠA ∈ EnumP is in DelayP if there is a
polynomial d and a machine M which solves ΠA, such that for all x and for all 1 < i ≤ ♯A(x),
T (x, i)− T (x, i− 1) ≤ d(|x|) and T (x, 1) ≤ d(|x|). Such a machine M is called a DelayP-
enumerator of delay d(n).

Observe that if M is a DelayP-enumerator then for all i we have T (x, i) − T (x, 1) ≤∑
1<j≤i d(|x|) = (i−1)d(|x|). Hence DelayP ⊆ IncP1. Polynomial delay is the most common

notion of tractability in enumeration, because it guarantees both regularity and linear total
time and also because it is relatively easy to prove that an algorithm has a polynomial
delay. Indeed, most methods used to design enumeration algorithms such as backtrack search
with a polynomial time extension problem [29], or efficient traversal of a supergraph of
solutions [27, 3, 16], yield polynomial delay algorithms on many enumeration problems.

To better capture the notion of tractability in enumeration, it is important to use
polynomial space algorithms. We let DelayPpoly be the class of problems solvable by a
polynomial space DelayP-enumerator. We define IncPpoly

1 , as the class of problems which
can be solved by a polynomial space IncP1-enumerator.

3 From IncP1 to DelayP

3.1 Geometric Amortization
The folklore method (e.g., [23, 34, 14]) used to transform an IncP1-enumerator into a DelayP-
enumerator that was sketched in the introduction uses a queue to delay the output of solutions.
This queue may however become of size exponential in the input size. To overcome this issue,
we introduce a technique that we call geometric amortization, illustrated by Algorithm 1
which regularizes the delay of an IncP1-enumerator with a space overhead of O(log(♯I(x))),
which is polynomially bounded since I is in EnumP. To achieve this, we however have
to compromise a bit on the delay which becomes O((log(♯I(x)) · p(|x|)). Moreover, with
geometric amortization, the solutions are not output in the same order as the order they
are output by I. Algorithm 1 relies on the knowledge of an upper bound K of ♯I(x), but
this assumption is relaxed in Section 3.2. We now proceed to prove the correctness and
complexity of Algorithm 1 that is summarized in the theorem below.
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Algorithm 1 Using geometric amortization for regularizing the delay of an IncP1-
enumerator I having incremental delay p(n) only using polynomial space. In the code,
Z0 = [0; p(n)] and Zj = [2j−1p(n) + 1; 2jp(n)] for j > 0.

Input : x ∈ Σ∗ of size n and K such that K ≥ ♯I(x)
Output : Enumerate I(x) with delay O(p(n) · log(K))

1 begin
2 N ← ⌈log(K)⌉;
3 for i = 0 to N do M [i]← load(I, x) ;
4 j ← N ;
5 while j ≥ 0 do
6 for b← 2p(n) to 0 do
7 move(M [j]);
8 if sol(M [j]) and steps(M [j]) ∈ Zj then
9 output(sol(M [j]));

10 j ← N ;
11 break;

12 if b = 0 then j ← j − 1;

▶ Theorem 3. Given an IncP1-enumerator I with incremental delay p(n) and space complex-
ity s(n) and given K ≥ ♯I(x), one can construct a DelayP-enumerator I ′ which enumerates
I(x) on any input x ∈ Σ∗ with delay O(log(K)p(n)) and space complexity O(s(n) log(K)).

Proof. The pseudo-code for I ′, accessing an oracle to I as a blackbox, is presented in
Algorithm 1. Its correctness and complexity are proven in the rest of this section. ◀

Since IncP1 ⊆ EnumP, we know that there is a polynomial q(n) such that every element of
I(x) is of size at most q(|x|) and by choosing K = |Σ|q(n), we have that log(K) is polynomially
bounded and the following is a direct corollary of Theorem 3:

▶ Corollary 4. IncPpoly
1 = DelayPpoly.

The construction of I ′ from I in Theorem 3 is presented in Algorithm 1, which uses a
technique that we call geometric amortization. The idea of geometric amortization is to
simulate several copies of I on input x at different speeds. Each process is responsible for
enumerating solutions in different intervals of time to avoid repetitions in the enumeration.
The name comes from the fact that the size of the intervals we use follows a geometric
progression (the size of the (i + 1)th interval is twice the size of the ith one).

Explanation of Algorithm 1. Algorithm 1 maintains N + 1 simulations M [0], . . . , M [N ] of
I on input x where N = ⌈log(K)⌉. When simulation M [i] finds a solution, it outputs it if
and only if the number of steps of M [i] is in Zi, where Zi := [1 + 2i−1p(n), 2ip(n)] for i > 0
and Z0 = [1, p(n)]. These intervals are clearly disjoint and cover every possible step of the
simulation since the total time of I is at most ♯I(x)p(n) ≤ Kp(n) ≤ 2N p(n) (by convention,
we assumed enumerators to stop on their last solution, see Section 2). Thus, every solution
is enumerated as long as M [i] has reached the end of Zi when the algorithm stops.

STACS 2023
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Algorithm 1 starts by moving M [N ]. It is given a budget of 2p(n) steps. If these 2p(n)
steps are executed without finding a solution in ZN , M [N − 1] is then moved similarly with a
budget of 2p(n) steps. It continues until one machine M [j] finds a solution in its zone Zj . In
this case, the solution is output and the algorithm proceeds back with M [N ]. The algorithm
stops when M [0] has left Z0, that is when p(n) + 1 steps of M [0] have been simulated2.

Bounding the delay. From the above description of Algorithm 1, between two outputs, the
variable j takes at most N + 1 values (from N to 0) and at most 2p(n) move instructions
are executed for each machine M [j]. A move instruction can be executed in O(1) (see
Appendix A). Moreover, the size of b being O(log(n)), we can increment it in O(1) in the
RAM model we consider. Finally, we have to compare steps(M [i]) with integers of values
in O(log(K)p(n)). Manipulating such integers in the RAM model would normally cost
O(log(K)/ log(n)). However, we give in Appendix A.2 a method using Gray Code encodings
which allows us to increment steps(M [i]) and to detect when it enters and exits Zi in O(1).
Thus, the overall delay of Algorithm 1 is O(log(K)p(n)).

Space complexity. We have seen in Section 2 that a RAM can be simulated without using
more space than the original machine (see Appendix A for more details). Since Algorithm 1
uses O(log(K) simulations of I, its space complexity is O(s(n) log(K)).

Correctness of Algorithm 1. It remains to show that Algorithm 1 correctly outputs I(x)
on input x. Recall that a solution of I(x) is enumerated by M [i] if it is produced by I at
step c ∈ Zi = [1 + 2i−1p(n), 2ip(n)]. Since, by definition, the total time of I on input x is
at most ♯I(x)p(n), it is clear that Z0 ⊎ · · · ⊎ ZN ⊇ [1, Kp(n)] ⊇ [1, ♯(I)p(n)] covers every
solution and that each solution is produced at most once. Thus, it remains to show that
when the algorithm stops, M [i] has moved by at least 2ip(n) steps, that is, it has reached
the end of Zi and output all solutions in this zone.

We study an execution of Algorithm 1 on input x. For the purpose of the proof, we
only need to look at the values of steps(M [0]), . . . , steps(M [N ]) during the execution of the
algorithm. We thus say that the algorithm is in state c = (c0, . . . , cN ) if steps(M [i]) = ci for
all 0 ≤ i ≤ N . We denote by Sc

i the set of solutions that have been output by M [0], . . . , M [i]
when state c is reached; that is, a solution is in Sc

i if and only if it is produced by I at step
k ∈ Zj for j ≤ i and k ≤ cj = steps(M [j]). We claim the following invariant:

▶ Lemma 5. For every state c and i < N , we have ci+1 ≥ 2p(n)|Sc
i |.

Proof. The proof is by induction on c. For the state c just after initializing the variables, we
have that for every i ≤ N , |Sc

i | = 0 and ci = 0. Hence, for i < N , ci+1 ≥ 0 = 2p(n)|Sc
i |.

Now assume the statement holds at state c′ and let c be the next state. Let i < N . If
|Sc

i | = |Sc′

i |, then the inequality still holds since ci+1 ≥ c′
i+1 and c′

i+1 ≥ 2p(n)|Sc′

i | = 2p(n)|Sc
i |

by induction. Otherwise, we have |Sc
i | = |Sc′

i |+ 1, that is, some simulation M [k] with k ≤ i

has just output a solution. In particular, the variable j has value k ≤ i < N . Let c′′ be
the first state before c′ such that variable j has value i + 1 and b has value 2p(n), that is,
c′′ is the state just before Algorithm 1 starts the for loop to move M [i + 1] by 2p(n) steps.
No solution has been output between state c′′ and c′ since otherwise j would have been

2 An illustration of Algorithm 1 can be found at http://florent.capelli.me/coussinet/ where one
can see the run of a machine represented as a list and the different simulations moving in this list and
discovering solutions.

http://florent.capelli.me/coussinet/
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reset to N . Thus, |Sc′′

i | = |Sc′

i |. Moreover, ci+1 ≥ c′
i+1 ≥ c′′

i+1 + 2p(n) since M [i + 1] has
moved by 2p(n) steps in the for loop without finding a solution. By induction, we have
c′′

i+1 ≥ 2p(n)|Sc′′

i | = 2p(n)|Sc′

i |. Thus ci+1 ≥ c′′
i+1 + 2p(n) = 2p(n)(|Sc′

i | + 1) = 2p(n)|Sc
i |

which concludes the induction. ◀

▶ Corollary 6. Let c = (c0, . . . , cN ) be the state reached when Algorithm 1 stops. We have
for every i ≤ N , ci ≥ 2ip(n).

Proof. The proof is by induction on i. If i is 0, then we necessarily have c0 ≥ p(n) since
Algorithm 1 stops only when M [0] has moved outside Z0, that is when it has been moved by
at least p(n) steps.

Now assume cj ≥ 2jp(n) for every j < i. This means that for every j < i, M [j] has been
moved at least to the end of Zj . Thus, M [j] has found every solution in Zj . Since it holds
for every j < i, it means that M [0], . . . , M [i− 1] have found every solution in the interval
K = [1, 2i−1p(n)]. Since I is an IncP1-enumerator with delay p(n) and since 2i−1 ≤ ♯I(x) by
definition of N , K contains at least 2i−1 solutions, that is, |Sc

i−1| ≥ 2i−1. Applying Lemma 5
gives that ci ≥ 2i−1 · 2p(n) = 2ip(n). ◀

The correctness of Algorithm 1 directly follows from Corollary 6. Indeed, it means that
for every i ≤ N , every solution of Zi = [1 + 2i−1p(n), 2ip(n)] have been output, that is, every
solution of [1, 2N p(n)] and 2N p(n) is an upper bound on the total run time of I on input x.

Observe that Algorithm 1 does not preserve the order of the solutions since it interleaves
solutions later seen in the enumeration process in order to amortize large delay between two
solutions. One possible workaround is to output pairs of the form (s, r) where s is a solution
and r its rank in the original enumeration order. To do so, one just has to keep a counter of
the number of solutions seen so far by each process and output it along a solution. It does not
restore the order, but allows recovering it afterward. When we are interested in finding the
first K solutions only (a likely scenario for solving top-k problems), the previous workaround
is not useful. However, our algorithm can output them only with a log(K) overhead by just
running log(K) processes and ignoring solutions having a rank higher than K; the solutions
will however not be output in order.

3.2 Improving Algorithm 1
One drawback of Algorithm 1 is that it needs to know in advance an upper bound K on
♯I(x) since it uses it to determine how many simulations of I it has to maintain. In theory,
such an upper bound exists because I is assumed to be in EnumP and it is often known, e.g.,
|Σ|N where N is an upper bound on the size of the output. In practice, however, it might be
cumbersome to compute it or it may hurt efficiency if the upper bound is overestimated. It
turns out that one can remove this hypothesis by slightly modifying Algorithm 1. The key
observation is that during the execution of the algorithm, if M [i] has not entered Zi, it is
simulated in the same way as M [i + 1], . . . , M [N ]. Indeed, it is not hard to see that M [j] is
always ahead of M [i] for j > i and that if M [i] is not in Zi, it will not output any solution
in the loop at Line 6, hence this iteration of the loop will move M [i] by 2p(n) steps, just like
M [j] for j > i. Hence, Algorithm 1 can be improved in the following way: we start with
only two simulations M [0], M [1] of I. Whenever M [1] is about to enter Z1, we start M [2] as
an independent copy of M [1]. During the execution of the algorithm, we hence maintain a
list M of simulations of I and each time the last simulation M [N ] is about to enter ZN , we
copy it into a new simulation M [N + 1]. The hardest part of implementing this idea is to
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Algorithm 2 Improvement of Algorithm 1 which works without upper bounds on the
number of solutions and has a better total time. In the code, a0 = 0 and aj = 2j−1p(n) + 1.

Input : x ∈ Σ∗ of size n

Output : Enumerate I(x) with delay O(p(n) · log(♯I(x)))
1 begin
2 M ← list(∅);
3 insert(M, load(I, x));
4 j ← length(M)− 1;
5 while j ≥ 0 do
6 for b← 2p(n) to 0 do
7 move(M [j]);
8 if j = length(M)− 1 and steps(M [j]) = aj then
9 insert(M, copy(M [j]));

10 j ← length(M)− 1;
11 break;
12 if sol(M [j]) and steps(M [j]) ∈ [aj ; aj+1 − 1] then
13 output(sol(M [j]);
14 j ← length(M)− 1;
15 break;

16 if b = 0 then j ← j − 1;

show that one can copy simulation M [N ] without affecting the overall delay of the algorithm.
That can be achieved by lazily copying parts of M [N ] whenever we move M [N + 1]. The
details are given in Appendix A.4.

By implementing this idea, one does not need to know an upper bound on ♯I(x) anymore:
new simulations will be created as long as it is necessary to discover new solutions ahead.
The fact that one has found every solution is still witnessed by the fact that M [0] reaches
the end of Z0. This improvement has yet another advantage compared to Algorithm 1: it
has roughly the same total time as the original algorithm. Hence, if one is interested in
generating every solution with a polynomial delay from an IncP1-enumerator, our method
may make the maximal delay worse but does not change much the time needed to generate
all solutions.

Correctness of Algorithm 2. Correctness of Algorithm 2 can be proven in a similar way as
for Algorithm 1. Lemma 5 still holds for every state, where N in the statement has to be
replaced by length(M)− 1. The proof is exactly the same but we have to verify that when
a new simulation is inserted into M , the property still holds. Indeed, let c be a state that
follows the insertion of a new simulation (Line 8). We have now length(M) − 1 = N + 1
(thus the last index of M is N + 1). Moreover, we claim that Sc

N+1 = Sc
N . Indeed, at this

point, the simulation M [N + 1] has not output any solution. Moreover, by construction,
cN = steps(M [N ]) = steps(M [N + 1]) = cN+1. Since cN ≥ 2p(n)|Sc

N | by induction, we
have that cN+1 ≥ 2p(n)|Sc

N+1|. Moreover, the following adaptation of Corollary 6 holds for
Algorithm 2.

▶ Lemma 7. Let c be the state reached when Algorithm 1 stops. Then N := length(M)− 1 =
1 + log(♯I(x)) and for every i ≤ N , ci ≥ 2ip(n).
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Proof. The lower bound ci ≥ 2ip(n) for i ≤ N is proven by induction exactly as in the proof
of Lemma 5. The induction holds as long as 2i−1 ≤ ♯I(x), because we need this assumption
to prove that there are at least 2i−1 solutions in the interval [1, 2i−1p(n)]. Now, one can
easily see that if i ≤ 1 + log(♯I(x)) and ci ≥ 2ip(n) then the simulation M [i] has reached
2i−1p(n) at some point and thus, has created a new simulation M [i + 1]. Thus, by induction,
the algorithms creates at least 1 + log(♯I(x)) = N new simulations. Thus length(M) ≥ N + 1
(as M starts with one element).

Finally, observe that M [N ] outputs solutions in the zone ZN = [2N−1p(n) + 1, 2N p(n)]
and that 2N−1p(n) = ♯I(x)p(n) which is an upper bound on the total time of I on input
x. Thus, the simulation M [N ] will end without creating a new simulation. In other words,
length(M)− 1 = N . ◀

Delay of Algorithm 2. While establishing the correctness of Algorithm 2 is similar to the
one of Algorithm 1, proving a bound on the delay of Algorithm 2 is not as straightforward.
By Lemma 7, the size of M remains bounded by 2 + log(♯I(x)) through the algorithm, so
there are at most 2p(n)(2 + log(♯I(x))) executions of move between two solutions, for the
same reasons as before. However, we also have to account for the execution of copy. When
implemented naively, this operation requires a time O(s(n)) to copy the entire configuration
of the simulation in some fresh part of the memory. It would add O(s(n)) to the delay of
Algorithm 2 compared to Algorithm 1. However, one can amortize this copy operation by
lazily copying the memory while running the original simulation and by adapting the sizes of
the zones so that we can still guarantee a delay of O(log(♯I(x))p(n)) in Algorithm 2. The
method is formally described in Appendix A.4.

Total time of Algorithm 2. A minor modification of Algorithm 2 improves its efficiency
in terms of total time. By definition, when simulation M [i] exits Zj , it does not output
solutions anymore. Thus, it can be removed from the list of simulations. It does not change
anything concerning the correctness of the algorithm. One just has to be careful to adapt
the bounds in Algorithm 2. Indeed, 2jp(n) is not the right bound anymore as removing
elements from M may shift the positions of the others. It can be easily circumvented by also
maintaining a list Z such that Z[i] always contains the zone that M [i] has to enumerate.

By doing it, it can be seen that each step of I having a position in Zi will only be visited
by two simulations: the one responsible for enumerating Zi and the one responsible for
enumerating Zi+1. Indeed, the other simulations would either be removed before entering Zi

or will be created after the last element of M has entered Zi+1. Thus, the move operation is
executed at most 2T (|x|) times where T (|x|) is the total time taken by I on input x and the
total time of this modification of Algorithm 2 is O(T (n)) where T (n) is the total time of I.

All previous comment on Algorithm 2 allows us to state the following improvement of
Theorem 3, where no upper bound on ♯I(x) is necessary but s(n) and p(n) are known.

▶ Theorem 8. Given an IncP1-enumerator I with incremental delay p(n), space complexity
s(n) and total time T (n), one can construct a DelayP-enumerator I ′ which enumerates I(x)
on any input x ∈ Σ∗ with space complexity O(s(n) log(♯I(x))), delay O(log(♯I(x))p(n)) and
total time O(T (n)).

We observe that Algorithm 2 can be modified so that it can work with IncP1-enumerators
having a preprocessing. Indeed one only needs, as a preprocessing step of Algorithm 2, to
run the first simulation created by the algorithm until it outputs its first solution to be in
the same state as the case where there is no preprocessing.
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We sill need to know two parameters (or an upper bound on them) to run Algorithm 2:
the space of the amortized algorithm and its incremental delay. By using dynamic data
structures, one could adapt our algorithm when the space used by the enumerator is not
known for a very small overhead. Moreover, it is possible to give a lower bound showing that
one cannot get a O(p(n)) polynomial delay when the incremental delay p(n) is unknown (if
I is a blackbox). We leave this improvement for a long version of this article (see [13]).

3.3 Geometric Amortization for IncPi with i > 1
The dynamic version of the total time is called incremental time: Given an enumeration
problem A, we say that a machine M solves ΠA in incremental time f(i)g(n) if on every input
x, and for all i ≤ ♯A(x), TM (x, i) ≤ f(i)g(|x|). The linear incremental time corresponds to
the case f(i) = i. We generalize IncP1, by polynomially bounding the incremental time.

▶ Definition 9 (Polynomial incremental time). A problem ΠA ∈ EnumP is in IncPa if there
is a constant b and a machine M which solves it with incremental time O(ianb). Such a
machine is called an IncPa-enumerator. Moreover, we define IncP =

⋃
a≥1 IncPa.

Allowing arbitrary polynomial preprocessing does not modify the class IncPa since this
preprocessing can be interpreted as the polynomial time before outputting the first solution.
The class IncP is believed to be strictly included in OutputP, the class of problems solvable
in total polynomial time, since this is equivalent to TFNP ̸= FP [11]. Moreover, the classes
IncPa form a strict hierarchy assuming the exponential time hypothesis [11].

▶ Definition 10 (Usual definition of incremental time.). A problem ΠA ∈ EnumP is in
UsualIncPa if there are b and c integers and a machine M which solves ΠA such that for all
x and for all 0 < t ≤ ♯A(x), T (x, t)− T (x, t− 1) < cta|x|b.

Our definition of IncP captures the fact that we can generate t solutions in time polynomial
in t and in the size of the input, which seems more general than bounding the delay because
the time between two solutions is not necessarily regular. Using geometric amortization,
we can show that both definitions are equivalent even when the space is required to be
polynomial.

For a ≥ 0, we denote by IncPpoly
a (respectively UsualIncPpoly

a ), the class of problems that
can be solved by an IncPa (respectively UsualIncPa) algorithm and polynomial space. The
following generalises Corollary 4 since DelayP = UsualIncP0.

▶ Theorem 11. For all a ≥ 0, IncPpoly
a+1 = UsualIncPpoly

a .

Proof. The inclusion UsualIncPpoly
a ⊆ IncPpoly

a+1 is straightforward and follows by a simple
computation of the time to generate i solutions, see [11].

The inclusion IncPpoly
a+1 ⊆ UsualIncPpoly

a is done by geometric amortization, by adapting
Algorithm 1. Let I be an algorithm solving a problem in IncPa+1. We assume we know
ta+1p(n), a bound on its incremental time.

Then, the only modification we do in Algorithm 1 is to maintain a counter S of the
number of output solutions and modify the initialization of b in the for loop at line 6 to
Sa(a + 1)2p(n). By construction of the amortization algorithm, the delay between two
solutions before the algorithm ends is bounded by Sa(a + 1)2p(n) log(s), where S is the
number of solutions output up to this point of the algorithm and s the total number of
solutions. Thus, the algorithm is in UsualIncPa.
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We still have to prove that all solutions are enumerated by the algorithm. Assume that
the first i + 1 machines M [0], . . . , M [i] have output all the solutions in their zones, then we
prove as in Corollary 6, that the the machine M [i + 1] has also output all its solutions. The
number of solutions output by M [0], . . . , M [i] is the number of solutions output by I up to
time step 2ip(n). Let si be this number, then sa+1

i p(n) ≥ 2ip(n) since I is in incremental
time ta+1p(n). Hence, si ≥ 2i/(a+1).

When a solution is output by a machine M [j] with j ≤ i, then j is set to N and all
machines M [k] with k > i move by at least Sa(a + 1)2p(n) steps where S is the current
number of output solutions before M [i] moves again. Hence, we can lower bound the number
of moves of the machine M [i + 1] by

∑si

S=0 Sa(a + 1)2p(n) ≥
∑2i/(a+1)

S=0 Sa(a + 1)2p(n). Since∑n
S=0 Sa ≥

∫ n

0 Sa dS ≥ na+1/(a+1), the number of moves of M [i+1] is larger than 2i+1p(n)
which is the upper bound of its zone. ◀

4 Other Applications of Geometric Amortization

4.1 Amortizing Self-Reducible Problems
Given an enumeration problem ΠA, we assume from now on, to lighten the exposition, that
the solutions in A(x) are sets over some universe U(x). From A, we define the predicate Ã

which contains the pairs ((x, a, b), y) such that y ∈ A(x) and a ⊆ y ⊆ b. From this predicate,
we define a self-reducible3 variant of ΠA and the extension problem ExtSol·A defined as
the set of triples (x, a, b) such that there is a y in Ã(x, a, b).

Solving ΠA on input x is equivalent to solving ΠÃ on (x, ∅, U(x)). Let us now formalize
a recursive method to solve ΠÃ, sometimes called binary partition, because it partitions
the solutions to enumerate in two disjoint sets. Alternatively, it is called flashlight search,
because we peek at subproblems to solve them only if they yield solutions. To our knowledge,
all uses of flashlight search in the literature can be captured by this formalization, except
for the partition of the set of solutions which can be in more than two subsets. We only
present the binary partition for the sake of clarity, but our analysis can be adapted to finer
partitions.

Given an instance (x, a, b) of ΠÃ and some global auxiliary data D, a flashlight search
consists in the following (subroutines are not specified, and yield different flashlight searches):

if a = b, a is ouput and the algorithm stops
choose u ∈ b \ a;
if (x, a ∪ {u}, b) ∈ ExtSol·A, compute some auxiliary data D1 from D and make a
recursive call on (x, a ∪ {u}, b);
if (x, a, b \ {u}) ∈ ExtSol·A, compute some auxiliary data D2 from D1 and make a
recursive call on (x, a, b \ {u}), then compute D from D2.

Flashlight search can be seen as a depth-first traversal of a partial solutions tree. A
node of this tree is a pair (a, b) such that (x, a, b) ∈ ExtSol·A. Node (a, b) has children
(a ∪ {u}, b) and (a, b \ {u}) if they are nodes. A leaf is a pair (a, a) and the root is (∅, U(x)).
The cost of a node (a, b) is the time to execute the flashlight search on (x, a, b) except the
time spent in recursive calls. Usually, the cost of a node comes from deciding ExtSol·A
and modifying the global data structure D used to solve ExtSol·A faster.

3 For a classical definition of self-reducible problems, see e.g. [25, 5].

STACS 2023



18:14 Geometric Amortization of Enumeration Algorithms

The cost of a path in a partial solution tree is the sum of the costs of the nodes in the
path. We define the path time of a flashlight search algorithm as the maximum over the cost
of all paths from the root. Twice the path time bounds the delay since, between two output
solutions, a flashlight search traverses at most two paths in the tree of partial solutions.
To our knowledge, all bounds on the delay of flashlight search are proved by bounding the
path time. The path time is bounded by ♯U(x) times the complexity of solving ExtSol·A.
Auxiliary data can be used to amortize the cost of evaluating ExtSol·A repeatedly, generally
to prove that the path time is equal to the complexity of solving ExtSol·A once, e.g., when
generating minimal models of monotone CNF [31].

Using flashlight search, we obtain that ΠA ∈ DelayP if ExtSol·A ∈ P and indeed many
enumeration problems are in DelayP because their extension problem are in P, see e.g.,
[38, 29]. However, there are NP-hard extension problems whose enumeration problem is in
DelayP, e.g., the extension of a maximal clique, whose hardness can be derived from the fact
that finding the largest maximal clique in lexicographic order is NP-hard [23].

The average delay (also amortized delay or amortized time) of a machine M solving ΠA

on input x is T (x, ♯A(x))/♯A(x). The average delay of an enumerator is bounded by its delay
but it can be much smaller. This happens in flashlight search when the internal nodes of
the tree of partial solutions are guaranteed to have many leaves. Uno describes the pushout
method [38] harnessing this property to obtain constant average delay algorithms for many
problems such as generating spanning trees.

To make sense of very low complexity enumeration algorithms, we may separate the
preprocessing T (x, 1) from the rest of the computation. We say that a machine with
preprocessing has incremental delay d(n) if, for all x and i, T (x, i)− T (x, 1) ≤ i · d(|x|). The
preprocessing is not taken into account in the incremental delay. When the preprocessing
time is not zero, it is explicitly specified and we use preprocessing only in this section. We
now prove, using Theorem 3, that the average delay of a flashlight search can be turned into
a delay up to a small multiplicative factor. It relies on a small queue for amortization, so
that its incremental delay is equal to its average delay, and on geometric amortization to
turn the incremental delay into a delay.

▶ Theorem 12. Let ΠA be an enumeration problem solved by a flashlight search algorithm,
with space s(n), path time p(n) and average delay d(n). Let b(n) be the size of a single
solution. There is an algorithm solving ΠA on any input x, with preprocessing O(p(n)b(n)),
delay O(d(n) log(♯I(x))) and space O(s(n) log(♯I(x)) + p(n)b(n)).

Proof. Let I be the flashlight search algorithm solving ΠA. Let us first describe an algorithm
I ′ in incremental linear time, which produces the same solutions as I on any input x of size
n. The preprocessing of I ′ is to run I for p(n) steps and to store each solution output in
a queue. It takes a time at most O(p(n)b(n)) since there are at most p(n) solutions of size
b(n) to store in the queue. The queue requires an additional space of O(p(n)b(n)). After the
preprocessing, we first output all solutions in the queue and then I is simulated for the rest
of its run and the solutions output by I are output by I ′ right away.

Checking the queue for emptiness and outputting a solution can be done in constant
time. Hence, we can guarantee that there is a constant C, such that after C computation
steps of I ′, one step of I is executed. Let us evaluate the number of solutions output when
I ′ has run for a time Ct after the preprocessing. If at this time the queue is not empty, then
a solution has been output at each time step, hence there are at least t output solutions.

If the queue is empty, the number of solutions output by I ′ is the same as the number
of solutions output by I after running for a time p(n) + t. At this point in time, the
flashlight search is considering some node (a, b) of the partial solutions tree and we denote
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Current subproblem
Enumerated subproblems

. . .

(a0, b0)

(a, b)

(a1, b1)
(a2, b2)

(a0 ∪ {u0}, b0)

(a2 ∪ {u2}, b2)

Figure 1 A traversal of the tree of partial solutions by the flashlight search. The subproblems
completely solved recursively in blue, the path to the current solution in red.

by (∅, U(x)) = (a0, b0), . . . , (ai, bi) = (a, b) the path from the root to (a, b). The time spent
on the nodes of this path is bounded by p(n), the path time of I. Hence, I spends at least a
time t in the subtrees whose root is a child of some (ai, bi).

Also, observe that a subtree rooted at a child (c, d) of (ai, bi) with (c, d) ̸= (ai+1, bi+1) has
been either completely explored by the flashlight search or not at all, as shown in Figure 1.
Since I is a flashlight search, it works recursively on subtrees, corresponding to subproblems.
If a subtree rooted at (c, d) has been completely explored, then the flashlight search has
recursively solved the problem Ã(x, c, d). By definition of the average delay, the solutions
in Ã(x, c, d) have been produced by flashlight search in total time less than d(n)♯Ã(x, c, d).
Hence, the subproblems entirely solved by I contribute at least t/d(n) solutions. Therefore,
in time Ct, I ′ outputs at least t/d(n) solutions.

Therefore, we have proven that I ′ is in incremental delay O(d(n)), space O(s(n)+p(n)b(n))
and preprocessing O(p(n)b(n)). Applying Theorem 3 to I ′ yields an algorithm with the
stated complexity. ◀

4.2 Enumeration of the Models of DNF Formulas

In this section, we explore consequences of Theorem 12 on the problem of generating models
of a DNF formula, which has been extensively studied in [12]. Let us denote by n the number
of variables of a DNF formula, by m its number of terms and by ΠDNF the problem of
generating the models of a DNF formula. The size of a DNF formula is at least m and
at most O(mn) (depending on the representation and the size of the terms), which can
be exponential in n. Hence, we want to understand whether ΠDNF can be solved with a
delay polynomial in n only, that is depending on the size of a model of the DNF formula
but not on the size of the formula itself. A problem that admits an algorithm with a delay
polynomial in the size of a single solution is said to be strongly polynomial and is in the class
SDelayP. One typical obstacle to being in SDelayP is dealing with large non-disjoint unions
of solutions. The problem ΠDNF is an example of such difficulty: its models are the union
of the models of its terms, which are easy to generate with constant delay.

The paper [12] defines the strong DNF enumeration conjecture as follows: there is no
algorithm solving ΠDNF in delay o(m). It also describes an algorithm solving ΠDNF in
average sublinear delay. It is based on flashlight search, with appropriate data structures and
choice of variables to branch on (Theorem 10 in [12]). Thanks to Theorem 12, we can trade
the average delay for a guaranteed delay and falsify the strong DNF enumeration conjecture.

▶ Corollary 13. There is an algorithm solving ΠDNF with linear preprocessing, delay
O(n2m1−log3(2)) and space O(n2m).
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Proof. The algorithm of [12] enumerates all models with average delay O(nm1−log3(2)) and
the space used is the representation of the DNF formula by a trie, that is O(mn). We apply
Theorem 12 to this algorithm. We have a bound on the incremental delay, the space used
and the number of solutions, hence we can use Theorem 3 to do the geometric amortization
without overhead in the method of Theorem 12. The auxiliary queue used in Theorem 12 is
of size n2m, since the path time is nm. The number of models is bounded by 2n, hence the
delay obtained by amortization is O(n2m1−log3(2)) and the space O(n2m), which proves the
theorem. ◀

For monotone DNF formulas, Theorem 14 of [12] gives a flashlight search with an average
delay of O(log(mn)). Hence, we obtain an algorithm with delay O(n log(mn)) listing the
models of monotone DNF formulas with strong polynomial delay by Theorem 12. It gives an
algorithm having a better delay, preprocessing and space usage than the algorithm given by
Theorem 12 of [12].

▶ Corollary 14. There is an algorithm solving ΠDNF on monotone formulas with polynomial
space, linear preprocessing and strong polynomial delay.

We have not proven that ΠDNF ∈ SDelayP, and the DNF Enumeration Conjecture, which
states that ΠDNF /∈ SDelayP still seems credible. Theorem 3 shows that this conjecture can
be restated in terms of incremental delay, suggesting that the conjectured hardness should
rely on the incremental delay and not on the delay.

▶ Conjecture 15. There is no polynomial p such that ΠDNF can be solved with polynomial
space and incremental delay p(n).

References
1 Alfred V Aho and John E Hopcroft. The design and analysis of computer algorithms. Pearson

Education India, 1974.
2 Ricardo Andrade, Martin Wannagat, Cecilia C Klein, Vicente Acuña, Alberto Marchetti-

Spaccamela, Paulo V Milreu, Leen Stougie, and Marie-France Sagot. Enumeration of minimal
stoichiometric precursor sets in metabolic networks. Algorithms for Molecular Biology, 11(1):25,
2016.

3 David Avis and Komei Fukuda. Reverse search for enumeration. Discrete Applied Mathematics,
65(1-3):21–46, 1996.

4 Guillaume Bagan. Algorithms and complexity of enumeration problems for the evaluation of
logical queries. PhD thesis, Université de Caen, France, 2009.

5 JoséL Balcázar. Self-reducibility. Journal of Computer and System Sciences, 41(3):367–388,
1990.

6 Dominique Barth, Olivier David, Franck Quessette, Vincent Reinhard, Yann Strozecki, and
Sandrine Vial. Efficient generation of stable planar cages for chemistry. In International
Symposium on Experimental Algorithms, pages 235–246. Springer, 2015.

7 James R Bitner, Gideon Ehrlich, and Edward M Reingold. Efficient generation of the binary
reflected gray code and its applications. Communications of the ACM, 19(9):517–521, 1976.

8 Thomas Bläsius, Tobias Friedrich, Julius Lischeid, Kitty Meeks, and Martin Schirneck. Effi-
ciently enumerating hitting sets of hypergraphs arising in data profiling. In 2019 Proceedings
of the Twenty-First Workshop on Algorithm Engineering and Experiments (ALENEX), pages
130–143. SIAM, 2019.

9 Kateřina Böhmová, Luca Häfliger, Matúš Mihalák, Tobias Pröger, Gustavo Sacomoto, and
Marie-France Sagot. Computing and listing st-paths in public transportation networks. Theory
of Computing Systems, 62(3):600–621, 2018.



F. Capelli and Y. Strozecki 18:17

10 Caroline Brosse, Vincent Limouzy, and Arnaud Mary. Polynomial delay algorithm for minimal
chordal completions. In Mikolaj Bojanczyk, Emanuela Merelli, and David P. Woodruff, editors,
49th International Colloquium on Automata, Languages, and Programming, ICALP 2022,
July 4-8, 2022, Paris, France, volume 229 of LIPIcs, pages 33:1–33:16. Schloss Dagstuhl -
Leibniz-Zentrum für Informatik, 2022. doi:10.4230/LIPIcs.ICALP.2022.33.

11 Florent Capelli and Yann Strozecki. Incremental delay enumeration: Space and time. Discrete
Applied Mathematics, 268:179–190, 2019.

12 Florent Capelli and Yann Strozecki. Enumerating models of DNF faster: Breaking the
dependency on the formula size. Discrete Applied Mathematics, 303:203–215, 2021.

13 Florent Capelli and Yann Strozecki. Geometric amortization of enumeration algorithms. arXiv
preprint arXiv:2108.10208, 2021.

14 Nofar Carmeli and Markus Kröll. On the enumeration complexity of unions of conjunctive
queries. In Proceedings of the 38th ACM SIGMOD-SIGACT-SIGAI Symposium on Principles
of Database Systems, pages 134–148, 2019.

15 Sara Cohen, Benny Kimelfeld, and Yehoshua Sagiv. Generating all maximal induced subgraphs
for hereditary and connected-hereditary graph properties. Journal of Computer and System
Sciences, 74(7):1147–1159, 2008.

16 Alessio Conte, Roberto Grossi, Andrea Marino, and Luca Versari. Listing maximal subgraphs
satisfying strongly accessible properties. SIAM Journal on Discrete Mathematics, 33(2):587–
613, 2019.

17 Alessio Conte and Takeaki Uno. New polynomial delay bounds for maximal subgraph
enumeration by proximity search. In Proceedings of the 51st Annual ACM SIGACT Symposium
on Theory of Computing, pages 1179–1190, 2019.

18 Stephen A Cook and Robert A Reckhow. Time bounded random access machines. Journal of
Computer and System Sciences, 7(4):354–375, 1973.

19 Arnaud Durand and Etienne Grandjean. First-order queries on structures of bounded degree
are computable with constant delay. ACM Trans. Comput. Log., 8(4):21, 2007.

20 Thomas Eiter, Georg Gottlob, and Kazuhisa Makino. New results on monotone dualization
and generating hypergraph transversals. SIAM Journal on Computing, 32(2):514–537, 2003.

21 Michael Fredman and Leonid Khachiyan. On the complexity of dualization of monotone
disjunctive normal forms. Journal of Algorithms, 21(3):618–628, 1996.

22 Leslie Ann Goldberg. Efficient algorithms for listing combinatorial structures. PhD thesis,
University of Edinburgh, UK, 1991. URL: http://hdl.handle.net/1842/10917.

23 David S Johnson, Mihalis Yannakakis, and Christos H Papadimitriou. On generating all
maximal independent sets. Information Processing Letters, 27(3):119–123, 1988.

24 Leonid Khachiyan, Endre Boros, Khaled Elbassioni, Vladimir Gurvich, and Kazuhisa Makino.
On the complexity of some enumeration problems for matroids. SIAM Journal on Discrete
Mathematics, 19(4):966–984, 2005.

25 Samir Khuller and Vijay V Vazirani. Planar graph coloring is not self-reducible, assuming P ̸=
NP. Theoretical Computer Science, 88(1):183–189, 1991.

26 Donald E Knuth. Combinatorial algorithms, part 1, volume 4a of the art of computer
programming, 2011.

27 Eugene L Lawler, Jan Karel Lenstra, and AHG Rinnooy Kan. Generating all maximal
independent sets: NP-hardness and polynomial-time algorithms. SIAM Journal on Computing,
9(3):558–565, 1980.

28 Édouard Lucas. Récréations mathématiques: Les traversées. Les ponts. Les labyrinthes. Les
reines. Le solitaire. La numération. Le baguenaudier. Le taquin, volume 1. Gauthier-Villars et
fils, 1882.

29 Arnaud Mary and Yann Strozecki. Efficient enumeration of solutions produced by closure
operations. Discrete Mathematics & Theoretical Computer Science, 21(3), 2019.

30 Kurt Mehlhorn. Data structures and algorithms 1: Sorting and searching, volume 1. Springer
Science & Business Media, 2013.

STACS 2023

http://dx.doi.org/10.4230/LIPIcs.ICALP.2022.33
http://hdl.handle.net/1842/10917


18:18 Geometric Amortization of Enumeration Algorithms

31 Keisuke Murakami and Takeaki Uno. Efficient algorithms for dualizing large-scale hypergraphs.
Discrete Applied Mathematics, 170:83–94, 2014.

32 Ronald C Read and Robert E Tarjan. Bounds on backtrack algorithms for listing cycles, paths,
and spanning trees. Networks, 5(3):237–252, 1975.

33 Frank Ruskey. Combinatorial generation. Preliminary working draft. University of Victoria,
Victoria, BC, Canada, 11:20, 2003.

34 Yann Strozecki. Enumeration complexity and matroid decomposition. PhD thesis, Université
Paris Diderot - Paris 7, 2010.

35 Yann Strozecki. Enumeration complexity. Bulletin of EATCS, 1(129), 2019.

36 James C Tiernan. An efficient search algorithm to find the elementary circuits of a graph.
Communications of the ACM, 13(12):722–726, 1970.

37 Nikolaos Tziavelis, Wolfgang Gatterbauer, and Mirek Riedewald. Any-k algorithms for
enumerating ranked answers to conjunctive queries, 2022. doi:10.48550/arXiv.2205.05649.

38 Takeaki Uno. Constant time enumeration by amortization. In Workshop on Algorithms and
Data Structures, pages 593–605. Springer, 2015.

39 Kunihiro Wasa and Kazuhiro Kurita. Enumeration of enumeration algorithms and its com-
plexity. https://kunihirowasa.github.io/enum/problem_list. Accessed: 2021-10-31.

A Oracles to RAM

In this Appendix, the size of the input of the algorithm is denoted by n. We assume in
this section that the polynomial p(n) is the known delay of I, the simulated RAM. The
complexity of any operation in the RAM model, say a + b is (log(a) + log(b))/ log(n). If a

and b are bounded by some polynomial in n, then (log(a) + log(b))/ log(n) < C for some
constant C. All integers used in this section are bounded by a polynomial in n and can
thus be manipulated in constant time and stored using constant space. We assume an
infinite supply of zero-initialized memory, that is all registers of the machines we use are first
initialized to zero. It is not a restrictive assumption, since we can relax it, by using a lazy
initialization method (see [30] 2, Section III.8.1) for all registers, for only a constant time
and space overhead for all memory accesses.

A.1 Pointers and Memory

To implement extensible data structures, we need to use pointers. A pointer is an integer,
stored in some register, which denotes the index of the register from which is stored an
element. In this article, the value of a pointer is always bounded by a polynomial in n, thus
it requires constant memory to be stored. Using pointers, it is easy to implement linked lists,
each element contains a pointer to its value and a pointer to the next element of the list.
Following a pointer in a list can be done in constant time. Adding an element at the end of
a list can be done in constant time if we maintain a pointer to the last element. We also use
arrays, which are a set of consecutive registers of known size.

In our algorithms, we may need memory to extend a data structure or to create a new
one, but we never need to free the memory. Such a memory allocator is trivial to implement:
we maintain a register containing the value F , such that no register of index larger than F

is used. When we need k consecutive free registers to extend a data structure, we use the
registers from F to F + k − 1 and we update F to F + k.

http://dx.doi.org/10.48550/arXiv.2205.05649
https://kunihirowasa.github.io/enum/problem_list
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A.2 Counters
All algorithms presented in this paper rely, sometimes implicitly, on our ability to efficiently
maintain counters, for example, to keep track of the number of steps of a RAM that have
been simulated so far. Implementing them naively by simply incrementing a register would
result in efficiency loss since these registers may end up containing values as large as 2poly(n)

and we could not assume that this register can be incremented, compared, or multiplied in
constant time in the uniform cost model that we use in this paper.

To circumvent this difficulty, we introduce in this section a data structure that allows us
to work in constant time with counters representing large values. Of course, we will not be
able to perform any arithmetic operations on these counters. However, we show that our
counter data structure enjoys the following operations in constant time: inc(c) increases the
counter by 1 and mbit(c) returns the index of the most significant bit of the value encoded
by c. In other words, if k = mbit(c) then we know that inc(c) has been executed at least 2k

times and at most 2k+1 times since the initialization of the counter.
The data structure is based on Gray code encoding of numbers. A Gray code is an

encoding enjoying two important properties: the Hamming distance of two consecutive
elements in the Gray enumeration order is one and one can produce the next element in the
order in constant time. The method we present in this section is inspired by Algorithm G
presented in [26] which itself is inspired by [7] for the complexity. The only difference with
Algorithm G is that we maintain a stack containing the positions of the 1-bits of the code in
increasing order so that we can retrieve the next bit to switch in constant time which is not
obvious in Algorithm G. Our approach is closer to the one presented in Algorithm L of [26]
but for technical reasons, we could not use it straightforwardly.

We assume in the following that we have a data structure for a stack supporting initial-
ization, push and pop operations in constant time and using O(s) registers in memory where
s is the size of the stack (it can be implemented by a linked list).

Counters with a known upper bound on the maximal value. We start by presenting the
data structure when an upper bound on the number of bits needed to encode the maximal
value to be stored in the counter is known. For now on, we assume that the counter will be
incremented at most 2k − 1 times, that is, we can encode the maximal value of the counter
using k bits.

To initialize the data structure, we simply allocate k consecutive registers R0, . . . , Rk−1
initialized to 0, which can be done in constant time since the memory is assumed to be
initialized to 0, and we initialize an empty stack S. Moreover, we have two other registers A

and M initialized to 0.
We will implement mbit and inc to ensure the following invariants: the bits of the Gray

Code encoding the value of the counter are stored in R0, . . . , Rk−1. A contains the parity of
the number of 1 in R0, . . . , Rk−1. M contains an integer smaller than k that is the position
of the most significant bit in the Gray Code (the biggest j ≤ k − 1 such that Rj contains
1). Finally, S contains all positions j such that Rj is set to 1 in decreasing order (that is if
j < j′ are both in S, j will be poped before j′).

To implement mbit, we simply return the value of M . It is well-known and can be easily
shown that the most significant bit of the Gray Code is the same as the most significant bit
of the value it represents in binary so if the invariant is maintained, M indeed contains a
value j such that the number of times inc(c) has been executed is between 2j and 2j+1 − 1.

To implement inc, we simply follow Algorithm G from [26]. If A is 0 then we swap the
value of R0. Otherwise, we swap the value of Rj+1 where j is the smallest position such
that Rj = 1 (if j is k − 1 then we have reached the maximal value of the code which we
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have assumed to be impossible, see below to handle unbounded counters). One can find
j in constant time by just popping the first value in S, which works if the invariant is
maintained. Now, one has to update the auxiliary memory: A is replaced by 1−A so that it
still represents the parity of the number of 1 in the Gray Code. To update S, we proceed as
follows: if A is 0 then either R0 has gone from 0 to 1, in which case we have to push 0 in S

or R0 has gone from 1 to 0, in which case we have to pop one value in S, which will be 0
since S respects the invariant. It can be readily proven that this transformation preserves
the invariant on S. Now, if A is 1, then either the value of Rj+1 has gone from 0 to 1 which
means that we have to push j + 1 and j on the stack (j is still the first bit containing 1 so it
has to be pushed back on the top of the stack and j + 1 is the next bit set to 1 so it has to
be just after j in S). Or the value of Rj+1 has gone from 1 to 0. In this case, it means that
after having popped j from S, j + 1 sits at the top of S. Since Rj+1 is not 0, we have to pop
j + 1 from S and push back j. Again, it is easy to see that these transformations preserve
the invariant on S. Moreover, we never do more than 2 operations on the stack so this can
be done in constant time. Finally, if Rj+1 becomes 1 and j + 1 > M , we set M to j + 1.

Observe that we are using 2k + 2 registers for this data structure since the stack will
never hold more than k values.

Unbounded counters. To handle unbounded counters, we start by initializing a bounded
counter c0 with k bits (k can be chosen arbitrarily, k = 1 works). When c0 reaches its
maximal value, we just initialize a new counter c1 with k + 1 bits and modify it so it contains
the Gray Code of c0 (with one extra bit) and copy its stack S and the values of A and M .

This can be done in constant time thanks to the following property of Gray code: the
Gray code encoding of 2k − 1 contains exactly one bit set to 1 at position k − 1. Thus, to
copy the value of c0, we only have to swap one bit in c1 (which has been initialized to 0 in
constant time). Moreover, the stack of c0 containing only positions of bit set to 1, it contains
at this point only the value k − 1 that we can push into the stack of c1. Copying registers A

and M is obviously in constant time.
To summarize, we have proven the following:

▶ Theorem 16. There is a data structure Counter that can be initialized in constant time
and for which operations inc and mbit can be implemented in constant time with the following
semantic: mbit(c) returns an integer j such that v is between 2j and 2j+1 − 1 where v is
the number of time inc(c) has been executed since the initialization of c. Moreover, the data
structure uses O(log(v)2) register.

One could make the data structure more efficient in memory by lazily freeing the memory
used by the previous counters so that it is O(log(v)). However, such an optimization is not
necessary for our purpose.

A.3 Instructions load, move and steps for Known Parameters
In this section, we explain formally how one can simulate a given RAM as an oracle with
good time and memory guarantees. More precisely, we explain how one can implement the
instructions load, move and steps that we are using in our algorithms so that their complexity
is O(1) and their memory usage is O(s(n)) where s(n) is the memory used by I the simulated
RAM on an input of size n. We do the following assumptions: we know an upper bound for
both values s(n) and ⌈log(♯I(x))⌉. We also assume that s(n) is bounded by a polynomial.
Note that ⌈log(♯I(x))⌉ is polynomial in n, since we consider only machines solving problems
in EnumP.
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Configuration. Instruction load(I, x) returns a structure M which stores the configuration
of I when its runs on input x. A configuration of I is the content of the registers up to the
last one which has been accessed and the state of the machine, i.e. the index of the next
instruction to be executed by I. Moreover, the number of executed move(M) instructions is
also part of the configuration to support the steps instruction.

Remark that we make explicit that machine I is simulated, by giving it as argument of
load. However, the amortization algorithms we design all use load only on the machine I.
They must be understood as a method to build an amortized algorithm for each I. Therefore,
we do not need a universal machine to simulate I when executing a move(M) instruction.

To simulate I in constant time, the crucial part is to be able to read and write the ith
register of I as stored in M in constant time. If we know a bound s(n) on the space used
by I, and a bound on the number of solutions ♯I(x) as in Algorithm 1, the structure M

is very simple. For a structure M , we reserve s(n) registers which are mapped one to one
to the registers R1 up to Rs(n) of I. We also require 1 register to store the index of the
current instruction to be executed by I. We also initialize a counter c to 0 as explained in
Section A.2 for steps(M) to keep track of the number of steps that have been simulated so
far. This counter will use up to O(log(♯I(x))2) registers. To really account for steps(M), one
should increment c each time an instruction move is executed. However, in Algorithm 1 and
Algorithm 2, one need to compare steps(M) with another value. We explain below how one
can adapt this counter so that this comparison is constant time for both algorithms.

Let m = s(n) + 2⌈log(♯I(x))⌉+ 2, then for all j from 0 to ⌈log(♯I(x))⌉+ 1, the structure
M [j] uses the registers from jm to (j + 1)m− 1. Hence, if M [j] must simulate the access of
I to register Ri, it accesses the register Rjm+i. This operation is in constant time, since it
requires to compute jm + i, where i, m and j are polynomial in n.

At Line 8 of Algorithm 1, one has to determine whether the number of steps simulated is
in [2j−1p(n) + 1, 2jp(n)]. To check this inequality in constant time, we simply initialize a
counter cj as in Section A.2. Instead of incrementing it each time move(M [j]) is called, we
increment it every p(n) calls to move. This can easily be done by keeping another register R

which is incremented each time move is called and whenever it reaches value p(n), it is reset
to 0 and cj is incremented. Now to decide whether M [j] enters its zone, it is sufficient to test
whether mbit(cj) = j − 1. The first time it happens, then exactly 2j−1p(n) steps of M [j]
have been executed, so it will enter its zone in the next move, so we can remember it to start
the enumeration. When mbit(cj) becomes j, it means that 2jp(n) steps of M [j] have been
executed, that is, M [j] leaves its zone. Thus, we can perform the check of Line 8 in constant
time.

A.4 Instruction copy
Algorithm 2, which does not require to know #I(x), relies on an instruction copy. This
instruction takes as a parameter a data structure M storing the configuration of a RAM and
returns a new data structure M ′ of the same machine starting in the same configuration (an
exact copy of the memory). A straightforward way of implementing copy would be to copy
every register used by the data structure M in a fresh part of the memory. However, this
approach may be too expensive since we need to copy the whole memory used by M . Since
we are guaranteed to have one output solution between each copy instruction, the delay of
Algorithm 1 becomes O(log(#I(x))(p(n) + s(n))).

In this section, we explain how one can lazily implement this functionality so that the
memory of M is copied only when needed. This method ensures that copy runs in O(1),
however, there is an overhead to the cost of the instruction move. We show it still runs in
O(1) if the memory usage of I is well behaved, otherwise the overhead is small and exists
only when log(#I(x)) ≤ log(n)2.
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Let us explain how the data structure M is lazily copied. The data structure contains a
register for the index of the current instruction, a counter of the number of steps and an
array to represent the registers of I the simulated machine. The counter in M ′ is stored as
in Theorem 16. It is initialized so that it represents the value 2j−1p(n) and it counts up
to 2j+1p(n). This value is represented by a regular counter of value 0 and the Gray code
counter contains the 2j−1p(n)th integer in Gray code order for integers of size j + 1. This
number is equal to 2j−1 + 2j−2, which has only two one bits (the second and the third),
hence it can be set up in constant time. The auxiliary structure is the list of ones of the
integer, which is here of size two and can thus be set up in constant time.

We explain how we lazily copy an array. Assume we want to create an exact copy of the
array A of size m. We create both A′ and U of size m initialized to zero. The value of U [r]
is 0 if A′[r] has not been copied from A[r] and 1 otherwise. Each time move(M) is executed
and it modifies the value A[r], if U [r] = 0, it first set A′[r] = A[r] and U [r] = 1. Each time
move(M ′) is executed and reads the value A′[r], if U [r] = 0, it first set A′[r] = A[r] and
U [r] = 1. This guarantees that the value of A′ is always the same as if we had completely
copied it from A when the instruction copy(M) is executed. The additional checks and
updates of U add a constant time overhead to move. Moreover, we maintain a simple counter
c, and each time a move(M ′) operation is executed, if U [c] = 0, we set A′[c] = A[c] and
U [c] = 1. When c = m, the copy is finished and we can use A and A′ as before, without
checking U .

The described implementation of the copy operation is in constant time. The move
instruction, modified as described, has a constant overhead for each lazy copy mechanism in
action. To evaluate the complexity of Algorithm 2, we must evaluate the number of active
copies. We prove, that when s(n) is known, a variant of Algorithm 2 has only a single active
copy mechanism at any point in time.

▶ Theorem 17. Given an IncP1-enumerator I, its incremental delay p(n) and its space
complexity s(n), one can construct a DelayP-enumerator I ′ which enumerates I(x) on input
x ∈ Σ∗ with delay

O(log(#I(x))p(n))

and space complexity O(s(n) log(#I(x))).

Proof. We use a hybrid version of Algorithm 1 and Algorithm 2. First, in the preprocessing
step, I is run for s(n) steps. If the computation terminates before s(n) steps, then we store
all solutions during the preprocessing and enumerate them afterward.

Otherwise, let i be the integer such that 2i−1p(n) ≤ s(n) < 2ip(n). We run Algorithm 1
with log(s(n)/p(n)) as a bound on the number of solutions. It means that M [0] up to M [i] are
loaded in the preprocessing. Since the number of solutions can be larger than log(s(n)/p(n)),
we need machines M [j] for j > i. These machines are created dynamically as in Algorithm 2.
When a machine M [j] is created, it is lazily copied from M [j − 1] using copy. There are
at least 2j−1p(n) ≥ 2ip(n) ≥ s(n) instructions executed before the next copy instruction.
Therefore, a single lazy copy is active at any point of the algorithm, which proves that the
delay is O(log(#I(x))p(n)). ◀
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Abstract
Every language recognized by a non-deterministic finite automaton can be recognized by a determin-
istic automaton, at the cost of a potential increase of the number of states, which in the worst case
can go from n states to 2n states. In this article, we investigate this classical result in a probabilistic
setting where we take a deterministic automaton with n states uniformly at random and add just
one random transition. These automata are almost deterministic in the sense that only one state
has a non-deterministic choice when reading an input letter. In our model each state has a fixed
probability to be final. We prove that for any d ≥ 1, with non-negligible probability the minimal
(deterministic) automaton of the language recognized by such an automaton has more than nd states;
as a byproduct, the expected size of its minimal automaton grows faster than any polynomial. Our
result also holds when each state is final with some probability that depends on n, as long as it is
not too close to 0 and 1, at distance at least Ω( 1√

n
) to be precise, therefore allowing models with a

sublinear number of final states in expectation.
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1 Introduction

A fundamental result in automata theory is that deterministic complete finite state automata
recognize the same languages as non-deterministic finite state automata. This result can
be established using the classical (accessible) subset construction [17, 14]: starting with a
non-deterministic automaton with n states, one can build a deterministic automaton with
at most 2n states that recognizes the same language. This upper bound is tight; there are
regular languages recognized by an n-state non-deterministic automaton whose minimal
automaton (the smallest deterministic and complete automaton that recognizes the language)
has 2n states. The number of states of the minimal automaton of a regular language is called
its state complexity. Figure 1 shows two n-state non-deterministic automata with somewhat
similar shape, and whose languages have very different state complexities. In both automata,
there is only one non-deterministic choice, when reading the letter a at the initial state.

In this article, we address the following (informal) question: if we take a random n-state
deterministic automaton and add just one random transition, what can be said about the
state complexity of the resulting recognized language? Does it hugely increase as for Lℓ, or
does it remain small as for Lr?
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1 2 3 · · · n

a, b

a a, b a, b a, b
1 2 3 · · · n
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a a a a

Figure 1 On the left, a non-deterministic automaton with n states recognizing the language
Lℓ = Σ∗aΣn−2. On the right, a non-deterministic automaton with n states recognizing the language
Lr = Σ∗an−1. The minimal automaton of Lℓ has 2n−1 states, whereas the one of Lr has n states.

From [3], we know that with high probability, the state complexity of the language
recognized by a size-n deterministic automaton taken uniformly at random is linear. This
is important as it implies that the corresponding distribution on regular languages is not
degenerated: this contrasts with the case of random regular expressions where the expected
state complexity of the described regular languages is constant [15] which means that the
induced distribution on regular languages is concentrated on a finite number of languages.

To be more precise, our formal setting in this article is the following. Let Σ = {a, b, . . .}
be a finite alphabet with k ≥ 2 letters. For any n ≥ 1, we consider the uniform distribution
on deterministic and complete automata on Σ, with {1, . . . , n} as their set of states and with
no final states (for now); the initial state is picked uniformly at random, and the action of
the letters on the stateset are k uniform and independent random mappings. We also pick
uniformly at random and independently two states p and q, and add a transition p

a−→ q, if
it is not already there. Finally each state is final with a given fixed probability f ∈ (0, 1),
independently. Hence in this model an almost deterministic automaton has an expected
number of final states of f n. Our results still hold if we allow the probability f of being
final to depend on the size n of the automaton, provided that fn has a distance to 0 and 1
in Ω( 1√

n
). This allows us to consider a probabilistic model in which random automata have

an expected number of final states that is as low as Θ(
√

n).
Our main result is that for any d ≥ 1 there exists a constant cd > 0 such that the state

complexity of the language of such a random almost deterministic automaton is greater than
nd with probability at least cd, for n sufficiently large. That is, for any polynomial P , there is
a non-negligible probability that the state complexity of the language of a random automaton
is greater than P (n): we will say that the state complexity is super-polynomial with visible
probability. As a direct consequence, the expected state complexity is super-polynomial.

It should be noted that with the same random models for deterministic automata, one
cannot hope to replace visible probability in our results with a probability that converges
to 1 (high probability). Indeed random automata have, with high probability, a constant
fraction of states that are not accessible from the initial state; if the source of the added
transition is not accessible from the initial state, the added transition does not impact the
recognized language, whose state complexity is therefore at most equal to n. Thus, we make
no effort in the present paper to optimize our probabilistic lower bounds. See the conclusion
for a more advanced discussion on this topic.

Related work. The study of random deterministic automata can be traced back to the work
of Grusho on the size of the accessible part [13]: he established that, with high probability,
a constant proportion of the states are accessible from the initial state. He also shows
that with high probability there is a unique terminal strongly connected component of
size approximately νkn, for some νk > 1

2 that only depends on the size k of the alphabet.
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More structural results on the underlying graph of a random deterministic automaton were
established in the work of Carayol and Nicaud [6], with a local limit law for the size of the
accessible part and an application to random generation of accessible determistic automata,
and more recently in the work of Cai and Devroye [5], with, in particular, a fine grained
analysis of what is happening outside the large strongly connected component. In [1],
Addario-Berry, Balle and Perarnau gave a precise analysis of the diameter of a random
deterministic automaton, showing in particular that it is logarithmic. We will use some of
these results in this paper, namely one on the size of the largest terminal strongly connected
component. We will deal with the restriction to states accessible from the initial state in the
powerset construction using the result of [5] that with high probability the cycles outside the
accessible part are small: for any ε > 0, with probability at least 1 − ε all the non-accessible
cycles have length smaller than some constant Cε. In particular, for any ω(n) → ∞, all the
cycles outside the accessible part have length at most ω(n) with high probability.

All these results on random automata focus on the underlying graph of the transition
structures, without saying much about the recognized languages, and on the average com-
plexity of textbook algorithms on automata. Some results were established in this direction:
the probability that a random accessible automaton is minimal was studied by Bassino,
David and Sportiello [3], the analysis of minimization algorithms by Bassino, David and
Nicaud [2, 8], etc. More recently, several papers studied the synchronization of random
automata [4, 19], until the very recent work of Chapuy and Perarnau [7], establishing that
most deterministic automata are synchronizing, with a word of length O(

√
n log n). We refer

the interested reader to the survey of Nicaud [18] for an overview on random deterministic
automata.

To our knowledge, there is no well-established random model for non-deterministic
automata (e.g., for the uniform distribution they recognize almost all words with high
probability). Applying the powerset construction to the mirror of a random deterministic
automaton was studied by De Felice and Nicaud [10, 11], in order to analyze the average
case complexity of Brzozowski’s state minimization algorithm. As in the present article, they
studied the determinization procedure of random automata, but for a model that is very
different from ours: they consider the mirror of a uniform random deterministic automaton. In
particular, with high probability, there is a linear number of states having a non-deterministic
choice in their setting. Another natural model would be to use a critical Erdős-Rényi [9]
digraph for each letter, which would also result in a linear number of states having a non-
deterministic choice. In this article, we choose a random model with the minimum amount
of non-determinism by adding just one transition to a uniform deterministic automaton, and
establish that we likely have a combinatorial explosion already in this case.

2 Definitions and notations

For any n ≥ 1, let [n] = {1, . . . , n}. If x, y ∈ R with x ≤ y, let [[x, y]] = [x, y] ∩Z be the set of
integers that are between x and y. Let E be a set equipped with a size function s from E to
Z≥0, and let En denote the elements of E having size n. A property X on E (that is, a subset
of E viewed as the set of elements for which the property holds) holds with visible probability
if there exists some constant c > 0 such that, for n sufficiently large, En is non-empty and
P(X) ≥ c for the uniform distribution on En. By a slight abuse of notation, if X is a random
variable E → Z≥0 we say that for the uniform distribution on E , X is super-polynomial
with visible probability when for any d ≥ 1, there exists a constant cd > 0, such that for n

sufficiently large, En ̸= ∅ and P(X ≥ nd) ≥ cd for the uniform distribution on En.

STACS 2023



19:4 One Drop of Non-Determinism in a Random DFA

Recall that if u and v are two words on an ordered alphabet Σ, u is smaller than v for
the length-lexicographic order if |u| < |v| or they have same length and u <lex v for the
lexicographic order.

Throughout the article, the stateset of an automaton with n states will always be [n],
with the exception of the powerset construction recalled just below. The alphabet will
always be Σ = {a, b}, except in the statement of our main theorem, where we allow larger
alphabets as it is trivially generalized to this case. Hence, in our setting, a deterministic
(and complete) automaton is just a tuple (n, δ, F ), where F ⊆ [n] is the set of final states
and δ is the transition function, a mapping from [n] × Σ to [n]. We will often write δα(s) = t

or s
α−→ t instead of δ(s, α) = t, for s, t ∈ [n] and α ∈ Σ, and call this an α-transition

or a transition. The transition function is classically extended to sets of states by setting
δ(X, α) = {δ(s, α) : s ∈ X}, for X ⊆ [n], and to words by setting inductively δ(s, w) = s if
w is the empty word ε and δ(s, wα) = δ(δ(s, w), α). We will not need to specify the initial
state until the end of the proof; when we finally do, it will be generated uniformly at random
and independently in [n]. Final states are only used in the last part of our proof, so to ease
the presentation, we define a deterministic (and complete) transition structure as being an
automaton with neither initial nor final states: they are given by a pair (n, δ) where n is the
number of states and δ is the transition function.

An almost deterministic automaton (n, δ, F, p
a−→ q) is a deterministic automaton (n, δ, F )

in which we add the additional a-transition p
a−→ q. Similarly, an almost deterministic

transition structure (n, δ, p
a−→ q) is a deterministic transition structure (n, δ) in which we

add the additional a-transition p
a−→ q. For any α ∈ Σ and any r ∈ [n], the transition

function γ of an almost deterministic automaton (n, δ, F, s
a−→ t) (or almost deterministic

transition structure) is therefore defined by γ(r, α) = {δ(r, α)} if (r, α) ̸= (p, a) and γ(p, a) =
{δ(p, a), q}. These automata or transition structures can be deterministic, when we already
have δ(p, a) = q.

The classical powerset automaton B of a possibly non-deterministic automaton A =
(n, δ, F, p

a−→ q), with a transition function γ, is a deterministic automaton B with states in
2[n] and transition function γ extended to sets, as defined above. If we add an initial state i0
to A, the initial state of B is {i0} and it recognizes the same language as A when a state X

of B is final if and only if at least one of its element is final in A, i.e. X ∩ F ̸= ∅. We can
restrict this construction to the accessible part of B only (from its initial state {i0}, where i0
is the initial state of A) while still recognizing the same language; we call this automaton
the accessible powerset automaton of A.

Recall that two states r and s in a deterministic automaton A are equivalent if the
languages recognized by moving the initial state to r or to s are equal. The minimal
automaton of a regular language L is the deterministic complete automaton with the smallest
number of states that recognizes L. The number of states of the minimal automaton of L is
called the state complexity of L. We will use the following classical property [14]:

▶ Proposition 1. If there is a set of accessible states X in a deterministic automaton A such
that the states of X are pairwise non-equivalent, then A has state complexity at least |X|.

The following remark allows us to focus on the case of a two-letter alphabet:

▶ Remark 2. Let Γ ⊆ Σ be two non-empty alphabets. If L is a regular language on Σ, the
state complexity of L is at least the state complexity of L ∩ Γ∗.
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the added random transition

Figure 2 Illustration of the proof sketch. On the left, the backward tree from p that is detailed
in Section 4.1, it has size O(

√
n) and contains between

√
n and 3

√
n extremal leaves (i.e. leaves in

its last level τ) to be valid. On its right, the forward tree from r, described in Section 4.2; it is a
breadth-first traversal that is valid if it hits an extremal leaf of the backward tree before O(

√
n)

states are examined. On the right the b-threads introduced in Section 4.3, obtained by reading b’s
from the pi’s; they are valid if they are made of previously unseen states and do not intersect.

3 Main statement and proof outline

Our main result is that the state complexity of the language recognized by a random almost
deterministic automaton is super-polynomial with visible probability, when for each n, each
state is final, independently, with some probability fn that is not too close to either 0 or 1,
as precised in the statement:

▶ Theorem 3. Let Σ be an alphabet with at least two letters. Let fn be a map from Z≥1
to (0, 1) such that there exists a constant α > 0 such that fn ≥ α√

n
and 1 − fn ≥ α√

n
for

n sufficiently large. Consider an almost deterministic n-state transition structure A on Σ
taken uniformly at random. Each state of A is then taken to be final with probability fn,
independently of everything else. Then, with visible probability, the language recognized by A
has super-polynomial state complexity.

▶ Corollary 4. Under the conditions of Theorem 3, the expected state complexity of the
language recognized by A growths faster than any polynomial in n.

The proof of Theorem 3 consists in identifying a structure and several constraints (see
Figure 2) that guarantee that when performing the accessible powerset construction and
adding a random set of final states, we have sufficiently many pairwise non-equivalent states.
At each step, we add a new constraint on top of those we already have, and we have to ensure
that these constraints are still satisfied by sufficiently many almost deterministic transition
structures. A convenient way to sketch the proof is to consider that we start with n states
and no transitions, and add random transitions when needed, on the fly. More precisely,
our proofs can be seen as the description of an algorithm that tries to expose the required
structure by performing two types of queries on the set of still unknown transitions: either
we ask what the destination of a given transition is, or we ask for all the transitions that
have a given state as their destination. Thus, at any point in the algorithm, conditioned
on the results of all previous queries, the destinations of all still unexposed transitions are
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19:6 One Drop of Non-Determinism in a Random DFA

independent and uniform among the set of states for which we have not performed the second
type of query. We use this to prove that our algorithm has a non-negligible probability
of success. We also have two random states p and q and will add the transition p

a−→ q at
some point. We fix d ≥ 1 and describe the main steps of the proof below. In this high
level description, recall that δ refers to the transition function of the deterministic base of
the almost deterministic automaton being generated, whereas the γ refers to its transition
function when adding the transition p

a−→ q during step 2. Except during this step, all
transitions are added to both δ and γ simultaneously.

1. Generate r = δa(p), the target of the a-transition starting from p in the deterministic
transition structure. With visible probability, r ≠ q and there is a word w of length
Θ(log n) such that δw(r) = p, which can be found by generating O(

√
n) random transitions.

We also assume that the b-transition starting at p is still unset. This step is the most
technical, we explore backward from p and forward from r until we reach a common state.

2. Assuming such a w is found, we add the transition p
a−→ q to γ, which makes the

automaton non-deterministic. We then iteratively generate the transitions starting from
q and following the word w(aw)d−1, and ask that the target of each such transition be
a state that was not previously seen in the whole process. This happens with visible
probability.

3. Let p0 = p and pi = δw(aw)i−1(q) for i ∈ [d]. If the two previous steps are successful,
then γ(aw)d({p}) = {p0, p1, . . . , pd}, and the outgoing b-transition of each pi is still unset.
Then, for each pi, we iteratively generate the b-transitions δb(pi), δbb(pi), . . . until we
cycle after λi steps. This process is considered successful if we do not use an already set
b-transition and if the d + 1 cycles are pairwise disjoint. We furthermore ask that the λi

are all in Θ(
√

n). All these properties happen with visible probability.
4. At this stage, we have γ(aw)d({p}) = {p0, . . . , pd}; this set is composed of d + 1 different

states, and reading b’s from each pi eventually ends in a b-cycle of length ℓi. Given the
λi’s, each ℓi is a uniform element of [λi], and they are independent. We now ask that
the ℓi’s are pairwise coprime, and that each of them is in Ω(

√
n). This also happens

with visible probability [20]. Our precise requirements ensure that once met, the ℓi are
uniform and independent elements of [[ 1

2
√

n,
√

n]].
5. If everything worked so far, in the powerset construction applied to the almost determin-

istic transition structure there is a b-cycle of length
∏d

i=0 ℓi = Ω(n d+1
2 ). We now randomly

determine which states are final. If we consider a b-cycle alone in the automaton, of
length Ω(

√
n), its states are pairwise non-equivalent with visible probability as soon as the

probability fn that a state is final is not too close to either 0 or 1, which we assumed in
our model. This property happens to be preserved when building the product automaton
for the union of two one-letter cycles, provided their lengths are coprime. Consequently,
the large b-cycles in the powerset construction are made of pairwise non-equivalent states
with visible probability.

6. It just remains to guarantee that {p} is accessible in the subset construction. We use
the fact that with high probability, all cycles with length in Ω(log(n)) are accessible in
a random deterministic automaton [5]. By construction the cycle around p labelled aw

built at step 1 has length Θ(log n), hence p is accessible with high probability.

The first steps of the proof sketch are depicted in Figure 2, with more details and notations
that will be introduced in the next section.
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4 Random almost deterministic transition structures

As indicated in the presentation of the proof in Section 3, a convenient way to see a uniform
random transition structure is to start with no known transition at all, and generate them
on the fly, when needed: we use the fact that the targets of the 2n transitions in a size-n
uniform transition structure are independent uniform random elements of [n].

Consider for instance that we take a random state s and iteratively follow b-transitions
starting from s: we generate the path s

b−→ δ(s, b) b−→ δ(s, bb) b−→ . . . until we cycle back on a
previously seen state. In this process, we keep picking uniformly at random and independently
integers in [n] until we have a collision: this is exactly the setting of the classical Birthday
Problem (see for instance [12, p.114]). Straightforward computations show that the expected
length ℓs of this b-path Ps is in Θ(

√
n), and that it is between

√
n and 2

√
n with visible

probability.
Now suppose that we want to add the condition that the target of every a-transition

outgoing from a state of Ps is not in Ps. We can proceed as follows: for a given fixed path
Ps of length ℓs, the Birthday Problem analysis tells us that with visible probability the
outgoing a-transitions do not reach Ps. As long as

√
n ≤ ℓs ≤ 2

√
n, we can lower bound

this probability by a constant that does not depend on ℓs. Moreover, a given transition
structure can have only one b-path from s, so we can partition the set of size-n transition
structures according to their b-path, for a given s. Hence a simple computation using the law
of total probabilities (or direct counting) shows that we can combine the two “with visible
probability” and that, with visible probability there is a b-path Ps from s of length between√

n and 2
√

n such that every outgoing a-transition ends outside Ps.
We detailed this reasoning because it is the main technique we will use in the sequel to

build on the previous results and add new constraints, until we exhibit a shape that ensures
that applying the accessible powerset construction will produce a large (super-polynomial)
number of states. Also, we will rely much on properties derived from the Birthday Problem,
such as:

If we generate O(
√

n) elements of [n], there is no collision with visible probability, even if
there is a set of forbidden states of size O(

√
n) which make the process fail.

If we generate Ω(
√

n) elements of [n], there is a collision with visible probability, even if
there is a set of forbidden states of size O(

√
n) which make the process fail.

If we generate random elements of [n], with visible probability we hit a fixed set of states
of size Ω(

√
n) before a collision occurs.

4.1 Backward tree
We first look at the shape of a typical backward tree1 from a state p in a random transition
structure T = (n, δ). We define d(x, y) as the smallest length of a word w such that δw(x) = y

(and ∞ if y is not accessible from x). For a given state p, we consider the backward exploration
of T starting from p: we iteratively build the sets of states Ri(p) = {x : d(x, p) = i}. For
τ ≥ 1, the nodes of the backward tree of depth τ from p are Bτ (p) = ∪τ

i=0Ri(p) and the edges
are the transitions x

α−→ y that go from a state x ∈ Ri(p) to a state y ∈ Ri−1(p), for i ∈ [τ ].
We keep building the backward tree until the first time τ where |Rτ (p)| ≥

√
n. If such a τ

exists, the tree is called the
√

n-backward tree. If the transition structure is taken uniformly
at random, there is a visible probability that Rτ (p) exists and has size at most 3

√
n, that

τ = Ω(log n) and that the whole
√

n-backward tree contains at most O(
√

n) nodes.

1 The backward tree is not a tree in the graph theoretical sense as a node at depth ℓ can have two
out-going edges to two different nodes at depth ℓ − 1.

STACS 2023



19:8 One Drop of Non-Determinism in a Random DFA

To see that, first consider R1(p). Each state x ̸= p can be in R1(p), if there is a transition
x

a−→ p or x
b−→ p (or both) in T . This happens with probability π

(1)
n = 2

n − 1
n2 ≈ 2

n . The
cardinality of R1(p) thus follows a binomial law of parameters n − 1 and π

(1)
n . In particular,

in expectation it contains around 2 states.
Assume now that we know all the Rj(p) for j ≤ i and want to compute Ri+1(p); we

suppose that Ri(p) ̸= ∅. Recall that Bi(p) = ∪i
j=0Rj(p) and let ki = |Bi(p)|. By definition of

d, none of the states of Bi(p) can be in Ri+1(p). On the other hand, any state x of [n] \ Bi(p)
can be in Ri+1(p), and the condition that a state is not in Bi(p) is exactly that its outgoing
transitions are not in Bi−1(p). All other target states are equally likely under this conditioning,
for both transitions. Hence there are n − ki−1 possible targets for δ(x, a) and δ(x, b): the
probability that at least one of them is in Ri(p) is π

(i)
n = 2|Ri(p)|

(n−ki−1) − |Ri(p)|2

(n−ki−1)2 ≈ 2|Ri(p)|
n if

|Ri(p)| and ki−1 are both o(n). Hence the number of elements in Ri+1(p) follows a binomial
law of parameters n − ki and π

(i)
n . In particular, in expectation, Ri+1(p) is roughly twice

as large as Ri(p), as long as they are not too big. Since binomial laws are concentrated
around their means, the presentation above can be turned into a formal proof, establishing
the following result.

▶ Lemma 5. Let p be a random state of a random n-state deterministic transition structure.
With visible probability, the

√
n-backward tree from p exists, has depth τ ∈ Θ(log n), contains

between
√

n and 3
√

n extremal leaves, i.e. states in Rτ (p), and has a total number of nodes
in Θ(

√
n).

In [5], Cai and Devroye also consider backward trees, with a precise analysis for fixed
depth (that does not depend on n) conditionally on p being in the large strongly connected
component; they use approximation by a Galton-Watson branching process. This allows
them to give a more precise analysis on the existence of the circuit we are building in this
paper: they prove that conditioned on the fact that p is accessible, there is such a circuit with
high probability. However we cannot reuse their result directly, since we need to quantify the
amount of randomness used to discover the circuit: we need unset transitions to continue our
construction. It is not obvious to describe the distribution of the transitions if we condition
on the existence of the circuit (in particular, there can be several such circuits).

In our setting, we have a direct access to the distribution of most unseen transitions.
Indeed, if we fix the

√
n-backward tree Tp from p and consider a state x that is not in the

tree, its outgoing transitions can end either in [n]\Tp or at an extremal leaf, a leaf of maximal
depth, of Tp (otherwise x would be in Tp); and every possible state has the same probability.
It is a bit more complicated for transitions outgoing from a state of Tp that are not already
part of the tree, but we will not use them in our construction; except for p itself, but if
we condition on having Tp, its outgoing transitions ends in uniform elements of [n]. So as
long as we do not consider a transition outgoing from a node of Tp, except p, we can easily
perform our probabilistic computations given the

√
n-backward tree of p being Tp. Since the√

n-backward tree of p of a transition structure is unique if it exists, we can use the law of
total probabilities at the end to complete the proof.

Also observe that we cannot hope for a result with high probability in our setting: the
probability that p has no incoming transition is (1 − 1

n )2(n−1) ≈ e−2 and is therefore visible.

4.2 Forward tree and existence of a small circuit
We fix the

√
n-backward tree Tp of p that satisfies the conditions of Lemma 5. Then, we

generate the a-transition p
a−→ r outgoing from p: as explained in the previous section, this is

a uniform random element of [n]. We then begin a process consisting in doing a breadth-first
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traversal of the transition structure starting from r0 := r. We discover the states r0 = δ(r, ε),
r1 = δ(r, a), r2 = δ(r, b), r3 = δ(r, aa), r4 = δ(r, ab), . . . , where the words are taken in
length-lexicographic order. We continue this process until we reach either some ri that
belongs to Tp, or an already seen ri (ri = rj for some j < i). The process is successful if we
halt because we hit an extremal leaf of Tp after at most

√
n steps, otherwise it fails.

Let Lp be the set of extremal leaves of Tp. As mentioned above, since we only discover
new states before the last step of the process, the transition considered at time i ≥ 1 ends in
a uniform random state of [n] \ (Tp \ Lp): the fact that Tp is the

√
n-backward tree from p

prevents transitions from ending at a node of Tp \ Lp (the case of time 0 is easily handled
separately). Hence we are in a variant of the Birthday Problem: we have a target set Lp

of size Θ(
√

n) and we iteratively draw random numbers of [n] \ (Tp \ Lp) until we hit Lp

(success) or we see an element twice (failure). All the computations are classical even if we
ask that the process halts before

√
n steps. In particular |[n] \ (Tp \ Lp)| = n − O(

√
n) so we

do not differ much from the standard case with parameter n. This yields:

▶ Lemma 6. For the uniform distribution on size-n transition structures having Tp as
√

n-
backward tree from p, with visible probability the breadth-first traversal starting at r := δa(p)
hits an extremal leaf of Tp before it discovers the same state twice, and it does this in at most√

n steps.

If the conclusions of Lemma 6 hold then there is a word w of length Θ(log n) such that
δw(r) = p, and aw labels a circuit around p: starting from p, we read a to reach r, then we
follow the path that hits an extremal leaf of Tp, discovered during the breadth-first traversal;
then finally go back to p using the transitions of Tp. Observe that there can be several
paths that work in the last part: it is possible that both transitions outgoing from a state at
distance i + 1 from p end in states at distance i. To uniquely determine w, we choose, in this
last part, the smallest for the lexicographic order. Doing this still preserves uniqueness in
the following sense: for a given transition structure, there is at most one triplet (Tp, r, Fr)
such that Tp is the

√
n-backward tree from p, r = δa(p), and Fr is the forward tree from r,

and all the properties of Lemma 5 and Lemma 6 are satisfied. The choice of w is then fixed
by (Tp, r, Fr), and the uniqueness of the triplet, which exists when all the requirement are
fulfilled, allows the use of the law of total probabilities.

Let p ∈ [n]. An n-state transition structure is p-compatible if its
√

n-backward tree from
p exists and satisfies the conclusions of Lemma 5, and if the breadth-first traversal from r

discovers different states that are not in Tp for all labels smaller than z, and δ(r, z) ∈ Lp, with
|z| ≤ 1

2 log2 n. When the transition structure T is p-compatible, we define its p-substructure
as being the incomplete automaton whose states are the states in Tp together with r and all
the other states discovered during the breadth-first traversal until label z. Its transitions
are the transitions of Tp, and all the transitions of the breadth-first search until label z

(included). We have:

▶ Proposition 7. With visible probability, an n-state transition structure taken uniformly
at random is p-compatible, where p is also taken uniformly at random and independently in
[n]. In this case, the p-substructure is uniquely determined, has O(

√
n) states, and contains

a circuit around p labelled aw, where w is uniquely determined using the transitions of the
p-structure only and we have |w| ∈ Θ(log n).

4.3 Discovering the b-threads
Fix a p-substructure Xp and consider the uniform distribution over n-state transition
structures that are p-compatible with Xp. For this distribution, if we take a state s /∈ Xp, its
outgoing transitions end in an element of [n]\(Tp\Lp), uniformly at random and independently
from the others transitions. Otherwise, the state s would be in the

√
n-backward-tree of p.
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19:10 One Drop of Non-Determinism in a Random DFA

We now add a random a-transition p
a−→ q to form a random almost deterministic transition

structure that has Xp as p-substructure, by picking uniformly at random q ∈ [n]. Since
|Xp| ∈ O(

√
n), with high probability q /∈ Xp. We fix some d ≥ 1 from now on, and read,

letter by letter, the word w(aw)d−1 starting from q, where aw labels the circuit around p in
Xp given in Proposition 7. Since w has length Θ(log n), the word w(aw)d−1 has logarithmic
length, and, using the Birthday Problem once again, with high probability we only discover
new states that are not in Xp while reading the whole word. In this case, we name p0 = p

and pi = δ(q, w(aw)i−1) for i ∈ [d]. Observe that in the whole process, we never considered
b-transitions starting from one of the pi, with 0 ≤ i ≤ d. Since p0 = p is the root of Xp, there
are no constraints on its out-going transitions, thus δ(p0, b) is a uniform random element of
[n]. Moreover, for i ≥ 1 each pi /∈ Xp and, under our conditioning, its outgoing transitions
are uniform random elements of [n] \ (Tp \ Lp).

Let us define the b-thread of pi as the set of all states reached from pi using words of
the form bj . Discovering state by state such a b-thread consists in iteratively generating the
outgoing b-transition of the previous state, which is done by taking a uniform element of
[n] \ (Tp \ Lp). Let us start with the b-thread of p0. By the Birthday Problem again, with
visible probability it cycles back after discovering between

√
n and 2

√
n states while never

discovering a state of Xp, since |Xp| ∈ O(
√

n). If this happens, we consider the b-thread
from p1. With visible probability, it also cycles back after discovering between

√
n and 2

√
n

states while never discovering a state of Xp or of the b-thread from p0, as they both have
size in O(

√
n). Since d is fixed, doing this for the b-thread starting at each pi we obtain:

▶ Lemma 8. Let d ≥ 1. Let Xp be a p-substructure of size-n transition structures. For the
uniform distribution on size-n transition structures that are p-compatible and that have Xp as
p-substructure, if we add a random transition p

a−→ q by choosing q uniformly at random and
independently in [n], then with visible probability (i) the states discovered while following the
path labeled by w(aw)d−1 are all different and do not belong to Xp (ii) the b-threads starting
at the pi’s, where p0 = p and pi = δ(q, w(aw)i−1), have length between

√
n and 2

√
n, are

pairwise disjoint and do not intersect Xp.

4.4 Cycle lengths and accessibility
An almost deterministic transition structure that satisfies the conditions of Lemma 8 is called
(p, b)-compatible, and we say that it has b-thread lengths λ⃗ = (λ0, . . . , λd) if the b-thread
from each pi has length λi. We also define its (p, b)-substructure as its p-substructure where
we add the states along the path labeled by w(aw)d−1 from q and the b-threads from each pi.

Consider an almost deterministic transition structure T of given (p, b)-substructure Xp,b

with b-thread lengths λ⃗ = (λ0, . . . , λd) and cycle lengths ℓ⃗ = (ℓ0, . . . , ℓd). If ℓ⃗′ = (ℓ′
0, . . . , ℓ′

d)
is another vector where each ℓ′

i ∈ [λi], we can re-target the last b-transition of each b-thread
so that the cycle lengths are now ℓ⃗′. Thus, conditioned on λ⃗, each cycle length ℓi is a uniform
random element of [λi]. Since

√
n ≤ λi ≤ 2

√
n, and since each ℓi ∈ [[ 1

2
√

n,
√

n ]], with visible
probability the ℓi’s are uniform and independent random elements of [[ 1

2
√

n,
√

n ]].
To conclude this part, we generate the initial state i0 uniformly at random. All our

constraints so far hold with visible probability, and one of them implies the existence of a
circuit of length Ω(log n) around p. Cai and Devroye [5] established that with high probability
such a cycle is accessible; the conjunction of a high-probability event with a visible event is
still visible. This yields:

▶ Theorem 9. Let d ≥ 1. There exists a set Tn of almost deterministic transition structures
with n states and one initial state such that with visible probability for the uniform distribution
over size-n almost deterministic transition structure with an initial state, the state p (source
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of the additional a-transition) is accessible from the initial state and there exists a word w

of length Θ(log n) such that γ(p, w(aw)d−1) = {p0, . . . , pd} is a set of d + 1 states, and the
b-threads starting from the pi’s have lengths λi in [[

√
n, 2

√
n ]] and their cycle length is in

[[ 1
2
√

n,
√

n ]]. Moreover, this set Tn can be built so that for the uniform distribution on Tn,
the cycle lengths are uniform and independent random elements of [[ 1

2
√

n,
√

n ]].

If T is in the set Tn and we read b’s from P = {p0, . . . , pd}, we eventually reach the b-cycle
of P in the accessible powerset transition structure of T , and its length is lcm(ℓ0, . . . , ℓd). As
the ℓi’s are uniform and independent random elements of [[ 1

2
√

n,
√

n]], their lcm is Ω(n d+1
2 )

with visible probability [11], yielding our first main consequence (before adding final states):

▶ Corollary 10. For the uniform distribution on size-n almost deterministic transition
structures, the accessible powerset transition structure has a super-polynomial number of
states with visible probability.

5 Adding final states

We are now ready to randomly select which states are final. In our model, for every n, each
state is final with fixed probability fn, which may depend on n as long as it is not too close
to either 0 or 1: we require that a set of Θ(

√
n) states contains both final and non-final

states with visible probability. This holds under our condition that fn and 1 − fn are in
Ω( 1√

n
), as a variant of the Birthday Problem again.

Previously, we exhibited the existence with visible probability of d + 1 occurrences of
b-cycles in a random almost deterministic transition structure, yielding a large b-cycle when
applying the powerset construction. We will focus on b-cycles in the sequel, as it turns out
to be sufficient to prove our main result. It relies on the notion of primitive words, which we
now recall.

Let Γ be a nonempty finite alphabet. If w ∈ Γℓ is a word of length ℓ, we write
w = w0 · · · wℓ−1 and use the convention that all indices are taken modulo ℓ: for instance wℓ

is the letter w0. A nonempty word w is primitive if it is not a non-trivial power of another
word: it cannot be written w = zk for some word z and some k ≥ 2. If w is primitive, it is
easily seen that every circular permutation of w is also primitive. See [16] for a more detailed
account on primitive words.

Primitive words appear in our proof with the following observation. If C = (c0, . . . , cℓ−1)
is a b-cycle of states starting at c0, its associated word is the size-ℓ word v = v0 . . . vℓ−1
of {0, 1}ℓ where vi = 1 if and only if ci is a final state. Recall that if we start the same
cycle elsewhere, at ci, the associated word v′ = vi · · · vℓv0 · · · vi−1 is primitive if and only
if v is primitive: reading the associated word from any starting state preserves primitivity.
A b-cycle is said to be primitive if one (equivalently, all) of its associated words is (are)
primitive. Our study is based on the following statement.

▶ Lemma 11. Let A be a deterministic automaton on Σ and α ∈ Σ. If C is a primitive
α-cycle of A, then the states of C are pairwise non-equivalent: the state complexity of the
language recognized by A is at least |C|.

So we reduced our problem to studying the primitivity of the b-cycles we built in Section 4,
and to how it exports to the associated b-cycle in the powerset construction.

5.1 Some properties of primitive words
If w(1) and w(2) are two non-empty words of respective lengths ℓ1 and ℓ2 on the binary
alphabet {0, 1}, we denote by w(1) ⊙ w(2) the word w of length ℓ = lcm(ℓ1, ℓ2) given by
wi = 1 if and only if w

(1)
i = 1 or w

(2)
i = 1 (recall that the indices are taken modulo the
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0 1 2 3
b b b

b

α β γ
b b

b

0, α 1, β 2, γ 3, α 0, β 1, γ

3, γ 2, β 1, α 0, γ 3, β 2, α

b b b b b

b

bbbbb

b

Figure 3 On the left, two primitive b-cycles (accepting states are denoted by double circles)
whose associated words are 0011 (top) and 001 (bottom), starting at 0 and α, respectively. On the
right, the b-cycle of {0, α} of associated word 0011 ⊙ 001 = 001101111011, which is primitive by
Lemma 12.

length of the word). We will see in the sequel that this operation naturally happens when
extending the notion of state equivalence from each b-cycle to the corresponding b-cycle in
the powerset construction.

▶ Lemma 12. Let w(1) and w(2) be two primitive words on {0, 1} of lengths at least 2 that
are coprime. Then, the word w(1) ⊙ w(2) is primitive.

▶ Remark 13. Lemma 12 does not hold if the lengths are not coprime. For instance, if
w(1) = 011111 and w(2) = 1011, then w(1) ⊙ w(2) = 1 . . . 1︸ ︷︷ ︸

12 times

, which is not primitive.

From a probabilistic point of view, it is well known [16] that a uniform random word is
primitive with very high probability. We rely on the following finer result.

▶ Lemma 14 (De Felice, Nicaud [11]). Let µ be a probability measure on {0, 1}n such that
µ(0n) = µ(1n) = 0 and such that two words with the same number of 0’s have same probability.
Then, the probability that a word is not primitive under µ is at most 2

n .

We adapt it to our needs as follows:

▶ Corollary 15. Let fn be a sequence of real numbers in (0, 1) such that fn = Ω( 1√
n

) and
1 − fn = Ω( 1√

n
). Let ℓ be an integer greater than α

√
n, for a fixed α, and let w be a random

binary word of length ℓ whose letters are 1’s with probability fn and 0 with probability 1 − fn,
independently. Then, w is primitive with visible probability.

5.2 Finalizing the proof of Theorem 3

By Lemma 12, primitivity is preserved by the product ⊙ when the lengths are coprime, so we
restrict the cycle lengths built in Section 4 so that they are pairwise coprime. By Theorem 9,
these lengths are uniform random elements of [[ 1

2
√

n,
√

n ]], we therefore adapt a known result
of probabilistic number theory to prove that it still happens with visible probability.

More precisely, Tóth established [20] that the probability that d+1 integer taken uniformly
at random and independently in [n] are pairwise coprime tends to some positive constant
Ad+1, generalizing the folklore result that two independent random numbers in [n] are
coprime with probability that tends to 6

π2 . This can be used to derive the following variant:

▶ Corollary 16. Let ℓ0, ℓ1, . . . , ℓd be d + 1 integers taken uniformly at random and
independently in [[ 1

2
√

n,
√

n ]]. With visible probability, the ℓi’s are pairwise coprime.
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Combining Corollary 15 and Corollary 16, we can extend Theorem 9 to also require that
the b-cycles are primitive and their lengths are pairwise coprime. And this still happens with
visible probability.

We can then conclude as follows: if all these requirements are met, the state p is accessible
and there is a word z such that δ(p, z) = {p0, . . . , pd}, the b-threads of the pi’s are pairwise
disjoint and eventually form cycles of respective pairwise coprime lengths ℓi, and each such
cycle is primitive. Moreover, all the ℓi are in Θ(

√
n). By a direct induction on Lemma 12, this

yields that the b-cycle of {p0, . . . , pd} in the powerset automaton is primitive and has length
Θ(

√
n

d+1). By Lemma 11, the language recognized by this almost deterministic automaton
has state complexity at least Θ(n d+1

2 ). This concludes the proof, as it holds for every fixed d.

6 Conclusion and discussion

Our main theorem states that the state complexity of a random almost deterministic
automaton is greater than nd with probability at least cd > 0 for n sufficiently large. One
can wonder how small the constant cd is and for which sizes the lower-bound holds. As we
said in the introduction, we did not try to estimate cd nor did we try to optimize its value in
this article. Since the powerset construction quickly generates very large automata which
would need to be minimized, a proper experimental study does not seem feasible. However,
we did generate 1000 almost deterministic transition structures with n = 100 states and
apply the accessible powerset construction: in 78.6% of the 1000 cases the output had more
than n3 states. This would lead us to guess that even if the constant c3 that can be derived
from our proof is very small, combinatorial explosion does occur frequently in practice.

Also, as noticed above, in our setting it is certain that the property does not hold with
high probability, as there is an asymptotically constant probability that the source of the
added transition is not accessible. However, this probability is roughly 20.4%, not too far
from what we obtained in our experiment on size-100 structures: it is very possible that if
we condition the source of the added transition to be accessible, then our result holds with
high probability. However, our proof techniques, based on an intensive use of the Birthday
Problem cannot prove this: completely new ideas are necessary to establish such a result.

Another natural direction is to consider the case when there are few final states, as Θ(
√

n)
final states may be considered too large for a random deterministic automaton. The extreme
case is to allow exactly one final state by choosing it uniformly at random. If we do so, our
analysis using primitive words fails: with high probability the b-cycles we built have no final
state at all, and neither has the associated b-cycle C in the powerset construction. However,
we are confident that our techniques can be used to capture this distribution: by studying
the paths ending in this final state, we should be able to find for each b-cycle Ci a word wi

that maps exactly one state to the final state, and such that the wi are all different. This
would be enough to establish that the states of C are pairwise non-equivalent and prove the
conjecture. Completely formalizing and proving this idea is an ongoing work.
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Abstract
The orthogonality dimension of a graph G over R is the smallest integer k for which one can assign a
nonzero k-dimensional real vector to each vertex of G, such that every two adjacent vertices receive
orthogonal vectors. We prove that for every sufficiently large integer k, it is NP-hard to decide
whether the orthogonality dimension of a given graph over R is at most k or at least 2(1−o(1))·k/2. We
further prove such hardness results for the orthogonality dimension over finite fields as well as for the
closely related minrank parameter, which is motivated by the index coding problem in information
theory. This in particular implies that it is NP-hard to approximate these graph quantities to within
any constant factor. Previously, the hardness of approximation was known to hold either assuming
certain variants of the Unique Games Conjecture or for approximation factors smaller than 3/2.
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1 Introduction

A graph G is said to be k-colorable if its vertices can be colored by k colors such that
every two adjacent vertices receive distinct colors. The chromatic number of G, denoted by
χ(G), is the smallest integer k for which G is k-colorable. As a fundamental and popular
graph quantity, the chromatic number has received a considerable amount of attention in the
literature from a computational perspective, as described below.

The problem of deciding whether a graph G satisfies χ(G) ≤ 3 is one of the classical
twenty-one NP-complete problems presented by Karp [22] in 1972. Khanna, Linial, and
Safra [24] proved that it is NP-hard to distinguish between graphs G that satisfy χ(G) ≤ 3
from those satisfying χ(G) ≥ 5. This result, combined with the approach of Garey and
Johnson [11] and with a result of Stahl [33], implies that for every k ≥ 6, it is NP-hard to
decide whether a graph G satisfies χ(G) ≤ k or χ(G) ≥ 2k−2. Brakensiek and Guruswami [5]
proved that for every k ≥ 3, it is NP-hard to distinguish between the cases χ(G) ≤ k and
χ(G) ≥ 2k − 1, and the 2k − 1 bound was further improved to 2k by Barto, Bulín, Krokhin,
and Opršal [3]. For large values of k, it was shown by Khot [25] that it is NP-hard to
decide whether a graph G satisfies χ(G) ≤ k or χ(G) ≥ kΩ(log k), and the latter condition
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was strengthened to χ(G) ≥ 2k1/3 by Huang [20]. A substantial improvement was recently
obtained by Wrochna and Živný [34], who proved that for every k ≥ 4, it is NP-hard to
decide whether a given graph G satisfies χ(G) ≤ k or χ(G) ≥

(
k

⌊k/2⌋
)
. The proof of this

result combined the hardness result of [20] with the construction of line digraphs [16] and
with a result of Poljak and Rödl [31]. Note that under certain variants of the Unique
Games Conjecture, stronger hardness results are known to hold, namely, hardness of deciding
whether a given graph G satisfies χ(G) ≤ k1 or χ(G) ≥ k2 for all integers k2 > k1 ≥ 3 [9]
(see also [10]).

The present paper studies the computational complexity of algebraic variants of the
chromatic number of graphs. A k-dimensional orthogonal representation of a graph G = (V, E)
over a field F is an assignment of a vector uv ∈ Fk with ⟨uv, uv⟩ ̸= 0 to each vertex v ∈ V ,
such that for every two adjacent vertices v and v′ it holds that ⟨uv, uv′⟩ = 0. Here, for two
vectors x, y ∈ Fk, we consider the standard inner product defined by ⟨x, y⟩ =

∑k
i=1 xiyi

with operations over F. The orthogonality dimension of G over F, denoted by ξF(G), is
the smallest integer k for which G admits a k-dimensional orthogonal representation over
F (see Remark 4). It can be easily seen that for every graph G and for every field F, it
holds that ξF(G) ≤ χ(G). In addition, if F is a fixed finite field or the real field R, it further
holds that ξF(G) ≥ Ω(log χ(G)). Both bounds are known to be tight in the worst case (see
Claim 8 and [28, Chapter 10]). The study of orthogonal representations and orthogonality
dimension was initiated in the seminal work of Lovász [27] on the ϑ-function and has found
applications in various areas, e.g., information theory [27], graph theory [29], and quantum
communication complexity [8, Chapter 8.5].

The interest in the hardness of determining the orthogonality dimension of graphs dates
back to a paper of Lovász, Saks, and Schrijver [29], where it was noted that the problem seems
difficult. The aforementioned relations between the chromatic number and the orthogonality
dimension yield that hardness of deciding whether a graph G satisfies χ(G) ≤ k1 or χ(G) ≥ k2
implies the hardness of deciding whether it satisfies ξF(G) ≤ k1 or ξF(G) ≥ Ω(log k2), provided
that F is a finite field or R. It therefore follows from [9] that assuming certain variants of the
Unique Games Conjecture, it is hard to decide whether a graph G satisfies ξF(G) ≤ k1 or
ξF(G) ≥ k2 for all integers k2 > k1 ≥ 3. This reasoning, however, does not yield NP-hardness
results for the orthogonality dimension (without additional complexity assumptions), even
using the strongest known NP-hardness results of the chromatic number. Yet, a result of
Peeters [30] implies that for every field F, it is NP-hard to decide if a given graph G satisfies
ξF(G) ≤ 3, hence it is NP-hard to approximate the orthogonality dimension of a graph over
F to within any factor smaller than 4/3. Over the reals, the hardness of approximation for
the orthogonality dimension was recently extended in [12] to any factor smaller than 3/2.

Another algebraic quantity of graphs is the minrank parameter that was introduced in
1981 by Haemers [15] in the study of the Shannon capacity of graphs. The minrank parameter
was used in [14, 15] to answer questions of Lovász [27] and was later applied by Alon [1], with
a different formulation, to disprove a conjecture of Shannon [32]. The minrank of a graph G

over a field F, denoted by minrkF(G), is closely related to the orthogonality dimension of the
complement graph G over F and satisfies minrkF(G) ≤ ξF(G). The difference between the
two quantities comes, roughly speaking, from the fact that the definition of minrank involves
the notion of orthogonal bi-representations rather than orthogonal representations (for the
precise definitions, see Section 2.1). The study of the minrank parameter is motivated by
various applications in information theory and in theoretical computer science. A prominent
one is the well-studied index coding problem, for which the minrank parameter perfectly
characterizes the optimal length of its linear solutions, as was shown by Bar-Yossef, Birk,
Jayram, and Kol [2] (see Section 2.2).
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Similarly to the situation of the orthogonality dimension, it was proved in [30] that for
every field F, it is NP-hard to decide if a given graph G satisfies minrkF(G) ≤ 3. It was
further shown by Dau, Skachek, and Chee [7] that it is NP-hard to decide whether a given
digraph G satisfies minrkF2(G) ≤ 2. Note that for (undirected) graphs, the minrank over
any field is at most 2 if and only if the complement graph is bipartite, a property that can
be checked in polynomial time. Motivated by the computational aspects of the index coding
problem, Langberg and Sprintson [26] related the minrank of a graph to the chromatic
number of its complement and derived from [9] that assuming certain variants of the Unique
Games Conjecture, it is hard to decide whether a given graph G satisfies minrkF(G) ≤ k1
or minrkF(G) ≥ k2, provided that k2 > k1 ≥ 3 and that F is a finite field. Similar hardness
results were obtained in [26] for additional settings of the index coding problem, including
the general (non-linear) index coding problem over a constant-size alphabet.

1.1 Our Contribution
This paper provides improved NP-hardness of approximation results for the orthogonality
dimension and for the minrank parameter over various fields. We start with the following
result, which is concerned with the orthogonality dimension over the reals.

▶ Theorem 1. There exists a function f : N → N satisfying f(k) = 2(1−o(1))·k/2 such that
for every sufficiently large integer k, it is NP-hard to decide whether a given graph G satisfies
ξR(G) ≤ k or ξR(G) ≥ f(k).

Theorem 1 implies that it is NP-hard to approximate the orthogonality dimension of a graph
over the reals to within any constant factor. Previously, such NP-hardness result was known
to hold only for approximation factors smaller than 3/2 [12].

We proceed with the following result, which is concerned with the orthogonality dimension
and the minrank parameter over finite fields.

▶ Theorem 2. For every finite field F, there exists a function f : N → N satisfying
f(k) = 2(1−o(1))·k/2 such that for every sufficiently large integer k, the following holds.
1. It is NP-hard to decide whether a graph G satisfies ξF(G) ≤ k or ξF(G) ≥ f(k).
2. It is NP-hard to decide whether a graph G satisfies minrkF(G) ≤ k or minrkF(G) ≥ f(k).
Theorem 2 implies that over any finite field, it is NP-hard to approximate the orthogonality
dimension and the minrank of a graph to within any constant factor. Let us stress that this
hardness result relies solely on the assumption P ̸= NP rather than on stronger complexity
assumptions and thus settles a question raised in [26]. Prior to this work, it was known
that it is NP-hard to approximate the minrank of graphs to within any factor smaller than
4/3 [30] and the minrank of digraphs over F2 to within any factor smaller than 3/2 [7].

A central component of the proofs of Theorems 1 and 2 is the notion of line digraphs,
introduced in [16], that was first used in the context of hardness of approximation by Wrochna
and Živný [34] (see also [13]). It was shown in [17, 31] that the chromatic number of any
graph is exponential in the chromatic number of its line digraph. This result was iteratively
applied by the authors of [34] to improve the NP-hardness of the chromatic number from
the k vs. 2k1/3 gap of [20] to their k vs.

(
k

⌊k/2⌋
)

gap. The main technical contribution of
the present work lies in analyzing the orthogonality dimension of line digraphs and the
minrank parameter of their complement. We actually show that on line digraphs, these
graph parameters are quadratically related to the chromatic number (see Theorems 15, 17,
and 20). This allows us to derive our hardness results from the hardness of the chromatic
number given in [34], where the obtained gaps are only quadratically weaker. We further
discuss some limitations of our approach, involving an analogue of Sperner’s theorem for
subspaces due to Kalai [21].
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We finally show that our approach might be useful for proving hardness results for
the general (non-linear) index coding problem over a constant-size alphabet, for which no
NP-hardness result is currently known. It was shown by Langberg and Sprintson [26] that for
an instance of the index coding problem represented by a graph G, the length of an optimal
solution is at most χ(G) and at least Ω(log log χ(G)). It thus follows that an NP-hardness
result for the chromatic number with a double-exponential gap would imply an NP-hardness
result for the general index coding problem. However, no such NP-hardness result is currently
known for the chromatic number without relying on further complexity assumptions. To
tackle this issue, we study the index coding problem on instances which are complement
of line digraphs (see Theorem 22). As a consequence of our results, we obtain that the
NP-hardness of the general index coding problem can be derived from an NP-hardness result
of the chromatic number with only a single-exponential gap, not that far from the best known
gap given in [34]. For a precise statement, see Theorem 29.

1.2 Related Work
We gather here several related results from the literature.

A result of Zuckerman [35] asserts that for any ε > 0, it is NP-hard to approximate
the chromatic number of a graph on n vertices to within a factor of n1−ε. It would be
interesting to figure out if such hardness result holds for the orthogonality dimension and
for the minrank parameter. The present paper, however, focuses on the hardness of gap
problems with constant thresholds, independent of the number of vertices.
As mentioned earlier, Peeters [30] proved that for every field F, it is NP-hard to decide if
the minrank (or the orthogonality dimension) of a given graph is at most 3. We note
that for finite fields, this can also be derived from a result of Hell and Nešetřil [19].
For the chromatic number of hypergraphs, the gaps for which NP-hardness is known
to hold are much stronger than for graphs. For example, it was shown in [4] that for
some δ > 0, it is NP-hard to decide if a given 4-uniform hypergraph G on n vertices
satisfies χ(G) ≤ 2 or χ(G) ≥ logδ n. An analogue result for the orthogonality dimension
of hypergraphs over R was proved in [18].
On the algorithmic side, a long line of work has explored the number of colors that an
efficient algorithm needs for properly coloring a given k-colorable graph, where k ≥ 3
is a fixed constant. For example, there exists a polynomial-time algorithm that on a
given 3-colorable graph with n vertices uses O(n0.19996) colors [23]. Algorithms of this
nature exist for the graph parameters studied in this work as well. Indeed, there exists a
polynomial-time algorithm that given a graph G on n vertices with ξR(G) ≤ 3 finds a
proper coloring of G with O(n0.2413) colors [18]. Further, there exists a polynomial-time
algorithm that given a graph G on n vertices with minrkF2(G) ≤ 3 finds a proper coloring
of G with O(n0.2574) colors [6]. Note that the colorings obtained by these two algorithms
provide, respectively, orthogonal and bi-orthogonal representations for the input graph G

(see Claim 8).

1.3 Outline
The rest of the paper is organized as follows. In Section 2, we collect several definitions and
results that will be used throughout this paper. In Section 3, we study the underlying graphs
of line digraphs and their behavior with respect to the orthogonality dimension, the minrank
parameter, and the index coding problem. We also discuss some limitations of our approach.
Finally, in Section 4, we prove our hardness results and complete the proofs of Theorems 1
and 2. Some of the proofs are omitted and can be found in the full version of the paper.
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2 Preliminaries

Throughout the paper, undirected graphs are referred to as graphs, and directed graphs
are referred to as digraphs. All the considered graphs and digraphs are simple, and all the
logarithms are in base 2 unless otherwise specified. For an integer n, we use the notation
[n] = {1, 2, . . . , n}.

2.1 Orthogonality Dimension and Minrank
The orthogonality dimension of a graph is defined as follows (see, e.g., [28, Chapter 11]).

▶ Definition 3 (Orthogonality Dimension). A k-dimensional orthogonal representation of a
graph G = (V, E) over a field F is an assignment of a vector uv ∈ Fk with ⟨uv, uv⟩ ̸= 0 to
each vertex v ∈ V , such that ⟨uv, uv′⟩ = 0 whenever v and v′ are adjacent vertices in G. Here,
for two vectors x, y ∈ Fk, we let ⟨x, y⟩ =

∑k
i=1 xiyi denote the standard inner product of x

and y over F. The orthogonality dimension of a graph G over a field F, denoted by ξF(G), is
the smallest integer k for which there exists a k-dimensional orthogonal representation of G

over F.

▶ Remark 4. We note that orthogonal representations are sometimes defined in the literature
such that the vectors associated with non-adjacent vertices are required to be orthogonal,
that is, as orthogonal representations of the complement graph. While we find it more
convenient to use the other definition in this paper, one can view the notation ξF(G) as
standing for ξF(G), i.e., the orthogonality dimension of the complement graph. The same
holds for the notion of orthogonal bi-representations, given in Definition 6.

The minrank parameter, introduced in [15], is defined as follows.

▶ Definition 5 (Minrank). Let G = (V, E) be a digraph on the vertex set V = [n], and let
F be a field. We say that a matrix M ∈ Fn×n represents G if Mi,i ≠ 0 for every i ∈ V ,
and Mi,j = 0 for every distinct vertices i, j ∈ V such that (i, j) /∈ E. The minrank of G

over F is defined as minrkF(G) = min{rankF(M) | M represents G over F}. The definition
is naturally extended to graphs by replacing every edge with two oppositely directed edges.

We next describe an alternative definition due to Peeters [30] for the minrank of graphs.
This requires the following extension of orthogonal representations, called orthogonal bi-
representations.

▶ Definition 6. A k-dimensional orthogonal bi-representation of a graph G = (V, E) over a
field F is an assignment of a pair of vectors (uv, wv) ∈ Fk × Fk with ⟨uv, wv⟩ ̸= 0 to each
vertex v ∈ V , such that ⟨uv, wv′⟩ = ⟨uv′ , wv⟩ = 0 whenever v and v′ are adjacent in G.

The following proposition follows directly from Definitions 5 and 6 combined with the
fact that for every matrix M ∈ Fn×n, rankF(M) is the smallest integer k for which M can
be written as M = MT

1 · M2 for two matrices M1, M2 ∈ Fk×n.

▶ Proposition 7 ([30]). For every field F and for every graph G, minrkF(G) is the smallest
integer k for which there exists a k-dimensional orthogonal bi-representation of G over F.

The following claim summarizes some known relations between the studied graph para-
meters.

▷ Claim 8. For every field F and for every graph G, it holds that minrkF(G) ≤ ξF(G) ≤ χ(G).
In addition, if F is finite, then minrkF(G) ≥ log|F| χ(G).
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We finally recall that a homomorphism from a graph G1 = (V1, E1) to a graph G2 =
(V2, E2) is a function g : V1 → V2 such that for every two vertices x, y ∈ V1 with {x, y} ∈ E1,
it holds that {g(x), g(y)} ∈ E2. Observe that if there exists a homomorphism from G1
to G2 then we have χ(G1) ≤ χ(G2), and for every field F, we have ξF(G1) ≤ ξF(G2) and
minrkF(G1) ≤ minrkF(G2).

2.2 Index Coding
The index coding problem, introduced in [2], is concerned with economical strategies for
broadcasting information to n receivers in a way that enables each of them to retrieve its own
message, a symbol from some given alphabet Σ. For this purpose, each receiver is allowed to
use some prior side information that consists of a subset of the messages required by the
other receivers. The side information map is naturally represented by a digraph on [n], which
includes an edge (i, j) if the ith receiver knows the message required by the jth receiver.
The objective is to minimize the length of the transmitted information. For simplicity, we
consider here the case of symmetric side information maps, represented by graphs rather
than by digraphs. The formal definition follows.

▶ Definition 9 (Index Coding). Let G be a graph on the vertex set [n], and let Σ be an
alphabet. An index code for G over Σ of length k is an encoding function E : Σn → Σk such
that for every i ∈ [n], there exists a decoding function gi : Σk+|NG(i)| → Σ, such that for
every x ∈ Σn, it holds that gi(E(x), x|NG(i)) = xi. Here, NG(i) stands for the set of vertices
in G adjacent to the vertex i, and x|NG(i) stands for the restriction of x to the indices of
NG(i). If Σ is a field F and the encoding function E is linear over F, then we say that the
index code is linear over F.

Bar-Yossef et al. [2] showed that the minrank parameter characterizes the length of
optimal solutions to the index coding problem in the linear setting.

▶ Proposition 10 ([2]). For every field F and for every graph G, the minimal length of a
linear index code for G over F is minrkF(G).

3 Line Digraphs

In 1960, Harary and Norman [16] introduced the concept of line digraphs, defined as follows.

▶ Definition 11 (Line Digraph). For a digraph G = (V, E), the line digraph of G, denoted by
δG, is the digraph on the vertex set E that includes a directed edge from a vertex (x, y) to a
vertex (z, w) whenever y = z.

Definition 11 is naturally extended to graphs G by replacing every edge of G with two
oppositely directed edges. Note that in this case, the number of vertices in δG is twice the
number of edges in G. We will frequently consider the underlying graph of the digraph δG,
i.e., the graph obtained from δG by ignoring the directions of the edges.

The following result of Poljak and Rödl [31], which strengthens a previous result of Harner
and Entringer [17], shows that the chromatic number of a graph G precisely determines
the chromatic number of the underlying graph of δG. The statement of the result uses the
function b : N → N defined by b(n) =

(
n

⌊n/2⌋
)
.

▶ Theorem 12 ([17, 31]). Let G be a graph, and let H be the underlying graph of the digraph
δG. Then, χ(H) = min{n | χ(G) ≤ b(n)}.
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Using the fact that b(n) ∼ 2n√
πn/2

, Theorem 12 implies that the chromatic number of G is
exponential in the chromatic number of H . Our goal in this section is to relate the chromatic
number of G to other graph parameters of H, namely, the orthogonality dimension, the
minrank of the complement, and the optimal length of an index code for the complement.

3.1 Orthogonality Dimension
For a field F, an integer n, and a subspace U of Fn, we denote by U⊥ the subspace of Fn

that consists of the vectors that are orthogonal to U over F, i.e.,

U⊥ = {w ∈ Fn | ⟨w, u⟩ = 0 for every u ∈ U}.

Consider the following family of graphs.

▶ Definition 13. For a field F and an integer n, let S1(F, n) denote the graph whose vertices
are all the subspaces of Fn, where two distinct subspaces U1 and U2 are adjacent if there
exists a vector w ∈ Fn with ⟨w, w⟩ ̸= 0 that satisfies w ∈ U1 ∩ U⊥

2 and, in addition, there
exists a vector w′ ∈ Fn with ⟨w′, w′⟩ ̸= 0 that satisfies w′ ∈ U2 ∩ U⊥

1 .

In words, two subspaces of Fn are adjacent in the graph S1(F, n) if each of them includes a
non-self-orthogonal vector that is orthogonal to the entire other subspace. Note that for an
infinite field F and for n ≥ 2, the vertex set of S1(F, n) is infinite.

We argue that the chromatic number of a graph G can be used to estimate the orthogonality
dimension of the underlying graph H of its line digraph δG. First, recall that by Theorem 12,
the chromatic number of H is logarithmic in χ(G). This implies, using Claim 8, that the
orthogonality dimension of H over any field is at most logarithmic in χ(G). For a lower
bound on the orthogonality dimension of H, we need the following lemma that involves the
chromatic numbers of the graphs S1(F, n).

▶ Lemma 14. Let F be a field, let G be a graph, let H be the underlying graph of the digraph
δG, and put n = ξF(H). Then, χ(G) ≤ χ(S1(F, n)).

Proof. Put G = (VG, EG) and H = (VH , EH). The assumption n = ξF(H) implies that there
exists an n-dimensional orthogonal representation of H over F, that is, an assignment of a
vector uv ∈ Fn with ⟨uv, uv⟩ ̸= 0 to each vertex v ∈ VH , such that ⟨uv, uv′⟩ = 0 whenever v

and v′ are adjacent in H. Recall that the vertices of H, just as the vertices of δG, are the
ordered pairs (x, y) of adjacent vertices x, y in G.

For every vertex y ∈ VG, let Uy denote the subspace spanned by the vectors of the given
orthogonal representation that are associated with the vertices of H whose tail is y, namely,

Uy = span({uv | v = (x, y) for some x ∈ VG}).

Note that Uy is a subspace of Fn, and thus a vertex of S1(F, n).
Consider the function that maps every vertex y ∈ VG of G to the vertex Uy of S1(F, n).

We claim that this function forms a homomorphism from G to S1(F, n). To see this, let
x, y ∈ VG be adjacent vertices in G, and consider the vector w = u(x,y) assigned by the
given orthogonal representation to the vertex (x, y) of H . By the definition of an orthogonal
representation, it holds that ⟨w, w⟩ ̸= 0. Since (x, y) is a vertex of H whose tail is y, it follows
that w ∈ Uy. Further, every vertex of H of the form (x′, x) for some x′ ∈ VG is adjacent in
H to (x, y), hence it holds that ⟨u(x′,x), w⟩ = 0. Since the subspace Ux is spanned by those
vectors u(x′,x), we obtain that w is orthogonal to the entire subspace Ux. It thus follows
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that the vector w satisfies ⟨w, w⟩ ̸= 0 and w ∈ Uy ∩ U⊥
x . By symmetry, there also exists a

vector w′ ∈ Fn satisfying ⟨w′, w′⟩ ̸= 0 and w′ ∈ Ux ∩ U⊥
y , hence the subspaces Ux and Uy are

adjacent vertices in S1(F, n). We conclude that the above function is a homomorphism from
G to S1(F, n), hence the chromatic numbers of these graphs satisfy χ(G) ≤ χ(S1(F, n)), as
required. ◀

In order to derive useful bounds from Lemma 14, we need upper bounds on the chromatic
numbers of the graphs S1(F, n). Every vertex of S1(F, n) is a subspace of Fn and thus can be
represented by a basis that generates it. For a finite field F of size q, the number of possible
bases does not exceed qn2 , which obviously yields that χ(S1(F, n)) ≤ qn2 . While this simple
bound suffices for proving our hardness results for the orthogonality dimension over finite
fields, we note that the number of vertices in S1(F, n) is in fact q(1+o(1))·n2/4, where the o(1)
term tends to 0 when n tends to infinity.1

We conclude this discussion with the following theorem.

▶ Theorem 15. Let F be a finite field of size q, let G be a graph, and let H be the underlying
graph of the digraph δG. Then, it holds that

ξF(H) ≥
√

logq χ(G).

Proof. Put n = ξF(H), and apply Lemma 14 to obtain that χ(G) ≤ χ(S1(F, n)) ≤ qn2 . By
rearranging, the proof is completed. ◀

3.1.1 The Chromatic Number of S1(R, n)
For the real field R and for n ≥ 2, the vertex set of the graph S1(R, n) is infinite, and yet,
its chromatic number is finite. To see this, let us firstly observe a simple upper bound of
23n . To each vertex of S1(R, n), i.e., a subspace U of Rn, assign the subset of {0, ±1}n that
consists of all the sign vectors of the vectors of U . This assignment forms a proper coloring
of the graph, because for adjacent vertices U and V there exists a nonzero vector w ∈ U that
is orthogonal to V , hence the sign vector of w belongs to the set of sign vectors of U but
does not belong to the one of V (because the inner product of two vectors with the same
nonzero sign vector is positive). Since the number of subsets of {0, ±1}n is 23n , it follows
that χ(S1(R, n)) ≤ 23n .

The above double-exponential bound is not sufficient for deriving NP-hardness of approx-
imation results for the orthogonality dimension over R from the currently known NP-hardness
results of the chromatic number. We therefore need the following lemma that provides an
exponentially better bound which is suitable for our purposes. For a vector w ∈ Rn, we use
here the notation ∥w∥ =

√
⟨w, w⟩ for the Euclidean norm of w.

▶ Lemma 16. For every integer n, it holds that χ(S1(R, n)) ≤ (2n + 1)n2 .

Proof. We define a coloring of the vertices of the graph S1(R, n) as follows. For every vertex
of S1(R, n), i.e., a subspace U of Rn, let (u1, . . . , uk) be an arbitrary orthonormal basis of U

where k ≤ n, and assign U to the color c(U) = (u′
1, . . . , u′

k) where u′
i is a vector obtained

from ui by rounding each of its values to a closest integer multiple of 1
n . Note that for every

i ∈ [k], the vectors ui and u′
i differ in every coordinate by no more than 1

2n in absolute value.

1 To see this, observe that the number of k-dimensional subspaces of Fn is precisely
∏k−1

i=0
qn−qi

qk−qi and that
every term in this product lies in [qn−k−1, qn−k+1]. Hence, the total number of subspaces of Fn is at
least

∑n

k=0 q(n−k−1)k and at most
∑n

k=0 q(n−k+1)k. It follows that the number of subspaces of Fn is
q(1+o(1))·n2/4.
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We claim that c is a proper coloring of S1(R, n). To see this, let U and V be adjacent
vertices in the graph. If dim(U) ̸= dim(V ) then it clearly holds that c(U) ̸= c(V ). So suppose
that the dimensions of U and V are equal, and put k = dim(U) = dim(V ). Denote the
orthonormal bases associated with U and V by (u1, . . . , uk) and (v1, . . . , vk) respectively,
and let c(U) = (u′

1, . . . , u′
k) and c(V ) = (v′

1, . . . , v′
k) be their colors. Our goal is to show that

c(U) ̸= c(V ).
Assume for the sake of contradiction that c(U) = c(V ), that is, u′

i = v′
i for every i ∈ [k].

This implies that for every i ∈ [k], the vectors ui and vi differ in each coordinate by no more
than 1

n in absolute value, hence

∥ui − vi∥ ≤
√

n · 1
n2 = 1√

n
. (1)

Since U and V are adjacent in the graph S1(R, n), by scaling, there exists a unit vector
u ∈ U ∩ V ⊥. Write u =

∑
i∈[k] αi · ui for coefficients α1, . . . , αk ∈ R. Since the given

basis of U is orthonormal, it follows that
∑

i∈[k] α2
i = ∥u∥2 = 1. Now, consider the vector

v =
∑

i∈[k] αi · vi, and observe that v is a unit vector that belongs to the subspace V . Observe
further that

∥u − v∥ =
∥∥∥ ∑

i∈[k]

αi · (ui − vi)
∥∥∥ ≤

∑
i∈[k]

|αi| · ∥ui − vi∥

≤
( ∑

i∈[k]

α2
i

)1/2
·
( ∑

i∈[k]

∥ui − vi∥2
)1/2

≤ 1, (2)

where the first inequality follows from the triangle inequality, the second from the Cauchy-
Schwarz inequality, and the third from (1) using k ≤ n. However, u and v are orthogonal
unit vectors, and as such, the distance between them satisfies ∥u − v∥ =

√
2. This yields a

contradiction to (2), hence c(U) ̸= c(V ).
To complete the proof, we observe that the number of colors used by the proper coloring

c does not exceed (2n + 1)n2 . Indeed, every color can be represented by an n × n matrix
whose values are of the form a

n for integers −n ≤ a ≤ n (where the matrix associated with a
subspace of dimension k consists of the rounded k column vectors concatenated with n − k

columns of zeros). Since the number of those matrices is bounded by (2n + 1)n2 , we are
done. ◀

We derive the following theorem.

▶ Theorem 17. There exists a constant c > 0, such that for every graph G with χ(G) ≥ 3,
the underlying graph H of the digraph δG satisfies

ξR(H) ≥ c ·
√

log χ(G)
log log χ(G) .

Proof. Put n = ξR(H), and combine Lemma 14 with Lemma 16 to obtain that

χ(G) ≤ χ(S1(R, n)) ≤ (2n + 1)n2
,

which yields the desired bound. ◀

A discussion on the clique numbers of the graphs S1(F, n) can be found in the full version
of the paper.
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3.2 Minrank

As in the previous section, we start with a definition of a family of graphs.

▶ Definition 18. For a field F and an integer n, let S2(F, n) denote the graph whose vertices
are all the pairs of subspaces of Fn, where two distinct pairs (U1, W1) and (U2, W2) are
adjacent if there exist two vectors u, w ∈ Fn with ⟨u, w⟩ ̸= 0 such that u ∈ U1 ∩ W ⊥

2 and
w ∈ W1 ∩ U⊥

2 and, in addition, there exist two vectors u, w ∈ Fn with ⟨u, w⟩ ̸= 0 such that
u ∈ U2 ∩ W ⊥

1 and w ∈ W2 ∩ U⊥
1 .

We next argue that the chromatic number of a graph G can be used to estimate the
minrank of the complement of the underlying graph of its line digraph δG. This is established
using the following lemma that involves the chromatic numbers of the graphs S2(F, n). Its
proof resembles that of Lemma 14 and can be found in the full version of the paper.

▶ Lemma 19. Let F be a field, let G be a graph, let H be the underlying graph of the digraph
δG, and put n = minrkF(H). Then, χ(G) ≤ χ(S2(F, n)).

We derive the following theorem.

▶ Theorem 20. Let F be a finite field of size q, let G be a graph, and let H be the underlying
graph of the digraph δG. Then, it holds that

minrkF(H) ≥
√

1
2 · logq χ(G).

Proof. Put n = minrkF(H), and apply Lemma 19 to obtain that

χ(G) ≤ χ(S2(F, n)) ≤ q2n2
,

where the second inequality holds because the number of vertices in S2(F, n) does not exceed
q2n2 . By rearranging, the proof is completed. ◀

3.2.1 The Chromatic Number of S2(R, n)

We next consider the problem of determining the chromatic numbers of the graphs S2(R, n).
The following theorem shows that these graphs cannot be properly colored using a finite
number of colors, in contrast to the graphs S1(R, n) addressed in Lemma 16. Its proof can
be found in the full version of the paper.

▶ Theorem 21. For every integer n ≥ 3, it holds that χ(S2(R, n)) = ∞.

3.3 Index Coding

For the general (non-linear) index coding problem, we provide the following result (recall
Definition 9). Its proof can be found in the full version of the paper.

▶ Theorem 22. Let Σ be an alphabet of size at least 2, let G be a graph, and let H be the
underlying graph of the digraph δG. If there exists an index code for H over Σ of length k,
then χ(G) ≤ 2|Σ|k .
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4 Hardness Results

In this section, we prove our hardness results for the orthogonality dimension and for minrank.
We also suggest a potential avenue for proving hardness results for the general index coding
problem over a constant-size alphabet.

The starting point of our hardness proofs is the following theorem of Wrochna and
Živný [34]. Recall that the function b : N → N is defined by b(n) =

(
n

⌊n/2⌋
)
.

▶ Theorem 23 ([34]). For every integer k ≥ 4, it is NP-hard to decide whether a given graph
G satisfies χ(G) ≤ k or χ(G) ≥ b(k).

Our hardness results for the orthogonality dimension and the minrank parameter over
finite fields are given by the following theorem, which confirms Theorem 2.

▶ Theorem 24. There exists a function f : N → N satisfying f(k) = (1 − o(1)) ·
√

b(k) such
that for every finite field F and for every sufficiently large integer k, the following holds.
1. It is NP-hard to decide whether a given graph G satisfies

ξF(G) ≤ k or ξF(G) ≥ 1√
log |F|

· f(k).

2. It is NP-hard to decide whether a given graph G satisfies

minrkF(G) ≤ k or minrkF(G) ≥ 1√
2·log |F|

· f(k).

Proof. Fix a finite field F of size q. We start by proving the first item of the theorem. For
an integer k ≥ 4, consider the problem of deciding whether a given graph G satisfies

χ(G) ≤ b(k) or χ(G) ≥ b(b(k)),

whose NP-hardness follows from Theorem 23. To obtain our hardness result on the ortho-
gonality dimension over F, we reduce from this problem. Consider the reduction that given
an input graph G produces and outputs the underlying graph H of the digraph δG. This
reduction can clearly be implemented in polynomial time (in fact, in logarithmic space).

To prove the correctness of the reduction, we analyze the orthogonality dimension of
H over F. If G is a YES instance, that is, χ(G) ≤ b(k), then by combining Claim 8 with
Theorem 12, it follows that

ξF(H) ≤ χ(H) ≤ k.

If G is a NO instance, that is, χ(G) ≥ b(b(k)), then by Theorem 15, it follows that

ξF(H) ≥
√

logq χ(G) ≥
√

logq b(b(k)) = 1−o(1)√
log q

·
√

b(k),

where the o(1) term tends to 0 when k tends to infinity. Note that we have used here the
fact that b(n) = Θ(2n/

√
n). By letting k be any sufficiently large integer, the proof of the

first item of the theorem is completed.
The proof of the second item of the theorem is similar. To avoid repetitions, we briefly

mention the needed changes in the proof. First, to obtain a hardness result for the minrank
parameter, the reduction has to output the complement H of the graph H rather than H

itself. Second, in the analysis of the NO instances, one has to apply Theorem 20 instead of
Theorem 15 to obtain that

minrkF(H) ≥
√

1
2 · logq χ(G) ≥

√
1
2 · logq b(b(k)) = 1−o(1)√

2·log q
·
√

b(k).

This completes the proof of the theorem. ◀

STACS 2023



20:12 Improved NP-Hardness for Orthogonality Dimension and Minrank

As an immediate corollary of Theorem 24, we obtain the following.

▶ Corollary 25. For every finite field F, the following holds.
1. It is NP-hard to approximate ξF(G) for a given graph G to within any constant factor.
2. It is NP-hard to approximate minrkF(G) for a given graph G to within any constant

factor.

We next prove a hardness result for the orthogonality dimension over the reals, confirming
Theorem 1.

▶ Theorem 26. There exists a function f : N → N satisfying f(k) = Θ(
√

b(k)/k) such that
for every sufficiently large integer k, it is NP-hard to decide whether a given graph G satisfies

ξR(G) ≤ k or ξR(G) ≥ f(k).

Proof. As in the proof of Theorem 24, for an integer k ≥ 4, we reduce from the problem of
deciding whether a given graph G satisfies

χ(G) ≤ b(k) or χ(G) ≥ b(b(k)),

whose NP-hardness follows from Theorem 23. Consider the polynomial-time reduction that
given an input graph G produces and outputs the underlying graph H of the digraph δG.

To prove the correctness of the reduction, we analyze the orthogonality dimension of
H over R. If G is a YES instance, that is, χ(G) ≤ b(k), then by combining Claim 8 with
Theorem 12, it follows that

ξR(H) ≤ χ(H) ≤ k.

If G is a NO instance, that is, χ(G) ≥ b(b(k)), then by Theorem 17 combined with the fact
that b(n) = Θ(2n/

√
n), it follows that

ξR(H) ≥ c ·
√

log b(b(k))
log log b(b(k)) = Θ

(√
b(k)

k

)
,

where c is an absolute positive constant. This completes the proof of the theorem. ◀

As an immediate corollary of Theorem 26, we obtain the following.

▶ Corollary 27. It is NP-hard to approximate ξR(G) for a given graph G to within any
constant factor.

We end this section with a statement that might be useful for proving NP-hardness results
for the general index coding problem. Consider the following definition.

▶ Definition 28. For an alphabet Σ and for two integers k1 < k2, let Index-CodingΣ(k1, k2)
denote the problem of deciding whether the minimal length of an index code for a given graph
G over Σ is at most k1 or at least k2.

We prove the following result.

▶ Theorem 29. Let Σ be an alphabet of size at least 2, and let k1, k2 be two integers. Then,
there exists a polynomial-time reduction from the problem of deciding whether a given graph
G satisfies χ(G) ≤ b(k1) or χ(G) ≥ k2 to Index-CodingΣ(k1, log|Σ| log k2).
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Proof. Consider the polynomial-time reduction that given an input graph G produces the
underlying graph H of the digraph δG and outputs its complement H. For correctness,
suppose first that G is a YES instance, that is, χ(G) ≤ b(k1). Then, by combining Claim 8
with Theorem 12, it follows that minrkF2(H) ≤ χ(H) ≤ k1. By Proposition 10, it further
follows that there exists a linear index code for H over F2 of length k1. In particular, using
|Σ| ≥ 2, there exists an index code for H over the alphabet Σ of length k1. Suppose next
that G is a NO instance, that is, χ(G) ≥ k2. By Theorem 22, it follows that the length of
any index code for H over Σ is at least log|Σ| log k2, so we are done. ◀

Theorem 29 implies that in order to prove the NP-hardness of the general index coding
problem over some finite alphabet Σ of size at least 2, it suffices to prove for some integer k

that it is NP-hard to decide whether a given graph G satisfies χ(G) ≤ b(k) or χ(G) > 2|Σ|k .
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Abstract
Merge Resolution (MRes [4]) is a recently introduced proof system for false QBFs. Unlike other
known QBF proof systems, it builds winning strategies for the universal player (countermodels)
within the proofs as merge maps. Merge maps are deterministic branching programs in which
isomorphism checking is efficient, as a result MRes is a polynomial time verifiable proof system.

In this paper, we introduce a family of proof systems MRes-R in which the information of
countermodels are stored in any pre-fixed complete representation R. Hence, corresponding to each
possible complete representation R, we have a sound and refutationally complete QBF-proof system
in MRes-R. To handle these arbitrary representations, we introduce consistency checking rules in
MRes-R instead of the isomorphism checking in MRes. As a result these proof systems are not
polynomial time verifiable (Non-P). Consequently, the paper shows that using merge maps is too
restrictive and with a slight change in rules, it can be replaced with arbitrary representations leading
to several interesting proof systems.

We relate these new systems with the implicit proof system from the algorithm in [8], which
was designed to solve DQBFs (Dependency QBFs) using clause-strategy pairs like MRes. We use
the OBDD (Ordered Binary Decision Diagrams) representation suggested in [8] and deduce that
“Ordered” versions of the proof systems in MRes-R are indeed polynomial time verifiable.

On the lower bound side, we lift the lower bound result of regular MRes ([5]) by showing that the
completion principle formulas (CRn) from [17] which are shown to be hard for regular MRes in [5],
are also hard for any regular proof system in MRes-R. Thereby, the paper lifts the lower bound
of regular MRes to an entire class of proof systems, which use various complete representations,
including those undiscovered, instead of only merge maps. Thereby proving that the hardness of
CRn formulas is intact even after changing the weak isomorphism checking in MRes to the stronger
consistency checking in MRes-R.
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1 Introduction

Proof complexity is a sub-branch of computational complexity in which the main focus is
to understand the complexity of proving (refuting) theorems (contradictions) in various
proof systems. Informally, a proof system is a polynomial time computable function which
maps proofs to theorems. Several propositional proof systems like resolution [22], Cutting
planes [12], and Frege [16] have been developed for proving (refuting) propositional formulas.
The relative strength of these proof systems has been well studied [23]. Several proof systems
which are not polynomial time verifiable (unless NP = co-NP ) have also been well studied.
For example, semantic resolution [18] and semantic cutting planes [15].
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21:2 Extending Merge Resolution to a Family of QBF-Proof Systems

Quantified Boolean formulas (QBFs) extend propositional logic by quantifying every
variable by ∃ (there exists) or ∀ (for all). There are two major approaches for QBF-proof
systems, namely, the CDCL-based (Conflict-Driven Clause Learning) and expansion-based
systems. The basic systems in these approaches are Q-Res [19] and ∀Exp+Res [17] respectively.
The Q-Res system was later extended to LD-Q-Res in [2] to allow a certain type of tautological
clauses on universal variables in the proofs (which were always discarded in Q-Res) using
merged literals. These merged literals have been shown to be interpreted as partial strategies
rather than tautologies. These strategies were represented explicitly in [4] to form a new
proof system called the MRes system. MRes (Merge Resolution) proof system [4] follows a
different QBF solving approach. It builds partial strategies as “merge maps” at each line
of the proof such that the strategy at the last line forms the countermodel for the input
QBF. Before applying the refutation rules, MRes needs the strategies of the hypothesis to
be isomorphic. As isomorphism checking is known to be efficient in merge maps, MRes is a
polynomial time verifiable proof system.

In this paper, we extend MRes to a family of sound and refutationally complete QBF proof
systems MRes-R. We observe that the representation of strategies in the proofs as merge
maps is not relevant for the soundness and completeness of the proof system. Strategies
can be depicted by any complete representation (Section 2) and by slightly modifying the
refutation rules to include arbitrary representations, the soundness and completeness of the
proof system remains intact. To be precise, we change the isomorphism checking rule in
MRes to “consistency” checking rule (Section 3.1) defined initially for Dependency Quantified
Boolean Formulas (DQBFs, [21]) in [8]. This leads to the definition of a new proof system for
each complete representation. All these new proof systems together form the family of proof
systems denoted by MRes-R. Since the consistency checking rules are computationally hard,
the proof systems in MRes-R are not polynomial time verifiable (Non-P proof systems).
In literature, many interesting Non-P QBF proof systems have been studied, for instance,
semantic cutting planes for QBFs (SemCP+∀red) [7] and QBF proof systems modulo NP [10].

This paper also studies in detail the strength and limitations of these new proof systems.
In [4], the authors demonstrated how MRes allows a few forbidden resolution steps of LD-
Q-Res. Similarly, we show that because of the introduction of such powerful consistency
checking rules, proof systems in MRes-R also allow a few forbidden resolution steps of MRes
(ref. Example 8). We also show a Lower bound on a restricted version of proof systems in
MRes-R (regular MRes-R). We explain our contributions in detail in the following section:

1.1 Our Contributions
1. Introducing a new family of non-polynomial time verifiable proof systems

MRes-R for QBFs: As already stated, proof systems in MRes-R use consistency checking
instead of isomorphism rules of MRes. Informally, an “isomorphism” check confirms
whether two strategies are exactly the same or not. On the other hand, a “consistency”
check confirms whether or not two strategies can give a non-contradicting output for
every possible assignment of input variables. Precisely, an output of “∗” (trivial/ don’t
care strategy) doesn’t contradict with any output of the other strategy, while an output
of “1” from one strategy and “0” from another is considered contradicting. MRes allows
select operation (Section 2.1) on isomorphic strategies (i.e it only retains one of them).
Whereas, proof systems in MRes-R allow union operation (Definition 2) on consistent
strategies (i.e it retains both strategies and outputs the non-trivial assignment (if possible)
from their outputs). For further explanations of the MRes and MRes-R proof systems,
refer Sections 2.1 and 3 respectively.
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For proving refutational completeness of the MRes-R family, we consider the MRes-M
proof system ∈ MRes-R which uses merge maps as the representation. We then prove
that every valid rule of MRes is also valid in MRes-M (Theorem 6). We then show how
to convert a MRes-M proof into a proof of any system P ∈ MRes-R (Claim 7). This
conversion is non-efficient, but still guarantees the completeness of systems in MRes-R.
The soundness proof of any P (∈ MRes-R) proof system follows from proving that every
line of the P-refutation gives a partial falsifying strategy for the universal player. Hence
at the last line, we prove that it gives a countermodel for the input QBF (Lemma 4).
In [4], the resolution steps in which strategies of universal variables left of the pivot are
the same were shown to be forbidden in LD-Q-Res but allowed in MRes. We show in
Example 8, resolution steps in which the strategy of universal variables left of the pivot
are consistent but not isomorphic to be forbidden in MRes but allowed in MRes-R.

2. Relating MRes-R with the implicit proof system from [8]: In [8], the authors
introduce an algorithm to solve DQBFs, which works with clause-strategy pairs like
the MRes system. They also give a representation called the OBDDs (Ordered Binary
Decision Diagrams [8, Definition 3]) which can support the consistency check in polynomial
time [13]. We observed that the implicit proof system from this algorithm is closely related
to the MRes-R systems. More specifically, this algorithm outputs “ordered” MRes-R
proofs using OBDDs as the representation (denoted by ordered MRes-O). We also show in
Proposition 12 that ordered MRes-R systems are polynomial time verifiable. For this, we
first show how any MRes-R proof can be efficiently converted into a proof of MRes-T (the
MRes-R system using a T -representation defined in Section 4.1). Then, we give a method
to convert efficiently an ordered MRes-T proof into an ordered MRes-O proof. Hence
making the former system polynomial time verifiable. By transitivity from Theorem 9, it
implies that all ordered systems in MRes-R are also polynomial time verifiable.

3. Proving a lower bound for Regular MRes-R: A Lower bound for a proof system is
a family of problems which are hard (exponential) to refute in that particular system.
We establish one such lower bound for a restricted version of all proof systems in MRes-R
(i.e regular MRes-R (Section 3.2)) with a family of QBFs called Completion Principle
Formulas (CRn). The CRn formulas (Definition 13) were first introduced in [17], to show
that level-ordered Q-Res cannot p-simulate the ∀Exp+Res proof system. It has been
shown recently in [5], that CRn formulas are even hard for regular MRes. In this paper,
we lift this lower bound to all regular proof systems in MRes-R (Section 5).
To establish the lower bound, we mostly follow the ideas of the lower bound proof of
regular MRes from [5, Theorem 9]. In [5], the major part of the proof relied on the fact
that MRes uses isomorphism, so in a resolution step, they could rule out the variables
not in one hypothesis merge map as also not to be present in the other. However, this
is not the case in MRes-R. So we provide a new claim (Claim 16) with proof that even
though MRes-R insists on consistency rather than isomorphism, the clauses in CRn make
it such that the above property holds. This result implies that the lower bound result
in [5] for regular MRes is not because of the strictness of isomorphism checking in MRes
or the usage of merge-maps, but it persists independent of the strategy representations.

Although these contributions are theoretical, they can be significant in practical DQBF/QBF
solving in the near future: In contribution 2 above, we have shown that the ordered MRes-R
proof systems (a subclass of MRes-R) are closely related to the Davis-Putnam style algorithm
designed in [8]. Therefore the lower bound established in contribution 3 for the regular
MRes-R proof systems, also holds for the algorithm from [8]. Hence the theoretical results on
our family of proof systems MRes-R is a significant step towards understanding the strengths
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Figure 1 Various QBF proof systems and p-simulations. Regular MRes-R are below the “known
lower bound” dashed line by Theorem 18. MRes-T p-simulates MRes by Proposition 10. Ordered
MRes-R systems are polynomial time verifiable due to Proposition 12. For other known simulations
refer[11, Fig.1], in-comparability results refer [20, 5, 6]

and limitations of the famous Davis-Putnam algorithm [14] in the DQBF/QBF domain.
Today, the Davis-Putnam algorithm is widely used in various SAT-solvers thus understanding
it for the QBF/DQBF domain is important for the field of Theoretical Computer Science.
We sum up our contributions in Figure 1. The figure also shows current p-simulation order
among QBF proof systems with the contributions of this paper being in bold.

2 Notations and Preliminaries

For a Boolean variable x, its literals can be x and x. A clause C is a disjunction of literals
and a conjunctive normal form (CNF) formula F is a conjunction of clauses. We denote the
empty clause by ⊥. vars(C) is a set of all variables in C and width(C) = |vars(C)|.

Given a language L ⊆ {0, 1}∗ and a string x ∈ L, a proof system f for L is an inference
system, which is capable of showing that x is indeed in L. To do this, f derives a sequence of
lines inferred via a set of predefined rules in a step by step fashion either from the hypothesis
(i.e x) or from previously inferred lines. This sequence of lines are called an f -proof of the fact
that x ∈ L. A proof system f for L is complete iff for every x ∈ L we have a corresponding
f -proof for x. A proof system f for L is sound iff the existence of an f -proof for x implies
that x ∈ L. By definition, a proof system must be sound and complete for the language L.
In addition, it must be polynomial time computable (verifiable). That is, given a sequence of
lines, it must be check-able whether every line is derived by a valid rule of the system in time
polynomial w.r.t the size of the input sequence, in which case, it is said to be a valid f -proof.
A non-polynomial time verifiable proof system (Non-P proof system) for a language L is
a proof system but without needing to be polynomial time verifiable.

Quantified Boolean formulas: QBFs are an extension of the propositional Boolean
formulas where each variable is quantified with one of {∃, ∀}, with their general semantic
meaning of existential and universal quantifier respectively. In this paper, we assume that
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QBFs are in closed prenex form with CNF matrix i.e., we consider the form Q1X1...QkXk.
ϕ(X1 ∪· · ·∪Xk), where Xi are pairwise disjoint sets of variables; Qi ∈ {∃, ∀} and Qi ̸= Qi+1,
and the matrix ϕ is in CNF form. We denote QBFs as F := Q.ϕ in this paper, where Q is
the quantifier prefix. If x ∈ Xi then we denote Q(x) to be equal to Qi. For a variable x if
Q(x) = ∃ (resp. Q(x) = ∀), we call x an existential (resp. universal) variable. If a variable x

is in the set Xi, any y ∈ Xj where j < i (j > i), we say that y occurs to the left (right) of x

in the quantifier prefix and write y≤Qx (y ≥Q x). The set of existential variables to the left
of a universal variable u will be denoted by LQ(u) in this paper.

Let C ∈ ϕ and Q(u) = ∀, then the “falsifying u-literal” is defined to be 0 if u ∈ C, and 1
if u ∈ C and “∗” if u /∈ vars(C). Also, the existential subclause of C is the clause formed by
only the existential literals from C. If S is any set of variables, a complete assignment of S

will be an assignment which assigns all variables in S to either 1 or 0. Similarly, a partial
assignment is an assignment which assigns a subset of variables in S to either 1 or 0 and the
rest are denoted as having an assignment of “∗”. We denote ⟨S⟩ and ⟨⟨S⟩⟩ as the sets of all
possible complete assignments and partial assignments of S respectively. For some clause C

and some partial assignment of variables α, C[α] is defined as replacing all occurrences of
variables in C with the assignments from α (where defined) and simplifying it. For example
if C = (x1 ∨ ¬x2 ∨ x3) and α be {x1 = 0, x2 = 1, x4 = 0}. Then, C[α] is (x3).

For a QBF Q.ϕ, a strategy of universal player is a decision function that returns the
assignment to all universal variables of Q, where the decision for each u depends only on
the variables in LQ(u). If Hu is the strategy for the universal variable u then, vars(Hu)
is the subset of variables from LQ(u) which are actually used in building the strategy Hu.
Winning strategy for the universal player is a strategy which for every possible assignment
of existential variables, gives an assignment to all universal variables such that it falsifies
the QBF. A QBF is false iff there exists a winning strategy for the universal player [1].
We say that a QBF proof system f admits strategy extraction if for any given valid
f -proof of a false QBF F , one can compute a winning strategy for the universal player in the
time polynomial to the size of the f -proof. As said earlier, strategies are basically decision
functions. For the portrayal of the same, many representations can be used like truth tables,
directed acyclic graphs (DAGs), merge maps, etc. A complete representation is the one
in which every possible finite decision function can be represented.

Resolution [22] is the most studied redundancy rule in both SAT and QBF worlds, we
define the same as: (C∨x) (D∨x)

(C∨D) , where C, D are clauses and x is the pivot variable. We
denote this step as “res(C ∨ x, D ∨ x, x)” throughout the paper.
Next, we define a few QBF proof systems that we require in this paper.

Q-Res [19] is one of a basic QBF proof system. It is an extension of the resolution proof
system for QBFs. It allows the resolution rule (defined above) with the pivot variable being
existential. For dealing with the universal variables, it defines a “universal reduction” rule
which allows dropping of a universal variable u from a clause C, provided no existential
variable x ∈ C appears to the right of u.

LD-Q-Res [2] was developed as an improvement to the Q-Res system. The main “Long
distance rule” used in this system is:

(C1 ∪ U1 ∪ {x}) (C2 ∪ U2 ∪ {x})
(C1 ∪ C2 ∪ U) ,

where x is the ∃ pivot, U1&U2 are literals of ∀ variables (≥Q x) common in both hypothesis
such that if u1(∈ U1), u2(∈ U2) are literals of the same variable z then either u1 = u2 or
u1/u2 = z∗. If l1(∈ C1), l2(∈ C2) & var(l1, l2) = z then l1 = l2 ̸= z∗. Then, U={u∗|u ∈ U1}.
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2.1 Merge Resolution (MRes)
MRes is a proof system for false QBFs introduced in [4], we describe MRes briefly in this
section. For a false QBF Q.ϕ, an MRes refutation will be a sequence of lines of the form
Li = (Ci, {Mu

i }); where Ci is a clause of only existential-literals and {Mu
i } is the set of

merge maps of each universal variable u ∈ Q. The merge map Mu
i is a decision branching

graph with definite strategies {0, 1, ∗} at the leaves nodes (“∗” is used when no strategy for
u exists till that line) and the intermediate nodes branch on some existential variable (say
x) ∈ LQ(u). That is, if Li = res(La, Lb, x) for some a, b < i, then Mu

i will get connected to
Mu

a with an edge label of x and to Mu
b with an edge label of x.

An important property used in MRes rules is Isomorphism: Two merge maps are
isomorphic iff there exists a bijection mapping from the nodes of one to that of another.

Operations needed for MRes rules are defined as follows: Select operation on two
isomorphic merge maps, outputs one of them. Or if one of them is trivial (i.e “∗”), outputs
the other. Merge(Mu

a , Mu
b , n, x) operation, defined when a, b < n, returns a new merge

map where the root node is connected to Mu
a with x and Mu

b with x.
Now we define the MRes proof system:

For a false QBF Q.ϕ, the MRes proof Π := L1, L2, ..., Lm where every line Li is derived
using either an “Axiom” step or a “Resolution” step. In the axiom step, Ci will be the
existential subclause of some C ∈ ϕ and every Mu

i will be a leaf node with the falsifying
u-literal of C. In the resolution step, Ci is obtained from res(Ca, Cb, x) where x is an
∃-variable and a, b < i, also each Mu

i must either be select(Mu
a , Mu

b ) or if x <Q u then can
be merge(Mu

a , Mu
b , i, x). Π is a refutation iff Cm = ⊥.

GΠ is the derivation graph corresponding to Π with edges directed from the hypothesis
to the resolvent (i.e from the axioms to the final line). For some given line L, ΠL is defined
as the sub-derivation of Π deriving the line L.

3 MRes-R: A new family of proof systems for false QBFs

Inspired from MRes, we define a family MRes-R where every proof system P (∈ MRes-R) has
its own complete representation to represent the strategies. We use the idea of consistency
checking in MRes-R from [8], which uses the same for DQBFs. For simplicity, we use the
same notations from [8] whenever possible. We begin by defining some important notations
and operations needed before formally defining the MRes-R systems.

3.1 Important notations used in MRes-R
To begin, let us define what consistency means for any two assignments of a set of variables.
Then we will extend it for two strategies.

▶ Definition 1 ([8]). Let X be any set of variables and ε, δ ∈ ⟨⟨X⟩⟩. We say that ε and δ are
consistent, denoted by ε ≃ δ, if for every x ∈ X for which ε(x), δ(x) ̸= ∗ we have ε(x) = δ(x).

Let Hu and H ′
u be individual strategy functions for the universal variable u, we say that Hu

and H ′
u are consistent (written Hu ≃ H ′

u) when Hu(ε) ≃ H ′
u(ε) for each ε ∈ ⟨LQ(u)⟩. In

other words Hu and H ′
u are consistent, if the u-assignments given by Hu(ε) and H ′

u(ε) are
consistent for every possible LQ(u)-assignment ε.

By a change in notation, we can see (partial) assignments as both functions and sets
of literals, i.e. an assignment ε corresponds to the set of literals it satisfies. For example,
{x1, x2, x3, x4} represents an assignment which sets 1 to the variables x1 and x2 and 0 to x3
and x4. In this notation as sets of literals, a union (∪) of assignments ε, δ is defined when
ε ≃ δ and it is equal to ε ∪ δ.



S. Chede and A. Shukla 21:7

We now define a union operation (“◦”) on two consistent strategies Hu and H ′
u.

▶ Definition 2 ([8]). Given two consistent strategies Hu and H ′
u (i.e., Hu ≃ H ′

u), we define
the union strategy H ′′

u of Hu and H ′
u, denoted by H ′′

u = Hu ◦ H ′
u, as:

H ′′
u (ε) = Hu(ε) ∪ H ′

u(ε) for each ε ∈ ⟨LQ(u)⟩.

For example, if Hu and H ′
u are defined as below, then H ′′

u = Hu ◦ H ′
u will be:

Hu =
{

1 : x

∗ : x
H ′

u =
{

∗ : x

0 : x
; H ′′

u =
{

1 ∪ ∗ = 1 : x

∗ ∪ 0 = 0 : x

We now define a if-else operation (“▷◁”) on any two strategies Hu and H ′
u.

▶ Definition 3 ([8]). Given any two strategies Hu and H ′
u and an existential variable x,

we define the if-else operation of Hu and H ′
u on x to give the strategy H ′′

u , denoted by
H ′′

u = Hu
x
▷◁ H ′

u, for every ε ∈ ⟨LQ(u)⟩ as follows:

H ′′
u (ε) =

{
Hu(ε) : ε(x) = 1
H ′

u(ε) : ε(x) = 0

For example, if Hu and H ′
u be defined as below, then H ′′

u = Hu
x
▷◁ H ′

u will be:

Hu =
{

1 : y

∗ : y
H ′

u = 0 ; H ′′
u =


1 : xy

∗ : xy

0 : x

3.2 Definition of MRes-R
Let Φ = Q.ϕ be a QBF with existential variables X and universal variables U . A MRes-R
derivation of Lm from Φ is a sequence π = L1, ..., Lm of lines where each Li = (Ci, {Hu

i :
u ∈ U}) in which at least one of the following holds for all i ∈ [m]:
a. Axiom. There exists a clause C ∈ ϕ such that Ci is the existential subclause of C, and

for each u ∈ U , Hu
i is the strategy function mapping u to the falsifying u-literal for C or,

b. Resolution. There exist integers a, b < i and an existential pivot x ∈ X such that
Ci = res(Ca, Cb, x) and for each u ∈ U :

(i) if x <Q u, then Hu
i = Hu

b

x
▷◁ Hu

a

(ii) else if x >Q u, then Hu
i = Hu

a ◦ Hu
b .

π is a refutation of Φ iff Cm = ⊥. Size of π is the number of lines i.e |π| = m.
Regular MRes-R: Let S be a subset of existential variables X of a QBF F . We say that a

P-refutation π of F (P ∈ MRes-R) is S-regular if for every x ∈ S, there is no leaf to root
path in Gπ that uses x as pivot more than once. A X-regular proof is simply a regular
proof.

Ordered MRes-R: Let X be the set of all existential variables of a false QBF F and ≤X

be a fixed ordering of variables in X. We say that a P-refutation π of F (P ∈ MRes-R)
is ordered if it is regular and for each leaf-to-root path in Gπ, the pivots follow ≤X .

3.3 Soundness of MRes-R
Soundness of MRes-R is proved by the next lemma, it follows closely to that of MRes in [4].

▶ Lemma 4. Let π = L1, . . . , Lm be a P refutation (P ∈ MRes-R) of QBF Φ. Then, strategy
functions {Hu

m : u ∈ U} in the conclusion line Lm will form a countermodel for Φ.
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Proof. Given π := L1, . . . , Lm be a P-refutation of QBF Φ = Q.ϕ. Each Li=(Ci, {Hu
i : u ∈

U}) and X, U are sets of all existential and universal variables in Q respectively. For i ∈ [m],
• let αi := {l : l ∈ Ci} be the smallest assignment falsifying Ci ,
• let Ai := {α ∈ ⟨X⟩ : Ci ∩ α = ∅} be all complete assignments to X consistent with αi,
• for each α ∈ Ai, let lu

i (α) := Hu
i (α) and Hi(α) := {lu

i (α) : u ∈ U} \ {∗}.

Induction statement: By induction on i ∈ [m], we show, for each α ∈ Ai, that the restriction
of ϕ by α ∪ Hi(α) contains the empty clause.

Proof: For the base case i = 1, let α ∈ A1. As L1 is introduced as an axiom, there exists
a clause C ∈ ϕ such that C1 is the existential subclause of C, and each Hu

1 is the function
mapping u to the falsifying u-literal for C. Hence, for each u ∈ U , lu

1 (α) is the falsifying
u-literal for C, so C[α ∪ H1(α)] = ∅.

For the inductive step, let i ≥ 2 and let α ∈ Ai. The case where Li is introduced as an
axiom is identical to the base case, so we assume that Li was derived by resolution. Then
there exist integers a, b < i and an existential pivot x ∈ X such that Ci = res(Ca, Cb, x).
Suppose that x ∈ α (a similar argument holds when x ∈ α), each u ∈ U has to satisfy either:

(i) x <Q u and Hu
i = Hu

b

x
▷◁ Hu

a : In which case, lu
i (α) = lu

a(α).
(ii) x >Q u and Hu

i = Hu
a ◦ Hu

b : In which case, lu
i (α) = {lu

a(α) ∪ lu
b (α)}.

It follows that lu
i ̸= lu

a only if lu
a = ∗, and hence Ha(α) ⊆ Hi(α). Since Ca \ {x} ⊆ Ci, we

have α ∈ Aa, so the restriction of ϕ by α ∪ Hi(α) contains the empty clause by the inductive
hypothesis that α ∪ Ha(α) contains the empty clause. ⌟

Since αm is the empty assignment, we have Am = ⟨X⟩. We therefore prove the lemma at
the final step i = m, as we show that {Hu

m : u ∈ U} is a countermodel for Φ. ◀

3.4 Completeness of MRes-R
Completeness of MRes-R is proved by the following Theorem 6 and Claim 7. Proof of Claim 7
is given in Section A of the appendix. We will need the following remark from the paper
introducing MRes ([4]).

▶ Remark 5. [4, Proposition 10] Any two isomorphic merge maps compute the same function.

▶ Theorem 6. MRes-M (MRes-R using merge maps as representation) p-simulates MRes.

Proof. Given a QBF Φ and its MRes-proof π = L1, ..., Lm, where every Li = {Ci, {Mu
i : u ∈

U}}. We build an MRes-M proof Π = L′
1, ..., L′

m for Φ, where each L′
i = {C ′

i, {Hu
i : u ∈ U}}.

For every line Li in π starting from i = 1 to m, if Li is an axiom step then directly C ′
i = Ci

and Hu
i = Mu

i for all u ∈ U . Otherwise, if Li is an resolution step i.e for some a, b < i,
Ci = res(Ca, Cb, x); then set C ′

i = Ci and for each u ∈ U if x <Q u then set Hu
i = Hu

b

x
▷◁ Hu

a

else set Hu
i = Hu

a ◦ Hu
b . These are sound steps as resolution in MRes can be either:

(i) x >Q u and Mi = select(Mu
a , Mu

b ) ; in this case we set Hu
i = Hu

a ◦ Hu
b which holds

given the Remark 5 and that isomorphism ⇒ consistency.
(ii) x <Q u and Mi = merge(Mu

a , Mu
b , i, x) ; in this case we set Hu

i = Hu
b

x
▷◁ Hu

a which is
same as the merge function of MRes.

(iii) x <Q u and Mi = select(Mu
a , Mu

b ) ; in this case we set Hu
i = Hu

b

x
▷◁ Hu

a which is
allowed as MRes did the isomorphism test on Mu

a and Mu
b , but we do not need it for

▷◁ in MRes-R.
In case-(iii) above it remains to note that adding a ▷◁ to two isomorphic maps or when
one of them is ∗, doesn’t add any new strategy: it just dilutes the strategy represented
by the corresponding merge map. That is, we are adding an if-else condition where both
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Table 1 P-refutation (P ∈ MRes-R) of the false QBF in Example 8.

Line Rule Ci Hu
i

L1 axiom {y, x} 0
L2 axiom {y, x} *
L3 res(L1, L2, x) {y} Hu

2
x
▷◁ Hu

1

L4 axiom {y, x} *
L5 axiom {y, x} 1
L6 res(L4, L5, x) {y} Hu

5
x
▷◁ Hu

4

L7 res(L3, L6, y) {} Hu
3 ◦ Hu

6

the outcomes are same or one of them is ∗. Hence doesn’t affect future consistency checks
which may arise in the proof (For further clarity, an instance is provided as Example 19 in
Section A of the appendix. However it is not needed for the proof). Finally, the constructed
Π is a valid MRes-M proof of Φ. ◀

▷ Claim 7. Every MRes-M-proof can be transformed into an MRes-R-proof for any
representation R in exponential time.

These guarantee the completeness of proof systems in MRes-R as MRes is complete and any
MRes-proof can be transformed into a MRes-M-proof (by Theorem 6) which in-turn can be
transformed as any MRes-R-proof (by Claim 7).

Next, we present an example (Example 8) of MRes-R allowing few resolution steps which
are forbidden in MRes. Such examples may be useful for the separation results between the
proof systems in MRes-R and the existing MRes proof system.

▶ Example 8. Consider any proof system P in MRes-R which uses some complete R

representation for strategies. Table 1 is a P-refutation of the false QBF:
∃x∀u∃y (y ∨ x ∨ u) ∧ (y ∨ x) ∧ (y ∨ x) ∧ (y ∨ x ∨ u)

The strategies Hu
3 and Hu

6 in function format are as follows:

Hu
3 =

{
0 : x = 0
∗ : x = 1 Hu

6 =
{

∗ : x = 0
1 : x = 1

One can see that these strategies are consistent (but not isomorphic), hence the resolution
of L3, L6 on y is allowed in the P-refutation. But the corresponding resolution would be
blocked in MRes since the corresponding merge maps Mu

3 , Mu
6 will not be isomorphic.

4 MRes-T proof system

In this section, we will define a particular proof system MRes-T from the family of MRes-R
proof systems. The importance of this system is that any P-refutation (P ∈ MRes-R) can
be efficiently converted into an MRes-T -refutation. That is, all proof systems in MRes-R can
be p-simulated by this MRes-T system. Later in this section, we will discuss how this system
relates to the implicit proof system from the algorithm defined in [8].
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Table 2 Truth table for # operator (It assumes inputs to be consistent).

A B A # B
1 1 1
0 0 0
∗ 0/1 0/1

0/1 ∗ 0/1
∗ ∗ ∗

4.1 Definition of MRes-T
For a false QBF F , the sequence of lines π := (C1, T1), . . . , (Cm, Tm) is an MRes-T refutation
if Cm = ⊥ and each Ti is built based on the derivation of Ci from parents Cj , Ck as follows:

Ti :=


Axiom node as in MRes Axiom step of MRes-R
Merge node over Tj , Tk as in MRes If-else step (‘Cj

x
▷◁ Ck’) of MRes-R

# node (defined below) on Tj , Tk Union step (‘Cj ◦ Ck’) of MRes-R

The # node is defined assuming both its inputs are consistent, and it outputs the result
of a union operation on them; Precisely, it’s truth table is shown in Table 2. Note that
A = 1, B = 0 and vice-versa cannot happen in a valid MRes-R proof owing to the definition
of union(“◦”). Therefore, the corresponding rows are omitted from the truth table in Table 2.
An illustrative example of an MRes-T -proof, is given as Example 20 in Section B of the
appendix.

Observe that the proposed T -representation is complete. That is, any valid finite function
can be represented by a T -graph. This follows since, merge maps are a subset of T -graphs
(i.e without # nodes) which are just branching programs, but known to be complete for all
valid functions. Since T -representations are complete, it implies MRes-T ∈ MRes-R.

4.2 Conversion of MRes-R proofs into MRes-T proofs
In this section, we show how to convert a P-proof π (P ∈ MRes-R) into a MRes-T proof π′.
Let π = (C1, R1), . . . , (Cm, Rm) be a P proof of a QBF F . We show how to convert π into a
MRes-T proof π′ = (C1, T1), . . . , (Cm, Tm) of the same QBF F . Note that here Ti is not the
representation of Ri, but Ti is capturing how Ri has been constructed from some hypothesis
Rj , Rk with j, k < i using rules from Section 3.2. For this we do not need to interpret Ri’s,
but we can extract the required information from the clauses Cj , Ck and Ci of π (illustration
of the same is given in Figure 2).

▶ Theorem 9. Any P-proof (P ∈ MRes-R) can be converted efficiently into an MRes-T
proof.

Proof. For a false QBF F , proofs of proof systems belonging to MRes-R can have arbitrary
representations for the strategies computed. However, the rules allowed to construct a
strategy Ri using any strategies Rj and Rk (where j, k < i) are fixed. They must follow the
rules mentioned in Section 3.2. MRes-T proof π′ captures these rules only.

To be precise, given a P-proof π of F where π = (C1, P1), ..., (Cm, Pm), we construct
MRes-T -proof π′ as follows: From the clause part of the proof π i.e C1, ..., Cm (in this
sequence) based on what step is being followed (axiom, or resolution where pivot is on left,
or resolution where pivot is on right), we build the corresponding T -graphs as shown in
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cu

(a) Axiom.

▷◁

T u
j T u

k

x x

(b) if-else node.
(res when x is left of u in prefix)

#

T u
j T u

k

(c) # node (i.e union node).
(res when x is right of u in prefix)

Figure 2 Rules to construct T -graphs. In Figure 2a, cu is the falsifying strategy of u for the
axiom clause Ci. In Figure 2b, Ci = res(Cj , Ck, x) and x is left of u in prefix i.e T u

i = T u
k

x
▷◁ T u

j . In
Figure 2c, Ci = res(Cj , Ck, x) and x is right of u in prefix i.e T u

i = T u
j ◦ T u

k .

Figure 2. After following this procedure for all lines in π, the sequence of lines so formed i.e
π′ = (C1, T1), . . . , (Cm, Tm) is a MRes-T proof as the clauses C1, ..., Cm are the same as in
the original MRes-R proof hence we know that Cm is definitely ⊥ and that T1, ..., Tm are
built using the same rules as used when building the P-proof π. ◀

Observe that due to Theorem 9, MRes-T p-simulates any MRes-R proof system, and
therefore, it also p-simulates the MRes-M (∈ MRes-R) proof system, which is known to
simulate the MRes proof system (by Theorem 6). Thus we have the following:

▶ Proposition 10. MRes-T p-simulates MRes.

4.3 MRes-T versus Implicit proof system in [8]
The authors in [8] give an algorithm to work with DQBFs and a representation for strategies
(OBDDs) to make the consistency check in the algorithm efficient. In this section we discuss
how the implicit proof system from this algorithm relates to our newly defined proof systems.

The algorithm in [8] is designed to eliminate pivots in any fixed order by taking all possible
resolvents at every stage. Hence, one can clearly see that the algorithm works implicitly on
the ordered MRes-R system which uses OBDDs for the representation (denoted as MRes-O).
As the consistency check and union operation on OBDDs are shown to be efficient ([8, 13]),
it makes the corresponding ordered MRes-O systems polynomial time verifiable.

We note that the “ordered”-T representation is much similar to an OBDD with an extra
# node. We can efficiently convert an “ordered”-T strategy into an OBDD representation as
follows: At every # node recursively from leaf-to-root, perform the union operation on the
hypothesis strategies assuming them to be OBDDs and then replace the # node with the
resultant OBDD-representation. This will end finally with a complete OBDD representation
of the initial strategy represented by the ordered-T -representation (An example of this
conversion is shown in Section C of the appendix). When clubbed with ordered MRes-O
being polynomial time verifiable, this implies the following proposition.

▶ Proposition 11. Ordered MRes-T is polynomial time verifiable proof system.

Proposition 11 along with the algorithm in Theorem 9 provided for conversion of any MRes-R
proof into MRes-T , deduces the following:

▶ Proposition 12. Ordered MRes-R is a family of polynomial time verifiable proof systems.

Observe that regular MRes-T cannot be guaranteed to be polynomial time verifiable. This
is because, a regular MRes-T would need an FBDD (Free BDD) to use as a representation
for strategies and according to [13], FBDDs cannot guarantee polynomial time verifiability.
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Therefore, polynomial time verification, even with the usage of OBDDs, stops at ordered
proofs itself, which are a restriction of regular proofs which in-turn are a restricted version of
general proofs. Refer Figure 1 for the complete picture of the above discussed proof systems.

5 Lower Bound for Regular MRes-R

▶ Definition 13 (Completion Principle Formulas (CRn) [17]).
CRn = ∃x1,1...∃x1,n, ..., ∃xn,1...∃xn,n, ∀z, ∃

i∈[n]
ai, ∃

j∈[n]
bj

( ∧
i,j∈[n]

(Aij ∧ Bij)
)

∧ LA ∧ LB

where, Aij = xij ∨ z ∨ ai Bij = xij ∨ z ∨ bj

LA = a1 ∨ · · · ∨ an LB = b1 ∨ · · · ∨ bn

We define the sets A := {a1, a2, ..., an} and B := {b1, b2, ..., bn} for ease of usage.

In this section, we prove that the CRn formulas are hard to refute in regular proof systems
of MRes-R. The lower bound result follows from a stronger result that we prove below in
Theorem 14. We use the ideas from [5] and try to maintain the same notations wherever
possible for simplicity. The proof setup is depicted in Figure 3. The basic idea of the proof is:
As every clause in CRn has a variable from the set A ∪ B, but the refutation should derive a
⊥ at the final line; there must be a “section” of the proof (see shaded region S′ in Figure 3)
which only has X variables in all its clauses. This section also includes the final line. The
set of clauses at the “border” (see the bold line S in Figure 3) of this section of the proof are
shown to be wide (in terms of number of literals) in Lemma 15. Using this and the argument
that the conjunction of clauses in S itself forms a false CNF formula, we show in Theorem 14
that the number of clauses in S is exponential in n. This directly implies the lower bound.

To establish the width bound, we note that the pivots which are used while deriving
clauses in S are variables from A ∪ B and that they are all to the right of z. Meaning that
the corresponding resolutions must all be union steps i.e the incoming strategies must be
consistent (not isomorphic as is the case in MRes). This especially makes it difficult to directly
lift the lower bound proof of MRes from [5]. However we overcome this issue in Claim 16 by
arguing how LA, LB are the only clauses with trivial strategies and how any other clause
which resolves with these will mask this trivial-ness with its own definitive strategy. Further,
by analysing what axiom clauses cannot be used in deriving the clauses in S, we show that
many variables cannot be resolved before these lines. Hence, these variables will still be

S′

⊥

Axioms

S
L = (C, Hz)

L1 = (C1, Hz
1 ) L2 = (C2, Hz

2 )
an an

Anj LA

Figure 3 Lower bound proof illustration. Given a CRn formula and it’s P-proof Π (P ∈ MRes-R),
this figure shows the graph GΠ. Claim 16 proves xij /∈ var(Hz

2 ) for i ∈ [n − 1], j ∈ [n] . Claim 17
shows |vars(C2)| ≥ n − 1. Lemma 15 shows |vars(C)| ≥ n − 2. Theorem 14 proves that |S| ≥ 2n−2.
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present in the clause ∈ S, making it wide. We now clearly state the Theorem, Lemma and
Claims explained above and give proofs for those with vital changes from corresponding
proofs in [5]. The remaining detailed proofs are provided in Section D of the appendix.

▶ Theorem 14. Every (A ∪ B)-regular refutation of CRn in any proof system belonging to
MRes-R has size 2Ω(n).

For P ∈ MRes-R, let Π be a P-refutation of CRn (for n > 2). Let the set of lines S, S′

be defined as follows:
S′: This set consists of all the lines L = (C, Hz) from Π such that vars(C) ∩ {A ∪ B} = ∅

and there exists a path from L to ⊥ in GΠ consisting of lines only from S′.
S: This set contains all the lines L ∈ S′ such that L = Res(L1, L2, v) where L1, L2 /∈ S′.

Observe that the pivot variable v must belong to {A ∪ B}.

▶ Lemma 15 ([5]). For all L = (C, Hz) ∈ S, width(C) ≥ n − 2.

Proof. Observe that L is not an axiom as all axioms of CRn have a variable from A ∪ B and
so they cannot belong to S. So, let L = res(L1, L2, v) where L1, L2 /∈ S′. Since two lines not
belonging in S′ resolve to make the resultant ∈ S′, the pivot (i.e v) should be from A ∪ B.
Assume v ∈ A, a similar argument can be made when v ∈ B. Without loss of generality,
assume that v = an

1; and an ∈ C1 and an ∈ C2.
Since Π is (A ∪ B)-regular, an does not occur as a pivot in the sub-derivation ΠL1 . It

implies that the axiom clause LA cannot be used in deriving L1, because otherwise C1 will
have both an & an making it a tautology. That implies, axioms with other positive literals
ai’s cannot be used in ΠL1 as the negated literals ai’s are only available in LA which in-turn
cannot be used in ΠL1 . Positive literals of ai’s only ∈ Aij for all j ∈ [n]. Hence, axioms Aij

for i ∈ [n − 1], j ∈ [n] also cannot be used in deriving the line L1. We know xij only occur in
Aij ; so Hz

1 has no xij variable for i ∈ [n − 1], j ∈ [n]. Also, Hz
1 is not a trivial strategy as

some Anj for j ∈ [n] has been used because an ∈ C1. Fix this j for the rest of the proof.
Since the pivot an at the resolution step obtaining line L is to the right of z, by the rules

of MRes-R, Hz
1 and Hz

2 are consistent. In Claim 16, we prove that even though MRes-R
only insists on consistency, it still holds that for each i ∈ [n − 1], and each j ∈ [n], xij /∈
var(Hz

2 ). Using this result we prove in Claim 17, that C2 will have at least n − 1 variables
(including an). Therefore, at least n − 2 variables from C2 belong in C. ◀

▷ Claim 16. For i ∈ [n − 1], and each j ∈ [n], xij /∈ var(Hz
2 ).

Proof. At the point of use of this claim in the proof of Lemma 15, we definitely know that
for i ∈ [n − 1] & j ∈ [n]; xij /∈ Hz

1 . That is, if f1 is the function representing the strategy
Hz

1 , then for any assignment σ of xnj ’s and i ∈ [n − 1], j ∈ [n], it implies that:

f1(σ, xij = 0) = f1(σ, xij = 1) (1)

Let f2 be the function representing the strategy Hz
2 . Since an is to the right of z, we

know that Hz
1 and Hz

2 are consistent, i.e for any assignment σ′ (an extension of σ) and for
i ∈ [n − 1], j ∈ [n], it implies that:

f2(σ′, xij = 0) ≃ f1(σ′, xij = 0) (2)

1 Note that an is used only for ease in dividing the set A into partitions. Nowhere in the proof we use the
fact that an is the last variable in A.
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and,

f2(σ′, xij = 1) ≃ f1(σ′, xij = 1). (3)

Only remaining question is if f2(σ′, xij = 0) = f2(σ′, xij = 1)? Observe that if this equality
holds, then f2 will be independent of xij ’s, which implies that xij /∈ Hz

2 for i ∈ [n−1], j ∈ [n].
Now, we are heading towards proving the equality holds. Note that if none of the terms
in Equation 2 and Equation 3 give a “∗” for any assignment of X, the equality in question
definitely holds. So, now we prove that none of them can give a “∗” for any given assignment.

The only axiom clauses of CRn with trivial strategies are LA, LB and these axioms only
contain variables of A ∪ B, which are all to the right of z. Hence if any other clause is to
be resolved with these clauses, the pivot has to be in A ∪ B i.e. a union step needs to be
performed. At this point the trivial-ness of LA (or LB) is masked and does not show up in
the final strategy of the resultant line; this is because union of any strategy with a trivial
strategy will be the strategy itself. The only case by which a “∗” can be in the resulting
strategy is if LA is resolved with LB , which can clearly not happen as they have no common
variable. Since C1, C2 are definitely not the axiom clauses LA (or LB), using the above
argument it is simply not possible for the functions f1 (or f2) to output a “∗” for any input
assignment provided. This means the equality in question above holds; meaning that Hz

2
also doesn’t depend on xij ’s when i ∈ [n − 1], j ∈ [n] i.e xij /∈ vars(Hz

2 ). ◁

▷ Claim 17 ([5]). Either for all i ∈ [n − 1], C2 has a variable of the form xi∗, or for all
j ∈ [n], C2 has a variable of the form x∗j .

From the above discussions and due to Theorem 14, we have the following:

▶ Theorem 18. Every MRes-R-regular refutation of CRn has size 2Ω(n).

6 Conclusion and Future work

This paper extends MRes proof system into a family of non-P proof systems MRes-R and
provides a motivation example of forbidden steps of MRes being allowed in MRes-R. This
paper also deduces that “ordered” versions of proof systems in MRes-R are polynomial time
verifiable and gives a lower bound for “regular” versions of proof systems in MRes-R. Still
several open problems remain in the scope of this paper. We point some of them as follows:

The relative strength of proof systems in MRes-R and MRes is still unclear. Since proof
systems in MRes-R use strong consistency checking rules as compared to the isomorphism
rule in MRes, we believe that there exists a family of QBFs which are easy for proof systems
in MRes-R but hard for MRes.

Another direction is to establish a lower bound for proof systems in MRes-R. It is open
whether KBKF-lq formulas [3] (shown to be hard for the MRes proof system in [5]), are
hard or easy for proof systems in MRes-R. Note that, by slightly modifying the formula to
KBKF-lq-split [20] it has been shown to be easy for MRes and hence making them easy for
MRes-R as well.
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A Missing proof and example from Section 3.4

This example considers the situation corresponding to the case-(iii) of Theorem 6. That is,
two isomorphic merge maps can be combined with an if-else and the resulting strategy will
still output the same as input merge maps. Or when one of the input merge map being ∗,
makes the resulting strategy diluted in the sense that for half the assignments it gives a ∗
and for others the same as the non-trivial input merge map.

▶ Example 19. Let Mu
1 = Mu

2 = 1 be leaf nodes in MRes proof. It implies that corresponding
Hu

1 = 1 and Hu
2 = 1 in MRes-R proof. Now say MRes performs a resolution on pivot variable

x which is to the left of u, resulting in Mu
3 = select(Mu

1 , Mu
2 ). Whereas the corresponding

MRes-R rule needs to be a Hu
3 = Hu

1
x
▷◁ Hu

2 from case(iii) (ref. Theorem 6). That is, Hu
3 in

function form would be defined as follows:

Hu
3 =

{
1 : x

1 : x

Notice how this is just a diluted way of writing the strategy Hu
3 = 1. Hence when in the

next line of MRes if a Mu
4 = 1 which is isomorphic to Mu

3 is encountered; the corresponding
Hu

4 = 1 in MRes-R will still remain to be consistent with Hu
3 (though they might seem to be

structurally different).
In the same example if Mu

2 = ∗ (i.e. trivial), the strategy Hu
3 would have been:

Hu
3 =

{
1 : x

∗ : x

Notice how this is another way of diluting the strategy and is still consistent with Hu
4 = 1.

▷ Claim 7. Every MRes-M-proof can be transformed into an MRes-R-proof for any
representation R in exponential time.

Proof. Given a QBF Φ and its MRes-M-proof π = L1, ..., Lm, where every line Li =
{Ci, {Mu

i : u ∈ U}}. We intend to build an MRes-R-proof Π = L′
1, ..., L′

m for Φ, where each
L′

i = {C ′
i, {Hu

i : u ∈ U}}.
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Table 3 A MRes-T refutation of the false QBF in Example 20.

Line Rule Ci T u
i Type of node

L1 axiom {x, y, a} 1 Leaf
L2 axiom {x, y, a} * Leaf
L3 res(L1, L2, x) {y, a} T u

2
x
▷◁ T u

1 if-else
L4 axiom {x, y, a} 1 Leaf
L5 axiom {x, y, a} * Leaf
L6 res(L5, L4, x) {y, a} T u

4
x
▷◁ T u

5 if-else
L7 res(L3, L6, a) {y} T u

3 ◦ T u
6 #

L8 axiom {x, y, b} 1 Leaf
L9 axiom {x, y, b} 0 Leaf
L10 res(L9, L8, x) {y, b} T u

8
x
▷◁ T u

9 if-else
L11 axiom {y, b} * Leaf
L12 res(L10, L11, b) {y} T u

10 ◦ T u
11 #

L13 res(L12, L7, y) {} T u
7

y
▷◁ T u

12 if-else

For every line Li in π, we keep the clause part intact while we convert the merge maps
into plain functions. Further as R is a complete representation, these functions should have a
corresponding representation in R; we extensively search for the same. This search terminates
at some point owing to R being a complete representation. (This is the place where we used
the property that R is a complete representation). The result is an MRes-R-proof for Φ.
This process is not polynomial in time but regardless still proves completeness for the family
of proof systems MRes-R. ◁

B Missing example from Section 4

▶ Example 20. Let Φ := ∃x, y, ∀u, ∃a, b (x, y, u, a)∧(x, y, a)∧(x, y, u, a)∧(x, y, a)∧(x, y, u, b)∧
(x, y, u, b) ∧ (y, b). The MRes-T proof of Φ is shown below in Table 3:

The final T -graph of winning strategy for the only universal variable u from Example 20
is shown in Figure 4. One can see that this graph is a hybrid structure of both branching
programs and circuits. Since it has both “branching” nodes (▷◁ nodes) and “circuit” nodes
(# nodes).

C Missing example from Section 4.3

In [8], the authors describe a way to use 2-valued OBDD functions to represent 3-valued
strategy functions (including the don’t care (∗)). They represent each strategy function Hu

as a pair of 2 functions (H⊤
u , H⊥

u ) which can then represented by 2 OBDDs. This pair is
simply defined as follows:

H⊤
u (ε) =

{
1 : ifHu(ε) = 1
0 : otherwise

H⊥
u (ε) =

{
1 : Hu(ε) = 0
0 : otherwise

In [8, Proposition 1], the authors also give the following formulas to perform union and if-else
operation on OBDDs efficiently:
1. (Gu ◦ Hu)⊤ = G⊤

u ∨ H⊤
u ; (Gu ◦ Hu)⊥ = G⊥

u ∨ H⊥
u

The algorithm for “∨” on OBDDs (called bounded disjunction) is very well-known, it was
introduced in [9]. (We will not discuss it here, rather will directly use it in Example 21).

STACS 2023



21:18 Extending Merge Resolution to a Family of QBF-Proof Systems

▷◁

# #

▷◁

▷◁

∗

▷◁

∗
1

∗ 1

1 0

y y

x
x

x x

x x

T7 T12

T6

T3

T5

T4

T11

T10

T2 T1

T8 T9

Figure 4 T u
13 graph for Example 20.

2. (Gu
x
▷◁ Hu)⊤ = G⊤

u

x
▷◁ H⊤

u ; (Gu ◦ Hu)⊥ = G⊥
u

x
▷◁ H⊥

u

Next, we will see how to convert a T -represented strategy into an OBDD-represented
strategy. For this we use the graph of T u

13 from previously shown Example 20, the graph of
the same is already shown in Figure 4 for ease of cross-checking.

▶ Example 21. For the input T -strategy, we use T u
13 from Example 20 (shown in Figure 4).

As explained in Section 4.3, we follow recursively from leaf-to-root in this graph, converting
it into OBDD pairs and applying ◦ and ▷◁ operations (as stated above) wherever applicable.
Note that in OBDDs, we fix that the left edge of non-leaf node represents the positive edge
and the right one is the negative edge (for ease in drawing). The step-by-step illustration of
building OBDD-pairs is shown in Figure 5.

This completes the conversion of T -graph to OBDD-pairs. To cross-check let us compute the
resulting function from (T ⊤

13, T ⊥
13). The process to extract the strategy (Hu) back from the

OBDD-pair (H⊤
u , H⊥

u ):

Hu(ε) =


1 : ifH⊤

u (ε) = 1
0 : ifH⊥

u (ε) = 1
∗ : otherwise

So the truth-table of the resultant function (say T ′
13) from (T ⊤

13, T ⊥
13) is shown in Table 4.

One can cross check that this is exactly the function computed by T u
13 from Figure 4.

D Missing proofs from Section 5

▶ Theorem 14. Every (A ∪ B)-regular refutation of CRn in any proof system belonging to
MRes-R has size 2Ω(n).

Proof. For P ∈ MRes-R, let Π be a P-refutation of CRn (for n > 2). Let the set of lines
S, S′ be defined as follows:
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T ⊤
1 = 1 , T ⊥

1 = 0

T ⊤
2 = 0 , T ⊥

2 = 0

T ⊤
3 = x

0 1

, T ⊥
3 = x

0 0

T ⊤
4 = 1 , T ⊥

4 = 0

T ⊤
5 = 0 , T ⊥

5 = 0

T ⊤
6 = x

1 0

, T ⊥
6 = x

0 0

T ⊤
7 = x

1 1

, T ⊥
7 = x

0 0

T ⊤
8 = 1 , T ⊥

8 = 0

T ⊤
9 = 0 , T ⊥

9 = 1

T ⊤
10 = x

1 0

, T ⊥
10 = x

0 1

T ⊤
11 = 0 , T ⊥

11 = 0

T ⊤
12 = x

1 0

, T ⊥
12 = x

0 1

T ⊤
13 = y

x x

1 1 1 0

, T ⊥
13 = y

x x

0 0 0 1

Figure 5 Building OBDD-pairs of strategy T u
13 from Example 20 (shown in Figure 4).

STACS 2023



21:20 Extending Merge Resolution to a Family of QBF-Proof Systems

Table 4 Output of the strategy from OBDD-pairs of Figure 5.

x y T ′
13

0 0 0
0 1 1
1 0 1
1 1 1

S′: This set consists of all the lines L = (C, Hz) from Π such that vars(C) ∩ {A ∪ B} = ∅
and there exists a path from L to ⊥ in GΠ consisting of lines only from S′.

S: This set contains all the lines L ∈ S′ such that L = Res(L1, L2, v) where L1, L2 /∈ S′.
Observe that the pivot variable v must belong to {A ∪ B}.

Let F =
∧

(C,Hz)∈S

C. Note that F is a false CNF formula because there exists a sub-derivation

Π̂ = {C|∃L = (C, Hz) ∈ S′} which derives a ⊥ given F . The variables in F are only xij ’s
where i, j ∈ [n], therefore it consists of n2 variables. In Lemma 15 we prove that each clause
in F has width ≥ n − 2. That is each clause can be falsified by setting atleast n − 2 variables
to 0. Hence the number of complete assignments of X that can falsify a clause ∈ F will be
at most 2n2−(n−2). Since F is a false CNF formula, all assignments to X should falsify some
clause of F . Therefore, the number of clauses in F should be ≥ 2n−2. This implies that
the number of lines in S is at least 2n−2. Therefore, the number of lines in Π must also be
exponential in n. ◀

▷ Claim 17 ([5]). Either for all i ∈ [n − 1], C2 has a variable of the form xi∗, or for all
j ∈ [n], C2 has a variable of the form x∗j .

Proof. At this point in the proof of Lemma 15, we definitely know that an ∈ C2, and for all
i ∈ [n − 1], for all j ∈ [n], xij /∈ var(Hz

2 ). We prove this claim by contradiction. Suppose the
claim is wrong i.e, there exists some u ∈ [n − 1] where for all l ∈ [n] xul /∈ var(C2) and some
v ∈ [n] where for all k ∈ [n] xkv /∈ var(C2).

Let ρ be the minimum partial assignment falsifying C2. Then we know that :
▷ ρ sets an = 1, leaves all other variables in A ∪ B unset, since they /∈ C2.
▷ ρ does not set any xul or xkv, since by our assumptions they all are not in C2.
Now, extend ρ to assignment α by setting:
▷ au = bv = 0 and rest all unset variables from A ∪ B to 1.
▷ Also except xuv, set xu∗ = 1 and x∗v = 0.
Observe that the assignment α satisfies all axiom clauses except Auv and Buv and does not
falsify any axiom.
Now extend α to α0 and α1 by setting xuv = 0 and 1 respectively.

The extension α0 satisfies one more axiom i.e. Buv; similarly α1 satisfies one more axiom
i.e. Auv. Note that they still do not falsify the remaining axiom. That is, α0 does not falsify
Auv and similarly, α1 does not falsify Buv.

α0 and α1 agree everywhere except on xij , and since xij /∈ var(Hz
2 ), it follows that

Hz
2 (α0) = Hz

2 (α1), say this value is equal d.
From the proved Induction in Lemma 4, the partial strategy of universal player at every

line combined with the extension of the existential assignment falsifying its clause part,
should falsify some axiom of the QBF. Also, α0 and α1 falsify C2, since they extend ρ. Hence,
it is a contradiction that (αd, d) satisfies all axioms. Therefore, the claim needs to be true.

◁
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Abstract
We say that two given polynomials f, g ∈ R[x1, . . . , xn], over a ring R, are equivalent under shifts if
there exists a vector (a1, . . . , an) ∈ Rn such that f(x1 + a1, . . . , xn + an) = g(x1, . . . , xn). This is a
special variant of the polynomial projection problem in Algebraic Complexity Theory.

Grigoriev and Karpinski (FOCS 1990), Lakshman and Saunders (SIAM J. Computing, 1995),
and Grigoriev and Lakshman (ISSAC 1995) studied the problem of testing polynomial equivalence
of a given polynomial to any t-sparse polynomial, over the rational numbers, and gave exponential
time algorithms. In this paper, we provide hardness results for this problem.

Formally, for a ring R, let SparseShiftR be the following decision problem – Given a polynomial
P (X), is there a vector a such that P (X + a) contains fewer monomials than P (X). We show
that SparseShiftR is at least as hard as checking if a given system of polynomial equations over
R[x1, . . . , xn] has a solution (Hilbert’s Nullstellensatz). As a consequence of this reduction, we get
the following results.
1. SparseShiftZ is undecidable.
2. For any ring R (which is not a field) such that HNR is NPR-complete over the Blum-Shub-Smale

model of computation, SparseShiftR is also NPR-complete. In particular, SparseShiftZ is also
NPZ-complete.

We also study the gap version of the SparseShiftR and show the following.
1. For every function β : N → R+ such that β ∈ o(1), Nβ-gap-SparseShiftZ is also undecidable

(where N is the input length).
2. For R = Fp,Q,R or Zq and for every β > 1 the β-gap-SparseShiftR problem is NP-hard. Further-

more, there exists a constant α > 1 such that for every d = O(1) in the sparse representation
model, and for every d ≤ nO(1) in the arithmetic circuit model, the αd-gap-SparseShiftR problem
is NP-hard when given polynomials of degree at most d, in O(nd) many variables, as input.
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22:2 On Hardness of Testing Equivalence to Sparse Polynomials Under Shifts

1 Introduction

This paper studies the following question: given an n-variate polynomial f(X), over a ring
R1, how difficult is the task of finding a shift b ∈ Rn such that f(X +b) has fewer monomials
than f .

Before proceeding we would like to discuss the issue of representation of polynomials.
There are several natural settings – representation as vector of coefficients or as arithmetic
circuits – and two different models – the white-box and black-box models. The most obvious
representation is the dense representation in which n-variate polynomials of degree d are
represented as a vectors of coefficients of length

(
n+d

d

)
. In this setting we assume that

the vector is given as input to the algorithm. A more concise representation is the sparse
representation in which a polynomial is represented as a list of pairs of exponent vectors
and coefficients. In the black-box setting we only assume that the algorithm has black-box
access to the polynomial (though the important parameters such as number of variables and
degree are known to the algorithm). I.e., the algorithm is restricted to asking the polynomial
for its values on different inputs. Another natural model is representing polynomials as
arithmetic circuits. That is, the algorithm will get as input an arithmetic circuit computing
the polynomial. In the white-box setting the algorithm is explicitly given the circuit so it
has access to the graph of computation etc. In the black-box model the algorithm only has
black-box access to the circuit (though the important parameters such as size, depth, number
of variables etc. are known to the algorithm).

One of the most important questions in the area of Algebraic Complexity Theory is
the problem of checking if two polynomials are equivalent under affine transformations. In
generality this problem is also called the polynomial projection problem. Ignoring issues of
representations the problem is the following.

Polynomial Projection (PolyProjF):

Given two polynomials f ∈ F[y1, . . . , ym] and g ∈ F[x1, . . . , xn], over a field F, output an m × n

matrix A and a vector b ∈ Fm such that g(x1, . . . , xn) = f(A ·
[
x1 x2 . . . xn

]T + b) if such
a pair exists, or output “FAIL” otherwise.

For example, the holy grail of algebraic complexity, Valiant’s Extended Hypothesis is
an instance of the polynomial projection problem. Recall that the hypothesis says that
the permanent of an n × n matrix cannot be represented as a polynomial projection of
determinant of any m×m matrix, for any m that is polynomial in n [27]. Kayal [19] showed
that the problem of polynomial projection is NP-hard in general. However, for specific
instances of the polynomial g, under the requirement that the matrix A has full rank (or
that it is random), Kayal [19] gave efficient randomized algorithms in the black-box model
(i.e. assuming only black-box access to f).

Since studying polynomial equivalence under such projections is NP-hard in general, the
following simpler question was considered.

Polynomial Equivalence under Shifts (ShiftEquivF):

Given two polynomials f, g ∈ F[x1, . . . , xn] output a vector (b1, . . . , bn) ∈ Fn such that
g(x1, . . . , xn) = f(x1 + b1, . . . , xn + bn) if such a vector exists, or output “FAIL” otherwise.

1 From now on, R always denotes an integral domain, i.e. a commutative ring with a unit, which is also a
domain, and F a field (Q,R and C are, as usual, the rational, real and complex fields, respectively).
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To the best of our knowledge the notion of studying polynomial equivalence under shifts
first appeared in [12] and it was formally addressed by Grigoriev in [10]. For polynomials of
degree d over n variables, Grigoriev [10] gave a deterministic algorithm over fields of zero
characteristic, a randomized algorithm over prime residue fields, and a quantum algorithm
over fields of characteristic 2, all of which run in time polynomial in the dense representation.
That is, the running time is polynomial in

(
n+d

d

)
. If the degree of the polynomial grows as

a function of the number of variables or vice versa, the algorithms presented by Grigoriev
require exponential time in the number of variables, even if the polynomial can be represented
by a small arithmetic circuit or if it has polynomially many monomials. It is a natural
question to ask if the complexity of the algorithms can be brought down when the input to
the algorithm is provided in some succinct representation – for example, as an arithmetic
circuit. In such a setting, Dvir, Oliveira and Shpilka [8] showed that given just a black
box access to the polynomials f and g on n variables, and given a bound on the degree d

and circuit size s, there is a randomized algorithm that runs in time poly(n, d, s) and solves
the polynomial equivalence under shifts problem. The randomness in their algorithm only
stems from polynomial identity testing (PIT), which is a sub-routine of their algorithm, and
hence equivalence under shifts in this setting can be derandomized if and only if PIT can be
derandomized (clearly PIT is a special case of equivalence under shifts when g is the zero
polynomial).

A polynomial f is said to be t-sparse if the number of monomials with non-zero coefficients
in f is at most t. In the literature, an n variate polynomial is generally said to be sparse if
the number of monomials in it with non-zero coefficients is at most poly(n). Equivalently,
a sparse polynomial is a polynomial that can be computed by a depth two ΣΠ arithmetic
circuit with a polynomial bound on the top fan-in. Sparse polynomials are extremely well
studied because of their simplicity and as a result many efficient algorithmic results are
known for them [1, 18, 4, 6, 13, 11, 12, 21, 25].

A variant of the polynomial projection problem asks if a given polynomial is equivalent
to a sparse polynomial under affine transformations. This can be seen as a variant of the
classical Minimum Circuit Size Problem (MCSP) where given the truth table of a function
we wish to find the minimal circuit computing it. In this case the circuit we are seeking is
a very structured ΣΠΣ circuit that is obtained by composing a ΣΠ circuit with an affine
transformation. As this set of polynomials is dense inside the class ΣΠΣ it is an interesting
family to study (see [23]). Grigoriev and Karpinski [12] were the first to consider this
variant of the polynomial projection problem. Specifically, they studied the following problem
(in the dense representation model) – given a polynomial P (X), over the rationals, and
a parameter t output a matrix A and a vector b, if they exist, such that the polynomial
P (A·X +b) has at most t monomials. They gave an algorithm whose complexity is O(M ·dn4)
where M is a bound on the size of coefficients of the input polynomial. Lakshman and
Saunders [21] considered the problem of testing the equivalence of univariate polynomials
(over Q) to t-sparse polynomials under just shifts instead of affine linear transformations.
They provided sufficient conditions for uniqueness and rationality of a t-sparsifying shift.
Grigoriev and Lakshman [14] extended these criterion to multivariate polynomials. They also
gave algorithms for polynomials with finitely many sparsifying shifts2 that run in deterministic
time (dt)O(n) and randomized time tO(n). In the past two decades, these exponential time
algorithms could not be improved and this is a major motivation behind our study of hardness
of this problem. We state the following more general problem to allow polynomials over rings.

2 Over Z,Q,R,C etc., it may happen that there are infinitely many t-sparsifying shifts for a given
polynomial. Grigoriev and Lakshman [14] give algorithms for polynomials that are guaranteed to have
finitely many t-sparsifying shifts.

STACS 2023
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Sparsification of Polynomials via Shifts (SparseShiftR):

Given a polynomial f ∈ R[x1, . . . , xn], decide if there exists a vector (a1, . . . , an) ∈ Rn such that
f(x1 +a1, . . . , xn +an) has strictly fewer monomials with non-zero coefficients than f(x1, . . . , xn),
or output “FAIL” if no such vector exists.

In this paper we show that the problem SparseShiftR is at least as hard as as checking if
a given system of polynomial equations over R[x1, . . . , xn] has a solution (Hilbert’s Nullstel-
lensatz).
Hilbert’s Nullstellensatz: Given a system S of polynomial equations S = {f1 = 0, . . . , fr = 0}
over the polynomial ring R[x1, . . . , xn], we say that the system is satisfiable if there exists
an assignment a ∈ Rn to the variables that simultaneously satisfies all equations in S. This
problem has a great significance in Algebraic Geometry and has other important applications
in diverse areas. We state a slightly restricted version of Hilbert’s Nullstellensatz problem
that asks for a common solution in a specific domain (the general version asks for a solution
in the algebraic closure). This definition is similar to the definition in the Blum, Shub and
Smale model of computation [2].

Hilbert’s Nullstellensatz over a ring R (HNR):

Given a system of polynomial equations {f1 = 0, . . . , fr = 0} over R[x1, . . . , xn], decide whether
there exist a vector (a1, . . . , an) ∈ Rn such that for all i ∈ [r], fi(a1, . . . , an) = 0, or output
“FAIL” if no such vector exists.

With this background, we shall now state our first main result that gives a reduction
from Hilbert’s Nullstellensatz problem to polynomial sparsification.

▶ Theorem 1. Let R be an integral domain, which is not a field. Then SparseShiftR is
HNR-hard, in any of the white-box representations.

If R is arbitrary, then the polynomials could have coefficients with arbitrary bit complexity.
Thus, it is important for us to also specify the model of computation over which this problem
is being considered. In the Turing machine model, assuming that f1, . . . , fr ∈ C[x1, . . . , xn]
have integral coefficients, Koiran [20] showed (by assuming that the Generalized Riemann
Hypothesis is true) that HNC can be solved in the second level of polynomial hierarchy.
Without the GRH assumption, the only known upper bound for HNC is PSPACE. For R = Z,
Matiyasevich [22] showed that this problem is undecidable (also see [7]). Putting these
together with Theorem 1 we get the following consequence.

▶ Corollary 2. SparseShiftZ is undecidable.

It is important to note that under sparse or dense representations, SparseShiftR is in NPR.
That is, given a, we can efficiently verify if it is a sparsifying shift for a polynomial P (X)
using at most polynomially many algebraic operations using sparse polynomial interpolation,
and sparse polynomial identity testing. Thus for any integral domain R (which is not a
field) such that HNR is NPR-complete, over the Blum-Shub-Smale model of computation [2],
we get the following corollary from the aforementioned statements and Theorem 1.

▶ Corollary 3. Let R be an integral domain (but not a field) such that HNR is NPR-complete
over the Blum-Shub-Smale model of computation. Then SparseShiftR is also NPR-complete.

In particular, we get that SparseShiftZ is also NPZ-complete.
These results, to some extent, shed a light on why this problem in general has been

evading the efforts to provide efficient algorithms.
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Note that our problem SparseShiftR can also be viewed as a gap decision problem – given
a polynomial P (X) of sparsity t, is there a vector a such that P (X + a) has at most t− 1
monomials. Let us formally define a more general gap version of SparseShiftR.

α-gap-SparseShiftR:

Let α > 1 be a parameter. Given a polynomial P ∈ R[X] and a parameter t,
output YES if there exists a vector a such that P (X + a) has at most t monomials, and
output NO if for all vectors a, P (X + a) has at least αt monomials.

Using gap amplification we reduce SparseShiftR to Nβ-gap-SparseShiftR for all functions
β ∈ o(1). We thus get our second main result.

▶ Theorem 4. For every function β : N→ R+ such that β ∈ o(1), Nβ-gap-SparseShiftZ is
undecidable (where N is the input length).

In Theorem 4, we used the undecidability of HNZ to infer the undecidability of Nβ-gap-
SparseShiftZ. However, we do not have such results for rings R ̸= Z (over Turing machine
model). Furthermore, HNQ is not known to be undecidable and, as mentioned above, over C
it is decidable as well as over finite fields. Thus for R = Fp,Q,R or Zq, we present a different
reduction of gap problems – from (1− ε, δ)-gap-Max-3LinR to α-gap-SparseShiftR and infer
NP-hardness results for α-gap-SparseShiftR.

(1− ε, δ)-gap-Max-3LinR:

Given a system of linear equations {L1 = 0, . . . , Lm = 0} over R[x1, . . . , xn] each of which
depends on exactly 3 variables,

output YES if at least (1 − ε) fraction of equations can be simultaneously satisfied, and
output NO if at most δ fraction of equations can be simultaneously satisfied.

We say that it is NP-hard to (1− ε, δ)-approximate Max-3LinR if the decision problem
(1 − ε, δ)-gap-Max-3LinR is NP-hard. Using this notion, we summarize non-exhaustively
some known NP-hardness results for (1− ε, δ)-approximating Max-3LinR.

Table 1 Non-exhaustive list of known NP-hardness results for approximating Max-3LinR.

Result Ring R NP-Hardness for
Håstad [17] Fp ∀ ε > 0, (1 − ε, 1+ε

p
)-approximation

Håstad [17] Zq for q ∈ N ∀ ε, δ > 0, (1 − ε, 1
q

+ δ)-
approximation

Feldman, Gopalan, Khot and
Ponnuswami [9] Q ∀ ε > 0, (1 − ε, ε)-approximation

Gurswami and Raghavendra [15,
16] Q,R ∀ ε, δ > 0, (1 − ε, δ)-approximation

Thus, a gap reduction from (1 − ε′, δ′)-gap-Max-3LinR (where ε′ and δ′ are as in the
last column of Table 1) to α-gap-SparseShiftR (for α = α(ε′, δ′, R)) implies hardness of
α-gap-SparseShiftR and using amplification we get our third main result. We first state it in
the sparse representation model and then in the arithmetic circuit model.
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▶ Theorem 5 (Sparse representation). For R = Fp,Q,R or Zq and for every β > 1 the
β-gap-SparseShiftR problem is NP-hard. Furthermore, there exists a constant α > 1 such
that for every d = O(1) the αd-gap-SparseShiftR problem is NP-hard when given polynomials
of degree at most d as input.

The theorem is stated for the sparse representation model but as the polynomials under
consideration have many non-zero terms it can also be stated without any modification in
the dense representation model. We next state the theorem in the arithmetic circuit model.

▶ Theorem 6 (Arithmetic circuit representation). There exists a constant α > 1 such that the
following holds for R = Fp,Q,R or Zq. For every d the αd-gap problem is NP-hard when
given polynomials of degree at most d as input. Furthermore, our hard instances have circuit
size (nd + 1).

Observe that if we take e.g. d = nc in the theorem above then the input size is N = nc+1

and the gap is exp(N1−1/c).

2 Preliminaries

We use [n] to refer to the set {1, 2, . . . , n}. We use capital letters A and C to represent
matrices, capital letters U, S and T to represent systems of equations, and capital letters X, Y

and Z to represent sets of variables. We reserve letters x, y and z with, or without subscripts,
to represent variables. We use bold letters a, b, . . . to indicate vectors and non-bold letters
(apart from x, y and z) with, or without subscripts, e, bi, aj , Ai,j , Ck,ℓ, . . . to indicate scalars.

Let S be a system of polynomial equations {fi = 0}r
i=1, where deg(fi) = di. We use

Vars(f) to denote the variable support of the polynomial f , and for a system S of polynomial
equations we use Vars(S) to denote the union of Vars(fi) for all equations fi = 0 in S. We
denote with L an upper bound on the bit-complexity of the coefficients of the polynomials in
the system.3 The total degree of S is d =

∑
i di.

In this paper we shall consider two types of representations of polynomials (and hence
of polynomial equations). The representation that is typically studied in the context
of polynomial equations is the so called “sparse representation”. In this representation
polynomials are given as a set of pairs consisting of exponent vectors together with the
coefficients of the corresponding monomials. E.g. the polynomial 2x2z − y ∈ F[x, y, z, ] is
represented as {((2, 0, 1), 2), (0, 1, 0),−1)}. This is called the sparse representation as we
do not charge for monomials whose coefficients are equal to 0. In particular the size of the
representation of a degree d polynomial can be much smaller than

(
n+d

d

)
. For a system of

polynomial equations S = {fi = 0}r
i=1, the complexity of S, or its size, is defined to be the

total bit size of the sparse representations of the polynomials {fi}i∈[r]. We note that this is
always upper bounded by

∑r
i=1
(

n+di

di

)
· L.

The second type of representation that we consider is when the polynomials fi are given
as the outputs of arithmetic circuits (see [26, 24] for more details). In this paper we only
consider the white-box version of this representation, i.e., when the computation graph of the
circuit is explicitly given to the algorithm. In this case the complexity (or size) of the system
S is the total size of the input circuits times the maximal bit complexity of coefficients in
the circuits.

3 When the underlying ring is an abstract ring one has to define this complexity, but for the usual rings
and fields such as Z,Q,R,C,Fq this is the natural definition. In the BSS model this complexity is called
height and is indeed only defined for these natural domains [2].
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As we shall later see (Lemmata 7 and 8), given a system of equations, either via arithmetic
circuits or in the sparse representation model, one can easily construct an equivalent system T

of polynomial equations of degree 2 and roughly of the same complexity, such that the system
S has a solution if and only if the system T does4. Hence, these two different representations
have the same computational power. However, this reduction is not gap-preserving so we
will have to give separate arguments for the gap problems.

3 Reduction from HNR to SparseShiftR

In this section, we shall first show that given a system S of r many polynomial equations
over R[X], we can algorithmically construct a system T of polynomial equations over R[X ′′]
such that X ⊆ X ′′; each polynomial in T is of degree at most 2; and if a ∈ R|X| is a solution
for the system S then there exists an extension a′ of a such that a′ is a solution for the
system T . And vice versa, from a solution to T we deduce a solution to S. From T we shall
then construct a polynomial PS ∈ R[X ′′, W ] such that S has a solution if and only if the
polynomial PS can be sparsified.

3.1 Reduction to a system of polynomial equations of degree at most 2
Given a system S of polynomial equations, Lemma 7 and Lemma 8 summarize the construction
of a system T which is as described in the paragraph above, for inputs given in sparse, and
arithmetic circuit representations respectively.

▶ Lemma 7 (Sparse representation). Let S = {fi(X) = 0}r
i=1 be a system of polynomial equa-

tions over the polynomial ring R[X] such that for each i ∈ [r], fi(X) is a polynomial of degree
di and sparsity si, and the bit complexity of each coefficient is at most L. Then, Algorithm 1
runs in time poly(|X| , r, maxi{di}, maxi{si}, L) and returns a set T of polynomial equations
{gj(X, Y, Z) = 0}t

j=1 over the polynomial ring R[X, Y, Z] such that
t = poly(|X| , r, maxi{di}, maxi{si}, L).
|X ⊔ Y ⊔ Z| = poly(|X| , t, maxi{di}, maxi{si}).
The bit-complexity of the coefficients of the polynomial equations in T is also at most L.
Each polynomial equation gj(X, Y, Z) = 0 in T is either a quadratic binomial polynomial
equation or an affine linear polynomial equation.
S has a solution a ∈ R|X| if and only T has a solution a′ ∈ R|X⊔Y ⊔Z|.

▶ Lemma 8 (Arithmetic circuit representation). Let S = {fi(X) = 0}r
i=1 be a system of

polynomial equations over the polynomial ring R[X] such that for each i ∈ [r], the polynomial
fi(X) is provided as an arithmetic circuit Φi of size si. Then, when given this as input,
Algorithm 3 runs in time poly(|X| , r, maxi{si}) and returns a system T of polynomial
equations {gj(X, Y ) = 0}t

j=1 over the polynomial ring R[X, Y ] such that
t = poly(|X| , r, maxi{si}).
|Y | ≤ r ·maxi{si}.
Each polynomial equation gj(X, Y ) = 0 in T is either a quadratic binomial polynomial
equation or an affine linear polynomial equation.
T has a solution in R|X⊔Y | if and only S has a solution in R|X|.

Due to the lack of space, we present the relevant details and proofs of Lemmata 7 and 8
in Appendix A.

4 Such reductions were studied before. See [3, Proposition 1] and [5, Chapter 9].
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3.2 Construction of PS

Given a system S of polynomial equations over a set of variables X, in Section 3.1 we
constructed the system T of polynomial equations of degree at most 2 over the set of variables
X, Y and Z,5 such that |X ⊔ Y ⊔ Z| is at most polynomial in the input size. Without loss of
generality, let the variables in X ⊔ Y ⊔ Z be renamed as the variable set X ′ = {x1, . . . , xN}
where N = |X ⊔ Y ⊔ Z|.

Let {g1(X ′) = 0, . . . , gt(X ′) = 0} be the enumeration of polynomial equations in T .
Without loss of generality, we can assume that the number of equations with a non-zero
constant term is equal to 1. Otherwise, given a system T of polynomial equations, with t′ > 1
many of these polynomial equations with non-zero constant terms, we shall construct a new
system T ′ such that the number of polynomial equations in T ′ that have non-zero constant
terms is exactly equal to 1, and a solution of T is a solution of T ′ and vice versa. Without loss of
generality assume that {g1(X ′) = 0, . . . , gt′(X ′) = 0} are the polynomial equations in T with
non-zero constant terms. By Lemmata 7 and 8 it follows that {g1(X ′) = 0, . . . , gt′(X ′) = 0}
are affine linear equations. Denote the free term in g1(X ′), . . . , gt′(X ′) with c1, . . . , ct′ ,
respectively. We obtain T ′ from T by just updating each of the polynomials gi(X ′) (for
2 ≤ i ≤ t′) as follows: gi(X ′)← c1 · gi(X ′)− ci · g1(X ′) . The rest of the polynomials from T

are directly added to T ′. It is easy to see that any solution to the system T is also a solution
to the system T ′ and vice-versa (as R is an integral domain). Furthermore, the only equation
in T ′ with a non-zero constant term is an affine linear equation.

Conditioned on the aforementioned discussion, we shall assume that all polynomial
equations in T other than g1(X ′) = 0, have no constant terms. For a new variable x0, let
X ′′ = X ′ ⊔ {x0} and thus |X ′′| = N + 1. Let W = {w1, . . . , wt} be a new set of variables
disjoint from X ′′. Let γ be an element in R without a multiplicative inverse (recall that in
Theorem 1 we assume that R is not a field). We shall now define our polynomial PS in the
polynomial ring R[X ′′, W ] as follows

PS(X ′′, W ) = w1 · g1(X ′)︸ ︷︷ ︸
I

+
(

t∑
i=2

wi ·

(
γ · gi(X ′) +

N∑
k=0

xk

))
︸ ︷︷ ︸

II

. (1)

Observe that deg(Ps) ≤ 3.
▶ Remark 9. The sparsity of the polynomial PS(X ′′, W ), σ, is equal to the sum of sparsities
of polynomials in each of its summands, and it is equal to (t− 1) · (N + 1) +

∑t
i=1 s′

i where
s′

i is the sparsity of the polynomial gi(X ′). On the other hand, PS(X ′′, W ) can also be
represented as a depth four arithmetic circuit, with at most 3t non-leaf nodes.

We shall now show that it is sufficient to consider shifts with a certain structure for
PS . Further we shall show that a solution to the system S of polynomial equations exists
if and only if there exists a vector b such that PS(X ′′ + b, W ) has fewer monomials than
PS(X ′′, W ).

▶ Lemma 10. Let a = {a1, . . . , aN} ∈ RN be a solution to the system T of polynomial
equations. Let b = {b0, . . . , bN} , b′ = {b′

0, . . . , b′
N} ∈ RN+1 and a′ = {a′

0, . . . , a′
N} be such

that
bi = b′

i for all i ∈ [N ],
b′

0 ̸= b0 and b0 = −
∑

i∈[N ] bi,

5 In case the polynomials in the system S of polynomial equations are provided as circuits, Z = ∅.
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a′
i = ai for all i ∈ [N ], and

a′
0 = −

∑
i∈[N ] ai.

Let b′′ and c be any vectors in RN+1 and Rt respectively. Then,
1. The sparsity of PS(X ′′ + b′′, W + c) is at least that of PS(X ′′ + b′′, W ),
2. The sparsity of PS(X ′′ + b′, W ) is at least that of PS(X ′′ + b, W ).
3. The sparsity of PS(X ′′, W ) is 1 more than that of PS(X ′′ + a′, W ).

Proof. Given the structure of the polynomial PS(X ′′, W ), proof of Item 1 follows directly
from the fact that the polynomial PS(X ′′, W ) is linear in the W variables and thus all
terms of PS(X ′′ + b′′, W ) also appear in PS(X ′′ + b′′, W + c). Further, the difference
PS(X ′′ + b′′, W + c)− PS(X ′′ + b′′, W ) does not depend on any W variable.

From their definition, the vectors b and b′ are identical when projected down to their last
N coordinates and these exactly correspond to shifts of variables in X ′. We shall use b|X′ to
denote this projection. In particular, for all i ∈ [t], gi(X ′ + b|X′) = gi(X ′ + b′|X′). It is easy
to see that the polynomial

∑N
i=0 xi is invariant under shift by b (as

∑N
i=0 bi = 0) but not

under shift by b′. Putting both of these facts together we can now say that PS(X ′′ + b′, W )
contains all the terms that are contained in PS(X ′′ + b, W ), and it additionally contains a
non-trivial linear polynomial in the W variables. This proves Item 2 of the lemma.

Towards proving Item 3 of the lemma, we claim that under a shift by a′, as defined in the
statement of the lemma, sparsity of part II in Equation (1) does not change, and sparsity of
part I definitely decreases.

All polynomial equations {gi(X ′) = 0 | 2 ≤ i ≤ t}, are constant free and can either
be quadratic binomial polynomial equations of the form (xp − xq · xe) = 0 (for some
p, q, e ∈ [N ]) or homogeneous linear polynomial equations of the form

∑k
j=1 cij xij = 0 (for

some i1, . . . , ik ∈ [N ] and scalars cij
).

When the equation is a quadratic binomial polynomial equation: Since a = a′|X′ solves T

we get that a′
p − a′

q · a′
e = 0 and using this fact we can show that for each summand of this

kind in part II, the sparsity does not change.

γ · ((xp + a′
p)− (xq + a′

q) · (xe + a′
e)) +

N∑
i=0

(xi + a′
i)

= γ · ((xp − xq · xe)− (a′
qxe + a′

exq)) +
N∑

i=0
xi (Since a′

p − a′
q · a′

e = 0 and
N∑

i=0
a′

i = 0)

= γ · (xp − xq · xe) +

 ∑
i∈[N ]\{q,e}

xi

+ (1− γ · a′
q) · xe + (1− γ · a′

e) · xq.

Since γ has no multiplicative inverse, neither (1− γ · a′
q) nor (1− γ · a′

e) can be equal to 0.
When the polynomial equation is a homogeneous linear polynomial equation: Since

a = a′|X′ solves T we get that
∑k

j=1 cij a′
ij

= 0 and thus the sparsity remains invariant for
such summands in part II.

Finally consider the non-homogeneous linear polynomial equation g1(X ′) = 0. Without
loss of generality, let g1(X ′) = c1x1 + . . .+ ckxk + c. Note that

∑k
i=1 cia

′
i + c = 0 as a = a′|X′

solves T and thus sparsity reduces by 1 under shift by such a vector a′:
k∑

i=1
ci(xi + a′

i) + c =
∑

i

cixi +
(

k∑
i=1

cia
′
i + c

)
=

k∑
i=1

cixi .

By putting together the analysis for all the summands we get that the polynomial
PS(X ′′ + a′, W ) has one monomial less than PS(X ′′, W ). ◀
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▶ Lemma 11. Let b = (b0, b1, . . . , bN ) ∈ RN+1 such that b0 = −
∑N

i=1 bi, be a shift that
sparsifies the polynomial PS(X ′′, W ) by at least one monomial. Let a ∈ RN be the projection
of vector b to its last N coordinates. Then a solves T .

Proof. The proof of Lemma 10 shows that given the structure of the shift b, a reduction in
sparsity can only come from g1(X ′). That is, the sparsity of polynomials gi(X ′) for i ≥ 2,
can only increase upon a shift.

For the sake of contradiction, let us assume that there exists a polynomial equation in
T that is not satisfied by a. If for some i ≥ 2, gi(X ′) = 0 is a polynomial equation that
is not satisfied by a, then this contributes an increase of 1 to sparsity of the polynomial
PS(X ′′, W ) upon the shift by b (by adding a term of the form c · wi). Else if g1(X ′) = 0 is
not satisfied by a, then there is no contribution to reduction in sparsity from part I. This is
due to the fact that the term of the form c · w1 vanishes upon a shift by b if and only if a
solves g1(X ′) = 0. In either of these cases, the sparsity of Ps(X ′′ + b, W ) is not strictly less
than that of PS(X ′′, W ). This contradicts our assumption that b sparsifies PS(X ′′, W ) by
at least one monomial. ◀

By putting together Lemmata 7, 8, 10, and 11, we get the following formal statement.

▶ Theorem 12 (HNR reduces to SparseShiftR). Given a system S of polynomial equations
over the polynomial ring R[X], there exists a polynomial PS(X ′′, W ) ∈ R[X ′′, W ] (where
X ⊆ X ′′) such that the system S is solvable if and only if there exists a shift that sparsifies
the polynomial PS by a monomial. Furthermore, the size of the polynomial instance PS is
polynomially related to the input size of the system S of polynomial equations. This holds
true in both the sparse-representation and circuit-representation.

We thus get that if SparseShiftR can be solved efficiently (in general) then HNR can also
be solved efficiently. In other words, SparseShiftR is at least as hard as HNR. This completes
the proof of Theorem 1. Putting Theorem 1 together with the fact that HNZ is undecidable
(due to [22]).

4 Undecidability of β-gap-SparseShiftZ problem

Note that SparseShiftR can be rephrased as the following gap problem – given a polynomial of
sparsity σ, decide if there is a shift that sparsifies the polynomial to at most σ− 1 monomials,
or there is no shift that sparsifies the polynomial below σ monomials. We shall now show a
reduction from this (SparseShiftR problem) to β-gap-SparseShiftR for any β > 1.

Let the sets X ′′ and W be as defined in the construction of the polynomial PS in Section 3.2.
Let d be a parameter that we shall soon fix. Let X(1), . . . , X(d) and W (1), . . . , W (d) be d

many disjoint copies of variable sets X ′′ and W respectively. Let Xd = ⊔d
k=1X(i) and

Wd = ⊔d
k=1W (i). For the sake of brevity, let us use the following notation: Let Y = X ′′ ⊔W .

For all k ∈ [d], let Y (k) = X(k) ⊔ W (k) and
∣∣Y (k)

∣∣ = N ′. Let Yd = ⊔d
k=1Y (i), so that

|Yd| = N ′d. Let the polynomial Qd(Yd) be defined as follows.

Qd(Yd) =
d∏

k=1
PS(Y (k)). (2)

Observe that the sparsity of Qd(Yd) is given by the product of sparsities of d many instances
of PS(X ′′, W ).
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▶ Lemma 13. Let PS(X ′′, W ) and Qd(Yd) be the polynomials as defined above. Let σ be
equal to the sparsity of the polynomial PS. Then,
1. deg(Qd) ≤ 3d.
2. Qd(Yd) has sparsity equal to σd.
3. If PS has a depth four circuit of size s ≤ 3t + N ′ (recall Remark 9) then Qd has a depth

five circuit of size sd + 1.
4. There is a vector a ∈ RN ′ such that PS(Y + a) has at most σ − 1 monomials if and only

if there exists a vector ad ∈ RN ′·d such that Qd(Yd + ad) has at most (σ− 1)d monomials.
5. For all vectors a ∈ RN ′ , PS(Y + a) has at least σ monomials if and only if for all vectors

ad ∈ RN ′·d Qd(Yd + ad) has at least σd monomials.

Proof. The claim regarding the degree of Qd follows immediately from the fact that deg(PS) ≤
3. Given that PS(X ′′, W ) has a sparsity of σ and since Qd(Yd) is defined to be a product
of d distinct copies of PS(X ′′, W ), sparsity of Qd(Yd) is equal to σd. Similarly, if PS can
be computed by a circuit of size s, then there is a depth five circuit of size (sd + 1) that
computes the polynomial Qd(Yd) – its output node is a product node into which d copies of
circuits of PS(X ′′, W ) feed into.

If there is a vector a ∈ RN ′ such that PS(Y + a) has at most σ − 1 monomials then
by taking ad to be the concatenation of a, d many times, we get that Qd(Yd + ad) has at
most (σ − 1)d monomials. If there is ad ∈ RN ′·d such that Qd(Yd + ad) has at most (σ − 1)d

monomials then it cannot happen that there is no a ∈ RN ′ such that PS(Y + a) has at most
σ − 1 monomials.

If for all vectors a ∈ RN ′ , PS(Y + a) has at least σ monomials, then Qd(Yd + ad) must
have at least σd monomials for all ad ∈ RN ′·d. On the other hand if for all vectors ad ∈ RN ′·d,
Qd(Yd + ad) has at least σd monomials, (for the sake of contradiction) let us suppose that
there is a vector a′ ∈ RN ′ such that PS(Y + a′) has at most σ − 1 monomials. As before
(due to the product structure of Qd) we get that there is a corresponding vector a′

d ∈ RN ′·d

such that Qd(Yd + a′
d) has at most (σ − 1)d monomials. This contradicts our assumption.

Thus, for all a ∈ RN ′ , PS(Y + a) has at least σ monomials. ◀

▶ Theorem 14. Let R be an integral domain but not a field. Given a system S of polynomial
equations over the polynomial ring in n variables R[X], for any function β : N→ R+ such
that β ∈ o(1), there exist d = d(S, β) ∈ Z>0 and a polynomial Qd(Yd), in N ′d variables, of
degree at most 3d, such that the system S is solvable if and only if the Mβ-gap-SparseShiftR

problem for Qd(Yd) is solvable, where M is the representation length of Qd(Yd) in the sparse
representation.6

Proof. Given a system S of polynomial equations, we can construct the polynomial
PS(X ′′, W ) (as defined in Equation (1)). Let σ be the sparsity of PS(X ′′, W ). Recall
from Theorem 12 that system S has a solution if and only if there exists a shift that sparsifies
the polynomial PS(X ′′, W ) by a monomial.

Recall that Qd(Yd) has M ′ = σd many monomials. Let α = σ
σ−1 . By putting together

Theorem 12 and Lemma 13, we get that the system S of polynomial equations is solvable if and
only if the αd-gap problem for Qd(Yd) is solvable. Calculating we get that αd =

(
σ

σ−1

)d

≈

ed/(σ−1) = M ′ 1
(σ−1) log σ . Picking d large enough so that M ′ ≥

√
M and β(M) < 1

2(σ−1) log σ

the claim follows. ◀

6 Recall that in sparse representation polynomials are given as a set of pairs consisting of exponent
vectors together with the coefficient of the corresponding monomial. Thus, M ≈ (# monomials in Qd)×
((N ′d) × O(log d)) × O(d · b), where b is the maximal bit complexity of a coefficient in PS(X ′′, W ).
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Putting Theorem 14 together with the fact that HNZ is undecidable (due to [22]) we get
Theorem 4.

5 Hardness of β-gap-SparseShiftR problem for R = Fp,Q,R, or Zq

In this section we prove Theorems 5 and 6 by giving a reduction from Max-3LinR to the
α-gap-SparseShiftR problem, for different domains R = Fp,Q,R or Zq. Observe that we now
do not require that our ring R is not a field.

Let X = {x1, . . . , xn}. Let the given system S of linear equations be {L1(X) =
0, . . . , Lm(X) = 0}, where Li(X) ∈ R[X], and each equation Li(X) = 0 depends on
exactly 3 variables. Let the given system of equations be expressed together as A ·X + b = 0
such that for all i ∈ [m], Ai ·X + bi = 0 is the i’th linear equation Li(X) = 0, where Ai is
the i’th row of the matrix A. Note that there are exactly three non-zero entries in each row
of A. Let w = max{2n, 2m}. Let C be a w × w matrix such that

for all 1 ≤ i, j ≤ w, Ci,j =
{

Ai,j−w+n if i ≤ m and j ≥ w − n + 1;
0 otherwise.

In other words, A is the top right block of C and the rest of C is zeros. Let e = (e1, . . . , ew) ∈
Rw be such that ei = bi for all 1 ≤ i ≤ m and ei = 0 otherwise. Let e0 be some constant. Let
Y = {y1, . . . , yw} be a new set of variables disjoint from X. Let the polynomial QS(Y ) ∈ R[Y ]
be defined as follows.

QS(Y ) =
∑

i,j∈[w]

Ci,j · yiyj +
∑

i∈[w]

ei · yi + e0 .

Note that there are at most 3m many non-zero entries in C, and there are at most m many
non-constant linear terms. Thus the sparsity of this polynomial is at most 4m + 1.

For some vector a = (a1, . . . , aw) ∈ Rw let us examine the structure of the polynomial
QS(Y + a).

QS(Y + a) =
∑

i,j∈[w]

Ci,j · (yi + ai)(yj + aj) +
∑
i∈[w]

ei · (yi + ai) + e0

=
∑

i,j∈[w]

Ci,j · (yiyj + aiyj + ajyi + aiaj) +
∑
i∈[w]

ei · (yi + ai) + e0

=
∑

i,j∈[w]

Ci,j · (yiyj + aiaj) +
∑

i,j∈[w]

ai · yj · Ci,j +
∑

i,j∈[w]

aj · yi · Ci,j +
∑
i∈[w]

ei · (yi + ai) + e0

=
∑

i,j∈[w]

Ci,j · yiyj +
∑
i∈[w]

yi · (ei +
∑

j∈[w]

aj · (Ci,j + Cj,i)) +
∑

i,j∈[w]

Ci,j · aiaj +
∑
i∈[w]

ai · ei + e0 .

Observe that the quadratic part of the polynomial QS(Y ) remains unperturbed under
the shift but the affine linear part of it could get perturbed. We shall now show that every
non-zero coefficient in the linear part corresponds to a linear equation in S.

▶ Lemma 15. Let a = (a1, . . . , aw) ∈ Rw. Let a′ ∈ Rn be the projection of a down to its last
n elements, that is, for all j ∈ [n], a′

j = aj+w−n. Then, for all i ∈ [m], the coefficient of yi

in QS(Y + a) is zero if and only if a′ satisfies the i’th linear equation Li(X) = 0. Moreover,
for all i > m, the coefficient of yi is zero.

Proof. For all i ∈ [m], the coefficient of yi in the polynomial QS(Y + a) is equal to

ei +
∑

j∈[w]

aj(Ci,j + Cj,i) .
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Note that for this regime of i ∈ [m], ei = bi, Cj,i = 0, and Ci,j = Ai,j−w+n for j in
[w − n + 1, w] and zero otherwise. Thus, the coefficient of such a yi in QS(Y + a) reduces as
follows.

ei +
∑

j∈[w]

aj(Ci,j + Cj,i) = bi +
n∑

j′=1
aw−n+j′Ai,j′ = bi +

n∑
j′=1

a′
j′Ai,j′ .

This is exactly the value obtained by evaluating the i’th linear polynomial Li at a′. Thus, we
get that coefficient of yi (for i ∈ [m]) is zero if and only if a′ satisfies the i’th linear equation,
i.e., Li(a′) = 0.

For all i > m, ei = 0 and Ci,j = 0. Further, aj = 0 for all j ≤ w − n. Hence,

ei +
∑

j∈[w]

aj(Ci,j + Cj,i) =
∑

j∈[w]

aj · Cj,i =
w∑

j=w−n+1
aj · Cj,i = 0 .

The last equality in the math block above is due to the fact that the entries Cj,i are equal
to zero for j ≥ w − n + 1 and i ≥ m + 1 regardless of whether n ≥ m or m ≥ n, from the
construction of the matrix C. Thus the coefficients of the terms yi for all i > m are zero. ◀

Using this correspondence, we can show the following reduction.

▶ Lemma 16. Let a = (a1, . . . , aw) ∈ Rw. Let a′ ∈ Rn be the projection of a down to its
last n elements, that is, for all j ∈ [n], a′

j = aj+w−n. Then
1. a′ satisfies at most δ fraction of equations in S if and only if QS(Y + a) has at least

(4− δ)m non-constant monomials, and
2. a′ satisfies at least 1− ε fraction of equations in S if and only if QS(Y + a) has at most

(3 + ε)m + 1 monomials.

Proof. From the aforementioned discussion, the sparsity of the polynomial QS(Y + a) is
decided by the coefficients of the linear terms. Further, Lemma 15 characterizes that the
coefficient of a linear term is zero if and only if the corresponding linear polynomial equation
is satisfied. Thus at most δ fraction of equations in S are satisfied if and only if at most δ

fraction of coefficients of linear terms are equal to zero. In other words, if at least (1− δ)
fraction of coefficients of linear terms are non-zero. The constant term e0 could get cancelled
out, that is,

∑
i,j∈[w] Ci,j · aiaj +

∑
i∈[w] ai · ei + e0 could be zero. Thus, a′ satisfies at most

δ fraction of equations in S if and only if QS(Y + a) has at least 3m + (1− δ)m = (4− δ)m
non-constant monomials.

Similarly at least 1 − ε fraction of equations in S are satisfied if and only if at least
1− ε fraction of coefficients of linear terms are equal to zero. In other words, if at most ε

fraction of coefficients of linear terms are non-zero. Thus, a′ satisfies at least 1− ε fraction
of equations in S if and only if QS(Y + a) has at most (3 + ε)m + 1 monomials. ◀

We first prove a more restricted version of Theorems 5 and 6 that shows hardness of
α-approximate SparseShiftR for some small α. Then we shall amplify this hardness for any
β > 1.

▶ Theorem 17. Let R = Fp,R,Q or Zq. For all ε, δ > 0 as given in the last column of
Table 1, there exists an α = α(ε, δ, R) such that it is NP-hard to α-approximate SparseShiftR,
in either the sparse, dense or arithmetic circuit representation.
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Proof. We first note that as the input is a degree 2 polynomial, all three representations are
polynomially equivalent.

Suppose for a regime of values of ε′, δ′ > 0 we are guaranteed the following. Given
an instance of Max-3LinR, it is NP-hard to distinguish the following cases – if there is a
assignment that satisfies at least (1− ε′) fraction of linear equations or for all assignments at
most δ′ fraction of linear equations are satisfied. Putting this together with Lemma 16, we
get that it is NP-hard to distinguish if there is a vector a such that the polynomial QS(Y + a)
has at most t = 3m+ε′m+1 monomials or if for all a, the polynomial QS(Y +a) has at least
αt = (4− δ′)m non-constant monomials. Thus, we get that it is NP-hard to α-approximate
SparseShiftR where α = α(ε′, δ′) is obtained as follows.

α = 4− δ′

3 + ε′ + 1
m

= 4
3 −

4ε′ + 3δ′ + o(1)
9 + 3ε′ + o(1) .

Each row of Table 1 gives us a guarantee of the form that we assumed at the beginning of this
proof. Thus by iterating through the rows of Table 1, we get our parameter α = α(ε, δ, R)
for various settings of R. This completes the proof. ◀

Let d be a parameter that we shall soon fix. Let Y (1), . . . , Y (d) be d many disjoint copies
of the variable set Y = {y1, . . . , yw}. Let Yd = ⊔d

k=1Y (i). Let the polynomial Fn,d(Yd) be
defined as follows.

Fn,d(Yd) =
d∏

k=1
QS(Y (k)). (3)

Observe that the sparsity of Fn,d(Yd) is given by the product of sparsities of d many instances
of QS(Y ). Further, if the polynomial QS(Y ) is computed by a circuit of size s then the
polynomial Fn,d(Yd) has a circuit of size at most sd + 1.

▶ Lemma 18. Let S be a system of linear equations, and Fn,d(Yd) be the polynomial as
defined above.
1. All vectors a ∈ Rn satisfy at most δ fraction of equations in S if and only if all vectors

bd ∈ Rwd are such that Fn,d(Yd + bd) has at least ((4− δ)m)d non-constant monomials.
2. There exists a vector a ∈ Rn such that it satisfies at least 1 − ε fraction of equations

in S if and only if there exists a vector bd ∈ Rwd such that Fn,d(Yd + bd) has at most
((3 + ε)m + 1)d monomials.

Proof. From the product structure of Fn,d(Yd), we get that for all vectors bd ∈ Rwd, the
polynomial Fn,d(Yd + bd) has at least ((4 − δ)m)d non-constant monomials if and only
if for all vectors a ∈ Rn, the polynomial QS(Y + a) has at least (4 − δ)m non-constant
monomials. For the sake of contradiction, let us suppose that there is a vector b′

d ∈ Rwd

such that Fn,d(Yd + b′
d) has at most ((4 − δ)m)d − 1 monomials. Because of the product

structure of Fn,d(Yd), it must the case that there is a copy of QS(Y ), say QS(Y (i)) such that
QS(Y (i) + b′

d|Y (i)) has at most (4− δ)m− 1 non-constant monomials which contradicts our
assumption. The other direction also follows trivially from the product structure. From
Lemma 16, we get that a′ satisfies at most δ fraction of equations in S if and only if QS(Y +a)
has at least (4− δ)m non-constant monomials. By putting both of these together, we get
Item 1.

By invoking Lemma 16 again, we get that there is a vector a ∈ Rn such that it satisfies at
least 1−ε fraction of equations in S if and only if there is a vector b such that QS(Y +b) has
at most (3 + ε)m + 1 monomials. By taking bd to be the concatenation of b, d many times,
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we get that Fn,d(Yd + bd) has at most ((3 + ε)m+ 1)d monomials. On the other hand, if there
exists a vector bd ∈ Rwd such that Fn,d(Yd + bd) has at most ((3 + ε)m + 1)d monomials
then because of the product structure of Fn,d(Yd), QS(Y + a) has at most (3 + ε)m + 1
monomials where a = bd|Y (1) . This completes the proof of Item 2. ◀

Proof of Theorems 5 and 6. Given any β > 1 and α as given by Theorem 17, let d = logα β.
Thus, β = αd. Let Fn,d(Yd) be the polynomial as defined in Equation (3). From Lemma 18,
we get that α-gap-SparseShiftR gap reduces to αd-gap-SparseShiftR.

To prove Theorem 5 we note that if QS(Y ) is provided in sparse representation (recall
that sparsity of QS(Y ) , denoted by t, is at most 4m + 1) and if αd-gap-SparseShiftR problem
for Fn,d(Yd) can be solved efficiently in time NO(1) (where N = td is the sparsity of the
polynomial Fn,d(Yd)) then α-gap-SparseShiftR problem for QS(Y ) can be solved in time tO(d).
Thus, as long as d = O(1) the gap reduction runs in polynomial time.

Similarly, to prove Theorem 6 we note that if QS(Y ) is provided as a circuit of size s and
if αd-gap-SparseShiftR problem for Fn,d(Yd) can be solved efficiently in time NO(1) (where
N = sd + 1 is the input size of the instance provided as a circuit) then α-gap-SparseShiftR

problem QS(Y ) can be solved in time (sd)O(1). As long as d is at most a polynomial in s,
the gap reduction runs in polynomial time. ◀
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A Reduction to a system of polynomial equations of degree at most 2

Case when input is provided in sparse representation

Let S = {f1 = 0, . . . , fr = 0} be our input system of polynomial equations such that each fi

is provided in sparse representation. Let si denote the number of monomials with non-zero
coefficients in the polynomial fi. Let Y and Z be new disjoint sets of variables, that are disjoint
from X such that Y = {y(i)

j,k | i ∈ [r], j ∈ [si] and k ≥ 1} and Z = {z(i)
j | i ∈ [r], j ∈ [si]}.

Let the variables in Y have a lexicographic ordering based on the indices i, j and k,
variables in Z have a lexicographic ordering based on the indices i and j, and the variables in
X have some arbitrary ordering. Across the sets X, Y and Z, let the ordering be Z ≻ Y ≻ X.
Given S = {f1 = 0, . . . , fr = 0}, we construct an extended system T of polynomial equations
over the variables X ⊔ Y ⊔ Z such that each polynomial equation is of degree at most 2
and is such that there is a solution a ∈ R|X| for the system S if and only if there exists an
extension a′ of a such that a′ is a solution for the system T . This is a well known reduction
(see, e.g., Lemma 6 in Chapter 2 of [2]) but for completeness we repeat it here.

Algorithm 1 and Algorithm 2 describe the construction of the extended system of equations.
What the algorithms do is, roughly, for any monomial m = xi1 · xi2 · xi3 · . . . · xij

of degree
greater than 2, introduce a new variable, say y, replace m with the the monomial y ·xi3 ·. . .·xij

and introduce a new equation y−xi1 ·xi2 = 0 and for any monomial m′, of degree 1, introduce
a new variable z and a new equation z −m′ = 0. Finally, an affine linear equation of the
form

∑
cizi + c0 is added to account for the fact that the original sum of monomials has

to be zero. In particular, at the termination of the algorithm, the system T consists of
constant-free quadratic binomial7 equations and affine linear polynomial equations. It is also
clear that there exists a′ that satisfies T if and only if there is a that satisfies S.

▶ Lemma 19 (Lemma 7 restated). Let S = {fi(X) = 0}r
i=1 be a system of polynomial equations

over the polynomial ring R[X] such that for each i ∈ [r], fi(X) is a polynomial of degree di

and sparsity si, and the bit complexity of each coefficient is at most L. Then, Algorithm 1
runs in time poly(|X| , r, maxi{di}, maxi{si}, L) and returns a set T of polynomial equations
{gj(X, Y, Z) = 0}t

j=1 over the polynomial ring R[X, Y, Z] such that
t = poly(|X| , r, maxi{di}, maxi{si}, L).
|X ⊔ Y ⊔ Z| = poly(|X| , t, maxi{di}, maxi{si}).
The bit-complexity of the coefficients of the polynomial equations in T is also at most L.
Each polynomial equation gj(X, Y, Z) = 0 in T is either a quadratic binomial polynomial
equation or an affine linear polynomial equation.
S has a solution a ∈ R|X| if and only T has a solution a′ ∈ R|X⊔Y ⊔Z|.

Proof. Note that by the aforementioned ordering of variables, in all quadratic binomial
equations included into the set T that have the form u− v · w = 0, we have that u is of the
form y

(i)
j,k, and v and w could be of the form y

(i)
j,k′ or xi′ , and the term u is leading with respect

7 We use the phrase constant-free quadratic binomial equation to refer to an equation with two non-constant
monomials of degree at most 2.
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Algorithm 1 ConstructExtendedSystem-SparseRepresentation(S).

Result: Given a system S = {f1 = 0, . . . , fr = 0} of polynomial equations provided
in sparse representation, we construct a system T of polynomial equations
over an extended set of variables such that each polynomial in T has degree
at most 2 and if a solves S then there exists an extension a′ of a such that
a′ solves T and vice-versa.

1 T ← ∅;
2 for i ∈ [r] do
3 f ′ ← 0;
4 Let si be the sparsity of fi;
5 for j ∈ [si] do
6 Let ci,j be the coefficient of j’th monomial mi,j in fi;
7 if deg(mi,j) ≥ 1 then
8 U ← ReduceMonomial(mi,j , i, j);
9 T ← T ∪ U ;

10 f ′ ← f ′ + ci,j · z(i)
j ;

11 else
12 f ′ ← f ′ + ci,j ;
13 end
14 end
15 T ← T ∪ {f ′ = 0};
16 end
17 return T

to the terms v and w. Further, all the quadratic equations in the set T can be assumed to
have some sort of a topological order. Thus the values of all the Y variables that appear in
the variable support can be inductively inferred by just setting the X variables. That is, if
we want to satisfy all such equations, then the value of the term u can be inferred from the
value of terms v and w for every invocation of u, v and w.

Further note that some of the linear polynomial equations in T take the form u′ − v′ = 0
(from Algorithm 2 of Algorithm 2) where u′ is of the form z

(i)
j , and v′ could be of the form

y
(i)
j,k or xi′ . Similar to the case above, the value of the term u′ can be inferred from the

value of the term v′ for every invocation of u′ and v′, and the value of v′ is already fixed as
the values of all the X and Y variables that appear in the variable support were set in the
aforementioned discussion. Observe that the rest of the linear polynomial equations in T

(from Algorithm 1 of Algorithm 1) correspond to the polynomial equations in S, and setting
of Z variables in the variable support of T , by the above procedure, satisfies all the linear
polynomial equations in T .

Given an assignment a to X let a′ be its unique extension to the variable set X ⊔ Y ⊔ Z

according to the process described above. The argument above shows that a is a solution to
the system S if and only if a′ is a solution to the system T . ◀

Case when input is provided in white-box circuit form

Let S = {fi = 0}r
i=1 be our input system of polynomial equations such that each fi (for

i ∈ [r]) is provided as an arithmetic circuit Φi of size si. Without loss of generality, for all
i ∈ [r], we can assume that every product gate in Φi has a fan-in of 2.
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Algorithm 2 ReduceMonomial(m, i, j).

Result: Given the j’th monomial (of degree at least 1) of the i’th polynomial, mi,j ,
generate a collection of polynomial equations U from it.

1 U ← ∅;
2 k = 1;
3 while deg(m) ≥ 2 do
4 Let u, v be the renaming of the two trailing variables under the ordering of X and

Y variables as described above;
5 U ← U ∪ {y(i)

j,k − u · v = 0};
6 m← m

u·v · y
(i)
j,k;

7 k ← k + 1;
8 end
9 U ← U ∪ {z(i)

j −m = 0};
10 return U

Let Y =
{

y
(i)
j | i ∈ [r] and j ∈ [si]

}
be a new set of variables disjoint from X. For i ∈ [r],

let g
(i)
1 , . . . , g

(i)
si be a topologically sorted enumeration of all nodes in circuit Φi. For all

j ∈ [si], let node g
(i)
j be labelled by the variable y

(i)
j . Corresponding to each node in Φi, we

shall now define a polynomial equation of degree at most 2 over the variable sets X and Y .
Algorithm 3 describes the construction of the extended system of equations. For each

input node g
(i)
j , labeled by u (where u is either a variable xk or a constant c) in Φi, the

algorithm adds the polynomial equation y
(i)
j −u = 0 to the system T . For each product node

g
(i)
j with children labelled u and v (where u, v could be of the form y

(i)
j′ for some j > j′ or

xk′), the algorithm introduces a new polynomial equation y
(i)
j − u · v = 0 to the system T ,

and for each sum node g
(i)
j with children labelled u1, . . . , uk (where u1, . . . , uk could be of the

form y
(i)
j′ for some j > j′ or xk′), it introduces a new polynomial equation y

(i)
j −

∑k
i=1 ui = 0.

At the termination of the algorithm, the system T consists of either constant-free quadratic
binomial equations or affine linear polynomial equations. It is also clear that there exists
a′ that satisfies T if and only if there is a that satisfies S. As before this is easy to see: by
following the flow of computation in an arithmetic circuit from leaves to the root, we can
infer the values of y

(i)
j for all i ∈ [t] and j ∈ [si]. This discussion can be summarized as

Lemma 20 below.

▶ Lemma 20 (Lemma 8 restated). Let S = {fi(X) = 0}r
i=1 be a system of polynomial equations

over the polynomial ring R[X] such that for each i ∈ [r], the polynomial fi(X) is provided as
an arithmetic circuit Φi of size si. Then, when given this as input, Algorithm 3 runs in time
poly(|X| , r, maxi{si}) and returns a system T of polynomial equations {gj(X, Y ) = 0}t

j=1
over the polynomial ring R[X, Y ] such that

t = poly(|X| , r, maxi{si}).
|Y | ≤ r ·maxi{si}.
Each polynomial equation gj(X, Y ) = 0 in T is either a quadratic binomial polynomial
equation or an affine linear polynomial equation.
T has a solution in R|X⊔Y | if and only S has a solution in R|X|.
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Algorithm 3 ConstructExtendedSystem-CircuitRepresentation(S).

Result: Given a system S = {f1 = 0, . . . , fr = 0} of polynomial equations provided
in white-box circuit representation, we construct a system T of polynomial
equations over an extended set of variables such that each polynomial in T

has degree of at most 2 and if a solves S then there exists an extension a′ of
a such that a′ solves T and vice-versa.

1 T ← ∅;
2 for i ∈ [r] do
3 Let Φi be the circuit computing fi, and si = |Φi|;
4 for j ∈ [si] do
5 if g

(i)
j is a leaf node in Φi then

6 Let u be a variable or a constant labeling the input node in Φi;
7 T ← T ∪ {y(i)

j − u = 0};
8 else
9 if g

(i)
j is a product node in Φi then

10 Let u and v be the renaming of the labels of the children of g
(i)
j ;

11 T ← T ∪ {y(i)
j − u · v = 0};

12 else
13 g

(i)
j is a sum node in Φi;

14 Let u1, . . . , uk be the renaming of the labels of the children of g
(i)
j ;

15 T ← T ∪ {y(i)
j −

∑k
i=1 ui = 0};

16 end
17 end
18 end
19 end
20 return T ;
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1 Introduction

The standard k-Server and Paging models assume homogenous (interchangeable) servers
and cache slots. They don’t model applications where servers have different capabilities, nor
the fact that modern cache systems often partition the slots, sometimes dynamically, with
some parts exclusively accessible by specific processors, cores, processes, threads, or page
sets (e.g., [27, 37,44–46]).

This motivates us to generalize the online k-Server problem to allow each request to
specify not only a point p, but also a subset S of servers that may serve it. We call this
generalization Heterogenous k-Server. To date, only a few special cases of this problem have
been studied [20, 41]. Here, following the strategy taken for other hard generalizations of
k-Server [6, 7, 11, 21, 28, 36], we initiate a systematic study of this problem by focusing on its
restriction to uniform and star metrics. For uniform metrics, the problem is equivalent to a
variant of Paging in which each request specifies a page p and a subset S of k cache slots, to
be satisfied by having a copy of p in some slot in S. We call this problem Slot-Heterogenous
Paging. For star metrics the problem reduces to a weighted variant, where the cost of
retrieving a page is the weight of the page. For reasons discussed below, we parameterize
these problems by allowing the requestable sets S to be restricted to an arbitrary but
pre-specified family S ⊆ 2[k]. (Restricting to S = {[k]} gives standard Paging and k-Server.)
Next is a summary of our results, followed by a summary of related work.

Slot-Heterogenous Paging (Section 3). As we point out, Slot-Heterogenous Paging easily
reduces (preserving the competitive ratio) to the Generalized k-Server problem in uniform
metrics, for which upper bounds of k2k and O(k2 log k) on the deterministic and randomized
ratios are known [7,11].

We show that the optimal deterministic and randomized competitive ratios for Slot-
Heterogenous Paging are at least Ω(2k/

√
k) and Ω(k), respectively (Theorems 1 (i)

and 3).
Hence, the optimal ratios for Slot-Heterogenous Paging are exponentially worse than for
standard Paging. The proofs of Theorems 1 and 3 employ some novel ideas that may be
useful for other problems: the lower bound in Theorems 1 (i) uses an adversary argument
that requires the construction of a set family not yet studied in the literature, while the
proof of Theorem 3 is carried out via a reduction from standard Paging with a cache of size
exp(Θ(k)).

The large competitive ratios in these lower bounds occur only for instances that use
exponentially many distinct request sets S. And in realistic settings only certain subsets of
cache slots or servers would appear in requests, namely those that represent capabilities or
functionalities relevant in a given setting. This motivates us to study the optimal ratios as a
function of the cache size k and the family S of requestable slot sets, and to try to identify
natural families that admit more reasonable ratios.

We show that the optimal deterministic ratio is at most k2|S| for any family S (Theorem 5).
Theorem 1 (ii) shows a complementary lower bound: for infinitely many families S, every
deterministic online algorithm has competitive ratio Ω(

√
|S|).

Together Theorems 5 and 1 (ii) imply that, as a function of |S| and k, the optimal deterministic
ratio for Slot-Heterogenous Paging is polynomial.

Slot-Laminar Paging (Section 4). We then consider the specific structure of S, showing
better bounds when S is laminar. This case, which we call Slot-Laminar Paging, models
applications where slot (or server) capabilities are hierarchical. Laminarity implies that
|S| < 2k, so (per Theorem 5 above) the optimal deterministic ratio is O(k3).
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We show that the optimal deterministic and randomized ratios for Slot-Laminar Paging
are O(h2k) and O(h2 log k), where h ≤ k is the height of S (Theorem 8). We next tighten
the deterministic bound to O(hk) (Theorem 10).

The proof of Theorem 8 is via a reduction to an intermediate problem that we call Page-
Laminar Paging (introduced below), while the proof of Theorem 10 refines the generic
algorithm from Theorem 5. The dependence on k in these bounds is asymptotically tight, as
Slot-Laminar Paging generalizes standard Paging.
Page-Laminar Paging (Section 4.1). Page-Laminar Paging is a natural generalization of
Paging in which each request is a set P of pages from an arbitrary but fixed laminar family
P, and is satisfiable by fetching any page from P into any slot in the cache.

We show that the optimal deterministic and randomized ratios for Page-Laminar Paging
are at most hk and hHk, where h is the height of the laminar family and Hk =

∑k
i=1 1/i =

ln k + O(1) (Theorem 6).
The proof is by a reduction, which replaces each set request P by a request to one carefully
chosen page in P , yielding an instance of Paging, while increasing the optimal cost by at
most a factor of h.
Reducing Slot-Laminar Paging to Page-Laminar Paging. The reduction of Slot-Laminar
Paging to Page-Laminar Paging in Theorem 8 is achieved via a relaxation of Slot-Laminar
Paging that drops the constraint that each slot holds at most one page, while still enforcing
the cache-capacity constraint of k. This relaxed instance is naturally equivalent to an instance
of Page-Laminar Paging. The proof then shows how any solution for the relaxed instance
can be “rounded” back to a solution for the original Slot-Laminar Paging instance, losing an
O(h) factor in the cost and competitive ratio.

Weighted All-Or-One Paging (Section 5). All-or-One Paging is the restriction of Slot-
Laminar Paging (with height h = 2) to S = {[k]} ∪ {{j}}j∈[k]. That is, only two types of
requests are allowed: general requests (allowing the requested page to be anywhere in the
cache), and specific requests (requiring the page to be in a specified slot). Specific requests
don’t give the algorithm any choice, so may appear easy to handle, but in fact make the
problem substantially harder than standard Paging— recent independent work on All-or-One
Paging [20] has shown that the optimal deterministic ratio is twice that of Paging, to within
an additive constant. The optimal randomized ratio of All-or-One Paging is also at least
twice that for Paging, as we show in the full paper [23]. Note that Theorem 8 upper bounds
the optimal randomized ratio to within a constant factor of that for Paging. The full paper
also has a proof that the offline problem is NP-hard [23], in sharp contrast to even k-Server,
which can be solved in polynomial time for arbitrary metrics.

We initiate a study of Heterogenous k-Server in non-uniform metrics through Weighted
All-Or-One Paging, which extends All-or-One Paging so that each page has a non-negative
weight and the cost of each retrieval is the weight of the page instead of 1.

We show that the optimal deterministic ratio for Weighted All-Or-One Paging is O(k),
matching the ratio for standard Weighted Paging up to a small constant factor
(Theorem 14).

The algorithm in the proof is implicitly a linear-programming primal-dual algorithm. With
this approach, the crucial obstacle to overcome is that the standard linear program for
standard Weighted Paging does not force pages into specific slots. Indeed, doing so makes
the natural integer linear program an NP-hard multicommodity-flow problem. (Section 5
has an example that illustrates the challenge.) We show how to augment the linear program
to partially model the slot constraints.
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Table 1 Summary of upper (≤) and lower (≥) bounds on optimal competitive ratios. Here
mass(S) =

∑
S∈S |S| and S∗ =

⋃
S∈S 2S . The lower bound for One-of-m Paging holds for some but

not all m and k—see Theorem 1(ii). The upper bound for Slot-Laminar Paging in the deterministic
case (Theorem 8) is in fact 2 · mass(S) − k, which is at most (2h − 1)k. Also, offline All-or-One
Paging and its generalizations are NP-hard [23], as is offline Page-Subset Paging ([21]).

Paging problem set family deterministic randomized where
Slot-Heterogeneous 2[k] \ {∅} ≤ k2k ≤ O(k2 log k) via [7, 11]

– ” arbitrary S ≤ k min(|S∗|, mass(S)) Thm. 5

– One-of-m, m ≈ k/2
([k]

m

)
≥ Ω(2k/

√
k) ≥ Ω(k) Thms. 1(i), 3

– One-of-m, any m
([k]

m

)
≳ Ω((4k/m)m/2/

√
m) Thm. 1(ii)

– Slot-Laminar laminar S, ≤ (2h − 1)k ≤ 3h2Hk Thms. 8, 10
height h

– All-or-One {[k]}∪ ≥ 2k − 1 ≥ 2Hk − 1 [20, 23,32]
{{s} : s ∈ [k]}

– ” ” ≤ 2k + 14 [20]

Weighted All-or-One {[k]}∪ ≤ O(k) Thm. 14
{{s} : s ∈ [k]}

Page-Subset P =
(all pages

m

)
≥

(
k+m

k

)
− 1 [28]

” ≤ k(
(

k+m
k

)
− 1) ≤ O(k3 log m) [21]

– Page-Laminar P laminar ≤ hk ≤ hHk Thm. 6
height h

Related work. Paging and k-Server have played a central role in the theory of online
computation since their introduction in the 1980s [12, 38, 43]. For k-Server, the optimal
deterministic ratio is between k and 2k − 1 [35]. Recent work [26] offers hope for closing
this gap, and substantial progress towards resolving the randomized case has been reported
in [4, 16]. For Weighted Paging the optimal ratios are k and Θ(log k) [1, 5, 29,39,43].

Restricted Caching is one previously studied model with heterogenous cache slots. It is
the restriction of Slot-Heterogenous Paging in which each page p has one fixed set Sp ⊆ [k] of
slots, and each request to p requires p to be in some slot in Sp. For this problem the optimal
randomized ratio is O(log2 k) [18]. Better bounds are possible given further restrictions on
the sets, as in Companion Caching, which models a cache partitioned into set-associative and
fully-associative parts [14,15,30,40]. It is natural to ask whether Restricted k-Server—the
restriction of Heterogenous k-Server that requires each point p to be served by a server in a
fixed set Sp— is easier than Heterogenous k-Server; while the two problems are different for
many metric classes, they can be shown to be equivalent in metric spaces with no isolated
points, such as Euclidean spaces. The NP-hardness result for Restricted Caching from [15]
implies that offline Slot-Heterogenous Paging with S = {{s, k} : s ∈ [k − 1]} is NP-hard.

Other sophisticated online caching models include Snoopy Caching—in which multiple
processors each have their own cache and coordinate to maintain consistency across writes [34],
Multi-Level Caching—where the cost to access a slot depends on the slot [24], and Writeback-
Aware Caching—where each page has multiple copies, each with a distinct level and weight,
and each request specifies a page and a level, and can be satisfied by fetching a copy of this
page at the given or a higher level [8, 9]. (This is a special case of weighted Page-Laminar
Paging where P consists of pairwise-disjoint chains.) Multi-Core Caching models the fact
that faults can change the request sequence (e.g. [33]).
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Patel’s master thesis [41] studies Heterogenous k-Server with just two types of requests—
general requests (to be served by any server) and specialized requests (to be served by any
server in a fixed subset S′ of “specialized” servers)— and bounds the optimal ratios for
uniform metrics and the line. Recent independent work on deterministic algorithms for
online All-or-One Paging establishes a 2k − 1 lower bound and a 2k + 14 upper bound [20].
Earlier work in [32] presents a 2k − 1 lower bound and a 3k upper bound on deterministic
algorithms.

Heterogenous k-Server reduces (see Section 3) to the Generalized k-Server problem, in
which each server moves in its own metric space, each request specifies one point in each
space, and the request is satisfied by moving any one server to the requested point in its
space [36]. For uniform metrics, the optimal competitive ratios for this problem are between
2k and k2k (deterministic) and between Ω(k) and O(k2 log k) (randomized) [7, 11]. These
ratios are exponentially worse than the ratios for standard k-Server. Heterogenous k-Server,
parameterized by S, provides a spectrum of problems that bridges the two extremes.

Weighted k-Server is a restriction of Generalized k-Server in which servers move in the
same metric space but have different weights, and the cost is the weighted distance [31]. For
this problem (in non-uniform metrics) the deterministic and randomized ratios are at least
(respectively) doubly exponential [6, 7] and exponential [3, 22].

Page-Subset Paging, restricted to m-element sets of pages, has been studied as (uniform)
Metrical Service Systems with Multiple Servers [21,28]. For this problem the deterministic
ratio is at least

(
k+m

k

)
−1 [28], while the randomized ratio is O(k3 log m) [21]. The k-Chasing

problem extends k-Server by having each request P be a convex subset of Rd, to be satisfied
by moving any server to any point in P [17]. For k-Chasing, no online algorithm is competitive
even for d = k = 2 [17], while for k = 1 the ratios grow with d [2, 42].

In the k-Taxi problem each request (p, q) requires any server to move to p then (for
free) to q. For this problem the optimal ratios are exponentially worse than for standard
k-Server [19,25].

2 Formal Definitions

Slot-Heterogenous Paging. A problem instance consists of a set [k] = {1, 2, . . . , k} of cache
slots, a family S ⊆ 2[k] \ {∅} of requestable slot sets, and a request sequence σ = {σt}T

t=1,
where each request has the form σt = ⟨pt, St⟩ for some page pt and set St ∈ S. A cache
configuration C is a function that specifies the content of each slot s ∈ [k]; this content is
either a single page or empty. Configuration C is said to satisfy a request ⟨p, S⟩ if it assigns
page p to at least one slot in S. A solution for a given request sequence σ is a sequence
{Ct}T

t=1 of cache configurations such that, for each t ∈ [T ], Ct satisfies request σt. The
objective is to minimize the number of retrievals, where a page p is retrieved in slot s at time
t if Ct assigns p to s, but Ct−1 does not (or t = 1). An event when Ct−1 does not assign pt

to any slot in St is called a fault. Obviously a fault triggers a retrieval but, while this is not
strictly necessary, it is convenient to also allow an algorithm to make spontaneous retrievals,
either by fetching into the cache a non-requested page or by moving pages within the cache.

Slot-Laminar Paging. This is the restriction of Slot-Heterogenous Paging to instances where
S is laminar : every pair R, R′ ∈ S of sets is either disjoint or nested. (This implies |S| ≤ 2k.)
A laminar family S can be naturally represented by a forest (a collection of disjoint trees),
with a set R being a descendant of R′ if R ⊆ R′. When discussing Slot-Laminar Paging
we will routinely use tree-related terminology; for example, we will refer to some sets in S
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23:6 Online Paging with Heterogeneous Cache Slots

as leaves, roots, or internal nodes. The height h of a laminar family S is one less than the
maximum height of a tree in S, that is the maximum h for which S contains a sequence of h

strictly nested sets: R1 ⊊ R2 ⊊ . . . ⊊ Rh.

All-or-One Paging. This is the restriction of Slot-Laminar Paging to instances with S =
{[k]} ∪ {{j}}j∈[k]. That is, there are two types of requests: general, of the form ⟨p, [k]⟩,
requiring page p to be in at least one slot of the cache, and specific, of the form ⟨p, {j}⟩,
j ∈ [k], requiring page p to be in slot j. For convenience, ⟨p, ∗⟩ is a synonym for ⟨p, [k]⟩,
while ⟨p, j⟩ is a synonym for ⟨p, {j}⟩.

Weighted All-Or-One Paging. This is the natural extension of All-or-One Paging in which
each page p is assigned a non-negative weight wt(p), and the cost of retrieving p is wt(p)
instead of 1.

One-of-m Paging. This is the restriction of Slot-Heterogenous Paging to instances with
S =

([k]
m

)
= {S ⊆ [k] : |S| = m}, that is, every request specifies a set of m slots.

Page-Subset Paging. An instance consists of k cache slots, a collection P of requestable
sets of pages, and a request sequence π = {Pt}T

t=1, where each Pt is drawn from P. A
solution is a sequence {Ct}T

t=1 of cache configurations (as previously defined) such that, at
each time t ∈ [T ], Ct assigns at least one page in Pt to at least one slot. The objective is to
minimize the number of retrievals. (Slots are interchangeable here, so a cache configuration
could be defined as a multiset of at most k pages, but using slot assignments is technically
more convenient.)

Page-Laminar Paging. This is the restriction of Page-Subset Paging to instances where P
is laminar.

Generalized k-Server. In this variant of k-Server, each server moves in its own metric space;
each request specifies one point in each space, and the request is satisfied by moving any one
server to the requested point in its space [36].

Approximation algorithms. An algorithm A for a given cost minimization problem is called
a c-approximation algorithm if, for each instance σ, A satisfies costA(σ) ≤ c · opt(σ) + b,
where costA(σ) is the cost of A on σ, opt(σ) is the optimum cost of σ, and b is a constant
independent of σ.

Online algorithms and competitive ratio. In the online variants of the paging problems
studied in this paper the requests arrive online, one per time step, and an online algorithm
needs to satisfy each request before the next one is revealed. To simplify presentation we
assume that the algorithm knows the underlying set family S (or P), but many of our
algorithms work (or can be adapted to work) without knowing the set family in advance. An
online algorithm A is called c-competitive if A is a c-approximation algorithm. As common
in the literature, we will use the term “optimal deterministic (resp. randomized) competitive
ratio” to refer to the optimal ratio of of a deterministic (resp. randomized) online algorithm
for the given problem.
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3 Slot-Heterogenous Paging

Any instance of Slot-Heterogenous Paging can be reduced to an instance of Generalized
k-Server in uniform spaces, as follows. Represent each cache slot by a server in a uniform
metric space whose points are the pages, then simulate each request ⟨p, S⟩ by a sufficiently
long sequence of requests, each of which specifies point p for each server in S and alternates
between two different points for the remaining servers, in [k] \ S. Composing this reduction
with the upper bounds from [7] yields immediate upper bounds of O(k2k) and O(k3 log k)
on the deterministic and randomized ratios for unrestricted Slot-Heterogenous Paging (that
is, with S = 2[k] \ {∅}).

Theorems 1 (i) and 3 (Section 3.1) show that these bounds are tight within poly(k)
factors: the optimal ratios are at least Ω(2k/

√
k) and Ω(k), respectively. But restricting S

allows better ratios: Theorem 5 (Section 3.2) shows an upper bound of k2|S| on the optimal
deterministic ratio for any family S. For One-of-m Paging, Theorems 5 and 1 (ii) (Section 3.1)
imply that the optimal deterministic ratio is O(km+1) and Ω((4k/m)m/2/

√
m).

3.1 Lower bounds for Slot-Heterogenous Paging
We establish our lower bounds for Slot-Heterogenous Paging and One-of-m Paging given in
Table 1.

▶ Theorem 1.
(i) For all odd k, the optimal deterministic ratio for One-of-m Paging with m = (k + 1)/2

is at least
(

k
m

)
= Ω(2k/

√
k). For all k, the optimal ratio with m = ⌊(k + 1)/2⌋ is

Ω(2k/
√

k).
(ii) For any even m ≥ 2 and any k > m that is an odd multiple of m − 1, the optimal

deterministic ratio for One-of-m Paging is at least(
m−1
m/2

)(
k

m−1
)m/2 = Θ((4k/m)m/2/

√
m) = Ω(

√
|S|), where S =

([k]
m

)
.

Before proving Theorem 1, we prove Lemma 2. It states that for any S the existence of
a family Z ⊆ 2[k] with certain properties implies a lower bound of |Z| on the competitive
ratio. The proof of the theorem then constructs such families Z for appropriate families S of
requestable sets. Throughout this section X denotes the complement of set X ⊆ [k], that is
X = [k] \X.

▶ Lemma 2. For some S ⊆ 2[k], suppose there are two set families G ⊆ S and Z ⊆ 2[k] such
that
(gz0) For each X ⊆ [k] there is S ∈ G such that S ⊆ X or S ⊆ X.
(gz1) If Z ∈ Z then Z /∈ Z.
(gz2) For each S ∈ G there is Y ∈ Z such that S ̸⊆ Z and S ̸⊆ Z for all Z ∈ Z \ {Y }.
Then the optimal deterministic ratio for Slot-Heterogenous Paging with family S is at least |Z|.

Proof. The proof is an adversary argument based on the following idea. At each step, the
adversary chooses a request that forces the algorithm to fault but causes at most two faults
total among a fixed set of 2|Z| other solutions. At the end, the algorithm’s total cost is at
least |Z| times the average cost of these other solutions, so its competitive ratio is at least
|Z|. This general approach is common for lower bounds on deterministic online algorithms
(see e.g. lower bounds on the optimal ratios for k-Server [38], for Metrical Task Systems [13]
and for Generalized k-Server on uniform metrics [36]).
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Here are the details. Let A be any deterministic online algorithm for Slot-Heterogenous
Paging with slot-set family S. The adversary will request just two pages, p0 and p1. For a
set X ⊆ [k], let CX denote the cache configuration where the slots in X contain p0 and the
slots in X contain p1. Without loss of generality assume that each slot of A’s cache always
holds p0 or p1—its cache configuration is CX for some X.

At each step, if the current configuration of A is CX , the adversary chooses S ∈ G such
that either S ⊆ X or S ⊆ X. (Such an S exists by Property (gz0).) If S ⊆ X, then all slots
in S hold p0, and the adversary requests ⟨p1, S⟩, causing a fault. Otherwise, S ⊆ X, so all
slots in S hold p1. In this case the adversary requests ⟨p0, S⟩, causing a fault. The adversary
repeats this K times, where K is arbitrarily large. Since A faults at each step, the overall
cost of A is at least K.

It remains to bound the optimal cost. Let Z̃ =
{

Z : Z ∈ Z
}

. By (gz1), we have Z̃ ∩Z = ∅.
For each Z ∈ Z ∪ Z̃ define a solution called the Z-strategy, as follows. The solution starts in
configuration CZ . It stays in CZ for the whole computation, except that on requests ⟨pa, S⟩
that are not served by CZ (that is, when all slots of CZ in S contain p1−a), it retrieves pa to
any slot j ∈ S, serves the request, then retrieves p1−a back into slot j, restoring configuration
CZ . This costs 2.

We next observe that in each step at most one Z-strategy faults (and pays 2). Assume
that the request at a given step is to p0 (the case of a request to p1 is symmetric). Let
this request be ⟨p0, S⟩, where S ∈ G. Let Y ⊆ [k] be the set from Property (gz2). For
all Z ∈ (Z ∪ Z̃) \ {Y, Y }, then, S ∩ Z ≠ ∅, implying that configuration CZ has a slot in
S that contains p0—in other words, configuration CZ satisfies S. Also, either S ∩ Y ̸= ∅
or S ∩ Y ≠ ∅, so one of the configurations CY or CY also satisfies S. Therefore only one
Z-strategy (Y or Y ) might not satisfy S. So, in each step, at most one Z-strategy faults
(and pays 2).

Thus the combined total cost for all Z-strategies (not counting the cost of at most k

for moving to Z at the beginning) is at most 2K. There are 2|Z| such strategies, so their
average cost is at most (2K + k)/2|Z|. The cost of A is at least K, so the ratio is at least

K
(2K+k)/2|Z| = |Z|

1+k/2K . Taking K arbitrarily large, the lemma follows. ◀

Proof of Theorem 1. Part (i). Recall that m = ⌊(k + 1)/2⌋. First consider the case when
k is odd. Apply Lemma 2, taking both G and Z to be

([k]
m

)
. Properties (gz0) and (gz1)

follow directly from k being odd and the definitions of G and Z. Property (gz2) also holds
with Y = S. (For any S ∈ G, every Z ∈ Z satisfies |Z| = |S| > |Z|, so S ̸⊆ Z, while S ⊆ Z

implies Z = S.) Thus, by Lemma 2, the ratio is at least |Z| =
(

k
(k+1)/2

)
= Ω(2k/

√
k). This

proves Part (i) for odd k.
For even k, let k′ = k − 1. Then apply Part (i) to k′ using just cache slots in [k′], that

is, using slot-set family S ′ =
([k′]

m

)
⊆

([k]
m

)
= S, with slot k playing no role as it is never

requested.
Part (ii). Fix such an m and k. Let ℓ = k/(m − 1) so ℓ ≥ 3 is odd. Recall that

S =
([k]

m

)
is the family of requestable slot sets. Partition [k] arbitrarily into m− 1 disjoint

subsets B1, B2, . . . , Bm−1, each of cardinality ℓ. For each Be, order its slots arbitrarily
as Be = {be

1, be
2, . . . , be

ℓ}. For any index c ∈ {1, 2, . . . , ℓ} and an integer i, let c ⊕ i denote
((c + i− 1) mod ℓ) + 1. In other words, we view each Be as an odd-length cycle, and this
cyclic structure is important in the proof. Any consecutive pair {be

c, be
c⊕1} of slots on this

cycle is called an edge. Thus each cycle Be has ℓ edges.
First we define G ⊆ S for Lemma 2. The sets S in G are those obtainable as follows:

choose any m/2 edges, no two from the same cycle, then let S contain the m slots in those
m/2 chosen edges. (The six slots inside the three dashed ovals in Figure 1 show one S in G.)
This set of m/2 edges uniquely determines S, and vice versa.
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Figure 1 Illustration of the proof of Theorem 1 Part (ii) for k = 35, m = 6, and ℓ = 7. The
figure shows the partition of all slots into m − 1 = 5 sets B1, . . . , B5, each represented by a cycle.
To avoid clutter, each slot be

c is represented by its index c within Be. The picture shows set
S = {b1

2, b1
3, b2

6, b2
7, b4

4, b4
5} ∈ G, marked by dashed ovals. It also shows ZS′ ∈ Z, represented by

orange/shaded circles, for S′ = {b1
2, b1

3, b3
4, b3

5, b4
7, b4

1}.

We verify that G has Property (gz0) from Lemma 2. Indeed, consider any X ⊆ [k]. Call
the slots in X white and the slots in X black. Each cycle Be has odd length, so has an edge
{be

c, be
c⊕1} that is white (with two white slots) or black (with two black slots). So either (i)

at least half the cycles have a white edge, or (ii) at least half have a black edge. Consider
the first case (the other is symmetric). There are m− 1 cycles, and m is even, so at least
m/2 cycles have a white edge. So there are m/2 white edges with no two in the same cycle.
The set S comprised of the m white slots from those edges is in G, and is contained in X

(because its slots are white). So G has Property (gz0).
Next we define Z ⊆ 2[k] for Lemma 2. The set Z contains, for each set S′ ∈ G, one set

ZS′ , defined as follows. For each of the m/2 cycles Be having an edge {be
c, be

c⊕1} in S′, add
to ZS′ the two slots on that edge, together with the (ℓ− 3)/2 slots be

c⊕3, be
c⊕5, . . . , be

c⊕(ℓ−2).
For each of the m/2− 1 remaining cycles Be, add to ZS′ the (ℓ− 1)/2 slots be

1, be
3, . . . , be

ℓ−2.
(The orange/shaded slots in Figure 1 show one set ZS′ in Z.) Then ZS′ contains exactly
m/2 edges (the ones in S′) while its complement ZS′ contains exactly m/2− 1 edges (one
from each cycle with no edge in S′). This implies Property (gz1). Note that ZS′ ̸= ZS′′ for
different sets S′, S′′ ∈ G.

Next we show Property (gz2). Given any set S ∈ G, let Y = ZS ∈ Z. Consider any
ZS′ ∈ Z such that S ⊆ ZS′ or S ⊆ ZS′ . We need to show ZS′ = ZS , i.e., S′ = S. It cannot
be that S ⊆ ZS′ , because S contains m/2 edges, whereas ZS′ contains m/2− 1 edges. So
S ⊆ ZS′ . But S and ZS′ each contain exactly m/2 edges, which therefore must be the same.
It follows from the definition of ZS′ that S′ = S. So Property (gz2) holds.

So G and Z have Properties (gz0)-(gz2) from Lemma 2. Directly from definition we
have |Z| = |G|, while |G| =

(
m−1
m/2

)
ℓm/2 because there are

(
m−1
m/2

)
ways to choose m/2

distinct cycles, and then for each of these m/2 cycles there are ℓ ways to choose one
edge. Lemma 2 and ℓ = k/(m − 1) imply that the optimal deterministic ratio is at least
f(m, k) =

(
m−1
m/2

)
(k/(m− 1))m/2. To complete the proof of part (ii) we lower-bound f(m, k).

We observe that

4m = Ω(
√

m (k/(k −m))k−m+1/2). (1)

This can be verified by considering two cases: If k ≥ m + 2 then, using 1 + z ≤ ez, we have√
m (k/(k−m))k−m+1/2 =

√
m(1+m/(k−m))k−m+1/2 ≤

√
m ·e5m/4 ≤ 2 ·4m, for all m ≥ 1.

In the remaining case, for k = m+1, we have
√

m(k/(k−m))k−m+1/2 =
√

m(1+m)3/2 ≤ 2·4m.
Thus (1) indeed holds. Now, recalling that f(m, k) =

(
m−1
m/2

)
(k/(m− 1))m/2, we derive

f(m, k) = Θ
(
(2m/

√
m) · (k/(m− 1))m/2)

(Stirling’s approximation)

= Θ
(
(4k/m)m/2 · (1 + 1/(m− 1))m/2/

√
m

)
(rewriting)

= Θ
(
(4k/m)m/2/

√
m

)
((1 + 1/(m− 1))m/2 ≤ e) (2)

STACS 2023



23:10 Online Paging with Heterogeneous Cache Slots

input: Slot-Heterogenous Paging instance (k,S, σ = (σ1, . . . , σT ))
1. let the initial cache configuration C0 be arbitrary; let ℓ← 1 — ℓ is the start of the current

phase
2. for each time t← 1, 2, . . . , T :
2.1. if current configuration Ct−1 satisfies request σt: ignore the request (set Ct = Ct−1)
2.2. else:
2.2.1. if any configuration satisfies all requests σℓ, σℓ+1, . . . , σt: let Ct be any such

configuration
2.2.2. else: let ℓ← t; let Ct be any configuration satisfying σt — start the next phase

Figure 2 Online algorithm ExhSearch for Slot-Heterogenous Paging.

This gives us one estimate on the competitive ratio in Theorem 1(ii). To obtain a second
estimate, squaring both sides of (2), we obtain

f(m, k)2 = Ω
(
(4k/m)m/m

)
= Ω

(
(k/m)m · 4m/m

)
= Ω

(
(k/m)m · (k/(k −m))k−m+1/2/

√
m

)
(using (1))

= Ω(
(

k
m

)
) = Ω(|S|) (Stirling’s approximation)

Therefore f(m, k) = Ω(
√
|S|), as claimed, completing the proof of Theorem 1(ii). ◀

Next we present a lower bound on the optimal competitive ratio for randomized algorithms:

▶ Theorem 3. The optimal randomized ratio for One-of-m Paging with m = ⌊k/2⌋ is Ω(k).

The proof is by a reduction from standard Paging with some N pages and a cache of
size N − 1. For any N , this problem has optimal randomized competitive ratio HN−1 =
Θ(log N) [29]. This and the next lemma, whose proof is deferred to the full paper [23], imply
the theorem.

▶ Lemma 4. Every f(k)-competitive (randomized) online algorithm A for One-of-m Paging
with m = ⌊k/2⌋ can be converted into an O(f(k))-competitive (randomized) online algorithm
B for standard Paging with N pages and a cache of size N − 1, where N = 2Θ(k).

3.2 Upper bounds for deterministic Slot-Heterogenous Paging
This section gives upper bounds on the optimal deterministic competitive ratio for Slot-
Heterogenous Paging with any slot-set family S, as a function of mass(S) =

∑
S∈S |S| ≤ k|S|

and |S∗|, where S∗ =
⋃

S∈S 2S . The first bound follows from an easy counting argument.
The second bound uses a refinement of the rank method of [7], which bounds the number
of steps of a natural exhaustive-search algorithm by the rank of a certain upper-triangular
matrix.

▶ Theorem 5. Fix any S ⊆ 2[k] \ {∅}. The competitive ratio of Algorithm ExhSearch
in Figure 2 for Slot-Heterogenous Paging with requestable sets from S is at most k ·
min {|S∗|, mass(S)}.

The theorem implies that the competitive ratio of One-of-m Paging is polynomial in
k when m is constant. Theorem 5 can be strengthened slightly by making the algorithm
retrieve at most min(t, k) pages for the tth request in each phase.



M. Chrobak et al. 23:11

Proof of Theorem 5. By inspection of the algorithm, the length of each phase does not
depend on previous phases. Focus on any one phase. We first bound the length, say L, of the
phase. To ease notation and without loss of generality, assume the phase is the first (with
ℓ = 1) and the algorithm faults in each step t, that is Ct−1 does not satisfy σt = ⟨pt, St⟩.
(Otherwise first remove such requests; this doesn’t change the algorithm’s cost or increase
the optimal cost.) So the following holds:

(UT) For each time t ∈ [L], configuration Ct−1 satisfies requests σ1, σ2, . . . , σt−1, but not σt.

The final configuration CL in the phase satisfies all requests in the phase. In particular,
for each S ∈ S, for each request ⟨p, S⟩ in the phase, CL has p in some slot in S, so (i) there are
at most |S| distinct requests in the phase that use any given set S ∈ S. Property (UT) implies
that (ii) every request σt in this phase is distinct (indeed, for any t′ < t, Ct−1 satisfies σt′

but not σt). Observations (i) and (ii) imply the following bound L ≤
∑

S∈S |S| = mass(S).
(As an aside, the above argument uses only that every request in the phase is distinct, a

weaker condition than (UT). Given only that property, the above bound on L is tight for
every S in the following sense: consider any configuration C that puts a distinct page in
each slot s ∈ [k], and a request sequence σ that requests in any order every pair ⟨p, S⟩ such
that S ∈ S and C assigns p to a slot in S. Then σ is satisfied by a single configuration, while
having mass(S) distinct requests.)

Next we give a second bound on L that is tighter for some families S. Identify each page
p with a distinct but arbitrary real number. For each cache configuration Ct, let Ci

t ∈ R
denote the page in slot i, if any, else 0. Define matrix M ∈ RL×L by

Mst =
∏
i∈St

(Ci
s−1 − pt),

so that Mst = 0 if and only if Ci
s−1 = pt for some i ∈ St, that is, if and only if Cs−1 satisfies

σt. So Property (UT) implies that M is upper-triangular and non-zero on the diagonal. So
M has rank L.

Expanding the formula for Mst, we obtain

Mst =
∑

S⊆St

( ∏
i∈S

Ci
s−1

)
·
( ∏

i∈St\S

−pt

)
=

∑
S⊆St

( ∏
i∈S

Ci
s−1

)
· (−pt)|St|−|S| =

∑
S∈S∗

AsS · BSt ,

where matrices A ∈ RL×S∗ and B ∈ RS∗×L are defined by

AsS =
∏
i∈S

Ci
s−1 and BSt =

{
(−pt)|St|−|S| if S ⊆ St

0 otherwise.

That is, M = AB; A and B (and M) have rank at most |S∗|. And M has rank L, so
L ≤ |S∗|. To bound the optimum cost, consider any phase other than the last. Let t′ and
t′′ be the start and end times. Suppose for contradiction that the optimal solution incurs no
cost (has no retrievals) during [t′ + 1, t′′ + 1]. Then its configuration at time t′ satisfies all
requests in [t′, t′′ + 1], contradicting the algorithm’s condition for terminating the phase. So
the optimal solution pays at least 1 per phase (other than the last). In any phase of length
L the algorithm pays at most kL (at most k per step). This and two upper bounds on L

imply Theorem 5. ◀
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<latexit sha1_base64="fGIBy3mllBGrjRB468eKtUrO9qI=">AAAB6HicdVDLSgMxFM34rOOr6tJNsAiuhsy02BYsFt24bME+oB1KJs20sZkHSUYoQ7/AjQtF3OofuRF/wy8wbRVU9MCFwzn3cs+9XsyZVAi9GQuLS8srq5k1c31jc2s7u7PblFEiCG2QiEei7WFJOQtpQzHFaTsWFAcepy1vdD71W9dUSBaFl2ocUzfAg5D5jGClpfpZL5tDFnIKTjkPkWXnS/liQROnhIr5MrQtNEPu9L0SP7+alVov+9LtRyQJaKgIx1J2bBQrN8VCMcLpxOwmksaYjPCAdjQNcUClm86CTuChVvrQj4SuUMGZ+n0ixYGU48DTnQFWQ/nbm4p/eZ1E+SU3ZWGcKBqS+SI/4VBFcHo17DNBieJjTTARTGeFZIgFJkr/xtRP+LoU/k+ajmUfW3bdzlVPwBwZsA8OwBGwQRFUwQWogQYggIIbcAfujSvj1ngwHuetC8bnzB74AePpA+C5kK0=</latexit>

B

<latexit sha1_base64="VYNFX7FDNhCPRFGSQGru1wWjThE=">AAAB6HicdVDLSgMxFM34rOOr6tJNsAiuhsy02BYsVty4bME+oB1KJs20sZkHSUYoQ7/AjQtF3OofuRF/wy8wbRVU9MCFwzn3cs+9XsyZVAi9GQuLS8srq5k1c31jc2s7u7PblFEiCG2QiEei7WFJOQtpQzHFaTsWFAcepy1vdD71W9dUSBaFl2ocUzfAg5D5jGClpfpZL5tDFnIKTjkPkWXnS/liQROnhIr5MrQtNEPu9L0SP7+alVov+9LtRyQJaKgIx1J2bBQrN8VCMcLpxOwmksaYjPCAdjQNcUClm86CTuChVvrQj4SuUMGZ+n0ixYGU48DTnQFWQ/nbm4p/eZ1E+SU3ZWGcKBqS+SI/4VBFcHo17DNBieJjTTARTGeFZIgFJkr/xtRP+LoU/k+ajmUfW3bdzlVPwBwZsA8OwBGwQRFUwQWogQYggIIbcAfujSvj1ngwHuetC8bnzB74AePpA981kKw=</latexit>

A

<latexit sha1_base64="lu7Pi15qpMO0asJYsSW8gcsl5wA=">AAAB6HicdVDLSsNAFJ34rPFVdelmsAiuQpIW24LFQjcuW7APaEOZTCft2MkkzEyEEvoFblwo4lb/yI34G36B01ZBRQ9cOJxzL/fc68eMSmXbb8bS8srq2npmw9zc2t7Zze7tt2SUCEyaOGKR6PhIEkY5aSqqGOnEgqDQZ6Ttj2szv31NhKQRv1STmHghGnIaUIyUlhq1fjZnW7ZbcMt5aFtOvpQvFjRxS3YxX4aOZc+RO3+vxM+vZqXez770BhFOQsIVZkjKrmPHykuRUBQzMjV7iSQxwmM0JF1NOQqJ9NJ50Ck81soABpHQxRWcq98nUhRKOQl93RkiNZK/vZn4l9dNVFDyUsrjRBGOF4uChEEVwdnVcEAFwYpNNEFYUJ0V4hESCCv9G1M/4etS+D9puZZzajkNJ1c9AwtkwCE4AifAAUVQBRegDpoAAwJuwB24N66MW+PBeFy0LhmfMwfgB4ynD+I9kK4=</latexit>

C
<latexit sha1_base64="FiogW2Udpafmkt8YEpZKkPO3vNg=">AAAB6HicdVDLSgMxFM34rOOr6tJNsAiuhsy02BYsFnThsgX7gHYomTTTxmYeJBmhDP0CNy4Ucat/5Eb8Db/AtFVQ0QMXDufcyz33ejFnUiH0ZiwsLi2vrGbWzPWNza3t7M5uU0aJILRBIh6Jtocl5SykDcUUp+1YUBx4nLa80dnUb11TIVkUXqpxTN0AD0LmM4KVlurnvWwOWcgpOOU8RJadL+WLBU2cEirmy9C20Ay50/dK/PxqVmq97Eu3H5EkoKEiHEvZsVGs3BQLxQinE7ObSBpjMsID2tE0xAGVbjoLOoGHWulDPxK6QgVn6veJFAdSjgNPdwZYDeVvbyr+5XUS5ZfclIVxomhI5ov8hEMVwenVsM8EJYqPNcFEMJ0VkiEWmCj9G1M/4etS+D9pOpZ9bNl1O1c9AXNkwD44AEfABkVQBRegBhqAAApuwB24N66MW+PBeJy3LhifM3vgB4ynD+PBkK8=</latexit>

D

<latexit sha1_base64="uLMkSjk05IFBaF7yf+61bRkzGr8=">AAAB6HicdVDLSgMxFM34rOOr6tJNsAiuhsy02BYsFkRw2YJ9QDuUTJppYzMPkoxQhn6BGxeKuNU/ciP+hl9g2iqo6IELh3Pu5Z57vZgzqRB6MxYWl5ZXVjNr5vrG5tZ2dme3KaNEENogEY9E28OSchbShmKK03YsKA48Tlve6Gzqt66pkCwKL9U4pm6AByHzGcFKS/XzXjaHLOQUnHIeIsvOl/LFgiZOCRXzZWhbaIbc6Xslfn41K7Ve9qXbj0gS0FARjqXs2ChWboqFYoTTidlNJI0xGeEB7Wga4oBKN50FncBDrfShHwldoYIz9ftEigMpx4GnOwOshvK3NxX/8jqJ8ktuysI4UTQk80V+wqGK4PRq2GeCEsXHmmAimM4KyRALTJT+jamf8HUp/J80Hcs+tuy6nauegDkyYB8cgCNggyKoggtQAw1AAAU34A7cG1fGrfFgPM5bF4zPmT3wA8bTB+VFkLA=</latexit>

E

<latexit sha1_base64="jrHUZL4j01GnAqE3edHoZe20VVc=">AAAB6HicdVDLSgMxFM34rOOr6tJNsAiuhsy02BYsFgRx2YJ9QDuUTJppYzMPkoxQhn6BGxeKuNU/ciP+hl9g2iqo6IELh3Pu5Z57vZgzqRB6MxYWl5ZXVjNr5vrG5tZ2dme3KaNEENogEY9E28OSchbShmKK03YsKA48Tlve6Gzqt66pkCwKL9U4pm6AByHzGcFKS/XzXjaHLOQUnHIeIsvOl/LFgiZOCRXzZWhbaIbc6Xslfn41K7Ve9qXbj0gS0FARjqXs2ChWboqFYoTTidlNJI0xGeEB7Wga4oBKN50FncBDrfShHwldoYIz9ftEigMpx4GnOwOshvK3NxX/8jqJ8ktuysI4UTQk80V+wqGK4PRq2GeCEsXHmmAimM4KyRALTJT+jamf8HUp/J80Hcs+tuy6nauegDkyYB8cgCNggyKoggtQAw1AAAU34A7cG1fGrfFgPM5bF4zPmT3wA8bTB+bJkLE=</latexit>

F
<latexit sha1_base64="8DY3TOcnuDplQfGfnuyKuY9TxA4=">AAAB6HicdVDLSgMxFM34rOOr6tJNsAiuhsy02BYsFlzosgX7gHYomTTTxmYeJBmhDP0CNy4Ucat/5Eb8Db/AtFVQ0QMXDufcyz33ejFnUiH0ZiwsLi2vrGbWzPWNza3t7M5uU0aJILRBIh6Jtocl5SykDcUUp+1YUBx4nLa80dnUb11TIVkUXqpxTN0AD0LmM4KVlurnvWwOWcgpOOU8RJadL+WLBU2cEirmy9C20Ay50/dK/PxqVmq97Eu3H5EkoKEiHEvZsVGs3BQLxQinE7ObSBpjMsID2tE0xAGVbjoLOoGHWulDPxK6QgVn6veJFAdSjgNPdwZYDeVvbyr+5XUS5ZfclIVxomhI5ov8hEMVwenVsM8EJYqPNcFEMJ0VkiEWmCj9G1M/4etS+D9pOpZ9bNl1O1c9AXNkwD44AEfABkVQBRegBhqAAApuwB24N66MW+PBeJy3LhifM3vgB4ynD+hNkLI=</latexit>

G

<latexit sha1_base64="Jc6JWSDzzNyNvm3PyFYVF00h8rM=">AAAB6HicdVDLSsNAFJ34rPFVdelmsAiuQpIW24LFgpsuW7APaEOZTCft2MkkzEyEEvoFblwo4lb/yI34G36B01ZBRQ9cOJxzL/fc68eMSmXbb8bS8srq2npmw9zc2t7Zze7tt2SUCEyaOGKR6PhIEkY5aSqqGOnEgqDQZ6Ttjy9mfvuaCEkjfqkmMfFCNOQ0oBgpLTVq/WzOtmy34Jbz0LacfClfLGjiluxivgwdy54jd/5eiZ9fzUq9n33pDSKchIQrzJCUXceOlZcioShmZGr2EklihMdoSLqachQS6aXzoFN4rJUBDCKhiys4V79PpCiUchL6ujNEaiR/ezPxL6+bqKDkpZTHiSIcLxYFCYMqgrOr4YAKghWbaIKwoDorxCMkEFb6N6Z+wtel8H/Sci3n1HIaTq56BhbIgENwBE6AA4qgCmqgDpoAAwJuwB24N66MW+PBeFy0LhmfMwfgB4ynD+nRkLM=</latexit>

H
<latexit sha1_base64="mPiXIyRiH+2l8Kt8beF9LQsaoec=">AAAB6HicdVDLSgMxFM34rOOr6tJNsAiuhsy02BYsFtzorgX7gHYomTTTxmYeJBmhDP0CNy4Ucat/5Eb8Db/AtFVQ0QMXDufcyz33ejFnUiH0ZiwsLi2vrGbWzPWNza3t7M5uU0aJILRBIh6Jtocl5SykDcUUp+1YUBx4nLa80dnUb11TIVkUXqpxTN0AD0LmM4KVluoXvWwOWcgpOOU8RJadL+WLBU2cEirmy9C20Ay50/dK/PxqVmq97Eu3H5EkoKEiHEvZsVGs3BQLxQinE7ObSBpjMsID2tE0xAGVbjoLOoGHWulDPxK6QgVn6veJFAdSjgNPdwZYDeVvbyr+5XUS5ZfclIVxomhI5ov8hEMVwenVsM8EJYqPNcFEMJ0VkiEWmCj9G1M/4etS+D9pOpZ9bNl1O1c9AXNkwD44AEfABkVQBeegBhqAAApuwB24N66MW+PBeJy3LhifM3vgB4ynD+tVkLQ=</latexit>

I
<latexit sha1_base64="KoHSTb88NVEsemy5NMcPCjWuT/o=">AAAB6HicdVDLSgMxFM34rOOr6tJNsAiuhsy02BYsFtyIqxbsA9qhZNJMG5t5kGSEMvQL3LhQxK3+kRvxN/wC01ZBRQ9cOJxzL/fc68WcSYXQm7GwuLS8sppZM9c3Nre2szu7TRklgtAGiXgk2h6WlLOQNhRTnLZjQXHgcdryRmdTv3VNhWRReKnGMXUDPAiZzwhWWqpf9LI5ZCGn4JTzEFl2vpQvFjRxSqiYL0PbQjPkTt8r8fOrWan1si/dfkSSgIaKcCxlx0axclMsFCOcTsxuImmMyQgPaEfTEAdUuuks6AQeaqUP/UjoChWcqd8nUhxIOQ483RlgNZS/van4l9dJlF9yUxbGiaIhmS/yEw5VBKdXwz4TlCg+1gQTwXRWSIZYYKL0b0z9hK9L4f+k6Vj2sWXX7Vz1BMyRAfvgABwBGxRBFZyDGmgAAii4AXfg3rgybo0H43HeumB8zuyBHzCePgDs2ZC1</latexit>

J

<latexit sha1_base64="XPHD8frMxHjrXwVOLX/DMKf3vPU=">AAAB7nicdVBLSgNBEO2Jvxh/URcu3DSGgIswzCeYyS7gxmUE84FkCD09PUmTng/dPUIYsvMCblwo4taTeAB3egBP4AHsJAoq+qDg8V4V9aq8hFEhDeNFyy0tr6yu5dcLG5tb2zvF3b22iFOOSQvHLOZdDwnCaERakkpGugknKPQY6Xjj05nfuSRc0Di6kJOEuCEaRjSgGEkldVDFq+CKPyiWDN2wqlbdhoZu2o5dqypiOUbNrkNTN+YoNQ7KV+9Pb6/NQfG578c4DUkkMUNC9EwjkW6GuKSYkWmhnwqSIDxGQ9JTNEIhEW42jzuFZaX4MIi5qkjCufp9IkOhEJPQU50hkiPx25uJf3m9VAaOm9EoSSWJ8GJRkDIoYzi7HfqUEyzZRBGEOVVZIR4hjrBUHyqoJ3xdCv8nbUs3T3Tz3Cw1HLBAHhyCI3AMTFADDXAGmqAFMBiDa3AL7rREu9HutYdFa077nNkHP6A9fgCct5OM</latexit>

a, b, c, d

<latexit sha1_base64="zk2TeLtmgjEv794uaULvpx1j1eM=">AAAB6nicdVC7SgNBFJ2NrxhfUQsLm8EQsJBldjeYTRewsYxoHpAsYXYymwyZfTAzK4SQztbGQhFbv8UPsNMP8Av8ACeJgooeuHA4517uuddPOJMKoRcjs7C4tLySXc2trW9sbuW3dxoyTgWhdRLzWLR8LClnEa0rpjhtJYLi0Oe06Q9Ppn7zkgrJ4uhCjRLqhbgfsYARrLR0jo/8br6ATGSX7IoDkWk5rlMuaWK7qOxUoGWiGQrVveLV+9Pba62bf+70YpKGNFKEYynbFkqUN8ZCMcLpJNdJJU0wGeI+bWsa4ZBKbzyLOoFFrfRgEAtdkYIz9fvEGIdSjkJfd4ZYDeRvbyr+5bVTFbjemEVJqmhE5ouClEMVw+ndsMcEJYqPNMFEMJ0VkgEWmCj9nZx+wtel8H/SsE3r2LTOrELVBXNkwT44AIfAAmVQBaegBuqAgD64BrfgzuDGjXFvPMxbM8bnzC74AePxA1C/kkU=</latexit>

a, b
<latexit sha1_base64="87yjMVjfrxdKnC+c4b6Y1ED3IyE=">AAAB6HicdVC7SgNBFJ2NrxhfUUtBBoNgtcxmg9lUBmwsEzAPSJYwO5lNxsw+mJkVwpLSysZCEVu/wu+w8xu08Q+cJAoqeuDC4Zx7uedeL+ZMKoRejMzC4tLySnY1t7a+sbmV395pyigRhDZIxCPR9rCknIW0oZjitB0LigOP05Y3Op36rUsqJIvCczWOqRvgQch8RrDSUp308gVkomKpWLEhMi3bscslTYoOKtsVaJlohsLJ++vV/lP9rdbLP3f7EUkCGirCsZQdC8XKTbFQjHA6yXUTSWNMRnhAO5qGOKDSTWdBJ/BQK33oR0JXqOBM/T6R4kDKceDpzgCrofztTcW/vE6ifMdNWRgnioZkvshPOFQRnF4N+0xQovhYE0wE01khGWKBidK/yeknfF0K/yfNomkdm1bdKlQdMEcW7IEDcAQsUAZVcAZqoAEIoOAa3II748K4Me6Nh3lrxvic2QU/YDx+AIN5kd4=</latexit>c

<latexit sha1_base64="Y+5c5e+/ZORtogz6rw1KQ/rxF20=">AAAB6HicdVC7SgNBFJ2NrxhfUUtBBoNgtewjmE1lwMYyAfOAZAmzs7PJmNkHM7NCWFJa2VgoYutX+B12foM2/oGTREFFD1w4nHMv99zrJYwKaRgvWm5hcWl5Jb9aWFvf2Nwqbu+0RJxyTJo4ZjHveEgQRiPSlFQy0kk4QaHHSNsbnU799iXhgsbRuRwnxA3RIKIBxUgqqeH3iyVDN6yyVbWhoZu2Y1fKiliOUbGr0NSNGUon769X+0+Nt3q/+NzzY5yGJJKYISG6ppFIN0NcUszIpNBLBUkQHqEB6SoaoZAIN5sFncBDpfgwiLmqSMKZ+n0iQ6EQ49BTnSGSQ/Hbm4p/ed1UBo6b0ShJJYnwfFGQMihjOL0a+pQTLNlYEYQ5VVkhHiKOsFS/KagnfF0K/yctSzePdbNhlmoOmCMP9sABOAImqIAaOAN10AQYEHANbsGddqHdaPfaw7w1p33O7IIf0B4/AIT9kd8=</latexit>

d

<latexit sha1_base64="zm7gi/FztiHB+hp4eoKnyMPSnPY="></latexit>

e, f, g, h, i, j, k, l

<latexit sha1_base64="W1ubFOW2FA7Kb7diLnz0PhTQAbw=">AAAB8HicdVBLSgNBEO3xG+Mv6sKFm8YQcDEM8wlmsgu4cRnBfCQZQk+nJ2nS86G7RwhDdt7AjQtF3HoQD+BOD+AJPICdREFFHxQ83quiXpWfMCqkab5oC4tLyyurubX8+sbm1nZhZ7cp4pRj0sAxi3nbR4IwGpGGpJKRdsIJCn1GWv7oZOq3LgkXNI7O5TghXogGEQ0oRlJJF0QP9IE+1GmvUDQN0y7bVQeahuW4TqWsiO2aFacKLcOcoVjbL129P7291nuF524/xmlIIokZEqJjmYn0MsQlxYxM8t1UkAThERqQjqIRConwslngCSwppQ+DmKuKJJyp3ycyFAoxDn3VGSI5FL+9qfiX10ll4HoZjZJUkgjPFwUpgzKG0+thn3KCJRsrgjCnKivEQ8QRlupHefWEr0vh/6RpG9axYZ1ZxZoL5siBA3AIjoAFKqAGTkEdNAAGIbgGt+BO49qNdq89zFsXtM+ZPfAD2uMH5VSURQ==</latexit>

e, f, g, h, i

<latexit sha1_base64="Jc6k9Uf0A8pbvOWvg/ZqPxALGYo=">AAAB7HicdVC7SgNBFJ2NrxhfUQsLm8EQsAjLPoJJuoCNZQQ3CSQhzE5mkyGzs8vMrBCWdPY2ForY+il+gJ1+gF/gBzhJFFT0wIXDOfdyz71+zKhUlvViZJaWV1bXsuu5jc2t7Z387l5TRonAxMMRi0TbR5IwyomnqGKkHQuCQp+Rlj8+nfmtSyIkjfiFmsSkF6IhpwHFSGnJI6WgNOznC5ZpOWWn5kLLtN2qWylr4lStiluDtmnNUagfFK/en95eG/38c3cQ4SQkXGGGpOzYVqx6KRKKYkamuW4iSYzwGA1JR1OOQiJ76TzsFBa1MoBBJHRxBefq94kUhVJOQl93hkiN5G9vJv7ldRIVVHsp5XGiCMeLRUHCoIrg7HI4oIJgxSaaICyozgrxCAmElf5PTj/h61L4P2k6pn1i2ud2oV4FC2TBITgCx8AGFVAHZ6ABPIABBdfgFtwZ3Lgx7o2HRWvG+JzZBz9gPH4Ah66S9A==</latexit>

e, f, g
<latexit sha1_base64="4xnMGO6O6w99x7wWyDwcj+TZ7so=">AAAB6nicdVC7SgNBFJ2NrxhfUQsLm8EQsJBldjeYTRewsYxoHpAsYXYySYbMPpiZFcKSztbGQhFbv8UPsNMP8Av8ACeJgooeuHA4517uudePOZMKoRcjs7C4tLySXc2trW9sbuW3dxoySgShdRLxSLR8LClnIa0rpjhtxYLiwOe06Y9Opn7zkgrJovBCjWPqBXgQsj4jWGnpfHjEuvkCMpFdsisORKbluE65pIntorJTgZaJZihU94pX709vr7Vu/rnTi0gS0FARjqVsWyhWXoqFYoTTSa6TSBpjMsID2tY0xAGVXjqLOoFFrfRgPxK6QgVn6veJFAdSjgNfdwZYDeVvbyr+5bUT1Xe9lIVxomhI5ov6CYcqgtO7YY8JShQfa4KJYDorJEMsMFH6Ozn9hK9L4f+kYZvWsWmdWYWqC+bIgn1wAA6BBcqgCk5BDdQBAQNwDW7BncGNG+PeeJi3ZozPmV3wA8bjB2YFklM=</latexit>

h, i

<latexit sha1_base64="LAAEBsvzKZJNHGsYy1cn5jdEZNk=">AAAB7HicdVC7SgNBFJ31GeMramFhMxgCFmGZ3Q0m6QI2lhHcJJCEMDuZJGNmZ5eZWSGEdPY2ForY+il+gJ1+gF/gBzhJFFT0wIXDOfdyz71BzJnSCL1YC4tLyyurqbX0+sbm1nZmZ7emokQS6pOIR7IRYEU5E9TXTHPaiCXFYcBpPRieTP36JZWKReJcj2LaDnFfsB4jWBvJv8gP87yTySIbuQW37EFkO17JKxYMcUuo6JWhY6MZspX93NX709trtZN5bnUjkoRUaMKxUk0Hxbo9xlIzwukk3UoUjTEZ4j5tGipwSFV7PAs7gTmjdGEvkqaEhjP1+8QYh0qNwsB0hlgP1G9vKv7lNRPdK7XHTMSJpoLMF/USDnUEp5fDLpOUaD4yBBPJTFZIBlhios1/0uYJX5fC/0nNtZ1j2zlzspUSmCMFDsAhOAIOKIIKOAVV4AMCGLgGt+DOEtaNdW89zFsXrM+ZPfAD1uMHnoiTAw==</latexit>

j, k, l

<latexit sha1_base64="qZZJ5OzNgG+HaF4Bd92B4IoAxAQ=">AAAB6nicdVC7SgNBFJ31GeMramFhMxgCFrLsI5hNF7CxjGgekCxhdjJJxszOLjOzQljS2dpYKGLrt/gBdvoBfoEf4CRRUNEDFw7n3Ms99wYxo1JZ1osxN7+wuLScWcmurq1vbOa2tusySgQmNRyxSDQDJAmjnNQUVYw0Y0FQGDDSCIbHE79xSYSkET9Xo5j4Iepz2qMYKS2dXRwOO7m8ZVpO0Sm70DJt13NLRU0czyq5ZWib1hT5ym7h6v3p7bXayT23uxFOQsIVZkjKlm3Fyk+RUBQzMs62E0lihIeoT1qachQS6afTqGNY0EoX9iKhiys4Vb9PpCiUchQGujNEaiB/exPxL6+VqJ7np5THiSIczxb1EgZVBCd3wy4VBCs20gRhQXVWiAdIIKz0d7L6CV+Xwv9J3THtI9M+tfMVD8yQAXtgHxwAG5RABZyAKqgBDPrgGtyCO4MZN8a98TBrnTM+Z3bADxiPH2wZklc=</latexit>

j, k
<latexit sha1_base64="TnVwi3ECJnBlPpxbMdCe6mvf2iA=">AAAB6HicdVC7SgNBFJ2NrxhfUUtBBoNgtcxmg9lUBmwsEzAPSJYwO5lNxsw+mJkVwpLSysZCEVu/wu+w8xu08Q+cJAoqeuDC4Zx7uedeL+ZMKoRejMzC4tLySnY1t7a+sbmV395pyigRhDZIxCPR9rCknIW0oZjitB0LigOP05Y3Op36rUsqJIvCczWOqRvgQch8RrDSUp338gVkomKpWLEhMi3bscslTYoOKtsVaJlohsLJ++vV/lP9rdbLP3f7EUkCGirCsZQdC8XKTbFQjHA6yXUTSWNMRnhAO5qGOKDSTWdBJ/BQK33oR0JXqOBM/T6R4kDKceDpzgCrofztTcW/vE6ifMdNWRgnioZkvshPOFQRnF4N+0xQovhYE0wE01khGWKBidK/yeknfF0K/yfNomkdm1bdKlQdMEcW7IEDcAQsUAZVcAZqoAEIoOAa3II748K4Me6Nh3lrxvic2QU/YDx+AJEdkec=</latexit>

l

<latexit sha1_base64="lTlDgkpoO/BBW1xKTnc5BVkWPLU=">AAAB6nicdVC7SgNBFJ2NrxhfUQsLm8EQsJBldjeYTRewsYxoHpAsYXYymwyZfTAzK4SQztbGQhFbv8UPsNMP8Av8ACeJgooeuHA4517uuddPOJMKoRcjs7C4tLySXc2trW9sbuW3dxoyTgWhdRLzWLR8LClnEa0rpjhtJYLi0Oe06Q9Ppn7zkgrJ4uhCjRLqhbgfsYARrLR0To+Cbr6ATGSX7IoDkWk5rlMuaWK7qOxUoGWiGQrVveLV+9Pba62bf+70YpKGNFKEYynbFkqUN8ZCMcLpJNdJJU0wGeI+bWsa4ZBKbzyLOoFFrfRgEAtdkYIz9fvEGIdSjkJfd4ZYDeRvbyr+5bVTFbjemEVJqmhE5ouClEMVw+ndsMcEJYqPNMFEMJ0VkgEWmCj9nZx+wtel8H/SsE3r2LTOrELVBXNkwT44AIfAAmVQBaegBuqAgD64BrfgzuDGjXFvPMxbM8bnzC74AePxA1znkk0=</latexit>

e, f
<latexit sha1_base64="AmKrzOFq/S+JY7fp3nskgeEzM7s=">AAAB6HicdVC7SgNBFJ2NrxhfUQsLm8EQsFpms8FsuoCNZQLmAckSZiezyZjZBzOzQljS2dlYKGLrx/gBdvoBfoEf4CRRUNEDFw7n3Ms993oxZ1Ih9GJklpZXVtey67mNza3tnfzuXktGiSC0SSIeiY6HJeUspE3FFKedWFAceJy2vfHpzG9fUiFZFJ6rSUzdAA9D5jOClZYaw36+gExUKpeqNkSmZTt2paxJyUEVuwotE81RqB0Ur96f3l7r/fxzbxCRJKChIhxL2bVQrNwUC8UIp9NcL5E0xmSMh7SraYgDKt10HnQKi1oZQD8SukIF5+r3iRQHUk4CT3cGWI3kb28m/uV1E+U7bsrCOFE0JItFfsKhiuDsajhgghLFJ5pgIpjOCskIC0yU/k1OP+HrUvg/aZVM68S0Glah5oAFsuAQHIFjYIEKqIEzUAdNQAAF1+AW3BkXxo1xbzwsWjPG58w++AHj8QM32JGp</latexit> g

<latexit sha1_base64="Mvk5aWTvEJdIbIQDn2kG+V+VYHc=">AAAB6HicdVDLSgMxFM34rOOr6tJNsAiuhsy02BYsFtwIblqwD2iHkkkzbWzmQZIRytAvcONCEbf6R27E3/ALTFsFFT1w4XDOvdxzrxdzJhVCb8bC4tLyympmzVzf2Nzazu7sNmWUCEIbJOKRaHtYUs5C2lBMcdqOBcWBx2nLG51N/dY1FZJF4aUax9QN8CBkPiNYaal+0cvmkIWcglPOQ2TZ+VK+WNDEKaFivgxtC82QO32vxM+vZqXWy750+xFJAhoqwrGUHRvFyk2xUIxwOjG7iaQxJiM8oB1NQxxQ6aazoBN4qJU+9COhK1Rwpn6fSHEg5TjwdGeA1VD+9qbiX14nUX7JTVkYJ4qGZL7ITzhUEZxeDftMUKL4WBNMBNNZIRligYnSvzH1E74uhf+TpmPZx5Zdt3PVEzBHBuyDA3AEbFAEVXAOaqABCKDgBtyBe+PKuDUejMd564LxObMHfsB4+gDuXZC2</latexit>

K

<latexit sha1_base64="ZQC4wMIsGvuA/FfsLdeWKDvEjek=">AAAB6HicdVDLSgMxFM34rOOr6tJNsAiuhsy02BYsFty4cNGCfUA7lEyaaWMzD5KMUIZ+gRsXirjVP3Ij/oZfYNoqqOiBC4dz7uWee72YM6kQejMWFpeWV1Yza+b6xubWdnZntymjRBDaIBGPRNvDknIW0oZiitN2LCgOPE5b3uhs6reuqZAsCi/VOKZugAch8xnBSkv1i142hyzkFJxyHiLLzpfyxYImTgkV82VoW2iG3Ol7JX5+NSu1Xval249IEtBQEY6l7NgoVm6KhWKE04nZTSSNMRnhAe1oGuKASjedBZ3AQ630oR8JXaGCM/X7RIoDKceBpzsDrIbytzcV//I6ifJLbsrCOFE0JPNFfsKhiuD0athnghLFx5pgIpjOCskQC0yU/o2pn/B1KfyfNB3LPrbsup2rnoA5MmAfHIAjYIMiqIJzUAMNQAAFN+AO3BtXxq3xYDzOWxeMz5k98APG0wfv4ZC3</latexit>

L
<latexit sha1_base64="21NtPofHGgsygD1wp/ckY+ZfjVk=">AAAB6HicdVDLSgMxFM34rOOr6tJNsAiuhsy02BYsFty4EVqwD2iHkkkzbWzmQZIRytAvcONCEbf6R27E3/ALTFsFFT1w4XDOvdxzrxdzJhVCb8bC4tLyympmzVzf2Nzazu7sNmWUCEIbJOKRaHtYUs5C2lBMcdqOBcWBx2nLG51N/dY1FZJF4aUax9QN8CBkPiNYaal+0cvmkIWcglPOQ2TZ+VK+WNDEKaFivgxtC82QO32vxM+vZqXWy750+xFJAhoqwrGUHRvFyk2xUIxwOjG7iaQxJiM8oB1NQxxQ6aazoBN4qJU+9COhK1Rwpn6fSHEg5TjwdGeA1VD+9qbiX14nUX7JTVkYJ4qGZL7ITzhUEZxeDftMUKL4WBNMBNNZIRligYnSvzH1E74uhf+TpmPZx5Zdt3PVEzBHBuyDA3AEbFAEVXAOaqABCKDgBtyBe+PKuDUejMd564LxObMHfsB4+gDxZZC4</latexit>

M

Figure 3 An example of a laminar family P of height 4.

4 Slot-Laminar Paging

In this section we prove upper bounds for Slot-Laminar Paging given in Table 1. Recall
that in Slot-Laminar Paging family S is assumed to be a laminar family of slot sets whose
height we denote by h. Theorem 8 bounds the optimal ratios by 3h2k (deterministic), 3h2Hk

(randomized) and 3h2 (offline polynomial-time approximation). The proof of Theorem 8
(Section 4.2) is by a reduction of Slot-Laminar Paging to Page-Laminar Paging, which we
study in Section 4.1. Theorem 10, presented in Section 4.3, tightens the deterministic upper
bound to 2hk.

4.1 Page-Laminar Paging
Recall that Page-Laminar Paging generalizes Paging by allowing each request to be a set P of
pages. The request P is satisfiable by having any page p ∈ P in the cache. We require P ∈ P ,
where P is a pre-specified laminar collection of sets of pages, whose height we denote by h.
(See the example in Figure 3.) To our knowledge, this problem has not been yet studied in
the literature. In particular, we do not know whether the optimum solution can be computed
in polynomial time. (If the number of non-leaf sets in P is constant, the problem can be
solved in polynomial time using dynamic programming and Belady-like rules for choosing
pages to fetch and evict.)

▶ Theorem 6. Page-Laminar Paging admits the following polynomial-time algorithms:
an hk-competitive deterministic online algorithm, an hHk-competitive randomized online
algorithm, and an offline h-approximation algorithm.

The proof is by reduction to standard Paging. Known polynomial-time algorithms for
standard Paging include an optimal offline algorithm [10], a deterministic k-competitive
online algorithm [43] and a randomized Hk-competitive online algorithm [1]. Theorem 7
follows directly from composing these known results with the following lemma, whose proof
is deferred to the full paper [23].

▶ Lemma 7. Every f(k)-approximation algorithm A for Paging can be converted into
an hf(k)-approximation algorithm B for Page-Laminar Paging, preserving the following
properties: being polynomial-time, online, and/or deterministic.

4.2 Upper bounds for randomized and offline Slot-Laminar Paging
▶ Theorem 8. Slot-Laminar Paging admits the following polynomial-time algorithms: a
deterministic 3h2k-competitive online algorithm, a randomized 3h2Hk-competitive online
algorithm, and an offline 3h2-approximation algorithm.



M. Chrobak et al. 23:13

Our focus here is on uniform treatment of the three variants of Slot-Laminar Paging in
the above theorem, and the ratios in this theorem have not been optimized. For example, in
Section 4.3 we give a better deterministic algorithm. For the special case when h = 2 the
problem can be reduced to All-or-One Paging, for which the ratio can be improved even
further [20].

The proof of Theorem 8 is by a reduction of Slot-Laminar Paging to Page-Laminar Paging,
in Lemma 9 (proved in Appendix A). The reduction uses a relaxation of Slot-Laminar Paging
that relaxes the constraint that each slot hold at most one page (but still enforces the cache-
capacity constraint), yielding an instance of Page-Laminar Paging. The reduction simulates
the given Page-Laminar Paging algorithm on multiple instances of Page-Laminar Paging—
one for each set S ∈ S, obtained by relaxing the subsequence that contains just those requests
contained in S — then aggregates the resulting Page-Laminar Paging solutions to obtain the
global Slot-Laminar Paging solution. Lemma 9 and Theorem 6 (for Page-Laminar Paging)
immediately imply Theorem 8.

▶ Lemma 9. Every fh(k)-approximation algorithm A for Page-Laminar Paging can be
converted into a 3hfh(k)-approximation algorithm B for Slot-Laminar Paging, preserving the
following properties: being polynomial-time, online, and/or deterministic.

4.3 Improved upper bound for deterministic Slot-Laminar Paging
For Slot-Laminar Paging, this section presents a deterministic algorithm with competitive ratio
O(hk), improving upon the bound of O(h2k) from Theorem 8. The algorithm, RefSearch,
refines ExhSearch. Like ExhSearch, it is phase-based and maintains a configuration that
can satisfy all requests in a phase; however, in order to satisfy the next request in the current
phase, the particular configuration is chosen by judiciously moving pages in certain slots that
are serving requests along a path in the laminar hierarchy.

▶ Theorem 10. For Slot-Laminar Paging, Algorithm RefSearch (Fig. 4) has competitive
ratio at most 2 ·mass(S)− k ≤ (2h− 1)k.

We begin by defining the terminology used in the algorithm and the proof, and establish
some useful properties. Recall that a configuration D satisfies a request r = ⟨p, S⟩ if there
exists a slot s in S such that s holds p in D; in this case, we also say that slot s satisfies r

in D. A configuration D is said to satisfy a set R of requests if it satisfies every request in
R. A set R of requests will be called satisfiable if there exists a configuration that satisfies
R. To determine if a set R of requests is satisfied by a configuration, it is sufficient (and
necessary) to examine the maximal subset of “deepest” requests in the laminar hierarchy.
Formally, a request ⟨p, S⟩ is an ancestor (resp., descendant) of ⟨p, S′⟩ if S ⊇ S′ (resp.,
S ⊆ S′). For any set R of requests, define rep(R) as the set of requests in R that do not
have any proper descendants in R. That is, rep(R) = {⟨p, S⟩ ∈ R : ∀S′ ⊊ S, ⟨p, S′⟩ /∈ R}.
For r = ⟨p, S⟩, define anc(r, R) = {⟨p, S′⟩ ∈ R : S ⊆ S′}. Lemma 11 (proved in the full
paper [23]) establishes some basic properties of rep(R).

▶ Lemma 11. Let R be a set of requests. Then,
(i) In any configuration, each slot can satisfy at most one request in rep(R).
(ii) A configuration satisfies R if and only if it satisfies rep(R).
(iii) R is satisfiable iff for any requestable set S, rep(R) has at most |S| requests to subsets

of S.

Algorithm RefSearch is given in Figure 4. It consists of phases. The first phase starts
in time Step 1, and each phase ends when adding the current request to the request set
from this phase makes it unsatisfiable. Within a phase, redundant requests, that is those
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input: Slot-Laminar Paging instance (k,S, σ = (σ1, . . . , σT ))
1. for t← 1, 2, . . . , T , respond to the current request σt = ⟨p, S⟩ as follows:
1.1. if t = 1 or Rt−1 ∪ {σt} is not satisfiable: let Rt−1 = ∅ and empty the cache — start new

phase
1.2. let Rt = Rt−1 ∪ {σt}
1.3. if Ct−1 satisfies σt = ⟨p, S⟩: let Ct = Ct−1 — redundant request
1.4. else: — non-redundant request
1.4.1. find sequences ⟨s1, . . . , sm⟩, ⟨S0 = S, S1, . . . , Sm−1⟩, and ⟨p0 = p, p1, . . . , pm−1⟩ s.t.

(i) Si−1 ⊊ Si and slot si ∈ Si−1 of Ct−1 satisfies ⟨pi, Si⟩ ∈ rep(Rt−1),
for 1 ≤ i < m, and

(ii) Slot sm ∈ Sm−1 of Ct−1 either
(ii.1) does not satisfy any requests in rep(R), or
(ii.2) satisfies a request ⟨p, S′⟩ ∈ rep(Rt−1) such that S′ ⊋ Sm−2

1.4.2. to obtain Ct and satisfy ⟨pi−1, Si−1⟩, place pi−1 in slot si, for 1 ≤ i ≤ m

Figure 4 Deterministic online Slot-Laminar Paging algorithm RefSearch. Note that in Step 1.4.1
we have m ≤ k + 1 − |S|, and that in (ii), if sm satisfies ⟨p, S′⟩ ∈ rep(Rt−1) then m ≥ 2 (because
Ct−1 does not satisfy σt); thus Sm−2 is well-defined.

satisfied by the current configuration, are ignored (Step 1.3). To serve a non-redundant
request σt = ⟨p, S⟩, the cache content is rearranged to free a slot in S. This rearrangement
involves shifting the content of some slots that serve requests in rep(R) along the path from
S to the root, to find a slot that is either unused or holds p (Step 1.4.2).

For technical reasons, in the analysis of Algorithm RefSearch it will be useful to
introduce a slightly refined concept of configurations. Given a request set R, an R-
configuration is a configuration D in which each request in rep(R) is served by exactly
one slot. (By Lemma 11(i), each slot can serve only one request in rep(R), but in general in
a configuration serving R there may be multiple slots that serve the same request in rep(R).)
Slots in D that do not serve requests in rep(R) are called free in D. Observe that each
configuration Ct of Algorithm RefSearch implicitly is an Rt-configuration – due to the
assignment of slots in Step 1.4.2. Also, if the slot sm chosen by the algorithm in Step 1.4.1
satisfies condition (ii.1) then sm is a free slot of D, according to our definition.

The following helper claim, which characterizes when a particular request is not satisfied
by a given configuration, follows directly from Lemma 11(iii).

▷ Claim 12. Let R be a set of requests and D be an R-configuration. Let also r = ⟨p, S⟩ be
a request such that D does not satisfy r, yet R ∪ {r} is satisfiable. Then D has a slot s in S

that is either free or satisfies a request ⟨p′, S′⟩ ∈ rep(R) where S ⊊ S′.

The following lemma establishes the validity of Steps 1.4.1 and 1.4.2 of Algorithm
RefSearch. We defer the proof of Lemma 13 and the full proof of Theorem 10 to
Appendix A.

▶ Lemma 13. Let R be a set of requests and D be an R-configuration. Let r = ⟨p0, S0⟩ be a
request such that r is not satisfied by D and R∪ {r} is satisfiable. Then there exist sequences
⟨s1, . . . , sm⟩, ⟨S0, S1, . . . , Sm−1⟩, and ⟨p0, p1, . . . , pm−1⟩ such that (i) Si−1 ⊊ Si and si ∈ Si−1
is currently satisfying request ⟨pi, Si⟩ ∈ rep(R), for 1 ≤ i < m, and (ii) sm ∈ Sm−1 is either
a free slot or is currently satisfying ⟨p0, S′⟩ ∈ rep(R) for some S′ ⊋ Sm−2. Furthermore,
transforming D by moving page pi−1 to slot si (and modifying the slot assignment in D

accordingly), for 1 ≤ i ≤ m, yields an (R ∪ {r})-configuration.
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input: Weighted All-Or-One Paging instance (k, σ), where σt = ⟨pt, st⟩ for t ∈ [T ]
1. initialize cap[t]← credit[t]← 0 for each t ∈ [T ]
2. assume that ⟨pt, st⟩ = ⟨0, t⟩ for t ∈ [k] — k specific requests to artificial weight-0 page in

each slot
3. for t← k + 1, k + 2, . . . , T :
3.1. if ⟨pt, st⟩ is a specific request with no equivalent request t′ (s.t. ⟨pt′ , st′⟩ = ⟨pt, st⟩) in

the cache:
3.1.1. evict any cached general request to page pt, and any cached request in slot st

3.1.2. put t in slot st — note cap[t] = credit[t] = 0
3.2. else if ⟨pt, st⟩ is a general request not satisfied by any cached request t′ (s.t. pt′ = pt):

3.2.1. let


ℓt(s) := max{t′ ≤ t : st′ = s} for s ∈ [k] — most recent specific request to s

A := {s ∈ [k] : cap[ℓt(s)] ≥ 1
2 wt(pt), s does not hold a specific request}

B := {s ∈ [k] : slot s holds a general request of weight at least 1
2 wt(pt)}

3.2.2. while |A| ≤ |B|:
3.2.2.1. continuously raise cap[ℓt(s)] for s ∈ [k] and credit[t′] for each cached request t′, at

unit rate,
3.2.2.2. evicting each request t′ such that credit[t′] = wt(pt′), and updating A and B

continuously
3.2.3. choose a slot s ∈ A \B; evict the request t′ currently in slot s (if any)
3.2.4. put t in slot s — note credit[t] = 0
3.3. else: classify the (already satisfied) request as redundant and ignore it

Figure 5 An O(k)-competitive online algorithm for Weighted All-Or-One Paging. For technical
convenience, we present the algorithm as caching request times rather than pages, with the
understanding that request t represents page pt.

5 Weighted All-Or-One Paging

This section initiates the study of Heterogenous k-Server in non-uniform metrics. Weighted
All-Or-One Paging is the natural weighted extension of All-or-One Paging (allowing general
and specific requests) in which the pages have weights and the cost of retrieving a page is
its weight. (This is equivalent to Heterogenous k-Server in star metrics with requestable set
family S = {[k]} ∪ {{s} : s ∈ [k]}.) This section proves the following theorem:

▶ Theorem 14. Weighted All-Or-One Paging has a deterministic O(k)-competitive online
algorithm.

The bound is optimal up to a small constant factor, as the optimal ratio for standard
Weighted Paging is k. Figure 5 shows the algorithm. It is implicitly a linear-programming
primal-dual algorithm. Note that the standard linear program for standard Weighted Paging
doesn’t have constraints that force pages into specific slots — indeed, those constraints
make even the unweighted problem an NP-hard special case of Multicommodity Flow. As a
small example that illustrates the challenge, consider a cache of size k = 2, and repeatedly
make three requests: a general request to a weight-1 page, and specific requests to different
weight-zero pages in slots 1 and 2. The weight-zero requests force the weight-1 page to be
evicted with each round, so the optimal cost is the number of rounds. But the solution of the
the classical linear-program relaxation will have value 1. Thus this linear program cannot be
used to bound the competitive ratio.
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Proof sketch of Theorem 14. Fix an optimal solution C, that is opt(σ) = cost(C). For each
t ∈ [T ], let xt ∈ {0, 1} be an indicator variable for the event that C evicts request t before
satisfying another request t′ > t with the same page/slot pair that satisfied t. Let R ⊆ [T ]
be the set of all specific requests, and for each t ∈ R, let yt be the amount C pays to retrieve
pages into slot st before the next specific request to slot st (if any). Define the pseudo-cost
of the optimal solution to be

∑T
t=1 wt(pt)xt +

∑
t∈R yt. The pseudo-cost is at most 2 opt(σ).

As the algorithm proceeds, define the residual cost to be
∑T

t=1 max(0, wt(pt)xt − credit[t]) +∑
t∈R max(0, yt − cap[t]). The residual cost is initially the pseudo-cost (at most 2 opt(σ)),

and remains non-negative throughout, so the total decrease in the residual cost is at most
2 opt(σ). In Appendix B, we show in Lemma 15 that whenever the algorithm is raising credits
and capacities at time t, there is either a cached request t′ with xt′ = 1 and credit[t′] < wt(pt′),
or there is a slot s with yt′ > cap[t′], where t′ = ℓt(s) ∈ R. It follows that the residual cost is
decreasing at least at unit rate in Step 3.2.2.1.

On the other hand, the algorithm is raising k capacities and at most k credits, so the
value of ϕ =

∑T
t=1 credit[t] +

∑
t∈R cap[t] is increasing at rate at most 2k. So, the final value

of ϕ is at most 4k opt(σ). To finish, we show by a charging argument that the algorithm’s
cost is at most 6 ϕ + 3 opt(σ) ≤ (24k + 3) opt(σ). We defer the full proof to Appendix B. ◀

6 Open Problems

The results here suggest many open problems and avenues for further research. Closing or
tightening gaps left by our upper and lower bounds would be of interest. In particular:

For Slot-Heterogenous Paging, is the upper bound in Theorem 5 tight for every S ⊆
2[k] \ {∅}, within poly(k) factors?
For Page-Laminar Paging it is easy to show a lower bound of Ω(h), even for k = 1
and for randomized algorithms. But it still may be possible to eliminate or reduce the
multiplicative dependence on h. For example, is it possible to achieve ratio O(h + k)
with a deterministic algorithm and O(h + Hk) with a randomized algorithm? Similarly,
does Slot-Laminar Paging (where h ≤ k) admit an O(k) deterministic ratio and O(log k)
randomized ratio?
For deterministic All-or-One Paging, we conjecture that the optimal ratio is 2k − 1. (For
k = 2 we can show an upper bound of 3.) In the randomized case, can ratio 2Hk − 1 be
achieved?
For Weighted All-Or-One Paging, is the optimal randomized ratio O(polylog(k))?
The status of Heterogenous k-Server in arbitrary metric spaces is widely open. Can ratio
dependent only on k be achieved? This question, while challenging, could still be easier
to resolve for Heterogenous k-Server than for Generalized k-Server.
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A Proofs for Slot-Laminar Paging

A.1 General upper bounds via reduction to page-laminar paging
Proof of Lemma 9. We first define the Page-Laminar Paging relaxation of a given Slot-
Laminar Paging instance. The idea is to relax the constraint that each slot can hold at most
one page, while keeping the capacity constraint. The relaxed problem is equivalent to a
Page-Laminar Paging instance over “virtual” pages v(p, s) corresponding to page/slot pairs
(p, s). This virtual page can be placed in any slot, although it represents p being in slot s.

Formally, this relaxation is defined as follows. Fix any k-slot Slot-Heterogenous Paging
instance σ = (σ1, . . . , σT ) with requestable slot-set family S. For any page p and S ∈ S,
define V (p, S) = {v(p, s) : s ∈ S}, where v(p, s) is a virtual page for the pair (p, s). Define
the relaxation of σ to be the k-slot Page-Subset Paging instance π = (P1, . . . , PT ) defined
by Pt = V (pt, St) (where σt = ⟨pt, St⟩, for t ∈ [T ]). The requestable set family for π is
P =

{
V (p, S) : p is any page and S ∈ S

}
. Crucially, if S is slot-laminar with height h, then

P is page-laminar with the same height h.
Instance π is a relaxation of σ in the sense that for any solution C for σ there is a solution

D for π with cost(D) ≤ cost(C). (Namely, have D keep in its cache the virtual pages v(p, s)
such that C has page p cached in slot s.) It follows that opt(π) ≤ opt(σ).
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Next we define the algorithm B. Fix an fh(k)-approximation algorithm A for Page-
Laminar Paging. Fix the input σ with σt = ⟨pt, St⟩ (for t ∈ [T ]) to Slot-Laminar Paging
algorithm B. We assume for ease of presentation that Algorithm A is an online algorithm,
and present Algorithm B as an online algorithm. If A is not online, B can easily be executed
as an offline algorithm instead.

Assume that the family S has just one root R with |R| ≤ k. (This is without loss of
generality, as multiple roots, being disjoint, naturally decouple any Slot-Laminar Paging
instance into independent problems, one for each root.)

For each S ∈ S, define S’s Slot-Laminar Paging subinstance σS to be obtained from
σ by deleting all requests that are not subsets of S. Let πS denote the (Page-Laminar
Paging) relaxation of σS . Algorithm B on input σ executes, simultaneously, A(πS) for every
requestable set S ∈ S, giving each execution A(πS) its own independent cache of size |S|
composed of copies of the slots in S.

For each such S, Algorithm B will build its own solution, denoted B(σS), for σS , also
using its own independent cache of size |S| composed of copies of the slots in S. The desired
solution to σ will then be B(σR) (note that σ = σR).

For internal bookkeeping purposes only, in presenting Algorithm B, we consider each
virtual page v(p, s) (as defined for Page-Laminar Paging) to be a copy of page p, and we
have B maintain cache configurations that place these virtual pages in specific slots, with the
understanding that the actual cache configurations are obtained by replacing each virtual
page v(p, s) (in whatever slot it’s in) by a copy of page p. This virtual copy v(p, s) is
functionally equivalently to p; for example, if placed in slot s′, it will satisfy any request
⟨p, S′⟩ with s′ ∈ S′. When we analyze the cost, we will consider two copies v(p, s) and
v(p′, s′) to be distinct unless (p′, s′) = (p, s). In particular, if B evicts v(p, s) while retrieving
v(p, s′) (with s′ ̸= s) in the same slot, this contributes 1 to the cost of B. We will upper
bound B’s cost overestimated in this way.

Correctness. the following invariant over time. For each requestable set S, for each virtual
page v(p, s) currently cached by A(πS):
1. the solution B(σS) caches v(p, s) in some slot in S, and
2. if S has a child c with s ∈ c, and B(σc) has v(p, s) in its cache c, then in B(σS) copy
v(p, s) is in the same slot as in B(σc).

The invariant suffices to guarantee correctness of the solution B(σS) for each instance σS .
Indeed, when B(σS) receives a request ⟨pt, St⟩, its relaxation A(πS) has just received the
request {v(pt, s) : s ∈ St}, so A(πS) is caching a virtual page v(pt, s) (for some s ∈ St) in
S. By Condition 1, then, B(σS) also has v(pt, s) in some slot in S. In the case S = St, this
suffices for B(σS) to satisfy the request. In the remaining case S has a child c with St ⊆ c,
and B(σC) just received the same request, so (assuming inductively that B(σc) is correct
for σc) B(σc) has v(pt, s) in some slot s′ in St, so by Condition 2 of the invariant B(σS) has
v(pt, s) in the same slot s′ in St, as required. In particular, B(σR) will be correct for σR.

To maintain the invariant B does the following for each requestable set S. Whenever
the relaxed solution A(πS) evicts a page v(p, s), the solution B(σS) also evicts v(p, s). After
this eviction both Conditions 1 and 2 will be preserved. Whenever A(πS) retrieves a page
v(p, s), the solution B(σS) also retrieves v(p, s), into any vacant slot in S (there must be one,
because A(σS) caches at most |S| pages). This retrieval can cause up to two violations of
Condition 2 of the invariant: one at B(σS), because v(p, s) is already cached by a child B(σc)
but in some slot s1 ̸= s′; the other at the parent B(σP ) of B(σS) (if any), because v(p, s) is
already cached by the parent, but in some slot s2 ≠ s′. In the case that the retrieval does
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before
slot s1 slot s′ slot s2

root R : x1 y1 z1
...

...
...

xi yi zi

parent B(σP ) : xi+1 yi+1 v(p, s)
B(σS) : xi+2 v(p, s) zi+2

child B(σc) : v(p, s) yi+3 zi+3

=⇒

after
slot s1 slot s′ slot s2

z1 x1 y1
...

...
...

zi xi yi

v(p, s) xi+1 yi+1
v(p, s) xi+2 zi+2
v(p, s) yi+3 zi+3

Figure 6 “Rotating” slots in B(σS) and ancestors to preserve the invariant. Pages in grey are
not moved.

create two violations (and s1 ̸= s2), B restores the invariant by “rotating” the contents of the
slots s1, s′, and s2 in B(σS) and in each ancestor, as shown in Figure 6. Note that yi+3 and
zi+2 cannot be v(p, s), so moving v(p, s) out of slots s′ and s2 doesn’t introduce a violation
there. Thus this rotation indeed restores the invariant, at the expense of three retrievals
at the root. (The retrievals at other nodes only modify the internal state of B.) There are
three other cases: two violations with s1 = s2, one violation at B(σS), or one violation at its
parent, but all these three cases can be handled similarly, also with at most three retrievals
(in fact at most two) at the root.

Total cost. Each retrieval by A(πS) causes at most 3 retrievals in B(σR), so cost(B(σR))

≤
∑
S∈S

3 cost(A(πS)) ≤
∑
S∈S

3 fh(|S|)opt(πS) ≤ 3fh(k)
∑
S∈S

opt(σS) ≤ 3hfh(k) opt(σR).

The second step uses that A(πS) is fh(|S|)-competitive for πS . The third step uses that πS is
a relaxation of σS so opt(πS) ≤ opt(σS), and that |S| ≤ k so fh(|S|) ≤ fh(k).1 The last step
uses that the sets within any given level i ∈ {1, 2, . . . , h} of the laminar family are disjoint,
so opt(σR) is at least the sum, over the sets S within level i, of opt(σS). This shows that
B is a 3hfh(k)-approximation algorithm. To finish, we observe that B is polynomial-time,
online, and/or deterministic if A is. ◀

A.2 Improved upper bound for deterministic case
Proof of Lemma 13. The proof is by induction on the depth of S0 in the laminar hierarchy.
For the induction base, consider S0 = [k]. Since r is not satisfied by D, R ∪ {r} is satisfiable,
and every requestable slot set is subset of [k], we obtain from Claim 12 that there is a free slot
s1 ∈ S0. The desired claim of the lemma holds with m = 1 and sequences ⟨s1⟩, ⟨S0⟩ and ⟨p0⟩
which satisfy (i). Since s1 is free, bringing page p0 to slot s1 yields a (R ∪ {r})-configuration.

We now establish the induction step. Let R, D, and r = ⟨p0, S0⟩ be as given. By Claim 12
there are two cases. In the first case, there is a free slot s1 ∈ S0 in D. Then the desired
claim holds with m = 1, and sequences ⟨s1⟩, ⟨S0⟩ and ⟨p0⟩. Furthermore, as in the base case,
since s1 is free, bringing page p0 to slot s1 yields an (R ∪ {r})-configuration.

1 We assume here that fh(k′) ≤ fh(k) for k′ ≤ k, which is without loss of generality as one can simulate
a cache of size k′ using a cache of size k by introducing artificial requests that force k − k′ slots to be
continuously occupied.
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The remainder of this proof concerns the second case, in which there is a slot s1 ∈ S0
currently satisfying a request r′ = (p1, S1) in rep(R) with S0 ⊊ S1. Let D′ denote the
configuration that is identical to D except that D has p0 in slot s1. Since D is an R-
configuration, no other slot satisfies r′ in D; the same holds in D′. Hence, D′ does not satisfy
r′. Furthermore, D′ satisfies every request in rep(R) other than r′. Let R′ = R∪{r}\anc(r′, R).
In D′, s1 satisfies r. Consider any request x in R \ anc(r′, R). By definition of rep(R), there
exists a request x′ in rep(R) that is a descendant of x. Since R′ does not include any ancestors
of r′, x′ is not r′ and hence is satisfied by some slot in D′. We thus obtain that D′ satisfies
R′ and, in fact D′ is an R′-configuration. In D′ slot s1 is assigned to r, and if there is a
request (p, S′) in rep(R) then its assigned slot is designated as free in D′. At the same time,
D′ does not satisfy r′. Further, since R′ ∪ {r′} is a subset of R ∪ {r}, which is satisfiable,
R′ ∪ {r′} is also satisfiable. Since S1 ⊋ S0, by the induction hypothesis, there are sequences
⟨s2, . . . , sm⟩, ⟨S1, S2, . . . Sm−1⟩ and ⟨p1, p2, . . . , pm−1⟩ such that (i) Si−1 ⊊ Si and si ∈ Si−1
is currently satisfying (pi, Si) ∈ rep(R′), for 2 ≤ i < m; and either (ii.1) sm is a free slot in D′

or (ii.2) is currently satisfying a request (p1, S′) ∈ rep(R′) for some S′ ⊋ S1. Note, however,
that that sm has to be a free slot in D′ since (ii.2) above cannot hold: any request (p1, S′) is
in anc(r′, R), all requests of which are excluded from R′. Furthermore, transforming D′ to
D′′ by moving page pi−1 to si for 2 ≤ i ≤ m, satisfies R′ ∪ {r′}.

We now establish the desired claim for D, R, and r. Consider sequences ⟨s1, . . . , sm⟩,
⟨S0, S1, . . . Sm−1⟩ and ⟨p0, . . . , pm−1⟩. The desired condition (i) follows from (i) of the
induction step above and the fact that in D, s1 ∈ S0 is currently satisfying a request (p1, S1)
in rep(R) with S0 ⊊ S1. For (ii), note that since sm is a free slot in D′, either sm is a free slot
in D or (p0, S′) is in rep(R) for some S′ ⊋ Sm−2, thus establishing (ii). Finally, transforming
D to D′′ by moving pi−1 to si for 1 ≤ i ≤ m, satisfies R′ ∪ {r′}. Since any request satisfying
r′ also satisfies all ancestors of r′, we have rep(R ∪ {r}) = rep(R′ ∪ {r′}), implying that D′′

also satisfies R ∪ {r}. This completes the induction step and the proof of the lemma. ◀

Proof of Theorem 10. We first argue that at any time t, configuration Ct of RefSearch
satisfies the set Rt of requests from the current phase of the algorithm. The proof is by
induction on the number of steps within a phase. When the phase is about to start at time t

then Rt−1 is set to ∅, so the claim holds. For the induction step, consider a step t within a
phase and assume that Ct−1 satisfies Rt−1. If Ct−1 satisfies new request σt, then by Step 3.3,
Ct satisfies Rt. Otherwise, Rt−1 ∪ {σt} is satisfiable but Ct−1 does not satisfy σt. Then,
by Lemma 13, Steps 1.4.1 and 1.4.2 derive a configuration Ct satisfying Rt, completing the
induction step and the argument that at any time t, Ct satisfies Rt.

We next analyze the competitive ratio. We first show that the number of page retrievals
during a phase of RefSearch is at most 2 ·mass(S). Let R denote the set of requests in the
current phase. We charge the cost in this phase to the depths of the requests in rep(R). The
cost of Step 1.4.2 is m. If sm satisfies condition (ii.1), then rep(R ∪ {σt}) = rep(R) ∪ {σt}
and the depth of S is at least m, so the charge per unit depth is at most 1. Otherwise,
condition (ii.2) holds and rep(R ∪ {σt}) = rep(R) ∪ {σt} \ {⟨p, S′⟩}. In this case we have σt

inherit the charges to ⟨p, S′⟩, and we charge the cost of m to the difference in depths of S and
S′, which is at least m− 1 (because Sm−2 ⊊ S′), so the charge per unit of depth is at most
m/(m− 1) ≤ 2. (Note that in this case m ≥ 2.) When the phase ends, a request at depth d

was charged at most d times, and these charges include at least a unit charge, so its total
charge is most 2d−1. So, the algorithm’s cost per phase is at most 2 ·mass(S)−k ≤ (2h−1)k.
The optimal cost in a phase is at least 1 as no configuration satisfies all requests in the phase
and the request that starts the next phase. The theorem follows. ◀
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B Proofs for Weighted All-Or-One Paging

Consider any execution of the algorithm on a k-slot instance σ. To ease notation and
streamline the analysis, without loss of generality we will make the following assumptions:

The first k requests are specific requests for an artificial 0-wt page in each of the k slots.
Each request is not redundant (per Step 3.3).
The last k requests are specific requests for an artificial 0-wt page in each of the k slots.

These assumptions can be made without loss of generality as the zero-weight requests do not
have any cost, the algorithm ignores redundant requests, and removing redundant requests
doesn’t increase the optimum cost. For technical convenience, we think of the algorithm and
the optimal solution as caching request times rather than pages, with the understanding that
request t represents page pt.

▶ Lemma 15. Suppose that, while responding to a general request t, the algorithm is executing
Step 3.2.2.1 (that is, the loop condition in Step 3.2.2 is satisfied). Then, in any solution C,
just after C has responded to request t, either
(i) C has evicted some request t′ currently cached by the algorithm, or
(ii) for some slot s ∈ [k], after the most recent specific request ℓt(s) to slot s solution C has
incurred cost more than cap[ℓt(s)] for retrievals into s.

Proof. If C satisfies property (i), we are done. If (i) doesn’t hold then, just after responding
to request t, in addition to the current general request pt, solution C caches every request
t′ that is cached by the algorithm. This, together with the loop condition, implies that
C has at least |B| + 1 ≥ |A| + 1 generally requested pages of weight at least 1

2 wt(pt) in
its cache. Thus one of these pages, say pt′ , is in a slot s /∈ A. The choice of pt′ and the
definition of A imply then that the cost of C for retrievals into s after time ℓt(s) is at least
wt(pt′) ≥ 1

2 wt(pt) > cap[ℓt(s)], so property (ii) holds. ◀

Proof of Theorem 14. Fix an optimal solution C, that is opt(σ) = cost(C). For each t ∈ [T ],
let xt ∈ {0, 1} be an indicator variable for the event that C evicts request t before satisfying
another request t′ > t with the same page/slot pair that satisfied t. Let R ⊆ [T ] be the set
of all specific requests, and for each t ∈ R, let yt be the amount C pays to retrieve pages
into slot st before the next specific request to slot st (if any). Define the pseudo-cost of
the optimal solution to be

∑T
t=1 wt(pt)xt +

∑
t∈R yt. The pseudo-cost is at most 2 opt(σ).

As the algorithm proceeds, define the residual cost to be
∑T

t=1 max(0, wt(pt)xt − credit[t]) +∑
t∈R max(0, yt − cap[t]). The residual cost is initially the pseudo-cost (at most 2 opt(σ)),

and remains non-negative throughout, so the total decrease in the residual cost is at most
2 opt(σ). By Lemma 15, whenever the algorithm is raising credits and capacities at time t,
there is either a cached request t′ with xt′ = 1 and credit[t′] < wt(pt′), or there is a slot s

with yt′ > cap[t′], where t′ = ℓt(s) ∈ R. It follows that the residual cost is decreasing at least
at unit rate in Step 3.2.2.1.

On the other hand, the algorithm is raising k capacities and at most k credits, so the
value of ϕ =

∑T
t=1 credit[t] +

∑
t∈R cap[t] is increasing at rate at most 2k. So, the final

value of ϕ is at most 4k opt(σ). To finish, we show that the algorithm’s cost is at most
6 ϕ + 3 opt(σ) ≤ (24k + 3) opt(σ). Count the costs that the algorithm pays as follows:
1. Requests remaining in the cache at the end (time T ). By the assumption on the last k

requests, these cost nothing to bring in. All other requests are evicted.
2. Requests evicted in Line 3.2.2.2. Each such request t′ is evicted only after credit[t′] reaches

wt(pt′). So these have total weight at most
∑T

t′=1 credit[t′].
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3. Specific requests t′ evicted from slot st in Line 3.1.1. Throughout the time interval
[t′, t− 1], the algorithm has pt′ in slot st′ = st, and σ has neither an equivalent specific
request nor a general request to pt (by our non-redundancy assumption). The optimal
solution C has pt′ in slot st′ at time t′, but not at time t, so evicts it during [t′ + 1, t]. So
the total cost of such requests is at most the total weight of specific requests evicted by
C, and thus at most opt(σ).

4. General requests evicted from slot st in Line 3.1.1. By Line 3.2.3, any general request in
slot st at time t has weight at most 2 cap[ℓt−1(st)]. So the total weight of such requests
is at most 2

∑
t′∈R cap[t′].

5. General requests to page pt evicted in Line 3.1.1. The algorithm replaces each such
general request t′ by a specific request t (which it later evicts, unless the weight is zero) to
the same page. Have general request t′ charge its cost wt(pt′) = wt(pt), and any amount
charged to t′ (in Item 6 below), to specific request t. (We analyze the charging scheme
for Items 5 and 6 below.)

6. General requests t′ evicted in Line 3.2.3. Have request t′ charge the cost of its eviction,
and any amount charged to t′ to request t. Since the slot holding pt′ is not in B,
wt(pt′) < 1

2 wt(pt).

Each general request t receives at most one charge in Item 6, from a request t′ of at most
half the weight of t; this general request t′ may also receive such charges, forming a chain
of charges, but since the weights of the requests in this chain decrease geometrically, t is
charged at most its weight. In Item 5, each specific request t is charged by at most one
general request t′ of the same weight, that may also carry the chain charge not exceeding its
weight. So this specific request is charged at most twice its weight. Overall, the charge of
each request from Items 5 and 6 is at most twice its weight.

The total weight of evictions considered in Items 1, 2, 3, and 4 is at most 2 ϕ + opt(σ).
Adding also the charges to these items by evictions considered in Items 5 and 6, we obtain
that the total cost of the algorithm is bounded by 3 (2 ϕ + opt(σ)) = 6 ϕ + 3 opt(σ). ◀
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Abstract
We study the class of rational recursive sequences (ratrec) over the rational numbers. A ratrec
sequence is defined via a system of sequences using mutually recursive equations of depth 1, where
the next values are computed as rational functions of the previous values. An alternative class is
that of simple ratrec sequences, where one uses a single recursive equation, however of depth k: the
next value is defined as a rational function of k previous values.

We conjecture that the classes ratrec and simple ratrec coincide. The main contribution of this
paper is a proof of a variant of this conjecture where the initial conditions are treated symbolically,
using a formal variable per sequence, while the sequences themselves consist of rational functions
over those variables. While the initial conjecture does not follow from this variant, we hope that the
introduced algebraic techniques may eventually be helpful in resolving the problem.

The class ratrec strictly generalises a well-known class of polynomial recursive sequences (polyrec).
These are defined like ratrec, but using polynomial functions instead of rational ones. One can
observe that if our conjecture is true and effective, then we can improve the complexities of the
zeroness and the equivalence problems for polyrec sequences. Currently, the only known upper
bound is Ackermanian, which follows from results on polynomial automata. We complement this
observation by proving a PSPACE lower bound for both problems for polyrec. Our lower bound
construction also implies that the Skolem problem is PSPACE-hard for the polyrec class.
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1 Introduction

The topic of this paper are recursively defined sequences of rational numbers NÑ Q. There
are two natural ways to define such sequences. In a simple recursion of depth k one fixes k
initial values and defines the next value as a function of the previous k values. This is how
the Fibonacci sequence is usually defined (with k “ 2): f0 “ 0, f1 “ 1, and fn`2 “ fn`1`fn.
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has its initial value and the update function can access the immediately previous value of all
k sequences, but no older value. For example, we can define an “ n2 with an extra sequence
bn “ n as follows: a0 “ b0 “ 0 and an`1 “ an ` 2bn ` 1, bn`1 “ bn ` 1. Both styles allow to
define various classes of sequences depending on what operations are allowed in the equations,
and in general mutual recursion of width k can simulate simple recursion of depth k (by
adding sufficiently many auxiliary sequences).

One of the most well-known classes of sequences is the class of linear recursive sequences,
which is obtained by allowing the update function to use addition and multiplication with
constants. These are usually defined with a simple recursion, like in the Fibonacci example,
but in fact, as a consequence of the Cayley-Hamilton theorem, one obtains the same class
when using mutual recursion [20, Lemma 1.1]. In particular, all the example sequences fn,
an and bn are linear recursive.

Another natural class of sequences are the polynomial recursive sequences (polyrec),
which are defined with mutual recursion and updates from the ring of polynomial functions
Qrx1, . . . , xks. An example sequence from this class is cn “ n!, where one can use the already
defined sequence bn and define c0 “ 1 and cn`1 “ cn ¨ pbn ` 1q. To see the polynomials
behind this definition, let x and y be variables corresponding to bn and cn, respectively.
The polynomial to define bn`1 is Pbpx, yq “ x ` 1, and the polynomial to define cn`1 is
Pcpx, yq “ ypx` 1q. The class of simple polynomial recursive sequences is obtained by using
polynomial updates and a simple recursion (instead of mutual recursion) and it is known to
be strictly included in the class of all polyrec sequences. In particular, the sequence cn is
polyrec but not simple polyrec [13, Theorem 3.1].

The definition via mutual recursion appears in the area of control theory (under the name
implicit representation of the space of states), and, in computer science, in the context of
weighted automata over Q. Such automata output a rational number for every word over a
finite alphabet Σ, and they are defined by linear updates [17]. Linear recursive sequences
are thus equivalent to weighted automata with a 1-letter alphabet Σ “ tau [3]. Similarly,
polyrec sequences are equivalent to polynomial automata [4] (also known as cost-register
automata [1]) with a 1-letter alphabet [13].

We are interested in two classical decision problems for such automata. Equivalence:
Given two automata A and B do they output the same number for every word, and zeroness:
Does the input automaton A output 0 for every word. These problems are well-known to
be efficiently equivalent to each other: Zeroness is clearly a special case of equivalence (just
take B to output zero for every word), and equivalence of A,B reduces to zeroness of the
difference automaton A´ B with the expected semantics. Therefore, we will consider only
the zeroness problem. From the seminal work of Schützenberger on minimisation of weighted
automata it follows that the zeroness problem for weighted automata is in PTIME [32] (in
fact even in NC2 [36]). For polynomial automata over a binary alphabet, zeroness is known
to be Ackermann-complete [4]. Using the connection between sequences and automata one
immediately obtains NC2 and Ackermann upper bounds for the zeroness problem of linear
recursive sequences, resp., polyrec sequences.

Let us take a closer look at the zeroness problem for recursive sequences, i.e., given a
sequence un is it the case that un “ 0 for all n P N? The zeroness problem is a fundamental
problem for number sequences. It is a basic building block in computer algebra, e.g., in proving
identities involving recursively defined sequences. It is also important from a theoretical point
of view as a yardstick of the well-behavedness of classes of number sequences, i.e., interesting
classes of sequences should at least have a decidable zeroness problem. The difficulty of solving
the zeroness problem in general depends on how the sequence is presented. If the sequence is
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defined with a simple recursion of depth k such as un`k “ fpun`k´1, . . . , unq, then zeroness
trivially reduces to checking that the first k values are 0 and that the recursive update f
is well-defined and needs to output 0 when the previous values are 0, i.e., fp0, . . . , 0q “ 0.
However, this simple reasoning is flawed in the case of mutual recursion, because the auxiliary
sequences employed in the mutual recursion need not be zero. However, for linear recursive
sequences the zeroness problem is easily solved even in the case of mutual recursion, because
the reduction to simple recursion [20, Lemma 1.1] implies that an is zero if, and only if,
its first k ` 1 values a0 “ ¨ ¨ ¨ “ ak are zero. For polyrec sequences we cannot apply this
argument since mutual recursion cannot be simulated by simple recursion in the case of
polynomial updates.

Our results. In this paper we introduce the class of rational recursive sequences (ratrec).
This class is defined with mutual recursion and updates from the field of rational functions
Qpx1, . . . , xkq. For example, the Catalan numbers Cn`1 “

2p2n`1q
n`2 Cn can be defined using

bn as an auxiliary sequence. Namely, C0 “ 1 and Cn`1 “
2p2bn`1q
bn`2 Cn, where the rational

function used to define Cn`1 is Rpx, yq “ 2p2x`1q
x`2 y. By definition, the class of polyrec

sequences is included in the class of ratrec sequences, and in fact the inclusion is strict
as witnessed by the fact that the Catalan numbers Cn are not polynomialy recursive [13,
Corollary 4.1]. Moreover, ratrec sequences also include the well-known and wide-spread
P-recursive sequences1 [22], which according to a 2005 estimate comprise at least 25% of the
OEIS archive [31].

A natural question is whether the class of ratrec sequences semantically collapses to the
class of simple rational recursive sequences obtained by adopting simple recursion. Unlike
in the case of polynomial updates, we conjecture that for rational updates we do have such
a collapse.

▶ Conjecture 1. The class of rational recursive sequences coincides with the class of simple
rational recursive sequences.

To see the power of ratrec sequences recall that cn “ n! is not a simple polyrec sequence.
However, when in the recursion we allow rational functions, then cn can be defined with a
simple recursion, namely: cn`2 “

pcn`1q
2

cn
` cn`1. Thus cn is simple ratrec.

We introduce a technique towards proving Conjecture 1, which comes from commutative
algebra. Instead of looking at the elements of a ratrec sequence as numbers in the field
of rationals Q, we symbolically view them as elements of the field of rational functions
Qpx1, . . . , xkq. More precisely, we assume that the sequences Fp1q, . . . ,Fpkq are initialised
by setting F piq0 “ xi for all i P t1, . . . , ku; then, a system of recursive equations governed by
rational functions defines further entries of the sequences. Thus, the recursive definition will
output elements in Qpx1, . . . , xkq rather than Q. Intuitively, this corresponds to treating the
initial conditions of a system of ratrec sequences symbolically, rather than instantiating them
with actual rational values.

Informally speaking, we prove Conjecture 1 for symbolic ratrec sequences, as explained
above. Here is a semi-formal statement of our main result, see Theorem 6 for a formalization.

▶ Theorem 2. The class of rational recursive sequences over Qpx1, . . . , xkq, with the system
initialised by F piq0 “ xi, coincides with the class of simple rational recursive sequences.

1 Sometimes P-recursive sequences are also called holonomic sequences, due to a connection with holonomic
generating functions.
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The proof proceeds as follows. From the functions defining the ratrec system we build a
sequence of field extensions

Q Ď F0 Ď F1 Ď F2 Ď . . . Ď Qpx1, . . . , xkq

and translate the problem of belonging to the class of simple ratrec sequences to the question
of whether this sequence of field extensions eventually stabilises. In order to estimate at
which level the stabilisation occurs we use certain results on basic algorithms for rational
function fields [25]. We believe that this technique could be extended to prove Conjecture 1,
but we also show an example why our current results are not strong enough.

Note that if Conjecture 1 is moreover efficient, it gives a simple algorithm to check
zeroness for polyrec. Indeed, since polyrec is a particular case of ratrec, then once a sequence
is expressed as a simple ratrec it suffices to check whether the first elements of the sequence
are 0. This would improve the Ackermann upper bound inherited from polynomial automata
from [4]. This suggests that for polyrec sequences the natural object of study are rational
function fields, which are of more algebraic nature and could provide better complexity
bounds than the order-theoretic techniques based on sequences of polynomial ideals and
Hilbert’s finite basis theorem [4].

Our final result is a complexity lower bound for the zeroness problem of polyrec sequences.

▶ Theorem 3. The zeroness problem for polynomial recursive sequences is PSPACE-hard.

As far as we know, prior to this work nothing was known about the complexity of zeroness
for polyrec sequences, except for the Ackermann upper bound following from polynomial
automata [4]. The lower bound is proved by reducing from the QBF validity problem.

Given Conjecture 1 it seems natural to investigate the zeroness problem for ratrec
sequences (not just for polyrec sequences). The issue is that it is not clear what would be
the input for such a decision problem. Recall that to define ratrec sequences we allow for
rational functions in the recursion, which means that we have to deal with division in order
to compute the elements of the sequences. Then either one would require that the input
sequence comes with a promise that all elements are well-defined and no division by 0 occurs;
or one would need to verify whether division by 0 occurs in the input sequence. We find the
former solution unnatural, and the latter is at least as hard as the so-called Skolem problem
(cf. below), which is not known to be decidable even for linear recursive sequences.

Related work. The zeroness problem has been extensively studied. In the field of automata
theory, we can mention applications to the equivalence problem of several classes of automata
and grammars, starting from weighted finite automata [32] and polynomial automata [4]
already mentioned above, and including context-free grammars [14], multiplicity equivalence
of finite automata [36] and multitape finite automata [21, 37], unambiguous context-free
grammars [30, Theorem 5.5] (cf. [19, 15] for a PSPACE upper bound), polynomial grammars
(which generalise polynomial automata) [8, Chapter 11], deterministic top-down tree-to-
string transducers [33], MSO transductions on unordered forests [6, 7], MSO transductions
of bounded treewidth under a certain equivalence relation [9], Parikh automata [10], and
unambiguous register automata [2]. By replacing (pointwise) multiplication with convolution
in the definition of polyrec sequences we obtain the so-called convolution recursive sequences,
for which the zeroness problem can be solved in PSPACE [15, Theorem 4].

The zeroness problem of D-finite [38] and, more generally, D-algebraic power series [16, 35]
is known to be decidable, but its computational complexity has not been investigated. We
remark that the class of numerical sequences with D-algebraic power series is incomparable



L. Clemente, M. Donten-Bury, F. Mazowiecki, and M. Pilipczuk 24:5

with ratrec. For instance, the sequence 22n is ratrec (in fact, already polyrec) but it cannot
be D-algebraic since any D-algebraic sequence has growth rate n!Op1q [24, Ch. 8, Theorem 16].
On the other hand, the exponential generating function of the sequence nn´1 counting
labelled rooted trees with n nodes is known to be D-algebraic [11]. In other words, the
ordinary generating function of nn´1{n! is D-algebraic. If the latter sequence were ratrec, so
it would be nn since n! and n are ratrec and ratrec sequences are closed under Hadamard
(i.e., pointwise) product. However nn it is not ratrec [13, Theorem 5.3].

A natural problem related to the zeroness problem is the so-called Skolem problem, which
asks whether a given sequence an has a zero, i.e., whether for some n we have an “ 0. As a
corollary of the constructions used to prove Theorem 3, it follows that the Skolem problem
for polyrec sequences is PSPACE-hard. Only NP-hardness was formerly known, and already
for linear recursive sequences [5, Corollary 2.1]. Decidability of the Skolem problem for
linear recursive sequences is a long-standing open problem (cf. the survey paper [27]). It is
interesting to notice that those lower bounds are obtained already on the fixed field with
two elements t0, 1u, and are thus of a combinatorial rather than numerical nature. The
Skolem problem for weighted automata over Q (that generalise linear recursive sequences) is
undecidable [29].

2 Preliminaries

By N we denote the set of nonnegative integers. We denote an arbitrary field by F, and we
use 0 and 1 to denote the zero, resp., one elements thereof. Example fields of interest in
this paper are: rationals Q; and the two-element field F2. A sequence over a domain D is a
function u : N Ñ D. The sequences considered in this work are over domains that have a
field structure, like rationals Q. We use bold-face letters as a short-hand for sequences, e.g.,
u “ xunynPN.

In this paper we work with multivariate polynomials and rational functions. The (com-
bined) degree of a monomial xd1

1 ¨ ¨ ¨xdk

k is d1 ` ¨ ¨ ¨ ` dk and the degree of a polynomial
P P Qpx1, . . . , xkq, written degP , is the maximum degree of monomials appearing in it. A
rational function is a formal fraction of two polynomials, where the denominator is required to
be non-zero. The degree of a rational function is the maximum of the degrees of the numerator
and the denominator. Recall that for any field F and a set of variables x1, . . . , xn, polynomials
over x1, . . . , xn form the ring Frx1, . . . , xns, while rational functions over x1, . . . , xn form the
field Fpx1, . . . , xnq. We also write Frxs and Fpxq, where x “ px1, . . . , xnq.

The computational aspects of multivariate polynomials, in particular their representation
on input to algorithms, are explained in Appendix A, as they will be of no concern in
Sections 3 and 4.

3 Rational recursive sequences

We start with the central definitions, which were already discussed in Section 1.

▶ Definition 4. A sequence up1q over a field F is rationally recursive (or ratrec for short) of
dimension k and degree D if there exist auxiliary sequences up2q, . . . ,upkq over F and rational
functions P1, . . . , Pk P Fpx1, . . . , xkq of degree at most D such that for all n P N, we have

$

’

’

&

’

’

%

u
p1q
n`1 “ P1pu

p1q
n , . . . , u

pkq
n q,

...
u
pkq
n`1 “ Pkpu

p1q
n , . . . , u

pkq
n q.

(1)
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24:6 On Rational Recursive Sequences

A sequence u over a field F is polynomially recursive (or polyrec for short) if it satisfies the
same definition above, where P1, . . . , Pk are taken as polynomials in Frx1, . . . , xks. We refer
to pup1q, . . . ,upkqq as the system defining up1q.

In what follows we assume that whenever u is a ratrec sequence, say defined by a system
pu “ up1q, . . . ,upkqq, for all n P N all the right hand sides of equations (1) are well-defined,
that is, denominators on the right hand side never evaluate to zero.2

For instance, the sequence of Catalan numbers Cn “ 1
n`1 ¨

`2n
n

˘

is ratrec. This can be
seen in several ways. For example, they satisfy the recurrence Cn`1 “

2p2n`1q
n`2 ¨ Cn, giving

rise to the following ratrec system:
#

un`1 “
2p2vn`1q
vn`2 ¨ un,

vn`1 “ vn ` 1.

More generally, any P-recursive sequence an is ratrec. A sequence an is P-recursive [34,
Sec. 6.4] if it satisfies a single recursion of the form

P0pnq ¨ an ` P1pnq ¨ an`1 ` ¨ ¨ ¨ ` Pdpnq ¨ an`d “ 0, (2)

for every n large enough, where P0, . . . , Pd P Qrns are polynomials of the index variable n
with Pd ‰ 0. This is essentially transformed into the ratrec system

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

u
pdq
n`1 “ ´

P0pvnq

Pdpvnq
¨ u
p0q
n ´ ¨ ¨ ¨ ´

Pd´1pvnq

Pdpvnq
¨ u
pd´1q
n ,

u
pd´1q
n`1 , “ u

pdq
n ,

...
u
p0q
n`1 “ u

p1q
n ,

vn`1 “ vn ` 1,

(3)

However, (3) works only assuming that Pdpnq ‰ 0. Since Pd is a fixed polynomial, there exists
nd such that @něnd

Pdpnq ‰ 0. Thus in the final version of (3) we add nd more sequences in
the system to include the first nd elements of the P-recursive sequence an.

Assuming v0 “ 0 and u
p0q
0 “ a0, . . . , u

pdq
0 “ ad, it is immediate to verify vn “ n and

u
p0q
n “ an, . . . , u

pdq
n “ an`d for every n P N.

The family of ratrec sequences strictly includes both P-recursive sequences and polyrec
sequences. As an example consider the sequence un “ 22n

` Cn. On the one hand, this
sequence is certainly ratrec because it is the sum of a polyrec and a P-recursive sequence
(which are ratrec) and ratrec sequences are closed under sum. On the other hand, un is
not P-recursive since it grows asymptotically faster than any P-recursive sequence (every
P-recursive sequence is in Oppn!qγq for some constant γ P R [23, Proposition 3.11]). Further,
recall that 22n is polyrec, and Cn is not polyrec [13, Corollary 4.1]. Since polyrec sequences
are closed under sum and subtraction, we conclude that un is not polyrec.

In [13, Theorem 7.1], the following property of ratrec sequences is proved: if u is ratrec,
then there exists m P N and a cancelling polynomial P P Qry0, . . . , yms, that is, a non-zero
polynomial such that

P pun, un`1, . . . , un`mq “ 0 for all n P N.

2 As mentioned in the introduction, checking whether a ratrec sequence is well-defined is at least Skolem
hard, which means it is not known to be decidable. Thus for decision problems one should restrict to
classes like polyrec, where sequences are always well-defined.
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▶ Theorem 5 (Theorem 7.1 in [13]). Every ratrec sequence admits a cancelling polynomial.

In [13, Theorem 5.3] it is shown that the sequence un “ nn has no cancelling polynomial,
and hence is not polyrec and not ratrec.

4 Extension degrees

In this section we consider ratrec sequences as in Definition 4 over the field Qpxq. Let
pFp1q, . . . ,Fpkqq be a system defining Fp1q. In this section we will consider sequences with the
following fixed initial conditions: F piq0 “ xi. Note that this technical assumption is important,
in particular we cannot initialise F piq0 with elements in Q. (If we could, this class would
generalise ratrec over the field Q.)

Theorem 6 below formalises Theorem 2 and is the main result of this paper. In essence,
we show that a ratrec definition over Qpxq can be translated to a simple ratrec over Qpxq
with a polynomial recursion depth. We hope that this insight might lead towards a resolution
of Conjecture 1.

▶ Theorem 6. Let Fp1q be a ratrec sequence over the field Qpxq, defined by a system
pFp1q, . . . ,Fpkqq, with the initial conditions: F piq0 “ xi for i “ 1, . . . , k. Then there exists a
rational function R P Qpy0, . . . , ymq such that

F
p1q
n`m`1 “ RpF p1qn , F

p1q
n`1, . . . , F

p1q
n`mq, for all n P N.

Moreover, if F p1qn is of dimension k and degree D, then m can be bounded from above by
k ` k3 logpkDq.

Before we proceed to the proof, let us note that if we write Rpy0, . . . , ymq “
Apy0,...,ymq

Bpy0,...,ymq
,

where A,B P Qry0, . . . , yms, then Theorem 6 shows that the following polynomial is cancelling
for up1q:

P py0, . . . , ym, ym`1q “ ym`1 ¨Bpy0, . . . , ymq ´Apy0, . . . , ymq.

Thus, Theorem 6 shows (and in fact, is equivalent to) that every ratrec sequence over Qpxq
admits a cancelling polynomial that is linear in the last variable (here ym`1), improving
upon Theorem 5.

The remainder of this section is devoted to the proof of Theorem 6 and to a discussion
related to it. In particular, the first part of the theorem (existence) will be proved in
Section 4.1 and the concrete bound on the depth m will be proved in Section 4.2.

Let us make a few observations about the sequences F p1qn , . . . , F
pkq
n . First, a straightforward

estimation shows that the degrees of functions F p1qn , . . . , F
pkq
n grow at most single-exponentially

in n.

▶ Lemma 7. For n P N, let dn be the maximum degree of F p1qn , . . . , F
pkq
n . Then dn ď pk ¨Dqn.

Proof. We proceed by induction on n. Initially we have d0 “ 1 by definition. By Definition 4
F
piq
n`1 is obtained by substituting rational functions F p1qn , . . . , F

pkq
n of degree at most dn into

a rational function Pi of degree at most D. Let Pi “ A
B be the ratio of two polynomials

A,B P Qrxs of degree at most D. Let C P Qrxs be the least common multiple of all
denominators of F p1qn , . . . , F

pkq
n , and thus of degree at most k ¨ dn. We can then write

F
p1q
n “ Gp1q

C , . . . , F
pkq
n “ Gpkq

C , where the numerators Gp1q, . . . , Gpkq P Qrxs are polynomials
of degree also at most k ¨ dn. It follows that both ApF

p1q
n , . . . , F

pkq
n q and BpF

p1q
n , . . . , F

pkq
n q
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can be written as rational functions of the form Â
CD , resp., B̂

CD , where the numerators are
polynomials Â, B̂ P Qrxs of degree at most D ¨ k ¨ dn and the same holds for the common
denominator CD P Qrxs. It follows that F piqn`1 is a rational function of degree dn`1 ď k ¨D ¨dn,
as required. ◀

The next lemma is a key property implied by the recurrence: if several consecutive
elements of the sequence F piqn satisfy some algebraic constraint, then this constraint is also
satisfied at every step later in the sequence.

▶ Lemma 8 (Substitution lemma). Suppose Zpy0, . . . , ymq P Qry0, . . . , yms is a polynomial
such that ZpF piq0 pxq, . . . , F piqm pxqq “ 0. Then ZpF

piq
n pxq, . . . , F piqn`mpxqq “ 0 for all n P N.

Proof. By assumption we have

ZpF
piq
0 pxq, . . . , F piqm pxqq “ 0. (4)

Consider the ring homomorphism h : Qrxs Ñ Qpxq that maps the variables x1, . . . , xk

to rational functions F p1q1 , . . . , F
pkq
1 , respectively. For a rational function P {Q such that

hpQq ‰ 0, by hpP {Qq we understand the rational function hpP q{hpQq. (Note that such an
extension of h to Qpxq does not have to be a field homomorphism.) From the definition of
the sequence F piqn it readily follows by induction that

hpF piqn q “ F
piq
n`1, for all n P N.

Thus, by applying h to both sides of (4), we infer that

ZpF
piq
1 pxq, . . . , F piqm`1pxqq “ 0.

We conclude by repeating this reasoning n times. ◀

In the following we introduce some basic terminology about (commutative) fields (cf. [26,
Sec. II.1], [12, Sec. V.3], or [18, Sec. 13.1 and 13.2] for more details). Let E,F be two fields.
When E Ď F we say that F is a field extension of E, which is called the base field. Given a
field extension F over E and elements f1, . . . , fn P F, let Epf1, . . . , fnq be the smallest field
extension over E containing f1, . . . , fn. If F “ Epf1, . . . , fnq, then we say that F is finitely
generated over E (with generators f1, . . . , fn).

The degree of F over E, written degE F, is the dimension of F as a vector space over the
base field E. For instance, Qp

?
2q has degree 2 over Q (its elements can be put in the form

a` b ¨
?

2) and Qp 3
?

2q has degree 3 (its elements can be put in the form a` b ¨ 3
?

2` c ¨ p 3
?

2q2).
Field extensions need not have finite degree. For instance, Qpπq and Qpxq are two field
extensions of Q of infinite degree. The degree is multiplicative:

▶ Lemma 9 (cf. [18, Theorem 14]). Consider field extensions E Ď F Ď G. Then, degE G “
degE F ¨ degF G (even for infinite degrees).

An element f P F is algebraic over the base field E if there is a nonzero polynomial
P pxq P Erxs s.t. P pfq “ 0. The field extension F is algebraic over the base field E if every
element in F is algebraic over E.

Let F be a field extension of E. A subset tf1, . . . , fnu Ď F of elements of F is algebraically
independent over E if there is no nonzero polynomial P px1, . . . , xnq P Erx1, . . . , xns such
that P pf1, . . . , fnq “ 0. The transcendence degree of F over E, denoted tr degE F, is the
largest cardinality of a subset of elements of F which are algebraically independent over E.
Note that F is algebraic over E if and only if tr degE F “ 0. Like the algebraic degree is
multiplicative, the transcendence degree is additive:
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▶ Lemma 10 (cf. [12, Corollary to Theorem 4, A.5.111]). Consider field extensions E Ď F Ď G.
Then, tr degE G “ tr degE F` tr degF G.

In the following we will always take as the base field E “ Q, in which case we will
write just tr degF instead of tr degQ F. For example, tr degQp

?
2q “ 0 because

?
2 is an

algebraic number over Q, tr degQp
?

2, πq “ 1 because π is a transcendental number, and
tr degQpx1, . . . , xnq “ n.

The motivation to look at field extensions is that a ratrec system naturally defines the
following sequence of field extensions

Q Ď F0 Ď F1 Ď . . . Ď Qpxq, (5)

where F0 “ Qpx1q and Fn`1 “ FnpF p1qn`1pxqq for n P N.

4.1 Ascending sequences of field extensions
In this section we prove the following Noether-like result.

▶ Theorem 11. Consider any ascending sequence of field extensions of the form

Q Ď F0 Ď F1 Ď . . . Ď Qpx1, . . . , xkq.

Then the sequence eventually stabilises: there exists n0 such that Fn0 “ Fn0`1 “ Fn0`2 “ . . ..

The crucial reason for the result above is that the number k of variables is fixed. In the
proof of Theorem 11 we use the following result on finitely generated extensions.

▶ Lemma 12 (cf. [12, A.5.118, Cor. 3]). If G is a finitely generated extension over E, then
every subextension E Ď F Ď G of G over E is also finitely generated.

Proof of Theorem 11. We lead the proof along the lines that will be used also in the proof
of Lemma 16 to give bounds for the stabilisation point. First of all, observe that

tr degFn ď tr degQpx1, . . . , xkq “ k, for all n.

Hence, there is n1 such that tr degFn1 “ tr degFn1`1 “ ¨ ¨ ¨ . Let F8 :“
Ť8

n“0 Fn and
consider the ascending sequence

Fn1 Ď Fn1`1 Ď ¨ ¨ ¨ Ď F8. (6)

We have tr degFn1 “ tr degFn1`i for all i ą 0, and, by Lemma 10, tr degFn1
Fn1`i “ 0, i.e.,

Fn1`i is algebraic over Fn1 . Moreover, F8 is also algebraic over Fn1 because any element
of F8 belongs to some Fn1`i. Since Qpx1, . . . , xkq Ě Fn1 is a finitely generated extension of
Fn1 and Fn1 Ď F8 Ď Qpx1, . . . , xkq is a subextension, by Lemma 12 we have that F8 is also
a finitely generated extension of Fn1 . In other words, there are generators f1, . . . , fm P F8
such that

F8 “ Fn1pf1, . . . , fmq.

Since the generators f1, . . . , fm are algebraic over Fn1 , F8 is an algebraic extension of finite
degree over Fn1 by Lemma 9. (Concretely, an upper bound for the degree is the product
of the degrees of minimal polynomials of the generators f1, . . . , fm.) It follows that the
sequence in (6) is an ascending sequence of vector subspaces of F8, where we treat F8 as a
vector space over Fn1 . Since the dimension of F8 as a vector space over Fn1 is finite, this
sequence must eventually stabilise at Fn0 for some n0 ě n1. ◀
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We now prove the existence part of Theorem 6 using Theorem 11.

Proof (of the first part of Theorem 6). By Theorem 11, the sequence in (5) stabilises at
some Fm, that is,

Fm “ Fm`1 “ FmpF p1qm`1pxqq.

Therefore, we have F p1qm`1pxq P Fm. Noting that Fm “ QpF p1q0 pxq, . . . , F p1qm pxqq, we see that
F
p1q
m`1pxq can be expressed as a rational function of the generators: there exists a rational

function R P Qpy0, . . . , ymq such that

F
p1q
m`1pxq “ RpF

p1q
0 pxq, . . . , F p1qm pxqq.

We may now apply Lemma 8 to the numerator of the rational function Rpy0, . . . , ymq´ ym`1,
thus obtaining that

F
p1q
n`m`1pxq “ RpF p1qn pxq, . . . , F p1qn`mpxqq, for every n P N. ◀

4.2 Upper bound
We now move to the second, quantitative part of the proof of Theorem 6: we need to
prove that m is bounded from above by k ` k3 logpkDq. For this, we inspect the proof of
Theorem 11 in the special case of the chain of extensions (5) given by a ratrec system. The
first observation is that the sequence of transcendence degrees stabilises very quickly.

▶ Lemma 13. The transcendence degrees tr degFn of the sequence (5) stabilise after at most
k steps.

Proof. As argued, tr degFn ď tr degQpx1, . . . , xkq “ k for all n. The next extension Fn`1

is obtained by adding a new rational function F
p1q
n`1px1, . . . , xkq to the previous extension

Fn. This immediately shows that tr degFn ď tr degFn`1 ď tr degFn ` 1. We argue that if
tr degFd`1 “ tr degFd for some d, then the transcendence degree cannot change anymore:
tr degFd “ tr degFd`1 “ tr degFd`2 “ ¨ ¨ ¨ . Note that this will conclude the proof, because
then the transcendence degree can increase at most k times before eventually stabilising.

Since tr degFd`1 “ tr degFd, it follows that F p1qd`1pxq is algebraic over Fd, which means
that it satisfies P pF p1qd`1pxqq “ 0 for some nonzero polynomial P pxq P Fdrxs. By clearing out
denominators, there is a nonzero polynomial Zpy0, . . . , yd`1q P Qry0, . . . , yd`1s such that

ZpF
p1q
0 pxq, . . . , F p1qd`1pxqq “ 0. (7)

By Lemma 8 we have

ZpF p1qn pxq, . . . , F p1qn`d`1pxqq “ 0 for every n P N.

This means that F p1qn`d`1pxq is algebraic over Fn`d, implying

tr degFn`d`1 “ tr degFn`dpF p1qn`d`1pxqq “ tr degFn`d.

This concludes the proof. ◀

Note that even when the transcendence degrees of the fields in (5) stabilise, it may still
take several further steps until the fields themselves eventually stabilise. We will later give
an example that this may indeed happen.

We are left with estimating the degrees of field extensions after the transcendence degree
in the chain (5) stabilises. For this, we use the following two results.
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▶ Lemma 14 (cf. [25, Lemma 3.4]). Let f P Qpx1, . . . , xkq be algebraic over

Fn “ QpF0px1, . . . , xkq, . . . , Fnpx1, . . . , xkqq.

Then there is a polynomial Zpxq P Fnrxs of degree at most degF0 ¨ ¨ ¨ degFn s.t. Zpfq “ 0.

▶ Lemma 15 (cf. [26, Exercise III.A.2]). Let Q Ď F Ď Qpx1, . . . , xkq be a subextension of
Qpx1, . . . , xkq over Q of transcendence degree r :“ tr degQ F. Then there are (algebraically
independent) rational functions f1, . . . , fr P Qpx1, . . . , xkq such that F Ď Qpf1, . . . , frq.

▶ Lemma 16. The sequence (5) eventually stabilises after at most k ` k3 logpkDq steps.

Proof. By Lemma 13, there exists j1 ď k such that

r :“ tr degFj1 “ tr degFj for all j ě j1.

In particular, all field extensions Fj for j ě j1 are algebraic over Fj1 . As in the proof

of Theorem 11, consider the field extension F8 “
8
Ť

j“0
Fj over Fj1 , which is algebraic.

In particular, tr degF8 “ r. By Lemma 15, there are rational functions f1, . . . , fr P

Qpx1, . . . , xkq s.t. F8 Ď Qpf1, . . . , frq. Since Qpf1, . . . , frq has the same transcendence
degree as Fj1 , i.e. tr degQpf1, . . . , frq “ r, it follows that the fi’s are algebraic over Fj1 . By
Lemma 14, the degree of each Fj1rfis is at most degFj1rfis ď degF0 ¨ ¨ ¨ degFj1 over Fj1 . It
follows that Qpf1, . . . , frq is an algebraic extension of degree at most d “ pdegF0 ¨ ¨ ¨ degFj1q

r

over Fj1 . Thus the chain

Fj1 Ď Fj1`1 Ď Fj1`2 Ď ¨ ¨ ¨

is such that the degree of any Fj1`t over Fj1 is at most d. Recall that all extensions in this
chain are algebraic. We show that it stabilises after at most log d steps. Assume that for
some t ě 0 we have Fj1`t “ Fj1`t`1, that is F p1qj1`t`1pxq P Fj1`t. Thus, there is a rational
function R P Fj1py1, . . . , ytq such that F p1qj1`t`1pxq “ RpF

p1q
j1`1pxq, . . . , F

p1q
j1`t

pxqq. Then by
applying Lemma 8 to the numerator of Rpy1, . . . , ytq ´ yt`1, we may express F p1qj1`n`t`1pxq
as a rational function of F p1qj1`n`1pxq, . . . , F

p1q
j1`n`t

pxq, i.e., elements of Fj1`n`t. Hence an
equality in the field chain implies stabilisation at this point.

Since the degree grows at each step before stabilisation and the degree is multiplicative,
the chain stabilises after at most log d steps. Indeed, in every step before stabilisation
the degree is multiplied by at least two. Thus the chain stabilises at Fj0 for some j0 ď

j1` logppdegF0 ¨ ¨ ¨ degFj1q
rq. By Lemma 7 and since j1 ď k and r ď k, we have, as required,

j0 ď j1 ` r logpdegF0 ¨ ¨ ¨ degFj1q

ď k ` k logppkDq0 ¨ ¨ ¨ pkDqkq
ď k ` k3 logpkDq. ◀

We are ready to provide the proof of the quantitative bound promised in Theorem 6.

Proof (of the second part of Theorem 6). It suffices to observe that m in the proof of the
first part of Theorem 6 can be bounded by k ` k3 logpkDq thanks to Lemma 16. ◀

We finish this section by giving an example that shows that in the proof of Lemma 16, it
may happen that j1 ă j0, that is, after the stabilisation of the transcendence degree, there
can be several non-trivial algebraic extensions until the fields themselves stabilise. Consider
the polyrec system
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#

u
p1q
n`1 “ pu

p1q
n q

2 ` pu
p2q
n q

2,

u
p2q
n`1 “ u

p1q
n ` u

p2q
n .

We have F p1q0 “ x1, F
p2q
0 “ x2, then F p1q1 “ x2

1 ` x
2
2, F

p2q
1 “ x1 ` x2 and F p1q2 “ px2

1 ` x
2
2q

2 `

px1 ` x2q
2. The chain (5) starts with

Q Ď F0 “ Qpx1q Ď F1 “ F0px
2
1 ` x

2
2q “ Qpx1, x

2
2q Ď F2.

Note that tr degF0 “ 1 and tr degF1 “ 2, which is the maximum value. However, the next
extension F1 Ď F2 “ F1pF

p1q
2 q “ F1px1x2q is non-trivial, because x1x2 does not belong to

Qpx1, x
2
2q. In fact, it is algebraic of degree 2.

4.3 Obstacles towards the zeroness problem for polyrec sequences
Theorem 6 suggests the following algorithm for deciding zeroness of a polyrec sequence u.
Suppose the dimension of u is k and the degree is D. We compute the first p ` 2 entries
of u, where p “ k ` k3rlogpkDqs, and we verify whether all of them are zero. Obviously, if
one of them is non-zero, then u is non-zero. Otherwise, by Theorem 6, we expect that there
is a rational function Rpy0, . . . , ymq for some m ď p such that

un`m`1 “ Rpun, un`1, . . . , un`mq for all n P N. (8)

In particular,

0 “ um`1 “ Rpu0, . . . , umq “ Rp0, . . . , 0q.

Consequently,

um`2 “ Rpu1, . . . , um`1q “ Rp0, . . . , 0q “ 0,

and a straightforward induction shows that un “ 0 for all n P N. So we can declare that u is
the zero sequence.

The reasoning above is incorrect for the following reason. By Theorem 6, there is a rational
function R P Qpy0, . . . , ymq such that (8) holds when both sides are treated symbolically,
as rational functions over a set of k variables x that denote the vector of initial entries of
the polyrec system defining u. However, R is a rational function, hence when the variables
are substituted with actual entries of the sequence u, we may get an accidental 0 in the
denominator of the right hand side. In other words, assertion (8) may be incorrect due to
the right hand side being ill-defined, which renders the remainder of the reasoning flawed.
To exemplify the problem we now present a case where this situation actually occurs.

Fix some d P N, and let

P pxq “ xpx´ 1q . . . px´ d` 1q.

Define the sequence u by setting

un “ P pnq for all n P N.

It is straightforward to see that u is polyrec of dimension 2 and degree d: one can simply
use one auxiliary sequence v with vn “ n.
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Observe that if instead of setting v0 “ 0, we set v0 “ x for a formal variable x, the same
polyrec system defines a sequence of polynomials pu over x defined as

pun “ P px` nq for all n P N.

(Here, we also set initial condition pu0 “ P pxq.) Now, we may apply the reasoning behind
Theorem 6 to find the rational function Rpy0, y1q P Qpy0, y1q, defined as

Rpy0, y1q “ y1 ¨
pd` 1q ¨ y1 ´ y0

y1 ` pd´ 1q ¨ y0
,

such that

pun`2 “ Rppun, pun`1q for all n P N.

This, however, should be regarded as an equality of two rational functions over the variable x,
which means that we cannot infer that

un`2 “ Rpun, un`1q for all n P N,

because the right hand side can be undefined for specific values; and indeed, Rp0, 0q is
undefined. The flawed reasoning from the beginning of this section would suggest that in
order to verify the zeroness of u, it suffices to check that the first three entries of u are
zero. However, we have u0 “ u1 “ ¨ ¨ ¨ “ ud´1 “ 0 and ud “ d! ‰ 0, so the algorithm would
provide an incorrect answer.

Notice that if we had a promise that we never encounter a division by zero when recursively
applying (8) from the given initial conditions, then the naïve zeroness algorithm presented at
the beginning of the section would be sound. (The naïve algorithm is complete even without
the promise.) However, deciding whether no division by zero occurs is essentially the Skolem
problem for polyrec sequences, which, as mentioned in the introduction, is a long-standing
open problem.

We are hopeful that the problem with accidentally hitting a singularity of R when starting
from a polyrec sequence, as present in the example above, can somehow be circumvented,
hence we state the following conjecture.

▶ Conjecture 17. There is an elementary function g : NÑ N such that the following holds.
Suppose u is a polyrec sequence of dimension at most N and degree at most N such that
un “ 0 for all n ď gpNq. Then un “ 0 for all n P N.

Note that a positive resolution to Conjecture 17 would immediately imply that the
complexity of the zeroness problem for polyrec sequences is elementary.

5 Zeroness for polyrec is PSPACE-hard

In this section we discuss the following lower bound. The technical part of this section can
be found in the appendix.

▶ Theorem 18. For every fixed field F, the zeroness problem for polyrec sequences over F is
PSPACE-hard.

The lower bound claimed in the introduction follows from the theorem above by taking
F “ Q. Note also that together with Theorem 19 below, we can conclude that the problem
is actually PSPACE-complete for every fixed finite field F.

STACS 2023



24:14 On Rational Recursive Sequences

▶ Theorem 19. For every fixed finite field F, the zeroness problem for polyrec sequences over
F is in PSPACE.

Proof. Let m be the cardinality of F; note that m is a fixed constant. A standard periodicity
argument, e.g. as in the proof of [13, Theorem 4.1], shows that if u is a polyrec sequence of
dimension k, then it is zero if, and only if, it is zero for the first mk steps. We can check the
latter condition by storing in memory a k-tuple of values and computing the first mk values
of the sequence, which takes an amount of space which is polynomial in k. ◀

6 Conclusion

We believe that ratrec is a natural class of sequences with various promising questions
deserving further investigation. Questions about decision problems are more natural for
polyrec sequences due to their connection to polynomial automata and the issues with
division by 0 in ratrec discussed in the introduction. Nevertheless, as discussed in this
paper, understanding the properties of ratrec might lead to concrete complexity results for
polyrec. The most natural problem for future work is to overcome the obstacles discussed in
Section 4.3.
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A Zeroness for polyrec is PSPACE-hard

In order to speak about computational aspects of poly-rec sequences, we need to fix how
they are encoded on input. For robustness, we choose to use arithmetic circuits. Formally,
for a fixed field F, a polynomial P P Frx1, . . . , xks is encoded by a circuit C that may use
the following gates:

binary addition and multiplication gates;
nullary input gates, bijectively labelled with variables x1, . . . , xk; and
nullary constant gates, each labelled with an element of F.

Note that subtraction can be emulated using addition and multiplication by the constant
´1. One of the gates is designated as the output gate. Given a valuation of variables with
elements of F, the values of the gates can be computed as expected, and the value yielded by
the circuit C is the one computed for the output gate.

A.1 Extended polyrec sequences
In the reductions leading to the lower bound of Theorem 18 it is convenient to construct
polyrec sequences according to a definition slightly more general than what we allowed in
Definition 4. Namely, the definition of an extended polyrec system is the same as before,
except that we generalize the format of the ith equation upiqn`1 “ Pip¨ ¨ ¨ q by allowing upiqn`1 to
additionally depend on u

p1q
n`1, . . . , u

pi´1q
n`1 . Thus, the ith equation takes the form:

u
piq
n`1 “ Pipu

p1q
n , . . . , upkqn , u

p1q
n`1, . . . , u

pi´1q
n`1 q, (9)

where now Pi is a polynomial in k ` i´ 1 variables. This more relaxed definition will help
focus on the important aspects of the reduction presented in the rest of this section. The
following lemma shows that the modification does not affect the complexity of the zeroness
problem.

▶ Lemma 20. Suppose u is a sequence defined by an extended polyrec system S of dimension
k, where each polynomial Pi is represented by circuit Ci. Then given the circuits Ci, one can
in polynomial time construct a circuit C that represents a polyrec system S1 of dimension k

that also defines u (with the same initial condition as S).
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Proof. Let the input gates of circuit Ci be labelled with x1, . . . , xk, z1, . . . , zi´1, where
variables z1, . . . , zi´1 respectively correspond to the values up1qn`1, . . . , u

pi´1q
n`1 in (9). Construct

the circuit C from the union of circuits C1, . . . , Ck by performing the following operations
for each i P t1, . . . , ku:

Fuse all input gates labelled xi in circuits C1, . . . , Ck into a single input gate labelled xi.
Fuse the output gate of Ci with all input gates labelled zi in circuits Ci`1, . . . , Ck.

The output gates of C are the output gates of C1, . . . , Ck. (Formally, we assumed that output
gates must have fan-out 0, but this can be easily obtained by making a copy of each output
gate.) It is straightforward to verify that the polyrec system S1 that C represents defines the
same k-tuple of sequences as S under the same initial condition. ◀

A.2 Reduction
We now proceed to the proof of Theorem 18. Let us fix the field F; in the reduction we will
use only two constants from F, namely 0 and 1. We reduce from the validity problem for
Quantified Boolean Formulas (QBF), which is known to be PSPACE-complete (see, e.g., [28,
Theorem 19.1]). Recall that the QBF validity problem amounts to determine whether a given
QBF of the form

ψ “ Dx1 @x2 . . . Qkxk φpx1, . . . , xkq (10)

is true, where φpx1, . . . , xkq is quantifier-free, the variables with odd indices are quantified
existentially, the remaining variables are quantified universally, and Qk is either D or @
depending on the parity of k. Hence, we are given a QBF ψ and we wish to construct, in
polynomial time, a polyrec system S and its initial condition that define a sequence u over
F such that the zeroness of u is equivalent to the invalidity of ψ. By Lemma 20, it suffices
to construct an extended polyrec system S with this property, where each polynomial Pi
involved is represented by a separate circuit. In the following, the size of an extended polyrec
system is the total size of its representation through circuits, which is constructed implicitly.

In the reduction it will be convenient to consider formulas obtained by fixing the truth
values of a subset of the bound variables of ψ. For every i P t0, . . . , ku and ci`1, . . . , ck P t0, 1u
we define the formula

ψ|ci`1,...,ck
“ Dx1@x2 ¨ ¨ ¨Qixi φpx1, . . . , xi, ci`1, . . . , ckq,

where Qi is either D or @ depending on the parity of i. In particular, for i “ k we get back ψ,
and for i “ 0 the formula ψ|c1,...,ck

reduces to the truth value of φpc1, . . . , ckq. We encode a
quantifier Boolean formula φ into a polynomial Pφ using the following simulation of Boolean
operators ␣, ^ and _ by arithmetic operations:

Px “ x,

P␣φ “ 1´ Pφ,
Pφ^ψ “ Pφ ¨ Pψ,

Pφ_ψ “ P␣p␣φ^␣ψq. (11)

For example, τpx, yq “ px^ yq _ ␣y is encoded as Pτ px, yq “ 1´ p1´ xyqy. The following
straightforward claim shows that with the standard interpretation of 1 and 0 representing
true, resp., false, such polynomials evaluate as expected. Note that this claims holds in any
fixed field.
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▷ Claim 21. Let τpx1, . . . , xkq be a Boolean formula and Pτ px1, . . . , xkq its corresponding
polynomial. For every c1, . . . , ck P t0, 1u we have Pτ pc1, . . . , ckq P t0, 1u and

pc1, . . . , ckq |ù τ ðñ Pτ pc1, . . . , ckq “ 1.

To ease the notation we will directly write formulas as polynomials; for instance, Pτ px, yq “
px^ yq _ ␣y. All sequences in this section will be over t0, 1u and the involved polynomials
will be of the form Pτ .

Sequences c1, . . . , ck. The truth valuations of variables x1, . . . , xk will be encoded by
sequences c1, . . . , ck, where for every i and n we have

cin “

#

0 if n mod 2i is less than 2i´1,

1 otherwise.
(12)

For example, the first eight values of c1, c2, c3 are
c1 = 0 1 0 1 0 1 0 1
c2 = 0 0 1 1 0 0 1 1
c3 = 0 0 0 0 1 1 1 1 .

▷ Claim 22. For every i ě 1, the sequence ci is definable by an extended polyrec system
over F of size polynomial in i.

Proof. We proceed by induction on i. For i “ 1, by definition we have c1
n “ 1´ c1

n´1, and
thus we let

c1
n “ P pc1

n´1q, with P pxq “ ␣x. (13)

Now, suppose i ą 1 and we have defined ci´1. We start by proving the following equality
for every n ą 1

cin “

#

1´ cin´1 if ci´1
n´1 “ 1 and ci´1

n “ 0;
cin´1 otherwise.

(14)

Notice that ci is periodic with period 2i, i.e., cin “ cin`2i for all n. Thus it suffices to prove
(14) for n P t1, . . . , 2iu. By definition, ci´1

n´1 “ 1 and ci´1
n “ 0 hold precisely for two values

of n P t1, . . . , 2iu, namely for n “ 2i´1 and n “ 2i. Thus (14) is proved since cin “ 0 for
0 ď n ă 2i´1; cin “ 1 for 2i´1 ď n ă 2i; and ci2i “ 0.

Using (14) one can determine cin given cin´1, ci´1
n´1, and ci´1

n :

cin “ Qpcin´1, c
i´1
n´1, c

i´1
n q, (15)

where Qpx, y, zq “ p␣x^ py ^␣zqq _ px^ p␣y _ zqq. This follows from (14) and from the
fact that y ^␣z and ␣y _ z are mutually exclusive formulas encoding the “if” condition in
(14). It is clear that the constructed extended polyrec system is of size polynomial in i. ◁

Sequences d0, . . . , dk. We define sequences d0, . . . ,dk, where for any i ě 0 we have:

di0 “ 0, din “

$

&

%

0 if 2i ffl nr
ψ|ci`1

n´1,...,c
k
n´1

z
otherwise,

(16)
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where for a closed formula ξ (i.e., with no free variables) JξK is 1 if ξ is true and 0 otherwise.
Notice that the formula depends on c1, . . . , ck. Since dk is the zero sequence if, and only if,
ψ is false, it suffices to show that each di can be defined by an extended polyrec system of
polynomial size.

We proceed by induction on i. In the base case i “ 0,

d0
n “ Pφpc

1
n´1, . . . , c

k
n´1q, (17)

where Pφ is the polynomial obtained from the quantifier-free formula φ according to the
rules in (11). (Notice that Pφ can be represented by an arithmetic circuit of size polynomial
in the size of φ – this is where we use the conciseness of representation using circuits.) This
fulfills the conditions in (16) since, for n ą 0, d0

n “ 1 if pc1
n´1, . . . , c

k
n´1q |ù φ and d0

n “ 0
otherwise.

Now, fix i ě 1 and suppose that di´1 is defined. The goal is to define di. Recall that if i
is odd then xi is quantified existentially, and otherwise xi is quantified universally.

▷ Claim 23. Let fi “ _ if i is odd and fi “ ^ if i is even. For every n ą 0 and 0 ă i ď k,
we have

din “

#

di´1
n fi d

i´1
n´2i´1 if 2i  n

0 otherwise.
(18)

Proof. We may focus only on the case 2i  n. Since xi is quantified according to the parity
of i, we have

ψ|ci`1
n´1,...,c

k
n´1

“ ψ|0,ci`1
n´1,...,c

k
n´1

fi ψ|1,ci`1
n´1,...,c

k
n´1

.

We claim that

di´1
n “ ψ|1,ci`1

n´1,...,c
k
n´1

and di´1
n´2i´1 “ ψ|0,ci`1

n´1,...,c
k
n´1

.

By (12) and the fact that 2i  n, we get cin´1 “ ci2i´1 “ 1, which proves the first equation. For
the second equation, we observe that ci

pn´1q´2i´1 “ ci2i´1´1 “ 0 and that cj
pn´1q´2i´1 “ cjn´1

for all j ą i. The latter assertion readily follows from 2i  n and (12). ◁

As an immediate consequence of Claim 23, we can write

din “ Spdi´1
n , di´1

n´2i´1 , c
i´1
n´1, c

i´1
n q, (19)

where Spx, y, z, tq “ px fi yq ^ pz ^␣tq (by recalling that ci´1
n´1 “ 1, ci´1

n “ 0 holds if, and
only if, 2i  n, where n ą 0). The issue with this recursive definition is that it requires access
to the value di´1

n´2i´1 , which in general is not allowed in a polyrec system for i ě 2 (not even
in the extended variant). This will be addressed in the next section by introducing the last
family of recursive sequences.

Sequences f0, . . . , fk´1. For every 1 ď i ď k, the sequence f i´1 is defined as

f i´1
n “

#

0 if n mod 2i is less than 2i´1

di´1
m otherwise,
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where m ď n is the unique number such that n´m ă 2i´1 and 2i´1  m. Thus, f is divided
into blocks of length 2i´1 of equal elements, where every other block is either filled with
zeros, or its value is determined by the value of an appropriate entry di´1

m . Observe that in
particular, if 2i  n then f i´1

n´1 “ di´1
n´2i´1 . Thus, intuitively, the sequence f i´1 is a “memory”

that allows us to store the relevant value of di´1 from 2i´1 ´ 1 steps back.
We now proceed to defining sequences f0, . . . , fk´1 using polyrec systems. Observe that

f i´1
0 “ 0 and for n ą 0, we can write

f i´1
n “

$

’

’

&

’

’

%

di´1
n if ci´1

n´1 “ 0 and ci´1
n “ 1;

0 if ci´1
n´1 “ 1 and ci´1

n “ 0;
f i´1
n´1 otherwise.

(20)

Notice that the value of f i´1
n is copied from f i´1

n´1 unless ci´1
n´1, c

i´1
n differ. To conclude, recall

from (12) that this happens if, and only if, 2i´1  n.

▷ Claim 24. For every i ě 1, the sequences di and f i´1 are definable by extended polyrec
systems over F of size polynomial in i and the size of φ.

Proof. Using (20), we may write f i´1 as an extended polyrec sequence f i´1
0 “ 0 and, for

n ą 0,

f i´1
n “ Rpci´1

n´1, c
i´1
n , di´1

n , f i´1
n´1q, (21)

where

Rpx, y, z, tq “ pz ^ p␣x^ yqq _ pt^ ppx^ yq _ p␣x^␣yqq.

In turn, this allows us to rewrite (19) as

din “ Spdi´1
n , f i´1

n´1, c
i´1
n´1, c

i´1
n q, (22)

where S was defined in (19). Note that (21) and (22) are in the extended polyrec format
provided that we write the equations for the f i’s after the equations for the di’s, and the
latter after the equations for ci’s (in order to avoid creating a cyclic dependency). In other
words, the final extended polyrec system consists of equations (15), followed by (22), and
followed by (21), where each set of equations is numbered naturally according to the indices
of sequences.

The involved polynomials Pφ, R and S are all of size polynomial in the input size when
represented as arithmetic circuits (R and S are even of constant size), and we have a
polynomial number of equations. Thus, the definition above is an extended polyrec system
of polynomial size. ◁

As discussed, Claim 24 finishes the proof of Theorem 18.

In the end, we discuss the Skolem problem: given a sequence u to determine whether
there is n such that un “ 0. This problem was extensively studied for the class of linear
recursive sequences (see e.g. [27]). For linear recursive sequences it is open whether the
Skolem problem is decidable, but only NP-hardness is known [5, Corollary 2.1]. For polyrec
sequences, decidability of the Skolem problem is also open, but we can improve the lower
bound.

▶ Corollary 25. The Skolem problem is PSPACE-hard for polyrec sequences.
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Proof. Notice that in the proof of Theorem 18 we define a system of sequences over t0, 1u.
It remains to observe that for such sequences the zeroness problem and the Skolem problem
reduce to each other. Indeed, the nonzeroness problem of a sequence u over t0, 1u is equivalent
to the Skolem problem of v defined as vn “ 1´ un. ◀

We conclude this section by noting that the reduction from QBF that we have presented
produces a polyrec sequence which is identically zero if and only if the first exponentially
many initial values thereof are zero. We are not aware of examples requiring longer witnesses
of zeroness for polyrec sequences.
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Semigroup Intersection Problems in the
Heisenberg Groups
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Abstract
We consider two algorithmic problems concerning sub-semigroups of Heisenberg groups and, more
generally, two-step nilpotent groups. The first problem is Intersection Emptiness, which asks whether
a finite number of given finitely generated semigroups have empty intersection. This problem was
first studied by Markov in the 1940s. We show that Intersection Emptiness is PTIME decidable
in the Heisenberg groups Hn(K) over any algebraic number field K, as well as in direct products
of Heisenberg groups. We also extend our decidability result to arbitrary finitely generated 2-step
nilpotent groups.

The second problem is Orbit Intersection, which asks whether the orbits of two matrices under
multiplication by two semigroups intersect with each other. This problem was first studied by Babai
et al. (1996), who showed its decidability within commutative matrix groups. We show that Orbit
Intersection is decidable within the Heisenberg group H3(Q).
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1 Introduction

The computational theory of matrix groups and semigroups is one of the oldest and most
well-developed parts of computational algebra. Dating back to the work of Markov [31] in the
1940s, the area plays an essential role in analysing system dynamics, with notable applications
in automata theory and program analysis [8, 10, 13, 21]. See [24] for an all-encompassing
survey on this topic. While many computational problems are undecidable even for matrix
groups of dimension three and four [6, 32, 34], various non-trivial algorithms have been
developed for matrix groups satisfying additional constraints, such as commutativity [1],
nilpotency [14], solvability [28], and having dimension two [5, 35].

As most algorithmic problems for commutative groups are well-understood due to their
relatively simple structure, much effort has focused on problems concerning relaxations of
the commutativity requirement, such as nilpotency and solvability. Prominent examples
of widely studied groups include the Heisenberg groups, as well as the more general 2-step
nilpotent groups. The Heisenberg groups Hn(K) play an important role in many branches
of mathematics, physics and computer science. They first arose in the description of one-
dimensional quantum mechanical systems [33, 37], and have now become an important
mathematical object connecting domains like representation theory, theta functions, Fourier
analysis and quantum algorithms [20, 22, 25, 29, 38]. From a computational point of view,
Heisenberg groups are interesting because they are the simplest non-commutative Lie groups.
Heisenberg groups are included in the class of 2-step nilpotent groups: these are groups whose
quotient by their centre is abelian. Despite being the simplest class of non-commutative
groups, 2-step nilpotent groups admit highly non-trivial or even undecidable algorithmic
problems, notably due to their ability to encode quadratic equations [27]. For example,
decades of research has focused on finding a polynomial-time group isomorphism algorithm
for 2-step nilpotent groups, with little success [2, 16].
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25:2 Semigroup Intersection Problems in the Heisenberg Groups

For a set G of matrices in some matrix group G, denote by ⟨G⟩ the semigroup generated by
the set G. In this paper, we consider the following two decision problems for the Heisenberg
groups and 2-step nilpotent groups.

i. (Intersection Emptiness) Given M finite sets of matrices G1, . . . , GM , decide whether
⟨G1⟩ ∩ · · · ∩ ⟨GM ⟩ = ∅.

ii. (Orbit Intersection) Given two finite sets of matrices G, H and matrices S, T , decide
whether T · ⟨G⟩ ∩ S · ⟨H⟩ = ∅.

Intersection Emptiness was one of the first problems studied in algorithmic semigroup
theory. In the seminal work of Markov [31], the undecidability of Intersection Emptiness
was shown for two sets of 4 × 4 integer matrices. More recently, by encoding the Post
Correspondence Problem, Halava and Harju showed its undecidability for two sets of 3 × 3
upper triangular integer matrices [17]. For 2 × 2 integer matrices, the problem is only
known to be NP-hard [7]. In this paper, we show that Intersection Emptiness is decidable in
polynomial time for the Heisenberg groups Hn(K) over an arbitrary algebraic number field
K, as well as for any direct product of such Heisenberg groups. In fact, we will prove the
decidability result in the more general case of (finitely generated) 2-step nilpotent groups.

The Orbit Intersection problem was first considered by Babai et al. [1], who proved its
decidability in commutative matrix groups over an algebraic number field. In this paper, we
prove the decidability of Orbit Intersection for matrices in the Heisenberg group H3(Q).

Let us mention some previous work for semigroup algorithmic problems in the Heisenberg
groups and 2-step nilpotent groups. These have seen significant advance in research in recent
years. Various results have been shown for the following decision problems.
iii. (Identity Problem) Given a finite set of matrices G, decide whether the identity matrix

I ∈ ⟨G⟩.
iv. (Membership Problem) Given a finite set of matrices G and a matrix A, decide whether

A ∈ ⟨G⟩.
v. (Knapsack Problem) Given matrices A1, A2, . . . , AK and a matrix A, decide whether

there exist (n1, n2 . . . , nK) ∈ NK such that A = An1
1 An2

2 · · · AnK

K .

The Identity Problem in Hn(Q) was shown to be decidable by Ko, Niskanen and Pota-
pov [26]. Dong [14] then introduced tools from Lie algebra and strengthened this result to
PTIME decidability in Hn(K) for algebraic number fields K. The Membership Problem in
Hn(Q) was shown to be decidable by Colcombet, Ouaknine, Semukhin and Worrell. Their
main idea is to use the Baker-Campbell-Hausdorff (BCH) formula as well as to incorporate
the Membership Problem in a Parikh automaton. It was left as an open problem whether the
Membership Problem in Hn(K) for larger fields K remains decidable. On the other hand, it
is known that there exist 2-step nilpotent groups with undecidable Membership Problem [30].
As for the Knapsack Problem, König, Lohrey and Zetzsche showed its decidability in Hn(Z)
by reducing it to solving a single quadratic equation over the natural numbers [27]. They
also constructed a 2-step nilpotent group (namely, a direct product of H3(Z)) where the
Knapsack Problem is undecidable, using an embedding of Hilbert’s Tenth Problem.

We point out that by taking G1 = G, G2 = {I}, Intersection Emptiness subsumes the
Identity Problem. Whereas by taking T = I, S = A, H = {I}, the Orbit Intersection problem
subsumes the Membership Problem. Hence, the tools developed in this paper provide a more
general approach to semigroup problems in 2-step nilpotent groups. Our proofs are based on
the logarithm of matrices and the BCH formula, whose usage in studying matrix semigroup
problems has been introduced in [12] and [14]. However, our approach goes much deeper in
analysing the non-commutative terms of the BCH formula. We show that these terms are
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connected with a word combinatorics problem concerning subwords of length two, and show
a critical result characterizing the behaviour of these terms. This will allow us to reduce
equations containing word combinatorial terms to pure linear Diophantine equations.

2 Main results

In this section we state our main results. Denote by UT(n,Q) the group of n × n upper
triangular rational matrices with ones along the diagonal. Our main result on Intersection
Emptiness is the following. For the formal definition of 2-step nilpotency, see Section 3.

▶ Theorem 1. Let G be a 2-step nilpotent subgroup of UT(n,Q) for some n. Given finite
subsets G1, . . . , GM of G, it is decidable in polynomial time whether ⟨G1⟩ ∩ · · · ∩ ⟨GM ⟩ = ∅.

For n ≥ 3, the Heisenberg group Hn(K) over a field or commutative ring K is defined as

Hn(K) :=


1 a⊤ c

0 In−2 b

0 0 1

 , where a, b ∈ Kn−2, c ∈ K

 ,

where we use the notation Id for the identity matrix of dimension d. Decidability results for
the Heisenberg groups and for 2-step nilpotent groups follow as a corollary of Theorem 1.

▶ Corollary 2. Intersection Emptiness is decidable:
(i) in PTIME, for the Heisenberg groups Hn(K) over any algebraic number field K, and

for any direct product of Heisenberg groups.
(ii) for finitely generated 2-step nilpotent groups1.

Fix a group G. Given an element T ∈ G and a subset G of G, denote by T · ⟨G⟩ the orbit
of T under right multiplication by the semigroup ⟨G⟩. That is, T · ⟨G⟩ := {T · s | s ∈ ⟨G⟩}.

Our main result concerning Orbit Intersection is the following.

▶ Theorem 3. Given elements T, S ∈ H3(Q) and two finite subsets G, H of H3(Q), it is
decidable whether T · ⟨G⟩ ∩ S · ⟨H⟩ = ∅.

3 Preliminaries

Convex geometry

Let V be a Q-linear space. A subset C ⊆ V is called a cone if a ∈ C implies aQ≥0 ⊆ C,
and a, b ∈ C implies a + b ∈ C. Given a set of vectors S ⊆ V , denote by ⟨S⟩Q≥0 the cone
generated by S, that is, the smallest cone of V containing S. The dimension of a cone C is
the dimension of the smallest linear space containing C.

The support of a vector ℓ = (ℓ1, . . . , ℓK) ∈ ZK
≥0 is defined as the set of indices where the

entry of ℓ is non-zero:

supp(ℓ) := {i ∈ {1, . . . , K} | ℓi > 0}.

The support of a subset Λ of ZK
≥0 is defined as the union of supports of all vectors in Λ:

supp(Λ) :=
⋃
ℓ∈Λ

supp(ℓ) = {i | ∃(ℓ1, . . . , ℓK) ∈ Λ, ℓi > 0}.

In this paper, we will need to compute the support of sets of the form Λ = ZK
≥0 ∩ V ,

where V is a Q-linear subspace of QK .

1 We suppose that the structure of the group is given by a finite presentation or a consistent polycyclic
presentation (see [19, Chapter 8]).
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25:4 Semigroup Intersection Problems in the Heisenberg Groups

▶ Lemma 4 ([14, Lemma 2.4]). Given V a Q-linear subspace of QK , represented as the
solution set of linear homogeneous equations, one can compute the support of Λ = ZK

≥0 ∩ V

in polynomial time.

The group UT(n,Q) and 2-step nilpotent groups

Denote by UT(n,Q) the group of n × n upper triangular rational matrices with ones along
the diagonal. Let K be an algebraic number field. K can be considered as a linear space
over Q of dimension d := [K : Q]. Let k1, . . . , kd ∈ K be a Q-basis of this linear space.
Throughout this paper, an element k of K is represented as a tuple (a1, . . . , ad) ∈ Qd such
that k = a1k1 + · · · adkd. An element k of K acts on K by multiplication, and can therefore
be considered as an endomorphism of the Q-linear space K. Associate k with the matrix
that represents this endomorphism, then we have an (injective) embedding ι : K ↪→ Qd×d. In
particular, ι(1) = Id. This embedding is effectively computable in polynomial time [11].

The embedding ι extends to an embedding Hn(K) ↪→ UT(nd,Q), which we also denote
by ι. Note that for any matrix A ∈ Hn(K), the total bit size of entries in ι(A) is at most
quadratic in the total bit size of entries in A. Therefore, throughout this paper, we will work
with matrices in ι(Hn(K)) ⊆ UT(nd,Q), knowing that any polynomial time algorithm in
UT(nd,Q) will translate to a polynomial time algorithm in Hn(K).

Let G be an arbitrary group. The centre of G is the normal subgroup Z(G) ⊴ G consisting
of elements that commute with every element of G (see [15]). We say that G is 2-step nilpotent
if the quotient G/Z(G) is abelian. In particular, the Heisenberg groups Hn(K), as well as
their direct products, are 2-step nilpotent [15, Examples 13.36]. Every finitely generated
2-step nilpotent group can be embedded as a subgroup of the direct product A × G0, where
A is finite and G0 is a 2-step nilpotent subgroup of UT(n,Q) for some n [4, Theorem 2.1] [23,
Theorem 17.2.5].

Logarithm of matrices and Lie algebra

The Lie algebra u(n) is defined as the Q-linear space of n × n upper triangular rational
matrices with zeros on the diagonal. There exist the logarithm map

log : UT(n,Q) → u(n), A 7→
n∑

k=1

(−1)k−1

k
(A − I)k

and the exponential map

exp : u(n) → UT(n,Q), X 7→
n∑

k=0

1
k!X

k

which are inverse of one another. In particular, log I = 0 and exp(0) = I.
The Lie algebra u(n) is equipped with the Lie bracket [·, ·] : u(n) × u(n) → u(n) given by

[X, Y ] = XY − Y X. For a subset or subsemigroup A of UT(n,Q), we naturally denote by
log A := {log a | a ∈ A} the set of logarithm of matrices in A.

Parikh Image and length two subwords

Given a finite alphabet G = {A1, . . . , AK}, the Parikh Image of a word w = M1 · · · Mm

over the alphabet G is the vector PIG(w) := (PIG
1 (w), . . . , PIG

K(w)) ∈ ZK
≥0, where PIG

i (w)
is the number of times Ai appears in w. That is, PIG

i (w) := card({j | Mj = Ai}). When
the alphabet G is clear from the context, we sometimes write PI(w), PIi(w) instead of
PIG(w), PIG

i (w).
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For 1 ≤ i < j ≤ K, let w be a word over the alphabet G, denote by δG
ij(w) the number of

occurrences of the subword · · · Ai · · · Aj · · · minus the number of occurrences of the subword
· · · Aj · · · Ai · · · in w. That is, writing w = M1M2 · · · Ms, we have

δG
ij(w) := δG,+

ij (w) − δG,−
ij (w),

where

δG,+
ij (w) := {(u, v) | 1 ≤ u < v ≤ s, Mu = Ai, Mv = Aj},

δG,−
ij (w) := {(u, v) | 1 ≤ u < v ≤ s, Mu = Aj , Mv = Ai}

Again, if the alphabet G is clear from the context, we write δij(w) instead of δG
ij(w). Obviously,

we have the parity constraint

δij(w) ≡ δ+
ij(w) + δ−

ij(w) = PIi(w) · PIj(w) mod 2. (1)

The Baker-Campbell-Hausdorff formula

Let G be a 2-step nilpotent subgroup of UT(n,Q). The Baker-Campbell-Hausdorff (BCH)
formula [3, 9, 18] states that, given a sequence of matrices B1, B2, . . . , Bs in G, we have

log(B1B2 · · · Bm) =
m∑

i=1
log Bi + 1

2
∑

1≤i<j≤s

[log Bi, log Bj ]. (2)

Fix a finite alphabet G = {A1, . . . , AK} in G. For an arbitrary word w with Parikh Image
ℓ = (ℓ1, . . . , ℓK), applying Equation (2) to the sequence of matrices in w yields

log w =
K∑

i=1
ℓi log Ai + 1

2
∑

1≤i<j≤K

δij(w)[log Ai, log Aj ]. (3)

Here, log w is understood to be the result of multiplying all matrices appearing in w in order,
then taking the logarithm. We will adopt this notation throughout this paper.

4 A combinatorial problem for length two subwords

First let us describe the general strategy for solving intersection-type decision problems.
Consider a simple example: given two alphabets G = {A1, . . . , AK}, H = {B1, . . . , BM } in a
2-step nilpotent subgroup of UT(n,Q), we want to decide whether ⟨G⟩ ∩ ⟨H⟩ ̸= ∅. This boils
down to finding two words v, w respectively in the alphabet G and H, such that log v = log w.
Denote by x = (x1, . . . , xK) the Parikh Image of v, and by y = (y1, . . . , yM ) the Parikh
Image of w, then the BCH formula (3) yields the equivalence between log v = log w and

K∑
i=1

xi log Ai +
∑
i<j

δG
ij(v)
2 [log Ai, log Aj ] =

M∑
i=1

yi log Bi +
∑
i<j

δH
ij (w)

2 [log Bi, log Bj ],

x ∈ ZK
≥0, y ∈ ZM

≥0, PIG(v) = x, PIH(w) = y. (4)

Hence, deciding whether ⟨G⟩ ∩ ⟨H⟩ ̸= ∅ boils down to solving Equation (4) in the numerical
variables x, y and the word variables v, w over alphabets G, H.
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25:6 Semigroup Intersection Problems in the Heisenberg Groups

Consider a “relaxed” version of this problem. That is, we replace δG
ij(v) and δH

ij (w) by
new variables cij , dij over integers, without imposing any constraint. This gives the equation

K∑
i=1

xi log Ai +
∑

1≤i<j≤K

cij

2 [log Ai, log Aj ] =
M∑

i=1
yi log Bi +

∑
1≤i<j≤M

dij

2 [log Bi, log Bj ],

x ∈ ZK
≥0, y ∈ ZM

≥0, cij , dij ∈ Z for all i, j. (5)

Obviously, if Equation (4) has a solution, then the relaxed version (5) will also admit a
solution. The converse is not necessarily true. The implicit constraints imposed by the word
combinatorial variables δG

ij(v), δH
ij (w) in Equation (4) are highly non-trivial. (For example,

one should at least have |δG
ij(v)| ≤ xixj for all i, j). However, these constraints are not

reflected by the numerical variables cij and dij in Equation (5).
The key idea of this paper is the following surprising fact. For the two problems we

consider (Semigroup Intersection and Orbit Intersection), it is sufficient to solve the relaxed
version of the equation, plus several simple constraints (such as the modulo 2 constraint in
Equation (1)). In particular, given a “suitable” solution to the relaxed Equation (5), we
can always construct a solution to Equation (4). A priori, the values of δG

ij(v) cannot reach
all integers like the free variables cij ; nevertheless, when x1, . . . , xK tend towards infinity,
the vector

(
δG

ij(v)
)

1≤i<j≤K
can in fact reach every value within a ball of radius size O(|x|2),

satisfying modulo 2 constraints. This will suffice to construct a suitable word v, as the
quadratic radius will eventually dominate the linear term

∑K
i=1 xi log Ai.

This section aims to formalize this idea. The main result of this section will be Proposi-
tion 6. First, we prove a simple case where the alphabet consists of two letters.

▶ Lemma 5. Given an alphabet G = {Ai, Aj} and non-negative integers si, sj ∈ Z≥0, then
for every C ∈ Z satisfying

|C| ≤ sisj and C ≡ sisj mod 2, (6)

there exists a permutation w of the word Asi
i A

sj

j such that δij(w) = C.

Proof. For an illustration of the proof, see Figure 1. We start with the word w = Asi
i A

sj

j ,
which satisfies δij(w) = sisj . We gradually swap pairs of consecutive letters in w: each time
we replace an occurrence of consecutive AiAj with AjAi. An occurrence of AiAj can always
be found unless we have reached the “final” permutation A

sj

j Asi
i . It is easy to see that each

swap reduces the value of δij(w) by 2. Therefore, by swapping consecutive AiAj one by one,
δij(w) can reach every value between δij(Asi

i A
sj

j ) = sisj and δij(Asj

j Asi
i ) = −sisj that has

the same parity with sisj . This proves the lemma. ◀

We then prove the main result of this section, which generalizes Lemma 5 to alphabets of
more than two letters.

▶ Proposition 6. Fix a finite alphabet G of size K ≥ 2. Then for any tuples ℓ = (ℓ1, . . . , ℓK) ∈
ZK

≥0 and {Cij}1≤i<j≤K ∈ ZK(K−1)/2
≥0 satisfying

|Cij | ≤ ℓiℓj

4K2 − 2K(ℓi + ℓj) − 4K2, for all 1 ≤ i < j ≤ K, (7)

and

Cij ≡ ℓiℓj mod 2, for all 1 ≤ i < j ≤ K, (8)

there exists a word w with Parikh Image ℓ such that

δij(w) = Cij , for all 1 ≤ i < j ≤ K. (9)
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Figure 1 Illustration for the proof of Lemma 5.

Proof. For an illustration of the proof, see Figure 2. For all i, write ℓi = 2(K − 1)si + ri

with 0 ≤ ri < 2(K − 1). Consider the word Winit := Wres · W · Wrev, where

Wres := Ar1
1 Ar2

2 · · · ArK
K ,

W := (As1
1 As2

2 ) (As1
1 As3

3 ) · · · (As1
1 AsK

K ) (As2
2 As3

3 ) · · · (As2
2 AsK

K ) (As3
3 As4

4 ) · · ·
(
A

sK−1
K−1 AsK

K

)
,

Wrev :=
(
AsK

K A
sK−1
K−1

) (
AsK

K A
sK−2
K−2

)
· · · (AsK

K As1
1 )
(
A

sK−1
K−1 A

sK−2
K−2

) (
A

sK−1
K−1 A

sK−3
K−3

)
· · · (As2

2 As1
1 ) .

In particular, W is the concatenation of all words of the form Asi
i A

sj

j where i < j, and Wrev

is the reverse of W . It is easy to verify that Winit contains ℓi occurrences of the letter Ai, so
its Parikh Image is exactly ℓ.

We now compute δij(Winit) for i < j. Since W · Wrev is a palindrome, we have δij(W ·
Wrev) = 0, so

δij(Winit) = δij(Wres) + PIi(Wres) PIj(W · Wrev) − PIj(Wres) PIi(W · Wrev)
= rirj + ri · 2(K − 1)sj − rj · 2(K − 1)si. (10)

In particular, since 0 ≤ ri < 2(K − 1), we have

|δij(Winit)| ≤ 4(K − 1)2 + 2(K − 1)2(sj + si) < 4K2 + 2(K − 1)(ℓi + ℓj) (11)

By Condition 7, we have

|δij(Winit) − Cij | ≤ |δij(Winit)| + |Cij |

< 4K2 + 2(K − 1)(ℓi + ℓj) + ℓiℓj

4K2 − 2K(ℓi + ℓj) − 4K2

<

(
ℓi

2(K − 1) − 1
)(

ℓj

2(K − 1) − 1
)

< sisj . (12)

Since Equation (10) yields δij(Winit) ≡ ℓiℓj mod 2, Condition (8) then gives

δij(Winit) ≡ Cij mod 2. (13)

We now show how to construct the word w. Starting with the word Winit, for every pair
i < j perform the following:
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Lemma 5 Lemma 5 Lemma 5

Figure 2 Illustration for the proof of Proposition 6.

1. If δij(Winit) > Cij . By Lemma 5 there exists a permutation wij of the word Asi
i A

sj

j such
that δij(wij) = sisj + Cij − δij(Winit). Indeed, Equations (12) and (13) guarantee that
the conditions (6) in Lemma 5 are satisfied. We then replace the subword Asi

i A
sj

j in the
W -part of Winit with the word wij . The resulting new word W ′ will satisfy

δij(W ′) = δij(Winit) − δij(Asi
i A

sj

j ) + δij(wij) = Cij .

This replacement does not change δuv(Winit) for (u, v) ̸= (i, j).
2. If δij(Winit) < Cij . By Lemma 5 there exists a permutation wji of the word A

sj

j Asi
i such

that δij(wji) = −sisj + Cij − δij(Winit). Again, Equations (12) and (13) guarantee that
the conditions (6) in Lemma 5 are satisfied. We then replace the subword A

sj

j Asi
i in the

Wrev-part of Winit with the word wji. The resulting new word W ′ will satisfy

δij(W ′) = δij(Winit) − δij(Asj

j Asi
i ) + δij(wji) = Cij .

This replacement does not change δuv(Winit) for (u, v) ̸= (i, j).
3. If δij(Winit) = Cij , do not perform any change.
Performing all these replacements on Winit for all pairs i < j simultaneously, the resulting
word w then satisfies δij(w) = Cij for all 1 ≤ i < j ≤ K. ◀

5 A polynomial time algorithm for Intersection Emptiness

We prove Theorem 1 in this section. Let G be a 2-step nilpotent subgroup of UT(n,Q). Let

G1 = {A11, A12, . . . , A1K1}, . . . , GM = {AM1, AM2, . . . , AMKM
}

be M sets of matrices in G. The following proposition shows that Intersection Emptiness can
be reduced to solving linear Diophantine equations with extra constraints on supports. The
key to obtaining a PTIME algorithm is the fact that these equations are all homogeneous.
Hence one can actually solve them over Q, then scale them to obtain integer solutions.
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▶ Proposition 7. We have ⟨G1⟩ ∩ · · · ∩ ⟨GM ⟩ ̸= ∅ if and only if there exist non-zero vectors
ℓ1 ∈ ZK1

≥0 \ {0}, · · · , ℓM ∈ ZKm

≥0 \ {0} as well as rational numbers cmij for 1 ≤ m ≤ M, i, j ∈
supp(ℓm), such that

K1∑
j=1

ℓ1j log A1j +
∑
i<j

i,j∈supp(ℓ1)

c1ij [log A1i, log A1j ] =

K2∑
j=1

ℓ2j log A2j +
∑
i<j

i,j∈supp(ℓ2)

c2ij [log A2i, log A2j ] = · · ·

=
KM∑
j=1

ℓMj log AMj +
∑
i<j

i,j∈supp(ℓm)

cMij [log AMi, log AMj ] (14)

Proof. If ⟨G1⟩∩· · ·∩⟨GM ⟩ ̸= ∅, let g be an element in the intersection. There exist non-empty
words w1, . . . , wm over the alphabets G1, . . . , GM such that log g = log w1 = · · · = log wm.
By the BCH formula (3),

log g =
Ki∑

j=1
PIi(wm) log Amj +

∑
i<j

i,j∈supp(ℓm)

δij(wm)
2 [log Ami, log Amj ], for m = 1, . . . , M.

This shows that (14) is satisfied by ℓm := PIGm(wm) and cmij := δij(wm)/2 for 1 ≤ m ≤
M, i, j ∈ supp(ℓm).

For the other implication, suppose such non-zero vectors ℓ1, . . . , ℓM and the rational
numbers cmij exist. Then there exists g ∈ G such that

K1∑
j=1

ℓmj log Amj +
∑
i<j

i,j∈supp(ℓm)

2cmij

2 [log Ami, log Amj ] = log g, for m = 1, . . . , M. (15)

Note that if i, j ∈ supp(ℓm) then ℓmiℓmj ̸= 0.
By homogeneity, for any N ∈ Z>0, the vectors Nℓ1, . . . , NℓM and Ncmij also satisfy

Condition (14). Hence, multiplying all ℓij , cmij and log g by a common denominator, we can
suppose all ℓij and cmij to be integers. Denote K = max1≤m≤M Km, then there exists a
large enough even integer N ∈ Z>0 such that

|N · 2cmij | ≤ N2ℓmiℓmj

4K2 − 2NK(ℓi + ℓj) − 4K2 (16)

for 1 ≤ m ≤ M, i, j ∈ supp(ℓm). This is because ℓmiℓmj > 0, so the right hand side of
(16) is quadratic and dominates the linear term on the left for large enough N . Replace all
ℓij with Nℓij , all cmij with Ncmij , and log g with N log g, then the new variables satisfy
2cmij ≡ 0 ≡ ℓmiℓmj mod 2, and

|2cmij | ≤ ℓmiℓmj

4K2 − 2K(ℓi + ℓj) − 4K2 ≤ ℓmiℓmj

4K2
m

− 2Km(ℓi + ℓj) − 4K2
m (17)

for all i, j, m. Equation (15) is still satisfied after the variable replacements. Therefore,
by Proposition 6, there exist words w1, . . . , wM over the alphabets G1, . . . , GM such that
PI(wm) = ℓm and δij(wm) = 2cmij for all 1 ≤ m ≤ M, i, j ∈ supp(ℓm). These words are
non-empty since ℓm ̸= 0. Plugging into the BCH formula (3), we have
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log wm =
Km∑
j=1

ℓmj log Amj +
∑
i<j

i,j∈supp(ℓm)

2cmij

2 [log Ami, log Amj ] = log g for m = 1, . . . , M.

This shows that log g ∈
⋂M

i=1 log⟨Gi⟩ ̸= ∅. ◀

Using Proposition 7, we devise Algorithm 1 that decides Intersection Emptiness.

Algorithm 1 Algorithm for Intersection Emptiness.

Input: M finite sets of matrices G1 = {A11, A12, . . . , A1K1}, . . . , GM = {AM1, AM2, . . . , AMKM
}

in the group G.
Output: True (intersection is empty) or False (intersection is not empty).

Step 1: Initialization. Set S1 := {1, 2, . . . , K1}, . . . , SM := {1, 2, . . . , KM }.
Step 2: Main loop. Repeat the following

a. Represent the Q-linear subspace of V := Q
∑M

m=1
Km+

∑M

m=1
card(Sm)(card(Sm)−1)/2:

W :=
{(

(ℓmj)1≤m≤M,1≤j≤Km
, (cmij)1≤m≤M,i,j∈Sm

)
∈ V

∣∣∣∣
K1∑
j=1

ℓ1j log A1j +
∑
i<j

i,j∈S1

c1ij [log A1i, log A1j ] = · · ·

=
KM∑
j=1

ℓMj log AMj +
∑
i<j

i,j∈SM

cMij [log AMi, log AMj ]
}

(18)

as the solution set of homogeneous linear equations.
b. Compute the projection of W onto the coordinates (ℓmj)1≤m≤M,1≤j≤Km

:

πℓ(W ) :=
{

(ℓmj)1≤m≤M,1≤j≤Km
∈ Q

∑M

m=1
Km

∣∣∣∣ ∃(cmij)1≤m≤M,i,j∈Sm
,

(
(ℓmj)1≤m≤M,1≤j≤Km , (cmij)1≤m≤M,i,j∈Sm

)
∈ W

}
(19)

represented as the solution set of homogeneous linear equations.

c. Define Λ := Z
∑M

m=1
Km

≥0 ∩ πℓ(W ) and compute supp(Λ) using Lemma 4.
d. If supp(Λ) ∩ Sm = Sm for all 1 ≤ m ≤ M , terminate the loop and go to Step 3.

Otherwise, let Sm := supp(Λ) ∩ Sm for every m, and continue with Step 2.
Step 3: Output.

a. If Sm = ∅ for any 1 ≤ m ≤ M , return True.
b. Otherwise return False.

▶ Theorem 1. Let G be a 2-step nilpotent subgroup of UT(n,Q) for some n. Given finite
subsets G1, . . . , GM of G, it is decidable in polynomial time whether ⟨G1⟩ ∩ · · · ∩ ⟨GM ⟩ = ∅.

Proof. Theorem 1 follows from the correctness and polynomial time complexity of Al-
gorithm 1. Their proofs are given in Appendix A, Proposition 10. ◀
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6 Decidability of Orbit Intersection in H3(Q)

We prove Theorem 3 in this section. Let G and H be finite sets of matrices in the group H3(Q),
and T, S be matrices in H3(Q). Our goal is to decide whether T ·⟨G⟩∩S ·⟨H⟩ = ∅. Multiplying
both T · ⟨G⟩ and S · ⟨H⟩ on the left by T −1, one can without loss of generality suppose T = I.
That is, it suffices to consider the problem of deciding whether ⟨G⟩ ∩ S · ⟨H⟩ = ∅. Denote by
φ : log H3(Q) → Q2 the projection onto the superdiagonal, and by π : log H3(Q) → Q the
projection onto the upper right entry:

φ :

0 a c

0 0 b

0 0 0

 7→ (a, b); π :

0 a c

0 0 b

0 0 0

 7→ c.

One easily verifies that for matrices X, Y ∈ H3(Q), we have [log X, log Y ] = 0 if and only if
φ(log X) and φ(log Y ) are linearly dependent. Define the cones

CG := ⟨φ(log G)⟩Q≥0 , CH := ⟨φ(log H)⟩Q≥0 .

6.1 Easy case: The cone CG ∩ CH has dimension zero or one
The situation in this case is similar to the one discussed in [12, Section 3, Case I].

▶ Proposition 8. Suppose the cone CG ∩ CH has dimension zero or one. Deciding whether
⟨G⟩ ∩ S · ⟨H⟩ ̸= ∅ can be done by solving finitely many linear Diophantine equations.

6.2 Hard case: The cone CG ∩ CH has dimension two
We have ⟨G⟩ ∩ S · ⟨H⟩ ̸= ∅ if and only if there exist words v in the alphabet G and w in the
alphabet H such that log v = log Sw. Let x = (x1, . . . , xK) be the Parikh Image of v, and
y = (y1, . . . , yM ) be the Parikh Image of w. By the BCH formula (2) and (3), log v = log Sw

is equivalent to

K∑
i=1

xi log Ai + 1
2

∑
1≤i<j≤K

δG
ij(v)[log Ai, log Aj ] =

log S +
M∑

i=1
yi(log Bi + 1

2[log S, log Bi]) + 1
2

∑
1≤i<j≤M

δH
ij (w)[log Bi, log Bj ] (20)

The following proposition shows that it suffices to solve a relaxed version of Equation (20).

▶ Proposition 9. Suppose the cone CG ∩ CH has dimension two. We have ⟨G⟩ ∩ S · ⟨H⟩ ̸= ∅
if and only if there exists integers xi, 1 ≤ i ≤ K and yj , 1 ≤ j ≤ M and cij , 1 ≤ i < j ≤ K

and dij , 1 ≤ i < j ≤ M , satisfying

K∑
i=1

xiφ(log Ai) = φ(log S) +
M∑

i=1
yiφ(log Bi), (21)

K∑
i=1

xiπ(log Ai) + 1
2

∑
1≤i<j≤K

cijπ([log Ai, log Aj ]) =

π(log S) +
M∑

i=1
yiπ(log Bi + 1

2[log S, log Bi]) + 1
2

∑
1≤i<j≤M

dijπ([log Bi, log Bj ]) (22)
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and

cij ≡ xixj mod 2, 1 ≤ i < j ≤ K; dij ≡ yiyj mod 2, 1 ≤ i < j ≤ M. (23)

Proof. If ⟨G⟩ ∩ s · ⟨H⟩ ̸= ∅, then let v, w be non-empty words over the respectively alphabets
G and H, such that log v = log Sw. Let cij := δG

ij(v) and dij := δH
ij (w) for all i, j. Since

Equation (20) is satisfied, projecting it under φ and π gives respectively (21) and (22). The
parity condition (23) is obviously due to Equation (1). Hence we have found the integers
xi, yj , cij , dij satisfying Equations (21), (22) and (23).

On the other hand, let xi, yj , cij , dij be integers that satisfy Equations (21), (22) and (23).
Since CG and CH have dimension two, the commutators [log Ai, log Aj ] and [log Bi, log Bj ]
are not all zero (since φ(Ai) are not all linearly dependant, same for φ(Bi)). Hence, there
exist integers Cij , Dij such that

D :=
∑

1≤i<j≤K

Cijπ([log Ai, log Aj ]) +
∑

1≤i<j≤M

Dijπ([log Bi, log Bj ]) ∈ Q>0.

Denote by E the common denominator of all the entries of the matrices log Ai, log Bi, log S,
1
2 [log S, log Bi], 1

2 [log Ai, log Aj ] and 1
2 [log Bi, log Bj ]. In particular, DE is an integer.

Since the cone CG ∩CH has dimension two, there exist strictly positive integers X1, . . . , XK

and Y1, . . . , YM , such that

K∑
i=1

Xiφ(log Ai) =
M∑

i=1
Yiφ(log Bi). (24)

This is because, taking v to be a vector in the interior of CG ∩ CH (i.e. v admits an open
neighbourhood contained in CG ∩ CH), then v is in the interior of both CG and CH. Hence,
there exist strictly positive rational numbers X ′

1, . . . , X ′
K and Y ′

1 , . . . , Y ′
M , such that

K∑
i=1

X ′
iφ(log Ai) = v =

M∑
i=1

Y ′
i φ(log Bi).

Multiplying X ′
1, . . . , X ′

K and Y ′
1 , . . . , Y ′

M by their common denominator gives positive integers
satisfying Equation (24).

For any N ∈ Z>0, the integers xi, yi, cij , dij can be replaced by the integers

x′
i := xi + 2NDEXi

y′
i := yi + 2NDEYi

c′
ij := cij − 4NECij

(
K∑

k=1
Xkπ(log Ak) −

M∑
k=1

Ykπ(log Bk + 1
2[log S, log Bk])

)

d′
ij := dij + 4NEDij

(
K∑

k=1
Xkπ(log Ak) −

M∑
k=1

Ykπ(log Bk + 1
2[log S, log Bk])

)

for all i, j, while still satisfying Equations (21), (22) and (23). Furthermore, when N is large
enough, we have

x′
i > 0, y′

j > 0, 1 ≤ i ≤ K, 1 ≤ j ≤ M, (25)

|c′
ij | ≤

x′
ix

′
j

4K2 − 2K(x′
i + x′

j) − 4K2, 1 ≤ i < j ≤ K, (26)
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and

|d′
ij | ≤

y′
iy

′
j

4M2 − 2M(y′
i + y′

j) − 4M2, 1 ≤ i < j ≤ M. (27)

This is because the right hand sides of the inequalities (26) and (27) are quadratic in N ,
whereas the left hand sides grow linearly in N .

Fix an N such that the inequalities (25), (26) and (27) are satisfied. Then, by Proposi-
tion 6, there exist non-empty words v, w over the alphabets G and H, such that

PIG(v) = (x′
1, . . . , x′

K), δG
ij(v) = c′

ij , for 1 ≤ i < j ≤ K,

PIH(w) = (y′
1, . . . , y′

K), δH
ij (v) = d′

ij , for 1 ≤ i < j ≤ M.

(Note that Condition (8) is guaranteed by Equation (23).) For these words v, w, we have

φ(log v) =
K∑

i=1
x′

iφ(log Ai) = φ(log S) +
M∑

i=1
y′

iφ(log Bi) = φ(log Sw),

as well as

π(log v) =
K∑

i=1

x′
iπ(log Ai) + 1

2
∑

1≤i<j≤K

c′
ijπ([log Ai, log Aj ]) =

π(log S) +
M∑

i=1

y′
iπ(log Bi + 1

2 [log S, log Bi]) + 1
2

∑
1≤i<j≤M

d′
ijπ([log Bi, log Bj ]) = π(log Sw).

This shows log v = log Sw, hence ⟨G⟩ ∩ s · ⟨H⟩ ̸= ∅. ◀

Combining the two cases in Subsections 6.1 and 6.2, we are able to solve the Orbit
Intersection problem for H3(Q).

▶ Theorem 3. Given elements T, S ∈ H3(Q) and two finite subsets G, H of H3(Q), it is
decidable whether T · ⟨G⟩ ∩ S · ⟨H⟩ = ∅.

Proof. See Appendix A. ◀
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A Omitted proofs and remarks

▶ Corollary 2. Intersection Emptiness is decidable:
(i) in PTIME, for the Heisenberg groups Hn(K) over any algebraic number field K, and

for any direct product of Heisenberg groups.
(ii) for finitely generated 2-step nilpotent groups.

Proof. (i) By the remark in Section 3, the Heisenberg group Hn(K) can be embedded as a
subgroup of the group UT(n′,Q) for some n′, such that the input size only changes at most
polynomially. A direct product of Heisenberg groups Hn1(K1) × · · · × Hns(Ks) can hence be
embedded as a subgroup of some direct product UT(n′

1,Q) × · · · × UT(n′
s,Q), which is itself

a subgroup of UT(n′
1 + · · · + n′

s,Q). Again, the input size only changes polynomially during
these embeddings. The Heisenberg groups Hn(K) as well as their direct products are 2-step
nilpotent [15, Examples 13.36], and the property of being 2-step nilpotent is preserved under
isomorphism. Therefore, Theorem 1 shows that Intersection Emptiness for Hn(K) as well as
for their direct products is decidable in PTIME.

(ii) Given a finite presentation or a consistent polycyclic presentation of G, there exists an
embedding ϕ : G ↪→ A × G0 where A is finite and G0 is a 2-step nilpotent subgroup of some
UT(n,Q). Denote by π0 : A × G0 → G0 the projection onto G0. The composition π0 ◦ ϕ can
be effectively computed (see proof of [14, Corollary 1.8]).

We claim that ⟨G1⟩ ∩ · · · ∩ ⟨GM ⟩ ̸= ∅ if and only if ⟨π0(ϕ(G1))⟩ ∩ · · · ∩ ⟨π0(ϕ(GM ))⟩ ̸= ∅.
Suppose g ∈ ⟨G1⟩∩· · ·∩⟨GM ⟩, then obviously π0(ϕ(g)) ∈ ⟨π0(ϕ(G1))⟩∩· · ·∩⟨π0(ϕ(GM ))⟩. On
the other hand, suppose h ∈ ⟨π0(ϕ(G1))⟩∩· · ·∩⟨π0(ϕ(GM ))⟩ = π0(ϕ(⟨G1⟩))∩· · ·∩π0(ϕ(⟨GM ⟩)),
then there exist a1, . . . , aM ∈ A, such that (ai, h) ∈ ⟨Gi⟩ for all i. Then (1, hcard(A)) =
(ai, h)card(A) ∈ ⟨Gi⟩ for all i, hence ⟨G1⟩ ∩ · · · ∩ ⟨GM ⟩ ̸= ∅.
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Since G0 is a 2-step nilpotent subgroup of UT(n,Q), one can decide whether ⟨π0(ϕ(G1))⟩∩
· · · ∩ ⟨π0(ϕ(GM ))⟩ = ∅ by Theorem 1. Thus, we conclude that it is decidable whether
⟨G1⟩ ∩ · · · ∩ ⟨GM ⟩ ̸= ∅. ◀

We did not attempt to analyse the exact complexity of deciding Intersection Emptiness
for arbitrary finitely generated 2-step nilpotent groups. This is because this complexity
depends on the computation and representation of the embedding ϕ, as well as the size of
the finite group A.

▶ Theorem 3. Given elements T, S ∈ H3(Q) and two finite subsets G, H of H3(Q), it is
decidable whether T · ⟨G⟩ ∩ S · ⟨H⟩ = ∅.

Proof. As mentioned in the beginning of Section 6, one can without loss of generality suppose
T = I, and decide whether ⟨G⟩ ∩ S · ⟨H⟩ ̸= ∅. Given G and H, one can effectively compute
CG ∩ CH and its dimension using linear programming [36].

If CG ∩ CH has dimension zero or one, then Proposition 8 shows we can decide whether
⟨G⟩ ∩ S · ⟨H⟩ ̸= ∅ by solving a finite number of linear Diophantine equations of the form (29).

If CG ∩ CH has dimension two, then Proposition 9 shows we can decide whether ⟨G⟩ ∩ S ·
⟨H⟩ ̸= ∅ by solving Equations (21), (22) and (23). Equation (23) can be replaced by a boolean
combination of conditions of the form “xi ≡ 0 mod 2”, “xi ≡ 1 mod 2”, “yi ≡ 0 mod 2”,
. . ., or “dij ≡ 1 mod 2”. Each of these conditions can be expressed as a linear equation over
integers, for example “xi ≡ 1 mod 2” is equivalent to “xi = 2x′

i + 1, x′
i ∈ Z”. Therefore,

solving Equations (21), (22) and (23) is equivalent to solving a boolean combination of linear
equations over integers, which is decidable by integer programming. ◀

▶ Proposition 8. Suppose the cone CG ∩ CH has dimension zero or one. Deciding whether
⟨G⟩ ∩ S · ⟨H⟩ ̸= ∅ can be done by solving finitely many linear Diophantine equations.

Proof. Let L ⊆ Q2 be a linear space of dimension one that contains CG ∩ CH. Then we
decompose G and H into disjoint subsets: G = G0 ∪ G+, H = H0 ∪ H+, where

G0 := {Ai ∈ G | φ(log Ai) ∈ L}, G+ := G \ G0;
H0 := {Bi ∈ H | φ(log Bi) ∈ L}, H+ := H \ H0.

The key observation is that all matrices in G0 and in H0 commute with each other (all
φ(log Ai) and φ(log Bj) are linearly dependant, so [log Ai, log Aj ] = [log Bi, log Bj ] = 0).

Suppose ⟨G⟩ ∩ S · ⟨H⟩ ̸= ∅, that is, there exist words v in the alphabet G and w in the
alphabet H such that log v = log Sw. We show that the number of occurrences of letters of
G+ in v is bounded; similarly, the number of occurrences of letters of H+ in w is bounded.

Let n be a non-zero vector orthogonal to L, then x 7→ n⊤x is the projection parallel
to L. Since CG ∩ CH ⊆ L, the values n⊤φ(log Ai), Ai ∈ G have signs opposite to that of
n⊤φ(log Bj), Bj ∈ H. Without loss of generality, suppose n⊤φ(log Ai) ≥ 0 for all Ai ∈ G
and n⊤φ(log Bj) ≤ 0 for all Bj ∈ H. Since n is orthogonal to L, we have furthermore
n⊤φ(log Ai) > 0 for all Ai ∈ G+ and n⊤φ(log Bj) < 0 for all Bj ∈ H+; as well as
n⊤φ(log X) = 0 for all X ∈ G0 ∪ H0.

Now, log v = log Sw yields φ(log v) = φ(log S) + φ(log w). Projecting onto n, this shows∑
i,Ai∈G+

PIG
i (v) · n⊤φ(log Ai) = n⊤φ(S) +

∑
i,Bi∈H+

PIH
i (w) · n⊤φ(log Bi).

This yields

PIG
i (v) ≤ n⊤φ(log S)

n⊤φ(log Ai)
, PIH

j (v) ≤ n⊤φ(log S)
n⊤φ(log Bj) , (28)
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for all Ai ∈ G+ and Bj ∈ H+. This gives bounds βG :=
∑

i,Ai∈G+

n⊤φ(log S)
n⊤φ(log Ai) and βH :=∑

i,Bi∈H+

n⊤φ(log S)
n⊤φ(log Bi) , such that if log v = log Sw, then the number of letters of G+ in v is

bounded by βG ; and similarly the number of letters of H+ in w is bounded by βH.
Write v = v0C1v1C2 · · · vs−1Csvs, where C1, . . . , Cs are matrices in G+, and v0, . . . , vs are

words in the alphabet G0. Similarly, write w = w0D1w1D2 · · · wt−1Dtwt, where D1, . . . , Dt

are matrices in H+, and w0, . . . , wt are words in the alphabet H0. Write G0 = {A′
1, . . . , A′

K′}
and H0 = {B′

1, . . . , B′
M ′}. Define xij := PIG0

j (vi) for 0 ≤ i ≤ s, 1 ≤ j ≤ K ′, and yij :=
PIH0

j (wi) for 0 ≤ i ≤ t, 1 ≤ j ≤ M ′. Then log v = log Sw is equivalent to

s∑
i=1

log Ci +
s∑

i=0

K′∑
j=1

xij log A′
j + 1

2
∑

0≤i<k≤s

K′∑
j=1

xij [log A′
j , log Ck]

+ 1
2

∑
1≤k≤i≤s

K′∑
j=1

xij [log Ck, log A′
j ]

= log S +
t∑

i=1
(log Di + 1

2[log S, log Di]) + 1
2

t∑
i=0

M ′∑
j=1

yij [log S, log B′
j ]

+ 1
2

∑
0≤i<k≤t

M ′∑
j=1

yij [log B′
j , log Dk] + 1

2
∑

1≤k≤i≤t

M ′∑
j=1

yij [log Dk, log B′
j ] (29)

All other terms contain [log A′
i, log A′

j ] or [log B′
i, log B′

j ] and hence vanish by the commut-
ativity of G0 and H0. Note that Equation (29) is a linear Diophantine equation in the
variables xij , yij . Therefore, log v = log Sw has a solution if and only if there exist matrices
C1, . . . , Cs in G+ and matrices D1, . . . , Dt in H+, such that Equation (29) has a solution in
non-negative integers, with the additional constraint that, if s = 0, then (x01, . . . , x0K′) ̸= 0;
and if t = 0, then (y01, . . . , y0M ′) ̸= 0. This additional constraint comes from the condition
that v, w are not empty words. Recall the bounds s ≤ βG and t ≤ βH. Hence, deciding
whether log v = log Sw has a solution amounts to solving finitely many linear Diophantine
equations of the form (29). ◀

In theory, it is possible to give a bound on the complexity of the procedure described in
Proposition 8. The size of the each bound in Equation (28) is exponential in the bit size
of the entries S, G, H. Hence the procedure consists of solving exponentially many linear
Diophantine equations.

▶ Proposition 10. Algorithm 1 is correct and terminates in polynomial time.

Proof. We prove that Algorithm 1 outputs False if and only if ⟨G1⟩ ∩ · · · ∩ ⟨GM ⟩ ̸= ∅.
After each iteration of Step 2, card(S1) + · · · + card(SM ) strictly decreases. Therefore,

the algorithm terminates after at most K1 + · · · + KM iterations of Step 2.
We now show correctness of the algorithm. We first show that when Algorithm 1 returns

False, then
⋂M

i=1⟨Gi⟩ ̸= ∅. Suppose the algorithm terminates with output False, the condition
in Step 2(d) shows that supp(Λ) ∩ Sm = Sm for all 1 ≤ m ≤ M . By the additivity of Λ
(that is, a, b ∈ Λ =⇒ a + b ∈ Λ), there exists a vector ℓ = (ℓ1, . . . , ℓM ) ∈ Λ such
that supp(ℓ) = supp(Λ). This yields supp(ℓm) = supp(Λ) ∩ Sm = Sm for all m. Since
supp(ℓm) = Sm ̸= ∅, we have ℓm ̸= 0 for all 1 ≤ m ≤ M . By the definition (19) of πℓ(W ),
there exist rational numbers (cmij)1≤m≤M,i,j∈Sm such that

STACS 2023



25:18 Semigroup Intersection Problems in the Heisenberg Groups

K1∑
j=1

ℓ1j log A1j +
∑
i<j

i,j∈S1

c1ij [log A1i, log A1j ] =
K2∑
j=1

ℓ2j log A2j +
∑
i<j

i,j∈S2

c2ij [log A2i, log A2j ]

= · · · =
KM∑
j=1

ℓMj log AMj +
∑
i<j

i,j∈SM

cMij [log AMi, log AMj ] (30)

Since Sm = supp(ℓm) for all m, Equation (30) is identical to Equation (14) in Proposition 7.
Therefore Proposition 7 shows

⋂M
i=1⟨Gi⟩ ̸= ∅.

Next, we show that if
⋂M

i=1⟨Gi⟩ ̸= ∅, then Algorithm 1 returns False. Suppose
⋂M

i=1⟨Gi⟩ ̸=
∅. By Proposition 7, there exist ℓ1 = (ℓ1j)1≤j≤K1 ∈ ZK1

≥0 \ {0}, . . . , ℓM = (ℓMj)1≤j≤KM
∈

ZKM

≥0 \ {0}, and rational numbers (cmij)1≤m≤M,i,j∈supp(ℓm) that satisfies Equation (14) in
Proposition 7. We show that “supp(ℓm) ⊆ Sm for all 1 ≤ m ≤ M” is an invariant of the
algorithm.

At initialization, we obviously have supp(ℓm) ⊆ Sm = {1, . . . , Km}. Before each iter-
ation of 2(d), suppose we have supp(ℓm) ⊆ Sm for all m, then Equation (14) shows that
(ℓmj)1≤m≤M,1≤j≤Km

∈ πℓ(W ). Consequently, supp(ℓm) ⊆ supp(Λ), meaning supp(ℓm) ⊆
Sm still holds after 2(d).

This invariant shows that supp(ℓm) ⊆ Sm for all m by the start of Step 3. Since
ℓm ∈ ZKm

≥0 \ {0}, supp(ℓm) is non-empty for every m. We conclude that Sm ̸= ∅ for all m by
the start of Step 3. Therefore, Algorithm 1 returns False.

Finally, we show that Algorithm 1 terminates in polynomial time. Recall that the
algorithm terminates after at most K1 + · · · + KM iterations of Step 2. At each iteration of
Step 2(b), the projection can be computed in polynomial time by eliminating the variables
(cmij)1≤m≤M,i,j∈Sm

from the equations defining W . Then, at each iteration of Step 2(c) the
support supp(Λ) is computed by Lemma 4. The total input size of the linear programming
instances is polynomial with respect to the total bit length of the matrix entries in G1, . . . , GM .
Indeed, the total bit length of log Ami and [log Ami, log Amj ] is at most of quadratic size
in Gm; and the projection performed in Step 2(b) can only alter the total entry bit size at
most polynomially. From this, one can express πℓ(W ) as the solution set of a system of
homogeneous linear equations whose total bit length is polynomial in G1, . . . , GM . Hence

Lemma 4 computes the support of Λ := Z
∑M

m=1
Km

≥0 ∩ πℓ(W ) in polynomial time. Therefore,
each iteration of Step 2 takes polynomial time, and thus the overall complexity of Algorithm 1
is polynomial with respect to the input G1, . . . , GM . ◀
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Abstract
For a subset B of R, denote by U(B) be the semiring of (univariate) polynomials in R[X] that are
strictly positive on B. Let N[X] be the semiring of (univariate) polynomials with non-negative integer
coefficients. We study solutions of homogeneous linear equations over the polynomial semirings
U(B) and N[X]. In particular, we prove local-global principles for solving single homogeneous linear
equations over these semirings. We then show PTIME decidability of determining the existence of
non-zero solutions over N[X] of single homogeneous linear equations.

Our study of these polynomial semirings is largely motivated by several semigroup algorithmic
problems in the wreath product Z ≀ Z. As an application of our results, we show that the Identity
Problem (whether a given semigroup contains the neutral element?) and the Group Problem
(whether a given semigroup is a group?) for finitely generated sub-semigroups of the wreath product
Z ≀ Z is decidable when elements of the semigroup generator have the form (y, ±1).
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1 Introduction

Linear equations over semirings appear in various domains in mathematics and computer
science, such as automata theory, optimization, and algebra of formal processes [2, 3, 6, 11].
There have been numerous studies on linear equations over different semirings [12], for
example the semiring of natural numbers (integer programming), tropical semirings [23] and
polynomial semirings [9, 22]. Given a semiring S, define S[X] to be the set of polynomials in
variable X whose coefficients are elements of S. The set S[X] is again a semiring. One of
the simplest polynomial semirings is the semiring N[X] of single variable polynomials with
non-negative integer coefficients. The problem of solving a system of linear equations over
N[X] was shown to be undecidable by Narendran [22] using a reduction from Hilbert’s tenth
problem. More precisely, given integer polynomials hij , gj ∈ Z[X], i = 1, . . . , n, j = 1, . . . , k,
it is undecidable whether the system of equations

f1h1j + · · · + fnhnj = gj , j = 1, . . . , k, (1)

has a solution (f1, . . . , fn) over N[X]. This contrasts with the decidability of solving systems
of linear equations over N and over Z[X] (using respectively integer programming [15] and
Smith canonical forms [16]).

© Ruiwen Dong;
licensed under Creative Commons License CC-BY 4.0

40th International Symposium on Theoretical Aspects of Computer Science (STACS 2023).
Editors: Petra Berenbrink, Patricia Bouyer, Anuj Dawar, and Mamadou Moustapha Kanté;
Article No. 26; pp. 26:1–26:19

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

mailto:ruiwen.dong@kellogg.ox.ac.uk
https://doi.org/10.4230/LIPIcs.STACS.2023.26
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics/
https://www.dagstuhl.de


26:2 Solving Homogeneous Linear Equations over Polynomial Semirings

In this paper, we show a decidability result for finding a non-zero solution of a single
homogeneous linear equation over N[X]. In particular, we are concerned with the following
problem: given integer polynomials h1, . . . , hn ∈ Z[X], does the equation

f1h1 + · · · + fnhn = 0 (2)

admit a solution (f1, . . . , fn) over N[X] \ {0} (i.e. none of the fi is zero)?
In Section 6 of this paper we give a PTIME algorithm that decides this problem. Our

algorithm relies on a local-global principle which we prove in Section 5, and reduces the
decision problem to the existential theory of the reals in one variable. Formal definitions of
these results will be given in Section 2.

It turns out that the problem of solving linear equations over the semiring N[X] is closely
related to solving the same equation over the semiring U(B), consisting of polynomials in
R[X] that are strictly positive on a subset B of R. It is also related to the semiring W(B)
of polynomials that are non-negative on B. The characterization of polynomials in U(B)
and W(B) is a central subject in the theory of real algebra. In particular, when B is a
semialgebraic set, variants of the positivstellensatz give explicit descriptions of the semirings
U(B) and W(B). This theory can be traced back to the celebrated Hilbert’s seventeenth
problem: given a polynomial that takes only non-negative values over the reals, can it be
represented as a sum of squares of rational functions? This has been answered positively
by Artin [1] using a model theoretic approach. The techniques proposed by Artin have
since developed into the rich theory of real algebra; for a comprehensive account of this
subject, see [24] or [25]. An important result in solving homogeneous linear equations over
W(R) is the Bröcker-Prestel’s local-global principle for weak isotropy of quadratic forms [24,
Theorem 8.12, 8.13]. Applied over the function field R(X), the Bröcker-Prestel local-global
principle relates the existence of non-trivial solutions over sums of squares in R(X) (and
hence over W(R)) of a homogeneous linear equation, to the behaviour of the equation in all
Henselizations of R(X). In Section 4 of this paper we prove a “strictly positive” version of
the Bröcker-Prestel local-global principle, which characterizes the existence of solutions over
U(B). This will serve as a base for proving further results in Section 5 and 6. Our proof is
inspired by Prestel’s proof of the original theorem. However, several new ideas are introduced
to deal with the strict positivity as well as the positivity constraint over a subset of R.

An important motivation for studying linear equations over N[X] comes from a semigroup
algorithmic problem in the wreath product Z ≀ Z. The wreath product is a fundamental
construction in group and semigroup theory. Given two groups G and H, their wreath
product G ≀ H is defined in the following way. Let GH be the set of all functions y : H → G

with finite support; it is a group with respect to pointwise multiplication. The group H acts
on GH as a group of automorphisms: if h ∈ H, y ∈ GH , then yh(b) = y(bh−1) for all b ∈ H.
The wreath product G ≀ H is then defined as the semi-direct product GH ⋊ H, that is, the
set of all pairs (y, h) where y ∈ GH , h ∈ H, with multiplication operation given by

(y, h)(z, k) = (ykz, hk).

One easy way to understand the group Z ≀ Z is through its isomorphism to a matrix group
over the Laurent polynomial ring Z[X, X−1] [19]:

φ : Z ≀ Z ∼−→
{(

1 f

0 Xb

) ∣∣∣∣ f ∈ Z[X, X−1], b ∈ Z
}

, (y, b) 7→
(

1
∑

k∈Z y(k)Xk

0 Xb

)
. (3)
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A large number of important groups are constructed using the wreath product, such as the
lamplighter group Z2 ≀ Z [13] and groups resulting from the Magnus embedding theorem [19].
The wreath product also plays an important role in the algebraic theory of automata. The
Krohn–Rhodes theorem states that every finite semigroup (and correspondingly, every finite
automaton) can be decomposed into elementary components using wreath products [17].

In Section 7 we give an application of our results to the Identity Problem in Z ≀ Z. Given
a finite set of elements G = {A1, . . . , Ak} in a group G as well as a target element A ∈ G,
denote by ⟨G⟩ the semigroup of generated by G, and by ⟨G⟩grp the group generated by G.
Consider the following decision problems:

(i) (Group Membership Problem) whether A ∈ ⟨G⟩grp?
(ii) (Semigroup Membership Problem) whether A ∈ ⟨G⟩?
(iii) (Identity Problem) whether the neutral element I of G is contained in ⟨G⟩?

All three problems remain undecidable even when the ambient group G is restricted to
relatively simple groups, such as the direct product F2 × F2 of two free groups over two
generators [5, 21]. Indeed, one of the first undecidability results in algorithmic theory was
the undecidability of the Semigroup Membership Problem for integer matrices, obtained by
Markov [20]. Some decidability results for the Identity Problem include its NP-completeness
in SL(2,Z) [4] and its PTIME decidability in nilpotent groups of class at most ten [10].

Let p ∈ Z>0. The group Z ≀ Z shares some common properties with the wreath product
(Z/pZ) ≀ Z and with the Baumslag-Solitar group BS(1, p). Similar to the isomorphism (3),
both (Z/pZ) ≀ Z and BS(1, p) can be represented as 2 × 2 upper triangular matrix groups:

(Z/pZ) ≀ Z ∼=
{(

1 f

0 Xb

) ∣∣∣∣ f ∈ (Z/pZ) [X, X−1], b ∈ Z
}

,

BS(1, p) ∼=
{(

1 f

0 pb

) ∣∣∣∣ f ∈ Z[1/p], b ∈ Z
}

.

Lohrey, Steinberg and Zetzsche showed decidability of the Rational Subset Membership
Problem (which subsumes all three decision problems mentioned above) in H ≀ V , where H

is a finite and V is virtually free [18]. This notably implies its decidability in (Z/pZ) ≀ Z.
Cadilhac, Chistikov and Zetzsche proved its decidability in BS(1, p) [7]. For Z ≀ Z, decision
problems are much harder due to higher encoding power of the ring Z[X, X−1]. The Group
Membership Problem in Z ≀ Z can be reduced to the membership problem for modules over
the ring Z[X, X−1], and is hence decidable [26]. As for the Semigroup Membership Problem
in Z ≀Z, Lohrey et al. showed its undecidability using an encoding of 2-counter machines [18].
Decidability of the Identity Problem in Z ≀ Z remains an intricate open problem. In this
paper we give a decidability result in the case where all the elements of the generator G are
of the form (y, ±1).

2 Main results

In this section we sum up the main results of this paper. For a subset B of R, denote by
U(B) the set of polynomials in R[X] that are strictly positive on B:

U(B) := {f ∈ R[X] | f(x) > 0 for all x ∈ B}.

Define B to be the closure of B in R under the Euclidean topology. Our first result is a
local-global principle for solutions of homogeneous linear equations over U(B). Theorem 2.1
will be proved in Section 4.
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▶ Theorem 2.1. Let B be a subset of R. Assume that h1, . . . , hn ∈ R[X] are polynomials that
satisfy gcd(h1, . . . , hn) = 1. If the equation f1h1 + · · · + fnhn = 0 has no solution (f1, . . . , fn)
over U(B), then there exists a real number t ∈ B, such that the values hi(t), i = 1, . . . , n, are
either all non-negative or all non-positive.

Our second result is a corollary of the previous theorem, it provides a similar local-global
principle for solutions over N[X] \ {0}. Theorem 2.2 will be proved in Section 5.

▶ Theorem 2.2. Given polynomials h1, . . . , hn ∈ Z[X] with gcd(h1, . . . , hn) = 1. If the
equation f1h1 + · · · + fnhn = 0 has no solution (f1, . . . , fn) over N[X] \ {0}, then there exists
t ∈ R≥0, such that the values hi(t), i = 1, . . . , n are either all non-negative or all non-positive.

Our next result shows that it is decidable in PTIME whether a linear homogeneous
equation is solvable over N[X] \ {0}. The input size is defined as the total number of bits
used to encode all the coefficients of all hi. Theorem 2.3 will be proved in Section 6.

▶ Theorem 2.3. Given as input h1, . . . , hn ∈ Z[X]. It is decidable in polynomial time
whether the equation f1h1 + · · · + fnhn = 0 has solutions f1, . . . , fn over N[X] \ {0}.

An application of this theorem is the following partial decidability result on the Identity
Problem in the wreath product Z ≀ Z. This will be the main topic of Section 7.

▶ Theorem 2.4. Given a finite set of elements G = {(y1, b1), . . . , (yn, bn)} in Z ≀ Z, where
bi = ±1 for all i. The following are decidable:
1. (Group Problem) whether the semigroup ⟨G⟩ generated by G is a group.
2. (Identity Problem) whether the neutral element I is in the semigroup ⟨G⟩.

3 Preliminaries

In this section we introduce the necessary mathematical tools on (semi)orderings of fields as
well as valuations. Most notations and definitions follow those given in Prestel’s book [24].

3.1 Orderings and semiorderings
▶ Definition 3.1 (Ordering). A linear ordering of a set S is a binary relation that satisfies

(i) a ≤ a,
(ii) a ≤ b, b ≤ c =⇒ a ≤ c,
(iii) a ≤ b, b ≤ a =⇒ a = a,
(iv) a ≤ b or b ≤ a

for all a, b, c ∈ S.
Given a field F of characteristic zero, a (field) ordering of F is a linear ordering ≤ of the

underlying set of F that additionally satisfies
(i) a ≤ b =⇒ a + c ≤ b + c,
(ii) 0 ≤ a, 0 ≤ b =⇒ 0 ≤ ab

for all a, b, c ∈ F . A field is called formally real if it admits at least one ordering.

The semiordering of a field, defined below, is a weaker version of the field ordering.

▶ Definition 3.2 (Semiordering). A semiordering of a field F is a linear ordering ≤ of the
underlying set of F that satisfies

(i) a ≤ b =⇒ a + c ≤ b + c,
(ii) 0 ≤ 1,
(iii) 0 ≤ a =⇒ 0 ≤ ab2

for all a, b, c ∈ F .
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In a field F with semiordering ≤, we have 0 ≤ x2 for all x ∈ F . The field of real numbers
R hence admits a unique semiordering, since every positive real can be written as a square.
This semiordering is simply the natural ordering on R.

It is easy to see that an ordering is always a semiordering. Conversely, a semiordering
need not be an ordering. However, in any field, the existence of a semiordering implies that
of an ordering.

▶ Lemma 3.3 ([24, Corollary 1.15]). A field F is formally real (admits an ordering) if and
only if it admits a semiordering.

For any subset P of F , define −P := {−x | x ∈ P}. For a semiordering ≤ of F , the set
P := {a ∈ F | 0 ≤ a} satisfies

(i) P + P ⊆ P ,
(ii) F 2 · P ⊆ P and 1 ∈ P ,
(iii) P ∩ −P = {0},
(iv) P ∪ −P = F .
Such a set will be called a semicone of F . A semicone P of F determines a semiordering ≤
of F by a ≤ b ⇐⇒ b − a ∈ P . Therefore, we will sometimes call P a semiordering as well.

The pre-semicone is yet a weaker version of the semiordering (or semicone).

▶ Definition 3.4 (Pre-semicone). A pre-semicone of a field F is a subset P of F that satisfies
(i) P + P ⊆ P ,
(ii) F 2 · P ⊆ P ,
(iii) P ∩ −P = {0}.
The only difference between a pre-semicone and a semicone is the absence of the rule (iv)
and the condition 1 ∈ P in (ii). Obviously every semicone is also a pre-semicone. Conversely,
a pre-semicone need not be a semicone, but it can always be extended to one.

▶ Lemma 3.5 ([24, Lemma 1.13]). For every pre-semicone P0 of a formally real field F there
exists a set P ⊇ P0 such that P or −P is a semicone of F .

Suppose F is of characteristic zero. A semiordering or an ordering ≤ of F is called
archemedean if for each a ∈ F there exists n ∈ N ⊆ F such that a ≤ n.

▶ Lemma 3.6 ([24, Lemma 1.20]). Every archimedean semiordering is an ordering.

3.2 Valuations
Let F be a field. A valuation of F is a surjective map v : F → Γ ∪ {∞}, where the value
group Γ is an abelian totally ordered group1, such that the following conditions are satisfied
for all a, b ∈ F :

(i) v(a) = ∞ if and only if a = 0,
(ii) v(ab) = v(a) + v(b),
(iii) v(a + b) ≥ min{v(a), v(b)}, with equality if v(a) ̸= v(b).
A valuation is called non-trivial if Γ ̸= {0}. A valued field is a pair (F, v) where F is a field
and v is a valuation of F . Its valuation ring Av is defined as

Av := {a ∈ F | v(a) ≥ 0}.

1 An abelian totally ordered group Γ is an abelian group equipped with a linear ordering ≤, such
that a ≤ b =⇒ a + c ≤ b + c for all a, b, c ∈ Γ. Here, the group law of Γ is written additively.
The ordering and the group law on Γ can be extended to the set Γ ∪ {∞} by defining a ≤ ∞ and
a + ∞ = ∞ + a = ∞ + ∞ = ∞ for all a ∈ Γ.
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We have Av ̸= F if and only if v is non-trivial. Av is a ring with a unique maximal ideal

Mv := {a ∈ F | v(a) > 0}.

The quotient Fv := Av/Mv is called the residue field of (F, v). It is indeed a field since Mv is
maximal. A valuation v is called a real place of F if the residue field Fv is formally real.

Consider the field F = R(X). The following proposition gives a well-known characteriza-
tion (up to isomorphism of the value group Γ) of the set of all non-trivial real places R(X)
whose valuation ring contains the subfield R.

▶ Proposition 3.7. Let v be a non-trivial real place of R(X) such that R ⊆ Av. Then v

belongs to one of the two following types of real places:
1. For every t ∈ R there is a real place vt : R(X) → Z ∪ {∞}, defined by vt(y) = a, where

a ∈ Z is such that y can be written as y = (X − t)a · f
g , with f, g being polynomials in

R[X] not divisible by X − t. The residue field R(X)vt
is isomorphic to R by the natural

homomorphism y + Mvt
7→ y(t).

2. There is a real place v∞ : R(X) → Z ∪ {∞}, defined by vt( f
g ) = deg g − deg f , where f, g

are polynomials in R[X]. The residue field R(X)v∞ is isomorphic to R by the natural
homomorphism y + Mv∞ 7→ limt→∞ y(t).
Let P be a semicone of a field F , and F0 be a subfield of F . Denote by ≤ the corresponding

semiordering of P ; define the set

AP
F0

:= {a ∈ F | a ≤ b and − a ≤ b for some b ∈ F0}. (4)

The following lemmas show that AP
F0

is a valuation ring, and that its corresponding residue
field admits a semiordering induced by P under additional conditions.

▶ Lemma 3.8 ([24, Lemma 7.13]). Let P be a semiordering of a field F and F0 a subfield of
F . Then AP

F0
is a valuation ring of some valuation of F .

▶ Lemma 3.9 ([24, Lemma 7.15]). Let P be a semiordering of a field F and F0 a subfield of
F , such that there exists b ∈ F with a ≤ b for all a ∈ F0. Let the valuation v of F correspond
to AP

F0
. Then (Av ∩ P )/Mv is a semiordering of Fv.

4 Local-global principle over strictly positive polynomials

For a subset B of R, define the set W(B) of polynomials that are non-negative on B:

W(B) := {f ∈ R[X] | f(x) ≥ 0 for all x ∈ B}.

Obviously U(B) ⊆ W(B). For f, g ∈ W(R) \ {0}, by the fundamental theorem of algebra,
one can write (uniquely)

f = c
∏
j∈J

(x − rj)dj

∏
k∈K

(x2 + akx + bk)ek , g = c′
∏
j∈J

(x − rj)d′
j

∏
k∈K

(x2 + akx + bk)e′
k

where c, c′, rj , ak, bk ∈ R and dj , d′
j , ek, e′

k are non-negative integers, and the polynomials
x2 + akx + bk have no real root. Here, J indexes all real roots of f and g, and K indexes all
conjugate pairs of imaginary roots of f and g. Since f and g are non-negative on R, all dj

and d′
j are even, and c, c′ are positive. Therefore, the greatest common divisor of f and g,

defined by
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gcd(f, g) :=
∏
j∈J

(x − rj)min{dj ,d′
j}

∏
k∈K

(x2 + akx + bk)min{ek,e′
k}

is also non-negative on R. It follows that the polynomials gcd(f, g), f/ gcd(f, g) and
g/ gcd(f, g) are all in W(R).

We now give a proof of our first main result, which can be considered as a “strictly
positive” version of the Bröcker-Prestel local-global principle. A comparison of our proof
with the proof of the original theorem is given in Appendix C.

▶ Theorem 2.1. Let B be a subset of R. Assume that h1, . . . , hn ∈ R[X] are polynomials that
satisfy gcd(h1, . . . , hn) = 1. If the equation f1h1 + · · · + fnhn = 0 has no solution (f1, . . . , fn)
over U(B), then there exists a real number t ∈ B, such that the values hi(t), i = 1, . . . , n, are
either all non-negative or all non-positive.

Proof. The theorem is trivially true if B is empty, hence we suppose B ̸= ∅. Suppose
f1h1 + · · · + fnhn = 0 has no solution (f1, . . . , fn) over U(B). Consider the following subset
of the field R(X):

P0 :=
{

g

G
·

n∑
i=1

fihi, where all fi ∈ U(B) and g, G ∈ W(R) \ {0}

}
.

Since f1h1 + · · · + fnhn = 0 has no solution (f1, . . . , fn) over U(B), we have 0 ̸∈ P0. We
claim that P ′

0 = P0 ∪ {0} is a pre-semicone of R(X). Indeed, we verify the three conditions
given in Definition 3.4:

(i) P ′
0+P ′

0 ⊆ P ′
0. It suffices to show P0+P0 ⊆ P0. Let c = g

G ·
∑n

i=1 fihi, c′ = g′

G′ ·
∑n

i=1 f ′
ihi

be elements of P0. Without loss of generality we can suppose gcd(g, G) = gcd(g′, G′) = 1.
Write d := gcd(g, g′), D := gcd(G, G′), then the polynomials d, g

d , g′

d , D, G
D , G′

D are all
elements of W(R) \ {0}, and gcd( gG′

dD , g′G
dD ) = 1. Hence,

c + c′ =
n∑

i=1

(
fi

g

G
+ f ′

i

g′

G′

)
hi = dD

GG′

n∑
i=1

(
fi

gG′

dD
+ f ′

i

g′G

dD

)
hi (5)

For any x ∈ B, we have gG′

dD (x) ≥ 0 and g′G
dD (x) ≥ 0. Since gcd( gG′

dD , g′G
dD ) = 1, the

two polynomials gG′

dD , g′G
dD cannot both vanish at x. Therefore either gG′

dD (x) > 0 or
g′G
dD (x) > 0. Because fi(x) > 0 and f ′

i(x) > 0, it follows that
(

fi
gG′

dD + f ′
i

g′G
dD

)
(x) > 0.

So fi
gG′

dD + f ′
i

g′G
dD ∈ U(B), and c + c′ ∈ P0.

(ii) R(X)2 · P ′
0 ⊆ P ′

0. This is obvious since R[X]2 · W(R) ⊆ W(R).
(iii) P ′

0∩−P ′
0 = {0}. It suffices to show P0∩−P0 = ∅. On the contrary suppose c ∈ P0∩−P0,

then 0 = c + (−c) ∈ P0 + P0 ⊆ P0, a contradiction.
By Lemma 3.5, P ′

0 can be extended to some P such that either P or −P is a semicone of the
field R(X). Without loss of generality suppose P ⊇ P ′

0 is a semicone, otherwise we can replace
all hi by −hi. Since the field R(X) has no archimedean ordering [25, Example 1.1.4(2)],
the semiordering corresponding to P must be non-archimedean (otherwise by Lemma 3.6
it must be an archimedean ordering). Consider the subfield R of R(X), by Lemma 3.8
the valuation ring AP

R (as defined in (4)) corresponds to some valuation v of R(X). Since
P is non-archimedean, there exists some a ∈ R(X) such that a − r ∈ P for all r ∈ R,
hence AP

R ̸= R(X). Also, Lemma 3.9 shows that the residue field Fv admits a semiordering
(P ∩ Av)/Mv. By Lemma 3.3, Fv is formally real. Therefore, v is a non-trivial real place of
R(X), and from the definition of AP

R we have R ⊆ AP
R = Av.
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26:8 Solving Homogeneous Linear Equations over Polynomial Semirings

Using the classification of real places of R(X) given in Proposition 3.7, consider the
following three cases. Since Fv is isomorphic to R, the semiordering (P ∩Av)/Mv corresponds
to the only ordering on R.
1. The real place v is equivalent to a place vt for some t ∈ B ⊆ R. In this case R[X] ⊆ Av.

We show that hi(t) ≥ 0 for all i. By symmetry it suffices to show h1(t) ≥ 0. For every
ε ∈ R>0, we have ε ∈ U(B), so h1+ε(h2 +· · ·+hn) ∈ P0 ⊆ P . Since h1+ε(h2+· · ·+hn) ∈
R[X] ⊆ Av, we have h1 + ε(h2 + · · · + hn) ∈ P ∩ Av, which gives

h1 + ε(h2 + · · · + hn) + Mv ∈ (P ∩ Av)/Mv. (6)

Since the residue field R(X)v is isomorphic to R by the natural homomorphism y + Mv 7→
y(t), Equation (6) yields

h1(t) + ε(h2(t) + · · · + hn(t)) ≥ 0.

Since this is true for all ε > 0, we conclude that h1(t) ≥ 0 and thus hi(t) ≥ 0 for all i.
2. The real place v is equivalent to a place vt for some t ∈ R \ B. There exists a polynomial

HB ∈ R[X], such that HB(x) > 0 for all x ∈ B but HB(t) < 0. Indeed, since t ̸∈ B, there
exists an interval (t − δ, t + δ) disjoint from B; it then suffices to take HB := (X − t)2 − δ2.
As in the previous case, we have h1(t) ≥ 0. Furthermore, since HB ∈ U(B) by its
definition, we have HBh1 + ε(h2 + · · · + hn) ∈ P0 ⊆ P for all ε ∈ R>0. This yields
(HBh1)(t) ≥ 0. However, we have HB(t) < 0 by its definition. This together with
h1(t) ≥ 0 yields h1(t) = 0. By symmetry we can prove hi(t) = 0 for all i, this contradicts
the condition gcd(h1, . . . , hn) = 1.

3. The real place v is equivalent to the place v∞. We divide {h1, . . . , hn} into two parts
according to the parity of its degree. Without loss of generality, suppose h1, . . . , hk have
even degree, and hk+1, . . . , hn have odd degree.
Define the leading coefficient of a polynomial as the coefficient of its highest degree
monomial. First we claim that the leading coefficients of h1, . . . , hk are all positive. By
symmetry, we only prove positivity of the leading coefficients of h1.
Let m = max{deg h1, . . . , deg hn} + 1. Since (X2 + 1)m ∈ U(B) and Xdeg h1 ∈ W(R), we
have

h1

Xdeg h1
+ (X2 + 1)m

(X2 + 1)2m
(h2 + · · · + hn) + Mv ∈ (P ∩ Av)/Mv. (7)

Since the residue field R(X)v is isomorphic to R by the natural homomorphism y +Mvt 7→
limt→∞ y(t), Equation (7) shows that the leading coefficient of h1 is positive. Therefore
by symmetry, the leading coefficient of hi is positive for all 1 ≤ i ≤ k.
We then separate four cases.
a. If B is bounded, that is, B ⊂ (a, b) for some a, b ∈ R. Let s > max{|a|, |b|}, then

X + s ∈ U(B). Since deg hn is odd, we have Xdeg hn+1 ∈ W(R). Therefore,

(X + s)hn

Xdeg hn+1 + (X2 + 1)m

(X2 + 1)2m
(h1 + · · · + hn−1) + Mv ∈ (P ∩ Av)/Mv. (8)

This shows that the leading coefficient of hn is positive.
However, we also have −X + s ∈ U(B), so we can replace (X + s) with (−X + s) in
Equation (8). This shows that the leading coefficient of hn is negative. Therefore hn

does not exist, so all h1, . . . , hn must have even degree. But then (X+1−a)(b+1−X) ∈
U(B), so

(X + 1 − a)(b + 1 − X)h1

Xdeg h1+2 + (X2 + 1)m

(X2 + 1)2m
(h2 + · · · + hn) + Mv ∈ (P ∩ Av)/Mv. (9)
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This shows that the leading coefficient of h1 is negative, a contradiction.
b. If B ⊂ (a, +∞) for some a ∈ R, and B contains arbitrarily large positive reals, that is,

B ∩ (b, +∞) ̸= ∅ for all b ∈ R. Then X + 1 − a ∈ U(B), so

(X + 1 − a)hn

Xdeg hn+1 + (X2 + 1)m

(X2 + 1)2m
(h1 + · · · + hn−1) + Mv ∈ (P ∩ Av)/Mv. (10)

This shows that the leading coefficient of hn is positive. By symmetry, the lead-
ing coefficients of hk+1, . . . , hn are all positive. Therefore, for large enough t ∈ B,
h1(t), . . . , hn(t) are all positive.

c. If B ⊂ (−∞, a) for some a ∈ R, and B contains arbitrarily small reals, that is,
B ∩ (−∞, b) ̸= ∅ for all b ∈ R. Then a + 1 − X ∈ U(B), so

(a + 1 − X)hn

Xdeg hn+1 + (X2 + 1)m

(X2 + 1)2m
(h1 + · · · + hn−1) + Mv ∈ (P ∩ Av)/Mv. (11)

This shows that the leading coefficient of hn is negative. By symmetry, the leading
coefficients of hk+1, . . . , hn are all negative. Therefore, for small enough 0 > t ∈ B,
h1(t), . . . , hn(t) are all positive.

d. If B contains arbitrarily large and arbitrarily small reals. We claim that the leading
coefficients of hk+1, . . . , hn all have the same sign. Suppose on the contrary that they
have different signs, denote by ai the leading coefficient of hi, so hi = aiX

deg hi + Hi

for some polynomial Hi of degree at most deg hi − 1. Then there exist strictly positive
reals rk+1, . . . , rn such that rk+1ak+1 + · · · + rnan = 0. Then, for any s ∈ R, we have
X2 − 2sX + s2 + 1 ∈ U(B), so

(X2 + 1)m

(X2 + 1)2m
(h1 + · · · + hk) + rk+1(X2 − 2sX + s2 + 1)

Xdeg hk+1+1 hk+1

+ rk+2

Xdeg hk+2−1 hk+2 + · · · + rn

Xdeg hn−1 hn + Mv ∈ (P ∩ Av)/Mv. (12)

The limit of the left hand side when X tends to infinity is equal to

g(s) := lim
X→∞

rk+1(X2 − 2sX)
Xdeg hk+1+1 hk+1(X) +

n∑
j=k+2

rj

Xdeg hj−1 hj(X)


= −2sak+1rk+1 + lim

X→∞

 n∑
j=k+1

rj

Xdeg hj−1 Hj(X)


because rk+1ak+1 + · · · + rnan = 0. According to whether ak+1rk+1 is positive or
negative, we can take a positive or negative s with large enough absolute value, so
that the value of g(s) is negative. This contradicts Equation (12), which shows that
the limit of the left hand side when X → ∞ is positive.
We therefore conclude that the leading coefficients of hk+1, . . . , hn all have the same
sign. If they are positive, then for large enough t ∈ B, h1(t), . . . , hn(t) are all positive.
If they are negative, then for small enough t ∈ B, h1(t), . . . , hn(t) are all positive.

To sum up, in all possible cases, we have t ∈ B with hi(t) ≥ 0 for all i. If −P is a semicone
instead of P , analogously we can find t ∈ B such that hi(t) ≤ 0 for all i. ◀

5 Local-global principle over N[X]

In this section we prove Theorem 2.2. Omitted proofs are given in Appendix A. The key to
bridging the difference between the semirings U(B) and N[X] is Pólya’s Theorem:
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▶ Lemma 5.1 (Pólya’s Theorem [14, Theorem 56]). If a homogeneous polynomial f ∈
R[X1, . . . , Xn] is strictly positive for all (X1, . . . , Xn) on (R≥0)n \ {0}, then there exists
p ∈ N such that (X1 + · · · + Xn)p · f ∈ R≥0[X1, . . . , Xn].

The following proposition reduces Theorem 2.2 to real polynomials.

▶ Proposition 5.2. Given h1, . . . , hn ∈ Z[X]. The equation f1h1 + · · · + fnhn = 0 has a
solution (f1, . . . , fn) over N[X] \ {0} if and only if it has a solution over R≥0[X] \ {0}.

The next proposition further reduces it to U(R>0). The key to its proof is Lemma 5.1.

▶ Proposition 5.3. Given h1, . . . , hn ∈ Z[X]. The equation f1h1 + · · · + fnhn = 0 has a
solution (f1, . . . , fn) over R≥0[X] \ {0} if and only if it has a solution over U(R>0).

This justifies the need for a “strictly positive” version of the Bröcker-Prestel principle, since
Proposition 5.3 no longer holds if we replace U(R>0) with W(R>0) \ {0} (see Remark A.1).

We now prove the local-global principle for homogeneous linear equations over N[X].

▶ Theorem 2.2. Given polynomials h1, . . . , hn ∈ Z[X] with gcd(h1, . . . , hn) = 1. If the
equation f1h1 + · · · + fnhn = 0 has no solution (f1, . . . , fn) over N[X] \ {0}, then there exists
t ∈ R≥0, such that the values hi(t), i = 1, . . . , n are either all non-negative or all non-positive.

Proof. Suppose the equation f1h1+· · ·+fnhn = 0 has no solution (f1, . . . , fn) over N[X]\{0}.
By Proposition 5.2 and 5.3, it has no solution over U(R>0). Hence, by Theorem 2.1, there
exists a real number t ∈ R>0 = R≥0 such that hi(t) are all non-negative or all non-positive. ◀

6 Decidability

In this section we show our main decidability result.

▶ Theorem 2.3. Given as input h1, . . . , hn ∈ Z[X]. It is decidable in polynomial time
whether the equation f1h1 + · · · + fnhn = 0 has solutions f1, . . . , fn over N[X] \ {0}.

Proof. (A summary of the algorithm constructed in this proof is given in Appendix B.)
By the homogeneity of the linear equation, we can divide h1, . . . , hn by their greatest

common divisor and suppose gcd(h1, . . . , hn) = 1. Computing the greatest common divisor
can be done in polynomial time using the Euclidean algorithm.

We then show that we can simplify the equation so that h1, . . . , hn satisfy

hi(0) > 0, hj(0) < 0, for some i, j. (13)

Suppose this is not already the case, that hi(0) ≥ 0 for all i or hi(0) ≤ 0 for all i. Without
loss of generality suppose hi(0) ≥ 0 for all i. We write h1(0) = 0, . . . , hk(0) = 0, hk+1(0) >

0, . . . , hn(0) > 0. Then X | hi for i = 1, . . . , k.
If k = 0, that is hi(0) > 0 for all i, then f1h1 + · · · + fnhn = 0 has no solution over

N[X] \ {0}. Indeed, suppose on the contrary that (f1, . . . , fn) is such a solution. Dividing all
fi by a suitable power of X we can suppose fs(0) ̸= 0 for some s. Then fi(0) ≥ 0 for all i

while fs(0) > 0, which yields f1(0)h1(0) + · · · + fn(0)hn(0) > 0, a contradiction.
If k ≥ 1, we show that the equation

f1h1 + · · · + fnhn = 0 (14)

has a solution over N[X] \ {0} if and only if the equation

f1 · h1

X
+ · · · + fk · hk

X
+ fk+1hk+1 + · · · + fnhn = 0 (15)
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has a solution over N[X]\{0}. Let (f1, . . . , fn) be a solution over N[X]\{0} of Equation (14),
then f1(0)h1(0) + · · · + fn(0)hn(0) = 0. Since hi(0) = 0 for all i = 1, . . . , k, hi(0) > 0 for
i = k + 1, . . . , n and fi(0) ≥ 0 for i = 1, . . . , n, we must have fk+1(0) = 0, . . . , fn(0) = 0.
That is, X | fk+1, . . . , X | fn. Therefore (f1, . . . , fk, fk+1/X, . . . , fn/X) is a solution over
N[X] \ {0} of Equation (15). This shows that we can divide h1, . . . , hk by X without
changing the existence of solutions of Equation (14). Repeating this division process, one
eventually terminates by obtaining hi such that either: hi(0) are all strictly positive or all
strictly negative, in which case Equation (14) has no solution over N[X] \ {0}; or hi(0) > 0
and hj(0) < 0 for some i, j, in which case we have achieved the desired simplification to
Condition (13). This procedure is repeated at most deg h1 + · · · + deg hn times, and therefore
terminates in polynomial time.

Supposing Condition (13), we claim that f1h1 + · · · + fnhn = 0 has no solution over
N[X] \ {0} if and only if there exists t ∈ R≥0 such that hi(t) are all non-positive or all
non-negative. The first implication is given by Theorem 2.2. Conversely, suppose hi(t) are
all non-positive or all non-negative. Without loss of generality suppose hi(t) ≥ 0 for all i.
By Condition (13), we have t ̸= 0. Suppose on the contrary that (f1, . . . , fn) is a solution
over N[X] \ {0}, then fi(t) > 0 for all i since t > 0. Since gcd(h1, . . . , hn) = 1, at least one
of hi(t) must be non-zero. Since hi(t) ≥ 0 for all i, we have f1(t)h1(t) + · · · + fn(t)hn(t) > 0,
a contradiction.

Thus, it suffices to decide whether there exists t ≥ 0 such that hi(t) are all non-positive
or all non-negative. This can be expressed in the existential theory of the reals:

∃X (X ≥ 0 ∧ h1(X) ≥ 0 ∧ · · · ∧ hn(X) ≥ 0)∨(X ≥ 0 ∧ h1(X) ≤ 0 ∧ · · · ∧ hn(X) ≤ 0) . (16)

Deciding the existential theory of the reals in one variable can be done in polynomial time
with respect to the total bit length used to encode the sentence, due to a classic result by
Collins2 [8]. Therefore, one can decide the correctness of the sentence (16) in polynomial
time. Combining all the steps, we conclude that the total complexity is in PTIME. ◀

7 Application to wreath product

In this section we show the following result on wreath products.

▶ Theorem 2.4. Given a finite set of elements G = {(y1, b1), . . . , (yn, bn)} in Z ≀ Z, where
bi = ±1 for all i. The following are decidable:
1. (Group Problem) whether the semigroup ⟨G⟩ generated by G is a group.
2. (Identity Problem) whether the neutral element I is in the semigroup ⟨G⟩.

Let φ be the isomorphism defined in (3). Fix a finite set of elements G as in Theorem 2.4.
For i = 1, . . . , n, denote by Hi ∈ Z[X, X−1] the Laurent polynomial in the upper-right entry
of the image of φ((yi, bi)). Write G = G+ ∪ G− where G+ := {(yi, bi) ∈ G | bi = 1} and
G− := {(yj , bj) ∈ G | bj = −1}. Let φ(G), φ(G+), φ(G−) be the set of matrices that are images
under φ of elements in G, G+, G−. Define the sets of indices

I := {i | bi = 1}, J := {i | bi = −1}.

2 The algorithm by Collins [8] has complexity L3(nd)2O(K)
, where L is the total coefficient bit length, n

the number of polynomials, d the total degree of the polynomials, and K the number of variables. In
the one variable case, K = 1, the algorithm takes polynomial time with respect to the total bit length.
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For simplicity, we write Ai, i ∈ I for the matrices in φ(G+), and Bj , j ∈ J the matrices in
φ(G−). For every tuple (i, j) ∈ I × J , define the Laurent polynomial

hij := X−1Hi + Hj ∈ Z[X, X−1]. (17)

This is the upper-right entry of the matrix AiBj .
For a subset S ⊆ I × J , denote by πI(S) its projection onto the I coordinates, that

is, πI(S) := {i ∈ I | ∃j ∈ J, (i, j) ∈ S}. Define πJ(S) likewise. The key to proving the
partial decidability of the Group Problem in Z ≀ Z is the following proposition that relates
sub-semigroups of Z ≀ Z to equations over N[X] \ {0}.

▶ Proposition 7.1. Given a set G = G+ ∪ G− of generators defined as above. Let hij ∈
Z[X, X−1] be the polynomials defined in (17). The semigroup ⟨G⟩ is a group if and only
if there exists a set S ⊆ I × J satisfying πI(S) = I, πJ(S) = J , such that the equation∑

(i,j)∈S fijhij = 0 has a solution (fij)(i,j)∈S over N[X] \ {0}.

Proof. For a word w in the alphabet φ(G), define its product π(w) to be the matrix obtained
by multiplying all the matrices in w consecutively. Denote by |w|+ (respectively, |w|−) the
number of letters in w belonging in φ(G+) (respectively, φ(G−)). Define the height of the

word w to be h(w) := |w|+ − |w|−, then we have π(w) =
(

1 ∗
0 Xh(w)

)
, where ∗ is some

element in Z[X, X−1].
For a finite alphabet A, denote by A+ the set of non-empty words over A. We claim that

for any non-empty word w ∈ φ(G)+ such that h(w) = 0, the upper right entry of π(w) can
be written as a sum

∑
(i,j)∈I×J fijhij , where fij are elements in N[X, X−1]. We prove this

by induction on the length of the word w. For the sake of simplicity, denote U(π(w)) the
upper right entry of π(w).

If w has length at most two, then it must be of the form AiBj or BjAi, and the claim is
easy to verify. Suppose the claim is true for all words w of length less then ℓ > 2. We prove
the claim for words w of length ℓ. Distinguish the following two cases.

1. The word w is of the form Aiw
′Bj or Bjw′Ai for some i ∈ I, j ∈ J, w′ ∈

φ(G)+. Since w′ has length at most ℓ − 2 and is of height 0, by induction hypothesis,

π(w′) =
(

1 r

0 1

)
, with r a linear combination of hij with coefficients in N[X, X−1]. If

w = Aiw
′Bj , then

π(w) =
(

1 Hi

0 X

) (
1 r

0 1

) (
1 Hj

0 X−1

)
=

(
1 X−1r + (X−1Hi + Hj)
0 1

)
=

(
1 X−1r + hij

0 1

)
.

So U(π(w)) = X−1r + hij can also be written as a linear combination of hij , i ∈ I, j ∈ J

with coefficients in N[X, X−1]. If w = Bjw′Ai, then

π(w) =
(

1 Hj

0 X−1

) (
1 r

0 1

) (
1 Hi

0 X

)
=

(
1 Xr + Hi + XHj

0 1

)
=

(
1 X(r + hij)
0 1

)
.

So U(π(w)) = X(r + hij) can also be written as a linear combination of hij , i ∈ I, j ∈ J

with coefficients in N[X, X−1].
2. The word w is of the form Aiw

′Ai′ or Bjw′Bj′ for some i, i′ ∈ I or j, j′ ∈ J .
First suppose w = Aiw

′Ai′ . Since h(Ai) = 1 > 0 and h(Aiw
′) = −1 < 0, there must

exist a strict prefix v of w with height zero. This is because by reading the word w

letter by letter, this height of consecutive prefixes differs by at most one. We have
w = vv′ with h(v) = h(v′) = 0 where v, v′ are non-empty words. By induction hypothesis,
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U(π(v)), U(π(v′)) can be written as a linear combination of hij with coefficients in
N[X, X−1]. Therefore U(π(w)) = U(π(v)) + U(π(v′)) also satisfies this claim. The case
where w = Bjw′Bj′ is completely analogous.

Combining the two cases concludes the induction. It is easy to see from the induction
process that if the letter Ai appears in w, then the coefficient of the term hij in the linear
combination is not zero for some j ∈ J . This is because at some point we have replaced
r with either X−1r + hij or X(r + hij). Similarly, if the letter Bj appears in w, then the
coefficient of the term hij in the linear combination is non-zero for some i ∈ I.

If the semigroup ⟨G⟩ is a group, then there exists a word v in the alphabet G using all
letters in G, whose corresponding product is the neutral element. Taking the image under
φ yields a word w = φ(v) in the alphabet φ(G) such that h(w) = 0 and U(π(w)) = 0.
The claim above and the discussion following it show that there exist Laurent polynomials
fij ∈ N[X, X−1] such that

∑
(i,j)∈I×J fijhij = 0. Furthermore, all letters Ai, i ∈ I and

Bj , j ∈ J appear in w, so for every i, the coefficient fij in the linear combination is not
zero for some j ∈ J ; and for every j, the coefficient fij is not zero for some i ∈ I. Let
S := {(i, j) ∈ I × J | fij ̸= 0}, then

∑
(i,j)∈S fijhij = 0, and πI(S) = I, πJ(S) = J . By the

homogeneity of the equation
∑

(i,j)∈S fijhij = 0, one can multiply all fij by the monomial
Xn for a sufficiently large n, and suppose fij ∈ N[X] \ {0} instead of N[X, X−1] \ {0}. This
completes the proof of the first direction of implication in Proposition 7.1.

For the other direction of implication, suppose there exists a set S ⊆ I × J satisfying
πI(S) = I, πJ(S) = J , such that the equation

∑
(i,j)∈S fijhij = 0 has a solution (fij)(i,j)∈S

over N[X] \ {0}. By the homogeneity of the equation, suppose that there is a tuple (u, v) ∈ S

such that X ∤ fuv. Let (y, z) ∈ S be a tuple such that deg fyz ≥ deg fij for all (i, j) ∈ S.
Denote by N>0[X] the set of polynomials of the form

∑d
i=0 aiX

i, where d ≥ 0 and ai > 0
for all i. By multiplying all fij by the polynomial (1 + X)m for a sufficiently large m, we
can suppose that fuv ∈ N>0[X], X−v0(fyz)fyz ∈ N>0[X], and deg fuv ≥ v0(fyz). Indeed, we
can take any m ≥ max{deg fuv, deg X−v0(fyz)fyz, v0(fyz)}. Additionally, the condition that
deg fyz ≥ deg fij for all (i, j) ∈ S is still satisfied after this multiplication.

We now construct a word w ∈ φ(G)+ that uses every letter in φ(G), such that h(π(w)) = 0,
U(π(w)) =

∑
(i,j)∈S fijhij = 0. We start with the word

w0 := Adeg fuv
u Adeg fyz−deg fuv

y Bdeg fyz−deg fuv
z Bdeg fuv

v ,

which has height 0, and whose product has upper-right entry

U(π(w0)) = huv ·
deg fuv−1∑

i=0
Xi + hyz ·

deg fyz−1∑
i=deg fuv

Xi.

Since fuv ∈ N>0[X], X−v0(fyz)fyz ∈ N>0[X], and deg fuv ≥ v0(fyz), the polynomials
f̂uv := fuv −

∑deg fuv−1
i=0 Xi, f̂yz := fyz −

∑deg fyz−1
i=deg fuv

Xi are still polynomials in N[X] \ {0}.
For (i, j) ∈ S, define

f̂ij :=


f̂uv (i, j) = (u, v)
f̂yz (i, j) = (y, z)
fij otherwise.

These are elements in N[X]\{0} and satisfy U(π(w0))+
∑

(i,j)∈S f̂ijhij =
∑

(i,j)∈S fijhij = 0.

We then gradually insert “loops” of the form AiBj into the word w0. This insertion does
not change the height of the word, but it adds a multiple of hij to the upper-right entry
of the product. Indeed, if h(vv′) = 0, then we have h(vAiBjv′) = 0 and U(π(vAiBjv′)) =

STACS 2023



26:14 Solving Homogeneous Linear Equations over Polynomial Semirings

U(π(vv′)) + Xh(v)hij . Note that the initial word w0 has suffixes of all heights from 0 to
deg fyz. For each k = 0, . . . , deg fyz and each (i, j) ∈ S, after a suffix of height k, we insert
CoefXk (f̂ij) times the “loop” AiBj , where CoefXk (f̂ij) is the coefficient of the monomial Xk

in the polynomial f̂ij . The upper-right entry of the product after all these insertions will be

U(π(w0)) +
deg fyz∑

k=0

∑
(i,j)∈S

CoefXk (f̂ij)Xk · hij = U(π(w0)) +
∑

(i,j)∈S

f̂ijhij = 0,

because deg fyz ≥ deg fij for all (i, j) ∈ I×J . See Figure 1 for an example of this construction.
We have thus constructed a word w ∈ φ(G)+ such that h(π(w)) = 0, U(π(w)) = 0. Note

that we have inserted at least one loop AiBj for each (i, j) ∈ S. Since πI(S) = I, πJ (S) = J ,
the word w contains every letter Ai, i ∈ I and Bj , j ∈ J . Because π(w) is the neutral element,
the inverse of every letter in w can be written as a product of matrices in φ(G). Indeed, if
w = vXv′ then X−1 = π(v′v). Thus the inverse of every element of φ(G) is in ⟨φ(G)⟩. We
conclude that ⟨φ(G)⟩, and thus ⟨G⟩, is a group. ◀

Figure 1 Example of a word constructed in the proof of Proposition 7.1.
Here, S = {(u, v), (y, z), (1, 2), (3, 1)}, and fuv = 1 + X + X2 + X3, fyz =
X3 + X4 + X5 + X6, f12 = X + 2X5, f31 = 3 + X2. The constructed word is
Au(A1B2)AuAu(AuBv)AyAy(A1B2)(A1B2)Ay(AyBz)BzBzBzBv(A3B1)BvBv(A3B1)(A3B1)(A3B1).

We have thus established the link between the Group Problem in Z ≀ Z and homogeneous
linear equations over N[X]. Theorem 2.4 follows from Proposition 7.1 and the decidability
result of Theorem 2.3. Its proof is given in Appendix A.
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1. For every t ∈ R there is a real place vt : R(X) → Z ∪ {∞}, defined by vt(y) = a, where
a ∈ Z is such that y can be written as y = (X − t)a · f

g , with f, g being polynomials in
R[X] not divisible by X − t. The residue field R(X)vt

is isomorphic to R by the natural
homomorphism y + Mvt 7→ y(t).

2. There is a real place v∞ : R(X) → Z ∪ {∞}, defined by vt( f
g ) = deg g − deg f , where f, g

are polynomials in R[X]. The residue field R(X)v∞ is isomorphic to R by the natural
homomorphism y + Mv∞ 7→ limt→∞ y(t).

Proof. Since R ⊆ Av, every element r ∈ R \ {0} satisfies v(r) ≥ 0 and v(r−1) ≥ 0. But
v(r) + v(r−1) = v(1) = 0, so v(r) = 0. Consider the value v(X), there are two possibilities:
1. If v(X) ≥ 0. In this case, we have R ⊆ Av and X ∈ Av, therefore R[X] ⊆ Av. Since

Mv is a maximal (hence prime) ideal of Av, the ideal R[X] ∩ Mv is a prime ideal of
R[X]. Furthermore, R[X] ∩ Mv is not zero, otherwise every element of R[X] \ {0} would
be invertible in Av, so R(X) ⊆ Av, contradicting the non-triviality of v. Since R[X] is
a principle ideal domain, the non-zero prime ideal R[X] ∩ Mv is generated by a single
irreducible polynomial in R[X]. Consider the two cases:
a. The ideal R[X] ∩ Mv is generated by a polynomial X − t for some t ∈ R. In this

case we have v(X − t) > 0. Every polynomial f ∈ R[X] not divisible by (X − t)
can be written as f = (X − t) · F + r for some F ∈ R[X], r ∈ R \ {0}. Since
v((X − t) · F ) = v(X − t) + v(F ) > 0 and v(r) = 0, we have v(f) = v(r) = 0.
Every element y ∈ R(X) can be written as y = (X − t)a · f

g , where f, g are polynomials
in R[X] not divisible by (X − t). Then v(y) = a · v(X − t) + v(f) − v(g) = av(X − t).
Under isomorphism of the value group Γ, we can without loss of generality suppose
v(X − t) = 1, then we get the valuation vt of type 1 described in the proposition.
Since every element y ∈ Mvt

satisfies y(t) = 0, we have that y + Mvt
7→ y(t) is an

isomorphism from the residue field to R; it is a formally real field.
b. The ideal R[X] ∩ Mv is generated by a polynomial X2 + cX + d without real roots.

In this case, the residue field Av/Mv is a quadratic extension of R, and is hence
isomorphic to the field C. However C is not formally real. Indeed, suppose on the
contrary that C admits some ordering ≤, then since 0 < i2 = −1 and 0 < 12 = 1, we
have 0 < (−1) + 1 = 0, a contradiction.

2. If v(X) < 0. In this case we have R[1/X] ⊆ Av and 1/X ∈ Mv. Since R[1/X] ∩ Mv is a
prime ideal of R[1/X] that contains 1/X, it is generated by 1/X. Then similar to the case
1.a., every element y ∈ R(X) can be written as y = (1/X)a · F

G , where F, G are polynomials
in R[1/X] not divisible by 1/X. Without loss of generality suppose v(1/X) = 1, we
have v(y) = a. Rewrite y = f

g , comparing degrees, we have a = deg g − deg f . So v is
the valuation v∞ of type 2 described in the proposition. Since every element y ∈ Mv∞

satisfies limt→∞ y(t) = 0, we have that y + Mv∞ 7→ limt→∞ y(t) is an isomorphism from
the residue field to R; it is a formally real field. ◀

▶ Proposition 5.2. Given h1, . . . , hn ∈ Z[X]. The equation f1h1 + · · · + fnhn = 0 has a
solution (f1, . . . , fn) over N[X] \ {0} if and only if it has a solution over R≥0[X] \ {0}.

Proof. A solution over N[X] \ {0} is obviously also a solution over R≥0[X] \ {0}. Conversely,
let fi =

∑di

j=0 aijXj , i = 1, . . . , n, be a solution of f1h1 + · · · + fnhn = 0. Write hi =∑ei

j=0 bijXj , i = 1, . . . , n, then the equation f1h1 + · · · + fnhn = 0 is equivalent to the system
of equations

n∑
i=1

d∑
j=0

aijbi,d−j = 0, d = 1, . . . , max
1≤i≤n

(di + ei). (18)

All the coefficients bij are integers, and bi,d−j = 0 whenever d − j < 0.
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If f1h1 + · · · + fnhn = 0 has a solution over R≥0[X] \ {0}, then System (18) has a solution
aij , i = 1, . . . , n, j = 1, . . . , di over R, satisfying

aij ≥ 0, i = 1, . . . , n, j = 1, . . . , di, (19)

and

ai1 ̸= 0 or ai2 ̸= 0 or . . . or aidi
̸= 0, i = 1, . . . , n. (20)

This condition is a boolean combination of homogeneous linear inequalities with integer
coefficients. Since the linear Systems (18), (19) and (20) have only integer coefficients,
they have a solution over R if and only if they have a solution over Q. Then, by their
homogeneity, they have a solution over Q if and only if they have a solution over Z. Hence,
the Systems (18), (19), (20) have a solution over Z, meaning f1h1 + · · · + fnhn = 0 has a
solution fi =

∑di

j=0 aijXj , i = 1, . . . , n, over N[X] \ {0}. ◀

▶ Proposition 5.3. Given h1, . . . , hn ∈ Z[X]. The equation f1h1 + · · · + fnhn = 0 has a
solution (f1, . . . , fn) over R≥0[X] \ {0} if and only if it has a solution over U(R>0).

Proof. Obviously a solution over R≥0[X] \ {0} is a solution over U(R>0).
For the other implication, we use Pólya’s Theorem (Lemma 5.1). Suppose f1h1 + · · · +

fnhn = 0 has a solution (f1, . . . , fn) over U(R>0). Write fi = Xci · Fi where ci ≥ 0 and
Fi ∈ R[X] is such that X ∤ Fi. Since X ∤ Fi we have Fi(0) ̸= 0, we claim that Fi(0) > 0. In
fact, if Fi(0) < 0, then by the continuity of Fi, there exists ε > 0 such that Fi(ε) < 0, but
then fi(ε) = εciFi(ε) < 0, contradicting the fact that fi ∈ U(R>0). Furthermore, one easily
sees that Fi(x) = fi(x)

xci
> 0 for all x > 0. So we have shown Fi(x) > 0 for all x ≥ 0.

We now show that for large enough p ∈ N, the polynomials f̂i := (X + 1)p · fi are all in
R≥0[X]. Let Y be a new variable, and for every i, let Gi be the homogenization of Fi using
the variable Y . That is, Gi = Fi(X/Y ) · Y deg(Fi). Since Fi(x/y) > 0 for all x/y ≥ 0, we have
Gi(x, y) > 0 for all x ≥ 0, y > 0. Whereas for x > 0, y = 0, Gi(x, y)/xdeg(Fi) is the leading
coefficient of Fi. This is non-zero and thus must be positive because limx→∞ Fi(x) > 0.
Therefore Gi(x, y) > 0 for x > 0, y = 0.

We have thus shown Gi(x, y) > 0 for all x ≥ 0, y ≥ 0, x + y > 0. Applying Pólya’s
Theorem yields the existence of a pi ∈ N such that (X +Y )pi ·Gi ∈ R≥0[X, Y ]. Taking Y = 1
we dehomogenize Gi and obtain (X + 1)pi · Fi ∈ R≥0[X]. Let p = max{p1, . . . , pn}, then

f̂i = (X + 1)p · fi = Xci · (X + 1)p · Fi ∈ R≥0[X] \ {0}

for all i. We have thus found the solution (f̂1, . . . , f̂n) over R≥0[X] \ {0} for the equation
f1h1 + · · · + fnhn = 0. ◀

▶ Remark A.1. Proposition 5.3 no longer holds if we replace U(R>0) with W(R>0) \ {0}.
For example, take n = 2, h1 = 1, h2 = −(X − 1)2. Then f1 = (X − 1)2, f2 = 1 is a solution
over W(R>0) \ {0} of the equation f1h1 + f2h2 = 0. However, f1h1 + f2h2 = 0 does not
admit a solution over R≥0[X] \ {0}. Indeed, any solution of f1 − f2 · (X − 1)2 = 0 over R[X]
must satisfy f1(1) = 0, so f1 cannot be in R≥0[X] \ {0}.

▶ Theorem 2.4. Given a finite set of elements G = {(y1, b1), . . . , (yn, bn)} in Z ≀ Z, where
bi = ±1 for all i. The following are decidable:
1. (Group Problem) whether the semigroup ⟨G⟩ generated by G is a group.
2. (Identity Problem) whether the neutral element I is in the semigroup ⟨G⟩.
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Proof.
1. For the Group Problem, by Proposition 7.1 it suffices to decide whether there exists a

set S ⊆ I × J satisfying πI(S) = I, πJ(S) = J , such that the equation
∑

(i,j)∈S fijhij =
0 has a solution (fij)(i,j)∈S over N[X] \ {0}. By the homogeneity of the equation∑

(i,j)∈S fijhij = 0, one can multiply all the Laurent polynomials hij by a power of X

and suppose all hij ∈ Z[X]. For every set S ⊆ I × J satisfying πI(S) = I, πJ (S) = J , we
can use Theorem 2.3 to decide whether

∑
(i,j)∈S fijhij = 0 has a solution over N[X] \ {0}.

This shows the decidability of the Group Problem.
2. The neutral element is in ⟨G⟩ if and only if a non-empty subset of G generates a group (as

a semigroup). This is because, if the product of a word w ∈ G+ is the neutral element,
then every element in the set C of letters used in w can be inverted in ⟨C⟩, so ⟨C⟩ is a
group. Therefore, in order to decide whether the neutral element is in ⟨G⟩, it suffices to
check for all subsets of G whether they generate a group. This is decidable by the above
result on the Group Problem. ◀

B Algorithm for Theorem 2.2

Algorithm 1 Deciding existence of solutions over N[X] \ {0} of the equation f1h1 + · · · +
fnhn = 0.

Input: Polynomials h1, . . . , hn ∈ Z[X].
Output: True or False.

(1) Compute d := gcd(h1, . . . , hn) and divide all hi by d.
(2) Repeat the following:

a. If hi(0) > 0 for all i, or hi(0) < 0 for all i, return False.
b. Else if hi(0) ≥ 0 for all i, or hi(0) ≤ 0 for all i, divide all the polynomials hi

that satisfy hi(0) = 0 by X.
c. Else go to 3.

(3) Decide the truth of the existential sentence (16) in the theory of reals. If (16) is
true, return False, otherwise return True.

C Comparison with the Bröcker-Prestel local-global principle

The original Bröcker-Prestel local-global principle ([24, Theorem 8.13]) can be formulated as
follows.

▶ Theorem C.1 (Bröcker-Prestel local-global principle). Let F be a formally real field, and
h1, . . . , hn be non-zero elements of F . If the equation f1h1 + · · · fnhn = 0 has no non-
trivial solution (f1, . . . , fn) ̸= (0, . . . , 0) over sums of squares of F (that is, over the set
S := {

∑k
i=1 a2

i | ai ∈ F}), then at least one of the following hold:
(i) h1, . . . , hn are all of the same sign in some archimedean ordering of F .
(ii) f1h1 + · · · + fnhn = 0 has no solution in the Henselization of some real place of F .

For a definition of Henselizations of a formally real field, see [24, Proposition 8.1].
When applied to the field F = R(X), the Bröcker-Prestel local-global principle char-

acterizes the absence of non-trivial solutions over sums of squares by condition (ii), since
the field R(X) has no archimedean orderings. Multiplying by the common denominator
and using the fact that any element in W(R) can be written as a sum of squares in R(X),
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Theorem C.1 also characterizes the absence of non-trivial solutions over W(R). However,
when considering non-trivial solutions over U(R) and U(B), the situation is quite different;
and we now compare the proof of Theorem 2.1 to Theorem C.1.

The proof of Bröcker-Prestel’s original theorem starts with the definition of the pre-
semicone

P1 :=
{

n∑
i=1

fihi, where fi are sum of squares of elements in R(X)
}

.

Since it considers solutions over sum of squares, this definition is straightforward. The
definition of P0 is our proof of Theorem 2.1 is different and less straightforward. In our
theorem, we are considering strictly positive polynomials on B ⊆ R, therefore we need to
replace sum of squares with polynomials in U(B). However, such a naive replacement does
not work due to the requirement of a pre-semicone to be closed under multiplication of
squares (unlike W(R), the set U(B) is not closed under multiplication by squares). This is
why we need to add the rational function g

G in the definition of P0 and use the fundamental
theorem of algebra to guarantee closure under addition.

Note that in order to guarantee the closure under addition of P0, it is essential that
we work in the univariate polynomial ring R[X], so that two polynomials g, g′ having a
common root implies gcd(g, g′) ̸= 1. For example, this no longer holds in the bivariate
polynomial ring R[X, Y ]. Therefore, even when supposing gcd( gG′

dD , g′G
dD ) = 1, we no longer

have
(

fi
gG′

dD + f ′
i

g′G
dD

)
(x, y) > 0 in Equation (5). Thus, for the field R(X, Y ), the closure

under addition of P0 no longer holds, a contrast with the “non-strict” version P1.
The following step of extracting the valuation ring AP

R from the semiordering P appeared
as part of the proof of the original theorem. (The original theorem used the valuation ring
AP

Q instead, but they are in fact equivalent.) This is the main part where we drew inspiration
from the original local-global principle.

After extracting the valuation ring AP
R , our proof again diverges from that of the original

theorem. Our new definition of P0 allows us to enforce strict positivity, however it also takes
away some convenient properties of the pre-semicone P1 in the original theorem. Notably,
we have h1 ∈ P1, allowing for a quick conclusion on the positivity of h1 in Henselizations.
Whereas for P0, we do not have h1 ∈ P0 due to the strict positivity of the coefficients fi. We
compensate this by the analytic approach adopted in the second half of our proof, making
use of the classification of real places of R(X) and the continuity of functions in R[X]. This
part is absent from the proof of the original theorem, which is purely algebraic and model
theoretic.
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Abstract
In the Distance-constrained Vehicle Routing Problem (DVRP), we are given a graph with integer
edge weights, a depot, a set of n terminals, and a distance constraint D. The goal is to find a
minimum number of tours starting and ending at the depot such that those tours together cover all
the terminals and the length of each tour is at most D.

The DVRP on trees is of independent interest, because it is equivalent to the “virtual machine
packing” problem on trees studied by Sindelar et al. [SPAA’11]. We design a simple and natural
approximation algorithm for the tree DVRP, parameterized by ε > 0. We show that its approximation
ratio is α + ε, where α ≈ 1.691, and in addition, that our analysis is essentially tight. The running
time is polynomial in n and D. The approximation ratio improves on the ratio of 2 due to Nagarajan
and Ravi [Networks’12].

The main novelty of this paper lies in the analysis of the algorithm. It relies on a reduction
from the tree DVRP to the bounded space online bin packing problem via a new notion of “reduced
length”.
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1 Introduction

The vehicle routing problem is arguably one of the most important problems in Operations
Research. Books have been dedicated to vehicle routing problems, e.g., [4, 7, 16]. Yet,
these problems remain challenging, both from a practical and a theoretical perspective. As
observed by Li, Simchi-Levi, and Desrochers [11]:

Typically, two types of constraints are imposed on the route traveled by any vehicle. One
is the capacity constraint in which each vehicle cannot serve more than a given number
of customers. The second is the distance constraint: The total distance traveled by each
vehicle should not exceed a prespecified number. Depending on the system, one or both
types can be binding. Usually delivery and pick-up services are characterized by capacity
constraints [. . . ], while service systems are characterized by distance constraints (see,
for example, [1]). On the latter case, the system is usually required to provide a visit
of a skilled worker at customer sites and thus the length of routes must be controlled
because these are related to working hours.
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27:2 An Approximation Algorithm for Distance-Constrained Vehicle Routing on Trees

The focus of this paper is the distance constraint. In the Distance-constrained Vehicle
Routing Problem (DVRP), we are given a graph with integer edge weights, a vertex called
depot, a set of n vertices called terminals, and an integer distance constraint D. The goal is
to find a minimum number of tours starting and ending at the depot such that those tours
together cover all the terminals and the length of each tour is at most D. Friggstad and
Swamy [5] gave an O( log D

log log D )-approximation, improving upon an O(log D)-approximation
of Nagarajan and Ravi [13].1 Experimental results were given in [9].

The DVRP on trees is of independent interest, because of its relation to the Virtual
Machine (VM) packing problem [15, 2, 14]. In the VM packing problem, we are given a set of
VMs that must be hosted on physical servers, where each VM consists of a set of pages and
each physical server has a capacity of D pages. VMs running on the same physical server
may share pages. The goal is to pack the VMs onto the smallest number of physical servers.
Sindelar et al. [15] observed:

Using memory traces for a mixture of diverse OSes, architectures, and software libraries,
we find that a tree model can capture up to 67% of inter-VM sharing from these traces.

Sindelar et al. [15] gave a 3-approximation for the VM packing problem on trees, and also
suggested as future work “A key direction is tightening the approximation bounds”.

It is easy to see that the VM packing problem on trees is equivalent to the DVRP on
trees. Thus the algorithm of Sindelar et al. [15] is a 3-approximation for the tree DVRP.
Nagarajan and Ravi [13] improved the ratio of the tree DVRP to 2. When the distance
bound is allowed to be violated by an ε fraction, Becker and Paul [3] designed a bicriteria
PTAS. We observe that the tree DVRP is strongly NP-hard (Appendix A).

In this work, we design a simple and natural approximation algorithm for the tree DVRP,
parameterized by ϵ > 0, see Algorithm 1. The main novelty lies in the analysis of Algorithm 1.
Our main result (Theorem 2) shows that the approximation ratio of Algorithm 1 is α + O(ϵ),
where α ≈ 1.691 is defined in Definition 1. The running time is polynomial in n and D.
Interestingly, the ratio α is best possible for Algorithm 1 (Theorem 3).

▶ Definition 1. Let (uk)k≥1 denote the following sequence:

uk =
{

1, k = 1,

uk−1(uk−1 + 1), k ≥ 2.

Let α :=
+∞∑
k=1

1
uk

= 1.69103 . . . .

▶ Theorem 2. For any constant ε > 0, Algorithm 1 is an (α + O(ϵ))-approximation for
the Distance-constrained Vehicle Routing Problem (DVRP) on trees. Its running time is
O
(

n2 ·
(
D/ϵ2)O(1/ϵ2)

)
.

▶ Remark. It is common in vehicle routing to parameterize the running time of an algorithm
by the value of a constraint. For example, in capacitated vehicle routing with splittable
demands, the running time of the algorithms in [8, 12] is parameterized by the tour capacity.

1 More precisely, Nagarajan and Ravi [13] designed a bicriteria
(
O(log 1

ε ), 1 + ε
)
-approximation, which

could be turned into an O(log D)-approximation by setting D = 1
ε .
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r

rc

c
ec

Figure 1 Component decomposition. Extracted from [12].

▶ Theorem 3. For any constant ε > 0, Algorithm 1 is at best an α-approximation for the
Distance-constrained Vehicle Routing Problem (DVRP) on trees.

It is an open question to achieve a better-than-α approximation for the DVRP on trees.
From Theorem 3, this would require new insights in the algorithmic design.

1.1 Algorithm

Let ε > 0. Our algorithm for the DVRP is Algorithm 1. It consists of two phases, using
Algorithm 2 and Algorithm 3 with Γ = 1/ε2:
Phase 1: The tree is partitioned into components (Lemma 5 and Algorithm 2), where each

component can be covered with a bounded number of tours.
Phase 2: Each component is taken as an independent instance for the DVRP, which is solved

using a polynomial time dynamic program (Lemma 7 and Algorithm 3); the solution for
the whole tree is the union of the solutions for individual components.

Algorithm 1 Approximation algorithm for the DVRP on trees. Parameter ε > 0.
Input: A tree T rooted at r, a set of terminals U , a distance constraint D

Output: number of tours in a feasible solution to cover all terminals in U

1: Γ← 1/ϵ2

2: Partition the tree T into a set C of components ▷ Algorithm 2
3: for each component c ∈ C do
4: rc ← root vertex of component c ▷ defined in Lemma 5
5: Dc ← D minus twice the distance between r and rc

6: Uc ← set of terminals in U that belong to c

7: nc ← minimum number of tours for the subproblem (c, Uc, Dc) ▷ Algorithm 3
8: return

∑
c∈C nc

▶ Remark. As written, Algorithm 1 returns the number of tours, not the tours themselves.
If desired, by adding auxiliary information to the dynamic program of Algorithm 3 in a
standard manner, it is possible to retrieve a feasible solution whose number of tours matches
the value returned by Algorithm 1.
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1.2 Overview of the Analysis
This section gives a high-level description of main new ideas in this paper.

The analysis of Algorithm 1 relies on a reduction (Theorem 14) from the DVRP on trees
to the bounded space online bin packing (Definition 12). In the bounded space online bin
packing, the items arrive in an online fashion, and in addition, at any point in the packing
process, only a fixed number of partially-filled bins may be active, i.e., open to further items.
Once a bin is closed it must remain so and can no longer be active.

What does bin packing have to do with DVRP on trees? The relation lies in a new notion
introduced in this paper, that of reduced lengths (Definition 8). If we consider a bin in bin
packing, its item sizes sum to at most 1. Similarly, if we consider a tour in DVRP on trees,
the reduced lengths of its subtours in components sum to at most 1 (Lemma 9).

To show the reduction (Theorem 14), we start from an instance of the tree DVRP and
we construct an instance of the bounded space online bin packing as follows. We consider
the tours in an optimal solution and decompose each tour into a set of subtours, one for
each component it visits. For each subtour, we consider its reduced length, which is defined
with respect to the component. We then construct an online sequence of those reduced
lengths such that reduced lengths of the subtours in the same component are consecutive
in the sequence. Then we consider a solution to the bounded space online bin packing on
that sequence. Intuitively, the bound on the number of open bins implies that bins in that
solution tend to contain only reduced lengths of the subtours from the same component.
That is a desirable property because, if a bin contains only reduced lengths of subtours in
the same component, then those subtours can be combined into a single tour (Lemma 10).
Using the above intuition, we show that the performance of Algorithm 1 for the tree DVRP
is up to some negligible additive factor at least as good as the best corresponding bounded
space bin-packing problem.

From the reduction (Theorem 14) and since the bounded space online bin packing admits
an algorithm with worst-case performance ratio α due to Lee and Lee [10], we conclude that
Algorithm 1 is an (α + O(ε)) approximation for the DVRP on trees (Theorem 2).

There are several technical details along the way. For example, subtours that end in a
component and subtours that traverse a component cannot be combined in the same way,
which requires additional care in the definition of reduced lengths, see Figure 2.

Finally, we show that the analysis in Theorem 2 on the approximation ratio of Algorithm 1
is essentially tight by providing a matching lower bound (Theorem 3).

1.3 Organization of the Paper
In Section 2, we give the formal problem definition, preliminary results, and previous
techniques. In Section 3, we define and analyze reduced lengths. In Section 4, we prove
Theorem 2 by establishing the reduction (Theorem 14). In Section 5, we prove Theorem 3.

2 Preliminaries

2.1 Formal Problem Definition, Notations, and Assumptions
Let T be a rooted tree (V, E) with non-negative integer edge weights w(u, v) for all (u, v) ∈ E.
Consider a tour (resp. subtour) t = (v0, v1, v2, . . . , vm) for some m ∈ N such that v0 = vm.
The length of t, denoted by length(t), is defined to be

∑m
i=1 w(ei), where ei is the edge

between vi−1 and vi.
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▶ Definition 4 (tree DVRP). An instance (T, U, D) of the Distance-constrained Vehicle
Routing Problem (DVRP) on trees consists of

a rooted tree T = (V, E) with non-negative integer edge weights, where the root r ∈ V of
the tree is the depot;
a set U ⊆ V of n vertices of the tree T , called terminals;
a positive integer distance constraint D.

A feasible solution is a set of tours such that
each tour starts and ends at r;
each terminal is visited by at least one tour;
each tour has length at most D.

The goal is to minimize the total number of tours in a feasible solution.

Let OPT denote an optimal solution to the tree DVRP. Let opt denote the number of tours
in OPT.

For any vertices u, v ∈ V , let dist(u, v) denote the distance between u and v in the tree T .
Up to a preprocessing step, we can assume that each vertex has at most two children

and that the terminals are the same as the leaves of the tree, see, e.g., [12]. Furthermore, we
assume that each non-leaf vertex has exactly two children.2 We assume that for each tour in
the solution, each edge on that tour is traversed exactly twice, once in each direction. We
assume w.l.o.g. that ε > 0 is upper bounded by a sufficiently small constant.

2.2 Decomposition into Components
We decompose the tree into components in Lemma 5.

▶ Lemma 5 ([12]). Let Γ ≥ 1 be a fixed integer. There is an algorithm Decompose(Γ)

(Algorithm 2) that runs in time O(n2 · (2Γ)Γ ·D3Γ) and computes a partition of the edges of
the tree T into a set C of components (see Figure 1), such that all of the following properties
are satisfied:
1. Every component c ∈ C is a connected subgraph of T ; the root vertex of the component c,

denoted by rc, is the vertex in c that is closest to the depot.
2. We say that a component c ∈ C is a leaf component if all descendants of rc in tree T are

in c, and an internal component otherwise. An internal component c shares vertices with
other components at two vertices only: at vertex rc, and at one other vertex, called the
exit vertex of the component c, and denoted by ec.

3. The terminals of each component can be covered by at most Γ tours. We say that a
component is big if at least Γ/2 tours are needed to cover its terminals. Each leaf
component is big.

4. If the number of components in C is strictly greater than 1, then there exists a map
from all components to big components, such that each big component has at most three
pre-images.

The component decomposition was previously given in [12], inspired by Becker and
Paul [3]. Algorithm 2 is a small adaptation from [12], and is given in Appendix B. The proof
of Lemma 5 is almost identical to that in [12], hence omitted.

2 Indeed, if a vertex u has only one child v, there are two cases. In the first case, u is the root. Then we
remove u and its incident edge, let v be the depot, and update D by D − 2w(u, v). In the second case,
u has a parent p. Then we remove u and its incident edges, and we add an edge between p and v with
weight w(p, v) := w(p, u) + w(u, v).
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▶ Definition 6 (subtours and their categories, [12]). Let c ∈ C be any component. A subtour
in component c is a walk inside c that starts and ends at rc and visits at least one terminal.
For any subtour s in component c, we say that the category of s is passing if c is an internal
component and the exit vertex ec belongs to s, and ending otherwise.

2.3 Solving Instances with a Bounded Number of Tours
For an instance of the tree DVRP admitting a solution of a bounded number of tours, an
optimal solution can be computed in polynomial time using a simple dynamic program
(Algorithm 3), in Lemma 7.

▶ Lemma 7. Let Γ ≥ 1 be a fixed integer. There is an algorithm Solve(Γ) (Algorithm 3)
that, given an instance (T̃ , Ũ , D̃) of the DVRP on trees, computes

min{|S| : S is a feasible set of tours and |S| ≤ Γ}.

Thus Solve(Γ) returns +∞ if the instance does not admit any solution of at most Γ tours.
The running time of Solve(Γ) is O(ñ · (2Γ)Γ · D̃3Γ), where ñ is the number of terminals in T̃ .

Algorithm 3 and the proof of Lemma 7 are in Appendix C.

3 Reduced Lengths

In this section, we introduce a novel concept of reduced lengths (Definition 8).

▶ Definition 8 (reduced lengths, see Figure 2). Let c ∈ C be any component. For any subtour s

in component c, we define the reduced length ℓ̄(s) of subtour s as follows:
If s is an ending subtour,

ℓ̄(s) := length(s)
D − 2 · dist(r, rc) ;

If s is a passing subtour,

ℓ̄(s) := length(s)− 2 · dist(rc, ec)
D − 2 · dist(r, ec) .

We distinguish the two categories of the subtours in the definition of reduced lengths
(Definition 8) so that the properties in Lemmas 9 and 10 are satisfied.

▶ Lemma 9. Let t be a tour. Let c1, . . . , ck be the components containing terminals visited
by t. For each i ∈ [1, k], let si denote the subtour of t in ci. Then

∑k
i=1 ℓ̄(si) ≤ 1.

Proof. Let c∗ ∈ {c1, . . . , ck} be a component such that dist(r, rc∗) is maximized. Let p be
the path from r to rc∗ . For each i ∈ [1, k], let Ei ⊆ E denote a subset of edges defined as
follows: if si is an ending subtour, then Ei consists of the edges in si; and if si is a passing
subtour, then Ei consists of the edges in si that do not belong to the rci

-to-eci
path. By

construction, the edges in p, E1, . . . , Ek are disjoint. Let w(Ei) denote
∑

e∈Ei
w(e). Since

the length of t is at most D, we have:

2 · dist(r, rc∗) +
k∑

i=1
2 · w(Ei) ≤ D,
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rc

r

(a) Ending subtour s.

rc

ec

r

(b) Passing subtour s.

Figure 2 Illustration for the new notion of the reduced length of a subtour s in a component c.
The component c is represented by the gray triangle. There are two cases depending on whether s

is an ending subtour (Figure 2a) or a passing subtour (Figure 2b). In both cases, the subtour s is
represented by the solid segments. The r-to-rc connection (in both directions) is represented by the

dashed curve. The reduced length ℓ̄(s) of the subtour s is defined by length(red)
D − length(green) , which is

proportional to the red part of the path. See Definition 8.

and equivalently,

k∑
i=1

2 · w(Ei)
D − 2 · dist(r, rc∗) ≤ 1. (1)

For each i ∈ [1, k], by the definition of Ei, we have

2 · w(Ei) =
{

length(si), if si is an ending subtour
length(si)− 2 · dist(rci

, eci
), if si is a passing subtour.

(2)

By the choice of c∗, we have

dist(r, rc∗) ≥
{

dist(r, rci), if si is an ending subtour
dist(r, eci

), if si is a passing subtour.
(3)

From Equations (2) and (3) and Definition 8, for all i ∈ [1, k], we have

ℓ̄(si) ≤
2 · w(Ei)

D − 2 · dist(r, rc∗) .

Combining with Equation (1), the claim follows. ◀

▶ Lemma 10. Let c be any component. Let s1, . . . , sm, for some m ≥ 1, be any subtours in
c that are of the same category and such that

∑m
i=1 ℓ̄(si) ≤ 1. Then all terminals from all

subtours s1, . . . , sm can be visited by a tour of length at most D.
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Proof. We construct a tour t visiting all terminals from all subtours s1, . . . , sm, and we show
that its length is at most D. Since s1, . . . , sm are of the same category, there are two cases
depending on their category.

If s1, . . . , sm are ending subtours, then t consists of the r-to-rc connection (in both
directions) and of the subtour si for each i ∈ [1, m]. Therefore,

length(t) ≤ 2 · dist(r, rc) +
m∑

i=1
length(si)

= 2 · dist(r, rc) + (D − 2 · dist(r, rc))
m∑

i=1
ℓ̄(si) (by Definition 8)

≤ D (since
m∑

i=1
ℓ̄(si) ≤ 1).

If s1, . . . , sm are passing subtours, then t consists of the r-to-ec connection (in both
directions) and of the subtour si without the rc-to-ec connection (in both directions) for
each i ∈ [1, m]. Therefore,

length(t) ≤ 2 · dist(r, ec) +
m∑

i=1
(length(si)− 2 · dist(rc, ec))

= 2 · dist(r, ec) + (D − 2 · dist(r, ec))
m∑

i=1
ℓ̄(si) (by Definition 8)

≤ D (since
m∑

i=1
ℓ̄(si) ≤ 1).

The claim follows in both cases. ◀

▶ Lemma 11. Assuming Γ ≥ 20, the number of components in C is at most (15/Γ) · opt.

Proof. Let Cb ⊆ C denote the set of big components in C. Consider a big component c ∈ Cb.
Let sc,1, ..., sc,mc denote all subtours in c in the global optimal solution, for some mc ∈ N.
Let ℓ̄c,1, . . . , ℓ̄c,mc

denote their reduced lengths. Those subtours can be viewed as a feasible
solution to the local problem for the terminals in c only. We partition those subtours into
parts, such that the subtours in the same part are of the same category, and in addition, for
each part except possibly two parts, the reduced lengths of the subtours in that part sum
to a value in (1/2, 1]. For each part, we replace the subtours by a new subtour visiting the
terminals covered by all the subtours in that part. This creates a new feasible local solution
for the terminals of c, and its number of subtours is at most 2

∑mc

i=1 ℓ̄c,i + 2. By definition of
big components, covering the terminals of c requires at least Γ/2 tours. Thus:

2
mc∑
i=1

ℓ̄c,i + 2 ≥ Γ/2.

Therefore,

mc∑
i=1

ℓ̄c,i ≥ Γ/4− 1 ≥ Γ/5,
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since Γ ≥ 20. Hence

∑
c∈C

mc∑
i=1

ℓ̄c,i ≥ |Cb| · Γ/5 ≥ |C| · Γ/15,

where the last inequality follows from Property 4 of Lemma 5.
On the other hand, consider each tour t in OPT. Let kt denote the number of components

containing terminals visited by tour t. For each i ∈ [1, kt], let ℓ̄′
t,i denote the reduced length

of the ith subtour of t. By Lemma 9 we have:

∑
t∈OPT

kt∑
i=1

ℓ̄′
t,i ≤

∑
t∈OPT

1 = opt.

By re-ordering this sum we get

∑
t∈OPT

kt∑
i=1

ℓ̄′
t,i =

∑
c∈C

mc∑
i=1

ℓ̄c,i.

Therefore, opt ≥ |C| · Γ/15. The claim follows. ◀

4 Proof of Theorem 2

To prove Theorem 2, we use a reduction from the DVRP on trees to the bounded space online
bin-packing.

4.1 Bounded Space Online Bin Packing
▶ Definition 12. In the bounded space online bin-packing problem, we are given a positive
integer M and an online sequence of item sizes (a1, a2, ..., an) ∈ [0, 1]n, and we want to pack
those items into bins of size 1. At any time, the following operations are allowed: (1) opening
a bin; (2) closing an bin; (3) assigning the current item to some open bin. We require that
at any time there are at most M open bins.

The goal is to minimize the total number of bins used.

Let optBP denote the number of bins in an optimal solution to the bin packing in the
offline setting. The following theorem due to Lee and Lee [10] is a direct corollary of
Theorem 2 from [10] and Eq. (3.6) from [10].

▶ Theorem 13 ([10]). Let M be any positive integer. Let k ∈ N be such that uk < M ≤ uk+1.
There exists a solution to the bounded space online bin-packing

in which the total number of bins used is at most(
k∑

i=1

1
ui

+ M

(M − 1)uk+1

)
· optBP + (M − 1).

4.2 Reduction
In this subsection, we prove the following Theorem 14.
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▶ Theorem 14. Assume that the bounded space online bin-packing problem admits a solution
using at most βM · optBP + γM bins, where βM and γM are parameters depending on the
space bound M , and optBP is defined in Section 4.1. Let ε > 0. Then Algorithm 1 uses at
most (βM + 30ε2 ·M) · opt + γM tours for the tree DVRP.

Consider an instance of the DVRP on a tree. Let m denote the number of components,
and let C = {c1, c2, ..., cm} denote the set of components. For each component ci ∈ C, let
ℓ̄i,1, ℓ̄i,2, ..., ℓ̄i,ei

denote the reduced lengths of the ending subtours in ci from OPT, and
ℓ̄′

i,1, ℓ̄′
i,2, ..., ℓ̄′

i,pi
denote the reduced lengths of the passing subtours in ci from OPT. We

define the following instance of the bounded space online bin-packing:

L = (ℓ̄1,1, ℓ̄1,2, ..., ℓ̄1,e1 , ℓ̄′
1,1, ℓ̄′

1,2, ..., ℓ̄′
1,p1

, ..., ℓ̄m,1, ℓ̄m,2, ..., ℓ̄m,em
, ℓ̄′

m,1, ℓ̄′
m,2, ..., ℓ̄′

m,pm
).

Let B1 denote a solution to this instance satisfying the assumption of the claim, i.e.,

|B1| ≤ βM · optBP + γM . (4)

For each bin b in B1, we partition its contents so that each part contains the reduced
lengths of the subtours that come from the same component and are in the same category,
and we replace b by a collection of bins, one for each part of the partition containing at least
one subtour of b. This defines a bin-packing B2.

Next, we define a solution S to the tree DVRP corresponding to B2. For each bin b of
B2, we consider the subtours that correspond to the reduced lengths in b, and we create
one tour in S, which is the minimum tour visiting all terminals covered by those subtours.
Observe that those subtours are in the same component and of the same category and, in
addition, their reduced lengths sum to at most 1. By Lemma 10, the created tour is within
the distance constraint D. Therefore, S is a feasible solution to the tree DVRP.

By construction, each tour in S visits terminals from only one component. Therefore,
the output of Algorithm 1 is at most |S|, so is at most |B2|. It remains to analyze |B2|.

▶ Lemma 15. |B2| ≤ |B1|+ (30/Γ)M · opt.

Proof. Let J ⊆ [1, |L| − 1] denote the set of integers j ≤ |L| − 1 such that the jth element
in L and the (j + 1)th element in L are the reduced lengths of two subtours in different
components or of different categories. From the construction of L and since there are m

components and two categories, we have

|J | ≤ 2m. (5)

Consider a bin b ∈ B1. The number of bins in B2 generated by b is the number of pairs
(c, x) where c ∈ C and x ∈ {passing, ending}, such that b contains a reduced length of a
subtour in component c and of category x. Let min(b) (resp. max(b)) denote the minimum
(resp. maximum) integer j ∈ [1, |L|] such that the jth element in L belongs to b. Let pb

denote the number of elements j ∈ J such that j ∈ [min(b), max(b)]. The number of bins in
B2 generated by b is at most 1 + pb. Summing over all bins of B1 gives

|B2| ≤
∑

b∈B1

(1 + pb) = |B1|+
∑

b∈B1

pb. (6)

Observe that∑
b∈B1

pb ≤
∑
j∈J

#
(
bins b ∈ B1 such that j ∈ [min(b), max(b)]

)
.
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For each j ∈ J , if a bin b ∈ B1 is such that j ∈ [min(b), max(b)], then b is open at the time of
j. Since B1 is a solution to the bounded space online bin packing, the number of open bins
at the time of j is at most M , thus the number of bins b ∈ B1 such that j ∈ [min(b), max(b)]
is at most M . Therefore,∑

b∈B1

pb ≤ |J | ·M ≤ 2m ·M ≤ (30/Γ)M · opt, (7)

where the second inequality follows from Equation (5) and the last inequality follows from
Lemma 11.

The claim follows from Equations (6) and (7). ◀

Combining Lemma 15, Equation (4) and using Γ = 1/ε2, we have

|B2| ≤ βM · optBP + γM + 30ε2M · opt.

Next, we show that optBP is at most opt. For each tour t in an optimal solution OPT to
the tree DVRP, if t visits components c1, ..., ck with subtours’ reduced lengths ℓ̄1, ℓ̄2, ..., ℓ̄k,
then using Lemma 9 we have ℓ̄1 + ℓ̄2 + ... + ℓ̄k ≤ 1. So it is possible to put the reduced lengths
ℓ̄1, ℓ̄2, ..., ℓ̄k in a single bin of size 1. This leads to a feasible solution to the bin packing in
the offline setting that uses opt bins. Thus optBP ≤ opt. Hence

|B2| ≤ (βM + 30ε2M) · opt + γM .

This completes the proof of Theorem 14.

4.3 Proof of Theorem 2 Using the Reduction (Theorem 14)

First, consider the case when opt < 1/ε2. Since Γ = 1/ε2, Algorithm 2 returns a single
component, let it be c. Then Algorithm 3 computes an optimal solution in c, thus the
solution returned by Algorithm 1 is optimal.

Next, consider the case when opt ≥ 1/ε2. Let M = 1/ε. Let k be defined in Theorem 13.
By Theorem 13, there exists a solution to the bounded space online bin-packing problem
using at most βM · optBP + γM tours, where

βM :=
(

k∑
i=1

1
ui

+ M

(M − 1)uk+1

)
≤ α + 2ε, since uk+1 ≥M,

γM := M − 1 < 1/ε.

Thus by the reduction (Theorem 14), the number of tours used by Algorithm 1 is at most

(βM + 30ε2 ·M) · opt + γM < (α + 2ε + 30ε) · opt + 1/ε ≤ (α + 33ε) · opt,

where the last inequality follows since opt ≥ 1/ε2.
By Lemmas 5 and 7, the running time of Algorithm 1 is O

(
n2 ·

(
D/ε2)O(1/ε2)

)
.
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Figure 3 Instance Ik for k = 3. From Definition 1, u1 = 1, u2 = 2, u3 = 6, u4 = 42. The distance
constraint D = 2 · k · uk+1 = 252. In a type-1 component, the edge weight x1 = 64. In a type-2
component, the edge weight x2 = 43. In a type-3 component, the edge weight x3 = 19. Consider
a tour t that visits a terminal in a type-1 component, a terminal in a type-2 component, and a
terminal in a type-3 component. The length of t is 2(x1 + x2 + x3) = D.

5 Proof of Theorem 3

For each positive integer k, we construct an instance Ik of the tree DVRP as follows.
The tree in the instance Ik consists of a root vertex r and a set of components. The root

of each component is connected to r by an edge of weight 0. The components are of k types.
For each i ∈ [1, k], a type-i component consists of 1 + Γ · ui vertices: One vertex is the root
of the component, and the remaining Γ · ui vertices are the terminals, each connected to the
root of the component by an edge of weight xi := k · uk+1/(ui + 1) + 1. There are uk/ui

components of type i for each i ∈ [1, k]. See Figure 3. Observe that uk+1/(ui + 1) and uk/ui

are both integers according to Definition 1. We set the distance constraint D := 2k · uk+1.
We claim that there exists a feasible solution to Ik using Γ · uk tours. Consider a set

of tours S such that each tour t ∈ S visits exactly k terminals: for each i ∈ [1, k], tour
t visits exactly one terminal from all components of type i. For any i ∈ [1, k], there are
Γ · ui · uk/ui = Γ · uk terminals in all components of type i. Thus S consists of Γ · uk tours.
Next, we show that each tour t ∈ S is within the distance constraint D. We have

length(t) =
k∑

i=1
2xi = 2k · uk+1

k∑
i=1

1
ui + 1 + 2k. (8)

Using Definition 1, it is easy to show the following fact by induction.

▶ Fact 16. For any positive integer k, we have

1
uk+1

= 1−
k∑

i=1

1
ui + 1 .

From Equation (8) and Fact 16, we have

length(t) = 2k · uk+1

(
1− 1

uk+1

)
+ 2k = D.
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Therefore, S is a feasible solution. Hence

opt ≤ Γ · uk. (9)

Next, we analyze the solution to Ik computed by Algorithm 1. Recall that Algorithm 1
computes an optimal solution in each component independently. Let c be any component.
Let i ∈ [1, k] be the type of c. We observe that a tour is able to cover ui terminals in c but
is unable to cover ui + 1 terminals in c. This is because, the cost to cover ui terminals in c is

ui · 2xi = D − 2k · uk+1

ui + 1 + 2ui ≤ D,

where the inequality follows from Definition 1, and the cost to cover ui + 1 terminals in c is

(ui + 1) · 2xi = D + 2(ui + 1) > D.

Since there are Γ · ui terminals in c, the minimum number of tours to cover the terminals in
c is Γ.

For each i ∈ [1, k], the number of components of type i is uk/ui. Thus the number of
tours returned by Algorithm 1 is

∑k
i=1(uk/ui) · Γ = Γ · uk

∑k
i=1 1/ui.

Combined with Equation (9), we conclude that the approximation ratio of Algorithm 1
on Ik is at least

∑k
i=1 1/ui, which tends to α when k tends to ∞ by Definition 1.

This completes the proof of Theorem 3.
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A NP-Hardness

▶ Lemma 17. The Tree DVRP is strongly NP-hard.

Proof. We reduce the bin packing problem to the tree DVRP. Consider an instance of the
bin packing problem with an integer bin capacity M and n items of sizes a1, . . . , an, where
ai ∈ [0, M ] for each i ∈ [1, n]. The bin packing problem looks for a partition of the n items
into the minimum number of bins such that in each bin, the sum of the item sizes is at most
M . We construct an instance of the tree DVRP as follows. There is a depot and n terminals.
For each i ∈ [1, n], there is an edge between the depot and the ith terminal with weight ai.
Let D = 2M . It is easy to see that a solution to the bin packing instance is equivalent to a
soution to the tree DVRP instance. Since the bin packing problem is strongly NP-hard [6],
the tree DVRP is strongly NP-hard. ◀

B Component Decomposition Algorithm

For each vertex v of the tree, let T (v) denote the subtree rooted at v. For any subgraph H

of the tree, let UH denote the set of terminals in U that belong to the subgraph H.
The algorithm is given in Algorithm 2.

Algorithm 2 Decomposition algorithm Decompose(Γ) parameterized by Γ (see Lemma 5).
Input A tree T rooted at r, a distance constraint D

Output A decomposition of T into components
1: {Leaf components} := {T (v) : v least deep vertex s.t. Solve(Γ)(T (v), D − 2 ·

dist(r, v), UT (v)) ≤ Γ
2: T ′ ← subtree spanning {r} ∪ {roots of leaf components}
3: for each maximal downward v1-to-v2 path in T ′ whose internal vertices have only one

child in T ′ do
4: Let v′

1 be the child of v1 on the v1-to-v2 path.
5: while Solve(Γ)(T (v) \ T (v2), D − 2 · dist(r, v), UT (v)\T (v2)) ≤ Γ do
6: v ← least deep vertex on the v′

1-to-v2 path such that
7: Solve(Γ)(T (v) \ T (v2), D − 2 · dist(r, v), UT (v)\T (v2)) ≤ Γ
8: Define internal component (T (v) \ T (v2)) with exit vertex v2
9: v2 ← v

10: Define internal component (v1, v′
1) ∪ (T (v′

1) \ T (v2)) with exit vertex v2
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Running time

The number of calls on Solve(Γ) is O(n). Each call takes time O(n · (2Γ)Γ ·D3Γ) by Lemma 7.
Thus the overall running time of Algorithm 2 is O(n2 · (2Γ)Γ ·D3Γ).

C Proof of Theorem 7

Let T̃ = (Ṽ , Ẽ) be a tree with root r̃. Let ñ denote the number of vertices in T̃ . Let Ũ ⊆ Ṽ

be the set of terminals. The goal is to cover the terminals in Ũ using a minimum number of
tours of length at most D̃ each.

Let Γ be a positive integer. We design a dynamic program that computes an optimal
solution of at most Γ tours if such a solution exists. See Algorithm 3.

Algorithm 3 Dynamic program Solve(Γ) parameterized by Γ (see Lemma 7).

Input A tree T̃ rooted at r̃, a set of terminals Ũ , a distance constraint D̃

Output min{|S| : S is a feasible set of tours and |S| ≤ Γ}
1: Preprocess the tree T̃ so that each leaf is a terminal and each non-leaf vertex of T̃ has

exactly two children ▷ Section 2.1
2: for each configuration (v, A) do
3: valid(v, A) = false

4: for each terminal v in T̃ do ▷ Case 1
5: for each list A such that ℓ(A) ∈ [1, Γ] and every element in A equals 0 do
6: valid(v, A) = true

7: for each non-terminal v of T̃ in bottom-up order do ▷ Case 2
8: Let v1 and v2 denote the two children of v

9: for each lists A, A1, A2 such that (v1, A1) and (v2, A2) are valid configurations do
10: if (v1, A1), (v2, A2), and (v, A) are compatible then ▷ Definition 19
11: valid(v, A)← true

12: return min{ℓ(A) : (r̃, A) is valid}

To begin with, using the preprocessing step in Section 2.1, we transform the tree T̃ so
that the terminals are the same as the leaves in T̃ and every non-leaf vertex in T̃ has exactly
two children.

We compute values at configurations (Definition 18), which are solutions restricted to a
subtree of T̃ .

▶ Definition 18 (configurations). A configuration (v, A) is defined by a vertex v ∈ T̃ and a
list A of ℓ(A) integers (s1, s2, . . . , sℓ(A)) such that

ℓ(A) ≤ Γ;
for each i ∈ [1, ℓ(A)], si is an integer in [0, D̃].

We say that a configuration (v, A) is valid if it is possible to cover the terminals in the
subtree of T̃ rooted at v with a collection of ℓ(A) subtours, such that each subtour starts and
ends at v and the i-th subtour has length si. Note that ℓ(A) is equal to the total number of
subtours in the collection. Thus the objective is to find a valid configuration (r̃, A) with ℓ(A)
minimum.

Let v be any vertex in T̃ . We decide whether the configuration (v, A) is valid according
to one of the two cases.
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Case 1: v is a leaf vertex in T̃

Then v is a terminal. The configuration (v, A) is valid if and only if ℓ(A) ∈ [1, Γ] and every
element in the list A equals 0.

Case 2: v is a non-leaf vertex in T̃

Let v1 and v2 be the two children of v in T̃ .

▶ Definition 19 (compatibility). Let w1 (resp. w2) denote the weight of the edge between v and
v1 (resp. v2). We say that the configurations (v1, A1), (v2, A2), and (v, A) are compatible if
there is a partition P of A1 ∪A2 into parts, each part consisting of one or two elements such
that at most one element is from A1 (resp. A2), and a one-to-one correspondence between
every part in P and every element in A such that:

a part in P consisting of one element s(1) ∈ A1 corresponds to an element s in A if and
only if s(1) + 2w1 = s;
a part in P consisting of one element s(2) ∈ A2 corresponds to an element s in A if and
only if s(2) + 2w2 = s;
a part in P consisting of two elements s(1) and s(2) corresponds to an element s in A if
and only if s = s(1) + 2w1 + s(2) + 2w2.

The configuration (v, A) is valid if and only if there exist a valid configuration (v1, A1)
and a valid configuration (v2, A2) that are compatible with (v, A).

Running time

For each vertex v ∈ T̃ , since ℓ(A) ≤ Γ, the number of configurations (v, A) is at most
ñ · D̃Γ. For fixed (v1, A1), (v2, A2), and (v, A), to check compatibility, there are at most (2Γ)Γ

partitions of A1∪A2 into parts. Thus the overall running time of Lemma 7 is O(ñ·(2Γ)Γ ·D̃3Γ).
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Abstract
A partial orientation H⃗ of a graph G is a weak r-guidance system if for any two vertices at distance
at most r in G, there exists a shortest path P between them such that H⃗ directs all but one edge in
P towards this edge. In case that H⃗ has bounded maximum outdegree ∆, this gives an efficient
representation of shortest paths of length at most r in G: For any pair of vertices, we can either
determine the distance between them or decide the distance is more than r, and in the former case,
find a shortest path between them, in time O(∆r). We show that graphs from many natural graph
classes admit such weak guidance systems, and study the algorithmic aspects of this notion. We
also apply the notion to obtain approximation algorithms for distance variants of the independence
and domination number in graph classes that admit weak guidance systems of bounded maximum
outdegree.
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1 Introduction

We consider the following general question: Given an undirected unweighted graph G, can
short distances in G be represented efficiently? More precisely, the setting that interests us
is as follows:

G is known to belong to some class G of well-structured graphs (e.g., planar graphs,
graphs of clique-width at most 6, . . . ).
We are only interested in distances up to some fixed upper bound r.
We are allowed to preprocess G in polynomial time; let D denote the resulting data
structure.
The data structure D should enable us to efficiently answer the queries of the following
form:

Are two input vertices u and v at distance at most r in G?
In case that the answer is positive, we may also want to determine the distance between
u and v, and return a shortest path between them.

Note that we consider both G and r to be fixed parameters. There are several criteria to
consider:

The time complexity of the preprocessing.
The time complexity of the queries.
The space complexity (the size of D).
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Of course, there are some trade-offs between these criteria. E.g., D could store distances
between all pairs of vertices, resulting in a relatively slow preprocessing time and space
complexity Θ(|V (G)|2), but constant query time. In this paper we consider a solution which
still achieves constant query time (depending only on G and r), but is memory efficient in
the sense that storing D takes up about as much space as the graph G itself. To achieve
this, D will only consist of an orientation of G.

An orientation of an undirected graph G is a directed graph H⃗ such that for every
(u, v) ∈ E(H⃗), we have uv ∈ E(G), and for every uv ∈ E(G), at least one of (u, v) and (v, u)
is a directed edge of H⃗. Note that H⃗ can contain both (u, v) and (v, u), i.e., we allow an
edge of G to be directed in both ways at the same time. Let BH⃗(v, a) denote the set of
vertices reachable in H⃗ from v by a directed path of length at most a. An r-guidance system
is an orientation H⃗ such that for any vertices u, v ∈ V (G) at distance ℓ ≤ r in G, there exist
non-negative integers a and b such that a + b = ℓ and BH⃗(u, a) ∩ BH⃗(v, b) ̸= ∅; i.e., there
is a shortest path between u and v in G whose edges are directed in H⃗ towards one of its
vertices. Note that if H⃗ has maximum outdegree at most c, all such paths can be enumerated
in time O(cr), and if c is small, this enables us to find a shortest path between a given pair
of vertices (or verify that their distance is greater than r) efficiently.

The guidance systems were (without explicitly naming them) introduced by Kowalik and
Kurowski [11], who proved that they can be used to represent short distances in planar graphs,
and more generally for every F , in any graph avoiding F as a topological minor. As observed
in [7], essentially the same argument shows that graphs from even more general graph classes,
namely all classes with bounded expansion and more generally all nowhere-dense classes,
admit guidance systems of bounded maximum outdegree. To state the result precisely, we
need to introduce several definitions.

For a non-negative integer s, a graph H is an s-shallow minor of a graph G if H is
obtained from a subgraph of G by contracting pairwise-disjoint subgraphs, each of radius
at most s. For a class G, let ∇sG denote the class of all graphs H that appear as s-shallow
minors in graphs from G. A class G of graphs has bounded expansion if for every s ≥ 0 there
exists ds such that every graph in ∇sG has average degree at most ds. Even less restrictively,
a class G is nowhere-dense if for every s ≥ 0 there exists ds such that Kds

̸∈ ∇sG. Examples
of classes of graphs with bounded expansion include planar graphs and more generally all
proper minor-closed classes, graphs with bounded maximum degree and more generally all
proper classes closed under topological minors, graphs drawn in the plane with O(1) crossings
on each edge, and many other classes of sparse graphs; see [13] for more details.

▶ Theorem 1 (Dvořák and Lahiri [7]). Let G be a class of graphs and r a positive integer.
If G has bounded expansion, then there exists c such that every graph G ∈ G has an
r-guidance system of maximum outdegree at most c. Moreover, such an r-guidance system
can be found in time O(|V (G)|).
If G is nowhere-dense, then for every ε > 0, there exists c such that every graph G ∈ G
has an r-guidance system of maximum outdegree at most c|V (G)|ε. Moreover, such an
r-guidance system can be found in time O(|V (G)|1+ε).

A graph with an orientation of maximum outdegree at most c necessarily has maximum
average degree at most 2c, and thus it is (2c+ 1)-degenerate. Hence, guidance systems of
bounded maximum outdegree can only exist in sparse graphs. This brings us to the main
topic of our paper: Does there exist a variant of the notion useful for dense graphs?

Note that representing distance one by a guidance system forces us to orient all edges.
If we relax the notion to only represent distances 2, 3, . . . , r, this may not be necessary.
A partial orientation of a graph G is a spanning directed subgraph of an orientation of G
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(i.e., we allow some edges not to be oriented in either direction). An r+-guidance system
is a partial orientation H⃗ of a graph G such that for any vertices u, v ∈ V (G) at distance
ℓ in G, where 2 ≤ ℓ ≤ r, there exist non-negative integers a and b such that a+ b = ℓ and
BH⃗(u, a) ∩BH⃗(v, b) ̸= ∅. Let us give a (trivial) example showing that there are dense graphs
admitting r+-guidance systems.

▶ Example 2. Let G be a graph containing a universal vertex u, and let H⃗ be the partial
orientation obtained by directing all edges incident with u towards u. Observe that for any
positive integer r, H⃗ is an r+-guidance system in G of maximum outdegree one.

However, there are some quite simple graphs that do not admit r+-guidance systems of
bounded outdegree. For a graph G and a positive integer k, let Gk denote the k-distance
power of G, that is, the graph with vertex set V (G) and two vertices adjacent if and only if
the distance between them in G is at most k.

▶ Example 3. Let T be the graph obtained from K1,n by subdividing every edge exactly
twice, let X be the set of its leaves, and let Y be the set of neighbors of the central vertex of
degree n. Let G = T 2. Note that Y induces a clique in G, and any two vertices of X are
joined by a unique path of length three using exactly one edge of this clique. This implies
that in any 3+-guidance system for G, every edge of the clique on Y must be directed in at
least one direction, and thus some vertex of Y has outdegree at least (n− 1)/2.

This example highlights the fact that in dense graphs, we cannot afford to represent the
shortest paths by having all of their edges oriented. This motivates us to generalize the
guidance systems as follows, introducing the main notion of interest for this paper.

▶ Definition 4. A weak r-guidance system is a partial orientation H⃗ of G such that for any
distinct vertices u, v ∈ V (G) at distance ℓ ≤ r in G, there exist non-negative integers a and
b such that a + b = ℓ − 1 and G contains an edge between BH⃗(u, a) and BH⃗(v, b); that is,
there exists a shortest path between u and v in G such that all but one edge e of this path is
directed in H⃗ towards this exceptional edge e (which may or may not be directed).

In particular, an r-guidance system (or an r+-guidance system) is also a weak r-guidance
system. Note that if the graph G is represented so that we can in constant time test whether
two vertices are adjacent, then a weak r-guidance system of maximum outdegree c makes it
possible to find a shortest path between a given pair of vertices (or verify that their distance
is greater than r) in time O(cr−1).

The goal of this paper is to develop the theory of weak guidance systems; we show that
several interesting graph classes admit weak guidance systems of small maximum outdegree
(constant, or logarithmic in the number of vertices), address the algorithmic question of
finding weak guidance systems efficiently, and on the negative side, we give examples of
simple graph classes that do not admit weak guidance systems of small maximum outdegree.

Guidance systems and related notions such as weak coloring numbers have many appli-
cations in algorithmic design, for example in efficient practical algorithms for determining
statistics of small subgraphs [16] and design of approximation algorithms [4, 6, 7]. We expect
weak guidance systems to be similarly useful; to illustrate this, we describe an application in
approximation of distance variants of the independence and domination number, generalizing
the results of [4].

1.1 Summary of our results
We start by describing basic properties of weak guidance systems, including the fact that
they behave well under the distance power operation considered in Example 3.
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A standard way of generalizing results for sparse graphs (e.g., for classes with bounded
expansion) is to consider graphs definable in them by first-order logic formulas. We show
that this approach works for weak guidance systems in Theorem 8, which generalizes
Theorem 1 to the dense setting in this way.
The aforementioned results guaranteeing the existence of weak guidance systems of
bounded maximum outdegree do not provide polynomial-time algorithms to find such a
weak guidance system. In Corollary 16, we provide an approximation algorithm for this
problem that for an n-vertex graph which admits a weak guidance system of maximum
outdegree c returns one of maximum outdegree O(c log n).
In Theorem 19, we improve this bound to O(c log c) under an additional assumption that
certain set systems have bounded VC-dimension. This in particular gives an efficient
algorithmic version of Theorem 8 (Corollary 21).
On the negative side, in Section 2.3 we show that several natural graph classes do not
admit weak guidance systems of bounded maximum outdegree, specifically graphs of girth
at least five and large average degree, split graphs, and graphs of bounded clique-width.
In Section 3, we show an application of weak guidance systems in design of approximation
algorithms for distance independence and domination number (under an additional
assumption that the considered graph class is stable, which we show to be necessary). In
particular, this gives a constant-factor approximation algorithm for any graphs that are
first-order definable in classes with bounded expansion.

2 Theory of weak guidance systems

In this section, we describe the theoretical results on weak guidance systems in detail. Some
of the proofs are defered to the Appendix; the claims marked with (†) have simple proofs
which we do not present due to space constraints. Before we start, let us note that weak
guidance systems enable us to circumvent the difficulty from Example 3.

▶ Lemma 5 (†). Let G be a graph and let k ≥ 1 and c ≥ 2 be integers. For any positive
integer r, if G has a weak kr-guidance system H⃗ of maximum outdegree at most c, then Gk

has a weak r-guidance system F⃗ of maximum outdegree at most 2ck.

Weak guidance systems are qualitatively different from guidance systems only in dense graphs,
as in degenerate graphs, a weak guidance system can be completed to a guidance system by
directing the rest of the edges while preserving the bounded maximum outdegree.

▶ Observation 6. If G admits a weak r-guidance system of maximum outdegree c and G is
t-degenerate, then G also admits an r-guidance system of maximum outdegree at most c+ t.

Finally, we give the following description of weak r-guidance systems, which we use often
in the rest of the paper. For vertices u and v of a graph G at distance ℓ, let G(u → v) be the
set of neighbors of u at distance ℓ− 1 from v; i.e., G(u → v) consists of all possible second
vertices of shortest paths from u to v.

▶ Observation 7. A partial orientation H⃗ of a graph G is a weak r-guidance system if and
only if the following claim holds for all u, v ∈ V (G) at distance ℓ in G, where 2 ≤ ℓ ≤ r:
(⋆) Either u has an outneighbor in G(u → v), or v has an outneighbor in G(v → u).

2.1 Weak guidance systems in structurally sparse graphs
The standard way of generalizing the concepts of bounded expansion and nowhere-density
to dense graphs is through the notion of first-order transductions, see e.g. [8, 9, 2, 12]. For
a positive integer k and a graph G, let kG denote the disjoint union of k copies of G. A
transduction T consists of
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a positive integer k
a binary predicate symbol M and unary predicate symbols U1, . . . , Us, and
first-order formulas ω(x) and ϵ(x, y) with free variables x (resp. x and y) using these
predicate symbols and the binary predicate symbol E.

For graphs H and G, we write H ∈ T (G) if there exist sets C1, . . . , Cs ⊆ V (kG) such that
V (H) consists exactly of the vertices v ∈ V (kG) satisfying

kG,U1 := C1, . . . , Us := Cs |= ω(v)

and E(H) consists exactly of the pairs u, v ∈ V (H) such that

kG,U1 := C1, . . . , Us := Cs |= ϵ(u, v),

where the predicate symbol E is interpreted as adjacency in kG and M is interpreted as the
equivalence between the k copies of each vertex.

That is, a transduction allows us to blow up the graph by replicating each vertex a
bounded number of times, then non-deterministically color some vertices (via the predicates
U1, . . . , Us), and finally define the vertices and edges of the new graph by a first-order
formula. As an example, if T is the transduction with k = 1, s = 0, ω(x) = true and

ϵ(x, y) = (x ̸= y) ∧ (∃z)(z = x ∨ E(x, z)) ∧ E(z, y),

then H ∈ T (G) if and only if H = G2. Hence, the transduction operation generalizes the
graph power operations we considered in Lemma 5.

For a class of graphs G′ and a transduction T , let T (G′) denote the class of all graphs
G such that G ∈ T (G′) for some G′ ∈ G′. We say that a class of graphs G has structurally
bounded expansion (resp., is structurally nowhere-dense) if G ⊆ T (G′) for a transduction
T and a graph class G′ of bounded expansion (resp., being nowhere-dense). As our first
result, we show that weak guidance systems behave as one would expect for these standard
generalizations of the notions of sparsity to dense graphs.

▶ Theorem 8. Let G be a class of graphs and let r be a positive integer.
If G has structurally bounded expansion, then for some positive integer c, every graph in
G has a weak r-guidance system of maximum outdegree at most c.
If G is structurally nowhere-dense and ε > 0, then for some positive integer c, every graph
in G has a weak r-guidance system of maximum outdegree at most c|V (G)|ε.

In preparation for the proof of Theorem 8, let us consider the graph classes with bounded
shrub-depth. The notion of shrub-depth was defined by Ganian et al. [10] using the concept
of tree models. For a positive integer m, an m-signature is a function S : Z+ → 2[m]×[m]

assigning a symmetric relation S(i) to each i > 0. For a positive integer d, an (m, d)-tree
model of a graph G is a triple (T, φ, S), where

T is a rooted tree with leaf set V (G) and such that the length of every root-leaf path is d,
φ : V (G) → [m] assigns one of m labels to each leaf,
S is an m-signature, and
for every u, v ∈ V (G), if 2i is the distance between u and v in T (i.e., if i is the distance
from u and v to their nearest common ancestor in T ), then uv ∈ E(G) if and only if
(φ(u), φ(v)) ∈ S(i).

A class G of graphs has shrub-depth at most d if for some positive integer m, every graph in
G has an (m, d)-model.

▶ Lemma 9. For every class G of graphs of bounded shrub-depth and every positive integer r,
there exists a positive integer c such that every graph from G has a weak r-guidance system
of maximum outdegree at most c.
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Proof. Let m and d be positive integers such that every graph G ∈ G has an (m, d)-tree
model (T, φ, S). Let c = r3mr(d+ 1)r2

d.
For a positive integer k, a k-type is a pair (f, g) of functions f : [k] → [m] and g :

[k]2 → {0} ∪ [d]. The type of a k-tuple (v1, . . . , vk) of vertices of G is the k-type (f, g)
such that f(i) = φ(vi) for i ∈ [k] and g(i, j) is half of the distance between vi and vj in
T . For each vertex x ∈ V (T ), each positive integer k ≤ r, and each k-type t, if there
exist a k-tuple (v1, . . . , vk) of leaves of T with ancestor x and of type t, fix such a k-tuple
Q(x, t) = (v1, . . . , vk) arbitrarily and let A(x, t) = {v1, . . . , vk}; otherwise, let A(x, t) = ∅.
For each non-leaf vertex y ∈ V (T ), if y has more than r children x such that A(x, t) ̸= ∅,
then let R(y, t) be a set of r + 1 of them chosen arbitrarily; otherwise let R(y, t) be the set
of all children x of y such that A(x, t) ̸= ∅. Let B(y, t) =

⋃
x∈R(y,t) A(x, t), and let B(y) be

the union of B(y, t) over all k-types t with k ≤ r.
Let H⃗ be the partial orientation of G containing exactly the edges (u, v) such that

uv ∈ E(G) and v ∈ B(y) for some ancestor y of u in T . Clearly, H⃗ has maximum outdegree
at most c. Let us now argue that H⃗ is a weak r-guidance system.

Consider any vertices u, v ∈ V (G) at distance ℓ in G, where 2 ≤ ℓ ≤ r, and let
P = u0u1 . . . uℓ, where u0 = u and uℓ = v, be a shortest path from u to v in G. We will
show that the condition (⋆) from Observation 7 is satisfied for u and v. Let y be the nearest
common ancestor of u and u1 in T , let X be the set of children of y that have a descendant
belonging to V (P ), and let x1 be the child of y whose descendant is u1. Suppose first that
v is not a descendant of x1. Let Q be the tuple of vertices of P that are descendants of
x1 (in any order) and let t be its type. Since |X| ≤ r + 1 and A(x1, t) ̸= ∅, there exists
x′

1 ∈ R(y, t) \ (X \ {x1}). Let Q′ = Q(x′
1, t) and let P ′ be obtained from P by replacing the

vertices of Q by the vertices of Q′. Observe that since Q and Q′ have the same type and the
same common ancestors with the other vertices of P , P ′ is also a shortest path from u to v
in G. Moreover, the construction of H⃗ implies that the first edge of P ′ is directed away from
u, establishing the validity of the condition (⋆) from Observation 7.

Hence, suppose that v is a descendant of x1. In particular, this implies that y is also the
nearest common ancestor of u and v. Let x2 be the child of y whose descendant is u. By
symmetry, we can assume that uℓ−1 is a descendant of x2 as well. Let Q1 = (u1, u2, . . . , uk) be
the maximal initial segment of P −u consisting of descendants of x1; we have k < ℓ−1. Let t1
be the type of Q1. Since |X| ≤ r+1 and A(x1, t1) ̸= ∅, there exists x′′

1 ∈ R(y, t1)\ (X \{x1}).
Let Q′

1 = Q(x′
1, t1) and let P ′

1 be obtained from P by replacing the vertices of Q1 by the
vertices of Q′

1. Observe that since Q1 and Q′
1 have the same type and the same common

ancestors with u and uk+1, P ′
1 is also a shortest path from u to v in G. Moreover, the

construction of H⃗ implies that the first edge of P ′
1 is directed away from u, establishing the

validity of the condition (⋆) from Observation 7.
We conclude that H⃗ is a weak r-guidance system. ◀

Crucially, the notions of structurally bounded expansion and structural nowhere-density
can be characterized in terms of bounded shrub-depth covers. A cover of a graph G is a
system of subsets of V (G). Let a be a positive integer. A cover C of G is a-generic if for
every subset A ⊆ V (G) of size at most a, there exists C ∈ C such that A ⊆ C. An a-generic
bounded shrub-depth cover assignment for a graph class G is a function C that to each graph
G ∈ G assigns an a-generic cover C(G) such that the class

C(G) = {G[C] : G ∈ G, C ∈ C(G)}

has bounded shrub-depth.
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▶ Theorem 10 (Gajarský et al. [9] and Dreier et al. [3]). Let G be a class of graphs and let a
be a positive integer.

If G has structurally bounded expansion, then for some positive integer k, G has an
a-generic bounded shrub-depth cover assignment C such that |C(G)| ≤ k for every G ∈ G.
If G is structurally nowhere-dense and ε > 0, then for some positive integer k, G has an
a-generic bounded shrub-depth cover assignment C such that |C(G)| ≤ k|V (G)|ε for every
G ∈ G.

Together with Lemma 9, this gives the main result of this section.

Proof of Theorem 8. Let C be an (r + 1)-generic bounded shrub-depth cover assignment
and k the corresponding constant from Theorem 10. Let c0 be the constant from Lemma 9
for the class C(G). Let c = kc0.

For any graph G ∈ G, let H⃗ be the union of the weak r-guidance systems of the subgraphs
G[C] for C ∈ C(G) obtained using Lemma 9. Clearly, the maximum outdegree of H⃗ is at
most c if G has structurally bounded expansion and at most c|V (G)|ε if G is structurally
nowhere-dense. Moreover, consider any vertices u and v at distance at most r in G, and let
P be a shortest path between them. Since the cover C(G) is (r + 1)-generic, there exists
C ∈ C(G) such that G[C] contains P . Since H⃗ restricted to C is a weak r-guidance system
in G[C], there exists a shortest path between u and v in G[C] (and thus also in G) directed
by H⃗ towards one of its edges. We conclude that H⃗ is a weak r-guidance system in G. ◀

Let us remark that r-guidance systems can be used to characterize bounded expansion
and nowhere-density.

▶ Lemma 11. Let G be a class of graphs closed under induced subgraphs.
If there exists c : Z+ → Z+ such that for every positive integer r, every G ∈ G has an
r-guidance system of maximum outdegree at most c(r), then G has bounded expansion.
If there exists c : Z+ ×R+ → Z+ such that for every positive integer r and for every ε > 0,
every G ∈ G has an r-guidance system of maximum outdegree at most c(r, ε)|V (G)|ε, then
G is nowhere-dense.

Note that the assumption of being closed under induced subgraphs is needed, as seen by
Example 2: This example together with Observation 6 shows that the class of graphs formed
from cliques by subdividing each edge once and adding a universal vertex afterwards admits
an r-guidance system of maximum outdegree at most 4 for every r ≥ 1; but this class is not
nowhere-dense.

It is tempting to ask whether weak r-guidance systems similarly characterize structurally
bounded expansion or structural nowhere-density. However, this is not the case. We define a
weak ∞-guidance system to be a partial orientation that is a weak r-guidance system for
every positive integer r. Interval graphs are the intersection graphs of sets of open intervals
in the real line.

▶ Example 12. Consider any interval graph G. Let H⃗ be the partial orientation of G
obtained as follows. For each u ∈ V (G), let v1 and v2 be the neighbors of u such that
the right endpoint of the interval of v1 is maximum among all neighbors of u, and the left
endpoint of the interval of v2 is minimum among them. Include in H⃗ the edges (u, v1) and
(u, v2). Then H⃗ is a weak ∞-guidance system in G of maximum outdegree at most two.

The class of interval graphs is closed under induced subgraphs, but it is well-known not to
be structurally nowhere-dense.
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2.2 Algorithmic aspects
The proof of Theorem 8 is based on the fact that structurally sparse graphs are known to
admit bounded shrub-depth covers, see Theorem 10. However, it is currently not known
how to obtain such covers efficiently. Consequently, Theorem 8 does not give an efficient
algorithm to obtain weak guidance systems. A similar remark applies for Lemma 5, in case
we are not given the weak guidance system H⃗ but only the graph Gk as the input.

In this section, we address this issue, giving a polynomial-time algorithm that given an
n-vertex graph returns a weak guidance system whose maximum outdegree is worse than
optimal only by an O(log n) factor, and an improved approximation algorithm in case certain
relevant set systems have bounded VC-dimension.

First, let us introduce one more relaxation of the guidance system notion. A fractional
orientation of a graph G is a function p that assigns a non-negative real number p(u, v) to
each pair (u, v) of adjacent vertices of G. The outdegree d+

p (u) of a vertex u in the fractional
orientation p is

∑
v:uv∈E(G) p(u, v). We say that p is a fractional r-guidance system if for

every u, v ∈ V (G) at distance ℓ, where 2 ≤ ℓ ≤ r, we have∑
y∈G(u→v)

p(u, y) +
∑

y∈G(v→u)

p(v, y) ≥ 1. (1)

By Observation 7, weak guidance systems can naturally be interpreted as fractional
guidance systems.

▶ Observation 13. Suppose H⃗ is a weak r-guidance system in a graph G, of maximum
outdegree c. Let us define p(u, v) = 1 for every (u, v) ∈ E(H⃗) and p(u, v) = 0 for every
uv ∈ E(G) such that (u, v) ̸∈ E(H⃗). Then p is a fractional r-guidance system of maximum
outdegree c.

Moreover, an optimal fractional guidance system can be constructed through linear
programming.

▶ Lemma 14 (†). If a graph G has a weak r-guidance system of maximum outdegree c0, we
can find a fractional r-guidance system of maximum outdegree at most c0 in G in polynomial
time.

A fractional r-guidance system p can be directly used to test presence of shortest paths,
with a small probability of error, by constructing a pair of random walks between the two
given vertices, with the probability distribution derived from p in the natural way; see the
Appendix for details. More interestingly, we can turn a fractional r-guidance system to a
weak r-guidance system with a logarithmic loss in the maximum degree. The basic idea is
that a random selection of an outgoing edge at each vertex from the probability distribution
given by p makes sure that in expectation the condition (⋆) from Observation 7 is satisfied
by a constant fraction of pairs of vertices, and iterating such sampling Θ(log n) times is
sufficient for (⋆) to hold for all pairs, which shows that the resulting partial orientation is a
weak r-guidance system.

▶ Lemma 15. Let c be a positive real number, let n be a positive integer, and let m = ⌈4c log n⌉.
Suppose p is a fractional r-guidance system in a graph G, with maximum outdegree at most
c. There exists an algorithm that in polynomial time returns a weak r-guidance system H⃗ in
G with maximum outdegree at most m.

Combining Lemmas 14 and 15, we obtain the following claim.
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▶ Corollary 16. There exists an algorithm that, for an input n-vertex graph G that admits a
weak r-guidance system of maximum outdegree at most c, outputs in polynomial time a weak
r-guidance system of maximum outdegree O(c log n).

Let us remark that the logarithmic loss in Lemma 15 cannot be avoided in general. For
positive integers a and k, let m = k2k+1 and let Ga,k be the random graph obtained as
follows. We start with a random bipartite graph with parts L of size a and R of size ma,
with each vertex of L being adjacent to each vertex of R independently with probability 1/2.
We then divide R into m parts R1, . . . , Rm of size a arbitrarily, and for i = 1, . . . ,m, we
add a vertex xi adjacent to all vertices of Ri.

▶ Lemma 17. There exists an integer a0 such that for every a ≥ a0 and k ≤ log a, with
positive probability

Ga,k has a fractional 2-guidance system with maximum outdegree at most 3, and
Ga,k does not have a weak 2-guidance system with maximum outdegree at most k.

Note that if we set k = ⌊log a⌋, we have

n = |V (Ga,k)| ≤ (m+ 1)(a+ 1) ≤
(
k2k+1 + 1

)
· (exp(k + 1) + 1) ≤ exp(O(k)),

and thus Lemma 17 gives examples of graphs with an arbitrarily large number n of vertices
and a fractional 2-guidance system of maximum outdegree at most 3 such that every weak
2-guidance system has maximum outdegree Ω(log n).

However, we can do better in case the VC-dimension of relevant systems is bounded.
Recall that a system S of subsets of a set X shatters a set A ⊆ X if {A∩S : S ∈ S} contains
all subsets of A, and that the VC-dimension of S is the size of the largest subset of X
shattered by S. For a graph G, integer r ≥ 2, and vertex u ∈ V (G), let VC(G, r, u) denote
the VC-dimension of the system

{G(u → v) : v ∈ V (G), 2 ≤ dG(u, v) ≤ r},

and let VC(G, r) = maxu∈V (G) VC(G, r, u).
The key property of systems with bounded VC-dimension is that they admit efficient

(randomized) approximation for smallest hitting set in terms of the size of the smallest
fractional hitting set (a hitting set for S is a subset of X intersecting all elements of S, and
a fractional hitting set is a function w : X → R+

0 such that, defining w(A) =
∑
x∈A w(x) for

each subset A of X, each element S ∈ S satisfies w(S) ≥ 1; the size of the fractional hitting
set w is w(X)). For the following standard result, see e.g. [14].

▶ Theorem 18. There exists a polynomial-time randomized algorithm that, given a system
S of subsets of a set X of VC-dimension at most d and a fractional hitting set w of size s,
with probability at least 1/2 returns a hitting set for S of size O(ds log s).

We now apply this fact to give an improved algorithm to obtain weak guidance systems
from fractional ones when VC(G, r) is bounded.

▶ Theorem 19. There exists a polynomial-time randomized algorithm that, for an input
n-vertex graph G that admits a weak r-guidance system of maximum outdegree at most
c, with probability at least 1/2 outputs a weak r-guidance system of maximum outdegree
O(VC(G, r) · c log c).
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Proof. Let p be a fractional r-guidance system of maximum outdegree at most c in G found
using Lemma 14. For each u ∈ V (G), let Ru be the set of vertices v ∈ V (G) such that
2 ≤ dG(u, v) ≤ r and∑

z∈G(u→v)

p(u, z) ≥ 1/2.

Since p is a fractional r-guidance system, for each u, v ∈ V (G) such that 2 ≤ dG(u, v) ≤ r,
we have v ∈ Ru or u ∈ Rv.

Let Su be the system {G(u → v) : v ∈ Ru} of subsets of the set NG(u) of neighbors of
u. For z ∈ NG(u), let us define w(z) = 2p(u, z). By the choice of Ru, we have w(S) ≥ 1
for each S ∈ Su, and thus w is a fractional hitting set for Su. Moreover, w(NG(u)) ≤ 2c,
since the maximum outdegree of p is at most c. The VC-dimension of Su is at most
VC(G, r, u) ≤ VC(G, r), and thus we can by Theorem 18 find a hitting set Hu ⊆ NG(u) for
Su of size O(VC(G, r) · c log c); note that we iterate the algorithm Ω(|V (G)|) times to make
the probability of error less than 1

2|V (G)| , and thus we find a valid hitting set for all u ∈ V (G)
with probability at least 1/2.

Let us now define a partial orientation G⃗ of G by, for each u ∈ V (G), directing the edges
from u to Hu. Clearly, G⃗ has maximum outdegree O(VC(G, r) · c log c). Moreover, consider
any u, v ∈ V (G) such that 2 ≤ dG(u, v) ≤ r. By symmetry, we can assume that v ∈ Ru, and
thus Hu intersects the set G(u → v) ∈ Su. Hence, u has an outneighbor in G(u → v). By
Observation 7, we conclude that G⃗ is a weak r-guidance system for G. ◀

In particular, this is useful for structurally nowhere-dense classes (and especially for classes
with structurally bounded expansion), as follows from the fact that first-order definable sets
in graphs from these classes have bounded VC-dimension [1, 15].

▶ Lemma 20. For every structurally nowhere-dense class G of graphs and every integer
r ≥ 2, there exists a constant d such that VC(G, r) ≤ d for every graph G ∈ G.

Hence, Theorem 19 gives the following algorithmic form of Theorem 8.

▶ Corollary 21. Let G be a class of graphs and let r be a positive integer.
If G has structurally bounded expansion, then there exists c and a randomized algorithm
that for an input n-vertex graph G ∈ G outputs in polynomial time with probability at
least 1/2 a weak r-guidance system of maximum outdegree at most c.
If G is structurally nowhere-dense and ε > 0, then there exists c and a randomized
algorithm that for an input n-vertex graph G ∈ G outputs in polynomial time with
probability at least 1/2 a weak r-guidance system of maximum outdegree at most cnε.

2.3 Graph classes without bounded outdegree weak guidance systems

To better understand obstructions to the existence of weak r-guidance systems of bounded
maximum outdegree, it is natural to consider the dual of the linear program from the proof
of Lemma 14, which can be reformulated as follows. For uz ∈ E(G), let Rr(u, z) be the set
of vertices v ∈ V (G) such that the distance between u and v is between 2 and r and z lies
on a shortest path from u to v in G; i.e., z ∈ G(u → v).
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▶ Lemma 22 (†). Let G be a graph and let r be a positive integer. Let c be the solution to
the following optimization problem:

yuv ≥ 0 for every u, v ∈ V (G) at distance between 2 and r

xu = max
z:uz∈E(G)

∑
v∈Rr(u,z)

yuv for every u ∈ V (G)

maximize
∑
uv:2≤dG(u,v)≤r yuv∑

v∈V (G) xv

Then every fractional or weak r-guidance system in G has maximum outdegree at least c.

As an example, this easily shows that no good weak guidance systems exist for graphs
of girth at least five and large maximum average degree (the maximum average degree of a
graph is the maximum of the average degrees of its subgraphs).

▶ Lemma 23. Let G be a graph of girth at least five and maximum average degree d ≥ 2.
Every fractional or weak 2-guidance system in G has maximum outdegree at least d/2.

Proof. Let Z ⊆ V (G) be a smallest set such that G[Z] has average degree d. Since d ≥ 2,
every vertex of G[Z] has degree at least two, since deleting vertices of degree at most one
would not decrease the average degree.

Since G has girth at least 5, any vertices u, v ∈ Z at distance two in G[Z] have a unique
common neighbor z ∈ Z; we define

yuv = 1
degG[Z] z − 1 .

For any pair u, v ∈ V (G) of vertices at distance two in G such that {u, v} ̸⊆ Z or the common
neighbor of u and v does not belong to Z, we define yuv = 0. For any edge uz of G, if
{u, z} ⊆ Z, then we have |R2(u, z) ∩ Z| = degG[Z] z − 1, and thus∑

v∈R2(u,z)

yuv = 1;

while if {u, z} ̸⊆ Z, then∑
v∈R2(u,z)

yuv = 0.

Therefore,

xu = max
z:uz∈E(G)

∑
v∈R2(u,z)

yuv = 1

for u ∈ Z and xu = 0 for u ∈ V (G) \ Z, and∑
uv:dG(u,v)=2 yuv∑

u∈V (G) xu
=

1
2 ·

∑
u∈Z

∑
z:uz∈E(G[Z])

∑
v∈R2(u,z) yuv

|Z|
= |E(G[Z])|

|Z|
= d/2.

The claim now follows from Lemma 22. ◀

This shows that weak guidance systems can be qualitatively different from guidance
systems only in graphs of girth at most four.
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▶ Corollary 24. Let G be a graph of girth at least five. For any r ≥ 2, if G admits a weak
r-guidance system of maximum outdegree at most c, then G also admits an r-guidance system
of maximum outdegree at most 3c.

Proof. By Lemma 23, G has maximum average degree at most 2c, and thus G is 2c-degenerate.
The claim then follows by Observation 6. ◀

Next, we consider the class of split graphs (a graph G is a split graph if there exists a
partition (A,B) of its vertex set where A is a clique and B is an independent set). An easy
construction based on the incidence graphs of finite projective planes shows that split graphs
do not admit weak guidance systems of bounded maximum outdegree.

▶ Lemma 25. For every n such that n is a power of a prime, there exists a split graph Gn
with 2(n2 + n+ 1) vertices such that every fractional or weak 2-guidance system in G has
maximum outdegree at least (n+ 1)/2.

Let us remark that split graphs are a special case of chordal graphs (graphs with no induced
cycle of length at least four), and thus chordal graphs do not in general admit weak guidance
systems of bounded maximum outdegree.

A k-labeled graph is a graph where each vertex is assigned a label from [k] (several
vertices can have the same label, and not all labels must be used). A k-labeled graph G is
constructible if G has only one vertex or

G is the disjoint union of at least two constructible k-labeled graphs, or
G is obtained from a constructible k-labeled graph G′ by, for some i, j ∈ [k], changing all
labels i to j, or
G is obtained from a constructible k-labeled graph G′ by, for some i, j ∈ [k], adding all
edges between vertices with labels i and j.

We say a graph has clique-width at most k if we can assign labels to its vertices so that the
resulting k-labeled graph is constructible. For graphs of bounded clique-width, we again
obtain a superconstant lower bound, though substantially smaller than in the case of split
graphs.

▶ Lemma 26. There exist arbitrarily large graphs G of clique-width at most 6 such that any
weak 2-guidance system in G has maximum outdegree at least Ω(log |V (G)|/ log log |V (G)|).

Note this is in contrast to Lemma 9, where we prove that graphs of bounded shrubdepth
(a natural subclass of graphs of bounded clique-width) admit weak guidance systems with
bounded maximum outdegree. On the positive side, we can show that graphs of bounded
clique-width admit weak guidance systems of logarithmic outdegree.

Let us start by a useful observation. Suppose (A,B) is a partition of the vertex set of a
graph G. For u, v ∈ V (G), we write u ≡(A,B) v if either u, v ∈ A and u and v have the same
neighbors in B, or u, v ∈ B and u and v have the same neighbors in A.

▶ Lemma 27. Let r be a positive integer or ∞. Suppose (A,B) is a partition of the vertex set
of a graph G and ≡(A,B) has k equivalence classes. If G[A] and G[B] have a weak r-guidance
system of maximum outdegree at most c, then G has a weak r-guidance system of maximum
outdegree at most c+ k.

Proof. Let H⃗A and H⃗B be weak r-guidance systems of maximum outdegree at most c in
G[A] and G[B], respectively. Let H⃗ consist of H⃗A ∪ H⃗B and the following edges: For each
u ∈ V (G) and each equivalence class C of ≡(A,B) intersecting the component of G containing
u, choose a vertex u′

C in C nearest to u in G and a vertex uC ∈ G(u → u′
C) arbitrarily, and

add the edge (u, uC). Clearly, H⃗ has maximum outdegree at most c+ k.
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Consider now any vertices u, v ∈ V (G) at distance ℓ, where 2 ≤ ℓ ≤ r, and let P be
a shortest path between u and v in G. If an edge of P incident with u or v belongs to
G[A]∪G[B], switch the names of vertices u and v if necessary so that such an edge is incident
with u. By symmetry, we can assume u ∈ A. If P ⊆ G[A], then by Observation 7, H⃗A

(and thus also H⃗) contains an edge directed from u to G[A](u → v) ⊆ G(u → v) or an edge
directed from v to G[A](v → u) ⊆ G(v → u). Hence, suppose that P ̸⊆ G[A].

If the first edge of P is contained in G[A], then let P ′ be the longest initial segment of
P contained in G[A]. If the first edge of P is not contained in G[A], then let P ′ be the
longest initial segment of P contained in G[B ∪ {u}]. Let C be the equivalence class of
≡(A,B) containing the last vertex z of P ′. Note that z ̸= v: In the first case, this is because
P is not contained in G[A]. In the second case, this is because |E(P )| = ℓ ≥ 2 and the choice
of the names of the vertices u and v implies that the last edge of P is not contained in G[B].
Since u′

C is a nearest vertex from u in C, u′
C is at distance at most |E(P ′)| from u in G.

Moreover, u′
C is in the same equivalence class of ≡(A,B) as z, and thus u′

C is adjacent to the
vertex following z in P . Hence, uC ∈ G(u → v) and H⃗ contains the edge (u, uC).

Observation 7 then implies that H⃗ is a weak r-guidance system in G. ◀

We combine this with the following well-known fact about clique-width.

▶ Observation 28. If G is a graph with n vertices and clique-width at most k, then there
exists a partition (A,B) of vertices of G such that |A|, |B| ≤ 2

3n and ≡(A,B) has at most 2k
equivalence classes.

Since any induced subgraph of a graph of clique-width at most k also has clique-width at
most k, the desired bound follows.

▶ Corollary 29. For every k ≥ 0, every n-vertex graph of clique-width at most k has a partial
orientation H⃗ of maximum outdegree O(k log n) such that H⃗ is a weak ∞-guidance system.

3 Application: Approximation of distance domination and
independence number

For a positive integer r, a set S of vertices of a graph G is r-dominating if every vertex of G
is at distance at most r from S, and r-independent if distinct vertices of S are at distance
greater than r from one another. Let γr(G) denote the smallest size of an r-dominating
set in G, and αr(G) the largest size of an r-independent set in G. Observe that if D is an
r-dominating and A a 2r-independent set in G, then every vertex of D is at distance at most
r from at most one vertex of A, and since every vertex of A is at distance at most r from D,
we have |A| ≤ |D|. Consequently, α2r(G) ≤ γr(G).

In general, the converse inequality does not hold and it is not even possible to bound
γr(G) by a function of α2r(G); however, Dvořák [4] proved that if G is from a class of graphs
with bounded expansion, then an approximate converse holds, i.e., γr(G) = O(α2r(G)). A
small variation of the argument gives the following stronger claim.

▶ Lemma 30. For all positive integers c and r, there exists a linear-time algorithm that,
given a graph G together with its 2r-guidance system of maximum outdegree less than c,
returns an r-dominating set D and a 2r-independent set A in G such that |D| ≤ c2|A|.

Note that this implies that γr(G) ≤ |D| ≤ c2γr(G) and 1
c2α2r(G) ≤ |A| ≤ α2r(G), and

thus this gives a linear-time algorithm to approximate both the r-domination and the
2r-independence number of G within the constant factor c2.
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The goal of this section is to show that a similar result holds for classes of graphs that
admit weak guidance systems. However, the presence of a weak 2r-guidance system of
bounded outdegree is not by itself sufficient to ensure this.

▶ Example 31. Let K⃗ be a random orientation of the clique with vertex set {1, . . . , n}
(for each edge, choose direction uniformly independently at random). Let G be the graph
obtained from K⃗ as follows: We have V (G) = {v1, . . . , vn, u1, . . . , un, z}, where for each
i ∈ {1, . . . , n}, ui is adjacent to z, vi, and all vertices vj such that (i, j) ∈ E(K⃗). Let H⃗
be the partial orientation of G where for i ∈ {1, . . . , n}, the edge viui for i ∈ {1, . . . , n}
is directed towards ui, and the edge uiz is directed towards z. Note that for any distinct
i, j ∈ {1, . . . , n}, we have (i, j) ∈ E(K⃗) or (j, i) ∈ E(K⃗), and thus the path viuivj or vjujvi
has the first edge directed towards its middle vertex. Consequently, H⃗ is a weak 2-guidance
system for G of maximum outdegree one. Moreover, any 2-independent set in G contains
at most one of the vertices {v1, . . . , vn, z} and at most one of the vertices {u1, . . . , un}, and
thus α2(G) ≤ 2. On the other hand, we have γ1(G) = Ω(log n): By replacing each vertex vi
by ui in an optimal dominating set and possibly adding z, we obtain a dominating set D of
size at most γ1(G) + 1 containing none of the vertices v1, . . . , vn, and to dominate these
vertices, observe that with high probability D needs to contain Ω(log n) of the vertices u1,
. . . , un.

We can solve this issue by adding another condition. An (r, k)-halfgraph in a graph G is
a sequence u1, . . . , uk, v1, . . . , vk of vertices of G such that for every i, j ∈ {1, . . . , k},

if j < i, then the distance between ui and vj in G is greater than r, and
if j ≥ i, then the distance between ui and vj in G is exactly r.

We say that a graph is (r, k)-stable if it does not contain any (r, k)-halfgraph.

▶ Theorem 32. For all positive integers r, k, and c ≥ 2, there exists a constant b and a linear-
time algorithm that, given an (r, k)-stable graph G together with its weak 2r-guidance system
H⃗ of maximum outdegree at most c, returns an r-dominating set D and a 2r-independent
set A in G such that |D| ≤ b|A|.

Proof. Let D and A′ be the sets of vertices of G obtained as follows. We initialize D := ∅
and A′ := ∅. As long as D is not an r-dominating set, we choose a vertex x at distance
greater than r from D arbitrarily, we add x to A′, and we add x and all vertices reachable in
H⃗ from x by directed paths of length at most r to D. At the end, D is an r-dominating set
and |D| ≤ cr+1|A′|.

Let ≺ be the linear ordering on vertices of A′ such that x ≺ y when x was added to A′

before y. The algorithm above enforces the following property (†): If x ≺ y, then every
vertex reachable from x by a directed path in H⃗ of length at most r is at distance greater
than r from y.

Let σ(1) = 0 and for p = 2, . . . , k, let σ(p) = c2r+1(σ(p − 1) + 1). The set A′ is not
necessarily 2r-independent, however it has the following property: If S ⊆ A′ consists of
vertices pairwise at distance at most 2r from one another, then |S| ≤ σ(k + 1). To prove
this, we will show a stronger claim. For a positive integer p ≤ k + 1, a p-halfgraph extension
of S is a sequence up, . . . , uk, vp, . . . , vk of vertices of G such that for i = p, . . . , k,

(i) ui ∈ A′, ui ≺ ui+1 if i < k, and s ≺ ui for every s ∈ S.
(ii) H⃗ contains a directed path from ui to vi of length exactly r,
(iii) the distance between ui and vj in G is exactly r for every j ∈ {i, . . . , k}, and
(iv) the distance between vi and s is exactly r for every s ∈ S.
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We will prove by induction on p that if there exists a p-halfgraph extension of S, then
|S| ≤ σ(p); |S| ≤ σ(k + 1) then follows, since an empty sequence trivially forms a (k + 1)-
halfgraph extension of S. For p = 1, note that if 1 ≤ j < i ≤ k, then uj ≺ ui by (i), and (ii)
and (†) imply that the distance between vj and ui in G is greater than r. Together with
(iii), this implies that G contains an (r, k)-halfgraph, which is a contradiction. That is, the
case p = 1 can never occur and the conclusion |S| ≤ σ(1) holds trivially.

Suppose now that p ≥ 2 and that the claim holds for p−1. If S = ∅, then |S| ≤ σ(p) holds.
Otherwise, let up−1 be the last vertex of S in the ordering ≺. Since the distance between
any vertices of S is at most 2r and H⃗ is a weak 2r-guidance system, for each s ∈ S \ {up−1},
there exists a shortest path Ps in G between up−1 and s directed in H⃗ towards one of its
edges. Let Qs be the longest initial segment of Ps directed away from up−1. By the choice of
up−1, we have s ≺ up−1, and thus (†) implies that the part of Ps directed away from s has
length at most r − 1, and consequently |E(Qs)| ≥ r.

For any directed path Q in H⃗ starting in up−1 of length between r and 2r, let SQ be the
set of vertices s ∈ S \ {up−1} such that Qs = Q. The preceding argument shows that S is the
union of the sets SQ over all such paths, and thus we can fix Q such that |SQ| ≥ |S|/c2r+1.
If |SQ| ≤ 1, then |S| ≤ 22r+1 ≤ σ(p), as required. Hence, suppose that |SQ| ≥ 2. Let vp−1
be the final vertex of Q and let sQ be the first vertex of SQ in the ordering ≺. Consider
any vertex s′ ∈ SQ \ {sQ}. Note that G contains a path of length at most 2r − |E(Q)| ≤ r

from sQ to vp−1 with all but possibly the last edge directed away from sQ in H⃗, and since
sQ ≺ s′ by the choice of sQ, (†) implies that s′ is at distance at least r from vp−1. Since s′ is
also at distance at most 2r from up−1 through a shortest path whose initial segment is Q,
s′ is at distance at most 2r − |E(Q)| ≤ r from vp−1. We conclude that |E(Q)| = r and all
vertices of SQ \ {sQ} are at distance exactly r from vp−1. Therefore, up−1, . . . , uk, vp−1, . . . ,
vk is a (p− 1)-halfgraph extension of SQ \ {sQ}, and |SQ \ {sQ}| ≤ σ(p− 1) by the induction
hypothesis. But then |S| ≤ c2r+1|SQ| ≤ c2r+1(σ(p− 1) + 1) = σ(p).

Let F be the auxiliary graph with V (F ) = A′ and with distinct vertices u, v ∈ A′ adjacent
if the distance between them in G is at most 2r. We claim that each vertex of F has at
most c2r+1σ(k + 1) neighbors that precede it in the ordering ≺. Indeed, let N be the set
of such neighbors of a vertex u ∈ A′, and for each directed path Q in H⃗ starting in u of
length between r and 2r, let NQ consist of the vertices v ∈ N such that Q is the maximal
initial directed segment of a shortest path from u to v in G which is directed towards one
of its edges by H⃗. As in the preceding part of the proof, note that (†) and the fact that H⃗
is a weak 2r-guidance system implies that N is the union of the sets NQ over such paths,
and thus we can fix such a path Q for which |NQ| ≥ |N |/c2r+1. However, the vertices of
NQ are at distance at most 2r − |E(Q)| ≤ r from the final vertex of Q, and thus they are
pairwise at distance at most 2r from one another. Consequently, |NQ| ≤ σ(k + 1), and
|N | ≤ c2r+1σ(k + 1).

We conclude that F is c2r+1σ(k+1)-degenerate, and thus it is (c2r+1σ(k+1)+1)-colorable
and has an independent set A of size at least

|A′|
c2r+1σ(k + 1) + 1 ≥ |D|

cr+1(c2r+1σ(k + 1) + 1) .

By the construction of F , A is a 2r-independent set in G. Therefore, the theorem holds with
b = cr+1(c2r+1σ(k + 1) + 1). ◀

By the results of Adler and Adler [1], for any structurally nowhere-dense graph class G
and every r, there exists k so that all graphs in G are (r, k)-stable. In combination with
Corollary 21, we have the following consequence.
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▶ Corollary 33. For any class G with structurally bounded expansion and for any positive
integer r, there exists a constant b and a polynomial-time randomized algorithm that, given a
graph G ∈ G with probability at least 1/2 returns an r-dominating set D and a 2r-independent
set A in G such that |D| ≤ b|A|.

4 Conclusions

As we have shown, many interesting graph classes admit weak guidance systems of bounded
maximum outdegree, including

interval graphs,
classes with structurally bounded expansion, and
distance powers of graphs with bounded outdegree weak guidance systems.

However, we do not have an exact characterization of the graph classes with this property.

▶ Problem 34. Characterize hereditary graph classes G such that for every positive integer
r, every graph from G admits a weak r-guidance system of bounded maximum outdegree.

We have also exhibited several graph classes that only admit weak guidance systems
whose outdegree grows slowly with the number of vertices of the graph, in particular

structurally nowhere-dense classes, and
graphs of bounded clique-width.

Again, we do not have a good description of the graph classes with this property.

▶ Problem 35. Characterize hereditary graph classes G such that for every positive integer
r, every graph G ∈ G admits a weak r-guidance system of maximum outdegree at most
|V (G)|o(1).

In sparse graphs, guidance systems and related notions (such as generalized coloring
numbers) have various algorithmic and structural applications. We suspect that similar
applications can be found for weak guidance systems as well, generalizing them to dense
graphs; we demonstrated this on the example of approximation algorithms for distance
domination and independence number.
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A Appendix

Let us start by giving the short proof that r-guidance systems can be used to characterize
bounded expansion and nowhere-density.

Proof of Lemma 11. Suppose for a contradiction that G is not nowhere-dense. By assump-
tions, for every ε > 0, every graph G ∈ G has an orientation with maximum outdegree at
most c(1, ε)|V (G)|ε, and thus the maximum average degree of subgraphs of G is at most
2c(1, ε)|V (G)|ε. By [5, Theorem 6], there exists r ≥ 2, a graph G ∈ G, and a graph H of
average degree d > 2c(r, ε)|V (G)|ε such that G contains the graph H ′ obtained from H by
subdividing each edge exactly r − 1 times as an induced subgraph. Since G is closed under
induced subgraphs, we can assume G = H ′. Suppose H⃗ is an r-guidance system in G. Then
for every uv ∈ E(H), the corresponding path Puv of length r in G contains an edge directed
away from u or from v, and thus the average outdegree of the vertices of H in G is at least
|E(H)|/|V (H)| = d/2 > c(r, ε)|V (G)|ε. This contradicts the assumptions.

The argument for the bounded expansion case is analogous, using [5, Theorem 5] instead
of [5, Theorem 6]. ◀

B Algorithmic aspects

Fractional r-guidance systems can be directly used to test presence of shortest paths, with
a small probability of error. Let p be a fractional r-guidance system in a graph G. If u
is a non-isolated vertex of G, then by a p-random neighbor of u, we mean a neighbor of u
selected at random, with the probability that a neighbor v is selected being p(u, v)/d+

p (u); if
d+
p (u) = 0, the probability is 1/ deg u, instead. For distinct vertices u and v and a positive

integer r, a random (p, r)-exploration between u and v is a random pair of walks (Pu, Pv)
from u and v selected as follows:
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If uv ∈ E(G), then Pu = uv and Pv = v.
Otherwise, if r = 1 or u or v is an isolated vertex, then Pu = u and Pv = v.
Otherwise, let x ∈ {u, v} be selected uniformly at random, and let y be a p-random
neighbor of x;

if x = u, then select a random (p, r − 1)-exploration (Py, Pv) between y and v and let
Pu be the concatenation of uy and Py, and
if x = v, then select a random (p, r − 1)-exploration (Pu, Py) between u and y and let
Pv be the concatenation of vy and Py.

▶ Observation 36. Suppose p is a fractional r-guidance system in a graph G, of maximum
outdegree c. Let u and v be distinct vertices of G at distance at most r, and let (Pu, Pv) be a
random (p, r)-exploration between u and v. The probability that Pu ∪ Pv is a shortest path
between u and v in G is at least (4c)−(r−1).

Note that for Observation 36 to be practically useful, we would need a representation of
p that enables us to choose a p-random neighbor efficiently; in that case, we could iterate
k(4c)r−1 times the procedure from Observation 36 to find the shortest path between u and v
(or decide that the distance between them is greater than r) with error probability at most
e−k. Next, let us show how to turn a fractional guidance system into a (slightly worse) weak
guidance system.

Proof of Lemma 15. Let us say that pair {u, v} of vertices is dissatisfied by a partial
orientation F⃗ if the distance ℓ between u and v satisfies 2 ≤ ℓ ≤ r and F⃗ contains neither an
edge from u to G(u → v) nor an edge from v to G(v → u). By Observation 7, F⃗ is a weak
r-guidance system if and only if there are no dissatisfied pairs.

Let X be any set of pairs of vertices of G at distance between 2 and r. Let F⃗ be a random
partial orientation of G obtained by, for each non-isolated vertex z of G, choosing a random
p-neighbor z′ and adding the edge (z, z′). Clearly, F⃗ has maximum outdegree at most one.
Moreover, consider any {u, v} ∈ X. By (1) and symmetry, we can assume that∑

y∈G(u→v)

p(u, y) ≥ 1/2.

Hence, the probability that u′ ∈ G(u → v) (and thus {u, v} is not dissatisfied in F⃗ ) is at
least 1

2c . By the linearity of expectation, the expected number of dissatisfied pairs in X is at
most

(
1 − 1

2c
)
|X|.

Moreover, we can use the method of conditional probabilities to derandomize this proce-
dure and to deterministically construct a partial orientation F⃗ of G of maximum outdegree
at most one such that the number of pairs in X dissatisfied by F⃗ is at most

(
1 − 1

2c
)
|X|.

Indeed, we can select the outneighbors one by one, always maintaining the invariant (initially
satisfied by the computation from the previous paragraph) that the expected number of
pairs in X dissatisfied by the orientation obtained by choosing the remaining outneighbors
as random p-neighbors is at most

(
1 − 1

2c
)
|X|. To do so, when processing a vertex u, we

only need to be able to compute this expected number after each possible choice of the
outneighbor of u, which is straightforward due to the linearity of expectation.

Now, to obtain H⃗ , we let X0 be the set of all pairs of vertices whose distance is between 2
and r in G. Then, for i = 1, . . . ,m, we use the procedure described in the previous paragraph
to find a partial orientation F⃗i of maximum outdegree at most one so that the set Xi of pairs
from Xi−1 dissatisfied by F⃗i has size at most

(
1 − 1

2c
)
|Xi−1|. Note that

|Xm| ≤
(
1 − 1

2c
)m|X0| ≤ |X0|

n2 < 1,
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and thus Xm = ∅. Consequently, no pair is dissatisfied by

H⃗ =
m⋃
i=1

F⃗i,

and thus H⃗ is the desired weak r-guidance system in G. ◀

Let us now show that the logarithmic loss cannot be avoided in general.

Proof of Lemma 17. Let us use the notation from the definition of the graph Ga,k. Note
that

for i = 1, . . . ,m and v ∈ L, the expected number of neighbors of v in Ri is a/2, and by
Chernoff inequality, the probability that v has less than a/3 neighbors in Ri is less than
exp(−a/36).
for distinct vertices u, v ∈ R, the expected number of common neighbors of u and v in
L is a/4, and by Chernoff inequality, the probability that u and v have less than a/5
common neighbors in L is less than exp(−a/200),
for distinct u, v ∈ L, the probability that u and v have less than a/5 common neighbors
in R1 is also less than exp(−a/200), and
for i ∈ 1, . . . ,m and a k-tuple K of vertices of Ri, the expected number of vertices of
L with no neighbor in K is 2−ka, and by Chernoff inequality, the probability that the
number of such vertices is at most 2−k−1a is at most exp

(
−2−k−3a

)
.

Hence, the probability that any of these events occurs is less than

ma · exp(−a/36) + (m2 + 1)a2 · exp(−a/200) +mak · exp
(
−2−k−3a

)
< 1

if a is sufficiently large (and using the assumption that k ≤ log a; note that the basis of the
logarithm is e, and thus 2k ≤ alog 2 ≪ a). Hence, with positive probability,

for i = 1, . . . ,m, each vertex v ∈ L has at least a/3 neighbors in Ri,
any distinct vertices u, v ∈ R have at least a/5 common neighbors in L,
any distinct vertices u, v ∈ L have at least a/5 common neighbors in R1, and
for i ∈ 1, . . . ,m and for every k-tuple K of vertices of Ri, more than 2−k−1a vertices of
L have no neighbor in K.

Let us define a fractional orientation p of Ga,k as follows:
For i = 1, . . . ,m and v ∈ Ri, we set p(xi, v) = 3/a,
for each adjacent u ∈ R and z ∈ L, we set p(u, z) = 2.5/a, and
for each adjacent z ∈ L and u ∈ R1, we set p(z, u) = 2.5/a;

p is 0 everywhere else. Note that this fractional orientation has maximum outdegree at most
3, since deg xi = |Ri| = a, the number of neighbors of u ∈ R in L is at most |L| = a, and
the number of neighbors of z ∈ L in R1 is at most |R1| = a. Consider now any vertices
x, y ∈ V (Ga,k) at distance exactly two from one another. Note that Ga,k is bipartite, and
thus either x, y ∈ R, or x, y ∈ V (Ga,k) \R. There are the following cases:

One of x and y belongs to {x1, . . . , xm}, say x = xi. Then y necessarily belongs to L,
and y has at least a/3 neighbors in Ri. Hence, |Ga,k(x → y)| ≥ a/3 and∑

z∈Ga,k(x→y)

p(x, z) ≥ a/3 · 3/a = 1.
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Both x and y belong to L. Since x and y have at least a/5 common neighbors in R1, we
have |Ga,k(x → y) ∩R1| = |Ga,k(y → x) ∩R1| ≥ a/5, and∑

z∈Ga,k(x→y)

p(x, z) +
∑

z∈Ga,k(y→x)

p(y, z) ≥ 2 · a/5 · 2.5/a = 1.

Similarly, if x, y ∈ R, then x and y have at least a/5 common neighbors in L, and∑
z∈Ga,k(x→y)

p(x, z) +
∑

z∈Ga,k(y→x)

p(y, z) ≥ 2 · a/5 · 2.5/a = 1.

Therefore, p is a fractional 2-guidance system for Ga,k.
Consider now any partial orientation H⃗ of Ga,k with maximum outdegree at most k.

Then each vertex v ∈ L has an outneighbor in Ri for at most k choices of i, and thus there
exists i ∈ {1, . . . ,m} such that at least (1 − k/m)a =

(
1 − 2−k−1)

a vertices of L have no
outneighbor in Ri. Let K be a k-tuple of vertices of Ri containing all outneighbors of xi.
More than 2−k−1a vertices of L have no neighbor in K, and thus there exists a vertex v ∈ L

with no outneighbor in Ri and no neighbor in K. However, xi and v are at distance 2, yet
neither xi nor v has an outneighbor in Ga,k(xi → v) = Ga,k(v → xi) ⊆ Ri \K. Hence H⃗ is
not a weak 2-guidance system. Consequently, every weak 2-guidance system for Ga,k must
have maximum outdegree greater than k. ◀

For a first-order formula ψ(x⃗, y⃗) with two groups x⃗ and y⃗ of free variables, a graph G,
and a |x⃗|-tuple u⃗ of vertices of G, let Sψ,G(u⃗) be the set of |y⃗|-tuples v⃗ of vertices of G such
that G |= ψ(u⃗, v⃗), and let Sψ,G be the system

{Sψ,G(u⃗) : u⃗ ∈ V (G)|x⃗|}

of sets of |y⃗|-tuples of vertices of G. The following bound follows from the results of Adler
and Adler [1], see also [15] for a more precise bounds and the discussion of the possibility to
introduce vertex and edge colors (unary and binary predicates from the statement of the
theorem).

▶ Theorem 37. For every nowhere-dense graph class G and a first-order formula ψ(x⃗, y⃗)
using unary predicate symbols U1, . . . , Us and binary predicate symbols E1, . . . , Et, there
exists a constant d such that the following claim holds. Consider any graph G ∈ G, and
interpret Ui for i ∈ {1, . . . , s} as a subset of V (G) and Ej for j ∈ {1, . . . , t} as a subset of
E(G). Then the system Sψ,G has VC-dimension at most d.

This easily gives the bound on VC(G, r) for structurally nowhere-dense classes.

Proof of Lemma 20. Since G is structurally nowhere-dense, there exists a nowhere-dense
class G0 and a transduction T = (k,M,U1, . . . , Us, ω, ϵ) such that for each G ∈ G there exists
a graph H ∈ G0 such that G ∈ T (H); let CG1 , . . . , CGs be the corresponding subsets of V (H)
used to interpret U1, . . . , Us.

For H ∈ G0, let (kH)′ be the graph obtained from the disjoint union of k copies of G by
adding a clique on each k-tuple of vertices corresponding to the same vertex of H, and let
MH be the set of the edges of these cliques. Also, let EH be the set of edges of kH. Let
G1 = {(kH)′ : H ∈ G0}. Since (kH)′ is a subgraph of the lexicographic product of H with a
clique of bounded size and G0 is nowhere-dense, the class G1 is nowhere-dense as well [13].
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Note that there exists a first-order formula ψr(x1, x2, y) with three free variables such that
for each u, v ∈ V (G) satisfying 2 ≤ dG(u, v) ≤ r and z ∈ V (G), G |= ψr(u, v, z) if and only
if z ∈ G(u → v). Let ψ′

r be the formula obtained from ψr by restricting the quantification to
vertices satisfying ω and replacing each usage of the adjacency predicate by ϵ. Clearly, if
G ∈ T (H), then

G |= ψr(u, v, z) iff (kH)′, U1 := CG1 , . . . , Us := CGs , E := EH ,M := MH |= ψ′
r(u, v, z).

Therefore, with the interpretation of the unary and binary symbols as above, Sψr,G is a
subset of {S ∩V (G) : S ∈ Sψ′

r,(kH)′}, and thus the VC-dimension of Sψr,G is at most as large
as the VC-dimension of Sψ′

r,(kH)′ . Since (kH)′ ∈ G1 and G1 is nowhere-dense, Theorem 37
implies that this VC-dimension is bounded. ◀

C Graph classes without bounded outdegree weak guidance systems

Let us now prove the lower bound for split graphs.

Proof of Lemma 25. It is well-known that whenever n is a power of prime, there exists a
finite projective plane B of order n, i.e., a system of n2+n+1 subsets of the set A = [n2+n+1]
with the property that

(i) |p1 ∩ p2| = 1 for every distinct p1, p2 ∈ B and
(ii) every element of A belongs to exactly n+ 1 sets from B.

Let Gn be the graph with vertex set A ∪ B, vertices in A forming a clique, vertices in B

forming an independent set, and vertices z ∈ A and p ∈ B adjacent iff z ∈ p. Note that
distinct vertices of B are at distance two in Gn by (i), and that for each p ∈ B and z ∈ p,
|R2(p, z) ∩ B| = n by (ii). Therefore, defining yp1p2 = 1 for any distinct p1, p2 ∈ B and
yuv = 0 for any other pair u, v of vertices of Gn, we have

xp = max
z:z∈p

∑
p′∈R2(p,z)

ypp′ = n

for p ∈ B and xz = 0 for z ∈ A. Therefore,∑
uv:dGn (u,v)=2 yuv∑

u∈V (Gn) xu
=

(|B|
2

)
|B|n

= |B| − 1
2n = n+ 1

2 .

The claim now follows from Lemma 22. ◀

Finally, let us prove the following claim, which clearly implies Lemma 26.

▶ Lemma 38. For every d ≥ 0 and a ≥ max(2, 2d− 1), there exists a constructible 6-labeled
graph Hd,a with half its vertices labeled 1 and half its vertices labeled 2, such that

(i) |V (Hd,a)| ≤ 8ad − 6 and
(ii) for every partial orientation G⃗ of Hd,a of maximum outdegree less than d, there exist

vertices u and v of labels 1 and 2, respectively, at distance exactly two, such that for
every common neighbor x of u and v, we have (u, x), (v, x) ̸∈ E(G⃗).

Proof. For d = 0, we can let H0,a = K2 with one vertex labeled 1 and the other vertex
labeled 2. Suppose we already constructed Hd−1,a, and let us show how to inductively obtain
Hd,a. First, let H ′

d−1,a be the graph obtained from Hd−1,a by adding vertices v3 and v4 with
labels 3 and 4 and adding all edges between vertices with labels 1 and 4 and between vertices
with labels 2 and 3. Next, we form the disjoint union of a copies of H ′

d−1,a. Then we add
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two vertices v5 and v6 with labels 5 and 6, and all edges between vertices with labels i and
i+ 2 for i ∈ {3, 4}. Finally, we relabel vertices with labels 3 and 5 to label 1 and vertices
with labels 4 and 6 to label 2.

The construction uses only 6 labels, and thus Hd,a is a constructible 6-labeled graph.
Moreover,

|V (Hd,a)| = a(|V (Hd−1,a) + 2) + 2 ≤ a(8ad−1 − 4) + 2 ≤ 8ad − 6,

where the last inequality holds since a ≥ 2. Consider any partial orientation G⃗ of Hd,a of
maximum outdegree less than d. Since v5 and v6 have outdegree less than d, for one of the
a ≥ 2d− 1 copies of H ′

d−1,a in Hd,a, denoted by F ′, we have (vi, v) ̸∈ G⃗ for every i ∈ {5, 6}
and v ∈ V (F ′). Let F be the copy of Hd−1,a in F ′. Suppose that for any two vertices u and
v of F of labels 1 and 2, respectively, at distance exactly two in Hd,a, there exists a common
neighbor x of u and v in Hd,a such that (u, x) ∈ E(G⃗) or (v, x) ∈ E(G⃗). The construction of
H ′
d−1,a and Hd,a ensures that such a common neighbor x necessarily belongs to F , as we did

not add any vertex adjacent both to vertices with label 1 and with label 2. Hence, by the
induction hypothesis, the restriction of G⃗ to F has maximum outdegree at least d− 1. Let u
be a vertex of F with at least d− 1 outneighbors in G⃗ belonging to F . By symmetry, we can
assume u has label 1. Since G⃗ has maximum outdegree less than d, we have (u, v4) ̸∈ E(G⃗).
Moreover, by the choice of F ′, we have (v6, v4) ̸∈ E(G⃗). Note that v6 has label 2 in Hd,a

and the copy of v4 in F is the only common neighbor of u and v6 in Hd,a. This shows that
Hd,a satisfies the property (ii). ◀
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Abstract
In 1982, Papadimitriou and Yannakakis introduced the Exact Matching (EM) problem where given
an edge colored graph, with colors red and blue, and an integer k, the goal is to decide whether or
not the graph contains a perfect matching with exactly k red edges. Although they conjectured it
to be NP-complete, soon after it was shown to be solvable in randomized polynomial time in the
seminal work of Mulmuley et al., placing it in the complexity class RP. Since then, all attempts
at finding a deterministic algorithm for EM have failed, thus leaving it as one of the few natural
combinatorial problems in RP but not known to be contained in P, and making it an interesting
instance for testing the hypothesis RP = P. Progress has been lacking even on very restrictive
classes of graphs despite the problem being quite well known as evidenced by the number of works
citing it.

In this paper we aim to gain more insight into EM by studying a new optimization problem
we call Top-k Perfect Matching (TkPM) which we show to be polynomially equivalent to EM. By
virtue of being an optimization problem, it is more natural to approximate TkPM so we provide
approximation algorithms for it. Some of the approximation algorithms rely on a relaxation of EM
on bipartite graphs where the output is required to be a perfect matching with a number of red
edges differing from k by at most k/2, which is of independent interest and generalizes to the Exact
Weight Perfect Matching (EWPM) problem. We also consider parameterized algorithms and show
that TkPM can be solved in FPT time parameterized by k and the independence number of the
graph. This result again relies on new tools developed for EM which are also of independent interest.
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1 Introduction

Deciding whether randomization adds power to sequential algorithms is an central problem
in complexity theory. The main question there is whether P = RP which remains a big
open problem and is tied to other important questions in the field [22]. Only few natural
problems are known to be in RP while no deterministic algorithms are known for them.
Exact Matching (EM), defined in 1982 by Papadimitriou and Yannakakis [27], is one such
problem.

Exact Matching (EM)
Input: A graph G, with each edges colored red or blue, and integer k.
Task: Decide whether there exists a perfect matching M in G with exactly k red edges.
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At the time of its introduction it was conjectured to be NP-complete. Only a few years
later, however, it was shown to be in RP by Mulmuley, Vazirani and Vazirani [26], which
makes it unlikely to be NP-hard. In fact, in was even shown to be in RNC which is defined
as the class of decision problems allowing an algorithm running in polylogarithmic time1

(i.e., O(log nc) for some constant c > 0) using polynomially many parallel processors, while
having additional access to randomness (we refer the interested reader to [6] Chapter 12 for
a formal definition). Derandomizing matching problems from this complexity class is also a
big open problem [30]. This makes EM even more interesting since randomness allows it to
be efficiently parallelizable while it even remains difficult to solve sequentially without such
access to randomness.

The interest in EM is evidenced by the numerous works that cite it. These include works
on the parallel computation complexity of the matching problem [30], planarizing gadgets
for perfect matchings [20], multicriteria optimization [19], matroid intersection [7], DNA
sequencing [5], binary linear equation systems with small hamming weight [2], recoverable
robust assignment [15] in addition to generalizations of the problem with multiple color
constraints [4, 24, 25, 29]. Despite that, deciding whether EM is in P has remained an open
problem for almost four decades and little progress has been made even for very restricted
classes of graphs, thus highlighting the surprising difficulty of the problem.

1.1 Prior Work
Restricted Graph Classes. When it comes to restricted classes of graphs, results go in two
directions. The first is the sparse graphs regime where in the extreme case we have trees for
which EM can be solved by a simple dynamic program (DP). This can also be generalized to
bounded tree-width graphs. Such a DP has not been explicitly given in the literature but
would be easy to construct by keeping track of how every edge in a bag is matched (not yet
matched, matched outside the bag or matched inside the bag) as well as the total number
of red edges in the matching so far. It is easy to see that the number of possible states is
at most O(3tw · n) (where n comes from the possible number of red edges in the matching)
resulting in an FPT algorithm parameterized by the tree width of the graph. Continuing
with sparse graph classes, EM is also known to be solvable for planar graphs [32] by relying
on the existence of Pfaffian orientations to derandomize the RNC algorithm. The same
techniques used for this derandomization also allow for computing the matching generating
function (see [18] Chapter 1 for a definition) and can be generalized to other graph classes
such as K3,3-minor free graphs and graphs embeddable on a surface of bounded genus [16].
Computing the matching generating function was recently shown to be #P-hard already for
K8-minor free graphs [9] so these results do not generalize much further and are restricted
to very sparse graphs.

The second direction is dense graph classes. Here it is known that EM is in P for complete
and complete bipartite graphs, i.e., graphs of independence number α = 1 and bipartite
graphs of bipartite independence number2 β = 1. In fact, these results are already non-trivial
and at least four different articles have appeared on resolving them [23, 31, 17, 21]. Very
recently, however, El Maalouly and Steiner [13] pushed the boundary of positive results
further by showing that EM is in P for all graphs of bounded independence number and all
bipartite graphs of bounded bipartite independence number.

1 in the following, n denotes the number of vertices of the input graph
2 The bipartite independence number of a bipartite graph G equipped with a bipartition of its vertices

is defined as the largest number β such that G contains a balanced independent set of size 2β, i.e., an
independent set using exactly β vertices from each side of the bipartition.
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Generalizations. As mentioned above, prior work also considered a generalization of the
problem to multiple color constraints, known as Bounded Color Matching (BCM).

Bounded Color Matching (BCM)
Input: A weighted and edge-colored (with colors c1, ..., cl) graph G and integers k1, ..., kl.
Task: Find a maximum weight matching M in G with at most ki edges of color i for all
i ∈ {1, ..., l}.

BCM is known to be NP-hard [28]. Mastrolilli and Stamoulis [25] provide bi-criteria
approximation schemes which give an approximately maximum matching with small constraint
violations. Stamoulis [29] also gives a 1/2-approximation for the objective with no constraint
violations. No prior work considered bounds on the constraint violations while requiring
an optimal objective, i.e., a perfect matching if the graph is unweighted. For EM, however,
Yuster [32] proved that given an instance of the problem, one can decide in polynomial time
that either G contains no perfect matching with exactly k red edges, or one can compute an
almost perfect matching (i.e., of size at least ⌊n

2 ⌋ − 1) containing k red edges. This means
that the techniques used in the bi-criteria approximation of BCM do not provide much
further insight into solving EM since they relax the perfect matching requirement.

Another way to generalize the problem is to have a weighted instead of edge-colored
graph, and require the output perfect matching to have an exact weight.

Exact Weight Perfect Matching (EWPM)
Input: A weighted graph G and integer W .
Task: Find a perfect matching M in G with w(M) = W .

EWPM can be reduced to EM if the edge weights are polynomial in the input size but is
known to be NP-hard for exponential weights [20]. This makes approximation algorithms
that aim to minimize the constraint violation even more desirable for EWPM.

1.2 Our contribution
Exact Matching. We provide an algorithm for a relaxed version of EM on bipartite graphs
where we require the output to be a perfect matching and allow for a constraint violation
that is a constant fraction of k, 0.5 in this case.

▶ Theorem 1. There exists a deterministic polynomial time algorithm that, given a “Yes”
instance of EM on a bipartite graph, outputs a perfect matching M with 0.5k ≤ |R(M)| ≤ 1.5k,
where |R(M)| is the number of red edges in M .

This can also be seen as an attempt to approximate the EM problem without relaxing the
perfect matching constraint. This type of approximation is the first of its kind for EM. Note
that in light of the above mentioned result by Yuster [32] (i.e., an algorithm that outputs
an almost perfect matching containing k red edges) one would think that it should not be
too difficult to find an algorithm for the relaxed version of EM with a constraint violation
of only one red edge. However, the perfect matching requirement seems to be intrinsic to
the difficulty of the problem (given the simplicity of Yuster’s algorithm) and many attempts
at improving the constraint violation of Theorem 1 have failed so far. We also show that
the approximation algorithm works for the more general problem of EWPM, only loosing
1/poly(n) in the approximation factor for exponential weights.

▶ Corollary 2. (⋆) There exists a deterministic polynomial time algorithm that, given a “Yes”
instance of EWPM on a bipartite graph with input weights bounded by a polynomial (resp.
exponential) function of the input size, outputs a perfect matching M with 0.5W ≤ w(M) ≤
1.5W (resp. (0.5− 1/poly(n))W ≤ w(M) ≤ (1.5 + 1/poly(n))W ).
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We also introduce a new way of finding alternating cycles with certain color and weight
properties in FPT time parameterized by the number of edges in the cycles.

▶ Proposition 3. Let G = (V, E, w) be an edge colored and weighted graph with edge
colors red and blue, and let M and M ′ be two perfect matchings in G and C = M∆M ′ s.t.
|E(C)| ≤ L for some integer L. Then there exists an algorithm running in time f(L)poly(n)
(for f(L) = LO(L)) that, given G and M as input, outputs a perfect matching M ′′ in G with
w(M ′′) ≥ w(M ′) and |R(M ′′)| = |R(M ′)|.

This allows us to get an FPT algorithm parameterized by the circumference of the graph.

▶ Theorem 4. There exists a deterministic FPT algorithm, parameterized by the circumfer-
ence3 of the graph, for the Exact Matching problem in general graphs.

Top-k Perfect Matching. The above studied problems suffer from the fact that they are
not optimization problems (due to the exactness constraint which requires the optimization
of more than one objective) and are thus less natural to approximate. For this reason, we
study a new matching problem called Top-k Perfect Matching.

Top-k Perfect Matching (TkPM)
Input: A weighted graph G and integer k.
Task: Find a perfect matching in G maximizing the top-k weight function.

Here the top-k weight function is defined as the sum of the weights of the k highest weight
edges in the matching. To our knowledge, this problem has not yet been considered in the
literature, but similar types of optimization objectives have been used for other problems
such as k-clustering and load balancing [8]. We show that this problem can also be reduced
to EM (in deterministic polynomial time) when the edge weights are polynomially bounded
in the input size.

▶ Theorem 5. TkPM ≤p EM for polynomially bounded weights.4

This puts TkPM with polynomial weights in the class RP and it remains open whether
or not it is in P, thus making it another natural problem in this category. Interestingly, a
recent result shows that EM can in turn be reduced to TkPM, making the two problems
polynomially equivalent.

▶ Lemma 6 (from [14]). EM ≤p TkPM for polynomially bounded weights.

This means that progress on TkPM not only provides further insight into EM, but could
also help solve it directly. As previously mentioned, the main advantage of TkPM over the
other studied variants of EM is that it is an optimization problem, i.e., we are maximizing
a single objective function. This makes it more suitable for approximation and we provide
approximation algorithms for it.

▶ Theorem 7. (⋆) There exists a deterministic polynomial time 0.5-approximation algorithm
for TkPM.

▶ Theorem 8. There exists a deterministic polynomial time (0.8− 1/poly(n))-approximation
algorithm for TkPM on bipartite graphs.

3 The circumference of a graph is the length of any longest cycle in the graph.
4 For two problems A and B, A ≤p B means that A is reducible to B in deterministic polynomial time

and A ≡p B implies both A ≤p B and B ≤p A.
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It is interesting to note that the main tool used for the proof of Theorem 1 (i.e., Proposition 11)
was originally developed to prove Theorem 8. This shows how the study of TkPM can indeed
provide insight into the EM problem.

Finally, the techniques we developed for FPT algorithms for EM so far only resulted in
an FPT algorithm parameterized by the circumference of the graph. The circumference,
however, is usually quite large and not very good as a parameter, so to better illustrate the
use of these techniques, we combine them with techniques from [13] to show the existence of
an FPT algorithm for TkPM parameterized by k and α (the independence number of the
input graph), and an FPT algorithm for TkPM on bipartite graphs parameterized by k and
β (the bipartite independence number of the input graph).

▶ Theorem 9. There exists a deterministic algorithm for TkPM running in time
f(k, α)poly(n) where f(k, α) = (k4α)O(k4α) and α is the independence number of the input
graph.

▶ Theorem 10. (⋆) There exists a deterministic algorithm for TkPM on bipartite graphs
running in time f(k, β)poly(n) where f(k, β) = (kβ)O(kβ) and β is the bipartite independence
number of the input graph.

1.3 Organization of the paper

The remainder of this paper is organized as follows: In Section 2 we present the basic
definitions and conventions we use throughout the paper. In Section 3 and Section 4 we study
EM and TkPM respectively, both from the perspectives of approximation and parameterized
algorithms. Finally in Section 5 we conclude the paper and provide some open problems.

2 Preliminaries

Due to space restrictions, proofs of statements marked (⋆) have been deferred to the full
version of this paper [12]. All graphs considered are simple. For a red/blue edge colored
graph G and G′ a subgraph of G, we define R(G′) (resp. B(G′)) to be the set of red (resp.
blue) edges in G′ and w(G′) to be the sum of the weights of edges in G′. Undirected cycles
are considered to have an arbitrary orientation. For a cycle C and u, v ∈ C, C[u, v] is defined
as the path from u to v along C (in the fixed but arbitrarily chosen orientation if C is
undirected). Given a matching M , C is called M -alternating if for any two adjacent edges in
C, one of them is in M and the other is not. An e edge is called a matching edge if e ∈M

and a non-matching edge if e /∈M .
We always assume that for problems on weighted graphs, the input weights are given

as positive integers and their encoding size is part of the input (i.e., they can be at most
exponential in the input size if they are encoded in binary). We use w to refer to the set of
weights in a weighted graph G = (V, E, w). We always consider a strict ordering on the edges
in which the edges are ordered by decreasing weight with ties broken arbitrarily (but the
ordering is fixed for a given graph and weight function). The top-k weight function wk(E)
for a set of edges E is defined as the sum of the first k edges from E in the edge ordering of
the graph, i.e., wk(E) =

∑
i∈{1...k} w(E(i)) where E(i) is the i-th edge from E in the edge

ordering of the graph.
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3 Exact Matching

3.1 Approximation Algorithms
In this section, we aim to prove Theorem 1 by developing a deterministic polynomial time
algorithm for EM where we require the output to be a perfect matching (abbreviated PM)
and allow for a constraint violation that is a constant fraction of k. More precisely we
require the output PM to have between 0.5k and 1.5k red edges. The main tool we use is the
following proposition which allows us to increase the number of red edges of a PM without
adding too many such edges.

▶ Proposition 11. Let G := (V, E) be an edge weighted directed graph containing a directed
cycle C with w(C) > 0 and C contains at most k edges having strictly positive weight. There
exists a deterministic polynomial time algorithm that, given G, finds a directed cycle in G

with the same properties as C.

Proof of Proposition 11. For simplicity, we will flip the sign of all weights so that we are
looking for a negative cycle which can be found by a shortest path algorithm. In the following
we will use the Bellman-Ford algorithm which relies on a dynamic program (DP) to compute
the distance between any two nodes in the graph [3]. By adding an extra constraint variable
to the DP, we are also able to compute the shortest path weights for paths that fulfill
some bound on the constraint. More formally we start with the normal update rule for the
Bellman-Ford algorithm:

d(s, v) = min
u∈V
{d(s, u) + w̄(u, v)|(u, v) ∈ E}

where w̄(u, v) = −w(e) (i.e., we flip the sign of the weights) for e = (u, v) and d(s, v) is the
distance from s to v where the length of an edge is given by its weight w̄ (note that every
vertex is considered to have a self loop of weight 0). We modify it to include the constraint
variable (with an extra dimension in the table entries of the DP to account for it):

d(s, v, c) = min
u∈V
{d(s, u, c− 1w̄(u,v)<0) + w̄(u, v)|(u, v) ∈ E}

where 1 is the indicator variable which takes value 1 if the condition is true and 0 otherwise,
so the constraint variable is decreased every time the path uses a red edge. The entries
d(s, v, c) are initialized to ∞ for all s, v ∈ V (G) and c ∈ {−1, 0, 1, 2, ..., k}, except for the
entries of the form d(s, s, c), for all s ∈ V (G) and c ∈ {0, 1, 2, ..., k}, which are initialized
to 0. This way, after running the update rule on the DP until convergence or until some
entry of the form d(s, s, c) becomes negative (i.e., a strictly negative cycle is detected), the
value of d(s, v, c) corresponds to the weight of the shortest path from s to v, containing at
most c red edges, if such a path exists and is ∞ otherwise, unless there is a negative cycle.
Note that the table entries can be computed iteratively, starting with entries of the form
d(s, v, 0) (the computation is the same as the regular Bellman-ford algorithm but with the
new update rule) then increasing c by 1 every time. Finally observe that if a strictly negative
cycle C containing at most k edges of strictly negative weight (i.e., positive in the original
edge weight before the sign flip) exists, at least one of the entries of the form d(s, s, c) for
s ∈ C and 0 ≤ c ≤ k will become negative (since the shortest path from s to itself should
have negative length). Such a cycle is guaranteed by the conditions of the proposition and
computing it can be done by a standard modification of the DP that keeps track of the last
used edge for each updated entry. The output cycle is guaranteed to be strictly positive and
have at most k strictly positive weight edges (in the original graph before the sign flip). Note
that the running time of the DP is polynomial in the number of table entries, which in turn
is polynomial in the size of the input graph. ◀
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By repeatedly applying Proposition 11 we are able to find a PM fulfilling the requirements
of Theorem 1.

Proof of Theorem 1. Let M be a PM containing a minimum number of red edges (should
be at most k since we have a “Yes” instance). Note that M can be computed in polynomial
time by simply using a maximum weight perfect matching algorithm [11], with −1 weights
assigned to red edges and 0 weights assigned to blue edges. If |R(M)| ≥ 0.5k we are done,
so suppose |R(M)| < 0.5k. We define the directed graph G′ in the following way. We start
with the bipartite input graph G = (A ∪B, E) and orient the edges as follows: edges in M

are oriented from A to B and edges not in M are oriented from B to A. This way we are
guaranteed that any directed cycle in the resulting graph is an M -alternating cycle. We also
define edge weights as follows: blue edges get weight 0, red edges in M get weight −1 and
red edges not in M get weight +1. This way we have that for any M -alternating cycle C,
M ′ := M∆C is a perfect matching with |R(M ′)| = |R(M)|+ w(C). Note that M∆M ′ is a
set of disjoint cycles that are both M -alternating and M ′-alternating.

Let M∗ be a solution to the EM instance, i.e., |R(M∗)| = k (which must exist since we
are given a “Yes” instance). Observe that w(M∆M∗) = |R(M∗)| − |R(M)| > 0 so there
must be a cycle C ∈M∆M∗ s.t. w(C) > 0. Also note that M∗ contains exactly k red edges
so M∆M∗ contains at most k red edges not in M (i.e., edges of strictly positive weight).
Finally note that the cycle C is a directed cycle (since it is alternating). So we can use
Proposition 11 on the resulting graph to find a cycle C ′ with w(C ′) > 0 containing at most
k edges of strictly positive weight. Note that w(C ′) ≤ k since edges have weight at most
+1. Now we let M ′ := M∆C ′ (this is possible since C ′ being a directed cycle implies that it
must be an M -alternating cycle). Note that |R(M)| < |R(M)|+ w(C ′) ≤ |R(M)|+ k < 1.5k

and |R(M ′)| = |R(M∆C ′)| = |R(M)| + w(C ′). So if |R(M ′)| ≥ 0.5k the algorithm stops
and outputs M∆C ′, otherwise we repeat the above procedure, with M ′ replacing M , until
|R(M ′)| ≥ 0.5k. The running time is polynomial since the above procedure runs in polynomial
time (by Proposition 11) and it is repeated at most k times. ◀

3.2 FPT Algorithms
In this section we start by proving Proposition 3 which provides a new tool for finding
alternating cycles with color and weight constraints in FPT time parameterized by the size
of the cycles.

Proof of Proposition 3. Our goal is to find a set of M -alternating disjoint cycles C′ in G with
the same number of matching (i.e., edges in M) and non-matching (i.e., edges not in M) red
edges as C and weights that are at least as big, i.e., for every C ∈ C there must be a C ′ ∈ C′ such
that C ′ has the same number of matching and non-matching red edges as C and w(C ′) ≥ w(C)
(and vice versa, i.e., there is a one to one correspondence between the cycles in C and the cycles
in C′). This way we construct M ′′ := M∆C′ s.t. w(M ′′) = w(M∆C′) ≥ w(M∆C) = w(M ′)
and |R(M ′′)| = |R(M∆C′)| = |R(M∆C)| = |R(M ′)|.

Color Coding. The main tool for finding such a set of cycles is color coding [1]. The idea
is to color all vertices at random with L colors. The probability that all vertices of C get
different colors is only a function of L. This can also be achieved deterministically using a
perfect hash family of size bounded by LO(L)poly(n), which can be guaranteed to contain at
least one coloring for which all vertices of C have different colors (see [10] Chapter 5 for more
details on derandomizing color coding).
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Separating the Cycles. Observe that for every cycle in C ∈ C, the following can also be
achieved in LO(L)poly(n) time.

Guess the set of colors colors(C) of its vertices and their exact order.
Guess its number of matching (i.e., in M) and non-matching (i.e., not in M) red edges.

Let GC be the graph induced on the vertices of G with a color from the set colors(C).
Observe that C is contained in GC and that the subgraphs GC for C ∈ C are all disjoint. So
we can look for each cycle separately.

Orienting the Cycles. Since we know the colors of the vertices of C, we can define a
bipartition (A, B) of G by splitting the set of colors into two equal parts and letting A

(resp. B) be the vertices having a color from the first (resp. second), s.t. the cycles in C are
alternating with respect to the bipartition (note that this is indeed possible since the cycles
in C are M -alternating so they have even length). By deleting all edges with endpoints in
the same part, we get a bipartite graph which contains C. Now we can define the following
orientation for the edges: edges in M are oriented from A to B and edges not in M are
oriented from B to A. This way we are guaranteed that any directed cycle in the resulting
graph is an alternating cycle.

From Cycles to Colorful Paths. For this part and the next, we look into one cycle C ∈ C
and its corresponding subgraph GC . Let (c1, c2, ...) := colors(C). We first guess the edge
of C with start vertex from color class c|colors(C)| and end vertex from color class c1 (this
can be done in polynomial time by trying all possibilities). Then we delete all edges
from GC except for the edges going from a vertex of color ci to a vertex of color ci+1 for
i ∈ {1, 2, ..., |colors(C)| − 1}. Observe that GC is now acyclic and the remaining edges of C

form a directed path from s to t in GC .

Finding the Paths. For simplicity, we will flip the sign of all weights so that we are looking
for paths of minimum weight which can be found by a shortest path algorithm. Similarly to
the proof of Theorem 1 we use a modified Bellman-Ford algorithm, so we will focus on the
main difference, i.e., the update rule. By adding extra constraint variables to the DP, we
are also able to compute the shortest path weights for paths that fulfill an exact constraint.
Note that this is only possible since the graph is acyclic (otherwise the algorithm can output
non-simple paths). More formally the update rule for the Bellman-Ford algorithm is the
following:

d(s, v, rm, rn) = min
u∈V
{d(s, u, rm− 1(u,v)∈Rm

, rn− 1(u,v)∈Rn
) + w̄(u, v)|(u, v) ∈ E}

where GC = (V, E), w̄(u, v) = −w(e) for e = (u, v), Rm is the set of matching red edges
in GC and Rn is the set of non-matching red edges in GC . We are interested in the value
d(s, t, |(C\(t, s)) ∩Rm|, |(C\(t, s)) ∩Rn|) where |(C\(t, s)) ∩Rm| is the number of matching
red edges in C\(t, s) and |(C\(t, s))∩Rn| is the number of non-matching red edges in C\(t, s).
The DP runs in polynomial time since the number of table entries is polynomial and allows
us to find a simple path path(C) (since the graph is acyclic) from s to t of minimum weight,
i.e., w̄(path(C)) ≤ w̄(C\(t, s)) which implies w(path(C)) ≥ w(C\(t, s)), and with the same
number of matching and non-matching red edges as (C\(t, s)).

Constructing the set C′. Finally for C ∈ C, let cycle(C) := path(C) ∪ (t, s) with path(C)
computed using the above DP on the processed graph GC . Let C′ := {cycle(C)|C ∈ C}.
Observe that cycle(C) is a cycle with the same number of matching and non-matching red
edges as C, w(cycle(C)) ≥ w(C) and all cycles in C′ are M -alternating and disjoint. So C′

fulfills all the required properties.
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Running Time. Observe that all the above steps can be run in LO(L)poly(n) time, so the
total running time is of the same order. ◀

The above proposition is the key to proving Theorem 4 which gives an FPT algorithm
for EM parameterized by the circumference of the graph. But first we need the following
lemma which ensures that we can always make progress using a set of alternating cycles of
size bounded by a function of their individual lengths.

▶ Lemma 12. Given a “Yes” instance of EM and a PM M , if |R(M)| < k then there exists
a set of disjoint M-alternating cycles C s.t. |E(C)| ≤ 2c4, where c is circumference of the
graph, and |R(M)| < |R(M∆C)| ≤ k.

Proof of Theorem 4. Let M be a PM containing a minimum number of red edges (should
be at most k). Note that M can be computed in polynomial time by simply using a maximum
weight perfect matching algorithm with −1 weights assigned to red edges and 0 weights
assigned to blue edges. From Lemma 12 we know that there exists a set of disjoint M -
alternating cycles C s.t. |E(C)| ≤ 2c3 and |R(M)| < |R(M∆C)| ≤ k. Let M ′ := M∆C. Now
by using Proposition 3 we can find a PM M ′′ with |R(M ′′)| = |R(M ′)| (here we do not need
to assign any weights to edges so the weight function used to apply the proposition can simply
be uniform) so |R(M)| < |R(M ′′)| ≤ k. We can repeat the procedure (applying Lemma 12
on M ′′) until we get a PM with exactly k red edges. We need at most k repetitions, each
running in time f(L)poly(n) = LO(L)poly(n) for L = O(c3), i.e., we get an FPT algorithm
parameterized by c. ◀

Theorem 4 illustrates the use the Proposition 3 to develop FPT algorithms for Exact
Matching. However, the circumference of the graph can in general be quite large. We believe
that Proposition 3 can be applied to get other more interesting FPT algorithms for EM and
related problems. In Section 4.4 we show one such application.

4 Top-k Perfect Matching

In this section we study TkPM which, as we show later, is polynomial time equivalent to
EM, making it another problem that can be used to test the hypothesis P = RP, but with
the advantage of being an optimization problem.

4.1 Minimum Weight Variant
First, we start by introducing a variant of TkPM in which we are looking for a PM minimizing
(instead of maximizing) the top-k weight. This objective function has been studied in the
context of other problems such as k-clustering and load balancing [8] but to our knowledge,
no prior work considered it in the context of matching problems.

Minimum Weight Top-k Perfect Matching (minTkPM)
Input: A weighted graph G and integer k.
Task: Find a perfect matching in G minimizing the top-k weight function.

We show however, that by simply applying a threshold to the weights of the edges, we are
able to reduce this problem to minimum weight perfect matching (minWPM), i.e., it is in P.
The proof crucially relies on the idea of thresholding the weights which will also be useful for
the approximation algorithms in the next sections.
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▶ Definition 13. Given a weighted graph G with weights w, the thresholded weights wt for a
threshold t are defined as follows: for an edge e, wt(e) = max (w(e)− t, 0).

▶ Theorem 14. minTkPM ≡p minWPM .

Proof. minWPM ≤p minTkPM is trivial by setting k = n/2 so we need to prove
minTkPM ≤p minWPM . Given an instance of minTkPM, let M∗ be an optimal PM. Let
ek be the kth edge from M∗ in the edge ordering. The algorithm starts by guessing ek (i.e.,
running for all possibilities of ek and outputting the matching of smallest top-k value among all
solutions) and setting t := w(ek). We have wt(M∗) = wk

t (M∗) = wk(M∗)−kt since the k val-
ues above t are reduced by t, and the rest is set to 0. Now let M be a minimum weight perfect
matching in the thresholded graph. Then we have wk

t (M) ≤ wt(M) ≤ wt(M∗) ≤ w(M∗)−kt.
After removing the threshold, each of the top-k values can only increase by at most t, so we
get wk(M) ≤ w(M∗), i.e., we get an optimal solution. ◀

This creates an interesting division between the minimization and maximization of the
top-k values, in the context of a perfect matching problem. On the one hand we have a
problem that is polynomially equivalent to the general weighted matching problem (known
to be in P), and on the other hand we get a problem that is polynomially equivalent to EM
(as we show next) whose complexity remains unknown.

4.2 Reducing Top-k Perfect Matching to Exact Matching
To help reduce TkPM to EM, we introduce an intermediary problem called maximum weight
EM in which we are given an instance of EM as well as edge weights (of polynomial size)
and the goal is to find a PM with exactly k red edges having maximum weight among all
such PMs.

Maximum Weight Exact Matching (MWEM)
Input: An edge-weighted and edge-colored (with red/blue colors) graph G and integer k.
Task: Find a perfect matching M in G with exactly k red edges and having maximum
weight among all such matchings.

We show that this new variant can be reduced to EWPM (with polynomial weights) which
in turn can be reduced to EM. This shows that MWEM is in RP.

▶ Lemma 15. (⋆) MWEM ≤p EWPM ≤p EM for polynomially bounded weights. The
reductions also work for bipartite input graphs and for minor closed graph classes.

Note that even though MWEM is an optimization problem, any approximation for it
requires solving EM. So our focus will instead be on TkPM which we reduce to EM when
the input weights are polynomially bounded in the input size.

Proof of Theorem 5. We have MWEM ≤p EM from Lemma 15, so we need to show that
TkPM ≤p MWEM . Given an instance of TkPM, let M∗ be an optimal solution. Let ek

be the kth edge from M∗ in the edge ordering. The algorithm starts by guessing ek (i.e.,
running for all possibilities of ek and outputting the matching of highest top-k value among
all solutions) and setting the weights of all edges after ek in the ordering to 0 and coloring
them blue, while the rest of the edges are colored red. Note that only red edges can have
non-zero weights and that M∗ has exactly k red edges. Let M be the output of an algorithm
for MWEM on the resulting graph. By optimality of M , we have that w(M) ≥ w(M∗), and
since they both contain at most k non-zero weight edges we get wk(M) ≥ wk(M∗) so M is
an optimal solution for TkPM. Since we only modify the weights of the edges, the reduction
preserves the graph class. ◀
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The above lemma, in combination with the result of [14], implies the following theorem.

▶ Theorem 16. TkPM ≡p EM for polynomially bounded weights. The equivalence also
holds for bipartite input graphs and for minor closed graph classes.

Note that it is still open whether MWEM and TkPM with exponential weights are reducible
to EM or if they are NP-hard.

4.3 Approximation Algorithms for Top-k Perfect Matching
Note that the reduction to EM in Lemma 15 does not preserve any approximation factor
since it changes the weights of the edges. So we cannot use it in combination with Theorem 1
to get an approximation algorithm for TkPM. We will, however, use Proposition 11 to get a
better approximation for TkPM as we will see later. First we show that by simply applying
a specific threshold to the weights of the graph, any maximum weight perfect matching
(maxWPM) algorithm can output a 0.5-approximation for TkPM.

▶ Lemma 17. Given an instance of TkPM, let M∗ be an optimal solution. There exists a
threshold t such that for any maximum weight perfect matching M in the thresholded graph,
we have wk(M) ≥ 0.5 · wk(M∗) (in the original graph).

Proof. Let t = wk(M∗)
2k . Then we have wt(M∗) ≥ wk(M∗)− k · wk(M∗)

2k = 0.5wk(M∗). And
since M is a maximum weight perfect matching, we have wt(M) ≥ wt(M∗) ≥ 0.5wk(M∗). Let
k′ be the number of edges e ∈M with wt(e) > 0. Now we have two cases. First, if k′ ≤ k then
we have wk(M) ≥ wk

t (M) ≥ 0.5wk(M∗). Otherwise the output matching contains at least k

edge of weight more than wk(M∗)
2k , so the total weight is wk(M) ≥ k · wk(M∗)

2k = 0.5wk(M∗).
◀

The above lemma guarantees the existence of a threshold that will lead to a 0.5-
approximation using any maximum weight PM algorithm. We may not know the exact
threshold, but if the weights are polynomial we can simply try all possibilities. Otherwise we
can find a good threshold using binary search (see Algorithm 1).

In order to get a better approximation factor, we rely on Proposition 11 which allows us
to limit the change in the number of edges with weight above threshold.

Proof Sketch of Theorem 8. We start with a high level intuition on how the algorithm
works and why it gives a better approximation.

The core idea of the algorithm is the following: instead of recomputing the maximum
weight perfect matching every time we change the threshold (as is done in the previous
algorithm), we keep track of one perfect matching M which we incrementally improve using
alternating cycles that increase its weight. We also make sure that the cycles do not add
too many edges of weight above the threshold. This way the top-k weight of M stays closer
to its total weight. To find such cycles, we rely on the algorithm of Proposition 11, which
allows us to find positive alternating cycles that do not add too many positive weight edges
(at most k). But first we set the edge weights of edges in M to negative (i.e., multiply them
by −1). This way the weight of an alternating cycle indicates the total weight change we get
when taking its symmetric difference with M to get a new perfect matching. This means
that, whenever possible, we can increase the total weight of M while keeping its top-k weight
close to its total weight (considering the thresholded weights) since the number of positive
weight edges above the threshold is limited.
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Algorithm 1 TkPM 0.5-approximation Algorithm.

Input: An instance of TkPM.
Output: PM M with wk(M) ≥ 0.5w(M∗) where M∗ is an optimal solution.
t1 ← 0, t2 ← wmax ; /* where wmax is the maximum weight in the graph */
M ←MaximumWeightPerfectMatching(G, wt1);
if M contains at most k edges e with w(e) > 0 then

return M ;
else

M1 ←MaximumWeightPerfectMatching(G, wt1);
M2 ←MaximumWeightPerfectMatching(G, wt2);
while t2 − t1 ≥ 1/(k2) do

t← (t1 + t2)/2 ;
M ←MaximumWeightPerfectMatching(G, wt);
if M contains more than k edges e with wt(e) > 0 then

t1 ← t; M1 ←M ;
else

t2 ← t; M2 ←M ;

M ← BestOf(M1, M2);
return M ;

Procedure BestOf(M1, M2):
if wk(M1) ≥ wk(M2) then

return M1;
else

return M2;

To see why this is helpful, consider the two cases in the proof of Lemma 17: k′ ≤ k

and k′ ≥ k (remember that k′ is the number of edges in M with weight strictly above the
threshold).

In the case k′ ≤ k (let k1 := k′), we know that the top-k weight is the same as the
total weight (for the thresholded weights), which means that we do not lose anything when
considering only the top-k weight (i.e., wk

t (M) = wt(M) ≥ wt(M∗) = wk
t (M∗)). However,

we might lose some value because of the threshold. This is because when we go back to the
original weights, M∗ regains up to k · t in value (k times the threshold, since all its top-k
edges might have value above the threshold) whereas M might only regain k1 · t (since all
other edges could have original weight close to zero). So in the case k1 << k, we lose almost
all the value from the threshold.

On the other hand, in case k′ ≥ k (let k2 := k′), M will also regain k · t in top-k weight
when we add back the threshold. However, the top-k weight of M can be far from its total
weight since many edges can be contributing to the total weight. This is mainly a problem
when k2 >> k. If k′ is close to k, however, this loss is not so big (at most a fraction (k2−k)/k

of the total since the k highest weights still count).
To get a worst case approximation factor of 0.5, it must be the case that both k1 << k

and k2 >> k. Note, however, that the procedure detailed above (relying on Proposition 11)
allows us to bound the difference between k1 and k2 by k (i.e,. k2 − k1 ≤ k). This way, the
algorithm manages to guarantee a better approximation factor.
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We are now ready to describe the full algorithm. We will first show how to transform
exponential weights into polynomially bounded ones while loosing at most a factor of
1 − 1/poly(n) in the approximation. We then provide a 0.8 − 1/poly(n)-approximation
algorithm for TkPM with polynomially bounded weights, which proves the theorem.

Dealing with Exponential Weights. For exponential size weights, we first scale and round
them to make them bounded by a polynomial function of the input size. We start by deleting
all edges that cannot be part of any perfect matching (this can simply be done by checking
for every edge whether we could remove it along with its endpoints from the graph and still
be able to get a perfect matching on the rest of the graph). Let W be the highest edge
weight in the remaining graph. Observe that for k ≥ 1 an optimal solution M∗ to the top-k
perfect matching problem must have wk(M∗) ≥W (since the perfect matching containing
the edge of weight W is a valid solution). Now all weight encodings have at most log2(W )
non-zero bits. Let f(n) = n · poly(n) for any desired polynomial. If W ≤ f(n) then all
weights are polynomial. Otherwise we re-encode the weights of all edges by only considering
their (log2(W )− log2(f(n)))-th to (log2(W ))-th bits (counting from the least significant bit)
and dropping all others. We call these weights w′. So all weights are now encoded with
at most log2(f(n)) + 1 bits, i.e., are bounded by a polynomial function of the input size.
Now let M ′ be a 0.8 − 1/poly(n)-approximation for TkPM on the graph with weights w′.
Observe that for any edge e, |w(e)−w′(e) · W

f(n) | ≤
W

f(n) (the rounding error). Since a perfect
matching contains n/2 edges we get

wk(M ′) ≥ w′k(M ′) · W

f(n) −
nW

2f(n) ≥ w′k(M ′) · W

f(n) (1− n

f(n) ).

The last inequality resulting from the fact that the optimal solution has weight at least
W ≥ f(n) so w′k(M ′) ≥ f(n)/2. Now since M ′ is a 0.8− 1/poly(n)-approximation we get

wk(M ′) ≥ (0.8−1/poly(n)) ·w′k(M∗) · W

f(n) (1− n

f(n) ) ≥ (0.8−2/poly(n)) ·w′k(M∗) · W

f(n) .

Going back to the original weights, we get

wk(M ′) ≥ (0.8− 2/poly(n)) · (wk(M∗)− nW

2f(n) ).

Finally, using wk(M∗) ≥W ≥ f(n) we get

wk(M ′) ≥ (0.8− 3/poly(n))wk(M∗).

Approximation algorithm for polynomial weights. We start with a preprocessing of the
edge weights. Given an instance of TkPM, let M∗ be an optimal solution. Let ek be the kth
edge from M∗ in the edge ordering. The algorithm starts by guessing ek (i.e., running for all
possibilities of ek and outputting the matching of highest top-k value among all solutions) and
setting the weights of all edges after ek in the ordering to 0. This means that some solution
M∗ will contain at most k edges of strictly positive weight. Note that this does not modify the
top-k weight of M∗ and can only decrease the top-k weight of any matching, i.e., if we find a
0.8− 1/poly(n)-approximation on the new weights, it is also a 0.8− 1/poly(n)-approximation
on the original weights. Also note that now we have wk(M∗) = w(M∗). For ease of notation,
let ϵ = 1/poly(n) for the desired polynomial function in the approximation factor. The
algorithm will have two phases. In the first phase, we use a slight modification of Algorithm 1
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(we call it ModifiedTkpmApprox in Algorithm 2) where instead of returning M , it returns
M1, M2 and t2. We label them M ′

0, M0 and t0 respectively. This way we are guaranteed that
M0 has at most k edges with wt0(e) > 0 and M ′

0 has at least k edges with wt0−ϵ/k(e) > 0,
i.e., we have one matching with less then k edges of weight strictly more than t0 and one
with more than k edges of weight strictly more than t0 − ϵ/k. Algorithm 1 also guarantees
that both matchings have maximum total weight with respect to their thresholds.

The second phase only works for bipartite graphs since it will rely on the algorithm of
Proposition 11 (see ImproveUsingBoundedCycles in Algorithm 2) to increase the weight
of the matching instead of recomputing the maximum weight perfect matching from scratch
whenever we decrease the threshold (as is done in Algorithm 1). This way we again search for
a threshold t1 such that ImproveUsingBoundedCycles fails to get a PM containing more
than k edges e with wt1(e) > 0 and instead stops at a perfect matching Mt1 containing at most
k edges e with wt1(e) > 0, but for threshold t2 = t1 − ϵ/k ImproveUsingBoundedCycles
outputs two perfect matchings M1 and M2 such that M2 has at most k edges e with wt2(e) > 0
and M1 has more than k edges e with wt2(e) > 0.

The full algorithm is given in Algorithm 2. Note that for a graph G := (A ∪ B, E, w)
and a perfect matching M , we define the directed graph GM := (A ∪B, E, w′) where every
edges in M is oriented from A to B and has weight w′(e) = −w(e) and every edge not in
M is oriented from B to A and has weight w′(e) = w(e). This means that for M ′ := M∆C

where C is a directed cycle (which implies that it is M -alternating), M ′ is a PM with
w(M ′) = w(M) + w′(C). The proof of correctness and running time of the algorithm can be
found in the extended version of this paper [12]. ◀

4.4 Parametrized Complexity of TkPM
In this section we show that TkPM can be solved in Fixed Parameter Tractable (FPT) time
parameterized by k and α, the independence number of the graph (i.e., the size of the largest
independent set). The algorithm mainly uses Proposition 3. To prove its correctness we will
rely on what [13] defines as skip, which allows us to shorten alternating cycles using the
bound on the independence number. This way we manage to bound the total number of
edges, in a symmetric difference with some optimal solution, by a function of k and α. We
start by adapting the following definition and lemma from [13].

▶ Definition 18 (adapted from [13]). Let C be a an M -alternating cycle. A skip S is a set of
2 non-matching edges e1 := (v1, v2) and e2 := (v′

1, v′
2) with e1, e2 /∈ C and v1, v′

1, v2, v′
2 ∈ C

s.t. C ′ = e1 ∪ e2 ∪ C \ (C[v1, v′
1] ∪ C[v2, v′

2]) is an M -alternating cycle and |C| − |C ′| > 0.

▶ Lemma 19 (adapted from [13]). Let P be an M-alternating path containing a set P of
disjoint paths, each of length at least 3 starting and ending at non-matching edges, and
|P| ≥ 4α. Then P contains a skip.

This allows us to prove the following.

▶ Proposition 20. (⋆) Let M be a PM in a weighted graph G of independence number α, with
edge colors red and blue. Let C be a set of disjoint M -alternating cycles in G. Let R ⊆ E(C)
be the set of red edges in C and k = |R|. Then G must contain a set of disjoint M -alternating
cycles C′ s.t. R ⊆ C′, |E(C)| ≤ kf(α) for f(α) = 4α+1 and all edges in E(C′)\E(C) are
non-matching edges.

▶ Lemma 21. (⋆) Given an instance of TkPM and a PM M , there exists an optimal solution
M ′ s.t. |E(M∆M ′)| ≤ kf(α) for f(α) = 4α+1, where α is the independence number of the
input graph.
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Algorithm 2 TkPM 0.8-approximation Algorithm.

Input: An instance of TkPM and ϵ := 1/poly(n) for some polynomial function.
Output: PM M with wk(M) ≥ (0.8− ϵ)w(M∗) where M∗ is an optimal solution.
for ek ∈ E(G) do

for e ∈ E(G) do
if e > ek then

w(e)← 0;

M ′
0, M0, t0 ←ModifiedTkpmApprox; M1, M2 ←M0; Success← False;

while Success == False and t− ϵ/k > 0 do
t← t− ϵ/k;
M1, M2, Success← ImproveUsingBoundedCycles(M1, t);
if Success then

t2 ← t; t1 ← t + ϵ/k;
else

M0 ←M1;

M ← BestOf(M, M0, M ′
0, M1, M2);

return M ;

Procedure ImproveUsingBoundedCycles(M, t):
if M1 contains more than k edges e with wt > 0 then

return M1, M1, T rue;
else

M1, M2 ←M ;
while M1 contains at most k edges e with wt(e) > 0 and there exists a
positive cycle in GM1 , for threshold t, containing at most k edges e with
wt(e) > 0 and e /∈M1 do

Use Proposition 11 to find a cycle C with the above properties;
M2 ←M1; M1 ←M2∆C;

if M1 contains less than k edges e with wt(e) > 0 then
return M1, M1, False;

else
return M1, M2, T rue;

Proof of Theorem 9. Given an instance of TkPM, we start by computing any perfect
matching M . By Lemma 21, we know that there exists an optimal solution M ′ s.t.
|E(M∆M ′)| ≤ kf(α) for f(α) = 4α+1. Let ek be the kth edge from M ′ in the edge
ordering. The algorithm starts by guessing ek (i.e., running for all possibilities of ek and
outputting the matching of highest top-k value among all solutions) and setting the weights
of all edges after ek in the ordering to 0 and coloring them blue, while the rest of the edges
are colored red. Note that this does not modify the top-k weight of M ′ and can only decrease
the top-k weight of any other matching. Now we can use the algorithm of Proposition 3 to
find a PM M ′′ with w(M ′′) ≥ w(M ′) and |R(M ′′)| = |R(M ′)| = k. Since only red edges
have non-zero weight we get wk(M ′′) ≥ wk(M ′) so M ′′ is an optimal solution (since M ′ is an
optimal solution). The running time is dominated by the algorithm of Proposition 3 which
runs in time LO(L) where L = |E(M∆M ′)| ≤ k4α+1. ◀
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5 Conclusion and Open Problems

In the paper we study the Top-k perfect matching problem which is shown to be polynomially
equivalent to the Exact Matching problem. In the course of developing approximation
algorithms for this problem we also initiate a new direction of study for the EM problem
where the goal is to minimize the constraint violation while requiring the output to be a
perfect matching. We also continue the study of the parameterized complexity of EM that
was initiated by [13]. To show the utility of these developments, we provide FPT algorithms
for TkPM which rely on them.

Our work leaves open many questions, we list a few. Starting with questions related to
EM, can we reduce the constraint violation in Theorem 1 to less than 0.5k? The aim would
be to get o(k), but so far no constant improvement is known. Also, can we design an FPT
algorithm for EM parameterized by k and α? This would be an intermediate step towards an
FPT algorithm parameterized only by α and resolving the open problem in [13]. For TkPM,
the first open question is whether the problem is NP-hard. We know it is unlikely for the
case of polynomial sized input weights since we can reduce it to EM, but the exponential
size weights case is still open. Another interesting problem is to get an FPT (or even XP)
algorithm for TkPM parameterized only by α. Note that this is known for EM, but the
reduction of TkPM to EM does not preserve the independence number of the graph. An FPT
algorithm parameterized only by k, for either EM or TkPM would also be highly desirable.
Finally an important step forward would be to improve the approximation algorithms for
TkPM, with the goal of getting a polynomial time approximation scheme.
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Abstract
The betweenness centrality of a vertex v is an important centrality measure that quantifies how many
optimal paths between pairs of other vertices visit v. Computing betweenness centrality in a temporal
graph, in which the edge set may change over discrete timesteps, requires us to count temporal paths
that are optimal with respect to some criterion. For several natural notions of optimality, including
foremost or fastest temporal paths, this counting problem reduces to #Temporal Path, the
problem of counting all temporal paths between a fixed pair of vertices; like the problems of counting
foremost and fastest temporal paths, #Temporal Path is #P-hard in general. Motivated by the
many applications of this intractable problem, we initiate a systematic study of the parameterised
and approximation complexity of #Temporal Path. We show that the problem presumably does
not admit an FPT-algorithm for the feedback vertex number of the static underlying graph, and that
it is hard to approximate in general. On the positive side, we prove several exact and approximate
FPT-algorithms for special cases.
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1 Introduction

Computing a (shortest) path between two vertices in a graph is one of the most important
tasks in algorithmic graph theory and serves as a subroutine in a wide variety of algorithms
for connectivity-related graph problems. The betweenness centrality measure for vertices
in a graph was introduced by Freeman [23] and motivates the task of counting shortest
paths in a graph. Intuitively, betweenness centrality measures the importance of a vertex for
information flow under the assumption that information travels along optimal (i.e. shortest)
paths. More formally, the betweenness of a vertex v is based on the ratio of the number
of shortest paths between vertex pairs that visit v as an intermediate vertex and the total
number of shortest paths, thus its computation is closely related to shortest path counting.
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The betweenness centrality is a commonly used tool in network analysis and it can be
computed in polynomial time; e.g. Brandes’ algorithm [9] serves as a blueprint for all modern
betweenness computation algorithms and implicitly also counts shortest paths.

In contrast to the tractability of counting shortest paths, the problem of counting all
paths between two vertices in a graph is one of the classic problems discussed in the seminal
paper by Valiant [46] that is complete for the complexity class #P (the counting analogue of
NP) and hence is presumably not doable in polynomial time.

Temporal graphs are a natural generalisation of graphs that capture dynamic changes
over time in the edge set. They have a fixed vertex set and a set of time-edges which have
integer time labels indicating at which time(s) they are active. In recent years, the research
field of studying algorithmic problems on temporal graphs has steadily grown [28, 29, 34, 35].
In particular, an additional layer of complexity is added to connectivity related problems
in the temporal setting. Paths in temporal graphs have to respect time, that is, a temporal
path has to traverse time-edges with non-decreasing time labels [32]1. This implies that
temporal connectivity is generally not symmetric and not transitive, a major difference
from the non-temporal case. Furthermore, there are several natural optimality concepts for
temporal paths, the most important being shortest, foremost, and fastest temporal paths [10].
Intuitively speaking, shortest temporal paths use a minimum number of time-edges, foremost
temporal paths arrive as early as possible, and fastest temporal paths have a minimum
difference between start and arrival times. We remark that an optimal path with respect
to any of these three criteria can be found in polynomial time [10, 47]. The existence of
multiple natural optimality concepts for temporal paths implies several natural definitions of
temporal betweenness, one for each path optimality concept [40, 12, 34].

Similar to the non-temporal case, the ability to count optimal temporal paths is a
key ingredient for the corresponding temporal betweenness computation. However, the
picture is more complex in the temporal setting. Shortest temporal paths can be counted in
polynomial time and the corresponding temporal betweenness can be computed in polynomial
time [12, 33, 27, 40]. In contrast, counting foremost or fastest temporal paths is #P-
hard [39, 12, 36], which implies that computing the corresponding temporal betweenness
is #P-hard as well [12]. Indeed, Buß et al. [12] show that there is a polynomial time
reduction from the problem of counting foremost or fastest temporal paths to the problem of
the corresponding temporal betweenness computation. Note that a reduction in the other
direction is straightforward.

In this work, we study the (parameterised) computational complexity of (approximately)
counting foremost or fastest temporal paths. In fact, we study the simpler and arguably
more natural problem of counting all temporal paths from a start vertex s to a destination
vertex z in a temporal graph.

Let G = (V, E , T ) denote a temporal graph with vertex set V , time-edge set E , and
maximum time label (or lifetime) T (formal definitions are given in Section 2). We are then
concerned with the following computational problem:

#Temporal Path
Input: A temporal graph G = (V, E , T ) and two vertices s, z ∈ V .
Task: Count the temporal (s, z)-paths in G.

1 Temporal paths that traverse time-edge with non-decreasing time labels are often referred to as “non-
strict”, in contrast to strict temporal paths, which traverse time-edges with increasing time labels. In
this work, we focus on non-strict temporal paths.
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It is easy to see that #Temporal Path generalises the problem of counting paths in a non-
temporal graph (all time-edges have the same time label), hence we deduce that #Temporal
Path is #P-hard. Furthermore, observe that using an algorithm for #Temporal Path,
it is possible to count foremost or fastest temporal paths with only polynomial overhead
in the running time; we discuss this reduction in more detail in Section 2.3. Hence, all
exact algorithms we develop for #Temporal Path can be used to compute the temporal
betweenness based on foremost or fastest temporal paths with polynomial overhead in the
running time. To the best of our knowledge, this is the first attempt to systematically study
the parameterised complexity and approximability of #Temporal Path.

1.1 Related Work
As discussed above, the temporal setting adds a new dimension to connectivity-related
problems. The problems of computing shortest, foremost, and fastest temporal paths have
been studied thoroughly [10, 47, 5]. The temporal setting also offers room for new natural
temporal path variants that do not have an analogue in the non-temporal setting. Casteigts
et al. [13] study the problem of finding restless temporal paths that dwell an upper-bounded
number of time steps in each vertex, while Füchsle et al. [24] study the problem of finding
delay-robust routes in a temporal graph (intuitively, temporal paths that are robust with
respect to edge delays); both problems turn out to be NP-hard.

The problem of counting (optimal) temporal paths has mostly been studied indirectly in
the context of temporal betweenness computation. However, the computation of temporal
betweenness has received much attention [12, 39, 40, 33, 44, 27, 43, 2, 45, 38, 41]. Most
of the mentioned work considers temporal betweenness variants that are polynomial-time
computable. The corresponding optimal temporal paths are mostly shortest temporal paths
or variations thereof. There are at least three notable exceptions: Buß et al. [12] also
consider prefix-foremost temporal paths and the corresponding temporal betweenness and
show that the latter is computable in polynomial time. Furthermore they show #P-hardness
for several temporal betweenness variants based on strict optimal temporal paths. Rad
et al. [39] consider temporal betweenness based on foremost temporal paths and show that
its computation is #P-hard. They further give an FPT-algorithm to compute temporal
betweenness based on foremost temporal paths for the number of vertices as a parameter
(note that the size of a temporal graph generally cannot be bounded by a function of the
number of its vertices). Rymar et al. [40] give a quite general sufficient condition called
prefix-compatibility for optimality concepts for temporal paths that makes it possible to
compute the corresponding temporal betweenness in polynomial time.

In the static setting the general problem of counting (s, z)-paths in static graphs is known
to be #P-complete [46]. In the parameterised setting, the problem of counting length-k
paths (with parameter k) was one of the first problems shown to be #W[1]-complete [21],
but the problem does admit an efficient parameterised approximation algorithm [3]. It is
also generally considered folklore that the problem of counting paths (of any length) admits
an FPT-algorithm parameterised by the treewidth of the input graph.

1.2 Our Contribution
Our goal is to initiate the systematic study of the parameterised and approximation complexity
of #Temporal Path. We provide an argument that #Temporal Path is essentially
equivalent to counting foremost or fastest paths or computing the respective temporal
betweenness centrality in Section 2.3. Due to space constraints, proofs of results marked
with (⋆) are (partially) deferred to the full version of this work [19].
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Hardness results (Section 3). The main technical contribution of this paper is a reduction
showing that #Temporal Path is intractable even when very strong restrictions are placed
on the underlying graph; specifically the problem is hard for ⊕W[1] when parameterised by
the feedback vertex number of the underlying graph, which rules out the existence of FPT
algorithms with respect to several common parameters. We also show that it is NP-hard
even to approximate the number of temporal (s, z)-paths in general, motivating the study of
approximate counting in more restricted settings.

Exact algorithms for special cases (Section 4). We show that the problem is polynomial-
time solvable if the underlying graph is a forest, and then use a wide range of algorithmic
techniques to generalise this result in different ways. We show that the problem is fixed-
parameter tractable with respect to two “distance to forest” parameterisations that are larger
than the feedback vertex number of the underlying graph (timed feedback vertex number
and underlying feedback edge number). We further show that #Temporal Path is in
FPT parameterised by the treewidth of the underlying graph and the lifetime combined, or
parameterised by the recently introduced parameter “vertex-interval-membership-width”.

Approximation algorithms (Section 5). We show that there is an FPTRAS for #Temporal
Path parameterised by the maximum permitted length of a temporal (s, z)-path. We
then turn our attention to the problem of approximating betweenness centrality, as the
relationship between path counting and computing betweenness is not so straightforward in
the approximate setting: we demonstrate that, whenever there exists an FPRAS (respectively
FPTRAS) for #Temporal Path, we can efficiently approximate the maximum betweenness
centrality of any vertex in the temporal graph. These two results together give an FPTRAS
to estimate the maximum betweenness centrality of any vertex in a temporal graph (with
respect to either foremost or fastest temporal paths) parameterised by the vertex cover
number or treedepth of the underlying input graph.

2 Preliminaries and Basic Observations

In this section we provide all basic notations, definitions, and terminology used in this
work. We discuss the relation between temporal path counting and temporal betweenness
computation in more detail in Section 2.3. We use standard definitions and terminology from
parameterised complexity theory [18, 22, 16, 3, 21]. Additional background on parameterised
and approximate counting complexity are given in the full version of this work [19].

Given a static graph G = (V, E), we say that a sequence P = ({vi−1, vi})k
i=1 of edges in

E forms a path in G if vi ̸= vj for all 0 ≤ i < j ≤ k.

2.1 Temporal Graphs and Paths

There are several different definitions and notations used in the context of temporal graphs [28,
29, 34, 35] which are mostly equivalent. Here, we use the following definitions and notations:

An (undirected, simple) temporal graph with lifetime T ∈ N is a tuple G = (V, E , T ), with
time-edge set E ⊆

(
V
2
)

× [T ]. We assume all temporal graphs in this paper to be undirected
and simple. The underlying graph of G is defined as the static graph G = (V, {{u, v} | ∃t ∈
[T ] s.t. ({u, v}, t) ∈ E}). We denote by Et the set of edges of G that are active at time t,
that is, Et = {{u, v} | ({u, v}, t) ∈ E}.
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For every v ∈ V and every time step t ∈ [T ], we denote the appearance of vertex v at
time t by the pair (v, t). For a time-edge ({v, w}, t) we call the vertex appearances (v, t) and
(w, t) its endpoints and we call {v, w} its underlying edge.

We assume that every number in [T ] appears at least once as a label for an edge in E .
In other words, we ignore labels that are not used for any edges since they are irrelevant
for the problems we consider in this work. It follows that we assume T ≤ |E| and hence
T ∈ O(|G|) = O(|V | + |E|).

A temporal (s, z)-path (or temporal path) of length k from vertex s = v0 to vertex z = vk in
a temporal graph G = (V, E , T ) is a sequence P = (({vi−1, vi}, ti))k

i=1 of time-edges in E such
that the corresponding sequence of underlying edges forms a path in the underlying graph of G
and, for all i ∈ [k−1], we have that ti ≤ ti+1. Given a temporal path P = (({vi−1, vi}, ti))k

i=1,
we denote the set of vertices of P by V (P ) = {v0, v1, . . . , vk} and we say that P visits the
vertex vi if vi ∈ V (P ). Moreover, we call vertex appearances (vi−1, ti) outgoing for P and
we call the vertex appearances (vi, ti) incoming for P . Note that, if ti = ti+1, then (vi, ti)
is both incoming and outgoing for P . We define (v0, 1) to be incoming for P and (vk, T )
to be outgoing for P . We say that a vertex appearance is visited by P if it is outgoing or
incoming for P (so a vertex is visited by P if and only if at least one of its appearances is
visited by P ). We say that P starts at v0 at time t1 and arrives at vk at time tk. We say
that P ′ is a temporal subpath of P if P ′ is a subsequence of P . Furthermore, we define the
following optimality concepts for temporal (s, z)-paths P .

P is a shortest temporal (s, z)-path if there is no temporal path P ′ from s to z such that
the length of P ′ is strictly less than the length of P .
P is a foremost temporal (s, z)-path if there is no temporal path P ′ from s to z such that
P ′ arrives at z at a strictly smaller time than P .
P is a fastest temporal (s, z)-path if there is no temporal path P ′ from s to z such that
the difference between the time at which P ′ starts at s and the time at which P ′ arrives
at z is strictly smaller than the analogous difference of times for P .

2.2 Temporal Betweenness Centrality

We follow the notation and definition for temporal betweenness given by Buß et al. [12]. Let
G = (V, E , T ) be a temporal graph. For any s, z ∈ V , σ

(⋆)
sz is the number of ⋆-optimal temporal

paths from s to z. We define σ
(⋆)
vv := 1. For any vertex v ∈ V , we write σ

(⋆)
sz (v) for the

number of ⋆-optimal paths that pass through v. We set σ
(⋆)
sz (s) := σ

(⋆)
sz and σ

(⋆)
sz (z) := σ

(⋆)
sz .

We do not assume that there is a temporal path from any vertex to any other vertex in
the graph. To determine between which (ordered) pairs of vertices a temporal path exists,
we use a connectivity matrix A of the temporal graph: let A be a |V | × |V | matrix, where for
every v, w ∈ V we have that Av,w = 1 if there is a temporal path from v to w, and Av,w = 0
otherwise. Note that As,z = 1 if and only if σ

(⋆)
sz ̸= 0. Formally, temporal betweenness based

on ⋆-optimal temporal paths is defined as follows.

▶ Definition 1 (Temporal Betweenness). The temporal betweenness of any vertex v ∈ V is
given by:

C
(⋆)
B (v) :=

∑
s̸=v ̸=z and As,z=1

σ
(⋆)
sz (v)
σ

(⋆)
sz

.
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2.3 Temporal Betweenness vs. Temporal Path Counting
In this subsection we discuss the relationship between the problems of computing temporal
betweenness and counting temporal paths. We show that we can compute temporal between-
ness based on foremost and fastest temporal paths using an algorithm for #Temporal
Path with only polynomial overhead in the running time. Let G = (V, E , T ) be a temporal
graph. We start with the following easy observation.

▶ Observation 2. Given an algorithm to count all ⋆-optimal temporal (s, z)-paths in G in
time t(G), we can compute the temporal betweenness based on ⋆-optimal temporal paths of
any vertex of G in t(G) · |G|O(1) time.

This follows by observing that we can count the number of temporal (s, z)-paths in G that
visit a vertex v by first counting all temporal (s, z)-paths in G and then subtracting the
number of temporal (s, z)-paths in G − {v}.

Next we observe that we can count foremost and fastest temporal (s, z)-paths using an
algorithm for #Temporal Path, with only polynomial overhead.

▶ Observation 3. Given an algorithm for #Temporal Path that runs in time t(G), we can
compute all foremost temporal (s, z)-paths and all fastest temporal (s, z)-paths in t(G) · |G|O(1)

time.

First, note that we can compute a foremost temporal (s, z)-path and a fastest temporal
(s, z)-path in polynomial time [10, 47]. In the case of foremost temporal (s, z)-paths, we
can in this way obtain the time at which a foremost temporal (s, z)-path arrives at z and
remove all time-edges with later time labels from G. After this modification, every temporal
(s, z)-path is foremost hence we can count them using an algorithm for #Temporal Path.

In the case of fastest temporal (s, z)-paths, we can in the same way obtain the time
difference tf between starting at s and arriving at z for any fastest temporal (s, z)-path.
We can now iterate over all intervals [t0, t0 + tf ] with 1 ≤ t0 ≤ T − tf and, for each one,
create an instance of #Temporal Path by removing all time-edges from G that are either
earlier than t0 or later than t0 + tf . After this modification, every temporal (s, z)-path in the
instance corresponding to any interval is fastest, and every fastest temporal path survives in
exactly one instance; hence we can count fastest temporal paths by calling an algorithm for
#Temporal Path on each instance and summing the results.

Using Observations 2 and 3 we obtain the following lemma, which implies that our
polynomial-time and FPT-algorithms for special cases of #Temporal Path yield polynomial-
time solvability and fixed-parameter tractability results respectively for temporal betweenness
based on foremost temporal paths or fastest temporal paths, under the same restrictions.

▶ Lemma 4. Given an algorithm for #Temporal Path that runs in time t(G), we can can
compute the temporal betweenness based on foremost temporal paths or fastest temporal paths
of any vertex of G in t(G) · |G|O(1) time.

If we can only count temporal paths approximately, however, the relationship between
temporal path counting and temporal betweenness computation is not so straightforward. In
the exact setting, we were able to determine the number of temporal (s, z)-paths visiting v

by calculating the difference between the number of temporal (s, z)-paths in G and G − {v}
respectively. However, in the approximate setting, we cannot use the same strategy: if there
are N temporal paths in total and N−v is an ε-approximation to the number of temporal
paths that do not contain v, it does not follow that N − N−v is an ε-approximation to the
number of temporal paths that do contain v, as the relative error will potentially be much
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higher if the proportion of temporal paths containing v is very small. A similar issue arises
if we aim to estimate the number of temporal paths through v by sampling a collection
of temporal paths (from an approximately uniform distribution) and using the proportion
that contain v as an estimate for the total proportion of temporal paths containing v: if the
proportion that contain v is exponentially small, we would need exponentially many samples
to have a non-trivial probability of finding at least one temporal path which does contain v;
otherwise we deduce incorrectly that there are no temporal paths through v and output 0,
which cannot be an ε-approximation of a non-zero number of temporal paths for any ε < 1.

Lastly, we briefly shift our attention to computational hardness. Buß et al. [12] provide a
reduction from #Temporal Path to the computation of temporal betweenness based on
foremost temporal paths and to the computation of temporal betweenness based on fastest
temporal paths. In both cases, three new vertices are added to the temporal graph and all
newly added time-edges are incident with at least one of the newly added vertices. This
implies that our parameterised hardness result in the next section (Theorem 5) also holds for
temporal betweenness computation based on foremost temporal paths or fastest temporal
paths, since the reductions by Buß et al. [12] increase the feedback vertex number of the
underlying graph by at most three.

3 Intractability Results for Temporal Path Counting

In this section we prove two hardness results for #Temporal Path. In Section 3.1 we
demonstrate parameterised intractability with respect to the feedback vertex number of the
underlying graph. We follow this in Section 3.2 with an easy reduction demonstrating that
the classical #P-complete #Path problem [46] (definition as below) is unlikely to admit an
FPRAS in general, which straightforwardly implies the same result for #Temporal Path.

#Path
Input: A graph G = (V, E) and two vertices s, z ∈ V .
Task: Compute the number of paths from s to z in G.

3.1 Parameterised Hardness
In this section we present our main parameterised hardness result, which provides strong
evidence that #Temporal Path does not admit an FPT algorithm when parameterised
by the feedback vertex number of the underlying graph. Note that this also rules out FPT
algorithms for many other parameterizations, including the treewidth of the underlying graph.
However, it is folklore that #Path admits an FPT algorithm parameterised by treewidth
as a parameter (this is also implied by our result Theorem 14). The result here, therefore,
means that #Temporal Path is strictly harder than #Path in terms of parameterised
complexity for the parameterisations that are at most the feedback vertex number of the
underlying graph and at least the treewidth of the underlying graph.

▶ Theorem 5 (⋆). #Temporal Path is ⊕W[1]-hard when parameterised by the feedback
vertex number of the underlying graph.

Proof. We present a parameterised counting Turing reduction from ⊕Multicoloured
Independent Set on 2-Track Interval Graphs parameterised by the number of
colours k. In ⊕Multicoloured Independent Set on 2-Track Interval Graphs
we are given a set I of interval pairs and a colouring function c : I → [k] and asked
whether there is an odd number of k-sized sets of interval pairs in I such that in each set,
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every two interval pairs have different colours and are non-intersecting. Two interval pairs
([xa, xb], [xa′ , xb′ ]), ([ya, yb], [ya′ , yb′ ]) are considered non-intersecting if [xa, xb] ∩ [ya, yb] = ∅
and [xa′ , xb′ ] ∩ [ya′ , yb′ ] = ∅.

Inspecting the W[1]-hardness proof by Jiang [31] for Independent Set on 2-Track In-
terval Graphs shows that the reduction used from Multicoloured Clique parameterised
by the number of colours k is parsimonious2 and the reduction also shows W[1]-hardness for
the multicoloured version of the problem. Since ⊕Multicoloured Clique is ⊕W[1]-hard
when parameterised by the number of colours k [8], we can conclude that ⊕Multicoloured
Independent Set on 2-Track Interval Graphs is ⊕W[1]-hard when parameterised by
the number of colours k.

Given an instance (I, c) of ⊕Multicoloured Independent Set on 2-Track
Interval Graphs, where I is a set of interval pairs and c : I → [k] is a col-
ouring function, we create O(2k) temporal graphs. We assume w.l.o.g. that for all
([xa, xb], [xa′ , xb′ ]), ([ya, yb], [ya′ , yb′ ]) ∈ I that |{xa, xb, ya, yb}| = 4 and |{xa′ , xb′ , ya′ , yb′}| = 4
or ([xa, xb], [xa′ , xb′ ]) = ([ya, yb], [ya′ , yb′ ]), that is, if two interval pairs are different, we as-
sume that all endpoints on each track are pairwise different. Furthermore, we assume w.l.o.g.
that all intervals contained in pairs in I are integer subsets of [2|I|]. The main intuition of
our construction follows:

We model track one with a path in the underlying graph and track two with time.
Through the feedback vertices of the underlying graph, a temporal path can “enter” and
“leave” the path that models track one.
The number of feedback vertices corresponds to the number of colours.
We have to make sure that we can determine the parity of the number of temporal paths
visiting all feedback vertices.
The number of temporal paths that do not correspond to independent sets should not
be considered. It seems difficult to get an exact handle on the number of such paths,
however we will show that this number is even. Note that, intuitively, this is the main
reason we show hardness for ⊕W[1] and not #W[1].

We construct a family of directed temporal graphs (GC = (V, AC , 2|I| + 1))C⊆[k] with
rational time labels (such that the maximum time label is at most 2|I| + 1), where AC ⊆
V × V × Q for all C ⊆ [k]. Towards the end of the proof we explain how to remove the
need for directed edges which will also have the consequence that the temporal graphs only
contain strict temporal paths. Note that we can scale up the lifetime to remove the need for
rational time labels, however using rational time labels will be convenient in the construction
and the correctness proof.

We set V := VI ∪ {s, z′, z} ∪ {w1, . . . , wk} ∪ {ux | x ∈ I}, where VI := {v1, . . . , v2|I|}.
We set AC :=

⋃
x∈I∧c(x)∈C Ax ∪ {(s, wi, 1) | i ∈ [k]} ∪ {(z′, z, 2|I| + 1)}, where

Ax :={(wc(x), ux, a′), (ux, va, b′), (ux, va, b′ + 1 − aε), (vb, z′, b′)}
∪ {(vb, wi, b′) | i ∈ [k] ∧ i ̸= c(x)}
∪ {(vj , vj+1, b′), (vj , vj+1, b′ + 1 − (j + 1)ε) | j ∈ {a, . . . , b − 1}}

for x = ([a, b], [a′, b′]) ∈ I and ε = 1
2|I| .

2 Informally speaking, parsimonious reductions do not change the number of solutions.
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v1 v2 v3 v4 v5 v6

. . .
v2|I|

ux1 ux2

s
z′

z
w1 w2 w3

. . .
wk

1

1
1

1

2|I| + 1

2

5, 6 − ε

55 5 5

5, 6 − 2ε 5, 6 − 3ε
5, 6 − 4ε
4, 5 − 4ε

1

4, 5 − 3ε

4
4

4 4

4, 5 − 5ε 4, 5 − 6ε

Figure 1 Illustration of GC with C = {1, 3} and two interval pairs x1, x2 ∈ I where x1 =
([1, 4], [2, 5]) and x2 = ([3, 6], [1, 4]), and the corresponding colours are c(x1) = 1 and c(x2) = 3. The
arcs added for x1 are depicted in red and the arcs added for x2 are depicted in blue.

For all GC we use s as the starting vertex and z as the end vertex of the temporal paths we
want to count. The temporal graphs GC can each clearly be constructed in polynomial time
and it is easy to see that the vertex set {s, z′, z, w1, . . . , wk} constitutes a feedback vertex
set of size O(k) for each of them (even if edge directions are removed). The construction is
illustrated in Figure 1. The correctness proof of the reduction is deferred to the full version
of this work [19]. ◀

3.2 Approximation Hardness
In this section, we prove the following result.

▶ Theorem 6. There is no fully polynomial randomised approximation scheme (FPRAS) for
#Temporal Path unless randomised polynomial time (RP) equals NP.

It is straightforward to reduce from #Path, the problem of counting (s, z)-paths in
a static graph, to #Temporal Path: we set every edge to be active at time one only.
Hardness of #Path is proved easily by imitating the reduction used by Jerrum et al. [30]
to demonstrate that there is no FPRAS to count directed cycles in a directed graph.3 We
note that the reduction also rules out the existence of any polynomial-time (randomised)
approximation algorithm achieving any polynomial additive error.

▶ Theorem 7 (⋆). There is no FPRAS for #Path unless RP=NP.

4 Exact Algorithms for Temporal Path Counting

In this section, we present several exact algorithms for #Temporal Path. We start
in Section 4.1 with a polynomial-time algorithm for temporal graphs that have a forest
as underlying graph. In Section 4.2 we show that our polynomial-time algorithm can be
generalised in two ways, obtaining FPT-algorithms for the so-called timed feedback vertex

3 Indeed, the fact that this technique can be adapted to demonstrate the hardness of approximately
counting (s, z)-paths is noted without proof by Sinclair [42].
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number and the feedback edge number of the underlying graph. In Section 4.3 we show that
#Temporal Path is in FPT when parameterised by the treewidth of the underlying graph
and the lifetime combined. Lastly, in Section 4.4, we give an FPT algorithm for #Temporal
Path parameterised by the so-called vertex-interval-membership-width.

4.1 A Polynomial Time Algorithms for Forests
As a warm-up, we note that #Temporal Path can be solved in polynomial time with a
simple dynamic program if the underlying graph is a forest. This is used as a subroutine for
algorithms presented in Section 4.2.

▶ Theorem 8. #Temporal Path is solvable in O(|V | · T 2) time if the underlying graph of
the input temporal graph is a forest.

Proof. Let G = (V, E , T ) together with two verices s, z ∈ V be an an instance of #Temporal
Path. We argue that this instance can be solved in polynomial time if there is a unique path
between s and z in the underlying graph of G. Note that this is the case if the underlying
graph of G is a forest.

First, observe that when counting (s, z)-paths starting at s and arriving at z, if there is
a unique static path between s and z in the underlying graph then we need only consider
time-edges between vertices of that unique static path in our temporal graph when counting,
as our temporal path may not repeat vertices and so corresponds to a path in the underlying
graph. Edges not lying on the unique static path between s and z can therefore be deleted
without changing the result, so we may w.l.o.g. consider an instance in which the underlying
graph consists only of a static path P = (v0, v1, ..., v|P |) with s = v0 and z = v|P | as the leaf
vertices.

We will base our counting on a recording at each vertex vi in P of how many temporal
(s, vi)-paths there are starting at s and arriving at vi at time t or earlier. Note that there
are O(|P | · T ) = O(|V | · T ) such vertex-time pairs.

We argue by induction on i that we can correctly compute this number for every vertex-
time pair by dynamic programming. As a base case, note that there is one path from s to
s for any arrival time. Then we assume that we have these numbers computed correctly
for some vi with i ≥ 0 and show how we compute them for vi+1. Formally, our dynamic
program is defined as follows.

F (v0 = s, t) = 1

F (vi, t) =
∑

({vi−1,vi},t′)∈E with t′≤t

F (vi−1, t′) for i ≥ 1.

It is straightforward to check that F (z, T ) can be computed in the claimed running time.
We now formally prove correctness by induction on i. That is, we prove that F (vi, t) equals
the number of temporal (s, vi)-paths that start at s and arrive at vi at time t or earlier; it
will follow immediately that F (z, T ) is the number of (s, z)-paths, so it suffices to compute
F (vi, t) for all 0 ≤ i ≤ |P |.

The base case i = 0 is trivial. Assume that i > 0. We sum over the last time-edge of
the temporal (s, vi)-paths starting at s and arriving at vi at time t or earlier. Let P be the
set of all temporal (s, vi)-paths starting at s and arriving at vi at time t or earlier that use
({vi−1, vi}, t′) ∈ E as the last time-edge. All these temporal paths need to arrive at vi−1 at
time t′ or earlier, otherwise they cannot use time-edge ({vi−1, vi}, t′). Since all temporal
paths in P do not differ in the last time-edge, the cardinality of P equals the number of
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temporal (s, vi−1)-paths starting at s and arriving at vi−1 at time t′ or earlier. By the
induction hypothesis this number equals F (vi−1, t′). Clearly, if the last time-edge of two
temporal (s, vi)-paths starting at s and arriving at vi at time t or earlier is different, then
the two temporal paths are different, so we do not double count. Hence, we have shown
that F (vi, t) equals the number of temporal (s, vi)-paths that start at s and arriving at vi at
time t or earlier. ◀

4.2 Generalisations of the Forest Algorithm
In this subsection, we present two generalisations of Theorem 8. The first one results in an
FPT-algorithm for the timed-feedback vertex number as a parameter and the second one in
an FPT-algorithm for the feedback edge number of the underlying graph as a parameter. We
remark that both parameters are larger than the feedback vertex number of the underlying
graph, for which Theorem 5 refutes the existence of FPT-algorithms. Both algorithms
are inspired by algorithms presented by Casteigts et al. [13] for the so-called Restless
Temporal Path problem.

The timed feedback vertex number was introduced by Casteigts et al. [13] and, intuitively,
counts the minimum number of vertex appearances that need to be removed from a temporal
graph to make its underlying graph cycle-free. Formally, it is defined as follows.

▶ Definition 9 ([13]). Let G = (V, E , T ) be a temporal graph. A timed feedback vertex set of
G is a set X ⊆ V × [T ] of vertex appearances such that the underlying graph of G′ = (V, E ′, T )
is a forest, where E ′ := E \ {({v, w}, t) ∈ E | (v, t) ∈ X ∨ (w, t) ∈ X}. The timed feedback
vertex number of a temporal graph G is the minimum cardinality of a timed feedback vertex
set of G.

Our FPT-algorithm for the timed feedback vertex number as a parameter follows similar
ideas as the one by Casteigts et al. [13] for the Restless Temporal Path problem.
Roughly speaking, our algorithm performs the following steps.
1. Compute a minimum cardinality timed feedback vertex set of the input temporal graph.
2. Iterate over all possibilities for how a temporal path can traverse the vertex appearances

in the timed feedback vertex set.
3. For each possibility, create an instance of the so-called #Weighted Multicoloured

Independent Set on Chordal Graphs problem to compute the number of possibilities
for connecting the vertex appearances of the timed feedback vertex set that are supposed
to be traversed.

4. Use this to compute the total number of temporal (s, z)-paths in the temporal input graph.
The intuition here is that the possibilities for connecting the vertex appearances of the
timed feedback vertex set that are supposed to be traversed correspond to path segments in
the underlying graph of the temporal graph without the timed feedback vertex set, which
is a forest. It is well-known that chordal graphs are intersection graphs of subtrees in
forest [25]. This means that an independent set in a chordal graph corresponds to a selection
of non-intersecting subtrees (which here will all be paths). The colours can be used to make
sure that, for each pair of vertex appearances of the timed feedback vertex set that are
supposed to be traversed directly after one another, exactly one path segment connecting
them can be in the independent set. The weights can be used to model how many temporal
paths follow the corresponding path segment of the underlying graph.

As mentioned above, we have to solve #Weighted Multicoloured Independent
Set on Chordal Graphs as a subroutine instead of the unweighted decision version of
the problem. This is the main difference between our algorithm and the one by Casteigts
et al. [13]. In the following we give a formal definition.
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#Weighted Multicoloured Independent Set on Chordal Graphs
Input: A chordal graph G = (V, E), a colouring function c : V → [k], and a weight function

w : V → N.
Task: Compute

∑
X⊆V |X is a multicoloured independent set in G

∏
v∈X

w(v).

We can observe that #Weighted Multicoloured Independent Set on Chordal
Graphs presumably cannot be solved in polynomial time. This follows directly from the
NP-hardness of Multicoloured Independent Set on Chordal Graphs [7, Lemma 2].
Hence, we have the following.

▶ Observation 10. #Weighted Multicoloured Independent Set on Chordal
Graphs cannot be solved in polynomial time unless P=NP.

However, we can obtain an FPT-algorithm for #Weighted Multicoloured Inde-
pendent Set on Chordal Graphs parameterised by the number of colours. This will
be sufficient for our purposes. To show this result, we adapt an algorithm by Bentert et al.
[6, Proposition 5.6] to solve Maximum Weight Multicoloured Independent Set on
Chordal Graphs, where given a chordal graph G = (V, E), a colouring function c : V → [k],
and a weight function w : V → N, one is asked to compute a multicoloured independent set
of maximum weight in G. Here, the weight of an independent set is the sum of the weights of
its vertices. Note that in #Weighted Multicoloured Independent Set on Chordal
Graphs the weight of an independent set is the product of the weights of its vertices.

▶ Proposition 11 (⋆). #Weighted Multicoloured Independent Set on Chordal
Graphs is fixed-parameter tractable when parameterised by the number k of colours.

Using Proposition 11, we are ready to give our FPT-algorithm for #Temporal Path
parameterised by the timed feedback vertex number.

▶ Theorem 12 (⋆). #Temporal Path is fixed-parameter tractable when parameterised by
the timed feedback vertex number of the input temporal graph.

Now we consider the feedback edge number of the input temporal graph as our parameter,
and show the following fixed-parameter tractability result. It is very similar to an algorithm
by Casteigts et al. [13] for the so-called Restless Temporal Path problem parameterised
by the feedback edge number, we only sketch the proof.

▶ Theorem 13. #Temporal Path is fixed-parameter tractable when parameterised by the
feedback edge number of the underlying graph of the input temporal graph.

Proof Sketch. Let (G, s, z) be an instance of #Temporal Path. We adapt an algorithm
by Casteigts et al. [13, Theorem 7] for the so-called Restless Temporal Path problem.
The algorithm consist of four steps (only the last step needs adaptation to our problem):
1. Exhaustively remove vertices with degree ≤ 1 from the underlying graph of G (except s

and z). Let G′ be the resulting (static) graph.
2. Compute a minimum feedback edge set F of G′. Let f := |F |.
3. Let V ≥3 denote all vertices of G′ with degree at least three. Partition the forest G′ − F

into a set of maximal paths P with endpoints in
⋃

e∈F e ∪ V ≥3 ∪ {s, z}, and intermediate
vertices all of degree 2. It holds that |P| ∈ O(f) [4, Lemma 2].

4. Any temporal (s, z)-path in G can be formed with time-edges whose underlying edges are
feedback edges from F or form paths in P . Enumerate all 2O(f) sequences of underlying
edges that a temporal (s, z)-path in G can follow and for each one count the temporal
(s, z)-paths following these underlying edges using Theorem 8. Add up all path counts.

The correctness follows from the correctness of [13, Theorem 7] and that due to the exhaustive
search, all temporal (s, z)-paths in G are considered and correctly counted. ◀
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4.3 Parameterisation by Treewidth and Lifetime
Our goal in this subsection is to demonstrate that #Temporal Path is in FPT when
parameterised simultaneously by the treewidth of the underlying graph and the lifetime; to
do this we give an MSO-encoding of the problem and make use of the counting version of
Courcelle’s theorem for model-checking on relational structures [15].

▶ Theorem 14 (⋆). #Temporal Path is in FPT when parameterised by the combination
of the treewidth of the underlying graph and the lifetime.

4.4 Parameterisation by Vertex-Interval-Membership-Width
In this subsection, we present an FPT algorithm for #Temporal Path parameterised by
the so-called vertex-interval-membership-width of the input temporal graph. The vertex-
interval-membership-width is a temporal graph parameter recently introduced by Bumpus
and Meeks [11] which, like the timed feedback vertex number, depends not only on the
structure of the underlying graph but also on the assignment of times to edges. Intuitively,
the vertex-interval-membership-width counts the maximum number of vertices that are
“relevant” at any timestep, where a vertex is considered relevant if it has an incident edge
both (weakly) before and after the current timestep (so, for example, a vertex v is relevant
only at times when a temporal path could have entered but not yet left v).

▶ Definition 15 ([11]). The vertex interval membership sequence of a temporal graph (G, E , T )
is the sequence (Ft)t∈[T ] of vertex-subsets of G where

Ft := {v ∈ V (G) | ∃i ≤ t ≤ j and u, w ∈ V (G) such that {u, v} ∈ Ei and {w, v} ∈ Ej}.

Note that we allow u = w. The vertex-interval-membership-width of (G, E , T ) is the integer
vimw(G, E , T ) := maxt∈[T ] |Ft|.

Note that every vertex incident with an edge in Ei must belong to Fi, and so |Ei| ≤(|Fi|
2

)
≤ |Fi|2. The vertex interval membership sequence gives us a structure we can use for

dynamic programming, which we exploit to obtain the following result.

▶ Theorem 16 (⋆). #Temporal Path can be solved in time O(w2w2+w · T ) where T and
w are the lifetime and vertex-interval-membership-width respectively of the input graph.

In our dynamic programming algorithm, a state of the bag Ft is a pair (v, X), where
v ∈ Ft and X ⊆ Ft \ {v}. For any state (v, X) of Ft, we compute the number Pt(v, X)
of temporal paths Q from s to v, arriving by time t, such that V (Q) ∩ (Ft \ {v}) = X.
Computing all such values Pt(v, X) is clearly sufficient, since the total number of temporal
(s, z)-paths is

∑
Y ⊆FT \{z} PT (z, Y ). We compute the values for each bag Ft in turn, assuming

for t ≥ 1 that we have already computed all counts corresponding to Ft−1.

5 Approximation Algorithms for Temporal Path Counting

In this section we consider the problems of approximating #Temporal Path and approxim-
ating the temporal betweenness centrality. For #Temporal Path, recall from Section 3.2
that there is unlikely to be an FPRAS for #Temporal Path in general; in Section 5.1,
we show that there is however an FPTRAS for #Temporal Path when the maximum
permitted path length is taken as the parameter. This in turn implies the existence of
an FPTRAS for #Temporal Path when restrictions are placed on the structure of the
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underlying graph that limit the length of the longest path. We remark that Theorem 5 and
Theorem 6 do not rule out exact FPT-algorithms for these parameterisations. We leave open
whether stronger hardness results or exact algorithms for this case can be obtained.

In Section 5.2 we apply this approximation result to the problem of approximating
temporal betweenness: we demonstrate that, whenever we can efficiently approximate
#Temporal Path, we can efficiently estimate the maximum temporal betweenness centrality
over all vertices of the input graph.

5.1 Approximately Counting Short Temporal Paths
In this subsection we consider the complexity of approximately counting (s, z)-paths para-
meterised by the length of the path.

#Short Temporal Path
Input: A temporal graph G = (V, E , T ), two vertices s, z ∈ V , and an integer k.
Task: Count the temporal (s, z)-paths in G that contain exactly k edges.

We prove the following result.

▶ Theorem 17. There is a randomised algorithm which, given as input an instance (G, s, z)
of #Short Temporal Path together with error parameters ε > 0 and 0 < δ < 1, outputs
an estimate N̂ of the number of temporal (s, z)-paths in G containing exactly k edges; with
probability at least 1−δ, N̂ is an ε-approximation to the number of (s, z)-paths in G containing
exactly k edges. The running time of the algorithm is O(k!ek log(1/δ)ε−2n2T 2).

The key ingredient in the proof is an efficient algorithm for the multicoloured version of
this problem, in which the input graph is equipped with a vertex-colouring (not necessarily
proper) and we wish to count paths containing exactly one vertex of each colour. We note
that #Short Temporal Path meets the conditions for a uniform witness problem given by
Dell et al. [17], and therefore in order to demonstrate the existence of an FPTRAS it would
suffice to demonstrate that the multicoloured version of the problem admits an FPT decision
algorithm. However, in this case it is easy to show that in fact exact counting is tractable
in the multicoloured setting, so we can infer the existence of an FPTRAS immediately by
applying a standard colour-coding technique, without invoking the power of the metatheorem
by Dell et al. [17].

#Multicoloured Temporal Path
Input: A temporal graph G = (V, E , T ), two vertices s, z ∈ V , and a partition of V \ {s, z} into

colour sets V1 ⊎ · · · ⊎ Vℓ.
Task: Count the number of temporal (s, z)-paths that contain exactly one vertex from each

colour-set V1, . . . , Vℓ.

▶ Proposition 18 (⋆). #Multicoloured Temporal Path is solvable in O((ℓ + 1)!n2T 2)
time.

Equipped with this algorithm for #Multicoloured Temporal Path, we use a standard
colour-coding technique to obtain an FPTRAS for #Short Temporal Path. This involves
repeatedly generating random colourings (not necessarily proper) of the vertices of V \ {s, z}
using k − 1 colours; note that a single colouring can clearly be generated in time O(nk).
For each colouring, we solve the corresponding instance of #Multicoloured Temporal
Path using the algorithm of Proposition 18. Setting N to be the sum of counts over all
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colourings, we return Nkk/k!. Following the argument by Alon et al. [1, Section 2.1], we see
that the number of colourings we must generate to obtain an ε-approximation to #Short
Temporal Path with probability at least 1 − δ is O(ek log(1/δ)ε−2), giving the result.

Since the maximum possible path length is bounded by a function of either the vertex
cover number or the treedepth4 of the underlying input graph, we immediately obtain the
following corollary to Theorem 17.

▶ Corollary 19. #Temporal Path admits an FPTRAS parameterised by either vertex
cover number or treedepth of the underlying input graph.

5.2 Approximating Temporal Betweenness

Observe that it is not clear how to use an approximation algorithm for #Temporal Path
to approximate the temporal betweenness centrality for every vertex in the input graph (we
give a detailed discussion in Section 2.3). In this section, we address the simpler problem of
determining the maximal temporal betweenness centrality of any vertex in the graph: we
show that we can efficiently approximate this quantity whenever there is an FPRAS (or
FPTRAS) for #Temporal Path.

▶ Theorem 20 (⋆). Let C be a class of temporal graphs on which #Temporal Path
admits an FPRAS. Then C admits an FPRAS to estimate, given an input temporal graph
G = (V, E , T ) ∈ C, maxv∈V C

(⋆)
B (v), for ⋆ ∈ {fastest, foremost}. Similarly, if C is a class

of graphs on which there exists an FPTRAS for #Temporal Path with respect to some
parameterisation κ then, with respect to the same parameterisation, C admits an FPTRAS
to estimate, given an input temporal graph G = (V, E , T ) ∈ C, maxv∈V C

(⋆)
B (v), for ⋆ ∈

{fastest, foremost}.

The proof relies on the fact that we may assume that at least one vertex has temporal
betweenness centrality at least 1

n(T +1) , where n is the number of vertices; we begin by arguing
that we can efficiently identify the inputs for which this lower bound does not hold, and
that in these cases the correct answer is in fact 0. Using this assumption, we show that the
following procedure is likely to produce a good approximation to maxv∈V C

(⋆)
B (v): for each

vertex pair (s, z), sample a large (polynomial) number of ⋆-optimal temporal (s, z)-paths,
and record the number that contain each vertex v as an internal vertex; after considering all
pairs (s, z), we assume that the vertex vmax we have seen most frequently has the maximum
betweenness centrality, and return as our estimate the proportion of sampled paths that
contain vmax. We note that, applying a general result of Jerrum et al. [30], we can assume
the existence of an efficient algorithm to sample ⋆-optimal temporal (s, z)-paths almost
uniformly whenever there is an FPRAS (or FPTRAS).

Combining Theorem 20 with Corollary 19 gives the following immediate corollary.

▶ Corollary 21. There is an FPTRAS which, given as input a temporal graph G = (V, E , T ),
computes an approximation to maxv∈V C

(⋆)
B (v) (for ⋆ ∈ {fastest, foremost}), parameterised

by either the vertex cover number or treedepth of the underlying input graph.

4 We refer to the book of Nesetril and de Mendez [37] for the definition of treedepth, and a proof that the
maximum length of a path in a graph is bounded by a function of its treedepth.
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6 Conclusion

In this work, we initiate the systematic study of the parameterised and approximation
complexity of #Temporal Path. We present parameterised and approximation hardness
results and complement them with several parameterised exact and approximation algorithms.

In terms of improving our results, we conjecture that it is possible to prove #W[1]-hardness
instead of ⊕W[1]-hardness for #Temporal Path parameterised by the feedback vertex
number of the underlying graph. Furthermore, we leave open whether our parameterised
approximation results for vertex cover number or treedepth of the underlying graph can be
improved from a classification standpoint by obtaining exact algorithms, or whether we can
also show parameterised hardness for those cases.

We leave open to what extent our results transfer to the problem of counting strict
temporal (s, z)-paths, where the labels on the time-edges have to be strictly increasing. We
conjecture that most of our results hold for the strict case. In fact, we believe that the MSO
formulation used to obtain fixed-parameter tractability for the treewidth of the underlying
graph combined with the lifetime can be simplified: in the strict case, a first-order formula
should suffice, which would lead to fixed-parameter tractability in terms of the lifetime on
any class of nowhere-dense graphs [26], or for the combined parameter of cliquewidth and
lifetime [14].

We conjecture that our polynomial-time algorithm for the case where the underlying
graph is a forest (Section 4.1) can be extended to the case where the underlying graph is
series-parallel [20]. Recall that a forest can be seen as a series-parallel graph where only
series compositions are used. The idea would be to extend the dynamic program to parallel
compositions, exploiting the observation that any temporal path can visit the terminal
vertices of a series-parallel graph at most once.

Finally, we believe that our FPT-algorithms presented in Section 4.2 for the timed
feedback vertex number and feedback edge number of the underlying graph, respectively,
can be adapted to count other types of temporal (s, z)-paths for which counting is in general
#P-hard. A key ingredient for both algorithms is a polynomial-time algorithm for instances
that have a forest as underlying graph. This leads us to believe that the algorithms can be
modified to count restless temporal (s, z)-paths [13] and possibly also to count delay-robust
(s, z)-routes [24], since both of these path types can be found in polynomial time when the
underlying graph of the input temporal graph is a forest.
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Abstract
The Johnson-Lindenstrauss transform allows one to embed a dataset of n points in Rd into Rm,

while preserving the pairwise distance between any pair of points up to a factor (1 ± ε), provided
that m = Ω(ε−2 lg n). The transform has found an overwhelming number of algorithmic applications,
allowing to speed up algorithms and reducing memory consumption at the price of a small loss
in accuracy. A central line of research on such transforms, focus on developing fast embedding
algorithms, with the classic example being the Fast JL transform by Ailon and Chazelle. All
known such algorithms have an embedding time of Ω(d lg d), but no lower bounds rule out a clean
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1 Introduction

Working with high dimensional data can be both costly in memory and computational power,
motivating the study of dimensionality reduction techniques. The goal of dimensionality
reduction is to take a high dimensional dataset X and embed it to a dataset Y in a lower
dimensional space. If Y approximately preserves similarities between points in X, then one
may use Y as input to an algorithm in place of X to save both memory and computation
time at the cost of a small inaccuracy in ones output. A greatly celebrated dimensionality
reduction result is the Johnson-Lindenstrauss lemma [18], which states: For any fixed X ⊂ Rd,
with the size of X being n, and any distortion 0 < ε < 1, there exists a map f : X → Rm

such that for all x, y ∈ X

∥f(x) − f(y)∥2 ∈ (1 ± ε)∥x − y∥2,

with m being Θ(ε−2 lg n) [18, 25]. Thus the mapping is approximately preserving the
Euclidean distances between the points in X in the lower dimensional space Rm. The
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property of preserving pairwise distances via the Johnson-Lindenstrauss lemma have found
great use in many applications, for instance as a preprocessing step to speed up machine
learning algorithms.

A standard approach for obtaining an embedding f satisfying the above, is to pick a
random m × d matrix A with each entry being i.i.d. N(0, 1) distributed [15] (or uniform
−1/1 [5]) and embedding any input x ∈ X to f(x) = m−1/2Ax. Computing such an
embedding thus takes O(md) time. In some applications of dimensionality reduction, this
becomes the bottleneck in the running time, thus motivating faster embedding algorithms.
The work on faster dimensionality reduction in Euclidian space can be divided roughly into
two categories: 1) using sparse embedding matrices A, or 2), using matrices A with special
structure that allows fast matrix-vector multiplication. In both cases, the fastest embedding
algorithms use super-linear time in the input dimensionality in the worst case. For sparse
matrices, there is near-tight lower bound by Nelson and Nguyen [28] showing that the
embedding time cannot be reduced below roughly Ω(dε−1 lg n). For structured matrices,
the fastest embeddings use at least Ω(d lg m) time, however in this case there are no lower
bounds ruling out faster embeddings that could conceivably embed a vector in O(d) time see
e.g. [10, 17]. Working towards such lower bounds is the focus of this work.

Our Contributions

In this work, we establish the first non-trivial lower bounds on the time required for di-
mensionality reduction in Euclidian space when not restricted to using sparse matrices to
perform the embedding. Focusing on the case of d = cm, for a constant c > 1 and optimal
m = O(ε−2 lg n), we prove that a large class of embedding algorithms, including most known
upper bounds, must use time Ω(m lg m). This coincides with known upper bounds for several
tradeoffs between ε and n. In addition to establishing a first lower bound, we believe our
careful definition of the class of algorithms that the lower bound applies to, shines light on
the barriers faced when developing fast embedding algorithms.

In the following section, we survey previous work and formally present our results.

1.1 Fast Dimensionality Reduction
As mentioned above, the previous work on fast dimensionality reduction can be divided into
two categories, either based on sparse matrices or on structured matrices. We elaborate on
these approaches in the following.

Sparse JL

The basic idea in sparse JL embeddings, is to use an embedding matrix A with only s < m

non-zeros per column. With such a matrix A, the product Ax can be computed trivially
in O(sd) time rather than O(md), thus speeding up the embedding. Moreover, if x itself
has few non-zeros, then the product may even be computed in O(s∥x∥0) time, where ∥x∥0
is the number of non-zeros in x. Using sparse embedding matrices was initiated by [1]
and culminated with the current state-of-the-art embedding by Kane and Nelson [21] who
showed that it suffices to pick a matrix A having s = O(ε−1 lg n) random entries (without
replacement) in each column set uniformly and independently to −1/1 and embedding a
vector x to s−1/2Ax. Moreover, this nearly matches a sparsity lower bound by Nelson and
Nguyen [28] who showed that any sparse embedding matrix must have s = Ω(ε−1 lg n/ lg(1/ε))
non-zeros per column. Another line of research in this direction, studies sparsities s below
the lower bound by Nelson and Nguyen. For instance, Feature Hashing [34] considers the
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extreme case of s = 1. Of course, such embeddings cannot work for all data sets X. However,
as shown by Weinberger et al. [34] and later refined by Kamma et al. [11] and generalized to
s > 1 by Jagadeesan [16], one can use extremely sparse embedding matrices, provided that
for all pairwise difference vectors z = x − y for x, y ∈ X, the ratio ∥z∥∞/∥z∥2 is small. That
is, there are no single large coordinates in z.

Fast JL

The second line of research on fast embeddings exploits structured matrices A with fast matrix-
vector multiplication algorithms. Ailon and Chazelle [2] initiated this direction by introducing
the FastJL transform. FastJL embeds a vector by computing a product m−1/2PHDx, where
P is a sparse matrix, H is the normalized d × d Hadamard matrix and D is a diagonal matrix
with random signs on the diagonal. The trick is that computing Dx can be done in O(d) time
and computing H(Dx) takes only O(d lg d) time by exploiting the structure of the Hadamard
matrix. Finally, the transformation HDx has the effect of “smoothening” out the coordinates
of the input vector, making the ratio ∥HDx∥∞/∥HDx∥2 small. This is precisely the setup
allowing very sparse embedding matrices. Concretely, Ailon and Chazelle [2] showed that
it suffices to let each entry in P be non-zero with probability q = O((lg2 n)/d), resulting
in a total embedding time of O(d lg d + m lg2 n). Their analysis was recently refined by
Fandina et al. [10], showing that the sparsity parameter q can be reduced further. Numerous
other embeddings exploiting structured matrices has since then been introduced [22, 8, 3, 6],
including for instance embeddings based on Toeplitz matrices [14, 32, 12] and the Kac random
walk [19, 17]. If one insists on optimal m = O(ε−2 lg n) dimensions in the embedding, then
the current state-of-the-art is either the FastJL transform or the Kac random walk depending
on the relationship between n and ε. However none of these are faster than O(d lg m) for
any tradeoff between ε and n.

Unlike the sparse matrix case, there are no known lower bounds ruling out e.g. O(d) time
embeddings via structured matrices. Naturally, the reason for this, is that it is much harder
to prove lower bounds for general embedding algorithms that exploit structured matrices
than merely bounding the sparsity of the embedding matrix. In fact, proving super-linear
lower bounds for general linear circuits (which capture current embedding algorithms) is a
major open question in complexity theory. In light of this obstacle, which we will elaborate
on in Section 1.3, we identify common traits in most known upper bounds that we exploit to
prove lower bounds for dimensionality reduction. In the following, we formally define the
model under which we prove our lower bound.

1.2 Formal Lower Bound
As mentioned earlier, our lower bound holds for a large class of dimensionality reducing maps.
This class is captured by a certain scaling parameter. Concretely, we define a ScaledJL-matrix
as follows:

▶ Definition 1. Let 0 < ε, δ < 1 and s ∈ N. A stochastic matrix A ∈ Rm×d is said to be a
ScaledJL(ε, δ, s)-matrix, if for any x ∈ Rd we have that

PA

[∥∥∥s−1/2Ax
∥∥∥2

2
̸∈ (1 ± ε) ∥x∥2

2

]
< δ.

Let us remark a few things about Definition 1. First, we assume that a ScaledJL(ε, δ, s)-matrix
A is such that s−1/2A preserves the (squared) norm of any single vector x up to (1±ε) except
with probability δ. This is the standard definition of a distributional Johnson-Lindenstrauss
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31:4 Barriers for Faster Dimensionality Reduction

transform and all known upper bounds give such a guarantee. In greater detail, known
upper bounds prove the distributional guarantee and then sets δ < 1/n2 and apply a union
bound over all z = x − y for x, y ∈ X to conclude that the embedding preserves all pairwise
(squared) distances among vectors in X. In this work, we focus on the squared distance as it
simplifies calculations and anyways only changes ε by a constant factor. The non-standard
thing in Definition 1 is the scaling parameter s. Of course, such a scaling parameter can also
be implicitly hidden in A by scaling all entries of A by s−1/2. To explain the role of s in our
model, we need to first introduce a linear circuit/algorithm as defined e.g. by Morgenstern:

▶ Definition 2 ([26]). A linear algorithm takes as an input 1, x1, . . . , xd ∈ R and proceeds
in t > 0 steps. In the l’th step the algorithm computes xd+l by xd+l = λd+lxj + µd+lxi for
some pair of indices i, j < d + l, where λd+l, µd+l ∈ R.

We say that a linear algorithm computes a linear transformation B ∈ Rm×d if there exist
indices 1 ≤ k1, . . . , km ≤ d + t such that: (Bx)1 = xk1 , . . . , (Bx)m = xkm for every possible
input x = (x1, . . . , xd) ∈ Rd.

Note that the number of steps t determines the number of operations performed by the
algorithm (up to a factor 3). Proving super-linear lower bounds for linear algorithms in the
sense of Definition 2, is a major open problem [31]. Thus several previous works [27, 7] have
considered restrictions where the coefficients λ and µ are bounded in absolute value by a
constant r independent of m and d. This is crucially necessary if one wants to avoid the
long-standing complexity theoretic barriers further elaborated on in Section 1.3.

With this in mind, the role of s in our definition of ScaledJL(ε, δ, s)-matrix becomes
clearer. Concretely, if we consider an embedding s−1/2Ax, then we think of A as being
computable by a linear algorithm/circuit where all coefficients λi and µi are bounded by
a constant. This naturally leads to a scaling factor s−1/2 for some s. Such a scaling also
occurs in most known upper bounds. Let us first state our main lower bound result and then
discuss how it relates to known constructions:

▶ Theorem 3. Let A ∈ Rm×d be a ScaledJL(ε, δ, s)-matrix for ε ≤ 1/4, δ ≤ C (C being
some universal constant), s ∈ N, m = Θ(ε−2 lg(1/δ)) and d ≥ m, then the expected (over the
random choice of A) minimum number of operations needed for any linear algorithm that
computes the transformation A for all x ∈ Rd with |λi|, |µi| ≤ 1 for all i is Ω(m lg s).

Let us briefly argue that most known constructions are of the form captured by the lower
bound and the definition of a ScaledJL(ε, δ, s)-matrix. Concretely, these upper bounds have
lg s = Ω(lg m) and thus our lower bound shows that it must take Ω(m lg m) operations to
compute these embeddings, even if more clever linear algorithms could be devised. As an
example of an upper bound, consider first the classic JL construction using a matrix A with
i.i.d. random −1/1 entries and a scaling of s−1/2 = m−1/2. In this case, the matrix A can
clearly be computed by a linear algorithm using coefficients bounded by 1 in absolute value
(just carry out the trivial algorithm). So it falls under the definition of a ScaledJL(ε, δ, s)-
matrix with s = m. Next consider embeddings based on Toeplitz matrices [14, 32, 12]. Here
we embed as m−1/2TDx, where D is a diagonal with random signs and T is a Toeplitz
matrix with random signs on its diagonals. The matrix T can be computed via a fast
Fourier transform using coefficients bounded by a constant. Hence the construction also
falls under the definition of ScaledJL(ε, δ, s)-matrix with s = m. We could also consider
the sparse JL transform by Kane and Nelson [21]. Their construction uses an embedding
matrix where each column has t = Θ(ε−1 lg n) non-zero entries, each of magnitude t−1/2.
Such a sparse embedding is typically computed by moving the scaling t−1/2 outside and then
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doing the straight-forward sparse matrix-vector multiplication using constant magnitude
coefficients. It thus falls under the definition of a ScaledJL(ε, δ, s)-matrix with s = t = Θ(εm).
This has lg s = Ω(lg m) when m is optimal O(ε−2 lg n). Finally, consider for instance the
m−1/2PHD construction by Ailon and Chazelle [2]. They use the normalized Hadamard
matrix, i.e. all entries in H are scaled down by d−1/2. If we move that scaling factor outside,
as (md)−1/2PH̄D, then H̄ is computed recursively using coefficients of 1 and −1. The
entries of P are b · N(0, q−1) distributed, where b is a Bernoulli random variable with success
probability q for a q > lg(1/δ)/d. With high probability, no entry of P is thus larger than
about O(

√
d). Moving this scaling factor outside, it cancels out with the d−1/2 from the

Hadamard matrix and then P can also be computed using coefficients bounded by a constant
and the final algorithm is a ScaledJL(ε, δ, s)-matrix with s = Θ(m). Common to all these
approaches, is that they project onto something that resembles a random m-dimensional
subspace. Intuitively, such a matrix should have m rows all of norm about

√
d/m. With d

columns, this would imply that each entry should be about m−1/2 in magnitude. Moving
the scaling factor outside to have constant magnitude entries, results in the m−1/2 scaling
factor observed in all these upper bounds.

Thus many known upper bounds fall under the definition of a ScaledJL(ε, δ, s)-matrix
with a scaling s satisfying lg s = Ω(lg m). Theorem 3 therefore sheds light on why they all
require Ω(m lg m) time (which is ω(d) when d = O(m)). Let us also mention the only upper
bound we are aware of, that does not seem to suffer from the lower bound. In the Kac JL
transform [19, 17], one embeds a vector by repeatedly picking two random coordinates, among
the d input coordinates, and performing a random rotation on the two. After sufficiently
many steps (Ω(d lg d + m lg n) in the current analysis), all but the first m coordinates are
discarded and those m coordinates are scaled by

√
d/m. While seemingly not being captured

by the lower bound, we remark that the analysis of Kac JL cannot be sharpened to o(d lg d)
steps as otherwise, by a coupon collector argument, there is a vector ei among em+1, . . . , ed

whose coordinate i is never involved in a rotation and hence ei is embedded to 0.
Of course, it would have been more natural, if our lower bound in Theorem 3 only required

bounded coefficients in the linear algorithm, not that there is also a scaling parameter s−1/2.
Unfortunately, as we argue in Section 1.3, it seems unlikely that we can establish such a
lower bound using current techniques. We thus believe our results can be seen in two ways:
1) as providing strong evidence that FastJL constructions cannot be made much faster, or 2)
as pointing towards a direction for further improvements, by trying to design embeddings
where a constant scaling parameter s suffices, or super-constant coefficients are used when
computing the embedding, or perhaps using non-linearity.

1.3 Barriers for Linear Algorithm Lower Bounds
Proving super-linear unconditional lower bounds is one of the biggest barriers in many areas
of complexity theory, including in particular for linear operators. A natural computational
model for computing linear operators is a linear algorithm, a.k.a. linear circuit, as in
Definition 2. While being a very natural model of computation for linear operators, capturing
in particular all known JL constructions, it suffers from a lack of tools for proving lower
bounds (without any assumptions on coefficients). Concretely, there are still no super-linear
size lower bounds, even for circuits restricted to logarithmic depth. Moreover, this road
block is not for lack of trying. For instance, already in 1977, Valiant [31] introduced the
notion of matrix rigidity. Loosely stated, the rigidity of a square matrix (corresponding
to a linear operator) A ∈ Rn×n, is the minimum number of entries in A that needs to be
changed to reduce its rank below n/2. Valiant showed that any explicit matrix A with
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rigidity Ω(n2/ lg lg n) cannot have a linear-sized and log-depth linear circuit for computing
the corresponding linear operator. Matrix rigidity has since then been the topic of much
research, see e.g. [13, 4, 30, 9], however none of these works lead to super-linear lower bounds
(also when considering rectangular matrices) for explicit matrices, despite the fact that a
random matrix has high rigidity with high probability.

Bounded Coefficients

In light of the above strong barriers for proving lower bounds for linear circuits, a natural
restriction to the computational model, is to assume that all coefficients λi and µi used by the
gates are bounded in absolute value by a constant r. Indeed, if we enforce such a restriction,
then Morgenstern [27] for instance proved an Ω(n lg n) lower bound on the size of any linear
circuit computing the n × n unnormalized fast Fourier transform. A lower bound for the
size of circuits with bound coefficients by Pudlak [29] yields a similar lower bound for the
unnormalized fast Fourier and Hadamard transform. Similarly, Chazelle [7] proved Ω(n lg n)
lower bounds for linear circuits, with bounded integer coefficients, for computing linear
transformation corresponding to incidence matrices for various geometric range searching
problems. Common to these techniques, is that they relate the circuit complexity to the
eigenvalues of the corresponding matrix A. In particular, the lower bounds one obtains peak
at Ω(ℓ lg γℓ), where γℓ denotes the ℓ’th largest eigenvalue of AT A.

Now in the context of dimensionality reduction, an embedding matrix A ∈ Rm×d can have
at most m non-zero eigenvalues. This means that lower bounds obtained via these techniques
will be proportional to only Ω(m lg γℓ) for an ℓ ∈ Θ(m). Since the size of the circuit is already
at least d, it makes most sense from a lower bound point of view to consider setups where m

and d are within constant factors. However, since embedding matrices A must preserve the
norm of standard unit vectors ei, their columns will have norms of magnitude (1 ± ε). This
implies that the trace of AT A is d(1 ± ε) = Θ(m). Since the trace of AT A equals the sum of
its eigenvalues, we get for ℓ ∈ Θ(m) that γℓ is at best a constant. Thus the lower bounds we
may hope to obtain are only Ω(m), i.e. trivial. Thus considering only the restriction to have
coefficients bounded by a constant is insufficient for proving non-trivial lower bounds using
known techniques.

Output Scaling

Having observed the above, we examined existing FastJL constructions and found a common
trait in most of them: they embed a vector x by computing s−1/2Ax for some scaling factor
s and matrix A, where A can be computed efficiently by a linear circuit using coefficients of
constant magnitude. Given the obstacles mentioned above, we thus settled on proving lower
bounds for embeddings that follow this template, resulting in Theorem 3 above.

2 Lower Bound for Linear Algorithms

The goal of this section is to prove our lower bound from Theorem 3 on the operations needed
for any linear algorithm computing a ScaledJL(ε, δ, s)-matrix. We state a stronger version of
the theorem here:

▶ Theorem 4. Let A ∈ Rm×d be a ScaledJL(ε, δ, s)-matrix for ε ≤ 1/4, δ ≤ C(C being some
universal constant), s ∈ N and tε−2 lg(1/δ) = m, t ≥ 1 and d ≥ m, then the expected (over the
random choice of A) minimum number of operations needed for any linear algorithm computing
Ax for any x ∈ Rd with |λi|, |µi| < r for all i and r > 1/2, is Ω(m lg(s/t2)/(t lg(2r)).

We notice that Theorem 3 is a special case of Theorem 4 where r is set equal to 1 and
t = Θ(1).
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The main tool for proving Theorem 4 is a lemma by Morgenstern relating the operations
needed by a linear algorithm computing a linear transformation B to the determinants of
square submatrices of B:

▶ Lemma 5 ([27]). Let B be a real matrix and let ∆(B) denote the maximum over the
absolute value of the determinant of any square submatrix of B. A linear algorithm computing
the linear transformation B, with |λi|, |µi| < r for all i and r > 1/2, must use at least
lg(∆(B))/ lg(2r) operations.

Using Lemma 5 as our offset, our goal is thus to show that any ScaledJL(ε, δ, s)-matrix
A must have a submatrix whose determinant is in the order of sΩ(m). Since A is allowed to
be stochastic and fail to preserve the norm of a vector x with probability δ, we only prove
that this holds with constant probability over A:

▶ Lemma 6. Let A ∈ Rm×d be a ScaledJL(ε, δ, s)-matrix for ε ≤ 1/4, δ ≤ C (C being
some universal constant), s ∈ N and tε−2 lg(1/δ) = m, t ≥ 1 and d ≥ m, then there exist
a set S ⊆ supp(A) such that PA [S] ≥ 1/2 and for B ∈ S it holds that there exists a square
submatrix F of B such that

| det(F )| ≥
(
c2s/(3(et)2)

)⌈cm/t⌉/2

where c is some universal constant less than 1.

The proof of Theorem 4 follows immediately from the above two lemmas:

Proof of Theorem 4. Let A be a ScaledJL(ε, δ, s)-matrix. Lemma 6 gives the existence
of a set S ⊆ supp(A) with PA[S] ≥ 1/2 and for B ∈ S, B has a square submatrix F

such that | det(F )| ≥
(
c2s/(3(et)2)

)⌈cm/t⌉/2 implying that ∆(B) ≥
(
c2s/(3(et)2)

)⌈cm/t⌉/2. It
now follows by Lemma 5 that a linear algorithm calculating Bx for all x ∈ Rd must use
lg(∆(B))/ lg(2r) operations. Since lg(∆(B)) ≥ (⌈cm/t⌉) lg(c2s/(3(et)2))/2 = Ω(m lg(s/t2)/t)
we get that lg(∆(B))/ lg(2r) = Ω(m lg(s/t2)/(t lg(2r)). Thus we conclude, since PA[S] ≥ 1/2,
that the expected number of operations needed by any linear algorithm computing the
transformation A is Ω(m lg(s/t2)/(t lg(2r)), which concludes the proof of Theorem 4. ◀

The main challenge we face is thus establishing Lemma 6, i.e. proving that for any
ScaledJL(ε, δ, s)-matrix A, it is often the case that A has a square submatrix of large
determinant. This is the focus of the next section.

2.1 Submatrix with Large Determinant (Proof Lemma 6)
To prove Lemma 6, we have to show that with probability at least 1/2, a ScaledJL(ε, δ, s)-
matrix has a square submatrix with an

(
c2s/(3(et)2)

)⌈cm/t⌉/2 large determinant. For this, we
will use a technical lemma from [23] which relates the eigenvalues of BT B to the determinants
of square submatrices of B:

▶ Lemma 7. ([23] proof of Theorem 10) For B ∈ Rm×d, with m ≤ d, let λ1 ≥ λ2 ≥ · · · ≥
λm ≥ 0 denote the eigenvalues of BT B. For all positive integers l ≤ m, there exists a square
submatrix F ∈ Rl×l of B such that

| det (F ) | ≥

√√√√∏l
i=1 λi(

d
l

)(
m
l

) .
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By the above lemma, we can reduce the problem of finding a square submatrix of a
ScaledJL(ε, δ, s)-matrix A with large determinant, to lower bounding the eigenvalues of
a AT A. Using λi(BT B) to denote the i’th largest eigenvalue of BT B, this is precisely the
contents of the following lemma:

▶ Lemma 8. Let A ∈ Rm×d be a ScaledJL(ε, δ, s)-matrix for ε ≤ 1/4, δ ≤ C(C being some
universal constant) and s ∈ N, tε−2 lg(1/δ) = m, t ≥ 1 and d ≥ m, then there exist a set
S ⊆ supp(A) such that PA [S] ≥ 1/2 and for B ∈ S it holds that

λ⌈cm/t⌉(BT B) ≥ ds/(3m)

where c is some universal constant less than 1.

Before we give the proof of Lemma 8, let us see that it suffices to finish the proof of Lemma 6:

Proof of Lemma 6. Let A be ScaledJL(ε, δ, s)-matrix such that the conditions of Lemma 8
are met. We then have for B in the set S described in Lemma 8 that the l = ⌈cm/t⌉’th
largest eigenvalue of BT B is at least ds/(3m). Now by Lemma 7. we have that there exist
a square submatrix F ∈ Rl×l of B such that | det(F )| ≥ (

∏l
i=1 λi/

(
d
l

)(
m
l

)
)1/2. Now using

these two properties combined with
(

n
k

)
≤ (en/k)k and l ≥ cm/t we get that

| det(F )| ≥

(
l∏

i=1
λi/

((
d

l

)(
m

l

)))1/2

≥
(
dsl2/(3e2dm2)

)l/2 ≥
(
c2s/(3(et)2)

)⌈cm/t⌉/2
.

Thus Lemma 6 follows by the conditions in Lemma 6 and Lemma 8 on the ScaledJL(ε, δ, s)-
matrix being the same. ◀

After having established the above connection between eigenvalues and linear algorithms,
we are left with proving Lemma 8, i.e. to show that for a ScaledJL(ε, δ, s)-matrix A, it is
often the case that AT A has many large eigenvalues. We first give an overview of the main
ideas in the proof, before proceeding to give the formal details.

Proof Overview

The proof of Lemma 8 is at a high level inspired by methods used in [24]. The main result
of [24] was a lower bound of m = Ω(ε−2 lg n) on the embedding dimension of any linear
dimensionality reducing map. Their lower bound was proved for a “hard” set of vectors
consisting of the standard basis vectors and several independent Gaussian vectors. The
standard basis vectors were used to lower bound the trace Tr(AT A) where A is the full
embedding matrix (including any scaling factors), whereas the Gaussian vectors were used
to upper bound the squared Frobenius norm ∥AT A∥2

F . Since Tr(AT A) is the sum of the
eigenvalues of AT A and ∥AT A∥2

F is the sum of squared eigenvalues, one cannot have a large
Tr(AT A) and a small ∥AT A∥2

F without having many non-zero eigenvalues. Their lower
bound on m follows by observing that the number of non-zero eigenvalues equals the rank of
A, and the rank cannot exceed m. We remark that the idea of using Gaussian vectors as a
hard instance was also seen in [20].

Compared to the proof above, we need to show something stronger. More precisely, the
previous work merely showed that there are Ω(ε−2 lg n) non-zero eigenvalues. We need to
show that there are Ω(ε−2 lg n) eigenvalues that are all at least ds/(3m) large. This requires
a more refined analysis and the introduction of the scaling parameter s−1/2 in the embedding
s−1/2Ax as in the definition of a ScaledJL(ε, δ, s)-matrix.
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The hard instance in our lower bound is also the standard basis vectors e1, . . . , ed in Rd

together with a Gaussian distributed vector g ∈ Rd. By Markov’s inequality, we get that the
following two events hold simultaneous with constant probability over the random choice of
A: The number of basis vectors whose norm is preserved, i.e. |{i : ∥Aei/

√
s∥2 ∈ (1 ± ε)}|, is

Ω(d), and secondly, the probability that the random Gaussian vector has its norm preserved
satisfies Pg[∥Ag/

√
s∥2

/ ∈ (1 ± ε) ∥g∥2] ≥ 1 − Θ(δ). Thus if we now consider an outcome B of
A which satisfies these two relations, we get by |{i : ∥Bei/

√
s∥2 ∈ (1 ± ε)}| = Ω(d) that the

trace of BT B, which is equal to the sum of the eigenvalues BT B, is Ω(ds). Now by ∥Bg/
√

s∥2

being in (1 ± ε) ∥g∥2 and ∥g∥2 being in (1 ± ε)d, both with probability least 1 − δΘ(1) over g,
we also get with probability at least 1 − δΘ(1) over g that ∥Bg∥2 ∈ (1 ± Θ(ε))ds.

Now using the lower bound
∑

λ(BT B)i = Ω(ds) and the fact that BT B has at most
m non-zero eigenvalues, we get that the sum of the eigenvalues larger than ds/(3m) is at
least Ω(ds) − m(ds/(3m)) = Ω(ds) (provided that we can prove a large enough constant
in the Ω(ds) notation). However, we also need to prove that there are not just a few such
eigenvalues that are huge and account for most of the sum. For this, let l denote the number
of eigenvalues that are greater than or equal to ds/(3m).

To prove a lower bound on l, we first use anti-concentration inequalities to relate the
distribution of ∥Bg∥2 to Tr(BT B), obtaining an upper bound on ∥BT B∥2

F =
∑

λ(BT B)2
i ≤

O((ds)2/m) (like in previous work). Using the upper bound on
∑

λ(BT B)2
i and Cauchy-

Schwartz, we then conclude that the sum of the eigenvalues larger than ds/(3m) is at most
Θ(ds

√
l/m) - hence combining the lower and upper bound on the sum of the eigenvalues

larger than ds/(3m), we get that Θ(ds
√

l/m) = Ω(ds), so we conclude that l = Ω(m) as
wanted. We remark that while this last part of our proof carries some resemblance to that
in [24], we believe that the whole reduction above, reducing the problem to arguing that the
embedding matrix must have many large eigenvalues, is highly novel in its own right.

Preliminaries

To prove Lemma 8, we need the following two concentration bounds for normal distributed
random variables.

▶ Lemma 9 ([35]). Let g1, . . . , gd be independent N(0, 1) random variables and u1, . . . , ud

be non-negative numbers, then for constants c1 ≤ 1 and C1 ≥ 1 we have that

c1 exp
(
−C1x2/∥u∥2

2
)

≤ P

[
d∑

i=1
ui(g2

i − 1) ≥ x

]
, ∀0 ≤ x

c1 exp
(
−C1x2/∥u∥2

2
)

≤ P

[
d∑

i=1
ui(g2

i − 1) ≤ −x

]
, ∀0 ≤ x ≤ c1∥u∥2

2/∥u∥∞.

▶ Lemma 10 (Example 2.11 [33]). Let g1, . . . , gd be independent N(0, 1) random variables
then

P

[∣∣∣∣∣
d∑

k=1
g2

i − d

∣∣∣∣∣ ≥ αd

]
≤ 2e−dα2/8, for all α ∈ (0, 1).

Proof of Lemma 8

We are now ready to give the proof of Lemma 8.
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Proof. Let A ∈ Rm×d be a ScaledJL(ε, δ, s)-matrix for ε ≤ 1/4 and δ ≤ C (where C is a
constant to be fixed later), tε−2 lg(1/δ) = m and d ≥ m.

Let e1, . . . , ed be the standard basis vectors in Rd. Let further Pg denote the measure of
a standard Gaussian random vector g ∈ Rd independent of A. We now claim the existence
of a set of matrices S such that A ∈ S holds with probability at least 1/2 and for B ∈ S, we
have that

|{i : |
∥∥Bei/

√
s
∥∥2 − ∥ei∥2 | > ε ∥ei∥2}| < 4δd (1)

and

Pg

[
|
∥∥Bg/

√
s
∥∥2 − ∥g∥2 | > ε ∥g∥2

]
< 4δ. (2)

To show this, define for each i ∈ [d] the event Ei = {| ∥Aei/
√

s∥2 − ∥ei∥2 | > ε ∥ei∥2} and
set Xi equal to 1Ei

, such that
∑d

i=1 Xi = |{i : | ∥Bei/
√

s∥2 − ∥ei∥2 | > ε ∥ei∥2}|. By the
ScaledJL(ε, δ, s)-matrix assumption of A, we have that

EA

[
d∑

i=1
Xi

]
≤ δd

so by Markov’s inequality we get that

PA

[
d∑

i=1
Xi ≥ 4δd

]
≤ 1/4

similarly by the ScaledJL(ε, δ, s)-matrix assumption we have that

EA

[
Pg

[
|
∥∥Ag/

√
s
∥∥2 − ∥g∥2 | > ε ∥g∥2

]]
< δ

so by applying Markov’s inequality again, we get that

PA

[
Pg

[
|
∥∥Ag/

√
s
∥∥2 − ∥g∥2 | > ε ∥g∥2

]
≥ 4δ

]
≤ 1/4.

Now using a union bound gives that Equation (1) and Equation (2) hold simultaenously
with probability at least 1/2 as claimed.

If we can show that for B ∈ S, it holds that λ(BT B)⌈cm/t⌉ > ds/(3m), then we are done
since the probability of A being in S is at least 1/2. So let B ∈ S. We now notice that by
Equation (1) there exist (1 − 4δ)d indices in i ∈ [d] such that (BT B)i,i ∈ (1 ± ε)s. If we now
let λi(BT B) denote the i’th largest eigenvalue of BT B, we get the following lower bound on
the sum of eigenvalues of BT B (assuming ε ≤ 1/4 and δ ≤ C ≤ 1/36):

m∑
i=1

λi(BT B) = Tr(BT B) ≥ (1 − ε)(1 − 4δ)ds ≥ 2ds/3. (3)

Now by Cauchy-Schwartz, we also have that

m∑
i=1

λi(BT B) ≤

√√√√m
m∑

i=1
λi(BT B)2

≤

√√√√m

m∑
i=1

λi(BT B)2

√√√√ m∑
i=1

λi(BT B)2/λ1 =
√

m

m∑
i=1

λi(BT B)2/λ1 (4)
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Combining Equation (3) and Equation (4), we get that

(
m∑

i=1
λi(BT B)2)/λ1(BT B) ≥ 2ds/3

√
m ≥ ds/4

√
m. (5)

Now since B was in S, we have by Equation (2) that ∥Bg∥2 ∈ (1 ± ε) ∥g∥2 with probability
at least 1 − 4δ over g. At the same time, we have by Lemma 10 that for 0 < α < 1, it holds
that ∥g∥2 ∈ (1 ± α)d with probability at least 1 − 2 exp (−dα2/8). Now choosing α = ε,
we get that 2 exp(−dε2/8) ≤ 2δ1/8. By the assumption that d ≥ m ≥ ε−2 lg(1/δ), we get
that ∥g∥2 ∈ (1 ± ε)d with probability at least 1 − 2δ1/8 over g. Now combining this with
∥Bg∥2 ∈ (1 ± ε) ∥g∥2 with probability at least 1 − 4δ over g, we get by a union bound that

∥Bg∥2 ∈ (1 ± ε)(1 ± ε)ds = (1 − 2ε + ε2, 1 + 2ε + ε2)ds (6)

with probability at least 1 − 6δ1/8 over g.
Now using the eigenvalue decomposition of BT B into UT DU , where U is an orthogonal

matrix and D an diagonal matrix with the eigenvalues of BT B on its diagonal in decreasing
order, and that a standard normal Gaussian vector is invariant in distribution under rotations,
we obtain the following relation

∥Bg∥2 − Tr(BT B) = gT BT Bg − Tr(BT B) = gT UT DUg − Tr(BT B) (7)

d= g̃T Dg̃ −
d∑

i=1
λi(BT B) =

d∑
i=1

λi(BT B)(g̃2
i − 1). (8)

Our next step is to relate
∑

i λ2
i (BT B) to δ. Here we take two different approaches depending

on Tr(BT B). c1 and C1 in the following are the constants of Lemma 10.

Case 1. If Tr(BT B) ≤ (1 − 2ε + c1/(4
√

m))ds then by Equation (6) (and the comment
above the equation) we have with probability at least 1 − 6δ1/8 over g that

∥Bg∥2 − Tr(BT B) ≥ ((1 − 2ε + ε2) − (1 − 2ε + c1/(4
√

m)))ds > −c1ds/4
√

m.

implying that 6δ1/8 ≥ Pg

[
∥Bg∥2 − Tr(BT B) ≤ −c1ds/4

√
m
]
.

Now noticing that c1ds/4
√

m ≤ c1(
∑m

i=1 λi(BT B)2)/λ1(BT B) by Equation (5), we may
invoke the second relation in Lemma 9 on Equation (8) to get:

Pg

[
∥Bg∥2 − Tr(BT B) ≤ −c1ds/4

√
m
]

= Pg̃

[
d∑

i=1
λi(BT B)(g̃2

i − 1) ≤ −c1ds/4
√

m

]

≥ c1 exp
(

−C1(c1ds)2/(16m
d∑

i=1
λ2

i (BT B))
)

.

Yielding that 6δ1/8 ≥ c1 exp
(

−C1(c1ds)2/(16m
∑d

i=1 λ2
i (BT B))

)
.

Case 2. If Tr(BT B) ∈ [(1 − 2ε + c1/(4
√

m))ds, ∞) then by Equation (6) (and the comment
below the equation) we have with probability at least 1 − 6δ1/8 over g that

∥Bg∥2 − Tr(BT B) ≤ ((1 + 2ε + ε2) − (1 − 2ε + c1/(4
√

m))))ds < 5εds.

implying that 6δ1/8 ≥ Pg

[
∥Bg∥2 − Tr(BT B) ≥ 5εds

]
.

STACS 2023
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Now using the first relation in Lemma 9 combined with Equation (8), it follows that

Pg

[
∥Bg∥2 − Tr(BT B) > 5εds

]
Pg̃

[
d∑

i=1
λi(BT B)(g̃2

i − 1) > 5εds

]

≥ c1 exp
(

−C1(5εds)2/(
d∑

i=1
λ2

i (BT B))
)

.

Yielding that 6δ1/8 ≥ c1 exp
(

−C1(5εds)2/(
∑d

i=1 λ2
i (BT B))

)
.

Conclusion. Now using that m ≥ ε−2 lg(1/δ) and c1 ≤ 1 it follows that c2
1/16m ≤ 52ε2

which then implies that C1(c1ds)2/(16m
∑d

i=1 λ2
i (BT B)) ≤ C1(5εds)2/(

∑d
i=1 λ2

i (BT B).
Combining this with the conclusion of the above two cases, we get 6δ1/8 ≥
c1 exp

(
−C1(5εds)2/(

∑d
i=1 λ2

i (BT B))
)

. With this relation, choosing the universal constant
C = (c1/6)16 (less than 1/36 as used in Equation (3)), which implies that c1/(6δ1/16) ≥ 1,
and using that m = tε−2 lg(1/δ), we now get that

lg(6δ1/8) ≥ lg(c1) − C1(5εds)2/(
d∑

i=1
λ2

i (BT B))

which implies

d∑
i=1

λ2
i (BT B) ≤ C1(5εds)2/(lg(c1/(6δ1/8))) ≤ C116(5εds)2/ lg(1/δ) ≤ 202C1t(ds)2/m. (9)

We now define the vector w ∈ Rd as

[w]i =
{

1 if λi(BT B) ≥ ds/(3m)
0 else

and let l be equal to the number of non-zero entries of w. Let further λ denote the vector in
Rd with the eigenvalues of BT B in decreasing order. It then follows by Cauchy-Schwartz
and Equation (9) that we have the following upper bound on the sum of the eigenvalues of
BT B larger than ds/(3m):

∑
i:λi(BT B)≥ds/(3m)

λi(BT B) = ⟨λ, w⟩ ≤ ∥λ∥ ∥w∥ =

√√√√ d∑
i=1

λ2
i (BT B)l ≤

√
202C1t(ds)2l/m.

At the same time, we get the following lower bound on the sum of the eigenvalues of BT B

larger than ds/(3m) by Equation (3) and the fact that (BT B) has rank at most m and hence
at most m non-zero eigenvalues

∑
i:λi(BT B)≥ds/(3m)

λi(BT B) =
d∑

i=1
λi(BT B) −

∑
i:λi(BT B)<ds/(3m)

λi(BT B)

≥ 2ds/3 − ds/3 = ds/3.

Hence combining the upper and lower bound we obtain that ds/3 ≤
√

202C1t(ds)2l/m,
implying that m/(602C1t) ≤ l, which by setting c in Lemma 8 equal to 1/602C1 ≤ 1 (C1 ≥ 1
by Lemma 9) concludes the proof of Lemma 8. ◀
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Abstract
The notion of delay between finite transducers is a core element of numerous fundamental results of
transducer theory. The goal of this work is to provide a similar notion for more complex abstract
machines: we introduce a new notion of delay tailored to measure the similarity between streaming
string transducers (SST). We show that our notion is regular : we design a finite automaton that can
check whether the delay between any two SSTs executions is smaller than some given bound. As a
consequence, our notion enjoys good decidability properties: in particular, while equivalence between
non-deterministic SSTs is undecidable, we show that equivalence up to fixed delay is decidable.
Moreover, we show that our notion has good completeness properties: we prove that two SSTs are
equivalent if and only if they are equivalent up to some (computable) bounded delay. Together with
the regularity of our delay notion, it provides an alternative proof that SSTs equivalence is decidable.
Finally, the definition of our delay notion is machine-independent, as it only depends on the origin
semantics of SSTs. As a corollary, the completeness result also holds for equivalent machine models
such as deterministic two-way transducers, or MSO transducers.
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1 Introduction

Transducers are another fundamental extension of finite automata for computing functions,
and more generally relations, between structures. In this paper, we consider string-to-
string transducers, which operate on (input) strings and produce (output) strings. The
most basic, finite transducers, are obtained by adding output words on the transitions of a
finite automaton [32, 21]. At the heart of several important results in the theory of finite
transducers is a notion, called delay, allowing to finely compare, in a regular way (with a
finite automaton), transducer executions. The goal of this paper is to provide such a notion
for a strictly more powerful class of transducers, streaming string transducers [1], which have
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ρ5 :
ρ4 :
ρ3 :
ρ2 :
ρ1 :

4

t = 1 t = 2 t = 3 t = 4
a 3a a 2a a a 1a a a a 1b b b b 2b b b 3b b 4b

1a a a a 2a a a 3a a 4a 4b 3b b 2b b b 1b b b b

4a 4a 3a a 3a a 2b b b 2b b b 1b b b b 1b b b b

1a a a a 1a a a a 2a a a 2a a a 3b b 3b b 4b 4b

2a a a 2a a a 2a a a 2a a a 4b 4b 4b 4b

Figure 1 Five ways of producing the output sequence a4b4, and the corresponding origin functions.

received a lot of attention in the recent years, due to their robustness and equivalence with
many other formalisms to define string-to-string functions. In particular, this paper answers
positively the following high-level question:
Is it possible to measure in a regular manner how differently executions of equivalent
streaming string transducers produce their outputs?

Finite transducers. We first explain how the above question is answered for finite transducers.
Transitions of finite transducers over some alphabet Σ are tuples (p, σ, w, q) where p, q

are states, σ ∈ Σ is a symbol read on the input tape, and w ∈ Σ∗ is a word (possibly
empty) written on the output tape. A finite transducer execution, i.e., a sequence of
successive transitions ρ = (p1, σ1, w1, p2) . . . (pn−1, σn, wn, pn), operates on the input word
in(ρ) = σ1 . . . σn and produces the output word out(ρ) = w1 . . . wn. The semantics of a finite
transducer is the set of pairs (in(ρ), out(ρ)) for all accepting executions ρ. Two different
executions ρ1 and ρ2 might define the same input/output pair, but can produce the output
in a different way because the output words wi occurring on the transitions of the two runs
may differ, although their whole concatenation is the same.

Origin information. Differences in the way transducers produce their output are best
captured by the notion of origin information, initially proposed for streaming string trans-
ducers [10]. An origin function maps any position of the output word to the input position
where it was produced. In an execution such as ρ above, any position of wi has origin i.
Figure 1 illustrates five different ways of producing the same output word a4b4 (the input
word of length 4 is irrelevant here and not depicted). Consider for example the execution
ρ1. When reading the first input symbol (timestep t = 1), nothing is produced. At timestep
t = 2, a4 is produced, and its positions have origin 2, as depicted to the right of the figure.
The sequence b4 is produced at timestep t = 4 so its corresponding positions have origin 4.
Note that ρ3, ρ4, ρ5 do not correspond to finite transducer executions, as a4b4 is not produced
from left to right.

Delay for finite transducers. A natural way of comparing two finite transducer executions
ρ1, ρ2 on the same input and producing the same output, is to compare the origin functions
o1, o2 they induce, and in particular how much one is ahead of the other. In Figure 1, both ρ1
and ρ2 produce the same output from left to right, yet at different speed: ρ1 produces bigger
chunks of output at lower frequency. The delay between both executions is 2 for t ∈ {1, 3}
and 0 for t ∈ {2, 4}. The global delay delay(ρ1, ρ2) is defined as the maximal delay along the
executions, in this case 2. Two transducers T1 and T2 are said to be k-delay equivalent if for
each run ρ1 of T1 or T2 the other transducer has a run ρ2 with the same input and output
satisfying delay(ρ1, ρ2) ≤ k. This delay notion enjoys two important properties:
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Regularity: While the set E = {(ρ1, ρ2) | in(ρ1) = in(ρ2) ∧ out(ρ1) = out(ρ2)} is not regular1

in general for finite transducer executions, its restrictions to pairs of executions with
bounded delay is regular: For every k ∈ N, the set Ek = {(ρ1, ρ2) ∈ E | delay(ρ1, ρ2) ≤ k}
is regular [24]. As finite automata compose well with other abstract machines, this allows
to use the delay in all kinds of constructions while preserving good decidability properties.
For instance k-delay equivalence is decidable [24].

Completeness: For any two finite transducers T1, T2 defining string-to-string functions, there
exists a computable bound k such that T1 and T2 are equivalent iff they are k-delay
equivalent. The completeness even holds in broader classes [24], such as finite-valued
transducers, for which there is a global bound on the number of outputs mapped to a
single input.

Applications. Due to its regularity and completeness, the notion of delay, while basic,
proves to be very powerful, and is omnipresent in the study of finite transducers. It provides
decidable approximations of various undecidable decision problems, which reveals to be exact
for broad classes of transducers, such as finite-valued transducers [24]. Various patterns
characterizing important subclasses of transducers are based on the delay notion: For instance,
transducers which are sequential [14, 9] (i.e., definable by an input-deterministic transducer);
equivalent to finite union of sequential functions [27, 20]; finite-valued [29, 31]. Moreover,
it has been used to show that any finite-valued transducer can be decomposed as a union
of 1-valued transducers [33, 30]. Canonical notions for finite transducers are also based on
delay: for input-deterministic transducers [15] and 1-valued transducers [28].

Streaming string transducers and regular functions. Streaming string transducers (SST)
are obtained by equipping deterministic finite automata with a finite set of registers that
store output [1]. Those registers cannot be tested, but are updated by concatenating them, or
prepending/appending some symbols to them. E.g., consider a single-state SST with a loop
which, whatever it reads as input, updates its single register O by the operation O := aOb,
and finally outputs the whole content of O. The execution ρ5 in Figure 1 represents an
execution of this SST. Consider an equivalent single-state SST with two registers X, Y which,
whatever the input, executes X := Xa and Y := bY , and finally outputs the concatenation
XY (ρ4 in Figure 1 produces the output in this way). While equivalent, those two transducers
are not equivalent if the origin information is included in the semantics.

SSTs define a robust set of string-to-string functions, called regular functions, which
can be equivalently defined by deterministic two-way transducers [1], monadic second-order
transductions [16, 22, 4], regular transducer expressions [5, 8, 18, 19], and a logic with
origins [17]. Regular functions also enjoy a Krohn-Rhodes decomposition theorem [11]. SSTs
have a decidable equivalence problem [26], have been applied to the verification of list-
processing programs [2], and have been implemented for evaluating string transformations [3].

There are two natural ways of extending the delay defined for finite transducers to compare
executions of SSTs with the same input and output: we can either simply compare the
number of produced output letters without caring about the positions where it is produced,
or we can count the number of positions whose output has already been produced in one
run but not in the other. Both methods match the previously defined delay if the output is
produced from left to right, but unfortunately neither preserves conjointly the regularity and

1 Regularity here is defined as classical regularity of word languages, where a pair (ρ1, ρ2), are encoded as
a single word over a product alphabet of transitions.
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the completeness once other output production mechanisms, such as in SSTs, are considered2.
As the basic notions of delay for SSTs fail to satisfy good properties, better ways of comparing
SSTs were introduced, yet none that conjointly has good decidability and completeness
properties. For instance, bounded regular resynchronizers can alter origin functions of SSTs
in a controlled manner while preserving good decidability properties, but they are are not
complete [13, 12]. In the restricted setting of single-register SSTs, a regular and complete
notion of delay is defined based on word equations [25]. This approach was applied to prove
a decomposition theorem for single-register SSTs, but unfortunately fails when more registers
are allowed.

Contributions. We define a delay notion for comparing SST executions, based on the origin
functions they induce, that is both regular (Theorem 5) and complete for fundamental SST
decision problems including equivalence (Theorem 3 and Corollaries 10 and 11). This delay
notion is described in the next subsection. We first present our results. Since our notion
is based on origins, it more generally applies to regular functions with origin information.
SSTs are known to be equivalent to deterministic two-way and MSO transducers, via origin-
preserving encodings [10], so we obtain as a corollary that our delay notion is also complete
for equivalence of deterministic two-way transducers and MSO transducers (Corollary 4).

The origin semantics allows us to recover decidability of several decision problems:
While non-deterministic SST equivalence is undecidable, we can decide whether two non-
deterministic SSTs define the same relations with same origins. However, asking for identical
origins is very restrictive: it fails to detect equivalence if the origins are perturbed ever so
slightly. This observation was already made in [24] in the context of finite transducers, where
it is proposed to relax several decision problems, such as equivalence with same origins,
to decision problems with close origins, such as equivalence up to a given delay bound
k. We prove that the inclusion, equivalence and variable minimization problems up to a
given delay bound are decidable for (non-deterministic) SSTs (Theorems 8 and 9), while in
general those problems are undecidable. Since our delay notion is complete for equivalence
of (deterministic) SSTs, the latter result provides an alternative proof that such SSTs have
decidable equivalence problem, and sheds light on the intrinsic reasons why SSTs executions
are equivalent.

Delay for SSTs. Our notion of delay is based on the following observation: The order of
production of each output segment that is a power of a small word should have no impact
on the delay. For every ℓ ∈ N, we introduce the measure delayℓ, which first decomposes
the output into blocks that are powers of words smaller than or equal to ℓ. Then, at any
position j ending a block (instead of any position), we measure the maximal difference at any
timestep t, between the number of output positions at the left of j produced before timestep
t in the first and second executions. We then take the maximal such value for all j. Consider
ρ4 and ρ5 for example. delay1 splits the output a4b4 of Figure 1 into two blocks, a4 and b4.
Consider ending block position j = 4. At any timestep, the maximal difference of quantity of
outputs produced at the left of j is always 0, because ρ4, ρ5 produce exactly one symbol per
timestep before position j = 4. The same reasoning applies for ending block position j = 8,
where here instead, exactly two symbols are produced by ρ4, ρ5 at any timestep, at the left
of position j = 8. Hence delay1(ρ4, ρ5) = 0. We refer to Section 3 for a smooth introduction

2 We refer the interested reader to the appendix for more details about those natural extensions and an
explanation of why they are not satisfactory.
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to our delay notion and the main results and to Section 4.1 for a proof of its completeness,
and to Section 4.2 for a proof of its regularity. The completeness proof is perhaps the most
involved. It is based on a key pumping lemma (Lemma 6), which intuitively states that for
any SST, there exist computable bounds k and ℓ such that, if the delay delayℓ between two
executions on the same input/output is greater than k, then those two executions can be
pumped to construct two executions over the same input but with different outputs.

2 Preliminaries

We fix our notation. Let N denote the set of non-negative integers. The interval between
integers a and b including resp. excluding a and b is denoted [a, b] resp. (a, b).

Free monoid. Given a finite alphabet Σ, the free monoid over Σ is the monoid (Σ∗, ·, ε)
defined as follows. The set Σ∗ is composed of finite sequences of elements of Σ, called words.
The operation · is the usual word concatenation. The neutral element ε is the empty word.

A subset L ⊆ Σ∗ is called a language. Given a word u = a1 · · · an ∈ Σ∗, |u| denotes its
length, u[i] denotes its ith letter ai, u[i, j] denotes its infix ai · · · aj . Given an additional
word v = b1 · · · bn ∈ Σ∗, u ⊗ v denote the convolution

(
a1···an

b1···bn

)
∈ (Σ × Σ)∗.

Automaton. A (finite state) automaton is a tuple A = (Σ, Q, I, ∆, F ) composed of a finite
alphabet Σ, a finite set of states Q, a set of initial states I ⊆ Q, a set of final states F ⊆ Q, and
a set of transitions ∆ ⊆ Q×Σ×Q. A run of A is a sequence ρ = q0a1q1a2q2 · · · anqn ∈ Q(ΣQ)∗

such that (qi−1, ai, qi) ∈ ∆ for every 1 ≤ i ≤ n. The input of ρ is the word a1a2 · · · an ∈ Σ∗.
The run ρ is called accepting if its first state is initial (q0 ∈ I) and its last state is final
(qn ∈ F ). The automaton A is deterministic if I is a singleton and ∆ is expressed as a
function δ : Q × Σ → Q. The language recognized by A is the set L(A) ⊆ Σ∗ composed of
the inputs of all its accepting runs.

Substitutions monoid. Given a finite alphabet Σ, a finite set X = {X1, X2, . . . , Xn} of
variables, and a designated output variable O ∈ X , the (copyless) substitutions monoid
(SX ,Σ, ◦, IdX ) is defined as follows. The set SX ,Σ contains all functions σ : X → (X ∪ Σ)∗

such that no variable appears twice in the image of a variable and no variable appears
in the images of two distinct variables, i.e., the word σ(X1) . . . σ(Xn) does not contain
twice the same variable. The composition σ1 ◦ σ2 of two substitutions σ1, σ2 ∈ SX ,Σ is
obtained by first applying σ2, and then σ1. Formally, it is the function σ̂1(σ̂2(·)), where
each substitution σ is morphically extended to σ̂ over (X ∪ Σ)∗ by letting σ̂(X) = σ(X) and
σ̂(α) = α for α ∈ Σ. We write σ in place of σ̂. For instance, the substitution composition
(σ1 : X 7→ ε) ◦ (σ2 : X 7→ aX) ◦ (σ3 : X 7→ bXc) maps X to bac, since σ3(X) = bXc,
σ2(bXc) = baXc and σ1(baXc) = bac. The neutral element IdX is the identity function
mapping each variable X ∈ X to itself. Finally, we denote by σε the substitution mapping
each variable X ∈ X to ε. We recall that O is the designated output variable; the output of
a substitution σ is the word out(σ) = (σε ◦ σ)(O).

Streaming string transducer. A streaming string transducer (SST) is a tuple T =
(Σ, Q, I, δ, F, X , O, κ, κF ) where AT = (Σ, Q, I, δ, F ) is a deterministic automaton, called
underlying automaton of T , X is a finite set of variables (also called registers), O ∈ X is a final
variable, κ : δ → SX ,Σ is an output function, and κF : Q → SX ,Σ is a final output function. A
run of T is a run ρ = q0a1q1a2q2 · · · anqn ∈ Q(ΣQ)∗ of AT , we define κ(ρ) as the substitution
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T1
O := XY

a, X := Xa, Y := Y, O := ε

b, X := X, Y := Y b, O := ε

T2
O := O

a, O := aO

b, O := Ob

Figure 2 Two deterministic SSTs that realize the same sorting function, cf. Example 1.

obtained by composing sequentially all substitutions occurring on the transitions and the final
substitutions, i.e. κ(ρ) = κ((q0, a1, q1))◦κ((q1, a2, q2))◦· · ·◦κ((qn−1, an, qn))◦κF (qn) ∈ SX ,Σ.
The output of the run ρ is the word (σε ◦ κ(ρ))(O). The transduction R(T ) recognized (also
called realized) by T is the set of pairs (u, v) ∈ Σ∗ × Σ∗ such that T has an accepting run
with input u and output v. Non-deterministic SST are defined the same way except that AT

is non-deterministic. We emphasize that the transduction realized by a (deterministic) SST
is a partial function.

▶ Example 1. Depicted in Figure 2 are deterministic SSTs T1 and T2 that realize the same
sorting function f : {a, b}∗ → {a, b}∗ that maps u ∈ {a, b}∗ to ambn, where m (resp. n) is
the number of occurrences of a (resp. b) in u.

Origin information. A word with origins is a word ũ := u ⊗ o ∈ (Σ ×N)∗ where each letter
of u is annotated with a natural number signifying its origin in time. A transduction with
origins is a relation R ⊆ Σ∗ × (Σ ×N)∗.

Naturally, we associate with a sequence λ = σ1σ2 · · · σn ∈ S∗
X ,Σ of substitutions the

output word with origins ˜out(λ) = out(λ) ⊗ i1 · · · i|out(λ)| with ij = out(σ′
1σ′

2 · · · σ′
n)[j] for

1 ≤ j ≤ |out(λ)| where for all 1 ≤ t ≤ n, the substitution σ′
t ∈ SX ,N is obtained by replacing

each output letter in σt with the number t. Furthermore, we associate with an SST T the
transduction with origins Rori(T ) that is the set of pairs (u, ˜out(λ)) ∈ Σ∗ × (Σ×N)∗ such that
T has an accepting run ρ with input u and sequence of substitutions κ(ρ) = λ. For example,
regarding the SSTs T1 and T2 from Figure 2, we obtain that (abaa,

(
aaab
1342

)
) ∈ Rori(T1) and

(abaa,
(

aaab
4312

)
) ∈ Rori(T2).

3 Delay measure

As mentioned in the introduction, the concept of delay has proven to be a useful tool in the
understanding of finite transducers. Our goal is to introduce a robust delay measure suitable
to gain a better understanding of streaming string transducers. Towards that, we informally
recall the notion of delay for finite transducers: The delay between two finite transducer
computations that produce the same output in the end, is a measure for how much ahead
one output is compared to the other during the computation. In other words, the difference
between the length of the so-far produced output is measured.

A key difference between finite transducers and SSTs is that the former build their outputs
from left to right while SSTs do not have this restriction. To design a notion of delay taking
this into account, we use origin information to define a notion of weight difference. These
notions are illustrated in Example 2.

Weight difference. Given a word with origins ũ := u ⊗ o ∈ (Σ ×N)∗, a time t ∈ N, and
j ∈ N, we define the positional weight weightj,t(ũ) ∈ N as the number of positions of u up
to j whose origin is no later than t, i.e.,

weightj,t(ũ) =
∣∣{i ∈ {1, 2, . . . , min(j, |u|)} | o[i] ≤ t}

∣∣.
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Note that weightj,t(ũ) = weight|u|,t(ũ) for all j ≥ |u|. Given a second word with origins
ṽ ∈ (Σ ×N)∗, and j1, j2 ∈ N, we define the weight difference as

diffj1,j2,t(ũ, ṽ) =
∣∣weightj1,t(ũ) − weightj2,t(ṽ)

∣∣ and diffj,t(ũ, ṽ) = diffj,j,t(ũ, ṽ).

Furthermore, we define the maximal weight difference as

max-diffj1,j2(ũ, ṽ) = max
t∈N

(
diffj1,j2,t(ũ, ṽ)

)
and max-diffj(ũ, ṽ) = max

t∈N

(
diffj,t(ũ, ṽ)

)
.

We remark that the value of max-diff is bounded even though t takes infinitely many values.
Also, we note that max-diff0(ũ, ṽ) = 0. We illustrate these notions.

▶ Example 2. We base our example on the SSTs T1, T2 from Figure 2. On input abaaa

both SSTs produce output aaaab. The associated origins differ, we have ũ =
(

aaaab
13452

)
and

ṽ =
(

aaaab
54312

)
. We obtain diff2,0(ũ, ṽ) = 0, diff2,1(ũ, ṽ) = 1, diff2,2(ũ, ṽ) = 1, diff2,3(ũ, ṽ) = 2,

diff2,4(ũ, ṽ) = 1, diff2,5(ũ, ṽ) = 0, and max-diff2(ũ, ṽ) = 2. More generally, on input abai the
output is ai+1b and with origins we have ũi =

(
a a a ··· a a b
1 3 4 ··· i+1 i+2 2

)
and ṽi =

(
a a ··· a a a b

i+2 i+1 ··· 4 3 1 2
)

for all i > 0. Moreover, max-diff(i+1)/2(ũi, ṽi) = (i + 1)/2 for all odd i.

The first idea of a delay notion for SSTs similar to finite transducers is to consider the
maximal weight difference that can occur. In Example 2, since T1 builds the a-output block
from left to right and T2 from right to left, their maximal weight difference is unbounded
even though T1 ≡ T2. Hence, this first idea of a delay notion violates the completeness
requirement. To avoid this problem, we would like our notion of delay to reflect that, for a
periodic block, it is not important if a repetition of the period is appended or prepended: the
result is the same. Therefore, we only measure the difference at the end of periodic blocks
and not inside of them. To this end, we introduce a new notion.

Factors, cuts. The primitive root of a word u ∈ Σ∗, denoted root(u), is the shortest word w

such that u = wk for some positive integer k. We call a word u ∈ Σ∗ primitive if root(u) = u.
Let u ∈ Σ∗ and ℓ > 0. We cut u into factors such that each factor has a primitive root of

length at most ℓ. The factors are chosen inductively from left to right in a way to maximize
the size of each factor as follows. The first factor u1 of u is the longest prefix of u such
that |root(u1)| ≤ ℓ, the ith factor ui of u is the longest prefix of u′ such that |root(ui)| ≤ ℓ

where u = u1 · · · ui−1u′. We refer to this unique ℓ-factorization as factorsℓ(u). Moreover, we
denote by cutℓ(u) the set that contains the end positions of the factors referred to as ℓ-cuts.
For example, consider u = aaababcbabaaaaa and ℓ = 2, then the unique ℓ-factorization is
aaa|ba|bc|baba|aaaa| and its ℓ-cuts are {3, 5, 7, 11, 15}.

Delay. We define delay for a word and two origin annotations (of said word) by considering
the maximal weight difference at the cut positions which are obtained via the factorization
into periodic words as introduced above. Formally, given a word w ∈ Σ∗ and two annotated
versions ũ, ṽ with origin, i.e., ũ := w ⊗ o1, ṽ := w ⊗ o2 ∈ (Σ ×N)∗, we define the ℓ-delay
delayℓ(ũ, ṽ) (delay for short) as

delayℓ(ũ, ṽ) = max
j∈cutℓ(w)

max-diffj(ũ, ṽ).

Going back to Example 2, we have delay1(ũi, ṽi) = 0, because the 1-factorization of ai+1b

is ai+1|b| and we have max-diffi+1(ũi, ṽi) = max-diffi+2(ũi, ṽi) = 0.
We apply the delay notion to transductions with origin. Intuitively, two such transductions

are “close” if for every pair (u, w ⊗ o1) (from one transduction) there is some pair (u, w ⊗ o2)
(from the other transduction) such that the delay between these outputs with origins is small.
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Let R1, R2 denote transductions with origin. We say that R1 is (k, ℓ)-included in R2 (written
R1 ⊆k,ℓ R2) if the following holds: for all (u, w ⊗ o1) ∈ R1, there exists (u, w ⊗ o2) ∈ R2
such that delayℓ(w ⊗ o1, w ⊗ o2) ≤ k. We say that R1 is (k, ℓ)-equivalent to R2 (written
R1 ≡k,ℓ R2) if R1 ⊆k,ℓ R2 and conversely R2 ⊆k,ℓ R1. We are ready to state our first main
result which illustrates the generality of our delay notion.

▶ Theorem 3 (Completeness). Given two SSTs T1 and T2, there exist computable integers
k, ℓ such that T1 ≡ T2 iff Rori(T1) ≡k,ℓ Rori(T2).

Section 4.1 is devoted to the proof of Theorem 3 and Section 5 illustrates some consequences
of Theorem 3. As the delay between streaming string transducers only depends on their
induced transductions with origin, we are able to state a more general result. Corollary 4 uses
the fact that deterministic streaming string transducers, deterministic two-way transducers
and MSO transducers are equally expressive – they characterize the so-called regular functions
– and every regular function given in one formalism can be translated into every other one
without changing its induced transduction with origins [16, 22, 4].

▶ Corollary 4. Given deterministic two-way transducers resp. MSO transducers T1 and
T2. Let R1 and R2 denote their induced transductions with origin. There exist computable
integers k, ℓ such that T1 ≡ T2 iff R1 ≡k,ℓ R2.

We focus on the second main aspect of our delay measure, namely, regularity. Meaning
that for every k, ℓ ∈ N, we would like to construct a finite automaton that accepts (suitable
representations of) pairs (w ⊗ o1, w ⊗ o2) with delayℓ(w ⊗ o1, w ⊗ o2) ≤ k. As finite automata
enjoy good closure properties, this yields a useful tool to solve for instance decision problems
up to fixed delay, cf. Section 5. As mentioned in the paragraph before Corollary 4, our delay
measure is applicable to transductions with origins and is complete for several transducer
models. However, we need to pick some way to represent such transductions to show regularity.
Hence, we prove our second main result for streaming string transducers.

▶ Theorem 5 (Regularity). Let S ⊆ SX ,Σ be a finite subset of SX ,Σ, let k ≥ 0 and ℓ > 0.
The following set is a regular language:

Dk,ℓ,S = {λ ⊗ µ ∈ (S × S)∗ | delayℓ( ˜out(λ), ˜out(µ)) ≤ k and |λ| = |µ|}.

Note that λ ⊗ µ ∈ Dk,ℓ,S implies out(λ) = out(µ) because delayℓ is defined only for such
substitution sequences. We write Dk,ℓ instead of Dk,ℓ,S when S is clear from the context.
We prove Theorem 5 in Section 4.2 and show some applications of this result in Section 5.

4 Completeness and regularity

4.1 Completeness of the delay notion
We now prove the completeness result for SSTs, as stated in Theorem 3. To this end, we show
that whenever the delay between two sequences of substitutions is sufficiently large we can
pump well-chosen factors to obtain two sequences of substitutions producing outputs that are
distinct. Formally, given a sequence of substitutions λ ∈ S∗ and 1 ≤ s < t < |λ|, we denote
by pump(s,t](λ) the sequence of substitutions λ[1, t]λ(s, t]λ(t, |λ|) obtained by pumping the
interval (s, t], and we prove the following:
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out(µ) :
=

out(λ) :

jj1 j2

out(pump(s,s′](µ)) :
̸=

out(pump(s,s′](λ)) :

j+z

j+y

Figure 3 Illustration of the main idea used in the proof of Lemma 6.

▶ Lemma 6. Let S be a finite set of substitutions. There exist computable integers k, ℓ ∈ N
such that for every integer C ∈ N and every pair λ, µ ∈ S∗ that satisfy |λ| = |µ|, out(λ) =
out(µ), and delayCℓ( ˜out(λ), ˜out(µ)) > C2k, there exist 0 ≤ t1 < t2 < . . . < tC < |λ| satisfying

out(pump(ti,tj ](λ)) ̸= out(pump(ti,tj ](µ)) for every 1 ≤ i < j ≤ C.

Moreover we can choose k and ℓ exponential with respect to the number of variables of S.
Before delving into the proof of Lemma 6, we argue that Theorem 3 follows as a corollary.

Proof of Theorem 3. Let T1 and T2 be two SSTs with set of states Q1 and Q2. By symmetry,
it is sufficient to show that R(T1) ⊆ R(T2) iff Rori(T1) ⊆C2k,Cℓ Rori(T2), where C = |Q1| ·
|Q2| + 1, and k, ℓ are as in the statement of Lemma 6 with respect to the union S = S1 ∪ S2
of the substitutions used by T1 and T2. The right to left direction of the ’iff’ is immediate,
as inclusion up to bounded delay is stronger than inclusion.

We now apply Lemma 6 to prove the converse direction. Suppose that Rori(T1) ̸⊆C2k,Cℓ

Rori(T2). Then there exists a pair with origins (u, w⊗o1) ∈ Rori(T1) such that all the pairs with
origin (u, w⊗o2) ∈ Rori(T2) with matching input and output satisfy delayCℓ(w⊗o1, w⊗o2) >

C2k. Two possible cases arise: either there is no pair of the form (u, w ⊗ o2) in Rori(T2), or
there exists such a pair (u, w ⊗ o2) ∈ Rori(T2), and it satisfies delayCℓ(w ⊗ o1, w ⊗ o2) > C2k.
In the former case, we immediately get that R(T1) ̸⊆ R(T2), since (u, w) is in R(T1) but
not in R(T2). In the latter case, we get that there exists a run ρ1 of T1 and a run ρ2 of T2
over the same input u that both produce the same output w, but with very different origins
functions: delayCℓ( ˜out(κ1(ρ1)), ˜out(κ2(ρ2))) > C2k. Then Lemma 6 implies that we can find
C intermediate points in κ1(ρ1) and κ2(ρ2) such that iterating the segment between any two
points yields sequences of substitutions producing distinct outputs. As C = |Q1| · |Q2| + 1,
two of these points mark a loop in both ρ1 and ρ2, and pumping these loops creates runs of
T1 and T2 with the same input but different outputs. Since T2 is deterministic, and therefore
cannot map an input word to two distinct output words, this implies that R(T1) is not
included in R(T2). ◀

Proof overview of Lemma 6. We consider two substitution sequences λ, µ ∈ S∗ that have
the same length, produce the same output, and satisfy delayCℓ( ˜out(λ), ˜out(µ)) > C2k for
some C, k, ℓ ∈ N. This implies the existence of a cut position j ∈ cutCℓ(out(λ)) and a point
t ∈ [0, |λ|) for which the weight difference diffj,t( ˜out(λ), ˜out(µ)) is equal to C2k.

Our proof is based on the following fact, illustrated by Figure 3: If we choose k such
that diffj,t( ˜out(λ), ˜out(µ)) is sufficiently large, there are intervals (s, s′] ⊂ [1, |λ|) that, once
pumped, add distinct amount of output before position j, thus creating a misalignment
between two copies of the letter out(λ)[j] in the output words generated by pump(s,s′](λ)
and pump(s,s′](µ). Moreover, we show that carefully identifying patterns occurring along the
two substitution sequences also allows us to ensure that some neighborhood out(λ)[j1, j2] =
out(µ)[j1, j2] of the position j is preserved in both out(pump(s,s′](λ)) and out(pump(s,s′](µ)),
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in a way that these two copies overlap, but not perfectly (this is the most complex part
of the proof). At this point, we use the fact that j is a cut position of out(λ): since j

marks the position where the period changes, and this position is not aligned properly in
out(pump(s,s′](λ)) and out(pump(s,s′](µ)), we can derive the existence of a mismatch, proving
that out(pump(s,s′](λ)) ̸= out(pump(s,s′](µ)).

Then, all that remains to do is to combine a few counting arguments to show how
to choose k and ℓ sufficiently large with respect to the parameters of S (and, crucially,
independently of C) so that the fact that diffj,t( ˜out(λ), ˜out(µ)) > C2k implies the ex-
istence of C consecutive intervals (s, s′] ⊂ [1, |λ|), which, as described earlier, satisfy
out(pump(s,s′](λ)) ̸= out(pump(s,s′](µ)), which concludes the proof of Lemma 6. ◀

4.2 Regularity of the delay notion
Our goal is to prove that the delay notion is regular, as stated in Theorem 5. All over
this section, k and ℓ are non-negative integers, and S is a finite set of substitutions over a
finite set of variables X and an alphabet Σ. Lemma 7 characterizes the pairs of substitution
sequences whose outputs end with a unique endmarker symbol ⊣ and that are not in Dk,ℓ,S ,
using properties which are independently shown to be regular. We first start with the
characterization, then give an overview on how to show its regularity.

A characterization. Note that a pair (λ, µ) of two substitution sequences of the same length
is not in Dk,ℓ,S if either out(λ) ̸= out(µ) or there is a cut witnessing a delay greater than k.
Unfortunately, the first condition out(λ) ̸= out(µ) is not regular. So in order to characterize
the complement of Dk,ℓ,S by regular properties, we somehow have to mix conditions on
differences in the output and on positions witnessing a big delay. For the corresponding
formal statement in Lemma 7 we need the following definition.

Given a sequence of substitutions λ and i ≥ 0, let next-cutℓ(i, out(λ)) be the smallest
output position j such that j > i and j ∈ cutℓ(out(λ)), if it exists. Note that, as the last
output position is a cut, such a position j always exists unless i is the last output position.
Formally, next-cutℓ(i, out(λ)) denotes the set min (cutℓ(out(λ)) ∩ {j | j > i}). The result is
either a singleton or the empty set. In the former case, we write next-cutℓ(i, out(λ)) = j

instead of next-cutℓ(i, out(λ)) = {j}.

▶ Lemma 7. Let ⊣∈ Σ and λ, µ ∈ S∗ be sequences with out(λ), out(µ) ∈ (Σ \ {⊣})∗⊣ and
|λ| = |µ|. Then λ ⊗ µ ̸∈ Dk,ℓ,S iff there exists i ∈ (cutℓ(out(λ)) ∩ cutℓ(out(µ))) ∪ {0} such
that max-diffi( ˜out(λ), ˜out(µ)) ≤ k, and one of the following holds:
1. Both j1 = next-cutℓ(i, out(λ)) and j2 = next-cutℓ(i, out(µ)) exist, and either j1 ≠ j2 or

max-diffj1,j2( ˜out(λ), ˜out(µ)) > k;
2. out(λ)[i + b] ̸= out(µ)[i + b] for some b ∈ [0, ℓ2].

Proof sketch. Assume that λ, µ satisfy Item 1 or 2 from the above statement. If out(λ) ̸=
out(µ), then clearly λ ⊗ µ ̸∈ Dk,ℓ,S . So assume that out(λ) = out(µ). Then cutℓ(out(λ)) =
cutℓ(out(µ)). Hence Item 1 is satisfied with j1 = j2 =: j and max-diffj( ˜out(λ), ˜out(µ)) > k.
Since j is a cut, we obtain that delayℓ( ˜out(λ), ˜out(µ)) > k and thus λ ⊗ µ ̸∈ Dk,ℓ,S .

Conversely, let λ ⊗ µ ̸∈ Dk,ℓ,S . First assume out(λ) = out(µ). Since λ ⊗ µ /∈ Dk,ℓ,S , there
exists some j ∈ cutℓ(out(λ)) ∩ cutℓ(out(µ)) such that max-diffj( ˜out(λ), ˜out(µ)) > k, and we
can satisfy Item 1. Second, we assume out(λ) ̸= out(µ). Let m be the position of the earliest
mismatch (that is, out(λ)[m] ̸= out(µ)[m]), and i be the nearest common cut to the left of the
mismatch. If max-diffi( ˜out(λ), ˜out(µ)) > k, we have a common cut with a too large difference
before a mismatch occurs. We can treat this situation as if out(λ) = out(µ) and satisfy Item 1
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as before. If max-diffi( ˜out(λ), ˜out(µ)) ≤ k, we show that either the mismatch is close to i

(that is, m ≤ i + ℓ2) and Item 2 is satisfied, or the mismatch causes j1 = next-cutℓ(i, out(λ))
and j2 = next-cutℓ(i, out(µ)) to be different and Item 1 is satisfied for j1 ̸= j2. ◀

Proof overview for the regularity of the delay notion. Let us denote by C⊣
k,ℓ,S the set of

words of the form λ ⊗ µ such that λ, µ ∈ S∗ satisfy the properties of the characterization
given in Lemma 7. The main technical part is to show that C⊣

k,ℓ,S is regular. Then regularity
of Dk,ℓ,S follows by complementation and end-marker removal, which preserve regularity.

First, note that the definition of C⊣
k,ℓ,S is existential in nature: it asks for the existence

of positions in out(λ) and out(µ) satisfying some properties. A classical way of dealing with
positions quantified existentially in automata theory is to mark some positions in the input
by using an extended alphabet, construct an automaton over the extended alphabet, and
then project this automaton over the original alphabet. Here, the positions needed in C⊣

k,ℓ,S
are positions of out(λ) and out(µ), while the automata we want to construct read λ and µ

as input. So, instead of marking input positions, we rather mark positions in right-hand
sides of updates occurring in the substitutions of λ and µ. Let us make this more precise.
First, for n ≥ 0, words u over the alphabet Σ are extended into n-marked words, i.e., words
over the alphabet Σ × 2{1,...,n}, such that the additional information in {1, . . . , n} precisely
corresponds to an n-tuple of positions x of u (position xi is marked with label i for all
i ∈ {1, . . . , n}, and we consider sets because the same position can correspond to different
components of x). By extension, we also define an operation ▷ which marks any substitution
sequence λ ∈ S∗

X ,Σ by a tuple x of positions of out(λ), resulting in a substitution sequence
(λ ▷ x) ∈ S∗

X ,Σ×2{1,...,n} such that out(λ ▷ x) = out(λ) ▷ x.
We show that the set of substitution sequences λ ▷ i satisfying i ∈ cutℓ(out(λ)) is regular,

and similarly for next-cutℓ. To do so, we prove that the set {u ▷ i | i ∈ cutℓ(u)} is regular
(and similarly for next-cutℓ) and then transfer this result to marked substitution sequences,
as regular languages are preserved under inverse of SSTs.

Then, we show regularity results for predicates of the form max-diffi( ˜out(λ), ˜out(µ)) ≤ k

and max-diffj1,j2( ˜out(λ), ˜out(µ)) > k. In the end, all parts of the property of the charac-
terization of Lemma 7 are shown to be regular, so that the whole property can be checked
by a synchronized product of automata. Perhaps the most interesting part is how to show
that the predicate max-diffi( ˜out(λ), ˜out(µ)) ≤ k is regular. More precisely, it is shown that
the set of (λ ▷ i1) ⊗ (µ ▷ i2) such that i1 = i2 = i and max-diffi( ˜out(λ), ˜out(µ)) is smaller
than k (which is a given constant), is regular. Let us intuitively explain why. In general,
checking whether two marked positions i1 (in out(λ)) and i2 (in out(µ)) are equal cannot
be done in a regular way (recall that the automaton reads λ ⊗ µ and not their outputs).
However, if additionally, one has to check that max-diffi1,i2( ˜out(λ), ˜out(µ)) is smaller than k,
it is actually regular. To do so, a finite automaton needs to monitor the difference in the
outputs produced in λ and µ before positions i1 and i2 resp., and check that it is bounded
by k (otherwise it rejects). The difference must eventually reach 0 when the whole inputs λ

and µ have been read, to ensure i1 = i2.
We also prove that once a position i in out(λ) is marked, then the next cut j1 =

next-cutℓ(i, out(λ)) can be identified in a regular way by an automaton. Similarly, given a
constant d, the output position i + d can also be identified in a regular way. This allows
us to check the properties of Item 1 and Item 2 respectively of Lemma 7. This concludes
the overview of the proof of Theorem 5. A complexity analysis yields that the set Dk,ℓ,S is
recognizable by a DFA with a number of states doubly exponential in ℓ3 and in |X |, and
singly exponential in k.
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5 Applications of delay completeness and regularity

Decision problems up to fixed delay. Instead of comparing the transductions defined by
non-deterministic SSTs for inclusion or equivalence, which are undecidable problems already
for finite (variable-free) transducers, we show here that the strengthening of those problems
up to fixed delay, ⊆k,l and ≡k,l, are decidable. The key to decide inclusion and equivalence
up to fixed delay is the regularity of the delay notion as stated in Theorem 5. Hence, those
problems can be reduced to classical inclusion and equivalence problems of regular languages.

▶ Theorem 8. Given integers k, ℓ, the (k, ℓ)-inclusion problem for non-deterministic SSTs
is decidable. It is PSpace-complete if k, ℓ are constants and the number of variables |X | is a
constant. The same results hold for the (k, ℓ)-equivalence problem.

Proof sketch. We sketch the result for the inclusion problem. For a non-deterministic SST
T over input alphabet Σ, we denote by L(T ) its language, defined as the set of words of the
form u ⊗ τ(ρ), where u ∈ Σ∗, ρ is an accepting run of T over u, and τ(ρ) is the sequence of
substitutions occurring on ρ. Let T1 and T2 be two non-deterministic SSTs over two finite
sets of variables X1 and X2 respectively, both with output variable O. Let S1 (resp. S2) be
the finite set of substitutions occurring in T1 (resp. T2). Let S = S1 ∪ S2 and X = X1 ∪ X2.
Let ℓ, k ∈ N.

We let Din
k,ℓ,S = {u ⊗ λ ⊗ µ | u ∈ Σ∗ ∧ λ ⊗ µ ∈ Dk,ℓ,S}. The automaton recognizing Dk,ℓ,S

from the proof of Theorem 5 can be easily extended into an automaton which recognizes Din
k,ℓ,S .

Now, observe that T1 is (k, ℓ)-included in T2 iff L(T1) ⊆ Din
k,ℓ,S(L(T2)), where Din

k,ℓ,S(L(T2))
denotes the set {u ⊗ λ | ∃u ⊗ µ ∈ L(T2) : u ⊗ λ ⊗ µ ∈ Din

k,ℓ,S}. ◀

We turn to the variable minimization problem which is open for (deterministic) SSTs
and undecidable for non-deterministic SSTs. We prove decidability for variable minimization
up to fixed delay in both cases.

▶ Theorem 9. Given integers k, ℓ, m and a non-deterministic SST T , it is decidable whether
T ≡k,ℓ T ′ for some (non-deterministic resp. deterministic) SST T ′ that uses at most m

variables.

Proof sketch. First, we sketch the result for non-deterministic SST. Since we are looking for
some non-deterministic SST T ′ with m variables such that T ≡k,ℓ T ′, we need to consider
SSTs that produce at most r := 2k + p letters (where p is the maximal number of letters
produced by T in one step) per computation step in order to not violate the delay bound.
The reasoning is that the difference between the output of the computations can be at most
k letters, then in the next computation step, the computation that was k letters ahead may
produce p letters, the other computation must recover the difference by producing at least p

letters and at most 2k + p letters to keep the difference at most k. Thus, let S = ST ∪ Sr,m

and X = XT ∪ Xm, where ST (resp. XT ) are the substitutions (resp. variables) occurring in
T , Xm = {X1, · · · , Xm}, and Sr,m are substitutions over Xm producing at most r letters.

As as in the proof sketch of Theorem 8, L(T ) is the set of words of the form u ⊗ τ(ρ),
where u ∈ Σ∗, ρ is an accepting run of T over u, and τ(ρ) is the sequence of substitutions
occurring on ρ. Furthermore, as in the proof sketch above, we let Din

k,ℓ,S = {u ⊗ λ ⊗ µ | u ∈
Σ∗ ∧ λ ⊗ µ ∈ Dk,ℓ,S}. Now, observe that there exists some non-deterministic SST T ′ with
m variables such that T ≡k,ℓ T ′ iff L(T ) ⊆ Din

k,ℓ,S(L) where L is the set of all words u ⊗ µ

such that u ∈ Σ∗ and µ ∈ S∗
r,m. As in the proof sketch above, Din

k,ℓ,S(L) denotes the set
{u ⊗ λ | ∃u ⊗ µ ∈ L : u ⊗ λ ⊗ µ ∈ Din

k,ℓ,S}.
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If the goal is to have a deterministic SST, we need to adapt the above procedure. Let
M be the projection of Din

k,ℓ,S onto its first and third component. Hence, M contains all
u ⊗ µ such that there is some u ⊗ λ ∈ L(T ) with delayℓ( ˜out(λ), ˜out(µ)) ≤ k. We reduce the
problem to a safety game played on a DFA for M . In alternation, one player provides an
input letter, the other chooses a matching transition in the DFA. If the input player has
provided a sequence u ∈ dom(R(T )) then the play must be in an accepting state of the DFA,
otherwise the output player has lost. We show that the output player has a winning strategy
iff there exists an equivalent deterministic SST with at most m variables. ◀

Comparison with delay for finite transducers. We compare our notion of delay for streaming
string transducers with the previously existing delay notion for finite transducers [24]. A
rational SST is a non-deterministic SST with only one variable O, and updates all of the
form O := Ou. In other words, a rational SST T is simply a finite transducer. Applying our
delay notion to rational SSTs yields that if T1 is (k, ℓ)-included in T2 for two rational SSTs
T1, T2, then T1 is k-included in T2 for the definition according to [24] and vice versa. The
k-inclusion problem for finite transducers is PSpace-complete for fixed k [24]. Hence, the
complexity obtained in Theorem 8 matches this bound. on conceptual differences between
those notions.

Consequences of completeness. We now turn to some consequences of our completeness
result (Theorem 3). Inclusion for (deterministic) SSTs is known to be decidable [2]. It
is undecidable for non-deterministic SSTs, but (k, ℓ)-inclusion is decidable (Theorem 8).
Although Theorem 3 provides a new decision procedure for the inclusion problem for SSTs
its value lies in showing that our notion of delay is a sensible approach to gain a better
understanding of streaming string transducers. The following two corollaries are easy
consequences of Theorem 3.

▶ Corollary 10. Given an SST T and an integer m, there exist integers k, ℓ such that there
exists an SST T ′ with m variables such that T ≡ T ′ iff there exists an SST T ′′ with m

variables such that T ≡k,ℓ T ′′.

Note that the above corollary does not imply that k and ℓ are computable. This would
entail a solution for the variable minimization problem for SSTs which is open (and decidable
for concatenation-free SSTs [6]). The next result is about rational functions, that is, functions
recognizable by finite transducers.

▶ Corollary 11. Given an SST T , there exist integers k, ℓ such that there exists a rational
SST T ′ such that T ≡ T ′ iff there exists a rational SST T ′′ such that T ≡k,ℓ T ′′.

It was shown that it decidable whether a deterministic two-way transducer (which is
effectively equivalent to an SST) recognizes a rational function [23]. The decision procedure
is effective, i.e., a finite transducer is constructed if possible. A procedure with improved
complexity was given that yields a finite transducer of doubly exponential size in [7]. While
computability is not implied by Corollary 11, note that one could compute k, ℓ satisfying
the statement of Corollary 11 using Theorem 3 from an equivalent rational SST (if it exists)
that has been obtained using the decision procedure from [7].

Other applications. We mention other potential applications of our delay notion that ought
to be investigated. For instance, a decomposition theorem for SST relations is still only
conjectured: Can every finite-valued SST relation be decomposed into a finite union of SST
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functions? In other settings where the corresponding statement holds (finite transducers [33],
single-variable SST [25]), the main ingredients of the proof is the regularity and completeness
of the appropriate notion of delay. So, having a good delay notion seems necessary to
obtain such a result, but solving the decomposition theorem for SSTs does not seem to be a
low-hanging fruit of our present study.

The notion of delay might also help to solve the variable minimization problem: Can
we determine the minimal number of variables needed to define a given SST function?
Corollary 10 makes some progress towards a positive answer, yet it remains to prove that
the integers k and ℓ of the statement are computable, which is likely a complex problem.
Another interesting research direction is to study how our notion of delay fares beyond SST.
For copyful SST (where the copyless restriction of the substitutions is dropped), our notion
of delay can be defined in the same manner, but its properties are unclear: our proofs of
regularity and completeness both crucially rely on the copyless assumption.
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Abstract
In this paper we consider a known variant of the standard population protocol model in which agents
are allowed to be connected by edges, referred to as the network constructor model. During an
interaction between two agents the relevant connecting edge can be formed, maintained or eliminated
by the transition function. Since pairs of agents are chosen uniformly at random the status of each
edge is updated every Θ(n2) interactions in expectation which coincides with Θ(n) parallel time.
This phenomenon provides a natural lower bound on the time complexity for any non-trivial network
construction designed for this variant. This is in contrast with the standard population protocol
model in which efficient protocols operate in O(poly log n) parallel time.

The main focus of this paper is on efficient manipulation of linear structures including formation,
self-replication and distribution (including pipelining) of complex information in the adopted model.

We propose and analyze a novel edge based phase clock counting parallel time Θ(n log n) in the
network constructor model, showing also that its leader based counterpart provides the same
time guarantees in the standard population protocol model. Note that all currently known phase
clocks can count parallel time not exceeding O(poly log n).
We prove that any spanning line formation protocol requires Ω(n log n) parallel time if high
probability guaranty is imposed. We also show that the new clock enables an optimal O(n log n)
parallel time spanning line construction, which improves dramatically on the best currently
known O(n2) parallel time protocol, solving the main open problem in the considered model [24].
We propose a new probabilistic bubble-sort algorithm in which random comparisons and transfers
are limited to the adjacent positions in the sequence. Utilising a novel potential function
reasoning we show that rather surprisingly this probabilistic sorting procedure requires O(n2)
comparisons in expectation and whp, and is on par with its deterministic counterpart.
We propose the first population protocol allowing self-replication of a strand of an arbitrary length
k (carrying k-bit message of size independent of the state space) in parallel time O(n(k + log n)).
The bit pipelining mechanism and the time complexity analysis of self-replication process mimic
those used in the probabilistic bubble-sort argument. The new protocol permits also simultaneous
self-replication, where l copies of the strand can be created in parallel in time O(n(k+log n) log l).
We also discuss application of the strand self-replication protocol to pattern matching.
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1 Introduction

The model of population protocols originates from the seminal work of Angluin et al. [4].
The model is used to study distributed processes based on pairwise interactions between
anonymous agents drawn from a large population of size n. The interacting pairs of agents
are chosen by the random scheduler and their states are amended by the predefined transition
function governing the considered process. The state space of agents is fixed (constant size)
and the size n is not known, i.e., not hard-coded in the transition function. We assume
that a population protocol starts in the predefined initial configuration of agents’ states
representing the input, and it concludes in an output configuration reflecting on the solution
to the considered problem. The sequential time complexity of a protocol refers to the number
of interactions required to stabilise this protocol in one of the final configurations. In more
recent work on population protocols the focus is on parallel time defined as the total number
of pairwise interactions (sequential time) leading to the solution divided by the population
size n. For example, a core dissemination tool in population protocols known as one-way
epidemic [5] distributes simple (e.g., 0/1) messages to all agents in the population utilising
Θ(n log n) interactions or equivalently Θ(log n) parallel time. The parallel time is meant to
reflect on massive parallelism of simultaneous interactions. While this is a simplification [14],
it provides a good estimation on locally observed time expressed in the number of interactions
each agent was involved in throughout the computation process.

Unless stated otherwise, we assume that any protocol starts in the predefined initial
configuration with all agents being in the same initial state. A population protocol terminates
with success if the whole population stabilises eventually, i.e., it arrives at and stays indefinitely
in one of the final configurations of states representing the desired property of the solution.

1.1 Network Constructors Model
While in the standard population protocol model the population of agents remains unstruc-
tured, in the network constructors model introduced in [24] and adopted in this paper during
an interaction between two agents the edge connecting them can be formed, maintained
or eliminated by the transition function. In this way the protocol instructs agents how to
organize themselves into temporary or more definite network structures.

Note that since pairs of agents are chosen uniformly at random the status of any edge is
updated on average every Θ(n2) interactions which coincides with Θ(n) parallel time. With
the exception of some relaxed expectations [12], this phenomenon provides a natural lower
bound on the time complexity of non-trivial network construction processes, see [24]. On
the other hand this model enables generic protocols capable of simulating space bounded
Turing Machine allowing more complex computations including construction of a large class
of networks [24].

Model specificity. Whenever possible we will use capital letters to denote states of the
agents. In order to accommodate edge connections the transition function governs the relation
between triplets of the following type:

P +Q+ S −→ P ′ +Q′ + S′.

The first two terms on both sides of the rule refer to the states P and Q of the initiator and
the responder (respectively) before and P ′ and Q′ after the interaction. The third term S

before and S′ after the interaction is a binary flag indicating the status of the connection
between the two agents, where the edge presence is declared by 1 and by 0 the lack of it. The
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states of agents are often more complex being a combination of a fixed number of attributes.
Such states are represented as tuples. For such compound states we use vector representation
with acute brackets <,>, where the individual attributes are separated by commas.

Probabilistic guarantees. Let η be a universal positive constant referring to the reliability
of our protocols. We say that an event occurs with negligible probability if it occurs with
probability at most n−η, and an event occurs with high probability (whp) if it occurs with
probability at least 1 − n−η. This estimate is of an asymptotic nature, i.e., we assume n is
large enough to validate the results. Similarly, we say that an algorithm succeeds with high
probability if it succeeds with probability at least 1 − n−η. When we refer to the probability
of failure p different to n−η, we say directly with probability at least 1 − p. Our protocols
make heavy use of Chernoff bounds and the new tail bounds for sums of geometric random
variables derived in [20]. We refer to these new bounds as Chernoff-Janson bounds.

We also use notation f(n) ∼ g(n) ⇔ f(n)
g(n) −→

n→∞
1

1.2 Our results and their significance
The model of population protocols gained considerably in popularity in the last 15 years.
We study here several central problems in distributed computing by focusing on the adopted
variant of population protocols. These include phase clocks, a distributed synchronisation tool
with good space, time accuracy, and probabilistic guarantees. The first study of leader based
O(1) space phase clocks can be found in the seminal paper by Angluin et al. in [5]. Further
extensions including junta based nested clocks counting any Θ(poly log n) parallel time were
analyzed in [18]. Leaderless clocks based on power of two choices principle were used in
fast majority protocols [2], and more recently constant resolution phase clocks propelled the
optimal majority protocol [16]. In this work we propose and analyze a new matching based
phase clock allowing to count Θ(n log n) parallel time. This is the first clock confirming the
conclusion of the slow leader election protocol based on direct duels between the remaining
leader candidates. We also propose an edge-less variant of this clock based on the computed
leader. This clock powers the first optimal O(n log n) parallel time spanning line construction,
a key component of universal network construction, improving dramatically on the best
currently known O(n2) parallel time protocol, and solving the main open problem from [24].

We also consider a probabilistic variant of the classical bubble-sort algorithm, in which
any two consecutive positions in the sequence are chosen for comparison uniformly at random.
We show that rather surprisingly this variant is on par with its deterministic counterpart
as it requires Θ(n2) random comparisons whp. While this new result is of independent
algorithmic interest, together with the edge-less clock they conceptually power the strand
(line-segment carrying information) self-replication protocol studied at the end of this paper.

In a wider context, self-replication is a property of a dynamical system which allows
reproduction. Such systems are of increasing interest in biology, e.g., in studies on how life
could have begun on Earth [23], in computational chemistry [25], robotics [21] and others.
In this paper, a chunk of information is stored collectively in a strand, i.e., a line segment
of agents of length k, where each agent stores one bit of information. Such strands may
represent strings in pattern matching, a large value, or a code in more complex distributed
process. In such cases the replication mechanism facilitates an improved accessibility to this
information. We propose the first strand self-replication protocol allowing to reproduce a
strand of non-fixed size k in parallel time O(n(k + log n)). This protocol permits concurrent
replication, where l copies of a strand can be generated in parallel time O(n(k + log n) log l).
The parallelism of this protocol is utilised in efficient pattern matching in Section 6.1.

STACS 2023
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1.3 Related work
One of the main tools used in this paper refers to the central problem of leader election, with
the final configuration comprising a single agent in the leader state and all other agents in
the follower state. The leader election problem received in recent years greater attention
in the context of population protocols. In particular, the results in [10, 15] laid down the
foundation for the proof that leader election cannot be solved in a sublinear time with agents
utilising a fixed number of states [17]. In further work [3], Alistarh and Gelashvili studied
the relevant upper bound, where they proposed a new leader election protocol stabilising in
time O(log3 n) assuming O(log3 n) states per agent.

In a more recent work Alistarh et al. [1] considered more general trade-offs between the
number of states used by the agents and the time complexity of stabilisation. In particular, the
authors delivered a separation argument distinguishing between slowly stabilising population
protocols which utilise o(log log n) states and rapidly stabilising protocols relying on O(log n)
states per agent. This result coincides with another fundamental result by Chatzigiannakis
et al. [9] stating that population protocols utilizing o(log n) states are limited to semi-
linear predicates, while the availability of O(n) states (permitting unique identifiers) admits
computation of more general symmetric predicates. Further developments include also
a protocol which elects the leader in time O(log2 n) w.h.p. and in expectation utilizing
O(log2 n) states [8]. The number of states was later reduced to O(log n) by Alistarh et
al. in [2] and by Berenbrink et al. in [7] through the application of two types of synthetic
coins.

In more recent work Gąsieniec and Stachowiak reduce memory utilisation to O(log log n)
while preserving the time complexity O(log2 n) whp [18]. The high probability can be traded
for faster leader election in the expected parallel time O(log n log log n), see [19]. This upper
bound was recently reduced to the optimal expected time O(log n) by Berenbrink et al. in [6].
One of the main open problems in the area is to establish whether one can elect a single
leader in time o(log2 n) whp while preserving the optimal number of states O(log log n).

2 Two phase clocks and leader election

In order to compute the unique leader and confirm its computation we execute two protocols
simultaneously. Namely, the slow leader election protocol which concludes in parallel time
O(n log n) whp, and the new (introduced below) matching based phase clock which counts
parallel time Θ(n log n) whp. The conclusion of leader election is confirmed via one-way
epidemic when the final state (in this clock) is reached by any agent. This leader is utilised
in the edge-less clock in nearly optimal computation of the line containing all agents, see
Section 4, and in self-replication of strands of information, see Section 6.

The transition rules for governing the slow leader election and the new clocks follow.

2.1 Slow leader election
In the initial configuration all agents are in state L and the leader election protocol is driven
by a single rule:

L+ L → L+ F,

where L represents a leader candidate, and F stands for a follower (or a free) agent. It is
well known that this leader election protocol operates in the expected parallel time Θ(n),
and in parallel time Θ(n log n) whp.
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2.2 Matching based phase clock
The proposed matching based clock assumes the constructors model in which the transition
function recognises whether two interacting agents are connected by an edge or not, indicated
by 1 or 0, respectively. The agents begin in the predefined state < start > . When two
agents in state < start > interact they get connected and they enter the counting stage with
their counters set to < 0 >. Eventually these counters reach the maximum (exit) value max.
The values of the counters can go either up or down, depending on the rule used during the
relevant interaction. Note that when i is the smallest counter value, then the cardinality of
the subpopulation holding it can only go down. We prove that as long as there are agents
with counter value below a fixed threshold, it is almost impossible for any other agent to
reach the counter value max. And this is the case for the first Θ(n2 log n) interactions, i.e.,
Θ(n log n) parallel time. Note also that the number of agents taking part in the counting
process is always even as they enter and leave this process in pairs. The counting stage
guarantees that the counters of all agents which enter this stage reach level max (denoted by
state < max >) in time Θ(n log n), see Theorem 1. And during the next interaction between
the two connected agents in state < max > the connection is dropped and the states are
updated to < end > indicating the exit from the counting stage.

The rules of the transition function used in the counting stage are as follows:

Initialisation

< start > + < start > + 0 −→ < 0 > + < 0 > + 1

Timid counting
For all connected i ≤ j and i < max

< i > + < j > + 1 −→ < i+ 1 > + < i+ 1 > + 1

For all disconnected i < j

< i > + < j > + 0 −→ < i > + < i+ 1 > + 0

Maximum level epidemic

< max > + < i > + 0 −→ < max > + < max > + 0

Conclude and disconnect

< max > + < max > + 1 −→ < end > + < end > + 0

< start > + < end > + 0 −→ < end > + < end > + 0 # takes care of the odd n case

In the next subsection we discuss the rules of an alternative phase clock in which instead
of a matching the agents use virtual edges connecting them with the computed leader.

2.3 Leader based (edge-less) phase clock
We allocate separate constant memory to host the states of the leader based clock. This
allows to run the two clocks simultaneously and independently. The followers in the leader
based clock start with the counters set to < 0 >, and L refers to the leader state. Note that
state < 0 > is initiated for the leader based clock as soon as the agent reaches state < max >

or < end > in the matching based clock. Below we present the timid counting rules in which
matching edges are replaced by virtual edges between the leader L and all other agents.

STACS 2023
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Timid counting
Leader interactions, for i < max

< i > + L −→ < i+ 1 > + L

Non-leader interactions, for i < j

< i > + < j > −→ < i > + < i+ 1 >

One can show that the two clocks have the same asymptotic time performance, see
Section 3 for the relevant details. Note also that the leader based clock can be used
independently from any edge dependent process executed in the population simultaneously.

2.4 Periodic leader based (edge-less) clock
One can expand the functionality of the leader based clock to pace a series of consecutive
rounds of a more complex process, with each round operating in parallel time Θ(n log n).
The extension is assumed to work in rounds formed of three consecutive stages 0, 1 and 2,
where each stage is associated with a single execution (full turn) of the leader based clock.
The conclusion of each stage is announced with the help of one-way epidemic in parallel time
O(log n) whp. And when this happens all agents which received the announcement proceed
to the next stage. This means that after at most O(log n) parallel time delay (caused by
the epidemic) all agents will run the clock in the same stage whp. Note also that while the
signal to start the next stage remains in the population throughout the whole stage, it will
be wiped out whp by the signal announcing the beginning of the stage that follows. And
since we have 3 stages during each round the synchronisation of agents is guaranteed whp.

3 The clocks’ analysis

In this section we provide the time and the probabilistic guarantees for the two phase clocks
introduced in Section 2. We first analyze the matching based clock and later extend the
reasoning to the leader based (edge-less) clock. We prove the following theorem towards the
end of this section.

▶ Theorem 1. In either of the two clocks state <max> is reached by any agent in parallel
time Θ(n log n) whp.

When the matching based clock is initialised, it forms a matching consisting of unmatched
pairs of agents. In Lemmas 2,3 we specify how fast this is done. In Lemma 7 we prove that
whp no counter in the population has value max for as long as the smallest counter value
is at most max − d − 2. The constant d depends on η and its value can be derived from
the proof of Lemma 5. Also, if T is the time elapsed before the value max is observed in
the population for the first time, Lemma 8 guarantees that T > (max− d− 2)0.4n lnn whp.
Using this inequality, the top value max can be derived from d and time T = Θ(n log n)
which upperbounds whp the parallel time of slow leader election process.

▶ Lemma 2. All edges of the matching are formed in the expected parallel time Θ(n) and
whp O(n log n).
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Proof. The probability of an interaction forming edge i+ 1 when i edges are already formed
is (n−2i)(n−2i−1)

n(n−1) . Thus the number of interactions separating formation of edges i and i+ 1
has geometric distribution with the expected value n(n−1)

(n−2i)(n−2i−1) . Thus the expected number
of interactions to form all edges is

∑n/2−1
i=1

n(n−1)
(n−2i)(n−2i−1) , which is Θ(n2).

A sufficient condition to form all the edges is that all possible
(

n
2
)

pairs of agents are
generated by the random scheduler. The probability of not choosing a fixed pair in first
cn2 log n interactions is

(
1 − 1/

(
n
2
))cn2 log n, which is negligible for c big enough. Thus all

edges are formed after parallel time O(n log n) whp. ◀

The following lemma refers to early interactions in the matching based clock.

▶ Lemma 3. After parallel time 0.51 at least n
2 agents belong to already formed edges whp.

Proof. Assume that so far exactly i edges are formed. The probability that during an
interaction edge i+ 1 is formed is (n−2i)(n−2i−1)

n(n−1) . So the expected number of interactions Ti

of forming edge i+ 1 is n(n−1)
(n−2i)(n−2i−1) . And in turn the expected number of interactions T

of forming first n/4 edges satisfies

T = T0 + · · · + Tn/4 =
n/4∑
i=0

n(n− 1)
(n− 2i)(n− 2i− 1) ∼ n

∫ 1/4

0

dx

(1 − 2x)2 = n

2 .

We can estimate the probability that T exceeds 0.51n using Chernoff-Janson bound
(Thm.2.1 of [20]) proving that it is negligible. In this case we can substitute (for n large
enough)

p∗ = 1
4 , M ∼ n

2 , and λ = 0.51
0.5 > 1.

Thus we get that the expected number of interactions T ≥ 0.51n (parallel time ≥ 0.51) with
probability less than e−p∗M(λ−1−ln λ) = e− 1

8 n(λ−1−ln λ), i.e., with negligible probability. ◀

As soon as the edges are formed the timid counting begins. In order to analyze this
process we define the edge collector problem in which one is asked to collect (draw) all edges of
a given matching M of cardinality n′ > n

4 , with the solution guaranteed in constant parallel
time by Lemma 3. In addition, one can also infer from our proof that in fact a maximum
matching of cardinality ⌊ n

2 ⌋ is formed whp.

▶ Lemma 4. For any cardinality n′ ∈ [n/4, n/2], the parallel time of the edge collector
problem is O(n log n) whp. In addition, the parallel time needed to collect the last 0.05 · n
edges (of the matching) is at least 0.4 · n lnn whp.

Proof. The probability of collecting an edge in an interaction, when i edges are still missing
is pi = 2i

n(n−1) . The number of interactions needed to collect this edge is a random variable
Xi which has a geometric distribution with the average n(n−1)

2i . When k edges are still to be
collected, the expected number of interactions to collect extra k − l edges is

k∑
i=l

n(n− 1)
2i = n(n− 1)

2 (Hk −Hl) ∼ n(n− 1)
2 ln k

l
.

Using the upper bound of lower tail (Theorem 3.1) of Chernoff-Janson bounds we show
that this number of interactions is at least 0.4n(n− 1) lnn whp, for k = 0.05n and l = n0.1.

STACS 2023
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And indeed, for n large enough one can adopt

p∗ = pl = 2n0.1

n(n− 1) , M ∼ n(n− 1)
2 ln(0.05n0.9) > 0.44n(n− 1) lnn, and λ = 0.4

0.44 < 1.

This way we get that the number of interactions smaller than 0.4n(n−1) lnn with probability
smaller than e−p∗M(λ−1−ln λ) ≤ e−0.88n0.1 ln n(λ−1−ln λ), i.e., with negligible probability.

The collection of edges concludes, when for each edge its two endpoints interact with
one another. The probability of a missing interaction along some edge in the first cn2 log n
interactions is

(
1 − 1/

(
n
2
))cn2 log n, which is negligible for c large enough. Thus edge collection

concludes whp in O(n2 log n) interactions translating to parallel time O(n log n). ◀

In our clock protocol the value of parameter d > 0 depends on the constant η with respect
to the high probability guarantees. We prove the existence of this parameter d, for any
η′ = η + 3.

▶ Lemma 5. In a parallel time period of length na, for 0 < a < 1, there are at most d
interactions along any edge in the matching whp.

Proof. By taking into account all possible subsets of d out of n1+a interactions and using the
union bound, the probability that an edge is a subject to at least d interactions in parallel
time na does not exceed(

n1+a

d

) (
2

n(n− 1)

)d

≤
(

2na

n− 1

)d

.

and this value is smaller than n−η′ is for d large enough. ◀

▶ Lemma 6. In a parallel time period of length na, for 0.1 ≤ a < 1, there are at most 2.1na

interactions along edges of the matching whp.

Proof. The probability that a given interaction is a matching edge interaction is 2n′

n(n−1) . Thus
in a parallel time period of length na, there are expected 2na n′

n−1 ≤ 2na edge interactions.
By the Chernoff bound the number of edge interactions is at most 2.1na whp. ◀

In what follows, depending on the context we will use the notions of counters and levels
interchangeably.

▶ Lemma 7. Let k be an integer where k < max − d − 2. There exists a constant c, s.t.,
during parallel time period (0.51, cn log n) presence of any agent on level i < k guarantees
whp a linear subpopulation of agents of size at least 0.1n on levels j ≤ k. Also during this
period no agent reaches level max whp.

Proof. We prove validity of the lemma whp, i.e., with probability at least (wp) 1 − n−η. Let
η′ = η+ 3. The proof is done by induction on parallel time t. First we show that in any time
t of the initial parallel time period [0.51, n0.2] the thesis of the lemma holds wp 1−10tn ·n−η′ .
Later we prove by induction that until any considered time t the thesis of the lemma holds
wp 1 − 10tn · n−η′ . Note that this guarantees that the thesis holds whp, i.e., wp 1 − n−η, for
parallel time t = O(n log n). Assume that all events in the thesis of the lemma hold before
parallel time t. We prove that if the thesis of the lemma holds before parallel time t, then it
also holds in time t wp 1 − 10n−η′ . By the inductive hypothesis before parallel time t or
equivalently until parallel time t− 1

n the thesis of the lemma holds wp 1 − 10(t− 1
n )n · n−η′ .

In turn, we get that until parallel time t the thesis of the lemma holds wp 1 − 10tn · n−η′ .
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We first prove the base step of induction. As we proved in Lemma 3, during the initial
parallel time 0.51 at least n/2 agents enter the clock with state (0) wp 1 − n−η′

, when also
some of these agents could already move to higher levels. By Lemma 6 applied to the initial
time period n0.2 there are at most 2.1n0.2 of the latter wp. 1 − n−η′ . Thus in parallel time
period [0.51, n0.2] level 0 is the host of at least 0.5n−2.1n0.2 > 0.4n agents constantly residing
at this level wp 1 − 2n−η′ . Also, by Lemma 5 no agent reaches level max wp 1 − n−η′ . So in
parallel time t = n0.2 the lemma holds wp 1 − 3n−η′ . Note that 1 − 3n−η′ ≥ 1 − 10tn · n−η′

for any t ≥ 0.51.
Now we prove the inductive step. We observe first that during parallel time period [t′, t],

where t′ = t− n0.1, all agents which entered the clock are at least once on level l ≤ k + 1 wp
1 − n−η′ . And indeed during this period an agent avoids interactions with agents on levels
j ≤ k wp at most

(1 − 0.1/n)n1.1
< e0.1n0.1

Because of this and Lemma 5, during this period, any agent which entered the clock does
not elevate to levels higher than k + 1 + d wp 1 − 2n−η′ . Therefore no agent reaches level
max during period [t′, t] wp 1 − 2n−η′ .

In order to prove the first thesis of the lemma we consider two cases.
Case 1: in this case in parallel time t′ there are at least 0.11n agents on levels not exceeding

k. Since by Lemma 6 in parallel time period [t′, t] at most 2.1n0.1 such agents can
increase their level wp. 1 − n−η′ . And in turn, in parallel time t there are at least
0.1n > 0.11n− 2.1n0.1 agents on levels j ≤ k.

Case 2: in this case in parallel time t′ the number of agents on levels at most k is between
0.1n and 0.11n and the number of agents on levels below k is at least 3n0.1. Let Y be the
set of agents belonging to the levels above k in time t′. By Lemma 6 the probability that
in parallel time period [t′, t] the number of agents below level k drops below 0.9n0.1(=
3n0.1 − 2.1n0.1) is negligible, i.e., at most n−η′ . Consider any set X with 0.9n0.1 agents
residing at levels smaller than k and estimate how many agents from set Y interact with
them. For as long as 0.38n agents from Y do not interact with X, the probability of
interaction between an unused (not in contact with agents in X) agent in Y and some
agent in X is at least 0.68n−0.9. Any such interaction increases the number of agents on
levels not exceeding k. Consider a sequence of n1.1 zeros and ones in which position ι is
one (1) if and only if either

interaction ι is between an unused agent in Y with an agent in X if there are more
than 0.38n unused agents in Y,

if this number is smaller than 0.38n value 1 is drawn with a fixed probability 0.68n−0.9.
By Chernoff bound the probability that this sequence has less than 0.6n0.2 ones is
negligible, i.e., at most n−η′ . Since 0.12n < 0.11n+ 0.6n0.2 this sequence has less than
0.6n0.2 ones only when the number of agents elevated to levels not exceeding k is smaller
than 0.6n0.2. Also by Lemma 6 during parallel time eriod [t′, t] at most 2.1n0.1 other
agents may increase their level beyond k wp 1 − n−η′ . So in Case 2 the number of agents
on levels not exceeding k increases during period [t′, t] by at least 0.6n0.2 − 2.1n0.1.

Case 3: assume that in parallel time t′ the number of agents on levels j ≤ k is between
0.1n and 0.11n and also the number of agents on levels below k is smaller than 3n0.1.
The probability of an interaction between one of such agents and an agent in set Y of
agents above level k is at most 6n−0.9. Any such interaction increases the number of
agents on levels not exceeding k. By Chernoff bound the probability that this number of
interactions exceeds 7n0.2 in [t′, t] is negligible, i.e., at most n−η′ . Thus in Case 3 the
probability that the number of agents on levels at most k exceeds 0.12n > 0.11m+ 7n0.2

is negligible, i.e., at most n−η′ .
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We now formulate Claim 1 that upperbounds the number of agents leaving levels j ≤ k

and Claim 2 that bounds from below the number of agents joining these levels in Case 3.
Because wp 1 − 6n−η′ the levels j ≤ k gain agents as a result of these two processes. This
will conclude the proof.

▷ Claim 1. In Case 3 during parallel time period [t′, t] there are at most 0.26n0.1 agents
located at levels j ≤ k which increment their level wp 1 − 4n−η′ .

And indeed, for as long as there are at most 0.12n agents on levels not greater than k,
the probability that such agent interacts as the initiator with a clock agent is at most 0.12/n.
Such an interaction increments the level of this clock agent with probability at most 0.12/n.
We prove that more than 0.13n0.1 such increments occur in [t′, t] with probability at most
4n−η′ . Consider a sequence of n1.1 zeros and ones in which position ι is one if and only if
either

interaction ι increments initiator’s level and there are at most 0.12n agents on levels not
greater than k

if this number is greater than 0.38n value 1 is drawn with a fixed probability 0.12/n.
By Chernoff bound this sequence has less than 0.13n0.1 ones (1s) wp. 1 −n−η′ . On the other
hand we have at most 0.12n agents on levels at most k wp 1 − n−η′ . Thus wp 1 − 2n−η′ at
most 0.13n0.1 agents on levels not exceeding k can increment their levels in [t′, t] acting as
initiators. Analogously, we can prove that wp 1 − 2n−η′ at most 0.13n0.1 agents on levels
not exceeding k can increment their levels in [t′, t] acting as responders. So altogether at
most 0.26n0.1 agents on levels j ≤ k increment their levels during s[t′, t] wp 1 − 4n−η′ .

▷ Claim 2. In Case 3 during parallel time period [t′, t] there are at least 0.75n0.1 interactions
between agents on levels i < k and those residing on levels higher than k wp 1 − 2n−η′ .

For as long as there are at most 0.12n agents on levels at most k, at least 0.38n =
n/2 − 0.12n agents are on levels higher than k. The probability of interaction between such
agents and an agent on level i < k is at least 0.76/n = 2 · 0.38/n. Any such an interaction
increases the number of agents on levels not exceeding k. Consider a sequence of n1.1 zeros
and ones in which at position ι is one (1) if and only if either

there are at most 0.12n agents on levels not greater than k and interaction ι increases
the number of such agents
the number of agents on levels up to k is greater than 0.12n and value 1 is drawn with a
fixed probability 0.76/n.

By Chernoff bound this sequence has more than 0.75n0.1 ones (1s) wp 1 −n−η′ . On the other
hand we have at most 0.12n agents on levels at most k wp 1 − n−η′ . Thus wp 1 − 2n−η′ at
least 0.75n0.1 agents on levels exceeding k can reduce their levels to at most k during [t′, t]
while acting as initiators.

Because of both Claims 1 and 2 after parallel time period [t′, t] there are at least 0.51n0.1(=
0.75n0.1 − 0.24n0.1) more agents on levels j ≤ k than in parallel time t′. This proves that in
parallel time t there are at least 0.1n agents on levels j ≤ k. ◀

▶ Lemma 8. The parallel time in which the first agent achieves level max is greater than
(max− d− 2) · 0.4n lnn whp.

Proof. Let tk be the time when for the first time there are no agents available at levels lower
than k. By Lemma 7 during period [0.51, tk], there are at least 0.1n agents on level k or lower.
Let nk ∈ [n/4, n/2] be the number of edges at time tk. Thus between time tk and tk+1 at
least 0.1n agents must increment their levels to k + 1. This is done by collecting (interacting
via) edges adjacent to them. By Lemma 4 this takes parallel time at least 0.4n lnn. This
process is repeated for max− d− 2 levels when no agents reach level max whp. ◀
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▶ Lemma 9. The first agent moves to level max in parallel time O(n log n) whp.

Proof. The total parallel time to form ⌊n/2⌋ edges is O(n log n) whp by Lemma 2. If the first
agent achieves level max earlier the lemma remains true. If this is not the case, the parallel
time O(n log n) is determined by collection of all ⌊n/2⌋ edges which needs to be repeated
max times (to reach the highest level) resulting also in the total parallel time O(n log n). ◀

Now we are ready to prove Theorem 1. The thesis for matching based clock follows
directly from Lemmas 8 and 9. The thesis for the leader based clock can be proved by a
sequence of lemmas almost identical to Lemmas 7, 8 and 9. In the analogue of Lemma 7
we can take n− 1 followers instead of n′ edges. This is because Lemma 2 assures that the
parallel time counted by the matching based clock is long enough to form all edges whp. All
agents are initiated at level 0 of the leader based clock in parallel time O(log n) whp, by
the epidemic started by the leader. This is followed by removal of all edges of the matching
based clock in time O(n log n) whp. This gives the initialisation of the leader based clock in
parallel time O(n log n).

4 Optimal spanning line formation

In the spanning line formation problem, starting in edge-less configuration the task for n agents
is to form a sequence ai0 , . . . , ain−1 , in which pairs of agents aij , aij+1 , for j ∈ {0, . . . .n− 2},
become connected by edges, which are the only edges present in the population. We prove
that any spanning line formation protocol requires Ω(n log n) parallel time. We also propose
an optimal spanning line formation protocol which stabilises in parallel time Θ(n log n) whp.

▶ Theorem 10. Spanning line formation stabilising whp requires Ω(n log n) parallel time.

Proof. The final spanning line configuration must be preceded by one of the three critical
configurations including A) two lines, where one of four edges could be inserted to form a
line, B) buffalo, where one specific edge needs to be removed, or C) unicorn, where one of
the two edges needs to be removed. Alternatively, the final line configuration is obtained
from cycle configuration (a cycle containing all agents) from which one edge is removed. In
such case we consider the only two cycle preceding configurations including D) line, where a
unique edge need to be inserted, or E) chord, where specific chord needs to be removed, see
Figure 1. Thus to stabilise in the final spanning line configuration, the protocol has to go
through one of the bottleneck transitions having a choice of a fixed (at most 4) number of
edges. This limited choice forces Ω(n log n) parallel time if we insist on high probability.

Figure 1 Configurations leading to line and cycle.
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Let T be the parallel time required to stabilise in the final spanning line configuration whp.
As indicated above, stabilising in such configuration requires passing through a bottleneck
transition. At any time, when in a critical configuration, the probability of choosing at
random a pair of agents which enables a bottleneck transition is at most 4/

(
n
2
)

= 8
n(n−1) , since

there are at most four such pairs for each bottleneck transition. Assume T < η(n−1) lnn/10,
where η is the parameter of whp requirement. The probability that the algorithm fails in
this time is not smaller than the probability of no bottleneck transition which is at least(

1 − 8
n(n− 1)

)ηn(n−1) ln n/10
∼ n−0.8η > n−η.

Thus also the probability of a spanning line formation protocol not stabilising in parallel
time T is larger than n−η, for n large enough. ◀

Optimal line formation. The protocol is preceded by leader election verified by the matching
based clock. And when this happens, the (periodic) leader based clock starts running
simultaneously with the following line formation protocol based on two main rules defined
below. The constant size state space of the combined protocol is a Cartesian product of the
individual states spaces of the leader based clock and the line formation protocols.

Form head and tail

L+ F + 0 → H + T + 1

This rule creates the initial head in state H and the tail in state T of the newly formed
line. Note that since the line formation process uses separate memory the leader in the
leader based clock remains in the leadership state, i.e., it is the head state H is used
solely in the line formation protocol.

Extend the line

H + F + 0 → R+H + 1

This rule extends the current line by addition of an extra agent from the head end of the
line. The state R indicates that the agent is in the line between the head and the tail.

▶ Theorem 11. The spanning line formation protocol stabilises whp in parallel time
O(n log n).

Proof. The probability of an interaction adding agent i + 1 to the line when i agents are
already present is 2(n−i)

n(n−1) . Such interactions has geometric distribution with the expected
value n(n−1)

2(n−i) . Thus the expected parallel time of forming the line is

1
n

n∑
i=1

n(n− 1)
2(n− i) ∼ n

2

n∑
i=1

1
i

∼ n lnn
2 .

By Chernoff-Janson bound this parallel time O(n log n) is guaranteed whp. ◀

In order to make the line formation protocol always correct we need some backup rules for
the unlikely case of desynchronisation when two or more leaders survive to the line formation
stage. In such case we need to continue leader elimination.

L+ L+ 0 −→ L+ F + 0
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Also when a leader meets already formed head.

L+H + 0 → F +H + 0

Finally we have to dismantle excessive lines if two or more lines are formed. This is done
using extra state D which dismantles the line edge by edge starting from the head.

H +H + 0 → H +D + 0

D +R+ 1 → F +D + 0

D + T + 1 → F + F + 0

5 Probabilistic bubble-sort

Let array A[0..n − 1] contain an arbitrary sequence of n numbers. In the probabilistic
bubble-sort during each comparison step an index j ∈ {0, . . . , n − 2} is chosen uniformly
at random, and if A[j] > A[j + 1] these two values are swapped in A. We show that the
expected number of comparisons required to sort all numbers in A (in the increasing order)
is Θ(n2) whp.

In order to prove this result we first remind the reader that any sorting procedure based
on fixing local inversions requires Ω(n2) comparisons. In order to prove the upper bound we
utilise the classical zero-one principle stating that if a (probabilistic) sorting network sorts
correctly all sequences of zeros and ones, it also sorts an arbitrary sequence of numbers of the
same length. More precisely, if we want to prove that a given sequence X of n numbers will
be sorted we have to consider only n+ 1 zero-one sequences obtained by replacing k largest
elements of X by ones and the remaining elements by zeros, for any k = 0, . . . , n, see [22].
Thus it is enough to prove that the probabilistic bubble-sort utilises O(n2) comparisons to
sort whp any zero-one sequence of length n, and later use the union bound to extend this
result to any sequence of numbers, also whp.

▶ Theorem 12. The probabilistic bubble-sort utilises 4(n− 1)(n ln 2 + η lnn) comparisons
whp to sort any zero-one sequence of size n.

Let k be the number of ones in a zero-one sequence represented by A. We define a
configuration C as the subset of all positions in A at which ones are situated, where |C| = k.
The probabilistic bubble-sort starts in the initial configuration (based on the original zero-one
sequence) and thanks to the conditional swaps progresses through consecutive configurations
including the final one in which all zeros precede k ones. For any configuration C, we define
a potential function P (C) =

∑
i∈C P [i] with a non-negative integer value, where

P [i] = 2n−k+2l−i − 2l , for l = |C ∩ {0, . . . , i− 1}|.

Note that the value of this potential is zero for all i if and only if the sequence is sorted.
Thus P (C) = 0 for a sorted sequence C. Also, when all ones precede all zeros, the potential
P (C) is the highest possible. One can notice that always P (C) < 2n.

We prove the following lemma.

▶ Lemma 13. Let C be an arbitrary configuration in A and EP (C ′) be the expected potential
of the next configuration C ′ in the probabilistic bubble-sort. The following inequality holds.

EP (C ′) ≤
(

1 − 1
4(n− 1)

)
P (C).
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Proof. We split configuration C into disjoint blocks of indices B1, B2, . . ., each corresponding
to a solid run of ones. For any block B = {x, . . . , y} we define a potential P (B) =

∑y
i=x P [i].

In the subsequent configuration C ′, let EP (B′) be the expected potential of B′ ⊂ C ′ based
on the ones originating from B in the preceding configuration C. We show that

EP (B′) ≤
(

1 − 1
4(n− 1)

)
P (B).

Let l = |C ∩ {0, . . . , y − 1}|. We have

P (B) =
y∑

i=x

P [i] =
y∑

i=x

2n−k+2(l+i−y)−i −
y∑

i=x

2l+i−y < 2n−k+2l−y+1

Assume first that y = n− 1. The inequality follows from the fact that P (B) = P (B′) = 0
as ones located at positions in B cannot be moved any further. Thus we can assume that
y < n− 1. Now, as either B′ = B or B′ = {x, . . . , y − 1} ∪ {y + 1} and the latter happens
with probability 1

n−1 , we get

P (B′) =
y−1∑
i=x

2n−k+2(l+i−y)−i −
y∑

i=x

2l+i−y + 2n−k+2l−y−1 =

= P (B) − 2n−k+2l−y−1 ≤ 3
4P (B).

And in turn

EP (B′) ≤
(

1 − 1
n− 1

)
P (B) + 1

n− 1 · 3
4P (B) =

(
1 − 1

4(n− 1)

)
P (B).

Note that any configuration C is the union of disjoint blocks Bi and P (C) =
∑

i P (Bi),
thus also

EP (C ′) =
∑

i

EP (B′
i) ≤

∑
i

(
1 − 1

4(n− 1)

)
P (Bi) =

(
1 − 1

4(n− 1)

)
P (C) ◀

The initial value of P (C0) is bounded by 2n. When after t random comparisons EP (Ct) ≤
n−η the sequence is sorted whp. This holds because the probability that after t random
comparisons the sequence is not sorted is equal to the probability that the potential is greater
than zero (i.e., at least 1 as the potential is always integral). This probability is less than or
equal to EP (Ct) which is not bigger than n−η.

Let c =
(

1 − 1
4(n−1)

)
. Let also P (Cj) and P (Cj+1) be the potentials of the configurations

separated by the jth consecutive comparison. We have shown earlier that EP (Cj+1),
conditioned on the value of P (Cj), is at most c · P (Cj). This implies that the unconditional
value of EP (Cj+1) is at most c · EP (Cj). Thus by an induction argument it follows that
after t random comparisons EP (Ct) is at most ct · EP (C0). Finally as EP (C0) = P (C0),
where C0 is the initial configuration and its potential is not a random variable, in order to
estimate t we get inequality

EP (Ct) ≤
(

1 − 1
4(n− 1)

)t

P (C0) ≤ exp
(

− t

4(n− 1)

)
2n ≤ n−η,

which holds for n ln 2 + η lnn ≤ t
4(n−1) , equivalent with

t ≥ 4(n− 1)(n ln 2 + η lnn).

This concludes the proof of Theorem 12.
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6 Strand self-replication

A strand is a line segment ai0 , . . . , aik−1 in which each agent holds a 0/1-bit of information
and the only pairs of agents connected by edges are aij , aij+1 , for all j ∈ {0, . . . , k − 2}. The
front agent ai0 in a strand is called the head, the last one aik−1 is called the tail, and the
remaining ones are referred to as regular or internal agents. In the strand self-replication
problem the agents forming a strand are asked to create an identical copy of this strand
from freely available (disconnected) agents. In this section we propose and analyze the first
strand self-replication mechanism allowing efficient concurrent reproduction of many, possibly
different, strands.

Our strand self-replication protocol mimics the pipelining process utilised and analyzed
in the probabilistic bubble-sort algorithm in Section 5. There are, however, some small
differences between the two processes. In particular, in strand self-replication the transfer
(pipelining) of consecutive bits of information between the old and the new strand is done
at the same time as the new strand is being constructed. Also any bit transferred to the
new strand stops moving as soon as it finds the first unused (newly added) agent in the new
strand. Finally, the probability of using an edge in the strand is 1/

(
n
2
)

comparing to the
probability 1/k of choosing any pair of numbers in the probabilistic bubble-sort applied to
sequence of size k. In the proof of Theorem 14 we point out that only the last difference
separates the self-replication process by a multiplicative factor Θ(n2/k) from bubble-sort
applied to a sequence with k ones on the left and 2k zeros at the right end.

The Algorithm. When a strand is ready for self-replication it first creates a copy of its
head, then pushes through this new head (one by one, preserving the order) the bits of
information pulled from its own agents. At the same time, in order to accept the incoming
bits of information, first the new head and later the copies of the consecutive regular agents
of the replicated strand extend the new strand until the tail is formed. When the last (tail)
bit of information is delivered to the new strand, the edge bond bridging the two heads is
removed and the original (old) strand is ready for the next round of self-replication.

Note that in this version of the self-replication protocol a newly formed strand may
simultaneously seek its tail extension and already be involved in self-replication from its head
end. In addition, when eventually all free agents are used, a large volume of agents will be
likely stuck in partially replicated strands.

▶ Theorem 14. The strand self-replication protocol recreates a k-bit strand in parallel time
O(n(k + log n)) whp.

Proof. See the Appendix including Lemmas 16 and 17. ◀

▶ Corollary 15. The strand self-replication protocol generates l copies of a k-bit strand in
parallel time O(n(k + log n) log l) whp.

6.1 Pattern matching with strand self-replication
Pattern matching is a classical problem in Algorithms [13]. In this problem there are two
strings, a shorter pattern P of length k and usually much longer text T of length m. The
main task in pattern matching is to find all occurrences of P in T . We demonstrate how to
utilise self-replication mechanism in pattern matching in the network constructors model.

Assume we have two strands, one containing PR (reversed sequence of bits in P ) and
the other containing T. One can find all occurrences of P in T by forming a single strand
containing sequence T · PR, further injection to and pipelining across T the consecutive bits
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of PR while adopting the pattern matching procedure from [11]. Using this approach and
Theorem 17 one can prove that utilising a fixed number of states the parallel time of finding
all occurrences of P in T is O(n(m+ k + log n)) whp.

The pattern matching protocol can be improved by instructing the original strand and all
replicas containing PR to alternate between insertion of its content at a random position in
T and self-replication. Each insertion and self-replication takes time O(n(k + log n)). After
m
k pattern replications and insertions the distance between any two consecutive insertion
points in strand T is O(k logm) whp, for m large enough. Thus the parallel time of the
improved protocol is independent from m and is bounded by O(n(k + log n) log n), where
O(n(k+log n) log m

k ) comes from all insertions and self-replications, and O(n(k logm+log n))
refers to pattern matching on each segment of size O(k logm).

7 Open Problems

Going beyond the proposed strand self-replication protocol one could investigate whether
other network structures can self-replicate and at what cost. Also further studies on utilisation
of strands (as carriers of complex information) in more complex distributed processes is
needed. One should also seek alternative population protocol models which capture the
bottleneck of infrequent edge manipulation. This can be done, for example, by imposing a
greater bias on interactions between pairs of agents already connected by edges.
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A Appendix

Proof of Theorem 14. We start with presenting further detail of the self-replication protocol.
As in all other protocols studied in this paper, the agents utilise a constant number of states,
this time organised into the following triplets

< Role,Bi, Buffer >,

where the three attributes are:
Role refers to the strand’s head agent H, the tail agent T , or to a regular contributor R.
Bi refers to the bit of information combined with its position i in the strand. Note that

each position i is computed (and stored) modulo 3 counting from the head’s position
0. This allows agents to distinguish between the two directions: towards the head and
towards the tail on the strand. We use BT to denote the bit located in the tail agent
of the strand with a special index −1. Finally, by |Bi| we denote the sole value of the
information bit without its location. Thus the binary representation of the information
stored in the replicated strand corresponds to the sequence |B0|, |B1|, . . . , |BT |, and in
turn for all Bi ̸= BT we have Bi =< |Bi|, i mod 3 >, and BT =< |BT |,−1 >.

Buffer is a part of agents’ memory handling single information |Bi| bits or control messages.
An agent is in the neutral state ϕ when its buffer is empty and no dedicated replication
action (apart from waiting for further instructions) is needed from this agent. In the
self-replicated strand state ϕH denotes the empty buffer of an agent supporting bit transfer
towards H. Similarly, when the buffer is occupied by a bit |Bx| moving towards H the
relevant state is |Bx|H .
In the newly formed strand state ψT denotes the empty buffer of an agent supporting bit
transfer towards the tail end. And similarly, when the buffer is occupied by a bit |Bx|
moving towards the tail end the relevant state is |Bx|T . Here the control message ψN
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indicates that further extension is expected at the current end of the new strand. In this
strand we distinguish also state ψ (await further information) in agents just added at the
tail end.

Below we explain how the information (the carried sequence of bits) is transferred from
the old to the new strand. The full list of strand self-replication protocol rules follows.
The relevant diagrams with state transitions in the old and the new strands are shown in
Figure 2 and Figure 3 respectively. Please note that this set of rules is designed for strands
containing at least three agents, i.e., when all types of agents H,T and R are used. The
relevant protocols for shorter strands are trivial as they carry only a constant number of bits.

(R1) Start of the strand self-replication. The replication process begins when the head H

in the neutral state ϕ interacts with a free agent in state F.

< H,B0, ϕ > + F + 0 −→

< H,B0, ϕ
H > + < H,B0, ψ > + 1

When this rule is applied, in the old strand signal ϕH (move all bits towards the head) is
created, and in the new strand signal ψ means await further instructions (either to add a
new agent or to conclude the replication process).

(R2) Create |Bi|H or |BT |H bit message. When signal ϕH arrives at the (i− 1)th agent
and the ith agent is neutral, message |Bi|H is placed in the buffer of the latter.

< R,Bi, ϕ > + < R|H,Bi−1, ϕ
H > + 1 −→

< R,Bi, |Bi|H > + < R|H,Bi−1, ϕ
H > + 1

A similar action is taken at the tail agent in neutral state < T,BT , ϕ >

< T,BT , ϕ > + < R|H,Bi−1, ϕ
H > + 1 −→

< T,BT , |BT |H > + < R|H,Bi−1, ϕ
H > + 1

The rules in R2 enable propagation of the request to pipeline all information bits towards
the head H. The rules R3 and R4 govern the relevant bit movement.

(R3) Move a non-tail bit message |Bx|H towards H.

< R,Bi, |Bx|H > + < R|H,Bi−1, ϕ
H > + 1 −→

< R,Bi, ϕ
H > + < R|H,Bi−1, |Bx|H > +1

Note that when the bit message |Bx| is moved state ϕH requesting further bit messages
remains in the ith agent.

(R4) Move the tail bit message |BT |H towards H.

< T |R,Bi, |BT |H > + < R|H,Bi−1, ϕ
H > + 1 −→

< T |R,Bi, ϕ > + < R|H,Bi−1, |BT |H > + 1

Note that when the tail message |BT |H is moved the neutrality of the tail agent is restored.
Eventually, thanks to the final transfer of the tail message (to the new strand) states of all
buffers in the old strand are reset to ϕ.
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The following two rules govern transfer of bit messages between the old and the new strand.

(R5) Transfer a non-tail bit message |Bx|H to the head of the new strand.

< H,B0, |Bx|H > + < H,B0, ψ
T > + 1 −→

< H,B0, ϕ
H > + < H,B0, |Bx|T > + 1

After the transfer across the two strands the bit message is now targeting the tail end.

(R6) Transfer the tail bit message |BT |H to the head of the new strand.

< H,B0, |BT |H > + < H,B0, ψ
T > + 1 −→

< H,B0, ϕ > + < H,B0, |BT |T > + 0

As indicated earlier, transfer of the tail message to the new strand and removal of the
bridging edge restore the neutrality of the old strand which is now ready to reproduce again.
Finally, we discuss the remaining rules governing the new strand creation. Recall that the
control message represented by state ψ at the current end of the new strand indicates that
this strand can be still extended.

(R7) Move a non-tail message |Bx|T towards the tail end.

< H|R,Bi, |Bx|T > + < R,Bi+1, ψ
T > + 1 −→

< H|R,Bi, ψ
T > + < R,Bi+1, |Bx|T > + 1

After this move the ith agent in the new strand awaits further bit messages.

(R8) Move the tail message |BT |T towards the tail end.

< H|R,Bi, |BT |T > + < R,Bi+1, ψ
T > + 1 −→

< H|R,Bi, ϕ > + < R,Bi+1, |BT |T > + 1 >

After this move the neutrality of the ith agent in the new strand is restored, i.e., no
further bit messages from the head end are expected.
When there is no room for the bit message coming from the head end another agent has to
be added to the tail end of the new strand. This is done in two steps. In the first step the
current tail end requests addition of a new agent with control message ψN .

(R9) Request strand extension with ψN on non-tail bit message |Bx|T arrival.

< R,Bi, |Bx|T > + < R,Bi+1, ψ > + 1 −→

< R,Bi, |Bx|T > + < R,Bi+1, ψ
N > + 1.

The analogous rule requesting extension beyond the head of the new strand is

< H,B0, |B1|H > + < H,B0, ψ > + 1 −→

< H,B0, |B1|H > + < H,B0, ψ
N > + 1.

When ready (signal ψN is present) the new agent is added from the pool of free agents.
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(R10) Extend the new strand.

< H|R,Bi, ψ
N > + F + 0 −→

< H|R,Bi, ψ
T > + < R, ∗, ψ > + 1

Note that after this rule is applied the newly added agent still awaits its bit message
which is denoted by ∗. This new bit message arrives with the help of the following two rules.

(R11) Arrival of a non-tail bit message.

< H|R,Bi, |Bx|T > + < R, ∗, ψ > + 1 −→

< H|R,Bi, ψ
T > + < R,Bx, ψ > + 1

As a non-tail bit arrived the new strand will be still extended which is denoted by
messages ψT (expect more bit messages from the head end) in the ith agent and ψ (further
extension still possible). The situation is different when the tail bit message arrives.

(R12) Arrival of the tail bit message.

< R,Bi, |BT |T > + < R, ∗, ψ > + 1 −→

< R,Bi, ϕ > + < T,BT , ϕ > + 1

After this rule is applied the neutrality at the tail end of the new strand is restored.
Note, however, that since the neutrality of the agents closer to the head of this strand

was restored earlier the front of the new strand can be already involved in the next strand
replication process. But since we use different messages for the transfers in the old and the
new strands, the two simultaneously run processes will not interrupt one another.

We conclude the proof of Theorem 14 with Lemma 16 stating the correctness of the
proposed self-replication protocol, and Lemma 17 addressing the parallel time complexity.

▶ Lemma 16. The strand self-replication protocol based on rules R1-R12 is correct.

Proof. We argue first about correctness of the proposed protocol in the replicated (old)
strand. One can observe that the bit messages stored in the agents of the strand move
along consecutive edges towards the head H. They do not change their order as they only
move when the preceding bit message vacates the relevant buffer. Finally, to conclude the
replication process neutrality of each agent need to be restored, and this is done by the
eventual transfer of the tail message |BT |H . In what follows we discuss the actions in all
three types of agents in the strand.

The actions of the tail node are governed by rules R2 and R4. The first rule creates
bit message |BT |H and the second moves this message towards the head of the strand,
restoring the neutrality of the tail agent.
The actions of a regular node require also rule R3 which supports movement of multiple
non-tail bit messages towards H. And when the tail bit message arrives the neutrality of
this regular agent is restored by rule R4 applied to this agent twice, first on the right
then on the left side of this rule.
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The actions of head H are more complex. The self-replication begins with application
of rule R1 which comprises three different actions: forming a bridging edge, adding the
head of the new strand, and replication of its bit message in the newly formed head. This
is followed by transfer of non-tail bit messages to the new strand by alternating use of
rules R3 and R5. When eventually the tail bit message arrives during application of rule
R4, the neutrality of the head is restored by rule R6. This concludes the replication
process.

For the full cycles of rules utilised in the replicated strand see Figure 2 in the Appendix.
The new strand formation requires different organisation of states and transitions. Note that
all agents added to the strand must originate in state F, see Figure 3. Also in this case we
argue that the bit messages arrive in the unchanged order and eventually the neutrality of
all agents is reached (starting from the head and finishing with the tail agent) with the help
of the tail bit message |BT |T .

Formation of the tail agent requires application of only two rules: R10 to add a new
agent and R12 to equip this agents with the tail message |BT |, when neutrality of this
agent is reached.
The situation with the regular nodes is more complex as they have to accept and store
their own bit message |Bi| (done by rule R11), add additional agent (via alternating
application of rules R9 and R10) moving all non-tail bit messages following |Bi| in the
old strand (rule R7) until the tail bit message arrives (rule R8) and finally neutrality of
the regular agents is reached via rule R8 or rule R12 if the agent precedes the tail agent.
Rule R1 creates the head of the new strand, rules R9 and R10 add a new agent, rules R5
and R7 move non-tail bit messages in the direction of the tail until the tail bit message
arrives (rule R6) when the neutrality of the head is reached (rule R8).

For the full cycle of rules used by agents in the replicated strand see Figure 3 (Appendix).
As discussed earlier in the new strand what matters is that neutrality is reached earlier by
agents located closer to the head, as this strand is allowed to start self-replication while some
bit messages (from the old strand) are still being moved towards the tail end (which may not
be fully formed yet). However, it is enough to observe that these two replication processes are
independent as they are based on movement of bit messages towards the opposite directions
and in turn they share no rules. ◀

▶ Lemma 17. The strand self-replication protocol based on rules R1-R12 stabilises in
parallel time O(n(k + log n)) whp.

Proof. The strand self-replication protocol mimics the pipelining mechanism utilised and
analyzed in the probabilistic bubble-sort procedure. The main differences is the fact that the
bits of information are moved along the original and the new strand at the same time as the
new strand is being constructed. In particular, when the leading bit reaches the current end
of the new strand, the extension request (for a new agent and edge connection) is successful
with probability ≤ 1/

(
n
2
)
. Also move of any bit along an existing edge is successful with

probability 1/
(

n
2
)
. Thus the expected potential change associated with one interaction (the

counterpart of the inequality from Lemma 13) is

EP (C ′) ≤
(

1 − 1
2n(n− 1)

)
P (C).
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Figure 2 The old strand states and transitions.

As the total number of extension requests is k and the longest distance any bit has to move
is 2k, we get the initial potential P (C0) ≤ 23k in this case. In order to estimate the number
of interactions t, after which EP (Ct) ≤ n−η, we get inequalities

EP (Ct) ≤
(

1 − 1
2n(n− 1)

)t

· P (C0) ≤ exp
(

− t

2n(n− 1)

)
23k ≤ n−η,

which holds for 3k ln 2 + η lnn ≤ t
2n(n−1) and in turn for t ≥ 2n(n− 1)(3k ln 2 + η lnn). ◀

Figure 3 The new strand states and transitions.
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1 Introduction

1.1 Related works
Avoidance games belong to the class of positional games, that were introduced by Hales and
Jewett in 1963 [14] and popularized by Erdős and Selfridge in 1973 [11]. In this class of games,
the board is a hypergraph and two players alternately claim a vertex of the hypergraph that
has not been claimed before. Winning conditions depend on the convention and are related
to the hyperedges. Tic-Tac-Toe and Hex are two famous examples of positional games.
To learn more about positional games, we refer the reader to the recent survey of Hefetz et
al. [18].

Among positional games, a natural dichotomy exists: on the one hand, there are games
in which players seek to build a structure, and on the other hand, there are games in
which players want to avoid a structure. The former set contains both Maker-Maker and
Maker-Breaker conventions, in which the hyperedges are winning sets, and the player either
wants to fill up a winning set (Maker role), or to play at least once in each of them (Breaker
role). The latter contains Avoider-Avoider and Avoider-Enforcer conventions, that can be
seen as the misère version of the former. In these games, the hyperedges are losing sets, and
the players either want not to fill up one losing set (Avoider role), or to force their opponent
to fill up one of them (Enforcer role).
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When positional games were introduced, the focus was on Maker-Breaker games, i.e.
games in which one player, Maker, aims to fill up a hyperedge, and the second one, Breaker,
wants to prevent it by claiming at least one vertex in each hyperedge. This convention is
the most popular one, and several games have been studied according to this convention. In
particular, the survey of Beck [5] presents several results obtained for Maker-Breaker games.
The field of Maker-Breaker games is still well investigated today, and some Maker-Breaker
games were introduced recently [10, 25].

The first Avoider-Avoider game was introduced in 1968 with the game of SIM and is
presented in [28], but the first study of the complexity of Avoidance games was done by
Schaefer in 1978 [27]. Avoider-Enforcer games were introduced later by Lu in 1991 [22, 23]
under the name of Antimaker-Antibreaker games and correspond to the misère version
of Maker-Breaker games. The standard name for this convention, Avoider-Enforcer, was
popularized by Hefetz and different co-authors in 2007 [15, 16, 19, 20]. In this game, Enforcer
wins if at some point during the game, Avoider has claimed all the vertices of a hyperedge,
otherwise Avoider wins.

Even if most of the studies of positional games are focused on Maker-Breaker games,
Avoider-Enforcer games have become more and more relevant: the famous Ramsey game was
introduced in Avoider-Enforcer convention by Beck in 2002 [4] as a generalization of SIM.
As it was done in the Maker-Breaker convention, some games on graphs were introduced in
Avoider-Enforcer or Avoider-Avoider conventions, where the loosing sets correspond to some
structure in the graph, see [2, 3, 13, 17].

In terms of complexity, an overview of the field is proposed by Demaine [9]. In positional
games, as they are perfect information games, one player always has a winning strategy
(or both players can ensure a draw). The natural decision problem related to games is
therefore: does the first player have a winning strategy? This problem was quickly proven to
be PSPACE-complete for Maker-Breaker games by Schaefer in 1978 [27] even restricted to
11-uniform hypergraphs (i.e. hypergraphs in which all hyperedges have size 11). This bound
was recently improved by Rahman and Watson in 2021 [26], proving that the problem is still
PSPACE-complete if the hypergraph is 6-uniform. These two proofs are very technical and
a simpler proof of the PSPACE-completeness was provided by Byskov in 2004 [8], proving
at the same time that Maker-Maker games are also PSPACE-complete. The complexity
of Maker-Breaker games is still studied today, as Galliot et al. [12] have proven that the
winner of a 3-uniform Maker-Breaker game can be computed in polynomial time, but the
gap between the complexity of 6-uniform hypergraphs and 3-uniform hypergraphs remains
to be closed.

Despite the fact that Avoidance games were introduced at the same time as Maker-Breaker
games, only partial results on complexity are known: determining the winner in Avoider-
Avoider games, was proven to be PSPACE-complete by Slany in 2002 [29] for endgames,
i.e. games in which some vertices are already attributed to the players, but there are no
results yet in the general case. Concerning Avoider-Enforcer, Bonnet et al. in 2017 [6]
mentioned that the complexity of this problem is still open, when they proved that short
games, i.e. games in which a player only has few moves to make, are co-W[1]-hard, with the
number of moves taken as a parameter. The best known result today is due to Miltzow and
Stojaković in 2022 [24] that states the NP-hardness of this decision problem and conjectures
its PSPACE-completeness.
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1.2 Presentation of the results

The Avoider-Enforcer game is played as follows: given a hypergraph H, two players, called
Avoider and Enforcer, alternately claim an unclaimed vertex of H with Avoider starting. The
game ends when all the vertices have been claimed. If Avoider has claimed all the vertices of
a hyperedge, Enforcer wins. Otherwise, Avoider wins. The related decision problem is the
following one.

▶ Problem 1 (Avoider-Enforcer).
Input: A hypergraph H.

Output: True if and only if Avoider has a winning strategy in the Avoider-Enforcer game
on H.

This paper will focus on the proof of the following result:

▶ Theorem 2. The Avoider-Enforcer problem is PSPACE-complete, even when the entry
is restricted to hypergraphs with hyperedges of size at most 6.

Our proof of Theorem 2 follows a similar idea to the proof of Rahman and Watson [26]
and the proof of Schaefer [27], by constructing some hyperedges forcing the order of the
moves. Contrary to Maker-Breaker games, in Avoider-Enforcer convention, there is no vertex
in which the players are urged to play, as in general, players do not want to move in avoidance
games. The key idea of this reduction is to create some structures in which playing first is a
losing move. In the provided construction, at any moment of the game, only few moves are
not losing moves. Thus, we can control the vertices played by the two players.

The proof provided for PSPACE-completeness of Avoider-Enforcer games, enables us to
state the following corollary for Avoider-Avoider games that will also be proven later:

▶ Problem 3 (Avoider-Avoider).
Input: A hypergraph H.

Output: True if and only if the second player has a winning strategy in the Avoider-Avoider
game on H.

▶ Corollary 4. The Avoider-Avoider problem is PSPACE-complete, even when the entry is
restricted to 7-uniform hypergraphs.

This paper is organized as follows. In Section 2, we introduce two lemmas that will be
used in the proof of Theorem 2. In particular, we show that pairing strategies that are
often used in Maker-Breaker conventions can also be applied to Avoider-Enforcer games.
Section 3 describes the reduction used to prove the PSPACE-completeness and define an
order on the move that we call the legitimate order. We also show in this section that the
proof holds if both players follow the legitimate order. In Section 4, we show that if a player
does not follow the legitimate order then it cannot be a disadvantage to the other player,
completing the proof of Theorem 2. Finally, in Section 5, we reduce the Avoider-Enforcer
problem to 6-uniform hypergraphs and prove Corollary 4. One use of these results is to
prove the PSPACE-completeness of particular Avoider-Enforcer games. In appendix we give
two examples of such reductions with the cases of the Avoider-Enforcer domination game
and the Avoider-Enforcer vertex H-game.
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2 Preliminaries

In Maker-Breaker games, if a vertex is in all the hyperedges, it is always an optimal move for
both players to play it. Here, we present a similar result for Avoider-Enforcer games. This
result was proved by Miltzow and Stojaković [24], and intuitively states that if a vertex v is
in all the hyperedges that contains another vertex u, then claiming v before u cannot benefit
any player.

▶ Lemma 5. Let H be a hypergraph, and u, v two vertices of H such that, for every hyperedge
e containing u, e also contains v. If a player has a winning strategy, then this player has a
winning strategy in which he never claims v while u is unclaimed.

The second tool we introduce here is pairing strategies in Avoider-Enforcer games. In
Maker-Breaker convention, these strategies are often described by using the fact that a player
can claim at least one vertex in each pair of vertices. Here in Avoider-Enforcer convention,
the main idea of pairing strategies is that this is always possible to force the opponent to
claim at least one vertex in each pair.

In this section, we will refer to the players as Alice and Bob, as the strategy can be
applied both by Avoider and by Enforcer.

▶ Lemma 6. Let H = (V,E) be a hypergraph. Suppose that Alice plays last in H, i.e. if
the game is played until all the vertices have been claimed, Alice will claim the last one. Let
(a1, b1), . . . , (an, bn) be pairwise disjoint pairs of vertices, and let v ̸∈

n⋃
i=1

{ai, bi}.

Alice has a strategy which forces Bob to claim at least one vertex in each pair (ai, bi).
Bob has a strategy which forces Alice to claim v and at least one vertex in each pair (ai, bi).

A strategy satisfying the hypothesis of Lemma 6 will be called a pairing strategy.

Proof. Consider the following strategy for Alice:
If Bob claims a vertex in a pair (ai, bi), she claims the other vertex of the pair.
Otherwise, she claims any vertex that is not in a pair.

By construction; when it is Bob’s turn, in any pair in which he has played, Alice has also
played. Therefore, when it is Alice’s turn, there is at most one pair of vertices in which she
has to play. As Alice plays the last move, whenever it is her turn to play, the number of
remaining vertices is odd. Therefore, if Bob does not play in a pair, at least one vertex in no
pair will be available for Alice. Thus, Alice has a strategy to force Bob to claim at least one
vertex in each pair (ai, bi).

Now, consider the following strategy for Bob:
If Alice claims a vertex in a pair (ai, bi), he claims the other vertex of the pair.
If Alice claims v, if there exists at least one pair (a, b) in which Alice has not played, he
claims a and he considers now that b is the new vertex that Alice will be forced to claim.
Otherwise, he claims any vertex that is not in a pair nor v.

For the same reason, with this strategy, when it is Alice’s turn, in any pair in which she
has played, Bob has played too. When it is Bob’s turn, note that the number of remaining
moves is even, and there always exists exactly one vertex that is not in a pair, and that Bob
wants Alice to claim. Thus, the number of vertices on which Bob cannot play before Alice is
odd. Therefore, he always has an available move that fulfills this strategy. ◀
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3 Proof of the main theorem

In this section, we begin the proof of Theorem 2 by describing the reduction from 3-QBF,
introducing an order on the move of Avoider and Enforcer called the legitimate order and
providing a sketch of the general proof.

▶ Theorem 2. The Avoider-Enforcer problem is PSPACE-complete, even when the entry
is restricted to hypergraphs with hyperedges of size at most 6.

The first step of the proof is to prove that this game is in PSPACE.

▶ Lemma 7. The Avoider-Enforcer problem is in PSPACE.

Proof. Let H = (V,E) be a hypergraph. As the players are not allowed to play an already
claimed vertex, any game ends after at most |V | moves. Therefore, according to Lemma 2.2
of Schaefer [27], as the game has a polynomial length and a polynomial number of moves, its
winner can be computed with polynomial space. ◀

3.1 Construction of the hypergraph
We reduce the problem 3-QBF to an Avoider-Enforcer game. This problem has been
proven PSPACE-complete by Stockemeyer and Meyer [30], and we use the gaming version
of this problem as it was formulated by Rahman and Watson [26]. The game is played
on a quantified formula φ of the form ∀X1∃X2 . . . ∀X2n−1∃X2nψ, with ψ a 3-SAT formula.
Alternately, two players, namely Falsifier and Satisfier, chose valuation for the variables,
Falsifier for the odd variables (quantified with a ∀) and Satisfier for the even ones (quantified
with a ∃). When all the variables have a valuation Satisfier wins if ψ is satisfied, otherwise,
Falsifier wins.

▶ Problem 8 (3-QBF).
Input: A 3-SAT quantified formula φ of the form ∀X1∃X2 . . . ∀X2n−1∃X2nψ.
Output: True if and only if Satisfier has a winning strategy in the 3-QBF game on φ

Given a 3-QBF formula of the form defined in Problem 8, we construct a hypergraph
with 10n vertices x1, x1, . . . , x2n, x2n, u1, u2, . . . , u6n.

A round in a 3-QBF formula corresponds to a step i during which Falsifier gives a valuation
to X2i−1 and then Satisfier gives a valuation to X2i. In this reduction, any round corresponds
to ten vertices and eight hyperedges. Four of the ten vertices are {x2i−1, x2i−1, x2i, x2i}, and
the six others are u6i−5, u6i−4, u6i−3, u6i−2, u6i−1, u6i. The eight hyperedges are constructed
as follows:

A2i = (x2i, x2i, u6i+1, u6i+3)
C+

6i = (u6i, u6i+1, u6i+3, x2i)
C+

6i−2 = (u6i−2, u6i−1, u6i+1, x2i)
C+

6i−4 = (u6i−4, u6i−3, u6i−1, x2i−1)

B2i−1 = (x2i−1, x2i−1, u6i−1)
C−

6i = (u6i, u6i+1, u6i+3, x2i)
C−

6i−2 = (u6i−2, u6i−1, u6i+1, x2i)
C−

6i−4 = (u6i−4, u6i−3, u6i−1, x2i−1)

If some of these vertices do not exist, we still add the hyperedges, but with fewer vertices in
them. For instance, A2n = {x2n, x2n}. Moreover, for each clause Fj = lj1 ∨ lj2 ∨ lj3 ∈ ψ where
the vertices lj1, l

j
2 and lj3 are literals either positive or negative, we add a hyperedge Dj . For

k = 1, 2, 3, if ljk is a positive variable Xp, then xp is in Dj , if ljk is a negative one ¬Xp, then
xp is in Dj . Moreover, If p is odd, then u6p−1 is in Dj , if p is even, then u6p+1 is in Dj .
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Finally, the CNF game φ is reduced to the hypergraph H = (V,E) with

V = {{xi}1≤i≤2n ∪ {xi}1≤i≤2n ∪ {uj}1≤j≤6n}

E =
{

{A2i}1≤i≤n ∪ {C+
2i}1≤i≤3n ∪ {C−

2i}1≤i≤3n ∪ {B2i−1}1≤i≤n ∪ {Dj}1≤j≤m

}
With this construction, we say that Avoider and Enforcer follow a legitimate order if they

claim board elements in the following order for increasing i:
Legitimate order during round i

1. Avoider starts and claims u6i−5.
2. Enforcer claims u6i−4.
3. Avoider claims u6i−3.
4. Enforcer claims one of x2i−1 or x2i−1.
5. Avoider claims the remaining vertex in (x2i−1, x2i−1)
6. Enforcer claims u6i−2.
7. Avoider claims u6i−1.
8. Enforcer claims u6i.
9. Avoider claims one of x2i or x2i.

10. Enforcer claims the remaining vertex in (x2i, x2i).

3.2 Sketch of the proof
To prove that, with our construction, Avoider wins the Avoider-Enforcer game, if and
only if Satisfier wins the QBF game, we first prove that this statement is true if the order
of the moves is legitimate, as the moves will correspond to a valuation obtained in QBF.
To force the players to play in the legitimate order, the main idea of the construction is
that players want to claim some vertices as late as possible. Therefore, we prove that it is
always optimal to respect the legitimate order of the moves. We introduce the following
three lemmas that will be proved in the next section.

▶ Lemma 9. When the game is restricted to the legitimate order, Avoider has a winning
strategy in the Avoider-Enforcer game on H if and only if Satisfier has a winning strategy
for the 3-QBF game on φ.

▶ Lemma 10. If Enforcer has a winning strategy in H when the legitimate order is respected
by the two players, then he has a winning strategy in H.

▶ Lemma 11. If Avoider has a winning strategy in H when the legitimate order is respected
by the two players, then she has a winning strategy in H.

We first admit these lemmas and we prove Theorem 2.

Proof. First, according to Lemma 7, we know that Avoider-Enforcer is in PSPACE. We now
prove the PSPACE-hardness of the problem by reduction from 3-QBF.

Let φ be a 3-SAT quantified boolean formula of the form described in Problem 8.
Consider the hypergraph H obtained from φ by following the construction of Section 3.1.
This construction has polynomial size. According to Lemma 9, when the order is respected, if
Satisfier (Falsifier resp.) has a winning strategy in φ, Avoider (Enforcer resp.) has a winning
strategy in H. Thus, according to Lemma 11 (Lemma 10 resp.), if Avoider (Enforcer resp.)
has a winning strategy on H when the legitimate order is respected, she (he resp.) has one
in general in H. Thus, Satisfier wins on φ if and only if, Avoider wins on H. Therefore, the
Avoider-Enforcer problem is PSPACE-complete.
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As all the construction provides a hypergraph H in which all the hyperedges have of
size at most six, the Avoider-Enforcer problem is PSPACE-complete even restricted to
hypergraphs in which all the hyperedges have size at most six. ◀

3.3 Game in legitimate order

In this section, we suppose that both players follow a legitimate order of moves.
If the order of moves is legitimate, the only choices available for Avoider and Enforcer are

on the vertices xi and xi. For each 1 ≤ i ≤ 2n, Avoider claims one of xi, xi and Enforcer
the other. Therefore, if both Avoider and Enforcer play one vertex in {xi, xi}, we define the
underlying valuation given to ψ as the following one:

Xi =
{
True if Avoider has claimed xi and Enforcer has claimed xi

False if Avoider has claimed xi and Enforcer has claimed xi

We now prove Lemma 9

Proof. Consider a game played on H for which both Avoider and Enforcer respected the
legitimate order through the whole game.

▷ Claim 12. Avoider won the game on H if and only if the formula ψ is satisfied by the
underlying valuation of the Xis.

Proof. Since the legitimate order is respected, Enforcer claimed all the vertices u2i and thus
played at least once in all the hyperedges C+

2i and C−
2i. Moreover, for each pair of variables

(xi, xi), Enforcer claimed one of the vertices of the pair, and so he has claimed at least one
vertex in all the hyperedges Ai and Bi. Thus, the only hyperedges that could possibly be
fully played by Avoider are the hyperedges Dj .

Since, in the legitimate order, Avoider claimed all the vertices u2i+1, a hyperedge Dj

corresponding to a clause Fj is fully played by Avoider if and only if she played on all the
vertices x(ljk) for lk ∈ Fj , where x(ljk) = xp if ljk = Xp and x(ljk) = xp if ljk = ¬Xp. If this
is the case, then this means that the formula ψ is not satisfied by the underlying valuation
because the clause Fj has all its literals assigned to False. On the contrary, if the formula ψ
is satisfied by the underlying valuation, then, for all clause Fj , at least one of the literals in
it is assigned to True and so Enforcer played at least once in each hyperedge Dj .

Therefore, Avoider won the game on H if and only if ψ is satisfied. ◁

Suppose Satisfier has a winning strategy S on φ. We define a strategy for Avoider as
follows: Whenever Avoider has to play a vertex x2k or x2k, Avoider considers the underlying
valuation given to the Xis with i < 2k. Then, if Satisfier had put X2k to True, she claims
x2k. Otherwise, she claims x2k. With this strategy, at the end of the game, the underlying
valuation of the variables of H will the same as the valuation given by the game that Satisfier
played on φ. Since Satisfier has a winning strategy on φ, the underlying valuation satisfies ψ
and so Avoider wins the game.

Similarly, if Falsifier has a winning strategy, Enforcer can follow the strategy in such a
way that at the end the valuation of variables in the game played by Falsifier correspond to
the underlying valuation in H. Since Falsifier wins on φ, Enforcer wins the game on H. ◀
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4 Proofs of Lemma 10 and Lemma 11

The first part of our constructions showed that, if the legitimate order is respected, Avoider
wins if and only if Satisfier wins the 3-QBF game. We now prove that, if a player has a
winning strategy when the order is respected, he has one even if his opponent does not
respect the order. We introduce here different sets of variables. These sets will be the main
tools of the proofs of Lemma 10 and Lemma 11.

For i = 1 to 4n, we define the set of vertices Si as S4n = {u6n, x2n, x2n} and for i < 4n:
if i = 4k, Si = {u6k, x2k, x2k, u6k+1} ∪ Si+1
if i = 4k − 1, Si = {u6k−2, u6k−1} ∪ Si+1
if i = 4k − 2, Si = {x2k−1, x2k−1} ∪ Si+1
if i = 4k − 3, Si = {u6k−4, u6k−3} ∪ Si+1

4.1 Proof of Lemma 10
We now prove Lemma 10

Proof. Suppose Enforcer has a winning strategy when the legitimate order is respected.
Consider a strategy for Enforcer in which he plays according to the legitimate order until
Avoider does not. If Avoider respects the order until all the vertices are played, by assumption,
Enforcer wins. Otherwise, the proof of the following claim provides a winning strategy for
Enforcer.

▷ Claim 13. If, during the game, Avoider plays in a set Si in which Enforcer has not played
yet, then, after this move, Enforcer has a strategy to win the game.

Proof. The proof is by induction on i.
First, notice that each Si has an odd number of vertices and, as the total number of

vertices in H is 10n, there is also an odd number of vertices outside Si. Therefore, if Avoider
plays first in an Si, Enforcer answers by playing an arbitrary vertex that is not in Si and
considers an arbitrary pairing outside Si, which exists as there is an even number of vertices
outside Si after his move. This way, Avoider has to be the next player to play in Si.

Base cases.
Case i = 4n: If Avoider plays first is S4n, by pairing the two other vertices in S4n, by
using Lemma 6, Enforcer can force Avoider to play another vertex in S4n. Hence, as
(u6n, x2n), (u6n, x2n) and (x2n, x2n) are three hyperedges, Avoider will claim the two
vertices of one of them and thus lose.
Case i = 4n− 1: As shown previously, Enforcer has a strategy such that Avoider is the
next player to play in S4n−1. If Avoider has played at least one of her two first moves
in S4n, she has lost by the case i = 4n. Otherwise, she has claimed exactly u6n−2 and
u6n−1. In this case, Enforcer claims u6n and pairs x2n and x2n and by Lemma 6 he forces
Avoider to claim all the vertices of C+

6n−2 or C−
6n−2.

Induction steps. Suppose that the first time Avoider does not respect the order of the move,
she plays in a set Si for i ≤ 4n− 2. If the second move of Avoider in Si is in Si+1, Enforcer
wins by induction hypothesis. Thus, we can suppose that Avoider has claimed two vertices
in Si \ Si+1. Moreover, as Enforcer has arbitrarily paired the vertices outside Si, we describe
here the strategy in Si, and Enforcer plays according to the pairing outside Si. This strategy
ensures that the moves in Si alternate between both players.
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Case i = 4k: Avoider has played twice in {u6k, x2k, x2k, u6k+1}. At least one of
{u6k, x2k, x2k} is available. Enforcer claims it. Avoider has to claim the third ver-
tex in this quadruple, otherwise, she plays first in Si+1 and loses by induction, and
necessarily one of the three vertices she has claimed is u6k+1. Enforcer claims u6k+2.
Avoider either plays first in Si+2 and loses by induction hypothesis, or claims u6k+3. At
this moment, Avoider has played on the vertices u6k+1 and u6k+3, and two of the vertices of
{u6k, x2k, x2k}. So she has completed one of the hyperedges C+

6k = (u6k, u6k+1, u6k+3, x2k),
C−

6k = (u6k, u6k+1, u6k+3, x2k) or A2k = (x2k, x2k, u6k+1, u6k+3).
Case i = 4k − 1: Avoider has claimed u6k−2 and u6k−1. Enforcer claims u6k. Avoider
has to play on vertex in {x2k, x2k, u6k+1}, (otherwise she plays first in Si+2 and loses by
induction). Enforcer claims either x2k or x2k, as at least one of them is available. If Avoider
plays a vertex in Si+2 she loses by induction. So she has to play the last vertex available
in Si \Si+1. With this strategy, Avoider has necessarily claimed u6k+1 and one of x2k and
x2k. Thus, she has played all the vertices of either C+

6k−2 = (u6k−2, u6k−1, u6k+1, x2k) or
C−

6k−2 = (u6k−2, u6k−1, u6k+1, x2k).
Case i = 4k − 2: Avoider has claimed x2k−1 and x2k−1. Enforcer claims u6k−2. Either
Avoider plays first in Si+2 and loses by induction, or she claims u6k−1, the last available
vertex in Si+1 and loses by having played all the vertices in B2k−1 = (x2k−1, x2k−1, u6k−1).
Case i = 4k − 3: Avoider has claimed u6k−4 and u6k−3. Enforcer claims x2k−1. Avoider
has to claim x2k−1, otherwise she plays first in Si+2 and loses by induction. Then
Enforcer claims u6k−2. If Avoider plays in Si+3 she loses by induction. The last vertex
available in Si \Si+3 is u6k−1, and if Avoider claims it, she loses by playing all the vertices
C−

6k−4 = (u6k−4, u6k−3, u6k−1, x2k−1).

By applying this induction, at any moment of the game, if Avoider plays first in a set Si,
she looses. ◁

Finally, if Enforcer has played according to the legitimate order, at any moment of the
game, Avoider has to play in a set Si in which Enforcer has already played. Therefore, she
has to respect the order of the moves. The only moment when she can change this order is
by claiming u6k+1 instead of one of the vertices x2k, x2k. But if she does so, Enforcer can
claim one of them, for instance x2k, and Avoider will be forced to claim x2k. If this happens,
everything happens as if Avoider has claimed x2k first and u6k+1 after. Since these moves
could have occurred in the legitimate order, the strategy can then continue as if the order
has been respected.

To conclude, if Enforcer has a winning strategy when the legitimate order is respected,
Enforcer has a winning strategy in H even without this restriction. ◀

4.2 Proof of Lemma 11
In this section, we prove that if Avoider has a winning strategy when the legitimate order
is respected, she also has one if Enforcer does not respect the order. The main idea of the
strategy is to respect the order, and if Enforcer does not respect the order, Avoider has a
pairing strategy to force Enforcer to claim a vertex in some pair (xi, xi), or the odd uj that
follows them. By construction, any hyperedge containing a vertex xi or xi also contains the
next odd vertex uj in the legitimate order, and this will prove that whenever Enforcer does
not respect the order, it benefits Avoider. We now will prove Lemma 11.

Proof. Suppose Avoider has a winning strategy when the legitimate order is respected. We
now describe a winning strategy for Avoider in the general case.
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While Enforcer respects the legitimate order, Avoider also respects it. Suppose that at
some moment of the game, Enforcer does not respect the legitimate order. Denote by yA the
vertex he would have played according to the legitimate order, and by yE the vertex he has
claimed instead. If yA is a vertex x2i or x2i, Avoider pairs it with u6i+1 and continues as if
Enforcer had to play u6i+2. If this is the case, consider yA = u6i+2. Note that, according to
Lemma 5, we can suppose that yE is not a vertex uj with j odd. Indeed, for each vertex
u2i+1, the hyperedges that contain the previous vertex in the legitimate order (if this vertex
is a vertex xj or xj this is true for either of them) also contain u2i+1. As any hyperedge
containing x2i or x2i also contains u6i+1 which is the next vertex Avoider should have played
according to the legitimate order, it benefits her if Enforcer finally claims u6i+1 instead of
x2i or x2i according to Lemma 5.

Denote by k the smallest integer such that yE /∈ Sk, and by k′ the largest integer such
that yA ∈ Sk′ . We consider k = 4n + 1 if yE ∈ S4n, with S4n+1 = ∅. Note that all the
vertices outside Sk′ have already been played or are paired, and that Sk′ \ Sk is then the
set of vertices perturbed by the move of Enforcer. As all the sets Si have an odd number
of vertices, we know that the number of remaining vertices outside Sk is odd, as an even
number of moves have been played in it. By assumption, Avoider was following a winning
strategy for the legitimate order. She can then consider an arbitrary sequence of moves for
Enforcer following the legitimate order and her answers according to her strategy until all the
vertices in Sk′ \ Sk are played. According to these moves, we will denote by xE

j the vertex
among (xj , xj) claimed by Enforcer and by xA

j the vertex played by Avoider.
Avoider claims yA, the vertex that Enforcer should have claimed according to the legitimate

order, and will consider one strategy in Sk and another one outside Sk:
In H\Sk, she plays according to a pairing strategy, that is presented in the next paragraph.
In Sk, Avoider considers the strategy she would have played if all the vertices outside Sk

were played according to the legitimate order, with the vertices xE
j claimed by Enforcer

and the vertices xA
j claimed by Avoider.

The pairing we define is the following one: (u6i−4, x
A
2i−1), (u6i−3, u6i−6), (xE

2i−1, u6i−1),
(u6i−2, x

A
2i), (u6i+1, x

E
2i). This pairing concerns all the vertices that have to be played after yA

in the legitimate order that are not in Sk, and we consider only pairs containing at least one
vertex outside Sk. Note that, by construction, exactly one vertex of this pairing is already
played, and exactly one paired with a vertex in Sk. Therefore, to make the pairing contain
only vertices not played and outside Sk, some modifications are done. These modifications
are presented in Figure 1. By applying Lemma 6, Avoider can ensure that Enforcer plays at
least one in each of these pairs.

yA changes
u6i−4 u6i−3 ←→ xA

2i−1

x2i−1 or x2i−1 x∗
2i−1 ←→ u6i−1

u6i−2 u6i−1 ←→ xA
2i

u6i u6i+3 ←→ xA
2i

yE changes
u6i−4 no changes

x2i−1 or x2i−1 x∗
2i−1 ←→ u6i−4

u6i−2 no changes
u6i no changes

x2i or x2i x∗
2i ←→ u6i+1, u6i−2 ←→ u6i

Figure 1 Changes of the matching. x∗
j refers to the variable in {xk, xk} that has not been played,

arrows represent new pairs of vertices in the matching.

▷ Claim 14. The pairing strategy ensures that Enforcer plays at least once in each hyperedge
Ai, Bi or Ci containing all their vertices in Sk′ and at least one outside Sk.
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Proof. First, if the hyperedge contains no vertex whose pairing has been modified because of
their belonging to yA or yE , it contains two paired vertices. We show in bold text the paired
vertices:

A2i = (xA
2i,x

E
2i,u6i+1, u6i+3)

CA
6i = (u6i, u6i+1,u6i+3, x

A
2i)

CE
6i = (u6i,u6i+1, u6i+3,x

E
2i)

CA
6i−2 = (u6i−2, u6i−1, u6i+1,x

A
2i)

CE
6i−2 = (u6i−2, u6i−1,u6i+1,x

E
2i)

B2i−1 = (xA
2i−1,x

E
2i−1,u6i−1)

CA
6i−4 = (u6i−4, u6i−3, u6i−1,x

A
2i−1)

CE
6i−4 = (u6i−4, u6i−3,u6i−1,x

E
2i−1)

For the first hyperedges of the matching, there are two paired vertices.
Recall first that if Enforcer was supposed to play in {x2i, x2i}, Avoider pairs this vertex

with u6i+1 and considers yA = u6i+2. The only one hyperedge among the Ai, Bi and Ci that
was concerned with this change is A2i, in which two vertices are now paired. In any other
case, the following vertices are paired:

If yA = u6i−4, only the hyperedges CE
6i−4 and CA

6i−4 are concerned by the changes. In
the former xE

2i−1 is paired with u6i−1, in the latter xA
2i−1 is paired with u6i−3.

If yA ∈ {x2i−1, x2i−1}, the only hyperedges concerned by the change is B2i−1. In it, the
other vertex in {x2i−1, x2i−1} is paired with u6i−1

If yA = u6i−2, only the hyperedges CE
6i−2 and CA

6i−2 are concerned by the changes. In
the former xE

2i is paired with u6i+1, in the latter xA
2i is paired with u6i−1.

If yA = u6i, only the hyperedges CE
6i and CA

6i are concerned by the changes. In the former
xE

2i is paired with u6i+1, in the latter xA
2i is paired with u6i+3.

For the last hyperedges that contain vertices of the matching, the following happens:
If yE = u6i−4, the pairing stops at u6i−3. The only two hyperedges that contain at least
one vertex in Sk and one vertex outside Sk are C+

6i−4 and C−
6i−4, in which Enforcer has

claimed yE .
If yE = x2i−1 or x2i−1, the pairing stops after the second vertex in {x2i−1, x2i−1}. The
only one hyperedge containing at least one vertex in Sk and one outside Sk is B2i−1, in
which Enforcer has already claimed yE .
If yE = u6i−2, the pairing stops at u6i−1. The only two hyperedges that contain at least
one vertex in Sk and one vertex outside Sk are C+

6i−2 and C−
6i−2, in which Enforcer has

claimed yE .
If yE = u6i, the pairing stops at u6i+1. The three hyperedges that contain both vertices
in Sk and vertices outside Sk are C+

6i, C
−
6i and A2i. In C+

6i, C
−
6i, Enforcer has claimed

yE , and in A2i, Enforcer will play one of xE
2i or u6i+1 as these two vertices are paired

together.
If yE = x2i or x2i, the pairing stops at u6i+1. The three hyperedges that contain vertices
inside Sk and outside Sk are C+

6i, C
−
6i and A2i. As the second vertex in {x2i, x2i} is

paired with u6i+1, either Enforcer has claimed both x2i and x2i, and any of these three
hyperedges contains at least one of them; or Enforcer has claimed u6i+1 which is in these
three hyperedges.

If the pairing stops because it goes until the end (i.e. k = 4n + 1), one vertex is not
paired. According to Lemma 6, as Enforcer plays the last move in H, Avoider can force him
to play it and still play once in each pair of the pairing.

Finally, in any hyperedge Ai, Bi or Ci containing at least one vertex of the matching,
Enforcer has played at least one vertex. ◁
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Now, we can prove that the strategy we defined for Avoider is a winning strategy. In all
the hyperedges Ai, Bi or Ci, Enforcer played at least once. Indeed, if Enforcer has respected
the order until he plays in one of these hyperedges, there is nothing to do. Otherwise, by
Claim 14, Avoider can force Enforcer to play in it as this hyperedge is considered in a set
of hyperedges in which Enforcer has not respected the order, and thus contains two paired
vertices.

In the hyperedges Dj , as the strategy in the legitimate order is a winning strategy, it
forces at least one vertex xi or xi to be claimed by Enforcer in Dj (since all the vertices uk

of odd indices are played by Avoider in the legitimate order). Then, by construction, if when
this vertex has to be claimed the order was respected, Enforcer has played it. If the order
was not respected, then Avoider has paired this vertex with the next vertex uk of odd index,
forcing Enforcer to play one of them. In both cases, Enforcer has played in Dj . ◀

5 Uniform hypergraphs and applications

The construction provided in Section 3.1 provided a hypergraph in which any hyperedge have
size at most six. We prove here that the PSPACE-hardness can be generalized to uniform
hypergraphs.

5.1 From 6-hypergraphs to 6-uniform hypergraphs
A hypergraph H = (V,E) is a k-hypergraph if any hyperedge e ∈ E has size at most k. It is
said to be k-uniform if any hyperedge e ∈ E has size exactly k.

▶ Lemma 15. Let H = (V,E) be a k-hypergraph. Let m = min
e∈E

|e|. If m < k, there exists
a k-hypergraph H ′ = (V ′, E′) where min

e∈E
|e| = m+ 1, having |E′| ≤ 2|E| and |V ′| ≤ |V | + 2

such that Avoider has a winning strategy in the Avoider-Enforcer game on H if and only if
she has one in H ′.

Proof. Let H = (V,E) be a k-hypergraph. Let m = min
e∈E

|e|. We define H ′ = (V ′, E′) as
follows. We start from V ′ = V . We add two vertices {a1, a2} in V ′. For each hyperedge
e ∈ E, we add hyperedges in E′ as follows:

If |e| > m, we add a copy of e in E′.
If |e| = m, we add two hyperedges e1 = e ∪ {a1} and e2 = e ∪ {a2} in E′.

We have |V ′| = |V | + 2, |E′| ≤ 2|E| and min
e∈E′

|e| = m+ 1.
Now, if Avoider (Enforcer resp.) had a winning strategy S in E, we can define a strategy

S ′ in E′ as follows:
If the opponent plays a vertex in V , or if it is the first move of the player, play as in S.
If the opponent plays a vertex in {a1, a2}, or if there is no vertex in V available, play an
available vertex in {a1, a2}.

Following this strategy, Avoider (Enforcer resp.) has played exactly the same vertices in H ′

as he (she resp.) would have played in H according to S with, in addition, exactly one of
{a1, a2}.

Therefore, if Avoider had a winning strategy in H, then for each e ∈ E, there exists one
vertex v ∈ e, that Enforcer has played. Let e′ ∈ E′ be a hyperedge. If e′ is a copy of some
hyperedge e ∈ E, then Enforcer has played in it, as he would have played in e according to S.
If e′ is a hyperedge e1 or e2 created from a hyperedge e ∈ E, as Enforcer would have played
in e according to S, he has played the same vertex in e′.
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If Enforcer had a winning strategy in H, following this strategy, there exists a hyperedge
e ∈ E in which Avoider has claimed all the vertices. If |e| ≥ m+ 1, Avoider has also played
all the vertices of e ∈ E′, so Enforcer has won. If |e| = m, as the strategy S ′ forces Avoider
to play at least one of {a1, a2}, suppose without loss of generality that she has claimed a1.
Then, she has claimed a1 and all the vertices of e, so she has filled up the edge e1. Therefore,
this strategy is a winning strategy for Enforcer.

Finally, H ′ has the same outcome as H and min
e∈E′

|e| = m+ 1. ◀

▶ Corollary 16. Avoider-Enforcer is PSPACE-complete even restricted to 6-uniform hyper-
graphs

Proof. The construction provided in the proof of Theorem 2 builds a 6-hypergraphs in which
all hyperedges have size at least two. Therefore, by applying Lemma 15 four times, with
m = 2, 3, 4, 5, we obtain a hypergraph having at most eight more vertices and eight times
more hyperedges. Thus, this construction is still polynomial and the hypergraph obtained is
6-uniform. ◀

5.2 Avoider-Avoider games
We prove Corollary 4, i.e. that Avoider-Avoider games are PSPACE-complete, even restricted
to 7-uniform hypergraphs.

Proof. Consider the construction provided in the proof of Corollary 16. Consider H ′ the
hypergraph obtained by adding a vertex v0 in H and adding it in all the hyperedges of H.
Note that, as any hyperedge of H has size six, any hyperedge of H ′ have size exactly seven.
According to Lemma 5 (note that the result also apply to Avoider-Avoider games), both
players have an optimal strategy in which v0 will be played last, and as the graph has an
odd number of vertices, the first player will play it. Therefore, the second player cannot fill
up a hyperedge and plays as Enforcer would in the Avoider-Enforcer game. By applying the
same strategy as in Avoider-Enforcer, if Avoider wins in Avoider-Enforcer, the game ends by
a draw, otherwise the second player wins. ◀
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A Particular Avoider-Enforcer games

Several games have been proven to be PSPACE-complete in the Maker-Breaker convention,
thanks to the proofs of Schaefer or of Rahman and Watson. Due to the similarities between
the two conventions, some reductions may be adapted to prove that these games are PSPACE-
complete in the Avoider-Enforcer convention. In particular, we prove in this section that
the domination game and the vertex H-Game are PSPACE-complete in Avoider-Enforcer
convention.

A.1 Avoider-Enforcer domination game
The Maker-Breaker domination game was introduced by Duchêne et al. in 2020 [10] and
follows the study of domination games on graphs, which were investigated since 2002 [1, 7].
In Maker-Breaker, two players, namely Dominator and Staller alternately claim an unclaimed
vertex of the graph, Dominator wins if he manages to claim all the vertices from a dominating
set. Otherwise, Staller wins. They proved that determining whether Dominator or Staller has
a winning strategy is PSPACE-complete using a reduction from the general Maker-Breaker
game. The Avoider-Enforcer domination game can be similarly defined, with Anti-Staller
winning if Anti-Dominator claims a dominating set and Anti-Dominator winning otherwise.
We prove here that determining the winner of the Avoider-Enforcer domination game is
PSPACE-complete. Note that the proof is very similar to the reduction from Maker-Breaker
games to Maker-Breaker domination game.

▶ Problem 17 (Avoider-Enforcer domination game).
Input: A graph G
Output: True if and only if Anti-Dominator wins the Avoider-Enforcer domination game
on G.

▶ Theorem 18. The Avoider-Enforcer domination game problem is PSPACE-complete

Proof. First, Avoider-Enforcer domination game is in PSPACE, as the number of moves in a
game is the number of vertices, and as determining if a set is a dominating set or not can be
done in polynomial time, the game is in PSPACE.

Let H = (VH , EH) be a hypergraph. Without loss of a generality, we can suppose that
each vertex is in at least one hyperedge, otherwise the vertices in no hyperedge will be played
first according to Lemma 5, and we can just remove them, up to change the first player to
go. We construct the following graph G = (V,E) as follows:

For each vertex ui in VH , we add a vertex vi in V .
For each hyperedge C in EH , we add two vertices v1

C and v2
C in V .

If a vertex ui of VH belongs to a hyperedge C of EH , we add the edges viv
1
C and viv

2
C to

E.
Note that the graph created here is bipartite

Suppose Avoider (Enforcer resp.) has a winning strategy S in H. We define a strategy
S ′ for Anti-Staller (Anti-Dominator resp.) in G as follows.

If Avoider (Enforcer resp.) plays the first move in H , he claims first a vertex vi such that
ui is the first vertex claimed in S.
If the opponent claims a vertex vi, he claims a vertex vj such that uj is the answer to
the vertex ui in S.
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If a player plays a vertex vk
C for k ∈ {1, 2}, he claims the vertex vk′

C for k′ ̸= k ∈ {1, 2}.

Now if Avoider had a winning strategy in H, by applying the strategy S ′, for any vertex
vi

C , Anti-Staller has not played all the vjs adjacent to it. Therefore, Anti-Dominator has
claimed one of them and all the vi

Cs are dominated. Moreover, all the vertex ujs are in at
least one edge C of H, and thus vj is dominated by Anti-Dominator, as she has played one
of (v1

C , v
2
C). Finally, Anti-Dominator has dominated the graph and Anti-Staller has won.

Reciprocally, if Enforcer had a winning strategy in H, by applying the strategy S ′,
Anti-Dominator knows that there exists a pair of vertices (v1

C , v
2
C), such that Anti-Staller

has played all the vjs adjacent to them. As Anti-Staller has played one of them, and all its
neighbors, this vertex is not dominated. Therefore, Anti-Dominator has won. ◀

In Figure 2 we provide an example of reduction. Note that the construction provided
is exactly the same as the one used to prove the PSPACE-completeness in Maker-Breaker
in [10].

v1 v2 v3 v4

v1
A v2

A v1
B v2

B v1
C v2

C

u1

u2 u3

u4

A
B

C

Figure 2 Reduction from Avoider-Enforcer game to Avoider-Enforcer domination game.

▶ Remark 19. Up to add all the edges between the vis, the game is still PSPACE-complete
on split graphs.

A.2 Avoider-Enforcer vertex H-Game
The vertex H-Game has been introduced by Kronenberg, Mond and Naor in [21] on random
graphs. It is presented in several conventions, but we will focus here on the Avoider-Enforcer
one. The game is played as follows:

Let H be a graph. Avoider and Enforcer play on the vertex set of another graph G.
Alternately, Avoider and Enforcer claim an unclaimed vertex of G. Avoider wins if the set of
vertices she has claimed do not contain H as a subgraph (not necessarily induced). Otherwise,
Enforcer wins.

▶ Problem 20 (Avoider-Enforcer vertex H-Game).
Input: A graph G
Output: True if and only if Avoider wins the Avoider-Enforcer vertex H-Game played on G.

We first need to define some graphs and operations that will be helpful to describe the
graphs of this section:

We will denote by Ik the graph being an independent set of size k, i.e. containing k

vertices and no edge.
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If G and H are two graphs, we denote by G ▷◁ H their join, i.e. if G = (VG, EG) and
H = (VH , EH), we have G ▷◁ H = (V,E) with V = VG ∪ VH and E = EG ∪ EH ∪
{(vG, vH)|vG ∈ VG, vH ∈ VH}.
If G and H are two graphs, we denote by G⊠H their strong product, i.e. if G = (VG, EG)
and H = (VH , EH), we have G ⊠ H = (V,E) with V = {xu,v|u ∈ VG, v ∈ VH} and
E = {(xu1,v1 , xu2,v2)| (u1 = u2 or (u1, u2) ∈ EG) and (v1 = v2 or (v1, v2) ∈ EH)}.

Remark that for any graph G, G⊠ P2 (where P2 design the path of length 2) is obtained
by taking two copies of G and connecting each vertex to its copy and its copy’s neighbors.

We prove here that determining the winner of the Avoider-Enforcer vertex H-Game is a
PSPACE-complete problem for several graphs H .

▶ Theorem 21. Let H0 be a graph containing at least one edge or at least 6 vertices, and
let k ≥ 6. Consider H = Ik ▷◁ H0. The Avoider-Enforcer vertex H-game problem is
PSPACE-complete.

Note that complete bipartite graphs Kn,m, with n,m ≥ 6, are of this type. Indeed,
Kn,m = Ik ▷◁ H0 for H0 = Im and k = n.

Proof. First, the Avoider-Enforcer vertex H-game is in PSPACE. Indeed, as it is a positional
game, if G = (V,E) is a graph, the game ends after at most |V | moves. After that, determining
whether a graph H is a subgraph of a graph G can be done in polynomial space.

We do our reduction from Avoider-Enforcer on 6-uniform hypergraphs (proven to be
PSPACE-complete in Corollary 16). Let H0 be a graph containing at least one edge or at
least 6 vertices, and let k ≥ 6. Let H = Ik ▷◁ H0. To avoid confusion while describing the
strategies in the two games, we will call the players of the Avoider-Enforcer vertex H-Game
Alice and Bob, with Alice avoiding creating a subgraph H and Bob forcing her to create one.

Let H ′ = (V ′, E′) be a 6-uniform hypergraph. Let H ′
0 be the strong product H0 ⊠ P2.

We build G = (V,E) an instance of the Avoider-Enforcer vertex H-Game as follows:
Step 1: For any vertex v′

i ∈ V ′, we add a vertex vi ∈ V .
Step 2: For any hyperedge C ∈ E′, we add 2(k − 6) vertices vC

1 , . . . , v
C
2(k−6) (note that

if k = 6, no vertex is added during this step).
Step 3: For any hyperedge C ∈ E′, we add a copy HC

0 of the graph H ′
0 in G, and we

connect any vertex of HC
0 to all the vertices vi such that v′

i ∈ C and to all the vertices
vC

j for 1 ≤ j ≤ 2k − 6.

▷ Claim 22. If Avoider has a winning strategy in H ′, Alice has a winning strategy in G.

Proof. Suppose Avoider has a winning strategy S ′ in H ′. We define Alice’s strategy S in G

as follows:
She starts by claiming the vertex vi, corresponding to the vertex v′

i that Avoider would
have claimed in H ′ according to S ′.
If Bob claims a vertex vi, she answers with the vertex vj corresponding to the vertex v′

j

that Avoider would have claimed by S ′ in H ′ if Enforcer has claimed v′
i.

In HC
0 , as it is a strong product H0 ⊠ P2, Alice considers the pairing between any vertex

of H0 and its copy in the strong product. If Bob plays in one pair of this pairing, she
claims the second vertex of this pair.
For any hyperedge C in H ′, Alice considers the set of vertices vC

j for 1 ≤ j ≤ 2k − 6. If
Bob claims one of them, she also claims one. As there is an even number of them, this is
always possible.
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At the end of the game, by the matching strategy, for each hyperedge C in H ′, Alice
will have played exactly a copy of H0 in each HC

0 , exactly k − 6 vertices among the vC
j for

1 ≤ j ≤ 2(k − 6), and the vertices vi corresponding to the v′
i that Avoider would have played

according to S ′ in H ′.
Now, consider any copy H1 of H in G. Suppose that Alice has played all the vertices

of H1.
Suppose that H0 has at least one edge. We first prove that H1 cannot contain two vertices

vC and vC′ for C ̸= C ′ that have been created by the Steps 2 or Step 3 of our construction.
Suppose it does. Consider a decomposition of H1 = Ik ▷◁ H

1
0 . By construction, the vCs and

the vC′s are not adjacent. Therefore, as these two components are fully connected one to the
other, they must either be both in Ik or both in H1

0 .
Let e = (u1, u2) be an edge of H1

0 . vC and v′
C cannot be both adjacent to u1, otherwise,

by construction, we would have C = C ′. Therefore, as only vertices created during Step 1
can be adjacent to both vC and vC′ , any vertex in Ik must be a vertex vi. Which is not
possible otherwise, Alice would have play k ≥ 6 vertices vi adjacent to a same vC , which
means that, according to S ′ she would have played k ≥ 6 vertices in the same hyperedge in
H ′, which contradicts the fact that S ′ was a winning strategy for Avoider in H ′.

Now, as all the vertices of H1 are either vis or were created by considering the same
hyperedge C, and |H1| = |H0| + k, by the pairing, we know that exactly 6 of them are vis.
As there are no edges between the vis, they must all be on the same side of the join, and
therefore, they are all connected to a same vertex. By construction, this is only the case if
these six vertices are in a same hyperedge of H ′ which contradicts that S ′ was a winning
strategy for Avoider in H ′, as these six vertices would then form a hyperedge.

Suppose now that H0 has no edges and has k′ ≥ 6 vertices.
This means that H can be written Ik ▷◁ Ik′ for k, k′ ≥ 6 (note that H is a complete

bipartite graph). Once again, consider two vertices vC and vC′ for C ≠ C ′ in H1. As
they cannot be adjacent, they must be both in Ik or both in Ik′ . Thus, vC and vC′ have
min(k, k′) ≥ 6 common neighbors. This implies that, if C ̸= C ′, at least one of their common
neighbor is not a vertex vi created during Step 1, otherwise Alice would have played six
vertices in the same hyperedge of H ′. This is not possible by construction. So once again,
H1 cannot contain vC and vC′ created from different hyperedges C and C ′ in H ′. Now, if
Alice has played all the vertices of H1, by construction as |H1| = k + k′, and as her pairing
strategy ensures her to play k− 6 vertices created during step 2 and k′ created during step 3,
necessarily, she has played six vertices vi creating during step 1. As there are no edges
between these six vertices, they must all be in the same independent set Ik or Ik′ . Thus,
they have a common neighbor. This common neighbor must then be a vertex vC creating
during step 3 as only them are connected to the vis. Finally, these six vertices corresponds
to six vertices v′

is that are in the same hyperedge C of H ′. Once again, this contradicts the
fact that S ′ was a winning strategy for Avoider in H ′. ◁

▷ Claim 23. If Enforcer has a winning strategy S ′ in H ′, Bob has a winning strategy in G.

Proof. Let S ′ be a winning strategy for Enforcer in H ′. We consider a strategy S for Bob in
G as follows:

If Alice claims a vertex vi, he answers with the vertex vj that corresponds to the vertex
v′

j that Enforcer would have claimed in response to v′
i in S ′.

In HC
0 , as it is a strong product H0 ⊠ P2, Bob considers the pairing between any vertex

and its copy in the strong product. If Alice plays in one pair of the pairing, he plays the
second vertex of the pair.
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For any edge C ∈ H ′, Bob pairs the vertices vC
j for 1 ≤ j ≤ 2k− 6. If Alice claims one of

them, he claims one of them too.
If at a certain moment of the game, it is Bob’s turn and the remaining vertices are all in
some HC

0 or vertices vC
j s, he applies the pairing strategy, so that Alice plays once in any

pair of the matching by Lemma 6.

Consider the graph at the end of the game. As S was a winning strategy for Enforcer in
H ′, there exists a hyperedge C ∈ H ′ in which Avoider has claimed the six vertices. Up to a
renaming of the vertices, denote by v′

1, . . . , v
′
6 be these six vertices. Alice has then claimed

v1, . . . , v6 in G. According to the pairing strategy, Bob knows that Alice will play exactly
on k − 6 vertices from the vC

j , denote them v7, . . . , vk, and exactly one copy H1 of H0 from
the vertices of HC

0 . Now, by construction, the vertices v1, . . . vk are a stable set and all the
edges exist between any vi (1 ≤ i ≤ k) and any vertex v of H1. Thus, the subgraph formed
by these vertices, which were all played by Alice, is isomorphic to Ik ▷◁ H0 = H. Thus, Bob
has won. ◁

Finally, Alice has a winning strategy in the Avoider-Enforcer vertex H-Game played on G
if and only if Avoider has one in the Avoider-Enforcer game played on H ′, and determining
the winner of the Avoider-Enforcer vertex H-Game is PSPACE-complete. ◀
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Abstract
We provide a general framework to exclude parameterized running times of the form O(ℓβ + nγ)
for problems that have polynomial running time lower bounds under hypotheses from fine-grained
complexity. Our framework is based on cross-compositions from parameterized complexity. We
(conditionally) exclude running times of the form O(ℓγ/(γ−1)−ε + nγ) for any 1 < γ < 2 and ε > 0
for the following problems:

Longest Common (Increasing) Subsequence: Given two length-n strings over an alphabet Σ
(over N) and ℓ ∈ N, is there a common (increasing) subsequence of length ℓ in both strings?
Discrete Fréchet Distance: Given two lists of n points each and k ∈ N , is the Fréchet
distance of the lists at most k? Here ℓ is the maximum number of points which one list is ahead
of the other list in an optimum traversal.
Planar Motion Planning: Given a set of n non-intersecting axis-parallel line segment obstacles
in the plane and a line segment robot (called rod), can the rod be moved to a specified target
without touching any obstacles? Here ℓ is the maximum number of segments any segment has in
its vicinity.

Moreover, we exclude running times O(ℓ2γ/(γ−1)−ε + nγ) for any 1 < γ < 3 and ε > 0 for:
Negative Triangle: Given an edge-weighted graph with n vertices, is there a triangle whose
sum of edge-weights is negative? Here ℓ is the order of a maximum connected component.
Triangle Collection: Given a vertex-colored graph with n vertices, is there for each triple
of colors a triangle whose vertices have these three colors? Here ℓ is the order of a maximum
connected component.
2nd Shortest Path: Given an n-vertex edge-weighted digraph, vertices s and t, and k ∈ N, has
the second longest s-t-path length at most k? Here ℓ is the directed feedback vertex set number.

Except for 2nd Shortest Path all these running time bounds are tight, that is, algorithms with
running time O(ℓγ/(γ−1) + nγ) for any 1 < γ < 2 and O(ℓ2γ/(γ−1) + nγ) for any 1 < γ < 3,
respectively, are known. Our running time lower bounds also imply lower bounds on kernelization
algorithms for these problems.
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35:2 Parameterized Lower Bounds for Problems in P via Fine-Grained Cross-Compositions

1 Introduction

In recent years, many results in Fine-Grained Complexity showed that many decade-old
textbook algorithms for polynomial-time solvable problems are essentially optimal: Consider
as an example Longest Common Subsequence (LCS) where, given two input strings
with n characters each, the task is to find a longest string that appears as subsequence in
both input strings. The classic O(n2)-time algorithm is often taught in introductory courses
to dynamic programming [18]. Bringmann and Künnemann [14] and Abboud et al. [1]
independently showed that an algorithm solving LCS in O(n2−ε) time for any ε > 0 would
refute the Strong Exponential Time Hypothesis (SETH). Such conditional lower bounds have
been shown for many polynomial-time solvable problems in the recent years [50].

One approach to circumvent such lower bounds is “FPT in P” [3, 34]. For Longest
Common Subsequence there is a (quite old) parameterized algorithm running in O(kn +
n log n) time, where k is the length of the longest common subsequence [40]. Thus, if k is small
(e. g. O(n0.99)), then the O(n2) barrier can be broken (without refuting the SETH). A natural
question is whether we can do better. As k ≤ n, an algorithm running in O(k1−εn) time
for any ε > 0 would break the SETH. However, there are no obvious arguments excluding a
running time of O(k2+n). In fact, such additive running times are not only desirable (as again,
for small k this would be faster than even O(kn)) but also quite common in parameterized
algorithmics by employing kernelization: For Longest Common Subsequence the question
would be whether there are linear-time applicable data reduction rules that shrink the input
to size O(k). Then we could simply apply the textbook algorithm to solve Longest Common
Subsequence in overall O(k2 + n) time. Kernelization is well-studied in the parameterized
community [5, 31] and also effective in practice for polynomial-time solvable problems such
as Maximum Matching [43] or Minimum Cut [39].

Bringmann and Künnemann [15] showed in an extensive study that such an O(k2 + n)-
time algorithm (and indeed many other parameterized algorithms for Longest Common
Subsequence) would refute the SETH. This also implies that no such kernelization algorithm
as mentioned above is likely to exist. The results of Bringmann and Künnemann [15] are
based on very carefully crafted reductions.

In this work, we follow a different route to obtain similar results for various problems.
We provide an easy-to-apply, general framework to (conditionally) exclude algorithms with
running time O(kβ + nγ) for problems admitting conditional running time lower bounds.
Indeed we show for various string (including Longest Common Subsequence) and graph
problems as well as problems from computational geometry tight trade-offs between β and γ.
This shows that the trivial trade-offs are often the best one can hope for.

1.1 Related work
Fine-grained complexity is an active field of research with hundreds of papers. We refer to the
survey of Vassilevska Williams [50] for an overview of the results and employed hypotheses.

Over the last couple of years there has been a lot of work in the direction of “FPT
in P” for various problems such as Maximum Matching [19, 22, 30, 38, 41, 43, 44, 47],
Hyperbolicity [19, 28], and Diameter [3, 19]. Parameterized lower bounds are rare in this
line of work. Certain linear-time reductions can be used to exclude any kind of meaningful
FPT-running times; this is also known as General-Problem-Hardness [9]. Using various
carefully crafted reductions, Bringmann and Künnemann [15] show parameterized running
time lower bounds (under SETH) for Longest Common Subsequence with respect to
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seven different parameters. In a similar fashion, Duraj et al. [24] show that solving Longest
Common Increasing Subsequence in O((nℓ)1−ϵ) time where ℓ is the solution size for
some ϵ > 0 would refute SETH.

Fluschnik et al. [29] provide lower bounds for strict kernelization (i. e. kernels where the
parameter is not allowed to increase) for subgraph detection problems such as Negative
Weight Triangle and Triangle Collection. Conceptually, they use the diminisher-
framework [17, 27] which was originally developed to exclude polynomial-size strict kernels
under the assumption P ̸= NP. The basic idea is to iteratively apply a diminisher (an algorithm
that reduces the parameter at a cost of increasing the instance size) and an (assumed) strict
kernel (to shrink and control the instance size) to an instance I of an NP-hard problem.
After a polynomial number of rounds, this overall polynomial-time algorithm will return
a constant size instance which is equivalent to I, thus arriving at P = NP. Fluschnik et
al. [29] applied the same idea to polynomial-time solvable problems. In contrast, we rely and
adjust the composition-framework by Bodlaender et al. [11] which was developed to exclude
(general) polynomial-size kernels under the stronger assumption NP ̸⊆ coNP / poly.

The composition framework works as follows. Consider the example of the NP-hard
problem Negative-Weight Clique: Given an edge-weighted graph G and an integer k,
does G contain a negative-weight k-clique, that is, a clique on k vertices where the sum of
the edge-weights of the edges within the clique is negative.

Let (G1, k), (G2, k), . . . , (Gt, k) be several instances of Negative-Weight Clique with
the same k. Clearly, the graph G obtained by taking the disjoint union of all Gi contains a
negative-weight k-clique if and only if some Gi contains a negative-weight k-clique. Moreover,
the largest connected component of G has order maxi∈[t]{|V (Gi)|}. Now assume that
Negative-Weight Clique has a kernel of size O(ℓc) for some constant c where ℓ is the
order of a largest connected component. By choosing t = kc+1, it follows that kernelizing
the instance (G, k) yields an instance of size less than ℓ, that is, less bits than the number
of instances encoded in G. Given the NP-hardness of Negative-Weight Clique such
a compression seems challenging; indeed it would imply NP ⊆ coNP / poly [32], which in
turn results in a collapse of the polynomial hierarchy. Compositions and their extension
cross-composition [12] are extensively employed in the parameterized complexity literature.
Moreover, to exclude kernels whose size is bounded by polynomials of a specific degree
adjustments have been made to the composition framework [20].

Parameter trade-offs. For several of our running time lower bounds we have tight upper
bounds that are derived from a simple case distinction argument.

▶ Observation 1.1 (folklore). If a problem P admits an Õ(ℓβnγ)-time algorithm1, then it
admits for every λ > 0 an Õ(ℓβ+ γ·β

λ + nγ+λ)-time algorithm.

Proof. If ℓ ≤ n
λ
β , then the Õ(ℓβnγ)-time algorithm runs in Õ(nγ+λ) time. Otherwise n ≤ ℓ

β
λ .

Then the Õ(ℓβnγ)-algorithm then in Õ(ℓβ+ γ·β
λ ) time. ◀

1.2 Our Results & Technique
We provide a composition-based framework to establish parameterized running time lower
bounds and apply the framework to Longest Common Subsequence, Longest Common
(Weakly) Increasing Subsequence, Discrete Fréchet Distance, Planar Motion

1 The Õ hides polylogarithmic factors.
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35:4 Parameterized Lower Bounds for Problems in P via Fine-Grained Cross-Compositions

Table 1 Overview of achievable running times. The upper part of the table lists the results
for four problems that can be solved in O(n2) time but under SETH or 3SUM-hypothesis not
in O(n2−ε) time for any ε > 0. The lower part lists results for three graph problems that, based on
the APSP-hypothesis, do not admit O(n3−ε)-time algorithms. The parameterized upper and lower
bounds are visualized in Figure 1.

pr
ob

le
m

s Longest Common Subsequence ℓ=̂solution size
Longest Common (Weakly) Increasing Subsequence ℓ=̂solution size
Discrete Fréchet Distance ℓ=̂maximum shift
Planar Motion Planning ℓ=̂max. number of segments in the vincinty of any segment

re
su

lts

upper bounds lower bounds

O(n2) [6, 7, 35, 52] no O(n2−ε) assuming SETH / 3SUM [1, 13, 14, 33]
Õ(ℓn) [40, 45, 49]
Õ(ℓγ/(γ−1) + nγ) for each γ > 1 no O(ℓγ/(γ−1)−ε + nγ) for any γ < 2 [15, 24]
(Observation 1.1) (Corollaries 4.6, 4.8, and 4.10)

pr
ob

le
m

s Negative Triangle ℓ=̂size of maximum component
Triangle Collection ℓ=̂size of maximum component
2nd Shortest Path (only lower bounds) ℓ=̂directed feedback vertex set size

re
su

lts

upper bounds lower bounds

O(n3/2Θ(log0.5 n)) [16, 53] no O(n3−ε) assuming APSP [51]
Õ(ℓ2n) (folklore)
Õ(ℓ2γ/(γ−1) + nγ) for each γ > 1 no O(ℓ2γ/(γ−1)−ε + nγ) for any γ < 3
(Observation 1.1) (Corollaries 4.12 and 4.14 and Proposition 4.15)

Planning, Negative Triangle, and 2nd Shortest Path (see Section 1.3 for the
problem definitions). Using similar ideas we obtain running time lower bounds for Triangle
Collection. For all these problems except 2nd Shortest Path parameterized by the
directed feedback vertex set there exist matching running time upper bounds. We refer
to Table 1 for an overview on the specific results and the parameterization. Moreover, we
visualize in Figure 1 the trade-offs in the running times that are (im-)possible.

Framework. We adjust the cross-composition framework to obtain lower bounds for poly-
nomial time solvable problems. As an example, consider Negative-Weight Triangle,
that is, Negative-Weight Clique with k fixed to three. Assuming the APSP-hypothesis,
Negative-Weight Clique cannot be solved in O(n3−ε) time [51]. The first difference to
the cross-composition framework is that we start with one instance G of Negative-Weight
Triangle which we then decompose into many small instances as follows: Partition the
vertices V (G) of G into z many sets V1, . . . , Vz of size n/z, where z is chosen depending
on the running time we want to exclude (see the proof of Lemma 3.3 in Section 3 for the
actual formula specifying z). Then, we create z3 instances of Negative-Weight Clique:
for each (i, j, k) ∈ [z]3 take the graph G[Vi ∪ Vj ∪ Vk]. Clearly, we have that G contains
a negative-weight triangle if and only if at least one of the created instances contains a
negative-weight triangle.

Next, we apply the composition as explained above (the disjoint union) for Negative-
Weight Clique to obtain an instance G′ with n′ = z3 · n/z = z2n vertices. Note that
the size ℓ of a largest connected component in G′ is 3n/z. Hence, an algorithm running in
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Figure 1 Overview on the possible (in green) and unlikely (in red) trade-offs in running times of
the form O(nγ + ℓβ). Left: First category for O(n2)-time solvable problems (upper part in Table 1);
right: second category for O(n3)-time solvable problems (lower part in Table 1).

time O(nγ + ℓβ) for Negative-Weight Triangle solves G′ in time O(z2γnγ + (3n/z)β).
By carefully choosing z as a function in n, β, and γ, we get that this is in O(n3−ε) for various
combinations of γ and β.

The property that Negative-Weight Triangle can be decomposed as above is not
unique to the problem. In fact, this has been observed already: “Many problems, like SAT,
have a simple self-reduction proving that the “Direct-OR” version is hard, assuming the prob-
lem itself is hard” [2]. Our framework formalizes this notion of decomposition (see Section 2
for a definition) and adjusts the cross-composition definition. We furthermore show that
commonly used “hard” problems such as Orthogonal Vectors, 3-Sum, and Negative-
Weight k-Clique are decomposable. Thus, it remains to show cross-compositions in order
to apply our framework and obtain lower bounds.

1.3 Preliminaries and Notation
Problem definitions. For ℓ ∈ N we set [ℓ] := {1, 2, . . . , ℓ}.

Orthogonal Vectors
Input: Two size-n sets A, B ⊆ {0, 1}d for some d ∈ N.
Question: Are there a ∈ A and b ∈ B so that a and b are orthogonal, i.e., for each

i ∈ [d], the i-th coordinate of a or the i-th coordinate of b is zero.

We denote the restriction of Orthogonal Vectors to instances with d ≤ O(log n) as
Orthogonal Vectors with logarithmic dimension.

3-Sum
Input: An array A of n integers.
Question: Are there i, j, h ∈ [n] such that A[i] + A[j] + A[h] = 0?

Negative-Weight k-Clique
Input: An edge-weighted graph G on n vertices.
Question: Does G contain a k-clique of negative weight?

Longest Common Subsequence
Input: Two strings x1 and x2 of length n over an alphabet Σ and k ∈ N.
Question: Decide whether there is a common subsequence of length k of x1 and x2.

STACS 2023
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Longest Common (Weakly) Increasing Subsequence
Input: Two strings x1 and x2 of length n over N and k ∈ N.
Question: Decide whether there is a common subsequence y of length k of x1 and x2

with y[i] < y[i + 1] (y[i] ≤ y[i + 1]) for all i ∈ [k − 1].

Discrete Fréchet Distance
Input: Two lists P = (p1, . . . , pn) and Q = (q1, . . . , qn) of points in the plane

and k ∈ Q.
Question: Is the Fréchet distance of P and Q at most k, that is, there are two surjective,

non-decreasing functions fP , fQ : [2n] → [n] with fP (1) = 1 = fQ(1),
fP (2n) = n = fQ(2n) and maxi∈[2n] dist(pfP (i), qfQ(i)) ≤ k?

Planar Motion Planning
Input: A set of n non-intersecting, non-touching, axis-parallel line segment

obstacles in the plane and a line segment robot (a rod or ladder), a given
source, and a given goal.

Question: Can the rod be moved (allowing both translation and rotation) from the
source to the goal without colliding with the obstacles?

2nd Shortest Path
Input: An n-vertex edge-weighted directed graph G, vertices s and t, and k ∈ N .
Question: Has the 2nd-shortest s-t-path length at most k?

Triangle Collection
Input: A vertex-colored graph G on n vertices.
Question: For each combination of three colors, does G contain a triangle whose

vertices are colored with three colors?

Hypotheses. The conditional lower bounds in this work are based on SETH, 3-Sum-, and
the APSP-Hypothesis (see Vassilevska Williams [50] for more details).

▶ Hypothesis 1 (SETH). For every ε > 0 there exists a k ∈ N such that k-SAT cannot be
solved in O(2(1−ε)n) time, where n is the number of variables.

▶ Hypothesis 2 (3SUM). 3-Sum on n integers in {−n4, . . . , n4} cannot be solved in O(n2−ε)
time for any ε > 0.

▶ Hypothesis 3 (APSP). All Pairs Shortest Path on n-vertex graphs with polynomial
edge weights cannot be solved in O(n3−ε) time for any ε > 0.

Parameterized Complexity. In many of the above problems, n is not the input size but
a parameter and the input size is bounded by nO(1). A parameterized problem is a set
of instances (I, p) ∈ Σ∗ × Σ∗, where Σ denotes a finite alphabet, I denotes the classical
instance and p the parameter. A kernelization is a polynomial-time algorithm that maps any
instance (I, p) to an equivalent instance (I ′, p′) (the kernel) such that |I ′| + p′ ≤ f(p) for
some computable function f . If f is a polynomial, then (I ′, p′) is a polynomial-size kernel.

In this work we restrict ourselves to the following: Either p = n (p is a single parameter)
or p = (n, ℓ) (p is a combined parameter). Moreover, both n and ℓ are always nonnegative
integers, n is related to the input size but ℓ is not (ℓ can be seen as “classical” parameter).

Due to space restrictions we defer proofs of results marked with a ⋆ to a full version [37].
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2 Framework

Our framework has the following three steps (see Section 1.2 for a high-level description).
1. Start with an instance (I, nP) of a “hard” problem P and decompose it into the disjunction

of t instances (I1, n1), . . . , (It, nt) of P. In Section 3, we provide such decompositions
for the frequently used hard problems 3-Sum, Orthogonal Vectors, and Negative
Weight k-Clique.

2. Compose (I1, n1), . . . , (It, nt) into one instance (J, (n, ℓ)) of the “target” problem using
an OR-cross-composition. This step has to be done for the application at hand.

3. Apply the assumed Õ(nγ + ℓβ)-time algorithm to J . If the combination of γ and β is
small enough, then the resulting algorithm will be faster than the lower bound for P.

To give a more formal description of our framework, we first define decompositions and
cross-compositions. Note that all mentioned problems are parameterized problems.

▶ Definition 2.1 (OR-decomposition). For α > 1 an α-OR-decomposition for a problem P
is an algorithm that, given λ > 0 and an instance (I, n) of P, computes for some α′ < α in
Õ(nα′) time t ∈ Õ(nαλ/(α+λ)) many instances (I1, n1), . . . , (It, nt) of P such that

(I, n) ∈ P if and only if (Ii, ni) ∈ P for some i ∈ [t], and
ni ∈ Õ(nα/(α+λ)) for all i ∈ [t].

We say a problem P is α-OR-decomposable if there exists an α-OR-decomposition for
it. For some problems it is easier to show OR-decomposability than others. Thus, using
appropriate reductions to transfer OR-decomposability can be desirable (we do so in Section 3
when showing that 3-Sum is 2-OR-decomposable). Quasi-linear time reductions that do
not increase the parameter to much are one option. To this end, we say a reduction that
given an instance (IP , nP) of P produces an instance (IQ, nQ) of Q is parameter-preserving
if nQ ∈ Õ(nP).

▶ Proposition 2.2. Let P and Q be two problems such that there are quasi-linear-time
parameter-preserving reductions from P to Q and from Q to P. Then for any α > 1, P is
α-OR-decomposable if and only if Q is.

Proof. Assume that P is α-OR-decomposable (the case that Q is α-OR-decomposable is
symmetric). We now give an α-OR-decomposition for Q. Given an instance (IQ, nQ) and
λ > 0, we first reduce (IQ, nQ) to an instance (IP , nP). Afterwards, we apply the α-OR-
decomposition from P , resulting in instances (IP

1 , nP
1 ), . . . , (IP

t , nP
t ) of P . Finally, we reduce

each instance (IP
i , nP

i ) to an instance (IP
i , nP

i ). This clearly is an α-OR-decomposition
for Q. ◀

For the second step of our framework, we introduce fine-grained OR-cross-compositions:

▶ Definition 2.3 (fine-grained OR-cross-composition). For ν ≥ 1, µ ≥ 0 an (ν, µ)-OR-
cross-composition from a problem P to a problem Q is an algorithm A which takes as
an input t instances (IP

1 , nP
1 ), . . . , (IP

t , nP
t ) of P, runs in Õ(t · nν

max +
∑t

i=1 |IP
i |) time

with nmax := maxi∈[t] nP
i , and computes an instance (IQ, (nQ, ℓQ)) of Q such that

1. (IQ, (nQ, ℓQ)) ∈ Q if and only if (IP
i , nP

i ) ∈ P for some i ∈ [t], and
2. nQ ∈ Õ(t · nν

max) and ℓQ ∈ Õ(nµ
max).

We say a problem P (ν, µ)-OR-cross-composes into a problem Q if there exists an
(ν, µ)-OR-cross-composition from P to Q.
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35:8 Parameterized Lower Bounds for Problems in P via Fine-Grained Cross-Compositions

▶ Theorem 2.4. Let α > ν ≥ 1, γ > 1, and µ > 0 with α > ν · γ. Let P be an α-OR-
decomposable problem with parameter nP that (ν, µ)-OR-cross-composes into a problem Q
with parameters nQ and ℓQ. If there is an Õ(nγ

Q + ℓβ
Q)-time algorithm for Q and

0 < β <
γ · (α − ν)
(γ − 1) · µ

,

then P can be solved in O(nα−ε
P ) time for some ε > 0 time.

Proof. Let (IP , nP) be an instance of P. Our algorithm to solve (IP , nP) runs in the
following steps:
1. Apply the α-OR-decomposition (with λ specified below) to obtain the instances (I1, n1),

. . . , (It, nt) with maxi∈[t] ni ≤ q := n
α/(α+λ)
P and t := n

αλ/(α+λ)
P = qλ. Note that, by

definition, this step runs in Õ(nα′

P ) time for some α′ < α.
2. Apply the (ν, µ)-OR-cross-composition to compute the instance (IQ, (nQ, ℓQ)) for Q

from (I1, n1), . . . , (It, nt). Note that the running time and nQ is in Õ(t ·qν +
∑t

i=1 |IP
i |) =

Õ(qλ+ν + nα′

P ). Moreover, ℓQ ∈ Õ(qµ).
3. Apply the algorithm with running time Õ(nγ

Q + ℓβ
Q). This requires Õ(q(λ+ν)γ + qµ·β)

time.
It remains to show that all three steps run in O(nα−ε

P ) time for some ε > 0. To this end, we
now specify λ = βµ/γ−ν. Note that λ+ν = βµ/γ < µ·β and thus it suffices to show that the
third step runs in Õ(nα−ϵ

P ) for some ϵ > 0. The last step runs in Õ(qµ·β) = Õ(nαµ·β/(α+λ)
P )

time. The exponent is

αµβ

α + λ
= αµβ

α + βµ/γ − ν
= αβγµ

γ(α − ν) + βµ
= αγµ

γ(α − ν)/β + µ
.

By assumption we have β < γ·(α−ν)
(γ−1)·µ and thus the exponent is

αγµ

γ(α − ν)/β + µ
<

αγµ

γ(α − ν)/
(

γ·(α−ν)
(γ−1)·µ

)
+ µ

= αγµ

(γ − 1) · µ + µ
= α.

There is still one thing left to do: We must ensure that λ > 0. This will not always be the
case as when β → 0, λ gets negative. However, an Õ(nγ

Q + ℓβ
Q)-time algorithm also implies

for any β′ > β an Õ(nγ
Q + ℓβ′

Q )-time algorithm. Thus, we can simply pick some larger β′ such
that the corresponding λ′ is larger than 0. To do so, let βmax := γ·(α−ν)

(γ−1)·µ the upper bound
for β. Note that α > ν · γ implies that

λmax := βmaxµ

γ
− ν =

γ·(α−ν)
(γ−1)·µ µ

γ
− ν = α − ν

γ − 1 − ν = α − ν − ν · (γ − 1)
γ − 1 = α − ν · γ

γ − 1 > 0

Thus, we can pick β < β′ < βmax such that λ′ := β′µ
γ − ν > 0. ◀

Note that if for P there is a (conditional) running time lower bound of Ω(nα), then
Theorem 2.4 excludes (conditionally) running times of the form Õ(nP + ℓβ) for any β ∈ R as
limγ→1

γ·(α−ν)
(γ−1)·µ = ∞. This running time also excludes linear-time computable polynomial-size

kernels. More precisely, we get the following.

▶ Corollary 2.5. Let α > ν ≥ 1, γ > 1, and µ > 0 with α > ν · γ. Let P be an α-OR-
decomposable problem with parameter nP that (ν, µ)-OR-cross-composes into a problem Q
with parameters nQ and ℓQ. Assume that there is an Õ(nξ

Q) algorithm for deciding Q and
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that nQ is upper bounded by the input size. If there exists an Õ(ℓβ
Q)-size Õ(nγ

Q)-time kernel
for Q for some γ > 1, β ∈ R, and

0 < β <
γ · (α − ν)

(γ − 1) · µ · ξ
,

then P can be solved in O(nα−ε
P ) time for some ε > 0.

Proof. An Õ(ℓβ
Q)-size Õ(nγ

Q)-time kernel together with an Õ(nξ
Q)-time algorithm solving Q

yields an Õ(nγ
Q + ℓβξ

Q ) algorithm for Q. The corollary now follows from Theorem 2.4. ◀

Our general approach to apply our framework is follows. Start with a problem P that
(under some hypothesis) cannot be solved in O(nα−ε) time for ε > 0. Then construct an
α-decomposition for P followed by a (1,1)-OR-cross-composition into the target problem.

3 OR-decomposable problems

In order to apply our framework, we first need some OR-decomposable problems. We will
observe that three fundamental problems from fine-grained complexity, namely Orthogonal
Vectors, 3-SUM and Negative-Weight k-Clique, are OR-decomposable. These prob-
lems are also our source for running time lower bounds: Note that the former two problems
cannot be solved in O(n2−ε) time unless the SETH respectively 3-Sum-hypothesis fail [50].
We moreover use that Negative-Weight 3-Clique (= Negative Triangle) cannot be
solved in O(n3−ε) time unless APSP-hypothesis fails [51].

We will use that “Many problems, like SAT, have a simple self-reduction proving that the
“Direct-OR” version is hard, assuming the problem itself is hard” [2]. This self-reduction is
based on partitioning the instance into many small ones, with at least one of them containing
the small desired structure (i.e., a pair of orthogonal vectors, three numbers summing to 0,
or a negative triangle).

Orthogonal Vectors. We now show that Orthogonal Vectors is 2-OR-decomposable.

▶ Lemma 3.1. Orthogonal Vectors parameterized by the number of vectors is 2-OR-
decomposable.

Proof. Let (I, n) be an instance of Orthogonal Vectors and λ > 0. Set ϵ := 2
2+λ .

Partition A into z := ⌈n1−ϵ⌉ many sets A1, . . . , Az of at most ⌈nϵ⌉ vectors each. Sym-
metrically, partition B into B1, . . . , Bz of at most ⌈nϵ⌉ vectors each. We assume without
loss of generality that |Ai| = |Bj | = ⌈nϵ⌉ =: n′ (this can be achieved e.g. by adding the
all-one vector). For each pair (i, j) ∈ [z]2, create an instance (I(i,j), n′) = ((Ai, Bj), n′) of
Orthogonal Vectors. We claim that this constitutes a 2-OR-decomposition.

The number of vectors n′ of each instance I(i,j) is n′ = O(n2/(2+λ)). The number of
created instances is z2 = O(n2·(1−ϵ)) = O(n2·(1−2/(2+λ))) = O(n(4+2λ−4)/(2+λ)) = O(n2λ/(2+λ)).
The running time to compute the decomposition is Õ(z2 · n′) = Õ(n2−ϵ).

It remains to show that (I, n) is a “Yes”-instance if and only if (I(i,j), n′) is a “Yes”-
instance for some (i, j) ∈ [z]2. First assume that (I, n) is a “Yes”-instance. Then there exists
some a ∈ A and b ∈ B such that a and b are orthogonal. Let i ∈ [z] such that a ∈ Ai and
j ∈ [z] such that b ∈ Bj . Then a and b are orthogonal vectors in (I(i,j), n′), showing that
(I(i,j), n′) is a “Yes”-instance.

Finally, assume that there exists (i∗, j∗) ∈ [z]2 such that (I(i∗,j∗), n′) is a “Yes”-instance.
Then there exists a ∈ Ai∗ and b ∈ Bj∗ which are orthogonal. Consequently, a and b are
orthogonal vectors in I, implying that (I, n) is a “Yes”-instance. ◀
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▶ Remark 3.2. Note that the above decomposition does not change the dimension d. Thus,
even restricted versions of Orthogonal Vectors with d ∈ O(log n) are 2-OR-decomposable.
Further, we can assume that all constructed instances of Orthogonal Vectors have the
same number of vectors and the same dimension.

Negative-Weight k-Clique. We now show that Negative-Weight k-Clique is k-OR-
decomposable.

▶ Lemma 3.3. For any k ≥ 3, Negative-Weight k-Clique parameterized by the number
of vertices is k-OR-decomposable.

Proof. The proof follows the ideas from Lemma 3.1. Let (I = (G, w), n) be an instance
of Negative-Weight k-Clique and λ > 0. Set ϵ := k

k+λ . Partition the set V (G) of
vertices into z := ⌈n1−ϵ⌉ many sets V1, . . . , Vz of size at most ⌈nϵ⌉. We assume without loss
of generality that |Vi| = ⌈nϵ⌉ for all i ∈ [z] (this can be achieved e.g. by adding isolated
vertices). Let n(i1,...,ik) := |{i1, . . . , ik}| · |V1|. For each tuple (i1, . . . , ik) ∈ [z]k, create an
instance (I(i1,...,ik) = G[Ai1 ∪ · · · ∪ Aik

], n(i1,...,ik)) of Negative-Weight k-Clique. We
claim that this constitutes a k-OR-decomposition.

Each instance (I(i,j), n(i1,...,ik)) has at most O(k ·nϵ) = O(nk/(k+λ)) vertices (note that k is
a constant here). The number of created instances is zk = O(nk·(1−ϵ)) = O(nk·(1−k/(k+λ))) =
O(n(k2+kλ−k2)/(k+λ)) = O(nkλ/(k+λ)). Further, the summed size of all created instances and
therefore also the running time is Õ(zk · k · n2ϵ) = Õ(nk−kϵ+2ϵ) = Õ(nk−(k−2)ϵ) = Õ(nk′) for
some k′ < k.

It remains to show that (I, n) is a “Yes”-instance if and only if (I(i1,...,ik), n(i1,...,ik)) is a
“Yes”-instance for some (i1, . . . , ik) ∈ [z]k. First assume that (I, n) is a “Yes”-instance. Thus,
G contains a negative-weight clique C = {v1, . . . , vk}. Let ij such that vj ∈ Vij . Then C is a
negative-weight k-clique in (I(i1,...,ik), n(i1,...,ik)).

Finally, assume that there exists (i1, . . . , ik) ∈ [n]k such that (I(i1,...,ik), n(i1,...,ik)) is a
“Yes”-instance. Then there exists a clique in G[Vi1 ∪· · ·∪Vik

]. Since G contains G[Vi1 ∪· · ·∪Vik
],

also G contains a negative-weight k-clique. ◀

3-Sum. Showing that 3-Sum is 2-OR-decomposable requires some more work. We defer
these parts to a full version.

▶ Lemma 3.4 (⋆). 3-Sum parameterized by the number of numbers is 2-OR-decomposable.

Applying the framework. The above results make our framework easier to apply. To apply
Theorem 2.4 we only need to provide a suitable OR-cross composition from one of the three
problems discussed above. We thus arrive at the following.

▶ Proposition 3.5. Let Q be a problem with parameters nQ and ℓQ. If Orthogonal
Vectors resp. 3-Sum parameterized by n (1, 1)-OR-cross-composes into Q, then an O(ℓβ

Q +
nγ

Q)-time algorithm for Q for any 2 > γ > 1 and β < γ/γ−1 refutes the SETH respectively
the 3-Sum-Hypothesis.

4 Applications

We now apply our framework from Theorem 2.4 to several problems from different areas
such as string problems (Section 4.1), computational geometry (Section 4.2), and subgraph
isomorphism (Section 4.3).
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4.1 String problems
We start with Longest Common Subsequence that can be solved in O(n2) time al-
gorithm [18]. Assuming SETH, there is no algorithm solving Longest Common Sub-
sequence in O(n2−ε) time for any ε > 0 [14, 1]. However, Longest Common Sub-
sequence can be solved in O(kn + n log n) time, where k is the length of the longest
common subsequence [40]. Bringmann and Künnemann [15] proved that this running time
is essentially optimal under SETH. Here we reprove this fact using our framework. We
refer to Bringmann and Künnemann [15] for a more extensive literature review on Longest
Common Subsequence.

A string over an alphabet Σ is an element from Σ∗. We access the i-th element of a
string x via x[i]. A subsequence of a string x is a string y such that there is an injective,
strictly increasing function f with y[i] = x[f(i)] for all i. A common subsequence of two
strings x and x′ is a string which is a subsequence of both x and x′. For two strings x and y,
we denote their concatenation (i.e. the string starting with x and ending with y) by x ◦ y.

▶ Lemma 4.1. Orthogonal Vectors with logarithmic dimension parameterized by the
number of vectors (1, 1)-OR-cross-composes into Longest Common Subsequence paramet-
erized by the length of the input strings and the length k of the longest common subsequence.

Proof. Let (IOV
1 , n1), . . . , (IOV

t , nt) be instances of Orthogonal Vectors with logarithmic
dimension. We denote by di the dimension of IOV

i . Abboud, Backurs, and Williams [1] gave
a reduction from Orthogonal Vectors to Longest Common Subsequence which,
given an instance of Orthogonal Vectors with n vectors of dimension d, constructs
in n · dO(1) time an equivalent instance of Longest Common Subsequence with strings
of length n · dO(1). We apply this reduction to each instance (IOV

i , ni) of OV, giving us
an instance ILCS

i = ((x1
i , x2

i ), (nLCS
i , ki)) with ki = O(ni · d

O(1)
i ) and nLCS

i = ni · d
O(1)
i . We

assume that ki = kj for every i, j (this can be achieved by appending identical sequences
of appropriate length to strings x1

i and x2
i ), and set k := ki. Further, we assume that the

alphabets used for ILCS
i and ILCS

j are disjoint for i ̸= j. We define x1 := x1
1 ◦ x1

2 ◦ · · · ◦ x1
t

and x2 := x2
t ◦ x2

t−1 ◦ · · · ◦ x2
1. The OR-cross-composition constructs the instance (x1, x2, k)

(the parameter is (nLCS, k) with nLCS =
∑t

i=1 nLCS
i ).

We now show correctness of the reduction. First assume that (IOV
i , ni) is a “Yes”-instance

for some i ∈ [t]. Then x1
i and x2

i contain a subsequence y of length ki = k. This subsequence y

is also a subsequence of x1 and x2, so (x1, x2, k) is a “Yes”-instance. Vice versa, assume that
(x1, x2, k) is a “Yes”-instance, i.e., x1 and x2 contain a subsequence y of length k. Let i ∈ [t]
such that the first letter of y is contained in x1

i . We claim that all letters from y are contained
in x1

i . Since the first letter y[1] of y is contained in x1
i , no letter of y can be contained

in x1
j for j < i. For j > i, note that (as any letter from x2

j only appears in x2
j and x1

j)
any letter from x1

j appears only before x2
i in x2 and thus would have to appear before y[1]

in y, a contradiction to y[1] being the first letter of y. Thus, y is contained in x1
i and x2

i .
Consequently, (x1

i , x2
i , k) is a “Yes”-instance, implying that (Ii, ni) is a “Yes”-instance.

Computing the OR-cross-composition can be done in t · maxi∈t ni · (maxi∈[t] di)O(1) =
Õ(t maxi∈[t] ni) time and k = O(maxi∈t ni · (maxi∈t di)O(1)) = Õ(maxi=1 ni) (we use here
that di ∈ O(log ni)). Further, we have nLCS =

∑t
i=1 nLCS

i = O(
∑t

i=1 ni · d
O(1)
i ) = Õ(

∑t
i=1).

Thus, it is an (1, 1)-OR-cross-composition. ◀

We remark that the use of alphabets of non-constant size in the above composition is
probably necessary as it excludes a linear-time computable kernel of polynomial size. In
contrast, Longest Common Subsequence with constant alphabet size parameterized
by solution size admits a linear-time computable polynomial-size kernel (note that the
SETH-based O(n2−ϵ) lower bound also holds for binary alphabets [15]):
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▶ Proposition 4.2. Longest Common Subsequence with constant alphabet size paramet-
erized by solution size k admits a linear-time computable polynomial-size kernel.

Proof. Consider the following reduction rule which directly leads a polynomial kernel. A
substring of a string x is a string y such that y = (x[i], x[i + 1], . . . , x[j]) for some i < j.

▶ Reduction Rule 4.3. If, for some t ∈ N and i ∈ {1, 2}, a string xi contains a substring x′

of length at least (k + 1)t over only t different letters and not containing a substring x′′ of
length (k+1)t−1 over at most t−1 different letters, then we can delete all but the first (k+1)t

letters of x′.

First, we argue that the reduction rule is safe. Let I = (x1, x2, k) be an instance of
Longest Common Subsequence. We assume without loss of generality that the reduction
rule can be applied to x1, i.e., x1 contains a substring x′ of length (k + 1)t which contains
only t different letters, and all substrings of x′ containing only t′ < t different letters have
length at most (k + 1)t′ . Let Ired = (x1

red, x2, k) be the instance arising from applying
Reduction Rule 4.3. Clearly, if I is a “No”-instance, then also Ired is also a “No”-instance.

Now assume that I is a “Yes”-instance, i.e., x1 and x2 contain a common subsequence z

of length k. By assumption x′ contains no substring of length (k + 1)t−1 which contains
at most t − 1 different letters. Thus, in the first (k + 1)t−1 − 1 letters of x′, each of the t

letters appears at least once. More generally, for any i ∈ [k], each letter appears at least once
among x′[(i − 1) · (k + 1)t−1 + 1], . . . , x′[i · (k + 1)t−1]. Consequently, each string of length k

over the t appearing letters is a subsequence of x′. Hence, z is also a subsequence of x1
red

(and thus a common subsequence of x1
red and x2), showing that Ired is also a “Yes”-instance.

Next, we analyze the time needed to exhaustively apply Reduction Rule 4.3.

▷ Claim 4.4. For constant alphabet size, Reduction Rule 4.3 can be exhaustively applied in
linear time.

Proof. We process x1 and x2 from left to right. For each subset S of the alphabet, we have a
variable storing the number of consecutive letters from S are before the current letter. If this
number exceeds (k + 1)|S| for some letter, then we delete this letter. Note that whenever we
found a string of length (k + 1)|S| containing only letters from S, then this string does not
contain a substring of length (k + 1)|S|−1 containing only letters from S \ {ℓ} for some ℓ ∈ S

as in this case, the number stored for S \ {ℓ} would have exceeded (k + 1)|S|−1.
The above procedure clearly runs in linear time as the alphabet size is constant. ◁

After the exhaustive application of Reduction Rule 4.3, the size of the instance is clearly
O(k|Σ|). As |Σ| is constant, this is a polynomial-sized kernel. ◀

Analogously to Longest Common Subsequence, we derive similar hardness results
for the related problems Longest Common Weakly Increasing Subsequence and
Longest Common Increasing Subsequence. Both problems can be solved in slightly
subquadratic time [7, 23]. For Longest Common Increasing Subsequence, our lower
bound was already shown by Duraj et al. [24]. We refer to Duraj et al. [24] and Duraj [23]
for a broader literature review on Longest Common Subsequence.

▶ Lemma 4.5 (⋆). Orthogonal Vectors with logarithmic dimension (1, 1)-OR-cross-
composes into Longest Common (Weakly) Increasing Subsequence parameterized
by the length n of the strings and the length k of the longest common (weakly) increasing
subsequence.

Combining Proposition 3.5 and Lemmas 4.1 and 4.5, we get the following result:
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▶ Corollary 4.6. Unless the SETH fails, there is no Õ(nγ + kβ)-time algorithm for Longest
Common Subsequence or Longest Common (Weakly) Increasing Subsequence
parameterized by solution size k for 1 < γ < 2 and β < γ

γ−1 .

We remark that the running time lower bounds are tight; the tight upper bound follows
from the known O(kn+n log n) time algorithm for Longest Common Subsequence [40] or
the O(nk log log n + n log n) time algorithm for Longest Common (Weakly) Increasing
Subsequence [45] and Observation 1.1.

4.2 Computational Geometry
We now turn to problems from computational geometry. We will denote the Euclidean distance
between two points p and q in the plane by dist(p, q). For a list of points P , a tour through P

is a surjective, non-increasing function fP : [2n] → [n] such that fP (1) = 1 and fP (2n) = n.
The input of Discrete Fréchet Distance contains two lists of points P = (p1, . . . , pn)
and Q = (q1, . . . , qn). A pair (fP , fQ) of tours through P and Q is called a traversal.

Discrete Fréchet Distance can be solved in O(n2 · log log n/ log2 n) time [6]. Bring-
mann [13] gave a linear-time reduction from Orthogonal Vectors2 to Discrete Fréchet
Distance, showing that assuming SETH, Discrete Fréchet Distance cannot be solved
in O(n2−ϵ) time for any ϵ > 0. We use this reduction to get a (1, 1)-OR-composition for
the parameter maxi∈[2n] |fP (i) − fQ(i)|, i.e., the maximum number of time steps which
P may be ahead of Q (or vice versa) in the optimal solution. We will call the para-
meter maxi∈[2n] |fP (i) − fQ(i)| the maximum shift of the traversal (fP , fQ). For a more
extensive literature review on Discrete Fréchet Distance, we refer to Agarwal et al. [6].

▶ Lemma 4.7 (⋆). Orthogonal Vectors admits a (1, 1)-OR-cross-composition into
Discrete Fréchet Distance parameterized by the length of the input lists of points and
the maximum shift in a solution.

Combining Proposition 3.5 and Lemma 4.7, yields the following:

▶ Corollary 4.8. Unless the SETH fails, there is no Õ(nγ + ℓβ)-time algorithm Discrete
Fréchet Distance parameterized by maximum shift ℓ for 1 < γ < 2 and β < γ

γ−1 .

It is easy to extend the O(n2)-algorithm for Discrete Fréchet Distance [25] to run
in O(nℓ) time, where ℓ is the minimal (over all solutions) maximum shift of an optimal
solution [8]. This together with Observation 1.1 shows that the running time lower bound
from Corollary 4.8 is tight.

We now give lower bounds for another problem from computational geometry, Planar
Motion Planning, based not on the hardness of Orthogonal Vectors but on the
hardness of 3-Sum. Planar Motion Planning can be solved in O(n2) time [52]. Assum-
ing the 3-Sum conjecture, Planar Motion Planning cannot be solved in O(n2−ϵ) for
any ϵ > 0 [33]. We say a segment is in the vicinity of another segment if they have distance
at most the length of the rod.

▶ Lemma 4.9. 3-Sum (1, 1)-OR-cross-composes into Planar Motion Planning paramet-
erized by the maximum number of segments any segment has in its vicinity.

2 Bringmann [13] reduces from Satisfiability, but his reduction implicitly reduces Satisfiability to
Orthogonal Vectors and then Orthogonal Vectors to Discrete Fréchet Distance.
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Figure 2 Left: Exemplary illustration of an instance of Planar Motion Planning constructed
by the reduction from 3-Sum from Gajentaan and Overmars [33]. Right: An example for the
OR-cross-composition of three instances of 3-Sum into Planar Motion Planning. The goal
position of the rod is surrounded by red.

Proof sketch. Let I3-Sum
1 , . . . , I3-Sum

t be instances of 3-Sum. We denote by ni the number of
numbers of I3-Sum

1 . Gajentaan and Overmars [33] gave a reduction from 3-Sum to Planar
Motion Planning which, given an instance of 3-Sum with n numbers, constructs in Õ(n)
time an instance of Planar Motion Planning where the rod initially is in a large “upper”
rectangle and has to reach a “lower” rectangle through a narrow passage (see Figure 2 for a
proof by picture). We apply this reduction to each instance I3-Sum

i of 3-Sum, giving us an
instance IPMP

i with Õ(ni) many segments. From these instances, we construct an instance
of Planar Motion Planning as follows: We identify the large rectangles in which the
rod starts from each IPMP

i . The narrow passages are copied next to each other (if the large
starting rectangle is not wide enough, then we make it wider.

The correctness of the reduction is obvious.
Any segment from an instance I3-Sum

i has distance at most the length of the rod except
for the bounding boxes. By splitting the segments of the bounding box into many small
segments not longer than the rod, we get that for each segment s there are at most O(n)
segments whose distance to s is at most the length of the rod. ◀

Combining Proposition 3.5 and Lemma 4.9 yields the following:

▶ Corollary 4.10. Unless the 3SUM-hypothesis fails, there is no Õ(nγ + ℓβ)-time algorithm
Planar Motion Planning parameterized by the maximum number ℓ of segments any
segment has in its vicinity for β < γ

γ−1 .

The lower bound for the running time is tight by the O(K2 log n) time algorithm from
Sifrony and Sharir [49] (where K is the number of segment pairs whose distance is less than
the length of the rod), the observation that K2 ≤ n · ℓ, and Observation 1.1.

4.3 Graph Problems
We now turn to graph problems. First, we consider Minimum Weight k-Clique paramet-
erized by the maximum size of a connected component.

▶ Proposition 4.11. Minimum Weight k-Clique (1, 1)-OR-cross-composes into Minimum
Weight k-Clique parameterized by the maximum size of a connected component.

Proof. Let G1, . . . , Gt be instances of Minimum Weight k-Clique. The cross-composition
just computes the disjoint union G of G1, . . . , Gt.
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Clearly, the cross-composition is correct, runs in linear time, and the maximum size of a
connected component is bounded by the maximum size of G1, . . . , Gs. ◀

As Negative Triangle is the special case of Minimum Weight k-Clique, combining
Proposition 3.5 and Proposition 4.11 yields the following lower bound:

▶ Corollary 4.12. Unless the APSP-hypothesis fails, there is no Õ(nγ + ℓβ)-time algorithm
for Negative Triangle parameterized by the maximum size ℓ of a connected component
for 1 < γ < 3 and β < 2·γ

γ−1 .

An algorithm running in O(ℓ2n) where ℓ is the maximum size of a connected component is
trivial. This together with Observation 1.1 implies that the running time lower bound is
tight.

Next, we turn to 2nd Shortest Path which can be solved in Õ(mn) [46] or in O(Mnω)
time (where M is the largest edge weight) [36]. If the graph is undirected [42] or one aims to
find a 2nd shortest walk [26], then there is a quasi-linear-time algorithm. For unweighted
directed graphs, the problem can be solved in Õ(m

√
n) time [48]. An ϵ-approximation can

be computed in Õ( m
ϵ ) time [10].

▶ Lemma 4.13. Negative Triangle (1, 1)-OR-cross-composes into 2nd Shortest Path
parameterized by directed feedback vertex number.

Proof. Let (INT
1 , n1), . . . , (INT

t , nt) be instances of Negative Triangle. We assume
without loss of generality that each instance of Negative Triangle has the same num-
ber n of vertices, i.e., ni = n for all i ∈ [t], and that the largest absolute value of an
edge weight is the same for all instances. Vassilevska Williams and Williams [51] gave a
linear-time reduction from Negative Triangle to 2nd Shortest Path which, given
an instance (INT

i = (Gi, wi), n) of Negative Triangle, creates an instance I2SP
i of 2nd

Shortest Path as follows: For each vertex v ∈ V (Gi), add three vertices av, bv, and
cv. Further, add two vertices si and ti as well as a path si, pi

1, pi
2, . . . , pi

n, ti, all of whose
edges have weight 0. Further, there are edges (pi, av), (av, bu), (bu, cv), and (cv, pi) for
every i ∈ [n], u, v ∈ V (Gi). All these edges have positive weight (depending on the edge-
weights in E(Gi)). Identifying si with sj , ti with tj , and pi

ℓ with pj
ℓ for all i, j ∈ [t] and j ∈ [ℓ]

then results in one instance of 2nd Shortest Path with a directed feedback vertex set
of size n, namely {p1, . . . , pn}. As the constructed instance is equivalent to the disjunction
of I2SP

1 , . . . , I2SP
t (it is never beneficial to leave s, p1, . . . , pn, t more than once as all edges

leaving this path have positive weight), we have a (1, 1)-OR-cross-composition. ◀

Combining Proposition 3.5 with Lemma 4.13 yields the following:

▶ Corollary 4.14. Unless the APSP-hypothesis fails, there is no Õ(nγ + ℓβ)-time algorithm
for 2nd Shortest Path parameterized by directed feedback vertex set ℓ parameterized by
the maximum size ℓ of a connected component for 1 < γ < 3 and β < 2γ

γ−1 .

In contrast to the other problems studied in this paper, we do not know whether the
running time lower bounds for 2nd Shortest Path are tight.

4.4 Triangle Collection
Last, we consider the Triangle Collection problem. Triangle Collection can trivially
be solved in O(n3) time, but does not admit an O(n3−ϵ) time algorithm assuming SETH, the
3-Sum conjecture, or the APSP conjecture [4]. For this problem, we were unable to apply
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our framework directly, i.e., to find an OR-cross-composition from an OR-decomposable
problem to Triangle Collection. However, we can still get a lower bound in a very
similar fashion by combining decomposition and composition into one step. The difference is
that the decomposition of Triangle Collection that we use in the proof of the following
result does not admit the “OR”-property.

▶ Proposition 4.15. Unless Orthogonal Vectors, 3-Sum, or APSP-hypothesis fails,
there is no Õ(nγ+ℓβ)-time algorithm for Negative Triangle parameterized by the maximum
size ℓ of a connected component for 1 < γ < 3 and β < 2·γ

γ−1 .

Proof. Fix 1 < γ < 3. Let G be in an instance of Triangle Collection. Partition V (G)
into z := nλ/3+λ sets V1, . . . , Vz of size q := n3/(3+λ), where λ := β/γ −1. For each (i, j, k) ∈ [z]3,
let G(i,j,k) be the graph induced by Vi ∪ Vj ∪ Vk. Finally, let H be the union of all G(i,j,k).
Note that H corresponds to the output of the OR-decomposition in our framework. Clearly
G has a triangle collection if and only if H has. Further, H can be computed in Õ(q2 · z3) =
Õ(n3(λ+2)/(3+λ)) time (note that each of the z3 graphs G(i,j,k) has size O(q2) as a q-vertex
graph may have O(q2) many edges).

Now assume that there is a Õ(nγ + ℓβ)-algorithm for Triangle Collection with
β < 2·γ

γ−1 and apply this algorithm to H. This clearly solves H. The running time for this
step is Õ((z3 · q)γ + qβ) = Õ(nγ·(3·(λ+1)/(3+λ)) + nβ·3/(3+λ)) time. Note that γ·3·(λ+1)/(3+λ) =
3 · β/γ

2+β/γ
< 3. Further, it holds that

β · 3/(3+λ) = 3 · β

2 + β/γ
= 3 · βγ

2γ + β
= 3 · γ

2γ/β + 1 < 3 · γ
2γ/

(
2γ

(γ−1)

)
+ 1

= 3 · γ

(γ − 1) + 1 = 3

where we used the assumption β < 2·γ
γ−1 for the inequality. Consequently, we can solve

Triangle Collection in O(n3−ϵ) time for some ϵ > 0. ◀

As an O(nℓ2) time algorithm for Triangle Collection is trivial, it follows from
Observation 1.1 that the running time lower bound is tight.

5 Conclusion

We introduced a framework for extending conditional running time lower bounds to para-
meterized running time lower bounds and applied it to various problems. Beyond the clear
task to apply the framework to further problems there are further challenges for future work.
For example, can we get “AND-hard” problems so that we can use AND-cross compositions
similar to the ones used to exclude compression [21]? Moreover, can the framework be
adapted to cope with dynamic, counting, or enumerating problems?
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Dynamic programming (DP) is one of the fundamental paradigms in algorithm design. However,
many DP algorithms have to fill in large DP tables, represented by two-dimensional arrays, which
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space in the static setting, and with polylogarithmic update times when the DP entries change
dynamically. To the best of our knowledge, our new condition is incomparable to previous conditions
and is the first which allows to derive dynamic algorithms based on existing DPs. Instead of using
two-dimensional arrays to store the DP tables, we store the rows of the DP tables using monotone
piecewise constant functions. This allows us to store length-n DP table rows with entries in [0, W ]
using only polylog(n, W ) bits, and to perform operations, such as (min, +)-convolution or rounding,
on these functions in polylogarithmic time.

We further present several applications of our data structure. For bicriteria versions of k-balanced
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1 Introduction

Dynamic programming (DP) is one of the fundamental paradigms in algorithm design. In the
DP paradigm, a complex problem is broken up into simpler subproblems and then the original
problem is solved by combining the solutions for the subproblems. One of the drawbacks
of DP algorithms is that in practice they are often slow and memory-intensive: for inputs
of size n their running time is typically Ω(n2), and when the DP table is stored using a
two-dimensional array they also need space Ω(n2).

This motivated researchers to develop more efficient DP algorithms with near-linear time
and space. Indeed, such improvements are possible under a wide range of conditions on the
DP tables [1, 4, 6, 8, 12, 16, 20–22,24], such as the Monge property, total monotonicity, certain
convexity and concavity properties, or the Knuth–Yao quadrangle-inequality; we discuss
these properties in more detail in the full version [17]. When these properties hold, typically
one does not have to compute the entire DP table but instead only has to compute O(n)
DP entries which reveal the optimal solution.

However, we are not aware of any property for DPs that yields efficient dynamic algorithms,
i.e., algorithms that provide efficient update operations when the input changes. One might
find this somewhat surprising because, from a conceptual point of view, many dynamic
algorithms hierarchically partition the input and maintain solutions for subproblems; this
is quite similar to how many DP schemes are derived. Indeed, this conceptual similarity is
exploited by many “hand-crafted” algorithms (e.g., [9,18]) which start with a DP scheme and
then show how to maintain it dynamically under input changes. However, such algorithms
are often quite involved and their analysis often requires sophisticated charging schemes.

Hence, it is natural to ask whether there exists a general criterion which, if satisfied,
guarantees that a given DP can be updated efficiently under input changes.

Our Contributions. The main contribution of our paper is the introduction of a general
criterion which allows to approximate all entries of a DP table up to a factor of 1 + ϵ. We
show that if our criterion is satisfied by a DP (with suitable parameters) then:

In the dynamic setting, we can maintain a (1 + ϵ)-approximation of the entire DP table
using polylogarithmic update time (see Theorem 10).
In the static setting, we can compute a (1+ϵ)-approximation of the DP table in near-linear
time and space (see Theorem 9).

Our criterion essentially asserts that the rows of the DP tables should be monotone and
that the dependency graph of the DP should be a DAG, where the sets of reachable nodes
are small, among some other technical conditions (see Definition 8 for the formal definition).
Our criterion is incomparable to the Monge property, total monotonicity or other criteria
from the literature (see the full version [17] for a more detailed discussion).

To obtain our results, we introduce a novel data structure for maintaining DPs which
satisfy our criterion. Our data structure is based on the idea of storing the DP rows using
monotone piecewise constant functions. The monotonicity of the DP rows will allow us to
ensure that our functions only contain very few pieces. Then we show that we can perform
operations on such functions very efficiently, with the running times only depending on the
number of pieces. This is crucial because it allows us to compute an entire (1+δ)-approximate
DP row in time just polylog(W ), even when the DP has Ω(n) columns, assuming that the
DP entries are from [0, W ]. Note that if W ≤ poly(n) then this decreases the running time
for computing an entire row from Ω(n) to just polylog(n). Additionally, this also allows us
to store each row using only polylog(W ) space rather than storing it in an array of size Ω(n).
We present our criterion and the details of our data structure in Section 2.
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As applications of our data structure, we obtain new static and dynamic algorithms for
various problems. We present new algorithms for k-balanced partitioning, simultaneous source
location and for fully dynamic knapsack. Next, we describe these results in detail; we discuss
more related work in the full version [17].

Our Results for Fully Dynamic 0-1 Knapsack. First, we provide a novel algorithm for
fully dynamic 0-1 knapsack. In this problem, the input consists of a knapsack size B ∈ R+
and a set of n items, where each item i ∈ [n] has a weight wi ∈ R+ and a price pi ∈ [1, ∞).
The goal is to find a set of items I that maximizes

∑
i∈I pi while satisfying the constraint∑

i∈I wi ≤ B. In the dynamic version of the problem, items are inserted and deleted. More
concretely, we consider the following update operations: insert(pi, wi), in which the price
and weight of item i are set to pi ∈ [1, ∞) and wi ∈ R+, respectively, and delete(i), where
item i is removed from the set of items.

Our main result is a dynamic (1 + ϵ)-approximation algorithm with worst-case update
time ϵ−2 · log2(nW ) · polylog(1/ϵ, log(nW )), where W =

∑
i pi. Our algorithm improves

upon a recent result by Eberle, Megow, Nölke, Simon and Wiese [11] that also maintained a
(1 + ϵ)-approximate solution with update time O(ϵ−9 log4(nW )).

▶ Theorem 1. Let ϵ > 0. There exists an algorithm for fully dynamic knapsack that maintains
a (1 + ϵ)-approximate solution with worst-case update time 1

ϵ2 log2(nW ) polylog
( 1

ϵ log(nW )
)
.

We will also show that we can return the maintained solution I in time O(|I|) and that
we can answer queries whether a given item i ∈ [n] is contained in I in time O(1). This
matches the query times of [11].

To obtain this result, we first derive a slightly slower algorithm as a simple application of
our data structure for maintaining DPs with monotone rows. Then we use this algorithm
together with additional ideas to obtain the theorem (see Section 3).

Since our dynamic algorithm is based on a DP, it is possible that the solution changes
significantly after each update. However, in the full version [17] we prove a lower bound,
showing that every dynamic (1 + ϵ)-approximation algorithm for knapsack must either make
a lot of changes to the solution after each update or store many (potentially substantially
different) solutions between which it can switch after each update. This implies that
maintaining a single explicit solution with polylogarithmic update times is not possible and
the property of our algorithm cannot be avoided.

Our Results for k-Balanced Partitioning. Our most technically challenging result is for
k-balanced graph partitioning. In this problem, the input consists of an integer k and an
undirected weighted graph G = (V, E, cap) with n vertices, where cap : E → W∞ is a
weight function on the edges with weights in W∞ := [1, W ] ∪ {0, ∞}. The goal is to find
a partition V1, . . . , Vk of the vertices such that |Vi| ≤ ⌈|V | /k⌉ for all i and the weight of
the edges which are cut by the partition is minimized. More formally, we want to minimize
cut(V1, . . . , Vk) :=

∑k
i=1

∑
{u,v}∈E∩(Vi×(V \Vi)) cap(u, v).

We note that this problem is highly relevant in theory [3,13–15] and in practice [5,10,19,23],
where algorithms for balanced graph partitioning are often used as a preprocessing step
for large scale data analytics. Obtaining practical improvements for this problem is of
considerable interest in applied communities [5] and, for instance, the popular METIS
heuristic [19] has 1,400+ citations.

Since the above problem is NP-hard to approximate within a factor of n1−ϵ for any ϵ > 0
even on trees [15], we consider bicriteria approximation algorithms. Given an undirected
weighted graph G = (V, E, cap), a partition V1, . . . , Vk of V is a bicriteria (α, β)-approximate
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solution if |Vi| ≤ β⌈n/k⌉ for all i and cut(V1, . . . , Vk) ≤ α · cut(OPT), where OPT =
(V ∗

1 , . . . , V ∗
k ) is the optimal solution with |V ∗

i | ≤ ⌈n/k⌉ for all i. We note that the previously
mentioned hardness result implies that any algorithm that computes a bicriteria (α, 1 + ϵ)-
approximation for any α ≥ 1 and whose running time depends only polynomially on n, must
have a running time depending super-polynomially on 1/ϵ, unless P = NP.1

Our main result for the static setting is presented in the following theorem. It gives the
first algorithm with polylogarithmic approximation ratio for this problem with near-linear
running time. More concretely, we compute a bicriteria (O(log4 n), 1 + ϵ)-approximation in
near-linear time for constant k. For comparison, the best approximation ratio achieved by
a polynomial-time algorithm [15] is a bicriteria (O(log1.5 n log log n), 1 + ϵ)-approximation
with running time Ω(n4).

▶ Theorem 2. Let ϵ > 0 and k ∈ N. Let G = (V, E, cap) be an undirected weighted graph
with n vertices and m edges and edge weights in W∞. Then for the k-balanced partition
problem we can compute:

An (O(log4 n), 1 + ϵ)-approximation in time (k/ϵ)O(log(1/ϵ)/ϵ) · O′(m · log2(W )) +
(k/ϵ)O(1/ϵ2).2
A (1 + ϵ, 1 + ϵ)-approximation in time (k/ϵ)O(log(1/ϵ)/ϵ) · O′(n · h2 · log2(W )) + (k/ϵ)O(1/ϵ2)

if G is a tree of height h.
A (1, 1 + ϵ)-approximation in time (k/ϵ)O(log(1/ϵ)/ϵ) · O′(n4 · log2(W )) + (k/ϵ)O(1/ϵ2) if G

is a tree.
Furthermore, we extend our results to the dynamic setting in which the graph G is under-

going edge insertions and deletions. In the following theorem, we present the first dynamic
algorithm with subpolynomial update time for this problem. We again consider bicriteria
approximation algorithms with update and query times depending super-polynomially on 1/ϵ;
this cannot be avoided since if we computed (α, 1)-approximations for any α ≥ 1 or if we
had a polynomial dependency on 1/ϵ, then the hardness result from above implies that our
update and query times must be super-polynomial in n (unless P = NP).

▶ Theorem 3. Let ϵ > 0 and k ∈ N. Let G = (V, E, cap) be an undirected weighted graph
with n vertices that is undergoing edge insertions and deletions. Then for the k-balanced
partition problem we can maintain:

An (no(1), 1 + ϵ)-approximate solution with amortized update time (k/ϵ)O(log(1/ϵ)/ϵ) · no(1) ·
O′(log2(W )) and query time (k/ϵ)O(1/ϵ2) if G is unweighted.
A (1 + ϵ, 1 + ϵ)-approximate solution with worst-case update time (k/ϵ)O(log(1/ϵ)/ϵ) · O′(h3 ·
log2(W )) and query time (k/ϵ)O(1/ϵ2) if G is a tree of height h.
Our approach is inspired by the DP of Feldmann and Foschini [15]. However, the DP

rows in the algorithm of [15] are not monotone and, hence, their DP cannot directly be sped
up by our approach. Therefore, we first simplify and generalize the exact DP of Feldmann
and Foschini to make it monotone. The DP we obtain eventually is still slightly too complex
to fit into our black-box framework, but we show that the ideas from our framework can still
be used to obtain the result.

Again, it is possible that the solution maintained by our algorithm changes substantially
after each update. Similar to above we show in the full version [17] that this cannot be
avoided when considering subpolynomial update times.

1 If we had an algorithm that computes a bicriteria (α, 1 + ϵ)-approximation in time poly(n, 1/ϵ) then we
could set ϵ = 1/(2n) which implies that all partitions have size ⌈n/k⌉. Thus we can compute a bicriteria
(α, 1)-approximate solution in time poly(n) which contradicts the hardness result, unless P = NP.

2 We use the notation O′(·) to suppress factors in poly(log n, k, log(1/ϵ), log log(W )).
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Our Results for Simultaneous Source Location. Next, we provide efficient algorithms
for the simultaneous source location problem by Andreev, Garrod, Golovin, Maggs and
Meyerson [2]. In this problem, the input consists of an undirected graph G = (V, E, cap, d)
with a capacity function cap: E → W∞ on the edges and a demand function d : V → W∞ on
the vertices. The goal is to select a minimum set S ⊆ V of sources that can simultaneously
supply all vertex demands. More concretely, a set of sources S is feasible if there exists a
flow from the vertices in S that supplies demand d(v) to all vertices v ∈ V and that does
not violate the capacity constraints on the edges. The objective is to find a feasible set of
sources of minimum size.

We will again consider bicriteria approximation algorithms. Let S∗ be the optimal
solution for the simultaneous source location problem. Then we say that S is a bicriteria
(α, β)-approximate solution if |S| ≤ α |S∗| and if S is a feasible set of sources when all edge
capacities are increased by a factor β.

The following theorem summarizes our main results. It presents the first near-linear time
algorithm for simultaneous source location that computes a (1+ϵ)-approximate solution while
only exceeding the edge capacities by a O(log4 n) factor. In comparison, the best algorithm
with arbitrary polynomial processing time computes a bicriteria (1, O(log2 n log log n))-
approximate solution in time Ω(n3) [2].

▶ Theorem 4. Let ϵ > 0. Let G = (V, E, cap, d) be an undirected weighted graph with
n vertices and m edges. Then for the simultaneous source location problem we can compute:

A (1 + ϵ, O(log4(n)))-approximation in time3 Õ( 1
ϵ2 m).

A (1 + ϵ, 1)-approximation in time Õ( 1
ϵ2 h2 · n) if G is a tree of height h.

Next, we turn to dynamic versions of the problem. We consider the following update oper-
ations: SetDemand(v, d): updates the demand of vertex v to d(v) = d, SetCapacity((u, v), c):
updates the capacity of the edge (u, v) to cap(u, v) = c, Remove(u, v): removes the edge
(u, v), Insert((u, v), c): inserts the edge (u, v) with capacity cap(u, v) = c.

We obtain the first dynamic algorithms with subpolynomial update times for this problem,
which exceed the edge capacities only by a small subpolynomial factor.

▶ Theorem 5. Let ϵ > 0. Let G = (V, E, cap, d) be a graph with n vertices and m edges that
is undergoing the update operations given above. Then for the simultaneous source location
problem we can maintain:

A (1 + ϵ, no(1))-approximation with amortized update time no(1)/ϵ2 and preprocessing time
O(n2/ϵ2) if all edge capacities are 1.
A (1+ϵ, O(log4(n)))-approximation with worst-case update time Õ(1/ϵ2) and preprocessing
time Õ(m) if we only allow the update operation SetDemand(v, d).
A (1 + ϵ, O(log2(n) log log(n)))-approximation with worst-case update time Õ(1/ϵ2) and
preprocessing time poly(n) if we only allow the update operation SetDemand(v, d).
A (1 + ϵ, 1)-approximate solution with worst-case update time Õ(h3/ϵ2) and preprocessing
time O(n2/ϵ2) if G is a tree of height h.
To obtain these results, we use a similar DP approach as the one used by Andreev et al. [2].

Interestingly, the DP function that we use essentially computes the inverse function of the
one used by Andreev et al. After making these changes, the theorems become straightforward
applications of our data structure for maintaining DPs with monotone rows.

3 We write Õ(f(n, ϵ, W )) to denote running times of the form f(n, ϵ, W ) · polylog(n, ϵ, log W ).
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Organization of Our Paper. In Section 2 we provide the details of our condition for DPs
with monotone rows. In Section 3 we present our results for 0-1 Knapsack which nicely
illustrate the applicability of our black-box framework from Section 2. All other results,
including full proofs and a technical overview of our more involved results for k-Balanced
Graph Partitioning and for Simultaneous Source Location are presented in the full version [17].

Open Problems and Future Work. In the future, it will be interesting to use our framework
to obtain more dynamic algorithms based on existing DPs. We believe that this is interesting
both in theory and in practice. Furthermore, it is intriguing to ask whether our criterion
from Definition 8 can be generalized. Indeed, our approach was built around approximating
monotone functions using piecewise constant functions, which can be viewed as piecewiese
degree-0 polynomials. An interesting question is whether we can obtain a more general
criterion if we approximate DP rows using pieces of higher-degree polynomials, such as splines.
Results in this direction might be possible; for example, in the full version [17] we give a side
result for the case when the functions contain a small number of non-monotonicities and
derive a dynamic algorithm for the ℓ∞-necklace problem.

2 Maintaining Monotone Dynamic Programming Tables

In this section, we introduce our notion of DP tables with monotone rows and the additional
technical assumptions that we are making. Then we present our data structure for efficiently
maintaining DP tables that satisfy our assumptions. In our data structure, we will store the
rows of the DP using piecewise constant functions, which we will introduce first.

List Representation of Piecewise Constant Functions. Let t ∈ R, W ∈ [1, ∞) and set
W∞ := {0} ∪ [1, W ] ∪ {+∞}. A function f : [0, t] → W∞ is piecewise constant with p pieces
if there exist real numbers 0 = x0 < x1 < x2 < · · · < xp = t and numbers y1, . . . , yp ∈ W∞
such that on each interval [xi−1, xi), f is constant and has value yi. More formally, for all
i ∈ {1, . . . , p} we have f(x) = yi for all real numbers x ∈ [xi−1, xi) and f(xp) = yp. Note
that we need the condition f(xp) = yp such that f is defined on the whole domain.

In the list representation of a piecewise constant function f , we use a doubly linked list
to store the pairs (x1, y1), . . . , (xp, yp). We also store the pairs (xi, yi) in a binary search tree
that is sorted by the xi-values, which allows us to compute a function value f(x) in time
O(log p) for all x ∈ [0, t]. In the following, we assume that all piecewise constant functions
we consider are stored in the list representation with an additional binary search tree.

One of the main observations we use is that many operations on piecewise constant
functions are efficient if there are only few pieces. The following lemma shows that several
operations can be computed in time almost linear in the number of pieces of the function,
rather than in time depending on the size of the domain of f .4 For δ > 0 and y ∈ W∞, we
write ⌈y⌉1+δ to denote the smallest power of 1+δ that is at least y, i.e., ⌈y⌉1+δ = min{(1+δ)i :
(1 + δ)i ≥ y, i ∈ N}; we follow the convention that ⌈0⌉1+δ = 0 and ⌈∞⌉1+δ = ∞.

▶ Lemma 6. Let t ∈ R and c ∈ R+. Let g, h : [0, t] → W∞ be monotone and piecewise
constant functions with pg and ph pieces, resp. Then we can compute the following functions:

fmin(x) := min{g(x), h(x)} with at most pg + ph pieces in time O((pg + ph) log(pg + ph));

4 We note that computing the operations themselves can be done in linear time. However, since we also
store the pairs (xi, yi) of the list representations in a binary search tree, the running times in the lemma
include an additional logarithmic factor.
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fshift(x) := g(x − c) for x ≥ c, fshift(x) = g(0) for x < c with at most pg pieces in time
O(pg log(pg));
fadd(x) := g(x) + h(x), with at most pg + ph pieces in time O((pg + ph) log(pg + ph));
fround(x) := ⌈g(x)⌉1+δ for δ > 0 with at most 2+⌈log1+δ(W )⌉ pieces in time O(pg log(pg)).

Note that if we set f̃ = ⌈f⌉1+δ then f̃ is a (1 + δ)-approximation of f in the following sense.
For α > 1, we say that a function f̃ : [0, t] → W∞ α-approximates a function f : [0, t] → W∞
if for all x ∈ [0, t],

f(x) ≤ f̃(x) ≤ α · f(x). (1)

Furthermore, if f is monotone then the rounded function f̃ contains at most O(log1+δ(W ))
pieces. This will be crucial later because this ensures that, if we perform a single rounding
operation for each row of our DP table, the resulting function will have few pieces and
operations on the function can be performed efficiently.

Next, consider functions f1, f2 : [0, t] → W∞. A function f : [0, t] → W∞ is the (min, +)-
convolution f1 ⊕ f2 if for all x ∈ [0, t], f(x) = (f1 ⊕ f2)(x) := minx̄∈[0,x] f1(x̄) + f2(x − x̄).
Such convolutions are highly useful for the computation of many DPs. The following lemma
shows that we can efficiently compute the convolution of piecewise constant functions.

▶ Lemma 7. Let f1, f2 : [0, t] → W∞ be piecewise constant functions with at most p pieces
and assume that one of them is monotonically decreasing. Then we can compute the function
f : [0, t] → W∞ with f = f1 ⊕ f2 in time O(p2 log p) and f is a piecewise constant function
with O(p2) pieces. Furthermore, after computing f , for any x ∈ [0, t] we can return a value
x̄∗ ∈ [0, t] such that f(x) = f1(x̄∗) + f2(x − x̄∗) in time O(log p).

Now observe that Lemma 7 has a drawback for our approach: The number of pieces (i.e.,
the complexity of the functions) grows quadratically with every application. An important
property which can be used to mitigate this issue is that the result of the convolution is
still a monotone function, as we show in the full version [17]. Later, to keep the number of
pieces in our functions small, after each convolution that we perform via Lemma 7 (and that
might grow the number of pieces quadratically), we perform a rounding operation ⌈·⌉1+δ

(see Lemma 6). This loses a factor 1 + δ in approximation but guarantees that the resulting
function has O(log1+δ(W )) pieces. This will be crucial to ensure that our functions have
only few pieces.

Maintaining DPs With Monotone Rows. Next, we introduce our DP scheme formally. We
consider DP tables with a finite set of rows I and a set of columns J , with entries taking
values in W∞. We will consider DP tables as functions DP : I × J → W∞.5 Further, we will
associate the i’th row of the DP with a function DP(i, ·) : J → W∞, and we store each such
function DP(i, ·) using piecewise constant functions from above.

Next, we introduce the dependency graph for the rows of our DP. More concretely, the
dependency graph D = (I, ED) is a directed graph that has the rows I as vertices and a
directed edge (i′, i) between two rows if for some columns j, j′ ∈ J the entry DP(i′, j′) is
required to compute DP(i, j). We write In(i) = {i′ ∈ I : (i′, i) ∈ ED} to denote the set of
rows i′ that are required to compute row i. For the rest of the paper we will assume that the
dependency graph is a DAG, which is the case for all applications that we study. We will
also write Reach(i) to denote the set of vertices that are reachable from row i in D.

5 Even though our definition may suggest that we only consider two-dimensional DP tables, we do not
require an order on I and we allow I to be any finite set. For example, in our DP for balanced graph
partitioning we will set I to 3-tuples corresponding to the parameters of a four-dimensional DP.
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Since we assume that the dependency graph is a DAG, we can compute the i’th DP row
as soon as we have computed the solutions for the DP rows in In(i). We assume that this
is done via a procedure Pi that takes as input the DP rows DP(i′, ·) for all i′ ∈ In(i) and
returns the row DP(i, ·) = Pi({DP(i′, ·) : i′ ∈ In(i)}).

Next, we come to our condition which encodes when our scheme applies. In the definition
and for the rest of the paper, we write ADP to refer to an approximate DP table, which
approximates the exact DP table DP. Let β > 1. We say that ADP β-approximates DP if
DP(i, j) ≤ ADP(i, j) ≤ βDP(i, j) for all i ∈ I, j ∈ J .

▶ Definition 8. A DP table is (h, α, p)-well-behaved if it satisfies the following conditions:
1. (Monotonicity:) For all i ∈ I, the function DP(i, ·) is monotone.
2. (Dependency graph:) The dependency graph is a DAG and |Reach(i)| ≤ h for all i ∈ I.
3. (Sensitivity:) Suppose β > 1 and for all i′ ∈ In(i), we obtain a β-approximation ADP(i′, ·)

of DP(i′, ·). Then applying Pi on the ADP(i′, ·) yields a β-approximation of DP(i, ·), i.e.,

DP(i, ·) ≤ Pi({ADP(i′, ·) : i′ ∈ In(i)}) ≤ β · DP(i, ·).

4. (Pieces:) For each procedure Pi there exists an approximate procedure P̃i such that:
(a) P̃i({ADP(i′, ·) : i′ ∈ In(i)}) is an α-approximation of Pi({ADP(i′, ·) : i′ ∈ In(i)}),
(b) P̃i can be computed as the composition of a constant number of operations from
Lemma 6 and and at most one application of Lemma 7, and
(c) P̃i returns a monotone piecewise constant function with at most p pieces.

The definition is motivated in the following way: our operations on the piecewise constant
functions have efficient running times when the functions are monotone and have few pieces.
This is ensured by Properties (1), 4(b), and 4(c). Next, rounding errors cannot compound
too much if each row can only reach h other rows and the sensitivity condition is satisfied.
This is ensured by Properties (2), (3), and 4(a).

Even though the definition might look slightly technical at first glance, it applies in many
settings. In particular, Property (2) is satisfied when the dependency graph is a rooted tree
of height h in which all edges point towards the root; this is the case in all of our applications.
The other conditions are immediately satisfied by our DP for 0-1 Knapsack in Section 3 and
the DP for simultaneous source location (see [17]). However, our DP for balanced graph
partitioning violates Property (4b) of Definition 8. Hence, in the full version [17] we will also
consider a weaker assumption which, however, will not allow for nice black-box results, such
as Theorems 9 and 10 below.

Next, we state our main results. They imply that we obtain static (1 + ϵ)-approximation
algorithms running in near-linear time and space for (Õ(1), ln(1+ϵ)/Õ(1), Õ(1))-well-behaved
DPs. They also show that under this assumption, we can dynamically maintain (1 + ϵ)-
approximate DP solutions with polylogarithmic update times.

Our main theorem for static algorithms is as follows.

▶ Theorem 9. Consider an (h, α, p)-well-behaved DP. Then we can compute an approximate
DP table ADP which αh+1-approximates DP in time and space O(|I| · p2 log(p)).

Later, we will apply the theorem to DPs with dependency trees of logarithmic heights
h = O(log n), we will set the approximation ratio to α = ln(1 + ϵ)/(h + 1), and the number
of pieces to p = polylog(W ). This will yield our desired algorithms with near-linear running
time Õ(|I|) and space usage. Note that this is a big improvement upon the brute-force
running times and space usages of Ω(|I| · |J |).
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The proof of the theorem follows from observing that when moving from one vertex to
another in the dependency graph, we lose a multiplicative α-factor in the approximation
ratio; as each vertex can only reach h other vertices, this will compound to at most αh+1.
Combining the assumptions on the functions P̃i and the results from Lemmas 6 and 7, we get
that each row ADP(i, ·) can be computed in time O(p2 log(p)) which gives O(|I| · p2 log(p))
total time.

We also give the following extension to the dynamic setting which shows that if one of
the DP rows changes, we can update the entire table efficiently.

▶ Theorem 10. Consider an (h, α, p)-well-behaved DP and suppose that row i is changed.
Then we can update our approximate DP table ADP such that after time O(h · p2 log(p)) it is
an αh+1-approximation of DP.

As before, we will typically use the theorem with h = O(log n), α = ln(1 + ϵ)/(h + 1) and
p = polylog(W ). This will then result in our desired polylogarithmic update times. Note
that this is a significant speedup compared to storing the DP tables using two-dimensional
arrays: in that case even updating a single row would take time Ω(|J |), which in many
applications would already be linear in the size of the input.

The theorem follows from observing that after a row i changes, we only have to update
those rows which can be reached from i in the dependency graph. But these can be at most h

and each of them can be updated in time O(p2 log(p)) by Lemmas 6 and 7.

3 Fully Dynamic Knapsack

In 0-1 knapsack, the input consists of a knapsack size B ∈ R+ and a set of n items, where
each item i ∈ [n] has a weight wi ∈ R+ and a price pi ∈ [1, ∞). The goal is to find a set of
items I that maximizes

∑
i∈I pi while satisfying the constraint

∑
i∈I wi ≤ B. For a set of

items I ⊆ [n], we refer to the sum
∑

i∈I wi as the weight of I.
For the rest of this section we set W =

∑
i pi and t =

∑
i∈[n] wi.

Next, we first derive a dynamic algorithm with update time Õ(log3(n) log2(W )/ϵ2) which
is based on our framework for DPs with monotone rows. Then we will use this algorithm as
a subroutine to obtain a faster algorithm with update time Õ(log2(nW )/ϵ2) in Section 3.2;
this will prove Theorem 1.

▶ Theorem 1. Let ϵ > 0. There exists an algorithm for fully dynamic knapsack that maintains
a (1 + ϵ)-approximate solution with worst-case update time 1

ϵ2 log2(nW ) polylog
( 1

ϵ log(nW )
)
.

Below we will also show that we can return the maintained solution I in time O(|I|) and
that we answer queries whether a given item i ∈ [n] is contained in I in time O(1). This
matches the query times of [11].

3.1 Knapsack via Convolution of Monotone Functions
First, we give a brief recap of the knapsack approach by Chan [7]. We consider the more
general problem of approximating the function fJ : [0, t] → R+, where J ⊆ [n] is a set of
items and

fJ(x) = max
{∑

i∈I

pi :
∑
i∈I

wi ≤ x, I ⊆ J

}
. (2)
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Intuitively, the value fJ(x) corresponds to the best possible knapsack solution if we can
only pick items which are contained in J and if the weight of the solution can be at most x.
Therefore, f[n](B) corresponds to the optimum solution of the global knapsack instance.

Note that for each J ⊆ [n], fJ (x) is a monotonically increasing piecewise constant function:
Indeed, consider x′ ≤ x. Any solution I ⊆ J that is feasible for x′ (i.e., the weight of I

is at most x′) is also a feasible solution for x. Thus, fJ(x′) ≤ fJ(x) and, therefore, fJ is
monotonically increasing. Furthermore, fJ is piecewise constant since each function value
fJ(x) corresponds to a solution I ⊆ J and the number of choices for I ⊆ J is finite.

Next, note that if we have two disjoint subsets J1, J2 ⊆ [n] then it holds that fJ1∪J2 is
the (max, +)-convolution of fJ1 and fJ2 , i.e., for all x it holds that

fJ1∪J2(x) = max
x̄

fJ1(x̄) + fJ2(x − x̄).

This can be seen by observing that for each x, the optimum solution I for the instance J1 ∪J2
with weight at most x can be split into two disjoint solutions I1 ⊆ J1 and I2 ⊆ J2 such that
I1 has weight x̄ and I2 has knapsack weight at most x − x̄ (for suitable choice of x̄ ∈ [0, x]).
We conclude that if we have two knapsack instances over disjoint sets of items J1 and J2,
then we compute the solution for the knapsack instance with items J1 ∪ J2 by computing
the (max, +)-convolution of fJ1 and fJ2 .

The Exact DP. The previous paragraphs imply a simple way of computing the exact
solution of a knapsack instance: For each item i ∈ [n], compute the function f{i} and
then recursively merge the solutions for sets of size 2j , j = 1, . . . , ⌈log n⌉, by computing
(max, +)-convolutions until we have computed the global solution f[n]. We perform the
recursive merging of the solutions using a balanced binary tree, resulting in a tree of height
O(log n).

More concretely, we build a rooted balanced binary tree T with n leaf nodes, where all
edges point towards the root. We have one leaf f{i} for each item i. Each internal node u

in T is associated with a function fJu
as per Equation (2), where Ju is the set of all items in

the subtree rooted at u. To simplify notation, we will also refer to fJu as fu.
Now we consider the exact computation of the DP. This will reveal the procedures Pi

from Definition 8. As base case, for each i ∈ [n], the i’th leaf of T contains the function f{i},
which is a piecewise constant function that has value 0 on the interval [0, wi) and value pi on
the interval [wi, t].

Next, in each internal node u of T with children u1 and u2, we set fu to the (max, +)-
convolution of fu1 and fu2 . By induction it can be seen that for every node u in T , it holds
that Ju = Ju1 ∪ Ju2 and thus Ju is the set of all items whose corresponding leaf is contained
in the subtree Tu. Hence, for the root r of T it holds that fr = f[n] and fr(B) is the optimal
solution for the global knapsack instance.

In the following, we check that our DP satisfies Properties (1–3) of Definition 8.
First, note that the tree T from above is also the dependency graph of our DP. Hence,

our DP has a row for every vertex of T and thus O(n) rows in total. Furthermore, since T

has height O(log n) and all edges point towards the root, every vertex can reach at most
h = O(log n) vertices. Hence, Property (2) of Definition 8 is satisfied.

Second, we observe that in both cases above, the function f{i} and fu which correspond to
the rows of our DP table are monotonically increasing (we argued this above for all functions
fJ). Thus, Property (1) is satisfied.

Third, observe that Property (3) is also satisfied since (max, +)-convolution satisfies our
sensitivity condition.
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We conclude that the first three properties of Definition 8 are satisfied. Unfortunately,
this does not yet imply that we can obtain efficient algorithms: Note that if we compute the
exact DP bottom-up then we compute one convolution per node and thus the total running
time of this approach is O(n · t(p)), where p is an upper bound on the number of pieces in our
functions and t(p) is the time it takes to compute a (max, +)-convolution of two functions
with p pieces. However, observe that computing the convolutions can potentially take a large
amount of time because the number of pieces of the functions might grow quadratically after
each convolution (see Lemma 7). We will resolve this issue below using rounding.

The Approximate DP. Next, we consider approximations which will reveal the functions
P̃i from Definition 8.

First, note that we need to compute (max, +)-convolutions of monotonically increasing
functions efficiently. We observe that this can be done efficiently using our subroutine from
Lemma 7 for the (min, +)-convolution of monotonically decreasing functions: Indeed, suppose
that f is the (max, +)-convolution of two monotonically increasing functions g and h, then
for all x it holds that

f(x) = max
x̄

{g(x̄) + h(x − x̄)} = − min
x̄

{−g(x̄) + (−h(x − x̄))}.

Now observe that −g and −h are monotonically decreasing functions and, therefore, f =
−((−g) ⊕ (−h)), where ⊕ denotes the (min, +)-convolution. Thus, we can use the efficient
routine for (min, +)-convolution from Lemma 7 with the same running time.6

Now we can define the subroutines P̃i. Let δ > 0 be a parameter that we set later.
Whenever we compute a function fu via a (max, +)-convolution, we use the efficient subroutine
from Lemma 7. After computing the convolution, we set fu = ⌈fu⌉1+δ via the subroutine
from Lemma 6.

Observe that this approach satisfies Property (4a) of Definition 8 with α = 1 + δ.
Furthermore, Property (4b) is satisfied since we only use a single convolution and a single
rounding step. Finally, Property (4c) is also satisfied because the resulting function is
monotone and has p = O(log1+δ(W )) after the rounding.

The above arguments show that our DP is (h, α, p)-well-behaved for h = ⌈log n⌉, α = 1+δ,
δ = ln(1+ϵ)/⌈log n⌉ and p = O(log1+δ(W )) = O(log(W )/δ). Hence, Theorem 10 immediately
implies the following lemma.

▶ Lemma 11. Let ϵ > 0. There exists an algorithm that computes a (1 + ϵ)-approximate
solution for 0-1 knapsack in time n · 1

ϵ2 log2(n) log2(W ) · polylog( 1
ϵ log(nW )).

We note that we can return our solution I in time |I| log(n) · polylog( 1
ϵ log(nW )) as

follows. Recall that our global objective function value is achieved by fr(B) and that
fr(B) = fu1(x̄∗) + fu2(B − x̄∗), where u1 and u2 are the nodes below the root node r of
the dependency tree. Now using the second part of Lemma 7 we can get the value of x̄∗ in
time O(log p). If fu1(x̄∗) > 0 we recurse on fu1(x̄∗) and if fu2(B − x̄∗) > 0 we also recurse
on fu2(B − x̄∗). At some point we will reach a leaf node i and we include i in the solution
iff f{i}(x) > 0. Note that since we only recurse for function values which are strictly larger
than zero, for each item that we include into the solution we have to follow a single path
in the dependency tree of height O(log n) and our work in each internal node is bounded
by O(log p). This gives the total time of O(|I| log(n) log(p)) and our claim follows from our
choice of p above.

6 We note that, formally, Lemma 7 can only be applied on functions with non-negative values. However, this
can be achieved by adding a number C to −g and −h, which is an upper bound on the values taken by g
and h, and at the end we subtract the constant function 2C, i.e., we set f = −((−g+C)⊕(−h+C))−2C.
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Extension to the Dynamic Setting. Next, we extend our result to the dynamic setting.
For the sake of simplicity, we assume that n is an upper bound on the maximum number
of available items (items in S) and given to our algorithm in the beginning.7 We consider
update operations that insert and delete items from the set. More concretely, we consider
the following update operations:

insert(pi, wi), in which i is added to S by setting the price and weight of item i to
pi ∈ W∞ and wi ∈ R+, respectively, and
delete(i), where item i is removed from the set of items.

Our implementation is as follows. In the preprocessing phase, we build the same tree T

as above and use the subroutine from above to compute the function f{i}. For the operation
delete(i), we set pi = 0 and wi = 0, which changes exactly one row of our DP table. For
the operation insert(pi, wi), we set the price and weight of item i to pi and wi, resp., which
again changes a single row in our DP table. After changing such a row, we recompute the
global DP solution via Theorem 10. Since the DP is (h, α, p)-well-behaved with the same
parameters as above, the theorem implies the following proposition.

▶ Proposition 12. Let ϵ > 0. There exists an algorithm for the fully dynamic knap-
sack problem that maintains a (1 + ϵ)-approximate solution with worst-case update time
1
ϵ2 log3(n) log2(W ) · polylog

( 1
ϵ log(nW )

)
.

Observe that with the same procedure as for the static algorithm, we can return our
solution I in time |I| log(n) · polylog( 1

ϵ log(nW )). Furthermore, given an item i ∈ [n], we
can return whether i ∈ I in time log(n) · polylog( 1

ϵ log(nW )). This can be done by using the
same query procedure as in the static setting, where we only recurse on the unique subtree
in the depedency tree that contains the node for item i.

We note that the above proposition already improves upon the update time in the result
of Eberle et al. [11] in terms of the dependency on 1

ϵ but it has a worse dependency on
log(nW ). However, our query time is slower than the O(1)-time query operation in [11].
We will resolve these issues in the next subsection, where we will use the algorithm from
Proposition 12 as a subroutine.

3.2 Dynamically Maintaining a Small Instance
Next, we we obtain a faster dynamic algorithm with update time Õ( 1

ϵ2 log2(nW )) by combin-
ing the algorithm from Proposition 12 and with ideas from Eberle et al. [11]. Our high-level
approach is as follows. First, we partition the items into a small number of price classes.
Then we take a few items of small weight from each price class. This will give a very small
knapsack instance X for which we maintain an almost optimal solution using the subroutine
from Proposition 12; since this instance is very small (i.e., |X| ≪ n), the update time for
maintaining this instance essentially becomes O( 1

ϵ2 log2(W )), i.e., we lose the O(log3 n) term
that made the update time in the proposition too costly. For the rest of the items which are
not contained in X, we show that we can compute a good solution using fractional knapsack,
which can be easily solved using a set of binary search trees. Then it remains to show that
the combination of the two solutions is a (1 + ϵ)-approximation.

7 It is possible to drop this assumption using an amortization argument. More concretely, every time the
number of items is less than n/2 or more than n, we rebuild the data structure with a new value of n.
Each rebuild can be done in time O(nt(n)), where t(n) is our update time. Since this only happens after
Ω(n) updates occured, we can amortize this cost over the updates that appeared since the last rebuild.
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The main differences of our algorithm and the one by Eberle et al. [11] are as follows.
Eberle et al. also partition the items into a small number of price classes. They also combine
solutions for a small set of heavy items X and solutions based on fractional knapsack for the
other items. However, they have to enumerate many different sets X and they also guess
the approximate price of the fractional knapsack solution; more concretely, they enumerate
Θ( 1

ϵ2 log(W )) choices for X and the number of guesses they have to make for the fractional
knapsack solution is Θ( 1

ϵ log(W )). Thus they have to consider Θ( 1
ϵ3 log2(W )) guesses and

for each of them they have to compute approximate solutions, which takes time Θ( 1
ϵ4 ) for

each X since they have to run a static algorithm from scratch. In our approach, we only
have to consider a single set X which we maintain in our data structure from Proposition 12,
which saves us a lot of time. Furthermore, the piecewise constant function, in which we store
the solution for X, essentially “guides” our Θ( 1

ϵ log(W )) guesses for the weight of fractional
knapsack solution. In our analysis we have to be slightly more careful to ensure that our
guesses for the weight of the fractional knapsack solution guarantee the correct approximation
ratio.

Definitions. We assume that ϵ < 1 and that 1/ϵ is an integer. More concretely, we run
the algorithm with ϵ′ = max{ 1

i : 1
i ≤ ϵ, i ∈ N}. Set L = ⌈log1+ϵ(W )⌉ and recall that we set

W =
∑

i pi.
We define the price classes Vℓ = {i : (1 + ϵ)ℓ ≤ pi < (1 + ϵ)ℓ+1}. In the following, we

assume that all items from price class Vℓ have price exactly (1 + ϵ)ℓ+1. We only lose a factor
of 1 + ϵ by making this assumption. Furthermore, we set V

1/ϵ
ℓ to the set of 1/ϵ items from

Vℓ with smallest weights wi (breaking ties arbitrarily). We also define V ′
ℓ = Vℓ \ V

1/ϵ
ℓ .

Next, we set X =
⋃

ℓ≥0 V
1/ϵ

ℓ and Y =
⋃

ℓ≥0 V ′
ℓ for all ℓ ≥ 0. Note that X and Y partition

the set of items and |X| = 1
ϵ · L = O(ϵ−2 log(W )).

Now our strategy is to use our algorithm from Proposition 12 to maintain a solution for
the items in X. Then we show how we can combine the solution for X with a solution for Y

that is based on fractional knapsack and a charging argument.

Data Structures. For each ℓ ∈ [L], we maintain Vℓ sorted non-decreasingly by weight.
We also maintain the set X in a binary search tree, in which we sort the items by their

index, and we maintain our data structure from Proposition 12 on the items in X.
Furthermore, let Uℓ =

⋃
ℓ′≤ℓ V ′

ℓ′ denote the set of all items that are not contained in X

and of price class at most ℓ. For each ℓ, we maintain the set Uℓ in a binary search tree T in
which the items are stored as leaves and sorted by their density pi

wi
. In each internal node u

of T , we store the total weight of the items in the subtree Tu rooted at u and the total profit
of the items in Tu. Observe that this allows us to answer queries of the type: “Given a
budget b, what is the value of the optimal fractional8 knapsack solution in Uℓ with weight at
most b?” in time O(log n).

Updates. Now consider an item insertion or deletion and suppose that the updated item is
of price class Vℓ. We first update the sets Vℓ, Uℓ′ for ℓ′ ≤ ℓ and the sets X and Y . Note that
for each of these sets at most one item can be removed and inserted. Thus, these steps can
be done in time O(ℓ · log(n)) = O(ϵ−1 log(W ) log(n)).

8 In fractional knapsack, we may use items fractionally. An optimal solution is achieved by sorting the
items items by their density and greedily adding items to the solution until we have used up our budget b.
This approach uses at most one item fractionally (namely, the one at which we use up our budget).
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Next, if X changed in the previous step, then we also perform the corresponding updates
in the data structure from Proposition 12. Since |X| = O(ϵ−2 log(W )) holds by construction
of X, the update operations for the data structure maintaing the knapsack solution for X

take a total time of

O

(
ϵ−2 log3(|X|) log2(W ) · polylog

(
1
ϵ

log(|X| W )
))

= O

(
ϵ−2 log2(W ) · polylog

(
1
ϵ

log(nW )
))

.

Furthermore, we can explicitly write down our solution IX for the items in X in time
ϵ−2 log(W ) · polylog( 1

ϵ log(nW )) since |X| = O(ϵ−2 log(W )). Also, for each i ∈ IX , we can
set a bit indicating that i ∈ IX . Note that the time for writing down IX and setting the bits
is subsumed by the update time above.

Queries. Returning the value of a solution: We return the value of a global knapsack
solution as follows.

Consider the data structure from Proposition 12 which maintains a solution for the items
in X. Note that this solution is stored as a piecewise constant function with p ≤ L pieces
and consider the list representation (x1, y1), . . . , (xp, yp) of this function.

Our strategy is as follows: For each i = 1, . . . , p, we consider a solution which spends
budget xi on items in X and budget B − xi on items in Y . Then we take the maximum over
all of the solutions we have considered. More concretely, for given i = 1, . . . , p, we obtain our
solution as follows. We pick ℓi such that (1 + ϵ)ℓi = ⌈ϵ · yi⌉1+ϵ (see Lemma 13 below for a
justification of this choice). Now we use the binary search tree for Uℓi

to find the highest
profit that we can obtain from fractional knapsack on items in Uℓi

⊆ Y if we can spend
budget at most b = B − xi. Let y′

i be the value of this query after removing any profit that
we gain from the (at most one) fractionally cut item. We also store the density of the final
item that is contained in the fractional knapsack solution. Now we return the maximum of
yi + y′

i over all i = 1, . . . , p.
Note that since the solution for X has at most L = O(ϵ−1 log(W )) pieces and for each of

them we perform a single query in a binary search tree, the total time for return the solution
value is O(ϵ−1 log(W ) log(n)). Note that this time is subsumed by the update time.

Returning the entire solution: Now we can return our global solution I in time O(|I|) as
follows. Observe that I is composed of the solution IX for the items in X and of the items in
the fractional knapsack solution. During our updates, we already stored the items in IX and
can write them down in time O(|IX |). Next, to return the items from the fractional knapsack
solution, recall that we stored the density of the final item in the fractional knapsack solution.
Thus, we only have to output the items ordered non-decreasingly by their density, while we
are above the desired density-threshold. This can be done in time linear in the size of the
fractional knapsack solution. This is essentially the same query procedure as in [11].

Returning whether an item is in the solution: Furthermore, observe that the above implies
that we can answer whether an item i ∈ [n] is contained in our solution in time O(1): If
i ∈ X then we already stored a bit whether i ∈ IX . If i ̸∈ X then we can check whether i is
in the fractional knapsack solution by checking whether its density is above or below the
threshold given by the final item in the fractional knapsack solution.

Analysis. We start by making some simplifications to OPT. We let OPT′ denote the version
of OPT in which for each ℓ ∈ [L], we pick the |OPT ∩Vℓ| items of smallest weight from Vℓ.
This only loses a factor of 1 + ϵ. Next, define OPT′

X = OPT′ ∩X and OPT′
Y = OPT′ ∩Y .

Observe that by how we picked OPT′, it holds that OPT′
Y ∩Vℓ ̸= ∅ iff

∣∣OPT′ ∩Vℓ

∣∣ > 1/ϵ.
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Let pX denote the total price of items in OPT′
X and let wX denote the total weight of

the items in OPT′
X . Let f denote the piecewise constant function that stores the solution

for the items in X. Observe that by Proposition 12 we have that

pX ≤ f(wX) ≤ (1 + ϵ)pX .

Also, the function value f(wX) is part of a piece (xi∗ , yi∗) with xi∗ ≤ wX and yi∗ = f(wX).
The next lemma justifies why we set ℓi such that (1 + ϵ)ℓi = ⌈ϵ · yi⌉1+ϵ in our algorithm.

To this end, let ℓi∗ be such that (1 + ϵ)ℓi∗ = ⌈ϵ · yi∗⌉1+ϵ and let ℓY be the price class of the
most valuable item in OPT′

Y . In the lemma we show that ℓi∗ ≥ ℓY . We will use this to show
that our solution for X of profit yi∗ is valuable enough such that we can charge a fractionally
cut item from fractional knapsack onto the solution from X and only lose a factor of (1 + ϵ)2.

▶ Lemma 13. It holds that ℓi∗ ≥ ℓY .

Proof. Since OPT′
Y ∩V ′

ℓY
̸= ∅,

∣∣OPT′ ∩VℓY

∣∣ > 1/ϵ and thus OPT′
X contains all 1/ϵ items

from V
1/ϵ

ℓY
. Hence, pX ≥ 1

ϵ · (1 + ϵ)ℓY . From above we get f(wX) = yi∗ and f(wX) ≥ pX .
By choice of ℓi∗ ,

(1 + ϵ)ℓi∗ = ⌈ϵ · yi∗ ⌉1+ϵ = ⌈ϵ · f(wX)⌉1+ϵ ≥ ⌈ϵ · pX⌉1+ϵ ≥
⌈

ϵ · 1
ϵ

(1 + ϵ)ℓY

⌉
1+ϵ

= (1 + ϵ)ℓY .

This implies ℓi∗ ≥ ℓY . ◀

Next, consider the the fractional knapsack solution that we obtain from our query. Note
that this solution has a profit that is at least as large as the profit of OPT′

Y (since fractional
knapsack is a relaxation of 0-1 knapsack). Furthermore, the fractional solution uses at
most one item fractionally and this item is from Uℓi∗ and has value at most (1 + ϵ)ℓi∗ =
⌈ϵ · yi∗⌉1+ϵ ≤ (1 + ϵ)ϵ · yi∗ . Thus, we can charge this item on OPT′

X and lose a factor of at
most (1 + ϵ)2.

We conclude that the solution yi∗ +y′
i∗ is a (1+ ϵ)O(1)-approximation of OPT. Combining

this with our previous running time analysis, we obtain Theorem 1.
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Abstract
Given n elements, an integer k ≤ n

2 and a parameter ε ≥ 1
n

, we study the problem of selecting
an element with rank in (k − nε, k + nε] using unreliable comparisons where the outcome of each
comparison is incorrect independently with a constant error probability, and multiple comparisons
between the same pair of elements are independent. In this fault model, the fundamental problems
of finding the minimum, selecting the k-th smallest element and sorting have been shown to require
Θ
(
n log 1

Q

)
, Θ
(
n log k

Q

)
and Θ

(
n log n

Q

)
comparisons, respectively, to achieve success probability

1 − Q [9]. Considering the increasing complexity of modern computing, it is of great interest to
develop approximation algorithms that enable a trade-off between the solution quality and the
number of comparisons. In particular, approximation algorithms would even be able to attain a
sublinear number of comparisons. Very recently, Leucci and Liu [23] proved that the approximate
minimum selection problem, which covers the case that k ≤ nε, requires expected Θ(ε−1 log 1

Q
)

comparisons, but the general case, i.e., for nε < k ≤ n
2 , is still open.

We develop a randomized algorithm that performs expected O( k
n

ε−2 log 1
Q

) comparisons to
achieve success probability at least 1 − Q. For k = nε, the number of comparisons is O(ε−1 log 1

Q
),

matching Leucci and Liu’s result [23], whereas for k = n/2 (i.e., approximating the median),
the number of comparisons is O(ε−2 log 1

Q
). We also prove that even in the absence of compari-

son faults, any randomized algorithm with success probability at least 1 − Q performs expected
Ω
(

min{n, k
n

ε−2 log 1
Q

}
)

comparisons. As long as n is large enough, i.e., when n = Ω( k
n

ε−2 log 1
Q

),
our lower bound demonstrates the optimality of our algorithm, which covers the possible range of
attaining a sublinear number of comparisons. Surprisingly, for constant Q, our algorithm performs
expected O( k

n
ε−2) comparisons, matching the best possible approximation algorithm in the absence

of computation faults. In contrast, for the exact selection problem, the expected number of compar-
isons is Θ(n log k) with faults versus Θ(n) without faults. Our results also indicate a clear distinction
between approximating the minimum and approximating the k-th smallest element, which holds
even for the high probability guarantee, e.g., if k = n

2 , Q = 1
n

and ε = n−α for α ∈ (0, 1
2 ), the

asymptotic difference is almost quadratic, i.e., Θ̃(nα) versus Θ̃(n2α).
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37:2 Approximate Selection with Unreliable Comparisons in Optimal Expected Time

1 Introduction

We study a generalization of the k-th smallest element selection problem in terms of approxi-
mation and fault tolerance. Given a set S of n elements, an integer k and a parameter ε,
the fault-tolerant ε-approximate k-selection problem, FT-APX(k, ε) for short, is to return an
element with rank in (k −nε, k +nε] only using unreliable comparisons whose outcome can be
incorrect. Due to the comparison faults, it is impossible to guarantee a correct solution, so the
number of comparisons performed by an algorithm should depend on the failure probability
Q of the algorithm where Q < 1

2 . We assume that k ≤ n
2 and ε ≥ 1

n ; if k > n
2 , the problem

becomes to approximate the (n − k)-th largest element, which is symmetric, and if ε < 1
n ,

the problem becomes the exact selection problem. The elements with rank in (0, k − nε],
(k − nε, k + nε] and (k + nε, n] of S are called small, relevant and large, respectively.

We consider independent random comparison faults: There is a strict ordering relation
among S, but algorithms can only gather information via unreliable comparisons between two
elements. The outcome of each comparison is wrong with a known constant probability p < 1

2 .
When comparing the same pair of elements multiple times, each outcome is independent of
the previous outcomes; comparisons involving different pairs of elements are also independent.

The above fault model has been widely studied for various fundamental problems such
as finding the minimum, selecting the k-th smallest (resp. largest) element and sorting a
sequence [9, 29, 30]. Feige et al [9] proved that to achieve success probability 1 − Q, the
aforementioned three problems require Θ

(
n log 1

Q

)
, Θ
(
n log k

Q

)
and Θ

(
n log n

Q

)
comparisons,

respectively, both in expectation and in the worst case. In the sequel, their selection algorithm
is denoted by Select(k, Q), and its performance is summarized as follows.

▶ Theorem 1 ([9]). Select(k, Q) performs O
(
n log k

Q

)
comparisons to select the k-th smallest

(resp. largest) element among n elements with success probability at least 1 − Q.

Due to the increasing complexity of modern computing, error detection and error correction
require enormous computing resources. Emerging technologies enable the tolerance of
computation errors for saving computing resources [28, 16, 7, 19, 32]. Meanwhile, many
practical applications do not require an optimal answer, but just a good enough one. These
circumstances motivate the study of fault-tolerant approximation algorithms, especially for
the possibility of attaining a sublinear number of comparisons.

Recently, Leucci and Liu [23] studied the approximate minimum selection problem, which
asks for one element with rank in [1, nε] and thus is equivalent to FT-APX(k, ε) with k = 0
(since FT-APX(k, ε) seeks one element with rank in (k − nε, k + nε] under our formulation).
They developed an algorithm using expected O(ε−1 log 1

Q ) comparisons and also proved a
matching lower bound. Moreover, if k ≤ nϵ, a correct answer to FT-APX(0, ε) is also correct
to FT-APX(k, ε), indicating that this case is essentially the approximate minimum selection.
As a result, the challenge is to tackle the case that nϵ < k ≤ n

2 .
A straightforward approach to the FT-APX(k, ε) problem is to first randomly pick

m = Θ( k
n ε−2 log 1

Q ) elements so that the underlying ⌈m · k
n ⌉-th smallest element is relevant

with probability at least 1 − Q
2 , and then apply Select(⌈m · k

n ⌉, Q
2 ) on the m elements. By

Theorem 1, this approach requires Θ
(

k
n ε−2((log 1

Q )(log k
n ε−2) + log2 1

Q

))
comparisons.

▶ Remark 2. Using standard sampling techniques, e.g., similar to Leucci and Liu’s ideas [23],
the number of comparisons in the above straightforward approach can easily be improved
to O

(
k
n ε−2(log 1

Q )(log k
n ε−2) + log2 1

Q

)
. However, for constant Q, this number remains

O
(

k
n ε−2(log k

n ε−2)
)
, and there is no obvious way of improving it to O( k

n ε−2). Remark 8 in
Section 4 will discuss how variants of Quickselect run into a similar issue.
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Table 1 Summary for the known results and our new results.

Minimum k-th Element

Exact Θ(n log 1
Q

) [9] Θ(n log k
Q

) [9]

Approximate Θ(ε−1 log 1
Q

) [23]
O( k

n
ε−2 log 1

Q
) [ours]

Ω
(

min{n, k
n

ε−2 log 1
Q

}
)

[ours]

Exact
Θ(n) Θ(n)

without faults

Approximate
Θ
(

min{n, ε−1 log 1
Q

}
)

Θ
(

min{n, k
n

ε−2 log 1
Q

}
)

[ours]
without faults

To sum up, it is of great interest to study if the FT-APX(k, ε) problem can be solved
with probability 1 − Q using O( k

n ε−2 log 1
Q ) comparisons. Moreover, since comparison faults

increase the number of comparisons required for the exact selection problem, i.e., from
Θ(n) without faults to Θ(n log k

Q ) with faults, which shows a clear gap even for constant
Q, one may wonder if the same phenomenon occurs for the approximate selection problem.
Furthermore, although finding the minimum and finding the k-th smallest element require
different numbers of comparisons, namely Θ(n log 1

Q ) versus Θ(n log k
Q ), to attain a high

success probability, i.e., Q = 1
n , both problems require Θ(n log n) comparisons. Hence, it is

also desirable to investigate if there is a stronger distinction between these two problems in
the approximation scenario, especially for the high success probability.

1.1 Our Contributions
We develop a randomized algorithm that performs expected O( k

n ε−2 log 1
Q ) comparisons to

solve the FT-APX(k, ε) problem with probability at least 1 − Q. Also, we prove that even
without considering comparison faults, any randomized algorithm with success probability
1 − Q requires expected Ω

(
min{n, k

n ε−2 log 1
Q }
)

comparisons. As long as n is large enough,
i.e., when n = Ω( k

n ε−2 log 1
Q ), our lower bound demonstrates the optimality of our algorithm,

which covers the possible range of attaining a sublinear number of comparisons. Table 1
summarize the known results and our new results.

Furthermore, for any constant Q, e.g., Q = 1/4, our algorithm performs expected O( k
n ε−2)

comparisons, which is optimal even in the absence of comparison faults. This surprising
outcome distinguishes the approximate selection problem from the exact selection problem,
where the exact selection problem requires expected Θ(n) comparisons without faults, but
expected Θ(n log k) comparisons with faults.

Moreover, our results also indicate that there is a distinction between the approximate
minimum selection problem and the general approximate k-th element selection problem in
terms of the expected number of comparisons, i.e., Θ(ε−1 log 1

Q ) [24] versus Θ( k
n ε−2 log 1

Q ).
This distinction even holds for the high probability guarantee (Q = 1

n ) in contradiction to
the fact that the two problems have the same complexity Θ(n log n) in the exact selection
(Theorem 1). For example, if k = n

2 and Q = 1
n , the two approximate selection problems

require expected Θ(ε−1 log n) and Θ(ε−2 log n) comparisons, respectively. If ε = n−α for a
constant α ∈ (0, 1

2 ), the asymptotic difference is almost quadratic, i.e., Θ̃(nα) versus Θ̃(n2α).
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▶ Remark 3. The k
n ε−2 term in the above complexities is actually max{ε−1, k

n ε−2}. As
discussed before, the case that k ≤ nϵ, by which ε−1 ≥ k

n ε−2, belongs to the approximate
minimum selection problem. Therefore, to simplifying the description, we assume that k > nϵ

throughout the paper if no further specification.

As noted in Remark 2, our technical advance is to improve the k
n ε−2(log 1

Q )(log k
n ε−2) +

log2 1
Q term to k

n ε−2 log 1
Q . To some extent, compared with Leucci and Liu’s algorithms, our

algorithm covers the entire range of k instead of the case when k is trivially small. In addition,
our algorithm owns an elegant feature that it only exploits simple sampling techniques, e.g.,
selecting the median of three samples and selecting the minimum of two samples.

The top-level of our algorithms, inspired by Leucci and Liu [23], reduces the FT-APX(k, ε)
problem on n elements to the FT-APX( m

2 , 3
8 ) problem on m = Θ(log 1

Q ) elements. More
precisely, if a relevant element can be selected with probability 8

9 , we can generate a sequence
of Θ(log 1

Q ) elements in which 3
4 of elements around the middle, with probability 1 − Q

2 , are
all relevant. For such a “dense” sequence, we design a delicate trial-and-error method to
select a relevant element with probability 1 − Q

2 using expected Θ(log 1
Q ) comparisons.

The main challenge is to obtain a relevant element with probability 8
9 using only O( k

n ε−2)
comparisons. For the approximate minimum (k = 0), Leucci and Liu [23] applied Select(1, 1

10 )
on Θ(ε−1) randomly picked elements and attained O(ε−1) comparisons. However, for general
k, this method requires Θ( k

n ε−2 log k
n ε−2) comparisons with an extra logarithmic factor.

We first work on a special case that k = n
2 , i.e., the approximate median selection. Based

on the symmetry property of the median, we observe that the median of three randomly
picked elements is more likely to be relevant than a randomly picked element. We exploit
this observation to iteratively increase the ratio of relevant elements while keeping the
underlying median being relevant. Once the ratio becomes a constant fraction, we will apply
a straightforward method.

For general k, we design a “purifying” process that iteratively increases the ratio of
relevant elements while keeping elements around a “controlled” position being relevant.
Despite no symmetry property, we still observe that under certain conditions, the minimum
of two randomly picked elements is more likely to be relevant than a randomly picked one.
Then, we derive feasible parameters to control the relative position of k, i.e., the middle of
the remaining relevant elements, during the purifying process. Once the relative position
becomes a constant fraction of the remaining elements, we add dummy smallest elements
and apply our approximate median selection.

As a by-product, we also give a randomized algorithm using deterministic O
(

k
n ε−2 log 1

Q +
(log 1

Q )(log log 1
Q )2) comparisons, and it is still open how to attain deterministic

O
(

k
n ε−2 log 1

Q

)
comparisons. Besides, when k

n ε−2 log 1
Q = ω(n), we derive another lower

bound of Ω(max{n, ε−1 log (k+nε)/(2nε)
Q }) (Theorem 21). In this situation, a trivial upper

bound of O(n log k
Q ) follows from Theorem 1. It is also not clear how to fill this gap between

the lower and the upper bounds, i.e., Ω(max{n, ε−1 log (k+nε)/(2nε)
Q }) versus O(n log k

Q ).
The rest of the paper is organized as follows. Section 1.2 gives a brief literature review.

Section 2 provides a few preliminary remarks. Section 3 presents the top-level algorithm.
Section 4 and Section 5 describe sub-algorithms to approximate the median and the k-th
element with constant probability, respectively. Section 6 sketches the lower bound analysis.
Appendices A–D include several technical details omitted from the main text. For other
technical details not included in this manuscript, interested readers are referred to the current
full version [17].
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1.2 Brief Literature
Dating back to the 1987, Ravikumar et al. [31] already studied a variant of the problem of
finding the exact minimum using unreliable comparisons when at most f comparison faults
are allowed. They proved that Θ(fn) comparisons are necessary in the worst case. Later,
Aigner [1] considered a prefix-bounded error model: for a fraction parameter γ < 1

2 , at most
an γ-fraction of the past comparisons failed at any point during the execution of an algorithm.
He proved that Θ( 1

1−p )n comparisons are necessary to find the minimum in the worst case.
Furthermore, he proved that if p > 1

n−1 , no algorithm can succeed with certainty [1].
When errors occur independently, as already discussed, Feige et al. [9] showed that the

number of comparisons required for selecting the exact k-th smallest element with success
probability at least 1 − Q is Θ(n log k

Q ). Recently, Braverman et al. [4] investigated the
round complexity and the number of comparisons by partition and selection algorithms. They
proved that for any constant error probability, Θ(n log n) comparisons are necessary for any
algorithm that selects the minimum with high probability. Also, Chen et al. [6] studied the
problem of computing the smallest k elements using r given independent noisy comparisons
between each pair of elements. In a very general error model called strong stochastic model,
they gave a linear-time algorithm with competitive ratio of Õ(

√
n), and also proved that this

competitive ratio is tight.
The related problem of sorting with faults has also received considerable attention. When

there are at most f comparison faults, Θ(n log n + fn) comparisons are necessary and
sufficient to correctly sort n elements [21, 25, 2]. For the prefix-bounded model, although
Aigner’s result on the minimum selection [1] implies that ( 1

1−p )O(n log n) are sufficient to
sort n elements, Borgstrom and Kosaraju [3] showed that checking whether the input
elements are sorted already requires Ω

(
( 1

1−p )n
)

comparisons. When comparison faults
are permanent, or equivalently, when a pair of elements can only be compared once, the
underlying sorting problem has also been extensively studied especially because it can be
connected to both the minimum feedback arc set problem and the rank aggregation problem
[26, 18, 4, 5, 20, 22, 14, 11, 13, 12]. There are also sorting algorithms for memory faults [10, 24].
For more knowledge about fault-tolerant search algorithms, we refer the interested readers
to a survey by Pelc [30] and a monograph by Cicalese [8].

2 Preliminary

As explained in the beginning of Section 1 and in Remark 3, we assume that nϵ < k ≤ n
2

and ϵ ≥ 1
n throughout the paper if no further specification. For ease of exposition, we use

β to denote k
n

in some analyses, and we sometimes abuse the name x of an element to
denote its rank, e.g., we might write “x ∈ [l, r]” to denote that the rank of x lies in the range
[l, r]. Comparing two elements, x and y, yields an outcome of either x < y or y > x. A
typical subroutine in our algorithms is to draw elements using sampling with replacement, so
multiple copies of an element may appear in a set. When two copies of the same element are
compared, the tie is broken using any arbitrary (but consistent) ordering among the copies.

In our fault model, there is a standard strategy called majority vote for reducing the
“error probability” of comparing two elements. We state this strategy as follows.

▶ Lemma 4 (Majority Vote). For any error probability p ∈ [0, 1
2 ), there exists a postive

integer cp such that a strategy that compares two elements 2cp · t + 1 times and returns the
majority result succeeds with probability at least 1 − e−t, where cp = ⌈ 4(1−p)

(1−2p)2 ⌉. The exact
failure probability of this strategy is

cp·t∑
i=0

(
2cp · t + 1

i

)
(1 − p)ip2cp·t+1−i.

STACS 2023



37:6 Approximate Selection with Unreliable Comparisons in Optimal Expected Time

Many analyses in this paper will make use of the following Chernoff bound.

▶ Lemma 5 (Chernoff Bound). Let X be the sum of independent Bernoulli random variables.
If A ≤ E[X] ≤ B, then for any δ ∈ (0, 1),

Pr[X ≥ (1 + δ) · B] ≤ e− δ2
3 B and Pr[X ≤ (1 − δ) · A] ≤ e− δ2

2 A.

3 Top Level of Algorithm

The high-level idea is to reduce solving FT-APX(k, ε) on n elements with probability at least
1 − Q to solving FT-APX( m

2 , 3
8 ) on m = Θ(log 1

Q ) elements with probability at least 1 − Q
2 .

Specifically, if a relevant element can be selected with probability at least 8
9 , then m selected

elements, for some m = Θ(log 1
Q ), contain at least 7

8 m relevant elements with probability at
least 1 − Q

2 ; see Lemma 23 in Appendix B. In this situation, at least 2 · ( 7
8 − 1

2 ) · m = 2 · 3
8 m

elements around the median, i.e., the range ( 1
8 m, 7

8 m], are relevant. Therefore, solving the
FT-APX( m

2 , 3
8 ) problem on these m elements with probability at least 1− Q

2 yields a relevant
element with probability at least 1 − 2 · Q

2 = 1 − Q.
Section 5 will present an approach that uses O( k

n ε−2) comparisons to select a relevant
element with probability at least 8

9 , by which the above reduction takes O( k
n ε−2 log 1

Q )
comparisons. In the remaining of this section, we will explain how to solve FT-APX( m

2 , 3
8 )

with probability 1 − Q
2 efficiently in both expectation and determination.

We first design a simple trial-and-error method that uses expected O(log 1
Q ) comparisons

to select an element from ( 1
8 m, 7

8 m] with probability at least 1 − Q
2 :

Repeatedly pick an element randomly and verify if its rank lies in ( 1
8 m, 7

8 m] until one
element passes the verification.

Since ( 1
8 m, 7

8 m] contains 3
4 m elements, the expected number of repetitions before encountering

a correct element is only O(1). Therefore, the key is to implement the verification step such
that the method returns a correct element with probability at least 1 − Q

2 and the expected
number of comparisons is O(log 1

Q ).
We implement the verification step for an element x based on a simple experiment that

randomly picks three elements, and checks if x is neither the smallest nor the largest among
the four elements. To simply the follow-up analysis, we assume that the three elements are
sampled with replacement and picking x again is allowed. Under the above assumptions, the
probability that the if-condition holds is 1 − ( rx

m )3 − (1 − rx

m )3 = 3
4 − 3( rx

m − 1
2 )2 where rx is

the rank of x among the m elements, ( rx

m )3 is the probability that none of the three picked
element is larger than x and (1 − rx

m )3 is the probability that none of the three picked element
is smaller than x. Also, the check can be conducted with success probability at least 17

18
using O(1) comparisons (by plugging in n = 4, k = 1 and Q = 1

36 into Theorem 1 twice for
the smallest and largest versions, respectively). Therefore, if x ∈ ( 2

8 m, 6
8 m], the experiment

succeeds with probability at least
( 3

4 − 3( 2
8 − 1

2 )2) · 17
18 = 17

32 , where
( 3

4 − 3( 2
8 − 1

2 )2) is the
minimum probability that the if-condition holds and 17

18 is the success probability of the
check, while if x ∈ [1, 1

8 m] or x ∈ ( 7
8 m, m], the experiment succeeds with probability at most( 3

4 − 3( 1
8 − 1

2 )2)+ 1
18 = 221

576 ≤ 15
32 , where

( 3
4 − 3( 1

8 − 1
2 )2) is the maximum probability that

the if-condition holds and 1
18 is the failure probability of the check.

In the above derivation, we ignore two ranges ( 1
8 m, 2

8 m] and ( 6
8 m, 7

8 m] since all elements
in these two ranges are relevant, by which returning any element in these two ranges will not
decrease the success probability, and since the considered range ( 2

8 m, 6
8 m] contains enough

elements. Based on the above calculated probabilities, we can conceptually treat the above
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simple experiment as an unreliable comparison with error probability 15
32 . By Lemma 4, if

the verification step conducts this simple experiment 2 · c15/32 ln 2
Q + 1 times and takes the

majority result, its success probability is at least 1 − Q
2 .

Now, we are ready to analyze the expected number of comparisons and the success
probability of our trial-and-error method. Roughly speaking, the process of this trial-
and-error method is similar to flipping a coin until a head appears where the probability
of getting a head is at least 1

4 , which corresponds to a geometric distribution, and each
flip requires O(log 1

Q ) comparisons. More precisely, a single round returns an element in
( 2

8 m, 6
8 m] with probability at least 1

2 · (1 − Q
2 ) ≥ 1

4 , and thus the probability to conduct
the i-th round is at most ( 3

4 )i−1. Therefore, the expected number of comparisons is at
most

∑
i≥1( 3

4 )i−1 · (2 · c15/32 ln 2
Q + 1) = O(log 1

Q ). Besides, this method fails only if it
returns an element in [1, 1

8 m] or ( 7
8 m, m], and such probability of a single round is at most

1
4 · Q

2 = Q
8 . Again, since the probability to conduct the i-th round is at most ( 3

4 )i−1, the
failure probability is at most

∑
i≥1( 3

4 )i−1 · Q
8 = Q

2 , concluding the following theorem:

▶ Theorem 6. It takes expected O( k
n ε−2 log 1

Q ) comparisons to solve the FT-APX(k, ε)
problem with probability at least 1 − Q.

Finally, to derive a deterministic bound, we note that the simple experiment in the
verification step may be viewed as a biased coin toss. From this viewpoint, we are able to
turn the FT-APX( m

2 , 3
8 ) problem into finding a coin with bias bigger than 15

32 , given that
at least half of the coins have bias at least 17

32 . Grossman and Moshkovitz [15] provided an
algorithm that solves the new problem with probability 1 − Q

2 using O(log 1
Q · (log log 1

Q )2)
coin tosses, leading to the following theorem.

▶ Theorem 7. It takes O( k
n ε−2 log 1

Q + log 1
Q (log log 1

Q )2) comparisons to solve the
FT-APX(k, ε) problem with probability at least 1 − Q.

4 Approximate Median Selection

We attempt to select an element in ( n
2 − nε, n

2 + nε], i.e., k = n
2 , with probability at least

1 − 1
18 using only O(ε−2) comparisons. This algorithm will then be applied in Section 5

as a subroutine. A straightforward method, denoted by ST-Median(ε), picks m = Θ(ε−2)
elements randomly to make their median relevant with probability at least 1 − 1

72 and applies
the Select( m

2 , 1
72 ) algorithm (Theorem 1), resulting in a failure probability of at most 1

36 .
However, the Select( m

2 , 1
72 ) algorithm takes O(m log m) = O(ε−2 log ε−1) comparisons with

an extra logarithmic factor. To achieve O(ε−2) comparisons, we will “purify” the input
elements in a way that the ratio of relevant elements is increasing while the underlying
median is still relevant. Once the ratio of relevant elements becomes a constant fraction, i.e.,
from 2ε to Ω(1), we can afford to apply the ST-Median algorithm. We assume that ε < 1

6
since if ε ≥ 1

6 , the ST-Median(ε) algorithm takes only O(ε−2 log ε−1) = O(1) comparisons.

▶ Remark 8. A major difficulty to overcome in the purifying process is the following: if we
consider three elements that are each relevant with probability ρ, then their median, even in
the absence of comparison faults, is relevant with probability at most 3

2 ρ + O(ρ2), which is
a lot less than 3ρ. Thus, we risk running out of elements long before the ratio of relevant
elements becomes a constant. This issue remains if we replace three by a larger constant,
and it applies to any algorithm that works in a non-constant number of phases, including
algorithms that more closely resemble Quickselect. Those algorithms would need to start
with Ω(ε−(2+δ)) elements for some δ > 0 and hence cannot achieve the O(ε−2) bound.
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37:8 Approximate Selection with Unreliable Comparisons in Optimal Expected Time

To settle the issue in Remark 8, we maintain a multiset of elements and re-sample from
this multiset at every phase. Our re-sampling method allows us to decrease the number of
elements by less than a factor of 3

2 , so we can avoid running out of elements.
The algorithm is sketched as follows:

1. For 1 ≤ i ≤ L, generate a multiset Mi of ni elements by repeatedly picking three elements
from Mi−1 randomly and selecting the median of the three using a symmetric median
selection algorithm (Lemma 9 below).

2. Apply the ST-Median(εL) algorithm on ML.
Initially, M0 = S, n0 = n, ε0 = ε. Mi is called good if all elements in the range ( ni

2 −
niεi,

ni

2 + niεi] are relevant. Moreover, ni is decreasing with i while εi is increasing with i,
and L = min{i | εi ≥ 1

6 }, i.e., the minimum of number of rounds such that at least 2 · 1
6 = 1

3
of the elements around the middle is relevant. The rest of this section illustrates the idea
behind this process and implements these parameters ni and εi.

▶ Lemma 9. For three elements, consider the following median selection algorithm:

1. For each pair of elements, apply the majority vote strategy with 2cp · 4 + 1 comparisons
(Lemma 4), and assign a point to the element that attains the majority result.

2. Return the element with exactly one point. If all three elements get exactly one point,
return one of them uniformly at random.

The above algorithm returns the median with probability at least 1 − 1
13 , and returns the

minimum and the maximum with the same probability, i.e., at most 1
26 .

The purifying process is inspired by a simple observation: a randomly picked element is
relevant with probability 2ε, while the median of three randomly picked elements is relevant
with probability much greater than 2ε. Let ES denote the event that the median of three
randomly picked elements is small. Then,

Pr[ES ] = 3
(

1
2 − ε

)2(1
2 + ε

)
+
(

1
2 − ε

)3
= 1

2 − 3
2ε + 2ε3.

If ε < 1
6 , then Pr[ES ] ≤ 1

2 − 3
2 ε+2( 1

6 )2ε = 1− 13
9 ε. By Lemma 9, the median selection returns

the median with probability at least 1 − 1
13 , and returns the minimum (resp. the maximum)

with probability at most 1
26 . A simple calculation, together with the above arguments, gives

the following lemma:

▶ Lemma 10. If Mi−1 is good, then each element in Mi is small (resp. large) with probability
at most 1

2 − 4
3 εi−1.

Proof. We only prove the small case, and it is symmetric to the large case. Let ps denote
the probability that an element randomly picked from Mi−1 is small. Since Mi−1 is good, all
elements in its range ( 1

2 ni−1 − ni−1εi−1, 1
2 ni−1 + ni−1εi−1] are relevant, and ps ≤ 1

2 − εi−1.
Let p1, p2 and p3 denote the probabilities that the median selection algorithm in Lemma 9
returns the minimum, the median and the maximum of three elements, respectively. By
Lemma 9, p2 ≥ 12

13 , and p1 = p3 ≤ 1
26 . Also recall that εi−1 ≤ 1

6 . Then, the probability that
an element in Mi is small is



S. Huang, C.-H. Liu, and D. Rutschmann 37:9

p3
s︸︷︷︸

three small

+ 3p2
s(1 − ps)︸ ︷︷ ︸

two small & one non-small

·(1 − p3) + 3ps(1 − ps)2︸ ︷︷ ︸
one small & two non-small

·p1

= p3
s + 3p2

s(1 − ps)(1 − p1) + 3ps(1 − ps)2 · p1

=
(
3p2

s − 2p3
s

)
+ p1 ·

(
3ps − 9p2

s + 6p3
s

)︸ ︷︷ ︸
≥0 since 0≤ps≤ 1

2

p1≤ 1
26

≤ 1
26 ·

(
3ps + 69p2

s − 46p3
s

)︸ ︷︷ ︸
f(x):=−46x3+69x2+3x & f ′(x)>0 for 0≤x≤1

ps≤ 1
2 −εi−1

≤ 1
26 ·

(
3
(

1
2 − εi−1

)
+ 69

(
1
2 − εi−1

)2
− 46

(
1
2 − εi−1

)3
)

= 1
2 − 75

52εi−1 + 23
13ε3

i−1

εi−1< 1
6

≤ 1
2 − 75

52εi−1 + 23
468εi−1

= 1
2 − 652

468εi−1

≤ 1
2 − 4

3εi−1 ◀

By Lemma 10, it is feasible to set εi = ( 5
4 )i · ε, i.e., growing slightly slower than 4

3 . Then,
the size ni is set as ⌈2000 · i · ( 4

5 )2i · ε−2⌉ to limit the number of comparisons and the failure
probability. First, ni is linear in ε−2 since the minimum number of elements to be looked at
is Ω(ε−2) (Section 6). Second, to bound the total number of comparisons, ni should shrink
exponentially with i. Third, to bound the failure probability of the algorithm, the failure
probability of the i-th round should also shrink exponentially with i. From the above three
aspects, since the Chernoff bound (Lemma 5) will be applied for the probabilistic analysis,
ni should be linear in i, and the shrink factor of ni should be at least ( 4

5 )2 to cancel out the
square of the growth factor 5

4 of εi.
Because the ST-Median(εL) algorithm (stated at the beginning of this section) fails with

probability at most 1
36 , it is sufficient to prove that Pr[ML is good ] ≥ 1 − 1

36 . Let Ei denote
the event that Mi is good. By definition, Pr[E0] = 1. With the Chernoff bound, we can
prove the following lemma:

▶ Lemma 11. For 1 ≤ i ≤ L,

Pr[Mi is NOT good | Mi−1 is good ] ≤ 2 · e−5i.

Proof. Assume that Mi−1 is good. Let Xi be the number of small elements in Mi and let
Yi be the number of large elements in Mi. For the statement, it is sufficient to prove that
Pr[Xi ≥ ni

2 − niεi] ≤ e−5i and Pr[Yi ≥ ni

2 − niεi] ≤ e−5i. We will prove the first claim, and
it is symmetric to the second claim. By Lemma 10,

E[Xi] ≤ (1
2 − 4

3εi−1)ni = (1
2 − 4

3 · 4
5εi)ni = (1

2 − 16
15εi)ni = 15 − 32εi

30 ni.
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By Lemma 5 (Chernoff bound), we can get

Pr
[
Xi ≥

(
1
2 − εi

)
ni

]
= Pr

[(
1 +

1
15 εi

1
2 − 16

15 εi

)(
1
2 − 16

15εi

)
ni

]

= Pr


1 + 2εi

15 − 32εi︸ ︷︷ ︸
:=δ

(15 − 32εi

30 ni

)
︸ ︷︷ ︸

≥E[Xi]


≤ exp

(
−1

3

(
2εi

15 − 32εi

)2
·
(

15 − 32εi

30 ni

))
︸ ︷︷ ︸

Lemma 5

= exp
(

− 4
90 · ε2

i

15 − 32εi
· ni

)
≤ exp

(
− 4

90 · ε2
i

15 · ni

)
= exp

(
− 2

675 ·

((
5
4

)2i

ε2

)
·

(
2000 · i ·

(
4
5

)2i

· ε−2

))
≤ e−5i. ◀

By Lemma 11, we can lower bound Pr[EL] as

Pr[EL] = 1 − Pr[
L⋃

i=1
Ei | Ei−1] ≥ 1 −

L∑
i=1

2 · e−5i ≥ 1 − 4 · e−5 ≥ 1 − 1
36 .

By Lemma 9, each median selection takes O(1) comparisons, so the purifying process takes
O(
∑L

i=1 ni) = O
(
ε−2∑L

i=1 i·( 4
5 )2i

)
= O(ε−2) comparisons. Since εL ≥ 1

6 , the ST-Median(εL)
algorithm takes O(1) comparisons, concluding the following theorem:

▶ Theorem 12. It takes O(ε−2) comparisons to select an element in ( n
2 − nε, n

2 + nε] with
probability at least 1 − 1

18 .

5 Approximate k-th Element Selection

We attempt to select an element in (k − nε, k + nε] with probability at least 1 − 1
9 using

only O( k
n ε−2) comparisons. Recall that k > nε as assumed in Remark 3. If nε < k ≤ 2nε,

we halve the value of ε so that k > 2nε, which does not increase the asymptotic complexity.
Therefore, we can safely assume k > 2nε afterwards. In this scenario, the straightforward
approach mentioned in Section 1 requires O

(
k
n ε−2 log(kε−1)

)
comparisons with an extra

log(kε−1) factor. Another approach is to add n − 2k dummy smallest elements (so that the
relevant elements lie in the middle) and to apply the algorithm in Section 4 with ε

2 , leading
to O(ε−2) comparisons. As a result, both approaches are more expensive than O( k

n ε−2).
At a high level, our breakthrough is an iterative “purifying” process that increases both

the ratio of relevant elements and the relative position of k, i.e., the middle position of relevant
elements, while “controlling” the relative position. Once the relative position becomes a
constant fraction of the remaining elements, e.g., 1

8 , we add dummy smallest elements and
apply the approximate median selection algorithm in Section 4. As the ratio of relevant
elements increases at the same time, the resulting number of comparisons will be O( k

n ε−2)
instead of O(ε−2).

The algorithm is sketched as follows:
1. For 1 ≤ i ≤ L, generate a set Si of ni elements by repeatedly picking two elements

from Si−1 randomly and selecting the minimum of the two using 2cp · 3 + 1 comparisons
(Lemma 4).
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2. Add nL − 2kL dummy smallest elements to ML and apply the approximate median
selection algorithm in Section 4 on ML with respect to εL.

Initially, S0 = S, n0 = n, k0 = k, ε0 = ε. Si is called good if all elements in the range
(ki − niεi, ki + niεi] are relevant. For ease of exposition, let βi denote ki

ni
. Both βi and εi

increase with i while ni decreases with i. We set L = min{i | βi ≥ 1
8 }. Recall that β = k

n .
We assume that β < 1

8 ; otherwise, we conduct the second step directly, i.e., L = 0.
The purifying process is based on a simple observation that the minimum of two randomly

picked element is small with probability

(β − ε)2︸ ︷︷ ︸
two small

+ 2 (β − ε) (1 − (β − ε))︸ ︷︷ ︸
one small & one non-small

= 2 (β − ε) − (β − ε)2
,

while a randomly picked element is small with probability merely β − ε. By a similar
calculation, the minimum of two randomly picked elements is relevant with 4ε − β · 4ε. Since
k is exactly the number of small elements plus half the number of relevant elements, the
above derivation suggests the following formulation of βi:

βi := 2 (βi−1 − εi−1) − (βi−1 − εi−1)2︸ ︷︷ ︸
Pr[ small ]

+ (2εi−1 − βi−1 · 2ε)︸ ︷︷ ︸
Pr[ relevant ]÷2

.

These derivations need to adapt to the failure probability q of selecting the minimum
using 2cp · 3 + 1 comparisons. By Lemma 4, q ≤ e−3 < 1

20 and q =
∑3cp

i=1(1 − p)ip6cp+1−i.
Then, a selected element in the first round is relevant with probability

4ε2︸︷︷︸
two relevant

+ q · 2 · (β − ε) 2ε︸ ︷︷ ︸
one small & one relevant

+ (1 − q) · 2 · (1 − (β + ε)) 2ε︸ ︷︷ ︸
one large & one relevant

,

which is equal to 4ε ·
(
(1 − q) − (1 − 2q) · β

)
. Since β < 1

8 and q < 1
20 , the above probability is

larger than 67
40 · 2ε. Therefore, it is feasible to set εi = ( 3

2 )i · ε, i.e., growing slower than 67
20 .

To fit the formulation of βi to the above failure probability q, a similar calculation yields
that each selected element in the first round is small with probability

(β − ε)2 + (1 − q) · 2 (β − ε) (1 − (β − ε)) .

Since the relative position is the number of small elements plus half the number of relevant
elements, it is feasible to set the value of βi as follows (after arrangement):

βi :=
(
2βi−1 − β2

i−1 − ε2
i−1
)

− 2q
(
βi−1 − β2

i−1 − ε2
i−1
)

.

Moreover, we can prove by induction important properties of βi as stated below:

▶ Lemma 13. For 0 ≤ i ≤ L,

βi > 2εi and βi ≤ 2i · β. Thus, ki

ni
≤ 2i · k

n
for 0 ≤ i ≤ L.

Proof. We prove by induction. For i = 0, by assumption in the first paragraph of Section 5,
β > 2ε, i.e., β0 = β > 2ε = 2ε0. Also, β0 = β ≤ 20 · β. Assume that for i = k ≥ 0, βk > 2εk

and βk ≤ 2k · β. Note that k < L; otherwise, the (k + 1)-th round does not exist. By
Section 5,

βk+1 =
(
2βk − β2

k − ε2
k

)
− 2q

(
βk − β2

k − ε2
k

)
.
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We first prove that βk+1 > 2εk+1 as follows:

βk+1 =
(
2βk − β2

k − ε2
k

)
− 2q

(
βk − β2

k − ε2
k

) q< 1
20

>
19
10βk − 9

10(β2
k + ε2

k)

= 9
10

(
−
(

βk − 19
18

)2
+
(

19
18

)2
− ε2

k

)
βk< 1

8 & 2εk<βk

>
9
10

(
−
(

2εk − 19
18

)2
+
(

19
18

)2
− ε2

k

)

= 19
5 εk − 9

2ε2
k

εk< 1
2 βk< 1

16
>

563
160εk > 3εk = 2εk+1.

Then, we prove that βk+1 ≤ 2k+1 · β as follows:

βk+1 =
(
2βk − β2

k − ε2
k

)
− 2q

(
βk − β2

k − ε2
k

) q≥0
≤ 2βk − β2

k − ε2
k

≤ 2βk ≤ 2 · 2k · β = 2k+1 · β. ◀

The size ni of Si is set as ⌈960 · i · ( 8
9 )i · k

n ε−2⌉ to control the number of comparisons
and the failure probability. Similar to Section 4, ni should shrink exponentially with i and
should also be linear in both k

n ε−2 and i. The major difference lies in that the existence of
ki changes the shrink factor of ni. Since ki

ni
≤ 2i · k

n (by Lemma 13) and εi = ( 3
2 )i · ε, the

shrink factor of ni should be at least 8
9 . This is based on the fact that 2−i · ( 3

2 )2i · ( 8
9 )i = 1,

which will be much clearer in the probability analysis.
To sum up, ni = ⌈960 · i · ( 8

9 )i · k
n ε−2⌉, εi = ( 3

2 )i · ε, βi = (2βi−1 − β2
i−1 − ε2

i−1) − 2q ·
(βi−1 − β2

i−1 − ε2
i−1) with q =

∑3cp

i=1(1 − p)ip6·cp+1−i, and L = min{i | βi ≥ 1
8 }.

To attain the success probability 1− 1
9 , since the approximate median selection in Section 4

fails with probability at most 1
18 , it is sufficient to prove that Pr[SL is good] ≥ 1 − 1

18
(Theorem 12). Let Ei denote the event that Si is good. By definition, Pr[E0] = 1. Applying
the Chernoff bound with the above parameters gives the following lemma: (The proof is
rather technical, and interested readers are referred to the current full version [17].)

▶ Lemma 14. For 1 ≤ i ≤ L

Pr[Si is NOT good | Si−1 is good ] ≤ 2 · e−4.3·i.

By Lemma 14, we can lower bound Pr[EL] as

Pr[EL] = 1 − Pr[
L⋃

i=1
Ei | Ei−1] ≥ 1 −

L∑
i=1

2 · e−4.3·i ≥ 1 − 4 · e−4.3 ≥ 1 − 1
18 .

For the number of comparisons, since each selection takes 2cP · 3 + 1 = O(1) comparisons,
the purifying process takes

∑L
i=1 O(ni) = k

n ε−2 ·
∑L

i=1 O
(
i·( 8

9 )i
)

= O( k
n ε−2) comparisons. By

Theorem 12, the approximate median selection takes O(ε−2
L ) = O

(
( 2

3 )2L ·ε−2) = O(2−L ·ε−2)
comparisons. Since kL

nL
≤ 2L · k

n (Lemma 13) and kL

nL
= βL ≥ 1

8 , we have 2−L = O( k
n ) and

O(2−L · ε−2) = O( k
n ε−2), implying the following main theorem:

▶ Theorem 15. It takes O( k
n ε−2) comparisons to select an element in (k − nε, k + nε] with

probability at least 1 − 1
9 .
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6 Lower Bound

We sketch the derivation of an Ω(min{n, k
n ε−2 log 1

Q }) lower bound for the expected number
of comparisons. Our derivation contains two key ingredients. First, we design an auxiliary
decision tree that simulates any corresponding randomized algorithm with success probability
at least 1 − Q, but owns nice properties for the analysis. Second, we derive a sampling lemma
(Corollary 18) that lower bounds the probability of a returned element being relevant.

We assume that 4nε ≤ k. If k ≤ nε, the Ω(ε−1 log 1
Q ) lower bound for the approximate

minimum selection problem [23] applies, and if nε < k < 4nε, we multiply the value of ε

by 4 so that k ≤ nε and the former argument still works, which does not change the lower
bound asymptotically. We assume that there are no comparison faults, which does not
increase the lower bound and is easier for analysis.

Let T be the decision tree of any randomized algorithm that solves FT-APX(k, ε) with
probability at least 1 − Q. T is said to look at an element x if T performs at least one
comparison involving x. Let D be the expected number of elements that T looks at. Since D

is not larger than twice the expected number of comparisons, it is sufficient to lower bound
D. If D ≥ n

10 , then D = Ω(n). Below, we deal with the case that D < n
10 .

We construct an auxiliary decision tree T̃ based on T : T̃ first simulates T until reaching a
leaf u of T that returns an element x, and then conducts three additional steps sequentially:
(a) If T does not look at x, then T̃ compares x with another element.
(b) If T̃ has looked at fewer than 2D+

⌈ 8n
k

⌉
elements so far, then T̃ performs more compar-

isons such that T̃ has looked at exactly 2D+
⌈ 8n

k

⌉
elements after this step.

(c) T̃ compares all pairs of elements that it has looked at, and then returns x.

Intuitively, T̃ represents the same algorithm as T , but these additional steps will give
T̃ nice properties for analysis. Roughly speaking, Step (a) ensures that T̃ must look at the
returned element. The term 2D+

⌈ 8n
k

⌉
in Step (b) comes from that by Markov’s inequality,

T looks at more than 2D elements with probability at most 1
2 , and that the

⌈ 8n
k

⌉
term will

cancel out an k
n term later. Step (c) enables T̃ to know the sorted order of the elements that

T̃ looked at. These three steps lead to three nice properties in the following lemma.

▶ Lemma 16. T̃ has the following properties:
(1) T̃ knows the sorted order of the elements that T̃ has looked at.
(2) T̃ has success probability at least 1 − Q.
(3) T̃ looks at exactly 2D+

⌈ 8n
k

⌉
elements with probability at least 1/2. Note that this

includes the elements that T̃ looks at during its simulation of T .

Proof. Property (1) comes from step (c) in which T̃ compares all pairs of elements that T̃

has looked at. Remember that we assume no comparison faults for the lower bound analysis.
For property (2), note that T̃ first simulates T , then does some additional comparison

and then returns the element that T would have returned (independent of the outcome of
the additional comparisons). Hence T̃ has the same success probability as T , which is at
least 1 − Q by assumption.

For property (3), according to the three steps, if T looks at no more than 2D elements,
then T̃ will look exactly 2D+

⌈ 8n
k

⌉
elements. Since the probability that T looks at more than

2D elements is at most 1
2 (by the definition of D and by Markov’s inequality), property (3)

follows. ◀

Let us consider the execution of T̃ on a uniformly shuffled input. Recall that we assume
there are no comparison faults. According to Lemma 16(1), the element returned by a
fixed leaf of T̃ will always have the same rank among the elements that T̃ has looked at,
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independent of the order of the input. Under this circumstance, it is desirable to analyze the
relevance of elements with a certain rank among all sampled elements. Toward this end, we
derive a sampling lemma (Lemma 17) that lower bounds the probability of an element with
a small sample rank being small and the probability of an element with a large sample rank
being large, which further induces a key sampling lemma (Corollary 18) that lower bounds
the probability of an element being relevant.

Corollary 18 roughly states that for a set A of randomly sampled elements (without
replacement), the probability that an element of a certain rank in A is NOT relevant decreases
as e−Ω( n

k ·ε2·|A|). Remark 22 in the end of Section 6 will sketch the ideas of deriving Lemma 17.
For ease of exposition, we also use β to denote k

n in Lemma 17 and Corollary 18.

▶ Lemma 17. Let A consist of m ≤ n
4 elements sampled from S without replacement. Suppose

that mβ ≥ 8 and that 1
2 ≥ β ≥ 4ε. Then, there is an absolute constant η =

√
π

320 · e−24,
coming from Theorem 26, with the following properties:
1. Let u be the r-th smallest element of A. If r ≤ ⌈βm⌉, then u is small with probability at

least

η ·e−12 ε2
β(1−β) m.

2. Let v be the r-th largest element of A. If r ≤ ⌈(1 − β)m⌉, then v is large with probability
at least

η ·e−12 ε2
β(1−β) m.

Since 1 − β ≥ 1/2 and every element of the m elements is either among the ⌈βm⌉ smallest
ones or among the ⌈(1 − β)m⌉ largest ones, Lemma 17 directly implies Corollary 18.

▶ Corollary 18. Let A consist of m ≤ n
4 elements sampled from S without replacement.

Suppose that mβ ≥ 8 and that 1
2 ≥ β ≥ 4ε. Then, an arbitrary element u in A is NOT

relevant with probability at least

η ·e−24· n
k ·ε2·m

for an absolute constant η =
√

π
320 · e−24 coming from Theorem 26.

By Lemma 16(3), with probability at least 1/2, the execution of T̃ reaches a leaf after
looking at exactly 2D+

⌈ 8n
k

⌉
elements. Together with Corollary 18 on each such leaf, we

can lower bound the failure probability of T̃ as shown in the following lemma.

▶ Lemma 19. If k ≥ 200 and 4nε ≤ k, then the failure probability of T̃ on a uniformly
shuffled input is at least

1
2 · η ·e−24ε2 n

k (2 D +⌈ 8n
k ⌉) for an absolute constant η =

√
π

320 · e−24 from Theorem 26.

Proof. Recall that we build T̃ only when D < n
10 . Fix a leaf w of T̃ . Suppose that the

execution of T̃ reaches w. Let x be the element that T̃ returns and let A be the set of
elements that T̃ has looked at when the execution reaches w.

As T̃ is run on a uniformly shuffled input, the distribution of the set A as a random
variable is the same as the distribution of a set of |A| elements sampled from S without
replacement. Note that since T̃ has only compared elements in A, these comparisons do not
affect the distribution of A as a random variable. By Lemma 16.(1), x always has the same
rank in A. If |A| = 2D+

⌈ 8n
k

⌉
, then |A| ≤ n

4 and k
n · |A| ≥ 8. Moreover, we have 4nε ≤ k by

assumption. Therefore, if |A| = 2D+
⌈ 8n

k

⌉
, Corollary 18 implies that T̃ fails with probability

at least
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η ·e−24· n
k ·ε2·|A| = η ·e−24· n

k ·ε2·(2 D +⌈ 8n
k ⌉).

In summary, if T̃ reaches a leaf after looking at exactly 2D+
⌈ 8n

k

⌉
elements, then T̃ fails

with probability at least η ·e−24· n
k ·ε2·(2 D +⌈ 8n

k ⌉). By Lemma 16.(3), the if-condition holds
with probability at least 1

2 , leading to the statement. ◀

Since T̃ succeeds with probability at least 1 − Q, we have Q ≥ 1
2 η ·e−24ε2 n

k (2 D +⌈ 8n
k ⌉),

implying that D = Ω( k
n ε−2 log 1

Q ). We can conclude the following main theorem.

▶ Theorem 20. If Q < 1
2 , then the expected number of comparisons performed by any

randomized algorithm that solves the FT-APX(k, ε) problem with probability at least 1 − Q is
Ω
(

min
{

n, k
n ε−2 log 1

Q

})
.

Proof. As discussed in the beginning of Section 6, if k < 4nε, the lower bound Ω(ε−1 log 1
Q )

for approximate minimum selection [23] applies. Similarly, if k ≤ 200, we can increase ε by
200
n so that nε > n · 200

n = 200 ≥ k, which changes ε by at most a constant factor1, and apply
the lower bound for the approximate minimum selection [23]. Therefore, it is sufficient to
consider the case that 4ε ≤ k

n ≤ 1
2 and k ≥ 200. Recall that T is the decision tree of any

randomized algorithm that solves FT-APX(k, ε) with probability at least 1 − Q and D is
the expected number of elements that T looks at. If D ≥ n

10 , a lower bound Ω(n) follows.
Otherwise, we build the auxiliary decision tree T̃ .

By Lemma 16.(2), the success probability of T̃ is at least 1 − Q, and by Lemma 19, the
failure probability of T̃ is at least 1

2 · η ·e−24ε2 n
k (2 D +⌈ 8n

k ⌉) for a constant η, implying that

Q ≥ 1
2 · η ·e−24ε2 n

k (2 D +⌈ 8n
k ⌉),

or equivalently

D ≥ 1
48 · k

n
ε−2 ln η

2Q
− 1

2

⌈
8n

k

⌉
.

If Q ≤ η
1000 , since ε−1 ≥ 4n

k (from k ≥ 4nϵ), the first term 1
48 · k

n ε−2 ln η
2Q dominates the

second term 1
2
⌈ 8n

k

⌉
, and thus D = Ω( k

n ε−2 ln 1
Q ). (η =

√
π

320 · e−24 as stated in Theorem 26.)
It remains to analyze the case that Q > η

1000 , for which we construct an auxiliary algorithm
that solves the FT-APX(k, ε) problem with probability at least 1− η

1000 . We will use A and Ã
to denote the original algorithm and the auxiliary algorithm, respectively. Recall that A solves
the FT-APX(k, ε) problem with probability at least 1 − Q. Select k′ such that A outputs a
small element with probability at most k′

n − 1−Q
2 and a large element with probability at

most 1 − k′

n − 1−Q
2 . Thus, by using A to get sampled elements instead of sampling from the

input, the FT-APX(k, ε) problem is reduced to the FT-APX
(
k′, 1−Q

2
)

problem (with the
restriction that we may only use sampled elements). Motivated by this, let Ã be a modified
(fault-free) version of our algorithms (Section 3–5) for the FT-APX(k′, 1−Q

2 ) problem with
success probability at least 1 − η

1000 in which each sampling from S is implemented by calling
A on S. The correctness of Ã relies on the fact that our algorithms only sample elements
from S uniformly at random and the corresponding analysis only cares about the probability
of getting a small / relevant / large element.

1 The value of ε should be at least 1
n ; otherwise, the problem becomes the exact selection.
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As applying our algorithm to solve the FT-APX(k′, 1−Q
2 ) problem with probability

1 − η
1000 would sample O( k′

n (1 − Q)−2 log 1000
η ) times from S, Ã invokes A at most O( k′

n (1 −
Q)−2 log 1000

η ) times and thus performs expected O(D k′

n (1 − Q)−2 log 1000
η ) comparisons.

Since all terms except D are bounded from above by a constant, the above bound is can
be reformulated as O(D). On the other hand, we have already proven that the expected
number of comparison to solve the FT-APX(k, ε) problem with probability at least 1 − 1000

η

is Ω( k
n ε−2 log 1000

η ) = Ω( k
n ε−2). Since the first bound O(D) is an upper bound for the second

bound Ω( k
n ε−2), D = Ω( k

n ε−2) = Ω( k
n ε−2 log 1

Q ). Recall that log 1
Q is a constant since

Q ≥ η
1000 and η is an absolute constant.

To sum up, when 4ε ≤ k
n ≤ 1

2 and k ≥ 200,the expected number of comparisons required
by any algorithm that solve FT-APX(k, ε) with probability 1 − Q is

Ω
(

min{n,
k

n
ε−2 log 1

Q
}
)

. ◀

If k
n ε−2 log 1

Q = w(n), the lower bound in Theorem 20 becomes just Ω(n). By reducing
the approximate selection problem to the exact selection problem, we can show a stronger
lower bound in this case as the following theorem.

▶ Theorem 21. If Q < 1
2 and k

n ε−2 log 1
Q = w(n), then the expected number of comparisons

performed by any randomized algorithm that solves FT-APX(k, ε) with probability at least
1 − Q is

Ω
(

max
{

n, ε−1 log
k+nε
2nε

Q

})
.

Proof. The first term n directly comes from the first term n of Theorem 20. Recall that we
assume k ≤ n

2 . The second term ε−1 log (k+nε)/(2nε)
Q can be reduced from the lower bound

Ω(n log k
Q ) for the exact k-th smallest element selection problem [9] as follows. Note that as

remarked in [9, Section 1], their bound holds both in expectation and in the worst case.
Assume we attempt to select the ℓ-th smallest element among m elements. We can

duplicate each element 2 · nε times and solve the FT-APX
(
k, ε
)

problem where n = m · nε

and k = (2nε) · ℓ − nε. This setting implies that m = ε−1 and ℓ = (k + nε)/(2nε). Since
selecting the ℓ-th smallest element among m elements with probability at least 1 − Q requires
Ω(m log ℓ

Q ) comparisons, a lower bound of Ω(ε−1 log (k+nε)/(2nε)
Q ) follows. ◀

▶ Remark 22. For the proof of Lemma 17, the main observation is that the number of small
(or large) elements in A has a hypergeometric distribution. The probability density function
of the hypergeometric distribution can be expressed explicitly with binomial coefficients.
By the entropy bound for binomial coefficients and a second order tangent bound based on
the second derivative, a useful tool (Theorem 32 in Appendix E.4 of the full version [17])
follows, and induces a first-tail bound for the hypergeometric distribution (Theorem 26 in
Appendix D.2), from which Lemma 17 follows.
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A Supplementary material for Section 2

▶ Lemma 4 (Majority Vote). For any error probability p ∈ [0, 1
2 ), there exists a postive

integer cp such that a strategy that compares two elements 2cp · t + 1 times and returns the
majority result succeeds with probability at least 1 − e−t, where cp = ⌈ 4(1−p)

(1−2p)2 ⌉. The exact
failure probability of this strategy is

cp·t∑
i=0

(
2cp · t + 1

i

)
(1 − p)ip2cp·t+1−i.

Proof. Let {Xi | 1 ≤ i ≤ 2cp · t + 1} be 2cp · t + 1 independent Bernoulli random variables
such that Xi = 1 if the i-th comparison succeeds, i.e., Pr[Xi = 1] = 1 − p and Pr[Xi = 0] = p.
Let X =

∑2cp·t+1
i=1 Xi. Then, E[X] = (2cp · t + 1)(1 − p). Since p < 1

2 , we know 2(1 − p) > 1
and we can apply Lemma 5 to prove the first statement as follows:

Pr[X ≤ 2cp · t + 1
2 ] = Pr[X ≤ 1

2(1 − p)E[X]] = Pr[X ≤
(

1 − 1 − 2p

2 − 2p

)
E[X]]

≤ exp
(

−1
2 · (1 − 2p

2 − 2p
)2 · E[X]

)
︸ ︷︷ ︸

Lemma 5

= exp
(

−1
2 · (1 − 2p

2 − 2p
)2 · (2cp · t + 1)(1 − p)

)
= exp

(
(2cp · t + 1)(1 − 2p)2

8(1 − p)

)
< exp

(
−cpt

(1 − 2p)2

4(1 − p)

)
.
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which satisfies the statement if we choose cp = ⌈ 4(1−p)
(1−2p)2 ⌉. Since X is a binomial random

variable and cp is an integer, the second statement comes as follows:

Pr[X ≤ 2cp · t + 1
2 ] = Pr[X ≤ cp · t] =

cp·t∑
i=0

(
2cp · t + 1

i

)
(1 − p)ip2cp·t+1−i. ◀

▶ Lemma 5 (Chernoff Bound). Let X be the sum of independent Bernoulli random variables.
If A ≤ E[X] ≤ B, then for any δ ∈ (0, 1),

Pr[X ≥ (1 + δ) · B] ≤ e− δ2
3 B and Pr[X ≤ (1 − δ) · A] ≤ e− δ2

2 A.

Proof. The two statements can be extended from the proofs of [27, Theorem 4.4(2)] and
[27, Theorem 4.5(2)], respectively. Here, we only state the difference. Since X is the sum of
independent Bernoulli random variables, by [27, Section 4.2.1]

E[etX ] ≤ e(et−1)E[X].

For the first claim, using any t > 0,

Pr[X ≥ (1 + δ) · B] = Pr[etX ≥ et(1+δ)·B ] ≤ E[etX ]
et(1+δ)B

≤ e(et−1)E[X]

et(1+δ)B

E[X]≤B

≤ e(et−1)B

et(1+δ)B
.

The remaining steps are identical to the proof of [27, Theorem 4.4(2)].
For the second claim, using any t < 0,

Pr[X ≤ (1 − δ) · A] = Pr[etX ≥ et(1−δ)·A] ≤ E[etX ]
et(1−δ)A

≤ e(et−1)E[X]

et(1−δ)A

A≤E[X]
≤ e(et−1)A

et(1+δ)A
.

The remaining steps are identical to the proof of [27, Theorem 4.5(2)]. ◀

B Supplementary material for Section 3

▶ Lemma 23. Let m = 210 · 32 · ln 2
Q , let X1, X2 . . . , Xm be m identically and independently

distributed Bernoulli random variables with probability p ≥ 8
9 , and let X =

∑m
i=1 Xi.

Pr[X ≥ 7
8m] ≥ 1 − Q

2 .

Proof. It is sufficient to prove that Pr[X ≤ 7
8 m] ≤ Q

2 . Since p ≥ 8
9 , E[X] ≥ 8

9 m. By
Lemma 5,

Pr[X ≤ 7
8m] = Pr[X ≤ (1 − 1

64) · 8
9m]

Lemma 5
≤ exp

(
−1

2 · ( 1
64)2 · 8

9m

)
= exp

(
− 1

210 · 32 m

)
≤ exp

(
−

210 · 32 · ln 2
Q

210 · 32

)
= e− ln 2

Q = Q

2 . ◀

▶ Theorem 6. It takes expected O( k
n ε−2 log 1

Q ) comparisons to solve the FT-APX(k, ε)
problem with probability at least 1 − Q.
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Proof. Let m = 210 · 32 · ln 2
Q as in Lemma 23. The algorithm consists of two stages. The

first stage aims to select m elements in which all elements in the range ( 1
8 m, 7

8 m] are relevant,
and the second stage aims to select an element from ( 1

8 m, 7
8 m].

For the number of comparisons, by Theorem 15, it takes O( k
n ε−2) comparisons to select

a relevant element with probability at least 1 − 1
9 , so the first stage takes O( k

n ε−2 · m) =
O( k

n ε−2 · log 1
Q ) comparisons. For the second stage, by Section 3, one verification step

performs O(log 1
Q ) comparisons. To derive the expected total number of comparisons, we

need to calculate the probability of conducting the i-th round. Since the probability of
picking an element in ( 2

8 m, 6
8 m] is 1

2 at any round and such an element is verified in ( 1
8 m, 7

8 m]
with probability at least 1 − Q

2 ≥ 1
2 at any round, any round returns an element with

probability at least 1
2 · 1

2 = 1
4 . Similar to geometric distribution, the probability that the

i-th round is conducted is at most (1 − 1
4 )i−1 = ( 3

4 )i−1, so the second stage takes expected∑∞
i=1( 3

4 )i−1O(log 1
Q ) = O

(
log 1

Q ·
∑∞

i=1( 3
4 )i−1) = O(log 1

Q ) comparisons. To sum up, the
algorithm takes expected O( k

n ε−2 · log 1
Q ) comparisons.

For the success probability, by Theorem 15 and Lemma 23, the first stage fails with
probability at most Q

2 . The second stage fails only when returning an element in [1, 1
8 m]

or ( 7
8 m, m]. Since a single round picks an element in [1, 1

8 m] ∪ ( 7
8 m, m] with probability 1

4
and the verification fails with probability at most Q

2 . a single round returns an element in
[1, 1

8 m] ∪ ( 7
8 m, m] with probability at most 1

4 · Q
2 = Q

8 , Therefore, the failure probability of
the second stage is at most

∑
i≥1( 3

4 )i−1 · Q
8 = Q

2 , concluding the statement. ◀

C Supplementary material for Section 4

▶ Lemma 9. For three elements, consider the following median selection algorithm:
1. For each pair of elements, apply the majority vote strategy with 2cp · 4 + 1 comparisons

(Lemma 4), and assign a point to the element that attains the majority result.
2. Return the element with exactly one point. If all three elements get exactly one point,

return one of them uniformly at random.
The above algorithm returns the median with probability at least 1 − 1

13 , and returns the
minimum and the maximum with the same probability, i.e., at most 1

26 .

Proof. Let q be the failure probability of one majority vote. Since one majority vote consists
of 2cp · 4 + 1 comparisons, by Lemma 4, q ≤ e−4. If all three majority votes succeed, then
the algorithm will return the median, implying that the algorithm will return the median
with probability at least (1 − q)3 ≥ 1 − 3q ≥ 1 − 3 · e−4 ≥ 1 − 1

13 .
Now, we will prove that the algorithm returns the minimum and the maximum with the

same probability. Since there are three majority votes, there are 8 possibilities, and these 8
possibilities lead to four different situations: exactly the minimum or exactly the median or
exactly the maximum gets one point, or all the three elements get one point. A tree diagram
for these 8 possibilities can easily calculate the probabilities of the four situations. In detail,
exactly the minimum (resp. exactly the maximum) gets one point with probability q(1 − q),
exactly the median gets one point with probability (1 − q)3 + q3, and all three elements get
one point with probability q(1 − q). Since the algorithm returns an element uniformly at
random when all the three elements get one point, the algorithm returns the minimum and
the maximum with the same probability 4

3 q(1 − q).
Since the algorithm returns the median with probability at least 1 − 1

13 and returns the
minimum and the maximum with the same probability, the probability that the algorithm
returns the minimum (resp. the maximum) is at most 1

26 . ◀
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D Supplementary material for Section 6

D.1 Sampling Lemma
This subsection aims to build up a sampling bound (Corollary 18) that is the key ingredient
to prove Lemma 19. Corollary 18 roughly states that for a set A of randomly sampled
elements (without replacement), the probability that an element of a certain rank in A is
NOT relevant decreases as e−Ω( ε2

β |A|). To prove Corollary 18, we first derive Lemma 17 that
deals with different positions in A. For ease of exposition, we also use β to denote k

n in the
proofs. As assumed in the whole paper, β ≤ 1

2 , and as stated in Section 6, it is also sufficient
to consider β ≥ 4ε since if β < 4ε, we then can apply the lower bound for the approximate
minimum selection [23].

▶ Lemma 17. Let A consist of m ≤ n
4 elements sampled from S without replacement. Suppose

that mβ ≥ 8 and that 1
2 ≥ β ≥ 4ε. Then, there is an absolute constant η =

√
π

320 · e−24,
coming from Theorem 26, with the following properties:
1. Let u be the r-th smallest element of A. If r ≤ ⌈βm⌉, then u is small with probability at

least

η ·e−12 ε2
β(1−β) m.

2. Let v be the r-th largest element of A. If r ≤ ⌈(1 − β)m⌉, then v is large with probability
at least

η ·e−12 ε2
β(1−β) m.

Proof. We first prove (1). Let X denote the number of small elements in A. Then X ∼
Hypergeom(n, (β−ε)k, m) has a hypergeometric distribution (Definition 24 in Appendix D.2).
Since r ≤ ⌈βm⌉, u is small if and only if A contains at least r small elements, i.e., if and
only if X ≥ r. Put a = β and b =β − ε. Then we have a ≤ 8

5 b and (1 − a) ≤ 8
5 (1 − b) as

β ≥ 4ε. As mβ ≥ 8 and β ≤ 1
2 , we also have ma(1 − a) ≥ 4. Hence by Theorem 26

Pr[X ≥ r] ≥ Pr[X ≥ ⌈βm⌉] = Pr[X ≥ βm] ≥ η ·e−6 ε2
b(1−b)

for some absolute constant η =
√

π
320 · e−24. Since β ≥ 2ε, we have b ≥ β

2 , and since we also
have (1 − b) ≥ (1 − β), we have

ε2

b(1 − b) ≤ 2ε2

β(1 − β) ,

implying that

Pr[X ≥ r] ≥ η ·e−12 ε2
β(1−β) m

The proof of (2) is symmetric with large elements instead of small ones and with (1 − β)
instead of β. ◀

As every element is either among the ⌈βm⌉ smallest or among the ⌈(1 − β)m⌉ largest
ones, the lemma directly implies the following.
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▶ Corollary 18. Let A consist of m ≤ n
4 elements sampled from S without replacement.

Suppose that mβ ≥ 8 and that 1
2 ≥ β ≥ 4ε. Then, an arbitrary element u in A is NOT

relevant with probability at least

η ·e−24· n
k ·ε2·m

for an absolute constant η =
√

π
320 · e−24 coming from Theorem 26.

Proof. Let r be the rank of u in A. If r ≤ ⌈βm⌉, then by part (1) of Lemma 17, u is small
with probability at least

η ·e−12 ε2
β(1−β) m.

Otherwise, r ≥ ⌈βm⌉ + 1 ≥ βm + 1, so m + 1 − r ≤ (1 − β)m ≤ ⌈(1 − β)m⌉. Since u is the
(m + 1 − r)-th largest element of A, by part (2) of Lemma 17, u is large with probability at
least

η ·e−12 ε2
β(1−β) m.

Since 1 − β ≥ 1
2 , we have

η ·e−12 ε2
β(1−β) m ≥ η ·e−24 ε2

β m = η ·e−24· k
n ·ε2·m. ◀

D.2 A lower tail for hypergeometric distribution
▶ Definition 24. Consider M balls, out of which K balls are black and M − K balls are
white. Hypergeom(M, K, m) is the probability distribution for the number of black balls
in m draws from the M balls using sampling without replacement, which is the so-called
hypergeometric distribution. X ∼ Hypergeom(M, K, m) means that X is a random variable
with Hypergeom(M, K, m) distribution.

Due to the page limit, we omit the proof of Corollary 25; please see the full version [17].

▶ Corollary 25. Let X ∼ Hypergeom(M, K, m). Let 0 < ℓ < m be an integer. Put a = ℓ
m ,

b = K
M and x = m

M . If a ≤ 2b, (1 − a) ≤ 2(1 − b) and x ≤ 1
4 , then we have

Pr[X = ℓ] ≥
√

π

64ma(1 − a) · e−3 (a−b)2
b(1−b) m.

▶ Theorem 26. Let X ∼ Hypergeom(M, K, m). Let 0 ≤ ℓ ≤ m be a real number with ℓ < K

and m − ℓ < M − K. Put a = ℓ
m , b = K

M and x = m
M . If a ≤ 8

5 b, (1 − a) ≤ 2(1 − b) , x ≤ 1
4

and ma(1 − a) ≥ 4, then we have

Pr[X ≥ ℓ] ≥
√

π

320 · e−24 · e− 6(a−b)2
b(1−b) m.

Proof. Let 0 ≤ t ≤
√

ma(1 − a) be a real number such that ℓ + t is an integer and put
a′ = ℓ+t

m . As ma(1 − a) ≥ 4, we have t ≤
√

ma(1 − a) ≤ ma(1−a)
4 , so that

a′ = a + t

m
≤ a + a(1 − a)

4 ≤ 5
4a ≤ 2b,
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and 1 ≤ a′ ≤ 1 − a ≤ 2(1 − b). We may hence apply Corollary 25 and get

Pr[X = ℓ + t] ≥
√

π

64
(
ma′(1 − a′)

) · e−3
(a+ t

m
−b)2

b(1−b) m

≥
√

π

80ma(1 − a) · e
−3(a+ t

m
−b)2

b(1−b) m

where we used that

a′(1 − a′) ≤ 5
4a(1 − a).

Since (a + t
m − b)2 ≤ 2(a − b)2 + 2( t

m )2, we have

3(a + t
m − b)2

b(1 − b) m ≤ 6(a − b)2

b(1 − b) m + 6t2

mb(1 − b)

where

6t2

mb(1 − b) ≤ 6ma(1 − a)
mb(1 − b) = 6a(1 − a)

b(1 − b) ≤ 24.

Hence we have

Pr[X = ℓ + t] ≥
√

π

80
(
ma(1 − a) − t

) · e− 6(a−b)2
b(1−b) m · e−24.

There are at least
√

ma(1 − a) − 1 possible values of t. As ma(1 − a) ≥ 4, we have

√
ma(1 − a) − 1 ≥

√
ma(1 − a)

2 .

Thus summing over all possible possible values of t yields the statement. ◀
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Abstract
We demonstrate some novel links between entropy and description complexity, a notion referring
to the minimal formula length for specifying given properties. Let MLU be the logic obtained by
extending propositional logic with the universal modality, and let GMLU be the corresponding
extension with the ability to count. In the finite, MLU is expressively complete for specifying sets of
variable assignments, while GMLU is expressively complete for multisets. We show that for MLU, the
model classes with maximal Boltzmann entropy are the ones with maximal description complexity.
Concerning GMLU, we show that expected Boltzmann entropy is asymptotically equivalent to
expected description complexity multiplied by the number of proposition symbols considered. To
contrast these results, we prove that this link breaks when we move to considering first-order logic
FO over vocabularies with higher-arity relations. To establish the aforementioned result, we show
that almost all finite models require relatively large FO-formulas to define them. Our results relate
to links between Kolmogorov complexity and entropy, demonstrating a way to conceive such results
in the logic-based scenario where relational structures are classified by formulas of different sizes.
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1 Introduction

In this article we investigate links between description complexity and entropy. By description
complexity of a model, we mean the minimal length of a formula that specifies the model
up to a maximal possible extent. With a strong enough logic, this amounts to investigating
the length of formulas specifying models up to isomorphism, but this is by no means the
only interesting scenario. By the description complexity of a class of models, we mean the
minimal length of a formula defining that class. In this paper we are particularly interested
in the description complexity of completely specified model classes, i.e., equivalence classes of
logics. The main objective of the paper is to point out links between description complexity
and entropy. By entropy, we refer essentially to Shannon’s entropy and the earlier notion of
Boltzmann entropy from statistical mechanics.

We first consider models with unary relational vocabularies. We study two related logics,
MLU and GMLU. The logic MLU is the extension of propositional logic with the universal
modality ♦, also known as global modality. The truth definition states that M, w ⊨ ♦φ if
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M, u ⊨ φ for some u in the domain of M. Thus, in the finite, this logic is tuned to specify
precisely which variable assignments are present in the model considered. The system GMLU
is the extension of MLU with the ability to count: we have M, w ⊨ ♦≥dφ if M, u ⊨ φ for at
least d points u in the domain of M. We note that when limiting to models with a finite
unary vocabulary and a fixed finite bound on domain size, GMLU is expressively complete,
being able to define all classes of models closed under isomorphism. While MLU can fully
specify which set of assignments is present in a model, GMLU can lift this specification to
the level of multisets.

Let τ be a finite unary relational vocabulary, and let Modn(τ) denote the class of τ -models
over the fixed domain W = {1, . . . , n}. Let ≡MLU and ≡GMLU denote the logical equivalence
relations of MLU and GMLU over Modn(τ). We first prove that among the classes of ≡MLU,
the class with the largest description complexity is the class with the largest Boltzmann
entropy. This means that the models with the largest description complexity belong to the
class that has the largest Boltzmann entropy. We then move on to investigating GMLU. Let
⟨HB⟩ denote the expected Boltzmann entropy over the equivalence classes of ≡GMLU, with
the probability of an individual class being its size divided by the size of Modn(τ). Let ⟨C⟩
denote the expected description complexity of a model chosen randomly from Modn(τ), and
let |τ | denote the size of the vocabulary τ . We will prove that

⟨HB⟩ ∼ |τ |⟨C⟩ (1)

that is, ⟨HB⟩ is asymptotically equivalent to |τ |⟨C⟩. This gives an intimate relationship
between ⟨C⟩ and Boltzmann entropy. To obtain a link to Shannon entropy, we simply
note that the Shannon entropy of the distribution of models based on ≡GMLU is equal to
⟨HB⟩ − log(|Modn(τ)|).

We then move on to investigating general (finite) relational vocabularies. Our main result
there is that the expected description complexity of classes of FO grows asymptotically faster
with domain size than the corresponding expected Boltzmann entropy. To establish this
result, we show that almost all models require relatively large FO-formulas to define them.

Concerning related work, there exist well known relationships between Kolmogorov
complexity and entropy. Notably, for any computable distribution, the expected Kolmogorov
complexity can be linked, within a constant, to Shannon entropy. See for example [6, 9, 10, 14]
for discussions of the issue. The article [14] discusses some generalizations and shows, e.g.,
that the relationship fails in the general case for Rényi and Tsallis entropies. Links between
description lengths and entropy are fundamentally interesting, linking syntactic issues to
semantic randomness. Most notable results in the field concern variants of Kolmogorov
complexity. The aim of the current article is to provide one way of demonstrating how these
results extend beyond the realm of binary strings and descriptions via programs. The link
given in Equation (1) elucidates nicely the relationship between the syntax of GMLU and
models with unary vocabularies. The result on FO provides contrast to this and warns
against overselling the analogy between description complexities and entropy. However, we
conjecture that even for FO, a monotone Galois connection can be demonstrated between
description complexities of a relevant collection of classes and related Boltzmann entropies,
but this is left for future work for lack of space.

Links between description complexity and the properties of described model classes relate
also to the relationship between classifier size and classified data. This topic is relevant, for
example, from the point of view of current research on explainability in AI. For work on this
topic, see, e.g., [8, 2].

Concerning other related work, we turn attention to the proof techniques used in the
paper. One of the main tools we use is the framework of logic-related games. We note that
standard Ehrenfeucht-Fraïssé games, and their variants such as bisimulation games, do not
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suffice for the purposes of this article. Thus we utilize formula size games for MLU and
GMLU instead. Generally, the first formula size game was defined for propositional logic
by Razborov in [13]. A better known version is the game of Adler and Immerman for CTL
in [1]. The game for MLU resembles the similar game developed in [7] which was there also
used to demonstrate a nonelementary succinctness gap between modal logic and FO. For
GMLU, we develop a suitable game by extending the game for MLU. The hard part is using
the games in a suitable way. We accomplish this by using the fact that models in classes
with large Boltzmann entropy realize a rich number of types. In addition to games, we also
use various techniques for estimating Boltzmann entropy and description complexity, e.g.,
Stirling’s approximation, the weak law of large numbers and counting arguments.

2 Preliminaries

Let f, g : N → R≥0. We use f = O(g) to denote that f ≤ Cg(n), for some constant C > 0
and large enough n. If we want to emphasize that the implied constant C depends on some
parameter p (which is independent of n), we will write f = Op(g). We use f = Ω(g) to
denote that f(n) ≥ Cg(n), for some constant C > 0 and large enough n. Finally, we use
f = Θ(g) to denote that f = O(g) and f = Ω(g). We say that f is asymptotically g, if
limn→∞ f/g = 1 and we denote this by f ∼ g. By log we mean logarithm to base two.

The following variants of classical results will be useful for our purposes.

▶ Proposition 1 (Stirling’s approximation [5]). log(n!) = n log(n) − n log(e) + Θ(log(n))

▶ Proposition 2 (Weak law of large numbers [11]). Let (Xn)n∈N be a sequence of Bernoulli
random variables with success probability p := Pr[Xn = 1]. Then for every δ > 0 we have
that

limn→∞ Pr
[∣∣∣∣p− 1

n

∑n
i=1 Xn

∣∣∣∣ < δ

]
= 1.

We next define the logics studied in this work. Let τ = {p1, . . . , pk} be a set of proposition
symbols. The syntax of graded universal modal logic GMLU[τ ] is generated as follows.

φ := ♦≥dψ | ■<dψ | φ ∨ φ | φ ∧ φ | ♦≥dφ | ■<dφ

ψ := p | ¬p | ψ ∨ ψ | ψ ∧ ψ

Here p ∈ τ and d ∈ N. Notice that by design, the formulas of GMLU[τ ] only contain propos-
ition symbols that occur in the scope of a global modal operator ♦≥d or ■<d. Additionally,
all formulas are in negation normal form. (In the sequel, the notation ¬φ will always mean
the negation normal form formula, where the negation has been pushed to the level of
literals.) Now, let M be a Kripke model with universe W . The semantics of the global graded
modalities are defined as follows: (M, w) ⊨ ♦≥dφ ⇔ there are at least d points v ∈ W such
that (M, v) ⊨ φ. Additionally, (M, w) ⊨ ■<dφ ⇔ (M, w) ⊨ ¬♦≥d¬φ. Intuitively this means
that all points in M satisfy φ, except for less than d exceptions. The rest of the semantics is
defined as usual in propositional logic. Note that ♦≥d and ■<d are dual to each other. (We
note that in this article, modal logics will always have a strictly unary vocabulary, so Kripke
models will not have an accessibility relation as part of the relational structure involved.)

Given a Kripke model M over τ and φ ∈ GMLU[τ ], we define the point-free truth relation
such that M ⊨ φ ⇔ for every w ∈ W, we have M, w ⊨ φ. Since no propositional symbol
occurs outside the scope of a global modality, M ⊨ φ iff there is some w ∈ W for which
M, w ⊨ φ. Hence the truth of any formula of GMLU is independent of the evaluation point w.
The property that truth is always independent of the evaluation point is the reason we defined
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38:4 Relating Description Complexity to Entropy

GMLU so that proposition symbols must occur in the scope of modalities. The fragment
of GMLU[τ ] where d = 1 for all modalities is called universal modal logic MLU[τ ]. This
logic has only the modalities ♦≥1 and ■<1, and we denote these with ♦ and ■ for simplicity.

A 1-type π over τ is a maximally consistent set of literals (propositional symbols and
their negations). This means that π has exactly one of p or ¬p for each p ∈ τ . The set of all
1-types over τ is denoted by ατ . Given a Kripke model M over τ and w ∈ W , we let tpM[w]
denote the unique 1-type that w realizes.

The size of a formula φ ∈ GMLU[τ ], denoted size(φ), is defined as follows:
size(α) = 1 for a literal α,
size(φ ∨ ψ) = size(φ ∧ ψ) = size(φ) + size(ψ) + 1,
size(♦≥dφ) = size(■<dφ) = size(φ) + d.

We emphasize that according to our definition all literals have the same size. The motivation
for this is to consider negative (i.e., negated) information and positive (i.e., non-negated)
information as equal in relation to formula size. This also explains the convention of defining
GMLU such that formulas are in negation normal form.

We will also consider standard first-order logic FO. Let τ = {R1, . . . , Rk} be a set of
relation symbols. The syntax of FO[τ ] is generated by the following grammar:

φ := x = y | ¬x = y | R(x) | ¬R(x) | φ ∨ φ | φ ∧ φ | ∃xφ | ∀xφ,
where x is a tuple of variables. We use the standard semantics of FO[τ ]. The size of a
formula φ ∈ FO[τ ], denoted size(φ), is defined as follows:

size(α) = 1 for a literal α,
size(φ ∨ ψ) = size(φ ∧ ψ) = size(φ) + size(ψ) + 1,
size(∃xφ) = size(∀xφ) = size(φ) + 1

Again we emphasize that according to our definition, all literals have the same size.
Let L = (L,⊨) be a logic and M a finite class of models. The class M is here considered

fixed and known from the context. We say that a formula φ ∈ L of L defines a set M ⊆ M
if for all M ∈ M, we have M ⊨ φ iff M ∈ M . Such a set M is called L-definable (with
respect to M). Given an L-definable set M , its L-description complexity CL(M) is the
size of a minimum size formula φ ∈ L which defines M . Now, if L is closed under negation
(as all the logics in this paper are), then the relation “M and N satisfy the same L-formulas”
induces a partition of M denoted by ≡L. The L-description complexity of a model M with
respect to ≡L is C≡L(M) := CL(M), where M is the equivalence class of M. For brevity, we
formulate the results below only for description complexities of classes rather than models.

For an example of description complexity, consider MLU[τ ] for the singleton alphabet
τ = {p}. Models, where p is true in every point is a class of the partition ≡MLU[τ ]. The
description complexity of this class is 2 as the minimum size formula that defines the class
is ■p.

Let M be a finite class of models and let ≡ be an arbitrary equivalence relation over
M. Given an equivalence class M ⊆ M, we define its Boltzmann entropy as HB(M) :=
log(|M |). This terminology is borrowed from statistical mechanics, where the Boltzmann
entropy of a macrostate is the quantity kB ln(Ω). Here kB is the Boltzmann constant, ln
the natural logarithm and Ω the number of microstates associated with the macrostate.
Note that in our definition, we use the binary logarithm. As a measure of randomness, it is
natural to define the Boltzmann entropy of a model M as H≡

B (M) := HB(M), where M is
the equivalence class of M. This reflects the informal intuition that often the randomness of
an object x is in fact more related to the size (or richness) of a similarity class of objects
that x belongs to rather than to x itself. Consider, for example, the equivalence classes that
a sufficiently weak logic defines over the universe of binary strings of a fixed finite length.
As a general intuition, it is natural to associate a formula φ (or the class it defines) with a
macrostate, while the models of φ are then the corresponding microstates.
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Let {Mi | i ∈ I} enumerate the equivalence classes of ≡. As they form a partition
of M, we have the following natural probability distribution over the equivalence classes:
p≡(Mi) := |Mi|/|M|. Given a random variable X : {Mi | i ∈ I} → R≥0, we use ⟨X⟩ to
denote its expected value with respect to p≡. Now, suppose we are in a context where we
have fixed a finite universe M of models. Let ≡GMLU ⊆ M × M be the corresponding
equivalence relation of GMLU. Suppose {Mi | i ∈ I} enumerates the equivalence classes of
≡GMLU. Recall that CGMLU(Mi) denotes the GMLU description complexity of the class Mi.
Let p≡GMLU(Mi) be the corresponding probability |Mi|/|M|. In this paper, we denote by ⟨C⟩
the expected description complexity of GMLU, that is, ⟨C⟩ =

∑
i∈I p≡GMLU(Mi)CGMLU(Mi).

The class M will be clear from the context. Note that trivially the same expected value is
obtained for the description complexity of models over M if we give every model M ∈ M
the probability 1/|M| (the uniform distribution).

We note that it would be natural to define the Boltzmann entropy of an equivalence
relation ≡ as the expected value ⟨HB⟩ of HB with respect to the above natural probability
distribution p≡. The value ⟨HB⟩ is closely related to the Shannon entropy HS(≡) of ≡,
which we define as the expected value of the random variable Mi 7→ − log(p≡(Mi)). More
explicitly, we define that HS(≡) := −

∑
i∈I p≡(Mi) log(p≡(Mi)). Note that this expression

is always well-defined, since Mi ̸= ∅, for every i ∈ I. The following result is established in
Appendix A.1. Note that the expected value of H≡

B over the uniform distribution on M is
equal to ⟨HB⟩, so the result could also be formulated for single models.

▶ Proposition 3. Let M be a finite class of models and ≡ ⊆ M × M an equivalence relation
over M. Then HS(≡) + ⟨HB⟩ = log(|M|).

There exist results in the literature on entropy similar to the above, see, e.g., [3] and [15].
By the proposition, both the Shannon entropy of ≡ and the expected Boltzmann entropy of
≡ cannot be simultaneously large (meaning close to their maximum value log(|M|)). Indeed,
suppose we do not alter M, so log(|M|) is constant. Now suppose we alter ≡ so that HS(≡)
is increased. This lowers ⟨HB⟩. Vice versa, increasing ⟨HB⟩ lowers HS(≡). Shannon entropy
and expected Bolzmann entropy are complementary quantities, summing to a constant.

3 MLU: The largest class has maximal description complexity

Fix τ = {p1, . . . , pk} and let Modn(τ) be the set of Kripke models over τ and the fixed
universe W = {1, . . . , n}. In this section we consider the equivalence ≡MLU[τ ] as defined
above and denote it by ≡. We show that in this canonical partition, the largest class, which
is the one with the largest Boltzmann entropy, has maximal MLU[τ ]-description complexity.

The equivalence classes of ≡ can be described easily. For Kripke models M1,M2 ∈
Modn(τ), we have M1 ≡ M2 ⇔ {tpM1

[w] | w ∈ W} = {tpM2
[w] | w ∈ W}. That is, each

equivalence class is uniquely determined by the 1-types realized in it. As the number of
1-types over τ is 2k, the number of equivalence classes of ≡ is 22k − 1. Given a set Π ⊆ ατ ,
we let MΠ be the equivalence class that has the models that realize exactly the 1-types in Π.

Note the equivalence class MΠ of any set Π ⊆ ατ can be defined by the following formula:

φ(Π) :=
∧

π∈Π
♦ψ(π) ∧ ■(

∧
π∈ατ \Π

¬ψ(π)),

where ψ(π) is the conjunction of the literals in the 1-type π. For Π ̸= ατ , the size of the
formula φ(Π) is k2k+1 + |Π|. For Π = ατ , the size is k2k+1 + 2k − 1. We see that the classes
with at most one type missing are tied for the largest formula size.
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Using, e.g., standard probabilistic arguments, one can show that for Kripke models of
size n, where n is much larger than 2k, the largest equivalence class is the one realizing all
the 1-types. In fact, the largest class will contain “almost all” of the models of size n.

▶ Proposition 4. If n is large with respect to k, then |MΠ| < |Mατ |, for every Π ⊂ ατ .

On the other hand, we can show that the equivalence class containing models which
realize all the 1-types is one of the most difficult ones to define. To prove this, we will start
by introducing a formula size game for MLU[τ ].

The formula size game for MLU[τ ], denoted FSτ
r0

(A0,B0) has two players: Samson and
Delilah. We refer to them as S and D, or he and she, respectively. The game has three
parameters: a natural number r0 ≥ 1 and two sets of Kripke-models A0 and B0. Positions of
the game are of the form (r,A,B) and the starting position is (r0,A0,B0).

In each position, S makes a move. The moves available for S in position (r,A,B) are:
p-move: S chooses a τ -literal α. The game ends. If A ⊨ α and B ⊨ ¬α, then S wins.
Otherwise D wins. S cannot make this move if he has not made a ♦-move so far.
∨-move: S chooses A1,A2 ⊆ A such that A1 ∪ A2 = A and r1, r2 ≥ 1 such that
r1 + r2 + 1 = r. D chooses whether the next position is (r1,A1,B) or (r2,A2,B).
∧-move: The same as a ∨-move with the roles of A and B switched.
♦-move: For every (M, w) ∈ A, S chooses v ∈ W . Let A′ be the set of models (M, v)
chosen this way. Let B′ := {(M, v) | (M, w) ∈ B for some w ∈ W, v ∈ W}. The next
position of the game is (r − 1,A′,B′). S cannot make this move if r = 1.
■-move: The same as a ♦-move with the roles of A and B switched.

▶ Theorem 5. The following statements are equivalent:
1. S has a winning strategy in the game FSτ

r (A,B).
2. There is φ ∈ MLU[τ ] with size at most r such that A ⊨ φ and B ⊨ ¬φ.

Proof. Simple proof by induction. A version for basic modal logic can be found in [7]. ◀

Suppose that π1, . . . , πn, where n = 2|τ |, enumerates all the 1-types over τ . Let M0
denote a Kripke model with domain {1, . . . , n} and with the property that for every 1 ≤ i ≤ n

the 1-type realized by i is πi. For every i ̸= j, we let Mi,j denote the Kripke model obtained
from M0 by specifying that the 1-type of i is πj . We further denote Mi := Mi,1 for 2 ≤ i ≤ n

and M1 := M1,2. Each model Mi is now missing the type πi and is otherwise identical
to M0. We let A0 = {(M0, 1)} and B0 = {(Mi, 1) | 1 ≤ i ≤ n}. We will next show that
separating these two sets requires a large MLU[τ ] formula.

▶ Lemma 6. D has a winning strategy in the game FSτ
k2k+1+2k−2(A0,B0).

Proof. We use the following notation for the set of different underlying models that occur in
a set X of pointed models: Md(X) = {M | (M, i) ∈ A for some i}.

We define a measure for a position of the game called hardness. We use hardness as an
invariant to show that a position is too hard for S to handle with the available resource r.
Let πi be a type and let P = (r,A,B) be a position of the game. We define four different
kinds of types and the hardness of those types as follows:
1. If no ♦-moves have been made in the game so far, A ̸= ∅ and Mi ∈ Md(B), then πi is of

kind 1 and hi(P ) = 2k.
2. Otherwise, if there are propositionally equivalent (M0, j) ∈ A and (Mi, l) ∈ B, then πi is

of kind 2 and hi(P ) = 2k.
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3. Otherwise, if (M0, i) ∈ A and Mi ∈ Md(B), then πi is of kind 3 and

hi(P ) = 2 · |{(Mi, j) ∈ B | j ̸= i, πi and πj differ by exactly one proposition}| − 1.

4. Otherwise, πi is of kind 4 and hi(P ) = 0.
We further denote the number of types with positive hardness by #h+(P ) and define the
hardness h(P ) of the position P as h(P ) =

∑
1≤i≤n

hi(P ) + #h+(P ) − 1.

We will describe the winning strategy for D in terms of maintaining the following two
conditions in each position P of the game:
(a) r < h(P ),
(b) there is at most one type of kind 3 in position P .
We will show that while these conditions hold, S cannot win. Since the resource r of S will
run out eventually, this is a winning strategy for D.

In the starting position P0 no ♦-moves have been made and Mi ∈ Md(B0) for each
1 ≤ i ≤ n so all types πi are of kind 1 and have hi(P0) = 2k. Thus condition (b) holds and

r = k2k+1 + 2k − 2 < k2k+1 + 2k − 1 = 2k2k + 2k − 1 = h(P0)

p-move: In each position P of the game, we have r ≥ 1 so while r < h(P ) holds, we have
h(P ) ≥ 2. Using this, we show that any p-move made by S while r < h(P ) leads to a win
for D. If no ♦-moves have been made, then S cannot make a p-move. If there is a type πi

of kind 2, then there are propositionally equivalent (M0, j) ∈ A and (Mi, l) ∈ B so no
literal separates them. If neither of the above hold, then by condition (b), there is a type
πi of kind 3 with (M0, i) ∈ A and (Mi, j), (Mi, l) ∈ B, where πj and πl differ from πi by
exactly one proposition. Again no literal separates A and B.

∨-move: Similar to the ∧-move case below. Full details in the Appendix.
∧-move: We show that one of the positions P1, P2 satisfies the conditions (a) and (b).

Let B1,B2 ⊆ B and r1, r2 ≥ 1 be the choices of S. Let πi be a type. If πi is of kind 1, then
Mi ∈ Md(B1) or Mi ∈ Md(B2) so πi is still of kind 1 and hi(P1) = 2k or hi(P2) = 2k. If
πi is of kind 2 with propositionally equivalent models (M0, j) ∈ A and (Mi, l) ∈ B, then
(Mi, l) ∈ B1 or (Mi, l) ∈ B2 so πi is still of kind 2 and hi(P1) = 2k or hi(P2) = 2k.
Finally if πi is a type of kind 3, then S can split the models (Mi, j) ∈ B, where πi and πj

differ by one proposition, between the sets B1 and B2.
Assume that S puts all these models on the same side. Then hi(P1) = hi(P ) or hi(P2) =
hi(P ). Thus hi(P1) + hi(P2) ≥ hi(P ). Additionally #h+(P1) + #h+(P2) ≥ #h+(P ) so

h(P1) + h(P2) =
∑

1≤i≤n

hi(P1) +
∑

1≤i≤n

hi(P2) + #h+(P1) + #h+(P2) − 2

≥
∑

1≤i≤n

hi(P ) + #h+(P ) − 1 − 1 = h(P ) − 1.

Now r1 + r2 = r − 1 < h(P ) − 1 ≤ h(P1) + h(P2) so we have r1 < h(P1) or r2 < h(P2).
Now assume that S splits some models (Mi, j) to both sides. Now hi(P1) + hi(P2) ≥
hi(P ) − 1. In addition, the type πi has positive hardness in both positions P1 and P2 so
#h+(P1) + #h+(P2) ≥ #h+(P ) + 1. These two deviations from the above case, that only
concern the single type πi of kind 3, cancel each other out so again h(P1)+h(P2) ≥ h(P )−1
and therefore r1 < h(P1) or r2 < h(P2). Finally, all types are of the same kind as in
position P so condition (b) holds.

♦-move: Let (M0, i) be a choice of S. For each j ̸= i with Mj ∈ Md(B), we have (Mj , i) ∈ B′

so πj is a type of kind 2 and Hj(P ′) = 2k. If there are multiple versions of M0 in A
and S makes another choice (M0, l), then all types πj with Mj ∈ Md(B) work the same
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way. If S only chooses (M0, i) and we have Mi ∈ Md(B), then πi becomes a type of kind
3 with (Mi, j) ∈ B′ for all j ̸= i so hi(P ′) = 2k − 1. We additionally note that by the
definition of hardness, h(P ) ≤ 2k · |Md(B)| + |Md(B)| − 1. Thus

h(P ′) ≥ 2k · |Md(B)| − 1 + |Md(B)| − 1 ≥ h(P ) − 1 > r − 1 = r′

and condition (b) is maintained.
■-move: For each Mi ∈ Md(B), S chooses at least one (Mi, l) ∈ B′. Let πj be the type this

model realizes. Now (M0, j) ∈ A′ realizes the same type, πi is of kind 2 and hi(P ′) = 2k.
Thus h(P ′) = 2k · |Md(B)|+ |Md(B)|−1 ≥ h(P ) > r−1 = r′ and condition (b) holds. ◀

We have shown that the largest class Mατ requires a formula of size at least k2k+1 +2k −1
to define. Since any of the classes can be defined via a formula of precisely this size, we see
that in the case of MLU[τ ] the largest class is maximally difficult to define.

▶ Proposition 7. The largest equivalence class Mατ of ≡MLU[τ ] has maximal MLU[τ ]-
description complexity.

4 GMLU: Relating entropy and description complexity asymptotically

Fix τ = {p1, . . . , pk} and let ℓ = 2k. A Kripke model M with universe W = {1, . . . , n} can
be described in GMLU[τ ] up to isomorphism. Hence the equivalence classes of ≡GMLU[τ ],
hereafter denoted ≡, over Modn(τ) are the isomorphism classes. Since M can be described
up to isomorphism by listing how many times each 1-type is realized, there is a one-to-one
correspondence between isomorphism classes and tuples (n1, . . . , nℓ), where n1 + · · · +nℓ = n.
We will use [n1, . . . , nℓ] to denote the isomorphism class consisting of those Kripke models of
size n in which the ith type is realized precisely ni-times. Note that |[n1, . . . , nℓ]| =

(
n

n1,...,nℓ

)
.

In this section we show that the expected Boltzmann entropy ⟨HB⟩ is asymptotically |τ |
times the expected GMLU[τ ]-description complexity with respect to the distribution p≡.

4.1 Expected Boltzmann entropy

In this subsection we will establish that ⟨HB⟩ ∼ |τ |n. Using Proposition 1 we get the
following alternative asymptotic formula for ⟨HB⟩

∑
n1+···+nℓ=n

p≡([n1, . . . , nℓ]) log
(

n

n1, . . . , nℓ

)

=
∑

n1+···+nℓ=n

p≡([n1, . . . , nℓ])
(

n

(
log(n) −

ℓ∑
i=1

ni

n
log(ni)

)
+ Θ

(
log(n)

)
+

ℓ∑
i=1

Θ(log(ni))
)

=
( ∑

n1+···+nℓ=n

p≡([n1, . . . , nℓ])
( ℓ∑

i=1

ni

n
log

(
n

ni

)))
n

+ Θ
(

log(n)
)

+
∑

n1+···+nℓ=n

p≡([n1, . . . , nℓ])
ℓ∑

i=1

Θ(log(ni))

We will show that( ∑
n1+···+nℓ=n

p≡([n1, . . . , nℓ])
( ℓ∑

i=1

ni

n
log

(
n

ni

)))
n (2)
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is asymptotically |τ |n, which will of course entail that ⟨HB⟩ ∼ |τ |n. Note that

ℓ∑
i=1

ni

n
log

(
n

ni

)
(3)

is the Shannon entropy of the distribution on {1, . . . , ℓ} which assigns to each 1 ≤ i ≤ ℓ the
weight ni

n . Thus we can use log(ℓ) = |τ | to bound the formula

∑
n1+···+nℓ=n

p≡([n1, . . . , nℓ])
( ℓ∑

i=1

ni

n
log

(
n

ni

))
(4)

from above. Hence |τ |n is an upper bound on (2).
We will next bound (4) from below by using Proposition 2. For every 1 ≤ i ≤ ℓ and j ∈ Z+

we let Xi
j denote a random Bernoulli variable with success probability 2−|τ |. Intuitively

speaking, Xi
j is an indicator function for the event “the jth element received the ith 1-type”.

Now, for every 1 ≤ i ≤ ℓ and for all δ > 0 the law of large numbers implies that

limn→∞ Pr
[∣∣∣∣ 1

n

∑n
j=1 X

i
j − 2−|τ |

∣∣∣∣ < δ

]
= 1.

Thus it follows from the union bound that the following probability

Pr
[
∀ 1 ≤ i ≤ ℓ :

∣∣∣∣ 1
n

n∑
j=1

Xi
j − 2−|τ |

∣∣∣∣ < δ

]
(5)

approaches 1 as n → ∞. Fix δ > 0. For every n we let Iδ
n denote the following set:{

(n1, . . . , nℓ) | n1 + · · · + nℓ = n and ∀ 1 ≤ i ≤ ℓ :
∣∣∣∣ni

n
− 2−|τ |

∣∣∣∣ < δ

}
.

The set Iδ
n includes the tuples (n1, . . . , nℓ), where the numbers add up to n and are very

close to each other. The probability result above intuitively means that a randomly chosen
tuple is almost always in Iδ

n. Thus, roughly speaking, we only need to consider models, where
the points are split between all of the types very evenly.

Let n be large enough so that (5) is larger than (1 − δ). For every (n1, . . . , nℓ) ∈ Iδ
n we

want to estimate the formula (3) from below. Fix a tuple (n1, . . . , nℓ) ∈ Iδ
n. Now, for every

1 ≤ i ≤ ℓ we have 2−|τ | − δ < ni/n < 2−|τ | + δ, which also entails that n/ni > 2|τ |/(1 + δ2|τ |).
Thus for every 1 ≤ i ≤ ℓ we have that

2|τ |(2−|τ | − δ) log
(

2|τ |

(1 + δ2|τ |)

)
<

ℓ∑
i=1

ni

n
log

(
n

ni

)
.

Now we can bound the formula (4) from below by

2|τ |(2−|τ | − δ) log
(

2|τ |

(1 + δ2|τ |)

)
·

∑
(n1,...,nℓ)∈Iδ

n

p≡([n1, . . . , nℓ]).

Notice that the right-hand side expresses the probability that a random τ -model A of size n
belongs to [n1, . . . , nℓ], for some (n1, . . . , nℓ) ∈ Iδ

n, which we know is at least (1 − δ), since
we chose n to be large enough. Thus we have, for every δ > 0 and n sufficiently large, the
following lower bound for the formula (4):

f(δ) := 2|τ |(2−|τ | − δ) log
(

2|τ |

(1 + δ2|τ |)

)
· (1 − δ).
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Observe that f(δ) → |τ | as δ → 0. Hence, for every ε > 0 we have that (1 − ε)|τ | < f(δ), for
sufficiently small δ. Combining this with our upper bound of |τ |n for (2) one can easily show
that (2) is asymptotically |τ |n. This concludes our proof of the following theorem.

▶ Theorem 8. ⟨HB⟩ ∼ |τ |n.

4.2 Expected description complexity

In this subsection we show that ⟨C⟩ ∼ n. Let M be an equivalence class of ≡. For a 1-type π
we denote |π|M := |{w ∈ W | (M, w) ⊨ π}|, where M ∈ M . The number |π|M is the number
of points that satisfy the type π in the models of the class M . Since we will focus on a single
class M we will omit the subscript in the sequel. Let πm be the 1-type with the largest
number of points in the models of the class M . Let I := {1 ≤ i ≤ 2|τ | | |π| ≥ 1}. The set I
consists of the indices of types that are realized in the class M . In this subsection we show
that the formula size required to define such a class M is in the order of min(n, 2(n− |πm|)).

For upper bounds, we define a class M via two different formulas, one of them using the
largest type πm defined above:

φ1 :=
∧
i∈I

♦≥|πi|ψ(πi)

φ2 := ■<1( ∨
i∈I

ψ(πi)
)

∧
∧

i∈I\{m}

♦≥|πi|ψ(πi) ∧
∧

i∈I\{m}

■<|πi|+1¬ψ(πi)

It is easy to verify that size(φ1) = n+ O|τ |(1) and size(φ2) = 2(n− |πm|) + O|τ |(1).
For the lower bounds, we utilize a formula size game FSCτ

r (A,B) for GMLU[τ ]. The
rules of the game are the same as in the MLU[τ ]-game except the ♦-moves and ■-moves are
replaced with the following new moves:

♦≥d-move: S chooses a number d ∈ N. If r ≤ d, the game ends and D wins. Otherwise,
for every (M, w) ∈ A, S chooses d different points v ∈ W . Let A′ be the set of models
(M, v) chosen this way. For every (M, w) ∈ B, S chooses n− d+ 1 different points v ∈ W .
Let B′ again be the set of models chosen. The next position of the game is (r− d,A′,B′).
■<d-move: The same as a ♦≥d-move with the roles of A and B switched.

The equivalent of Theorem 5 can be proved for this new game in a very similar manner.
For an example of using these new moves, consider a model M ∈ A with three points,

where p is true and another model M′ ∈ B, with only two points, where p is true. To separate
these models S might make a ♦≥d-move choosing d = 3. S would choose the three points
in M with p and the n− 2 points in M′ with ¬p. Now all three versions of M ∈ A′ have p
while all n− 2 versions of M′ ∈ B′ have ¬p so S wins by making a p-move.

We now define the starting model sets of our formula size game. As before, we assume
the domain of the models is W = {1, . . . , n}. Let A0 := {(M, 1)}, where M ∈ M . We
additionally assume that the points 1 and 2 of the model are propositionally equivalent. We
do not need to fix the model M any more precisely but note that there is only one model
in the set A0. Now let (i, j) ∈ I × I with i ̸= j and let w ∈ W be the largest number with
(M, w) ⊨ πi. The model Mi→j has (Mi→j , w) ⊨ πj and is otherwise identical to M. In other
words, Mi→j has one less point of the type πi and one more of the type πj compared to M.
We let B0 := {(Mi→j , 1) | i, j ∈ I, i ̸= j}. There are |I|2 models in the set B0. Note that all
models in A0 and B0 have propositionally equivalent starting points.
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Let us now consider the formula size game FSCτ
r0

(A0,B0). For any position (r,A,B) of
this game, we define a directed graph G(A,B) := (V,E) by setting V := I and (i, j) ∈ E

iff there are propositionally equivalent (M, w) ∈ A and (Mi→j , v) ∈ B. We call a set
C ⊆ {i+, i− | i ∈ I} a cover of G(A,B) if for every (i, j) ∈ E we have i+ ∈ C or j− ∈ C.
The cost of a cover C is

r(C) :=
∑

i+∈C

|πi|M +
∑

i−∈C

|πi|M .

π12

π2 3

π4 2

Figure 1 The graph G(A, B) and the number of points for each type.

We give an example of a graph G(A,B) and a cover for this graph. Consider the alphabet
τ = {p, q} and the class M of models of size 7, where the type π1 = {p, q} is realized in two
points, the type π2 = {¬p, q} in three points and the type π4 = {¬p,¬q} in two points. The
type π3 = {p,¬q} is not realized in models of M . We assume that (M, w) ∈ A for some
M ∈ M and we have propositionally equivalent (Mi→j , v) ∈ B for the pairs (1, 2), (4, 2) and
(4, 1). The graph G(A,B) is pictured below. The set C = {2−, 4+} is a cover of G(A,B).
To see this, note that the inclusion of 4+ covers all edges from π4 to other nodes and 2−

covers edges from other nodes to π2. This covers all edges so C is a cover. The cost of C is
|π2| + |π4| = 3 + 2 = 5.

We are now ready for the crucial Lemma of this subsection.

▶ Lemma 9. Let P := (r,A,B) be a position of the game FSCτ
r0

(A0,B0) and let R(P ) :=
min{r(C) | C is a cover of G(A,B)}. If r < R(P ), then D has a winning strategy in the
game from the position P .

Proof. We show that any move S makes either leads to D winning the game immediately or
maintains the conditions of the claim given the correct choice by D.
p-move: Since R(P ) > 0, there are propositionally equivalent pointed models on both sides

of the game so clearly D wins if S makes any p-move.
∨-move: Let A1,A2 ⊆ A and r1, r2 ≥ 1 be the choices of S and let P1 = (r1,A1,B) and

P2 = (r2,A2,B). For each edge e = (i, j) ∈ E, there are propositionally equivalent
models (M, w) ∈ A and (Mi→j , v) ∈ B. Since A1 ∪ A2 = A, every model (M, w) ∈ A
is in A1 or A2 so every edge of the graph G(A,B) is present in at least one of the
graphs G(A1,B) and G(A2,B). We claim that r1 < R(P1) or r2 < R(P2). Assume for
contradiction that r1 ≥ R(P1) and r2 ≥ R(P2). Then there is a cover C1 of G(A1,B)
with r(C1) ≤ r1 and the same for P2. Now C1 ∪ C2 is a cover of G(A,B). Additionally
r(C1 ∪ C2) ≤ r(C1) + r(C2) ≤ r1 + r2 ≤ r. This means that R(P ) ≤ r, which is a
contradiction with the condition r < R(P ). Thus D can choose a position that maintains
the condition of the claim.

∧-move: Very similar to the above case with the models in B split between B1 and B2.
♦≥d-move: Let d ∈ N be the number chosen by S. For each (M, w) ∈ A, S chooses d different

points from the model M. Let A be the set of all points chosen this way. For each
(Mi→j , w) ∈ B, let Bi→j be the set of n− d+ 1 points chosen by S. Let tpM(X) be the
set of types realized by a set X of points in the model M. We consider the following two
cases:
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1. The model M has at least d+ 1 points with types from tpM(A). Let e = (i, j) ∈ E.
The model Mi→j only differs from M by the type of one point so Mi→j has at least d
points that realize types from tpM(A). Since |Bi→j | = n− d+ 1, there is at least one
point in Bi→j with a type from tpM(A). Thus there are propositionally equivalent
(M, w′) ∈ A′ and (Mi→j , v

′) ∈ B′. Thus the edge e = (i, j) is still present in the graph
G(A′,B′) of the following position. This applies for every e ∈ E so R(P ′) = R(P ).

2. The model M has exactly d points with types from tpM(A). Now A is the set of those
d points. We first consider edges e = (i, j) ∈ E with πi /∈ tpM(A) or πj ∈ tpM(A). For
any edge of this kind, the model Mi→j has at least d points with types from tpM(A)
so at least one of the n− d+ 1 points in Bi→j has a type from tpM(A). As in case 1,
this means that all these edges are still present in the graph G(A′,B′).
Let us then consider the rest of the edges e = (i, j) ∈ E with πi ∈ tpM(A) and
πj /∈ tpM(A). For an edge of this kind, the model Mi→j has only d− 1 points with
types from tpM(A). Thus if S chooses the n − d + 1 points of Bi→j to be exactly
the points with types not in tpM(A), then Mi→j has no propositionally equivalent
counterpart on the other side and the edge e is not present in the graph G(A′,B′).
We then consider the condition of the claim in the position P ′ = (r − d,A′,B′). By
the above arguments, the only way S could remove edges when moving from G(A,B)
to G(A′,B′), was to choose in each version of the model M exactly all of the points
that satisfy some set tpM(A) of types. Any edge eliminated this way originates from
an index i of a type in tpM(A). All of these edges can be covered via the cover
CA = {i+ | πi ∈ tpM(A)}. The cost of this cover is the total number of points of the
model M with types from tpM(A). Since A contains exactly all points with types
from tpM(A), we have r(CA) = |A| = d. Let C ′ be a cover of G(A′,B′) with minimal
cost so R(P ′) = r(C ′). Now C ′ ∪ CA is a cover of G(A,B) with cost R(P ′) + d. Thus
r < R(P ) ≤ R(P ′) + d so r − d < R(P ′) and the condition of the claim is maintained.

■<d-move: Similar to the ♦≥d-move with n− d+ 1 points chosen from models in A and d

points chosen from models in B. Full details in the Appendix. ◀

By the above Lemma, the formula size required to define a class M of the equivalence ≡
comes down to calculating the minimum cost of a cover.

▶ Theorem 10. Let M be an equivalence class of the relation ≡ and let π be the propositional
type with most satisfying points in models in M . If the formula φ ∈ GMLU[τ ] defines the
class M , then φ has size at least min(n, 2(n− |π|)).

Proof. Let s = min(n, 2(n− |π|)). We use the above Lemma to show that D has a winning
strategy in the game FSCτ

s (A0,B0), thus proving the claim.
It suffices to show that the minimum cost of a cover of G(A0,B0) = (V,E) is equal to

s. First we see that G(A0,B0) is a complete irreflexive directed graph. We begin by noting
that C+ := {i+ | i ∈ I} is a cover with cost n and adding any i− or replacing i+ with i−

does not reduce the cost. Thus if all indices are used, C+ is a minimum cost cover. Next,
we consider covers Ci, where there is an index i ∈ I with {i+, i−} ∩ Ci = ∅. Note that i is
the only such index. Indeed, if there were a second such index j, then the edge (i, j) would
not be covered. Now, for any j ∈ I, j ̸= i we have j+ ∈ Ci since it is the only way to
cover the edge (j, i). In the same way j− ∈ Ci since the edge (i, j) must be covered. Thus
Ci = {j+, j− | j ∈ I, j ̸= i}. The cost of Ci is

r(Ci) =
∑

j+∈Ci

|πj | +
∑

j−∈Ci

|πj | = n− |πi| + n− |πi| = 2(n− |πi|).

The cost minimal cover of this type is clearly the one where i is the index of the type with
the most satisfying points. Thus the minimal cover size is min(n, 2(n− |π|)). ◀
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▶ Theorem 11. ⟨C⟩ ∼ n.

Proof. Since C(M) ≤ n+ O|τ |(1) for any equivalence class M , we have ⟨C⟩ ≤ n+ O|τ |(1).
For the lower bound, recall from the previous section that for any δ > 0 and n sufficiently
large we have that∑

(n1,...,nℓ)∈Iδ
n

p≡([n1, . . . , nℓ]) > (1 − δ).

Observe that if (n1, . . . , nℓ) ∈ Iδ
n, for δ sufficiently small, then Theorem 10 entails that

C([n1, . . . , nℓ]) ≥ n as every 1-type is realized less than n/2-times. Thus, for any δ > 0 and n
sufficiently large, we have ⟨C⟩ ≥ (1 − δ)n. Using these bounds it is easy to show ⟨C⟩ ∼ n. ◀

The desired relation between Boltzmann entropy and description complexity now follows
directly from Theorems 8 and 11.

▶ Corollary 12. ⟨HB⟩ ∼ |τ |⟨C⟩

5 FO: Expected description complexity for polyadic vocabularies

We saw in the previous section that the ratio of expected Boltzmann entropy of an isomorphism
class and its GMLU-description complexity is asymptotically the size of the underlying fixed
vocabulary. Given that the main characteristic of GMLU is that it can characterize finite
monadic structures up to isomorphism, one might guess that a similar behaviour would extend
to FO, which can characterize arbitrary finite structures up to isomorphism. The purpose
of this section is to show that surprisingly this is not the case: the expected description
complexity grows faster than the expected Boltzmann entropy.

Given a relation symbol R we will use ar(R) to denote its arity. Fix a finite relational
vocabulary τ and let m := max{ar(R) | R ∈ τ}. For the rest of this section we will assume
that m ≥ 2. The following result, which fails for unary vocabularies, is established in [4].

▶ Proposition 13. The number of non-isomorphic τ -models of size n is asymptotically
2p(n)/n!, where p(n) =

∑
R∈τ n

ar(R).

In [12] the authors mention (without a proof) that with high probability, defining a single
graph of size n up to isomorphism in FO requires a sentence of size Ω

(
n2

log(n)
)
. Here we prove

a version of this statement for an arbitrary (but finite) relational vocabulary. For the proof,
recall that ≡FO[τ ] is over Modn(τ).

▶ Theorem 14. With high probability we have that CFO[τ ](M) = Ω
(

nm

log(n)
)
, when the

isomorphism class M is selected uniformly at random.

Proof. The proof is a counting argument: we will show that the ratio between “short”
formulas and isomorphism classes of models of size n approaches 0 as n increases. Fix n and
consider some s ≥ 2. We will start by bounding the number of FO[τ ]-sentences of size s in
which w.l.o.g. only variables from the set {x1, . . . , xn}, which consists of pairwise distinct
variables, occur.

Each FO[τ ]-sentence of size s can be viewed as a labeled tree with s nodes, the labels
being literals and symbols from the set {∧,∨, ∃, ∀}. Since a tree with s nodes has s− 1 edges,
the syntax tree of each FO[τ ]-sentence of size s can be encoded using

f(s) := s+ 1 + (s− 1)2 log(s) + s log(Nτ + 4)
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bits, where Nτ :=
∑

R∈τ n
ar(R) is the number of atomic τ -formulas over {x1, . . . , xn}. Thus

there are at most 2f(s) sentences of size s. Using this bound we can also bound the number
of FO[τ ]-sentences of size at most s. Indeed, the number of such sentences is at most∑s

i=2 2f(i) ≤ s2f(s) = 2f(s)+log(s).
Observe that log(Nτ +4) ≤ d log(n), for some d > 0 (and n sufficiently large). We now set

s = nm

10(m+ d) log(n) ,

which implies (using very crude bounds such as s ≤ s log(s)) that

f(s) + log(s) ≤ 5s log(s) + s log(Nτ + 4)
≤ 5s(log(s) + d log(n))

≤ 5(m+ d)s log(n) = nm

2

Thus there are at most 2nm/2 sentences of size at most s.
Now the number of non-isomorphic τ -models of size n is asymptotically

2p(n)/n! ≥ 2nm

/n! ≥ 2nm−n log(n) = 2
(

1− log(n)
nm−1

)
nm

for sufficiently large n. Combining these two estimates we have that

2nm/2

2p(n)/n!
≤ 2nm/2

2
(

1− log(n)
nm−1

)
nm

=
(

2
log(n)
nm−1 − 1

2

)nm

Since log(n)/nm−1 → 0, by taking n to be sufficiently large we have that 2
log(n)
nm−1 − 1

2 < 1.
Thus with high probability we have that CFO[τ ](M) = Ω

(
nm

log(n)
)
. ◀

▶ Remark 15. Since for every isomorphism class M we have that CFO[τ ](M) = O(nm),
there is a small gap between this upper bound and the lower bound established in Theorem
14. Even in the case of graphs it seems an open problem to determine the average case
FO-description complexity of an isomorphism class, see [12] for more discussion.

Consider now the partition ≡FO[τ ] of Modn(τ). In Appendix A.5 we use Theorem 14 to
establish the following result.

▶ Proposition 16. The expected description complexity of ≡FO[τ ] grows asymptotically faster
than its expected Boltzmann entropy.

Note that Proposition 16 does not follow immediately from Theorem 14, since there
we consider the uniform distribution over the isomorphism classes, while here we need to
consider p≡FO[τ] which a priori could place negligible probabilities on isomorphism classes
with high description complexity. However, it follows from the results of [4] that for large n
the distribution p≡FO[τ] is quite close to the uniform distribution.

6 Conclusion

The current paper has demonstrated links between description complexity and entropy.
Concretely, we have shown that in MLU, the largest class has maximal Boltzmann entropy,
while for GMLU, the expected description complexity is asymptotically equivalent to expected
Boltzmann entropy. Corresponding links to Shannon entropy follow from Proposition 3. We
also contrast our findings by proving that for first-order logic, description complexity grows
asymptotically faster than expected Boltzmann entropy.
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In general, our results relate to links between Kolmogorov complexity and entropy,
developed this time in the logic-based scenario where relational structures are classified
by formulas of different sizes. The results demonstrate, for example, how the size of data
classifiers relates to the randomness of the classified data.

In the future we shall expand this study to further logics and more general settings. The
overall aim is to investigate the interplay of description complexity and the described classes,
involving, e.g., suitable Galois connections between sizes of formulas and classes. Further
connections to, e.g., statistical physics should also be investigated.
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A Appendix

A.1 Proof of Proposition 3

Letting {Mi | i ∈ I} enumerate the equivalence classes of ≡, we have the following chain of
identities.

HS(≡) + ⟨HB⟩

= −
∑
i∈I

p≡(Mi) log p≡(Mi) +
∑
i∈I

p≡(Mi) log(|[Mi]≡|)

= −
∑
i∈I

p≡(Mi) log(|[Mi]≡|/|M|) +
∑
i∈I

p≡(Mi) log(|[Mi]≡|)

= −
∑
i∈I

p≡(Mi)(log(|[Mi]≡|) − log(|M|)) +
∑
i∈I

p≡(Mi) log(|[Mi]≡|)

= −
∑
i∈I

p≡(Mi) log(|[Mi]≡|) +
∑
i∈I

p≡(Mi) log(|M|) +
∑
i∈I

p≡(Mi) log(|[Mi]≡|)

= log(|M|)
∑
i∈I

p≡(Mi)

= log(|M|)

A.2 Proof of Proposition 4

The following standard calculation shows that if n is large enough, then the probability that
a random τ -model of size n does not realize all the 1-types is less than 1/2.

Pr[∃π : M does not realize π] ≤
∑

π

Pr[M does not realize π]

=
∑

π

∏
a∈W

Pr[a does not realize π] =
∑

π

∏
a∈W

(1 − Pr[a does realize π])

=
∑

π

∏
a∈W

(1 − 2−k) = n(1 − 2−k)n → 0, as n → ∞

In the inequality we used union bound while in the first equality we used the fact that the
events “a does not realize π”, for a ∈ W , are independent.

A.3 Proof of Lemma 6 continued

∨-move: We show that for any ∨-move S makes, D can choose one of the following positions
P1, P2 that satisfies both conditions (a) and (b).

Let A1,A2 and r1, r2 be the choices of S. We assume A1,A2 ̸= ∅. Let πi be a type.
If πi is of kind 1, then πi is still of kind 1 in both following positions and hi(P ) = 2k =
hi(P1) = hi(P2), since B remains unchanged in both positions. If πi is of kind 2, then
there are propositionally equivalent (M0, j) ∈ A and (Mi, l) ∈ B. We have (M0, j) ∈ A1 or
(M0, j) ∈ A2 so πi is still a type of kind 2 in one of the following positions and hi(P1) = 2k
or hi(P2) = 2k. Similarly if πi is of kind 3, then (M0, i) ∈ A1 or (M0, i) ∈ A2 so πi remains
a type of kind 3 in one of the following positions and hi(P1) = hi(P ) or hi(P2) = hi(P ).
Furthermore, each type with positive hardness in P still has positive hardness in at least one
of P1 or P2 so #h+(P1) + #h+(P2) ≥ #h+(P ). Thus
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h(P1) + h(P2) =
∑

1≤i≤n

hi(P1) +
∑

1≤i≤n

hi(P2) + #h+(P1) + #h+(P2) − 2

≥
∑

1≤i≤n

hi(P ) + #h+(P ) − 1 − 1 = h(P ) − 1.

Now r1 + r2 = r − 1 < h(P ) − 1 ≤ h(P1) + h(P2) so we have r1 < h(P1) or r2 < h(P2). In
addition, since all types are of the same kind as in position P , condition (b) still holds.

A.4 Proof of Lemma 9 continued

■<d-move: Let d ∈ N be the number chosen by S. For each (M, w) ∈ A, S chooses n− d+ 1
different points from the model M. Let A be the set of all points chosen this way. For
each (Mi→j , w) ∈ B, let Bi→j be the set of d points chosen by S. Let tpM(X) be the set
of types realized by the set X of points in the model M. We consider the following two
cases:
1. The model M has at least n− d+ 2 points with types from tpM(A). Let e = (i, j) ∈ E.

The model Mi→j only differs from M by the type of one point so Mi→j has at least
n− d+ 1 points that satisfy types from tpM(A). Since |Bi→j | = d, there is at least
one point in Bi→j with a type from tpM(A). Thus there are propositionally equivalent
(M, w′) ∈ A′ and (Mi→j , v

′) ∈ B′. Thus the edge e = (i, j) is still present in the graph
G(A′,B′) of the following position. This applies for every e ∈ E so R(P ′) = R(P ).

2. The model M has exactly n − d + 1 points with types from tpM(A). Now A is the
set of those n− d+ 1 points. We first consider edges e = (i, j) ∈ E with πi /∈ tpM(A)
or πj ∈ tpM(A). For any edge of this kind, the model Mi→j has at least n − d + 1
points with types from tpM(A) so at least one of the d points in Bi→j has a type from
tpM(A). As in case 1, this means that all these edges are still present in the graph
G(A′,B′).
Let us then consider the rest of the edges e = (i, j) ∈ E with πi ∈ tpM(A) and
πj /∈ tpM(A). For an edge of this kind, the model Mi→j has only n− d points with
types from tpM(A). Thus if S chooses the d points of Bi→j to be exactly the points
with types not in tpM(A), then Mi→j has no propositionally equivalent counterpart
on the other side and the edge e is not present in the graph G(A′,B′).
We then consider the condition of the claim in the position P ′ = (r − d,B′,A′). We
saw above that S can only eliminate an edge e = (i, j) if πi ∈ tpM(A), πj /∈ tpM(A)
and tpMi→j

(Bi→j) ⊆ tpM(W ) \ tpM(A). Thus we denote tp(B) := tpM(W ) \ tpM(A).
All edges of this kind can be covered via the cover CB = {j− | πj ∈ tp(B)}. The cost
of this cover is the total number of points with types from tp(B) in the model M. By
the definition of tp(B) the cost is r(CB) = n− |A| = n− (n− d+ 1) = d− 1. Let C ′

be a cover of G(A′,B′) with minimal cost so R(P ′) = r(C ′). Now C ′ ∪ CB is a cover
of G(A,B) with cost R(P ′) + d− 1. Thus r < R(P ) ≤ R(P ′) + d− 1 so r − d < R(P ′)
and the condition of the claim is maintained.

A.5 Proof of Proposition 16

In this section we use ≡ to denote ≡FO[τ ]. Our goal is to show that the expected Boltzmann
entropy of ≡ grows asymptotically slower than its expected description complexity.

STACS 2023
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We start by bounding the expected Boltzmann entropy from above. For every equivalence
class M of ≡ we have by Proposition 1 that

log(|M |) ≤ log(n!) = n log(n) − n log(e) + Θ(log(n)),

which in turn implies that ⟨HB⟩ ≤ n log(n) − n log(e) + Θ(log(n)).
Next we will derive a lower bound on the expected description complexity of ≡. Let c be

a constant such that with high probability CFO[τ ](M) ≥ c
(

nm

log(n)
)
. (Theorem 14 guarantees

that such a constant exists.) In [4] it was proved that with high probability a random τ -model
is rigid, i.e., it has no non-trivial automorphism. Since the isomorphism class of a rigid
τ -model is of size n!, we have that with high probability a random member of ≡ has size n!.
Using a union bound argument we have that

lim
n→∞

Pr
[
CFO[τ ](M) ≥ c

(
nm

log(n)

)
and |M | = n!

]
= 1 (6)

In particular, the above probability is at least, say, 1/2 when n is large enough. In other
words, for n large enough, at least half of the isomorphism classes (of models of size n) have
size n! and their description complexity is at least c

(
nm

log(n)
)
.

Now we can bound the expected description complexity from below. First, we have that∑
M

p≡(M)CFO[τ ](M) ≥
∑

CFO[τ](M)≥c
(

nm

log(n)

) p≡(M)CFO[τ ](M)

≥ c

(
nm

log(n)

) ∑
CFO[τ](M)≥c

(
nm

log(n)

) p≡(M) = c

(
nm

log(n)

)
1

2p(n)

∑
CFO[τ](M)≥c

(
nm

log(n)

) |M |.

We want a constant lower bound on the expression

1
2p(n)

∑
CFO[τ](M)≥c

(
nm

log(n)

) |M |

which expresses the probability that the isomorphism class of random model of size n has
description complexity at least c

(
nm

log(n)
)
. Using Equation (6), we have for n large enough

the following estimates:

1
2p(n)

∑
CFO[τ](M)≥c

(
nm

log(n)

) |M | ≥ 1
2p(n)

∑
CFO[τ](M)≥c

(
nm

log(n)

)
|M |=n!

|M | = n!
2p(n)

∑
CFO[τ](M)≥c

(
nm

log(n)

)
|M |=n!

1

≥ n!
2p(n) (1/2)2p(n)

n! = 1/2.

Thus for n large enough we have that ⟨CFO[τ ]⟩ ≥ (1/2)c
(

nm

log(n)
)
, which certainly grows faster

than n log(n) − n log(e) + Θ(log(n)) ≥ ⟨HB⟩.
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Abstract
In this work, we study the Induced Matching problem: Given an undirected graph G and an integer
ℓ, is there an induced matching M of size at least ℓ? An edge subset M is an induced matching
in G if M is a matching such that there is no edge between two distinct edges of M . Our work
looks into the parameterized complexity of Induced Matching with respect to “below guarantee”
parameterizations. We consider the parameterization u − ℓ for an upper bound u on the size of any
induced matching. For instance, any induced matching is of size at most n/2 where n is the number
of vertices, which gives us a parameter n/2 − ℓ. In fact, there is a straightforward 9n/2−ℓ · nO(1)-time
algorithm for Induced Matching [Moser and Thilikos, J. Discrete Algorithms]. Motivated by this,
we ask: Is Induced Matching FPT for a parameter smaller than n/2 − ℓ? In search for such
parameters, we consider MM(G) − ℓ and IS(G) − ℓ, where MM(G) is the maximum matching size and
IS(G) is the maximum independent set size of G. We find that Induced Matching is presumably
not FPT when parameterized by MM(G) − ℓ or IS(G) − ℓ. In contrast to these intractability results,
we find that taking the average of the two helps – our main result is a branching algorithm that
solves Induced Matching in 49(MM(G)+IS(G))/2−ℓ · nO(1) time. Our algorithm makes use of the
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1 Introduction

A matching in a graph is a set of pairwise non-incident edges. An induced matching is a
matching such that no edge is incident with two edges from the matching. The notion of
induced matchings was initially introduced by Stockmeyer and Vazirani [43]. Since then, the
Induced Matching problem – given an undirected graph G and an integer ℓ ∈ N, we are
to determine whether G has an induced matching of size ℓ – has been studied extensively.
This problem is NP-hard, which was proven independently by Stockmeyer and Vazirani [43]
and Cameron [2]. The NP-hardness persists on restricted graph classes, such as bipartite
graphs of vertex degree at most three [31] and cubic planar graphs [12]. On the positive side,
Induced Matching is polynomial-time solvable on trees [45], chordal graphs [2], weakly
chordal graphs [4], circular-arc graphs [17], comparability graphs [18], and AT-free graphs [3].

In this work, we study the parameterized complexity of Induced Matching. The
standard parameterization of Induced Matching takes the solution size ℓ as the parameter.
For ℓ, Induced Matching is W[1]-hard, which can be easily seen by a parameterized
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reduction from the W[1]-hard Independent Set problem. Indeed, the W[1]-hardness holds
even on bipartite graphs [37]. Perhaps for this reason, many researchers have investigated the
parameterized complexity of Induced Matching from multivariate perspectives. Moser and
Sikdar [37] gave a kernel of size O(∆3ℓ) for Induced Matching for the maximum degree ∆.
Erman et al. [13] and Kanj et al. [22] independently found that Induced Matching admits
a polynomial kernel of size ℓO(d) on d-degenerate graphs. This result was later complemented
by Cygan et al. [9], who showed that the kernel size is basically tight – there is no kernel
of size ℓo(d) under standard complexity assumptions. Recently, it was shown that Induced
Matching on c-closed graphs [23] and on weakly γ-closed graphs [24] has a kernel with at
most O(c7ℓ8) vertices and ℓO(γ) vertices, respectively. We remark that the parameterized
complexity on planar graphs has also received considerable attention [38, 13, 22].

In this paper, we adopt an alternative approach to tackle the fixed-parameter tractability
of Induced Matching – using above guarantees and below guarantees [33, 34] (see also a
very recent survey [19]). This work particularly concerns below guarantees. For a graph
G, let IM(G) denote the maximum induced matching size of G. In a nutshell, we employ
UB(G) − ℓ as a parameter where UB(G) is a function on G that upper-bounds IM(G), i.e.,
UB(G) ≥ IM(G) on every graph G.

In this spirit, we first consider a trivial upper bound. For the number n of vertices, 1
2 n

clearly constitutes an upper bound on IM(G). We refer to the parameterized problem arising
from this upper bound UB(G) = 1

2 n as Induced Matching Below Trivial Guarantee:

Induced Matching Below Trivial Guarantee (IMBTG)

Input: An undirected graph G and an integer ℓ.
Question: Does G have an induced matching of size ℓ?
Parameter: k = 1

2 n − ℓ

This problem has been studied in the literature, albeit under different names: Moser and
Thilikos [38] gave an algorithm solving IMBTG in O⋆(9k) time.1 Subsequently, Xiao and
Kou [44] developed an algorithm running in O⋆(3.1845k) time. In terms of kernelization, a
kernel with O(k2) vertices was given by Moser and Thilikos [38]. Later, Xiao and Kou [44]
gave an improved kernel with O(k) vertices.

In parameterized complexity, whenever the fixed-parameter tractability with respect to
a parameter k is discovered, one asks whether the “boundary of tractability” can be taken
further, that is, fixed-parameter tractability is achievable for a parameter k′ smaller than k

(i.e., k′ ≤ g(k) for some function g). (An analogous question arises when W-hardness for
k is discovered as well – does fixed-parameter parameter tractability hold for a parameter
k′ larger than k?) This question appears prominently in multivariate algorithmics [26, 40]
and structural parameterizations [1, 15]. We ask ourselves this type of question for Induced
Matching parameterized by below guaranteed values. More precisely, the main question we
challenge in this work is the following:

(⋆) Is Induced Matching FPT for a parameterization smaller than that of IMBTG?
Let us remark we are not the first to address this kind of question in the context of

above and below guarantee parameterizations: The Vertex Cover problem – given an
undirected graph G and an integer ℓ, decide whether there is a set of at most ℓ vertices
that is incident with every edge – is one of the problems where this kind of question was

1 The O⋆ notation suppresses the polynomial factor in the input size.



T. Koana 39:3

considered. A simple branching algorithm solves Vertex Cover in O⋆(2ℓ) time. For any
graph G, it holds that VC(G) ≥ LP(G) ≥ MM(G), where VC(G), MM(G), and LP(G) denote
the minimum vertex cover size, the maximum matching size, and the optimum of the linear
programming relaxation of Vertex Cover, respectively. These inequalities give rise to the
above-guarantee parameterizations, ℓ − MM(G) and ℓ − LP(G). These parameterizations
have been extensively studied [10, 21, 28, 29, 39, 41, 42] – it has been shown that Vertex
Cover FPT is with respect to ℓ − MM(G) as well as ℓ − LP(G). Notably, the border of
tractability was further extended to ℓ − (2LP(G) − MM(G)) [16, 27]. Let us also remark that
the above guarantee parameterizations of Max Cut and related problems have been also
extensively studied [6, 7, 14, 32, 35, 33, 36].

Now we come back to the question (⋆) on Induced Matching. We wish to find an upper
bound on the maximum induced matching size which is stricter than 1

2 n. The maximum
matching size MM(G) serves as such a bound: Clearly, MM(G) ≤ 1

2 n. Moreover, MM(G) is
an upper bound on IM(G), since every induced matching is a matching. This leads to the
following parameterized problem:

Induced Matching Below Maximum Matching (IMBMM)

Input: An undirected graph G and an integer ℓ.
Question: Does G have an induced matching of size ℓ?
Parameter: k = MM(G) − ℓ

As graphs G with MM(G) = IM(G) have been of theoretical interest, there are known
results on IMBMM: Kobler and Rotics [25] gave a polynomial-time algorithm for k = 0.
Cameron and Walker [5] extended this result by providing a structural characterization
of graphs G with MM(G) = IM(G). Later, Duarte et al. [11] developed an algorithm for
IMBMM that runs in nO(k) time. However, it has been left open whether IMBMM is FPT.
Filling the gap, we prove in Section 4 that IMBMM is W[2]-hard, i.e., presumably not FPT.
This implies that taking MM(G) as the upper bound falls short to answer the question (⋆).

Next, we consider another natural upper bound: the maximum independent set size
IS(G). Since an induced matching of size ℓ contains an independent set of size ℓ, any graph
satisfies IS(G) ≥ IM(G), which gives the following parameterization:

Induced Matching Below Independent Set (IMBIS)

Input: An undirected graph G and an integer ℓ.
Question: Does G have an induced matching of size ℓ?
Parameter: k = IS(G) − ℓ

Although 1
2 n and IS(G) are incomparable in general (consider complete graphs and

empty graphs), the parameter of IMBIS is essentially smaller compared to that of IMBTG:
Observe that for ℓ > 0, the graph G′ on 2n vertices obtained from G by adding n vertices
adjacent to all other vertices fulfills IM(G′) ≥ ℓ if and only if IM(G) ≥ ℓ. The maximum
independent set size of G′ is at most n – half the number of vertices in G′. Thus, if IMBIS
was fixed-parameter tractability, then fixed-parameter tractability of IMBTG would follow,
answering our question (⋆). We find, however, that IMBIS is NP-hard for k = 0 even if an
independent set of size ℓ is provided as part of the input.

Somewhat dismayed by the previous two negative results, we look into the upper bound
obtained by taking the average of MM(G) and IS(G), that is, 1

2 (MM(G) + IS(G)). For any
graph G, we have

1
2(MM(G) + IS(G)) − IM(G) = 1

2(MM(G) − IM(G)) + 1
2(IS(G) − IM(G)) ≥ 0,

STACS 2023
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implying that IM(G) ≤ 1
2 (MM(G) + IS(G)). (This equation also implies that the parameteri-

zation by 1
2 (MM(G) + IS(G)) − ℓ is larger compared to the parameterization of IMBMM

and IMBIS.) On the other hand, we have 1
2 (MM(G) + IS(G)) ≤ 1

2 (VC(G) + IS(G)) ≤ 1
2 n.

Hence, the parameterization obtained from the average is indeed smaller than the trivial
below guarantee. Formally, we study the following:

Induced Matching Below Average (IMBA)

Input: An undirected graph G and an integer ℓ.
Question: Does G have an induced matching of size ℓ?
Parameter: k = 1

2 (MM(G) + IS(G)) − ℓ

The main result of this work is an FPT algorithm for IMBA that runs in time O⋆(49k).

▶ Theorem 1. IMBA can be solved in O⋆(49k) time.

In other words, we identify a novel below-guarantee parameterization for Induced
Matching smaller than that of IMBTG that yields an FPT algorithm, thereby positively
answering our question (⋆). To our surprise, it turns out that an answer to our question
arises from using the average of two upper bounds as an upper bound.

To prove Theorem 1, we give a branching algorithm in which the measure 1
2 (MM(G) +

IS(G)) − ℓ decreases by 1
2 in every branching step. As we will see, branching in a naïve way

(which leads to an FPT algorithm for IMBTG) does not always decrease the measure. To work
around this issue, we develop branching rules based on the Gallai–Edmonds decomposition.
To establish the correctness of our algorithm, we reveal a structural property of graphs G

with 1
2 (MM(G) + IS(G)) = IM(G), which may be of independent interest.

2 Preliminaries

2.1 Notation

We denote the set {1, . . . , t} of integers by [t]. All graphs are simple and undirected. For
a graph G, let V (G) and E(G) denote the set of vertices and edges, respectively. Let
v ∈ V (G) be a vertex in G and let X ⊆ V (G) be a vertex set. We use N(v) to denote the
neighborhood of v (the set of vertices adjacent to v) and N(X) =

⋃
v∈V N(v) \ X to denote

the neighborhood of X. Let deg(v) = |N(v)| denote the degree of v. Let G[X] denote the
subgraph induced by X. We use G − X to denote G[V (G) \ X], i.e., the graph obtained from
G by deleting X. We use the shorthand G − v for G − {v}. A triplet (u, v, w) of pairwise
adjacent vertices is a triangle. A vertex v with deg(v) = 0 is isolated. A vertex v with
deg(v) = 1 is a pendant vertex. A pair (u, v) of adjacent vertices with deg(u) = deg(v) = 1 is
an isolated edge. A triangle is a pendant triangle if deg(u) = deg(w) = 2.

In our algorithm, we apply reduction rules and branching rules. Herein, a reduction rule
(branching rule) is a polynomial-time procedure that given an instance I, returns an instance
I ′ (a set of instances I1, . . . , Ic, respectively). We say that a reduction rule (branching rule)
is correct if I is equivalent to I ′, i.e., I is a yes-instance if and only if I ′ is a yes-instance (I is
a yes-instance if and only if there is some c′ ∈ [c] such that Ic′ is a yes-instance, respectively).
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2.2 Parameterized complexity
In parameterized complexity, each instance of a problem is equipped with a parameter,
usually denoted by the symbol k. We say that a parameterized problem is fixed-parameter
tractable (FPT) if there is an algorithm that solves it in f(k) · |I|O(1) time, where f is a
computable function only depending on k and |I| is the input size. We denote the running
time as O⋆(f(k)), where the polynomial factor in |I| is suppressed in the O⋆ notation. For
more in-depth notions in parameterized complexity, we refer to the standard textbook [8].

2.3 Matching theory
We use several results from matching theory (see e.g., the book of Lovász and Plummer [30]).
In particular, Kőnig’s theorem and the Gallai–Edmonds structural theorem play important
roles in the running time analysis for Theorem 1. Recall that a matching M in a graph G

is a set of pairwise non-incident edges. If a vertex v ∈ V (G) is incident to an edge in M ,
then M covers v. If there is no edge in M incident with v, then M misses v. A matching
covering every vertex of G is said to be perfect. A matching covering all but one vertex of G

is said to be near-perfect. A graph G is factor-critical if for every vertex v ∈ V (G), G − v

has a perfect matching.

▶ Theorem 2 (Kőnig’s theorem). For a bipartite graph G, MM(G) = VC(G).

▶ Definition 3. The Gallai–Edmonds decomposition of a graph G is a partition of V (G)
into D(G), A(G), and C(G) where

D(G) = {v ∈ V (G) | there exists a maximum matching missing v},
A(G) = N(D(G)),
C(G) = V (G) \ (A(G) ∪ D(G)).

We simply write D, A, C for D(G), A(G), C(G), respectively, when G is clear from context.

▶ Theorem 4 (The Gallai–Edmonds structure theorem (see e.g. [30])). The Gallai–Edmonds
decomposition satisfies the following properties.

Every connected component of G[D] is factor-critical.
G[C] has a perfect matching.
Let G′ be the bipartite graph obtained from G[D ∪ A] by contracting every connected
component of G[D] into one vertex and removing edges in G[A]. Then, |NG′(A′)| > |A′|
for every A′ ⊆ A.
A matching M is a maximum matching if and only if the following hold:

M contains a near-perfect matching for every connected component of G[D].
Every vertex in A is matched to a vertex in D.
M contains a perfect matching of G[C].

The Gallai–Edmonds decomposition can be computed in polynomial time.

2.4 Cameron–Walker graphs
A graph G whose maximum matching size equals maximum induced matching size (that is,
MM(G) = IM(G)) is referred to as a Cameron–Walker graph in the literature, as Cameron
and Walker [5] gave the structural characterization of these graphs. Recall that a triangle
(u, v, w) with deg(u) = deg(w) = 2 is called a pendant triangle. A triangle star is a graph
obtained from a triangle by adding any number of pendant triangles to one of its vertices
(see Figure 1). (When we say that we add a pendant triangle to a vertex v, it means that we
add two vertices u and w and add edges such that u, v, w form a triangle.)
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Figure 1 A triangle star with four pendant triangles (left). A Cameron–Walker graph (right).
The vertex sets U and W are marked by dotted lines.

▶ Theorem 5 ([5]). For a connected graph G, MM(G) = IM(G) if and only if one of the
following holds:

G is a star.
G is a triangle star.
G is obtained from a connected bipartite graph G′ with a bipartition V (G) = U ∪ W by
adding at least one pendant vertex to each vertex of U and adding any number of pendant
triangles to each vertex of W .

See Figure 1 for an illustration of a Cameron–Walker graph. The statement provided
by Cameron and Walker [5] had a small mistake. The statement of Theorem 5 follows a
slight modification of Hibi et al. [20]. Note that Theorem 5 yields a linear-time algorithm to
recognize Cameron–Walker graphs.

2.5 FPT algorithm for IMBTG
In this subsection, we briefly discuss a simple branching algorithm that solves IMBTG in
O⋆(9k) time [38]. Recall that the input of IMBTG is (G, ℓ) for a graph G and ℓ ∈ N, and we
search for an induced matching of size ℓ in G. The parameterization of IMBTG is k = 1

2 n−ℓ.
As we will see in Section 3, the reduction rules and branching rules presented here form the
basis for our algorithm for IMBA, which is parameterized by 1

2 (MM(G) + IS(G)) − ℓ.
We begin with two reduction rules:

▶ Reduction Rule 6. Remove an isolated vertex.

▶ Reduction Rule 7. Remove an isolated edge (including its endpoints) and decrease ℓ by
one (if ℓ > 0).

It is straightforward to prove the correctness of these reduction rules.

▶ Lemma 8. Reduction Rules 6 and 7 are correct.

Since there is no vertex of degree at least two in any induced matching, we may branch
into three instances as follows whenever there is a vertex of degree at least two:

▶ Branching Rule 9. Choose a vertex v ∈ V (G) with at least two neighbors u, w ∈ V (G).
We branch into three instances: (G − u, ℓ), (G − v, ℓ), (G − w, ℓ).

The algorithm terminates in one of the following two ways:

▶ Termination 10. Return yes if ℓ = 0.

▶ Termination 11. Return no if 1
2 |V (G)| < ℓ.
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In the simple O⋆(9k)-time algorithm for IMBTG, we repeat the following:
1. Apply Reduction Rules 6 and 7 exhaustively.
2. Check the termination conditions for Termination 10 and 11.
3. If there is a vertex of degree at least two, we branch according to Branching Rule 9.
If there is no vertex of degree at least two, then applying Reduction Rules 6 and 7 exhaustively
deletes all vertices in the graph. Thus, we always reach the condition for Termination 10
(ℓ = 0) or Termination 11 (ℓ > 0). For the running time analysis, note that our algorithm
terminates if the value of 1

2 |V (G)| − ℓ is negative (Termination 11). This value decreases by
1
2 each time we apply Branching Rule 9: |V (G)| decreases by one and ℓ remains the same.
Moreover, this value does not increase by applying Reduction Rules 6 and 7. Since the value
of 1

2 |V (G)| − ℓ equals k for the input instance, we apply Branching Rule 9 at most 2k + 1
times. (A more careful analysis yields an upper bound of 2k.) Hence, this algorithm runs in
time O⋆(32k+1) = O⋆(9k).

We remark that Branching Rule 9 can be strengthened as follows:

▶ Branching Rule 12. Choose two adjacent vertices u, v ∈ V (G) with N({u, v}) ̸= ∅. We
branch into three instances: (G − u, ℓ), (G − v, ℓ), (G − N({u, v}), ℓ)

To see the correctness, observe that we have two cases: If G has an induced matching M

of size ℓ containing uv, then M is an induced matching in G − N({u, v}) as well. Otherwise,
G has no induced matching of size ℓ covering both u and v, and thus u or v must be deleted.

Due to a space limitation, some proofs are in the appendix.

3 Algorithm for IMBA

In this section, we give an FPT algorithm IMBA: Given a graph G and an integer ℓ, IMBA
asks whether G has an induced matching of size ℓ with the parameterization 1

2 (MM(G) +
IM(G)) − ℓ. We start with an overview in Section 3.1. We describe reduction rules in
Section 3.2 and branching rules in Section 3.3.

3.1 Overview
Our algorithm for IMBA is an intricate adaptation of the FPT algorithm given in Section 2.5.
In addition to Reduction Rules 6 and 7, we use another reduction rule on pendant triangles
(Reduction Rule 14). We will also derive our branching rules from Branching Rules 9 and 12.

To ensure that our algorithm runs in O⋆(49k) time, we define the measure of an instance
I = (G, ℓ) of IMBA as µ(I) = 1

2 (MM(G) + IS(G)) − ℓ. Note that the parameter k for IMBA
is the measure of the input instance.2 We design our algorithm such that (i) every branching
rule generates at most seven instances whose measure is smaller by at least 1

2 and (ii) there
is no increase in the measure throughout. This way, since we start with the measure at k, we
end up with an instance whose measure is zero (or smaller) within 2k branching steps.3 As
we show in Section 3.4, our algorithm correctly identifies yes-instances before the measure
becomes zero or smaller. So we terminate returning no after 2k branching steps:

▶ Termination 13. Return no if branching rules have been applied 2k times.

2 As is often the case in parameterized complexity, we assume that k is given along with input. We will
not change the value of k in this section.

3 Our algorithm does not compute the measure. In fact, it is even computationally challenging to
determine whether µ(I) ≤ 0 (this is equivalent to IS(G) ≤ 2ℓ − MM(G)).
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Figure 2 The maximum matching size and independent set size remain 4 even after deleting the
red vertex.

Termination 13 ensures that the search tree has depth at most 2k. Our algorithm thus runs
in O⋆(72k) = O⋆(49k) time.

Our algorithm repeats the following until one of the conditions for a termination is met.
1. Apply Reduction Rules 6, 7, and 14 exhaustively.
2. Check the termination conditions for Termination 10, 11, and 13.
3. If there is a vertex of degree at least two, we apply one of the branching rules in Section 3.3.
We remark that we check the condition of Termination 10 before that of Termination 13.

As for how to branch, we want to branch in such a way that the measure drops by 1
2 .

To this end, branching according to Branching Rule 9 in the naïve way is seemingly not
appropriate because the measure may not decrease. This challenge is illustrated in Figure 2:
The maximum matching size and the maximum independent set both remain unchanged
(thus so does the measure) after deleting the red vertex. To find a set of vertices whose
deletion guarantees a decrease in the measure by 1

2 , we will exploit the Gallai–Edmonds
decomposition.

3.2 Reduction Rules
Our algorithm employs Reduction Rules 6 and 7. We also introduce another reduction rule
on pendant triangles. Recall that a triplet (u, v, w) is a pendant triangle if u, v, w are pairwise
adjacent and deg(u) = deg(w) = 2.

▶ Reduction Rule 14. If there is a pendant triangle (u, v, w) with deg(u) = deg(w) = 2,
then delete v.

▶ Lemma 15. Reduction Rule 14 is correct.

As discussed in Section 3.1, we need to ensure that these reduction rules do not increase the
measure. Recall that for an instance I = (G, ℓ), its measure is µ(I) = 1

2 (MM(G) + IS(G)) − ℓ.

▶ Lemma 16. Let I = (G, ℓ) be an instance of IMBA and let I ′ = (G′, ℓ′) be an instance
obtained by applying Reduction Rule 6, 7, or 14. Then, µ(I ′) ≤ µ(I).

3.3 Branching Rules
In this subsection, we describe our branching rules, which are based on the Gallai–Edmonds
decomposition (Definition 3). Recall that the vertex set V (G) is divided into three parts:
A, C, and D. (Note that we have to recompute the Gallai–Edmonds decomposition after a
vertex is deleted by our reduction rule or branching rule.) In our algorithm, we apply the
first reduction rule for which the condition is met in the following:

If C ̸= ∅, then apply Branching Rule 17.
If A is not independent, then apply Branching Rule 21.
If there is a connected component S of G[D] such that G[S] is a triangle, then apply
Branching Rule 25.
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If there is a connected component S of G[D] such that G[S] is a triangle star, then apply
Branching Rule 28.
If there is a connected component S of G[D] with |S| ≥ 5, then apply Branching Rule 33.
If none of the above holds, then apply Branching Rule 36.

For each branching rule, we prove that it is correct and that it decreases the measure by at
least 1

2 . We assume that reduction rules are exhaustively applied throughout the subsection.
In the first branching rule, we apply Branching Rule 9 on a vertex in C.

▶ Branching Rule 17. Choose a vertex v ∈ C with at least two neighbors u, w ∈ N(v). We
branch into three instances Ii = (Gi, ℓ) for i ∈ [3], where G1 = G − v, G2 = G − u, and
G3 = G − w.

▶ Lemma 18. Branching Rule 17 is correct.

▶ Lemma 19. Let v be a vertex in A∪C and let G′ = G−v be the graph obtained by deleting
v. Then, MM(G′) ≤ MM(G) − 1.

▶ Lemma 20. In Branching Rule 17, µ(Ii) ≤ µ(I) − 1
2 for all i ∈ [3].

We claim that if we cannot branch according to Branching Rule 17 (that is, every vertex
in C has at most one neighbor), then C = ∅. Assume for contradiction that there is a vertex
v ∈ C. Then, v has a neighbor u in C, since G[C] has a perfect matching by Theorem 4. If
neither u nor v has other neighbors, then Reduction Rule 7 applies. Thus, we have C = ∅.

In the next rule, we branch on two adjacent vertices in A adapting Branching Rule 12.

▶ Branching Rule 21. Choose two adjacent vertices u, v ∈ A. We branch into three instances
Ii = (Gi, ℓ) for i ∈ [3]. In the first two, we delete u or v, i.e., G1 = G − u and G2 = G − v.
In the third branch, we delete N({u, v}), i.e., G3 = G − N({u, v}).

▶ Lemma 22. Branching Rule 21 is correct.

Note that A is an independent set when we cannot apply Branching Rule 21. We will
later describe how we branch on the vertices in D. Before doing so, we show that deleting two
vertices from a nontrivial (i.e., size at least two) connected component S of G[D] decreases
the measure. (In fact, S is of size at least three because G[S] is factor-critical by Theorem 4.)

▶ Lemma 23. Let S be a connected component of G[D] with at least three vertices and let
u, v ∈ S. Let G′ = G − u − v be the graph obtained from G by deleting u and v. Then,
MM(G′) ≤ MM(G) − 1.

Proof. By Theorem 4, every maximum matching of G contains a near-perfect matching MS

of G[S]. Since G[S] is factor-critical, S consists of an odd number of vertices, and we have
|MS | = 1

2 (|S| − 1). Since u, v ∈ S are deleted from G′, any matching in G′[S] contains at
most ⌊ 1

2 (|S| − 2)⌋ = 1
2 (|S| − 3) = |MS | − 1 edges. It follows that G′ has no matching of size

MM(G). ◀

For branching on the vertices in D, we start with the connected components of G[D]
which form a triangle. We first prove a lemma concerning such triangles.

▶ Lemma 24. Let S be a connected component of G[D] such that G[S] is a triangle. There
exist two vertices u, v ∈ S such that u and v have a neighbor u′ and v′ in A, respectively
(possibly u′ = v′).
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▶ Branching Rule 25. Let S = {u, v, w} be a connected component of G[D] such that G[S]
is a triangle and u and v have a neighbor u′ and v′ in A, respectively (such vertices exist
by Lemma 24). Let H1 = G − u′, H2 = G − u, and H3 = G − v. We generate seven
instances Ii = (Gi, ℓ) for i ∈ [7], where G1 = H1, G2 = H2 − v′, G3 = H2 − v, G4 = H2 − w,
G5 = H3 − u′, G6 = H3 − u, G7 = H3 − w.

▶ Lemma 26. Branching Rule 25 is correct.

We verify the drop in measure in Lemma 30. We then look into the connected components
of G[D] which form triangle stars (with at least two pendant triangles). We show a lemma
analogous to Lemma 24.

▶ Lemma 27. Let S be a connected component of G[D] such that G[S] is a triangle star
with at least two pendant triangles. There exist two nonadjacent vertices u, v ∈ S such that u

and v have a neighbor u′ and v′ in A, respectively (possibly u′ = v′).

▶ Branching Rule 28. Let S be a connected component of G[D] such that G[S] is a triangle
star with at least two pendant triangles. Let u, v ∈ S be vertices as specified in Lemma 27,
and let u′, v′ ∈ A be neighbors of u, v, respectively. Also, let u′′, v′′ ∈ S be neighbors of
u, v, respectively, which are not the center of G[S]. Let H1 = G − u′, H2 = G − u, and
H3 = G − u′′. We generate seven instances Ii = (Gi, ℓ) for i ∈ [7], where G1 = H1,
G2 = H2 − v, G3 = H2 − v′, G4 = H2 − v′′, G5 = H3 − v, G6 = H3 − v′, G7 = H3 − v′′.

Its correctness can be argued in the same way as we did for Branching Rule 25.

▶ Lemma 29. Branching Rule 28 is correct.

▶ Lemma 30. In Branching Rules 25 and 28, µ(Ii) ≤ µ(I) − 1
2 for all i ∈ [7].

Proof. Observe that we delete a vertex from A or two vertices from S in every branch.
Thus, we obtain MM(Gi) ≤ MM(G) − 1 by Lemmas 19 and 23. It follows that µ(Ii) =
1
2 (MM(Gi) + IS(Gi)) − ℓ = 1

2 ((MM(G) − 1) + IS(G)) − ℓ = µ(I) − 1
2 . ◀

Finally, we look into nontrivial connected components of G[D] which are not triangles or
triangle stars. We first prove two lemmas that help to develop a branching rule. Note that
each nontrivial component (unless it is a triangle) has at least five vertices.

▶ Lemma 31. Let H be a connected graph on at least four vertices that is not a star. Then,
H has a path on four vertices.

▶ Lemma 32. Let H be a factor-critical graph that is not a triangle star and let v be an
arbitrary vertex in V (H). Then, H − v has a vertex of degree at least two.

▶ Branching Rule 33. Let S be a nontrivial connected component of G[D] with |S| ≥ 5
which is not a triangle star. Choose a path (u, v, w, x) on four vertices in G[S] (such a path
exists by Lemma 31). We have seven branches Ii = (Gi, ℓ) as follows:
1. Choose a vertex v′ with at least two neighbors v′

1, v′
2 ∈ S in G − v (such a vertex exists by

Lemma 32). Let G1 = G − v − v′, G2 = G − v − v′
1, and G3 = G − v − v′

2.
2. Choose a vertex w′ with at least two neighbors w′

1, w′
2 ∈ S in G − w (such a vertex exists

by Lemma 32). Let G4 = G − w − w′, G5 = G − w − w′
1, and G6 = G − w − w′

2.
3. Let G7 = G − N({v, w}).
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▶ Lemma 34. Branching Rule 33 is correct.

Proof. Observe that I is a yes-instance if and only if at least one of (G − v, ℓ), G(G − w, ℓ),
and G(G − N({v, w}), ℓ) is a yes-instance by the correctness of Branching Rule 12. We
branch further on the first two instances (G − v, ℓ) and G(G − w, ℓ) as in Branching Rule 9
to end up with the seven instances given above. ◀

▶ Lemma 35. In Branching Rule 33, µ(Ii) ≤ µ(I) − 1
2 for all i ∈ [7].

Proof. Note that every branch deletes at least two vertices from S (in particular, {u, x} ⊆
N({v, w})). We thus have MM(Gi) ≤ MM(G) − 1 by Lemma 23. It follows that µ(Ii) =
1
2 (MM(Gi) + IS(Gi)) − ℓ ≤ 1

2 (MM(G) − 1 + IS(G)) − ℓ = µ(I) − 1
2 . ◀

If the branching reduction rules given so far are not applicable, then G is a bipartite
graph whose partition is A and D: We have C = ∅, since otherwise we can apply Branching
Rule 17. We also have that A is an independent set, since otherwise Branching Rule 21
applies. Moreover, every connected component S of G[D] is trivial: Note that S consists of
an odd number of vertices because G[S] is factor-critical. If |S| = 3, then S is a triangle and
hence we can apply Branching Rule 25. If |S| ≥ 5, then we can apply Branching Rule 28 or
Branching Rule 33. Thus, every connected component of G[D] is trivial, implying that D is
an independent set as well. Now, Branching Rule 9 actually decreases the measure:

▶ Branching Rule 36. Choose a vertex v ∈ V (G) with at least two neighbors u, w ∈ V (G).
We branch into Ii = (Gi, ℓ) for i ∈ [3], where G1 = G − v, G2 = G − u, and G3 = G − w.

It is correct since Branching Rule 9 is correct.

▶ Lemma 37. Branching Rule 36 is correct.

▶ Lemma 38. In Branching Rule 36, µ(Ii) ≤ µ(I) − 1
2 for all i ∈ [3].

Proof. Recall that VC(H) denote the minimum vertex cover size of a graph H . Since G and
Gi are both bipartite, we have VC(G) = MM(G) and VC(Gi) = MM(Gi) by Kőnig’s theorem
(Theorem 2). It follows that µ(I) = 1

2 (MM(G) + IS(G)) − ℓ = 1
2 (VC(G) + IS(G)) − ℓ =

1
2 |V (G)| − ℓ. Analogously, we obtain µ(Ii) = 1

2 |V (Gi)| − ℓ. Since |V (Gi)| = |V (G)| − 1, we
have µ(I) − µ(Ii) = 1

2 (|V (G)| − |V (Gi)|) = 1
2 . ◀

3.4 Correctness and Running Time Analysis
We prove Theorem 1 in this subsection. For the correctness of our algorithm (the outline
is given in Section 3.1), we need to show that if the input I is a yes-instance, then our
algorithm correctly determines that I is a yes-instance after branching 2k times (avoiding
Termination 13). We will show that if we end up with a yes-instance I ′ = (G′, ℓ′) after 2k

branching steps, then 1
2 (MM(G′)+IS(G′)) = IM(G′) (equivalently, MM(G′) = IS(G′) = IM(G′)

since MM(G′) ≥ IM(G′) and IS(G′) ≥ IM(G′)) holds. We examine the structure of graphs G′

with 1
2 (MM(G′)+ IS(G′)) = IM(G′) in Lemma 39. We find that for a yes-instance I ′ = (G′, ℓ′)

with 1
2 (MM(G′) + IS(G′)) = IM(G′), our algorithm terminates with ℓ = 0 returning yes

(Termination 10) after reduction rules are applied exhaustively (Lemma 40).

▶ Lemma 39. For a connected graph G, if 1
2 (MM(G) + IS(G)) = IM(G), then one of the

following holds:
G is an isolated edge.
G is a triangle star.
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G is obtained from a connected bipartite graph G′ with a bipartition V (G′) = U ∪ W by
adding exactly one pendant vertex to each vertex of U and adding at least one pendant
triangle to each vertex of W . In particular, MM(G) = IS(G) = IM(G) = 1

2 (|V (G)| − |W |).
We remark that the converse of Lemma 39 holds as well. We show that an instance (G, ℓ)

with 1
2 (MM(G) + IS(G)) = IM(G) can be solved by exhaustively applying reduction rules.

▶ Lemma 40. Let I = (G, ℓ) be an instance of IMBA with 1
2 (MM(G) + IS(G)) = IM(G). If

I is a yes-instance, then the instance I ′ = (G′, ℓ′) obtained from I by exhaustively applying
Reduction Rules 6, 7, and 14 has ℓ′ = 0.

Combining all our lemmas, we prove the following:

▶ Theorem 1. IMBA can be solved in O⋆(49k) time.

Proof. We first show that our algorithm is correct. Let S be the set of instances corresponding
to leaves in the search tree. For the correctness, we must show that if the input I is yes-
instance, then there exists an instance I ′ ∈ S which results in a termination returning yes
(Termination 10). Note that each instance I ′ = (G′, ℓ′) ∈ S fulfills at least one of conditions
for Termination 10, 11, and 13: Suppose that the condition for Termination 13 not is met.
Then, G′ does not have any vertex of degree at least two, since otherwise we can apply a
branching rule in Section 3.3. Thus, every vertex has degree at most one and Reduction
Rules 6 and 7 deletes every vertex in the graph, resulting in Termination 10 (ℓ′ = 0) or
Termination 11 (ℓ′ > 0).

If I is a no-instance, then every instance I ′ ∈ S is a no-instance as well by the correctness
of our reduction rules (Lemmas 8 and 15) and branching rules (Lemmas 18, 22, 26, 29, 34,
and 37). Thus, our algorithm reaches Termination 11 or 13, returning no.

Suppose that I is a yes-instance. Since our reduction rules and branching rules are
correct, there exists an instance I ′ = (G′, ℓ′) ∈ S such that I ′ is a yes-instance. For the sake
of contradiction, assume that our algorithm incorrectly concludes that I ′ is a no-instance,
i.e., (i) ℓ′ > 0 (recall that we check for Termination 10 first) and (ii) 1

2 |V (G′)| < ℓ′ or there
have been 2k branching steps (conditions for Termination 11 and 13, respectively). By the
assumption that I ′ is a yes-instance, we have 1

2 |V (G′)| ≥ IM(G′) ≥ ℓ′. We thus may assume
that branching rules have been applied 2k times. We have shown that every branching rule
decreases the measure (Lemmas 20, 30, 35, 38, and 43) by at least 1

2 and that the measure
does not increase by applying reduction rules (Lemma 16). Since the measure is k for the
input instance I, we have µ(I ′) ≤ k − 2k · 1

2 = 0. Moreover, we have

µ(I ′) = 1
2(MM(G′) + IS(G′)) − ℓ′ ≥ 1

2(MM(G′) + IS(G′)) − IM(G′) ≥ 0.

Here, the first inequality follows because I ′ is a yes-instance, i.e., IM(G′) ≥ ℓ′, and the second
inequality 1

2 (MM(G′)+IS(G′))−IM(G′) = 1
2 (MM(G′)−IM(G′))+ 1

2 (IS(G′)−IM(G′)) ≥ 0 holds
for any graph G′. We thus have µ(I ′) = 0 and in particular 1

2 (MM(G′) + IS(G′)) = IM(G′).
Since Reduction Rules 6, 7, and 14 are exhaustively applied, we have ℓ′ = 0 by Lemma 40, a
contradiction. Thus, our algorithm correctly determines that I ′ is a yes-instance.

For the running time, note that each node in the search tree has at most seven children.
Moreover, the depth of the search tree is at most 2k by Termination 13. Thus, our algorithm
runs in O⋆(72k) = O⋆(49k) time. ◀

4 Hardness for IMBMM and IMBIS

Here, we prove the hardness for IMBMM and IMBIS. Recall that IMBMM is parameterized
by MM(G) − ℓ and IMBIS is parameterized by IS(G) − ℓ, where MM(G) is the maximum
matching size of G, IS(G) is the maximum independent set size of G. These negative results
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complement Theorem 1 in answering our main question: is there a parameterization smaller
than 1

2 n−ℓ which admits an FPT algorithm? Our negative results suggest that using MM(G)
or IS(G) as an upper bound of ℓ fails.

We first show that IMBMM is W[2]-hard. The hardness holds for 2-degenerate graphs.
This also complements the following two results: One is an XP algorithm for IMBMM [11]
and the other is an FPT algorithm for IMBMM where the maximum degree is additionally
included as part of the parameter [11].

▶ Theorem 41. IMBMM is W[2]-hard even on 2-degenerate bipartite graphs.

Proof. We reduce from Dominating Set, which is W[2]-hard:

Dominating Set
Input: An undirected graph G and ℓ ∈ N.
Question: Does G have a dominating set D (i.e., N(D) = V (G) \ D) of size at most ℓ?
Parameter: ℓ

Let I = (G, ℓ) be an instance of Dominating Set such that G is connected and G has
at least one cycle. Let G′ be the graph obtained from G by subdividing every edge vv′ of G

(i.e., add a vertex v′′, add two edges vv′′ and v′v′′, and delete the edge vv′). Let U denote
the set of vertices added by subdivisions. Note that every vertex in U corresponds to an edge
in G. It is straightforward to verify that G is 2-degenerate: Let X ⊆ V (G′). If X ∩ U ≠ ∅,
then e ∈ X ∩ U has degree at most two in G[X]. Otherwise, we have X ⊆ U and thus G[X]
is a graph without any edge. Moreover, G′ is bipartite with a bipartition V (G) ∪ U . We
show that G has a dominating set of size ℓ if and only if G′ has an induced matching of size
ℓ′ = |V (G)| − ℓ.

First, suppose that G has a dominating set D of size exactly ℓ. By definition, every vertex
v ∈ V (G)\D has at least one neighbor in D in G. Let vD ∈ D be one of such neighbors. Now
consider a matching M ′ in G′ in which each vertex v ∈ V (G) \ D is matched to the vertex
(in G′) corresponding to the edge vvD (in G). We claim that M ′ is an induced matching
of size ℓ′. Since G′ is bipartite, it suffices to verify that for two vertices v, v′ ∈ V (G) \ D,
there is no edge between vD and v′. By the choice of vD, we have NG′(vD) = {v, w}, where
w is some vertex in D, showing that vD and v′ are not adjacent to each other. We thus have
shown that M is an induced matching. Note that M has size |V (G) \ D| = |V (G)| − ℓ.

Conversely, suppose that G′ has an induced matching M ′ of size exactly ℓ′. Since G′

is bipartite, M ′ covers exactly ℓ′ vertices of V (G). Let D ⊆ V (G) be the set of vertices in
V (G) covered by M ′. For every vertex v ∈ D, let v′ ∈ U be the vertex such that vv′ ∈ M ′.
Since M ′ is an induced matching, v′ corresponds to an edge between v and some vertex not
in D. This implies that V (G) \ D is a dominating set of size |V (G)| − ℓ′ = ℓ in G.

To establish the W[2]-hardness of IMBMM, it remains to show that the parameter
k = MM(G′)− ℓ′ associated with the instance (G′, ℓ′) is upper-bounded by some function of ℓ.
In fact, we show that k ≤ ℓ. To do so, we show that MM(G′) = |V (G)|, i.e., there is a matching
in G′ that covers every vertex in V (G) using Hall’s theorem. To apply Hall’s theorem, we
must show that |N(S)| ≥ |S| holds in G′ for each S ⊆ V (G). Note that |N(S)| in G′ equals
the number of edges incident to S in G. For S ⊆ V (G), let S1, . . . , Sc denote the connected
component of G[S]. We claim that |N(Si)| ≥ |Si| for each i ∈ [c]. If Si = V (G), then by
the assumption that G has at least one cycle, we have |N(Si)| = |E(G)| ≥ |V (G)| = |Si|.
Assume that Si ̸= V (G). For each i ∈ [c], note that there are at least |Si| − 1 edges in G[Si].
Note also that there is at least edge in G where one endpoint is in Si and the other is in
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V (G) \ Si (which is nonempty) by the assumption that G is connected. Since |N(Si)| is
the number of edges incident to Si in G, we have |N(Si)| ≥ (|Si| − 1) + 1 = |Si| for each
i ∈ [c]. The sets N(S1), . . . , N(Sc) are pairwise disjoint, since otherwise for two distinct
connected components Si and Sj , an edge e ∈ N(Si) ∩ N(Sj) would connect Si and Sj

in G. Thus, we have |N(S)| ≥
∑

i∈[c] |N(Si)| ≥
∑

i∈[c] |Si| = |S|. By Hall’s theorem, G′

has a matching that covers every vertex in V (G), i.e., MM(G′) = |V (G)|. It follows that
k = MM(G′) − ℓ′ = |V (G)| − (|V (G)| − ℓ) = ℓ. ◀

We then show that IMBIS is NP-hard even if the parameter is zero. Our hardness holds
even if a maximum independent set is given as part of input.

▶ Theorem 42. IMBIS is NP-hard for k = 0 even if an independent set of maximum size is
given as part of input.

Proof. We reduce from the NP-hard Multicolored Independent Set problem: Its input
is an undirected graph G and ℓ ∈ N. Additionally, we are given a partition (C1, . . . , Cℓ) of
V (G) into ℓ cliques. The task is to determine whether G has an independent set of size ℓ.
Consider the graph G′ obtained by introducing ℓ vertices v1, . . . , vℓ and adding edges such
that N(vi) = Ci for every i ∈ [ℓ]. It is not difficult to see that G has an independent set of
size ℓ if and only if G′ has an induced matching of size ℓ. Note that the set {v1, . . . , vℓ} is an
independent set of size ℓ in G′ and that this is of maximum cardinality since the vertex set
can be partitioned into ℓ cliques. Thus, we have k = ℓ − IM(G) = 0. Note that our hardness
holds even if {v1, . . . , vℓ} is given as part of input for Induced Matching. ◀

5 Conclusion

In this work, we discovered a new parameter 1
2 (MM(G) + IS(G)) − ℓ for which Induced

Matching is fixed-parameter tractable. This parameter is smaller than below trivial
guarantee 1

2 n − ℓ. Our main result states that Induced Matching is solvable in O⋆(49k)
time for k = 1

2 (MM(G) + IS(G)) − ℓ. This stands in contrast to our negative results: the
W[2]-hardness when parameterized by MM(G) − ℓ and the NP-hardness for IS(G) − ℓ = 0

There remain several natural questions for future research. First, is Induced Matching
fixed-parameter tractable for an even smaller parameter? We remark that our negative results
in Section 4 indicates that the upper bound cannot be as tight as the maximum matching
size or the maximum independent set size. Another question is whether the base 49 in the
running time of our algorithm can be lowered. It would also be interesting to study whether
Induced Matching has a polynomial kernel with respect to k = 1

2 (MM(G) + IS(G)) − ℓ.
To the best of our knowledge, we are the first to propose the below (or above) guarantee

parameterization, where the bound from which the parameter is derived is the average of
two values. We believe that this framework will be successful for other problems as well.
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A Missing Proofs from Section 3.2

▶ Lemma 15. Reduction Rule 14 is correct.

Proof. Let G′ = G − v be the graph obtained by deleting v. We show that IM(G) ≥ ℓ if
and only if IM(G′) ≥ ℓ. First, observe that IM(G′) ≥ ℓ implies IM(G) ≥ ℓ, since any induced
matching in G′ is also an induced matching in G. We then show that if G has an induced
matching M of size ℓ, then IM(G′) ≥ ℓ. If M does not cover v, then M is an induced
matching in G′ as well, implying that IM(G′) ≥ ℓ. Suppose that M covers v and let e denote
the edge in M incident to v. Then, the edge uw is not part of M since u and w are adjacent
to v. Thus, (M \ {e}) ∪ {uw} is an induced matching of size ℓ in G as well as G′. ◀

▶ Lemma 16. Let I = (G, ℓ) be an instance of IMBA and let I ′ = (G′, ℓ′) be an instance
obtained by applying Reduction Rule 6, 7, or 14. Then, µ(I ′) ≤ µ(I).

Proof. It is easy to see that when Reduction Rule 6 or 14 is applied, the measure does
not increase as ℓ remains unchanged. There is no increase in the measure when applying
Reduction Rule 7 either: We have MM(G′) = MM(G) − 1 and IS(G′) = IS(G) − 1 since every
maximal matching contains an isolated edge and every maximal independent set contains
exactly one endpoint of an isolated edge. Moreover, we have ℓ′ = ℓ − 1. We thus have

µ(I ′) = 1
2(MM(G′) + IS(G′)) − ℓ′ = 1

2(MM(G) + IS(G)) − ℓ = µ(I). ◀

B Missing Proofs from Section 3.3

B.1 On Branching Rule 17
▶ Branching Rule 17. Choose a vertex v ∈ C with at least two neighbors u, w ∈ N(v). We
branch into three instances Ii = (Gi, ℓ) for i ∈ [3], where G1 = G − v, G2 = G − u, and
G3 = G − w.

▶ Lemma 18. Branching Rule 17 is correct.

Proof. The correctness follows from the correctness of Branching Rule 9. ◀

▶ Lemma 19. Let v be a vertex in A∪C and let G′ = G−v be the graph obtained by deleting
v. Then, MM(G′) ≤ MM(G) − 1.

Proof. By Theorem 4, every vertex in A ∪ C is matched in every maximum matching. Since
G′ misses one vertex from A ∪ C, we have MM(G′) ≤ MM(G) − 1. ◀

▶ Lemma 20. In Branching Rule 17, µ(Ii) ≤ µ(I) − 1
2 for all i ∈ [3].
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Proof. By the definition of the Gallai–Edmonds decomposition, the neighbors of v ∈ C are in
A∪C. It follows that u, w ∈ A∪C. We thus have, by Lemma 19, that MM(Gi) ≤ MM(G)−1.
We also have IS(Gi) ≤ IS(G). Consequently, µ(Ii) = 1

2 (MM(Gi) + IS(Gi)) − ℓ ≤ 1
2 (MM(G) −

1 + IS(G)) − ℓ = µ(I) − 1
2 . ◀

B.2 On Branching Rule 21
▶ Branching Rule 21. Choose two adjacent vertices u, v ∈ A. We branch into three instances
Ii = (Gi, ℓ) for i ∈ [3]. In the first two, we delete u or v, i.e., G1 = G − u and G2 = G − v.
In the third branch, we delete N({u, v}), i.e., G3 = G − N({u, v}).

▶ Lemma 22. Branching Rule 21 is correct.

Proof. By Theorem 4, N({u, v}) has at least one vertex in D (note that Branching Rule 12
requires N({u, v}) ̸= ∅). The correctness of Branching Rule 21 follows from the correctness
of Branching Rule 12. ◀

▶ Lemma 43. In Branching Rule 21, µ(Ii) ≤ µ(I) − 1
2 for all i ∈ [3].

Proof. Since G1 and G2 each misses a vertex from A, we have MM(G1) ≤ MM(G) − 1 and
MM(G2) ≤ MM(G) − 1 by Lemma 19. We show that MM(G3) ≤ MM(G) − 1 also holds.
Any maximal matching M of G3 contains uv, since it is isolated. Note, however, that u

and v are matched to vertices in D in every maximum matching of G by Theorem 4. It
follows that M is not a maximum matching in G, implying that MM(G3) ≤ MM(G) − 1.
Since Gi (i ∈ [3]) arises from vertex deletions of G, we have IS(Gi) ≤ IS(G). Consequently,
µ(Ii) = 1

2 (MM(Gi) + IS(Gi)) − ℓ ≤ 1
2 (MM(G) − 1 + IS(G)) − ℓ = µ(G) − 1

2 . ◀

B.3 On Branching Rule 25 and Branching Rule 28
▶ Branching Rule 25. Let S = {u, v, w} be a connected component of G[D] such that G[S]
is a triangle and u and v have a neighbor u′ and v′ in A, respectively (such vertices exist
by Lemma 24). Let H1 = G − u′, H2 = G − u, and H3 = G − v. We generate seven
instances Ii = (Gi, ℓ) for i ∈ [7], where G1 = H1, G2 = H2 − v′, G3 = H2 − v, G4 = H2 − w,
G5 = H3 − u′, G6 = H3 − u, G7 = H3 − w.

▶ Branching Rule 28. Let S be a connected component of G[D] such that G[S] is a triangle
star with at least two pendant triangles. Let u, v ∈ S be vertices as specified in Lemma 27,
and let u′, v′ ∈ A be neighbors of u, v, respectively. Also, let u′′, v′′ ∈ S be neighbors of
u, v, respectively, which are not the center of G[S]. Let H1 = G − u′, H2 = G − u, and
H3 = G − u′′. We generate seven instances Ii = (Gi, ℓ) for i ∈ [7], where G1 = H1,
G2 = H2 − v, G3 = H2 − v′, G4 = H2 − v′′, G5 = H3 − v, G6 = H3 − v′, G7 = H3 − v′′.

▶ Lemma 24. Let S be a connected component of G[D] such that G[S] is a triangle. There
exist two vertices u, v ∈ S such that u and v have a neighbor u′ and v′ in A, respectively
(possibly u′ = v′).

Proof. Let S1, . . . , Sc be the connected components of H − v. Without loss of generality,
assume that |S1| ≥ · · · ≥ |Sc|. We show that |S1| ≥ 3. Since H is factor-critical, H − v has a
perfect matching by definition. It follows that every connected component Si has at least
two vertices. For the sake of contradiction, assume that |Si| = 2 for every i ∈ [c]. We claim
that for every connected component Si = {ui, wi}, v is adjacent to both ui and wi in H . If v

is not adjacent to ui (or wi), then G − wi (or G − vi, respectively) has no perfect matching
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because ui (or wi, respectively) is isolated. Thus, v is adjacent to every vertex in H. This,
however, implies that H is a triangle star, which contradicts our assumption. Thus, we have
|S1| ≥ 3. Since H [S1] is connected, there is a vertex in S1 of degree at least two in H −v. ◀

▶ Lemma 26. Branching Rule 25 is correct.

Proof. Observe that u is adjacent to u′ and v in G. By the correctness of Branching Rule 9,
I is a yes-instance if and only if one of the three instances Jj = (Hj , ℓ) is a yes-instance
for j ∈ [3]. Since v has two neighbors v′, w in H2, J2 is a yes-instance if and only if Ii is a
yes-instance for some i ∈ [2, 4] by the correctness of Branching Rule 9. Moreover, since u has
two neighbors u′, w in H3, J3 is a yes-instance if and only if Ii is a yes-instance for some
i ∈ [5, 7] by the correctness of Branching Rule 9. Hence, I is a yes-instance if and only if one
of the seven instances Ii = (Gi, ℓ) is a yes-instance for some i ∈ [7]. ◀

▶ Lemma 27. Let S be a connected component of G[D] such that G[S] is a triangle star
with at least two pendant triangles. There exist two nonadjacent vertices u, v ∈ S such that u

and v have a neighbor u′ and v′ in A, respectively (possibly u′ = v′).

Proof. Let s be the center of G[S], i.e., s has more than two neighbors in G[S]. Then, by
the assumption that Reduction Rule 14 has been applied exhaustively, for every pendant
triangle (w1, w2, s) in G[S], at least one of w1 or w2 has at least one neighbor in A. Thus,
the lemma holds. ◀

B.4 On Branching Rule 33

▶ Lemma 31. Let H be a connected graph on at least four vertices that is not a star. Then,
H has a path on four vertices.

Proof. Let v be a vertex of maximum degree in H. We consider two cases: If deg(v) =
|V (H)| − 1, then by the assumption that H is not a star, we have two adjacent vertices
w, x ∈ N(v). Since |N(v)| = |V (H)| − 1 ≥ 3, there is a vertex u ∈ N(v) distinct from w

and x. We thus have a path (u, v, w, x). Otherwise, we have deg(v) < |V (H)| − 1. We can
assume that deg(v) ≥ 2 because H is a connected graph on at least four vertices. Since H is
connected, there exist two adjacent vertices w ∈ N(v) and x ∈ V (H) \ (N(v) ∪ {v}). Since
deg(v) ≥ 2, there is a vertex u ∈ N(v) distinct from w. We thus have a path (u, v, w, x). ◀

▶ Lemma 32. Let H be a factor-critical graph that is not a triangle star and let v be an
arbitrary vertex in V (H). Then, H − v has a vertex of degree at least two.

Proof. Let S1, . . . , Sc be the connected components of H − v. Without loss of generality,
assume that |S1| ≥ · · · ≥ |Sc|. We show that |S1| ≥ 3. Since H is factor-critical, H − v has a
perfect matching by definition. It follows that every connected component Si has at least
two vertices. For the sake of contradiction, assume that |Si| = 2 for every i ∈ [c]. We claim
that for every connected component Si = {ui, wi}, v is adjacent to both ui and wi in H . If v

is not adjacent to ui (or wi), then G − wi (or G − vi, respectively) has no perfect matching
because ui (or wi, respectively) is isolated. Thus, v is adjacent to every vertex in H. This,
however, implies that H is a triangle star, which contradicts our assumption. Thus, we have
|S1| ≥ 3. Since H [S1] is connected, there is a vertex in S1 of degree at least two in H −v. ◀
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C Missing Proofs from Section 3.4

▶ Lemma 39. For a connected graph G, if 1
2 (MM(G) + IS(G)) = IM(G), then one of the

following holds:
G is an isolated edge.
G is a triangle star.
G is obtained from a connected bipartite graph G′ with a bipartition V (G′) = U ∪ W by
adding exactly one pendant vertex to each vertex of U and adding at least one pendant
triangle to each vertex of W . In particular, MM(G) = IS(G) = IM(G) = 1

2 (|V (G)| − |W |).

Proof. Suppose that G is a connected graph with 1
2 (MM(G) + IS(G)) = IM(G). We show

that G satisfies one of the above. Since MM(G) = IS(G) = IM(G), G is a Cameron–Walker
graph. We assume that G has at least two vertices, since otherwise MM(G) = IM(G) = 0
and IS(G) = 1. We examine each case of Theorem 5.

Suppose that G is a star with n − 1 pendant vertices. It is easy to see that IS(G) = n − 1
and IM(G) = 1. Thus, we obtain n = 2.
The second case of Theorem 5 states that G is a triangle star. So we are done.
Suppose that G is obtained from a bipartite graph G′ with a bipartition V (G′) = U ∪ W

by adding at least one pendant vertex to each vertex of U and adding any number of
pendant triangles to each vertex of W . Let nu be the number of pendant vertices attached
to u for every u ∈ U and let nw be the number of pendant triangles attached to w for
every vertex w ∈ W . We show that nu = 1 for each u ∈ U and nw ≥ 1 for each w ∈ W .
First, we show that MM(G) = IM(G) = |U |+

∑
w∈W nw. Let M be a maximum (induced)

matching of G. Since every vertex u ∈ U has at least one pendant vertex adjacent to it,
we can assume that u is matched to one of its pendant neighbors in M . The deletion of
U and pendant vertices in N(U) leaves |W | triangle stars. The triangle star containing
w ∈ W has nw pendant triangles. Thus, |M | = |U | +

∑
w∈W nw.

We then show that IS(G) =
∑

u∈U nu +
∑

w∈W max(nw, 1). We can assume that a
maximum independent set I contains all pendant vertices. Then, I contains no vertex of
U . After deleting all pendant vertices and their neighbors (that is, U), a triangle star
with nw pendant triangles remains for each w ∈ W , which has an independent set of size
max(nw, 1). Thus, we have IS(G) =

∑
u∈U nu +

∑
w∈W max(nw, 1).

Since nu ≥ 1 and max(nw, 1) ≥ nw, we have IS(G) =
∑

u∈U nu +
∑

w∈W max(nw, 1) ≥
|U | +

∑
w∈W nw = IM(G). By the assumption that IS(G) = IM(G), equality holds and

hence nu = 1 for each u ∈ U and max(nw, 1) = nw, that is, nw ≥ 1.
For the third case, note that since |V (G)| = 2|U | +

∑
w∈W (2nw + 1), we have MM(G) =

IM(G) = IS(G) = |U | +
∑

w∈W nw = 1
2 (|V (G)| − |W |). ◀

▶ Lemma 40. Let I = (G, ℓ) be an instance of IMBA with 1
2 (MM(G) + IS(G)) = IM(G). If

I is a yes-instance, then the instance I ′ = (G′, ℓ′) obtained from I by exhaustively applying
Reduction Rules 6, 7, and 14 has ℓ′ = 0.

Proof. Suppose that I is a yes-instance with 1
2 (MM(G) + IS(G)) = IM(G). Note that

IM(G) ≥ ℓ. We consider three cases of Lemma 39.
Suppose that G consists of an isolated edge. Then, ℓ ≤ 1, and hence we have ℓ′ = 0 after
an application of Reduction Rule 7.
Suppose that G is a triangle star. Then, ℓ ≤ 1

2 (|V (G)| − 1), and hence we have ℓ′ = 0
after one application of Reduction Rule 14 and 1

2 (|V (G)| − 1) applications of Reduction
Rule 7.
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Suppose that G arises from a connected bipartite graph with a bipartition U ∪ W as
specified in Lemma 39. By Lemma 39, we have IM(G) = 1

2 (|V (G)| − |W |) ≥ ℓ. Since
every vertex w ∈ W has at least one pendant triangle attached to it, Reduction Rule 14
deletes every vertex in W . Note that after the deletion of W , we have a disjoint union of
1
2 (|V (G)|− |W |) isolated edges. It follows that Reduction Rule 7 applies ℓ times, resulting
in an instance I ′ = (G′, ℓ′) with ℓ′ = 0.

This concludes the proof. ◀
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1 Introduction

Given simple graphs G, called the pattern, and H, called the host, a fundamental compu-
tational problem is to find or count occurrences of G in H. What does it mean for G to
occur in H? The three most common notions of occurrence are characterized by mappings
ϕ : V(G) 7→ V(H). We say:
1. If {u, v} ∈ E(G) implies {ϕ(u),ϕ(v)} ∈ E(H) and ϕ is one-to-one, then we say that ϕ

witnesses a subgraph isomorphic to G in H. The subgraph is obtained by taking the
vertices and edges in the image of ϕ. The number of G-subgraphs of H is just the number
of such subgraphs G ′ of H.

2. If {u, v} ∈ E(G) is equivalent to {ϕ(u),ϕ(v)} ∈ E(H) and ϕ is one-to-one, then ϕ witnesses
an induced subgraph isomorphic to G in H. The induced subgraph is obtained by taking
the vertices and all edges induced by those vertices in the image of ϕ.

1 Õ hides factors that are logarithmic in the input size.
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40:2 Finding and Counting Patterns in Sparse Graphs

3. If {u, v} ∈ E(G) implies {ϕ(u),ϕ(v)} ∈ E(H), then we say that ϕ is a homomorphism from
G to H. Note that unlike a subgraph isomorphism, ϕ is not required to be one-to-one.

For any of these notions, the detection problem is clearly in NP. All three of them are also
straightforward generalizations of the NP-hard problem CLIQUE. Therefore, the existence of
efficient algorithms for finding or counting patterns under any of these notions is unlikely in
general.

The class of pattern detection and counting problems remain interesting even if we restrict
our attention to fixed pattern graphs. Williams [20] showed that the improved algorithms for
finding triangles could be used to find faster algorithms for even NP-complete problems such
as MAX2SAT. For fixed pattern graphs of size k, the brute-force search algorithm is as follows:
Iterate over all k-tuples over V(H) and check whether G occurs in the induced subgraph
of H on the vertices in that k-tuple. This algorithm takes θ(nk) time and constant space.
Therefore, when we restrict our attention to fixed patterns, we seek improvements over this
running time preferably keeping the space usage low. There are two broad techniques that
reduce the running-time: the usage of fast matrix multiplication algorithms as a sub-routine
and the exploitation of structural properties of pattern graphs.

If A is the adjacency matrix of the graph, then Nešetřil and Poljak [16] showed that one
can obtain an O(nω)-time algorithm for counting triangles using the identity trace(A3) = 6∆,
where ∆ is the number of triangles in the graph, where ω < 2.38 is the matrix multiplication
exponent. Using a simple reduction, they extended this to an algorithm to count 3k-cliques in
O(nkω)-time. They also showed that we can use improved algorithms for counting k-cliques
to count any k-vertex pattern. Later, Kloks, Kratsch and Müller [12] showed how to use
fast rectangular matrix multiplication to obtain similar improvements to the running time
for counting cliques of all sizes, not just multiples of three. Note that the improvements
obtained by these algorithms are applicable to all k-vertex patterns. i.e., they do not use the
pattern’s structure to obtain better algorithms. Since finding a k-clique requires nΩ(k)-time
unless ETH is false, we need to exploit the structure of the pattern to obtain significantly
better algorithms.

For patterns sparser than cliques, the run-time can be significantly improved over even
fast matrix multiplication based (pattern finding) algorithms. The crucial idea is to exploit
the structure of the pattern graph. A k-walk polynomial is a polynomial where the monomials
correspond to walks that are k vertices long. For example, a walk (u, v,w, x) will correspond
to the monomial xuvxvwxwx and a walk (u, v,u, v) to the monomial x3

uv
2. Williams [21]

showed that we can detect k-paths in graphs by (1) computing the k-walk polynomial and (2)
checking whether it has multilinear monomials. We can compute the k-walk polynomial in
linear-time using a simple dynamic programming algorithm and then multilinear monomials
can be detected with high probability by evaluating this polynomial over an appropriate
ring where the randomly chosen elements satisfy a2 = 0. This yields is a O(2k(n+m))-time
algorithm for finding k-vertex paths as subgraphs in n-vertex, m-edge host graphs.

We now consider the problem of counting sparse patterns. For counting k-paths
as subgraphs, the best known algorithm by Curticapean, Dell and Marx [4] takes only
O(f(k)n0.174k+o(k))-time for some function f. Coming to fixed pattern graphs, Alon, Yuster
and Zwick [1] gave O(nω)-time algorithms for counting cycle subgraphs of length at most 8
using an algorithm that combines fast matrix multiplication and exploitation of the structure
of the pattern. Notice that this is the same as the time required for counting triangles
(3-cliques).

2 We write uv to denote the edge {u,v}.
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The notion of graph homomorphisms was shown to play a crucial role in all the above
improved algorithms for finding and counting non-clique subgraphs. More specifically,
Fomin, Lokshtanov, Raman, Rao, and Saurabh [11] showed how the efficient construction of
homomorphism polynomials (see Definition 17), a generalization of k-walk polynomials, can
be used to detect subgraphs with small treewidth efficiently. Their algorithm can be seen
as a generalization of Williams’s algorithm [21] for k-paths to arbitrary graphs. Similarly,
Curticapean, Dell and Marx [4] showed that efficient algorithms for counting subgraphs
can be derived from efficient algorithms for counting homomorphisms of graphs of small
treewidth. Their algorithm can be seen as a generalization of the cycle-counting algorithms
of Alon, Yuster, and Zwick [1].

Algorithms for finding and counting patterns in sparse host graphs are also studied. An
additional parameter, m, the number of edges in the host graph, is taken into account for
the design and analysis of these algorithms. In the worst-case, m could be as high as

(
n
2
)
,

and hence, an O(nt)-time algorithm and an O(mt/2)-time algorithm for some t have the
same asymptotic time complexity. However, it is common in practice that m = o(n2). For
example, if the host graph models a road network, then m = O(n), where the constant
factor is determined by the maximum number of roads at any intersection. In such cases, an
O(mt/2)-time algorithm is asymptotically better than an O(nt)-time algorithm.

The broad themes of using fast matrix multiplication and/or structural parameters of
the pattern to obtain improved algorithms are still applicable in the setting of sparse host
graphs. Using fast matrix multiplication, Eisenbrand and Grandoni [8] showed that we
can count k-cliques in O(mkω/6)-time. Kloks, Kratsch and Müller [12] showed that K4
subgraphs can be counted in O(m(ω+1)/2)-time. Again, since ω < 3, this is better than the
O(m2)-time given by the brute-force algorithm. Using structural parameters of the pattern,
Kowaluk, Lingas, and Lundell [15] obtained many improved algorithms in the sparse host
graph setting. For example, their methods obtain an algorithm that runs in O(m4)-time for
counting P10 as subgraphs. In this work, we obtain an Õ(m2)-time algorithm for counting
P10 (See Theorems 12,13,14,15 for similar improvements).

The model of computation that we consider is the unit-cost RAM model. In particular,
we can store labels of vertices and edges in the host graph in a constant number of words3. In
this model, algorithms based on fast matrix multiplication and/or treewidth mentioned above
use polynomial space. However, the brute-force search algorithm uses only constant space as
it only needs to store k vertex labels at a time (Recall that we regard k as a constant.). How
much speed-up can we obtain while preserving constant space usage? The graph parameter
treedepth plays a crucial role in answering this question. It is well known that we can count
the homomorphisms from a pattern of treedepth d in O(nd)-time while using only constant
space (See Komarath, Rahul, and Pandey [13] for a construction of arithmetic formulas
counting them. These arithmetic formulas can be implicitly constructed and evaluated in
constant space.). Since all k-vertex patterns except k-clique has treedepth strictly less than k,
this immediately yields an improvement over the running-time of brute-force while preserving
constant space usage. In this work, we improve upon the treedepth-based algorithms for
sparse host graphs where the pattern graph is a cycle of length at most 11 (See Theorem 2).

3 In the TM model or the log-cost RAM model, storing labels of vertices would take O(logn) space.
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1.1 Connection to arithmetic circuits for graph homomorphism
polynomials

A popular sub-routine in these algorithms is an algorithm by Diaz, Serna and Thilikos [6]
that efficiently counts the number of homomorphisms from a pattern of small treewidth
to an arbitrary host graph. Indeed, it can be shown that this algorithm can be easily
generalized to efficiently construct circuits for homomorphism polynomials instead of counting
homomorphisms. Bläser, Komarath and Sreenivasaiah [2] showed that efficient constructions
for homomorphism polynomials can even be used to detect induced subgraphs in some cases.
They also show that many of the faster induced subgraph detection algorithms, such finding
four-node subgraphs by Williams et al. [22] and five-node subgraphs by Kowaluk, Lingas, and
Lundell [15] can be described as algorithms that efficiently construct these homomorphism
polynomials. Therefore, arithmetic circuits for graph homomorphism polynomials provide a
unifying framework for describing almost all the fast algorithms that we know for finding
and counting subgraphs and finding induced subgraphs. Can we improve these algorithms by
finding more efficient ways to construct arithmetic circuits for homomorphism polynomials?
Unfortunately, it is known that for the type of circuit that is constructed, i.e., circuits that
do not involve cancellations, the existing constructions are the best possible for all pattern
graphs, as shown by Komarath, Pandey, and Rahul [13]. The situation is similar for constant
space algorithms. The best known algorithms can be expressed as divide-and-conquer
algorithms that evaluate small formulas constructed by making use of the graph parameter
treedepth. Komarath, Pandey, and Rahul[13] also showed that the running-time of these
algorithms match the best possible formula size for all pattern graphs. These arithmetic
circuit lower bounds serve as a technical motivation for considering sparse host graphs, in
addition to the practical motivation mentioned earlier.

1.2 Our findings
In this paper, we study algorithms for finding and counting patterns in host graphs that
work well especially when the host is sparse. We discover algorithms that are (1) strictly
better than the brute-force algorithm, (2) strictly better than the best-known algorithms
when the host graph is sparse, (3) close to the best-known algorithms when the host graphs
are dense. Our algorithms are based on two new structural graph parameters – the matched
treedepth and matched treewidth. (See 19 and 21 for formal definitions). We show that they
can be used to obtain improved running times for algorithms that use constant space and
polynomial space respectively. Our algorithms are summarized in Table 1. In the table, the
parameter m is the number of edges in the host graph. We denote using mtw the matched
treewidth of the pattern and using mtd the matched treedepth of the pattern. The notation
Õ hides factors that are poly-logarithmic in the input (the host graph) size.

We now explain the relevance of our new parameters; state our algorithms, the relationships
between various graph parameters, and some structural characterizations that we prove in
this paper in the rest of this section.

Treedepth and matched treedepth

The matched treedepth of a graph is closely related to its treedepth. The constant space
algorithm based on treedepth is essentially an divide-and-conquer algorithm over a elimination
tree of the pattern graph that executes a brute-force search over each root-to-leaf path in the
elimination tree. Therefore, it runs in time O(nd). We exploit the fact that the elimination
tree is matched, which forces an additional constraint that the vertices in each root-to-leaf
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Table 1 Pattern counting and detection algorithms for sparse host graphs.

Pattern Type Problem Time Space Remarks
Ck Subgraph Counting Õ(m3) O(1) k ⩽ 11
Pk Subgraph Counting Õ(m2) Õ(m2) k ⩽ 10
Ck Subgraph Counting Õ(m2) Õ(m2) k ⩽ 9
Any Homomorphism Counting Õ(m⌈mtd/2⌉) O(1)
Any Homomorphism Counting Õ(m⌈(mtw+1)/2⌉) Õ(m⌈(mtw+1)/2⌉)

C6 Induced subgraph Detection Õ(m2) Õ(m2)

Pk Induced subgraph Detection Õ(m⌈(k−2)/2⌉) Õ(m⌈(k−2)/2⌉)

path has to be covered by a matching. This allows the brute-force part of the algorithm to
discover all d vertices on the path using only d/2 edges. The central algorithm that we use
to obtain constant space algorithms is given below:

▶ Theorem 1. Let G be a graph with mtd(G) = d, then given an m-edge graph H as input,
we can count the number of homomorphisms from G to H in Õ(m⌈d/2⌉)-time and constant
space.

It is well-known that the number of G-subgraphs, for any G, can be expressed as a linear
combination of the number of homomorphisms from a related set of graphs called the spasm
of G. The spasm of G contains exactly all graphs that can be obtained by iteratively merging
the independent sets in G. Although the treedepth of the spasm of C11 is bounded by 6,
however, the matched treedepth is not necessarily bounded by the treedepth. We analyze all
graphs in the spasm of C10 and C11 (there are 501 such graphs) and show that the matched
treedepth of each graph is at most 6. This yields the following algorithm:

▶ Theorem 2. Given an m-edge graph H as input, we can count the number of Ck, where
k ⩽ 11, as subgraphs in Õ(m3)-time and constant space.

For comparison, the brute-force algorithm takes O(m6)-time and constant space; and the
treedepth based algorithm takes O(n6)-time and constant space.

As seen from the proof of our algorithm for counting C11, the spasm of a pattern can
contain a large number of graphs even for relatively small patterns. Therefore, it would be
nice to have theorems that upper-bound the matched treedepth. Unfortunately, the property
mtd(G) ⩽ k is not even subgraph-closed unlike treedepth. For example, it can be proved
that mtd(K4 − e) = 3 but mtd(C4) = 4. However, interesting structural observations can still
be made for matched treedepth. The following is a theorem that upper-bounds matched
treedepth in terms of treedepth.

▶ Theorem 3. For any graph G, mtd(G) ⩽ 2 · td(G) − 2.

Theorem 3 implies that our constant-space algorithms from Theorem 1 for counting
homomorphisms are asymptotically faster for all patterns, where the inputs are sparse host
graphs, when compared to the treedepth-based algorithm.

The following theorem shows that the time complexity for counting homomorphisms of a
pattern is lower-bounded by the time complexity for counting all of its induced subgraphs.

▶ Theorem 4. Let G be a graph and G ′ is a connected, induced subgraph of G, then:
1. mtd(G ′) ⩽ mtd(G) if mtd(G) is even.
2. mtd(G ′) ⩽ mtd(G) + 1 if mtd(G) is odd.
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In light of the importance of matched treedepth, it becomes crucial that we understand
this structural parameter as much as possible. The graphs of treedepth 2 are exactly the
class of star graphs. This is also the class of graphs with matched treedepth 2. However, for
the graph C4, we have td(C4) = 3 and mtd(C4) = 4. So it is interesting to know what are
exactly the graphs where treedepth and matched treedepth coincide. The following theorem
should be viewed as giving us a preliminary understanding of the relationship between these
two parameters.

▶ Theorem 5. Let G be a graph such that td(G) = 3. Then mtd(G) = 3 if and only if G is
(C4,P6, T3,3)-free.

The graph T3,3 is the (3, 3) tadpole graph.

Treewidth and matched treewidth

The treewidth-based dynamic programming algorithm of Díaz, Serna, and Thilikos [6] can be
strengthened to output an arithmetic circuit that computes the homomorphism polynomial
for the pattern. An arithmetic circuit is a directed acyclic graph where each internal node
is labeled + or ×, each leaf is labeled by a variable or a field constant, and there is a
designated output node. Such a graph computes a polynomial over the underlying field in
a natural fashion. We find that by using a dynamic programming algorithm over matched
tree decompositions, we can improve the size of the arithmetic circuit for sparse host graphs.
Our central theorem is given below:

▶ Theorem 6. Let G be a graph with mtw(G) = t, then given an m-edge host graph H as
input, we can construct an arithmetic circuit computing the homomorphism polynomial from
G to H in time Õ(m⌈(t+1)/2⌉).

For graphs where matched treewidth and treewidth coincide, the running time for counting
homomorphisms is a quadratic improvement on the algorithm by Díaz, Serna, and Thilikos [6]
for sparse graphs. Therefore, this is also the best possible improvement one can hope to get
without improving upon the algorithm by Díaz, Serna and Thilikos [6]. What is the worst
case? The following theorem implies that the resulting algorithm cannot be worse on sparse
host graphs.

▶ Theorem 7. For any graph G, we have mtw(G) ⩽ 2 · tw(G) + 1.
Unfortunately, unlike for treewidth, the parameter mtw(G) is not monotone over the

subgraph partial order. We first observe an explicit graph family with lower tw and larger
mtw. Consider the complete bipartite graph Kn,n on n vertices. Notice that tw(Kn,n) = n.

▶ Proposition 8. mtw(Kn,n) = 2n− 2 for all n > 1.
The following observation shows that there exists supergraphs of Kn,n with lower mtw

than that of Kn,n.

▶ Observation 9. Consider the supergraph G of Kn,n such that V(G) = V(H), and there are
edges in one partition of Kn,n such that the independent set of size n becomes a path on n

vertices. Note that although mtw(Kn,n) = 2n− 2, but mtw(G) = n.
We show how we can use structural theorems about matched treewidth to prove algorithmic

upper bounds. For example, to count the number of P10 subgraphs, we only have to show
that all graphs in the spasm of P10 have low matched treewidth. The spasm of P10 is a
large set that contains more than 300 graphs. Indeed, it is possible to analyze the matched
treewidth for each of these graphs individually. However, it would be better if we have
theorems that eliminate such tedious work.

We derive some structural theorems for low values of matched treewidth. Graphs with
matched treewidth 1 are exactly trees. We also show tw(C5) = 2 and mtw(C5) = 3.
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We characterize the matched treewidth of partial 2-trees using forbidden induced minors
(See Definition 24) wherever possible. We show that C5 is exactly the obstruction that forces
higher matched treewidth for partial 2-trees.

▶ Theorem 10. For any partial 2-tree G, the graph G is C5-induced-minor-free if and only
if mtw(G) = 2.

Notice that tw(G) = 2 yields O(n3)-time algorithms for counting homomorphisms. Even
if mtw(G) = 3, we obtain Õ(m2)-time algorithms for counting homomorphisms which is an
improvement for sparse graphs. Does all treewidth 2 graphs have matched treewidth at most
3? No. The graph X in Figure 1 has treewidth 2 and matched treewidth 4. In fact, we
can prove that X is exactly the obstruction that forces treewidth 2 graphs to have matched
treewidth 4.

u0

u1

u2

u3

u4

u5
u ′

1

u ′
3

u ′
5

Figure 1 The graph X.

▶ Theorem 11. For any partial 2-tree G, the graph G is X-induced-minor-free if and only if
mtw(G) ⩽ 3.

This theorem implies that all X-induced-minor-free, treewidth 2 patterns have Õ(m2)-time
homomorphism counting algorithms. This is an improvement for sparse host graph even over
the fast matrix multiplication based algorithm given by Curticapean, Dell, and Marx [9]
for counting homomorphisms from treewidth 2 graphs that runs in O(nω)-time. Since the
spasm of P10 does not contain any treewidth 4 graph or graph with an X-induced minor, we
can show that there is an Õ(m2)-time algorithm for counting subgraph isormophisms of all
paths on at most 10 vertices by showing that all treewidth 3 graphs in the spasm of P10 has
matched treewidth 3. There are only 18 such graphs. Analyzing their matched treewidth
yields the following theorem:

▶ Theorem 12. Given an m-edge graph H as input, we can count the number of Pk subgraphs,
where k ⩽ 10, in Õ(m2)-time.

To the best of our knowledge, the best known path counting algorithms take Ω(n4) time
for paths on 10 vertices. Therefore, our algorithm is a significant improvement for sparse
host graphs and no worse than the best known algorithm for dense host graphs. An easy
corollary of the proof of this result is given below:

▶ Theorem 13. Given an m-edge graph H as input, we can count the number of cycles of
length at most 9 in Õ(m2)-time.

These cycle counting algorithms are an improvement on sparse graphs over the O(nω)-
time algorithms for cycles of length at most 8 given by Alon, Yuster and Zwick [1].
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40:8 Finding and Counting Patterns in Sparse Graphs

We also show how to use our improved homomorphism polynomial construction algorithm
to speed up detection of induced subgraphs. In particular, we show the following:

▶ Theorem 14. Given an m-edge host graph as input, we can find an induced C6 or report
that none exists in Õ(m2)-time.

This algorithm is no worse than the O(n4) time algorithm that can be derived using the
techniques by Bläser, Komarath, and Sreenivasaiah [2]. For sparse graphs, our algorithm
provides a quadratic improvement. We also show the following:

▶ Theorem 15. Given an m-edge host graph as input, we can find an induced Pk or report
that none exists in Õ(m(k−2)/2)-time.

This is also a quadratic improvement over the O(nk−2) time algorithm given by Bläser,
Komarath, and Sreenivasaiah [2] when the host graph is sparse. These algorithms are
obtained by analyzing the matched treewidth and the automorphism structure of a set of
graphs derived from the pattern.

From a technical standpoint, we see our algorithms as a natural combination of pat-
tern detection and counting algorithms that work well on sparse host graph such as the
Õ(m) algorithm for counting k-walks, the Õ(mk/2) algorithm for counting k-cliques, and
Õ(m(k−1)/2) time algorithm for detecting induced Kk−e by Vassilevska [18] and insights that
improve the running-time on dense graphs by exploiting structural parameters treedepth and
treewidth. We do not make use of fast matrix multiplication in any of our algorithms. Such
algorithms, called combinatorial algorithms, are also of general interest to the community.

1.3 Related work

Algorithms for counting induced subgraphs are related to the problems that we consider
but we do not consider any algorithms for it. This problem seems to be much harder. It
is conjectured by Floderus, Kowaluk, Lingas, Lundell [9] that counting induced subgraphs
for any k-vertex pattern graph is as hard as counting k-cliques for sufficiently large k.
Several works have considered the parameterized complexity of counting subgraphs (See
[5, 4, 17, 10, 7]) where the primary goal is to obtain a dichotomy of easy vs hard based on
structural graph parameters. Some works have also considered restrictions on host graphs
such as d-degeneracy [3]. The papers on parameterized complexity primarily chooses to
focus on the growth-rate of the exponent for a family of patterns such as k-paths, k-cycles,
or k-cliques and not the exact exponent for small graphs as we do in this paper.

2 Preliminaries

We consider simple graphs. We refer the reader to Douglas West’s textbook [19] for basic
definitions in graph theory. We use the following common notations for some well-known
graphs: Pk for k-vertex paths, Ck for k-cycles, Kk for k-cliques, Kk − e for k-clique with one
edge missing, Km,n for complete bipartite graphs. A k-star is a (k+ 1)-vertex graph with
a vertex u adjacent to vertices v1, . . . , vk and no other edges. A star graph is a k-star for
some k. For a graph G and S ⊆ V(G), we denote by G[S] the subgraph of G induced by the
vertices in S.

▶ Definition 16. Given two graphs G and H, a graph homomorphism from G to H is a map
ϕ : V(G)→ V(H) such that if uv ∈ E(G), then ϕ(u)ϕ(v) ∈ E(H).

We denote by Hom(G, H), the set of all homomorphisms from G to H.
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▶ Definition 17. Given two graphs G and H, a homomorphism polynomial is an associated
polynomial HomG[H] such that there is a one-to-one correspondence between its monomials
and the homomorphisms from G to H. We define:

HomG[H] =
∑

ϕ∈Hom(G,H)

∏
u∈V(G)

yϕ(u)

∏
{u,v}∈E(G)

x{ϕ(u),ϕ(v)}

Note that H has a subgraph isomorphic to G if and only if PG has a multilinear monomial.

We say that a graph G ′ is (G1, . . . ,Gm)-free if no induced subgraph of G ′ is isomorphic
to Gi for any i. We denote the complement of a graph G by G. We have V(G) = V(G) and
the edges of G are exactly the non-edges of G and vice versa.

We assume that all pattern graphs are connected. Since our primary algorithms are all
based on counting homomorphisms, this does not lose generality as the number of homo-
morphisms from a disconnected pattern is just the product of the number of homomorphisms
from its components.

▶ Definition 18. An elimination tree (T , r) of a connected graph G is a tree rooted at r ∈ V(G),
where the sub-trees of r are recursively elimination trees of the connected components of the
graph G \ r. The elimination tree of an empty (no vertices or edges) graph is the empty tree.
The depth of an elimination tree (T , r) is defined as the maximum number of vertices over all
root-to-leaf paths in T . The treedepth of a graph G, denoted td(G), is the minimum depth
among all possible elimination trees of G.

Intuitively, treedepth measures the closeness of a given graph to star graphs which are
exactly the connected graphs having treedepth 2. We introduce a related notion called
matched treedepth that seems to be helpful when designing algorithms for finding or counting
patterns in sparse host graphs.

▶ Definition 19. A matched elimination tree for a graph G is an elimination tree such that
the following conditions are true for any root-to-leaf path (v1, . . . , vk):

If k is even, then v1v2, v3v4, . . . , vk−1vk is a matching in G.
If k is odd, then there is some i such that E ′ = {v1v2, . . . , vi−1vi, vivi+1, . . . , vk−1vk} and
E ′ ⊆ E(G). We have that E ′ \ {vi−1vi, vivi+1} is a matching on (k− 3)/2 vertices.

The matched treedepth of a graph G, denoted mtd(G), is the minimum depth among all
possible matched elimination trees of G.

The matched treedepth is always finite.

▶ Definition 20. A tree decomposition of a graph G is a pair (T ,B(t)t∈T ) where T is a tree
and B(t), called a bag, is a collection of subset of vertices of G corresponding to every node
t ∈ T .

(Connectivity Property) For all v ∈ V(G), there is a node t ∈ V(T) such that v ∈ B(t)

and all such nodes t that contain v form a connected component in T .
(Edge Property) For all e ∈ E(G), there is a node t ∈ V(T) such that e ⊆ B(t).

The width of a tree decompostion (T ,B) is defined as the maximum bag size minus one, that
is, maxt∈T |B(t) − 1|. The treewidth of a graph G, tw(G), is the minimum possible width
among all possible tree decompositions of G.

Intuitively, treewidth measures the closeness of the given graph to trees which are exactly the
graphs with treewidth 1. We introduce a related notion, called matched treewidth, closely
related to treewidth, that seems to be useful for designing dynamic programming algorithms
over sparse host graphs.
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▶ Definition 21. A matched tree decomposition for a graph G is a tree decomposition where
for every bag in the tree decomposition, the subgraph of G induced by the vertices in that
bag has either a perfect matching or a matching where exactly one vertex v in the bag is
unmatched and v is adjacent to some vertex in the matching. We call such bags matched.
The matched treewidth of a graph G, mtw(G), is the minimum possible width among all
possible matched tree decompositions of G.

Matched treewidth is finite for all graphs. This is not trivial unlike treewidth because a
single bag tree decomposition that contains all the vertices in the graph need not be matched.

We call a tree decomposition reduced if no bag B is a subset of another bag. Given any
tree decomposition T , we can obtain a reduced tree decomposition T ′ such that the width of
T ′ is at most the width of T . Moreover, all bags in T ′ are also bags in T . This implies that if
T is matched, then T ′ is matched as well.

There are several equivalent characterizations for treewidth. Below, we state the ones
that we use in this paper.

▶ Definition 22. A k-tree is a graph formed by starting with a (k+ 1)-clique and repeatedly
adding a vertex connected to exactly k vertices of the existing (k+ 1)-clique. A partial of a
graph G is a graph obtained by deleting edges from G. The set of all graphs with treewidth at
most k is exactly the class of partial k-trees.

We can construct a standard tree decomposition T for any k-tree as follows: The root bag
of T contains the vertices in the initial (k+ 1)-clique. Let S be a k-sized subset of this clique
such that a new vertex v is added to the k-tree by connecting it to all vertices in S. Then,
we add a sub-tree to T that will be a standard tree decomposition of the k-tree constructed
using S ∪ {v} as the starting (k+ 1)-clique.

A chordal completion of a graph G is a super-graph G ′ of G such that G ′ has no induced
cycles of length more than 3. A chordal completion that minimizes the size of the largest
clique is called minimum chordal completion. The treewidth of a graph G is the size of the
largest clique in its minimum chordal completion.

Two paths P1 and P2 from u to v are internally disjoint if and only if P1 and P2 do not
have any common internal vertex.

A graph G is 2-connected or biconnected, if for any x ∈ V(G), G − x is connected.
Equivalently, for any two vertices in G, there are at least 2 internally disjoint paths in G.

▶ Definition 23. A series-parallel graph is a triple (G, s, t) where s and t are vertices in G.
This class is recursively defined as follows:

An edge {s, t} is a series-parallel graph.
(series composition) If (G1, s1, t1) and (G2, s2, t2) are series-parallel graphs, then the
graph obtained by identifiying s2 with t1 is also series-parallel.
(parallel composition) If (G1, s1, t1) and (G2, s2, t2) are series-parallel graphs, then the
graph obtained by identifiying s1 with s2 and t1 with t2 is also series-parallel.

A graph has treewidth at most 2 is if and only if all of its biconnected components are
series-parallel graphs.

▶ Definition 24. A graph G is said to be a minor of a graph G′ if G can be obtained from G′

either by deleting edges/vertices, or by contracting the edges. (The operation of contraction
merges two adjacent vertices u and v in the graph and removes the edge (u, v).) If G is
obtained from an induced subgraph of G′ by contracting the edges, then it is said to be an
induced minor of G′.
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A graph G is called G ′-induced-minor-free (G ′-minor-free) if G ′ is not an induced minor
(resp. minor) of G.

An edge subdivision is an operation which deletes the edge (u, v) and adds a new vertex
w and the edges (u,w) and (w, v). A graph G′ obtained from G by a sequence of edge
subdivisions is said to be a subdivision of G.

2.1 Representation of graphs
We assume the following time complexities for basic graph operations. Any representation
that satisfies these is sufficient.

Given u and v, it can be checked in Õ(1)-time whether uv is an edge.
Iterating over all the edges xy ∈ E(H) ordered by x can be done in Õ(m)-time, where m

is the number of edges in H.
These requirements are satisfied by the following adjacency-list representation. To represent
a graph H, we store a red-black tree T that contains non-isolated vertices of H where vertices
are ordered according to their labels. Consider a node in this tree that corresponds to a
vertex u. This node stores another red-black tree Tu that stores all neighbors of u in H. Now,
to check whether uv is an edge or not, we perform a lookup for u in T followed by a lookup
for v in Tu if u was found. We can iterate over all edges xy ordered by x by performing an
inorder traversal of T where for each node u, we perform an inorder traversal of Tu.

If the pattern does not contain any isolated vertices, then we can ignore isolated vertices
in the host graph as well. If the pattern is G = G ′ + v, where v is an isolated vertex and G ′

is any graph, then the number of homomorphisms from G to H is obtained by multiplying
the number of homomorphisms from G ′ to H by n, where n is the number of vertices in H.
This can be calculated by simply storing the number of vertices of H in the data structure.

3 Overview of proofs

Due to space constraints, we cannot include all the proofs in our paper. In this section, we
summarize the main ideas involved in our proofs. We refer the reader to the full version for
details.

3.1 Homomorphism counting
For any k-vertex pattern, the brute-force algorithm that iterates over all k-tuples of vertices
in the host graph can be used to enumerate all homomorphisms from the pattern to the host
in O(nk)-time. Suppose the pattern has a perfect matching, then instead of iterating over k-
tuples of vertices, we can iterate over all k/2-tuples of edges to enumerate all homomorphisms
in O(mk/2)-time. This yields the maximum possible asymptotic improvement for sparse host
graphs that does not improve the general algorithm.

The brute-force algorithm can be improved using dynamic programming over tree de-
compositions of the pattern graph [6]. Broadly, instead of iterating over all k-tuples of
vertices, we only have to brute-force over tuples of vertices of size at most b, where b is
the bag size in a tree decomposition, for each bag. This yields algorithms that run in
O(nt+1)-time, where t is the treewidth of the pattern. The key observation that helps us to
obtain improved algorithms for sparse graphs is that if the subgraph of the pattern induced
by every bag in the tree decomposition contains a perfect matching (or a matching plus an,
not disjoint, edge for bags with an odd number of vertices), then we can obtain a similar (to
the previous paragraph) improvement to the dynamic programming algorithm. i.e., we can
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40:12 Finding and Counting Patterns in Sparse Graphs

turn the O(nt+1)-time dynamic programming algorithm to an O(m⌈(t+1)/2⌉)-time dynamic
programming algorithm. However, demanding that each bag contain a perfect matching
results in a parameter that is more constrained than treewidth, the matched treewidth.
Once matched treewidth is defined, the proof of correctness of the algorithm (See Proof of
Theorem 6) is a straightforward generalization of the algorithm in [6].

The dynamic programming algorithm over treewidth requires polynomial space because
an intermediate value may be reused any number of times. To reduce this space uses we can
use divide-and-conquer algorithm instead of dynamic programming algorithm. The treedepth
of the pattern governs the running-time of these algorithms. Broadly, these algorithms iterate
over tuples of vertices of size at most d, where d is the length of a root-to-leaf path in the
elimination tree. As before, if the subgraph of the pattern induced by the vertices in all
paths in the elimination tree contains a perfect matching (or a matching plus an, not disjoint,
edge for paths with an odd number of vertices), then, we can turn the O(nd)-time algorithm
to an O(md/2)-time algorithm. Unlike the generalization for treewidth, this generalization is
not as straight-forward as we also want to retain constant-space usage. This means that we
require the perfect matching on each root-to-leaf path in the elimination tree occur from
top-to-bottom. i.e., suppose a path v1, v2, v3, v4 is a root-to-leaf path in an elimination
tree, then the matching has to be {v1, v2} and {v3, v4} and not {v1, v4} and {v2, v3}. This
allows the algorithm to recursively discover the vertices in the images of the homomorphism
through edges in the host graph while moving from top to bottom in the elimination tree.
Additionally, we also need the ability to iterate over all the edges of the host graph ordered
by an end-point so that we need not use additional space to know whether or not we have
finished processing a vertex.

3.2 Analysis of matched treewidth and matched treedepth
To obtain running-time improvements, we also prove that matched treewidth and matched
treedepth are indeed close to treewidth and treedepth respectively for many interesting
patterns. First, we prove that the worst-case is not too bad. In the proof of Theorem 3,
we prove that half of matched treedepth is always strictly less than treedepth, yielding
improvements even in the worst-case. The proof starts with an elimination tree and provides
an algorithm that obtains a matched elimination tree by iteratively modifying it. For this
proof, we introduce the notion of a connected elimination tree, an elimination tree where each
vertex is connected to all of its subtrees. We show a lemma that may be of interest elsewhere,
that we can assume wlog that the elimination tree is connected. A top-down iterative
algorithm then converts the connected elimination tree into a matched elimination tree.
Each iteration consists of two phases: The first phase connects (in the pattern) the current
node to all its children, possibly violating connectivity; and the second phase re-establishes
connectivity, possibly introducing a non-adjacent chlid (in the pattern) to the current node.
By alternating between these two phases, we satisfy the property of matched elimination
tree locally, at the current node and then proceed to deeper levels. The proof for the fact
that half of matched treewidth is at most treewidth (See proof of Theorem 7) is similar. We
start with a tree decomposition and provide an iterative, top-down algorithm that obtains a
matched tree decomposition.

For obtaining improved algorithms for fixed patterns, we need some tools to determine
when a pattern has small matched treewidth. Towards this end, we are able to completely
characterize the matched treewidth of partial 2-trees by using forbidden induced minors.
These proofs involve several different ideas specific to the (treewidth, matched treewidth)
combination and therefore seems difficult to generalize.
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We use contradiction method to prove both Theorem 10 and Theorem 11. The overall
idea for the proof of both the theorems are similar. That is, for the backward direction, we
assume the existence of a partial 2-tree G, that has the forbidden graph an induced minor.
From a matched tree decomposition of G, we construct a matched tree decomposition of the
forbidden graph with the same width. This gives a contradiction. For the other direction, we
suppose for the contradiction that G is a counterexample with minimum number of vertices.
We show the existence of chordal completion of G, whose standard tree decomposition is also
a matched tree decomposition of G. This gives a contradiction. More details are discussed
below.

Proof Idea of Theorem 10. We prove both directions using proof by contradiction. For the
backward direction, we suppose for contradiction that there is a graph G which is a partial
2-tree such that mtw(G) = 2 and G has a C5-induced-minor. We consider a matched tree
decomposition T of G with width 2. Note that a C5 can be obtained from G by deleting some
vertices and contracting some edges. For all the deleted vertices we delete it from all the
bags of T . Similarly, whenever an edge uv is contracted, we replace u and v in all the bags
of T by one of u or v. Note that the obtained tree decomposition T ′ might not be matched.
Since the width of T is two, any bag of T ′ is of size at most 3. Again any bag of size 3 in
T ′ form a P3. If a bag B in T ′ has size 1, then we can remove B by directly connecting all
children of B to the parent of B. We show that a bag B of size two in T ′ does not contain
two non-adjacent vertices in C5. Hence, T ′ is a matched tree-decomposition of C5, of width
at most 2. This is a contradiction.

For the other direction, we suppose for contradiction that G is a counter example with
minimum number of vertices. We prove some properties of G. First, we show that G does
not have any cut-vertex. Since G is a partial 2-tree, we also obtain a 2-tree G ′ that is a
super-graph of G and has the same vertex set as G. The standard tree decomposition for G ′

is matched. Since G is a counter-example, this tree decomposition should not be matched
for G. But this means that there is a bag {u, v,w} in the tree decomposition where it forms
a triangle in G ′ but (say) v is not adjacent to u and w in G. We now show, using the fact
that partial 2-trees are K4-minor free, that any two adjacent vertices in G ′ are at a distance
of at most two in G. Therefore, we obtain an induced cycle of length at least 5 in G using
the vertices u, v, w, and the length-two paths between v and u, v and w, and possibly u

and w. ◀

Proof Idea of Theorem 11. For the backward direction, we suppose for the contradiction
that, there exists a partial 2-tree that has matched treewidth 3 and has an X-induced-minor.
So, X can be obtained from an induced subgraph X ′ of G by contracting some edges. Let U

be a matched tree decomposition of G and T ′ be the tree decomposition of X ′ obtained from
U by deleting vertices in the set V(G) \ V(X ′) from all the bags. Since X is obtained from X ′

by contracting some edges, there exist three mutually vertex disjoint paths p0,p2,p4 such
that contraction of all the edges in pi gives ui, for all the i ∈ {0, 2, 4}. Suppose X ′′ be the
graph obtained from X ′ by contracting all the edges in the paths p0,p2,p4 and T ′′ be the
tree decomposition of X ′′, obtained from T ′ by replacing any vertex of pi with ui (for all the
i ∈ {0, 2, 4}) in all the bags of T ′.

Note that X can also be obtained from X ′′ by contracting some edges. Hence, there
exists internally vertex-disjoints paths Qi+1,Q ′

i+1 from ui to ui+2 in X ′′, where the index
i ∈ {0, 2, 4} is in modulo 6. We define a map f : V(X ′′) 7→ V(X) such that f(ui) = ui and
maps all the internal vertices in the path Qi+1 to ui+1, for all i ∈ {0, 2, 4}. Let T be the tree
decomposition of X from T ′′ by applying f to all vertices in all bags. Note that there is no
size 0 bags in T . We can remove size 1 bags from T using standard techniques. Note that if
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uv is an edge in X ′′, then f(u)f(v) is an edge in X, whenever f(u) ̸= f(v). Hence, and bag of
size 4 in T is matched, since U is an matched tree decomposition of G. We show that no bag
of size 3 in T is an independent set in X. Furthermore, by using these facts we argue that
some modification of T can give a matched tree decomposition of X that has width at most
that of T . This gives a contradiction.

For the other direction, we use two facts about partial 2-trees. The first fact is the well-
known series-parallel characterization of partial 2-trees and the second one is the following
property. Let G be a partial 2-tree and u, v be two vertices in G. Then uv is an edge in any
chordal completion of G, whenever there are three internally disjoints paths from u to v in
G. We show that for any X-induced-minor-free connected partial 2-tree G, there exists an
minimum chordal completion G̃ such that no independent set of size 3 in G is a clique in G̃.
Suppose for the contradiction that G is a minimum counterexample for the above statement.
Since G is a minimum counterexample, it is not an edge. Furthermore, we show that G is
not series composition of two smaller graphs.

Let G with source vertex s and terminal vertex t be the parallel composition of G1 and
G2. We break our proof into two explicit cases depending on whether G1 or G2 is an edge.
Before that we prove the following properties that we use in both the case to achieve the
contradiction. Then we proved the following claim, that is used in both the cases to achieve
a contradiction. If G1 is a series compositions of two or more G ′

i for 1 ⩽ i ⩽ m. Then, for
all 1 ⩽ i ⩽ m, if G ′

i is an edge, then s ′i is not adjacent to t ′i in G ′
i.

In the first case we assume that, G2 is an edge. So, s1t1 is not an edge in G1, as otherwise
G1 = G. We showed that G1 is a parallel composition of two smaller graph then G is not
a counterexample. This gives a contradiction. Hence, (G1, s1, t1) is a series composition of
smaller graphs, say (G ′

1, s ′1, t ′1), . . . , (G ′
m, s ′m, t ′m), for some m ⩾ 2. By using the above claim

about G1 and G being minimum counterexample, we showed that there exists 1 ⩽ i ⩽ m

such that s ′i is not adjacent to t ′j. Furthermore, we prove the following two claims. The first
claim says the non-existence of 1 ⩽ j(̸= i) < k(̸= i) ⩽ m, such that s ′jt

′
j, s ′kt ′k are non-edges.

Then we prove the second claim, by using the property of partial 2-trees (Let G be a partial
2-tree and u, v be two vertices in G. Then uv is an edge in any chordal completion of G,
whenever there are three internally disjoints paths from u to v in G). It gives the existence
of an minimum chordal completion of G ′

i in which no clique of size 3 is an in dependent set
in G ′

i and s ′it
′
i is an edge. By using these two claims we achieve a contradiction.

In the other case, we have both G1 and G2 are non-edges. First, we show that either
G1 or G2 is not a parallel composition of smaller graphs. Then we decompose G1 and G2
into series composed graphs, until we cannot do further. G(with different source or terminal
vertex) can be represented as parallel composition of g′

1 and an edge. Now, we follow previous
case to achieve a contradiction. ◀

3.3 Algorithms for small patterns
The proofs of improved algorithms for small patterns such as paths and cycles use both
homomorphism counting algorithms (Theorem 6 and Theorem 1) and characterizations.
Subgraph counting algorithms for patterns invoke homomorphism counting on all homomorphic
images of the pattern, called the spasm of the pattern. Even for small graphs such as P10,
the spasm is a very large set. However, using our characterization theorems for matched
treewidth of partial 2-trees, we can conclude that all partial 2-trees in Spasm(P10) has
matched treewidth at most 4 immediately yielding O(m2)-time algorithms for counting
homomorphisms. We are left with an analysis of only treewdith 3 graphs in the spasm of
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which there are only few. However, for constant-space algorithms, we had to analyze a large
number of graphs in Spasm(C11) and Spasm(C10). If treedepth is at most 4, then matched
treedepth is at most 6 and we immediately obtain an O(m3)-time, constant-space algorithm
for counting homomorphisms. For graphs with treedepth 5 or higher, we have to do this
analysis manually.

Finally, we consider induced subgraph detection of the patterns C6 and Pk. For induced
subgraph detection, we have to build arithmetic circuits for homomorphism polynomials of
graphs that are related to the pattern. These ideas were used by Bläser, Komarath, and
Sreenivasaiah [2], for example to obtain O(n4)-time algorithm for induced C6 detection
and O(nk−2)-time algorithm for induced Pk detection. The overall idea is to express the
induced subgraph isomorphism polynomial of any k-vertex pattern G as a linear combination
of subgraph isomorphism polynomials of all k-vertex super-graphs G ′ of G. Then, by
choosing a suitable prime p, and by doing arithmetic modulo p, we can eliminate the
harder super-graphs G ′ from the linear combination. Finally, we can check whether the
remaining subgraph isomorphism exist or not by checking whether multilinear terms exist
or not in an appropriately scaled homomorphism polynomial (See [14]). In adapting these
algorithms to sparse graphs, the major challenge is to ensure that that the construction of
these appropriately scaled homomorphism polynomials is possible in the required time. First
of all, the scaling is done not by multiplying the final result by a constant (since the scaling
quite often has to be done by a multiple of p, which is not possible when doing arithmetic
modulo p), but by avoiding certain monomials from the polynomial altogether. For this, we
need to ensure that the matched tree decompositions we consider are restricted even further.
Indeed, we show how to do this for all the relevant super-graphs of C6 in Õ(m2)-time and
for Pk in Õ(m⌈(k−2)/2⌉)-time to obtain the maximal possible improvement.

4 Conclusion

Due to space constraints, we conclude our extended abstract here. The remaining sections
that contain all theorems and proofs are in the appendix of this paper.
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A Matched treedepth

In this section, we introduce algorithms that count homomorphisms and subgraphs efficiently
in constant space on sparse host graphs. The central theorem in this section is given below.

▶ Theorem 1. Let G be a graph with mtd(G) = d, then given an m-edge graph H as input,
we can count the number of homomorphisms from G to H in Õ(m⌈d/2⌉)-time and constant
space.

Proof. The algorithm is given in Algorithm 1. We can compute the result needed by calling
COUNT-HOM-MTD(G,E, r,H,ϕ), where E is an elimination tree for G of depth d, r is
the root vertex in E, and ϕ is the empty homomorphism. For simplicity of presentation,
we assume that each root-to-leaf path in E has an even number of vertices. Odd number of
vertices in a root-to-leaf path is handled similarly.

We assume that the host graph H is represented using a symmetric adjacency list
representation. This is mainly to ensure that we can iterate over all edges xy in H ordered
by x in Line 3.

First, we prove that the algorithm is correct. We claim that the call
COUNT-HOM-MTD (G,E, v,H,σ) where the parameters are as specified in the algorithm
returns the number of homomorphisms from Gv to H that extends σ. This is proved by an
induction on the height of v in E. Since v is a top node, the base case is when the height
is 2. In this case, Gv is a star graph and it is easy to see that the algorithm works. We
now prove the inductive case. The variable t computes the final answer. Denote by su,x for
vertex x in H the number of homomorphisms from Gu to H that extends τ = σ ∪ {v 7→ x}.
Notice that since uv ∈ E(G), to extend τ, the vertex u must be mapped to some y such that
xy ∈ E(H). Therefore, iterating over all such y is sufficient. Notice that we can compute t

as
∑

τ

∏
u su,x. However, this would need storing |V(G)||V(H)| variables. By iterating over

the edges of H ordered by x, we can afford to reuse a single su for different x instead of
keeping a separate su,x for each x. Now, we show that su correctly computes su,x once the
main loop finishes with an x. By the inductive hypothesis, the variable cw is the number of
homomorphisms from Gw to H that extends σ ′ = σ ∪ {v 7→ x,u 7→ y}. Therefore, we have
su,x =

∑
y

∏
w cw. Line 12 correctly computes this into su. Line 15 correctly updates t

once an x is finished. Finally, we reset su to 0 before processing the next x.
Now, we prove the running-time and space usage of the algorithm. Notice that the

depth of the recursion is bounded by the depth of the elimination tree E and each level
of recursion stores only constantly many variables. Therefore, the space usage is constant.
The main loop in Line 3 runs for 2m iterations. The inner-loops only have a constant
number of iterations. Therefore, the recursive calls are made only O(m) times. We process
two levels of the elimination tree in a level. Therefore, the total running-time is given by
t(d) ⩽ O(m)t(d − 2) + Õ(1) = Õ(md/2).
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Algorithm 1 COUNT-HOM-MTD(G, E, v, H, σ).

Require: G - The pattern graph
Require: E - Matched elimination tree for G

Require: v - A top vertex in E

Require: H - The host graph
Require: σ - A partial homomorphism from the ancestors of v to H

t← 0
su ← 0 for all children u of v
for all edges xy ∈ E(H) ordered by x do

for all children u of v in E do
σ ′ ← σ ∪ {v 7→ x,u 7→ y}

if σ ′ is an invalid homomorphism then
continue

end if
for all children w of u do

cw ← COUNT-HOM-MTD(G,E,w,H,σ ′)

end for
su ← su +

∏
w cw

end for
if xy is the last edge on x then

t← t+
∏

u su
su ← 0 for all u

end if
end for
return t

◀

▶ Definition 25. An elimination tree T is connected if for every node u in T and a child v

of u in T , u is adjacent to some node in Tv

Now, we show that connected elimination trees are optimal.

▶ Lemma 26. Every connected graph G has a connected elimination tree of depth td(G).

Proof. We show how to construct a connected elimination tree T ′ from an elimination tree
T without increasing its depth. Let T ′ = T initially. Suppose there exists some node u in T ′

that violates the property (If not, we are done). Then, there exists a child v of u in T ′ such
that there is no edge in G between u and any node in T ′

v. Let w be a node in T ′
v such that

w is adjacent to some proper ancestor x of u. Such a w must exist because G is connected.
Now, in T ′, remove the subtree T ′

v and make it a subtree of the node x. Repeat this process
until all nodes in T ′ satisfy the required property. This process must terminate since at each
step, we reduce the number of nodes violating the property by at least one. This process
cannot increase the depth of T ′ because the only modification is to move a subtree upwards
to be a subtree of a proper ancestor of its parent. ◀

▶ Theorem 3. For any graph G, mtd(G) ⩽ 2 · td(G) − 2.

Proof. We start with a connected elimination tree T with depth d of G and show how to
construct a matched elimination tree of G from T . We use induction on d. For d = 2, the
tree is already matched and has depth 2 = 2 · 2 − 2.
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Our construction is iterative and top-down. Each iteration ensures that the current
top-most node in the elimination tree is adjacent, in the graph G, to all its children and that
the elimination tree is connected.

Each iteration consists of two phases iteratively executed until the desired property is
satisfied. The first phase ensures that the root node r is adjacent in G to all its children in
T . If r has a child v that is not adjacent in G to r, then since T is connected, there is some
node w in Tv such that rw ∈ E(G). Then, we make w a child of r in T , delete w from Tv,
and make all children of w children of parent of w. The resulting tree is an elimination tree
of depth at most d+ 1. After this phase, the root node is adjacent in G to all its children,
the tree’s depth has increased by at most one. However, it may not be connected.

In the second phase, we use the construction of Lemma 26 to make the tree connected
without increasing the depth. Observe that the construction will keep the existing children
of root as is and may add new chlidren to r that are not adjacent to r in G. Suppose a new
node u was added as a new child to r in this second phase. The height of subtree rooted at
u is at most d − 1. Therefore, the tree (r, Tu) obtained by attaching u to r has height at
most d. We can now execute phase 1 on all the trees (r, Tu) for all such u without increasing
depth beyond d + 1. This process must eventually terminate as we add at least one new
child to the root every time.

At the end of the iteration, consider a grandchild x of r. If it is a leaf, since the tree
is connected, x must be adjacent in G to its parent in T and we are done. Otherwise, the
subtree Tx is a tree of depth at least 2 and at most d − 1 that is connected. So by the
induction hypothesis, we obtain that Tx is a matched elimination tree of depth at most
2(d− 1) − 2. This means that the original tree is converted to a matched elimination tree of
depth at most 2 + 2(d− 1) − 2 = 2d− 2 as required. ◀

▶ Theorem 4. Let G be a graph and G ′ is a connected, induced subgraph of G, then:
1. mtd(G ′) ⩽ mtd(G) if mtd(G) is even.
2. mtd(G ′) ⩽ mtd(G) + 1 if mtd(G) is odd.

Proof. We start with a matched elimination tree T of even (The odd case is similar) depth
d for G and construct a matched elimination tree for G ′. First, we delete all nodes in the
elimination tree that are in G but not in G ′. If a node u in T has parent v that was deleted,
then we make u a child of the closest ancestor of v that is still in T . The final forest thus
obtained is a tree T ′ because G ′ is connected. We assume without loss of generality that T ′

is a connected elimination tree.
Suppose r ′ is the root of T ′. We will now modify T ′ into a matched elimination tree. We

will first analyze paths in T ′ that correspond to even length root-to-leaf paths in T . If T ′ is
not matched on this path, then there exists a node u closest to r ′ such that u is not connected
in G ′ to a child v in T ′. This is only possible if u was either matched to a child w of u in T or
its parent w in T and w is not in G ′. Therefore, we have distT ′(r ′,u)+ depth(T ′

v) < depth(T)
and this means we can afford to increase the length of any path that passes through edge uv

by 1. Since T ′ is connected, we can now apply the transformation in the proof of Theorem 3
to match u with one of its descendants in T ′

v. The depth is still at most d because this
transformation increases the depth by at most 1 In effect, the increase in depth in this branch
of the tree by pulling up a descendant is compensated by the fact that the unmatched vertex
was introduced by deleting a vertex in this branch.

We can iteratively apply the above construction to make T ′ a matched elimination tree
while keeping T ′ connected. However, applying the above transformation may introduce a
node u in T ′ that is not matched to a child v because v’s parent w was pulled up in the tree to
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match with some other vertex. Such u also satisfy the inequality distT ′(r ′,u) + depth(T ′
v) <

depth(T). Why? Any path in the tree T ′ that passed through both u and v earlier had to
pass through w. But, the fact that w was pulled up implies that these paths had length
strictly less than depth(T) by the argument in the previous paragraph. And shifting w to a
position earlier in the path cannot increase its length.

For root-to-leaf paths in T of odd length, there might be a matched P3 on vertices uvw

such that v is not in G ′. In this case too, by the same argument, the transformations increase
the depth to at most d + 1 (In this case, we may have to pull up two distinct vertices for
matching u and w.). When d is even, increasing the length of such paths by 1 does not
increase the depth of the tree. When d is odd, increasing the length of such paths by 1
increases the depth by at most 1. ◀

B Matched treewidth

▶ Theorem 12. Given an m-edge graph H as input, we can count the number of Pk subgraphs,
where k ⩽ 10, in Õ(m2)-time.

Proof. There are more than 300 graphs in Spasm(P10). We have verified that all of them
have mtw at most 3. To minimize the work, we can filter out all graphs in the spasm that
has tw(G ′) = 1 or tw(G ′) = 2 and G ′ is X-induced-minor-free. Observe that since X has
9 vertices 12 edges, it cannot be an induced minor in any of the graphs in Spasm(P10).
Also, none of the forbidden minors for treewidth 4 can appear in Spasm(P10). Therefore,
we only need to analyze graphs of treewidth 3 in Spasm(P10). There are only 18 such
graphs. They are listed in a pdf file in the repository associated with this paper (https:
//github.com/anonymous1203/Spasm).

Since Spasm(Pk) ⊆ Spasm(Pk+1) for all k ⩾ 2, we can make the same claim for all paths
on fewer than 10 vertices. We now use

SubG[H] =
∑
G′

αG′HomG′ [H] (1)

to compute the result. ◀

https://github.com/anonymous1203/Spasm
https://github.com/anonymous1203/Spasm
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Abstract
We study approximation algorithms for Maximum Matching that are given access to the input graph
solely via an edge-query maximal matching oracle. More specifically, in each round, an algorithm
queries a set of potential edges and the oracle returns a maximal matching in the subgraph spanned
by the query edges that are also contained in the input graph. This model is more general than the
vertex-query model introduced by binti Khalil and Konrad [FSTTCS’20], where each query consists
of a subset of vertices and the oracle returns a maximal matching in the subgraph of the input graph
induced by the queried vertices.

In this paper, we give tight bounds for deterministic edge-query algorithms for up to three
rounds. In more detail:
1. As our main result, we give a deterministic 3-round edge-query algorithm with approximation

factor 0.625 on bipartite graphs. This result establishes a separation between the edge-query
and the vertex-query models since every deterministic 3-round vertex-query algorithm has an
approximation factor of at most 0.6 [binti Khalil, Konrad, FSTTCS’20], even on bipartite
graphs. Our algorithm can also be implemented in the semi-streaming model of computation in
a straightforward manner and improves upon the state-of-the-art 3-pass 0.6111-approximation
algorithm by Feldman and Szarf [APPROX’22] for bipartite graphs.

2. We show that the aforementioned algorithm is optimal in that every deterministic 3-round
edge-query algorithm has an approximation factor of at most 0.625, even on bipartite graphs.

3. Last, we also give optimal bounds for one and two query rounds, where the best approximation
factors achievable are 1/2 and 1/2 + Θ( 1

n
), respectively, where n is the number of vertices in the

input graph.
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1 Introduction

In this work, we study approximation algorithms for the Maximum Matching problem (MM)
and its bipartite version, the Maximum Bipartite Matching problem (MBM), that are only
given query access to the input graph G = (V, E) via a maximal matching oracle. A matching
M ⊆ E in graph G is a subset of vertex-disjoint edges. The matching M is maximum if
|M | ≥ |M ′|, for every other matching M ′. The matching number µ(G) of a graph G is the
size of a maximum matching. Furthermore, a matching M is maximal if it is inclusion-wise
maximal, i.e., M ∪{e} is not a matching, for every e ∈ E \M . In each round i of the maximal
matching edge-query model, the algorithm sends a set of potential edges Qi ⊆ V ×V , denoted
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the query edges, to the oracle, which in turn responds with an arbitrary maximal matching
in the subgraph G[Qi ∩E], i.e., the subgraph of G spanned by the query edges that are also
contained in G. For brevity, we will refer to this model as the edge-query model.

Maximal Matching Queries. The study of algorithms for MM that solely execute maximal
matching queries was introduced by binti Khalil and Konrad [8]. They considered a vertex-
query model, where, in each round i, the algorithm queries a subset of vertices Ui ⊆ V , and
the oracle responds with an arbitrary maximal matching in subgraph G[Ui], i.e., the subgraph
induced by vertices Ui. The edge-query model is more general than the vertex-query model
since vertex queries can be simulated in the edge query model: For each query Ui ⊆ V in
the vertex-query model, querying the set of edges Qi that turns Ui into a clique yields an
equivalent edge-query algorithm.

The study of maximal matching query models is motivated by the fact that, in many
computational models, including the data streaming model [20] and the Massively Parallel
Computation model [17], computing maximal matchings is easy, while computing substantially
larger matchings is more challenging. Computing maximal matchings can thus be regarded
as a black-box subroutine, which allows for the design of matching algorithms that are
independent of the underlying computational model.

For example, in the semi-streaming model for processing large graphs [12, 20], an algorithm
makes few passes over the edges of the input graph in arbitrary order while maintaining
a memory of size O(n poly log n), where n is the number of vertices in the input graph.
The Greedy matching algorithm, which inserts every arriving edge into an initially empty
matching if possible, i.e., if none of its endpoints are already matched, yields a maximal
matching and constitutes a one-pass semi-streaming algorithm. Since a maximal matching
is at least half the size of a maximum matching, Greedy can also be regarded as a 1

2 -
approximation semi-streaming algorithm for MM. While it is unknown whether it is possible
to go beyond the approximation factor of 1/2 in a single pass even on bipartite graphs
(currently only approximation factors beyond 1

1+ln 2 ≈ 0.59 are ruled out [16]), improved
results are known for multiple passes, and, indeed, most multi-pass semi-streaming algorithms
solely execute Greedy on carefully selected subgraphs in each pass (e.g. [9, 2, 18, 5]). This
includes the state-of-the-art1 (1− ϵ)-approximation algorithm for MBM by Assadi et al. [5],
which executes Greedy O( 1

ϵ2 ) times and thus runs in O( 1
ϵ2 ) passes. This algorithm can

easily be implemented in the Massively Parallel Computation model [17] and also constitutes
the state-of-the-art result in this model. As such, maximal matching query models capture
these algorithms and allow for a systematic study of what can and cannot be achieved.

Our Results. In this paper, we give tight approximation ratios for deterministic edge-query
algorithms for MBM for up to three rounds. Our results for one and two rounds as well as
the lower bound for three rounds also hold for MM. In Table 1, we illustrate our bounds and
compare them to the respective tight bounds that holds in the vertex-query model [8].

One Round. We show that the best approximation factor achievable in a single round for
MBM is 1

2 , which matches the vertex-query setting (Theorem 15-1). Querying all potential
edges, i.e., the query V × V , yields a matching upper bound, even in general graphs.

1 We note that the algorithm by [5] yields a (1 − ϵ)-approximation in O( 1
ϵ2 ) passes. Very recently, Assadi

et al. [4] gave a (1 − ϵ)-approximation algorithms for MBM that operates in O( 1
ϵ · log n)-passes, which,

for very small values of ϵ, asymptotically requires fewer rounds than [5].
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Table 1 Optimal approximation ratios achievable for deterministic algorithms for MBM in the
edge-query (this paper) and vertex-query models ([8]).

# Rounds Vertex-query model ([8]) Edge-query model (this paper)
1 1

2
1
2 (Theorem 15-1)

2 1
2

1
2 + Θ( 1

n
) (Theorem 15-2)

3 3
5 = 0.6 5

8 = 0.625 (Theorems 1 and 15-3)

Two Rounds. The approximation factor can be very slightly improved in two rounds,
even in general graphs. Consider the algorithm that queries all edges V × V in the first
round, which produces a maximal matching M1 in the input graph. Next, pick any edge
uv ∈ M1 and query all edges incident to u and v different to uv in the next round. Then,
we will either find a 3-augmenting path that allows us to augment the edge uv, or the
edge uv is not 3-augmentable. In both cases, we establish that the resulting matching is
a 1

2 + Θ( 1
n )-approximation, and we also prove that no algorithm can do better, even in

bipartite graphs (Theorem 15-2). While the Θ( 1
n ) additive term is not significant in terms of

an improved approximation guarantee, it nevertheless illustrates that the edge-query and
vertex-query models behave slightly differently in the two rounds setting.

Three Rounds. As our main result, we give a deterministic 3-round algorithm for MBM in
the edge-query model that produces a 0.625-approximation (Theorem 1), and we show that
this is best possible (Theorem 15-3). Our algorithm can be implemented in a straightforward
way in the semi-streaming model and improves upon the previously best 3-pass semi-streaming
0.6111-approximation algorithm for MBM by Feldman and Szarf [13].

On 3-pass Semi-streaming Algorithms for MBM. The first 3-pass semi-streaming algorithm
for MBM was implicit in [12], explicitly mentioned in [19], and analysed by Kale and
Tirodkar [15], who showed that the approximation ratio is 0.6. Subsequently, binti Khalil and
Konrad [8] proved that this algorithm constitutes an optimal 3-round vertex-query algorithm
(and can thus also be implemented in the edge-query model). Various improvements have
since been established via semi-streaming algorithms that cannot be implemented in the
edge-query model. First, Esfandiari et al. [10] gave a 0.605-approximation algorithm, which
was then further improved by Konrad [18] who gave a randomized 0.6067-approximation
algorithm. Very recently, Feldman and Szarf [13] gave a 0.6111-approximation. In this paper,
we improve the approximation factor to 0.625, again, with a 3-round deterministic edge-query
algorithm.

While edge-query algorithms appear somewhat restricted in how they operate as compared
to arbitrary semi-streaming algorithms, the literature illustrates that they are surprisingly
powerful as they constitute the state-of-the-art algorithms in the 3-pass (this paper) and
(1− ϵ)-approximation [5] streaming settings for MBM.

Techniques. We will first discuss the ideas behind our 3-round algorithm for MBM in the
edge-query model, and then give the intuition behind our lower bound results.

3-round Query Algorithm. Our 3-round algorithm computes a maximal matching in
the first round, and then finds augmenting paths in the subsequent rounds. This is a well-
established technique, and almost all known 2-pass and 3-pass streaming algorithms operate
in this fashion (e.g. [19, 10, 15, 18, 13]). To this end, denote by M1 a maximal matching in the
bipartite input graph G = (A, B, E) that we obtain by querying all potential edges A×B. We
observe that every augmenting path for M1 starts with an edge in GL = G[A(M1) ∪B(M1)]
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41:4 Maximum Matching via Maximal Matching Queries

and ends with an edge in GR = G[A(M1) ∪ B(M1)], where A(M1) denotes the A-vertices
matched in M1, and A(M1) = A \ A(M1) (B(M1) and B(M1) are defined similarly). In
our second round, we therefore compute maximal matchings ML and MR in GL and GR,
respectively. Observe that we can indeed compute both of these matchings with the single
query

(
A(M1)×B(M1)

)
∪

(
A(M1)×B(M1)

)
in the edge-query model. At this stage, we

are guaranteed that the set M1 ∪ML ∪MR contains various length-2 paths consisting of one
edge of M1 and one additional edge either from ML or MR, and the usual idea employed
in the literature is to complete these length-2 paths to length-3 augmenting paths using an
additional pass over the data/an additional query. Indeed, if we attempted to complete the
length-2 paths by computing a maximal matching between the endpoints of length-2 paths in
M1 and the yet unmatched vertices in the third round then we obtain a 0.6-approximation.

Our key idea for the third query round that leads to an improvement over previous work
is to simultaneously attempt to complete length-5 augmenting paths. To this end, denote by
A′ the endpoints of length-2 paths in A(M1), and by B′ the endpoints of length-2 paths in
B(M1). Our third round query consists of all potential edges interconnecting the vertices

A′ ∪B′ ∪A(M1) ∪B(M1) ,

i.e., we both attempt to complete length-2 paths to length-3 augmenting paths by considering
the edges between A′ and B(M1) and between B′ and A(M1), but we also attempt to join
two disjoint length-2 paths by connecting them via an edge between A′ and B′ to form a
length-5 augmenting path. The main challenge in the analysis of this method is to address
the complications that arise from the fact that the single maximal matching returned in
round 3 completes both length-3 and length-5 augmenting paths.

Lower Bounds. The key idea behind our lower bound arguments is to keep track of the
information revealed when the oracle returns a maximal matching Mi as a response to the
query edges Qi in round i. This approach was previously successfully employed by binti
Khalil and Konrad [8] for obtaining optimal lower bounds in the vertex-query model. When
a matching Mi is returned, the algorithm not only learns that the edges Mi are indeed
contained in the input graph, but also that none of the edges of Qi that connect vertices
outside of V (Mi) exist, which is due to the maximality of Mi in the subgraph G[E ∩Qi] of
the input graph G = (V, E). The main challenge lies in keeping track of the information
revealed over the course of the algorithm while considering the complexity of all possible
queries in each round. This is achieved by considering the vertex-induced subgraphs on
carefully constructed partitions of the vertices while maintaining a superset of the information
revealed to the algorithm in each part: We prove that, no matter the sequence of queries,
the information about the edges that are guaranteed to exist and those that are guaranteed
not to exist in each part of the partition is less than a certain superset of existing edges
and non-existing edges that are easy to describe, up to isomorphism. Our arguments are
substantially more involved than those for the vertex-query model [8], which is due to the
fact that edge queries can have more complex structure.

Further Related Work. The study of graph algorithms with query access to the input dates
back to the works of Feige [11] and Goldreich and Ron [14]. The literature distinguishes
between local queries – such as vertex-degree queries, neighborhood queries, and edge-existence
queries [11, 14, 7] – and global queries – such as (bipartite) independent set queries [6, 1],
linear, or and cut queries [3], and maximal matching queries as studied in this paper [8]. We
refer the reader to [1] and the references therein for an overview.
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Outline. We first present our main result, a 3-round algorithm for MBM, in Section 2. Our
lower bound results are discussed in Section 3, and we conclude with open questions in
Section 4.

2 3-Round Algorithm

In this section, we present our 3-round query algorithm for MBM (see Algorithm 1). We
prove the following result, which constitutes the main result of this paper:

▶ Theorem 1. Algorithm 1 is a deterministic 3-round 5
8 -approximation algorithm for MBM

in the edge-query model.

Algorithm 1 Three Rounds using Maximal Matching Queries.
Input: A bipartite graph G = (A, B, E) and a maximal matching oracle Query
Output: A large matching Mout of G

First round
1: M1 ← Query(G[A ∪B])
2: GL = G[A(M1) ∪B(M1)]
3: GR = G[A(M1) ∪B(M1)]

Second round
4: M2 ← Query(GL ∪GR)
5: Let A′ ⊆ A(M1) and B′ ⊆ B(M1) be the endpoints of length-2 paths in M1 ∪M2
6: G′ = G[A′ ∪B′ ∪A(M1) ∪B(M1)]

Third round
7: M3 ← Query(G′)

Output
8: return Mout, the largest matching in M1 ∪M2 ∪M3

Our algorithm operates on a bipartite input graph G = (A, B, E), where only the vertex
sets A and B are initially known to the algorithm. It only uses the edge-query maximal
matching oracle to compute maximal matchings in subgraphs of G. Our algorithm initially
computes a maximal matching M1 of G in the first round. Then, in the second round,
maximal matchings in the subgraphs GL and GR are computed (M2 denotes the union of
both matchings), where GL consists of the edges connecting the B-vertices unmatched in
M1 to the A-vertices matched in M1 and GR is defined similarly with the roles of A and
B reversed. The matching M2 w.r.t. M1 possibly finds some length-3 augmenting paths,
which we denote by P , while the remaining ones make up length-2 alternating paths. Last,
in the third round, a maximal matching M3 is computed in the subgraph induced by the
vertices unmatched by M1 and the endpoints of the length-2 paths in M1 ∪M2 that are also
in A(M1) ∪ B(M1). Each edge of the matching M3 thus completes length-3 and length-5
augmenting paths, which we denote by Q. See Figure 1 for an example run of the algorithm
where Gin = G[A(M1) ∪B(M1)].

▶ Observation 2. The size of Q is exactly the size of M3.

The goal of our analysis is to show that the size of the returned matching Mout, the largest
matching in M1∪M2∪M3, is always at least a 5

8 -approximation of a maximum matching M∗.
To that end, we can always find a large maximal matching by appropriately augmenting M1
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with the augmenting paths P ∪Q. Although each edge in M1 can be augmented by at most
one augmenting path, the augmenting paths P ∪Q are not necessarily vertex-disjoint since
the vertices unmatched by M1 may be incident to an edge in M2 and also one in M3. See
Figure 1 for an example of this. However, we observe that the intersection multi-graph of the
augmenting paths P ∪Q has maximum degree 2 and, in particular, constitutes a collection
of paths and even-length cycles. We can thus pick an independent set of non-overlapping
augmenting paths of size 1

2 (|P |+ |Q|) and thus obtain the following:

|Mout| ≥ |M1|+
1
2(|P |+ |Q|). (1)

A(M1)B(M1)A(M1)B(M1)

GL Gin GR

Figure 1 An example run of Algorithm 1 that
showcases some possible intersections of the aug-
menting paths. The edges of M1 are in black,
the edges of M2 are in blue, and the edges of M3

are in orange. The dashed thick edges are those
which belong to augmenting paths in P , whereas
the solid thick edges are those which belong to
Q. The vertices of A′ and B′ are circled.

A(M1)B(M1)A(M1)B(M1)

GL Gin GR

Figure 2 An example of the implied graph
structure w.r.t. M∗ and M1. The edges of M1

are the solid edges and the edges of M∗\M1 are
dashed ones. The edges of M∗ ∩ M1 are the
solid edges not incident to any dashed ones. The
red vertices represent A∗ and B∗, the green ones
represent Aout and Bout, and the violet ones rep-
resent Ain and Bin.

We highlight here that either finding a large matching in the first round or finding many
augmenting paths in the second round leaves fewer augmenting paths to be found in the
third round. Therefore, the size of Q must be a decreasing function of |M1| and |P |. We
subsequently formalise this by systematically bounding the quantities required to bound the
size of M3, which is equivalent to the size of Q (Observation 2). Theorem 1 then immediately
follows from Equation (1).

Let M∗ be a maximum matching in G with size µ(G). The first query finds a maximal
matching M1 of G, which is always at least half the size of M∗ (Observation 3). By considering
a maximum matching M∗ such that M∗ ∪M1 contains no even-length alternating paths or
cycles (Lemma 4), each vertex in A(M1) and B(M1) are endpoints of exactly one edge in
M∗ (Lemma 5) and we have that M1 relates exactly to the the number of edges of M∗ in
GL and GR, respectively (Lemma 6). We give these proofs in Appendix A for completeness.
As such, for the remainder of the analysis, we assume this choice of M∗. See Figure 2 for an
example of the implied structure.

▶ Observation 3. |M1| = ( 1
2 + ϵ) · µ(G), 0 ≤ ϵ ≤ 1

2 .

▶ Lemma 4. There exists a maximum matching M∗ such that M∗ ∪M1 has no even-length
alternating paths or cycles.
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▶ Lemma 5. Each vertex of A(M1) and B(M1) is the endpoint of an edge in M∗.

▶ Lemma 6. |M∗ ∩GL| = |M∗ ∩GR| = ( 1
2 − ϵ) · µ(G).

We now have that the vertices A(M1) and B(M1) can be partitioned based on the kind
of edge in M∗ that they are endpoints of, i.e., by Lemma 5. Let A∗ := A(M∗ ∩ M1),
Aout := A(M∗ ∩GL), and Ain := A(M1)\(A∗ ∪Aout). Similarly define B∗ := B(M∗ ∩M1),
Bout := B(M∗ ∩GR) and Bin := B(M1)\(B∗ ∪Bout). See the coloured vertices of Figure 2
for an example of these partitionings.

▶ Lemma 7. |Ain| = |Bin| = 2ϵ · µ(G)− |M∗ ∩M1|.

Proof. By construction of the partitions, we have that |A∗| = |M∗ ∩M1| = |B∗|, |Aout| =
|M∗ ∩ GL| and |Bout| = |M∗ ∩ GR|. Then, by Lemma 6, it follows that |Aout| = |Bout| =
( 1

2 − ϵ) · µ(G). Finally, since |A(M1)| = |B(M1)| = |M1| = ( 1
2 + ϵ) · µ(G) by Observation 3,

we have that |Ain| = ( 1
2 + ϵ) · µ(G)− |Aout| − |A∗| = 2ϵ · µ(G)− |M∗ ∩M1| = |Bin|. ◀

Intuitively, we have that finding edges of M∗ with the first query always puts us in a
better situation. Therefore, we consider the effect that these edges have on the quantities
that we bound. We introduce some helpful notation in this regard: For any matching M , we
define M(A∗) (and M(B∗)) as the edges of M that have one endpoint in A∗ (resp. B∗), i.e.,
those which are incident to edges of M∗ ∩M1.

The second query finds a maximal matching M2, which is the union of (vertex-disjoint)
maximal matchings ML in GL and MR in GR. Each edge of M2 forms the beginning of an
alternating path in M1 ∪M2, some of which may immediately form length-3 augmenting
paths P while the rest form length-2 alternating paths P ′, which are extended in the third
round. Note that the endpoints of P ′ that are in A(M1) and B(M1) are the vertex sets A′

and B′, respectively. We then partition A′ and B′ such that A′
out := A′ ∩Aout and similarly

define A′
in, A′

∗, B′
out, B′

in, and B′
∗.

▶ Lemma 8. |M∗ ∩M1| ≥ 1
2 · (|ML(A∗)|+ |MR(B∗)|).

Proof. By definition, every edge of the matchings ML(A∗) and MR(B∗) is incident to an
edge of M∗ ∩M1. Hence, |M∗ ∩M1| ≥ |ML(A∗)| and |M∗ ∩M1| ≥ |MR(B∗)|, which implies
the result. ◀

▶ Lemma 9. |M2| ≥ ( 1
2 − ϵ) · µ(G) + 1

2 (|ML(A∗)|+ |MR(B∗)|)

Proof. Consider the edges of M∗∩GL. Every edge of ML is incident to at most two edges of
M∗ ∩GL, and every edge of ML(A∗) is incident to at most one of the edges of M∗ ∩GL. By
a counting argument, we have that |ML| ≥ 1

2 (|M∗ ∩GL| − |ML(A∗)|) + |ML(A∗)|. Then, by
Lemma 6, it follows that |ML| ≥ 1

2
(
( 1

2 − ϵ) · µ(G) + |ML(A∗)|
)
. We similarly bound |MR|

w.r.t. MR(B∗) and obtain the results since |M2| = |ML|+ |MR|. ◀

▶ Lemma 10. |P ′| = |A′
in|+ |B′

in|+ |A′
out|+ |B′

out|+ |A′
∗|+ |B′

∗| = |M2| − 2|P |.

Proof. Each length-2 alternating path in P ′ has an endpoint in either A(M1) or B(M1), but
not both; thus, we have that |P ′| = |A′|+ |B′| and the first equality follows by definition of
the partitions of A′ and B′. For the subsequent equality, we have that every edge of ML

contributes to a length-2 alternating path except for the ones which contribute to length-3
augmenting paths. This gives |ML| − |P | of them which have an edge in ML. A similar
reasoning w.r.t. MR shows that |MR| − |P | of them have an edge in MR. The result then
follows since the paths in P ′ either have an edge in ML or in MR, but never both. ◀
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▶ Lemma 11. |A′
∗| ≤ |MR(B∗)| and |B′

∗| ≤ |ML(A∗)|.

Proof. Consider any vertex in a ∈ A′
∗. By definition, a is the endpoint of an edge (a, b) ∈

M∗ ∩M1, which implies that b ∈ B∗. Since a is the endpoint of a path p ∈ P ′, we have that
p = (a, b, aR) where (aR, b) must be an edge of MR(B∗). Finally, every a ∈ A′

∗ has a unique
(aR, b) ∈MR(B∗) since each path in P ′ is vertex-disjoint and thus the first inequality follows.
The second inequality follows similarly w.r.t. B∗ and ML(A∗) instead. ◀

The third query finds a maximal matching M3 in the graph G′ = G[A′ ∪B′ ∪A(M1) ∪
B(M1)], which implies that the size of M3 is at least half of µ(G′). As such, it is sufficient to
bound µ(G′). To that end, we bound the number of edges of M∗ in G′, which we accomplish
by decomposing G′ into edge-disjoint subgraphs G′

L = G[A′ ∪B(M1)], G′
in = G[A′ ∪B′] and

G′
R = G[B′ ∪A(M1)]. Using the quantities we have previously bounded, we then obtain our

final bound on the size of M3 as a decreasing function of |M1|, in terms of ϵ, and |P |.

▶ Lemma 12. |M∗∩G′
L| = |A′

out|, |M∗∩G′
R| = |B′

out|, and |M∗∩G′
in| ≥ |A′

in|+ |B′
in|−|Ain|.

Proof. By definition, every vertex of A′
out is incident to an edge in M∗ ∩G′

L, and vice versa;
hence, it holds that |M∗ ∩G′

L| = |A′
out|. A similar argument shows that |M∗ ∩G′

R| = |B′
out|

holds. To bound |M∗ ∩ G′
in|, consider an edge (a, b) ∈ (M∗\M1) ∩ Gin. By definition,

a ∈ Ain and b ∈ Bin; however, (a, b) ∈ M∗ ∩G′
in if and only if a ∈ A′

in and b ∈ B′
in. Thus,

there are at most (|Ain| − |A′
in|) + (|Bin| − |B′

in|) edges of (M∗\M1) ∩ Gin which are not
in M∗ ∩ G′

in. By definition, it holds that |(M∗\M1) ∩ Gin| = |Bin| and it follows that
|M∗ ∩G′

in| ≥ |A′
in|+ |B′

in| − |Ain|. ◀

▶ Lemma 13. |M3| ≥ ( 1
4 −

3ϵ
2 ) · µ(G)− |P |.

Proof. By rearranging the equation in Lemma 10 and applying Lemma 11, we have that

|A′
in|+ |B′

in|+ |A′
out|+ |B′

out| ≥ |M2| − 2|P | − |MR(B∗)| − |ML(A∗)|. (2)

We subsequently bound µ(G′), which the result follows from since |M3| ≥ 1
2 · µ(G′).

µ(G′) ≥ |M∗ ∩G′
L|+ |M∗ ∩G′

R|+ |M∗ ∩G′
in| (edge-disjoint subgraphs)

≥ |A′
out|+ |B′

out|+ |A′
in|+ |B′

in| − |Ain| (by Lemma 12)
≥ |M2| − 2|P | − |ML(A∗)| − |MR(B∗)| − |Ain| (by Equation (2))

≥ (1
2 − ϵ) · µ(G)− 1

2(|ML(A∗)|+ |MR(B∗)|)− 2|P | − |Ain| (by Lemma 9)

≥ (1
2 − ϵ) · µ(G)− |M∗ ∩M1| − 2|P | − |Ain| (by Lemma 8)

= (1
2 − ϵ) · µ(G)− |M∗ ∩M1| − 2|P | − (2ϵ · µ(G)− |M∗ ∩M1|) (by Lemma 7)

= (1
2 − 3ϵ) · µ(G)− 2|P |. ◀

We are now ready to bound the size of the returned matching Mout w.r.t. µ(G), the size
of the maximum matching M∗, thus proving Theorem 1.

▶ Lemma 14. The large matching Mout returned by Algorithm 1 is always at least a 5
8 -

approximation of the size of a maximum matching in the input graph G.
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Proof.

|Mout| ≥ |M1|+
1
2(|P |+ |Q|) (by Equation (1))

= (1
2 + ϵ) · µ(G) + 1

2(|P |+ |M3|) (by Observations 2 and 3)

≥ (1
2 + ϵ) · µ(G) + 1

2(|P |+ (1
4 −

3ϵ

2 ) · µ(G)− |P |) (by Lemma 13)

= (5
8 + ϵ

4) · µ(G). ◀

3 Lower Bound Results

In this section, we give our lower bounds for edge-query algorithms for MM for up to 3
rounds, showing that our 3-round algorithm is best possible:

▶ Theorem 15. There does not exist a deterministic algorithm on a n-vertex input graph
for MM in the maximal matching edge-query model that achieves a better than
1. 1

2 -approximation in 1 round,
2.

( 1
2 + 2

n

)
-approximation in 2 rounds, and

3.
( 5

8 + 24
n

)
-approximation in 3 rounds.

We prove our lower bounds by considering a game between a player, i.e., the algorithm,
and an oracle in the edge-query model. The goal of the player is to learn a large matching in
the underlying bipartite graph G = (A, B, E) that is adversarially constructed by the oracle
along the way. The player initially only knows the vertices A and B and is allowed to query
the oracle with any set of edges Q ⊆ A×B in each round, typically basing the query on any
information about G revealed in previous rounds. The oracle then returns an adversarially
chosen maximal matching in the subgraph G[E ∩Q], revealing as little information about a
large matching as possible. Throughout the game, once information about G is revealed, it
may not be altered in subsequent rounds.

Let Qi be the player’s query and let Mi be the maximal matching returned by the oracle
in round i. The player learns that the edges Mi are present in G and that the edges in Qi

with both endpoints unmatched by Mi do not exist in G. The player thus learns about both
edges and non-edges. As such, we use structure graphs to encapsulate the information known
by the player up to graph isomorphisms, providing a simple representation in which to prove
our lower bounds – similar to the work by binti Khalil and Konrad [8].

▶ Definition 16 (Structure Graph [8]). A 4-tuple (A, B, E, F ) is a bipartite structure graph
if E and F are disjoint sets of edges such that (A, B, E) and (A, B, F ) are bipartite graphs.
The set E corresponds to the set of edges learnt by the algorithm, and the set F corresponds
to the set of non-edges learnt.

A player always begins with the empty structure graph H0 = (A, B, E0, F0) where
E0 = F0 = ∅. In a game of r rounds, the structure graphs H1, H2, . . . , Hr represent
the information (edges and non-edges) learned by the player after each round, which are
based purely on the player’s queries Q1, Q2, . . . , Qr and the oracle’s adversarially returned
matchings M1, M2, . . . , Mr. Consider a player’s structure graph Hi w.r.t. Hi−1 for any
i ∈ [r]. It consists of the edges Ei = Ei−1 ∪Mi and the non-edges Fi = Fi−1 ∪ Ni where
Ni = Qi ∩ (A(Mi)×B(Mi)) ensures that Mi is maximal. The player’s information at the
end of a round is then necessarily a superset of the information known at the end of the
previous round, i.e., Ei ⊇ Ei−1 and Fi ⊇ Fi−1. Hence, the structure graph Hi dominates
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Hi−1, which we say in general for any structure graph that is a superset of the information
of another up to graph isomorphism. The underlying graph G may then be any graph that
is consistent with all the information Hr revealed to the player by the end of round r.

▶ Definition 17 (Consistent). Let G = (A, B, E) be any bipartite graph and let Hi =
(A, B, Ei, Fi) be a bipartite structure graph. G is consistent with Hi iff E ⊇ Ei and E∩Fi = ∅.

The largest matching a player who knows Hr may output is the maximum matching
Mout

r in (A, B, Er). Therefore, the oracle adversarially constructs the graph G so that G

is consistent with Hr and so that G has the largest possible maximum matching. This
implies that the approximation factor of Hr is |Mout

r |
µ(G) . Note that Hr is strongly dependent

on the player’s sequence of queries Q1, Q2, ..., Qr. Altering even a single query could alter
Hr, the player’s largest matching Mout

r and, most importantly, the approximation factor of
Hr. Hence, the goal for proving our lower bound results is to find an upper bound on the
approximation factor achieved by any sequence of queries Q1, . . . , Qr for r = 1, 2 and 3.

Before proceeding with our analysis, we first present the ideas that we employ to prove
our lower bounds. To generally consider all possible queries in each round i ∈ [r], we allow
the oracle to commit to more information than is revealed to the player, denoted by the
structure graph H̃i. In particular, we show that H̃i dominates the player’s structure graph
Hi learned regardless of the query Qi. Then, at the end of round i, the player is assumed
to have knowledge of the oracle’s structure graph H̃i. This implies that H̃r dominates the
structure graph learned by the player for any sequence of queries Q1, . . . , Qr. We also allow
the oracle to partition the vertices of the graph and consider the vertex-induced subgraph
of each part independently. By making the partition a function of the query, we create
desirable properties in each part. This, however, does not consider the edges that cross
the partition, which are thus asserted as non-edges. Formally, we recombine the structure
graphs learned in each part using the disjoint union (Definition 18) at the end of round r.
Then, the approximation factor of the recombined structure graph follows naturally from the
independent parts by Observations 19 and 20.

▶ Definition 18 (Disjoint Union). Let (Ax, Bx) and (Ay, By) represent an arbitrary parti-
tioning of the vertices A and B into two parts and let Hx = (Ax, Bx, Ex, Fx) and Hy =
(Ay, By, Ey, Fy) be any bipartite structure graphs. Then, their disjoint union is Hx ∪̇Hy =
(A, B, Ex ∪ Ey, Fx ∪ Fy ∪ (Ax ×By) ∪ (Ay ×Bx)).

▶ Observation 19. Let Hx and Hy be bipartite structure graphs on disjoint sets of vertices
with largest output matchings Mout

x and Mout
y , respectively. Then, the largest output matching

of Hx ∪̇Hy is of size |Mout
x |+ |Mout

y |.

▶ Observation 20. Let Hx and Hy be bipartite structure graphs on disjoint sets of vertices
with consistent graphs Gx and Gy, respectively. Then, there exists a graph G consistent with
Hx ∪̇Hy such that µ(G) = µ(Gx) + µ(Gy).

We begin our analysis with the following simplifying assumption, where its justification
is given in Appendix B for completeness:

▶ Assumption 21. In each round 1 ≤ i ≤ r, we assume that the query Qi does not contain
any edges or non-edges already learned by the player.

Let A = Ain ∪Aout and B = Bin ∪Bout be such that Ain, Aout, Bin and Bout are disjoint
sets of vertices of size n

4 where n is the number of vertices and a multiple of 4. We further
assert that n

4 is odd. Then, the player begins with only the knowledge of A and B, i.e., the
empty structure graph H0.
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First Round. Let M̃1 be a matching of size n
4 that matches Ain to Bin. We assert its

maximality by letting Ñmax
1 = Aout×Bout be non-edges. Additionally, the non-edges Ñ ind

1 =
(Ain ×Bin)\M̃1 assert that it is an induced matching2. Then, we define H̃1 = (A, B, Ẽ1, F̃1)
where Ẽ1 = M̃1 and F̃1 = Ñ1 = Ñmax

1 ∪ Ñ ind
1 . See Figure 3 for an illustration.

▶ Remark. H̃1 can be defined on any subset of vertices A′ ⊆ A and B′ ⊆ B such that
|A′

in| = |B′
in| = |A′

out| = |B′
out|. We later use such generalisations, denoted as H̃1(A′, B′).

AoutBinAinBout

M̃1

Figure 3 An illustration of structure graph H̃1. The thick solid black edges represent the matching
M̃1. The non-edges Ñmax

1 are implicit by the layout of the vertices and the non-edges Ñ ind
1 are the

grey edges. The dashed black edges are a perfect matching in a worst-case underlying graph.

▶ Lemma 22. Any structure graph H1 learned by the player is dominated by H̃1.

Proof. Let Q1 be any arbitrary query and let M∗(Q1) be a maximum matching in the query
graph (A, B, Q1). If |M∗(Q1)| ≥ |M̃1|, then let M1 ⊆M∗(Q1) be a subset of size |M̃1|. We
assert the maximality of matching M1 with the non-edges N1 = A(M1)×B(M1). Otherwise,
|M∗(Q1)| < |M̃1| and we let M1 = M∗(Q1), which is trivially a maximal matching among
the edges of the query Q1; hence, N1 = ∅.

Finally, in either case, let σ be a graph isomorphism such that M1 ⊆ σ(M̃1), which
implies that N1 ⊆ σ(Ñ1). Therefore, the player’s H1 learned is always dominated by H̃1. ◀

▶ Lemma 23. The approximation factor of the structure graph H̃1 is 1
2 .

Proof. The largest matching M̃out
1 that the player who knows H̃1 may output is the matching

M̃1, which matches half of the vertices. Since no information regarding the edges in Ain×Bout
or Aout × Bin has been revealed, we can choose a graph G consistent with H̃1 that has a
perfect matching, which is of size 2 · |M̃1|, thus proving the result. In particular, it has a
matching that arbitrarily matches Ain to Bout and Aout to Bin (see Figure 3). ◀

Lemma 22 shows that H̃1 dominates all possible structure graphs learned by the player by
the end of round 1, i.e., after query Q1. Thus, Lemma 23 immediately implies Theorem 15-1.

Second Round. Let M̃L ⊆ (Ain×Bout) and M̃R ⊆ (Aout×Bin) be matchings of size
⌊

|M̃1|
2

⌋
such that M̃1 ∪ M̃L ∪ M̃R has no length-3 paths. Let Ñmax

L = Ain\A(M̃L) × Bout\B(M̃L)
and Ñmax

R = Aout\A(M̃R)×Bin\B(M̃R) be the non-edges that assert the maximality of the
matching M̃2 = M̃L ∪ M̃R among the unknown edges. Let Ñ ind

L =
(
A(M̃L)×B(M̃L)

)
\M̃L

and Ñ ind
R =

(
A(M̃R)×B(M̃R)

)
\M̃R be the non-edges required to make the matching

2 Committing to an induced matching simplifies the arguments in the subsequent rounds without affecting
the approximation factor of the player’s structure graphs.
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induced. Additionally, if |M̃1| is odd, then let e∗
in ∈ M̃1 be the only edge with both endpoints

unmatched by M̃L and M̃R, and similarly let aout ∈ Aout and bout ∈ Bout be any vertices
unmatched by M̃L and M̃R. We assert that e∗

in is an isolated edge and that aout and bout
are isolated vertices3, which implies the non-edges Ñ∗ = (A(e∗

in)×B\B(e∗
in)) ∪ (A\A(e∗

in)×
B(e∗

in)) ∪ (A× {bout}) ∪ ({aout} ×B). Otherwise, if |M̃1| is even, we let Ñ∗ = ∅. Then, we
define H̃2 = (A, B, Ẽ1 ∪ M̃2, F̃1 ∪ Ñ2) where Ñ2 = Ñmax

L ∪ Ñmax
R ∪ Ñ ind

L ∪ Ñ ind
R ∪ Ñ∗. See

Figure 4 for an illustration where the non-edges Ñ∗ have been removed for clarity.

AoutBinAinBout

M̃1M̃L M̃R

Figure 4 An illustration of the structure graph
H̃2. The thick blue edges represent the matching
M̃2 and the grey ones are the non-edges Ñ2\Ñ∗.
The orange vertices and their incident edge are
isolated and only present if |M̃1| is odd. The
black dashed edges represent a large maximum
matching in a worst-case underlying graph.

AoutBinAinBout

M̃1M∗(Q2) M∗(Q2)

Figure 5 An example of the partitioning based
on M∗(Q2). The blue edges represent the match-
ing M∗(Q2). The vertices in the orange box
represent part (A+, B+) and the remaining un-
boxed ones represent part (A−, B−). The grey
edges show the additional non-edges asserted by
the disjoint union.

Let Q2 be an arbitrary query of round 2 and let M∗(Q2) be a maximum matching of
(A, B, Q2). By Assumption 21, we have that Q2 only has edges in Ain×Bout and Aout×Bin,
which implies that the edges of M∗(Q2) either form vertex-disjoint length-3 or length-2
alternating paths w.r.t. M̃1. As such, we partition the vertices of A and B to consider the
length-3 and length-2 paths separately: Part (A+, B+) with N+ many vertices consists of
all vertices that lie on a length-3 path, whereas part (A−, B−) consists of the remaining
N− = n−N+ many vertices, whose induced subgraph includes all the length-2 paths. See
Figure 5 for an example of the partitioning.

▶ Lemma 24. H̃1 is partitioned w.r.t. parts (A+, B+) and (A−, B−) into structure graphs
H̃+

1 = H̃1(A+, B+) and H̃−
1 = H̃1(A−, B−), respectively, where H̃+

1 ∪̇ H̃−
1 dominates H̃1.

With Lemma 24, whose proof is given in Appendix C for completeness, the player’s
information in each part at the start of round 2 is exactly the respective generalisations
of H̃1. As such, we show that the respective generalisations of H̃2 dominate the player’s
structure graphs H+

2 and H−
2 learned in each part after query Q2.

▶ Lemma 25. Any structure graph H+
2 learned by the player is dominated by H̃+

2 =
H̃2(A+, B+).

▶ Lemma 26. Any structure graph H−
2 learned by the player is dominated by H̃−

2 =
H̃2(A−, B−).

3 Committing to the isolated edge and vertices simplifies the arguments in the subsequent round without
affecting the approximation factor of the player’s structure graphs.
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Lemmas 25 and 26 are proven similarly to Lemma 22; hence, we give their proofs in
Appendix C to save space. By Lemmas 25 and 26, the player’s overall information at the
end of round 2 is dominated by the structure graph H̃+

2 ∪̇ H̃−
2 .

▶ Lemma 27. The approximation factor of the structure graph H̃+
2 ∪̇ H̃−

2 is at most 1
2 + 2

n .

Proof. We claim that the largest matching is of size |M̃1| and that there exists a consistent
graph G such that µ(G) = 2 · |M̃1| − 1. Then, the approximation factor of H̃+

2 ∪̇ H̃−
2 is at

most |M̃1|
2·|M̃1|−1 = 1

2 + 1
4·|M̃1|−2 ≤

1
2 + 1

2·|M̃1| = 1
2 + 2

n for large enough n.
We now prove the first claim. Since there are no augmenting paths in M̃+

1 ∪ M̃+
2 or

M̃−
1 ∪ M̃−

2 , the largest output matching is M̃out
2 = M̃+

1 ∪ M̃−
1 = M̃1 by Observation 19. It

remains to prove the second claim. Since |M̃1| = n
4 is odd, w.l.o.g., |M̃+

1 | is odd and |M̃−
1 | is

even; hence, we have that |M̃+
2 | = |M̃

+
1 |−1 and |M̃−

2 | = |M̃
−
1 |. Since both matchings in both

parts are maximal and induced, the only unknown edges are those in (Ain×Bout)∪(Aout×Bin)
that have only one endpoint matched by M̃+

2 or M̃−
2 and are not incident to the isolated

edge or vertices. Thus, we may use these to construct consistent graphs in H̃+
2 and H̃−

2 with
maximum matchings of size 2 · |M̃+

2 |+ 1 = 2 · |M̃+
1 | − 1, which includes the isolated edge, and

2 · |M̃−
2 | = 2 · |M̃−

1 |, respectively. By Observation 20, this gives the graph G as required. ◀

Overall, we have that any arbitrary query Q2 can be used to construct the relevant
partition of the vertices where Lemmas 25–27 always hold, thus proving Theorem 15-2.

Third Round. We continue to consider the partition w.r.t. the query Q2 where the player
now knows generalisations of H̃2 in each part. As such, it is sufficient to find a structure
graph H̃3 that dominates H̃2 and then apply the disjoint union as before. Note that we
consider only the even case of H̃2 since, by Assumption 21, the endpoints of the isolated
edge e∗

in and the isolated vertices aout and bout in the odd case of H̃2 (see Figure 4) are not
endpoints of any edge in a third round query, thus reducing it to an even case of H̃2.

With knowledge of an even case of H̃2 at the start of round 3, the player is aware of two
edge-disjoint maximal and induced matchings M̃1 and M̃2, both of which are half the size
of a perfect matching, such that M̃1 ∪ M̃2 is exactly the edges of |M̃1| many vertex-disjoint
length-2 paths, denoted by P . Therefore, by Assumption 21, any third round query may
contain only the edges that either (a) extend a path in P , denoted by Kext, or (b) provide a
replacement edge for a path in P , denoted by Krep. Observe that the extending or replacement
edges are either incident to Ain (on the left) or incident to Bin (on the right). As such,
we define the set of possible query edges as a union of (left and right) complete graphs,
respectively:

Kext := Kext
L ∪Kext

R = (Ain(P )×Bout(P )) ∪ (Aout(P )×Bin(P )) ,

Krep := Krep
L ∪Krep

R =
(

Ain(P )×Bout(P )
)
∪

(
Aout(P )×Bin(P )

)
where, for any set of vertices U , U(P ) denotes the U -endpoints of paths in P and U(P ) :=
U\U(P ). We illustrate this in Figure 6.

Let Q3 be an arbitrary query of round 3. We partition the vertices A and B to consider
the paths in P that form vertex-disjoint 6-cycles with edges in Qext

3 = Q3 ∩Kext separately
from the ones that do not: Part (A◦, B◦) with N◦ many vertices consists of all vertices that
lie on the vertex-disjoint 6-cycles, including, for each 6-cycle, a vertex from Aout(P ) and one
from Bout(P ), whereas part (A◦, B◦) consists of the remaining N◦ = n−N◦ many vertices,
whose induced subgraph includes all the paths in P that do not form any 6-cycles with each
other using the query edges Qext

3 . See Figure 7 for an example of the partitioning.
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AoutBinAinBout

Krep
L

Kext
L

Kext
R

Krep
R

M̃1M̃2 M̃2

Figure 6 An illustration of the possible query
edges by a player who knows H̃2. The black edges
represent the induced maximal matchings M̃1

and M̃2 and the grey ones are their corresponding
non-edges Ñ1 and Ñ2. The possible query edges
Kext

L , Kext
R , Krep

L and Krep
R are complete graphs

on the vertices of their respective boxes.

AoutBinAinBout

Qext
3 Qext

3

Figure 7 An example of the partitioning based
on Qext

3 . The green edges represent the edges
necessarily in Qext

3 and the dashed red edges
represent the edges necessarily not in Qext

3 , i.e.,
the edges in Qext

3 = Kext\Qext
3 . The vertices in

the green box represent part (A◦, B◦) and the
remaining unboxed ones represent part (A◦, B◦).

▶ Lemma 28. H̃2 is partitioned w.r.t. parts (A◦, B◦) and (A◦, B◦) into structure graphs
H̃◦

2 = H̃2(A◦, B◦) and H̃◦
2 = H̃2(A◦, B◦), respectively, where H̃◦

2 ∪̇ H̃◦
2 dominates H̃2.

With Lemma 28, whose proof is given in Appendix C for completeness, the player’s
information in each part at the start of round 3 is exactly the respective generalisations of
H̃2. We show that the structure graphs H◦

3 and H◦
3 learned by the player in each part are

dominated by distinct structure graphs H̃◦
3 and H̃◦

3 , respectively, after query Q3. We defer
the corresponding proofs of Lemmas 29 and 30 to Appendix C to save space.

A◦
outB◦

inA◦
inB◦

out

M̃ext
◦ M̃ rep

◦

(a) A gadget of the structure
graph H̃◦

3 .

A◦
outB◦

inA◦
inB◦

out

M̃ext
◦ M̃ rep

◦

(b) First case of a gadget of the
structure graph H̃◦

3 .

A◦
outB◦

inA◦
inB◦

out

M̃ext
◦ M̃ rep

◦

(c) Second case of a gadget of
the structure graph H̃◦

3 .

Figure 8 Illustrations of the gadgets of the structure graphs H̃◦
3 and H̃◦

3 , respectively. The thick
blue edges (solid and dashed) represent the matchings M̃ext

◦ and M̃ext
◦ . The thick orange edges

represent the matchings M̃ rep
◦ and M̃ rep

◦ . The grey edges represent the non-edges Ñmax
◦ and Ñmax

◦ .
The dashed edges (black and blue) represent maximum matchings in worst-case underlying graphs.

Let P ◦ be the set of the |M̃◦
1 | many vertex-disjoint length-2 paths in part (A◦, B◦). Let

G◦ be a collection of at least |M̃◦
1 |

4 − 1 many vertex-disjoint gadgets such that each gadget is
made up of two distinct vertices from A◦

out(P ◦) and two from B◦
out(P ◦), and four distinct

paths from P ◦ where two have their endpoints in A◦ while the other two have theirs in B◦.
Let M̃ ext

◦ ⊆ Kext
◦ be a matching such that each gadget has two edges that from a 6-cycle

with two of the paths. Let M̃ rep
◦ ⊆ Krep

◦ be another matching such that each gadget has two
edges, one from Krep

L and one from Krep
R , where only one of them is incident to the 6-cycle.

Let the inter-gadget edges of Kext
◦ ∪Krep

◦ be the non-edges Ñgad
◦ . We assert the maximality

of the matching M̃◦
3 = M̃ ext

◦ ∪ M̃ rep
◦ by committing the edges of Kext

◦ ∪Krep
◦ within each

gadget that have both endpoints unmatched by M̃◦
3 to be the non-edges Ñmax

◦ . Then, we
define H̃◦

3 = (A◦, B◦, Ẽ◦
2 ∪ M̃◦

3 , F̃ ◦
2 ∪ Ñ◦

3 ) where Ñ◦
3 = Ñgad

◦ ∪ Ñmax
◦ . See Figure 8a for an

illustration of a single gadget.
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▶ Lemma 29. Any structure graph H◦
3 learned by the player is dominated by H̃◦

3 .

Let P ◦ be the set of the |M̃◦
1 | many vertex-disjoint length-2 paths in part (A◦, B◦). Let

G◦ be a collection of at least |M̃◦
1 |

4 − 1
2 many vertex-disjoint gadgets such that each gadget is

made up of two distinct vertices from A◦
out(P ◦) and two from B◦

out(P ◦), and four distinct
paths from P ◦ where two have their endpoints in A◦ while the other two have theirs in B◦.
Let M̃ ext

◦ ⊆ Kext
◦ be a matching such that each gadget has two edges that form a length-8

path with three of the paths, leaving the other path unmatched. Let M̃ rep
◦ ⊆ Krep

◦ be another
matching such that each gadget has two edges, one from Krep

L and one from Krep
R , where one

of them is incident to the path unmatched by M̃ ext
◦ . Let the inter-edges of Kext

◦ ∪Krep
◦ be

the non-edges Ñgad
◦ . We assert the maximality of matching M̃ rep

◦ among the edges of Krep
◦ in

each gadget by committing its edges that have both endpoints unmatched by M̃ rep
◦ to be the

non-edges Ñ rep
◦ . We assert the maximality of the matching M̃ ext

◦ among the edges of Kext
◦

with the non-edges Ñ ext
◦ in two distinct cases of a gadget: Ñ ext

◦ is such that each gadget
either has (1) the only two edges of Kext

◦ with both endpoints unmatched by M̃ ext
◦ , or (2) two

edges of Kext
◦ that form a length-8 path and are both incident to only the A-vertices or only

the B-vertices of M̃ ext
◦ . Note that the gadgets in the latter case are indeed maximal since,

by construction of part (A◦, B◦), there are no 6-cycles among its query edges. Then, we
define H̃◦

3 = (A◦, B◦, Ẽ◦
2 ∪ M̃◦

3 , F̃ ◦
2 ∪ Ñ◦

3 ) where Ñ◦
3 = Ñgad

◦ ∪ Ñmax
◦ . See Figures 8b and 8c

for illustrations of the two cases of a gadget.

▶ Lemma 30. Any structure graph H◦
3 learned by the player is dominated by H̃◦

3 .

By Lemmas 29 and 30, the player, whose structure graph is H̃2 at the start of round 2, has
its structure graph dominated by H̃◦

3 ∪̇ H̃◦
3 by the end of round 3. Note that, since there are no

inter-gadget edges, H̃◦
3 ∪̇ H̃◦

3 is made up of the collection of gadgets G = G◦∪G◦. As such, each
gadget is either a gadget from H̃◦

3 , the first case gadget from H̃◦
3 , or the second case gadget

from H̃◦
3 . It follows then that there are at least |M̃◦

1 |
4 −1+ |M̃◦

1 |
4 − 1

2 = N◦

16 + N◦

16 −
3
2 = |M̃1|

4 −
3
2

many gadgets in G and, since each gadget has exactly four edges of M̃1 = M̃◦
1 ∪ M̃◦

1 , there
are at most |M̃1|

4 many gadgets in G.

▶ Lemma 31. The largest matching in H̃◦
3 ∪̇ H̃◦

3 is of size at most 5·|M̃1|
4 .

Proof. Since each gadget is vertex-disjoint, we only need to consider the number of edges that
each case of a gadget contributes to a largest output matching M̃out

3 . By Berge’s theorem or
similar, every edge with an endpoint of degree 1 is included in a largest output matching
and thus it is easy to see that each gadget contributes exactly 5 edges to M̃out

3 . Finally, any
edge of M̃1 not included in a gadget contributes fewer edges, hence; we assume that all form
part of a gadget, which implies that |G| = |M̃1|

4 and the result. ◀

▶ Lemma 32. There exists a graph consistent with H̃◦
3 ∪̇ H̃◦

3 that has a maximum matching
of size at least 2 · |M̃1| − 12.

Proof. Any graph consistent with H̃◦
3 ∪̇ H̃◦

3 may only consist of the edges within the vertex-
disjoint gadgets. As such, we construct a maximum matching w.r.t. to each case of a gadget
independently. Observe that all cases of a gadget, on 16 vertices, can be partitioned into 4
vertex-disjoint parts such that each consists of two A-vertices and two B-vertices, and they
respectively correspond to the edges Kext

L , Kext
R , Krep

L and Krep
R unknown to the player who

knows H̃2. After query Q3, at most a single non-edge f in each part is learned; hence, the
remaining two edges incident to f can be used to construct a perfect matching in each part,
which is thus a perfect matching, of size 8, in each gadget. Finally, we have that, since there
are |G| ≥ |M̃1|

4 − 3
2 many vertex-disjoint gadgets, the result holds. ◀
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Overall, we have that the structure graph learned by the player after round 1 is dominated
by H̃1, for any arbitrary query Q1. Then, in round 2, any arbitrary query Q2 made by
the player partitions the vertices into parts (A+, B+) and (A−, B−) such that the structure
graphs learned in each part is dominated by the respective generalisations of H̃2, i.e., H̃+

2
and H̃−

2 , by the end of round 2. In round 3, each part is dominated by the respective
generalisations of H̃◦

3 ∪̇ H̃◦
3 , which we denote as H̃+

3 and H̃−
3 , respectively, for any arbitrary

query Q3. As such, the player’s overall information by the end of round 3 is H̃+
3 ∪̇ H̃−

3 for
any arbitrary sequence of queries Q1, Q2, Q3. Finally, we prove Lemma 33, which implies
Theorem 15-3.

▶ Lemma 33. The approximation factor of the structure graph H̃+
3 ∪̇ H̃−

3 is at most 5
8 + 24

n .

Proof. Recall that n
4 is odd; hence, H̃+

2 and H̃−
2 are such that, w.l.o.g., |M̃+

1 | is even and
|M̃−

1 | is odd, and are dominated be the respective generalisations of H̃◦
3 ∪̇ H̃◦

3 , that is, H̃+
3 and

H̃−
3 . As such, we consider both cases, particularly paying attention to H̃−

3 and considering
its isolated edge and vertices. It follows by Lemma 31 that H̃+

3 has a largest matching of
size at most 5·|M̃+

1 |
4 ; however, H̃−

3 has one of size at most 5·|M̃−
1 |

4 − 1
4 . Then, Lemma 32

immediately implies that H̃+
3 has a consistent graph G+

3 such that µ(G+
3 ) ≥ 2 · |M̃+

1 | − 12;
however, it implies that H̃−

3 has a consistent graph G−
3 such that µ(G−

3 ) ≥ 2 · |M̃−
1 | − 13.

Finally, by Observations 19 and 20, the approximation factor of H̃+
3 ∪̇ H̃−

3 is at most
5
4 |M̃1|− 1

4
2·|M̃1|−25 ≤

5
8 + 8

|M̃1| = 5
8 + 24

n for large enough n. ◀

4 Conclusion

In this paper, we gave tight results on the approximation factor achievable by deterministic
algorithms in the maximal matching edge-query model for up to 3 rounds. Our main result
is a 0.625-approximation algorithm for MBM, which operates in three query rounds, and we
proved that this is best possible. This algorithm can be implemented in the semi-streaming
model and constitutes an improvement over the previously best 3-pass algorithm with
approximation factor 0.6111 by Feldman and Szarf [13]. The best approximation factors
achievable in one and two rounds are 1

2 and 1
2 + Θ( 1

n ), respectively, even in general graphs.
We conclude with three open questions:

1. Randomization. Our paper only considers deterministic query algorithms. Does random-
ization allow us to improve upon the results obtained in this paper?

2. Adaptivity. The algorithms considered in this paper are adaptive in the sense that the ith
query can depend on the maximal matchings returned in rounds 1, . . . , i − 1. Can we
obtain interesting results if we allow multiple non-adaptive queries, i.e., queries that do
not depend on the output produced by other queries?

3. Semi-streaming Algorithms. Is there a 3-pass semi-streaming algorithm for MBM with
approximation factor better than 0.625 (that necessarily cannot be implemented as a
deterministic edge-query algorithm)?
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A Proofs of Lemmas 4–6

▶ Lemma 4. There exists a maximum matching M∗ such that M∗ ∪M1 has no even-length
alternating paths or cycles.

Proof. Let P (M∗) be the set of even length alternating paths or cycles in M∗ ∪M1. If it is
non-empty, we can use any p ∈ P (M∗) to find another maximum matching M̂∗.

Observe first that the edges of p alternate between edges in M1 and M∗ and is of even
length. Therefore, we construct M̂∗ from M∗, without decreasing its size, by replacing the
edges of M∗ ∩ p with the edges of M1 ∩ p. Finally, M̂∗ is indeed a maximum matching since
the edges of M1 ∩ p are vertex disjoint from the edges of M∗\(M∗ ∩ p), otherwise p would
not be an even length alternating path.

The only difference between the edges in M∗ ∪M1 and M̂∗ ∪M1 are the removed edges
M∗ ∩ p which means that p is no longer an alternating path in M̂∗ ∪M1 whereas all others
remain unchanged. Therefore, |P (M̂∗)| = |P (M∗)| − 1. Repeating this process until no such
paths exist produces a maximum matching where the claim holds. ◀

▶ Lemma 5. Each vertex of A(M1) and B(M1) is the endpoint of an edge in M∗.

Proof. Since M∗ is a maximal matching, every edge of M1 must be incident to at least one
of its edges. By Lemma 4, there are no even length alternating paths in M∗ ∪M1; hence,
every (a, b) ∈ M1 is either an edge of M∗ or part of an augmenting path in M∗ ∪M1. In
either case, a and b are each endpoints of exactly one edge of M∗. ◀
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▶ Lemma 6. |M∗ ∩GL| = |M∗ ∩GR| = ( 1
2 − ϵ) · µ(G).

Proof. Firstly, every edge of M∗ ⊕M1 is part of an alternating path or cycle since M1 is
maximal. Then, by Lemma 4, there are only odd length alternating paths, i.e., augmenting
paths. Finally, any augmenting path must begin with an edge of M∗ in GL and end with
one in GR (or vice versa) with all other edges along the path belonging to Gin. See Figure 2
for an example. Thus, the number of edges of M∗ in GL and GR, respectively, is the number
of vertex-disjoint augmenting paths, which we subsequently show is exactly ( 1

2 − ϵ) · µ(G)
and thus implies the result.

Since M1 and M∗ are maximal matchings, every edge of M∗ must be incident to at least
one edge of M1, and vice versa. In the case that e ∈ M∗ ∩M1, both these conditions are
satisfied and e is an isolated edge in M∗ ∪M1 as both are matchings. Hence, in all other
cases, the edges of M∗ and M1 belong to an alternating path in M∗ ⊕M1, all of which are
necessarily vertex-disjoint since no two edges from a matching may share the same endpoint.
Then, by Lemma 4, these are necessarily (odd length) augmenting paths. Finally, since M∗

is a maximum matching of size µ(G) and each vertex-disjoint augmenting path increases the
size of M1 by 1, there must be exactly µ(G) − |M1| many paths and the claim follows by
Observation 3. ◀

B Reason for Assumption 21

▶ Assumption 21. In each round 1 ≤ i ≤ r, we assume that the query Qi does not contain
any edges or non-edges already learned by the player.

Reason. Let H = (A, B, E, F ) be the structure graph known by the player. Let e ∈ E and
f ∈ F . If e ∈ Qi, then the oracle can add e to the returned matching Mi without revealing
any information about the edges incident to e that the player could have otherwise learned;
thus, the query Qi\{e} could never reveal less information than Qi. If f ∈ Qi, then f would
never be in Mi; hence, Qi\{f} would be an equivalent query. ◀

C Proofs of Lemmas 24–26 and 28–30

▶ Lemma 24. H̃1 is partitioned w.r.t. parts (A+, B+) and (A−, B−) into structure graphs
H̃+

1 = H̃1(A+, B+) and H̃−
1 = H̃1(A−, B−), respectively, where H̃+

1 ∪̇ H̃−
1 dominates H̃1.

Proof. Consider part (A+, B+) and its vertex-induced subgraph. Since (A+, B+) consists of
the vertices of length-3 alternating paths w.r.t. M̃1, the inclusion of the vertices of each path
includes a matching edge from M̃1 and two unmatched vertices, one in Aout and one in Bout.
Thus, the matching edges M̃+

1 = M̃1 ∩ (A+ ×B+) and the non-edges Ñ+
1 = Ñ1 ∩ (A+ ×B+)

are exactly the edges and non-edges of H̃1(A+, B+). Part (A−, B−) follows similarly since
the remaining vertex-induced subgraph must have two unmatched vertices for every matching
edge. Finally, since no edges of Ẽ1 cross the partition, the disjoint union of each part
dominates the original structure graph. ◀

▶ Lemma 25. Any structure graph H+
2 learned by the player is dominated by H̃+

2 =
H̃2(A+, B+).

Proof. Let Q+
2 := Q2 ∩ (A+ × B+) be the query edges relevant to part (A+, B+). By

construction of the partition, M∗(Q2) ∩ (A+ ×B+) ⊆ Q+
2 is a perfect matching in (A+, B+)

such that every edge in M̃+
1 is incident to two edges in M∗(Q2). Let W +

L be the perfect
matching edges incident to A+

in = A(M̃+
1 ) and let W +

R be the ones incident to B+
in = B(M̃+

1 ).
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As such, M̃+
1 ∪W +

L ∪W +
R is exactly the edges of the the |M̃+

1 | many vertex-disjoint length-3
paths used to construct part (A+, B+). Therefore, we can construct matchings M+

L ⊆W +
L

and M+
R ⊆W +

R of size
⌊

|M̃+
1 |

2

⌋
such that M̃+

1 ∪M+
L ∪M+

R has no length-3 paths. We then
assert the maximality of M+

2 = M+
L ∪M+

R by committing N+
L = A+

in\A(M+
L )×B+

out\B(M+
L )

and N+
R = A+

out\A(M+
R )×B+

in\B(M+
R ) as non-edges.

Finally, we let σ be a graph isomorphism4 that relates this to H̃+
2 where M+

L = σ(M̃+
L )

and M+
R = σ(M̃+

R ). Then, we have that M+
2 ⊆ σ(M̃+

2 ) and N+
2 = N+

L ∪N+
R ⊆ σ(Ñ+

2 ). ◀

▶ Lemma 26. Any structure graph H−
2 learned by the player is dominated by H̃−

2 =
H̃2(A−, B−).

Proof. Let Q−
2 := Q2 ∩ (A− × B−) be the query edges relevant to part (A−, B−). By

construction of the partition, M∗(Q2)∩(A−×B−) ⊆ Q−
2 is a maximum matching in (A−, B−)

such that every edge in M̃−
1 is incident to at most one edge in M∗(Q2). Let W −

L be the
matching edges incident to A−

in = A(M̃−
1 ) and let W −

R be the ones incident to B−
in = B(M̃−

1 ).
If |W −

L | ≥
⌊

|M̃−
1 |

2

⌋
, then we let M−

L ⊆W −
L be of size

⌊
|M̃−

1 |
2

⌋
and assert its maximality among

the query edges Q−
2 ∩ (A−

in ×B−
out) by letting N−

L = A−
in\A(M−

L )×B−
out\B(M−

L ). Otherwise,
if |W −

L | <
⌊

|M̃−
1 |

2

⌋
, then we let M−

L = W −
L which is trivially maximal; thus, N−

L = ∅. We
similarly consider W −

R to construct the maximal matching M−
R with non-edges N−

R . Thus,
there are no length-3 paths in M̃−

1 ∪M−
L ∪M−

R .
Finally, we let σ be a graph isomorphism that relates this to H̃−

2 where M−
L ⊆ σ(M̃−

L )
and M−

R ⊆ σ(M̃−
R ); thus, we have that M−

2 = M−
L ∪M−

R ⊆ σ(M̃−
2 ) and N−

2 = N−
L ∪N−

R ⊆
σ(Ñ−

2 ). ◀

▶ Lemma 28. H̃2 is partitioned w.r.t. parts (A◦, B◦) and (A◦, B◦) into structure graphs
H̃◦

2 = H̃2(A◦, B◦) and H̃◦
2 = H̃2(A◦, B◦), respectively, where H̃◦

2 ∪̇ H̃◦
2 dominates H̃2.

Proof. Consider part (A◦, B◦) and its vertex-induced subgraph. Since (A◦, B◦) consists of
the vertices of length-6 cycles each with a corresponding vertex unmatched by both matchings
M̃1 and M̃2, we have that, for every two edges of M̃1 included, two edges of M̃2, one incident
to Ain and one to Bin, and two unmatched vertices, one in Aout and one in Bout, are added
to (A◦, B◦). Therefore, it is a generalisation of H̃2. Part (A◦, B◦) follows similarly since the
remaining vertices must have the same properties. ◀

▶ Lemma 29. Any structure graph H◦
3 learned by the player is dominated by H̃◦

3 .

Proof. Let Q◦
3 = Q3 ∩ (A◦ ×B◦) be any query w.r.t. part (A◦, B◦). By construction, every

path in P ◦ forms a 6-cycle with another one using the edges of Qext
◦ = Q◦

3 ∩Kext
◦ . Let C be

a set representing the |M̃◦
1 |

2 many 6-cycles. Each 6-cycle in C has one vertex in A◦
in(P ◦) and

one in B◦
in(P ◦) such that every edge of Qrep

◦ = Q◦
3 ∩Krep

◦ is incident to exactly one of these
vertices while the other is in A◦

out(P ◦) ∪B◦
out(P ◦). As such, we represent each 6-cycle as an

edge between its endpoints in A◦
in(P ◦) and B◦

in(P ◦) and delete all its other vertices. This
exactly simulates a structure graph that, using a graph isomorphism σ′, is dominated by the
generalisation H̃1(A′, B′) where A′ = A◦

in(P ◦) ∪A◦
out(P ◦), B′ = B◦

in(P ◦) ∪B◦
out(P ◦) and C

has a one-to-one correspondence with M̃ ′
1. There is then a one-to-one correspondence of the

edges Krep
◦ to the edges (A′

in ×B′
out) ∪ (A′

out ×B′
in); hence, any query Qrep

3 w.r.t. H̃◦
2 has a

one-to-one correspondence to a query Q′ w.r.t. H̃1(A′, B′).

4 Note that the player knows H̃1 at the start of round 2 and H̃2 is specified w.r.t. H̃1; thus, the graph
isomorphism from round 1 is implicitly considered in H2 and H̃2.
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Using the round 2 analysis in a white-box manner, we partition the vertices A′ and B′

into parts (A+, B+) and (A−, B−) using the query Q′, which then, using isomorphisms σ+

and σ−, are dominated by H̃+
2 and H̃−

2 by Lemmas 25 and 26, respectively. Let C+ and
C− be the corresponding partition of C w.r.t. the partitioning of M̃ ′

1 into M̃+
1 and M̃−

1 .
Let M̃+

◦ , M̃−
◦ be the matchings and Ñ+

◦ , Ñ−
◦ be the non-edges in H̃◦

3 that correspond to the
matchings M̃+

2 , M̃−
2 and the non-edges Ñ+

2 , Ñ−
2 in H̃+

2 , H̃−
2 , respectively. Recall that M̃+

2
(and M̃−

2 ) has an equal number of edges incident to A′
in and B′

in such that each edge in M̃+
1

(resp. M̃−
1 ), except for at most one, is incident to exactly one edge in M̃+

2 (resp. M̃−
2 ); hence,

M̃+
◦ (resp. M̃−

◦ ) has an equal number of edges in Krep
L and Krep

R such that each 6-cycle in
C+ (resp. C−), except for at most one, is incident to exactly one edge in M̃+

◦ (resp. M̃−
◦ ).

We now construct each vertex-disjoint gadget of G◦ to consist of the endpoints of two
distinct edges in M̃+

◦ (or M̃−
◦ ), one from Krep

L and one from Krep
R , including the vertices of the

two respective cycles in C+ (resp. C−) that they are incident to, and two distinct unmatched
vertices corresponding to vertices in (A+, B+) (resp. (A−, B−)), one from A◦

out(P ◦) and one
from B◦

out(P ◦). Thus, the non-edges Ñ+
◦ (resp. Ñ−

◦ ) are such that each gadget only has
non-edges where both vertices are unmatched by M̃+

◦ (resp. M̃−
◦ ). Then, M̃+

◦ ∪ M̃−
◦ = M̃ rep

◦
and Ñ+

◦ ∪ Ñ−
◦ = Ñ rep

◦
We currently have that each gadget consists of two 6-cycles, each using two vertex-disjoint

edges of Qext
◦ . If the number of 6-cycles |C+| (or |C−|) in part (A+, B+) (resp. (A−, B−))

is odd, then there is one 6-cycle that would not be in any gadget, i.e., the one without an
incident edge in M̃+

◦ (resp. M̃−
◦ ); hence, in any case, there are at least |C+|+|C−|−2

2 = |M̃◦
1 |

4 −1
many gadgets in G◦. We complete each gadget by letting the edges of Qext

◦ for only one of the
6-cycles be the edges of the matching M̃ ext

◦ while the edges for the other are committed as
the non-edges Ñ ext

◦ , which are vertex-disjoint from M̃ ext
◦ since the 6-cycles are vertex-disjoint.

Then, with the non-edges Ñgad
◦ , we have that M̃ ext

◦ ∪ M̃ rep
◦ = M̃◦

3 is a maximal matching
since Ñ rep

◦ ∪ Ñ ext
◦ ∪ Ñgad

◦ = Ñmax
◦ ∪ Ñgad

◦ = Ñ◦
3 . Therefore, any structure graph H◦

3 learned
w.r.t. the player’s query Q◦

3 is dominated by H̃◦
3 such that M◦

3 ⊆ σ(M̃◦
3 ) and N◦

3 ⊆ σ(Ñ◦
3 )

using the graph isomorphism σ = σ′ ◦ σ+ ◦ σ−. ◀

▶ Lemma 30. Any structure graph H◦
3 learned by the player is dominated by H̃◦

3 .

Proof. Before making a query, the player knows H̃◦
2 in part (A◦, B◦); thus, we have that

there are an equal number of paths in P ◦ that have their endpoints in A◦ and in B◦, which
are also the same as the number of vertices in A◦

out(P ◦) and B◦
out(P ◦), respectively. As

such, we first construct each vertex-disjoint gadget of G◦ to consist of the endpoints of
four distinct paths in P ◦, two with their endpoints in A◦ and two in B◦, and four distinct
vertices, two from A◦

out(P ◦) and two from B◦
out(P ◦). Since |P ◦| = |M̃◦

1 | is even, there are⌊
|M̃◦

1 |
4

⌋
≥ |M̃◦

1 |
4 − 1

2 many gadgets in G◦.

Let Q◦
3 = Q3 ∩ (A◦ × B◦) be any query w.r.t. part (A◦, B◦). At this point, each

gadget of G◦ has the same structure and receives a subset of the query edges Q◦
3 that is

independent from the other gadgets. As such, it is sufficient to consider all possible queries
Q′

◦ ⊆ Kext
◦ ∪Krep

◦ w.r.t. a single gadget. In general, Q′
◦ can be partitioned into four smaller

parts: Qext
L = Q′

◦ ∩Kext
L , Qext

R = Q′
◦ ∩Kext

R , Qrep
L = Q′

◦ ∩Krep
L and Qrep

R = Q′
◦ ∩Krep

R , each
being any possible query w.r.t. two A-vertices and two B-vertices.

▷ Claim 34. Let Q be any arbitrary set of edges and let g be any arbitrary edge w.r.t.
two A-vertices and two B-vertices where the player knows only the empty structure graph.
Then, the structure graph with one edge e ̸= g and one non-edge f such that e and f are
vertex-disjoint dominates the structure graph learned by the player after query Q.
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Proof. If Q is the empty query, then no information is learned by the player and the claim
holds. Otherwise, let e ̸= g ∈ Q be an arbitrary edge in the query, if one exists. Since there
are only two A-vertices and two B-vertices, there exists only one possible edge f which is
vertex-disjoint from e. If f ∈ Q then we commit f as a non-edge, which makes the edge e a
maximal matching. Otherwise, f /∈ Q and we have that e is already maximal. In the case
where ∄e ̸= g ∈ Q, we commit f = g as a non-edge, which implies that the empty matching
is maximal since Q has no other edges. ◁

By Claim 34, we have that the player learns at most the edges erep
L ∈ Krep

L and erep
R ∈ Krep

R ,
possibly with the non-edges f rep

L ∈ Krep
L and f rep

R ∈ Krep
R , after the queries Qrep

L and Qrep
R ,

respectively. Therefore, the player learns the matching M rep
◦ ⊆ M̃ rep

◦ = {erep
L , erep

R } and
non-edges N rep

◦ ⊆ Ñ rep
◦ = {f rep

L , f rep
R }. As such, in each gadget, edge erep

L is incident to a
path p with its endpoints in B◦ while edge erep

R is incident to a path q with its endpoints in
A◦. Furthermore, we have that there exists a unique edge gext

L ∈ Kext
L and a unique edge

gext
R ∈ Kext

R each of which are incident to p and q – we never want these edges to belong to
the player’s maximal matching M ext

◦ .
We now consider the pair of queries Qext

L and Qext
R that, by construction of part (A◦, B◦),

do not contain edges that form 6-cycles with any paths in P ◦. This implies that if gext
L ∈ Qext

L

(or gext
R ∈ Qext

R ) then gext
R /∈ Qext

R (resp. gext
L /∈ Qext

L ). Furthermore, since every pair of
Qext

L and Qext
R has a symmetrical pair, we only need to consider the pairs of queries where

gext
L /∈ Qext

L and show that the edges and non-edges learned in a single gadget are subsets of
the edges M̃ ext

◦ and (either case of) the non-edges Ñ ext
◦ w.r.t. a single gadget.

If either query is empty, by Claim 34, we have that the edges, which avoid gext
R , and

non-edges learned are thus subsets of a first case gadget in H̃◦
3 . Otherwise, both queries are

non-empty and there exists query edges eL ̸= gext
L ∈ Qext

L and eR ∈ Qext
R . We then have that

they either form a length-8 path in the gadget or do not. Consider first the simpler latter
case where the query edges necessarily form two length-5 paths and are the only query edges
since they do not form length-8 paths or 6-cycles. Let M ext

◦ = {eext
L } and N ext

◦ = {f ext
R }

where eext
L = eL and f ext

R = eR. M ext
◦ is naturally maximal, and the edges and non-edges

learned are a subset of the second case gadget in H̃◦
3 .

Consider now the case where the query edges eL ̸= gext
L and eR form a length-8 path.

If eR ̸= gext
R , let M ext

◦ = {eext
L , eext

R } where eext
L = eL and eext

R = eR. Since eext
L ≠ gext

L the
endpoints of either p or q in the gadget remain unmatched by M ext

◦ . Then, if they exist,
we add the edges f ext

L ∈ Qext
L and f ext

R ∈ Qext
R that are unmatched by M ext

◦ to an initially
empty set of non-edges N ext

◦ ; hence, M ext
◦ is maximal and the edges and non-edges learned

are a subset of the first case gadget in H̃◦
3 . Otherwise, we have that eR = gext

R and let
N ext

◦ = {f ext
L , f ext

R } where f ext
L = eL and f ext

R = eR. Any possible remaining query edges
must be either only incident to or only not incident to N ext

◦ since they may not form any
6-cycles. We pick at most one from Qext

L and one from Qext
R then add them to an initially

empty matching M ext
◦ , which is thus maximal and, if both exist, forms a length-8 path that

leaves the endpoints of either p or q in the gadget unmatched since M ext
◦ does not contain

gext
L or gext

R . If M ext
◦ and N ext

◦ are incident to each other, then the edges and non-edges
learned are a subset of the second case gadget in H̃◦

3 . Otherwise, they are a subset of the
first case gadget in H̃◦

3 . ◀
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1 Introduction

1.1 Distributed Interactive Proofs

In distributed computing, efficient verification of graph properties of the network is useful
from both theoretical and applied aspects. The study of this notion of verification in the
distributed setting has lead to the notion of “distributed NP” in analogy with the complexity
class NP in centralized computation: A powerful prover provides certificates to each node of
the network in order to convince that the network has a desired property; If the property is
satisfied, all nodes must output “accept”, otherwise at least one node must output “reject”.
This concept of “distributed NP” has been formulated in several ways, including proof-labeling
schemes (PLS) [19], non-deterministic local decision (NLD) [5], and locally checkable proofs
(LCP) [10].

As a motivating example, consider the problem of verifying whether the network is
bipartite or not. While this problem cannot be solved in O(1) rounds without prover [29], it
can easily be solved as following: The prover tells each node which part it belongs to, which
requires only a 1-bit certificate per node, and then each node broadcasting this information
to its adjacent nodes (here the crucial point is that if the network is non-bipartite, then at
least one node will be able to detect it). On the other hand, it is known that there exist
properties that require large certificate size to decide: Göös and Suomela [10] have shown that
recognizing symmetric graphs (Sym) and non 3-colorable graphs (3Col) require Ω(n2)-bit
certificates per node in the framework of LCP (which is tight since all graph properties are
locally decidable by giving the O(n2)-bit adjacency matrix of the graph).

To reduce the length of the certificate for such problems, the notion of distributed
interactive proofs (also called distributed Arthur-Merlin proofs) was recently introduced by
Kol, Oshman and Saxena [18] as a generalization of distributed NP. In this model there are
two players, the prover (often called Merlin), who has unlimited computational power and
sees the entire network but is untrusted (i.e., can be malicious), and the verifier (often called
Arthur) representing all the nodes of the network, who can perform only local computation
and brief communication with adjacent nodes. Generalizing the concept of distributed NP,
the nodes are now allowed to engage in multiple turns of interaction with the prover. As for
distributed NP, there are two requirements of the protocol: if the input is legal (yes-instance)
then all nodes must accept with high probability (completeness), and if the input is illegal
then at least one node must reject with high probability (soundness).

In the setting of [18], each node has access to a private source of randomness, and sends
generated random bits to the prover in Arthur’s turn. For instance, a 2-turn protocol contains
two interactions: Arthur first queries Merlin by sending a random string from each node,
and then Merlin provides a certificate to each node. After that, nodes exchange messages
with adjacent nodes to decide their outputs. The main complexity measures when studying
distributed interactive protocols are the size of certificates provided to each node, the size of
the random strings generated at each node and the size of the messages exchanged between
nodes. Let us denote dAM[k](f(n)) the class of languages that have k-turn distributed Arthur-
Merlin protocols where Merlin provides O(f(n))-bit certificates, Arthur generates O(f(n))-bit
random strings at each node and O(f(n))-bit messages are exchanged between nodes. Kol et
al. [18] showed the power of interaction by giving a dMAM(log n) = dAM[3](log n) protocol
for graph symmetry (Sym) and a dAMAM(n log n) = dAM[4](n log n) protocol for graph
non-isomorphism (GNI), which are known to require Ω(n2)-bit certificate in LCP (see
Appendix A for the definition of these problems).
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This model has been further studied in several works. Naor, Parter and Yogev
[25] showed that any O(n)-time centralized computation can be converted into a
dMAM(log n) = dAM[3](log n) protocol. Using this compiler, for instance, they constructed
a dMAMAM(log log n) = dAM[5](log log n) protocol for SetEquality and a special case of
Sym. Crescenzi, Fraigniaud and Paz [3] initiated the study of distributed Arthur-Merlin
protocols with shared randomness: in each Arthur’s turn, Arthur generates a random string
that can be seen from all nodes. In order to distinguish the two models we use dAM for the
(standard) private randomness setting and dAMsh for the shared randomness setting. They
showed that dAM protocols can simulate dAMsh protocols by giving additional O(log n)-
size certificates. The role of shared randomness was further investigated by Montealegre,
Ramírez-Romero and Rapaport [23], who showed the computational power of small-certificate
dAMsh protocols without private randomness is relatively weak: for any constant k, dAMsh[k]
protocols with message size m can be converted to locally checkable proofs (LCPs) with
message size O(2m + log n).

Lower bounds on distributed Arthur-Merlin protocols for some concrete problems are
known. Kol, Oshman and Saxena [18] showed that if the language Sym is in the class
dAM[2](f(n)), then f(n) ∈ Ω(log log n). As mentioned in [6], this lower bound can actually
be improved to f(n) ∈ Ω(log n). On the other hand, there is no known method to prove
lower bounds when the number of turns is three or more.

1.2 Quantum Interactive Proofs
Quantum interactive proofs (QIP) were introduced by Watrous [31] in the centralized setting
as a variant of classical interactive proofs (IP) in which the verifier can perform polynomial-
time quantum computation (instead of polynomial-time classical computation), and the prover
and verifier can exchange quantum bits (instead of classical bits). Kitaev and Watrous [17]
first showed that QIP, the class of languages that can be decided by a quantum interactive
protocol with polynomial number of interactions, is contained in EXP, the class of languages
decided in exponential time. This containment was improved by Jain, Ji, Upadhyay, and
Watrous [14], who showed that QIP is actually contained in PSPACE, which implies that QIP
collapses to the complexity class IP (QIP = IP = PSPACE).

While the above result shows that quantum interactive proofs are not more powerful
than classical interactive proofs, there is a striking property of quantum interactive proofs
that is not expected to hold for classical interactive proofs: in the quantum case the number
of interactions can be significantly reduced. More precisely, Watrous first showed that any
language in PSPACE can be decided by a three-turn QIP protocol [31]. After that, Kitaev
and Watrous [17] showed that any QIP protocol with a polynomial number of interaction
can be parallelized to three turns (QIP = QIP[3]). Marriott and Watrous [22] additionally
showed that the verifier’s turn in QIP[3] protocols can be replaced by a 1-bit coin flip
(QIP[3]=QMAM). Kempe, Kobayashi, Matsumoto, and Vidick [16] showed an alternative
proof of QIP = QIP[3].

1.3 Our Results
In this paper we introduce the quantum counterpart of distributed interactive proofs, which
we call distributed quantum interactive proofs (or sometimes distributed quantum interactive
protocols) and write dQIP, and show their power. Roughly speaking, distributed quantum
interactive proofs are defined similarly to the classical distributed interactive proofs (i.e.,
distributed Arthur-Merlin proofs) defined above, but the messages exchanged between the
prover and the nodes of the network can now contain quantum bits (qubits), the nodes can
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now do any (local) quantum computation (i.e., each node can apply any unitary transform
to the registers it holds), and each node can now send messages consisting of qubits to its
adjacent nodes. In analogy to the classical case, the main complexity measures when studying
distributed quantum interactive protocols are the size of registers exchanged between the
prover and the nodes, and the size of messages exchanged between the nodes. We give the
formal definition of dQIP in Section 2. The class dQIP[k](f(n)) is defined as the set of all
languages that can be decided by a k-turn dQIP protocol where both the size of the messages
exchanged between the prover and the nodes, and the size of the messages exchanged between
the nodes are O(f(n)) qubits.

Our first result is the following theorem.

▶ Theorem 1. For any constant k ≥ 5, dAM[k](f(n)) ⊆ dQIP[5](f(n)).

Theorem 1 shows that by using distributed quantum interactive proofs, the number of
interactions in distributed interactive proofs can be significantly reduced. To prove this
result, we develop a generic quantum technique for turn reduction in distributed interactive
proofs. Since no similar turn-reduction classical technique is currently known, our result
gives evidence of the power of quantum computation in the setting of distributed interactive
proofs as well.

We also show that if we allow to use randomness shared to all nodes (we denote this
model by dQIPsh), the number of turns can be further reduced to three turns.

▶ Theorem 2. For any constant k ≥ 3, dAM[k](f(n)) ⊆ dQIPsh[3](f(n)).

On the other hand, in the classical case, it is known that allowing shared randomness does
not change the class [3]: dAMsh[k](f(n)) ⊆ dAM[k](f(n)) for all k ≥ 3.1

As mentioned above, for (classical) dAM protocols increasing the number of turns is
helpful to reduce the complexity (in particular, the certificate size) for many problems. Our
result thus shows if we allow quantum resource, such protocols can be simulated in five turns,
and in three turns if we allow shared randomness. More precisely, we obtain the following
corollary (see Appendix A for the precise definitions of these problems and Theorems 12
and 13 in Section 4 for a statement of the corresponding classical results):

▶ Corollary 3.
1. There exist

a dQIPsh[3](log n) protocol for Asym,
a dQIPsh[3](log n) protocol for GNI,
a dQIPsh[3](log log n) protocol for SetEquality,
a dQIPsh[3](log log n) protocol for DSym,
a dQIP[5](log n) protocol for GNI.

2. There exists a constant δ such that if a language L can be decided in poly(n) time and nδ

space, then L ∈ dQIP[5](log n) and L ∈ dQIPsh[3](log n).

We also introduce a quantum problem (i.e., the inputs are quantum states) which arises
naturally when considering distributed quantum networks. More specifically, we consider
the following task: There are two quantum states |ψ⟩ and |ϕ⟩ as the inputs, each of which is
distributed over the entire network (each node u ∈ V has Nu-qubit of |ψ⟩ and |ϕ⟩, where

1 In fact, the authors of [3] showed dAMsh[k](f(n)) ⊆ dAM[k](f(n) + log n) for all k ≥ 1 where the
additional log n comes from constructing a spanning tree, but for k ≥ 3, a spanning tree can be
constructed with O(1)-sized messages between the prover and the nodes in three turns [25], so log n can
be removed.
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∑
u∈V Nu = N). The goal of the task is to measure closeness of these states. We call this

problem N -qubit Distributed Quantum Closeness Testing (DQCTN ). For this task, we show
the following theorem (see Appendix B for the definition of the trace distance).

▶ Theorem 4. There is a dQIP[5](O(1)) protocol for DQCTN , where the completeness and
the soundness conditions are defined as follows:

Completeness: If |ψ⟩ = |ϕ⟩ and the prover is honest, the protocol accepts with probabil-
ity 1.
Soundness: If the protocol accepts with probability 1 − 1/z, dist(|ψ⟩ , |ϕ⟩) ≤

√
2/z + ε

for any small constant ε > 0. Here dist(, ) is the trace distance.
Without the prover, a naive approach is to accumulate all of the input to the leader node,
and perform local operations at the leader node to measure their closeness. Obviously this
approach is inefficient in the following sense: (1) it requires Ω(D)-round of communication
where D is the diameter of the network; (2) the amount of communication is linear in N ,
the size of the input quantum states. Theorem 4 means that in the dQIP setting, (1) it only
needs 1-round of communication between the nodes; (2) the amount of communication (the
size of messages per edge, and the size of messages between each node and the prover) is
O(1), regardless of the input size. Note that the main result of the recent paper [4] (see
Section 1.5 for their result) immediately shows that if the two input quantum states are hold
by some specific two nodes respectively and there is no input for the other nodes, DQCTN in
an n-node network can be done with O(N · poly(n)) size of quantum proofs and 1-round of
communication between nodes, in the non-interactive setting. Our setting is more general in
the sense that the input quantum states can be distributed over the entire network.

Lastly, in Appendix C, we show how to transform dQIP protocols with two-sided (i.e.,
completeness and soundness) bounded error into dQIP protocols with perfect completeness.
We show that if we allow the communication between nodes in the middle of interaction
(we call this model as dQIPcom), achieving perfect completeness is possible. Thus dQIPcom

protocols can be converted to 5-turn protocols with perfect completeness using parallel
repetition with a fairly small increase of the message size.

1.4 Organization and Overview of our Approach
We start by considering a more powerful model than dQIP, which allows nodes to use shared
randomness. That is, at each turn the network can send a shared random string of limited
length to the prover. We call this model dQIPsh. In Section 3.1, we first show how to
reduce the number of turns by half in the dQIPsh model. This is shown by adapting to the
distributed setting the method of Kempe et al. [16], which reduces the number of turns of
QIP by half. More precisely, we show that for any ℓ ≥ 1, (4ℓ+ 1)-turn dQIPsh protocols can
be parallelized to (2ℓ+ 1)-turn.

The main idea of [16] is the following. In the first turn the honest prover provides the
verifier with a snapshot state of the (2ℓ+ 1)-th turn, which includes the state of its private
register and the message register in the original protocol. In the second turn the verifier flips
a fair coin and sends it to the prover. In the remaining turns they perform the forward or
backward simulation of the original protocol, according to the result of the coin flip.

We then go back to the dQIP model in Section 3.2 and show how to reduce the number
of turns by half in the dQIP model by using the same argument as in the case of dQIPsh, by
using two additional turns in order to share the result of the coin flip. We can thus parallelize
(4ℓ + 1)-turn dQIP protocols to (2ℓ + 3)-turn. Applying recursively this approach makes
possible to reduce the number of turns down to 7 (corresponding to ℓ = 2), but not lower.
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After that, we focus on how to parallelize 7-turn dQIP protocols to 5-turn. Starting from
7-turn, we can reduce the number of turns to 5 in the dQIPsh model, as in the QIP model. In
dQIP model we need additional two turns, so we need a different approach to turn-reduction
when we start 7-turn protocols. To parallelize 7-turn to 5-turn, we use a protocol similar to
the Marriott-Watrous protocol [22]. Their protocol is used to show that QIP[3] ⊆ QMAM,
where QMAM is the subclass of QIP[3] in which messages Arthur can send to Merlin are
random bits. We construct a similar protocol, which can be used to parallelize 7-turn dQIP
protocols to 5-turn dQIP protocols.

In Section 4 we then prove Theorem 1 and Theorem 2. We first discuss how to convert
dAM[k](f(n)) protocols to dQIP[k](f(n)) protocols. This is achieved by doing all the com-
putation of the dAM protocol in a reversible manner (i.e., unitary computation). Since the
verification phase remains classical, the probability of being fooled is as low as the original
dAM protocol, no matter what entangled state the malicious prover sends. This converted
dQIP[k](f(n)) protocol is then parallelized to 5-turn (3-turn in dQIPsh model, respectively)
by repeatedly using the technique we show in Section 3. We also have to discuss the size
of messages. Since in dAM[k](f(n)) protocols, the private registers of the nodes are used
only to store a copy of certificates, the size of the private registers of nodes in the converted
dQIP[k] protocol is O(f(n)). Therefore the size of the snapshot states given by the prover is
also O(f(n)).

In Section 5, we tackle with the task to test closeness of two distributed quantum states
(DQCTN in Section 1.3). In the full version [9], we present a dQIP protocol for this task.
The main difficulty is the implementation of the controlled SWAP gate, since there is no
prior shared entanglement in the network. To resolve this issue, we utilize the protocol of
Zhu and Hayashi [34] to make the nodes share the GHZ state 1√

2 (|0n⟩ + |1n⟩). Using the
prover, we show the tests (described by some POVM measurement) in the protocol of [34]
can be implemented in the distributed setting. Another difficulty is to avoid to be fooled by
the malicious prover. This is achieved by carefully constructing the protocol, which ensures
that the malicious prover cannot fraudulently increase the acceptance probability.

1.5 Related Works

Although there is no previous result about distributed interactive proofs with quantum
resources, Fraigniaud, Le Gall, Nishimura and Paz [4] investigated the quantum version
of randomized proof-labeling schemes (or equivalently, dMA protocols). They considered
the following problem: N -bit inputs (where N is sufficiently larger than the number of
nodes n) are given to several nodes in a network and the goal is to check if all inputs are
equal. They gave a dQMA protocol with O(logN) certificate size, and showed that any
classical dMA protocol requires Ω(N) certificate size, which shows the superiority of quantum
certification in this setting. Another example is a very recent work by Le Gall, Miyamoto,
and Nishimura [8], which studied quantum problems in the dQMA framework.

The study of distributed interactive proofs for some concrete problems has been developed
recently, including two or three turn distributed Merlin-Arthur protocols for recognition of
cographs, distance-hereditary graphs, and some geometric intersection graph classes [24, 15].

Research on quantum distributed algorithms that outperform classical distributed al-
gorithms in several standard distributed models has been very active recently: there have been
investigations showing the superiority of quantum distributed algorithm in the CONGEST
model [20, 12, 2], the CONGEST CLIQUE model [13] and the LOCAL model [21].
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2 Definitions

2.1 Distributed Interactive Proofs
In this section we describe classical distributed interactive proofs, following the definition by
Kol, Oshman and Saxena [18].

In distributed interactive proofs the verifier consists of a network represented by connected
graph G = (V,E) with |V | = n nodes, and each node u ∈ V is given its input label I(u)
where I : V → {0, 1}∗ is a function. We let G be the set of all connected graphs on vertices
V , and I be the set of functions that maps V to {0, 1}∗. Define a language L by a subset

L ⊆ G × I.

Given a network configuration (G, I) ∈ G ×I and a language L, we consider an interactive
protocol that consists of a series of interactions between a prover (Merlin) and a distributed
verifier (Arthur). The goal of the protocol is to decide if (G, I) ∈ L. The prover Merlin has
unlimited computational power, and knows all information about (G, I). The verifier Arthur
is distributed; it consists of the nodes of the network G, and initially each node u only knows
its input I(u). Merlin is not trusted and tries to convince Arthur that (G, I) ∈ L by sending
bit strings (certificates). Arthur provides Merlin some random queries. There exist two types
of randomness that can be used by Arthur: private randomness and shared randomness. In
the private randomness setting, each node can generate random bits that cannot be seen by
the other nodes. In the shared randomness setting, all random bits generated by Arthur are
shared among all nodes. We denote the private randomness setting by dAM and the shared
randomness setting by dAMsh.

A k-turn distributed interactive protocol (also called k-turn distributed Arthur-Merlin
protocol in [18]) has the interaction phase and the verification phase. The interaction phase
begins with Merlin’s turn if k is odd, and Arthur’s turn otherwise. In the first turn, if k is
odd, Merlin chooses a function c1 : {0, 1}∗ → {0, 1}∗ determined by the network configuration
(G, I), and sends c1(u) to each node u. In the second turn, Arthur picks a random string
r2(u) at each node u, and sends them to Merlin. (In dAMsh interactive protocols Arthur
picks one random string and it can be seen by all nodes.) This series of interactions continues
for k turns. More precisely, if the j-th turn is Merlin’s turn, he sends a certificate cj(u) to
each node u where cj : {0, 1}∗ → {0, 1}∗ is a function of (G, I) and all of random strings
{ri(u)}u∈V,i∈{2,4,...,j−1} received from Arthur, and if the j-th turn is Arthur’s, he picks
a random string rj(u) at each node u, and sends them to Merlin. If k is even then the
interaction phase begins with Arthur’s turn (i.e., Arthur first picks a random string r1(u) at
each node u).

The protocol completes with the verification phase. In this phase every node u broadcasts
a message Mu to its neighbors which may depend on its input I(u), random strings u
picked, and the certificates u received. Finally, u decides its output (accept or reject) by all
information accumulated by u. Arthur accepts if and only if all nodes accept. We say that
a protocol has completeness c and soundness s for a language L if the following conditions
hold for the verifier G and the input label I:
1. (Completeness) If (G, I) ∈ L, then there exists a prover P such that Pr(all nodes accept) ≥

c.
2. (Soundness) If (G, I) /∈ L, then for any prover P, Pr(all nodes accept) ≤ s.

As in [18], we define the class dAM[k](f(n)) as the class of languages accepted by such
k-turn distributed interactive protocols in which in each turn the prover and the verifier
exchange O(f(n)) bits per node, and each node exchanges O(f(n)) bits with its neighbors
during the verification procedure. The formal definition is as follows.
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▶ Definition 5 ([18]). The class dAM[k](f(n)) is the class of languages L ⊆ G × I that
have a k-turn distributed Arthur-Merlin protocol with completeness 2/3 and soundness 1/3
satisfying the following conditions:

At each Merlin’s turn, Merlin sends certificates of O(f(n)) bits per node, and at each
Arthur’s turn, each node sends O(f(n)) random bits to Merlin.
The size of messages exchanged between two adjacent nodes in the verification phase is
O(f(n)) bits.

2.2 Distributed Quantum Interactive Proofs
In this section we define the quantum counterpart of distributed interactive proofs, which we
call distributed quantum interactive proofs. We assume the reader is familiar with the basic
notions of quantum computation such that bra-ket notation of qubits, quantum circuits, and
density operators (see [27], for instance, for a good reference).

Distributed quantum interactive proofs are defined similarly to the classical distributed
interactive proofs of Section 2.1, but now the messages exchanged between the prover and
the nodes consist of qubits, the nodes can do any (local) quantum computation, and each
node can send messages consisting of qubits to its adjacent nodes. To make this rigorous
and define the complexity of the protocol, we need to carefully specify how the messages are
encoded using quantum registers and who owns the registers during the computation.2 Here
is the formal definition.

▶ Definition 6. A k-turn distributed quantum interactive proof (dQIP) is a protocol between
a prover and a distributed verifier who interact in the following way:

The configuration: The verifier consists of an n-node network G = (V,E). Each node
u begins with a quantum register Vu. We denote V the set of registers {Vu}u∈V . The
prover begins with a quantum register P. In addition, there is a quantum message register
Mu for each u. Let M be the set of registers {Mu}u∈V . The prover initially has the
register M if k is odd, otherwise the node u initially has the register Mu. The initial state
in V and M is the all-zero pure state |0 · · · 0⟩.
The interaction: The interaction of a dQIP system is the repetition of prover’s turn
and verifier’s turn. In the prover’s turn, the prover performs arbitrary unitary transform
denoted Pi to (M,P) and sends each Mu to u in the i-th turn. In the verifier’s turn, the
verifier can do any local (quantum) computation. More precisely, each node u performs
an arbitrary unitary transform denoted Vu,i to (Vu,Mu). Then, each node u sends Mu to
the prover in the i-th turn. We let Vi =

⊗
u∈V Vu,i be the unitary transform applied by

the verifier in the i-th turn.
The verification: After the interaction phase, each node u prepares registers Wu,v for
(u, v) ∈ E which are initialized to |0 · · · 0⟩ and used for communication. Then u performs
an arbitrary unitary transform on the registers Vu,Mu and all Wu,v for (u, v) ∈ E. After
that, each node communicates with its neighbors, performs a measurement, and then
decides reject/accept based on the outcome of the measurement (a more formal description
of this step is given to Section 2.2.1).

2 Since quantum information differs from classical information in several fundamental ways (in particular,
quantum information cannot be copied and quantum message can share “entanglement”), when studying
quantum communication complexity or quantum distributed computation, a quantum message is
represented as a quantum register (i.e., a physical system comprising multiple qubits) and the action
of sending a quantum message is represented by sending this quantum register. The message size
corresponds to the size of the register.
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Note that distributed quantum interactive proofs defined above can simulate random
bits.3 The size of the certificate sent from the prover to node u at each prover’s turn is the
size of the register Mu. The size of the message sent from node u to the prover at each
verifier’s turn is also the size of the register Mu. At the verification phase, the size of the
message exchanged between node u and v is the size of the register Wu,v. This leads to the
following definition of the complexity class dQIP[k](f(n)), as the natural quantum variant of
the complexity class dAM[k](f(n)) of Definition 5.

▶ Definition 7. The class dQIP[k](f(n)) is the class of languages L such that there exists
a k-turn dQIP protocol for L with completeness 2

3 and soundness 1
3 satisfying the following

conditions:
The size of register Mu for each node u is O(f(n)).
The size of register Wu,v exchanged between u and v in the verification phase is O(f(n))
for any (u, v) ∈ E.
The conditions of completeness and soundness is the same as those of dAM protocols.

2.2.1 Technical Details about the Verification Phase
We now give a more formal (and more technical) description of the verification phase of a
k-turn dQIP protocol in Definition 6. The communication and measurement operations can
be specifically described as follows: for any (u, v) ∈ E, the two registers Wu,v and Wv,u are
swapped by the SWAP gate (see Appendix B for the definition of the SWAP gate). Here, we
let Vk+1 be the unitary transform that is performed in the verification phase. If k is odd then
the interaction begins with the prover’s turn, and the entire unitary transform is written
by Q = Vk+1Pk · · ·V2P1. If k is even then Q is written by Q = Vk+1Pk · · ·P2V1. After that,
each node u performs a POVM measurement (Πacc,u,Πrej,u = I − Πacc,u) on register Vu,Mu

and Wu,v for (u, v) ∈ E to obtain its output (see Appendix B for the definition of POVMs).
Without loss of generality, we can assume Πacc,u = |0⟩ ⟨0| ⊗ I for all u ∈ V , i.e., node u
accepts the protocol iff the first qubit of register Vu is in the state |0⟩.

2.2.2 Variants of the Definition
The above definition corresponds to the distributed quantum interactive proofs with private
randomness where communication between nodes of the networks only happens after the
interaction with the prover. This is the natural quantum analog of the definition of classical
distributed interactive proofs by [18] given in Section 2.1.

A possible variant is distributed quantum interactive proofs with shared randomness,
in which nodes are allowed to use shared randomness. In order to distinguish this model
with the settings of private randomness, we denote it dQIPsh. We denote dQIPsh[k](f(n))
the complexity class defined for this variant similarly to Definition 5, with the additional
condition that at each turn the size of (shared) random bits sent to the prover is also
O(f(n))-bit (i.e., each node u can send its message register and a random string s of size
O(f(n)), but s must be the same as those of the other nodes).

Another variant, which we call dQIPcom, is the variant where nodes can communicate
with each other in the middle of interaction with the prover. While in this paper we do
not focus on this variant (since the classical version did not consider communication in the

3 Concretely, simulating one random bit can be done by using the Bell pair 1√
2 |00⟩ + 1√

2 |11⟩ and keeping
one qubit of the pair.
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middle of the interaction with the prover either), we present a general result about this
natural setting in Appendix C. We denote dQIPcom[k](f(n)) the complexity class defined for
this variant similarly to Definition 5.

3 General Turn Reduction Technique for Distributed Quantum
Interactive Proofs

In this section we show a general reduction technique to reduce the number of turns by half
while keeping the soundness parameter relatively low. The complexity only increases by the
size of the private register (i.e., the amount of quantum memory used for local computation
at each node).

3.1 Distributed Quantum Interactive Proofs with Shared Randomness
We first consider the case of dQIPsh model, and show the following theorem.

▶ Theorem 8. Let ℓ ≥ 1 be an integer, L ⊆ G×I be a language that has a dQIPsh[4ℓ+1](f(n))
protocol with completeness c and soundness s for some c2 > s where the protocol uses g(n)
space register at each node u in the interaction phase. Then L has a dQIPsh[2ℓ+1](f(n)+g(n))
protocol with completeness 1+c

2 and soundness 1+
√

s
2 .

Proof. We will prove this theorem by adapting the method halving the number of turns of
quantum interactive proofs given by [16] into the distributed setting. In their method, the
prover first provides the snapshot state of the message register and the private register at
(almost) half of turns in the original protocol. Then the verifier flips a coin and decides to
execute either a forward-simulation (the simulation of the later half of the turns; r = 0 case
in Figure 1) or a backward-simulation of the original protocol (the simulation of the inverse
transformation of the first half of the turns; r = 1 case in Figure 1). The honest prover can
perform the simulation according to the verifier’s coin flip. On the other hand, due to the
randomness of the verifier’s choice, the malicious prover cannot fool the verifier. In order to
implement this in the distributed setting, we only need to simulate the verifier’s coin flip.

Let L be a language that has a k-turn dQIPsh protocol where k = 4ℓ+ 1 for some integer
ℓ ≥ 1, and let Q = Vk+1Pk · · ·V2P1 be the unitary transform that is applied to register
(V,M,P) in the protocol. We show a (2ℓ+ 1)-turn dQIPsh protocol in Figure 1.

(2ℓ + 1)-turn dQIPsh protocol.

1. The prover sends (Vu,Mu) to the node u for all u ∈ V .
2. The network generates a random bit r and sends it to the prover.
3. a. The network applies V †

2ℓ+2 to (V,M) if r = 1, and sends M.
b. For j = 1 to ℓ− 1 do the following:

Each node u receives Mu from the prover. The network applies V2ℓ+2j+2 if r = 0,
and V †

2ℓ−2j+2 if r = 1. Then each node u sends Mu to the prover.
c. Each node u receives Mu from the prover. The network applies V4ℓ+2 if r = 0, and

applies V †
2 if r = 1. If r = 0, then each node u performs the POVM measurement

{Πacc,u, I − Πacc,u} on register (Vu,Mu) and obtains its output. If r = 1, each
node u measures the content of Vu and accepts iff the qubits in Vu are in |0 · · · 0⟩.

Figure 1 (2ℓ+ 1)-turn dQIPsh protocol.

It is obvious that the protocol in Figure 1 is a (2ℓ+ 1)-turn dQIPsh protocol. The analysis
of completeness and soundness can be shown in the same way as in Lemma 4.1 of [16]. ◀



F. Le Gall, M. Miyamoto, and H. Nishimura 42:11

Applying recursively Theorem 8 makes possible to reduce the number of turns down to 3:
Let m be the minimum integer that satisfies k ≤ 2m + 1. Then, the number of turns can be
reduced from k to 3 by applying Theorem 8 m− 1 times. In Section 4 we discuss it more
rigorously with mentioning error reduction.

3.2 Distributed Quantum Interactive Proofs without Shared
Randomness

Next, we consider dQIP protocols and show the analogous result of Theorem 8 in the dQIP
model. We can implement the protocol of Figure 1 in the dQIP model by simulating the step
(2) of Figure 1 (the verifier’s coin flip) without shared randomness. In order to simulate it, we
need additional two turns: In the first turn the prover sends the information that represents a
rooted spanning tree along with the snapshot state. The root (denoted by ℓ) of the spanning
tree creates a Bell pair 1√

2 |0⟩Mℓ
|0⟩Vℓ

+ 1√
2 |1⟩Mℓ

|1⟩Vℓ
using one qubit of its message register

and one qubit of its private register, then sends the message register to the prover in the
second turn. The prover in the third turn creates 1√

2 |0n⟩M + 1√
2 |1n⟩M using the CNOT gate,

sends the register Mu to each u except the root ℓ, and keeps one-qubit. The construction of
a rooted spanning tree in 1-turn requires Ω(log n) witness size [19], but we can construct a
rooted spanning tree in O(1) witness size in 3-turn by the result of [25]. Therefore the size
of witnesses is unchanged without a constant factor. (Note that the soundness error of the
protocol of [25] is bounded by any small constant ε > 0, and this ε appears in Theorems 9
and 10.) We thus obtain the following theorem.

▶ Theorem 9. Let ℓ ≥ 1 be an integer, L ⊆ G ×I be a language that has a dQIP[4ℓ+1](f(n))
protocol with completeness c and soundness s for some c2 > s where the protocol uses g(n)
space register at each node u in the interaction phase. Then L has a dQIP[2ℓ+3](f(n)+g(n))
protocol with completeness 1+c

2 and soundness 1+
√

s
2 + ε for arbitrary small constant ε > 0.

Note that applying recursively Theorem 9 makes possible to reduce the number of turns
down to 7 (corresponding to ℓ = 2), but not lower: Let ℓ be the minimum integer that
satisfies k ≤ 4ℓ + 1. Starting from k-turn, using Theorem 9, it is reduced to 2ℓ + 3. For
ℓ′ = ⌊ ℓ

2 ⌋, we have 4(ℓ′ + 1) + 1 ≥ 2ℓ + 3. Using Theorem 9 again, it is reduced down to
2(ℓ′ + 1) + 3, which is at most 2ℓ+ 1 if ℓ ≥ 3. However if ℓ ≤ 2, we cannot reduce from 4ℓ+ 1
to 2ℓ+ 1 using Theorem 9, that is, the recursion stops at 7-turn. We now show the following
theorem, which enables us to parallelize 7-turn protocols.

▶ Theorem 10. Let L ⊆ G × I be a language that has a dQIP[7](f(n)) protocol with
completeness c and soundness s where the protocol uses g(n) space register at each node u in
the interaction phase. Then L has a dQIP[5](f(n) + g(n)) protocol with completeness 1+c

2
and soundness 1+

√
s

2 + ε for arbitrary small constant ε > 0.

Proof. Fix the input x and a dQIP[7](f(n)) protocol π for L described by a sequence of
unitaries (corresponding to the interactions between the verifier and the honest prover)
P1, V2, P3, V4, P5, V6, P7, V8 in this order, which has completeness c and soundness s. Our
converted protocol is shown in Figure 2 (we call this protocol π′). We denote R1 = {Ru,1}u∈V

and R2 = {Ru,2}u∈V . In π′, we consider the entire register is (P,R1,R2) where P is the prover’s
private register: Initially, there is no verifier’s private register, and after receiving R1, the
private register of each node u is Ru,1. Here we analyze the completeness and the soundness
of π′. Define two quantum states |ψ4⟩ = V4P3V2P1 |0 · · · 0⟩(P,R1,R2) and |ψ5⟩ = P5 |ψ4⟩.(Here
we abuse the notation by thinking unitaries Vi act on both (M,V) and (R1,R2), and also
unitaries Pi act on both (P,M) and (P,R2) since they have the same size.)
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Proof of completeness. Assume that x ∈ L. The honest prover does the following.
Turn 1: Prepare the quantum state |ψ4⟩ in the register (P,R1,R2). Send the register R1.
Turn 3: Broadcast b. If b = 0, apply the honest operation P5 and send the register R2.
If b = 1, send the register R2.
Turn 5: If b = 0, apply the honest operation P7. If b = 1, apply P †

3 (the inverse operation
of the operation P3).

After Step 5 of Figure 2, if b = 0, the entire quantum state is V8P7V6P5V4P3V2P1 |0 · · · 0⟩
and if b = 1, the entire quantum state is P1 |0 · · · 0⟩ = (P1 |0 · · · 0⟩(P,R2)) ⊗ |0 · · · 0⟩R1

. Thus
the acceptance probability of π′ is 1+c

2 .

Proof of soundness. Assume that x /∈ L. Let |ψ⟩ be the initial state in (P,R1,R2), that is,
in Turn 1 of π′, the verifier receives the register R1 and its reduced state is tr(P,R2)(|ψ⟩ ⟨ψ|).
Assume that, when the random bit in Turn 2 is b = i, the prover applies Ui ⊗ IR1 and
sends R2 in Turn 3, and applies Wi ⊗ IR1 and sends R2 in Turn 5. Define unitaries Q0 and
Q1 by Q0 = (I(P,R2) ⊗ V8)(W0 ⊗ IR1)(I(P,R2) ⊗ V6)(U0 ⊗ IR1) and Q1 = (I(P,R2) ⊗ V †

2 )(W1 ⊗
IR1)(I(P,R2) ⊗ V †

4 )(U1 ⊗ IR1), and let

|α⟩ = 1
∥ΠaccQ0 |ψ⟩ ∥

ΠaccQ0 |ψ⟩ and |β⟩ = 1
∥ΠinitQ1 |ψ⟩ ∥

ΠinitQ1 |ψ⟩ ,

where Πacc is the projection onto the acceptance state of π, and Πinit = I(P,R2) ⊗
|0 · · · 0⟩ ⟨0 · · · 0|R1

.
Let pi be the acceptance probability of π′ when the random bit in Turn 2 is b = i. Then

we have

p0 = ∥ΠaccQ0 |ψ⟩ ∥2 = 1
∥ΠaccQ0 |ψ⟩ ∥

| ⟨ψ|Q†
0ΠaccQ0 |ψ⟩ |2 = F (|α⟩ ⟨α| , Q0 |ψ⟩ ⟨ψ|Q†

0)2

= F (Q†
0 |α⟩ ⟨α|Q0, |ψ⟩ ⟨ψ|)2,

p1 = ∥ΠinitQ1 |ψ⟩ ∥2 = 1
∥ΠinitQ1 |ψ⟩ ∥

| ⟨ψ|Q†
1ΠinitQ1 |ψ⟩ |2 = F (|β⟩ ⟨β| , Q1 |ψ⟩ ⟨ψ|Q†

1)2

= F (Q†
1 |β⟩ ⟨β|Q1, |ψ⟩ ⟨ψ|)2.

Therefore, using Lemma 21 the acceptance probability pacc of π′ is bounded by

pacc = 1
2(p0 + p1) ≤ 1

2(1 + F (Q†
0 |α⟩ ⟨α|Q0, Q

†
1 |β⟩ ⟨β|Q1))

= 1
2(1 + F (|α⟩ ⟨α| , Q0Q

†
1 |β⟩ ⟨β|Q1Q

†
0)).

We also have

F (|α⟩ ⟨α| , Q0Q
†
1 |β⟩ ⟨β|Q1Q

†
0) = | ⟨α|Q0Q

†
1 |β⟩ | = | ⟨α| ΠaccQ0Q

†
1 |β⟩ | ≤ ∥ΠaccQ0Q

†
1 |β⟩ ∥

from the fact that Πacc |α⟩ = |α⟩. The reduced state of |β⟩ satisfies tr(P,R2)(|β⟩ ⟨β|) =
|0 · · · 0⟩ ⟨0 · · · 0|R1

since Πinit |β⟩ = |β⟩. Therefore, from the soundness of π, for any
U0, U1,W0,W1 acting on (P,R2),

∥Πacc(I(P,R2) ⊗ V8)(W0 ⊗ IR1 )(I(P,R2) ⊗ V6)(U0U
†
1 ⊗ IR1 )(I(P,R2) ⊗ V4)(W1 ⊗ IR1 )(I(P,R2) ⊗ V2) |β⟩ ∥2

= ∥ΠaccQ0Q
†
1 |β⟩ ∥2 ≤ s.

Thus we have pacc ≤ 1
2 +

√
s

2 , which completes the proof of soundness. ◀
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dQIP[5](f(n) + g(n)) protocol π′.

1. Turn 1: The prover gives a g(n)-qubit quantum register Ru,1 to each node u. The
prover chooses arbitrary one node as a leader node leader.

2. Turn 2: leader chooses a bit b ∈ {0, 1} uniformly at random and sends it to the
prover.

3. Turn 3: The prover sends one bit bu and a f(n)-qubit quantum register Ru,2 to
each node u.

4. Turn 4: If bu = 0, each node u applies Vu,6 to (Ru,1,Ru,2). If bu = 1, u applies V †
u,4.

u sends Ru,2 to the prover.
5. Turn 5: The prover sends Ru,2 to each node u.
6. The verification phase: If bu = 0, each node u applies Vu,8 to (Ru,1,Ru,2) and u

does the same verification as in the original 7-turn protocol. u outputs “accept” iff
the output of the original protocol is “accept” and all random bits bv where v ∈ N(u)
are the same as bu. If bu = 1, u applies V †

u,2 and outputs “accept” iff the register Ru,1
is set to all-zero state and all random bits bv where v ∈ N(u) are the same as bu.

Figure 2 dQIP[5](f(n) + g(n)) protocol π′.

dQIP protocol simulating a dAM protocol.

1. The prover’s turn: The prover applies arbitrary unitary Uj to the register (P,M).
Then Mu is sent to the node u.

2. The verifier’s turn: Each node u stores the state in Mu to its private register Vu

by the SWAP gate, and creates 1√
2m

∑
r∈{0,1}m |r⟩Mu

|r⟩Vu
in Mu and a fresh part

of Vu. Then Mu is sent to the prover.
3. The verification phase: Each node measures its private register in the computa-

tional basis, then broadcasts the outcome to its neighbors, and decides the output of
the protocol (accept or reject).

Figure 3 dQIP protocol simulating a dAM protocol.

4 Quantum Simulation of Distributed Arthur-Merlin Interactive
Protocols

In this section we see how to convert dAM protocols to dQIP protocols, and parallelize the
converted dQIP protocol to 5-turn. Assume the size of each witness and random bits is m. Let
cj be a function that represents the witnesses provided by Merlin at the j-th turn. That is,
if random bits generated by Arthur in the i-th turn is ri = ri(u1)ri(u2) · · · ri(un) ∈ {0, 1}mn,
cj(r2, r4, . . . , rj−1) = cj(u1)cj(u2) · · · cj(un) ∈ {0, 1}mn represents the witness where cj(u) is
provided to u. In order to simulate k-turn dAM protocols, each computation by the prover
has to be converted to a form of reversible computation. Thus cj must be realized by a
unitary transform

Ucj
: |r2, ..., rj−1, b⟩ → |r2, ..., rj−1, b⊕ cj⟩ .

The protocol proceeds as Figure 3. Let c and s be the completeness and the soundness of
the original dAM[k] protocol, respectively. We show the following theorem.
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▶ Theorem 11. The protocol in Figure 3 has completeness c and soundness s.

Proof.

Completeness. Assume that (G, I) ∈ L and the prover receives the Mu part of the quantum
state 1√

2m

∑
rj−1(u)∈{0,1}m |rj−1(u)⟩Mu

|rj−1(u)⟩Vu
from the node u in the (j − 1)-th turn.

At the j-th turn the honest prover applies the SWAP gate to (P,M), obtaining

1√
2 j−1

2 mn

( ∑
r2,r4,...,rj−1∈{0,1}mn

|r2, r4, ..., rj−1⟩P |0⟩M |c1, r2, c3, r4, ..., cj−2, rj−1⟩V

)
.

Then, the prover also applies Ucj
to (P,Mu), obtaining the following state

1√
2 j−1

2 mn

( ∑
r2,r4,...,rj−1∈{0,1}mn

|r2, r4, ..., rj−1⟩P |cj⟩M |c1, r2, ..., cj−2, rj−1⟩V

)

= 1√
2 j−1

2 mn

( ∑
r2,r4,...,rj−1∈{0,1}mn

|r2, r4, ..., rj−1⟩P

⊗
u∈V

|cj(u)⟩Mu
|c1, ..., rj−1⟩V

)
.

At the verification phase, the quantum state in V is a mixed state

1
2 k−1

2 mn

∑
r2,...,rk−1∈{0,1}mn

|c1, r2, c3, ..., rk−1, ck⟩ ⟨c1, r2, c3, ..., rk−1, ck|V ,

and u obtains one of the state |c1(u), r2(u), c3(u), ..., rk−1(u), ck(u)⟩ uniformly at random
as the outcome of its measurement. Then u broadcasts the outcome to its adjacent nodes.
From the completeness of the original dAM[k] protocol the acceptance probability of this
verification phase is at least c.

Soundness. Assume that (G, I) /∈ L. A malicious prover may use some other unitary
instead of Ucj at the j-th turn. Let

∑
rj−1∈{0,1}mn |rj−1⟩M |rj−1⟩V be the Bell pairs created

by the verifier in the (j − 1)-th turn. The witness provided by the prover in the j-th turn is
stored into the private register V. In the verification phase, node ui obtains |xi, rj−1(u)⟩ for
some xi ∈ {0, 1}m as the outcome of its measurement. From the soundness of dAM protocols,
the original protocol is accepted for at most s of all random strings generated by Arthur. On
the other hand, each node u obtains |r2(u), r4(u), ..., rk−1(u)⟩ uniformly at random by its
measurement regardless of the prover’s action. Thus the acceptance probability of this dQIP
protocol is at most s. ◀

Using this theorem and the results in Section 3, we can show Theorems 1 and 2.

Proofs of Theorem 1 and Theorem 2. Assume without loss of generality k = 4ℓ+1 for ℓ ≥ 1
and m = f(n). For any dAM[k](m) protocol, we have a dQIP[k](m) protocol which simulates
it using Theorem 11. Applying Theorem 9 we can parallelize it to a dQIP[2ℓ+ 3](m) protocol
with completeness 1+c

2 and soundness 1+
√

s
2 . Note that we can assume g(n) = O(m) since the

register provided by the honest prover at the first turn of the parallelized protocol contains a
(4ℓ+ 1)mn-qubit state in registers V and M such that the total state is represented as

1√
2(ℓ+1)mn

∑
r2,...,r2ℓ+2∈{0,1}mn

|r2, . . . , r2ℓ+2⟩P |c1, r2, . . . , c2ℓ+1, r2ℓ+2, 0mn, · · · , 0mn⟩(V,M)
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and each node u receives its reduced state of (4ℓ+ 1)m = O(m)-qubit on (Vu,Mu). Thus the
size of witnesses and the size of messages in the verification phase are both O(m). We assume
that the parameters c and s of the original dAM[k](m) protocol are c = 1 − ε and s = δ for
small constant ε > 0 and δ > 0 since we can use the standard technique of parallel repetition
by [3] (the protocol is executed in parallel a constant number of times, and the leader node,
which is determined by the prover as a root of a spanning tree, adopts the majority of the
outcomes in the verification phase). Note that the witness size does not change by parallel
repetition since the protocol has k ≥ 3 turn and the construction of a spanning tree can be
done with O(1)-size witnesses using three turns [25]. (Here, the soundness error ε′ of the
construction of the spanning tree affects the analysis, so we set the soundness s+ ε′ for the
parallel repetition.) Now we assume that the completeness and the soundness of the original
dAM[k](m) protocol are c = 1− 1

12a2 and s = 1
12a2 for a = k−1, respectively. By Theorem 11,

the converted dQIP[k](m) protocol has the same completeness and soundness. By Theorem 9,
which reduces the number of turns down to 7, and Theorem 10, which reduces the number of
turns down to 5, and the same analysis as Lemma 4.2 of [16], we get a dQIP[5](m) protocol
with completeness 1 − 2c

k−1 = 1 − 1
6a3 and soundness 1 − 1−s

(k−1)2 < 1 − 1
2a2 . Then we use

another parallel repetition for quantum interactive protocols developed in [11]. (The parallel
repetition in [11] accepts iff all outcomes in repetitions are “accept”. See Theorem 4.9
in [11].) More precisely, using 2a3 time repetitions the completeness and soundness become(
1− 1

6a3

)2a3

> 1− 1
3 = 2

3 and
(
1− 1

2a2

)2a3

< 1
ea <

1
3 , which completes the proof of Theorem 1.

In the case of dQIPsh, we can parallelize a k = (4ℓ+ 1)-turn protocol to a (2ℓ+ 1)-turn
protocol by using Theorem 8. Therefore Theorem 2 can be shown similarly to the proof of
Theorem 1 by applying Theorem 8, instead of Theorem 9 and Theorem 10. ◀

4.1 Applications of Theorem 1 and 2

We can apply Theorem 1 and Theorem 2 to the following dAM protocols by [25] (see
Appendix A for the definition of these problems), obtaining Corollary 3:

▶ Theorem 12 ([25]). There exist
a dAM[4](log n) protocol for Asym,
a dAM[O(1)](log n) protocol for GNI,
a dAM[5](log log n) protocol for SetEquality,
a dAM[5](log log n) protocol for DSym.

▶ Theorem 13 ([25]). There exists a constant δ such that if a language L can be decided in
poly(n) time and nδ space, then L ∈ dAM[O(1)](log n).

▶ Corollary 3. 1. There exist
a dQIPsh[3](log n) protocol for Asym,
a dQIPsh[3](log n) protocol for GNI,
a dQIPsh[3](log log n) protocol for SetEquality,
a dQIPsh[3](log log n) protocol for DSym.
a dQIP[5](log n) protocol for GNI.

2. There exists a constant δ such that if a language L can be decided in poly(n) time and nδ

space, then L ∈ dQIP[5](log n) and L ∈ dQIPsh[3](log n).
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5 Testing Closeness of Two Quantum States

Verification of the GHZ state

In this section we briefly explain how to show Thereom 4. Technically, our protocol can
be viewed as the distributed implementation of the SWAP test [1]. To do this, we need to
implement the controlled SWAP gate, but it is not possible by local operations at each node
if the inputs are distributed since there is no prior entanglement in our setting. To resolve
this issue, we create the quantum state that is called the GHZ state using the prover. Let
|GHZ⟩ be the n-qubit GHZ state

|GHZ⟩ = 1√
2

(|0n⟩ + |1n⟩).

The detail of our approach is omitted from the main body of the paper due to space constraint.
It can be found in the full version [9]. Ultimately, we present a dQIP protocol for verification
of the GHZ state, and show the following theorem.

▶ Theorem 16. There exists a dQIP[5](O(1)) protocol PGHZ that satisfies the following
properties:

(completeness): If the prover is honest, the protocol accepts with probability 1 and the
network outputs the GHZ state.
(soundness): If the protocol accepts with probability δ, then the reduced state ρ of the
output register satisfies

⟨GHZ| ρ |GHZ⟩ ≥ 1 − ε.

The dQIP protocol for DQCTN

In the full version [9], using the protocol PGHZ , we present a protocol PDQCT, which satisfies
the desired conditions appeared in Theorem 4.
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A Problems

In this appendix we formally define the problems Set Equality, Graph Asymmetry, Dumbbell
Symmetry and Graph Non-Isomorphism.

▶ Definition 17 (Set Equality [25]). Let G be a graph and I be an input such that the label I(u)
for each node u contains two lists of ℓ elements Au = {au,1, . . . , au,ℓ} and Bu = {bu,1, . . . , bu,ℓ}
where ℓ ≤ n is an integer and each element in Au and Bu can be represented in O(log n)-bit.
The language SetEquality is the set of graphs and labels such that {Au}u∈V = {Bu}u∈V

as multisets.

▶ Definition 18 (Graph Asymmetry [25]). The language Asym is the set of all connected
graphs that do not have a nontrivial automorphism.

▶ Definition 19 (Dumbbell Symmetry [18]). Let m, k be positive integers and let n =
2m+ 2k + 1. An n-vertex connected graph G = ({0, 1, . . . , n− 1}, E) is a dumbbell graph if
it satisfies following conditions:

Let G0 be the vertex-induced subgraph of G on vertices {0, . . . ,m − 1} and G1 be the
vertex-induced subgraph of G on vertices {m, . . . , 2m− 1}.
G0 and G1 are connected to each other by the following path of length 2k + 2

0 − (2m) − (2m+ 1) − · · · − (2m+ 2k) − (m).
E consists of all edges in G0 and G1, and the path-edges.

The automorphism σ is given as follows:

σ(i) =


m+ i if i ∈ {0, . . . ,m− 1}
i−m if i ∈ {m, . . . , 2m− 1}
4m+ 2k − i if i ∈ {2m, . . . , 2m+ 2k}

The language DSym is the set of all dumbbell graphs G such that σ(G) is isomorphic to G.

▶ Definition 20 (Graph Non-Isomorphism [18]). The language GNI is the set of all pairs
of graphs (G0, G1) where G0 is not isomorphic to G1. We assume that the communication
graph is G0, and nodes cannot communicate on G1-edges.
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In [25], it was shown that SetEquality ∈ dAM[2](log n), SetEquality ∈
dAM[4](log log n), Asym ∈ dAM[4](log n), DSym ∈ dAM[4](log log n), GNI ∈ dAM[k](log n)
for some constant k > 4. 4 For GNI, there also exists a dAM[4](n log n) protocol showed
by [18].

B Quantum information

We assume that the readers are familiar with basic concepts of quantum information such as
density matrices, measurements, and quantum circuits (See, e.g., [28, 32, 33]).

Let H be a finite dimensional Hilbert space, and ρ, σ be any quantum states in H.
The fidelity of two quantum states ρ, σ is defined as F (ρ, σ) = tr

[√√
ρσ

√
ρ
]
. Note that

for two pure states ρ = |ψρ⟩ ⟨ψρ| and σ = |ψσ⟩ ⟨ψσ| we have F (ρ, σ) = | ⟨ψρ|ψσ⟩ |. Let
dist(ρ, σ) = 1

2 ∥ρ− σ∥tr be the trace distance of ρ, σ, where ∥A∥tr = tr
√
A†A. For two pure

states |ψ⟩ ⟨ψ| , |ϕ⟩ ⟨ϕ| we denote dist(|ψ⟩ , |ϕ⟩). Here we summarize some useful inequalities
about the fidelity and the trace distance, which are used multiple times in this paper.

▶ Lemma 21. For any quantum states ρ, σ, ξ in H, we have
1. [7]: 1 − F (ρ, σ) ≤ dist(ρ, σ) ≤

√
1 − F (ρ, σ)2,

2. [26, 30]: F (ρ, σ)2 + F (ξ, σ)2 ≤ 1 + F (ρ, ξ).

A POVM (Positive Operator Valued Measure), which is a general framework for quantum
measurement, consists of a set of positive semi-definite matrices {Mm}m that satisfies∑

m Mm = I. If a quantum state ρ is measured by a POVM {Mm}m, the outcome i of
the measurement is obtained with probability tr(Miρ). For arbitrary system of n-qubit,
the quantum measurement corresponds to the POVM {Mm}m where Mm = |m⟩ ⟨m| for
m ∈ {0, 1, . . . , 2n − 1} is called the measurement in the computational basis.

The SWAP gate Uswap is the gate acting on two-qubit as Uswap |a⟩ |b⟩ = |b⟩ |a⟩ for
a, b ∈ {0, 1}. The SWAP test is a basic tool for quantum computing, which acts on the two
registers R1,R2 as follows: (1) Prepare the state |+⟩ on the 1-qubit ancilla register B; (2)
Perform the SWAP gate on (R1,R2) iff the qubit in B is |1⟩; (3) Perform Hadamard gate on
B and measure it in the computational basis {|0⟩ ⟨0| , |1⟩ ⟨1|}.

C Perfect completeness

In this appendix we consider the dQIPcom model, and show how to transform a protocol with
two-sided bounded error into a protocol with perfect completeness. The number of turns of
the transformed protocol increases by four turns and the size of message registers remains
unchanged. This is shown by implementing the result of [17] in a distributed manner. The
main difference from the centralized setting is the rejection condition.

In the case of the distributed setting, assume each node outputs 0 if it accepts otherwise
outputs 1. Then the protocol rejects iff the output is not all-zero. The method of Kitaev and
Watrous in the case of the centralized setting includes the operation that an additional register
is prepared by the verifier, and it is incremented iff the private register is in the rejection
state (i.e., |1⟩). In the distributed setting, the prover determines the leader node, and the
leader performs this operation. However, as mentioned above, in the case of distributed
setting, the protocol rejects even if the leader is in the acceptance state but some other node
is in the rejection state. Hence the leader needs the help of the prover to confirm that the
protocol is in the rejection state. These operations require four additional turns but do not
change the size of the message register.

4 If we add the condition that the nodes can communicate on G1-edges, there is a dAM[4](log n) pro-
tocol [25].
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Let L be a language that has a k-turn dQIPcom system with completeness c and soundness
s where c− s > δ for some constant δ > 0. We show a distributed implementation of Kitaev
and Watrous in Figure 4. Note that this protocol works for dQIPcom but does not work for
dQIP (and dQIPsh) since nodes need to communicate with each other in the middle of the
protocol in order to check if its private register is in the acceptance state. The following
theorem can be shown easily by adapting the proof of [17] to the distributed setting.

▶ Theorem 22. Any dQIPcom[k](f(n)) protocol with completeness c and soundness s where
c−s > δ for some constant δ > 0 that uses (g(n)+f(n)deg(u))-qubit private register at node u
can be transformed to a dQIPcom[k+ 4](f(n)∆ + g(n)) protocol that uses (g(n) + f(n)deg(u))-
qubit private register at node u, with perfect completeness and soundness 1 − δ2 + ε where ∆
is the maximum degree of the network and ε > 0 is arbitrary small constant.

Proof. We call the protocol of Figure 4 P in order to distinguish from the original protocol.
The proof uses almost the same argument from Ref. [17]. We assume that in the original
protocol each node u accepts iff the first qubit of its private register Vu is |0⟩. Then, in
step 3, P is rejected when one of the following conditions holds; (1) the output qubits is
not in |0n⟩, but the state in O = {Ou}u∈V , which is sent from the prover, is |0n⟩ (it means
the case that at least one node rejects the original protocol); (2) the state in O is neither
|0n⟩ nor |1n⟩. Now we only consider the case that the protocol P is not rejected in step
3. Let |ψ⟩ = αacc |ψacc⟩ + αrej |ψrej⟩ be the state in (V,W) before the measurement of the
original protocol where |ψacc⟩ represents the state that the output qubits of all nodes is |0⟩
and |ψrej⟩ represents the state that the output qubit of at least one node is |1⟩. Thus, after
step 3, the state5 in (O,V,W) is written as

αacc |0n⟩O |ψacc⟩ + αrej |1n⟩O |ψrej⟩ .

Let U be the unitary that is applied by the prover between step 5 and 6. The state in
(O′,O,V,W) before step 6 is then

αacc |0⟩O′ U(|0n⟩O |ψacc⟩) + αrej |1⟩O′ U(|1n⟩O |ψrej⟩).

In step 6, the leader subtracts O′ from Oℓ, yielding the state

αacc |0⟩O′ |ϕacc⟩ + αrej |1⟩O′ |ϕrej⟩ ,

where |ϕacc⟩ and |ϕrej⟩ are some states in (O,V,W). The leader applies the operation Tc

and accepts with probability ∥αacc
√
c |ϕacc⟩ + αrej

√
1 − c |ϕrej⟩ ∥2. For the completeness,

we have αacc =
√
c and αrej =

√
1 − c. If the honest prover performs the operation that

makes |ϕacc⟩ = |ϕrej⟩, the acceptance probability is 1. For the soundness, observe that the
acceptance probability is bounded by

(αacc

√
c+ αrej

√
1 − c)2 + ε ≤ 1 − (c− α2

acc)2 + ε ≤ 1 − δ2 + ε.

where ε is the soundness error of the spanning tree construction. ◀

Then we can use the dQIPcom variant of Theorem 9 and the parallel repetition of [11]
repeatedly to reduce the number of turns to 5.

▶ Corollary 23. Any dQIPcom[k](f(n)) protocol that uses (g(n) + f(n)deg(u))-qubit private
register at node u can be transformed to a dQIPcom[5](f(n)∆ + g(n)) protocol with perfect
completeness where ∆ is the maximum degree of the network.

5 The malicious prover can make the state e.g., αacc(
√
β |0n⟩ +

√
1 − β |1n⟩)O |ψacc⟩ + αrej |1n⟩O |ψrej⟩,

but it only leads lower acceptance probability.
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(k + 4)-turn dQIPcom protocol with perfect completeness.

1. Run the original protocol except outputting accept or reject. Construct a spanning
tree with the root ℓ.

2. Each node u prepares 1-qubit register Ou, perform the CNOT gate on Ou controlled
on the first qubit of its private register which corresponds to the output, then sends
Ou to the prover.

3. The prover sends the register Ou to each node u, then u rejects if Ou is in |0⟩ and
its output qubit is |1⟩. The network checks if all of qubits provided by the prover
are the same. If not, the network rejects the protocol.

4. Let ℓ be the leader node which is also the root of a spanning tree. The leader ℓ
prepares one-qubit register O′ in the state |0⟩ and increments O′ iff Oℓ is |1⟩.

5. Each node u sends the registers Vu, Ou and Wu,v for all (u, v) ∈ E to the prover.
6. The prover sends Oℓ to ℓ, and ℓ subtracts Oℓ from O′ (i.e., flips O′ iff the content of

Oℓ is |1⟩). The leader ℓ applies Tc to Oℓ where Tc is given by

Tc(|0⟩) =
√
c |0⟩ −

√
1 − c |1⟩

Tc(|1⟩) =
√

1 − c |0⟩ +
√
c |1⟩ .

Then the leader measures Oℓ and accepts iff the outcome is |0⟩.

Figure 4 (k + 4)-turn dQIPcom protocol with perfect completeness.
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Abstract
For a fixed graph H, the H-Recoloring problem asks whether, given two homomorphisms from a
graph G to H, one homomorphism can be transformed into the other by changing the image of a
single vertex in each step and maintaining a homomorphism to H throughout. The most general
algorithmic result for H-Recoloring so far has been proposed by Wrochna in 2014, who introduced a
topological approach to obtain a polynomial-time algorithm for any undirected loopless square-free
graph H. We show that the topological approach can be used to recover essentially all previous
algorithmic results for H-Recoloring and that it is applicable also in the more general setting of
digraph homomorphisms. In particular, we show that H-Recoloring admits a polynomial-time
algorithm i) if H is a loopless digraph that does not contain a 4-cycle of algebraic girth 0 and ii) if
H is a reflexive digraph that contains no triangle of algebraic girth 1 and no 4-cycle of algebraic
girth 0.
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1 Introduction

Reconfiguration problems have been introduced formally by Ito et al. in [11] and their
complexity has been studied systematically since. Applications can be found in statistical
physics, combinatorial games, and uniform sampling of objects such as colorings and match-
ings. The general setting is the following: Given two feasible solutions of an instance of a
combinatorial problem, the goal is to decide whether one can be transformed into the other
in a step-by-step manner, visiting only feasible configurations during the transformation.
Related questions of interest are whether any two feasible solutions admit a transformation,
and if there is a transformation of at most a certain length between two given solutions. We
refer the reader to the surveys of Nishimura [15] and van den Heuvel [16] for a discussion of
results and applications in this area.

A digraph homomorphism maps the vertex set of a digraph G to the vertex set of a digraph
H such that each arc of G is mapped to an arc of H. The classical digraph homomorphism
problem CSP(H) asks whether there is a digraph homomorphism from a given digraph G

to a fixed ”template” digraph H. Besides the fact that CSP(H) generalizes graph coloring,
one of the motivations for studying its complexity is that it is polynomially equivalent to
the seemingly richer constraint satisfaction problem CSP(H), where the template H can be
any fixed finite relational structure [8]. The complexity of CSP(H) (and hence CSP(H))
is well understood in the sense that for any digraph H, the problem CSP(H) is known to
be either polynomial-time solvable or NP-complete, a result that has been proved recently
by Bulatov [5] and by Zhuk [18], settling in the affirmative a long-standing conjecture by
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Feder and Vardi [8]. Motivated by these recent developments we study the complexity of
the natural reconfiguration variant H-Recoloring associated with CSP(H), which is the
following question: Given two digraph homomorphisms α and β from a G to H, is there a
step-by-step transformation between α and β that changes the image of one vertex of G at a
time and maintains a digraph homomorphism from G to H throughout?

The complexity of H-Recoloring is known for several special cases, most notably cases
when H is from some class of undirected loopless graphs. Despite several positive [4, 6, 13, 17]
and negative [1, 4, 12] results, a complete classification of the complexity of H-Recoloring
even for undirected graphs H is not known. By replacing each edge of an undirected graph by
two directed edges of opposite orientation, we see that digraphs homomorphisms are strictly
more general than homomorphisms of undirected graphs in this context. For digraphs H,
we are aware of only two results for H-Recoloring, which consider the case where H is a
transitive tournament [7] and where H is some orientation of a reflexive digraph cycle [2] (a
graph is reflexive if it has a loop on each vertex).

The algebraic girth of the orientation of a cycle is the absolute value of the number of
forward arcs minus the number of backward arcs. In particular, a 4-cycle of algebraic girth
0 is either one of the two graphs shown in Figure 1a. We extend the topological approach
developed by Wrochna [17] in the context of undirected graphs to digraphs and obtain a
polynomial-time algorithm for CSP(H) for any graph H that contains no 4-cycle of algebraic
girth 0 as a subgraph.

▶ Theorem 1. Let H be a loopless digraph that contains no 4-cycle of algebraic girth 0 as a
subgraph. Then H-Recoloring admits a polynomial-time algorithm.

Theorem 1 generalizes the polynomial-time algorithm for CSP(H) given in [17] for
undirected graphs H without a cycle on four vertices as subgraph, which in turn is a
generalization of [6], where H is a complete graph on three vertices. The triangle of algebraic
girth 1 is shown in Figure 1b. For reflexive digraphs we obtain the following result.

▶ Theorem 2. Let H be a reflexive digraph that contains neither a triangle of algebraic girth 1
nor a 4-cycle of algebraic girth 0 as a subgraph. Then H-Recoloring admits a polynomial-time
algorithm.

Theorem 2 generalizes the algorithmic results from [2], where H is assumed to be a
reflexive digraph cycle and from [13], where H is a triangle-free reflexive undirected graph.
We remark that the algorithms of theorems 1 and 2 produce certificates for both Yes and No
instances and that their running time is polynomial in the size of G and the size of H. The
remaining known algorithmic results in [4, 7], while not implied directly by theorems 1 and 2,
can be obtained in a straight-forward manner using the topological approach, see sections B.2
and B.3. In the light of our results, to our knowledge, all previous algorithmic results for
H-Recoloring can be obtained by the topological approach. Therefore it seems natural to
ask whether there are digraphs H such that the topological approach for H-Recoloring does
not work, but there is nevertheless a polynomial-time algorithm. This question seems to be
a stepping stone to a complete classification of the complexity of H-Recoloring.

One intriguing property of reconfiguration problems is that they can be easy even if the
underlying decision problem is hard and vice versa. To illustrate this, consider the classical
3-Coloring problem, which can be formulated as follows: Given an undirected graph G,
decide if there is a homomorphism from G to the complete graph on three vertices. While
3-Coloring is NP-complete, Cereceda et al. showed [6] that, given two such homomorphisms
(“3-colorings”), there is a polynomial-time algorithm that decides whether there is a step-
by-step transformation between them. Theorem 1 generalizes the result of Cereceda et al.
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(a) The two non-isomorphic orientations of a 4-
cycle of algebraic girth zero.

(b) The orientation of a 3-cycle of algebraic
girth 1.

Figure 1 Orientations of a 4-cycle and a 3-cycle that appear in theorems 1 and 2.

and provides new examples with similar behavior. For instance, it is known that there are
orientations H of a tree such that CSP(H) is NP-complete, but Theorem 1 implies that for
any orientation H of any tree, the problem H-Recoloring admits a polynomial-time algorithm.
The situation is different for reflexive graphs: Here, deciding if a given graph G admits a
homomorphism to a fixed reflexive graph H is trivial, since a homomorphism may send all
vertices of G to the same looped vertex of H . However, deciding if two given homomorphisms
to a reflexive graph H admit a step-by-step transformation turns out to be non-trivial even
for restricted graphs H (see [3, 13] and the proof of Theorem 2) and is PSPACE-complete in
general [17].

1.1 Our results and their relation to Wrochna’s algorithm

We show that the topological approach introduced by Wrochna [17] for reconfiguring ho-
momorphisms of undirected graphs can be extended to the digraph homomorphisms. An
undirected graph is square-free if it does not contain a cycle on four vertices as a subgraph.
For a homomorphism G→ H of directed or undirected graphs, we refer to the image of a
vertex of G as its color. Two graph homomorphisms α, β : G → H admit a step-by-step
transformation if there is a sequence σ1, σ2, . . . , σℓ of homomorphisms G → H, such that
α = σ1, β = σℓ, and any two consecutive homomorphisms σi, σi+1 differ with respect to
the color of exactly one vertex. Such a sequence is called H-recoloring sequence (from α

to β). One key observation of Wrochna [17] is that if H is an undirected square-free graph
then, whenever the color of a vertex changes during a step-by-step transformation then all
of its neighbors must have the same color1. This so-called monochromatic neighborhood
property sets the stage for a topological approach to the H-Recoloring problem. Here, the
graphs are considered to be continuous objects, obtained by gluing edges represented by
unit intervals to their respective end-points, and graph homomorphism are continuous maps
between the corresponding topological spaces. The monochromatic neighborhood property
implies that if there is an H-recoloring sequence between two homomorphisms then they
are homotopy-equivalent. This permits to represent H-recoloring sequences satisfying the
monochromatic neighborhood property (up to re-ordering) by walks in H that correspond
to the color changes of a single vertex of G. Wrochna [17] provides a characterization of all
such walks for square-free graphs H, which leads to a polynomial-time algorithm for the
corresponding H-Recoloring problem.

1 It is easy to verify that if a vertex v of an undirected graph G has two neighbors with distinct colors
then a color change of v implies that H contains a square.
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At first sight, the crucial premise of Wrochna’s algorithm seems to be the square-freeness
of H. But in fact, the algorithm finds for any undirected graph H, square-free or not,
walks that represent all H-recoloring sequences satisfying the monochromatic neighborhood
property (possibly there is no such walk). In [17], Wrochna remarks the following.

▶ Remark 3 ([17]). We note that none of the proofs in this paper used any structural
properties of H. If we consider H-Recoloring for any graph H, but only allow recoloring a
vertex if all of its neighbors have one common color (in other words, a reconfiguration step is
allowed only when the homotopy class of the mapping does not change), the same results
will follow.

This remark implies immediately that his algorithm also works for undirected graphs H with
loops allowed, whenever H does not contain C4, K3 with one loop added and K2 with both
loops added.

For a loopless digraph H, a structural property that enforces the monochromatic neigh-
borhood property of any H-recoloring sequence is that H does not contain a 4-cycle of
algebraic girth 0 (see Figure 1a). Following the discussion of Wrochna’s algorithm above, we
may apply it to the corresponding undirected graph H̄ and it will return a description of
all walks that represent H̄-recoloring sequences satisfying the monochromatic neighborhood
property. To obtain Theorem 1, it remains to determine whether or not one of the walks
corresponds to an H-recoloring sequence that is compatible with the orientation of the arcs of
H. For this purpose we introduce the so-called zigzag condition and show that the walks in H

that represent H-recoloring sequences satisfying the monochromatic neighborhood property
and the zigzag condition are precisely those that are compatible with the orientation of H

(Theorem 16). Finally, to prove Theorem 1, we show that it can be checked in polynomial time
whether any of the walks found by Wrochna’s algorithm satisfies the zigzag condition. Using
ideas from [17], a polynomial-time algorithm for finding shortest H-recoloring sequences can
be obtained (see Section B.1).

In order to prove Theorem 2, the topological approach needs to be adapted to the setting
of reflexive graphs. For this purpose, we introduce the push-or-pull property, which is
similar to the monochromatic neighborhood property in a topological sense. We say that an
H-recoloring sequence satisfies the push-or-pull property if, whenever a vertex of a graph
G changes its color, say from a to b, then all its neighbors in G have either color a or b.
This property ensures that if we consider the graphs G and H as topological spaces and
homomorphisms G→ H as continuous mappings between them (as described above), then
all H-colorings of a given H-recoloring sequence satisfying the push-or-pull property are
homotopy-equivalent. See Figure 2 for an example of two homomorphisms to a reflexive
triangle that are not homotopy-equivalent: the first wraps around the triangle while the
second does not.

It is not hard to see that for any triangle-free reflexive undirected graph H, any H-
recoloring sequence satisfies the push-or-pull property. Similar to the loopless case we
characterize those walks in H that correspond to H-recoloring sequences satisfying the
push-or-pull property (see Theorem 20). From this characterization we obtain a polynomial-
time algorithm for H-Recoloring for any undirected reflexive graph H of girth at least 5
(Corollary 24 in [14]). Recently, Lee et al. [13] have obtained the same result using other
methods.

An advantage of the topological approach is that it allows for a generalization to di-
graphs H: we use the characterization of walks in Theorem 20 for the undirected graph
H̄ (almost) as a black box and then check whether any of the corresponding H̄-recoloring
sequences is compatible with the orientation of the arcs of H. Depending on which case of
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v0

v1

v2

v0 v1

v2

Figure 2 Two homomorphisms G → H that differ in the color of one vertex but which are not
homotopy-equivalent. The graph G (in black) is a triangle and the graph H (in gray) is a triangle
with a loop on each vertex.

Theorem 20 applies, different levels of sophistication are required, but in any case there is a
polynomial-time algorithm. Notice that the push-or-pull property implies that when a vertex
changes its color, say from a to b, then a and b are adjacent in H. Using ideas from [13], we
show that we can get rid of this restriction in the case that H contains no 4-cycle of algebraic
girth 0 which is the final ingredient of Theorem 2. The last step illustrates the connection
between H-Recoloring and the so-called Hom-graph, which is discussed in Section 3 in [14].

1.2 Related work
The complexity of H-Recoloring for undirected graphs H has been studied systematically,
in particular since the work of Cereceda et al. [6], who showed that if H = K3, a complete
graph on three vertices, then H-Recoloring admits a polynomial-time algorithm, despite
CSP(K3) (“3-Coloring”) being NP-complete. Wrochna [17] generalized this result, showing
that H-Recoloring admits a polynomial-time algorithm if H is loopless and square-free.
Brewster et al. [4] gave a complexity classification of H-Recoloring for circular cliques Cp,q.
Note that their polynomial-time algorithm for 2 ≤ p/q < 4 includes graphs H that are not
square-free. Recently, Lee et al. [13] adapted Wrochna’s algorithm to the case that H is
reflexive and has girth at least 5. On the negative side, it is known that H-Recoloring is
PSPACE-complete if H is a clique on at least four vertices [1], a circular clique Cp,q where
p/q ≥ 4 [4], a wheel on a k-cycle, where k ≥ 3 and k ̸= 4 [12], or a quadrangulation of the
2-sphere with certain properties [12].

We are aware of two results for H-Recoloring for digraphs H . The first one is by Brewster
et al. [2], who showed that H-Recoloring admits a polynomial-time algorithm if H is a
reflexive digraph cycle that does not contain a 4-cycle of algebraic girth 0. In spirit this
algorithm uses the topological approach similar to that of Wrochna (but more involved) that
reduces the task of finding H-recoloring sequences to finding vertex walks in H. Secondly,
Dochterman and Singh [7] study the Hom-complex for digraphs G and H and show that it
is connected (in the topological sense) if H is the transitive tournament Tn on n vertices.
From this they conclude that any instance of Tn-Recoloring is a Yes-instance and give a
polynomial-time algorithm that finds a Tn-recoloring sequence. The algorithm is simple
and does not need any topological tools. It boils down to the fact that a homomorphism of
an acyclic digraph into a tournament corresponds to a linear extension of a partial order.
To reconfigure one linear extension into another, we may greedily take the last element
where the two linear extensions disagree and assign to the vertex with the smaller image the
larger image (w.r.t. the total order). The same result can be obtained using the topological
approach (see Section B.3).

Further results are known for H-Recoloring for a relational structure H on a Boolean
domain. This problem corresponds to the reconfiguration of satisfying assignments of
Boolean formulas. In [9], Gopalan et al. provide a complexity dichotomy for this problem
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by characterizing the relations for which Boolean satisfiability reconfiguration admits a
polynomial-time algorithm and showing that the problem is PSPACE-complete otherwise.
Another popular theme with a different flavor is the reconfiguration of subgraphs, which may
be considered to be homomorphisms (injective or not) from a fixed graph H to a given graph
G. In this context, Ito et al. showed that reconfiguring directed paths is PSPACE-complete.
Often however the graph H is not fixed, but any subgraph of a certain “shape”, e.g., any tree,
would be acceptable. We refer the readers to the survey of Nishimura [15] for an overview
of known results in this direction, in particular those on the reconfiguration of independent
sets, as well as [10] for results on spanning and induced subgraphs. A general introduction
to reconfiguration problems that also discusses their relation to combinatorial games and
puzzles can be found in [16].

1.3 Organization

Section 2 contains notation and basic definitions that are needed to prove Theorems 1 and 2.
Section 3 gives an overview of the proof of Theorem 1, which implies a polynomial-time
algorithm for H-Recoloring if H is a loopless digraph that contains no 4-cycle of algebraic
girth 0. This section also serves as a blueprint for the more involved proof of Theorem 2,
which is sketched in Section 4. Due to space limitations the full proofs are deferred to the
appendix.

2 Preliminaries

A directed graph (digraph) is a pair (V (G), A(G)) where V (G) is a finite set of vertices and
A(G) ⊆ V (G)× V (G) are arcs. We write u→ v when uv ∈ A(G). We say that a digraph G

is symmetric if vu ∈ A(G) whenever uv ∈ A(G). A digraph G is reflexive if uu ∈ A(G) for
each vertex u ∈ V (G). We interpret a symmetric digraph as undirected graph and think of
two edges {uv, vu} as undirected edge, which we also write as uv since it should be clear
from the context whether we refer to a directed or undirected edge. We write E(G) for the
set of undirected edges of a symmetric graph G. For any digraph G, we canonically associate
to G an undirected graph Ḡ where V (Ḡ) = V (G) and uv ∈ E(Ḡ) if u → v or v → u. Let
G be a digraph. The in-neighborhood (resp., out-neighborhood) of a vertex v ∈ V (G) is
given by N−

G (v) := {w ∈ V (G) | w → v} (resp., N+
G (v) := {w ∈ V (G) | v → w}). If G is

symmetric (undirected), the neighborhood NG(v) of a vertex v ∈ V (G) is the set of vertices
adjacent to v in G, that is, NG(v) := {w ∈ V (G) | vw ∈ E(G)}. Let G and H be digraphs. A
homomorphism ϕ : G→ H or (H-coloring of G) is a map V (G)→ V (H) that preserves arcs,
that is, for each u→ v, we have ϕ(u)→ ϕ(v). Similarly, for undirected graphs G and H, a
homomorphism ϕ : G→ H is a map V (G)→ V (H) that preserves edges (but not necessarily
non-edges). A homomorphism α : G→ H also induces a homomorphism ᾱ : Ḡ→ H̄.

A sequence W = (v1v2)(v2v3) . . . (vn−1vn) of consecutive edges of an undirected graph
G is a walk. The reverse walk W −1 of a walk W = (v1v2)(v2v3) . . . (vn−1vn) is the walk
W −1 = (vnvn−1) . . . (v2 v1). The length |W | of W the number of edges of W . A cycle C is
a closed walk, i.e., a walk such that v1 = vn on n− 1 distinct vertices. A walk in digraph
G is a walk in Ḡ. The algebraic girth of a cycle C in a digraph G is the absolute value of
the number of forward arcs minus the number of backward arcs. We say that a graph or a
digraph G is connected if for any two vertices u, v ∈ V (G) there is a walk from u to v in G.
A walk W = (v1v2) . . . (vn−1vn) in a digraph is directed if vi → vi+1 for all 1 ≤ i ≤ n − 1.
The walk W is symmetric if both W and W −1 are directed. We denote the empty walk by ε.
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W1

W2

W3

Figure 3 Consider the gray graph H and the three walks W1, W2 and W3 in H (their successive
vertices are drawn in black). The walk W1 reduces to W2. The walk W3 is already reduced.

Fundamental groupoid

Let H be an undirected or directed graph. Given a walk W = (v1 v2)(v2 v3) . . . (vn−1 vn) in
H, we call reduction the two following operations (see Figure 3):

The operation of deleting (vi vi+1)(vi+1 vi+2) from W if vi = vi+2 and 1 ≤ i ≤ n− 2
The operation of deleting (vi vi+1) from W if vi = vi+1 and 1 ≤ i ≤ n− 1. Note that this
operation requires a loop on vi, so it applies in particular if H is reflexive.

We say that W is reduced if none of the two operations above is applicable. That is, for
1 ≤ i ≤ n− 2, we have vi+2 ̸= vi and for 1 ≤ i ≤ n− 1, we have vi+1 ≠ vi. We can reduce
a walk W by iteratively applying reductions on it; we can easily see that by doing so we
obtain a unique reduced walk. By considering two walks to be equivalent if they reduce to
the same walk, we obtain an equivalence relation ∼ on the walks in H. The fundamental
groupoid π(H) is the set of all equivalence classes of walks in H under ∼. Its groupoid
operation is the concatenation · of walks and its neutral element is the empty walk ε. For
any walk W = (v1 v2) . . . (vn−1 vn), the inverse of (the class of) W in π(H) is (the class of)
the reversed walk W −1 = (vn vn−1) . . . (v2 v1) since both WW −1 and W −1W reduce to ϵ. In
the next sections of this paper, we will write W1 = W2 in π(H) if W1 ∼W2, that is, W1 and
W1 reduce to the same walk.

Cyclic reduction

We say that closed walk C = (v1v2) . . . (vn−1v1) is cyclically reduced if it is reduced and
additionally v2 ̸= vn−1. We can cyclically reduce any reduced closed walk C by iteratively
deleting from it both its first and last edges while one is the inverse of the other. This
operation leads to a unique decomposition C = A−1C0A where A is the sequence of deleted
edges of C and C0 is cyclically reduced.

H-recoloring

Let G and H be digraphs. Recall that two digraph homomorphisms α, β : G→ H admit an
H-recoloring sequence if for some ℓ there are digraph homomorphisms σ1, σ2, . . . , σℓ : G→ H ,
such that α = σ1, β = σℓ and for 1 ≤ i < ℓ, the two homomorphisms σi and σi+1 differ
with respect to the color of a single vertex of G. The problem H-Recoloring asks whether,
given a graph G and two digraph homomorphisms α, β : G→ H , the homomorphisms α and
β admit an H-recoloring sequence. An H-recoloring sequence satisfies the monochromatic
neighborhood property if, whenever a vertex v of G changes its color then all neighbors of v

in G have the same color.
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43:8 Reconfiguration of Digraph Homomorphisms

In this entire paper we assume that G and H are directed or undirected, (weakly)
connected graphs, with at least two vertices

One can see that assuming the connectivity of G and H imposes no restrictions, since if G is
not connected, we may consider the recoloring of each connected component of G separately.
If H is not connected, observe that any connected component of G maps to a connected
component of H.

3 Loopless digraphs

In this section we prove Theorem 1. To do so, we extend the polynomial-time algorithm
from [17] for H-Recoloring for the case that H is symmetric and square-free to the case
where H is any loopless digraph that contains no 4-cycle of algebraic girth 0. We assume in
the following that G and H are simple weakly connected digraphs with at least two vertices.
Observe that since H is a subgraph of the symmetric graph H̄ , any H-recoloring sequence is
also a H̄-recoloring sequence. Furthermore, if H contains no 4-cycle of algebraic girth 0 then
any H-recoloring sequence satisfies the monochromatic neighborhood property. To see this,
consider a step of any H-recoloring sequence where the color of a vertex u ∈ V (G) changes
from a to b (a, b ∈ V (H)). Let v be any neighbor of u and let h be the current color of v. If a
color different from h appears in the neighborhood of u then H contains a cycle of algebraic
girth 0, that is, one of the two orientations of the 4-cycle shown in Figure 1a. To prove
Theorem 1, the main idea is to run Wrochna’s algorithm on the symmetric graphs Ḡ and
H̄ to obtain a description of those H̄-recoloring sequences that satisfy the monochromatic
neighborhood property. We then check whether one of these sequences is compatible with
the orientation of the edges of H.

3.1 Realizable walks in H̄

We recall several results and definitions from [17] that will be useful later on, stating them
in a slightly different manner for the sake of better integration in the context of digraph
homomorphisms. Largely the same proofs apply however, as pointed out in Remark 3.

Let S = σ0, . . . , σℓ be a H̄-recoloring sequence satisfying the monochromatic neighborhood
property and let v be a vertex of G. For each 0 ≤ i < ℓ, let Si(v) be given by

Si(v) =
{

ϵ if σi(v) = σi+1(v), and
(σi(v) h)(h σi+1(v)) otherwise,

where h is the unique color of the neighbors of v with respect to σi(v) and σi+1(v). We
associate with S and v the walk S(v) := S0(v)S1(v) · · ·Sℓ(v) in H. Suppose that S(v) =
(a1 a2)(a2 a3) · · · (an−2 an−1)(an−1 an). Then according to S the vertex v changes its color
from a1 to a3 while its neighbors have color a2, then it changes color from a3 to a5 while
its neighbors all have color a4 (so all the neighbors must change their color from a2 to a4
before), and so on until v changes its color from an−2 to an while its neighbors all have color
an−1.

Let us pick any vertex q ∈ V (G) and let Q be a reduced walk from α(q) to β(q).
Furthermore, let (Wv)v∈V (G) be a set of walks from q to each v ∈ V (G). We say that Q

and (Wv)v generate the walks Sv := α(Wv)−1 · Q · β(Wv) ∈ π(H). We will say that Q is
H̄-realizable for α, β, q if there is a H̄-recoloring sequence S satisfying the monochromatic
neighborhood property such that Q = S(q). Hence, by Lemma 4, if Q is H̄-realizable then Sv
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does not depend on Wv. We say that Q is H-realizable for α, β, q if there is a H-recoloring
sequence S satisfying the monochromatic neighborhood property such that Q = S(q). Clearly,
if Q is H-realizable then it is H̄-realizable2.

According to Remark 3, we obtain the next results by following the proofs in [17] nearly
word by word.

▶ Lemma 4 ((∗) see [17, Lemma 4.1]). Let S = σ0, . . . , σℓ be an H̄-recoloring sequence from
α = σ0 to β = σℓ satisfying the monochromatic neighborhood property and let W be any
walk in G connecting two vertices u and v. Then S(v) = α(W )−1 · S(u) · β(W ) in π(H).
In particular, for any set (Wv)v∈V (G) of walks from q to all vertices v ∈ V (G), if a walk Q

from α(q) to β(q) is H̄-realizable then the other vertex walks in any associated H̄-recoloring
sequence are the walks α(Wv)−1 ·Q · β(Wv) ∈ π(H).

The next theorem gives a description of all H̄-realizable walks.

▶ Theorem 5 (see [17, Theorem 8.1]). Let α, β : G→ H and q ∈ V (G). Let Π̄ be the set of
all reduced walks that are H̄-realizable for α, β, q. Then one of the following holds:
1. Π̄ = ∅.
2. Π̄ = {Q} for some Q ∈ π(H).
3. Π̄ = {RnP | n ∈ Z}, for some R, P ∈ π(H).
4. Π̄ contains all reduced walks of even length from α(q) to β(q).
Furthermore, there is an algorithm that determines in time O(|V (G)| · |E(G)| + |E(H)|)
which case holds and outputs Q or R, P in cases 2 3 such that |Q|, |R|, |P | are bounded by
the total running time O(|V (G)| · |E(G)|+ |E(H)|).

The following lemma tells us that from any H̄-realizable walk we can obtain in polynomial
time an H̄-recoloring sequence. We will later generalize it to digraphs, which allows us to
construct in polynomial time an H-recoloring sequence from a given H-realizable walk (see
Lemma 8).

▶ Lemma 6 (see [17, Theorem 6.1]). Given an H̄-realizable walk Q we can construct an
associated H̄-recoloring sequence in time O(|V (G)|2 + |V (G)| · |Q|).

3.2 Orientation compatibility

We now characterize H̄-recoloring sequences that both satisfy the monochromatic neighbor-
hood property and are compatible with the orientation of H. To this end we give a simple
condition, the zigzag condition, on the reduced walks of the vertices of G obtained from
a given H̄-recoloring sequence. We show that it suffices to check the zigzag condition for
each vertex of G in order to determine whether a given H̄-recoloring sequence is also an
H-recoloring sequence. From this we obtain a polynomial-time algorithm that, given two
H-colorings α, β : G→ H and a vertex v of G, finds a walk from α(v) to β(v) in H that is
compatible with the orientation of H or reports correctly that no such walk exists. For the
remainder of this section let us fix two digraph homomorphisms α, β : G→ H.

2 This definition generalizes the definition of realizability from [17] such that H̄-realizability becomes a
necessary condition for H-realizability. When H̄ is square-free our definition coincides with the one
from [17].
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S(v3) Q = S(q)

Figure 4 Homomorphisms α and β map a graph G on 6 vertices to the gray graph H. The walk
Q = S(q) satisfies the zigzag condition and generates walks that also satisfy the zigzag condition like
S(v3), so it is orientation compatible. We will see soon that the vertices of the triangle v0 v1 v2 must
have symmetric vertex walks, so they cannot change colors for the lack of a symmetric edge in H.

3.2.1 The zigzag condition
Let v ∈ V (G) and Sv = (a1a2) . . . (an−1an) be a walk of even length from α(v) to β(v)
(think of Sv as the walk of v induced by some H̄-recoloring sequence S that satisfies the
monochromatic neighborhood property; in particular, S and Sv could have been obtained
by combining Theorem 5 and Lemma 6). We say that Sv satisfies the zigzag condition if
a1 ← a2 → a3 ← . . . ← an−1 → an is a walk in H whenever N−

G (v) ̸= ∅ (then we also say
that Sv zigzags correctly with respect to its in-neighborhood) and a1 → a2 ← a3 → . . .→
an−1 ← an is a walk in H whenever N+

G (v) ̸= ∅. Notice that at least one of N−
G (v) and

N+
G (v) is non-empty by our assumptions on G. Also, observe that if Sv is not reduced and

satisfies the zigzag condition then it will still satisfy that condition after reduction.
Based on Lemma 4 we can state a definition of orientation compatibility for walks: given

α, β : G→ H , q ∈ V (G) and a set of walks (Wv) from q to v. We say that a reduced walk of
even length Q ∈ π(H) from α(q) to β(q) is orientation compatible for the set (Wv)v∈V (G) if
for each vertex v ∈ V (G) and any walk Wv from q to v, the walk α(Wv)−1 ·Q ·β(Wv) ∈ π(H)
satisfies the zigzag condition. See Figure 4 for illustrations of the zigzag condition and of
orientation compatibility. Observe that by Lemma 4, if Q is H̄-realizable, then the orientation
compatibility of Q does not depend of the choice of the walks (Wv)v∈V (G).

▶ Lemma 7. Let q ∈ V (G). Let Q be an H̄-realizable walk for α, β, q. Then Q is H-realizable
if and only if Q is orientation compatible.

Proof. Let Q be an H̄-realizable walk. First assume that Q is H-realizable. Then let S be
a H-recoloring sequence from α to β such that Q = S(q). Let v ∈ V (G) and Wv a walk
from q to v in G. Then α(Wv)−1Qβ(Wv) = S(v) and we can write S(v) as a reduced walk
(a1a2)(a2a3) . . . (an−1an). If N−

G (v) ̸= ∅ then there is an arc w → v for some w ∈ V (G).
At each color change of v from ai to ai+2, the vertex w must have color ai+1 because S

satisfies the monochromatic neighborhood property. Since S is a H-recoloring sequence, its
homomorphisms all preserve the arc w → v. Hence a1 ← a2 → . . .← an−1 → an is a path
in H. Similarly, if N+

G (v) ̸= ∅ then we have the same path with all arcs reversed. As this
holds for each vertex v ∈ V (G), Q is orientation compatible.



B. Lévêque, M. Mühlenthaler, and T. Suzan 43:11

Conversely, if Q is orientation compatible, then let S be the H̄-recoloring sequence
constructed via Lemma 6. Consider any step σi, σi+1 of S, say when a vertex v changes color
from a to b while its neighbors have color c. This color change is recorded in S(u) which
satisfies the zigzag condition so if σi induces a homomorphism G→ H, then σi+1 too. By
induction, each homomorphism of S induces a homomorphism G→ H so we eventually have
a H-recoloring sequence. ◀

The proof of Lemma 7 implies the following generalization of Lemma 6.

▶ Lemma 8 (∗). Given an H-realizable walk Q, we can construct an associated H-recoloring
sequence in time O(|V (G)|2 + |V (G)| · |Q|).

Furthermore, the zigzag condition can be exploited in order to decide efficiently whether
a given walk from α(q) to β(q) is H-realizable. To show this, we need the following lemma,
which is contained in Wrochna’s proof of Lemma 6.

▶ Lemma 9 ([17]). Given any walk Q from α(q) to β(q), we can decide in time O(|E(G)| ·
(|Q|+ |V (G)|)) if Q is H̄-realizable.

▶ Lemma 10 (∗). There is a polynomial-time algorithm that, given a walk Q from α(q) to
β(q), decides in time O(|E(G)| · (|Q|+ |V (G)|)) if Q is H-realizable for α, β, q.

3.2.2 Characterizing orientation-compatible walks
The following three technical observations (see Definition 11) on the zigzag condition help us
to find all orientation compatible walks (for any set of walks (Wv)v∈V (G)). More precisely:
1. For any arc u→ v, if Su satisfies the zigzag condition then Sv satisfies the part of the

zigzag condition for the in-neighborhood (See Lemma 12).
2. It turns out that a walk Q from α(q) to β(q) is H-realizable if and only if it satisfies the

zigzag condition and generates symmetric walks on a certain set of vertices of G (See
Lemma 13).

3. By checking possible reductions for the walks on that set of vertices (see Lemma 15), we
obtain the lemma, which provides a description of all orientation compatible walks.

▶ Definition 11. Let Q be an even walk from α(q) to β(q). Furthermore, let v ∈ V (G) and
let Wv be a walk from q to v. Suppose that Sv := α(Wv)−1 ·Q · β(Wv) = (a1 a2) . . . (an−1 an)
is the reduced walk generated on v by Q and Wv. We say that v is of type in if N−

G (v) ̸= ∅
and it is of type out if N+

G (v) ̸= ∅. Furthermore, we say that Sv is in-compatible (resp.,
out-compatible) if v is of type in and additionally a1 ← a2 → a3 ← . . .← an−1 → an is a
path in H (resp., v is of type out and additionally a1 → a2 ← a3 → . . .→ an−1 ← an is a
path of H). Finally, if v is of type in and of type out, we say that v is of type sym and that
Sv is sym-compatible if it is in-compatible and out-compatible, this means in particular that
Sv has only symmetric edges.

By Lemma 7, we have that an even walk Q is orientation compatible for the set (Wv)v∈V (G)
if and only if for every vertex v, if v is of type in, then Sv is in-compatible and if v is of type
out, then Sv is out-compatible.

▶ Lemma 12. For any arc u→ v of G, the walk Su is out-compatible if and only if Sv is
in-compatible.
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Proof. Note that u is of type out and v is of type in. By the monochromatic neigh-
borhood property, if Su is out-compatible then since α and β are homomorphisms,
(α(v) α(u))Su(β(u) β(v)), is in-compatible. As Sv is precisely this walk after reduction,
it is then in-compatible. Similarly, if Sv is in-compatible, then Su is out-compatible. ◀

▶ Lemma 13 (∗).
1. If G has no vertex of type sym and Q satisfies the zigzag condition then Sv satisfies the

zigzag condition for all v ∈ V (G).
2. Let {v1, . . . , vk} ⊆ V (G) be the subset of vertices of G of type sym. If Svi

satisfies the
zigzag condition for 1 ≤ i ≤ k then Sv satisfies the zigzag condition for all v ∈ V (G).

▶ Lemma 14 (∗). Let (Wv) be a set of walks from q0 to all vertices v ∈ V (G). There is
some vertex q ∈ V (G) such that the set of orientation compatible walks for q and the set
(W −1

q Wv)v∈V (G) is one of the followings:
1. ∅.
2. {Q} for some reduced walk Q of even length |Q| = O(|V (G)|).
3. The set of all reduced walks of even length from α(q) to β(q) that satisfy the zigzag

condition.
Furthermore, we can determine in time O(|V (G)| · |E(G)|) which case holds, and output Q

in Case 2.

▶ Lemma 15. Let V ′ ⊂ V (G) be any nonempty set of vertices of G. Let q ∈ V ′ and for each
v ∈ V ′, let Wv be a walk from q to v of length |Wv| ≤ |V (G)|. Then the set of walks from
α(q) to β(q) that generate symmetric vertex walks with the set (Wv)v∈V ′ on V ′ is one of the
following:
1. ∅.
2. {Q} for some symmetric walk Q of length at most 2|V (G)|.
3. All symmetric walks from α(q) to β(q).
Furthermore, we can decide in time O(|V (G)| · |E(G)|) which case holds and output Q in
Case 2.

Proof. Assume that Q and (Wv)v∈V (G) generate symmetric vertex walks. Then, in particular,
Q is symmetric. Note that α(Wv) and β(Wv) may have non symmetric edges, but since Q

generates only symmetric walks and Sv is the reduced walk obtained from α(Wv)−1 ·Q·β(Wv),
we have that the non-symmetric edges of α(Wv) and of β(Wv) must be the same and appear in
the same order. Suppose that e1, e2, . . . , ep are the non-symmetric edges of α(Wv) and β(Wv).
Then we can write α(Wv) = A1e1A2 . . . ApepAp+1 and β(Wv) = B1e1B2 . . . BpepBp+1, where
A1, . . . , Ap+1 and B1, . . . , Bp+1 are symmetric. Note that if α(Wv) and β(Wv) are symmetric
then α(Wv) = A1 and β(Wv) = B1. Since all non-symmetric edges cancel in Sv, we obtain

A−1
p · · ·A−1

2 e1A−1
1 QB1e1B2 · · ·Bp = ε .

So in particular, Q = A1B−1
1 (so |Q| ≤ 2|V (G)|) and A−1

p . . . A−1
2 B2 . . . Bp = ε.

It remains to show that there is an algorithm that decides in time O(|V (G)| · |E(G)|)
which case holds and outputs Q in Case 2. The algorithm repeats the following for each
vertex v ∈ V ′:

Compute α(Wv) and β(Wv) and search for non symmetric edges. If all edges in α(Wv)
and β(Wv) are symmetric, continue with the next vertex. Else do the next steps.
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Check that α(Wv) and β(Wv) have the same non-symmetric edges appearing in the same
order. If not, there is no symmetric walk Q that generates a symmetric walk Sv and we
may conclude that Case 1 holds. Otherwise, let e1 and e2 be respectively the first and
the last non-symmetric edge of α(Wv) and β(Wv). Decompose α(Wv) = A1e1A2e2A3
and β(Wv) = B1e1B2e2B3.
If in some previous iteration a reduced walk Q has been fixed, check that Q = A1B−1

1 . If
not, then report Case 1. If no walk Q has been fixed in an earlier iteration, fix Q to be
the reduced walk A1B−1

1 ∈ π(H).
Finally, check that A−1

p . . . A−1
2 B2 . . . Bp = ε. If this equality doesn’t hold, report Case 1.

Then, report case 2 and Q if some walk Q has been fixed. Otherwise, report case 3.
Each step runs in time O(|E(G)|) and will repeat at most |V (G)| times, so this algorithm

runs in time O(|V (G)| · |E(G)|). ◀

We are now able to obtain a description of all H-realizable walks.

▶ Theorem 16. Let α, β : G→ H. We can find in time O(|V (G)|) a vertex q ∈ V (G) such
that the set Πq of H-realizable walks from α(q) to β(q) is one of the following:
1. Πq = ∅.
2. Πq = {Q} for some Q ∈ π(H).
3. Πq = {RnP | n ∈ Z} for some R, P ∈ π(H).
4. Πq contains all reduced walks of even length from α(q) to β(q) that satisfy the zigzag

condition.
Moreover, we can determine in time O(|V (G)| · |E(G)|+ |E(H)|) which case holds and output
Q or R, P in cases 2 or 3. In case 4, we can find such a walk in time O(|E(G)|) (or certify
there is none).

Theorem 16 will be proved in the next subsection. Combining Lemma 8 and Lemma 10
with Theorem 16, we immediately obtain Theorem 1.

3.2.3 Proof of Theorem 16
In order to prove Theorem 16 we need the following technical lemma.

▶ Lemma 17. Let R0 be cyclically reduced walk and let P be a reduced walk starting at the
base point of R0. We can find in time O(|R0|+ |P |) an integer n0 such that none of R0 and
R−1

0 entirely cancels with Rn0P .

Recall that for α, β : G → H and q ∈ V (G), we denote by Πq the set of all walks from
α(q) to β(q) that are H-realizable. We are now ready to prove Theorem 16.

Proof of Theorem 16. Fix any q0 ∈ V (G) and use breadth first search to compute shortest
walks Wv from q0 to v for all v ∈ V (G) in time O(|V (G)| · |E(G)|). We invoke Lemma 14 for
q0 and (Wv)v∈V to obtain in time O(|V (G)| · |E(G)|) a vertex q ∈ V (G) and a description of
the set of orientation compatible walks for q and (Wv)v∈V (G). We distinguish the possible
outcomes:
Case 1 There is no orientation-compatible walk. Then report that there is no H-realizable

walk.
Case 2 There is a unique orientation-compatible reduced walk Q of even length. By

Lemma 10, we can decide in time O(|E(G)| · (|Q| + |V (G)|) = O(|V (G)| · |E(G)|) if
|Q| is H-realizable as |Q| = O(|V (G)|).
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Case 3 All reduced walks of even length from α(q) to β(q) that satisfy the zigzag condition
and are orientation compatible. Invoke Theorem 5 to get in time O(|V (G)| · |E(G)| +
|E(H)|) a description of the set Π̄q of all H̄-realizable walks from α(q) to β(q). We again
distinguish the four possible outcomes.
1. Π̄q = ∅. There is no H̄-realizable walk for α, β, q, so there is no H-realizable walk.
2. Π̄q = {Q}. There is a unique reduced walk Q that is H̄-realizable. Then we can check

in time O(|Q|) = O(|E(G)| · |V (G)|+ |E(H)|) whether it satisfies the zigzag condition
and hence is orientation compatible.

3. Π̄q = {RnP | n ∈ Z} with R, P ∈ π(H) and R closed and of even length. If R does
not satisfy the zigzag condition then the following claim allows us to conclude.

▷ Claim 1. Suppose that R does not satisfy the zigzag condition. Then at most one
of the H̄-realizable walks RnP , n ∈ Z, satisfies the zigzag condition. Furthermore, we
can find such a walk in time O(|V (G)| · |E(G)|+ |E(H)|) or conclude there is none.

Proof. Decompose R = AR0A−1 with all walks minimal and R0 cyclically reduced.
Apply Lemma 17 with the walks R0 and A−1P and obtain in time O(|R0|+ |P |) =
O(|V (G)| · |E(G)|+ |E(H)|) an integer n0 ∈ Z such that none of R−1

0 and R0 entirely
cancels with Rn0

0 A−1P .
If A does not satisfy the zigzag condition, then none of RnP do for n ̸= n0, so
only Rn0P can possibly satisfy the zigzag condition, which can be checked in time
O(|Rn0P |) = O(|V (G)| · |E(G)|+ |E(H)|).
Otherwise, if A satisfies the zigzag condition, then so do the edges of A−1, so R0 does
not satisfy the zigzag condition (since R does not). For n > n0 + 1, RnP ∈ π(H)
contains an entire R0 that does not reduce, so it cannot satisfy the zigzag condition.
Similarly if n < n0−1, then RnP does not satisfy the zigzag condition since it contains
an entire R−1

0 . Eventually we only need to test Rn0−1P , Rn0P and Rn0+1P , which
can be done in time O(|P |) = O(|V (G)| · |E(G)|+ |E(H)|). Observe that each edge of
R0 belongs to precisely two of those three walks, so as it is the case for the edges of
R0 that do not fit the zigzag condition, we deduce that at most one of Rn0−1P , Rn0P

and Rn0+1P satisfies the zigzag condition. ◁

On the other hand, if R satisfies the zigzag condition then P satisfies the zigzag
condition if and only all walks RnP do. To see this, notice that ”badly oriented” edges
of P must reduce with ”badly oriented” edges of Rn, but there is none in Rn since it
is orientation-compatible. So we can again distinguish between Case 1 and Case 3 in
time O(|E(G)| · |V (G)|+ |E(H)|) and report the result.

4. Π̄q contains all reduced walks of even length from α(q) to β(q). We report Case 4.
Using breadth first search in the tensor product G × K2 (we construct the graph
G×K2 by creating for each vertex vi of G two copies ui and wi; two vertices ui and
wj of G×K2 are adjacent if and only if vi and vj are adjacent in G), we can find such
a walk in time O(|E(G)|) or conclude there is none. ◀

4 Reflexive graphs

In this section we sketch the proof of Theorem 2. First, we assume that the graphs G and H

are undirected and reflexive. The following property can be thought of as an analogue of the
monochromatic neighborhood property for reflexive graphs.
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▶ Definition 18. Let α, β : G→ H and let S be a H-recoloring sequence from α to β. Then
S has the push-or-pull property if whenever a vertex u ∈ V (G) changes its color from a to b

then any neighbor v ∈ V (G) of u has color a or b.

Intuitively, whenever a vertex u of G changes its color, for any neighbor v of u, we have
that u is either “pushed” away from the color of v or “pulled” towards the color v. Notice
that if H is triangle-free then any H-recoloring sequence satisfies the push-or-pull property:
if a neighbor v of u has a color different from a and b then H contains a triangle.

Let α, β : G→ H and let S be an H-recoloring sequence from α to β such that S satisfies
the push-or-pull property. We associate to each vertex u ∈ V (G) the vertex walk S(u) in
H corresponding to the successive colors of u according to S. Given a vertex q and a walk
Q from α(q) to β(q), we say that Q is H-realizable for α, β, q if there is an H-recoloring
sequence S from α to β such that Q = S(q) and S satisfies the push-or-pull property. By the
next lemma, we have that for any vertex v ∈ V (G), the corresponding walk S(v) generates
the walk S(u) of any other vertex by conjugation. Notice that for irreflexive graphs H,
the same holds for H-recoloring sequences that satisfy the monochromatic neighborhood
property ([17, Lemma 4.1], Lemma 4).

▶ Lemma 19 (∗). Let S be a H-recoloring sequence from α to β satisfying the push-or-pull
property. Then for any u, v ∈ V (G) and any u-v walk W , we have S(v) = α(W )−1S(u)β(W )
in π(H).

Lemma 19 allows us to characterize H-realizable walks based on an algorithm that
finds vertices of G whose color cannot change. We end up with the following result which
immediately implies that if H is reflexive and triangle-free then H-Recoloring admits a
polynomial-time algorithm on reflexive instances, under the condition that if the color of a
vertex changes then the old and new colors are neighbors in H (see [13, Theorem 1.1]).

▶ Theorem 20 (∗). Let G and H be reflexive undirected graphs and let α, β : G→ H and
q ∈ V (G). Let Π̄ be the set of all walks that are H-realizable for α, β, q (in particular, the
corresponding H-recoloring sequences satisfy the push-or-pull property). Then one of the
following holds:
1. Π̄ = ∅.
2. Π̄ = {Q} for some Q ∈ π(H).
3. Π̄ = {RnP | n ∈ Z}, for some R, P ∈ π(H).
4. Π̄ contains all reduced walks from α(q) to β(q).
Furthermore, we can determine in time O(|V (G)| · |E(G)|+ |E(H)|) which case holds and
output Q or R, P in cases 2 and 3 such that |Q|, |R|, |P | are bounded by the total running
time O(|V (G)| · |E(G)|+ |E(H)|). Case 4 happens when α(C) = β(C) = ε in π(H) for all
closed walks C in G.

In order to obtain Theorem 2, we run the algorithm of Theorem 20 on H̄ and check
for each of the four cases whether there is a corresponding H̄-recoloring sequence that is
compatible with the orientation of the arcs of H . In Case 1 there is no H-recoloring sequence
since there is no H̄-recoloring sequence. To deal with Case 2, we use a greedy-type algorithm
(“move-forward algorithm”) that first constructs from the walk Q the vertex walks of all other
vertices of G using Lemma 19 and then either finds a H-recoloring sequence moving vertices
to their next color step-by-step or detects an obstruction in the form of a cyclic dependency
of color changes. We essentially reduce Case 3 to Case 2, by showing that it suffices to check
the H-realizability of the walks {RnP | n ∈ Z} only for a polynomial number of values of n.
For each value n of interest, we run the move-forward algorithm for the walk RnP . In Case 4,
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43:16 Reconfiguration of Digraph Homomorphisms

we first compute the set V ′ of vertices of G that belong to some directed closed walk. We
show that the H-realizable walks are exactly those which generate symmetric walks on V ′.
We use a characterization of such walks in order to conclude whether there is a H-recoloring
sequence satisfying the push-or-pull property or not.

Notice that Theorem 20 requires both graphs G and H to be reflexive. The final step in
the proof of Theorem 2 is to observe that if H contains no 4-cycle of algebraic girth 0 then
we can remove this requirement for the graph G.

5 Conclusion

We showed that H-Recoloring admits a polynomial-time algorithm whenever i) H is a loopless
digraph without a 4-cycle of algebraic girth 0 and ii) H is a reflexive digraph containing
neither a triangle of algebraic girth 1 nor a 4-cycle of algebraic girth 0. For this purpose we
make use of the topological approach developed by Wrochna [17]. Additionally, we showed
that all known polynomial-time algorithms for H-Recoloring can be obtained using this
approach. That is, in all cases, whenever there is a H-recoloring sequence then in particular
all H-colorings of in such a sequence are homotopy-equivalent. This leads to the interesting
question, whether homotopy-equivalence is exactly the condition that makes H-Recoloring
tractable.
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A Proofs omitted from Section 3

Proof of Lemma 4. We use induction on the length ℓ of S. Let ℓ = 1 and suppose σ0 ̸= σ1,
so a vertex w ∈ V (G) is recolored from σ0(w) = a to σ1(w) = b and all neighbors of w have
color h. By definition, we have S(w) = (a h)(h b) and S(v) = ε for v ∈ V (G) \ {w}. If W = ε

then σ0(W ) = σ1(W ) = ε and S(u) = S(v) since u = v, so we are done. If W has length one
then, without loss of generality, W = u→ v. We consider three cases:

u ̸= w and v ̸= w. Then S(u) = S(v) = ε and σ0(W ) = σ1(W ).
u ̸= w and v = w. Then S(u) = ε, S(v) = (ah)(hb). Since S satisfies the monochromatic
neighborhood property, all neighbors of v, including u, have color h, so σ0(W ) = (h, a),
σ1(W ) = (h, b).
u = w and v ̸= w. Then S(u) = (ah)(hb) and S(v) = ε. Again using the fact that
S satisfies the monochromatic neighborhood property, we have σ0(W ) = (ah) and
σ1(W ) = (bh).

In each case we have S(v) = σ0(W )−1S(u)σ1(W ). If W has length at least two then we may
split W inductively into W = W1W2 such that W2 is of length one, so W1 is a walk from u

to z and W2 is a walk from z to v. Then we have

σ1(W ) = σ1(W1)σi(W2)
= σ1(W1)S(z)−1σ0(W2)S(v)
= S(u)−1σ0(W )S(v) .

If the sequence S has length more than one we use the same idea and split S inductively into
S = S1S2 such that S2 has length one. Then for each v ∈ V (G) we have S(v) = S1(v)S2(v)
and

S(v) = S1(v)S2(v)
= S1(v)σℓ−1(W )−1S2(u)σℓ(W )
= σ0(W )−1S(u)σℓ(W ) ,

which concludes the proof. ◀

Proof of Lemma 10. Use Lemma 9 to decide in time O(|E(G)| · (|Q|+ |V (G)|)) whether Q

is H̄-realizable for α, β, q. If not then Q is not H-realizable for α, β, q. Otherwise, for each
vertex v ∈ V (G), use breadth first search to find a shortest walk Wv from q to v in G in time
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O(|E(G)|), then compute S(v) := α(Wv)−1 ·Q · β(Wv), reduce the resulting walk and check
the zigzag condition in time O(|Q|+ |V (G)|). By Lemma 7, the zigzag condition is satisfied
for each vertex v ∈ V (G) if and only if Q is H-realizable for α, β, q. In total, for each vertex
v ∈ V (G) the computations can be performed in time O(|Q|+ |E(G)|). ◀

Proof of Lemma 13. We prove the first statement. Assume there is no vertex of type sym
and that Q satisfies the zigzag condition. Without loss of generality, we may assume that
q is of type in, so Q is in-compatible. Let v be any other vertex of G and P a path from
q to v in G. Since there is no vertex of type sym we deduce that P is alternating between
vertices of type in and vertices of type out. By Lemma 12 Sw satisfies the zigzag condition
for each vertex w in P . In particular, Sw does.

It remains to prove the second statement. Let X = {v1, . . . , vk} ⊆ V (G) be the vertices
of G of type sym and suppose that Svi

satisfies the zigzag condition for 1 ≤ i ≤ k. Let
v ∈ V (G) be any vertex that is not of type sym and let P be a shortest path from X to v.
Again, P is alternating between vertices of type in and vertices of type out and hence for
each vertex w of P , we obtain that Sw satisfies the zigzag condition by Lemma 12. ◀

Proof of Lemma 14. Let V ′ ⊆ V (G) be the set of vertices of type sym. Notice that V ′ can
be computed in time O(|E(G)|). Suppose first, suppose that V ′ = ∅. Then, by statement A
the orientation-compatible walks are precisely those of even length that satisfy the zigzag-
condition. We can therefore indicate Case 3 with q := q0. Now suppose that V ′ ̸= ∅. Let
q ∈ V ′ and apply Lemma 15 to determine in time O(|V (G)| · |E(G)|) all walks from α(q) to
β(q) that generate symmetric walks with the set (Wv)v∈V ′ on all vertices of V ′. Invoke the
second statement of Lemma 13 to deduce that:
1. In Case 1 of Lemma 15 we report Case 1, i.e., there is no orientation-compatible walk.
2. In Case 2 of Lemma 15 we report Case 2 and output Q if Q has even length and Case 1

otherwise.
3. In Case 3 of Lemma 15 we report Case 3.
The total runtime is dominated by the algorithm of Lemma 15, hence O(|V (G)| · |E(G)|) as
claimed. ◀

Proof of Lemma 17. Start with n = 0. Check if R0 entirely reduces with Rn
0 P and if so

then replace n by n + 1. Similarly, if R−1
0 reduces with Rn

0 P , then replace n by n− 1. Repeat
until none of R−1

0 or R0 entirely reduces with Rn
0 P . Each step is done in |R0| and reduces

|Rn
0 P | by |R0|, so we deduce that this process terminate in time O(|R0|+ |P |). Also observe

that |n0| is polynomial in |V (G)| and |V (H)|. ◀

B Additional results

B.1 Shortest H-recoloring
Let H be a fixed digraph. Given a digraph G and two homomorphism α, β : G → H, the
problem Shortest H-Recoloring asks for the length of a shortest H-recoloring sequence from
α to β (if there is none, the shortest length is ∞). The topological approach, in particular the
description of H-realizable walks, is also useful for finding shortest H-recoloring sequences.
Again, we may follow Wrochna’s arguments from [17] to obtain a polynomial-time algorithm
for Shortest H-Recoloring under the conditions of of Theorem 1.

▶ Theorem 21. Let H be a loopless digraph that contains no 4-cycle of algebraic girth 0 as
a subgraph. Then Shortest H-Recoloring admits a polynomial-time algorithm.
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We observe that for any H-recoloring sequence, the corresponding walk S(v) of a vertex
v (see Section 3.1) is reduced.

▶ Lemma 22 ([17, see Corollary 6.2]). Let H be a loopless digraph that contains no 4-
cycle of algebraic girth 0 as a subgraph. Let α, β : G → H be graph homomorphisms and
S := σ0, . . . , σℓ a shortest H-recoloring sequence from α = σ0 to β = σℓ. Then for any vertex
v ∈ V (G), the walk S(v) is reduced.

Proof. Observe that the length |S| of the H-recoloring sequence S is |S| = 1
2

∑
v∈V (G) |S(v)|.

Fix any base vertex q ∈ V (G) to notice that Q = S(q) is H-realizable. Reducing for v ∈ V (G)
all walks S(v) to Sr(v), Lemma 8 constructs an associated H-recoloring sequence of length∑

v∈V (G) |Sr(v)|. Since Sr(v) is the reduction of S(v), we have |Sr(v)| ≤ |S(v)|. Thus if |S| is
minimal then |S(v)| = |Sr(v)| for each v ∈ V (G) and hence the walks S(v) are reduced. ◀

Following the proof of [17, see Theorem 8.1] nearly word by word and additionally taking
care the orientation compatibility yields Theorem 21.

Proof of Theorem 21. By Lemma 22, it suffices to choose a walk Q ∈ Π′ from the description
in Theorem 16 that minimizes∑

v∈V (G)

|S(v)| =
∑

v∈V (G)

|α(Wv)−1 ·Q · β(Wv)| , (1)

where Wv is an arbitrary chosen walk from q to v. In cases 1 and 2 of Theorem 16 this
is trivial. Recall that in Case 3 we have Q = Rn · P for any n ∈ N. It is easy to see that
|n| ≤ 2|V (G)| + |P | in a shortest sequence, since repeating R will eventually increase all
summands of (1). It thus suffices to compute (1) for all these choices of n.

In Case 4, consider an H-realizable walk Q, i.e., any reduced walk of even length from
α(q) to β(q) that satisfies the zigzag condition. Let P1 be the longest common prefix of
Q and α(Wv) ∈ π(H), choosing v ∈ V (G) to maximize its length. That is, P1 is longest
such that all of P1 will reduce with α(Wv)−1 in some summand of (1). Similarly, let P2 be
the longest common suffix of Q and some β(Wv)−1 ∈ π(H). Either P1 and P2 overlap, or
Q = P1Q′P2, for some Q′ ∈ π(H). In the latter case, since P1 and P2 are longest, no element
of Q′ will reduce in any summand of (1), the sum can be written as∑

v∈V (G)

|α(Wv)−1 ·Q · β(Wv)| =
∑

v∈V (G)

(
|α(Wv)−1 · P1|+ |Q′|+ |P2 · β(Wv)|

)
.

Where we take α(Wv)−1 and β(Wv) after reduction in π(H). Also observe that both P1 and
P2 must zigzag properly according to the type of q (see Definition 11), i.e., if q is of type in
and P1 = (a1a2) . . . (an−1an), then a1 ← a2 → a3 . . . up to an (so the orientation of the last
arc depends on parity). Similarly if P2 = (bnbn−1) . . . (b2b1), then . . . b3 ← b2 → b1. Thus we
can guess P1 by enumerating all prefixes of all α(Wv) that zigzag properly according to the
type of q, similarly guess P2 and guess how much they overlap. In case they do not overlap,
the sum is minimized by taking Q′ to be an arbitrary shortest path of appropriate parity,
and that zigzags correctly according to the type of q, from the tail of P1 to the head of P2
in H. Enumerating all possibilities for (the length of) P1, P2 and the overlap can be done
in polynomial time, and a shortest path of given parity that zigzags correctly in H can be
found by duplicating every vertex, i.e., finding a shortest path that zigzags correctly in the
tensor product H ×K2. ◀
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i = σ(u)

Figure 5 Cp for the circular clique Gp,p′ with p = 7 and p′ = 2. If (uv) ∈ E(G) and σ(u) = i is
the vertex in the bottom, then σ(v) must belong to the path in red.

B.2 H-recoloring for circular cliques

Given two integers p, p′ such that p/p′ ≥ 2, the circular clique Gp,p′ has as vertex set the
set Zp of integers modulo p and has edge set {(ij) | i − j mod p ≤ p′}. The p-cycle Cp is
a graph on the vertex set Zp and edge set {(i(i + 1)) | i ∈ Zp}. We sketch a proof of the
following result by Brewster at al. from [4] using the topological approach of Wrochna.

▶ Theorem 23 (See [4]). Let p, p′ be fixed positive integers with 2 ≤ p/p′ < 4. Let H := Gp,p′

be the circular clique of parameters p, p′. Then H-Recoloring admits a polynomial-time
algorithm.

By the definition of homomorphisms G→ Gp,p′ we have for each neighbor u of a vertex
v ∈ V (G), the color of v must belong to a path Pu(v) on Cp which depends on the color
of u (see Figure 5). The constraint p/p′ < 4 is necessary to ensure that the intersection
P (v) =

⋂
u∈N(v) Pu(v) is a path on Cp, which is the set of all colors to which the color of v

can change. Thus, we can associate vertex walks S(v) in Cp to an H-recoloring sequence S by
associating to each color change of v the (unique) walk in P (v) between the two consecutive
colors. Also, we convert walks W in Gp,p′ to walks W̃ in Cp as follows: replace each edge
(ab) in W by the walk (a (a + 1)) . . . ((b− 1) b) in Cp and concatenate to obtain W̃ . We can
prove the following lemma.

▶ Lemma 24. Let S be a Gp,p′-recoloring sequence from α to β, then for any u, v ∈ V (G)

and any uv walk W , we have S(v) = α̃(W )
−1

S(u)β̃(W ) in π(Cp).

This lemma implies in particular that vertex walks must be topologically valid: for any
vertex q ∈ V (G) and any closed walk C from q to q, β̃(C) = S(q)−1α̃(C)S(q) in π(Cp). In
particular, the walk of any vertex q ∈ V (G) generates all the others. Again, we can define that
a closed walk C = (v0 v1) . . . (vn−1 vn) from q = v0 to q = vn is α-tight if α(vi+1) = α(vi)+p′

mod p for all i ∈ {0, . . . , n− 1}. We say that a walk Q from α(q) to β(q) in Cp is realizable
if there is a Gp,p′ -recoloring sequence from α to β such that Q = S(q) in π(Cp). We obtain
again a similar construction theorem the as in the previous sections.
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▶ Theorem 25. Let α, β : G→ Gp,p′ be two Gp,p′-colorings of a graph G. Furthermore, let
q ∈ V (G) be any vertex and let Q be a reduced walk from α(q) to β(q). Then Q is realizable
for α, β, q if and only if
1. Q is topologically valid for α, β, q.
2. For each α-tight closed walk in G and any vertex v on this walk, for any walk W from v

to q, we have Q = α̃(W )
−1

β̃(W ) in π(H).
Furthermore, there is an algorithm that, given a reduced walk Q, constructs a H-recoloring
sequence S from α to β or certifies that Q cannot satisfy one of the previous conditions. This
algorithm runs in time O(|V (G)|2 + |V (G)| · |Q|). The H-recoloring sequence S is such that
S(q) = Q.

The proof of Theorem 25 is essentially the same that the proof of Theorem 29 in [14]
or of Theorem 6.1 in [17]. The only difference is that we will provide recoloring sequences
that are longer since the color changes will follow edges in Cp. Using Theorem 5 from [14]
(and that an α-tight closed walk can be found in polynomial time if there is one), we directly
obtain a description of realizable walks:

▶ Theorem 26. Let α, β : G → H = Gp,p′ and q ∈ V (G). Let Π be the set of all reduced
walks that are realizable for α, β, q. One of the following holds:
1. Π = ∅.
2. Π = {Q} for some Q ∈ π(Cp).
3. Π = {RnP | n ∈ Z}, for some R, P ∈ π(Cp).
Furthermore, there is an algorithm that determines in time O(|V (G)| · |E(G)|) which case
holds and outputs Q or R, P in cases 2, 3 such that |Q|, |R|, |P | are bounded by the time
O(|V (G)| · |E(G)|).

Since here π(Cp) ≃ Z, it turns out that the case where all walks from α(q) to β(q) in Cp

are realizable happens in Case 3 when R turns a single time around Cp. So Theorem 23
directly follows. Notice that this result is already proved in [4] together with a dichotomy
Theorem for H-recoloring where H-is a circular clique. Our goal here was to show how
the topological approach can be exploited even without the monochromatic neighborhood
property or the push-or-pull property.

B.3 H-recoloring for transitive tournaments
The transitive tournament Tn is an acyclic orientation of the complete graph on n vertices.
Dochtermann [7] showed that when H is a transitive tournament then H-Recoloring is
always Yes and a corresponding H-recoloring sequence can be found in polynomial-time.
However, we can easily recover this result using the following construction: Say {1, . . . , n}
are the vertices of Tn, with i → j if and only if i < j. Let Pn be the undirected path on
the same vertices with only the edges {i, i + 1}, 1 ≤ i < n. So for any instance (G, α, β) of
H-Recoloring, for each v ∈ V (G), there is a unique reduce walk Sv in Pn from α(v) to β(v)
which can be realized (as a vertex walk) by the following special case of the move-forward
algorithm (see Lemma 30 in [14]): for each vertex v of G, try to move v onto its next color in
Sv and repeat until we reach β. Suppose by contradiction that at any step σ, there is a cycle
of obstruction C = (u0u1) . . . (unu0) where for all i, ui prevents its neighbor ui from moving.
Suppose without loss of generality that Su0 is increasing in Pn. So σ(u1) > σ(u0), hence
u0 → u1 and eventually Su1 since it must remain above σ(u0). So by induction, all walks
Su0 are increasing and we have a directed cycle u0 → u1 → . . . → un → u0 in G, which is
impossible.

The homotopy group π(Pn) being trivial, it is not necessary to define topological validity
in this case.
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Abstract
Let P be a convex polygon in the plane, and let T be a triangulation of P. An edge e in T is called
a diagonal if it is shared by two triangles in T . A flip of a diagonal e is the operation of removing e

and adding the opposite diagonal of the resulting quadrilateral to obtain a new triangulation of P
from T . The flip distance between two triangulations of P is the minimum number of flips needed
to transform one triangulation into the other. The Convex Flip Distance problem asks if the flip
distance between two given triangulations of P is at most k, for some given parameter k ∈ N.

We present an FPT algorithm for the Convex Flip Distance problem that runs in time
O(3.82k) and uses polynomial space, where k is the number of flips. This algorithm significantly
improves the previous best FPT algorithms for the problem.
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1 Introduction

Let P be a convex polygon in the plane. A triangulation of P adds edges between non-
adjacent points in P to produce a planar graph T such that all faces except the outer face in
T are triangles. The edges in the triangulation T not on the convex hall are called diagonals.
The number of diagonals in T is denoted by ϕ(T ).

A flip of a diagonal e in T removes e and adds the opposite diagonal of the resulting
quadrilateral, thus transforming T to another triangulation T ′ of P . Given two triangulations
Tinit and Tfinal of P, the flip distance between them, denoted as Dist(Tinit, Tfinal), is the
minimum number of flips required to transform Tinit to Tfinal (or equivalently from Tfinal

to Tinit). The Convex Flip Distance problem is formally defined as:

Convex Flip Distance
Given: Two triangulation Tinit and Tfinal of a convex polygon P in the plane.
Parameter: k.
Question: Is Dist(Tinit, Tfinal) at most k?

The number of ways to triangulate a convex (n + 2)-gon is Cn, the n-th Catalan number.
Consequently, there exists an isomorphism between triangulations of a convex polygon and
a plethora of counting problems, such as binary trees, Dyck paths, etc [28]. In particular,
there exists a bijection between the set of triangulations of a convex (n + 2)-gon and the set
of full binary trees with n internal nodes. Furthermore, flipping an edge in a convex polygon
triangulation corresponds to rotating a node in a binary tree, which is an essential operation
for maintaining balanced binary search trees. The rotation distance between two binary trees
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with the same number of nodes is the minimum number of rotations needed to transform
one binary tree into the other. Thus, finding the flip distance between two triangulations of
a convex (n + 2)-gon is equivalent to finding the rotation distance between two binary trees
with n internal nodes.

Determining the computational complexity of Convex Flip Distance (equivalently
the rotation distance problem between binary trees) has been an important open problem.
Despite extensive research on this problem [9, 3, 6, 22, 24, 27, 19, 12, 8, 7, 21, 5], it is still
unknown whether it is NP-hard or not.

In 1982, Culik and Wood [9] first studied the rotation distance problem between binary
trees and proved an upper bound of 2n − 2, where n is the number of internal nodes of the
trees. In 1988, Sleator, Tarjan, and Thurston [27] improved the upper bound to 2n − 6,
which is proven to be tight for n ≥ 11 by Pournin [26].

In 1998, Li and Zhang gave two polynomial-time approximation algorithms [19] for
computing the flip distance of convex polygon triangulations. One algorithm has an approx-
imation ratio of 2− 2

4(d−1)(d+6)+1 given that each vertex is an endpoint of at most d diagonals.
Another algorithm has an approximation ratio of 1.97 provided that both triangulations do
not contain internal triangles. Cleary and St. John [8] gave a linear-time 2-approximation
algorithm for rotation distance in 2009.

In 2009, Cleary and St. John [7] gave a kernel of size 5k for Convex Flip Distance
and presented an O∗((5k)k)-time fixed-parameter tractable (FPT ) algorithm based on this
kernel (the O∗ notation suppresses polynomial factors in the input size). The upper bound on
the kernel size of Convex Flip Distance was subsequently improved to 2k by Lucas [21],
who also gave an O∗(kk)-time FPT algorithm for this problem. Very recently, Celvo and
Kelk improved the kernel size to (1 + ϵ)k for any ϵ > 0 in 2021 [5], although their result does
not lead to an improved approximation algorithm over [19] and [8].

The generalized version of the Convex Flip Distance problem, referred to as the
General Flip Distance problem, is the flip distance between triangulations of a point
set in general positions in the plane. The General Flip Distance problem is also a
fundamental and challenging problem, and has also been extensively studied [18, 1, 2, 4, 7,
13, 14, 20, 25, 17, 11].

In 1972, Lawson [18] gave an O(n2) upper bound on General Flip Distance, where n

is the number of points in S [18]. The complexity of the General Flip Distance problem
was resolved in 2012 by Lubiw and Pathak [20] who showed the problem to be N P-complete.
Simultaneously, and independently, the problem was shown to be APX -hard by Pilz [25].
In 2015, Aichholzer Mulzer, and Pilz [2] proved that the flip distance problem is N P-complete
for triangulations of a simple (but not convex) polygon.

Very recently, Kanj, Sedgwick, and Xia [16] presented the first FPT algorithm for
General Flip Distance that runs in O(n + kck), where c ≤ 2 · 1411. Their approach
defines a dependency relation for a sequence of flips: some flips required some other flips
to be performed first. They proved that any topological sort of the directed acyclic graph
(DAG) modeling this dependency relation yields the equivalent end result. Their algorithm
simulates a “non-deterministic walk” that tries the possible flips to find a topological sort
of the DAG representing an optimal solution. Refining this approach, Feng, Li, Meng, and
Wang improved the FPT algorithm to run in O(n + k · 32k) [11], which currently stands as
the best FPT algorithm for both General Flip Distance and Convex Flip Distance.
No more efficient polynomial space algorithm was known for Convex Flip Distance despite
its structural properties. We note in passing here that although a straightforward algorithm
based on breadth-first search (BFS) can find the flip distance between triangulations of a
convex polygon in time O∗(Cn) = O∗(4n), where Cn is the nth Catalan number, it requires
exponential space.
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In this paper, we present an FPT algorithm for the Convex Flip Distance problem
that runs in time O(3.82k) and uses polynomial space, where k is the number of flips. Instead
of performing a “non-deterministic walk” as in [16, 11], our algorithm computes a topological
sort of the DAG representing an optimal solution by repeatedly finding and removing its
source nodes. This approach allows us to take advantage of the structural properties of
Convex Flip Distance and design a simple yet significantly more efficient algorithm.

Our algorithm is closely related to algorithms in [16] and [11]. All three algorithms rely
on the same structure results from [16] which state that (1) the flips in an optimal solution
have a dependency relation that can be modeled as a DAG, and (2) any topological sort of
this DAG yields an optimal solution. Therefore, three algorithms address the same problem:
how to find a topological sort of this unknown DAG. The algorithm of Kanj, Sedgwick,
and Xia [16] simulates a “non-deterministic walk”. For any diagonal e, the algorithm will
either flip e (when this flip is a source in the DAG) or move on to one of e’s neighbors
(when a neighbor of e must be flipped before e can be flipped). Through a sequence of such
“flip/move”-type local actions, a topological sort of the DAG (if exists) is found in time
O(n + kck), where c ≤ 2 · 1411. The algorithm of Feng, Li, Meng, and Wang [11] refines
the “non-deterministic walk” approach by reducing the number of the action types and
streamlining the backtracking in the walk, resulting in an improved algorithm that runs
in time O(n + k · 32k). Different from the previous “walk”-based approach, our algorithm
performs a topological sort of the DAG by repeatedly finding and removing source nodes in
the DAG, similar to Kahn’s algorithm [15]. After the current source nodes of the DAG are
removed, the new source nodes can be found among the neighbors of the flipped diagonals.
Based on this more efficient approach and by exploiting the structural properties of Convex
Flip Distance, we significantly improve the running time of our algorithm to O(3.82k).

2 Preliminaries

2.1 Flips, triangulations, and flip distance
For any flip f , we use the notation f← to denote the underlying diagonal e on which f is
performed, and the notation f→ to denote the new diagonal e added when f is performed.
For any two diagonals e1 and e2 in T , we say they are neighbors if they appear in the same
triangle and say they are independent if they are not neighbors. Note that two independent
diagonals in T can share an endpoint, as long as they are not in the same triangle.

Let T and T ′ be two triangulations of P . We refer to (T , T ′) as a pair of triangulations
of P. Denote by C(T , T ′) the number of common diagonals shared by T and T ′. We say a
sequence of flips F = ⟨f1, . . . , fr⟩ transforms a triangulation T to T ′, denoted as T F−→ T ′, if
there exist triangulations T0, . . . , Tr such that T0 = T , Tr = T ′, and performing flip fi in
Ti−1 results in Ti, for i = 1, . . . , r. Such a transformation T F−→ T ′ is referred to as a path
from T to T ′ following F . The length of F (equivalently, the length of the path T F−→ T ′),
denoted |F |, is the number of flips in it. The flip distance Dist(T , T ′) is the length of the
shortest path between T and T ′. A sequence of flips F such that T F−→ T ′ is a shortest path
is called an optimal (or minimum) solution of the pair (T , T ′).

Let fi and fj be two flips in F = ⟨f1, . . . , fr⟩ such that 1 ≤ i < j ≤ r. The flip fj is
said to be adjacent to the flip fi, denoted fi → fj , if f→i is a neighbor of f←j in Tj−1. This
adjacency relation defines a partial order among flips in F : if fi → fj then fi must precede
fj because f→i is a neighbor of f←j at the moment when fj is performed. Therefore, the
adjacency relation on the flips in F can be naturally represented by a directed acyclic graph
(DAG), denoted DF , where the nodes of DF are the flips in F , and its arcs represent the
(directed) adjacencies in F .
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Recall that a topological sort of a DAG is any ordering of its nodes that satisfies: For
any directed arc (u, v) in the DAG, u appears before v in the ordering. There could be many
different topological sorts of DF , but the following lemma by Kanj, Sedgwick, and Xia [16]
asserts that all of them yield the same outcome:

▶ Lemma 1 ([16]). Let T0 be a triangulation and let F = ⟨f1, . . . , fr⟩ be a sequence of flips
such that T0

F−→ Tr. Let π(F ) be a permutation of the flips in F such that π(F ) is a topological
sort of DF . Then π(F ) is a valid sequence of flips such that T0

π(F )−−−→ Tr. Furthermore, the
DAG Dπ(F ), defined based on the sequence π(F ), is the same directed graph as DF .

▶ Definition 2. Let (Tinit, Tfinal) be a pair of triangulations. Let e be a diagonal in Tinit.
We say e is a free-diagonal with respect to Tfinal if flipping e creates a new diagonal e that
is in Tfinal. When the context is clear, we simply refer to e as a free-diagonal.

▶ Lemma 3. If e1 and e2 are two free-diagonals in Tinit, then e1 and e2 are independent.

Proof. Let e1 and e2 be the edges created by flipping e1 and e2 in Tinit, respectively. By
Definition 2, both e1 and e2 are in Tfinal. If e1 and e2 are neighbors, then e1 and e2 intersect
each other, contradicting the fact that both e1 and e2 are in Tfinal. ◀

The following lemma by Sleator, Tarjan and Thurston [27] shows that free-diagonals can
be safely flipped and common diagonals will never be flipped in any shortest path.

▶ Lemma 4 ([27]). Let (Tinit, Tfinal) be a pair of triangulations. (a) If Tinit contains a
free-diagonal e, then there exists a shortest path from Tinit to Tfinal where e is flipped first.
(b) If Tinit and Tfinal share a diagonal e in common, then every shortest path from Tinit to
Tfinal never flips e.

In a sequence of flips, a previously non-free diagonal can become a free-diagonal only
when one of its neighbors is flipped.

▶ Lemma 5. Let F = ⟨f1, . . . , fr⟩ be a sequence of flips such that Tinit = T0
F−→ Tr = Tfinal

is a shortest path. Let e be a common diagonal of Ti−1 and Ti, for 1 ≤ i ≤ r. If e is not a
free-diagonal in Ti−1 and is a free-diagonal in Ti, then f→i is a neighbor of e.

Proof. Suppose that f→i is not a neighbor of e. Then Qe, the quadrilateral associated with
e, remains the same in Ti as in Ti−1. Therefore, flipping e in Ti−1 creates the same diagonal
as flipping e in Ti, a contradiction to the fact that e is not a free-diagonal in Ti−1 and is a
free-diagonal in Ti. ◀

▶ Definition 6. A pair of triangulations (Tinit, Tfinal) of a convex polygon P is called trivial
if Dist(Tinit, Tfinal) = ϕ(Tinit) − C(Tinit, Tfinal).

▶ Lemma 7. If a pair of triangulations (Tinit, Tfinal) is trivial, then every flip in an optimal
solution is a flip of a free-diagonal. Furthermore, it takes linear time to decide if a pair
(Tinit, Tfinal) is trivial.

Proof. If Dist(Tinit, Tfinal) = ϕ(Tinit)−C(Tinit, Tfinal), then every flip in an optimal solution
F of (Tinit, Tfinal) must create an additional common diagonal between Tinit and Tfinal,
which means that every flip in F is performed on a free-diagonal.

To decide if a pair (Tinit, Tfinal) is trivial, first find all initial free-diagonals in Tinit

and add them to a queue. Then flip the free-diagonals in the queue. By Lemma 5, new
free-diagonals must be neighbors of previous flips and hence can be found and added to
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the queue as the previous free-diagonals are flipped. The pair (Tinit, Tfinal) is trivial if and
only if there are always free-diagonals in the queue to be flipped until Tinit is transformed
to Tfinal. Since the flip distance between Tinit and Tfinal is at most 2n − 4, where n is the
number of diagonals in Tinit and Tfinal [26], this process takes linear time. ◀

▶ Definition 8. Let (Tinit, Tfinal) be a pair of triangulations. Let I be a set of diagonals in
Tinit. We say I is a safe-set of diagonals with respect to Tfinal, or simply safe-set, if
1. the diagonals in I are pair-wise independent, and
2. for any permutation π(I) of I, there is a shortest path from Tinit to Tfinal such that the

diagonals in I are flipped first, in the same order as π(I).

The set of diagonals corresponding to the source nodes of DF is a safe-set.

▶ Lemma 9. Let F = ⟨f1, . . . , fr⟩ be a sequence of flips such that Tinit = T0
F−→ Tr = Tfinal

is a shortest path. Let SC = {fsc1 , . . . , fscl
} be the set of source nodes in DF . The set of

diagonals I = {f←sc1
, . . . , f←scl

} is a safe-set in Tinit.

Proof. Let fsci
, fscj

∈ SC, i ̸= j, be two source nodes in DF . By Lemma 1, we may assume
that fsci

is the first flip in F . If f←sci
and f←scj

share a triangle in Tinit, after flipping fsci
, f→sci

and f←scj
share a triangle in T1, and hence by Lemma 1, there is a directed path from fsci to

fscj
in DF , contradicting to the fact that fsci

is a source in DF . Therefore, the diagonals in
I are independent.

For an arbitrary permutation of π(I), there is a topological sort of DF that begins with
the flips in SC according to the order of π(I). By Lemma 1, there is a shortest path between
Tinit and Tfinal that flips the diagonal in I first, in the order of π(I). Therefore, I is a
safe-set. ◀

2.2 Counting matchings in binary trees
The following lemma will be useful in the analysis of the running time of our algorithm.

▶ Lemma 10. Let Tu be a binary tree rooted at a node u with n nodes and n − 1 edges. A
matching in Tu is a subset of edges in Tu that do not share any endpoint (we consider an
empty set to be a matching). Let Eu be the set of matchings in Tu. Let E−u be the set of
matchings in Tu that exclude the edge(s) incident on u. Then |E−u | ≤ Fn and |Eu| ≤ Fn+1,
where Fn is the n-th Fibonacci number.

Proof. Let E+
u be the set of matchings in Tu that include exactly one edge incident on u.

Then |Eu| = |E+
u | + |E−u |. The lemma is proven by induction on n.

When n = 1, Tu is a leaf. Thus E+
u = ∅ and E−u = {∅}. Therefore, |E+

u | = 0 ≤ F0,
|E−u | = 1 ≤ F1, and |Eu| = |E+

u | + |E−u | = 1 ≤ F2.
When n = 2, Tu has a single edge that connects u to a single leaf child v. Thus, E+

u = {uv}
and E−u = {∅}. Therefore, |E+

u | = 1 ≤ F1, |E−u | = 1 ≤ F2, and |Eu| = |E+
u | + |E−u | = 2 ≤ F3.

Now suppose that n ≥ 3. We distinguish 2 cases.
(a) u has only one child v. In this case, Tv, the subtree rooted at v, has n − 1 nodes and

n − 2 edges. Every matching in E+
u includes uv and hence excludes edges in Tv incident

on v. Thus |E+
u | = |E−v | ≤ Fn−1 by the induction hypothesis. Every matching in E−u

excludes uv and hence is also a matching in Tv. Therefore, |E−u | = |Ev| ≤ F(n−1)+1 = Fn

by the induction hypothesis. Finally, |Eu| = |E+
u | + |E−u | ≤ Fn−1 + Fn = Fn+1. The

statement is true.
(b) u has two children v, w. Let the number of nodes in Tv and Tw be n1 and n2, respectively.

Then n = n1 + n2 + 1. We consider E−u and E+
u separately:
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(i) The matchings in E−u exclude both uv and uw. Therefore, |E−u | = |Ev| · |Ew| ≤
Fn1+1Fn2+1 ≤ Fn1+n2+1 ≤ Fn by the induction hypothesis and the Honsberger’s
Identity of Fibonacci numbers.

(ii) The matchings in E+
u include exactly one of the edges uv and uw. The number of

matchings that include uv and exclude uw is |E−v |·|Ew| ≤ Fn1Fn2+1 by the induction
hypothesis. The number of matchings that include uw and exclude uv is |Ev|·|E−w | ≤
Fn1+1Fn2 by the induction hypothesis. Therefore, |E+

u | ≤ Fn1Fn2+1 + Fn1+1Fn2 .
Finally, |Eu| = |E−u | + |E+

u | ≤ Fn1+1Fn2+1 + Fn1Fn2+1 + Fn1+1Fn2 = Fn1+2Fn2+1 +
Fn1+1Fn2 = Fn1+n2+2 = Fn+1, where the second last equality is the Honsberger’s
Identity of Fibonacci numbers.

This completes the proof. ◀

2.3 Parameterized complexity
A parameterized problem is a set of instances of the form (x, k), where x is the input
instance and k ∈ N is the parameter. A parameterized problem is fixed-parameter tractable
(FPT ) if there is an algorithm that solves the problem in time f(k)|x|c, where f is a
computable function and c > 0 is a constant. We refer to [10, 23] for more information about
parameterized complexity.

3 The algorithm and its analysis

3.1 The basic ideas
Given an instance (Tinit, Tfinal, k) of Convex Flip Distance, our algorithm decides whether
there is a sequence of flips F = ⟨f1, . . . , fr⟩, r ≤ k that transforms Tinit to Tfinal.

By Lemma 4, common diagonals will never be flipped and free diagonals can be safely
flipped. Thus, we can assume that (Tinit, Tfinal) does not have any common diagonals, i.e.,
C(Tinit, Tfinal) = 0, and that there are no free-diagonals in the initial triangulation Tinit.
Therefore, we can assume n ≤ k ≤ 2n − 4, where n = ϕ(Tinit).

In Preliminaries, we showed that we can represent a minimum solution F to an instance
(Tinit, Tfinal) using a DAG DF , and that any topological sort of DF is a minimum solution
(Lemma 1). Therefore, to solve an instance of Convex Flip Distance, it suffices to compute
a topological sort of DF .

Intuitively, our algorithm computes a topological sort of DF by repeatedly finding and
removing its source nodes, similar to Kahn’s algorithm [15]. The algorithm uses a branch-
and-bound approach to find and flip the source nodes in DF .

This seemingly simple approach faces two technical challenges. The design of our algorithm
revolves around addressing them.

First, how to find the source nodes of the unknown DF without trying all possible subsets
of the diagonals? The set I of initial source nodes of DF must be a subset of independent
diagonals in Tinit. Our algorithm enumerates all subsets of independent diagonals in Tinit,
whose number is at most Fn+1, the (n + 1)-th Fibonacci number (Lemma 14). Afterward,
any new source node fj of DF must be adjacent to a previous source node fi. This means
that the underlying diagonal of fj is a neighbor of the new diagonal created by fi. Therefore,
when flipping a source node, our algorithm adds all neighbors of the new diagonal to a
candidate pool S from which new source nodes are chosen. In fact, the neighbors of the new
diagonal are added as pairs in S because at most one diagonal in each pair may be chosen as
a new source node. The next set of new source nodes of DF will be chosen by branching on
the edge-pairs in S. This method significantly reduces the search space of the source nodes.
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Second, how to flip free-diagonals without increasing the branching factor of the algorithm?
By Lemma 4, any free-diagonals can be safely flipped. If there is a free-diagonal e in Tinit,
our algorithm flips it to create a new diagonal e. Since e is a common diagonal and hence
will never be flipped again, the instance (Tinit, Tfinal) is then partitioned along e into two
smaller instances. The candidate pool S is also partitioned accordingly and passed on to the
two smaller instances. This method, through careful analysis, allows the free-diagonals to be
flipped “for free” essentially.

3.2 The algorithm

FlipDist(Tinit, Tfinal, k)
Input: Two triangulations Tinit and Tfinal, a parameter k

Precondition: C(Tinit, Tfinal) = 0 and there is no free-diagonals in Tinit

Output: True if Dist(Tinit, Tfinal) ≤ k; False otherwise.
0. If ϕ(Tinit) > k, return False.
1. Iterate through all subsets I of independent diagonals in T , as follows:

1.1. For each diagonal e ∈ T , if none of the neighbors of e is in I, branch on two choices: (1)
include e in I; (2) do not include e in I.

1.2. At the end of the branching, if I is non-empty, do:
If FlipDist-I(Tinit, Tfinal, k, I) returns True, then return True.

2. Return False.

Figure 1 The function FlipDist.

FlipDist-I(Tinit, Tfinal, k, I)
Input: Two triangulations Tinit and Tfinal, a parameter k, and a set of independent diagonals I.
Precondition: C(Tinit, Tfinal) = 0 and there is no free-diagonals in Tinit

Output: True if Dist(Tinit, Tfinal) ≤ k; False otherwise.
0. If ϕ(Tinit) > k − |I|, return False; If ϕ(Tinit) = 0 and k ≥ 0, return True.
1. Create an empty set S. For each edge e in I, do:

1.1. Flip e to create a new edge e.
1.2. Let ∆1 = {e1, e′

1, e} and ∆2 = {e2, e′
2, e} be the triangles on either side of e. Add the

pairs (e1, e′
1) and (e2, e′

2) to the set S.
2. Return FlipDist-S(T init, Tfinal, k − |I|, S), where T init is the triangulation resulting from

Tinit after all edges in I are flipped and S = {(e1, e′
1), . . . , (el, e′

l)} is the set of edge-pairs
created in Step 1.

Figure 2 The function FlipDist-I.

The algorithm’s main function FlipDist (Fig. 1) iterates through all subsets of independ-
ent diagonals in T . For each non-empty subset I of independent diagonals that represents the
set of initial source nodes of a DAG DF , two mutually recursive functions FlipDist-I (Fig. 2)
and FlipDist-S (Fig. 3) are invoked to repeatedly remove the source nodes and find the set
of new source nodes in DF . Along the way, whenever a free-diagonal is flipped to create a
common diagonal, the instance is partitioned into smaller isolated instances.
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FlipDist-S(Tinit, Tfinal, k, S)
Input: Two triangulations Tinit and Tfinal, a parameter k, and a set of edge-pairs S.
Precondition: C(Tinit, Tfinal) = 0
Output: True if Dist(Tinit, Tfinal) ≤ k; False otherwise.
0. If ϕ(Tinit) > k, return False; If ϕ(Tinit) = 0 and k ≥ 0, return True.
1. If there is a free-diagonal e in Tinit, do:

1.1. Remove any edge-pair containing e from S. Flip the free-diagonal e to create a new
diagonal e ∈ Tfinal. Let T init be the triangulation after flipping e.

1.2. Let ∆1 = {e1, e′
1, e} and ∆2 = {e2, e′

2, e} be the triangles on either side of e in T init. Add
the edge-pairs (e1, e′

1) and (e2, e′
2) to S.

1.3. Partition the triangulations T init and Tfinal along e into {T 1
init, T 2

init} and {T 1
final, T 2

final},
respectively. Partition the edge-pairs S into {S1, S2} accordingly so that S1 is in T 1

init

and S2 is in T 2
init. Let n1 = ϕ(T 1

init) and n2 = ϕ(T 2
init).

1.4. If the pair (T 1
init, T 1

final) is trivial, set k1 = n1.
1.5. Else, find the smallest k1 between n1 + 1 and min(k − 1 − n2, 2n1) such that

FlipDist-S(T 1
init, T 1

final, k1, S1) returns True; If such a k1 does not exist, return False.
1.6. If the pair (T 2

init, T 2
final) is trivial, return True.

1.7. Return FlipDist-S(T 2
init, T 2

final, k − 1 − k1, S2).
2. Iterate through all non-empty subsets I of independent diagonals in

⋃
S, as follows:

2.1. For each edge pair (ei, e′
i) ∈ S, branch on up to three choices of their membership in I:

(1) include neither ei nor e′
i; (2) include ei but not e′

i; and (3) include e′
i but not ei. Skip

a choice if it tries to include a non-diagonal edge or a diagonal with a neighbor already
included in I.

2.2. At the end of branching, if I is non-empty, do:
If FlipDist-I(Tinit, Tfinal, k, I) returns True, then return True.

3. Return False.

Figure 3 The function FlipDist-S.

Specifically, FlipDist-I(Tinit, Tfinal, k, I) performs flips on all diagonals in I. Suppose
that a diagonal e ∈ I is flipped to create a new edge e. There are two triangles ∆1 = {e1, e′1, e}
and ∆2 = {e2, e′2, e} on opposite sides of e. The edges e1, e′1, e2, e′2 are candidates of the new
source nodes in DF . Since (e1, e′1) are neighbors and so are (e2, e′2), at most one edge can be
chosen from each pair as a new source node. Therefore, the pairs (e1, e′1) and (e2, e′2) are
added to a candidate pool S. After all diagonals in I are flipped, the current triangulations
are T init and Tfinal, the current parameter is k − |I| since |I| flips are already performed,
and the candidate poll is S, all of which are passed to FlipDist-S as parameters.

FlipDist-S(Tinit, Tfinal, k, S) first flips free-diagonals (if any) in Tinit. When a free-
diagonal e is flipped, a common diagonal e is created, and by Lemma 4, the instance can
be safely partitioned along e into two smaller isolated sub-instances, which can be solved
recursively in a divide-and-conquer approach. In order to determine the parameters of the
sub-instances, it is necessary to find the smallest parameter k1 such that the first sub-instance
returns True. The parameter of the second sub-instance is then set to be k − k1. If there are
no free-diagonals, FlipDist-S branches on the pairs of edges in S to form the safe-set I for
the next round. For each edge-pair (ei, e′i) ∈ S in S, I may include neither, only ei, or only
e′i, forming a three-way branching.
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3.3 Analysis of the algorithm
In the following, we will prove the correctness of the algorithm and analyze its running time.
We start by proving the following invariant for both FlipDist-I and FlipDist-S:

▷ Claim 11. For every new diagonal created in FlipDist-I and FlipDist-S, its neighbors
are contained in

⋃
S, which is the union of the edge-pairs in S.

Proof. In FlipDist-I, after each diagonal e ∈ I is flipped, the neighbors of the new diagonal
e are included in the edge-pairs in S. Thus in FlipDist-I,

⋃
S contains all neighbors of the

new diagonals in T init.
FlipDist-S(T i

init, T i
final, k, I) starts by flipping free-diagonals (if any) in Tinit. If there is

a free-diagonal e in Tinit, then by Lemma 4, e can be safely flipped to create a new diagonal
e ∈ Tfinal. Before e is flipped to create a new diagonal e, any pair (e, e′) containing e is
removed from S. Let T init be the triangulation after flipping e. Let ∆1 = {e1, e′1, e} and
∆2 = {e′2, e′2, e} be the triangles on either side of e in T init. Two edge-pairs (e1, e′1) and
(e2, e′2) are added to S. Note that if (e, e′) is a pair in S before the free-diagonal e is flipped,
then e′ must be contained in one of two new pairs added to S after e is flipped. Therefore,
after flipping e,

⋃
S still contains all neighbors of the new diagonals in T init, and hence the

claim is true. ◁

▶ Lemma 12. Let (Tinit, Tfinal) be a pair of triangulations that do not share any common
edge. Let I be a set of independent diagonals in Tinit. Let S be a set of edge-pairs in Tinit

and
⋃

S be the union of the edge-pairs in S.
(a) If there is a minimum solution F of (Tinit, Tfinal) such that I is the set of underlying

diagonals of the source nodes of DF , then FlipDist-I(Tinit, Tfinal, k, I) returns True if
and only if F has at most k flips.

(b) If there is a minimum solution F of (Tinit, Tfinal) such that the set of underlying diagonals
of the source nodes of DF is a subset of

⋃
S, then FlipDist-S(Tinit, Tfinal, k, S) returns

True if and only if F has at most k flips.

Proof. The proof is by mutual induction on k. For the base case when k = 0, both functions
will return true if and only if Tinit = Tfinal. The statements are true.

Based on the inductive hypothesis, the inductive step is proven in two parts.
(a) First consider FlipDist-I(Tinit, Tfinal, k, I). By Lemma 9, I is a safe-set and hence for any

permutation π(I) of I, there is a shortest path from Tinit to Tfinal such that the diagonals
in I are flipped first according to the order of π(I). Therefore, Dist(Tinit, Tfinal) ≤ k

if and only of Dist(T init, Tfinal) ≤ k − |I|, where T init is the resulting triangulation
after the diagonals in I are flipped. After the set of diagonals I corresponding to the
source nodes of DF are flipped and removed from DF , the set of diagonals corresponds
to the new source nodes in DF must be neighbors of the new diagonals in T init and
hence by Claim 11 is a subset of

⋃
S. Therefore, when FlipDist-I(Tinit, Tfinal, k, I)

calls FlipDist-S(T init, Tfinal, k − |I|, S), by the inductive hypothesis, it returns True if
and only if Dist(T init, Tfinal) ≤ k − |I|, as required.

(b) Now consider FlipDist-S(Tinit, Tfinal, k, S) in two cases:
(i) If Tinit has a free-diagonal e, then by Lemma 4, there is a shortest path from Tinit

to Tfinal such that e is flipped first to create a new diagonal e that is shared by
T init and Tfinal. Again by Lemma 4, no shortest paths from T init to Tfinal will flip
e. Therefore, the triangulations T init and Tfinal can be safely partitioned along e

into {T 1
init, T 2

init} and {T 1
final, T 2

final}, respectively. By Claim 11, after e is flipped,
the set S still contains all neighbors of the new diagonals, which is partitioned
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accordingly to S1 and S2. There is a path of length at most k from Tinit to Tfinal

if and only if there is a path of length k1 from T 1
init to T 1

final and a path of length
k2 from T 2

init to T 2
final such that k1 + k2 = k − 1. It is easy to see that S1 and S2

satisfy the condition of Part (b) for T 1
init and T 2

init, respectively. By the inductive
hypothesis, FlipDist-S(T 1

init, T 1
final, k1, S1) returns True if and only if there is a

path of length k1 from T 1
init to T 1

final, and FlipDist-S(T 2
init, T 2

final, k−1−k1, S2)
returns True if and only if there is a path of length k − 1 − k1 from T 2

init to T 2
final.

Therefore, FlipDist-S(T init, Tfinal, k − |I|, S) returns True if and only if there is
a path of length at most k from Tinit to Tfinal, as required.

(ii) If Tinit has no free-diagonals, then FlipDist-S(Tinit, Tfinal, k, S) enumerates all
subsets I of independent diagonals and calls FlipDist-I(Tinit, Tfinal, k, I). For each
edge-pair (e1, e2) ∈ S, the algorithm branches on up to three possible choices: 1)
include neither e1 nor e2, 2) include e1 but not e2, and 3) include e2 but not e1. Since
e1 and e2 are neighbors, they cannot both belong to I. FlipDist-S(Tinit, Tfinal, k, S)
returns True if and only if there is an enumerated independent subset I of

⋃
S such

that FlipDist-I(Tinit, Tfinal, k, I) returns True. If Dist(Tinit, Tfinal) ≤ k, then by
Claim 11, the set of the underlying diagonals of the source nodes of DF is a subset of⋃

S and hence, will be enumerated. Consequently, by Part (a) of the inductive step
proven above, FlipDist-I(Tinit, Tfinal, k, I) returns True. Conversely, if there is
an enumerated set I such that FlipDist-I(Tinit, Tfinal, k, I) returns True, then by
Part (a) of the inductive step, there is a sequence of at most k flips that transforms
Tinit to Tfinal. Therefore, FlipDist-S(Tinit, Tfinal, k, S) returns True if and only
if Dist(Tinit, Tfinal) ≤ k.

This completes the proof. ◀

The following lemma bounds the number of leaves in the search trees of FlipDist-
I(Tinit, Tfinal, k, I) and FlipDist-S(Tinit, Tfinal, k, S).

▶ Lemma 13. Let n = ϕ(Tinit). Let LI(n, k) be the number of leaves in the search tree of
FlipDist-I(Tinit, Tfinal, k, I). Let LS(n, k, s) be the number of leaves in the search tree of
FlipDist-S(Tinit, Tfinal, k, S), where s = |S|. Then LI(n, k) ≤ 32(k−n) and LS(n, k, s) ≤
3s+2(k−n).

Proof. The proof is by mutual induction on k. For the base case when k = 0, we have n = 0
and both search trees have only 1 leaf. The statements are true.

Based on the inductive hypothesis, the inductive step is proven in two parts.
(a) First consider FlipDist-I(Tinit, Tfinal, k, I), which flips |I| edges and create a set S of 2|I|

edge-pairs. It then calls FlipDist-S(T init, Tfinal, k − |I|, S) where ϕ(T init) = ϕ(Tinit) =
n. By the inductive hypothesis, the number of leaves in FlipDist-S(T init, Tfinal, k −
|I|, S) is at most 3|S|+2(k−|I|−n) = 32|I|+2(k−|I|−n) = 32(k−n). Since there is no branching
in FlipDist-I, we have LI(n, k) ≤ 32(k−n) as required.

(b) Now consider FlipDist-S(Tinit, Tfinal, k, S) in two cases:
(i) If there is no free-diagonal in Tinit, then FlipDist-S(Tinit, Tfinal, k, S) branches

into up to 3 subtrees for each pair in S, corresponding to three possible choices
that include at most one edge in the pair. Therefore, at most 3|S| subtrees are
created after all edge-pairs in S are branched on and each subtree is a call to
FlipDist-I(Tinit, Tfinal, k, I). By Part (a) of the inductive step proven above,
FlipDist-I(Tinit, Tfinal, k, I) has at most 32(k−n) leaves. Therefore, the total
number of leaves in the search tree of FlipDist-S(Tinit, Tfinal, k, S) is at most
3|S|32(k−n) = 3s+2(k−n), as required.
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(ii) Suppose that a free-diagonal e is flipped in Step 1 of FlipDist-S to create a
new diagonal e ∈ Tfinal. The algorithm partitions the triangulations T init and
Tfinal along e into {T 1

init, T 2
init} and {T 1

final, T 2
final}, respectively. This creates

two smaller instances (T 1
init, T 1

final) and (T 2
init, T 2

final). We may assume both are
non-trivial because, by Lemma 7, trivial instances are solvable in linear time. Let
n1 = ϕ(T 1

init). The algorithm calls FlipDist-S(T 1
init, T 1

final, k̂1, S1) for k̂1 = n1 +
1, . . . , min(k−1−n2, 2n1), until k̂1 = k1, where k1 = Dist(T 1

init, T 1
final). If no such

k1 is found, then the search tree terminates and it is easy to verify that the statement
is true. Since k̂1 < k, by the inductive hypothesis, FlipDist-S(T 1

init, T 1
final, k̂1, S1)

has at most 3|S1|+2(k̂1−n1) leaves. This means for k̂1 = n1 + 1, . . . , k1, the subtrees
of FlipDist-S(T 1

init, T 1
final, k̂i, S1) has at most 3|S1|+2, 3|S1|+4, . . ., 3|S1|+2(k1−n1)

leaves, respectively. Observing that this is a geometric sequence with a common
ratio of 9, their sum is at most 9

8 · 3|S1|+2(k1−n1).
Finally, the algorithm calls FlipDist-S(T 2

init, T 2
final, k − 1 − k1, S2), which by

the inductive hypothesis has at most 3|S2|+2(k−1−k1−n2) leaves.
Thus, in total, the number of leaves in the search tree of FlipDist-
S(Tinit, Tfinal, k, S) is at most 9

8 · 3|S1|+2(k1−n1) + 3|S2|+2(k−1−k1−n2). Let x =
3|S1|+2(k1−n1) and y = 3|S2|+2(k−1−k1−n2). Since both instances (T 1

init, T 1
final) and

(T 2
init, T 2

final) are non-trivial, we have k1 − n1 ≥ 1 and k − 1 − k1 − n2 ≥ 1, and
hence x, y ≥ 9. Therefore, the number of leaves in the search tree of FlipDist-
S(Tinit, Tfinal, k, S) is at most

9
8 · 3|S1|+2(k1−n1) + 3|S2|+2(k−1−k1−n2) = 9

8x + y (1)

= (27
8y

+ 3
x

) · xy

3 (2)

≤ ( 27
8 · 9 + 3

9) · xy

3 (3)

≤ xy

3 (4)

= 3|S1|+2(k1−n1) · 3|S2|+2(k−1−k1−n2)

3 (5)

= 3|S1|+|S2|−1+2(k−1−n1−n2). (6)

We have |S1| + |S2| ≤ |S| + 1 because when a free-diagonal e is flipped, at least
one edge-pair in S that contains e is removed and two new edge-pairs are added to
S. We also have n1 + n2 = n − 1 because after the T init is partitioned along the
diagonal e, the total number of diagonals is reduced by 1.
Therefore, the total number of leaves in the search tree of FlipDist-
S(Tinit, Tfinal, k, S) is LS(n, k, s) ≤ 3|S1|+|S2|−1+2(k−1−n1−n2) ≤ 3|S|32(k−n) =
3s+2(k−n), as required.

This completes the proof. ◀

When the algorithm initially starts, the set of source nodes may be any subsets I of
independent diagonals in Tinit. We will prove in Lemma 14 that there are at most Fn+1
such subsets, where Fn is the n-th Fibonacci number, and they can be enumerated using
polynomial space and in time O(n) each.
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▶ Lemma 14. Let T be a triangulation of a convex polygon and ϕ(T ) = n. The number
of subsets of independent diagonals in T is at most Fn+1, the (n + 1)-th Fibonacci number.
Furthermore, all such subsets can be iterated in time O(n) each using polynomial space.

Proof. First, observe that the set of subsets of independent diagonals in T is in bijection
with the set of matchings in the binary tree T corresponding to T . Each triangle in T
corresponds to a node in T and each diagonal shared by two triangles in T corresponds to
an edge between the two nodes in T representing the two triangles. A set of independent
diagonals in T corresponds to a subset of edges in T that do not share any endpoint, referred
to as a matching (we consider an empty set to be a matching). By Lemma 10, the number of
matchings in T is at most Fn+1 and hence the number of subsets of independent diagonals
in T is at most Fn+1.

To iterate all such subsets I, consider all diagonals in an arbitrarily fixed order. For each
diagonal e, if any of its neighbors has already been included in I, do not include e; otherwise,
branch on e to include or exclude e in I. When all diagonals have been branched on, I is a
subset of independent diagonals in T . Since each leaf of this branching tree corresponds to a
unique subset of independent diagonals in T and the depth of the branching tree is n, the
running time is O(n) for each subset. The iteration uses polynomial space because only a
subset of diagonals in T is maintained at each step of the branching. ◀

Finally, we have the correctness and complexity of our algorithm.

▶ Theorem 15. The algorithm FlipDist(Tinit, Tfinal, k) runs in time O(3.82k) using poly-
nomial space and returns True if and only if there is a sequence of at most k flips that
transforms Tinit to Tfinal.

Proof. By Lemma 14, FlipDist(Tinit, Tfinal, k) branches into at most Fn+1 subsets of
independent diagonals. For each such subset I, the function FlipDist-I(Tinit, Tfinal, k, I)
is called, which has at most 32(k−n) leaves by Lemma 13. Therefore, the search tree of
FlipDist(Tinit, Tfinal, k) has at most Fn+132(k−n) leaves, which means there are at most
Fn+132(k−n) root to leaf paths in the search tree.

Along each root-to-leaf path, the algorithm does the following: (a) enumerates the initial
independent set I in time O(n) when charged to each path; (b) performs at most k flips
that take time O(1) each; (c) performs at most n partitions that take time O(n) each; (d)
perform at most k rounds of branching, where each round takes time O(k) when charged
to each end-branch. Therefore, the time spent on each root-to-leaf path is O(k2 + n2) =
O(n2). Since O(n2Fn+1) = O(1.618n), the overall running time is O(n2Fn+132(k−n)) =
O(1.618n32(k−n)) = O

(
9k ·

( 1.618
9

)n)
.

Since k/2 ≤ n ≤ k, the overall running time O
(
9k ·

( 1.618
9

)n)
is maximized when n = k/2.

Therefore, the total running time of the algorithm is O
(
9k ·

( 1.618
9

)n)
= O

(
9k ·

( 1.618
9

)k/2
)

=
O(3.82k).

FlipDist(Tinit, Tfinal, k) enumerates all subsets I of independent diagonals as the ini-
tial set of source nodes and calls FlipDist-I(Tinit, Tfinal, k, I). By Lemma 12, FlipDist-
I(Tinit, Tfinal, k, I) returns True if and only if there is a sequence of at most k flips that
transforms Tinit to Tfinal.

Finally, the algorithm uses polynomial space because every step of it, including the
iteration of the initial independent sets (Lemma 14), uses polynomial space.

This proves the correctness and complexity of our algorithm. ◀
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4 Concluding remarks

Both Convex Flip Distance and General Flip Distance are important problems.
The current paper presents a simple FPT algorithm for Convex Flip Distance that
runs in time O(3.82k) and uses polynomial space, significantly improving the previous best
FPT algorithm the problem, which runs in time O(n+k·32k) and is the same FPT algorithm
for General Flip Distance [11].

Our algorithm takes advantage of the structural properties of Convex Flip Distance
regarding the common diagonals and the free-diagonals. However, the general approach of
our algorithm, namely finding a topological sort of the DAG DF by repeatedly removing the
source nodes, seems applicable to General Flip Distance. It remains to be seen if can be
used to derive an improved algorithm for General Flip Distance.

The recent progress on both Convex Flip Distance and General Flip Distance,
including [16, 11] and this work, all rely on the DAG that models dependency relation among
the flips. More research along this line will likely produce further improved algorithms.
However, deciding whether the Convex Flip Distance problem is N P-hard remains a
challenging open problem and may require new insights into the structural properties of the
problem.
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Abstract
We study the repeated balls-into-bins process introduced by Becchetti, Clementi, Natale, Pasquale
and Posta [3]. This process starts with m balls arbitrarily distributed across n bins. At each round
t = 1, 2, . . ., one ball is selected from each non-empty bin, and then placed it into a bin chosen
independently and uniformly at random. We prove the following results:

For any n ⩽ m ⩽ poly(n), we prove a lower bound of Ω(m/n · log n) on the maximum load.
For the special case m = n, this matches the upper bound of O(log n), as shown in [3]. It
also provides a positive answer to the conjecture in [3] that for m = n the maximum load is
ω(log n/ log log n) at least once in a polynomially large time interval. For m ∈ [ω(n), n log n],
our new lower bound disproves the conjecture in [3] that the maximum load remains O(log n).
For any n ⩽ m ⩽ poly(n), we prove an upper bound of O(m/n · log n) on the maximum load for
all steps of a polynomially large time interval. This matches our lower bound up to multiplicative
constants.
For any m ⩾ n, our analysis also implies an O(m2/n) waiting time to reach a configuration with
a O(m/n · log m) maximum load, even for worst-case initial distributions.
For m ⩾ n, we show that every ball visits every bin in O(m log m) rounds. For m = n, this
improves the previous upper bound of O(n log2 n) in [3]. We also prove that the upper bound is
tight up to multiplicative constants for any n ⩽ m ⩽ poly(n).
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1 Introduction

We consider the allocation processes involving m balls (jobs or data items) to n bins (servers
or memory cells), by allowing each ball to choose from a set of randomly chosen bins. The
goal is to allocate (or re-allocate) balls efficiently, while also keeping the load distribution
balanced. The balls-into-bins framework has found numerous applications in hashing, load
balancing, routing (we refer to the surveys [27] and [32] for more details).

A classical sequential allocation algorithm is the d-Choice process introduced by Azar,
Broder, Karlin and Upfal [1] and Karp, Richard, Luby, and Meyer auf der Heide [20], where
for each ball to be allocated, we sample d ⩾ 1 bins uniformly and then place the ball in the
least loaded of the d sampled bins. It is well-known that for the One-Choice process (d = 1),
the maximum load is w.h.p.1 Θ(log n/ log log n) for m = n and m/n + Θ

(√
m/n · log n

)
1 In general, with high probability refers to probability of at least 1 − n−c for some constant c > 0.
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for m = Ω(n log n). In particular, this gap between maximum and average load grows
significantly as m/n → ∞, which is called the heavily loaded case. For d = 2, [1] proved that
the maximum load is only m/n + log2 log n + O(1) for m = n. This result was generalized
by Berenbrink, Czumaj, Steger and Vöcking [6] who proved that the same guarantee also
holds for m ⩾ n, in other words, even as m/n → ∞, the difference between the maximum
and average load remains a slowly growing function in n that is independent of m. This
improvement of Two-Choice over One-Choice has been widely known as the “power of
two choices”.

In this work, we investigate the repeated balls-into-bins (RBB) process, introduced by
Becchetti, Clementi, Natale, Pasquale and Posta [3]. In this process, there are m balls
initially allocated arbitrarily across n bins. In each round, one ball is removed from each
non-empty bin and then each of these balls is allocated to one bin sampled uniformly at
random (see Figure 1). This setting differs from the classical balls into bins setting in that
the number of balls is fixed and the amount of balls we re-allocate in each round varies
from 1 to n. Unlike Two-Choice (or d-Choice), this re-allocation is performed without
inspecting the load of any bin or taking additional samples.

Becchetti et al. [3] proved that for m = n, starting from an arbitrary configuration,
w.h.p. after O(n) rounds, the process reaches a maximum load of O(log n) and remains
in such a configuration for poly(n) rounds. Thus, the RBB process is a natural instance
of a self-stabilizing system, and falls into a long line of research on random-walk based
algorithms for stabilization and consensus [4, 14, 17, 18, 29]. More recently, Cancrini and
Posta [11] proved that the mixing time is O(L) where L is the maximum load at the initial
configuration.

Our Results. In this work, we settle two conjectures stated in [3] and prove tight bounds
for the more general case with n ⩽ m ⩽ poly(n).

Becchetti et al. [3] conjectured that the O(log n) upper bound holds for all m = O(n log n).
They also conjectured that for m = n, the maximum load is ω(log n/ log log n). We resolve
both conjectures, proving an Ω( m

n · log n) lower bound on the maximum load w.h.p. in
any interval of length Ω(m2/n2 · log4 n) and for any n ⩽ m ⩽ poly(n) (Lemma 3.3). This
disproves the first conjecture, but confirms the second one, showing that for m = n, the
maximum load is w.h.p. Θ(log n).

For the case m ⩾ n, we also prove that starting from an arbitrary configuration after
O(m2/n) rounds, w.h.p. we reach a configuration with a maximum load of O( m

n · log m)
(Section 4.2). For n ⩽ m ⩽ poly(n), we show that the process stabilizes in such a configuration
there for at least m2 rounds (Theorem 4.11).

Becchetti et al. [3] also studied the cover time (or traversal time) of a ball, which is
the time required to visit all n bins. For m = n, they proved an O(n log2 n) bound on the
traversal time. For any m ⩾ n, we improve this to O(n log m), and also show that it is tight
up to constant factors for any m = poly(n) (Section 5).

Intuition and Techniques. For the upper bound we use an exponential potential Φ with
smoothing parameter Θ(n/m). Provided that Φ is poly(m), we immediately obtain the
O(m/n · log m) bound on the maximum load. Our analysis exploits that after only O((m/n)2)
rounds, sufficiently many bins will become empty, which in turn will reduce the number of
balls being re-allocated. This then helps to reduce the load of any non-empty bin, since these
are guaranteed to lose one ball per round, but only receive in expectation less than one ball
in total from the other non-empty bins. As we will prove, the actual equilibrium will have
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Figure 1 Illustration of one round of RBB with m = 8 balls and n = 6 bins. The balls highlighted
in red are re-allocated to bins chosen randomly among {1, 2, . . . , 6}.

most bins being empty roughly every O(m/n) rounds. To establish this, we employ some
martingale and drift-arguments to first prove that any bin which starts at load O(m/n),
becomes empty after O((m/n)2) rounds with constant probability > 0. Secondly, we prove
that if this happens to a fixed bin, the empty load state will be revisited Ω(m/n) times
during the next O((m/n)2) rounds. In some sense, this is a generalization of the approach
in [3], where they also bounded the fraction of empty bins for the case m = n.

A kind of reversed argument is used for the lower bound. Here, the goal is to prove
that each bin is only empty every O(m/n) rounds on average. This shows that the RBB
process can be approximated by a One-Choice process where at least an 1 − O(n/m)
fraction of the balls are allocated. For t = Ω(m2/n2 · log n), this yields a maximum load of
Ω(m/n · log n). To prove that bins are not empty “too often”, we establish a link between a
quadratic potential and the number of empty bins, similar to that in [26, Lemma 6.2]. This
connection essentially implies that whenever the fraction of empty bins is ω(n/m), then the
quadratic potential decreases. By aggregating sufficiently over many rounds, we can conclude
that, on average, the number of empty bins cannot be too large.

Further Related Work. Cancrini and Posta investigated the behavior of the RBB process
for a large number of rounds, and established “propagation of chaos” [10], meaning that
under some conditions on the initial load distribution, the load of the bins become eventually
independent. In [10], the authors prove results for the RBB process considered here, while [12]
considered more general re-allocation rules. Another variant of the RBB setting was studied
in [8], where in each round one ball is deleted from each bin and an expected λn new balls
arrive and are distributed in parallel to the bins. In contrast to the RBB model, this means
that the number of balls in the system is not fixed.

The RBB is an instance of a discrete time closed Jackson network [19, 21]. However, in
RBB, updates are happening synchronously and in parallel, while in most queuing models
updates occur asynchronously based on independent point processes. As also pointed out
in [10, 12], this leads to a non-reversible Markov Chain, which seems to make the computation
of the stationary distribution intractable. Furthermore, formal methods have been used to
prove guarantees for RBB with m = n [2]. The RBB setting has also been applied to analyze
protocols in short packet communications [33].

STACS 2023
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Czumaj, Riley and Scheideler [15] studied a similar re-allocation process where in each
round one random ball is allocated to a random of d bin choices. These are also related to
randomized rerouting protocols studied in [7, 9]. In another parallel allocation processes,
Berenbrink, Czumaj, Englert, Friedetzky and Nagel [5] proved an O(log n) gap for the Two-
Choice process where balls are allocated in batches of n balls and was recently improved to
O( log n

log log n ) in [23].

Organization. In Section 2 we introduce some standard balls-into-bins notations and define
the processes. In Section 3, we prove our lower bound on the maximum load. In Section 4, we
prove an upper bound on maximum load and also analyze the time until such configuration
is reached and preserved (convergence time). In Section 5, we analyze the traversal time. In
Section 6, we present some empirical results on the RBB process. We conclude the paper
with a summary and a few open problems in Section 7.

2 Notation and Definitions

We consider a set of n bins labeled [n] := {1, 2, . . . , n}. By xt we denote the n-dimensional
load vector after t rounds, and x0 is the initial load vector. In our processes, no balls are
added or removed, and the existing m balls are only re-allocated; hence,

∑n
i=1 xt

i = m for all
t ⩾ 0.

By F t := |{i ∈ [n] : xt
i = 0}| we denote the number of empty (free) bins and by f t := 1

n ·F t

the fraction of empty bins. Similarly κt := n − F t is the number of non-empty bins. Since it
will be important to track the number of empty bins over a time interval, we also define F t1

t0

as the total number of pairs of empty bins and rounds in the entire interval [t0, t1], i.e.,

F t1
t0

:=
t1∑

t=t0

F t.

RBB (Repeated Balls-into-Bins Process):
Iteration: At each round t = 1, 2, . . .

For each of the κt = n − F t non-empty bins, take one ball and re-allocate it to a bin
chosen independently and uniformly at random among [n].

More specifically, in each round we choose κt bins zt
1, . . . , zt

κt ∈ [n] uniformly at random
and the load vector at step t + 1 is given by

xt+1
i := xt

i − 1xt
i
>0 +

κt∑
j=1

1zt
j
=i, for each i ∈ [n].

Hence, we can express the marginal load distribution of an arbitrary bin i ∈ [n] at round
t ⩾ 0 (i.e., having completed t iterations before), as

xt+1
i = xt

i − 1xt
i
>0 + Bin(κt, 1/n), (2.1)

where with slight abuse of notation, we write Bin(κt, 1/n) as a placeholder for a random
variable (independent of Ft, the entire history of the process up to round t) which has
distribution Bin(κt, 1/n).
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Similarly, assuming each bin acts as a FIFO queue on the incoming and departing balls,
we can follow the trajectory of an arbitrary single ball. Only if the ball is at the front of its
queue, it will be re-allocated to a bin chosen randomly from [n] in the next round. A natural
question is the so-called cover time (or traversal time), the expected time until every ball
has been allocated to each bin [3]. This is related to the well-studied cover time of parallel
random walks on graphs, but with the constraint that only one walk can leave each vertex
(=bin) at a time.

3 Lower Bound on the Maximum Load for n ⩽ m ⩽ poly(n)

In this section, we prove that w.h.p. the maximum load becomes Ω
(

m
n · log n

)
at least once

in every O( m2

n2 · log4 n) rounds, for any n ⩽ m ⩽ poly(n). This matches the upper bound in
Section 4 up to multiplicative constants and also settles two conjectures in [3].

On a high level, the lower bound follows by showing that in a long enough interval,
w.h.p. a constant fraction of the rounds have an O(n/m) fraction of empty bins. Then, we
couple the process with the One-Choice process, to show that the maximum load must be
w.h.p. at least Ω( m

n · log n).
In order to bound the number of empty bins in an interval we make use of the quadratic

potential function, defined as

Υt :=
n∑

i=1
(xt

i)2,

where xt
i is the load of bin i ∈ [n] at round t. We then prove the following relation between

the expected change of Υt and the number of empty bins F t in round t:

▶ Lemma 3.1. Consider the RBB setting with any m ⩾ 1. Then, for any round t ⩾ 0,

E
[

Υt+1 ∣∣ Ft
]
⩽ Υt − 2 · m

n
· F t + 2n.

Proof. Let us define the binomial random variable Z ∼ Bin(κt, 1
n ). For any bin i ∈ [n] with

load xt
i ⩾ 1,

E
[

Υt+1
i

∣∣ Ft
]

=
κt∑

z=0
(xt

i + z − 1)2 ·
(

κt

z

)
· 1

nz
·
(

1 − 1
n

)κt−z

= (xt
i)2 ·

κt∑
z=0

(
κt

z

)
· 1

nz
·
(

1 − 1
n

)κt−z

+ 2 · xt
i ·

κt∑
z=0

(z − 1) ·
(

κt

z

)
· 1

nz
·
(

1 − 1
n

)κt−z

+
κt∑

z=0
(z − 1)2 ·

(
κt

z

)
· 1

nz
·
(

1 − 1
n

)κt−z

= (xt
i)2 · E [ Z ] + 2 · xt

i · E [ Z − 1 ] + E
[

(Z − 1)2 ]
(a)= (xt

i)2 + 2 · xt
i ·
(κt

n
− 1
)

+ κt · (κt − 1) · 1
n2 − κt

n
+ 1

⩽ (xt
i)2 + 2 · xt

i ·
(κt

n
− 1
)

+ 2,
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having used in (a) that E [ Z ] = κt

n and E
[

Z2 ] = κt · 1
n · (1 − 1

n ) + (κt)2 · ( 1
n )2, and thus

E
[

(Z − 1)2 ] = κt · 1
n

·
(

1 − 1
n

)
+ (κt)2 ·

(
1
n

)2
− 2 · κt

n
+ 1 = κt · (κt − 1) · 1

n2 − κt

n
+ 1.

Similarly for an empty bin i ∈ [n] with xt
i = 0, the contribution is

E
[

Υt+1
i

∣∣ Ft
]

=
κt∑

z=0
z2 ·

(
κt

z

)
· 1

nz
·
(

1 − 1
n

)κt−z

= κt

n
+ κt · (κt − 1)

n2 .

Hence, by aggregating the contributions of the κt bins non-empty bins and the n − κt empty
bins we obtain

E
[

Υt+1 | Ft
]
⩽ Υt +

∑
i∈[n] : xt

i
⩾1

(
2 · xt

i ·
(

κt

n
− 1
)

+ 2
)

+
∑

i∈[n] : xt
i
=0

(
κt

n
+ κt · (κt − 1)

n2

)

⩽ Υt +
(

κt

n
− 1
)

· 2 · m + 2κt + (n − κt) · 2

= Υt − 2 · m

n
· F t + 2n,

where in the last inequality we used that κt ⩽ n. This concludes the proof. ◀

The key insight is that the quadratic potential drops in expectation as soon as the fraction
of empty bins is of order Ω(n/m). This is crucial to upper bound the number of empty
bins in an interval. This relation is similar to the ones used in [23, 26], where an interplay
between the quadratic potential and the absolute value potential was used to show that the
absolute value potential is small in a constant fraction of the rounds.

The next lemma shows that for any sufficiently long interval, either there is a maximum
load that is Ω(m/n · log n) or the fraction of empty bins in the interval is O(n/m). Note that
we indeed need the interval to be long enough as starting with the perfectly balanced load
vector may require several rounds to reach a gap of Ω( m

n log n) even for the One-Choice
process.

▶ Lemma 3.2. Consider the RBB process with any n ⩽ m ⩽ nk for some constant k ⩾ 1
and any 1 ⩽ ĉ ⩽ n. Then, for any t0 ⩾ 0 and t1 := t0 + ĉ ·

(
m
n · log n

)2,

Pr

 {F t1
t0

<
n2

4m
· (t1 − t0 + 1)

}
∪

⋃
t∈[t0,t1]

{
max
i∈[n]

xt
i >

m

n
· log n

} ∣∣∣∣∣∣ Ft0

 ⩾ 1 − e− ĉ
18 .

Proof. Consider an arbitrary step t0 and filtration Ft0 . We can further assume that
{maxi∈[n] xt0

i ⩽ m
n · log n} holds, otherwise the conclusion trivially follows.

For any t ⩾ t0, we define the sequence

Zt := Υt − 2 · (t − t0) · n + 2 · m

n
· F t−1

t0
,

where F t0−1
t0

= 0. This sequence forms a super-martingale since by Lemma 3.1,

E
[

Zt+1 ∣∣ Ft
]

= E
[

Υt+1 − 2 · (t − t0 + 1) · n + 2 · m

n
· F t

t0

∣∣∣ Ft
]

= E
[

Υt+1 ∣∣ Ft
]

− 2 · (t − t0 + 1) · n + 2 · m

n
· F t

t0

⩽ Υt + 2 · n − 2 · m

n
· F t − 2 · (t − t0 + 1) · n + 2 · m

n
· F t

t0
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= Υt − 2 · (t − t0) · n + 2 · m

n
· F t−1

t0

= Zt.

Further, let τ := min{t ⩾ t0 : maxi∈[n] xt
i > m

n · log n} and consider the stopped random
variable

Z̃t := Zt∧τ ,

which is then also a super-martingale.
To prove concentration of Z̃t, we will now derive an upper bound on

∣∣∣Z̃t+1 − Z̃t
∣∣∣ condi-

tional on Ft.

Case 1: t ⩾ τ . In this case, Z̃t+1 = Z(t+1)∧τ = Zτ , and similarly, Z̃t = Zt∧τ = Zτ , so
|Z̃t+1 − Z̃t| = 0.

Case 2: t < τ . Hence for t we have maxi∈[n] xt
i ⩽ m

n · log n and thus Lemma A.2 implies
that the biggest change in the quadratic potential is w.h.p. at most 2 · m · log n + 4n and
under this condition, using that m ⩾ n,

|Z̃t+1 − Z̃t| ⩽ 2 · m · log n + 4n + 2 · m

n
· n ⩽ 3 · m · log n.

Combining the two cases above, we conclude,

Pr

 ⋂
t∈[t0,t1−1]

{
|Z̃t+1 − Z̃t| ⩽ 3 · m · log n

} ⩾ 1 − n−ω(1) · (t1 − t0) ⩾ 1 − n−ω(1),

since t1 − t0 ⩽ poly(n).

Using the concentration inequality Theorem A.4 with bad event, Bt := ¬
⋂

t∈[t0,t]{|Z̃t+1 −
Z̃t| ⩽ 3 · m · log n} and λ = ĉ · m2

n · log2 n, we get

Pr
[

Z̃t1+1 − Z̃t0 > λ
]
⩽ exp

(
− λ2

2 ·
∑t1

t=t0
(3 · m · log n)2

)
+ Pr [ B ]

= exp

−
ĉ2 ·

(
m2

n · log2 n
)2

18 · ĉ ·
(

m
n · log n

)2 · (m · log n)2

+ Pr [ B ]

⩽ e− ĉ
18 + n−ω(1) ⩽ 2 · e− ĉ

18 .

Thus,

Pr

{Zt1+1 ⩽ Zt0 + λ
}

∪
⋃

t∈[t0,t1]

{
max
i∈[n]

xt
i ⩾

m

n
· log n

} < 1 − 2 · e− ĉ
18 .

Assume that {Zt1+1 ⩽ Zt0 + λ} holds. Our aim is to show that {F t1
t0

< 4n2

m · (t1 − t0 + 1)}
also holds. For the sake of a contradiction, assume that

F t1
t0

⩾
4n2

m
· (t1 − t0 + 1).

By {Zt1+1 ⩽ Zt0 + λ}, we have that

Υt1+1 − 2 · (t1 − t0 + 1) · n + 2 · m

n
· F t1

t0
⩽ Υt0 + λ.
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Rearranging the inequality above gives

Υt1+1 ⩽ Υt0 + λ + 2 · (t1 − t0 + 1) · n − 2 · m

n
· F t1

t0

⩽ Υt0 + λ + 2 · (t1 − t0 + 1) · n − 8 · n · (t1 − t0 + 1)
⩽ Υt0 + λ − 6 · (t1 − t0 + 1) · n. (3.1)

Recall that we start from a round t0 where {maxi∈[n] xt0
i ⩽ m

n · log n} holds, and therefore
also {Υt0 ⩽ n ·

(
m
n · log n

)2} holds. Thus, by (3.1) we have

Υt1+1 ⩽ n ·
(m

n
· log n

)2
+ ĉ · n ·

(m

n
· log n

)2
− 6 · ĉ ·

(m

n
· log n

)2
· n < 0

which is a contradiction for large n since ĉ ⩾ 1. We conclude that if Zt1+1 ⩽ Zt0 + λ, then
F t1

t0
< n2

4m · (t1 − t0 + 1) or the stopping time was reached, i.e.

Pr

{F t1
t0

<
n2

4m
· (t1 − t0 + 1)

}
∪

⋃
t∈[t0,t1]

{
max
i∈[n]

xt
i ⩾

m

n
· log n

} ⩾ 1 − 2 · e− ĉ
18 . ◀

To complete the derivation of the lower bound we need to show that in an interval of
length T = Θ(( m

n · log n)2) with an O(n/m) fraction of empty bins, the maximum load is
Ω( m

n · log n). This follows by coupling the allocations of the RBB process in the interval with
a One-Choice process with T · (1 − O(n/m)) balls. By the following standard expression,
for the maximum load, setting c := (1−γ)2

200 · 1
γ2 (for γ = Θ( n

m )), we get the desired lower
bound on the maximum load for the RBB setting.

[cf. [26, Lemma 10.4]] Consider the One-Choice process with m = cn log n balls, for
any c ⩾ 1/ log n. Then, we have

Pr
[

max
i∈[n]

xm
i ⩾

(
c +

√
c

10

)
· log n

]
⩾ 1 − n−2.

Putting the lemmas together, we get the desired lower bound.

▶ Lemma 3.3. Consider the RBB process with any n ⩽ m ⩽ nk for some constant k ⩾ 1
and let γ := n

4m . Then, for any round t0 ⩾ 0 and for t1 := t0 + 1−γ
200 · 1

γ2 · log4 n,

Pr

 ⋃
t∈[t0,t1]

{
max
i∈[n]

xt
i ⩾ 0.008 · m

n
· log n

} ⩾ 1 − n−1.

Proof. Using Lemma 3.2 (for k := 1−γ
200 · 16 · log2 n ⩾ 3 · 18 · log n), we have for t1 =

t0 + 1−γ
200 · 1

γ2 · log4 n,

Pr

{F t1
t0

<
n2

4m
· (t1 − t0 + 1)

}
∪

⋃
t∈[t0,t1]

{
max
i∈[n]

xt
i ⩾

m

n
· log n

} ⩾ 1 − n−2. (3.2)

Consider the log3 n sub-intervals I1, . . . , Ilog3 n of length ∆ = 1−γ
200 · 1

γ2 · log n with starting
points sj := t0 + ∆ · (j − 1). We also define the events for j ∈ [log3 n],

Cj :=
{

F sj+∆
sj

<
n2

4m
· ∆
}

.
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Running the repeated balls-into-bins process over the interval [sj , sj + ∆] involves realloc-
ating ∆ · n − F

sj+∆
sj balls, meaning we sample ∆ · n − F

sj+∆
sj many times a bin uniformly at

random. So if the event Cj holds, then we sample in total

∆ · n − n2

4m
· ∆ = (1 − γ) · ∆ · n =: m

bins. Hence these re-allocations correspond to a One-Choice process with m balls into n

bins; let us denote its load vector by yt for any round t ⩾ 0 starting from the empty load
configuration. By Section 3 with c := (1−γ)2

200 · 1
γ2 , we obtain

Pr
[

max
i∈[n]

ym
i ⩾

(
c +

√
c

10

)
· log n

]
⩾ 1 − n−2.

Further, note that

max
i∈[n]

ym
i ⩾

(
(1 − γ)2

200γ2 + 1
10 ·

√
(1 − γ)2

200γ2

)
· log n

⩾
1 − γ

200γ2 · log n + 0.002 · log n

γ
= ∆ + 0.002 · log n

γ
.

In ∆ rounds, at most ∆ balls can be removed from any single bin i ∈ [n], so for any bin
i ∈ [n], x

sj+∆
i ⩾ x

sj

i + ym
i − ∆ ⩾ ym

i − ∆. and hence

max
i∈[n]

x
sj+∆
i ⩾ max

i∈[n]
ym

i − ∆ ⩾ 0.002 · log n

γ
.

Defining for any round t ⩾ 0

Et :=
{

max
i∈[n]

xt
i ⩾ 0.008 · m

n
· log n

}
,

we have shown that for any 1 ⩽ j ⩽ log3 n,

Pr
[

Esj+∆ ∪ ¬Cj

]
⩾ 1 − n−2.

By taking the union bound over the log3 n sub-intervals, we conclude

Pr

 ⋂
j∈[log3 n]

({
max
i∈[n]

x
sj+∆
i ⩾ 0.008 · m

n
· log n

}
∪ ¬Cj

) ⩾ 1 − (log3 n) · n−2. (3.3)

Assuming that
{

F t1
t0

< n2

4m · (t1 − t0 + 1)
}

holds, then using the pigeonhole principle, at
least one of these intervals j satisfies Cj , i.e., {∪j∈[log3 n]Cj} holds. Hence, by the union bound
of Equation (3.2) and Equation (3.3) we conclude that

Pr

 ⋃
t∈[t0,t1]

Et

 ⩾ Pr

 ⋃
j∈[log3 n]

Esj+∆


⩾ 1 − Pr

¬
⋂

j∈[log3 n]

(
Esj+∆ ∪ ¬Cj

)
∪

⋂
j∈[log3 n]

¬Cj


⩾ Pr

 ⋃
j∈[log3 n]

(
Esj+∆ ∪ ¬Cj

)− Pr

 ⋂
j∈[log3 n]

¬Cj


⩾ 1 − n−2 − (log3 n) · n−2 ⩾ 1 − n−1. ◀
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4 Upper Bounds on the Maximum Load and Convergence Time

In this section, we outline the proofs for the O( m
n · log n) matching upper bound on the

maximum load and the O(m2/n) upper bound on the convergence time of the RBB process
for any n ⩽ m ⩽ poly(n). The omitted proofs and details can be found in the full version [25].
In Section 4.1, we introduce the exponential potential function and demonstrate its use on
the simpler setting with m ⩽ n balls, and in Section 4.2 we outline the proof for the more
challenging case with m ⩾ n balls.

4.1 The Exponential Potential and an Upper Bound for m ⩽ n

For the upper bounds, we make use of the exponential potential function defined as

Φt := Φt(α) :=
n∑

i=1
Φt

i :=
n∑

i=1
eαxt

i ,

where xt
i is the load of bin i ∈ [n] at round t ⩾ 0 and α > 0 is a smoothing parameter. For

any round t with Φt = poly(n), we can deduce that

max
i∈[n]

xt
i = O

( log n

α

)
.

By choosing a smoothing parameter α = Θ(n/m), this will give the desired bound on the
maximum load.

We start by giving a general formula for the expected change of Φ over one step.

▶ Lemma 4.1. Consider the RBB process with any m ⩾ n and the potential Φ := Φ(α) for
any α > 0. Then, for any round t ⩾ 0,

E
[

Φt+1 ∣∣ Ft
]
⩽ Φt · e−α · e

eα−1
n ·κt

+ (n − κt) · e
eα−1

n ·κt

.

Proof. Consider the expected contribution of a bin i ∈ [n] with xt
i ⩾ 1,

E
[

Φt+1
i

∣∣ Ft
]

=
κt∑

z=0
eα(xt

i+z−1) ·
(

κt

z

)
·
( 1

n

)z

·
(

1 − 1
n

)κt−z

= Φt
i · e−α ·

κt∑
z=0

(
κt

z

)
·
(eα

n

)z

·
(

1 − 1
n

)κt−z

(a)= Φt
i · e−α ·

(
1 − 1

n
+ eα

n

)κt

(b)
⩽ Φt

i · e−α · e
eα−1

n ·κt

,

using in (a) the binomial identity
∑k

z=0
(

k
z

)
pzqk−z = (p + q)k and in (b) that 1 + z ⩽ ez for

any z ⩾ 0.
For an empty bin i ∈ [n], its expected contribution is

E
[

Φt+1
i

∣∣ Ft
]

=
κt∑

z=0

(
κt

z

)
· eαz ·

( 1
n

)z

·
(

1 − 1
n

)κt−z

=
(

1 − 1
n

+ eα

n

)κt

⩽ e
eα−1

n ·κt

.

Aggregating over all bins, we have

E
[

Φt+1 ∣∣ Ft
]

=
∑

i∈[n]:xt
i
⩾1

E
[

Φt+1
i | Ft

]
+

∑
i∈[n]:xt

i
=0

E
[

Φt+1
i

∣∣ Ft
]

⩽ Φt · e−α · e
eα−1

n ·κt

+ (n − κt) · e
eα−1

n ·κt

. ◀



D. Los and T. Sauerwald 45:11

Now, we will investigate the simpler setting where m is much smaller than n, to demon-
strate the use of the exponential potential function. This implies that in each round,
deterministically at least n − m bins are empty. As we prove below, this implies for example,
that for m = n

log n we get w.h.p. a maximum load of O( log n
log log n ) after O( n

log n ) rounds.

▶ Lemma 4.2. Consider the RBB process with m ⩽ 1
e2 n. Then for any round t ⩾ 2m,

Pr
[

max
i∈[n]

xt
i ⩽ 4 · log n

log
(

n
em

) ] ⩾ 1 − n−2.

Proof. We will use the potential Φ := Φ(α) with α := log
(

n
em

)
⩾ 1 (since m ⩽ 1

e2 n). Note
that for m = o(n) the potential is super-exponential, as in [22]. Since κt ⩽ m, we have

eα − 1
n

· κt ⩽ eα · m

n
= 1

e
.

Hence, by using Lemma 4.1,

E
[

Φt+1 | Ft
]
⩽ Φt · e−α · e

eα−1
n ·κt

+ (n − κt) · e
eα−1

n ·κt

⩽ Φt · e−α · e1/e + e · n

⩽ Φt · e− α
2 + e · n,

using in the last inequality that α ⩾ 1.
At round t = 0 we have Φ0 ⩽ eαm. Hence applying Lemma A.5, we have for any t ⩾ 2m,

E
[

Φt
]
⩽ eαm · e− 1

2 ·αt + e · n

1 − e− α
2
⩽ 1 + e · n

1 − e−1/2 ⩽ 3e · n.

By applying Markov’s inequality for t ⩾ 2m,

Pr
[

Φt ⩽ 3e · n3 ] ⩾ 1 − n−2.

When {Φt ⩽ 3e · n3} holds, we have for any bin i ∈ [n],

xt
i ⩽

1
α

· (log(3e) + 3 log n) ⩽ 4 · log n

log
(

n
em

) ,

completing the proof. ◀

4.2 Upper Bound for m ⩾ n

We now turn to outlining the proof for the more challenging case of m ⩾ n. The omitted
proofs an be found in the full version [25].

On a high level, we show that in a large enough interval, an Ω(m/n) fraction of the bins
are empty, the opposite of what we had in Section 3. This follows through a coupling with
an idealized version of the process, which is simpler to analyze. Then, in an interval with
Ω(m/n) fraction of empty bins, the exponential potential with a sufficiently small smoothing
parameter α = Θ(n/m) drops in expectation, at some point becoming poly(n) and implying
the O( m

n · log n) maximum load (convergence). Then, with a similar analysis over a slightly
smaller interval we show that it remains in such a configuration for O( m

n · log n) rounds
(stabilization).

In the analysis, we make use of the following bound on the expected change of Φ, which
is a restatement of Lemma 4.1 based on the fraction of empty bins f t.
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▶ Lemma 4.3. Consider the RBB process with any m ⩾ n and the potential Φ := Φ(α) with
any 0 < α < 1.5. Then, for any round t ⩾ 0,

E
[

Φt+1 ∣∣ Ft
]
⩽ Φt · eα2−αft

+ 6n,

In particular, when the fraction of empty bins satisfies f t = Ω(α), the potential drops in
expectation over one round, as was trivially the case for m ≪ n. So it will be central to our
analysis to prove a lower bound on the fraction of empty bins in a sufficiently long interval.
This idea is inspired by [3, Lemma 19], who proved that in case of m = n, for each round,
a constant fraction of the bins are empty with very high probability. This is useful, as it
implies a constant additive drift for the load of each non-empty bin, which will drop by a
constant term > 0 in expectation.

However, for general m ≫ n, there will be starting configurations in which all bins remain
non-empty for several rounds. Only if the process runs for a sufficiently long time, a small
fraction of bins will become (and, to some extent, remain) empty. The following lemma
quantifies this behavior and proves that, after a waiting time of O((m/n)2) (the square of
the average load), a fraction of O(n/m) of the bins will be empty per round on average.
Hence for a time interval of length (m/n)2, the aggregated “empty bin/round pairs” will be
≈ (m/n)2 · n · (n/m) = m.

[Key Lemma for the Upper Bound] Consider the RBB process with m ⩾ n and any
round t0 ⩾ 0. Then, for round t3 := t0 + 744(m/n)2 it holds that

Pr
[

F t3
t0

⩾
1

384 · m

∣∣∣∣ Ft0

]
⩾ 1 − e−Ω(n).

First, let us remark that for the simpler case m = n, a stronger result was shown in [3,
Lemma 1], proving that for any round t ⩾ 1, F t = Ω(n) holds with probability 1−exp(−Ω(n)).
In fact adjusting the proof in [3] slightly, the same result holds for any m = O(n). Therefore,
we may assume in the following proof for convenience, that m ⩾ C · n for a sufficiently large
constant C > 0 (we will choose C := 6). Alternatively, we can also reduce the case with m

balls for some m ∈ [n, C · m] balls to the case with C · m balls, by using the fact that F t3
t0

becomes stochastically smaller if we add more balls.
In order to establish Section 4.2, we will relate the RBB process to a simpler process,

which we call the idealized process. In the idealized process, we also remove one ball from
each non-empty bin at each round, but we allocate exactly n balls, regardless of how many
bins are empty.

Formally, fix any load configuration of m balls with load vector xt0 . The load vector of
the idealized process is denoted by yt, t ⩾ t0 and defined as follows. For any bin i ∈ [n],
yt0

i := xt0
i . Further, for any t ⩾ t0, let Zt

1, Zt
2, . . . , Zt

n ∈ {1, . . . , n} be n independent, uniform
random samples. Then define,

yt+1
i := yt

i − 1yt
i
>0 +

n∑
j=1

1Zt
j
=i. (4.1)

Note that the marginal distribution of yt+1
i can be expressed as

yt+1
i = yt

i − 1yt
i
>0 + Bin(n, 1/n).

Comparing this to the RBB process (see Equation (2.1)) we have the same distribution apart
from that Bin(n, 1/n) is replaced by Bin(κt, 1/n). Thus we see that the idealized process is a
bit simpler and also has the advantage that the number of balls that are added to the bins
does not depend on the load configuration.
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▶ Lemma 4.4. For any round t0 ⩾ 0 and load vector xt0 , there is a coupling between the load
vectors (xt)t⩾t0 and (yt)t⩾t0 such that for all rounds t ⩾ t0 and for all bins i ∈ [n], xt

i ⩽ yt
i .

Based on this coupling, we also define for two rounds t0 ⩽ t3,

Gt3
t0

:=
t3∑

t=t0

∑
i∈[n]

1yt
i
=0.

Note that Lemma 4.4 implies that F t3
t0

is stochastically larger than Gt3
t0

, therefore it suffices
to analyze Gt3

t0
in the following.

Our first lemma proves that starting from any load configuration with m balls at time
t0, any bin i ∈ [n] whose load is close to the average load, has a constant probability > 0 of
reaching zero load after O((m/n)2) rounds.

▶ Lemma 4.5. Consider the idealized process with an arbitrary initial load configuration at
time t0 with m ⩾ 6n balls. Let i ∈ [n] be any bin with yt0

i ⩽ 2 · m/n. Then,

Pr

 ⋃
t1∈[t0,t0+720· m2

n2 ]

{
yt1

i = 0
} ∣∣∣∣∣∣∣ Ft0 , yt0

i ⩽ 2 · m

n

 ⩾
1
4 .

The next lemma shows that once yt
i = 0 occurs, then with constant probability bin i will

have zero load in Ω(m/n) further rounds until time O((m/n)2).

▶ Lemma 4.6. Consider the idealized process with an arbitrary load configuration at round
t1 with m ⩾ 6n balls, such that there is a bin i ∈ [n] with yt1

i = 0. Then, for round
t2 := t1 + 24 · (m/n)2,

Pr
[

t2∑
t=t1

1yt
i
=0 ⩾

1
6 · m

n

∣∣∣∣∣ Ft1 , yt1
i = 0

]
⩾

1
4 .

By combining Lemma 4.5 and Lemma 4.6, we derive the following lower bound on
E
[

Gt3
t0

]
, which by the coupling also holds for E

[
F t3

t0

]
.

▶ Lemma 4.7. Consider the idealized process with m balls, where m ⩾ 6n. Then, for any
round t0 ⩾ 0 and for t3 := t0 + 744 · (m/n)2,

E
[

Gt3
t0

∣∣ Ft0
]
⩾

1
192 · m.

Using the Method of Bounded Differences (Theorem A.3), we get this w.h.p.

▶ Lemma 4.8. Consider the idealized process with m balls, where m ⩾ 6n. Then, for any
round t0 ⩾ 0 and for t3 := t0 + 744 · (m/n)2,

Pr
[

Gt3
t0

⩾
1

384 · m

∣∣∣∣ Ft0

]
⩾ 1 − e−Ω(n).

Upper Bound on Convergence Time

To bound the convergence time for m ⩾ n, we use the Φ with α = Θ(n/m) and show that in
O(m2/n) rounds the process reaches a configuration with Φt < 48

α2 · n. In such a step, the
maximum load is O(m/n · log m), which becomes O(m/n · log n) for n ⩽ m ⩽ poly(n).

We start by proving that potential drops in expectation when it is sufficiently large and
there is a large fraction of empty bins.
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▶ Lemma 4.9. Consider the RBB process for any m ⩾ n, and the potential Φ := Φ(α) with
α := 1

2·384·744 · n
m . Then for any round t ⩾ 0,

E
[

Φt+1 ∣∣ Ft
]
⩽ Φt · eα2−αft

+ 6n.

In particular,

E
[

Φt+1
∣∣∣ Ft, Φt >

48
α2 · n

]
⩽ Φt · e1.5α2−αft

.

We now define the event

Et :=
{

Φt ⩽
48
α2 · n

}
.

When Et holds, the potential is small enough to imply a maximum load of O(m/n · log m).
When it is large, it drops in expectation by a multiplicative factor in any round with
f t = Ω(m/n). We now define for any t0 ⩾ 0, the adjusted exponential potential function
Φ̃s

t0
:= Φ̃s

t0
(α), with Φ̃t0

t0
:= Φt0(α) and for any s > t0

Φ̃s
t0

:= 1∩t∈[t0,s)¬Et · Φs(α) · exp
(

s−1∑
t=t0

(αf t − 1.5α2)
)

.

This forms a super-martingale. Using Section 4.2, we will show that in a Θ(m2/n) interval
w.h.p. the potential becomes small at least once, implying the O(m/n · log m) bound.

[Convergence] Consider the RBB process for any m ⩾ n and the potential Φ := Φ(α)
for α > 0 as defined in Lemma 4.9. Let cr := 16 · 3842 · 7442. For any round t0 ⩾ 0, for
t1 := t0 + cr · m2

n , we have

Pr

 ⋃
t∈[t0,t1]

{
Φt ⩽

48
α2 · n

} ⩾ 1 − e−Ω(n).

In particular, this implies that for m = poly(n), there exists a constant C > 0 such that

Pr

 ⋃
t∈[t0,t1]

{
max
i∈[n]

xt
i ⩽ C · m

n
· log m

} ⩾ 1 − e−Ω(n).

Upper Bound on the Maximum Load

We will now show that, for any n ⩽ m ⩽ poly(n), once a configuration with Φt ⩽ 48
α2 · n is

reached, then w.h.p. the process will re-visit such a configuration in the next O(m2/n · log n)
rounds. The proof is quite similar to Section 4.2, but with intervals of shorter lengths. By a
One-Choice argument we will deduce that the maximum load in every of the in-between
rounds is O(m/n · log n) and so the maximum load remains small for poly(n) rounds.

▶ Lemma 4.10. Consider the RBB process with n ⩽ m ⩽ nk for some constant k ⩾ 1 and the
potential Φ := Φ(α) for α > 0 as defined in Lemma 4.9. Further, let cs := 8k · 16 · 3842 · 7442.
Then, for any round t0 ⩾ 0 and for t1 := t0 + cs · m2

n2 · log n, we have

Pr

 ⋃
t∈[t0,t1]

{
Φt ⩽

48
α2 · n

} ∣∣∣∣∣ Ft0 , Φt0 ⩽ eα log n · 48
α2 · n

 ⩾ 1 − n−7k.
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Finally, combining Section 4.2 and Lemma 4.10 we can derive the following upper bound
on the maximum load, which holds for poly(n) rounds.

▶ Theorem 4.11 (Stabilization). Consider the RBB process with any n ⩽ m ⩽ nk for some
constant k ⩾ 1. There exists a constant C > 0 such that, for any t ⩾ cr · m2

n , where cr > 0 is
the constant defined in Section 4.2,

Pr

 ⋂
s∈[t,t+m2]

{
max
i∈[n]

xs
i ⩽ C · m

n
· log n

} ⩾ 1 − n−2k.

5 The Multi-Token Traversal Time

As mentioned in [3], it is natural to regard the RBB process as a multi-token traversal
problem, in which each ball should visit all bins as frequently as possible. This can be seen
as a “cover time” of parallel and dependent random walks, which is the first time until each
ball has been allocated at least once to every bin. In [3, Corollary 1], a w.h.p. bound of
O(n log2 n) on this quantity was established (it was also shown that this bound holds even
in an adversarial setting, where an adversary is able to re-allocate all tokens arbitrarily every
O(n) rounds). For the original setting without the adversary, we show:

Consider the RBB with any m ⩾ n. Then, with probability 1 − m−2, each of the m

balls traverses all n bins within 28m · log m rounds. Furthermore, any fixed ball needs with
probability at least 1 − o(1) at least 1/16 · m · log n rounds until all n bins are traversed.

6 Experiments

We complement our analysis with some experimental results in Figure 2 and Figure 3.
In Figure 2, we the plot the maximum load vs the average number of balls for

n ∈ {102, 103, 104} and m ∈ {n, 2n, . . . 50n} after 106 rounds starting with the uniform
distribution. The trend seems to be linear in m/n as m grows, which is in accordance
with the Θ(m/n · log n) bound on the maximum load shown by our theoretical analysis
in Lemma 3.3 and Theorem 4.11. In Figure 3, we plot of the fraction of empty bins vs
the average number of balls for n ∈ {102, 103, 104} and m ∈ {n, 2n, . . . 50n} averaged over
106 rounds, starting from the uniform load vector. The trend supports that the fraction is
Θ(n/m) in the steady state, as proven in Lemma 3.2 and Section 4.2.
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Figure 2 Maximum load vs average number of balls for n ∈ {102, 103, 104} and m ∈
{n, 2n, . . . 50n} after 106 rounds, starting from the uniform load vector (averaged over 25 runs).
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Figure 3 Fraction of empty bins vs the average load for n ∈ {102, 103, 104} and m ∈
{n, 2n, . . . 50n} averaged over 106 rounds, starting from the uniform load vector (averaged over 25
runs). Note that for all values of n, the curves are very close to one another.

7 Conclusions

We revisited the RBB process and proved that for any m ⩾ n that w.h.p. after O(m2/n)
rounds it achieves an O(m/n · log m) maximum load. For n ⩽ m ⩽ poly(n) we show that it
stabilizes in a configuration with an O(m/n · log n) maximum load, for at least m2 rounds
and also prove a lower bound matching up to multiplicative constants. This resolved two
conjectures in [3]. We also obtained an upper bound of O(m · log m) on the traversal time
for the balls, which was shown to be tight for any m = poly(n).

There are several possible extensions, such as generalizing the stabilization result for
m = nω(1), determining whether the O(m2/n) convergence time is tight for m = ω(n) and
determining tight bounds for the maximum load when m < n.

Finally, as mentioned in [3], an interesting but also challenging generalization is the RBB
process on graphs. We hope that at least some of our arguments could be leveraged, for
example, the insight in Section 4.2 that many bins become empty within O((m/n)2) rounds
might extend to graphs.
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▶ Lemma A.1. Consider the One-Choice process for n balls into n bins. Then, for any
t ⩾ 0
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[

Υt ⩽ 3n
]
⩾ 1 − n−ω(1).

Proof. Recall that
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Since xt
i has distribution Bin(t, 1/n) for any t ⩾ 0, E

[
(xn

i )2 ] = (1 − 1/n) + 1 = 2 − 1
n . Hence

by linearity of expectations,

E [ Υn ] ⩽ 2n.

Define

Υ̃n :=
n∑

i=1
min{Υn

i , log2 n},

and note that Υn = Υ̃n if and only if the maximum load is at most log n. Then,

E
[

Υ̃n
]
⩽ E [ Υn ] ⩽ 2n.

Further, Υ̃n is a function of n independent random variables (the random bin choices of the n

balls), and changing one of these choices can change Υ̃n by at most (log n)2 − (log n − 1)2 ⩽
2 log n. Hence by the Method of Bounded Differences (Theorem A.3),

Pr
[

Υ̃n − E
[

Υ̃n
]
⩾ λ

]
⩽ exp

(
− λ2

2
∑n

i=1 4(log n)2

)
,

and choosing λ = n yields,

Pr
[

Υ̃n ⩾ 3n
]
⩽ Pr

[
Υ̃n ⩾ E

[
Υ̃n
]

+ n
]
⩽ n−ω(1).

Further, since the maximum load is larger than log n with probability 1 − n−ω(1), we have
by the union bound

Pr [ Υn ⩾ 3n ] ⩽ Pr
[{

Υ̃n ⩾ 3n
}

∪
{

max
i∈[n]

xn
i > log n

}]
⩽ n−ω(1) + n−ω(1) = 2n−ω(1). ◀

The next standard result was also used in [30, Section 4] and is based on [31]. For
convenience of the reader, we give a self-contained proof, obtaining high probability bounds.
[cf. [26, Lemma 10.4]] Consider the One-Choice process with m = cn log n balls, for any
c ⩾ 1/ log n. Then, we have

Pr
[

max
i∈[n]

xm
i ⩾

(
c +

√
c

10

)
· log n

]
⩾ 1 − n−2.

Proof. In order to use the Poisson Approximation [28, Chapter 5], let Y1, Y2, . . . , Yn be n

independent Poisson random variables with parameter λ = m
n = c log n. Then,

Pr
[

Yi ⩾ λ +
√

c

10 · log n

]
⩾ Pr

[
Yi = λ +

√
c

10 · log n

]
= e−λ · λλ+

√
c

10 ·log n

(λ +
√

c
10 · log n)!

.

Using that z! ⩽
√

2πz
(

z
e

)z
e

1
12z for any integer z ⩾ 1,

Pr
[

Yi = λ +
√

c

10 · log n

]
⩾

1
4 ·

√
2πλ

· e−λ ·

(
eλ

λ +
√

c
10 · log n

)λ+
√

c
10 ·log n

⩾
1

4 ·
√

2πλ
· e

√
c

10 log n ·
(

1 + 1
10

√
c

)−λ−
√

c
10 ·log n
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⩾
1

4 ·
√

2πλ
· e

√
c

10 log n · e
− 1

10
√

c
·(λ+

√
c

10 ·log n)

⩾
1

4 ·
√

2πλ
· e

√
c

10 log n− 1
10

√
c

λ− 1
100 log n

⩾
1

4 ·
√

2πλ
· e− 1

100 log n

Since for any k ⩾ 0,

Pr [ Yi = k + 1 ]
Pr [ Yi = k ] = λ

k + 1 ,

we conclude that

Pr
[

Yi ⩾ λ +
√

c

10 · log n

]
⩾

√
λ−1∑

k=0
Pr
[

Yi = λ +
√

c

10 · log n + k

]
⩾

√
λ · Pr

[
Yi = λ +

√
c

10 · log n +
√

λ

]

⩾
√

λ · Pr
[

Yi = λ +
√

c

10 · log n

]
·

√
λ∏

k=1

(
λ

λ +
√

c
10 · log n + k

)

⩾
√

λ · 1
4 ·

√
2πλ

· e− 1
100 log n ·

(
λ

λ +
√

c
10 · log n +

√
λ

)√
λ

⩾
√

λ · 1
4 ·

√
2πλ

· e− 1
100 log n ·

(
1 + 1

5
√

c

)−
√

λ

⩾
√

λ · 1
4 ·

√
2πλ

· e− 1
100 log n · e− 1

5

√
log n

⩾ e− 1
99 log n = n−1/99,

where the last inequality holds for sufficiently large n. Hence,

Pr
[

n⋃
i=1

{
Yi ⩾ λ +

√
c

10 · log n

}]
⩾ 1 −

(
1 − n−1/99

)n

⩾ 1 − n−3.

Hence for Ẽ :=
{

maxi∈[n] Yi ⩾ λ +
√

c
10 · log n

}
, we have Pr

[
¬Ẽ
]
⩽ n−3. Note that Ẽ is a

monotone event under adding balls, and thus with E :=
{

maxi∈[n] xm
i ⩾ λ +

√
c

10 · log n
}

, we
have by [28, Corollary 5.11])

Pr [ ¬E ] ⩽ 2 · Pr
[

¬Ẽ
]
⩽ 2 · n−3 ⩽ n−2. ◀

A.2 A Simple Bound for the RBB process
In this section, we show that given that the maximum load is small in the current step, then
the change of the quadratic potential is w.h.p. small over the next step.

▶ Lemma A.2. Consider the RBB process with m ⩾ n balls and n bins. For any round
t ⩾ 0, we have,

Pr
[

|Υt+1 − Υt| ⩽ 2 · m · log n + 4n

∣∣∣∣ max
i∈[n]

xt
i ⩽

m

n
· log n

]
⩾ 1 − n−ω(1).
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Proof. Let ki ∈ [0, n] be the number of balls that each bin receives at round t. For any bin
i ∈ [n] with xt

i > 0,

|Υt+1
i − Υt

i| = |(xt
i + ki − 1)2 − (xt

i)2| = |2 · (ki − 1) · xt
i + (ki − 1)2|

⩽ 2 · xt
i · ki + (ki)2 + 1.

For any bin i ∈ [n] with xt
i = 0,

|Υt+1
i − Υt

i| = k2
i .

Aggregating over all bins, we have

|Υt+1 − Υt| ⩽
n∑

i=1
2 · xt

i · ki +
n∑

i=1
k2

i + n. (A.1)

Using Lemma A.1 we have

Pr
[

n∑
i=1

k2
i ⩽ 3n

]
⩾ 1 − n−ω(1).

When the event {
∑n

i=1 k2
i ⩽ 3n} holds, and by the condition {maxi∈[n] xt

i ⩽
m
n · log n} and

m ⩾ n, we finally conclude from Equation (A.1)

|Υt+1 − Υt| ⩽ 2 · n · m

n
· log n + 4n = 2 · m · log n + 4n. ◀

A.3 Concentration Inequalities
In this section, we state the Method of Bounded Differences and a concentration inequality
with a bad event.

▶ Theorem A.3 ([16, Corollary 5.2]). Consider a function f :
∏

i∈[N ] Ωi → R such that it
satisfies the Lipschitz condition with bounds (ci)i∈[N ]. For independent random variables
X1, . . . , XN with Xi taking values in Ωi, we have that for any λ > 0

Pr
[

f(X1, . . . , XN ) ⩾ E
[

f(X1, . . . , XN )
]

+ λ
]
⩽ exp

(
− 2 · λ2∑N

i=1 c2
i

)
.

In order to state the concentration inequality for supermartingales conditional on a bad
event not occurring, we introduce the following definitions from [13]. Consider any random
variable X (in our case it will be the Zt, the adjusted quadratic potential in Lemma 3.2)
that can be evaluated by a sequence of decisions Y 1, Y 2, . . . , Y N of finitely many outputs
(the allocated balls). We can describe the process by a decision tree T , a complete rooted
tree with depth n with vertex set V (T ). Each edge uv of T is associated with a probability
puv depending on the decision made from u to v.

We say f : V (T ) → R satisfies an admissible condition P if P = {Pv} holds for every
vertex v. For an admissible condition P , the associated bad set Bi over the Xi is defined
to be

Bi = {v | the depth of v is i, and Pu does not hold for some ancestor u of v}.
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▶ Theorem A.4 (Theorem 8.3 in [13]). For a filtration F,

{∅, Ω} = F0 ⊆ F1 ⊆ . . . ⊆ FN ,

suppose that the random variable Xi is Fi-measurable for 0 ⩽ i ⩽ N . Let B = BN denote
the bad set with the following admissible condition:

E
[

Xi | Fi−1 ] ⩽ Xi−1,

|Xi − Xi−1| ⩽ ci,

for 1 ⩽ i ⩽ N and for c1, . . . , cN ⩾ 0. Then, we have

Pr
[

XN ⩾ X0 + λ
]
⩽ exp

(
− λ2

2 ·
∑N

i=1 c2
i

)
+ Pr [ B ] .

A.4 Auxiliary Probabilistic Claim
▶ Lemma A.5. Consider a sequence of random variables (Zi)i∈N such that there are 0 < a < 1
and b > 0 such that every i ⩾ 1,

E [ Zi | Zi−1 ] ⩽ Zi−1 · a + b.

Then for every i ⩾ 1,

E [ Zi | Z0 ] ⩽ Z0 · ai + b

1 − a
.

Proof. We will prove by induction that for every i ∈ N,

E [ Zi | Z0 ] ⩽ Z0 · ai + b ·
i−1∑
j=0

aj .

For i = 0, E [ Z0 | Z0 ] ⩽ Z0. Assuming the induction hypothesis holds for some i ⩾ 0, then
since a > 0,

E [ Zi+1 | Z0 ] = E [ E [ Zi+1 | Zi ] | Z0 ] ⩽ E [ Zi | Z0 ] · a + b

⩽
(

Z0 · ai + b ·
i−1∑
j=0

aj
)

· a + b

= Z0 · ai+1 + b ·
i∑

j=0
aj .

The claims follows using that for a ∈ (0, 1),
∑∞

j=0 aj = 1
1−a . ◀
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The systematic investigation of such parameterized dynamic data structures was initiated
by Alman et al. [1], though a few earlier results of this kind can be found in the literature,
e.g. [6, 7, 11]. Alman et al. revisited several techniques in parameterized complexity and
developed their dynamic counterparts, thus giving suitable parameterized dynamic data
structures for a number of classic problems, including Vertex Cover, Hitting Set,
k-Path, and Feedback Vertex Set. The last example is important for our motivation.
Recall that a feedback vertex set in an (undirected) graph G is a subset of vertices that
intersects every cycle in G, and the feedback vertex number of G is the smallest size of a
feedback vertex set in G. The data structure of Alman et al. monitors whether the feedback
vertex number of a dynamic graph G is at most k (and reports a suitable witness, if so) with
amortized update time 2O(k log k) · log n.

Dvořák et al. [6] and, more recently, Chen et al. [3] studied parameterized dynamic data
structures for another graph parameter treedepth. Formally, the treedepth of a graph G is
the least possible height of an elimination forest G: a rooted forest on the vertex set of G
such that every edge of G connects a vertex with its ancestor. Intuitively, that a graph G

has treedepth d means that G has a tree decomposition whose height is d, rather than width.
Chen et al. [3] proved that in a dynamic graph of treedepth at most d, an optimum-height
elimination forest can be maintained with update time 2O(d2) (worst case, under the promise
that the treedepth never exceeds d). This improved upon the earlier result of Dvořák et
al. [6], who for the same problem achieved update time f(d) for a non-elementary function f .

As already observed by Dvořák et al. [6], such a data structure can be used not only
to the concrete problem of computing the treedepth, but more generally to maintaining
satisfiability of any property that can be expressed in the Monadic Second-Order logic MSO2.
This logic extends standard First-Order logic FO by allowing quantification over subsets of
vertices and subsets of edges, so it is able to express through constant-size sentences NP-hard
problems such at Hamiltonicity or 3-colorability. More precisely, the following result was
proved by Dvořák et al. [6] (see Chen et al. [3] for lifting the promise of boundedness of
treedepth).

▶ Theorem 1 ([3, 6]). Given an MSO2 sentence φ over the signature of graphs and d ∈ N,
one can construct a dynamic data structure that maintains whether a given dynamic graph G
satisfies φ. The data structure is obliged to report a correct answer only when the treedepth
of G does not exceed d, and otherwise it reports Treedepth too large. The updates work in
amortized time f(φ, d) for a computable function f , under the assumption that one is given
access to a dictionary on the edges of G with constant-time operations.

The proof of Theorem 1 is based on the following idea. If a graph G is supplied with an
elimination forest of bounded depth, then, by the finite-state properties of MSO2, whether φ
is satisfied in G can be decided using a suitable bottom-up dynamic programming algorithm.
Then it is shown that when G is updated by edge insertions and removals, one is able to
maintain not only an optimum-height elimination forest F of G, but also a run of this
dynamic programming algorithm on F . This blueprint brings the classic work on algorithmic
meta-theorems in parameterized complexity to the setting of dynamic data structures, by
showing that dynamic maintenance of a suitable decomposition is a first step to maintaining
all properties that can be efficiently computed using this decomposition.

Notably, Chen et al. [3] apply this principle to two specific problems of interest: detection
of k-paths and (⩾ k)-cycles in undirected graphs. Using known connections between these
objects and treedepth, they gave dynamic data structures for the detection problems that
have update time 2O(k2) for k-paths (assuming a dictionary on edges) and 2O(k4) · log n for
(⩾ k)-cycles.
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One of the main questions left open by the work of Dvořák et al. [6] and by Chen et
al. [3] is whether in a dynamic graph of treewidth at most k it is possible to maintain a tree
decomposition of width at most f(k) with polylogarithmic update time. Note here that the
setting of tree decompositions is the natural context in which MSO2 on graphs is considered,
due to Courcelle’s Theorem [4], while the treedepth of a graph is always an upper bound on
its treewidth. Thus, the works of Dvořák et al. [6] and of Chen et al. [3] can be regarded as
partial progress towards resolving this question, where a weaker (larger) parameter treedepth
is considered.

Our contribution. We approach the question presented above from another direction, by
considering feedback vertex number – another parameter that upper bounds the treewidth.
As mentioned, Alman et al. [1] have shown that there is a dynamic data structure that
monitors whether the feedback vertex number is at most k with update time 2O(k log k) · log n.
We extend this result by showing that in fact, every MSO2-expressible property can be
efficiently maintained in graphs of bounded feedback vertex number. Here is our main result.

▶ Theorem 2. Given a sentence φ of CMSO2 over the signature of graphs and k ∈ N, one
can construct a data structure that maintains whether a given dynamic graph G satisfies φ.
The data structure is obliged to report a correct answer only if the feedback vertex number of
G is at most k, otherwise it reports Feedback vertex number too large. The graph is initially
empty and the amortized update time is f(φ, k) · log n, for some computable function f .

Here, CMSO2 is an extension of MSO2 by modular counting predicates; this extends the
generality slightly. Similarly as noted by Chen et al. [3], the appearance of the log n factor
in the update time seems necessary: a data structure like the one in Theorem 2 could be
easily used for connectivity queries in dynamic forests, for which there is an Ω(log n) lower
bound in the cell-probe model [15].

We prove Theorem 2 in a larger generality of relational structures over binary signatures,
for a formal statement we refer the reader to the full version of the paper (Theorem 4.1). More
precisely, we consider relational structures over signatures consisting of relation symbols of
arity at most 2 that can be updated by adding and removing tuples from the relations, and by
adding and removing isolated elements of the universe. In this language, graphs correspond
to structures over a signature consisting of one binary relation signifying adjacency. As
feedback vertex number we consider the feedback vertex number of the Gaifman graph of the
structure. Generalization to relational structures is not just a mere extension of Theorem 2,
it is actually a formulation that appears naturally in the inductive strategy that is employed
in the proof.

As for this proof, we heavily rely on the approach used by Alman et al. [1] for monitoring
the feedback vertex number. This approach is based on applying two types of simplifying
operations, in alternation and a bounded number of times:

contraction of subtrees in the graph; and
removal of high-degree vertices.

We prove that in both cases, while performing the simplification it is possible to remember a
bounded piece of information about each of the simplified parts, thus effectively enriching
the whole data structure with information from which the satisfaction of φ can be inferred.
Notably, for the contracted subtrees, this piece of information is the CMSO2-type of appro-
priately high rank. To maintain these types in the dynamic setting, we use the top trees
data structure of Alstrup et al. [2]. All in all, while our data structure is based on the same
combinatorics of the feedback vertex number, it is by no means a straightforward lift of
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the work of Alman et al. [1]: enriching the data structure with information about types
requires several new ideas and insights, both on the algorithmic and on the logical side of
the reasoning. A more extensive discussion can be found in Section 2.

Applications. Similarly as in the work of Chen et al. [3], we observe that Theorem 2 can
be used to obtain dynamic data structures for specific parameterized problems through a
win/win approach. Consider the cycle packing number of a graph G: the maximum number
of vertex-disjoint cycles that can be found in G. A classic theorem of Erdős and Pósa [9]
states that there exists a universal constant c such that if the feedback vertex number of a
graph G is larger than c · p log p, then the cycle packing number of G is at least p. We can
use this result to establish the following.

▶ Theorem 3. For a given p ∈ N one can construct a dynamic data structure that for a
dynamic graph G (initially empty) maintains whether the cycle packing number of G is at
least p. The amortized update time is f(p) · log n, for a computable function f .

Proof. For a given p, it is straightforward to write a CMSO2 sentence φp that holds in
a graph G if and only if G contains p vertex-disjoint cycles. Then we may use the data
structure of Theorem 2 for φp and k = c ·p log p, where c is the constant given by the theorem
of Erdős and Pósa [9]. Note that if this data structure reports that Feedback vertex number
too large, then the cycle packing number is at least p, so this outcome can be reported. ◀

The same principle can be applied to other problems related to cycle packings and
feedback vertex sets, e.g. Connected Feedback Vertex Set, Independent Feedback
Vertex Set, and Tree Deletion Set. We discuss these applications in the full version of
the paper (Section 7).

Organization. Due to space constraints, in this extended abstract we present only an
overview of our approach with the intention of explaining the main conceptual points without
going into technical details. Complete proofs can be found in the full version of this work,
which is attached as the appendix.

2 Overview

In this section we present an overview of the proof of Theorem 2. We deliberately keep the
description high-level in order to convey the main ideas. In particular, we focus on the graph
setting and delegate the notation-heavy aspects of relational structures to the full exposition.

Let G be the given dynamic graph. We focus on the model where we have a promise that
the feedback vertex number of G is at most k at all times. If we are able to construct a data
structure in this promise model, then it is easy to lift this to the full model described in
Theorem 2 using the standard technique of postponing invariant-breaking insertions. This
technique was also used by Chen et al. [3] and dates back to the work of Eppstein et al. [8].

Colored graphs. We will be working with edge- and vertex-colored graphs. That is, if Σ is
a finite set of colors (a palette), then a Σ-colored graph is a graph where every vertex and
edge is assigned a color from Σ. In our case, all the palettes will be of size bounded by
functions of k and the given formula φ, but throughout the reasoning we will use different
(and rapidly growing) palettes. For readers familiar with relational structures, in general
we work with relational structures over binary signatures (involving symbols of arity 0, 1, 2),
which are essentially colored graphs supplied with flags.
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Thus, we assume that the maintained dynamic graph G is also a Σ-colored graph for
some initial palette Σ. When G is updated by a vertex or edge insertion, we assume that the
color of the new feature is provided with the update.

Monadic Second-Order Logic. Logic MSO2 is Monadic Second-Order Logic with quantifica-
tion over vertex subsets and edge subsets. This is a standard logic considered in parameterized
complexity in connection with treewidth and Courcelle’s Theorem. We refer to [5, Section 7.4]
for a thorough introduction, and explain here only the main features. There are four types of
variables: individual vertex/edge variables that evaluate to single vertices/edges, and monadic
vertex/edge variables that evaluate to vertex/edge subsets. These can be quantified both
existentially and universally. One can check equality of vertices/edges, incidence between
an edge and a vertex, and membership of a vertex/edge to a vertex/edge subset. In case of
colored graphs, one can also check colors of vertices/edges using unary predicates. Negation
and all boolean connectives are allowed.

Note that in Theorem 2 we consider logic CMSO2, which is an extension of the above by
modular counting predicates that can be applied to monadic variables. For simplicity, we
ignore this extension for the purpose of this overview.

Types. The key technical ingredient in our reasoning are types, which is a standard tool in
model theory. We refer to the work of Grohe [10] for a more thorough introduction. Let G be
a Σ-colored graph and q be a nonnegative integer. With G we can associate its rank-q type
tpq(G), which is a finite piece of data that contains all information about the satisfaction of
MSO2 sentences of quantifier rank at most q in G (i.e., with quantifier nesting bounded by
q). More precisely:

For every choice of q and Σ there is a finite set Typesq,Σ containing all possible rank-q
types of Σ-colored graphs. The size of Typesq,Σ depends only on q and Σ.
For every MSO2 sentence ψ of quantifier rank at most q, the type tpq(G) uniquely
determines whether ψ holds in G.

In addition to the above, we also need an understanding that types are compositional
under gluing of graphs along small boundaries. For this, we work with the notion of a
boundaried graph, which is a graph G together with a specified subset of vertices ∂G, called
the boundary. Typically, these boundaries will be of constant size. We extend the notion of a
type to boundaried graphs, where the rank-q type tpq(G) of a boundaried graph G contains
information not only about all rank-q MSO2 sentences satisfied in G, but also about all such
sentences that in addition can use the vertices of ∂G as parameters (one can also think that
vertices of ∂G are given through free variables). Again, for every finite set D, there is a finite
set of possible types Typesq,Σ(D) of boundaried Σ-colored graphs with boundary D, and the
size of Typesq,Σ(D) depends only on q, Σ, and |D|.

Now, on boundaried graphs there are two natural operations. First, if G is a boundaried
graph and u ∈ ∂G, then one can forget u in G. This yields a boundaried graph forget(G, u)
obtained from G by removing u from the boundary (otherwise the graph remains intact).
Second, if G and H are two boundaried graphs and ξ is a partial bijection between ∂G and
∂H, then the join G⊕ξ H is the boundaried graph obtained from the disjoint union of G
and H by identifying vertices that correspond to each other in ξ; the new boundary is the
union of the old boundaries (with identification applied).

With these notions in place, the compositionality of types can be phrased as follows:
Given tpq(G) and u ∈ ∂G, one can uniquely determine tpq(forget(G, u)).
Given tpq(G) and tpq(H) and a partial bijection ξ between the boundaries of G and H,
one can uniquely determine tpq(G⊕ξ H).

The determination described above is effective, that is, can be computed by an algorithm.
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Top trees. We now move to the next key technical ingredient: the top trees data structure of
Alstrup et al. [2]. Top trees work over a dynamic forest F , which is updated by edge insertions
and deletions (subject to the promise that no update breaks acyclicity) and insertions and
deletions of isolated vertices. For each connected component T of F one maintains a top
tree ∆T , which is a hierarchical decomposition of T into clusters. Each cluster S is a subtree
of T with at least one edge that is assigned a boundary ∂S ⊆ V (S) of size at most 2 with
the following property: every vertex of S that has a neighbor outside of S belongs to ∂S.
Formally, the top tree ∆T is a binary tree whose nodes are assigned clusters in T so that:

the root of ∆T is assigned the cluster (T, ∂T ), where ∂T is a choice of at most two vertices
in T ;
the leaves of ∆T are assigned single-edge clusters;
for every internal node x of ∆T , the edge sets of clusters in the children of x form a
partition of the edge set of the cluster at x.

Note that the last property implies that the cluster at x, treated as a boundaried graph,
can be obtained from the two clusters at the children of x by applying the join operation,
possibly followed by forgetting a subset of the boundary. We will then say that the cluster
at x is obtained by joining the two clusters at its children.

Figure 1 An example top tree ∆T . Clusters correspond to light gray ovals. Boundary vertices
in each cluster are marked dark gray. Note that in this example, ∆T has two external boundary
vertices. However, it may have fewer (zero or one) such vertices.

In [2], Alstrup et al. showed how to maintain, for a dynamic forest F , a forest of top trees
{∆T : T is a component of F} so that each tree ∆T has depth O(log n) and every operation
is performed in worst-case time O(log n). Moreover, they showed that the top trees data
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structure can be robustly enriched with various kinds of auxiliary information about clusters,
provided this information can be efficiently composed upon joining clusters. More precisely,
suppose that with each cluster C we can associate a piece of information I(C) so that

I(C) can be computed in constant time when C has one edge; and
if C is obtained by joining two clusters C1 and C2, then from I(C1) and I(C2) one can
compute I(C) in constant time.

Then, as shown in [2], with each cluster C one can store the corresponding piece of information
I(C), and still perform updates in time O(log n).

In our applications, we work with top trees over dynamic Σ-colored forests, where with
each cluster C we store information on its type:

I(C) = tpp(C)

for a suitably chosen p ∈ N. Here, for technical reasons we need to be careful about the
colors: the type tpp(C) takes into account the colors of all the edges of C and all the vertices
of C except the vertices of ∂C (formally, we consider the type of C with colors stripped
from boundary vertices). The rationale behind this choice is that a single vertex u can
participate in the boundary of multiple clusters, hence in the dynamic setting we cannot
afford to update the type of each of them upon updating the color of u. Rather, every cluster
C stores its type with the colors on ∂C stripped, and if we wish to compute the type of C
with these colors included, it suffices to look up those colors and update the stripped type
(using compositionality).

Brushing these technical details aside, after choosing the definitions right, the composi-
tionality of types explained before perfectly fits the properties required from an enrichment
of top trees. This means that with each cluster C we can store tpp(C) while guaranteeing
worst-case update time Op,Σ(log n). We remark that the combination of top trees and MSO2
types appears to be a novel contribution of this work; we hope that it can be reused in
the future.

So if F is a dynamic Σ-colored forest and p is a parameter, then for each tree T in F

we can maintain a top tree ∆T whose root is supplied with the type tpp(T ). Knowing the
multiset of rank-p types of trees in F , we can use standard compositionality and idempotence
of types to compute the type tpp(F ), from which in turn one can infer which rank-p sentences
are satisfied in F . By taking p to be the quantifier rank of a given sentence φ, we obtain:

▶ Theorem 4. Let Σ be a finite palette and φ be an MSO2 sentence over Σ-colored graphs.
Then there is a dynamic data structure that for a dynamic Σ-colored forest F maintains
whether φ holds in F . The worst-case update time is Oφ,Σ(log n).

Note that the statement of Theorem 4 matches (the colored version of) the statement
of Theorem 2 for k = 0. Curiously, we are not aware of this result existing already in the
literature, despite the naturality of the problem. We remark that maintaining MSO queries
over dynamic forests has been considered in the databases literature, see [14] and references
therein, however under a different (and somewhat orthogonal) set of allowed updates.

The data structure of Alman et al. [1]. Our goal now is to lift Theorem 4 to the case
of k > 0. For this we rely on the approach of Alman et al. [1] for monitoring the feedback
vertex number, which is based on a sparsity-based strategy that is standard in parameterized
complexity, see e.g. [5, Section 3.3].

The approach is based on two lemmas. The first one concerns the situation when the graph
contains a vertex u of degree at most 2. In this case, it is safe to dissolve u: either remove it,
in case it has degree 0 or 1, or replace it with a new edge connecting its neighbors, in case it
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has degree 2. Note that dissolving a degree-2 vertex naturally can create a multigraph. This
creates technical issues both in [1] and in this work, but we shall largely ignore them for the
purpose of this overview. Formally, we have the following.

▶ Lemma 5 (folklore). Dissolving a vertex of degree at most 2 in a multigraph does not
change the feedback vertex number.

The second lemma concerns the situation when the graph has minimum degree at least 3.
Then a sparsity-based argument shows that every feedback vertex set of size at most k
intersects the set of O(k) vertices with highest degrees.

▶ Lemma 6 (Lemma 3.3 in [5]). Let G be a multigraph with minimum degree 3 and let B
be the set of 3k vertices with highest degrees in G. Then every feedback vertex set of size at
most k in G intersects B.

Lemmas 5 and 6 can be used to obtain an fpt algorithm for Feedback Vertex Set
with running time (3k)k · (n+m) (see [5, Theorem 3.5]): apply the reduction of Lemma 5
exhaustively, and then branch on which of the 3k vertices with highest degrees should be
included in the solution. This results in a recursion tree of total size at most (3k)k.

The data structure of Alman et al. [1] is based on dynamization of the branching algorithm
presented above. There are two main challenges:

dynamic maintenance of the sequence of dissolutions given by Lemma 5; and
dynamic maintenance of the set of high degree vertices.

For the first issue, it is explanatory to imagine performing the dissolutions not one by
one iteratively, but all at once. It is not hard to see that the result of applying Lemma 5
exhaustively is that the input multigraph G gets contracted to a multigraph Contract(G) in
the following way: the edge set of G into disjoint trees, and each of them either disappears
or is contracted into a single edge in Contract(G); see Figure 2 for a visualization. (There
may be some corner cases connected to loops in Contract(G) that result from contracting
not trees, but unicyclic graphs; we ignore this issue in this overview.) We call the elements
of this partition ferns, and the corresponding decomposition of G into ferns is called the fern
decomposition of G. Importantly, the order of performing the contractions has no effect on
the outcome, yielding always the same fern decomposition of G.

With each fern of S we can associate its boundary ∂S, which is the set of vertices of S
incident to edges that lie outside of S. It is not hard to see that this boundary will always
be of size 0, 1, or 2. The ferns that correspond to edges in Contract(G) are the ferns with
boundary of size 2 (each such fern gets contracted to an edge connecting the two vertices of
the boundary) and non-tree ferns with boundary of size 1 (each such fern gets contracted to
a loop at the unique vertex of the boundary).

The idea of Alman et al. is to maintain the ferns in the fern decomposition using link-cut
trees. It is shown that each update in G affects the fern decomposition only slightly, in the
sense that it can be updated using a constant number of operations on link-cut trees. In this
way, the fern decomposition and the graph Contract(G) can be maintained with worst-case
O(log n) time per update in G. This resolves the first challenge.

For the second challenge, Alman et al. observe that if in Lemma 6 one increases the
number of highest degree vertices included in B from 3k to 12k, then the set remains “valid”
– in the sense of satisfying the conclusion of the lemma – even after O(m/k) updates are
applied to the graph. Here, m denotes the number of edges of the graph on which Lemma 6
is applied, which is Contract(G) in our case. This means that it remains correct to perform a
recomputation of the set B only every Θ(m/k) updates. Since such a recomputation takes
time O(m), the amortized update time is O(k).
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Figure 2 Left: A graph G together with its fern decomposition. Different ferns are depicted with
different colors; these should not be confused with the coloring of edges of G with colors from Σ.
Right: The multigraph Contract(G) obtained by contracting each fern. Note that in the construction
of Contractp(G) described in the discussion of the Contraction Lemma, we would not have parallel
edges or loops. Instead, each pack of parallel edges would be replaced by a single one, colored with
the joint type of the whole pack. Similarly, loops on a vertex would be removed and their joint type
would be stored in the color of the vertex.

Once Contract(G) and B ⊆ V (Contract(G)) are known, Lemma 6 asserts that if the
feedback vertex number of G is at most k, there exists a vertex b ∈ B whose deletion
decreases the feedback vertex number. Therefore, the idea of Alman et al. is to construct
a recursive copy of the data structure for each b ∈ B: the copy maintains the graph
Contract(G) − b and uses parameter k − 1 instead of k. Note that when B gets recomputed,
all these data structures are reset, but thanks to amortization we have time to do it.

All in all, once one unravels the recursion, the whole construction is a tree of data
structures of depth k and branching 12k, which is maintained with amortized update time
2O(k log k) · log n. The graph has feedback vertex number at most k if and only if this tree
contains at least one leaf with an empty graph.

Our data structure. We now describe the high-level idea of our data structure.
Lemmas 5 and 6 can be used not only to design an fpt algorithm for Feedback Vertex

Set, but also an approximation algorithm. Consider the following procedure: apply the
reduction of Lemma 5 exhaustively, then greedily take all the 3k vertices with highest degrees
to the constructed feedback vertex set, and iterate these two steps in alternation until the
graph becomes empty. Lemma 6 guarantees that provided the feedback vertex number was
at most k in the first place, the iteration terminates after at most k steps; the 3k2 selected
vertices form a feedback vertex set. We note that this application of Lemmas 5 and 6 for
feedback vertex set approximation is not new, for instance it was recently used by Kammer
and Sajenko [12] in the context of space-efficient kernelization.

Our data structure follows the design outlined above. That is, instead of a tree of data
structures, we maintain a sequence of 2k + 2 data structures, respectively for multigraphs

G0, H0, G1, H1, . . . , Gk, Hk.

These multigraphs essentially satisfy the following:
G0 = G;
Hi = Contract(Gi) for i = 0, 1, . . . , k; and
Gi+1 = Gi −Bi for i = 0, 1, . . . , k − 1, where Bi is a set that satisfies the conclusion of
Lemma 6 for Gi.
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Note that these invariants imply that provided the feedback vertex number of G is at most k,
the feedback vertex number of Gi and of Hi is at most k − i for each i ∈ {0, 1, . . . , k},
implying that Gk is a forest and Hk is the empty graph.

The precise definitions of Contract(·) and of deleting vertices used in the sequence above
will be specified later. More precisely, graphs G0, H0, . . . , Gk, Hk will be colored with palettes
Σ0,Γ0, . . . ,Σk,Γk in order, where Σ0 = Σ. These palettes will grow (quite rapidly) in sizes,
but each will be always of size bounded in terms of k, Σ, and q – the quantifier rank of the
fixed sentence φ whose satisfaction we monitor. The idea is that when obtaining Hi from Gi

by contracting ferns, we use colors from Γi to store information about the contracted ferns
on edges and vertices of Hi. Similarly, when removing vertices of Bi from Hi to obtain Gi+1,
we use colors from Σi+1 on vertices of Gi+1 to store information about the adjacencies of
the removed vertices. These steps are encompassed by two key technical statements – the
Contraction Lemma and the Downgrade Lemma – which we explain below.

Contraction Lemma. We explain the Contraction Lemma for the construction of H := H0
from G = G0; the construction for i > 0 is the same. Recall that eventually we are interested
in monitoring whether the given sentence φ is satisfied in G. For this, it is sufficient to monitor
the type tpq(G), where q is the quantifier rank of φ. Consider the following construction:

Pick some large p ∈ N.
Consider the fern decomposition F of G and let K := {∂S : S ∈ F}. For every D ∈ K,
let RD be the join of all the ferns with boundary D, and with colors stripped from the
vertices of D. Note that RD is a boundaried graph with boundary D.
For every D ∈ K with |D| = 2, contract RD to a single edge with color tpp(RD) connecting
the two vertices of D.
For every D ∈ K with |D| = 1, contract RD onto the single vertex d of D, and make d of
color tpp(RD).
Remove R∅, if present, and remember tpp(R∅) through flags1.
The obtained colored graph is named Contractp(G). Note that Contractp(G) is a Γp-
colored graph, where Γp is a palette consisting of all rank-p types of Σ-colored graphs
with a boundary of size at most 2.

Thus, every fern S in G is essentially disposed of, but a finite piece of information (the rank-p
type) about S is being remembered in Contractp(G) on the boundary of S. The intuition
is that if p is large enough, these pieces of information are enough to infer the rank-q type
of G. This intuition is confirmed by the following Replacement Lemma.

▶ Lemma 7 (Replacement Lemma, informal statement). For any given q ∈ N and Σ, there
exists p ∈ N large enough so that for any Σ-colored graph G, the type tpp(Contractp(G))
uniquely determines the type tpq(G).

The proof of the Replacement Lemma uses Ehrenfeucht-Fraïsse games. It is conceptually
rather standard, but technically quite involved. We note that the obtained constant p is
essentially the number of rank-q types of Σ-colored graphs, which is approximately a tower
of exponentials of height q applied to |Σ|. Since Replacement Lemma is used k times in the
construction, this incurs a huge explosion in the parameter dependence in our data structure.

Replacement Lemma shows that in order to monitor the type tpq(G) in the dynamic
setting, it suffices to maintain the graph H := Contractp(G) and the type tpp(H). Maintaining
H dynamically is the responsibility of the Contraction Lemma.

1 We assume that a colored graph can be supplied with a bounded number of boolean flags, which thus
can store a bounded amount of additional information. In the general setting of relational structures,
flags are modeled by nullary predicates (predicates of arity 0).
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▶ Lemma 8 (Contraction Lemma, informal statement). For a given p ∈ N and palette Σ, there
is a dynamic data structure that for a dynamic graph G, maintains the graph Contractp(G)
under updates in G. The worst-case update time is Op,Σ(log n).

The proof of Lemma 8 follows closely the reasoning of Alman et al. [1]. That is, in the
same way as in [1], every update in G incurs a constant number of changes in the fern
decomposition of G, expressed as splitting or merging of individual ferns. Instead of relying
on link-cut trees as in [1], the ferns are stored using top trees. This is because we enrich the
top trees data structure with the information about rank-p types of clusters, as in Theorem 4,
so that for each fern S we know its rank-p type. This type is needed to determine the color
of the feature (edge/vertex/flag) in H = Contractp(G) to which S contributes.

Executing the plan sketched above requires an extreme care about details. Note for
instance that in the construction of Contractp(G), when defining RD we explicitly stripped
colors from the boundary vertices. This is for a reason similar to that discussed alongside
Theorem 4: including the information on the colors of D in tpp(RD) would mean that a
single update to the color of a vertex d would affect the types of all subgraphs RD with
d ∈ D, and there is potentially an unbounded number of such subgraphs. Further, we
remark that Alman et al. [1] relied on an understanding of the fern decomposition through a
sequence of dissolutions, which makes some arguments inconvenient for generalization to our
setting. We need a firmer grasp on the notion of fern decomposition, hence we introduce a
robust graph-theoretic description that is static – it does not rely on an iterative dissolution
procedure. This robustness helps us greatly in maintaining ferns and their types in the
dynamic setting.

Another noteworthy technical detail is that the operator Contractp(·), as defined above,
does not create parallel edges or loops, and thus we stay within the realm of colored simple
graphs (or, in the general setting, of classic relational structures over binary signatures).
Unfortunately, this simplification cannot be applied throughout the whole proof, as in
Lemma 6 we need to count the degrees with respect to the multigraph Contract(G) as defined
in Alman et al. [1]. For this reason, in the full proof we keep trace of two objects at the
same time: a relational structure A that we are interested in, and a multigraph H which
is a supergraph of the Gaifman graph of A and that represents the structure of earlier
contractions.

Downgrade Lemma. Finally, we are left with the Downgrade Lemma, which is responsible
for the reducing the graph by removing a bounded number of vertices. Formally, we have a
Γ-colored graph H and a set B of O(k) vertices, and we would like to construct a Σ′-colored
graph G′ = Downgrade(H,B) by removing the vertices of B and remembering information
about them on the remaining vertices of H. This construction is executed as follows:

Enumerate the vertices of B as b1, . . . , bℓ, where ℓ = |B|.
Construct G′ by removing vertices of B.
For every color c ∈ Γ and i ∈ {1, . . . , ℓ}, add to G′ a flag signifying whether bi has color
c in G.
For every pair i, j ∈ {1, . . . , ℓ}, i < j, and every color c ∈ Γ add to G′ a flag signifying
whether bi and bj are connected in G by an edge of color c.
For every vertex u ∈ V (G) \ B, every i ∈ {1, . . . , ℓ}, and every color c ∈ Γ, refine the
color of u in G′ by adding the information on whether u and bi were connected in G by
an edge of color c.
The obtained graph is the graph G′. Note that G′ is Σ′-colored, where Σ′ = Γ × 2[ℓ]×Γ.
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Thus, the information about vertices of B and edges incident to B is being stored in flags and
colors on vertices of V (G) \B. We have the following analogue of the Replacement Lemma.

▶ Lemma 9. For any given p ∈ N, there exists q′ ∈ N large enough so that for any Γ-colored
graph H and a subset B of O(k) vertices, the type tpq′(Downgrade(H,B)) uniquely determines
tpp(H).

The proof of Lemma 9 is actually very simple and boils down to a syntactic modification of
formulas. From Lemma 9 it follows that to maintain the type tpp(H), it suffices to maintain a
bounded-size set B satisfying the conclusion of Lemma 6, the graph G′ = Downgrade(H,B),
and its type tpq′(G′). This is the responsibility of the Downgrade Lemma.

▶ Lemma 10 (Downgrade Lemma, informal statement). For a given p ∈ N and palette Γ,
there is a dynamic data structure that for a dynamic graph H of feedback vertex number at
most k and with minimum degree 3, maintains a set of vertices B ⊆ V (H) with |B| ⩽ 12k
and satisfying the conclusion of Lemma 6, and the graph Downgrade(H,B). The amortized
update time is Op,Γ,k(log n).

The proof of the Downgrade Lemma is essentially the same as that given for the corre-
sponding step in Alman et al. [1]. We recompute B from scratch every Θ(m/k) updates,
because the argument of Alman et al. shows that B remains valid for this long. Recomputing
B implies recomputing Downgrade(H,B) in Op,Γ,k(m) time, so the amortized complexity is
Op,Γ,k(1) (there are additional logarithmic factors from auxiliary data structures).

Endgame. We now have all the pieces to assemble the proof of Theorem 2. Let q0 be the
quantifier rank of the given sentence φ and let G0 = G be the considered dynamic graph.
By Replacement Lemma, to monitor tpq0(G0) (from which the satisfaction of φ can be
inferred), it suffices to monitor tpp0(H0), where H0 := Contractp0(G0) and p0 is as provided
by the Replacement Lemma. By Contraction Lemma, we can efficiently maintain H0 under
updates of G0. By Lemma 9, to monitor tpp0(H0) it suffices to monitor tpq1(G1), where
G1 := Downgrade(H0, B0), and B0 is a set that satisfies the conclusion of Lemma 6. By
Downgrade Lemma, we can efficiently maintain such a set B0 and the graph G1. We proceed
further in this way, alternating the usage of the Contraction Lemma and the Downgrade
Lemma. Observe that each application of Downgrade Lemma strictly decrements the feedback
vertex number, so after k steps we end up with an empty graph Hk. The type of this graph
can be directly computed from its flags, and this type can be translated back to infer tpq(G)
by using Replacement Lemma and Lemma 9 alternately.
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Abstract
We propose and investigate a probabilistic model of sublinear-time one-dimensional cellular automata.
In particular, we modify the model of ACA (which are cellular automata that accept if and only if all
cells simultaneously accept) so that every cell changes its state not only dependent on the states it
sees in its neighborhood but also on an unbiased coin toss of its own. The resulting model is dubbed
probabilistic ACA (PACA). We consider one- and two-sided error versions of the model (in the same
spirit as the classes RP and BPP) and establish a separation between the classes of languages they
can recognize all the way up to o(

√
n) time. As a consequence, we have a Ω(

√
n) lower bound for

derandomizing constant-time one-sided error PACAs (using deterministic ACAs). We also prove
that derandomization of T (n)-time PACAs (to polynomial-time deterministic cellular automata)
for various regimes of T (n) = ω(log n) implies non-trivial derandomization results for the class RP
(e.g., P = RP). The main contribution is an almost full characterization of the constant-time PACA
classes: For one-sided error, the class equals that of the deterministic model; that is, constant-time
one-sided error PACAs can be fully derandomized with only a constant multiplicative overhead
in time complexity. As for two-sided error, we identify a natural class we call the linearly testable
languages (LLT) and prove that the languages decidable by constant-time two-sided error PACAs
are “sandwiched” in-between the closure of LLT under union and intersection and the class of locally
threshold testable languages (LTT).
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1 Introduction

Cellular automata (CAs) have been extensively studied as a natural model of distributed
computation. A one-dimensional CA is composed of a row of fairly limited computational
agents – the cells – which, by interacting with their immediate neighbors, realize a global
behavior and work towards a common goal.

As every model of computation, CAs have been widely studied as language acceptors
[10, 20]. These efforts apparently were almost exclusively devoted to the linear- or real-time
case – to the detriment of the sublinear-time one [14]. This is unfortunate since, as it was
recently shown in [13], the study of sublinear-time CA variants might help better direct
efforts in resolving outstanding problems in computational complexity theory.

In this work, we consider a probabilistic sublinear-time CA model. Our main goal is to
analyze to what extent – if at all – the addition of randomness to the model is able to make
up for its inherent limitations. (For instance, sublinear-time CA models are usually restricted
to a local view of their input [14] and are also unable to cope with long unary subwords [13].)
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1.1 The Model

We consider only bounded one-dimensional cellular automata.

▶ Definition 1 (Cellular automaton). A cellular automaton (CA) is a triple C = (Q, $, δ)
where Q is the finite set of states, $ /∈ Q is the boundary symbol, and δ : Q$ × Q × Q$ → Q

is the local transition function, where Q$ = Q ∪ {$}. The elements in the domain of δ are
the possible local configurations of the cells of C. For a fixed width n ∈ N+, the global
configurations of C are the elements of Qn. The cells 0 and n − 1 are the border cells of
C. The global transition function ∆: Qn → Qn is obtained by simultaneous application of δ

everywhere; that is, if s ∈ Qn is the current global configuration of C, then

∆(s) = δ($, s0, s1) δ(s0, s1, s2) · · · δ(sn−2, sn−1, $).

For t ∈ N0, ∆t denotes the t-th iterate of ∆. For an initial configuration s ∈ Qn, the sequence
s = ∆0(s), ∆(s), ∆2(s), . . . is the orbit of C (for s). Writing the orbit of C line for line
yields its space-time diagram.

One key theme connecting CAs and models of physics is causality: If two cells i and j are
t cells away from each other, then j requires at least t steps to receive any information from
i. In the sublinear-time case, this means every cell only gets to see a very small section of
the input. In some sense this is reminiscent of locality in circuits (e.g., [22]), though locality
in the CA model carries a more literal meaning since it is connected to the notion of space
(whereas in circuits there is no equivalent notion). One should keep this limitation (of every
cell only seeing a portion of the input) in mind as it is central to several of our arguments.

The usual acceptance condition for CA-based language recognizers is that of a distin-
guished cell (usually the leftmost one) entering an accepting state [10]. This is unsuitable
for sublinear-time computation since then the automaton is limited to verifying prefixes
of a constant length [14]. The most widely studied [8, 9, 14, 18] acceptance condition for
sublinear-time is that of all cells simultaneously accepting, yielding the model of ACA (where
the first “A” in the acronym indicates that all cells must accept).

▶ Definition 2 (DACA). A deterministic ACA (DACA) is a CA C with an input alphabet
Σ ⊆ Q as well as a subset A ⊆ Q of accepting states. We say C accepts an input x ∈ Σ+

if there is t ∈ N0 such that ∆t(x) ∈ An, and we denote the set of all such x by L(C).
In addition, C is said to have time complexity (bounded by) T : N+ → N0 if, for every
x ∈ L(C) ∩ Σn, there is t < T (|x|) such that ∆t(x) ∈ An.

We propose a probabilistic version of the ACA model inspired by the stochastic automata
of [2] and the definition of probabilistic Turing machines (see, e.g., [1]). In the model of
probabilistic ACA (PACA), at every step, each cell tosses a fair coin c ∈ {0, 1} and then
changes its state based on the outcome of c. There is a nice interplay between this form
of randomness access and the overall theme of locality in CAs: Random events pertaining
to a cell i depend exclusively on what occurs in the vicinity of i. Furthermore, events
corresponding to distinct cells i and j can only be dependent if i and j are near each other;
otherwise, they are necessarily independent (see Lemma 11).

We consider both one- and two-sided error versions of the model as natural counterparts of
RP and BPP machines, respectively. Although PACAs are a conceptually simple extension of
ACAs, the definition requires certain care, in particular regarding the model’s time complexity.
We refer to Section 3 for the formal definitions and further discussion.
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Finally, we should also mention our model is more restricted than a stochastic CA,1 which
is a CA in which the next state of a cell is chosen according to an arbitrary distribution that
depends on the cell’s local configuration. For a survey on stochastic CAs, we refer to [11].

1.2 Results
Inclusion relations. As can be expected, two-sided error PACAs are more powerful than
their one-sided error counterparts. Say a DACA C is equivalent to a PACA C ′ if they accept
the same language (i.e., L(C) = L(C ′)).

▶ Theorem 3. The following hold:
1. If C is a one-sided error PACA with time complexity T , then there is an equivalent

two-sided error PACA C ′ with time complexity O(T ).
2. There is a language L recognizable by constant-time two-sided error PACA but not by any

o(
√

n)-time one-sided error PACA.

We stress the first item does not follow immediately from the definitions since it requires
error reduction by a constant factor, which requires a non-trivial construction. It remains
open whether in the second item we can improve the separation from o(

√
n) to o(n) time.

Nevertheless, as it stands the result already implies a lower bound of Ω(
√

n) time for the
derandomization (to a DACA) of constant-time two-sided error PACA.

Another result we show is how time-efficient derandomization of PACA classes imply
derandomization results for RP (with a trade-off between the PACA time complexity and
the efficiency of the derandomization).

▶ Theorem 4. Let d ≥ 1. The following hold:
If there is ε > 0 such that every nε-time (one- or two-sided error) PACA can be converted
into an equivalent nd-time deterministic CA, then P = RP.
If every polylog(n)-time PACA can be converted into an equivalent nd-time deterministic
CA, then, for every ε > 0, RP ⊆ TIME[2nε ].
If there is b > 2 so that any (log n)b-time PACA can be converted into an equivalent nd-time
deterministic CA, then, for every a ≥ 1 and c > a/(b − 1), RTIME[na] ⊆ TIME[2O(nc)].

We write “deterministic CA” instead of “DACA” since, for T (n) = Ω(n), a T -time DACA
is equivalent to an O(T )-time deterministic CA with the usual acceptance condition [14].

Characterization of constant time. As a first step we analyze and almost completely
characterize constant-time PACA. Indeed, the constant-time case is already very rich and
worth considering in and of itself. This may not come as a surprise since other local
computational models (e.g., local graph algorithms [19]) also exhibit behavior in the constant-
time case that is far from trivial.

In Appendix A we give an example of a one-sided error PACA that recognizes a language
L strictly faster than any DACA for L. Nonetheless, as we prove, one-sided error PACA can
be derandomized with only a constant multiplicative overhead in time complexity.

▶ Theorem 5. For any constant-time one-sided error PACA C, there is a constant-time
DACA C ′ such that L(C) = L(C ′).

1 Unfortunately, the literature uses the terms stochastic and probabilistic CA interchangeably. We deem
“probabilistic” more suitable since it is intended as a CA version of a probabilistic Turing machine.
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In turn, the class of languages accepted by constant-time two-sided error PACA can be
considerably narrowed down in terms of a novel subregular class LLT, dubbed the locally
linearly testable languages. Below, LLT∪∩ is the closure over LLT under union and intersection
and LTT its Boolean closure (i.e., its closure under union, intersection, and complement).

▶ Theorem 6. The class of languages that can be accepted by a constant-time two-sided
error PACA contains LLT∪∩ and is strictly contained in LTT.

It is known that the constant-time class of DACA equals the closure under union
SLT∪ of the strictly local languages SLT [18]. (We refer to Section 4.2 for the definitions.)
Since SLT∪ ⊊ LLT∪ is a proper inclusion, this gives a separation of the deterministic and
probabilistic classes in the case of two-sided error and starkly contrasts with Theorem 5.

As far as we are aware of, the class LLT does not previously appear in the literature.2
In Section 4.2 we show LLT lies in-between SLT∪ and the class of locally threshold testable
languages LTT. In this regard LLT is similar to the class LT of locally testable languages;
however, as we can also show, both LLT and LLT∪ are incomparable to LT.

1.3 Organization
The rest of the paper is organized as follows: Section 2 introduces basic concepts and notation.
Following that, in Section 3 we define the PACA model and prove standard error reduction
results as well as Theorem 3. In Section 4 we focus on the constant-time case and prove
Theorems 5 and 6. Finally, in Section 5 we address the general sublinear-time case and prove
Theorem 4. We conclude with Section 6 by mentioning a few further research directions.

2 Preliminaries

It is assumed the reader is familiar with the theory of cellular automata as well as with basic
notions of computational complexity theory (see, e.g., the standard references [1, 4, 6]).

All logarithms are to the base 2. The set of integers is denoted by Z, that of non-negative
integers by N0, and that of positive integers by N+. For a set S and n, m ∈ N+, Sn×m is
the set of n-row, m-column matrices over S. For n ∈ N+, [n] = {i ∈ N0 | i < n} is the set of
the first n non-negative integers. Also, for a, b ∈ Z, by [a, b] = {i ∈ Z | a ≤ i ≤ b} we always
refer to an interval containing only integers.

Symbols in words are indexed starting with zero. The i-th symbol of a word w is denoted
by wi. For an alphabet Σ and n ∈ N0, Σ≤n contains the words w ∈ Σ∗ for which |w| ≤ n. For
an infix m ∈ Σ≤|w| of w, |w|m is the number of occurrences of m in w. Without restriction,
the empty word is not an element of any language that we consider. (This is needed for
definitional reasons; see Definitions 1 and 2 below.)

We write Un (resp., Un×m) for a random variable distributed uniformly over {0, 1}n

(resp., {0, 1}n×m). We also need the following variant of the Chernoff bound (see, e.g., [21]):

▶ Theorem 7 (Chernoff bound). Let X1, . . . , Xn be independently and identically distributed
Bernoulli variables and µ = E[Xi]. There is a constant c > 0 such that the following holds
for every ε = ε(n) > 0:

Pr
[∣∣∣∣∑i Xi

n
− µ

∣∣∣∣ > ε

]
< 2−cnε2

.

2 A similar class is perhaps found in [5, 17], but there are clear distinctions to be made between the two.
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s

∆(s)

∆2(s)

∆3(s)

...

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Figure 1 Space-time diagram of a CA with 16 cells for an initial configuration s. (States have
been omitted for simplicity.) The cells marked in red form the 2-neighborhood of cell 3, the ones in
blue the 3-lightcone of cell number 11.

Many of our low-level arguments make use of the notion of a lightcone.3 For a set S and
non-negative integers n ≤ m, a lightcone L = (ℓi,j) of radius m and height n over S is a
trapezoidal (when n < m) or triangular (when n = m) array of elements ℓi,j ∈ S, where
i ∈ [0, n] and j ∈ [−m, m]:

ℓ0,−m ℓ0,−m+1 · · · · · · · · · ℓ0,0 · · · · · · · · · ℓ0,m−1 ℓ0,m

ℓ1,−m+1 · · · · · · · · · ℓ1,0 · · · · · · · · · ℓ1,m−1
. . .

... . .
.

ℓn,−m+n · · · ℓn,0 · · · ℓn,m−n

The element ℓ0,0 is the center of the lightcone. The layers of L are indexed by i, where the
i-th layer contains 2(m − i) + 1 elements. Hence, the top layer contains 2m + 1 elements and
the bottom one 2(m − n) + 1; in particular, the bottom layer is a single element if and only if
n = m. There are

∑n
i=0(2(m − i) + 1) = (n + 1)(2m − n + 1) elements in a lightcone in total.

▶ Definition 8 (Neighborhoods and lightcones). Let C be a CA and n ∈ N+. For i ∈ [n]
and r ∈ N0, the interval [i − r, i + r] ∩ [n] forms the r-neighborhood of i. For t ∈ N0, the
t-lightcone of i is the lightcone of radius and height t centered at i in the 0-th row (i.e., the
initial configuration) of the space-time diagram of C.4

3 Fundamentals

As customary for randomized models of computation, one may consider both online and
offline views of our model. Since it gives a more natural presentation, in the definition below
we first assume an online perspective and then address the definitional issue mentioned in
the introduction. In the last part, we switch to an offline view that we will use for the rest of
the paper; this is more comfortable to work with since we can then refer to the cells’ coin
tosses explicitly.

▶ Definition 9 (PACA). Let Q be a finite set of states and Σ ⊆ Q an alphabet. A probabilistic
ACA (PACA) C is a CA with two local transition functions δ0, δ1 : Q3 → Q. At each step of
C, each cell tosses a fair coin c ∈ {0, 1} and updates its state according to δc; that is, if the
current configuration of C is s ∈ Qn and the cells obtain coin tosses r = r0 · · · rn−1 ∈ {0, 1}n

(where ri is the coin toss of the i-th cell), then the next configuration of C is

3 Some sources distinguish between future and past lightcones. Here we shall need only past lightcones.
4 If the lightcone’s dimensions overstep the boundaries of the space-time diagram (i.e., i is too close to

either of the borders of C (e.g., i < t)), then some cells in the t-lightcone will have undefined states. In
this case, we set the undefined states to $, which ensures consistency with δ.
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∆r(s) = δr0($, s0, s1) δr1(s0, s1, s2) · · · δrn−1(sn−2, sn−1, $).

Seeing this process as a Markov chain M over Qn, we recast the global transition function ∆ =
∆Un

as a family of random variables (∆(s))s∈Qn parameterized by the current configuration
s of C, where ∆(s) is sampled by starting in state s and performing a single transition on M

(having drawn the cells’ coin tosses according to Un). Similarly, for t ∈ N0, ∆t(s) is sampled
by starting in s and performing t transitions on M .

A computation of C for an input x ∈ Σn is a path in M starting at x. The computation
is accepting if the path visits An at least once. In order to be able to quantify the probability
of a PACA accepting an input, we additionally require for every PACA C that there is a
function T : N+ → N0 such that, for any input x ∈ Σn, every accepting computation for x

visits An for the first time in strictly less than T (n) steps; that is, if there is t ∈ N0 with
∆t(x) ∈ An, then ∆t1(x) ∈ An for some t1 < T (n). (Hence, every accepting computation for
x has an initial segment with endpoint in An and whose length is strictly less than T (n).) If
this is the case for any such T , then we say C has time complexity (bounded by) T .

With this condition in place, we may now equivalently replace the coin tosses of C with a
matrix R ∈ {0, 1}T (n)×n of bits with rows R0, . . . , RT (n)−1 and such that Rj(i) corresponds
to the coin toss of the i-th cell in step j. (If C accepts in step t, then the coin tosses in rows
t, . . . , T (n)−1 are ignored.) We refer to R as a random input to C.5 Blurring the distinction
between the two perspectives (i.e., online and offline randomness), we write C(x, R) = 1 if C

accepts x when its coin tosses are set according to R, or C(x, R) = 0 otherwise.

Definition 9 states the acceptance condition for a single computation (i.e., one fixed choice
of a random input); however, we must still define acceptance based on all computations
(i.e., for random inputs picked according to a uniform distribution). The two most natural
candidates are the analogues of the well-studied classes RP and BPP, which we define next.

▶ Definition 10 (p-error PACA). Let L ⊆ Σ∗ and p ∈ [0, 1). A one-sided p-error PACA for L

is a PACA C with time complexity T = T (n) such that, for every x ∈ Σn,

x ∈ L ⇐⇒ Pr[C(x, UT ×n) = 1] ≥ 1 − p and x /∈ L ⇐⇒ Pr[C(x, UT ×n) = 1] = 0.

If p = 1/2, then we simply say C is a one-sided error PACA. Similarly, for p < 1/2, a
two-sided p-error PACA for L is a PACA C with time complexity T = T (n) for which

x ∈ L ⇐⇒ Pr[C(x, UT ×n) = 1] ≥ 1 − p and x /∈ L ⇐⇒ Pr[C(x, UT ×n) = 1] ≤ p

hold for every x ∈ Σ∗. If p = 1/3, then we simply say C is a two-sided error PACA. In both
cases, we write L(C) = L and say C accepts L.

Note that, to each 0-error PACA C, one can obtain an equivalent DACA C ′ with the
same time complexity by setting the local transition function to δ0. In the rest of the paper,
if it is not specified which of the two variants above (i.e., one- or two-sided error) is meant,
then we mean both variants collectively.

5 The number of rows of R is dependent on the choice of T . This is not an issue here since any superficial
rows are ignored by C; that is, without restriction we may take T to be such that every value T (n) is
minimal and set the number of rows of R to T (n). The motivation for letting R be larger is that, when
simulating a PACA, it may be the case that it is more convenient (or even possible) to compute only an
upper bound T ′(n) ≥ T (n) instead of the actual minimal value T (n).
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From the perspective of complexity theory, it is interesting to compare the PACA model
with probabilistic circuits. It is known that every T (n)-time DACA can be simulated by an
L-uniform AC circuit (i.e., a Boolean circuit with gates of unbounded fan-in) having poly(n)
size and O(max{1, T (n)/ log n}) depth [14]. Using the same approach as in [14], we note the
same holds for PACAs if we use probabilistic AC circuits instead. The proof in [14] bases on
descriptive complexity theory, the central observation being that the state of a cell i after
log n steps given its (log n)-neighborhood is a predicate that is computable in logarithmic
space. Hence, for the PACA case we need only factor in the auxiliary random input into this
predicate.

A key property that PACAs have but probabilistic circuits do not, however, is distance
between computational units. (Indeed, in circuits, there is no such thing as the “length” of a
wire.) One consequence of this is the following simple fact.

▶ Lemma 11 (Independence of local events). Let C be a one- or two-sided error PACA,
let x ∈ Σn be an input to C, and let T ∈ N+. In addition, let i, j ∈ [n] be such that
|i − j| > 2(T − 1) and Ei (resp., Ej) be an event described exclusively by the states of the
i-th (resp., j-th) cell of C in the time steps 0, . . . , T − 1 (e.g., the i-th cell accepts in some
step t where t < T ). Then Ei and Ej are independent.

Proof. For any random input R, the states of k ∈ {i, j} in the time steps between 0 and
T − 1 is uniquely determined by the values of R(t, k − T + t + 1), . . . , R(t, k + T − t − 1) for
t ∈ [T ]. Without loss of generality, suppose i ≤ j. Since i + T − 1 < j − T + 1, Ei and Ej

are conditioned on disjoint sets of values of R, thus implying independence. ◀

Note the proof still holds in case T = 1, in which case the events Ei and Ej occur with
probability either 0 or 1, thus also (trivially) implying independence.

3.1 Robustness of the Definition
We now prove that the definition of PACA is robust with respect to the choice of p = 1/2
(resp., p = 1/3) for the error of one-sided (resp., two-sided) error PACA.

For one-sided error, we can reduce the error p to any desired constant value p′.

▶ Proposition 12. Let p, p′ ∈ (0, 1) be constant and p′ < p. For every one-sided p-error
PACA C, there is a one-sided p′-error PACA C ′ such that L(C) = L(C ′). Furthermore, if C

has time complexity T (n), then C ′ has time complexity O(T (n)).

It follows that the definition of PACA is robust under the choice of p (as long as it is
constant) and regardless of the time complexity (up to constant multiplicative factors).

The proof is essentially a generalization of the idea used in [14] to show that the sublinear-
time DACA classes are closed under union. Namely, C ′ simulates several copies C0, . . . , Cm−1
of C in parallel and accepting if and only if at least one Ci accepts. This idea is particularly
elegant because m can be chosen to be constant and we update the Ci in a round-robin
fashion (i.e., first C0, then C1, C2, etc., and finally C0 again after Cm−1). The alternative is
to simulate each Ci for T (n) steps at a time, which is not possible in general since we would
have to compute T (n) first. The construction we give avoids this issue entirely.

Proof. We construct a PACA C ′ with the desired properties. Let m = ⌈log(1/p′ − 1/p)⌉.
Furthermore, let Q be the state set of C and Σ its input alphabet. We set the state set of C ′

to Qm × [m] ∪ Σ. Given an input x, every cell of C ′ initially changes its state from x(i) to
(x(i), . . . , x(i), 0). The cells of C ′ simulate m copies of C as follows: If the last component of
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a cell contains the value j, then its j-th component6 q0 is updated to δ(q−1, q0, q1), where
q−1 and q1 are the j-th components of the left and right neighbors, respectively (or $ in case
of a border cell); at the same time, the last component of the cell is set to j + 1 if j < m or
0 in case j = m. A cell of C ′ is accepting if and only if its last component is equal to j and
its j-th component is an accepting state of C.

Denote the i-th simulated copy of C by Ci. Clearly, C ′ accepts in step mt + i + 1 for
i ∈ [m] if and only if Ci accepts in step t, so we immediately have that C ′ has O(T (n)) time
complexity. For the same reason and since C ′ never accepts in step 0, C ′ does not accept any
input x /∈ L(C). As for x ∈ L(C), note the m copies of C are all simulated using independent
coin tosses, thus implying

Pr[C ′ does not accept x] = Pr[∀i ∈ [m] : Ci does not accept x] < pm ≤ p′.

Hence, C ′ accepts x with probability at least 1 − p′, as desired. ◀

For two-sided error, we show the same holds for every choice of p for constant-time PACA.
We remark the construction is considerably more complex than in the one-sided error case.

▶ Proposition 13. Let p, p′ ∈ (0, 1/2) be constant and p′ < p. For every two-sided p-error
PACA C with constant time complexity T = O(1), there is a two-sided p′-error PACA C ′

with time complexity O(T ) = O(1) and such that L(C) = L(C ′).

It remains open whether a similar result holds for general (i.e., non-constant-time) two-
sided error PACA. Generalizing our proof of Proposition 13 would require at the very least a
construction for intersecting non-constant-time PACA languages. Note that closure under
intersection is open in the deterministic setting (i.e., of DACA) as well [14].

3.2 One- vs. Two-Sided Error
The results of Section 3.1 are also useful in obtaining the following:

▶ Theorem 3. The following hold:
1. If C is a one-sided error PACA with time complexity T , then there is an equivalent

two-sided error PACA C ′ with time complexity O(T ).
2. There is a language L recognizable by constant-time two-sided error PACA but not by any

o(
√

n)-time one-sided error PACA.

Proof. The first item follows from Proposition 12: Transform C into a one-sided error PACA
C ′ with error at most 1/3 and then notice that C ′ also qualifies as a two-sided error PACA
(as it simply never errs on “no” instances). For the second item, consider the language

L = {x ∈ {0, 1}+ | |x|1 ≤ 1}.

We obtain a constant-time two-sided error PACA for L as follows: If a cell receives a 0 as
input, then it immediately accepts; otherwise, it collects two random bits r0 and r1 in the
first two steps and then, seeing r0r1 as the binary representation of an integer 1 ≤ t ≤ 4, it
accepts (only) in the subsequent t-th step. Hence, if the input x is such that |x|1 ≤ 1, the
PACA always accepts; conversely, if |x|1 ≥ 2, then the PACA only accepts if all 1 cells pick
the same value for t, which occurs with probability at most 1/4.

6 In the same manner as we do for the indices of a word, we number the components starting with zero.
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xi ∈ L 0 0 0 0 0 0 0 0 0 0 0 01· · · · · · · · · · · ·

x∗ /∈ L 0 0 0 0 0 0 0 0 0 0 01 1· · · · · · · · · · · ·

xj ∈ L 0 0 0 0 0 0 0 0 0 0 0 01· · · · · · · · · · · ·

0 i j − t j n− 1

≥ t = t

=

=

Figure 2 Constructing x∗ /∈ L from xi, xj ∈ L. The numbers above the cells indicate their
respective indices. Since every t-neighborhood of x∗ appears in either xi or xj and both xi and xj

are accepted in (exactly) t steps, it follows that C accepts x∗ in t steps.

It remains to show L(C) ̸= L for any T -time one-sided error PACA C where T = o(
√

n).
Let n be large enough so that T = T (n) ≤

√
n/2. Observe that L∩{0, 1}n = {0n, x1, . . . , xn}

where xi = 0i−110n−i. Let us now assume that xi ∈ L(C) holds for every i. Since C accepts
with probability at least 1/2, by the pigeonhole principle there is R such that C(xi, R) = 1 for
at least a 1/2 fraction of the xi. In addition, by averaging there is a step t < T such that at
least a 1/2T fraction of the xi is accepted by C in step t. Since there are n/2T ≥ 2T ≥ 2t + 2
such xi, we can find i, j ∈ [n] with j ≥ i + 2t + 1 and xi, xj ∈ L(C). Consider now the input

x∗ = 0i−110j−i−110n−j ,

which is not in L. We argue C(x∗, R) = 1, thus implying L(C) ̸= L and completing the
proof.

We can see this by comparing the local views of the “bad” word x∗ with the “good” ones
xi and xj (see Figure 2): Let k ∈ [n] be any cell of C. If k < j − t, then the t-neighborhood
of k on input x∗ is identical to that when the input is xi, so k must be accepting in step
t. Similarly, if k ≥ j − t, then the t-neighborhood of k in x∗ is the same as in xj , so k is
accepting as well. It follows all cells of C are accepting in step t for inputs x∗ and R. ◀

4 The Constant-Time Case

In this section we now focus on constant-time PACA. Our goal will be to characterize the
constant-time classes of both one- and two-sided error PACA (i.e., Theorems 5 and 6). First,
we introduce the concept of critical cells, which is central to our analysis.

▶ Definition 14 (Critical cell). Let C be a one- or two-sided error PACA, and let x ∈ L(C)∩Σn.
We say a cell i ∈ [n] is critical for x in step t ∈ N0 if there are random inputs R, R′ ∈ {0, 1}t×n

such that i is accepting in step t of C(x, R) but not in step t of C(x, R′).

In other words, if E is the event of i being accepting in step t of C on input x, then
0 < Pr[E] < 1 (where the probability is taken over the coin tosses of C). We should stress
that whether a cell is critical or not may be highly dependent on x and t; for instance, there
may be inputs x1 ̸= x2 where the cell i is critical for x1 but not for x2.

As it turns out, the number of critical cells of a constant-time PACA is also constant.

▶ Lemma 15. Let C be a T -time (one- or two-sided error) PACA for T ∈ N+, and let
x ∈ L(C) ∩ Σn. In addition, let t ∈ [T ] be a time step in which x is accepted by C with
non-zero probability. Then there are 2O(T 2) cells that are critical for x in step t. It follows
there are T · 2O(T 2) = 2O(T 2) critical cells for x in total (i.e., all such time steps comprised).
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Proof. For i ∈ [n], let Ei denote the event in which the i-th cell accepts in step t. Assume
towards a contradiction that there is x ∈ L(C) in which strictly more than 2T ·(1+log T )·2T 2 =
2O(T 2) cells are critical for x (in step t). By inspection, this implies there is a set K ⊆ [n] of
|K| ≥ (1 + log T ) · 2T 2 cells such that every k ∈ K is critical for x and, for every distinct
i, j ∈ K, |i − j| ≥ 2T . (For instance, in the extreme case where every 0 ≤ i < 2T · 2T 2 is
critical, pick K = {2jT | j ∈ [2T 2 ]}.) Since there are at most T 2 coin tosses that determine
whether a cell i ∈ K accepts or not (i.e., those in the T -lightcone of i), Pr[Ei] < 1 if and
only if Pr[Ei] ≤ 1 − 2−T 2 . By Lemma 11, the events Ei are all independent, implying

Pr[C accepts x in step t] ≤
∏
i∈K

Pr[Ei] ≤
(

1 − 1
2T 2

)|K|

<
1

e1+log T
<

1
2T

.

Since t was arbitrary, by a union bound it follows that the probability that C accepts x

in step t is strictly less than 1/2. This contradicts x ∈ L(C) both when C is a one- and a
two-sided error PACA. ◀

4.1 Characterization of One-Sided Error PACA
▶ Theorem 5. For any constant-time one-sided error PACA C, there is a constant-time
DACA C ′ such that L(C) = L(C ′).

Lemma 15 implies that, given any x ∈ L(C), the decision of C accepting can be traced
back to a set K of critical cells where |K| is constant. To illustrate the idea, suppose that, if
C accepts, then it always does so in a fixed time step t < T ; in addition, assume the cells in
K are all far apart (e.g., more than 2(T − 1) cells away from each other as in Lemma 11).

Let us locally inspect the space-time diagram of C for x, that is, by looking at the
t-lightcone of each cell i. Then we notice that, if i ∈ K, there is a choice of random bits in
the t-lightcone of i that causes i to accept; conversely, if i /∈ K, then any setting of random
bits results in i accepting. Consider how this changes when x /∈ L(C) while assuming K

remains unchanged. Every cell i /∈ K still behave the same; that is, it accepts regardless of
the random input it sees. As for the cells in K, however, since they are all far apart, it cannot
be the case that we still find random bits for every i ∈ K that cause i to accept; otherwise
C would accept x with non-zero probability, contradicting the definition of one-sided error
PACA. Hence, there must be at least some i ∈ K that never accepts. In summary, (under
these assumptions) we can locally distinguish x ∈ L(C) from x /∈ L(C) by looking at the
cells of K and checking whether, for every i ∈ K, there is at least one setting of the random
bits in the t-lightcone of i that causes it to accept.

To obtain the proof, we must generalize this idea to handle the case where the cells in K

are not necessarily far from each other – which in particular means we can no longer assume
that the events of them accepting are independent – as well as of K varying with the input.
Since Lemma 15 only gives an upper bound for critical cells when the input is in L(C), we
must also account for the case where the input is not in L(C) and |K| exceeds said bound.

Proof. Let T ∈ N+ be the time complexity of C, and let M be the upper bound on the
number of critical cells (for inputs in L(C)) from Lemma 15. Without restriction, we may
assume T > 1. We first give the construction for C ′ and then prove its correctness.

Construction. Given an input x ∈ Σn, the automaton C ′ operates in two phases. In the
first one, the cells communicate so that, in the end, each cell is aware of the inputs in its
r-neighborhood, where r = (2M −1)(T −1). (Note this is possible because r is constant.) The
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second phase proceeds in T steps, with the cells assuming accepting states or not depending
on a condition we shall describe next. After the second phase is over (and C ′ has not yet
accepted), all cells unconditionally enter a non-accepting state and maintain it indefinitely.
Hence, C ′ only ever accepts during the second phase.

We now describe when a cell i ∈ [n] is accepting in the t-th step of the second phase,
where t ∈ [T ]. Let K be the set of critical cells of x in step t. The decision process is as
follows:
1. First the cell checks whether there are strictly more than M cells in its r-neighborhood

N that are critical in step t of C. If i cannot determine this for any cell j ∈ N (since it
did not receive the entire t-neighborhood of j during the first phase), then j is simply
ignored. If this is the case, then i assumes a non-accepting state (in the t-th step of the
second phase).

2. The cell then determines whether it is critical itself in step t of C. If this is not the case,
then it becomes accepting if and only if it is accepting in step t of C (regardless of the
random input).

3. Otherwise i is critical in step t. Let Bi ⊆ [n] be the subset of cells that results from the
following sequence of operations:
a. Initialize Bi to {i}.
b. For every cell j ∈ Bi, add to Bi every k ∈ K such that |j − k| ≤ 2(T − 1).
c. Repeat step 2 until a fixpoint is reached.
(This necessarily terminates since there are at most M critical cells in N and we checked
the upper bound of M previously.) By choice of r, we have that |i − j| ≤ 2(M − 1)(T − 1)
for every j ∈ Bi. In particular, we have that the t-neighborhood of every j ∈ Bi is
completely contained in N , which means cell i is capable of determining Bi.7 The cell i

then accepts if and only if there is a setting of random bits in the lightcone Li of radius r

and height t centered at i that causes every cell in Bi to accept in step t of C.

This process repeats itself in every step t of the second phase. Note that it can be performed
by i instantaneously (i.e., without requiring any additional time steps of C ′) since it can be
hardcoded into the local transition function δ.

Correctness. It is evident that C ′ is a constant-time PACA, so all that remains is to verify
its correctness. To that end, fix an input x and consider the two cases:
x ∈ L(C). Then there is a random input R such that C accepts x in step t ∈ [T ]. This

means that, for every critical cell i ∈ K, if we set the random bits in Li according to R,
then every cell in Bi accepts in step t of C. Likewise, every cell i /∈ K is accepting in
step t of C by definition. In both cases we have that i also accepts in the t-th step of the
second phase of C ′, thus implying x ∈ L(C ′).

x /∈ L(C). Then, for every random input R and every step t ∈ [T ], there is at least one cell
i ∈ [n] that is not accepting in the t-th step of C(x, R). If i is not critical, then i is also
not accepting in the t-th step of the second phase of C ′ (regardless of the random input),
and thus C ′ also does not accept x. Hence, assume that every such i (i.e., every i such
that there is a random input R for which i is not accepting in the t-th step of C(x, R)) is
a critical cell.

7 Note it is not necessary for i to be aware of the actual numbers of the cells in Bi; it suffices for it to
compute their positions relative to itself. For example, if i = 5 and Bi = {4, 5}, then it suffices for i to
regard j = 4 as cell −1 (relative to itself). Hence, by “determining Bi” here we mean that i computes
only these relative positions (and not the absolute ones, which would be impossible to achieve in only
constant time).
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Let J ⊆ [n] denote the set of all such cells and, for i ∈ J , let Di ⊆ J be the subset
that contains every j ∈ J such that the events of i and j accepting in step t are not
independent (conditioned on the random input to C). In addition, let Ai denote the event
in which every cell of Di is accepting in step t of C(x, UT ×n). We show the following:

▷ Claim. There is an i ∈ J such that Pr[Ai] = 0; that is, for every R, there is at least
one cell in Di that is not accepting in step t of C(x, R).

This will complete the proof since then i is also not accepting in the t-th step of the
second phase of C ′ (since any cell in Di is necessarily at most 2(M − 1)(T − 1) cells away
from i), thus implying x /∈ L(C ′).
To see the claim is true, suppose towards a contradiction that, for every i ∈ J , we have
Pr[Ai] > 0. If there are i, j ∈ J such that j /∈ Di (and similarly i /∈ Dj), then by definition

Pr[C(x, UT ×n) = 1] ≥ Pr[Ai ∧ Aj ] = Pr[Ai] Pr[Aj ] > 0,

contradicting x /∈ L(C). Thus, there must be i ∈ J such that J = Di; however, this then
implies

Pr[C(x, UT ×n) = 1] = Pr[Ai] > 0.

As this is also a contradiction, the claim (and hence the theorem) follows. ◀

4.2 Characterization of Two-Sided Error PACA
We introduce some notation. For ℓ ∈ N0 and a word w ∈ Σ∗, pℓ(w) is the prefix of w of
length ℓ if |w| ≥ ℓ, or w otherwise; similarly, sℓ(w) is the suffix of length ℓ if |w| ≥ ℓ, or w

otherwise. The set of infixes of w of length (exactly) ℓ is denoted by Iℓ(w).
The subregular language classes from the next definition are due to McNaughton and

Papert [12] and Beauquier and Pin [3].

▶ Definition 16 (SLT, LT, LTT). A language L ⊆ Σ∗ is strictly locally testable if there is
ℓ ∈ N+ and sets π, σ ⊆ Σ≤ℓ and µ ⊆ Σℓ such that, for every w ∈ Σ∗, w ∈ L if and only if
pℓ−1(w) ∈ π, Iℓ(w) ⊆ µ, and sℓ−1(w) ∈ σ. The class of all such languages is denoted by SLT.

A language L ⊆ Σ∗ is locally testable if there is ℓ ∈ N+ such that, for every w1, w2 ∈ Σ∗

with pℓ−1(w1) = pℓ−1(w2), Iℓ(w1) = Iℓ(w2), and sℓ−1(w1) = sℓ−1(w2), we have that w1 ∈ L

if and only if w2 ∈ L. The class of locally testable languages is denoted by LT.
A language L ⊆ Σ∗ is locally threshold testable if there are θ, ℓ ∈ N+ such that, for any

two words w1, w2 ∈ Σ∗ for which the following conditions hold, w1 ∈ L if and only if w2 ∈ L:
1. pℓ−1(w1) = pℓ−1(w2) and sℓ−1(w1) = sℓ−1(w2).
2. For every m ∈ Σℓ, if |wi|m < θ for any i ∈ {1, 2}, then |w1|m = |w2|m.

The class of locally threshold testable languages is denoted by LTT.

The class LT equals the closure of SLT under Boolean operations (i.e., union, intersection,
and complement) and the inclusion SLT ⊊ LT is proper. As for LTT, it is well-known that it
contains every language Th(m, θ) = {w ∈ Σ∗ | |w|m ≤ θ} where m ∈ Σ∗ and θ ∈ N0. Also,
we have that LT ⊊ LTT and that LTT is closed under Boolean operations. We write SLT∪
for the closure of SLT.

▶ Definition 17 (LLT). For ℓ ∈ N0, θ ∈ R+
0 , π, σ ⊆ Σ≤ℓ−1, and α : Σℓ → R+

0 , LLinℓ(π, σ, α, θ)
denotes the language of all w ∈ Σ+ that satisfy pℓ−1(w) ∈ π, sℓ−1(w) ∈ σ, and∑

m∈Σℓ

α(m) · |w|m ≤ θ.

A language L ⊆ Σ+ is said to be locally linearly testable if there are ℓ, π, σ, α, and θ as
above such that L = LLinℓ(π, σ, α, θ). We denote the class of all such languages by LLT.
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SLT∪SLT LT LTT REG

LLT LLT∪ LLT∪∩
?

Figure 3 Placement of LLT in the subregular hierarchy. Arrows indicate inclusion relations; all
are known to be strict except for the marked one. Dashed lines connect incomparable classes.

We write LLT∪ for the closure of LLT under union and LLT∪∩ for its closure under both
union and intersection.

▶ Proposition 18. The following hold (see Figure 3):
1. SLT ⊊ LLT ⊊ LLT∪ ⊆ LLT∪∩ ⊊ LTT and SLT∪ ⊊ LLT∪.
2. LLT and LT as well as LLT∪ and LT are incomparable.
3. LTT equals the Boolean closure of LLT.

With this terminology in place, we now turn to:

▶ Theorem 6. The class of languages that can be accepted by a constant-time two-sided
error PACA contains LLT∪∩ and is strictly contained in LTT.

The theorem is proven by showing the two inclusions. In the following, we give a brief
overview of the ideas involved; for the full proof, see Appendix B.

First inclusion. The first step is showing that we can “tweak” the components of the LLT
condition so that it is more amenable to being tested by a PACA. In particular, we prove
we can assume the α(m) weights are such that 2−α(m) can be represented using a constant
number of bits. Having done so, the construction is more or less straightforward: We collect
the subwords of length ℓ in every cell and then accept with the “correct” probabilities; that
is, if a cell sees a subword m, then it accepts with probability 2−α(m). To lift the inclusion
from LLT to LLT∪∩, we show the following result:

▶ Proposition 19. Let C1 and C2 be constant-time two-sided error PACA. Then there are
constant-time two-sided error PACA C∪ and C∩ such that L(C∪) = L(C1) ∪ L(C2) and
C∩ = L(C1) ∩ L(C2).

Second inclusion. The second inclusion is considerably more complex. Let C be a PACA
with time complexity at most T . The proof again bases on the class LLT and uses the fact
that LTT equals the Boolean closure over LLT (which we show as a separate result):
1. As a warm-up, we consider the case where the cells of C accept all independently from

one another. In addition, we assume that, if C accepts, then it does so in a fixed time
step t < T . The argument is then relatively straightforward since we need only consider
subwords of length ℓ = 2T + 1 and set their LLT weight according to the acceptance
probability that the cell in the middle of the subword would have in C.

2. Next we relax the requirement on independence between the cells (but still assume a fixed
time step for acceptance). The situation then requires quite a bit of care since the LLT
condition does not account for subword overlaps at all. For instance, there may be cells c1
and c2 that are further than T cells apart and that both accept with non-zero probability
but where ci accepts if and only if c3−i does not (see Appendix A for a concrete example).
We solve this issue by blowing up ℓ so that a subword covers not only a single cell’s

STACS 2023



47:14 Sublinear-Time Probabilistic Cellular Automata

neighborhood but that of an entire group of cells whose behavior may be correlated with
one other. Here we once more resort to Lemmas 11 and 15 to upper-bound the size of
this neighborhood by a constant.

3. Finally, we generalize what we have shown so that it also holds in the case where C

may accept in any step t < T . This is the only part in the proof where closure under
complement is required. The argument bases on generalizing the ideas of the previous
step to the case where the automaton may accept in multiple time steps and then applying
the inclusion-exclusion principle.

5 The General Sublinear-Time Case

Recall we say a DACA C is equivalent to a PACA C ′ if L(C) = L(C ′). In this section, we
recall and briefly discuss:

▶ Theorem 4. Let d ≥ 1. The following hold:
If there is ε > 0 such that every nε-time (one- or two-sided error) PACA can be converted
into an equivalent nd-time deterministic CA, then P = RP.
If every polylog(n)-time PACA can be converted into an equivalent nd-time deterministic
CA, then, for every ε > 0, RP ⊆ TIME[2nε ].
If there is b > 2 so that any (log n)b-time PACA can be converted into an equivalent nd-time
deterministic CA, then, for every a ≥ 1 and c > a/(b − 1), RTIME[na] ⊆ TIME[2O(nc)].
To obtain Theorem 4, we prove the following more general result:

▶ Proposition 20. There is a constant c > 0 such that the following holds: Let monotone
functions T, T ′, h, p : N+ → N+ be given with h(n) ≤ 2n, p(n) = poly(n), and p(n) ≥ n and
such that, for every n and p′(n) = Θ(p(n) log h(n)), T (6h(n)p(n)) ≥ cp′(n). In addition, for
n given in unary, let the binary representation of h(n) and p′(n) be computable in O(p′(n))
time by a Turing machine and, for N given in unary, let T ′(N) be computable in O(T ′(N))
time by a Turing machine. Furthermore, suppose that, for every T -time one-sided error
PACA C, there is a T ′-time DACA C ′ such that L(C) = L(C ′). Then

RTIME[p(n)] ⊆ TIME[h(n) · T ′(h(n)·poly(n)) · poly(n)].

The first item of Theorem 4 is obtained by setting (say) T (n) = nε, T ′(n) = nd, and
h(n) = p(n)2(1/ε−1) (assuming ε < 1). For the second one, letting p(n) = na where a > 0 is
arbitrary and (again) T ′(n) = nd, set T (n) = (log n)2+a/ε and h(n) = 2nε/(d+1). Finally, for
the last one, letting again p(n) = na and T ′(n) = nd, set T (n) = (log n)b and h(n) = 2nc .

At the core of the proof of Proposition 20 is a padding argument. Nevertheless, we cannot
stress enough that the padding itself is highly nontrivial. In particular, it requires a clever
implementation that ensures it can be verified in parallel and also without initial knowledge
of the input length. To see why this is so, observe that, if we simply use a “standard” form
of padding where we map x ∈ {0, 1}+ to x′ = x0p(|x|) (where p : N+ → N0 gives the desired
padding length), then it is impossible for the automaton to distinguish between this and,
say, x′′ = x0p(|x|)/2 in o(p) time (assuming, e.g., p(|x|) = Ω(|x|)). The reason for this is that,
since cells are initially completely unaware of their position in the input, the cells with an
all-zeroes neighborhood must behave exactly the same. More specifically, we can use an
argument as in the proof of Theorem 3 to show that the automaton must behave the same
on both x′ and x′′ (in the sense that it accepts the one if and only if it accepts the other)
unless it “looks at the whole input” (i.e., unless it has Ω(p(|x|) time complexity).
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The padding technique we use can be traced back to [8]. In a nutshell, we split the input
into blocks of the same size that redundantly encode the input length in a locally verifiable
way. More importantly, the blocks are numbered from left to right in ascending order, which
also allows us to verify that we have the number of blocks that we need. This is crucial in
order to ensure the input is “long enough” and the PACA achieves the time complexity that
we desire (as a function of the input length).

Proof. Let L ∈ RP be decided by an RP machine R whose running time is upper-bounded
by p. Without restriction, we assume p(n) ≥ n. Using standard error reduction in RP, there
is then an RP machine R′ with running time p′(n) = Θ(p(n) log h(n)) (i.e., polynomial in n),
space complexity at most p(n), and which errs on x ∈ L with probability strictly less than
1/2h(n). Based on L we define the language

L′ = {binn(0)#x0#0p(n)% · · · % binn(h(n) − 1)#xh(n)−1#0p(n) | n ∈ N+, xi ∈ L ∩ Σn},

where binn(i) denotes the n-bit representation of i < 2n. Note the length of an instance of
L′ is N ≤ 6h(n)p(n) = O(h(n)poly(n)).

We claim there is c > 0 such that L′ can be accepted in at most cp′(n) = O(p′(n))
(and in particular less than T (N)) time by a one-sided error PACA C. The construction is
relatively straightforward: We refer to each group of cells binn(i)#xi#0p′(n) separated by
the % symbols as a block and the three binary strings in each block (separated by the #
symbols) as its components. First each block a1#a2#a3 checks that its components have
correct sizes, that is, that |a1| = |a2| and |a3| = p(|a1|). Then the block communicates with
its right neighbor b1#b2#b3 (if it exists) and checks that |ai| = |bi| for every i and that, if
a1 = binn(j), then b1 = binn(j + 1). In addition, the leftmost block checks that its first
component is equal to binn(0); similarly, the rightmost block computes h(n) (in O(p′(n))
time) and checks that its first component is equal to binn(h(n) − 1). Following these initial
checks, each block then simulates R′ (using bits from its random input as needed) on the
input given in its second component using its third component as the tape. If R′ accepts,
then all cells in the respective block turn accepting. In addition, the delimiter % is always
accepting unless it is a border cell.

Clearly C accepts if and only if its input is correctly formatted and R′ accepts every one
of the xi (conditioned on the coin tosses that are chosen for it by the respective cells of C).
Using a union bound, the probability that C errs on an input x ∈ L′ is

Pr[C(x, UT ×n) = 0] ≤
h(n)−1∑

i=0
Pr[R(xi) = 0] <

h(n)−1∑
i=0

1
2h(n) = 1

2 .

In addition, the total running time of C is the time needed for the syntactic checks (requiring
O(p′(n)) time), plus the time spent simulating R′ (again, O(p′(n)) time using standard
simulation techniques). Hence, we can implement C so that it runs in at most cp′(n) time
for some constant c > 0, as desired.

Now suppose there is a DACA C ′ equivalent to C as in the statement of the theorem.
We shall show there is a deterministic (single-tape) Turing machine that decides L with the
purported time complexity. Consider namely the machine S which, on an input x ∈ {0, 1}n

of L, produces the input

x′ = binn(0)#x#0p(n)% · · · % binn(h(n) − 1)#x#0p(n)

of L′ and then simulates C ′ on x′ for T ′(N) steps, accepting if and only if C ′ does. Producing
x′ from x requires O(N · poly(n)) time since we need only copy O(n) bits from each block
separated by the % delimiters to the next (namely the string x and the number of the
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previous block). Using the standard simulation of cellular automata by Turing machines, the
subsequent simulation of C ′ requires O(N · T ′(N)) time. Checking whether C ′ accepts or
not can be performed in parallel to the simulation and requires no additional time. Hence,
the time complexity of S is

O(N · poly(n) + N · T ′(N)) = O(h(n) · poly(n) · T ′(h(n) · poly(n))). ◀

6 Further Directions

LLT and two-sided error PACA. Besides giving a separation between one- and two-sided
error, Theorem 6 considerably narrows down the position of the class of languages accepted by
constant-time two-sided error PACA in the subregular hierarchy. Nevertheless, even though
we now know the class is “sandwiched” in-between LLT∪∩ and LTT, we still do not have
a precise characterization for it. It is challenging to tighten the inclusion from Theorem 6
because the strategy we follow relies on closure under complement, but (as we also prove)
the class of two-sided error PACA is not closed under complement. It appears that clarifying
the relation between said class and LLT∪∩ as well as LLT∪∩ itself and LLT∪ or also LT may
give a “hint” on how to proceed.

The general sublinear-time case. Theorem 4 indicates that even polylogarithmic-time
PACA can recognize languages for which no deterministic polynomial-time algorithm is
currently known. Although the proof of Proposition 20 does yield explicit examples of such
languages, they are rather unsatisfactory since in order to accept them we do not need the
full capabilities of the PACA model. (In particular, communication between blocks of cells is
only required to check certain syntactic properties of the input; once this is done, the blocks
operate independently from one another.) It would be very interesting to identify languages
where the capabilities of the PACA model are put to more extensive use.

Pseudorandom generators. From the opposite direction, to investigate the limitations of
the PACA model, one possibility would be to construct pseudorandom generators (PRGs) that
fool sublinear-time PACAs. Informally, such a PRG is a function G : {0, 1}s(n) → {0, 1}r(n)

with s(n) ≪ r(n) and having the property that a PACA (under given time constraints)
is incapable of distinguishing G(x) from uniform when the seed x is chosen uniformly at
random. PRGs have found several applications in complexity theory (see, e.g., [21] for an
introduction).

Theorem 4 suggests that an unconditional time-efficient derandomization of PACAs is
beyond reach of current techniques, so perhaps space-efficient derandomization should be
considered instead. Indeed, as a PACA can be simulated by a space-efficient machine (e.g.,
by adapting the algorithm from [13]), it is possible to recast PRGs that fool space-bounded
machines (e.g., [7, 16]) as PRGs that fool PACAs. Nevertheless, we may expect to obtain
even better constructions by exploiting the locality of PACAs (which space-bounded machines
do not suffer from).
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A An Example for PACA Being More Efficient than DACA

▶ Example 21. Let Σ = {0, 1, 2, 3} and consider the language

L = {0k1l2m3n | k, l, m, n ∈ N0 and ((l ≥ 2 and m ≥ 3) or (l ≥ 3 and m ≥ 2))}.

No DACA C accepts L in at most 3 steps. This can be shown using methods from [9, 14, 18].

x ∈ L 0 0 0 0 0 1 1 1 2 2 3 3 3 3 3

z /∈ L 0 0 0 0 0 1 1 2 2 3 3 3 3 3

y ∈ L 0 0 0 0 0 1 1 2 2 2 3 3 3 3 3

=

=

Figure 4 Comparing the words x = 05132235 ∈ L, y = 05122335 ∈ L, and z = 05122235 /∈ L, we
notice that every infix of length 5 of z appears in either x or y. This implies there is no DACA that
accepts L with time complexity 3 or less.

Given a DACA C with time complexity 3, we can determine if C accepts a word x ∈ Σ∗ by
looking only at the infixes of length 5 (and the prefix and suffix of length 4) of x. Consider
the words x = 05132235 ∈ L, y = 05122335 ∈ L, and z = 05122235 /∈ L (Figure 4). Then
every infix of length 5 (and the prefix and suffix of length 4) of z appears in x except for
the infixes 00112 and 01122, which both appear in y. It follows that, if x, y ∈ L(C), then C

must also accept z, which proves there is no DACA for L with time complexity (at most) 3.
Nevertheless, there is a 3-time one-sided 7/8-error PACA C ′ for L. Checking that the

input x = 0k1l2m3n is such that (x is of the form 0∗1∗2∗3∗ and) l, m ≥ 2 can be done without
need of randomness simply by looking at the infixes of length 5 of x: Every cell collects the
infix m that corresponds to its position in the input and rejects if m is disallowed. (We refer
to [9, 14, 18] for the general method.) This procedure is carried out in parallel to the one we
describe next (and a cell turns accepting if and only if it both procedures dictate it to do so).

Now we use randomness to check that one of m ≥ 3 and l ≥ 3 holds. In time step 1, every
cell exposes its coin toss of step 0 so that its neighbors can read it and use it to choose their
state in step 2. Let cσ denote the leftmost cell in which σ ∈ Σ appears, and let lσ and rσ be
the coin tosses of the left and right neighbors of cσ, respectively. We have c1 accept if and
only if r1 = 1, c3 if and only if l3 = 1, and c2 if and only if l2 + r2 < 2. All other cells accept
regardless of the coin tosses they see (as long as x satisfies the conditions we specified above).

For i ∈ {1, 2, 3}, let Ai denote the event of cell ci accepting. The above results in the
following behavior: If l = m = 2, we have r1 = l2 and r2 = l3 since the coin tosses belong to
the same cells, in which case C ′ never accepts. If l ≥ 3 and r2 and l3 belong to the same cell
(i.e., r2 = l3), then r1 and l2 do not belong to the same cell and we have

Pr[C(x, UT ×|x|) = 1] = Pr[A1] Pr[A2 ∧ A3] = Pr[r1 = 1] Pr[l2 = 0 ∧ r2 = l3 = 1] = 1
8 .

The case m ≥ 3 and r1 and l2 belonging to the same cell is similar. Finally, if l ≥ 3 and
m ≥ 3, the values r1, l2, r2, and l3 are all independent and we have

Pr[C(x, UT ×|x|) = 1] =
3∏

i=1
Pr[Ai] = Pr[r1 = 1] Pr[l2 + r2 < 2] Pr[l3 = 1] >

1
8 .
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B Proof of Theorem 6

This appendix contains the proof of Theorem 6, which we recall for the reader’s convenience.

▶ Theorem 6. The class of languages that can be accepted by a constant-time two-sided
error PACA contains LLT∪∩ and is strictly contained in LTT.

For the proof we first need to make the linear condition of LLT a bit more manageable:

▶ Lemma 22. For any L = LLinℓ(π, σ, α, θ), there is α′ such that L = LLinℓ(π, σ, α′, θ′) and:
1. The threshold θ′ is equal to 1.
2. There is a constant ε > 0 such that, for every w ∈ Σ∗, we have either f ′(w) < 1 − ε or

f ′(w) > 1 + ε, where f ′(w) =
∑

m∈Σℓ α′(m) · |w|m.
3. There is k ∈ N0 such that, for every m, there is n ∈ [2k] such that α′(m) = k − log(n + 1).

The first two items ensure the sum f ′(w) is always “far away” from 1. In turn, the third
item enables us to represent 2−α′(m) using at most k (and, in particular, O(1) many) bits.

Proof. The case where α(m) = 0 for every m is trivial, so suppose there is some m for
which α(m) > 0. Because |w|m ∈ N0 for every w and every m, f(w) =

∑
m∈Σℓ α(m) · |w|m

is such that, given any b ∈ R+
0 , there are only finitely many values of f(w) ≤ b (i.e., the set

{f(w) | f(w) ≤ b} is finite). Hence, by setting

r = 1
2

(
max

f(w)≤θ
f(w) + min

f(w)>θ
f(w)

)
and α′′(m) = α(m)/r, we have that f ′′(w) =

∑
m∈Σℓ α′′(m) · |w|m satisfies the second

condition from the claim (i.e., for every w ∈ Σ∗, either f ′′(w) < 1 − ε or f ′′(w) > 1 + ε) for
some adequate choice of ε > 0.

Now we show how to satisfy the last condition without violating the first two. Essentially,
we will choose k to be sufficiently large and then “round up” each α′′(m) to the nearest value
of the form k − log(n + 1). To that end, let a be the minimal α′′(m) for which α′′(m) > 0.
In addition, let k ∈ N0 be such that α′′(m) < k/2 for every m and that

log(2k/2 + 1) − log(2k/2) = log(2k/2 + 1) − k

2 ≤ aε

2|Σ|ℓ
.

(This is possible because log(n + 1) − log n tends to zero as n → ∞ and the right-hand side
is constant.) Then, for every m, we set α′(m) = k − log(n + 1) where n ∈ [2k] is maximal
such that α′(m) ≥ α′′(m). By construction, f ′(w) ≥ f ′′(w), so we need only argue that
there is ε′ > 0 such that, for every w for which f ′′(w) < 1 − ε, we also have f ′(w) < 1 − ε′.
In particular every said w must be such that, for every m, |w|m ≤ 1/a (otherwise we
would have f ′′(w) > 1). Noting that |α′(m) − α′′(m)| is maximal when α′(m) = k/2 and
α′′(m) = k − log(2k/2 + 1) + δ for very small δ > 0, we observe that

f ′(w) =
∑

m∈Σℓ

α′(m) · |w|m < f ′′(w) + |Σ|ℓ

a

(
log(2k/2 + 1) − k

2

)
< 1 − ε + ε

2 = 1 − ε

2 ,

that is, f ′(w) < 1 − ε′ for ε′ = ε/2, as desired. ◀

Proof of Theorem 6. We prove the two inclusions from the theorem’s statement. The first
one we address is that of LLT∪∩ in the class of constant-time two-sided error PACA.
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First inclusion. Given L = LLinℓ(π, σ, α, θ), we construct a constant-time two-sided error
PACA C with L(C) = L. This suffices since by the closure properties shown in Proposition 19.
We apply Lemma 22 and assume θ = 1 and that there are k and ε as in the statement of
Lemma 22. For simplicity, we also assume ℓ = 2k + 1.

The automaton C operates in k steps as follows: Every cell sends its input symbol in both
directions as a signal and, at the same time, aggregates the symbols it sees, thus allowing it to
determine the initial configuration m ∈ Σℓ of its k-neighborhood. Meanwhile, every cell also
collects k random bits r ∈ {0, 1}k. The decision to accept is then simultaneously made in the
k-th step, where a cell with k-neighborhood m accepts with probability 2−α(m) (independently
of other cells). (This can be realized, for instance, by seeing r as the representation of a k-bit
integer in [2k] and accepting if and only if r ≤ n, where n is such that 2−α(m) = (n + 1)/2k.)
In the case of the first (resp., last) cell of C, it also checks that the prefix (resp., suffix) of
the input is in π (resp., σ), rejecting unconditionally if this is not the case.

Hence, for an input word w ∈ Σ+, the probability that C accepts is

∏
m∈Σℓ

(
1

2α(m)

)|w|m

= 2−f(w),

where f(w) =
∑

m∈Σℓ α(m) · |w|m. Thus, if w ∈ L, then C accepts with probability
2−f(w) > (1/2)1−ε; conversely, if w /∈ L, the probability that C accepts is 2−f(w) < (1/2)1+ε.
Since ε is constant, we may apply Proposition 13 and reduce the error to 1/3.

Second inclusion. The proof of the second inclusion is more involved. Let C be a T -time
two-sided error PACA for some T ∈ N+. We shall obtain L(C) ∈ LTT in three steps:
1. The first step is a warm-up where the cells of C accept all independently from one another

and that, if C accepts, then it does so in a fixed time step t < T .
2. Next we relax the requirement on independence between the cells by considering groups of

cells (of maximal size) that may be correlated with one another regarding their acceptance.
3. Finally, we generalize what we have shown so that it also holds in the case where C

may accept in any step t < T . This is the only part in the proof where closure under
complement is required. (Here we use item 3 of Proposition 18.)

Step 1. Suppose that C only accepts in a fixed time step t < T and that the events of any two
cells accepting are independent from one another. We show that L(C) = LLin(π, σ, α, θ) for
an adequate choice of parameters. Set ℓ = 2t + 1 and let pm be the probability that a cell
with t-neighborhood m ∈ Σℓ accepts in step t. In addition, let π = {pℓ−1(w) | w ∈ L(C)}
and σ = {sℓ−1(w) | w ∈ L(C)} as well as θ = log(3/2) and α(m) = log(1/pm) for m ∈ Σℓ.
The probability that C accepts a word w ∈ Σ+ is

∏
m∈Σℓ

p|w|m
m =

∏
m∈Σℓ

(
1

2α(m)

)|w|m

= 2−f(w),

which is at least 2/3 if and only if f(w) ≤ θ. It follows that L(C) = LLinℓ(π, σ, α, θ).
Step 2. We now relax the requirements from the previous step so that the events of any two

cells accepting need no longer be independent from one another. (C still only accepts
in the fixed time step t.) Let K = 2O(T 2) be the upper bound from Lemma 15 and
ℓ = 2(K + 2)T . Again, we set π = {pℓ−1(w) | w ∈ L(C)}, σ = {sℓ−1(w) | w ∈ L(C)}, and
θ = log(3/2). As for α(m), we set α(m) = 0 unless m is such that there is d ≤ K with

m = abr1s1r2s2 · · · rdsdc



A. Modanese 47:21

where a ∈ ΣT is arbitrary, b ∈ Σ2T contains no critical cells, each rj ∈ Σ is a critical
cell (for step t), the sj ∈ Σ≤2T −1 are arbitrary, and c ∈ Σ∗ has length |c| ≥ T and, if c

contains any critical cell, then this cell accepts independently from rd. In addition, we
require c to be of maximal length with this property.
Note we need a as context to ensure that b indeed does not contain critical cells (since
determining this requires knowledge of the states in the T -neighborhood of the respective
cell); the same holds for rd and c. By construction and Lemma 11, the group of cells
r1, . . . , rd is such that (although its cells are not necessarily independent from one another)
its cells accepts independently from any other critical cell in C. Furthermore, b ensures
m aligns properly with the group and that the group does not appear in any other infix.
Letting pm be the probability that every one of the rj accept, for m as above we set
α(m) = log(1/pm). Then, as before, the probability that C accepts a word w ∈ Σ+ is
2−f(w), which is at least 2/3 if and only if f(w) ≤ θ, thus implying L(C) = LLinℓ(π, σ, α, θ).

Step 3. In this final step we generalize the argument so it also applies to the case where C

may accept in any time step t < T . First note that, given any p > 0, if we set θ = log(1/p)
in the second step above (instead of log(3/2)), then we have actually shown that

{w ∈ Σ+ | Pr[C accepts w in step t] ≥ p} = LLinℓ(π, σ, α, θ).

In fact, we can generalize this even further: Given any ∅ ̸= τ ⊆ [T ], by setting α

adequately we can consider the acceptance probability for the steps in τ altogether:8

L(τ, p) = {w ∈ Σ+ | Pr[C accepts w in every step t ∈ τ ] ≥ p} = LLinℓ(π, σ, α, θ).

This is because the bound on critical cells of Lemma 15 holds for all steps where C

accepts with non-zero probability and, in addition, as defined above m already gives
enough context to check if the respective critical cells also accept in any previous step.
(That is, we construct m as above by using t = max τ ; however, since the sets of critical
cells for different time steps may not be identical, we must also relax the condition for
the ri so that ri need only be a critical cell in at least one of the time steps of τ .) Since
LTT is closed under complement, we then also have

L(τ, p) = {w ∈ Σ+ | Pr[C accepts w in every step t ∈ τ ] < p} ∈ LTT.

Fix some input word w ∈ Σ+ to C. For ∅ ̸= τ ⊆ [T ], let Zτ denote the event where C

accepts w in every step t ∈ τ . By the inclusion-exclusion principle, we have

Pr[C accepts w] = Pr
[
∃t ∈ [T ] : Z{t}

]
=
∑

τ⊆[T ]
|τ |=1

Pr[Zτ ]−
∑

τ⊆[T ]
|τ |=2

Pr[Zτ ]+· · ·+(−1)T +1 Pr[Z[T ]]

(where the probabilities are taken over the coin tosses of C). This means that, if we are
somehow given values for p(τ) = Pr[Zτ ] so that the sum above is at least 2/3, then we
can intersect a finite number of L(τ, p(τ)) languages and their complements and obtain
some language that is guaranteed to contain only words in L(C). Concretely, let p(τ) ≥ 0
for every ∅ ̸= τ ⊆ [T ] be given so that∑

∅̸=τ⊆[T ]
|τ | odd

p(τ) −
∑

∅̸=τ⊆[T ]
|τ | even

p(τ) ≥ 2
3 .

8 Of course we are being a bit sloppy here since Definition 9 demands that a PACA should halt whenever
it accepts. What is actually meant is that, having fixed some random input, if we extend the space-time
diagram of C on input w so that it spans all of its first T steps (simply by applying the transition
function of C), then, for every t ∈ τ , the t-th line in the diagram contains only accepting cells.
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Let Todd = {τ ⊆ [T ] | τ ̸= ∅, |τ | odd, p(τ) > 0} and Teven = {τ ⊆ [T ] | τ ̸=
∅, |τ | even, p(τ ) > 0}. Then necessarily

L(p) =
( ⋂

τ∈Todd

L(τ, p(τ ))
)

∩

( ⋂
τ∈Teven

L(τ, p(τ ))
)

⊆ L(C)

contains every w ∈ L(C) for which Pr[Zτ ] ≥ p(τ) for τ ∈ Todd and Pr[Zτ ] ≤ p(τ) for
τ ∈ Teven. The key observation is that there are only finitely many values the Pr[Zτ ]
may assume. This is because Zτ only depends on a finite number of coin tosses, namely
the ones in the lightcones of the cells that are critical in at least one of the steps in τ

(which, again, is finite due to Lemma 15). Hence, letting P denote the set of all possible
mappings of the τ subsets to these values, we may write

L(C) =
⋃

p∈P

L(p) ∈ LTT.

Strictness of inclusion. The final statement left to prove is that the inclusion just proven
is proper. This is comparatively much simpler to prove. We show that the language

L = {w ∈ {0, 1}+ | |w|1 ≥ 2} ∈ LTT

cannot be accepted by two-sided error PACA in constant time. For the sake of argument,
assume there is such a PACA C with time complexity T ∈ N+. Consider which cells
in C are critical based on their initial local configuration. Certainly a cell with an
all-zeroes configuration 02T −1 cannot be critical. Since 0n10n /∈ L(C) for any n (but
0n10n1 ∈ L(C)), there must be m1, m2 so that m1 + m2 = 2T − 2 and c = 0m110m2 is
the initial local configuration of a critical cell. This means that in

x = 02T (c02T )T 2T

∈ L

we have at least 2T cells in x that are critical for the same time step t ∈ [T ] (by an
averaging argument) and that are also all independent from one another (by Lemma 11).
In turn, this implies the following, which contradicts x ∈ L(C):

Pr[C accepts x] ≤
(
1 − 2−T

)2T

<
1
e

<
2
3 . ◀
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Abstract
This work solves an open question in finite-state compressibility posed by Lutz and Mayordomo [20]
about compressibility of real numbers in different bases.

Finite-state compressibility, or equivalently, finite-state dimension, quantifies the asymptotic
lower density of information in an infinite sequence.

Absolutely normal numbers, being finite-state incompressible in every base of expansion, are
precisely those numbers which have finite-state dimension equal to 1 in every base. At the other
extreme, for example, every rational number has finite-state dimension equal to 0 in every base.

Generalizing this, Lutz and Mayordomo in [20] (see also Lutz [19]) posed the question: are there
numbers which have absolute positive finite-state dimension strictly between 0 and 1 - equivalently,
is there a real number ξ and a compressibility ratio s ∈ (0, 1) such that for every base b, the
compressibility ratio of the base-b expansion of ξ is precisely s? It is conceivable that there is no
such number. Indeed, some works explore “zero-one” laws for other feasible dimensions [11] - i.e.
sequences with certain properties either have feasible dimension 0 or 1, taking no value strictly in
between.

However, we answer the question of Lutz and Mayordomo affirmatively by proving a more general
result. We show that given any sequence of rational numbers ⟨qb⟩∞

b=2, we can explicitly construct a
single number ξ such that for any base b, the finite-state dimension/compression ratio of ξ in base-b
is qb. As a special case, this result implies the existence of absolutely dimensioned numbers for any
given rational dimension between 0 and 1, as posed by Lutz and Mayordomo.

In our construction, we combine ideas from Wolfgang Schmidt’s construction of absolutely normal
numbers from [23], results regarding low discrepancy sequences and several new estimates related to
exponential sums.
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1 Introduction

Finite-state compressibility is the lower asymptotic ratio of compression achievable on
an infinite string using information-lossless finite-state compressors [28, 25]. Finite-state
dimension was originally defined by Dai, Lathrop, Lutz and Mayordomo in [10] using finite-
state s-gales, as a finite-state analogue of Hausdorff dimension [18, 2]. Surprisingly, these
notions are equivalent [10, 7]. They also have several equivalent characterizations in terms of
automatic Kolmogorov complexity [16], finite-state predictors [13], block-entropy rates [13],
etc. establishing their mathematical robustness.
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In this work, we solve an open question posed by Lutz and Mayordomo [20] about the
existence of numbers whose finite-state compression ratio does not depend on the base of
expansion, where the compression ratio is neither 0 nor 1. We explain the context behind
this question below.

In [24], Schnorr and Stimm show the celebrated result that finite-state incompressibility
in base-b is equivalent to Borel normality in base-b, establishing a deep connection between
information theory and metric number theory. Absolutely normal numbers [1, 4, 20, 22, 23],
being finite-state incompressible in every base-b, are precisely the set of numbers whose
finite-state dimension is 1 in every base. Almost every number in [0, 1] is absolutely normal
(see [6]). Several explicit constructions absolutely normal numbers are known [23, 1, 20].

At the other extreme, there are numbers which have finite-state dimension 0 in every
base. For example, any rational number in [0, 1] has eventually periodic expansion in any
base b and hence, finite-state dimension 0 in any base of expansion.

But, no method for even proving the existence of numbers with absolute finite-state
dimension strictly between 0 and 1 are known at the time of writing this paper. Lutz and
Mayordomo in [20] ask the following question:

Does there exist a real number ξ whose finite-state dimension/compressibility,
dimb

F S(ξ), does not depend on the choice of base b, and such that 0 < dimb
F S(ξ) < 1?

This question was originally posed by Jack Lutz during the session “Alan Turing in the
twenty-first century: normal numbers, randomness, and finite automata” in CCR 2012 at
the Isaac Newton Institute of Mathematical Sciences, University of Cambridge [19]. In this
work, we answer the question in the affirmative, by proving a stronger result: Given any
list ⟨qb⟩∞

b=1 of rationals in (0, 1] (respecting the natural equivalence between bases b), there
exists an explicitly constructible number ξ such that dimb

F S(ξ) = qb for any base b. In the
special case when every qb is equal, this provides an affirmative answer (and an explicitly
constructible example) to the above question posed by Lutz and Mayordomo.

We now state our main result. Two positive integer bases r and s are said to be
equivalent, denoted r ∼ s, if there are m, n ∈ N such that rm = sn. (Formal definitions follow
in Section 2). If r ∼ s, then we can verify that for any ξ ∈ [0, 1], dimr

F S(ξ) = dims
F S(ξ). Our

main result is the following.

▶ Theorem 1. Let ⟨qb⟩∞
b=1 be a sequence of rationals in (0, 1] such that for any r and s, if

r ∼ s, then qr = qs. Then, there exists a ξ ∈ [0, 1] such that for any base b, dimb
F S(ξ) = qb.

When qb = q for every base b, for some q ∈ Q ∩ [0, 1], we have the following corollary.

▶ Corollary 2. Let q ∈ [0, 1] ∩ Q. Then, there exists a ξ ∈ [0, 1] such that dimb
F S(ξ) = q for

every base b ≥ 2.

For q ∈ (0, 1], the existence of ξ in the above corollary follows from Theorem 1. For q = 0,
any rational number ξ in [0, 1] satisfies the required conclusion. Therefore, this corollary
provides a positive answer to the question posed by Lutz and Mayordomo in [20].

Explicit constructions of numbers with specific compressibility ratios often use combin-
atorial techniques (for example, see [8]). Combinatorial constructions are often simpler to
understand. However, in our work, we control multiple bases and dimensions in each base.
Since this implies working with different alphabets simultaneously, a combinatorial approach
to the solution is not easy. We take an approach which involves exponential sums, which
allows us to handle the construction requirements successfully.

In this construction, we modify and combine techniques from Wolfgang Schmidt’s con-
struction of absolutely normal numbers in [23] along with results regarding low discrepancy
sequences [12, 21] and several new estimates. Schmidt’s method has been generalized to
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construct numbers exhibiting specific kinds of normality (or non-normality) in different
bases (see for example [3]). Another interesting such generalization is [5] where Schmidt’s
method is adapted to demonstrate the pairwise independence of discrepancy functions for
non-equivalent bases. Our construction is yet another generalization of Schmidt’s method
which yields numbers having prescribed rates of information in different bases. While the
construction in [5] yields absolutely normal numbers with controlled oscillation of discrepancy
rates in different bases, we use results regarding low discrepancy sequences and Schmidt’s
method to construct numbers with controlled oscillation of block entropy rates in different
bases (which are not normal in base b unless qb = 1).

The construction consists of multiple stages. In every stage we arrange a controlled
oscillation of block entropies in a particular base b between qb and 1, by fixing digits in
base b using multiple low discrepancy strings. Meanwhile we stabilize the entropies in other
non-equivalent bases around 1, using generalizations of bounds from [23] and estimates
relating exponential averages to block entropies. We also ensure that the block entropies in
different bases do not fall too much during the transition between consecutive stages. This is
accomplished by using estimates involving low discrepancy strings and lower bounds based
on the concavity of the Shannon entropy function ([9]).

The rest of the paper is organized as follows. After the preliminaries in Section 2, we
outline the construction and the requirements that it should satisfy in Section 3. We also
prove that if the requirements hold, then Theorem 1 follows. In Section 4, we develop
some important technical tools required for the construction. In Section 5 we describe our
stage-wise construction in detail. Finally, in Section 6, we verify that the construction in
Section 5 satisfies all the requirements given in Section 3.

2 Preliminaries

2.1 Basic definitions and notation

We use Σ to denote any finite alphabet. For any natural number b > 1, Σb denotes the
alphabet {0, 1, 2, . . . b − 1}. Observe that for any b1 ≤ b2, we have Σb1 ⊆ Σb2 . For any finite
alphabet Σ, we use Σ∗ to represent the set of finite binary strings and Σ∞ to represent the
set of infinite sequences in alphabet Σ. We use capital letters X, Y to denote infinite strings
in any finite alphabet Σb. We use small letters w, z to represent finite strings in any finite
alphabet Σb. For any X = X1X2X3 . . . from Σ∞, we use Xi+n

i to denote the substring
XiXi+1 . . . Xi+n and for any w ∈ Σ∗, wi+n

i to represent wiwi+1 . . . wi+n.
Greek letters α, β and γ are used to represent constants which are either absolute or

dependent on some of the parameters which are relevant in the context of their use. Small
letters x, y and the Greek letter ξ are used to denote general real numbers in [0, 1]. Small
letters b, r and s are used for representing integer bases of expansion greater than or equal
to 2. Now, we define the occurrence (sliding) probabilities of finite strings.

▶ Definition 3. We define the occurrence count of z ∈ Σ∗ in w ∈ Σ∗ denoted N(z, w), as
N(z, w) = |{i ∈ [1, |w| − |z| + 1] : w

i+|s|−1
i = z}|. The occurrence probability of z in w

denoted P (z, w), is defined as P (z, w) = N(z, w)/(|w| − |z| + 1).

The following is the definition of the base-b finite-state dimension of a sequence ξ using
the block entropy characterization of finite-state dimension given in [7], which we use in this
work instead of the original definition using s-gales from [10].
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48:4 Real Numbers Equally Compressible in Every Base

▶ Definition 4 ([10, 7]). For a given base b and a block length l, we define the l-length block
entropy over w ∈ Σ∗

b as follows.

Hb
l (w) = −(l log(b))−1

∑
z∈Σl

b

P (z, w) log P (z, w).

Let ξ ∈ [0, 1] and let X ∈ Σ∞
b represent the base-b expansion of ξ (for numbers having two

base-b expansions, let X denote any one of these). The base-b finite-state dimension of ξ,
denoted dimb

F S(ξ), is defined by

dimb
F S(ξ) = inf

l
lim inf
n→∞

Hb
l (Xn

1 ).

Numbers of the form k/bn for some k ∈ Z and n ∈ N have two base-b expansions. But
their finite-state dimension is equal to 0 irrespective of the infinite sequence chosen as the
base-b expansion of x. Therefore, the base-b finite-state dimension is well-defined for every
ξ ∈ [0, 1].

▶ Remark. The fact that dimF S(x) is equivalent to the lower finite-state compressibility of x

using lossless finite-state compressors, follows from the results in [28] and [10].

For every x ∈ R, let e(x) = e2πix. For x ∈ R and d > 0, let Bd(x) denote the
open neighborhood of x having radius d, i.e, Bd(x) = {y ∈ R : |y − x| < d}. For any
w ∈ Σ∗

b , let vb(w) denote the rational number,vb(w) =
∑|w|

i=1 wib
−i. Therefore, the interval

Ib
w = [vb(w), vb(w) + b−|w|) denotes the set of all numbers in [0, 1] whose base-b expansion

begins with the string w. The characteristic function χw of a string w ∈ Σ∗
b is defined as,

χw(x) = 1 if x ∈ Ib
w and χw(x) = 0 otherwise.

The following is a well-known Fourier series approximation for characteristic functions
of cylinder sets (see [22, 15]) which acts as the basic bridge between the combinatorial and
analytic approaches.

▶ Lemma 5 ([22, 15]). For any string w ∈ Σ∗
b , δ > 0 and i ∈ {1, 2}, there exists coefficients

Ci
t satisfying

∣∣Ci
t

∣∣ ≤ 2
t2δ , such that for every real number x,

b−|w| − δ +
∑

t∈Z\{0}

C1
t e(tx) ≤ χw(x) ≤ b−|w| + δ +

∑
t∈Z\{0}

C2
t e(tx).

2.2 Low discrepancy sequences
Let X1X2X3 . . . be the sequence in Σ∞

b representing the base-b expansion of x ∈ [0, 1]. For
any real interval (α1, α2) ⊆ [0, 1] let Rb(x, n, α1, α2) be defined as follows.

Rb(x, n, α1, α2) =
∣∣∣∣ |{1 ≤ i ≤ n | 0.XiXi+1Xi+2 · · · ∈ (α1, α2)}|

n
− (α2 − α1)

∣∣∣∣
The discrepancy function Db

n(x) is defined to be the supremum over all (α1, α2) ⊆ [0, 1] of
Rb(x, n, α1, α2) ([12], [21]). The following theorem regarding the low discrepancy of almost
every real number follows from the results in [12] and [21].

▶ Theorem 6 ([12, 21]). For any base b, there exists a constant Cb such that for almost
every x, lim supn→∞

nDb
n(x)√

n log log n
< Cb.

The following lemma is a corollary of Theorem 6.



S. Nandakumar and S. Pulari 48:5

▶ Lemma 7. For any base b, there exists a constant Cb such that for any ϵ > 0, there exists
Nb(ϵ) such that outside a set of measure at most ϵ, for any α1 < α2 and n ≥ Nb(ϵ), we have
Rb(x, n, α1, α2) is strictly less than Cb ·

√
log log n√

n
.

The following is a corollary of the above lemma that we need in our construction.

▶ Corollary 8. For any base b, there exists a constant Cb such that for any ϵ > 0, there
exists Nb(ϵ) satisfying the following: for any n′ > Nb(ϵ), every string w of length n′ except
at most ϵ · bn′ of them is such that given any string z of length at most n′ − Nb(ϵ) + 1 and n

ranging from Nb(ϵ) to n′ − |z| + 1, we have∣∣∣∣∣N(z, w
n+|z|−1
1 )
n

− 1
b|z|

∣∣∣∣∣ < Cb ·
√

log log n√
n

. (1)

For any base b and ϵ = 1
2 , let the collection of all strings of length n′ satisfying inequality

(1) be referred to as Gn′

b . Corollary 8 therefore says that for any length n′ > Nb(1/2), |Gn′

b |
is at least bn′

/2.

2.3 Schmidt’s construction method ([23])

The individual steps of the construction in the proof of Theorem 1 are based on the
construction method used by Schmidt in his construction of absolutely normal numbers [23].
As far as possible we use Schmidt’s notation from [23] in this paper. We give a brief account
of Schmidt’s method below.

Let u(1), u(2), u(3), . . . be any sequence of natural numbers. This sequence represents
the bases in which we fix the digits in each step of our construction. Now, as in [23], define,
⟨m⟩ = ⌈e

√
m + 2 · u(1) · m3⌉ and ⟨m; r⟩ = ⌈⟨m⟩/ log(r)⌉. Also define, am = ⟨m; u(m)⟩ and

bm = ⟨m + 1; u(m)⟩. Notice that for any m, if u(m) = u(m + 1), we have bm = am+1. For
convenience of notation, we define ⟨0⟩ = 0. Let p be a function from N to N such that for
every m ≥ 1, p(u(m)) ≤ u(m). The exact function p we use in our construction is defined in
section 3. For any m ≥ 1 and positive real number λ, let gm(λ) denote the smallest natural
number such that, gm(λ)u(m)−am ≥ λ. Now, define ηm(λ) = gm(λ)u(m)−am . We define
σm(λ) to be the set of numbers,

ηm(λ) + c
u(m)
am+1u(m)−(am+1) + c

u(m)
am+2u(m)−(am+2) + · · · + c

u(m)
bm−2u(m)−(bm−2)

with coefficients c
u(m)
i taking values from the set {0, 1, . . . u(m) − 1}. We define σ∗

m(λ) to be
the set in which the coefficients c

u(m)
i takes values from {0, 1, . . . p(u(m))−1}. Let ξ0 = 0 and

let ξ1, ξ2, ξ3 . . . be a sequence of real numbers such that, ξm ∈ σm(ξm−1) or ξm ∈ σ∗
m(ξm−1).

Since ξm ≥ ξm−1, it follows that there exists ξ ∈ [0, 1] such that limm→∞ ξm = ξ.
Furthermore, digits c

u(m)
am+1c

u(m)
am+2 . . . c

u(m)
bm−2 appears in positions am + 1 to bm − 2 in the

base-u(m) expansion of ξ. This follows as a consequence of the following lemma.

▶ Lemma 9 ([23]). |ξ − ξm| < u(m)−(bm−2).

We refer to the limit ξ as the constructed number. The number ξ is uniquely determined
by the choice of the sequence ⟨u(m)⟩ and the function p. The exact function p we use in
our construction is given in section 3 while the sequence ⟨u(m)⟩ is defined in a stage-wise
manner in sections 3 and 5.
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48:6 Real Numbers Equally Compressible in Every Base

Adapting the technique in [23], we use the following function Am while choosing ξm from
σm(ξm−1) or σ∗

m(ξm−1) in the construction of the required number ξ,

Am(x) =
∑m

t=−m
t̸=0

∑m

h=1
u(h)̸∼u(m)

∣∣∣∣∑⟨m+1;u(h)⟩

j=⟨m;u(h)⟩+1
e(u(h)j−1tx)

∣∣∣∣2 .

In our construction in each step, ξm is chosen according to either of the following criteria:
1. (Criterion 1.) ξm is any element of σ∗

m(ξm−1) such that c
u(m)
am+1c

u(m)
am+2 . . . c

u(m)
bm−2 ∈ Gbm−am+2

p(u(m))
with the minimum Am value among all elements of σ∗

m(ξm−1) satisfying this condition.
2. (Criterion 2.) ξm is any element of σm(ξm−1) such that c

u(m)
am+1c

u(m)
am+2 . . . c

u(m)
bm−2 ∈ Gbm−am+2

u(m)
with the minimum Am value among elements of σm(ξm−1) satisfying this condition.

The function Am in Schmidt’s paper [23] is defined so that the exponential sums are minimized
over a sequence of bases ⟨ri⟩ while fixing digits (using only 0’s and 1’s) in another sequence
of bases ⟨si⟩. This ensures that the constructed number ξ is normal in all bases from ⟨ri⟩
while it is not even simply normal in all bases from ⟨si⟩. The function Am we use in our
construction is defined so that the exponential sums are minimized in all bases u(h) ̸∼ u(m)
for h ranging from 1 to m while fixing digits in base u(m) during step number m. Such
a definition of Am is necessary because we need to ensure that the block entropy rate in
every base b reaches sufficiently close to qb infinitely often (and it remains close to 1 when
it is away from qb). Since the definition of finite-state definition is based on a lim inf, this
modified construction yields a number ξ having the required finite-state dimension qb in
every base b. We demonstrate this in sections 3 and 5.

In Lemma 13, we show an upper bound for the function Am defined above, which is
similar to the upper bound in Lemma 7 from [23] for the original definition of Am. The
validity of this upper bound enables us to use Schmidt’s technique in our construction with
the modified definition of Am.

3 Overview of the Proof of Theorem 1

We need to construct a number ξ having finite-state dimension equal to qb in base b for every
b. For every b ≥ 2, let eb and db be natural numbers such that qb = eb/db in the lowest
terms. Below we demonstrate the construction of a number ξ with dimension qb in base bdb

for every b. This number has dimension equal to qb in base b for every b ≥ 2.
Let ⟨rk⟩∞

k=1 be any sequence of natural numbers greater than or equal to 2 such that
every equivalence class of numbers (according to the relation ∼) has a unique representative
in the sequence, which appears infinitely often. Furthermore, we require that r1 = 2 and no
consecutive elements in the sequence are equal.

It is straightforward to construct sequences satisfying the above conditions. Given the
sequence ⟨qb⟩∞

b=1, define the function p : N → N as p(b) = ⌊bqb⌋. For every k ≥ 1, define
v(k) = r

drk

k and v∗(k) = p(v(k)). From the defining property of the sequence ⟨qb⟩∞
b=1, we get

that for any k, q
r

drk
k

= qrk
. Therefore, v∗(k) = r

erk

k .
Let the sequence ⟨u(m)⟩ be initially empty and let ξ0 = 0. At every step m ≥ 1 in the

construction, we fix the mth value of the sequence ⟨u(m)⟩ and choose ξm from σm(ξm−1)
or σ∗

m(ξm−1). The whole construction is divided into a sequence of stages such that each
individual stage comprises of two different substages. Each of the substages consist of multiple
consecutive steps.

Suppose by stage k − 1, u(1), u(2), . . . , u(nk−1) have been determined. Then in the kth

stage, we set u(nk−1 + 1) = u(nk−1 + 2) = · · · = u(nk) = v(k), and fix the digits in the base
v(k) expansion of ξ. Hence, u(1) = v(1) = r

dr1
1 = 2d2 . Within the first substage, at step m,

we choose ξm from σ∗
m(ξm−1) according to Criterion 1. Within the second substage, at step

m, we choose ξm from σm(ξm−1) according to Criterion 2.
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For any k ≥ 1, let X(k) denote the infinite sequence in alphabet Σv(k) representing
the base-v(k) expansion of ξ. Let P 1

k denote the final step number contained within the
first substage of stage k. Similarly, let P 2

k denote the final step number contained within
the second substage of stage k. For convenience, let P 1

0 = P 2
0 = 0. Define I1

1 = 1 and
I1

k = ⟨P 2
k−1 +1; v(k)⟩+1 for k > 1. Now, I1

k denotes the index of the initial digit in X(k) fixed
during stage k. Also, F 1

k = ⟨P 1
k + 1; v(k)⟩ denotes the index of the final digit in X(k) fixed

during the first substage of stage k. Let I2
k = ⟨P 1

k + 1; v(k)⟩ + 1 denote the index of the initial
digit in X(k) fixed during the second substage of stage k. Finally, let F 2

k = ⟨P 2
k + 1; v(k)⟩

denote the index of the final digit in X(k) fixed during the second substage of stage k.
The number of individual steps in the stages and substages are ensured to be large enough

so that the constructed ξ satisfies the following requirements. For every k ≥ 1, we have the
following end of substage requirements:
1. Fk : |Hv(k)

l (X(k)n
1 ) − qrk

| ≤ 2−k for every l ≤ k when n = F 1
k .

2. Sk,1 : |Hv(k)
l (X(k)n

1 ) − 1| ≤ 2−(k+1) for every l ≤ k when n = F 2
k .

3. Sk,2 : If there exists k′ < k such that v(k′) = v(k+1), then |Hv(k+1)
l (X(k+1)n

1 )−1| ≤ 2−k

for every l ≤ k when n = ⟨P 2
k + 1; v(k + 1)⟩.

Requirement Fk ensures that the block entropies of ξ in base-v(k) are close to qrk
by

the end of the first substage of stage k. Similarly, Sk,1 ensures that H
v(k)
l are close to 1

by the end of the second substage of stage k. Sk,2 ensures that the block entropies of ξ

in base-v(k + 1) are close to 1 before the start of stage k + 1 (provided that v(k + 1) has
appeared as v(k′) for some k′ < k).

For every k > 1, the following requirement specifies the stability of non-equivalent base
entropies:
4. Rk : For any k′ < k such that v(k′) ̸∼ v(k), |Hv(k′)

l (X(k′)n
1 ) − 1| ≤ 2−(k′+1) for every

l ≤ k′ when ⟨P 2
k−1 + 1; v(k′)⟩ + 1 ≤ n ≤ ⟨P 2

k + 1; v(k′)⟩.
Requirement Rk ensures that the block entropies of ξ in any base v(k′) for k′ < k which is
not equivalent to v(k) remains stable around 1 throughout the course of stage k.

Two particularly important requirements we need to enforce for every k are the transition
requirements:
5. Tk,1 : H

v(k)
l (X(k)n

1 ) ≥ qrk
− 2−(k−1) for every l ≤ k when F 1

k ≤ n ≤ F 2
k .

6. Tk,2 : If there exists k′ < k such that v(k′) = v(k + 1), then H
v(k+1)
l (X(k + 1)n

1 ) ≥
qrk+1 − 2−(k−1) for every l ≤ k when I1

k+1 ≤ n ≤ F 1
k+1.

Tk,1 ensures that the base-v(k) entropies do not fall much below qrk
during the transition

between the first and second substage of stage k. Similarly, Tk,2 ensures that the base-v(k +1)
entropies do not fall much below qrk+1 during the transition between stages k and k + 1.

We now show that if we satisfy the above requirements, then Theorem 1 follows (It will
then suffice to show that these requirements are met by our construction).

Proof of Theorem 1. Assume that the construction satisfies the requirements Fk, Sk,1,
Sk,2, Tk,1 and Tk,2 for every k ≥ 1 and Rk for k > 1. Let b be an arbitrary base of
expansion. Let k̄ be the smallest number such that rk̄ ∼ b. Such a representative rk̄

exists for any b due to the condition imposed on the sequence ⟨rk⟩∞
k=1 at the start of

this section. Let X(k̄) ∈ Σ∞
v(k̄) denote the base-v(k̄) expansion of ξ. In order to prove

Theorem 1, it is enough to show that inf l lim infn→∞ H
v(k̄)
l (X(k̄)n

1 ) = qrk̄
. This implies that,

dimb
F S(ξ) = dimv(k̄)

F S (ξ) = inf l lim infn→∞ H
v(k̄)
l (X(k̄)n

1 ) = qrk̄
= qb. Here we used the fact

that the sequence of rational dimensions is such that qr = qs if r ∼ s. We show that for
every l ≥ 1, lim infn→∞ H

v(k̄)
l (X(k̄)n

1 ) = qrk̄
.
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Fix any length l. Let k′ be any large enough number such that k′ > max{k̄, l} and
rk′ = rk̄ (therefore v(k′) = v(k̄)). In the rest of the argument by referring to the index in
X(k̄) at the start of stage k we mean the index n = ⟨P 2

k−1 + 1; v(k̄)⟩ + 1, and the index at
the end of stage k refers to the index n = ⟨P 2

k ; v(k̄)⟩.
Since the requirement Fk′ is met, after the first substage of stage k′, H

v(k̄)
l = H

v(k′)
l is

inside B2−k′ (qrk̄
) = B2−k′ (qrk′ ). Since the requirement Sk′,1 is met, by the end of stage k′,

H
v(k̄)
l moves to B2−k′ (1) such that at any index n during this transition, H

v(k̄)
l (X(k̄)n

1 ) ≥
qrk̄

− 2−(k′−1). This inequality follows from the fact that Tk′,1 is satisfied. We know that
⟨rk⟩∞

k=1, satisfies rk′ ≠ rk′+1 (and therefore v(k′) ̸= v(k′ + 1)). Since Rk′+1 is satisfied,
during the transition to the next stage and during the course of the next stage, H

v(k̄)
l remains

inside B2−(k′+1)(1). Furthermore, H
v(k̄)
l remains inside B2−(k′+1)(1) until stage k′′ where k′′

is the smallest number such that k′′ > k′ and rk′′ = rk′ = rk̄. This follows from the fact that
Rk′+i is satisfied for every i < k′′ − k′. Since, Sk′′−1,2 is satisfied and v(k̄) = v(k′) = v(k′′) =
v(k′′ − 1 + 1), by the end of the second substage of stage k′′ − 1, H

v(k̄)
l is inside B2−k′′ (1).

During stage k′′, H
v(k̄)
l starts being inside B2−(k′′)(1) and moves to B2−k′′ (qrk̄

) (since Fk′′

is met). During this transition, since Tk′′−1,2 is met and v(k′′) = v(k′′ − 1 + 1) = v(k′)
for k′ < k′′ − 1, it follows that H

v(k̄)
l (X(k)n

1 ) > qrk̄
− 2−(k′′−2). Therefore, H

v(k̄)
l remains

above qrk̄
− 2−(k′′−2). Since k′ was arbitrary, the above observations together imply that,

lim infn→∞ H
v(k̄)
l (X(k)n

1 ) = qrk̄
. This completes the proof of Theorem 1. ◀

Hence, the proof of Theorem 1 is complete if we show the construction of a number ξ

satisfying all the above requirements. We demonstrate the construction of ξ and verify that
all the requirements are satisfied, in the following sections.

4 Technical Lemmas for the Main Construction

We require two main technical lemmas for the main construction in the proof of Theorem 1.
In order to state the first lemma, we require the following generalization of Lemma 5 from [23].

▶ Lemma 10. Consider any two bases r and s. Let K and l be natural numbers such that
ℓ ≥ sK . Then there exists a constant α(r, s) depending only on r and s such that,

N−1∑
n=0

∞∏
i=K+1

∣∣∣∣ sin(p(s)πrnℓ/si)
p(s) sin(πrnℓ/si)

∣∣∣∣ ≤ 2 · N1−α(r,s).

Lemma 5 from [23] is a special case of the above lemma when p(s) = 2. We assume that for
any r and s, the constant α(r, s) in the above lemma is at most 1/2 and α(r, s) = α(s, r).

Proof of Lemma 10. The function, f(x) = |sin(p(s)πx)/p(s) sin(πx)| has the limit 1 as
x → 0 and f(x) takes values strictly less then 1 when |x| < 1. The first property follows from
the fact that lim

x→0
sin(x)/x = 1 and the second fact follows from the inequality |sin(nx)| <

n|sin(x)|, which is easily proved using induction on n when |x| < π. If x has an obedient
digit pair [23] (i.e, a pair of digits in base s that are not both equal to 0 or both equal to
s − 1) then,∣∣∣∣ sin(p(s)πx/si)

p(s) sin(πx/si)

∣∣∣∣ ≤
∣∣∣∣ sin(p(s)π/s2)
p(s) sin(π/s2)

∣∣∣∣ < γ1 < 1.
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The constant γ1 above depends only on s (since the function p is fixed). Let zK(x) denote
the number of obedient digit pairs ci+1ci in x for i ≥ K (where c⌈logs(x)⌉ . . . c2c1 is the
representation of x in base s). Lemma 4 from [23] implies that if l ≥ sK , then among the
numbers ℓ, ℓr, ℓr2 . . . ℓrN−1, there are at most N1−a14 numbers such that zK is smaller than
a15 log N (where a14 and a15 are constants depending only on r and s and independent of ℓ

and K). If for some n, ℓrn has zK greater than a15 log N , then,

∞∏
i=K+1

∣∣∣∣ sin(p(s)πrnℓ/si)
p(s) sin(πrnℓ/si)

∣∣∣∣ ≤ γa15 log N
1 = N1−γ2

for some γ2 ∈ (0, 1) dependent only on r and s. Now, using the above bound along with
Lemma 4 from [23], we get that,

N−1∑
n=0

∞∏
i=K+1

∣∣∣∣ sin(p(s)πrnℓ/si)
p(s) sin(πrnℓ/si)

∣∣∣∣ ≤ N1−a14 + N1−γ2 ≤ 2 · N1−α(r,s)

for some α(r, s) ∈ (0, 1) dependent only on r and s. ◀

Now, we define the notion of good sequences of natural numbers.

▶ Definition 11 (Good sequences of natural numbers). A sequence ⟨u(m)⟩∞
m=1 is a good

sequence of natural numbers if the following conditions are satisfied:
1.

∞∏
i=bm−1

∣∣∣ sin(p(u(m))π/2i+1)
p(u(m)) sin(π/2i+1)

∣∣∣ ≥
∞∏

i=1

∣∣cos(π/2i+1)
∣∣ for every m > 1.

2. βm ≥ β1
1

4√m
for every m ≥ 1 where

βm = min ({α(u(i), u(j)) : 1 ≤ i ≤ j ≤ m such that u(i) ̸∼ u(j)} ∪ {1/2}) .

3. u(m) ≤ u(1)m for every m ≥ 1.
4. For any m ≥ 1, if there exists any m′ < m such that u(m′) ̸= u(m), then bm − am ≥

max{Nu(m)(1/2), Np(u(m))(1/2)}, where the constants on the right are from Corollary 8.

From condition 2 and the fact that there does not exist any u(j) ̸∼ u(1) with j ≤ 1, it
follows that β1 = 1/2. For every i, we use the notation β′

i to denote βi/2. The existence of
good sequences follows from following lemma and the fact that bm is increasing in m.

▶ Lemma 12. For any n ∈ N, the infinite product
∞∏

i=1

∣∣∣ sin(nπ/2i+1)
n sin(π/2i+1)

∣∣∣ is convergent.

Since bm is strictly increasing in m, any sufficiently delayed sequence of natural numbers
is a good sequence. Therefore, it is straightforward to verify that given any subset S of
N there is a good sequence ⟨u(m)⟩ containing exactly the elements of S such that every
element of S occurs infinitely many times in ⟨u(m)⟩. This observation is important in our
construction.

The first technical lemma is a generalization of the bound on exponential sums given in
Lemma 7 from [23].

▶ Lemma 13. Let ⟨u(m)⟩∞
m=1 be any good sequence of bases greater than or equal to 2. Let ξ

be the real number that is obtained as the limit of ⟨ξm⟩∞
m=1 where each ξm is chosen according

to Criterion 1 or 2. Then, there exists a constant δ depending only on u(1) such that for
every m ≥ 1, Am(ξ) ≤ δm2(⟨m + 1⟩ − ⟨m⟩)2−βm .

STACS 2023



48:10 Real Numbers Equally Compressible in Every Base

The proof of Lemma 13 is similar to that of Lemma 7 from [23], except for the following
important differences. We fix digits in step m using strings from the subset Gbm−am+2

p(u(m))
of Σbm−am+2

p(u(m)) . Nevertheless, the upper bounds from [23] are true in our setting up to a
multiplicative factor of 2. This follows using the Markov’s inequality since |Gbm−am+2

p(u(m)) | ≥
|Σbm−am+2

p(u(m)) |/2 (the argument is similar in the case with u(m) instead of p(u(m))). We fix
digits in every step m using the larger alphabet Σp(u(m)) instead of Σ2 used in [23]. So,
we require upper bounds on products of terms of the form |sin(p(u(m))x)/p(u(m)) sin(x)|
instead of |cos(x)| as in the proof of Lemma 7 from [23]. These bounds are obtained from
Lemma 10 and condition 1 in Definition 11 (since ⟨u(m)⟩ is a good sequence). The constant
δ depends only on u(1) as a consequence of the growth control imposed on the sequence
⟨u(m)⟩ in conditions 3 and 4 of Definition 11.

We make crucial use of the following lemma regarding the uniform normality of the
infinite sequences constructed by choosing successive set of digits from Gbm−am−2

j , in the
proof of Theorem 1.

▶ Lemma 14. Let b be any base and j ≤ b. For any finite string w ∈ Σ∗
j , ϵ > 0, there exists

an integer L′
b,j(w, ϵ) satisfying the following property. If X is any infinite sequence in Σ∞

j

such that, X⟨m;b⟩+1X⟨m;b⟩+2 . . . X⟨m+1;b⟩−2 ∈ G⟨m+1;b⟩−⟨m;b⟩−2
j for every m > 0 and if T ≥ 0

is any non-negative integer, then for all n ≥ ⟨T ; b⟩ + L′
b,j(w, ϵ), |P (Xn

⟨T ;b⟩+1, w) − j−|w|| ≤ ϵ.

Note especially that L′
b,j(w, ϵ) is a constant which depends only on w and ϵ. This constant

is independent of the infinite sequence X and the starting block number T . When T = 0, we
have ⟨0; b⟩ = 0 and hence the above statement asserts that, |N(w, Xn

1 )/n − j−|w|| ≤ ϵ for all
n ≥ L′

b,j(w, ϵ).

Proof Sketch of Lemma 14. We equivalently prove the existence of a number L′
b,j(w, ϵ)

such that∣∣∣∣∣ N(w, Xn
⟨T ;b⟩+1)

n − ⟨T ; b⟩ − |w| + 1 − 1
j|w|

∣∣∣∣∣ ≤ ϵ

for all n ≥ ⟨T ; b⟩ + L′
b,j(w, ϵ). To abbreviate the expressions in the proof, let ℓ̂w = |w| − 1.

. For any m > 0, if ⟨m + 1; b⟩ − ⟨m; b⟩ − 2 ≥ Nb(1/2) + N j
1 + ℓ̂w, then from Corollary 8 it

follows that∣∣∣∣∣∣ N(w, X
⟨m+1;b⟩−2
⟨m;b⟩+1 )

⟨m + 1; b⟩ − ⟨m; b⟩ − ℓ̂w

− 1
j|w|

∣∣∣∣∣∣ ≤ ϵ. (2)

Since ⟨m + 1; b⟩ − ⟨m; b⟩ is increasing in m, ⟨m + 1; b⟩ − ⟨m; b⟩ − 2 is greater than
Nb(1/2) + N j

1 + ℓ̂w for all but finitely many m. Let M2 denote the smallest integer such that
⟨m + 1; b⟩ − ⟨m; b⟩ − 2 ≥ Nb(1/2) + N j

1 + ℓ̂w for every m ≥ M2. Consider any n ≥ ⟨M2; b⟩.
Let M ′ be the (unique) integer such that ⟨M ′; b⟩ ≤ n < ⟨M ′ + 1; b⟩. We have M ′ ≥ M2. Let
NT denote the following quantity.

NT =

∣∣∣∣∣ N(w, Xn
⟨T ;b⟩+1)

n − ⟨T ; b⟩ − ℓ̂w + 2
− 1

j|w|

∣∣∣∣∣ .
We first consider the case when n = ⟨M ′; b⟩ for some M ′. Then,
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NT ≤ S(w, ϵ)
n − ⟨T ; b⟩ − ℓ̂w + 2

M2−1∑
m=T

⟨m + 1; b⟩ − ⟨m; b⟩ − ℓ̂w

S(w, ϵ)

∣∣∣∣∣ N(w, X
⟨m+1;b⟩−2
⟨m;b⟩+1 )

⟨m + 1; b⟩ − ⟨m; b⟩ − ℓ̂w

− 1
j|w|

∣∣∣∣∣
+ S′(w, ϵ)

n − ⟨T ; b⟩ − ℓ̂w + 2

M′−1∑
m=M2

⟨m + 1; b⟩ − ⟨m; b⟩ − ℓ̂w

S′(w, ϵ)

∣∣∣∣∣ N(w, X
⟨m+1;b⟩−2
⟨m;b⟩+1 )

⟨m + 1; b⟩ − ⟨m; b⟩ − ℓ̂w

− 1
j|w|

∣∣∣∣∣
+
(

1 − S(w, ϵ) + S′(w, ϵ)
n − ⟨T ; b⟩ − ℓ̂w + 2

)(
1 + 1

j|w|

)
where, S(w, ϵ) =

∑
T ≤m<M2

⟨m + 1; b⟩ − ⟨m; b⟩ − ℓ̂w and S′(w, ϵ) =
∑

M2≤m<M ′⟨m + 1; b⟩ −
⟨m; b⟩ − ℓ̂w. From the definition of M2 and the properties of Nb(1/2) and N j

1 , the upper
bound in (2) is true for every m ≥ M2. Therefore, the second term in the upper bound for
NT above is at most ϵ. The sum of the other two terms are shown to be at most 3ϵ for large
enough values of n. Hence there exists a large enough number L′

b,j(w, ϵ) such that for any
n ≥ ⟨T ; b⟩ + L′

b,j(w, ϵ) satisfying n = ⟨M ′; b⟩ for some M ′, we have NT ≤ 4ϵ. The case when
n is between ⟨M ′; b⟩ and ⟨M ′ + 1; b⟩ for some M ′ follows using similar arguments. ◀

The following is an immediate corollary of the above lemma.

▶ Corollary 15. Let b be any base and j ≤ b. For any k > 0 and ϵ > 0, there exists an
integer Lb,j(k, ϵ) satisfying the following property. If X is any infinite sequence in Σ∞

j such
that,X⟨m;b⟩+1X⟨m;b⟩+2 . . . X⟨m+1;b⟩−2 ∈ G⟨m+1;b⟩−⟨m;b⟩−2

j for every m > 0 and if T ≥ 0 is
any non-negative integer, then for every w ∈ Σ∗ with |w| ≤ k and all n ≥ ⟨T ; b⟩ + Lb,j(k, ϵ),
the inequality in Lemma 14 holds.

5 Main construction

The construction for proving Theorem 1 works by stages. In the kth stage, we fix digits in
base v(k) by fixing elements of the sequence ⟨u(m)⟩ to be v(k). Each stage consists of two
substages, which have several steps. In both the substages, we fix u(m) = v(k) for sufficiently
large number of steps m. During the first substage, we choose ξm from σ∗

m(ξm−1) according
to Criterion 1 and during the second substage, we choose ξm from σm(ξm−1) according to
Criterion 2.

We ensure that ⟨u(m)⟩ is a good sequence of natural numbers. During stage 1, u(1) is
set to 2d2 , since r1 = 2. All the conditions in the definition of a good sequence are trivially
satisfied at this stage. Further checks are performed at the end of the second substage of
every stage k to ensure that on transitioning to stage k + 1, where u(m) is set to v(k + 1),
none of the conditions in Definition 11 are being violated.

The duration of the substages are controlled carefully so that all the requirements given
in Section 3 are satisfied. We describe the construction of the two substages of the kth stage
in the subsections below.

5.1 First substage of the kth stage
For any ϵ > 0, there exists a constant δk(ϵ) satisfying the following: If µ1 and µ2 are
probability distributions over Σl

v(k) for any l ≤ k such that |µ1(w) − µ2(w)| ≤ δk(ϵ) for
every w ∈ Σl

v(k), then |H(µ1) − H(µ2)| ≤ ϵ. The existence of δk(ϵ) follows from the uniform
continuity of the Shannon entropy function (see [14], [9]).
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In the first substage of stage k we set u(m) = v(k) for sufficiently large number of m’s
and choose ξm from σ∗

m(ξm−1) according to Criterion 1. As in Section 3, let P 1
k denote the

index of the last step in the first substage of stage k. Recall that F 1
k = ⟨P 1

k + 1; v(k)⟩ denotes
the index of the final digit in X(k) fixed during the first substage of stage k. We make P 1

k

large enough so that the following conditions are satisfied:
1. |Hv(k)

l (X(k)n
1 ) − qrk

| ≤ 2−k for every l ≤ k when n = F 1
k .

2. For every m ≥ P 1
k ,

bm − am ≥
Lv(k),v(k)(k, δk(2−k)/2) + 2k

min{δk(2−k), 2−k}/2 + k. (3)

The constant Lv(k),v(k)(k, δk(2−k)/2) in condition 2 is from Corollary 15. Recall that
v∗(k) = r

erk

k . Condition 1 is satisfied for large enough P 1
k because the occurrence probability

of any finite string w in alphabet {0, 1, . . . , v∗(k) − 1} converges to v∗(k)−|w| on choosing ξm

from σ∗
m(ξm−1) according to Criterion 1 for sufficiently large number of m’s. This follows

as a consequence of Lemma 14. Since bm − am ≥ (e
√

m+1 − e
√

m + m2)/ log(v(k)) − 1 and
the right hand side of (3) is a constant depending only on k, condition 2 is satisfied for all
sufficiently large m.

5.2 Second substage of the kth stage
In the second substage, we set u(m) = v(k) in every step m and choose ξm from σm(ξm−1)
according to Criterion 2. In order to describe the construction of the second substage, we
need the following technical lemmas.

▶ Lemma 16. Let b be an arbitrary base and ϵ > 0. Let ⟨ci⟩∞
i=1 be any non-increasing

sequence of real numbers in [0, 1] such that c1 = 1/4 and ci ≥ c1/ 4
√

i. Let δ be the constant
from Lemma 13. Then, there exists a large enough number M(ϵ, b) depending only on ϵ and
b satisfying the following. For m ≥ M(ϵ, b) and any l ≤ ⟨m + 1; b⟩ − ⟨m; b⟩,

(⟨m; b⟩ + l)−1
(

δm
∑m−1

i=1
(⟨i + 1⟩ − ⟨i⟩)1−ci + l

)
≤ ϵ.

Proof Sketch. We consider the case when l = 0. In this case, we have,

δm
m−1∑
i=1

(⟨i + 1⟩ − ⟨i⟩)1−ci ≤ δm
m−1∑
i=1

(⟨i + 1⟩ − ⟨i⟩)1−cm ≤ δm2⟨m⟩1−cm .

The second inequality follows due to the Hölder’s inequality with p = 1/(1−cm) and q = 1/cm.
Therefore,

1
⟨m; b⟩

(
δm

m−1∑
i=1

(⟨i + 1⟩ − ⟨i⟩)1−ci

)
≤ δ log b

m2

⟨m⟩cm
≤ δ log b

m2

e
√

mcm
.

We have cm ≥ c1
4√m

= 1
4 4√m

. Since m2 = o(e 4√m/4), the right hand side term above converges
to 0 for large enough m. The speed of convergence of this term to 0 is independent of the
sequence ⟨ci⟩, and hence given any ϵ > 0, there exists a large enough number M ′(ϵ, b) such
that for every m ≥ M ′(ϵ, b),

1
⟨m; b⟩

(
δm

m−1∑
i=1

(⟨i + 1⟩ − ⟨i⟩)1−ci

)
≤ ϵ.
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The case when l ≠ 0 follows using similar arguments by proving that for any ϵ > 0, there exists
a large enough number M ′′(ϵ, b) such that for any m ≥ M ′′(ϵ, b) and l ≤ ⟨m + 1; b⟩ − ⟨m; b⟩,

⟨m + 1; b⟩ − ⟨m; b⟩
⟨m; b⟩ + l

< ϵ. ◀

▶ Lemma 17. Let b be an arbitrary base, k be any natural number and ϵ > 0. There exists a
large enough integer T (ϵ, b, k) and a positive real number γ(ϵ, b, k) satisfying the following.
Let x is any real number in [0, 1] having base-b expansion X ∈ Σ∞

b . If | 1
n

∑n
i=1 e(tb(j−1)x)| <

γ(ϵ, b, k) for every t with |t| ≤ T (ϵ, b, k), then,
∣∣Hb

l (Xn
1 ) − 1

∣∣ < ϵ for every l ≤ k.

Proof Sketch. Consider any w ∈ Σ∗. Using the Fourier expansion of characteristic functions
of cylinder sets given in Lemma 5 ([15]), it is shown that∣∣∣∣N(w, Xn

1 )
n

− 1
b|w|

∣∣∣∣ <
ϵ

2 +
∑

t∈Z\{0}

8
t2ϵ

|
∑n

j=1 e(tb(j−1)x)|
n

where the constant δ is set to ϵ/2. Terms with t ≥ T ′(ϵ) = 64/ϵ2 contribute at most ϵ/4 to
the above sum. If the exponential averages for every non-zero parameter t between −T ′(ϵ)
and T ′(ϵ) are less than γ′(ϵ) = ϵ2/32 · T ′(ϵ), then the sum of the remaining terms is also
less than ϵ/4. Therefore |N(w, Xn

1 )/n − b−|w|| < ϵ. The constants T (ϵ, b, k) and γ(ϵ, b, k) are
obtained from T ′ and γ′ using the continuity of the Shannon entropy function ([14], [9]). ◀

As in Section 3, let P 2
k denote the denote the index of the last step in the second substage

of stage k. We make P 2
k large enough so that the following conditions are satisfied at the

end of the substage:
1. (Entropy rates in base v(k) are close to 1) |Hv(k)

l (X(k)n
1 ) − 1| ≤ 2−(k+1) for every l ≤ k

when n = F 2
k .

2. (Exponential averages for base v(k) are small) For every t with |t| ≤ T (2−(k+1), v(k), k),∣∣∣∣(F 2
k )−1

∑F 2
k

i=1
e(tv(k)(j−1)ξ)

∣∣∣∣ < γ(2−(k+1), v(k), k)/2. (4)

where T and γ are the constants from Lemma 17.
3. P 2

k ≥ max{M(γ(2−(k+1), v(k), k)/2, v(k)), T (2−(k+1), v(k), k)}, where M is the constant
from Lemma 16.

4. (Entropy rates in non-equivalent bases are close to 1) If there exists k′ < k such that
v(k′) = v(k + 1), then |Hv(k+1)

l (X(k + 1)n
1 ) − 1| ≤ 2−k for every l ≤ k when n =

⟨P 2
k + 1; v(k + 1)⟩.

5. For every m ≥ P 2
k ,

bm − am ≥
Lv(k+1),v∗(k+1)(k, δk+1(2−k)/2) + 2k

min{δk(2−k), δk+1(2−k), 2−k}/2 + k (5)

6. The sequence ⟨u′(m)⟩∞
m=1 defined such that u′(m) = u(m) for every m ≤ P 2

k and
u′(m) = v(k + 1) for m ≥ P 2

k + 1, is a good sequence.
The constant Lv(k+1),v∗(k+1)(k, δk+1(2−k)/2) in condition 5 is from Corollary 15. Condition
1 is satisfied for large enough P 2

k because the occurrence probability of any finite string
w ∈ Σ∗

v(k) converges to v(k)−|w| on choosing ξm from σm(ξm−1) according to Criterion
2 for sufficiently large number of m’s, as a consequence of Lemma 14. For any t, on
extending the second substage by increasing P 2

k , the corresponding exponential averages
in (4) converges to 0 as a consequence of the Weyl Criterion for normality (see [27, 17])
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and Lemma 14. Therefore, condition 2 is satisfied for large enough values of P 2
k . Since

bm − am ≥ (e
√

m+1 − e
√

m + m2)/ log(v(k)) − 1 and the right hand side of (5) is a constant
depending only on k, condition 5 is satisfied for all sufficiently large m.

It is easily verified from the definition of a good sequence that for large enough P 2
k , on

setting u(Pk + 1) = v(k + 1) the sequence ⟨u(m)⟩P 2
k +1

m=1 satisfies all the conditions in the
definition of good sequences (Definition 11). On extending the sequence from this value of
P 2

k + 1 onwards, by setting u(m) = v(k + 1) for every k ≥ P 2
k + 2, none of the conditions in

Definition 11 are violated. Therefore, condition 6 is satisfied for all large enough values of P 2
k .

During stage 1, all the conditions in the definition of a good sequence are trivially satisfied.
Therefore, the validity of condition 6 at the end of every second substage, inductively ensures
that the constructed sequence ⟨u(m)⟩ is a good sequence.

Proving that condition 4 holds for large enough values of P 2
k , requires an argument using

Lemmas 16 and 17.

▶ Lemma 18. Condition 4 in the construction is true for all large enough values of P 2
k .

Proof Sketch. From the statement of condition 4, we have v(k′) = v(k + 1) for some k′ < k.
Recall that the sequence ⟨rk⟩∞

k=1 satisfies rk ̸= rk+1. Therefore, we get v(k) ̸= v(k + 1) and
hence v(k′) ̸∼ v(k). Consider any index m of ⟨u(m)⟩ that is set during the second substage
of stage k. Since ξm was chosen from σm(ξm−1) using Criterion 2, from Lemma 13, we get
that for any non-zero t with |t| < m,∣∣∣∣∑⟨m+1;v(k+1)⟩

j=⟨m;v(k+1)⟩+1
e(v(k + 1)j−1tξ)

∣∣∣∣ ≤ δm(⟨m + 1⟩ − ⟨m⟩)1−β′
m .

Now, the convergence of base v(k + 1) entropies to 1 for large enough P 2
k is obtained by

using Lemma 16 (for an appropriately defined sequence ⟨ci⟩) followed by an application of
Lemma 17. ◀

6 Verification

In this section we prove that all the requirements given in section 3 are satisfied by the
construction in section 5. The following proofs along with the argument provided at the end
of Section 3 complete the proof of Theorem 1.

▶ Lemma 19. For all k ≥ 1, the requirements Fk, Sk,1 and Sk,2 are met by the construction.

Proof. Fk follows from the validity of condition 1 from section 5.1 at the end of the first
substage of every stage k. From the validity of condition 1 from section 5.2 at the end of the
second substage of every stage k, we get that |Hv(k)

l (X(k)n
1 ) − 1| ≤ 2−(k+1) for every l ≤ k

when n = F 2
k . Therefore, Sk,1 is satisfied for every k ≥ 1. Sk,2 follows directly from the

validity of condition 4 from section 5.2 at the end of the second substage of every stage k. ◀

▶ Lemma 20. For every k > 1, the requirement Rk is satisfied by the construction.

Proof Sketch. Let k′ be any stage number below k such that v(k′) ̸∼ v(k). Without loss
of generality, let us assume that there does not exist any k′′ between k′ and k such that
v(k′′) = v(k′). Since the equivalence class of base v(k′) has a unique representative in the
sequence ⟨rk⟩∞

k=1, we also get that v(k′′) ̸∼ v(k′) for any k′′ between k′ and k. Let m denote
any index such that P 2

k′ + 1 ≤ m ≤ P 2
k . Using condition 3 in Section 5.2 and Lemma 13, we

obtain,∣∣∣∣∑⟨m+1;v(k′)⟩

j=⟨m;v(k′)⟩+1
e(v(k′)j−1tξ)

∣∣∣∣ ≤ δm(⟨m + 1⟩ − ⟨m⟩)1−β′
m .
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for every t with |t| ≤ T (2−(k′+1), v(k′), k′). Since condition 2 from Section 5.2 is valid at the
end of the second substage of stage k′, we have,∣∣∣∣(F 2

k′)−1
∑F 2

k′

i=1
e(tv(k′)(j−1)ξ)

∣∣∣∣ < γ(2−(k′+1), v(k′), k′)/2

for every t with |t| ≤ T (2−(k′+1), v(k′), k′). By combining the above inequalities and Lemma
16 (for an appropriately defined sequence ⟨ci⟩), precise bounds are obtained for the exponential
averages in base v(k′) along stage k. The proof of the lemma now follows by invoking Lemma
17 using these new bounds. ◀

▶ Lemma 21. For every k ≥ 1, the requirement Tk,2 is met by the construction.

Proof Sketch. We assume that there exists k′ < k such that v(k′) = v(k + 1). Otherwise,
Tk,2 is vacuously satisfied. Let F 2

k = ⟨P 2
k ; v(k + 1)⟩ denote the index of the final digit fixed

during the second substage of stage k in the base v(k + 1) expansion of ξ. Let n ≥ F 2
k denote

the index of any digit that is fixed during the first substage of stage k + 1 in the base v(k + 1)
expansion of ξ. For every w ∈ Σ∗

s , let Pk+1(w, j1, j2) denote the fraction of |w|-length blocks
containing w among the digits in the base-v(k + 1) expansion of ξ with indices in the range
j1 to j2. Then, Pk+1(w, 1, n) is equal to

F 2
k − |w| + 1

n − |w| + 1 Pk+1(w, 1, F 2
k ) + n − F 2

k − |w| + 1
n − |w| + 1 Pk+1(w, F 2

k + 1, n) + o(1/n). (6)

The above error term is negligible for n ≥ F 2
k . If n−F 2

k ≤ Lv(k+1),v∗(k+1)(k, δk+1(2−k)/2)
then second term above is easily verified to be negligible using inequality (5). Also, since
there exists k′ < k such that v(k′) = v(k + 1) and the requirement Sk,2 is satisfied, we get,∣∣(l log v(k + 1))−1 H(Pk+1

l (·, 1, F 2
k )) − 1

∣∣ ≤ 2−k. (7)

Hence, the required conclusion follows. Otherwise, let n − F 2
k >

Lv(k+1),v∗(k+1)(k, δk+1(2−k)/2). Observe that log v∗(k + 1)/ log v(k + 1) = qrk+1 .
From Lemma 14 and the definition of δk+1(2−k) we obtain that,∣∣(l log v(k + 1))−1H(Pk+1

l (·, F 2
k + 1, n)) − qrk+1

∣∣ ≤ 2−k. (8)

for any l ≤ k. Now, from the concavity of the Shannon entropy function (see [9]) and (6) we
get that for any l ≤ k,

H(Pk+1
l (·, 1, n)) ≥ F 2

k − l + 1
n − l + 1 H(Pk+1

l (·, 1, F 2
k )) + n − F 2

k − l + 1
n − l + 1 H(Pk+1

l (·, F 2
k + 1, n)).

Combining inequalities (7) and (8) with the above lower bound, we get,
1

l log v(k + 1)H(Pk+1
l (·, 1, n)) ≥ λl,k × 1 + (1 − λl,k) × qrk+1 − 1

2k−1 ≥ qrk
− 1

2k−1

where λl,k = (F 2
k − l + 1)/(n − l + 1). Therefore, the requirement Tk,2 is satisfied for every

k ≥ 1. ◀

▶ Lemma 22. For every k ≥ 1, the requirement Tk,1 is met by the construction.

Lemma 22 is proved using the same techniques as in the proof of Lemma 21. The fact
that the requirement Fk is satisfied (as shown in Lemma 19) is used along with inequality
(3) and the concavity of the Shannon entropy, to ensure that the block entropies in base
v(k) does not fall below qrk

− 2−(k−1) during the transition between the first and second
substages of stage k.
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7 Discussion and Open Questions

It is open whether our main results are true in the setting of finite-state strong dimension
([2, 7]). In particular: Does there exist an absolutely strong dimensioned number with finite-
state strong dimension strictly between 0 and 1?. The strong dimension of ξ is 1. It is unclear
how to modify our construction to bound the limit superior of the block entropies away from
1. This is because while we control the block entropies in base v(k) during stage k, the block
entropies in all bases with k′ < k and v(k′) ̸∼ v(k) are converging to 1 (since the exponential
averages in these bases are getting smaller after every individual step within stage k). This
behavior seems to be an essential feature of constructions based on Schmidt’s method [23].
Hence, the question regarding absolute strong dimension, if such a number exists, may require
new construction techniques that are capable of stabilizing block entropies in non-equivalent
bases simultaneously around values strictly between 0 and 1.
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A Proofs from Section 2

A.1 Proofs from Subsection 2.2
Proof of Lemma 7. Theorem 6 implies that for almost every x, there exists a minimum
number Nx such that,

Rb(x, n, α1, α2) < Cb ·
√

log log N√
n

for any α1 < α2 and every n ≥ Nx. For every i ∈ N, define Ui = {x : Nx ≥ i}. Ui’s are a
monotonically decreasing sequence of sets such that µ(

⋂
i∈N Ui) = 0. Using the continuity of

measure from above (see [6]), there exists a large enough Nb(ϵ) such that µ(Ui) < ϵ for every
i ≥ Nb(ϵ). This completes the proof of the lemma. ◀

Proof of Corollary 8. For any z ∈ Σ∗, Ib
z = [vb(z), vb(z) + b−|z|) represents the interval

containing exactly those real numbers in [0, 1] whose base-b expansion starts with the string z.
Setting α1 = vb(z) and α2 = vb(z)+b−|z|, it follows from Lemma 7 that for x = 0.X1X2X3 . . .

outside a set of measure at most ϵ,∣∣∣∣∣N(z, X
n+|z|−1
1 )
n

− 1
b|z|

∣∣∣∣∣ < Cb

√
log log n√

n
(9)

for n′ ≥ Nb(ϵ), string z of length less than n′ − Nb(ϵ) + 1 and n ranging from Nb(ϵ) to
n′ − |z| + 1. This implies that the number of strings of length n′ ≥ Nb(ϵ) such that,∣∣∣∣∣N(z, X

n+|z|−1
1 )
n

− 1
b|z|

∣∣∣∣∣ ≥ Cb

√
log log n√

n
(10)
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for some string z of length less than n′ − Nb(ϵ) + 1 and some n between Nb(ϵ) to n′ − |z| + 1
is at most ϵ · bn. If this is not the case, then the union of the cylinder sets corresponding to
the strings violating (9) is a set of measure greater than ϵ in which each element violates (9).
Since, this leads to a contradiction, the number of strings of length n′ ≥ Nb(ϵ) such that (10)
holds, is at most ϵ · bn. This completes the proof of the corollary. ◀

A.2 Proofs from Subsection 2.3

Proof of Lemma 9. For every m, ξm ≥ ξm−1 and thus we have,

|ξm − ξm−1| = ξm − ξm−1

= ξm − ηm(ξm−1) + ηm(ξm−1) − ξm−1

≤ 1
u(m)am

+ 1
u(m)am

= 2
u(m)am

.

Then,

∞∑
i=m+1

1
u(i)ai

≤ 1
e⟨m+1⟩ (1 + 1

e2 + 1
e4 + . . . ) <

3
2

1
e⟨m+1⟩ <

3
2

1
u(m)bm−1 ≤ 1

2
1

u(m)bm−2 .

Therefore, the limit ξ satisfies,

0 ≤ ξ − ξm = |ξ − ξm| <
1

u(m)bm−2 . ◀

B Proofs from Section 4

In order to prove Lemma 12, we need the following inequality.

▶ Lemma 23. For every n ≥ 2 and x with |x| < 1,

sin(nx)
n sin(x) ≥ 1 − (n2 − 1)x2

6 .

Proof of Lemma 23. We prove the statement using induction on n. Consider the base case
when n = 2. We have,

sin(2x)
2 sin(x) = cos(x) ≥ 1 − x2

2 = 1 − (22 − 1)x2

6 .

The inequality cos(x) ≥ 1 − x2/2 follows easily from the Taylor series expansion of cos(x)
since |x| < 1.

Assume that the statement in the conclusion holds for arbitrary n. We now show that
this implies the required conclusion for n + 1. We have,

sin((n + 1)x)
(n + 1) sin(x) = sin(nx) cos(x) + cos(nx) sin(x)

(n + 1) sin(x)

= sin(nx)
n sin(x) · n

n + 1 · cos(x) + 1
n + 1 · cos(nx).
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Using the induction hypothesis and the inequality cos(x) ≥ 1 − x2/2, we get,

sin((n + 1)x)
(n + 1) sin(x) ≥

(
1 − (n2 − 1)x2

6

)
· n

n + 1 ·
(

1 − x2

2

)
+ 1

n + 1 ·
(

1 − n2x2

2

)
>

n

n + 1 − 1
n + 1 · (n3 − n + 3n)x2

6 + 1
n + 1 − 1

n + 1 · n2x2

2

= 1 − 1
n + 1 · (n3 + 3n2 + 2n)x2

6

= 1 − 1
n + 1

(n + 1)(n2 + 2n)x2

6

= 1 − (n2 + 2n)x2

6

= 1 − ((n + 1)2 − 1)x2

6

The lemma now follows due to induction. ◀

Now, we prove Lemma 12.

Proof of Lemma 12. From Lemma 23, we get that,∣∣∣∣ sin(nx)
n sin(x) − 1

∣∣∣∣ ≤ (n2 − 1)x2

6 .

Now,∣∣∣∣ sin(nx)
n sin(x) − 1

∣∣∣∣ ≤ (n2 − 1)x2

6 .

This implies that,
∞∑

i=1

∣∣∣∣ sin(nπ/2i+1)
n sin(π/2i+1) − 1

∣∣∣∣ < ∞.

Now, using Proposition 3.1 from [26], it follows that the infinite product is convergent.
The convergence of

∞∏
i=1

∣∣cos(π/2i+1)
∣∣ also follows from this argument since,

cos
(
π/2i+1) =

sin
(
2π/2i+1)

2 sin (π/2i+1) . ◀

C Proofs from Section 6

Full Proof of Lemma 20. Let k′ be any stage number below k such that v(k′) ̸∼ v(k).
Without loss of generality, let us assume that there does not exist any k′′ between k′ and k

such that v(k′′) = v(k′). Since the equivalence class of base v(k′) has a unique representative
in the sequence ⟨rk⟩, we also get that v(k′′) ̸∼ v(k′) for any k′′ between k′ and k. Since
condition 2 from Section 5.2 is valid at the end of the second substage of stage k′, we have,∣∣∣∣∣∣ 1

F 2
k′

F 2
k′∑

i=1
e(tv(k′)(j−1)ξ)

∣∣∣∣∣∣ <
γ(2−(k′+1), v(k′), k′)

2 (11)
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for every t with |t| ≤ T (2−(k′+1), v(k′), k′). From the validity of condition 3 from Section 5.2
at the end of the second substage of stage k′, we have,

P 2
k′ ≥ max{M(γ(2−(k′+1), v(k′), k′)/2, v(k′)), T (2−(k′+1), v(k′), k′)}.

Let m denote any index such that P 2
k′ + 1 ≤ m ≤ P 2

k . From Lemma 13, we get that,

m∑
t=−m

t̸=0

m∑
h=1

u(h)̸∼u(m)

∣∣∣∣∣∣
⟨m+1;u(h)⟩∑

j=⟨m;u(h)⟩+1

e(u(h)j−1tξ)

∣∣∣∣∣∣
2

≤ δm2(⟨m + 1⟩ − ⟨m⟩)2−βm

for every t with |t| ≤ m. Since for every k′′ ∈ [k′ + 1, k], v(k′′) ̸∼ v(k′), from the above we
obtain,∣∣∣∣∣∣

⟨m+1;v(k′)⟩∑
j=⟨m;v(k′)⟩+1

e(v(k′)j−1tξ)

∣∣∣∣∣∣ ≤ δm(⟨m + 1⟩ − ⟨m⟩)1−β′
m .

Define the sequence ⟨ci⟩∞
i=1 as ci = β′

i. It is easily verified that ⟨ci⟩ is a non-increasing sequence
satisfying c1 = 1/4 and ci ≥ c1/ 4

√
i for every i ≥ 1. Consider any m satisfying P 2

k′ + 1 ≤ m ≤
P 2

k and l ≤ ⟨m + 1; v(k′)⟩ − ⟨m; v(k′)⟩. Now, for any t with |t| ≤ T (2−(k′+1), v(k′), k′) ≤ m,
we have,

1
⟨m; v(k′)⟩ + l

∣∣∣∣∣∣
⟨m;v(k′)⟩+l∑

j=1
e(v(k′)j−1tξ)

∣∣∣∣∣∣
= 1

⟨m; v(k′)⟩ + l

∣∣∣∣∣∣
⟨P 2

k′ ;v(k′)⟩∑
i=1

e(tv(k′)(j−1)ξ)

∣∣∣∣∣∣
+ 1

⟨m; v(k′)⟩ + l

∣∣∣∣∣∣
⟨m;v(k′)⟩+l∑

j=⟨P 2
k′ ;v(k′)⟩+1

e(v(k′)j−1tξ)

∣∣∣∣∣∣
= 1

⟨m; v(k′)⟩ + l

∣∣∣∣∣∣
F 2

k′∑
i=1

e(tv(k′)(j−1)ξ)

∣∣∣∣∣∣+ 1
⟨m; v(k′)⟩ + l

∣∣∣∣∣∣
⟨m;v(k′)⟩+l∑

j=⟨P 2
k′ ;v(k′)⟩+1

e(v(k′)j−1tξ)

∣∣∣∣∣∣
≤

∣∣∣∣∣∣ 1
F 2

k′

F 2
k′∑

i=1
e(tv(k′)(j−1)ξ)

∣∣∣∣∣∣+

m−1∑
i=P 2

k′

(⟨i + 1⟩ − ⟨i⟩)1−β′
i + l

⟨m; v(k′)⟩ + l

≤ γ(2−(k′+1), v(k′), k′)
2 +

m−1∑
i=1

(⟨i + 1⟩ − ⟨i⟩)1−ci + l

⟨m; v(k′)⟩ + l

≤ γ(2−(k′+1), v(k′), k′)
2 + γ(2−(k′+1), v(k′), k′)

2
= γ(2−(k′+1), v(k′), k′).

The second last inequality above follows from Lemma 16 since,

m ≥ P 2
k′ ≥ M(γ(2−(k′+1), v(k′), k′)/2, v(k′)).

Finally, from the above inequalities and Lemma 17 we obtain that, |Hv(k′)
l (X(k′)n

1 )−1| ≤
2−(k′+1) for every l ≤ k′ when ⟨P 2

k−1 + 1; v(k′)⟩ + 1 ≤ n ≤ ⟨P 2
k + 1; v(k′)⟩. ◀
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Abstract
Combinatorial reconfiguration is a growing research field studying problems on the transformability
between a pair of solutions for a search problem. For example, in SAT Reconfiguration, for a Boolean
formula φ and two satisfying truth assignments σs and σt for φ, we are asked to determine whether
there is a sequence of satisfying truth assignments for φ starting from σs and ending with σt, each
resulting from the previous one by flipping a single variable assignment. We consider the approx-
imability of optimization variants of reconfiguration problems; e.g., Maxmin SAT Reconfiguration
requires to maximize the minimum fraction of satisfied clauses of φ during transformation from σs

to σt. Solving such optimization variants approximately, we may be able to obtain a reasonable
reconfiguration sequence comprising almost-satisfying truth assignments.

In this study, we prove a series of gap-preserving reductions to give evidence that a host of
reconfiguration problems are PSPACE-hard to approximate, under some plausible assumption. Our
starting point is a new working hypothesis called the Reconfiguration Inapproximability Hypothesis
(RIH), which asserts that a gap version of Maxmin CSP Reconfiguration is PSPACE-hard. This
hypothesis may be thought of as a reconfiguration analogue of the PCP theorem [3,4]. Our main result
is PSPACE-hardness of approximating Maxmin 3-SAT Reconfiguration of bounded occurrence under
RIH. The crux of its proof is a gap-preserving reduction from Maxmin Binary CSP Reconfiguration
to itself of bounded degree. Because a simple application of the degree reduction technique using
expander graphs due to Papadimitriou and Yannakakis (J. Comput. Syst. Sci., 1991) [40] does
not preserve the perfect completeness, we modify the alphabet as if each vertex could take a pair
of values simultaneously. To accomplish the soundness requirement, we further apply an explicit
family of near-Ramanujan graphs and the expander mixing lemma. As an application of the main
result, we demonstrate that under RIH, optimization variants of popular reconfiguration problems
are PSPACE-hard to approximate, including Nondeterministic Constraint Logic due to Hearn and
Demaine (Theor. Comput. Sci., 2005) [24,25], Independent Set Reconfiguration, Clique Reconfiguration,
and Vertex Cover Reconfiguration.
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1 Introduction

Combinatorial reconfiguration is a growing research field studying the following problem
over the solution space: Given a pair of feasible solutions for a particular search problem,
find a step-by-step transformation from one to the other, called a reconfiguration sequence.
Since the establishment of the unified framework of reconfiguration due to Ito, Demaine,
Harvey, Papadimitriou, Sideri, Uehara, and Uno [28], numerous reconfiguration problems
have been derived from search problems; e.g., in SAT Reconfiguration [23], for a Boolean
formula φ and two satisfying truth assignments σs and σt for φ, we seek a reconfiguration
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sequence of satisfying truth assignments from σs to σt, each resulting from the previous
one by flipping a single variable assignment. Of particular importance is to reveal their
computational complexity. Most reconfiguration problems are classified as either P (e.g.,
3-Coloring Reconfiguration [14]), NP-complete, or PSPACE-complete (e.g., Independent Set
Reconfiguration [24]), and recent studies dig into the fine-grained analysis using restricted
graph classes and parameterized complexity [20, 21]. See surveys by van den Heuvel [41] and
Nishimura [37]. One promising aspect has, however, been still less explored: approximability.

Just like an NP optimization problem derived from an NP search problem (e.g., Max
SAT is a generalization of SAT), an optimization variant can be defined for a reconfiguration
problem. For instance, in Maxmin SAT Reconfiguration [28] – an optimization variant of SAT
Reconfiguration – we wish to maximize the minimum fraction of clauses of φ satisfied by any
truth assignment during transformation from σs to σt. Such optimization variants naturally
arise when we are faced with the nonexistence of a reconfiguration sequence for the original
decision version, or when we already know a problem of interest to be PSPACE-complete.
Solving them approximately, we may be able to obtain a reasonable reconfiguration sequence,
e.g., that comprising almost-satisfying truth assignments, each violating at most 1% of the
clauses.

Indeed, in their seminal work, Ito et al. [28] proved inapproximability results of Maxmin
SAT Reconfiguration and Maxmin Clique Reconfiguration, and posed PSPACE-hardness of
approximation as an open problem. Their results rely on NP-hardness of the corresponding
search problem, which, however, does not bring us PSPACE-hardness. The significance of
showing PSPACE-hardness is that it not only refutes a polynomial-time algorithm under
P ̸= PSPACE, but further disproves the existence of a witness (especially a reconfiguration
sequence) of polynomial length under NP ̸= PSPACE. The present study aims to reboot
the study on PSPACE-hardness of approximation for reconfiguration problems, assuming
some plausible hypothesis.

Our Approach. Since no PSPACE-hardness of approximation for natural reconfiguration
problems are known (to the best of our knowledge), we assert a new working hypothesis
called the Reconfiguration Inapproximability Hypothesis (RIH), concerning a gap version of
Maxmin q-CSP Reconfiguration, and use it as a starting point.

▶ Hypothesis 1.1 (informal; see Hypothesis 2.4). Given a constraint graph G and two satisfying
assignments ψs and ψt for G, it is PSPACE-hard to distinguish between yes instances, in
which ψs can be transformed into ψt by repeatedly changing the value of a single vertex at a
time, while ensuring every intermediate assignment satisfying G, and no instances, in which
any such transformation induces an assignment violating ε-fraction of the constraints.

This hypothesis may be thought of as a reconfiguration analogue of the PCP theorem [3,4],
and it already holds as long as “PSPACE-hard” is replaced by “NP-hard” [28]. Moreover,
if the gap version of some reconfiguration problem, e.g., Maxmin SAT Reconfiguration, is
PSPACE-hard, RIH directly follows. Our contribution is to prove that the converse is also
true: Starting from RIH, we present a series of (polynomial-time) gap-preserving reductions
to give evidence that a host of reconfiguration problems are PSPACE-hard to approximate.

Our Results. Figure 1 presents an overall picture of the gap-preserving reductions introduced
in this paper, all of which preserve the perfect completeness; i.e., yes instances have a solution
to the decision version. Our main result is PSPACE-hardness of approximating Maxmin
E3-SAT Reconfiguration of bounded occurrence under RIH (Theorem 3.1). Here, “bounded
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Lemma 3.2
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Lemma 3.4
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Nondeterministic
Constraint Logic
Proposition 4.1

Independent Set Reconf
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Clique
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Corollary 4.3

Vertex Cover
Reconf

Corollary 4.4

Figure 1 A series of gap-preserving reductions starting from Reconfiguration Inapproximability
Hypothesis used in this paper. Here, q-CSPW Reconf and BCSPW Reconf denote q-CSP Reconfigura-
tion and Binary CSP Reconfiguration whose alphabet size is restricted to W , respectively; E3-SAT(B)
Reconf denotes 3-SAT Reconfiguration in which every clause has exactly 3 literals and each variable
occurs in at most B clauses. Note that all reductions preserve the perfect completeness.

occurrence” is critical to further reduce to Nondeterministic Constraint Logic, which requires
the number of clauses to be proportional to the number of variables. Toward that end, we
first reduce from Maxmin q-CSP Reconfiguration to Maxmin Binary CSP Reconfiguration in a
gap-preserving manner via Maxmin E3-SAT Reconfiguration (Lemmas 3.2 and 3.4), which
employs a reconfigurable SAT encoding.

We then proceed to a gap-preserving reduction from Maxmin Binary CSP Reconfiguration
to itself of bounded degree (Lemma 3.5), which is the most technical step in this paper. Recall
shortly the degree reduction technique due to Papadimitriou and Yannakakis [40], also used
by Dinur [19] to prove the PCP theorem [3, 4]: Each (high-degree) vertex is replaced by
an expander graph called a cloud, and equality constraints are imposed on the intra-cloud
edges so that the assignments in the cloud behave like a single assignment. Observe easily
that a simple application of this technique to Binary CSP Reconfiguration fails to preserve
the perfect completeness. This is because we have to change the value of the vertices in the
cloud one by one, breaking many equality constraints. To bypass this issue, we modify the
alphabet as if each vertex could take a pair of values simultaneously; e.g., if the original
alphabet is Σ = {a, b, c}, the new one is Σ′ = {a, b, c, ab, bc, ca}. Having a vertex to be
assigned ab represents that it has value a and b. With this interpretation in mind, we redefine
equality-like constraints for the intra-cloud edges so as to preserve the perfect completeness.

Unfortunately, this modification causes another issue, which renders the proof of soundness
nontrivial. Example 3.9 illustrated in Figure 2 tells us that our reduction is neither a Karp
reduction of Binary CSP Reconfiguration nor a PTAS reduction [16,17] of Maxmin Binary CSP
Reconfiguration. One particular reason is that assigning conflicting values to vertices in a
cloud may not break any equality-like constraints. Thankfully, we are “promised” that at
least ε-fraction of constraints are violated for some ε ∈ (0, 1). We therefore use the following
machinery to accomplish the soundness requirement:

Use an explicit family of near-Ramanujan graphs [1, 36] so that the second largest
eigenvalue λ is O(

√
d); the degree d is determined based on the value of ε.

Apply the expander mixing lemma [2] to bound the number of violated edges, whereas
Papadimitriou and Yannakakis [40] used the vertex expansion property, which is not
applicable as shown in Example 3.9.

By applying this degree reduction step, we come back to Maxmin E3-SAT Reconfiguration,
wherein, but this time, each variable appears in a constant number of clauses, completing
the proof of the main result.
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Figure 2 A drawing of Example 3.9. The left side shows an instance G of BCSP Reconfiguration,
where we cannot transform from ψs(w, v, x, y) = (a, a, a, a) to ψt(w, v, x, y) = (a, a, c, c). The right
side shows the resulting instance by applying the degree reduction step on v of G. We can now
assign conflicting values to vw and vx because edge (vw, vx) does not exist; in particular, we can
transform from ψ′

s(w, vw, vx, x, y) = (a, a, a, a, a) into ψ′
t(w, vw, vx, x, y) = (a, a, a, c, c).

Once we have established gap-preserving reducibility from RIH to Maxmin E3-SAT
Reconfiguration of bounded occurrence, we can apply it to devise conditional PSPACE-
hardness of approximation for an optimization variant of Nondeterministic Constraint Logic
(Proposition 4.1). Nondeterministic Constraint Logic is a PSPACE-complete problem proposed
by Hearn and Demaine [24, 25] that has been used to prove PSPACE-hardness of many
games, puzzles, and other reconfiguration problems [5,9, 11,30]. We show that under RIH,
it is PSPACE-hard to distinguish whether an input is a yes instance, or has a property
that every transformation must violate more than ε-fraction of nodes. The proof makes
a modification to the existing gadgets [24, 25]. As a consequence of Proposition 4.1, we
demonstrate that assuming RIH, optimization variants of popular reconfiguration problems
on a graph are PSPACE-hard to approximate, including Independent Set Reconfiguration,
Clique Reconfiguration, and Vertex Cover Reconfiguration (Corollaries 4.2–4.4), whose proofs
are almost immediate from existing work [9, 24,25].

Owing to space limitations, proofs marked with ∗ are omitted and can be found in the
full version of this paper [38].

Additional Related Work. Other reconfiguration problems whose approximability was
analyzed include Set Cover Reconfiguration [28], which is 2-factor approximable, Subset Sum
Reconfiguration [27], which admits a PTAS, Shortest Path Reconfiguration [22], and Submodular
Reconfiguration [39]. We note that approximability of reconfiguration problems frequently
refers to that of the shortest sequence [7, 8, 10,12,13,26,29,35,42], which is of independent
interest. The objective value of optimization variants is sometimes called the reconfiguration
index [32] or reconfiguration threshold [18]. A different type of optimization variant, called
incremental optimization under the reconfiguration framework [6, 31,43] has recently been
studied; e.g., starting from an initial independent set, we want to transform into a maximum
possible independent set without touching those smaller than the specified size.

2 Preliminaries

Notations. For two integers m,n ∈ N with m ⩽ n, let [n] ≜ {1, 2, . . . , n} and [m .. n] ≜
{m,m + 1, . . . , n − 1, n}. A sequence E of a finite number of elements e(0), e(1), . . . , e(ℓ) is
denoted by ⟨e(0), e(1), . . . , e(ℓ)⟩, and we write e(i) ∈ E to indicate that e(i) appears in E .
We briefly recapitulate Ito et al.’s reconfiguration framework [28]. Suppose we are given
a “definition” of feasible solutions for some combinatorial search problem and a symmetric
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“adjacency relation” over a pair of feasible solutions.1 For two feasible solutions es and et, a
reconfiguration sequence from es to et is a sequence of feasible solutions, E = ⟨e(0), . . . , e(ℓ)⟩,
starting from es (i.e., e(0) = es) and ending with et (i.e., e(ℓ) = et) such that all consecutive
solutions e(i−1) and e(i) are adjacent. In a reconfiguration problem, we wish to decide if
there exists a reconfiguration sequence between a pair of feasible solutions.

Boolean Satisfiability. We use the standard terminology and notation of Boolean satis-
fiability. Truth values are denoted by T or F. A Boolean formula φ consists of variables
x1, . . . , xn and the logical operators, AND (∧), OR (∨), and NOT (¬). A truth assignment
σ : {x1, . . . , xn} → {T, F} for φ is a mapping that assigns a truth value to each variable. A
Boolean formula φ is said to be satisfiable if there exists some assignment σ such that φ
evaluates to T when each variable xi is assigned the truth value specified by σ(xi). A literal
is either a variable or its negation; a clause is a disjunction of literals. A Boolean formula
is said to be in conjunctive normal form (CNF) if it is a conjunction of clauses. A k-CNF
formula is a CNF formula in which every clause contains at most k literals. Hereafter, the
prefix “Ek-” means that every clause has exactly k distinct literals, while the suffix “(B)”
indicates that the number of occurrences of each variable is bounded by B ∈ N. We say
that two truth assignments for a Boolean formula are adjacent if one is obtained from the
other by flipping a single variable assignment; i.e., they differ in exactly one variable. In
the PSPACE-complete k-SAT Reconfiguration problem [23], for a k-CNF formula φ and
two satisfying truth assignments σs and σt for φ, we are asked to decide if there exists a
reconfiguration sequence of satisfying truth assignments for φ from σs to σt. Since we are
concerned with approximability of k-SAT Reconfiguration, we formulate its optimization
variant [28], where we are allowed to go through non-satisfying truth assignments. For a CNF
formula φ consisting of m clauses C1, . . . , Cm and a truth assignment σ for φ, let valφ(σ)
denote the fraction of clauses in φ satisfied by σ; namely,

valφ(σ) ≜ |{j ∈ [m] : σ satisfies Cj}|
m

. (1)

For a reconfiguration sequence σ = ⟨σ(0), . . . , σ(ℓ)⟩ of truth assignments, let valφ(σ) denote
the minimum fraction of satisfied clauses over all σ(i)’s in σ; i.e.,

valφ(σ) ≜ min
σ(i)∈σ

valφ(σ(i)). (2)

Then, Maxmin k-SAT Reconfiguration is defined as a problem of maximizing valφ(σ) subject
to σ = ⟨σs, . . . , σt⟩, where σs and σt are not necessarily satisfying. For two truth assignments
σs and σt for φ, let valφ(σs ⇝ σt) denote the maximum value of valφ(σ) over all possible
reconfiguration sequences σ from σs to σt; namely,

valφ(σs ⇝ σt) ≜ max
σ=⟨σs,...,σt⟩

valφ(σ) = max
σ=⟨σs,...,σt⟩

min
σ(i)∈σ

valφ(σ(i)). (3)

Note that valφ(σs ⇝ σt) ⩽ min{valφ(σs), valφ(σt)}. If valφ(σs ⇝ σt) ⩾ ρ for some ρ, we can
transform σs into σt while ensuring that every intermediate truth assignment satisfies at
least ρ-fraction of the clauses of φ. We finally define the “gap version” of Maxmin k-SAT
Reconfiguration as follows.

1 An adjacency relation can also be defined in terms of a “reconfiguration step,” which specifies how a
solution can be transformed, e.g., a flip of a single variable assignment.

STACS 2023



49:6 Gap Preserving Reductions Between Reconfiguration Problems

▶ Problem 2.1. For every k ∈ N and 0 ⩽ s ⩽ c ⩽ 1, Gapc,s k-SAT Reconfiguration requests
to determine for a k-CNF formula φ and two truth assignments σs and σt for φ, whether
valφ(σs ⇝ σt) ⩾ c (the input is a yes instance) or valφ(σs ⇝ σt) < s (the input is a no
instance). Here, c and s denote completeness and soundness, respectively.

Problem 2.1 is a promise problem, in which we are allowed to output anything when s ⩽
valφ(σs ⇝ σt) < c. The present problem definition does not request an actual reconfiguration
sequence. Note that we can assume σs and σt to be satisfying ones whenever c = 1, and the
case of s = c = 1 particularly reduces to k-SAT Reconfiguration.

Constraint Satisfaction Problem. Subsequently, we introduce reconfiguration problems on
constraint satisfaction. First, we define the notion of constraint graphs.

▶ Definition 2.2 (Constraint graph). A q-ary constraint graph is defined as a tuple G =
(V,E,Σ,Π) such that (V,E) is a q-uniform hypergraph called the underlying graph of G, Σ
is a finite set called the alphabet, and Π = (πe)e∈E is a collection of q-ary constraints, where
each πe ⊆ Σe is a set of q-tuples of acceptable values that q vertices in e can take. The degree
dG(v) of each vertex v in G is defined as the number of hyperedges including v.

An assignment is a mapping ψ : V → Σ that assigns a value of Σ to each vertex of V .
We say that ψ satisfies hyperedge e = {v1, . . . , vq} ∈ E (or constraint πe) if ψ(e) ≜
(ψ(v1), . . . , ψ(vq)) ∈ πe, and ψ satisfies G if it satisfies all hyperedges of G. We say that
G is satisfiable if some assignment that satisfies G exists. Two assignments are said to be
adjacent if they differ in exactly one vertex. In q-CSP Reconfiguration, for a q-ary constraint
graph G and two satisfying assignments ψs and ψt for G, we are asked to decide if there is
a reconfiguration sequence of satisfying assignments for G from ψs to ψt. Hereafter, BCSP
stands for 2-CSP, q-CSPW designates the restricted case that the alphabet size |Σ| is some
W ∈ N, and q-CSP(∆) for some ∆ ∈ N means that the maximum degree of the constraint
graph is bounded by ∆. In an analogous way to the case of Boolean satisfiability, we define
valG(ψ) ≜ |{e∈E:ψ satisfies e}|

|E| for assignment ψ : V → Σ, valG(ψ) ≜ minψ(i)∈ψ valG(ψ(i)) for
reconfiguration sequence ψ = ⟨ψ(i)⟩i∈[0..ℓ], and valG(ψs ⇝ ψt) ≜ maxψ=⟨ψs,...,ψt⟩ valG(ψ) for
ψs, ψt : V → Σ. In Maxmin q-CSP Reconfiguration, we wish to maximize valG(ψ) subject to
ψ = ⟨ψs, . . . , ψt⟩. The corresponding gap version is defined as follows.

▶ Problem 2.3. For every q ∈ N and 0 ⩽ s ⩽ c ⩽ 1, Gapc,s q-CSP Reconfiguration requests
to determine for a q-ary constraint graph G and two (not necessarily satisfying) assignments
ψs and ψt for G, whether valG(ψs ⇝ ψt) ⩾ c or valG(ψs ⇝ ψt) < s.

Reconfiguration Inapproximability Hypothesis. We now present a formal description of our
working hypothesis, which serves as a starting point for PSPACE-hardness of approximation.

▶ Hypothesis 2.4 (Reconfiguration Inapproximability Hypothesis, RIH). There exist universal
constants q,W ∈ N, ε ∈ (0, 1) such that Gap1,1−ε q-CSPW Reconfiguration is PSPACE-hard.

3 Hardness of Approximation for Maxmin E3-SAT(B) Reconfiguration

In this section, we prove the main result of this paper; that is, Maxmin E3-SAT Reconfiguration
of bounded occurrence is PSPACE-hard to approximate under RIH.
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▶ Theorem 3.1. Under Hypothesis 2.4, there exist universal constants ε ∈ (0, 1) and B ∈ N
such that Gap1,1−ε E3-SAT(B) Reconfiguration is PSPACE-hard.

The remainder of this section is devoted to the proof of Theorem 3.1 and organized as follows.
In Section 3.1, we reduce Maxmin q-CSPW Reconfiguration to Maxmin BCSP3 Reconfiguration;
Section 3.2 presents the degree reduction of Maxmin BCSP Reconfiguration.

3.1 Maxmin q-CSPW Reconfiguration to Maxmin BCSP3
Reconfiguration

We first reduce from Maxmin q-CSPW Reconfiguration to Maxmin E3-SAT Reconfiguration.

▶ Lemma 3.2 (∗). For every q,W ⩾ 2 and ε ∈ (0, 1), there exists a gap-preserving reduc-
tion from Gap1,1−ε q-CSPW Reconfiguration to Gap1,1− ε

W q·2qW (qW −2)
E3-SAT Reconfiguration.

Moreover, if the maximum degree of the constraint graph in the former problem is ∆, then
the number of occurrences of each variable in the latter problem is bounded by W q · 2qW∆.

The proof of Lemma 3.2 consists of a reduction from Maxmin q-CSPW Reconfiguration to
Maxmin Ek-SAT Reconfiguration, where the clause size k depends solely on q and W , and
that from Maxmin Ek-SAT Reconfiguration to Maxmin E3-SAT Reconfiguration. In the first
reduction, we apply a slightly sophisticated SAT encoding, described below. In the second
reduction, we use an established Karp reduction from k-SAT to 3-SAT, previously used by
Gopalan, Kolaitis, Maneva, and Papadimitriou [23] in the context of reconfiguration.

Reconfigurable SAT Encoding. For the proof of the first reduction, we introduce an
encoding of the alphabet of a constraint graph into a string of truth values. Hereafter, we
denote Σ ≜ [W ] for some integer W ∈ N. Consider an encoding enc : {T, F}Σ → Σ of a binary
string s ∈ {T, F}Σ to Σ defined as follows:

enc(s) ≜
{

1 if sα = F for all α ∈ Σ,
α if sα = T and sβ = F for all β > α.

(4)

enc exhibits the following property concerning reconfigurability:

▷ Claim 3.3 (∗). For any two strings s and t in {T, F}Σ with α ≜ enc(s) and β ≜ enc(t),
we can transform s into t by repeatedly flipping one entry at a time while preserving every
intermediate string mapped to α or β by enc.

We use enc to encode each q-tuple of unacceptable values (α1, . . . , αq) ∈ Σe \πe for hyperedge
e = {v1, . . . , vq} ∈ E.

We then reduce Maxmin E3-SAT Reconfiguration to Maxmin BCSP3 Reconfiguration in a
gap-preserving manner, whose proof uses the place encoding due to Järvisalo and Niemelä [33].

▶ Lemma 3.4 (∗). For every ε ∈ (0, 1), there exists a gap-preserving reduction from Gap1,1−ε
E3-SAT Reconfiguration to Gap1,1− ε

3
BCSP3 Reconfiguration. Moreover, if the number of

occurrences of each variable in the former problem is B, then the maximum degree of the
constraint graph in the latter problem is bounded by max{B, 3}.
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49:8 Gap Preserving Reductions Between Reconfiguration Problems

Reduction. We here describe a reduction from Maxmin E3-SAT Reconfiguration to Maxmin
BCSP3 Reconfiguration. Let (φ, σs, σt) be an instance of Maxmin E3-SAT Reconfiguration,
where φ is a 3-CNF formula consisting of m clauses C1, . . . , Cm over n variables x1, . . . , xn
and σs and σt satisfy φ. Using the place encoding due to Järvisalo and Niemelä [33], we
construct a binary constraint graph G = (V,E,Σ,Π) as follows. The underlying graph of
G is a bipartite graph with a bipartition ({x1, . . . , xn}, {C1, . . . , Cm}), and there is an edge
between variable xi and clause Cj in E if xi or xi appears in Cj . For the sake of notation,
we use Σv to denote the alphabet assigned to vertex v ∈ V . We then express Σxi ≜ {T, F}
for each variable xi, and ΣCj

≜ {ℓ1, ℓ2, ℓ3} for each clause Cj = (ℓ1 ∨ ℓ2 ∨ ℓ3). For each edge
(xi, Cj) ∈ E with Cj = (ℓ1∨ ℓ2∨ ℓ3), the constraint π(xi,Cj) ⊆ Σxi

×ΣCj
is defined as follows:

π(xi,Cj) ≜

{
(Σxi

× ΣCj
) \ {(F, xi)} if xi appears in Cj ,

(Σxi × ΣCj ) \ {(T, xi)} if xi appears in Cj .
(5)

For an assignment ψ for G, ψ(xi) represents the truth value assigned to xi, and ψ(Cj) specifies
which literal should evaluate to T. Note that |V | = n + m, |E| = 3m, and the maximum
degree of (V,E) is max{B, 3}. For a satisfying truth assignment σ for φ, let ψσ : V → Σ be
an assignment for G defined as follows: ψσ(xi) ≜ σ(xi) for each variable xi, and ψσ(Cj) ≜ ℓi
for each clause Cj whenever ℓi appears in Cj and evaluates to T by σ.2 Obviously, ψσ
satisfies G. Constructing ψs from σs and ψt from σt according to this procedure, we obtain
an instance (G,ψs, ψt) of Maxmin BCSP3 Reconfiguration, which completes the reduction. It
is not hard to see that the above reduction is a gap-preserving reduction, whose proof can be
found in the full version [38].

3.2 Degree Reduction of Maxmin BCSP Reconfiguration
We now present a gap-preserving reduction from Maxmin BCSP Reconfiguration to itself of
bounded degree, which is the most technical step in this paper.

▶ Lemma 3.5. For every ε ∈ (0, 1), there exists a gap-preserving reduction from Gap1,1−ε
BCSP3 Reconfiguration to Gap1,1−ε BCSP6(∆) Reconfiguration, where ε ∈ (0, 1) and ∆ ∈ N
are some computable functions dependent only on the value of ε. In particular, the constraint
graph in the latter problem is of bounded degree for fixed ε.

We first introduce the notion of expander graphs.

▶ Definition 3.6 (Expander graph). For every n ∈ N, d ∈ N, and λ > 0, an (n, d, λ)-expander
graph is a d-regular graph G on n vertices such that max{λ2(G), |λn(G)|} ⩽ λ < d, where
λi(G) is the i-th largest (real-valued) eigenvalue of the adjacency matrix of G.

An (n, d, λ)-expander graph is called Ramanujan if λ ⩽ 2
√
d− 1. There exists an explicit

construction (i.e., a polynomial-time algorithm) for near-Ramanujan graphs.

▶ Theorem 3.7 (Explicit construction of near-Ramanujan graphs [1, 36]). For every constant
d ⩾ 3, ε > 0, and all sufficiently large n ⩾ n0(d, ε), where nd is even, there is a deterministic
nO(1)-time algorithm that outputs an (n, d, λ)-expander graph with λ ⩽ 2

√
d− 1 + ε.

In this paper, we rely only on the special case of ε = 2
√
d− 2

√
d− 1 so that λ ⩽ 2

√
d;

thus, we let n0(d) ≜ n0(d, 2
√
d − 2

√
d− 1). We can assume n0(·) to be computable as

2
√
d− 2

√
d− 1 ⩾ 1√

d
. The crucial property of expander graphs that we use in the proof of

Lemma 3.5 is the following expander mixing lemma [2].

2 Such ℓi always exists as σ satisfies Cj , and ties are broken arbitrarily.
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▶ Lemma 3.8 (Expander mixing lemma; e.g., Alon and Chung [2]). Let G be an (n, d, λ)-
expander graph. Then, for any two sets S, T of vertices, it holds that∣∣∣∣e(S, T )− d|S| · |T |

n

∣∣∣∣ ⩽ λ√
|S| · |T |, (6)

where e(S, T ) counts the number of edges between S and T .

This lemma states that e(S, T ) of an expander graph G is concentrated around its expectation
if G were a random d-regular graph. The use of near-Ramanujan graphs enables us to make
an additive error (i.e., λ

√
|S| · |T |) acceptably small.

Reduction. We then explain our gap-preserving reduction, which does depend on ε. Redefine
ε ← ⌈1/ε⌉−1 so that 1/ε is a positive integer, which does not increase the value of ε; i.e.,
valG(ψs ⇝ ψt) < 1 − ε implies valG(ψs ⇝ ψt) < 1 − ⌈1/ε⌉−1. Let (G = (V,E,Σ,Π =
(πe)e∈E), ψs, ψt) be an instance of Gap1,1−ε BCSP3 Reconfiguration, where ψs and ψt satisfy
G. For the sake of notation, we denote Σ ≜ {a, b, c}. We then create a new instance
(G′ = (V ′, E′,Σ′,Π′ = (π′

e′)e′∈E′), ψ′
s, ψ

′
t) of Maxmin BCSP6 Reconfiguration, which turns out

to meet the requirement of completeness and soundness. The constraint graph G′ is defined
as follows:
Vertex set: For each vertex v of V , let

cloud(v) ≜
{

(v, e) : e ∈ E is incident on v
}
. (7)

Define V ′ ≜
⋃
v∈V cloud(v).

Edge set: For each vertex v of V , let Xv be a (dG(v), d0, λ)-expander graph on cloud(v)
using Theorem 3.7 if dG(v) ⩾ n0(d0), or a complete graph on cloud(v) if dG(v) < n0(d0).
Here, λ ⩽ 2

√
d0 and d0 = Θ(ε−2), whose precise value will be determined later. Define

E′ ≜
⋃
v∈V

E(Xv) ∪
{

((v, e), (w, e)) : e = (v, w) ∈ E
}
. (8)

Alphabet: Define Σ′ ≜ {{a}, {b}, {c}, {a, b}, {b, c}, {c, a}}. By abuse of notation, we write
each value of Σ′ as if it were an element (e.g., ab ∈ Σ′, a ⊂ ab, and b ̸⊆ ca).

Constraints: The constraint π′
e′ ⊆ Σ′e′ for each edge e′ ∈ E′ is defined as follows:

If e′ ∈ E(Xv) for some v ∈ V (i.e., e′ is an intra-cloud edge), define3

π′
e′ ≜

{
(α, β) : α, β ∈ Σ′, α ⊆ β or β ⊆ α

}
. (9)

If e′ = ((v, e), (w, e)) such that e = (v, w) ∈ E (i.e., e′ is an inter-cloud edge), define

π′
e′ ≜

{
(α, β) : α× β ⊆ πe

}
. (10)

Although the underlying graph (V ′, E′) is the same as that in [19] (except for the use of
Theorem 3.7), the definitions of Σ′ and Π′ are somewhat different, which is essential to ensure
the perfect completeness, while making the proof of the soundness nontrivial. Intuitively,
having vertex v′ ∈ V ′ be ψ(v′) = ab represents that v′ has values a and b simultaneously;

3 Eq. (9) can be explicitly expanded as π′
e′ = {(a, a), (b, b), (c, c), (ab, a), (ab, b), (bc, b), (bc, c), (ca, c),

(ca, a), (a, ab), (b, ab), (b, bc), (c, bc), (c, ca), (a, ca), (ab, ab), (bc, bc), (ca, ca)}.
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e.g., if ψ′(v′) = ab and ψ′(w′) = c for some v′ ∈ cloud(v) and w′ ∈ cloud(w) with v ̸= w,
then ψ′ satisfies π′

(v′,w′) if both (a, b) and (a, c) are in π(v,w) owing to Eq. (10). Construct
two assignments ψ′

s : V ′ → Σ′ from ψs and ψ′
t : V ′ → Σ′ from ψt such that ψ′

s(v, e) ≜ {ψs(v)}
and ψ′

t(v, e) ≜ {ψt(v)} for all (v, e) ∈ V ′. Observe that both ψ′
s and ψ′

t satisfy G′, thereby
completing the reduction. Note that |V ′| = 2|E|, |E′| ⩽ n0(d0) · |E|, |Σ′| = 6, and the
maximum degree of G′ is ∆ ⩽ n0(d0), which is constant for fixed ε.

Using an example illustrated in Figure 2, we demonstrate that our reduction may map a
no instance of BCSP Reconfiguration to a yes instance; namely, it is neither a Karp reduction
of BCSP Reconfiguration nor a PTAS reduction of Maxmin BCSP Reconfiguration.

▶ Example 3.9. We construct a constraint graph G = (V,E,Σ,Π = (πe)e∈E) such that V ≜
{w, v, x, y, z1, . . . , zn} for some large integer n, E ≜ {(w, v), (v, x), (x, y), (v, z1), . . . , (v, zn)},
Σ ≜ {a, b, c}, and each πe is defined as follows: π(w,v) ≜ {(a, a)}, π(v,x) ≜ {(a, a), (b, a), (b, b),
(b, c), (a, c)}, π(x,y) ≜ {(a, a), (b, a), (b, b), (c, b), (c, c)}, and π(v,z1) = · · · = π(v,zn) ≜ Σ× Σ.
Define ψs, ψt : V → Σ such that ψs(u) ≜ a for all u ∈ V , ψt(x) = ψt(y) ≜ c, and ψt(u) ≜ a
for all other u. Then, it is impossible to transform ψs into ψt without any constraint violation:
As the values of w and v cannot change from a, we can only change the value of x to c,
violating (x, y). In particular, valG(ψs ⇝ ψt) < 1.

Consider applying our reduction to v only. Create cloud(v) ≜ {vw, vx, vz1 , . . . , vzn
} with

the shorthand notation vu ≜ (v, (v, u)), and let Xv be an expander graph on cloud(v).
We then construct a new constraint graph G′ = (V ′, E′,Σ′,Π′ = (π′

e)e∈E′), where V ′ ≜
{w, x, y, z1, . . . , zn} ∪ cloud(v), E′ ≜ E(Xv) ∪ {(w, vw), (vx, x), (x, y), (vz1 , z1), . . . , (vzn , zn)},
Σ′ ≜ {a, b, c, ab, bc, ca}, and each π′

e is defined according to Eqs. (9) and (10). Construct
ψ′

s, ψ
′
t : V ′ → Σ′ from ψs, ψt using the procedure described above. Suppose now “by chance”

(vw, vx) ̸∈ E(Xv). The crucial observation is that we can assign a to vw, b to vx, and ab to
vz1 , . . . , vzn

to do some “cheating.” Consequently, ψ′
s can be transformed into ψ′

t without
sacrificing any constraint: Assign ab to vz1 , . . . , vzn in arbitrary order; assign b to vx, x, and
y in this order; assign c to x and y in this order; assign a to vx; assign a to vz1 , . . . , vzn

in
arbitrary order. In particular, valG′(ψ′

s ⇝ ψ′
t) = 1.

Correctness. The proof of the completeness is immediate from the definition of Σ′ and Π′.

▶ Lemma 3.10 (∗). If valG(ψs ⇝ ψt) = 1, then valG′(ψ′
s ⇝ ψ′

t) = 1.

Then, in the remainder of this subsection, we prove the soundness.

▶ Lemma 3.11. If valG(ψs ⇝ ψt) < 1− ε, then valG′(ψ′
s ⇝ ψ′

t) < 1− ε, where ε = ε(ε) is
some computable function such that ε ∈ (0, 1) if ε ∈ (0, 1).

For an assignment ψ′ : V ′ → Σ′ for G′, let PLR(ψ′) : V → Σ denote an assignment for G
such that PLR(ψ′)(v) for v ∈ V is determined based on the plurality vote of ψ′(v′) over
v′ ∈ cloud(v); namely,

PLR(ψ′)(v) ≜ argmax
α∈Σ

∣∣∣{v′ ∈ cloud(v) : α ∈ ψ′(v′)
}∣∣∣ , (11)

where ties are arbitrarily broken according to any prefixed ordering over Σ (e.g., a ≺ b ≺ c).
Suppose we have a reconfiguration sequence ψ′ = ⟨ψ′(0) = ψ′

s, . . . , ψ
′(ℓ) = ψ′

t⟩ for (G′, ψ′
s, ψ

′
t)

with the maximum value. Construct then a sequence of assignments, ψ ≜ ⟨ψ(i)⟩i∈[0..ℓ],
such that ψ(i) ≜ PLR(ψ′(i)) for all i ∈ [0 .. ℓ]. Observe that ψ is a valid reconfiguration
sequence for (G,ψs, ψt), and we thus must have valG(ψ) < 1− ε; in particular, there exists
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some ψ′(i) such that valG(PLR(ψ′(i))) = valG(ψ(i)) < 1 − ε. We would like to show that
valG′(ψ′(i)) < 1 − ε for some ε ∈ (0, 1). Hereafter, we denote ψ ≜ ψ(i) and ψ′ ≜ ψ′(i) for
notational simplicity.

For each vertex v ∈ V , we define Dv as the set of vertices in cloud(v) whose values
disagree with the plurality vote ψ(v); namely,

Dv ≜
{
v′ ∈ cloud(v) : ψ(v) ̸∈ ψ′(v′)

}
. (12)

Consider any edge e = (v, w) ∈ E violated by ψ (i.e., (ψ(v), ψ(w)) ̸∈ πe), and let e′ =
(v′, w′) ∈ E′ be a unique (inter-cloud) edge such that v′ ∈ cloud(v) and w′ ∈ cloud(w).
By definition of π′

e′ , either of the following must hold: (1) edge e′ is violated by ψ′ (i.e.,
(ψ′(v′), ψ′(w′)) ̸∈ π′

e′), or (2) ψ(v) ̸∈ ψ′(v′) (i.e., v′ ∈ Dv) or ψ(w) ̸∈ ψ′(w′) (i.e., w′ ∈ Dw).
Consequently, the number of edges in E violated by ψ is bounded by the sum of the number
of edges in E′ violated by ψ′ and the number of vertices in V ′ who disagree with the plurality
vote; namely,

ε|E| < (# edges violated by ψ′) +
∑
v∈V
|Dv|. (13)

Then, one of the two terms on the right-hand side should be greater than ε
2 |E|. If the number

of edges violated by ψ′ is more than ε
2 |E|, then we have done because

valG′(ψ′) ⩽ |E
′| − (# edges violated by ψ′)

|E′|
< 1− ε

2
|E|
|E′|

⩽ 1− ε

2 · n0(d0) . (14)

We now consider the case that
∑
v∈V |Dv| > ε

2 |E|. Define xv ≜ |Dv|/dG(v) for each v ∈ V ,
which is the fraction of vertices in cloud(v) who disagree with ψ(v). We also define δ ≜ ε

8 .
We first show that the total size of |Dv| conditioned on xv ⩾ δ is Θ(ε|E|).

▷ Claim 3.12 (∗).
∑

v∈V :xv⩾δ

|Dv| >
ε

4 |E|, where δ = ε
8 .

We then discover a pair of disjoint subsets of cloud(v) for every v ∈ V such that their size is
Θ(|Dv|) and they are mutually conflicting under ψ′, where the fact that |Σ| = 3 somewhat
simplifies the proof by cases.

▷ Claim 3.13 (∗). For each vertex v of V , there exists a pair of disjoint subsets S, T of
cloud(v) such that |S| ⩾ |Dv|

3 , |T | ⩾ |Dv|
3 , and ψ′ violates all constraints between S and T .

Consider a vertex v ∈ V such that xv ⩾ δ; that is, at least δ-fraction of vertices in
cloud(v) disagree with ψ(v). Letting S and T be two disjoint subsets of cloud(v) obtained
by Claim 3.13, we wish to bound the number of edges between S and T (i.e., e(S, T )) using
the expander mixing lemma. Hereafter, we determine the value of d0 by d0 ≜

( 12
δ

)2 = 9216
ε2 ,

which is a positive even integer (so that Theorem 3.7 is applicable) and depends only on the
value of ε. Suppose first dG(v) ⩾ n0(d0); i.e., Xv is an expander graph.

▶ Lemma 3.14. For a vertex v of V such that xv ⩾ δ and dG(v) ⩾ n0(d0), let S and T be a
pair of disjoint subsets of cloud(v) obtained by Claim 3.13. Then, e(S, T ) ⩾ 8

δ |Dv|.

Proof sketch. Recall that Xv is a (dG(v), d0, λ)-expander graph, where λ ⩽ 2
√
d0. By

applying the expander mixing lemma on S and T , we obtain

e(S, T ) ⩾ d0|S| · |T |
dG(v) − λ

√
|S| · |T | ⩾ |S| · |T |

dG(v)

(
12
δ

)2
− 2 · 12

δ

√
|S| · |T |︸ ︷︷ ︸

=e(S,T )

. (15)
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It is easy to see that e(S, T ) is monotonically increasing in
√
|S| · |T | when

√
|S| · |T | >

δ
12dG(v). Observing that

√
|S| · |T | ⩾ δ

3dG(v) since |S| ⩾ xv

3 dG(v), |T | ⩾ xv

3 dG(v), and
xv ⩾ δ by assumption, we derive

e(S, T ) ⩾ e(S, T ) ⩾ 1
dG(v)

(
xv · dG(v)

3

)2 (
12
δ

)2
− 2 · 12

δ

xv · dG(v)
3

⩾︸︷︷︸
use xv⩾δ

1
dG(v)

(
xv · dG(v)

3

) (
δ · dG(v)

3

) (
12
δ

)2
− 2 · 12

δ

xv · dG(v)
3 = 8

δ
|Dv|.◀

Suppose then dG(v) < n0(d0). Since Xv forms a complete graph over dG(v) vertices,
e(S, T ) is exactly equal to |S| · |T |, which is evaluated as

e(S, T ) = |S| · |T | ⩾︸︷︷︸
Claim 3.13

(
|Dv|

3

)2
= xv · dG(v)

9 |Dv| ⩾︸︷︷︸
use dG(v)⩾1

δ

9 |Dv|. (16)

By Lemma 3.14 and Eq. (16), for every vertex v ∈ V such that xv ⩾ δ, the number of
violated intra-cloud edges within Xv is at least min{ 8

δ ,
δ
9}|Dv| ⩾ δ

9 |Dv|. Simple calculation
using Claim 3.12 bounds the total number of edges violated from below as∑

v∈V
(# violated edges in Xv) ⩾

∑
v:xv⩾δ

δ

9 |Dv| >︸︷︷︸
Claim 3.12

ε

72
ε

4 |E| ⩾
ε2 · |E′|

288 · n0(d0) . (17)

Consequently, from Eqs. (14) and (17), we conclude that

valG′(ψ′) ⩽ valG′(ψ′) < max
{

1− ε

2 · n0(d0) , 1−
ε2

288 · n0(d0)

}
= 1− ε2

288 · n0
( 9216
ε2

) .
Setting ε ≜ ε2

288·n0( 9216
ε2 ) accomplishes the proof of Lemma 3.11 and thus Lemma 3.5. ◀

4 Applications

Here, we apply Theorem 3.1 to devise conditional PSPACE-hardness of approximation for
Nondeterministic Constraint Logic and popular reconfiguration problems on graphs.

4.1 Optimization Variant of Nondeterministic Constraint Logic
First, we review Nondeterministic Constraint Logic developed by Hearn and Demaine [24,25].
An and/or graph is defined as an undirected graph G = (V,E), where each edge of E is
colored red or blue and has weight 1 or 2, respectively, and each node of V is one of two
types:4

and node, which has two incident red edges and one incident blue edge, or
or node, which has three incident blue edges.

An orientation (i.e., an assignment of direction to each edge) for G satisfies a particular node
of G if the total weight of incoming edges is at least 2, and satisfies G if all nodes are satisfied.
and and or nodes behave like the corresponding logical gates: the blue edge of an and node
can be directed outward if and only if both two red edges are directed inward; a particular

4 We refer to vertices of an and/or graph as nodes to distinguish from those of a standard graph.
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blue edge of an or node can be directed outward if and only if at least one of the other two
blue edges is directed inward. Thus, a direction of each edge can be considered a signal. In
the PSPACE-complete Nondeterministic Constraint Logic problem, for an and/or graph
G and two satisfying orientations Os and Ot for G, we are asked if Os can be transformed
into Ot by repeating the reversal of a single edge while ensuring that every intermediate
orientation satisfies G.5

We now formulate an optimization variant of Nondeterministic Constraint Logic, where we
are allowed to use an orientation that does not satisfy some nodes. Once more, we define
valG(·) analogously: Let valG(O) denote the fraction of nodes satisfied by orientation O, let

valG(O) ≜ min
O(i)∈O

valG(O(i)) (18)

for reconfiguration sequence O = ⟨O(i)⟩i∈[0..ℓ], and let

valG(Os ⇝ Ot) ≜ max
O=⟨Os,...,Ot⟩

valG(O) (19)

for two orientations Os and Ot for G. In Maxmin Nondeterministic Constraint Logic, we wish
to maximize valG(O) subject to O = ⟨Os, . . . , Ot⟩. Gapc,s Nondeterministic Constraint Logic
requests to distinguish whether valG(Os ⇝ Ot) ⩾ c or valG(Os ⇝ Ot) < s. In what follows,
RIH implies PSPACE-hardness of approximation for Maxmin Nondeterministic Constraint
Logic.

▶ Proposition 4.1. For every B ∈ N and ε ∈ (0, 1), there exists a gap-preserving reduction
from Gap1,1−ε E3-SAT(B) Reconfiguration to Gap1,1−Θ( ε

B ) Nondeterministic Constraint Logic.

Our proof makes a modification to the CNF network [24, 25]. To this end, we borrow
special nodes that can be simulated by an and/or subgraph, including choice, red–blue,
fanout nodes, and free-edge terminators, which are described below; see also Hearn and
Demaine [24,25] for more details.

choice node: This node has three red edges and is satisfied if at least two edges are
directed inward; i.e., only one edge may be directed outward.
red–blue node: This is a degree-2 node incident to one red edge and one blue edge,
which acts as transferring a signal between them; i.e., one edge may be directed outward
if and only if the other is directed inward.
fanout node: This node is equivalent to an and node from a different interpretation:
two red edges may be directed outward if and only if the blue edge is directed inward.
Accordingly, a fanout node plays a role in splitting a signal.
Free-edge terminator : This is an and/or subgraph of constant size used to connect the
loose end of an edge. The connected edge is free in a sense that it can be directed inward
or outward.

Reduction. Given an instance (φ, σs, σt) of Maxmin E3-SAT(B) Reconfiguration, where φ is
an E3-CNF formula consisting of m clauses C1, . . . , Cm over n variables x1, . . . , xn, and σs
and σt satisfy φ, we construct an and/or graph Gφ as follows. For each variable xi of φ, we
create a choice node, denoted vxi

, called a variable node. Of the three red edges incident

5 A variant of Nondeterministic Constraint Logic, called configuration-to-edge [24], requires to decide if
a specified edge can be eventually reversed by a sequence of edge reversals. From a point of view of
approximability, this definition does not seem to make much sense.
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vw vx vy vz

vC1 vC2 vC3

free free free free

free free

vx

vC1 vC3

w
w

x x y y z

z

C1 = (w ∨ x ∨ y) C2 = (w ∨ x ∨ z) C3 = (x ∨ y ∨ z)

Figure 3 An and/or graph Gφ corresponding to an E3-CNF formula φ = (w ∨ x ∨ y) ∧ (w ∨
x ∨ z) ∧ (x ∨ y ∨ z), taken and modified from [25, Figure 5.1]. Here, thicker blue edges have weight
2, thinner red edges have weight 1, and the square node denotes a free edge terminator. The
orientation of Gφ shown above is given by Oψs such that ψs(w, x, y, z) = (F, T, T, T). If ψt is defined
as ψt(w, x, y, z) = (F, F, T, T), we can transform Oψs into Oψt ; in particular, edges in the subtree
rooted at x, denoted the gray area, can be made directed downward.

to vxi , one is connected to a free edge terminator, whereas the other two are labeled “xi”
and “xi”. Thus, either of xi or xi can be directed outward without breaking vxi

. For each
clause Cj of φ, we create an or node, denoted vCj , called a clause node. The output signals
of variable nodes are sent toward the corresponding clause nodes. Specifically, if literal ℓ
appears in multiple clauses of φ, we first make a desired number of copied signals of edge
ℓ using red–blue and fanout nodes; if ℓ does not appear in any clause, we connect the
edge ℓ to a free edge terminator. Then, for each clause Cj = (ℓ1 ∨ ℓ2 ∨ ℓ3) of φ, the clause
node vCj

is connected to three edges corresponding to the (copied) signals of ℓ1, ℓ2, ℓ3. This
completes the construction of Gφ. See Figure 3 for an example.

Observe that Gφ is satisfiable if and only if φ is satisfiable [24,25]. In fact, a satisfying
orientation Oσ for Gφ can be obtained from any satisfying truth assignment σ for φ. Here,
the trick is that if a literal xi or xi evaluates to T by σ and appears in clause Cj , we can
safely orient every edge on the unique path between vxi and vCj toward vCj . Constructing
Os from σs and Ot from σt according to this procedure, we obtain an instance (G,Os, Ot)
of Maxmin Nondeterministic Constraint Logic, which completes the reduction. The proof of
the correctness shown below relies on the fact that for fixed B ∈ N, the number of nodes
|V (Gφ)| is proportional to the number of variable nodes n as well as that of clause nodes m.
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Proof sketch of Proposition 4.1. We begin with a few remarks on the construction of Gφ.
For each clause Cj that includes xi or xi, there is a unique path between vxi

and vCj
without

passing through any other variable or clause node, which takes the following form:

Output signal of a variable node vxi

→ a red–blue node
→ any number of (a fanout node → a red–blue node)
→ a clause node vCj .

Therefore, every node except variable and clause nodes is uniquely associated with a particular
literal ℓ of φ. Hereafter, the subtree rooted at literal ℓ is defined as a subgraph of Gφ induced
by the unique paths between the corresponding variable node and vCj

’s for all clauses Cj
including ℓ (see also Figure 3).

Since the completeness is almost immediate from the above observation, we next prove
the soundness; i.e., valφ(σs ⇝ σt) < 1 − ε implies valGφ(Os ⇝ Ot) < 1 − Θ( εB ). Let
O = ⟨O(0) = Os, . . . , O

(ℓ) = Ot⟩ be any reconfiguration sequence for (Gφ, Os, Ot). Construct
then a sequence of truth assignments, σ = ⟨σ(i)⟩i∈[0..ℓ], such that each σ(i)(xj) for variable
xj is defined to be T if edge xi is directed outward from vxi

and edge xi is directed inward
to vxi

, and to be F otherwise. Since σ is a valid reconfiguration sequence for (φ, σs, σt), it
holds that valφ(σ) < 1− ε; in particular, there exists some σ(i) such that valφ(σ(i)) < 1− ε.
However, the number of clause nodes satisfied by O(i) may not be less than m(1− ε) because
other nodes may be violated in lieu of them (e.g., both of xi and xi may be directed outward).
Thus, we compare O(i) with an orientation Oσ(i) constructed from σ(i) by the procedure
described in the reduction paragraph. Note that Oσ(i) satisfies every non-clause node, while
more than εm clause nodes are not satisfied. Transforming Oσ(i) into O(i) by reversing the
directions of edges one by one, we can see that each time a non-clause node is violated, we
would be able to make at most B clause nodes satisfied. Consequently, we derive

εm−B · (# non-clause nodes violated by O(i)) < (# clause nodes violated by O(i))

=⇒ (# violated nodes by O(i)) > ε

B
m

=⇒ valGφ
(O) ⩽ valGφ

(O(i)) <
|V (Gφ)| − ε

Bm

|V (Gφ)| = 1−Θ
( ε

B

)
, (20)

where we used the fact that |V (Gφ)| = Θ(m+ n) = Θ(m), completing the proof. ◀

4.2 Reconfiguration Problems on Graphs
Independent Set Reconfiguration. Denote by α(G) the size of a maximum independent set
of a graph G. For a pair of independent sets Is and It ofG, Independent Set Reconfiguration asks
if there is a sequence of independent sets of G from Is to It, each resulting from the previous one
by either adding or removing a single vertex of G,6 without going through an independent set of
size less than min{|Is|, |It|}−1. For a reconfiguration sequence I = ⟨I(i)⟩i∈[0..ℓ] of independent
sets of a graph G, we define valG(I) ≜ minI(i)∈I

|I(i)|
α(G)−1 . Here, division by α(G)−1 is derived

from the nature that we must remove at least one vertex whenever |Is| = |It| = α(G) and
Is ̸= It. We then define valG(Is ⇝ It) ≜ maxI=⟨Is,...,It⟩ valG(I). In Maxmin Independent Set

6 Such a model of reconfiguration is called token addition and removal [28]. We do not consider token
jumping [34] or token sliding [24] since they do not change the size of an independent set.
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Reconfiguration, we wish to maximize valG(I) subject to I = ⟨Is, . . . , It⟩, which is NP-hard to
approximate within any constant factor [28]. Gapc,s Independent Set Reconfiguration requests
to distinguish whether valG(Is ⇝ It) ⩾ c or valG(Is ⇝ It) < s. The proof of the following
corollary is based on a Karp reduction due to [24,25].

▶ Corollary 4.2 (∗). For every ε ∈ (0, 1), there exists a gap-preserving reduction from
Gap1,1−ε Nondeterministic Constraint Logic to Gap1,1−Θ(ε) Independent Set Reconfiguration.

As an immediate corollary, Maxmin Clique Reconfiguration is PSPACE-hard to approxi-
mate under Hypothesis 2.4.

▶ Corollary 4.3. For every ε ∈ (0, 1), there exists a gap-preserving reduction from Gap1,1−ε
Nondeterministic Constraint Logic to Gap1,1−Θ(ε) Clique Reconfiguration.

Vertex Cover Reconfiguration. We conclude this section with a conditional inapproxima-
bility result of Minmax Vertex Cover Reconfiguration, which is 2-factor approximable [28].
Refer to the full version [38] for the formal definition. The proof uses a gap-preserving
reduction from Maxmin Independent Set Reconfiguration on restricted graphs due to Bonsma
and Cereceda [9].

▶ Corollary 4.4 (∗). For every ε ∈ (0, 1), there exists a gap-preserving reduction from
Gap1,1−ε Nondeterministic Constraint Logic to Gap1,1+Θ(ε) Vertex Cover Reconfiguration.

5 Conclusions

We gave a series of gap-preserving reductions to demonstrate PSPACE-hardness of approxi-
mation for optimization variants of popular reconfiguration problems assuming Reconfigura-
tion Inapproximability Hypothesis (RIH). An immediate open question is to verify RIH. One
approach is to prove it directly, e.g., by using gap amplification of Dinur [19]. Some steps
may be more difficult to prove, as we are required to preserve reconfigurability. Another way
entails a reduction from some problems already known to be PSPACE-hard to approximate,
such as True Quantified Boolean Formula due to Condon, Feigenbaum, Lund, and Shor [15].
We are currently uncertain whether we can “adapt” a Karp reduction from True Quantified
Boolean Formula to Nondeterministic Constraint Logic [24, 25].
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50:2 Dynamic Data Structures for Parameterized String Problems

1 Introduction

The field of parameterized complexity is based on the principle of parameterization: measuring
the usage of resources not only in terms of the total input size, but also in terms of auxiliary
complexity measures called parameters. Traditionally, the principle is applied to static
algorithms and their running times, but the idea can be – and has been – used within
essentially every algorithmic paradigm. Among these, a recent line of research has identified
the area of dynamic data structures as one where the application of the parameterized
approach leads to new and interesting results, see e.g. [3, 15, 17, 18, 23, 30]. In this work,
we continue this promising direction by investigating classic string problems considered in
parameterized complexity.

Arguably, the most widely known parameterized string problem is Closest String.

Closest String
Input: Integer d and words s1, s2, . . . , sn ∈ ΣL over an alphabet Σ, each of length L

Task: Decide whether there exists a word c ∈ ΣL such that for every i ∈ {1, . . . , n}, the
Hamming distance between si and c is at most d.

Closest String has several natural parameters: n, d, L, |Σ|. For the parameterization
by d and Σ, Gramm et al. [22] gave a dO(d) · (nL)O(1)-time algorithm, while Ma and Sun [29]
gave a |Σ|O(d) · (nL)O(1)-time algorithm. By now, these are literally textbook examples
of the technique of branching [16, Theorem 3.14 and Exercise 3.25], and their running
time dependence on d is known to be asymptotically optimal under the Exponential Time
Hypothesis (ETH) [28]. For the parameterization by n, the classic algorithm of Gramm
et al. [22, Section 4] solves the problem in time 2nO(n) · LO(1) by a reduction to integer
programming in dimension nO(n). Recently, Koutecký et al. [25] improved this running time
to nO(n2) ·LO(1) using exciting developments in parameterized algorithms for block-structured
integer programs. Kernelization algorithms for Closest String were studied in [8].

We study the dynamic variant of Closest String, which is to design a dynamic data
structure supporting the following operations:

Initialize the data structure for a given instance of Closest String.
Update the data structure upon modification of a single symbol in a single string si.
Query whether the current instance is a yes-instance of Closest String.

Note that parameters n, d, L, and Σ are fixed on the initialization and do not change over
the life of the data structure; only the strings s1, . . . , sn can be modified, and by one symbol
at the time. Also, we assume that upon query, the data structure is only required to answer
yes or no, and does not need to provide the solution c.

For this variant we give randomized dynamic data structures whose update times match
the parametric factors in the runtimes of the algorithms of Gramm et al. [22] and of Ma and
Sun [29].

▶ Theorem 1. The dynamic variant of Closest String admits a randomized data structure
with initialization time 2O(d) ·nL|Σ|1+o(1), amortized update time 2O(d), and worst-case query
time dO(d) or |Σ|O(d), whichever is smaller. The answer to each query may result with a
false positive with probability at most 2−Ω(d); there are no false negatives.

In the proof of Theorem 1 we combine the classic approach to Closest String, originating
in [22, 29], with an interesting application of color-coding. The randomization comes from
the color-coding; we can dispose of it using standard derandomization techniques (see [16,
Section 5.6]), but at the cost of introducing an additional O(log(nL)) factor in the update
time. Also, note that by the results of [28], under ETH one cannot expect to improve the
query time to do(d) or |Σ|o(d), even in the amortized sense.



J. Olkowski, M. Pilipczuk, M. Rychlicki, K. Węgrzycki, and A. Zych-Pawlewicz 50:3

Next, we turn attention to other problems. First, we note that combining a result of
Frandsen et al. [19] on the dynamic word problem for aperiodic semigroups with the classic
Schützenberger-McNaughton-Papert Theorem [32, 40] yields the following meta-theorem 1.

▶ Theorem 2. Suppose Σ is a finite alphabet and L ⊆ Σ⋆ is a language definable in logic
FO[Σ, <]. Then there exists a data structure that for a given word w ∈ Σ⋆, which can be
updated over time by replacing single symbols, maintains whether w ∈ L. The data structure
can be initialized on a given word w in time O(n) where n = |w|, and then every update takes
worst-case time O(log log n).

Theorem 2 follows immediately from the combination explained above, so we consider it an
essentially known result (though we could not find this precise formulation in the literature).
What is new is the observation that this result is a very convenient tool for obtaining dynamic
data structures in the parameterized setting. We showcase this by considering the following
two text problems.

Disjoint Factors
Input: A word w ∈ {1, . . . , k}⋆, where k is an integer
Task: Decide whether there exist k pairwise disjoint (non-overlapping) substrings
w1, w2, . . . , wk of w such that for each i ∈ {1, . . . , k}, wi has length at least 2 and begins
and ends with symbol i.

Edit Distance
Input: Integer k and two words u, v ∈ Σ⋆, where Σ is an alphabet
Task: Decide whether ed(u, v) ⩽ k, that is, whether v can be obtained from u by a
sequence of at most k edits, each consisting of a deletion, insertion, or substitution of a
single symbol.

Disjoint Factors has been introduced in [11] as a stepping stone for kernelization
hardness of the Disjoint Cycles and Disjoint Paths problems. We choose to use it in
this work as an example, because its simple combinatorial structure makes many basic ideas
clearly visible. On the other hand, Edit Distance is a problem of immense importance
with multiple applications (see for survey [34]). It can be solved in time O(n2) by standard
dynamic programming (where n is the total length of the words). The best currently known
algorithm for Edit Distance runs in O(n2/(log n)2) time [31] and under the Strong ETH,
there is no strongly subquadratic algorithm [7, 1, 13, 2]. Here, we focus on parameterization
by the size of the solution k. In terms of this parametrization Edit Distance can be solved
in O(n + k2) by the celebrated Landau and Vishkin algorithm [27] and even in sublinear
time when approximation is allowed [9, 6, 21].

We observe that both for Disjoint Factors and for Edit Distance, the language
of yes-instances can be defined in FO[Σ, <] using a sentence of length bounded in terms
of the parameters. Therefore, by simply applying Theorem 2, we obtain data structures
for the dynamic variants of Disjoint Factors and Edit Distance (defined similarly as
for Closest String) with worst-case update times f(k) · log log n for some computable
function f(k). As usual with meta-theorems, the parametric dependence in these complexity
guarantees is not explicit. For this reason, we also design explicit data structures for both
problems.

1 See Section A for formal definition of FO[Σ, <]

STACS 2023



50:4 Dynamic Data Structures for Parameterized String Problems

▶ Theorem 3. The dynamic variant of Disjoint Factors admits a data structure with
initialization time O(k2k + kn), worst-case query time O(1), and worst-case update time
O(k2k log log n).

▶ Theorem 4. The dynamic variant of Edit Distance admits a data structure with initial-
ization time O(kn), worst-case query time O(1), and worst-case update time O(k2 log log n).

Our key component are van Emde Boas trees [42]. This is not surprising, as van Emde Boas
trees are also the main tool underlying the proof of Theorem 2 (see [19]). In both cases,
we heavily build upon known static algorithms [27, 11]. We point out that these results
serve mainly as a demonstration that one can improve the dependence on the parameter
guaranteed by Theorem 2 for concrete problems. We are not aware of any previous works on
Disjoint Factors in exactly this dynamic setting. On the other hand Edit Distance
was considered in the dynamic setting for unbounded values of k and only polynomial in n

updates are known [24, 14, 5]. Landau et al. [26] considered parameterization by k of Edit
Distance in the incremental setting. Moreover it is folklore that dynamic Edit Distance
(even with insertions and deletions) can be maintained in k2 polylog(n) update/query time
(by combining [27, 36]). We reiterate that Theorems 3 and 4 mainly serve here as examples
that dependence on k in the general framework in Theorem 2 can be improved for concrete
problems.

Finally, we observe that we can use the hardness methodology proposed by Amarilli et
al. [4] to establish conditional lower bounds against improving the update time in Theorems 3
and 4. More precisely, we prove that already for constant values of the parameters, the
problems Disjoint Factors and Edit Distance are prefix-U1 hard, which means that
finding a data structure for them is at least as hard as designing a data structure for the
following problem: for a dynamic word w over {0, 1}⋆, support queries of the form “given
i, is the first/leftmost occurence of the symbol 1 in w at position ⩽ i”. Amarilli et al. [4]
conjectured that no data structure for this problem achieves update time O(1), and our
reduction carries this hardness over to the dynamic variants of Disjoint Factors and
Edit Distance. Let us point out that the two discussed problems are just examples, and
the obtained hardness methodology can be potentially applied to a other dynamic string
problems.

Organization. In the Section 2 we give a short preliminaries. In Section 3 we present a
proof of Theorem 1 for large alphabets. In Section 4 we prove Theorem 1 for small alphabets.
The remaining proofs are deferred to the appendix. In Appendix A we prove Theorem 2.
Appendix B contains omitted proofs.

In the full-version of this paper [37] we include we give dynamic data structures for
Disjoint Factors and Edit Distance and show lower bounds for them.

2 Preliminaries

For a parameter ℓ, we write Oℓ(·) to hide factors depending only on ℓ. The poly(n1, n2)
denotes (n1n2)O(1). We use a shorthand notation [n] := {1, . . . , n}. For two sets X,Y , X△Y

denotes their symmetric difference (X \Y ) ∪ (Y \X). For two words u, v ∈ ΣL, where L ∈ N,
by dist(u, v) we denote the Hamming distance between u and v. For a word u ∈ ΣL and a
set X ⊆ [L], we write u[X] ∈ Σ|X| for the word obtained from u by removing all positions
outside of X. For 1 ⩽ i ⩽ j ⩽ m, we write u[i : j] ∈ Σj−i+1 for u[{i, . . . , j}].
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Computation Model. In this paper we work in the standard word-RAM model. In all our
results the O(log log n) factors come exclusively from application of van Emde Boas trees that
solve the Predecessor problem, where one needs to maintain a set S of n ∈ N integers with
w ∈ N bits. In update one can add/remove integers to/from set S. During query, for a given
integer x one should returns the largest integer y ∈ S such that x ⩾ y. The Predecessor
problem is a well-studied problem both in terms of lower and upper bounds (see the recent
survey [35]). In the word-RAM model the complexity of Predecessor operations is well
understood to be

Θ

max

1,min

logw(n),
log w

log w

log
(

log w
log w/ log log n

log w

) , log log(2w − n)
logw


 (1)

The upper and lower bounds were given by Pătraşcu and Thorup [38], see also [10, 20].
This means that strictly speaking O(log log n) factors in our paper, could be replaced with
Equation 1 in the word-RAM model depending on word size. We are using the worse
O(log log n) bound in order to keep the results transparent. Note that the O(log log n) bound
for the Predecessor is tight in more restricted computation models (see, e.g., [33]).

3 Closest String

In this section, we show the first half of Theorem 1 by proving the following theorem.

▶ Theorem 5. The dynamic variant of Closest String admits a randomized data structure
with initialization time 2O(d)nL, amortized update time 2O(d), and worst-case query time
dO(d). The answer to each query may result with a false positive with probability at most
2−Ω(d); there are no false negatives.

Throughout this section we fix the parameter d ∈ N and denote S := {s1, . . . , sn} for
brevity, and call it a dictionary. Then updates on such a dictionary consist of replacing
one symbol in one word with another symbol. Our data structure is based on the static
algorithm for Closest String due to Gramm et al. [22].

3.1 Branching for Closest String

Algorithm 1 presents a pseudocode for a (3d)dpoly(n,L) time algorithm for Closest String
loosely based on [22]. We first check if every pair of words of S are at distance at most 2d
from each other; otherwise, by triangle inequality, we can safely terminate and return that
there is no solution. Following this, we run a recursive search that maintains a candidate
q for a solution, together with an upper bound x on how far from q, in terms of Hamming
distance, we allow the sought solution to be. Candidate q is initially set to be any word
in S and upper bound x is initially set to d. Within the search, we first verify whether q
is already a solution. If yes, then we can terminate, this time yielding a positive answer.
Otherwise, there is some s ∈ S at distance more than d from q (and at most 2d). Observe
that due to the initial check and the fact that during recursion we modify q at most d times,
it will be always the case that s and q differ on at most 3d positions. Hence, we can branch
over one of at most 3d possibilities of modifying q by a single letter so that q gets closer to s.
The nontrivial observation is that if there exists a solution, one of the modifications will take
us closer to it in terms of the Hamming distance.

STACS 2023
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Algorithm 1 Pseudocode of static O((3d)dpoly(n, L)) time algorithm for Closest String.
To get a dynamic data structure, use Lemma 6 to perform manipulations on q.

Algorithm ClosestString(S, d)
1 if there exist si, sj ∈ S such that dist(si, sj) > 2d then
2 return False
3 Set q to be any word from S
4 return ClosestStringRec(S, q, d)

Procedure ClosestStringRec(S, q, x)
5 if x < 0 then
6 return False
7 if there exists s ∈ S such that dist(s, q) > d then
8 Find P := {i ∈ [L] | s[i] ̸= q[i]} // Observe that |P | ⩽ 3d
9 for i ∈ P do

10 Set q′ = q

11 Replace q′[i] = s[i]
12 if ClosestString(S, q′, x− 1) then
13 return True
14 return False
15 return True

For the running time, observe that in each call we can make at most |P | ⩽ 3d guesses.
Moreover, through the execution of the algorithm we can only modify at most d letters in q.
This means that the total size of the recursion tree is O((3d)d).2

Let us take a closer look at the polynomial factors of the Algorithm 1 and discuss
problems with dynamization. In line 1 we need to check if there exist words si, sj ∈ S with
dist(si, sj) > 2d. Naively, one needs to iterate over every pair of words in S and compute
the distance exactly which already requires n2 iterations, where n = |S|. Even if somehow,
this number could be decreased, observe that in order to compute a distance between a
fixed pair of words one needs to at least read them in O(L) time, which is too slow. Later,
manipulations on the candidate word q also require O(nL) time in each call of the recursive
procedure ClosestStringRec(), as q is checked against all words in S.

We remedy these problems by introducing a data structure that maintains the dictionary
S and provides access to all operations needed in the Algorithm 1, including efficient
manipulation of the candidate q. This data structure is described in the following lemma.

▶ Lemma 6 (Far word data structure). There exists a randomized data structure that maintains
the dictionary S of n words in ΣL with amortized 2O(d) time updates; the initialization time
is 2O(d)nL|Σ|. The data structure provides the following method:

QueryFarPair(): Decide if there exist s, s′ ∈ S with dist(s, s′) > 2d. The query may also
return a positive answer in case there are no s, s′ as above, but then it is guaranteed that
the answer to the instance (S, d) of Closest String is negative.

Further, the data structure provides access to a auxiliary word q ∈ ΣL through the following
methods:

2 With clever optimizations, one can decrease the running time to be O((d+1)dpoly(n, L)) [16, Section 3.5].
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Reset(): Reset q to the first word in S.
UpdateCandidate(i, a): Change the ith position of q to symbol a.
QueryFarWord(): Query if there exists s ∈ S with dist(s, q) > d, and if so, return the
pointer to s and the set of positions where s and q differ.

Usage of the above requires the following promises:
Usage of Reset() must be preceded by obtaining a negative answer to QueryFarPair().
Following resetting q to s ∈ S through usage of Reset(), the user has to guarantee that
the assertion dist(q, s) ⩽ d will hold at all times till the next usage of Reset().
Every update to any word in S resets q to be undefined, so that Reset() needs to be
invoked again to enable operations on q.

Methods QueryFarPair(), Reset(), UpdateCandidate(), QueryFarWord() work in worst-
case time 2O(d). Queries QueryFarPair() and QueryFarWord() return a false negative with
probability 2−Ω(d); there are no false positives.

A few remarks are in place regarding the use of randomness in the data structure of
Lemma 6. Namely, random bits are used solely in the initialization of the data structure,
and the correctness of subsequent uses of query methods depends on those initial random
bits. Hence, the events when algorithm returns correct answers are not independent. This
means that the error probability cannot be improved in the standard way by repeating each
query many times. Instead, one can improve the error probability by setting up multiple
independent copies of the data structure of Lemma 6.

With Lemma 6 stated, we can show how to derive Theorem 5 from it.

Proof of Theorem 5 assuming Lemma 6. We initialize and maintain α log d independent
copies of the data structure provided by Lemma 6 for some large enough constant α, to
be determined later. Each update and each query is accordingly relayed to all these data
structures; the output of a query is the disjunction of outputs provided by the individual
data structures. In this way, we may assume that we have one instance of the data structure
of Lemma 6 where the probability of a false negative is reduced to (2−Ω(d))α log d = (d−Ω(d))α.
The cost for this is that the running times of all methods are increased by a multiplicative
factor of O(log d); this will be immaterial in the forthcoming complexity analysis.

It remains to implement the query: we look for a word c that is at Hamming distance at
most d from all the words in S. The idea is to run Algorithm 1 with all operations replaced
by suitable invocations of methods of the data structure of Lemma 6. Lines 1 and 3 are
replaced by invocations of methods QueryFarPair() and Reset(), respectively. In line 7, we
invoke method QueryFarWord(). Finally, in line 11 we use one UpdateCandidate() operation
before recursing, and we roll-back this update (using the UpdateCandidate() method again)
when returning from the recursion. The running time and the correctness (assuming no false
negatives from the data structure of Lemma 6) follow from the correctness of the original
static algorithm and Lemma 6. It is also straightforward to verify that the assumptions of
Lemma 6 hold.

It remains to bound the probability of a false positive. Clearly, a false positive might
arise only if some invocation of a method of the data structure of Lemma 6 returns a false
negative. Since the recursion tree of procedure ClosestString() has depth at most d and
branching at most 3d, it has at most 2(3d)d nodes, hence in total there are at most 1 + 2(3d)d

invocations of methods of the data structure of Lemma 6. By setting α large enough, we
have (1 + 2(3d)d) · (d−Ω(d))α ⩽ 2−Ω(d). So by the union bound, the probability of an error is
bounded by 2−Ω(d). ◀
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Now, we discuss the technical ideas behind the proof of Lemma 6. The key idea is that
we can efficiently maintain an approximate solution, as explained in the following lemma.

▶ Lemma 7 (Approximate Closest String). There exists a data structure that maintains
a dictionary S of words in ΣL with amortized update time O(|Σ|), as well as a word o ∈ ΣL

with the following guarantee: if the answer to the Closest String instance (S, d) is positive,
then dist(o, s) ⩽ 4|Σ| · d for every s ∈ S. The data structure can be initialized in O(nL) time.

Moreover, the data structure also maintains a set ∆(o, s) := {i ∈ [L] | o[i] ̸= s[i]} for
every s ∈ S and, upon request, can return ∆(o, s) in time O(|∆(o, s)|). Finally, the data
structure can check whether dist(o, s) ⩽ 4|Σ| · d for all s ∈ S in time O(1).

In Section 3.2 we prove Lemma 7. Next, in Section 3.3 we use an approach based on color
coding to leverage Lemma 7 to maintain a dictionary S and implement query QueryFarPair().
Adding the functionality concerning the candidate word q uses similar arguments and is
presented in Section 3.4. Looking at the statement of Lemma 7, the reader might be at
this point worried that this plan involves complexities dependent also on |Σ|. However, in
Section 3.3 we will show how to reduce |Σ| to O(d) using color coding.

3.2 Approximate Closest String
In this section, we prove Lemma 7. The main idea is to define o ∈ ΣL through an approximate
majority vote for every position, maintained in a lazy fashion. We formalize this through the
following definition.

▶ Definition 8 (Origin Word). An origin word for a dictionary S of words in ΣL is a word
o ∈ ΣL such that

| {s ∈ S | s[i] = o[i]} | ⩾ |S|
2|Σ|

for every i ∈ [L].

We say that the origin word o is good if dist(o, s) ⩽ 4|Σ| · d for every s ∈ S.

By definition, if an origin word is good, then it is a solution for the Closest String
instance (S, 4|Σ|d). We now show a reverse “soundness” implication: if some origin word is
not good, then for sure there is no solution for (S, d).

▶ Lemma 9. If for an instance (S, d) there exists an origin word that is not good, then the
answer to (S, d) is negative.

Proof. For the sake of contradiction, let us assume that there exists c ∈ ΣL such that
dist(c, s) ⩽ d for every s ∈ S. Moreover, there exists some origin word o ∈ ΣL and a witness
w ∈ S such that dist(o, w) > 4d|Σ|.

Let Co,w be the total count of matches between o and all words in S at the positions
where o and w differ. That is,

Co,w := |{(i, s) ∈ [L] × S such that w[i] ̸= o[i] and s[i] = o[i]}|.

Let us show a lower bound on Co,w. Observe that for a witness w ∈ S there are at least
dist(o, w) positions i that are taken into account when computing Co,w. Moreover, by the
definition of origin word o, for every position i ∈ [L] at least |S|/(2|Σ|) words match o on
position i. Therefore,

|S| · dist(o, w)
2|Σ|

⩽ Co,w. (2)
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On the other hand, we assumed that there exists c ∈ ΣL such that dist(c, s) ⩽ d for every
s ∈ S. Since w ∈ S, by triangle inequality we have dist(s, w) ⩽ 2d for every s ∈ S. Hence

Co,w ⩽ 2d · |S|. (3)

By combining Inequalities (2) and (3) we conclude that dist(o, w) ⩽ 4|Σ|d, a contradiction. ◀

Next, we argue that in O(|Σ|) time we can maintain some origin word for a given
dictionary.

▶ Lemma 10. In O(nL) time we can initialize a data structure that for a given dictionary
S of words in ΣL maintains some origin word o ∈ ΣL with amortized update time O(|Σ|).
The data structure also maintains the set ∆(o, s) := {i ∈ [L] | s[i] ̸= o[i]} for every s ∈ S and
upon request, can return each set ∆(o, s) in time O(|∆(o, s)|). Finally, the data structure
can check whether o is good in time O(1).

Proof. Upon initialization, we set o ∈ ΣL so that for every position i ∈ [L], o[i] is a symbol
that occurs the most often among s[i] for all s ∈ S. Clearly, o constructed in this way is an
origin word. We also compute the relevant sets ∆(o, s).

The data structure stores the following additional data. For every position i ∈ [L] and
every symbol β ∈ Σ, we maintain a counter indicating the number of words s ∈ S such that
s[i] = β. Each set ∆(o, s) is stored as a linked list (with no assumption on the order), plus
there is an array of length L whose ith entry is either null if i /∈ ∆(o, s), or contains a pointer
to the relevant object on the linked list representing ∆(o, s). Additionally, with each set
∆(o, s), we maintain its size. Additionally, we store a single counter indicating the number of
words s ∈ S such that |∆(o, s)| ⩾ 4|Σ|d. This counter can be used to answer queries about
the goodness of o in time O(1). Upon initialization, all of the above can be computed in
time O(nL) in a straightforward way.

We now explain how the data structure behaves upon an update. Suppose position sj [i]
is modified. We update the relevant counters for position i and update ∆(o, sj) accordingly.
Next, we check whether the counter for the symbol o[i] at position i did not drop below
|S|/(2|Σ|). If not, then o remains an origin word and there is no need to change o. Otherwise,
we modify o[i] as follows.

By iterating through all words in S, we compute the most frequent symbol among s[i]
for s ∈ S, and we set o[i] to be this symbol. Moreover, we iterate over all s ∈ S and update
∆(o, s) accordingly, by adding or removing the position i if needed. These operations require
total time O(|S|).

We now argue that the amortized update time is O(|Σ|). By the pigeon-hole principle,
when symbol o[i] gets modified, it is replaced by the most frequent symbol that occurs at
least |S|/|Σ| times on position i in words from S. Also, this is true for the symbol placed as
o[i] upon initialization. Therefore, before an update triggers a change of o[i], there were at
least |S|/(2|Σ|) updates on position i. We can charge the running time O(|S|) used when
modifying o[i] to those previous updates, thus obtaining amortized update time O(|Σ|). ◀

Now Lemma 7 follows by combining Lemmas 10 and 9.

3.3 Detecting dissimilar words
In this section, we present a data structure, that maintains the dictionary and implements
the method QueryFarPair(), and for now we ignore the methods for handling q.

STACS 2023



50:10 Dynamic Data Structures for Parameterized String Problems

In the data structure, we will maintain hashes of all words in S to the binary alphabet.
More precisely, upon initialization of the data structure, we uniformly at random sample a
function h : [L] × Σ → {0, 1} that assigns a label 0 or 1 to every position and symbol in the
alphabet. This function is fixed for the whole life of the data structure and stored in it. In
notation, we shall use a natural lift of h : ΣL → {0, 1}L that applies h position-wise. In the
data structure we store, together with S, the hashed dictionary S̃ := {h(s) | s ∈ S}. Observe
that upon every update to S we can also update S̃ in constant time.

We also maintain an approximate solution õ ∈ {0, 1}L for dictionary S̃ using the data
structure of Lemma 7. Recall that we can query the data structure of Lemma 7 about
whether dist(õ, s̃) ⩽ 8d for all s̃ ∈ S̃ and if this is not the case, then we know for sure that
the instance (S̃, d) of Closest String has a negative answer. Note that this conclusion
implies that the original instance (S, d) also has a negative answer.

In addition to the approximate solution õ, the data structure of Lemma 7 provides an
access to the sets ∆(õ, s̃) of positions where õ and s̃ differ, for all s̃ ∈ S̃.

Finally, we also hash positions as follows. Upon initialization, we sample uniformly at
random a function π : [L] → [16d] which maps positions to a set of 16d colors (numbers from
1 to 16d). Again, this function is fixed for the whole life of the data structure and stored
in it. For a word s̃ ∈ S̃, let colorsõ,π(s) = {π(i) | i ∈ [L] and s[i] ̸= õ[i]} be the set of colors
assigned to the symbols in s̃ that are on positions where s̃ does not match the origin word
õ ∈ {0, 1}L.

In the data structure we maintain, for every C ⊆ [16d], the set Φ(C) defined as follows:

Φ(C) = {s̃ ∈ S̃ | colorsõ,π(s̃) = C}.

In other words, Φ(C) is the set of words from S̃ that get assigned the color set C. The next
statement shows that the sets Φ(C) can be maintained in 2O(d) time per update.

▶ Lemma 11. We can initialize in 2O(d) · nL time a data structure that for every C ⊆ [16d]
maintains the set Φ(C) in amortized 2O(d) time per update to S. When queried about any
C ⊆ [16d], the data structure in O(1) time either returns any element from Φ(C), or asserts
that Φ(C) is empty.

The proof of Lemma 11 is deferred to Appendix B. It is rather technical and builds
on the data structure of Lemma 7 by additionally storing sets Φ(C) as doubly-linked lists.
Every modification to S̃ and o triggers a number of modifications to lists representing Φ(C),
consisting of moving some elements from one list to another. The same amortization argument
as the one used in the proof of Lemma 7 shows that the amortized update time is 2O(d).

Algorithm 2 Pseudocode for the method QueryFarPair().

Method : QueryFarPair()
1 if exists s̃ ∈ S̃ with dist(õ, s̃) > 8d then
2 return Answer to (S, d) is negative.
3 for every X,Y ⊆ [16d] with |X△Y | > 2d do
4 if Φ(X) and Φ(Y ) are both nonempty then
5 return True // There are words s, s′ ∈ S with dist(s, s′) > 2d.
6 return False // It holds that dist(s, s′) ⩽ 2d for all s, s′ ∈ S.

We now present an implementation of the query operation; see Algorithm 2 for a
pseudocode. We first check whether dist(õ, s̃) ⩽ 8d for all s̃ ∈ S̃. As argued in Lemma 9,
if this is not the case, then we can safely conclude that the answer to the instance (S, d)
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is negative. Otherwise, we iterate over every pair of sets X,Y ⊆ [16d] with |X△Y | =
|(X \ Y ) ∪ (Y \X)| > 2d. Then, we check whether both Φ(X) and Φ(Y ) are nonempty. If
that is the case, then (as we will argue) any pair (s̃, s̃′) ∈ Φ(X)×Φ(Y ) satisfies dist(s̃, s̃′) > 2d,
implying that the original words s, s′ ∈ S also satisfy dist(s, s′) > 2d. Otherwise, if for every
such X and Y at least one of Φ(X) or Φ(Y ) is empty, we conclude that there is no pair
s, s′ ∈ S with dist(s, s′) > 2d.

Because the number of pairs X,Y ⊆ [16d] is 2O(d), the query algorithm runs in 2O(d)

time in total. The next lemma shows that if the algorithm finds some pair of words and
reports that they are at distance larger than 2d, then this answer is correct.

▶ Lemma 12. Suppose Algorithm 2 finds a pair X,Y ⊆ [16d] with |X△Y | > 2d and
Φ(X) ̸= ∅ and Φ(Y ) ̸= ∅. Then there are s, s′ ∈ S such that dist(s, s′) > 2d.

Proof. Consider any pair (s̃, s̃′) ∈ Φ(X) × Φ(Y ). Observe that for every color r ∈ X \ Y ,
there is a position i with π(i) = r such that s̃[i] ̸= õ[i] (due to r ∈ X), and we have õ[i] = s̃′[i]
(due to r /∈ Y ). So s̃[i] ̸= s̃′[i], implying s[i] ̸= s′[i]. Similar statements hold for every
r ∈ Y \X. Positions i as above have to be pairwise different due to receiving different colors
in π. Therefore, because the number of such positions is more than 2d, we conclude that s
and s′ differ on more than 2d positions. ◀

To finish the proof, it remains to analyze the success probability of Algorithm 2.

▶ Lemma 13. If there exists a pair a, b ∈ S with dist(a, b) > 2d, then Algorithm 2 detects
such a pair with the probability at least 2−O(d), or concludes that the answer to the instance
(S, d) is negative.

Note that in Lemma 6 we promised error probability bounded by 2−Ω(d), while Lemma 13
provides a bound of 1 − 2−O(d) on the error probability. This can be easily remedied by
maintaining 2Θ(d) independent copies of the data structure. This increases the time of update
and initialization by a 2O(d) factor.

Proof of Lemma 13. Let a, b ∈ S be a pair of words in S with dist(a, b) > 2d. First, we
argue that after hashing the alphabet, we still have dist(h(a), h(b)) > 2d with sufficiently
high probability. Let P ⊆ {i ∈ [L] | a[i] ̸= b[i]} be any set of size exactly 2d+ 1 consisting of
positions where a and b differ.

Let ã = h(a) and b̃ = h(b) for First, we claim that with probability at least 2−O(d) it
holds that dist(ã, b̃) > 2d. Observe that for a fixed position i ∈ P , the probability that h
assigns different symbols to a[i] and to b[i] is 1/2. Since h is sampled on each position i ∈ [L]
independently, the probability that this happens for all positions in P is 2−|P | = 2−O(d).

From now on, let us assume that dist(ã, b̃) > 2d. Moreover, by Line 1 we may assume
that dist(õ, s̃) ⩽ 8d for every s̃ ∈ S̃. Consider the set

∆õ(ã, b̃) := {i ∈ [L] | ã[i] ̸= õ[i] or b̃[i] ̸= õ[i]}.

Observe that since dist(õ, ã) ⩽ 8d and dist(õ, b̃) ⩽ 8d, we have k := |∆õ(ã, b̃)| ∈ [2d +
1, 16d]. Now, we claim that with probability 2−O(d) the function π assigns different colors
to all positions in ∆õ(ã, b̃). There are (16d)k different colorings on ∆õ(ã, b̃). However, only(16d

k

)
k! of them assign different colors to ∆õ(ã, b̃). Therefore the probability that π assigns

different colors on ∆õ(ã, b̃) is:

Pr
[
|{π(i) | i ∈ ∆õ(ã, b̃)}| = k

]
=

(16d
k

)
k!

(16d)k
= (16d)

(16d) · · · (16d− k + 1)
(16d) >

(16d)!
(16d)16d

> e−16d
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where the last inequality follows from the well-known bound n! > (n/e)n. Hence, the
probability that π assigns different colors to all positions in ∆õ(ã, b̃) is 2−O(d). Now, we
claim that if that indeed happens, then Algorithm 2 detects a suitable pair.

Let X and Y be sets of colors such that ã ∈ Φ(X) and b̃ ∈ Φ(Y ). It suffices to show that
|X△Y | > 2d. Observe that every position where ã and b̃ differ belongs to ∆õ(ã, b̃), hence
these (more than 2d) positions receive different colors in π. Further, for every position where
ã and b̃ differ, the color of this position belongs to X△Y , for outside of positions of ∆õ(ã, b̃)
the words õ, ã, b̃ all agree. It follows that |X△Y | > 2d. ◀

3.4 Maintaining a candidate solution

In this section, we finish the proof of Lemma 6 by implementing the operations on the
candidate word q. This proof builds upon the construction from Section 3.3 using the same
ideas, so we only briefly discuss the additional elements that need to be maintained.

Observe that q is always reset to the first word s1 ∈ S and operations on q are performed
under the promise that dist(q, s1) ⩽ d at all times. Therefore, we maintain q implicitly by
remembering only at most d positions on which s1 and q differ, and what are the symbols of
q on those positions. This allows us to implement the reset and update operations for q in
time 2O(d). (Recall here that in Section 3.3 we in fact maintained 2O(d) independent copies
of the data structure in order to boost the error probability.) Also, we maintain the hashed
version q̃ := h(q).

The method QueryFarWord() is implemented using a similar mechanism as was used in
Section 3.3. For technical reasons, we extend the palette of colors used by π from [16d] to
[17d]. Then we maintain the sets Φ(C) ⊆ S̃ for C ⊆ [17d] as before. However, instead of
iterating over all pairs X,Y ⊆ [17d] with |X△Y | > 2d, we first compute Q := colorsõ,π(q̃) and
then iterate over all X ⊆ [17d] such that |X△Q| > d and check whether Φ(X) is nonempty.
The same reasoning as in Section 3.3 shows that if there exists s ∈ S with dist(q, s) > d,
then with high enough probability we will find such an s as any element of Φ(X).

Note that in the description above we did not specify how the set colorsõ,π(q̃) is computed.
This can be done by first obtaining the set ∆(õ, s̃1) from the data structure of Lemma 7,
and then inspecting all the positions of ∆(õ, s̃1) ∪ ∆(s1, q), where ∆(s1, q) are the at most
d positions where s1 and q differ. Note here that we may assume that |∆(õ, s̃1)| ⩽ 8d, for
otherwise the data structure presented in Section 3.3 must have returned that the answer
to (S, d) is negative when resetting q. Further, this reasoning shows that |∆(õ, q̃)| ⩽ 9d
at all times. Note that in the correctness argument presented in Section 3.3, we used the
assumption that dist(õ, ã) ⩽ 8d and dist(õ, b̃) ⩽ 8d, and this is why we chose a palette of
colors of size 16d. Now, we have dist(õ, q̃) ⩽ 9d and dist(õ, s̃) ⩽ 8d, so a palette of 17d colors
suffices.

It remains to argue that if s with dist(q, s) > d is found, the set P of positions on which
q and s differ can be reported in time O(d). But again, P can be constructed by inspecting
all positions of ∆(õ, s̃1) ∪ ∆(q, s1), and this set has size O(d) and can be obtained by a query
to the data structure of Lemma 7. This finishes the proof of Lemma 6.

4 CLOSEST STRING for small alphabets

In this section we analyse the complexity of Closest String for small alphabets and show
that our techniques also apply in this setting. That is, we prove the second half of Theorem 1,
presented below.
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▶ Theorem 14. The dynamic variant of Closest String admits a randomized data structure
with initialization time 2O(d)nL|Σ|1+o(1), amortized update time 2O(d), and worst-case query
time (|Σ|−1)d2O(d). The answer to each query may result with a false negative with probability
at most 2−Ω(d); there are no false positives.

The strategy is exactly the same as in Section 3. First, we present a static algorithm
with running time (|Σ| − 1)d · 2O(d) · (nL)O(1), which is essentially the algorithm proposed by
Ma and Sun [22]. Next, we show how to use Lemma 6 to implement this static algorithm
to the dynamic setting. The algorithm is presented using pseudocode as Algorithm 3. We
present it somewhat differently than Ma and Sun in order to streamline the analysis of the
dynamic variant.

Algorithm 3 Pseudocode of a (|Σ|−1)d ·2O(d) ·(nL)O(1)-time static algorithm for Closest
String. To get a dynamic data structure with query time (|Σ| − 1) · 2O(d), use Lemma 6 for
operations on q.

Algorithm : ClosestStringSmallAlphabet(S, d)
1 Set F := ∅
2 Set q to be the first word s1 ∈ S
3 Set b := d

4 while exists s ∈ S such that dist(s, q) > d do
5 Find P := {i ∈ [L] such that s[i] ̸= q[i]} \ F
6 if dist(s, q) > 2d or P = ∅ then
7 return False
8 Guess Q = {i ∈ P such that c[i] ̸= q[i]} // c ∈ ΣL denotes the sought

solution
9 if |Q| > b or Q = ∅ then

10 return False
11 for i ∈ Q do
12 Guess c[i] ∈ Σ \ {q[i]}
13 Set q[i] := c[i]
14 F := F ∪ P

15 b := min(d− dist(s, q), b− |Q|)
16 if b < 0 then
17 return False
18 return True

The algorithm maintains three global values. The first one is a set F ⊆ [L] of fixed indices.
The second one is a word q ∈ ΣL that is a candidate for the solution, which at the start is
set to be any word from S. The third one is a budget b ∈ N, initially set to d.

We imagine the algorithm as a nondeterministic procedure that, having in mind some
solution c ∈ ΣL, guesses parts of c along the execution and appropriately modifies q. The
set F is used to keep track of the positions that are already assumed to be fixed as in F .
As usual, nondeterministism is determined by branching over all possibilities, and the total
number of branches determines the running time of the algorithm. At every point, even
in branches where guesses were inconsistent with c, the algorithm maintains the following
invariant:
(♢) There is s ∈ S such that s[F ] = q[F ] and b = d − dist(q[F ], s[F ]), where we denote

F = [L] \ F .
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In this way, one may think of b as of the budget that is left for changing symbols positions
in q outside of F : at most b of them can be still changed, for otherwise the solution would
be too far from s.

Every step of the algorithm works as follows. First, we find a word s ∈ S with dist(s, q) > d.
If no such word exists, then the current candidate q is a solution and we can terminate the
procedure claiming a positive answer. Otherwise, we compute the set P of positions where s
and q differ, and we remove from it all positions that were fixed before.

Next, we check whether dist(s, q) > 2d, which translates to the condition dist(s[F ∪
P ], q[F ∪ P ]) > 2d. If this is the case, we terminate and provide a negative answer: there is
no way to obtain a word at distance at most d from s by changing at most d positions in q.
If P = ∅, we can also terminate and provide a negative answer: already on fixed positions,
our candidate q and s differ by more than d. Otherwise, when dist(s, q) ⩽ 2d and P ≠ ∅,
we guess exactly the symbols in c at positions from P and we modify q to have q[P ] = c[P ].
This is done through a two-stage process: first we guess the set of positions Q ⊆ P where q
needs to be modified, and then we guess the symbols of c at positions of Q; for each there
are |Σ| − 1 possibilities. Note that we may restrict attention to sets Q that are nonempty
(for dist(s, q) > d) and satisfy |Q| ⩽ b (by invariant 18). Finally, we add P to the set F of
fixed indices and update b to the minimum of the two values: d− dist(s, q) and b− |Q|. It
is straightforward to verify that this way invariant 18 is still maintained: either s or the
previous witness for 18 may serve as the new witness for 18. Clearly, if b became negative,
it is safe to terminate the branch. Otherwise we continue the search until a candidate q at
distance at most d from all strings in S is found.

This concludes the description of the algorithm. The correctness is clear from the
description as we return True only if our candidate is at the distance at most d from all
input strings.

It is now straightforward to turn this algorithm into a dynamic data structure just as we
did in the proof of Theorem 5. Namely, we maintain the data structure of Lemma 6, and use
it to operate on the candidate word q. All distance checks can be implemented in linear time
by verifying the O(d)-sized difference sets provided by this data structure. We will later
show that the whole recursion tree of Algorithm 3 has total size at most (|Σ| − 1)d · 2O(d).
Hence, as the operations in the data structure of Lemma 6 take amortized time 2O(d), the
complexity guarantees promised in Theorem 14 follow in the same way as it was the case for
Theorem 5. As for the error probability, we can maintain α · log |Σ| independent copies of
the data structure of Lemma 6 for some large constant α, so that the probability that this
composite data structure returns a false negative is reduced to (|Σ|−Ω(d))α. Then, just as
in the proof of Theorem 5, it follows from the union bound that the probability of a false
negative in Algorithm 3 is at most 2−Ω(d).

We are left with bounding the running time of Algorithm 3, or more precisely, showing
that the whole recursion tree has size at most (|Σ| − 1)d · 2O(d). The argument conceptually
follows the reasoning of Ma and Sun [29]; we present it for completeness.

Runtime. The key observation is the following lemma.

▶ Lemma 15. Consider ith iteration of the while loop in Algorithm 3 (with any guesses
made). Let bi be the value of b before this iteration, and bi+1 be the value of b after this
iteration. Then bi+1 ⩽ bi/2.

We first argue that the claimed runtime of Algorithm 3 follows from Lemma 15. Consider
any root-to-leaf path in the recursion tree of the algorithm; this corresponds to a single run
of Algorithm 3 treated as a nondeterministic procedure, with some guesses made along the
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way. For iterations i = 1, 2, . . . , p of the while-loop, where p is the total number of iterations
made, let bi be the value of b at the beginning of the ith iteration, and let ℓi be the size of
the set Q considered in the ith iteration. Observe the following:

We have bi ⩽ d/2i−1 for all i ∈ [p] (because b1 = d and, by Lemma 15, bi+1 ⩽ bi/2 for all
i ∈ [p− 1]).
We have 1 ⩽ ℓi ⩽ bi for all i ∈ [p] (because in the algorithm we consider only nonempty
sets Q satisfying |Q| ⩽ b).
We have

∑p
i=1 ℓi ⩽ d (because b decreases by at least ℓi in the ith iteration, and the

procedure terminates once b becomes negative).
Therefore, every root-to-leaf path in the recursion tree can be uniquely described by specifying
the following data:
(a) Positive integers ℓ1, . . . , ℓp satisfying

∑p
i=1 ℓi ⩽ d.

(b) For each i ∈ [p], a choice of a subset Qi of size ℓi of the set Pi, where Pi, Qi are the sets
P,Q considered in the ith iteration.

(c) For each i ∈ [p], a choice of symbols guessed to be fixed at the positions of Qi.
For a, it is well-known that the number of representations of d as a sum of numbers ℓ1, . . . , ℓp

is bounded by 2O(d). For c, the total number of choices is bounded by
p∏

i=1
(|Σ| − 1)ℓi ⩽ (|Σ| − 1)d.

Finally, for b we shall use the following known bound.

▶ Lemma 16 (cf. Lemma 124 in [39]). If m, k are nonnegative integers, then
(

m+k
k

)
⩽ 22

√
mk.

Since we always have |Pi| ⩽ 2d, the number of choices for b is bounded as follows:
p∏

i=1

(
2d
ℓi

)
⩽

p∏
i=1

22
√

2dℓi ⩽
p∏

i=1
22

√
2d·d/2i−1 = 22

√
2·d·

∑∞
i=0

2−i/2
= 2O(d).

So all in all, the total number of root-to-leaf paths in the recursion tree is bounded by

2O(d) · 2O(d) · (|Σ| − 1)d = (|Σ| − 1)d · 2O(d),

as claimed. It remains to prove the Lemma 15.

Proof of Lemma 15. Let qi and qi+1 be the candidate word respectively at the beginning
and at the end of the ith iteration, that is, after guessing is performed. Recall that there is
s ∈ S with dist(s, qi) > d. Further, recall that

bi+1 = min(d− dist(s, qi+1), bi − |Q|).

To prove that bi+1 ⩽ bi/2, it suffices to show that

(d− dist(s, qi+1)) + (bi − |Q|) ⩽ bi,

or equivalently,

d ⩽ dist(s, qi+1) + |Q|. (4)

By triangle inequality we have

d < dist(s, qi) ⩽ dist(s, qi+1) + dist(qi, qi+1),

but we also have

dist(qi, qi+1) = |Q|.

So this establishes (4) and finishes the proof. ◀
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A Applications of Meta-Theorems

In this section we first state a meta-theorem for string problems definable in first-order
logic FO; this result follows easily from the work of Frandsen et al. [19] using the classic
Schützenberger-McNaughton-Papert theorem [32, 40]. Then we explain how to use the
meta-theorem for the following toy problems: Disjoint Factors and Edit Distance. As
usual with meta-theorems, the parametric factor in the complexity guarantees of the obtained
data structures is not explicit, and typically is much higher than if one constructs the data
structure “by hand”. Therefore, we next show how to derive concrete data structures with
concrete complexity guarantees for Disjoint Factors and Edit Distance. Finally, we
discuss a methodology for lower bounds introduced by Amarilli et al. [4], and we apply it to
derive lower bounds for those two problems.

A.1 A meta-theorem
We first need to recall basic knowledge on different equivalent views on regular languages.
This material is standard in the area of algebraic theory of languages, so we refer an interested
reader to the book of Bojańczyk [12] for a broader introduction. In particular, we explain the
contemporary understanding of the material, and for appropriate references and historical
remarks, we refer to [12].

The first view is through the lens of logic. Fix a finite alphabet Σ. We consider the
logic MSO[Σ, <] operating on words. In this logic there are variables for single positions
(denoted with small letters) and subsets of positions (denoted with capital letters). The
atomic formulas are of the following form:

equality test x = y;
test x ∈ X checking that position x belongs to position subset X;
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for every a ∈ Σ, test a(x) checking that at position x there is symbol a; and
test x < y checking that position x appears before position y.

Formulas of MSO[Σ, <] can be obtained from atomic formulas using standard boolean
connectives and quantification (both universal and existential, and applicable to both types
of variables). FO[Σ, <] is a fragment of MSO[Σ, <] where we disallow variables for subsets of
positions.

A sentence is a formula without free variables. By w |= φ we mean that the sentence φ is
satisfied in the word w. For a sentence φ ∈ MSO[Σ, <], the language defined by φ consists of
all words w in which φ is satisfied. A language L ⊆ Σ⋆ is MSO-definable if L is defined by
some φ ∈ MSO[Σ, <] as above, and FO-definable if it is defined by some φ ∈ FO[Σ, <]. It
appears that regular languages exactly coincide with ones definable in MSO.

▶ Theorem 17. A language of finite words over a finite alphabet is regular if and only if it
is MSO-definable.

The next view is through semigroup homomorphisms. Consider a language L ⊆ Σ⋆. By
endowing Σ⋆ with the concatenation operation we can regard it as a semigroup. For another
semigroup S and a (semigroup) homomorphism h : Σ⋆ → S, we say that h recognizes L if
there exists A ⊆ S such that L = h−1(A); in other words, whether w ∈ L can be recognized
by looking at h(w) and determining whether it belongs to A. It turns out that regular
languages are also exactly those that are recognized by homomorphisms to finite semigroups.

▶ Theorem 18. A language of finite words over a finite alphabet is regular if and only if it
is recognized by a homomorphism to a finite semigroup.

Further, it is known that if L is regular, then there exists a unique minimal – in terms of
cardinality – semigroup S such that there is a homomorphism from Σ⋆ to S recognizing L.
This semigroup is called the syntactic semigroup for S.

It turns out that FO-definable languages can be characterized in terms of algebraic
properties of their syntactic semigroups. Here, a semigroup is aperiodic (or group-free) if it
does not contain any non-trivial group.

▶ Theorem 19 (Schützenberger-McNaughton-Papert Theorem, [32, 40]). A regular language
L is FO-definable if and only if its syntactic semigroup is aperiodic.

With these standard tools recalled, we can proceed to the setting of dynamic data
structures.

Fix a finite alphabet Σ and consider a language L ⊆ Σ⋆. The word problem for L is to
design a data structure that maintains a dynamic word w ∈ Σ⋆ and supports the following
operations:

init(w): Initialize the data structure with the given word w.
update(i, a): Update w by replacing the symbol at position i by symbol a ∈ Σ.
query(): Determine whether w ∈ L.

The complexity guarantees of such a data structure is typically measured in terms of n := |w|.
Note that this value is fixed upon initialization and then stays the same throughout the life
of the data structure.

We can also consider the word problem for semigroups. Suppose S is a semigroup. Then
the word problem for S is defined as above for words over S (that is, words w ∈ S⋆), where
query is redefined as follows: Output the (left-to-right) product of all the symbols in w.
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Observe that the word problem for a regular language L ⊆ Σ⋆ easily reduces to the
word problem for its syntactic semigroup S. Indeed, if h : Σ⋆ → S is the homomorphism
recognizing L, say L = h−1(A) for some A ⊆ S, then in the reduction we can map symbols
a ∈ Σ to their images h(a) ∈ S, and whether w ∈ L can be deduced by checking whether
h(w) ∈ A.

Frandsen et al. [19] proposed an efficient dynamic data structure for the word problem in
aperiodic semigroups.

▶ Theorem 20 ([19]). Let S be a finite aperiodic semigroup. Then there is a data structure
for the word problem for S with initialization time O(n), worst-case update time O(log log n),
and worst-case query time O(1).

By combining Theorems 19 and 20 using the reduction presented above, we obtain the
following.

▶ Theorem 21. Let Σ be a finite alphabet and suppose L ⊆ Σ⋆ is FO-definable. Then there is
a data structure for the word problem for L with initialization time O(n), worst-case update
time O(log log n), and worst-case query time O(1).

A few remarks are in order. First, the proof of Theorem 20 relies on induction on the
Khron-Rhodes decomposition of the semigroup S, where in each step of the induction one
applies van Emde Boas trees [42]. The induction has depth bounded by the size of S, so
one can view this data structure as O(|S|) van Emde Boas trees stacked “on top of each
other”. Consequently, the constants hidden in the O(·) notation in Theorem 20 depend on
S, but not horribly: they are polynomial in |S|. However, there is a much more significant
complexity blow-up hidden in Theorem 18. Specifically, if a regular language L is defined by
an FO[Σ, <] sentence φ, then the syntactic semigroup of L has size bounded by a function of
|φ|, but this function is in general non-elementary – it is basically a tower of height equal to
the quantifier rank of φ. This non-elementary dependence is known to be unavoidable [41].
Therefore, whenever one applies Theorem 21 in order to obtain data structures for a problem
based on its description in FO, one should bear in mind that the constants hidden in the
O(·) notation depend non-elementarily on the length of the description.

Second, recently Amarilli et al. [4] gave a characterization of regular languages for which
data structures with guarantees as in Theorem 20 exist. This characterization renders the
tractability region to be a bit broader than just FO-definability, for instance the languages
“on every even position there is symbol a” or “in total there is an even number of symbols a”
are not FO-definable, but admit data structures for the word problem with constant update
time. The characterization is expressed in algebraic terms and we could not find natural
examples of parameterized string problems that would not be FO-definable, but fall under
the characterization. So we refrain from giving more details and point an interested reader
to [4] instead.

We now explain how to use Theorem 21 in practice on two examples: Disjoint Factors
and Edit Distance. In each case, the task boils down to defining the problem in FO[Σ, <]
for an appropriate alphabet Σ. We start with Disjoint Factors.

▶ Lemma 22. Let k ∈ N and Σk = [k]. There is a sentence φk ∈ FO[Σk, <], computable
from k, such that for every w ∈ Σ⋆

k, w is a yes-instance of Disjoint Factors for parameter
k if and only if w |= φk.

Proof. In the sentence φk, we first make a disjunction over all permutations π : [k] → [k].
For each such π, we verify that there exist positions x1 < y1 < x2 < y2 < . . . < xk < yk such
that for each i ∈ [k], both at position xi and at yi there is symbol π(i). It is straightforward
to express this condition using an FO[Σk, <] sentence. ◀
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By applying Theorem 21 to the language defined by sentence φk provided by Lemma 22,
we obtain the following.

▶ Corollary 23. There is a data structure for the dynamic Disjoint Factors problem with
initialization time Ok(n), worst-case update time Ok(log log n), and query time O(1).

Note here that the query time can be a constant independent of k, as we can always
recompute the answer to the query following every update.

For Edit Distance, the formula is more complicated. For two words u, v ∈ Σ⋆, by u⊗ v

we denote the word over (Σ ∪ {⊥})2, where ⊥ is a symbol not present in Σ, defined as follows:
The length of u⊗ v is max(|u|, |v|).
For each 1 ⩽ i ⩽ min(|u|, |v|), we put u⊗ v[i] = (u[i], v[i]).
For each min(|u|, |v|) < i ⩽ max(|u|, |v|), we put u⊗ v[i] = (u[i],⊥) or u⊗ v[i] = (⊥, v[i]),
depending on whether max(|u|, |v|) = |u| or max(|u|, |v|) = |v|.

▶ Lemma 24. Let k ∈ N and Σ be a finite alphabet. There is a sentence ψk,Σ ∈ FO[(Σ ∪
{⊥})2, <], computable from k and Σ, such that for all u, v ∈ Σ⋆, we have ed(u, v) ⩽ k if and
only if u⊗ v |= ψk,Σ.

Proof. Denote Γ = (Σ ∪ {⊥})2 for brevity. Note that for two words u′, v′ ∈ Σ⋆ we have
ed(u′, v′) ⩽ k if and only if there exist integers a, b, c ⩾ 0 with a+ b+ c ⩽ k such that one
can remove a positions from u′ and b positions from v′ so that the resulting strings have
equal length and differ on exactly c positions. In such case, we will call the pair (u′, v′)
(a, b, c)-editable.

For all (a, b, c) ∈ {0, 1, . . . , k}3 with a+b+c ⩽ k and s, t ∈ {−k, . . . , k}, we shall construct a
formula αs,t,a,b,c(x, y) that satisfies the following: for two positions 1 ⩽ x ⩽ y ⩽ max(|u|, |v|),
we have

u⊗ v |= αs,t,a,b,c(x, y) if and only if (u[x : y], v[x+ s : y + t]) is (a, b, c)-editable.

Here, we use the convention that if the specified range [x : y] or [x+ s : y + t] does not fit
into the corresponding word, or makes no sense due to x > y + 1 or x+ s > y + t+ 1, then
αs,t,a,b,c(x, y) should be false (this can be easily recognized in FO[Γ, <]). If we achieve the
above, the formula ψk,Σ can be defined as the disjunction of all formulas α0,t,a,b,c(1, nu) for
a, b, c as above, where 1 is the first position, nu is the last position of u, and t ∈ {−k, . . . , k}
is such that nu + t is the last position of v (all these are easily definable from u ⊗ v in
FO[Γ, <]).

The construction is by induction on a+ b. For the base case a = b = 0, we may define
αs,t,0,0,c(x, y) as follows: if s ̸= t then the formula is always false, and otherwise it checks
whether there are exactly c different positions z such that x ⩽ z ⩽ y and u[z] ̸= v[z + s].
This can be checked by comparing the first coordinate of u⊗ v[z] with the second coordinate
of u⊗ v[z + s]. Since |s| ⩽ k by assumption, it is straightforward to formulate this assertion
in FO[Γ, <].

We proceed to the induction step. So assume a + b > 0, say a > 0; the construction
in the case b > 0 is analogous, so we omit it. The idea is that we guess, by existential
quantification, the first position in u[x : y] that gets removed, and use simpler formulas given
by the induction assumption. More precisely, αs,t,a,b,c(x, y) can be defined as the conjunction
of formulas

∃z. (x ⩽ z ⩽ y ∧ αs,r,0,b1,c1(x, z − 1) ∧ αr−1,t,a−1,b2,c2(z + 1, y)) ,
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for all integers b1, b2 ⩾ 0 with b1 + b2 = b, c1, c2 ⩾ 0 with c1 + c2 = c, and r ∈ {−k+1, . . . , k}.
Here, z − 1 and z + 1 are a syntactic sugar for the predecessor and the successor of z,
respectively, which are easily definable in FO[Γ, <]. It is straightforward to see that the
construction of αs,t,a,b,c(x, y) as above satisfies the required properties. ◀

Similarly as before, by combining Theorem 21 with Lemma 24 we obtain the following.

▶ Corollary 25. There is a data structure for the dynamic Edit Distance problem with
initialization time Ok,Σ(n), worst-case update time Ok,Σ(log log n), and query time O(1).

B Omitted proofs

Proof of Lemma 11. We assume the familiarity with the proof of Lemma 7, as our data
structure will extend the one proposed there. Recall that in the context of Lemma 11, we
maintain the data structure of Lemma 7 for the dictionary S̃ and õ is the maintained word.

The data structure of Lemma 7 stores, for every s̃ ∈ S̃, the following set:

∆(õ, s̃) = {i ∈ [L] | õ[i] ̸= s̃[i]}.

As, we have a fixed coloring π : [L] → [16d], we can maintain a table of counters

T (s̃, c) := |{i ∈ [L] | π(i) = c and i ∈ ∆(õ, s̃)}| for all s̃ ∈ S̃ and c ∈ [16d].

Upon initialization, we explicitly compute T (s̃, c) for every s̃ ∈ S̃ and c ∈ [16d] in O(nL+nd)
time. During an update to the position i ∈ [L] of a word s̃ ∈ S̃ we check if õ[i] ̸= s̃[i] and
update the number of colors in T (s̃, c) based on π(i) accordingly. It may happen that the
update to s̃ at position i triggered a modification of the word õ at position i. Then we need
to change T (s̃, π(i)) for every s̃ ∈ S̃. Note that this alone requires O(|S|) time. However,
recall that in the proof of Lemma 7 we argued that before update when the position i of
the word o changes, there were at least |S̃|/4 updates to that position where õ was not
modified (recall here that we work over the binary alphabet). Therefore, as in the proof of
Lemma 7, we may charge the running time O(|S|) to those previous updates to argue that
the amortized update time is O(1).

Observe that based on the table T , we can compute the set colorsõ,π(s̃) = {π(i) | i ∈
[L] and s̃[i] = õ[i]} for any given s̃ in time O(d), because it is enough to iterate through all
c ∈ [16d] and check whether T (s̃, c) > 0. Now we describe how to maintain the sets

Φ(C) = {s̃ ∈ S̃ | colorsõ,π(s̃) = C} for every C ⊆ [16d].

Each set Φ(C) is stored as a doubly-linked list of pointers to words from S̃. Upon initialization,
we iterate over every s̃ ∈ S̃, lookup the value of Cs̃ := colorsõ,π(s̃) and add a pointer to s̃ to
the list Φ(Cs̃). Observe, that this operation can be implemented in total time 2O(d) + nL

time, as we can compute sets Cs̃ for all s̃ ∈ S̃ in total time O(nL).
Next, when a word s̃ is updated on some position and is changed to s̃′, we compute

the previous set of colors C := colorsõ,π(s̃) and the new set of colors C ′ := colorsõ,π(s̃′). As
argued, this operation can be done in O(d) time. Next, we delete the pointer to the word
s̃ from the list Φ(C) and append a pointer to s̃′ to list Φ(C ′). Alongside s̃ we store the
pointer to its list entry in the list Φ(C ′) in order to be able to remove it efficiently. Both of
these operations can be implemented in O(1) time. During a query C ⊆ [16d] we return any
element from the list Φ(C) or assert that it is empty in O(1) time. ◀
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Abstract
Vectorial programming, the combination of SIMD instructions with usual processor instructions, is
known to speed-up many standard algorithms. Simple regular languages have benefited from this
technology. This paper is a first step towards pushing these benefits further. We take advantage of
the inner algebraic structure of regular languages and produce high level representations of efficient
vectorial programs that recognize certain classes of regular languages.

As a technical ingredient, we establish equivalences between classes of vectorial circuits and logical
formalisms, namely unary temporal logic and first order logic. The main result is the construction
of compilation procedures that turns syntactic semigroups into vectorial circuits. The circuits we
obtain are small in that they improve known upper-bounds on representations of automata within
the logical formalisms. The gain is mostly due to a careful sharing of sub-formulas based on algebraic
tools.
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1 Introduction

Finite state machines abstract the simplest class of programs. They are used everywhere:
basic string manipulation functions of the C standard library like memchr, strlen or strstr
are based on simple finite state automata, but also text-processing related tasks; checking the
validity of encodings; text-mining; etc. As finite state machines are pervasive, implementing
them efficiently is key in many softwares. The string related functions of the C standard
library we mentioned earlier have greatly benefited from SIMD instructions built into modern
CPUs. These functions can now process several characters per CPU cycle.

Single Instruction, Multiple Data (SIMD) executes an operation on several data in
parallel, offering a form of low-level parallelism akin to Lamport’s [13]. A function like
memchr searches the first occurrence of a character in a string. SIMD instructions can check
whether this character appears among several consecutive characters of the string in one
go: each individual character is compared in parallel with the others. Other vectorized
algorithms (see [11] for examples) benefit from these instructions. In the context of text-
processing, impressive handcrafted SIMD based implementations have been proposed for
string pattern matching [12], classical regular expression matching [33], Json parsing [14],
checking correctness UTF-8 encoding [10], or DNA alignement in bioinformatics [6].
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Though many efforts have been put into compilers to solve the problem of auto-
vectorization [18, 32, 19, 20, 8], these optimization methods rarely succeed in accelerating
text algorithms with SIMD instructions. Finding auto-vectorization methods that deal with
text algorithms would have a high impact. The challenge would be to produce, among others,
the clever handcrafted code in the C standard library from the description of its underlying
regular expression. Text processing, however, requires some form of sequentiality simply
because, in many cases, information needs to be passed sideways. In this paper we consider
two of them: prefix-or and addition.

The unreasonable power of binary addition. For sideways information passing, addition is
very interesting: carry propagation can be used to compute long distance relations words.
Moreover, Big Int instructions of modern processors compute it efficiently over large vectors.

Several papers already explored the use of addition in relation to regular languages:
Myers [17] uses it to solve approximate string matching; Bergeron and Hamel [2, 1] show
that counter-free automata can also benefit from addition; Serre [26] then characterizes
counter-free languages in terms of addition; on the practical side, Cameron et al. [4] use
explicitly addition when compiling parts of regular expressions of the form B∗ when B is a
set of letters.

This work starts with the definition of a notion of vectorial circuit that abstracts away
from the details of CPU operations. Circuits make clear which operations are independent
from one another and are objects of choice when it comes to introduce parallelism in some
computation. We are confident that vectorial circuits can be compiled to obtain efficient
programs that use SIMD instructions. As a first step in that direction, the main focus of the
paper is then to construct small vectorial circuits from various presentations of counter-free
regular languages.

The results of [2, 1] heavily rely on Krohn-Rhodes’ Theorem. In this paper, the con-
struction goes through Past-LTL logic and uses the equivalence between the Yesterday-Since
operation and binary addition. The relation between these two operations is actually formal-
ized in coq [21] (for technical reasons, in this formalization, we consider Forward-LTL and
Next-Until instead of Past-LTL and Yesterday-Since). A consequence is that we can obtain
concise vectorial circuits from Past-LTL formulae in the sense that they have the same size
as the initial formula.

We also consider how to obtain concise vectorial circuits directly from automata. With
Serre’s result, it is theoretically possible to produce vectorial circuits for counter-free automata.
However, only a double exponential upper bound in the size of the automaton is known
on the size of Past-LTL formulas. This would make circuits far too large in practice. This
upperbound comes from a construction of Wilke [35, Corollary 1] that builds formulas by
induction over the structure of the syntactic monoids of the input automata. On other classes
of automata, such as FO2[<] [5, 31], known transformations of automata into formulas are
indirect and not constructive. They are of no use to actually compile automata into formulas
or circuits.

Main contributions. We study a notion of vectorial circuits as an abstraction of SIMD
programs. Vectorial circuits describe the shape of actual circuits for arbitrary size of inputs.
In particular they are a uniform fragment of AC0 (constant depth polysize boolean circuits).
As for circuits, their expressivity depends on the set of authorized gates. Our main goal is
to produce small vectorial circuits for particular classes of regular languages: the class of
counter-free or FO[<]-languages and the class DA or FO2[<]-languages. We measure the
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size of output circuits with respect to the size of the syntactic monoids. Were we to consider
automata as inputs that we would need to exponentiate our bounds (e.g. the languages of
the form AkaA∗ have syntactic monoids of size 2k with minimal automata of size O(k)).

Concerning counter-free languages, we revisit Serre’s result. We propose an algorithm
that produces vectorial circuits (using bitwise boolean operations and addition) that are
polynomial in the size of the input aperiodic monoid. Serre’s result ensures here that the class
of vectorial programs expressed with addition and bitwise boolean operations are equivalent
to counter-free languages.

For the class DA, we replace addition with prefix-or to obtain a class of circuits that
captures exactly that class. When transforming syntactic monoids of DA into vectorial
circuits, the use of prefix-or makes circuits larger than they would be with addition. The
transformation that we propose gives vectorial circuits which have exponential size in the
J -depth (see 3.1 for the definition of J -depth) of the syntactic monoid.

We begin by presenting vectorial circuits in Section 2. We also show the links between
vectorial circuits and fragments of logic. In Section 3, we introduce general strategies of
evaluation of words. Then, in Section 4, we construct small programs that compute our
strategies of evaluation. Sketches of all the main proofs can be found in the appendices. For
the complete version, see [22].

2 Compiling regular languages into vectorial circuits

2.1 Algebraic preliminaries
We write [n] for the set {0, . . . , n − 1}. Given a set E, we denote by |E| its cardinality.
Given some finite set Σ, the alphabet, words on Σ are finite sequences of elements of Σ. We
write |x| for the length of the word x. We denote by Σ∗ the set of words on Σ.

Semigroups. A semigroup is a pair consisting of a set S and an associative binary operation
·S on S, called the inner operation of S. We usually write that the set S is a semigroup. A
monoid is a triple (M, ·M , 1), where (M, ·M ) is a semigroup and 1 ∈ M is an identity (or a
neutral element) of M . We usually write that the set M is a monoid. We only work with
finite semigroups and monoids. We thus designate finite semigroups (resp. finite monoids)
when we mention semigroups (resp. monoids). Given a semigroup S, any element e of S

satisfying e ·S e = e is called an idempotent. In a finite semigroup S, any element s of S

admits an idempotent power, which is an element sn (where n > 0 is an integer) that is
idempotent, where sn denotes the iterated product of s by itself n times. We use the usual
notation sω to denote the idempotent power of s (ω is the minimum integer such that, for any
element s, sω is the idempotent power of s). Given a semigroup S, we define S1 = S ∪ {1}
as the monoid formed by the semigroup to which an identity is added if necessary. For any
subsets X and Y of S, we denote by X ·S Y the set {x ·S y | x ∈ X, y ∈ Y }. Similarly, for any
x ∈ S and Y ⊆ S, we write x ·S Y and Y ·S x respectively for {x} ·S Y and Y ·S {x}. Given a
finite set Σ, we call Σ+ the free semigroup over Σ with the concatenation as the associative
binary operation. This is the only infinite semigroup that we consider. Given a semigroup S,
we will denote by S+ the free semigroup with the underlying set of S as alphabet.

Canonical morphism. We denote concatenation implicitly: given two words u, v, their
concatenation is written uv. For instance, taking two elements x, y of S, xy denotes a word of
S+ of length 2. This notation must not be confused with x ·S y that denotes the element of S

obtained by multiplying x and y with the inner operation of S. We never use concatenation
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to mark the product within S. However, we relate words of the free semigroup S+ to their
value in S by means of the canonical morphism: πS : S+ → S. It is the unique associative
morphism verifying both the following properties: for every x ∈ S, πS(x) = x and, for every
u, v ∈ S+, πS(uv) = πS(u) ·S πS(v).

Languages and semigroups. A link can be established between logics and semigroups by
taking the syntactic semigroup of a language. This semigroup is defined as follows: given a
language L on an alphabet Σ, the syntactic congruence of L in Σ∗ is the relation ∼L defined
on Σ∗ such that, for any words u, v ∈ Σ∗, u ∼L v if and only if, for all words x, y ∈ Σ∗,
xuy ∈ L ⇔ xvy ∈ L. The syntactic semigroup of L is the quotient Σ+/ ∼L, and the syntactic
monoid of L is the quotient Σ∗/ ∼L.

The link between logic and semigroups has already been well studied and gave birth
to very nice algebraic characterizations of some well-known classes of languages. For more
information on this topic, see the survey [30] along with the books [28] and [23]. Notably, the
class of starfree languages is equivalent to the variety of aperiodic semigroups, the semigroups
satisfying an equation of the form πS(xω+1) = πS(xω), for any x ∈ S. We can also mention
the class FO2[<], which is equivalent to the variety DA of semigroups, the semigroups
satisfying an equation of the form πS((xy)ωx(xy)ω) = πS((xy)ω), for any x, y ∈ S. For an
explanation of the name DA, see Section 3.1. We refer to [29] for a complete exposition of
this class and its relationship to various logics.

2.2 Vectorial circuits
We call the words on the alphabet {0, 1} vectors. For a vector x, we may use the term
dimension to refer to its length |x|. We refer to vectors of dimension n as n-vectors. We let
1n and 0n respectively denote the sequence of n 1’s and the sequence of n 0’s. When n is
irrelevant or obvious for the context, we may write 1 and 0. Two vectors x = x0 . . . xn−1
and y = y0 . . . yn−1, of dimension n ∈ N, are said to be disjoint if, for any index i ≤ n − 1,
xi ∧ yi = 0.

Vectorial circuits and their semantics. Vectorial circuits are labeled directed acyclic graphs.
The nodes that have no input edge are called input nodes. The nodes with incoming edges are
called gates and are labeled with commutative operations. The in-degree of a gate should be
equal to the arity of its labeling operation while the out-degree can be arbitrary. We usually
write input nodes and terms in bold-face fonts: v, v1, . . . Output nodes are distinguished
nodes of the circuit. Generally they include the nodes that have no output edge. The size of
a circuit is the number of its nodes.

Vectorial circuits can be seen as circuit templates that, for each n, instantiate a concrete
circuit working on vectors of dimension n. Once the dimension is fixed to n, associating
n-vectors to the input nodes and flowing the values through the gates (where the right
function operating on n-vectors is used) yields output values in the output nodes. Take
a circuit C with input nodes i1, . . . , ip and output nodes o1, . . . , or, given p n-vectors x1,
. . . , xp, we write C(x1, . . . , xp) for the tuple of n-vectors y1, . . . , yr that are respectively
yielded in the output nodes o1, . . . , or when evaluating the C with the vector x1, . . . , xp
respectively associated to the input nodes i1, . . . , ip.

Operations for labeling gates. We use bitwise Boolean operations: the unary negation ¬
and the binary operations ∧ and ∨, respectively the bitwise conjunction and disjunction.
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Given a function f : {0, 1}+ → {0, 1}, we define the unary operation pref-f (resp. suf-f):
given a n-vector x = b0 . . . bn−1, with b0, . . . , bn−1 in {0, 1}, pref-f(x) (resp. suf-f(x)) is
the n-vector z = c0 . . . cn−1 where for each i ∈ [n], ci = f(b0 · · · bi) (resp. ci = f(bi · · · bn−1)).
In this paper, we use the unary operations pref-∨, suf-∨, pref-∧ and suf-∧.

Binary vectors x of dimension n naturally represent numbers in [2n]. We write nb(x) for
the number represented by x with the convention that its least significant bit is the left-most
one. For a natural number k, we write binn(k) to denote the vector of dimension n that
represents k modulo 2n.

The unary operations LSB (Least Significant Bit) and MSB (Most Significant Bit) replace
by 0 respectively the left-most 1 and right-most 1 of their argument vector. For these two
operations, when the argument vector is 0n, the resulting vector is also 0n. The binary
operation + is defined by the family (plusn)n∈N so that for any two vectors of dimension n,
denoted by x and y, plusn(x, y) = binn(nb(x) + nb(y)).

We study two families of vectorial circuits:
Sweeping-vectorial circuits, circuits built only with the operations, ∧, ∨, ¬, pref-∨, pref-∧,
suf-∨, suf-∧, LSB, MSB,
and ADD-vectorial circuits, circuits built only with the operations of Sweeping-vectorial
circuits and +.

Term notation for vectorial circuits. Trees are a particular kind of directed acyclic graphs.
Circuits that are tree shaped are those where nodes have at most one out-going edge and
exactly one output node. These particular circuits can be advantageously denoted by terms
built with operations (respecting their arity) and input nodes. The term (v1∧¬v2)∨(¬v3∧v4)
represents the left-most circuit of Figure 1. Allowing input nodes to have several occurrences
in terms gives access to some limited kind of sharing. This is exemplified with the central
and right-most circuits of Figure 1. So as to fully capture such sharing capabilities with the
term notation, we use equations: a term t that is to be shared is associated to a node v with
the equation v = t and, when v is used in another term, this refers to the shared circuit
t. For example, we write v = pref-∨(suf-∨(v1)), (¬v ∧ v2) ∨ (v ∧ v3) to denote the third
circuit in Figure 1.

∨

∧

v1

¬

v2

∧

¬

v3 v4

∨

∧

v1

¬

v2

∧

¬

∨

∧

¬

pref−∨

suf-∨

v1 v2

∧

v3

Figure 1 Graph representation of terms: (v1 ∧ ¬v2) ∨ (¬v3 ∧ v4); (v1 ∧ ¬v2) ∨ (¬v1 ∧ v2); and
v = pref-∨(suf-∨(v1)), (¬v ∧ v2) ∨ (v ∧ v3).

Terms also offer a convenient way for reusing certain circuits in several places: it suffices
to change the input nodes at their leaves. We adopt a notation that denotes parametrized
circuits: c(v1, . . . , vn) := t where t is a term built with the nodes v1, . . . , vn. For circuits
t1, . . . , tn, we write c(t1, . . . , tn) the circuit described by the term obtained by replacing
v1, . . . , vn respectively with t1, . . . , tn in t. For example, we define the bitwise exclusive-or
as v1 ⊕ v2 := (v1 ∧ ¬v2) ∨ (¬v1 ∧ v2). We can compose parametrized circuits to define
others et construct complex circuits.
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Parameterized circuits. We can compose parametrized circuits to define others:
NotZero(v) := pref-∨(suf-∨(v))
IsZero(v) := ¬NotZero(v)
IfThenElse(v1, v2, v3) := v = NotZero(v1), (v ∧ v2) ∨ (¬v ∧ v3)
Thr2(v) := NotZero(LSB(v))

The parametrized circuits NotZero(v), IsZero(v), Thr2(v) perform tests on their input: on
an n-vector, they return 1n when the test succeeds and 0n when it fails. NotZero(v) tests
whether its input vector contains an occurrence of 1, IsZero(v) tests whether its input vector
is 0 and Thr2(v) tests whether its input vector contains at least two occurrences of 1. The
parametrized circuit IfThenElse(v1, v2, v3), tests whether v1 is 0 and in this case outputs
v2. Otherwise, it outputs v3. With parameterized circuits, we can construct complex circuits.
An example is the circuit IfThenElse(v1 ⊕ v2, v3, v2 ⊕ v3) which is depicted in Figure 2.

v1v2 v3

¬ ¬ ¬ ¬

∧ ∧ ∧ ∧

∨ ∨

∨

∧

∧¬

pref−∨

suf-∨

Figure 2 Circuit represented by IfThenElse(v1 ⊕ v2, v3, v2 ⊕ v3) .

The addition Lemma. We say that a vector x is contained in a vector y if for any position
i, xi = 1 implies yi = 1. Let x, y be two disjoint vectors of dimension n and z a vector of
dimension n that contains both x and y. We denote by v = Successor (x, y, z) the vector
such that for all i < n, vi = 1 if and only if xi = 1, there exists j < i such that yj = 1 and,
for all k ∈ N such that j < k < i, zk = 0. In other words, Successor (x, y, z) indicates the
positions marked in x that follow a marked position of y, with no other position marked by
z in-between.

▶ Lemma 1 (Addition lemma). Let x, y be two disjoint vectors of dimension n and z a vector of
dimension n that contains both x and y. Then, we have Successor (x, y, z) := (y+(y∨¬ z))∧x

This lemma has a rather tedious proof. So as to relieve the reader from checking its details,
we provide a formalization and a proof this Addition Lemma in Coq [21]. The proof consists
of two steps. First, we show that vectorial circuits built with the Next-Until modality of LTL,
aka XU, and logical gates, are equivalent to circuits built with addition and logical gates.
This equivalence is proved by constructing circuits based on XU and logical gates to encode
addition and circuits based on addition and logical gates to encode XU. The intuition behind
this equivalence is that carry propagation and XU both propagate information sideways.
Second, encoding XU in first order-logic and using the previous equivalence allows us to
relate the computation of the circuit of Lemma 1 to the specification of Successor (x, y, z)
and prove the relation correct.
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Vectorial circuits as language recognizers and functions from words to finite sets. Given
a fixed alphabet Σ, we say that a vectorial circuit C recognizes a set of words in Σ+ when it
has a unique output node and there is a bijection between the letters a1, . . . , ap of Σ and
its input nodes a1, . . . , ap. We consider a particular bijection: given a word u of length
n, we write 1a(u) for the n-vector x so that xi = 1 if and only if ui = a for every i in
[n]. We say that u is accepted or recognized by the circuit when C(1a1(u), . . . ,1ap(u)) ̸= 0.
As a shorthand, we write enc(u) for the tuple (1a1(u), . . . ,1ap

(u)) and thus C(enc(u)) for
C(1a1(u), . . . ,1ap(u)).

Vectorial circuits can also represent functions f from Σ+ to a finite domain E. It suffices
to consider circuits C which have a bijection between their input nodes and the letters of Σ,
but also a bijection between the elements e1, . . . , er of E and their output nodes e1, . . . , er.
We say that C represents f when for every u, the output (z1, . . . , zr) = C(enc(u)) is such
that, for every i in {1, . . . , r}, zi ̸= 0 if and only if f(u) = ei.

Example. Consider the alphabet Σ = {a, b, c}. The language c∗aΣ∗ is recognized by
the Sweeping-vectorial circuit C = ¬(suf-∨(pref-∨(suf-∨(Fa) ∧ b))), where the circuit Fa =
LSB(a)⊕a gives the position of the first occurrence of a. The language Σ∗ac∗aΣ∗ is recognized
by the ADD-vectorial circuit C = (a + ¬b) ∧ a, which is equal to (a + (a ∨ ¬(a ∨ b))) ∧ a =
Successor (a, a, a ∨ b). An example is showed in Table 1; note that every 1 in the last vector
indicates, as we want, each letter a such that there is no letter b between this position and
the previous letter a, and no other letter is indicated.

Table 1 Example of application of the operation (1a + ¬1b) ∧ 1a.

1b 0 0 1 0 0 0 0
1a 0 1 0 1 0 1 1

1a + ¬1b 1 0 1 0 0 1 1
(1a + ¬1b) ∧ 1a 0 0 0 0 0 1 1

2.3 Going through first-order logic
The computational model we propose is actually very close to some classical fragments of
logic over words. For a full exposition of this subject, we refer to [5]. Informally, we can
describe some regular languages with the help of first-order formulas. In those formulas,
quantifications range over positions of the word and atomic predicates can check either
numeric constraints between positions (typically their order) or the label of the position. For
instance, the formula ∃x, y, a(x) ∧ a(y) ∧ ∀z, ((x < z ∧ z < y) ⇒ c(z)) describes the language
over the alphabet Σ = {a, b, c} which words belong to D = Σ∗ac∗aΣ∗.

In this context, linear temporal logic (LTL for short) has an interesting role that we will
rely on. LTL, even restricted to future or past operators, allows to define the same languages
as full first-order logic [9]. For instance, the language D can be described with the following
LTL formula: F(a ∧ X(cUa)).

This class of languages has many equivalent characterizations. In [25], Schützenberger
proved for regular languages the equivalence between aperiodic languages and star-free
languages. Later, McNaughton and Papert proved that star-free languages are equivalent
with LTL and first-order logic [15, 5]. In a similar fashion to McNaughton and Papert, we can
prove that languages computed by ADD-vectorial circuits are exactly the starfree languages.
Both directions of the equivalence have been proved by Serre [26, Theorem 1.] by relying on
a syntactic logical rewriting of LTL formulas.
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▶ Proposition 2. Let L be a regular language. The following propositions are equivalent.
1. L is computed by an ADD-vectorial circuit.
2. L is starfree.
3. L is definable in Forward-LTL.

Proof. The equivalence between 1 and 2 is from [26], Corollary 1. In this paper, the vectorial
computational model consists of straight-line expressions over a basis which includes addition,
Boolean operations and right shift. This basis is equivalent to ADD-vectorial circuits. The
equivalence between 2 and 3 is standard. It can be proved by combining theorems proved
by Kamp [9] and McNaughton and Papert [15]. The former proves the equivalence between
being definable in Forward-LTL and First-Order logic for regular languages and the later the
equivalence between First-Order logic and star-free languages. ◀

Another fragment of interest is the class of languages definable by two-variable first-order
logic, or equivalently by LTL without the Until operation but with neXt and Yesterday
operations. This fragment has been studied a lot and is well understood [9, 5, 34, 36].

In the proof of the next result, we rely on the known equivalence between FO2[<] and
a logic called TL[Xa, Ya]. More formally, the languages describable in FO2[<] are exactly
the languages describable by the logic TL[Xa, Ya] presented in [5]. This logic uses only two
kinds of operators: Xa, for a any letter, verifies that there exists a position greater than the
current one which holds an a, and if so, it sets the new current position at the position of
the closest a. If no occurrence of a is found, the word is not recognized. The operator Ya,
for any letter a, is the symmetrical operator: it operates the same way except for the fact
that it searches for the closest occurrence of a before the current position.

▶ Proposition 3. A language is recognized by a Sweeping-vectorial circuit if and only if it is
definable in TL[Xa, Ya].

Proof. We rely on the equivalence between FO2[<] and TL[Xa, Ya], to prove the result.
First, we show that TL[Xa, Ya] is captured by Sweeping-vectorial circuits, i.e. that any
formula of TL[Xa, Ya] defines a function from words to Boolean vectors that can be modeled
by these circuits; here we interpret a formula of TL[Xa, Ya] as a function from words to
Boolean vectors, by considering the truth vector of a formula on every position of the
input word. Clearly, Boolean operations are equivalent in both models. Now, suppose
that we have a Sweeping-vectorial circuit Cα that is equivalent to a TL[Xa, Ya] formula
α, i.e. given a word u ∈ Σ+ and a vector pos (of the same dimension as u) that has a
unique 1 in some position x, we have Cα(pos, enc(u)) ̸= 0 if and only if u, x |= α. Then,
for any letter a ∈ Σ, the formula β = Xaα can be modeled by the circuit Cβ defined as
follows: for any word u ∈ Σ∗ and any vector pos having a unique 1, we begin by finding
the first letter a strictly after the position marked by pos, by sequentially computing the
following vectors: authorizedPos = LSB(pref-∨(pos)), next = authorizedPos ∧ 1a(u)
and nextPos = next⊕LSB(next). This gives us the new position vector to give as parameter
to the new circuit. Then we can define Cβ(pos, enc(u)) := Cα(nextPos, enc(u)), which is
equivalent to β. Finally, we can model the formula γ = Yaα using the same formulas, except
for the vector authorizedPos, which is computed as authorizedPos = MSB(suf-∨(pos)),
in order to get the positions situated strictly before the position x marqued by pos.

Now, we prove that Sweeping-vectorial circuits are captured by formulas in FO2[<]. Since
Sweeping-vectorial circuits output a truth vector indicating if some property is true for each
position in the input word, we must consider FO2[<] formulas which can take into account
a starting position. Thus, we consider only FO2[<] formulas with one free variable, which
represents the position in which we begin to evaluate the formula in the input word.
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Clearly, Boolean operations are equivalent in both models. We can also interpret pref-∨
as an FO2[<] formula: consider an FO2[<] formula φ with one free variable and suppose that
it is computed by a circuit Cφ. Then, the formula φpref-∨ with one free variable defined by
φpref-∨(y) := ∃x ≤ y, φ(x) has its truth vector equal to the output of pref-∨(Cφ). The other
prefix and suffix operations can be dealt with in a similar way. Finally, we can interpret LSB
and MSB as FO2[<] formulas. Indeed, consider an FO2[<] formula φ with one free variable
and suppose that it is computed by a circuit Cφ. Then, the formula φLSB with one free
variable defined by φLSB(y) := φ(y) ∧ ∃x < y, φ(x) has its truth vector equal to the output
of LSB(Cφ). MSB is equivalent to the same formula where x < y is replaced by x > y. ◀

▶ Remark 4. We can always build a vectorial circuit of size linear in the size of the equivalent
formula. Conversely, if we consider formulas with sharing of sub-formulas, we can also build
an equivalent circuit of size linear in the size of the formula.

2.4 Direct compilation scheme
In the previous section, we have seen the relationship between vectorial circuit classes and
LTL logic formulas. However, the proofs of those results do not give satifying algorithms for
building a vectorial circuit recognizing a given formula. Indeed, the proofs going from the
automata to the formulas are either indirect and not constructive, and they do not give any
upperbound on the sizes of the formulas, or they are constructive but give formulas (and thus
circuits) of too large sizes. Our goal is to reduce the size of the formulas we obtain through
semigroups, so that we can obtain tractable algorithms for the languages that have a small
syntactic monoid. Because of this point of view, all complexity measures of our circuits are
provided in terms of the semigroup size.

▶ Theorem 5. Let S be a semigroup in DA of J -depth d (see Section 3.1 for the definition
of J -depth). We can construct a Sweeping-vectorial circuit of size O(2d|S|2) that computes
the operation πS.

Moving from Sweeping-vectorial circuits to Unary-LTL could cost an exponential blowup,
which in total gives a doubly-exponential blowup for constructing a Unary-LTL formula from
a semigroup in DA. Note that the classical constructions do not provide upperbounds on
the minimum size of a Unary-LTL formula equivalent to a given semigroup in DA. However,
these constructions already have considerable sizes of formulas.

We conjecture that no Sweeping-vectorial circuit of polynomial size exists and believe
that it is an interesting open question to provide lowerbounds for those circuit models.

▶ Theorem 6. Let S be an aperiodic semigroup of J -depth d. We can construct an ADD-
vectorial circuit of size O(d|S|3) that computes the operation πS.

Proofs’ organisation. We chose to separate the proofs into two main parts. In the first
one, we introduce the notion of evaluation program, which is a very generic tool allowing
to replace a sub-word by a single letter equal to its product, and we define two generic
evaluation strategies which are evaluation programs. These strategies were chosen according
to the properties of the classes of semigroup that will be considered later but, supposing that
we can provide an efficient encoding of those strategies, they are valid on any semigroup.
Then, in the second part, we provide vectorial circuits encoding the two evaluation strategies
on the classes of semigroups that we are interested in.
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3 Semigroups evaluation strategies

3.1 Green’s relations

We refer the reader to [24, 23] for a complete exposition of algebraic automata theory. We
remind here some more basic notations and definitions about semigroups. Consider a
function F : S → P(S), where P(S) denotes the power set of S. We write x F y when
F (x) = F (y); x ≤F y when F (x) ⊆ F (y); and x <F y when x ≤F y and F (x) ̸= F (y).
The relation F is an equivalence relation and ≤F is a partial pre-order. We also write
F(x) = {y | y F x}, the F-class of x. We say that a semigroup is F-trivial when F(x) is a
singleton for any element x ∈ S. Green’s relations are defined with the following functions:
R : x 7→ x ·S S1, L : x 7→ S1 ·S x, J : x 7→ S1 ·S x ·S S1, H : x 7→ R(x) ∩ L(x). Note that the
respective relations obtained from R, L, J and H are denoted by R, ≤R, <R, L, ≤L, <L,
J , ≤J , <J ,H, ≤H and <H. In finite semigroups, the relation J is equal to the relation D,
which is the union of L and R. From this relation D comes the name of the class DA, which
indicates the class of semigroups which regular D-classes are aperiodic semigroups.

The J -depth of a semigroup. Let S be a semigroup. The J -depth of a J -class is the length
of a maximal strictly decreasing sequence of J -classes to it. Formally, given a semigroup S

and a J -class J , we say that J is of J -depth i if there exist i J -classes J1 >J J2 . . . >J Ji

such that Ji = J , but there exists no decreasing sequence J ′
1 >J J ′

2 . . . >J J ′
i+1 such that

J ′
i+1 = J . The J -depth of a semigroup is the maximum J -depth of its J -classes. For any

semigroup, there exists a unique J -class of maximum J -depth. Given d the J -depth of S,
for each integer i such that 1 ≤ i ≤ d, we denote by Di(S) the union of all the J -classes of
depth i and we denote by Si the sub-semigroup composed exactly of all the elements of S of
J -depth at least i.

J -constant words. Let S be a semigroup. A word s0 · · · sk in S+ is left J -constant if, for
any index i such that 0 ≤ i ≤ k, we have πS(s0 · · · si)J s0. Symetrically, s0 · · · sk is right
J -constant if, for any index i such that 0 ≤ i ≤ k, πS(si · · · sk)J sk. Finally, a word in S+

is J -constant if it is both left and right J -constant. The latter property is equivalent to
having a left J -constant word such that s0J sk.

3.2 Evaluation programs

In this paper, we consider words over some semigroup S. Our goal is to compute the product
in S of the letters composing these words. For any word u ∈ S+, this amounts to computing
πS(u). This computation can be performed by vectorial circuits. Instead of directly building
these circuits, we first pay attention to evaluation strategies that we call evaluation programs.
These strategies form an overlay of abstraction over the intricacy of circuits. They are meant
to modularize the construction of vectorial circuits.

Given a semigroup S, an evaluation program over S transforms words in S+ by replacing
some of the factors by their values (through the canonical morphism) in S. In this section,
we consider a fixed semigroup S.

▶ Definition 7 (Partial evaluation). A partial evaluation step over S is a relation over S+

denoted by →S and defined as uvw →S uπS(v)w for any v in S+ and u, w ∈ S∗. We denote
by →+

S the transitive closure of →S. We say that v is a partial evaluation of u when u →+
S v.
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Note that if v is a partial evaluation of u over S, then πS(u) = πS(v). Usually, the
context makes it clear which semigroup is considered. Thus, we generally leave the semigroup
implicit and only say that v is a partial evaluation of u. Note that each word u is a partial
evaluation of itself.

▶ Definition 8 (Partial evaluation programs). A partial evaluation program over S is a partial
function P : S+ → S+ such that, for any word u ∈ S+ that is in the domain of P , P (u) is a
partial evaluation of u. If the domain of P is S+, then we say that P is total.

The function πS is an example of a partial evaluation (which is, in this case, total).
Another example is the function LProdS : S+ → S+ that performs the product of the first
two elements of the input, if there are at least two elements, and otherwise returns the
input word. In symbols, it is defined by LProdS(s0 · · · sn) = πS(s0s1)s2 · · · sn for any word
u = s0 · · · sn of length at least two, and LProdS(s0) = s0 for any element s0 ∈ S. Similarly,
we define RProdS as the partial evaluation program which performs the product of the
two last elements, if there are at least two elements, and otherwise returns the input word.
Evaluation programs are closed under composition.

3.3 Waterfall evaluation programs
In this section, we are designing a first set of specific evaluation programs. These programs
work by evaluating the semigroup in a top-down fashion (with respect to the J -order). We
first detect each maximal subword whose product is maximal for the J -order, evaluate those
subwords and multiply the results with the letters that immediately follow.

▶ Definition 9 (J -maximal falling words). A word u in S+ is J -maximal falling whenever
for every p, s ∈ S∗ and v, w ∈ S+ so that u = pvws, we have πS(vw) ∈ S2.

Note that when u is J -maximal falling and |u| > 1, πS(u) ∈ S2.

▶ Definition 10 (J -maximal decomposition). Consider a word u ∈ S+. If u ̸∈ S+
2 , let

t ∈ N and some words w0, . . . , wt+1 ∈ S∗, v0, . . . , vt ∈ S+, that define a decomposition
u = w0v0w1 · · · vtwt+1. This decomposition is called J -maximal if we have

for any integer i such that 0 ≤ i ≤ t + 1, wi is a word in S∗
2

for any integer i such that 1 ≤ i ≤ t, vi is a maximal subword of u verifying πS(vi) ∈
D1(S). More formally, if we consider the decomposition u = pavibs, with p, s ∈ S∗, and
a, b ∈ S ∪ ϵ (a is the letter preceding vi, if it exists, and b is the letter following vi, if it
exists) then, if a ̸= ϵ, πS(avi) <J πS(vi) and, if b ̸= ϵ, πS(vib) <J πS(vi)

We call t + 1 the size of the decomposition.
If u ∈ S+

2 , the J -maximal decomposition of u is composed of only one element equal to u

itself. In this case, the decomposition is unique and by convention of size 0.

▶ Remark 11. The property of the (vi)’s implies that each vi is a word of D1(S)+. Indeed,
the product of a word is at most J -equivalent to the letter of greatest J -depth, so all the
letters must be of J -depth 1 for the product to be in D1(S).

We will use the following useful technical lemma.

▶ Lemma 12. Let S be a semigroup. Let x, y be J -equivalent elements of S and z another
element of S.

If πS(xy)J x and πS(zxy) <J x, then πS(zx) <J x.
If πS(xy)J x and πS(xyz) <J x, then πS(yz) <J x.
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We are now proving the existence and uniqueness of J -maximal decomposition. The proof
works by considering a variant of J -maximal decomposition by enforcing the maximality
constraint only at the right and showing that the two variants are actually equivalent.

▶ Lemma 13. Let S be a semigroup. For any finite word u ∈ S+, there exists a unique
J -maximal decomposition of u.

Proof. We focus on proving the existence of such a decomposition. Unicity follows from
the proof of existence. First, note that S = D1(S) ⊎ S2. Thus, for any word u ∈ S+,
there necessarily exists a unique decomposition of u of the form u = w0v0w1 · · · wtvtwt+1
such that w0, wt+1 ∈ S∗

2 , for each integer i such that 1 ≤ i ≤ t, wi ∈ S+
2 , and, for each

i ∈ [t + 1], vi ∈ D1(S)+. Informally, this is a decomposition of u based only on the J -depth
of each letter. Thanks to Remark 11, we know that the words wi that are not empty in any
J -maximal decomposition of u correspond exactly to the words wi of this decomposition.
Thus, we only need to prove that any word over D1(S) can be decomposed into a unique
sequence of maximal subwords whose product is in D1(S).

Consider a fixed word u ∈ D1(S)+. We prove that there exists a decomposition of u of
the form u = v0 · · · vs, where each word vi is maximal in u such that πS(vi) ∈ D1(S).

If πS(u) ∈ D1(S), then both existence and unicity follow from the definition.
Suppose now that πS(u) ∈ S2. Then we define a decomposition of u with weaker properties

than the J -maximal decompositions, and we prove that it is a J -maximal decomposition of
u (with empty words as the (wi)’s). This decomposition is of the form u = v0v1 · · · vt for
some integer t ∈ N and is defined from left to right such that, for each integer i ∈ [t + 1],
πS(vi) ∈ D1(S) and, for each integer i ∈ [t], πS(vixi+1) ∈ S2, where xi+1 is the first letter
of vi+1. By construction, this decomposition exists and is unique. We prove that this
decomposition satisfies the properties of the (vi)’s given in Definition 10, that is, we prove
that each word vi is maximal such that πS(vi) ∈ D1(S). To do that, we only need to prove
that, for each integer i such that 1 ≤ i ≤ t, πS(yi−1vi) ∈ S2, where yi−1 is the last letter of
the word vi−1.

Thus, consider some integer i ∈ [t]. We focus on the subword vivi+1 in order to prove that
πS(yivi+1) ∈ S2, where yi is the last letter of vi. This fact is a consequence of Lemma 12. Since
we know that πS(vixi+1) ∈ S2, where xi+1 is the first letter of vi+1, and that πS(vi) ∈ D1(S),
Lemma 12 implies that πS(yixi+1) ∈ S2. Thus, πS(yivi+1) ∈ S2. Thus, this decomposition
is the unique J -maximal decomposition of u. ◀

Now, we need to refine the J -maximal decomposition. Keeping the same notation for u,
and its J -maximal decomposition u = w0v0 · · · vtwt+1, we set, for any 0 ≤ i ≤ t, vi = xiv

′
i

(xi ∈ S is the first letter of vi), w′
i = wixi and w′

i = yiw
′′
i (yi ∈ S is the first letter of w′

i). The
evaluation program CollapseS takes a word u ∈ S+ and performs at once all the products
πS(v′

iyi+1), the operation πS(v′
t) if wt+1 = ϵ, or πS(v′

tyt+1) otherwise, with w′
t+1 = yt+1wt+1

(yt+1 ∈ S is the first letter of wt+1). In symbols:
CollapseS(u) = w′

0πS(v′
0y1)w′′

1 · · · πS(v′
iyi+1)w′′

i+1 · · · w′′
t z, where z denotes either πS(v′

t)
if wt+1 is the empty word, or πS(v′

tyt+1)w′
t+1. The image of any word u ∈ S+ by CollapseS

is a J -maximal falling word.
Given an element s ∈ D1(S), we also define the partial evaluation program FallingS(s)

which takes a word u ∈ S+ which is a J -maximal falling word such that the last letter of u is
in S2, and returns a partial evaluation of u in which there is no occurrence of s. Given a word
u, we call s-decomposition of u the decomposition of the form u = w0sk0x0w1 · · · sktxtwt+1
where the ki’s are positive integers, the xi’s are non-s elements of S, except for xt which
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can also be equal to ϵ if wt+1 = ϵ, and the wi’s are words without any occurrence of s. The
s-decomposition of a word always exists and is unique. Given the s-decomposition of some
word u ∈ S+, keeping the same notation, we define

FallingS(s)(u) = w0πS(sk1x1) · · · πS(sktxt)wt

▶ Lemma 14. Let S be a semigroup of J -depth d. The evaluation program πS is equal to
the composition of O(|S|) evaluation programs among RProdS, CollapseSi

and FallingSi
(s)

for all 1 ≤ i ≤ d and s ∈ D1(Si).

▶ Remark 15. Waterfall evaluation programs have some ressemblance with the factorizations
forest of Simon [3]. Indeed, our programs create a factorization forest for each word they are
applied to. Moreover, the proof of the factorization forests theorem uses an induction on
J -classes, as we do for our programs. However, they are not quite the same. A waterfall
evaluation program can be applied to any word on the right alphabet, whereas the factorization
forests theorem proves the existence of a forest of bounded depth for a fixed word. This
theorem is used to prove the existence of a formula corresponding to a given semigroup in
two cases: the classes BΣ1 and Σ1. To our knowledge, there are no proofs for the class DA
or the class of aperiodic semigroups. Lastly, such proofs amount to consider all the formulas
of some quantifier depth that depends on the forest depth, a technique that resembles Wilke’s
proof for DA [35, Corollary 1] and also gives awful upper bounds.

3.4 Sweeping evaluation programs
We introduce an evaluation program which processes words in a more lateral fashion – from
left to right or right to left. In this subsection, S is a semigroup of J -depth d.

In the proofs of Section 4, we will perform evaluations that produce left (resp. right) J -
constant prefixes (resp. suffixes). We define those programs depending on the J -depth of the
semigroup that is considered. First, we introduce a left splitting higher order operation that
applies an evaluation program over a prefix of the input word defined by some constraints over
Green’s relations. Formally, for any integer i ≤ d, we define the operation LSplitS,i as follows.
Consider a word u = s0 · · · sk ∈ S+ and an evaluation program P defined at least on all left
J -constant words of depth i. If s0 is not of J -depth i, we set LSplitS,i⟨P ⟩(u) = u. Otherwise,
there exist two uniquely defined words p ∈ S+, s ∈ S∗ such that u = ps, where p is left
J -constant and either s is empty or, if we denote by x ∈ S its first letter, πS(px) <J πS(p).
In this case, LSplitS,i⟨P ⟩(u) = P (p)s. We define similarly the symmetric operation RSplitS,i.
Finally, we define the partial function JProdS , that is the restriction of πS over words that
are J -constant. Formally, JProdS is defined only on J -constant words and, given u ∈ S+

such a word, JProdS(u) = πS(u).
A sweeping evaluation program is an evaluation program built with the following op-

erations: LProdS , RProdS , the partial function JProdS , and the higher order operations
LSplitS,i and RSplitS,i for any integer i such that 1 ≤ i ≤ d.

Example. Consider a semigroup S and the sweeping evaluation program P = LProdS ◦
LSplitS,1⟨JProdS⟩. The program P first executes the operation LSplitS,1⟨JProdS⟩. To do
so, it begins by looking at the beginning of the input word w. If the first letter of w is not in
D1(S), then P computes only LProd(w), which is the word obtained by multiplying the two
first letters of w. Otherwise, P decomposes w into two words p ∈ D1(S)+, s ∈ S∗ such that
u = ps and, if s is not the empty word, πS(px) ∈ S2, where x is the first letter of s. Then, P

applies the operation JProdS to the prefix p. Then, the result of LSplitS,1⟨JProdS⟩(w) is
the word πS(p)s. Finally, P applies the operation LProdS to the previous result, multiplying
the first two letters of πS(p)s, if s is not empty.
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▶ Lemma 16 (Sweeping evaluation programs). Let S be a semigroup. There exists a sweeping
evaluation program computing πS. Moreover, there exists such a program that is equal to the
composition of O(2d) operations.

4 Proof of the main results

We recall the proof strategy. Given a regular language which is aperiodic (resp. in DA), we
prove that we can compute πS with a ADD- (resp. Sweeping-) vectorial circuit. To build
such circuits, we rely on respectively waterfall and sweeping evaluations programs. As the
considered vectorial circuit classes are closed under functional composition, it is sufficient to
prove that every basic operation in our evaluation programs is computable with the desired
vectorial circuit class. We provide those arguments in this section and the corresponding
section of the appendix.

Vectorial encoding of a partial evaluation of a word. Our sweeping and waterfall evaluation
programs perform operations on partial evaluations of a word, so we need to provide an
explanation on how we encode these partial evaluations. From now on, a partial evaluation
will always designate a partial evaluation of a word, usually the initial word that needs to be
processed with the evaluation program. Informally, a vectorial representation of a partial
evaluation is a set of vectors, each vector corresponding to a semigroup element. The size of
the vectors is equal to the size of the initial word on which we apply the evaluation program.
We need the vectors we employ to always have the same size throughout the execution, so
our definition needs to be more general than indicator vectors. Each bit set to one denotes
the presence of the element in the partial evaluation, and the order of the bits set to one
determines the order of the letters in the word. As in the case of characteristic functions
of letters, in the vector encoding of a word, vectors in an encoding do not overlap, however
their union may not cover all the positions. More formally, a vectorial encoding of a partial
evaluation is a mapping c : S → {0, 1}n, for some integer n ≥ 1, such that we have the
following constraint: for any s, t ∈ S such that s ̸= t, we have c(s) ∧ c(t) = 0. Note that,
by definition, a word is a partial evaluation of itself, so enc(u) is a vectorial encoding of a
partial evaluation, with the additional property that

∨
a∈S 1a(u) = 1.

Given such a function c outputting vectors of dimension n, we can interpret it as a
word of length at most n by respecting the order of appearance of the bits. Formally,
a word s0 · · · sk ∈ S≤n is represented by a vectorial encoding c of dimension n if, for
every index j ≤ k, there exists some integer i such that 0 ≤ i < n, c(sj)i = 1 and
|{t ∈ N | t < i and

∨
s∈S c(s)t = 1}| = j − 1.

In this section, we use only circuits of the following form: the input is a vectorial encoding
of a partial evaluation c : S → {0, 1}n (for some n ∈ N+) representing some word u ∈ S≤n,
and the output is a vectorial encoding out : S → {0, 1}n representing the partial evaluation
of u obtained by applying the operation corresponding to the circuit. To prove our theorems,
we construct vectorial circuits using this encoding that implement the partial evaluation
functions we presented earlier.

Example. For example, consider the semigroup S = {a, b, c} with the inner multiplication
as follows: πS(ac) = πS(ca) = c, πS(bc) = πS(cb) = c, πS(aa) = b. The word w = aaabac

has the vectorial encoding a = 111010, b = 000100, c = 000001. With our circuits, if we
multiply the last two letters of w using this encoding, we will obtain the encoding a = 111000,
b = 000100, c = 000001. As expected, it represents the word w′ = aaabc: the first four
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elements of the vectors are the same and still represent the word aaab, the fifth element is a
0 in all vectors so it represents no letter, and the sixth element is a 1 in c, so it represents
the letter c. Since we started from a word of length 6, the length of the vectors is still 6 but
some of the indices do not represent a letter anymore.

Sketch of proof of Theorem 6. To prove Theorem 6, we consider a fixed aperiodic
semigroup S, and we denote by d its J -depth. Thanks to Lemma 14, it is sufficient to
provide ADD-vectorial circuits computing the operations CollapseS , RProdS and FallingS(s)
(for any aperiodic semigroup S and s ∈ D1(S)) over some vectorial encoding of any partial
evaluation of a word. Once we have those, we proceed as in Lemma 14, in which we prove
that, for any integer i such that 1 ≤ i ≤ d, πSi is equal to the composition of πSi+1 and
O(|S|) operations among CollapseSi

, RProdS and FallingS(s) (for any s ∈ Di(S)). More
precisely, the evaluation program for πS uses |S| operations of the form FallingS′(s) (where
s ∈ S), d operations of the form RProdS and d operations of the form CollapseSi

(recall that
d is the J -depth of S). Now, we can obtain the result by using the following lemmas:

▶ Lemma 17. For any aperiodic semigroup S, we can compute CollapseS over any vectorial
encoding of a partial evaluation with an ADD-vectorial circuit of size O(|S|3).

▶ Lemma 18. For any aperiodic semigroup S, we can compute RProdS on any vectorial
encoding of a partial evaluation of a word over S with an ADD-vectorial circuit of size
O(|S|2).

▶ Lemma 19. Let S be an aperiodic semigroup of J -depth d. For any element s ∈ D1(S),
we can compute FallingS(s) over any vectorial encoding of a partial evaluation in its domain
with an ADD-vectorial circuit of size O(d|S|).

With this, we can conclude that πS can be computed with an ADD-vectorial circuit of
size O(d|S|3).

Sketch of proof of Theorem 5. To prove Theorem 5, we consider a fixed semigroup
S ∈ DA, and we denote by d its J -depth. Thanks to Lemma 16, it is sufficient to provide
Sweeping-vectorial circuits computing the base operations over some vectorial encoding of
any partial evaluation of a word. Those operations are LProdS , RProdS , JProdS and, for
each integer i such that 1 ≤ i ≤ d, the operations LSplitS,i and RSplitS,i. Once we have
those, we proceed as in Lemma 16, in which we prove that πS is equal to the composition
of O(2d) operations among JProdS , LProdS , RProdS and LSplitS,i⟨E⟩ (for any integer i

such that 1 < i ≤ d and some sweeping program E composed of the same operations, that
are taken into account in the O(2d)). To prove this, we have πS = Pd,l = Pd,r where, for
each integer i such that 1 ≤ i ≤ d, the program Pi,l computes πS on the maximal prefix
of J -depth at most i (included), and the symmetric program Pi,r which acts on suffixes
instead of prefixes. Our proof constructs Sweeping-vectorial circuits for those programs, by
induction on the depth i. Now, we can obtain the result by using the following lemmas:

▶ Lemma 20. For any semigroup S ∈ DA, we can compute JProdS over any vectorial
encoding of a partial evaluation in its domain with a Sweeping-vectorial circuit of size O(|S|2).

▶ Lemma 21. For any semigroup S ∈ DA, we can compute LProdS and RProdS over any
vectorial encoding of a partial evaluation in their domains with Sweeping-vectorial circuits of
size O(|S|2).
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▶ Lemma 22. Let S be a semigroup in DA of J -depth d, i be an integer such that 1 ≤ i ≤ d,
let P be a sweeping evaluation program defined at least on all left J -constant words of
depth i, and suppose that we have a Sweeping-vectorial circuit of size sP that computes P

over any vectorial encoding of a partial evaluation. Then we can compute LSplitS,i⟨P ⟩ and
RSplitS,i⟨P ⟩ over any vectorial encoding of a partial evaluation in their respective domains
with Sweeping-vectorial circuits of size O(|S|2 + sP ).

Thus, following the construction in the proof of Lemma 16, for each integer i such
that 1 ≤ i < d, we have a Sweeping-vectorial circuit computing Pi+1,l (or Pi+1,r, these are
symmetrical operations) given some circuits computing Pi,l and Pi,r, and its size is equal
to O(|S|2 + 2ci), where ci is the size of the circuits computing Pi,l and Pi,r. Since, by the
construction of Lemma 16, we also have c1 = O(|S|2), we then have ci = (2i − 1)|S|2 for each
integer i such that 1 < i ≤ d. Thus, the circuit computing πS = Pd,l is of size O(2d|S|2).

5 Conclusion

We introduce vectorial circuits as abstractions of low level hardware architectures. As circuits,
they put forward dependencies between steps of computation and thus opportunities of
parallelism. Taking stock on previous work [16, Theorem 1], the next step is then to adapt
these circuits to a streaming context. This streaming setting is closer to text processing
problems as only small chunks of input data can hold at the level of CPUs. We shall then
study how to take advantage of SIMD instructions to implement these machines. The
vast number of SIMD instructions give many possibilities to compile vectorial circuits for
streaming text. The challenge is then to find the right set of instructions, combine them
sufficiently well together and obtain efficient programs. Here again, we hope that algebra
can back our efforts up.

Concerning the circuits themselves, we can consider extensions with operations that have
natural correspondence in CPU instructions such as shifts, prefix-xor, etc. The question
is then to understand what classes of regular languages we can describe. Hopefully, the
combinations of particular sets of operations could correspond to well-studied algebraic
operations [27]. Instead of operations, we can also consider the use of arbitrary constants,
(i.e. particular vectors that can be used as gates inputs). We think that using constants in
circuits can be related to that of arbitrary monadic advices [7].

In the paper, we limit ourselves to consider vectorial circuits as recognizers. As these
circuits produce outputs, they should be more adequately viewed as transducers. On the
theoretical side, there is a need to explore their expressivity. This requires an adaptation of
the algebraic tools we use, i.e. an understanding of classes of logical transducers. On the
practical side, in the context of streaming, this point of view calls for composing stream
processing programs. This probably requires to explore ideas from synchrone programming
in combination with vectorial circuits.

This paper also calls for more foundational work concerning circuit complexity. In
particular we conjecture that the bounds provided in Theorem 5 are tight. However, finding
an adequate lower bound is a challenging open problem.
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A Proofs for Section 3 (Semigroups evaluation strategies)

Every word in S+ admits a unique J -maximal decomposition of a word. This property
hinges on the Localisation Theorem of Clifford and Miller [24, Proposition 1.6, page 48].

▶ Lemma 23 (Localisation Theorem). Let S be a semigroup and x, y be in S. We have xyJ x

if and only if there exists an idempotent e in R(y) ∩ L(x).

▶ Lemma 12. Let S be a semigroup. Let x, y be J -equivalent elements of S and z another
element of S.

If πS(xy)J x and πS(zxy) <J x, then πS(zx) <J x.
If πS(xy)J x and πS(xyz) <J x, then πS(yz) <J x.

Proof. Both cases are symmetric, so we only prove the first one. Suppose that πS(zx)J x,
πS(xy)J x and πS(zxy) <J x. Lemma 23 implies that there is no idempotent in R(y)∩L(zx).
But, as πS(zx)J x, by definition of L, we have L(zx) = L(x). Therefore R(y) ∩ L(x) does
not contain an idempotent. Finally Lemma 23 entails xy <J x, a contradiction. ◀
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▶ Lemma 14. Let S be a semigroup of J -depth d. The evaluation program πS is equal to
the composition of O(|S|) evaluation programs among RProdS, CollapseSi

and FallingSi
(s)

for all 1 ≤ i ≤ d and s ∈ D1(Si).

Proof. For any integer i such that 1 ≤ i ≤ d, we define Oi = (s1, . . . , sk) to be any
enumeration of D1(Si). Given such an enumeration, we define the following operation:

FallingSi
[Oi] = FallingSi

(sk) ◦ · · · ◦ FallingSi
(s1)

We define an intermediate partial evaluation program fi which is a restriction of πS to the
domain S+

i ∪ S. In symbols, for any word u ∈ S+
i ∪ S, fi(u) = πS(u). Note that f1 is equal

to πS on any word of S+. We prove by induction over j = d − i, with i ∈ [d], that

fj = fj+1 ◦ FallingSj
[Oj ] ◦ RProdS ◦ CollapseSj

with the convention that fd+1 is the identity. The base case (fd+1) being fixed, we only need
to prove the result by induction on i for 0 ≤ i ≤ d−1. We remark that the image of CollapseSj

produces a J -maximal falling word, and then the application of RProdS guarantees that
the last element is not in D1(S). Finally, the application of FallingSi

(si) on the resulting
elements produces new elements that are only in Si+1 and removes all occurrences of the
element si. Hence by applying FallingSi

[Oi] we obtain a word in S∗
i+1, which concludes the

proof. ◀

▶ Lemma 16 (Sweeping evaluation programs). Let S be a semigroup. There exists a sweeping
evaluation program computing πS. Moreover, there exists such a program that is equal to the
composition of O(2d) operations.

To prove Lemma 16, we introduce an intermediate operation. Let i be an integer such that
1 ≤ i ≤ d. We denote by Pi,l the left sweeping evaluation program of J -depth i, which
computes πS on the maximal prefix of J -depth at most i (included). Formally, given a word
u = s0 · · · sk ∈ S+, Pi,l(u) is equal to u if s0 is of J -depth strictly greater than i. Otherwise,
there exist p ∈ S+, q ∈ S∗ such that u = pq, where either q is empty, or x ∈ S is its first
letter and then πS(p) is of J -depth at most i and πS(px) is of J -depth strictly greater than
i. In this case, Pi,l(u) = πS(p)q. We define symmetrically Pi,r, the right sweeping evaluation
program of J -depth i.

The next lemma allows to conclude the proof of Lemma 16 since πS = Pd,l = Pd,r.

▶ Lemma 24. For any integer i such that 1 ≤ i ≤ d, there exist sweeping evaluation programs
computing Pi,l and Pi,r.

Proof of Lemma 24. We will prove by induction on the J -depth i that we can implement a
left (resp. right) sweeping evaluation program Pi,l (resp. Pi,r). In this proof, we consider a
word u = s0 · · · sk−1 over S. For the base case, we first suppose that i = 1, i.e. we consider
maximal J -classes. Thus, if s0 is of J -depth 1, we will compute the product of the unique
prefix s0 · · · sp of u such that πS(s0 · · · sp)J s0 and πS(s0 · · · sp+1) <J s0. If sp+1 does not
exist, we want to compute πS(u). Note that s0 · · · sp is J -constant, hence we can apply
JProdS to it. Thus, we can compute the base case P1,l using the program LSplitS,1⟨JProdS⟩.
Note that this program is well defined since JProdS is in particular defined on all J -constant
words of depth 1, which are exactly the left J -constant words of depth 1. Symmetrically,
P1,r = RSplitS,1⟨JProdS⟩. To prove the induction case, we will rely on the following fact
(see 3.1 for the definition of a left J -constant word):
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▶ Fact. For any left J -constant word v ∈ S+ of J -depth i, the word RProdS ◦ Pi−1,r(v) is
J -constant.

Proof. The result is obtained from the fact that the last element of w = RProdS ◦ Pi−1,r(v)
is necessarily of J -depth i. Indeed, by definition, the word x = Pi−1,r(v) is such that the
product of its last two elements (if there are at least two elements) is at least of J -depth i.
Since we supposed that v is left J -constant of J -depth i, it is garanteed that this product
is defined and is exactly of J -depth i. Thus, both the first and last elements of w are of
J -depth i, as well as πS(w). Thus the product of any prefix or suffix of w will be of J -depth
i, and in the same J -class as the first and last elements of w, which corresponds to the
definition of J -constant. ◀

For the induction step, we assume to have sweeping evaluation programs Pi,r and Pi,l

for any integer i < d. We prove the result for Pi+1,r and Pi+1,l. These two cases being
symmetrical, we only show the result for Pi+1,l. Let v = LProdS ◦ Pi,l(u). If |Pi,l(u)| ̸= 1,
we have necessary that the first letter of v is of J -depth strictly greater than i. Otherwise
v = Pi,l(u) = πS(u). We are going to split v with respect to the J -depth i and apply the
program E = JProdS ◦ RProdS ◦ Pi,r to the prefix. Indeed, after the split, and thanks
to the previous Fact, we can apply JProdS over the factor RProdS ◦ Pi,r(p), where p

is the prefix obtained after the split. Indeed, this factor is J -constant. To conclude,
Pi+1,l = LSplitS,i+1⟨E⟩ ◦ LProdS ◦ Pi,l. Thus, each Pi is defined using O(2i) operations. ◀

B Proofs for Section 4 (Proof of the main results)

We introduce two vectors that we will use extensively in our circuits: given S a semigroup and
c a vectorial encoding of a partial evaluation, we define the universe vector U =

∨
s∈S c(s)

We also define the vector marking the end of the vectors: End = ¬MSB(1).

Proofs for Theorem 6. In our proofs involving aperiodic semigroups, we will rely on some
classical equivalent characterizations of this variety of semigroups.

▶ Proposition 25 ([25]). Let S be a semigroup. The following conditions are equivalent:
S is aperiodic
there exists an integer ω such that for all s ∈ S, πS(sω) = πS(sω+1)
All H-classes of S are trivial

Here is a technical property of aperiodic semigroups that will be useful in the proofs.

▶ Lemma 26. Let S be an aperiodic semigroup. Suppose that u = s0 · · · sk ∈ S+ is a
J -constant word. Then, πS(u) is the unique element of R(s0) ∩ L(sk). If k > 0, this also
implies that πS(u) = πS(s0sk).

▶ Lemma 17. For any aperiodic semigroup S, we can compute CollapseS over any vectorial
encoding of a partial evaluation with an ADD-vectorial circuit of size O(|S|3).

Proof. Consider a word u ∈ S+ and its J -maximal decomposition u = w0v1x1 · · · vtxtwtvt+1.
Our goal is to compute a vectorial encoding of the partial evaluation u′ = w0πS(v1x1)w1
· · · wi−1πS(vixi)wi · · · wtπS(vt+1). We proceed as follows. We start by computing, for
each s ∈ D1(S), the vector SecondEl(s) marking the positions that indicate an s at the
beginning of some sub-word vi. This is done using the operation Successor and the fact that
the first letter of each vi either is the first letter of the word or is such that the product with
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the previous letter stays in D1(S). Similarly, for each s ∈ D1(S), we compute the vector
BlockFall(s) marking each letter xi that follows an occurrence of s. This is done using the
operation Successor and the fact that each xi is after a block of letters which product stays
in D1(S). We then compute the products in the vectors Prod(p), for any p ∈ S2. To do
so, we define the set Fp = {(s, t, x) ∈ (D1(S))2 × S | πS(α · x) = p, where α = R(s) ∩ L(t)}.
This set is exactly what we need since, thanks to Lemma 26, we know that the product of
each subword vi is only determined by s and t. Thus, this set gives all the triplets (s, t, x)
such that, if a subword vi has s as its first letter, t as its last letter, and if xi = x, then
πS(vixi) = p. We compute Prod(p) as a union of calls to Successor over the set Fp. Note
that each triplet (s, t, x) ∈ (D1(S))2 × S can only appear in at most one set Fp, so the size
of the union of all these sets is only O(|D1(S)|2 ∗ |S|) ≤ O(|S|3). Finally, we compute the
output vectors by adding the products computed earlier and removing all the letters used in
these products. ◀

▶ Lemma 18. For any aperiodic semigroup S, we can compute RProdS on any vectorial
encoding of a partial evaluation of a word over S with an ADD-vectorial circuit of size
O(|S|2).

Proof. Let u ∈ S+ be a partial evaluation such that u is a J -maximal falling word. To
compute the vectorial encoding of RProdS(u), we begin by labeling the last element by its
value: the vector LastEl(t) is equal to End if and only the last letter of u is a t. Then, we
use O(|S|2) calls to Successor to determine the value of the product of the last two elements.
We replace the last two elements by that value if the size of u is at least 2, using the vector
Thr2(U) and the IfThenElse circuit we presented earlier in the article. Since that circuit is
of constant size, the circuit for RProdS is of size O(|S|2). ◀

Before proving Lemma 19, we prove the following technical lemma.

▶ Lemma 27. Let S be an aperiodic semigroup and u ∈ S+ a J -maximal falling word over
S such that its last letter is not an element of D1(S). Consider a fixed element s ∈ D1(S)
and write u as its s-decomposition w0sk1x1w1 · · · wt−1sktxtwt. Then, we can use an ADD-
vectorial circuit of size O(|S|) which takes the vectorial encoding as input and produces a
vectorial encoding of the word w0sk1−1πS(sx1) · · · skt−1πS(sxt)wt.

Proof. With a call to Successor and O(|S|) conjunctions, we can obtain the vectors Last(t),
for t ∈ S \ {s}, that mark the occurrences of t preceeded by an occurrence of s. Then, we
can replace thos elements by the product πS(st). Instead of removing the corresponding
occurrences of s, we remove the first s of each block, which is equivalent but far easier to do
in our model. Those occurrences of s can be marked using a single call to Successor. ◀

▶ Lemma 19. Let S be an aperiodic semigroup of J -depth d. For any element s ∈ D1(S),
we can compute FallingS(s) over any vectorial encoding of a partial evaluation in its domain
with an ADD-vectorial circuit of size O(d|S|).

Proof. Let u be a word of S+ and the set (c(t))t∈S be a vectorial encoding of u. Since we
know that the last element of u is not in D1(S), we know that each block of occurrences of s

is followed by at least one element. By applying Lemma 27, we can reduce by 1 the size of
each of these blocks. Moreover, the semigroup S is aperiodic, so by Proposition 25 there
necessarily exists an integer ωs such that πS(sωs+1) = πS(sωs). Thus, if we apply Lemma 27
ωs times, the only occurrences of s that will be left will be any letter s that was originally
followed by at least ωs other occurrences of s. Since πS(sωs+1) = πS(sωs), we can just forget
those occurrences without changing anything else. Note that, for any t ∈ S, we have ωt ≤ d,
where d in the J -depth of S, so we apply Lemma 27 at most d times. ◀
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Proofs for Theorem 5 In our proofs involving semigroups in DA, we will rely on some
classical equivalent characterizations of the variety DA.

▶ Proposition 28 ([29, Theorem 2]). Let M be a monoid. The following are equivalent:
M is in the variety DA
if J is a regular J -class of M , then J is an aperiodic semigroup
∀x, y, z ∈ M, (xyz)ωy(xyz)ω = (xyz)ω (this is the algebraic characterization of DA)

Any semigroup in DA is aperiodic, so we will also be able to use Proposition 25. Moreover,
the class DA admits the following nice property that we will rely on in the proofs.

▶ Lemma 29 (Algebra folklore). Let S be a semigroup in DA and R an R-class of S. Then
there exist two sets T, K ⊆ S such that S = T ⊎ K and, for all x ∈ R, we have ∀s ∈ T, xsRx

and ∀s ∈ K, xs <J x. Moreover, both T and K are sub-semigroups of S such that, if we
denote by J is the J -class containing R, J ⊆ T if R is regular and J ⊆ K otherwise. It
follows that if S is a monoid, then T is also a monoid.

Before proving the lemmas necessary for Theorem 5, we define some intermediary opera-
tions. These operations will all be of the same form: for any i ∈ N, we define the operation
Valuei,S that identifies the ith semigroup element that occurs in the word represented by the
input vectors. Formally, we define this operation as follows:

▶ Definition 30. Let S be a semigroup in DA and let (c(s))s∈S be a vectorial encoding of
some word u ∈ S+. For each s ∈ S and i ∈ N, we define the vector Valuei,S(s) that is equal
to 1 if and only if there exists an integer j such that the jth element of c(s) is a 1 and the
position j is the ith position of the vector U to hold a 1. Otherwise, Valuei,S(s) = 0.

▶ Lemma 31. For any integer i ≥ 1, we can compute the function Valuei,S over any vectorial
encoding of a partial evaluation with a Sweeping-vectorial circuit of size O(i + |S|).

Proof. Given a set of input vectors I = (c(s))s∈S , Valuei,S(I) is a set of vectors (out(s))s∈S

such that, for each element s ∈ S, out(s) is computed as follows. We begin by removing
the first i − 1 bits set to 1 in the union of the inputs by defining the vectors U0 = U
and, ∀j < i − 1, Uj+1 = LSB(Uj). Then, for each x ∈ S, we set to 0, in c(x), the i − 1
first bits set to 1 in U by computing the vector rm(x) = c(x) ∧ Ui−1. Now, to detect the
element associated to the ith bit set to 1 in U, we only need to detect the value associated
to the first bit set to 1 in

∨
x∈S rmx, which is done as follows: for any s ∈ S, we compute

the vector out(s) that is full of ones if and only if the position of the first bit set to 1
in Ui−1 (that is the union of the vectors rm(x)) is set to 1 in the vector rm(s). Thus,
out(s) = Eq(pref-∨(rm(s)), pref-∨(Ui−1)). ◀

▶ Lemma 20. For any semigroup S ∈ DA, we can compute JProdS over any vectorial
encoding of a partial evaluation in its domain with a Sweeping-vectorial circuit of size O(|S|2).

Proof. Let u = u0 · · · uk be a word of S+. To compute JProdS(u), we want to detect the
first and last bits set to 1 in U in order to compute an encoding of the word composed only
of the element πS(u0uk). The first element is directly indicated by the vectors Value1,S(s)
for each element s ∈ S. Now we detect the last element by computing the similar vectors
Last(s) for each s ∈ S: Last(s) = Eq(suf-∨(c(s)), suf-∨(U)). With these vectors, we know
the value of the product: the product is s ∈ S if and only if Value1,S(t) ∧ Last(p) is equal to
1 for some (t, p) ∈ S2 such that R(t) ∩ L(p) = {s}. We set the last bit of the corresponding
output vector to 1, and the rest to 0. ◀
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▶ Lemma 21. For any semigroup S ∈ DA, we can compute LProdS and RProdS over any
vectorial encoding of a partial evaluation in their domains with Sweeping-vectorial circuits of
size O(|S|2).

Proof. The two operations are symmetrical, so we present only the circuit for LProdS . Let u

be a word of S+. We can use Value1,S and Value2,S to compute vectors that give the values
of the first and second elements. If ∀s ∈ S, Value2,S(s) = 0, then |u| = 1 and there is nothing
to do. Thus, we use a circuit IfThenElse. If |u| > 1, we perform the product by computing
a vector PosSec with a unique 1 at the position of the second letter, which takes only a
constant number of gates, then we remove the first two elements of the input vectors and
add PosSec to the vector corresponding to the product. This last operation takes O(|S|2)
gates since we need to check all the pairs of elements of S to compute the product. ◀

▶ Lemma 22. Let S be a semigroup in DA of J -depth d, i be an integer such that 1 ≤ i ≤ d,
let P be a sweeping evaluation program defined at least on all left J -constant words of
depth i, and suppose that we have a Sweeping-vectorial circuit of size sP that computes P

over any vectorial encoding of a partial evaluation. Then we can compute LSplitS,i⟨P ⟩ and
RSplitS,i⟨P ⟩ over any vectorial encoding of a partial evaluation in their respective domains
with Sweeping-vectorial circuits of size O(|S|2 + sP ).

Proof. The two operations are symmetrical, so we only present the circuit for LSplitS,i⟨P ⟩.
Let u = u0 · · · uk be a word of S+. We want to detect the first element ui such that
πS(u0 · · · ui) is of J -depth at least i + 1 in order to replace the prefix of u0 · · · ui−1 by its
image through P . To do that, we begin by checking if the first element of the word is of
J -depth i by computing the vectors Value1,S(s) for all s ∈ Di(S). The union of those vectors
is then used in a circuit IfThenElse: if the union is 0, nothing is done. Otherwise, we want
to find the first position such that the product of the prefix is of J -depth at least i + 1.
Thanks to Lemma 29, we know that the set of elements that make that product fall in a
J -class of greater J -depth depends only on the R-class of the prefix, which is uniquely
determined by the first element, since that element is necessarily of J -depth i. Using the
vectors Value1,S(s) we computed, we can determine the R-class of the prefix. Depending on
this R-class, we search for the first letter of the word that belongs to the set K defined by
Lemma 29, using calls to pref-∨, and we mark all letters before its position: these letters are
exactly the prefix we need to consider. Computing all these masks for each R-class takes
O(|S|) gates. Then, we mask the input vectors and use the results as inputs for the circuit
CP . Finally, we reassemble the results with the suffixes that were not considered in CP to
get an encoding of LSplitS,i⟨P ⟩(u). ◀

STACS 2023





Reconstructing Words Using Queries on Subwords
or Factors
Gwenaël Richomme #

LIRMM, Université Paul-Valéry Montpellier 3, Université de Montpellier, CNRS,
Montpellier, France

Matthieu Rosenfeld #

LIRMM, Université de Montpellier, CNRS, Montpellier, France

Abstract
We study word reconstruction problems. Improving a previous result by P. Fleischmann, M. Lejeune,
F. Manea, D. Nowotka and M. Rigo, we prove that, for any unknown word w of length n over an
alphabet of cardinality k, w can be reconstructed from the number of occurrences as subwords (or
scattered factors) of O(k2

√
n log2(n)) words. Two previous upper bounds obtained by S. S. Skiena

and G. Sundaram are also slightly improved: one when considering information on the existence of
subwords instead of on the numbers of their occurrences, and, the other when considering information
on the existence of factors.
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1 Introduction

A natural combinatorial question is to ask how much partial information on an object is
needed to reconstruct this object (see below and in our references for examples). For example,
in [2, 3], P. Fleischmann, M. Lejeune, F. Manea, D. Nowotka and M. Rigo consider the
problem of reconstructing a word w from information on the number of occurrences as
subwords of w of some words. Let us recall that a word u is a subword of a word w (or
a scattered subword of w) if u and w can be decomposed in the form u = u1 · · ·uℓ and
w = v0u1v1 · · ·uℓvℓ for some words u1, . . . , uℓ, v0, . . . , vℓ. Such a double decomposition marks
an occurrence of u as a subword of w. The number of occurrences of u as a subword of w

is sometimes denoted as the binomial coefficient
(

w
u

)
since this number coincides with the

traditional coefficient
(|w|

|u|
)

when the words u and w are written on a single letter (here, as
usual in combinatorics on words, |w| denotes the length of w), see for instance [8, chap. 6].
The problem addressed by Fleischmann et al. is presented as a game in which the player has
to guess an unknown word. In his task the player asks questions in a certain form until he has
enough information to uniquely determine the word. More precisely, at each round, the player
chooses a word u based on the previous answers that he obtained and asks for the value of(

w
u

)
. The goal of the player is to minimize the number of questions. Fleischmann et al. proved

that there is a strategy to ensure that at most min(|w|a, |w|b) + 1 ≤ ⌊ |w|
2 ⌋ + 1 questions

are needed when w is defined on the binary alphabet {a, b} (for a letter α, |w|α =
(

w
α

)
denotes the number of occurrences of α in w). For any word w over the alphabet {1, . . . , k}
they proved that the number of questions needed is bounded by

∑
i∈{1,...,k} |w|i(k + 1− i).

Our main results (Theorem 1 and Corollary 6) prove that this number of questions is at
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most
(

k
2
) (

7
⌈√
|w| log2(|w|)

⌉
+ 4

)
. For any fixed k, our upper bound is asymptotically much

stronger as the length of the word goes to infinity. For binary words in particular, their upper
bound is |w|

2 + 1 and ours is 7
⌈√
|w| log2(|w|)

⌉
+ 4 . We also adapt this strategy (Theorem 2)

to provide an algorithm whose expected running time over a uniform random binary word of
length n is O(log2 n).

Let us recall that the previous game is related to another problem that seems to have been
first introduced by L. O. Kalashnik [5]: What is the smallest ℓ such that we can reconstruct
w from the values

(
w
u

)
for all words u of length ℓ? As far as we know, the best upper bound,

⌊ 16
7

√
|w|⌋+ 5, for this problem was obtained by I. Krasikov and Y. Roditty in 1997 [6] using

a link with the Prouhet-Tarry-Escott problem about Diophantine analysis. Also the best
known lower bound, 3(

√
2/3−o(1)) log1/2

3 (|w|)), is due to [1]. Our result does not improve this
upper bound since, in the binary case, at least one query concerns a word u of length at least
min(|w|0, |w|1) which is around |w|/2 for many words w.

In a variant of the previous problem queries in the form “what is the value of
(

w
u

)
?” is

replaced with queries in the form “Is
(

w
u

)
≥ 1?” or equivalently “Is u a subword of w?”.

More precisely the problem is to determine the least value ℓ such that the set of subwords of
length ℓ determines uniquely a word w. This problem arose in various areas. In [8, Chap 6],
it is proved that any word w of length n over an alphabet A is uniquely determined by its
set of subwords in the form a∗b∗ of length at most ⌈|w|a + |w|b + 1/2⌉ with a and b distinct
letters of A. The problem is also studied in [7].

In [9, 10], in the context of DNA sequencing of hybridization, S. S. Skiena and G. Sundaram
consider the problem of minimizing the number of queries in the form “Is u a subword of w?”.
They prove that a word w of length n over an alphabet A of cardinality k can be reconstructed
using O(n log2(k) + k log2(n)) such queries. More precisely Theorem 15 in [10] states that
1.59n log2(k)+2k log2(n)+5k queries are sufficient to reconstruct w. Using a basic information
theory approach S. S. Skiena and G. Sundaram also provide the lower bound n log2 k for
the number of queries. In Section 3, we slightly improve S. S. Skiena and G. Sundaram’s
strategy and we provide a new upper bound, reducing the gap with the lower bound. More
precisely, we state that at most n log2(k) + k(2 + ⌊log2(n + 1)⌋) queries are sufficient to
reconstruct w, reducing the gap between the bounds from 0.59n log2(k) + O(k log2(n)) down
to O(k log2(n)).

In Section 4, we consider factors instead of subwords (a word u is a factor of a word w if
there exist words p and s such that w = pus) and the corresponding problem of minimizing
the number of queries in the form “Is u a factor of w?” needed to reconstruct an unknown
word w. In [9, 10], S. S. Skiena and G. Sundaram prove that, for an unknown word w over
an alphabet A of cardinality k, if the length n of w is known then w can be reconstructed
using a number of queries which is in (k − 1)n + 2 log2(n) + O(k). Actually their proof leads
to the upper bound (k − 1)n + log2(n) + O(k), which is n + log2(n) + O(1) in the binary
case. This more accurate upper bound was already mentioned in the binary case in [10]. A
simple double counting argument (there are kn words of length n and each question has two
possible outcomes) leads to the lower bound n log2 k. We improve their strategy and reduce
the upper bound to (k − 1)(n + 2) +

⌈
log2(n)

2

⌉
+ 3. In the binary case, this reduces the gap

between the lower and the upper bound from log2(n) + O(1) down to
⌈

log2(n)
2

⌉
+ 5.

Queries in the form “What is the number of occurrences of a word u as a factor of w”
have also been considered by S.S. Skiena et G. Subraman [10]. Their lower bound nk/4−o(n)
on the number of queries needed is, up to our knowledge, the best known. One can deduce
whether a word u occurs as a factor in a word w from the number of occurrences of u in w.
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This observation allows them to obtain the same upper bounds for this fourth problem than
for the previous problem. Similarly, our bound applies. Hence, we also slightly improve the
upper bound in this case, but this improvement is negligible compared to the size of the gap
between the lower bound and the upper bound.

Basic definitions and notations have already been recalled (following [8]). Let us observe
that #S denotes the cardinality of a set S. Moreover, given a word w over an alphabet A,
we will simply use n to denote the length |w| of w and k to denote the cardinality #A of A.

2 How-many-subwords queries

In this section, we focus on queries in the form “How many occurrences of u as a subword
does w contains?” or equivalently “What is the value of

(
w
u

)
?”. We call such a query a

#-subword query. Our main result regarding this kind of query is the following. Of course,
as it will be the case for other queries in the next sections, we assume that such a query can
be answered without knowing w.

▶ Theorem 1. The number of #-subword queries needed to reconstruct a word of length n

over {0, 1} is at most 7
⌈√

n log n
⌉

+ 4 whether n is known or not.

A word w that contains m occurrences of 1, can always be written as w = 0s010s11 . . . 10sm

where the si are nonnegative integers. Since m =
(

w
1
)
, it only requires one query to find m.

Our goal is to find the values of all the si. Our strategy relies on the fact that if we know
which of the si are “large” and if we know their values then we can determine multiple others
si with a single query (this is shown in Lemma 4). On the other hand since we cannot have
too many “large” si we have an efficient strategy to find all these si (see Lemma 5). Using
these two facts together and optimizing the meaning of “large” we get the desired result.

Actually, in a uniform random word we do not expect to have any si larger than O(log n)
and this leads to a more efficient average case algorithm.

▶ Theorem 2. There is a deterministic strategy that, given any integer n, reconstructs in
average in O(log2(n)) queries any word w taken uniformly at random among all binary words
of length n.

The next lemma allows to prove Lemma 4.

▶ Lemma 3. Let r, ℓ, s1, . . . , sr be non-negative integers such that 1 ≤ r ≤ ℓ + 1 and for all
j ∈ {1, . . . , r}, sj < ℓ+1

r . The values of s1, . . . , sr are uniquely determined by the values of(0sr 10sr−1 1···0s2 10s1 1ℓ

01ℓ

)
, r and ℓ.

Proof. Let us first express the number of occurrences of 01ℓ as subword in 0sr 10sr−11 · · · 0s11ℓ.
By considering separately the different possible positions of the 0 in the occurrence we obtain(

0sr 10sr−11 · · · 0s210s11ℓ

01ℓ

)
=

r∑
j=1

sj

(
ℓ + j − 1

ℓ

)
=

r∑
j=1

sj

(
ℓ + j − 1

j − 1

)
. (1)

Let β = maxj sj . We first show that for all t ∈ {1, . . . , r},
t∑

j=1
sj

(
ℓ + j − 1

j − 1

)
≤ β

(
ℓ + t

t− 1

)
. (2)
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We proceed by induction on t. It is easily verified for t = 1. Now if (2) holds for t, then

t+1∑
j=1

sj

(
ℓ + j − 1

j − 1

)
=

t∑
j=1

sj

(
ℓ + j − 1

j − 1

)
+ st+1

(
ℓ + t

t

)
≤ β

(
ℓ + t

t− 1

)
+ st+1

(
ℓ + t

t

)

≤ β

((
ℓ + t

t− 1

)
+

(
ℓ + t

t

))
= β

(
ℓ + t + 1

t

)

which concludes the inductive proof of (2).
Moreover, for all t ∈ {1, . . . , r}, β

(
ℓ+t
t−1

)
< ℓ+1

r

(
ℓ+t
t−1

)
≤ ℓ+1

t

(
ℓ+t
t−1

)
=

(
ℓ+t

t

)
. Together with

(2), it implies that for all t ∈ {1, . . . , r},

0 ≤
t∑

j=1
sj

(
ℓ + j − 1

j − 1

)
<

(
ℓ + t

t

)
. (3)

Observe that, for all t ∈ {1, . . . , r − 1},

st+1 =
∑t+1

j=1 sj

(
ℓ+j−1

j−1
)
−

∑t
j=1 sj

(
ℓ+j−1

j−1
)(

ℓ+t
t

) .

But st+1 is an integer and by equation(3) the right part of the fraction in the left-hand-side
is in [0, 1[ we deduce

st+1 =
⌊∑t+1

j=1 sj

(
ℓ+j−1

j−1
)(

ℓ+t
t

) ⌋
. (4)

By Equations (1) and (4), we can deduce the value of sr from r, l and
∑r

j=1 sj

(
ℓ+j−1

j−1
)

which is itself deduced from
(0sr 10sr−1 1···0s2 10s1 1ℓ

01ℓ

)
. From the value of sr, we can now deduce∑r−1

j=1 sj

(
ℓ+j−1

j−1
)

and thus sr−1 by (4). Thus, by an “inverse induction” from r − 1 to 1, we
deduce the values of all the sj . ◀

Lemma 3 allows us to determine the length of multiple consecutive 0-blocks with only
one query under some strong hypothesis, but we can relax these hypotheses as follows. The
idea is that if we have some large si and a prefix, it is enough to know the value of these si

and of the prefix in order to remove their contribution before applying the previous lemma.

▶ Lemma 4. Let p and v be words, r and s1, . . . , sr be nonnegative integers such that
1 ≤ r ≤ |v|1 + 2 and let w = p0sr 10sr−1 . . . 10s11v. Suppose that p, |v|1 and r are known
and that for all j, either sj is known or sj < |v|1+2

r , then the value of
(

w
011+|v|1

)
uniquely

determines the values of all the unknown sj for j ∈ {1, . . . , r}.

Proof. For all j ∈ {1, . . . , r}, let s′
j be such that if sj < |v|1+2

r , then s′
j = sj and s′

j = 0
otherwise. Then sj − s′

j is known for all j (it is sj if sj is known and 0 otherwise) and for all
j, s′

j < |v|1+2
r .
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Now, by considering the possible positions of the 0 in the occurrences of 011+|v|1 , we get(
w

011+|v|1

)
=

(
p1r+|v|1

011+|v|1

)
+

(
0sr 10sr−1 . . . 10s111+|v|1

011+|v|1

)
=

(
p1r+|v|1

011+|v|1

)
+

r∑
j=1

sj

(
j + |v|1
1 + |v|1

)

=
(

p1r+|v|1

011+|v|1

)
+

r∑
j=1

(sj − s′
j)

(
j + |v|1
1 + |v|1

)
+

r∑
j=1

s′
j

(
j + |v|1
1 + |v|1

)

=
(

p1r+|v|1

011+|v|1

)
+

r∑
j=1

(sj − s′
j)

(
j + |v|1
1 + |v|1

)
+

(
0s′

r 10s′
r−1 . . . 10s′

111+|v|1

011+|v|1

)
.

It implies that,(
0s′

r 10s′
r−1 . . . 10s′

111+|v|1

011+|v|1

)
=

(
w

011+|v|1

)
−

(
p1r+|v|1

011+|v|1

)
−

r∑
j=1

(sj − s′
j)

(
j + |v|1
1 + |v|1

)
.

By assumption,
(

w
011+|v|1

)
, p, r, |v|1 and for all j, (sj − s′

j) are known. Hence, the quantity(0s′
r 10s′

r−1 ...10s′
1 11+|v|1

011+|v|1

)
is uniquely determined. For all j, s′

j < |v|1+2
r and we deduce from

Lemma 3 that the values of all the s′
j are uniquely determined which concludes our proof. ◀

For any word w over {0, 1} decomposed as w = 0s010s11 · · · 0st−110st , we call i the index
of the 0-block 0si . If we want to use the previous lemma to reconstruct a word, we first need
to determine the indices of all the 0-blocks that are longer than some predetermined length.

▶ Lemma 5. Let w ∈ {0, 1}∗ and m be an integer. Let I be the set of indices of 0-blocks of
w of length at least m. Suppose that we know |w| and |w|0 (and so also |w|1 = |w| − |w|0),
then the number of #-subword queries needed to determine I is at most

2|w|0⌈log2(|w|1 + 1)⌉
m

.

Proof. We use Algorithm 1 to determine I calling it with ℓ = 0 and u = |w|1. Note that
|w|1 = |w| − |w|0 is known.

Algorithm 1 An algorithm that prints the indices i ∈ {ℓ, . . . , u} of the 0-blocks of length at least
m that occur in w.

procedure Recblocks(w, m, ℓ, u)
if

(
w

1ℓ0m1|w|1−u

)
≥ 1 then

if u = ℓ then
Print ℓ

else
Recblocks(w, m, ℓ, ⌊ ℓ+u

2 ⌋)
Recblocks(w, m, ⌊ ℓ+u

2 ⌋+ 1, u)

The condition of the main “if” verifies that the lengths of the 0-blocks whose indices are
in {ℓ, . . . , u} sum to at least m. If it doesn’t then we know that none of these blocks can
have length at least m so we do not need to call the function recursively on any of them.
From this, verifying the correctness of the algorithm is rather straightforward.
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Let us now bound the total number of queries. For this, we consider the tree of recursive
calls to Recblocks defined as follows: the root of the tree is the initial call with ℓ = 0 and
u = |w|1; a call a is the child of another call b if the call a was made in b. The depth of a
call is its distance to the root. The weight of a call is the quantity u + 1− ℓ. For any call of
weight x, the weights of its children are ⌈x/2⌉ or ⌊x/2⌋ (and the sum of the weights of the
two children is x). Let f be the function such that f : x→ ⌈x

2 ⌉. The root has weight |w|1 + 1
and f is a non-decreasing function, so any call of depth d has weight at most fd(|w|1 + 1).
For any integer x, f(x) ≤ x+1

2 , and, in particular, for all d ≥ 1, fd(|w|1 + 1) ≤ fd−1(|w|1+1)+1
2 .

By induction on d, fd(|w|1 + 1) < |w|1+1
2d + 1. Any call of depth ⌈log2(|w|1 + 1)⌉ has weight

at most 1 (the weight is an integer smaller than 2) and is a leaf of the tree. Hence, the depth
of any call is at most ⌈log2(|w|1 + 1)⌉.

Moreover, one easily verifies by induction on the depth that for any two different calls c

and c′ at the same depth the corresponding intervals [ℓ, u] and [ℓ′, u′] are disjoint. We say
that a call with the values ℓ and u owns the occurrences of 0 that belongs to all the blocks
of indices between ℓ and u. Then by the previous remark, the set of occurrences of 0 owned
by two calls at the same depth are disjoint. Since the condition of the first “if” is true if the
call owns at least m occurrences of 0, we deduce that there are at most |w|0

m such calls on
any given depth. Since each such call has two children, we deduce that the number of calls
at any depth is at most 2 |w|0

m . Hence the total number of calls, is at most 2|w|0⌈log2(|w|1+1)⌉
m .

Since we ask one query by call this concludes the proof. ◀

We are now ready to show our main result. We will first use the algorithm from Lemma 5
to find all the blocks that are of length

⌈√
n log n

⌉
and then we use Lemma 4 to determine

all the other blocks.

Proof of Theorem 1.
Phase 1. Let w be the unknown word. It costs two queries to get |w|0 =

(
w
0
)

and |w|1 =
(

w
1
)
.

Then n = |w| = |w|0+|w|1 is known. Suppose without loss of generality that
(

w
0
)
≥ n/2 ≥

(
w
1
)

(otherwise simply exchange the role of 0 and 1 in the following).
Phase 2. Let m =

⌈√
n log n

⌉
. We use the algorithm from Lemma 5 to locate all the

0-blocks of length at least m. There are at most n
m such blocks and we can use one query

for each of them to determine their respective length: Indeed if the block is at index i

with i ∈ {0, . . . , |w|1}, its length is
(

w
1i01|w|1−i

)
. Thus locating 0-blocks of length at least m

together with their lengths require at most 2|w|0⌈log(|w|1+1)⌉
m + n

m queries. This number of
queries is less than 3 n log n

m ≤ 3
√

n log n.
Phase 3. We now need to determine the lengths of 0-blocks of length at most m. We
first determine the 0-blocks occurring before the

⌈
|w|1

2

⌉
last occurrences of 1. Secondly,

we determine the 0-blocks occurring after the
⌈

|w|1
2

⌉
first occurrences of 1. After this, the

lengths of all the 0-blocks are known and we know w. We describe only how to determine
the first half of the blocks, since reconstructing the second half of the blocks can be done
symmetrically.

There are
⌈

|w|1
2

⌉
+ 1 0-blocks before the

⌈
|w|1

2

⌉
last occurrences of 1. We determine

the unknown blocks among them in at most m steps from left to right considering, at each
step, at most r =

⌊
|w|1
2m

⌋
blocks. Since mr ≥ |w|1

2 −m, we might miss up to m + 1 blocks
after this, that we can recover one by one for up to m + 1 extra queries. At one step
w = p0sr 10sr−1 · · · 10s11v with p an already known prefix of w (initially p is the empty word)
and |v|1 ≥

⌈
|w|1

2

⌉
. For each i ∈ {1, . . . , r}, if si is unknown then si < m = |w|1/2

|w|1/(2m) < |v|1+2
r .
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By Lemma 4, only one query is needed to know the r blocks. Hence, we determine the
0-blocks occurring before the

⌈
|w|1

2

⌉
last occurrences of 1 in at most 2m+1 = 1+2

⌈√
n log n

⌉
queries (and similarly to know the 0-blocks occurring after the

⌈
|w|1

2

⌉
last occurrences of 1).

In total, our strategy uses 2 + 3
⌈√

n log n
⌉

+ 2(1 + 2
⌈√

n log n
⌉
) = 7

⌈√
n log n

⌉
+ 4. ◀

For any alphabets A and B ⊆ A and any word u over A, the projection of u onto B is the
word obtained by removing from u any letter that does not belong to B. We denote it πB(u).
For instance, π{0,1}(0120201) = 01001. Over an alphabet of cardinality k if we know the
projections over all the binary sub-alphabets, we can uniquely determine the whole word [8,
Lemma 6.2.19]. So Theorem 1 has the following corollary.

▶ Corollary 6. The number of #-subword queries needed to reconstruct a word of length n

over an alphabet of cardinality k is at most
(

k
2
)
(7

⌈√
n log n

⌉
+ 4) .

In Theorem 1 and Corollary 6, we did not try to optimize the multiplicative constant,
because we believe that the

√
n log n bound is not “sharp up to a multiplicative constant”.

As suggested by Theorem 2, the number of required queries in Theorem 1 and Corollary 6
might be in O(log n).

As we will see in Lemma 7, the probability that there is a 0-block of length more than
⌈2 log2(n)⌉ is small.

▶ Lemma 7. Let w be a word taken uniformly at random among all binary words of length
n. The probability that w contains the factor 0⌈2 log2(n)⌉ is at most 1/n.

Proof. Let m = ⌈2 log2(n)⌉. Let w1, . . . , wn ∈ {0, 1} be such that w = w1 · · ·wn. For all
i ∈ {1, . . . , n −m + 1}, let Ei be the event that wiwi+1 . . . wi+m−1 = 0m. Then for all i,
P(Ei) = 2−m ≤ 1/n2. By union bound,

P(0m is a factor of w) = P(∪n−m+1
i=1 Ei) ≤

n−m+1∑
i=1

P(Ei) ≤
1
n

as desired. ◀

Proof of Theorem 2. First, we determine the number of 0 and 1 in w in 2 queries. Let
m = ⌈2 log2(n)⌉. We first assume that there is no factor 0m in w. We can now apply
Lemma 4 as in Phase 3 of the proof of Theorem 1, but with m = ⌈2 log2(n)⌉. We now have
a candidate word w′ and we can ask one more question,

(
w
w′

)
, to verify if w = w′ (this might

not be the case, if our starting assumption was false). All of this take O(log2(n)) queries.
If we did not obtain the correct word, we know that our assumption was false and we

use Theorem 1 to find w in O(
√

n log2(n)) extra queries. By Lemma 7, this happens with
probability at most 1/n, so the expected number of queries of this procedure is at most
O(log2(n)) +O(

√
n log2(n)/n) = O(log2(n)). ◀

3 Exists-subword queries

In this section, we focus on queries in the form “Is u a subword of w?” or equivalently “Is(
w
u

)
≥ 1?”. We call such a query an ∃-subword query. The reconstruction problem using

∃-subword queries of a word w of unknown length n over an alphabet A of cardinality k was
solved by S. S. Skiena and G. Sundaram [9, 10] using 1.59n log2(k) + 2k log2(n) + 5k queries.
We improve the main coefficient of the bound, replacing 1.59 by 1 which is optimal (any such
algorithm requires at least n log2(k) queries in the worst case [9, 10]).
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▶ Theorem 8. The number of ∃-subword queries needed to reconstruct an unknown word w

of unknown length n over an alphabet A of cardinality k is at most

n⌈log2(k)⌉+ k (2 + ⌊log2(n + 1)⌋) .

Actually, our approach is similar to the method used in [9, 10]. We act essentially by
dichotomy on the alphabet but when reconstructing words from their projections on a smaller
alphabet we improve the bound on the number of queries. Also on small alphabets we use a
linear decomposition instead of a binary decomposition in order to reduce the number of
queries needed to deduce the number of occurrences of some letters.

To prove Theorem 8 we use the next two lemmas. The first one considers the reconstruction
problem in the one letter alphabet case. The second one describes upper bounds on the
number of queries needed to reconstruct a word from projections on disjoint alphabets.

▶ Lemma 9. Given an unknown nonempty word w of length n over an alphabet A and a
letter α ∈ A, the value |w|α can be determined using

at most 2⌊1 + log2(|w|α + 1)⌋ ∃-subword queries if n is unknown and
at most ⌈log2(n + 1)⌉ ∃-subword queries if n is known.

The proof of this Lemma is a simple binary search. The details can be found in Appendix
A. In the next Lemma we explain how to reconstruct a word w from its projections on two
disjoint complementary alphabets. Note that [10, Lemma 14], is almost the same result with
a number of queries 2.18|πB(w)|+ |πC(w)|+ 5 instead of |πB(w)|+ |πC(w)|+ 1. The main
difference is that instead of using a binary search we simply go greedily from left to right
when combining the two words. This lemma almost exclusively explains the improvement we
obtain over [10, Theorem 2].

▶ Lemma 10. Let w be an unknown word of length n over an alphabet A. Let B and C be
two disjoint alphabets such that A = B ∪ C, then
1. if we know both projections πB(w) and πC(w), then the word w can be reconstructed using

at most n− 1 ∃-subword queries,
2. if we know the word πB(w) and #C = 1, then the word w can be reconstructed using at

most n + 1 ∃-subword queries.

It may be observed that in item 1 of Lemma 10, the length of w can be determined
without asking any query since it is equal to |πB(w)|+ |πC(w)|. This is not the case in item
2. In both cases, the length is not directly used in the proof.

For any word x = x1 · · ·xℓ ∈ {0, 1}ℓ and integers i, j ∈ {1, . . . , ℓ}, let x[i . . . j] =
xixi+1 · · ·xj when i ≤ j. By extension, if i > j (and possibly i = |x| + 1 or j = 0), then
x[i . . . j] is the empty word.

Proof of Lemma 10. Assume first that u = πB(w) and v = πC(w) are known. The first
letter of w is either u1 or v1. More precisely, u1v is a subword of w if and only if u1 is the
first letter of w, otherwise v1 is the first letter of w. Thus in one question we can determine
the first letter of w, and the projections πB(w[2 . . . n]) and πC(w[2 . . . n]). We can repeat this
process and after each new query we obtain the next letter of w and the two projections of
the rest of w over B and C.

Hence Algorithm 2 allows to reconstruct w from u and v. In this algorithm i and j store
respectively the successive length of πB(w[1 . . . i + j]) and πC(w[1 . . . i + j]): at the beginning
of each while loop, we know p = w[1 . . . i + j].

From the preliminary comments, it is straightforward that at the end of the algorithm
p = w and that the number of ∃-subword queries asked is at most n− 1.
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Algorithm 2 An algorithm that returns an unknown word w over B ∪ C with B ∩ C = ∅ from
u = πB(w) and v = πC(w).

p← ε ; i← 0 ; j ← 0
while i < |u| and j < |v| do

if pui+1v[j + 1..|v|] is a subword of w then
p← pui+1 ; i← i + 1

else
p← pvj+1 ; j ← j + 1

p← pu[i + 1..|u|]v[j + 1..|v|]
return p

From now on assume that we only know the word πB(w) and the fact that C = {a}
for some letter a. We use a strategy similar to the previous case, that is, we try to insert
occurrences of the letter a between the letters of πB(w) in a greedy way. Once the places of
all letters of πB(w) are known, one has to determine the remaining occurrences of a at the
end of w. This leads to the variant Algorithm 3 for which the number of ∃-subword queries
asked is exactly n + 1: there is one query by letter of πB(w) and πC(w) and one additional
query needed to determine when there is no more letter in πC(w). ◀

Algorithm 3 An algorithm that returns an unknown word w over B ∪ {a} with a ̸∈ B from
u = πB(w).

p← ε ; i← 0
while i < |u| do

if pau[i + 1..|u|] is a subword of w then
p← pa

else
p← pui+1 ; i← i + 1

while pa is a subword of w do
p← pa

return p

The proof of the next result explains the strategy to solve the reconstruction problem
using ∃-subword queries. The length of w may be unknown.

▶ Proposition 11. Let w be an unknown word over an alphabet of cardinality k. For any
B ⊆ A with #B ≥ 2, the number of ∃-subword queries needed to reconstruct the word πB(w)
is at most

⌈log2(#B)⌉|πB(w)|+ #B
(

2 + max
α∈B
⌊log2(|w|α + 1)⌋

)
.

Proof. We proceed by induction on the cardinality of B with the two base cases being #B = 2
and #B = 3.

If B = {x, y} ⊆ A with x ̸= y, we can apply Lemma 9 to determine π{x}(w) = x|w|x in at
most 2⌊1 + log2(|w|x + 1)⌋ queries. Case 2 of Lemma 10 implies that we can then determine
π{x,y}(w) in at most |π{x,y}(w)|+ 1 extra queries. The total number of queries is at most

|π{x,y}(w)|+1+2⌊1+log2(|w|x+1)⌋ ≤ ⌈log2(#B)⌉|πB(w)|+#B
(

2 + max
α∈B
⌊log2(|w|α + 1)⌋

)
as desired.
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If B = {x, y, z} for some distinct letters x, y, z ∈ A, we use the strategy of the previous
paragraph to determine π{x,y}(w) and we use case 2 of Lemma 10 once again to obtain
π{x,y,z}(w) in at most |π{x,y,z}(w)|+ 1 extra queries. The total number of queries is then at
most

|π{x,y}(w)|+ |πB(w)|+ 2 + 2⌊1 + log2(|w|x + 1)⌋ ≤ ⌈log2(#B)⌉|πB(w)|+ #B
(

2 + max
α∈B
⌊log2(|w|α + 1)⌋

)
as desired.

We now have to deal with the induction. Assume #B ≥ 4. Let C, C′ ⊆ B be two disjoint
alphabets such that B = C ∪ C′, #C = ⌊#B

2 ⌋ and #C′ = ⌈#B
2 ⌉. The two last conditions imply

⌈log2 #C⌉ ≤ ⌈log2 #C′⌉ = ⌈log2 #B⌉ − 1 .

By induction hypothesis, the number of queries to determine πC(w) and πC′(w) is at most

⌈log2(#C)⌉|πC(w)|+ #C
(

2 + max
α∈C
⌊log2(|w|α + 1)⌋

)
+⌈log2(#C′)⌉|πC′(w)|+ #C′

(
2 + max

α∈C′
⌊log2(|w|α + 1)⌋

)
≤ (⌈log2(#B)⌉ − 1)(|πC(w)|+ |πC′(w)|) + (#C′ + #C)

(
2 + max

α∈C′∪C
⌊log2(|w|α + 1)⌋

)
≤ (⌈log2(#B)⌉ − 1)(|πB(w)|) + #B

(
2 + max

α∈B
⌊log2(|w|α + 1)⌋

)
.

By case 1 of Lemma 10, we only need |πB(w)| extra queries to determine πB(w). In total, we

used at most ⌈log2(#B)⌉(|πB(w)|) + #B
(

2 + max
α∈B
⌊log2(|w|α + 1)⌋

)
queries as required. ◀

Proof of Theorem 8. Theorem 8 is an immediate consequence of Proposition 11 taking
B = A and using max

α∈B
⌊log2(|w|α + 1)⌋ ≤ ⌊log2(|w|+ 1)⌋ ◀

4 Exists-factor queries

In this section, we focus on queries in the form “Is u a factor of w?”. Our aim is to prove
Theorem 16. As for the result from [10] that we improve here, we assume in this section that
the length of the word to determine is known.

A factor u is said right-extendable in a word w if there exists a letter a such that ua is
also a factor of w. The word ua is a right extension of u. A non-right-extendable factor u of
w is a suffix of w but the converse does not hold. For instance the word u = a is a suffix of
the word w = aa but it is right-extendable. Actually it can be straightforwardly checked
that a factor u is not right-extendable in w if and only if u is a suffix of w which has only
one occurrence as a factor of w. The notions of left-extendability and left extensions are
defined similarly.

The global strategy to reconstruct an unknown word w using queries on factors is to apply
the following three steps. First we find a long block of a fixed letter α (proof of Lemma 15).
Second we determine a non-right-extendable factor of w having this long block of α as a
prefix. Two different approaches are developed in the proof of Lemmas 13 and 14. Depending
on the length of the previously found long block of α, one or the other of the two approaches
reveals to be more efficient. Finally we determine w from the previous non-right-extendable
factor (Lemma 12). Let us first explain this last step.
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▶ Lemma 12. Let w be an unknown word of known length n over an alphabet of cardinality
k. If we know a non-right-extendable factor s of w then we can reconstruct w with at most
(k − 1)(n− |s|) ∃-factor queries.

Proof. Assume that |s| < n. Then s is a proper suffix of w. Fix a letter α. We can ask “is
βs a factor of w?” for each letter β different from α. If the answer is positive for some β

then we know that βs is a non-right-extendable factor of w and if the answer is negative for
all β then we know that αs is a non-right-extendable factor of w. We then repeat the same
process until we reach a word of length n (this word necessarily is w). It costs us at most
k − 1 queries by letter that we have to determine, that is, (k − 1)(n− |s|) queries. ◀

We now explain how to efficiently find a non-right-extendable factor of w. For this a
letter α is fixed and we assume that we know the greatest t such that αt occurs as a factor
in w. And we will present two different strategies that we will use for different values of t

in the proof of Theorem 16. The first strategy will be used when t is not too large. It is
described in the proof of the following result.

▶ Lemma 13. Let w be an unknown word of known length n over an alphabet A of cardinality
k. Let α ∈ A. If we know the largest integer t such that αt is a factor of w, then a non-
right-extendable factor s of w can be determined with at most (k − 1)(|s| + 2) ∃-factor
queries.

Proof. Let σ be a variable that aims to contain the searched non-right-extendable factor of
w. We initialize σ with the word αt. We search for successive right extensions of σ asking
the query “is σβ a factor of w?” for each letter β ≠ α. If the answer is “yes” for some β ̸= α

then we know that σβ is a factor of w and we set σβ to be the new value of σ.
If the answer is “no” for all β ̸= α, then either σα is a factor of w or σ is non-right-

extendable. If σ does not end with the suffix αt, we set σα to be the new value of σ. It is
possible that σ is no longer a factor of w (and so σ is not a non-right-extendable factor of w),
in particular, when the previous value of σ already was the searched non-right-extendable
factor of w. But if later, while trying to add a letter β ̸= α, we get “yes” as an answer
we deduce that we were right for every previous assumption. If we obtain the answer “no”
t + 1 consecutive times then we have added t + 1 occurrences of α at the end of σ. This
implies that we were wrong since by definition of t, αt+1 is not a factor of w. At this point
σ = vαt+1 for some word v that ends with a letter different from α and there exists r ≤ t

such that vαr is a suffix of w and both vαr+1 and all words vαrβ with β ̸= α are not factors
of w: vαr is the searched non-right-extendable factor of w. We can determine r by asking
“is vαr+1 a factor of w?” from r = 0 and until a negative answer.

Let us now provide an upper-bound for the number of queries. Let vαt+1 be the value of
σ obtained after t + 1 consecutive negative queries and let r + 1 be the number of additional
queries asked to determine the final value s of σ. Observe that v was determined using
(k − 1)(|v| − t) queries. Then we use (k − 1)(t + 1) queries to get vαt+1 and finally we use
r + 1 queries to determine the final value. The total amount of queries is thus bounded by
(k − 1)((|v| − t) + (t + 1) + (r + 1)). Since |s| = |v|+ r, this number of queries is bounded by
(k − 1)(|s|+ 2). ◀

Let us illustrate in an example the strategy used in the proof of Lemma 13. Assume
that the word to reconstruct is w = 00011100111011 and that we use α = 1. We have
t = 3 and initially σ = 111. The answer to the two first queries are positive and we get
σ = 11100. Then the answers to the next three queries are negative and we assume that
σ = 11100111 is a prefix of the expected result. This is confirmed by the next query that sets

STACS 2023



52:12 Reconstructing Words Using Queries on Subwords or Factors

v = 111001110. The next four negative queries on v0, v10, v110 and v1110 imply that the
non-right-extendable factor is v, v1, v11, or v111. After three additional queries, we know
that 11100111011 is a non-right-extendable factor (hence a suffix) of w.

If t is large (essentially if t ≥ ⌈4
√

n ⌉; see the proof of Theorem 16), then a better
strategy is to verify slightly more often that our assumptions are correct when building the
non-right-extendable factor. Doing so leads to the alternative strategy provided in the proof
of the next result.

▶ Lemma 14. Let w be an unknown word of known length n over an alphabet A of cardinality
k. Let α ∈ A be a letter with at least one occurrence in w. Assume that we know n and the
largest positive integer t such that αt is a factor of w. A non-right-extendable factor s of w

can be determined using at most (k − 1)(|s| − t) + k ⌈
√

n ⌉+ 1 ∃-factor queries.

Proof. The strategy is almost identical to the previous one. We initialize σ with the word
αt and we try to extend it by asking whether σβ for some β ≠ α is a factor of w and we
proceed as previously.

If we obtain the answer “no” r consecutive times then we added r occurrences of α at
the end of s. In this case, every ⌈

√
n ⌉ new consecutive occurrences of α, we verify if our

current value of σ is a factor of w. If this holds we keep going. Otherwise letting v be the
word such that σ = vα⌈

√
n ⌉, vα⌈

√
n ⌉ is not a factor of w. We need to find the largest r such

that vαr is a factor of w. This can be done by setting σ = v and asking the query “is σαi a
factor of w ?”, where i starts at 1 and increases until we receive the answer “no”.

Let us now count the number of queries. In the first phase, until reaching vα⌈
√

n ⌉, the
length of σ increases from t to |vα⌈

√
n ⌉|. Each new letter requires at most k− 1 queries, but

each ⌈
√

n ⌉ query a verification query is done. So the number of queries in this first phase is
at most (remember t ≥ 1)

(k − 1)(|vα⌈
√

n ⌉| − t) +
⌊
|vα⌈

√
n ⌉| − t

⌈
√

n⌉

⌋
≤ (k − 1)(|vα⌈

√
n ⌉| − t) + 1 +

⌊
|w| − 1
⌈
√

n⌉

⌋
which is upper-bounded by (k − 1)(|v| − t) + k⌈

√
n⌉ .

In the second phase there is one verification query and every other query increases the
value of i from 1 to r + 1. So there are at most 1 + r = 1 + |s| − |v| ≤ 1 + (k − 1)(|s| − |v|)
other queries in this second phase. Summing the queries of the first and second phase, we
deduce that at most (k − 1)(|s| − t) + k ⌈

√
n ⌉+ 1 queries are used. ◀

Before using Lemma 13 or Lemma 14 we need to determine the greatest power of a letter
in a word w. This can be done using a binary search with queries in the form “Is at a factor
of w?” for 1 ≤ t ≤ n. A negative answer to the query “Is a1 a factor of w?” shows that
the letter a does not occur in w. The next result holds for arbitrary alphabets. Its proof
specifies how the binary search is done.

▶ Lemma 15. Let w be an unknown word. Let a be a letter, x, y be two known integers and
t be the largest integer such that at is a factor of w. If we know that x ≤ t ≤ y then at most
⌈log2(y + 1− x)⌉ ∃-factor queries are needed to determine the value of t.

Once again the idea of this Lemma is to use a binary search and the details of the proof can
be found in Appendix B.

Applying successively Lemma 15, then Lemma 13 or Lemma 14 and finally Lemma 12,
we get the next result.
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▶ Theorem 16. An unknown nonempty word w of known length n over an alphabet of
cardinality k ≥ 2 can be reconstructed in at most (k− 1)(n + 2) + ⌈ log2 n

2 ⌉+ 3 ∃-factor queries.

Proof. We start with the query “is α⌈4
√

n ⌉ a factor of w?”.
If we obtain a positive answer, we use Lemma 15 (with x = ⌈4

√
n ⌉ and y = n (n ≥ 1)) to

compute the largest t such that αt is a factor of w in at most ⌈log2 n⌉ queries. Then we apply
Lemma 14 to find a non-right-extendable factor s in at most (k − 1)(|s| − t) + k⌈

√
n ⌉+ 1

queries. Since t ≥ ⌈4
√

n ⌉ ≥ 4⌈
√

n ⌉ − 3,

(k − 1)(|s| − t) + k⌈
√

n ⌉+ 1 ≤ (k − 1)(|s|+ 3)− (3k − 4)⌈
√

n⌉+ 1 .

We finally apply Lemma 12 to find w in (k−1)(n−|s|) queries. In this case, including the initial
query, we need a total of at most (k−1)(n + 3) + ⌈log2 n⌉− (3k−4)⌈

√
n ⌉+ 2 ≤ (k−1)(n + 2)

queries (we use k ≥ 2 and n ≥ 1 for this inequality).
If we obtain a negative answer, we use Lemma 15 (with x = 0 and y = ⌈4

√
n ⌉ − 1) to

compute the largest t such that αt is a factor of w in at most ⌈log2(4
√

n)⌉ = ⌈ log2 n
2 ⌉ + 2

queries. Then we apply Lemma 13 to find a non-right-extendable factor s in (k − 1)(|s|+ 2)
queries and we finally apply Lemma 12 to find w in (k − 1)(n− |s|) queries. In this case we
need a total of (k − 1)(n + 2) + ⌈ log2 n

2 ⌉+ 3 queries including the initial query. ◀

5 Conclusion

We have studied three reconstruction problems and, for each of them, we have improved upper
bounds on the number of necessary queries. For reconstruction of a word w of length n over
an alphabet of cardinality k using ∃-subword queries, we have a lower bound n log2(k) and
in Section 3, we reduce the gap between the lower and the upper bound to an O(k log2(n)).
An open question is whether this gap can be further reduced to an O(k) number of queries
or even lower.

For the reconstruction using #-subword queries as considered in Section 2, up to our
knowledge, no lower bound is known. Our upper bound is much lower than the previous
one, but it could still be far from the truth. In particular, we showed that there exists a
deterministic algorithm that requires in average O(log n) queries to reconstruct a uniform
random binary word of length n, but this algorithm requires Θ(

√
n log n) queries in the

worst case. This might be possible to find a deterministic algorithm that requires O(log n)
queries in the worst case. We were not able to find a simple proof that this cannot be done
in constant time only depending on the size of the alphabet.

For the reconstruction using ∃-factor queries as considered in Section 4, a simple counting
argument yields the lower bound n log2(k) on the number of queries. S. S. Skiena and
G. Sundaram provide in [10] a lower bound in kn/4− o(n) queries which is better for large
alphabets. In the binary case, we were able to improve the gap between the lower and the
upper bound, reducing it to

⌈
log2(n)

2

⌉
+ 5. In the general case, even if our result improves the

gap between the lower and upper bounds, this gap is still important. As already mentioned
in the introduction, the lower bound kn/4− o(n) given by S. S. Skiena and G. Sundaram
is also valid if one considers queries in the form “What is the number of occurrences of u

as a factor of w?”. In some sense, considering the numbers of occurrences of factors does
not bring a significant amount of extra-information for reconstruction comparatively to
information on the existence of factors. This contrasts with the subword case where the
number of occurrences gives much more information than the existence of occurrences.

To end, let us mention the existence, in the binary case, of a deterministic algorithm
that requires, in average, n +O(1) ∃-factor queries over a uniform random word [4] which is
optimal up to an additive constant. The main idea of this algorithm is similar to the approach
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used in Section 4, but the length t of the longest block of 0 is determined faster. Indeed, for
a binary word of length n taken uniformly at random, the average value of |t− log2(n)| is
in O(1). The existence of a deterministic algorithm using an n +O(1) number of ∃-factor
queries in the worst case is open.
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A Proof of Lemma 9
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M = i when the answer is negative.
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the interval [0, n]. Hence |w|α can be determined using at most ⌈log2(n + 1)⌉ ∃-subword
queries. ◀
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B Proof of Lemma 15

Proof of Lemma 15. We proceed by induction on the value y + 1 − x. If x = y then we
know the value of t and no more queries are needed as expected. If y > x, then we ask the
query “is a⌈(x+y)/2⌉ a factor of w?”.

We deduce x′ ≤ t ≤ y′ where, if the answer is “yes”, x′ = ⌈(x + y)/2⌉ and y′ = y and, if
the answer is “no”, x′ = x and y′ = ⌈(x + y)/2⌉ − 1. In the two cases,

y′ − x′ + 1 ≤ 1 + ⌊(y − x)/2⌋ . (5)

The map f : z 7→ ⌊ z−1
2 ⌋+ 1 is non-decreasing over the non-negative reals and for all integers

n, f(2n) = 2n−1, thus for all z ≤ 2n, we have f(z) ≤ 2n−1. Since (5) can be rewritten,
y′−x′+1 ≤ f(y+1−x), we deduce that for all integers n, if y+1−x ≤ 2n then y′+1−x′ ≤ 2n−1.
In particular, choosing n = ⌈log2(y + 1− x)⌉ yields, y′ + 1− x′ ≤ 2⌈log2(y+1−x)⌉−1, hence

⌈log2(y′ + 1− x′)⌉ ≤ ⌈log2(y + 1− x)⌉ − 1 .

By induction hypothesis, it implies that we need at most ⌈log2(y + 1− x)⌉ − 1 other queries
to determine the value of t. With the initial query, this is a total of at most ⌈log2(y + 1− x)⌉
queries as desired. ◀
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Abstract
Binary search trees (BSTs) are one of the most basic and widely used data structures. The best
static tree for serving a sequence of queries (searches) can be computed by dynamic programming.
In contrast, when the BSTs are allowed to be dynamic (i.e. change by rotations between searches),
we still do not know how to compute the optimal algorithm (OPT) for a given sequence. One of the
candidate algorithms whose serving cost is suspected to be optimal up-to a (multiplicative) constant
factor is known by the name Greedy Future (GF). In an equivalent geometric way of representing
queries on BSTs, GF is in fact equivalent to another algorithm called Geometric Greedy (GG). Most
of the results on GF are obtained using the geometric model and the study of GG. Despite this
intensive recent fruitful research, the best lower bound we have on the competitive ratio of GF is 4

3 .
Furthermore, it has been conjectured that the additive gap between the cost of GF and OPT is only
linear in the number of queries. In this paper we prove a lower bound of 2 on the competitive ratio
of GF, and we prove that the additive gap between the cost of GF and OPT can be Ω(m · log log n)
where n is the number of items in the tree and m is the number of queries.
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1 Introduction

Binary search trees (BSTs) are one of the most basic and widely used data-structures. They
are used to store a sorted set of keys from a totally ordered universe. Traversing BSTs is
usually done by using a single pointer, initially pointing to the root, and moving to the left or
right child according to the order of the searched key and the key of the item at the current
node. Therefore, we typically define the cost1 of a search to be the length of the search path.
The data structure itself may be static, or change dynamically throughout time, in response
to insertions and deletions of items, and possibly even restructured during queries.

Static BSTs are well understood. One can guarantee that the longest path from the root
to a leaf is of length O(log n) if the number of keys is n, by using a balanced tree. If the access
sequence is known in advance (in fact only the frequency of accesses of each key matters)
then an O(n2) time algorithm computing the optimal static tree for the particular set of

1 Our cost model is formally defined in Definition 1, in Section 2.
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frequencies was given by Knuth [13]. It is also notable that the lower bound on the cost when
the known frequencies are f⃗ = [f1, f2, . . . , fn] and the number of queries is m, is Ω(m · H(f⃗))
where H(f⃗) =

∑n
i=1 fi log 1

fi
is the entropy function. A simple way with O(n log n) running

time to construct a near-optimal static (centroid) tree whose cost is O(m · H(f⃗)), has been
described by Mehlhorn [17]. The running time has been improved to O(n) by Fredman [10].

In contrast to the static case, the dynamic case is less understood. One can, of course,
serve the sequence with a static tree. But, for many sequences we must change the structure
of the tree as we make the searches in order to be efficient. For example, the requested items
may be different in different parts of the sequence so a different set of items has to be placed
near the root during different parts of the sequence. Restructuring is done by rotations that
maintain the symmetric order. When rotations are allowed, the cost is defined to be the size
of the subtree that contains the search path and all edges which we rotate.

Here, we assume that the set of values stored in the tree does not change (no insertions
or deletions), yet restructuring the tree is allowed to speed up future searches. One famous
dynamic algorithm for doing this is the Splay algorithm of Sleator and Tarjan [20]. After
each query, the splay algorithm moves the queried item to the root of the tree, according to
three simple rules called zig-zag, zig-zig and zig. The splay algorithm is efficient in the sense
that it is able to exploit the structure of many families of sequences. In particular splay is
proven to be as good as the static optimum (up to a constant factor), which also implies that
the cost of splay on any given sequence is at most O(log n) times the (dynamic) optimum
cost. Sleator and Tarjan conjectured that splay is in fact dynamically-optimal, meaning that
its cost is like the cost of an optimal algorithm that knows the whole sequence of queries
in advance, up to some constant factor. However, this dynamic-optimality conjecture of
splay is still open. In fact, it is open whether there is any dynamically-optimal online binary
search tree algorithm. The best competitive ratio achievable to date is O(log log n), and
it is obtained by Tango [8], Multi-splay [21] and Chain-splay [11] trees, and a geometric
divide-and-conquer approach of [1].

While seeking for (better) guaranteed competitiveness, other dynamic algorithms were
considered. A promising candidate was independently proposed by Lucas [16] and Munro [18],
which is now commonly referred to as Greedy Future, henceforth: GF in short. As its name
suggests, GF is a greedy algorithm that rearranges the nodes on the path from the root to
the current queried item as a treap whose priorities are according to the future accesses2

(as this paper deals with analyzing GF , we detail it formally in Algorithm 1). Note that
unlike splay, GF , by definition, is required to know the future in order to restructure the tree.
Surprisingly however, Demaine et al. [7] showed that one can simulate GF without knowing
the future by a hierarchy of split-trees while losing only a constant factor in performance.

Additionally, [7] presented a geometric view of an algorithm serving queries by a dynamic
binary search tree using a two dimensional grid on which we mark the sequence as well
as the items accessed by the algorithm. In this presentation there is yet another natural
promising candidate for dynamic optimality, which is commonly known as Geometric Greedy
and sometimes simply Greedy, which we shall refer to as GG. [7] showed that GG is in fact
the same algorithm as GF .

2 Each item in a treap has two keys: value and priority. The treap is a binary search tree with respect to
the values of the items and a heap with respect to their priorities. That is, the priority of an item is
no larger than the priorities of its children. In our case, the priorities are deterministically defined by
future requests in a way that we define precisely in Algorithm 1.
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The geometric view proved useful to obtain new results regarding GG and hence GF .
Fox [9] proved that an access-lemma that is analogues to the so called access-lemma of splay
trees holds for GG. From this follows that most of the nice properties that hold for splay also
hold for GF . In particular, it follows that GF is O(log n) competitive. Chalermsook et al. [3]
analyzed upper bounds on the cost of GG for access patterns which are permutations, and in
particular found that for highly structured permutations, which they called k-decomposable,
the cost is n · 2α(n)O(k) where α(n) is the inverse-Ackermann function. Chalermsook et
al. [5] study special access patterns that belong to a broader family of pattern-avoiding
permutations. See [4] for a survey of currently known properties of greedy and splay.

Our Contributions.
1. It is known that GF is not exactly optimal, but it is conjectured, like splay, to be

optimal up to a constant factor. In fact, it has been even more strongly conjectured
by Demaine et al. [7] to be optimal up to an additive O(m) term, and possibly even
exactly m. Kozma [14] refuted the second part and gave a specific sequence for which
this additive gap is m + 1. In this paper we refute the linear gap conjecture and show a
family of sequences for which the additive gap is at least Ω(m log log n).

2. The largest lower bound on the competitive ratio of GF is 4
3 by Demaine et al. [7]. They

show a family of sequences on which after an initial query, the optimum pays 1.5 on
average per query while GF pays 2.3 We describe a technique that allows us to improve
this lower bound to 2. We note that the best known lower bound on the competitive
ratio of splay is 2 (see [15, Section 2.5]). In both cases, the construction requires a rather
large number of items (large n).

3. Based on the multiplicative lower bound described above we show the following two
interesting properties of GF : (1) There are sequences X such that the cost of GF on the
reverse sequence is twice larger than the cost of GF on X. (2) There are sequences X

such that we can remove some queries from them and get a subsequence X ′, such that
the cost of GF on X ′ is twice larger than the cost of GF on X.

We study subsequences and reversal (contribution 3) since any dynamically-optimal
algorithm A must have a “nice” behavior in these cases. Concretely, A must satisfy the
approximately-monotone property (Definition 8) which states that there is a fixed constant c

such that the cost of A on any subsequence of any sequence is never more than c times the
cost on the whole sequence. As for reversal, the optimum can process a sequence and its
reversal with similar costs up to a difference of n, thus any dynamically-optimal algorithm
must be able to do so with costs that differ by at most a constant factor. We discuss this
motivation in more detail in Section 3 (right after stating Theorem 7).

Our contributions are all based on the same technique, which is quite simple. We enforce
GF to maintain a static tree and only query the leaves of this tree. Although being dynamic
in general, there are some access-patterns that cause GF not to change the tree. By studying
these patterns, we can study GF on a static tree, and the analysis of its cost simplifies to the
weighted-average of the depth of the queries (weighted by frequency). To lower-bound the
gap between GF and OPT , we analyze the average cost that can be saved by promoting the
items in the leaves to locations closer to the root. Note that any other item can be placed
further away from the root since it is never queried by the sequence.

3 Reddmann [19] found an example in which the cost ratio between GF and the optimum is 26
17 ≈ 1.53.

But this is for one particular sequence of a fixed length so it does not rule out any competitive ratio if
we allow an additive constant.
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2 Model

In this section we describe the model which we use, and define our notations. First, we note
that throughout the paper lg x is used to denote the base two logarithm of x.

We consider a totally ordered universe of (fixed size) n items. For simplicity, one may
think of the values {1, . . . , n}. The items are organized in some initial BST which we denote
by T0. Then, a sequence of queries, denoted by X = [x1, x2, . . . , xm], is given, one query at
a time. We reserve m to denote the length of the sequence. The tree before serving xt is
denoted by Tt−1. An algorithm has to find the queried value xt, by traversing Tt−1 from
its root. After finding xt, the algorithm is allowed to re-structure Tt−1 to get Tt. We define
the cost of the algorithm at time t to be the total number of nodes that were touched at
time t, both on the path to xt and for restructuring. The cost of an algorithm for the whole
sequence is simply the sum of its costs over all times. We define it formally below.

▶ Definition 1 (Cost). Let X be a sequence of queries, and let T0 be an initial tree. Let A

be an algorithm that serves X and let Tt be the tree that A has after serving xt. Let Pt be
the set of nodes on the path from the root to xt in Tt−1 and let Ut be the set of nodes of the
minimal subtree that contains all the edges that were rotated by A to transform Tt−1 to Tt.
Then the cost of A for serving X at time t is |Pt ∪ Ut|, and the cost of A for serving X is
the sum of costs over t = 1, . . . , m. We denote the cost of A to serve X starting with T0 by
cost(A, X, T0). We denote the average cost per query by ĉ(A, X, T0) = cost(A,X,T0)

m . When T0
is clear from the context, or immaterial, we write cost(A, X) and ĉ(A, X).

▶ Definition 2 (Depth). Let T be a tree. The depth of a node v ∈ T , denoted by d(v), is
the number of edges in the path from the root to v (in particular d(root) = 0). Note that the
cost of querying v (without restructuring) is d(v) + 1. We also define the depth of the tree,
denoted by d(T ), as the maximum depth of a node in T , that is d(T ) = maxv∈T d(v).

▶ Definition 3 (Competitiveness). We say that an algorithm A is (α, β)-competitive for initial
tree T0 if for any sequence of queries X, it holds that cost(A, X, T0) ≤ α·cost(OPT, X, T0)+β

where OPT is a best algorithm to serve X given T0 (with full knowledge of X). When we
do not specify T0 we mean that the relation holds for all initial trees. We refer to α as the
multiplicative term and to β as the additive term. For ease of language, we regard the
multiplicative term as the competitive ratio, and also write “the competitive ratio of” instead
of “the multiplicative term of the competitiveness of”. In such cases, we assume that the
additive term is o(m). It is easiest to think of β = O(n) while assuming that m = ω(n).

To conclude this section, we give a precise description of the GF algorithm, in Algorithm 1.
We emphasize that its implementation is complex and probably would not be good in practice.
However, its main benefit is its theoretical value, as a candidate for dynamic optimality.
Should it be proven to be dynamically-optimal, then we would get a better understanding
of the problem and also a stepping-stone to analyze simpler algorithms, such as splay, in
comparison to GF rather than against some “vague” optimum that depends on the sequence.

3 Stable Sequences and Lower Bounds

In this section we properly define the family of stable sequences (Definition 11) for which
the tree maintained by GF is never changed (i.e. the access path of the current query is a
treap with respect to the suffix of the sequence). To prove our lower bounds we use such
sequences in which only the items at the leaves of GF are requested, and the internal nodes
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Algorithm 1 GreedyFuture (GF ) Algorithm.

Input: A sequence of queries X ∈ [n]m and an initial BST T0. We restructure Tt−1
to Tt after serving the request xt with Tt−1 for t = 1, . . . , m.

Function Restructure(query value v, current tree Tt−1, future accesses X ′):
Let v1 < v2 < . . . < vk be the nodes on the path from the root of Tt−1 to the
queried value v (including v and the root). We also define v0 = −∞ and
vk+1 = +∞. Denote the subtrees hanging off this path by R0, . . . , Rk.

For each i = 1, . . . , k, let τ(vi) be the index of the first appearance of a query of a
value x ∈ (vi−1, vi+1) in X ′. Restructure the nodes v1, . . . , vk as a treap:
maintain a BST ordering, while the heap’s priorities are set to be the τ values,
where the root’s τ is smallest. Tie-break arbitrarily, e.g. in favor of smaller
values, or smaller depth prior to restructuring. Then, hang the subtrees
R0, . . . , Rk unchanged at their appropriate locations. The resulting tree is Tt.

cause some extra cost that OPT avoids. We use a natural way to represent such sequences
as trees, and use this representation to prove the following lower bounds, which are the main
results of this section.

▶ Theorem 4. If GF is (c, d)-competitive where the additive term d is sublinear in the length
of the sequence, i.e. d = o(m), then c ≥ 2.

▶ Theorem 5. For every n ≥ 2 there exist sequences X ∈ [n]m such that cost(GF, X) =
cost(OPT, X) + Ω(m · lg lg n). Among these sequences, there exists a sequence whose length
is m = nΘ( lg lg n

lg lg lg n ). (There exist other longer sequences too.)

Theorem 4 enables us to prove the following two theorems, proven in Appendix A.2.

▶ Theorem 6. For any ϵ > 0 there exists a sequence X with a subsequence (not necessarily
consecutive) X ′ ⊆ X such that cost(GF, X ′) ≥ (2 − ϵ) · cost(GF, X).

▶ Theorem 7. Let S be a sequence, we define rev(S) to be the sequence S in reverse. For
any ϵ > 0 there exists a sequence X such that cost(GF, rev(X)) ≥ (2 − ϵ) · cost(GF, X).

The motivation for studying subsequences (Theorem 6) is the fact that OPT always saves
costs when queries are removed from its sequence. Formally, if X ′ ⊆ X, then cost(OPT, X ′) ≤
cost(OPT, X). Indeed, OPT can serve X ′ by simulating a run on X. More generally, this
relation of costs when comparing a sequence to a subsequence of it, is an important property
which even has a name:

▶ Definition 8 (Approximate-monotonicity [12, 15]). An algorithm A is approximately-
monotone with a constant c if for any sequence X, subsequence X ′ ⊆ X, and initial tree T ,
it holds that cost(A, X ′, T ) ≤ c · cost(A, X, T ).

▶ Corollary 9. If GF is approximately-monotone with a constant c, then c ≥ 2.

As noted, OPT is approximately-monotone with c = 1 (strictly monotone). The reason
that approximate-monotonicity is of interest, in particular for GF , is because it is one of two
properties that together are necessary and sufficient for any dynamically-optimal algorithm.
The complementing property, which GF is known to satisfy, is simulation-embedding:
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▶ Definition 10 (Simulation-Embedding [15]). An algorithm A has the simulation-embedding
property with a constant c if for any algorithm B and any sequence X, there exists a
supersequence Y ⊇ X such that cost(A, Y ) ≤ c · cost(B, X). (X is a subsequence of Y , not
necessarily of consecutive queries.)

An algorithm A which is approximately-monotone with a constant c1 and has the
simulation-embedding property with a constant c2 is dynamically-optimal with a constant
c1 · c2. Indeed, for any sequence X, there is some supersequence Y (X) ⊇ X such that
cost(A, X) ≤ c1 · cost(A, Y (X)) ≤ c1 · c2 · cost(OPT, X). Harmon [12] proved that GG, and
hence GF , has the simulation-embedding property, hence GF is dynamically-optimal if and
only if it is approximately-monotone. An alternative indirect proof was given by [6], proving
that GG is O(1)-competitive versus the move-to-root algorithm, therefore inheriting the
property from move-to-root.

The motivation for studying reversal (Theorem 7) is that OPT is oblivious to reversing
the sequence of queries, up to an additive difference of n. Indeed, to serve a sequence X in
reverse, we can pay n to restructure the initial tree T0 to the final tree Tm, and then “reverse
the arrow of time”: when serving query xt, also modify the tree from Tt to Tt−1 where Ti is
the tree that OPT would get by the end of processing the i-th query of X, in order. This
means that any dynamically-optimal algorithm must be able to serve a sequence of requests
and its reverse with the same cost up to a constant factor. Theorem 7 does not disprove
dynamic-optimality for GF , but gives some insight of how reversal affects GF .

3.1 Maintaining a Static Tree for GF
In this section we describe the basic “tool” which we use to fix a tree structure for GF despite
its dynamic nature. That is, we describe a class of sequences which we call mixed-stable
sequences such that GF never restructures its tree when serving a sequence in this class.
For the sake of simplicity, we assume that the initial tree is structured as we need it to be.
Appendix A.1 explains how to enforce a specific “initial” tree given an arbitrary initial tree,
and also argues why this minor issue does not affect the competitive ratio of GF .

As noted, our objective is to produce a sequence that “tricks” GF into having unnecessary
nodes in the core of the tree, such that the requested values are only at the leaves. As
an example, consider the classic sequence of queries X = [1, 3, 1, 3, . . .] with an initial tree
containing 2 at the root, 1 as a left child of the root and 3 as a right child of the root.
Because of the alternating pattern, GF never re-structures the tree, and the cost per query
is 2 rather than 1.5 on average (e.g. when 1 is in the root, and 3 is its right child).

▶ Definition 11 (Stable Nodes and Sequences). Let T be a full binary search tree, and let X

be a sequence of queries over the items in the leaves of T . We define the stability of nodes as
follows, see also Figure 1.

We say that an inner node v in T is strongly-stable if it has two children, and the
subsequence of X consisting only of the items in the subtree of v, alternates between accesses
to the left and right subtrees of v.

We say that an inner node v with a left child u in T is weakly-stable with a left-bias if
both v and u have two children, and the subsequence of X consisting only of the items in the
subtree of v, repeats the following 3-cycle. First it accesses the left-subtree of u, then the
right subtree of u, and finally right subtree of v. (It is left-biased because 2

3 of the accesses
are to the left of v). Symmetrically, we say that v is weakly-stable with a right-bias if v has
two children, its right child u has two children, and the restriction of X to accesses in the
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subtree of v repeats a 3-cycle consisting of an access to the right subtree of u, the left subtree
of u, and the left subtree of v. Notice that u is a strongly-stable node by definition, and we
refer to it as the favored-child of v.

We regard the sequence X as being induced by the tree T with stability “attached” to its
inner nodes. We assume that every node is stable, and refer to X as a mixed-stable sequence
and to T as a mixed-stable tree. We distinguish two special cases: If all inner nodes are
strongly-stable then we refer to X and T as strongly-stable, and if exactly half of the inner
nodes of T are weakly-stable then we refer to X and T as weakly-stable (recall that each
weakly-stable node has a strongly-stable favored-child).

Figure 1 Node and sequence stability (Definition 11). First, consider the repeated sequence
421, i.e. X = 421421421 . . .. Then v is a weakly-stable right-biased node because its visits pattern
is a repetition of right(u), left(u), left(v). u is a strongly-stable node because its visits pattern
is right(u), left(u). w is not stable at all, because its visits pattern is always left(w). Second,
consider the repetition of the access pattern 12141314. One can verify that all three inner nodes
are strongly-stable. Hence, this is a strongly-stable sequence. Third, note that no weakly-stable
sequence corresponds to the figure, because it requires an even number of inner nodes, but if we
make w a leaf (removing 2, 3), then the repeated access pattern of 4w1 is a weakly-stable sequence.

To motivate Definition 11 a little, note that the sequence X = [1, 3, 1, 3, . . .] is a strongly-
stable sequence that corresponds to a tree over the items {1, 2, 3} where 2 is in the root.
X yields a lower-bound of 4

3 on the competitive ratio of GF . Similarly, the sequence X ′ =
[5, 3, 1, 5, 3, 1, . . .] is a weakly-stable sequence that corresponds to the tree over {1, 2, 3, 4, 5}
with 2 at the root and 4 its right-child. X ′ yields a lower-bound of 8

5 on the competitive ratio
of GF , which is already an improvement over the best known lower bound, see also Figure 2.
The distinction between strongly-stable and weakly-stable nodes is that GF may modify
the structure of the tree when a weakly-stable node is considered, but only temporarily and
without affecting the cost. In our example with X ′, after querying 5, GF may put 4 in the
root instead of 2, but following the query of 3 this change will be reverted.

Motivated by the power of stable sequences over small trees, we proceed to a more general
analysis of stable sequences.

▶ Definition 12 (Atomic Sequence). A tree T , along with stability type (weak/strong) for
each node, and a subtree of each node to be accessed initially, induce a stable sequence. This
sequence is unique up to its length, which can be extended indefinitely. We define the “atomic
unit” of this sequence as the shortest sequence X such that any repetition of X is also a
stable sequence that corresponds to T .

Throughout the paper we work with whole multiples of the atomic sequence. Moreover,
unless stated otherwise, we work with the atomic sequence itself (a single repetition).

▶ Lemma 13. Let X be a mixed-stable sequence with respect to a tree T . Then every leaf u

is visited once every 2a(u) · 3b(u) queries where a(u) and b(u) are non-negative integers. In
particular, the atomic length of X is 2maxleaf u a(u) · 3maxleaf u b(u) (the lcm). Moreover, if X

is strongly-stable then ∀u : b(u) = 0, and if X is weakly-stable then ∀u : a(u) = 0.
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(a) X = [1, 3, 1, 3, . . .]. (b) X ′ = [5, 3, 1, 5, 3, 1, . . .].

Figure 2 Examples of the simplest strongly-stable (a) and weakly-stable (b) sequences. Their
corresponding trees are the left tree in each pair while the right tree in each pair is an optimized static
tree to serve the same sequence. Queried nodes are colored in blue. One can verify that ĉ(X, GF ) = 2
and ĉ(X ′, GF ) = 8

3 while based on the optimized tree, ĉ(X, OP T ) ≤ 3
2 and ĉ(X ′, OP T ) ≤ 5

3 .

Proof. Consider a leaf u. Define the frequency of visiting an ancestor w of u to be the
frequency of accessing a leaf in the subtree of w. If w is a strongly-stable ancestor then the
frequency of visiting a child of w is 1

2 of the frequency of visiting w. If w is weakly-stable, v

is its favored-child, and x is a child of v then the frequency of visiting x is 1
3 of the frequency

of visiting w. Similarly if w is weakly-stable, v is its non-favored-child then the frequency
of visiting v is 1

3 of the frequency of visiting w. It follows that u is visited exactly once
every 2a(u) · 3b(u) queries where a(u) is the number of strongly-stable nodes that are not
favored-children (there are no such nodes if X is weakly-stable), and b(u) is the number of
weakly-stable nodes (no such nodes if X is strongly-stable), on the path to u. Finally, since
every leaf u is visited with a specific period, the whole sequence has a period which is the
lcm of all periods. ◀

▶ Lemma 14. Let X be a mixed-stable sequence with respect to a tree T . If GF serves
X with T as initial tree, and breaks ties in favor of nodes of smaller-depth, then it never
restructures T .

Proof. The proof is by induction on the size of the tree. If T has a single node, then it is
trivial. Otherwise, the root r is an inner-node, and we prove that it always remains the root.
It then follows, by restricting the access sequence to values within each subtree, that the rest
of the tree remains fixed as well. We use the notations of τ(v) and vi as in Algorithm 1.

First, consider the case that r is a strongly-stable node (Definition 11). Given an access
to some value x in the left subtree of r, by definition, the next access would be to a value
in the right subtree of r, hence τ(r) < τ(vi) for any vi ̸= r on the path from r to x, and
therefore GF will keep r in the root. The same argument holds if x is in the right subtree of
r, and the next access is in the left subtree.

Next, consider the case that r is a weakly-stable node. Without loss of generality, assume
that it is left-biased, and denote its favored-child (left child) by u. Denote the left and right
subtrees of u by A and B respectively, and the right subtree of r by C. The access pattern
of subtrees is ABC(ABC . . .).

If the current access was to some x ∈ A, both r and u have been touched. The next
access queries in B, so τ(u) = τ(r) < τ(vi) for any vi ̸= u, r on the access path to x.
Since GF tie-breaks in favor of smaller-depth, it will keep r in the root.4

4 This is the reason we defined this kind of access pattern as weakly-stable, because the stability can be
chosen, but is not forced. We emphasize that putting u as a parent of r will not make the next access
cheaper as both u and r will be touched anyway, and then r will be reinstated as the root.
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If the current access was to some x ∈ B, then both r and u have been touched. The next
access touches C, so τ(r) < τ(vi) for any vi ̸= r on the access path to x, including u,
thus r must remain the root.
If the current access was to some x ∈ C, since the next access touches A, τ(r) < τ(vi) for
any vi ̸= r on the access path to x, thus r must remain the root. In this case u was not
touched, but nonetheless it remains the left child of r. ◀

▶ Lemma 15. If X is a mixed-stable sequence, the frequency of accessing x ∈ X is in the
range of [ 1

3d(x) , 1
3d(x)/2 ]. In particular, if X is strongly-stable then the frequency equals 1

2d(x) .

Proof. The frequency of visiting a node depends on the path to it. The frequency is
multiplied by 1

2 when passing through a strongly-stable node, and multiplied by either 1
3 or

2
3 when passing through a weakly-stable node. Every factor of 2

3 is followed by 1
2 , due to

the strongly-stable favored-child of the weakly-stable node. Thus the frequency is bounded
between 1

3d(x) and 1
2d(x)/2 ·

( 2
3
)d(x)/2 = 1

3d(x)/2 . ◀

▶ Corollary 16. Let X be a strongly-stable sequence, then: ĉ(GF, X) =
∑

x∈X
d(x)+1
2d(x) .

3.2 Promotions and Recursive Trees
The way in which we show our lower bounds relies on the fact that serving the leaves of a
static tree is sub-optimal, since a trivial static optimization is to move the leaves closer to
the root. We refer to this operation as a promotion of the leaf that we move. We emphasize
that for the purpose of our result, we analyze the improvement one gets from promotions,
but the actual OPT , which is dynamic, may be able to reduce the cost further.

▶ Definition 17 (Promotion). Consider trees T and T ′. We say that a node x was promoted
in T ′ by h (with respect to T ), if dT (x) − dT ′(x) = h. Given a mixed-stable sequence X, the
average promotion of T to T ′ is the weighted average promotion in T ′ of the nodes of T ,
weighted by the query frequencies of the nodes.

By definition, static optimization of a tree T to T ′ for a mixed-stable sequence X, implies
a cost improvement for OPT which is at least the average promotion of T to T ′, per query.
Intuitively, promoting leaves that are closer to the root contributes more to the average
promotion than promoting deeper leaves since the access frequencies decrease exponentially
with depth. That being said, our promotion scheme will be relatively uniform, promoting
most leaves by roughly the same amount, as in the following example.

▶ Example 18. To clarify promotions, consider Figure 3. There, we can safely promote every
node by one, except for one of the deepest nodes. Therefore, we immediately conclude that for
the corresponding strongly-stable sequence X, we have: ĉ(GF, X) ≥ ĉ(OPT, X) + (1 − 1

2n ).

We define our trees using recursive structures.

▶ Definition 19. A recursive tree, Tr, of depth r is defined by a specific full binary tree T

(independent of r) such that at least one of its leaves is an actual leaf, and some of its leaves
are roots of recursive trees, Tr−1, of depth r − 1. We refer to the inner nodes of T as the
trunk of Tr, and define T0 to be a single node. See Figure 4 for two examples.5

5 The name of the pattern F in Figure 4, stands for Fibonacci: One can verify that for r ≥ 2, the number
of leaves at depth 1 ≤ d ≤ r − 1 is the (d − 1)th Fibonnaci number Fd−1 (we define F0 = 0). Moreover,
this can be used to prove the nice equation:

∑∞
d=0

Fd

2d = 2.
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(a) Before promotions. (b) After promotions.

Figure 3 (a) A tree which induces a strongly-stable sequence X, only blue nodes are queried.
The frequency of querying an odd number v = 2i − 1 in this tree is 1

2i except for v = 2n + 1 which
has the same frequency as v = 2n − 1. (b) An improved static tree, in which each node except for
one has been promoted one step closer to the root. The cost of serving X over this tree is cheaper
by almost 1 per query.

Figure 4 Two recursive trees of depth r. Each of the trees T and F is a full binary tree with
at least one actual leaf (in blue), and some hanging subtrees. At the bottom of the recursion (for
r = 0), the subtrees are nodes. Note that: (a) Expanding T for r = n results in the tree in Figure 3;
(b) The pattern F is important for Theorem 4.

3.3 Multiplicative Lower Bound for GF
In this section we prove Theorem 4. We do it by describing a concrete weakly-stable sequence,
whose average cost per query is 6 while an average promotion of 3 is possible, resulting in an
optimal cost of at most 3. We start by stating a purely mathematical lemma that will be
used in the analysis.

▶ Lemma 20. Let br be a sequence defined by an initial value b0 and the relation br =
α · br−1 + β + γ · r

2r for some constants α, β, γ where α ̸= 1
2 , 1. Then br = β

1−α (1 − αr) + αr ·
b0 + 2αγ

(2α−1)2 · (αr − 1
2r )− γ

(2α−1) · r
2r . In particular, when γ = 0 then br = β

1−α (1−αr)+αr ·b0.

Proof Sketch. Either use induction, or “guess” that a geometric sequence yr with a multiplier
of α satisfies yr = p · r

2r + q · 1
2r + s + br, and determine the fixed coefficients p, q, s. ◀

▶ Lemma 21. Let X be a weakly-stable sequence implied by the recursive tree Fr in Figure 4,
where the root is a weakly-stable node with a right-bias. Then for any ϵ > 0, there is a
sufficiently large recursive depth r such that (1) ĉ(GF, X) > 6 − ϵ, (2) a static optimization
of the tree saves an average cost of at least 3 − ϵ, and (3) regardless of r, ĉ(OPT, X) < 3.

Proof. Let cr denote the average cost of serving X with Fr. Then c0 = 1 and cr =
1
3 (cr−1 + 1) + 1

3 · 3 + 1
3 (cr−1 + 2) = 2

3 cr−1 + 2, which yields by Lemma 20 that cr =
2

1−2/3 (1 − (2/3)r) + (2/3)r · 1 = 6 · (1 − (2/3)r) + (2/3)r. To analyze the average promotion,
we re-structure Fr to a new static structure F ′

r as follows, see Figure 5. The leaf is moved
to the root, whose children are the recursive subtrees, optimized themselves by the same
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logic. The old root is moved to be a right child of the maximal value in the new left subtree,
and the old right-child (of the old-root) is moved to be a left child of the minimal value in
the new right subtree. F ′

r maintains the order of values as was in Fr. The demotions of the
old root and its right child do not affect the cost, because X does not query these values.
Denote by pr the average promotion of Fr to F ′

r. Then p0 = 0 since nothing is promoted for
a singleton, and pr = 1

3 pr−1 + 1
3 · 2 + 1

3 (pr−1 + 1) = 2
3 pr−1 + 1. Again by Lemma 20 we get

that pr = 1
1−2/3 (1 − (2/3)r) + (2/3)r · 0 = 3 · (1 − (2/3)r). Observe that for r → ∞ we get

that cr → 6 and pr → 3, thus parts (1) and (2) of the claim follow. For part (3), observe
that cr − pr = 6 · (1 − (2/3)r) + (2/3)r − 3 · (1 − (2/3)r) = 3 − 2 · (2/3)r < 3. ◀

(a) F -tree pattern. (b) Promotion scheme.

Figure 5 The F -tree pattern and its promotion scheme in Lemma 21. Only the top-level
promotions are presented in (b), but more promotions are done recursively within each subtree.

▶ Theorem 4. If GF is (c, d)-competitive where the additive term d is sublinear in the length
of the sequence, i.e. d = o(m), then c ≥ 2.

Proof. Assume by contradiction that GF is (2 − δ, f(m))-competitive for some δ > 0
and a function f(m) = o(m). Let X ′ be a sequence that consists of s repetitions of the
atomic weakly-stable sequence that corresponds to the recursive tree Fr. It follows that
ĉ(GF, X ′) ≤ (2 − δ) · ĉ(OPT, X ′) + f(|X′|)

|X′| . By Lemma 21, we can choose r large enough such
that ĉ(GF, X ′) > 6 − δ, and regardless of r, ĉ(OPT, X ′) < 3. Then, since f is sub-linear, we
can choose the number of repetitions s to be large enough such that f(|X′|)

|X′| < 2δ. But then
we also get that ĉ(GF, X ′) < (2 − δ) · 3 + 2δ = 6 − δ, which is a contradiction. ◀

By Analyzing mixed-stable sequences we proved a lower bound of 2 on the competitve
ratio of GF . Theorem 22 gives an upper bound.

▶ Theorem 22. Let X be a mixed-stable sequence and let T be the tree that corresponds to
it. Then cost(GF, X, T ) < c · cost(OPT, X, T ) for c = 5

2 . If X is strongly-stable, then c = 2.

We defer the proof of Theorem 22 to Appendix A.2. The upper-bound in Theorem 22 is
clearly not tight, since in the proof of Theorem 22 we neglected a term using the inequality
ĉ(GF, X) ≤ 2

α · ĉ(OPT, X) − 1
α

(
1 − n−1

2m

)
< 2

α · ĉ(OPT, X), for a constant α. The lack
of tightness is more prominent when ĉ(OPT, X) is small, like in the sequence studied in
Lemma 21 (for Theorem 4). We suspect that the lower bound in Theorem 4 is tight, and
more strongly, that the F -tree pattern is the best pattern to use. This is based on studying
several other recursive patterns, including those in Figure 4 and Figure 6: None was stronger,
and it also seems that patterns with large costs do not “compensate” with large enough
promotions.

As a closing remark to the multiplicative results, we note that by the static optimality
theorem for GG [9], competitive analysis against a static algorithm (i.e. an algorithm that
does not change its initial tree) cannot show a super-constant lower bound. Concretely,
the theorem states that cost(GF, X) ≡ cost(GG, X) = O(m +

∑n
i=1 ni lg m

ni
) and one can
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(a) (k, r)-tree pattern. (b) Promotion scheme. The main gain is due to the first step.

Figure 6 (a) The recursive pattern of a (k, r)-tree, Tr. The trunk of the tree has k nodes: the
root, and a chain of k − 1 nodes leading to an actual leaf. The rest of the leaves are (k, r − 1)-trees.
(b) The promotion scheme used later in Lemma 26, exemplified for k = 4 (see also Figure 5 for the
degenerate case of k = 2). The main gain is from the first step of promoting the actual leaf to the
root, and its sibling subtree (marked with +) one step upwards. Additional gain is achieved by
promoting the left-most node of each hanging right subtree to the trunk at the expense of demoting
trunk nodes. More promotions are done recursively within each subtree. The nodes marked 0, 1, 2
are indeed consecutive, and also: 2 < x and x + 1 = w < y = z − 1.

verify that the actual constants are 5m + 6
∑n

i=1 ni lg m
ni

. This bound can be re-written as
5m + 6m · H2(X) where H2(X) =

∑n
i=1

ni

m lg m
ni

is the base-2 entropy of the frequencies of
the values in X. By [17], cost(OPT s, X) ≥ m · H2(X)

lg 3 where OPT s is the static optimum,
and therefore cost(GF, X) ≤ (5 + 6 lg 3) · cost(OPT s, X). Thus, no static argument can show
a lower bound larger than ≈ 11.59.

3.4 Additive Lower Bounds for GF
In this section we move on to analyze the additive gap between GF and OPT . For this,
we construct and analyze more elaborate patterns of recursively-defined trees, in order to
get a large average promotion when optimizing the structure of the trees. The analysis is
more involved since we cannot simply assume that the depth of the recurrence, r, approaches
infinity. Here n is a function of r and the difference of cost can be meaningful in terms of n

only if n is finite.

▶ Definition 23. For k ≥ 2, and r ≥ 0 we define a (k, r)-tree Tr as follows. The tree is
recursive of depth r (as in Definition 19), such that its trunk is composed of a root and a
left-chain of length k − 1 that starts in the right-child of the root. The left child of the deepest
node of the trunk is an actual leaf, and the rest of the leaves are Tr−1 subtrees. T0 is a single
node. See Figure 6. When k is clear from the context, we also refer to the tree as Tr.

Observe that the tree Fr that was used to prove Theorem 4 is in fact a (k, r)-tree with
k = 2. When we conclude the analysis, we will get the two ends of a “tradeoff” such that
on the one end we have a relatively high cost ratio, and on the other a relatively high cost
difference. Moreover, we will show that the higher the difference of costs on a sequence
induced by (k, r)-tree, the closer the cost ratio is to 1 (comparing GF to OPT ).

▶ Lemma 24. The depth of a (k, r)-tree is k · r, and its left-most node is at depth r.

Proof. Trivial by induction: For r = 0, the deepest node is the root, at depth 0. For r ≥ 1,
observe that the deepest node belongs to the deepest subtree Tr−1, which is rooted at depth
k since the path to it includes k trunk nodes. Similarly, the depth of the left-most node is
increased by 1 per recursive level of the tree. ◀
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▶ Lemma 25. Let Tr be a (k, r)-tree. Then |Tr| = (2 + 2
k−1 )kr − (1 + 2

k−1 ) where |Tr| is the
number of nodes in Tr. In rougher terms, |Tr| = Θ(kr).

Proof. Denote nr = |Tr|. By definition, n0 = 1 and nr = (k + 1) + k · nr−1. Hence, by
Lemma 20 (with γ = 0): nr = k+1

1−k (1 − kr) + kr = (2 + 2
k−1 )kr − (1 + 2

k−1 ). ◀

▶ Lemma 26. Let X be any mixed-stable sequence corresponding to a (k, r)-tree Tr. Denote
the average weighted promotion possible in Tr by pr, where weighting is according to the
frequency of querying each leaf. Then pr > k · (1 − αr) for α = 1 − 1

3k . In particular, if X is
a strongly-stable sequence, then pr = (k + 1) · (1 − αr) + δ for α = 1 − 1

2k and 0 ≤ δ < αr.

Proof. We can promote by k every explicit leaf in every Tr′ for all recursive levels 1 ≤ r′ ≤ r,
from its location to the root of Tr′ . Only nodes that are T0 leaves do not contribute an explicit
promotion of at least k, therefore pr > k · (1 − f) where f is the sum of query-frequencies of
all T0 leaves (the inequality is strict due to unaccounted subtree promotions). To conclude,
we argue that f ≤ (1 − 1

3k )r. The frequency of accessing the explicit leaf of Tr is at least
1

3k by Lemma 15, hence with frequency of at most 1 − 1
3k we query a value in some Tr−1

subtree. Similarly, within the chosen subtree there is again a relative frequency of at most
1 − 1

3k to query within some Tr−2 subtree. Overall, since there are r levels of recursion, we
conclude that f ≤ (1 − 1

3k )r.
Proving the second part of the claim required a more careful analysis. We define the

following method of promotion, depicted in Figure 6. In the (k, r)-tree we promote the
(only) explicit leaf to the root, and promote its sibling subtree by 1. Then we apply similar
promotions recursively within every (k, r − 1)-subtree. Finally, we promote the left-most
node within each (k, r − 1)-subtree that hangs as a right-subtree from the trunk to the parent
of this subtree. Denote the total average (weighted) promotion by pr. Note that it does not
matter if we promote the left-most nodes of the right subtrees before or after the recursive
promotions, because the total order on the items guarantees that there is only one value
that can be put instead of every demoted trunk node, and the recursive promotions within a
specific subtree do not change the depth of its leftmost leaf.

The promotion of the explicit leaf of Tr saves a cost of k weighted by a factor (query
frequency) of 1

2k . The promotion of the sibling subtree saves 1 weighted by a factor of 1
2k .

The recursive promotions are pr−1 weighted by
∑k

i=1
1
2i (for all the k subtrees), and finally

the last promotions are technically negligible (as seen in the analysis below), but for the
sake of completeness we consider them in the analysis as well: promoting the left-most node
from each subtree saves (r − 1) + 1 = r since the leaf that we promote last is at depth r − 1
within the recursive subtree, and this promotion is weighted by 1

2r ·
∑k−1

i=2
1
2i (factor of 1

2r

follows from Lemma 24). We get that: pr = k+1
2k + pr−1 ·

(
1 − 1

2k

)
+ r

2r · 1
2
(
1 − 1

2k−2

)
. Then

by Lemma 20, with α = 1 − 1
2k and γ = 1

2 (1 − 1
2k−2 ), we get:

pr = (k + 1) · (1 − αr) + δ , δ ≡ αr · p0 + 2αγ

(2α − 1)2 ·
(

αr − 1
2r

)
− γ

(2α − 1) · r

2r

It remains to show that 0 ≤ δ < αr. It is simple to see that δ = 0 for k = 2, because then
γ = 0 and p0 = 0 is the average weighted promotion in a tree with a single node. For k ≥ 3,
by the definition of α and γ we have that 2αγ

(2α−1)2 = (2k−1)(2k−4)
(2k−2)2 = 1 − 1

2k−4+ 4
2k

∈ ( 3
4 , 1) and

γ
2α−1 = 1

2 − 1
2k−2 ∈ [ 1

3 , 1
2 ). Substituting these bounds and p0 = 0 into the formula for δ gives

δ < αr. Moreover, δ is positive since δ > 3
4 (αr − 1

2r )− 1
2 · r

2r = 3
4 (α− 1

2 ) ·
∑r−1

i=0 αi ·
( 1

2
)r−1−i −

r
2r+1 = 3(α− 1

2 )
2r+1 ·

∑r−1
i=0 (2α)i − r

2r+1 >
3(α− 1

2 )
2r+1 · r − r

2r+1 = (3( 1
2 − 1

2k ) − 1) · r
2r+1 > 0 for k ≥ 3.
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Note that indeed the gain from promoting the left-most node of each subtree is negligible,
since the effect is merely having γ ̸= 0, which only contributes 0 ≤ δ < αr < 1. ◀

▶ Corollary 27. The average cost-per-query of GF on a strongly-stable sequence induced
by a (k, r)-tree is larger than the optimal cost by at least (k + 1) ·

(
1 −

(
1 − 1

2k

)r)
. On any

mixed-stable sequence, the difference is at least k ·
(
1 −

(
1 − 1

3k

)r)
.

We are ready to prove Theorem 5.

▶ Theorem 5. For every n ≥ 2 there exist sequences X ∈ [n]m such that cost(GF, X) =
cost(OPT, X) + Ω(m · lg lg n). Among these sequences, there exists a sequence whose length
is m = nΘ( lg lg n

lg lg lg n ). (There exist other longer sequences too.)

Proof. Let X be the strongly-stable sequence induced by a (k, r)-tree Tr, and for simplicity
assume that the initial tree is Tr.6 By Lemma 25, n = (2+ 2

k−1 )kr−(1+ 2
k−1 ) therefore lg lg n =

lg r + lg lg k + O(1).7 By Corollary 27, ĉ(GF, X) − ĉ(OPT, X) ≥ ∆ ≡ (k + 1) · (1 − (1 − 1
2k )r).

By choosing r = 2k we get that ∆ = (k + 1) · (1 − (1 − 1
2k )2k ) ≈ (1 − 1

e ) · (k + 1).8 We
also get that lg lg n = k + lg lg k + O(1), therefore ∆ ≈ (1 − 1

e ) lg lg n and we conclude that
ĉ(GF, X) − ĉ(OPT, X) ≥ Ω(lg lg n).

By Lemma 13 the length of the atomic strongly-stable sequence of Tr is m = 2d(Tr), hence
m = 2rk by Lemma 24. By Lemma 25, n+(1+2/(k−1))

2+2/(k−1) = kr = 2r lg k. Together we get that

m = 2rk = 2(r lg k)·(k/ lg k) =
(

n+(1+2/(k−1))
2+2/(k−1)

)(k/ lg k)
= nΘ( lg lg n

lg lg lg n ). ◀

▶ Remark 28. In the proof of Theorem 5, the sequence X does not have to be strongly-
stable, and any mixed-stable sequence X induced by a (k, r)-tree Tr works as well. Indeed,
Corollary 27 guarantees that ĉ(GF, X)− ĉ(OPT, X) ≥ ∆ for ∆ = k ·

(
1−

(
1− 1

3k

)r)
, and then

by choosing r = 3k we get that ∆ = Θ(k), and k = Θ(lg lg n), and m = 2Θ(rk) = nΘ( lg lg n
lg lg lg n ).

▶ Remark 29. The choice of r = 2k in the proof of Theorem 5 maximizes our lower
bound on the additive gap cost(GF, X) − cost(OPT, X) (up to constants) for our (k, r)-
trees. Indeed, revisiting the proof, we have that ∆ and n are both functions of k and r,
and we need to choose r and k to maximize ∆ as a function of n. Note that ∆ = O(k)
regardless of r, and lg lg(n) = lg r + lg lg k + O(1). To simplify and eliminate a parameter
we define r = 2k · f(k) for some monotone function f . Now we get simplified relations:
∆ = (k +1) ·(1−(1− 1

2k )2kf(k)) ≈ (k +1) ·(1−e−f(k)) and lg lg n = k +lg f(k)+lg lg k +O(1).
Consider the following two cases.

If f(k) = Ω(1): then ∃c ∈ R such that ∀k ≥ 1 : lg f(k) ≥ c, and therefore lg lg n = Ω(k),
written differently k = O(lg lg n), which yields ∆ = O(k) = O(lg lg n).
If f(k) = o(1): Being o(1) means that limk→∞ f(k) = 0, so for sufficiently large values
of k we can use the approximation ex ≈ 1 + x (that holds for small x) to get: ∆ ≈
(k + 1) · f(k) = k+1

1/f(k) . If 1
f(k) grows faster than (k + 1), we get ∆ = O(1) which does

not even grow with n. Therefore 1
f(k) is increasing, but at a sub-linear rate. Recall that

lg lg n = k − lg 1
f(k) + lg k + O(1). Since 1

f(k) is sub-linear, we get that k = Θ(lg lg n),
which yields ∆ = O(k) = O(lg lg n).

6 We remove this assumption in Remark 34.
7 k ≥ 2 ⇒ kr ≤ n < 4kr ⇒ lg n = r lg k + c for c ∈ [0, 2), and so lg lg n = lg r + lg lg k + O(1).
8 The approximation is off by less than 10% for k ≥ 2. (60% and 20% for k = 0, 1 respectively.)
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▶ Corollary 30. GF is not (1, O(m))-competitive. If the multiplicative term is 1, then the
additive term is at least Ω(m · lg lg n).

We have yet to analyze the cost of OPT on a strongly-stable sequence X corresponding to
a (k, r)-tree that produces the gap of Ω(m·lg lg n) in Theorem 5. Allegedly, if the cost is cheap,
say linear, we would get a large competitive ratio as well. However, by Theorem 22 we expect
a competitive ratio of at most 2, and therefore we can conclude without further analysis,
that cost(OPT, X) = Ω(m · lg lg n). In fact, we prove that cost(OPT, X) = Θ(m · lg n

lg lg lg n ).
It follows that the competitive ratio deteriorates when the additive gap increases.

▶ Lemma 31. Define the constants α ≡ 1 − 1
2k and β ≡

∑k
j=1

j
2j + k+1

2k . Let X be a
strongly-stable sequence induced by a (k, r)-tree. Then ĉ(GF, X) = 2k · β · (1 − αr) + αr. In
asymptotic terms: ĉ(GF, X) = Θ(2k · (1 − αr)).

Proof. We write a recurrence for the average cost, cr, of GF on the strongly-stable sequence
induced by Tr. We have c0 = 1, and

cr+1 = 1 + k

2k
+

k∑
j=1

j + cr

2j
=

(
1 − 1

2k

)
cr +

k∑
j=1

j

2j
+ 1 + k

2k
≡ α · cr + β

( 1+k
2k is due to the actual leaf, and the summation is the contribution of all the Tr subtrees.)

By Lemma 20 (with γ = 0), cr = β
1−α (1 − αr) + αr · c0 = 2k · β(1 − αr) + αr. Since

α = 1 − 1
2k ∈ [ 3

4 , 1) clearly αr < 1. Furthermore, β = Θ(1). To see this note that β only
depends on k. Denote β = β(k) and observe that: β(k+1)−β(k) =

(
k+1
2k+1 + k+2

2k+1

)
− k+1

2k = 1
2k+1 .

Therefore, β(k) = β(2) +
∑k

i=3

(
β(i) − β(i − 1)

)
=

(
1
2 + 2

4 + 3
4

)
+

∑k
i=3

1
2i = 2 − 1

2k , and
β(k) ∈ [ 7

4 , 2) ⇒ β = Θ(1). Because 2k · (1 − αr) ≥ 2k · (1 − α) = 1 > αr, we conclude that
cr = Θ(2k · (1 − αr)). ◀

▶ Lemma 32. Let X be a sequence from the family of sequences in Theorem 5, then
cost(OPT, X) = Θ(m · lg n

lg lg lg n ).

Proof. Let X be a strongly-stable sequence induced by querying a (k, r)-tree. We know that
1
2 ĉ(GF, X) < ĉ(OPT, X) ≤ ĉ(GF, X) where the lower-bound is by Theorem 22. Therefore,
ĉ(OPT, X) = Θ(2k · (1 − αr)) by Lemma 31. By Lemma 25, lg n = r · lg k + O(1), or r =
lg n−O(1)

lg k . When we substitute r = 2k as in the proof of Theorem 5, we get that (1−αr) = Θ(1)
and 2k = r = lg n−O(1)

lg k = Θ( lg n
lg lg lg n ). Therefore, cost(OPT, X) = Θ(m · lg n

lg lg lg n ). ◀

As a concluding remark, we recall that the Fr-tree is a (k, r)-tree for k = 2. If we
substitute k = 2 in the formula of Lemma 31 we get that α = 3

4 , β = 7
4 , and ĉ(GF, X) =

7 · (1 − (3/4)r) + (3/4)r. By Lemma 26, the average promotion is 3 · (1 − (3/4)r) (for k = 2,
we have δ = 0). These values are the strongly-stable analogues of Lemma 21, and can be
used to show a weaker lower bound of 7

4 , on the competitive ratio of GF .

4 Conclusions and Open Questions

In this paper we gave improved lower bounds on the competitiveness of the Greedy Future
(GF ) algorithm for serving a sequence of queries by a dynamic binary search tree (BST). In
contrast to many of the previous results on GF that are obtained using the geometric-view by
studying the equivalent Geometric Greedy (GG) algorithm, we used the standard “tree-view”
and the treap-based definition of GF . We showed that the competitive ratio of GF is at

STACS 2023



53:16 Dynamic BSTs: Improved Lower Bounds for Greedy-Future

least 2, and that there are sequences X ∈ [n]m for which the cost difference (additive gap)
between GF and OPT is Ω(m · lg lg n). These lower bounds enabled us to show that if GF

is approximately-monotone (Definition 8) with some constant c then c ≥ 2. Also, the lower
bounds show that the cost of GF on a sequence compared to its cost on its reverse, may differ
by a factor as close as we like to 2. In contrast, the cost of OPT on a sequence compared to
its reverse may differ by at most n.

Our results give new insights on the “tradeoff” between the additive term and the
multiplicative term in the competitiveness of GF , showing that the multiplicative term is
typically larger when the total cost of the algorithm on the sequence is smaller. Indeed, our
best multiplicative term is achieved for a sequence whose average cost per query is 6. This
tradeoff is not surprising since a fixed difference implies a larger ratio when the quantities are
small. It may be interesting to figure out if this tradeoff hints of some underlying property
of GF , or is just an artifact of our technique that requires high costs on average per query in
order to increase the additive gap between GF and OPT .

Clearly, these improved lower bounds still don’t settle the deeper question of whether GF

(and GG) is dynamically-optimal. Our techniques focused on a smaller family of sequences
which we named mixed-stable sequences, whereas “most” sequences are not stable. While
it is possible that an improved lower bound (larger than 2) can be found by a more clever
pattern of mixed-stable sequences, it seems more likely to be found by analyzing sequences
for which the tree maintained by GF is not static. In addition, we note that GF was not
investigated too deeply directly, as most of the work has been done in the geometric view
with respect to its counterpart GG. Therefore, studying other problems in tree-view may give
complementing insights. One such problem is the deque conjecture, which has been partially
settled for GG, in the case when deletions are only allowed on the minimum item [2].
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A Appendix: Deferred Proofs and Discussions

A.1 Enforcing a Stable Tree for GF
We describe how to restructure any initial tree, to a desired tree, when GF is considered.
The initial tree cannot simply be re-organized since GF updates the tree in a specific way
following each query. Let P ◦ X denote the concatenation of the sequences P and X. Note
that even if P enforces a desired tree when served alone, serving P ◦ X may give a different
tree following P when X starts. The reason for this is that GF restructures the tree while
serving P according to future queries, therefore the existence of X may affect its decisions
while serving P . Nevertheless, we present a simple technique to enforce a tree for GF .

▶ Theorem 33. For any tree T there is a sequence S(T ) such that: (1) |S(T )| = O(n · d(T )),
and more precisely, |S(T )| ≤ min

(
3n(d(T ) − ⌊lg n⌋ + 1), 3

2 n(n − 1)
)

, and, (2) for any suffix
of queries Y , when GF serves S(T ) ◦ Y , its tree when is it done with the last query of S(T )
is T . We say that S(T ) enforces T .

Proof. We enforce the structure of T bottom-up, by first ensuring the position of the leaves,
and continuing recursively upwards towards the root. Define T [0] ≡ T and T [i+1] is the tree
T [i] stripped of all of its leaves, until the final tree T [h] contains only the root. Observe that
h = d(T ) (the depth of T ). For each tree T [i] we define Ri to be the set of non-leaf nodes in
T [i]. Note that a non-leaf node may be binary or unary.
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We construct S(T ) in steps. In step i ≥ 0 we query Ri in two monotonic phases, where
the first phase queries every item twice, and the second phase queries every item once.
Denote the queries of this step by Si. For example, if R0 = {1, 3, 5} then we query in the
first step: S0 = [1, 1, 3, 3, 5, 5, 1, 3, 5]. Note that Sh = ∅ since Rh = ∅ by definition. The
resulting sequence S(T ) is the concatenation of the queries in all the (non-empty) steps, that
is, S(T ) = S0 ◦ S1 ◦ . . . ◦ Sh (◦ for concatenation).

First we analyze |S(T )|. Observe that we strip leaves between steps, |Ri+1| ≤ |Ri| − 1.
Initially |R1| ≤ n − 1 hence |Ri| ≤ n − i. Also, h < n. Therefore we get that: |S(T )| =∑h

i=1 |Si| =
∑h

i=1 3|Ri| ≤ 3
∑n

i=1 (n − i) = 3
2 n(n − 1). To get the other bound, observe that

|Rh−i| ≤ 2i − 1, which is meaningful for the last few steps, i.e., for i ≤ ⌊lg n⌋. With that
in mind: |S(T )| = 3

∑h−⌊lg n⌋
i=1 |Ri| + 3

∑h
i=h−⌊lg n⌋+1 |Ri| < 3

∑h−⌊lg n⌋
i=1 n + 3

∑⌊lg n⌋−1
j=0 2j <

3n(h − ⌊lg n⌋) + 3n. In conclusion, |S(T )| < 3n(d(T ) − ⌊lg n⌋ + 1).
Next we prove that the tree of GF is exactly T when it finishes serving S(T ) regardless

of any suffix of queries. The proof is by induction on d(T ) = h. The base case is for h = 0.
In this case S(T ) = ∅ (because S0 = ∅), while also T [h] = T [0] = T contains only the root.
Querying nothing is not a problem since there is a unique tree with a single node, and we are
done. Now, assume that the claim holds for h = k. Consider a tree T of depth k + 1. First
we show that when GF finishes processing S0, all the leaves of T are leaves of the tree of GF ,
and will never be touched (accessed or otherwise), therefore they remain leaves until GF

finishes processing S(T ). See Figure 7 for a visualization. Indeed, when we query a value u

twice in a row, GF brings u to the root when re-ordering the tree after the first query of the
couple. Note that since we query R0 monotonically, by the end of the first phase of S0 (the
queries in pairs), GF has a tree whose left-spine is exactly the items of R0. Indeed, each
item, in turn, is brought to the root and demotes the previous root to the left. Moreover, no
value of T [0] \ R0 is part of this spine, because of the second phase of queries (monotonously
querying the values of R0). To see this, note that if on the first phase we touch v /∈ R0 when
r is the root and the pair of queries is to u, such that r < v < u, and u is the successor of r

in R0, then the next access to r is closer in the future than that of v, so r will indeed be
placed as the left-child of the new root u (and v will be the right child of r). If r < u < v

then v does not interfere with r being the left child of u.
Now that we know that all the leaves of T = T [0] are fixed as leaves of the tree of GF

when it finishes processing S0, we can conclude by induction: S′ ≡ S1 ◦ . . . ◦ Sk+1 is exactly
the sequence that enforces T [1], and by our inductive assumption, T [1] is enforced correctly.
Since the leaves of T [0] are not touched at all during S′, we conclude that they must remain
hanging off T [1] as “subtrees”. The location of each leaf is uniquely determined, and thus we
conclude that S(T ) indeed enforces T = T [0]. ◀

Adding a prefix to our sequence may affect the competitive ratio. However, once we
fixed the stable tree, we can repeat the corresponding stable sequence to “amplify” the
original competitive ratio making the effect of the prefix negligible. One difficulty raised by
repetitions is when we care about the length of the sequence in our claim. This is the case in
Theorem 5 where we claim the existence of a sequence of length nΘ( lg lg n

lg lg lg n ). In the proof of
this theorem we assumed for simplicity that we can choose the initial tree. The following
remark shows that indeed we can start with an arbitrary initial tree without weakening the
theorem.

▶ Remark 34. Let X be an atomic mixed-stable sequence used to prove Theorem 5. Consider
the sequence Z = S ◦ Xn, where S is the prefix (guaranteed by Theorem 33) that is
enforcing the desired “initial” tree T that corresponds to X, Xn are n repetitions of X,



Y. Sadeh and H. Kaplan 53:19

(a) Desired tree T . (b) First step of enforcing T : fix the leaves.

(c) Second step of enforcing T : fix the leaves of T [1].

Figure 7 Example of enforcing a tree as detailed in Theorem 33. The desired tree T is shown
in (a). Blue nodes are the leaves of T [0] = T and golden nodes are the leaves of T [1] (leaves of T [2]

and T [3] are not colored). The first step of queries is S0 = [2, 2, 4, 4, 6, 6, 8, 8, 10, 10, 2, 4, 6, 8, 10]; (b)
shows the states after the first query of 2, the first query of 4, and by the end of S0. Following the
first step, it remains to enforce the remainder of the tree (the inductive step). Concretely, the second
step of queries is S1 = [4, 4, 6, 6, 10, 10, 4, 6, 10]; (c) shows the states after the first query of 4, the first
query of 6, and by the end of S1. The green trapezoids and triangles abstract away the structure of
some subtrees. The last non-empty step is S2 = [6, 6, 6] (not shown), after which we get T .

and ◦ represents concatenation. There are no unary nodes in T and X queries every leaf
at least once so n

2 < n+1
2 ≤ |X|. Together with Theorem 33 we get that n|X| ≤ |Z| <

n(|X| + 3n
2 ) < 4n|X|, therefore we have: |Z| = Θ(n|X|) = nΘ( lg lg n

lg lg lg n ) (the second equality
is by Theorem 5). Since after processing S the tree of GF is fixed: cost(GF, Z, T0) −
cost(OPT, Z, T0) ≥ n · (cost(GF, X, T ) − cost(OPT, X, T )). By the proof of Theorem 5 and
Remark 28: cost(GF, X, T ) − cost(OPT, X, T ) = Ω(|X| · lg lg n), and putting everything
together we get that: cost(GF, Z, T0) − cost(OPT, Z, T0) = Ω(|Z| · lg lg n). Note that if
|X| = Ω(n2) then it suffices to define Z = S ◦ X without repetitions and we get that
|Z| = Θ(|X|), and the rest of the arguments remain the same. There may be additional
cases where repetitions are not required, e.g., when the depth of T is lg n + O(1) (in this
case, |S| = O(n)).

A.2 Omitted Proofs
In this subsection we restate and prove Lemmas and Theorems that were omitted from the
main text. For convenience, we restate the claims in their original numbering.

The proof of Theorem 22 makes use of Wilber’s first bound [22]. We use the original
presentation of this bound which is a bit tighter than later simplified versions such as [14].

▶ Definition 35 (Wilber’s First Bound [22]). Let X be a sequence of queries, and let T be a
static reference tree such that every query of X is in a leaf of T . An alternation at an inner
node u of T is defined to be two queries closest in time such that one accesses either the left
or right subtree of u and the other accesses the other subtree of u. Define ALT (u) to be the
number of alternations at node u. Then: cost(OPT, X) ≥ m + 1

2
∑

inner u∈T ALT (u).

▶ Theorem 22. Let X be a mixed-stable sequence and let T be the tree that corresponds to
it. Then cost(GF, X, T ) < c · cost(OPT, X, T ) for c = 5

2 . If X is strongly-stable, then c = 2.
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Proof. We use the tree that corresponds to the mixed-stable sequence as the reference tree
for Wilber’s first bound. Arithmetic manipulations will yield an expression that we can tie
to the cost of GF , according to the claim.

Let X be a mixed-stable sequence, with a corresponding tree T . Let S be the set of
values that are in the leaves of T , and let U be the set of inner nodes, |U | = n−1

2 . We also
denote by A(i) the set of proper ancestors of i. By the definition of the cost of a static tree,
we know that ĉ(GF, X) =

∑
i∈S (d(i) + 1) · f(i) where d(i) is the depth of i and f(i) is the

frequency of accessing i. We extend f(u) to refer to the frequency of visiting any node u.
Note that f(u) =

∑
i∈S∧u∈A(i) f(i) and that

∑
i∈S f(i) = 1.

Now consider Wilber’s bound for X, with T as the reference tree. We can use T as the
reference tree since X only accesses leaves of T , by definition. We also denote αu ≡ ALT (u)+1

f(u)·m
(ALT (u) is defined in Defintion 35, and note that 0 ≤ ALT (u) ≤ f(u) · m − 1). We have
αu ∈ (0, 1], where αu = 1 corresponds to fully alternating accesses to the subtree rooted
at u. The lower bound is cost(OPT, X) ≥ m + 1

2
∑

u∈U (ALT (u) + 1) − |U |
2 = m

2 + m
2 (1 +∑

u∈U αu · f(u)) − n−1
4 =

(
m
2 − n−1

4
)

+ m
2

∑
i∈S (1 +

∑
u∈A(i) αu)f(i). Let α ≤ minu∈U αu,

we get that ĉ(OPT, X) ≥
( 1

2 − n−1
4m

)
+ α

2
∑

i∈S (d(i) + 1) · f(i) = α
2 ĉ(GF, X) +

( 1
2 − n−1

4m

)
where the equality holds since GF maintains a static tree. Thus ĉ(GF, X) ≤ 2

α · ĉ(OPT, X)−
1
α

(
1 − n−1

2m

)
< 2

α · ĉ(OPT, X).
In order to choose a suitable α, recall that a strongly-stable node u has a coefficient of

αu = 1, which means that for strongly-stable sequences, in which all inner nodes are stable,
we can pick α = 1 and conclude that ĉ(GF, X) < 2 · ĉ(OPT, X). If u is a weakly-stable node,
then its coefficient is αu = 2

3 . So for a mixed-stable sequence we can naively pick α = 2
3 ,

resulting in ĉ(GF, X) < 3 · ĉ(OPT, X).
In order to improve from 3 to 5

2 , we observe that by definition, every weakly-stable node has
a strongly-stable child. Let u be a weakly-stable node and let w be its (strongly-stable) favored-
child (recall Definition 11). Since ALT (u) = ALT (w) (by definition of the access pattern in u),
we can present Wilber’s bound differently, summing (ALT (u)+1)·(1+β)+(ALT (w)+1)·(1−β)
instead of (ALT (u)+1)+(ALT (w)+1). We get modified coefficients α′

u = (ALT (u)+1)·(1+β)
m·f(u) =

αu · (1 + β) = 2(1+β)
3 and similarly α′

w = αw(1 − β) = (1 − β). Choosing β = 1
5 balances the

coefficients: α′
u = α′

w = 4
5 . Now we can choose α = 4

5 , and get ĉ(GF, X) < 5
2 · ĉ(OPT, X)

for mixed-stable sequences. ◀

▶ Theorem 6. For any ϵ > 0 there exists a sequence X with a subsequence (not necessarily
consecutive) X ′ ⊆ X such that cost(GF, X ′) ≥ (2 − ϵ) · cost(GF, X).

Proof. Denote the initial tree by T0. Let Z be the weakly-stable sequence used for proving
Theorem 4. Let TP be the tree that corresponds to Z and TQ the optimized tree, in which
the leaves are promoted as in Lemma 21. Let P and Q be the sequences that enforce TP

and TQ by Theorem 33, respectively. Note that ϵ determines Z, P and Q since it tells us
how close to a ratio of 2 we need to get.

Revisit Figure 5 to see the (recursive) structures of TP (on the left) and TQ (on the right,
post-promotions). Observe that TP remains static when GF serves Z with it, by definition.
Moreover, TQ remains static when GF serves Z with it. Indeed, let r be the root of TQ. Z

queries the item in r every third access and the other accesses are alternating between its left
and right subtrees, hence r remains the root of TQ. The rest of TQ remains static recursively.

Define X = P ◦ Q ◦ Zk for a large k, and X ′ = P ◦ Zk ⊂ X (◦ for concatena-
tion). Since GF does not change TP and TQ while serving Z we get that cost(GF,X′)

cost(GF,X) =
cost(GF,P,T0)+k·cost(GF,Z,TP )

cost(GF,P ◦Q,T0)+k·cost(GF,Z,TQ) . This ratio approaches cost(GF,Z,TP )
cost(GF,Z,TQ) for large enough k, and
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since Tp and TQ are exactly the trees used in the proof of Lemma 21, we conclude that
we can make the resulting ratio as close to 2 as we like (choosing Z, P, Q according to the
desired ϵ). ◀

▶ Theorem 7. Let S be a sequence, we define rev(S) to be the sequence S in reverse. For
any ϵ > 0 there exists a sequence X such that cost(GF, rev(X)) ≥ (2 − ϵ) · cost(GF, X).

Proof. The proof is similar to that of Theorem 6, and we define Z, T0, P , TP , Q and TQ

the same way. Here we define X = Q ◦ (rev(Z))k+1 ◦ rev(P ), for a large k.
We claim that TQ remains static when GF serves rev(Z) over it, rather than Z, by the

same argument as in the proof of Theorem 6, because the interleaving pattern in the root
is preserved under reversal. Moreover, cost(GF, rev(Z), TQ) = cost(GF, Z, TQ) because the
cost on a static tree depends only on the access frequencies. Putting everything together, we
get: cost(GF,rev(X))

cost(GF,X) = cost(GF,P,T0)+k·cost(GF,Z,TP )+cost(GF,Z◦rev(Q),TP )
cost(GF,Q,T0)+k·cost(GF,rev(Z),TQ)+cost(GF,rev(Z)◦rev(P ),TQ) . Note that

the suffix contains one repetition of Z so that the rest of it (rev(P ) or rev(Q)) does not
affect the restructuring decisions of GF during the earlier repetitions of Z. The limit of this
ratio for large k is cost(GF,Z,TP )

cost(GF,Z,TQ) . We finish the argument as in the proof of Theorem 6. ◀
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1 Introduction

The quantum generalisation of a Boolean constraint satisfaction problem such as a 3-SAT
formula is known as a k-local Hamiltonian, H =

∑
iHi. Here, a Hermitian operator H acts

on N quantum systems of dimension d ∈ O(1), so that H is a dN × dN complex matrix. Yet,
H has a succinct description of poly(N) bits, in that each Hi acts non-trivially1 on only
k ∈ O(1) qudits, and hence requires O(1) bits to specify. Any Hamiltonian H captures the
static and dynamic properties of some many-body quantum system (via the Schrödinger
equation), such as its ground state energy, spectral gap, and time-evolution.

For this reason, the complexity of computing properties of local Hamiltonians has seen
intense interest in the last two decades (e.g., [32, 15] for surveys). The “benchmark” problem
here has been the quantum generalisation of MAX-k-SAT – approximating the ground state
energy of H (i.e. smallest eigenvalue λmin(H) of H, which represents the energy level the
system settles into when cooled to low temperature). This is the Local Hamiltonian Problem
(LH), known to be QMA-complete [26]. (Quantum-Merlin Arthur (QMA) is a quantum
generalisation of Merlin-Arthur (MA), with a quantum proof and verifier.) LH remains hard
on physically motivated setups, such as qubits on a 2D lattice [31] and 1D chains of local
dimension 8 [2, 30, 22]. Amazingly, it is QMAEXP-complete2 even for 1D translationally
invariant, nearest neighbour systems [21], meaning on a line of N qudits, with each constraint
Hi,i+1 being identical for i ∈ [N − 1] and each constraint only acting between neighbouring
pairs of qudits. This in stark contrast to 1D classical constraint satisfaction, which can be
efficiently solved via divide-and-conquer in time polynomial in the length of the chain (even
in non-translationally invariant systems).

Beyond ground state energies. From a physical perspective, what is often more interesting
than ground state energies is computing properties of the ground space itself – a problem
analogous to computing properties of optimal MAX-k-SAT assignments. In this direction,
recent works have studied determining a system’s density of states [10, 34]; minimising
interaction terms yielding frustrated ground spaces [16]; deciding if a ground space has an
energy barrier [18, 20]; simulating local measurements on ground spaces [3, 19, 17]; estimating
spectral gaps of local Hamiltonians [3, 12, 19]; and “universal” Hamiltonian models simulating
other quantum many-body systems [8, 11, 33, 27]. Here, we focus on two of these problems:
Simulating local measurements on ground spaces (APX-SIM) [3] and deciding if a ground
space has an energy barrier (GSCON) [18].

APX-SIM. The first problem, Approximate Simulation (APX-SIM), asks: How difficult is
it to simulate a local measurement on a ground state of a local Hamiltonian? Given that
much of condensed matter physics is devoted to determining the low-energy properties of
materials, and that local measurements are the only tools available to experimentalists to
examine these systems, this is an extremely important problem.

▶ Definition 1 (APX-SIM(H,A, k, l, a, b, δ) [3]). Given k-local Hamiltonian H =
∑
iHi on

N qubits, l-local observable A, and a, b, δ ∈ R such that b − a ≥ N−c and δ ≥ N−c′ , for
c, c′ > 0 constant, decide:
YES. If H has a ground state |ψ⟩ satisfying ⟨ψ|A |ψ⟩ ≤ a.
NO. If for all |ψ⟩ satisfying ⟨ψ|H |ψ⟩ ≤ λmin(H) + δ, it holds that ⟨ψ|A |ψ⟩ ≥ b.

1 Formally, if Hi acts on a subset Si of qudits, it is specified via Hi ⊗ I[N ]\Si
, for [N ] = {1, . . . , N}.

2 QMAEXP (Definition 20) is a quantum analogue of NEXP, meaning an exp-length quantum proof and
exp-time quantum verifier.
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We will also be interested in the version of the problem with a translationally invariant
Hamiltonian.

▶ Definition 2 (TI-APX-SIM(N,Hi, A, k, l, a, b, δ) [3]). Defined similarly to Definition 1
except the input is now the systems size N described in n = O(log(N)) many bits, and a local
interaction term Hi. The overall Hamiltonian is a translationally invariant Hamiltonian on
N qudits H =

∑
iHi, with parameters b− a ≥ N−c = O(2−cn), δ ≥ N−c′ = O(2−c′n), for

c, c′ > 0.

APX-SIM was originally shown PQMA[log]-complete for 5-local Hamiltonians with 1-local
measurements [3, 19]. Here, PQMA[log] is the quantum analogue of PNP[log], meaning all
languages decidable by a P machine making logarithmically many queries to a QMA oracle. It
was subsequently shown that APX-SIM remains PQMA[log]-complete on physically motivated
2D models, and on (non-translationally invariant) 1D chains [17]. While it is unlikely
that QMA = PQMA[log] (since PQMA[log] trivially contains co-QMA), PQMA[log] is “not too
much harder” than QMA, in that PQMA[log] ⊆ PP [19]. Finally, in this work we use
PQMA[log] = P∥QMA [17], where P∥QMA allows polynomially many parallel queries to the
QMA oracle.

GSCON. The second problem we study is Ground State Connectivity (GSCON) [18], which
asks: given two ground states |ψ⟩ and |ϕ⟩ of a local Hamiltonian, is there a low energy path
connecting |ψ⟩ to |ϕ⟩? Physically, this captures the question of determining if a ground space
has an energy barrier.

▶ Definition 3 (Ground State Connectivity (GSCON (H, η1, η2, η3, η4, δ, b,m,Uψ, Uϕ,

|ψ⟩ , |ϕ⟩))[18]). Let H =
∑
iHi be a k-local Hamiltonian on N qubits. Consider para-

meters η1, η2, η3, η4, δ ∈ R, and m ∈ Z+, with η2 − η1, η4 − η3 ≥ δ. Let Uψ and Uϕ be
poly(N)-size quantum circuits generating “start” and “target” states |ψ⟩ = Uψ |0 · · · 0⟩ and
|ϕ⟩ = Uϕ |0 · · · 0⟩, respectively, satisfying ⟨ψ|H |ψ⟩ ≤ η1 and ⟨ϕ|H |ϕ⟩ ≤ η1. Output:
YES: If there exists a sequence of b-local unitaries (Ui)mi=1 such that:

1. (Intermediate states remain in low energy space) For all i ∈ [m] and intermediate
states |ψi⟩ := Ui · · ·U2U1 |ψ⟩, one has ⟨ψi|H |ψi⟩ ≤ η1, and

2. (Final state close to target state) ∥Um · · ·U1 |ψ⟩ − |ϕ⟩∥2 ≤ η3.
NO: If for all b-local sequences of unitaries (Ui)mi=1, either:

1. (Intermediate state obtains high energy) There exists i ∈ [m] and an intermediate state
|ψi⟩ := Ui · · ·U2U1 |ψ⟩, such that ⟨ψi|H |ψi⟩ ≥ η2, or

2. (Final state far from target state) ∥Um · · ·U1 |ψ⟩ − |ϕ⟩∥2 ≥ η4.
The translationally invariant version of GSCON can be specified in a similar way, where
instead the Hamiltonian is specified by a TI local interaction terms and the systems size.

GSCON is QCMA-complete for 5-local Hamiltonians [18], and remarkably (and in contrast
to LH) remains hard even for commuting Hamiltonians (i.e. when Hi and Hj commute for
all pairs) [20]. (Quantum-Classical Merlin Arthur (QCMA) is QMA, except with a classical
witness.) GSCON is motivated via quantum memories and stabilizer codes. For example,
a Hamiltonian H for a YES instance of GSCON has a short sequence of local unitaries
mapping between low energy states |ψ⟩ and |ϕ⟩ through the low energy space of H. In a
quantum memory, |ψ⟩ and |ϕ⟩ may encode logical states. As errors in physical systems are
often local, this implies H might not be a good quantum memory – not only can a short
adversarial circuit corrupt |ψ⟩ to |ϕ⟩ (since there is no energy barrier “separating” |ψ⟩ from
|ϕ⟩), but this corrupting process takes place completely in the low energy space, meaning
such errors are not easily detectable.
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When are these problems relevant to physics? From a quantum complexity theoretic stand-
point, a key goal is to show that even local Hamiltonian systems mirroring those in Nature
can encode “hard” problems. Translationally-invariant Hamiltonians, in particular, not only
possess symmetries seen in Nature, but are also believed simpler than general Hamiltonians.
Intuitively, due to the spatial invariance of the system, the degrees of freedom available to
encode complex behaviour appears limited. A second physically motivated restriction is
spatial structure, such as one-dimensional systems, which can sometimes be more tractable
[7, 29, 1, 36, 28, 14]. Combining these two properties, we arrive at one of the simplest systems
imaginable – 1D, translationally-invariant (TI) systems. Are these “more tractable” than
their higher-dimensional counterparts? As mentioned earlier, LH on such systems surprisingly
turns out to be QMAEXP-complete [21], and the question of existence of a spectral gap
undecidable [5]. Yet for natural problems such as APX-SIM and GSCON, the verdict is still
open.

1.1 Results
In this work, we give generic “lifting frameworks”, which we then apply to show (a) that
APX-SIM and GSCON remain “hard” in the 1D TI setting and (b) the Local Hamiltonian
problem determines the complexity of these problems. We now discuss these results in depth.

A lifting framework for APX-SIM

We begin with a generic framework for “lifting” hardness results about ground state ener-
gies (i.e. LH) to hardness results for APX-SIM. Formally achieved via our Lifting Lemma
(Lemma 10) and applications thereof in Section 2.3, the general premise is informally:

▶ Theorem 4 (LH to APX-SIM (informal)). If a family of Hamiltonians F admits a circuit-
to-Hamiltonian mapping Hw such that approximating the ground state energy for F is C-hard
(for complexity class C), then APX-SIM for F is PC[log]- or PC-hard for non-TI and TI
Hamiltonians, respectively.

The key point of the lifting map underlying Theorem 4 is that it automatically preserves
structural properties of F , such as locality, geometry, translational invariance, etc. This has
two advantages: First, it obviates the need to reprove hardness for APX-SIM each time a
new physically motivated circuit-to-Hamiltonian construction Hw is discovered (modulo mild
assumptions on Hw as per Definition 9). Second, it reveals that LH itself fundamentally
characterises the complexity of computing properties, such as simulating measurements on
the low energy states of a family of Hamiltonians.

For clarity, throughout this work, 1D TI versions of computational problems assume the
input size is n, whereas the length of the 1D chain is N ∈ O(exp(n)). This is because in the
TI setup, it is standard for the input to be given succinctly by (1) the length of the chain in
binary and (2) a description of the single Hi,i+1 term to be repeated along the chain [21].

▶ Theorem 5. APX-SIM is PQMAEXP-complete for 1D TI, nearest neighbour, Hamiltonians
on N qudits of local dimension 44, for δ = Ω(1/ poly(N)), b− a = Ω(1/ poly(N)).

We also obtain PSPACE-completeness for 1D TI APX-SIM when δ, b− a ∈ Ω(1/ exp(N)).
We thus find the first known hardness result for APX SIM in the TI setting. Two points
worth highlighting: First, counter-intuitively, our construction “stores” the answers to m

QMA queries into a single qubit. A similar phenomenon is trivially impossible classically.
This “compression” is what allows us to make our setup so generic. Second, one of the steps
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to establishing Theorem 5 is to show EXP||QMA = PQMAEXP . In other words, an exp-time
Turing machine making exponentially many parallel QMA queries is equivalent to a poly-time
machine making poly-many adaptive queries to QMAEXP.

Hardness of Ground State Connectivity (GSCON)

Via different techniques, we next give a Lifting Lemma for GSCON (Lemma 15), obtaining
the first GSCON hardness result in a physically motivated setting:

▶ Theorem 6. GSCON is QCMAEXP-complete for 1D TI Hamiltonians on N qudits of
constant local dimension, for m ∈ poly(N), δ ∈ Θ(1/ poly(N)), and any b ∈ {2, . . . , N − 1}.

Here, QCMAEXP (Definition 21) is to QCMA as QMAEXP is to QMA, i.e. one has an
exp-long classical proof and exp-time quantum verifier. Worth highlighting is that, perhaps
surprisingly, Theorem 6 holds even for b = N − 1. In words, even if an adversary can act
jointly on all but a single qudit per time step, our construction remains sound. This is
significantly more robust than [18], and is tight, since an adversary acting on all N qudits
can trivially cheat by mapping |ψ⟩ to |ϕ⟩ via a single N -qudit unitary. We remark that the
applicability of our lifting theorem for GSCON is not as wide as that for APX-SIM; details
in Section 1.2.

1.2 Techniques

Circuit-to-Hamiltonian Mappings

We begin with a brief overview of circuit-to-Hamiltonian mappings. In the literature, a
circuit-to-Hamiltonian mapping roughly means a map which takes as input any quantum
circuit U = UTUT−1 . . . U1 (e.g. consisting of 2-qubit gates Ui), where U acts on some
Hilbert space Hq, and outputs a so-called “history state Hamiltonian” H, whose low energy
space “encodes” U . The prototypical example is Kitaev’s construction [26], which outputs
H = Hin +Hprop +Hout +Hstab, where Hin forces the input of U to be initialised correctly,
Hprop that each gate of U follows correctly after all previous gates are applied, Hout checks
that U accepts, and Hstab ensures the clock register is encoded correctly. (The Cook-Levin
theorem has analogous Boolean formulae for Hin, Hprop, Hout, but does not require Hstab,
as time is explicitly encoded via rows of the table.) Of these, the most relevant to our
discussion is

Hprop =
T−1∑
t=0

ht where ht :=
∑
|e⟩

(
|t⟩ |e⟩ − |t+ 1⟩Ut |e⟩

)(
⟨t| ⟨e| − ⟨t+ 1| ⟨e|U †

i

)
,

where we sum over a basis {|e⟩} for Hq. The “history states” are then any state |ψ⟩ of the
following form (which span the null space of Hprop)

|ψ⟩ = 1√
T

T∑
t=0

|t⟩ |ψt⟩ where |ψt⟩ := UtUt−1 · · ·U1 |ψ0⟩ (1)

for any |ψ0⟩ ∈ Hq. For our purposes, we formulate precise definitions of such mappings
(Definition 9 and Definition 26) in order to rigorously prove our lifting theorems with as
broad generality as possible.
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For APX-SIM

To make our lifting framework as general as possible, instead of focusing on P∥QMA (which
equals PQMA[log] [17]), we consider arbitrary classes D∥Q. Briefly, D is any “deterministic
class” (e.g. P, EXP; Definition 22), Q any “existentially quantified quantum verification
classes (QVClass)” Q (e.g. NP, QCMA, QMA; Definition 23). We allow almost arbitrary
“local circuit-to-Hamiltonian mappings” Hw (e.g. Kitaev [25]; Definition 9), the primary
requirement of which is that a measurement in the standard basis on the first and second
output qubits of any unitary U can be simulated by a measurement on the low energy space
of Hamiltonian Hw(U). Formal requirements with all minor assumptions in Definition 9.

With just this basic property of measuring two qubits of the ground state in hand, we
give a Lifting Lemma (Lemma 7) which takes any D∥Q computation and embeds it in an
APX-SIM instance, while automatically preserving structural properties of the circuit-to-
Hamiltonian mapping Hw. At a high level, we begin with an idea similar to the 1D non-TI
PQMA[log]-hardness result of [17] by replacing all parallel oracle calls to Q with explicit
verification circuits for Q. In contrast to [17], we then “count” the number of YES Q-queries
via a single qubit – each time a Q-verifier outputs YES, we rotate a designated “flag qubit”
by a small fixed amount. We then push this entire “bootstrapped” computation through the
circuit-to-Hamiltonian mapping Hw, followed by use of the “primary requirement” above
to simulate a penalty on the flag qubit. Remarkably, by carefully adjusting the weight on
this one flag qubit, with high probability we can force all Q-queries to simultaneously be
answered correctly. A priori, this is perhaps surprising; for example, Holevo’s theorem [23]
says that n qubits cannot transmit more than n bits of information, and yet here we are
cramming polynomially many query answers into a single flag qubit, while still meaningfully
utilising the information therein.

This flag qubit construction now allows us to circumvent the 1D TI restrictions (since
there is only a single flag qubit to keep track of, we are not worried about how it is arranged
geometrically within the final system). Additionally, a key part of the soundness analysis
is an exchange argument (Lemma 11), which may be of independent interest: given a
joint entangled proof |w1···m⟩ to m Q-verifiers Vi, if the ith local component of |w1···m⟩ is
ϵ-suboptimal for verifier Vi, we give a rigorous lower bound on the deviation from the optimal
“counted sum” on the flag qubit.

For GSCON

Using different techniques, we next give a generic Lifting Lemma for GSCON (Lemma 15),
although less generic than what we are able to achieve for APX-SIM. Namely, we restrict
attention to quantum verification classes such as QCMA or QCMAEXP (since we require the
ability to prepare low energy/history states efficiently in the YES case), and to general 1D
TI circuit-to-Hamiltonian mappings (again, with mild restrictions; see Definition 26). We
then apply Lemma 15 to the 1D TI Gottesman-Irani construction [21] to obtain QCMAEXP-
hardness of GSCON on 1D TI systems (Theorem 6).

At a high level, the starting setup for our lifting framework is similar to [18], which we
briefly review: given a QCMA verification circuit V , apply Kitaev’s circuit-to-Hamiltonian
construction to obtain local Hamiltonian H =

∑
iHi, such that if V is a YES (NO) instance,

λmin(H) is small (large). Then, attach a “switch gadget” to H to obtain a new Hamiltonian
H ′, so that any polynomial-length traversal of the low energy space of H ′, from start state
|ψ⟩ to target state |ϕ⟩, forcibly “switches on” all terms of H. In the NO case, switching on
H incurs a large energy penalty, i.e. we hit the claimed energy barrier.
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Extending this to the 1D TI setting presents various challenges. First, the construction
of [18] is highly non-local geometrically, as each switch qubit is coupled to all local terms Hi

of H . In order to maintain this level of coupling in 1D, we first use an idea reminiscent of the
space-time circuit-to-Hamiltonian construction of Breuckmann and Terhal [9], and instead
endow each qudit on the 1D chain with its own “local switch qudit”. We then wish to add
“string constraints” on these “local switch qubits” to force a prover to “switch on” each term
Hi,i+1 of the 1D Hamiltonian one at a time on the chain. But here we face an additional
pair of challenges: first, any naïve implementation of string constraints allows a cheating
prover to switch on only N − b of the chain’s local terms Hi,i+1 – this is because the prover
is allowed to apply arbitrary b-local unitaries in each step, allowing it to “shortcut” the last
b switch qudits in one step. Second, we cannot satisfy the desired completeness properties
for GSCON by simply switching on local terms Hi,i+1 iteratively from left to right. Rather,
we must allow a non-linear order of activation.

It turns out that, not only can both the second and third challenges above be addressed
in a unified black-box fashion, but the unified fix will also make the construction remarkably
robust from a soundness perspective. Specifically, we first increase the local switch Hilbert
space dimension to 7, which roughly will allow non-linear activation orders when switching
on the local constrain terms. We then carefully construct our string constraints so that any
ground space evolution satisfying said constraints becomes “trapped” in a low-dimensional
joint switch subspace on all qudits. This low-dimensional space is precisely set up to achieve
two things: (1) force all local terms of H to be simultaneously switched on, and (2) be
“logically protected” from any switch subspace deviating from property (1) by a “string” of
local unitaries of length Θ(N). The formal proof of correctness uses, among other tools, the
Traversal Lemma (Lemma 14) of [18, 20]. Perhaps counterintuitively, soundness holds even
if a cheating prover can apply (N − 1)-local unitaries in each step, i.e. can act on all but one
qudit of the chain per step.

1.3 Open questions
For APX-SIM, our lifting framework not only simplifies existing PQMA[log]-hardness proofs
of APX-SIM [3, 19, 17], but also yields new hardness results, notably for 1D TI systems:
PQMAEXP -completeness and PSPACE-completeness for inverse polynomial and inverse expo-
nential precision (with respect to the length of the chain), respectively. Can our techniques,
such as “compressing” multiple queries into a single qubit (Lemmas 7) and 11, find use
elsewhere in studying quantum oracle classes? Can our APX-SIM results be generalised to
yet more physical Hamiltonians (e.g. using Hamiltonian simulation techniques [17])? For
GSCON, does our “logically protected” switch subspace design have applications beyond
complexity theory, e.g. to robust quantum memories? Can our GSCON lifting framework be
generalised to the broader class of “local circuit-to-Hamiltonian constructions” (Definition 9),
as in APX-SIM? Most interestingly, do there exist non-trivial classes of Hamiltonians for
which GSCON is easy?

Organisation

Section 2 and Section 3 give detailed proof sketches of our main results.

Notation

Herm (X ) and U (X ) denote the sets of linear and unitary operators acting on space X ,
respectively. For H ∈ Herm (X ), λmin(H) is its smallest eigenvalue, and ∆(H) its spectral
gap (i.e. gap between two smallest distinct eigenvalues of A), i.e. ∆(A) := λ1(A) − λmin(A).
Null (A) is the null-space/kernel of A.
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2 Hardness via Lifting for APX-SIM

We now prove our lifting results for APX-SIM. Where appropriate, full proofs are deferred
or can be found in [35].

2.1 Reducing P∥QMA to a single quantum verification circuit
While it is instructive to view P∥QMA as the “guiding example” for this section, our statements
below apply more generally to classes of form D∥Q. Namely, let D be a Deterministic Decision
Class if the set of languages it contains can be deterministically decided with some time and
space resources as a function of the input length (e.g. P, PSPACE, EXP, etc., Definition 22).
Let Q be an Existentially quantified quantum verification class (QVClass) if it consists
of promise problems verifiable by a uniform family of quantum verifiers given access to a
quantum proof |ψ⟩, and with some completeness/soundness parameters c and s (e.g. NP,
QMA, QMAEXP. Definition 23 makes no restrictions on c, s, uniformity resources, etc).

The first step of our construction is to map an arbitrary D∥Q computation to a single
“verification circuit”.

▶ Lemma 7. Let x ∈ {0, 1}n be an instance of a problem in D∥Q, which is decided by D∥Q

machine U . There exists an efficiently computable (in encoding sizes of x and U) quantum
circuit V satisfying:
1. V takes as input m+2 registers: input register A containing x ∈ {0, 1}n, m proof registers

Bi containing joint quantum proof |w1···m⟩, with register Bi to be verified by a Q-circuit
Vi (Figure 1). Without loss of generality, each verifier Vi has the same completeness and
soundness parameters c and s, respectively.

2. V has two designated output wires: qout encodes the output of U , and qflag, the state of
which encodes the number of Q queries made by U which were YES instances. Let |ψ⟩
denote the output state of V , given joint proof |w1···m⟩.
Let S0 and S1 partition {0, 1}m such that the D machine underlying U rejects
(accepts) given a string of query responses y ∈ S0 (y ∈ S1). Define py,w :=

Pr
(∧m

i=1 Vi outputs yi
∣∣∣∣ |w1···m⟩

)
. Then,

Tr
(

|ψ⟩⟨ψ| · |1⟩⟨1|qout

)
=

∑
y∈S1

py,w (2)

Tr
(

|ψ⟩⟨ψ| · |1⟩⟨1|qflag

)
=

∑
y∈{0,1}m

py,w · sin2
( √

3
2m · HW(y)

)
. (3)

where HW (y) is the Hamming weight of y ∈ {0, 1}m.

Proof. As depicted in Figure 1, V is constructed by translating the D machine underlying
U into a quantum circuit U ′, and then “simulating” the m (parallel) oracle calls U makes as
sub-routines by executing their Q-verification circuits Vi on the relevant subsets of |w1···m⟩.
Note U ′ is diagonal in the standard basis, and U computes the inputs |qi⟩ to Q-verification
circuits Vi on-the-fly given x. Gate R(θ) in Figure 1 denotes 2 × 2 the rotation matrix
R(θ) = (cos θ,− sin θ; sin θ, cos θ).

Let X,Y, Z denote the input registers to U ′ holding input x ∈ {0, 1}m, query response
string y = y1 · · · ym, and ancilla (initialised to all zeroes), respectively. Since U ′ is a classical
circuit, without loss of generality it maps any |x⟩X |y⟩Y |0 · · · 0⟩Z 7→ |x⟩X |y⟩Y |0 · · · 0f(y)⟩Z ,
where f(y) is the output of U ′ given query response string y ∈ {0, 1}m. If F denotes the flag
qubit register, the output |ψ⟩ of V is given by
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Figure 1 The circuit V constructed in Lemma 7. The Vi are Q-verifiers, each taking input |qi⟩
and proof/witness |wi⟩. For simplicity, states |wi⟩ are illustrated in tensor product, but our proofs
treat the general case of entangled joint proof |w1···m⟩. U ′ denotes the host postprocessing circuit in
the original D∥Q circuit U , which takes the Q-query responses and outputs U ’s final answer. We
omit any preprocessing needed by U to compute inputs |qi⟩ and ancilla register C.

|ψ⟩ =
∑

y∈{0,1}m

αy |x⟩X |y⟩Y |0 · · · 0f(y)⟩Z

(
cos

( √
3

2m · HW(y)
)

|0⟩ + sin
( √

3
2m · HW(y)

)
|1⟩

)
F

, (4)

where we omit registers such as those containing proof |w1···m⟩, HW(y) is the Hamming weight

of y, and |αy|2 = Pr
(∧m

i=1 Vi outputs yi
∣∣∣∣ |w1···m⟩

)
. This immediately yields Equations (2)

and (3). ◀

▶ Remark. The flag qubit qflag does not use binary to store the number of queries which
output YES, but rather the number is stored in the angle the qubit is rotated by from its
initial state.
▶ Remark. It is not true in Figure 1 that the optimal strategy of a dishonest prover is to
send the optimal proof |w∗

i ⟩ for each verifier Vi. This is because intentionally sending a
rejecting proof |wi⟩ to Vi (even if qi is a YES instance) sets yi = 0, which may cause U ′ to
incorrectly output 1 (whereas setting yi = 1 might cause U ′ to output 0). Indeed, if sending
|w∗
i ⟩ was the malicious prover’s optimal strategy, then Lemma 7 itself maps an arbitrary

P∥QMA computation to a single QMA instance V , implying P∥QMA = QMA.

2.2 Generic Hardness Constructions via a Lifting Lemma
We will in particular be interested in Hamiltonians which satisfy the following condition:

▶ Definition 8 (Conformity). Let H be a Hamiltonian with some well-defined structure S
(such as k-local interactions, all constraints drawn from a fixed finite family, with a fixed
geometry such as 1D, translational invariance, etc). We say a Hermitian operator P conforms
to H if H + P also has structure S.

For example, if H is a 1D translationally invariant Hamiltonian on qubits, then P conforms
to H if H + P is also 1D translationally invariant.

▶ Definition 9 (Local Circuit-to-Hamiltonian Mapping). Let X = (C2)⊗m and Y = (C2)⊗n. A
map Hw : U (X ) 7→ Herm (Y) is a local circuit-to-Hamiltonian mapping if, for any T > 0
and any sequence of 2-qubit unitary gates U = UTUT−1 · · ·U1, the following hold:
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1. (Overall structure) Hw(U) ⪰ 0 has a non-trivial null space, i.e. Null (Hw(U)) ̸= {0}.
This null space is spanned by (some appropriate notion of) “correctly initialised compu-
tation history states”3, i.e. with ancillae qubits set “correctly” and gates in U “applied”
sequentially.

2. (Local penalisation and measurement) Let q1 and q2 be the first two output wires of U
(each a single qubit), respectively. Let Spre ⊆ X and Spost ⊆ Y denote the sets of input
states to U satisfying the structure enforced by Hw(U) (e.g. ancillae initialised to zeroes),
and null states of Hw(U), respectively. Then, there exist projectors M1 and PT , projector
M2 conforming to Hw(U), and a bijection f : Spre 7→ Spost, such that for all i ∈ {1, 2}
and |ϕ⟩ ∈ Spre, the state |ψ⟩ = f(|ϕ⟩) satisfies

Tr
(

|0⟩⟨0|i (UTUT−1 . . . U1) |ϕ⟩⟨ϕ| (UTUT−1 . . . U1)†)
= Tr

(
|ψT ⟩⟨ψT |Mi

)
, (5)

where |ψT ⟩ = PT |ψ⟩ / ∥PT |ψ⟩∥2 is |ψ⟩ postselected on measurement outcome PT (we
require PT |ψ⟩ ̸= 0). Moreover, there exists a function g : N × N 7→ R such that

∥PT |ψ⟩∥2
2 = g(m,T ) for all |ψ⟩ ∈ Null (Hw(U)) , (6)

Mi = PTMiPT . (7)

The map Hw, and all operators/functions above (M1,M2,PT ,f ,g) are computable given U .

We next embed the circuits V constructed in Lemma 7 into a “local circuit-to-Hamiltonian
construction”, and carefully penalise the flag qubit – not the output qubit – to encourage the
ground space of Hw(V ) to encode correct query answers made by the D machine to the Q
oracle. The latter is necessary since the reduction of Lemma 7 is not sound, meaning a NO
instance of P∥QMA is not necessarily mapped to a “NO QMA circuit” V . For this, we formalise
and use a broad notion of “local circuit-to-Hamiltonian mapping” Hw in Definition 9.

Coupling our single-qubit flag register setup from Lemma 7 with generic black-box usage
of “local circuit-to-Hamiltonian mappings Hw” allows us to give the main workhorse of this
section, the Lifting Lemma for APX-SIM. Crucially, Definition 8 and Definition 9 ensure H
below automatically maintains desirable structural properties of Hw (such as translational
invariance, geometric constraints, etc).

▶ Lemma 10 (Lifting Lemma for APX-SIM). Let x ∈ {0, 1}n be an instance of an arbitrary
D∥Q problem, U a D∥Q machine deciding x, and V the verification circuit output by Lemma 7.
Fix a local circuit-to-Hamiltonian mapping Hw, and assume the notation in Definition 9.
Fix any α : N 7→ N such that α > max

(
4∥M2∥

∆(Hw(V )) ,
∆(Hw(V ))

3∥M2∥2 , 1
)

. Then, for any ϵ satisfying

0 ≤ ϵ ≤ 1
α

(
1
α + 12∥M2∥2

∆(Hw(V ))

) (
8m2

3g(m,T )

)
. the Hamiltonian H := α(n)Hw(V ) +M2 satisfies:

If x is a YES instance, then for all |ψ⟩ with ⟨ψ|H |ψ⟩ ≤ λmin(H) + 1
α2 , ⟨ψ|M1 |ψ⟩ ≤

g(m,T ) ·m · max(1 − c+ ϵ, s) + 12∥M2∥
α∆ .

If x is a NO instance, then for all |ψ⟩ with ⟨ψ|H |ψ⟩ ≤ λmin(H) + 1
α2 ,

⟨ψ|M1 |ψ⟩ ≥ g(m,T ) (1 −m · max(1 − c+ ϵ, s)) − 12 ∥M2∥
α∆ .

3 We are intentionally being vague here, as the only formal requirement on the null space of Hw(U) is
that of the following bullet on “local penalisation and measurement”. Intuitively, this would appear
to necessitate the null space of Hw(U) to indeed encode “correct initialisations” and “correct gate
applications”, as do all known circuit-to-Hamiltonian constructions.
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Table 1 Completeness of APX-SIM for families of many-body systems. Measurement precision
is relative to system size N , not input size n. NN = 2-local nearest-neighbour interactions. TI =
translationally-invariant.

circuit-to-Ham.
construction

interaction topology measurement
precision

completeness

[31] 2D planar, NN, local dim 2 1
poly P∥QMA

[2] 1D line, NN, local dim 12

[13] 3-local, local dim 2 1/ exp PSPACE

[4] TI, 1D line, NN, local dim 44 1
poly

EXP∥QMA

[6] TI, 3D fcc lattice, 4-local, local dim 4 EXP∥QMA

[27] TI, 1D line, NN, local dim 42 1/ exp PSPACE

Note the Lifting Lemma’s sole degree of freedom is the function α. All other quantities stem
from the choices of Hw, D, and Q. M1 plays the role of observable A from Definition 24.

Proof sketch. We proceed via three steps: (i) We first use the Extended Projection
Lemma (Lemma 25) to show that for α as in the lemma claim, for any |ψ⟩ such that
⟨ψ|H |ψ⟩ ≤ λmin(H) + δ, there exists a uniform history state |ϕ⟩ ∈ Null (Hw(V )) such that
∥|ψ⟩⟨ψ| − |ϕ⟩⟨ϕ|∥tr ≤ 12∥M2∥

α∆ and where |ϕ⟩ has energy ⟨ϕ|H |ϕ⟩ ≤ λmin(H) + δ + 12∥M2∥2

α∆ .

(ii) These history states correctly simulate V from Lemma 7 (as given in Equation (1)) on
any claimed proof |w1···m⟩ to the parallel Q-verifiers. However, the M2 term in H, which
simulates penalising the flag qubit of V , enforces that any such low energy history state must
in fact send the locally optimal proofs |w1···m⟩ = |w∗

1⟩ ⊗ · · · ⊗ |w∗
m⟩, ensuring all Q-queries

are answered correctly. The main technical ingredient behind rigorously proving this is the
following lemma.

▶ Lemma 11. Assume the notation of Lemma 7, which showed Tr(|ψ⟩⟨ψ| · |0⟩⟨0|qflag
=∑

y∈{0,1}m py,w · cos2 (
HW(y)

√
3/(2m)

)
, where |ψ⟩ denoted the output of V given joint

proof |w1···m⟩, and py,w = Pr (
∧m
i=1 Vi outputs yi | |w1···m⟩). Suppose there exists an i ∈

{1, . . . ,m} and ϵ > 0 such that |w1···m⟩ is “ϵ-suboptimal on proof i”, meaning there exists
a local proof |w′

i⟩such that Pr(Vi outputs 1 | |w1···m⟩) = Pr(Vi outputs 1 | |w′
i⟩) − ϵ. Then

there exists a proof |w′
1···m⟩ = |w′

1⟩ ⊗ · · · ⊗ |w′
m⟩ which causes V to output |ψ′⟩ satisfying

Tr
(

|ψ⟩⟨ψ| · |0⟩⟨0|qflag

)
≥ Tr

(
|ψ′⟩⟨ψ′| · |0⟩⟨0|qflag

)
+ 3

8m2 ϵ.

Lemma 11 ties the energy penalty on the flag qubit of V to the optimality of all Q-queries.
It is proven via a careful exchange argument involving a pair of recursions – the delicacy lies
in the fact that we require a rigorous deviation bound (i.e. 3ϵ/8m2), and for this we must
take conditional probabilities into account due to potential entanglement between proofs. A
full proof is provided in the full version of the paper [35]. ◀

2.3 Applying the Lifting Lemma
With Lemma 10 in hand, we show the hardness results depicted in the rightmost column of
Table 1. Technically, our construction gives a slightly stronger result, namely hardness for
∀-APX-SIM (Definition 24), for which the YES case reads “for all |ψ⟩ satisfying ⟨ψ|H |ψ⟩ ≤
λmin(H) + δ, ⟨ψ|A |ψ⟩ ≤ a”. This immediately implies hardness for APX-SIM as well, since
∀-APX-SIM trivially reduces to it.
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▶ Corollary 12. ∀-APX-SIM is complete for the Hamiltonians and respective classes in
Table 1. In particular, ∀-APX-SIM (and hence APX-SIM) is EXP∥QMA-hard for a 1D
TI Hamiltonian on qudits of local dimension 44, 1-local observable A, δ = 1/ poly(N),
b− a = Ω(1/ poly(N)).

▶ Remark. (1) In TI settings, one need be slightly careful in how Lemma 10 is applied, as
we cannot explicitly write out the full circuit of Figure 1. (2) We also obtain PSPACE-
completeness for inverse exponential promise gap (relative to system size N). Previously,
LH with such promise gap was shown PSPACE-complete [13]. (3) We also recover existing
P∥QMA-hardness results of [3, 19, 17] except for P∥StoqMA-completeness [17] (Lemma 10
requires error reduction, not known to hold for StoqMA).

3 Hardness via Lifting for GSCON

We now show Theorem 6, which recall says GSCON is QCMAEXP-complete for 1D TI
Hamiltonians on N qudits. To begin, we require the following tools.

▶ Definition 13 (b-orthogonal states and subspaces [18]). For b ≥ 1, a pair of states
|v⟩ , |w⟩ ∈ (Cd)⊗N is b-orthogonal if for all b-qudit unitaries U , we have ⟨w|U |v⟩ = 0.
We call subspaces S, T ⊆ (Cd)⊗N b-orthogonal if any pair of vectors |v⟩ ∈ S and |w⟩ ∈ T are
b-orthogonal.

▶ Lemma 14 (Traversal Lemma [18, 20]). Let S, T ⊆ (Cd)⊗N be b-orthogonal subspaces. Fix
arbitrary states |v⟩ ∈ S and |w⟩ ∈ T , and consider a sequence of b-qudit unitaries (Ui)mi=1
such that ∥|w⟩ − Um · · ·U1 |v⟩∥2 ≤ ϵ for some 0 ≤ ϵ < 1/2. Define |vi⟩ := Ui · · ·U1 |v⟩ and
P := I − ΠS − ΠT . Then, there exists an i ∈ [m] such that ⟨vi|P |vi⟩ ≥ ((1 − ϵ)/m)2

.

3.1 Generic hardness constructions via a Lifting Lemma
We now give a black-box mapping for “lifting” 1D TI circuit-to-Hamiltonian constructions
to QCMAEXP-hardness results for GSCON. While the goal is similar to the Lifting Lemma
for APX-SIM, here we restrict attention to a broad class of 1D TI circuit-to-Hamiltonian
mappings we denote TI-standard (Definition 26), with two primary properties: (1) In the
YES case, there exists a low energy state |ψlow⟩ preparable in time poly(N), for N the
length of the chain (hence our focus on QCMAEXP, not QMAEXP), and (2) the local Hi

need not be positive, but the set of Hi with ⟨ψlow|Hi |ψlow⟩ < 0 is computable in time
poly(N). Again, these assumptions are rather mild, and satisfied by most, if not all known
circuit-to-Hamiltonian constructions.

▶ Lemma 15 (Lifting Lemma for GSCON). Let V be a verifier for a QCMAEXP prom-
ise problem. Fix any TI-standard circuit-to-Hamiltonian mapping which produces 1D TI
Hamiltonians on qudits of local dimension d, and any b ∈ {2, . . . , N − 1}. Then, there exists
a poly(logN)-time many-one reduction mapping any instance x for V to a 1D TI GSCON
instance H on N qudits of local dimension 7d with b-local unitaries Ui, such that m ∈ poly(N)
and δ ∈ Θ(1/ poly(N)).

3.1.1 Proof of Lemma 15
The construction is stated below – Definition 16 gives the Hamiltonian, and the remaining
parameters are set subsequently. The intuition was outlined in Section 1, and is fleshed out
in the full version in multiple steps. Here, we recount the most crucial points, and point the
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Figure 2 Left: A ✓ (✗) at position (i, j) means symbol i can (cannot) appear immediately to
the left of j in joint clock space B. Right: An honest prover’s sequence of states in B, organised by
phase, and for N = 4. In this example, for concreteness we assume F = {1, 3} (see Definition 26).

reader to the completeness analysis of Appendix C.2 for further insight: (1) Each qudit in our
system is given its own “clock register” to permit a 1D construction, and (2) the Hamiltonian
H, start/end states |ψ⟩ and |ϕ⟩ are designed to force any low-energy space evolution to
effectively “wind through” a pre-defined path in the “clock space”, along which lies a carefully
placed “bottleneck” which “switches” on a simulation of the QCMAEXP verifier V .

▶ Definition 16 (Lifted Hamiltonian). Let x be an instance of a QCMAEXP promise problem,
with verification circuit V such that for any YES instance x, V accepts some classical proof
with probability at least 1 − ϵ, and for all NO instances x, V accepts all proofs with probability
at most ϵ. Let H ′ =

∑N−1
i=1 H ′

i,i+1, be the Hamiltonian generated by applying a TI-standard
construction (Definition 26) to V . Define E as the 2-local projector onto the set of forbidden
2-local nearest-neighbour substrings in figure 2 (left), where the Bi are the local clock registers.
Define the lifted Hamiltonian as H =

∑N−1
i=1 Hi,i+1, where:

Hi,i+1 := (H ′
i,i+1)Ai,Ai+1 ⊗ (|1⟩⟨1| + |2⟩⟨2| + |3⟩⟨3| + |4⟩⟨4| + |5⟩⟨5|)Bi

+ ∆EBi,Bi+1 (8)

for ∆ ∈ R to be chosen as needed. Note each Ai ⊗ Bi is viewed jointly as qudit i.

The start and final states are |ψ⟩ =
⊗N

i=1 |0⟩Ai
|0⟩Bi

and |ϕ⟩ =
⊗N

i=1 |0⟩Ai
|6⟩Bi

, respectively.
Set η1 = α, η2 = β/(8m2), η3 = 0, η4 = 1/2, and m = 2L+ 7N , where L ∈ poly(N) is the
size of the circuit preparing the ground state of H ′ in the YES case. Set δ = (η1 + η2)/2,
which by definition of TI-standard is at least inverse polynomial in N (since β is at least
inverse polynomial in N). Finally, set any b ∈ {2, . . . , N − 1} (b the locality of each Ui);
b = 2 suffices to show completeness, and soundness holds for all b ∈ {2, . . . , N − 1}.

Completeness

Suppose x is a YES instance. The following lemma shows there is a short path through the
low energy subspace between states |ψ⟩ and |ϕ⟩, as desired.

▶ Lemma 17 (Completeness). Let λmin(H ′) ≤ α. There exists a circuit U = Um . . . U2U1
of 2-local gates Ui such that U |ψ⟩ = |ϕ⟩, and all intermediate states |ψi⟩ = Ui . . . U2U1 |ψ⟩
satisfy ⟨ψi|H |ψi⟩ ≤ η1.

Proof sketch. The full analysis is given in Appendix C. The high-level idea is as follows:
Since x is a YES instance, H ′ has a low energy history state |ψlow⟩, which by Definition 26
can be prepared in poly(N) time. To traverse the low-energy space of H from |ψ⟩ to |ϕ⟩,
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prepare |ψlow⟩ in A, map the clock registers from |0⟩⊗N to |6⟩⊗N according to the rules of
Figure 2 (left); an N = 4 example is in Figure 2 (right). Roughly, the Warm up and Full
blast (and by symmetry, Cool down, Complete shutdown) phases allow the honest prover to
“switch on” local terms of Hi in an arbitrary order, required since we cannot assume H ′

i ⪰ 0
for all i in Definition 26 (necessary for [21]). The remaining four phases are for soundness
(Lemma 18). ◀

Soundness. Suppose x is a NO instance. The following lemma shows that any short path
from |ψ⟩ to |ϕ⟩ must leave the low-energy subspace.

▶ Lemma 18. Let λmin(H ′) ≥ β, and fix any b ∈ {2, . . . , N − 1}. Consider any sequence
U = Um · · ·U1 of b-local unitary operators acting on

⊗N
i=1 Ai ⊗ Bi. Then, either there exists

i ∈ [m] such that intermediate state |ψi⟩ := Ui · · ·U2U1 |ψ⟩ satisfies ⟨ψi|H |ψi⟩ ≥ 1
2

(
β

4m2

)
=

η2, or ∥|ψm⟩ − |ϕ⟩∥2 ≥ 1/2 = η4.

Proof sketch. The full analysis is given in Appendix C. At a high level, in the NO case, H ′

does not have a low-energy state |ψlow⟩ to prepare in A. Thus, the aim is to force the cheating
prover to switch on all terms H ′

i, which inflicts energy penalty at least β on register A. The
catch is that the prover can apply b-local unitaries, potentially attempting to bypass the last
b switches on the chain via a single unitary. Via a careful application of the Traversal Lemma,
we show that there exists a time step i, such that intermediate state |ψi⟩ has non-trivial
overlap in BN−b ⊗ · · · ⊗ BN on regular expression 33∗(2∗ ∪ 4∗). By the rules of Figure 2 (left),
we deduce that all switch qudits to the left of BN−b are also set to |3⟩; but this guarantees
all terms of H ′

i are switched on, as desired. Note the Traversal Lemma alone cannot ensure
that all H ′

i are turned on; it is the delicate combination of the rules of Figure 2 (left) and
the Traversal Lemma which make this possible. ◀

3.2 Proof of QCMAEXP-completeness
With the Lifting Lemma for GSCON (Lemma 15) in hand, we obtain our QCMAEXP-
completeness result.

▶ Theorem 19. GSCON is QCMAEXP-complete for 1D, nearest neighbour, translationally
invariant Hamiltonians on N qudits, for m ∈ poly(N), δ ∈ Θ(1/ poly(N)), and any b ∈
{2, . . . , N − 1}.

Proof sketch. Containment in QCMAEXP for δ ∈ Ω(1/ poly(N)) is immediate since
GSCON ∈ QCMA for any interaction graph [18]. QCMAEXP-hardness of GSCON fol-
lows from plugging GI into Lemma 15. Note GI itself is not TI-standard, as it does not satisfy
the requirement β ≥ 16(2L+ 7N)α ≥ 0, but this is easily addressed via energy shifts. ◀

References
1 Ian Affleck, Tom Kennedy, Elliott H. Lieb, and Hal Tasaki. Rigorous results on valence-bond

ground states in antiferromagnets. Physical Review Letters, 59(7):799–802, August 1987.
doi:10.1103/PhysRevLett.59.799.

2 Dorit Aharonov, Daniel Gottesman, Sandy Irani, and Julia Kempe. The power of quantum
systems on a line. Communications in Mathematical Physics, 287(1):41–65, May 2009. doi:
10.1007/s00220-008-0710-3.

3 Andris Ambainis. On physical problems that are slightly more difficult than QMA. In 29th
IEEE Conference on Computational Complexity (CCC), pages 32–43, 2014.

https://doi.org/10.1103/PhysRevLett.59.799
https://doi.org/10.1007/s00220-008-0710-3
https://doi.org/10.1007/s00220-008-0710-3


J. D. Watson, J. Bausch, and S. Gharibian 54:15

4 Johannes Bausch, Toby Cubitt, and Maris Ozols. The Complexity of Translationally Invariant
Spin Chains with Low Local Dimension. Annales Henri Poincaré, 18(11):3449–3513, November
2017. doi:10.1007/s00023-017-0609-7.

5 Johannes Bausch, Toby S. Cubitt, Angelo Lucia, and David Perez-Garcia. Undecidability
of the Spectral Gap in One Dimension. Physical Review X, 10(3):031038, August 2020.
doi:10.1103/PhysRevX.10.031038.

6 Johannes Bausch and Stephen Piddock. The complexity of translationally invariant low-
dimensional spin lattices in 3D. Journal of Mathematical Physics, 58(11):111901, November
2017. doi:10.1063/1.5011338.

7 H Bethe. Zur Theorie der Metalle. Zeitschrift für Physik, 71(3–4):205–226, 1931.
8 S. Bravyi and M. Hastings. On complexity of the quantum Ising model. Communications in

Mathematical Physics, 349(1):1–45, 2017. doi:10.1007/s00220-016-2787-4.
9 Nikolas P. Breuckmann and Barbara M. Terhal. Space-time circuit-to-Hamiltonian construction

and its applications. Journal of Physics A Mathematical General, 47(19):195304, May 2014.
doi:10.1088/1751-8113/47/19/195304.

10 Brielin Brown, Steven T. Flammia, and Norbert Schuch. Computational Difficulty of Comput-
ing the Density of States. PRL, 107(4):040501, July 2011. doi:10.1103/PhysRevLett.107.
040501.

11 Toby S Cubitt, Ashley Montanaro, and Stephen Piddock. Universal quantum hamiltonians.
Proceedings of the National Academy of Sciences, 115(38):9497–9502, 2018. arXiv:1701.05182.

12 Toby S. Cubitt, David Perez-Garcia, and Michael M. Wolf. Undecidability of the spectral gap.
Nature, 528(7581):207–211, December 2015. doi:10.1038/nature16059.

13 Bill Fefferman and Cedric Yen-Yu Lin. A Complete Characterization of Unitary Quantum
Space. In Leibniz International Proceedings in Informatics (LIPIcs). 9th Innovations in
Theoretical Computer Science Conference, April 2016. doi:10.4230/LIPIcs.ITCS.2018.4.

14 Fabio Franchini. An Introduction to Integrable Techniques for One-Dimensional Quantum
Systems, volume 940 of Lecture Notes in Physics. Springer International Publishing, Cham,
2017. doi:10.1007/978-3-319-48487-7.

15 S. Gharibian, Y. Huang, Z. Landau, and S. W. Shin. Quantum Hamiltonian complexity.
Foundations and Trends® in Theoretical Computer Science, 10(3):159–282, 2014. doi:10.
1561/0400000066.

16 S. Gharibian and J. Kempe. Hardness of approximation for quantum problems. In 39th
International Colloquium on Automata, Languages and Programming (ICALP), pages 387–398,
2012.

17 Sevag Gharibian, Stephen Piddock, and Justin Yirka. Oracle Complexity Classes and Local
Measurements on Physical Hamiltonians. In 37th International Symposium on Theoretical
Aspects of Computer Science (STACS 2020), volume 154, pages 20:1–20:37, 2020.

18 Sevag Gharibian and Jamie Sikora. Ground state connectivity of local Hamiltonians. In
42nd International Colloquium on Automata, Languages, and Programming (ICALP), pages
617–628, 2015.

19 Sevag Gharibian and Justin Yirka. The complexity of simulating local measurements on
quantum systems. Quantum, 3:189, 2019. doi:10.22331/q-2019-09-30-189.

20 David Gosset, Jenish C. Mehta, and Thomas Vidick. QCMA hardness of ground space
connectivity for commuting Hamiltonians. Quantum, 1:16, July 2017. doi:10.22331/
q-2017-07-14-16.

21 Daniel Gottesman and Sandy Irani. The Quantum and Classical Complexity of Translationally
Invariant Tiling and Hamiltonian Problems. Theory of Computing, 9(1):31–116, May 2009.
doi:10.4086/toc.2013.v009a002.

22 S. Hallgren, D. Nagaj, and S. Narazanaswami. The Local Hamiltonian problem on a line with
eight states is QMA-complete. Quantum Information & Computation, 13(9&10):0721–0750,
2013.

STACS 2023

https://doi.org/10.1007/s00023-017-0609-7
https://doi.org/10.1103/PhysRevX.10.031038
https://doi.org/10.1063/1.5011338
https://doi.org/10.1007/s00220-016-2787-4
https://doi.org/10.1088/1751-8113/47/19/195304
https://doi.org/10.1103/PhysRevLett.107.040501
https://doi.org/10.1103/PhysRevLett.107.040501
http://arxiv.org/abs/1701.05182
https://doi.org/10.1038/nature16059
https://doi.org/10.4230/LIPIcs.ITCS.2018.4
https://doi.org/10.1007/978-3-319-48487-7
https://doi.org/10.1561/0400000066
https://doi.org/10.1561/0400000066
https://doi.org/10.22331/q-2019-09-30-189
https://doi.org/10.22331/q-2017-07-14-16
https://doi.org/10.22331/q-2017-07-14-16
https://doi.org/10.4086/toc.2013.v009a002


54:16 The Complexity of Translationally Invariant Problems Beyond Ground State Energies

23 A. S. Holevo. Bounds for the quantity of information transmitted by a quantum communication
channel. Problems of Information Transmission, 9(3):177–183, 1973.

24 Julia Kempe, Alexei Yu. Kitaev, and Oded Regev. The Complexity of the Local Hamiltonian
Problem. SIAM Journal on Computing, 35(5):1070–1097, January 2006. doi:10.1137/
S0097539704445226.

25 A. Kitaev, A. Shen, and M. Vyalyi. Classical and Quantum Computation. American Mathem-
atical Society, 2002.

26 Alexei Yu. Kitaev, Alexander Shen, and Mikhail N. Vyalyi. Classical and quantum computing.
In Quantum Information, pages 203–217. Springer New York, New York, NY, 2002. doi:
10.1007/978-0-387-36944-0_13.

27 Tamara Kohler, Stephen Piddock, Johannes Bausch, and Toby Cubitt. Translationally
invariant universal quantum hamiltonians in 1d. Annales Henri Poincaré, 23(1):223–254, 2021.
doi:10.1007/s00023-021-01111-7.

28 Zeph Landau, Umesh Vazirani, and Thomas Vidick. A polynomial time algorithm for the
ground state of one-dimensional gapped local Hamiltonians. Nature Physics, 11(7):566–569,
June 2015. doi:10.1038/nphys3345.

29 Elliott Lieb, Theodore Schultz, and Daniel Mattis. Two soluble models of an antiferromagnetic
chain. Annals of Physics, 16(3):407–466, December 1961. doi:10.1016/0003-4916(61)
90115-4.

30 Daniel Nagaj. Local Hamiltonians in Quantum Computation. PhD thesis, Massachusetts
Institute of Technology, Boston, 2008. Available at arXiv.org quant-ph/0808.2117v1.

31 Roberto I. Oliveira and Barbara M. Terhal. The complexity of quantum spin systems on a
two-dimensional square lattice. Quantum Information and Computation, 8(10):1–23, April
2005. arXiv:0504050.

32 T. J. Osborne. Hamiltonian complexity. Reports on Progress in Physics, 75(2):022001, 2012.
URL: http://stacks.iop.org/0034-4885/75/i=2/a=022001.

33 Stephen Piddock and Johannes Bausch. Universal Translationally-Invariant Hamiltonians.
arXiv, January 2020. arXiv:2001.08050.

34 Y. Shi and S. Zhang. Note on quantum counting classes. Available at http://www.cse.cuhk.
edu.hk/syzhang/papers/SharpBQP.pdf.

35 James D. Watson, Johannes Bausch, and Sevag Gharibian. The Complexity of Translationally
Invariant Problems beyond Ground State Energies. arXiv e-prints, page arXiv:2012.12717,
December 2020. arXiv:2012.12717.

36 Steven R. White. Density matrix formulation for quantum renormalization groups. Physical
Review Letters, 69(19):2863–2866, November 1992. doi:10.1103/PhysRevLett.69.2863.

A Additional Definitions

▶ Definition 20 (QMAEXP [21]). A promise problem Π = (Ayes, Ano) is in QMAEXP if
and only if there exists a k ∈ O(1) and a Quantum Turing Machine M such that for any
input x ∈ {0, 1}n, and any proof |ψ⟩ ∈ (C2)⊗2nk

, on input (x, |ψ⟩), M halts in 2nk steps.
Furthermore,

(Completeness) If x ∈ Ayes, ∃ |ψ⟩ ∈ (C2)⊗2nk

such that M accepts (x, |ψ⟩) with probability
≥ 2/3.
(Soundness) If x ∈ Ano, then ∀ |ψ⟩ ∈ (C2)⊗2nk

, M accepts (x, |ψ⟩) with probability ≤ 1/3.
We take care to distinguish QMAEXP from the class QMAexp of [13] which is for an expo-
nentially small promise gap in the input size, but polynomial length run time, also called
PreciseQMA.

Next, QMA with a classical witness yields the complexity class QCMA.

https://doi.org/10.1137/S0097539704445226
https://doi.org/10.1137/S0097539704445226
https://doi.org/10.1007/978-0-387-36944-0_13
https://doi.org/10.1007/978-0-387-36944-0_13
https://doi.org/10.1007/s00023-021-01111-7
https://doi.org/10.1038/nphys3345
https://doi.org/10.1016/0003-4916(61)90115-4
https://doi.org/10.1016/0003-4916(61)90115-4
http://arxiv.org/abs/0504050
http://stacks.iop.org/0034-4885/75/i=2/a=022001
http://arxiv.org/abs/2001.08050
http://www.cse.cuhk.edu.hk/syzhang/papers/SharpBQP.pdf
http://www.cse.cuhk.edu.hk/syzhang/papers/SharpBQP.pdf
http://arxiv.org/abs/2012.12717
https://doi.org/10.1103/PhysRevLett.69.2863


J. D. Watson, J. Bausch, and S. Gharibian 54:17

▶ Definition 21 (QCMAEXP). A promise problem Π = (Ayes, Ano) is in QCMAEXP if and
only if there exists k ∈ O(1) and an exponential-time uniform family of quantum circuits
{Qn}, where Qn takes as input a string x ∈ Σn, a classical proof y ∈ {0, 1}2nk

, and 2nk

ancilla qubits in state |0⟩⊗2nk

, such that:
(Completeness) If x ∈ Ayes, ∃y ∈ {0, 1}2nk

such that Qn accepts (x, y) with probability
≥ 2/3.
(Soundness) If x ∈ Ano,∀y ∈ {0, 1}2nk

, Qn accepts (x, y) with probability ≤ 1/3.

▶ Definition 22 (Deterministic Decision class). A set C of languages is a deterministic
decision class if, for any language L ∈ C, there exists a deterministic Turing machine M
which can decide L under the resource constraints specified by C. Formally, given any input
x ∈ {0, 1}n, M halts after using R(n) resources (where R may specify bounds on time or
space), and accepts if x ∈ L or rejects if x ̸∈ L.

Standard examples of deterministic classes include P, PSPACE, and EXP.

▶ Definition 23 (Existentially quantified quantum verification class (QVClass)). A set C of
promise problems is an existentially quantified quantum verification class if any promise
problem A = (Ayes, Ano, Ainv) in C satisfies the following. There exist computable functions
f, g, h : N 7→ N, as well as a deterministic Turing machine M which, for any input x ∈ {0, 1}n,
uses R(n) resources to produce a quantum verification circuit V (consisting of 1- and 2-qubit
gates) and thresholds c, s ∈ R+ such that c− s > 1/h(n). Here, R(x) refers to resources such
as time, space, etc, as required by C. The circuit V takes in a quantum proof |ψ⟩ on f(n)
qubits, g(n) ancilla qubits initialised to all zeroes, and has a designated output qubit, such
that:

(YES case) If x ∈ Ayes, there exists a quantum proof |ψ⟩ on f(n) qubits such that
measuring the output qubit of V |ψ⟩ |0 · · · 0⟩ in the standard basis yields 1 with probability
at least c.
(NO case) If x ∈ Ano, for all quantum proofs |ψ⟩ on f(n) qubits, measuring the output
qubit of V |ψ⟩ |0 · · · 0⟩ in the standard basis yields 1 with probability at most s.

Without loss of generality, we assume the output qubit of V is the first wire exiting V .

In this way, classes such as NP, NEXP, QCMA, QMA, and so forth are examples of a
QVClass.

▶ Definition 24 (∀-APX-SIM(H,A, k, l, a, b, δ) [17]). Given a k-local Hamiltonian H =
∑
iHi

acting on N qubits, an l-local observable A, and real numbers a, b, and δ such that b−a ≥ N−c

and δ ≥ N−c′ , for c, c′ > 0 constant, decide:
YES. If for all |ψ⟩ satisfying ⟨ψ|H |ψ⟩ ≤ λmin(H) + δ, it holds that ⟨ψ|A |ψ⟩ ≤ a.
NO. If for all |ψ⟩ satisfying ⟨ψ|H |ψ⟩ ≤ λmin(H) + δ, it holds that ⟨ψ|A |ψ⟩ ≥ b.

B Complexity of APX-SIM

B.1 Useful Lemmas
▶ Lemma 25 (Extended Projection Lemma ([24, 19])). Let H = H1 +H2 be the sum of two
Hamiltonians operating on some Hilbert space H = S + S⊥. The Hamiltonian H1 is such
that S is a zero eigenspace and the eigenvectors in S⊥ have eigenvalue at least J > 2 ∥H2∥∞.
Let K := ∥H2∥∞. Then, for any δ ≥ 0 and |ψ⟩ satisfying ⟨ψ|H |ψ⟩ ≤ λmin(H) + δ, there
exists a |ψ′⟩ ∈ S such that the ground state energy is bounded as λmin(H2|S) − K2

J−2K ≤

STACS 2023
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λmin(H) ≤ λmin(H2|S), where λmin(H2|S) denotes the smallest eigenvalue of H2 restricted to

space S. Furthermore, the ground state is perturbed as |⟨ψ|ψ′⟩|2 ≥ 1 −
(
K+

√
K2+δ(J−2K)
J−2K

)2
,

and satisfies ⟨ψ′|H |ψ′⟩ ≤ λmin(H) + δ + 2KK+
√
K2+δ(J−2K)
J−2K .

C Complexity of GSCON

C.1 Definitions for GSCON
▶ Definition 26 (TI-standard). A circuit-to-Hamiltonian mapping from verification circuits
V to 1D, nearest neighbor, translationally invariant Hamiltonians H =

∑N−1
i=1 Hi,i+1 is

TI-standard if it satisfies the following conditions. Below, N denotes the number of qudits H
acts on, and α and β the completeness/soundness (a.k.a. “low energy” and “high energy”)
parameters for H, respectively:
1. H ⪰ 0, although the local terms may satisfy Hi,i+1 ̸⪰ 0.
2. In the YES case, if the optimal proof to verifier V is a classical string y ∈ {0, 1}poly(N),

then there exists a (potentially non-uniformly generated) quantum circuit of size L ∈
poly(N) preparing a low energy state |ψlow⟩ for H, i.e. ⟨ψlow|H |ψlow⟩ ≤ α.

3. In the YES case, the subset of indices F ⊆ [N − 1] for which Hi,i+1 contributes negative
energy to the low-energy state, i.e. all i for which Hi,i+1 satisfies ⟨ψlow|Hi,i+1 |ψlow⟩ < 0,
is computable in poly(N) time4.

4. In the NO case, λmin(H) ≥ β. Here, we require |α− β| ≥ 1/ poly(N) (which is standard
in the literature) and β ≥ 16(2L+ 7N)α ≥ 0 (which is specific to our construction).

All of these assumptions are rather mild, as we now clarify.

Remarks regarding Definition 26.
Assumptions 1 and 4 must be taken together (otherwise, H ⪰ 0 can always be achieved
by adding a multiple of the identity).
The setting of H ⪰ 0 but Hi ̸⪰ 0 arises when applying our construction to the Gottesman-
Irani 1D TI mapping (henceforth GI) [21] in Section 3.2. Specifically, GI is not TI-standard
in its original form, since it violates the final requirement β ≥ 16(2L+ 7N)α, which is
crucial to our use of the Traversal Lemma.
Assumption 3 is vacuously true when all Hi ⪰ 0. When Hi ̸⪰ 0 for some i, however,
this is also generally a mild assumption, since it only cares about energies against |ψlow⟩,
which is typically a history state of some form.

C.2 Proof of GSCON Lifting Lemma
We now prove the Lifting Lemma for GSCON, Lemma 15.

C.2.1 Completeness
Suppose x is a YES instance. The following lemma shows there is a short path through the
low energy subspace between states |ψ⟩ and |ϕ⟩, as desired.

4 One can replace the < 0 condition here with < −1/p(N) for some sufficiently small polynomial p; we
omit this for simplicity.
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▶ Lemma 27. Using the notation of Definition 16, let λmin(H ′) ≤ α. There exists a circuit
U = Um . . . U2U1 of 2-local gates Ui such that U |ψ⟩ = |ϕ⟩, and all intermediate states
|ψi⟩ = Ui . . . U2U1 |ψ⟩ satisfy ⟨ψi|H |ψi⟩ ≤ η1.

Proof. By definition of TI-standard, since the optimal QCMAEXP proof is a classical string
of size poly(N), there exists a poly(N)-length sequence U ′ = UL · · ·U1 of L 1-and 2-qudit
unitaries (acting on

⊗N
i=1 Ai) which prepares a low energy state |ψlow⟩ of H ′. The circuit U

of the claim now acts as follows (see Figure 2 for an explicit example when N = 4).
1. Prepare low energy state. Compute U ′

A ⊗ IB |ψ⟩A,B, i.e. perform the mapping

|ψ⟩A,B 7→ |ψlow⟩A |0 · · · 0⟩B .

2. “Warm up”. Let F ⊆ [N − 1] denote the set of indices i for which ⟨ψlow|H ′
i,i+1 |ψlow⟩ < 0,

which is efficiently computable by definition of TI-standard. One at a time, map |0⟩Bi
7→

|1⟩Bi
for each i ∈ F , in any order.

3. “Full blast”. One at a time, map |0⟩Bi
7→ |1⟩Bi

for all i ∈ [N ] \ F , in any order.
4. “Left deke”. Map |1⟩Bi

7→ |2⟩Bi
for all i in sequence (N, . . . , 1) (i.e. right to left).

5. “Right deke”. Map |2⟩Bi
7→ |3⟩Bi

for all i in sequence (1, . . . , N) (i.e. left to right).
6. “Left deke”. Map |3⟩Bi

7→ |4⟩Bi
for all i in sequence (N, . . . , 1) (i.e. right to left).

7. “Right deke”. Map |4⟩Bi
7→ |5⟩Bi

for all i in sequence (1, . . . , N) (i.e. left to right).
8. “Cool down”. One at a time, map |5⟩Bi

7→ |6⟩Bi
for all i ∈ [N ] \ F , in any order.

9. “Complete shut down”. One at a time, map |5⟩Bi
7→ |6⟩Bi

for each i ∈ F , in any order.
10. Uncompute low energy state. Apply (U ′)†

A ⊗ IB to our state.

Analysing each step above shows that for each step satisfy ⟨ψi|H |ψi⟩ ≤ η1. ◀

C.2.2 Soundness
Suppose x is a NO instance. The following lemma shows that any short path from |ψ⟩ to |ϕ⟩
must leave the low-energy subspace, as desired.

▶ Lemma 28. Using the notation of Definition 16, let λmin(H ′) ≥ β, and fix any
b ∈ {2, . . . , N − 1}. Consider any sequence U = Um · · ·U1 of b-local unitary operators
acting on

⊗N
i=1 Ai ⊗ Bi. Then, either there exists i ∈ [m] such that intermediate state

|ψi⟩ := Ui · · ·U2U1 |ψ⟩ satisfies ⟨ψi|H |ψi⟩ ≥ 1
2

(
β

4m2

)
= η2, or ∥|ψm⟩ − |ϕ⟩∥2 ≥ 1/2 = η4.

Proof. Assume, for sake of contradiction, that ∥|ψm⟩ − |ϕ⟩∥2 < 1/2, and that ⟨ψi|H |ψi⟩ < η2
for all i ∈ [m]. Define b-orthogonal subspaces

S012 = IA,B1,...,N−b−1 ⊗ Span
({

|s⟩BN−b,N
| s ∈ {0, 1, 2}b+1

})
S456 = IA,B1,...,N−b−1 ⊗ Span

({
|s⟩BN−b,N

| s ∈ {4, 5, 6}b+1
})

,

and recall that we set

Hi,i+1 := H ′
i,i+1 ⊗ (|1⟩⟨1| + |2⟩⟨2| + |3⟩⟨3| + |4⟩⟨4| + |5⟩⟨5|)Bi + ∆EBi,Bi+1 (9)

for E the projector forbidding the 2-local substrings depicted in Figure 2 (left). We first
show that, for sufficiently large ∆, |ψi⟩ has almost all its amplitude on a state in the null
space of HE := ∆

∑N
i=1 EBi,Bi+1 .
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▶ Lemma 29. Assume ⟨ψi|H |ψi⟩ < η2 for all i ∈ [m]. Then, there exists i ∈ [m] such that
|ψi⟩ can be written as |ψi⟩ = γ1 |γ1⟩ + γ2 |γ2⟩, with ⟨γ1|γ2⟩ = 0, |γ1⟩ ∈ Null (HE), and

∥|ψi⟩⟨ψi| − |γ1⟩⟨γ1|∥tr < 2
√
η2

∆ , (10)

⟨γ1| I − ΠS012 − ΠS456 |γ1⟩ >
1

4m2 − 2
√
η2

∆ . (11)

The proof of Lemma 29 follows from Lemma 14. We draw the following conclusions:
1. Recalling that S012 (S456) projects onto {0, 1, 2}∗ ({4, 5, 6}∗) in BN−b,...,N , respectively,

Equation (11) implies |γ1⟩ = χ1 |χ1⟩ + χ2 |χ2⟩ for orthonormal vectors {|χ1⟩ , |χ2⟩},
|χ1|2 > (4m−2) − 2

√
η2/∆, such that |χ1⟩ has registers BN−b,...,N supported solely on

the intersection of two sets:
All strings in the null space of HE (since |γ1⟩ ∈ Null (HE) implies |χ1⟩ ∈ Null (HE)),
and
all strings in the null space of I − ΠS012 − ΠS456 (by Equation (11)).

But the intersection of these two sets has precisely the regular expression

33∗(2∗ ∪ 4∗), (12)

where the first 3 is located in BN−b. This follows since by Figure 2 (left), a 3 can only
have a 2, 3, or 4 to its right, and once we put down a 2 to the right (resp. 4), we can
only put down more 2’s (resp. 4’s).
Similarly, |χ2⟩ is supported in registers BN−b,...,N solely on the span of strings from set
{0, 1, 2}b+1 ∪ {4, 5, 6}b+1 (note Figure 2 (left) disallows a digit from set {0, 1, 2} to be
neighbours with a digit from {4, 5, 6}). Thus, |χ1⟩ and |χ2⟩ are orthogonal on the last
b + 1 switch qudits (since the former must have a |3⟩ on these qudits, but the latter
cannot).

2. Again since |χ1⟩ ∈ Null (HE), combining Equation (12) with Figure 2 (left) now implies,
in fact, that all switch qudits “to the left” of BN−b are also set to |3⟩, i.e.

|χ1⟩ = |3 · · · 3⟩B1,...,N−b
⊗ |χ′

1⟩A,BN−b+1,...,N
,

for some unit vector |χ′
1⟩. Together with Equation (12), this implies the entire register B

of |χ1⟩ is supported only on symbols from {2, 3, 4}.
3. Since all of B is now supported on symbols from {2, 3, 4}, it follows from Equation (9)

that all terms of H ′ are switched on (thus resolving Obstacle 2). Hence,

⟨γ1|H |γ1⟩ = ⟨γ1|
N−1∑
i=1

H ′
i,i+1 ⊗ (|1⟩⟨1| + |2⟩⟨2| + |3⟩⟨3| + |4⟩⟨4| + |5⟩⟨5|)Bi |γ1⟩

>

(
1

4m2 − 2
√
η2

∆

)
⟨χ1|H |χ1⟩

=
(

1
4m2 − 2

√
η2

∆

)
Tr(H ′ TrB(|χ1⟩⟨χ1|))

≥
(

1
4m2 − 2

√
η2

∆

)
β, (13)

where the first statement follows since |γ1⟩ ∈ Null (HE), the second since (1) H ′ ⪰ 0 and
(2) since

⟨χ1|H ′
i,i+1 ⊗ (|1⟩⟨1| + |2⟩⟨2| + |3⟩⟨3| + |4⟩⟨4| + |5⟩⟨5|)Bi

|χ2⟩ = 0,
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since |χ1⟩ and |χ2⟩ are orthogonal on the last b+1 switch qudits (even when projected down
onto Span(|1⟩ , |2⟩ , |3⟩ , |4⟩ , |5⟩)), the third statement since all of register B is supported
on symbols {2, 3, 4}, and the last statement since λmin(H ′) ≥ β by assumption.

We conclude that |γ1⟩ is high energy against H . We now show a similar result for |ψi⟩, giving
the desired contradiction. To do so, we follow the proof of the Projection Lemma of [24].
For brevity, define H1 :=

∑N−1
i=1 H ′

i,i+1 ⊗ (|1⟩⟨1| + |2⟩⟨2| + |3⟩⟨3| + |4⟩⟨4| + |5⟩⟨5|)Bi so that
H = H1 +HE . Then, for ∆ > 2 ∥H ′∥∞ = 2 ∥H1∥∞, recalling that HE |γ1⟩ = 0,

⟨ψi|H |ψi⟩ ≥
[
(1 − |γ2|2) ⟨γ1|H1 |γ1⟩ + 2Re(γ1γ2 ⟨γ1|H1 |γ2⟩) + |γ2|2 ⟨γ2|H1 |γ2⟩

]
+ ∆ |γ2|2

≥ ⟨γ1|H1 |γ1⟩ + (∆ − 2 ∥H1∥∞) |γ2|2 − 2 ∥H1∥∞ |γ2|

> ⟨γ1|H |γ1⟩ − 2 ∥H1∥∞

√
η2

∆

>
1

4m2 β − 2
√
η2

∆
(
β +

∥∥H ′∥∥
∞

)
,

where the first statement follows since |γ1|2 + |γ2|2 = 1 and HE |γ1⟩ = 0, the second since
|γ1| ≤ 1, the third when ∆ > 2 ∥H1∥∞ and since |γ2|2 < η2/∆, and the last by Equation (13)
and since ∥H1∥∞ = ∥H ′∥∞. Crucially, note that H ′ is independent of ∆ (recall H ′ is the
TI-standard Hamiltonian we have plugged in as a black-box). Thus, we may set ∆ to a
sufficiently large fixed polynomial in N so that ⟨ψi|H |ψi⟩ > 1

2

(
β

4m2

)
= η2. This yields the

desired contradiction. ◀

STACS 2023





Restless Temporal Path Parameterized Above
Lower Bounds
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Abstract
Reachability questions are one of the most fundamental algorithmic primitives in temporal graphs –
graphs whose edge set changes over discrete time steps. A core problem here is the NP-hard Short
Restless Temporal Path: given a temporal graph G, two distinct vertices s and z, and two
numbers δ and k, is there a δ-restless temporal s-z path of length at most k? A temporal path is a
path whose edges appear in chronological order and a temporal path is δ-restless if two consecutive
path edges appear at most δ time steps apart from each other. Among others, this problem has
applications in neuroscience and epidemiology. While Short Restless Temporal Path is known
to be computationally hard, e.g., it is NP-hard even if the temporal graph consists of three discrete
time steps and it is W[1]-hard when parameterized by the feedback vertex number of the underlying
graph, it is fixed-parameter tractable when parameterized by the path length k. We improve on this
by showing that Short Restless Temporal Path can be solved in (randomized) 4k−d|G|O(1) time,
where d is the minimum length of a temporal s-z path.
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1 Introduction

Susceptible-Infected-Recovered. These are the three states of the SIR-model – a canonical
spreading model for diseases where recovery confers lasting resistance [6, 31, 39]. Here, an
individual is at first susceptible (S) to get a certain disease, can devolve to be infected (I),
and ends up resilient after recovery (R). We study one of the most fundamental algorithmic
questions in this model: given a set of individuals with a list of physical contacts over
time, and two individuals s and z, is it possible to have a chain of infections from s to z?
As the timing of the physical contacts is crucial in this scenario, we use a temporal graph
G := (V, (Ei)τ

i=1) consisting of a set V of vertices and an edge set that changes over discrete
time steps described by a chronologically ordered sequence (Ei)τ

i=1 of edge sets over V . Here,
the number τ denotes the lifetime of of the temporal graph G. A temporal path is a path
whose edges appear in chronological order. In particular, a sequence P := ((ei, ti))m

i=1 of time-
edges from E(G) :=

⋃τ
i=1 Ei ×{i} is a temporal s-z path of length m if (

⋃m
i=1 ei, {ei | i ∈ [m]})

is an s-z path (no vertex is visited twice) and ti ≤ ti+1 for all i ∈ [m − 1]. If we construct a
temporal graph where the vertices are individuals and an edge e ∈ Et represents a physical
contact of two individuals at time step t, then a chain of infections is represented by a
temporal path. However, not every temporal path yields a potential chain of infections, as an
infected person might recover before the next individual is met. To represent infection chains
in the SIR-model by temporal paths, we restrict the waiting time at each intermediate vertex
to a prescribed duration – that is, the time until an individual becomes resilient after infection.
These temporal paths are called restless. In particular, the temporal s-z path P is δ-restless
if ti ≤ ti+1 ≤ ti +δ for all i ∈ [m−1] where δ ∈ N∪{0}. Hence, restless temporal paths model
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Figure 1 An illustration of a temporal graph with vertices s, a, b, c, e, and z. The labels on the
edges denote at which time steps the edges are present. The time-edges of a 2-restless temporal
s-z path in this temporal graph are marked by thick (green) edges. In fact, this is the only 2-restless
temporal s-z path in this temporal graph, as we cannot visit a vertex twice and two consecutive
time-edges have to be at most two time steps apart.

infection transmission routes of diseases that grant immunity upon recovery [28]. Other
applications of restless temporal paths appear in the context of delay-tolerant networking
with time-aware routing tables [13], and in the context of finding signaling pathways in brain
networks [41]. Consider Figure 1 for an illustration of a temporal graph with a 2-restless
temporal s-z path.

The central problem of this work is as follows.

Short Restless Temporal Path
Input: A temporal graph G, a source vertex s ∈ V , a destination vertex z ∈ V , and

integers δ, k ∈ N.
Question: Is there a δ-restless temporal s-z path in G of length at most k?

Casteigts et al. [13] showed that Short Restless Temporal Path is NP-hard even
if δ = 1, τ = 3, every edge appears only once, and the underlying graph has a maximum
degree of six. Moreover, they showed that it is W[1]-hard when parameterized by the distance
to disjoint paths of the underlying graph1. Among other things, this presumably excludes
exact algorithms for Short Restless Temporal Path running in f(x) · |G|O(1) time,
where x is the distance to disjoint paths of the underlying graph and f is any computable
function.

Hence, Short Restless Temporal Path is presumably not fixed-parameter tractable
when parameterized by a wide range of well-known parameters of the underlying (static)
graph, e.g., feedback vertex number, pathwidth, or cliquewith. However, Short Restless
Temporal Path is fixed-parameter tractable when parameterized by k or the treedepth of the
underlying graph or the feedback edge number of the underlying graph [13]. Thejaswi et al. [41]
showed that for every p ∈ R with 0 < p < 1 there is a randomized O(2kk|G|δ log(k · 1/p))-time
algorithm for Short Restless Temporal Path that has a one-sided error probability of
at most p. More precisely, if the algorithm returns yes, then the given instance I of Short
Restless Temporal Path is a yes-instance, and if the algorithm returns no, then the
probability that I is a yes-instance is at most p. They conducted experiments on large
synthetic and real-world data sets and showed that their algorithm performs well as long as
the parameter k is small. For example, one can solve Short Restless Temporal Path
with k ≤ 9 and a temporal graph with 36 million time-edges in less than one hour with
customary desktop hardware. On the data set used in the experiments, k seems to be the

1 That is, the minimum number of vertices we need to remove from a graph such that the remaining
graph consists of a set of vertex-disjoint paths.
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only useful parameter for which we know that Short Restless Temporal Path is fixed-
parameter tractable; all other known parameters (i.e., timed feedback vertex number [13],
treedepth of the underlying graph, and feedback edge number of the underlying graph) are
too large to be eligible in practice [41]. Hence, the current algorithms are not satisfactory
when it comes to computing long restless temporal paths in real-world temporal networks.

The parameter k of Short Restless Temporal Path can be seen as the solution size
and is thus a natural and well-motivated parameter from a parameterized algorithmics point
of view. However, as we observed before, FPT-algorithms regarding the solution size are
not necessarily practical, e.g., if all solutions are large. To address this problem, one can
investigate parameterizations above guaranteed lower bounds [4, 8, 14, 25, 27, 33, 34, 29]:
that is, the difference between the smallest size of a solution and a guaranteed lower bound
for the solution size. We refer to Gutin and Mnich [26] for a survey on graph problems
parameterized above and below guarantees.

In the case of Short Restless Temporal Path, we are looking for a guaranteed
lower bound d on the length of any δ-restless temporal s-z path such that Short Restless
Temporal Path admits an FPT-algorithm when parameterized by k − d. Note that if d

exceeds k, then this is a no-instance. Towards the choice of a lower bound, we see the
following three intermediate options.
The distance from s to z: The minimum length of an s-z path in the underlying graph.

This is lower bound for the length of any δ-restless temporal s-z path, as each δ-restless
temporal s-z path induces an s-z path in the underlying graph.

The temporal distance from s to z: The minimum length of a temporal s-z path. Clearly,
this is a lower bound for the length of any δ-restless temporal s-z path. Note that, the
temporal distance from s to z is at least the distance from s to z in the underlying
graph. Hence, the parameter k − dt is at least as good as the parameter k − du for Short
Restless Temporal Path, where du is the distance between s and z and dt is the
temporal distance between s and z.

The δ-restless temporal distance from s to z: The minimum length of a δ-restless tem-
poral s-z walk. Herein, a sequence W := ((ei, ti))m

i=1 of time-edges is a temporal s-z walk
of length m if the edges (ei)m

i=1 induce an s-z walk and ti ≤ ti+1 for all i ∈ [m − 1].
Moreover, W is δ-restless if m = 1 or ti+1 − ti ≤ δ. As any δ-restless temporal s-z path is
also a δ-restless temporal s-z walk, the minimum length of a δ-restless temporal s-z walk
is a lower bound for the length of any δ-restless temporal s-z path. Moreover, this lower
bound is at least as good as the temporal distance from s to z.

For the sake of brevity, we say for an instance (G, s, z, δ, k) of Short Restless Temporal
Path that the δ-restless temporal distance from s to z, the temporal distance from s to z,
and the distance from s to z are always below k + 1, as otherwise (G, s, z, δ, k) is a trivial
no-instance.

Unfortunately, a closer look at the NP-hardness reductions of Casteigts et al. [13] reveals
that, unless P=NP, there is no |G|f(k−dr)-time algorithm for Short Restless Temporal
Path, where dr is the δ-restless temporal distance from s to z and f is any computable
function. However, we show that one can determine in polynomial time whether there is
a δ-restless temporal s-z path which has the same length as a shortest temporal s-z path.
Moreover, we show that Short Restless Temporal Path admits an FPT-algorithms
when parameterized above the (temporal) distance from s to z.

Our contributions. We show that Short Restless Temporal Path can be solved in
randomized 4k−d|G|O(1) time, where d is the temporal distance from s to z. To the best
of our knowledge, this is the first above-lower-bound FPT-algorithm on temporal graphs.
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More precisely, we show that for every p ∈ R with 0 < p < 1 there is a randomized O(4ℓ ·
ℓ2|G|3δ log(k/p(ℓ+1)))-time algorithm for Short Restless Temporal Path with a one-sided
error probability of at most p, where ℓ := k − d and d is the temporal distance from s

to z. Informally speaking, the parameter ℓ is minimum length of the detour a δ-restless
temporal s-z path has to take compared to a (non-δ-restless) temporal s-z path. The
main technical contribution behind this is a geometrical perspective onto temporal graphs
which seems applicable to other temporal graph problems when parameterized above the
temporal distance between vertices. In the resulting algorithm, the only subroutine with a
super-polynomial running time is the algorithm of Thejaswi et al. [41] that we employ to
find δ-restless temporal path of length at most 2(k − d) + 1. In fact, this subroutine can be
replaced by a deterministic algorithm of Casteigts et al. [13] – this leads to a 2O(k−d)|G|3δ-time
deterministic algorithm for Short Restless Temporal Path. The running time overhead
induced by our technique is O(|G|2ℓ) in the deterministic case and O(|G|2ℓ log(k/(ℓ+1)p)) if
we use the algorithm of Thejaswi et al. [41], where ℓ := k − d and d is the temporal distance
from s to z. The overhead with the randomized algorithm is larger as we need that the error
probability of several calls of the randomized algorithm accumulate to p. Even though the
running time overhead of our technique is slightly larger with the randomized algorithm of
Thejaswi et al. [41], the exponential part of running time of the overall algorithm for finding
restless temporal paths is better than with the algorithm of Casteigts et al. [13].

Further related work. In the literature, waiting-time constraints are studied from various
angles. Himmel et al. [7] studied a variant of restless temporal paths where multiple visits of
vertices are permitted, i.e., restless temporal walks. In contrast to restless temporal paths,
they showed that such walks can be computed in polynomial time. Pan and Saramäki [40]
empirically studied the correlation between waiting times of temporal paths and the ratio
of the network reached in spreading processes. Akrida et al. [1] studied flows in temporal
networks with “vertex buffers”, which however pertains to the quantity of information that a
vertex can store, rather than a duration.

Algorithmic reachability questions are one of the most thriving research topics in temporal
graphs. Bui-Xuan et al. [11] and Wu et al. [42] studied the computation of temporal paths
that satisfy certain optimality criteria and show that shortest, fastest, and foremost temporal
path can be computed in polynomial time. In the temporal setting, reachability is not an
equivalence relation among vertices and the reachability relation between vertices is not even
transitive – this makes many problems computationally harder than their counterpart on
static graphs. Michail and Spirakis [36] studied the NP-hard question of whether a temporal
graph contains a temporal walk that visits each vertex at least once. This problem remains
computationally hard even if the underlying graph is a star [3, 12]. If the underlying graph is
connected at each time step and the walk can only contain one edge in each time step, then
a fast exploration is guaranteed [20, 22, 21]. However, on these so-called always-connected
temporal graphs, the decision problem remains NP-hard, even if the underlying graph has
pathwidth two [10]. Kempe et al. [30] studied whether there are k vertex-disjoint temporal
paths between two given vertices. While the classical analogue of this on static graphs
is polynomial-time solvable, it becomes NP-hard in the temporal setting. Moreover, this
problem remains NP-hard on a single underlying path, when we are looking for a set of
temporal paths which is only pairwise vertex-disjoint at any point in time [32]. Furthermore,
the related problem of finding small separators in temporal graphs becomes computationally
hard [23, 30], even on quite restricted temporal graph classes [23]. Bhadra and Ferreira [9]
showed that finding a maximum temporally connected component is NP-hard. Furthermore,
a temporal graph may not have a sparse spanner [5], and computing a spanner with a
minimum number of time-edges is NP-hard [2, 35].
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Related to spreading processes, Enright et al. [18, 19], Deligkas and Potapov [16], and
Molter et al. [38] studied restricting the set of reachable vertices via various temporal graph
modifications – all described decision problems are NP-hard in rather restricted settings.

2 Preliminaries

We denote by N and N0 the natural numbers excluding and including zero, respectively. By
R, Q, and Z we denote the real numbers, rational numbers, and the integers, respectively.
Moreover, [a, b] := {i ∈ Z | a ≤ i ≤ b}, [n] := [1, n], R+ := {x ∈ R | x ≥ 0}, and Q+ :=
{x ∈ Q | x ≥ 0}. We denote by log(x) the ceiling of the binary logarithm of x (⌈log2(x)⌉),
where x ∈ R.

Let (ai)n
i=1 := (a1, a2, . . . , an) be a sequence of length n and let (bi)m

i=1 be a sequence of
length m. We denote by x ∈ (ai)n

i=1 that there is an i ∈ [n] such that x = ai. We denote
by (ai)n

i=1 ⊆ (bi)m
i=1 that (ai)n

i=1 is a subsequence of (bi)m
i=1. That is, there is an injective

function σ : [n] → [m] such that ai = bσ(i) for all i ∈ [n] and σ(i) < σ(j) for all i, j ∈ [n]
with i < j. Moreover, for a set S, we denote by (ai)n

i=1 \ S the subsequence of (ai)n
i=1 where

an element ai is removed if and only if ai ∈ S, for all i ∈ [n]. Appending an element x to
sequence (ai)n

i=1 results in the sequence (ai)n+1
i=1 , where an+1 = x.

A randomized (Monte-Carlo) algorithm has additionally access to an oracle that, given
some number n ∈ N, draws a value x ∈ [n] uniformly at random in constant time. A
(randomized) algorithm with error probability p is a randomized algorithm that returns the
correct answer with probability 1 − p. For a finite alphabet Σ and a language L ⊆ Σ∗, a
(randomized) algorithm for L with a one-sided error probability p is a randomized algorithm
that returns for every input x ∈ Σ∗ either yes or no, and one of the following is true:

If yes is returned, then x ∈ L with probability 1. If no is returned, then x ∈ L with
probability p.
If yes is returned, then x ̸∈ L with probability p. If no is returned, then x ̸∈ L with
probability 1.

We refer to Mitzenmacher and Upfal [37] for more material on randomized algorithms. If it
is not stated otherwise, then we use standard notation from graph theory [17]. Graphs are
simple and undirected by default.

Temporal graphs. A temporal graph G := (V, (Ei)τ
i=1) consists of a set of vertices V (G) := V

and a sequence of edge sets (Ei)τ
i=1. The number τ is the lifetime of G. The elements of

E(G) :=
⋃

i∈[τ ] Ei × {i} are called the time-edges of G. We say that time-edge (e, t) ∈ E(G)
has time stamp t and is in time step t. The graph (V, Ei) is called layer i of temporal
graph G, for all i ∈ [τ ]. The underlying graph of G is the (static) graph (V,

⋃τ
i=1 Ei). For

every v ∈ V and every t ∈ [τ ], we denote the appearance of vertex v at time t by the
pair (v, t). For a time-edge ({v, w}, t) we call the vertex appearances (v, t) and (w, t) its
endpoints. We assume that the size of G is |G| := |V | +

∑τ
i=1 max{1, |Ei|}, that is, we do

not assume to have compact representations of temporal graphs. For a vertex set X ⊆ V

of a temporal graph G := (V, (Ei)τ
i=1), we denote by G[X] the temporal graph (X, (E′

i)τ
i=1),

where E′
i := {e ∈ Ei | e ⊆ X}. Moreover, we denote the temporal graph G without the

vertices X by G − X := G[V \ X]. For a time-edge set Y , we denote by G \ Y the temporal
graph where V (G \ Y ) := V (G) and E(G \ Y ) := E(G) \ Y .

The set of vertices of the temporal path P = (ei = ({vi−1, vi}, ti))m
i=1 is denoted by V (P ) =

{vi | i ∈ [m] ∪ {0}}. We say that P visits the vertex vi at time t if t ∈ [ti, ti+1], where i ∈
[m − 1]. The departure (or starting) time of P is t1 and the arrival time of P is tm. A
(δ-restless) temporal s-z path of length m in a temporal graph G is a shortest (δ-restless)
temporal s-z path if each temporal s-z path in G is of length at least m.
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A solution of an instance (G, s, z, δ, k) of Short Restless Temporal Path is a δ-restless
temporal s-z path of length at most k in G.

Parameterized complexity. Let Σ be a finite alphabet. A parameterized problem L is
a subset L ⊆ Σ∗ × N0. The size of an instance (x, k) ∈ Σ∗ × N0 is denoted by |x| and
usually we have that |x| + k ∈ O(|x|). An instance (x, k) ∈ Σ∗ × N0 is a yes-instance of L

if and only if (x, k) ∈ L (otherwise it is a no-instance). A parameterized problem L is
fixed-parameter tractable (in FPT) if there is an (FPT-)algorithm that decides for every
input (x, k) ∈ Σ∗ × N0 in f(k) · |x|O(1) time whether (x, k) ∈ L, where f is some computable
function only depending on k. By slightly abusing the FPT-terminology, we sometimes say
that a parameterized problem is fixed-parameter tractable even if the FPT-algorithm has
a constant one-sided error probability. A parameterized problem L is in XP if for every
input (x, k) one can decide in |x|f(k) time whether (x, k) ∈ L, where f is some computable
function only depending on k.

The parameterized analogous of NP and NP-hardness are the W-hierarchy FPT ⊆ W[1]
⊆ W[2] ⊆ · · · ⊆ W[P] ⊆ XP and W[t]-hardness, where t ∈ N ∪ {P} and all inclusions
are conjectured to be strict. If some W[t]-hard parameterized problem is in FPT, then
FPT=W[t]. We refer to Cygan et al. [15] for more material on parameterized complexity.

3 The Algorithm

In this section, we show that Short Restless Temporal Path can be solved in 4k−d ·
|G|O(1) time with a constant one-sided error probability, where d is the minimum length of a
temporal s-z path. More precisely, we show the following.

▶ Theorem 1. For every p ∈ R with 0 < p < 1, there is a randomized O(4ℓ ·
ℓ2|G|3δ log(k/p(ℓ+1)))-time algorithm for Short Restless Temporal Path, where ℓ := k−d

and d is the minimum length of a temporal s-z path. If this algorithm
returns yes, then the given instance is a yes-instance, and if it
returns no, then with probability of at least 1 − p the given instance is a no-instance.

The formal proof of Theorem 1 is deferred to Section 3.3. In a nutshell, we only check for
δ-restless temporal subpaths whose length are upper-bounded by 2(k −d)+1 and then puzzle
them together to ultimately find a δ-restless temporal s-z path, where d is the minimum
length of a temporal s-z path. To detect δ-restless temporal paths of some given length, we
employ the algorithm of Thejaswi et al. [41].

▶ Proposition 2 ([41]). For every p ∈ R with 0 < p < 1 there is a randomized O(2k ·
k|G|δ log(k · 1/p))-time algorithm that takes as input a temporal graph G, two vertices s, z,
and two integers δ, k. If this algorithm

returns yes, then there is a δ-restless temporal s-z path of length exactly k in G, and if it
returns no, then with probability at least 1 − p there is no δ-restless temporal s-z path of
length exactly k in G.

In our algorithm, Proposition 2 can be replaced by any algorithm to find δ-restless temporal
paths of length k. For example, with the deterministic 2O(k) · |G|δ-time algorithm of
Casteigts et al. [13] instead of Proposition 2, we would end up with a 2O(k−d) · |G|3δ-time
algorithm for Short Restless Temporal Path that is deterministic. Here, the exponential
part of the running time is worse than with the randomized subroutine Proposition 2.

First, we set up the geometric perspective on temporal graph based on the temporal
distance between vertices. This is the main contribution of this paper and might be of
independent interest, as the ideas seem to be transferable to other path finding problems
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in temporal graphs where the distance between two vertices is a lower bound. Afterwards,
we design a dynamic program to solve Short Restless Temporal Path in 4k−d · |G|O(1)

time, where d is the minimum length of a temporal s-z path.

3.1 Geometric Perspective on Temporal Graphs Based on the Temporal
Distance

In this section, we present the key ideas of the algorithm behind Theorem 1. To this end, we
need some notation. Let G := (V, (Ei)τ

i=1) be a temporal graph with two distinct vertices
s, z ∈ V (G) and δ, k ∈ N. We define the distance function dG : V (G) × [τ ] → N0 ∪ {∞} which
maps a vertex v ∈ V (G) and time t ∈ [τ ] to the length of a shortest temporal v-z path in G
that departs at a time at least t. If such a temporal path does not exist, then dG(v, t) = ∞.
We drop the subscript G if it is clear from the context.

Intuitively, we now arrange all vertex appearances (v, t) in the plane where the x-axis
describes the distance (via temporal paths) of v to z at time t and the y-axis describes the
time. Thus, (v, t) gets the point (d(v, t), t). Consider Figure 2 for a moment. We want
to visualize a temporal s-z path P in this figure. To this end, we say that P visits vertex
appearance (v, t) if P visits v in time step t. Hence, we can depict a temporal path P by
connecting the vertex appearances which are visited by P in the visiting order. Note that
no temporal v-z path or walk moves downwards. Moreover, among all temporal v-z paths
that depart at a time t or later, the shortest of them move with each time-edge further
towards z (i.e., to the left). For example, the dotted line in Figure 2 depicts the trajectory of
a shortest temporal s-z path with a departure time t. The temporal path departs at time t

and arrives at time τ . This is not the case for a shortest δ-restless temporal s-z path P –
such a temporal path can move to the right or stay at the same point while visiting multiple
vertices. For example, the solid (blue) line in Figure 2 depicts the trajectory of a shortest
δ-restless temporal s-z path. Let ℓ := k − d(s, 1). A crucial observation now is that if P

moves “too far” to the right or stays for “too long” at the same spot in the x-axis while
visiting multiple vertices, then P would be too far away from z (in terms of temporal paths
distance) such that P cannot be of length at most k. This will lead us to the observation
that for at least every (2ℓ + 1)-st vertex v which is visited by P (at time t), the vertex
appearance (v, t) has the following separation property:

(i) each vertex appearance (u, t′) that P visits before v (hence, v ̸= u) is to the right of
(v, t) and thus further away from z than (v, t), and

(ii) each vertex appearance (u, t′) that P visits after v (hence, v ̸= u) is to the left of (v, t)
and thus closer to z than (v, t).

Moreover, we will observe that two consecutive vertex appearances which have this separation
property, have a similar distance to z – the distances differ by at most ℓ + 1. In Figure 2,
these special vertex appearances are at the top-left and bottom-right corners of each gray
area. Our dynamic program tries to guess these vertex appearances and then constructs
for each gray area in Figure 2 a temporal graph that contains the δ-restless path from the
bottom-right corner to the top-left corner of this area. Since we know that these δ-restless
temporal paths have length at most 2ℓ + 1, we can use Proposition 2 to find them.

Another crucial observation we are going to make is that two δ-restless temporal paths
from the bottom-right corner to the top-left corner of two distinct gray areas in Figure 2
cannot visit the same vertex (except for their endpoints). This is the case because the
distance of a vertex v to z may only increase as time goes by. Thus, if we find for each
gray area in Figure 2 a δ-restless temporal path from the bottom-right corner to the top-left
corner, then this gives us a δ-restless temporal s-z path. Henceforth the details follow.

STACS 2023



55:8 Restless Temporal Path Parameterized Above Lower Bounds

dG

time

(z, 1)

(z, τ)

(s, 1)

(s, τ)

(s, t)

(s, ts)

(z, tz)

(b, t′)

(a, t)

Gb,t′

a,t

≤ ℓ + 1

Figure 2 Illustration of the idea behind the dynamic programming table which is used to show
Theorem 1. The y-axis describes the time. The x-axis describes the distance to z (via temporal
paths). In this plane, a vertex appearance (v, t) gets the position (d(v, t), t). The positions of the
vertex appearances of s are on the dashed line. A shortest (non-δ-restless) temporal s-z path that
departs at time t is depicted by the dotted line. The trajectory of a shortest δ-restless temporal
s-z path which departs at time ts and arrives at time tz is depicted by the solid (blue) line. Each
gray area depicts a temporal subgraph which we use to compute δ-restless paths from the vertex
appearance on the bottom-right corner to the vertex appearance on the top-left corner, e.g., the
temporal graph Gb,t′

a,t .

Before we describe the dynamic programming table in Section 3.2, we define the temporal
graph that contains all (shortest) δ-restless paths in a gray area of Figure 2. To this end, we
first define sets containing all vertex apperances of such a gray area. For vertex appearances
(a, t), (b, t′) ∈ V (G) × [τ ], we define

Ab,t′

a,t := {(w, t∗) ∈ V (G) × [τ ] | d(b, t′) < d(w, t∗) < d(a, t), t∗ ∈ [t, t′]} and

Ab,t′
:= {(w, t∗) ∈ V (G) × [τ ] | ∞ > d(w, t∗) > d(b, t′), t∗ ≤ t′} .

Now, the temporal graph Gb,t′

a,t for the gray area between (a, t) and (b, t′) with t ≤ t′ is
defined by

E
(

Gb,t′

a,t

)
:=

{
({v, u}, t∗) ∈ E(G)

∣∣∣ (v, t∗), (u, t∗) ∈ Ab,t′

a,t

}
∪{

({a, v}, t) ∈ E(G)
∣∣∣ (v, t) ∈ Ab,t′

a,t

}
∪{

({v, b}, t∗) ∈ E(G)
∣∣∣ t′ − δ ≤ t∗, (v, t∗) ∈ Ab,t′

a,t ∪ {(a, t)}
}

and

V
(

Gb,t′

a,t

)
:=

{
v ∈ V (G)

∣∣∣ ∃(e, t∗) ∈ E
(

Gb,t′

a,t

)
: v ∈ e

}
.

For the gray area containing s we have to adjust the definition of the corresponding temporal
graph slightly. To this end, we define Gb,t′ with
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E
(

Gb,t′
)

:=
{

({v, u}, t∗) ∈ E(G)
∣∣∣ (v, t∗), (u, t∗) ∈ Ab,t′

}
∪{

({v, b}, t∗) ∈ E(G)
∣∣∣ t′ − δ ≤ t∗, (v, t∗) ∈ Ab,t′

}
and

V
(

Gb,t′
)

:=
{

v ∈ V (G)
∣∣∣ ∃(e, t∗) ∈ E

(
Gb,t′

)
: v ∈ e

}
.

In the reminder of this paper, we use these definitions to formulate a dynamic programming
table and eventually solve Short Restless Temporal Path.

3.2 The Dynamic Programming Table
In this section, we describe the table T which we are going to use for the dynamic programming,
and show its correctness.

Intuitively, the table T has for each vertex appearance (u, t′) an entry, and if this entry
contains a number p < ∞, then p is the length of the shortest δ-restless temporal s-u path
that only visits vertex appearances which are, in Figure 2, below and to the right of (u, t′).

Let I := (G, s, z, δ, k) be an instance of Short Restless Temporal Path, where
k = d(s, 1) + ℓ. For all (u, t′) ∈ V (G) × [τ ] such that there is an e ∈ Et′ with v ∈ e, we
define T as follows. If d(s, 1) − d(u, t′) ≤ ℓ, then

T [u, t′] :=


0, if u = s;
ℓ′, if u ̸= s and ℓ′ ∈ [2ℓ] is the length of a

shortest δ-restless s-u path in Gu,t′ ;
∞, otherwise.

(1)

If d(s, 1) − d(u, t′) > ℓ, then

T [u, t′] := min

{∞} ∪

T [v, t] + ℓ′

∣∣∣∣∣∣∣∣∣
t ∈ [t′], e ∈ Et, v ∈ e, where

d(v, t) > d(u, t′) ≥ d(v, t) − ℓ − 1
and ℓ′ ∈ [2ℓ + 1] is the length of a
shortest δ-restless v-u path in Gu,t′

v,t


 (2)

In the end, we will report that I is a yes-instance if and only if there is a t ∈ [τ ] such that
T [z, t] ≤ k. We will show the correctness of this in the following lemmata. We start with the
backwards direction.

▶ Lemma 3. Let (G, s, z, δ, k) be an instance of Short Restless Temporal Path. If
T [z, tz] ≤ k < ∞ (defined in (1) and (2)), then there is a δ-restless temporal s-z path of
length at most k in G.

Proof. We show by induction on the distance to z that if T [u, t′] = k′ < ∞, then there is a
δ-restless s-u path of length k′ in Gu,t′ which arrives at u at some time step in [t′ − δ, t′].

Note that all temporal s-u paths in Gu,t′ arrive at some time in [t′ − δ, t′]. By (1), for
each vertex appearance (u, t′) with d(s, 1) − d(u, t′) ≤ ℓ the induction hypothesis is true –
this is our base case.

Now let (u, t′) be a vertex appearance with T [u, t′] = k′ < ∞. Assume that for all vertex
appearances (v, t) with d(v, t) > d(u, t′) we have that if T [v, t] = k′′ < ∞, then there is
a δ-restless temporal s-v path of length k′′ in Gv,t which arrives at v at some time step

STACS 2023



55:10 Restless Temporal Path Parameterized Above Lower Bounds

in [t − δ, t]. Since T [u, t′] = k′, we know by (2) that there is a vertex appearance (v, t)
with T [v, t] = k′′, t ≤ t′, and d(v, t) > d(u, t′). Moreover, there is a δ-restless temporal
v-u path P2 in Gu,t′

v,t of length ℓ′ = k′ −k′′. By the definition of Gu,t′

v,t , P2 departs at time t and
arrives at some time in [t′ − δ, t′]. By assumption, there is a δ-restless temporal s-v path P1
of length k′′ in Gv,t which arrives at v at some time step in [t − δ, t]. We now append the
time-edges of P2 to the time-edges of P1 and claim that the resulting time-edge sequence P

is a δ-restless temporal s-u path of length k′ which arrives at u at some time in [t′ − δ, t′].
Observe that P is a δ-restless temporal s-u walk of length k′ = k′′ + ℓ′, as P1 is δ-restless, of
length k′′, and arrives at v at some time t∗ ∈ [t − δ, t], and P2 is of length ℓ′ and departs at
time t. Moreover, the arrival time of P is the same as the arrival time of P2.

It remains to show that P does not visit a vertex twice. To see this, we show that V (Gv,t)∩
V (Gu,t′

v,t ) = {v}. This will complete the proof, since we know that V (P1) ⊆ V (Gv,t),
V (P2) ⊆ V (Gu,t′

v,t ), P1 ends at vertex v, and P2 starts at vertex v. By definition, we have
that v ∈ (V (Gv,t) ∩ V (Gu,t′

v,t )). Assume towards a contradiction that there is a vertex w ∈
(V (Gv,t) ∩ V (Gu,t′

v,t )) \ {v}. Then, there must be time steps t1, t2 such that (w, t1) ∈ Av,t ∪
{(u, t′)} and (w, t2) ∈ Au,t′

v,t . Note that d(w, t1) > d(v, t) > d(w, t2) and hence each temporal
w-z path in G that departs not earlier than t1 is longer than a shortest w-z path in G that
departs not earlier than t2. This is a contradiction because t1 ≤ t ≤ t2. ◀

To show the forward direction of the correctness, we introduce further notation. Recall
from the definition of the dynamic programming table T in (1) and (2) that ℓ = k − d(s, 1).
Assume the input instance I is a yes-instance. Thus there is a δ-restless temporal s-z path
P = (({vi−1, vi}, ti))k

i=1 of length at most d(s, 1) + ℓ in G. Let s = v0, v1, . . . , vk = z be
the order in which P visits the vertices in V (P ). For simplicity, let t0 := 1 and tk+1 := tk.
For all i ∈ [0, k], we say that vi is a distance separator if (i) d(vi, ti+1) < d(vj , tj+1) for all
j ∈ [0, i − 1], and (ii) d(vi, ti+1) > d(vj , tj+1) for all j ∈ [i + 1, k].

Before we show the forward direction of the correctness of the dynamic programming
table T , we show that P visits a distance separator on regular basis.

▶ Lemma 4. For all i ∈ [0, k] there is a j ∈ [0, 2ℓ] such that vi+j is a distance separator.

Proof. We show this statement with a reverse induction on the length of P . As z is clearly
a distance separator, the claim is true for all values in [max{0, k − 2ℓ}, k]. This is the base
case of our induction.

Let k − 2ℓ > 0 and let i ∈ [0, k − 2ℓ − 1] and assume that for all i′ ∈ [i + 1, k] there is a
j′ ∈ [0, 2ℓ] such that vi′+j′ is a distance separator. Let n ∈ [i′, k] be the smallest possible
number such that vn is a distance separator. Let f ∈ [k] be the smallest possible number
such that d(vf , tf+1) − d(vn, tn+1) = ℓ + 1. Note that if such an f does not exist, then the
claim is true. Hence, we assume that such an f exists. Note that f ≤ i, otherwise n is not
the smallest possible number.

We now show that n − f ≤ 2ℓ + 1. Assume towards a contradiction that the temporal
vf -vn path contained in P has length n − f > 2ℓ + 1. This is a lower bound for the length of
P . We get the following.

d(s, 1) − d(vf , tf+1) + 2ℓ + 1 + d(vn, tn+1) < k = d(s, 1) + ℓ

=⇒ d(vn, tn+1) − d(vf , tf+1) + ℓ + 1 < 0 =⇒ ℓ + 1 < d(vf , tf+1) + d(vn, tn+1)

This is a contradiction to d(vf , tf+1) − d(vn, tn+1) = ℓ + 1.
Next, we show that, between vf and vn−1, P must visit a distance separator. Assume

towards a contradiction that vn−j′′ is not a distance separator, for all j′′ ∈ [n − f ]. Hence,
for all p ∈ [d(vn, tn+1) + 1, d(vf , tf+1)], there are two distinct q, r ∈ [f, n − 1] such that
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d(vr, tr+1) = d(vq, tq+1) = p. Since [d(vn, tn+1)+1, d(vf , tf+1)] = ℓ, we get by the pigeonhole
principle that the temporal vf -vn path contained in P has length n − f > 2ℓ + 1 – a
contradiction. ◀

Finally, we are set to show the forward direction and Theorem 1 afterwards.

▶ Lemma 5. Let (G, s, z, δ, k) be an instance of Short Restless Temporal Path. If
there is a δ-restless temporal s-z path in G of length at most k with arrival time tk, then
T [z, tk] ≤ k (defined in (1) and (2)).

Proof. Let P = (({vi−1, vi}, ti))k
i=1 be a shortest δ-restless temporal s-z path of length at

most k = d(s, 1) + ℓ in G. Let s = v0, v1, . . . , vk = z be the order in which P visits the
vertices in V (P ). For simplicity, let t0 := 1 and tk+1 := tk. Moreover, let m be the number
of distance separators visited by P and let σ : [m] → [0, k] be an injective function such that
vσ(i) is the i-th distance separator which is visited by P (from s to z), for all i ∈ [m]. Note
that, the vertex vσ(i) is the i-th distance separator visited by P and thus σ(i) also describes
the length of the δ-restless temporal s-vσ(i) subpath contained in P .

We now show that for all i ∈ [m] we have that T [vσ(i), tσ(i)+1] ≤ σ(i). If σ(1) = 0, then s

is a distance separator and the claim is clearly true, see (1). Otherwise, by Lemma 4, we
have σ(1) ≤ 2ℓ. Hence, P contains a δ-restless temporal s-vσ(1) path of length σ(1) ≤ 2ℓ

which is contained in Gvσ(1),tσ(1)+1 . Thus, T [vσ(1), tσ(1)+1] ≤ σ(1).
Now assume that for some i ∈ [2, m] we have that T [vσ(i−1), tσ(i−1)+1] ≤ σ(i − 1).

Observe that tσ(i−1)+1 ≤ tσ(i)+1 and that d(vσ(i−1), tσ(i−1)+1) > d(vσ(i), tσ(i)+1). By
Lemma 4, we have that σ(i) − σ(i − 1) ≤ 2ℓ + 1 and that the δ-restless temporal vσ(i−1)-
vσ(i) path Q contained in P is of length σ(i) − σ(i − 1) ≤ 2ℓ + 1. As all of the at most
2ℓ vertices in V (Q) \ {vσ(i−1), vσ(i)} are not distance separators, we have by the pigeon-
hole principle that d(vσ(i−1), tσ(i−1)+1) − d(vσ(i), tσ(i)+1) ≤ ℓ + 1. Moreover, note that
Q in Gvσ(i),tσ(i)+1

vσ(i−1),tσ(i−1)+1
, because vσ(i−1) and vσ(i) are distance separators. Hence, by (2),

we have that T [vσ(i), tσ(i)+1] ≤ T [vσ(i−1), tσ(i−1)+1] + σ(i) − σ(i − 1) ≤ σ(i), as we have
T [vσ(i−1), tσ(i−1)+1] ≤ σ(i − 1) by assumption.

Since z = vk, we have that k is the only number in [0, k] with d(vk, tk+1) = 0. Hence, vk

is the last distance separator and thus σ(m) = k. Finally, by our induction, we have that
T [z, tk+1] ≤ k. ◀

3.3 Putting the Pieces Together
In this section, we use use the tools from previous sections to show first show Theorem 1.
Beforehand, we show for the running the analysis that all necessary values of our distances
function d(·, ·) are computable in linear time.

▶ Lemma 6. Given a temporal graph G := (V, (Ei)τ
i=1) and a vertex z, one can compute

in O(|G|) time the value d(v, t), for all v ∈ V and t ∈ [τ ] where v is not isolated in the
graph (V, Et).

Proof. We will construct a directed graph D where each arc has either weight zero or one
such that the weight of a shortest z-vt path equals the value of d(v, t), for all v ∈ V and
t ∈ [τ ] where v is not isolated in the graph (V, Et). Then, a slightly modified breadth-first
search will do the task.

We compute the set V of non-isolated vertex appearances. That is, V := {(v, t) ∈
V (G) × [τ ] | ∃e ∈ Et : v ∈ e}. Note that this can be done in O(|G|) time and that |V| ≤ 2|G|.
Now we are ready to define D by V (D) := {z} ∪ {vt | (v, t) ∈ V} and
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E(D) := {(vt, ut), (ut, vt) | {v, u} ∈ Et, (v, t), (u, t) ∈ V and u ̸= v} ∪
{(vt2 , vt1) | vt1 , vt2 ∈ V (D) and t2 = min {t | (v, t) ∈ V and t > t1}} ∪
{(z, zt) | zt ∈ V (D) and t = max{t′ | (z, t′) ∈ V}}.

Now all arcs in {(vt, ut), (ut, vt) | (v, t), (u, t) ∈ V and u ̸= v} get weight one, while all the
other arcs get weight zero. Note that V (D) + E(D) ∈ O(|G|) and that D can be constructed
in O(|G|) time. Observe that for every temporal v-z path P in G with departure time t there
is a z-vt path in D whose accumulated edge-weight equals the length of P . Hence, if we
know the minimum edge-weight of the paths from z to all vertices in D, then we also know
the value d(v, t), for all v ∈ V and t ∈ [τ ] where v is not isolated in the graph (V, Et). Thus,
we employ a breadth-first search that starts at z and only explores an arc of weight one if
there is currently no arc of weight zero which could be explored instead. At each vertex
vt ∈ V (D) we store the edge-weight d(v, t) of the path from z to this vertex. Hence, the
overall running time of this procedure is O(|G|) time. ◀

Finally, we are set to show Theorem 1: For every p ∈ R with 0 < p < 1, there is a
randomized O(4ℓ · ℓ2|G|3δ log(k/p(ℓ+1)))-time algorithm for Short Restless Temporal
Path, where ℓ := k −d and d is the minimum length of a temporal s-z path. If this algorithm

returns yes, then the given instance is a yes-instance, and if it
returns no, then with probability of at least 1 − p the given instance is a no-instance.

Proof of Theorem 1. Let I := (G, s, z, δ, k) be an instance of Short Restless Temporal
Path. We perform the following. First, we compute the set V of non-isolated vertex
appearances. That is, V := {(v, t) ∈ V (G) × [τ ] | ∃e ∈ Et : v ∈ e}. Note that this
can be done in O(|G|) time and that |V| ≤ 2|G|. By Lemma 6, we compute d(v, t) for
all (v, t) ∈ V in O(|G|) time. We may assume that there is a temporal s-z path in G and
that a shortest of them has length at most k, otherwise I is clearly a no-instance. We
set ℓ := k − d(s, 1) = k − d(s, t), where t = min{t′ ∈ [τ ] | (s, t′) ∈ V}. Note that the table T ,
defined in (1) and (2), has O(|G|) entries – one for each element in V . To compute one entry
in T , we consider at most O(|G|) other entries in T and for each of them we have to check at
most 2ℓ + 1 times whether a temporal graph of size O(|G|) has a δ-restless temporal path
of length ℓ′ ∈ [2ℓ + 1] between two distinct vertices. We answer each of these checks by
Proposition 2 with a one-sided error probability of at most p′ in O(4ℓ · ℓ|G|δ log(ℓ · 1/p′)) time.
How we set the error probability p′ will be determined in a moment.

We say that I is a yes-instance if and only if there is a (z, t) ∈ V such that T [z, t] ≤ k. If
Proposition 2 reports yes, then with probability one, there is such a δ-restless temporal path
in question. Hence, by Lemma 3, if our overall algorithm reports yes, then I is a yes-instance
– the error probability is zero in this case. If our overall algorithm reports no, then the
probability that I is a yes-instance shall be at most 1 − p. By Lemma 5, it remains to
determine p′. Recall from Lemma 4 that a δ-restless temporal s-z path P of length at most k

visits at least every 2ℓ + 1 vertices one distance separator. Hence, we can identify at most
⌈k/⌈ℓ+1/2⌉⌉ ∈ O(k/ℓ+1) vertex appearances which are visited by P and thus O(k/ℓ+1) calls of
the algorithm behind Proposition 2 such that if these calls are answered correctly then this
causes our overall algorithm to report yes, as T [z, t] ≤ k for some t ∈ [τ ]. Hence, there is a
p′ ∈ O(p(ℓ+1)/k) such that we have an error probability of at most p in the case our overall
algorithm answers no. Thus, we can compute all entries of T in O(4ℓ · ℓ2|G|3δ log(k/p(ℓ+1)))
time, where ℓ := k − d and d is the minimum length of a temporal s-z path. ◀
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On a more practical note, one can observe that in order to compute one entry for vertex
appearances (u, t) of table T , we only consider table entries of vertex appearances with low
temporal distance to (u, t). Thus, for temporal graphs that are nowhere dense in terms of
the temporal distance, it seems reasonable that the presented algorithm does not induce
a quadratic running time, in terms of the temporal graph size, on top of running time of
Proposition 2 (e.g., in contact networks where mass events are prohibited). Moreover, a
δ-restless temporal path of length k has a time horizon of at most (k − 1)δ. Hence, with
an overhead of O(τ) one could guess the departure time t of the δ-restless s-z path and
discard all time-edge (e, t′) with t′ < t or t′ > t + (k − 1)δ + 1. This potentially decreases
the parameter k − d and thus the exponential part of the running time substantially, where
d is the minimum length of a temporal s-z path.

4 Conclusion

We showed that Short Restless Temporal Path can be solved in 4k−d · |G|O(1) time
with a one-sided error probability of at most 2−|G|, where d is the minimum length of a
temporal s-z path. In the corresponding algorithm, we have only one subroutine with a
super-polynomial running time: an algorithm to find a δ-restless temporal path of length
at most 2(k − d) + 1. As this is the only subroutine with a non-zero error probability,
our algorithm becomes deterministic 2O(k−d) · |G|O(1)-time algorithm, if this subroutine is
replaced by the algorithm of Casteigts et al. [13]. Note that the deterministic algorithm does
not run in polynomial space and that the running time upper-bound is worse.

We believe that our algorithmic approach opens new research directions to advance further:
First, we wonder how good our algorithm performs in an experimental setup comparable to
the one of Thejaswi et al. [41]. Second, one could study in detail the temporal subgraphs on
which we employ Proposition 2. In principle, Proposition 2, could be replaced with any other
algorithm for Short Restless Temporal Path. Do these specific temporal subgraphs
admit structural properties which are algorithmically useful? Third, we believe that our
geometric perspective can be applied to other temporal graph problems. In particular, for
temporal graph problems which ask for specific temporal paths, e.g., temporal paths that
obey certain robustness properties [24], or temporal paths that visit all vertices at least
once [20, 21, 36] parameterized by the temporal diameter, that is, the length of the longest
shortest temporal path between two arbitrary vertices.
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