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Abstract
We provide a general framework to exclude parameterized running times of the form O(ℓβ + nγ)
for problems that have polynomial running time lower bounds under hypotheses from fine-grained
complexity. Our framework is based on cross-compositions from parameterized complexity. We
(conditionally) exclude running times of the form O(ℓγ/(γ−1)−ε + nγ) for any 1 < γ < 2 and ε > 0
for the following problems:

Longest Common (Increasing) Subsequence: Given two length-n strings over an alphabet Σ
(over N) and ℓ ∈ N, is there a common (increasing) subsequence of length ℓ in both strings?
Discrete Fréchet Distance: Given two lists of n points each and k ∈ N , is the Fréchet
distance of the lists at most k? Here ℓ is the maximum number of points which one list is ahead
of the other list in an optimum traversal.
Planar Motion Planning: Given a set of n non-intersecting axis-parallel line segment obstacles
in the plane and a line segment robot (called rod), can the rod be moved to a specified target
without touching any obstacles? Here ℓ is the maximum number of segments any segment has in
its vicinity.

Moreover, we exclude running times O(ℓ2γ/(γ−1)−ε + nγ) for any 1 < γ < 3 and ε > 0 for:
Negative Triangle: Given an edge-weighted graph with n vertices, is there a triangle whose
sum of edge-weights is negative? Here ℓ is the order of a maximum connected component.
Triangle Collection: Given a vertex-colored graph with n vertices, is there for each triple
of colors a triangle whose vertices have these three colors? Here ℓ is the order of a maximum
connected component.
2nd Shortest Path: Given an n-vertex edge-weighted digraph, vertices s and t, and k ∈ N, has
the second longest s-t-path length at most k? Here ℓ is the directed feedback vertex set number.

Except for 2nd Shortest Path all these running time bounds are tight, that is, algorithms with
running time O(ℓγ/(γ−1) + nγ) for any 1 < γ < 2 and O(ℓ2γ/(γ−1) + nγ) for any 1 < γ < 3,
respectively, are known. Our running time lower bounds also imply lower bounds on kernelization
algorithms for these problems.
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1 Introduction

In recent years, many results in Fine-Grained Complexity showed that many decade-old
textbook algorithms for polynomial-time solvable problems are essentially optimal: Consider
as an example Longest Common Subsequence (LCS) where, given two input strings
with n characters each, the task is to find a longest string that appears as subsequence in
both input strings. The classic O(n2)-time algorithm is often taught in introductory courses
to dynamic programming [18]. Bringmann and Künnemann [14] and Abboud et al. [1]
independently showed that an algorithm solving LCS in O(n2−ε) time for any ε > 0 would
refute the Strong Exponential Time Hypothesis (SETH). Such conditional lower bounds have
been shown for many polynomial-time solvable problems in the recent years [50].

One approach to circumvent such lower bounds is “FPT in P” [3, 34]. For Longest
Common Subsequence there is a (quite old) parameterized algorithm running in O(kn +
n log n) time, where k is the length of the longest common subsequence [40]. Thus, if k is small
(e. g. O(n0.99)), then the O(n2) barrier can be broken (without refuting the SETH). A natural
question is whether we can do better. As k ≤ n, an algorithm running in O(k1−εn) time
for any ε > 0 would break the SETH. However, there are no obvious arguments excluding a
running time of O(k2+n). In fact, such additive running times are not only desirable (as again,
for small k this would be faster than even O(kn)) but also quite common in parameterized
algorithmics by employing kernelization: For Longest Common Subsequence the question
would be whether there are linear-time applicable data reduction rules that shrink the input
to size O(k). Then we could simply apply the textbook algorithm to solve Longest Common
Subsequence in overall O(k2 + n) time. Kernelization is well-studied in the parameterized
community [5, 31] and also effective in practice for polynomial-time solvable problems such
as Maximum Matching [43] or Minimum Cut [39].

Bringmann and Künnemann [15] showed in an extensive study that such an O(k2 + n)-
time algorithm (and indeed many other parameterized algorithms for Longest Common
Subsequence) would refute the SETH. This also implies that no such kernelization algorithm
as mentioned above is likely to exist. The results of Bringmann and Künnemann [15] are
based on very carefully crafted reductions.

In this work, we follow a different route to obtain similar results for various problems.
We provide an easy-to-apply, general framework to (conditionally) exclude algorithms with
running time O(kβ + nγ) for problems admitting conditional running time lower bounds.
Indeed we show for various string (including Longest Common Subsequence) and graph
problems as well as problems from computational geometry tight trade-offs between β and γ.
This shows that the trivial trade-offs are often the best one can hope for.

1.1 Related work
Fine-grained complexity is an active field of research with hundreds of papers. We refer to the
survey of Vassilevska Williams [50] for an overview of the results and employed hypotheses.

Over the last couple of years there has been a lot of work in the direction of “FPT
in P” for various problems such as Maximum Matching [19, 22, 30, 38, 41, 43, 44, 47],
Hyperbolicity [19, 28], and Diameter [3, 19]. Parameterized lower bounds are rare in this
line of work. Certain linear-time reductions can be used to exclude any kind of meaningful
FPT-running times; this is also known as General-Problem-Hardness [9]. Using various
carefully crafted reductions, Bringmann and Künnemann [15] show parameterized running
time lower bounds (under SETH) for Longest Common Subsequence with respect to
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seven different parameters. In a similar fashion, Duraj et al. [24] show that solving Longest
Common Increasing Subsequence in O((nℓ)1−ϵ) time where ℓ is the solution size for
some ϵ > 0 would refute SETH.

Fluschnik et al. [29] provide lower bounds for strict kernelization (i. e. kernels where the
parameter is not allowed to increase) for subgraph detection problems such as Negative
Weight Triangle and Triangle Collection. Conceptually, they use the diminisher-
framework [17, 27] which was originally developed to exclude polynomial-size strict kernels
under the assumption P ̸= NP. The basic idea is to iteratively apply a diminisher (an algorithm
that reduces the parameter at a cost of increasing the instance size) and an (assumed) strict
kernel (to shrink and control the instance size) to an instance I of an NP-hard problem.
After a polynomial number of rounds, this overall polynomial-time algorithm will return
a constant size instance which is equivalent to I, thus arriving at P = NP. Fluschnik et
al. [29] applied the same idea to polynomial-time solvable problems. In contrast, we rely and
adjust the composition-framework by Bodlaender et al. [11] which was developed to exclude
(general) polynomial-size kernels under the stronger assumption NP ̸⊆ coNP / poly.

The composition framework works as follows. Consider the example of the NP-hard
problem Negative-Weight Clique: Given an edge-weighted graph G and an integer k,
does G contain a negative-weight k-clique, that is, a clique on k vertices where the sum of
the edge-weights of the edges within the clique is negative.

Let (G1, k), (G2, k), . . . , (Gt, k) be several instances of Negative-Weight Clique with
the same k. Clearly, the graph G obtained by taking the disjoint union of all Gi contains a
negative-weight k-clique if and only if some Gi contains a negative-weight k-clique. Moreover,
the largest connected component of G has order maxi∈[t]{|V (Gi)|}. Now assume that
Negative-Weight Clique has a kernel of size O(ℓc) for some constant c where ℓ is the
order of a largest connected component. By choosing t = kc+1, it follows that kernelizing
the instance (G, k) yields an instance of size less than ℓ, that is, less bits than the number
of instances encoded in G. Given the NP-hardness of Negative-Weight Clique such
a compression seems challenging; indeed it would imply NP ⊆ coNP / poly [32], which in
turn results in a collapse of the polynomial hierarchy. Compositions and their extension
cross-composition [12] are extensively employed in the parameterized complexity literature.
Moreover, to exclude kernels whose size is bounded by polynomials of a specific degree
adjustments have been made to the composition framework [20].

Parameter trade-offs. For several of our running time lower bounds we have tight upper
bounds that are derived from a simple case distinction argument.

▶ Observation 1.1 (folklore). If a problem P admits an Õ(ℓβnγ)-time algorithm1, then it
admits for every λ > 0 an Õ(ℓβ+ γ·β

λ + nγ+λ)-time algorithm.

Proof. If ℓ ≤ n
λ
β , then the Õ(ℓβnγ)-time algorithm runs in Õ(nγ+λ) time. Otherwise n ≤ ℓ

β
λ .

Then the Õ(ℓβnγ)-algorithm then in Õ(ℓβ+ γ·β
λ ) time. ◀

1.2 Our Results & Technique
We provide a composition-based framework to establish parameterized running time lower
bounds and apply the framework to Longest Common Subsequence, Longest Common
(Weakly) Increasing Subsequence, Discrete Fréchet Distance, Planar Motion

1 The Õ hides polylogarithmic factors.
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Table 1 Overview of achievable running times. The upper part of the table lists the results
for four problems that can be solved in O(n2) time but under SETH or 3SUM-hypothesis not
in O(n2−ε) time for any ε > 0. The lower part lists results for three graph problems that, based on
the APSP-hypothesis, do not admit O(n3−ε)-time algorithms. The parameterized upper and lower
bounds are visualized in Figure 1.

pr
ob

le
m

s Longest Common Subsequence ℓ=̂solution size
Longest Common (Weakly) Increasing Subsequence ℓ=̂solution size
Discrete Fréchet Distance ℓ=̂maximum shift
Planar Motion Planning ℓ=̂max. number of segments in the vincinty of any segment

re
su

lts

upper bounds lower bounds

O(n2) [6, 7, 35, 52] no O(n2−ε) assuming SETH / 3SUM [1, 13, 14, 33]
Õ(ℓn) [40, 45, 49]
Õ(ℓγ/(γ−1) + nγ) for each γ > 1 no O(ℓγ/(γ−1)−ε + nγ) for any γ < 2 [15, 24]
(Observation 1.1) (Corollaries 4.6, 4.8, and 4.10)

pr
ob

le
m

s Negative Triangle ℓ=̂size of maximum component
Triangle Collection ℓ=̂size of maximum component
2nd Shortest Path (only lower bounds) ℓ=̂directed feedback vertex set size

re
su

lts

upper bounds lower bounds

O(n3/2Θ(log0.5 n)) [16, 53] no O(n3−ε) assuming APSP [51]
Õ(ℓ2n) (folklore)
Õ(ℓ2γ/(γ−1) + nγ) for each γ > 1 no O(ℓ2γ/(γ−1)−ε + nγ) for any γ < 3
(Observation 1.1) (Corollaries 4.12 and 4.14 and Proposition 4.15)

Planning, Negative Triangle, and 2nd Shortest Path (see Section 1.3 for the
problem definitions). Using similar ideas we obtain running time lower bounds for Triangle
Collection. For all these problems except 2nd Shortest Path parameterized by the
directed feedback vertex set there exist matching running time upper bounds. We refer
to Table 1 for an overview on the specific results and the parameterization. Moreover, we
visualize in Figure 1 the trade-offs in the running times that are (im-)possible.

Framework. We adjust the cross-composition framework to obtain lower bounds for poly-
nomial time solvable problems. As an example, consider Negative-Weight Triangle,
that is, Negative-Weight Clique with k fixed to three. Assuming the APSP-hypothesis,
Negative-Weight Clique cannot be solved in O(n3−ε) time [51]. The first difference to
the cross-composition framework is that we start with one instance G of Negative-Weight
Triangle which we then decompose into many small instances as follows: Partition the
vertices V (G) of G into z many sets V1, . . . , Vz of size n/z, where z is chosen depending
on the running time we want to exclude (see the proof of Lemma 3.3 in Section 3 for the
actual formula specifying z). Then, we create z3 instances of Negative-Weight Clique:
for each (i, j, k) ∈ [z]3 take the graph G[Vi ∪ Vj ∪ Vk]. Clearly, we have that G contains
a negative-weight triangle if and only if at least one of the created instances contains a
negative-weight triangle.

Next, we apply the composition as explained above (the disjoint union) for Negative-
Weight Clique to obtain an instance G′ with n′ = z3 · n/z = z2n vertices. Note that
the size ℓ of a largest connected component in G′ is 3n/z. Hence, an algorithm running in



K. Heeger, A. Nichterlein, and R. Niedermeier 35:5

1 2 3 41

2

3

4

5

γ

β

O(n2)-solvable

1 2 3 41

2

3

4

5

γ

β

O(n3)-solvable

Figure 1 Overview on the possible (in green) and unlikely (in red) trade-offs in running times of
the form O(nγ + ℓβ). Left: First category for O(n2)-time solvable problems (upper part in Table 1);
right: second category for O(n3)-time solvable problems (lower part in Table 1).

time O(nγ + ℓβ) for Negative-Weight Triangle solves G′ in time O(z2γnγ + (3n/z)β).
By carefully choosing z as a function in n, β, and γ, we get that this is in O(n3−ε) for various
combinations of γ and β.

The property that Negative-Weight Triangle can be decomposed as above is not
unique to the problem. In fact, this has been observed already: “Many problems, like SAT,
have a simple self-reduction proving that the “Direct-OR” version is hard, assuming the prob-
lem itself is hard” [2]. Our framework formalizes this notion of decomposition (see Section 2
for a definition) and adjusts the cross-composition definition. We furthermore show that
commonly used “hard” problems such as Orthogonal Vectors, 3-Sum, and Negative-
Weight k-Clique are decomposable. Thus, it remains to show cross-compositions in order
to apply our framework and obtain lower bounds.

1.3 Preliminaries and Notation
Problem definitions. For ℓ ∈ N we set [ℓ] := {1, 2, . . . , ℓ}.

Orthogonal Vectors
Input: Two size-n sets A, B ⊆ {0, 1}d for some d ∈ N.
Question: Are there a ∈ A and b ∈ B so that a and b are orthogonal, i.e., for each

i ∈ [d], the i-th coordinate of a or the i-th coordinate of b is zero.

We denote the restriction of Orthogonal Vectors to instances with d ≤ O(log n) as
Orthogonal Vectors with logarithmic dimension.

3-Sum
Input: An array A of n integers.
Question: Are there i, j, h ∈ [n] such that A[i] + A[j] + A[h] = 0?

Negative-Weight k-Clique
Input: An edge-weighted graph G on n vertices.
Question: Does G contain a k-clique of negative weight?

Longest Common Subsequence
Input: Two strings x1 and x2 of length n over an alphabet Σ and k ∈ N.
Question: Decide whether there is a common subsequence of length k of x1 and x2.

STACS 2023
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Longest Common (Weakly) Increasing Subsequence
Input: Two strings x1 and x2 of length n over N and k ∈ N.
Question: Decide whether there is a common subsequence y of length k of x1 and x2

with y[i] < y[i + 1] (y[i] ≤ y[i + 1]) for all i ∈ [k − 1].

Discrete Fréchet Distance
Input: Two lists P = (p1, . . . , pn) and Q = (q1, . . . , qn) of points in the plane

and k ∈ Q.
Question: Is the Fréchet distance of P and Q at most k, that is, there are two surjective,

non-decreasing functions fP , fQ : [2n] → [n] with fP (1) = 1 = fQ(1),
fP (2n) = n = fQ(2n) and maxi∈[2n] dist(pfP (i), qfQ(i)) ≤ k?

Planar Motion Planning
Input: A set of n non-intersecting, non-touching, axis-parallel line segment

obstacles in the plane and a line segment robot (a rod or ladder), a given
source, and a given goal.

Question: Can the rod be moved (allowing both translation and rotation) from the
source to the goal without colliding with the obstacles?

2nd Shortest Path
Input: An n-vertex edge-weighted directed graph G, vertices s and t, and k ∈ N .
Question: Has the 2nd-shortest s-t-path length at most k?

Triangle Collection
Input: A vertex-colored graph G on n vertices.
Question: For each combination of three colors, does G contain a triangle whose

vertices are colored with three colors?

Hypotheses. The conditional lower bounds in this work are based on SETH, 3-Sum-, and
the APSP-Hypothesis (see Vassilevska Williams [50] for more details).

▶ Hypothesis 1 (SETH). For every ε > 0 there exists a k ∈ N such that k-SAT cannot be
solved in O(2(1−ε)n) time, where n is the number of variables.

▶ Hypothesis 2 (3SUM). 3-Sum on n integers in {−n4, . . . , n4} cannot be solved in O(n2−ε)
time for any ε > 0.

▶ Hypothesis 3 (APSP). All Pairs Shortest Path on n-vertex graphs with polynomial
edge weights cannot be solved in O(n3−ε) time for any ε > 0.

Parameterized Complexity. In many of the above problems, n is not the input size but
a parameter and the input size is bounded by nO(1). A parameterized problem is a set
of instances (I, p) ∈ Σ∗ × Σ∗, where Σ denotes a finite alphabet, I denotes the classical
instance and p the parameter. A kernelization is a polynomial-time algorithm that maps any
instance (I, p) to an equivalent instance (I ′, p′) (the kernel) such that |I ′| + p′ ≤ f(p) for
some computable function f . If f is a polynomial, then (I ′, p′) is a polynomial-size kernel.

In this work we restrict ourselves to the following: Either p = n (p is a single parameter)
or p = (n, ℓ) (p is a combined parameter). Moreover, both n and ℓ are always nonnegative
integers, n is related to the input size but ℓ is not (ℓ can be seen as “classical” parameter).

Due to space restrictions we defer proofs of results marked with a ⋆ to a full version [37].
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2 Framework

Our framework has the following three steps (see Section 1.2 for a high-level description).
1. Start with an instance (I, nP) of a “hard” problem P and decompose it into the disjunction

of t instances (I1, n1), . . . , (It, nt) of P. In Section 3, we provide such decompositions
for the frequently used hard problems 3-Sum, Orthogonal Vectors, and Negative
Weight k-Clique.

2. Compose (I1, n1), . . . , (It, nt) into one instance (J, (n, ℓ)) of the “target” problem using
an OR-cross-composition. This step has to be done for the application at hand.

3. Apply the assumed Õ(nγ + ℓβ)-time algorithm to J . If the combination of γ and β is
small enough, then the resulting algorithm will be faster than the lower bound for P.

To give a more formal description of our framework, we first define decompositions and
cross-compositions. Note that all mentioned problems are parameterized problems.

▶ Definition 2.1 (OR-decomposition). For α > 1 an α-OR-decomposition for a problem P
is an algorithm that, given λ > 0 and an instance (I, n) of P, computes for some α′ < α in
Õ(nα′) time t ∈ Õ(nαλ/(α+λ)) many instances (I1, n1), . . . , (It, nt) of P such that

(I, n) ∈ P if and only if (Ii, ni) ∈ P for some i ∈ [t], and
ni ∈ Õ(nα/(α+λ)) for all i ∈ [t].

We say a problem P is α-OR-decomposable if there exists an α-OR-decomposition for
it. For some problems it is easier to show OR-decomposability than others. Thus, using
appropriate reductions to transfer OR-decomposability can be desirable (we do so in Section 3
when showing that 3-Sum is 2-OR-decomposable). Quasi-linear time reductions that do
not increase the parameter to much are one option. To this end, we say a reduction that
given an instance (IP , nP) of P produces an instance (IQ, nQ) of Q is parameter-preserving
if nQ ∈ Õ(nP).

▶ Proposition 2.2. Let P and Q be two problems such that there are quasi-linear-time
parameter-preserving reductions from P to Q and from Q to P. Then for any α > 1, P is
α-OR-decomposable if and only if Q is.

Proof. Assume that P is α-OR-decomposable (the case that Q is α-OR-decomposable is
symmetric). We now give an α-OR-decomposition for Q. Given an instance (IQ, nQ) and
λ > 0, we first reduce (IQ, nQ) to an instance (IP , nP). Afterwards, we apply the α-OR-
decomposition from P , resulting in instances (IP

1 , nP
1 ), . . . , (IP

t , nP
t ) of P . Finally, we reduce

each instance (IP
i , nP

i ) to an instance (IP
i , nP

i ). This clearly is an α-OR-decomposition
for Q. ◀

For the second step of our framework, we introduce fine-grained OR-cross-compositions:

▶ Definition 2.3 (fine-grained OR-cross-composition). For ν ≥ 1, µ ≥ 0 an (ν, µ)-OR-
cross-composition from a problem P to a problem Q is an algorithm A which takes as
an input t instances (IP

1 , nP
1 ), . . . , (IP

t , nP
t ) of P, runs in Õ(t · nν

max +
∑t

i=1 |IP
i |) time

with nmax := maxi∈[t] nP
i , and computes an instance (IQ, (nQ, ℓQ)) of Q such that

1. (IQ, (nQ, ℓQ)) ∈ Q if and only if (IP
i , nP

i ) ∈ P for some i ∈ [t], and
2. nQ ∈ Õ(t · nν

max) and ℓQ ∈ Õ(nµ
max).

We say a problem P (ν, µ)-OR-cross-composes into a problem Q if there exists an
(ν, µ)-OR-cross-composition from P to Q.

STACS 2023
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▶ Theorem 2.4. Let α > ν ≥ 1, γ > 1, and µ > 0 with α > ν · γ. Let P be an α-OR-
decomposable problem with parameter nP that (ν, µ)-OR-cross-composes into a problem Q
with parameters nQ and ℓQ. If there is an Õ(nγ

Q + ℓβ
Q)-time algorithm for Q and

0 < β <
γ · (α − ν)
(γ − 1) · µ

,

then P can be solved in O(nα−ε
P ) time for some ε > 0 time.

Proof. Let (IP , nP) be an instance of P. Our algorithm to solve (IP , nP) runs in the
following steps:
1. Apply the α-OR-decomposition (with λ specified below) to obtain the instances (I1, n1),

. . . , (It, nt) with maxi∈[t] ni ≤ q := n
α/(α+λ)
P and t := n

αλ/(α+λ)
P = qλ. Note that, by

definition, this step runs in Õ(nα′

P ) time for some α′ < α.
2. Apply the (ν, µ)-OR-cross-composition to compute the instance (IQ, (nQ, ℓQ)) for Q

from (I1, n1), . . . , (It, nt). Note that the running time and nQ is in Õ(t ·qν +
∑t

i=1 |IP
i |) =

Õ(qλ+ν + nα′

P ). Moreover, ℓQ ∈ Õ(qµ).
3. Apply the algorithm with running time Õ(nγ

Q + ℓβ
Q). This requires Õ(q(λ+ν)γ + qµ·β)

time.
It remains to show that all three steps run in O(nα−ε

P ) time for some ε > 0. To this end, we
now specify λ = βµ/γ−ν. Note that λ+ν = βµ/γ < µ·β and thus it suffices to show that the
third step runs in Õ(nα−ϵ

P ) for some ϵ > 0. The last step runs in Õ(qµ·β) = Õ(nαµ·β/(α+λ)
P )

time. The exponent is

αµβ

α + λ
= αµβ

α + βµ/γ − ν
= αβγµ

γ(α − ν) + βµ
= αγµ

γ(α − ν)/β + µ
.

By assumption we have β < γ·(α−ν)
(γ−1)·µ and thus the exponent is

αγµ

γ(α − ν)/β + µ
<

αγµ

γ(α − ν)/
(

γ·(α−ν)
(γ−1)·µ

)
+ µ

= αγµ

(γ − 1) · µ + µ
= α.

There is still one thing left to do: We must ensure that λ > 0. This will not always be the
case as when β → 0, λ gets negative. However, an Õ(nγ

Q + ℓβ
Q)-time algorithm also implies

for any β′ > β an Õ(nγ
Q + ℓβ′

Q )-time algorithm. Thus, we can simply pick some larger β′ such
that the corresponding λ′ is larger than 0. To do so, let βmax := γ·(α−ν)

(γ−1)·µ the upper bound
for β. Note that α > ν · γ implies that

λmax := βmaxµ

γ
− ν =

γ·(α−ν)
(γ−1)·µ µ

γ
− ν = α − ν

γ − 1 − ν = α − ν − ν · (γ − 1)
γ − 1 = α − ν · γ

γ − 1 > 0

Thus, we can pick β < β′ < βmax such that λ′ := β′µ
γ − ν > 0. ◀

Note that if for P there is a (conditional) running time lower bound of Ω(nα), then
Theorem 2.4 excludes (conditionally) running times of the form Õ(nP + ℓβ) for any β ∈ R as
limγ→1

γ·(α−ν)
(γ−1)·µ = ∞. This running time also excludes linear-time computable polynomial-size

kernels. More precisely, we get the following.

▶ Corollary 2.5. Let α > ν ≥ 1, γ > 1, and µ > 0 with α > ν · γ. Let P be an α-OR-
decomposable problem with parameter nP that (ν, µ)-OR-cross-composes into a problem Q
with parameters nQ and ℓQ. Assume that there is an Õ(nξ

Q) algorithm for deciding Q and
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that nQ is upper bounded by the input size. If there exists an Õ(ℓβ
Q)-size Õ(nγ

Q)-time kernel
for Q for some γ > 1, β ∈ R, and

0 < β <
γ · (α − ν)

(γ − 1) · µ · ξ
,

then P can be solved in O(nα−ε
P ) time for some ε > 0.

Proof. An Õ(ℓβ
Q)-size Õ(nγ

Q)-time kernel together with an Õ(nξ
Q)-time algorithm solving Q

yields an Õ(nγ
Q + ℓβξ

Q ) algorithm for Q. The corollary now follows from Theorem 2.4. ◀

Our general approach to apply our framework is follows. Start with a problem P that
(under some hypothesis) cannot be solved in O(nα−ε) time for ε > 0. Then construct an
α-decomposition for P followed by a (1,1)-OR-cross-composition into the target problem.

3 OR-decomposable problems

In order to apply our framework, we first need some OR-decomposable problems. We will
observe that three fundamental problems from fine-grained complexity, namely Orthogonal
Vectors, 3-SUM and Negative-Weight k-Clique, are OR-decomposable. These prob-
lems are also our source for running time lower bounds: Note that the former two problems
cannot be solved in O(n2−ε) time unless the SETH respectively 3-Sum-hypothesis fail [50].
We moreover use that Negative-Weight 3-Clique (= Negative Triangle) cannot be
solved in O(n3−ε) time unless APSP-hypothesis fails [51].

We will use that “Many problems, like SAT, have a simple self-reduction proving that the
“Direct-OR” version is hard, assuming the problem itself is hard” [2]. This self-reduction is
based on partitioning the instance into many small ones, with at least one of them containing
the small desired structure (i.e., a pair of orthogonal vectors, three numbers summing to 0,
or a negative triangle).

Orthogonal Vectors. We now show that Orthogonal Vectors is 2-OR-decomposable.

▶ Lemma 3.1. Orthogonal Vectors parameterized by the number of vectors is 2-OR-
decomposable.

Proof. Let (I, n) be an instance of Orthogonal Vectors and λ > 0. Set ϵ := 2
2+λ .

Partition A into z := ⌈n1−ϵ⌉ many sets A1, . . . , Az of at most ⌈nϵ⌉ vectors each. Sym-
metrically, partition B into B1, . . . , Bz of at most ⌈nϵ⌉ vectors each. We assume without
loss of generality that |Ai| = |Bj | = ⌈nϵ⌉ =: n′ (this can be achieved e.g. by adding the
all-one vector). For each pair (i, j) ∈ [z]2, create an instance (I(i,j), n′) = ((Ai, Bj), n′) of
Orthogonal Vectors. We claim that this constitutes a 2-OR-decomposition.

The number of vectors n′ of each instance I(i,j) is n′ = O(n2/(2+λ)). The number of
created instances is z2 = O(n2·(1−ϵ)) = O(n2·(1−2/(2+λ))) = O(n(4+2λ−4)/(2+λ)) = O(n2λ/(2+λ)).
The running time to compute the decomposition is Õ(z2 · n′) = Õ(n2−ϵ).

It remains to show that (I, n) is a “Yes”-instance if and only if (I(i,j), n′) is a “Yes”-
instance for some (i, j) ∈ [z]2. First assume that (I, n) is a “Yes”-instance. Then there exists
some a ∈ A and b ∈ B such that a and b are orthogonal. Let i ∈ [z] such that a ∈ Ai and
j ∈ [z] such that b ∈ Bj . Then a and b are orthogonal vectors in (I(i,j), n′), showing that
(I(i,j), n′) is a “Yes”-instance.

Finally, assume that there exists (i∗, j∗) ∈ [z]2 such that (I(i∗,j∗), n′) is a “Yes”-instance.
Then there exists a ∈ Ai∗ and b ∈ Bj∗ which are orthogonal. Consequently, a and b are
orthogonal vectors in I, implying that (I, n) is a “Yes”-instance. ◀
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▶ Remark 3.2. Note that the above decomposition does not change the dimension d. Thus,
even restricted versions of Orthogonal Vectors with d ∈ O(log n) are 2-OR-decomposable.
Further, we can assume that all constructed instances of Orthogonal Vectors have the
same number of vectors and the same dimension.

Negative-Weight k-Clique. We now show that Negative-Weight k-Clique is k-OR-
decomposable.

▶ Lemma 3.3. For any k ≥ 3, Negative-Weight k-Clique parameterized by the number
of vertices is k-OR-decomposable.

Proof. The proof follows the ideas from Lemma 3.1. Let (I = (G, w), n) be an instance
of Negative-Weight k-Clique and λ > 0. Set ϵ := k

k+λ . Partition the set V (G) of
vertices into z := ⌈n1−ϵ⌉ many sets V1, . . . , Vz of size at most ⌈nϵ⌉. We assume without loss
of generality that |Vi| = ⌈nϵ⌉ for all i ∈ [z] (this can be achieved e.g. by adding isolated
vertices). Let n(i1,...,ik) := |{i1, . . . , ik}| · |V1|. For each tuple (i1, . . . , ik) ∈ [z]k, create an
instance (I(i1,...,ik) = G[Ai1 ∪ · · · ∪ Aik

], n(i1,...,ik)) of Negative-Weight k-Clique. We
claim that this constitutes a k-OR-decomposition.

Each instance (I(i,j), n(i1,...,ik)) has at most O(k ·nϵ) = O(nk/(k+λ)) vertices (note that k is
a constant here). The number of created instances is zk = O(nk·(1−ϵ)) = O(nk·(1−k/(k+λ))) =
O(n(k2+kλ−k2)/(k+λ)) = O(nkλ/(k+λ)). Further, the summed size of all created instances and
therefore also the running time is Õ(zk · k · n2ϵ) = Õ(nk−kϵ+2ϵ) = Õ(nk−(k−2)ϵ) = Õ(nk′) for
some k′ < k.

It remains to show that (I, n) is a “Yes”-instance if and only if (I(i1,...,ik), n(i1,...,ik)) is a
“Yes”-instance for some (i1, . . . , ik) ∈ [z]k. First assume that (I, n) is a “Yes”-instance. Thus,
G contains a negative-weight clique C = {v1, . . . , vk}. Let ij such that vj ∈ Vij . Then C is a
negative-weight k-clique in (I(i1,...,ik), n(i1,...,ik)).

Finally, assume that there exists (i1, . . . , ik) ∈ [n]k such that (I(i1,...,ik), n(i1,...,ik)) is a
“Yes”-instance. Then there exists a clique in G[Vi1 ∪· · ·∪Vik

]. Since G contains G[Vi1 ∪· · ·∪Vik
],

also G contains a negative-weight k-clique. ◀

3-Sum. Showing that 3-Sum is 2-OR-decomposable requires some more work. We defer
these parts to a full version.

▶ Lemma 3.4 (⋆). 3-Sum parameterized by the number of numbers is 2-OR-decomposable.

Applying the framework. The above results make our framework easier to apply. To apply
Theorem 2.4 we only need to provide a suitable OR-cross composition from one of the three
problems discussed above. We thus arrive at the following.

▶ Proposition 3.5. Let Q be a problem with parameters nQ and ℓQ. If Orthogonal
Vectors resp. 3-Sum parameterized by n (1, 1)-OR-cross-composes into Q, then an O(ℓβ

Q +
nγ

Q)-time algorithm for Q for any 2 > γ > 1 and β < γ/γ−1 refutes the SETH respectively
the 3-Sum-Hypothesis.

4 Applications

We now apply our framework from Theorem 2.4 to several problems from different areas
such as string problems (Section 4.1), computational geometry (Section 4.2), and subgraph
isomorphism (Section 4.3).
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4.1 String problems
We start with Longest Common Subsequence that can be solved in O(n2) time al-
gorithm [18]. Assuming SETH, there is no algorithm solving Longest Common Sub-
sequence in O(n2−ε) time for any ε > 0 [14, 1]. However, Longest Common Sub-
sequence can be solved in O(kn + n log n) time, where k is the length of the longest
common subsequence [40]. Bringmann and Künnemann [15] proved that this running time
is essentially optimal under SETH. Here we reprove this fact using our framework. We
refer to Bringmann and Künnemann [15] for a more extensive literature review on Longest
Common Subsequence.

A string over an alphabet Σ is an element from Σ∗. We access the i-th element of a
string x via x[i]. A subsequence of a string x is a string y such that there is an injective,
strictly increasing function f with y[i] = x[f(i)] for all i. A common subsequence of two
strings x and x′ is a string which is a subsequence of both x and x′. For two strings x and y,
we denote their concatenation (i.e. the string starting with x and ending with y) by x ◦ y.

▶ Lemma 4.1. Orthogonal Vectors with logarithmic dimension parameterized by the
number of vectors (1, 1)-OR-cross-composes into Longest Common Subsequence paramet-
erized by the length of the input strings and the length k of the longest common subsequence.

Proof. Let (IOV
1 , n1), . . . , (IOV

t , nt) be instances of Orthogonal Vectors with logarithmic
dimension. We denote by di the dimension of IOV

i . Abboud, Backurs, and Williams [1] gave
a reduction from Orthogonal Vectors to Longest Common Subsequence which,
given an instance of Orthogonal Vectors with n vectors of dimension d, constructs
in n · dO(1) time an equivalent instance of Longest Common Subsequence with strings
of length n · dO(1). We apply this reduction to each instance (IOV

i , ni) of OV, giving us
an instance ILCS

i = ((x1
i , x2

i ), (nLCS
i , ki)) with ki = O(ni · d

O(1)
i ) and nLCS

i = ni · d
O(1)
i . We

assume that ki = kj for every i, j (this can be achieved by appending identical sequences
of appropriate length to strings x1

i and x2
i ), and set k := ki. Further, we assume that the

alphabets used for ILCS
i and ILCS

j are disjoint for i ̸= j. We define x1 := x1
1 ◦ x1

2 ◦ · · · ◦ x1
t

and x2 := x2
t ◦ x2

t−1 ◦ · · · ◦ x2
1. The OR-cross-composition constructs the instance (x1, x2, k)

(the parameter is (nLCS, k) with nLCS =
∑t

i=1 nLCS
i ).

We now show correctness of the reduction. First assume that (IOV
i , ni) is a “Yes”-instance

for some i ∈ [t]. Then x1
i and x2

i contain a subsequence y of length ki = k. This subsequence y

is also a subsequence of x1 and x2, so (x1, x2, k) is a “Yes”-instance. Vice versa, assume that
(x1, x2, k) is a “Yes”-instance, i.e., x1 and x2 contain a subsequence y of length k. Let i ∈ [t]
such that the first letter of y is contained in x1

i . We claim that all letters from y are contained
in x1

i . Since the first letter y[1] of y is contained in x1
i , no letter of y can be contained

in x1
j for j < i. For j > i, note that (as any letter from x2

j only appears in x2
j and x1

j)
any letter from x1

j appears only before x2
i in x2 and thus would have to appear before y[1]

in y, a contradiction to y[1] being the first letter of y. Thus, y is contained in x1
i and x2

i .
Consequently, (x1

i , x2
i , k) is a “Yes”-instance, implying that (Ii, ni) is a “Yes”-instance.

Computing the OR-cross-composition can be done in t · maxi∈t ni · (maxi∈[t] di)O(1) =
Õ(t maxi∈[t] ni) time and k = O(maxi∈t ni · (maxi∈t di)O(1)) = Õ(maxi=1 ni) (we use here
that di ∈ O(log ni)). Further, we have nLCS =

∑t
i=1 nLCS

i = O(
∑t

i=1 ni · d
O(1)
i ) = Õ(

∑t
i=1).

Thus, it is an (1, 1)-OR-cross-composition. ◀

We remark that the use of alphabets of non-constant size in the above composition is
probably necessary as it excludes a linear-time computable kernel of polynomial size. In
contrast, Longest Common Subsequence with constant alphabet size parameterized
by solution size admits a linear-time computable polynomial-size kernel (note that the
SETH-based O(n2−ϵ) lower bound also holds for binary alphabets [15]):
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▶ Proposition 4.2. Longest Common Subsequence with constant alphabet size paramet-
erized by solution size k admits a linear-time computable polynomial-size kernel.

Proof. Consider the following reduction rule which directly leads a polynomial kernel. A
substring of a string x is a string y such that y = (x[i], x[i + 1], . . . , x[j]) for some i < j.

▶ Reduction Rule 4.3. If, for some t ∈ N and i ∈ {1, 2}, a string xi contains a substring x′

of length at least (k + 1)t over only t different letters and not containing a substring x′′ of
length (k+1)t−1 over at most t−1 different letters, then we can delete all but the first (k+1)t

letters of x′.

First, we argue that the reduction rule is safe. Let I = (x1, x2, k) be an instance of
Longest Common Subsequence. We assume without loss of generality that the reduction
rule can be applied to x1, i.e., x1 contains a substring x′ of length (k + 1)t which contains
only t different letters, and all substrings of x′ containing only t′ < t different letters have
length at most (k + 1)t′ . Let Ired = (x1

red, x2, k) be the instance arising from applying
Reduction Rule 4.3. Clearly, if I is a “No”-instance, then also Ired is also a “No”-instance.

Now assume that I is a “Yes”-instance, i.e., x1 and x2 contain a common subsequence z

of length k. By assumption x′ contains no substring of length (k + 1)t−1 which contains
at most t − 1 different letters. Thus, in the first (k + 1)t−1 − 1 letters of x′, each of the t

letters appears at least once. More generally, for any i ∈ [k], each letter appears at least once
among x′[(i − 1) · (k + 1)t−1 + 1], . . . , x′[i · (k + 1)t−1]. Consequently, each string of length k

over the t appearing letters is a subsequence of x′. Hence, z is also a subsequence of x1
red

(and thus a common subsequence of x1
red and x2), showing that Ired is also a “Yes”-instance.

Next, we analyze the time needed to exhaustively apply Reduction Rule 4.3.

▷ Claim 4.4. For constant alphabet size, Reduction Rule 4.3 can be exhaustively applied in
linear time.

Proof. We process x1 and x2 from left to right. For each subset S of the alphabet, we have a
variable storing the number of consecutive letters from S are before the current letter. If this
number exceeds (k + 1)|S| for some letter, then we delete this letter. Note that whenever we
found a string of length (k + 1)|S| containing only letters from S, then this string does not
contain a substring of length (k + 1)|S|−1 containing only letters from S \ {ℓ} for some ℓ ∈ S

as in this case, the number stored for S \ {ℓ} would have exceeded (k + 1)|S|−1.
The above procedure clearly runs in linear time as the alphabet size is constant. ◁

After the exhaustive application of Reduction Rule 4.3, the size of the instance is clearly
O(k|Σ|). As |Σ| is constant, this is a polynomial-sized kernel. ◀

Analogously to Longest Common Subsequence, we derive similar hardness results
for the related problems Longest Common Weakly Increasing Subsequence and
Longest Common Increasing Subsequence. Both problems can be solved in slightly
subquadratic time [7, 23]. For Longest Common Increasing Subsequence, our lower
bound was already shown by Duraj et al. [24]. We refer to Duraj et al. [24] and Duraj [23]
for a broader literature review on Longest Common Subsequence.

▶ Lemma 4.5 (⋆). Orthogonal Vectors with logarithmic dimension (1, 1)-OR-cross-
composes into Longest Common (Weakly) Increasing Subsequence parameterized
by the length n of the strings and the length k of the longest common (weakly) increasing
subsequence.

Combining Proposition 3.5 and Lemmas 4.1 and 4.5, we get the following result:
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▶ Corollary 4.6. Unless the SETH fails, there is no Õ(nγ + kβ)-time algorithm for Longest
Common Subsequence or Longest Common (Weakly) Increasing Subsequence
parameterized by solution size k for 1 < γ < 2 and β < γ

γ−1 .

We remark that the running time lower bounds are tight; the tight upper bound follows
from the known O(kn+n log n) time algorithm for Longest Common Subsequence [40] or
the O(nk log log n + n log n) time algorithm for Longest Common (Weakly) Increasing
Subsequence [45] and Observation 1.1.

4.2 Computational Geometry
We now turn to problems from computational geometry. We will denote the Euclidean distance
between two points p and q in the plane by dist(p, q). For a list of points P , a tour through P

is a surjective, non-increasing function fP : [2n] → [n] such that fP (1) = 1 and fP (2n) = n.
The input of Discrete Fréchet Distance contains two lists of points P = (p1, . . . , pn)
and Q = (q1, . . . , qn). A pair (fP , fQ) of tours through P and Q is called a traversal.

Discrete Fréchet Distance can be solved in O(n2 · log log n/ log2 n) time [6]. Bring-
mann [13] gave a linear-time reduction from Orthogonal Vectors2 to Discrete Fréchet
Distance, showing that assuming SETH, Discrete Fréchet Distance cannot be solved
in O(n2−ϵ) time for any ϵ > 0. We use this reduction to get a (1, 1)-OR-composition for
the parameter maxi∈[2n] |fP (i) − fQ(i)|, i.e., the maximum number of time steps which
P may be ahead of Q (or vice versa) in the optimal solution. We will call the para-
meter maxi∈[2n] |fP (i) − fQ(i)| the maximum shift of the traversal (fP , fQ). For a more
extensive literature review on Discrete Fréchet Distance, we refer to Agarwal et al. [6].

▶ Lemma 4.7 (⋆). Orthogonal Vectors admits a (1, 1)-OR-cross-composition into
Discrete Fréchet Distance parameterized by the length of the input lists of points and
the maximum shift in a solution.

Combining Proposition 3.5 and Lemma 4.7, yields the following:

▶ Corollary 4.8. Unless the SETH fails, there is no Õ(nγ + ℓβ)-time algorithm Discrete
Fréchet Distance parameterized by maximum shift ℓ for 1 < γ < 2 and β < γ

γ−1 .

It is easy to extend the O(n2)-algorithm for Discrete Fréchet Distance [25] to run
in O(nℓ) time, where ℓ is the minimal (over all solutions) maximum shift of an optimal
solution [8]. This together with Observation 1.1 shows that the running time lower bound
from Corollary 4.8 is tight.

We now give lower bounds for another problem from computational geometry, Planar
Motion Planning, based not on the hardness of Orthogonal Vectors but on the
hardness of 3-Sum. Planar Motion Planning can be solved in O(n2) time [52]. Assum-
ing the 3-Sum conjecture, Planar Motion Planning cannot be solved in O(n2−ϵ) for
any ϵ > 0 [33]. We say a segment is in the vicinity of another segment if they have distance
at most the length of the rod.

▶ Lemma 4.9. 3-Sum (1, 1)-OR-cross-composes into Planar Motion Planning paramet-
erized by the maximum number of segments any segment has in its vicinity.

2 Bringmann [13] reduces from Satisfiability, but his reduction implicitly reduces Satisfiability to
Orthogonal Vectors and then Orthogonal Vectors to Discrete Fréchet Distance.
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Figure 2 Left: Exemplary illustration of an instance of Planar Motion Planning constructed
by the reduction from 3-Sum from Gajentaan and Overmars [33]. Right: An example for the
OR-cross-composition of three instances of 3-Sum into Planar Motion Planning. The goal
position of the rod is surrounded by red.

Proof sketch. Let I3-Sum
1 , . . . , I3-Sum

t be instances of 3-Sum. We denote by ni the number of
numbers of I3-Sum

1 . Gajentaan and Overmars [33] gave a reduction from 3-Sum to Planar
Motion Planning which, given an instance of 3-Sum with n numbers, constructs in Õ(n)
time an instance of Planar Motion Planning where the rod initially is in a large “upper”
rectangle and has to reach a “lower” rectangle through a narrow passage (see Figure 2 for a
proof by picture). We apply this reduction to each instance I3-Sum

i of 3-Sum, giving us an
instance IPMP

i with Õ(ni) many segments. From these instances, we construct an instance
of Planar Motion Planning as follows: We identify the large rectangles in which the
rod starts from each IPMP

i . The narrow passages are copied next to each other (if the large
starting rectangle is not wide enough, then we make it wider.

The correctness of the reduction is obvious.
Any segment from an instance I3-Sum

i has distance at most the length of the rod except
for the bounding boxes. By splitting the segments of the bounding box into many small
segments not longer than the rod, we get that for each segment s there are at most O(n)
segments whose distance to s is at most the length of the rod. ◀

Combining Proposition 3.5 and Lemma 4.9 yields the following:

▶ Corollary 4.10. Unless the 3SUM-hypothesis fails, there is no Õ(nγ + ℓβ)-time algorithm
Planar Motion Planning parameterized by the maximum number ℓ of segments any
segment has in its vicinity for β < γ

γ−1 .

The lower bound for the running time is tight by the O(K2 log n) time algorithm from
Sifrony and Sharir [49] (where K is the number of segment pairs whose distance is less than
the length of the rod), the observation that K2 ≤ n · ℓ, and Observation 1.1.

4.3 Graph Problems
We now turn to graph problems. First, we consider Minimum Weight k-Clique paramet-
erized by the maximum size of a connected component.

▶ Proposition 4.11. Minimum Weight k-Clique (1, 1)-OR-cross-composes into Minimum
Weight k-Clique parameterized by the maximum size of a connected component.

Proof. Let G1, . . . , Gt be instances of Minimum Weight k-Clique. The cross-composition
just computes the disjoint union G of G1, . . . , Gt.
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Clearly, the cross-composition is correct, runs in linear time, and the maximum size of a
connected component is bounded by the maximum size of G1, . . . , Gs. ◀

As Negative Triangle is the special case of Minimum Weight k-Clique, combining
Proposition 3.5 and Proposition 4.11 yields the following lower bound:

▶ Corollary 4.12. Unless the APSP-hypothesis fails, there is no Õ(nγ + ℓβ)-time algorithm
for Negative Triangle parameterized by the maximum size ℓ of a connected component
for 1 < γ < 3 and β < 2·γ

γ−1 .

An algorithm running in O(ℓ2n) where ℓ is the maximum size of a connected component is
trivial. This together with Observation 1.1 implies that the running time lower bound is
tight.

Next, we turn to 2nd Shortest Path which can be solved in Õ(mn) [46] or in O(Mnω)
time (where M is the largest edge weight) [36]. If the graph is undirected [42] or one aims to
find a 2nd shortest walk [26], then there is a quasi-linear-time algorithm. For unweighted
directed graphs, the problem can be solved in Õ(m

√
n) time [48]. An ϵ-approximation can

be computed in Õ( m
ϵ ) time [10].

▶ Lemma 4.13. Negative Triangle (1, 1)-OR-cross-composes into 2nd Shortest Path
parameterized by directed feedback vertex number.

Proof. Let (INT
1 , n1), . . . , (INT

t , nt) be instances of Negative Triangle. We assume
without loss of generality that each instance of Negative Triangle has the same num-
ber n of vertices, i.e., ni = n for all i ∈ [t], and that the largest absolute value of an
edge weight is the same for all instances. Vassilevska Williams and Williams [51] gave a
linear-time reduction from Negative Triangle to 2nd Shortest Path which, given
an instance (INT

i = (Gi, wi), n) of Negative Triangle, creates an instance I2SP
i of 2nd

Shortest Path as follows: For each vertex v ∈ V (Gi), add three vertices av, bv, and
cv. Further, add two vertices si and ti as well as a path si, pi

1, pi
2, . . . , pi

n, ti, all of whose
edges have weight 0. Further, there are edges (pi, av), (av, bu), (bu, cv), and (cv, pi) for
every i ∈ [n], u, v ∈ V (Gi). All these edges have positive weight (depending on the edge-
weights in E(Gi)). Identifying si with sj , ti with tj , and pi

ℓ with pj
ℓ for all i, j ∈ [t] and j ∈ [ℓ]

then results in one instance of 2nd Shortest Path with a directed feedback vertex set
of size n, namely {p1, . . . , pn}. As the constructed instance is equivalent to the disjunction
of I2SP

1 , . . . , I2SP
t (it is never beneficial to leave s, p1, . . . , pn, t more than once as all edges

leaving this path have positive weight), we have a (1, 1)-OR-cross-composition. ◀

Combining Proposition 3.5 with Lemma 4.13 yields the following:

▶ Corollary 4.14. Unless the APSP-hypothesis fails, there is no Õ(nγ + ℓβ)-time algorithm
for 2nd Shortest Path parameterized by directed feedback vertex set ℓ parameterized by
the maximum size ℓ of a connected component for 1 < γ < 3 and β < 2γ

γ−1 .

In contrast to the other problems studied in this paper, we do not know whether the
running time lower bounds for 2nd Shortest Path are tight.

4.4 Triangle Collection
Last, we consider the Triangle Collection problem. Triangle Collection can trivially
be solved in O(n3) time, but does not admit an O(n3−ϵ) time algorithm assuming SETH, the
3-Sum conjecture, or the APSP conjecture [4]. For this problem, we were unable to apply

STACS 2023



35:16 Parameterized Lower Bounds for Problems in P via Fine-Grained Cross-Compositions

our framework directly, i.e., to find an OR-cross-composition from an OR-decomposable
problem to Triangle Collection. However, we can still get a lower bound in a very
similar fashion by combining decomposition and composition into one step. The difference is
that the decomposition of Triangle Collection that we use in the proof of the following
result does not admit the “OR”-property.

▶ Proposition 4.15. Unless Orthogonal Vectors, 3-Sum, or APSP-hypothesis fails,
there is no Õ(nγ+ℓβ)-time algorithm for Negative Triangle parameterized by the maximum
size ℓ of a connected component for 1 < γ < 3 and β < 2·γ

γ−1 .

Proof. Fix 1 < γ < 3. Let G be in an instance of Triangle Collection. Partition V (G)
into z := nλ/3+λ sets V1, . . . , Vz of size q := n3/(3+λ), where λ := β/γ −1. For each (i, j, k) ∈ [z]3,
let G(i,j,k) be the graph induced by Vi ∪ Vj ∪ Vk. Finally, let H be the union of all G(i,j,k).
Note that H corresponds to the output of the OR-decomposition in our framework. Clearly
G has a triangle collection if and only if H has. Further, H can be computed in Õ(q2 · z3) =
Õ(n3(λ+2)/(3+λ)) time (note that each of the z3 graphs G(i,j,k) has size O(q2) as a q-vertex
graph may have O(q2) many edges).

Now assume that there is a Õ(nγ + ℓβ)-algorithm for Triangle Collection with
β < 2·γ

γ−1 and apply this algorithm to H. This clearly solves H. The running time for this
step is Õ((z3 · q)γ + qβ) = Õ(nγ·(3·(λ+1)/(3+λ)) + nβ·3/(3+λ)) time. Note that γ·3·(λ+1)/(3+λ) =
3 · β/γ

2+β/γ
< 3. Further, it holds that

β · 3/(3+λ) = 3 · β

2 + β/γ
= 3 · βγ

2γ + β
= 3 · γ

2γ/β + 1 < 3 · γ
2γ/

(
2γ

(γ−1)

)
+ 1

= 3 · γ

(γ − 1) + 1 = 3

where we used the assumption β < 2·γ
γ−1 for the inequality. Consequently, we can solve

Triangle Collection in O(n3−ϵ) time for some ϵ > 0. ◀

As an O(nℓ2) time algorithm for Triangle Collection is trivial, it follows from
Observation 1.1 that the running time lower bound is tight.

5 Conclusion

We introduced a framework for extending conditional running time lower bounds to para-
meterized running time lower bounds and applied it to various problems. Beyond the clear
task to apply the framework to further problems there are further challenges for future work.
For example, can we get “AND-hard” problems so that we can use AND-cross compositions
similar to the ones used to exclude compression [21]? Moreover, can the framework be
adapted to cope with dynamic, counting, or enumerating problems?
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