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Preface

The 25th International Symposium on Temporal Representation and Reasoning (TIME
2018), held 15–17 October 2018 in Warsaw, Poland, was hosted by the Institute of Computer
Science of the Polish Academy of Sciences.

TIME is a well-established symposium series which brings together researchers interested
in reasoning about temporal aspects of information in all areas of computer science. The
symposium has a wide remit and is devoted to both theoretical aspects and well-founded
applications. One of the key aspects of the symposium is its interdisciplinarity, with attendees
from different areas such as artificial intelligence, database management, logic and verification,
and beyond.

Following the call for papers of TIME 2018, a total of 27 full papers were submitted. Each
submitted paper was reviewed by at least three, in exceptional circumstances two, members
of the program committee, and the reviews were followed by an additional discussion to select
among those papers. The members of the program committee and the external reviewers
did an excellent job that enabled a high-quality selection process, and we thank them for
their commitment and dedication. In the end, 20 papers were selected for publication in the
proceedings and presentation at the symposium. In addition to the contributed talks, this
year’s program featured three invited speakers: Stéphane Demri (LSV, CNRS & ENS de
Cachan, France), Johann Gamper (Free University of Bozen-Bolzano, Italy), and Wojciech
Jamroga (Institute of Computer Science, PAS, Warsaw, Poland). We are delighted that they
were able to accept our invitation, and grateful for their contribution.

These are the second TIME proceedings published in the Dagstuhl/LIPIcs series. We
would like to thank dr. Wagner and the LIPIcs team for all the help and support. Finally,
we would like to thank the following organizations for patronage and sponsoring the event:
Institute of Computer Science PAS, Committee of Informatics of the Polish Academy of
Sciences, and NaviParking.

Natasha Alechina
Kjetil Nørvåg

Wojciech Penczek
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On Temporal and Separation Logics
Stéphane Demri
LSV, CNRS, ENS Paris-Saclay, Université Paris-Saclay, France
demri@lsv.fr

https://orcid.org/0000-0002-3493-2610

Abstract
There exist many success stories about the introduction of logics designed for the formal verifica-
tion of computer systems. Obviously, the introduction of temporal logics to computer science has
been a major step in the development of model-checking techniques. More recently, separation
logics extend Hoare logic for reasoning about programs with dynamic data structures, leading
to many contributions on theory, tools and applications. In this talk, we illustrate how several
features of separation logics, for instance the key concept of separation, are related to similar
notions in temporal logics. We provide formal correspondences (when possible) and present an
overview of related works from the literature. This is also the opportunity to present bridges
between well-known temporal logics and more recent separation logics.

2012 ACM Subject Classification Theory of computation→Modal and temporal logics, Theory
of computation → Separation logic

Keywords and phrases separation logics, temporal logics, expressive power

Digital Object Identifier 10.4230/LIPIcs.TIME.2018.1

Category Invited Paper

1 Separation Logics

Separation logic has been introduced as an extension of Hoare logic [24] to verify programs
with mutable data structures [28, 39, 41]. A major feature is to be able to reason locally
in a modular way, which can be performed thanks to the separating conjunction ∗ that
allows one to state properties in disjoint parts of the memory. The companion connective −∗
corresponding to separating implication (a.k.a the magic wand) happens to be also helpful
for program verification. So, the study of separation logics is currently very active, with
works ranging from foundations to formal verification of programs. For instance, since the
evidence that the method is scalable [3, 46], many tools supporting separation logic as an
assertion language have been developped [3, 20, 46, 9, 10, 21]. Moreover, many variants
of separation logics have been considered, leading to many interesting problems related to
decidability/complexity of reasoning tasks, expressive power, relationships with other logical
formalisms, proof systems, etc. It is not reasonable to enumerate herein all the existing
variants and research directions. By way of example, decidability results about separation
logic with general inductive predicates can be found in [27, 7]: notably in [7], the satisfiability
problem for the symbolic heap fragment [2] with general inductively defined predicates is
shown decidable. Furthermore, as already advocated in [8, 43, 42, 26, 37], dealing with
the separating implication −∗ is a desirable feature for program verification and several
semi-automated or automated verification tools support it in some way, see e.g. [43, 42, 37],
going beyond separation logics built over the symbolic heap fragment. Nevertheless, the
combination of the magic wand −∗ and the list segment predicate ls (a simple inductive

© Stéphane Demri;
licensed under Creative Commons License CC-BY
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1:2 On Temporal and Separation Logics

predicate) may lead to undecidability [19]. First-order separation logics have been also been
considered in [2, 6, 16]. So, the first part of the talk is dedicated to basics on separation
logics.

2 Relating Modal/Temporal Logics with Separation Logics

As the first versions of separation logic can be understood as a concretisation of the logic
of bunched implication BI [38, 28, 40], it is not surprising that separation logics can be
related to other logics, see also [15]. For instance, the concept of separation can be found in
interval temporal logics (see e.g. [44, 45, 25, 35]), in graph logics (see e.g. [14, 1]), or in other
formalisms [23, 22, 4]. Besides, as for temporal logics, the relationships between separation
logic, and first-order or second-order logics have been the source of many characterizations
and works. This is particularly true since the separating connectives are second-order in
nature, see e.g. [32, 29, 11, 6, 17]. Moreover, separation logics can be shown to have close
relationships with hybrid modal logics (see e.g. [8, 18]), with relevance logics (see e.g. [13, 12])
or with logics equipped with associative binary modalities (see e.g. [30, 4]).

In this talk, we illustrate how several features of separation logics are related to similar
notions in temporal logics. We provide formal correspondences (when possible) and present
an overview of related works from the literature. It is worth noting that temporal logics and
separation logics can be related in many ways. At the semantical level, memory states from
separation logics can be understand as tree-like models or as linear structures, see e.g. [16, 18]
leading to explicit relationships with temporal logics on similar structures. Nevertheless,
the correspondence is not always immediate. At the level of the operators, separation
is a key concept that has been already introduced in interval temporal logic PITL [36].
Relationships between interval temporal logics and separation logics can be formally stated,
see e.g. [16, 18, 34] and we shall show how complexity results about separation logics can
be concluded. Typically, the Tower-hardness of the satisfiability problem for first-order
separation logics restricted to the separation conjunction and to two individual variables
with one record field, can be established by reduction the satisfiability problem for PITL [16].

Similarly to the links between separation logics are (weak) second-order logics, ongo-
ing investigations1 relating separation logics with quantified temporal logics [31] shall be
also evoked. So, apart from the analogies between temporal logics and separation logics
and cross-fertilising results, we also motivate the introduction of formalisms that combine
modal/temporal logics and separation logics, see e.g. [5, 33, 18], in order to reason about
resources in a temporal framework.

So, the talk is the opportunity to present bridges between well-known temporal logics
and more recent separation logics.

References

1 T. Antonopoulos and A. Dawar. Separating graph logic from MSO. In FOSSACS’09,
volume 5504 of Lecture Notes in Computer Science, pages 63–77. Springer, 2009.
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1 Bartosz Bednarczyk’s internship at LSV (2018) is dedicated to related issues.
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Abstract
Despite the ubiquity of temporal data and considerable research on processing such data, data-
base systems largely remain designed for processing the current state of some modeled reality.
More recently, we have seen an increasing interest in processing historical or temporal data. The
SQL:2011 standard introduced some temporal features, and commercial database management
systems have started to offer temporal functionalities in a step-by-step manner. There has also
been a proposal for a more fundamental and comprehensive solution for sequenced temporal quer-
ies, which allows a tight integration into relational database systems, thereby taking advantage of
existing query optimization and evaluation technologies. New challenges for processing temporal
data arise with multiple dimensions of time and the increasing amounts of data, including time
series data that represent a special kind of temporal data.
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1 Introduction and Background

The storage and querying of temporal data in database management systems (DBMSs)
has been researched for decades, evolving the field and covering multiple aspects of time,
the design of SQL-based query languages, the development of efficient storage and index
structures and algorithms, as well as standardization efforts. The last few years have seen a
renewed interest in studying temporal data management.
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To facilitate the formulation of temporal queries, various temporal query languages
have been proposed [5]. The earliest proposals extended SQL with new data types with
associated predicates and functions, e.g., as consolidated in TSQL2 [30]. Though simple,
this approach makes it difficult to be comprehensive and to avoid unintended interactions
among different temporal features. To overcome such problems, more systematic approaches
were proposed that, conceptually, adopt a point-based view of data in combination with
timestamp normalization to transform between an interval-based representation and the
point-based conceptual model. Representative examples include IXSQL [22] that uses fold
and unfold functions, SQL/TP [31] that uses a normalization function, and an approach [1]
that extends normalization to bitemporal relations by means of a split operator. For a
systematic construction of temporal SQL queries from nontemporal SQL queries, so-called
statement modifiers were proposed in ATSQL [6].

To make the processing of temporal queries efficient, various query processing algorithms
have been studied, primarily for temporal aggregations and temporal joins over interval
timestamped relations. Different ways of grouping data along the time dimension yield differ-
ent forms of temporal aggregation: instant, moving-window, and span temporal aggregation.
Unified frameworks to express these forms of temporal aggregation were proposed [21, 4].
Prominent examples of index structures and algorithms for temporal aggregation include
the aggregation tree algorithm [19] and the balanced tree algorithm [24] for instant temporal
aggregation, the SB-tree [32], a disk-based index structure for the incremental maintenance
of instant and moving-window temporal aggregates, and its extension, the MVSB-tree [34],
which additionally supports nontemporal range predicates.

Joins are the second class of operators for which efficient evaluation algorithms have been
studied intensively. An overview and classification of temporal join algorithms is available
in the literature [13]. Recent research results include the timeline index [17, 18], a main
memory index, which was further developed in the context of the lazy endpoint-based interval
join algorithm [27]. The overlap interval partition join [10] partitions the input relations such
that the percentage of matching tuples in corresponding partitions is maximized. This yields
a robust algorithm that is not affected by the temporal distribution of the data. Another
partition-based approach, the disjoint interval partitioning join algorithm [8], ensures that all
tuples in a partition are temporally disjoint to avoid expensive backtracking. The forward-
scan based plane sweep algorithm [7] tries to minimize the number of comparisons and
provides also a parallel evaluation strategy based on a temporal partitioning of the two input
relations.

Recently, we have seen a renewed interest in providing support for temporal data in
database management systems in both academia and industry. This has several reasons:
abundant storage has made long term archival of historical data feasible, and it has been
recognized in many application areas that temporal data holds the potential to reveal valuable
insights that cannot be found by analyzing only a snapshot of the data. This has been
witnessed by the SQL:2011 standard [33, 20], which for the first time provides support
for storing temporal data, and by commercial DBMSs that have started to offer temporal
functionalities [26]. Recently, a comprehensive solution for sequenced queries has been
integrated into the kernel of PostgreSQL [11].

2 Temporal Support in SQL:2011 and Commercial DBMSs

SQL:2011 Standard. The SQL:2011 standard [33, 20] is arguably the first SQL standard
to introduce explicit support for the storage and manipulation of temporal data. A core
extension concerns the possibility to specify one or two time periods associated with tables,
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representing application time and system time, which are commonly known as valid time
and transaction time, respectively [15]. Valid time is the time when a tuple is true in the
modeled reality, whereas transaction time is the time when the tuple was current in the
database. While the valid time is specified by users, the transaction time is maintained by
the DBMS when a tuple is created, updated, or deleted.

SQL:2011 adopts an interval-based data model with tuple timestamping. Time periods
can be added as metadata to the table schema, specifying a start time attribute and an
end time attribute. As start and end time attributes are often already present, a time
period can be added without modifying the table schema. This approach achieves backward
compatibility, keeping old schemas, queries, and tools running.

The behavior of temporal tables in the case of updates and deletions is different for valid
time tables and transaction time tables. Conventional update and delete operations on valid
time tables work in the same way as for nontemporal tables. Additionally, tuples can be
modified over parts of the associated time period, which might cause tuples to be split or cut.
For transaction time tables, the user can only modify nontemporal attributes of the current
tuples. The timestamp attributes are maintained automatically by the system whenever
nontemporal attributes of current tuples are modified.

The SQL:2011 standard also specifies primary and foreign keys. A primary key on a valid
time table can be used to ensure that only one value at a time exists for the nontemporal
key attributes [16]. Foreign keys enforce the existence of certain tuples in a referenced table.
Similarly, primary and foreign key constraints can be specified for transaction time tables.

The support for querying temporal relations is limited to simple range restrictions and
predicates. For valid time tables, the usual SQL syntax can be used to specify constraints on
the start and end time points of the periods. For transaction time tables, three new SQL
extensions are provided to retrieve tuples in a given time range. There is no explicit support
for more advanced operations, such as various forms of temporal aggregations or temporal
joins.

Commercial DBMSs. Following the SQL:2011 standard, major database vendors have
started to offer temporal support in their database management systems [26].

IBM offers the temporal features from SQL:2011 in version 10 of their DB2 database
system [29], supporting both valid time and transaction time tables. Transaction time tables
are implemented by means of a current table and a history table; queries over transaction time
tables are automatically rewritten into queries over one or both of the two tables. The Oracle
DBMS supports temporal features from SQL:2011 as of version 12c. The temporal features
are implemented using the Oracle flashback technology [25] and adopt a syntax that differs
slightly from the SQL standard. PostgreSQL version 9.2 introduces a new range data type
together with associated predicates and functions into the language to support the SQL:2011
standard [28]. For efficient query processing over range predicates, two index structures
have been provided, the Generalized Search Tree (GiST) [14] and the space-partitioned
Generalized Search Tree (SP-GiST) [12]. The Teradata DBMS supports temporal features
from the SQL:2011 standard from version 13.10 onwards [2]. For querying temporal tables,
so-called temporal statement modifiers [6] are used in combination with query rewriting
where temporal queries are translated into equivalent standard SQL queries. In terms of
querying, Teradata is the most advanced database management system, supporting sequenced
aggregation and coalescing. Since 2016, Microsoft’s SQL Server [23] offers limited support
for transaction time tables. For more general temporal query support, user-defined functions
have to be used.
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3 Native Support for Sequenced Temporal Queries

While the SQL:2011 standard provides limited support for querying temporal data, the tem-
poral alignment framework [11] is the first approach to achieve systematic and comprehensive
support for so-called sequenced temporal queries in relational database engines without
limiting the use of queries with so-called nonsequenced semantics. The approach allows a
tight integration into the database kernel, thus making it possible to leverage existing query
optimization and evaluation strategies for processing temporal queries.

The key idea of the temporal alignment approach is to reduce temporal queries to
nontemporal queries in a two-step process: (1) Adjust the timestamps of the input tuples
such that they are aligned. This yields an intermediate relation, where all tuples that
together contribute to a result tuple have the same timestamp. This intermediate relation
can conceptually be considered as a sequence of snapshots, each of which lasts for one or
more time points. Two interval adjustment operators are needed: a temporal normalizer for
the operators π, ϑ, −, ∩, and ∪, and a temporal aligner for the operators ×, on, d|><|, |><|d, d|><|d,
and B. (2) The corresponding nontemporal operator is applied to the intermediate relations.
By treating the adjusted timestamps as nontemporal, atomic values and adding an equality
constraint over the adjusted timestamps (e.g., as a grouping attribute for aggregation or an
equality predicate in joins), it is ensured that tuples that contribute to the same result tuple
are processed together, yielding the correct result of the original temporal query. Conceptually,
the nontemporal query is applied on each snapshot of the intermediate relations.

The temporal alignment framework features two optional steps. First, it allows the
replication of the original timestamp attribute as a nontemporal attribute before the interval
adjustment step. This is necessary if a subsequent operation needs information about the
original timestamp, e.g., a query predicate over the original timestamp. Second, it allows
attribute values of a tuple to be “scaled” in response to changes to the duration of the tuple’s
timestamp, which may occur during the interval adjustment step.

The temporal alignment approach is systematic and separates interval adjustment from
the evaluation of the operators. This strategy renders it possible to fully leverage the query
optimization and evaluation engine of a DBMS for sequenced temporal query processing.
An implementation of the temporal alignment framework in the kernel of the PostgreSQL
database system is available at tpg.inf.unibz.it [9, 11].

4 Conclusion and Outlook

The processing of temporal data is receiving renewed attention in the database community.
In this work, we provide a brief overview of current results, covering both research results
and commercial database management systems (a more detailed version is available [3]).
Starting with SQL:2011 the SQL standard offers support for storing and updating temporal
data; query support remains limited. These temporal features have been implemented in a
step-by-step fashion in prominent database management systems. In the research field, a
number of new index structures and query algorithms, mainly for aggregation and join, have
been proposed. Further, the first comprehensive framework for sequenced temporal queries
has been implemented in a relational database management system.

Future work in temporal databases points in various directions. While temporal alignment
provides a framework for implementing temporal query support in relational database systems,
open issues remain that require further investigation. First, in order to achieve scalability
to very large datasets in the framework, some operators need substantial performance
improvements. This can be achieved, for example, by providing additional and more targeted

tpg.inf.unibz.it
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temporal alignment primitives that produce smaller intermediate relations. Also, as current
cost estimates are very conservative, it is of interest to study more accurate and optimistic
cost estimates for the query optimizer. This might require the maintenance of statistics
about the temporal distribution of data in the dictionary. Integration of specialized query
algorithms and equivalence rules may also be pertinent.

Second, it is of interest to broaden the applicability of the framework. For instance, it is
of interest to extend the temporal alignment framework to relations with temporal duplicates.
This extension is relevant since duplicates occur in many practical applications, and they are
also permitted in the SQL:2011 standard. Another extension concerns the support for two or
more time dimensions, such as valid time and transaction time. Currently, only valid time is
supported, while the SQL:2011 standard supports both valid time and transaction time. One
problem there is that the adjustment of bitemporal timestamps becomes much more complex.
In time series data, a special type of temporal data, each value is timestamped with a time
point rather than a time period. It is of interest to study how existing technologies from
temporal databases can be adopted for the processing of such data.

Finally, more research in SQL-based temporal query languages is needed to facilitate
the formulation of complex temporal queries; this aspect is not covered in the SQL:2011
standard.
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Abstract
Automated verification of discrete-state systems has been a hot topic in computer science for
over 35 years. Model checking of temporal and strategic properties is one of the most prominent
and most successful approaches here. In this talk, I present a brief introduction to the topic, and
mention some relevant properties that one might like to verify this way. Then, I describe some
recent results on approximate model checking and model reductions, which can be applied to
facilitate verification of notoriously hard cases.
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1 Multi-Agent Systems and Strategic Ability

More and more systems involve social as much as technological aspects, and even those that
focus on technology are often based on distributed components exhibiting self-interested,
goal-directed behavior. Moreover, the components act in environments characterized by
incomplete information and uncertainty. The field of multi-agent systems studies the whole
spectrum of phenomena ranging from agent architectures to communication and coordination
in agent groups to agent-oriented software engineering. The theoretical foundations are
mainly based on game theory and formal logic.

Many relevant properties of multi-agent systems refer to strategic abilities of agents and
their groups. In particular, most functionality requirements can be specified as the ability
of the authorized users to achieve their legitimate goals. At the same time, many security
properties can be phrased in terms of the inability of unauthorized users to compromise the
system. Properties of this kind can be conveniently specified in modal logics of strategic
ability, of which alternating-time temporal logic (ATL) [2] is probably the most popular.

ATL modalities, possibly in combination with epistemic operators, allow e.g. to capture
different flavors of coercion-resistance in voting systems [23, 17]. A simple hierarchy of
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CR1 ≡ ¬〈〈Coercer〉〉G
(
(closed ∧

∧
v∈A
¬votev,1)→ KCoercer(

∨
v∈A
¬votev,1)

)
CR2 ≡ ¬〈〈Coercer〉〉G

(
(closed ∧

∧
v∈A
¬votev,1 →

∨
v∈A

KCoercer(¬votev,1)
)

CR3 ≡ ¬〈〈Coercer〉〉G
(
(closed ∧

∨
v∈A
¬votev,1 → KCoercer(

∨
v∈A
¬votev,1)

)
CR4 ≡ ¬〈〈Coercer〉〉G

(
(closed ∧

∨
v∈A
¬votev,1 →

∨
v∈A

KCoercer(¬votev,1)
)

Figure 1 Variants of coercion-resistance for coercion of multiple voters [17].

coercion-related specifications is presented in Figure 1. CR1 expresses that the coercer
cannot force all the agents in A to vote for candidate 1, or else he will know, at the closing
of the election, that at least one of them disobeyed. CR2 captures a stronger property: if
someone in A disobeyed, the coercer will know the identity of at least one such agent. We
leave the interpretation of CR3 and CR4 to the interested reader.

2 Practical Verification of Strategic Abilities

In the last 15 years, there has been a large number of works that study the syntactic and
semantic variants of ATL for agents with imperfect information, cf. [5, 1] for an overview.
The contributions are mainly theoretical, and concern the conceptual soundness of a given
semantics, meta-logical properties, and the complexity of model checking and satisfiability
problems. However, there is relatively little research on practical algorithms for verification.

This is somewhat easy to understand, since model checking of ATL variants with
imperfect information is ∆P

2 - to PSPACE-complete for memoryless strategies [22, 4] and
EXPTIME-complete to undecidable for agents with perfect recall [13, 14]. Moreover, the
imperfect information semantics of ATL does not admit fixpoint characterizations [6, 11, 12],
which makes incremental synthesis of strategies difficult to achieve. Experimental studies
based on heuristic approaches [8, 15, 21, 9, 7] have also confirmed that the problem is hard,
and dealing with it requires innovative techniques.

In this talk, I present several very recent attempts at overcoming the complexity barrier
for model checking of ATLir, i.e., the ATL variant for memoryless strategies with imperfect
information. The new techniques include approximate verification by fixpoint computation
of upper- and lower bounds, model reduction based on locally defined model equivalence,
and partial order reduction for simple strategic abilities in asynchronous systems. The main
ideas are presented in the following sections, in a rather rudimentary form. For technical
details, the reader is referred to the original papers [16, 18, 3, 19].

3 Approximate Model Checking

The proposal in [16, 18] is based on the idea that, instead of the exact model checking, it
may suffice to provide a lower and an upper bound for the output. Given a formula ϕ, we
construct two translations LB(ϕ) and UB(ϕ) such that LB(ϕ)⇒ ϕ⇒ UB(ϕ). That is, if
LB(ϕ) is verified as true, then the original formula ϕ must also hold in the given model.
Conversely, if UB(ϕ) evaluates to false, then ϕ must also be false.
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Table 1 Experimental results: solving endplay in bridge, formula 〈〈S〉〉ir Fwin [18].

#cards #states Approximate verification Exact
tgen lower upper match verification

4 11 0.0007 0.00007 0.00004 100% 0.12
8 346 0.011 0.0008 0.0003 100% 2.42 h?

12 12953 0.73 0.07 0.01 100% timeout
16 617897 35.19 348.37 0.72 100% timeout
20? 2443467 132.00 8815.73 4.216 100% timeout

The construction of the upper bound is straightforward: instead of checking existence of
an imperfect information strategy, we look for a perfect information strategy that obtains
the same goal. If the latter is false, the former must be false too. The lower bound is
defined by a fixpoint expression in alternating epistemic mu-calculus, with a nonstandard
next-step strategic modality 〈A〉• such that: (i) agents in A look for a short-term strategy
that succeeds from the “common knowledge” neighborhood of the current state (rather than
in the “everybody knows” neighborhood), and (ii) they are allowed to “steadfastly” pursue
their goal in a variable number of steps within the indistinguishability class. Formally, the
upper and the lower bounds are derived from ϕ through the following translations:

LB(p) = p,
LB(¬φ) = ¬UB(φ),
LB(φ ∧ ψ) = LB(φ) ∧ LB(ψ),
LB(〈A〉φ) = 〈A〉LB(φ),
LB(〈〈A〉〉Gφ) = νZ.(CALB(φ) ∧ 〈A〉•Z),
LB(〈〈A〉〉ψUφ) = µZ.

(
EALB(φ) ∨ (CALB(ψ) ∧ 〈A〉•Z)

)

UB(p) = p,
UB(¬φ) = ¬LB(φ),
UB(φ ∧ ψ) = UB(φ) ∧ UB(ψ),
UB(〈A〉φ) = EA〈〈A〉〉Ir XUB(φ),
UB(〈〈A〉〉Gφ) = EA〈〈A〉〉Ir GUB(φ),
UB(〈〈A〉〉ψUφ) = EA〈〈A〉〉Ir UB(ψ) U UB(φ)

I Theorem 1 ([16]). For every pointed model (M, q) and ATLir formula ϕ:

M, q |= LB(ϕ) =⇒ M, q |= ϕ =⇒ M, q |= UB(ϕ).

The effectiveness of the approximations has been evaluated experimentally on a number
of benchmarks. The results for a scalable scenario of Bridge endplay are presented in Table 1.
The results in each row are averaged over 20 randomly generated instances, except for (?)
where only 1 hand-crafted instance was used. All the tests were conducted on a computer
with an Intel Core i7-6700 CPU with dynamic clock speed of 2.60–3.50 GHz, 32 GB RAM,
running 64bit Ubuntu 16.04 Linux. The running times are given in seconds. Timeout
indicates that the process did not terminate in 48 hours. The computation of the lower
and upper approximations was done with a straightforward implementation (in Python 3)
of the fixpoint model checking algorithm. The exact ATLir model checking was done with
MCMAS 1.3.0 [20].

Notice that the results in Table 1 have been obtained by a completely straigghtforward
implementation of the lower/upper bound algorithms. After a simple optimization of data
structures (based on the technique of merge-find sets) and operations on the data, the
algorithms were able to generate and verify a model with over 70 million states in less than
75 minutes, cf. Table 2. Perhaps more importantly, the verification of the handpicked (5, 5)?
model (which marked the limit of our capability without the optimization) ran almost 3000
times (!) faster than with the straightforward implementation. This strongly suggests that
the potential for further improvement is still large.

TIME 2018
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Table 2 Experimental results for the optimised approximate verification [18].

#cards #states Approximate verification Exact
tgen lower upper match verification

4 11 <0.0001 <0.0001 <0.0001 100% 0.12
8 346 <0.0001 <0.0001 <0.0001 100% 2.42 h?

12 12953 0.06 <0.0001 <0.0001 100% timeout
16 617897 4.64 0.56 0.26 100% timeout
20? 2443467 34.00 3.0 2.0 100% timeout
20 1.5 e7 124.00 8.5 6.0 100% timeout
24? 7 e7 3779.00 667.0 78.0 100% timeout

4 Bisimulation-Based Model Reduction

The main source of hardness in model checking for strategic ability is the size of the model.
First, the space of available strategies is at least exponential in the number of states and
transitions. To make it even worse, there is (as of now) no method to factorize the model so
that the algorithm would look for optimal substrategies independently, and then combine
them into a winning strategy. Secondly, the explicit state model is typically exponential in
size with respect to a higher level description, e.g., by means of local automata or concurrent
programs. This means that realistic models are huge, and their strategy spaces are enormous.
In consequence, an effective model reduction can offer invaluable help in turning a hopeless
verification task into a feasible one.

One way to obtain such reductions is to identify a suitable notion of model equivalence
that preserves the logic. Then, whenever the need for verification arises, we can look for
a smaller model that is provably equivalent to the input model. Locally definable model
equivalences for logics of strategies are usually called alternating bisimulations. The first
variant of alternating bisimulation for ATL with imperfect information has been recently
proposed in [3]. The main definitions and preservation theorems are summarized below.

Strategy simulators. Let M,M ′ be two models of ATLir. A simulator of partial strategies
for coalition A fromM intoM ′ is a family ST of functions STQ,Q′ : PStrA(Q)→ PStrA(Q′)
for some subsets of states Q ⊆ St in model M and Q′ ⊆ St′ in model M ′. Intuitively,
every STQ,Q′ maps each partial strategy σA defined on set Q in M into a “corresponding”
strategy σ′A defined on Q′ in M ′. Typically, we will map strategies between the common
knowledge neighborhoods of “bisimilar” states in M and M ′. We formalize this idea as
follows. Let R ⊆ St × St′ be a relation between states in M and M ′. A simulator of
partial strategies for coalition A with respect to relation R is a family ST of functions
STCA(q),C′

A
(q′) : PStrA(CA(q))→ PStrA(C ′A(q′)) such that qRq′.

Simulation and bisimulation. Let M,M ′ be two models defined on the same set Agt of
agents, and A ⊆ Agt be a coalition. A relation VA⊆ St× St′ is a simulation for A iff
1. There exists a simulator ST of partial strategies for A w.r.t. VA, such that q VA q′

implies that:
a. π(q) = π′(q′);
b. for every i ∈ A , r′ ∈ St′, if q′ ∼′i r′ then for some r ∈ St, q ∼i r and r VA r

′.
c. For every states r ∈ CA(q), r′ ∈ C ′A(q′) such that r VA r

′, for every partial strategy
σA ∈ PStrA(CA(q)), and every state s′ ∈ succ(r′,ST(σA)), there exists a state
s ∈ succ(r, σA) such that sVA s

′.
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2. If q1 VA q
′ and q2 VA q

′, then CA(q1) = CA(q2).

That is, state q′ can only simulate q if (1a) q and q′ agree on the interpretation of atoms;
(1b) q simulates the epistemic transitions from q′; and (1c) for every partial strategy σA,
defined on the common knowledge neighborhood CA(q), we are able to find some partial
strategy ST(σA) (the same for all states in CA(q)) such that the transition relations ST(σA)−−−−−→
and σA−−→ commute with the simulation relation VA. Moreover, (2) multiple states simulated
by the same q′ must be in the same common knowledge neighborhood.

Relation WVA is a bisimulation iff both WVA and its converse WV−1
A = {(q′, q) | q WVA q

′}
are simulations.

I Theorem 2 (Preservation Theorem for A-ATLir [3]). If WVA is a bisimulation for A
and q WVA q′, then for every formula ϕ that contains only agents from A inside strategic
modalities, we have:

M, q |= ϕ if and only if M ′, q′ |= ϕ.

I Theorem 3 (Preservation Theorem for ATLir [3]). If WV is a bisimulation for every
A ⊆ Agt, and q WV q′, then for every formula ϕ we have that:

M, q |= ϕ if and only if M ′, q′ |= ϕ.

The bisimulation provides a strong notion of model equivalence, since it preserves the
truth values of all ATLir formulae. Moreover, it can lead to very significant model reductions.
As an example, Figure 2a presents a fragment of the simple model of voting and coercion [18]
for 1 coercer, 2 voters, and 2 candidates. A bisimilar, much sparser model is presented in
Figure 2b.

5 Partial-Order Reduction

The bisimulation-based reduction can result in a significant trimming of states and transitions.
However, the conditions of the bisimulation are quite strong, which means that the method
has somewhat limited applicability. Moreover, the reduced model and the equivalence must
be crafted and proved by hand. An automated method for reduction of models that arise
due to interleaving of asynchronously executed actions has been recently proposed in [19].

Many real-life systems are inherently asynchronous, and do not operate on a global
clock that perfectly synchronizes the atomic steps of all the components. As an example,
consider robots interacting in an environment with faulty communication or non-negligible
delays in execution of actions. No less importantly, many systems that are synchronous at
the implementation level (say, the level of the virtual machine) can be more conveniently
modeled as asynchronous on a more abstract level, because when we abstract away the
implementation details it is not clear anymore how transitions initiated by different agents are
exactly arranged in a particular temporal order. For instance, the actual implementation of
a soccer match in the simulated RoboCup competition can be executed on a single computer
with a global clock ticking every 0.3 ns, but the corresponding synchronous model would be
huge and in consequence useless for analysis. Instead, one can remove a lot of unnecessary
details by assuming that the players execute their actions asynchronously – without clear
temporal relationship between their execution times – and synchronize only when a particular
event has to be executed jointly.

In many scenarios, both aspects combine. For example, when modeling an election, one
must take into account both the truly asynchronous nature of events happening at different
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Figure 2 Bisimulation-based reduction of a simple voting model: before and after the reduction.
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Figure 3 Asynchronous multi-agent system for the Trains, Gate and Controller benchmark.

polling stations, and the best level of granularity for modeling the events happening within a
single polling station.

In [19], we have made the first step towards strategic analysis of such systems. Most
importantly, we adapted partial order reduction (POR) to model checking of strategic abilities
for agents with imperfect information. In fact, we showed that the most efficient variant of
POR, defined for linear time logic LTL, can be applied almost directly. Interestingly, the
scheme does not work for verification of agents with perfect information.

Algorithm for partial-order reduction. Given a collection of local automata S with its
underlying model M , the reduction proceeds by iterative unfolding of S into its reduced
model M ′. The unfolding is done by means of the following Depth-First Search (DFS)
algorithm:
1. Identify the set en(qn) ⊆ Act of enabled actions.
2. Heuristically select a subset E(qn) ⊆ en(qn) of possible actions (see below).
3. For any action a ∈ E(qn), compute the successor state q′ such that qn

a→ q′, and add q′
to the stack, thus generating the path π′ = q0a0q1a1 · · · qnaq′. Recursively proceed to
explore the submodel originating at q′.

4. Remove qn from the stack.
The algorithm begins with the stack consisting solely of the initial state of M , and terminates
when the stack is empty.

Heuristics. Let A ⊆ Agt. The conditions C1−C3 below define a heuristics for the selection
of E(q) ⊆ en(q) in the DFS algorithm.

C1 Along each path π in M that starts at q, each action that is dependent on an action in
E(q) cannot be executed in π without an action in E(q) is executed first in π. Formally,
∀π ∈ ΠM (q) such that π = q0a0q1a1 . . . with q0 = q, and ∀b ∈ Act such that (b, c) /∈ IA
for some c ∈ E(q), if ai = b for some i ≥ 0, then aj ∈ E(q) for some j < i.

C2 If E(q) 6= en(q), then E(q) ⊆ InvisA.
C3 For every cycle in M ′ there is at least one node q in the cycle for which E(q) = en(q),

i.e., for which all the successors of q are expanded.

Preservation theorems. Let S be a collection of local automata representing an asynchron-
ous multi-agent system. I∅ is the standard independence of actions, used in partial-order
reduction for LTL [10]. IA is a slightly modified variant of I∅, that treats all the actions of
agents in A as visible. The following theorems show that the LTL partial-order reduction
can be directly (or almost directly) applied to sATL∗ir, i.e., the fragment of ATL∗ir without
nested strategic modalities and the temporal operator X.

TIME 2018
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Figure 4 Interleaved interpreted systems for TGC: (a) full model, (b) reduced model. Visible
transitions are depicted by bold arrows.

I Theorem 4 ([19]). Let M be the model of S, and M ′ be the reduced model generated by
DFS with the choice of E(q′) for q′ ∈ St′ given by conditions C1, C3 and the independence
relation I∅. Then, M ′ satisfies exactly the same formulae of sATL∗ir as M under the
concurrency-fairness assumption.

I Theorem 5 ([19]). Let A ⊆ Agt, M be the model of S, and M ′ the reduced model generated
by DFS with the choice of E(q′) given by conditions C1, C2, C3 and the independence
relation IA. Then, M ′ satisfies exactly the same formulae of A-sATL∗ir as M without the
concurrency-fairness assumption.2

How big is the gain? As an example, consider the well known TGC benchmark (Trains,
Gate, and Controller). The local automata representing the system for k = 2 trains are
shown in Figure 3, and the full logical model in Figure 4a. The reduced model obtained by
POR is depicted in Figure 4b (same as for the LTL partial-order reduction). It is easy to
see that the reduced state space is exponentially smaller than the size of the full model.

Of course, such optimistic outcomes are not guaranteed for all asynchronous agent systems.
Still, it is important to note that ATLir model checking is NP-hard in the size of the model
(and not the size of the representation), and all the attempts at actual algorithms so far run
in exponential time. So, even a linear reduction of the state space is likely to produce an
exponential improvement of the performance.

Perfect information. The reduction scheme does not work for the standard variant of
alternating-time logic, based on perfect information strategies:

I Theorem 6 ([19]). The analogues of Theorems 4 and 5 do not hold for sATLIr.

This negative result is especially interesting because, until now, virtually all the results
have been in favor of solving games with perfect information.

2 where A-sATL∗
ir is the fragment of sATL∗

ir containing only agents from A in strategic modalities.
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6 Conclusions

Verification by model checking is one of the top success stories in computer science and AI.
Many important properties of multi-agent systems are underpinned by the ability of some
agents (or groups) to achieve a given goal. However, model checking of strategic ability in
realistic systems is a notoriously hard problem. In this short paper, I have tried to summarize
some of the very recent developments that can contribute to overcoming the complexity
barrier, and extending the scope of formal verification.
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Abstract
In the recent years research on dynamic social network has increased, which is also due to the
availability of data sets from streaming media. Modeling a network’s dynamic behaviour can be
performed at the level of communities, which represent their mesoscale structure. Communities
arise as a result of user to user interaction. In the current work we aim to predict the evolution of
communities, i.e. to predict their future form. While this problem has been studied in the past as
a supervised learning problem with a variety of classifiers, the problem is that the “knowledge” of
a classifier is opaque and consequently incomprehensible to a human. Thus we have employed first
order logic, and in particular the event calculus to represent the communities and their evolution.
We addressed the problem of predicting the evolution as an online Inductive Logic Programming
problem (ILP), where the issue is to learn first order logical clauses that associate evolutionary
events, and particular Growth, Shrinkage, Continuation and Dissolution to lower level events.
The lower level events are features that represent the structural and temporal characteristics of
communities. Experiments have been performed on a real life data set form the Mathematics
StackExchange forum, with the OLED framework for ILP. In doing so we have produced clauses
that model both short term and long term correlations.
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4:2 Predicting the Evolution of Communities with Online Inductive Logic Programming

1 Introduction

A social network is a structure which contains individuals, who are linked to other individuals.
The link among them states an interaction which has one or more types of interdependency
such as friendship, kinship, common interest, financial exchange. Social networks are often
represented as graphs, with nodes representing users and edge representing interactions.
Usually a social network changes over time because new individuals join the network, new
interactions are developed, or some individuals cease to be active for a short or a long period.
This is actually the predominant behaviour especially in streaming social media, such as
forums.

The social networks are often studied at the level of communities, which represent their
meso-scale structure. A group of nodes forms a community if it is densely connected, and
sparsely connected to other communities. The said communities are not explicitly formed
but rather implicitly as a result of the actions of individual users, that are not random but
tend to follow a certain pattern that is related to their similarity to other users. There are
many algorithms that have been developed for the detection of communities in networks that
are static [6].

In dynamic networks, the communities are influenced over the time by their users’
interaction. This influence causes changes in the structure of the communities. Many
researchers, consider that the structure of a community contains important information for
network evolution as a whole. Thus, it is highly imperative to model the dynamic behavior
in social networks and try to predict their evolution.

In this paper we study the problem of community evolution prediction in dynamic social
networks. We address this problem as a supervised learning task where we predict four types
of community evolutionary events, growth, shrinkage, continuation and dissolution. Various
features were investigated in order to understand how they influence the results. Among
them, are the structural and temporal characteristics of communities. What is unique in
the current approach is that we use a first order logic formalism to represent the correlation
between evolutionary events and the input features. Moreover Inductive Logic Programming
(ILP) us used to learn event calculus clauses. Event calculus was chosen because it is human
understandable, it can be used to model effect of actions in time, and the variation we have
adopted can perform ILP in an online fashion which is especially useful in streaming media.

The rest of the paper is organised as follows. In Section 2 we refer to past work on
community evolution prediction, in Section 3 we refer to the Event Calculus as a logic
formalism but also to Inductive Logic Programming as a way of learning clauses, then in
Section 4 we refer to the methodology we followed for community evolution prediction, in
Section 5 we present experimental results, conclusions are drawn in Section 6. In appendix A
we present samples of Event Calculus clauses, and an additional experiment with pruning.

2 Related Work

The literature in community evolution prediction is quite extensive in terms of features,
classifier types and events predicted.

Patil et al. [14] predicted whether a community will disappear or will survive. They
observed that both the level of member diversity and social activities are critical in maintaining
the stability of communities. They also found that certain prolific members play an important
role in maintaining the community’s stability. Goldberg et al. [8] correlated the lifespan
of a community with the structural parameters of its early stages. Brodka et al. [2],[7]
tried to predict 6 evolutionary events of communities, i.e. growth, shrinkage, continuation,
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dissolution, merging and split. They used as features the history of the events of a community
in the three preceding timeframes, and the community size in these timeframes. They
found that the prediction based on simple input features may be very accurate, while some
classifiers are more precise than the others. Kairam et al. [11] tried to understand the factors
contributing to the growth and longevity in a social network. They investigated the role
that two types of growth (diffusion and non-diffusion) play during a community’s formative
stages. Diffusion growth is when a community attracts new members through ties to existing
members. Non-diffusion growth occurs with individuals with no prior ties to the network.
Diakidis et al. [4] studied on-line social networks as a supervised learning task with sequential
and non-sequential classifiers. Structural, content and contextual features as well as the
previous states of a community are considered as the features that are involved in the task of
community evolution. The evolution phenomena they tried to predict are the continuation,
shrinking, growth and dissolution.

Takaffoli et al. [16] quantified the events that may occur in a community as follows:
survive:{true, false}, merge:{true, false}, split:{true, false}, size:{expand, shrink}, and
cohesion:{cohesive, loose}. First they tried to predict whether a community will survive,
followed by a separate predictor for each of the events.

Ilhan et al. [10] proposed a regression ARIMA model to predict values of community
features based on the values of the past community instances. Then the predicted community
features are used to train a classifier to predict the evolutionary events.

The classifiers proposed are quite opaque in terms of the model that is learnt. Our
approach differs in trying build classifiers based on first order logic, and thus they can be
inspected by humans.

3 Background: Event Calculus and Inductive logic programming

The Event Calculus (EC) is a temporal logic formalism for reasoning about actions and
changes [13]. EC, that has been used as a basis in event recognition applications, provides
among others, direct connections to machine learning, via Inductive Logic Programming
(ILP) [3]. Its ontology comprises time points, represented by integers; time varying properties
known as fluents; and actions known as events. The events occur in time and may affect the
fluents by altering their value. The axioms of the EC incorporate the law of inertia, according
to which fluents persist over time, unless they are affected by an event. Thus, if an event
is initiated at time T , it will persist until another event will fire a termination rule. Also,
if an event is terminated at time T , it will remain terminated until another event fires an
initiation rule. The basic predicates are presented in Table 1, while the domain-independent
axioms are in Table 2. Axiom (1) states that a high level event, represented as fluent F for
convenience, is happening at time T if it has been initiated at the previous time point. While
Axiom (2) states that F continues to happen unless it is terminated.

Let us examine how the evolution of a community could be represented in terms of EC;
an evolutionary phenomenon such as the growth will be represented as a fluent, whereas the
factors that contribute to the growth will be represented as events. For example in Table 3, it
means that community X0 will grow in time T provided its size was 3 and its density was 4.
Likewise, rules can be formed for the rest of the evolutionary phenomena as combinations of
features (or events). The rules are also known as clauses, whereas the predicates happensAt
are also known as literals. In addition, a rule B is a specialisation of rule A if the instances
that satisfy rule B are a subset of the instances that satisfy rule A.
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Table 1 The basic predicates of the EC.

Predicate Meaning

happensAt(E,T) Event E occurs at time T
initiatedAt(F,T) At time T fluent F is initiated
terminatedAt(F,T) At time T fluent F is terminated
holdsAt(F,T) Fluent F holds at time T

Table 2 The domain-independent
axioms.

Axioms

holdsAt(F,T +1) ← (1)
initiatedAt(F,T).

holdsAt(F, T+1) ← (2)
holdsAt(F,T),
not terminatedAt(F,T).

Table 3 Theory Learnt by OLED.

initiatedAt(growth(X0),T) ←
happensAt(size(X0,3),T),
happensAt(density(X0,4),T).

The problem that we try to address is to learn such rules (or clauses) from data, rather
than hand encode them; for that we can use inductive logic programming (ILP). In ILP, first
order rules are learnt from relational data under a supervised learning scheme. Thus we have
input data and class labels. The input data are often named the narrative, and the class
label is known as the annotation.

Given an encoding of the known background knowledge and a set of examples represented
as a logical database of facts, an ILP system will derive a hypothesised logic program which
entails all the positive and none of the negative examples. ILP provides various techniques
for learning logical theories from examples. In Learning from Interpretations (LfI) [1] setting
each training example is an interpretation, i.e. a set of narrative and annotation atoms (see
Table 4). Given a set of training interpretations I and some background theory B, which
consists of the domain-independent axioms of the EC, the goal in LfI is to find a theory.

In this paper, OLED (Online Learning of Event Definitions) [12] was used for learning rules
that perform community evolution prediction. OLED is an online ILP system for learning
logical theories from data streams. It has been designed having in mind the construction of
knowledge bases for event recognition applications. These applications [5] process sequences
of simple events, such as sensor data, and recognize complex events of interest, i.e. events
that satisfy some pattern. Logic-based event recognition typically uses a knowledge base of
first-order rules to represent complex event patterns and a reasoning engine to detect such
patterns in the incoming data. In OLED this knowledge base is in the form of domain-specific
axioms in the Event Calculus, i.e. rules that specify the conditions under which simple,
low-level events initiate or terminate complex events.

OLED is using an online (single-pass) learning strategy. Online machine learning is a
method of machine learning in which data becomes available in a sequential order and is
used to update our best predictor for future data at each step, as opposed to batch learning
techniques which generate the best predictor by learning on the entire training data set
at once. To manage it, the Hoeffding bound [9] for evaluating clauses on a subset of the
input stream, is used. With this approach, significant speed-ups are obtained in training
time. Table 4 presents an example of input data that is provided to OLED. It consists of a
narrative and an annotation list. Narratives are the simple (or low level) events in terms of
happensAt/2, expressing the values of communities’ features. i.e. happensAt(size(c1,3),1).
denotes that community c1 has size 3 in time 1. Annotations are the complex (or high level
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Table 4 Input of OLED.

Timeframe 1 Timeframe 2

Narrative Narrative
happensAt(size(c1,3),1). happensAt(size(c1,5),2).
happensAt(density(c1,4),1). happensAt(density(c1,5),2).
Annotation Annotation

holdsAt(growth(c1),2).

events) events in terms of holdsAt/2, expressing the ground truth for our training set. i.e.
holdsAt(growth(c1),2). denotes that community c1 grew in time 2. The non-existence of
c1’s annotation in time 1 states that growth event is terminated in time 1. Table 3 shows
an example of the theory OLED learnt after training. It represents we will begin to have
a growth event in time T+1 for any community, which has size 3 and density 4 in time T.
This rule extracted because with these community features in time 1, we had a growth event
in time 2 (Table 4).

Learning. OLED learns a clause in a top-down fashion, by gradually adding literals to its
body. Instead of evaluating each candidate specialization on the entire input, it accumulates
training data from the stream, until the Hoeffding bound allows to select the best specializa-
tion. The instances used to make this decision are not stored or reprocessed but discarded
as soon as OLED extracts from them the necessary statistics for clause evaluation.

OLED relaxes the LfI requirement that a hypothesis H covers every training interpretation,
and thus seeks a theory with a good fit in the training data. Let B consist of the domain-
independent EC axioms, r be a clause and I an interpretation. We denote by narrative(I)
and annotation(I) the narrative and the annotation part of I respectively (Table 4). We
denote by Mrr

I an answer set of B ∪ narrative(I) ∪ r. Given an annotation atom α we say
that:

α is a true positive (TP) atom clause r, iff α ∈ annotation(I) ∩Mrr
I .

α is a false positive (FP) atom clause r, iff α ∈Mrr
I but α 6∈ annotation(I).

α is a false negative (FN) atom clause r, iff α ∈ annotation(I) but α 6∈Mrr
I .

We define a heuristic clause evaluation function G as follows:

G(r) =
{

T Pr

T Pr+F Pr
, if r is an initiatedAt clause

T Pr

T Pr+F Nr
, if r is a terminatedAt clause

where TPr, FPr and FNr are the accumulated TP, FP and FN counts of clause r over the
input stream and G ∈ [0, 1].

On the arrival of new interpretations, OLED either expands H, by generating a new
clause, or tries to expand (specialize) an existing clause. Clauses of low quality are pruned,
after they have been evaluated on a sufficient number of examples. Below there is an example
of OLED execution. Initially, processes Linit and Lterm start with two empty hypotheses,
Hinit and Hterm. Assume that the annotation in one of the incoming interpretations dictates
that the growth complex event holds at time 10, while it does not hold at time 9. Since
no clause in Hinit yet exists to initiate growth at time 9, Linit detects the growth instance
at time 10 as a FN and proceeds to theory expansion, generating an initiation clause for
growth. Lterm is not concerned with initiation conditions, so it will take no actions in this
case. Then, a new interpretation arrives, where the annotation dictates that growth holds
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at time 20 but does not hold at time 21. In this case, since no clause yet exists in Hterm
to terminate growth at time 20, Lterm will detect an FP instance at time 21. It will then
proceed to theory expansion, generating a new termination condition for growth. At the same
time, assume that the initiation clause in Hinit is over-general and erroneously re-initiates
growth at time 20, generating an FP instance for the Linit process at time 21. In response to
that, Linit will proceed to clause expansion, penalizing the over-general initiation clause by
increasing its FP count, thus contributing towards its potential replacement by one of its
specializations.

In EC the initiation/termination of complex events depends only on the simple events
and contextual information of the previous time-point, therefore each interpretation is an
independent training instance. This guarantees the independence of observations that is
necessary for using the Hoeffding bound. The Hoeffding bound is a statistical tool that is
used as a probabilistic estimator of the generalization error of a model (true expected error
on the entire input), given its empirical error (observed error on a training subset). Given
a random variable X ∈ [0, 1] and an observed mean X of its values after n independent
observations, the Hoeffding Bound states that, with probability 1− δ, the true mean X̂ of

the variable lies in an interval (X − ε,X + ε), where ε =
√
ln(1/δ)

2n . In other words, the
true average can be approximated by the observed one with probability 1− δ, given an error
margin ε that decreases with the number of observations n.

Let r be a clause and G a clause evaluation function. Assume also that after n training
instances, r1 is r’s specialization with the highest observed mean G-score G and r2 is the
second best one, i.e. ∆G = G(r1) − G(r2) > 0. Then by the Hoeffding bound we have
that for the true mean of the scores’ difference ∆Ĝ it holds ∆Ĝ > ∆G− ε, with probability
1 − δ. Hence, if ∆G > ε then ∆Ĝ > 0, implying that r1 is indeed the best specialization
to select at this point, with probability 1 − δ. In order to decide which specialization to
select, it thus suffices to accumulate observations from the input stream until ∆G > ε. Also,
because OLED allows to build decision models using only a small subset of the data, by
relating the size of this subset to a user-defined confidence level on the error margin of not
making a (globally) optimal decision, manages to consume small amounts of memory and
time resources.

4 Proposed Methodology

A dynamic social network is time-stamped, and to be analysed it is segmented into time
frames, with an overlap between them to allow for a smooth transition. The problem we are
addressing is to predict the form of a community in the next frame, given some features of
the existing form of a community. The model that perform the prediction is learnt through
ILP and represented as clauses of Event Calculus.

4.1 Community Features
Pavlopoulou et al. [15] designed two types of features, the structural and the temporal ones.
Structural features represented the physical characteristics of a community such as size,
density etc. The temporal features included structural features and evolutionary events
that were derived from the past instances of a community, and from relations between past
instances of a community. In this work, we use the same features which describe below but
first let us introduce some notation: Ct is the set of communities at time frame Ft; Ck

t is the
community k of set Ct; n(Ft) = |Vt| is the size of set Vt; m(Ft) = |Et| is the size of set Et;
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Vt and Et are the sets of vertices and edges, respectively, at time frame Ft; mout(Ck
t ) is the

number of edges from community Ck
t to any other community in the same timeframe; and

C
kj

tj
is the ancestor of Cki

ti
, where j < i.

The ancestors of a community do not necessarily belong to consecutive time frames. In
the current experiments, each community is tracked in each timeframe until its dissolution,
thus there are situations in which a community disappears at timeframe ti but it reappears at
timeframe tj , where j − i > 1. Thus, the i-th ancestor of a community is the i-th appearance
of the community in the past, counting from the present. Next are the features we used in
detail:

Structural Features.
Size is the normalized value for the size of a community Ck

t in time frame Ft:

Size(Ck
t ) = n(Ck

t )
n(Ft)

Density is the number of Ck
t edges to the maximum number of edges the community could

have:

Density(Ck
t ) = m(Ck

t )
n(Ck

t )(n(Ck
t )− 1)/2

Cohesion is defined as:

Cohesion(Ck
t ) = 2m(Ck

t )(n(Ft)− n(Ck
t ))

mout(Ck
t )(n(Ck

t )− 1)

Normalised Association is defined as:

NormalizedAssociation(Ck
t ) = 2m(Ck

t )
2m(Ck

t ) +mout(Ck
t )

Ratio Association is the average internal degree of a community’s members:

RatioAssociation(Ck
t ) = 2m(Ck

t )
n(Ck

t )

Ratio Cut is the average external degree of a community’s members:

RatioCut(Ck
t ) = mout(Ck

t )
n(Ck

t )

Normalized Edges Number is defined as:

NormalizedEdgesNumber(Ck
t ) = m(Ck

t )
m(Ft)

Average Path Length shows how close on average two random nodes are:

AveragePathLength(Ck
t ) =

∑
v,u∈V k

t ,v 6=u dist(v, u)
n(Ck

t )(n(Ck
t )− 1)

where dist(v, u) indicates the shortest distance between nodes v and u.
Diameter is the maximum shortest path between all pairs of nodes in community Ck

t :

Diameter(Ck
t ) = max

u,v∈V k
t ,u6=v

dist(u, v)
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4:8 Predicting the Evolution of Communities with Online Inductive Logic Programming

Clustering Coefficient We set as clustering coefficient of a community the average of the
local clustering coefficient of each node. The local clustering coefficient for a vertex v in
a community Ck

t is defined as,

ClusteringCoefficient(v) = 2neigh(v)
neigh(v)(neigh(v)− 1)

where neigh(v) = |{u : (u, v) ∈ Ek
t }| is the number of neighbours of vertex v and

neighE(v) = |{(u,w) ∈ Ek
t : (u, v) ∈ Ek

t , (w, v) ∈ Ek
t }| is the number of edges among the

neighbours of vertex v.The clustering coefficient of a community Ck
t is the average over

all its members:
Centrality measures how central each node of a community Ck

t is. We used three centrality
measures as features, namely closeness, betweenness and eigenvector centrality [17].

Temporal features.
Structural features and Evolutionary events of N ancestors: One group of temporal fea-

tures is all the structural features, as described above, as well as the evolutionary events
for the first n immediate ancestors of community Ckp

tp
.

Another group of temporal features concerns pairs of communities and depict how a
community has evolved compared to its previous instance in time. Using these pairs of
communities for a given number of ancestors n to use, we compute the following temporal
features:
Similarity of consecutive communities is the fraction between the nodes/edges that are

common in both instances of the community and total nodes/edges of two instances.

JaccNodes(Cki
ti
, C

ki−1
ti−1

) =
|V ki

ti
∩ V ki−1

ti−1
|

|V ki
ti
∪ V ki−1

ti−1
|
, JaccEdges(Cki

ti
, C

ki−1
ti−1

) =
|Eki

ti
∩ Eki−1

ti−1
|

|Eki
ti
∪ Eki−1

ti−1
|
,

JaccNodes&Edges(Cki
ti
, C

ki−1
ti−1

) =
|V ki

ti
∩ V ki−1

ti−1
|+ |Eki

ti
∩ Eki−1

ti−1
|

|V ki
ti
∪ V ki−1

ti−1
|+ |Eki

ti
∪ Eki−1

ti−1
|

where Eki
ti

is the set of edges and V ki
ti

the set of nodes of community Cki
ti
.

Join nodes ratio is the percentage of nodes joining the dynamic community as it evolves.

JoinNodesRatio(Cki
ti
, C

ki−1
ti−1

) =
|V ki

ti
\V ki−1

ti−1
|

|V ki
ti
|

Left nodes ratio is the percentage of nodes leaving the dynamic community as it evolves.

LeftNodesRatio(Cki
ti
, C

ki−1
ti−1

) =
|V ki−1

ti−1
\V ki

ti
|

|V ki−1
ti−1
|

Activeness is the ratio of the number of edges in current community Cki
ti

which also existed
in its ancestor community Cki−1

ti−1
, to the number of nodes in current community Cki

ti
.

Activeness(Cki
ti
, C

ki−1
ti−1

) =
|Eki

ti
∩ Eki−1

ti−1
|

|V ki
ti
|

The last two temporal features are computed for individual communities instead of pairs.
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Lifespan Given a community Ckw
tw

which is part of dynamic community M and belongs to
time frame tw, the lifeSpan is defined as,

LifeSpan(Ckw
tw

) =
|{Ckp

tp
∈M : p < w}|
tw − 1

which is the ratio of the number of time frames between the current community Ckw
tw

and
the very first instance of the same dynamic community (total number of ancestors of
Ckw

tw
), to the maximum number of ancestors Ckw

tw
could have. The maximum number of

ancestors Ckw
tw

could have is equal to tw − 1 , where tw is the number of the time frame
where Ckw

tw
belongs to. In that case there would be an instance of dynamic community

M in every time frame from the very first one until time frame tw − 1.
Aging of a community Ckw

tw
, which is part of the dynamic community M is the average age

of the community members. The age of a member is increased by 1 every time it is found
to be also a member of an ancestor community of Ckw

tw
in the corresponding dynamic

community. Aging is normalized by dividing with the maximum possible age of members,
which equals w.

Aging(Ckw
tw

) =

∑
v∈V kw

tw

|{Ckp

tp
∈M : p ≤ w, v ∈ V kp

tp
}|

(|{Ckp

tp
∈M : p < w}|+ 1)n(Ckw

tw
)

Feature Quantization. In OLED the values of variables are discrete thus we implemented
two methods to quantize variables. Let qvalue be the number of quantized values, fv be
the set with values of feature f . In first method, for each feature we split values’ total
range to qvalue intervals and the width of each is max{fv}−min{fv}

qvalue
. Thus the first interval is

(min{fv},min{fv}+ qvalue), the second is (min{fv}+ qvalue + 1,min{fv}+ 2qvalue) and so
on. The quantized value of each feature is the index of the interval it belongs to. The second
method sorts feature’s values in a list and creates qvalue sets. Taking one by one the values
from sorted list, we begin to fill the qvalue sets with consecutive values until each set has
|fv|

qvalue
feature’s values. Finally, if at least one feature or tag of community Ck is missing we

delete the Ck.

4.2 Community Evolution Prediction
OLED was used to predict four evolutionary events: growth, shrinkage, continuation, dissolu-
tion. Note that OLED handles two-class problems, so it predicts if a community will sustain
or will stop sustaining an evolutionary event. In Figure 1 we present the architecture of the
prediction system.

The performance of an ILP system may degrade if the background knowledge provided
contains large amounts of irrelevant information so experts are required to set the background
knowledge they believe to be useful. Table 5 presents an example of background knowledge,
where the following types of rules can be defined: Rules for community entity recognition;
rules for time entity recognition; facts for features’ quantized values recognition; rules for
values of ground truth recognition; and rules which represent the inertia of Event Calculus.
OLED can produce predicates of many forms. For example, an argument of a predicate can
be considered as input or as output. Modes declaration is a language that limits the forms a
predicate can have. Table 7 presents an example of modes.

The form of rules that OLED learns is presented in Table 6. In the head of the rule,
predicted_event is one of labels we try to predict (growth, shrinkage, continuation, dissolu-
tion). Notice that the communityi and timej indices are the same in the body and head.
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Figure 1 Learning Architecture.

Table 5 Example of A OLED’s Background Knowledge File.

Background Knowledge File

holdsAt(F ,Te) :- holdsAt(F ,Te) :-
fluent(F ), fluent(F ),
holdsAt(F ,Ts), initiatedAt(F ,Ts),
not terminatedAt(F ,Ts), Te = Ts + 1,
Te = Ts + 1, time(Ts),time(Te).
time(Ts),time(Te). Inertia of Event Calculus

fluent(growth(X)) :- community(X). Ground truth recognition
community(X) :- happensAt(size(X,_),_).
community(X) :- happensAt(density(X,_),_). Community entity recognition
time(X) :- happensAt(size(_,_),X).
time(X) :- happensAt(density(_,_),X). Time entity recognition
value(1..5). Features’ quantized values recognition

Table 6 Rules That OLED Learns.

Rules

initiatedAt/terminatedAt(< predicted_event >(< communityi >),< timej >) :-
happensAt(< feature1 >(< communityi >,< value1 >),< timej >)),
. . .
happensAt(< featuren >(< communityi >,< valuen >),< timej >)). (1)/(2)

Table 7 Example of A OLED’s Mode Declarations File.

Mode Declarations File

modeh(initiatedAt(growth(+community),+time))
modeh(terminatedAt(growth(+community),+time)) The form of the rule’s head
modeb(happensAt(size(+community,#value),+time))
modeb(happensAt(density(+community,#value),+time)) The form of the rule’s body
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Rules can be interpreted as if feature1 of community communityi has value1 at timej

and the same is true for the rest of features then the initiation of event predicted_event is
fired. This means that the predicted_event will start to occur at timej+1. The happensAt
predicates that are required will be discovered by OLED. Likewise, if the body of rule (2) is
true then the termination of event predicted_event is fired, thus the predicted_event will
stop to occur at time timej+1.

Training and Testing. As shown in Figure 1, the dataset was split into training and testing
sets according to the Time Series Cross Validation, because it takes into account the temporal
relationship between the training and testing sets. Each training comprises only observations
that occurred prior to the observation.

Fold 1: Training set includes low events of communities from timeframes F1, F2 and
high events of communities in timeframe F2. Testing set includes low events
of communities from timeframe F2 and high events of communities from
timeframes F2, F3.

Fold 2: Training set includes low events of communities from timeframes F1, F2, F3

and high events of communities from timeframe F2, F3. Testing set includes
low events of communities from timeframe F3 and high events of communities
from timeframes F3, F4.

... ...
Fold T-2: Training set includes low events of communities from timeframes F1, F2, ...,

FT −1 and high events of communities from timeframe F2, F3, ..., FT −1. Testing
set includes low events of communities from timeframe FT −1 and high events
of communities from timeframes FT −1, FT .

T is total number of timeframes in the dataset. Note that the first timeframe has no
evolutionary events (high events) since there is no previous timeframe in order to track
the communities’ evolution of the first timeframe. Respectively, the last timeframe has
not features (low events) because there is no next timeframe to predict evolution of its
communities. Also, in the training set we comprise the low level events of the timeframe
that we are going to predict so that OLED extracts the time variable for high level events.
Finally, notice that in the testing set we also comprise the high level events of the previous
timeframe than that we are going to predict. This is required by OLED to initiate the inertia
of every community’s event.

OLED as an online learner splits its input into chunks. In our experiments, we choose
chunks of size 2. Thus, the imported timeframes for the training procedure are split into
chunks two by two. We changed the functionality of OLED so that it creates rolling chunks.
It means that first chunk contains the timeframes 1,2; the second one the timeframes 2,3;
the third the timeframes 3,4 and so on. This is necessary because, for example, timeframe 2
has to be in the first and second chunk. In the first chunk, we need the high level events of
timeframe 2 for getting the ground truth. While in the second chunk we use the low level
events of timeframe 2 as features for our supervised learning classification.

The outline of training process is the following: Initially there is an empty theory. Each
time OLED receives a chunk of training examples and transforms the existing theory to
satisfy as close as possible the right prediction of the current examples. When the training
process is completed, a logical theory is derived as the learnt model. Its form is illustrated in
Table 6. Using this theory we predict the evolutionary events of communities which are in
testing set.
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Table 8 Survival Experiment.

Survival Structural Survival Temporal
Micro/Macro Precision 0.9737/0.8125 0.9882/0.9941

Micro/Macro Recall 0.9949/0.6289 1.0000/0.6765
Micro/Macro Fscore 0.9842/0.7090 0.9941/0.8051

5 Experiments

Dataset description. The data were collected from the Mathematics Stack Exchange forum1,
which is a question and answer site for mathematics. All questions are tagged with their
subject areas. The dataset comprises 376,030 posts, 261,600 answers and comments, between
28-09-2009 and 31-05-2013. Each user is represented by a node in a graph and there is an
edge between two user nodes if one of them posts an answer or a comment on the other
user’s post. The dataset was split into 10 equally sized, with respect to the number of posts
(questions, answers or comments), timeframes with 60% overlap between them.

Building the ground truth means obtaining community labels per time frame, and then
obtaining the evolution of each community across time frames. We considered that a group
of users belongs in the same community if they post (questions, answers or comments) about
the same topic. In particular, we used tags to determine the communities and since on each
post there are multiple tags, thus each user will be assigned to multiple communities. Answer
and comment posts inherit the tag of the question they correspond to. Also communities
with no more than 3 members were removed. The evolutionary events of each community
(Growth, Shrinkage, Continuation, Dissolution) were obtained by thresholding. In particular
if the size of the community in the next time frame is more (less) than 30 nodes compared to
the size in the current frame then the community grows (shrinks).

There are communities which do not appear in each timeframe, although they may not
have been dissolved yet. It happens because communities with few members in a timeframe
are pruned from dataset. So, we are looking for the evolution of a community in every
timeframe of the dataset and consider a community as dissolved only after its last appearance.
The evolutionary events of dataset are imbalanced. In particular, the percentage of each
class is: Growth: 0.5%, Shrinkage: 0.2%, Continuation: 90% and Dissolution: 0.3%.

The features were quantized into 5 levels, and represented as low level events. The high
level events are the evolutionary events. Experiments were executed with both structural
and temporal features, where the number of ancestors was set to 4. At the end, the dataset
was split in training and testing sets using Time Series Cross Validation method. Because
the data are highly imbalanced apart from Micro Average measures, we also used Macro
Averages.

Survival Experiment. First, we conducted an experiment with an event, named survival
that incorporated all the growth, shrinkage and continuation events. We used both structural
and temporal features. In Table 8 we present the results. The micro measures are very high
because the survival events are 97% of the total data. As OLED initialized the inertia of the
survival event, it did not find enough negatives examples (dissolution events) to fail in its
prediction. Thus the Macro values are much lower.

1 https://archive.org/download/stackexchange
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Table 9 All events Structural features.

Growth Shrinkage Continuation Dissolution
Micro/Macro Precision 0.2358/0.6037 0.1884/0.5832 0.9293/0.8066 0.6512/0.8125

Micro/Macro Recall 0.3027/0.6316 0.1512/0.5671 0.9760/0.6939 0.2629/0.6289
Micro/Macro Fscore 0.2651/0.6174 0.1677/0.5750 0.9521/0.7460 0.3746/0.7090

Table 10 All events Temporal features.

Growth Shrinkage Continuation
Micro/Macro Precision 0.1828/0.5730 0.1882/0.5743 0.9182/0.9222

Micro/Macro Recall 0.1828/0.5730 0.1633/0.5649 0.9955/0.6932
Micro/Macro Fscore 0.1828/0.5730 0.1749/0.5696 0.9553/0.7915

Experiment with all events. The results on all events with structural features appear in
Table 9. The macro precision is highest in the dissolution. The dataset with the temporal
features contains the features of the previous 4 instances of a community, the first timeframe
for this dataset is at time 5 (see Table 10). The theory which was derived for the dissolution
event was empty. The predictor could not evaluate any rule with high score because there
were not many available examples, since the number of timeframes (6, from F5 to F10 )
and the number of communities is small. Thus, the dissolution event is not included in the
experiments with temporal features. The growth and shrinkage events with temporal features
have lower performance than the best corresponding events with structural features. But for
the continuation event, the reverse is true for both micro and macro values.

Experiment with long range rules. We changed the way rules are formed so that they
contain features of any of a community’s ancestors. This is similar to the temporal features,
but we do not have their values as different features but as the same features at different time
steps. In order to change the form of the derived rules we changed the modes declaration
so that the new form of rules captures long range relationships (see also Section 4.2). The
form of the new rules is shown in Table 11, which is the same as in Table 6 except of the
<time> value in the head can be different from that in the body and the geqn/3 predicate,
which denotes that timek is num1 units after timel. Also because now OLED could include
more than two timeframes we had to increase the chunk size. If the chunk size equals to
N + 2, then the derived rules can contain up to N ancestors’ features. However, a big chunk
size entails greater CPU and memory requirements. In the experiments we selected a chunk
of size 3, so we obtained rules that contained features of the first ancestor. The results are
presented in Table 12.

Experiment with weighted TPs, FPs, FNs. Neither the previous method increased the
performance significantly. A problem is that the learnt theories contain more termination
than initiation rules, thus the initiation of some events does not happen. It means OLED
predicts a negative event (i.e. event that does not occur) for a community at next timeframe
but in reality it is a positive event (i.e. the event occurs). In this case the FNs frequency
of OLED is increased. The numbers of initiation and termination rules are not balanced
because OLED evaluates its rules based on TPs, FPs and FNs values. Using these values, it
computes a score which evaluates the accuracy of a rule. To control score’s value we can add
weights on TPs, FPs, FNs values during the training. For example, if the FNs weight is set
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Table 11 New Rules That OLED Learns With Long Range Relationships.

Rules

initiatedAt/terminatedAt(< predicted_event >(< communityi >),< timej >) :-
happensAt(< feature1 >(< communityi >,< value1 >),< time1 >)),
...,
happensAt(< featuren >(< communityi >, < valuen >), < timen >)),
geqn(timek, timel, num1),
...
geqn(timem, timen, num1).

Table 12 Long Range Relationships Experiment.

Growth Shrinkage
Micro/Macro Precision 0.2446/0.6090 0.2016/0.5898

Micro/Macro Recall 0.3487/0.6527 0.1512/0.5678
Micro/Macro Fscore 0.2875/0.6300 0.1728/0.5786

to 10, it means that the FNs will be considered as ten times more than it really is, in other
words the termination rules will overestimate the termination condition. Thus the score of
termination rules is getting decreased. With this way we focus more in quality than quantity
of termination rules. In Table 13, we present the best weights for each class in a experiment
with structural and temporal features. The results are presented in Table 14 and Table 15
for the experiment with structural features and with the temporal features respectively.
While we were trying various values to weights, we noticed in the results that:

If TPs’s weight is increased then TPs is increased, FPs is increased and FNs is decreased
because the number of initiations rules is increased.
If FPs’s weight is increased then TPs is decreased, FPs is decreased and FNs is increased
because the number of initiations rules is decreased.
If FNs’s weight is increased then TPs is increased, FPs is increased and FNs is decreased
because the number of termination rules is decreased.

We tried to increase the low TPs number by setting appropriate weights, but FPs also
increased. OLED overestimated the initiation condition because its initiation rules are not
specialised enough to detect correctly in which communities an event will occur. This is a
strong indication that with the current features OLED performance could not improve. In
Appendix A, we present some of the clauses that derived by above experiments.

6 Conclusions

We tried to predict the evolution of communities in a dynamic social network. The evolution of
a community is described as the occurrence of growth, shrinkage, continuation and dissolution
events. We carried out the prediction using OLED, an Inductive Logic Programming
system for learning logical theories from data streams. Initially, we tracked the evolution
of communities over the time and obtained the ground truth of evolutionary events. As
features we used structural characteristics of communities. Moreover, we also tried temporal
features where a preset number of previous instances of each communities were used as well
as features that capture change between consecutive instances of a community. Subsequently,
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Table 13 Best weights for each class with structural/temporal features.

TPs-weight FPs-weight FNs-weight
Growth 1/1 1/5 15/1

Shrinkage 20/1 1/1 15/1
Continuation 1/1 1/1 1/15
Dissolution 1 1 15

Table 14 Weights on TPs,FPs,FNs - Experiment With Structural Features.

Growth Shrinkage Continuation Dissolution
Micro/Macro Precision 0.2376/0.6055 0.1127/0.5533 0.9247/0.9623 0.8036/0.8878

Micro/Macro Recall 0.3487/0.6519 0.8023/0.8187 0.9845/0.6772 0.2113/0.6047
Micro/Macro Fscore 0.2826/0.6278 0.1977/0.6603 0.9537/0.7950 0.3346/0.7194

Table 15 Weights on TPs,FPs,FNs - Experiment With Temporal Features.

Growth Shrinkage Continuation
Micro/Macro Precision 0.2184/0.5913 0.2459/0.6032 0.9182/0.9222

Micro/Macro Recall 0.2043/0.5857 0.1531/0.5654 0.9955/0.6933
Micro/Macro Fscore 0.2111/0.5885 0.1887/0.5837 0.9553/0.7915

the features were quantized. The dataset was obtained from the Mathematics Stack Exchange
forum. We presented the micro and macro averages, because the classes (Growth, Shrinkage,
Continuation and Dissolution) were unbalanced.

We also investigated the best pruning values for the theory in OLED, which did not
improve the results. Overall, the experiments with the temporal features had a worse
performance than the experiment with the structural features, probably because there were
not many timeframes. Then, we execute experiments where OLED learnt rules that represent
long range relationships between an evolutionary event and features.

Subsequently, weights were applied to TPs, FPs and FNs values to change rules’ scores.
This was the experiment with the best results. Finally, we presented the features that were
the most influential for each evolutionary event.

Future work could be directed to a range of different fields. Others classifiers can be
used to predict the evolution of communities (e.g. SVM, Random Forest) and compare them
to our results. Additional, evolutionary events can be added such as merge or split. Other
types of features (i.e. topics or context of discussions in social networks ) could be studied as
well as features that capture the dynamics of communities, such as the rate of change of an
existing feature. Also, another quantization algorithm, which will adapt better the quantized
values to the distribution of the values of the features might help. Because OLED is an
online system, it needs many data to decide if a rule is trusted. However, in our dataset we
had only 10 frames. Thus, datasets with more timeframes could be examined. Moreover, a
different segmentation of the data stream could be tried, to study its effect on the prediction.
Finally, it would be very interesting to test the learnt rules in other datasets to notice how
relevant they are at the problem of community evolution prediction.
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Table 16 Rules learnt in the best experiment: Growth and Shrinkage.

initiatedAt(growth(X0),T 1) :-
happensAt(density(X0,1),T 1),
happensAt(diameter(X0,2),T 1).

terminatedAt(growth(X0),T 1) :-
happensAt(ratio_cut(X0,3),T 1),
happensAt(average_path_length(X0,3),T 1),
happensAt(normalized_edges_number(X0,5),T 1).

terminatedAt(growth(X0),T 1) :-
happensAt(ratio_cut(X0,3),T 1),
happensAt(closeness_centrality(X0,3),T 1),
happensAt(normalized_edges_number(X0,5),T 1).

terminatedAt(growth(X0),T 1) :-
happensAt(cohesion(X0,2),T 1),
happensAt(average_path_length(X0,3),T 1),
happensAt(diameter(X0,2),T 1).

terminatedAt(shrinkage(X0),T 1) :-
happensAt(ratio_association(X0,3),T 1).

terminatedAt(shrinkage(X0),T 1) :-
happensAt(average_path_length(X0,2),T 1).

terminatedAt(shrinkage(X0),T 1) :-
happensAt(closeness_centrality(X0,2),T 1),
happensAt(ratio_cut(X0,1),T 1).

initiatedAt(shrinkage(X0),T 1) :-
happensAt(eigenvector_centrality(X0,1),T 1),
happensAt(ratio_association(X0,5),T 1).

A Appendix

An advantage of OLED is that the predictive model (Theory) it derives is human-readable.
Thus the rules can be read, analyzed and interesting results can be derived from them. Some
of the best performing rules are shown in Tables 16 and 17. Transferability to new datasets
is also an interesting possibility.

Some features appeared more often in rules of specific evolutionary events than others;
while some never appeared. In Tables 18 and 19 we present for each evolutionary event
(growth, shrinkage, continuation, dissolution), the frequency of the structural features the
bodies of rules.

In Table 18 it can be noticed that features like diameter, cohesion, ratio_cut and aver-
age_path_length affect the prediction of the growth event since they represent 54.14% of total
features which appeared in the rules. On the contrary features like betweenness_centrality
and normalized_association did not appear at all. For the shrinkage event the most used
features are ratio_association, ratio_cut, cohesion and clustering_coefficient, while the
normalized_association feature does not appear. In Table 19 the features of the continuation
and the dissolution events are presented. The continuation event seems to be affected
mostly from ratio_cut, ratio_association and the clustering_coefficient and not by the
cohesion. While for the dissolution event, every feature is used in prediction, and especially
the clustering_coefficient, cohesion and the betweenness_centrality.
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Table 17 Rules learnt: Survival.

terminatedAt(survival(X0),T 1) :-
happensAt(ratio_association(X0,4),T 1),
happensAt(density(X0,2),T 1).

terminatedAt(survival(X0),T 1) :-
happensAt(ratio_association(X0,3),T 1),
happensAt(clustering_coefficient(X0,4),T 1).

terminatedAt(survival(X0),T 1) :-
happensAt(diameter(X0,3),T 1),
happensAt(ratio_cut(X0,3),T 1),
happensAt(ratio_association(X0,2),T 1).

terminatedAt(survival(X0),T 1) :-
happensAt(ratio_association(X0,3),T 1),
happensAt(closeness_centrality(X0,3),T 1).

terminatedAt(survival(X0),T 1) :-
happensAt(clustering_coefficient(X0,1),T 1),
happensAt(closeness_centrality(X0,5),T 1),
happensAt(cohesion(X0,4),T 1).

terminatedAt(survival(X0),T 1) :-
happensAt(normalized_edges_number(X0,2),T 1),
happensAt(cohesion(X0,2),T 1),
happensAt(average_path_length(X0,1),T 1).

terminatedAt(survival(X0),T 1) :-
happensAt(size(X0,1),T 1),
happensAt(betweenness_centrality(X0,1),T 1),
happensAt(cohesion(X0,3),T 1).

terminatedAt(survival(X0),T 1) :-
happensAt(normalized_edges_number(X0,1),T 1),
happensAt(cohesion(X0,3),T 1),
happensAt(average_path_length(X0,1),T 1).

In Tables 20 and 21 we present temporal features which appear in the rules of corresponding
experiments. For the growth event the temporal features: ancestor4_average_path_length, ac-
tiveness_ancestor_2_ancestor3, aging_ancestor0, ancestor1_diameter, ancestor3_closeness
_centrality and the rest that are presented in Table 20, are the equally important. Shrinkage
event prediction uses the values of ancestor1_event_is_shrinking, ancestor4_clustering_coe
fficient, cohesion, eigenvector_centrality, joinNodesRatio_currentCommunity_ancestor0,
ratio_cut. Many temporal features are missing from the bodies of rules for both growth and
shrinkage events. For the continuation event only cohesion and ratio_cut were used.

Experiment with pruning. A learnt theory can be pruned to remove clauses whose score
is smaller than a quality threshold Smin. In the previous experiments Smin was 0.9. Next
we tried for each event the values 0.5, 0.7, 0.3 as Smin and choose the ones with the best
performance. With the structural features, the best pruning value for the growth event is
0.7, for shrinkage 0.5, for continuation 0.9 and for dissolution 0.9 (see Table 22). In the
temporal features, the best pruning value for the growth event is 0.7, for shrinkage 0.7, and
for continuation 0.9 (see Table 23). Overall, pruning had a marginal improvement on the
results.
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Table 18 Structural features frequency: Growth and Shrinkage.

Growth Percentage Shrinkage Percentage
diameter 17.68% ratio_association 20%
cohesion 13.26% ratio_cut 13.55%
ratio_cut 11.60% cohesion 11.61%

average_path_length 11.60% clustering_coefficient 10.97%
density 8.29% eigenvector_centrality 9.03%

ratio_association 7.73% density 8.39%
clustering_coefficient 7.73% average_path_length 7.10%

size 6.63% closeness_centrality 6.45%
closeness_centrality 6.08% centrality 3.871%

eigenvector_centrality 3.87% diameter 3.87%
normalized_edges_number 2.76% betweenness_centrality 2.58%

centrality 2.76% size 1.29%
normalized_edges_number 1.29%

Table 19 Structural features frequency: Continuation and Dissolution.

Continuation Percentage Dissolution Percentage
ratio_cut 16.07% clustering_coefficient 25.93%

ratio_association 15% cohesion 15.74%
clustering_coefficient 10% betweenness_centrality 10.19%

density 9.64% diameter 9.26%
diameter 8.21% size 8.33%

closeness_centrality 8.21% normalized_edges_number 6.48%
eigenvector_centrality 7.14% ratio_association 5.56%

centrality 6.79% closeness_centrality 3.70%
betweenness_centrality 6.43% average_path_length 3.70%
normalized_association 4.64% ratio_cut 2.78%
average_path_length 4.64% normalized_association 2.78%

normalized_edges_number 2.5% centrality 2.78%
size 0.71% density 1.85%

eigenvector_centrality 0.93%
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Table 20 Temporal features frequency: Growth.

Growth Percentage
ancestor4_average_path_length 12.5%
activeness_ancestor_2_ancestor3 6.25%

aging_ancestor0 6.25%
ancestor1_diameter 6.25%

ancestor3_closeness_centrality 6.25%
ancestor3_clustering_coefficient 6.25%

ancestor3_diameter 6.25%
ancestor4_centrality 6.25%

ancestor4_clustering_coefficient 6.25%
ancestor4_diameter 6.25%

jaccardCoefficient_ancestor_0_ancestor1 6.25%
jaccardCoefficient_ancestor_2_Ancestor3 6.25%
joinNodesRatio_ancestor_2_ancestor3 6.25%

joinNodesRatio_currentCommunity_ancestor0 6.25%
leftNodesRatio_ancestor_0_ancestor1 6.25%

Table 21 Temporal features frequency: Shrinkage and Continuation.

Shrinkage Percentage
ancestor1_event_is_shrinking 16.66%
ancestor4_clustering_coefficient 16.66%

cohesion 16.66%
eigenvector_centrality 16.66%

joinNodesRatio_currentCommunity_ancestor0 16.66%
ratio_cut 16.66%

Continuation Percentage
cohesion 50%
ratio_cut 50%

Table 22 Best Pruning Experiment with Structural Features.

Growth Shrinkage Continuation Dissolution
Micro/Macro Precision 0.2343/0.6035 0.2047/0.5913 0.9293/0.8066 0.6512/0.8125

Micro/Macro Recall 0.3295/0.6431 0.1512/0.5679 0.9760/0.6939 0.2629/0.6289
Micro/Macro Fscore 0.2739/0.6227 0.1739/0.5794 0.9521/0.7460 0.3746/0.7090

Table 23 Best Pruning Experiment with Temporal Features.

Growth Shrinkage Continuation
Micro/Macro Precision 0.1828/0.5730 0.1951/0.5778 0.9182/0.9222

Micro/Macro Recall 0.1828/0.5730 0.1633/0.5656 0.9955/0.6932
Micro/Macro Fscore 0.1828/0.5730 0.1778/0.5716 0.9553/0.7915
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Abstract
Temporal logic has become essential for various areas in computer science, most notably for
the specification and verification of hardware and software systems. For the specification pur-
poses rich temporal languages are required that, in particular, can express fairness constraints.
For linear-time logics which deal with fairness in the linear-time setting, one-pass and two-pass
tableau methods have been developed. In the repository of the CTL-type branching-time setting,
the well-known logics ECTL and ECTL+ were developed to explicitly deal with fairness. However,
due to the syntactical restrictions, these logics can only express restricted versions of fairness.
The logic CTL?, often considered as “the full branching-time logic” overcomes these restrictions
on expressing fairness. However, this logic itself, is extremely challenging for the application of
verification techniques, and the tableau technique, in particular. For example, there is no one-
pass tableau construction for this logic, while it is known that one-pass tableau has an additional
benefit enabling the formulation of dual sequent calculi that are often treated as more “natural”
being more friendly for human understanding. Based on these two considerations, the following
problem arises - are there logics that have richer expressiveness than ECTL+ yet “simpler” than
CTL? for which a one-pass tableau can be developed? In this paper we give a solution to this
problem. We present a tree-style one-pass tableau for a sub-logic of CTL? that we call ECTL#,
which is more expressive than ECTL+ allowing the formulation of a new range of fairness con-
straints with “until” operator. The presentation of the tableau construction is accompanied by an
algorithm for constructing a systematic tableau, for any given input of admissible branching-time
formulae. We prove the termination, soundness and completeness of the method. As tree-shaped
one-pass tableaux are well suited for the automation and are amenable for the implementation
and for the formulation of sequent calculi, our results also open a prospect of relevant develop-
ments of the automation and implementation of the tableau method for ECTL#, and of a dual
sequent calculi.
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1 Introduction

Temporal logic has become essential for the specification and verification of hardware and
software systems. For the specification of the reactive and distributed systems, or, most
recently, autonomous systems, the modelling of the possibilities “branching” into the future is
essential. Branching-time logics (BTL) give us an appropriate framework. Among important
properties of these systems, so called fairness properties are important. In the standard
formalisation of fairness, operators ♦ (eventually) and � (always) have been used: A♦�p –
“p” is true along all computation paths except possibly their finite initial interval, where “A”
is “for all paths” quantifier, and E�♦p – “p” is true along a computation path at infinitely
many states, where “E” is “there exists a path” quantifier.

For the branching-time setting, the most used class of formalisms are “CTL” (Computation
Tree Logic) type logics. CTL itself requires every temporal operator to be preceded by a path
quantifier, thus, cannot express fairness. ECTL (Extended CTL) [5] enables simple fairness
constraints but not their Boolean combinations. ECTL+ [6] further extends the expressiveness
of ECTL allowing Boolean combinations of temporal operators and ECTL fairness constraints
(but not permitting their nesting). Both ECTL and ECTL+ extend the expressiveness of CTL
in tackling fairness, instead of changing the semantics of the logic, as Fair CTL did [3]. The
logic CTL?, often considered as “the full branching-time logic” overcomes these restrictions
on expressing fairness. However, this logic is extremely challenging for the application of
any known technique of automated reasoning. From another perspective, the literature on
fairness constraints, even in the linear-time setting, lacks the analysis of their formulation
with the U (“until”) operator. To the best of our knowledge, there are only a few research
papers that raise or discuss the problem. Among them are [10], which introduces the logic
LCTL, providing an extension of liveness constraints by the “until” operator. However,
LCTL belongs to ‘Fair CTL-type’ logics [7]. “Generalised liveness assumptions, which allow
to express that the conclusion f2 U f3 of a liveness assumption �(f1 ⇒ (f2 U f3)) has to
be satisfied” are addressed in [1]. The U operator in the formulation of the fairness can
also be found in [15] which considers the sequential composition of processes, providing
the following example - the composition of processes P1 and P2 “behaves as P1 until its
termination and then behaves as P2”. Finally, [11] utilises restricted linear-time fairness
constraints with U in the linear-time setting. We are not aware of any other analysis of
fairness constraints in branching-time setting using the U operator and without restricting
the underlying logic to be interpreted over the “fair” paths. We bridge this gap, presenting
the logic ECTL# (we use # to indicate some restrictions on concatenations of the modalities
and their Boolean combinations). It is weaker than CTL? but extends ECTL+ by allowing
the combinations �(AU B) or AU �B, referred to as modalities �U and U �. This enables
the formulation of stronger fairness constraints in the branching-time setting. The fairness
constraint A(pU �q) reads as “q is true along all paths of the computation except possibly
their finite initial interval, where p is true”, for example,“if a user of a system cannot repeat
any old password and needs to change passwords from time to time, then the following
property should hold: A((password = pw)U �(password 6= pw)) provided that pw is the
current password”. Table 1 places our logic in the hierarchy of BTL representing their

https://doi.org/10.4230/LIPIcs.TIME.2018.5
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Table 1 Classification of CTL-type logics and their expressiveness.

B(U ,◦) (CTL) extensions E(�♦q) E(�♦q ∧ �♦r) A((pU �q) ∨ (sU �¬r)) A♦(◦p ∧ E◦¬p)
B(U ,◦,�♦) (ECTL)

√
X X X

B+(U ,◦,�♦) (ECTL+)
√ √

X X

B+(U ,◦, U �) (ECTL#)
√ √ √

X

B?(U ,◦) (CTL?)
√ √ √ √

expressiveness: logics are classified by using “B” for “Branching”, followed by the set of
only allowed modalities as parameters; B+ indicates admissible Boolean combinations of
the modalities and B? reflects “no restrictions” in either concatenations of the modalities
or Boolean combinations between them.4 Thus, B(U ,◦) denotes the logic CTL. In this
hierarchy ECTL# is B+(U ,◦, U �).

We present a tree-style one-pass tableau for this logic continuing the analogous develop-
ments in linear-time case [2, 8] and for CTL [2]. An indicative feature of this approach is
context-based tableau technique. To the best of our knowledge, the context-based tableau has
not been extended to more expressive BTL, though for them different other kinds of tableaux
exist. In particular, [13] presents a tableau based decision procedure for CTL?, which would
definitely cover ECTL# as a sublogic of CTL?. However, this tableau method is (unavoidably)
complicated. For example, it utilises “global conditions on infinite branches” to be checked
by the automata-theoretic approach. Though such complications may be well justified by the
complexity of CTL?, aiming at a weaker logic, we would benefit by reducing the complications
to the minimum. Also, a distinctive feature of the tableau method in [13] is the control of
loops, specifically, of so called “bad loops”. While it looks necessary for this technique, we
would like to avoid similar complications for a simpler logic. Moreover, due to the essential
use of the notion of “context” (see §3) our tableau rules only produce “good loops”. Tree-style
one-pass tableaux (without additional procedures for checking meta-logical properties) have
dual (cut-free) sequent calculi, see [8], enabling the construction of human-understandable
proofs. In addition, these tableaux are well suited for the automation and are amenable for
the implementation.5 Our tableau is effectively an AND-OR tree where nodes are labelled
by sets of state (see the definitions in §2) formulae. The difficult cases of ECTL# formulae
appear due to the enriched syntax: disjunctions of formulae in the scope of the A quantifier
and conjunctions of formulae in the scope of the E quantifier. To tackle these cases, in
addition to α− β rules, that are standard to the tableaux, we use novel β+-rules which use
the context to force the eventualities to be fulfilled as soon as possible.

Outline of the paper. In §2 we describe the syntax and semantics of ECTL#. The formu-
lation of the tableau method is given in §3, where we define and explain tableau rules. A
systematic tableau construction and relevant examples are introduced in §4. The correct-
ness of our tableau method, its soundness, refutational completeness, and termination, are
sketched in §5. In §6 we draw the conclusions and prospects of future work that the presented
results open. Finally, the Appendix in §A collects the proofs of the main Propositions,
Lemmas and Theorems.

4 This notation goes back to [4], here we use its nice tuning by Nicolas Markey in [12].
5 An excellent survey of the seminal tableau techniques for temporal logics can be found in [9].
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5:4 Extending Fairness Expressibility of ECTL+

2 Syntax and Semantics of ECTL#

In the language of ECTL# we utilise classical connectives (¬,∧,∨) 6, classically defined
constants F (“false”) and T (“true”), linear-time temporal operators � (always), ◦ (next
time), and U (until), and path quantifiers - A (on all future paths) and E (on some future
path). Similarly to other BTL, we distinguish state (σ) and path (π) formulae, such that
well formed formulae are state formulae.

I Definition 1 (Syntax of ECTL#). Let Prop be a fixed set of propositions, and let Lit be
the set of literals, Lit ::= F | T | ρ | ¬ρ, where ρ ∈ Prop. We inductively define the set of
ECTL#-formulae, FProp, over Prop as follows:
σ ::= Lit | σ1 ∧ σ2 | σ1 ∨ σ2 | Aπ | Eπ
π ::= π1 ∧ π2 | π1 ∨ π2 | ◦σ | �(σ ∨ �σ) | σ U (σ ∧ ♦σ) | σ U (�σ) | �(σ U σ)
where σ means a state formula, π means a path formula and ♦σ abbreviates TU σ.

Note that σ1 U σ2 and �σ abbreviate σ1 U (σ2∧♦T) and �(σ∨�F), respectively. Also, instead
of using a minimal set of temporal operators, we use a richer syntax above to make the
presentation of the tableau technique more transparent.

I Definition 2 (Consistent Set of Formulae). A set Σ of state formulae σ is syntactically
consistent (we will write “consistent” further in the paper) abbreviated as Σ> if F 6∈ Σ and
{σ,¬σ} 6⊆ Σ for any σ; otherwise, Σ is inconsistent abbreviated as Σ⊥.

Formulae of ECTL# are interpreted over labelled Kripke structures.

I Definition 3 (Kripke structure K = (S,R,L)). A Kripke structure K is a triple of the form
(S,R,L) such that S is a non-empty set of states, R ⊆ S ×S is a total binary relation, called
the transition relation, and L : S → 2Prop is a labelling function.

A fullpath x through a Kripke structure K is an infinite sequence of states s0, s1, . . . such
that (si, si+1) ∈ R, for every i ≥ 0. Given a path x = s0, s1, . . . , si, . . . (i ≥ 0), we denote
its state si, 0 ≤ i, by x(i) and its finite prefix by the sequence x≤i = s0, s1, . . . , si. When
path x is given, instead of x(i) we will often write i, referring to i as “a state index of x”. If
x is a fullpath and y is a path such that y(0) = x(i), for some i > 0, then the juxtaposition
x≤iy is a fullpath. Our Kripke structures are labelled directed graphs that correspond to
Emerson’s R-generable structures, i.e. the transition relation R is suffix, fusion and limit
closed [4].

I Definition 4 (Evaluation relation |= for Kripke structures). The relation K, x, i |= ϕ evaluates
ECTL# formula ϕ at the state index i of the given path x in the given structure K = (S,R,L)
and is inductively defined as follows (we omit cases for Booleans, F and T).

K, x, i |= Aϕ iff K, y, 0 |= ϕ holds for every path y such that y(0) = x(i).
K, x, i |= Eϕ iff there exists a path y such that y(0) = x(i) and K, y, 0 |= ϕ.

K, x, i |= ◦ϕ iff K, x, i+ 1 |= ϕ.

K, x, i |= �ϕ iff K, x, k |= ϕ holds for all k ≥ i.
K, x, i |= ϕ1 U ϕ2 iff there exists k ≥ i such that K, x, k |= ϕ2 and K, x, j |= ϕ1

for all j ∈ {i, . . . , k − 1}.

6 Since inputs to our tableau are supposed to be transformed into the negation normal form, see below.
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Table 2 Difficult cases of temporal operators in the scope of path quantifiers.

Type of a difficult case A-disjunctive formula E-conjunctive formula

Example A(◦q ∨ �r) E(◦r ∧ q U �¬p)

Our representation A(◦q,�r) E(◦r, q U �¬p)

We extend, in the standard way, the relation |= to sets of formulae: given a set, Φ, of
formulae, K, x, i |= Φ iff K, x, i |= ϕ, for all ϕ ∈ Φ.

I Definition 5 (Satisfiable Set of Formulae). Given a set of formulae Φ, the set of its models,
Mod(Φ), is formed by all triples (K, x, i) such that K, x, i |= Φ. Then Φ is satisfiable (Sat(Φ))
if Mod(Φ) 6= ∅, otherwise Φ is unsatisfiable (UnSat(Φ)).

The sets Φ and Ψ are equi-satisfiable if the following holds: Φ is satisfiable iff Ψ is satisfiable.
If Mod(Φ) = Mod(Ψ) then Φ and Ψ are equivalent denoted Φ ≡ Ψ.

I Definition 6 (Validity). ECTL# formula σ is valid iff σ ≡ T.

For a set of state formulae Σ, we sometimes write K |= Σ instead of K, x, 0 |= Σ. For any
K, any x ∈ fullpaths(K) and any natural number i, the notation K �x(i) denotes a Kripke
structure with the set of states of K restricted to those that are R-reachable from x(i).
CTL?, hence its sublogic ECTL# [14], has the small model property. Thus, we can consider
cyclic ECTL#-structures with fullpaths cyclic. Relevant concepts are defined below.

I Definition 7 (Cyclic Sequence, Cyclic Path). A finite sequence of states z = s0, s1, . . . , sj is
cyclic iff there exists si, 0 ≤ i ≤ j such that (sj , si) ∈ R. The sequence si, . . . , sj is a loop
with a cycling element si. A path over z called cyclic is an infinite sequence where the loop
si, si+1, . . . , sj is repeated infinitely: path(z) = s0, s1, . . . , si−1〈si, si+1, . . . , sj〉ω.

Cyclic paths do not have states after the “period”, they are also called ultimately periodic.

I Definition 8 (Cyclic Kripke structure). A Kripke structure K is cyclic if every fullpath of
K is a path over a cyclic sequence of states.

For ECTL#, we identify the following difficult cases of the nesting and Boolean combinations
of temporal operators in the scope of path quantifiers: A-disjunctive formula – disjunctions of
temporal operators in the scope of A and E-conjunctive formula – conjunctions of temporal
operators in the scope of E. For convenience, we will, respectively, write A(π1, . . . , πn) and
E(π1, . . . , πn), where n ≥ 1, and “,” in the scope of A means ∨ and while in the scope of E it
means ∧. Examples given in Table 2 will be used to illustrate tableau, in Figure 2. Note that
any A-formula (E-formula) σ can be transformed into an equivalent boolean combination
of A-disjunctive formulae A(π1, . . . , πn) (E-conjunctive formulae E(π1, . . . , πn)), such that
every πi (1 ≤ i ≤ n) is of one of the following: ◦σ, σ U (σ ∧ ♦σ), σ U �σ, �(σ ∨ �σ), and
�(σ U σ), and σ stands for a state formula. For example, the formula A(((◦q)∧ (�E◦r))∨◦p)
is equivalent to A(◦q,◦p)∧A(�E◦r,◦p); and E(((◦A◦r)∨ (q U �E¬p))∧◦q)} is equivalent to
E(◦A◦r)∨E(q U �E¬p,◦q). In what follows, Q abbreviates either of the path quantifiers. For
a set of path formulae Π = {π1, . . . , πn}, we write QΠ to denote the formula Q(π1, . . . , πn),
and Q◦Π denotes Q(◦π1, . . . ,◦πn). An empty set of formulae Φ means T when Φ occurs in a
conjunctive expression, while an empty Φ means F in a disjunctive expression. In particular,
for empty Π, AΠ = F and EΠ = T. We write Σ, σ to represent the set Σ ∪ {σ}.
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5:6 Extending Fairness Expressibility of ECTL+

We assume that each σ ∈ FProp is in its “negation normal form” called nnf(σ). The set of
ECTL#-formulae is obviously closed under nnf: for any ϕ ∈ FProp, nnf(¬ϕ) ∈ FProp. Also, the
negation of a state (path) formula is a state (path) formula. For example, nnf(¬A(pU �q)) =
E((�♦¬q) ∨ (♦(¬p ∧ ♦¬q))). For simplicity, we will write ¬ϕ instead of nnf(¬ϕ), and for a
finite set ∆ = {ϕ1, . . . , ϕn}, ¬∆ denotes the negation normal form of ¬

∧n
i=1 ϕi.

3 The Tableau Method

3.1 Preliminaries
To make the subsequent sections more transparent we informally overview here the construc-
tion of the tableau. Recall that the initial set in a tableau is exclusively formed by state
formulae (i.e. boolean combinations of literals and formulae of the form QΠ).

I Definition 9 (Tableau, Consistent Node, Closed branch). A tableau for a set of state formulae
Σ is a labelled tree T , where nodes are τ -labeled with sets of state formulae, such that the
following two conditions hold:
(a) The root is labelled by the set Σ.
(b) Any other node m is labelled with sets of state formulae as the result of the application

of one of the rules in Table 3, Table 4, Figure 1 and Table 5 to its parent node n. Given
the applied rule is R, we term m an R-successor of n.

A node n of T is consistent, abbreviated as n>, if τ(n) is a consistent set of formulae (see
Def. 2), else n is inconsistent, abbreviated as n⊥. If for a branch b of T , there exists n⊥ ∈ b,
then b is closed else b open.

A node of the tableau is labelled by a set of state formulae. To extend a node we apply
one of the following three rules: α, β or β+ rules. The first two types of rules are standard
to the tableau, and are essentially based on the fixpoint characterisation of Q� and QU
modalities, while β+ rules are characteristic (and crucial!) for our construction. They
tackle difficult cases of formulae in ECTL#, and are related to our dedicated account of
the eventualities. Namely, we treat an eventuality as occurring in some context, which,
in turn, is a collection of all state formulae (we will call this an outer context) or path
formulae (we will call this an inner context). Subsequently, β+ rules use the context to force
eventualities to be fulfilled as soon as possible. α − β − β+ rules are applied to expand a
node, generating its children labelled by the sets of state formulae. They apply repeatedly
unless they produce an inconsistent node n⊥, or we reach a node with the labels that already
occurred within the path under consideration. In the former case the expansion of the
given branch terminates with n⊥ as a leaf. In the latter case, a repetitive node in a branch
suggests that the formula under consideration is satisfied forever, so we change to select
another eventuality (if any). Obviously, n⊥ has an unsatifiable τ(n) and is a “deadlock” in
the construction of a model. However, open branches do not necessarily give us a model.
In particular, an open branch could be a prefix of a closed one. Later we introduce the
notion of an expanded branch that enables the model construction. Once no more expansion
rules are applicable to the given branch with the last node n>, the α − β rules ensure
that τ(n) = Σ,A◦Φ1, . . . ,A◦Φn,E◦Ψ1, . . . ,E◦Ψm where Σ is a set of literals. As τ(n) only
contains literals or formulae with the outer Q◦, this labelling is similar to a “pre-state” in the
standard temporal tableau. Then the “next-state” rule applies to generate successors with
the labels that are arguments of all A◦ modalities and the whole cycle of applying α−β−β+

and “next-state” rules is repeated until the tableau construction terminates. The nature of
our rules ensures that the terminated tableau represents a model for the tableau input if
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Table 3 Alpha Rules. (σi, σj are state formulae, Π is a (possibly empty) set of path formulae.)

α Sα

(∧) σ1 ∧ σ2 {σ1, σ2}

(Eσ) E(σ1, . . . , σn,Π) {σ1, . . . , σn,EΠ}

(E�U ) E(�(σ1 U σ2),Π) {E(σ1 U σ2,◦�(σ1 U σ2),Π)}

(A�U ) A(�(σ1 U σ2),Π) {A(σ1 U σ2,Π),A(◦�(σ1 U σ2),Π)}

Table 4 Beta Rules. (σ, σi are state formulae, Σ is a (possibly empty) set of state formulae, πi
is a path formula, Π is a (possibly empty) set of path formulae.)

β_Rule β k Sβi(1 ≤ i ≤ k)

(∨) σ1 ∨ σ2 2
Sβ1 = {σ1}
Sβ2 = {σ2}

(Aσ) A(σ1, . . . , σn,Π) n+ 1

Sβ1 = {σ1}
...
Sβn = {σn}
Sβn+1 = {AΠ}

(E�σ) E(�(σ1 ∨ �σ2),Π) 2
Sβ1 = {σ1,E(◦�(σ1 ∨ �σ2),Π)}
Sβ2 = {¬σ1, σ2,E(◦�σ2,Π)}

(EU σ) E(σ1 U (σ2 ∧ ♦σ3),Π) 2
Sβ1 = {σ2,E(♦σ3,Π}
Sβ2 = {σ1,E(◦(σ1 U (σ2 ∧ ♦σ3)),Π)}

(EU �) E(σ1 U �σ2,Π) 2
Sβ1 = {E(�σ2,Π)}
Sβ2 = {σ1,E(◦(σ1 U �σ2),Π)}

(A�σ) A(�(σ1 ∨ �σ2),Π) 3
Sβ1 = {σ1,A(◦�(σ1 ∨ �σ2),Π)}
Sβ2 = {¬σ1, σ2,A(◦�σ2,Π)}
Sβ3 = {AΠ}

(AU σ) A(σ1 U (σ2 ∧ ♦σ3),Π) 3
Sβ1 = {σ2,A(♦σ3,Π)}
Sβ2 = {σ1,A(◦(σ1 U (σ2 ∧ ♦σ3)),Π)}
Sβ3 = {AΠ}

(AU �) A(σ1 U �σ2,Π) 2
Sβ1 = {A(�σ2,Π)}
Sβ2 = {σ1, σ2,A(◦(σ1 U �σ2),Π)}

all the leaves in a collection of branches, called a bunch, are consistent and all eventualities
occurring in looping branches are fulfilled, otherwise, the tableau input is unsatisfiable. In
addition to the tableau rules introduced in the rest of this Section, we also use simplifications
rules that are given in the Appendix (Def. 42).
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5:8 Extending Fairness Expressibility of ECTL+

(Q◦) Σ,A◦Φ1, . . . ,A◦Φn,E◦Ψ1, . . . ,E◦Ψm,

AΦ1, . . . ,AΦn,EΨ1 & . . . & AΦ1, . . . ,AΦn,EΨm

Figure 1 Next-State Rule. (Set of literals Σ is possibly empty, Φi,Ψi 6= ∅ are sets of formulae.)

3.2 Alpha and Beta Rules
The α- and β-rules are the most elementary rules. An application of an α-rule enlarges a
branch with a node labelled by Σ, α, by a successor node labelled by Σ, Sα, where Sα is the
set of formulae associated to α in Table 3. An α-rule has the following representation Σ, α

Σ, Sα .

β-rules have the following representation Σ, β
Σ, Sβ1 | · · · | Σ, Sβk

. An application of a β-rule
splits a branch containing a node with a set Σ, β, where β is one of the formulae of Table 4,
in k new nodes each labelled by the corresponding Σ, Sβi

, see Table 4.

3.3 The Next-State Rule
The next-state rule (Q◦) in Figure 1 is the only rule that splits branches in a conjunctive
way: it produces m branches rooted by a node n labelled by a set AΦ1, . . . ,AΦn,EΨi, for
i ∈ {1, . . . ,m}. The generation of AND-successors of node n is represented by “&”. If both n
and m are zero, then the rule yields a unique new node labelled by the empty set. We assume
that whenever m is zero and n > 0, there is a unique descendant labelled by AΦ1, . . . ,AΦn.

I Example 10. Let n be a node such that τ(n) = {a,¬b,A◦c,E◦p,E◦¬p,A◦�((E◦p) ∧
(E◦¬p))}. Then only the next-state rule (Q◦) can be applied to n generating the following
AND-successors of n: {Ac, p,A�((E◦p) ∧ (E◦¬p))} and {Ac,¬p,A�((E◦p) ∧ (E◦¬p))}. Note
that the formula Ac requires the application of the β-rule (Aσ) to be reduced to c.

3.4 The Uniform Tableau
Here we present tableau with specific labels for leaves – Uniform sets of state formulae.

I Definition 11 (Elementary Set of State Formulae). A set of state formulae is elementary if
and only if it is exclusively formed by literals and formulae of the form Q◦Π.

Repeatedly applying α-β-rules to consistent leafs, we get leaves labelled by elementary sets.

I Proposition 12. Any set of state formulae has a tableau T such that all its leaves are
labelled by elementary sets of state formulae.

IDefinition 13 (Basic Path/State Formula, Uniform Set of Formulae). Path formulae σ1 U (σ2∧
♦σ3), σ1 U (�σ2), �(σ1 ∨ �σ2), �(σ1 U σ2) are basic. If Π is a set of basic path formulae
then QΠ is basic. A set of state formulae Σ is uniform set (US) iff Σ is only formed by
literals and basic state formulae, and Σ contains at most one E-conjunctive formula.

I Proposition 14. Any set of state formulae Σ has a tableau T s.t. all leaves are labelled by
US of state formulae; all open branches contain exactly one application of (Q◦).

I Definition 15 (Uniform Tableaux). For any set Σ of state formulae, the tableau for Σ
provided by Proposition 14 is denoted Uniform_Tableau(Σ).
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Figure 2 A tableau for A(◦q,�r),E(◦r, q U �¬p); its leaves are elementary.

Table 5 Beta-Plus Rules. (Notation: σ, σi stand for state formulae, Σ is a (possibly empty)
set of state formulae, Π is a (possibly empty) set of basic-path formulae.)

β+-Rule Σ, β k S+
Σ,βi

(1 ≤ i ≤ k)

(EU σ)+ Σ,E(σ1 U (σ2 ∧ ♦σ3),Π) 2
S+

Σ,β1
= {σ2,E(♦σ3,Π)}

S+
Σ,β2

= {σ1,E(◦((σ1 ∧ ¬Σ)U (σ2 ∧ ♦σ3)),Π)}

(EU �)+ Σ,E(σ1 U �σ2,Π) 2
S+

Σ,β1
= {E(�σ2,Π)}

S+
Σ,β2

= {σ1,E(◦((σ1 ∧ ¬Σ)U �σ2),Π)}

(AU σ)+ Σ,A(σ1 U (σ2 ∧ ♦σ3),Π) 3
S+

Σ,β1
= {σ2,A(♦σ3,Π)}

S+
Σ,β2

= {σ1,A(◦((σ1 ∧ (¬Σ ∨ ϕΠ))U (σ2 ∧ ♦σ3)),Π)}
S+

Σ,β3
= {AΠ}

(AU �)+ Σ,A(σ1 U �σ2,Π) 2
S+

Σ,β1
= {A(�σ2,Π)}

S+
Σ,β2

= {σ1, σ2,A(◦((σ1 ∧ ¬Σ ∨ ϕΠ ∨ σ2))U �σ2),Π)}

I Example 16. We construct a uniform tableau for the set {A(◦q,�r),E(◦r, q U �¬p),E◦q)}.
The first step gives the tableau in Figure 2. Subsequently, we enlarge each of the four
branches by applying the rule (Q◦), obtaining the following eight leaves (left to right):

1. A(q,�r),E(r,�¬p) 2. A(q,�r),Eq 3. Aq,E(r,�¬p) 4. Aq,Eq

5. A(q,�r),E(r, q U �¬p) 6. A(q,�r),Eq 7. Aq,E(r, q U �¬p) 8. Aq,Eq
Then by rules (Aσ) and (Eσ): the first branch is split into q, r,E�¬p and A�r, r,E�¬p; the
second into q and A�r, q; the third yields only a child q, r,E�¬p; the fourth and the eighth
yield only q; the fifth is split into two nodes q, r,E(q U �¬p) and A�r, r,E(q U �¬p); the sixth
into q and A�r, q; and the seventh yields the unique child q, r,E(q U �¬p).

3.5 The Beta-plus Rules
We extend tableau rules with so called β+-rules (Table 5), that, similarly to β-rules, split a
branch into two or three branches. They apply to a set Σ, β, where β has the form Q(π,Π)
and Π is a set of basic-path formulae and π is an U -formula. The β+ rules are the only rules
that make use of the so-called context for forcing the eventualities to be satisfied as soon
as possible. The context is given by the sets Σ containing state formulae and Π containing
path formulae. We name Σ the outer context and Π the inner context. The outer context
is used by all the β+rules. The inner context is only needed to deal with formulae AΠ.
Note that each β+-rule, when applied to a formula of the form Q(σ1 U ϕ,Π) –where ϕ could
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5:10 Extending Fairness Expressibility of ECTL+

be σ2 ∧ ♦σ3 or �σ2– generates one or more successors that contain a formula of the form
Q(◦((σ1 ∧ σ)U ϕ),Π) where σ depends on both the inner and the outer context, and is
defined based on whether Q is E or A. We call (σ1 ∧ σ)U ϕ the next-step variant of σ U ϕ.

I Definition 17 (Formula ϕΠ for β+-rules). Let Π be a set of basic path formulae. We define
the formula ϕΠ to be the following disjunction of state formulae:7∨

�(σ1∨�σ2)∈Π

(σ1 ∨ σ2) ∨
∨

σ1 U �σ2∈Π
σ2 ∨

∨
�(σ1 U σ2)∈Π

E(♦σ2).

The proof of Proposition 29 and the role that this proposition plays in the proof of Lemma
30 point out some hints about the relation of the formula ϕΠ (in Definition 17) with a limit
path, which is a model for the formula E(¬π1, . . . ,¬πn), but is not a model for A(π1, . . . , πn).
The following example aims to provide some intuition on the role of ϕΠ from the constructive
view, i.e when we construct a tableau for a formula A(π1, . . . , πn).

I Example 18. Consider the application of (AU σ)+ rule to the formula A(aU b,Π), where
Π = {�c, r U �s,�(pU q)} and a, b, c, p, q, r, s ∈ Prop. The outer context, Σ, is empty and
the inner context is Π. Then ¬Σ = F and ϕΠ = c∨ s∨ E♦q. Hence, the second child, namely
S+
β2
, raised by the application of (AU σ)+ is labelled by {a,A(◦((a ∧ (c ∨ s ∨ E♦q))U b),Π)}.

Then applying the rules (A�σ) to �c, (AU �) to r U �s, and (A�U ) (followed by (AU σ)) to
�(pU q) we get, in one of the branches, a node n labelled by the set:

{a, c, r, s, p,A(◦((a ∧ (c ∨ s ∨ E♦q))U b),◦�c,◦(r U �s),◦�(pU q))} (1)

Then, by rule (Q◦), τ(n1) = {A((a∧ (c∨ s∨ E♦q))U b,�c, r U �s,�(pU q))}, where n1 is the
unique child of n. Now, repeating the previous steps, we get a node m labelled by

{a ∧ (c ∨ s ∨ E♦q), c, r, s, p,A(◦((a ∧ (c ∨ s ∨ E♦q))U b),◦�c,◦(r U �s),◦�(pU q))}

Using the rules (∧) and (∨), we get three children of m. Two of them are labelled by the
set (1). Hence, by rule (Q◦), we get a cycle to node n1. It is worth noting that this branch
represents a model where the initial A-disjunctive formula A(aU b,�c, r U �s,�(pU q)) is
satisfied because both �c and r U �s are satisfied. The third node is labelled by

{a,E♦q, c, r, s, p,A(◦((a ∧ (c ∨ s ∨ E♦q))U b),◦�c,◦(r U �s),◦�(pU q))}

Therefore, one of its children, due to the rule (EU σ), is labelled by

{a, q, c, r, s, p,A(◦((a ∧ (c ∨ s ∨ E♦q))U b),◦�c,◦(r U �s),◦�(pU q))}

and after applying (Q◦) we get a node labelled as n1 is, obtaining a cycle. This cycling branch
represents a model for the initial A-disjunctive formula A(aU b,�c, r U �s,�(pU q)) because
�(pU q) is satisfied. Here, for simplicity, we consider an empty outer context. However, note
that ¬Σ is also a disjunction of state formulae. For non-empty Σ, the application of the rule
(∨) would generate a child for each disjunct in ¬Σ. Each of these children represents a trial
to satisfy the formula aU b (in the initial A-disjunctive formula) as soon as possible.

7 If the disjunction is empty, then ϕΠ = F.
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Algorithm 1 Systematic Tableau Construction.
1: procedure systematic_Tableau(Σ0) . where Σ0: set of state formulae
2: if Σ0 is not uniform then T := Uniform_Tableau(Σ0)
3: while T has at least one non-terminal leaf do
4: . Invariant: Any non-terminal leaf of T is labelled by a US
5: Choose any leaf ` in T such that τ(`) is not terminal
6: Let Σ = τ(`) . Σ is uniform
7: if there are not eventualities in ` then T := T [`←Uniform_Tableau(Σ)]
8: else
9: Eventuality_Selection(Σ)
10: Apply_β+-rule(Σ)
11: Let k ∈ {2, 3} the number of new leaves
12: Let `1, . . . , `k be the new leaves and let Σ1, . . . ,Σk be their respective labels
13: for i = 1 .. k do
14: if `i is non-terminal and Σi is not uniform then
15: T := T [`i ←Uniform_Tableau(Σi)]
16: return T

4 Systematic Tableau Construction

Here we define an algorithm, Asys, that constructs a systematic tableau and illustrate its
performance. Recall that due to the rule (Q◦), any open tableau should have a collection
of open branches including all the (Q◦)-successors of any node labelled by an elementary
set of formulae. These collections of branches are called bunches. Any open bunch of the
systematic tableau, constructed by Asys, gives us of a model for the initial set of formulae.
Asys constructs an expanded tableau (see Definition 34) for the given input. Asys applied to
the input Σ0, denoted as Asys(Σ0), returns a systematic tableau AsysΣ0

. Intuitively, expanded
means “complete” in the sense that any possible rule has been already applied at every node.
Though the best way to implement this algorithm is a depth-first construction, for the sake
of clarity we prefer to formulate it as a breadth-first construction of a collection of subtrees.
The procedure Uniform_Tableau in Algorithm 1 was introduced in Definition 15 along with
the notion of a US of state formulae. The notation T1[` ← T2] stands for the tableau T1
where the leaf ` is substituted by the tableau T2. In particular, T [`←Uniform_Tableau(Σ)]
is the tableau T where the leaf ` is substituted by the Uniform_Tableau(Σ).

To introduce the procedures Eventuality_Selection and Apply_β+-rule and related concepts
of terminal node and eventuality-covered branch, let πU denote a basic path formula that
contains the operator U , i.e. πU is either σ1 U (σ2 ∧ ♦σ3) or σ1 U �σ2 or �(σ1 U σ2). We
call these formulae eventualities. Consequently, the notation Q(πU ,Π) stands for a formula
that contains at least one eventuality.

Eventuality_Selection selects a state formula Q(πU ,Π) (if there is one) and marks the
eventuality πU while Apply_β+-rule(Σ) applies the corresponding rule (or pair of rules)
depending on the selected eventuality:

If πU = σ1 U (σ2 ∧ ♦σ3) is the marked eventuality, then apply (QU σ)+

If πU = σ1 U �σ2 is the marked eventuality, then apply the respective rule (QU �)+

If πU = �(σ1 U σ2) is the marked eventuality, then apply first the rule (Q�U ) and then
the rule (QU σ)+ with the selected eventuality σ1 U σ2.

Each application of a β+-rule introduces a next-step variant of the marked eventuality.
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5:12 Extending Fairness Expressibility of ECTL+

The call Eventuality_Selection(Σ) keeps the selection of QΠ ∈ Σ which contains a next-step
variant of the previously marked eventuality, whenever the leaf `, (Σ = τ(`)) is not a loop-
node. If ` is a loop-node, then a new selection should be made, if possible. If the branch is
already eventuality-covered and ` is a loop-node, ` is the leaf of an expanded open branch (see
Definition 34). When making the selection, priorities are guided by Definition 19 - the idea
is that the tableau branches represent paths in possible models. Since any path in a model is
cyclic, it has a possibly empty initial sequence of states followed by a looping-sequence. The
highest priority formulae are those that cannot produce a loop. The formulae that are not of
highest priority can be potentially-cycling formulae or cycling. Once all the highest priority
formulae have been selected, we only have cycling and potentially-cycling formulae. Now the
objective is to have a sequence of loop-nodes.

I Definition 19 (Priorities for Eventuality Selection). The formulae of the highest priority for
Eventuality_Selection are the formulae of the form:

AΠ where Π is exclusively formed by formulae of the form σ1 U (σ2 ∧ ♦σ3), and
EΠ where Π contains at least one eventuality. Eventualities of the form σ1 U (σ2 ∧ ♦σ3)
and σ1 U �σ2 have also the maximal priority to be marked in the selected EΠ.

I Definition 20 (Cycling Formula). A formula is cycling if it is of the form QΠ where Π only
contains formulae of the form: �(σ1 ∨ �σ2) and �(σ1 U σ2).

For any E-conjunctive formula σ, σ is not highest priority if and only if σ is a cycling
formula. For A-disjunctive formulae it is different - we also have potentially-cycling formulae.

I Definition 21 (Potentially-Cycling Formula). A formula is potentially-cycling if it is of the
form AΠ where Π contains at least one formula of the form σ1 U (σ2 ∧♦σ3) or σ1 U �σ2 and
also contains at least one formula of the form �(σ1 ∨ σ2) or �(σ1 U σ2).

I Definition 22 (Loop-node). Given b is a branch of T and ni ∈ b (0 ≤ i), ni is a loop-node
if there exists nj ∈ b (0 ≤ j < i) and τ(ni) = τ(nj); nj is called a companion node of ni.

I Definition 23 (Eventuality-covered Branch). A branch b = n0, n1, ..., ni of T is eventuality-
covered if ni is a loop-node, with a companion node nj (0 ≤ j < i), both labelled by a US
Σ = Q1Π1, . . . ,QmΠm such that for each h ∈ {1, . . . ,m}:

If Qh = E, then every eventuality in Πh has been marked in some node nk for some k
such that j ≤ k < i.
If Qh = A and AΠh contains at least one eventuality, then AΠh has been selected once in
some node nk such that j ≤ k < i and one of the eventualities in Πh has been marked.

The procedure Eventuality_Selection performs in some fair way that ensures that any
open branch will ever be eventuality-covered.

I Definition 24 (Terminal Node). A node n is terminal, if τ(n) = Σ⊥ or n is a loop-node of
the branch b and b is eventuality-covered. Otherwise, we say that n is non-terminal.

Consequently, a non-terminal node is either a node that is not a loop-node or a loop-node
whose branch is not eventuality-covered. A potentially-cycling formula could be selected
more than once in a branch because the loop-node could change along the branch. In fact,
the loop-node decreases in a well-founded order. The following example illustrates this issue.

I Example 25. Let σ1 = A(TU (¬c),�a), σ2 = A(aU �b), and σ3 = A�c, where a, b, c ∈ Prop.
Let Σ0 = {σ1, σ2, σ3} be the initial set of state formulae. Let σ1 be selected and TU (¬c)
is the first marked eventuality. Then, (AU σ)+ is applied to σ1. Now in the node that
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Figure 3 A closed tableau for A(TU p),E�¬p. Marked eventualities are in black boxes, big circles
represent AND-nodes or bunches. Whenever a bunch has a unique successor, we omit the big circle
in the edge before the (Q◦)-successor.

contains the next-step variant of σ1, (A�σ) is applied to the next-step variant of σ1; (AU �)
is applied to σ2; and (A�σ) to σ3. Then one of the open tableau branches is labelled by the
elementary set: {a, c,A(◦(((¬σ2)∨ (¬σ3)∨a)U (¬c)),◦�a),A◦(aU �b),A◦�c}. By rule (Q◦),
we get a node n1 labelled by the US τ(n1) = {σ′1, σ2, σ3} where σ′1 is the selected formula:
A(((¬σ2)∨(¬σ3)∨a)U (¬c),�a) and the eventuality ((¬σ2)∨(¬σ3)∨a)U (¬c) is kept marked.
Hence, in one of the branches that enlarges n1, the same sequence of rules produces a loop-node
n2 such that τ(n2) = τ(n1). However, this branch is not eventuality-covered since σ2 has not
been selected yet. Then the selected formula in n2 must be σ2, and (AU �)+ is applied to σ2.
Now, one of the open branches gets a node n3 such that τ(n3) = {σ′1, σ′2, σ3} where σ′2 = A�b.
Then σ′1 is selected again. Note that the outer context of σ′1 has changed because σ2 has been
replaced by σ′2. Hence, applying (AU σ)+ to σ′1 and (A�σ) to σ′2 and σ3, the leaf of one of the
open branches is a node n4 labelled by the US τ(n4) = {σ′′1 , σ′2, σ3} where σ′′1 is the selected
formula: A((((¬σ2)∧(¬σ′2))∨(¬σ3)∨a)U (¬c),�a). Note that ((¬σ2)∧(¬σ′2))∨(¬σ3)∨a is the
conjunctive normal form of ((¬σ2)∨(¬σ3)∨a)∧((¬σ′2)∨(¬σ3)∨a). Since, σ′′1 is kept selected,
we will get a loop-node n5 such that τ(n5) = τ(n4) and now the branch is eventuality-covered.
Indeed, this branch represents the following model of Σ0: {a, c}〈{a, b, c}〉ω.

I Definition 26 (Bunch in a Tableaux, Closed Bunch and Tableaux). A bunch b is a collection
of branches that is maximal with respect to (Q◦)-successor, i.e. every (Q◦)-successor of any
node in b are also in b. A bunch is closed if and only if at least one of its branches is closed.
Otherwise it is open. A tableau is closed if and only if all its bunches are closed.

Any open tableau has at least one open bunch, formed by one or more open branches.

I Example 27. (Figure 3) In the applications of (AU σ)+ rule, the inner context is empty;
the outer context is E�¬p, its negation in nnf is A♦p. Hence, the label of the rightmost leaf,
A◦((A♦p)U p) is the simplification of the selected formula A◦(((A♦p) ∧ (A♦p))U p).

I Example 28. On the left of Figure 4 we depict a representative open bunch of a tableau for
the set of formulae: p,A�(E◦p ∧ E◦¬p),A(♦¬p,�p). We apply at once the Uniform_Tableau
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Figure 4 Open bunch in the tableau for p,A�(E◦p ∧ E◦¬p),A(♦¬p,�p) and represented model.

procedure subsequently choosing one of the leaves produced. For each node, we draw only
one of the OR-children, but all the AND-children. In the marked eventuality, ¬p∨E♦(A◦¬p)
comes from the negation of the outer context, and the disjunct p from the inner context. By
“Simplification” ¬p ∨ E♦(A◦¬p ∨ A◦p) ∨ p is reduced to T (in the left-hand child). In the
right-hand node, ¬p subsumes A((. . . )U ¬p,�p). This open bunch represents a model (of
the input set of formulae) that we depict on the right of Figure 4.

5 Correctness: Soundness, Completeness and Termination

The soundness of our tableau method (Theorem 31) is proved on the basis that tableau rule
preserve satisfiability (Lemma 30). For the latter it is essential to prove that the satisfaction
of the negated inner context is preserved from segments of a limit path to the limit path
itself (Proposition 29). The use of the formula ϕΠ (Definition 17) is crucial for that.

I Proposition 29 (Preservation of the Negated Inner Context ). Let Π be any set of basic path
formulae and let ϕΠ be as in Definition 17. Let y = x≤i11 x≤i22 · · ·x≤ikk · · · be a limit path in
fullpaths(K) (of some Kripke structure K). Then K, y |= ¬π holds for all π ∈ Π, provided
that the following two conditions hold for all n ≥ 1:
(a) K, x≤i11 x≤i22 · · ·xn, j |= ¬σ2 for all σ1 U (σ2 ∧ ♦σ3) ∈ Π and all j ∈ {0..in}, and
(b) K, x≤i11 x≤i22 · · ·x≤inn , in |= ¬ϕΠ.

I Lemma 30 (Soundness of the Tableau Rules). For any set of state formulae Σ:
(i) For any α-formula α : Sat(Σ, α) iff Sat(Σ, Sα).
(ii) For any β-formula β of range k: Sat(Σ, β) iff Sat(Σ, Sβi

) for some 1 ≤ i ≤ k.
(iii) For any β+-formula β of range k: Sat(Σ, β) iff Sat(Σ, S+

Σ,βi
) for some 1 ≤ i ≤ k.

(iv) If Σ is a set of literals: Sat(Σ,A◦Φ1, . . . ,A◦Φn,E◦Ψ1, . . . ,E◦Ψm) iff for all 0 ≤ i ≤ m:
Sat(AΦ1, . . . ,AΦn,EΨi).

I Theorem 31 (Soundness of the Tableau Method). Given any set of state formulae Σ, if
there exists a closed tableau for Σ then UnSat(Σ).
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In the rest of this section, we sketch the main stages of the proof of completeness of
the presented tableaux method. Detailed proofs can be found in the technical report at
http://www.sc.ehu.es/jiwlucap/TechReport18.pdf while relevant proofs of the most
important Propositions, Lemmas and Theorems are given in the Appendix.

I Definition 32 (Stage of a Tableaux). Given a branch, b, of a tableau T , a stage in T is
every maximal subsequence of successive nodes ni, ni+1, . . . , nj in b such that τ(nk) is a not
a (Q◦)-child of τ(nk−1), for all k such that i < k ≤ j. We denote by stages(b) the sequence
of all stages of b.

I Definition 33 (αβ+-saturated Stage). A stage s in AsysΣ is αβ+-saturated iff for all σ ∈ τ(s):
1. If σ is an α-formula then Sσ ⊆ τ(s)
2. If σ is a β-formula of range k, but is not a β+-formula, then Sβi

⊆ τ(s) for some 1 ≤ i ≤ k.
3. If σ is a β-formula and also a β+-formula of range k then either Sβi

⊆ τ(s) or S+
Σ,βi
⊆ τ(s)

for some 1 ≤ i ≤ k and Σ = τ(n) \ {σ} for some n ∈ s.

I Definition 34 (Expanded Bunch and Tableau). An open branch b is expanded if each stage
s ∈ stages(b) is αβ+-saturated and b is eventuality-covered. A bunch is expanded if all its
open branches are expanded. A tableau is expanded if all its open bunches are expanded.

I Proposition 35. (Trivial by construction) Given any set of state formulae Σ, the systematic
tableau AsysΣ is expanded.

I Definition 36 (Open Bunch Model Construction). For any expanded bunch H of AsysΣ , let
KH = (S,R,L) be a Kripke structure such that S =

⋃
b∈H stages(b), R is the relation over

stages(b) for any b ∈ H, and for any s ∈ S: L(s) = {p | p ∈ τ(n) ∩ Prop for node n ∈ s}.

I Lemma 37 (Model Existence). Let AsysΣ have an expanded bunch H and KH = (S,R,L)
be as in Definition 36. For every state s ∈ S, if σ ∈ L(s) then KH , s, 0 |= σ. Therefore, for
any expanded bunch H of AsysΣ , KH |= Σ.

I Theorem 38 (Refutational Completeness). Given any set of state formulae Σ, if UnSat(Σ)
then there exists a closed tableau for Σ.

I Theorem 39 (Termination). Given any set of state formulae Σ , the construction of the
expanded tableau AsysΣ terminates.

Finally Theorems 38 and 39 give us the desired completeness result stated in Theorem 40.

I Theorem 40 (Completeness). Given any set of state formulae Σ, if Σ is satisfiable then
there exists a (finite) open expanded tableau for Σ.

6 Conclusion

We introduced a new logic, ECTL#, in the family of BTL, which can represent a richer class
of fairness constraints with the U operator. The tree-style one pass tableau method for
ECTL# handles inputs in an “analytic” way, due to the new, crucial for branching structures,
concept of “inner context”, in which eventualities are to be fulfilled. The tableau rules that
invoke the inner context, are essential to handle A-disjunctive formulae. Our analysis of
A-disjunctive and E-conjunctive formulae and of the prioritisation of eventualities, based on
their structure and the context for their fulfillment, are important from the methodological
point of view.
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Our tableau technique is not directly extensible to CTL?. Without any significant
modifications, β+-rules become unsound for inputs that are beyond ECTL# syntax due to
nested path subformulae as in A♦(◦p ∧ E◦¬p). To show the correctness of β+-rules, we
developed the technique to identify relevant state-formulae inside the specific path-modalities.
This technique will be useful in studying more expressive logics (e.g. CTL?), as it allows to
identify those subformulae that do not affect the “context”, thus enabling the simplification
of the structures.

The size of the systematic tableau for the input of size m is bounded by 22O(m2) (see tech-
nical report http://www.sc.ehu.es/jiwlucap/TechReport18.pdf). However, the method
aims at the “shortest” way to fulfil the eventualities and, for many examples, finds the
first open bunch, giving us a model for the tableau input. This significantly reduces the
complexity. Finally, the presented technique is amenable for implementation – and this will
be another stream of our future work. In the refinement and implementation of the algorithm
we will be able to rely on similar techniques used in the implementation of its linear-time
analogue.
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A Appendix

Proof of Proposition 14. Use Proposition 12 to construct a tableau with all its leaves
labelled by elementary sets of formulae. Then apply the rule (Q◦) to any leaf. Finally, apply
(to every leaf) the rules (Eσ), (Aσ), (∧), and (∨), as long as they are applicable. J

Proof of Proposition 29 (Preservation of the Negated Inner Context). We check the four
cases of a basic path formula π ∈ Π. If π is of the form σ1 U (σ2 ∧ ♦σ3), then property (a)
ensures that every state in y satisfies ¬σ2. Therefore, ¬(σ1 U (σ2 ∧ ♦σ3)) is satisfied in the
limit path y. The remaining three cases are proved on the basis of (b) and Definition 17:
If π = �(σ1 ∨ �σ2), then K, x≤i11 x≤i22 · · ·x≤inn , in |= ¬σ1 ∧ ¬σ2 for all n. Therefore, it holds
that K, y |= ¬�(σ1 ∨ �σ2).
If π = �(σ1 U σ2), then K, x≤i11 x≤i22 · · ·x≤inn , in |= ¬E(♦σ2) for all n. Hence, K, y |=
¬�(σ1 U σ2).
If π = σ1 U �σ2, thenK, x≤i11 x≤i22 · · ·x≤inn , in |= ¬σ2 for all n. Hence, K, y |= ¬(σ1 U �σ2). J

Proof of Lemma 30 (Soundness of Tableau Rules). Noting that (i), (i) and (iv) can be
easily proved by the “systematic” application of the semantic definitions of temporal operators,
we prove (iii). The “only if” direction“ for each of the cases of β+-rules is trivial.
For the “if” direction of rule (EU σ)+, let us suppose that K |= Σ,E(σ1 U (σ2 ∧ ♦σ3),Π).
There exists x ∈ fullpaths(K) such that K, x, 0 |= Σ,Π, σ1 U (σ2∧♦σ3). We are going to prove
that there exists K′ such that one of the following two properties holds:
(a) K′ |= Σ, σ2,E(♦σ3,Π)
(b) K′ |= Σ, σ1,E(◦((σ ∧ ¬Σ)U σ2),Π).
If K, x, 0 |= σ2 ∧ ♦σ3, then (a) is trivially satisfied for K′ = K. Otherwise, for some i > 0,
it holds that K, x, i |= σ2 ∧ ♦σ3 and for all j < i: K, x, j |= σ1. Let j be the least number
greater than 0 such that K, x, j |= σ2∧♦σ3. Consider k to be the greatest index in {0, . . . , j}
such that K, x, k |= Σ,Π. If k = j, then (a) is satisfied for K′ = K �x(k). Otherwise, if k < j
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then K, x, k |= Σ, σ1,◦((σ1 ∧ ¬Σ)U (σ2 ∧ ♦σ3)),Π. Hence, item (b) holds for K′ = K �x(k).
Rewriting in the above proof σ2 ∧♦σ3 by �σ2, we obtain the proof for rule (EU �)+. Indeed,
both proofs for (EU σ)+ and (EU �)+ are very similar to the context-based rule in linear-time
case of PLTL (see Lemma 5.1 in [8]).
For the “if” direction of rule (AU σ)+, let us suppose that the three sets Σ∪SΣ,β1 , Σ∪SΣ,β2 ,

and Σ∪SΣ,β3 of the rule (AU σ)+ are unsatisfiable. We will show that the set Σ,A(σ1 U (σ2∧
♦σ3),Π) must be also unsatisfiable. By the hypothesis, we know that any model of Σ is
not a model of SΣ,βi for all i ∈ {1, 2, 3}. In other words, for any K such that K |= Σ, the
followings three facts holds:
(a) K 6|= σ2 ∧ A(♦σ3,Π)
(b) K 6|= σ1 ∧ A(◦((σ1 ∧ (¬Σ ∨ ϕΠ))U (σ2 ∧ ♦σ3)),Π)
(c) K 6|= AΠ
To show that Σ,A(σ1 U (σ2∧♦σ3),Π) is unsatisfiable, we consider any K such that K |= Σ and
prove that K 6|= A(σ1 U (σ2 ∧ ♦σ3),Π). Since K |= Σ, then (a), (b) and (c) hold. According
to (b), there are two possible cases:
(Case 1): If K 6|= σ1 then, by (a), either K |= ¬σ1 ∧ ¬σ2 or K |= ¬σ1 ∧ E(�¬σ3,¬Π). In both
cases, it is easy to see that K 6|= A(σ1 U (σ2 ∧ ♦σ3),Π).
(Case 2): Otherwise, if K 6|= A(◦((σ1 ∧ (¬Σ∨ϕΠ))U (σ2 ∧♦σ3)),Π), then we have that there
exists x1 ∈ fullpaths(K) such that K, x1 |= ◦¬((σ1 ∧ (¬Σ ∨ ϕΠ))U (σ2 ∧ ♦σ3)) ∧ ¬Π. This
yields two possible cases:
(Case 2.1): If K, x1 |= ◦�(¬σ2∨�¬σ3)∧¬Π, then it is trivial that K 6|= A(σ1 U (σ2∧♦σ3),Π).
(Case 2.2): Otherwise, there should exist i1 > 0 that satisfies the following three properties:
(i) K, x1, j |= (¬σ2) ∨ �¬σ3 for all j such that 0 ≤ j ≤ i1, and
(ii) K, x1, i1 |= ¬σ1 ∨ (Σ ∧ ¬ϕΠ), and
(iii) K, x1, 0 |= ¬Π
If (i) is satisfied because K, x1, j |= �¬σ3 for some j such that 0 ≤ j ≤ i1, then trivially
K, x1, 0 6|= σ1 U (σ2 ∧ ♦σ3). This, along with the fact (iii), ensures that K 6|= A(σ1 U (σ2 ∧
♦σ3),Π). Moreover, this also applies to any other formula σ′1 U (σ′2 ∧♦σ′3) in Π. Henceforth,
in what follows, we can suppose that for all j such that 0 ≤ j ≤ i1: K, x1, j |= ¬σ2 and also
that K, x1, j |= ¬σ′2 for all σ′1 U (σ′2 ∧ ♦σ′3) ∈ Π.
If (ii) is satisfied because K, x1, i1 |= ¬σ1 then it is clear that K, x1, 0 6|= σ1 U (σ2 ∧ ♦σ3).
Therefore, by (i) and (iii), K 6|= A(σ1 U (σ2 ∧ ♦σ3),Π).
Otherwise, if (ii) is satisfied because K, x1, i1 |= Σ ∧ ¬ϕΠ, then, since K, x1, i1 |= Σ, then
again (a), (b) and (c) hold for K �x1(i1) (instead of K). Hence, reasoning for K �x1(i1) as
we do above for K, there should exist a path x2 ∈ fullpaths(K �x1(i1)) such that one of the
following two facts holds:
(Case 2.2.1): K �x1(i1), x2 |= �¬(σ2 ∧ ♦σ3) ∧ ¬Π, and therefore K 6|= A(σ1 U (σ2 ∧ ♦σ3),Π).
(Case 2.2.2): there should exist i2 > 0 such that K � x1(i1), x2, i2 |= Σ ∧ ¬ϕΠ and for all
j ∈ {0..i2}:
K �x1(i1), x2, j |= ¬σ2, and
K �x1(i1), x2, j |= ¬σ′2 for all σ′1 U (σ′2 ∧ ♦σ′3) ∈ Πj

Now, (a), (b) and (c) apply to K �x2(i2). Hence, the infinite iteration of the second case
yields a path y = x≤i11 x≤i22 · · ·x≤ikk · · · (that exists by the limit closure property) for which
the Proposition 29 ensures that K, y 6|= A(σ1 U (σ2 ∧ ♦σ3),Π).
The proof for rule (AU �)+ follows the same scheme. It is worth noting that, according to
rule (AU �)+, for all n: K, x≤i11 x≤i22 · · ·x≤inn , in+1 |= ¬ϕΠ ∧ ¬σ2 because this ensures that
the limit path y satisfies ¬�σ2. J
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Proof of Theorem 31 (Soundness of Tableau Method). Let TΣ be a closed tableau for Σ.
The set of formulas labelling at least one leaf in each bunch is inconsistent and therefore
unsatisfiable. Then, by Lemma 30, the root Σ is unsatisfiable. J

To prove refutational completeness and termination, we first define a partial order relation
on the set of basic state formulae. This order is the basis for inductively proving that KH is
a model of the tableau input (Lemma 37). The termination of Algorithm 1 (Theorem 39) is
based on the extension that order to the set of finite sets of basic state formulae.

I Definition 41 (Order on Basic state formulae). The order � is defined as the reflexive-
transitive closure of the smallest binary relation ≺⊂ FProp ×FProp that satisfies the following
conditions:
1. QΠ′ ≺ QΠ if Π′ ⊂ Π.
2. σ ≺ QΠ if σ is a proper state-subformula of QΠ.
3. Q((σ1 ∧ δ)U (σ2 ∧♦σ3),Π) ≺ Q(σ1 U (σ2 ∧♦σ3),Π). In particular, Q((σ1 ∧ δ)U σ2,Π) ≺

Q(σ1 U σ2,Π).
4. Q(♦σ3,Π) ≺ Q(σ1 U (σ2 ∧ ♦σ3),Π).
5. Q((σ1 ∧ δ)U �σ2,Π) ≺ Q(σ1 U �σ2,Π).
6. Q(�σ2,Π) ≺ Q(σ1 U �σ2,Π).
where Q ∈ {A,E}, Π,Π′ are sets of basic path formulae, σ, σ1, σ2 are basic state formulae,
and δ is a state formula different of the constant T.
The extension ≺∗ is the partial order relation on finite sets of basic state formulae defined by
Σ1 �∗ Σ2 if and only if for every σ1 ∈ Σ1 either σ1 ∈ Σ2 or there exists σ2 ∈ Σ2 such that
σ1 ≺ σ2. Therefore Σ1 ≺∗ Σ2 if and only Σ1 �∗ Σ2 and Σ1 6= Σ2.

Proof of Lemma 37 (Model Existence) (Sketch). Let AsysΣ have an expanded bunch H

and KH = (S,R,L) be as in Definition 36. We prove that, for every state s ∈ S, if σ ∈ L(s)
then KH , s, 0 |= σ. This proof is made by structural induction on the formula σ. That
induction requires many auxiliary properties about how ECTL#-formulae evolve along the
branches in the systematic construction of the tableau AsysΣ . These properties can be found
in the technical report http://www.sc.ehu.es/jiwlucap/TechReport18.pdf). For space
reasons, we only give here the following sketch of the proof. The base case, σ = p ∈ Prop, is
ensured by Definition 36. The bunch H ensures that, whenever a tableau node (at stage s)
is labelled by an elementary set {Σ, A◦Φ1, . . . , A◦Φn,E◦Ψ1, . . . ,E◦Ψm} ⊆ L(s) then, by
rule (Q◦), H contains one successor stage si (for each i ∈ {1, . . . ,m}) that, in turn, contains
{AΦ1, . . . ,AΦn,EΨi}. By inductive hypothesis: KH , si, 0 |= AΦ1, . . . , AΦn,EΨi, for each
i ∈ {1, . . . ,m}. Therefore, KH , s, 0 |= {Σ,A◦Φ1, . . . , A◦Φn,E◦Ψ1, . . . ,E◦Ψm}. Every branch
b ∈ H is open, so it is a cyclic branch such that path(b) = s0, s1, . . . , si−1〈si, si+1, . . . , sj〉ω.
For any sk ∈ path(b) and any formula QΠ in τ(sk), we prove that KH , sk, 0 |= QΠ, by
induction in QΠ. Formulae of the highest priority have to be selected at the stage previous to
si. Hence, the first node of stage si is a loop-node that must be labelled by a set exclusively
formed by potentially-cycling and cycling formulas (in particular, the empty set) J

Proof of Theorem 38 (Refutational Completeness). Suppose that for an input Σ there is
no closed tableau. Then the systematic tableau AsysΣ would be open and there would be at
least one expanded bunch H in AsysΣ . By Lemma 37, KH |= Σ. Consequently, Σ would be
satisfiable. J

Simplification rules are very useful to reduce the tableau construction but, more import-
antly, some simplification rules are essential for termination.
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I Definition 42 (Simplification Rules). First, to stop the growth of the subformula σ in
the successive next-step variants (σ1 ∧ σ)U ϕ, we use trivial simplification rules such as
ϕ ∧ ϕ −→ ϕ and ϕ ∨ ϕ −→ ϕ, as well as classical subsumptions rules. Second, to simplify
the detection of equal node labels (for looping in tableau branches) we use the following
rules:
(@E� U ) E(σ1 U σ2,�(σ1 U σ2),Π) −→ E(�(σ1 U σ2),Π).
(@A� U ) If Π′ ⊆ Π then A(σ1 U σ2,Π) ∧ A(�(σ1 U σ2),Π′) −→ A(�(σ1 U σ2),Π′).
Finally, to prevent the duplications of the original eventuality σ1 U σ2 and its successive
next-step variants by rules (Q�U ) and (QU σ)+, and to ensure termination, we use the
following rules:
(@Aσ U ) σ2 ∧ A(σ1 U σ2,Π) −→ σ2.
(@E U σ) E((σ1 ∧ σ)U ϕ, σ1 U ϕ,Π) −→ E((σ1 ∧ σ)U ϕ,Π)
(@A U σ) If Π′ ⊆ Π then A((σ1 ∧ σ)U ϕ,Π′) ∧ A(σ1 U ϕ,Π) −→ A((σ1 ∧ σ)U ϕ,Π′).
In order to prove termination, the following Propositions 43 and 44 ensure that any open
branch of AsysΣ cannot be labelled by an infinitely �∗-decreasing succession of set of formulae
in the sense of items 3 and 5 in Definition 41. In addition, Proposition 45 shows that any
open branch of AsysΣ is eventuality-covered.

I Proposition 43. Let b be an open branch of AsysΣ , let si ∈ stages(b) and let Σ ∪ {EΠ} be
the US labelling the first node of si where EΠ has been selected and one of the eventualities
πU ∈ Π has been marked. Then there exists some k ≥ i such that:
(a) If πU = σ1 U (σ2∧♦σ3) then {σ2,E(♦σ3,Π′)} ⊆ τ(sk) for some Π′ such that E(♦σ3,Π′) ≺

EΠ.
(b) If πU = σ1 U �σ2 then E(�σ2,Π′) ∈ τ(sk) for some Π′ such that E(�σ2,Π′) ≺ EΠ.
(c) If πU = �(σ1 U σ2) then σ2 ∈ τ(sk).

Proof. Suppose that the rule (EU σ)+ (or (EU �)+) has been successively applied, keeping
the selection, between stages si and sk. In the case (c), (EU σ)+ is applied immediately after
(E�U ). Then, in any of the three cases, the US labelling the first node of stage sk has the
form Σsk

,E((σ1 ∧ (¬Σsi ∧ · · · ∧ ¬Σsk−1))U ϕ,Π′) where ϕ is either (σ2 ∧ ♦σ3) or �σ2 or σ2;
each Σsj

(i ≤ j ≤ k) is the context of the selected formula at the first node of each stage sj
(in particular Σsi

= Σ); and Π′ is such that : E((σ1 ∧ (¬Σsi
∧ · · · ∧ ¬Σsk−1))U ϕ,Π′) ≺ EΠ.

Since no other β+-rule is applied between stage si and sk, each Σsj is a subset of the finite set
formed by all state formulae that are subformulae of some formula in Σsi

∪ (Π\{π}) and their
negations.8 Hence, there is a finite number of different Σsj . Therefore, after a finite number
applications of the β+-rule, the label containing the set {σ1 ∧ (¬Σsi

∧ · · · ∧ ¬Σsk−1),Σsk
}

must be inconsistent. Henceforth, the open branch b must satisfy (a) or (b) or (c), depending
on the case of πU , and according to the rules (EU σ)+ and (EU �)+. J

For A-disjunctive formulae, not only the outer context, but also the inner context plays
an important role. The proof of the next proposition is based on the use of both kinds of
context.

I Proposition 44. Let b be an open branch of AsysΣ , let si ∈ stages(b) and let Σ ∪ {AΠ} be
the US labelling the first node of si where QΠ has been selected and one of the eventualities
πU ∈ Π has been marked. Then there exists some stage sk ∈ stages(b) (for some k ≥ i) such
that one of the following two facts holds:

8 This finite set can be seen as a “local closure”.
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(a) if πU = σ1 U (σ2∧♦σ3) then {σ2,A(♦σ3,Π′)} ∈ τ(sk) for some Π′ such that E(♦σ3,Π′) ≺
EΠ; if π = σ1 U �σ2, then A(σ2,Π′) ∈ τ(sk) for some Π′ such that A(�σ2,Π′) ≺ AΠ;
and if πU = �(σ1 U σ2) then σ2 ∈ τ(sk), or

(b) the first node n of stage sk is a loop-node that contains {A((σ1 ∧ δ)U ϕ,Π′) for some δ,
some ϕ that depends on πU , and some Π′ such that {A((σ1 ∧ δ)U ϕ,Π′) ≺ AΠ.

Proof. Suppose that the rule (AU σ)+ (or (AU �)+) has been successively applied, keeping
the selection, between stages si and sk. Then the US labelling the first node of stage sk has
the form:

Σsk
,A((σ1 ∧ (¬Σsi ∨ ϕΠsi

) ∧ · · · ∧ (¬Σsk−1 ∨ ϕΠsk−1
))U ϕ,Πsk

)

where ϕ is σ2 ∧♦σ3 or �σ2 or σ2 (depending on the case of πU ); and each Σsj and each Πsj

(i ≤ j ≤ k) are respectively the outer context and the inner context at the first node of each
stage sj . In particular, Σsi = Σ and Πsi = Π. Since no other β+-rule is applied between si
and sk, then9

each Σsj
is a subset of the finite set formed by all state formulae that are subformulae

of some formula in Σ ∪ (Π \ {πU }), their negations, and a formula E(TU σ2) for each
subformula �(σ1 U σ2) in Σ ∪ (Π \ {πU }) (see Definition 17), and
each Πsj is a subset of the finite set of all path formulae that are subformulae of some
formula in Π.

Therefore, since we simplify ϕ ∧ ϕ by ϕ and ϕ ∨ ϕ by ϕ, after a finite number β+-rule
applications (if b is not closed) some previous node label should be repeated. J

I Proposition 45. Any open branch b of AsysΣ is eventuality-covered.

Proof Sketch. This sketch is based on several properties of the systematic tableau construc-
tion which, for space reasons, can only be found in the technical report http://www.sc.ehu.
es/jiwlucap/TechReport18.pdf. Whenever we say by construction we refer to some of
these properties. Let b be any open branch of AsysΣ . By construction, there exists some stage
si ∈ stages(b) such that the label of the first node n in si is either empty or a non-empty
US Σ that consists exclusively of potentially-cycling and cycling formulae (and possibly a
set of literals). If Σ is empty or a set of literals, b is finished by a cycle consisting of two
empty labels, which is trivially eventuality-covered. Otherwise, Σ contains at most one
formula EΠ along with a set AΠ1, . . . ,AΠk,AΠ′1, . . . ,AΠ′m such that for all 1 ≤ i ≤ k: AΠi

is a potentially-cycling formula, and for all 1 ≤ i ≤ m: AΠ′i is a cycling formula. Note that
if there is one EΠ in Σ, then EΠ is a cycling formula. If k = 0 and Π′1, . . . ,Π′m,Π does not
contain any eventuality (as formula or subformula). By construction, the first-node of the
next-stage si+1 is a loop-node also labelled by Σ and b is eventuality-covered. Otherwise, one
of the formulae in Σ (the label of node n) is selected, namely σ, and one of its eventualities,
namely π, is marked. By construction, the node n should be followed (in b) by some node n′,
labelled by Σ′, such that either π is fulfilled in Σ′ or n′ is a loop-node. In both cases Σ′ ≺∗ Σ.
If Σ′ does not contain more eventualities (apart from π), b is already eventuality-covered.
Otherwise, the selection of eventualities is applied in the first state of the new stage. All
the formulae of highest-priority are “solved” firstly (if Σ′ have some), until the label is
again a set of potentially-cycling and cycling formulae. Then we change to select a formula
(if any) that has been not already selected in the branch (if it is not a loop-node) or in
the loop (if it is a loop-node). This process gives –as node labels– sequences of sets of

9 Finite sets Σsj and Πsj can be seen as “local closures”.
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cycling and potentially-cycling formulae that are strictly decreasing with respect to �∗.
Henceforth, while b remains open, loop-nodes strictly decrease w.r.t. �∗. Since the number
k of potentially-cycling formulae is finite, after a finite number of stages, we get a minimal
loop-node labelled by some Σ′′. If Σ′′ does not contain any eventuality, the Uniform_Tableau
produces a new node labelled by Σ′′. Otherwise, any selection made on this Σ′′ leads to a
stage whose first node is also labelled by Σ′′. Hence, after selecting all the selectable formulae
in Σ′′ the branch b is eventuality-covered. J

Proof of Theorem 39 (Termination). Tableau rules produce a finite branching, hence
König’s Lemma applies. The subsumption-based simplification rules (Definition 42) do
prevent the generation of formulae containing the original eventuality when a next-step
variant of the eventuality has been generated. By Propositions 43 and 44, once one eventuality
is marked, a kind of “local closure” allows us to ensure the finiteness of the application of a
β+-rule to the selected eventuality. Finally, Proposition 45 ensures that any open branch is
eventually-covered. J
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1 Introduction

Temporal logics provide a fundamental framework for the description of the dynamic behavior
of reactive systems. Additionally, they support the successful model-checking approach [3] that
allow complex (finite-state) systems, usually modeled by propositional Kripke structures, to
be verified automatically. The model-checking methodology considers three types of temporal
logics which differ in the underlying nature of time: linear, branching, and alternating. In
linear-time temporal logics such as standard LTL [27], formulas are interpreted over linear
sequences (corresponding to single paths of the Kripke structure), and temporal operators are
provided for describing the ordering of events along a single computation path. Branching-
time temporal logics such as CTL [10] and CTL∗ [11], on the other hand, allow to reason about
several possible futures: formulas are interpreted over states of a Kripke structure, hence
referring to all the possible system computations. Such logics are in general more expressive
than linear-time temporal logics since they provide both temporal operators for describing
properties of a single path, and path quantifiers for describing the branching structure
in computation trees (resulting from unwinding a Kripke structure from the initial state).
Finally, alternating-time temporal logic such as ATL∗ and ATL [2], generalize the branching-
time paradigm (useful for the verification of closed systems) to a strategic-reasoning paradigm
suitable for the verification of open and multi-agent systems [20, 2, 1, 6, 9, 25, 26, 15, 5]. In
this setting, different processes or components (the agents) can interact in an adversarial or
cooperative manner in order to achieve given temporal goals. The interaction among agents
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6:2 Results on Alternating-Time Temporal Logics with Linear Past

is usually modeled by concurrent game structures [2] (CGS, for short), a generalization of
Kripke structures, where each transition results from a set of decisions, one for each agent. In
particular, the logic ATL∗, which is interpreted over CGS, is an extension of CTL∗ obtained
by replacing path quantifiers with more general quantifiers 〈〈A〉〉 parameterized by a set A of
agents which express selective quantification over those paths (from the current state) that
are obtained as outcomes of the infinite game between the coalition A and the complement.

Linear past in temporal logics. Standard temporal logics such as LTL, CTL∗, and ATL∗
do not have explicit mechanisms to refer to the past of the current time. On the other
hand, it is well-known that temporal logics which combine both past and future temporal
modalities make specifications easier to write and more natural. In particular, the past
extension LTLp of standard LTL does not increase the complexity of model-checking and
satisfiability-checking [32], and at the same time, turns out to be exponentially more succinct
than LTL [22]. For branching-time temporal logics, the adding of past-time constructs has
been investigated in many papers [30, 14, 17, 23, 33, 24, 4, 18]. Usually, the past is assumed
to be finite (since program computations have a definite starting time) and cumulative (i.e.,
the history of the current situation increases with time and is never forgotten). Moreover,
one can adopt either a branching-past approach (past and future are handled uniformly)
or a linear-past approach. Here, we focus on known linear-past extensions of CTL∗ and
its alternating-time counterpart ATL∗, which are syntactically obtained by adding the past
versions of the standard LTL temporal modalities. The simplest linear-past extension of CTL∗
is the logic PCTL∗ [14], where the semantics of path quantification is the same as for CTL∗:
path quantification ranges over paths that starts in the current node of the computation tree.
Hence, the history (computation) from the root-node (starting time) to the current node
is forgotten (local linear-past view). A similar local linear-past extension, denoted PATL∗,
can be considered for the logic ATL∗, where the linear-time temporal goals, arguments of
the strategy quantifiers, are evaluated along the outcomes of the selected strategy starting
from the current node. A more interesting and meaningful linear-past extension of CTL∗ is
the logic CTL∗lp [17, 18], where path quantification is ‘memoryful’, i.e., it ranges over paths
that start at the root and visit the current node (memoryful linear-past view). The ATL∗
counterpart of the logic CTL∗lp, here denoted by ATL∗lp, has been investigated in [26] (see
also [7]), where the temporal goals are evaluated at the current time of the paths obtained
by prefixing the outcomes of the selected strategy with the history leading to the current
node. The usefulness of memoryful linear-past has been illustrated in [18, 26]: for example,
one can require that a condition is satisfied only if a precondition holds along the whole
past computation. In strategic reasoning, as argued in [26], memoryful linear-past enables
relentful reasoning (agents can relent and change their goals depending on the history) which
can be applied to relevant scenarios such as strong cyclic planning and bounded verification.
Satisfiability and model-checking of the mentioned linear-past extensions of CTL∗ (resp.,
ATL∗) have the same complexity as CTL∗ (resp., ATL∗) with the exception of model-checking
against CTL∗lp which is Expspace-complete [18], hence, exponentially harder than CTL∗
model-checking (the latter being Pspace-complete [11]).

Our contribution. It is known that PCTL∗ and CTL∗lp have the same expressiveness as
CTL∗ [18] and there are translations from PCTL∗ and CTL∗lp into CTL∗ of non-elementary
complexity [18] based on the separation theorem for LTLp [12]. On the other hand, the ability
to refer to the past makes both PCTL∗ and CTL∗lp exponentially more succinct than CTL∗.
Analogous results hold for the logics PATL∗ and ATL∗lp when compared to ATL∗ [26]. On the
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other hand, no succinctness gap is known between the “memoryful” past view in CTL∗lp (resp.,
ATL∗lp) and the ‘local’ past view in PCTL∗ (resp., PATL∗). Our first contribution addresses
this issue: we establish by formal non-trivial arguments that CTL∗lp (resp., ATL∗lp) can be
exponentially more succinct than PCTL∗ (PATL∗).

The logics CTL [11] and ATL [2] are well-known syntactical fragments of CTL∗ and ATL∗
which have received a lot of attention due to the existence of polynomial-time algorithms
which solve the associated model-checking problem. As a second contribution, we investigate
the ATL-like fragment ATLlp of ATL∗lp which, to the best of our knowledge, has not been
considered so far in the literature. In fact, a past perfect recall extension of ATL with a
semantics equivalent to that of ATLlp has been studied in [13] under an imperfect information
setting, and in particular, for such a setting, a model-checking algorithm of non-elementary
complexity is provided [13]. We show that ATLlp is strictly more expressive than ATL, and
interestingly, and perhaps surprisingly, it can be exponentially more succinct than the more
expressive logic ATL∗. Moreover, we establish that both satisfiability and model-checking
for the logic ATLlp are Exptime-complete. Hence, while ATLlp satisfiability has the same
complexity as ATL satisfiability, model-checking against ATLlp is exponentially harder than
ATL model-checking. The upper bounds are obtained by an automata-theoretic framework
based on the use of a subclass of Büchi alternating automata for CGS (Büchi ACG) [29],
called ACG with satellites and introduced in [26].

2 Preliminaries

We fix the following notations. Let AP be a finite non-empty set of atomic propositions, Ag
be a finite non-empty set of agents, and Ac be a finite non-empty set of actions that can
be taken by agents. Given a set A ⊆ Ag of agents, an A-decision dA is an element in AcA

assigning to each agent ag ∈ A an action dA(ag). For A,A′ ⊆ Ag such that A ∩A′ = ∅, an
A-decision dA and A′-decision dA′ , dA ∪ dA′ denotes the (A ∪ A′)-decision defined in the
obvious way. Let Dc = AcAg be the set of full decisions of all the agents in Ag.

Let N be the set of natural numbers. For all i, j ∈ N, with i ≤ j, [i, j] denotes the set of
natural numbers h such that i ≤ h ≤ j. Let w be a finite or infinite word over some alphabet
Σ. By |w| we denote the length of w (we write |w| =∞ if w is infinite). For all i, j ∈ N, with
i ≤ j < |w|, w(i) denotes the ith letter of w, and w[i, j] the infix of w between positions i
and j, i.e., the finite word w(i)w(i+ 1) . . . w(j).

Given a set Υ of directions, an (infinite) Υ-tree T is a prefix closed subset of Υ∗ such that
for all x ∈ T , x · γ ∈ T for some γ ∈ Υ. Elements of T are called nodes and ε is the root of T .
For x ∈ T , the set of children of x in T is the set of nodes of the form x · γ for some γ ∈ Υ.
A path of T is a non-empty finite or infinite sequence π of nodes such that π(i) is a child in
T of π(i− 1) for all 0 < i < |π|. A path π of T is initial if it starts at the root, i.e. π(0) = ε.

For an alphabet Σ, a Σ-labeled Υ-tree is a pair 〈T,Lab〉 consisting of a Υ-tree and a
labelling Lab : T 7→ Σ assigning to each node in T a symbol in Σ. We extend the labeling
Lab to paths in the obvious way, i.e. Lab(π) denotes the word over Σ of length |π| given by
Lab(π(0))Lab(π(1)) . . .. W.l.o.g. we focus on labeled trees with a finite branching degree.

2.1 Concurrent Game Structures
Concurrent game structures (CGS, for short) [2] generalize Kripke structures to a setting
with multiple agents (or players). They can be viewed as multi-player arenas in which players
perform concurrent actions, chosen strategically as a function of the history of the game.
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6:4 Results on Alternating-Time Temporal Logics with Linear Past

I Definition 1 (CGS). A CGS (over AP, Ag, and Ac) is a tuple G = 〈S, s0,Lab, τ〉, where S
is a set of states, s0 ∈ S is the initial state, Lab : S 7→ 2AP maps each state to a set of atomic
propositions, and τ : S×Dc 7→ S is a transition function that maps a state and a full decision
to a target state. The CGS G is finite if S is finite. A state s is controlled by an agent ag if
for all {ag}-decisions d and counter-decisions d1, d2 ∈ AcAg\{ag}, τ(s, d ∪ d1) = τ(s, d ∪ d2).

We now recall the notion of strategy and counter strategy in a CGS G = 〈S, s0,Lab, τ〉. For
a state s, the set of successors of s is the set of states s′ such that s′ = τ(s, d) for some full
decision d. A play is an infinite sequence of states s1s2 . . . such that si+1 is a successor of si
for all i ≥ 1. An history (or track) ν is a non-empty prefix of some play. We denote by lst(ν)
the last state of ν. Let Trk be the set of tracks in G. Given a set A ⊆ Ag of agents, a strategy
for A is a mapping fA : Trk 7→ AcA assigning to each track ν an A-decision. For a track ν,
the set out(ν, fA) of plays consistent with fA and ν (also called outcomes of fA from ν) is
the non-empty set of plays of the form π = ν′ · s1s2 . . . such that ν′ · s1 = ν and for all i ≥ 1,
there is a decision d ∈ AcAg\A of agents in Ag \A such that si+1 = τ(si, fA(ν′ · s1 . . . si)∪ d).

Thus, the outcome function out(ν, fA) returns the set of all the plays having ν as prefix
that can occur when agents A execute strategy fA from the history ν on.

A counter strategy is a mapping f cA : Trk×AcA 7→ AcAg\A from tracks and decisions of
the agents in A to decisions of the agents in Ag \ A. For a track ν, the set out(ν, f cA) of
plays consistent with the counter strategy f cA and ν is the non-empty set of plays of the form
π = ν′ · s1s2 . . . such that ν′ · s1 = ν and for all i ≥ 1, there is a decision d ∈ AcA of agents
in A so that si+1 = τ(si, f cA(ν′ · s1 . . . si, d) ∪ d). For a state s, an s-play is a play starting
from state s. We are interested in the computation trees induced by CGS.

I Definition 2. For a set Υ of directions, a Concurrent Game Υ-Tree (Υ-CGT) is a CGS
〈T, ε,Lab, τ〉, where 〈T,Lab〉 is a 2AP-labeled Υ-tree, and for each node x ∈ T , the set of
successors of x corresponds to the set of children of x in T . Every CGS G = 〈S, s0,Lab, τ〉
induces a S-CGT, called computation tree of G and denoted by Unw(G), obtained by unwinding
G from the initial state in the usual way. Formally, Unw(G) = 〈T, ε,Lab′, τ ′〉, where T is
the set of elements ν in S∗ such that s0 · ν is a track of G, and for all ν ∈ T and d ∈ Dc,
Lab′(ν) = Lab(lst(ν)) and τ ′(ν, d) = ν · τ(lst(ν), d), where lst(ε) = s0. A Concurrent Game
Tree (CGT, for short) is a Υ-CGT for some set Υ of directions.

2.2 Alternating-time temporal logic with linear past
In this section, we recall the “memoryful” linear-past extension of alternating-time temporal
logic ATL∗, introduced in [26] and, here, denoted by ATL∗lp. For the given sets AP and Ag of
atomic propositions and agents, the set of ATL∗lp path formulas ϕ are defined as follows:

ϕ ::= > | p | ¬ϕ | ϕ ∨ ϕ | Xϕ | X−ϕ | ϕUϕ | ϕU− ϕ | 〈〈A〉〉ϕ

where p ∈ AP, A ⊆ Ag, X and U are the standard “next” and “until” linear temporal
modalities, X− (“previous”) and U− (“since”) are their past counterparts, respectively, and
〈〈A〉〉 is the “existential strategic quantifier” parameterized by a set of agents. Formula
〈〈A〉〉ϕ expresses that the group of agents A has a collective strategy to enforce the temporal
property ϕ. We also use some shorthands:

the eventually modality Fϕ := >Uϕ and its past counterpart F−ϕ := >U− ϕ,
the always modality Gϕ := ¬F¬ϕ and its past counterpart G−ϕ := ¬F−¬ϕ,
the release modality ϕ1Rϕ2 := ¬(¬ϕ1U¬ϕ2).
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A state formula is a formula where each temporal modality is in the scope of a strategic
quantifier. A basic formula is a state formula of the form 〈〈A〉〉ϕ. The language ATL∗lp is the
set of state formulas. The size |ϕ| of a formula ϕ is the number of distinct subformulas of ϕ.

The logic ATL∗lp is interpreted over concurrent game trees (CGT) T = 〈T, ε,Lab, τ〉. For a
path formula ϕ, an initial infinite path π of T (i.e., an ε-play of T ) and a position i ≥ 0, the
satisfaction relation (T , π, i) |= ϕ, indicating that ϕ holds at position i along π, is inductively
defined as follows (we omit the clauses for the Boolean connectives which are standard):

(T , π, i) |= p ⇔ p ∈ Lab(π(i)),
(T , π, i) |= Xϕ ⇔ (T , π, i+ 1) |= ϕ

(T , , π, i) |= X−ϕ ⇔ i > 0 and (T , π, i− 1) |= ϕ

(T , π, i) |= ϕ1Uϕ2 ⇔ there is j ≥ i : (T , π, j) |= ϕ2 and (T , π, k) |= ϕ1 for all i ≤ k < j

(T , π, i) |= ϕ1U− ϕ2 ⇔ there is j ≤ i : (T , π, j) |= ϕ2 and (T , π, k) |= ϕ1 for all j < k ≤ i
(T , π, i) |= 〈〈A〉〉ϕ ⇔ for some A-strategy fA : (T , π′, i) |= ϕ for all π′ ∈ out(π[0, i], fA)

Note that for each node x ∈ T and ε-play π visiting x, π visits x exactly at position |x| (the
distance of node x from the root). For a node x of T , we write (T , x) |= ϕ to denote that
there is an ε-play π visiting x such that (T , π, |x|) |= ϕ. Note that if ϕ is a state formula, then
for all ε-plays π and π′ which visit node x, it holds that (T , π, |x|) |= ϕ iff (T , π′, |x|) |= ϕ. A
CGT T satisfies a formula ϕ (we also say that T is a model of ϕ) if (T , ε) |= ϕ. Two formulas
ϕ and ϕ′ are equivalent if they admit the same models.

It is worth noting that in the valuation of a strategy quantifier 〈〈A〉〉, while in standard
ATL∗, play quantification ranges over the plays consistent with the selected strategy which
start at the current node (local semantics), in ATL∗lp play quantification ranges over the
plays obtained by prefixing the outcomes of the selected strategy from the current node with
the history that starts at the root and leads to the current node (memoryful semantics).
Evidently, for formulas which do not contain past temporal modalities, the standard local
ATL∗-semantics is equivalent to the memoryful semantics.1 Moreover, the known memoryful
linear-past extension CTL∗lp [18] of CTL∗ corresponds to the fragment of ATL∗lp where only
the strategic modalities 〈〈Ag〉〉 (equivalent to the existential path quantifier E) and 〈〈∅〉〉
(equivalent to the universal path quantifier A) are exploited. Note that CTL∗lp is interpreted
over 2AP-labeled trees which correspond to one-agent CGT. We denote by PATL∗ (resp.,
PCTL∗) the logic having the same syntax as ATL∗lp (resp., CTL∗lp) but interpreted under the
local ATL∗-semantics (resp., the local CTL∗-semantics). Intuitively, in PATL∗ and PCTL∗ the
past cannot go beyond the present.

In the following, we also consider the past extension LTLp of standard (future) LTL [27]
which syntactically corresponds to the fragment of ATL∗lp where strategy quantifiers are
disallowed. LTLp formulas ψ over AP are interpreted over infinite words over 2AP. For such
words w and positions i, we write (w, i) |=LTL ψ to denote that ψ holds at position i along
w according to the standard LTL (LTLp) semantics. A pure past LTLp formula is an LTLp
formula which does not contain occurrences of future temporal modalities.

2.3 The logic ATLlp

The logics CTL [10] and ATL [2] are well-known syntactical fragments of CTL∗ and ATL∗ which
have received a lot of attention due to the existence of polynomial-time algorithms which solve
the associated (finite) model-checking problem. In particular, CTL (resp., ATL) is obtained

1 ATL∗ formulas ϕ are usually interpreted over CGS G. However, ATL∗ is insensitive to unwinding: G is a
model of ϕ iff the CGT Unw(G) is a model of ϕ.
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from the more expressive logic CTL∗ (resp., ATL∗) by requiring that each temporal modality
is immediately preceded by a path quantifier (resp., strategy quantifier). In this section, we
introduce the ATL-like fragment of ATL∗lp which corresponds to the alternating-time version
of the linear-past extension CTLlp of CTL introduced in [18].

Since past is linear, play quantification of past-time modalities is redundant. Thus, in
ATLlp, we require the future temporal modalities X, U, and R to be preceded by a strategic
quantifier, but we impose no equivalent restriction on the past temporal modalities. Formally,
the set of ATLlp formulas ψ is the fragment of ATL∗lp defined by the following grammar:

ψ ::= > | p | ¬ψ | ψ ∨ ψ | X−ψ | ψU− ψ | 〈〈A〉〉Xψ | 〈〈A〉〉(ψUψ) | 〈〈A〉〉(ψRψ)

Note that for an ATLlp formula ψ and for all ε-plays π and π′ which visit a node x of a
CGT T , (T , π, |x|) |= ψ iff (T , π′, |x|) |= ψ. As an example, let us consider the formula
ψ := ¬〈〈A〉〉¬G〈〈B〉〉G[(grant → F−req) ∧ G−(grant → F−req)] which specifies that in each
node x reached by a strategy of agents in A, the agents in B can enforce that along a full
computation (starting from the root) and visiting x, every grant is preceded by some request.

While ATL∗lp is known to have the same expressiveness as ATL∗ [26], ATLlp turns out to
be strictly more expressive than ATL. In particular, the following holds.

I Proposition 1 (Expressiveness of ATLlp). ATLlp is strictly more expressive than ATL and
strictly less expressive than ATL∗.

Proof. We exploit known expressiveness results about the logic CTLlp. In particular, in [18],
it is shown that the CTLlp formula AXAF(p ∧ X−p) has no equivalent CTL formula, and
the CTL∗ formula EGFp has no equivalent CTLlp formula. Note that over 1-agent CGT
(corresponding to labeled trees), a CTLlp formula ψ is equivalent to the ATLlp formula
obtained from ψ by replacing the path quantifiers E and A with the strategy quantifiers
〈〈Ag〉〉 and 〈〈∅〉〉. It follows that the ATLlp formula 〈〈∅〉〉X〈〈∅〉〉F(p ∧ X−p) cannot expressed in
ATL, and the ATL∗ formula 〈〈Ag〉〉GFp cannot be expressed in ATLlp. Thus, since ATLlp is a
fragment of ATL∗lp, and ATL∗lp and ATL∗ have the same expressiveness, the result follows. J

We consider the following decision problems:
Satisfiability: has a given ATLlp state formula a model?
(Finite) Model Checking: given a finite CGS G and an ATLlp state formula ψ, is Unw(G)
a model of ψ?

3 Succinctness gap between memoryful past and local past

It is known that PCTL∗ and CTL∗lp have the same expressiveness as CTL∗ [18] and there are
translations from PCTL∗ and CTL∗lp into CTL∗ of non-elementary complexity [18] based on
the separation theorem for LTLp [12]. On the other hand, the ability to refer to the past
makes both PCTL∗ and CTL∗lp exponentially more succinct than CTL∗. Analogous results
hold for the logics PATL∗ and ATL∗lp when compared to ATL∗ [26]. Note that as observed
in [26], the succinctness gap between the past extensions of CTL∗ (resp., ATL∗) and CTL∗
(resp., ATL∗) are a consequence of the fact that LTLp is exponentially more succinct than
LTL [22]. Interestingly, and perhaps surprisingly, we can establish a similar result for the
logic CTLlp (resp., ATLlp) when compared to the more expressive logic CTL∗ (resp., ATL∗).

I Theorem 3. CTLlp (resp., ATLlp) can be exponentially more succinct than CTL∗ (resp.,
ATL∗).
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Proof. We focus on ATLlp and ATL∗ (a similar result holds for the logics CTLlp and CTL∗).
For each n ≥ 1, let p0, p1, . . . , pn be n+ 1 atomic propositions, and ψn be the LTLp formula
G
(∧i=n

i=1 (pi ↔ F−(¬X−> ∧ pi)) −→ (p0 ↔ F−(¬X−> ∧ p0)
)
. Note that |ψn| = O(n). On

the other hand, it is shown in [22] that every LTL formula which is equivalent to ψn has
size at least 2Ω(n). Now, we observe that 〈〈∅〉〉ψn is an ATLlp formula. Let ϕ be an ATL∗
formula equivalent to 〈〈∅〉〉ψn, and ϕLTL be the LTL formula obtained from ϕ by removing the
occurrences of strategy quantifiers 〈〈A〉〉. Let Π be the set of CGT over 2AP having exactly
one ε-play. Evidently, we have that for each T ∈ Π, T is a model of 〈〈∅〉〉ψn (resp., ϕ) iff
Lab(πT ) is a model of the LTLp formula ψn (resp., LTL formula ϕLTL), where πT is the unique
ε-play of T . Thus, since ϕ and 〈〈∅〉〉ψn are equivalent, and there is a bijection between Π
and the set of infinite words over 2AP, we obtain that ϕLTL is equivalent to ψn, hence, ϕLTL
has size at least 2Ω(n). This entails that |ϕ| is at least 2Ω(n), and we are done. J

To the best of our knowledge, no succinctness gap is known between the “memoryful”
past view in CTL∗lp (resp., ATL∗lp) and the ‘local’ past view in PCTL∗ (resp., PATL∗). In this
section, we address this issue by establishing the following.

I Theorem 4. CTL∗lp (resp., ATL∗lp) can be exponentially more succinct than PCTL∗ (resp.,
PATL∗).

For the part of Theorem 4 concerning CTL∗lp and PCTL∗, we prove the following.

I Theorem 5. For each n ≥ 1, there exists a CTL∗lp formula ϕn of size O(n) such that every
equivalent PCTL∗ formula has size at least 2Ω(n).

As a corollary of Theorem 5, we deduce the part of Theorem 4 for ATL∗lp and PATL∗.

I Corollary 6. Let Ag be a set of agents. For each n ≥ 1, there exists an ATL∗lp formula ϕ′n
over Ag of size O(n) such that every equivalent PATL∗ formula has size at least 2Ω(n).

Proof. Fix a set Ag of agents and an agent ag ∈ Ag. Let n ≥ 1 and ϕn be the CTL∗lp formula
of size O(n) satisfying the statement of Theorem 5, and APn the set of propositions occurring
in ϕn. We denote by ϕ′n the ATL∗lp version over Ag of ϕn, i.e., the formula obtained from ϕn,
by replacing the path quantifier E (resp., A) with the strategy quantifier 〈〈Ag〉〉 (resp., 〈〈∅〉〉).
Note that |ϕ′n| = |ϕn|. We can associate with each 2APn -labeled tree T = 〈T,Lab〉 a CGT of
the form f(T ) = 〈T, ε,Lab, τ〉 over Ag such that each node in f(T ) is controlled by agent ag.

Now, let ψ′n be a PATL∗ formula over Ag and APn equivalent to ϕ′n. We show that the
size of ψ′n is at least 2Ω(n), hence, the result follows. We denote by ψn the PCTL∗ formula
obtained from ψ′n by replacing each strategy quantifier 〈〈A〉〉 with E if ag ∈ A, and with A
otherwise. By construction, for each 2APn-labeled tree T = 〈T,Lab〉, T is a model of ψn
(resp., ϕn) iff f(T ) is a model of ψ′n (resp., ϕ′n). Thus, since ψ′n and ϕ′n are equivalent, we
obtain that the PCTL∗ formula ψn is equivalent to ϕn. By Theorem 5, the size of ψn is at
least 2Ω(n), hence, being |ψ′n| ≥ |ψn|, the result follows. J

In the rest of this section, we provide a proof of Theorem 5. Fix n ≥ 1. Let APn :=
{p0, p1, . . . , pn} be a set consisting of n+ 1 distinct atomic propositions, AP′n := APn \ {p0}
be the set obtained from APn by removing proposition p0, and # /∈ APn be a special atomic
proposition. Fix an ordering a1, . . . , a2n of the 2n distinct symbols of the alphabet 2AP′

n .
An n-word is a word of the form w = b1 . . . b2n · {#} over 2APn∪{#} of length 2n + 1 such
that there is a set K ⊆ [1, 2n] so that for all j ∈ [1, 2n], bj = aj if j /∈ K and bj = aj ∪ {p0}
otherwise. Intuitively an n-word is obtained from ν = a1, . . . , a2n · {#} by augmenting some
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6:8 Results on Alternating-Time Temporal Logics with Linear Past

non-last symbols in ν with proposition p0. Note that there are exactly 22n distinct n-words.
Next, we define the notions of n-block and n-configuration. Let check /∈ APn ∪ {#} be an
additional atomic proposition.

I Definition 7 (n-blocks). An n-block is a 2APn∪{check,#}-labeled tree 〈T,Lab〉 such that:
there is a finite path π from the root so that Lab(π) is an n-word and each node x of π
has exactly one child cx which is not visited by π. Moreover, there is exactly one infinite
path starting from cx, and this path has label {check}ω.

Intuitively, an n-block is a labeled tree consisting of an n-word augmented with check-branches
starting from the n-word nodes.

I Definition 8 (n-configurations). An n-configuration is a 2APn∪{check,#}-labeled tree T =
〈T,Lab〉 such that for some k ≥ 1, there exist k+ 1 n-blocks T0, . . . , Tk so that T is obtained
by connecting the k + 1 n-blocks T0, . . . , Tk as follows:

the {#}-node of T0 has as children the roots of T1 . . . Tk.
We say that T0 is the master n-block of T , and T1 . . . , Tk are the slave n-blocks of T . The
n-configuration T is well-formed if the n-word associated with the master coincides with the
n-word of some slave.

We now show that one can construct a CTL∗lp formula ϕn of size O(n) which distinguishes
the n-configurations which are well-formed from the non-well-formed ones.

I Lemma 9. For each n ≥ 1, there exists a CTL∗lp formula ϕn over 2APn∪{check,#} having
size O(n) such that for each n-configuration 〈T,Lab〉, 〈T,Lab〉 is a model of ϕn if and only
if 〈T,Lab〉 is well-formed.

Proof. Given n ≥ 1, we construct a CTL∗lp formula ϕn which is satisfied by an n-configuration
T iff there exists an infinite path π of T from the root such that:
(1) π visits the n-word of the master and the n-word of some slave, and
(2) the two n-words visited by π coincide.

The crucial property which allow us to define a CTL∗lp formula of size O(n) satisfying
Requirement (2) is that for each node x of π associated with the n-word of the slave, there
is a child y of x whose subtree reduces to a path labelled by the word ({check})ω. Thus,
the “memoryful” semantics of the path quantifier E allow us to “select” the prefix of π until
node x, by using the check-node y as marker, and to require that such a prefix satisfies the
following

(*) for each node z along the n-word of the master, if the labels of z and x agree on
propositions p1, . . . , pn, then they also agree on proposition p0.

Thus, the CTL∗lp formula ϕn is EF
[
#∧ (XF#)∧G

(
(¬#∧¬check)→ E(Xcheck∧ψn)

)]
where

ψn is an LTLp formula ensuring Requirement (*) for the selected 2APn-labeled node of

the selected slave: ψn := F−
[
# ∧ X−G−

(i=n∧
i=1

∧
qi∈{pi,¬pi}

(
qi → F(¬check ∧ Xcheck ∧ qi)

)
−→∧

q0∈{p0,¬p0}

(q0 → F(¬check ∧ Xcheck ∧ q0)
) ]
. J

Next, in order to complete the proof of Theorem 5, we show that for all n ≥ 1, every
PCTL∗ formula equivalent to the CTL∗lp formula ϕn of Lemma 9 has size at least 2Ω(n). For
this, we exploit the well-known result concerning the translation of CTL∗ (and PCTL∗ as
well) formulas into equivalent parity symmetric alternating tree-automata (parity SATA).
SATA [16] are a variation of classical (asymmetric) alternating automata in which it is not
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necessary to specify the direction (i.e., the choice of the children) of the tree on which a
copy is sent. In fact, through existential and universal moves, it is possible to send a copy of
the automaton, starting from a node of the input tree, to one or all its successors. We now
recall syntax and semantics of parity SATA. For a set X, B+(X) denotes the set of positive
Boolean formulas over X, i.e. Boolean formulas built from elements in X using ∨ and ∧ (we
also allow the formulas true and false).

A parity SATA over a finite alphabet Σ is a tuple A = 〈Σ, q0, Q, δ,Ω〉, where Q is a finite
set of states, q0 ∈ Q is the initial state, δ : Q × 2AP → B+(Q × {�,♦}) is the transition
function, and Ω : Q 7→ N is a parity acceptance condition over Q assigning to each state an
integer (color). Intuitively, a target of a move of A is encoded by an element in Q× {�,♦}.
An atom (q,♦) means that from the current node x of the Σ-labeled input tree, A moves to
some child of x and the state is updated to q. On the other hand, an atom (q,�) means
that from the current node x, the automaton splits in multiple copies and, for each child x′
of x in the input tree, one of such copies moves to node x′ and the state is updated to q.

Formally, for a Σ-labeled tree T = 〈T,Lab〉, a run of A over T is a (Q×T )-labeled N-tree
r = 〈Tr,Labr〉, where each node of Tr labelled by (q, x) describes a copy of the automaton
that is in state q and reads the node x of T . Moreover, we require that r(ε) = (q0, ε) (initially,
the automaton is in state q0 reading the root node), and for each y ∈ Tr with r(y) = (q, x),
there is a (possibly empty) minimal set H ⊆ Q×{�,♦} satisfying δ(q,Lab(x)) such that the
set L(y) of labels of children of y in T is the smallest set satisfying the following conditions:
for all atoms at ∈ H,

if at = (q′,♦), then for some child x′ of x in T , (q′, x′) ∈ L(y);
if at = (q′,�), then for each child x′ of x in T , (q′, x′) ∈ L(y).

The run r is accepting if for all infinite paths π starting from the root, the smallest
color of the states in Q that occur infinitely often along Labr(π) is even. A Σ-labeled tree
T = 〈T,Lab〉 is accepted by A if there is an accepting run over T . The following is a
well-known result [21].

I Proposition 2 ([21]). Given a PCTL∗ formula ψ, one can construct a parity SATA with
2O(|ψ|) states accepting the set of models of ψ.

Theorem 5 directly follows from Lemma 9, Proposition 2, and the following result.

I Lemma 10. Let n ≥ 1 and An be a parity SATA over 2APn∪{check,#} accepting the set of
models of the CTL∗lp formula ϕn in Lemma 9. Then, An has at least 22n states.

Proof. Let n ≥ 1 and An = 〈2APn∪{check,#}, q0, Q, δ,Ω〉 as in the statement of the lemma.
For each state q ∈ Q, we denote by Aqn the parity SATA 〈2APn∪{check,#}, q,Q, δ,Ω〉, i.e., Aqn
is obtained from An by considering q as initial state instead of q0. We show the following.

Claim. For each n-word w, there is a state qw of An such that:
there is an accepting run of Aqw

n over the n-block associated with w;
for each n-word w′ distinct from w, there is no accepting run of Aqw

n over the n-block
related to w′.

By the claim above, it follows that there is a bijection between the set of n-words and
a subset of the set Q of An-states. Thus, since the number of distinct n-words is 22n , the
result follows. It remains to prove the claim. An n-configuration T is complete if T has 22n

slaves and for each n-word w, there is a slave of T associated with w. Fix an n-word w and
let Tw be the complete n-configuration whose master matches the n-word w. Since Tw is
well-formed, by hypothesis and Lemma 9, there is an accepting run rw of An over Tw. Let
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x# be the {#}-labeled node of the Tw-master, and x1, . . . , x22n be the 22n children of x#
which correspond to the roots of the Tw-slaves. Without loss of generality, assume that x1 is
the root of the slave associated with the n-word w. Moreover, let T \ww be the n-configuration
obtained from Tw by removing the subtree rooted at node x1 (i.e., the slave associated with
w), and Q♦

w be the set of states associated with the copies of the run rw reading node x1 and
obtained by existential moves. Since T \ww is not well-formed, by hypothesis and Lemma 9,
there is no accepting run of An over T \ww .

Since the parity acceptance condition is prefix independent, by construction, for each
q ∈ Q♦

w, there exists an accepting run of Aqn over the n-block associated with w (in particular,
the subtree rooted at the node of the run rw associated with the copy of An reading node x1
in state q is such a run). Thus, since w is an arbitrary n-word, in order to prove the claim, it
suffices to show that there exists a state qw ∈ Q♦

w such that for each n-word w′ distinct from
w, there is no accepting run of Aqw

n over the n-block related to w′. We assume the contrary
and derive a contradiction. Let Q♦

w = {q1, . . . , qk}. By hypothesis, for all i ∈ [1, k], there
exists an n-word wi 6= w and an accepting run ri of Aqi

n over the n-block related to wi. Let
r′ be the labeled tree obtained from the accepting run rw by replacing for all i ∈ [1, n] and
node zi of rw associated with the copy of An reading node x1 in state qi, the subtree rooted
at node zi with a copy of the run ri. Since for each i ∈ [1, k], the n-configuration T \ww has a
slave associated with the n-word wi, by construction, we obtain that r′ is an accepting run
of An over T \ww , which is a contradiction, and the result follows. J

4 Decision procedures for ATLlp

In this section, we establish that both satisfiability and model-checking for the logic ATLlp
are Exptime-complete. The upper bounds are obtained by an automata-theoretic framework
based on the use of a subclass of Büchi alternating automata for CGS (Büchi ACG) [29], called
ACG with satellites and introduced in [26]. By translating ATLlp formulas into equivalent
Büchi ACG with satellites, we reduce model-checking (resp., satisfiability) of ATLlp to the
membership (resp., non-emptiness) problem of such a class of automata. Notice that the
symbolic algorithm, based on reachability analysis, used for solving ATL model-checking [2]
cannot applied to ATLlp. This is because, differently from ATL, the valuation of an ATLlp
formula ϕ at a node x of the unwinding Unw(G) of a finite CGS does not depend only on the
state of G associated with node x, but also depends on the history from the root to node x.

The rest of the section is organized as follows. In Subsection 4.1, we establish a preliminary
result concerning the dualization of basic ATLlp formulas which generalizes to linear past
a similar result holding for ATL∗. In Subsection 4.2, we recall the framework of ACG with
satellites, and in Subsection 4.3, we solve satisfiability and model-checking of ATLlp by
providing a translation of ATLlp formulas into equivalent Büchi ACG with satellites involving
a single exponential blowup.

4.1 Dualization of basic ATLlp formulas

In order to solve the considered decision problems for the logic ATLlp, we exploit the following
preliminary result (which is known to hold for ATL∗ [28]).

I Proposition 3. Given a basic ATLlp formula 〈〈A〉〉ψ, a CGT T , and a node x, the following
holds, where νx is the history from the root to node x: (T , x) |= ¬〈〈A〉〉ψ if and only if there
is a counter strategy f cA for A such that for all ε-plays π ∈ out(νx, f cA), (T , π, |x|) |= ¬ψ.
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We now provide a proof of Proposition 3. Given two path formulas ϕ and ϕ′ of ATL∗lp
(note that we consider the more expressive logic ATL∗lp), ϕ and ϕ′ are congruent if for every
CGT T , ε-play π of T and position i ≥ 0, (T , π, i) |= ϕ if and only if (T , π, i) |= ϕ′ (note
that congruence is a stronger requirement than equivalence). We first show that given an
ATL∗lp path formula, it is possible to suitably separate past and future temporal modalities.

I Lemma 11. Let ϕ be an ATL∗lp path formula. Then, ϕ is congruent to a Boolean combina-
tion of ATL∗ formulas and ATL∗lp formulas that correspond to pure past LTLp formulas over
the set of propositions AP ∪H, where H consists of basic ATL∗ formulas.

The proof of Lemma 11, which is provided in Appendix A, is based on the well-known
separation theorem for LTLp over infinite words [12], which states that any LTLp formula can
be effectively converted into an equivalent Boolean combination of LTL formulas and pure past
LTLp formulas. We now prove Proposition 3. Let 〈〈A〉〉ψ, T , x, and νx be as in Proposition 3.
First, assume that there is a counter strategy f cA for A such that for all ε-plays π ∈ out(νx, f cA),
(T , π, |x|) |= ¬ψ. Since for each strategy fA for A, out(νx, f cA) ∩ out(νx, fA) 6= ∅, we deduce
that (T , x) |= ¬〈〈A〉〉ψ.

For the converse direction, assume that (T , x) |= ¬〈〈A〉〉ψ. By Lemma 11, the ATLlp
formula ψ is congruent to an ATL∗lp path formula θ of the form

θ :=
∨
`∈I

(θp,` ∧ θf,`) (1)

such that I 6= ∅, for all ` ∈ I, θf,` is a path ATL∗ formula and θp,` corresponds to a pure past
LTLp formula over the set of propositions AP ∪H where H consists of basic ATL∗ formulas.
Let Jx be the set of elements ` ∈ I such that (T , x) |= θp,`. If Jx = ∅, then by Point 1, for
each ε-play π visiting node x, we have that (T , π, |x|) |= ¬θ. Thus, since θ is congruent to ψ,
the result follows. Now, assume that Jx 6= ∅. In the proof of Lemma 11 (see Appendix A), we
exploit the fact that 〈〈A〉〉

∨
`∈I

(θp,` ∧ θf,`) is congruent to
∨

J⊆I|J 6=∅

(
(
∧
`∈J

θp,`) ∧ 〈〈A〉〉(
∨
`∈J

θf,`)
)
.

By hypothesis, (T , x) |= ¬〈〈A〉〉ψ. Hence, by definition of Jx, it follows that
(T , x) |= ¬〈〈A〉〉(

∨
`∈Jx

θf,`)
Since 〈〈A〉〉(

∨
`∈Jx

θf,`) is a basic ATL∗ formula, by [28], there exists a counter strategy f cA
for agents in A such that for all ε-plays π ∈ out(νx, f cA) and ` ∈ Jx, (T , π, |x|) |= ¬θf,`.2
Moreover, since θp,` is a pure past LTLp formula over AP∪H, where H consists of basic ATL∗
formulas, by definition of Jx, for all ` ∈ I \ Jx and ε-plays π visiting x, (T , π, |x|) |= ¬θp,`.
Thus, by Point 1 and since θ is congruent to ψ, we obtain that for all ε-plays π ∈ out(νx, f cA),
(T , π, |x|) |= ¬ψ, which concludes the proof of Proposition 3.

4.2 Automata for ATLlp

In this section, we recall the class of ACG [29] and the subclass of ACG with satellites [26]. ACG
generalize the class of symmetric alternating automata (recalled in Section 3) by branching
universally or existentially over all successors that result from the agents’ decisions. Formally,
a Büchi ACG over 2AP and Ag is a tuple A = 〈2AP, q0, Q, δ, F 〉, where Q is a finite set of
states, q0 ∈ Q is the initial state, δ : Q × 2AP → B+(Q × {�,♦} × 2Ag) is the transition
function, and F ⊆ Q is a Büchi acceptance condition on Q. The transition function δ maps

2 The result in [28] is based on the well-known determinacy of two-players turn-based games with LTL
objectives.

TIME 2018



6:12 Results on Alternating-Time Temporal Logics with Linear Past

a state and an input letter to a positive Boolean combination of universal atoms (q,�, A)
which refer to all successors states for some A-decision, and existential atoms (q,♦, A) which
refer to some successor state for all A-decisions.

We interpret the Büchi ACG A over CGT T = 〈T, ε,Lab, τ〉 on AP and Ag. A run of A
over T is a (Q× T )-labeled N-tree r = 〈Tr,Labr〉, where each node of Tr labelled by (q, x)
describes a copy of the automaton that is in the state q and reads the node x of T . Moreover,
we require that Labr(ε) = (q0, ε) (initially, the automaton is in state q0 reading the root
node), and for each y ∈ Tr with Labr(y) = (q, x), there is a set H ⊆ Q× {�,♦} × 2Ag such
that H is model of δ(q,Lab(x)) and the set L of labels associated with the children of y in
Tr minimally satisfies the following conditions:

for all universal atoms (q′,�, A) ∈ H, there is some A-decision dA such that for all the
children x′ of x in T which are consistent with dA, (q′, x′) ∈ L;
for all existential atoms (q′,♦, A) ∈ H and for all A-decisions dA, there is some child x′
of x in T which is consistent with dA such that (q′, x′) ∈ L.

The run r is accepting if for all infinite paths π starting from the root, Labr(π) visits
infinitely often elements in F . The language L(A) accepted by A consists of the CGT T over
AP and Ag such that there is an accepting run of A over T .

In the following, we also consider standard nondeterministic and deterministic word
automata (NWA and DWA) with no acceptance condition (safety NWA and safety DWA)
running on words over a finite alphabet Σ. Recall that a safety NWA is a tuple A =
〈Σ, q0, Q, δ〉, where q0 and Q are as for ACG, and δ : Q× Σ 7→ 2Q is the transition function.
The automaton is deterministic if for each state q and input symbol σ, δ(q, σ) is a singleton.
A run π over an input w ∈ Σω is an infinite sequence of states π = q0, q1, . . . (starting from
the initial state) such that qi+1 ∈ δ(qi, w(i)) for all i ≥ 0.

In the translation of ATLlp formulas into equivalent ACG, the main technical obstacle is
the handling of (memoryful) linear past which enables a reference to histories since the root
of a CGT. This requires an automaton to remember the past. A simple solution would consist
of using a two-way extension of ACG, but for such a class of automata, the membership and
the non-emptiness problem would result harder than the ones for (one-way) ACG. Instead, we
adopt the approach for CTL∗lp [18] and ATL∗lp [26] based on the use of alternating automata
augmented with satellites. Specifically, ACG with satellites [26] represent a subclass of ACG
in which the state space can be partitioned into two components, one of which (the satellite)
is independent of the other, has no influence on the acceptance, and runs on all the branches
of the input CGT by maintaining information about the past.

Formally, a Büchi ACG equipped with a satellite is a pair (A,U), where U = 〈2AP, s0, S, δS〉,
the satellite, is a safety NWA, while A (the main automaton) is a Büchi ACG A =
〈2AP, q0, Q, δ, F 〉 whose transition function is of the form δ : Q × 2AP × S → B+(Q ×
{�,♦} × 2Ag). Intuitively, when a copy of A reads a node x of the input with label σ,
a possible move is performed in two phases. In the first phase, the associated copy of
U reads the letter σ and updates its state. In the second phase, A reads σ and the up-
dated state of U , and updates its state. Formally, (A,U) is equivalent to the ordinary
Büchi ACG A′ = 〈2AP, (q0, s0), Q× S, δ′, F × S〉, where for all (q, s) ∈ Q× S and σ ∈ 2AP,
δ′((q, s), σ) =

∨
s′∈δS(s,σ) f(q, σ, s′) with f(q, σ, s′) being obtained from δ(q, σ, s′) by replacing

each atom (q′,�, A) (resp., (q′,♦, A)) with ((q′, s′),�, A) (resp., ((q′, s′),♦, A)).
The separation of the satellite U from the main automaton A allows a tighter analysis

of the complexity of the nonemptiness problem. If U is deterministic, then the resulting
exponential blow-up in the alternation removal (used for checking non-emptiness) only
concerns the states of the main automaton. In particular, by [18, 26], the following holds.
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I Proposition 4 ([18, 26]). The non-emptiness problem of a Büchi ACG A with n states and
a deterministic satellite with nS states can be solved in time 2O(n lognS+n2 logn).

In Subsection 4.3, we provide a translation of ATLlp formulas ϕ into equivalent Büchi
ACG accepting the set of models of ϕ. In such a way, model-checking against ATLlp is reduced
to checking for a finite CGS G and a Büchi ACG A, whether Unw(G) is accepted by A. By
standard arguments (see e.g. [21]), checking whether Unw(G) is accepted by A can be reduced
in polynomial-time to check non-emptiness of a Büchi alternating word automaton over a
1-letter input alphabet having n ·m states, where n (resp., m) is the number of states in G
(resp., A). By [19], the latter problem can be solved in time O((n ·m)2).

I Proposition 5. Given a Büchi ACG A with m states and a finite CGS G with n states,
checking whether Unw(G) is accepted by A can be done in time O((n ·m)2).

4.3 From ATLlp to Büchi ACG with satellites
In this section, in order to solve ATLlp satisfiability, we show how to translate a given ATLlp
formula Φ into a Büchi ACG AΦ with O(|Φ|) main states equipped with a deterministic
satellite UΦ having 2O(|Φ|) states accepting extended versions of the models of Φ (extended
basic models). For the model-checking problem, we convert the pair (AΦ,UΦ) into a ACG A′Φ
with O(|Φ|) main states equipped with a nondeterministic satellite U ′Φ having 2O(|Φ|) states
accepting the set of models of Φ. We now proceed with the technical details.

Fix an ATLlp state formula Φ over AP, and let BΦ be the set of basic subformulas of
Φ, and BFL(Φ) be the set of first-level basic subformulas of Φ, i.e. the basic subformulas
of Φ for which there is an occurrence in Φ which is not in the scope of strategy quantifiers.
Note that an ATLlp formula ψ can be seen as a pure past LTLp formula, denoted [ψ]LTLp , over
the set AP augmented with the set BFL(ψ) ⊆ Bψ of first-level basic subformulas of ψ. In
particular, if ψ is a state formula, then [ψ]LTLp

is a propositional formula over AP ∪ BFL(ψ).
For a finite set B disjoint from AP and a CGT T = 〈T, ε,Lab, τ〉 over AP, a B-labeling

extension of T is a CGT over AP∪B of the form 〈T, ε,Lab′, τ〉, where Lab′(x)∩AP = Lab(x)
for all x ∈ T . A CGT TΦ over AP∪BΦ is called an extended basic model of Φ iff the following
holds, where Lab is the labeling of TΦ:

for each 〈〈A〉〉ψ ∈ BΦ and node x of TΦ, (TΦ, x) |= 〈〈A〉〉ψ if and only if 〈〈A〉〉ψ ∈ Lab(x);
Lab(ε) is a model of the propositional formula [Φ]LTLp

.

Evidently, by the semantics of ATLlp, the following holds.

I Remark. Let T be a CGT over AP and Φ be an ATLlp state formula over AP. Then:
T is a model of Φ iff there exists a BΦ-labeling extension of T which is an extended
basic model of Φ;
there is at most one BΦ-labeling extension of T which is an extended basic model of Φ.

Next, we provide a characterization of the set of extended basic models of the given state
formula Φ based on a set of conditions which can be easily checked by Büchi ACG equipped
with deterministic satellites. Let ψ be a pure past LTLp formula over the set of propositions
AP ∪ BΦ. The closure cl(ψ) of ψ is the set of pure past LTLp formulas consisting of the
subformulas of ψ and their negations (we identify ¬¬ψ with ψ). Note that ψ,¬ψ ∈ cl(ψ)
and |cl(ψ)| = O(|ψ|). It is worth noting that in the previous definition, elements in BΦ are
considered as atomic propositions. By an adaptation of the well-known translation of LTL
formulas into equivalent generalized Büchi NWA [31], we obtain the following result (for
details, see Appendix B).
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I Proposition 6. Let ψ be a pure past LTLp formula over AP∪BΦ. Then, one can construct
a safety DWA Dψ = 〈2AP∪BΦ , q0, Q ∪ {q0}, δ〉 such that Q ⊆ 2cl(ψ), there is no transition
leading to q0, and the following holds for each infinite word w over 2AP∪BΦ :

let q0 C0 C1 . . . be the unique run of Dψ over w. Then, for all i ≥ 0 and θ ∈ cl(ψ), θ ∈ Ci
if and only if (w, i) |= θ.

We are now ready to provide a characterization of the extended basic models of the ATLlp
state formula Φ. For each ATLlp subformula ψ of Φ, let Dψ be the safety DWA over 2AP∪BΦ

of Proposition 6 for the pure past LTLp formula [ψ]LTLp
. For each finite word w over 2AP∪BΦ ,

we denote by Dψ(w) the state reached by Dψ on reading w.

I Definition 12 (Well-formedness). Let T be a CGT over AP ∪ BΦ with labeling Lab and
〈〈A〉〉ψ ∈ BΦ be a basic subformula of Φ. For each node x of T , let νx be the track of T from
the root to node x.
T is positively well-formed with respect to 〈〈A〉〉ψ if for all nodes x such that 〈〈A〉〉ψ ∈
Lab(x), there is a strategy fA for A such that for all the outcomes π ∈ out(νx, fA):

Case ψ = Xψ1: ψ1 ∈ Dψ1(Lab(π[0, |x|+ 1])).
Case ψ = ψ1Uψ2: there is j ≥ |x| such that ψ2 ∈ Dψ2(Lab(π[0, j])) and ψ1 ∈
Dψ1(Lab(π[0, k])) for all k ∈ [|x|, j − 1].
Case ψ = ψ1Rψ2: for all j ≥ |x| either ψ2 ∈ Dψ2(Lab(π[0, j])) or ψ1 ∈ Dψ1(Lab(π[0, k]))
for some k ∈ [|x|, j − 1].

T is negatively well-formed with respect to 〈〈A〉〉ψ if for all nodes x such that 〈〈A〉〉ψ /∈
Lab(x), there is a counter strategy f cA for A such that for all the outcomes π ∈ out(νx, f cA):

Case ψ = Xψ1: ¬ψ1 ∈ Dψ1(Lab(π[0, |x|+ 1])).
Case ψ = ψ1Uψ2: for all j ≥ |x|, either ¬ψ2 ∈ Dψ2(Lab(π[0, j])), or ¬ψ1 ∈
Dψ1(Lab(π[0, k])) for some k ∈ [|x|, j − 1].
Case ψ = ψ1Rψ2: there is j ≥ |x| such that ¬ψ2 ∈ Dψ2(Lab(π[0, j])) and ¬ψ1 ∈
Dψ1(Lab(π[0, k])) for all k ∈ [|x|, j − 1].

I Lemma 13. [Characterization of extended basic models of Φ] Let T be a CGT with labeling
Lab over AP∪BΦ such that Lab(ε) is a model of the propositional formula [Φ]LTLp

. Then, T
is an extended basic model of Φ if and only if for each basic subformula 〈〈A〉〉ψ ∈ BΦ, T is
both positively and negatively well-formed with respect to 〈〈A〉〉ψ.

Lemma 13 easily follows from the dualization result (Proposition 3) and Proposition 6
(see Appendix C). Based on the characterization Lemma, we obtain the following result.

I Theorem 14. Given an ATLlp state formula Φ, one can build in single exponential time a
Büchi ACG AΦ, equipped with a deterministic satellite UΦ, that accepts the set of extended
basic models of Φ. Moreover, AΦ has O(|Φ|) states and UΦ has 2O(|Φ|) states.

Proof. Let F be the set of subformulas ψ of Φ such that there exists a basic subformula of
Φ having one of the following forms: 〈〈A〉〉Xψ or 〈〈A〉〉(θOψ) or 〈〈A〉〉(ψOθ) where O ∈ {U,R}.
Then, the deterministic satellite UΦ is the synchronous product of the safety DWA of
Proposition 6 associated with the formulas [ψ]LTLp where ψ ∈ F . For a state s of UΦ and
ψ ∈ F , let s[ψ] be the component of the state s associated with the automaton Dψ. If s is not
initial (hence, s[ψ] ⊆ cl([ψ]LTLp)), we write P+(s, ψ) to denote true if ψ ∈ s[ψ], and false
otherwise. Dually, we write P−(s, ψ) to denote true if ¬ψ ∈ s[ψ], and false otherwise.

Next, we define the Büchi ACG AΦ. We first build for each basic subformula b of Φ, two
Büchi ACG Ab and A¬b such that Ab (resp., A¬b), equipped with the satellite UΦ, accepts
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the set of CGT over AP ∪BΦ which are positively (resp., negatively) well-formed with respect
to b. Then AΦ is obtained by “composing” the automata Ab and A¬b for all b ∈ BΦ.

Fix b ∈ BΦ. Then, Ab = 〈2AP∪BΦ , qb, {qb, b}, δb, Fb〉 consists of two states b and qb. State
qb is always accepting, i.e. qb ∈ Fb, while state b is in Fb iff b is of the form 〈〈A〉〉(ψ1Rψ2).
The transition function δb is defined as follows, where s is a state of UΦ:

δb(qb, σ, s) =


(qb,�, ∅) if b /∈ σ
(qb,�, ∅) ∧ (b,�, A) if b ∈ σ and b is of the form 〈〈A〉〉Xψ1
(qb,�, ∅) ∧ δb(b, σ, s) otherwise

δb(b, σ, s) =


P+(s, ψ1) if b = 〈〈A〉〉Xψ1
P+(s, ψ2) ∨ (P+(s, ψ1) ∧ (b,�, A)) if b = 〈〈A〉〉(ψ1Uψ2)
P+(s, ψ2) ∧ (P+(s, ψ1) ∨ (b,�, A)) if b = 〈〈A〉〉(ψ1Rψ2)

Intuitively, the automaton Ab uses the part (qb,�, ∅) of the transition function to traverse
every node in an input CGT T . Additionally, whenever the basic subformula b = 〈〈A〉〉ψ is in
the label of the current input node x and Ab is in its initial state qb, Ab guesses a strategy
fA of T for the coalition A and check that for all the plays π ∈ out(νx, fA), Lab(π) satisfies
the conditions of Definition 12 (which depend on the form of ψ). This check is done by using
the part (b,�, A) of the transition function which allows to send copies of Ab, all of them
in state b, to all and only the children of the current node which are consistent with the
guessed strategy fA, and by consulting the current state s of the satellite (i.e., the state
reached by UΦ on reading the labeling of the track from the root to the current node). The
construction of the ACG A¬b = 〈2AP∪BΦ , q¬b, {q¬b,¬b}, δ¬b, F¬b〉 is similar but we now use
P−(s, ψi) instead of P+(s, ψi), and we use atoms of the form (q,♦, A) for selecting plays of
counter strategies for A in the input CGT. The ACG AΦ is then defined as follows, where
we assume that the various automata Ab and A¬b with b ∈ BΦ have no state in common:
Aφ = 〈2AP∪BΦ , q0, Q ∪ q0, δ, F 〉, where Q (resp., F ) consists of the states (resp., accepting
states) of Ab and A¬b for all b ∈ BΦ, q0 is a fresh initial state, and the transition function
for the states q 6= q0 is inherited from the respective ACG. For the initial state q0, δ(q0, σ, s),
where s is a satellite state, is defined as follows: δ(q0, σ, s) = false if σ is not a model of
the propositional formula [Φ]LTL, and δ(q0, σ, s) =

∧
b∈BΦ∩σ

δb(qb, σ, s) ∧
∧

b∈BΦ\σ

δ¬b(q¬b, σ, s)

otherwise. By construction and Lemma 13, for every CGT T over AP ∪BΦ, AΦ accepts T
iff T is a basic extended model of Φ. Moreover, by Proposition 6, AΦ has O(|Φ|) states and
UΦ has 2O(|Φ|) states, which concludes the proof of Theorem 14. J

For solving satisfiability for Φ, we can check the pair (AΦ,UΦ) of Theorem 14 for non-
emptiness. However, for solving the model-checking problem against ATLlp, we need automata
running on CGT over 2AP. By slightly adapting the construction of Theorem 14, we obtain
the following result (for a proof, see Appendix D).

I Theorem 15. Given an ATLlp state formula Φ, one can build in single exponential time a
Büchi ACG A′Φ over 2AP, equipped with a nondeterministic satellite U ′Φ, that accepts the set
of models of Φ. Moreover, A′Φ has O(|Φ|) states and U ′Φ has 2O(|Φ|) states.

We can show that model-checking against ATLlp is Exptime-hard by a polynomial-time
reduction from the acceptance problem for linearly-bounded alternating Turing Machines (see
Appendix E). Since ATLlp subsumes ATL and satisfiability of ATL is Exptime-complete [2],
by Propositions 4-5 and Theorems 14-15, we obtain the main result of this section.

I Corollary 16. Satisfiability and model-checking against ATLlp are both Exptime-complete.
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5 Conclusions

While it is well-known that linear past exponentially increases the succinctness of temporal
logic formulas, very few is known about the succinctness gap between different linear-
past semantics. In this paper, we have partially addressed this issue. Moreover, we have
investigated a memoryful linear-past extension of ATL, which expressively strictly lies between
ATL and ATL∗, and for which satisfiability and model-checking problems are exponentially
less expansive than the ones for ATL∗. As future work, we aim to investigate memoryful
linear-past extensions of meaningful and elementary fragments (such as One-Goal Strategy
Logic) of Strategy Logic [9, 25], a well-known powerful framework for reasoning explicitly
about strategic behaviors.
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A Proof of Lemma 11

For an ATL∗lp path formula ϕ, let BFL(ϕ) be the set of first-level basic subformulas of ϕ, i.e.
the basic subformulas of ϕ for which there is an occurrence in ϕ which is not in the scope
of strategy quantifiers. We first show that, under the assumption that the first-level basic
subformulas are in ATL∗, it is possible to separate past and future temporal modalities.

I Lemma 17. Let 〈〈A〉〉ϕ be a basic ATL∗lp formula s.t. BFL(ϕ) consists of ATL∗ formulas.
Then, 〈〈A〉〉ϕ and ϕ are congruent to Boolean combinations of ATL∗ formulas and ATL∗lp
formulas that correspond to pure past LTLp formulas over the set of propositions AP∪BFL(ϕ).

Proof. Let AP = AP ∪ BFL(ϕ). By hypothesis, BFL(ϕ) is a set of ATL∗ formulas.
Given a CGT T over AP with propositional labeling Lab and an ε-play π of T , we denote

by πAP the infinite word over 2AP defined as follows for every position i ≥ 0:
πAP(i) ∩AP = Lab(π(i));
πAP(i) ∩ BFL(ϕ) = {ψ ∈ BFL(ϕ) | (T , π, i) |= ψ}.
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Now, the path formula ϕ over AP can be seen as an LTLp formula over AP. By definitions of
the infinite words πAP and the LTLp and ATL∗lp semantics, one can easily show by structural
induction that for all CGT T over AP, ε-plays π of T , and positions i ≥ 0:

(T , π, i) |= ϕ if and only if (πAP, i) |=LTL ϕ (2)

By applying the separation theorem for LTLp [12], starting from the LTLp formula ϕ, one
can construct an LTLp formula θ over AP of the form

θ :=
∨
`∈I

(θp,` ∧ θf,`) (3)

such that I 6= ∅, for all ` ∈ I, θp,` is a pure past LTLp formula, θf,` is an LTL formula, and
for all infinite words w over 2AP and i ≥ 0, it holds that (w, i) |=LTL ϕ iff (w, i) |=LTL θ.

Since θ corresponds to an ATL∗lp formula over AP, by replacing formula ϕ with θ in
Point 2, we obtain that ϕ and θ are congruent and the given basic ATL∗lp formula 〈〈A〉〉ϕ
over AP is congruent to the basic ATL∗lp formula 〈〈A〉〉

∨
`∈I

(θp,` ∧ θf,`). Thus, the statement of

Lemma 11 directly follows from the following claim.

Claim. ψ := 〈〈A〉〉
∨
`∈I

(θp,` ∧ θf,`) is congruent to ψB :=
∨

J⊆I|J 6=∅

(
(
∧
`∈J

θp,`) ∧ 〈〈A〉〉(
∨
`∈J

θf,`)
)
.

Proof of the Claim. Fix a CGT T over AP, an ε-play π of T , and a position i ≥ 0.
First, assume that (T , π, i) |= ψ. Hence, there is a strategy fA for A such that the

following holds, where Π is the non-empty set of ε-plays π′ ∈ out(π[0, i], fA): for all π′ ∈ Π,
(T , π′, i) |=

∨
`∈I(θp,` ∧ θf,`). Let J be the non-empty subset of I consisting of the elements

` ∈ I such that (T , π′, i) |= θp,` ∧ θf,` for some π′ ∈ Π. Since θp,` corresponds to a pure
past LTLp formula over AP and π′[0, i] = π[0, i] for all π′ ∈ Π, it follows that for all ` ∈ J ,
(T , π, i) |= θp,`. Thus, we obtain that (T , π, i) |= (

∧
`∈J

θp,`) ∧ 〈〈A〉〉(
∨
`∈J

θf,`) which entails that

(T , π, i) |= ψB .
For the converse direction, assume that (T , π, i) |= ψB. Hence, there are a non-empty

subset J ⊆ I and a strategy fA for A such that the following holds, where Π is the non-empty
set of ε-plays π′ ∈ out(π[0, i], fA):

for all ` ∈ J , (T , π, i) |= θp,`;
for all π′ ∈ Π, there is ` ∈ J such that (T , π′, i) |= θf,`.

Again since θ`,p corresponds to a pure past LTLp formula over AP and π′[0, i] = π[0, i]
for all π′ ∈ Π, it follows that for all ` ∈ J and π′ ∈ Π, (T , π′, i) |= θp,`. It follows that
(T , π, i) |= 〈〈A〉〉

∨
`∈J

(θp,` ∧ θf,`) which entails that (T , π, i) |= ψ. J

We now prove Lemma 11.

I Lemma 11. Let ϕ be an ATL∗lp path formula. Then, ϕ is congruent to a Boolean combina-
tion of ATL∗ formulas and ATL∗lp formulas that correspond to pure past LTLp formulas over
the set of propositions AP ∪H, where H consists of basic ATL∗ formulas.

Proof. The proof is by induction on the nesting depth of the strategy quantifiers in ϕ.
Base case: in this case BFL(ϕ) = ∅, and the result directly follows from Lemma 17.
Inductive step: let 〈〈A′〉〉ψ ∈ BFL(ϕ). By the inductive hypothesis, the thesis holds for

formula ψ. Hence, ψ is a congruent to an ATL∗lp formula ψ′ such that BFL(ψ′) consists of
basic ATL∗ formulas. By applying Lemma 17, 〈〈A′〉〉ψ is congruent to an ATL∗lp formula, say
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ξ, such that BFL(ξ) consists of basic ATL∗ formulas. By replacing each occurrence of 〈〈A′〉〉ψ
in ϕ with ξ, and repeating the procedure for all the formulas in BFL(ϕ), we obtain an ATL∗lp
path formula θ which is congruent to ϕ (note that the congruence relation is closed under
substitution) and such that BFL(θ) consists of basic ATL∗ formulas. At this point we can
apply Lemma 17 to formula θ proving the assertion. J

B Proof of Proposition 6

I Proposition 6. Let ψ be a pure past LTLp formula over AP∪BΦ. Then, one can construct
a safety DWA Dψ = 〈2AP∪BΦ , q0, Q ∪ {q0}, δ〉 such that Q ⊆ 2cl(ψ), there is no transition
leading to q0, and the following holds for each infinite word w over 2AP∪BΦ :

let q0 C0 C1 . . . be the unique run of Dψ over w. Then, for all i ≥ 0 and θ ∈ cl(ψ), θ ∈ Ci
if and only if (w, i) |= θ.

Proof. The safety DWA Dψ = 〈2AP∪BΦ , q0, Q ∪ {q0}, δ〉 such that Q ⊆ 2cl(ψ) is defined as
follows. Q is the set of atoms of ψ consisting of the maximal propositionally consistent
subsets C of cl(ψ). Formally, an atom C of ψ is a subset of cl(ψ) satisfying the following:

for each θ ∈ cl(ψ), θ ∈ C iff ¬θ /∈ C;
for each θ1 ∨ θ2 ∈ cl(ψ), θ1 ∨ θ2 ∈ C iff {θ1, θ2} ∩ C 6= ∅.

An atom is initial if
for each X−θ ∈ cl(ψ), X−θ /∈ C;
for each θ1U−θ2 ∈ cl(ψ), θ1U−θ2 ∈ C iff θ2 ∈ C.

The transition relation δ captures the semantics of the previous modalities, and the local
fixpoint characterization of the since modalities. Formally, for each σ ∈ 2AP∪BΦ , δ(q0, σ)
consists of the uniquely determined initial atom C such that C is consistent with the input
symbol σ, i.e., C ∩ (AP ∪ BΦ) = σ ∩ (AP ∪ BΦ). Moreover, for each atom C of ψ and
σ ∈ 2AP∪BΦ , δ(C, σ) consists of the uniquely determined atom C ′ of ψ such that C ′ is
consistent with the input symbol σ, and:

for each X−θ ∈ cl(ψ), X−θ ∈ C ′ iff θ ∈ C;
for each θ1U−θ2 ∈ cl(ψ), θ1U−θ2 ∈ C ′ iff either θ2 ∈ C ′, or θ1 ∈ C ′ and θ1U−θ2 ∈ C.

By standard arguments (see [31]), given an infinite word w over 2AP∪BΦ , for the unique
run π = q0 C0 C1 . . . C` of Dψ over w, the following holds: for all i ≥ 0 and θ ∈ cl(ψ), θ ∈ Ci
if and only if (w, i) |= θ. Hence, the result follows. J

C Proof of Lemma 13

I Lemma 13 (Characterization of extended basic models of Φ). Let T be a CGT with labeling
Lab over AP∪BΦ such that Lab(ε) is a model of the propositional formula [Φ]LTLp

. Then, T
is an extended basic model of Φ if and only if for each basic subformula 〈〈A〉〉ψ ∈ BΦ, T is
both positively and negatively well-formed with respect to 〈〈A〉〉ψ.

Proof. Let T as in the statement of the lemma, and for a node x of T , let νx be the track
of T from the root to node x.

First assume that for each basic subformula 〈〈A〉〉ψ ∈ BΦ, T is both positively and
negatively well-formed with respect to 〈〈A〉〉ψ. Fix a node x of T and 〈〈A〉〉ψ ∈ BΦ. We need
to show that 〈〈A〉〉ψ ∈ Lab(x) iff (T , x) |= 〈〈A〉〉ψ. The proof is by structural induction on the
nesting depth of strategy quantifiers in ψ. We focus on the implication 〈〈A〉〉ψ /∈ Lab(x)⇒
(T , x) |= ¬〈〈A〉〉ψ (the converse implication 〈〈A〉〉ψ ∈ Lab(x) ⇒ (T , x) |= 〈〈A〉〉ψ is similar)
and assume that ψ = ψ1Uψ2 (the other cases being similar). Thus, let 〈〈A〉〉ψ /∈ Lab(x).
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Since T is negatively well-formed with respect to 〈〈A〉〉ψ, 〈〈A〉〉ψ /∈ Lab(x), and ψ = ψ1Uψ2,
by Definition 12 there exists a counter strategy f cA of T for A such that for all the outcomes
π ∈ out(νx, f cA), the following holds, where Dψ1 and Dψ2 are the safety DWA of Proposition 6
associated with the pure past LTLp formulas [ψ1]LTLp and [ψ2]LTLp :

(*) for all j ≥ |x| either ¬ψ2 ∈ Dψ2(Lab(π[0, j])) or ¬ψ1 ∈ Dψ1(Lab(π[0, k])) for some
k ∈ [|x|, j − 1].

By applying Proposition 6 to the unique run of the DWA Dψ1 (resp., Dψ2) over the infinite
word Lab(π), by Condition (*) we deduce that

(**) for all j ≥ |x| either (Lab(π), j) |=LTL [¬ψ2]LTLp
or (Lab(π), k) |=LTL [¬ψ1]LTLp

for
some k ∈ [|x|, j − 1].

It follows that (Lab(π), |x|) |=LTL [¬ψ]LTLp . By the induction hypothesis, for each 〈〈A′〉〉θ ∈
BFL(ψ) and position j ≥ 0, we have that 〈〈A′〉〉θ ∈ Lab(π(j)) iff (T , π(j)) |= 〈〈A′〉〉θ (note that
in the base step, BFL(ψ) = ∅, hence ψ in a pure past LTLp formula over AP). Thus, by the
semantics of ATLlp, it follows that (T , π, |x|) |= ¬ψ. Since π in an arbitrary outcome of the
counter strategy f cA from the history νx, by Proposition 3, we conclude that (T , x) |= ¬〈〈A〉〉ψ,
and the result follows.

For the converse implication, assume that for each node x of T and basic subformula
〈〈A〉〉ψ ∈ BΦ, 〈〈A〉〉ψ ∈ Lab(x) iff (T , x) |= 〈〈A〉〉ψ. Fix 〈〈A〉〉ψ ∈ BΦ. We show that T is both
positively and negatively well-formed with respect to 〈〈A〉〉ψ. We focus on the negatively
well-formedness condition and assume that ψ = ψ1Uψ2 (the other cases being similar). Thus,
let x be a node of T such that 〈〈A〉〉ψ /∈ Lab(x). By hypothesis, (T , x) |= ¬〈〈A〉〉ψ. By
Proposition 3, there exists a counter strategy f cA of T for A such that for all the outcomes
π ∈ out(νx, f cA), it holds that (T , π, |x|) |= ¬ψ, hence, (Lab(π), |x|) |=LTL [¬ψ]LTLp

. Fix
π ∈ out(νx, f cA). Let q1

0 C
1
0 C

1
1 . . . (resp., q2

0 C
2
0 C

2
1 . . .) be the unique run of the safety DWA

Dψ1 (resp., Dψ2). Since (Lab(π), |x|) |=LTL [¬ψ]LTLp
and ψ = ψ1Uψ2, by Proposition 6, it

follows that for all j ≥ |x| either ¬ψ2 ∈ C2
j or ¬ψ1 ∈ C1

k for some k ∈ [|x|, j − 1].
Since, π and x are arbitrary, by Definition 12, we conclude that T is negatively well-formed

with respect to 〈〈A〉〉ψ. J

D Proof of Theorem 15

I Theorem 15. Given an ATLlp state formula Φ, one can build in single exponential time a
Büchi ACG A′Φ over 2AP, equipped with a nondeterministic satellite U ′Φ, that accepts the set
of models of Φ. Moreover, A′Φ has O(|Φ|) states and U ′Φ has 2O(|Φ|) states.

Proof. Let AΦ and UΦ be the Büchi ACG and the deterministic satellite of Theorem 14
running on CGT with labeling over 2AP∪BΦ . Starting from AΦ and UΦ, we construct a new
Büchi ACG A′Φ equipped with a nondeterministic satellite U ′Φ over 2AP accepting the set of
models Φ. Intuitively, given an input CGT T , A′Φ and U ′Φ guess a BΦ-labeling extension of
the input T and check that such an extension is an extended basic model of Φ. In particular,
we let the satellite U ′Φ to guess the BΦ-labeling extension and let the ACG A′Φ check the
guess. Thus, U ′Φ is obtained from UΦ by adding on top of the deterministic transition relation
a guess of the subset of BΦ to be read in the current node of the input CGT. Note that since
an ACG is an alternating automaton, it is not to possible, in general, for an ACG to guess a
labelling of the input, since different copies of the automaton which read the same input node
may take different guesses. However, here, we exploit the crucial fact that for a CGT T over
2AP, there is at most one BΦ-labeling extension of T which is an extended basic model of Φ
(Remark 4.3). Formally, let AΦ = 〈2AP∪BΦ , q0, Q, δ, F 〉 and UΦ = 〈2AP∪BΦ , s0, S ∪ {s0}, δS〉.
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Then, A′Φ = 〈2AP, q0, Q, δ
′, F 〉 and U ′Φ = 〈2AP, s0, S × 2BΦ ∪ {s0}, δ′S〉, where δ′ and δ′S are

defined as follows:
δ′S(s0, σ) =

⋃
σ′∈2BΦ δS(s0, σ ∪ σ′)× {σ′}.

δ′S((s, σ′), σ) =
⋃
σ′′∈2BΦ δS(s0, σ ∪ σ′′)× {σ′′}.

δ′(q, σ, (s, σ′)) = δ(q, σ ∪ σ′, s).
We now prove that the construction is correct. Evidently, by construction and Theorem 14,
it suffices to show that for each input T , if T is accepted by A′Φ, then T is a model of Φ.
Let r be an accepting run of A′Φ over an input T . Note that for each subformula ψ of Φ,
since [ψ]LTLp

is an LTLp formula over AP ∪ BFL(ψ), the transition function δψ(q, σ) of the
safety DWA Dψ of Proposition 6 is independent of the BΦ \ BFL(ψ)-part of σ. Thus, by a
straightforward double induction on the nesting depth of strategy quantifiers in θ for a basic
formula 〈〈A〉〉θ ∈ Bφ and the distance |x| from the root of a node x of the input T , and by
construction and the proof of Theorem 14, the following holds:

for all nodes x and copies of the nondeterministic satellite U ′Φ in states (s′, σ′) and (s′′, σ′′)
in the run r resulting on reading the node x, it holds that: (s′, σ′) = (s′′, σ′′) and for all
〈〈A〉〉θ ∈ Bφ, 〈〈A〉〉θ ∈ σ′ iff (T , x) |= 〈〈A〉〉θ.

Hence, the result follows. J

E EXPTIME-hardness of ATLlp model-checking

In this section, we establish the following result, where a two-player turn-based CGS is a
CGS with two agents where each state is controlled by an agent.

I Theorem 18. Model checking against ATLlp is Exptime–hard even for finite two-player
turn-based CGS of fixed size.

Theorem 18 is proved by a polynomial-time reduction from the acceptance problem for
linearly-bounded alternating Turing Machines (TM) with a binary branching degree and
with a fixed size, which is Exptime-complete [8]. In the rest of this section, we fix such
a TM machineM = 〈Σ, Q,Q∀, Q∃, q0, δ, F 〉, where Σ is the input alphabet, Q is the finite
set of states which is partitioned into Q = Q∀ ∪Q∃, Q∃ (resp., Q∀) is the set of existential
(resp., universal) states, q0 is the initial state, F ⊆ Q is the set of accepting states, and the
transition function δ is a mapping δ : Q×Σ→ (Q×Σ×{L,R})2. Moreover, we fix an input
α ∈ Σ∗ such that |α| ≥ 1 and consider the parameter n = |α|.

Since M is linearly bounded, we can assume that M uses exactly n tape cells when
started on the input α. Hence, a TM configuration (ofM over α) is a word C = η ·(q, σ) ·η′ ∈
Σ∗ · (Q× Σ) · Σ∗ of length exactly n denoting that the tape content is η · σ · η′, the current
state is q, and the tape head is at position |η|+ 1. From configuration C, the machineM
nondeterministically chooses a triple (q′, σ′, dir) in δ(q, σ) = 〈(ql, σl, dirl), (qr, σr, dirr)〉, and
then moves to state q′, writes σ′ in the current tape cell, and its tape head moves one cell to the
left or to the right, according to dir. We denote by succl(C) and succr(C) the successors of
C obtained by choosing respectively the left and the right triple in 〈(ql, σl, dirl), (qr, σr, dirr)〉.
The configuration C is accepting (resp., universal, resp., existential ) if the associated state q
is in F (resp., in Q∀, resp., in Q∃). A (finite) computation tree ofM over α is a finite tree in
which each node is labeled by a configuration. The root of the tree corresponds to the initial
configuration Cα given by (q0, α(0))α(1) . . . α(n− 1). An internal node that is labeled by a
universal configuration C has two children, corresponding to succl(C) and succr(C), while
an internal node labeled by an existential configuration C has a single child, corresponding to
either succl(C) or succr(C). The tree is accepting iff each its leaf is labeled by an accepting
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configuration. The input α is accepted byM iff there is an accepting computation tree of
M over α. We prove the following result from which Theorem 18 directly follows.

I Theorem 19. One can construct, in time polynomial in n and the size of M, a finite
turn-based CGS G and an ATLlp state formula ϕ over the set of agents Ag = {ag∃, ag∀} such
thatM accepts α iff Unw(G) |= ϕ. Moreover, the size of G depends only on the size ofM.

In order to prove Theorem 19, we first define a suitable encoding of the TM computations
of M over α. Formally, we exploit the set AP of atomic propositions given by AP :=
Σ ∪Q× Σ× {∀,∃, l, r, acc}. A TM configuration C = u1u2 . . . un is encoded by words wC
over 2AP of the form wC = {tag1}{u1} . . . {uk}{tag2}, where tag1 ∈ {l, r}, tag2 = acc if C is
an accepting configuration, tag2 = ∃ if C is a non-accepting existential configuration, and
tag2 = ∀ otherwise. The symbols l and r are used to mark a left and a right TM successor,
respectively. We also use the symbol l to mark the initial configuration Cα. A sequence
wC1 · . . . · wCp

of TM configuration codes is good if the following holds:
C1 is the initial configuration and wC1 is marked by symbol l;
Cp is accepting;
for each 1 ≤ i < p, either wCi+1 is marked by symbol l and Ci+1 = succl(Ci), or wCi+1 is
marked by symbol r and Ci+1 = succr(Ci).

Now, we prove Theorem 19. The finite turn-based CGS G over the set of agents Ag =
{ag∃, ag∀} in Theorem 19 is defined as follows:

the set of states of G is AP and the initial state is l;
the label of each state p ∈ AP is {p};
state ∀ is controlled by agent ag∀, and each other state is controlled by agent ag∃;
state ∀ has as successors the states l and r, state acc has as successor itself, while each
other state has as successors the whole set of states.

Note that the CGS G is independent of n. By construction, the following hold.

Claim. M accepts α iff there exists a strategy f∃ of agent ag∃ in Unw(G) such that for all
ε-plays π consistent with f∃, the label of π is an infinite word over 2AP of the form w · {acc}ω
such that w is a good sequence of TM configuration codes.

Thus, the ATLlp formula ϕ satisfying the statement of Theorem 19 is given by ϕ :=
〈〈ag∃〉〉F(acc ∧ ψgood), where ψgood is a pure past LTLp formula of size O(n2) capturing the
good sequences of TM configuration codes. The construction of ψgood is standard and,
therefore, we omit further details.
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7:2 Extracting Interval Temporal Logic Rules: A First Approach

1 Introduction

Rule-based methods are a popular class of techniques in machine learning and data mining [16].
They share the goal of finding regularities in data that can be expressed in the form of
if-then rules. Depending on the type of rules, we can discriminate between descriptive rules
discovery, which aims at describing significant patterns in the given data set in terms of rules,
and predictive rules discovery, which is focused on learning a collection of the rules that
collectively cover the instance space and can make a prediction for every possible instance.
In this paper, we are interested in descriptive (or association) rules, for which there are
three popular approaches. The first one is based on inductive logic programming, which
uses logic programming as a uniform representation for examples, background knowledge
and hypotheses, and aims at deriving a hypothesised logic program (that is, a set of rules)
which entails all the positive and none of the negative examples (see, e.g., [29, 32]). A
second typical approach is based on rule induction via metaheuristics, typically driven by
evolutionary algorithms (see [24] for an example); in this case, not only static propositional
rules may be derived, but also, and even more often, fuzzy rules (see [21], and references
within). The third classical rule extraction approach is based on APRIORI [2] and its
subsequent developments. These approaches have been extensively compared in the literature
(see, e.g., [17] and references therein); apparently, although APRIORI is probably the first
technology for rule extraction that gained some acknowledgment in the community, its main
ideas are still widely used, since no negative examples are needed (in contrast to inductive
logic programming), and since it is considered reliable and fast (in contrast to metaheuristic
approaches, which are computationally expensive).

If-then rules are extracted from an abstract data base, in which every transaction (or
instance), is characterized by a set of items or features that represents the attributes of the
instance. If-then rules are usually represented as logical rules, even though they are not
interpreted as implications in strict logical terms. On the one hand, rules represent positive
information only: instances where the implication is trivially satisfied by the absence of the
antecedent are not relevant in this setting. On the other hand, rules express a likelihood
information, such as if these items are present, it is very likely that this other item will be
present, too, rather than a deterministic Boolean value. Classical static rules (such as rules
extracted from frequent item sets, as in APRIORI) are propositional Horn logic rules:

ρ : p1 ∧ p2 ∧ . . . ∧ pk ⇒ p

where p1, . . . , pk, p are propositional letters associated to the items of the instances in the
data set. Other approaches make use of more complex languages. In [14, 15] first-order
point-based temporal logics are used to describe temporal classification rules. In [3] a
methodology to mine temporal sequential patterns is proposed. In this work patterns are
based on instantaneous events and are purely existential; moreover, the algorithm can detect
only one temporal relation, that is, sometime in the future (F , in the point-based temporal
logic notation). Since in many application domains temporal information is stored in form of
intervals, extracting interval-based temporal rules seems the natural step forward. The most
representative interval temporal language is probably Halpern and Shoham’s Modal Logic of
Time Intervals [19], often referred to as HS, which is a modal propositional language that
features precisely one existential modal operator and one universal modal operator for each
basic relation between two intervals. Motivated by the search of computationally affordable
versions of HS, several fragments have been explored, that include fragments with restricted
sets of modal operators [28, 10, 1], fragments with softer (reflexive) semantics [27], fragments
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HS

〈A〉

〈L〉

〈B〉

〈E〉

〈D〉

〈O〉

Allen’s relations

[x, y]RA[x′, y′]⇔ y = x′

[x, y]RL[x′, y′]⇔ y < x′

[x, y]RB [x′, y′]⇔ x = x′, y′ < y

[x, y]RE [x′, y′]⇔ y = y′, x < x′

[x, y]RD[x′, y′]⇔ x < x′, y′ < y

[x, y]RO[x′, y′]⇔ x < x′ < y < y′

Graphical representation
x y

x′ y′

x′ y′

x′ y′

x′ y′

x′ y′

x′ y′

Figure 1 Allen’s interval relations and HS modalities.

in which the nesting of modal operators is limited [8], and sub-propositional (Horn-like)
fragments [9]. In particular, the Horn fragment of HS presents some advantages that are
relevant to this study:
(i) it naturally generalizes the classical propositional Horn logic, and
(ii) some of its interesting sub-fragments are decidable and tractable [9, 11].

In this paper, we start from a set of finite timelines (that is, a temporal data set)
T = {T1, . . . , Tn}, where each timeline is a model for HS and can be interpreted as a
temporal history. For example, in the medical domain, a temporal history Ti may be the set
of all relevant events for a certain patient i (e.g., patient i has undergone a certain therapy, or
has shown a certain combination of symptoms, in the interval [x, y]). As another example, in
text mining, a temporal history Ti may represent the sequence of contexts of the conversation
i. We propose a temporal extension of the algorithm APRIORI that extracts meaningful
association rules from a temporal data set, written in the language of Horn HS [9, 11]. We
use classical and well-recognized metrics for static rule evaluation (that is, support and
confidence) in association with suitable new metrics for temporal rule evaluation, and we
test our algorithm against a synthetic temporal data set.

This paper is organized as follows. In the next section we give the necessary preliminaries,
while in Section 3 we briefly discuss some possible examples of applications. In Section 4
we discuss the problem of evaluating a rule and describe our algorithm. Then, in Section 5
we consider a synthetic temporal data set and show how our algorithm extracts useful rules
from it, before concluding.

2 Preliminaries

Let (D,≤) be a linearly ordered set. A (strict) interval over D is an ordered pair [x, y],
where x, y ∈ D and x < y. We denote by I(D) the set of all (strict) intervals over D. If
we exclude the identity relation, there are 12 different relations between two intervals in a
linearly ordered set, often called Allen’s relations [4]: the six relations RA (adjacent to), RL
(later than), RB (begins), RE (ends), RD (during), and RO (overlaps), depicted in Fig. 1,
and their inverses, that is, RX = (RX)−1, for each X ∈ A = {A,L,B,E,D,O}.

Halpern and Shoham’s Modal Logic of Time Intervals [19] (HS) is a modal logic that
features a universal modality [X] and an existential modalitiy 〈X〉 for each Allen relation
RX . For each X ∈ A, the transposes of the modalities [X] and 〈X〉 are respectively the
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7:4 Extracting Interval Temporal Logic Rules: A First Approach

modalities [X] and 〈X〉, corresponding to the inverse relation RX of RX , and vice versa.
Motivated by the search of computationally well-behaved versions and fragments of HS,
several sub-propositional fragments of HS have been introduced and studied (see [9], and
references therein). In this paper we focus our attention on the Horn fragment of HS.
The basic blocks of the language are (positive temporal) literals λ, defined by the following
grammar:

λ ::= > | ⊥ | p | 〈X〉λ | [X]λ, (1)

where RX is one of the interval relations and p is a propositional letter from a finite, non-
empty set AP . Literals of the type 〈X〉p (resp., [X]p) are called existential (resp., universal)
literals. Formulas of the Horn fragment are in clausal form:

ϕ ::= λ | [G](λ1 ∧ . . . ∧ λk → λ) | ϕ1 ∧ ϕ2, (2)

where [G] is the global operator (which imposes that something is true everywhere in the
model, and can be defined within the language HS), and each λ is obtained from (1).
The conjuncts of the form λ are called the initial conditions of ϕ, and those of the form
[G](λ1 ∧ . . .∧ λk → λ) the clauses or global rules of ϕ. The formula λ1 ∧ . . .∧ λk → λ, under
the scope of a global operator, is referred to as body of the rule. In this paper we will use →
to denote the classical logical implication, and ⇒ to denote implicative rules, to emphasise
the fact that rules are not logical implications in the classical sense. The semantics of Horn
HS formulas is given in terms of interval models (or timelines) of the type T = 〈D,V 〉, where
(D,≤) is a linearly ordered set and V : AP → 2I(D) is a valuation function which assigns to
each atomic proposition p ∈ AP the set of intervals V (p) on which p holds. The truth of
a formula ϕ on a given interval [x, y] in a timeline T is defined by structural induction on
formulas as follows:

T, [x, y]  > and T, [x, y] 6 ⊥ for every [x, y] ∈ I(D);
T, [x, y]  p if [x, y] ∈ V (p);
T, [x, y]  〈X〉ψ if there exists [w, z] such that [x, y]RX [w, z] and T, [w, z]  ψ;
T, [x, y]  [X]ψ if, for all [w, z] such that [x, y]RX [w, z], we have that T, [w, z]  ψ;
T, [x, y]  [G](λ1 ∧ . . . ∧ λk → λ) if, for all [w, z] such that T, [w, z]  λ1 ∧ · · · ∧ λk we
have that T, [w, z]  λ;
T, [x, y]  ψ1 ∧ ψ2 if T, [x, y]  ψ1 and T, [x, y]  ψ2.

In this work, we are interested in finite domains only, so, from now on, D = {0, 1, . . . , N − 1}.
The set of propositional letters that are true on a given interval is also called label of the
interval.

The chosen semantics for HS formulas is strict, irreflexive, and non-homogeneous; that
is, point-intervals are excluded, the range of the Allen’s relations RX does not include
the current interval, and there is no relationship between the truth value of a proposition
over an interval and the truth value of the same proposition over its sub-intervals (in the
homogeneous semantics, a letter p is true over an interval if and only if it is true in each of
its sub-interval). Other choices are possible that may have an impact, sometimes dramatic,
in the computational properties of the resulting logic (see, e.g., [7, 25] for homogeneous HS,
and [9] for reflexive HS). However, in this paper we are concerned about rule extraction, not
rule satisfiability, which means that in our case the semantical choices have little effect.
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3 Applying Temporal Rules

There are several application domains in which temporal rules may have a relevant role.
Here, we limit ourselves to some illuminating examples.

Rules in the medical domain. In the medical context a timeline may represent the medical
history of a patient, that is, the collection of all relevant pieces of information about tests,
results, symptoms, and hospitalizations of the patient that occurred during the entire
observation period [13, 12]. As a concrete example, having a fever can be represented by the
propositional letter Low – meaning lower than 40 degrees – or High – meaning higher than
or equal to 40 degrees; similarly, the proposition letter Headache can be used to indicate
the presence of a headache. Consider, now, a certain Therapy that may be administered to
a group of patient under consideration, and consider the problem of establishing the possible
counter-effects that such medication or combination of medications may have, in particular,
with the insurgence of headaches. Assume, now, that a relevant number of patients under
observation show some relationship between the therapy and the insurgence of headache, and,
in particular, a headache seems to start during the administration, but only if the patient is
running high fever. Such a situation may be described by a Horn HS rule, as follows:

ρ : [G](Therapy ∧ 〈D〉Fever ⇒ 〈O〉Headache).

Rules in natural language processing. In the context of natural language processing a
timeline may represent a conversation between two individuals. As a matter of fact, it
is sometimes interesting to label each interval of time of a conversation with one or more
contexts, that is, a particular topic that is being discussed [31, 5, 6], in order to discover
the existence of unexpected or interesting temporal relationships among them. Suppose, for
example, that a certain company wants to analyze conversations between agents and clients.
The agents contact the clients with the aim of selling a certain product, and it is known that
certain contexts, such as the price of the product (Price), its known advantages (Advantages)
over other products, and its possible minor defects (Disadvantages) are interesting. By
analyzing a sufficiently high number of conversations, we may discover that if some known
disadvantage is mentioned while discussing the price, the client typically shows some kind of
negative reaction (Negative), which can be described by the rule:

ρ : [G](Price ∧ 〈D〉Disadvantages⇒ 〈L〉Negative).

4 Extracting Interval Temporal Rules

In this section we describe our algorithm for temporal rule extraction from a temporal
data set. We start by recalling some well-known concepts of static rule extraction, and by
formalizing the problem of evaluating a static rule; then, we generalize our approach to the
temporal case, and, finally, we describe a temporal version of the APRIORI algorithm for
rule extraction.

Evaluating static rules. Extracting static rules from a non-temporal data base is founded
on two simple concepts: support and confidence. Consider an abstract data base T =
{T1, . . . , Tn}, where each Ti is a transaction (that is, an instance) and it is characterized by
a set of items p1, . . . , pm (each item is completely described by a propositional letter). A
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7:6 Extracting Interval Temporal Logic Rules: A First Approach

transaction Ti can be seen as a propositional model, and, therefore, the notion of Ti satisfying
a set P = {p1, p2, . . .} of items (Ti  P ) can be defined naturally. Such a notion can be
immediately generalized to a set T ′ ⊆ T of transactions, so that we can say that T ′ satisfies
a set P of items (T ′  P ) if every transaction in it does. Now, given a rule:

ρ : p1 ∧ p2 ∧ . . . ∧ pk ⇒ p,

Agrawal, Imieliński and Swami [2] implicitly define a notion of ρ holding on T , which we
denote T † ρ; given two real numbers s (support) and c (confidence), where s, c ∈ (0, 1], we
say that:

T † ρ if ∃T ′ ⊆ T s.t. |T ′|
|T | ≥ s, T

′  {p1, . . . , pk, p}, and
∀T ′′ ⊇ T ′(T ′′  {p1, . . . , pk} → |T ′|

|T ′′| ≥ c),
(3)

that is, we say that ρ holds on T if the fraction of transactions that show all items is sufficiently
high (guaranteeing that the rule has enough support), and the fraction of transactions that
only show the antecedent but not the consequent is sufficiently low (ensuring that the rule
is – statistically – confident); we say, therefore, that a rule is meaningful if it has enough
support and confidence. In the context of the definition of †, the set {p1, p2, . . . , pk, p} of
propositions that occur in a rule that holds on T is said to be a frequent set of items (or a
frequent set of propositions), because its support is high.

Evaluating temporal rules. In our case, transactions are generalized to ordered sets of
transactions, that is, timelines, and a temporal data set T = {T1, . . . , Tn} is a collection of
timelines. In addition to being meaningful, we want our rules to be temporally meaningful.
To better understand this concept, consider, again, the medical domain, and assume that
NoSym denotes the absence of a particular symptom. Under the standard logical semantics,
the bodies of rules as the following ones:

ρ1 : [G](Therapy ⇒ [A]NoSym),
ρ2 : [G](Therapy ⇒ [L]NoSym),

expressing the fact that after the therapy the symptom disappears, are true on every interval
that ends at the last point of the model. Since there are no intervals that start at the last
point or later the literals [A]NoSym and [L]NoSym are true, and this makes the implication
trivially true. However, in this situation the rules are not temporally meaningful: we do not
have enough points to check whether the rule holds or not (in the same sense as the relation
† given above for static rules). Similarly, when establishing if a certain universal literal
holds on an interval, for example, [B]p on [x, y], we should consider the literal as holding on
[x, y] not only when [B]p is logically true on [x, y], but also also when p is falsified by a small
fraction of the intervals of the type [x, z] with z < y. Finally, if the body of a rule holds over
almost every interval of a timeline, it seems natural to conclude that the rule holds on that
timeline, even if there are some intervals that falsify the rules.

To avoid degenerate situations, in addition to support (s) and confidence (c) we introduce
several new parameters that help us to define a notion of literal (or temporal item) holding
at an interval on a timeline, as well as a notion of global rule holding on a timeline. For
each relation RX we introduce a real parameter called universal confidence, given by a pair
of real numbers (eX , uX), which we use to determine on which intervals it does not make
sense to ask whether a certain universal literal [X]λ holds (parameter eX), and on which
fraction of the set of intervals captured by [X] should a certain literal λ be true for [X]λ to
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. . .

. . .

. . .
p
p

0 N − 1

[A]p does not hold on intervals ending
at this point if it is too close to N − 1
even if all interval starting here satisfy p
(see (4))

p
¬p

p

. . .
. . .

0 N − 1

[A]p holds on intervals ending
at this point if the fraction of intervals
starting here with ¬p is low enough
(see (4))

0 N − 1

p,¬〈A〉qp, 〈A〉qp, 〈A〉q

[G](p→ 〈A〉p) holds on this timeline
if the fraction of intervals satisfying
p but not 〈A〉p is low enough
(see (5))

Figure 2 A pictorial (intuitive) representation of the concept of universal confidence (top and
middle), and of that of global confidence (bottom).

be considered as holding on a given interval (parameter uX). Recall that T = 〈D,V 〉 and
that D is finite, that is, D = {0, 1, . . . , N − 1}; for a given interval [x, y], we define the notion
of literal holding at an interval (T, [x, y] † λ) using the classical notion of T, [x, y]  λ if λ
is a propositional letter or an existential literal, and the following definition for universal
literals:

T, [x, y] † [A]λ if y+1
N ≤ eA and ∀D′ ⊆ D(∀z ∈ D′((z > y) ∧ T, [y, z] 6† λ)→ |D′|

|N−y−1| ≤ uA);
T, [x, y] † [B]λ if y−x

N ≥ eB and ∀D′ ⊆ D(∀z ∈ D′((x < z < y) ∧ T, [x, z] 6† λ)→ |D′|
|y−x| ≤ uB);

T, [x, y] † [E]λ if y−x
N ≥ eE and ∀D′ ⊆ D(∀z ∈ D′((x < z < y) ∧ T, [z, y] 6† λ)→ |D′|

|y−x| ≤ uE).
(4)

The remaining modalities can be dealt with in a similar way. Notice that by setting
eA = 1, eB = eE = 0 and uA = uB = uE = 0, one obtains the original, irreflexive semantics
of HS. Moreover, simple modifications to the above semantics allow one to define reflexive
and non-strict version of each operator.

Given a literal λ we say that λ holds on a timeline T = (D,V ), and we denote it by T † λ,
if there exists an interval [x, y] such that T, [x, y] † λ, and given a set Λ = {λ1, λ2, . . .},
we say that Λ holds on a timeline T at an interval [x, y], denoted by T, [x, y] † Λ, if
T, [x, y] † λj for each λj ∈ Λ. We also say that Λ holds on a timeline T , and write T † Λ,
to indicate that there exists an interval [x, y] such that T, [x, y] † Λ, and we write T, I † Λ,
where I ⊆ I(D) if for each interval [x, y] ∈ I, we have T, [x, y] † Λ. As in the static case, we
indicate by T ′ † Λ the fact that each timeline T in a set of timelines T ′ ⊆ T is such that
T † Λ. Now, we introduce the real parameter 0 < g ≤ 1 (global confidence) to modulate on
which fraction of all intervals of a timeline should the body of a rule hold to be considered a
global rule. More precisely, given:

ρ : [G](λ1 ∧ . . . ∧ λk ⇒ λ),

we define the notion of ρ holding on a timeline T (T † ρ) by imposing:

T † ρ if T † {λ1, . . . , λk, λ} and
∀I(I ⊆ I(D) ∧ T, I † {λ1, . . . , λk,¬λ} → |I|

|I(D)| ≤ g). (5)
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· · ·
Tn+1

Tn

· · ·
Tm+1

Tm

· · ·

T2

T1

T ′′

satisfy λ1, λ2

at some intervals

T ′

satisfy λ1, λ2 ⇒ λ

at almost all intervals

Figure 3 A pictorial (intuitive) representation of a rule λ1 ∧ λ2 ⇒ λ holding on a temporal data
set T .

Setting g = 0 is equivalent to interpret a rule as a logical implication w.r.t. a single model
(timeline). Fig. 2 gives an intuitive explanation of the use of universal and global confidence,
which, together, we call temporal confidence.

Finally, we can generalize static evaluation to temporal evaluation, by using support and
confidence, and define when ρ holds in the temporal data set T as follows:

T † ρ if ∃T ′ ⊆ T such that |T
′|
|T | ≥ s and ∀T ∈ T ′, T † ρ and

∀T ′′ ⊇ T ′(T ′′ † {λ1, . . . , λk} → |T ′|
|T ′′| ≥ c).

(6)

In the context of temporal rule extraction, therefore, we say that ρ holds on T if it has
enough support (the fraction of timelines in which the rule holds as defined in (5) is high) and
it is confident (the fraction of timelines in which at least one interval satisfies {λ1, . . . , λk}
but no interval satisfy {λ1, . . . , λk, λ} is low). A pictorial example of a simple rule holding
on a temporal data set is given in Fig. 3.

To conclude, observe that while in static rules items are predetermined by the abstract
data base of transactions, temporal items are not: for a given set AP of propositions, there
are infinitely many possible literals, because there is no natural bound to the modal depth of
the literals in the rules (i.e., the formulas) that are being mined. The most general solution
to this problem is to introduce a parameter m ∈ N, and limit ourselves to build rules in
which literals have modal depth less or equal to m (the set of all such literals will be denoted
by Lm(AP)). Setting m = 0 is equivalent to extracting static rules that hold on (almost)
every interval of the timelines in the support.

Temporal APRIORI. Our temporal extension of APRIORI is described in Algorithm 1.
The procedure takes as input a temporal data set T , the values for support, confidence,
temporal confidence, and modal depth, and returns all and only global rules (limited to the
specified modal depth) that hold on T . In the following we analyse each step individually
assuming, for the sake of simplicity, that T has n timelines of N points each, and that
each timeline in T is non-sparse [26], that is, we assume that the number of intervals with
non-empty propositional labels is at least linear in N (in this way, if timelines are represented
as in Fig. 4, the complexity of the representation is linear in N).
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Algorithm 1 Temporal APRIORI.
Require: T , s, c, g, (eX , uX),m
1: Γ,S = ∅;
2: compute the set AP of propositional letters occurring in T ;
3: compute the set Lm(AP);
4: label each Tj ∈ T and each interval [x, y] ∈ I(D) with the maximal Λ ⊆ Lm(AP) such

that Tj , [x, y] † Λ;
5: for Λ ⊆ Lm(AP) do
6: if ∃T ′ ⊆ T such that |T

′|
|T | ≥ s and T ′ † Λ then

7: S = S ∪ {Λ};
8: end if
9: end for
10: for Λ ∈ S do
11: for λ ∈ Λ do
12: put ρ = [G](λ1 ∧ . . . ∧ λk ⇒ λ), where {λ1, . . . , λk, λ} = Λ;
13: if T † ρ then
14: Γ = Γ ∪ {ρ}
15: end if
16: end for
17: end for
18: for ρ ∈ Γ do
19: if ρ is redundant then
20: Γ = Γ \ {ρ};
21: end if
22: end for
23: return Γ

Computing temporal items for each timeline (lines 1–4). In our representation, scanning
the data base to compute AP requires O(|AP| ·n) steps. Then, labeling each Ti ∈ T with
the maximal set Λ of literals that holds at some interval of Ti while building, at the same
time, the set Lm(AP) of all and only temporal items of depth up to m, requires executing
(a simplified version of) the finite model checking algorithm for HS described in [26].
Under the assumption of non-sparseness, the algorithm requires O(N2 · n · |Lm(AP)|)
steps, using a symbolic representation, and O(N3 ·n · |Lm(AP)|) steps using the standard
explicit representation.
Computing frequent sets of literals (lines 5–9). The problem of finding frequent sets
of temporal items can be reduced to the classical problem of finding frequent sets of
items by adapting classical efficient solutions, such as FP-GROWTH [20], to the interval
setting. FP-GROWTH builds a compact frequent patterns tree (also called fp-tree) that
contains all necessary information for frequent sets generation. In analogy with the
classical solution, our version of FP-GROWTH queries every timeline T in the temporal
data base T a constant number of times to build the fp-tree [23]. In contrast to the
classical solution, every query may need to examine every interval of the timeline to
compute the frequency of some set of temporal items and and decide its position on the
tree, and thus the complexity of a single query increases from O(1) to O(N2). In terms
of the overall complexity of the construction, this adds a factor O(N2) to the original
solution, yet leaving the complexity linear in terms of the dimension of the temporal
data base and polynomial in the number of frequent items. Since the number of frequent
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N

p : [0, 1], [0, 2], [0, 3], [1, 3], [2, 3], . . .
q : [0, 1], [0, 3], . . .
. . .

Figure 4 A succinct representation of a timeline: the first line specifies the size of the frame
(number of points in the model); the next lines encode the valuation function V .

items is bounded by the number of temporal items in Lm(AP), the worst-case complexity
of FP-GROWTH in our setting is O(n · |Lm(AP)| + |Lm(AP)| log |Lm(AP)|), where
n · |Lm(AP)| is the cost of building the fp-tree and |Lm(AP)| log |Lm(AP)| the cost of
sorting the set of frequent items by decreasing support (as required by the algortithm).
Enumerating the frequent sets can be performed by suitably querying the fp-tree built by
FP-GROWTH, which is, at this point, essentially indistinguishable from a non-temporal
fp-tree. We can assume that the structure containing every frequent set, that is, S, can be
designed in such a way that the cost of querying the frequency of any Λ ∈ S is constant.
Generating and testing rules (lines 10–17). For a single frequent set Λ, we generate |Λ|
different rules. Testing each one of the rules against (5) requires:

(i) two lookup operations (each with constant cost) on the data structure that contains
S, to compare the support of the antecedent with the support of the entire set, and
establish if the rule is confident, plus

(ii) O(n ·N2) operations to establish if the rule is also global.
Therefore this step costs O(|S| · |Lm(AP)| ·n ·N2). While the size of the frequent patterns
tree is polynomial in the dimension of the data set, the number of possible frequent
sets that can be extracted from it (that is, |S|) may be exponential, and its actual size
depends on the particular data set as well as the setting of each parameter.
Checking redundancy. From the set Γ of all meaningful rules that hold on T , we eliminate
all redundant ones. A rule [G](λ1 ∧ . . . ∧ λk ⇒ λ) is redundant if Γ includes also a rule
with λ as a consequence and with an antecedent that is a subset of {λ1, . . . , λk}. This
step can be easily completed within O(|Γ|2 · |Lm(AP)|2) operations (this limit can be
improved with a suitable symbolic representation of the rules).

By summing up all the above steps we obtain the following overall worst-case complexity
for Temporal APRIORI:

O(|S| · |Lm(AP)| · n ·N2 + |Lm(AP)| log |Lm(AP)|+ |Γ|2 · |Lm(AP)|2).

The set Lm(AP) contains all positive temporal literals that can be built over the set of
propositional letters AP with maximum modal depth m. Since the syntax of HS includes 24
different temporal modalities (one diamond and one box operator for each of the 12 Allen’s
relations), we have that |Lm(AP)| = O(24m · |AP|). Moreover, in the worst-case scenario the
set S includes all subsets of Lm(AP) while the set of meaningful rules includes all temporal
rules that can be built from Lm(AP). These observations lead to a worst-case upper bound
on the complexity of Temporal APRIORI that is exponential in m and |AP|, but polynomial
in n and N . As a general observation, for enumerative algorithms the exponential number of
solutions makes the usual analysis of running time, that considers only the input size and
ignore the output size, scarcely informative. In the literature, notions of efficiency have been
developed for enumerative algorithms [22, 18], but a precise assessment of the complexity
of Temporal APRIORI following such notions is outside the scope of this paper; here, we
limit ourselves to some empirical considerations. First of all, performance studies show
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that the size of a fp-tree is usually substantially smaller than the original data base [20]
and well beyond the worst-case upper bound of a complete tree. Similarly, providing a
tighter upper bound to the number of frequent sets (and therefore to the number of rules)
that can be extracted from a data set is not really possible as the number of frequent sets
depends on the application domain and on the actual data. As we have observed, efficient
implementation solutions for APRIORI can be adapted to our temporal generalization, and
further optimizations should be focused on the temporal steps only. Experimental studies
show that the elapsed time for efficient implementations of APRIORI grows linearly with
the dimension of the data base. For comparison, assume that N and m are constants, and
that the set AP (and therefore the set Lm(AP)) is fixed. Then, the complexity of Temporal
APRIORI is O(n) plus the complexity of checking redundancy in rules. Since this latter
aspect is not directly discussed in APRIORI, and the available experimental data do not
include the redundancy check, in our simplified circumstances, Temporal APRIORI has the
same complexity as APRIORI.

While considering a situation in which the set of interesting items grows is not really
interesting, there are certain scenarios in which the length of the timelines may grow. Indeed,
this may occur in both examples discussed in Section 3. In the medical scenario the length
of timelines may grow as the duration of recorded medical histories increases with time. In
the natural language knowledge extraction, timelines may grow as the average duration of a
conversation increases. If N is not constant, the complexity of Temporal APRIORI (besides
redundancy checking) is O(N2 · n), and the bottleneck is temporal items labeling and rule
globality checking.

5 Experimental Results

Testing the ability of Temporal APRIORI to extract meaningful rules from a temporal data
set presents two main difficulties. First, there are very few publicly available data sets with
a relevant temporal component. Such a data set, moreover, should be preprocessed in order
to highlight the interesting propositions, and to hide irrelevant aspects (this is a standard
procedure in knowledge extraction), which requires a profound knowledge of the applicative
domain. In this way, the experiment would be influenced by such a preparation, making it
more difficult for the performances of the algorithm to emerge. Second, the rules of a real-life
data set are unknown beforehand; although there are indirect techniques that allow one to
evaluate a set of rules, these evaluations are not always adequate to assess the capabilities of
a new learning algorithm.

We designed a simple technique to generate an artificial data set T in such a way that we
can control the rules to be extracted. Given a set Γ of input rules written in the language of
Horn HS over a set AP of propositional letters, a natural number N ≥ 2, fixed the parameter
(eX , uX) for every relation RX , and fixed the support sρ for every rule ρ ∈ Γ, our generator
produces a temporal data set T , where every timeline T has domain DT of length N . To
this end, for each rule ρ ∈ Γ, where ρ : (λ1 ∧ . . . ∧ λk ⇒ λ), we first choose randomly the
set Tρ of timelines that will satisfy the rule ρ. Then, for each timeline T ∈ Tρ, we choose,
randomly, an interval [x, y], and we fix the propositional labeling of the intervals in T so that
T, [x, y] † {λ1, . . . , λk, λ}, which entails setting the labeling of a certain subset ST,ρ of I(DT )
(e.g., forcing 〈A〉p to be true on [x, y] entails forcing p to be true on some interval [y, z]). The
propositional labeling of every interval in the set I(DT ) \ ST,ρ is chosen randomly. Then,
in order to ensure that ρ is global on T , every interval in I(D) is considered (again) and
its labeling fixed, if necessary. Notice that no contradictions may arise, since only positive
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Figure 5 Elapsed time for rule extraction.

propositional literals are added at each step in each labeling: obviously, we generate only
satisfiable examples of rules without ⊥. In this way, the confidence of each rule ρ is 1, as well
as its global confidence, and its support is equal to, or grater, than sρ. The aim of testing a
rule extraction algorithm on an artificial data set is not that of finding an optimal set of
parameters, which makes sense on real data sets only: in a controlled environment, every
meaningful rule can be eventually discovered. Therefore, besides the proof-of-concept, our
test is focused on performances only. We generated 96 temporal data sets, where timelines
have a domain of cardinality less or equal to 100 points. The size of temporal data sets
ranges from a minimum of 500 to a maximum of 10000 timelines. We fixed the following
three rules:

ρ1 : [G](p1 ∧ [A]p2 ∧ [B]p3 ⇒ [A]p4)
ρ2 : [G]([A]p1 ∧ [A]p2 ⇒ [A]p3)
ρ3 : [G]([A]p1 ∧ [E]p2 ⇒ [B]p3),

and we generated each data set in such a way that (at least) 60% of timelines satisfy ρ1, the
80% of which satisfy also ρ2, and the 60% of the latter satisfy also ρ3.

As we have observed in the previous section, under certain conditions the complexity of
Temporal APRIORI is linear in the number of timelines in T . In our experiment, run on
an Intel Core i7 with 4 cores at 2.80GHz, such conditions are met: N and m are constant
(respectively 100 points an modal depth 1), and the set AP = {p1, p2, p3, p4} is fixed. Fig. 5
shows the expected linear behaviour.

6 Conclusions

Rule-based methods are algorithms that extract regularities in data that can be expressed
in the form of if-then association rules, and are very popular in machine learning and data
mining. The first and most recognized algorithm for extracting static association rules is
known as APRIORI. The idea underlying APRIORI is that from a set of instances, referred
to as transactions, each one characterized by a set of items (propositional letters), one can
extract, first, frequent sets of items (that is, sets of propositions that occur often together),
and, from them, rules. The latter are evaluated by using their support, that is, the fraction
of transactions that satisfy all items in the rule, and their confidence, that is, the set of
transactions that satisfy only the set of items corresponding to the antecedent of the rule.



D. Bresolin, E. Cominato, S. Gnani, E. Muñoz-Velasco, and G. Sciavicco 7:13

This work is inspired by the fact that static rules, as those extracted by APRIORI, can be
seen as implications written in the Horn fragment of propositional logic, though they are not
interpreted as such. With the aim of extracting temporal rules from a temporal data set using
similar principles, we first considered a suitable language that extends Horn propositional
logic with temporal capabilities, that is, the Horn fragment of the temporal logic HS. Such
a language has been recently studied, along with its computational properties, and the
fact that it directly generalizes Horn propositional logic, and that some of its fragments
have interesting computational characteristics, make it the ideal candidate for our purposes.
Second, we generalized APRIORI in such a way that it is able to extract rules written in
Horn HS. To this end, we introduced the notion of temporal confidence, which, paired with
the classical notions of support and confidence, allowed us to define a relaxed version of the
truth relation, and, ultimately, to devise the algorithm Temporal APRIORI, which we tested
on an artificial data set.

While HS is a very general and expressively powerful language, the ability of Temporal
APRIORI to extract meaningful rules decreases as the modal depth of the rules to be
captured (that is, the cardinality of Lm(AP)) increases. For example, in the language of
HS, interpreted over finite linearly ordered sets, one can express the rule: if p holds on some
interval with length more than K, then q will hold on some of its subintervals. However, this
requires forcing an interval to have a minimal length, which in HS can be expressed as:

len>K = 〈B〉〈B〉 . . . 〈B〉︸ ︷︷ ︸
K

>,

In turn, extracting a rule with len>K among its antecedents entails setting m ≥ K, which,
ultimately, leads the algorithm to generate and test a very high number of rules, and, in
many cases, to return many rules that are not significant from the domain point of view. A
similar situation arises with coarser Allen’s relations in HS [30], which are relations that allow
one to express an incomplete temporal knowledge (e.g.: the symptom disappears after or
immediately after the therapy) and are expressible in the language of HS, but with formulas
that do not immediately translate to Horn HS:

[G](Therapy ⇒ ([A]NoSym ∨ [L]NoSym)).

As future work, we plan to improve Temporal APRIORI to extract rules with complex
temporal literals and with an enriched set of basic relations in a direct way (that is, enriching
the language in which the rules are written), effectively circumventing the above problems.
Moreover, we plan to test Temporal APRIORI on natural data sets coming from relevant
application domains like the medical domain and the natural language processing domain.
This will allow us to evaluate the impact of parameters setting, as well as the expected
improvement on the quality of extracted rules, with respect to real case studies.
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Abstract
Simple Temporal Networks (STNs) are a well-studied model for representing and reasoning about
time. An STN comprises a set of real-valued variables called time-points, together with a set
of binary constraints, each of the form Y ≤ X + w. The problem of finding a feasible schedule
(i.e., an assignment of real numbers to time-points such that all of the constraints are satisfied)
is equivalent to the Single Source Shortest Path problem (SSSP) in the STN graph.

Simple Temporal Networks with Uncertainty (STNUs) augment STNs to include contingent
links that can be used, for example, to represent actions with uncertain durations. The duration
of a contingent link is not controlled by the planner, but is instead controlled by a (possibly
adversarial) environment. Each contingent link has the form, 〈A, `, u, C〉, where 0 < ` ≤ u <∞.
Once the planner executes the activation time-point A, the environment must execute the con-
tingent time-point C at some time A+ ∆, where ∆ ∈ [`, u]. Crucially, the planner does not know
the value of ∆ in advance, but only discovers it when C executes. An STNU is dynamically con-
trollable (DC) if there is a strategy that the planner can use to execute all of the non-contingent
time-points, such that all of the constraints are guaranteed to be satisfied no matter which dur-
ations the environment chooses for the contingent links. The strategy can be dynamic in that it
can react in real time to the contingent durations it observes. Recently, an upper bound of O(N3)
was given for the DC-checking problem for STNUs, where N is the number of time-points.

This paper introduces a new algorithm, called the RUL− algorithm, for solving the DC-
checking problem for STNUs that improves on the O(N3) bound. The worst-case complexity of
the RUL− algorithm is O(MN +K2N +KN logN), where N is the number of time-points, M is
the number of constraints, and K is the number of contingent time-points. If M is O(N2), then
the complexity reduces to O(N3); however, in sparse graphs the complexity can be much less.
For example, if M is O(N logN), and K is O(

√
N), then the complexity of the RUL− algorithm

reduces to O(N2 logN).
The RUL− algorithm begins by using the Bellman-Ford algorithm to compute a potential

function. It then performs at most 2K rounds of computations, interleaving novel applications of
Dijkstra’s algorithm to (1) generate new edges and (2) update the potential function in response to
those new edges. The constraint-propagation/edge-generation rules used by the RUL− algorithm
are distinguished from related work in two ways. First, they only generate unlabeled edges.
Second, their applicability conditions are more restrictive. As a result, the RUL− algorithm
requires only O(K) rounds of Dijkstra’s algorithm, instead of the O(N) rounds required by
other approaches. The paper proves that the RUL− algorithm is sound and complete for the
DC-checking problem for STNUs.
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1 Introduction

Simple Temporal Networks (STNs) are a well-studied model for representing temporal
constraints [5]. An STN comprises a set of time-points {P,Q,R, . . . }, together with a set
of constraints on those time-points, where each constraint has the form Q ≤ P + w with
w ∈ R. The goal for a planning agent is to schedule the execution of the time-points (i.e., to
assign a real value to each variable P,Q,R, . . . representing its execution time) so that all of
the constraints in the network are satisfied. The STN model forms the base of many other
models for temporal reasoning and planning.

It is possible to check whether an STN is consistent (i.e., whether it admits a schedule that
satisfies all of the constraints, and find such a scheduling if one exists) in polynomial time.
Specifically, this problem can be reduced to the Single Source Shortest Path problem for the
STN graph [5], which contains a node for each time-point and a weighted, directed edge for
each constraint. In turn, this problem can be solved with the Bellman-Ford algorithm [4],
whose running time is O(MN), where N is the number of time-points, and M is the number
of edges in the network.

Simple Temporal Networks with Uncertainty (STNUs) extend STNs to include contingent
links, which can be used, for example, to represent actions with uncertain durations [14].
Each contingent link has the form 〈A, `, u, C〉, where A is called the activation time-point, C
is called the contingent time-point, and 0 < ` ≤ u < ∞. The contingent link is activated
when the time-point A is executed. Once that happens, the execution of C is determined
not by the planning agent, but by the (possibly adversarial) environment. In particular,
the environment must execute C at some time ∆ after the execution of A, where ∆ ∈ [`, u].
The value ∆ is called the duration of the contingent link, it is under the control of the
environment, and is unknown to the planner until C is actually executed.

An STNU is said to be dynamically controllable (DC) if there exists a strategy for the
planning agent to execute all of the non-contingent (a.k.a., executable) time-points such
that all of the constraints in the network are guaranteed to be satisfied no matter how the
durations of the contingent links are chosen by the environment. The strategy must be
dynamic in the sense that the execution time it chooses for each executable time-point X
can only depend on the durations of contingent links that have already completed. In other
words, the strategy’s execution decisions must depend only on past execution events.

The DC-checking problem for STNUs, hereinafter called the STNU-DC problem, is that of
determining whether any given STNU is DC. Recently, Morris [12] presented an O(N3)-time
algorithm for the STNU-DC problem.

Being such a simple and flexible model, STNUs have been extended in several ways in
the literature [15, 10, 3, 6, 2]. For this reason, it is crucial to study and optimize algorithms
for the STNU-DC problem.

2 Preliminaries and notation

Following Morris et al. [14], an STNU is a tuple S = (T , C,L) where:
T is a finite set of real-valued variables called time-points, denoted by capital letters
P,Q,R, . . . ;

https://doi.org/10.4230/LIPIcs.TIME.2018.8
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C is a finite set of constraints, each of the form Q ≤ P +w, for some P,Q ∈ T and w ∈ R;
and
L is a finite set of contingent links, each of the form 〈A, `, u, C〉, for some A,C ∈ T and
`, u ∈ R, where 0 < ` ≤ u <∞.

In a contingent link 〈A, `, u, C〉, A is called the activation time-point, and C is called the
contingent time-point. Distinct contingent links must have distinct contingent time-points.
Given the contingent time-point C of a contingent link 〈A, `, u, C〉 ∈ L we define AC = A,
uC = u, lC = l; however, when context allows, the superscripts will be omitted. The
set of contingent time-points is TC := {C | (A, l, u, C) ∈ L}; and the set of executable (or
non-contingent) time-points is TX = T \ TC. As in prior work, and without loss of generality,
we assume that each activation time-point is an executable time-point. In the following, we
assume that an STNU S = (T , C,L) is given.

2.1 Dynamic controllability
Following Morris et al. [14], a situation is a function σ: TC → R that assigns a duration
∆C

ω := ω(C) ∈ [`, u] to each contingent link 〈A, `, u, C〉 ∈ L. The set of all possible situations
is denoted by Ω :=

∏
C∈TC

[`C , uC ]. An execution strategy is a function σ : (Ω, TX) → R
that assigns an execution time [σ(ω)]X := σ(ω,X) to each executable time-point X, in each
possible situation ω ∈ Ω. Given a contingent link 〈A, `, u, C〉 ∈ L, we define the execution
time of its contingent time-point C to be [σ(ω)]C := [σ(ω)]A + ∆C

ω . In general, [σ(ω)]P ∈ R
denotes the execution time of the (executable or contingent) time-point P ∈ T in the
situation ω under the strategy σ.

An execution strategy σ is viable if it satisfies every constraint (i.e., for each constraint
Q ≤ P + w in C, and each situation ω ∈ Ω, [σ(ω)]Q ≤ [σ(ω)]P + w). The strategy
σ is dynamic if, for any two situations ω1, ω2 ∈ Ω, and for each executable time-point
X ∈ TX, if {〈C,∆C

ω1
〉 | [σ(ω1)]C < [σ(ω1)]X} = {〈C,∆C

ω2
〉 | [σ(ω2)]C < [σ(ω1)]X} then

[σ(ω2)]X = [σ(ω1)]X . This definition correctly captures the intuitive notion that the execution
time of X can only depend only on the durations of contingent links whose contingent time-
points have executed before X [7]. An STNU is said to be dynamically controllable (DC) if it
admits an execution strategy that is both dynamic and viable.

To simplify the mathematics, Morris [11] provided an alternative notion of dynamic
controllability that allows a dynamic strategy to react instantaneously to observations of
contingent executions. The only change required to the above definition of a dynamic
strategy is to replace “<” by “≤”. That change allows the execution of X to depend on
contingent links that have completed at or before X. The rest of the paper presumes DC
with instantaneous reaction.

2.2 Constraint Propagation/Edge Generation in STNU Graphs
Following Morris and Muscettola [13], each STNU can be represented by a directed, weighted
graph where the nodes correspond to the time-points, and the edges come in three varieties
depending on whether and how they are labeled. First, each constraint Q ≤ P + w in C
is represented by an ordinary (i.e., unlabeled) edge from P to Q of length (or weight) w,
notated as (P,w,Q).1 Next, for each contingent link 〈A, `, u, C〉 there is a lower-case edge
from A to C labeled by [c :`] that represents the uncontrollable possibility that the contingent

1 Putting the weight w between the time-points P and Q makes notating paths easier. For example, the
path consisting of the consecutive edges (P,w,Q) and (Q, v,R) can be notated as (P,w,Q, v,R).
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X C1 C2

A1 A1

−1 2
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[C
2 :−
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Figure 1 A sample STNU graph with two contingent links (A1, 2, 9, C1) and (A2, 3, 7, C2).

Table 1 Contraint-propagation rules from Morris and Muscettola [13].

Rule Graphical Representation Applicability Conditions

No Case X Y W
v w

v + w
(none)

Upper Case
X Y A

v [C :−w]

[C :v − w] (none)

Lower Case A C X
[c :`] w

` + w
w < 0

Cross Case
A C AK

[c :`] [K :−w]

[K :`− w] K 6≡ C, w < 0

Label Removal X A C
[C :−y] [c :`]

−y
−y ≥ −`

duration C −A might take on its lower bound `; and an upper-case edge from C to A labeled
by [C :−u] that represents the uncontrollable possibility that the contingent duration C −A
might take on its upper bound u. These edges are notated as (A, [c :`], C) and (C, [C :−u], A),
respectively. The sets of ordinary, lower-case and upper-case edges are denoted by Eo, E`

and Eu, respectively:
Eo = {(P,w,Q) | (Q ≤ P + w) ∈ C}
E` = {(A, [c :`], C) | 〈A, `, u, C〉∈ TC}
Eu = {(C, [C :−u], A) | 〈A, `, u, C〉∈ TC}

Fig. 1 shows a sample STNU graph borrowed from Hunsberger [8].
For convenience, the graph consisting of all of the ordinary and upper-case edges (i.e.,

Eo∪Eu) is called the OU-graph; and the graph consisting of all of the lower-case and ordinary
edges (i.e., Eo ∪ E`) is called the LO-graph.

Morris et al. [14] introduced a set of triangular reductions that formed the basis of
a pseudo-polynomial DC-checking algorithm for STNUs. Their reductions generated and
propagated a new kind of conditional constraint called a wait that captures part of the
dynamism of the STNU-DC problem. Each wait constraint can be glossed as “while the
contingent time-point C remains unexecuted, the time-point X must wait until A+ δ, where
A is the activation time-point for C and δ ∈ R.” Morris and Muscettola [13] then recast
those reductions as the five constraint-propagation rules listed in Table 1.2 In the figure, the
pre-existing edges are drawn with solid arrows, while the generated edges are drawn with
dashed arrows.

2 The rules in Table 1 are presented in the form that allows instantaneous reaction. To disallow
instantaneous reaction, one need only change each occurrence of “w < 0” to “w ≤ 0”.
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The No Case rule is the same as the Relax rule from standard shortest-path algorithms [4].
The Lower Case rule generates new constraints that guard against the possibility that a
contingent link 〈A, `, u, C〉 might take on its minimum duration `. Similarly, the Upper
Case rule generates new constraints that guard against the possibility that a contingent
link might take on its maximum duration u. However, unlike the Lower Case rule, which
generates ordinary edges, the Upper Case rule generates upper-case edges that represent
conditional wait constraints. For example, the generated edge (X, [C :v − w], A) represents
the conditional constraint that X must wait at least (w − v) after A as long as C remains
unexecuted. The Cross Case rule generates constraints that guard against one contingent link
〈A, `, u, C〉 taking on its minimum duration `, while another contingent link 〈AK , `K , uK ,K〉
takes on its maximum duration uK . Like the Upper Case rule, it generates upper-case edges.
Finally, the Label Removal rule stipulates that in certain cases an upper-case edge has the
force of an unconditional constraint. Each of the rules in Table 1 has been proven to be
sound in the sense that if a valid and dynamic execution strategy σ satisfies the pre-existing
edge(s) in the rule, then it must necessarily also satisfy the edge generated by that rule.

An important property of the rules in Table 1 is that they are length-preserving (i.e.,
the length of the generated edge is the same as the length of the corresponding path/edge
from which it was derived). This property is exploited by the O(N5), O(N4) and O(N3)
DC-checking algorithms due to Morris and colleagues [13, 11, 12].

Each of the rules from Table 1 can be viewed as a path-transformation rule. For example,
suppose that a path P contains two consecutive edges E1 and E2 to which one of the first four
rules can be applied to generate a new edge E. If P ′ is the path obtained from P by replacing
the two edges E1 and E2 by the new edge E, then we say that P has been transformed
into P ′. Similarly, the Label Removal rule can be viewed as a path-transformation rule that
involves the replacement of just one edge.

Morris [11] provided a theoretical analysis of semi-reducible paths in STNU graphs that
underlies much of the important work on DC-checking algorithms. A semi-reducible path is
any path P that can be transformed into a path P ′ by any sequence of applications of the
rules from Table 1 such that P ′ contains only ordinary or upper-case edges. Morris proved
that an STNU is DC if and only if its graph has no semi-reducible negative loops (SRN loops).
(Note that a negative loop containing only ordinary or upper-case edges can be further
transformed by the Upper Case rule into a negative loop that contains only upper-case edges,
which represents an inherently unsatisfiable cycle of constraints.) Central to his analysis
was the process of “reducing away” lower-case edges – that is, performing a sequence of
transformations that eliminate lower-case edges from the path.

Morris’ O(N4) DC-checking algorithm searches for SRN loops by propagating forward
from each contingent time-point C, looking for opportunities to reduce away the lower-case
edge (A, [c :`], C). (The path used to reduce away a lower-case edge e is called an extension
sub-path for e. The path consisting of e followed by its extension sub-path is transformed
into an ordinary or upper-case edge using the rules from Table 1.) To enable a modified
use of Dijkstra’s algorithm [4] to guide these forward propagations from each contingent
time-point C, Morris’ algorithm uses Bellman-Ford to compute (and update) a potential
function for the OU-graph (i.e., the graph consisting of all ordinary and upper-case edges).
He proved that in any non-DC network there must be an SRN loop in which the extension
sub-paths used to reduce away lower-case edges are nested to a maximum depth of K,
where K is the number of contingent links in the network. Thus, his algorithm performs at
most K rounds, in each round doing forward propagations from each contingent time-point.
After each round of edge generation, Bellman-Ford is run again, effectively recomputing
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Table 2 The (non-length-preserving) General Unordered Reduction rule from Morris et al. [14].

Graphical Representation Applicability Condition

X A C
[C :−y] [c :`]

−`
−y < −`

the potential function to accommodate the newly generated edges. The overall complexity
is thus O(K((M +KN)N +N logN)) = O(MNK +K2N2 +KN logN) which, in dense
graphs, reduces to O(N4). Hunsberger [9] subsequently introduced two improvements to the
algorithm: (1) using a modified version of Dijkstra to compute a new potential function after
each forward-propagation processing of a contingent time-point; and (2) using a heuristic to
choose a “good” order in which to process the contingent time-points. These changes allowed
newly generated edges to be inserted more quickly, and allowed the algorithm to terminate
much earlier depending on the quality of the heuristic ordering. Empirically, the algorithm
would often behave like an O(N3) algorithm, but in the worst case it was still O(N4).

More recently, Morris [12] presented a new approach to searching for lower-case reducing
paths in an STNU graph: by propagating backward from negative edges. The intuition is that
each negative edge could serve as the final edge (called a moat edge) in a path used to reduce
away a lower-case edge. The advantages to this approach included that: (1) no potential
function need be computed because the backward propagation could focus on propagating
through only positive edges; and (2) the conflict between lower-case and upper-case edges
from the same contingent link (which are not allowed in the Cross Case rule) effectively
disappeared. As a result, at most N rounds of Dijkstra-like traversals are required, leading
to a worst-case complexity of O(N((M + N2) + N logN)) = O(N3), which stands as the
tightest upper bound on the complexity of the STNU-DC problem to date.

In contrast to all of the preceding algorithms, the algorithm presented in this paper,
called the RUL− algorithm: (1) focuses on reducing away upper-case edges; (2) uses a
lower-bound potential function to enable Dijkstra’s algorithm to guide the traversal of edges
in the LO-graph (i.e., the graph consisting of all lower-case and ordinary edges); (4) only
generates ordinary (i.e., unlabeled) edges; (5) includes a rule that is not length-preserving;
and (6) only generates edges that terminate at either contingent or activation time-points.
The RUL− algorithm uses one run of Bellman-Ford to initialize a potential function. It then
does at most 2K rounds of constraint propagation. After each round, it uses a Dijkstra-like
traversal to update the potential function for the next round. Thus, its overall complexity
is O(MN + K((M + KN) + N logN)) = O(MN + K2N + KN logN). Although in the
worst case this reduces to O(N3), in sparse graphs it can be much lower. For example, if
M = O(N logN) and K = O(

√
N), it reduces to O(N2 logN).

Notably, the one reduction from the earlier work that is not represented in Table 1 is the
General Unordered Reduction, shown in Table 2, which is not length-preserving. It stipulates
that, for a given contingent link 〈A, `, u, C〉, if X must wait at least y after A while C remains
unexecuted, where y > `, then in every situation, X must wait at least ` after A, since C
cannot execute before then. This rule will play an important role in this paper.
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Table 3 The edge-generation rules for the RUL− algorithm.

Rule Graphical representation Applicability Conditions

Relax− P Q R
v w

v + w
Q ∈ TX , w < uR − `R, R ∈ TC

Upper− P C A
v [C :−u]

max{v − u,−`} (none)

Lower− A C R
[c :`] w

` + w
C 6≡ R,w < uR − `R, R ∈ TC

2.3 The RUL− Edge-Generation Rules
The RUL− algorithm uses three rules: Relax−, Upper− and Lower−.3 As summarized in
Table 3, each rule takes two consecutive edges (S, x, T ) and (T, y, U) from the network and,
if certain conditions are satisfied, generates a new ordinary edge from S to U . Although the
rules have many similarities to rules from prior work [14, 13], they are distinguished in the
following important ways.

The RUL− rules only generate ordinary (i.e., unlabeled) edges; they never generate
lower-case or upper-case edges.
The Relax− and Lower− rules only generate edges terminating at contingent time-
points.
The value uR − `R, which represents the amount of uncertainty associated with the
contingent link 〈AR, `R, uR, R〉, plays an important role in the applicability conditions
for the Relax− and Lower− rules.

The Relax− rule is identical to the Relax rule from the literature on shortest-path
problems [4], except that it has very restrictive applicability conditions. The Relax− rule
takes two ordinary edges (P, v,Q) and (Q,w,R), and generates the ordinary edge (P, v+w,R).
It only applies if Q is non-contingent, R is contingent, and w < uR − `R.

The Upper− rule is a combination of the Upper Case and Label Removal rules from
Table 1, and the General Unordered Reduction rule from Table 2. It takes an ordinary edge
(P, v, C), where C is contingent, and the original upper-case edge (C, [C :−u], A) associated
with C, and generates the ordinary edge (P,m,A), where m = max{v − u,−`}. Note that
the Upper− rule is not length-preserving.

The Lower− rule is similar to the Lower Case rule from Table 1; however, its applicability
conditions are quite different. The Lower− rule takes a lower-case edge (A, [c :`], C) and an
ordinary edge (C,w,R), and generates the ordinary edge (A, ` + w,R). Unlike the Lower
Case rule, the Lower− rule only applies if R is a contingent time-point. For this reason, it
can be applied whenever w < uR − `R, whereas the Lower Case rule only applies if w < 0.

I Proposition 1. The Relax− rule from Table 3 is sound.

Proof. The Relax− rule is identical to the sound No Case rule from Table 1, except that it
has more restrictive applicability conditions. Thus, it too must be sound. J

3 The RUL− rules have the same form as the RUL+ rules developed in prior work [1], but their applicability
conditions are quite different. As a result, the RUL+ rules do not form the basis of an efficient DC-
checking algorithm, whereas the RUL− rules do. To avoid confusion, the RUL+ rules are not discussed
further in this paper.
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P C A
v [C :−u]

[C :v − u]

Figure 2 An upper-case edge generated during the proof of Prop. 2.

A

C R

AR

[c :`]

w

[R :−u R
][R :w − uR]

[R :` + w − uR]

Figure 3 Upper-case edges generated during the proof of Prop. 3.

I Proposition 2. The Upper− rule from Table 3 is sound.

Proof. The soundness of the Upper− rule is obtained from the soundness of the Upper
Case and Label Removal rules from Table 1, and the General Unordered Reduction rule from
Table 2. First, let (P, v, C) and (C, [C :−u], A) be the pre-existing edges in the Upper− rule,
as shown in Table 3. The Upper Case rule generates the upper-case edge (P, [C :v − u], A),
as illustrated in Fig. 2.
Case 1: v − u ≥ −` (i.e., m = v − u). In this case, the Label Removal rule applies, yield-

ing the unlabeled edge (P, v − u,A) (i.e., (P,m,A)).
Case 2: v − u < −` (i.e., m = −`). In this case, σ satisfying the upper-case edge (P, [C :

v − u], A) implies that in each situation ω, either P waits at least (u− v) after A or P
executes at or after C.4 Therefore, either [σ(ω)]P ≥ [σ(ω)]A + (u− v) > [σ(ω)]A + ` or
[σ(ω)]P > [σ(ω)]C ≥ [σ(ω)]A + `. As a result, in each situation ω, σ necessarily satisfies
[σ(ω)]P ≥ [σ(ω)]A + ` = [σ(ω)]A −m, represented by the edge (P,m,A). J

I Proposition 3. The Lower− rule from Table 3 is sound.

Proof. The soundness of the Lower− rule derives from the soundness of several of the rules
from Table 1, as follows. Let (A, [c :`], C) and (C,w,R) be the two pre-existing edges for the
Lower− rule, as shown in Table 3, where w < uR − `R and R is contingent.
Case 1: w < 0. Here, the Lower Case rule applies, yielding the desired edge.
Case 2: w ∈ [0, uR − `R). First, the Upper Case rule applied to the edges (C,w,R) and

(R, [R :−uR], AR) yields the upper-case edge (C, [R :w − uR], AR), as illustrated in Fig. 3.
And since w − uR < −`R < 0, the Cross Case rule can then be applied to yield the
upper-case edge (A, [R :`+ w − uR], AR), also shown in Fig. 3. Since σ is valid, it must
satisfy this generated upper-case edge. Therefore, in each situation ω, either A executes
at least (−`−w + uR) after AR; or A executes at or after R. Hence, one of the following
holds:

(1) [σ(ω)]A ≥ [σ(ω)]AR − `− w + uR; or
(2) [σ(ω)]A ≥ [σ(ω)]R.
For (1), it follows that [σ(ω)]R − [σ(ω)]A ≤ [σ(ω)]R − [σ(ω)]AR + `+w − uR. And, since
the semantics of contingent links ensures that [σ(ω)]R − [σ(ω)]AR ≤ uR, it follows that
[σ(ω)]R−[σ(ω)]AR +`+w−uR ≤ uR+`+w−uR = `+w. For (2), [σ(ω)]R−[σ(ω)]A ≤ 0 <
`+ w, since ` > 0 and w ≥ 0. Thus, in either case, σ satisfies the edge (A, `+ w,R). J

4 The semantics of satisfying a generated upper-case edge is detailed by Hunsberger [8].
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I Theorem 1 (Completeness of the RUL− rules). Let S be any STNU; let G be the graph for
S (prior to any application of the RUL− rules); and let G∗ be the closure of G under the
RUL− rules. If the LO-graph for G∗ has no negative loops (i.e., is consistent when viewed as
an STN, ignoring the alphabetic labels on its lower-case edges), then S must be DC.

Proof. Let S be any STNU with graph G prior to any application of the RUL− rules. Suppose
that S is not DC. By Morris [11], G must contain a semi-reducible negative loop π that is
breach-free (i.e., if (A, [c :`], C) is a lower-case edge in π, and P is the extension sub-path in π
that is used to “reduce away” that lower-case edge, then P does not contain any occurrence of
the corresponding upper-case edge (C, [C :−u], A)). By a similar argument, it can be shown
that no loss of generality results from assuming that the extension sub-path of any lower-case
edge (A, [c :`], C) in π does not include any occurrence of the contingent time-point C.

First note that if π contains no upper-case edges, then π is in the LO-graph, contradicting
that the LO-graph has no negative loops. Thus, π must have one or more upper-case edges.

In what follows, let Upper† denote the restriction of the Upper− rule to the case where
v ≥ u− ` (i.e., the length-preserving case). And let RUL† denote the set of rules {Relax−,
Lower−, Upper† }. Note that the RUL† rules are length-preserving. The following shall
focus on the use of the RUL† rules to reduce away all of the upper-case edges in (a suitably
transformed) π. However, in certain exceptional cases, the non-length-preserving case of the
Upper− rule will be applied.

⇒ This proof is supported by Morris’ analysis of semi-reducible paths in which each
lower-case edge is followed by an extension sub-path that can be used to reduce it away
by applying the rules from Table 1. In contrast, the RUL− algorithm uses the rules
from Table 3 to reduce away upper-case edges. The proof uses the properties of semi-
reducible paths to confirm that applying the RUL− algorithm to the semi-reducible path
π necessarily leads to a “Non-DC” conclusion.

Suppose that E is some upper-case edge (C, [C :−u], A) in π that cannot be reduced away
by the RUL† rules. Consider back-propagating from C using the Relax− and Lower−
rules. If this process ever results in an edge (T, s, C), where s ≥ u− `, then that edge could
be used to reduce away E via the Upper† rule, since s− u ≥ −`. To prevent this, one of the
following must happen:
(1) The lower-case edge (A, [c :`], C) for the same contingent link is encountered, resulting in

a path of the form, (A, [c :`], C, . . . , C, [C :−u], A). Now, given that the original path π
was breach-free, the sub-path used to reduce away the lower-case edge (A, [c :`], C) must
be a proper prefix of the path from C to C; and it must have negative length. Thus, the
path must have the form (A, [c :`], C, . . . , X,w,C, [C :−u], A), where the path from C to
X has some length δ < 0, and where w < u− `, since back-propagation continued from
C back to X and beyond. In this case, since w− u < −`, the non-length-preserving case
of the Upper− rule generates the edge (X,−`, A). But then the loop from A to A has
length `+ δ − ` = δ < 0. Since this loop consists only of ordinary and lower-case edges,
it contradicts the hypothesis that the LO-graph has no negative loops.

(2) A two-edge path (X, r, P, v, C) is encountered, where P is contingent, but (X, r, P ) is
an ordinary edge, and v < u− `. (This blocks the Relax− rule since P is contingent,
and blocks the Lower− rule since (X, r, P ) is ordinary.) In this case, insert the
path (P, [P :−uP ], Ap, [p :`p], P ). Then use the Lower− rule to generate the edge
(Ap, `P + v, C), as shown in Fig. 4. Now, if `P + v ≥ u− `, then E can be reduced away.
If not, then further back-propagation is blocked by the upper-case edge (P, [P :−uP ], AP ).
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Figure 4 Inserting labeled edges into the path π in Case 2 of the proof of Theorem 1.

C1 A1 C A
[C1 :−u1] s < u− ` [C :−u]

−`
E1

E

Figure 5 An upper-case edge E1 blocking the reducing-away of another upper-case edge E.

In view of the above analysis, the only way that the back-propagation could fail to reduce
away the upper-case edge E in π is if it is blocked by some upper-case edge E1, as illustrated
in Fig. 5. The upper-case edge E1 could be one that was originally in π, or one that was
added in Case (2) above, where `p + v < u − `. In either case, note that the non-length-
preserving case of the Upper− rule can be used to generate a negative edge from E1’s
activation time-point A1 to E’s activation time-point A, as illustrated in the figure. Thus, if
the recursive processing of successive upper-case edges ever encounters a repeat, it would
signal a negative loop in the LO-graph, contradicting the hypothesis.

As a result, the recursive processing of some upper-case edge Ei must not be blocked
(i.e., Ei can be reduced away) which implies that the processing of the preceding upper-case
edge Ei−1 can resume. Continuing in this way, either Ei or one of its successor upper-case
edges in π must be unblocked (i.e., can be reduced away), and so on, until all upper-case
edges have been reduced away from π. Since the reducing away of upper-case edges only
uses the length-preserving Upper† rule, the transformed π (now in the LO-graph) still has
negative length and, thus, contradicts the hypothesis that the LO-graph is consistent. (The
non-length-preserving case of the Upper− rule was used only to signal inconsistencies that
terminated the recursion; it was not used in cases where the recursion continued.)

Finally, note that when inserting the upper-case edge (P, [P :−uP ], AP ) in Case (2) above,
it was assumed that the process of reducing away that upper-case edge could not affect the
semi-reducibility of π. That is true, but it must be proven, as follows. First, since P was
already in π, and P cannot appear in the extension sub-path PP used to reduce away the
lower-case edge (AP , [p :`P ], P ), it follows that introducing the upper-case edge for P into
π cannot cause a breach for the lower-case edge for P . Next, suppose that introducing the
upper-case edge for P , and subsequently reducing it away, consumed the moat edge in the
extension sub-path PQ used to reduce away the lower-case edge (AQ, [q :`Q], Q), as illustrated
in Fig. 6. Since all proper prefixes of the extension sub-path PQ must have non-negative
length (otherwise they could be used to reduce away the lower-case edge), a ≥ 0 and a+b ≥ 0.
However, the entire extension sub-path must have negative length; thus, a+ b+ c < 0, which
implies that c < −a− b ≤ 0. Now, c < 0 implies that c+ v < v < uP − `P ; hence the path
used to reduce away the upper-case edge extends backward, beyond X, to some W . Thus,
b+ c+ v ≥ uP − `P (to enable the use of the Upper† rule). But then:

uP − `P ≤ b+ c+ v < b+ (−a− b) + v = −a+ v ≤ v < uP − `P

which is a contradiction. Thus, our assumption that inserting the upper-case edge involving
P caused the path π to become non-semi-reducible was wrong. J
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AQ Q W X Y P AP
[q :`Q] a b c v < uP − `P [P :−uP ]

extension sub-path PQ

moat edge

path used to “reduce away” upper-case edge (P, [P :−uP ], AP )

Figure 6 A path discussed in the proof of Theorem 1, where a+ b+c < 0 and b+c+v ≥ uP − `P .
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(b) New edges terminating at R
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•
•

•
••

(c) ApplyUpper

Figure 7 Reducing away an upper-case edge (R, [R :−uR], AR) with the RUL− algorithm.

3 The RUL− DC-checking Algorithm

This section presents the main contribution of the paper: the RUL− DC-checking algorithm
for STNUs. When applied to a given semi-reducible negative loop, the algorithm essentially
follows the structure of the proof of Theorem 1. Of course, it is not generally given a semi-
reducible negative loop in advance; therefore, it effectively carries out its back-propagation
along all potential paths in parallel.

The pseudo-code for the RUL− DC-checking algorithm is given in Algorithm 1, where it is
called DC-Check. The constraint-propagation functions, CloseRelaxLower, ApplyRe-
laxLower and ApplyUpper, that are used by DC-Check are collected in Algorithm 2.
And the InitPotential, UpdatePotential and NegativeCycle functions, used to
initialize, update, and verify the consistency of a potential function h for the LO-graph
Eo ∪ E` are collected in Algorithm 3.

The input to the DC-Check function is an STNU graph G. The algorithm focuses on
reducing away each upper-case edge (R, [R :−uR], AR), as illustrated in Fig. 7. First, it uses
the CloseRelaxLower and ApplyRelaxLower functions to propagate backward from
the contingent time-point R along edges in the LO-graph Eo ∪E` (Fig. 7a) and then generate
new edges terminating at R using the Relax− and Lower− rules (Fig. 7b). Then for every
edge terminating at R, the ApplyUpper function uses the Upper− rule to generate new
edges terminating at the activation time-point AR (Fig. 7c), effectively providing all ways of
reducing away the upper-case edge (R, [R :−uR], AR).5

If the backward propagation from R is ever blocked by another upper-case edge E1, the
algorithm suspends processing of R and recursively begins to process E1. Similarly, the
processing of E1 could subsequently be blocked by other upper-case edges, which would
require suspending the processing of E1, and so on. At each stage, the processing of an
upper-case edge is only resumed when all of the blocking upper-case edges have been fully
processed. As in the proof of Theorem 1, if the algorithm ever recursively encounters the
same upper-case edge twice, it immediately terminates with a false (i.e., “Non-DC”) answer.

5 The algorithm could postpone using the non-length-preserving case of the Upper− rule until all other
propagations were done, but it is more convenient to apply both cases of RUL− when the opportunity
arises.

TIME 2018



8:12 Faster DC Checking for STNUs

Algorithm 1: DC-Check, the RUL− DC-checking algorithm.
Input: G . An STNU graph
Output: 〈True,G〉, if DC; False, otherwise . Side Effect: Modifies G

1 h←− InitPotential (G)
2 if NegativeCycle (G, h) then return False
3 R ←− TC

4 S ←− new empty stack
5 push Z onto S
6 while S is not empty do
7 R←− top of S . Do not pop from stack
8 G ←− CloseRelaxLower (G, h,R)
9 G ←− ApplyUpper (G, R)

10 h←− UpdatePotential (G, h, AR)
11 if NegativeCycle (G, h) then return False
12 if ∃R′ ∈ R such that wAR′ R < uR − `R then
13 if R′ ∈ S then return False
14 else push R′ onto S
15 else
16 R ←− R \ {R}
17 pop R from top of S
18 if R is non-empty and S is empty then
19 push top element of R onto S . But keep it in R

20 return 〈True,G〉

But if it successfully completes the processing of all K upper-case edges without encountering
a negative loop in the LO-graph, it terminates with a true (i.e., “DC”) answer.

To efficiently perform the back-propgation processes, the algorithm uses a potential
function h for the LO-graph. (The LO-graph can be viewed as an STN by ignoring any
alphabetic labels on its lower-case edges.) The InitPotential function uses the Single Sink
version of Bellman-Ford to create a potential function that specifies a lower bound for each
time-point in the network. In particular, if d(X) is the distance from X to some arbitrary
sink node, then h(X) = −d(X) specifies a lower bound for X. If the LO-graph has no
negative cycles, then the potential function provides a solution to the LO-graph, as an STN.
The potential function h is then used, as in Johnson’s algorithm [4], to transform the weight
δ of each edge (X, δ, Y ) into a non-negative value, h(X) + δ− h(Y ) = −d(X) + δ+ d(Y ) ≥ 0,
thereby enabling Dijkstra’s algorithm to be used to guide the back-propagation from each
contingent time-point R in the CloseRelaxLower function. Afterward, the ApplyUpper
function is used to generate new edges terminating at the activation time-point AR. Since
these edges are derived from an upper-case edge, but the potential function is based on the
LO-graph, the potential function must be updated to accommodate those new edges. The
UpdatePotential function handles this chore using a modified version of Dijkstra that
allows negative edges as long as they all have the same destination – in this case, they all
terminate at AR.

After updating the potential function, the main algorithm checks whether there is an
upper-case edge (C ′, [C ′ :−u′], A′) that has not yet been processed for which there is an
edge (A′, s, R) for which s < uR − `R, which would block further back-propagation from
R. (It may help to recall Fig. 5, substituting R for C, and s < uR − `R for v < u− `.) If
so, it recursively processes that upper-case edge. Once that process completes, it checks
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Algorithm 2: Constraint-propagation functions for DC-Check algorithm.
1 function CloseRelaxLower (G, an STNU graph; h, a potential function; R ∈ TC):

Pre: h(P ) ≥ h(Q)− w for each (P,w,Q) ∈ Eo ∪ E`

Post: All new edges (P, v,R) that can be generated by Relax− and Lower−
have been added to Eo

2 Q ←− new priority queue
3 foreach (Q, x,R) ∈ Eo ∪ E` do insert Q into Q with priority h(Q) + x

4 while Q is not empty do
5 Q←− pop min priority node from Q
6 foreach (P, v,R) ∈ ApplyRelaxLower (G, Q,R) do
7 if v < wP R then insert edge (P, v,R) into Eo

8 wP R ←− min{wP R, v}
9 if P ∈ Q then decrease priority of P to h(P ) + wP R

10 else insert P into Q with priority h(P ) + wP R

11 return G
12 function ApplyRelaxLower (G, an STNU graph; Q ∈ T ; R ∈ TC):

Output: The set of all edges (P,w,R) obtained by applying Relax− or
Lower− to the path (P,wP Q, Q,wQR, R) in Eo ∪ E`

13 if wQR ≥ uR − `R then return ∅ . Relax− and Lower− do not apply
14 else if Q ∈ TC then return (AQ, `Q + wQR, R) . Apply

Lower−
15 else return {(P,wP Q + wQR, R)}(P,wP Q,Q)∈Eo∪E`,P∈T \{R} . Apply

Relax−

16 function ApplyUpper (G, an STNU graph; R ∈ TC):
Output: All new edges (P,w,AR) obtained by applying Upper− to paths

(P, v,R, [R :−uR], AR) in Eo ∪ E` have been added to Eo

17 foreach (P, v,R) ∈ Eo do
18 if v < uR − `R then wP AR ←− min{wP AR ,−`R}
19 else wP AR ←− min{wP AR , v − uR}
20 insert edge (P,wP AR , AR) into Eo

21 return G

whether there are any other as-yet-unprocessed upper-case edges that meet that criterion. If
so, it processes each one of them in turn. Once all such upper-case edges are successfully
processed, the algorithm processes R again, from scratch, and then moves to process any
other as-yet-unprocessed upper-case edges (even though they may not be blocking for R) until
all such edges have been processed. By maintaining separate stacks, R and S, respectively,
of contingent time-points that have not yet been processed, and those whose processing is in
progress, the algorithm is guaranteed to perform at most 2K rounds. (Each round terminates
by pushing a time-point R′ ∈ R onto S, or removing a time-point R from both R and S.
Since no time-point is ever pushed onto S or popped off of S more than once, it follows that
at most 2K rounds can be performed.) If updating the potential function ever fails, then
the algorithm immediately returns false (i.e., “Non-DC”). If the algorithm ever recursively
encounters the same upper-case edge twice, it immediately returns “Non-DC”. If none of
those things happen then, after at most 2K rounds, the algorithm returns true (i.e., “DC”).
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Algorithm 3: Functions to initialize/update/verify lower-bound potential function.
1 function InitPotential (G, an STNU graph):

Post: h(P ) ≥ h(Q)− w for each (P,w,Q) ∈ Eo ∪ E`, unless graph has neg. cycle
. N − 1 rounds of Bellman-Ford, where N = |T |

2 foreach P ∈ T do h(P )←− 0
3 for i = 1 to N − 1 do
4 foreach edge (P,w,Q) ∈ Eo ∪ E` do
5 h(P )←− max{h(P ), h(Q)− w} . (i.e.,

d(P )←− min{d(P ), d(Q) + w})

6 return h

7 function NegativeCycle (G, an STNU graph; h, a potential function for G):
Output: True if Eo ∪ E` has a negative cycle; False otherwise
. Last round of Bellman-Ford

8 foreach edge (P,w,Q) ∈ Eo ∪ E` do
9 if h(P ) < h(Q)− w then return True

10 return False
11 function UpdatePotential (G, STNU graph; h, potential function for G; A ∈ T ):

Pre: h(P ) ≥ h(Q)− w for each (P,w,Q) ∈ Eo ∪ E` where Q 6= A

Post: h′(P ) ≥ h′(Q)− w for each (P,w,Q) ∈ Eo ∪ E` unless graph has a neg.
cycle

12 h′ ←− h
13 Q ←− new priority queue

. Priority of each time-point = amount its lower-bound changes
14 insert A into Q with priority 0
15 while Q is not empty do
16 Q←− extract min. priority node from Q
17 foreach (P,w,Q) ∈ Eo ∪ E` do
18 if h′(P ) < h′(Q)− w (i.e., d(P ) > d(Q) + w) then
19 h′(P )←− h′(Q)− w (i.e., d(P )←− d(Q) + w)
20 if P ∈ Q then decrease priority of P in Q to h(P )− h′(P )
21 else insert P into Q with priority h(P )− h′(P )

22 return h′

I Corollary 1. The RUL− algorithm is sound and complete for the STNU-DC problem.

Proof. The RUL− rules are sound by Propositions 1–3. And if an STNU graph G has a
semi-reducible negative loop, then by the proof of Theorem 1, the RUL− algorithm will
return “Non-DC”. J

4 Conclusion

This paper introduced a new algorithm, called the RUL− algorithm, for solving the DC-
checking problem for STNUs. The algorithm, which is proven to be sound and complete, uses
three constraint-propagation rules, Relax−, Lower− and Upper−, that differ from other
approaches in that they generate only ordinary edges, and they focus on generating edges
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that terminate either in contingent or activation time-points. As a result, the algorithm
performs at most 2K rounds. Since each round generates at most N new edges, the algorithm
generates at most 2KN new edges overall. The constraint propagation in each round is
guided by Dijkstra’s algorithm, using a lower-bound potential function (as in Johnson’s
algorithm). Each round of edge generation is interleaved with another run of Dijkstra
to update the lower-bound potential function to accommodate the new edges. Thus, the
complexity of each round is O((M + KN) + N logN); and the overall complexity of the
RUL− algorithm is O(MN +K2N +KN logN), where the O(MN) term arises from the
use of Bellman-Ford to initialize the potential function. For sparse networks, this upper
bound on the complexity of the STNU-DC problem is tighter than the previous best-known
bound of O(N3). Future work will focus on experimentally evaluating the RUL− algorithm
and Morris’ O(N3) algorithm to see whether further enhancements might be found.
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Abstract
The proper handling of temporal constraints is crucial in many domains. As a particular challenge,
temporal constraints must be also handled when different specific situations happen (conditional
constraints) and when some event occurrences can be only observed at run time (contingent
constraints). In this paper we introduce Conditional Simple Temporal Networks with Partially
Shrinkable Uncertainty (CSTNPSUs), in which contingent constraints are made more flexible
(guarded constraints) and they are also specified as conditional constraints. It turns out that
guarded constraints require the ability to reason on both kinds of constraints in a seamless
way. In particular, we discuss CSTNPSU features through a motivating example and, then,
we introduce the concept of controllability for such networks and the related sound checking
algorithm.
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1 Introduction

Temporal constraint networks have been adopted in different research areas for reasoning
on temporal requirements. Among such areas, we mention here planning and scheduling
[1, 19, 24], business process [7, 14, 18] and healthcare informatics [4][5].
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Recently, a new temporal constraint model, called Simple Temporal Network with Partially
Shrinkable Uncertainty (STNPSU), was proposed for the analysis of modular temporal
business processes [17]. It introduces a new type of constraint, called guarded constraint,
and allows the representation of temporal features of business sub-processes as guarded
constraints. A guarded constraint is a contingent constraint that is partially under control of
the executing agent (i.e., it may be shrunk to a core).

STNPSU lacks of an important feature, especially in the business process domain: the
possibility of expressing conditional (possibly guarded) constraints. To the best of our
knowledge, the issue of representing conditional constraints and guarded constraints in the
same model has not been considered in the literature to date.

Contributions. The novelty of this paper, therefore, is that it focuses on the representation
of and reasoning on both conditional constraints and guarded ones. In particular, we
introduce Conditional Simple Temporal Networks with Partially Shrinkable Uncertainty
(CSTNPSUs), in which all constraints (guarded included) may be specified with respect to
particular contexts. At first glance, conditional constraints and guarded ones seem to be
orthogonal features that may be managed in an independent way. When taking a closer
view on them, however, it turns out that conditional constraints in combination with the
guarded ones require the ability to reason on both constraints in a seamless way, because,
for example, reasoning techniques for guarded constraints are no longer applicable. Then,
we focus on the dynamic controllability (DC) of the proposed model introducing a new DC
checking algorithm. In general, DC corresponds to the capability of an executing agent to
dynamically execute a network for all allowed occurrences of all guarded events, while still
satisfying all temporal constraints in all possible situations (which are revealed at run time
in incremental way); i.e., DC ensures that it is possible to assign a timestamp to each node
of a network without any need to modify any guarded core to be able to satisfy anyone of
the other temporal constraints in any occurring situation.

Structure of the paper. The rest of the paper is organized as follows. Section 2 provides
the fundamentals of Conditional Simple Temporal Problem with Uncertainty (CSTNU)
and checking related dynamic controllability. Moreover, we introduce here the motivating
example we use throughout the paper. Section 3 provides the definition of the new model
Conditional Simple Temporal Networks with Partially Shrinkable Uncertainty. Then, it
presents the concept of dynamic controllability and how it can be checked reducing the
problem to the CSTNU controllability check. Finally, we propose an improved controllability
check algorithm by extending a recently proposed sound-and-complete algorithm for CSTNU
to deal with the introduced guarded constraints. Section 5 gives some concluding remarks
and outlines some future work.

2 Background and Related Work

Given a set P of propositional letters, a label ` is any conjunction of literals, where a literal is
either a propositional letter p ∈ P or its negation ¬p. The empty label is denoted by �. The
label universe of P, denoted by P∗, is the set of all labels whose literals are drawn from P.
Two labels `1, `2 ∈ P∗ are consistent if and only if their conjunction `1 ∧ `2 is satisfiable and
a consistent label `1 entails a consistent label `2 (written `1 ⇒ `2) if and only if all literals
in `2 appear in `1 too.
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(a) A CSTNU instance.
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(b) Distance graph of CSTNU in Figure 1a.

Time-point Meaning
Z Begin First Blood Test
P End First Blood Test

P ? Check Blood Test (generates truth value for p; p = > indicates positive reaction)
R Begin Second Blood Test
Q End Second Blood Test

Q? Check again Blood Test (only applicable if p = >; generates truth value for q;
q = > indicates positive reaction)

E Do Emergency Procedure (only applicable if p = q = >)
F End Emergency Procedure (only applicable if p = q = >)
Ω End

Constraints are shown as single arrows, whereas contingent links as double ones. Each single-arrow edge
between X and Y is decorated by a range [l, u] and label ` corresponding to constraint (l ≤ Y −X ≤ u, `).
Each double-arrow edge between A and C is decorated by a range [x, y] corresponding to constraint (A, x, y, C).
Each time-point has a label ` ∈ P∗ representing the scenario in which it is present.

Figure 1 Example of CSTNU.

In this section, we recall the definition of Conditional Simple Temporal Network with
Uncertainty [12] and some basic properties presented in [13] that must hold also in such
networks.

I Definition 1 (Conditional Simple Temporal Network with Uncertainty). A Conditional Simple
Temporal Network with Uncertainty (CSTNU ) is a tuple (T ,OT ,P, L,O, C,L), where:
T = {X,Y, . . . } is a finite set of time-points (i.e., variables with continuous domain).
OT ⊆ T is a set of observation time-points.
P = {p, q, . . . } is a finite set of propositional letters.
L : T → P∗ is a function assigning a label to each time-point X ∈ T .
O : P → OT is a bijection associating a unique observation time-point to each proposi-
tional letter.
C is a set of (labeled) constraints each one having the form (l ≤ Y −X ≤ u, `), where
X,Y ∈ T , l, u ∈ R with l ≤ u and ` ∈ P∗.
L is a set of contingent links each having the form (A, x, y, C), where A ∈ T and
C ∈ T \ OT are different time-points (written A 6≡ C), 0 < x < y < ∞, L(A) = L(C).
For any pair (A1, x1, y1, C1), (A2, x2, y2, C2) ∈ L with A1 6≡ A2 it holds C1 6≡ C2.

TIME 2018



9:4 Extending CSTN with Partially Shrinkable Uncertainty

For each constraint (l ≤ Y −X ≤ u, `) ∈ C, `⇒ L(Y )∧L(X) (constraint label coherence).
For each literal p or ¬p appearing in `, `⇒ L(O(p)) (constraint label honesty).
For each X ∈ T , if literal p or ¬p appears in L(X), then L(X)⇒ L(O(p)), and O(p) has
to occur before X, i.e., (ε ≤ X −O(p) ≤ +∞, L(X)) ∈ C for some ε > 0 (time-point label
honesty).

For any contingent link (A, x, y, C), A is called activation time-point whereas C is called
contingent time-point. Once A is executed, C is only observed to occur. However, C is
guaranteed to execute such that C −A ∈ [x, y]. Moreover, a contingent link has an implicit
label given by the label ` = L(A) = L(C).

Figure 1a gives an example of CSTNU representing a temporal plan in a healthcare setting
with minutes as a temporal granularity. The CSTNU is shown in its graphical form where
nodes represent time-points, single-line directed edges represent constraints, and double-line
directed edges represent contingent links. It starts with the execution of Z, which is usually
assumed to be the first time-point to be executed, and ends with the execution of Ω, which
is usually assumed to be the last time-point to be executed. For example, time-point P?
represents the time at which a particular blood test is checked. This test generates a truth
value for the propositional letter p, where p = > indicates that the patient tested positive.
In this example, if the test generates a positive result, then the test is repeated at time-point
R and ends at time-point Q; then, at time-point Q? the truth value for the propositional
letter q is set. Since the time-points R, Q, and Q? apply only in scenarios where p = >,
they are labeled by p. Similarly, the edge from P? to R is labeled by p. It represents the
constraint, R − P? ∈ [15, 20] (i.e., the second test must be performed between 15 and 20
minutes after the first one). Finally, note that the constraints from Q? to E, and from E to
Ω are labeled by pq, indicating that they apply only in scenarios where both p and q are >.
The three contingent links represent the execution of the first blood test, the second one,
and the emergency procedure, respectively. Constraints and time-points labeled by � are
always taken into consideration. Constraint (7 ≤ Ω − Z ≤ 60,�) represents a constraint
for the overall execution time of the network. It is worth noting that the couple P and P?
represents two time-points executed at the same time but in the given order. The first one,
P , refers to the end of blood test, while the second one refers to observing the blood test
result (the same for couple Q and Q?) They must be different, according to CSTNU model.

In general, by executing a non-contingent time-point we mean to assign a real value to it,
while a contingent time-point is executed when the “environment” sets a real value to it.

The truth values of propositions and the duration of contingent links in a CSTNU are not
known in advance. Instead, they are incrementally revealed over time as the corresponding
observation/contingent time-points are executed, respectively. A dynamic execution strategy
for executing the time-points in a CSTNU is defined in a way that it can react to observations
and contingent time-points as time passes (after an ε > 0 reaction time). A viable and
dynamic execution strategy for a CSTNU is a strategy that guarantees that all relevant
constraints will be satisfied no matter which truth values for propositions and durations for
contingent links are incrementally revealed over time. A CSTNU with such a strategy is
called dynamically controllable (DC). The problem of checking the dynamic controllability
(DC-checking problem) consists of verifying, at design time, whether a CSTNU is DC.

In [2], authors showed that the problem of checking the dynamic consistency of conditional
simple temporal networks (CSTNs) is PSPACE-complete. It is straightforward to show that
a CSTN is a special case of a CSTNU: it is a network where there is no contingent links.
Therefore, the CSTNU DC-checking problem is PSPACE-hard.

Nevertheless, in literature there are some proposals to solve the DC-checking problem
using different algorithm techniques [2, 3, 6] and only one of them, presented in [6], results
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(a) A CSTNPSU extension of the CSTNU in Figure 1a.
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(b) Distance graph of CSTNPSU in Figure 2a.

Figure 2 A CSTNPSU and its distance graph.

to be applicable to real world problems as shown in [5, 15, 19]. It determines all possible
constraints from the initial ones using a suitable set of constraint propagation rules, while
verifying their satisfiability. Recently, a new sound-and-complete algorithm for CSTNUs DC
checking has been proposed in [10], where the authors extend and merge the algorithms
proposed in [5] and [13] using a new technique and show its practical applicability.

3 Conditional Simple Temporal Networks with Partially Shrinkable
Uncertainty

In some real-world contexts, contingent links seem to be not flexible enough to represent task
durations. Indeed, it may be that in some cases task duration constraints can be slightly
modified during the execution of a complex plan. For example, the duration range [1, 5] of
blood tests in the CSTNU in Figure 1a could be made more flexible by saying that it can
be reduced to [1, 4] if needed. In other contexts it could be that also the lower bound of
a contingent link can be modified, e.g., range [2, 4] for blood test could be less expensive
because it requires different devices.

In [16] and [17] the authors addressed this issue in the context of STNUs (and related
business process modeling). A STNU is a simplified version of a CSTNU without condi-
tions [21]. In this section we extend such approach by introducing a new proposal of temporal
constraint networks, named Conditional Simple Temporal Networks with Partially Shrinkable
Uncertainty (CSTNPSU).

Conditional Simple Temporal Networks with Partially Shrinkable Uncertainty is an
extension of CSTNU where contingent links are generalized to guarded links. Each guarded
link has the form, (A, [x, x′], [y′, y], C), where A is the activation time-point, and C is the
contingent one, and 0 < x < y < ∞, x ≤ x′, x′ < y′, y′ ≤ y. Once A is executed, C is
guaranteed to execute such that C −A ∈ [x, y]. However, bounds x and y can be modified
before executing A with the limitations specified by the two guards x′ and y′, i.e., x can
be incremented up to x′, while y can be reduced down to y′. The range [x′, y′] ⊆ [x, y]
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9:6 Extending CSTN with Partially Shrinkable Uncertainty

of a guarded link represents its unshrinkable range, named guarded core. Moreover, if
x = x′ ∧ y = y′ hold, the guarded link is equivalent to a contingent link of CSTNU.

I Definition 2 (CSTNPSU). A Conditional Simple Temporal Networks with Partially Shrink-
able Uncertainty (CSTNPSU) is a tuple (T ,OT ,P, L,O, C,G), where T ,OT ,P, L,O, C are
the same as in CSTNU definition and have the properties specified in Theorem 1. G is a set
of guarded links each having the form (A, [x, x′], [y′, y], C), where A and C are time-points,
x, y ∈ R, 0 < x ≤ x′ < y′ ≤ y <∞, L(A) = L(C).

Figure 2a shows an extension of the example introduced in Section 2. Previous contingent
links have been replaced by guarded links. In particular, both contingent links (R, 1, 5, Q)
and (Z, 1, 5, P ) were replaced by the guarded links (R, [1, 2], [4, 5], Q) and (Z, [1, 2], [4, 5], P ),
respectively, representing the fact that blood tests do not need to have [1, 5] as contingent
range but the less demanding [2, 4] if it is required during the execution. Contingent link (E,
5, 30, F ) was replaced by the guarded link (E, [5, 5], [30, 30], F ) meaning that, in this case, the
guarded link is identical to the original contingent one: such constraint cannot be partially
shrunk.

3.1 Dynamic Controllability of CSTNPSU
Informally, a CSTNPSU is dynamically controllable if there exists a strategy for executing
the time-points in the network such that all constraints are guaranteed to be satisfied no
matter how the durations of the guarded links turn out, and no matter how the observations
of the various propositions turn out, in real time – paying attention to the fact that in
any given scenario, only the time-points whose labels are true in that scenario need to be
executed, and only the constraints whose labels are meaningful in that scenario need to be
satisfied.

In order to verify whether a CSTNPSU is dynamically controllable it is possible to
consider the CSTNU corresponding to the CSTNPSU where all guarded links have been
restricted to their core.

I Definition 3 (Core Situations). Let S = (T ,OT ,P, L,O, C,G) be a CSTNPSU. If G
contains k guarded links, (A1, [x1, x

′
1], [y′1, y1], C1), . . . , (Ak, [xk, x

′
k], [y′k, yk], Ck), then ΩS =

[x′1, y′1]× . . .× [x′k, y′k] is called the space of core situations for S. Any ω = (d1, . . . dk) ∈ ΩS
is called a core situation.

Given the space of core situations ΩS of a CSTNPSU S, a projection of S onto a CSTNU
can be obtained as follows: each guarded link in G is replaced by a contingent link with the
range specified in ΩS .

IDefinition 4 (Core CSTNU of a CSTNPSU). Let S = (T ,OT ,P, L,O, C,G) be a CSTNPSU.
The core CSTNU of S onto its space of core situations ΩS corresponds to a CSTNU
(T ,OT ,P, L,O, C,L) where:

L = {(Ai, x
′
i, y
′
i, Ci) | 1 ≤ i ≤ k, [x′i, y′i] is the i-th component of ΩS}

Finally, this leads us to the dynamic controllability of an CSTNPSU. We provide a form-
alization of the dynamic controllability of an CSTNPSU based on the dynamic controllability
of a CSTNU. We choose this approach since the formalization of dynamic controllability of
CSTNU is robust and verified in literature [6][10][11][12].

I Theorem 5 (Dynamic Controllability of CSTNPSU). A CSTNPSU S = (T ,OT ,P, L,O, C,G)
is dynamically controllable (DC) if its core CSTNU is dynamically controllable.
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Proof. ⇒ It is a matter of definitions to show that, if the core CSTNU is DC, then S is DC
as well. Indeed, it is always possible to restrict S to its core situations, and for each core
situation of S, a viable dynamic execution strategy (DES) for the core CSTNU, is also a
viable DES for S.
⇐ If the core CSTNU is not DC, at least one core situation ω exists for which no DES exists.
Hence, S is not DC either. J

To check the controllability of a CSTNPSU, we proceed in two steps:
1. we consider the sound-and-complete CSTNU DC checking algorithm proposed in [10];
2. we extend such algorithm for directly checking the controllability of CSTNPSUs obtaining

also minimized constraint networks.

3.2 An improved CSTNU DC checking algorithm
Before introducing the algorithm, it is necessary to consider the CSTNU representation by
distance graphs. In [10], the authors showed that, for the DC checking task, it is possible
to consider a streamlined representation of distance graphs where nodes are not labeled,
i.e., labels are present only on constraints1. A distance graph D = (T , E) of a CSTNU
(T ,OT ,P, L,O, C,L) is a graph having the same set of nodes and edges derived from the
upper and lower bound constraints.

Each constraint (l ≤ Y − X ≤ u, `) ∈ C between a pair of time-points X and Y is
represented in the distance graph as two ordinary edges in E : X

〈u, `〉
Y , representing

constraint Y ≤ X + u, and X 〈−l, `〉
Y , for constraint Y ≥ X + l.

Moreover, for each contingent link (A, x, y, C) between a pair of time-points A and C, E
contains two other edges with special values, called lower and upper case values [20]. An
edge with a lower case value, A 〈c:x,�〉

C, represents the fact that C cannot be forced to
be executed at a time greater than x after A, i.e., it is not possible to add a constraint
A

〈−x′,�〉
C, x < x′ to the network. In turn, an edge with an upper case value, A 〈C:−y,�〉

C,
represents the fact that C cannot be forced to be executed at a time less than y after A, i.e.,
it is not possible to add a constraint A 〈y′,�〉

C, y′ < y to the network.
These two kinds of edges containing special values are fundamental for determining the

dynamic controllability of the network as explained in the following.
Figure 1b depicts the distance graph of CSTNU in Figure 1a. If multiple edges exist

between two nodes (e.g., an ordinary and an upper-case edge), for the sake of readability, we
draw only one arrow between the nodes and annotate it with the values of the respective
edges.

The DC checking algorithm, CSTNU-DC-Check, consists of deriving new constraints
(edges) through the application of propagation rules. Such technique narrows the search
space of possible partial solutions by creating equivalent yet more explicit networks. In such
equivalent networks, the search for a solution is more efficient. On the other hand, solving a
complete problem by inference often requires the addition of an exponential number of new
constraints [9].

Propagation rules for CSTNUs fall into two main groups. The first group extends the
edge-generation rules proposed in [20] for STNU DC checking algorithm to accommodate
labeled edges; the second group consists of label-modification rules that address interactions
involving observation nodes.

1 The notation of constraint values we use in this paper is slightly different from the one adopted in [10].
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9:8 Extending CSTN with Partially Shrinkable Uncertainty

Table 1 Edge-generation rules of CSTNU-DC-Check algorithm.

Rule Conditions Pre-existing and Generated Edges

rG1 u+ v < 0, αβ ∈ P∗ XYZ 〈ℵ:v, β〉 〈u, α〉

〈ℵ:u + v, αβ〉

rG2 x+ v < 0, C 6∈ ℵ, β ∈ P∗ ACZ 〈c:x,�〉〈ℵ:v, β〉

〈ℵ:x + v, β〉

rG3 −y + v < 0, β ∈ P∗ Z A C
〈C:−y,�〉〈ℵ:v, β〉

〈Cℵ:−y + v, β〉

rG4
m = max{v, w − x}, C 6∈ ℵℵ1,
β, γ ∈ Q∗ AZY C

〈c:x,�〉〈ℵ1:w, γ〉〈Cℵ:v, β〉
〈ℵℵ1:m,β?γ〉

rM1 w < 0, β ∈ Q∗, p̃ ∈ {p,¬p, ?p} P?Z 〈ℵ:w, βp̃〉
〈ℵ:w, β〉

rM2 w < 0, β, γ ∈ Q∗, p̃ ∈ {p,¬p, ?p} P?ZY
〈ℵ1:w, γ〉〈ℵ:v, βp̃〉

〈ℵℵ1:max{v, w}, β?γ〉

Z = 0; A,C,X, Y ∈ T ; C is contingent; P? ∈ OT ; each of ℵ and ℵ1 is a conjunction of one
or more upper-case names of contingent nodes, possibly empty.

The first group consists of four rules, rG1–rG4, depicted in Table 1. All rules only
generate ordinary or conjuncted upper-case edges (introduced below).

Each rule generates an edge whose label, e.g., αβ, is the conjunction of the labels of its
parent edges, e.g., α and β. If the resulting label is unsatisfiable (e.g., p¬p), then the new
edge is not generated (or kept). By ℵ we represent a, possibly empty, conjunction of one or
more upper-case names of contingent nodes.

When the generated edge contains a label having a non-empty ℵ, then it represents an
extension of wait constraints [21]. An edge labeled by a non-empty conjuncted upper-case
value, i.e., X 〈ℵ:w,�〉

Y , represents the following constraint2: as long any of contingent time-
points in ℵ remains unexecuted, Y must wait at least w units after the execution of X. If
any contingent time-point in ℵ is executed before w units after the execution of X, then the
constraint is not significant and, therefore, ignored.

Effectively, rule rG4 does not generate a new conjuncted upper-case value, but reduces
one already present removing a contingent name from it. Moreover, rG4 (as well as rM1 and
rM2) can handle also a new kind of labels, named q-labels, that indicate that a constraint
need only hold as long as the value of its special literals, named q-literals, are unknown [10].

More formally, q-literals and q-label can be introduced as the following definition.

I Definition 6 (Q-literals, q-labels). If p ∈ P, then ?p is a q-literal. A q-label is a (possibly
empty) conjunction of literals and/or q-literals. Q∗ denotes the set of all q-labels.
(For example, p(?q)¬r and (?q)(?r)t¬u are both q-labels.)

The ? operator extends ordinary label conjunction to q-labels. Intuitively, if constraint C1 is
labeled by p, and constraint C2 is labeled by ¬p, then both C1 and C2 must hold as long as
p is unknown, which is represented by p ? ¬p = ?p.

I Definition 7 (?). The operator, ? : Q∗ × Q∗ → Q?, is defined as follows. First, for any
p ∈ P , p ? p = p and ¬p ? ¬p = ¬p; otherwise, for any p1, p2 ∈ {p,¬p, ?p}, p1 ? p2 =?p. Next,
for any `1, `2 ∈ Q∗, `1 ? `2 ∈ Q∗ denotes the conjunction obtained by applying ? in pairwise
fashion to matching literals from `1 and `2, and conjoining any unmatched literals.
(For example, (p¬q(?r)t) ? (qr¬s) = p(?q)(?r)¬st.)

2 Morris et al. [21] named it also as conditional. Hereinafter, we call it wait to avoid confusion with
respect to the introduced conditional constraints.
Moreover, if in X 〈ℵ:w,�〉

Y ℵ is empty, then the wait constraint degenerates to an ordinary one X 〈w,�〉
Y .
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Table 2 Updated Upper-Case Removal Rule of CSTNPSU-DC-Check algorithm.

Rule Conditions Pre-existing and Generated Edges

rG∗4

m = max{v, w − x}, x is the lower
bound of the guarded link
(A, [x, x′], [y′, y], C), C 6∈ ℵℵ1,
β, γ ∈ Q∗, and γ entails γ′.

AZY C
〈−x, γ′〉; 〈C:−y′,�〉

〈y, γ′〉; 〈c:x′,�〉〈ℵ1:w, γ〉〈Cℵ:v, β〉
〈ℵℵ1:m,β?γ〉

Z = 0; A,C, Y ∈ T ; C is contingent; each of ℵ and ℵ1 is a conjunction of one or more
upper-case names of contingent nodes, possibly empty.

The second group of propagation rules, composed by rM1 and rM2, consists of a variety
of label-modification rules that share some resemblance to rule rG4. The label-modification
rules rM1 and rM2 have the same general flavor, except that they deal with the uncertainty
associated with observation nodes, rather than contingent links.

For example, consider the edge, Z 〈w,αp〉
P?, where neither p nor ¬p appears in α, and

w < 0. This edge represents the requirement that “in scenarios where αp is true, since
Z = 0, P? ≥ −w must hold.” But that, in turn, implies that the truth value of p cannot be
known at the time 0, i.e., when Z is executed. And, of course, the truth value of p cannot be
known when the decision to execute P? is made either. As a result, decisions about when to
execute P ? cannot depend on the truth value of p. Thus, the label on the edge from P ? to Z
should be modified to remove the occurrence of p, yielding the new edge, Z 〈w,α〉

P?, which
represents the constraint that in scenarios where α holds, Z−P ? ≤ w must hold. This is the
idea behind the label-modification rule, rM1, shown in Table 1. While rM1 simplifies labels
on edges outgoing from an observation time-point to Z, rule rM2 simplifies labels on edges
going to Z with respect to the labels present on edges from observation time-points to Z.

3.3 DC-Checking for CSTNPSU considering Guarded Links
The dynamic controllability of an CSTNPSU may be checked without the need of restricting
it to its core CSTNU. First, we extend the concept of distance graph. Then, we extend
propagation rules in order to adapt the DC-checking algorithm for CSTNU to CSTNPSU.

I Definition 8 (Distance Graph of a CSTNPSU). The distance graph for a CSTNPSU S has
the form (T , E), where each (unlabeled) time-point in T corresponds to a node in S and E is
a set of ordinary and special value edges, defined as follow:

Each constraint (l ≤ Y −X ≤ u, `) of S is represented by two ordinary edges X 〈u, `〉
Y

and X 〈−l, `〉
Y .

Each guarded link (A, [x, x′], [y′, y], C) having ` = L(A) = L(C) of S is represented by
two ordinary edges A 〈y, `〉

C and A 〈−x, `〉
C, considering lower and upper bounds x, y,

respectively,
one lower-case edge A 〈c:x′,�〉

C, considering guard x′, and
one upper-case edge A 〈C:−y′,�〉

C, considering guard y′.

Figure 2b shows the distance graph of CSTPSU of Figure 2a.
In the following we will show that rules of Table 1 may be reused in order to check

dynamic controllability of a CSTNPSU, provided that rule rG4 has to be refined as rG∗4
(cf. Table 2) where the value to use for comparison is the lower bound of a guarded link
instead of the lower case value used in the original rule.

TIME 2018
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(a) A wait constraint from an activation
time-point of a guarded link.
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(b) A wait constraint from a contingent
time-point of a guarded link.

Figure 3 Combining a Guarded Link with a Wait Constraint.

Z S
〈y,�〉 〈s:x′,�〉

〈−x,�〉 〈S:−y′,�〉

〈QR:−w, β〉

(a) Original values of Guarded Link
and Wait Constraint.

Z S
〈y,�〉 〈s:x′,�〉

〈−x,�〉
〈S:−y′,�〉
〈QR:−w, β〉

(b) if x < w ≤ x′; otherwise, it is not
controllable.

Figure 4 Combining a Guarded Link with a derived Wait Constraint.

Particularly, we analyze all possible combinations of edges between three nodes of a
CSTNPSU graph and show that the resulting distance graph has no negative loops if and
only if the distance graph of the core CSTNU has no negative loops as well. Without loss of
generality, we focus only on the more interesting cases when Z may be also an activation
time point of a guarded link.

Figure 3a shows how a wait constraint on T (i.e., from T to Z having a conjuncted
upper-case value) may be combined with a guarded link from T to S. Labels β and β′ entail
α and v and w are non negative (otherwise, rules don’t apply). The shadow values denotes
the ones generated by applying rG1 and rG3 rules for the new edge between S and Z. It
can be shown that the generated edge is similar to the one that would be generated for the
core CSTNU and, most important, the resulting temporal constraint is equivalent. Indeed,
the generated edge for the core CSTNU would have only two labeled values that differ from
the ones shown in Figure 3a: 〈−v − x′, β〉, and 〈QR:−w − x′, β′〉 instead of 〈−v − x, β〉, and
〈QR:−w − x, β′〉, respectively. Such two different values are not relevant for checking the
DC property because the two labeled values 〈S:−v − y′, β〉 and 〈QRS:−w − y′, β′〉, present
also in the core CSTNU, are stronger and, therefore, make the former redundant.

Figure 3b depicts a similar case where a wait constraint is present on a contingent time-
point (i.e., from S to Z). In this case, applying rG2, one wait constraint and one ordinary
constraint must be added between T and Z. Note that also rG1 can be applied, but the
resulting labeled values have the same form but with weaker values than the ones generated
by rG2 rule and, therefore, they can be ignored. It is easy to verify that two new labeled
values are identical to the ones that would be generated for the core CSTNU.

One of the most interesting cases is depicted in Figure 4a, where Z is the activation
time-point of a guarded link. Due to possible previous constraint propagations, a wait
constraint S 〈QR:−w, β〉 Z has been added next to the guarded link. For the case x < w ≤ x′
the result is depicted in Figure 4b. Note that for a CSTNU, such case is not possible.
Indeed, in a CSTNU x′ = x and, therefore, there are two cases: either w > x′ = x (i.e., the
CSTNU is not controllable) or w ≤ x (i.e., the wait constraint is redundant) holds. For a
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Algorithm 1: CSTNPSU-DC-Check(G).
Input: G = (T ,OT ,P, L,O, C,G): a CSTNPSU instance
Output: the dynamic controllability status of G.
G′ = distance graph of G
h = M |T |, where M is the maximum absolute value of any negative edge
foreach X ∈ T do

Add to G′ the lower bound X 〈0,�〉 Z
Add to G′ the global upper bound Z 〈h,�〉

X

do
G′ = rM1(G′) // Label Modification
G′ = rM2(G′)
G′ = rG1(G′) // Edge Generation
G′ = rG2(G′)
G′ = rG3(G′)
G′ = rG∗4(G′)
if (any negative cycle has been found) then return not DC

while (rules are applied)
return DC

CSTNPSU, Figure 4b can be interpreted as follows: wait 〈QR:−w, β〉 is not relevant for
the controllability check because 〈S:−y′, α〉 is more restrictive. On the other hand, when
executing the CSTNPSU the wait constraint must be observed in the β scenario. Particularly,
if the guarded link is activated prior to the execution of time-point R and time-point Q, w
must be used as lower bound when executing the guarded link. Otherwise, x is used as lower
bound.

Using the above technique, we can prove that the propagation rules can be applied to
all possible combinations of distance graph edges (constraints) to derive new constraints
retaining the property that there are (no) negative loops if and only if the distance graph of
the core CSTNU has (no) negative loops as well.

Algorithm 1 depicts the pseudo-code for dynamic controllability check, based on the
propagation rules presented in Table 1–2. As shown in [10], the termination of the DC
checking algorithm is guaranteed by adding a global upper upper bound and the algorithm
is sound-and-complete. As regards the computational complexity of Algorithm 1, it has been
shown that an upper bound is O(M |T |43|P|2|L|), where M is the maximum absolute value
of any weight in the graph [10].

4 Proof Of Concept

The presented model and its dynamic controllability check algorithm were implemented as
a proof-of-concept prototype in the CSTNU Toolset [22]. This prototype enables users to
create, edit, and load/save CSTNPSU instances using a graphical editor. A loaded CSTNPSU
can then be checked for dynamic controllability. Moreover, the minimal temporal constraints
between any time-point and time-point Z are shown after a successful check.

The screenshot in Figure 5 shows the CSTNU Toolset after the checking of the CSTNU
depicted in Figure 1b: there are three panels, the editor, on the right, the checker, on the left,
and the command below. Figure 5 highlights the three panels. The editor panel shows the
loaded CSTNU instance while the checker panel shows the same instance after the dynamic

TIME 2018
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(a) Toolset screen after the check of CSTNU depicted in Figure 1b.

(b) Editor Detail.
.

(c) Checker Detail.

Figure 5 Determining the Dynamic Controllability of CSTNU depicted in Figure 1b.
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(a) Toolset screen after the check of CSTNPSU depicted in Figure 2b.

(b) Editor Detail.

(c) Checker Detail.

Figure 6 Determining the Dynamic Controllability of CSTNPSU depicted in Figure 2b.
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controllability check button has been clicked. For CSTNU depicted in Figure 1b, the check
determines that it is not dynamically controllable. Therefore, the new constraints shown in
the checker panel are the minimal number of constraints that determine a negative cycle in
the instance.

The screenshot in Figure 6 shows the CSTNU Toolset after the checking of the CSTNPSU
depicted in Figure 2b. In this case, the check determines that the instance is dynamically
controllable and the new constrains shown in the checker panel represent the minimal distance
between time-point Z and all the other time-points.

5 Conclusions

In this paper we presented a new temporal constraint model, CSTNPSU, that allows one to
represent guarded links and conditions completing previous proposals dealing with either
guarded links or conditions, separately. In particular, we discussed CSTNPSU features
through a motivating example and, then, we introduced the concept of controllability for
such networks and a related checking algorithm. Besides checking DC controllability of
CSTNPSUs, such algorithm performs the minimization of constraints, in case the network is
controllable. We showed that the algorithm is sound-and-complete. As for future work, we
will focus on the proposal of an efficient run-time execution algorithm that will extends in
an appropriate way the run-time execution algorithm for STNUPS presented in [16].
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Abstract
In 2005 T.K.S. Kumar studied the Restricted Disjunctive Temporal Problem (RDTP), a restricted
but very expressive class of Disjunctive Temporal Problems (DTPs). An RDTP comes with a
finite set of temporal variables, and a finite set of temporal constraints each of which can be either
one of the following three types: (t1) two-variable linear-difference simple constraint; (t2) single-
variable disjunction of many interval constraints; (t3) two-variable disjunction of two interval
constraints only. Kumar showed that RDTPs are solvable in deterministic strongly polynomial
time by reducing them to the Connected Row-Convex (CRC) constraints satisfaction problem,
also devising a faster randomized algorithm. Instead, the most general form of DTPs allows for
multi-variable disjunctions of many interval constraints and it is NP-complete.

This work offers a deeper comprehension on the tractability of RDTPs, leading to an ele-
mentary deterministic strongly polynomial time algorithm for them, significantly improving the
asymptotic running times of all the previous deterministic and randomized solutions. The result is
obtained by reducing RDTPs to the Single-Source Shortest Paths (SSSP) and the 2-SAT problem
(jointly), instead of reducing to CRCs. In passing, we obtain a faster (quadratic time) algorithm
for RDTPs having only {t1, t2}-constraints and no t3-constraint. As a second main contribu-
tion, we study the tractability frontier of solving RDTPs blended with Hyper Temporal Networks
(HyTNs), a disjunctive strict generalization of Simple Temporal Networks (STNs) based on hy-
pergraphs: we prove that solving temporal problems having only t2-constraints and either only
multi-tail or only multi-head hyperarc-constraints lies in NP ∩ co-NP and admits deterministic
pseudo-polynomial time algorithms; on the other hand, problems having only t3-constraints and
either only multi-tail or only multi-head hyperarc-constraints turns out strongly NP-complete.

2012 ACM Subject Classification Mathematics of computing→ Graph algorithms, Computing
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1 Introduction

Expressive and efficient temporal reasoning is essential to a number of areas in Artificial
Intelligence (AI) [8, 14, 15]. Over the past few years, many constraint-based formalisms have
been developed to represent and reason about time in automated planning and temporal
scheduling [4, 12]. We begin by recalling the Disjunctive Temporal Problem (DTP) [13, 16, 17].
The general form of a DTP being, given a finite set T = {X0, X1, . . . , XN} of temporal
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variables (i.e., time-points), to schedule them on the real line in such a way as to satisfy a
prescribed finite set C of temporal constraints over T . Every constraint ci ∈ C is a disjunction
of the form s(i,1) ∨ s(i,2) ∨ · · · ∨ s(i,Ti), where every si,j is a simple temporal constraint of the
form (li,j ≤ Xβi,j −Xαi,j ≤ ui,j) for some integers 0 ≤ αi,j , βi,j ≤ N and reals li,j , ui,j .

Although DTPs are expressive enough to capture many tasks in automated planning
and temporal scheduling, they are NP-complete [16]. The principal direct approach taken
to solve DTPs has been to convert the original problem into one of selecting a disjunct
from each constraint [16, 17], then to check whether the set of selected disjuncts forms a
consistent Simple Temporal Problem (STP) [5]. This can be done in strongly polynomial
time by computing single-source shortest paths (e.g., with the Bellman-Ford’s algorithm [2]).
Under this prospect, of course the prohibitive complexity of solving DTPs comes from the
fact that there are exponentially many disjunct combinations possible.

In [9, 10], T.K.S. Kumar studied the Restricted Disjunctive Temporal Problem (RDTP),
a tractable subclass of DTPs strictly including the classical and well established STPs [5]. In
RDTPs, each constraint can be either one of the following three types: (t1) (Y −X ≤ w), for
w real (a simple temporal difference-constraint); (t2) (l1 ≤ X ≤ u1) ∨ · · · ∨ (lk ≤ X ≤ uk),
for li, ui reals (a single-variable disjunction of many interval-constraints); (t3) (l1 ≤ X ≤
u1) ∨ (l2 ≤ Y ≤ u2), for li, ui reals (a two-variable disjunction of two interval-constraints).

It was shown in [10] that RDTPs are solvable in deterministic strongly polynomial time
by reducing them to the Connected Row-Convex (CRC) [6] constraint satisfaction problem,
faster randomized algorithms were also proposed. CRC constraints generalize many other
known tractable classes of constraints like 2-SAT, implicational, and binary integer-weighted
linear constraints [6]. Particularly, Kumar’s deterministic algorithm for solving RDTPs works
by reducing them into binary Constraint Satisfiability Problems (CSPs) over meta-variables
representing t2 or t3 constraints, meanwhile showing that such binary constraints are indeed
CRC constraints, finally exploiting the algorithmic tractability of CRC constraints.

An instantiation of a consistency checking algorithm (e.g., [6]) that further exploits the
structure of CRC constraints leads to a time complexity of O

(
(|Ct2 |+ |Ct3 |)3 · d2

max + |T | ·
|Ct1 | · (|Ct2 |+ |Ct3 |)2), where Ct1,t2,t3 is the set of t1, t2, t3 constraints (respectively), and
dmax is the maximum number of disjuncts possible per single constraint [10]. Randomization
reduces the running time to O

(
(|Ct2 |+ |Ct3 |)2 · d2

max · δ + |T | · |Ct1 | · (|Ct2 |+ |Ct3 |)2), where δ
is the degree of the CRC network (i.e., the maximum number of constraints any variable
participates into) [10].

Notable applications of RDTPs include solving STPs with Taboo Regions, cfr. [11].

Contributions. This work offers a deeper comprehension on the tractability of RDTPs, lead-
ing to elementary deterministic strongly polynomial time algorithms, significantly improving
the asymptotic running times of both the Kumar’s deterministic and randomized solutions.
Our time complexity is O

(
|T |·|Ct1 |+|Ct2 |·(|Ct1 |+|T |·log |T |)+|T |·dCt2

·|Ct3 |+|Ct3 |2
)
, where

dCt2
is the total number of disjuncts counting over all t2-constraints. Since dCt2

≤ dmax · |Ct2 |,
this improves over all of the previous solutions. The result is obtained by reducing RDTPs to
the Single-Source Shortest Paths (SSSP) and the 2-SAT problem (jointly), instead of reducing
to CRCs. So the full expressive power of CRCs is not needed, binary linear and 2-SAT con-
straints are enough. In passing, we obtain a faster (quadratic time) deterministic algorithm
for solving temporal problems having only {t1, t2}-constraints and no t3-constraint.

As a second main contribution, we study the tractability frontier of RDTPs widened with
another kind of restricted disjunctive constraints, i.e., Hyper Temporal Networks (HyTNs) [3],
a strict generalization of STNs grounded on directed hypergraphs and introduced to overcome
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Table 1 Summary of main results.

Problem Complexity Improved Time Bound Cfr.
t2DTPs P O

(
|T | · |Ct1 |+ |Ct2 | · (|Ct1 |+ |T | · log |T |) + |T | · dCt2

)
Sect. 3

RDTPs P O
(
|T | · |Ct1 |+ |Ct2 | · (|Ct1 |+ |T | · log |T |) +

+ |T | · dCt2 · |Ct3 |+ |Ct3 |2
) Sect. 4

t2HyTPs NP ∩ co -NP O
(
(|T |+ |A|) ·mA ·WA,Ct2

)
Sect. 6

t3HyTPs NP-complete n.a. (exponential time) Sect. 5

the limitation of considering only conjunctions of constraints but maintaining a practical
efficiency in the consistency check of the instances. In a HyTN a single temporal multi-tail (or
multi-head) hyperarc-constraint is defined as a set of two or more maximum delay (minimum
anticipation, respectively) constraints which is satisfied when at least one of these delay
constraints is so. We prove that solving temporal problems having only t2-constraints
and either only multi-tail or only multi-head hyperarc-constraints lies in NP ∩ co-NP
and admits deterministic pseudo-polynomial time algorithms; on the other hand, solving
temporal problems having only t3-constraints and either only multi-tail or only multi-head
hyperarc-constraints turns out strongly NP-complete. See Table 1 for a summary.

2 Background

This section offers the basic background notions that are assumed in the rest of the paper,
let’s start with Simple Temporal Networks (STNs) and related problems (STPs), cfr. [4, 5].

I Definition 1 (STNs, STPs [4, 5]). A Simple Temporal Network (STN) is a pair (T , C),
where T is a set of real-valued variables called time-points, and C is a set of linear real-
weighted binary constraints over T called simple (or t1) temporal constraints, each having
the form:

(Y −X ≤ wX,Y ), where X,Y ∈ T and wX,Y ∈ R.

An STN is consistent if it admits a feasible schedule, i.e., some s : T 7→ R such that
s(Y ) ≤ s(X) + wX,Y for all (Y −X ≤ wX,Y ) ∈ C. So the Simple Temporal Problem (STP)
is that of determining whether a given STN is consistent or not.

Any STN N = (T , C) can be seen as a directed weighted graph with vertices T and arc
set AC , {(X,Y,wX,Y ) | (Y −X ≤ wX,Y ) ∈ C}. So, a path p in N is any finite sequence of
vertices p = (v0, v1, . . . , vk) (some k ≥ 1) such that (vi, vi+1) ∈ AC for every i ∈ [0, k) ∩ Z;
the total weight of p is then wp ,

∑k−1
i=0 wvi,vi+1 . A cycle C in N is any set of arcs C ⊆ AC

cyclically sequenced as a0, a1, . . . a`−1 where an head equals a tail, i.e., h(ai) = t(aj), iff
j = i+ 1 mod `; it is called a negative cycle if w(C) ≤ 0, where w(C) stands for

∑
a∈C wa.

A graph is called conservative when it contains no negative cycle. A schedule is any function
f : T 7→ R. So the reduced weight of an arc a = (t, h, wa) with respect to a schedule f is
defined as wfa , wa − f(h) + f(t). A schedule f is feasible iff wfa ≥ 0 for every a ∈ AC .

It is also worth noticing that, given two feasible schedules s1, s2 of any STN, the pointwise-
minimum schedule, s(u) , min(s1(u), s2(u)) ∀u ∈ T , is also feasible. Indeed, among all of
the possible feasible schedules of a given consistent STN, it is natural to consider the least
feasible one; i.e., ŝ : T → R≥0 is the least feasible schedule of STN N if ŝ is feasible for N
and, for any other non-negative feasible schedule s′ ≥ 0 of N , it holds ŝ(u) ≤ s′(u) ∀u ∈ T .

Remarkably, finding the least feasible schedule of an STN takes polynomial time [4].
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1 2 3 4 5 6 7 8 9
Xi

Figure 1 An example of a t2-constraint:
(0 ≤ Xi ≤ 1) ∨ (2 ≤ Xi ≤ 3) ∨ (5 ≤ Xi ≤
7) ∨ (8 ≤ Xi ≤ 9).

1 2 3

1

2

3

Xi

Xj

Figure 2 An example of a t3-constraint:
(2 ≤ Xi ≤ 3) ∨ (1 ≤ Xj ≤ 2).

I Theorem 2 ([4]). Let N = (T , C) be an STN. The Bellman-Ford (BF) algorithm (cfr. [2])
produces in O(|T | · |C|) time: either the least feasible schedule ŝ : T → R≥0, in case N is
consistent; or a certificate that N is inconsistent in the form of a negative cycle. Moreover,
if the weights of the arcs are all integers, then the scheduling values of ŝ are all integers too.

Concerning the BF algorithm itself, it’s worth considering an improved variant of it that
we call the Bellman-Ford Value-Iteration (BF-VI). The basic idea of BF-VI is the same as
the original BF algorithm in that each vertex is used as a candidate to relax its adjacent
vertices. The improvement is that instead of trying all vertices blindly, BF-VI maintains
a queue Q of candidate vertices and adds a vertex to Q only if that vertex is relaxed. A
candidate vertex v is extracted from Q according to a fixed policy (e.g., LIFO), and then the
adjacent vertices of v are possibly relaxed as usual and added to Q (if they are not already in
there, no repetitions are allowed). This process repeats until no more vertex can be relaxed.

BF-VI serves us as a basic model, to be leveraged to design faster algorithms for RDTPs.

2.1 Restricted Disjunctive Temporal Problems
Let us proceed by formally defining RDTNs and RDTPs. Fig. 1 and Fig. 2 (above) illustrate
an example of a t2-constraint and t3-constraint (respectively).

I Definition 3 (RDTNs, RDTPs [9, 10]). A Restricted Disjunctive Temporal Network (RDTN)
N is a pair (T , C), where T is a set of time-points and C = Ct1 ∪Ct2 ∪Ct3 is a set of restricted
disjunctive temporal constraints over T , each being either one of the following three types:
(t1) : (Y −X ≤ wX,Y ), where X,Y ∈ T and wX,Y ∈ R;
(t2) :

∨k
i=1(li ≤ X ≤ ui), where X ∈ T and li, ui ∈ R for every i = 1, . . . , k;

(t3) : (l1 ≤ X ≤ u1) ∨ (l2 ≤ Y ≤ u2), where X,Y ∈ T and li, ui ∈ R for i = 1, 2.
An RDTN is consistent if it admits a feasible schedule, i.e., some s : T 7→ R satisfying all
of the disjunctive temporal constraints in C. The Restricted Disjunctive Temporal Problem
(RDTP) is that of determining whether a given RDTN is consistent or not.

Notice that t1-constraints do coincide with simple temporal constraints of STNs.
We assume w.l.o.g. that the disjuncts of any t2-constraint are arranged in ascending order

of the end points of their corresponding intervals, i.e., li < li+1 ∧ ui < ui+1 ∀i, whenever∨k
i=1(li ≤ X ≤ ui) ∈ Ct2 ; these natural orderings on the interval domains of the time-points

will be referred to as as their nominal ordering. For any τ ∈ {1, 2, 3}, |Ctτ | denotes the number
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v1

HA

v2

v3

tA

A,w
A

(v1)

A,wA(v2)
A,w

A(v3)

(a) Multi-Head Hyperarc

v1

TA

v2

v3

hA

A,w
A(v1)

A,wA(v2)

A,w
A

(v3)

(b) Multi-Tail Hyperarc

Figure 3 Hyperarcs in Hyper Temporal Networks.

of tτ -constraints (i.e., the cardinality of Ctτ , not the encoding length). Also, for any cX ∈ Ct2 ,
|cX | denotes the number of disjuncts of cX , and dCt2

,
∑
cX∈Ct2

|cX |. Finally, let us fix a
total ordering on the time-points, i.e., T = {T1, . . . , Tk}, this induces an ordering on the pair
of disjuncts in any t3-constraint; so, provided, c = (l1 ≤ Xi ≤ u1) ∨ (l2 ≤ Xj ≤ u2) ∈ Ct3 ,
for some i < j, then, d′ , (l1 ≤ Xi ≤ u1) and d′′ , (l2 ≤ Xj ≤ u2) are called the first and
the second disjunct of c (respectively).

As mentioned in the introduction, Kumar showed in [10, 9] that RDTPs are solvable in
deterministic strongly polynomial time by reducing them to CRCs [6].

2.2 Hyper Temporal Networks
In order to study the tractability frontier of RDTPs, we shall consider the HyTN model
which is grounded on directed hypergraphs as defined next.

I Definition 4 ([3]). A directed hypergraph H is a pair (T ,A), where T is the set of nodes,
and A is the set of hyperarcs. Each hyperarc A ∈ A is either multi-head or multi-tail:

A multi-head hyperarc A = (tA, HA, wA) has a distinguished node tA, called the tail of
A, and a non-empty set HA ⊆ V \ {tA} containing the heads of A; to each head v ∈ HA,
it is associated a weight wA(v) ∈ R, which is a real number (unless otherwise specified).
Fig. 3a depicts a possible representation of a multi-head hyperarc: the tail is connected to
each head by a dashed arc labeled by the name of the hyperarc and the weight associated
to the considered head.
A multi-tail hyperarc A = (TA, hA, wA) has a distinguished node hA, called the head of
A, and a non-empty set TA ⊆ V \ {hA} containing the tails of A; to each tail v ∈ TA, it
is associated a weight wA(v) ∈ R, which is a real number (unless otherwise specified).
Fig. 3b depicts a possible representation of a multi-tail hyperarc: the head is connected
to each tail by a dotted arc labeled by the name of the hyperarc and weights.

The cardinality of a hyperarc A ∈ A is |A| , |HA ∪ {tA}| if A is multi-head, and
|A| , |TA ∪ {hA}| if A is multi-tail; when |A| = 2, then A = (u, v, w) is a standard arc. The
order and size of a directed hypergraph (T ,A) are |T | and mA ,

∑
A∈A |A| (respectively).

I Definition 5 (General-HyTN [3]). A general-HyTN is a directed hypergraphH = (T ,A)
where each node X ∈ T represents a time-point, and each multi-head/multi-tail hyperarc
stands for a set of temporal distance constraints between the tail/head and the heads/tails.

In general-HyTNs, an hyperarc is satisfied when at least one of its distance constraints
is satisfied. Then, a HyTN is consistent when it is possible to assign a value to each
time-point so that all of its hyperarcs are satisfied. More formally, in the HyTN model the
consistency-checking problem is the following decision problem.

TIME 2018
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I Definition 6 (General-HyTP [3]). Given a general-HyTN H = (T ,A), the General
Hyper Temporal Problem (General-HyTP) is that of deciding whether or not there exists
a schedule s : T → R such that, for every hyperarc A ∈ A, the following hold:

if A = (t, h, w) is a standard arc, then: s(h)− s(t) ≤ w;
if A = (tA, HA, wA) is a multi-head hyperarc, then: s(tA) ≥ minv∈HA{s(v)− wA(v)};
if A = (TA, hA, wA) is a multi-tail hyperarc, then: s(hA) ≤ maxv∈TA{s(v) + wA(v)}.

Any such schedule s is called feasible. A HyTN that admits at least one feasible schedule
is called consistent.

Comparing the consistency of HyTNs with the consistency of STNs, the most important
aspect of novelty is that, while in a distance graph of STNs each arc represents a distance
constraint and all such constraints have to be satisfied by any feasible schedule, in a HyTN
each hyperarc represents a disjunction of one or more distance constraints and a feasible
schedule has to satisfy at least one of such distance constraints for each hyperarc.

Let us survey some interesting properties about the consistency-checking problem above.
The first one is that any integer-weighted HyTN admits an integer-valued feasible schedule
when it is consistent, as stated in the following proposition.

I Proposition 7 ([3]). Let H = (T ,A) be an integer-weighted∗ and consistent general-
HyTN . Then H admits an integer feasible schedule s : T → {−T,−T + 1, . . . , T − 1, T},
where T =

∑
A∈A,v∈T |wA(v)|.

The following theorem states that General-HyTP is NP-complete, in a strong sense.

I Theorem 8 ([3]). General-HyTP is an NP-complete problem even if the input instances
H = (V,A) are restricted to satisfy wA(·) ∈ {−1, 0, 1} and |HA|, |TA| ≤ 2 for every A ∈ A.

As observed in [3], Theorem 8 motivates the study of consistency problems on HyTNs
having either only multi-head or only multi-tail hyperarcs. In the former case, the consistency-
checking problem is called head-HyTP, while in the latter it is Tail-HyTP; as stated in
Theorem 10, the complexity of checking these two problems turns out to be lower than that
for DTPs, i.e., both head-HyTP,Tail-HyTP ∈ NP∩ co-NP, instead of being NP-complete.

So it’s worth considering the following specialized notion of consistency for HyTNs.

I Definition 9 (head-HyTP). Given a multi-head HyTN H = (T ,A), the head-HyTP
problem is that of deciding whether or not there exists a schedule s : T → R such that:

s(tA) ≥ min
v∈HA

{s(v)− wA(v)}, ∀A ∈ A.

The tightest currently known worst-case time complexity upper-bound for solving (integer-
weighted) head-HyTPs was established in [3] and it is expressed in the following theorem.

I Theorem 10 ([3]). The following proposition holds on (integer-weighted, multi-head)
HyTNs. There exists an O

(
(|T | + |A|) · mA · W

)
pseudo-polynomial time algorithm for

checking head-HyTP; given any HyTN H = (T ,A), if H is consistent the same algorithm
also returns an integer-valued feasible schedule s : T → Z of H; otherwise, it returns a
negative certificate in the form of a negative hypercycle (cfr. Appendix A for more details on
that).

Above, W , maxA∈A,v∈HA |wA(v)| is the maximum absolute value among the weights.

∗ Integer-weighted HyTN means that wA(v) ∈ Z for every A ∈ A and v ∈ T for which wA(v) is defined.
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Concluding this section we recall that the two problems head-HyTP and Tail-HyTP
are actually inter-reducible, i.e., one can check any one of the two models in f(m,n,W )-time
whenever there’s an f(m,n,W )-time procedure for checking the consistency of the other one.

I Theorem 11 ([3]). head-HyTP and Tail-HyTP are inter-reducible by means of log-
space, linear-time, local-replacement reductions.

Thus, Theorem 10 extends to multi-tail HyTNs (i.e., they’re checkable in pseudo-poly time).

3 Faster Deterministic Algorithm for t2DTPs

This section offers a deterministic quadratic time algorithm for solving temporal problems
having only {t1, t2}-constraints, as defined below.

The same algorithm will be leveraged to solve RDTPs fastly, later on in Section 4.

I Definition 12. Any RDTN N = (T , Ct1 ∪ Ct2 ∪ Ct3) having Ct3 = ∅ is called t2DTN.
So, t2DTNs are denoted simply as (T , Ct1 ∪ Ct2). The corresponding temporal problem,

i.e., t2DTP, is that of determining whether a given t2DTN is consistent or not.

One possible solution to t2DTPs is Kumar’s reduction from RDTPs to CRCs [10]. Our
solution, named t2DTP(), employs kind of a value-iteration approach in which all are initially
set to zero and then updated monotonically upwards by necessary arc relaxations – this is
somehow reminiscent of the BF-VI algorithm for STPs mentioned in Section 2. Indeed, given
a t2DTN Nt2 = (T , Ct1 ∪ Ct2), we firstly solve the STP Nt1 = (T , Ct1) (e.g., with BF-VI). If
Nt1 is consistent, the returned least feasible schedule ϕ̂N provides an initial candidate, the
next step in mind being that of satisfying all the t2-constraints. For this, recall that the
disjuncts of any ct2 ∈ Ct2 are arranged according to their nominal ordering, so that we can
try to satisfy any given ct2 by iteratively picking the next (i.e., in ascending order) unsatisfied
disjunct of ct2 and by enforcing its lower-bound constraint in an auxiliary STN as if it were a
t1-constraint. While there’s an unsatisfied t2-constraint ct2 , the current candidate schedule
is thus increased by the least necessary amount satisfying both ct2 and the whole Ct1 . It turns
out that this can be done efficiently by performing |Ct2 | calls to the Dijkstra shortest paths
algorithm [7]. In order to show this, let us point out two key facts (i.e., Lemma 13 and 14).

I Lemma 13. Let N = (T , Ct1) be any STN, and let ϕ,ϕ′ be any pair of schedules of N .
Let Nϕ be the STN reweighted according to the reduced-costs weight transformation wϕ

(i.e., each weight wX,Y in N is simply replaced by wϕX,Y ), let Nϕ′ be the same w.r.t. wϕ′ .
Let δϕX : T → Z ∪ {+∞} be the length of the shortest path in Nϕ from any T ∈ T to X ∈ T ,
and let δϕ

′

X be the same w.r.t. Nϕ′ .
Then for every T,X ∈ T , either δϕ

′

X (T ) and δϕX(T ) are both +∞, or the following holds:

δϕ
′

X (T )− δϕX(T ) =
(
ϕ′(T )− ϕ(T )

)
−
(
ϕ′(X)− ϕ(X)

)
.

Proof. Let T,X ∈ T (arbitrarily), w.l.o.g. X is reachable from T in N (otherwise, δϕ
′

X (T )
and δϕX(T ) are both +∞). Consider any path pT,X from T to X in Nϕ, i.e., for some k ≥ 0:

pT,X , (T = T0, T1, T2, . . . , Tk = X), having total weight wϕpT,X ,
k−1∑
i=0

wϕTi,Ti+1
in Nϕ.
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Then, the following holds by telescoping:

wϕpT,X =
(
wT0,T1 − ϕ(T1) + ϕ(T0)

)
+
(
wT1,T2 − ϕ(T2) + ϕ(T1)

)
+ . . .

. . .+
(
wTk−1,Tk − ϕ(Tk) + ϕ(Tk−1)

)
= ϕ(T0)− ϕ(Tk) +

k−1∑
i=0

wTi,Ti+1 = ϕ(T )− ϕ(X) + wpT,X . (1)

Thus, provided δX(T ) is the shortest path distance from T to X in the original network N ,
we have:

δϕ
X(T ) = min

{
wϕ

pT,X | pT,X is a path from T to X in N
}

(by def. of δϕ
X)

= min
{
ϕ(T )− ϕ(X) + wpT,X | pT,X is any path from T to X in N

}
(by (1))

= ϕ(T )− ϕ(X) + min
{
wpT,X | pT,X is any path from T to X in N

}
(ϕ is constant here)

= ϕ(T )− ϕ(X) + δX(T ). (by def. of δX)

For the same reason, δϕ
′

X (T ) = ϕ′(T )− ϕ′(X) + δX(T ). Therefore,

δϕ
′

X (T )− δϕX(T ) =
(
ϕ′(T )− ϕ′(X) + δX(T )

)
−
(
ϕ(T )− ϕ(X) + δX(T )

)
=
(
ϕ′(T )− ϕ(T )

)
−
(
ϕ′(X)− ϕ(X)

)
.

This concludes the proof. J

I Lemma 14. Let N = (T , Ct1) be any STN, and let ϕ̂ be the least feasible schedule of N .
Fix some X ∈ T and some real value lX ≥ ϕ̂(X). Let N ′ = (T ′, C′t1

) be the auxiliary STN
obtained by introducing a corresponding lower-bound t1-constraint over X, i.e.,

T ′ , T ∪ {z}, C′t1
, Ct1 ∪

{
(z − T ≤ 0) | T ∈ T

}
∪
{

(z −X ≤ −lX)
}
.

Let N ϕ̂ be the STN reweighted according to the reduced-costs weight transformation wϕ̂, and
let δϕ̂X(T ) be the length of the shortest path in N ϕ̂ from (any) T ∈ T to X.

Then, for every T ∈ T , the least feasible schedule ϕ̂′ of N ′ is given by:

ϕ̂′(T ) = ϕ̂(T ) + max
(
0, lX − ϕ̂(X)− δϕ̂X(T )

)
.

Proof. Let w.l.o.g. ϕ̂′(z) = 0. In order to become feasible for N ′ we claim, for every T ∈ T ,
that the least feasible schedule ϕ̂(T ) must be increased by at least max

(
0, lX−ϕ̂(X)−δϕ̂X(T )

)
time units (because of the lower-bound constraint (z −X ≤ −lX) ∈ C′t1

). Indeed, for any
T ∈ T that reaches X in N , the t1-constraint (X − T ≤ δX(T )) (which is induced by
telescoping all of the t1-constraints along any shortest path from T to X) must be satisfied.
On the other hand, by Lemma 13 (applied to ϕ̂ and to the anywhere-zero† schedule), it holds
ϕ̂(X) − ϕ̂(T ) = δX(T ) − δϕ̂X(T ). This can be seen as follows: if ϕ̂(T ) is kept fixed, then
ϕ̂(X) can be increased by at most δϕ̂X(T ) time units without breaking the induced constraint
(X−T ≤ δX(T )). Here, ϕ̂(X) must be increased by at least lX − ϕ̂(X) time units in order to
satisfy (z −X ≤ −lX) ∈ C′t1

, so ϕ̂(T ) must be increased by at least the amount said above.
Next, we claim this increase also preserves feasability, i.e., it is the least feasible increase.

For ease of notation, let f(z) , 0 and f(T ) , ϕ̂(T ) + max
(
0, lX − ϕ̂(X)− δϕ̂X(T )

)
∀T ∈ T .

† The anywhere-zero schedule ζ is that defined as, ζ(T ) = 0 for every T ∈ T .
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In order to prove that f satifies all the constraints in Ct1 , pick any (B−A ≤ wA,B) ∈ Ct1 .
By hypothesis, it holds:

ϕ̂(B)− ϕ̂(A) ≤ wA,B . (1)

For the sake of the argument, let us define: ∆A,B ,
(
f(B)− ϕ̂(B)

)
−
(
f(A)− ϕ̂(A)

)
.

So, the following holds:

f(B)− f(A) = ϕ̂(B)− ϕ̂(A) + ∆A,B . (2)

Then, either one of the following two cases holds:
If lX − ϕ̂(X) ≤ δϕ̂X(B), then f(B) = ϕ̂(B), so ∆A,B ≤ 0. Therefore,

f(B)− f(A) ≤ ϕ̂(B)− ϕ̂(A) (by (2))
≤ wA,B . (by (1))

If lX − ϕ̂(X) > δϕ̂X(B), it is easy to check that ∆A,B ≤ δϕ̂X(A)− δϕ̂X(B).
By definition of δϕ̂X and since (B − A ≤ wA,B) ∈ Ct1 , then δϕ̂X(A) ≤ δϕ̂X(B) + wϕ̂A,B.
Therefore,

f(B)− f(A) ≤ ϕ̂(B)− ϕ̂(A) + δϕ̂X(A)− δϕ̂X(B)

≤ ϕ̂(B)− ϕ̂(A) + wϕ̂A,B = wA,B .

So, in either case, f(B)− f(A) ≤ wA,B .
Finally, clearly f(X) = lX , so (z −X ≤ −lX) ∈ C′t1

is also satisfied.
This proves f is a feasible schedule of N ′. All in, it is the least feasible, i.e., f = ϕ̂′. J

With this two facts in mind, the description of t2DTP() can now proceed more smoothly.
Recall that, firstly, the STN Nt1 is checked. If Nt1 is already inconsistent, so it is Nt2 ;

otherwise, ϕ̂N is the least feasible schedule of Nt1 . So, wϕ̂N ≥ 0 for every constraint in Ct1 .
Now, for each target node X ∈ T , the Dijkstra algorithm on input (N ϕ̂N , X) computes
δϕ̂NX (T ). The whole distance matrix {δϕ̂NX (T )}T∈T ,X∈T is computed here, and kept stored
in memory. Multiple-sources single-target shortest paths are needed, actually, but these can
be easily computed with the traditional Dijkstra’s algorithm, e.g., just reverse the direction
of all arcs in the input network and treat the single-target node as if it were a single-source.
What follows aims, if there’s still an unsatisfied t2-constraint ct2 ∈ Ct2 , at increasing the
candidate schedule f by the least necessary amount satisfying both ct2 and the whole Ct1 .
So, let us initialize f ← ϕ̂N . Then the following iterates.

While ∃ some X ∈ T and cX =
∨k
i=1(li ≤ X ≤ ui) ∈ Ct2 s.t. f(X) doesn’t satisfy cX :

if f(X) > uk(= maxi ui), then Nt2 is inconsistent (see Theorem 15); otherwise, let i∗ be
the smallest i ∈ [1, k] such that f(X) < li. By Lemma 13 and given f , then δfX is given by:

δfX(T )← δϕ̂0
X (T ) +

(
f(T )− ϕ̂0(T )

)
−
(
f(X)− ϕ̂0(X)

)
, ∀ T ∈ T . (rule-δ)

So, by Lemma 14, the following updating rule:

f(T )← f(T ) + max
(
0, li∗ − f(X)− δfX(T )

)
, ∀ T ∈ T . (rule-f)

yelds the least feasible schedule for the next auxiliary STN N ′t1
obtained by adding the new

lower-bound t1-constraint (z−X ≤ −li∗). At each iteration of the while-loop N ′t1
is enriched

with an additional lower-bound t1-constraint as above. So, N ′t1
has |T ′| = |T |+1 time-points

(z included) and at most |C′t1
| ≤ |Ct1 |+ |Ct2 | t1-constraints (one t1-constraint per ct2 ∈ Ct2

TIME 2018
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is enough, as for each ct2 only its greatest lower-bound counts). If the while-loop completes
without ever finding Nt2 to be inconsistent (because, eventually, f(X) > uk(= maxi ui) for
some X ∈ T at some point), then the last updating of f yelds the least feasible schedule of
Nt2 (as shown below in Theorem 15). This concludes the description of t2DTP().

Notice that, during the whole computation, the scheduling values can only increase
monotonically upwards – like in a value-iteration process.

I Theorem 15. t2DTP() is correct, i.e., on any input t2DTN Nt2 = (T , Ct1 ∪ Ct2), it
returns a feasible schedule ϕ : T → R, if Nt2 is consistent; otherwise, it recognizes Nt2 as
inconsistent.

Proof. Let ι = 0, 1, 2, . . . , ιh be all the iterations of the while-loop of t2DTP(), where ιh is
assumed to be the last iteration where the updating rule-f is applied.

For every iteration ι ∈ [1, ιh], the auxiliary STN N ′(ι)t1 is formally defined as:

N ′(ι)t1 , (T ∪ {z}, C′(ι)t1 ), where z is the zero time-point, and ...

C′(ι)t1 , Ct1 ∪
{

(z − T ≤ 0) | T ∈ T
}
∪
{

(z −X(γ) ≤ −l(γ)
i∗ ) | 1 ≤ γ ≤ ι

}
,

where, for all γ ≤ ι, X(γ) is the (unique) X ∈ T appearing in some t2-constraint that is
considered at the while-loop’s γ-th iteration, and l(γ)

i∗ is its corresponding lower-bound.
Also, let f (ι) be the candidate schedule as updated by rule-f during the ι-th iteration.
By applying Lemma 13 and 14 repeatedly, for each iteration ι, it holds that f (ι) is the

least feasible schedule of N ′(ι)t1 . This is the key invariant at the heart of t2DTP().
Concerning actual correctness, firstly, assume that t2DTP() recognizes Nt2 as inconsistent.
If Nt1 was already inconsistent (cfr. Theorem 2), so Nt2 is too. Otherwise, the inconsis-

tency of N2 really holds because of these two facts jointly: (i) the key invariant mentioned
above; and, (ii) at the end of the while-loop, it must be f(X) > uk(= maxi ui) for some
t2-constraint cX =

∨k
i=1(li ≤ X ≤ ui) ∈ Ct2 . Indeed notice that, by (i), no possible feasible

schedule g < f can be neglected (discarded) during the upward monotone (value-iteration
like) updates of the schedules; and, by (ii), no possible schedule g ≥ f can ever satisfy
cX ∈ C2. So, Nt2 is really inconsistent.

Secondly, assume that Nt2 is recognized as consistent, by returning a schedule f (ιh).
Since t2DTP() can do that only after the above while-loop completes, the exit condition

of the latter ensures that f (ιh) satisfies every constraint in Ct2 . Moreover, the key invariant
implies that f (ιh) is the least feasible schedule of N ′(ιh)

t1 , so that f (ιh) satisfies all of the
t1-constraints in Ct1 . These two combined, f (ιh) is the least feasible schedule of Nt2 . So,
Nt2 is indeed consistent. J

The next result asserts that t2DTP() always halts in time polynomial in the input size.

I Theorem 16. Suppose that t2DTP() runs on input t2DTN Nt2 = (T , Ct1 ∪ Ct2).
Then, t2DTP() halts in time O

(
|T | · |Ct1 |+ |Ct2 | · (|Ct1 |+ |T | · log |T |) + |T | · dCt2

)
.

Proof. Solving the STP Nt1 = (T , Ct1) with BF-VI takes O(|T | · |Ct1 |) time (cfr. Theorem 2).
Computing the shortest paths distance matrix {δϕ̂NX (T )}T∈T ,X∈T takes |Ct2 | calls to the
Dijkstra algorithm (one per X ∈ T participating in some t2-constraint), so, O(|Ct2 | · (|Ct1 |+
|T | · log |T |)) total time. Checking the while-loop exit condition (i.e., wether there exists
some unsatisfied cX ∈ Ct2), can be done in O(|T | · dCt2

) total time (because there are at
most dCt2

iterations and each check can be done in O(|T |) time). At each iteration of the
while-loop, applying rule-δ and rule-f to all T ∈ T takes O(|T |) time per iteration, and
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we have at most dCt2
of them; so, notice that it takes only O(1) time per single application

of the rules.
Therefore, the overall time complexity of t2DTP() on any input Nt2 = (T , Ct1 ∪ Ct2) is:

Timet2DTP()(Nt2) = O
(
|T | · |Ct1 |+ |Ct2 | · (|Ct1 |+ |T | · log |T |) + |T | · dCt2

)
.

This is a strongly polynomial time, i.e., not depending on the magnitude of the arc weights. J

4 Faster Deterministic Algorithm for RDTPs

With our brand new t2DTPs algorithm in mind, let us now focus on solving RDTPs fastly.
Given an input RDTP N = (T , Ct1∪Ct2∪Ct3), we firstly solve the t2DTP Nt2 = (T , Ct1∪Ct2)
with t2DTP() (cfr. Section 3). If Nt2 is already inconsistent, we’re done as N is too.
Otherwise, the key idea is that of checking the consistency of all the t3-constraints by making
one single reduction call to the 2-SAT problem (which can be solved in linear-time [1]).

For this reason, the universe of boolean variables is {xc}c∈Ct3
, i.e., we have one variable

per c ∈ Ct3 . Let d′, d′′ be the first and second disjunct of any given c ∈ Ct3 (respectively),
the intended interpretation being that xc is true iff d′ is satisfied (and d′′ can be anything),
whereas xc is false iff d′ is unsatisfied and d′′ is satisfied.

The 2-CNF formula ClN is built as follows. Basically, for each c ∈ Ct3 and each disjunct
d of c, we enforce the binding requirement of satisfying all the temporal constraints in
{d} ∪ Ct1 ∪ Ct2 , and we check whether this implies that some other disjunct d̃ of any other
t3-constraint c̃ 6= c becomes unsatisfiable as a consequence. More precisely, we check whether
satisfying {d} ∪ Ct1 ∪ Ct2 implies that some weight ũ must become a strict lower-bound for
the scheduling value of some X̃ ∈ T that appears in some other t3-disjunct d̃ = (l̃ ≤ X̃ ≤ ũ).
This is formalized in Definition 17 (below). If that is the case, a binary clause asserting the
above implication‡ is added to ClN . Let us formally describe the details of this construction.

I Definition 17. Given any RDTP N = (T , Ct1 ∪ Ct2 ∪ Ct3), initially ClN is an empty
set of binary clauses. For each t3-constraint of N , e.g., for each c = d′c ∨ d′′c ∈ Ct3 where
d′c = (l1 ≤ Xi ≤ u1) and d′′c = (l2 ≤ Xj ≤ u2), some i < j, ClN is populated as follows:
1. Consider the t2DTP N [d′c]t2 in which d′c is added to Ct1 as a pair of t1-constraints, i.e.,

N [d′c]t2 ,
(
T ∪ {z},

(
Ct1 ∪ {(z −Xi ≤ −l1), (Xi − z ≤ u1)}

∪ {z − T ≤ 0 | T ∈ T }
)
∪ Ct2

)
.

If N [d′c]t2 is consistent, let ϕ̂[d′c] be its least feasible schedule; otherwise, add the unary
clause ¬xc to ClN . For each c̃ 6= c in Ct3 , e.g., c̃ = (l̃1 ≤ Xĩ ≤ ũ1)∨ (l̃2 ≤ Xj̃ ≤ ũ2) ∈ Ct3 ,

if ϕ̂[d′c](Xĩ) > ũ1 then add the implication xc ⇒ ¬xc̃ (i.e., clause ¬xc ∨ ¬xc̃) to ClN ;
if ϕ̂[d′c](Xj̃) > ũ2 then add the implication xc ⇒ xc̃ (i.e., clause ¬xc ∨ xc̃) to ClN .

2. Consider the t2DTP N [d′′c ]t2 in which d′′c is added to Ct1 (similarly as above). If N [d′′c ]t2

is consistent, let ϕ̂[d′′c ] be its least feasible schedule; otherwise, add the unary clause xc to
ClN . Again, for each t3-constraint c̃ 6= c of N , e.g., c̃ = (l̃1 ≤ Xĩ ≤ ũ1)∨ (l̃2 ≤ Xj̃ ≤ ũ2):
if ϕ̂[d′′c ](Xĩ) > ũ1 then add the implication ¬xc ⇒ ¬xc̃ (i.e., clause xc∨¬xc̃) to ClN ; and
if ϕ̂[d′′c ](Xj̃) > ũ2 then add the implication ¬xc ⇒ xc̃ (i.e., the clause xc ∨ xc̃) instead.

‡ Here, recall the rule of material implication p→ q ↔ ¬p ∨ q.

TIME 2018
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So, if the 2-SAT problem instance ClN is unsatisfiable, the input RDTP N is inconsistent.
Otherwise, for every c = d′ ∨ d′′ ∈ Ct3 we get at least one feasible t2DTP: either N [d′c]t2 ,
which is related to the first disjunct {d′}∪Ct1 ∪Ct2 ; or N [d′′c ]t2 , which is related to the second
{d′′}∪Ct1 ∪Ct2 (according to whether xc is true or not in the satisfying assignment of ClN ).
Then we compute the pointwise-maximum schedule taken among all of those. Formally,

I Definition 18. Let φ : {xc}c∈Ct3
→ {true, false} be any satisfying assignment of ClN .

For every c = d′c ∨ d′′c ∈ Ct3 , let us define:

dφc ,

{
d′c, if φ(xc) = true;
d′′c , otherwise. then, ϕ̌N (T ) , max

c∈Ct3

ϕ̂[dφc ](T ), ∀T ∈ T ,

where ϕ̂[dφc ] denotes the least feasible schedule of the consistent t2DTP N [dφc ]t2 .

The above pointwise-maximum schedule ϕ̌N turns out to be feasible for the input RDTP N ,
as we show next. It is assumed we are given an RDTP N for which ClN is satisfiable.

I Proposition 19. Given N as above, the schedule ϕ̌N satisfies every c ∈ Ct1 .

Proof. Let ct1 = (Y −X ≤ wX,Y ) ∈ Ct1 be any t1-constraint, some X,Y ∈ T and w ∈ R.
Pick any c∗Y ∈ arg maxc∈Ct3

ϕ̂[dφc ](Y ). Clearly, maxc∈Ct3
ϕ̂[dφc ](X) ≥ ϕ̂[dφc∗

Y
](X). Therefore:

ϕ̌N (Y )− ϕ̌N (X) = max
c∈Ct3

ϕ̂[dφc ](Y )− max
c∈Ct3

ϕ̂[dφc ](X)

≤ ϕ̂[dφc∗
Y

](Y )− ϕ̂[dφc∗
Y

](X) ≤ w,

where the very last inequality holds because ϕ̂[dφc∗
Y

] is feasible for (T , Ct1). So, ϕ̌N satisfies ct1 .
J

I Proposition 20. Given N as above, the schedule ϕ̌N satisfies every c ∈ Ct2 .

Proof. Let ct2 =
∨k
i=1(li ≤ X ≤ ui) ∈ Ct2 be any t2-constraint, some X ∈ T , li, ui ∈ R.

Pick any c∗X ∈ arg maxc∈Ct3
ϕ̂[dφc ](X). By definition ϕ̂[dφc∗

X
] is a feasible schedule of N [dφc∗

X
]t2 ,

thus it is feasible for (T , Ct2) too. Therefore,

lq ≤ ϕ̂[dφc∗
X

](X) ≤ uq, for some q ∈ {1, . . . , k}.

Since, ϕ̌N (X) = ϕ[dφc∗
X

](X), then ϕ̌N (X) ∈ [lq, uq] for the same q. So, ϕ̌N satisfies ct2 . J

I Proposition 21. Given N as above, the schedule ϕ̌N satisfies every c ∈ Ct3 .

Proof. Let ct3 = (l1 ≤ X ≤ u1) ∨ (l2 ≤ Y ≤ u2) ∈ Ct3 be any t3-constraint, some X,Y ∈ T ,
X < Y and l1, l2, u1, u2 ∈ R. Assume w.l.o.g. φ(xct3

) = true. Then, l1 ≤ ϕ̂[dφct3
](X) ≤ u1.

If ct3 ∈ arg maxc∈Ct3
ϕ̂[dφc ](X), then ϕ̌N (X) = ϕ̂[dφct3

](X) ∈ [l1, u1]; so, ϕ̌N would
satisfy ct3 . Otherwise, ct3 6∈ arg maxc∈Ct3

ϕ̂[dφc ](X), and assume ϕ̌N (X) 6∈ [l1, u1] towards a
contradiction. Pick any c∗X ∈ arg maxc∈Ct3

ϕ̂[dφc ](X). All these hypotheses combined:

ϕ̌N (X) = ϕ̂[dφc∗
X

](X) > u1.

Therefore, φ must satisfy either p⇒ ¬xct3
or ¬p⇒ ¬xct3

, for some boolean variable p (where
the actual case depends on the actual value of dφc∗

X
). Since φ satisfies either p or ¬p, then φ

must satisfy ¬xct3
; i.e., φ(xct3

) = false. This is absurd, as we assumed φ(xct3
) = true.

The proof of the other case, in which φ(xct3
) = false is initially assumed, is symmetric.

So, ϕ̌N (X) satisfies ct3 . J
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Let us mention that our algorithm is called RDTP(), basically, it aims at computing ϕ̂N as
above; if it fails in that (either because Nt2 is already inconsistent or ClN is unsatisfiable),
it recognizes the input RDTP N as inconsistent. Now, we can prove this is correct and fast.

I Theorem 22. RDTP() is correct, i.e., on any RDTN N = (T , Ct1 ∪ Ct2 ∪ Ct3), it returns a
feasible schedule ϕ̂N : T → R, if N is consistent; otherwise, N is recognized as inconsistent.

Proof. Recall that N is recognized as inconsistent only if (T , Ct1 ∪Ct2) is already inconsistent
or if the 2-SAT problem instance ClN is unsatisfiable. In the former case, since (T , Ct1 ∪Ct2)
is inconsistent, so it is N . In the latter, by construction of ClN , it is not possible to satisfy
all the constraints in Ct1 ∪Ct2 ∪Ct3 (otherwise, the reader can check, it would’ve been possible
to construct a satisfying assignment for ClN , straightforwardly); so, N is really inconsistent.

On the other side, by Propositions 19, 20 and 21, schedule ϕ̂N is really feasible for N . J

The next result asserts that the halting time is strongly polynomial in the input size.

I Theorem 23. Let RDTP() run on any input RDTP N = (T , Ct1 ∪ Ct2 ∪ C3).
Its always halts within time O

(
|T |·|Ct1 |+|Ct2 |·(|Ct1 |+|T |·log |T |)+|T |·dCt2

·|Ct3 |+|Ct3 |2
)
.

Proof. By Theorem 16, (T , Ct1∪Ct2) takes O
(
|T |·|Ct1 |+|Ct2 |·(|Ct1 |+|T |·log |T |)+|T |·dCt2

)
time to be checked. Using that solution as an initial candidate, solving the two t2DTPs
N [d′c]t2 and N [d′′c ]t2 , for each c ∈ Ct3 where c = d′c ∨ d′′c , it takes O

(
|T | · |Ct1 |+ |Ct2 | · (|Ct1 |+

|T | · log |T |) + |T | ·dCt2
· |Ct3 |

)
total time. Next, for each c, c̃ ∈ Ct3 such that c̃ 6= c, eventually

adding the corresponding clauses to ClN takes O(1) time per clause; so, ClN is built in
total time O(|Ct3 |2). Since |ClN | = O(|Ct3 |2), solving the 2-SAT problem on input ClN
takes time O(|Ct3 |2) (e.g., with the algorithm of [1]). Finally, computing dφc and ϕ̌N takes
O(|T | · |Ct3 |) time. All in, the above mentioned time complexity of RDTP() follows. J

5 NP-completeness of Multi-Tail & Multi-Head t3HyTPs

This section enquiries the tractability frontier of RDTPs by considering HyTNs [3], where
the basic idea is that of blending the two models together and see what happens to the
complexity of the corresponding temporal problems. Two restricted kinds of disjunctive
temporal problems, tail-t3HyTP and head-t3HyTP, are both proven to be NP-complete.
The former problem is that of deciding whether a multi-tail t3HyTN (i.e., a temporal network
in which the constraints can be modeled only by multi-tail hyperarcs and by t3-constraints)
is consistent or not. The latter, head-t3HyTP, is the same as the former but considers
multi-head hyperarcs instead. Let us now focus on tail-t3HyTP.

I Theorem 24. tail-t3HyTP is NP-complete in a strong sense, i.e., even if the input
(T ,A∪ Ct3) are restricted to satisfy wA(·) ∈ {−1, 0, 1}, |TA| ≤ 2 for every A ∈ A, and every
t3-constraint (li ≤ X ≤ ui) ∨ (lj ≤ Y ≤ uj) ∈ Ct3 has all zero-valued lower/upper-bounds.

Proof. We claim that if H = (T ,A ∪ Ct3) is an integer-weighted and consistent multi-tail
t3HyTN, it admits an integer-valued feasible schedule s : T → {−T, . . . , T} where T =∑
A∈A,v∈V |wA(v)|+

∑
c∈Ct3 ,c=(l1≤X≤u1)∨(l2≤Y≤u2)(|l1|+ |u1|+ |l2|+ |u2|). Indeed let s be a

feasible schedule (integer-valued or not) ofH, and consider the projection HyTNHs , (T ,A′),
for A′ , A ∪

⋃
c∈Ct3

Asc, where for every c = (l1 ≤ X ≤ u1) ∨ (l2 ≤ Y ≤ u2) ∈ Ct3 we pick
the following pair of t1-constraints:

Asc ,

{ {
(Z −X ≤ −l1), (X − Z ≤ u1)

}
, if l1 ≤ s(X) ≤ u1;{

(Z − Y ≤ −l2), (Y − Z ≤ u2)
}
, otherwise.

TIME 2018
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Figure 4 Variable and clause gadgets (at left and right, respectively) used in Theorem 24.

By construction of Hs, s is a feasible for HyTN Hs. So, by Proposition 7, Hs admits an
integer-valued feasible schedule s′ bounded by −T and +T as above. By contruction of Hs,
s′ is feasible for H too.

Moreover, any such integer-valued feasible schedule can be verified in strongly polynomial
time w.r.t. the size of the input; hence, tail-t3HyTP is in NP.

To show that the problem is NP-hard, we describe a reduction from 3-SAT.
Let us consider a boolean 3-CNF formula with n ≥ 1 variables and m ≥ 1 clauses:
ϕ(x1, . . . , xn) =

∧m
i=1(αi ∨ βi ∨ γi), where Ci = (αi ∨ βi ∨ γi) is the i-th clause of ϕ and

each αi, βi, γi ∈ {xj , xj | 1 ≤ j ≤ n} is either a positive or a negative literal.
We associate to ϕ a multi-tail t3HyTN Hϕ = (T ,A∪Ct3), where each boolean variable xi

occurring in ϕ gets represented by two time-points, xi and xi. T also contains a time-point
z that represents the reference initial time-point for Hϕ, i.e., the first time-point that has to
be executed at time zero. Moreover, for each pair xi and xi, Hϕ contains:

a multi-tail hyperarc with tails {xi, xi}, both weighted −1, and head in z.
a t3-constraint

(
(0 ≤ xi ≤ 0) ∨ (0 ≤ xi ≤ 0)

)
∈ Ct3 . If Hϕ is consistent, the multi-tail

hyperarc and the t3-constraint associated to x,¬x assures that Hϕ admits an integer feasible
schedule s (as we mentioned above) such that s(xi) and s(xi) are coherently set with values
in {0, 1}. In this way, s is forced to encode a truth assignment on the xi’s.

The HyTN Hϕ contains also a time-point Cj for each clause Cj of ϕ; each Cj is connected
by a multi-tail hyperarc with head in Cj and tails over the literals occurring in Cj and by
two standard and opposite arcs with time-point z as displayed in Fig. 4 (right). This assures
that if Hϕ admits a feasible schedule s, then s assigns scheduling time 1 at least to one of
the time-point representing the literals connected with the multi-tail hyperarc.

Fig. 4 depicts the gadgets. A more formal definition of Hϕ is given in Appendix A.
The reader can check that |T | = 1 + 2n+m = O(m+ n), mA = O(m+ n), |Ct3 | = O(n);

therefore, the transformation is linearly bounded.
We next show that ϕ is satisfiable if and only if Hϕ is consistent.
Any truth assignment ν : {x1, . . . , xn} → {true, false} satisfying ϕ can be translated

into a feasible schedule s : T → Z of Hϕ as follows. For time-point z, let s(z) = 0, and let
s(Cj) = 1 for each j = 1, . . . ,m; then, for each i = 1, . . . , n, let s(xi) = 1 and s(xi) = 0 if the
truth value of xi, ν(xi), is true, otherwise let s(xi) = 0 and s(xi) = 1. It is simple to verify
that, using this schedule s, all the constraints comprising each single gadget are satisfied
and, therefore, the network is consistent. So, Hϕ is consistent.

Vice versa, assume that Hϕ is consistent. Then, it admits an integer-valued feasible
schedule s (as we mentioned above). After the translation s(v) , s(v)− s(z), we can assume
that s(z) = 0. Hence, s(Cj) = 1 for each j = 1, . . . ,m, as enforced by the two standard
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arcs incident at Cj in the clause gadget, and {s(xi), s(xi)} = {0, 1} for each i = 1, . . . , n, as
enforced by the constraints comprising the variable gadgets. Therefore, the feasible schedule
s can be translated into a truth assignment ν : {x1, . . . , xn} → {true, false} defined by
ν(xi) = true if s(xi) = 1 (and s(xi) = 0); ν(xi) = false if s(xi) = 0 (and s(xi) = 1) for
every i = 1, . . . , n. So, ϕ is satisfiable.

To conclude, we observe that any hyperarc A ∈ A of Hϕ has weights wA(·) ∈ {−1, 0, 1},
size |A| ≤ 3, and any t3-constraint c = (li ≤ X ≤ ui) ∨ (lj ≤ Y ≤ uj) ∈ Ct3 has zero lower
and upper-bounds (i.e., li = ui = lj = uj = 0). Since any hyperarc with three tails can be
replaced by two hyperarcs each having at most two tails, the consistency problem remains
NP-Complete even if |A| ≤ 2 for every A ∈ A. J

In order to prove that head-t3HyTP is also NP-complete, we could proceed with an
argument similar to that of Theorem 24. However, we also observe that the same result
follows as an immediate corollary of the following inter-reducibility between the two models.

I Definition 25. A multi-tail (multi-head) RHyTN is any temporal network in which
the constraints can be modeled only by multi-tail (multi-head) hyperarcs and by {t2, t3}
disjunctive temporal constraints.

The problem of checking whether a given RHyTN is consistent is named RHyTP. Observe,

I Proposition 26. Multi-head and multi-tail RHyTPs are inter-reducible by means of log-
space, linear-time, local-replacement reductions. Particularly, multi-head and multi-tail
t3HyTPs are inter-reducible by such reductions. (The proof is in Appendix A)

Therefore, by Proposition 26, it follows that head-t3HyTP is also strongly NP-complete.

6 Pseudo-Polynomial Time Algorithm for t2HyTPs

We end by studying multi-tail and multi-head t2HyTNs (i.e., temporal networks in which the
temporal constraints can be only t2 disjunctive temporal constraints and either only multi-tail
or multi-head hyperarcs). It turns out that checking the corresponding temporal problems,
tail-t2HyTP and head-t2HyTP, lies in NP ∩ co-NP and admits pseudo-polynomial
time algorithms. By Proposition 26, it is sufficient to focus on multi-head t2HyTPs only.
The corresponding pseudo-polynomial time algorithm is named t2HyTP(), and described
below – notice that it generalizes t2DTP(). Given any integer-weighted multi-head t2HyTPs
Ht2 = (T ,A∪ Ct2) in input, we firstly solve the HyTP H = (T ,A) with the VI algorithm of
Theorem 10. If H is recognized as inconsistent, the algorithm halts. Otherwise, let ϕ be the
least feasible schedule of H. Then proceed as follows:

While ∃ some X ∈ T and cX =
∨k
i=1(li ≤ X ≤ ui) ∈ Ct2 s.t. ϕ(X) doesn’t satisfy cX :

If ϕ(X) > uk(= maxi ui), then Ht2 is recognized as inconsistent; otherwise, let i∗ be the
smallest i ∈ [1, k] such that ϕ(X) < li. Firstly, we increase the value of ϕ(X) up to li∗ , i.e.,
update ϕ(X)← li∗ . Secondly, the VI algorithm of Theorem 10 is invoked on input (H, ϕ), so,
then, ϕ becomes the schedule returned by that run of VI. The process iterates so on and so
forth, and if the while-loop completes without recognizing Ht2 as inconsistent, ϕ is returned.
The correctness and the time complexity are asserted below. (The proof is in Appendix A)

I Theorem 27. t2HyTP() is correct, i.e., running on any integer-weighted multi-head
t2HyTP Ht2 = (T ,A ∪ Ct2), an integer-valued feasible schedule ϕ : T → Z is returned, in
case Ht2 is consistent; otherwise, Ht2 is correctly recognized as inconsistent.

TIME 2018
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Moreover, the corresponding time complexity is pseudo-polynomial, i.e.,

Timet2HyTP()(Ht2) = O
(
(|T |+ |A|) ·mA ·WA,Ct2

)
,

where WA,Ct2
, max

(
max
A∈A

max
h∈A
|wA(h)|, max

lj appears in any
∨ki=1(li≤X≤ui)∈Ct2

lj

)
.

Finally, since t2HyTP() is correct, it is possible to establish the following complexity result.

I Theorem 28. tail-t2HyTP,head-t2HyTP ∈ NP∩co-NP. (The proof is in Appendix A)

7 Conclusions and Future Works

A deeper combinatorial comprehension on the algorithmics of RDTPs led to a new elementary
deterministic strongly polynomial time procedure for solving them, significantly improving the
asymptotic running times suggested by Kumar before. In future works we’d like to investigate
further on possible generalizations/extensions of the proposed algorithms, aiming at covering
some compatible (or even wider) subclasses of the disjunctive temporal constraints problem.
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A Appendix: Omitted Proofs

The appendix proceeds by offering additional missing proofs.

Proof of Proposition 26. We show the reduction from multi-tail to multi-head hypergraphs;
the converse direction is symmetric. Informally, all the arcs are reversed (so that what was
multi-tail becomes multi-head), and, contextually, the time-axis is inverted (to account for
the inversion of the direction of all arcs). Finally, all t2 and t3-constraints are also reversed.

Given a multi-tail RHyTN H = (T ,A ∪ Ct2 ∪ Ct3), we associate to H a multi-head
RHyTN H′ = (T ,A′ ∪C′2 ∪C′3) by reversing all multi-tail hyperarcs, all t2 and t3-constraints.
Formally,

A′ ,
{

(v, S, w) | (S, v, w) ∈ A
}
, C′

2 ,
{ k∨

i=1

(−ui ≤ X ≤ −li) |
k∨

i=1

(li ≤ X ≤ ui) ∈ Ct2

}
,

C′
3 ,

{(
(−u1 ≤ X ≤ −l1) ∨ (−u2 ≤ Y ≤ −l2)

)
|
(
(l1 ≤ X ≤ u1) ∨ (l2 ≤ Y ≤ u2)

)
∈ Ct3

}
.

We claim that H is consistent if and only if H′ is consistent. To prove it, we note that
each schedule s for H can be associated, with a flip of the time direction, to the schedule
s′ , −s. Then, it holds that s is feasible for H if and only if s′ is feasible for H′. Indeed, s
satisfies the constraint represented by an hyperarc A = (TA, hA, wA) ∈ A, i.e.,

s(hA) ≤ maxv∈TA{s(v) + wA(v)},
or, equivalently, −s(hA) ≥ minv∈TA{−s(v)−wA(v)}, if and only if s′ (that is, −s) satisfies

the constraint represented by the reversed hyperarc A′ = (hA, TA, wA), i.e., if and only if:
s′(hA) ≥ minv∈TA{s′(v)− wA′(v)}.
Next, s satisfies a t2-constraint

∨k
i=1(li ≤ X ≤ ui) iff li ≤ s(X) ≤ ui holds for some

i ∈ [1, k], or equivalently, iff −ui ≤ −s(X) ≤ −li; this happens iff s′ satisfies the constraint
represented by the reversed disjunct (−ui ≤ X ≤ −li), i.e., iff −ui ≤ s′(X) ≤ −li.

Finally, s satisfies a t3-constraint ((l1 ≤ X ≤ u1) ∨ (l2 ≤ Y ≤ u2)) iff either l1 ≤
s(X) ≤ u1 or l2 ≤ s(Y ) ≤ u2, or equivalently, either −u1 ≤ −s(X) ≤ −l1 or −u2 ≤
−s(Y ) ≤ −l2; this happens iff s′ satisfies the constraint represented either by the reversed
disjunct (−u1 ≤ X ≤ −l1) or by (−u2 ≤ Y ≤ −l2), i.e., iff either −u1 ≤ s′(X) ≤ −l1 or
−u2 ≤ s′(Y ) ≤ −l2. J

Formal definition of Hϕ in the proof of Theorem 24. More formally, Hϕ = (T ,A ∪ Ct3)
is:
T = {z} ∪ {xi | 1 ≤ i ≤ n} ∪ {xi | 1 ≤ i ≤ n} ∪ {Cj | 1 ≤ j ≤ m};
A =

⋃n
i=1 Vari ∪

⋃m
j=1 Claj , where:

TIME 2018
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Vari =
{

(z, xi, 1), (xi, z, 0), (z, xi, 1), (xi, z, 0),(
{xi, xi}, z, [w(xi), w(xi)] = [−1,−1]

)}
.

This is for the variable gadget of xi as depicted in Fig. 4 (left);
Claj =

{
(z, Cj , 1), (Cj , z,−1),

({αj , βj , γj}, Cj , [w(αj), w(βj), w(γj)] = [0, 0, 0])
}
.

This defines the clause gadget for clause Cj = (αi ∨ βi ∨ γi) as in Fig. 4 (right).
Ct3 =

⋃n
i=1 Var

′
i, where:

Var′i =
{(

(0 ≤ xi ≤ 0) ∨ (0 ≤ xi ≤ 0)
)}

.
This completes the variable gadget of xi as depicted in Fig. 4 (left); J

Proof of head-t2HyTP, tail-t2HyTP ∈ NP. We claim that if H = (T ,A∪Ct2) is an integer-
weighted and consistent multi-tail t2HyTN, it admits an integer-valued feasible schedule s :
T → {−T, . . . , T} where T =

∑
A∈A,v∈V |wA(v)|+

∑
c∈Ct2 ,c=

∨k

i=1
(li≤X≤ui)

(|li|+|ui|). Indeed,
let s be a feasible schedule (integer-valued or not) of H, and consider the projection HyTN:

Hs , (T ∪ {z},A′),

A′ , A ∪ {(z − T ≤ 0) | T ∈ T } ∪
⋃
c∈Ct2

Asc.

where for every c =
∨k
i=1(li ≤ X ≤ ui) ∈ Ct2 this pair of t1-constraints is taken:

Asc ,
{

(z−X ≤ −li), (X − z ≤ ui) | for the smallest i ∈ {1, . . . , k} s.t. li ≤ s(X) ≤ ui
}
.

By construction of Hs, s is a feasible for HyTN Hs. So, by Proposition 7, Hs admits an
integer-valued feasible schedule s′ bounded as above. By construction of Hs, s′ is feasible for
H too.

Any such integer-valued feasible schedule can be verified in strongly polynomial time
w.r.t. the size of the input, simply by checking the actual consistency of each constraint in
A∪Ct2 ; hence, head-t2HyTP is in NP. Thus, by Proposition 26, tail-t2HyTP ∈ NP. J

I Definition 29 (Hypercycle). We recall from [3] that a hypercycle C0 in a HyTN H is actually
a pair (S, C0) with S ⊆ T and C0 ⊆ A such that:
1. S = ∪A∈C0A and S 6= ∅;
2. ∀v ∈ S there exists an unique A ∈ C0 such that tA = v.
Every infinite path in a cycle (S, C) contains, at least, one finite cyclic sequence vi, vi+1, . . . ,

vi+p, where vi+p = vi is the only repeated node in the sequence. A cycle (S, C0) is negative if
for any finite cyclic sequence v1, v2, . . . , vp, it holds that

∑p−1
t=1 wa(vt)(vt+1) < 0, where a(v)

denotes the unique arc A ∈ C0 with tA = v as required in previous item 2.

I Definition 30 (Certified Least Feasible Schedule (CLFS)). Given any integer-weighted
multi-head HyTN H = (T ,A), a certified least feasible schedule (CLFS) for H is a pair
ϕcert , {ϕ,F}, where ϕ : T → Z is a feasible schedule of H, and F , {CX}XT is a family
of hypercycles of H (which works as a certificate of minimality for ϕ, as follows): for every
X ∈ T , CX is a negative hypercycle of the auxiliary HyTN HX obtained from H just by
adding one t1-constraint requiring X to be scheduled strictly before time ϕ(X),

HX ,
(
T ∪ {z},A ∪ {(z − T ≤ 0) | T ∈ T } ∪ {X − z ≤ ϕ(X)− 1}

)
.

ϕcert can be verified in strongly polynomial time, because negative hypercycles can be checked
so (as shown e.g., in Lemma 3 of [3]) and feasiblity of ϕ can be checked by inspection. The
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soundness of CLFSs follows from the proof argument of Proposition 7 (i.e., the idea in this
proof is – cfr. Lemma 2 in [3] – to project the feasible HyTN over a conservative graph and
then, in that setting, to exploit the integrality properties of potentials as prescribed e.g., by
the Bellman-Ford algorithm) plus the fact that the universe of feasible schedules of any given
multi-head HyTN is closed under pointwise-minimum, i.e., given two feasible schedules s1, s2,
the schedule s(u) , min(s1(u), s2(u)) ∀u ∈ T , is still feasible (also notice that, in multi-tail
HyTNs, the pointwise-maximum works instead).

With Definitions 29 and 30 in mind, we can proceed with the following proof.

Proof of head-t2HyTP, tail-t2HyTP ∈ co-NP. To show head-t2HyTP ∈ co-NP, we shall
exhibit certificates (of inconsistent networks) which we can verify in strongly polynomial time.

The basic idea, in order to construct such certificates, is to consider what happens during
the execution of algorithm t2HyTP(), assuming the input instance H = (T ,A ∪ Ct2) is
inconsistent. If the HyTN H0 , (T ,A) is already inconsistent, then it admits a negative
hypercycle C0 (see e.g., Theorem 4 in [3]). Moreover, C0 can be checked in strongly polynomial
time (see e.g., Lemma 3 in [3]), so C0 is already a valid certificate of inconsistency. Otherwise,
let ϕ0 be a CLFS of H0, then there must exist some X0 ∈ T and cX0 =

∨k
i=1(li ≤ X0 ≤ ui) ∈

Ct2 s.t. ϕ0(X0) doesn’t satisfy cX0 . If ϕ0(X0) > uk(= maxi ui), then (ϕ0, cX0) is a valid
certificate of inconsistency; otherwise, let i∗0 be the smallest i ∈ [1, k] such that ϕ0(X0) < li.
Let H1 be the auxiliary HyTN obtained from H0 just by adding one t1-constraint requiring
X0 to be scheduled at or after time li∗0 :

H1 ,
(
T ∪ {z},A ∪ {(z − T ≤ 0) | T ∈ T } ∪ {z −X0 ≤ −li∗0}

)
.

Then, let ϕ1 be a CLFS of H1 (notice ϕ1 exists because H0 was assumed to be feasible).
Again, there must exist some X1 ∈ T and cX1 =

∨k
i=1(li ≤ X1 ≤ ui) ∈ Ct2 s.t. ϕ1(X1)

doesn’t satisfy cX1 . Again, if ϕ1(X1) > uk(= maxi ui), then (ϕ0, cX0 , ϕ1, cX1) is a valid
certificate of inconsistency; otherwise, we can construct yet another auxiliary HyTN H2 by
adding one t1-constraint requiring X1 to be scheduled at or after time li∗1 , for appropriate i

∗
1

defined similarly as before. The construction iterates inductively and, generally, it leads to a
sequence of the following kind (where the {ϕi}Ni=0 are all CLFSs of the auxiliary HyTNs):(

(ϕ0, cX0), (ϕ1, cX1), . . . , (ϕN , cXN )
)
,

where, notice, it’s length is at most N ≤ dCt2
(because, for each iteration of the construction,

one disjunct of some t2-constraint is ruled out forever). Each element of the sequence can
be verified in strongly polynomial time, and the length of the same sequence is strongly
polynomial; plus, Theorem 27 implies the correctness of these certificates. This proves that
head-t2HyTP ∈ co-NP. Thus, by Proposition 26, tail-t2HyTP ∈ co-NP too. J

Proof of Theorem 27. The correctness argument is similar to that for proving correctness of
t2DTP(), the details are simpler in this case because the only algorithm that is used to update
the schedule ϕ monotonically is the VI algorithm of Theorem 10 (instead of Bellman-Ford
and multiple calls to Dijkstra as it was for t2DTP()); indeed, the VI algorithm of Theorem 10
also provides the least feasible schedule in case the input HyTN is consistent, thus a similar
(actually simpler) correctness argument still holds. Also the time complexity of t2HyTP() is a
direct consequence of the complexity of the VI algorithm of Theorem 10, where the maximal
weight measure W is increased to WA,Ct2

(as defined above) in order to take into account the
lower-bound constraints (i.e., those of type (z −X ≤ −li∗)) that are (implicitly) introduced
in A during the main while-loop; notice that, during the computation, the VI algorithm

TIME 2018
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is invoked on input (H, ϕ) so that at each iteration the scheduling values are initialized to
those of the previous iteration (this ensures that they are always updated monotonically
upwards during the whole computation, thus amortizing the total cost among all iterations).
Plus, at each iteration at least one scheduling value is increased (i.e., ϕ(X) is increased to li∗
to satisfy the last (z −X ≤ −li∗)). Finally, checking the while-loop’s condition takes time
O(dCt2

· |T |) total time, and since dCt2
≤ |T | ·WA,Ct2

, then O(dCt2
· |T |) = O(|T |2 ·WA,Ct2

)
(which, notice, it is not a bottleneck asymptotically). So, the Timet2HyTP() bound holds. J
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Abstract
The efficient management of temporal data has become increasingly important for many database
applications. Most commercial systems already allow the management of temporal data but the
operational support for processing this data is still rather limited. One particular reason is
that many extension proposals typically require considerable modifications of the underlying
database engine. In this paper, we propose a lightweight solution where temporal operators
are realized using a library of user-defined functions. This way the complexity of temporal
queries can be drastically reduced leading to more readable and less error-prone code without
touching the database system. Our experiments show that the proposed operators significantly
outperform temporal queries formulated in pure SQL. In addition, we investigate the possibility
to incorporate algebraic optimization strategies directly into our operator definitions which allow
for further performance improvements.
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1 Introduction

The support for temporal data is continuously extended by almost every commercial database
system reflecting its importance for many practical applications. Today’s systems typically
provide an automated version control of the data and mechanisms for fast history access
known as time travel. However, many temporal operations are still implemented within the
application layer because database systems offer no comprehensive support for efficiently
performing operations over temporal data, yet. In particular, the fact that temporal data is
usually represented by means of temporal intervals rather than single time points is usually
neglected and no specific data type like period nor operator support is provided in standard
SQL. Consequently, the task of processing sets of temporal intervals has to be realized by
complex low-level SQL queries or is simply left to tools or applications outside the database.

For querying temporal intervals, the sequenced semantics seems to be the most natural
choice [6]. Formulating sequenced statements over this data in standard SQL, however,
often leads to very complex expressions [9] which are difficult to maintain and can hardly be
optimized by the database system.
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As an example, we consider an air traffic scenario in which various events (e.g. changes
of altitude, speed, and heading of an aircraft) are continuously monitored and stored in a
database. If we are interested in the time interval during which a plane was in cruising mode
but did not perform a maneuver, various subintervals have to be computed as a cruising
period may coincide with several maneuver periods. The inherent complexity of the reasoning
becomes even more apparent as soon as more than two conditions are compared this way.
This is due to the fact that all possible sequences of time points have to be covered by the
respective database query as the systems basically support an event-based calculus, only.
Still missing is the possibility to generate sets of input intervals which are processed by
set-oriented operators within the FROM clause. To this end, TABLE functions can be used
which allow for modeling the required many-to-many mapping. As an example, the following
query detects cruising phases without maneuvering for flights operated by Lufthansa using
the table function TDIFF:

SELECT Start,End FROM TABLE (TDIFF(vw_LHcruising,vw_LHmaneuvering)) Period;

The complexity of the query is drastically reduced as all time point comparisons are hidden
in the table function which accesses two views containing cruising and maneuvering phases
of Lufthansa flights, respectively.

In this paper, we discuss the development of a library of such temporal operators which
form the basis for realizing a situation calculus inside a temporal database system. In
particular, our contributions are as follows:

We introduce formal definitions of the most important operators like TUNION, TDIFF,
TSECT, THULL, TCOMPL, or TCROP in a systematic way.
We show the possibility of optimizing sequences of temporal operators similar to algebraic
optimization rules for relational expressions.
We provide an evaluation of various implementation alternatives for temporal operators
showing the feasibility of our proposal.

The paper is organized as follows: After discussing related work in Section 2 we specify a set
of temporal operators and corresponding algebraic optimization rules in Sections 3 and 4.
Different implementations of two selected temporal operators are discussed in Section 5 and
evaluated in Section 6. Finally, we draw a conclusions in Section 7.

2 Related Work

Our work is motivated by the general idea of supporting situation awareness inside a database
system [13]. The workspace manager of Oracle provides the well-known relationship operators
proposed by Allen [2] which can be employed for this purpose. When querying a history
of situations, however, the comparison of sets of intervals is often needed, and Allen’s
operators are not suited anymore [4]. The lack of database support for monitoring the
temporal development of data led to specialized systems such as moving object, data stream
or complex event processing (CEP) systems. Especially CEP appeared to be well-suited for
handling the dynamics of an application. While the employed event-based calculus is useful
for general temporal reasoning over discrete changes, it is not well-suited for modeling the
continuous changes between domain-specific situations represented as anchored temporal
intervals. Even CEP systems with a richer data model for temporal abstractions such as
Microsoft’s StreamInsight [1], Naiad [17] or SEEP [12] are limited with respect to processing
sets of temporal intervals.

As an alternative approach, operational support for processing sets of temporal intervals
has been proposed in [9], [10]. In these works the authors propose to reduce a temporal
operator to its nontemporal counterpart by using two primitives, the temporal normalizer
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for group based operators (e.g. projection, aggregation, union) and the temporal aligner for
tuple based operators (product, joins). This represents an elegant generic approach and even
provides the possibility to use the DBMS optimizer for the resulting nontemporal expressions.
However, rewriting temporal operators this way leads to unspecialized versions which perform
mostly not as efficient as the more specialized table functions proposed in this work. In
addition, several extensions to a relational DBMS kernel have to be implemented in order
to use these temporal features which is problematic for proprietary DBMS. No support for
temporal operations in non-sequenced semantics is provided.

3 Temporal Operators

In this section we present temporal operators for processing sets of temporal intervals which
have been already mentioned in [4]. We extend this work by providing a formal basis for the
specification of these operators from which suitable implementations are derived in Section 5.
We first define temporal operators working on sets of intervals in Section 3.1. Afterwards,
these operators are used to specify temporal operators for period-stamped temporal relations
in Section 3.2. All our proposed operators act on table level, meaning that they have
table-valued in- and/or output. For illustrating our approach, we exemplarily define

three point-based binary operators TUNION, TDIFF, and TSECT,
two point-based unary operators THULL and TCOMPL,
four interval-based unary operators TMIN, TMAX, TFIRST, and TLAST,
and a binary interval-based operator TCROP with its point-based analog TCROPC.

3.1 Interval Operators
In the following we use half-open time intervals I = [I.s, I.e) including the start point I.s and
excluding the end point I.e of interval I. We denote the interval length by I.` := I.e− I.s
for I.e 6=∞ and I.` :=∞ otherwise. For the definition of the point-based operators we use
coalescing of a set of temporal intervals I specified as follows:

Coal(I) := {[I1.s, Ik.e) | ∃ sequence I1 < . . . < Ik ∈ I s.t. Ii.e ∈ Ii+1, 1 ≤ i ≤ k − 1,
and @ I ∈ I s.t. I1.s ∈ int(I) or Ik.e ∈ I},

where I1 < I2 :⇔ I1.s < I2.s ∧ I1.e < I2.e and int(I) := (I.s, I.e) denotes the interior of
interval I. Because of the first condition we only coalesce intervals that are either overlapping
or touching. The second condition ensures that the sequence and therefore the resulting
interval cannot be further extended. An example is shown in Figure 1. Note that this
definition of coalescing is equivalent to the standard definition of temporal coalescing given
for example in [7].

For the binary operators union, difference and intersection we have chosen a point-based
rather than interval-based model (cf. [5]). By using coalescing, we represent the required
timestamps (i.e. minimum requirements) with a maximal interval partition.

I Definition 1 (Operators TUNION, TDIFF, and TSECT). Let I and I ′ be finite sets of
right-open intervals. Then the temporal union of the two interval sets I and I ′ is defined
as TUNION(I, I ′) := Coal(I ∪ I ′) . Their temporal difference is

TDIFF(I, I ′) := Coal({J ⊆ I | I ∈ I,∀I ′ ∈ I ′ : J ∩ I ′ = ∅,
and J is maximal with this property}) ,

and the temporal intersection is given by TSECT(I, I ′) := Coal({I ∩ I ′ | I ∈ I, I ′ ∈ I ′}) .

TIME 2018
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I

I1

I2

I3

IC

I ′

Figure 1 Example of the coalescing operator, IC = Coal({I1, I2, I3}). If there were intervals I or
I ′, the sequences I < I3 and I1 < I2 < I ′ respectively lead to an extended coalesced interval IC .

Temporal union is defined as coalescing of the input interval sets whereas temporal difference
comprises all subintervals of I not covered by I ′ in coalesced form. Similarly, temporal
intersection is defined as the coalesced common time periods of both sets. Note that if
both input sets are coalesced, i.e. Coal(I) = I and Coal(I ′) = I ′, then TSECT(I, I ′) =
{I ∩ I ′ | I ∈ I, I ′ ∈ I ′}, and if I is coalesced, then TDIFF(I, I ′) = {J ⊆ I | I ∈ I, ∀I ′ ∈ I ′ :
J ∩ I ′ = ∅, and J is maximal with this property} [7]. As a last example of point-based
operators, the two unary operators THULL and TCOMPL are defined. A sample application
of all introduced point-based operators is depicted in Figure 2.

I Definition 2 (Operators THULL and TCOMPL). We define the hull of a finite set of
right-open intervals I as the time period enclosed by the given intervals THULL(I) :=
[minI ∈I I.s,maxI ∈I I.e) . The complement of I with respect to its hull is given by
TCOMPL(I) := TDIFF({THULL(I)}, I) .

The list of operators is complemented by four interval-based operators which return the
shortest and longest as well as the first and last set of intervals from I, respectively.

I Definition 3 (Operators TMIN and TMAX). For a finite set of right-open intervals I, we
define the operators TMIN and TMAX returning the shortest respectively longest intervals
of I as TMIN(I) := arg minI ∈I I.` and TMAX(I) := arg maxI ∈I I.` .

I Definition 4 (Operators TFIRST and TLAST). For a finite set of right-open intervals I,
we define the operators TFIRST and TLAST returning the intervals of I having the earliest
start (latest end) point as TFIRST(I) := arg minI ∈I I.s and TLAST(I) := arg maxI ∈I I.e .

Finally, the TCROP operator crops the input intervals with respect to a given interval CR.
This operator is especially useful for viewing a snapshot of some relation, i.e. all Lufthansa
flights performed today. TCROPC is its coalesced analog.

I Definition 5 (TCROP and TCROPC). For a finite set of right-open intervals I and a
non-empty, right-open interval CR we define TCROP(I, CR) := {I ∩ CR | I ∈ I} and
TCROPC(I, CR) := Coal({I ∩ CR | I ∈ I}) .

3.2 Operators for Period-Stamped Relations
In a temporal database tuple, temporal intervals are typically associated with other ’non-
temporal’ attribute values which have to be processed, too. Therefore, the introduced
operators are extended to temporal relations with explicit, non-temporal attributes A and
timestamp T . We consider πB,T (R) for B ⊆ A a subset of the non-temporal attributes of
the relation R. The proposed operators will act on all value equivalent tuples of πB,T (R), i.e.



A. Dohr, C. Engels, and A. Behrend 11:5

I

I ′

I∪
I−
I∩

(a) TUNION I∪, TDIFF I−, and TSECT I∩

I

IH

Ic

(b) THULL IH and TCOMPL Ic

Figure 2 Sample applications of point-based operators for sets of right-open intervals I and I′.

performing temporal aggregation with respect to B. Note that for B = ∅ the operations are
directly performed on the temporal intervals and for B = A value equivalence on relational
level is considered. We denote by Rb̄

T := πT (σB=b̄(R)) the timestamps of all value equivalent
tuples w.r.t. B with value b̄. First, we define the extended coalescing operator w.r.t B ⊆ A:

Coal(R,B) :=
{

(b̄, t) | b̄ ∈ πB(R), t ∈ Coal(Rb̄
T )

}
.

The three point-based operators TUNION, TDIFF, and TSECT for sets of intervals are
extended in the following to relational operators having two period-stamped relations and a
subset B ⊆ A of the non-temporal attributes as input:

I Definition 6. For two period-stamped relations R and S with non-temporal attributes A,
timestamp T , and B ⊆ A we set

TUNION(R,S,B) :=
{

(b̄, t) | b̄ ∈ πB(R ∪ S), t ∈ TUNION(Rb̄
T , S

b̄
T )

}
,

TDIFF(R,S,B) :=
{

(b̄, t) | b̄ ∈ πB(R), t ∈ TDIFF(Rb̄
T , S

b̄
T )

}
,

TSECT(R,S,B) :=
{

(b̄, t) | b̄ ∈ πB(R) ∩ πB(S), t ∈ TSECT(Rb̄
T , S

b̄
T )

}
.

The remaining unary operators on relation level can be directly specified via their interval
equivalent:

I Definition 7. For two period-stamped relations R and S with non-temporal attributes
A, timestamp T , and B ⊆ A we set TOP(R,B) :=

{
(b̄, t) | b̄ ∈ πB(R), t ∈ TOP(Rb̄

T )
}
with

TOP∈ {THULL, TCOMPL, TMIN, TMAX, TFIRST, TLAST}.

Similarly, the operators TCROP and TCROPC are extended:

I Definition 8. For a period-stamped relation R with non-temporal attributes A, timestamp
T , B ⊆ A, CR a non-empty right-open interval, and TOP ∈ {TCROP, TCROPC} we set
TOP(R,B,CR) :=

{
(b̄, t) | b̄ ∈ πB(R), t ∈ TOP(Rb̄

T , CR)
}
.

4 Algebraic Optimization

Similar to the non-temporal relational operators, algebraic optimization can be performed
for our temporal operators. Let’s consider the following example. We are interested in all
flight phases excluding landings performed yesterday by a Southwest Airlines’ aircraft. The
following SQL query employing the TDIFF- and TCROP-operators can be employed:

TIME 2018
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Figure 3 Performance of selection pushing for non-temporal attributes (NTA) and the timestamp
attribute (TA).

SELECT aircraft, T FROM TABLE
TCROP(TDIFF(flight,landing,{aircraft,airline})),

{aircraft,airline}, yesterday) flight_phases
WHERE airline = ‘Southwest Airlines’

Before calculating the temporal difference it makes sense to evaluate the selection to Southwest
Airlines, i.e. to push the selection. Likewise we might also push the condition that the flight
phase was performed yesterday. As this refers to the timestamp caution is advised. Pushing
the temporal selection in the example using around 1.7 million entries from the dataset
“Airline On-Time Statistics and Delay Causes” [18] considerably reduces the execution time
as depicted in Figure 3. We focus in the following on the formal basis of these kinds of
optimizations and introduce selection pushing as algebraic optimization rule for our temporal
operators.

In [7] the following so called conditional coalescing rule states that selections σT can be
pushed through the coalescing operator acting on value equivalent tuples (i.e. Coal(R,A)
for A := attr(R) in our terminology) if the selection condition c does not contain any
temporal attribute: σT

c (Coal(R,A)) ≡ Coal(σT
c (R,A)) . This rule naturally extends to

B ⊆ A provided that the selection condition refers to attributes in B only. As our operators
are based on coalescing and/or act on value equivalent tuples w.r.t. B this allows us to
push selections – still provided that the selection condition refers to attributes in B only.
Regarding pushing of selections referring to the timestamp T, we studied three kinds of
selection criteria:
1. A restriction on the start point of the timestamp, i.e. T.s ∈ Q for a given right-open

interval Q.
2. A restriction on the end point of the timestamp, i.e. T.e ∈ Q’ for a given right-open

interval Q’.
3. A restriction on the length of the timestamp, i.e. T.` ∈ D for a given right-open interval D.
Furthermore, we distinguished whether the input relations of the operators are in coalesced
form and whether the output relation will be cropped to an interval CR. In the following we
will focus on the three point-based binary operators TUNION, TDIFF and TSECT.

The example in Figure 4 illustrates that due to the coalescing applied in our temporal
operators we cannot simply push selections like those specified above through the operators.
Given a set of right-open intervals I we want to select all intervals of Coal(I) starting in Q.
Naively selecting all intervals of I starting in Q as depicted in Start does not lead to the
solution Res. This is because two of the intervals will be merged during coalescing with
an interval starting before Q violating the selection condition, and the other interval will
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I

Q

Start

Res

Rel

Figure 4 Example of selection pushing for temporal operators. Start comprises all intervals of I
starting in Q, Res contains the result set of σI.s∈Q(Coal(I)), and Rel comprises the intervals of I
relevant to compute Res.

be extended during coalescing with an interval starting after Q, so that only the modified
interval is contained in the result set Res. But the first two intervals of I are not relevant
at all to compute Res because they end before Q starts. Rel comprises the intervals of I
relevant to compute Res.

Generalizing the idea of intervals relevant to compute the result of a selection referring
to the timestamp, we cannot push the selection through the temporal operator, but we
can introduce selections applied before the temporal operator on the basis of the selection
condition in order to reduce the input size of the operator. For the question which intervals
are starting during a specified interval Q over an uncoalesced input only those intervals are
relevant that

start in Q and are therefore possibly part of an interval of the result set,
end in Q (or later) and may extend intervals starting in Q to violate the selection
condition,
or start after Q and may extend intervals starting in Q such that the extended, coalesced
interval is part of the result set.

In particular, intervals ending before Q, i.e. satisfying I.e < Q.s, are not relevant and can
be discarded. This is true for all three operators TUNION, TDIFF, and TSECT giving the
following rule:

In the case of uncoalesced input relations with selection condition T.s ∈ Q, a selec-
tion σT.e≥Q.s may be introduced and pushed through the temporal operator.

For TUNION, it does not make any difference whether the input relations are coalesced or
not, as coalescing is involved anyway. But for TDIFF and TSECT, we can refine the above
rule in cases with coalesced input relations as no further coalescing has to be performed
(cf. Section 3.1). So if R is in coalesced form, we can introduce and push a stronger selection
condition for R through TDIFF(R,S,B), namely σT∩Q6=∅. Similarly, if R or S is coalesced,
we can introduce and push the same selection condition for R or S respectively through
TSECT(R,S,B).

If the output is cropped to an interval CR we can further reduce the input relations.
Again considering the case with uncoalesced input first, we can introduce and push a new
selection σT.s<CR.e. Everything happening after CR.e is irrelevant if the resulting intervals
are cropped to CR even though there were intervals starting in Q. In addition, we can adjust

TIME 2018
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Table 1 Introduced selection conditions in the different settings for the operators TUNION,
TDIFF, and TSECT. Coalesced only refers to relation R in TDIFF(R,S,B) and relations R and S
in TSECT(R,S,B).

Setting T.s ∈ Q T.e ∈ Q′

uncoalesced σT.e≥Q.s σT.s≤Q′.e

coalesced σT∩Q6=∅ σT∩Q′ 6=∅

cropped to CR σT.e≥Q.s σT.s≤Q′.e

+ uncoalesced σT.s<CR.e σT.e>CR.s

cropped to CR σT∩Q6=∅ σT∩Q′ 6=∅

+ coalesced σT∩CR 6=∅ σT∩CR 6=∅

the query interval Q and the crop interval CR according to the following formulas

CR∗.s := max(CR.s,Q.s) and Q∗.e := min(CR.e,Q.e)

as all resulting intervals start in Q and the output is cropped to CR. In the coalesced
case we can again push a stronger selection condition, namely σT∩CR 6=∅ for coalesced R in
TDIFF(R,S,B) and coalesced R or S in TSECT(R,S,B).

A summary of the introduced selection conditions in the different settings for T.s ∈ Q –
as well as those for T.e ∈ Q′ which are exactly inverted – is given in Table 1.

For queries referring to the timestamp length, i.e. T.` ∈ D, we can push selections only
in the coalesced cases of TSECT and R in TDIFF(R,S,B). In these cases the input intervals
can only get shorter when the temporal operator is applied. So only intervals longer than
D.s are relevant and the condition σT.`≥D.s can be introduced and pushed. If in addition the
output gets cropped the selection σT∩CR 6=∅ can be introduced again.

The presented rules for introducing and pushing selections are designed in such a way
that for a combined selection σT.s∈Q∧T.e∈Q′ all suitable selections according to Table 1 can
be introduced and pushed.

5 Implementation

In this section we discuss the implementations of two selected temporal operators. As
examples we choose the temporal union operator (TUNION) and the temporal difference
operator (TDIFF). We present several algorithms to realize the proposed semantics of those
two operators. We implement the TUNION operator using Single Scan, Index Based and
Sorting Based algorithms. The TDIFF operator is implemented by Union First and Sorting
Once algorithms.

To use these implementations, there is no need to modify database systems regarding
parser trees, cost functions, etc. To make the application of temporal operators transparent to
the user in a high degree, we are using Oracle User-Defined Functions [20] for implementation.
The implementation is not limited to Oracle Database products. Using primarily user defined
table functions and basic concepts it is relatively easy to implement the operators in any
common database system. For instance, in Section 6 an implementation in PostgreSQL was
used to compare TUNION and TDIFF with existing temporal operators using Temporal
Postgres [19].
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5.1 Temporal Union
The temporal union operator (TUNION) merges right-open intervals using the concept of
coalescing introduced decades ago ([7], [11], [15]) that do have overlapping relationships
as defined by James F. Allen (i.e. contains, equals, starts, finishes, meets, overlaps) [2].
While the input sets can contain those overlapping relationships the output sets only include
relationships of the kind before or after due to the construction of this operator.

Using an algorithm described in [22] as well as two basic algorithms we present three
implementations for temporal union designed as Oracle User-Defined Functions. Pure
SQL:1992 queries [21] are neither used nor evaluated due to their already shown poor
performance [22].

In contrast to the definition from Section 3, the following implementations use one interval
set as input instead of two sets due to simplicity reasons. The implementation with two
input sets is analogue.

5.1.1 Single Scan
The most efficient algorithm proposed in [22] uses partitioning of data and windowing
functions to coalesce time intervals of equal, nontemporal attributes. The concepts of
windowing functions were introduced in the SQL:2003 standard.

For a table R, containing start and end points of intervals and additional nontemporal
columns, the temporal columns are queried into a temporary table that holds the timestamps
ts, two additional columns named Start_ts and End_ts and columns for the nontemporal
data. For a start point set Start_ts = 1 and End_ts = 0, for an end point set Start_ts = 0
and End_ts = 1.

The temporary table is queried to build differences of the sums of the start and end
points assigned to a certain timestamp. Compute the difference of sums for ts at time ti
and denote it as Current_Total_ts. Compute the difference of sums for ts at time ti−1
and denote this as Previous_Total_ts. For efficient querying order the timestamps and
limit the scope of the analytic windows function. If Current_Total_ts = 0 the number
of start and end points at time ti are equal and ts is an end point of a result interval. If
Previous_Total_ts = 0 the number of start and end points at time ti−1 were equal and
ts is an start point of a result interval. In a last step all those identified timestamps are
combined to create the final result set of coalesced intervals.

5.1.2 Index Based
The index based implementation of the temporal union operator is using built-in indexes
on the start points and end points of given intervals in order to enhance searching for large
intervals overlapping many small intervals. Finding these large intervals the algorithm can
skip processing the smaller intervals contained. Starting with the lowest start point Ii.s, the
algorithm searches for the maximum end point Ik.e that has an start point Ik.s smaller than
the given end point Ii.e. The interval is extended by this endpoint and this extended interval
is used for further exploration of new end points. If none is found, [Ii.s, Ik.e) is stored as
new interval and the start point of a new interval is searched with Il.s > Ik.e. With this new
start point another iteration starts finding a maximum end point. Indexing in this context
is used to support finding the minimal start points and maximal end points. These can be
computed in almost constant time. To keep the implementation simple and compatible with
existing systems, we decided to use traditional b-trees, so that only little changes have to be
applied to an existing database schema.

TIME 2018
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Figure 5 TUNION Sorting Algorithm.

5.1.3 Sorting Based
The sorting based algorithm is using a fairly simple approach. It is somehow similar to the
single scan algorithm but does not need SQL:2003 windowing functions. Let I be a set of
right-open intervals (see Figure 5 a). Sort the start and end points of these intervals (b),
hold them in a result set R and assign a type to them (start and end, (c)). After that, sweep
over the sorted result set with a single running counter. By increasing or decreasing the
counter depending on the type of time point one can create all resulting intervals in a single
run (d). The counter is increased if a point with type start is recognized and decreased if
point of type end is recognized. If the counter equals 0, a new result interval can be added to
the results IC . The sorting based TUNION is by default almost independent of the dataset’s
structure. The sorting is applied to all starting and all end points of every interval. Therefore
by having n intervals we have to order 2n time points in logarithmic complexity which results
in a runtime complexity of O(n log(n)).

5.2 Temporal Difference
The temporal difference operator (TDIFF) is used to compute the difference of two sets of
right-open intervals I, I ′. The resulting set of intervals R consists of all intervals created by
the points of the intervals of the first set which are not elements of the intervals of the second
set. We will present two strategies for implementing the temporal difference in this section.

5.2.1 Union First
To implement a Union First algorithm we utilize the already proposed temporal union
operator by applying it on the two input sets I, I ′ separately. Reducing the input sets with
this operator ensures all remaining intervals to be distinct and ordered in their respective
result tables. Now we can move two nested cursors over these remaining intervals and
compare them to get the resulting subintervals R. Comparing the intervals [Ii.s, Ii.e) and
[I ′j .s, I ′j .e), three different relationships can hold.

Ii.e < I ′j .s

The first interval [Ii.s, Ii.e) is before the second [I ′j .s, I ′j .e) not overlapping with it. A
new start point Rk.s = Ii.s in the result intervals of R is created if Rk.s = null holds.
Set Rk.e = Ii.e and move to [Ii+1.s, Ii+1.e).
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Ii.s < I ′j .s =< Ii.e

The two intervals are overlapping or adjacent and the first interval starts before the
second interval start. If Rk.s = null add the start point of the first interval a new result
interval start point, Rk.s = Ij .s, and set Rk.e = I ′j .s. If the end point of the first interval
is after the end point of the second interval, move to the next interval [Rk+1.s, Rk+1.e)
= [null, null). Set [Rk+1.s, Rk+1.e) = [I ′j .e, Ii.e). Move to [I ′j+1.s, I

′
j+1.e).

Ii.s >= I ′j .s

If the end point of the first interval is before or at the end point of the second interval,
no results are created or updated. Move to [Ii+1.s, Ii+1.e). If the end point of the second
interval is after or at the start point of the first interval, the result can be updated:
[Rk.s, Rk.e) = [I ′j .e, Ii.e). If the end point of the second is before the start point of the
first interval, set [Rk.s, Rk.e) = [Ii.e, Ii.s).

5.2.2 Sorting Once

Implementing a Sorting Once algorithm is similar to the TUNION operator based on sorting:
querying the start and end points of the input interval sets, assigning types to the points,
ordering them and sweeping over the ordered points one time only. We query the start
and end points of the two sets of right-open intervals I, I ′ and assign those points to four
different types: start1, start2, end1, end2. To log the occurrence of those types we use
two counters: counter1 is increased if a type start1 is recognized and decreased if the type
is end1; counter2 is increased if a type start2 is recognized and decreased if the type is
end2. Initial values are 0. To avoid creating false intervals when start or end points in I
and I ′ are identical, ordering of types must follow the order I.s, I ′.s, I.e, I ′.e, which can
be accomplished by simply adjusting names of the assigned types: 1start2, 2start1, 3end1,
4end2. In the following, the ordered list of points of I and I ′ is denoted L, the types for
entries are L.t and time points L.p, the resulting interval set is denoted as R. After ordering
L by L.p and L.t, we sweep over L and evaluate by type:

Li.t = 2start1
Start point of an interval from I can be a start point in result intervalRk.s. If counter1 = 0
and counter2 = 0 set Rk.s = Li.p, increment counter1 and i.

Li.t = 1start2
Start point of an interval from I ′ can be an end point in the result interval. If counter2 = 0,
set Tk.e = Li.p. If Rk.s 6= 0, increment k, (create a result) and set Rk.s = 0 and Tk.e = 0.
Finish by incrementing counter2 and i.

Li.t = 4end2
An end point of an interval from I ′ can be start point in the result interval. If counter1 > 0
and counter2 = 1, there is a period in the first input relation that is ended by the end
point of the second. Li.p will be start point of the result interval. Decrement counter2,
increment i.

Li.t = 3end1
An end point of an interval from the I can be an end point in the result interval. If
counter1 = 1, this time points closes a period in I. Li.p will be end point in result
interval, Tk.e = Li.p. IfRk.s 6= 0 increment k, (create a result) and set Rk.s = 0 and
Tk.e = 0. Finish by decrementing counter, incrementing i.

TIME 2018
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Figure 6 a) TUNION Comparison. b) TUNION Indexing on Statistical Data.

6 Evaluation

In this section we evaluate the implementations of the two selected temporal operators
discussed in Section 5, TUNION and TDIFF. We use two kinds of datasets, statistically
generated datasets and a real world dataset. In generated data the properties of overlapping
temporal intervals can be adjusted by changing the length or position of intervals. This
enables us to adapt the relationships of the generated intervals, i.e. change the ratio of
overlapping, starting or containing intervals.

The real world dataset “Airline On-Time Statistics and Delay Causes” is provided by the
Bureau of Transportation Statistics [18] and specifies the departure and landing timestamps
of flights in the USA. It consists of roughly eight million entries per year and the flight times
can be observed at a granularity of minutes.

For benchmark purposes we mainly use the commercial product Oracle Database 12c
Standard Edition running on a Windows 7 Professional operating system. In order to compare
our operators to the difference and union described in [9], we reimplemented TUNION and
TDIFF with the open source product PostgreSQL 9.4 on Ubuntu 16.04 operating system (see
Section 6.1.2 and 6.2.3). The software components are all executed on virtual hardware that
has 8 GB of RAM and 3x3.4 GHz CPU cores assigned to and is running on solid state discs.

6.1 Temporal Union
Besides the real world dataset, different generated datasets with single nontemporal attributes
are employed for the evaluation as well. These are comparable to the dataset of flights where
a flight has an assigned flight number as nontemporal attribute and two timestamps for
departure and arrival. The maximum size of input tables is two million samples. The overall
result of comparing the different implementations of the TUNION operator is that sorting
and single scan algorithms have the best overall performance (see Figure 6 a)) whereas the
index-based implementation using basic b-trees performs very poorly.

Using Solid State Discs for evaluation does not affect the measurements significantly.
This is due to the implementation of TUNION using mostly sequential disc reads.

6.1.1 Index vs. Sorting
Obviously, the index-based algorithm is highly dependent on the dataset’s structure by
design. If there are large intervals overlapping smaller ones, the loop searching for maximum
end points of merged intervals is executed fewer times. This is tested by creating statistical
datasets that have different amounts of large intervals compared to the sample size. Figure 6
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Figure 7 a) Index vs. Sorting on Flight Data. b) TUNION vs. Reduced Union.

b) shows the query over this dataset instanced with 200,000 intervals with no nontemporal
attributes and data having 25%, 50% and 75% overlapping intervals.

Additionally, we take a look at the real life dataset ([18]). Airports departing flights
mostly to airports located in short distances have less large flight time intervals than airports,
which are in central regions or hubs with long routes to fly. This results in less overlaps and
thus in higher execution times of indexed TUNION.

Figure 7 a) shows some combinations of airports and airlines queried with indexing and
sorting. In this figure the upper points represent the query time using indexing, and the
lower points show the query times using sorting. The lesser the distance between upper and
lower points is, the more intervals are overlapped by large intervals and the more indexing
approximates sorting.

6.1.2 TUNION vs. Reduced Union

To compare the execution times of [9] where temporal union is reduced to its nontemporal
counterpart by temporal primitives (i.e. split, align, normalize) with our approach we took the
proposed temporal extension for PostgreSQL [19] and reimplemented the TUNION-operator
in this environment [14] as UDFs. Using the known flights dataset, Figure 7 b) shows the
comparison of the sorting-based TUNION and the reduced union based on the normalizer
function. We compared two scenarios N{} and N{dap}, where in the first setting without a
normalization attribute all overlapping intervals have to be split. In the latter the destination
airport is used as normalization attribute which partitions the dataset by ten airports.

The reduced union produces a much larger set of results due to the temporal normalizers
nature, which breaks every interval into disjoint subintervals in order to use standard SQL
union on these subintervals and thus decreasing performance in comparison to sorting
TUNION.

The results are only comparable to a certain degree, since reducing using temporal
primitives and creating a set of very specialized operators do not follow the same approach.
The first approach shows more aspects of generality, given that temporal selection, projection,
aggregation, difference, union, and intersection can be reduced to nontemporal operators using
a small set of temporal primitives. Our approach concedes this generality and focuses on very
special operators with efficient implementations. Regarding the TUNION implementation,
the use of a temporal splitter is not necessary.

TIME 2018
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6.2 Temporal Difference
Similar to Section 6.1 we use a real world dataset as well as generated datasets with a sample
size of 500,000 in order to evaluate TDIFF operator variants.

6.2.1 Statistical Data
For the evaluation of TDIFF we first generate a dataset in a way that for every interval
in the first interval set I we assign an interval in the second interval set I ′ that is neither
adjacent nor overlapping. Modulating the position of the intervals of I ′ we then can change
the relationship from 1) I ′i after Ii to 2) Ii overlaps I

′
i to 3) I ′i finishes Ii to 4) I ′i during Ii,

and use these scenarios to compute averages for various sample sizes.
Because of the structure of the Union First algorithm and the nested loop to be executed,

the query time has to be in O(n log(n) +m log(m) + nm) where n is the size of I and m is
the size of I ′. Assuming that both input sets have similar sizes and few overlapping intervals
that can be coalesced in the first step, this implementation performs rather poorly.

In comparison the Sort Once strategy has a much better performance. This is due to
the fact that after the sorting in O(n log(n) +m log(m)) time the algorithm sweeps in linear
O(n+m) time over the ordered time points.

Figure 8 shows the query times of Union First and Sort Once. We are using only 0.5% of
entries of the 500k dataset for visualization purposes. We are discarding the Union First
algorithm further on and evaluate with Sort Once only in the next section.

6.2.2 Real World Dataset
Suppose an airline company wants to get an overview of the landing delays of its flights. The
company is especially interested in when they are happening, and how long those delays are.
The desired delay intervals can be elegantly computed by applying TDIFF(I ′, I) to interval
sets, where I are all flights assigned to that airline from the flight plan and I ′ are the time
intervals of planned departure and and actual landing data. Using this scenario, Figure 9 a)
shows the query times of different airlines in the first quarter of the year 2008 based on the
Sort Once algorithm. The query times on a real world dataset show similarity to those of
generated averaged data we used in the previous section.

6.2.3 TDIFF vs. Reduced Difference
In [9] it is shown how the temporal difference can be reduced to its nontemporal difference
operator. Figure 9 b) shows the comparison of the TDIFF operator and the nontemporal
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Figure 9 a) TDIFF - Sort Once with Flight Data. b) TDIFF vs. Reduced Difference.

difference with normalizer function using the combined generated datasets as well as the
known flights dataset analogue to Section 6.1.2. Likewise, the reduced difference produces
a much larger set of results due to the temporal normalizers nature, which breaks every
interval into disjoint subintervals in order to use standard SQL minus operator on these
subintervals and thus decreasing performance in comparison to TDIFF.

7 Conclusions

In this work we discussed the development of a library of temporal operators for processing
sets of temporal intervals. To this end, we provided the formal description of various operators
and discussed their implementation by means of table functions. The resulting operators
allow to formulate complex temporal queries in an elegant way and open the possibility for
further algebraic optimization. In fact, the provided operators can be seen as a foundation
of a situation calculus necessary for achieving situation-awareness inside a database system.
We have studied and evaluated different algorithms for implementing the operators TUNION
and TDIFF without the need for considerable changes to an existing database schema or even
database kernel. One particular interesting finding is the fact that the index-based algorithm
performed poorly in comparison with the other implementations. However, we assume that
performance can be increased dramatically by using specialized index structures as proposed
in ([3], [8], [16]). Improving existing algorithms of the proposed temporal operators by
implementing specific data structures as well as extending the library of table functions is
subject of future work.
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Abstract
Allen’s Interval Algebra (IA) is one of the most prominent formalisms in the area of qualitative
temporal reasoning; however, its applications are naturally restricted to linear flows of time.
When dealing with nonlinear time, Allen’s algebra can be extended in several ways, and, as
suggested by Ragni and Wölfl [20], a possible solution consists in defining the Branching Algebra
(BA) as a set of 19 basic relations (13 basic linear relations plus 6 new basic nonlinear ones) in such
a way that each basic relation between two intervals is completely defined by the relative position
of the endpoints on a tree-like partial order. While the problem of deciding the consistency of
a network of IA-constraints is well-studied, and every subset of the IA has been classified with
respect to the tractability of its consistency problem, the fragments of the BA have received less
attention. In this paper, we first define the notion of convex BA-relation, and, then, we prove
that the consistency of a network of convex BA-relations can be decided via path consistency,
and is therefore a polynomial problem. This is the first non-trivial tractable fragment of the BA;
given the clear parallel with the linear case, our contribution poses the bases for a deeper study
of fragments of BA towards their complete classification.
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1 Introduction

Allen’s Interval Algebra [1] (IA) is one of the most prominent formalisms in the area of
qualitative temporal, and also spatial, reasoning. However, its applications are naturally
restricted to linear flows of time. Allen’s algebra is considered one of the most influential
formalisms in qualitative reasoning, and it has found application in a wide range of contexts,
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such as scheduling, planning, database theory, natural language processing, among others. In
Allen’s IA we consider the domain of all intervals on a linear order, and define thirteen basic
relations between pairs of intervals (such as, for example, meets or before). A constraint
between two intervals is any disjunction of basic relations, and a network of constraints is
defined as a set of variables plus a set of constraints between them, interpreted as a logical
conjunction. The most relevant problem in IA is deciding whether a network can be satisfied,
that is, deciding if every variable of a network can be instantiated to an interval without
violating any constraint. The consistency of a network of constraints is archetypical of the class
of constraints satisfaction problems (CSP), because a network is a conjunction of constraints;
other consistency problems, even in temporal algebras, are more general, and allow some
form of disjunction. A very wide range of programming techniques, strategies, and heuristics
have been and are being studied to devise efficient implementations; in the particular case of
the IA, whose consistency problem is NP-complete, two main strategies have been mainly
adopted, that are based either on clever brute-force enumerating algorithms (see, e.g. [13, 23]),
or on tractable fragments of the algebra, which are interesting on their own [14] as well as
heuristics, aimed to reduce the branching factor in branch-and-bound approaches [15, 19].
Among the several tractable fragments of the IA, a particularly interesting one is known
as IAconvex, introduced in the early years of this line of research, and encompassing 44
basic and non-basic relations [25]. To obtain IAconvex, van Beek and Cohen [25] study,
first, the simpler Point Algebra (PA), which has only three basic relations, and define the
notion of convexity for a PA-relation; having identified the set of PAconvex-relations, they
define the set IAconvex as the maximal subset of IA-relations with the following property:
every network of IAconvex-constraints can be translated into an equi-satisfiable network of
PAconvex-constraints. Then, using the properties of such a translation, they prove that the
path consistency algorithm is complete for deciding the consistency of a IAconvex-network,
obtaining the same result for PAconvex-networks as a corollary. Since then, many other
tractable fragments of the IA have been discovered, and, in fact, we know the status of
every fragment of the IA with respect to the tractability/intractability of the corresponding
consistency problem [14].

Branching time has been less studied from the algebraic point of view, in sharp contrast
with the huge amount of research on point-based and interval-based temporal logics, such as
CTL, CTL∗, ATL, or branching PNL [3, 4, 11]. The Branching Point Algebra (BPA) has
been studied in [9, 12], and the computational behaviour of the consistency problem of the
BPA and its fragments has been analyzed in [5], where, in particular, a polynomial algorithm
to decide the consistency of a network of BPA-constraints is given. In [20], the authors
define a branching version of Allen’s IA, which we refer to as BA (Branching Algebra) and
introduce two possible sets of basic relations that may hold between two intervals on a
tree-like partial order. One of these sets, composed of 24 basic relations, and also studied
from the (first-order) expressive power point of view in [10], is characterized by basic relations
whose semantics cannot be always written in the language of endpoints, therefore requiring
quantification; on the other hand, the basic relations of the second set are coarser, still jointly
exhaustive and mutually exclusive, and their point-based semantics depends only on the
relative position of the endpoints. The latter set (BAbasic), composed of 19 basic relations,
is therefore preferable in many aspects. As expected, the consistency problem for the full
BA is NP-complete, and we know only one tractable fragment of it that includes at least
one nonlinear relation, that is, the set BAbasic itself, since a network of BAbasic-constraints
can be fully translated into a network of BPA-constraints. In this paper:
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Figure 1 A pictorial representation of the four basic branching point relations, in which a = b,
a < c, d > c, and d||e (left-hand side), and two branching relations that need quantification
(right-hand side).

(i) in the the spirit of [25], we define the notion of convex branching point relation and the
notion of convex branching interval relation, and prove that, as in the linear case, the
consistency of a network of convex branching interval (and therefore point) relations
can be decided enforcing its path consistency, and

(ii) following [22], we implement a simple branch-and-bound algorithm for BA-networks to
empirically study the expected improvement in computation time when the splitting is
driven by convex relations instead of basic relations.

This paper is organized as follows. First we give some necessary preliminaries and
notation. In Section 3 we give the main result of this paper, that is, we define convex
branching relations and show that the consistency problem can be decided by enforcing path
consistency in convex networks. Then, in Section 4, we give some experimental evidence
that convex branching relations can be used to speed up the process of deciding branching
relation networks, before concluding.

2 Preliminaries

Notation. Let (T , <) be a partial order, whose elements are generally denoted by a, b, . . .,
and where a||b denotes that a and b are incomparable with respect to the ordering relation
<. We use x, y, . . . to denote variables in the domain of points. A partial order (T , <), often
denoted by T , is a future branching model of time (or, simply, a branching model) if for all
a, b ∈ T there is a greatest lower bound of a and b in T , and, if a||b then there exists no c ∈ T
such that c > a and c > b (that is, it is a tree). In a branching model (T , <), any maximal
linearly ordered subset B of T will be called branch. There are four basic relations that may
hold between two points on a branching model: equals (=), incomparable (||), less than (<),
and greater than (>); the first two are symmetric, while the last two are inverse of each
other. These relations are depicted in Fig. 1a, and are called basic branching point relations.
The set of basic branching point relations is denoted by BPAbasic. In the linear setting, the
set of basic relations has only three elements, <,=, and >, and it is called PAbasic (basic
point relations).

An interval in T is a pair [a, b] where a < b, and [a, b] = {x ∈ T : a ≤ x ≤ b}. Intervals
are generically denoted by I, J, . . ., and we use X,Y, . . . to indicate variables in the domain
of intervals. Following Allen [1], we adopt the so-called strict interpretation by asking that
intervals with coincident endpoints are excluded. In the case of linear time, a theory that
encompasses both intervals and points has been presented in [7]. There are several ways
to define basic relations between intervals on a branching order. Following [10], one can
describe 24 basic branching relations based on the possible relative position of two pairs
of ordered points on a branching model, that is, by directly generalizing the universally
known set of 13 basic interval relations [1] (IAbasic). While towards a precise study of the
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Figure 2 A pictorial representation of the nineteen basic branching interval relations. In this
picture, we assume a < b and c < d. Solid lines are actual intervals, dashed lines complete the
underlying tree structure.

expressive power of branching relations in a first-order context this is an optimal choice, this
is no longer true when studying the computational properties of the consistency problem. In
particular, some of these relations require first-order quantification to be defined: for example,
in Fig. 1b we see that, in order to distinguish the two situations, we need to quantify of the
existence, or non-existence, of points, comparable with c, between a and c. To overcome
this problem, that becomes relevant when we study the behaviour of branching relations
in association with the behaviour of branching point relations (that is, by studying the
properties of their point-based translations), Ragni and Wölfl [20] introduce a set of coarser
relations, characterized by being translatable to point-based relations using only the language
of endpoints, that is, without quantification. These 19 relations are depicted in Fig. 2, and
form the set of basic branching interval relations BAbasic; for each relation, the symbol in
brackets corresponds to its inverse one, if the relation is not symmetric. A relation in the
set BAbasic is either a linear relation, or the relation u (unrelated), or it corresponds to the
disjunction between a pair of fine relations. For example, the relation im is the disjunction
of the two relations in Fig. 1b.

Operations and algebras. The set BPA of branching point relations is the set of all
possible non-empty disjunctions of basic branching point relations, and it encompasses
24 − 1 = 15 relations. Similarly, the set BA of branching interval relations is the set of
all possible disjunctions of basic branching interval relations, and it encompasses 219 − 1



M. Gavanelli, A. Passantino, and G. Sciavicco 12:5

Table 1 Composition of basic BP A-relations (left-hand side), and of basic P A-relations (right-
hand side).

◦ < > = ||

< {<} lin {<} {||, <}
> ? {>} {>} {||}
= {<} {>} {=} {||}
|| {||} {>, ||} {||} ?

◦ < > =

< {<} lin {<}
> ? {>} {>}
= {<} {>} {=}

relations. In general, given the basic relations r1, . . . , rl, we denote by R = {r1, . . . , rl} the
disjunctive relation r1 ∨ . . . ∨ rl; thus, a relation is seen as a set, and a basic relation as a
singleton. A BPA-constraint is an object of the type xRy, where x, y are point variables
and R ∈ BPA; analogously, a BA-constraint is an object of the type XRY , where X,Y are
interval variables and R ∈ BA. There are three basic operations with relations: (Boolean)
intersection, inverse, and composition. The inverse of a relation R = {r1, . . . , rl} is the
relation R−1 = {r−1

1 , . . . , r−1
l }, where, for each i, r−1

i is the inverse basic relation of the
basic relation ri. In our notation, for example, bi (later) is the inverse of the basic relation b
(before). The composition of two basic relations r1, r2 is defined as follows: for variables s, t, z,
we say that s is in the composed relation r1 ◦ r2 with t, denoted s(r1 ◦ r2)t, if there exists z
such that sr1z and zr2t. The composition of two relations R1, R2 is defined component-wise:
R1 ◦R2 = {r | ∃r1 ∈ R1∃r2 ∈ R2(r = r1 ◦ r2)}. Clearly, to compute the composition of two
non-basic relations we base ourselves on the composition between basic relations. As for
the set BPAbasic (resp., the set PAbasic), the composition table can be easily computed ‘by
hand’, as in Tab. 1, left-hand side (resp., right-hand side), where we use the abbreviations
lin = {<,=, >} and ? = lin ∪ {||}. The result of composing two relations in the set BAbasic

(resp., IAbasic) can be computed automatically from Tab. 1, and it is fully reported in [21]
(resp., [2]).

Given a set A of relations, an A-network is a directed graph N = (V,E), where V is a set
of variables and E ⊆ V × V is a set of A-constraints between pairs of variables. To denote
a constraint between the variables s and t in a network, we use indistinctly the notation
(s, t) or the infix notation sRt (when we want to specify the relation). Given a network
N = (V,E), we say that N ′ is a sub-network of N if N ′ = (V ′, E′), V ′ ⊆ V , and E′ is the
projection of E on the variables in V ′. Given a network, we say that it is consistent if there
exists a model such that each variable can be mapped (realized) to a concrete element so that
every constraint is respected; establishing if an A-network is consistent is the A-consistency
problem, and two networks N and M are said to be equi-satisfiable if it happens that N is
consistent if and only if M is consistent. Given a constraint (s, t) in a network N , we say
that r ∈ (s, t) is feasible if there exists a model of N such that s and t are realized respecting
r, and a constraint (s, t) is said to be minimal if every r ∈ (s, t) is feasible and (s, t) cannot
be extended with other feasible relations; establishing the minimal constraints for every
constraint in a network is called the minimal labels problem. Enforcing the minimal label in
a network implies deciding its consistency, but, in general, we may have a consistent network
with non-minimal labels. The operations of inverse, intersection, and composition can be
used to design a constraint satisfaction problem (CSP) technique to decide the consistency
of a A-network. The sets BPA and BA are called, respectively, the branching point algebra
and the branching interval algebra, and they extend, respectively, the interval algebra IA
and the point algebra PA. Since the consistency problem for the IA is NP-complete [26],
the problem of finding tractable fragments of it is interesting, and it has been largely studied
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in the recent literature [1, 25, 14]. The branching setting presents a similar situation, as the
consistency problem for the BA is NP-complete as well, but, in contrast with the linear case,
only one tractable fragment is known, that is, BAbasic [20]; the consistency of a network of
basic branching interval constraints can be decided by translating it into an equi-satisfiable
network of BPA-constraints, for which a deterministic polynomial consistency algorithm
exists [5].

Local consistency. On the one hand, the BA-consistency problem is in NP because there
exists a simple non-deterministic algorithm that solves it, which, given a BA-network
N = (V,E), guesses the relative position of 2 · |V | points and checks if every constraint is
respected. On the other hand, these problems are often solved via popular heuristics such as
constraint propagation and local consistency. A network N is said to be k-consistent if, given
any consistent realization of k− 1 variables, there exists an instantiation of any k-th variable
such that the constraints between the subset of k variables can be satisfied together; it is
said to be strongly k-consistent if it is k′-consistent for every k′ ≤ k (see [17]); if a network is
strongly k-consistent, then it must also have minimal labels. Because of the particular nature
of networks of constraints in temporal algebras, they are always 1-consistent (also called
node consistent) and 2-consistent (also called arc consistent), by definition. Enforcing path
consistency, that is, 3-consistency, in a network N , corresponds to apply the following simple
algorithm: for every triple (s, t, z) of variables in N = (V,E) such that sRt, sR1z, tR2z ∈ E,
replace sRt by s(R ∩ (R1 ◦ R2))t. Clearly, if enforcing path consistency results in at least
one empty constraint, the entire network N is not consistent. But, in general, enforcing path
consistency (in fact, k-consistency for any constant k) does not imply consistency; this is
true for BA-networks as well as for IA-networks. In [25], however, it is proven that enforcing
path consistency is equivalent to computing the minimal labels of a IAbasic-network, which,
in turn, allows one to check the existence of a model. This property of path consistency is
shown for a more general set of relations, called convex interval relations, which are defined
starting from the set PAconvex of convex point relations, and, in particular, it is proved
that the set IAconvex (the convex interval algebra) includes IAbasic, and that its consistency
problem (and, as a corollary, the consistency of a PAconvex-constraints) can be decided by
path consistency. This result, particularly interesting for us, has the following consequences.
First, IAconvex is a fragment of the IA with a tractable (in fact, cubic time) consistency
problem. Second, one can implement a simple branch-and-bound algorithm to decide the
consistency of any IA-network, based on IAbasic: at each step, the algorithm tries one basic
relation for each relation, and then forces the path consistency of the resulting network;
if at any step the network is path consistent, it returns true, and if every combination
has been tried and enforcing path consistency has always resulted in an empty relation, it
returns false. Third, the set IAconvex can be used to drive the splitting in such an algorithm,
as a heuristics to speed up the branch-and-bound process: if, at any step, one ends up
with a IAconvex-network, that particular branch can be decided by simply enforcing path
consistency.

In the following, we shall define the algebra BAconvex of convex branching relations. We
shall prove that, since BAconvex extends BAbasic, and since enforcing path consistency can
be used to decide the consistency of a BAconvex-network, one can apply the same schema,
effectively lifting all above results to the setting of branching time.

A motivating scenario. Scheduling is the problem of distributing computing resources (such
as processor time, bandwidth, or memory) to various processes, threads, data flows, and
applications that need them. In robotics, scheduling is used to organize tasks to be assigned
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to robots of various kinds, in such a way that all physical and subjective constraints are met.
A recent application of Allen’s Interval Algebra to the scheduling of tasks for a robot has
been proposed by Mudrová and Hawes [18]. The authors propose a scheduling technique that
takes into account a series of constraints, including deadlines and processing time for each one
of a series of tasks that a robot is asked to complete. They propose to apply a consistency
checking algorithm to the network of qualitative constraints that underlies the scheduling
problem, in order to prune any ordering of the tasks that does not meet the qualitative
constraints, and to be able to select, systematically, possible models of the problem. To each
of the models, then, a successive phase of quantitative constraint checking is applied.

Mudrová and Hawes solve the scheduling problem of a single robot, which encompasses
assuming the time to be linear and introducing the additional constraint that no two tasks
can overlap. Using Branching Algebra instead of Interval Algebra as part of the scheduling
algorithm, and using the relation || to relax, when possible, the non-overlapping constraint,
one may obtain, instead, branching models among the solutions. A branching model of
the scheduling can be interpreted as a scheduling in which more than one robot is involved,
that is, in which every new branch implicitly refers to a new robot being activated (at the
branching point), and, if we assume that bootstrapping a robot has some fixed cost (higher
than maintaining a robot active), then it makes sense to look for a branching scheduling as
we have defined it, that is, tree-like (in which branches never join again). Thus, Branching
Algebra allows one to generalize this scheduling problem to a more complex scenario, which
cannot be easily handled in the original formulation.

3 Convex Branching Interval Relations

We start by defining the concept of convex relation in the branching setting. In this section,
we operate with translations from interval constraints to point constraints; when necessary,
for an interval variable X, we use the symbols X−, X+ to denote the point variables that
correspond to its endpoints.

I Definition 1. The convex branching point algebra is the set of relations:

BPAconvex = {{=}, {<}, {<,=}, {<,=, >}, {=, >}, {>}, {||}}.

Each relation of set BPAconvex is called convex branching point relation.

Observe that BPAconvex extends the convex point algebra PAconvex as defined in [25] by
adding the relation {||}. While the set PAconvex is closed under composition, inverse, and
intersection, the set BPAconvex is closed under under inverse and intersection only; this,
however, does not prevent us from applying constraint propagation algorithms such as path
consistency enforcing.

I Definition 2. The convex branching interval algebra BAconvex is the set of all (and only)
BA-relations R such that the constraint XRY can be translated to an equi-satisfiable
conjunction of constraints between the endpoints of X and Y using BPAconvex-relations
only. A branching relation with such a property is called convex branching interval relation.

For example, in the linear setting, {b,m} is convex because, if X = [X−, X+] and Y =
[Y −, Y +], the constraint X{b,m}Y is equivalent to the conjunction of the constraints
X− < X+, Y − < Y +, and X+

1 {<,=}Y −; conversely, the relation {b, bi} is not convex,
because translating it results in a disjunction of point-based constraints. Clearly, the set
BAconvex extends the set IAconvex of convex interval relations as defined in [25]. The
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Figure 3 A general view of the strategy for the inductive case of Theorem 5 (left-hand side), and
a path-consistent network with non-minimal labels (right-hand side).

crucial property of a BAconvex-network N is that it can be translated to an equi-satisfiable
BPAconvex-network M (notice that this is not true for a generic BA-network: non-convex
constraints may result in disjunctions that cannot be represented in the language of full
BPA-networks), such that, if N is k-consistent for any k, then M is 2 · k-consistent. As it
can be easily checked, there are precisely 91 convex branching interval relations. In the linear
case, the following results hold [25].

I Theorem 3. Enforcing path consistency in a IAconvex-network is sufficient to compute its
minimal labels.

I Corollary 4. Enforcing path consistency in a PAconvex-network is sufficient to compute
its minimal labels.

Our purpose in this section is to generalize the above theorem to the branching case.

We want to prove that we can decide the consistency of a BAconvex-network by enforcing
its path consistency. To this end, we prove that enforcing path consistency of a BAconvex-
network actually enforces the minimal labels on each constraint by proving that, in fact,
enforcing path consistency of a network entails enforcing its strongly k-consistency for every
k. As we have already observed, this allows us to check the consistency of a network.

I Theorem 5. Enforcing path consistency in a BAconvex-network is sufficient to compute
its minimal labels.

Proof. Let N be a BAconvex-network, and let M be the BPAconvex-network that results
from translating N in the language of endpoints. We assume that path consistency has
been forced on N , and we want to show that N is strongly k-consistent for every k; since a
strongly k-consistent network must have minimal labels, we have the result. Let us proceed
by induction. As base case, we know that N is k-consistent for k ≤ 3. As for the inductive
case, we suppose now that N is k − 1-consistent and we prove that it is also k-consistent.
Consider a subset S of k − 1 interval variables in N . Let us call Nk−1 the sub-network, with
the k − 1 interval variables X1, . . . , Xk−1, corresponding to the projection of N over set S,
and let us call Mk−1 the corresponding BPAconvex-network whose variables are precisely
the 2 · (k − 1) endpoints of X1, . . . , Xk−1. Our strategy, as sketched in Fig. 3a, can be
summarized as follows: since Nk−1 is consistent by hypothesis, Mk−1 must be consistent
as well, that is, it must realized in a branching model Tk−1; if we pick the point variables
corresponding to the endpoints of any k-th interval variable and accommodate them in T
showing that every constraint is respected, then we obtain a branching model for k interval
variables, proving that Nk is also consistent. Let X be any interval variable in N different
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from X1, . . . , Xk−1, and let XRiXi the BAconvex-relation between the variables X and Xi,
for each i. Let Mk the BPAconvex-network obtained by adding to Mk−1 the point variables
X−, X+, the constraint X− < X+, and every constraint between the endpoints of X and the
endpoints of X1, . . . , Xk−1 that results from translating the constraints of the type XRiXi.
On Tk−1 we can identify the set R = {a1, . . . , an} with the following characteristics: for each
i, ai is the realization of some point variable y in Mk−1 (that is, ai is the realization of some
endpoint of the interval variables X1, . . . , Xk−1) and that, for every point variable y ∈Mk−1,
realized in some point a ∈ Tk−1, it is not the case that a < ai. Indeed, consider the branching
model Tk−1: since it must be a tree, it may be the case that, in order to realize two variables
that are constrained to be incomparable to each other, a greatest common predecessor must
be added; therefore, if projected to the points that realize some point variable in Nk−1, Tk−1
is a forest of trees, rather then a tree. Every point in R is the root of one of the trees in Tk−1;
let us call c their greatest common predecessor. Now, let x1, . . . , xm be the point variables
that have been realized in a1, . . . an (observe that n ≤ m ≤ k − 1: two variables may have
been realized in the same root, and m cannot exceed k1 because, at most, every interval
variable has its left endpoint realized in a root). We want to show, first, that the point
variable X− can be successfully realized on Tk−1, and we proceed case by case.

Suppose, first, that (xl, X
−) = {||} for every point variable xl realized in some root. In

this case, we realize X− with a new point a such that a||ai for each root ai, and that c < a.
To prove that this is a consistent choice, consider any point variable y of Mk−1 realized
at some point b ≥ ai for some root ai. Suppose that ai is the realization of some point
variable xl, which means that (y, xl) ⊆ lin. If <∈ (y, xl), then (y, xl) ◦ (xl, X

−) = {<, ||}.
By intersection with BAconvex, then either (y,X−) = {<} or (y,X−) = {||}; in the
first case, however, we obtain, by path consistency, that (X−, xl) ∈ lin, which is a
contradiction. Therefore, (y,X−) = {||}. If , on the other hand, </∈ (y, xl), then,
(y, xl) ⊆ {>,=}, and, since {>,=} ◦ {||} = {||}, it must be the case that (y,X−) = {||}.
Suppose, now, that (xl, X

−) ⊆ lin for some point variable xl realized in some root ai.
Observe, first, that if (X−, xl) = {<}, then we can select the subset R′ ⊆ R such that,
for each x′l ∈ R′, we have that (X−, x′l) = {<}; in this case, by the argument in the
above case, for each x′′l ∈ R \ R′, we have that (X−, x′l) = {||}. Consider each aj that
is the realization of some variable in R′: we realize X− in a point a > c, such that
a is less than every such aj , and incomparable with every other root in R \ R′. If,
otherwise, (X−, xl) ⊆ {>,=}, then, for each x′l realized in some root aj 6= ai, we must
have (X−, x′l) = {||}. In this case, we can say that ai is the root of the tree in which
we have to realize X−; let us call it Tai

. Observe that, by the same argument as in the
above case, wherever we realize X− in Tai

, this realization is consistent with any point
that belongs to some Taj with aj 6= ai. Now, we consider the point b ∈ Tai which is the
least point (greater than or equal to ai) with at least two immediate successors b1, b2
such that b1||b2, if it exists. We have the following cases.

Suppose that b does not exists. This means that Tai
is linearly ordered. Let b′ be the

least point (greater than ai), such that is the realization of some variable y such that
(y,X−) = {||}. If there is no such b′, then, by Theorem 3, we can find a realization for
X− consistent with Tai

; since we already know that such a realization is consistent
with every other tree, we conclude that it is consistent. If b′ exists, then we realize
X− in a point a such that a||b′ and that a > d where d is the immediate predecessor
of b′. By the argument used in the first case, this choice must be consistent with Tai ,
and therefore it must be consistent.
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Suppose, now, that b exists. If y is realized in b, and {<,=, ||} ∩ (X−, y) 6= ∅, then we
proceed as in the previous case. If, on the other hand, (X−, y) = {>}, we have the
following two cases. First, if <∈ (X−, y) for every yj realized in some point bj such
that bj is immediate successor of b, then realize X− in a point a such that b < a and
that a < bj for every immediate successor bj of b, which must be a consistent choice,
given that, by path consistency, the relation between X− and every variable realized
in a point greater than b must contain <. If, for some immediate successor bj of b,
which is the realization of some variable y, it is the case that </∈ (X−, y), then we
can treat every immediate successor bj of b as the root of some sub-tree of Tai

, and
therefore we can apply the same entire argument, recursively.

Having realized the variable X−, the network Mk−1 enriched with X− (and all relative
constraints) must be consistent. By reapplying the entire argument, we can show that any
other point variable can be consistently realized in the resulting network; if we choose X+

among these, we prove that the original network N is, in fact k-consistent, completing the
induction. J

I Corollary 6. Enforcing path consistency in a BPAconvex-network is sufficient to compute
its minimal labels.

It would be natural, at this point, to ask whether the set BPAconvex can be enriched
while retaining the above nice properties. A natural candidate in this perspective would be
the set of all BPA-relations such that, for each R, it is the case that R ∩ lin (which is a
linear relation) is convex. This set is closed under composition, inverse, and intersection,
allowing one to approach its consistency problem in the same way as we did in this work; in
particular, it would be possible to define the set of BA-relations that can be translated in this
language, obtaining, in fact, a greater set of branching relation whose minimal labels could
be enforced by path consistency. Unfortunately, there is an easy counter-example to this
claim, shown in Fig. 3b, in which we have a path consistent network but with non-minimal
labels. Therefore, if there exists any extension of BPAconvex whose minimal labels can be
enforced by path-consistency, it cannot include at least one of the relations in Fig. 3b.

Observe that enforcing the minimal labels via path consistency is not the only way to prove
that the consistency of a network can be decided via path consistency, and it is certainly not
the only way to prove that a fragment of relations is tractable. For example, the tractability
of the consistency problem for a network of IA-relations in the ORD-Horn fragment is proven
via embedding into the Horn fragment of propositional logic [14]; as an another example,
the tractability of the consistency problem for a network of full BPA-relations is proven
with a specialized algorithm in [5], and it is the basis for Ragni and Wölfl’s result about the
tractability of the consistency problem for a network of BAbasic-relations.

4 Experiments

In order to evaluate the usefulness of the convex fragment as a heuristics for the task of
checking the consistency of a BA-network, we devised a set of experiments, following the
classical methodologies in the literature.

To generate a random set of instances, we used a (modification of) a technique suggested
by Renz and Nebel [22] that consists of the following steps. Given a number n of nodes, an
average density d and a probability p, we generate a random instance as follows:
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Algorithm 1 Backtracking algorithm.
function Consistent(P, Split)

enforce generalized arc consistency on P
if there is a variable νXY such that DXY = ∅ then

return false
else

choose an unprocessed variable νXY such that DXY /∈ Split
if there is no such variable then

return true
{D1, . . . ,Dp}=Partition(DXY , Split)
for all Di ∈ {D1, . . . ,Dp} do

P ′ = PDXY /Di

if Consistent(P ′, Split) then
return true

return false

(i) we generate a graph with n nodes, and select d·n·(n−1)
2 edges at random;

(ii) for each selected edge (s, t), we generate a BA-relation R by selecting, with probability
p, each BAbasic-relation to be inserted in R, and

(iii) to each non-selected edge (s, t), we assign the universal relation.
As much as the solver is concerned, we based ourselves on the general strategy of constraint
logic programming on finite domains, by means of which we are able to check the satisfiability
of a temporal network. The solver itself is based on the dual CSP, encoded with translation
into ternary constraints, as proposed by Condotta et al. [6]. In particular, given an A-network
N = (V,E), we define a CSP P as a triple 〈V,D, C〉, such that:

the set V contains a CSP variable νXY for each pair of variables X,Y in V ;
the domain DXY of each variable νXY is precisely the constraint (X,Y ), and
for each triple of variables, C contains a ternary constraint, so that each ternary constraint
will be satisfied by a triple (r, r1, r2) ∈ BA3

basic if and only if r ∈ r1 ◦ r2.

As noted by Condotta et al. [6], enforcing the (generalized) arc consistency on the problem
P is equivalent to enforcing path consistency on the original A-network. Since, as we know,
both path consistency and (generalized) arc consistency are incomplete algorithms for BA-
networks, a backtracking search is applied, and to each node of the search tree, (generalized)
arc consistency is enforced. The generic schema of a backtracking algorithm can be described
as in Alg. 1 [19].

In Alg. 1, the family of sets Split plays a key role. When solving the general CSP,
without exploiting any tractable fragment of the BA, Split can be thought as containing
all singletons, each one of them corresponding to a single BAbasic-relation. Therefore, the
technique to solve a problem P consists of simply choosing a variable, substitute its domain
with one of its components creating a new problem P ′, and recursively solve P ′. This
algorithm is correct because the search terminates with a node with basic relations only, for
which path consistency is a complete method. When a bigger fragment for which enforcing
path consistency is known to be complete for consistency, we can take advantage from it
by setting Split to be the family of its relations; in such a case Alg. 1 stops the search
even if the domain of some of the CSP variables is not a singleton, obtaining, de facto,
a smaller branching factor of the search tree. Unfortunately, establishing if a set can be
partitioned into smaller sets taken from some family of sets corresponds to the set partitioning
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Figure 4 Geometric mean of the computation time to solve the instances varying the density d

of the network. Number of nodes n = 15, 20 instances solved per point. The black squares show the
running time of the backtracking algorithm with Split = BAbasic, while the red triangles represent
the curve with Split = BAconvex.
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Figure 5 Geometric mean of the computation time to solve the instances varying the number of
nodes n of the network. Density d = 70%, 20 instances solved per point. The black squares show the
running time of the backtracking algorithm with Split = BAbasic, while the red triangles represent
the curve with Split = BAconvex.

problem, which is NP-complete in general (in Alg. 1 this step is encoded into a function
Partition(D, Split)). In our case, the domain can be partitioned into basic relations (so a
polynomial solution exists), but such a solution is inconvenient, as it does not exploit the
tractability of the fragment. Since this problem should be solved in every node of the search
tree, a quick, although non-optimal, method is mandatory to obtain reasonable efficiency. A
first solution would be to pre-compute the (possibly, optimal) solutions of the set-partitioning
for each possible subset of the domains; this would generate a table of size 2|BAbasic|, which
may fit into the main memory of modern computers, but poses the problem of efficiently
accessing to the data structure that contains it. Another option is to use a greedy method
to quickly provide a possibly non-optimal partitioning (note, also, that it is not necessary
for Partition(D, Split) to return the complete partitioning, as each of the sets D1, . . . ,Dp

can be generated on demand). We decided to follow the latter approach and to store the set
of convex relations into a trie, which is a data structure whose access time depends on the
order in which the elements of a set are stored, but that resulted efficient in practice.

The algorithm was implemented in the constraint logic programming system ECLiPSe

[24], using the CLP(FD) library. To implement the ternary constraints we used the propia
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Figure 6 Geometric mean of the computation time to solve the instances varying the number of
nodes n of the network. Each point is the geometric average of 140 instances, obtained with density
varying from 70% to 100%. The black squares show the running time of the backtracking algorithm
with Split = BAbasic, while the red triangles represent the curve with Split = BAconvex.

library [16] that provides a general and very declarative way to implement new constraints,
although we are aware that more efficient implementations could be possible. The objective
of the experimentation was discussing the relative improvement given by the exploitation of
the convex fragment, rather then evaluating the absolute performances of our implementation.
All experiments were run on a Intel Core i7-3720QM CPU @ 2.60GHz running ECLiPSe

Version 6.1 #224 on Linux Mint 18.1 Serena 64 bits, and using only one core. Timeout was
fixed to 10 minutes.

In Fig. 4, we fixed the number of vertices of the A-network to n = 15, the probability
p = 1/2 and varied the constraint density d from 5% to 100%. Each point in the curve
represents the geometric mean obtained running 20 instances. Statistically speaking, a small
number of very difficult networks may be produced in a set of 20 random instances; the
neat effect on the computation time of such instances can be softened using the geometric
mean rather then the, more common, arithmetic mean [8]. The shape of the curve shows
the expected phase transition: when the density is low, most of the instances are easily
satisfiable, while to high density correspond networks for which proving unsatisfiability is
easy. The phase transition occurs at a density around d = 80%, in which both satisfiability
and unsatisfiability are hard to prove. The curves in Fig. 4 (in which the red curve represents
the performance of the algorithm when the convex fragment is taken into account) show
that exploiting the convex fragment is particularly convenient for hard problems near the
phase transition, while the overhead that, implicitly, is introduced in such a solution makes
it not worth for easily satisfiable problems. In Fig. 5 we fixed the density to a point close
to phase transition (d = 70%), and varied the number of nodes in the graph, from 3 to 20.
Each point is the geometric mean of 20 runs. At 70% density, most problems under 20 nodes
are difficult, and, again, exploiting the convex fragment is convenient with respect to the
expected performance. Finally, we investigated the computation time of the two solutions
varying the number of nodes (from 5 to 20) independently of the density. To this end, we
generated, for each number of nodes, 140 instances with densities varying from 70% to 100%,
and considered the geometric mean of the time needed to solve them. In Fig. 6 we show the
result of such an analysis, that proves that a certain improvement in computation time exists
when the convex fragment is taken into account.
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5 Conclusions

Allen’s Interval Algebra is one of the most prominent formalisms in the area of qualitative
temporal reasoning. However, its applications are naturally restricted to linear flows of
time, raising the question of whether one can reason about branching (tree-like) flows of
time in a similar manner. We considered, in this paper, the set of 19 branching relations
suggested by Ragni and Wölfl, which enjoy the desirable characteristics of being expressible
in the language of endpoints without quantification. Ragni and Wölfl have shown that the
consistency problem for a network of branching relations is intractable (as expected), while
the consistency problem for a network of basic branching relations is polynomial. In clear
parallelism with the linear case, we defined the set of convex branching relations, which
extends the set of basic branching relations, and we proved that enforcing path consistency
of a network of convex relations is sufficient to decide its consistency, effectively providing
the first non-trivial tractable (via path consistency) fragment of the branching algebra. As
another consequence of this work, we made it possible to treat the consistency problem of a
network of constraints as a constraint propagation problem, allowing not only the possibility
of quick implementations using well-known libraries, but, also, the possibility of implementing
a clever branch-and-bound algorithm for a generic network that exploits the tractability of
convex relations as an heuristics. Finally, we tested such a solution, giving experimental
evidence of the expected improvement.

The most interesting open problems at the moment include, among other, the question of
whether the convex branching algebra is maximal with respect to tractability of the network
consistency problem (which seems unlikely) and/or with respect to the possibility of enforcing
the minimal labels of a network via path consistency, the question of whether other popular
and well-behaved fragments of the interval algebra in the linear case can be generalized to
the branching setting preserving their computational behaviour, and the question of whether
efficient enumerating algorithms can be devised for the branching case as it has been done
in the linear case. We already know that there is a set of branching point relations which
could be considered a natural generalization of convex branching point relations and whose
minimal labels problem cannot be solved by path consistency; however, fragments of the
branching point algebra that strictly include BAconvex and for which the minimal labels of a
network can be enforced by path consistency are still possible.
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Abstract
In timeline-based planning, domains are described as sets of independent, but interacting, compo-
nents, whose behaviour over time (the set of timelines) is governed by a set of temporal constraints.
A distinguishing feature of timeline-based planning systems is the ability to integrate planning
with execution by synthesising control strategies for flexible plans. However, flexible plans can
only represent temporal uncertainty, while more complex forms of nondeterminism are needed to
deal with a wider range of realistic problems. In this paper, we propose a novel game-theoretic
approach to timeline-based planning problems, generalising the state of the art while uniformly
handling temporal uncertainty and nondeterminism. We define a general concept of timeline-
based game and we show that the notion of winning strategy for these games is strictly more
general than that of control strategy for dynamically controllable flexible plans. Moreover, we
show that the problem of establishing the existence of such winning strategies is decidable using
a doubly exponential amount of space.
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13:2 A Game-Theoretic Approach to Timeline-Based Planning with Uncertainty

1 Introduction

In the timeline-based approach to planning [21], the world is modelled as a set of independent,
but interacting, components, whose behaviour over time, the timelines, is governed by a
set of temporal constraints. This approach differs from the classical action-based planning,
relying on PDDL [13], for its more declarative nature and its focus on temporal reasoning
(see, e.g. [9, 11, 14, 15, 16, 21]). Timeline-based systems have been successfully deployed in a
number of complex scenarios, ranging from space operations [3, 7, 21] to manufacturing [5, 24].
An important feature of timeline-based planning systems is their ability to integrate planning
with execution by means of flexible plans, which represent envelopes of possible solutions that
differ in the execution times and/or the duration of tasks. Flexible plans allow the controller
to handle the temporal uncertainty involved in dealing with partially controllable elements
and the external environment. Cialdea Mayer et al. [9] rigorously defined the concept of
timeline-based planning specification as well as dynamically controllable flexible plans, which
can be executed guaranteeing to satisfy the problem constraints while reactively handling any
temporal uncertainty in the uncontrollable behaviour. A technique for synthesising dynamic
control strategies is shown in [8].

Other forms of uncertainty, such as nondeterminism (i.e., which tasks the environment
chooses to perform), are not supported: even for external variables, completely controlled
by the environment, their evolution is known up to temporal uncertainty only. This choice
to focus on temporal reasoning and temporal uncertainty is coherent with the history and
scope of timeline-based systems. However, it is not completely reflected into the grammar of
modelling languages used in timeline-based systems, which are expressive enough to model
complex scenarios that require the system to handle non-temporal nondeterminism. In such
cases, current systems often employ a re-planning stage as part of their execution cycle
(see, e.g. [24]): any mismatch between the expected and actual behaviours of the environment
results into a revision of the flexible plan, which then can resume execution. Unfortunately,
the cost of such a re-planning phase may be incompatible with the requirements of real-time
execution and, more importantly, if a wrong choice is made by the original flexible plan, the
re-planning might happen too late to be able to recover a controllable state of the system.
Hence, knowledge engineers have to explicitly account for this problem if they want to avoid
unnecessary failures and costly re-planning during execution, which make the system less
effective and more complex to use.

Nondeterministic planning issues have been extensively investigated within the action-
based planning framework following different approaches such as, for instance, reactive
planning systems [4], deductive planning [23], POMDP [18], and model checking [12].
More recently, fully observable nondeterministic (FOND) planning problems have been
addressed [19, 20] also considering temporally extended goals [6, 22]. However, action-based
planning does not support flexible plans and temporal uncertainty, and it does not take
into account controllability issues. Recently, SMT-based techniques have been exploited
to deal with uncontrollable durations in strong temporal planning [10]; however, dynamic
controllability issues are not addressed.

This paper defines the novel concept of timeline-based planning game, a game-theoretic
generalisation of the timeline-based planning problem with uncertainty, which uniformly
treats both temporal uncertainty and general nondeterminism. In these games, the controller
tries to satisfy the given temporal constraints no matter what the choices of the environment
are. We compare the proposed games with the current approaches based on flexible plans.
In particular, we show how current timeline-based modelling languages can express problems
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that, only seeming to involve temporal uncertainty at first, in fact model scenarios which
would require the controller to handle non-temporal nondeterminism. We show that these
problems do not admit dynamically controllable flexible plans (as defined in [9]), but do
admit winning strategies when seen as instances of timeline-based games. A study of the
decidability and complexity of the problem of establishing the existence of a winning strategy
for a given timeline-based planning game concludes the paper.

The paper is structured as follows. Section 2 briefly recaps the basic definitions, and
Section 3 discusses the limitations of the approach employed in state-of-the-art timeline-
based planning systems. Then, Section 4 defines timeline-based planning games, and shows
its greater generality with respect to the current approach. Finally, Section 5 addresses
decidability and complexity issues. Section 6 concludes discussing future developments.

2 Timeline-based planning

This section introduces timeline-based planning and describes the state of the art of the
field with regards to how uncertainty is handled by current timeline-based systems. As a
representative of the modelling languages used by existing systems, we chose the formal
language introduced in [9]. We first introduce the basic concepts of the framework, without
considering uncertainty, as studied in [15, 16]; then, we add uncertainty to the picture and
discuss how it is handled by current systems.

2.1 Basic definitions
State variables are the basic building blocks of the timeline-based planning framework.

I Definition 1 (State variables). A state variable is a tuple x = (Vx, Tx, Dx, γx), where:
Vx is the finite domain of the variable;
Tx : Vx → 2Vx is the value transition function, which maps each value v ∈ Vx to the set
of values that can follow it;
Dx : Vx → N+×(N+∪{+∞}) is a function that maps each v ∈ Vx to the pair (dx=v

min, d
x=v
max)

of the minimum and maximum duration of any interval over which x = v;
γx : Vx → {c, u} is a function called controllability tag (see Section 2.2).

Which value is taken by a state variable over a specified time interval is described by
means of tokens. The behaviour of a state variable over time is modelled by a finite sequence
of tokens, called a timeline.

I Definition 2 (Timelines). A token for x is a tuple τ = (x, v, d), where x is a state variable,
v ∈ Vx is the value held by the variable, and d ∈ N+ is the duration of the token. A timeline
for a state variable x = (Vx, Tx, Dx, γx) is a finite sequence T = 〈τ1, . . . , τk〉 of tokens for x.

For any token τi = (x, vi, di) in a timeline T = 〈τ1, . . . , τk〉 we can define the functions
start-time(T, i) =

∑i−1
j=1 dj and end-time(T, i) = start-time(T, i) + di, hence mapping each

token to the corresponding time interval [start-time, end-time) (right extremum excluded). As
an example, the time interval associated with the token τ1 = (x, 2, 5) is [0, 5). When there is no
ambiguity, we write start-time(τi) and end-time(τi) to denote, respectively, start-time(T, i) and
end-time(T, i). The horizon of a timeline T = 〈τ1, . . . , τk〉 is defined as H(T) = end-time(τk).
A timeline T can be empty, in which case we define its horizon as H(T) = 0.

TIME 2018



13:4 A Game-Theoretic Approach to Timeline-Based Planning with Uncertainty

The problem domain and the goal are modelled by a set of temporal constraints, called
synchronisation rules. For the sake of space, we do not provide a detailed account of their
syntax. Informally, each synchronisation rule has the following form:

rule := a0[x0 = v0] −→ E1 ∨ E2 ∨ . . . ∨ Ek, with

Ei := ∃a1[x1 = v1]a2[x2 = v2] . . . an[xn = vn] . C

where x0, . . . , xn are state variables and v0, . . . , vn are values, with vi ∈ Vxi
for all i. Each rule

thus consists of a trigger (a[x0 = v0]) and a disjunction of existential statements. It is satisfied
if for each token satisfying the trigger, at least one of the disjuncts is satisfied. The trigger
can be empty (T), in which case the rule is said to be triggerless and asks for the satisfaction
of the body without any precondition. Each existential statement requires the existence of
some tokens such that the clause C is satisfied. The clause is in turn a conjunction of atoms,
that is, atomic relations between endpoints of the quantified tokens, of the form a ≤e1,e2

[l,u] b,
where a and b are token names, e1, e2 ∈ {s, e}, l ∈ N, and u ∈ N ∪ {+∞}. Intuitively, each
atom relates the start (s) or end (e) of the two tokens, and l and u are respectively a lower and
upper bound to the distance between the two endpoints. Pointwise atoms relating a single
endpoint with a specific point in time are also possible, e.g., a ≤s

[l,u] t. An atom a ≤e1,e2
[l,u] b

is bounded if u 6= +∞, and unbounded otherwise. With these basic atomic relations, one
can express all the Allen’s relations over time intervals [1]. As an example, one can define
ameets b as a ≤e,s

[0,0] b, or a during b as a ≤s,s
[0,+∞] b∧ b ≤

e,e
[0,+∞] a. Moreover, one can constrain

the duration of tokens, e.g., writing duration(a) = k or duration(a) ≥ k as a shorthand for,
respectively, a ≤s,e

[k,k] a and a ≤s,e
[k,+∞] a. Moreover, disjunctions in synchronisation rules

allows one to express some forms of conditional (if/then/else) statements.
In the simplest setting, a timeline-based planning problem consists of a set of state

variables and a set of rules that represent the problem domain and the goal. A solution to
such a problem is simply a set of timelines that satisfy the rules.

I Definition 3 (Timeline-based planning problem). A timeline-based planning problem is a
pair P = (SV , S), where SV is a set of state variables and S is a set of synchronisation rules
over SV .

I Definition 4 (Solution plan). A scheduled solution plan for a problem P = (SV , S) is a set
Γ of scheduled timelines, one for each x ∈ SV , such that vi+1 ∈ Tx(vi) and dx=v

min ≤ di ≤ dx=v
max

for all tokens τi = (xi, vi, di) ∈ Tx, and all the rules in S are satisfied.

Note that the controllability tags γx of state variables are ignored in Definition 4, as it only
considers the problem of satisfying the synchronisation rules and the issues arising from the
execution of the plan are not considered. Even without considering any form of uncertainty,
timeline-based planning is already quite a hard problem. Indeed, we know from [16] that the
problem of deciding whether there exists a solution plan for a given timeline-based planning
problem is EXPSPACE-complete.

As an example, consider Figure 1, which shows a possible solution for a problem with two
state variables, xcam and xdir, that respectively represent the on/off state of a camera and its
direction. The transition function Txdir of the second variable is such that the camera can
only stay still or move counterclockwise, that is, Txdir (←) = {←, ↓}. The first rule states the
system requirement that the camera must remain switched off at least four time steps after
each use, to let the components cool down. The objective of the system is that of performing
some shoots of a given duration, provided the camera is pointed in the right direction: a
shoot downwards lasting two time steps, and a shoot toward left lasting three time steps, in
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a[xcam = on] −→ ∃b[xcam = off] . ameets b ∧ duration(b) ≥ 4
> −→ ∃a[xcam = on] b[xdir = ↓] . duration(a) = 2 ∧ a during b
> −→ ∃a[xcam = on] b[xdir =←] . duration(a) = 3 ∧ a during b
> −→ ∃a[xdir = ↑] . a =s 0

xcam

xdir

on on

↑ ← ↓ → ↑ ←

off off

Figure 1 An example of timeline-based planning problem. Two state variables are used to
represent the on/off state of a camera xcam and its pointing direction xdir. The transition function of
xdir forces the camera to only move counterclockwise.

an arbitrary order. This objective is encoded by the second and third synchronisation rules,
which are triggerless. The last rule expresses the fact that the camera is initially pointed
upwards.

2.2 Timeline-based planning with uncertainty
A distinguishing feature of existing timeline-based planning systems is their ability to
integrate planning and execution, accounting for the unavoidable uncertainty that comes
from the interaction with the environment where the plan is executed. We now recall how
timeline-based planning problems with uncertainty are defined in [9].

Two different sources of uncertainty can be represented by this model. The first comes
from external variables, which are completely under the control of the environment, in
contrast to controlled variables (also called planned variables), which are dealt with the
system. The planner is not allowed to decide anything regarding the behaviour of external
variables. The second is the duration of uncontrollable tokens. The controllability tag γx,
associated with each state variable x, states whether a token where x = v is controllable
(γx(v) = c) or uncontrollable (γx(v) = u). The execution of uncontrollable tokens is planned
and performed by the system, but their duration cannot be known in advance, e.g., one may
go shopping without knowing how much time he/she will have to wait at the counter. In
both cases, only temporal uncertainty is considered in the current approach.

To deal with the uncertainty inherent in the execution of the plan, timeline-based planning
systems make use of the concept of flexible timeline.

I Definition 5 (Flexible timeline). A flexible token is a tuple τ = (x, v, [e, e′], [d, d′]), where x
is a state variable, v ∈ Vx, [e, e′] ∈ N× N is the interval of possible token end times3, and
[d, d′] ∈ N+ × N+ is the interval of possible token durations.

A flexible timeline for a state variable x = (Vx, Tx, Dx, γx) is a finite sequence Tx =
〈τ1, . . . , τk〉 of flexible tokens for x where [e1, e

′
1] = [d1, d

′
1], and [ei, e

′
i] ⊆ [ei−1 + di, e

′
i−1 + d′i]

for all 1 < i ≤ k.

A flexible timeline represents a set of different timelines which differ in the precise timings
of the described events. Tokens, timelines, and plans will also be referred as scheduled tokens,
timelines and plans, to better differentiate them from flexible ones. A scheduled timeline

3 Flexible tokens report their end times rather than their start times because in this way a flexible timeline
can precisely constrain its horizon.

TIME 2018
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T = 〈τ1, . . . , τk〉 is an instance of a flexible timeline T′ = 〈τ ′1, . . . , τ ′k〉 if for each τi = (x, v, d)
and τ ′i = (x′, v′, [e, e′], [d, d′]), we have x = x′, v = v′, d ∈ [d, d′], and end-time(τi) ∈ [e, e′].

Flexibility can be naturally lifted from timelines to plans. The notion of flexible plan is
formally defined as follows.

I Definition 6 (Flexible plan). A flexible plan over a set of state variables SV is a pair
Π = (Γ,R), where Γ is a set of flexible timelines, exactly one for each x ∈ SV , and R is a set
of atoms over the tokens occurring in Γ.

Given a flexible plan Π = (Γ,R), a scheduled plan Γ′ is an instance of Π if the timelines
in Γ′ are instances of those in Γ, and they satisfy the atoms in R.

A flexible plan can be viewed as a tentative set of solutions to a planning problem where
the precise timing of execution and the duration of tokens are chosen during execution. The
set of atoms that comes together with the set of flexible timelines allow the plan to specify
additional constraints over the tokens that compose the timelines. Flexible plans can in
particular be used to describe the expected behaviour of external variables, of which one may
know the future evolution only up to some temporal uncertainty. It is worth pointing out
that a flexible plan is unconditional, i.e., a single plan is committed to a specific sequence of
state variable values, and the only freedom left concerns token durations.

A timeline-based planning problem with uncertainty is formally defined as follows.

I Definition 7 (Timeline-based planning problem with uncertainty). A timeline-based planning
problem with uncertainty is a tuple P = (SV C ,SV E , S,O), where:

SV C and SV E are the sets of, respectively, the controlled and the external variables;
S is a set of synchronisation rules over SV C ∪ SV E ;
the observation O = (ΓE ,RE) is a flexible plan over SV E specifying the behaviour of
external variables.

Definition 7 differs from Definition 3 in two main respects: it splits the set of variables
into controlled and external ones and it includes a flexible plan describing the temporally
uncertain behaviour of external variables.

To solve the problem, one has to find a set of flexible timelines for the controlled variables
such that the rules can be satisfied by a suitable set of instances.

I Definition 8 (Flexible solution plan). Let P = (SV C ,SV E , S,O), with O = (ΓE ,RE)
be a timeline-based planning problem with uncertainty. A flexible plan Π = (Γ,R) over
SV C ∪ SV E is a flexible solution plan for P if:
1. Π agrees with O, that is, ΓE ⊆ Γ and RE ⊆ R;
2. the plan does not restrict the duration of uncontrollable tokens, that is, for any T ∈ Γ

and any token τ = (x, v, [e, e′], [d, d′]) ∈ T, if γx(v) = u, then d = dx=v
min and d′ = dx=v

max;
3. any instance of Γ is a scheduled solution plan for the timeline-based planning problem

P ′ = (SV C ∪ SV E , S), and there exists at least one such instance.

Note that, despite the name, which is borrowed from [9], the observation O is rather
an a priori description of the environment behaviour, which is supposed to be completely
known up to the given temporal uncertainty. Usual definitions of planning problems involve
the specification of a maximum bound on the horizon of the solution plans. For the sake of
generality, we omit this parameter, as it can be expressed by suitable synchronisation rules.

According to Item 3 of Definition 8, any instance of a flexible plan satisfies the syn-
chronisation rules of the problem. However, there is no guarantee that one such instance
exists for each possible instance of the external timelines. In other words, Definition 8 does
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not guarantee that a flexible solution plan can be executed in any possible scenario. Thus,
a control strategy is needed to determine how to schedule controllable tasks. Because of
space concerns, we cannot present all the details of the definition of control strategy, which
is thoroughly illustrated in [9]. Informally, it can be thought of as a function σ which
chooses how to schedule the start time of tokens for controlled variables, and the end time
of controllable tokens, during execution. A flexible solution plan Π is said to be weakly
controllable if for each possible schedule of tokens for external variables and of uncontrollable
tokens, there is a control strategy σ such that following σ during execution results into an
instance of Π. It is said to be strongly controllable if, conversely, a single control strategy
σ exists which results into an instance of Π whatever the schedule of the endpoints under
its control by the environment is. Finally, it is said to be dynamically controllable if the
controlled endpoints can be scheduled by taking into account, at any given time, only the
past history of the execution in such a way that an instance of Π is obtained. Given its
generality and wider applicability, dynamic controllability is definitely the most interesting
form of controllability. Notice that these concepts, whose definition in the context of flexible
plans for timeline-based planning is given in [9], have analogous counterparts in the context
of temporal networks [25].

Timeline-based systems which aim at handling both planning and execution cannot simply
produce flexible plans, but have to ensure a chosen degree of controllability of the produced
plans. As an example, the PLATINUm system [24] employs a two-phase process where a
flexible plan is first produced and then checked for the existence of a dynamic control strategy.
Dynamic controllability of a flexible plan can be checked, for instance, via a reduction to
timed game automata [8]. Since uncontrollable flexible plans are not suitable to be executed,
the problem is considered to be solved only when a dynamically controllable flexible solution
plan is found, together with its dynamic control strategy.

3 Limitations of the current approach

The focus of timeline-based systems on temporal reasoning and temporal uncertainty clearly
emerges from the previous section. This focus has its roots in the history of the paradigm
and the typical application scenarios where timeline-based systems have been employed. The
exclusive focus on temporal uncertainty is especially evident in the treatment of external
variables: their behaviour is supposed to be completely known excepting only the precise
timing of specific events. Consider, for example, a satellite in orbit doing some measurements
and transmitting the results back to Earth. In such a domain, external variables might
be used to represent visibility windows where the different ground stations can be reached
by the satellite. The precise timing of those windows is uncertain, but everything else is
known (even months) in advance. Nevertheless, to handle the case of a mismatch between
the expected and the observed behaviour of the environment, systems such as PLATINUm
employ a feedback loop where a failure manager is in charge of triggering, if needed, a
re-planning (or plan repair) phase, which should produce a new flexible plan, with a suitable
control strategy, taking into account the newly acquired observations (the name of the O
component in Definition 7 comes from this scenario).

In contrast to domains as the above one, other applications might require to re-plan more
frequently. As an example, in robotics scenarios such as those discussed in [24], where the
planned system interacts with a human agent, one cannot hope to represent with temporal
uncertainty alone all the possible variability of the behaviour of the external environment.
In these scenarios, most often re-plans get triggered to handle the unpredicted outcomes
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of generally nondeterministic choices that the external agents can make, rather than to fix
problems in the domain model. This observation motivates us in proposing an interpretation
of timeline-based problems that is able to handle both temporal uncertainty and general
nondeterminism, extending and generalising the current approach based on flexible plans.

As a matter of fact, it turns out that the domain description languages commonly in
use, here exemplified by the formal syntax defined in Section 2, can easily express scenarios
where the need to handle general nondeterminism arise in problems which apparently only
involved temporal uncertainty. To see how this may happen, consider a simple timeline-based
planning problem with uncertainty P = (SV C ,SV E , S,O), with a single state variable x,
with Vx = {v1, v2, v3}, SV E = ∅, and S consisting of the following synchronisation rules:

a[x = v1] −→ ∃b[x = v2] . a ≤e,s
[0,0] b ∧ a ≤

s,e
[0,5] a ∨ ∃c[x = v3] . a ≤e,s

[0,0] c ∧ a ≤
s,e
[6,10] a

> −→ ∃a[x = v1] . a =s 0

Suppose that Dx(v) = [1, 10] for all v ∈ Vx, and that γx(v1) = u and γx(v2) = γx(v3) = c,
that is, tokens where x = v1 are uncontrollable. The rules require the execution to start with
a token where x = v1, followed by a token where either x = v2 or x = v3 depending on the
duration of the first token. This scenario is, intuitively, trivial to control. The system must
execute x = v1 as a first token due to the second rule. Then, the environment controls its
duration, and the system simply has to wait for the token to end, and then execute either
x = v2 or x = v3 depending on how long the first token lasted. However, there are no flexible
plans that represent this simple strategy, since each given plan must fix the value of every
token in advance. To guarantee the satisfaction of the rules, the choice of which value to
assign to x on the second token must be made during the execution, but this is not possible
because of the exclusively sequential nature of flexible plans. In this case, therefore, the
problem would be considered as unsolvable, even if the goals stated by the rules seem simple
to achieve.

The issues discussed here come from the lack of a proper support for general nondetermin-
ism in the framework of flexible plans. However, the last example shows that this is not just a
missing feature of current systems, but rather a class of scenarios that can be easily modelled
by (the syntax of) timeline-based description languages but whose solutions are not captured
by the commonly considered semantics. The timeline-based planning games defined in the
next section provide a clean way to express the solution to this kind of scenario, providing a
semantics to timeline-based planning problems with uncertainty capable of modelling both
temporal uncertainty and general nondeterminism in a uniform way. Moreover, they handle
the external variables in the most general way, without assuming any a priori knowledge of
their future behaviour.

4 Timeline-based planning games

Let us now introduce timeline-based planning games. They generalise dynamic control
strategies for flexible plans while suitably handling the limitations discussed in Section 3.

I Definition 9 (Timeline-based planning game). A timeline-based planning game is a tuple
G = (SV C ,SV E ,S,D), where SV C and SV E are the sets of, respectively, the controlled
and the external variables, and S and D are two sets of synchronisation rules, respectively
called system and domain rules, involving variables from both SV C and SV E .

Intuitively, a timeline-based planning game G = (SV C ,SV E ,S,D) is a turn-based, two-
player game played by the controller, Charlie, and the environment, Eve. By playing the
game, the players progressively build the timelines of a scheduled plan (see Definition 4). At
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(a)

x

y

0

0
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now

(b)

x
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0

0
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1
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3
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τ2 τ3

now

(c)

x

y

0

0

1

1

2

2

3

3

τ1

τ2 τ3

now

Figure 2 Examples of partial plans: (a) two tokens for variables x and y where end-time(τ1) =
end-time(τ2) = 2 and now = 2; (b) end-time(τ1) = 2, end-time(τ2) = 1, while τ3 continues; (c)
incorrect partial plan, because τ3 continues over the end of τ1 and a successor for τ1 is unspecified.

each round, each player makes a move deciding which tokens to start and/or to stop and
at which time. Both players are constrained by the set D of domain rules, which describe
the basic rules governing the world. Domain rules replace and generalise the observation
O of Definition 7, allowing one to freely model the interaction between the system and
the environment. They are not intended to be Eve’s (or Charlie’s) goals, but, rather, a
background knowledge about the world that can be assumed to hold at any time. Since
neither player can violate D, the strategy of each player may safely assume the validity
of such rules. In addition, Charlie is responsible for satisfying the set S of system rules,
which describe the rules governing the controlled system, including its goals. Charlie wins
if, assuming Eve behaves according to the domain rules, he manages to construct a plan
satisfying the system rules. In contrast, Eve wins if, while satisfying the domain rules, she
prevents Charlie from winning, either by forcing him to violate some system rule, or by
indefinitely postponing the fulfilment of his goals.

Let us now formally describe the way in which a play of a (timeline-based) planning game
evolves. First of all, we observe that at any given time during the play, the plan will be
partially built, waiting for some tokens to be completed. A partial plan is a plan where the
last token on each timeline may be unfinished (open token). A timeline whose last token is
open is called an open timeline.

I Definition 10 (Open timeline). Let G = (SVC , SVE ,S,D) be a planning game and let
SV = SVC ∪ SVE . An open token for G is a pair τ = (x, v), where x ∈ SV and v ∈ Vx.
An open timeline for x ∈ SV is a non-empty finite sequence of tokens T = 〈τ1, . . . , τk−1, τk〉,
where 〈τ1, . . . , τk−1〉 is a scheduled timeline for x and τk = (x, vk) is an open token.

We will refer to tokens and timelines as defined in Definition 2 as closed tokens and closed
timelines, respectively. In an open timeline T = 〈τ1, . . . , τk〉, only start-time(τk) is defined for
its last open token τk: start-time(τ0) = 0 and start-time(τi) = end-time(τi−1) for i > 1. Recall
that H(T) for a closed timeline is the end-time of its last token and that H(T) = 0 for empty
timelines. For an open timeline T = 〈τ1, . . . , τk−1, τk〉, we define its horizon as the end-time
of its last closed token, i.e., H(T) = end-time(τk−1) (which is equal to start-time(τk)).

I Definition 11 (Partial plan). Let G = (SVC , SVE ,S,D) be a planning game and let
SV = SVC ∪ SVE . A partial plan for G is a pair Π = (Γ, now), where Γ is a set of timelines,
either open or closed, one for each x ∈ SV , and now ∈ N is the current time, such that:
1. H(T) < now for any open timeline T ∈ Γ;
2. H(T) = now for any closed timeline T ∈ Γ;

For a partial plan Π = (Γ, now), we write T ∈ Π to mean T ∈ Γ, and we define
H(Π) = maxT∈ΠH(T) and now(Π) = now. The set of all possible partial plans for a given
game G is denoted as ΠG, or simply Π where G is understood.
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Definition 11 implies that time cannot advance after the end of a token without specifying
its successor, and ensures that the partial plan has been built only up to now. Figure 2
shows an example of invalid partial plan where a token continues after the end of another
and the successor of the latter is not specified, forming an invalid gap in the description of
the timelines. It also implies that if any empty, thus closed, timeline is present, then all
timelines are empty. Thus, a unique well-defined empty partial plan exists, which we will
denote by Π∅, with all empty timelines and now(Π∅) = 0.

Players incrementally build a partial plan by extending the initially empty partial plan
Π∅. This is done by means of actions that specify which tokens to start and/or end.

I Definition 12 (Action). Let G = (SV C ,SV E ,S,D) be a planning game and let SV =
SVC ∪ SVE . An action α for G is a term of the form start(x, v) or end(x, v), where x ∈ SV
and v ∈ Vx. The set of actions is partitioned into the set AC of Charlie’s actions and the
set AE of Eve’s actions. An action belongs to AC (resp., AE) if it is of the form start(x, v),
for some x ∈ SV C (resp., x ∈ SV E) and v ∈ Vx, or of the form end(x, v), for some x ∈ SV ,
v ∈ Vx, and γx(v) = c (resp., γx(v) = u).

Definition 12 can be read as follows. When an action start(x, v) or end(x, v) is executed
by a player, a token for the variable x, where x = v, respectively starts or ends. Ending
a task (a token) and starting the next one are two different actions, even if, as it will be
precisely stated later, the end of a token must be immediately followed by the start of the
next one. Depending on who owns the variable and the involved value, each action can be
executed only by a specific player. More precisely, players can start tokens for the variables
that they own, and end the tokens that hold values that they control.

It is worth noticing that, in contrast to the original definition of timeline-based planning
problems with uncertainty (Definition 7), Definition 12 admits cases where x ∈ SV E and
γx(v) = c for some v ∈ Vx, that is, cases where Charlie may control the duration of a variable
that belongs to Eve. This situation is symmetrical to the more common one where Eve
controls the duration of a variable that belongs to Charlie, and there is no need, in our
setting, to impose any asymmetry.

Actions are combined into moves that can start and/or end multiple tokens at once.

I Definition 13 (Move). Let G = (SV C ,SV E ,S,D) be a timeline-based planning game.
A move µ is a term of the form wait(t) or play(t, A), where t ∈ N is the timestamp of the
move, A ⊆ AC or A ⊆ AE , and for each x ∈ SV C ∪ SV E , at most one action in A involves
x. The set of moves is partitioned into the set MC of Charlie’s moves and the set ME of
Eve’s moves. A move µ belongs to MC if it is either of the form µ = wait(t) or of the form
µ = play(t, A) and A ⊆ AC , while it belongs to ME only if it is of the form µE = play(t, A)
and A ⊆ AE .

According to Definition 13, Charlie can either execute some set of actions A, by playing
a play(t, A) move, or wait until some given time t, by playing wait(t). In contrast, Eve has a
unique kind of move available, i.e., play(t, A), which executes the actions in A at time t.

We are now ready to introduce the fundamental notion of round.

I Definition 14 (Round). A round ρ is a pair of moves (µC , µE) ∈ MC ×ME . Let Π be a
partial plan. A round ρ = (µC , µE) is applicable to Π if the following conditions are met.
1. Integrity conditions:

a. any action of the form start(x, v) is executed by either µC or µE if and only if Tx ∈ Π
is a closed timeline;
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b. for any action of the form end(x, v), executed by µC or µE , either an action start(x, v)
is being executed by either moves, or Tx ∈ Π is an open timeline Tx = 〈τ1, . . . , τk〉 and
its open token is τk = (x, v).

2. Timing conditions:
a. if µC = play(tC , AC) and µE = play(tE , AE), then tC = tE = now(Π);
b. if µC = wait(tC) and µE = play(tE , AE), then tC > now(Π) and tE ≤ tC .

A single move from either player is applicable to Π if there exists at least one move from the
other player such that the round combining the two moves is applicable to Π.

The conditions that make a round applicable can be interpreted as follows. Item 1 ensures
that the actions played by each move of the round are consistent with the current state of the
timelines in the partial plan. In particular, a start action has to follow a end one, and start
actions cannot be played on timelines that are already open. Note that both start(x, v) and
end(x, v) for the same x and v can be played at the same round, possibly by two different
players, provided that the timeline was previously closed. In this case, the move builds a
token of unitary length (see Definition 15). Item 2 constrains the timings of the moves of
a round: if Charlie does not wait, then he has to play immediately, that is, tC = now(Π);
otherwise, he can wait until an arbitrary future time point tC . In both cases, Eve must
play at a timestamp tE ≤ tC . This restriction has the following meaning. The advancement
of time during the game is determined mostly by Charlie, who can make it advance one
step at the time, by playing at each round, or skip some time steps at once without playing
anything, by waiting. In both cases, Eve’s moves must specify what the environment is doing,
if anything, in the meantime, hence the requirement that tE ≤ tC . If tE < tC , then time
advances only up to tE , so that at the next round Charlie can timely reply to Eve’s move.

The next definition specifies the effects of players’ moves.

I Definition 15 (Outcome of a round). Let Π be a partial plan and ρ = (µC , µE) be an
applicable round. The outcome of the application of ρ to Π is a partial plan ρ(Π), which is
obtained from Π by applying the following ordered sequence of steps:
1. for each µ ∈ {µC , µE}, if µ = play(t, A), then, for any start(x, v) ∈ A, an open token

τ = (x, v) is appended to Tx;
2. for each µ ∈ {µC , µE}, if µ = play(t, A), then, for any end(x, v) ∈ A, the last open token

τ = (x, v) of Tx (possibly added at the previous step) is replaced by a closed token
τ ′ = (x, v, d), where d = t− start-time(τ) + 1;

3. now(ρ(Π)) = min(tC , tE) + 1, where either µC = play(tC , AC) or µC = wait(tC), and
µE = play(tE , AE).

The effects of start and end actions are defined in Items 1 and 2, respectively. The
steps are intended to be applied one after the other in order to handle the case where both
start(x, v) and end(x, v) are played in the same round. Time advances according to Item 3,
depending on the timestamps of the moves. Note that if no wait move is played, the new
current time corresponds to the horizon of the resulting partial plan.

A play of a planning game is just a sequence of rounds applied to the empty plan Π∅.

I Definition 16 (Play). Let G be a planning game and Π0 be a partial plan (we call it an
initial partial plan). A play for G from Π0 is a sequence ρ = 〈ρ0, . . . , ρk〉 of rounds such that
ρ0 is applicable to Π0 and ρi+1 is applicable to Πi+1 = ρi(Πi), for 1 ≤ i < k.

Let ρ = 〈ρ0, . . . , ρk〉 be a play and Π be a partial plan. We denote by ρ(Π) = ρk(. . . ρ0(Π))
the outcome of ρ applied to Π. Where the initial partial plan is not mentioned, it is understood
that the play is applied to Π∅. Each non-empty partial plan Π can be closed to form a
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scheduled plan Π′ (see Definition 4) by closing all the open tokens of open timelines at time
now(Π). In the following, when the context is clear, we will interchangeably speak of a partial
plan as a scheduled plan by implicitly referring to its closure. It can be easily checked that
rounds as specified in Definition 13 suffice to build any possible scheduled plan over the game
variables, i.e., for any partial plan Π, there exists a play ρ such that Π = ρ(Π∅).

I Definition 17 (Strategy for Charlie). A strategy for Charlie is a function σC : Π → MC

that maps any given partial plan Π to a move µC applicable to Π.

I Definition 18 (Strategy for Eve). A strategy for Eve is a function σE : Π ×MC → ME

that, given a partial plan Π and Charlie’s move µC applicable to Π, returns the next Eve’s
move µE such that ρ = (µC , µE) is applicable to Π.

A play ρ is said to be played according to a strategy σC for Charlie, starting from some
initial partial plan Π0, if ρi = (σC(Πi−1), µi

E), for some µi
E , for all 0 < i < |ρ|, and to be

played according to a strategy σE for Eve if ρi = (µi
C , σE(Πi−1, µ

i
C)), for all 0 < i < |ρ|. For

any pair of strategies (σC , σE) and any k ≥ 0, there is a unique run ρk(σC , σE) of length k
played according to σC and σE .

It is worth to note that, according to our definition of strategy, Charlie can base his
decisions only on the previous rounds of the game, not including Eve’s move at the current
round. Together with the fact that time strictly increases of at least one time unit at each
round, this implies that Charlie has to wait at least one time unit to react to a move by
Eve. This models the realistic assumption that the sense-reason-react loop of the controller
needs a finite amount of time to be executed, and is coherent with the semantics of dynamic
control strategies of flexible plans from [9].

Let G = (SV C ,SV E ,S,D) be a planning game. We define two timeline-based planning
problems, PD = (SV ,D) and PG = (SV ,D ∪ S), for G. A partial plan is admissible if it is
a solution plan for PD, and successful if it is a solution plan for PG. Similarly a play ρ is
admissible or successful if its outcome ρ(Π∅) is, respectively, admissible or successful.

I Definition 19 (Admissible strategy for Eve). A strategy σE for Eve is admissible if for each
strategy σC for Charlie, there is a k ≥ 0 such that the play ρk(σC , σE) is admissible.

I Definition 20 (Winning strategy for Charlie). Let σC be a strategy for Charlie. We say
that σC is a winning strategy for Charlie if for any admissible strategy σE for Eve, there
exists an n ≥ 0 such that the play ρn(σC , σE) is successful.

We say that Charlie wins the game G if he has a winning strategy, while Eve wins the
game if such a strategy does not exist. Let us consider again the problem described in
Section 3 to show a simple winning strategy. The problem can be viewed as a game with the
rules in Figure 1 belonging to S and D empty. After playing start(x, v1) at the beginning,
Charlie only has to wait for Eve to play end(x, v1), and then play start(x, v2) or start(x, v3)
according to the current timestamp.

A more involved example can be obtained by considering two variables x ∈ SV C and
y ∈ SV E , with Vx = Vy = {go, stop}, unit duration, and rules as follows.

S =
{
a[x = stop] −→ ∃b[y = stop] . b ≤e,s

[0,0] a
}

> −→ ∃a[x = stop] . >

D =
{

> −→ ∃a[y = stop] . >
}

Here, Charlie’s ultimate goal is to realise x = stop, but this can only happen after Eve
realised y = stop. This is guaranteed to happen, since we consider only admissible strategies.
Hence, the winning strategy for Charlie only chooses x = go until Eve chooses y = stop, and
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then wins by executing x = stop. If D was instead empty, a winning strategy would not exist
since a strategy that never chooses y = stop would be admissible. This would therefore be a
case where Charlie looses because Eve can indefinitely postpone his victory.

Let us compare now the concept of dynamic controllability of flexible plans, as defined
in [9], with the existence of winning strategies for timeline-based planning games, and show
the greater generality of the latter concept. Proofs are omitted because of space concerns,
but are available in an extended report [17].

The first step is to back the claim of this greater generality. Indeed, it can be shown that
for any timeline-based planning problem with uncertainty P = (SV C ,SV E , S,O) there is an
associated timeline-based planning game GP = (SV C ,SV E ,D,S), such that a dynamically
controllable flexible solution plan for P gives us a winning strategy for G. To this aim, we
need a way to represent as a game any given planning problem with uncertainty. Intuitively,
this can be done by encoding the observations O into suitable domain rules. The game
associated with a problem therefore mimics the exact setting described by the problem.
What follows shows that such a game does indeed exist, and that there is a close relationship
between its winning strategies and the dynamically controllable flexible plans for the problem.

I Theorem 21. Let P be a timeline-based planning problem with uncertainty. If P admits a
dynamically controllable flexible solution plan, then Charlie has a winning strategy for the
associated timeline-based planning game GP .

Theorem 21 shows that the proposed framework can represent any timeline-based planning
problem with uncertainty, and that the notion of winning strategy for a game subsumes that
of dynamically controllable flexible plan. Moreover, it can be seen that the game setting
is strictly more expressive, i.e., there are cases where no dynamically controllable flexible
plans exist, but a winning strategy can be found. This is the case with the example problem
discussed in Section 3, which has an easy winning strategy when seen as a game, while it has
no dynamically controllable flexible plan. Therefore, one can prove the following theorem.

I Theorem 22. There exists a timeline-based planning problem with uncertainty P =
(SV C ,SV E , S,O) such that there are no dynamically controllable flexible plans for P , but
Charlie has a winning strategy for the associated planning game GP .

5 Decidability and complexity

A natural question about timeline-based planning games is whether a winning strategy for
a given game can effectively be found. In this section, we positively answer the question,
showing that a winning strategy, if it exists, can be found with an algorithm that runs in
doubly exponential space. Proofs are omitted because of space concerns, but are available in
an extended report [17].

The proposed algorithm makes use of the concept of concurrent game structure (CGS) [2],
in particular, of the specific subclass of turn-based synchronous game structures (simply game
structures, from now on), that, in the case of two players only, can be defined as follows.

I Definition 23 (Turn-based synchronous game structure [2]). A turn-based synchronous game
structure is a tuple S = (Q1, Q2,M1,M2,P, π, δC , δE), where:
1. Q1 and Q2 are the finite sets of states belonging to Player 1 and Player 2, respectively;
2. M1 and M2 are the finite sets of moves available to Player 2 and Player 2, respectively;
3. P is a finite set of proposition letters;
4. π : Q1 ∪Q2 → 2P provides the set of proposition letters that hold at any given state;
5. δ1 : Q1 ×M1 ×Q2 and δ2 : Q2 ×M2 ×Q1 are the transition relations, that specify the

states reachable from a given one by applying a move by either player.
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a[x = va] −→ ∃b[x = vb]c[x = vc]d[x = vd]e[x = ve] . b ≤e,s
[0,3] a ∧ c ≤

e,s
[0,+∞] b ∧ d ≤

s,s
[0,5] c ∧ e ≤

s,e
[0,5] d

(a)

≤ w(G)

vavbvcvdve

≤ w(G)

(b)

≤ w(G)

vavb

d ≤s,s
[0,5] c ∧ e ≤

s,e
[0,5] d

now

Figure 3 How to represent the distant history of a play of a game G in a compact way: (a) the
complete description of the timeline; and (b) the compact description of the distant history.

We proceed in two steps. We first provide a suitable encoding of a timeline-based planning
game G into a corresponding game structure, and then we exploit existing machinery for
ATL* model checking [2] to find a winning strategy for G.

Let us focus on the first step. To encode a timeline-based planning game into a game
structure, one may think of interpreting partial plans as states, marking with some proposition
letter d those which satisfy the domain rules and with w those where the system rules are
satisfied. However, such an encoding can, in principle, lead to an infinite state space, as
the number of possible partial plans is infinite: the set of moves available to each player is
infinite, as they specify a timestamp; moreover, at any given time, a rule triggered by one of
the current tokens may require to look arbitrarily back in the past in order to check (the
possibility of) its satisfaction. We now show how to constrain the state space to be finite.

First of all, we observe that arbitrarily large timestamps can only be introduced by wait
moves played by Charlie, as the timestamp of any play move played by Charlie is forced to
be equal to now and the timestamp of any Eve’s move is bounded by the one of a Charlie’s
move. Now, even though wait moves are useful for Charlie to skip a given amount of time
without executing a sequence of empty play moves, they can always be replaced by such
a sequence, and thus it can be easily shown that if a winning strategy exists, another one
exists which does not use any wait move. Hence, w.l.o.g., we can safely restrict ourselves to a
finite set of moves of form play(t, A), with t = now.

Let us focus now on the partial plans to show that not every single detail of their distant
past has to be remembered. Consider a timeline-based planning game G = (SV C ,SV E ,S,D),
and let the window of G, w(G), be the product of all the non-zero lower and upper bounds
appearing in any bounded atom of any rule, and all the non-zero lower and upper bounds on
the length of tokens of any state variable. The window of the game gives a coarse upper bound
on how far from a given point a chain of bounded atoms can look, which is a fundamental
parameter of any timeline-based planning problem, e.g., it has been exploited in [16] to study
the complexity of the plan existence problem.

For the sake of clarification, consider the above half of Figure 3, which shows a timeline
satisfying a particular synchronisation rule. The satisfaction of bounded and unbounded
atoms of the rule by tokens are represented by solid and dashed arrows, respectively. The
depicted tokens can be partitioned in two blocks, which satisfy two different groups of
bounded atoms. Once the first group has been witnessed, only its existence need to be
remembered, not the precise position or length of its tokens, since any bounded atom involving
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the trigger cannot be affected by anything farther than the window w(G). Hence, while the
events happening at most w(G) time steps before now need to be remembered in detail, the
satisfaction of the other group of atoms can be remembered symbolically as shown in the
bottom half of Figure 3, i.e., by remembering the existence of the tokens satisfying each
required group of atoms, and their relative ordering. The same has to be done to remember
future requests triggered by tokens appeared in the past.

It can be easily checked that w(G) ∈ O(2|G|), and that the number of bits needed to
store the succinct representation of the history and of future requests is exponential as well.
Hence, we can build a data structure of size at most exponential in the size of G, that, during
the whole play, can be used to represent the current state and the past history of the game.

Let Π be a partial plan. We denote by [Π] its succinct representation, and by [ΠG] the
set of the succinct representations of all the possible partial plans on G. For any round ρ, we
can easily specify its application to the succinct representation of a partial plan in such a
way that ρ([Π]) = [ρ(Π)]. Similarly, given [Π], we can easily check whether Π is a solution
plan for a given timeline-based planning problem.

We are now ready to define the game structure G associated with a planning game G.

I Definition 24 (Game structure for a planning game). Let G = (SV C ,SV E ,S,D) be a
timeline-based planning game. The corresponding game structure G is a tuple (QC , QE ,MC ,

ME ,P, π, δC , δE), where:
1. QC = [ΠG] and QE ⊆ [ΠG]×MC ;
2. MC = MC and ME = ME ;
3. P = {d,w}, where d and w are proposition letters,
4. π(qE) = ∅, for any qE ∈ QE , and d ∈ π([Π]) (resp., w ∈ π([Π]) if and only if Π is a

solution plan for PD (resp., PG);
5. ([Π], µC , ([Π], µC)) ∈ δC if and only if µC = play(t, A) is applicable to Π and t = now;
6. (([Π], µC), µE , [Π′]) ∈ δE if and only if ρ = (µC , µE) is applicable to Π and ρ([Π]) = [Π′].

The winning condition for Charlie (see Definition 20) can be expressed by means of the
following ATL* formula, where Player 1 is interpreted as Charlie and Player 2 as Eve:4

ϕ ≡ 〈〈1〉〉J2K
(
J1K F d→ F(d ∧ w)

)
The formula asks for the existence of a strategy σC for Charlie (〈〈1〉〉) such that, for all
strategies σE for Eve (J2K), if σE is admissible (J1K F d), i.e., for all Charlie’s strategies, there
is a future point where d holds, then there is future point where d ∧ w holds (F(d ∧ w)), i.e.,
Charlie wins. By applying known ATL* model-checking algorithms on the game structure
encoding the planning game and the above formula, one may solve the problem.

It can be proved that any strategy satisfying the above ATL* formula corresponds to a
winning strategy for Charlie on the original timeline-based planning game. The proposed
compact representation of partial plans has exponential size, and thus the game structure
has a doubly exponential number of states. Since ATL* model-checking of fixed-size formulae
over game structures is PTIME-complete [2], the following theorem holds.

I Theorem 25. Let G be a timeline-based planning game. The problem of establishing
whether Charlie has a winning strategy on G belongs to 2EXPSPACE.

4 ATL* is a branching-time temporal logic similar to CTL*, that allows one to quantify over the strategies
of the different players of a game structure and to differentiate between paths played according to those
strategies.
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6 Conclusions and future work

This paper defines timeline-based planning games, a novel game-theoretic approach to
timeline-based planning with uncertainty. Unlike current formulations based on dynamic
controllability of flexible plans, the proposed one can uniformly deal with both temporal
uncertainty and general nondeterminism, and it is strictly more expressive. We showed
that a winning strategy can be found in doubly exponential space. Whether there exists a
matching complexity lower bound, how to synthesise a finite-state machine implementing
such a strategy, and how hard the synthesis problem is are still open issues.
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Abstract
A Conditional Simple Temporal Network with Uncertainty (CSTNU) is a data structure for rep-
resenting and reasoning about time. CSTNUs incorporate observation time-points from Condi-
tional Simple Temporal Networks (CSTNs) and contingent links from Simple Temporal Networks
with Uncertainty (STNUs). A CSTNU is dynamically controllable (DC) if there exists a strategy
for executing its time-points that guarantees the satisfaction of all relevant constraints no matter
how the uncertainty associated with its observation time-points and contingent links is resolved in
real time. This paper presents the first sound-and-complete DC-checking algorithms for CSTNUs
that are based on the propagation of labeled constraints and demonstrates their practicality.
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1 Introduction

A Conditional Simple Temporal Network with Uncertainty (CSTNU) is a data structure for
representing and reasoning about time in domains where some constraints may apply only
in certain scenarios and some events may have uncontrollable, but bounded durations [13].
They were defined to represent important features of, for example, (1) workflow systems used
to automate medical-treatment processes [16],[7]; and (2) planning systems when uncertain
durations are present [17]. A CSTNU may include observation time-points and contingent
links. An observation time-point represents a test action whose execution generates a truth
value for a corresponding propositional letter. A contingent link represents an action with an
uncertain, but bounded duration. Observation time-points and contingent links both involve
uncertainty and uncontrollability, since the outcomes of tests and contingent durations are
not known in advance and are not controlled by the scheduling agent; they are only observed
during execution.

CSTNUs generalize Conditional Simple Temporal Networks (CSTNs) [23] and Simple
Temporal Networks with Uncertainty (STNUs) [21]. The dynamic controllability (DC)
property for CSTNUs generalizes the corresponding properties for CSTNs and STNUs. In
brief, a CSTNU is DC if there exists a strategy for executing its time-points that guarantees
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the satisfaction of all relevant constraints no matter how the uncertainty associated with its
observation time-points and contingent links is resolved during execution. The DC-checking
problem for CSTNUs is that of determining whether arbitrary CSTNUs are DC.

Combi et al. [5, 6] presented a variety of sound constraint-propagation rules for CSTNUs,
but did not address completeness. Following their approach, but focusing on CSTNs,
Hunsberger et al. [14] presented the first practical sound-and-complete DC-checking algorithm
for CSTNs. Recently, they presented a faster version of their algorithm, called the π-DC-
checking algorithm [12], that will play a role in this paper. In other approaches, Hunsberger
and Posenato [11] presented an algorithm that views the DC-checking problem for CSTNs as
a two-player game, searching an abstract game tree to find a “winning” strategy, guided by
Monte-Carlo Tree Search and Limited Discrepancy Search; and Cimatti et al. [4] reduced the
DC-checking problem for CSTNUs (and a broader class of networks) to a controller-synthesis
problem for timed game automata, but have not shown whether that approach can be made
practical for CSTNUs.

Contribution. This paper presents the first practical sound-and-complete DC-checking
algorithms for CSTNUs. The first algorithm reduces the DC-checking problem for CSTNUs
to the DC-checking problem for CSTNs; the second propagates constraints directly in the
input CSTNU. The paper proves that both algorithms are correct and empirically evaluates
their performance.

2 Conditional STNs with Uncertainty (CSTNUs)

This section recalls the definition of a well-defined CSTNU, which allows contingent links (as
in an STNU) and observation time-points (as in a CSTN). The presentation combines and
extends definitions from earlier work [18, 13, 6, 12]. The notion of a streamlined temporal
network from recent work on CSTNs [2] is then applied to CSTNUs.

I Definition 1 (P-Labels). For a set P of propositional letters, a p-label is a (possibly empty)
conjunction of (positive or negative) literals from P. The empty p-label is notated �. For
any p-label `, and any p ∈ P , if ` |= p or ` |= ¬p, we say that p appears in `. For p-labels, `1
and `2, if `1 |= `2, we say that `1 entails `2. If `1 ∧ `2 is satisfiable, we say that `1 and `2 are
consistent. P∗ denotes the set of all satisfiable p-labels with literals from P.

I Definition 2 (CSTNU). A Conditional Simple Temporal Network with Uncertainty is a
tuple, 〈T ,P, L, C,OT ,O,L〉, where:
T is a finite set of real-valued variables, called time-points;
P is a finite set of propositional letters;
L : T → P∗ assigns p-labels to time-points;
C is a set of labeled constraints, each of the form, (Y −X ≤ δ, `), where X,Y ∈ T , δ ∈ R,
and ` ∈ P∗;
OT ⊆ T is a set of observation time-points;
O : P → OT is a bijection from propositional letters to observation time-points;
L is a set of contingent links each of the form (A, x, y, C), where: A ∈ T , C ∈ T \ OT ,
A 6≡ C are called the activation and contingent time-points, respectively; L(A) = L(C);
0 < x < y <∞; and distinct contingent links have distinct contingent time-points.

By convention, for each p ∈ P, O(p) (i.e., the observation time-point whose execution
determines the truth value for p) may be denoted by P?.
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Hunsberger et al. [14] called a CSTN well-defined if the p-labels on its time-points and
constraints satisfied certain properties. CSTNs that are not well defined turn out to be
useless. Definition 3 extends well-definedness to CSTNUs.

I Definition 3 (Well-defined CSTNU). A CSTNU is well defined if:
1. for each (Y −X ≤ δ, `) ∈ C, ` |= L(X) ∧ L(Y );
2. for each T ∈ T , and each p appearing in L(T ):

a. ` |= L(P?); and
b. (P?− T ≤ −ε, L(T )) ∈ C, for some ε > 0;

3. for each (Y −X ≤ δ, `) ∈ C, and each p appearing in `, ` |= L(P?).

Cairo et al. [2] showed that if S is a well-defined CSTN (i.e., satisfies properties 1–3 above),
then there is a CSTN S� such that:
1. S� does not have any labels on its time-points, and
2. S� is DC if and only if S is DC.
S� is called a streamlined CSTN. We say that S� is DC-equivalent to S.
This result extends easily to CSTNUs.

I Definition 4 (Streamlined CSTNU). Given a well-defined CSTNU S, its streamlined version
S� is the same as S except that its time-points have no p-labels.

It is straightforward to show that if S is a well-defined CSTNU, then S is DC if and only if its
streamlined version S� is DC. For this reason, this paper restricts attention to streamlined
CSTNUs, which simplifies definitions and proofs of the main results with no loss of generality.

Each CSTNU has a corresponding graph whose nodes represent time-points, and whose
edges represent various kinds of temporal constraints. To accommodate the propositional
labels (p-labels) from CSTN graphs and the alphabetic labels (a-labels) from STNU graphs,
each edge in a CSTNU graph may be annotated by both p-labels and a-labels. This paper
treats a-labels more rigorously than in prior work in anticipation of how they are conjoined
and modified during constraint propagation. In particular, an a-label is liberally defined to
allow conjunctions of upper-case letters that may arise during constraint propagation.

I Definition 5 (A-Letters, A-Labels). If C1, . . . , Ck are the contingent time-points for a
CSTNU S, then A = {c1, . . . , ck, C1, . . . , Ck} is the set of alphabetic letters (a-letters) for S;
c1, . . . , ck are the lower-case (LC) a-letters; and C1, . . . , Ck are the upper-case (UC) a-letters.
An a-label, ℵ, is a set of a-letters that: (1) is empty, notated as �; (2) contains exactly one
LC a-letter, notated as ci; or (3) contains one or more UC a-letters, notated as Ci1 . . . Cim .
The set of all a-labels with letters from A is denoted by A∗. The set of UC a-labels (that is,
a-labels that contain zero or more UC a-letters) is denoted by A∗u. For any ℵ,ℵ′ ∈ A∗u, their
conjunction is given by their union (i.e., ℵℵ′ = ℵ ∪ ℵ′).

Edges in a CSTNU graph are annotated by triples, called a labeled values, that generalize:
(1) the numerical weights that appear on edges in STN graphs; (2) the lower-case and
upper-case a-letters on edges in STNU graphs; and (3) the p-labels on edges in CSTN graphs.
Since any pair of time-points, X and Y , may participate in multiple constraints, an edge
from X to Y may have multiple labeled values, each of the form, 〈δi,ℵi, `i〉.

I Definition 6 (Labeled values). A labeled value is a triple, 〈δ,ℵ, `〉, where: δ ∈ R, ℵ ∈ A∗,
and ` ∈ P∗.
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Figure 1 A CSTNU graph with 3 contingent links and one observation time-point P?

In a CSTNU graph, an ordinary STN constraint, Y −X ≤ δ, is represented by an edge
X
〈δ, �,�〉

Y ; and a conditional constraint, (Y −X ≤ δ, `), is represented by an edge
X
〈δ, �, `〉

Y . Edges associated with contingent links require further introduction.
In an STNU graph, each contingent link (A, x, y, C) gives rise to two edges: a lower-case

edge from A c :x C that represents the possibility that the duration C −A might take on
its minimum value x; and an upper-case edge from C C :−y A that represents that C −A
might take on its maximum value y. In a CSTNU graph, the lower-case edge is A 〈x, c,�〉 C
and the upper-case edge is C 〈−y, C,�〉 A.

Figure 1 shows the graph for a sample CSTNU. Z is a (non-contingent, non-observation)
time-point whose value is fixed at 0. Each time-point X is implicitly constrained to occur at
or after Z. Labeled values such as 〈−11, �,�〉 are abbreviated as simply −11. The dashed
edges represent constraints obtained by Algorithm 2, described in section 6; it determines
that this CSTNU is not dynamically controllable.

3 Dynamic Controllability for CSTNUs

The truth values of propositions in a CSTNU are not known in advance; they are incrementally
revealed as observation time-points are executed. Similarly, the durations of contingent links
are only observed as the contingent time-points happen to execute. However, a dynamic
strategy for executing the time-points in a CSTNU can react to observations and contingent
executions in real time. A viable strategy is one that guarantees that all relevant constraints
will be satisfied no matter which truth values and durations are revealed over time. A
CSTNU with a dynamic and viable strategy is dynamically controllable (DC).

Like much recent work on STNUs and CSTNs [18, 14, 1], this paper defines the DC
property for CSTNUs to allow execution strategies to react instantaneously to observations,
instead of requiring arbitrarily small delays. It generalizes the DC semantics for STNUs [18]
and the π-DC semantics for CSTNs [1].

This paper focuses on CSTNUs whose sets of contingent and observation time-points are
distinct – with no loss of generality because any contingent observation time-point could be
represented by two time-points, a contingent time-point C and an observation time-point
P?, constrained to occur simultaneously. An instantaneously reactive strategy could wait for
C to execute and then execute P? at the same time.
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Preliminaries. A scenario s specifies a truth value for each proposition, and a situation ω

specifies a duration for each contingent link. A drama is then a scenario-situation pair (s, ω).
The projection of a CSTNU onto a drama (s, ω) is the STN obtained by restricting attention
to the constraints whose labels are true under s and assigning each contingent duration to
the value specified by ω.

I Definition 7 (Scenario/Situation/Drama/Projection). A scenario is a function, s : P →
{>,⊥}, that assigns a truth value to each p ∈ P . A scenario also determines the truth value,
s(`), for any p-label ` ∈ P∗. The set of all scenarios over P is denoted by I. If (A1, x1, y1, C1),
. . . , (Ak, xk, yk, Ck) are the contingent links for a CSTNU S, then Ω = [x1, y1]× . . .× [xk, yk]
is called the space of situations for S, and any ω = (ω1, . . . , ωk) ∈ Ω is called a situation. A
drama is any pair (s, ω) ∈ I × Ω, where s ∈ I is a scenario, and ω ∈ Ω is a situation. Let
S = 〈T ,P, C,OT ,O,L〉 be any CSTNU, and (s, ω) any drama for S, where ω = (ω1, . . . , ωk).
The projection of S onto (s, ω) – denoted by Prj(S, s, ω) – is the STN, (T , Cs), where:1

Cs = {(Y −X ≤ δ) | for some `, (Y −X ≤ δ, `) ∈ C and s(`) = >}
∪ {(Ci −Ai = ωi) | (Ai, xi, yi, Ci) ∈ L}

3.1 Execution strategies
Cairo et al. [1] introduced the π-DC semantics for CSTNs that, unlike prior versions [14, 8],
does not permit a kind of circular dependency among simultaneous observations. A π-dynamic
strategy must specify, for each scenario, both a schedule for the time-points, and an order of
dependency among the observation time-points. This section extends the π-DC semantics to
cover CSTNUs.

I Definition 8 (Schedule). A schedule for a set T of time-points is a complete mapping,
ψ : T → R. For any X ∈ T , and any schedule ψ, the execution time for X in ψ is denoted
by [ψ]X . The set of schedules for T is denoted by Ψ.

I Definition 9 (Order of Dependency). Let OT = {P1?, . . . , Pk?} be a set of observation
time-points. Any permutation π over (1, 2, . . . , k) effectively specifies an order for those
observation time-points. For any P? ∈ OT , let π(P?) ∈ {1, 2, ..., k} denote the (integer)
position of P? in the order determined by π; and let Πk denote the set of all permutations
over (1, 2, . . . , k).

I Definition 10 (π-Execution Strategy). A π-execution strategy for a CSTNU S with k con-
tingent links is a mapping, σ : (I × Ω)→ (Ψ×Πk), where for each drama r = (s, ω) ∈ I × Ω,
σ(s, ω) is a pair (ψr, πr) such that ψr : T → R is a schedule, and πr ∈ Πk determines an order
of dependency among the observation time-points. For convenience, πr is extended such
that πr(C) = 0 for each contingent time-point C, and πr(X) =∞ for each non-contingent,
non-observation time-point X.

The strategy σ is viable if for each drama r = (s, ω), the schedule ψr is a solution to the
projection Prj(S, s, ω). And σ is coherent if for each drama r = (s, ω), and any P? and Q?
in OT , [ψr]P? < [ψr]Q? implies πr(P?) < πr(Q?) (i.e., if ψr schedules P? before Q?, then
πr orders P? before Q?).

I Definition 11 (π-History). Let S = 〈T ,P, C,OT ,O,L〉 be a CSTNU with k contingent
links; σ a π-execution strategy for S; r = (s, ω) a drama; (ψr, πr) = σ(s, ω); t ∈ R; and

1 Ci −Ai = ωi abbreviates the pair of constraints, Ci −Ai ≤ ωi and Ai − Ci ≤ −ωi.
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Table 1 Morris-Muscettola rules for DC-checking STNUs.

Rule Conditions Pre-existing and generated edges

No Case (NC): XYW
uv

u + v

Upper Case (UC): A Y X
uC : v

C : u + v

Lower Case (LC): (v < 0) ACX
c : uv

u + v

Cross Case (CC): (D 6≡ C and v < 0) ACX
c : uD : v

D : u + v

Label Removal (LR): (v ≥ −x) XAC
c : x C : v

v

d ∈ {1, 2, . . . , k;∞}. Then H(t, d, s, ω, σ) = (Hs,Hω) is the π-history of (t, d) for the drama
(s, ω) and strategy σ, where:

Hs = {(p, s(p)) | P? ∈ OT , [ψr]P? ≤ t, and πr(P?) < d} ;
Hω = {(A,C, [ψr]C − [ψr]A) | ∃x, y such that (A, x, y, C) ∈ L, and [ψr]C ≤ t} .

Hs specifies the truth values of all propositions p observed before time t in the schedule ψr,
as well as those observed at time t if P? is ordered before position d by the permutation πr.
And Hω specifies the durations of all contingent links that completed at or before time t in
the schedule ψr.

I Definition 12 (π-Dynamic Execution Strategy). A π-execution strategy, σ, for a CSTNU S,
is called π-dynamic if for every pair of dramas, (s1, ω1) and (s2, ω2), and every non-contingent
(but possibly observation) time-point X:

let: (ψ1, π1) = σ(s1, ω1) and (ψ2, π2) = σ(s2, ω2),
let: t = [ψ1]X , and d = π1(X) ∈ {1, 2, . . . , |OT |;∞}.
if: H(t, d, s1, ω1, σ) = H(t, d, s2, ω2, σ)
then: [ψ2]X = t and π2(X) = d.

Thus, if, in the drama (s1, ω1), σ executes X at time t and position d, and the relevant
histories are the same then, in the drama (s2, ω2), σ must also execute X at t and d.

I Definition 13 (π-DC). A CSTNU, S, is π-dynamically controllable (π-DC) if there exists
a π-execution strategy for S that is both viable and π-dynamic.

4 DC-Checking for STNUs and CSTNs

This section summarizes the DC-checking algorithms for STNUs and CSTNs, due to Morris
and Muscettola [20] and Hunsberger and Posenato [12], respectively, that play important
roles in our new CSTNU DC-checking algorithms.

4.1 DC checking for STNUs
Table 1 lists the five constraint-propagation rules for STNUs due to Morris and Mus-
cettola [20].2 The No Case rule captures standard constraint propagation for STNs. The
Upper Case rule generates a conditional constraint that guards against the possibility that the
contingent duration C −A might take on its maximum value. It can be glossed as: “While

2 Later STNU algorithms [18, 19] use techniques that do not readily transfer to CSTNUs.
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C remains unexecuted, X must wait at least −u− v after the execution of A.”3 The Lower
Case rule generates a constraint that guards against C − A taking on its minimum value.
The Cross Case rule generates a conditional constraint that guards against one contingent
duration C −A taking on its minimum value, while another D −X takes on its maximum
value. The Label Removal rule specifies when a conditional constraint has the force of an
unconditional constraint.

The Morris-Muscettola DC-checking algorithm applies the rules from Table 1 in at most
O(N2) rounds, at a cost of O(N3) per round. Afterward, it computes the AllMax STN, which
is the STN projection in which each contingent link is set to its maximum duration. The
AllMax STN is computed from the fully propagated STNU by: (1) removing all lower-case
edges; and (2) removing the upper-case letters from all (original or generated) upper-case
edges. If the AllMax STN is consistent, then the STNU is declared to be DC.

4.2 π-DC checking for CSTNs
Hunsberger et al. [14] presented a 6-rule IR-DC-checking algorithm for CSTNs (“IR” for
“instantaneous reaction”) that is based on the propagation of labeled constraints. Hunsberger
and Posenato [12] subsequently introduced a faster, 3-rule version of their algorithm, called
the π-DC-checking algorithm, which is used in this paper. The π-DC-checking algorithm
generates constraints whose labels may include q-literals, such as ?p, that indicate that a
constraint need only hold as long as the value of p is unknown.

I Definition 14 (Q-literals, q-labels). If p ∈ P, then ?p is a q-literal, a q-label is a (possibly
empty) conjunction of literals and/or q-literals, and Q∗ denotes the set of all q-labels. For
example, p(?q)¬r and (?q)(?r)t¬u are both q-labels.

The ? operator extends ordinary conjunction to q-labels. Intuitively, if constraint C1 is
labeled by p, and constraint C2 is labeled by ¬p, then both C1 and C2 must hold as long as
p is unknown, which is represented by p ? ¬p = ?p.

I Definition 15 (?). The operator, ? : Q∗×Q∗ → Q?, is defined thusly. First, for any p ∈ P ,
p ? p = p and ¬p ? ¬p = ¬p; otherwise, for any p1, p2 ∈ {p,¬p, ?p}, p1 ? p2 =?p. Next, for any
`1, `2 ∈ Q∗, `1 ? `2 ∈ Q∗ denotes the conjunction obtained by applying ? in pairwise fashion
to matching literals from `1 and `2, and conjoining any unmatched literals. For example:
(p¬q(?r)t) ? (qr¬s) = p(?q)(?r)¬st.

Table 2 lists the sound-and-complete propagation rules for the π-DC-checking algorithm
for CSTNs. The LP rule implements ordinary STN constraint propagation except that the
labels, α and β, from the parent edges are conjoined in the generated edge. The qR0 rule
stipulates that a lower-bound constraint on P? cannot depend on the value of p determined
by executing P?. The qR∗3 rule specifies when an occurrence of p,¬p or ?p can be removed
from a propositional label. The qR∗3 rule can generate edges whose labels are q-labels.

The π-DC-checking algorithm applies the rules from Table 2 until either (Non-DC) a
negative self-loop with a consistent label is found; or (DC) no new edges can be generated.
The completeness proof for the π-DC-checking algorithm shows how, in positive instances,
to construct the earliest-first strategy, whose execution decisions are based on tracking the
current partial scenario and computing effective lower bounds for unexecuted time-points.
The spreading lemma ensures that lower-bound execution constraints are already present

3 Wait constraints are only relevant if the wait time, −u− v, is positive (i.e., if u+ v < 0).
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Table 2 Constraint-propagation rules for π-DC-checking CSTNs.

Rule Conditions Pre-existing and Generated Edges

LP: u+ v < 0, αβ ∈ P∗ XYZ
〈u, α〉〈v, β〉

〈u + v, αβ〉

qR0: w < 0, α ∈ Q∗ P?Z
〈w,αp̃〉
〈w,α〉

qR∗
3: w < 0, α, β ∈ Q∗ P?ZY

〈w,α〉〈v, βp̃〉
〈max{v, w}, α ? β〉

In each rule, X,Y ∈ T ; P? ∈ OT ; and Z = 0. In qR0 and qR∗3 , p̃ ∈ {p,¬p, ?p};
and p does not appear in α or β (in any form).

in the fully propagated network, courtesy of the qR0 and qR∗3 rules. The proof also shows
that upper-bound execution constraints cannot generate negative loops in the relevant STN
projection. Termination is guaranteed by inserting a global upper bound (or horizon), whose
value is h = nM , where n = |T | and M is the maximum absolute value of any negative edge
in the network. The horizon constraints do not affect the DC property, assuming that all
edge weights are rational [2].

An upper bound for the computational complexity of the algorithm can be obtained
assuming that each possible labeled value of each edge heading to Z must be updated M
times and propagated to all other edges: O(|T |(3|P||T |M)) = O(M |T |23|P|). Although
exponential in the worst case, it has been shown to be practical across a variety of networks.

5 Algorithm 1: Reducing CSTNU-DC to CSTN-DC

This section introduces a novel DC-checking algorithm for CSTNUs that first transforms
its input CSTNU S into a DC-equivalent CSTN S ′, and then applies the π-DC-checking
algorithm for CSTNs to S ′. The transformation for contingent links is illustrated below.
For each contingent link, (A, x, y, C), a new observation time-point Pc? is introduced that
is constrained to occur exactly x after A. Executing Pc? generates a value for pc that
determines whether the duration C −A shall be x or y.4 If pc = >, then C must co-occur
with Pc? (i.e., x after A); otherwise, C must execute exactly y − x after Pc? (i.e., y after A).
Because the CSTNU has been transformed into a CSTN, the horizon value h = nM can be
applied to that CSTN without affecting the DC property. The computational cost of this
CSTNU-to-CSTN transformation is O(|L|) (i.e., linear).

A Pc? C
〈x,�〉

〈−x,�〉

〈0, pc〉, 〈y − x,�〉

〈0,�〉, 〈x− y,¬pc〉

6 Algorithm 2: Propagating in the CSTNU

This section introduces a novel DC-checking algorithm for CSTNUs that propagates con-
straints in the CSTNU using the rules in Table 3. The names of the rules reflect the STNU and
CSTN rules from Tables 1 and 2 that they generalize, except that z! is a new kind of rule that
forward propagates upper-case a-labels. The z! rule is not needed for DC-checking STNUs,

4 Cairo and Rizzi [3] proved that restricting contingent durations to be either the minimum or maximum
value, but nothing in between, does not affect the DC property.
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Table 3 Constraint-propagation rules for CSTNU Algorithm 2.

Rule Conditions Pre-existing and Generated Edges

(zLp/Nc/Uc) u+ v < 0, αβ ∈ P∗
XYZ

〈v,ℵ, β〉 〈u, �, α〉

〈u + v,ℵ, αβ〉

(zLc/Cc) x+ v < 0, C 6∈ ℵ, β ∈ P∗
ACZ

〈x, c,�〉〈v,ℵ, β〉

〈x + v,ℵ, β〉

(z!) −y + v < 0, β ∈ P∗ Z A C
〈−y, C,�〉〈v,ℵ, β〉

〈−y + v, Cℵ, β〉

(zLr) m = max{v, w − x}, C 6∈ ℵℵ1,
β, γ ∈ Q∗ AZY C

〈x, c,�〉〈w,ℵ1, γ〉〈v, Cℵ, β〉
〈m,ℵℵ1, β ? γ〉

(zqR0) w < 0; p̃ ∈ {p,¬p, ?p}; p̃β ∈ Q∗, P?Z
〈w,ℵ, βp̃〉
〈w,ℵ, β〉

(zqR∗
3)

w < 0; p̃ ∈ {p,¬p, ?p}; p̃β, γ ∈ Q∗,
P?ZY

〈w,ℵ1, γ〉〈v,ℵ, βp̃〉
〈max{v, w},ℵℵ1, β ? γ〉

Z = 0; A,C,X, Y ∈ T ; C is contingent; P? ∈ OT ; ℵ,ℵ1 ∈ A∗
u.

Algorithm 2: CSTNU-DC-CH(S).
Input: S = 〈T ,P, C,OT ,O,L〉: a CSTNU instance
Output: the dynamic controllability status of S.
G = graph for S
h = M |T |, where M is the maximum absolute value of any negative edge
foreach X ∈ T do

Add the edges, Z 〈h, �,�〉 X and X 〈0, �,�〉 Z, to G.
do

G = zqR0(G) // Label Modification
G = zqR∗

3(G)
G = zLp/Nc/Uc(G) // Edge Generation
G = z!(G)
G = zLc/Cc(G)
G = zLr(G)
if (any negative self-loop with a p-label has been found) then return not DC

while (rules continue to generate new edges)
return DC

but is needed to ensure completeness for CSTNU DC-checking. Note that z! and zqR∗3 can
generate conjunctions of upper-case a-labels, which can be handled by all of the other rules.

To ensure termination, the algorithm inserts the same horizon constraints seen earlier,
then it exhaustively applies the rules from Table 3. It outputs not DC if a negative self-loop
with a consistent p-label is found; otherwise, DC. The pseudo-code for the algorithm is given
in Algorithm 2.

We begin with relevant definitions, then prove soundness and completeness.

I Definition 16 (Precedes). Let σ be a π-dynamic strategy, (s, ω) any drama, and (ψ, π) =
σ(s, ω). For any X,Y ∈ T , if either [ψ]X < [ψ]Y or ([ψ]X = [ψ]Y and π(X) < π(Y )) then
we say that X precedes Y in (ψ, π), notated X ≺πψ Y .

If X ≺πψ P?, then the decision to execute X cannot depend on the observation of p. In

TIME 2018
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addition, if X and Y are distinct time-points, and at least one of them is an observation
time-point, then X ≺πψ Y if and only if ¬(Y ≺πψ X).

I Definition 17 (Satisfy a Labeled Constraint). A π-execution strategy σ satisfies the labeled
constraint (Y − X ≤ δ, `), where ` ∈ P∗, if, for each drama (s, ω), either s(`) = ⊥ or
[ψ]Y − [ψ]X ≤ δ, where (ψ, π) = σ(s, ω).

I Definition 18 (Satisfy a Contingent Link). A π-execution strategy σ satisfies the contingent
link (Ai, xi, yi, Ci) if for each drama (s, ω), [ψ]Ci − [ψ]Ai = ωi. In such a case, we also say
that σ satisfies the lower-case and upper-case edges associated with that contingent link.

From Defns. 7 and 12, it follows that a viable π-execution strategy σ must satisfy all of the
(original) labeled constraints in S (before any constraint propagation) and all of the (original)
lower- and upper-case edges in S.

A constraint-propagation rule is sound if whenever a viable and dynamic σ satisfies
the pre-existing edge(s) in that rule, σ must also satisfy the edge generated by that rule.
Now, the rules in Table 3 only generate edges pointing at Z, which represent lower-bound
constraints; however, the generated edges may have a-labels with multiple UC letters and
q-labels (e.g., see rules z!, zLr and zqR∗3); and many of the rules can propagate such labeled
values. Therefore, the semantics of satisfying a lower-bound edge must accommodate such
a-labels and q-labels.

I Definition 19 (Satisfy a Lower-Bound Constraint). A π-execution strategy σ satisfies
the lower-bound constraint (Y ≥ δ, 〈ℵ, β〉) represented by the edge from Y to Z labeled by
〈−δ,ℵ, β〉, where β ∈ Q∗, and ℵ ∈ A∗u, if for each drama (s, ω), any of the following hold,
where (ψ, π) = σ(s, ω):
(1) [ψ]Y ≥ δ;
(2) for some Ci ∈ ℵ, where (Ai, xi, yi, Ci) ∈ L, ωi < yi

(i.e., the ith contingent link does not take on its maximum duration);
(3) for some p ∈ β, s(p) = ⊥;
(4) for some ¬p ∈ β, s(p) = >; or
(5) for some ?p ∈ β, P? ≺πψ Y .

If (Z − Y ≤ −δ, β) (i.e., (Y ≥ δ, β)) is a labeled constraint in a CSTNU (prior to any
propagation), then β ∈ P∗, and the corresponding edge in the graph has the labeled value
〈−δ, �, β〉. For this edge, clauses (2) and (5) in Defn. 19 are vacuous, whence satisfaction
reduces to: [ψ]Y ≥ δ or s(β) = ⊥. Thus, Defn. 19 reduces to Defn. 17 for original labeled
edges that happen be lower-bound edges.

More generally, it will be useful to note that for any lower-bound edge labeled by 〈−δ,ℵ, β〉,
where β ∈ P∗, satisfaction (i.e., Defn. 19) reduces to:
(i) [ψ]Y ≥ δ;
(ii) for some Ci ∈ ℵ, where (Ai, xi, yi, Ci) ∈ L, ωi < yi; or
(iii) s(β) = ⊥. (‡)

I Definition 20 (Soundness). A constraint-propagation rule is sound if whenever a viable
and π-dynamic execution strategy σ satisfies the rule’s pre-existing (parent) edges, it also
satisfies the rule’s generated (child) edge.

Note. In each of the soundness proofs below, σ is assumed to be a viable and π-dynamic
strategy that satisfies the parent edges in the rule under consideration. Note, too, that
soundness proofs for the (zqR0), (zqR∗3) and (zLp/Nc/Uc) rules are skipped to save space.
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I Lemma 21. The (zLc/Cc) rule from Table 3 is sound.

Proof. Suppose σ does not satisfy the generated edge from A to Z in rule (zLc/Cc). Since
the p-label αβ on the generated edge is consistent, it follows from Defn. 19 that there is
some drama (s, ω) such that all of the following hold:
(¬ i) [ψ]A < −x− v;
(¬ ii) for each Ci ∈ ℵ, where (Ai, xi, yi, Ci) ∈ L, ωi = yi; and
(¬ iii) s(αβ) = >.

First, (¬ iii) implies that s(α) = > and s(β) = >. Therefore, since σ satisfies the edge from
C to Z, (¬ ii) implies that [ψ]C ≥ −v, by Defn. 19. Next, let ω′ be the same as ω except that
the contingent link AC takes on its minimum value x; and let (ψ′, π′) = σ(s, ω′). Since σ is
viable, [ψ′]C − [ψ′]A = x. However, since C 6∈ ℵ, (¬ ii) also holds for ω′; thus, [ψ′]C ≥ −v
must hold. And, since the only difference between (s, ω) and (s, ω′) is the duration of the
contingent link AC, the first difference between ψ and ψ′ must occur when C executes, which
happens after A executes. Thus, [ψ]A = [ψ′]A = [ψ′]C − x ≥ −v− x, contradicting (¬ i). J

I Lemma 22. The (z!) rule from Table 3 is sound.

Proof. Let (s, ω) be any drama for which all Ci ∈ Cℵ take on their maximum durations (i.e.,
ωi = yi), and such that s(αβ) = >; and let (ψ, π) = σ(s, ω). Then s(β) = > and all Ci ∈ ℵ
take on their maximum durations. Therefore, since σ satisfies the parent edge from A to
Z, it follows that [ψ]A ≥ −v. Next, since s(α) = >, and C takes on its maximum duration,
then [ψ]C = [ψ]A − y ≥ −v − y. Thus, σ satisfies the generated edge from C to Z. J

I Lemma 23. The (zLr) rule from Table 3 is sound.

Proof. Suppose that σ does not satisfy the generated edge in rule (zLr). Then, by Defn. 19,
there is a drama (s, ω) for which all of the following hold:
(1†) [ψ]Y < −m;
(2†) for each Ci ∈ ℵℵ1, where (Ai, xi, yi, Ci) ∈ L, [ψ]Ci

− [ψ]Ai
= yi;

(3†) for each p ∈ β ? γ, s(p) = >;
(4†) for each ¬p ∈ β ? γ, s(p) = ⊥; and
(5†) for each ?p ∈ β ? γ, ¬(P? ≺πψ Y ).
where (ψ, π) = σ(s, ω). In addition, since σ is valid and satisfies the parent edge from Y

to Z, one of the following must hold, by (‡), above:
(1) [ψ]Y ≥ −v;
(2) for some C ′ ∈ Cℵ, where (A′, x′, y′, C ′) ∈ L, [ψ]C′ − [ψ]A′ < y′;
(3) for some p ∈ β, s(p) = ⊥;
(4) for some ¬p ∈ β, s(p) = >; or
(5) for some ?p ∈ β, P? ≺πψ Y .
Now, (1) contradicts (1†), since −v ≥ −m. (2) holding for some C ′ ∈ ℵ would contradict
(2†). And (5) contradicts (5†), since ?p ∈ β implies ?p ∈ β ? γ. Therefore, either (2) holds for
C ′ = C (i.e., [ψ]C − [ψ]A < y) or some instance(s) of (3) or (4) hold(s).

Suppose some instance(s) of (3) or (4) hold(s). For (3), if p ∈ β and s(p) = ⊥, then to
avoid contradicting (3†), we must have ?p ∈ β ? γ, which, by (5†), implies that ¬(P? ≺πψ Y ).
We can assume Y and P ? are distinct because any occurrence of p in β could be removed by
(zqR0). Therefore, Y ≺πψ P? must hold. A similar argument applies to any occurrence of
¬p ∈ β that makes (4) hold. Thus, Y must precede any P? for which p or ¬p makes (3) or
(4) hold, respectively.
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Let s′ equal s, except that: if p ∈ β makes (3) hold, then s′(p) = >; and if ¬p ∈ β makes
(4) hold, then s′(p) = ⊥. Since σ satisfies the parent edge from Y to Z, one or more clauses
from Defn. 19 must hold for (ψ′, π′) = σ(s′, ω). By construction, (3) and (4) do not hold for
s′; thus, one of the following must hold:
(1′) [ψ′]Y ≥ −v;
(2′) for some C ′ ∈ Cℵ, [ψ′]C′ − [ψ′]A′ < y′; or
(5′) for some ?p ∈ β, P? ≺π′ψ′ Y .
Now (ψ, π) and (ψ′, π′) each determine a sequence of events that can be ordered, first by
execution time and, second, for simultaneous events, by order of dependence. Let t′ be the
earliest time at which the two sequences differ. By construction, it must be where some
[ψ]R? = [ψ′]R? = t′, but s(r) 6= s′(r). Furthermore, Y ≺πψ R? and, thus, by the definition
of t′, [ψ′]Y = [ψ]Y . But then (1†) implies that [ψ′]Y = [ψ]Y < −m ≤ −v, whence (1′) is
false. As for (5′), if ?q ∈ β (and hence ?q ∈ β ? γ) and Q? ≺π′ψ′ Y , then [ψ′]Q? ≤ t′, whence
[ψ′]Q? = [ψ]Q? and, thus, Q? ≺πψ Y , which contradicts (5†). Thus, (2′) must hold for some
C ′ ∈ Cℵ. Since σ is valid, and the contingent durations in ω did not change from (s, ω) to
(s′, ω), (2′) and (2) are equivalent. Thus, the only possibility is that (2) holds for C ′ = C

(i.e., [ψ]C − [ψ]A < y).
Next, suppose that [ψ]Y < [ψ]C . Let ω+ be the same as ω except that C −A = y. It is

not hard to check that in the drama (s′, ω+), conditions (1†)–(5†) all hold, but that none of
the conditions (1′)–(5′) can hold. (Changing to the situation ω+ removed the last possibility
(i.e., that C − A < y).) But that contradicts that σ satisfies the parent edge from Y to Z.
Thus, [ψ]Y ≥ [ψ]C .
Next, since σ satisfies the edge from A to Z, by Defn. 19, one of these must hold:
(1A) [ψ]A ≥ −w;
(2A) for some C ′ ∈ ℵ1, [ψ]C′ − [ψ]A′ < y′;
(3A) for some p ∈ γ, s(p) = ⊥;
(4A) for some ¬p ∈ γ, s(p) = >; or
(5A) for some ?p ∈ γ, P? ≺πψ A.
Now, (2†) contradicts (2A). And (5†) contradicts (5A). (We can assume that A and P?
are distinct since, otherwise, rule (zqR0) could have been used to remove any occurrence of
P? from γ.) And [ψ]A ≤ [ψ]C − x ≤ [ψ]Y − x < −m− x ≤ −w implies (1A) is false. (The
inequalities follow from σ being viable, from [ψ]C ≤ [ψ]Y , from (1†), and m = max{v, w−x}.)
Finally, any ?p making (5A) true yields [ψ]P? ≤ [ψ]A < [ψ]C ≤ [ψ]Y , whence P? ≺πψ Y ,
contradicting (5†). Thus, (3A) or (4A) must hold.

Now, suppose that some p makes both (3) and (3A) true. Then p ∈ β ? γ and s(p) = ⊥,
contradicting (3†). Thus, the letters that make (3) true, if any, must be distinct from the
letters that make (3A) true, if any. Similarly, the letters that make (4) true must be distinct
from those that make (4A) true. In addition, any p that makes (3) true requires s(p) = ⊥,
which implies that p cannot simultaneously make (4A) true; and any p that makes (4) true
cannot simultaneously make (3A) true. In short, the letters that make (3) or (4) true are
distinct from those that make (3A) or (4A) true. And, to avoid contradicting (3†) or (4†), for
any ±p that makes (3), (4), (3A) or (4A) true, ?p must be in β ? γ, whence (5†) yields that
Y must precede P? (i.e., Y ≺πψ P?).

So, let s′′ be the same as s′ except that if p makes either (3A) or (4A) true, then
s′′(p) 6= s′(p) = s(p). (Since s and s′ only differ on letters that make (3) or (4) true, and since
those letters are distinct from the letters making (3A) or (4A) true, s and s′ must agree on all
letters that make (3A) or (4A) true.) Let (ψ′′, π′′) = σ(s′′, ω). Let t′′ be the first time when the
events in (ψ′′, π′′) and (ψ, π) differ. Then for some U?, [ψ′′]U? = [ψ]U? = t′′ and s′′(u) 6= s(u);
and Y precedes U? in (ψ′′, π′′) and (ψ, π). Therefore, [ψ′′]Y = [ψ′]Y = [ψ]Y ≤ t′′ ≤ t′.
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Since σ satisfies the edge from A to Z, one or more clauses from Defn. 19 must hold for
that edge. By construction, the only candidates are:
(1′′

A) [ψ′′]A ≥ −w;
(2′′

A) for some C ′ ∈ ℵ1, [ψ′′]C′ − [ψ′′]A′ < y′; or
(5′′

A) for some ?p ∈ γ, P? ≺π′′ψ′′ A.
Since all events occurring before time t′′ are executed identically by (ψ, π) and (ψ′′, π′′), (1A)
being false implies that (1′′A) must also be false, since [ψ]A < [ψ]Y ≤ t′′. Similarly, (2A) being
false implies that (2′′A) must also be false. Finally, if ?g ∈ γ makes (5′′A) true, that contradicts
(5†), since ?g ∈ β ? γ. Therefore, all cases lead to a contradiction. J

I Theorem 24. The rules from Table 3 are complete for π-DC checking for CSTNUs.

Proof. Let S be any CSTNU; let S∗ be the CSTNU obtained by fully propagating S using
the rules from Table 3; and suppose that no negative loop with a consistent p-label was found
and, thus, the DC-checking algorithm returned DC. Let S∗x be the AllMax CSTN obtained
by deleting all LC edges from S∗ and removing all UC a-labels from labeled values in S∗.
By construction, the AllMax CSTN must already be fully propagated. To see this, note that
ignoring the a-labels in the (zLp/Nc/Uc), zqR0 and zqR∗3 rules for CSTNUs from Table 3
reduces them to the LP, qR0 and qR∗3 rules for CSTNs from Table 2, respectively. Since no
negative loop with consistent p-label was found by the CSTNU DC-checking algorithm, none
exist in the AllMax CSTN; hence it too must be DC.

Construct the earliest-first strategy σ for S, as follows. Let α be the current partial scenario
(CPS), initially�; and let Tu be the unexecuted time-points, initially T \{Z}. For eachX ∈ Tu,
compute its effective lower bound: ELB(X) = max{δ | ∃(X ≥ δ, `) ∈ S∗x, appl(`, α)}.5 Let
(Λ, χ) be the first execution decision: “if nothing happens before time Λ, then execute the
time-points in χ”, where Λ = min{ELB(X) | X ∈ Tu}; and χ = {X ∈ Tu | ELB(X) = Λ} [9].
Case 1: No contingent time-point executes before time Λ. For each active contingent

link, (Ai, xi, yi, Ci), raise its lower bound to Λ − ai, where ai = [σ(s)]Ai
. This cannot

introduce any new constraints into S∗ or S∗x; thus, both are still DC. And, since no ELB
values have changed, (Λ, χ) is the earliest-first decision for the CSTN S∗x. Thus, inserting
the relevant execution constraints cannot introduce any negative loops into any relevant
STN projection [12]. Remove any executed time-points from Tu; update the CPS α to
include any new observations; and delete any labeled values that are inconsistent with
those observations.

Case 2: A contingent time-point C executes at some time t ≤ Λ. Update S∗, as fol-
lows. First, replace the labeled value 〈−y, C,�〉 on the original UC edge from C to
A with 〈−δ, �,�〉, where δ = t− [σ(s)]A is the observed duration for the link (A, x, y, C);
and replace the labeled value 〈x, c,�〉 on the original lower-case edge from A to C by
〈δ, �,�〉. The execution semantics ensures that δ ∈ [x, y]. Second, remove any labeled
value 〈w,ℵ, β〉 from S∗ for which C ∈ ℵ. Third, for each X ∈ Tu, insert a lower-bound
constraint, (X ≥ t, α). (Although ELB(X,α) ≥ Λ ≥ t, the ELB value could have been
due to a C-labeled edge which has since been removed.) Finally, fully propagate the
modified S∗ CSTNU.

Suppose a negative loop with consistent p-label is discovered in the modified S∗. Any
such loop must include the edge from A to C since, otherwise, nothing could prevent the

5 appl(`, α) holds if ` is applicable given the CPS α [14]. Formally, appl(`, α) holds if each p that appears
in both ` and α appears as p in both or as ¬p in both.

TIME 2018



14:14 Sound-and-Complete Algorithms for Checking the DC of CSTNU

Z

A C

X

a

δ

−
f

−t = −a− δ Z

A C

X

a

〈x, c〉

−
f

〈−t− ε, C〉
−a − x

Figure 2 A negative loop in the modified (left) and original (right) CSTNU S∗.

corresponding loop in the original S∗ from being generated, which would be even more
negative. First, consider the graphs shown in Fig. 2, where irrelevant details (e.g., p-labels)
have been omitted to improve clarity. The lower-bound X ≥ t = a + δ in the modified
S∗ generates a negative loop only if −f < 0. But that lower bound on X can only be
new/relevant if X’s original ELB value arose from a C-labeled edge as illustrated on the
righthand side, where −t − ε < −t. But then the (zLr) rule would have generated the
shaded labeled value in the figure, whence propagating backward from X to C to A to Z,
courtesy of the (zLp/Nc/Uc), (z!) and (zLc/Cc) rules, would have generated a loop of length
(−a− x) + (−f) + x+ a = −f < 0 in the original, a contradiction. The only other possibility
is if the path from C to Z in Fig. 2 included an occurrence of the (formerly UC) edge from
C to A. This case would require a negative path from C to C, which would have made the
original S∗ non-DC, a contradiction. Thus, the modified S∗ is necessarily DC. Compute
ELB values based on the updated and propagated S∗x graph and continue recursively.

The construction of the strategy will be complete (and the network still consistent) once
all time-points have been executed. J

6.1 Computational complexity
An upper bound for the computational complexity of Algorithm 2 can be derived by adapting
the original CSTN DC-checking algorithm complexity, while also considering the presence of
a-labels. The three CSTN rules may have to consider all possible combinations of a-labels
and q-labels. It is a matter of combinatoric operation to show that the complexity of such
rules dominates the final upper bound, O(M |T |23|P|2|L|), where M is the maximum absolute
value of any negative weight in the graph.

7 Empirical Evaluation

This section presents an empirical comparison of the performance of the two DC-checking
algorithms introduced in this paper. Alg1-DC-Ch is our implementation of Algorithm 1
(cf. Sect. 5), which converts CSTNUs to CSTNs; Alg2-DC-Ch is our implementation of
Algorithm 2 (cf. Sect. 6) which directly propagates CSTNU constraints. Both algorithms
were implemented in Java and executed on a JVM 8 on a Linux machine with an Intel(R)
Xeon(R) E5-2637 @ 3.5 GHz and 128GB of RAM. The source code is freely available [22].

For testing, we built benchmarks with a structure similar to those proposed in earlier
work [10] where each benchmark had DC CSTNs and non-DC CSTNs obtained from random
workflow schemata generated by the ATAPIS toolset [15], parametrized by the number of
activities, N , and the number of observations, |P|. Here, we created three benchmarks,
called B3, B4, and B5, each having 250 DC CSTNUs and 250 non-DC CSTNUs, obtained
from random workflow schemata with (1) N = 10; (2) |P| equal to 3, 4 and 5, for B3, B4,
and B5, respectively; and (3) representing activities as contingents links. Each benchmark
is a composite of five sub-benchmarks, each having 50 instances generated by fixing also
the number of parallel components in the generated workflow schemata. In particular, the
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Figure 3 Experimental evaluation, n = |T |.

maximum number of parallel components in a workflow was limited by the numbers of tasks
and observations. Since the maximum number of observations was 5, we decided to consider,
for each benchmark, 5 sub-benchmarks, each composed of CSTNU instances representing
workflows where the number of parallel components was fixed at 0, 1, 2, 3 or 4, respectively.

To conserve space, Figure 3a displays the average execution times of the two algorithms
over all five sub-benchmarks of B3 considering DC instances. Each data point has a vertical
error bar that represents a 95% confidence interval for the average execution time. With
more parallel components, a random workflow can have more observations in parallel and,
therefore, scenarios that are more independent of each other than scenarios that are nested.
The corresponding CSTNU instance may have more nodes, but it can be easier to solve, as
shown by the average execution times of the sub-benchmark in Figure 3a.

From the data in Figure 3a, and the results for benchmarks B4 and B5, it emerges that the
most difficult instances are related to workflow schemata having no parallel connectors (i.e.,
instances belonging to the first sub-benchmark of each main benchmark). Therefore, Figure 3b
reports only the average execution times obtained from instances of first sub-benchmark of
B3, B4, and B5, respectively.

Figure 3c and Figure 3d show the results obtained when instances are non-DC. The two
algorithms exhibit a worse performance checking non-DC instances than checking DC ones.
In details, each algorithm require an average execution time that, at most, can be 8 times
greater than the average execution time required for checking positive instances having the
same order. We verified that such worse behavior is due to the fact that some instances have
a similar configuration where a negative cycle emerge only after many iterations between
lower bound and the global upper bound. We are investigating if it is possible to detect such
configuration in advance in order to speed up the convergence.

However, Figure 3 demonstrates that Algorithm Alg1-DC-Ch tends to perform better,
but the difference is not statistically significant.

TIME 2018
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8 Conclusions

This paper presented the first practical, sound-and-complete DC-checking algorithms for
CSTNUs. The first algorithm converts an input CSTNU into a DC-equivalent CSTN, then
runs an existing CSTN algorithm. The second directly propagates CSTNU constraints, using
new rules that ensure completeness. An empirical evaluation demonstrated their practicality
across a variety of benchmarks. Future work aims to determine whether adding new rules
can speed up the algorithms.
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Abstract
Recent work on Conditional Simple Temporal Networks (CSTNs) has introduced the problem
of checking the dynamic consistency (DC) property for the case where the reaction time of an
execution strategy to observations is bounded below by some fixed ε > 0, the so-called ε-DC-
checking problem. This paper proves that the ε-DC-checking problem for CSTNs can be reduced
to the standard DC-checking problem for CSTNs – without incurring any computational cost.
Given any CSTN S with k observation time-points, the paper defines a new CSTN S0 that is
the same as S, except that for each observation time-point P? in S: (i) P? is demoted to a non-
observation time-point in S0; and (ii) a new observation time-point P0?, constrained to occur
exactly ε units after P?, is inserted into S0. The paper proves that S is ε-DC if and only if S0 is
(standard) DC, and that the application of the ε-DC-checking constraint-propagation rules to S is
equivalent to the application of the corresponding (standard) DC-checking constraint-propagation
rules to S0. Two versions of these results are presented that differ only in whether a dynamic
strategy for S0 can react instantaneously to observations, or only after some arbitrarily small,
positive delay. Finally, the paper demonstrates empirically that building S0 and DC-checking it
incurs no computational cost as the sizes of the instances increase.

2012 ACM Subject Classification Computing methodologies → Temporal reasoning, Theory of
computation → Network optimization, Theory of computation → Dynamic graph algorithms,
Mathematics of computing → Graph algorithms

Keywords and phrases Conditional Simple Temporal Networks, Dynamic Consistency, Temporal
Constraints

Digital Object Identifier 10.4230/LIPIcs.TIME.2018.15

1 Overview

A Conditional Simple Temporal Network (CSTN) is a data structure for reasoning about
time in domains where some constraints may apply only in certain scenarios. For example,
a patient who tests positive for a certain disease may need to receive care more urgently
than someone who tests negative. In different research fields CSTNs have been used to
model temporal reasoning tasks, for example, in planning [18, 21] and automating business
processes [8, 15, 17].

Conditions in a CSTN are represented by propositional letters whose truth values are
not controlled, but instead are observed in real time. Just as doing a blood test generates a
positive or negative result that is only learned in real time, the execution of an observation
time-point P? in a CSTN generates a truth value for its corresponding propositional letter p.
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An execution strategy for a CSTN specifies when the time-points will be executed, but
cannot affect which truth values are generated by observations. However, a strategy can
be dynamic in that its decisions can react to information from past observations. A CSTN
is said to be dynamically consistent (DC) if it admits a dynamic strategy that guarantees
the satisfaction of all relevant constraints no matter which outcomes are observed during
execution.

Different varieties of the DC property have been defined that differ in how reactive a
dynamic strategy can be. Originally, Tsamardinos et al. [20] stipulated that a dynamic
strategy could react to an observation only after some positive delay, but that the delay
could be arbitrarily small. Comin et al. [9] defined ε-DC, which assumes that a strategy’s
reaction time is bounded below by some fixed ε > 0. Finally, Cairo et al. [2] defined π-DC,
which allows a strategy to react instantaneously (i.e., after zero delay).

Several approaches to DC-checking algorithms have been presented in the literature to
address the different flavors of DC [20, 4, 5, 9]. However, the only approach that has been
demonstrated to be practical is the one based on the propagation of labeled constraints due
to Hunsberger et al. [14, 11]. Different versions of their algorithm have been used to solve
the (standard) DC-checking, ε-DC-checking, and π-DC-checking problems.

This paper makes the following contributions. First, it proves that the ε-DC-checking
problem for CSTNs can be reduced to the standard DC-checking problem. The proof involves
transforming the original CSTN instance S into a related CSTN, S0, and then showing that
S is ε-DC if and only if S0 is (standard) DC. Second, the paper proves that the application
of the ε-DC-checking constraint-propagation rules to S is equivalent to the application of
the corresponding DC-checking constraint-propagation rules to S0. Third, it empirically
compares the performance of (1) building S0 and DC-checking it versus (2) ε-DC-checking the
original instance S. On a suite of benchmark instances from the business application domain,
the results demonstrate that building S0 and DC-checking it incurs no computational cost as
the sizes of the instances increase.

In this way, the global contribution of the paper is to show that the ε-DC-checking
problem is not a new problem (as has been suggested in recent papers), but is in fact
reducible to the standard DC-checking problem. The empirical evaluation simply confirms
that the ε-DC-checking algorithm and the algorithm based on transforming to a standard
DC problem have comparable performances.

2 Background

Dechter et al. [10] introduced Simple Temporal Networks (STNs) to facilitate reasoning about
time. An STN comprises real-valued variables, called time-points, and binary difference
constraints on those variables. Typically, an STN includes a special time-point, Z, whose
value is fixed at zero. A consistent STN is one that has a solution as a constraint satisfaction
problem.

Tsamardinos et al. [20] introduced CSTNs, which augment STNs to include observation
time-points (OTPs) and their associated propositional letters. In a CSTN, the execution of
an OTP P ? generates a truth value for its associated propositional letter p. In addition, each
time-point can be labeled by a conjunction of propositional literals specifying the scenarios
in which that time-point must be executed. And since constraints among labeled time-points
may similarly be applicable only in certain scenarios, later work generalized CSTNs to also
include labels on constraints [13].
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Figure 1 A sample CSTN.

Building on prior observations by Tsamardinos et al. [20], Hunsberger et al. [13, 6, 7]
formalized properties that must be satisfied by the labels in a well-defined CSTN. But then
Cairo et al. [3] showed that for any well-defined CSTN, no loss of generality results from
subsequently removing the labels from its time-points, the result being a so-called streamlined
CSTN. Therefore, to simplify our presentation and results, without any loss of generality, the
rest of this paper restricts attention to streamlined CSTNs (i.e., CSTNs whose constraints
can have propositional labels, but whose time-points cannot).

Fig. 1 shows a sample CSTN in its graphical form, where the nodes represent time-points,
and the directed edges represent binary difference constraints. In the figure, Z is fixed at 0;
and P? and Q? are OTPs whose execution generates truth values for p and q, respectively.
The edge from U to Q? being labeled by p¬q indicates that it applies only in scenarios where
p is > and q is ⊥. The dashed edges with shaded labels are generated by the DC-checking
algorithm by Hunsberger et al. [14], to be discussed later on.

2.1 (Streamlined) CSTNs
The following definitions are from Hunsberger et al. [14], except that propositional labels
appear only on constraints. Henceforth, the term CSTN shall refer to streamlined CSTNs.

I Definition 1 (Labels). Given a set P of propositional letters: a label is a (possibly empty)
conjunction of (positive or negative) literals from P. The empty label is notated �; for any
label `, and any p ∈ P, if ` |= p or ` |= ¬p, then we say that p appears in `; for any labels `1
and `2, if `1 |= `2, then `1 is said to entail `2; if `1 ∧ `2 is satisfiable, then `1 and `2 are called
consistent; and P∗ denotes the set of all consistent labels whose literals are drawn from P.

I Definition 2 (CSTN). A Conditional Simple Temporal Network (CSTN) is a tuple,
〈T ,P, C,OT ,O〉, where:
T is a finite set of real-valued time-points (i.e., variables);
P is a finite set of propositional letters (or propositions);
C is a set of labeled constraints, each having the form, (Y −X ≤ δ, `), where X,Y ∈ T ,
δ ∈ R, and ` ∈ P∗;
OT ⊆ T is a set of observation time-points (OTPs); and
O : P → OT is a bijection that associates a unique OTP to each propositional letter.

In a CSTN graph, the OTP for p (i.e., O(p)) is typically denoted by P?; and each labeled
constraint, (Y −X ≤ δ, `), is represented by an arrow from X to Y annotated by the labeled
value, 〈δ, `〉: X 〈δ, `〉 Y . Since any time-pointsX and Y may participate in multiple constraints
of the form, (Y −X ≤ δi, `i), the edge from X to Y may have multiple labeled values of the
form, 〈δi, `i〉.

I Definition 3 (Scenario). A function, s : P → {>,⊥}, that assigns a truth value to each
p ∈ P is called a scenario. For any label ` ∈ P∗, the truth value of ` determined by s is
denoted by s(`). I denotes the set of all scenarios over P.

TIME 2018



15:4 Reducing ε-DC Checking for Conditional Simple Temporal Networks to DC Checking

I Definition 4 (Schedule). A schedule for a set of time-points T is a mapping, ψ : T → R.
The set of all schedules over T is denoted by Ψ.

The projection of a CSTN onto a scenario, s, is the STN obtained by restricting attention to
the constraints whose labels are true under s (i.e., that must be satisfied in that scenario).

I Definition 5 (Projection). Let S = 〈T ,P, C,OT ,O〉 be any CSTN, and s any scenario
over P. The projection of S onto s – notated S(s) – is the STN, (T , C+

s ), where:

C+
s ={(Y −X≤δ) | ∃`, (Y −X≤δ, `) ∈ C and s(`)=>}

I Definition 6 (Execution Strategy). An execution strategy for a CSTN S = 〈T ,P, C,OT ,O〉
is a mapping, σ : I → Ψ, from scenarios to schedules. The execution time for the time-point
X in the schedule σ(s) is denoted by [σ(s)]X . An execution strategy σ for a CSTN S is
viable if for each scenario s, the schedule σ(s) is a solution to the projection S(s) (i.e., σ is
guaranteed to satisfy all of the relevant constraints).

3 CSTN Reduction

This paper presents two related sets of results. Each set of results involves reducing a form
of ε-DC checking to a form of standard DC checking (one of which involves instantaneous
reaction). In each case, a given CSTN S is transformed (or reduced) to a related CSTN
S0 such that the form of ε-DC checking for S is equivalent to the corresponding form of
standard DC checking for S0. Although there are two different versions of this result, the
translation from S to S0 is the same.

I Definition 7 (Reduction CSTN, S0). Let S be any CSTN, and let ε > 0 be arbitrary. The
reduction of S is the CSTN S0 that is the same as S except that for each OTP P? in S, and
its associated propositional letter p:

P? is demoted from an OTP in S to an ordinary time-point in S0;1
S0 contains a new OTP P0? that is associated with the letter p in S0; and
the constraint, (P0? = P? + ε,�), is contained in S0.2

More formally, S0 = 〈T ∪ OT 0,P, C ∪ C0,OT 0,O0〉, where:

OT 0 = {P0? | P? ∈ OT };
O0(p) = P0? ⇔ O(p) = P?;
C0 = {(P0? = P? + ε,�) | P0? ∈ OT 0}.

Fig. 2 shows the reduction S0 that corresponds to the CSTN S from Fig. 1. Note that in
any given instance, the value of ε will be fixed and known (e.g., ε = 3).

3.1 Computational Complexity
Let ε > 0 be arbitrary, and let S be any CSTN with k OTPs. The reduction of S to S0
involves O(k) elementary operations for:
1. demoting original OTPs to non-OTPs;

1 Although the demoted time-point is not an OTP in S0, it shall still be notated as P? because keeping
its name the same will simplify subsequent definitions and proofs.

2 The constraint, P0? = P? + ε, abbreviates the pair of constraints, P0?− P? ≤ ε and P?− P0? ≤ −ε.
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Figure 2 The reduction S0 corresponding to S from Fig. 1.

2. adding k new OTPs; and
3. inserting a pair of constraints between each demoted time-point P? and the corresponding

new OTP P0?.
Therefore, the overall computational complexity for the reduction is O(k).

4 Dynamic Strategies/Dynamic Consistency

The truth values of propositions in a CSTN are not known in advance, but a dynamic
execution strategy can react to observations in real time. This paper addresses the following
four flavors of dynamic strategy that differ in how reactive the strategy can be, ordered from
most reactive to least reactive.

Type Reaction Time, ρ
π-dynamic ρ ≥ 0
dynamic ρ > 0
ε-dynamic ρ ≥ ε > 0
ε̂-dynamic ρ > ε > 0

A π-dynamic strategy can react instantaneously to observations, but must specify an order
of dependence among simultaneous observations [2]. The reaction times for a (standard)
dynamic strategy can be arbitrarily small, but must be positive [20]. The reaction times for
an ε-dynamic strategy must be greater than or equal to some fixed ε > 0 [9]. The reaction
times for an ε̂-dynamic strategy must be greater than some fixed ε > 0. Since a CSTN is
DC if and only if it has a viable and dynamic execution strategy, each distinct version of
dynamic strategy gives rise to a distinct version of dynamic consistency: DC, π-DC, ε-DC,
and ε̂-DC, respectively.

The paper will show that the ε̂-DC-checking problem can be reduced to (standard) DC
checking; and that the ε-DC-checking problem can be reduced to π-DC checking. These
reductions can be used to simplify the automated management of DC checking for CSTNs.

5 Reducing ε̂-DC Checking to (Standard) DC Checking

The following sections recall the relevant definitions for DC and ε̂-DC, and show that S is
ε̂-DC if and only if S0 is DC.
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5.1 Dynamic Strategies and (Standard) DC
(Standard) dynamic strategies were first defined by Tsamardinos et al. [20]. To facilitate
comparisons with later definitions, the following are in the form given by Hunsberger et
al. [14].

To begin, a history at time t comprises the truth values of all propositions that were
observed before time t.

I Definition 8 (History). Let S = 〈T ,P, C,OT ,O〉 be any CSTN, s any scenario, σ any
execution strategy for S, and t any real number. The history of t in the scenario s, for the
strategy σ – notated Hist(t, s, σ) – is the set of observations made before time t according to
the schedule σ(s):

Hist(t, s, σ) = {(p, s(p)) | P? ∈ OT and [σ(s)]P? < t}

I Definition 9 (Dynamic Strategy). An execution strategy σ for a CSTN S is called dynamic
if for any scenarios s1 and s2, and any time-point X:

let: t = [σ(s1)]X
if: Hist(t, s1, σ) = Hist(t, s2, σ)
then: [σ(s2)]X = t.

In other words, if a dynamic strategy σ executes X at time t in scenario s1, and the schedules
σ(s1) and σ(s2) have the same history of past observations, then σ must also execute X
at time t in s2. That is, execution decisions can only depend on past observations, even if
arbitrarily recent.

I Definition 10 (Dynamic Consistency (DC)). A CSTN is dynamically consistent (DC) if
there exists an execution strategy for it that is both viable and dynamic.

5.2 ε̂-Dynamic Strategies and ε̂-DC
The ε̂-dynamic consistency property has not been presented before in the literature. However,
it differs only slightly from ε-DC, defined later on. Informally, an ε̂-dynamic strategy must
schedule a time-point X at the same time t in two different scenarios s1 and s2 if both
scenarios have the same history of past observations before time t− ε (i.e., ε units before the
current time t).

I Definition 11 (ε̂-History). Let S = 〈T ,P, C,OT ,O〉 be any CSTN, s any scenario, σ any
execution strategy for S, t any real number, and ε > 0. The ε̂-history of t in the scenario s,
for the strategy σ, notated ε̂Hist(t, s, σ), is the set of observations made before time t − ε
according to σ(s):

ε̂Hist(t, s, σ) = {(p, s(p)) | P? ∈ OT and [σ(s)]P?<t−ε}

I Definition 12 (ε̂-Dynamic Execution Strategy ). Let ε > 0; and let S be any CSTN.
An execution strategy σ for S is called ε̂-dynamic if for any scenarios s1 and s2, and any
time-point X:

let: t = [σ(s1)]X
if: ε̂Hist(t, s1, σ) = ε̂Hist(t, s2, σ)
then: [σ(s2)]X = t.
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I Definition 13 (ε̂-DC). For any ε > 0, a CSTN S is ε̂-dynamically consistent if it has a
viable and ε̂-dynamic execution strategy.

The following theorem explicates the relation between ε̂-DC and DC.

I Theorem 14. Let S = 〈T ,P, C,OT ,O〉 be any CSTN; let ε > 0 be arbitrary; and let
S0 = 〈T ∪ OT 0,P, C ∪ C0,OT 0,O0〉 be the reduction of S. Then S is ε̂-DC if and only if S0
is DC.

Proof. (⇒) Suppose that S is ε̂-DC. Then there exists an ε̂-dynamic and viable strategy σ
for S. Define a strategy σ0 for the reduction S0, as follows. For any scenario s:

(1) For each X ∈ T : let [σ0(s)]X = [σ(s)]X
(1) For each P0? ∈ OT 0 : let [σ0(s)]P0? = [σ(s)]P? + ε

Since σ is viable for S, σ satisfies all of the constraints in C. And since, by (1) above, σ
and σ0 agree on all of the time-points in T , σ0 must also satisfy all of the constraints in C.
Finally, by (2) above, σ0 must satisfy all of the constraints in C0. Therefore, σ0 must be
viable for S0.

Next, suppose that σ0 is not dynamic. Then for some scenarios s1 and s2, and some time-
point X ∈ T ∪ T0, Hist(t, s1, σ0) = Hist(t, s2, σ0), but [σ0(s2)]X 6= t, where t = [σ0(s1)]X .
With no loss of generality, assume that t is minimal for this circumstance. Then:

ε̂Hist(t, s2, σ) = {(p, s2(p)) | P? ∈ OT and [σ(s2)]P? < t− ε}
= {(p, s2(p)) | P0? ∈ OT 0 and [σ0(s2)]P0? < t}, by (2) above
= Hist(t, s2, σ0)
= Hist(t, s1, σ0)
= {(p, s1(p)) | P0? ∈ OT 0 and [σ0(s1)]P0? < t}
= {(p, s1(p)) | P? ∈ OT and [σ(s1)]P? < t− ε}, by (2) above
= ε̂Hist(t, s1, σ). (†)

Now, if X ∈ T , then [σ(s1)]X = [σ0(s1)]X = t, but [σ(s2)]X = [σ0(s2)]X 6= t, which,
given that the relevant ε̂-histories are equal, contradicts that σ is ε̂-dynamic. Therefore,
X 6∈ T ; thus, X must be some R0? ∈ OT 0, where [σ(s1)]R? = [σ0(s1)]R0? − ε = t − ε 6=
[σ0(s2)]R0?− ε = [σ(s2)]R?. Thus, the schedules σ(s1) and σ(s2) are different. Consider those
schedules, each annotated with the relevant observations as they occur. Let t∗ ≤ t− ε be the
earliest time at which the annotated schedules differ. There are two ways they can differ
at t∗.
Case 1. Both schedules execute some OTP Q? at t∗, but with different results (i.e., s1(q) 6=

s2(q)). If t∗ < t− ε, it would contradict that ε̂Hist(t, s1, σ) = ε̂Hist(t, s2, σ). Therefore,
t∗ = t− ε.
Now, the definition of t∗ ensures that ε̂Hist(t∗, s1, σ) = ε̂Hist(t∗, s2, σ). But then
[σ(s1)]R? 6= [σ(s2)]R?, shown earlier, contradicts that σ is ε̂-dynamic.

Case 2. One of the schedules executes some time-point Y at t∗ while the other schedule
executes Y at some later time: [σ(si)]Y = t∗ < [σ(sj)]Y , where {si, sj} = {s1, s2}. But
this, together with ε̂Hist(t∗, s1, σ) = ε̂Hist(t∗, s2, σ), contradicts that σ is ε̂-dynamic.

(⇐) Suppose that S0 is DC. Then there exists a viable and dynamic strategy σ0 for S0.
Let σ be the strategy for S such that for each scenario s, and each time-point X ∈ T ,
[σ(s)]X = [σ0(s)]X . Since σ0 is viable for S0, it satisfies all of the constraints in C ∪ C0. And
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since σ and σ0 agree on all time-points in T , it follows that σ satisfies all of the constraints
in C. Thus, σ is viable for S.

Next, suppose that σ is not ε̂-dynamic. Then for some scenarios s1 and s2, and some time-
point X ∈ T , ε̂Hist(t, s1, σ) = ε̂Hist(t, s2, σ), where t = [σ(s1)]X , but [σ(s2)]X 6= t. Arguing
similarly to (†) above, it follows that Hist(t, s1, σ0) = Hist(t, s2, σ0). And since X ∈ T ,
[σ0(s1)]X = [σ(s1)]X = t 6= [σ(s2)]X = [σ0(s2)]X , contradicting that σ0 is dynamic. J

6 Reducing ε-DC Checking to π-DC Checking

This section uses the same reduction of S to S0 to reduce the problem of ε-DC checking to
that of π-DC checking.

6.1 ε-Dynamic Execution Strategy and ε-DC
The semantics for ε-DC is the same as that for ε̂-DC, except that an ε-history records the
observations at or before time t − ε, instead of strictly before t − ε. Nonetheless, for easy
reference, the full definitions are given below.

I Definition 15 (ε-History). Let S = 〈T ,P, C,OT ,O〉 be any CSTN, s any scenario, σ any
execution strategy for S, t any real number, and ε > 0. The ε-history of t in the scenario s,
for the strategy σ, notated εHist(t, s, σ), is the set of observations made at or before t− ε
according to σ(s):

εHist(t, s, σ) = {(p, s(p)) | P? ∈ OT and [σ(s)]P? ≤ t− ε}

I Definition 16 (ε-Dynamic Execution Strategy). Let ε > 0. An execution strategy σ is
ε-dynamic if for any scenarios s1 and s2, and any time-point X:

let: t = [σ(s1)]X
if: εHist(t, s1, σ) = εHist(t, s2, σ)
then: [σ(s2)]X = t.

I Definition 17 (ε-DC). Given any ε > 0, a CSTN is ε-dynamically consistent (ε-DC) if
there exists an execution strategy for it that is both viable and ε-dynamic.

6.2 π-Dynamic Execution Strategy and π-DC
This section summarizes the π-DC semantics introduced by Cairo et al. [2] that allows a
dynamic strategy to react instantaneously to observations, but requires an order of dependence
among simultaneous observations.

I Definition 18 (Order of dependence). For any ordering (P1?, . . . , Pk?) of observation time-
points, where k = |OT |, an order of dependence is a permutation π over (1, 2, . . . , k); and for
each P? ∈ OT , π(P?) ∈ {1, 2, ..., k} denotes the integer position of P? in that order. For
any non-observation time-point X, we set π(X) =∞ . Finally, Πk denotes the set of all
permutations over (1, 2, . . . , k).

I Definition 19 (π-Execution Strategy). For any CSTN S = 〈T ,P, C,OT ,O〉, where k =
|OT |, a π-execution strategy for S is a mapping, σ : I → (Ψ×Πk), such that for each
scenario s, σ(s) is a pair (ψ, π) where ψ : T → R is a schedule and π ∈ Πk is an order of
dependence. For any X ∈ T , [σ(s)]X denotes the execution time of X (i.e., ψ(X)); and for
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any P? ∈ OT , [σ(s)]πP? denotes the position of P? in the order of dependence (i.e., π(P?)).
Finally, a π-dynamic strategy must be coherent: for any scenario s, and any P?, Q? ∈ OT ,
[σ(s)]P? < [σ(s)]Q? implies [σ(s)]πP? < [σ(s)]πQ? (i.e., if σ(s) schedules P? before Q?, then it
orders P? before Q?).

I Definition 20 (Viability). The π-execution strategy σ = (ψ, π) is called viable for the
CSTN S if for each scenario s, the schedule ψ(s) is a solution to the projection S(s).

I Definition 21 (π-History). Let S = 〈T ,P, C,OT ,O〉 be any CSTN. Let σ be any π-
execution strategy for S, s any scenario, t any real number, and d ∈ {1, 2, . . . , |OT |} ∪ {∞}
any integer position (or infinity). The π-history of (t, d) for the scenario s and strategy σ –
denoted by πHist(t, d, s, σ) – is the set

{(p, s(p)) | P? ∈ OT , [σ(s)]P? ≤ t, and π(P?) < d}.

Thus, the π-history specifies the truth values of each proposition p that is observed before
time t in the schedule ψ, or observed at time t if its corresponding observation time-point P ?
is ordered before position d by the permutation π.

The following definition of a π-dynamic strategy is equivalent to that given by Cairo et
al. [2]. (The straightforward proof has been omitted to save space.)

I Definition 22 (π-Dynamic Strategy). A π-execution strategy, σ, for a CSTN is π-dynamic
if for every pair of scenarios, s1 and s2, and every time-point X ∈ T :

let: t = [σ(s1)]X , and d = [σ(s1)]πX .
if: πHist(t, d, s1, σ) = πHist(t, d, s2, σ)
then: [σ(s2)]X = t and [σ(s2)]πX = d.

Thus, if σ executesX at time t and position d in scenario s1, and the histories, πHist(t, d, s1, σ)
and πHist(t, d, s2, σ), are the same, then σ must also execute X at time t and in position d
in scenario s2. (X may be an observation time-point.)

I Definition 23 (π-Dynamic Consistency). A CSTN, S, is π-dynamically consistent (π-DC)
if there exists a π-execution strategy for S that is both viable and π-dynamic.

Theorem 24 explicates the relationship between the ε-DC and π-DC properties. Its proof,
which uses techniques similar to those used to prove Theorem 14, extended to accommodate
the order of dependence, is omitted to save space.

I Theorem 24. Let S = 〈T ,P, C,OT ,O〉 be any CSTN; let ε > 0 be arbitrary; and let
S0 = 〈T0,P, C0,OT 0,O0〉 be the reduction of S. Then S is ε-DC if and only if S0 is π-DC.

7 The π-DC- and ε-DC-Checking Algorithms

This section summarizes two versions of the constraint-propagation algorithm due to Huns-
berger et al. [14][12]: the π-DC-checking algorithm and the ε-DC-checking algorithm. Each
algorithm uses only three constraint-propagation rules.3 This section proves that applying
the rules for the ε-DC-checking algorithm to the CSTN S is equivalent to applying the rules
for the π-DC-checking algorithm to the corresponding reduced CSTN S0.

3 An earlier version of the π-DC-checking algorithm, called the IR-DC-checking algorithm (IR for
“instantaneous reaction”) used six rules, but recently, Hunsberger and Posenato [12] showed that three
rules are sufficient. We applied similar techniques to create a three-rule version of the ε-DC-checking
algorithm.
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Table 1 Propagation rules for the π-DC-checking algorithm (above) and instances of their use
(below).

LP: X Y Z
〈u, α〉 〈v, β〉

〈u + v, αβ〉
if αβ ∈ P∗ and u+ v < 0

qR0: P? Z
〈w,αp̃〉
〈w,α〉 if w < 0, p̃ ∈ {p,¬p, ?p}, and α ∈ Q∗

qR∗
3: P? Z Y

〈w,α〉 〈v, βp̃〉
〈m,α ? β〉 if w < 0, p̃ ∈ {p,¬p, ?p}, and α, β ∈ Q∗

X,Y ∈ T ; P? ∈ OT ; Z = 0. In qR0/qR
∗
3 , p does not appear in α or β; andm = max{v, w}.

LP: X Y Z
〈−3, pqr〉 〈−4, rs¬t〉

〈−7, pqrs¬t〉

qR0: P? Z
〈−9, (?p)qr〉
〈−9, qr〉

qR∗
3: A? Z B?

〈−1, b¬c〉 〈−1, ac〉
〈−1, b(?c)〉

7.1 The π-DC-Checking Algorithm
Table 1 lists the three constraint propagation rules used by the π-DC-checking algorithm.
Note that the qR∗3 rule can generate a new kind of propositional label, called a q-label (defined
below); and the qR0 and qR∗3 rules can each be applied to q-labeled edges. Each q-label is a
conjunction of q-literals (defined below). Whereas a constraint labeled by p must hold in all
scenarios in which p is true, a constraint labeled by the q-literal ?p need only hold as long as
the truth value of p is unknown (i.e., as long as P? has not been executed).

I Definition 25 (Q-literals, q-labels). A q-literal is a literal of the form ?p, where p ∈ P. A
q-label is a conjunction of literals and/or q-literals. Q∗ denotes the set of all q-labels. For
any scenario s, and any q-literal ?p, it is convenient to stipulate that s 6|= ?p.

For example, p(?q)¬r and (?p)(?q)(?r) are both q-labels.
The ? operator extends ordinary conjunction to accommodate q-labels. Intuitively, if the

constraint C1 is labeled by p, and C2 is labeled by ¬p, then both C1 and C2 must hold as
long as the value of p is unknown, represented by p ? ¬p = ?p.

I Definition 26 (?). The operator, ? : Q∗×Q∗ → Q?, is defined thusly. First, for any p ∈ P ,
p ? p = p and ¬p ? ¬p = ¬p; and for any p1, p2 ∈ {p,¬p, ?p}, such that p1 6= p2, p1 ? p2 = ?p.
Next, for any `1, `2 ∈ Q∗, `1 ? `2 ∈ Q∗ denotes the conjunction obtained by applying ? in
pairwise fashion to matching literals from `1 and `2, and conjoining any unmatched literals.

For example: (p¬q(?r)t) ? (qr¬s) = p(?q)(?r)¬st.

7.2 The ε-DC-checking Algorithm
The ε-DC-checking algorithm uses the same rules as the π-DC-checking algorithm, except
that in the qR∗3 rule, it uses m = max{v, w − ε}. For clarity, we shall refer to this version of
the qR∗3 rule as qRε3; and {LP, qR0, qRε3} shall be called the ε-DC-checking rules.

I Theorem 27. Let ε > 0; let S be any CSTN; and let S∗ be the CSTN that results from
exhaustively applying the ε-DC-checking constraint-propagation rules to S. Let S0 be the
corresponding reduced CSTN for S; and let S∗0 be the CSTN that results from exhaustively
applying the π-DC-checking rules to S0. Then S∗ and S∗0 are equivalent in the following
sense:
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(a) X W Y
〈u, β〉 〈v, γ〉

LP: 〈u + v, βγ〉

(b) P? Z
〈δ, αp̃〉

qR0: 〈δ, α〉

(c) P0? P? Z−ε 〈δ, αp̃〉

LP: 〈δ − ε, αp̃〉
qR0: 〈δ − ε, α〉

(d) P? P0? Z
〈δ − ε, α〉ε

LP: 〈δ, α〉

(e) P? Z Y
〈w, β〉 〈v, γp̃〉

qRε
3: 〈max{v, w − ε}, β ? γ〉

(f) P0? P? Z Y
−ε 〈w, β〉

LP: 〈w − ε, β〉

〈v, γp̃〉
qR∗

3 : 〈max{v, w − ε}, β ? γ〉

(g) X Y P0?
〈u, β〉 〈v, γ〉

LP: 〈u + v, β ? γ〉

(h) X Y P?
〈u, β〉 〈v − ε, γ〉

LP: 〈u + v − ε, β ? γ〉

(i) P0? Z
〈δ, αp̃〉

qR0: 〈δ, α〉

(j) P? Z
〈δ + ε, αp̃〉

qR0: 〈δ + ε, α〉

(k) Q0? Z P0?
〈u, β〉 〈v, γq̃〉

qR∗
3 : 〈δ, α〉

(l) Q? Z P?
〈u + ε, β〉 〈v + ε, γq̃〉

qRε
3: 〈δ + ε, α〉

(m) Q0? W P0?
〈u, β〉 〈v, γ〉

LP: 〈δ, α〉

(n) Q? W P?
〈u + ε, β〉 〈v − ε, γ〉

LP: 〈u + v, β ? γ〉

Figure 3 Constraint propagations for the proof of Theorem 27.

(1) Every constraint in S∗ is also in S∗0 .
(2) For each P0?, Q0? ∈ OT 0, X ∈ T \OT 0, δ ∈ R, and α ∈ Q∗:

(a) (P0?−X ≤ δ, α) ∈ S∗0 ⇒ (P?−X ≤ δ − ε, α) ∈ S∗
(b) (X−P0? ≤ δ, α) ∈ S∗0 ⇒ (X − P? ≤ δ + ε, α) ∈ S∗
(c) (P0?−Q0? ≤ δ, α) ∈ S∗0 ⇒ (P?−Q? ≤ δ, α) ∈ S∗

Proof. (Part 1) Let Σ be some arbitrary sequence of applications of ε̂-DC-checking rules to
edges from S∗. Let (Y −X ≤ δ, α) in S∗ be the first edge generated by that sequence that
does not belong to S∗0 . Call that constraint C. (Note that X and Y must be in T since C is
in S∗.)
Case 1.1: The constraint C was generated by applying the LP rule to edges in S∗ (e.g., as

shown in Fig. 3a, where δ = u+v and α = βγ). But then, by assumption, the pre-existing
edges (from X to W to Y ) must also be in S∗0 . Since the LP rule is also one of the
DC-checking rules, the generated edge (from X to Y ) must also be in S∗0 . But that edge
represents the constraint C, a contradiction.
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Case 1.2: The constraint C was generated by the qR0 rule (e.g., as shown in Fig. 3b). But
then the pre-existing edge from P? to Z must be in S∗0 ; and so is the edge from P0?
to P?, as shown in Fig. 3c. Applying the LP rule to these edges, followed by the qR0
rule, then yields the shaded labeled values for the edge from P0? to Z in S∗0 , as shown
in Fig. 3c. Next, applying the LP rule to the edges from P? to P0? to Z, as shown in
Fig. 3d, generates the edge from P? to Z for S∗0 . But that edge represents the constraint
C, a contradiction.

Case 1.3: The constraint C was generated by the qRε3 rule (e.g., as shown in Fig. 3e, where
m = max{v, w − ε} and α = β ? γ). But then the pre-existing edges (from P0? to P? to
Z) must be in S∗0 , which allows the LP rule to generate the edge from P0? to Z in S∗0 ,
shown in Fig. 3f, and then the qR∗3 rule to generate the shaded value for the edge from Y

to Z in S∗0 , which represents the constraint C, a contradiction.

(Part 2) Let Σ0 be some arbitrary sequence of recursive applications of DC-checking rules to
edges from S∗0 . Let K in S∗0 be the first edge generated by that sequence that does not have
a corresponding edge in S∗ according to (2a), (2b) and (2c) in the statement of the theorem.
Case 2a: K has the form (P0? − X ≤ δ, α). Given that P0? 6≡ Z, K can only have been

generated by an application of the LP rule to edges in S∗0 , as shown in Fig. 3g, where
δ = u+ v and α = β ? γ. By assumption, the pre-existing edge from Y to P0? in S∗0 must
have a corresponding edge from Y to P? in S∗. For example, if Y ∈ T , then by (2a)
there must be an edge from Y to P ? as shown in Fig. 3h. That edge enables the LP rule
to then be used to generate the edge from X to P? in S∗, also shown in Fig. 3h. But
that is the edge in S∗ that corresponds to K, a contradiction. The case where Y is some
Q0? ∈ OT 0 is even easier.

Case 2b.1: K has the form (X − P0? ≤ δ, α) and was generated by applying the LP rule to
edges in S∗0 . This case is similar to Case 2a, but focusing on the lefthand side of the LP
rule (i.e., the edge from X to Y ) instead of the right.

Case 2b.2: K has the form (Z− P0? ≤ δ, α) and was generated by applying the qR0 rule to
edges in S∗0 , as shown in Fig. 3i. But then, by (2b), the pre-existing edge from P0? to
Z has a corresponding edge in S∗ from P? to Z, leading to the propagation in Fig. 3j,
which generates the edge in S∗ that corresponds to K, a contradiction.

Case 2b.3: K has the form (Z− P0? ≤ δ, α) and was generated by applying the qR∗3 rule
to edges in S∗0 , as shown in Fig. 3k, where δ = max{u, v} and α = β ? γ. By (2b), the
pre-existing edges from Q0? to Z, and from P0? to Z in S0 have corresponding edges from
Q? to Z, and from P ? to Z in S∗, as shown in Fig. 3l, leading to the generated edge from
P? to Z, where δ + ε = max{u+ ε, v + ε}. That edge corresponds to K, a contradiction.

Case 3: K has the form (P0?−Q0? ≤ δ, α). Since P0? 6≡ Z, thenK must have been generated
by an application of the LP rule. Fig. 3m illustrates the case where the intermediate
time-point W is not in OT 0, and where δ = u + v and α = βγ. By (2b) and (2a),
respectively, the pre-existing edges from Q0? to W to P0? have corresponding edges from
Q? to W to P? in S∗, leading to the propagation in Fig. 3n, where the edge from Q? to
P? corresponds to K, a contradiction. The case where W ∈ OT 0 is handled similarly. J

Theorem 27 shows that the ε-DC-checking and π-DC-checking algorithms perform equiv-
alent constraint propagations. However, providing an analogous theorem that relates ε̂-DC-
checking and standard DC-checking algorithms must be left to future work, since (1) no
algorithm has yet been introduced for solving the ε̂-DC-checking problem; and (2) the sound
6-rule DC-checking algorithm for the standard DC-checking problem has not yet been proven
complete [11].
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Figure 4 Execution time vs. number of time-points n.

8 Empirical Evaluation

Theorem 24 shows that the ε-DC-checking problem can be reduced to the π-DC-checking
problem. In particular, the ε-DC-checking problem for a CSTN S is equivalent to the
π-DC-checking problem for the reduced CSTN S0. This section compares the performance of
implementations of an ε-DC-checking algorithm [11] and the π-DC-checking algorithm [12].
In what follows, the first algorithm is called ε-DC-Ch and the second is called S0π-DC-Ch
to reflect that it is applied to the reduced CSTN S0. Both implementations were obtained
from Posenato [19], but we modified the ε-DC-checking algorithm to use only three rules, as
discussed in Footnote 3 and Section 7.2. Algorithms and procedures for this evaluation were
implemented in Java and executed on a JVM 8 in a Linux machine with two AMD Opteron
4334 CPUs and 64GB of RAM.

To facilitate comparisons with prior work, we tested both implementations on instances
of the four benchmarks proposed by Hunsberger and Posenato [11]. Each benchmark has at
least 60 DC and 60 non-DC CSTNs, obtained from random workflow schemata generated
by the ATAPIS toolset [16]. The numbers of activities (N) and observations (|P|) were
varied, as shown in Fig. 4. Since non-DC networks were regularly solved one to two orders
of magnitude faster than similarly sized DC ones, the rest of this section focuses on DC
networks.

Fig. 4 displays the average execution times of the two algorithms over all four benchmarks.
For S0π-DC-Ch, the execution times include the time required to build S0. Each data point
represents the average of the execution times for instances of the given size. We extended
the benchmarks, adding up to 50 DC instances, to generate tight error bars. In Figure 4,
each error bar represents a 95% confidence interval for the average of the execution times.

The results demonstrate that, although ε-DC-Ch performs better in Benchmark 1, the
performance difference becomes statistically insignificant as the sizes of the instances increase.
The main reason for this behavior is that in small instances the number of observation
time-points is quite small, which results in much less constraint propagation. As a result,
the linear time required to build S0 and do the extra propagations can have a significant
impact. In contrast, in larger instances, the number of observation time-points is larger, in
which case the time to build S0 is dwarfed by the exponential time required for propagating
constraints. The benchmark does not provide any larger instances because such instances are
determined from random workflow instances where the maximum instance size is commonly
limited to 30-40 tasks [16].

The experiments summarized in this section show that for all but the smallest CSTNs,
there is no computational penalty associated with solving the ε-DC-checking problem by first
computing the reduced CSTN S0 and then applying the π-DC-checking algorithm to it.
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9 Conclusions

This paper presented a reduction of the ε̂-DC-checking problem to the (standard) DC-checking
problem for CSTNs, and a reduction of the ε-DC-checking problem to the π-DC-checking
problem. It also showed that the constraint-propagation rules for the π-DC-checking algorithm
are equivalent to the rules for the ε-DC-checking algorithm. As a result, the paper showed that
the ε-DC-checking problem for CSTNs can be easily represented within the standard CSTN
framework (i.e., the ε-DC-checking problem is not a “new” problem, as has been suggested
in recent related work). Furthermore, solving the ε-DC-checking problem by applying the
π-DC-checking algorithm to the reduced CSTN incurs no computational penalty.

Results of this paper can be applied also in other possible variants of CSTNs. Bhargava
et al. [1] defined the delay controllability of a Simple Temporal Network with Uncertainty
(STNU). This modification allowed a network designer to insert a delay between the execution
of a contingent time-point and the time that the executing agent learns of the duration of
the corresponding contingent link. And the delay associated with each contingent link can
be different. Similarly, a version of delay consistency for CSTNs could be defined to allow
different values of epsilon for each observation time-point. In addition, the techniques used
in this paper to reduce epsilon-DC for CSTNs to ordinary DC for CSTNs could be used to
reduce delay controllability for STNUs to ordinary DC for STNUs.
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Abstract
Hybrid branching-time logics are a powerful extension of branching-time logics like CTL, CTL∗
or even the modal µ-calculus through the addition of binders, jumps and variable tests. Their
expressiveness is not restricted by bisimulation-invariance anymore. Hence, they do not retain
the tree model property, and the finite model property is equally lost. Their satisfiability prob-
lems are typically undecidable, their model checking problems (on finite models) are decidable
with complexities ranging from polynomial to non-elementary time. In this paper we study the
expressive power of such hybrid branching-time logics beyond some earlier results about their in-
variance under hybrid bisimulations. In particular, we aim to extend the hierarchy of non-hybrid
branching-time logics CTL, CTL+, CTL∗ and the modal µ-calculus to their hybrid extensions.
We show that most separation results can be transferred to the hybrid world, even though the
required techniques become a bit more involved. We also present some collapse results for re-
stricted classes of models that are especially worth investigating, namely linear, tree-shaped and
finite models.
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1 Introduction

Temporal logics like LTL [14], CTL [7] and CTL∗ [9] are important specification formalisms
for the behaviour of programs because they extend modal logic with the ability to reason
about properties of unbounded or infinite computations. Their satisfiability and model
checking problems are decidable, ranging from polynomial [7] to doubly exponential time [10].
This is somewhat remarkable given that typical temporal properties like “something happens
infinitely often along some path” are not definable in First-Order Logic (FO). The key to
decidability is bisimulation-invariance which is rooted in the modal nature of their logical
operators. This, however, also limits the expressive power accordingly, for instance by not
being able to distinguish a graph from its tree unfolding.

Hybrid logic [2] is the name known for a framework of extensions of modal logics with
limited features of FO, aiming at increasing the expressiveness of modal logics whilst hopefully
retaining most of its desirable computational properties [1]. Hybrid logics thus feature first-
order variables and limited ways of manipulating them in the context of a modal or temporal
logic whose evaluation in a Kripke structure can intuitively be understood as a search through
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the graph. It then becomes possible to bind the current state of evaluation to a variable, to
test for re-occurrence of such a state and to continue the evaluation at one such previously
marked state. It is not hard to see that such features break bisimulation-invariance. Whilst
this can be seen as undesirable for pure program specification purposes, hybrid logics have
found some prominence in related fields like knowledge representation [3] etc.

The paper at hand presents some first results on a study of the expressive power of
hybrid logics that results from an extension of well-known branching-time temporal logics –
mostly CTL∗ and its fragments like CTL and CTL+– with the aforementioned first-order
features. It is part of a larger program to develop a model theory of hybrid branching-time
logics. Previous work has investigated their model checking problems [12] (shown to range
between polynomial space and non-elementary time/space) and introduced a small syntactical
hierarchy of hybridisations of CTL∗ and its fragments. Thus, there is not just one hybrid
CTL∗ but – depending on how one allows hybrid features to interact with state and path
formulas – three versions of hybrid CTL∗, distinguished also by computational complexity.

We briefly recall the construction of hybrid branching-time temporal logics in Sect. 2. In
Sect. 3 we develop Ehrenfeucht-Fraïssé games for hybrid CTL as a standard tool for bounding
the expressive power of a logic from above. These games can be seen as an extension of the
games defined in [11] for hybrid CTL interpreted solely on trees. Sect. 4 then shows that
some results known for branching-time logics can be lifted to their hybrid variants, at the
expense of more involved constructions, though. Sect. 5 then compares hybrid branching-time
logics to the extension of the modal µ-calculus with hybrid operators [13,15]. It gives yet
another argument for the distinction of the three versions of hybrid CTL∗ mentioned above:
it is known already that – unlike the case of the non-hybrid logics – two of them cannot be
translated into the hybrid µ-calculus. Here we show that the weakest of them can indeed.
The paper then concludes in Sect. 6 with an overview of what is known now about the
hierarchy of expressiveness amongst hybrid branching-time logics and a discussion on further
work in this area.

2 The Full Hybrid Branching-Time Logic

Syntax. Let Prop = {p, q, . . .} be a finite set of atomic propositions and Var = {x, y, . . .}
be a countable set of first-order variables. Formulas of the full hybrid branching time logic
HCTL∗pp are given by the grammar

ϕ := p | x | ¬ϕ | ϕ ∨ ϕ | Eψ | ↓x.ϕ | @x ϕ

ψ := ϕ | ¬ψ | ψ ∨ ψ | Xψ | ψUψ | ↓x.ψ | @x ψ,

where p ∈ Prop and x ∈ Var . The formulas derived by ϕ are called state formulas. Those
generated by ψ are called path formulas. They can only occur as genuine subformulas in
an HCTL∗pp formula. We additionaly require the syntactic sanity restriction that formulas
@x ψ, where ψ is a genuine path formula, can only occur if there is no path quantifier E or A
between @x ψ and the smallest ↓x.ψ′ in the syntax tree above @x ψ.

The hybrid operators ↓ x and @x are called binder and jump. The atomic formula x
is sometimes referred to as variable test. We are making use of the usual propositional
abbreviations for tt, ff, ∧, as well as the temporal ones Fψ := ttUψ, Gψ := ¬F¬ψ, Aψ :=
¬E¬ψ, ψ1Rψ2 := ¬(¬ψ1U¬ψ2) etc.

Semantics. Formulas of HCTL∗pp are interpreted with respect to Kripke structures. A
Kripke structure is a tuple K = 〈S,→, L〉 where S is a set of states, → ⊆ S×S is a transition
relation such that for every s ∈ S there is a t ∈ S with s→ t and L : S → 2AP is a labeling
function.
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A path π in K is an infinite sequence of pairs of states and the propositions that hold
at them: (s0, L(s0)), (s1, L(s1)), (s2, L(s2)), . . . ∈ (S × 2Prop)ω such that si → si+1 for every
i = 0, 1, . . .. For a path π we write πi to denote the i-th state of the path.

Hybrid branching-time formulas are interpreted over Kripke structures. State formulas
are interpreted with respect to a state s of a Kripke structure K = 〈S,→, L〉 and a variable
mapping ρ : Var → S in order to give meaning to free variables in the inductive definition of
the semantics as follows.

K, s, ρ |= p iff p ∈ L(s)
K, s, ρ |= ¬ϕ iff K, s, ρ 6|= ϕ

K, s, ρ |= ϕ1 ∨ ϕ2 iff K, s, ρ |= ϕ1 or K, s, ρ |= ϕ2

K, s, ρ |= Eψ iff there exists a path π with π0 = s and K,π, ρ |= ψ

K, s, ρ |= x iff ρ(x) = s

K, s, ρ |= ↓x.ϕ iff K, s, ρ[x 7→ s] |= ϕ

K, s, ρ |= @x ϕ iff K, ρ(x), ρ |= ϕ.

Path formulas are interpreted on a path. To give meaning to them properly we need a
function σ : Var → N that stores the position of a bound variable on the current path under
evaluation which helps to give meaning to the jump operator.1 Thus, path formulas here
are interpreted over a path π in K, a moment k on the path, a variable mapping ρ and a
function σ storing the position on the path to which a variable is bound:

K,π, k, ρ, σ |= ϕ iff K,πk, ρ |= ϕ

K, π, k, ρ, σ |= ψ1 ∨ ψ2 iff K,π, k, ρ, σ |= ψ1 or K,π, k, ρ, σ |= ψ2

K,π, k, ρ, σ |= Xψ iff K,π, k + 1, ρ, σ |= ψ

K, π, k, ρ, σ |= ψ1Uψ2 iff there exists j ∈ N with j ≥ k such that K,π, j, ρ, σ |= ψ2

and for all k ≤ i < j: K,π, i, ρ, σ |= ψ1

K,π, k, ρ, σ |= ↓x.ψ iff K,π, k, ρ[x→ πk], σ[x→ k] |= ψ

K, π, k, ρ, σ |= @x ψ iff K,π, σ(x), ρ, σ |= ψ.

Fragments. The index ·pp in the logic’s name stands for path−path and indicates that
binders as well as jumps can range over path formulas (and therefore also state formulas).
We obtain (syntactically) weaker fragments imposing stronger restrictions here.

First, if we restrict path formulas to

ψ := ϕ | ¬ψ | ψ ∨ ψ | Xψ | ψUψ | ↓x.ψ,

i.e. disallow jumps on path formulas or, equivalently, require them to operate on genuine
state formulas only, then we get the path−state fragment HCTL∗ps. If we also disallow ↓x.ψ
on path formulas we obtain the state−state fragment HCTL∗ss in which hybrid-operators can
only occur as state-formulas.

1 The syntactic restriction of HCTL∗
pp formulas about the non-occurrence of path quantifiers between

binders and corresponding jumps ensures that variables which are referenced while evaluating a path
formula are actually bound on the same path. This makes the semantics be well-defined.
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We can also consider hybrid variants of weaker branching-time temporal logics as they
are known in the literature: if we restrict the temporal operators further to not allow nesting
of path formulas with the exception of fairness constraints, i.e. path formulas are generated
by the grammar

ψ := ϕ | ¬ψ | ψ ∨ ψ | Xϕ | ϕUϕ | GFϕ

we obtain the logic HFCTL+. Restricting the grammar even further to

ψ := ϕ | ¬ψ | ψ ∨ ψ | Xϕ | ϕUϕ

we get HCTL+. And finally, also disallowing boolean combinations of path formulas,

ψ := Xϕ | ϕUϕ

we get HCTL.
Lastly, we also need linear temporal logic for some technical details. We obtain hybrid

LTL by restricting the grammar of HCTL∗pp to

ϕ := Eψ
ψ := p | x | ¬ψ | ψ ∨ ψ | Xψ | ψUψ | ↓x.ψ | @x ψ.

Thus, hybrid LTL formulas basically consist only of a single path formula. Furthermore,
hybrid LTL formulas are only interpreted over linear Kripke structures, i.e. Kripke structures
K = 〈S,→, L〉 with S = N and s→ t if and only if t = s+ 1.

The usual non-hybrid temporal logics CTL, CTL+, FCTL+, CTL∗ and LTL are obtained
by completely restricting the use of hybrid operators in their respective hybrid-variants. Note
that the possibility to nest path formulas arbitrarily is vital for the distinction between the
three fragments of path−path etc. formulas. Hence, for hybrid variants of branching-time
logics “smaller” than CTL∗ we do not make these distinctions anymore.

3 Ehrenfeucht-Fraïssé Game for HCTL

We start by defining Ehrenfeucht-Fraïssé (EF) games in order to capture the expressive
power of HCTL. Such games often prove to be useful when comparing the expressive power
of two logics because they condense all possibilities of how to distinguish two structures via
a logical formula into a single framework of finding a winning strategy for one player. In
this paper we will only use such games for HCTL. However, the general framework of these
games can also be extended to similar games for the other hybrid logics above HCTL and
may prove to be useful for future research into this topic.

Hybrid logics extend branching-time logics with certain first-order aspects. Thus, it is
not surprising that these expressiveness games combine features from branching-time logics
with aspects of EF games which are known from FO [6].

I Definition 1. Let K0 = 〈S0,→0, L0〉 and K1 = 〈S1,→1, L1〉 be two Kripke structures.
The game GmHCTL(K0, s0,K1, s1) is played between two players – Spoiler and Duplicator on
K0 and K1.

The game is played for m rounds. At the beginning we only have one pebble in each
structure placed at s0 resp. s1. In each round a new pair of pebbles gets placed on K0 and
K1 according to the following rules. Spoiler first chooses one of the structures Ki, i ∈ {0, 1},
and a previously placed pebble pi in this structure and then chooses one of the following
moves:
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Choose a successor of pi and place a new pebble on this successor. Duplicator then
responds by choosing a pebble in K1−i and also places a new pebble on one of its
successors.
Spoiler chooses a path πi starting at pi and a position l on this path. Then Duplicator
chooses a path π1−i on K1−i starting at some previously placed pebble and some position
l′ on this path. Now Spoiler has two options. He can place a new pebble on πli, forcing
Duplicator to place a new pebble on πl′1−i. Or he can choose some k′ < l′ and place a
new pebble at πk′1−i on K1−i. Duplicator then has the possibility to choose some k < l

and place a new pebble at πki on Ki.
It is Duplicator’s task to maintain the following conditions after each round:

For all pairs of pebbles placed in some round it holds that the states marked by those
pebbles agree on all p ∈ Prop.
For all pairs of pebbles (pi, p′i) and (pj , p′j) it holds that pi = pj iff p′i = p′j

Spoiler wins if Duplicator cannot maintain these conditions after some round. Duplicator
wins if Spoiler has not won after m rounds.

The following theorem can be proven by a standard induction on the number of rounds
in this game; it is carried out in the appendix. Observe that the two types of moves cover
the until- and next-operators. Hybrid operators are covered by placing pebbles and starting
from some pebble in each round.

I Theorem 2. If Duplicator wins GmHCTL(K0, s0,K1, s1) then it holds for all formulas ϕ ∈
HCTL with temporal nesting depth at most m that K0, s0 |= ϕ if and only if K1, s1 |= ϕ.

These games are essentially a combination of Ehrenfeucht-Fraissé games for first-order logic
and expressiveness games for branching-time logics. The moves closely resemble the temporal
operators in branching-time logic. However, in each step we also remember the new state
similar to Ehrenfeucht-Fraissé games. As a consequence winning strategies also combine
elements of both types of games.

4 The Expressive Power of Hybrid Branching-Time Logics

We begin by studying the connection between HCTL and HCTL+ and will then continue to
work our way up to the logics above HCTL+.

4.1 HCTL+ and HCTL
We first show that HCTL+ ≡ HCTL. Thus, as in the non-hybrid case adding boolean
connectives to the path formulas does not increase the expressive power. The proof is very
similar to the translation in the non-hybrid case [8] and has already been extended to HCTL+

over tree-structures [11]. However, we will build upon the translation in Theorem 5. So we
briefly review the key elements for the translation in the hybrid case here.

I Theorem 3. For each HCTL+ formula ϕ there is an HCTL formula ϕ′ such that for all
Kripke structures K = 〈S,→, L〉, states s ∈ S and variable assignments σ : Var → S it holds
that K, s, σ |= ϕ if and only if K, s, σ |= ϕ′.

Proof sketch. Inspecting the grammar for HCTL+, we see that the hybrid operators only
occur as state formulas. Thus, path formulas are essentially non-hybrid in the sense that
they are evaluated with respect to a fixed variable interpretation. Fixed variables however
can simply be regarded as atomic propositions that happen to hold at exactly one state.

TIME 2018
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For this reason, we can simply utilise the techniques that are used in the non-hybrid case
and follow [8]: we first transform path formulas into a normal form such that every path
formula is a conjunction of Next-, Until- and Generally-operators and then guess the order in
which all Until-formulas will be satisfied making sure that the Next- and Generally-formulas
are also satisfied. J

A detailed proof of Theorem 3 can be found in the appendix.

4.2 HFCTL+ and HCTL+

In the non-hybrid case we know that CTL+ is less expressive than FCTL+. For example it
is shown in [9] that the formula EGFp, which states that there is a path along which p holds
infinitely often, cannot be expressed by CTL+.

A similar result was already shown for HCTL+ interpreted over computation trees in [11].
This of course also gives us a separation result over general Kripke structures.

I Theorem 4. There is no formula in HCTL+ that is equivalent to the HFCTL+ formula
EGFp.

However, if we only consider finite structures the picture is different. Next we will see
that Theorem 4 no longer holds on finite structures. This is because on finite structures we
can characterise an infinite occurrence of p on a finite structure by a state that satisfies p
and that lies on some (finite) loop in the structure. Thus, on finite structures we get that
the HFCTL+ formula EGFp is equivalent to the HCTL formula EF ↓x.EF(p ∧ EXEFx).

Extending the well-known translation from HCTL+ to HCTL a bit we get an even
stronger result:

I Theorem 5. On finite structures, every HFCTL+ formula is logically equivalent to an
HCTL formula.

Proof. We start with the same equivalences used in the proof for Theorem 3 and transform
each path formula into one of the form

E(XΛ1 ∧
∧
i∈I1

ϕiUψi ∧ GΛ2 ∧ (
∧
i∈I2

GFχi)). (1)

To transform this formula into an HCTL formula we first guess the order in which all
Until-formulas are satisfied – ignoring the fairness constraints for the initial part – and
then we guess a point from which there are cyclic paths along which all χi formulas will be
satisfied. Thus, we get the following translation:

Λ2 ∧
∨
J⊆I1

(
∧
j 6∈J

ψj) ∧ (
∧
j 6∈J

ϕj) ∧ EX
(

Λ1 ∧
∨

π∈Perm(J)

E((Λ2 ∧
∧
j∈J

ϕπ(j))U
(
ψπ(1)∧

...

E((Λ2 ∧ ϕπ(|J|))U(ψπ(|J|) ∧ ξ)
)
. . .
)

where Perm(J) denotes the set of all permutations over J and

ξ := E(Λ2U(Λ2 ∧ ↓x.
∧
i∈I2

E(Λ2U(Λ2 ∧ χi ∧ E(Λ2Ux))))).
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Suppose some state satisfies (1) in some finite structure. Then there is a path π satisfying
all conjuncts of (1). We only argue correctness of the translation for the infinite part of the
path after all Until-formulas were satisfied and also ignore that Λ2 is satisfied on every state
of the path. Correctness for the initial part follows along the same lines as the translation
from HCTL+ to HCTL in Theorem 3.

Since the structure is finite there has to be some point x occurring infinitely often along
π. Furthermore, since every χi is satisfied infinitely often there has to be a part of the path
such that χi is satisfied on some state between two occurrences of x. Thus, for every i there
is a cycle starting at x in the structure along which χi is satisfied. Hence, ξ is satisfied. The
converse direction follows by a piecewise reconstruction of the whole path with infinitely
many occurrences of each cycle satisfying some χi. J

4.3 HCTL∗
SS and HFCTL+

In the following we will prove that HCTL∗ss is still more expressive than HFCTL+. We will
first prove that there are two classes of finite structures distinguishable by HCTL∗ss such that
no HCTL formula can distinguish these classes. Together with Theorem 5 this will also prove
that HCTL∗ss is more expressive than HFCTL+.

To see this, we define the structure A as depicted in Figure 1a. Note that A, despite
being infinite as a whole, is essentially finite from each state because every path simply
traverses the structure downwards ending either in t1 or in t′1. In the following we refer to
the index of a state’s name as the level of the structure and the letter of its name as the
type of the state. Also note that each path that goes from level i to level i− 1 goes either
through si−1 or s′i−1.

I Theorem 6. Let n ∈ N and m = 2n+1 + n. Duplicator wins GnHCTL(A, sm,A, s′m).

Proof. We describe a winning strategy for Duplicator. Suppose that i rounds have been
played already. To win, Duplicator maintains the following invariant throughout the game:

The pebbles placed by Duplicator are always on the same level and of the same type as
Spoiler’s pebble in the same round.
There is some k ≥ 2n−i such that each pair of pebbles placed by Spoiler and Duplicator
in the same round on level k or smaller mark exactly the same state. Furthermore, pairs
of pebbles placed above level k are on opposing sides in the structure.
The first pair of pebbles placed above level k is at least on level k + 2n−i + (n− i).

It is obvious that if Duplicator can maintain this invariant for n rounds then she wins.
Furthermore, at the beginning of the game the invariant holds with k = 2n.

Suppose now that i rounds have been played in the game and Spoiler decides to move
from some pebble P . Duplicator will always answer with the pebble P ′ on the same level.
Spoiler has two types of moves available. First, he can simply choose a successor of P . If
P, P ′ mark the same state then Duplicator simply copies Spoiler’s pick, if not then P ′ is on
the opposing side of the structure compared to P and Duplicator chooses the same type of
successor on the other side of the structure. In both cases the invariant is maintained.

Suppose Spoiler chooses some path through the structure and some point on this path.
It is obvious that to maintain the first part of the invariant Duplicator has to choose his
endpoint of the path on the same level and at the same type of node as Spoiler. There are
two possibilities for Spoiler’s path:

First, P is at or below level k. In this case P, P ′ mark the same state. Thus, Duplicator
simply copies Spoiler’s path as well as his choice for the next pebble.
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s3 pr3

s2 pr2

s1 p

r1 p

t1

s′3p r′3

s′2p r′2
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t′1

(a) Structure A.

P P ′

k′

k

k + 2n−i−1

(b) Sketch of Duplicator’s path choice. The black
path is Spoiler’s choice. Duplicator’s path is depicted
in red. The blue part means that both paths have
joined.

Figure 1 Structure A and a sketch of Duplicator’s path choice on A.

Second, P is above level k. So P and P ′ are on opposing sides of the structure. Let k′
be the level of the lowest pebbles above k. Then k′ ≥ k + 2n−i + (n− i). Suppose for the
moment that Spoiler has chosen his endpoint of the path anywhere else than at the state
rk+2n−i−1+1. Then Duplicator chooses his path as follows:

Up to level k + 2n−i−1 + 1 he mimics Spoiler’s path but on the opposing side of the
structure. For example if Spoiler’s path goes through sj then Duplicator’s will go through
s′j etc.
At sk+2n−i−1+1 or s′k+2n−i−1+1 Duplicator’s path changes sides to meet up with Spoiler’s
path at sk+2n−i−1 or s′k+2n−i−1 – even if Spoiler’s path goes through rk+2n−i−1+1 or
r′k+2n−i−1+1.
From sk+2n−i−1 or s′k+2n−i−1 he simply copies Spoiler’s path.

A rough illustration of Duplicator’s path is depicted in Figure 1b. Spoiler now has only two
options (the case that Spoiler chooses to play the endpoint of his path gets subsumed here
since Duplicator will always play the same node on the same level). Either he places a new
pebble above level k + 2n−i−1 on Duplicator’s path. Then Duplicator can answer with the
same type of node on the same level in Spoiler’s path on the opposing side of the structure.
Or Spoiler places a pebble at or below level k + 2n−i−1 on Duplicator’s path. In this case
Duplicator simply answers with the same state since both paths are the same there.

In both cases one can check that the invariant is maintained, possibly with a bigger k
if Spoiler’s choice is somewhere between level k and k + 2n−i−1. In any case, the gap to k′
is large enough to also maintain the third part of the invariant. This strategy only works
if Spoiler cannot explicitly choose to go to rk+2n−i−1+1 or r′k+2n−i−1+1, i.e. if he does not
choose either of those points as the endpoints of his path, since Duplicator’s path changes
the sides of the structure on this level and thus cannot go through the opposing r-node.

So, suppose Spoiler has chosen a path through rk+2n−i−1+1 or r′k+2n−i−1+1 and has chosen
this point as his endpoint of the path. In this case Duplicator chooses almost the same path
as before, however he switches sides to Spoiler’s path one level earlier such that if Spoiler
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decides to go to rk+2n−i−1+1 resp. r′k+2n−i−1+1 Duplicator can move to the same state. As
one can check the invariant here is also maintained with a new k between the previous k and
k + 2n−i−1 + 1 – at most one bigger than before.

Thus, by maintaining this invariant Duplicator wins GnHCTL(A, s2n+1+n,A, s′2n+1+n). J

I Theorem 7. There is no HFCTL+ formula that is logically equivalent to the CTL∗ formula
AF(p ∧ Xp).

Proof. Suppose there was such a formula. By Theorem 5 this formula would be equivalent
to an HCTL formula on finite structures. Let n be the operator depth of this HCTL formula.
Then by Theorem 2 and 6 this formula cannot distinguish between the states s2n+1+n and
s′2n+1+n in A. However, A, sj |= AF(p ∧ Xp) while A, s′j 6|= AF(p ∧ Xp) for all j. J

Thus, we get that CTL∗ and HFCTL+ are incomparable and since HCTL∗ss is an extension
of CTL∗ and HFCTL+:

I Corollary 8. Already on finite structures HCTL∗ss is more expressive than HFCTL+.

This result transfers to general Kripke structures. However, it is quite interesting to see
that this proof does not simply carry over to the class of computation trees.

There, we can exploit that the path to some state s is unique. Using this, we can for
example get that on tree structures the formula AF(p∧Xp) is equivalent to the HCTL formula
↓ s.AF(p ∧ ↓x.@s EF(EXx ∧ p)). The latter formula states that on all paths we can finally
find some state y satisfying p such that if we jump back to the root of the tree we can find a
state that has a successor y and also satisfies p. Since predecessors on trees are unique this
equivalence holds on all trees.

Since the latter formula is already in HCTL the proof showing that CTL∗ is not subsumed
by HCTL does not carry over.

5 Hybrid Temporal Logics and the Hybrid µ-Calculus

The hybrid µ-calculus Hµ is an extension of the modal µ-calculus Lµ with hybrid operators.
However, despite increasing the expressive power of the modal µ-calculus substantially it is
known that Hµ – contrary to the non-hybrid case – does not subsume all hybrid extensions
of CTL∗. In [13] it was shown that formulas of Hµ using at most k first-order variables are
invariant under hybrid k-bisimulations – a bisimulation notion that links (k + 1)-tuples of
states such that the i-th states of these tuples have matching atomic propositions, matching
(hybrid) accessibility relations which includes jumping to the other k states and rebinding
them and also match in regard to the other k states of the tuple. It is not too hard, though,
to see that HCTL∗ps contains formulas which are not invariant under hybrid k-bisimulations
for any k. An example is EG(↓x.XG¬x) stating that there is a loop-less infinite path. As an
immediate consequence one obtains that HCTL∗ps cannot be embedded into Hµ.

We continue the study of the connection between hybrid extensions of CTL∗ and Hµ in
this section. First, we briefly recall Hµ. Secondly, we show that at least HCTL∗ss is subsumed
by Hµ. As a byproduct of this translation we get that HCTL∗ps is strictly more expressive
than HCTL∗ss and that the latter is also invariant under hybrid k-bisimulations. And finally,
we lift the standard proof that the µ-calculus is more expressive than CTL∗ to the hybrid
world, showing that HCTL∗pp and Hµ are incomparable in terms of their expressive power.
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5.1 The Hybrid µ-Calculus
Let Var2 = {X,Y, . . .} be a countable set of second-order variables that is disjoint from Var
and Prop. Formulas of the fully hybrid µ-calculus Hµ are given by the grammar

ϕ := p | x | X | ¬ϕ | ϕ ∨ ϕ | �ϕ | @x ϕ | ↓x.ϕ | µX.ϕ(X)

where p ∈ Prop, x ∈ Var and X ∈ Var2. The modal µ-calculus Lµ is obtained by disallowing
the occurrence of first-order variables. We make use of tt, ff, ∧, ♦, νX.ϕ as abbreviations
in the usual way, and we assume the following standard sanity condition on formulas: every
X ∈ Var2 is bound at most once by a fixpoint quantifier µ or ν and can only occur under an
even number of negations within its binding formula.

Formulas of Hµ are interpreted over Kripke structures K = 〈S,→, L〉. Formally the
semantics for Hµ with respect to a Kripke structure K = 〈S,→, L〉 over Prop and an
assignment ρ : Var2 → 2S×(Var→S) is the following:

JpKKρ = {(s, σ) | p ∈ L(s)},
JXKKρ = ρ(X),
JxKKρ = {(s, σ) | s = σ(x)},

J¬ϕKKρ = {(s, σ) | (s, σ) 6∈ JϕKKρ },
Jϕ1 ∨ ϕ2KKρ = Jϕ1KKρ ∪ Jϕ2KKρ ,

J�ϕKKρ = {(s, σ) | ∀t ∈ S: if s→ t, then (t, σ) ∈ JϕKKρ },
J@x ϕKKρ = {(s, σ) | (σ(x), σ) ∈ JϕKKρ },
J↓x.ϕKKρ = {(s, σ) | (s, σ[x 7→ s]) ∈ JϕKKρ },

JµX.ϕ(X)KKρ =
⋂
{T ⊆ S × (Var → S) | JϕKKρ[X→T ] ⊆ T}

with p ∈ Prop, x ∈ Var and X ∈ Var2. We write K, s, σ, ρ |= ϕ if (s, σ) ∈ JϕKKρ . If there are
no free second-order variables we also may drop ρ.

5.2 HCTL∗
SS and Hµ

Our aim is to translate HCTL∗ss into Hµ. However, already for CTL∗ the translation into
the µ-calculus is nontrivial. A key part in the non-hybrid translation is that path formulas
can be regarded as simple LTL formulas with embedded CTL∗ state-formulas. Ignoring the
state formulas for a moment, we can translate LTL-formulas into suitable Büchi automata
on ω-words which accept a path if and only if it satisfies this formula. These automata can
then be translated into a µ-calculus formula that basically simulates the automaton along
some path. The embedded state formulas can be handled by a decomposition method as
usual in CTL∗.

Something similar can be done in the hybrid case. Inspecting the grammar of HCTL∗ss
again, we see that path formulas are basically also only simple LTL formulas with embedded
state formulas. In particular path formulas are evaluated with respect to a fixed variable
interpretation. The only difference is that these path formulas are not simply over the atomic
propositions as vocabulary but they also encompass some variables that can be used. For
example the path formula Fx in ↓x.EFx features the variable x and thus a Büchi automaton
that checks that somewhere along the path x holds, also needs to take care of these variables.

The idea now is the same as in the non-hybrid case: for path formulas we will construct
a Büchi-automaton over an extended vocabulary that treats variables simply like atomic
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propositions. This automaton, of-course, accepts more paths than in hybrid-logic intended.
For example the restriction that a variable only holds at exactly one state will not be checked
by this automaton.

However, since these automata are only an intermediate state in the translation this will
not be a problem because we will then translate these automata into suitable Hµ formulas
which will – by the semantics of Hµ– check that variables only occur at a single state.

To get started we need some definitions and notation:

I Definition 9. A path formula ψ is called pure if there are no occurrences of path quantifiers
E,A or hybrid operators ↓,@ in ψ.

I Definition 10. Let K = 〈S,→, L〉 be a Kripke structure over Prop and σ : Var → S a
variable assignment. We define Kσ = 〈S,→, L′〉 with L′(s) := L(s) ∪ {x ∈ Var | σ(x) = s}.

Thus, Kσ extends K with new propositions for each variable. There is a 1-1 connection
between paths from K and paths from Kσ. Thus, let pr : Paths(K) → Paths(Kσ) be
the unique function that maps a path from K to its copy in Kσ. Thus, for every path
π ∈ (S × 2Prop)ω we get pr(π) ∈ (S × 2Prop∪Var)ω.

I Definition 11. Let K = 〈S,→, L〉 be a Kripke structure and σ : Var → S a variable
assignment. A path π ∈ (S × 2Prop∪Var)ω is called consistent with σ if for all positions
πi = (s,M) on π it holds that s = σ(x) if and only if x ∈M for all x ∈ Var .

The following lemma about consistent paths is easy to see:

I Lemma 12. Let K = 〈S,→, L〉 be a Kripke structure over Prop, σ : Var → S a variable
assignment and π be a path in K. Then pr(π) is consistent with σ.

The next lemma yields a connection between HCTL∗ss path formulas and LTL formulas.
We use LTL as an index for the satisfaction relation to indicate that the (pure) path formula
is interpreted as an LTL formula, i.e. π |=LTL ψ means that the path π satisfies ψ interpreted
as an LTL formula.

I Lemma 13. Let K = 〈S,→, L〉 be a Kripke structure, π a path in K and σ : Var → S a
variable assignment. For every pure HCTL∗ss path formula ψ over atomic propositions Prop
and variables {x1, . . . , xk} it holds that K,π, σ |= ψ if and only if Kσ, pr(π) |=LTL ψ.

Proof. We will prove this by induction on ψ. Suppose first that ψ = ϕ for some state-formula
ϕ and suppose K,π, σ |= ψ. Since ψ is pure, there are no path quantifiers E,A, ↓x.ϕ′ nor
@x ϕ

′ in ψ. Thus, ϕ is a boolean combination of propositions and variables and because
pr(π) is consistent with σ and all states in Kσ agree with their respective states in K on
atomic propositions we also get that Kσ, pr(π) |=LTL ψ.

So, suppose ψ = Xψ′. Then K,π, 1, σ |= ψ. With the induction hypothesis we get that
pr(π), 1 |=LTL ψ

′ and also that pr(π) |=LTL ψ.
For the last case, suppose that ψ = ψ1Uψ2 and K,π, σ |= ψ. Then there is some j

such that K,π, j, σ |= ψ2 and for all i ≤ j it holds that K,π, i, σ |= ψ1. By the induction
hypothesis we get that pr(π), j |=LTL ψ2 and pr(π), i |=LTL ψ1 for all i ≤ j. Thus, we also
get pr(π) |=LTL ψ. This finishes the proof. J

The following theorems extend well-known results for LTL, Büchi automata and the
µ-calculus to deal with the hybrid world.
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I Theorem 14. For each pure HCTL∗ss path formula ψ of size n over atomic propositions
Prop and variables {x1, . . . , xk} there is a Büchi automaton Aψ of size O(n · 2n) such that
1. a path π ∈ (S × 2Prop∪Var)ω is accepted by Aψ if and only if π |=LTL ψ and
2. for all paths π′ ∈ (S × 2Prop)ω, pr(π′) is accepted by Aψ, if and only if π′, σ |= ψ.

Proof. To construct Aψ we first observe that ψ is a pure LTL formula with possibly added
tests for variables. We treat variable test for the moment like usual atomic propositions.
Furthermore, we know that for each LTL formula ψ there is a Büchi automaton Aψ that
accepts a path π iff this path satisfies ψ [16]. This immediately yields the first part of the
theorem as well as the size estimation on the automaton. The second part follows from the
first one in combination with Lemma 13. J

Observe that the constructed Büchi automaton only checks the sequence of propositions
and thus, Aψ accepts more paths than intended, for example paths in which the “proposition”
x can occur on more than one state and thus cannot truly be an encoding of a hybrid variable.

To utilise these Büchi automata in the hybrid µ-calculus we also need to bridge the gap
between Lµ and Hµ in some sense. Similar to the LTL case we write K, s |=Lµ ϕ to indicate
that ϕ is interpreted as a purely modal µ-calculus formula.

I Lemma 15. For each Hµ-formula ϕ without any occurrence of ↓x.ψ or @x ψ in it, it holds
that K, s, σ |= ϕ if and only if Kσ, s |=Lµ ϕ.

Proof sketch. To prove this by induction on ϕ we need to strengthen the hypothesis in order
to deal with free second-order variables. Let ϕ(X1, . . . , Xm) be a formula with free second-
order variables X1, . . . , Xm and ρ : {X1, . . . , Xm} → 2S×(Var→S) be an interpretation for
them. We define ρ′ : {X1, . . . , Xm} → 2S to be ρ′(X) := {s | (s, σ) ∈ ρ(x)}. We now show by
induction on ϕ that K, s, σ, ρ |= ϕ(X1, . . . , Xm) if and only if Kσ, s, ρ

′ |=Lµ ϕ(X1, . . . , Xm).
Suppose ϕ = p. Then the statement holds because K and Kσ agree everywhere on atomic

propositions. The case ϕ = x is by construction of Kσ because x as an atomic proposition in
Kσ holds exactly at σ(x). The case ϕ = X follows by the construction of ρ′. The boolean
cases as well as box and diamond operators follow by simple semantic arguments.

For the last case, suppose that ϕ = µX.ψ(X). To show this case we can use the
characterisation of a least fixpoint as the union of its approximations. We can then show
that the statement holds for each approximation by a separate induction (and thus for the
union of all of them). J

I Theorem 16. For each Büchi automaton A over Prop ∪ {x1, . . . , xk} of size m there is
an Hµ formula ϕA of size at most O(m · 2m) such that K, s, σ |= ϕA if and only if there is a
path π in K starting at s such that A accepts pr(π).

Proof. It is known that for each Büchi automaton A there is an Lµ formula ϕA such that
Kσ, s |=Lµ ϕA if and only if there exists a path π′ starting at s such that A accepts π′,
c.f. [4, Chp. 10]. Since π′ is a path in Kσ, there is a path π in K such that pr(π) = π′. By
Lemma 15 and the fact that ϕA does not have any occurrences of ↓ x or @x (in fact, ϕA is a
pure modal µ-calculus formula extended by variable tests) we get that Kσ, s |=Lµ ϕA if and
only if K, s, σ |= ϕA. J

We will use these theorems to show the following:

I Theorem 17. For each formula ϕ ∈ HCTL∗ss there is a formula ϕ′ ∈ Hµ such that
K, s, σ |= ϕ if and only if K, s, σ |= ϕ′ for all Kripke structures K, states s in K and variable
assignments σ.
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Proof. We will first give a translation for HCTL∗ss formulas and then argue correctness of
the translation. The cases up to path formulas are straightforward:

τ(p) := p τ(ϕ ∨ χ) := τ(ϕ) ∨ τ(χ)
τ(x) := x τ(↓x.ϕ) := ↓x.τ(ϕ)

τ(¬ϕ) := ¬τ(ϕ) τ(@x ϕ) := @x τ(ϕ)

For the case of ϕ = Eψ, let {ϕ1, . . . , ϕm} be the maximal state-subformulas in ψ, i.e.
subformulas that start with E,A, ↓x.,@x. We first replace those by fresh atomic propositions
pϕi . The resulting formula is a pure HCTL∗ss path formula over the propositions Prop ∪
{pϕ1 , . . . , pϕm} and variables {x1, . . . , xk}. According to Theorem 14 we construct a Büchi-
automaton Aψ. Furthermore, according to Theorem 16 there is a Hµ formula ϕAψ that
simulates this Büchi-automaton and thus the formula ψ.

Finally, we translate the remaining maximal state subformulas {ϕ1, . . . , ϕm} recursively.
Let τ(ϕ1), . . . , τ(ϕm) be their respective translations. We obtain the final translated formula
by replacing the atomic propositions pϕi in ϕAψ by their respective translations. Thus:

τ(Eψ) := ϕAψ [τ(ϕ1)/pϕ1 , . . . , τ(ϕm)/pϕm ] .

It remains to be shown that this translation is correct. For this, let K = 〈S,→, L〉 be a
Kripke structure, s ∈ S and σ : Var → S a variable assignment. We prove that K, s, σ |= ϕ

if and only if K, s, σ |= τ(ϕ) by induction on ϕ.
The only interesting case is ϕ = Eψ. Suppose first, that ψ is pure and K, s, σ |= Eψ. Then

there is a path on K starting at s such that K,π, σ |= ψ. By the second part of Theorem 14
we get that K,π, σ |= ψ if and only if pr(π) is accepted by Aψ and by Theorem 16 we then
get that pr(π) is accepted by Aψ if and only if K, s, σ |= ϕAψ .

For the case that ψ is not pure, we additionally need the fact that K, s, σ |= ϕ [χ/p]⇔
K ′, s, σ |= ϕ where K ′ extends K with an atomic proposition p such that p ∈ L(s) ⇔
K, s, σ |= χ. This can be shown by a straightforward induction on ϕ, both for HCTL∗ss and
Hµ. J

To illustrate the translation we will give a short example:

I Example 18. Consider the formula χ := ↓ y.EG (Fy ∧ ↓x.EXFx). The formula states that
there is a path whose starting point is seen infinitely often along the path and at every point
of the path there is another path that loops back to the current point.

We first begin by extracting the maximal state-subformula ↓x.EXFx leaving us with
the formula ↓ y.EG (Fy ∧ p). We first construct a Büchi automaton A for the LTL-formula
G (Fy ∧ p) (ignoring that y is a variable test):

q0 q1

p, y p

p, y

p

This Büchi-automaton can be translated into the following µ-calculus formula which is
satisfied by a state s iff there is a path emerging from s that is accepted by A.

ϕ := [νY.(p ∧ y ∧ ♦Y ) ∨ (p ∧ y ∧ ♦µZ.(p ∧ ♦Z) ∨ (p ∧ ♦Y ))]∨
µZ.(p ∧ ♦Z) ∨ (p ∧ ♦νY.(p ∧ y ∧ ♦Y ) ∨ (p ∧ y ∧ ♦µZ.(p ∧ ♦Z) ∨ (p ∧ ♦Y ))
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Here the first line describes an accepting run starting at q0 and the second line a run starting
at q1. The automaton accepts a path π if p holds everywhere and y is seen infinitely often
along π. For the sake of presentation we will use that

ϕ ≡ νY.µZ.p ∧ ((y ∧ ♦Y ) ∨ ♦Z)

and continue to use this shorter formula. Doing the same recursively we get that τ(EXFx) =
♦µX.x ∨ ♦X. Putting them together we get τ(χ) := ↓ y.νY.µZ.(↓x.♦µX.x ∨ ♦X) ∧ ((y ∧
♦Y ) ∨ ♦Z).

Knowing that HCTL∗ss is a fragment of Hµ also helps us to understand the connection
between HCTL∗ss and HCTL∗ps given that the latter cannot be embedded into Hµ [13].

I Corollary 19. HCTL∗ps is strictly more expressive than HCTL∗ss.

In particular, no HCTL∗ss formula is equivalent to the HCTL∗ps formula EG ↓x.XG¬x.
Let HkCTL∗ss and Hkµ be the fragments of HCTL∗ss and Hµ that use at most k first-order

variables. We know from [13] that Hkµ is hybrid k-bisimulation-invariant. Thus, since the
translation from HCTL∗ss to Hµ basically leaves variables untouched we also get:

I Corollary 20. HkCTL∗ss is hybrid k-bisimulation-invariant.

5.3 HCTL∗
ps/HCTL∗

pp and Hµ are incomparable

Finally, we are also interested in the connection between HCTL∗ps resp. HCTL∗pp and Hµ. We
already know that one cannot be embedded into the other; in the remainder of this section
we will show that this is also true of the other way: there are formulas in Hµ which cannot be
expressed in HCTL∗pp and, hence, not on HCTL∗ps either. Hence, we will show that HCTL∗pp
(resp. HCTL∗ps) and Hµ are incomparable.

I Theorem 21. Let K be a linear structure and ϕ ∈ HCTL∗pp. Let ϕ′ be the formula that is
constructed by simply removing all path quantifiers in ϕ. Then K, s, σ |= ϕ if and only if
K, s, σ |= Eϕ′.

Proof. To prove this, we see that on linear structures there is no difference between E
and A path quantifiers since from every point in the structure there is exactly one path.
Consequently we can just drop the path quantifiers altogether. J

Thus, Theorem 21 essentially states that on linear structures HCTL∗pp (and HCTL∗ps) is as
expressive as hybrid LTL.

I Theorem 22. There is no HCTL∗pp formula that can express the Hµ property µX. p∨♦♦X.

Proof. Suppose for the sake of contradiction that such a formula ϕ exists. Then by Theorem
21 we get that there is a hybrid LTL formula that characterises reachability in an even
number of steps on word structures. However, hybrid LTL can be translated into first-order
logic on word structures which, in turn, cannot express this property, c.f. [5]. Thus, such a
formula cannot exist. J

I Corollary 23. HCTL∗ps/HCTL∗pp and Hµ are incomparable.
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(a) general structures.
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(b) finite structures.
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(c) tree structures.

Figure 2 The branching-time hierarchy on different classes of Kripke structures. Results colored
in red are newly obtained in this paper while results colored in green have been previously shown.
Still open questions are marked with a “?”.

6 Conclusion & Further Work

To conclude, we have studied the expressive power of hybrid branching-time logics. The
results are summarised in Figure 2.

For general structures the results, depicted in Figure 2a, are similar to their non-hybrid
counterparts – at least for the part below HCTL∗ss. We have proven that HCTL+ and HCTL
have the same expressive power. HFCTL+ then can express more properties than HCTL+

and HCTL∗ss can express even more. However, above HCTL∗ss the picture is a bit different:
only HCTL∗ss can be translated into Hµ. Allowing dynamic naming of states as part of a path
formula in CTL∗ then drastically increases the expressive power in a way that is not even
captured by Hµ. We do not yet know if allowing jumps as part of path formulas increases
the expressive power of the resulting logic even further.

It is also interesting to see that these expressiveness results change depending on the
classes of structures in reference. For general Kripke structures we have obtained an (almost)
complete picture. However, if we restrict the attention to finite structures or tree structures
we only have an incomplete and possibly quite different picture. For example, on finite
structures we have shown that HFCTL+ is equi-expressive to HCTL which helped us prove
the expressiveness gap between HFCTL+ and HCTL∗ss. However, it is still unclear if this
expressiveness gap also holds for trees. We have also summarised what we know about finite
structures and trees in Figures 2b and 2c.

Future work will focus on studying the expressiveness over interesting classes of structures
such as finite structures or trees and will aim to close the gaps in their respective hierarchies.
We will also continue to study the expressiveness games defined in Section 3. Here, we have
only proven one direction: if Duplicator wins, then there is no formula that can distinguish
the structures in question. A proof for the reverse direction would in itself strengthen this
framework but has turned out to be rather challenging.
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A Appendix

We need a technical definition for the proof of Theorem 2.

I Definition 24. For any ϕ ∈ HCTL we define the temporal nesting depth of ϕ (nd(ϕ)) as
follows:

nd(p) := 0, nd(x) := 0,
nd(¬ϕ) := nd(ϕ), nd(ϕ1 ∨ ϕ2) := max{nd(ϕ1), nd(ϕ2)},

nd(↓x.ϕ) := nd(ϕ), nd(@x ϕ) := nd(ϕ),
nd(EXϕ) := nd(ϕ) + 1, nd(Eϕ1Uϕ2) := max{nd(ϕ1), nd(ϕ2)}+ 1.

I Theorem 2 (restated). If Duplicator wins GmHCTL(K0, s0,K1, t0) then it holds for all
formulas ϕ ∈ HCTL with nd(ϕ) ≤ m that K0, s0 |= ϕ if and only if K1, t0 |= ϕ.

Proof. We prove an extended statement for formulas with unbounded occurrences of variables.
For this, let GmHCTL(K0, s0, . . . , sn−1,K1, t0, . . . , tn−1) be the game with n pebbles already
placed. We will show the following statement:

We show that if Duplicator wins GmHCTL(K0, s0, . . . , sn−1,K1, t0, . . . , tn−1) then it holds
for all formulas ϕ ∈ HCTL with nd(ϕ) ≤ m and all variable assignments σ : Var → S0,
σ′ : Var → S1 such that σ(x) = si if and only if σ′(x) = ti that K0, si, σ |= ϕ if and only if
K1, ti, σ

′ |= ϕ.
We show this by an induction on the number of rounds m and only show the cases where

Duplicator moves on K0. The other cases are completely analoguous.
Let m = 0 and suppose that Duplicator wins GmHCTL(K0, s0, . . . , sn−1,K1, t0, . . . , tn−1).

Then it holds for all atomic formulas ϕ = p or ϕ = xj for some p ∈ Prop and 0 ≤ j ≤ n− 1
that K0, si, σ |= ϕ if and only if K1, ti, σ

′ |= ϕ. This follows directly from the winning
conditions of Duplicator. The cases for boolean connectives and hybrid operators can be
shown by a straightforward induction.

So, let m ≥ 1 and suppose that the statement already holds for m− 1. Suppose again,
that Duplicator wins GmHCTL(K0, s0, . . . , sn−1,K1, t0, . . . , tn−1). We show that K0, si, σ |= ϕ

if and only if K1, ti, σ
′ |= ϕ with ϕ, σ, σ′, i as above by an induction over the structure of ϕ.

Atomic formulas and boolean connectives can be shown in the same way as for m = 0.
ϕ = EXψ. SupposeK0, si, σ |= ϕ, then there is some successor s′i of si such thatK0, s

′
i, σ |=

ψ. Suppose Spoiler chooses s′i and moves there. Since Duplicator wins, she can choose
a successor t′i of ti such that she wins Gm−1

HCTL(K0, s0, . . . , sn−1, s
′
i,K1, t0, . . . , tn−1, t

′
i).

Since nd(ψ) < m we can use that the statement already holds for m − 1 and get that
K1, t

′
i, σ
′ |= ψ. This means also that K1, ti, σ

′ |= ϕ.
ϕ = Eψ1Uψ2. Suppose K0, si, σ |= ϕ. Then there is a path π starting at si and some l
such that K0, π

l, σ0 |= ψ2 and for all j < l, K0, π
j , σ |= ψ1. Suppose Spoiler chooses to

play π on K0 with l. Since Duplicator wins the game, she can answer with some path τ
on K1 starting at ti and some l′. Spoiler now has two possibilities:
First, he can choose to go to πl. Duplicator then has to play τ l′ and since she plays a
winning strategy wins the game Gm−1

HCTL(K0, s0, . . . , sn−1, π
l,K1, t0, . . . , tn−1, τ

l′). Since
K0, π

l, σ0 |= ψ2 and nd(ψ2) < m we can deduce with the hypothesis for m − 1, that
K1, τ

l′ , σ′ |= ψ2.
Secondly, Spoiler can choose any k′ < l′ and move to τk′ . Since Duplicator is winning, she
can answer with some k < l, move to πk and win from there. We know thatK0, π

k, σ |= ψ1
and nd(ψ1) < m so by the induction hypothesis we also get that K1, τ

k′ , σ′ |= ψ1. This
holds for any k′ < l′ since it was Spoiler’s choice.

TIME 2018



16:18 On the Expressive Power of Hybrid Branching-Time Logics

Thus, we have that there is some l′ on τ such that K1, τ
l′ , σ′ |= ψ2 and for all k′ < l′ it

holds that K1, τ
k′ , σ′ |= ψ1. Thus, since τ starts at ti we get that K1, ti, σ

′ |= ϕ.
ϕ = ↓x.ψ for some x 6∈ {x0, . . . , xn−1} (otherwise x0, . . . , xn−1 would not be free).
Suppose K0, si, σ |= ϕ. Then K0, si, σ[x 7→ si] |= ψ. Since ψ is smaller then ϕ and
σ[x 7→ si], resp. σ′[x 7→ ti] also satisfy the assumption for variable interpretations we
can use the induction hypothesis for ψ and get that K1, ti, σ

′[x 7→ ti] |= ψ and thus also
K1, ti, σ

′ |= ϕ.
ϕ = @xj ψ for some 0 ≤ j ≤ n− 1. Suppose K0, si, σ |= ϕ. Then with the definition of σ
we get that K0, sj , σ |= ψ. With the induction hypothesis for ψ we get that K0, tj , σ

′ |= ψ

and thus also K0, si, σ |= ϕ.
This finishes the proof. J

I Theorem 25. For each HCTL+ formula ϕ there is an HCTL formula ϕ′ such that for all
Kripke structures K = 〈S,→, L〉, states s ∈ S and variable assignments σ : Var → S it holds
that K, s, σ |= ϕ if and only if K, s, σ |= ϕ′.

Proof. We describe how to transform an HCTL+ formula into an HCTL formula. This can
be done by rewriting each path formula into an equivalent HCTL formula.

Using the equivalences Aψ ≡ ¬E¬ψ, ¬Xψ ≡ X¬ψ, ¬(ψ1Uψ2) ≡ G¬ψ2 ∨ (¬ψ2U(¬ψ1 ∧
¬ψ2)), Eψ1∨ψ2 ≡ Eψ1∨Eψ2 we can push negations inward and assume conjunctions as the top-
level operator in path formulas. We then use Xϕ1∧Xϕ2 ≡ Xϕ1∧ϕ2 and Gϕ1∧Gϕ2 ≡ Gϕ1∧ϕ2
to move Next- and Generally operators upwards and E(ϕ ∧ ψ) ≡ ϕ ∧ Eψ for some state
formula ϕ to remove state-formulas directly under a path quantifier. Thus, we can assume
that each path formula has the form

E(XΛ1 ∧
∧
i∈I

ϕiUχi ∧ GΛ2)

with suitable state formulas Λi, ϕi, χi.
We then obtain an HCTL formula by guessing the order in which the Until-formulas are

satisfied along such a path. This is done by the following formula:

Λ2 ∧
∨
J⊆I

(
∧
j 6∈J

χj) ∧ (
∧
j 6∈J

ϕj) ∧ EX
(

Λ1∧

∨
π∈Perm(J)

E((Λ2 ∧
∧
j∈J

ϕπ(j))U
(
χπ(1)∧

E((Λ2 ∧
∧

j∈J,j 6=1
ϕπ(j))U

(
χπ(2)∧

...

E((Λ2 ∧ ϕπ(|J|))U(χπ(|J|) ∧ EGΛ2))
)
. . .
)

where Perm(J) denotes the set of all permutations over J . J
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1 Introduction

Behaviour support technology [15, 9, 12, 18] is aimed at helping people organize their
Activities of Daily Living (ADLs) and change their habits. For example, smart home and
wearable technology is being developed to recognize people’s activities and determine whether
it constitutes abnormal behavior [17, 11]. This technology is developed with the aim of
allowing elderly and people with special needs to continue living independently by providing
support in cases of deviations from expected behavior.

While numerous such frameworks have been developed, they typically focus on specific
types of behavior – such as forgetting to perform certain actions, and corresponding support
actions – such as smart reminders [9, 12, 18, 13]. Perhaps as a consequence, the specification
of what is the desired user behaviour is typically left implicit in these frameworks, intertwined
with activity recognition and supportive actions.

In our work we aim to develop a generic formal framework for representing and reasoning
about ADLs, in which the representation of desired behavior is explicit and decoupled from
recognition of actual user behavior and corresponding support actions. These expressions of
desired behaviour can originate from users themselves or from others in their social context,
such as caregivers. Our approach [8, 23, 16, 22] is inspired by research on normative multiagent
systems [2] in which computational models are developed for explicitly representing and
reasoning about norms that govern societies of artificial autonomous agents at run-time.
An important advantage of our approach is that it can form the foundation for developing
more comprehensive supportive technology that can support a wide variety of desired types
of behavior. Moreover, such explicit representation of desired behavior allows reasoning
about possible conflicting desires as well as underlying motivations and values (see also [16]).
Finally, it allows development of generic supportive strategies based on the representations of
desired behavior and values.

Considering the inherent temporal nature of ADLs, we take temporal logic as a basis for
representing desired behavior [10]. Specifically, the framework should facilitate modelling
and reasoning about 1) durative activities, 2) relations between higher-level activities and
subactivities, 3) activity instances, and 4) normal activity duration.

The motivation for this is that we would not consider actions as being done instantaneosly;
thus our logic should not be limited to when an activity is done, but also include for how long
it is being done. A hierarchy of activities will allow for a more fine-grained support: it might
be the case that while a user requests support for a particular, complex activity, support is
only really needed for a particular part of the activity, e.g. a user requiring support for the
activity of cooking dinner may only need support when preparing the ingredients, but not
for the actual cooking activity. The logic should be able to handle instances of activities,
i.e. it should be able to distinguish between the more abstract description given by a user
or caregiver, and the activity instance actually carried out. This allows us to check for any
deviation from the recorded description of an activity, whether there is a deviation in the
manner in which the activity is carried out or whether it takes an unusually long or short
time. There are several temporal logic frameworks that allow expressing durative properties,
e.g. [14]. All of our requirements considered, we believe that choosing TPTL as the basis for
our logic is the most suitable starting point. In particular, we need a way to encode the exact
duration that an instance of an activity takes to be carried out, as well as at which time
activities are started and completed, respectively. That is, we desire a logic which enables us
to express various types of temporal goals. Reasoning about how to handle the interaction
between these goals, handling conflicts etc. is not the focus of this paper. Concerning these
questions see e.g. [20, 19].
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Once we have an understanding of which notions of temporality we want and need to
capture for this type of technology, we can analyze which of many existing frameworks for
representing and reasoning about norms and time we can build on, e.g. [6, 5, 3, 4, 7, 22].

A key notion for supporting people in their daily lives is that of normal behaviour [17, 11]:
a support system should be able to detect when a user’s activities deviate from a norm, and
render support to the user in such situations. However, this notion is sometimes considered
in very strict bounds: changing the order of subactivities in a specific activity is already
considered abnormal. While this certainly applies, e.g. when a user is going to bed before
taking off their clothes, or starting to eat before taking certain medication, there are situations
in which this ordering may be too strict. When preparing a meal, for instance, we may have
a record of the usual order in which the ingredients are prepared. For example, the user
usually cuts the tomatoes, then washes the salad leaves, and finally peels and cooks potatoes,
deviations from this particular order would not necessarily be seen as abnormal. Especially
in the cooking domain, where a lot of activities can be carried out by multiple people in
parallel to prepare a meal, we would want to allow more flexibility. In order to achieve this,
we define the notion of Coherence, by which we mean that an activity is carried out without
interruption and in a timely fashion, but which does not account for the particular order
in which subactivities are carried out. While this means that there are sometimes extra
conditions needed to make sure that e.g., the potatoes are peeled before they are cooked, our
notion allows this increased flexibility compared to the much stricter notions of normal /
abnormal behaviour.

The paper is organized as follows: in section 2 we introduce the Behaviour Identification
Hierarchy A, which will form the basis for our logic. We also introduce the example of
making a pizza for dinner, which we will use throughout the paper as a motivational example
as well as demonstrating how the features of our logic work. In section 3, the temporal logic
TPTLbih(A) is defined and we discuss syntax and semantics as well as conditions on the
semantic structures that correspond to properties we wish to hold in the logic. We will then
introduce the notion of Coherence in section 4, and demonstrate that this is a notion that is
satisfiable in our logic TPTLbih(A).

2 A Basic Behaviour Identification Hierarchy

In this section we will introduce the Behaviour Identification Hierarchy (BIH) that forms the
basis of our temporal logic. The BIH is intended to represent the user’s recorded behaviour,
desired or actual, that the agent will use for rendering support to the user. Before defining
the BIH in detail, we will motivate our ideas by an example behaviour description. For
this, we will follow the fictitious life of Pedro, who uses a supportive agent for assistance for
certain daily tasks.

I Example 1. Pedro wants to have pizza for dinner and needs assistance for that. He
describes his usual way of making a pizza as follows:

He first prepares the dough and all ingredients he wants on the pizza. These include
tomato sauce, cheese, and sometimes mushrooms and olives.
For the preparation, he rolls out the dough, grates the cheese, washes and cuts the
mushrooms, and drains and cuts the olives.
He then spreads the tomato sauce on the rolled out dough, then decorates with mushrooms
and olives, and finally puts the grated cheese on top.
Finally, he puts the pizza in the oven for about 20 minutes.

TIME 2018
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Using this description, we obtain a basic abstraction structure for the activity of “making
pizza”:

make_pizza

prepare_ingredients decorate_pizza bake_pizza

Figure 1

That is, we can refine the single activity of “making pizza” by separating it into three
distinct subactivities, namely “preparing ingredients”, “decorating the pizza” and “baking the
pizza”. Each of those can further be refined in turn (with the exception of baking, perhaps),
with e.g. washing and cutting mushrooms part of preparing ingredients.

There is an implicit temporal structure given in the example: Pedro prepares the
ingredients before he decorates the pizza with them, and he does so before baking the pizza.
In the picture above one could read this as an ordering on the branches from left to right.

prepare_ingredients

prepare_mushrooms

wash_mushrooms cut_mushrooms

grate_cheese prepare_olives

drain_olives cut_olives

Figure 2

This implicit left-to-right temporal order does not always apply; in Figure 2 one could
easily permute the ordering of the three children of prepare_ingredients on a temporal
axis without changing the description of the activity: if all three child activities are done,
the ingredients have been prepared. We even have some more flexibility: Pedro can do the
activities described in the leaves of the tree in any order provided he washes the mushrooms
before cutting them and drains the olives before cutting them. The ability to express temporal
ordering will thus be a requirement for our logic. As we will opt for a logic based on TPTL,
the Until operator will allow us to define the appropriate notion.

We will also need some attribute to record the length of activities; we already know that
baking takes Pedro about 20 minutes, but it is unlikely that washing and cutting mushrooms
is done instantaneously by Pedro. Even if Pedro does not care how long this is going to take
him, an estimate should be given.

With this in mind we will define the Behaviour Identification Hierarchy as follows:

I Definition 2 (Behaviour Identification Hierarchy). An activity name is a string a. Let A be a
(finite) collection of activity names and let T be a temporal domain. We define the Behaviour
Identification Hierarchy A as the quadruple 〈A, fT , gT , passive〉, where fT , gT : A → T

are functions mapping each activity name to its (average) duration and (average) extra
time, respectively. Let passive : A → {0, 1} be an indicator function for passive activities,
i.e. passive(a) = 1 if the activity a is passive in the sense that it does not require active
involvement by the user.1

1 This can be a waiting “activity”, e.g. baking a pizza does not require the user to attend to the oven
during the whole time the activity takes place.
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Furthermore we define a binary relation PartOf on A, where aPartOf b iff activity a is a
part of activity b. PartOf is antisymmetric, irreflexive and such that for any activities a, b,
c, if bPartOf a and bPartOf c, then a = c.

The intuition behind this definition is as follows: The PartOf relation provides the tree
structure: each activity has a unique parent activity in the tree, and cannot be a part of
itself. The condition on unique parents has the effect that PartOf is not transitive. The
main purpose is to ensure that we do not accidentally link two distinct subtrees:

Suppose we have an activity prepare_mushrooms in the tree as a sub-activity both for
make_pizza and make_pasta. While the activity of preparing mushrooms would certainly
look identical for an observer, we cannot use the same mushrooms for both pizza and pasta
at the same time. Thus, any instance of preparing mushrooms will either be a sub-activity
of an instance of making pizza, or a sub-activity of an instance of making pasta. We want
the tree to reflect this.

Taking the transitive closure of PartOf will then enable us to state that cut_mushrooms
as a sub-activity of prepare_mushrooms is also a sub-activity of make_pizza or make_pasta,
respectively.

The functions fT and gT define the duration an activity usually takes the user. Here,
fT provides the average time, while gT describes the time of a “grace period” a monitoring
system should take into account before noticing that an activity takes too long. The reason
for implementing this with a function, rather than a constant parameter, is that a user may
have different “grace periods” for activities: for instance, mushroom cutting might be an
easy activity that the user can do without hesitation, but switching the oven on and setting
it to the correct temperature might be quite difficult for the user.

The definition above provides a basic BIH in the sense that we are not (yet) encoding any
explicit temporal ordering. The links given by PartOf also do not distinguish between optional
or mandatory parts. Furthermore, while the examples of such a BIH are all represented in
the form of a tree structure, we did not in fact require a BIH to be a tree: the actions with
the highest abstraction level, i.e. those that are not a part of another action, are not required
to have a common root. Thus, a BIH can be seen as a forest of trees, each of which has as
root a unique activity on this highest abstraction level.

3 A Temporal Logic

We will define a temporal logic for our notion of Behaviour Identification Hierarchy. Within
this logic we can then express norms and norm compliance for the behaviours given in the
BIH ([22]).

I Definition 3. We define the Temporal Logic TPTLbih(A) derived from TPTL (see e.g. [1])
as follows: Let A = 〈A, fT , gT , passive〉 be a BIH. Let the temporal domain for TPTLbih(A)
be T = N.

TPTLbih(A) has two sorts of variables: temporal variables, denoted with lower-case x, y,
z, xi, and action variables, denoted with upper-case X, Y , Z, Xi.
Let VT denote the set of temporal variables and VA denote the set of action variables.
For each a ∈ A there is a family of action constants γa1 , γa2 , γa3 , . . . in TPTLbih(A). There
is a 1-1 function F , mapping each such family {γan |n ∈ N} of constant symbols to its
corresponding action a ∈ A. F induces a partial order PartOfF on the constant symbols
by defining

γbn PartOfF γam ⇔ n = m ∧ bPartOf a ∧ γbn ∈ F−1(b) ∧ γam ∈ F−1(a).

TIME 2018
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We will omit the subscript F in PartOfF whenever the function F is understood from
the context.
For each t ∈ T , there is a temporal constant ct in TPTLbih(A).
TPTLbih(A) contains predicate symbols Start, Stop, Doing, Wait, Started, Stopped
and function symbols Duration, Extratime for actions, and symbols + (addition), ≤
and ≡d (equality modulo d) for each d ∈ T, d > 0 for temporal variables and constants.
We will use = as short-hand for ≡1.2
The temporal terms, denoted π, πi, are defined via

π ::= x+ π | ct + π |x | ct.

Action terms are given by Υ ::= X|γan.
We define the atomic formulae p of TPTLbih(A) by

p ::=Start(Υ) | Stop(Υ) | Doing(Υ) | Wait(Υ) | Duration(Υ) = π |
Extratime(Υ) = π | Started(Υ, π) | Stopped(Υ, π) |Υ1 PartOfF Υ2 |π1 ≤ π2 |
π1 ≡d π2.

Formulae φ of TPTLbih(A) are then defined by

φ ::= p |φ ∨ ψ | ¬φ | © φ |φUψ |x.φ | ∀X φ,

where p is an atomic formula.
We obtain the usual logical operators, i.e. ♦φ, �φ and φ before ψ, as abbreviations for
>Uφ, ¬♦¬φ and ¬(¬φUψ) (see e.g. [21]).
Finally, φ is an TPTLbih(A)-sentence if any temporal variable x occurring in φ is bound
by an occurrence of the fix quantifier x.ψ, and any action variable X is bound by an
occurrence of the universal quantifier ∀Xψ.

The intuition behind TPTLbih(A) is the following: the activities of A should be viewed
as the basis for propositions of the form Start(γan), Stop(γan), Doing(γan), etc. In particular,
this allows us to treat the actions as durative: in the usual interpretation of LTL, actions
would be treated as being done instantaneously between states, i.e. if a is done in state
σi, then it is completed in state σi+1. The attached times τi and τi+1 would be able to
record some notion of duration, but if other actions with shorter durations would be done
simultaneously with a, we would need to have a number of consecutive states registering that
a is being done. The fact that a then occurs in multiple states might be taken as multiple
instances of a being done, rather than just one action taking some longer time. Using Doing()
here does not only allow for this interpretation to be avoided, it also allows the notion of
“taking a break”, i.e. the language is able to express that an action is interrupted for some
time, and then continued.

The concrete language varies with different BIH A. Furthermore, our choice of taking
countably many distinct instances for each activity is motivated by the idea that each instance
of an activity can only be done once: if we baked pizza on Monday, 5th February 2018, then

2 Note that both Started and Stopped are intended to work as predicates on pairs of the form 〈Υ, π〉;
while it certainly is permissible to have distinct action instances γan associated with the same time ct,
conditions (C8) and (C9) in Definition 5 will ensure that each such instance will only be paired with
precisely one such time. Thus both of these predicates could also be seen as functions. We opt to view
them as predicates here to emphasize the rather static nature of record keeping for which they are
intended.
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we have an instance for the activity in any trace starting with or before this day, but we
would certainly never bake the exact same pizza again in the future. Even if we chose to use
the same recipe in the future to bake another pizza, we would still argue that it is not the
exact same pizza that was baked in February 2018. To allow us to make this distinction one
can see the index n of an activity constant γan as some form of ID associated with a specific
instance of an action, e.g. “the first time we bake this pizza”, “the second time”, etc.

While this means that the number of distinct instances of activities is infinite3, the
number of distinct activities is still finite as A is finite. We will now define trace semantics
for TPTLbih(A). The general idea is as follows: a model of a collection of TPTLbih(A) -
sentences is a sequence of timed states. Each state consists of a number of actions holding,
namely those actions that are (actively) being carried out at the given time. The “timed”
nature of these states is accomplished by pairing each state σi with a time τi.

I Definition 4 (Trace semantics). A TPTLbih(A)-structure M is a pair M = 〈~ρ, E〉, where
~ρ is a (countably infinite) sequence of pairs ρi = 〈σi, τi〉, where

σi ∈ P ([A× N] ∪ Start(A× N) ∪ Stop(A× N)
∪Started(A× N× T ) ∪ Stopped(A× N× T ))

and τi ∈ T , such that
Start(A× N) = {〈Start(a), i〉 | a ∈ A, i ∈ N},
Stop(A× N) = {〈Stop(a), i〉 | a ∈ A, i ∈ N},
Started(A× N× T ) = {〈Started(a), i, t〉 | a ∈ A, i ∈ N, t ∈ T},
Stopped(A× N× T ) = {〈Stopped(a), i, t〉 | a ∈ A, i ∈ N, t ∈ T},
the sequence ~τ = 〈τi〉 is monotone, i.e. i ≤ j implies that τi ≤ τj , and progressive, i.e.
for each t ∈ T there is some j ∈ N such that τj > t,

ET : VT → T is an interpretation function for the temporal variables of TPTLbih(A); we
extend ET to temporal constants by letting ET (cT ) = cMt ∈ T for each temporal constant
ct of TPTLbih(A).
EA : VA → A is an interpretation function for the action variables of TPTLbih(A); we
extent EA to action constants by letting EA(γan) = a for each action constant γan.
For readability, and since both the domains and ranges of ET and EA are distinct, we can
define a common interpretation function E = ET ∪ EA.

Let M be a TPTLbih(A)-structure and i ∈ N. Then 〈M, i〉 |= φ is defined as follows:
〈M, i〉 |= Doing(γan) iff 〈a, n〉 ∈ σi,
〈M, i〉 |= Start(γan) iff 〈Start(a), n〉 ∈ σi,
〈M, i〉 |= Stop(γan) iff 〈Stop(a), n〉 ∈ σi,
〈M, i〉 |= Started(γan, π) iff 〈Started(a), n, t〉 ∈ σi and E(π) = t,
〈M, i〉 |= Stopped(γan, π) iff 〈Stopped(a), n, t〉 ∈ σi and E(π) = t,
〈M, i〉 |= Duration(γan) = π iff fT (a) = t and E(π) = t,
〈M, i〉 |= Extratime(γan) = π iff gT (a) = t and E(π) = t,
〈M, i〉 |= Wait(γan) iff passive(a) = 1,
〈M, i〉 |= γan PartOfF γbm iff aPartOf b and n = m,
〈M, i〉 |= π1 ≤ π2 iff E(π1) ≤ E(π2).
〈M, i〉 |= π1 ≡d π2 iff E(π1) ≡d E(π2).

3 In all practicality, this number will be finite as well, as human life is finite. Limiting the number of
instance for any activity right from the start, however, seems to be too strict a requirement here.

TIME 2018
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〈M, i〉 |= φ ∨ ψ iff 〈M, i〉 |= φ or 〈M, i〉 |= ψ,
〈M, i〉 |= ¬φ iff 〈M, i〉 6|= φ,
〈M, i〉 |=©φ iff 〈M, i+ 1〉 |= φ,
〈M, i〉 |= φUψ iff there is k ≥ i such that 〈M, k〉 |= ψ and for all i ≤ l < k, 〈M, l〉 |= φ,
〈M, i〉 |= x.φ iff 〈M′, i〉 |= φ for that M′ = 〈~ρ, E ′〉 such that E ′T (y) = ET (y) for all y 6= x

and E ′T (x) = τi,
〈M, i〉 |= ∀Xφ iff 〈M′, i〉 |= φ(X) for any M′ = 〈ρ, E ′〉 such that EA agrees with E ′A on all
variables except for X.

If the truth value of 〈M, i〉 |= φ is independent of i, then we shall drop i and simply write
M |= φ.

We will now define a few criteria that one might want to hold on the traces. For this, we
let M be an TPTLbih(A)-structure.

I Definition 5. We will define the following criteria for TPTLbih(A) structures.
(C0), (Finiteness of states) For each i ∈ N, σi is finite.
(C1), (No Stop without Start) If 〈Stop(a), n〉 ∈ σi, then there exists k < i such that
〈Start(a), n〉 ∈ σk.
(C2), (No Doing before Start) 〈Start(a), n〉 ∈ σi implies ∀k < i 〈a, n〉 /∈ σk.
(C3), (No Doing after Stop) 〈Stop(a), n〉 ∈ σi implies ∀k > i 〈a, n〉 /∈ σk.
(C4), (Logging Start) If 〈Start(a), n〉 ∈ σi, then for all k > i, 〈Started(a), n, τi〉 ∈ σk.
(C5), (Logging Stop) If 〈Stop(a), n〉, then for all k > i, 〈Stopped(a), n, τi〉 ∈ σk.
(C6), (Doing at Start) If 〈Start(a), n〉 ∈ σi, then 〈a, n〉 ∈ σi.
(C7), (Not Doing at Stop) If 〈Stop(a), n〉 ∈ σi, then 〈a, n〉 /∈ σi.
(C8), (Unique Start) If 〈Start(a), n〉 ∈ σi and 〈Start(a), n〉 ∈ σk, then i = k.
(C9), (Unique Stop) If 〈Stop(a), n〉 ∈ σi and 〈Stop(a), n〉 ∈ σk, then i = k.

The conditions above are intended to correspond to properties we wish to hold in our
logic: for instance, as discussed above, the states of our logic will only be finite, hence we
have (C0) in the list of desired criteria.

The criteria (C1)-(C5) state some simple properties for Start() and Stop(): we actually
want that Start() cannot be preceded by an instance of doing an activity, since this would
contradict the intuition that one can only start an activity that is not already being executed.
Similarly, we do not want any instance of doing an activity to occur after a Stop() is placed
in the trace. We also want to ensure that any stop signal for an activity is preceded by
a start signal. Furthermore, (C4) and (C5) ensure that we are logging all occurrences of
Start() and Stop().

One could argue here that Start() could also be defined via properties of the language like
U , e.g. Start(γan) could be defined via ¬Doing(γan)UDoing(γan). However, we want to allow
that an activity can be paused, e.g. Doing(γan) is not required to always hold on the interval
determined by Start(γan) and Stop(γan). Without Start(γan) as a primitive, we would need
past time operators to determine whether a Doing(γan) is actually the first one occurring, or
whether the action has just been paused for a long time, and thus ¬Doing(γan)UDoing(γan)
holds at a point i just because the most recent instance of Doing(γan) has occurred at a point
k < i.

With the criteria (C6) and (C7) we want to ensure that any Start() signal is indeed
accompanied by actually doing an activity, while the Stop() does indeed mean that we are
no longer seeing the activity being done.
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The criteria (C8) and (C9) provide our interpretation of Start() and Stop(). We see
the start of an activity as the initial point when it is begun, and the stop as the point of
completion. Thus these signals are unique – we do not intend to use them in order to measure
any breaks in the execution of an activity.

While it is an immediate consequence that (C8) follows from the conditions (C2) and
(C6), this is not true for (C9); this condition does not follow from (C3) and (C7). The
crucial point here is that the list of conditions does not guarantee that Stop() has to occur
immediately after the last instance of doing an activity – therefore, having multiple Stop()
signals occurring in the trace does not contradict any of the criteria (C0) - (C8).

The following proposition states that our list of conditions is indeed satisfyable.

I Proposition 6. Given a BIH A, there exists a TPTLbih(A)-structure M satisfying the
conditions (C0) - (C9).

Sketch. Let A = 〈A, fT , gT , passive〉 a BIH. We construct a structure as follows: Let ~τ be
an arbitrary, monotone and progressive sequence of T .

In a first step, add both 〈a, 0〉 and 〈Start(a), 0〉 to σ0 for any a ∈ A. Let σ1 be the set
containing the corresponding 〈Stop(a), 0〉. Let all other σi be empty.

Now add, for any a ∈ A, 〈Started(a), 0, τ0〉 to all σi with i > 0, and similarly add
〈Stopped(a), 0, τ1〉 to all σi with i > 1.

Note that since A is finite, each of the σi are finite.
It is easy to verify that the criteria (C1)-(C9) are satisfied as well. E.g., the fact that

〈Start(a), 0〉 is not preceded by any occurrence of 〈a, 0〉 is trivially satisfied. And since 〈a, 0〉
is an element of σ0 but not of σ1, we have (C2), (C3) and (C6) holding. J

4 Coherence

In this section, we will define Coherence for an instance of an activity a. Informally, an
activity is coherently done if it is done without distraction and without unexpected delays.
In terms of Example 1, Pedro does not do any tasks not related to pizza making, and does
not take too long breaks in between different subactivities, as well as during them. The only
exception we may allow is the time when the pizza is baking in the oven: one could argue
that since this is a passive activity, Pedro could use that time to attend to other activities,
e.g. taking out the rubbish.

I Definition 7 (Coherence). We say that in a structure M, Coherence holds for an action
instance γan at point i, iff

〈M, i〉 |= ∀X PartOfF γan [Start(γan) before Start(X) ∧ Stop(X) before Stop(γan)]
∧ ∀X [¬X PartOfF γan → (¬Start(X)∨
∀Y PartOfF γan [Doing(Y )→ (Wait(Y ) ∧ Stop(X) before Stop(Y ))])]
∧ ♦ [Started(γan, π1) ∧ Stopped(γan, π2) ∧ π2 ≤ π1 + Duration(γan) + Extratime(γan)]

The intuition behind this definition is as follows: we consider an activity as being done
coherently when any of its subactivities are performed only within the limits set by the
activity itself; furthermore, unrelated activities are only performed if there is some time in
which the user has to wait anyways; and finally, doing the activity does not take up more
time than it should.

TIME 2018
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make_pizza

prepare_ingredients

prepare_mushrooms

wash_mushrooms cut_mushrooms

prepare_peppers

wash_peppers cut_peppers

assemble_pizza bake_pizza

Figure 3

Notice that this definition means, Coherence holds only for activities that are eventually
completed: we cannot refer to Stopped(γa

n, π) before we actually see a Stop(γan) in the trace.
The eventuality in the final conjunct thus implies that Coherence can only hold if the activity
is eventually stopped. We would argue that this is indeed intended – the alternatives are
that an activity is either abandoned or is carried on forever. Furthermore, this last conjunct
implies that the collective duration of all subactivities of a executed in this instance does
not exceed the duration of a in this instance. Since we want Coherence to have a chance of
regularly being satisfied, we need the BIH A to fulfill the further condition that for all a ∈ A,∑

b PartOf a fT (b) + gT (b) ≤ fT (a) + gT (a). This is a rational assumption, as one would not
expect that an activity can be regularly done in a shorter timespan than it takes to do all of
its parts if these are done consecutively.

As an example for Coherence, consider the tree shown in Figure 3.
With respect to the remark above regarding the condition on the durations for subactivities,

we also add the following average durations (in minutes):

action average duration
make_pizza 45
bake_pizza 20
assemble_pizza 5
prepare_mushrooms 8
prepare_peppers 8

Summing the times for the different parts of make_pizza, we see that doing everything
effectively, there is a buffer of 4 minutes for making pizza.

Consider the following untimed initial trace ~σ. For readability, we will omit the notation
γan and just use a, with n = 0 in this case. E.g., make_pizza in the table below should be
read as γmake_pizza

0 .

σ0 Start(make_pizza) Start(wash_mushrooms)
σ1 Stop(wash_mushrooms)
σ2 Start(wash_peppers)
σ3 Stop(wash_peppers)
σ4 Start(cut_mushrooms)
σ5 Stop(cut_mushrooms)
σ6 Start(cut_peppers)
σ7 Stop(cut_peppers)
σ8 Start(assemble_pizza)
σ9 Stop(assemble_pizza)
σ10 Start(bake_pizza)
σ11 Stop(make_pizza) Stop(bake_pizza)
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Furthermore, add the logging statement Started(make_pizza, τ0) to each σi with i > 0
and similarly add Stopped(make_pizza, τ11) to each σi with i > 12. Proceed similarly for
the logging events for each of the subactivities of make_pizza. We treat the τi here as
placeholders for now, and replace them by the appropriate values once we have defined the
concrete values below.

This initial segment can be extended to a trace ~σ arbitrarily to obtain a trace of states
that satisfies a coherent run of making a pizza. To obtain an TPTLbih(A)-structure, we
furthermore need some sequence of time points ~τ . The following initial sequence will then
show that Coh(make_pizza) is satisfiable:

τ0 = 0, τ1 = 3, τ2 = 3, τ3 = 6, τ4 = 6, τ5 = 11, τ6 = 11, τ7 = 16,
τ8 = 16, τ9 = 21, τ10 = 21, τ11 = 41

Interpreting each time point τi as the minutes, then any extension of this initial sequence
of τi to a time trace ~τ will lead to an TPTLbih(A)-structure witnessing the satisfiability.
Note that we can make this an acceptable TPTLbih(A)-structure by just adding to the σi the
corresponding logging entries. Furthermore, it is easy to see now, that this does not make
Coherence a theorem of acceptable TPTLbih(A)-structures: the validity of Coh(make_pizza)
depends in this example on the values we pick for τi. Just picking different, larger values for
the τi we can obtain an TPTLbih(A)-structure in which Coh(make_pizza) is false, simply
because the condition for starting time and stopping time of make_pizza does not hold.

Intuitively, it seems that there are only two ways in which Coherence for a complex
activity can fail: one would not expect to see the Stop(make_pizza) statement before e.g.
Start(bake_pizza) happens. Thus if the time sequence matches the condition of Coherence
for some activity a, one would expect that the only other way to make it still fail is if one
introduces an unrelated activity, e.g. if in the pizza making example we have Start(watch_TV)
in σ0.

The strategy used above can be used to demonstrate that for any BIH A satisfying the
extra condition on the time functions, there exist TPTLbih(A) - structures M satisfying
Coherence for each a ∈ A:

I Proposition 8. Let A be a BIH satisfying the condition that for all a ∈ A,∑
b PartOf a fT (b) + gT (b) ≤ fT (a) + gT (a). Then there exists a TPTLbih(A) - structure M

such that for any a ∈ A and any instance γan there is an index ia,n such that

〈M, ia,n〉 |= Coh(γan).

Sketch. Assume an enumeration a1, a2, . . . , am of the top-level actions of A, i.e. for each
of those ai, there is not b such that ai PartOf b. Starting with a1, we construct a trace
satisfying Coh(b) for any b ∈ A as follows.

Start off with any σi the empty set. Let τ0 = 0. Add to σ0 the elements 〈Start(a1), 0〉 and
〈a1, 0〉. Identify each bj PartOf a1, and enumerate them as well, add 〈Start(b1), 0〉, 〈b1, 0〉 to
σ0 as well. Continue until reaching a level in the tree for which there is no child, i.e. reach
c1 PartOf · · ·PartOf b1 PartOf a1 such that there is no d with dPartOf c1. This exists, since
A is finite, and PartOf is well-founded.

Now add to σ1 the element 〈Stop(c1), 0〉, for any of the higher level activities d that were
started add the elements 〈d, 0〉, and all the appropriate logging elements 〈Started(d), 0, 0〉.
Let τ1 = fT (c1). At this point Coh(γc1

0 ) holds, as it does not have any subactivities and the
difference τ1 − τ0 has the correct value.

TIME 2018
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Traversing the BIH tree, continue like this until all the subactivities are recorded as being
started and stopped in a finite initial segment of ~σ, with the τi having the appropriate values.
Having reached σk in this way, add 〈Stopped(a1), 0〉 to this σk and observe that Coh(γa1

0 )
holds at this point.

Proceed like this for all the other ai. Having reached a finite point l such that at σl, all
the activity instances with index 0 have Coherence satisfied, we can just copy this initial
segment, increase the indices of the instances by one and add τl to each of the τi, obtaining
〈~σ, ~τ〉 up to index 2l satisfying coherence for the first two instances for each activity in A.
Continuing in this way, we obtain an infinite trace ~ρ = 〈~σ, ~τ〉 satisfying Coh(γan) for each
a ∈ A and each n ∈ N. J

While it is certainly conceivable that Coherence could be used in a recursive manner,
this is not given by the definition. For instance, considering Coh(make_pizza) in the
example above, it is only required that prepare_mushrooms and prepare_peppers are
executed within the activity of make_pizza, but not that coherence holds for both sub-
activities. Depending on the user’s need for support, one may add the requirement that
Coh(make_pizza) ∧ Coh(prepare_mushrooms) ∧ Coh(prepare_peppers) holds, as the user
feels incapable of mixing the latter two tasks. Thus Coherence need not propagate recursively
to sub-activities in the BIH.

However, the situation is different when considering two distinct, unrelated activities.
Suppose that the user needs to take out the trash before 6 pm as well as prepare the pizza
for dinner at 6 pm. Taking the trash out at some time during the pizza preparation would
violate Coherence for making_pizza. However, we would argue that the role of our logic
is precisely to recognize such conflicts; an agent utilizing the logic would thus be able to
recognize such a conflict, and can act upon that, e.g. by suggesting to take the trash out
later, when the pizza is in the oven, or by merely reminding the user that some ingredients
are not prepared when the user has finished the activity of taking the trash out. How a
conflict like this is handled should be decided on a different level, e.g. through providing
priority levels for activities in the BIH or other means. That is, we do not intend our logic
TPTLbih(A) to handle conflicts like these.

5 Conclusion/Discussion

In this paper, we have presented TPTLbih(A) as a logic capable of formulating statements
about Activities of Daily Living. The language can act as a framework for reasoning about
and monitoring user-reported behaviour.

We see this paper as an important step towards building supportive systems that take a
focus on the needs and well-being of the people intended to use them. Our approach does not
only allow modelling different levels of activities, and by that allow for a more fine-grained
support, but also provides the ability to let the cared-for person have an impact on the way
they are supported: our logic allows that desired norms and behaviours are either formulated
as general statements applying to all activities alike, or being encoded into the logic by means
of the Behaviour Identification Hierarchy.

In particular our notion of Coherence together with the BIH allows a supportive agent to
be flexibly attending to the user’s needs: while an agent following our logic is able to register
when actions are done in a timely manner, it does allow for individual difficulties, e.g. Pedro
might struggle a lot more with remembering to take the pizza out of the oven before it is
burnt than cutting the mushrooms, and thus the “grace periods” given by the function gT in
Pedro’s BIH can vary accordingly.
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The notion of Coherence, as defined in this paper, is closely related to the notion of
normal/abnormal behaviour as mentioned in e.g. [17]. However, the notion of “normal
behaviour”, and thus its counterpart ‘abnormal behaviour’ is rather strictly formulated in
the literature. While those descriptions of normal behaviour would imply the notion of
Coherence, our approach is much more flexible: subactivities can be carried out in any order,
so as long as the end result is succesfully achieved in due time, the monitored user can act in
any way they want without the need of the supportive agent to intervene.

While the basic logic TPTL is known to be decidable, it is currently unkown whether our
modifications of the base language change this fact. In particular since several generaliza-
tions of TPTL, allowing for dense or real time, are undecidable, the question whether our
modifications have similar effects on the decidability becomes important.

Furthermore, the definition of a BIH as used in this paper is far from being practical in
real-life situations: we currently do not allow any partiality: if putting mushrooms on the
pizza is at least sometimes desired by the user, our BIH model makes that a certainty. It
is clear that adding a notion of “sometimes” or “often” needs to be added to the current
framework in order to more closely model actual human behaviour. As part of future work
in this direction experiments are planned within the CoreSAEP research project. These will
involve the question whether a more complex version of our BIH trees will indeed be useful
to describe human habits.
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Abstract
We introduce an extension to the declarative and artifact-centric Guard Stage Milestone (GSM)
process modeling language to represent temporal aspects (duration, deadlines, lower- and upper-
bound constraints), define the correctness of executions of GSM processes with respect to tem-
poral constraints, check controllability of processes, compute execution plans respecting temporal
constraints, and provide a translation method allowing to execute controllable GSM+T processes
on standard GSM Engines.
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1 Introduction

Expressing temporal constraints and checking whether a process specification can be executed
without violating any constraint (controllability) has been studied for activity-centric processes
models for quite some time with works such as [11, 7, 16]. Surprisingly, temporal constraints
have not yet been addressed for artifact-centric processes models [15, 9, 1, 13].

We propose to enhance the well-known declarative and artifact-centric process model
Guard Stage Milestone (GSM) [15, 9] with temporal constraints and develop techniques
for checking their controllability and compute schedules for their correct execution. Since
GSM has heavily influenced the new case handling standard CMMN1 our results also build a
foundation for future studies analyzing temporal constraints in CMMN models.

Different notions of correctness of time-constrained processes have been developed, in
particular consistency and controllability [7, 8]. Consistency requires that for each possible
run there is an execution plan that obeys all temporal constraints. This is generally considered

1 http://www.omg.org/spec/CMMN/
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too weak. Controllability requires an execution plan that obeys all temporal constraints for
every potential duration of activities and for all possible constellations.

In this paper, we provide the following contributions:
(1) We extend the GSM model with time and temporal constraints (GSM+T).
(2) We formally define the semantics of theses extensions.
(3) We define controllability of GSM+T and provide complete and sound algorithms to

check controllability and to compute schedules.
(4) We discuss approaches for the correct execution of GSM+T processes on available GSM

engines.

To the best of our knowledge, this is the first approach to consider temporal constraints in
artifact-centric process models. In activity centric systems controllability is either checked by
constructing schedules along the control structures of process graphs (e.g. [11]) or by mapping
timed process models to advanced temporal constraint networks (TCN) (e.g. [7, 17]). Both
approaches are not easily applicable for GSM, as it neither has the process graph structure
required for the first approach nor do current TCNs support the constructs of GSM.

Controllability is a strong condition for correct executability. The work presented here is
also a stepping stone for studying more relaxed conditions like dynamic and history dependent
controllability [8] for GSM+T.

2 GSM and GSM+T

2.1 Guard Stage Milestone (GSM)
We introduce the relevant aspects of Guard Stage Milestone (GSM) here and refer the reader
to [9, 15] for all details. In GSM, a business process is modeled in form of potentially multiple
interacting artifacts (or business objects). A process model defines artifact types with a data
schema and a life-cycle schema. A life-cycle model consists of guards, stages, and milestones.
Guards define conditions under which a stage can be opened. Milestones specify when a
specific business goal is reached and the corresponding stage is then closed. Stages can be
atomic or composite. An atomic stage contains a service (e.g. a task). Composite stages
contain other composite or atomic stages and are used to group tasks semantically. Guards
and milestones are attached to a specific stage and are defined in form of sentries. A sentry
is an expression of the form “On event if condition” or “On event” or “if condition”. An
event can be an internal or external event. Internal events are opening or closing events
of stages (denoted by +stageName or −stageName) or achievement or invalidation events
of milestones (+milestoneName or −milestoneName). External events are arbitrary events
received from the environment or completion events of services (called from atomic stages).
The condition clause of a sentry is a boolean expression over the data-schema. The data
schema contains boolean status attributes for stages and milestones and data relevant for
the business object.

Execution Semantics. GSM models basically provide a skeleton for restricting rule-based
systems. When an external event (e.g. arbitrary or a service completion event) arrives,
the payload of the event is incorporated into the data schema of the artifact instance, and
potential rules (translated from sentries plus GSM invariants) are triggered leading to the
production of internal events and the invocation of external services. Internal events may
trigger other rules (micro-steps) until no further internal events are generated. Then, the
next external event is picked from an event queue. One such step of consuming an external
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Overall Deadline: 16
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min 2

max 7

completed start

A.M1: on +D.M1 
A.M2: on C.M1 if B.M2
A.M3: on +B.M3 

Figure 1 Example GSM Process and some temporal constraints (dotted lines).

event is called a B-Step. The state of the artifact before and after one B-Step is called a
Snapshot. A run of a GSM system is a specific sequence of snapshots. All potential runs of a
GSM system form a (in general infinite) stage transitions system. GSM prohibits internal
events from forming an endless loop (toggle-once principle). During execution, guards and
milestones are disjoint. Therefore, only one guard can trigger a single activation of a stage
and only one milestone of a stage can be reached for a single invocation.

I Example 1. In Figure 1 an example GSM process is shown using the usual graphical
notion, except from the newly introduced temporal constraints (dotted lines) and service
duration intervals (square brackets). It consists of a composite stage A and three atomic
stages B,C,D. Stages are depicted in rounded boxes, guards as diamonds, milestones as
circles. According to the given sentry definitions (shown below the graphical notation), stage
A is opened when the external event e1 arrives and the boolean condition c1 over the data
schema holds. Stage B is opened when A is opened (on +A). B is an atomic stage holding
the service B.i. When B.i completes, one of the milestones B.M1 to B.M3 is activated. The
actual milestone depends on the data conditions c2 to c4. Stage C is opened when either
B.M1 or B.M2 are reached. C completes when its enclosed service completes. D is opened
when C.M1 is reached and B.M1 was reached. Finally, the milestones of A are reached if
either D.M1 gets active or C.M1 gets active and B.M2 is active or if B.M3 gets active.
Therefore, the process permits the following traces of service executions: <B>, <B,C>,
and <B,C,D>. The total number of GSM runs is much higher (potentially infinite) since
they also cover all potential data values of the data schema.

Adding Temporal Constraints. In GSM, actual work is performed in atomic stages using
external services. Therefore, we specify duration intervals indicating the minimum and
maximum execution times of atomic stages. In the graphical representation in Figure 1, we
denote the min and max execution time of services within atomic stages in square brackets
after the stage name: B takes between 4 and 6 time units (TUs), C between 2 to 3, and D
between 1 and 2 TUs. In contrast to activity-centric processes where temporal constraints
are defined between activities (tasks), we have selected a more flexible approach for GSM+T:
Temporal constraints may be defined between events (external events, opening of stages,
service invocations or completions, reaching of milestones). Constraints between external
events are typically interpreted as descriptive and constraints involving other events as
prescriptive.
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The process in Figure 1 includes two upper- and two lower-bound constraints. The time
between opening A and reaching milestone A.M1 is restricted to max. 15 TUs. E.g.: After a
test result has been received the treatment of a patient has to be finished in at most 15 TUs.
The time to achieve A.M3 after opening B is limited to max. 7 TUs. The time between the
completion of the service in stage B and starting the service of stage C must be at least 2
TUs. As an example: Within two days after receiving some medication B a patient must
not ingest some medication C. The time between opening B and reaching A.M1 must be at
least 13 TU. Finally, the example process has an overall deadline of 16 TUs.

2.2 Introducing GSM+T
We have already informally introduced temporal constraints in GSM+T models. In this
section, we formalize the GSM+T model.

I Definition 2 (GSM+T Process Model). (A,X, S,M,G, Y, I, C,Bu, Bl,Ω) is a GSM+T
process model, if A is a set of artifact types, X is a set of events, S is a set of stages, M is a
set of milestones, G is a set of guards, Y is a set of sentries, I is a set of external service
invocations, and C is a set of service completions. Bu is a set of upper-bound constraints of
the form (s, d, δ), Bl is a set of lower-bound constraints (s, d, δ), where s, d ∈ X and δ ∈ N,
and the deadline Ω ∈ N.
Events. The set of events X includes a distinct event for each milestone, each stage opening,

service invocation and completion of each external service and some external events XE .
S ∪M ∪ I ∪C ∪XE = X. Each external event x in XE has the attribute x.dfrom, x.dto

indicating the time interval in which the event may occur after starting the process.
Artifact Types. An artifact type is a tuple (Att, S′), where Att = Attstatus ∪Attdata, S′ ⊆

S. Attstatus is a set of boolean status attributes for all stages in S′ and all milestones
of stages in S′ indicating currently opened stages and reached milestones of artifact
instances. Attdata is a set of arbitrary data attributes.

Stages. A stage s is a tuple s = (G,M, sub, sup, I, C, dmin, dmax), where s.G is a non-empty
set of guards (s.G ⊆ G and s.G 6= ∅), s.M is a non-empty set of milestones (s.M ⊆ M

and s.M 6= ∅). The attribute s.sub holds the sub-stages of s (s.sub ⊆ S). The attribute
s.sup refers to the super stage of s or to s for root stages. Either s.sub or s.I are empty,
but never both. s.I refers to an external service in I, s.C refers to the completion event
of the external service. Invocation and completion events have an attribute .S referring
to their atomic stage. s.I.dmin, s.I.dmax ∈ N are the minimum and maximum duration
of the external service, with 0 ≤ s.I.dmin ≤ s.I.dmax.

Sentries of Guards and Milestones. Each milestone m ∈M has one sentry m.se ∈ Y . Each
guard g ∈ G has one sentry g.se ∈ Y . Each sentry belongs to exactly one artifact type
(Att, S′). A sentry is an expression of the form “on event if condition” where “condition”
is optional. A sentry se has two components: se.trig is the triggering event ∈ X and
se.cond is a condition. se.cond has the form ps ∧ pd, where ps is a conjunction over
positive atoms ∈ Attstatus that defines the necessary conditions for the sentry to evaluate
to true, and pd is an arbitrary query (over elements in Attdata) and negative atoms of
ps. se.ref is the set of all (internal) events ∈ X that are referenced from ps via their
status attributes. As a short-hand, we use m.trig for m.se.trig and m.ref for m.se.ref
for milestones m ∈M and g.trig for g.se.trig and g.ref for g.se.ref for guards.

Constraints on GSM+T Models. Milestone belong to exactly one stage: ∀m ∈ M ∃1s ∈
S : m ∈ s.M ;
Guards belong to exactly one stage: ∀g ∈ G ∃1s ∈ S : g ∈ s.G;
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Invocations and completions belong to exactly one stage: ∀i ∈ I ∃1s ∈ S : i = s.I;
∀c ∈ C ∃1s ∈ S : c = s.C; Completions belong to the same stage as their invocation:
∀c ∈ C ∀i ∈ I ∃1s ∈ S : i = s.I ∧ c = s.c; Stages belong to exactly one artifact type:
∀s ∈ S ∃1a ∈ A : s ∈ a.S; There is exactly one root stage per artifact type: ∀a ∈ A
∃1r ∈ a.S′ : r.sup = r;
All (recursive) sub-stages of an artifact type are closed under the stages of the artifact
type: ∀a ∈ A ∀s ∈ a.S′ : s.sup ∈ a.S′ ∧ s.sub ⊆ a.S′.

The remainder of this paper focuses on defining the semantics of the GSM+T and on
checking the controllability of GSM+T processes with the following restrictions. In contrast
to standard GSM, we restrict sentries to expressions containing triggering events and we
require that the status condition ps is a conjunction of positive atoms while pd can be any
arbitrary predicate, the evaluation of which we can only observe. Requiring conjunctions
does not limit the generality of our approach since non-conjunctive terms can always be
represented by duplicating the corresponding sentries (guards and milestones) to achieve
DNF. Sentries with no triggering events can be replaced by sets of sentries for all possible
events. Additionally, we require a somewhat more strict toggle-once principle requiring that
no guard can trigger the re-activation of a stage after it is executed or a milestone is reached.
Active milestones remain active. Therefore, we do not support loops of stages. There is
currently no approach for temporal constraints of process models with full support of loops
in the literature [5]. Loops are either not supported at all or treated as abstract blocks.

2.3 Semantics of GSM+T
We define the semantics of GSM+T as an extension of the semantics of GSM by (1)
timestamping all events of a run and (2) define which conditions these timestamps have to
adhere to consider a run as temporally correct. We use a finite abstraction of GSM+T to
define time constraints, check controllability and calculating schedules. It is inspired by the
polarized dependency graph [15] which is used for defining well-formedness of GSM and it is
an extension of timed workflow graphs [11] which are used for defining temporal constrains
in activity-centric processes. Basically, the nodes of the graph are the events and guards of
the process and edges are defined by dependencies between nodes.

I Definition 3 (Temporal Dependency Graph (TDG)). Let p = (A,X, S,M,G, Y, I, C,Bu, Bl,Ω)
be a GSM+T process. (N,E,Bu, Bl,Ω) is a temporal dependency graph of p, iff: N = X∪G,

E = {(n, g)|n ∈ g.ref ∪ g.trig, g ∈ G ∪M} // Referenced events to guards and milestones
∪ {(s, i)|s ∈ S, i = s.I} // Stages to service invocations
∪ {(i, c)|∃s ∈ S : i = s.I ∧ c = s.C} // Service invocation to service completion
∪ {(s,m)|s ∈ S,m ∈ s.M} // Stages to their milestones
∪ {(g, s)|g ∈ s.G, s ∈ S} // Guards to their stages
∪ {(s, g)|s ∈ S, g ∈ s.sub.G} // Stages to guards of sub-stages

I Example 4. Figure 2 shows the TDG of the process in Figure 1. The upper- and lower-
bound constraints in Bu and Bl are shown as dotted lines (they are not edges of the TDG).
Duration intervals of services are denoted in square brackets.

A scenario is a complete run of a process with timestamps for all elements. We now specify
the semantics of the temporal constraints by defining which possible execution scenarios are
correct. Then we define schedules as a definition of admissible temporal intervals for the
nodes in the TDG.
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Figure 2 Temporal Dependency Graph of example process in Figure 1.

I Definition 5 (Scenario). A scenario S̄ of a GSM+T process assigns timestamps to all
elements of a process that occurred during one complete GSM+T run. The TDG ST of
a scenario only contains the nodes that occurred during that run. Each node n ∈ ST is
associated with a timestamp n.t, the time point of this event in a process instance.

I Definition 6 (Valid Scenario). A scenario S̄ of a GSM+T Process (A, X, S, M, G, Y, I,

C, Bu, Bl, Ω) with the TDG (N,E,Bu, Bl,Ω), is valid, iff the following constraints hold:
∀n ∈ N, ∀m ∈ N
1. n ∈ XE ⇒ n.dmin ≤ n.t ≤ n.dmax

2. n ∈ N ∧ (n,m) ∈ E ⇒ n.t ≤ m.t
3. n ∈ S ⇒ ∃g ∈ n.G : g.t = n.t

4. n = m.trig ⇒ m.t = n.t

5. n ∈ S ∧ n.sub = ∅ ⇒ n.I.t+ n.I.dmin ≤ n.C.t ≤ n.I.t+ n.I.dmax

6. (s, d, δ) ∈ Bu ⇒ d.t ≤ s.t+ δ.
7. (s, d, δ) ∈ Bl ⇒ s.t+ δ ≤ d.t.

(1) External events occur in their defined intervals. (2) All nodes have equivalent or smaller
timestamps than their successors. (3) The guard of a stage has the same time stamp as the
stage (In a scenario, there is exactly one guard for each stage.). (4) Nodes with triggering
events have the same time point as their triggering event. (5) Service completions of atomic
stages occur in their defined intervals. (6-7) upper- and lower-bound constraints are satisfied.

I Example 7. A fragment (ignoring nodes with equivalent time-stamps) of a valid scenario
for the process in Figure 1 is the following: B.I.t = 0, B.I.C.t = 6, C.I.t = 8, C.I.C.t = 11,
D.I.t = 12, D.I.C.t = 13. Therefore, B.I directly starts and B.I.C arrives at time 6. C.I
is delayed by 2 to obey lbc(B.I.C,D.I, 2) resulting in C.I.t = 8. Then C.I.C arrives at
time-point 11. D.I is started at time 12 to obey lbc(B,A.M1, 13) and returns at time 13.
The scenario complies with all constraints.

2.4 Controllability
Based on these definitions we define the property controllability as a notion of the correctness
of a process definition with temporal constraints. Controllability reflects the ability of a
GSM+T engine to control the execution of GSM+T processes in a way to eventually satisfy
all temporal constraints. To define controllability, we have to distinguish four types of events:
(1) invocation of a service (task), (2) completion of a service (task), (3) opening/closing of
a stage, and (4) achieving a milestone. Only (1) is controlled by the engine, as the engine
could delay the invocation of services. (2) depends on external services and (3) and (4) are
controlled by conditions and thus automatic. For example, Barcelona [15] is an eager GSM
engine, where services are invoked as soon as their enclosing atomic stages are opened. So
the only control option for GSM+T execution to satisfy all temporal constraints is the delay
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of service invocations. Why can such delays be necessary? For an example, if two concurrent
stages have to reach their milestones at the same time, then this can only be ensured, if the
invocation of the service with shorter duration is delayed.

For simplicity, we assume that each process instance starts at time 0 and all timestamps
are relative to the instance start time. The time point of a stage is the time point of opening
a stage, thus the time-point of its (activated) guard. The time-point of a guard or milestone
is the time-point of the triggering event of its sentry. This is in-line with the GSM semantics
[9], where B-Steps/Snapshots have timestamps and micro-steps (triggered by internal events)
are assumed to happen at the time of processing the external event triggering the B-Step.

I Definition 8 (Controllability). A GSM+T Process is controllable, iff there exists a mapping
T (schedule) which assigns each service invocation i ∈ I with an execution time ti ∈ N such
that for all possible timestamps for external events and for all possible service durations and
for all possible guard validations the resulting scenario is valid.

Controllability [21] is a strong condition. More relaxed notions of correctness (e.g.
dynamic controllability [8, 16, 21]) would, when adopted to GSM+T, allow the service
invocation decisions to depend on already completed snapshots.

3 Checking Controllability and Calculating Schedules

3.1 Schedule Frames and Controllability
In the following we present a procedure for checking the controllability of GSM+T processes
by constructing a schedule. Controllability requires that any correct schedule exists. We
construct schedules which take all the worst cases of durations into account. Faster execution
of the process might be possible, as we discuss in Section 4. For computing schedules, we
first define a schedule frame of a process as an extension of a TDG:

I Definition 9 (Schedule Frame). A schedule frame associates each n ∈ N of a TDG (N,
E, Bu, Bl, Ω) of a GSM+T process (A, X, S, M, G, Y, I, C, Bu, Bl, Ω) with intervals for
the occurrence of nodes: Eb, Ew, L. n.Eb expresses the earliest best time in which n can
happen, n.Ew expresses the earliest worst time in which n can happen, n.L is the latest time
where n may occur. A schedule frame is correct, iff ∀n ∈ N, ∀m ∈ N :
1. n ∈ XE ⇒ n.Eb = n.dmin, n.Ew = n.dmax

2. n.Eb ≤ n.Ew ≤ n.L,
3. (n,m) ∈ E ⇒ n.Eb ≤ m.Eb, n.Ew ≤ m.Ew, n.L ≤ m.L
4. n ∈ S ∧ n.sub = ∅ ⇒ n.I.Ew + n.I.dmax ≤ n.C.Ew

5. n ∈ S ∧ n.sub = ∅ ⇒ n.I.Eb + n.I.dmin ≤ n.C.Eb

6. n ∈ S ∧ n.sub = ∅ ⇒ n.I.L+ n.I.dmax ≤ n.C.L
7. n ∈ S ∧ n.sub = ∅ ⇒ n.Ew ≤ n.I.Eb

8. n ∈ G ∪M ⇒ n.Eb = n.trig.Eb, n.Ew = n.trig.Ew, n.L = n.trig.L

9. ∀(m,m′, δ) ∈ P.Bu : m′.Ew ≤ m.Eb + δ,
10. ∀(m,m′, δ) ∈ P.Bu : m′.L ≤ m.L+ δ

11. ∀(m,m′, δ) ∈ P.Bl : m.Eb + δ ≤ m′.Ew,
12. ∀(m,m′, δ) ∈ P.Bl : m.L+ δ ≤ m′.L

13. n ∈ S ⇒ n.Eb = min({g.Eb|g ∈ n.G}),
n ∈ S ⇒ n.Ew = max({g.Ew|g ∈ n.G})
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(1) The time interval of external events is their defined time interval. (2) Invariant: Earliest
best smaller or equal earliest worst smaller or equal latest. (3) Nodes have equivalent or
smaller Eb, Ew and L values than their successors. (4-6) The time difference between
invocation and completion is defined by the duration interval of the service. (7) The time
of an atomic stage is smaller or equal to the time of its service invocation. (8) Guards and
milestones have the Eb, Ew, and L values of their triggering events. (9-12) Upper- and
lower-bound constraints are satisfied. (13) The earliest best opening time of a stage is the
earliest time of all their guards. The earliest worst opening time is the earliest worst time of
all their guards.

Example of a schedule frame: The essential parts of a schedule frame - the ones controllable
by the engine - for the GSM+T process in Figure 1 in the format (Eb, Ew, L) are the following:
B.I: (0,0,3), C.I: (8,8,11), D.I: (12,12,14). The complete schedule frame is shown in the
Backward 2 column of Table 1.

I Theorem 10. A GSM+T process P is controllable, iff it has a correct schedule frame.

Proof Sketch. (1) soundness: Let SF be a correct schedule frame for P , let T (i) = i.Eb

be a schedule. Following from Def. 9 and Definitions 6, 8 we can show that T fulfills the
requirements of controllability.
(2) completeness: Let T be a schedule such that P is controllable. We construct a schedule
frame as follows:
1. ∀i ∈ I : i.Eb = i.Ew = T (i).
2. ∀s ∈ S : s.C.Eb = s.I.Eb + dmin, s.C.Ew = s.I.Ew + dmax

3. ∀x ∈ XE : x.Eb = x.dmin, x.Ew = x.dmax

4. ∀n ∈ N − I − C −XE :
n.Eb = max{m.Eb|(n,m) ∈ E},
n.Ew = max{m.Ew|(n,m) ∈ E}

5. ∀n ∈ N : n.L = n.Ew

With some calculations, it is easy to see that this schedule frame is correct. J

I Lemma 11 (Cyclic Dependencies). If the schedule frame graph contains a cycle the process
is not controllable.

Proof. We distinguish 2 cases: (a) there is an (s, i) edge involved in the cycle. Let S1 and
S2 be stages contained in a cycle in the dependency graph. This means that both sequences
< S1, S2 > and < S2, S1 > are possible. Hence it is not possible to assign start times to the
stages such that both sequences are admissible unless the stages have duration 0.
(b) If there is no (s, i) edge in the cycle, then the process violates the toggle once principle of
well-formed GSM. J

3.2 Computing Correct Schedule Frames:
We compute a correct schedule frame for an acyclic schedule frame graph of a process P
as follows: We initialize the schedule frame as follows: For external event nodes we set
the Eb and Ew values to the time intervals of the corresponding events: (x ∈ XE) →
x.Eb = x.dmin, x.Ew = x.dmax. The E-values of all other nodes are set to 0. The L-values
are set to the deadline of the whole process (P.Ω). (Computing a schedule is also possible if
no overall deadline is given, but the algorithm is considerably longer and out of scope of this
paper.)

The events may take place during the interval defined by (Eb, L) of its node. In the
course of Algorithm 1 these intervals are now reduced iteratively through incorporating the
implicit (an event can only take place after its predecessors) and explicit temporal constraints.
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Algorithm 1 CSF(sf,P) Compute correct schedule frame sf for process P .
1: {inout: (N,E,Bu, Bl, d) schedule frame, in: (A,X, S,M,G, Y, I, C,Bu, Bl,Ω) Process}
2: {(N,E) is acyclic}
3: {Output: correct schedule frame or ok is false}
4: ok := false

5: while ¬ok do
6: ok := true

7: if !Forward((N , E, Bu, Bl, d), (A, X, S, M, G, Y, I, C, Bu, Bl, Ω), ok) then
8: return false
9: else if !Backward((N, E, Bu, Bl, d), (A, X, S, M, G, Y, I, C, Bu, Bl, Ω), ok)) then

10: return false
11: else
12: for all (s, d, δ) ∈ Bu do
13: {incorporation of upper-bound constraints}
14: if δ < (d.Ew − s.Eb) then
15: ok := false

16: s.Eb := max(s.Eb, d.Ew − δ)
17: s.Ew := max(s.Ew, s.Eb)
18: end if
19: if δ < (d.L− s.L) then
20: ok := false

21: d.L := min(d.L, s.L+ δ)
22: end if
23: end for
24: for all (s, d, δ) ∈ Bu do
25: {incorporation of lower-bound constraints}
26: if δ > (d.Eb − s.Ew) then
27: ok := false

28: d.Eb := max(d.Eb, s.Ew + δ)
29: d.Ew := max(d.Ew, d.Eb)
30: end if
31: if δ > (d.L− s.L) then
32: ok := false

33: d.L := min(d.L, s.L+ δ)
34: end if
35: end for
36: end if
37: end while
38: return true

If a constraint is violated, the Eb and Ew values of nodes are increased and the L values
are decreased to the lowest resp. highest value satisfying the constraint. The procedure is
repeated until either all constraints are satisfied or the invariant Ew ≤ L is violated for any
node.

Forward Calculation. Algorithm 2 visits all nodes n in a topological sort order and computes
the values n.Eb and n.Ew form the corresponding values of its predecessors according to the
definition of correct schedule frames. The calculation depends on the type of the current
node:

For completion event nodes, there exists exactly one predecessor, the corresponding
service invocation node. The Eb and Ew values are defined by the maximum of the current
Eb and Ew values and the Eb and Ew of the service invocation node plus the min/max
duration times of the service.

TIME 2018
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Algorithm 2 Forward(sf,P,ok) Forward calculation.
1: {inout: (N,E,Bu, Bl,Ω) schedule frame, in: (A,X, S,M,G, Y, I, C,Bu, Bl,Ω) Process, inout:

ok Boolean}
2: {(N,E) is acyclic}
3: for all n ∈ N −XE in a topological order do
4: {forward calculation}
5: if n ∈ C then
6: n.Eb := max({n.Eb, n.I.Eb + n.I.dmin})
7: n.Ew := max({n.Ew, n.I.Ew + n.I.dmax})
8: else if n ∈ S then
9: n.Eb := max(n.Eb, {m.Eb|(m,n) ∈ E,m /∈ G},min{m.Eb|(m,n) ∈ E,m ∈ G})

10: n.Ew := max(n.Ew, {m.Ew|(m,n) ∈ E})
11: else if n ∈ I then
12: n.Eb := max(n.Eb, {m.Ew|(m,n) ∈ E}
13: n.Ew := max(n.Ew, {m.Ew|(m,n) ∈ E}
14: else
15: n.Eb := max(n.Eb, {m.Eb|(m,n) ∈ E})
16: n.Ew := max(n.Ew, {m.Ew|(m,n) ∈ E})
17: end if
18: if n ∈ I then
19: n.Eb := n.Ew

20: end if
21: if n ∈ G ∪M ∧ (n.L 6= n.trig.L ∨ n.L 6= n.trig.L) then
22: ok := false

23: n.L := n.trig.L

24: if n.L < n.Ew ∨ n ∈ XE ∧ (n.Eb 6= n.dmin ∨ n.Ew 6= dmax then
25: return false
26: end if
27: end if
28: end for
29: return true

Stage nodes may have multiple predecessors in form of multiple guards and optionally
a parent stage. The Eb values of a stage is set to the max of its current Eb value and the
Eb value of its parent stage and the minimum Eb value of all guards. I.e. a stage is opened
when at least one guard triggers and the parent stage is open. The Ew value is set to the
max of the current Ew value and the max Ew of all predecessor nodes. Invocation nodes
have exactly one predecessor (a stage). Since we only need to find a controllability schedule,
the Eb and Ew value of invocation nodes are set to the maximum of the current value and
the Ew value of the stage. The Eb and Ew values of all other node types are defined by the
maximum of the current values and the max corresponding values of predecessor nodes.

Algorithm 2 also calculates the value n.L for triggered events, as they must be the same
as that of the preceding triggering event. If an update of an L value is required the boolean
variable ok is set to false which triggers another iteration of forward and backward calculations
in Algorithm 1. Algorithm 2 also checks for violations of the n.Ew ≤ n.L invariant and re-
turns false if it is violated. A return value of false means that no correct schedule frame exists.

Backward Calculation. Algorithm 3 visits all nodes n in a reverse topological sort order
and computes the values n.L from the corresponding values of its successor nodes according
to the definition of correct schedule frames. It also calculates the value n.Eb, n.Ew for
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Algorithm 3 Backward(sf,P,ok) Backward calculation.
1: {inout: (N,E,Bu, Bl,Ω) schedule frame, in: (A,X, S,M,G, Y, I, C,Bu, Bl,Ω) Process, inout:

ok Boolean}
2: for all n ∈ N in a reverse topological order do
3: {backward calculation}
4: if n ∈ N − I then
5: n.L := min({n.L} ∪ {s.L|(n, s) ∈ E} ∪ {m.L− δ|(n,m, δ) ∈ Bl}
6: else
7: {invocation node}
8: n.L := min({n.L} ∪ {s.L− s.I.dmax|(n, s) ∈ E} ∪ {m.L− δ|(n,m, δ) ∈ Bl})
9: end if

10: if n ∈ G ∪M ∧ (n.Eb > n.trig.Eb ∨ n.Ew > n.trig.Ew) then
11: {Move wait times along triggering edges}
12: ok := false

13: n.trig.Eb := n.Eb

14: n.trig.Ew := n.Ew

15: else if n ∈ I ∧ (n.Eb < n.S.C.Eb − n.dmin ∨ n.Ew < n.S.C.Ew − n.dmax) then
16: {Move wait times from completion to invocation}
17: ok := false

18: n.Eb := n.S.C.Eb − n.dmin

19: n.Ew := max(n.Eb, n.Ew)
20: else if n ∈ S then
21: {Move wait times from stage to guards}
22: for all e ∈ {(g, n) ∈ E|g ∈ G ∧ g.Eb < n.Eb)} do
23: ok := false

24: d = e.g.Ew − e.g.Eb

25: e.g.Eb := n.Eb

26: e.g.Ew := n.Eb + d

27: end for
28: end if
29: if n.L < n.Ew ∨ n ∈ XE ∧ (n.Eb 6= n.dmin ∨ n.Ew 6= dmax) then
30: return false
31: end if
32: end for
33: return true

triggering events as they have to be the same as that of the triggered events. Following
the same principle, it increases the n.Eb, n.Ew values for invocation nodes and of guards,
when required. This basically shifts delays to the corresponding invocations as they are
the only times that can be controlled. If any shifting was required the status variable ok is
set to false. This will later trigger another round of forward and backward calculations in
Algorithm 1. During backward calculation, Algorithm 3 also checks for violations of the
Ew ≤ L invariant and whether the admissible interval for external events had been reduced.
It returns false, if any of these invariants is violated. In this case, no correct schedule frame
exists and Algorithm 1 also terminates.

I Example 12. The complete calculation of the schedule frame for the example process
in Figure 1 based on the TDG in Figure 2 is shown in Table 1. The result is obtained
after two rounds of forward and backward calculations. All data is given in the format
(Eb, Ew, L). After the first forward and backward cycle (columns Forward 1, Backward 1),
the ubc and lbc constraints are enforced. The ubc (B,A.M3, 7) is violated by B = (0, 0, 3)
and A.M3 = (4, 6, 16). In particular, A.M3.L > B.L + 7. Therefore, A.L is set to 10.
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Table 1 Computing schedule frame for Figure 2.

Forward 1 Backward 1
Node Eb Ew L Eb Ew L

e1 0 0 16 0 0 3
A.G1 0 0 16 0 0 3
A 0 0 16 0 0 3
B.G1 0 0 16 0 0 3
B 0 0 16 0 0 3
B.I 0 0 16 0 0 3
B.C 4 6 16 4 6 9
B.M1 4 6 16 4 6 11
B.M2 4 6 16 4 6 11
B.M3 4 6 16 4 6 11
A.M3 4 6 16 4 6 16
C.G1 4 6 16 4 6 11
C.G2 4 6 16 4 6 11
C 4 6 16 4 6 11
C.I 6 6 16 6 6 11
C.C 8 9 16 8 9 14
C.M1 8 9 16 8 9 14
A.M2 8 9 16 8 9 16
D.G1 8 9 16 8 9 14
D 8 9 16 8 9 14
D.I 9 9 16 9 9 14
D.C 10 11 16 10 11 16
D.M1 10 11 16 10 11 16
A.M1 10 11 16 10 11 16

Forward 2 Backward 2
Node Eb Ew L Eb Ew L

e1 0 0 3 0 0 3
A.G1 0 0 3 0 0 3
A 0 0 3 0 0 3
B.G1 0 0 3 0 0 3
B 0 0 3 0 0 3
B.I 0 0 3 0 0 3
B.C 4 6 9 4 6 9
B.M1 4 6 9 4 6 9
B.M2 4 6 9 4 6 9
B.M3 4 6 9 4 6 9
A.M3 4 6 9 4 6 9
C.G1 4 6 9 4 6 9
C.G2 4 6 9 4 6 9
C 4 6 11 4 6 11
C.I 8 8 11 8 8 11
C.C 10 11 14 10 11 14
C.M1 10 11 14 10 11 14
A.M2 10 11 14 10 11 14
D.G1 10 11 14 10 11 14
D 10 11 14 10 11 14
D.I 11 11 14 12 12 14
D.C 12 13 16 13 13 16
D.M1 12 13 16 13 13 16
A.M1 13 13 16 13 13 16

The ubc (A,M1, 15) is not violated. The lbc constraints (B,A.M1, 13) and (B.C,C.I) are
violated. Therefore, the values for C.I and A.M1 are updated to (8, 8, 11) and (13, 13, 16),
respectively. The change of A.M1 is populated to D.I in the following backward calculation
phase. One additional iteration of forward and backward calculations is executed without
changing values. No additional violations exists and the algorithm terminates. The final
results are shown in the column Backward 2. A schedule is obtained by only using the Eb

values of invocation nodes: B.I.t: 0, C.I.t = 8, D.I.t = 12.

3.3 Correctness, Completeness, Complexity, and Feasibility
I Theorem 13. A GSM+T process P is controllable iff P is acyclic and Algorithm 1
computes a correct schedule frame.

Proof. The algorithm terminates always due to the monotonicity of increasing Eb and Ew

and decreasing L. Following Theorem 10 we have to show that it computes a correct schedule
frame, if there exists a correct schedule frame.
Soundness: All conditions for a correct schedule frame are either explicitly checked, or are
immediate result of the calculations and assignments.
Completeness: For all n ∈ N the values for Eb, Ew, L have to be in the interval [0,Ω], the
variables are initialized accordingly. In the course of the algorithm Eb and Ew can only
be increased, L can only be decreased. A change of the value of one of these variables is
only done, when a constraint, a condition of a correct schedule frame is violated. Then
the variables are set to the lowest resp. highest value which satisfies this constraint. With
this monotonicity, we ensure that either a correct set of values is computed or the Ew ≤ L
invariant is violated or the interval of external events is decreased. J
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C[2,3] D[1,2]B[4,6]

C‘ D‘B‘ C‘‘ D‘‘B‘‘

A

C.G1

D.G1

B.G1

C.G2

C.M1
D.M1

B.M1

B.M2

B.M3

A.M1

A.M2

A.M3

A.G1

B‘.G = on +B
B‘.M = on B‘.i.completed
B‘‘.G = on +B‘.M
B‘‘.M = on B‘‘.i.completed

C‘.G = on +C
C‘.M = on C‘.i.completed
C‘‘.G = on +C‘.M
C‘‘.M = on C‘‘.i.completed

Sentry and Service Definitions:

D‘.G = on +D
D‘.M = on D‘.i.completed
D‘‘.G = on +D‘.M
D‘‘.M = on D‘‘.i.completed

B‘.i = {complete now} 
C‘.i = {complete at time 8}
D‘.i = {complete at time 12}

Figure 3 Standard GSM translation of GSM+T example in Figure 1.

The worst case complexity of the algorithm is O(n2) where n is the number of nodes in
the temporal dependency graph plus the number of explicit constraints. One iteration has n
steps and the number of iterations is at least limited by n times the deadline. Preliminary
data of explorative experiments with implementations of the basic algorithms, have shown
that for reasonably sized models the run-time of the algorithm is within seconds - feasible
for design time checks.

4 Execution of GSM+T Processes

In this paper we focus on checking controllability and not on computing optimal schedules
nor on the run-time of GSM+T processes. Nevertheless, we discuss in this section how
controllable GSM+T processes can be correctly executed to show the feasibility of the
GSM+T approach. There are basically two options which rewrite GSM+T processes to be
able to run the process on any GSM execution engine.

(1) Fixed execution. Fixed execution has the advantage that there is no need for calculations
of time values during the run-time of the process and all invocation times of services are
fixed at the process start time. We replace every atomic stage ds by a composite stage ds
containing a sequence of two sub-stages ds′, which implements a parameterized wait and
ds which invokes the requested service. The guards and milestones of ds remain the same
but we nest an atomic stage ds′ into ds such that ds′ has a single guard with the sentry on
+ds. Therefore, it is triggered when ds is opened. The nested stage ds′ contains a service
call to a special waiting service. The service completion event of waitDS is delayed until
the specified time (relative to process start) has passed. Stage ds′ has one single milestone
ds′.M with the sentry on ds’.i.completed. We nest an additional stage ds′′ into ds with the
guard on +ds′.M . The service call of ds′′ is the service call of the original stage (ds.impl).
ds′′ has a single milestone with the sentry: on ds”.impl.completed. The Milestones of ds are
not touched. Therefore, they are still connected to the service completion of ds′′.

The mapping of the GSM+T model in Figure 1 to a standard GSM Model is shown
in Figure 3. According to the schedule (Example 12), the stages B, C, D are replaced by
composite stages with wait parameters 0,8, and 12.

(2) Flexible execution. Flexible execution may use the same rewritten process as fixed
execution. However, the (possible) delay is computed at run-time by recomputing the
schedule frame using the actual values of already executed B-steps and the information on
which goals evaluated to true and which milestones were reached. Flexible execution allows
for faster execution of the process, but requires significantly more effort at run-time.
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5 Related Work

To the best of our knowledge, this is the first approach to consider temporal constraints in
artifact-centric process models. For activity-centric process models there is already quite some
body of research results in the area of temporal aspects of workflows and business processes.
We refer to [12, 4] for overviews. Early approaches for checking process definitions with
temporal constraints of activity-centric processes were proposed in works such as [19, 2, 11].
The approaches are based on different techniques such as network analysis, scheduling, or
temporal constraint networks [10]. The stream of research based on temporal constraint
networks now reached the necessary expressiveness for analyzing business process models:
checking the controllability and dynamic controllability of temporal networks, as discussed
in [8]. In particular, [16, 6] present sound-and-complete algorithms for checking the dynamic
consistency resp. controllability of conditional simple temporal networks with uncertainty.

Works addressing time constrains for interorganizational processes and for service com-
position were presented in [3, 14]. A quite different approach was proposed in [20], where
process mining is used to asses temporal qualities of process models from process logs, but
cannot check temporal qualities of process models at build time. Recently the work of Lanz
et al. [18] contributed to the consolidation of expressing temporal constraints and defining
the semantics of temporal constraints. However, all these works address activity-centric
process models and provide no solution for time aware GSM process models.

Our approach is inspired from the algorithms for computing schedules for time constrained
workflows presented in [11], but is based on different much more complex type of graph
defined to represent the temporal dependencies of GSM+T events and considerably extended
to capture the uncertainty of the duration of contingent service calls.

6 Conclusions

Current artifact-centric modeling approaches lack support for temporal constraints. We have
extended GSM with deadlines, upper- and lower-bound constraints and intervals defining the
potential durations of services. In contrast to activity-centric models, time constraints cannot
only be defined between start- and end-times of services but also between (composite) stages,
guards and milestones. We have defined controllability of GSM+T models and have provided
sound and complete algorithms for checking controllability and calculating schedules. We
have provided a method to rewrite controllable GSM+T models to standard GSM models
that obey all time constraints when executed on a standard GSM engine (e.g. Barcelona).
We see this work as an important foundation for future works including investigating dynamic
controllability, where the engine can make different scheduling decisions based on past
snapshots and for investigating processes with time dependent sentries.
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Abstract
Temporal and spatial reasoning is a fundamental task in artificial intelligence and its related
areas including scheduling, planning and Geographic Information Systems (GIS). In these applic-
ations, we often deal with incomplete and qualitative information. In this regard, the symbolic
representation of time and space using Qualitative Constraint Networks (QCNs) is therefore
substantial.

We propose a new algorithm for learning a QCN from a non expert. The learning process
includes different cases where querying the user is an essential task. Here, membership queries
are asked in order to elicit temporal or spatial relationships between pairs of temporal or spatial
entities. During this acquisition process, constraint propagation through Path Consistency (PC)
is performed in order to reduce the number of membership queries needed to reach the target
QCN. We use the learning theory machinery to prove some limits on learning path consistent
QCNs from queries. The time performances of our algorithm have been experimentally evaluated
using different scenarios.
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1 Introduction

Reasoning with time and space is a fundamental task in artificial intelligence and its
related areas including scheduling, planning, Geographic Information Systems (GIS) and
computational linguistics. Handling the qualitative aspects of time and space is an important
matter when designing such systems especially when dealing with incomplete information.
Several research works have therefore been proposed in order to represent and reason on
symbolic temporal and spatial information. One of the most known approaches is the Allen
Algebra [1], based on the notion of time intervals and binary relations on them. A time
interval I is an ordered pair (I−, I+) such that I− < I+, where I− and I+ are points on
the time line. There are thirteen basic relations (Allen primitives) that can hold between
intervals. A binary relation between two intervals is represented by the disjunction of some
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Allen primitives and expresses the incompleteness of the temporal information. Any problem
under temporal constraints can be converted into an Interval Algebra (IA) network (also
called qualitative temporal network) where nodes correspond to intervals and each arc
represents the binary relation between the corresponding intervals. Note that an IA network
is a particular case of a Qualitative Constraint Networks (QCN) which is a general network
for representing problems under qualitative temporal or spatial constraints. Given an IA
network, the main reasoning task is to decide its consistency and return one or more solutions
(consistent scenarios satisfying all the temporal constraints) if it is the case. These tasks
can be achieved with a backtrack search algorithm enhanced with constraint propagation
techniques.

One of the challenges when dealing with problems under temporal or spatial constraints is
the modelling task. This latter requires some expertise in temporal and spatial representation
and reasoning, such as a good knowledge of the Allen Algebra. In this regard, we propose a
new algorithm for learning a QCN network from a non expert with a focus on the IA network.
The learning process includes different cases where querying the user is an essential task.
Here, membership queries are asked in order to elicit the temporal or spatial relationships
between pairs of temporal or spatial entities. During this acquisition process, constraint
propagation is performed in order to reduce the number of membership queries needed to
reach the target QCN. The time performance of our algorithm has been experimentally
evaluated using different randomly generated scenarios. Note that, while the focus of this
paper is on temporal constraints, our proposed algorithm can be easily generalized to any
QCN.

2 Qualitative Constraint Networks (QCNs)

A Qualitative Constraint Network (QCN) is a pair (V, C) in which V is a finite set of
variables representing temporal or spacial entities and C is a finite set of constraints on these
variables. Each constraint ci is expressed as a disjunction of binary relations between the
involved variables. Each of these relations is defined on a language set B = {b1, b2, . . . , bp}
where p > 0. A particular case of such networks is the IA network [1] where V is a set of
temporal events, each representing an assertion over a time interval; and B is the set of Allen
primitives depicted in Table 1 2. For instance, let us consider two temporal events, E1 and
E2. The following constraint expresses the fact that both events are mutually exclusive:
E1 (B ∨ Bi) E2. Note that a universal relation, corresponding to the disjunction of all
relations within B (I, representing the 13 Allen primitives in the case of the Interval Algebra),
is used to express the fact that there is no constraint between the involved entities (the
knowledge on such constraint is completely unknown).

Given a QCN, the main reasoning task that can be performed consists of checking the
consistency of the network and, if it is the case, returns one or more consistent scenarios
satisfying all the constraints of the related problem. This task can be done using a backtrack
search algorithm. Constraint propagation, before and during search, can be enforced in
order to prevent late failure earlier. The most known constraint propagation technique used
in QCN networks and especially in IA networks is Path Consistency (PC) [8, 14, 15, 20].
This technique (also called transitive closure) applies local consistency on every subset of
three variables which results in removing some inconsistent relations from the network. This

2 Note that, six of the seven primitives listed have inverse relations. This will bring the total of number
of possible relations to 13.
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Table 1 Allen’s primitives.

Relation Symbol Inverse Meaning
X precedes Y B Bi XXXX YYYY
X equals Y E E XXXX

YYYY
X meets Y M Mi XXXXYYYY
X overlaps Y O Oi XXXX

YYYY
X during Y D Di XXXX

YYYYYYYY
X starts Y S Si XXXX

YYYYYYYY
X finishes Y F F i XXXXX

YYYYYYYYY

will lead to the reduction on the search space. Assuming X, Y and Z are three temporal
events, if X precedes Y and Y meets Z, then it must be that X precedes Z as well. Any
other relation belonging to the constraint between X and Z should be removed. Local
consistency is enforced using a |B|2 composition table (13 x 13 composition table between
Allen’s primitives in the case of IA networks). Note that PC can also infer new relations by
refining universal relations into a more specific one. For instance, if we take the previous
example and assume that there is no constraint between Y and Z then PC will infer a new
relation (precedes) between these two events.

Partial Path Consistency (PPC) is an extension of PC based on chordal graphs. A chordal
graph is a graph such that, for every connected four vertexes and higher there must be
one chordal edge [8]. A chordal graph is also called triangulated graph since the graph can
be printed in a map in which the vertices are connected in triangle shapes. Partial Path
Consistency assures that the chordal graph is consistent such as when applying regular PC [8].
Partial Path Consistency is much efficient than PC when working with chordal graphs. It is
useful in case there are universal edges in the graph that can be removed to form a chordal
graph.

3 Constraint Acquisition

Constraint acquisition is the process of inducing, from a set of examples, a constraint network
representing a given problem. The main goal of constraint acquisition algorithms is to
minimize the number of examples needed to converge to a target constraint network. In this
regard, several strategies have been explored and a passive learning algorithm (CONACQ.1
or the passive version of the CONACQ acquisition system [7]) using unit propagation to
speed up the convergence test has been proposed in [5]. In [6], a proposed active constraint
acquisition technique, called QUACQ, works by asking the user to classify partial queries
(those queries not involving all variables) in addition to membership queries (where the user
is asked to answer “yes” or “no” depending on whether the provided assignment is a solution
or not). Partial queries are asked when given a negative example and allow QUACQ to
converge in a number of queries that is logarithmic in the number of variables. An extension
to this latter algorithm has been proposed in [3] where multiple constraints are learned (and
not only one as in QUACQ) using Minimal Unsatisfiability Subsets (MUS).

In [7], the active version of the CONACQ architecture, called CONACQ.2, is proposed
as shown in Algorithm 1. CONACQ.2 starts with a bias B (similar to our language set
B) and its corresponding background language K. K is a set of declarative rules (definite

TIME 2018
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Algorithm 1 CONACQ.2 [7].
1: procedure CONACQ.2
2: Input: a bias B, a background knowledge K, a strategy Strategy

3: Output: a clausal theory T encoding the target network
4: T ← ∅; converged← false; N ← ∅
5: while ¬converged do
6: q ← QueryGeneration(B, T, K, N, Strategy)
7: if q = nil then
8: converged← true

9: else
10: if Ask(q) = no then
11: T ← T ∧ (

∨
c∈K(q) a(c))

12: else
13: T ← T ∧

∧
c∈K(q) ¬a(c)

14: end if
15: end if
16: end while

return T

17: end procedure

Horn clauses) expressing some properties (such as the transitivity property) that can be used
to enforce local consistency between constraints. In the case of QCNs, the set K basically
corresponds to the composition table we mentioned in the previous section. Given these
two inputs B and K, in addition to a given strategy to follow for generating the queries,
the algorithm iterates by asking the user a new generated query at each time and expands
the theory set T (initially set to the empty set) according to the answer provided. More
precisely, if the user answers “no” to a given query q then the algorithm removes all the
concepts that support this query (as shown in line 11 of the Algorithm). In case the answer
is “yes” then all the concepts rejecting q must be removed (as per line 13 of the Algorithm).
The algorithm terminates when there is no query to generate. The target network, in the
form of the clausal theory T is then returned.

4 Proposed Learning Algorithm for QCNs

In this section, we present an algorithm for learning QCNs in the particular case of AI
networks. Note that our algorithm can be easily generalized to any QCN. We consider the
following three cases, each with a different target QCN.

1. Learning consistent and complete scenarios: the target QCN is a complete graph where
each edge (constraint) contains exactly 1 relation (Allen primitive in the case of IA
networks).

2. Learning consistent but incomplete scenarios: same as case 1 but in the case of incomplete
graphs (some constraints do not exist between pairs of variables).

3. Learning QCNs: the target QCN is a graph (can be complete) where each edge contains
1 or more primitives (each constraint has one or more relations). Note that, in this
particular case we are learning a QCN problem rather than a consistent scenario (solution)
as it is in cases 1 and 2.
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Following CONACQ.2 [7], our algorithm learns through membership queries and uses PC
to reduce the number of queries. Note that when using PC for case 3, our learning algorithm
will return a path consistent QCN problem.

4.1 Proposed Learning Algorithm
The algorithm starts with all the constraints completely unknown (corresponding to the
universal relation I in the case of IA networks). The user is then asked a membership
query for each relation within each constraint. If the answer is “yes” for a given query, the
corresponding constraint will be replaced by the relation that has been confirmed (all the
other relations will be eliminated). Otherwise (if the answer is “no”), the related relation will
be removed from the constraint. After every query, PC is applied on the graph to remove
path inconsistent relations due to this recent update. This will reduce the number of relations
per constraint which will reduce the number of subsequent queries and helps getting the
target QCN scenario (solution) sooner.

The pseudo-code of our method is listed in Algorithm 2. Gt is initially set to a complete
constraint graph with universal relations. B and CT are respectively the set of possible
relations and composition table of the QCN to learn. QueryGeneration is a function that
generates a membership query each time it is called. We use two implementations of this
function. In the first one, the constraint and its related relation (to confirm) are picked
randomly. In the second implementation, the relations to confirm are picked according to
the first fail principle used when solving general Constraint Satisfaction Problems (CSPs) [9].
In this regard we use the ordering heuristics proposed in [20], namely “weight” and “cardi-
nality”. The idea behind the “weight” heuristic is to quantify the restriction imposed by a
relation, when assigned to a given edge, on the temporal constraints of the other edges. The
“cardinality” heuristic is a special case of the “weight” heuristic when considering that all
relations have the same weight (equal to 1). The algorithm iterates by processing a query at
each time, until a solution (target QCN) is found or a path inconsistency is detected.

Given that the constraint graph is not necessarily complete, our algorithm for case 2
differs from the previous one, as follows. If the answer is “yes” for a given query, the relation
is confirmed but we do not remove the other relations as the corresponding constraint can be
the universal relation, I. Instead, we ask the user a second query for the same constraint in
order to check if this latter is I. If the answer is “yes” then the constraint is confirmed to be
universal, otherwise (the answer is “no”) we replace the constraint by the relation confirmed
with the first query. The rationale is that, in case 2 we either have a single relation or a
universal relation for each constraint.

In case 3, given that the number of relations per constraint varies from 1 to |B| (13 in
the case of IA networks) then we will have to ask the user subsequent queries for the same
constraint regardless of the answer. More precisely, if the answer is “yes” then we need to ask
the user for the remaining relations as we can have more than one relation per constraint.

4.2 Dealing with Inconsistent Answers
As stated in Algorithm 2, our learning method collapses (fails to return the target QCN) if
PC detects an inconsistency after one of the constraints becomes empty (has no relations). In
this case, we need to identify the query that has been answered incorrectly. We address this
task using a backtrack search algorithm to go backward and let the user confirm previous
answers until we reach the state where the user changes the answer of a query. Given that
we can have more than one incorrect answer, every time a response to a query is changed, we

TIME 2018
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Algorithm 2 Learning QCN for Case 1.
1: procedure LearningQCN
2: Input: a language set B, a composition table CT

3: Output: a target QCN Gt

4: Gt ← complete graph with universal relations
5: q ← QueryGeneration(Gt)
6: while q 6= nil do
7: r ← Relation(q)
8: if Ask(q) = “yes” then
9: ConfirmRelation(Gt, r)

10: else
11: RemoveRelation(Gt, r)
12: end if
13: status← PC(Gt, CT )
14: if status = “inconsistent” then
15: return “collapse”
16: end if
17: q ← QueryGeneration(Gt)
18: end while
19: return Gt

20: end procedure

resume the normal querying starting back from the state where the user fixed the incorrect
answer. For example, assume that after a query qj is answered, an inconsistency is detected.
Our algorithm will then backtrack until it identifies the query qm causing this inconsistency.
The user will then change the answer and our learning algorithm will resume from query
qm+1. The pseudo code of our method is listed in Algorithm 3. This algorithm is very similar
to Algorithm 2 except that we save the query and the current Gt at each time in the stack s.

5 Theoretical Limits on Learning QCNs

In this section we use the learning theory machinery to prove some limits on learning Path
Consistent QCNs from queries. In particular, we are interested in the number of queries
required by the best possible algorithm. The problem addressed in this work can be viewed as
a concept learning problem [2]. In concept learning, a concept is a subset of a given universe
X and a concept class C is a set of concepts. We assume the user has a hidden target c∗ ∈ C
and we try to exactly identify it with the minimum number of queries. There are different
types of queries and we are interested in what is known as membership queries [2, 12]. In
learning with membership queries, the learning algorithm, having access to the set of concepts
C, picks an instance x ∈ X and asks the user “Is x ∈ c∗?”. The answer is either “yes” or
“no”. This process continues until the algorithm exactly identifies c∗. The main challenge
here is to have a sequence of instances x, x′, . . . of minimum size that exactly identifies any
hidden concept. Let I = {1, 2, . . . , n} be the set of entities and B = {b1, b2, . . . , bp} be the
set of p > 0 relations. In this work, we are interested in the learnability of the three cases of
QCNs presented in the previous Section and defined over I and B as follows:
1. The set of complete scenarios Qcmp.
2. The set of incomplete scenarios Qinc.
3. The set of all QCNs Qall.
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Algorithm 3 Learning with Mistakes.
1: procedure LearningWithMistakesQCN
2: Input: B: Language set. CT : Composition Table
3: Output: Gt : target QCN
4: Gt ← complete graph with universal relations
5: s← ∅
6: q ← QueryGeneration(Gt)
7: stackpush(s, < Gt, q >)
8: while q 6= nil do
9: r ← Relation(q)
10: if Ask(q) = “yes” then
11: ConfirmRelation(Gt, r)
12: else
13: RemoveRelation(Gt, r)
14: end if
15: status← PC(Gt, CT )
16: while status = “inconsistent” do
17: stackpop(s, < Gt, q >)
18: if Ask(q) = “yes” then
19: ConfirmRelation(Gt, r)
20: else
21: RemoveRelation(Gt, r)
22: end if
23: status← PC(Gt, CT )
24: end while
25: q ← QueryGeneration(Gt)
26: stackpush(s, < Gt, q >)
27: end while
28: return Gt

29: end procedure

Clearly, Qcmp ( Qinc ( Qall. Let S be the set of two-element subsets of I. An instance
x is a pair (s, b) where s ∈ S and b ∈ B. For simplicity, we write the triple (i, j, b) to
denote the instance (s, b) where s = {i, j}. The instance space X is then defined simply as
X = S × B and clearly |X | =

(
n
2
)
× p. A concept c is a subset of X or equivalently it is a

mapping from X to {0, 1} where c(x) = 1 iff x ∈ c for any x ∈ X . For a set Q of QCNs, c is
representable by Q if there exists a QCN N ∈ Q where c(x) = 1 if and only if x holds in
N . The concept class C is then defined as the set of all concepts that are representable by
Q. We consider the three concept classes Ccmp, Cinc and Call that represent respectively the
set of concepts that are representable by the set of QCNs in Qcmp,Qinc and Qall. One of
the important parameters in learning theory is the teaching dimension [11]. The teaching
dimension of a concept c w.r.t. a class C, TD(c, C), is the smallest number of examples (or
instances) that distinguishes c from every other concept in the class. The teaching dimension
of a class C (denoted as TD(C)) is the teaching dimension of the hardest concept to teach,
i.e., TD(C) = maxc∈C TD(c, C) [11]. It is known that the number of membership queries
required by the best possible algorithm is lower bounded by TD [11]. Therefore, any learning
algorithm would need at least TD queries in the worst case scenario. In the following, we
show the teaching dimension of the three classes of QCNs. We believe such results would
give some insights into the learnability of QCNs in general.

TIME 2018
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I Proposition 1. TD(Ccmp) =
(

n
2
)
.

Proof. For the upper bound, every concept c ∈ Ccmp represents a complete scenario with(
n
2
)
edges and we can teach any edge (i, j) in c by at least one instance (i, j, bk) where bk ∈ B

is the singleton relation that holds between i and j. To see why TD(Ccmp) is at least
(

n
2
)
,

consider the concept c where, for any two edges (i, j) and (j, r) in c, we cannot infer any
useful information on the relation between (i, r) from the transitive closure table. Thus,
there exists no edges in c where we can infer their relation from the other two edges and one
instance per edge is required. J

Note that the fact that Ccmp ⊂ Cinc does not necessarily mean TD(Ccmp) ≤ TD(Cinc) i.e.,
TD is not monotonic. There could be concepts that are hard to teach on small classes but
their teaching becomes easy on large classes. Therefore, the above result gives no clue over
the TD of the set of incomplete scenarios.

I Proposition 2. TD(Cinc) = n(n− 1)− 1.

Proof. For the upper bound, at least two examples x = (i, j, bk) and x′ = (i, j, bk′) for
bk 6= bk′ suffice to teach the relation between any pair (i, j) of entities. In particular, if there
exists an edge (i, j) with relation bk, then c(x) = 1 and c(x′) = 0 otherwise if there exists no
edge between i and j then c(x) = 1 and c(x′) = 1 for any concept c ∈ Cinc. As any concept
in Cinc has at least one edge in its graph, it follows that we need at least two examples per
pair and for at least one pair (i, j) we need exactly one instance (since the QCN where all
the edges are universal is not included in this class). Therefore, TD(Cinc) ≤ n(n − 1) − 1.
For the lower bound, consider the concept c∅ that represents a QCN with empty edge set
in its graph. It is easy to see that we cannot teach such concept with fewer than n(n− 1)
examples as we need to confirm that every pair (i, j) holds a universal relation. J

I Proposition 3. TD(Call) = |X |.

Proof. The instance space size |X | is a trivial upper bound on the teaching dimension
of any class. For the lower bound, consider the concept c∅ again. Our argument is that
TD(c∅, Call) > |X | − 1. To see this, consider any set T of instances where |T | = |X | − 1 and
w.l.o.g. assume X = T ∪ {(i, j, bk)} for an arbitrary instance (i, j, bk). We can always have
another concept c′ 6= c∅ where it represents a QCN with only one edge (i, j) and its relation
equals to B\{bk}. Thus, T cannot distinguish c∅ from c′ and TD(c∅, Call) > |X | − 1. J

6 Experimentation

We report on the experiments conducted in order to assess the effect of PC on the number of
queries needed to learn an IA network. In this regard, we compare our proposed learning
algorithm with and without PC or PPC (we call the method without PC, the “Naive” method)
for each of the three cases listed in Section 4 as well as the case of incorrect answers. In
the case where PC is used, we consider 2 situations: the case where the QueryGeneration

function generates the queries randomly as well as using an ordering heuristic as described
in Section 4. Moreover, for case 2 we consider PPC in addition to PC, given that we have
incomplete graphs in this case. All the experiments are conducted on a Dell XPS 8900,
i7-6700K, 32 GB RAM, running Linux. All the algorithms are coded in Java. For each of
these cases, we first generate a random consistent temporal scenario (that we call Gt). We
then add primitives randomly to get an initial graph Gproblem with the goal of achieving the
following, at the end of the learning process: Gproblem = Gt. Each query is generated with a
probability Py of getting a “yes” answer. The general approach is similar for all the cases we
consider in the following, and differs in terms of the target Gt).
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In case 1, we use the S(n, p) model [20] that starts by generating n numeric random
intervals (pairs of natural values) assigned to each temporal variable in the graph. Allen
primitives are then deduced from pairs of these numeric intervals. For example, let us assume
the following assignments to two temporal events X and Y : X = (3, 11) and Y = (7, 18).
The corresponding Allen primitive is then: (XOY ) i.e. X overlaps Y . The model S(n, p)
ensures a consistent solution since all variables have numeric intervals. A random consistent
scenario is then build and considered as our target graph Gt. Our algorithm then starts from
a complete graph Gproblem where each edge contains the universal relation I (the disjunction
of all the 13 primitives).

Case 2 is similar to case 1 with the following difference when generating the target
network. Some edges in Gt will be removed based on a parameter Pu corresponding to the
percentage of universal relations in Gt. These relations (edges to be removed) will be in a set
Eu that is used in the query generation. Qsolution is generated by traversing all the edges
in Gt, and by adding all the universal relations in Eu. In case 3, we first generate Gt as in
case 1 and then randomly add more primitives to each constraint (X, Y ). Gt is therefore a
complete graph. Qsolution contains queries for the primitives within the constraint (X, Y ).
The query generation for inconsistent scenarios is produced as follows. Mistakes are picked
randomly with a percentage ratio Pm. Query generators are similar to the query generators
in case 1, case 2, and case 3. However, queries are labelled with isMistake as a boolean
indicator which is checked when answering each query. If isMistake is true, then the answer
would be incorrect, otherwise, the answer must be correct. Figures 1, 2, and 3 show the
comparative results for the 3 cases when 100 variables are considered. It is clear from the
chart corresponding to case 1 that PC has a significant effect on reducing the number of
queries especially when there is a small percentage of “yes” answers. For instance, in the
extreme case where there is no “yes” answers, the Naive method requires about 60000 queries
while the learning method using PC only needs about 2500 queries to reach the target IA
scenario. By increasing the percentage of “yes” answers, the number of queries starts to drop
down to 4950 queries for 100% of “yes” answers using the Naive method, which is very close
to the 3731 queries that are asked using PC. The “cardinality descending” heuristic is the
most effective one as we can easily see from the chart, while the other two do not seem to
have an effect when compared to PC without heuristics.

The situation in case 2 is similar to the one in case 1. All the methods using path consist-
ency are better than the naive method. These methods have however similar performance.

For case 3, we can easily see that there is a significant difference between the 3 methods
considered. PC with “cardinality” ordering heuristic is the winner in this situation and is
followed by the PC method without heuristic. These results are justified by the fact that
we are dealing with complete graphs with much more relations per constraint than cases 1
and 2.

Tables 2, 3 and 4 show the results for inconsistent scenarios due to mistakes for each of
the 3 cases when 100 variables are considered. As we can notice, in all cases the number of
queries, mistakes and related backtracks is considerably reduced when path consistency is
used.

In Table 2, we can easily see that there is a significant difference between the Naive
method and PC in terms of number of queries, number of mistakes detected and running
time. There are 14 times more mistakes detected by the Naive method than the PC method.
This is explained by the fact that PC removes inconsistent relations at each time leaving less
chances for the user to choosing them. Also, the ordering heuristic does not seem to do a
good job in this case.

TIME 2018
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Figure 1 Test results for case 1.

In Table 3, we notice that the performance PPC is better than the one of PC and this
is due to the fact that we are dealing with incomplete graphs. Also, the “weight” ordering
heuristic is effective in this case for both PC and PPC. This is again explained by the nature
of problems we are dealing with in case 2.

Table 4 clearly shows that both the “cardinality” and “weight” ordering heuristics are
effective given that the objective is to produce a path consistent QCN.

7 Conclusion

The symbolic representation of time and space is very relevant especially when dealing with
incomplete information. We have proposed a new algorithm for learning QCNs by queries.
The proposed algorithm is enhanced with path consistency to reduce the number of queries
needed to reach a target QCN. In order to assess the effect of PC and ordering heuristics
on reducing this number, in practice, we have conducted several experiments on randomly
generated IA networks, considering several scenarios. The results of these tests are very
promising and encouraging. In this regard, we plan to pursue this work by considering other
QCNs such as the Region Connection Calculus (RCC) [13], the rectangle algebra [4] and the
n-intersections [10]. We will as well consider temporal constraint networks involving both
quantitative and qualitative information [17,18]. Another future direction, we will consider,
is to extend our algorithm to learning preferences as these often co-exist with constraints in
many real world applications [16,19].
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Figure 2 Test results for case 2.

Table 2 Results for inconsistent scenarios for case 1.

Method # of Queries Time(s) Mistakes Backtracks
Naive 13005708 802.175 399 398
PC 4444 55.061 28 28

PC with “cardinality” 6879 82.741 43 43
PC with “weight” 7819 122.455 36 36

PC with “cardinality descending” 38367 524.589 75 75

Table 3 Results for inconsistent scenarios for case 2.

Method # of Queries Time(s) Mistakes Backtracks
Naive 63206804 3430.845 6676 6666
PC 36662 458.491 4 5
PPC 10598 114.350 3 2

PC with “cardinality” 28906 327.168 5 0
PPC with “cardinality” 88593 986.297 14 14

PC with “weight” 8786 198.325 1 1
PPC with “weight” 8655 109.046 2 2

PC with “cardinality descending” 132225 2470.913 19 20
PPC with “cardinality descending” 67066 706.155 8 9

TIME 2018



19:12 Learning Qualitative Constraint Networks

0 20 40 60 80 100

0

1

2

3

4

5

6

7
·104

Case 3: Percentage of “yes” answers

N
um

be
r
of

Q
ue
rie

s

Naive

P C

PC with “cardinality”
PC with “weight”

PC with “cardinality descending”

Figure 3 Test results for case 3.

Table 4 Results for inconsistent scenarios for case 3.

Method # of Queries Time(s) Mistakes Backtracks
Naive 2384321 123.455 66 66
PC 40917 542.344 41 1

PC with “cardinality” 11514 46.772 10 6
PC with “weight” 11280 54.366 11 2

PC with “cardinality descending” 330215 5323.526 69 61
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Abstract
We present a stream reasoning system for monitoring vessel activity in large geographical areas.
The system ingests a compressed vessel position stream, and performs online spatio-temporal link
discovery to calculate proximity relations between vessels, and topological relations between vessel
and static areas. Capitalizing on the discovered relations, a complex activity recognition engine,
based on the Event Calculus, performs continuous pattern matching to detect various types of
dangerous, suspicious and potentially illegal vessel activity. We evaluate the performance of the
system by means of real datasets including kinematic messages from vessels, and demonstrate
the effects of the highly efficient spatio-temporal link discovery on performance.
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1 Introduction

Nowadays, maritime surveillance systems that keep track of the daily operation of vessel fleets
constitute an essential tool for large shipping companies, coast guards, as well as governmental
agencies, due to their immense effect on economy and environment [10]. Advances in
navigation technology enable the real-time provision of vessel positional information for the
benefit of surveillance systems. The Automatic Identification System (AIS)1, for example, is
a tracking system for identifying and locating vessels at sea through data exchange. The
acquisition of positional data is achieved either by AIS base stations along coastlines, or
even by satellites when out of range of terrestrial networks. As this data is streamed in a
maritime surveillance system, several operations need to be performed in real-time, including
data integration and complex maritime activity recognition.

We present a monitoring system that exploits spatio-temporal relations between vessels,
or vessels and areas of interest (e.g., protected areas), which are calculated online by a
dedicated component for spatio-temporal link discovery (stLD). These relations are provided
as input to a complex activity recognition component, which is based on the “Event Calculus
for Run-Time reasoning” (RTEC) [3]. This is an Event Calculus [12] implementation with
various optimization techniques for continuous narrative assimilation on data streams.

We address the problem of online spatio-temporal link discovery over streaming and
archival data. This link discovery (LD) problem is challenging because of (a) the streaming
nature of data, and (b) the complexity of evaluating spatio-temporal similarity functions
to determine the links between spatio-temporal entities. Typically, LD tasks are solved by
filter-and-refine algorithms that identify a set of candidate entities (for linking) in the filtering
step, which need to be verified in the refinement step. The refinement step is the principal
cost factor that determines the overall performance of LD, since it requires the evaluation
of distance/similarity functions on complex geometrical entities. For the case of stream to
static LD, we propose a filtering technique that improves the efficiency of the filtering step
by eliminating entities that cannot be linked, thereby reducing the number of entities that
have to be considered during refinement. For the case of streaming data only, we provide an
efficient method for streaming LD, identifying proximity relations between moving vessels.

In earlier work, we presented a maritime monitoring system which employed RTEC for
complex activity recognition [20]. In that work, RTEC performed spatial calculations to
determine whether a vessel is close to a port, or within an area of interest. Furthermore,
it approximated crudely the nearby relation between vessels by checking whether a pair of
vessels is located within the same cell of a grid. In this work, we placed emphasis on the
detection of spatial relations and developed a separate component for highly efficient spatio-
temporal link discovery. Moreover, RTEC has at its disposal additional spatial relations
– whether a vessel is nearby some area – and a much more accurate account of proximity
between vessels.

To summarise, this paper makes the following contributions:
We present a stream reasoning system integrating a component for spatio-temporal
link discovery (stLD), and a component for recognizing complex activities by means of
temporal pattern matching.
We propose a technique for stream-based LD, which improves the efficiency of filtering,
by eliminating entities that cannot be linked, thereby reducing the number of entities
that have to be considered during refinement.
We evaluate the performance of the system by means of real datasets including AIS
kinematic messages from vessels.

1 http://www.imo.org/en/OurWork/Safety/Navigation/Pages/AIS.aspx

http://www.imo.org/en/OurWork/Safety/Navigation/Pages/AIS.aspx
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Figure 1 The datAcron prototype architecture.

2 System Architecture

Our work is performed in the context of the datAcron research project2, which aims at
advancing the management of voluminous and heterogeneous data-at-rest (archival data)
and data-in-motion (streaming data) sources, so as to promote the safety and effectiveness
of critical operations of moving objects in large geographical areas. The architecture of the
datAcron prototype for complex activity recognition is depicted in Figure 1.

The main input is streaming positions of vessels, in the form of AIS messages. As this
streaming data flows in the system, trajectory compression takes place, by annotating a
subset of the original vessel positions as critical points/events. The Synopses Generator
component (see Figure 1) provides algorithms for trajectory reconstruction and compression,
by cleaning erroneous data and eliminating vessel positions that do not significantly affect
the quality of trajectory representation. Then, critical points are linked with archival data
online, namely marine areas or points of interest, such as protected areas (Natura2000) or
ports (World Port Index). Link discovery is performed at the spatio-temporal level, thus
identifying those areas (or points) that are related to a given position of a vessel. Relations
may be topological (e.g., a vessel is located within an area) or proximity-based (e.g., a vessel
is nearby a port). In addition, vessel positions are linked to each other, by processing the
streaming data only; this results in discovering proximity relations between moving vessels
(e.g., a vessel is nearby another vessel) in an online fashion. Subsequently, a complex activity
recognition module consumes the stream of spatial relations and critical points to recognize
various types of vessel activity. The Complex Activity Recognition component is based on
the “Event Calculus for Run-Time reasoning” (RTEC) [3].

The innovative feature of the proposed architecture is the integration of an optimized
component for online discovery of spatial relations with an activity recognition engine. In
the following, we delve into the technical details of spatio-temporal link discovery (Section 3)
and complex activity recognition (Section 4) for maritime surveillance.

3 Spatio-temporal Link Discovery

We begin by providing the definitions and problem setting for spatio-temporal link discovery.
Then, we focus on: (a) topological and proximity relations between the positions of moving
entities and static geographical areas of interest (Section 3.1), and (b) proximity relations

2 http://datacron-project.eu/
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(a) Illustration of the mask of a
grid cell that overlaps five areas
{A1, . . . , A5}.

(b) Example of grid and bookkeeping
structure for “nearby” LD between mov-
ing vessels.

Figure 2 Link discovery examples.

between the positions of moving entities (Section 3.2). The former is a case of streaming to
static link discovery, while the latter is a case of streaming to streaming link discovery.

Let p = (p.x, p.y, p.t) denote a spatio-temporal point corresponding to a vessel’s V position
(p.x, p.y) at a given time p.t, and A a dataset that consists of geographical areas represented
as polygons. A polygon A ∈ A is represented as a set of points ai, i.e., A = {a1, a2, . . . , an},
and we write ai ∈ A to denote that ai is included in the representation of A.

Further, let d(p, p′) denote the distance between the spatial positions (p.x, p.y) and
(p′.x, p′.y) of two vessels, whereas t(p, p′) stands for their temporal difference. Without
loss of generality, in this paper, we employ the Haversine distance function to quantify
the spatial distance of two points, whereas t(p, p′) = |p.t− p′.t|. However, our approach is
readily applicable to other domains, where other distance functions (e.g., Euclidean) are
more appropriate. We abuse notation slightly by denoting d(p,A) the distance between a
point p and an area A (polygon). This is also known as MINDIST, and is defined as the
distance of p to the closest point of A (one point of the perimeter), if p is outside of A.
Otherwise, d(p,A) = 0. Below are the formal descriptions of the spatial relations discovered
by the stLD component.

I Definition 1. withinArea(V ,A): Given a spatio-temporal position p of a vessel V and an
area A ∈ A, withinArea(V ,A) is true, if p is enclosed in A.

I Definition 2. nearbyArea(V ,A, θ): Given a spatio-temporal point p of a vessel V , an area
A ∈ A, and a distance threshold θ, nearbyArea(V ,A, θ) is true, if d(p,A) ≤ θ.

I Definition 3. nearby(V1 ,V2 , θ, τ): Given two spatio-temporal points p and p′ of vessels V1
and V2 respectively, a distance threshold θ, and a temporal threshold τ , nearby(V1 ,V2 , θ, τ)
is true, if d(p, p′) ≤ θ and t(p, p′) ≤ τ .

3.1 Stream to Static LD
Discovery of Topological Relations: Within. Given a target dataset T , a source dataset
S, and a relation r, the goal of link discovery is to detect the pairs (σ, τ) ⊆ S × T , where
σ ∈ S and τ ∈ T , s.t. (σ, τ) satisfies r. Consider the case of relation “within” between a
moving entity p, whose current spatio-temporal position is streamed into our system, and a
set of static geographical areas of interest A = {A1, . . . , An}. The aim of link discovery is to
identify all areas Ai ∈ A which enclose the spatial position (p.x, p.y) of p.
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Algorithm 1 Spatio-temporal LD algorithm for relation “within” using mask.
1: Input: Grid cells C = {c1, . . . , cm}, Areas A = {A1, . . . , An}, position p (p.x, p.y)
2: Output: Subset of areas Aw ⊆ A that enclose the position (p.x, p.y) of p
3: Requires: Grid has been constructed and areas have been assigned to overlapping cells
4: Aw ← ∅
5: locate cell ci that encloses p
6: if within(p, mask(ci)) then
7: return Aw
8: else
9: for each Aj ∈ ci do
10: if within(p, Aj) then
11: Aw ← Aw ∪Aj
12: return Aw

A brute force link discovery algorithm would have to perform the geometrical test between
p and all areas in A, thereby performing O(n) comparisons, where n = |A|. To avoid this
prohibitively expensive cost, the state-of-the-art LD methods (e.g., [16, 22]) employ a space
tiling approach, which essentially partitions the space in cells and assigns each area to its
overlapping cells. Then, to compute the relation “within”, the position of a vessel is compared
only against those (say c) areas overlapping the cell, thus resulting in O(c) comparisons, and
typically c� n. Practically, this method belongs to the filter-and-refine paradigm, where
in the filtering step only a small set of c (out of n) candidate areas are identified, and in
the refinement step the candidates are examined one-by-one to discover the subset of areas
actually enclosing the vessel. Since the refinement step is the most costly processing part,
any efficient link discovery algorithm should minimize the number of candidates.

In several applications of spatial link discovery, such as the maritime domain, grid cells
contain a significant amount of “empty space”, namely the space of the cell that overlaps
with no areas. Our observation is that positions of moving vessels located in the empty space
of a cell induce high processing cost, as they must be compared to all areas in the cell in
vain, since no “within” links can be produced. Motivated by this observation, we propose a
technique to explicitly represent the empty space within cells as yet another area. Thus, for
each grid cell, we construct an artificial area called mask, which is defined as the difference
between the cell and the union of areas overlapping with the cell, i.e. mask = c− (c∩

⋃
(A)i).

Notice that the intersection with c before computing the set difference is only used to cover
the case where areas are larger the cells. Figure 2a shows an example of the mask of a
cell; the middle cell overlaps with areas {A1, . . . , A5}, and the mask of the cell is the area
represented in orange color.

Having the mask of a cell as yet another area, we can devise an efficient algorithm for
link discovery that eagerly avoids comparisons to areas for positions located in the empty
space. In practice, after we identify the enclosing cell of a position of a vessel, we first
compare it to the mask of the cell, to check if it is enclosed in the empty space. If this single
comparison returns true, we stop processing this position, thereby saving c comparisons (c
denotes the average number of areas in a cell). For the typical case where a cell contains
several areas, this technique can save significant computational cost, as will be demonstrated
in the empirical analysis presented in Section 5.

Algorithm 1 presents the pseudo-code for discovering a “within” link between the position
p of a vessel and the areas that enclose it. As a prerequisite, the grid has already been
constructed and the static areas in the dataset R have been assigned to cells. This is a

TIME 2018
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pre-processing step. In the first step, the cell ci that encloses p is determined (line 5). This
operation is performed in constant time O(1) in the case of equi-grids. Then, we check if p is
contained in the mask mask(ci) of cell ci (line 6). If it is contained, no further processing is
required, and the algorithm terminates returning the empty set. If it is not contained, then
we check for containment against all areas Aj in cell ci (line 9). For those areas Aj that
contain p, we add them to the result set Aw (line 11) and eventually return them as result.

The lines 9–11 of Algorithm 1 are processed in parallel, i.e., each iteration in the for-loop
is carried out by a different thread/“worker”. The number of concurrent workers is usually a
predefined constant to allow uninterruptible system operation (in our experiments we employ
8 workers). We have enabled multi-thread processing using a pool of tasks, populated with
the refinement tasks of within(p,Aj). As soon as a worker is available and the pool contains
tasks, the next task is selected and assigned to the worker for processing. Also, the algorithm
is amenable to parallelization beyond the scope of a single machine, by simply partitioning
the stream of positions of vessels to the available processing nodes, each of which runs an
instance of Algorithm 1 on an off-line constructed grid.

Discovery of Proximity Relations: Nearby. The above technique is applicable also for link
discovery of a proximity relation, such as the “nearby” relation, between vessel position p
and a set of static areas A. The “nearby” relation is defined using a spatial threshold θ, and
retrieves the subset of areas in A that are located at most at distance θ from p.

The technique of using the mask needs to be slightly adjusted to work in the case of
relation “nearby”. The main adjustment concerns the way the mask of each cell is computed.
We expand each area Ai by θ and then the cell’s mask is computed as previously, only using
the expanded areas (Aθi ) instead of the actual areas Ai. To differentiate this mask of a cell
ci from the one used in the previous algorithm, we denote it by maskθ(ci).

The LD algorithm for relation “nearby” operates as follows. The grid is constructed
exactly as before, using the original areas {Ai}. First, the cell ci that encloses p is located.
If maskθ(ci) contains p, then we can safely stop processing, since no area is nearby p. This
is because maskθ(ci) has been constructed based on expanded areas. If this pruning is not
successful, we need to examine all cells ci ∈ C ′ that overlap with a circle centered at p with
radius θ, since they may contain results. We examine each area Aj in ci, and if the distance
of p to Aj is lower or equal to the threshold θ, then Aj is added to the result An. To avoid
computing the distance of p to an area Aj multiple times (due to Aj assignment to multiple
cells), we maintain the already examined areas in a set (P). In summary, the algorithm
avoids processing points that would safely produce no results, due to the use of the mask
technique.

3.2 Stream to Stream LD
Streaming link discovery of “nearby” relations between positions of moving vessels requires
meticulous use of the available memory, since it is not feasible to store the complete data
stream in memory. Our solution relies on the use of a grid data structure on the spatial
domain, similarly to the case of Section 3.1. The grid is used to maintain the positions
arriving in the stream. When a new vessel position p arrives in the stream, in the filtering
step, we examine the cells that intersect with a circle centered at (p.x, p.y) with radius θ,
and retrieve all vessel positions p′i that satisfy the spatial constraint, i.e., d(p, p′i) ≤ θ. Then,
in the refinement step, we identify the subset of vessel positions {p′i} that in addition satisfy
the temporal constraint, i.e., t(p, p′i) ≤ τ . This solution avoids the exhaustive comparison of
p to all other positions that have arrived before p. Algorithm 2 is invoked for each incoming
p and describes this solution.
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Algorithm 2 Spatio-temporal LD algorithm for relation “nearby” between vessels.
1: Input: Grid cells C = {c1, . . . , cm}, vessel position p (p.x, p.y), thresholds θ, τ
2: Output: Set R of pairs of vessel positions (p, p′) satisfying Definition 3
3: R← ∅
4: locate cells C that overlap with circle at p with radius θ
5: for each cj ∈ C do
6: for each p′i ∈ cj do
7: if d(p, p′i) ≤ θ then
8: if t(p, p′i) ≤ τ then
9: R← R ∪ (p, p′i)
10: add p to grid C
11: return R

However, in order to manage the available memory effectively, we need to find a suitable
way to clean up the grid, since vessel positions that have arrived before more than τ time
units will never produce a “nearby” link to a new vessel position. A second reason to perform
this cleaning operation is efficiency. If no cleaning were performed, then too many (old) vessel
positions would be retrieved that satisfy the spatial constraint, but would be eliminated due
to the temporal constraint, leading to wasteful processing.

A naive approach for cleaning would be to scan all grid cells (set at time tnow) and delete
vessel positions p whose timestamp p.t is more than τ units ago, i.e., tnow−p.t > τ . However,
this operation has linear complexity wrt. the number of positions in the grid, and incurs
non-negligible overhead, as it must be performed during stream processing. To address this
problem, we introduce an auxiliary, bookkeeping data structure that efficiently detects the
vessel positions that need to be deleted. For this purpose, we maintain a list of pointers
to the vessel positions in the grid. The list is in temporal order, since vessel positions are
inserted in the list in the order in which they arrive in the stream. Then, cleaning can be
performed efficiently, by traversing the list and deleting vessel positions (from the grid and
list) until a position p is found with timestamp tnow − p.t ≤ τ . The maintenance cost of this
list is small; insertions have O(1) cost, whereas deletions have linear cost to the number of
vessel positions that need to be deleted.

Figure 2b shows an example of the bookkeeping structure. Assuming that tnow = t5,
then the grid and the list contain the five vessel positions p1, . . . , p5, as depicted. In case no
cleaning is performed, then p1 would be identified as candidate for “nearby” to p5, which
would then be rejected due to the temporal threshold, since p5.t− p1.t > τ . In case cleaning
has already been performed, p1 would have already been deleted from the grid, thus we
would have avoided the cost of examining p1.

An interesting issue that deserves further discussion is the frequency of performing the
cleaning operation. An eager strategy could invoke the cleaning operation prior to processing
every new vessel position that arrives in the stream. This would guarantee that all vessel
positions satisfying the spatial distance threshold would be results, without the need to check
the temporal threshold. However, the eager strategy would result in paying the overhead of
grid cleanup for every new position. Another approach is to follow a lazy strategy, where
the cleaning operation is invoked periodically, thus limiting the induced overhead at the
expense of retrieving some candidate vessel positions that may be rejected by the temporal
threshold. We evaluate the frequency of performing the grid cleanup in Section 5 presenting
the empirical evaluation.
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Table 1 Complex Activity Recognition: Input events are presented above the two horizontal
lines, while the output stream is presented below these lines. The input events above the single
horizontal line are detected by stLD, while the remaining input events are emitted by the trajectory
compression component. All input events, except nearBy(V1 ,V2 ), are instantaneous, while all
output activities are durative.

Event/Activity Description

withinArea(V ,A) A vessel V is within some area A of interest
nearbyArea(V ,A) A vessel V is close to some area A of interest
nearPorts(V ) A vessel V is close to one or more ports
nearby(V1 ,V2 ) Two vessels V1 and V2 are close to each other

gapStart(V ) A vessel V stopped sending position signals
gapEnd(V ) A vessel V resumed sending position signals
slowMotionStart(V ) A vessel started moving at a low speed
slowMotionEnd(V ) A vessel stopped moving at a low speed
stopStart(V ) A vessel started being idle
stopEnd(V ) A vessel stopped being idle
changeInSpeedStart(V ) A vessel started changing its speed
changeInSpeedEnd(V ) A vessel stopped changing its speed
changeInHeading(V ) A vessel changed its heading

gap(V ) A vessel V has a communication gap in the open sea
stopped(V ) A vessel V is stopped in the open sea
slowMotion(V ) A vessel V moves slowly in the open sea
illegalFishing(V ) A vessel V is potentially engaged in illegal fishing
loitering(V ) A vessel V is suspiciously idle
rendezVous(V1 ,V2 ) Two vessels V1 and V2 are having a rendez-vous
highSpeedIn(V ,AreaType) A vessel V exceeds the speed limit of an area of AreaType

4 Complex Activity Recognition

The complex activity recognition (CAR) component of the datAcron prototype consumes
the stream of spatial relations detected by stLD, as well as the critical points expressing
compressed trajectories, to detect various types of vessel activity (see Section 2). The upper
part (above the two horizontal lines) of Table 1 presents the input to the CAR component.
The output of this component, i.e. the list of recognized activities, specified in collaboration
with the domain experts of datAcron, is presented in the lower part of Table 1.

4.1 Run-Time Event Calculus

The CAR component of datAcron is based on the “Event Calculus for Run-Time reasoning”
(RTEC) [3]. RTEC is a Prolog implementation of the Event Calculus [12], designed to compute
continuous narrative assimilation queries for pattern matching on data streams. RTEC has a
formal, declarative semantics – complex (vessel) activity formalisations are (locally) stratified
logic programs [21]. Moreover, RTEC includes various optimisation techniques for efficient
pattern matching, such as “windowing”, whereby all input events that took place prior to
the current window are discarded/“forgotten”. Details about the reasoning algorithms of
RTEC, including a complexity analysis, may be found in [3]. In what follows, we illustrate
the use of RTEC for specifying maritime activities, focusing on the effects of stLD on CAR.
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Table 2 Main predicates of RTEC.

Predicate Meaning

happensAt(E, T ) Event E occurs at time T
holdsAt(F =V, T ) The value of fluent F is V at time T
holdsFor(F =V, I) I is the list of the maximal intervals for which F =V holds continuously
initiatedAt(F =V, T ) At time T a period of time for which F =V is initiated
terminatedAt(F =V, T ) At time T a period of time for which F =V is terminated
union_all(L, I ) I is the list of maximal intervals produced by the union of the lists

of maximal intervals of list L
intersect_all(L, I ) I is the list of maximal intervals produced by the intersection of the lists

of maximal intervals of list L
relative_complement_all I is the list of maximal intervals produced by the relative complement
(I ′,L, I ) of the list of maximal intervals I ′ with respect to every list

of maximal intervals of list L

The time model in RTEC is linear and includes integer time-points. Variables start with
an upper-case letter, while predicates and constants start with a lower-case letter. Where F
is a fluent – a property that is allowed to have different values at different points in time –
the term F =V denotes that fluent F has value V . An event description in RTEC includes
rules that define the event instances with the use of the happensAt predicate, the effects of
events on fluents with the use of the initiatedAt and terminatedAt predicates, and the values
of the fluents with the use of the holdsAt and holdsFor predicates. Table 2 summarizes the
main predicates of RTEC. Complex activities are typically durative (see the lower part of
Table 2), thus in CAR the task generally is to compute the maximal intervals for which a
fluent expressing a complex activity has a particular value continuously. Below, we discuss
the representation of fluents/complex maritime activities, and briefly present the way we
compute their maximal intervals.

4.2 Maritime Pattern Representation
For a fluent F , F =V holds at a particular time-point T if F =V has been initiated by
an event at some time-point earlier than T , and has not been terminated at some other
time-point in the meantime. This is an implementation of the law of inertia. The time-points
at which F =V is initiated (terminated) are computed with the use of initiatedAt (terminatedAt)
rules. Consider the following example:

initiatedAt(gap(V ) = true, T )←
happensAt(gapStart(V ), T ), not happensAt(nearPorts(V ), T )

terminatedAt(gap(V ) = true, T )←
happensAt(gapEnd(V ), T )

(1)

gap(V ) is a Boolean fluent denoting a communication gap for some vessel V , i.e. V stops
transmitting AIS messages in the open sea. In some cases, the absence of AIS messages is
suspicious and thus we need to record it. gapStart(V ) and gapEnd(V ) are instantaneous
critical events indicating, respectively, the time-points in which a vessel V stops and resumes
sending AIS messages (see Table 1). “not” is negation by failure. nearPorts(V ) is an event
emitted by stLD when vessel V is close to a port. Thus, rule-set (1) states that gap(V ) = true
is initiated if the trajectory compression component reports a gapStart event for V , and
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stLD does not report that V is close to a port. Furthermore, gap(V ) = true is terminated
when V resumes communications. Given rule-set (1), RTEC computes the maximal intervals
I for which gap(V ) = true holds continuously, i.e. holdsFor(gap(V ) = true, I), by finding all
time-points Ts at which gap(V ) = true is initiated, and then, for each Ts, computing the first
time-point Te after Ts at which gap(V ) = true is terminated.

Most of the maritime patterns (defined in collaboration with domain experts) concern
vessel activity close to, or within, some area of interest, such a Natura area. To simplify the
structure of such patterns, we defined the auxiliary fluent inArea as follows:

initiatedAt(inArea(V , protected) = true, T )←
happensAt(withinArea(V ,A), T ), protected(A)

terminatedAt(inArea(V , protected) = true, T )←
happensAt(nearbyArea(V ,A), T ), protected(A)

terminatedAt(inArea(V , protected) = true, T )←
happensAt(start(gap(V ) = true), T )

(2)

inArea(V ,AreaType) records the maximal intervals in which a vessel V is in an area of
some type. withinArea(V ,A) and nearbyArea(V ,A) are spatial events emitted by stLD,
stating, respectively, that V is within, or close to area A. protected(A) is an atemporal
predicate that stores protected areas. start(F =V ) (respectively end(F =V )) is a built-in
RTEC event taking place at each starting (ending) point of each maximal interval for which
F =V holds continuously. According to rule-set (2), inArea(V , protected) = true is initiated
when stLD detects a withinArea(V ,A) event for vessel V and protected area A. Furthermore,
inArea(V , protected) = true is terminated when there is information that V has exited the
area, i.e. when a nearbyArea(V ,A) event is emitted for the protected area A, or when V
stops transmitting position signals (in this case we do not know the location of V ).

Similar rule-sets define inArea for other types of area. Moreover, inArea is represented as
a Boolean fluent since areas of different type may overlap, and thus a vessel may be within
various types of area at the same time.

In previous work, RTEC performed both temporal and atemporal reasoning for CAR
[20]. For example, RTEC performed spatial calculations to determine whether a vessel is
within some area of interest or close to a port. In this work, all spatial relations necessary
for CAR are computed by stLD. Thus, the evaluation of the initiatedAt rule of rule-set (2),
for example, is reduced to checking for (withinArea) facts (in the input stream). This way,
RTEC is used only for temporal reasoning for which it is optimized.

The absence of the nearbyArea relation in earlier work [20] did not allow us to compute
the intervals during which a vessel is in some area. These intervals allow us to develop more
accurate patterns of maritime activity – consider e.g. illegal fishing:

holdsFor(illegalFishing(V ) = true, I )←
fishing(V ), holdsFor(slowMotion(V ) = true, I1 ),
holdsFor(inArea(V , protected) = true, I2 ), intersect_all([I1 , I2 ], I )

(3)

In addition to the domain-independent definition of holdsFor, an event description may
include domain-specific holdsFor rules, such as rule (3), used to define the values of a fluent
F , e.g. illegalFishing, in terms of a Boolean function on the values of other fluents. Domain-
specific holdsFor rules make use of interval manipulation constructs: union_all, intersect_all,
and relative_complement_all. These are presented in Table 2. fishing is an atemporal predicate
recording fishing vessels. According to rule (3), the list I of maximal intervals during which
a fishing vessel V is said to be engaged in illegal fishing is computed by determining the
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list I1 of maximal intervals during which V is moving in slow motion in the open sea (these
intervals are computed given the instantaneous slowMotionStart and slowMotionEnd critical
events), the list I2 of maximal intervals during which V is in a protected area, and then
calculating the list I representing the intersections of the maximal intervals in I1 and I2.

The interval manipulation constructs of RTEC support the following type of definition: for
all time-points T , F =V holds at T if and only if some Boolean combination of fluent-value
pairs holds at T . For a wide range of fluents, this is a much more concise definition than the
traditional style of Event Calculus representation, i.e. identifying the various conditions under
which the fluent is initiated and terminated so that maximal intervals can then be computed
using the domain-independent holdsFor. For instance, the representation of illegalFishing by
means of initiatedAt and terminatedAt predicates requires four rules.

In addition to patterns for individual vessels, the knowledge base of the CAR component
of datAcron includes formalizations of activities for pairs of vessels. Consider rendezVous:

holdsFor(rendezVous(V1 ,V2 ) = true, I )←
holdsFor(nearby(V1 ,V2 ) = true, I1 ), holdsFor(slowMotion(V1 ) = true, I2 ),
holdsFor(stopped(V1 ) = true, I3 ), union_all([I2 , I3 ], I4 ),
holdsFor(slowMotion(V2 ) = true, I5 ), holdsFor(stopped(V2 ) = true, I6 ),
union_all([I5 , I6 ], I7 ), intersect_all([I1 , I4 , I7 ], I )

(4)

nearby(V1 ,V2 ) = true is a fluent denoting whether two vessels V1 and V2 are close to each
other. This relation is computed by stLD. stopped(V ) = true expresses that vessel V has
stopped in the open sea. The intervals of this fluent-value pair are computed with the use
of the instantaneous stopStart and stopEnd critical events (see Table 1). According to rule
(4), vessels V1 and V2 are said to have a rendez-vous when they are close to each other, and
each of them is stopped or moving in slow motion in the open sea. In previous work, we
approximated very crudely the nearby(V1 ,V2 ) relation by checking whether V1 and V2 are
located within the same cell of a grid. This approximation produced several false negatives
(vessels located close to each other but in different cells) as well as false positives (vessels
located within the same cell but not close to each other). In this work, we can avoid these
issues, due to the efficient spatial relation detection of stLD.

5 Experimental Evaluation

We present the results of our experimental study using real maritime datasets.

5.1 Experimental Setup
Platform. All experiments presented below were performed on a computer with 8 cores
(Intel(R) Core(TM) i7-7700 CPU @ 3.6GHz) and 16 GB of RAM, running Ubuntu 16.04
LTS 64-bit with Linux Kernel 4.8.0-53-generic, Java 8, and SWI Prolog 7.2.3 for RTEC.

Datasets. Our main dataset contains AIS kinematic messages from vessels sailing in the
Atlantic Ocean around Brest, France, spanning between 1 October 2015 to 31 March 2016
(https://zenodo.org/record/1167595#.WwlWjp99LJ9). AIS messages from 5, 050 vessels
are compressed by the trajectory synopsis module (see Figure 1), keeping only critical points
(see Table 1). Each critical point is accompanied by mobility information such as speed and
heading. The dataset contains 4, 765, 647 critical points. These are consumed by stLD which
produces 3, 204, 206 spatial events that are additionally provided to CAR as input. Spatial
events determine whether a vessel is in or near an area of interest, and if two vessels are close
to each other in space and time.
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Table 3 Distribution of areas from target dataset for each grid configuration.

Granularity Average Number of Areas in Cell Cells Constructed
0.5◦ 5.74 2,852
1◦ 13.54 858
2◦ 36.09 272
3◦ 64.14 147

We also employ a set of spatial datasets describing areas and points of interest, as follows:
Natura2000 regions: Natura 2000 is an index of protected regions for biodiversity in the
European Union. It is set up to ensure the survival of Europe’s most valuable species
and habitats, indexing 3,522 polygons.
Fishing areas: This dataset includes 5,076 polygons generated from raster images depicting
the fishing intensity in European waters (as reported by European Union).
The World Port Index (WPI) including a listing of 3,685 ports throughout the world,
describing their location, characteristics, known facilities, and available services. Ports in
this dataset are represented as points, and WPI is used for discovering proximity relations
between vessel positions and ports.

Metrics. Our main metric is the achieved throughput of the stream reasoning system,
assessed by delving into the individual performance of its two constituent components,
stLD and CER. Other auxiliary metrics are additionally presented, in order to explain
performance, such as processing time and recognition time for stLD and complex activity
recognition respectively. We also measure the number of unrewarding comparisons of each
LD configuration, i.e., the number of comparisons that did not result in a relation.

Parameters. In the experiments evaluating the performance of link discovery, we vary the
input size and granularity of the grid (i.e., cell size). In the case of stream to static LD (i.e.,
“within” and “nearby” relations between moving objects and regions), we setup multiple equi-
grid configurations varying in granularity {0.5◦, 1◦, 2◦, 3◦} (degrees in latitude/longitude),
using the datasets of Natura2000 and fishing regions, totaling 8,599 regions. An equi-grid of
0.5◦ granularity means that the size of a cell is 0.5◦ × 0.5◦. Notice that we construct the
grid over the complete static datasets, as typically done in link discovery tasks. We evaluate
the performance and scalability of stLD, using subsets of critical points datasets, i.e., {10K,
200K, 400K, 600K} entries. Also, we evaluate the gain obtained by using the mask technique
(for the stream to static link discovery method of Section 3.1), and using the bookkeeping
technique (for the stream to stream link discovery method of Section 3.2). All topological
relations (such as within, but also those required for computing the mask) are provided by
the Java Topology Suite (JTS) v.1.13. Finally, we evaluate the effect of varying the number
of cores on CAR, as well as the effect of increasing the window size.

5.2 Link Discovery
Stream to Static LD. We refer to the areas organized in a grid as target dataset, whereas
source dataset refers to the dataset of streaming vessel positions. We use as target dataset the
regions of Natura2000 and fishing areas, totaling 8,599 areas. This static data is organized
off-line in main-memory using grid configurations of varying granularity for the complete
geographical space covered by the areas. For the streaming source dataset, we employ subsets
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Figure 3 Spatio-temporal LD. Stream to static: (a)–(c); Stream to stream: (d) and (e).

of the critical points dataset of different sizes, in order to evaluate its effect. The distribution
of areas for each grid configuration is shown in Table 3. The second column shows the
average number of areas in a cell, while the third column indicates the number of non-empty
cells that were constructed (i.e., hold at least one of the given areas).

Figures 3a–3c show the benefits of using the proposed technique with mask. Figure 3a
depicts the total execution time required for processing a subset of critical points, whose size
is indicated in the x-axis, using two grids with granularity 0.5◦ and 1.0◦ respectively. We
observe that the mask technique achieves better execution time for all grid configurations
and input sizes. Figure 3b shows both grid configurations of granularity 2.0◦ and 3.0◦.
In terms of throughput, the use of the mask achieves to increase the throughput up to a
factor of 5, compared to not using the mask. Figure 3c quantifies this gain, as the ratio
of unrewarding comparisons, i.e., the number of unrewarding comparisons without mask,
divided by the number of unrewarding comparisons with mask. For instance, the ratio of
unrewarding comparisons for input size 200K and granularity 0.5◦ is 402.7%. This result
clearly demonstrates the advantage of using the mask technique.

Stream to Stream LD. We evaluate the effect of the grid cleaning technique on throughput,
using a temporal threshold of 30 seconds. Figure 3d shows how throughput is affected when
varying the frequency of grid cleanup from 10–100 sec. The chart shows that the more
frequent cleanup is performed, the higher the achieved throughput. When the cleanup is
delayed, the processing time spent on comparisons is increased, affecting the total execution
time, and decreasing the average throughput. The next question to be answered concerns
the overhead imposed by frequent grid cleanup. Figure 3e shows the average time spent for
grid cleanup in milliseconds. We observe that the overhead is very small, and increases when
the cleaning is not performed regularly. Recall that the bookkeeping structure is a list of
spatio-temporal positions of vessels ordered by their temporal values, and the disposal of
part of the list on each call allows us to avoid searching every cell of the grid for “expired”
entries. In summary, the cleanup operation has minimal overhead, which makes it applicable
with high frequency, thereby increasing the achieved throughput.
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Figure 4 Complex activity recognition.

5.3 Complex Activity Recognition

RTEC performs continuous query processing, computing the maximal intervals of fluents
representing complex maritime activities. At each query time Qi, the input events that
fall within a specified sliding window ω are taken into consideration. All input events that
took place before or at Qi−ω are discarded/“forgotten”. This way, the cost of reasoning
is independent of the data stream size. At Qi, the complex activity intervals computed
by RTEC are those that can be derived from input events that occurred in the interval
(Qi−ω,Qi], as recorded at time Qi. When the range ω is longer than the slide step β, it is
possible that an input event occurs in the interval (Qi−ω,Qi−1] but arrives at RTEC only
after Qi−1; its effects are taken into account at query time Qi. Window parameters for ω
and slide step β are defined by the domain experts along with the maritime patterns, since
they reflect the time horizon over which interesting phenomena may be detected. Usually, ω
spans many minutes or even hours for capturing meaningful events across a vessel’s route.

Figure 4 presents the experimental results for increasing window sizes ω: 1 hour to 8
hours. Figure 4a presents the average recognition time per window ω, while Figures 4b and 4c
show, respectively, the average number of input events and recognized activities per window.
Recall that Table 1 lists the types of input event and recognized activity. The slide step β
is set to 1 hour. The empirical analysis shows that RTEC is capable of real-time maritime
activity recognition – e.g. RTEC recognizes (≈ 1,500) maritime activities given a window of 8
hours (≈ 31,000 input events) in less than 3.5 sec, even when operating on a single processing
core of the desktop computer. (The use of multiple cores will be discussed shortly.) Figure
4d presents the throughput. As the window size ω increases, throughput decreases since
the average recognition time per window increases (see Figure 4a). Figure 4e presents the
throughput when the slide step is the same as the window size (β=ω), i.e. windows are
non-overlapping. In this case, the average recognition time per window increases, but only
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very slightly (due to the higher cost of “forgetting” more past events), and thus not presented
here. (The average numbers of input events and recognized activities per window are also
similar to the case of β= 1 hour). Figure 4e shows that, as the window size ω increases,
throughput increases. When ω increases, the number of windows/query-times decreases (we
have significantly less windows than the case of β= 1 hour), while the average recognition
time per window increases only slightly.

We also run RTEC in parallel, by launching different instances of the engine, each
operating on a different processing core. Each RTEC instance was responsible for activity
recognition in a separate sub-area of the dataset, receiving input events only from vessels in
that sub-area. To avoid false negatives on the borders of the sub-areas, we allowed for some
overlap. Figure 4 presents the results when 2, 4 and 8 processing cores are used. Figure 4a
presents the average recognition of the worst-performing RTEC instance, while Figures 4b
and 4c show the average input events and recognised activities for that instance. Figures
4d and 4e present the throughput. As shown in Figure 4, the benefits of parallelization can
be significant. A more refined segmentation of the dataset into sub-areas, optimizing load
allocation, would have had more profound effects on performance.

6 Discussion

We presented a stream reasoning system for maritime monitoring, which supports complex
activity recognition assisted by online spatio-temporal discovery of relations between vessels
and areas of interest. Compared to earlier work, the proposed system optimizes the com-
putation of spatial relations, leading to improved system performance. Our experimental
evaluation on real datasets demonstrated the efficiency of the proposed prototype.

Even though the topic of link discovery has attracted much interest lately (see [15] for a
recent survey), there is not much work on spatio-temporal link discovery nor on link discovery
over streaming data. Our work tackles explicitly these topics. Generic LD frameworks include
LIMES [17] and SILK [11]. LIMES [17] is an LD framework for metric spaces that uses the
triangular inequality in order to avoid processing all pairs of objects. LIMES employs the
concept of exemplars, which are used to represent areas in the multidimensional space, and
prunes entire areas (and the respective enclosed entities) during link discovery. SILK [11]
is an LD framework proposing a novel blocking method called MultiBlock, which uses a
multidimensional index. The spatial LD methods [16, 22] apply grid partitioning (a.k.a.
space tiling) on sources A and B, in order to perform efficiently the filtering step. Then, in
the refinement step, different optimizations are employed in order to minimize the number of
computations necessary to produce the correct result set. However, all these works focus on
topological relations, and it is not straightforward to extend them for proximity relations.

Various languages and systems have been proposed in the literature for complex event/
activity recognition [7, 1]. RTEC has a formal, declarative semantics – activity patterns in
RTEC are (locally) stratified logic programs. In contrast, most complex event processing
languages, event query languages, data stream processing languages and commercial pro-
duction rule systems, rely on an informal and/or procedural semantics [8]. Furthermore,
RTEC explicitly represents complex activity intervals (unlike e.g. [9, 8, 4]) and thus avoids
the related logical problems [18]. Maritime activities form hierarchies, in the sense that the
formulation of one activity is used to define other, higher-level activities. We defined e.g. po-
tentially illegal fishing in terms of slow motion (recall rule (3)). In contrast to state-of-the-art
recognition systems, such as the Esper engine (http://www.espertech.com/esper/) and
SASE (http://sase.cs.umass.edu/), RTEC can naturally express hierarchical knowledge
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by means of well-structured specifications, and consequently employ caching techniques to
avoid unnecessary re-computations [3]. Concerning the Event Calculus literature, a key
feature of RTEC is that it includes a windowing technique. No other Event Calculus system
(including [6, 5, 13, 19, 2, 14]) “forgets” or represents concisely the data stream history.
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Abstract
The deep recurrent neural networks (RNNs) and their associated gated neurons, such as Long
Short–Term Memory (LSTM) have demonstrated a continued and growing success rates with
researches in various sequential data processing applications, especially when applied to speech
recognition and language modeling. Despite this, amongst current researches, there are limited
studies on the deep RNNs architectures and their effects being applied to other application do-
mains. In this paper, we evaluated the different strategies available to construct bidirectional
recurrent neural networks (BRNNs) applying Gated Recurrent Units (GRUs), as well as investig-
ating a reservoir computing RNNs, i.e., Echo state networks (ESN) and a few other conventional
machine learning techniques for skeleton-based human motion recognition. The evaluation of
tasks focuses on the generalization of different approaches by employing arbitrary untrained
viewpoints, combined together with previously unseen subjects. Moreover, we extended the test
by lowering the subsampling frame rates to examine the robustness of the algorithms being
employed against the varying of movement speed.
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1 Introduction

The recurrent neural networks, whose structures are similar to those of multilayer perceptrons
(MLPs) have been widely used for sequential data processing. Nonetheless, they are different
from the MLPs by allowing connections among hidden units, therefore the networks can retain
information of past inputs as a vector of activation for each time step which makes RNNs
exceedingly deep. Their depth, however, makes them difficult to train because the update of
the weight matrices with a gradient-based approach such as Backpropagation Through Time
(BPTT) leads to exploding and vanishing gradient problems [1]. Many techniques have been
introduced in order to solve these two issues, especially for the vanishing gradient problem,
but training RNNs was still a very difficult task and the applications were limited.

Since the emergence of special architecture for gradient-based methods called LSTM
[17], training RNNs has become easier and more successful in numerous tasks such as
speech recognition [12], acoustic modeling [24], sequence labeling in speech recognition
[13], handwriting recognition [15], language modeling and machine translation [30, 31, 4],
prediction of successful shooting in basketball [28], analyzing motion patterns in autonomous
driving [11], image caption [36] and learning of video representation [29]. The LSTM is
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designed to solve the vanishing gradient problem whereas truncating the gradient is harmless
to the networks because an LSTM can enforce a constant error flow within special units to
bridge time lags. Unlike the traditional recurrent unit which calculates the weighted sum of
inputs and directly applies the activation function, the LSTM unit contains a memory cell.
Furthermore, there are several studies such as [26] and [18] that reported their achievement of
an improvement of the output performance by introducing the depth to the RNNs. Typically,
any RNNs when unfolded in time might be considered deep themselves, because the input to
output in a given time span has crossed several nonlinear layers as computational paths [26].
Nonetheless, the depth of neural networks is usually defined by the number of feedforward
neural layers. Most studies in deep RNNs concentrate on sequence-to-sequence modeling,
particularly for language modeling for instance [30, 16, 18, 26, 6].

In our study, we focused on solving a classification problem using a special type of deep
RNNs, called bidirectional RNNs (BRNNs) which were first introduced by [27] in the late
1990s. Nevertheless, they started to attract attention many years later after a groundbreaking
achievement of sequence labeling in speech recognition by [13]. The BRNN is an RNN which
contains a separation of a forward and backward pass for positive and negative time direction.
Therefore, it is able to store the past and future context, whereas a conventional RNN can
only partially achieve this by delaying the output by certain time steps. Our study is set
up by employing more than 300 configurations for deep BRNNs after the preliminary tests,
of which we inspect how the classification performance is affected by changing the width
and the depth of the hidden layers. The designed networks are set up in a generic sense by
simply stacking multilayer RNNs to have the required depth. The evaluation is based on
three Motion Capture datasets for comparing BRNNs with ESNs [19, 20] and traditional
machine learning techniques. Motion Capture (MoCap) is a marker-based system which by
its high-dimensional nature, nonlinearities and long-range dependencies make it ideal for
studying the limitations of time series models [35]. Although the focus of our study is on this
particular domain, the design of BRNNs is not just solely specific for MoCap datasets. We
are convinced that the study is also applicable to other high dimensional time series data.

2 Related Work

Many studies have demonstrated a superior functionality of applying deep RNNs when
compared to shallow networks, for instance, [30] introduced a new architecture called
multiplicative RNNs by using multiplicative connections to allow the current input character
for the character-level in language modeling to determine the hidden-to-hidden weights.
However, this model was trained with Hessian-Free optimizer (HF) instead of gradient
descent. The work of [16] focused on a hierarchy of RNNs for character-level language
modeling using stochastic gradient descent. It proposed two alternative architectures which
are deep MLPs with three hidden layers stacked from one layer on top of each other with
temporal feedback loops. One architecture uses feedback loops from output but with the
last hidden layer contributing to the output layer, while another architecture allows all the
connections from each hidden layer contributing to the output layer. Four other different
models to construct deep RNNs have been proposed by [26] for three language models. Quite
recently, a hierarchical multiscale RNN model has been presented by [6]. It shows that the
proposed network architecture can learn the latent hierarchical multiscale structure from
temporal data for character-level language modeling. A similar study to our work which
employs bidirectional RNNs for classification tasks has been discussed in [14]. It used five
hidden layers of BRNNs with LSTM to classify 61 phoneme outputs in which each layer
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Figure 1 A deep BRNN with two hidden layers following [14]. The dashed-dotted lines indicate
the forward direction depicted by

−→
h t and the dashed lines indicate the backward direction

←−
h t.

consists of 2 · 250 cells. A comprehensive comparative study of deep RNNs has been revealed
in [12]. It demonstrated the results of using from one to five hidden layers while fixing the
number of neurons for all hidden layers. The results from this experiment exhibited that:
i) LSTM works better than the typical tanh neuron, ii) bidirectional RNNs with LSTM
also give better output performances than typical unidirectional RNNs with LSTM units,
and iii) the depth size is more important than the width size. In addition, by fixing the
number of neurons of each hidden layer, the networks with three hidden layers work as
well as those with five layers, while the number of weights of five hidden layers is almost
twice their number for three layers. Furthermore, the evaluation in [18] also confirms that
shallow BRNNs outperform shallow unidirectional RNNs on extracting sentence-level opinion
expression. It concludes that, for a large network, three hidden layers provide the best output
performance for their tasks. In case of a small network, two, three and four hidden layers show
equally good performance for certain sizes. By adding more layers, its performance decreases.
Further, the study suggests that in conventional stacked deep learners, every hidden layer
conceptually lies in a different representation space, and establishes a more abstract and
higher-level representation of the input. By taking these findings as our guidelines, we
then hypothesized that the activities at each layer could represent some forms of the action
descriptors.

3 Classification Approaches

3.1 Deep Bidirectional RNNs
Generally, the BRNN has been applied for sequence-to-sequence learning, particularly for
Natural-Language Processing (NLP) tasks. The structure of the BRNN consists of two
RNNs, one to compute the forward hidden sequences ~ht and the second is to compute
backward hidden sequences ~ht. Figure 1 shows an architecture of the BRNN for two hidden
layers. Let x = (x1, .., xT ) be an input sequence for T time steps. The final output yt is
accumulated across the T frames at the last layer and is classified by the probability of
human action classes using the Softmax function. We computed the output sequence at time
t of y according to [14] as:

yt = g(W−→
h ny

~ht +W←−
h ny

~ht + by) (1)

g(·) is an activation function, W−→
h y

and W←−
h y

are weight matrices at the output layer
and by is an output bias. The ~ht can be interpreted as a summary of the past from t = T to
1, whereas ~ht is the summary of the future from t = 1 to T . The activities in forward and
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Figure 2 Architecture of an ESN. The dashed lines denote the connections which are not
compulsory.

backward direction can be written by:

~hn
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h n
−→
h n
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←−
h n

~hn
t+1 + bn

~h
) (3)

where h0 is the input sequence.

3.2 Echo State Networks
An ESN shown in figure 2 is a type of RNN, whose design does not depend on updating
weights by gradient computation, but, instead it creates a random dynamical reservoir RNN .
The reservoir is then driven by the training data and leaves the weights untrained. The
output weights are computed at the readout connection using a linear regression of y(t). The
internal unit activities ~S in figure 2 can be updated by:

~S(t) = f(Win~x(t) +W ~S(t− 1) +Wfb~y(t)) (4)

f(· ) is an activation function of the neurons, a common choice is tanh(·) applied element-
wise. By employing the time warping of the input signals, the leaky integration rate [21]
α ∈ (0, 1] is adopted to determine the speed of the reservoir update dynamics. The update
rule for the internal units is extended to:

~Sleaky(t) = (1− α)~S(t− 1) + α~S(t). (5)

Applying a simple linear regression at the readout layer leads to output ~y(t):

~y(t) = Wout[~x(t); ~S(t)] (6)

3.3 Traditional Machine Learning Methods
Most work on time series classification for example, the well-known UCR archive, of which
all datasets are of one dimensional feature, focuses on an adaptation of distance measures
using 1-Nearest Neighbor (1-NN) with Euclidean Distance (ED) and Dynamic Time Warping
(DTW). Both techniques have proven to perform very well on the UCR archive, especially
DTW. Nevertheless, DTW has limited its applications only on the fixed length data (that
is one must extrapolate the shorter sequence in order to have an equal length between
two sequences) and gives rise to some issues for the case of multi-dimensional data e.g.,
the computational complexity and the selection of the dependent or independent warping
distance function [32].
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Figure 3 Different geometries representing eight models used in our experiment with varying
width of two and three hidden layers.

We adopted two transformation approaches to extract the feature vectors in our experi-
ments. They are i) a naïve method by stacking each frame on top of one another, and using
majority voting to decide the best course of action, and ii) a dimensionality reduction
technique of the zero-mean skeleton configuration for feature vectors demonstrated in
[34, 23]. The two best classifiers for MoCap classification, cited in [34], k-NN and Random
Forest (RF), were chosen for both transformation approaches.

4 Configurations

4.1 BRNN architectures
The RNNs with one hidden layer (1L) represent shallow networks, while those with more
than one hidden layers represent the deep RNNs. According to [14] and [18], three hidden
layers are sufficient to achieve the best performance, while adding more hidden layers worsens
the output performance. On this account, in our experiment, we concentrated on evaluating
geometries of the networks with two and three hidden layers as illustrated in figure 3. RNNs
with three stacked hidden layers numbered from bottom to top labeled as (L1 · L2 · L3) will
be referred to throughout the experiment indicating the number of units in one direction.
(We use the term cell or unit instead of neuron to emphasize the use of gated units in
RNNs.) Model 2L_A, as seen in the figure 3 is depicted for the two hidden layers in which
the number of cells of the two hidden layers is almost equal. The model 2L_B is for two
hidden layers, of which the number of neurons of L2 (top) is at least double the size of L1
(bottom), and vice versa for model 2L_C . Note that the first hidden layer (L1 connects to
the input nodes laying at the bottom. For models with three hidden layers, we extended the
geometries to five architectures as illustrated in figure 3. Here, we combined cell numbers
in {50, 100, 150, 200, 250, 300, 350, 400} to form these geometries which have a limited total
amount of cells from 2 · 200 up to 2 · 600 units.

4.2 BRNN configurations and hyperparameters
In order to verify the impact of the width and the depth on the network as well as to simplify
the experiment, several parameters in the experiment had been previously investigated. They
are: i) Cell type. In our experiment, instead of a well-known LSTM, we replaced each
cell unit at h with a gated recurrent unit called GRU [4]. GRU is a variation of a gating
mechanism and is comparable to LSTM and has been primarily used in machine translation
as encoder-decoder models. It is similar to LSTM in that the gating units modulate the
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flow of information inside the unit, but without memory cells. Comparative studies of using
traditional recurrent unit tanh, LSTM and GRU, found in [7] and [22] have shown that
the gated units, both the LSTM and GRU outperform the conventional recurrent unit. To
achieve certainty, we had examined these three cells in BRNNs in our preliminary tests.
The networks with GRU cells significantly outperformed the other two cells by more than
5% in all experiments. Therefore, our classification results were from applying the GRU
units to the networks. ii) Optimizer. In contrast to the optimizer benchmark for RNNs
in Penn TreeBank language modeling [8] which mentions that Adam and RMSProp do not
work well with RNNs, we found that in our case, both of them converged very quickly
even with a very small learning rate and gave good output performance. The primary
test was carried out for a shallow BRNN. The selected learning rates for each optimizer
here were the recommended values in the papers based on MNIST dataset. For the rest
of the experiments, we chose RMSProp as our default optimizer which outperformed all
other optimizers. iii) Regularization. Because of the limited amount of data, we cannot
take out some data for validation. Nonetheless, we added a regularization term L2 to the
objective function with a fixed regulation λ = 0.02. It is interesting to note that increasing
the regularization parameter from 0.01 to 0.02 increases the recognition rate by about 3-5%
in most models. We applied the norm clipping with a maximum gradient norm limited to
one, and no dropout was applied.

4.3 ESN configurations
The ESN configurations in the experiments follow the guidelines suggested in [33] which
demonstrated the influence of the ESN settings on various datasets on the UCR archive.
Several key parameters are: i) Sparsity of the reservoir. In corresponding with BRNN
networks which have the networks size in 2 · {200, .., 600}, we set the reservoir size using only
half of BRNN with connectivity of 10, 30, 50 and 70% respectively. ii) Spectral radius
which is considered to be big for the tasks that require an extensive history of an input,
while one is served as a reference point. We picked 5.0 from [33]. iii) Leaky rate which
can be regarded as time warping of the input signals was fixed at 0.1 for all configurations.
iv) Input scaling: was set to 2.0 similar to [33] and v) regularization coefficient was
fixed at 0.1. Moreover, the network weight was set to have a uniform distribution in the
range of [-0.5,0.5] and no feedback connection was considered here.

4.4 Traditional machine learning configurations
For the direct naïve method, we employed two popular classifiers for classification, 1-NN
and RF with 75 trees, which yielded best output performance in [34]. To prove the case
of a combined manifold learning with classification, we chose the PCA with two and three
components associated with RF and 1-NN.

5 Datasets and Experimental Setups

5.1 Datasets
We evaluated the proposed techniques as described in section 3 and 4 using three MoCap
datasets, MHAD-27, MHAD-10 and HDM05.

MHAD-271 [2] consists of 27 different actions performed by eight subjects. Each subject
repeated the same action four times. The dataset contains a total of 861 data sequences,
where three sequences were corrupted and removed from the dataset on the official website.
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Figure 4 The recognition rates of MHAD-10 from designated network architectures using five-fold
cross validation. The setup does not condition on the separation of test subjects from the training
set.

The training was performed on six subjects, and two subjects were left out for the test.
The recognition rate was reported on an average of 28 combinations. This dataset was
recorded using 20 markers. Therefore, we have the feature vector which is captured in
3D space for BRNN of size (3 · 20)× 120, where 120 is the amount that is close to the
maximal sequence length of this dataset. Zeros were appended to the shorter sequences
in BRNNs. It is important to note that ESN can handle different lengths of the data
sequences, so the data is trained with the original length.

MHAD-10 [2] is a 3D MoCap dataset of six subjects performing 10 different hand gestures
tracked with 25 markers. The four additional markers comparison with MHAD-27 were
put on the left and right hand and a thumb, and one additional marker was put on a
spine. Each subject repeats an action 5 times (trials). Therefore, we have a total of 300
videos with various sequence lengths. For BRNN, we chose to fix the number of sequences
to 150 which is close to the maximal length of the sequence in the dataset. This makes
a feature vector size of (3 · 25) × 150. The training is performed on five subjects from
all trials and an unseen subject is left out for testing. Hence the recognition rate is an
average of six-fold cross-validation.

HDM05 [25] was originally made up of 130 classes consisting of five subjects performing
actions with and without repeating the same cycles separately. This created a total of
2343 sequences. We followed [5, 9, 38] in grouping non-repetitive and repetitive motions
together yielding 65 actions. There were about 20 actions which have samples less than 20
i.e., throwBasketball, throwFarR and jumpDown having only 14 trials each, while actions
such as walk, elbowToKnee and runOnPlaceStart have 94, 80, 74 trials, respectively.
This leads to an unbalancing of data and causes a huge bias towards a particular action.
Nonetheless, since we focused on the action recognition of unseen subjects, therefore four
subjects were used in the training set and one subject was for the test. We reduced the
original number of markers to 19, where some nearby sensors e.g., on the spine as used
in MHAD were merged. The average sequence length is 261 with the maximum of 901.
With the limitation of our computational capacity, we set the data using the fixed length
of 400 for BRNNs. Therefore, the feature vectors of BRNNs have a size of (3 · 19)× 400.
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Figure 5 The recognition rates of MHAD-10 by excluding test subjects from the training set.
Left) Changing the total number of GRU units in one direction of BRNN or the reservoir size
of ESN. Right) Extending the test on the left by changing subsampling factors of test data of
untrained viewpoints.
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Figure 6 The recognition rates of MHAD-27 by excluding test subjects from the training set.
Left) Changing the total number of GRU units in one direction of BRNN or the reservoir size
of ESN. Right) Extending the test on the left by changing subsampling factors of test data of
untrained viewpoints.

5.2 Experimental Setups

We normalized each sequence with respect to its in-frame reference of that dataset, where
the reference is the joint that laid at the center of the skeletal torso. The evaluations were
composed of three experiments: i) Having some insights of deep networks strategies
by varying the width and height of the network. In this experiment, we did not
impose conditions on separation of test subjects from the training set. ii) Finding a few
good models by varying the number of cells in the networks using unknown
subjects. The experiment was set up in a way to find a few good models of each dataset by
varying the number of cells in the networks in 200-600 units (one direction in BRNN and the
total units in a reservoir for ESN), where the test subjects were excluded from the training
set. More than 300 configurations for BRNN were constructed to obtain the best output
and created some insights of construction strategies for deep networks. iii) Extending
the test using untrained viewpoints with the variations of speed. We enhanced
the experiment by extending the training set to have five camera angles {−90, 45, 0, 45, 90},
whereas test angles are in {−80,−70, ..., 70, 80}. Moreover, we subsampled the original test
data using a subsampling factor of 1, 2, 3, 4 and 5, while the training data still remained the
same. The subsampling factor of 2 means that every 2nd frame of the data will be taken
instead of each single frame (factor of 1).
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Figure 7 The recognition rates of HDM05 by excluding test subjects from the training set. Left)
Changing the total number of GRU units in one direction of BRNN or the reservoir size of ESN.
Right) Extending the test on the left by changing subsampling factors of test data of untrained
viewpoints.

6 Experimental Results

6.1 Discussion of results

Firstly, we investigated the effects of geometries of BRNNs following the construction
strategies depicted in Figure 3. The recognition rates of MHAD-10 performing on average
of five-fold cross-validation using shallow and deep BRNNs are shown in Figure 4. Moreover,
the recognition rates of each strategy are the average of two runs with the standard deviation
of ±3%. These test results gain very high recognition rates because they are not based on the
separation of test subjects from the training set. It is obvious that the recognition rates which
are better than 98% (the yellow shaded area in Figure 4) can only be achieved when the
networks are relatively large i.e., the number of cells is greater than 2 · 400. Furthermore, the
models which have any layer containing 50 cells yield output worse than others. This might
be because the input feature of MHAD-10 has a size of 75 and any form of dimensionality
reduction at any hidden layer in RNNs by shrinking the network’s width is not suitable.
Hence, by the experimental results, we conclude that the width of a hidden layer next to the
input layer in one direction should be larger than the size of the input features.

We enhanced the experiment by excluding test subjects from the training set to
examine the generalization of the models. The recognition rates of three datasets for
two experimental setups of MHAD-10, MHAD-27 and HDM05 can be found in Figure 5, 6
and 7 on the left and right of the figures respectively. In these figures, only a few best models
of BRNN were chosen from various configurations based on five geometries in Figure 3.
Furthermore, the results also demonstrate the output of the shallow networks, the output of
ESNs in section 3.2 and the output of machine learning approaches from section 3.3.

The results of the first experiment displayed on the left of Figure 5, 6 and 7 show that
the shallow and deep BRNNs significantly outperform other methods in the MHAD-10 and
MHAD-27 dataset. The deep BRNNs are slightly better than the other methods on large
networks for HDM05. In addition, there are some considerable differences in recognition
rates among both datasets and algorithms, especially for MHAD-10. Even though MHAD-10
consists of only 10 actions, nine out of these actions are the movements of solely the right
hand. On the contrary, even though MHAD-27 consists of more actions than MHAD-10, the
actions also involve a variety of movements of hands and legs which leads to overall better
recognition rates of all methods. The dimensionality reduction techniques in combination
with RF outperform other machine learning techniques and are close to the winner of HDM05
using deep networks, BRNN2C using the total of 2 · 600 cells. The confusion matrix of
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HDM05 using BRNN2B model on Figure 7-left is depicted in Figure 8. Actions with one
hundred percent recognition rate (recall) from all runs (filled with dark brown in Figure 9) are
for instance, clapAboveHead, jogLeftCircle, rotateArmsBothBackward, standUpKneelToStand
and so forth. The most common misclassified actions in all classifiers are between deposit and
grab as the trajectories of actions drawn in Figure 9. It is difficult to track the trajectories
in 3D of a stationary image by eye; hence, we projected a 3D image onto a 2D plane and
as we can see, the trajectories from these two groups cannot be distinguished. Therefore,
when we allow classification using top three correctness, the recognition rates increase by
12-15% in all methods. For HDM05, there are no significant differences among different
classification methods. When applying subsampling factors to simulate the changes of
movement speed for the test data of MHAD-10 and MHAD-27 using untrained viewpoints,
then increasing the subsampling factor decreases the recognition rate. Interestingly, however,
this effect does not apply to HDM05. This might be because only HDM05 consists of
non-repetitive and repetitive sequences in one action which allows the networks to easily
capture the changes of patterns of the action as varying of movement speeds, while MHAD-10
and MHAD-27 only consist of one periodic movement in each action. Besides, by increasing
the number of viewpoints in training deep BRNNs, the recognition rates of HDM05 have
been increasing by approximately 10% on arbitrary untrained viewpoints.

The results also reveal that deep BRNNs using two layers for the total number of cells
greater than 2 · 500 units such as BRNN2A and BRNN2B surpass all other models for all
three datatsets, including three layers of BRNNs. The shallow BRNNs work equally well
or even better than the deep BRNN for MHAD-10 and MHAD-27 but not for HDM05.
It is important to note that models with three hidden layers do not perform better than
models with two hidden layers, while training such gradient-based approaches requires a
large amount of computation time on GPU. The computation time and cost of training and
testing BRNNs is much greater than training ESNs, which the training is only performed
for the output weights at the readout where there is no cyclic dependency. Training and
testing using dimensionality reduction methods demand the least time and computational
power. Considering the time complexity for the gradient-based learning by BPTT, it must be
analyzed in terms of space for the number of values stored and the time complexity in terms
of the number of arithmetic operations required [37]. Therefore, measuring architecture
complexity of RNNs is not a trivial task. Nonetheless, for our configurations when the
network is fully connected and all weights are adaptable, if the shallow network requires time
T to complete the task, the deep network can be expected to complete the task in about
L · T , where L is the number of hidden layers.

A Comparison. Other studies which resemble our first experiment use only one default view
and do not exclude test subjects from training data. Furthermore, some approaches apply
some prior filters before passing data to the networks, for instance, [3] proposed a hybrid
MLPs which reported the recognition rate with an accuracy of 95% on HDM05 on 10-fold
evaluation. Next, [9] introduced deep BRNN by stacking BRNNs using LSTM units on each
skeleton part yielding the best result of 96.92% for HDM05. Followed by [38] which use deep
BRNNs with LSTM units on body parts similar to [9] but added a so-called co-occurrence
matrix and dropout to a three-LSTM layer with two feedback layers. It accounted for the
recognition rate of 97.25%.



P. Tanisaro and G. Heidemann 21:11

Figure 8 Confusion matrix of HDM05 with 65 actions on average of 2-folds using best model
of BRNN2B (2 · [100 · 400]). The weighted colors are computed from the percentage of the total
number of that action. The thick pink rectangle at the left corner shows a group of actions which
significantly misclassified in all methods. The red horizontal and vertical blue lines are drawn to
highlight groups of the actions.

6.2 Visualization of BRNN
Last hidden layer. For the BRNNs, only half of the output activities of the last hidden
layer contribute to the output layer as can be seen in Figure 10. This figure could explain
why the number of cells in one direction at the last hidden layer needs to be much greater
than the number of the output classes which are required by the Softmax function at the
output.

Visualization of input and other hidden layers. Multidimensional time-series data cannot
be directly visualized, therefore investigating its behavior is very difficult. One common
approach that is normally used in order to get some insight into high dimensional time-series
data is by examining their distance matrix. One benefit of using distance matrices, such as
Euclidean distance is that we can further analyze the matrix using recurrence plots (RPs)
[10] by applying a threshold distance and the Heaviside function. The RPs can tell when the
phase space trajectory of the dynamic system re-occur roughly in the same area in the phase
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Figure 9 Most common misclassified patterns are the confusion between “deposit” and “grab” .
Top) From left to right: 3D projection of depositFloor of default view, and the rotated 2D projections
of depositFloor , depositLow, depositMiddle and depositHigh, Bottom) grabFloor in 3D and 2D
projections of grabFloor , grabLowR, grabMiddle and grabHigh.

Figure 10 The activities from the last hidden layer with 2 · 150 cells of MHAD-10 dataset. The
left side shows the activities from forward and the right side from the backward direction.

space. Figure 11 shows the Euclidean distance matrices of a subject in HDM05 performing
an elbowToKnee. The left-most of the figure shows the distance matrix of the input which
reveals a few harmonic oscillations that can be observed by the checkerboard structures. The
next three figures are the activities from the first hidden layer L1 for the combination of
both directions, for forward and backward direction, respectively. We can infer from the
changes of one state of learning to another that the networks opt to differentiate their output
activities at each layer. At the upper layer, the scale of the differentiation is larger. The
very dark blue corresponds to distance zero and red to the maximum distance between the
features in this time span.

7 Conclusion

During the course of conducting our research, we have demonstrated the various influences
of various geometries of the deep BRNN’s upon human motion recognition. It is crucial to
have some empirical insights to amend and influence both the width and depth of the model
to suit the research requirements and objectives. The evaluations of the classifications were
performed by focusing on the generalization and the robustness of the models by testing on
unseen subjects with the variation of movement speeds. The results showed that BRNNs
outperformed ESNs and other conventional classification techniques. Correspondingly, we
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Figure 11 The Euclidean distance matrices of a subject performing elbowToKnee. From left
to right: i) input ii) the retrieved activities from the first hidden layer of combined directions, iii)
forward and iv) backward direction.

discovered that any form of dimensionality reduction, caused by reducing the width of the
hidden layers to less than the number of input features or reducing the width of last hidden
layer in one direction less than the output units is unsatisfactory. The shallow networks
should be included and examined in the experiment as they may not only demonstrate good
performance for some datasets, but also provide some insights into the impact of hyper
parameters. Nonetheless, to achieve the best outcomes, based on our research, we strongly
recommend that deep RNN’s as the method of choice for researchers to employ.
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A Lists of Complete Actions

Table 1 Ten hand gestures in MHAD-10 from default view at 0◦.

Action #Trials minLength maxLength meanLength

RHHighWave 30 55 161 85

RHCatch 30 38 75 54

RHHighThrow 30 44 78 56

RHDrawX 30 55 81 64

RHDrawTick 30 43 72 57

RHDrawCircle 30 54 89 67

RHHorizontalWave 30 52 139 70

RHForwardPunch 30 42 71 55

RHHammer 30 51 85 65

HandClap 30 47 68 57

B Confusion Matrices from Various Models of Unseen Subjects with
Untrained Viewpoints

Figure 12 Confusion Matrices of MHAD-27 of the first testing fold from two classification
methods. Left) Subspaces employing RF with PCA. Right) Majority vote using 1-NN.
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Table 2 27 actions in MHAD-27 from default view at 0◦.

Action #Trials minLength maxLength meanLength

ArmCross 32 50 86 64

ArmCurl, 32 42 86 59

BaseballSwing 32 63 90 74

BasketballShoot 32 46 81 60

Bowling 32 64 101 76

Boxing 32 51 92 68

Catch 32 41 74 59

Clap 32 51 78 61

DrawCircleCCW 32 64 98 74

DrawCircleCW 32 66 95 75

DrawTriangle 32 61 106 77

DrawX 31 55 81 66

Jog 32 51 82 67

Knock 32 53 95 67

Lunge 32 63 103 80

PickupAndThrow 32 68 125 87

Push 32 47 80 62

SitToStand 32 47 69 54

Squat 31 50 116 82

StandToSit 32 46 71 57

SwipeLeft 32 48 76 61

SwipeRight 32 47 75 59

TennisServe 32 52 94 67

TennisSwing 32 44 87 64

Throw 32 44 70 58

Walk 31 60 104 76

Wave 32 49 81 65

Figure 13 Confusion Matrices of MHAD-27 of 27 folds. Left) BRNN of 2 · [300 · 300] cells. Right)
ESN with network size of 600 neurons.
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Table 3 65 actions in HDM05 from default view at 0◦.

Action #Trials minLength maxLength meanLength

cartwheel 28 281 701 450

clap 31 32 211 109

clapAboveHead 31 59 657 248

depositFloor 32 181 641 363

depositHigh 28 129 509 245

depositLow 28 196 481 277

depositMiddle 29 178 662 270

elbowToKnee 80 93 574 243

grabFloor 16 186 401 268

grabHigh 29 170 460 258

grabLowR 29 191 544 294

grabMiddle 28 112 352 210

hitHandHead 13 141 281 226

hopBothLegs 55 56 432 151

hopLLeg 64 62 254 119

hopRLeg 65 58 246 116

jogLeftCircle 32 197 400 292

jogOnPlaceStart 70 80 241 147

jogRightCircle 33 190 441 288

jumpDown 13 177 381 288

jumpingJack 65 116 484 201

kickLFront 43 129 841 294

kickLSide 39 131 721 315

kickRFront 45 121 668 296

kickRSide 44 127 740 310

lieDownFloor 20 301 901 655

punchLFront 45 119 761 263

punchLSide 45 90 721 235

punchRFront 45 138 761 286

punchRSide 42 97 662 242

rotateArmsBothBackward 32 62 649 214

rotateArmsBothForward 32 62 739 230

rotateArmsLBackward 32 57 708 215

rotateArmsLForward 32 55 739 215

rotateArmsRBackward 32 54 649 210

rotateArmsRForward 32 54 733 213

runOnPlaceStart 74 58 182 100

shuffleStepsStart 51 161 540 319

sitDownChair 20 154 441 318

sitDownFloor 20 224 601 407

sitDownKneelTieShoes 17 425 825 645

sitDownTable 20 162 401 270

skier 40 123 459 202

sneak 63 164 751 372

squat 65 136 823 271

staircaseDown 15 139 319 222

staircaseUp 27 164 444 292

standUpKneelToStand 17 100 301 182

standUpLieFloor 20 279 703 525

standUpSitChair 20 176 441 295

standUpSitFloor 20 167 641 403

standUpSitTable 20 121 454 250

throwBasketball 14 281 721 407

throwFarR 14 361 600 524

throwSitting 28 188 404 282

throwStanding 28 242 541 353

turnLeft 30 119 281 196

turnRight 30 135 260 196

walk 94 122 369 214

walkBackwards 30 158 433 299

walkLeft 32 277 659 411

walkLeftCircle 37 261 560 397

walkOnPlace 60 121 400 233

walkRightCircle 27 246 542 381

walkRightCrossFront 29 195 701 434
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Figure 14 Confusion Matrices of MHAD-10 with the same configurations of BRNN employing
2 · [50 · 150 · 250] cells, but testing on different subjects shown on the left and the right figure.

Figure 15 Confusion Matrices of HDM05 of all folds in each configuration. Two common
misclassified groups of actions are highlighted in the pink color. Left) BRNN of 2 · [200 · 400] cells.
Right) BRNN of 2 · [250 · 250] cells.
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Abstract
Timed automata are powerful models for the analysis of real time systems. The optimal infinite
scheduling problem for double-priced timed automata is concerned with finding infinite runs
of a system whose long term cost to reward ratio is minimal. Due to the state-space explosion
occurring when discretising a timed automaton, exact computation of the optimal infinite ratio is
infeasible. This paper describes the implementation and evaluation of ant colony optimisation for
approximating the optimal schedule for a given double-priced timed automaton. The application
of ant colony optimisation to the corner-point abstraction of the automaton proved generally
less effective than a random method. The best found optimisation method was obtained by
formulating the choice of time delays in a cycle of the automaton as a linear program and
utilizing ant colony optimisation in order to determine a sequence of profitable discrete transitions
comprising an infinite behaviour.
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1 Introduction

Many systems exhibit behaviour that is dependent not only on the ordering of a sequence
of events, but also the precise time at which these events occur. These are known as real
time systems, and include such things as industrial plants which may carry out a set of
sub-processes each of which requires different resources for a specific duration of time, or
communication protocols where messages are sent and received with the restriction that
at any given time the communication medium can only be used by one of these actions.
The analysis of real time systems is important for ensuring the behaviour of these systems
meets the required specifications. In particular, for cases such as industrial plants, it is also
desirable that the long term behaviour of these systems is profitable, that is the cost to
reward ratio of the system behaviour is minimised. Timed automata are powerful models for
performing such analysis of these systems. A timed automaton models a real time system as
a set of states with transitions between them, alongside a set of real valued clock variables
that count up uniformly in real time. The taking of transitions is dependent on the values of
the clocks, and can reset some of the clocks when taken. The model has been extended to be
able to describe other quantitative aspects of systems behaviours, such as costs and rewards.
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The optimal infinite scheduling problem for timed automata is concerned with finding the
behaviour of a system that minimises the long term ratio of the operating cost to the obtained
rewards. Solving this problem is particularly useful when modelling an industrial process, as
the profitable operation of such a system is typically a key goal in its design. However, due
to the state-space explosion that can occur when modelling all potential behaviours of a real
time system, finding the exact solution for the optimal infinite scheduling problem generally
proves infeasible. Instead, this paper focuses on developing methods for finding approximate
solutions to the problem. In particular, the use of population based metaheuristics such as
ant colony optimisation as a means of efficiently exploring the candidate behaviours of a real
time system. By expressing the timed component of the optimal infinite scheduling problem
as a linear program that can be exactly solved relatively efficiently, these techniques give an
effective method for approximating the optimal behaviour of a given system.

2 Preliminaries

In this section we will present the preliminary definitions required for this paper.

2.1 Timed Automata
Clocks, Valuations, and Constraints. Before formally defining a timed automaton it is
necessary to introduce the clock variables on which their behaviour depends. A set of clocks
X is a finite set of variables {x0, . . . , xn} taking values in the non-negative real numbers
R≥0. A clock valuation is a function v : X → R≥0 assigning to each clock its current value.
0 denotes the valuation that assigns 0 to all clocks. The reset operation on a clock valuation
v by a subset X of X , denoted v[X := 0], gives the valuation v′ where the clocks in X are
set to 0, while the other clocks remain unchanged. For a real number δ, the delay of v by
δ, denoted v + δ gives the valuation where δ has been added to the value of each clock,
i.e. (v + δ)(x) = v(x) + δ. C(X ) denotes the set of clock constraints over X . These are
conjunctions of atomic constraints of the form x ./ c or x− y ./ c where x, y ∈ X , c ∈ Z and
./∈ {<,>,≤,≥}. A clock valuation v satisfies a clock constraint g if the value of each clock
under v satisfies each atomic constraint comprising g, if so we write v � g. A clock constraint
is said to be diagonal free if it is the conjunction of atomic constraints that only place upper
and lower bounds on individual clocks, and does not directly restrict the difference between
any pair of clocks.

I Definition 1 (Timed Automaton). A timed automaton A is defined to be a tuple
(Q, q0,X ,Σ, E, I), where

Q is a finite set of discrete locations.
q0 ∈ Q is the starting location.
X is a set of clocks.
Σ is a finite alphabet of actions.
E ⊂ Q × Σ × C(X ) × 2X × Q is a relation defining the jumps between locations. e =
(q, α,G,X, q′) represents a jump from the location q to q′ by taking the action α. G is
the guard on e: a diagonal free clock constraint that must be satisfied by the current
clock valuation in order for the jump to be taken. X is the subset of clocks to be reset to
0 when the jump is taken.
I : Q→ C(X ) assigns to each location an invariant condition that must be satisfied at all
times while in that location. Like the guards on the jumps, each location invariant must
be diagonal free.
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A state of a timed automaton A is a pair (q, v) with q ∈ Q and v a valuation over X .
The execution of A gives a transition system over the infinite space of possible states with
two types of transitions:

A delay transition from a state (q, v) has the form (q, v) δ−→ (q, v + δ). This transition
represents the automaton idling in location q for a duration of δ, provided the state
continues to satisfy the invariant condition of the location, that is v + t satisfies I(q) for
all 0 ≤ t ≤ δ.
A discrete transition with respect to a jump e = (q, α,G,X, q′) ∈ E from a state (q, v)
has the form (q, v) e−→ (q′, v′), where v′ = v[X := 0], v satisfies G and v′ satisfies I(q′).
This represents the automaton taking action α in q resulting in the jump to q′ provided
the guard on e is satisfied by v and the invariant at q′ is satisfied by v′.

A finite run of A is a finite sequence ρ = (q0,0) δ1−→ e1−→ s1
δ2−→ e2−→ . . .

δn−→ en−→ sn where each
si−1

δi−→ ei−→ si is a delay-transition (possibly of 0 duration) followed by a discrete-transition.
This definition can be extended to infinite runs of A by extending ρ to be an infinite sequence.

2.1.1 Double-Priced Timed Automata and Optimal Infinite Scheduling
The model of timed automata has been extended in various ways to model different aspects
of real time systems. A common extension is to associate a price with each location and
jump; a cost is accrued for each unit of time spent in a location, as well as for each jump
taken [3]. The accumulated cost of runs of the automaton can then be analysed, for example
the minimum cost reachability of certain states [2]. In 2008, Bouyer, Brinksma and Larsen
proposed the model of double-priced timed automata: a timed automaton extended with
two price functions: costs and rewards [4]. This model was designed for the purpose of
analysing the infinite behaviours of systems via their long term cost to reward ratio. The
minimisation of this ratio for long term behaviours is called the optimal infinite scheduling
problem. The solutions to this problem are of particular interest when considering systems
that need to perform a series of operations indefinitely, such as industrial processes where
the operator would want the long term rewards to exceed the costs. We now formally define
a double-priced timed automaton:

I Definition 2 (Double-Priced Timed Automaton). A double-priced timed automaton (DPTA)
A is a tuple (Q, q0,X ,Σ, E, I, Cost, Reward) where

(Q, q0,X ,Σ, E, I) defines a timed automaton as defined in definition 1.
Cost : (Q∪ E)→ N is a function assigning to each jump a cost and to each location a cost
rate.
Reward : (Q ∪ E)→ N is a function assigning to each jump a reward and to each location
a reward rate.

The transition system of a DPTA is identical to that of a timed automaton. However
each transition now has an associated cost and reward. A delay transition (q, v) δ−→ (q, v + δ)
has cost Cost(q) · δ and reward Reward(q) · δ, that is each time unit spent in location q

contributes an amount equal to its cost or reward rate. A discrete transition (q, v) e−→ (q′, v′)
simply has the cost and reward Cost(e) and Reward(e) respectively. Given a finite run of
a DPTA ρ = (q0,0) δ1−→ e1−→ (q1, v1) δ2−→ e2−→ . . .

δn−→ en−→ (qn, vn) we define the cost of the run
as the sum of the costs of each transition: Cost(ρ) =

∑n
i=1(Cost(ei) + Cost(qi−1 · δi). The

reward of a finite a run is defined similarly. The ratio of a run is simply the cost divided
by the reward: Ratio(γ) = Cost(γ)/Reward(γ). For infinite runs, we consider the limit of
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the ratio as the run progresses. For an infinite run ρ = (q0,0) δ1−→ e1−→ (q1, v1) δ2−→ e2−→ . . ., let
ρn be the prefix of ρ consisting of the first n transitions. The ratio of the run is defined as
Ratio(ρ) := lim

n→∞
Ratio(ρn). To ensure that the ratios of all infinite runs of the DPTA exist,

we require that the automaton be strongly reward diverging: for every infinite run ρ, we have
lim
n→∞

Reward(ρn) = ∞, i.e an infinite number of actions leads to an infinite reward. This
effectively means that there are no cycles with zero reward.

We now define the optimal infinite scheduling problem for DPTA. Given a strongly reward
diverging DPTA A = (Q, q0,X ,Σ, E, I, Cost, Reward), let Γ be the set of all infinite runs of
A. The optimal infinite scheduling problem is to determine the lower bound on achievable
cost to reward ratios of infinite runs of the automaton: Ratio∗ = inf{Ratio(ρ) | ρ ∈ Γ}. Note
that there may not be a run of A with this ratio, but instead a family of runs such that their
ratio becomes arbitrarily close to Ratio∗. Bouyer, Brinksma and Larsen have shown that
the optimal infinite scheduling problem is computable and is PSPACE-complete [4].

While the region abstraction defined by Alur and Dill preserves reachability properties [1],
it does not preserve the ratios of infinite runs as the duration of timed transitions is abstracted
away. In their proof of the computability of the optimal infinite scheduling problem, Bouyer,
Brinksma and Larsen introduce an extension of the region abstraction that does preserve this
property called the corner point abstraction [4]. Let A = (Q, q0,X ,Σ, E, I, Cost, Reward)
be a DPTA with |X | = k. We also require that the reachable clock-space of A is bounded,
that is there exists a constant M such that for all reachable clock-valuations v, v(x) ≤M
for all clocks x in X . A corner point is an element a = (a1, . . . , ak) of Nk, which can be
thought of as a clock valuation. If (q,R) is a region of A, a corner point a is associated with
(q,R) if a lies in the closure of R. Interpreting R as a polyhedron in the clock space, then
the corner points associated with R are the vertices of the closure of that polyhedron. The
corner point abstraction of A is a double-weighted graph with vertices of the form (q,R,a)
where (q,R) is a region and a is a corner point associated with (q,R). The edges of the
graph represent either discrete or delay transitions of the automaton. The edges have two
weights - a cost and a reward corresponding to the cost and reward of the transition in the
original automaton. For each jump e = (qsrc, α,G,X, qdest) of A, for every vertex (q,R,a)
such that q = qsrc and R satisfies the guard G, then there is an edge from this vertex to the
unique vertex (q′, R′,a′) such that q′ = qdest, R′ = R[X := 0] and a′ = a[X := 0]. This edge
has weights Cost(e) and Reward(e). There are two types of edges corresponding to delay
transitions in the corner point abstraction:

Given two vertices (q,R,a) and (q,R,a+1) (i.e a+1 is an immediate time successor of a),
there is an edge between them with weights Cost(q) and Reward(q) as this corresponds
to a delay of 1 time unit in location q.
Given two vertices (q,R,a) and (q,R′,a) with the region R′ being a time successor of R,
there is an edge between the vertices with cost and reward equal to 0, as this is a delay
of zero duration.

A path through the corner point abstraction corresponds to a run of the automaton, with
corresponding accumulated cost and reward. However, the only delay transitions represented
in the corner-point abstraction are those of duration z + ε where z is a non-negative integer
and ε is some real number with |ε| << 1. Bouyer, Brinksma and Larsen [4] prove that these
transitions are sufficient, and that the corner point abstraction is sound and complete with
respect to the optimal infinite scheduling problem for double priced timed automata, i.e.
that the optimal ratio of infinite paths in the corner point abstraction is equal to Ratio∗ in
the corresponding DPTA. The optimal infinite scheduling problem can therefore be reduced
to finding the minimum cost to reward ratio cycle in the corner point abstraction. If the
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corner point abstraction has V vertices and E edges, then the best known algorithm for this
problem - Burn’s Algorithm has time complexity O(V 2E) [7]. As the number of vertices
in the corner point abstraction is proportional to the number of regions of the automaton,
which has an upper bound of |Q| · |X |! · 2|X | ·

∏
x∈X (2cx + 2) as seen above, applying this

method does not give a feasible algorithm for most automata.
A possible approach to effectively solving the optimal infinite scheduling problem is to use

a zone-based abstraction that preserves the optimal ratio of runs, rather than a region-based
one. David et al. have constructed such a method specifically for the case of timed automata
with only one clock [8]. Their method is based on strong time abstracting bisimulations
(STABs)- a zone based method of partitioning the state space of an automaton into zones
that have equivalent behaviour [16]. In the one clock case zones are simply intervals of
non-negative real numbers. David et al. [8] define an abstraction based on the end points
of these intervals and prove that it preserves the optimal infinite ratio. The procedure of
constructing this abstraction and finding the optimal ratio has complexity O(|Q|·(|Q|+|E|)6),
which is much more feasible than using the corner point abstraction. However, most real
time systems require the use of several clocks to effectively model their behaviour. This
work has not currently been extended to the case with more than one clock, and so there is
a lack of effective algorithms for solving the optimal infinite scheduling problem for timed
automata with two or more clocks. Additionally, in the worst case the size of a STAB of a
timed automaton is as large as that of the region abstraction, so even given a STAB based
method, the computation of the optimal infinite ratio will still be infeasible.

2.2 Population Based Metaheuristics
For many optimisation problems, especially those of high complexity, an exact solution is not
required. Instead an approximate solution is often sufficient. In this case, we can make use
of heuristic algorithms to rapidly explore the state-space of the problem to find a solution
that is good enough, but not provably optimal. As demonstrated in the previous section,
the complexity of the optimal infinite scheduling problem for double-priced timed automata
is typically too high to admit an exhaustive search of the state-space, and so the use of
heuristics is a suitable method for compromising precision for computational efficiency in
this domain.

2.2.1 Ant Colony Optimisation
Ant colony optimisation is a population based metaheuristic first developed by Marco Dorigo
in 1996 as a method of determining approximate solutions to the travelling salesman problem
[9]. The method is inspired by the way ants utilize pheromone in order to communicate the
best path between their nest and a food source. Ant colony optimisation is typically used for
combinatorial optimisation problems consisting of a finite set of discrete decisions, such as
finding traversals of graphs, but it has been extended to problems in continuous domains
[12]. While these problems are typically NP, Ant Colony optimisation has been applied to
some PSPACE problems such as the Canadian Traveller Problem [13].

Ant colony optimisation operates by simulating a population of agents representing
artificial ants. To illustrate we will suppose we have a combinatorial optimisation problem
given as finding a traversal of a graph G = {V,E} with V being the set of vertices and E
the set of edges. We have some objective function over the traversals of the graph that we
are trying to optimize. As each possible solution is a traversal, the discrete decisions are
the choice of which edge to take at each point. The artificial ants communicate and make
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Algorithm 1: High Level Ant Colony Optimisation.
repeat

place ants;
repeat

foreach ant do
if path not complete then

follow state transition rule to choose next edge;
take edge and apply local pheromone update;

end
end

until all paths complete;
apply global pheromone update;

until terminated;
return best path;

decisions based on a pheromone function: Pheromone : E→ R≥0, a function assigning to each
edge a non-negative real number which represents the concentration of pheromone on that
edge. A high pheromone concentration means that traversals including that edge evaluated
well under the objective function. At a decision point a traversal is more likely to take an
edge with a higher concentration of pheromone.

The overall algorithm operates over a series of iterations. Within each iteration each
ant in the population builds a solution by first being placed at a starting vertex, and then
taking edges one by one according to a state transition rule. After taking an edge, the
ant updates that edge’s pheromone concentration according to a local pheromone updating
rule. The ant continues to take edges until a complete solution is formed. Once all ants
have complete solutions, the pheromone along all edges is updated. This is called the global
pheromone update. After a number of iterations the process completes, and the overall best
found traversal is returned as the solution to the optimisation problem.

State Transition Rule. The state transition rule is how ants determine what edge to add to
their solution. If an ant is at a vertex v, with outgoing edges Out(v), the simplest used state
transition rule is to choose a particular edge with probability corresponding to its relative
pheromone concentration. For an edge e in Out(v) the probability of taking this edge, P (e)
is given by:

P (e) = Pheromone(e)∑
e′∈Out(v)

Pheromone(e′)

This means that an ant is more likely to take an edge known to give results, but the
probabilistic factor means that alternate solutions will still be explored. It is also common
to apply a heuristic factor, i.e. an approximation of that edge’s quality, to the probability of
taking an edge. The effect of the pheromone relative to the effect of the heuristic can then
be adjusted using real-valued weighting parameters [9].

Pheromone Updates. In combination with the state transition rule, pheromone updates
act as a mechanism for encouraging ants in future iterations to explore in the neighbourhood
of previously found good solutions. The global pheromone update occurs after each ant has
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built its solution. First, some amount of the pheromone along all edges evaporates, that is it
is reduced by a linear factor λ ∈ [0, 1] called the evaporation rate. For each edge e in E this
is characterized by the update:

Pheromone(e)← (1− λ) · Pheromone(e)

This is a mechanism in place to make ants weight more recent information more heavily than
older information. Then, each ant applies to each of the edges involved in its solution an
amount of pheromone proportional to that solution’s quality under the objective function. If
f is the objective function, and Pk is the solution found by the kth ant, the update for an
edge e is:

Pheromone(e)← Pheromone(e) +
∑

k∈Ants

{
f(Pk) e ∈ Pk
0 e /∈ Pk

In his revised version of the ant colony optimisation [10], Dorigo found that using an
elitist global update gave better performance in general. This is a modification where only
the best n ants of an iteration are allowed to place pheromone along their path. In the same
revision, Dorigo introduced the local pheromone update, where upon adding an edge to its
partial solution an ant will slightly reduce the taken edge’s pheromone concentration. This
discourages ants within the same iteration from taking the same set of edges, ensuring that a
diverse set of solutions is tested in each iteration. Later work by Stüzle and Hoos found that
performance is also improved if pheromone concentration is capped between a minimum and
maximum level [15].

3 Approximate Optimisation

In the following section we detail the application of population based metaheuristic meth-
ods to the optimal infinite scheduling problem for a double priced time automata A =
(Q, qstart,X ,Σ, E, I, Cost, Reward). There are several assumptions we will make regarding
A:
1. A is strongly reward diverging - This is to ensure that every infinite run of A has a

defined cost to reward ratio.
2. The invariants I of A in each location bound the values of every clock. This ensures that

the reachable clock space is bounded and hence the corner point abstraction [4] can be
used.

3. A is deadlock free. That is for all reachable states s = (q, v) of A there exists some
positive delay δ such that the state (q, v + δ) satisfies the location invariant at q and the
guard condition of at least one jump from q. Intuitively this means that at all states, by
letting time pass the automaton is guaranteed to be able to take a discrete transition.

When considering the corner point abstraction, conditions 2 and 3 together ensure that
starting from a particular vertex of the corner point an infinite execution will eventually
cycle and repeat a corner point without reaching any ’dead ends‘. This fact is useful for
generating cyclic executions of the automaton on the fly, without the need for backtracking.

Our approach will consist of applying metaheuristic techniques in order to find cycles
in the corner point abstraction that have a ratio that is as small as possible. The goal is
to explore the state-space as efficiently as possible to give a good solution, although the
solutions that are found will not be provably optimal.
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In order to generate these cycles, we use a simple representation for the vertices of corner
point abstraction, which we will refer to as a CP-state. For an automaton with k clocks, a
CP-state s = (q, z,d) is a location q, alongside a pair of integer-valued vectors z and d with
z = (z1, . . . , zk) and d = (d1, . . . , dk). The ith component of each vector is related to the
ith clock of the automaton. The vector z gives the corner-point with which the CP-state is
associated, while d defines the relative ordering of the fractional components of each clock.
If ε is a very small positive real number, the CP-state (z,d) corresponds to the vertex of
the corner point abstraction associated with the corner point a = z, and with the region to
which the point z + ε · d belongs.

3.1 Ant Colony Optimisation

As the corner point abstraction is a graph, we could theoretically apply ant colony optimisation
directly in order to find a good cycle. However for this approach, as part of the pheromone
function representation, we would need to store a value for each individual edge in the
corner point abstraction. The upper bound on the number of vertices is of the order
|Q| · |X |! · 2|X | ·

∏
x∈X (2cx + 2) [1], with the number of edges being even larger, so memory-

wise this is not feasible. Instead we will approach the problem as a multi-step problem
with two components. The first component is the problem of determining what sequence of
discrete transitions of the automaton will compose the cycle. The second component is the
problem of determining what delays to take between the discrete transitions.

3.1.1 Simple Ant Colony Optimisation with Random Delays

The simplest approach under this interpretation is to have the pheromone function assign val-
ues to the jumps of the automaton. Given a DPTA A = (Q, qstart,X ,Σ, E, I, Cost, Reward),
we have a pheromone function pheromone : E → R≥0. Initially, before performing any
exploration we set pheromone(e) = 1 for all e in E. In each iteration of the algorithm,
each ant will be placed at a random CP-state of A. The ant will then build a solution by
sequentially taking a delay transition (randomly) and then a discrete transition (based on
pheromone), until it reaches a CP-state it has already visited. By our assumptions listed at
the start of the chapter, this is guaranteed to occur and as such we will have a cycle from
the repeated CP-state to itself. As we are only interested in the cycle itself, the path leading
up to the cycle can be discarded.

To choose a delay from a particular CP-state, the ant considers the set of delays that
lead to a subsequent CP-state where at least one discrete-transition is enabled, as the next
step requires choosing a discrete transition from that state. Due to the assumption of the
automaton being deadlock-free this set of delays is guaranteed to be non-empty. A delay
from this set is chosen with uniform probability.

For this algorithm the state-transition rule will determine which jump of the automaton
an ant will take from a given CP-state s. The probability of taking a jump e depends on
both the pheromone concentration as well as the cost/reward ratio contributed by e, with a
smaller ratio leading to a higher probability. Let Out(s) be the set of jumps that can be
taken from s, the probability of taking a jump e in Out(s), P (e) is given by:

P (e) =
pheromone(e)α · ( Reward(e)

Cost(e) )β∑
e′∈Out(s)

pheromone(e′)α · ( Reward(e′)
Cost(e′) )β
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α and β are real valued parameters that allow for weighting the effect of the pheromone and
the jump’s ratio when determining the probability.

As per the standard implementation of ant colony optimisation, we have local and global
pheromone updates. As the local update, when an ant takes a jump e, the pheromone
concentration of e is scaled towards the initial value 1 by a linear decay factor µ:

Pheromone(e)← (1− µ) · Pheromone(e) + µ · 1

The global update first has the pheromone along all edges reduced according to the evaporation
factor λ:

Pheromone(e)← (1− λ) · Pheromone(e)

Then we perform an elitist update based on the paths found. Let ρi be the ith best cycle
found in this iteration, and n be the elitism factor, i.e. the number of top ants we are
considering. We update by:

Pheromone(e)← Pheromone(e) +
n∑
i=1

{
(Ratio(ρi))−1 e ∈ ρi
0 e /∈ ρi

where (Ratio(ρ))−1 is the reciprocal of the ratio of ρ, so a lower cost to reward yields a
higher pheromone concentration. We also cap all pheromone values to be below a bound
Pheromonemax. If we ever evaluate a reward/cost fraction where the cost is 0, we interpret
this value as Pheromonemax to ensure all values are well defined.

Using these steps as part of a standard ant colony optimisation algorithm we get a
process that attempts to optimise the discrete transitions of runs in our DPTA. However, our
pheromone function stores no information about the delay transitions being used, so these
cannot be effectively optimised by this method. The next section introduces an approach to
optimise both the discrete and delay transitions.

3.1.2 Hybrid Ant Colony Optimsation
Research has shown that with a modification to pheromone function representation, ant
colony optimisation can be applied to optimisation in continuous domains [12]. With further
modification we can use this approach to solve hybrid discrete-optimisation problems. The
optimal infinite scheduling problem can be constructed in this way. Choosing the jumps that
form the cycle is the discrete problem, and choosing the delays is the continuous problem.
This section will extend the previous method to utilize this hybrid approach. We are still
considering paths within the corner point abstraction, but instead of choosing a delay and
then a jump we choose a joint action consisting of both these parts: (δ, e) where δ is the
positive delay, and e is the jump.

When considering what joint action to take, while the delay itself determines the cost and
reward contributed by the current location, the state that we delay to and take the jump
from has more of an impact over the automaton’s potential future behaviour. Therefore,
our new pheromone function should act as an estimator of the utility of taking a jump from
a particular state. As a jump can only be taken from its source location, we only need
to consider the valuation of the state and not its location. So for a k clock automaton,
we have Pheromone : Rk≥0 × E → R≥0. A challenge here is the effective representation of
the pheromone function, as the domain is partially continuous. We would also like the
placement pheromone to affect not only the exact state the jump was taken from, but also
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Figure 1 2D Gaussian kernel Gv(x) with v = (3, 4) and σ = 1.

the neighbourhood around that state so as to inform later ants that similar states to this
might also be good candidates. As explored by Socha and Dorigo [12], a solution is to have
the pheromone function be a sum of k-dimensional Gaussian kernels. Given a center-point v
the Gaussian kernel Gv : Rk → R is of the form:

Gv(x) = exp
(
−|v− x|2

2σ2

)
where |v− x| is the Euclidean distance between v and x and σ is a constant defining the
width of the curve. As seen in Figure 1, the function gives a maximum of 1 at x = v and
approaches 0 as x moves further away.

We can then define our pheromone function as a linear combination of these curves
centered at the points pheromone has been applied. For a particular jump e, let v1, . . . ,vm
be the points at which pheromone has been applied, and τ1, . . . , τm be the corresponding
concentration that was applied at each point. Each value τi is the maximum height of the
corresponding curve, We also add the constant function 1 so that the initial pheromone
concentration at each point is 1 like in the previous method. Our pheromone function is then
given by:

Pheromone(x, e) = 1 + τ1 ·Gv1(x) + . . .+ τm ·Gvm(x)

Figure 2 shows an example of a pheromone function at a particular jump in a 1 clock
automaton, where varying concentrations of pheromone have been placed at x = 2, x = 6
and x = 12.

This method is easily represented by a list of centre points and concentrations for each
jump of the automaton. Evaluation of the function simply requires taking the value 1 and
adding the corresponding Gaussian functions at the particular point, restricting the value if
it exceeds our Pheromonemax value. As the computation time for this is linear in the number
of curves present, we restrict the number of curves allowed to a number n, keeping only the
most recent n curves for each jump.

The rest of the algorithm operates mostly the same as the previous with a few modifications.
As our pheromone function has changed, the state-transition rule is slightly modified. At
a given CP-state s the ant considers the set of all legal joint actions Actions(s) which is
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Figure 2 Example 1D pheromone function for a particular jump.

the set of actions (δ, e) such that s+ δ satisfies both the current location invariant and the
guard of e. The probability of taking an action (δ, e) depends on the pheromone value at the
state the discrete transition is taken from: Pheromone(s+ δ, e), and the reward and cost that
this action contributes. We define the reward-cost ratio of an action (δ, e) from a CP-state
s = (q, z,d) as:

Ratio(δ, e, s)−1 := Reward(q) · δ + Reward(e)
Cost(q) · δ + Cost(e)

The state -transition rule then gives the probability of taking an action (δ, e) in Actions(s):

P (δ, e) = Pheromone(s+ δ, e)α · Ratio(δ, e, s)−β∑
(δ′,e′)∈Actions(s)

Pheromone(s+ δ′, e′)α · Ratio(δ′, e′, s)−β

The parameters α and β are weightings of each component as before. Local and global
pheromone updates act as before, with the change that whenever pheromone is scaled,
instead the height parameter of each component Gaussian curve is scaled, and whenever a
value is added, a Gaussian curve with that height is added instead. To keep the number of
Gaussian curves low, we set a small real valued constant heightmin. Whenever the scaling
of a Gaussian function results in its height being less than heightmin, the curve is removed
from that pheromone function.

The remaining parts of the algorithm: iteration, elitist updating and returning of the best
solution are identical to that of the simple ant colony optimisation method. The modified
pheromone function and state transition rule gives a method for approximating the optimal
infinite ratio of the automaton, that takes into account more information than the previous
method, but has more significant time and memory requirements due to the pheromone
function representation.

3.2 Cycle Optimisation
In the previous methods the delays for a given cycle of the automaton were determined
approximately. In this section we introduce a method that, given a set of jumps forming a
cycle in the automaton, will exactly determine the delays that give the best possible cost to
reward ratio for that cycle. With this method, the optimal infinite scheduling problem only
requires the trial of different combinations of discrete transitions.

Let A = (Q, qstart,X ,Σ, E, I, Cost, Reward) be a double-priced timed automaton, and
let (ei)ni=1 = e1, e2, . . . , en be a sequence of jumps such that ei = (qi−1, αi, Gi, Xi, qi) ∈ E
with q0 = qn, that is the edges of (ei)ni=1 form a cycle in A. Given this sequence we
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wish to find a cyclic execution of A, ρ = (q0, v0,0) δ0−→ (q0, v0,1) e1−→ (q1, v1,0) δ1−→ . . .
en−1−−−→

(qn−1, vn−1,0) δn−1−−−→ (qn−1, vn−1,1) en−→ (q0, v0,0) with Ratio(ρ) being minimal. As the jumps
involved are fixed, this problem consists of finding optimal delays δi such that ρ is a valid
execution. The valuations vi,j can then be derived from the delays. Note that unless all
delays are 0, then for a solution to exist each clock must be reset by at least one jump, as
such we will only consider sequences in which all clocks are reset at least once. To begin
with, we will also assume that all invariant and guard conditions are closed, that is they only
make use of the weak inequalities ≥ and ≤.

To solve this problem we will first derive a set of constraints that will ensure that ρ is a
valid execution. We then redefine the objective function and constraints with respect to a
new set of variables such that the constraints define a bounded polyhedron and the objective
function is a quotient of affine functions. This will give a linear-fractional program that
we can transform into a linear program to then solve. The constraints, objective function
and solution are described in the appendix (Appendix A). This method gives a computable
function CycleOpt : {en} → R that maps to each sequence of jumps in the automaton
forming a cycle, a real number that is the minimum achievable cost to reward ratio for
that particular cycle. If a sequence e1, . . . , en is infeasible, that is no valid execution of the
sequence of jumps exists, we set CycleOpt(e1, . . . , em) =∞.

The cycle optimisation can be extended to handle strict inequalities in guards, as described
in the appendix (Appendix A.1).

4 Ant Colony Optimisation with Cycle Optimisation

The cycle optimisation algorithm can be applied in conjunction with ant colony optimisation
to the optimal infinite scheduling problem. The ants are responsible for testing cycles
consisting of different jumps of the automaton, while the cycle optimisation algorithm returns
the optimal delays as well as the best achievable cost reward ratio for a cycle composed of
those jumps.

The implementation of this algorithm operates largely the same as the simple ant colony
optimisation algorithm discussed earlier. Ants traverse the CP-states of the automaton until
they reach a cycle, informed by the pheromone function over the set of jumps. The difference
occurs around the time of the global pheromone update. In the orginal algorithm each of the
best k ants would place pheromone corresponding to the cycle it built. Instead, for each of
these ants, the sequence of discrete-transition used in its solution e1, . . . , en is passed into the
cycle optimisation method. CycleOpt(e1, . . . , en) is calculated, with the result being used to
update the concentration of pheromone along each jump in the sequence. This reduces the
drawback of using random delays during exploration, while still having the benefits of the
simple pheromone function this enables. During the exploration ants are essentially finding
feasible sequences of jumps, while the CycleOpt function finds the best ratio over a subset of
these feasible cycles. This is beneficial as the CycleOpt function, the most computationally
expensive part of the iteration, only needs to be executed for a small number of the candidate
solutions. A drawback that remains in this method is that the pheromone function only
informs what set of jumps to use, while the optimal achievable ratio depends on the exact
sequence of jumps. The ratio varies on what order the jumps appear in as well as on how
many times a jump is taken.
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Table 1 Rates of finding the overall minimal ratio on each of the 175 timed automata test cases.

Method Rate
Ant Colony with CO 61.5%
Simple Ant Colony 44.6%

Random 43.5%
Hybrid Ant Colony 38.2%

Table 2 Normalized average ratios across all test cases. This is given by dividing the ratio
obtained in each trial by the best ratio found for that automaton.

Method Normalized Avg.
Ant Colony with CO 1.131

Random 1.161
Simple Ant Colony 1.202
Hybrid Ant Colony 1.297

5 Results

This section details the execution and results of several experiments designed to test the
effectiveness of each of the above algorithms for solving the optimal infinite scheduling. Of
interest are the ratios obtained, the time taken to do so, and the types of cycle structures
each algorithm is best suited finding. Each algorithm was implemented in Java 8.

As a baseline for comparison with the other algorithms, a method that simply explores the
CP-states randomly was implemented. This method generates some number of random cycles
in the corner-point abstraction, with the best found cycle being returned as the solution. At
each decision point, which delay or jump to take is determined using a uniform distribution.
The parameter tuning is described in the appendix (Appendix B).

The primary experiment for evaluation consisted of running each algorithm on 175
randomly generated double priced timed automata. Each method was performed 10 times
per automaton with the best found ratio, the average ratio and the average time taken
to terminate being recorded. The test case generation (Appendix C) and optimal ratio
calculation (Appendix D) are described in the appendix. Even on these small instances it
was not feasible to run the deterministic algorithm [4] to confirm the optimal ratio.

5.1 Results and Discussion
For each automaton, the best ratio that either the optimal ratio search or any of the five
methods returned was recorded and used as a point of comparison. How frequently each
method returned the best ratio for a given automaton was recorded. This is shown in Table 1.

The algorithms making use of cycle optimisation performed the best by this measure,
being the only methods to find the optimum in over 50% of the trials. Notably, the hybrid
ant colony algorithm found the optimum less frequently than even the random method.

The normalized average ratio found by each method was also recorded. This value is
given by taking the ratio found in a particular trial and dividing by the best ratio found
across all trials for the same automaton. A normalized average of 1.0 would suggest that the
method found the optimum in every trial, with higher values suggesting worst performance.
The normalised ratio gives a measure of how close to the optimum the ratios returned by
each method were. These results are shown in Table 2. Ant colony optimisation with cycle
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Table 3 Rates of taking the optimal loop.

Method Rate
Ant Colony with CO 52.4%
Simple Ant Colony 50.4%
Hybrid Ant Colony 15.4%

Random 10.4%

Figure 3 An example loop automaton. The optimal behaviour is given by taking enabling n− 1
times and then taking payoff.

optimisation gave the best performance by this measure. Interestingly the random method
had the second best performance. However, this performance comes at a price, taking on
average 9 seconds per trial, compared with 1 second per trial for the simple ant colony
methods. The hybrid and random average 1.5 seconds per trial.

Based on the results of this experiment, ant colony optimisation with cycle optimisation
appear to be the best method for finding a profitable cyclic behaviour of a timed automaton.
Although this method has a greater time requirement than the others, the improvement to
the behaviours found is likely to make this time increase worthwhile. Overall the hybrid ant
colony optimisation algorithm was the worst at optimising the behaviour of the automaton,
performing even worse than the baseline random method. It is possible that the pheromone
representation more frequently led the algorithm astray rather than allowing it to improve
upon its solutions in each iteration.

6 Additional Experiments

In addition to the primary experiment, the methods were tested on automata with a particular
structure designed to stress the algorithms and find potential weaknesses.

6.1 Jump Repetition
This experiment tested how frequently each method found the optimal cycle when that cycle
consisted of taking a particular jump n times followed by a high reward jump. Each test
case had 2 clocks and a single location with 0 cost and reward. The jumps consisted of an
enabling jump which allows the difference between the two clock values to increase by at
most 1 each time it is taken, a payoff jump which can only be taken when the difference
between the clocks is at least n and a set of k “noise” jumps. All jumps have cost 1, with the
enabling jump having reward 1, the payoff jump having reward 1000 and the noise jumps
having rewards in the range 1 to 10. The payoff jumps reward dominates that of all others
and hence the optimal ratio is obtained by the cycle where the enabling jump is taken n
times and then the payoff jump is taken. Figure 3 shows the structure of the automata.

There were 50 test cases with n ranging from 1 to 10 and k ranging from 1 to 5. In
each test case, each method was run 10 times. The percentage of these runs that found the
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Figure 4 Rate of taking the optimal loop, with respect to number of jumps.

Figure 5 An example sequence automaton of length 4. The optimal behaviour is given by
enabler1→ enabler2→ enabler3→ payoff.

optimal ratio were recorded. These results are shown in Table 3. Figure 4 shows how the
number of times the repeated jump was required to be taken affects how frequently each
method found the optimal behaviour.

The two best performing methods were the simple ant colony optimisation, and ant colony
optimisation with cycle optimisation. Notably these two methods use a pheromone function
associated only with individual jumps, so a high pheromone concentration on the enabling
jumps would cause these algorithms to take it more frequently.

6.2 Sequence Length

This experiment consisted of test cases with one location where the optimal cycle consisted
of taking a specific sequence of jumps of length n, again in the presence of k “noise” jumps.
All jumps had cost 1. Noise jumps had rewards between 1 and 10, the first n − 1 jumps
in the sequence had reward 100 and the final jump has reward 1000. The test case has n
clocks, with the ith jump resetting the first i clocks and requiring that the first i− 1 clocks,
but not the ith have been reset, making it so the final jump is only possible to take if the
first n− 1 jumps have been taken in the correct order with no noise jumps (which reset all
clocks) in between. The final jump’s high reward again dominates, making the set sequence
the optimal cycle for the automaton. Figure 5 shows an example with an optimal sequence
of length 4.

There were 50 test cases with n ranging from 1 to 10 and k ranging from 1 to 5. In each
test case, each method was run 10 times. The percentage of these 10 that found the optimal
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Table 4 Rates of taking the optimal sequence.

Method Rate
Hybrid Ant Colony 100%
Ant Colony with CO 76.6%
Simple Ant Colony 73.6%

Random 27.2%
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Figure 6 Rate of taking the optimal sequence, with respect to number of jumps.

ratio were recorded. These results are shown in Table 4. Figure 6 shows how the length of
the optimal sequence affects how frequently each method found the optimal behaviour.

In this experiment the ant colony optimisation based methods greatly outperformed the
other methods. Notably the hybrid ant colony optimisation algorithm found the optimal
sequence in every single trial, despite performing very poorly in the other experiments. As
the hybrid ant colony optimisation pheromone function varies over where in the clock space
a jump is taken from. As what jumps can currently be taken depends on the resets of the
jumps taken previously, the function is able to express some heuristic information about the
impact of the order of the jumps. This result suggests that while in the general case the
hybrid ant colony is less efficient at finding a good behaviour, this pheromone representation
is well suited to the cases where a very specific sequence of actions is required.

7 Conclusion

This investigation shows that in many cases it is possible to achieve optimal or near optimal
strategies for double priced timed automata using variations of ant colony optimisation, and
linear programming for cycle optimisation. However, it also shows that it is possible to
engineer test cases with specific solutions that are difficult for some heuristic search methods
to find. Future work will work towards finding robust variations that are able to consistently
produce near optimal strategies.
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A Cycle Optimisation

Constraints. We first derive a set of constraints over the clock valuations vi,j that limit
the choice of delays to only those that result in a valid execution:
1. vi,1 satisfies G(i+1) (mod n) as the jump e(i+1) (mod n) is taken from vi,1.
2. If x ∈ Xi then, vi,0(x) = 0 as jump ei resets clock x.
3. vi,j satisfies I(qi), as all valuations in the run must satisfy the corresponding invariant

condition. As the location invariant defines a convex region in the clock-space, all
valuations between vi,0 and vi,1 will also satisfy the invariant.

4. vi,1 is a direct time successor of vi,0. That is, for each i there is a non-negative constant
δ (corresponding to the delay taken from vi,0) such that for x in X , vi,1(x) = vi,0(x) + δ.
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Note that while the first three conditions can easily be expressed in terms of clock difference
constraints between the valuations, the final constraint cannot as the constant δ depends
on the delay chosen for that step of the run. To get around this issue, we need to reframe
the constraints with respect to the delays, rather than the valuations. To achieve this, we
define a vector of variables t = (t0, . . . , tn) with ti :=

∑i−1
j=0 δj . ti can be thought of the total

elapsed time between the beginning of the execution and taking jump ei. We then define
each valuation with respect to these variables. In order to do so we first define a function
lastReset : (0, . . . , n)×X → 0, . . . , n, which given an index and a clock gives the index of
the most recent jump that reset that clock:

lastReset(i, x) :=
{
max(j ≤ i |x ∈ Xj) if such a j exists
max(j > i |x ∈ Xj) otherwise

As we are considering only sequences of jumps in which all clocks are reset, lastReset(i, x)
is defined for all i = 0, . . . , n and all x ∈ X . The value of a clock at a given point of our
sequence is simply equal to the total time elapsed since that clock was last reset, so we can
use this function to define each valuation in terms of t, being careful to take into account
the cyclical nature of the sequence:

vi,0(x) :=
{
ti − tlastReset(i,x) lastReset(i, x) ≤ i
ti − tlastReset(i,x) + tn lastReset(i, x) > i

vi,1(x) :=
{
ti+1 − tlastReset(i,x) lastReset(i, x) ≤ i
ti+1 − tlastReset(i,x) + tn lastReset(i, x) > i

This definition of the valuations conveniently ensures that a run given in terms of t will satisfy
several of the above constraints. Constraint 2 is satisfied as if x ∈ Xi, then lastReset(i, x) =
i which implies vi,0(x) = ti − ti = 0. Constraint 4 is almost satisfied, as for all x in
X , vi,1(x)− vi,0(x) = ti+1 − ti, which does not depend on x, however we need to ensure that
the delay this corresponds to is non-negative. To satisfy the rest of constraint 4, as well
as constraints 1 and 3 we build a set of constraints C on t. To ensure the non-negativity
of delays we add the constraints that ti+1 − ti ≥ 0 as δi = ti+1 − ti. Each clock value of a
valuation vi,j is expressed as a linear combination of the elements of t, and each location
invariant and jump guard is the conjunction of upper or lower bounds on these clock values,
so adding these conditions expressed in terms of t to C ensures that all runs in our system
will be valid. All the conditions in C are bounds on linear combinations of elements in t, and
as the invariants bound the clock values, each ti is also bounded, hence C defines a bounded
convex polyhedron over t.

Objective Function. The function we are trying to minimize is Ratio(ρ) = Cost(ρ)/
Reward(ρ), which we wish to express in terms of t. The cost and reward functions are:

Cost(γ) =
n−1∑
i=0

Cost(qi) · δi +
n∑
i=1

Cost(ei)

Reward(γ) =
n−1∑
i=0

Reward(qi) · δi +
n∑
i=1

Reward(ei)

To get our objective function Ratio(t) we substitute δi = ti+1 − ti, giving:

Ratio(t) =
∑n−1
i=0 Cost(qi) · (ti+1 − ti) +

∑n
i=1 Cost(ei)∑n−1

i=0 Reward(qi) · (ti+1 − ti) +
∑n
i=1 Reward(ei)
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Solving the System. The set of polyhedral constraints C can be represented by the inequality
At ≤ b, where A is a matrix with a column for each clock. Each row of A corresponds to
one of the constrains in C, with the matching entry in b being the bound on that linear
combination of members of t. As the objective function Ratio(t) is a quotient of affine
functions of t, this function in conjunction with our constraint matrix A, as well as the
implicit constraint that each ti be non-negative gives a linear-fractional program. To solve
the system we can first apply the Charnes-Cooper transformation [5] to give an equivalent
linear program. If we rewrite our objective function as

Ratio(t) = c · t + α

d · t + β

Our transformed system has variables y and λ with:

y = 1
d · t + β

· t; λ = 1
d · t + β

The equivalent linear program is then given by:

minimize c · y + αλ

subject to constraints Ay ≤ αλ
d · y + βλ = 1

If y∗, λ∗ is the solution to the linear program, the solution to the linear fractional program is
t = 1

λ∗y∗. From this we can extract the optimal delays as δi = ti+1 − ti.
The linear program can be solved with a method such as the simplex algorithm [6]. In

the worst case this has time complexity O(2n), but it has been shown that on average the
simplex algorithm terminates in polynomial time [14].

A.1 Strict Inequalities in Guards
As described, the cycle optimisation algorithm only works for DPTA whose guards and
invariants contain weak inequalities (≤ and ≥). This is because linear programs require
the feasible region to be closed for the precise optimum to exist. However we are interested
in the minimum cost to reward ratio that infinite runs of the automaton can approach
arbitrarily close to, even if this limit itself is not obtained from an actual run. This situation
can arise when strict inequalities (< and >) are present in the guards on invariants of the
DPTA. To solve the system in this case we replace all strict inequalities by weak inequalities
and construct and solve the linear program as before, obtaining the solution vertex t∗. We
then reintroduce the strict inequalities and check if their exists a feasible solution within an
arbitrarily small neighbourhood around t∗. If such a solution exists, runs of the automaton
can approach the ratio obtained at t∗ by taking delays arbitrarily close to those given by
this solution that are inside the feasible region. If not, this means that the feasible region is
empty and that this sequence of jumps does not give rise to any valid cycles.

Let active≤ be the set of weak constraints in C that are active at t∗, that is the
constraints ai · t ≤ bi such that ai · t∗ = bi. Let active< be the be the equivalent set of
strong constraints ai ·t < bi. If this set is non-empty, the current solution is not feasible. Each
active constraint defines a hyperplane in R|X | on which t∗ lies. To check if a neighbouring
feasible solution exists, we determine if there exists a direction v that we can move in from
t∗ that moves off of all of the hyperplanes in active< without moving onto the wrong side of
any other hyperplane. Such a direction requires that for all constraints ai · t < bi in active<,
v · ai > 0 and for all constraints ai · t < bi in active≤, v · ai ≥ 0. Such a v does not exist
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if for some active strict constraint the other active inequalities can be combined to derive
a contradictory constraint. If a is the normal vector of a constraint in active<, the other
constraints are contradictory if there exists a positive linear combination of normal vectors
from active≤ ∪ active< that gives −a, as this implies that both a · t < b and a · t ≥ b are
active constraints.

Let n · t < b be an active strict constraint. Let ai = (ai,1, . . . , ai,k) be the ith active
constraint at t∗. We want to check if there exists a positive linear combination of these
vectors α1 · a1 + . . .+ αm · am, αi ≥ 0 equal to −n. Let A be the matrix whose ith row is ai.
We construct a linear program over (α1, . . . , αm):

minimize α1 + . . .+ αm

subject to constraints AT ·

α1
...
αm

 = n

α1, . . . , αm ≥ 0

If this program has a feasible solution then the constraint n · t < b is contradicted by the
other active constraints, meaning that this sequence of jumps does not have a valid execution.
This is checked for each constraint in active<.

A.2 Ensuring Reachability
While the execution found by the cycle optimisation algorithm satisfies all the guards and
location invariants, the states involved are not necessarily reachable from the starting state
of the automaton. To restrict the result to only reachable cycles, additional computation is
required. Through the use of zones and the discrete-successor operation, we can construct
the simulation graph - a graph whose nodes are locations paired with a zone representing
a set of reachable states of the automaton and whose edges correspond to jumps of the
automaton [11]. The simulation graph is constructed by performing a depth-first search
beginning from a zone containing the starting state and its time successors. By taking all
the nodes of the simulation graph associated with a given location we get a union of convex
zones representing all the reachable valuations within that location.

Given a sequence of jumps e1, e2, . . . , en to be optimised, let q be the location from
which the jump e1 is taken from, and let Reach(q) = {Z1, . . . , Zk} be the set of reachable
zones at q obtained from the simulation graph. To restrict to reachable cycles, the cycle
optimisation algorithm needs to be executed for each zone Zi in Reach(q). For each execution,
the constraints defining Zi are added to the linear fractional constraint in the same way as
the location invariant at q. This ensures that the states in q that the feasible cycles visit are
contained in Zi and are therefore reachable. By definition, if one of the states of the cycle is
reachable, the entire cycle is reachable. The algorithm is run for each zone in Reach(q), with
the cycle giving the best ratio returned as the result.

B Parameter Tuning

For comparison between the different methods, the total number of solutions evaluated was
kept fixed at 3000. Several experiments were carried out to determine what combination of
population size and number of iterations gave each algorithm the best average performance,
measured in terms of the normalised average ratio the method returned over 10 trials with
each set of parameters. The best performing parameters were then used for the main
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Figure 7 A Generated DPTA with C = 3, L = 5, J = 5. Guards and invariants are denoted by
inequalities on the clock variables x, y, and z. X := 0 denotes a clock reset. C and R denote costs
and rewards respectively.

experiments. The ant colony optimisation algorithms perform best with population of 30
ants over 100 iterations. For probability calculations the weighting for pheromone was α = 1
and the weighting based on jump and location ratios was β = 1.5. The evaporation rate used
is 0.05 and the decay rate in the local pheromone updates is 0.1. Elitist updates were used
with the top 10 ants contributing in the global pheromone update.

C Test Case Generation

Test cases were procedurally generated, ensuring that each automaton met the assumptions
of being strongly-reward diverging, deadlock free and bounded. The procedure for generating
an automaton takes three inputs: the number of clocks C, the number of locations L, and
the minimum number of jumps J . One test case was generated for each assignment of these
variables with 1 ≤ C ≤ 5, L ∈ {5, 10, 15, 20, 25} and J taking values between L and 45
inclusive at increments of 5. Generation of an automaton begins with a single location with
no jumps.

The automaton is built up by either adding a jump from a location to itself, or splitting a
location into two. Splitting a location q consists of adding a location q′ with a jump from q

to q′. Either all of q’s inbound jumps are changed to have their destinations be q′ or all of q’s
outbound jumps are changed to have their source be q′. These processes are repeated until
the required location and jump counts are reached. All locations have invariants restricting
all clocks to be less than or equal to 20. Costs and rewards of locations and jumps take
random integer values between 0 and 20, with the exception of jumps added as part of cycles,
which have a minimum reward of 1 to ensure reward divergence. Guards and resets are also
determined randomly.

Zone based reachability analysis is used to check that all locations are reachable and all
jumps can be taken from at least one state. Jump guards are randomly weakened until this
is satisfied. Finally, the automaton is checked for deadlocks, again using zone based analysis.
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When a deadlock is detected an additional random jump is added that can eventually be
taken from all states within that deadlock zone. This process repeats until the automaton is
deadlock free. An example of one of the smaller automatons generated via this method is
shown in Figure 7.

D Optimal Ratio Calculation

To evaluate the effectiveness of the heuristic methods, it is desirable to know the actual
optimal ratio for each generated timed automaton. As a feasible algorithm for calculating
this ratio exactly does not currently exist, we instead find the optimal ratio up to a certain
cycle length N . To do this we perform a depth first search to generate each discrete cycle
of lengths from 1 to N and pass these into the CycleOpt function. If the branching factor
of the timed automaton (the maximum number of jumps coming out of a single state) is b,
then this procedure has worst case time complexity O(2N · bN ). To balance the amount of
time required and the degree of accuracy a maximum cycle length of 8 was used to process
each of the 175 test cases.
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Abstract
Halpern-Shoham logic (HS) is a highly expressive interval temporal logic but the satisfiability
problem of its formulas is undecidable. The main goal in the research area is to introduce frag-
ments of the logic which are of low computational complexity and of expressive power high enough
for practical applications. Recently introduced syntactical restrictions imposed on formulas and
semantical constraints put on models gave rise to tractable HS fragments for which prototypical
real-world applications have already been proposed. One of such fragments is obtained by forbid-
ding diamond modal operators and limiting formulas to the core form, i.e., the Horn form with
at most one literal in the antecedent. The fragment was known to be NL-hard and in P but no
tight results were known. In the paper we prove its P-completeness in the case where punctual
intervals are allowed and the timeline is dense.

Importantly, the fragment is not referential, i.e., it does not allow us to express nominals
(which label intervals) and satisfaction operators (which enables us to refer to intervals by their
labels). We show that by adding nominals and satisfaction operators to the fragment we reach NP-
completeness whenever the timeline is dense or the interpretation of modal operators is weakened
(excluding the case when punctual intervals are disallowed and the timeline is discrete). Moreover,
we prove that in the case of language containing nominals but not satisfaction operators, the
fragment is still NP-complete over dense timelines.
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1 Introduction

Halpern-Shoham logic (HS) is an elegant and highly expressive interval modal logic with
a number of potential applications in the area of temporal Knowledge Representation and
Reasoning [14, 15, 8]. The logic is known as the logic of Allen’s relations, since the modal
operators of HS express the well-known Allen’s binary relations between intervals, namely
begins (B), during (D), ends (E), overlaps (O), adjacent to (A), later than (L), and their
converses, which are denoted by B, D, E, O, A, and L, respectively [1] (for a precise definition
of the Allen’s relations see Table 2). The language of HS contains diamond and box modal
operators corresponding to all Allen relation, which gives 24 modal operators in total (it
is known that 4 of them are enough to express the remaining ones [19]), for example 〈B〉ϕ
means that “there is an interval beginning the current interval, in which ϕ holds”, and [B]ϕ
that “in all intervals beginning the current interval ϕ holds.”
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23:2 Computational Complexity of a Core Fragment of Halpern-Shoham Logic

Importantly, the logic allows us to model a continuous flow of time and to interpret
formulas over time intervals (rather than time-points), which is essential for various ap-
plications in qualitative physics, process planing, and modeling natural language sentences
with temporal operators. For instance, HS enables us to represent such sentences as “if you
open the tap then, unless someone punctures the canteen, the canteen will eventually be
filled” [15], namely with the following formula:

OpenTap→ 〈A〉([D]¬Puncture→ [[EP]]Filled),

whose explicit reading is “whenever the propositional variable OpenTap is true, then there is
an adjacent interval (〈A〉) such that: if the proposition Puncture is not true in any of its
subintervals ([D]), then in the ending point of this interval ([[EP]]) the proposition Filled is
true. The operator [[EP]] allowing to access the ending time-point of the current intervals
does not belong to the language of HS but may be easily expressed in this language [15].

Due to high expressive power, reasoning in HS – which we identify in this paper with the
problem of checking whether a given formula of the logic is satisfiable – is undecidable [15].
The result holds for most of the interesting time structures, for example for any class of
structures in which the ordering of time-points contains an infinite ascending chain (e.g.,
natural numbers, integers, and rational numbers). The task of restricting HS to obtain
fragments with a good trade-off between expressive power and computational complexity
became the main goal for researchers working in this area [13].

The main method of restricting HS – which was already proposed by Halpern and
Shoham in their seminal paper – is to limit the number of modal operators occurring in the
language [13, 11]. A systematic study of all possible combinations of modal operators resulted
in a nearly complete classification, with the easiest fragments being NP-complete, and other
PSpace-complete, NExpTime-complete, ExpSpace-complete, or undecidable [5, 7]. Other
fragments of HS were obtained by limiting the nesting degree of modal operators, which
resulted in decidable, and in particular NP-complete fragments [6].

In this paper we will study the recently introduced methods of restricting HS, which is as
follows [8, 10, 16, 20]. First, the diamond modal operators are disallowed and the formulas
are in Horn form with at most one literal in antecedent (which we denote by HS�

core-formulas).
We introduce three classifications for time structures:

Adopting the original, i.e., irreflexive definition of Allen’s relations, denoted by (<), or
weakening them (see Table 2), which we denote by (≤);
Allowing punctual intervals, i.e., adopting the non-strict definition of an interval, denoted
by (Non-S), or disallowing punctual intervals, which results in the strict definition of an
interval (S);
Imposing additional conditions on the ordering of time-points, namely their discrete-
ness (Dis) or density (Den).

Combinations of these 3 lines of division give rise to 8 classes of frames. Each combination
will be denoted by a sequence of symbols abbreviating chosen types of a time structure, for
example irreflexive, non-strict, and discrete structures will be denoted by (<,Non-S,Dis). If
one of the elements in the tuple is missing, it means that it is not specified, for example
(<,Dis) denotes irreflexive and discrete structures, which can be non-strict or strict.

Since HS�
core-formulas are not referential [21] – in a sense that we cannot use them to

label intervals and then to refer to these intervals by labels – we will study their referential
counterparts. We will consider HS�,i

core-formulas obtained by extending HS�
core-formulas with

nominals, which are the second sort of atoms that are satisfied in exactly one interval, and
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Table 1 Complexity of core HS fragments depending on the structure of time. Contributions of
this paper are written in bold and on a gray background, where “undec”, “h”, and “co” stand for
undecidable, hard, and complete, respectively.

Frames:
Irreflexive (<) Reflexive (≤)

Non-Strict (Non-S) Strict (S) Non-Strict (Non-S) Strict (S)
Dis Den Dis Den Dis Den Dis Den

HS undec undec undec undec undec undec undec undec

HS�,i,@
horn undec NP-co undec NP-co NP-co NP-co PSpace-h NP-co

HS�,i
horn undec NP-co undec NP-co NP-co NP-co PSpace-h NP-co

HS�
horn undec P-co undec P-co P-co P-co PSpace-h P-co

HS�,i,@
core PSpace-h NP-co PSpace-h NP-co NP-co NP-co NP-h NP-co

HS�,i
core PSpace-h NP-co PSpace-h NP-co NL-h NL-h NL-h NL-h

HS�
core PSpace-h P-co PSpace-h NL-h NL-h NL-h NL-h NL-h

HS�,i,@
core -formulas obtained by further extending formulas with satisfaction operators indexed

with nominals, which allow us to refer to the interval in which the particular nominal is
satisfied.

In the paper we study the computational complexity of the above mentioned fragments
of HS. We show the following results (see also Table 2):
1. HS�

core-satisfiability is P-complete over (<,Non-S,Den);
2. HS�,i,@

core -satisfiability is NP-complete over (<,Den), (≤,Non-S), and (≤,S,Den);
3. HS�,i

core-satisfiability is NP-complete over (<,Den).
The first result partially solves the open problem of determining the computational complexity
of HS�

core-satisfiability which over (<,Den), (≤,Non-S), and (≤,S,Den) was known to be NL-
hard and in P, but no tight results were known. The second result, shows that over (<,Den),
(≤,Non-S), and (≤,S,Den) the computational complexity of HS�,i,@

core and its syntactical
extension HS�,i,@

horn is the same. The third result shows that over (<,Den) the computational
complexity of HS�,i,@

core -satisfiability and HS�,i,@
horn -satisfiability is the same.

The paper is organized as follows. In Section 2 we present formally HS and its modi-
fications, in particular we introduce HS�

core, HS�,i
core, and HS�,i,@

core . Then, in Section 3 we
show new complexity results, namely in Section 3.1 we prove that HS�

core-satisfiability is
P-complete over (<,Non-S,Den), in Section 3.2 that HS�,i,@

core -satisfiability is NP-complete
over (<,Den), (≤,Non-S), and (≤,S,Den), whereas in Section 3.3 that HS�,i

core-satisfiability is
NP-complete over (<,Den). Finally, in Section 4 we briefly summarize the paper and state
the remaining open problems.

2 Core fragments of Halpern-Shoham logic

The language of Halpern-Shoham logic consists of the following pairwise disjoint sets of
symbols:

PROP – an infinite countable set of propositional variables;
{¬,∧} – a set of standard propositional connectives, which consists of negation (¬) and
conjunction (∧);
{〈B〉, 〈B〉, 〈D〉, 〈D〉, 〈E〉, 〈E〉, 〈O〉, 〈O〉, 〈A〉, 〈A〉, 〈L〉} – a set of twelve diamond modal oper-
ators.;
{[B], [B], [D], [D], [E], [E], [O], [O], [A], [A], [L]} – a set of twelve box modal operators.
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23:4 Computational Complexity of a Core Fragment of Halpern-Shoham Logic

We will use the standard abbreviations for disjunction (∨), implication (→), propositional
constants “true” (>), and “false” (⊥).

Well-formed HS-formulas are defined by the following abstract grammar:

ϕ
df= p | ¬ϕ | ϕ ∧ ϕ | 〈R〉ϕ | [R]ϕ,

where p ∈ PROP and R ∈ {B,B,D,D,E,E,O,O,A,A, L, L}.
An HS-frame is a tuple F = (D, I(D),R) such that:

D = (D,≤) is a non-strict linear ordering (a reflexive, antisymmetric, total, and transitive
relation) which is unbounded (each element has a <-successor and a <-predecessor),
where for any x, y ∈ D we define:

x < y iff (x ≤ y) ∧ (x 6= y);

I(D) is a set of intervals over D, which is either:

I+(D) df= {〈x, y〉 | x, y ∈ D and x ≤ y},

or:

I−(D) df= {〈x, y〉 | x, y ∈ D and x < y};

R is a set of 12 binary relations between intervals, which either equals to:

R<
df= {B,B,D,D,E,E,O,O,A,A, L, L},

or to:

R≤
df= {B≤,B≤,D≤,D≤,E≤,E≤,O≤,O≤,A≤,A≤, L≤, L≤},

where the relations from R< and R≤ are defined in Table 2,
If R = R< we say that the HS-frame is irreflexive. On the other hand, if R = R≤ we say
that the frame is reflexive. We denote the class of irreflexive frames by (<) and the class of
reflexive frames by (≤). If I(D) = I+(D) the frame is non-strict, i.e., punctual intervals are
allowed, and if I(D) = I−(D) the frame is strict and the punctual intervals are disallowed.
We denote the classes of non-strict and strict frames by (Non-S) and (S), respectively. Finally,
we will distinguish between discrete and dense frames. If D is discrete we call the frame
discrete, and if D is dense, we call the frame dense. The corresponding classes of frames are
denoted by (Dis) and (Den), respectively.

Combinations of the above 3 lines of division give rise to several classes of frames. Each
combination will be denoted by a sequence of symbols abbreviating the chosen type of a frame,
for example irreflexive, non-strict, and discrete frames will be denoted by (<,Non-S,Dis).
Recall that if one of the elements in the tuple is missing, it means that it is not specified, for
example (<,Dis) denotes irreflexive and discrete frames, which can be non-strict or strict.

An HS-model is a tupleM = (D, I(D),R, V ) such that (D, I(D),R) is an HS-frame and:

V : PROP −→ P(I(D)).

The satisfaction relation for an HS-modelM = (D, I(D),R, V ) and an interval 〈x, y〉 ∈ I(D)
is defined inductively as follows:

M, 〈x, y〉 |= p iff 〈x, y〉 ∈ V (p), for any p ∈ PROP;
M, 〈x, y〉 |= ¬ϕ iff M, 〈x, y〉 6|= ϕ;
M, 〈x, y〉 |= ϕ ∧ ψ iff M, 〈x, y〉 |= ϕ andM, 〈x, y〉 |= ψ;
M, 〈x, y〉 |= 〈R〉ϕ iff there exists 〈x′, y′〉 ∈ I(D) such that 〈x′, y′〉 |= ϕ

and if the semantics is irreflexive, then 〈x, y〉R<〈x′, y′〉,
whereas if the semantics is reflexive, then 〈x, y〉R≤〈x′, y′〉.

for any HS-formulas ϕ, ψ and any R ∈ R<.
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Table 2 Definitions of interval relations in irreflexive and reflexive frames.

Irreflexive frames: Reflexive frames:

〈x, y〉L〈x′, y′〉 iff y′ < x 〈x, y〉L≤〈x′, y′〉 iff y′ ≤ x

〈x, y〉A〈x′, y′〉 iff x′ < y′, y′ = x 〈x, y〉A≤〈x′, y′〉 iff x′ ≤ y′, y′ = x

〈x, y〉O〈x′, y′〉 iff x′ < x < y′ < y 〈x, y〉O≤〈x′, y′〉 iff x′ ≤ x ≤ y′ ≤ y

〈x, y〉B〈x′, y′〉 iff x = x′, y′ < y 〈x, y〉B≤〈x′, y′〉 iff x = x′, y′ ≤ y

〈x, y〉D〈x′, y′〉 iff x < x′, y′ < y 〈x, y〉D≤〈x′, y′〉 iff x ≤ x′, y′ ≤ y

〈x, y〉E〈x′, y′〉 iff x < x′, y = y′ 〈x, y〉E≤〈x′, y′〉 iff x ≤ x′, y = y′

〈x, y〉O〈x′, y′〉 iff x < x′ < y < y′ 〈x, y〉O≤〈x′, y′〉 iff x ≤ x′ ≤ y ≤ y′

〈x, y〉A〈x′, y′〉 iff y = x′, x′ < y′ 〈x, y〉A≤〈x′, y′〉 iff y = x′, x′ ≤ y′

〈x, y〉L〈x′, y′〉 iff y < x′ 〈x, y〉L≤〈x′, y′〉 iff y ≤ x′

〈x, y〉E〈x′, y′〉 iff x′ < x, y = y′ 〈x, y〉E≤〈x′, y′〉 iff x′ ≤ x, y = y′

〈x, y〉D〈x′, y′〉 iff x′ < x, y < y′ 〈x, y〉D≤〈x′, y′〉 iff x′ ≤ x, y ≤ y′

〈x, y〉B〈x′, y′〉 iff x = x′, y < y′ 〈x, y〉B≤〈x′, y′〉 iff x = x′, y ≤ y′

An HS-formula ϕ is satisfiable if and only if there exist an HS-model M and an interval
〈x, y〉 such thatM, 〈x, y〉 |= ϕ.

An important representation of an HS-frame (D, I(D),R), called a compass representation,
is obtained by treating an interval 〈x, y〉 as a point in a two-dimensional Cartesian space
D×D such that the abscissa of this point has a value x and its ordinate has a value y [19]. In
compass representation non-punctual intervals correspond to points lying in the north-western
half-plane of D ×D (the points whose abscissa is strictly smaller than the ordinate) and the
points lying on the diagonal correspond to punctual intervals. In such a setting the Allen’s
relations gain spatial interpretations. That is, intervals accessible from 〈x, y〉 with Allen’s
relations may be determined on the basis of a relative position of the corresponding points
in the two-dimensional Cartesian space as presented in Figure 1. Compass representation
turned out to be very convenient for proving formal properties of the logic, for instance its
decidability and the computational complexity [19, 8].
Restricting the application of propositional connectives in a language is a common method
for reducing the complexity of a logic [17, 18]. Recently, the language of HS was constrained
in this manner by introducing the fragments HS�

horn and HS�
core, among others [9].

Let [U] be the universal modality (which is easily expressible in HS), that is for any
HS-formula ϕ, [U]ϕ is true whenever ϕ is satisfied in every 〈x, y〉 ∈ I(D).

I Definition 1 (HS�
core-formula). HS�

core-formulas are generated by the following grammar:

ϕ
df= λ | [U](λ→ λ) | [U](λ ∧ λ→ ⊥) | ϕ ∧ ϕ,

where for p ∈ PROP the grammar of positive temporal intervals is as follows:

λ
df= > | ⊥ | p | [R]λ.
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〈a, b〉 〈x, c〉
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•〈x, c〉c

c
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Figure 1 (a) one-dimensional and (b) compass representations of a frame of the Halpern-Shoham
logic, in which 〈x, y〉L〈a, b〉, and 〈x, y〉B〈x, c〉.

The idea of introducing the grammar from Definition 1 is based on Fisher’s representation of
linear temporal logic formulas in separated normal form (SNF in short) [12]. SNF enables us
to view formulas as sets of initial conditions of the form λ together with universal rules, i.e.,
implications preceded by [U].

Although the diamond modal operators do not occur in the language of HS�
core they may

be express in the antecedent of a clause [8]. For any R ∈ R< and any positive temporal
literals λ1, λ2 we define:

[U](〈R〉λ1 → λ2) df= [U](λ1 → [R]λ2);

[U](〈R〉λ1 ∧ λ2 → ⊥) df= [U](λ1 → [R]p) ∧ [U]
(
p ∧ λ2 → ⊥),

where p is a new propositional variable, which does not occur in λ1 and λ2.

The equisatisfiability of the above formulas follow directly from the semantics of HS.
One of the crucial constructs in temporal knowledge representation is referentiality, that

is the possibility to label time intervals and then to refer to a chosen interval with a concrete
label [2, 3]. The most straightforward way to provide referentiality in a modal logic is to
hybridize a logic by extending language with:

NOM – a countable set of nominals different from PROP;
{@i | i ∈ NOM} – a set of satisfaction operators indexed with nominals.

In what follows, we consider HS languages with nominals or with nominals and satisfaction
operators.

I Definition 2 (HS�,i
core-formula). HS�,i

core-formulas are generated by the following grammar:

ϕ
df= λ | [U](λ→ λ) | [U](λ ∧ λ→ ⊥) | ϕ ∧ ϕ,

where for p ∈ PROP and i ∈ NOM:

λ
df= > | ⊥ | p | [R]λ | i.
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I Definition 3 (HS�,i,@
core -formula). HS�,i,@

core -formulas are generated by the following grammar:

ϕ
df= λ | [U](λ→ λ) | [U](λ ∧ λ→ ⊥) | ϕ ∧ ϕ.

where for p ∈ PROP and i ∈ NOM:

λ
df= > | ⊥ | p | [R]λ | i | @iλ.

The Horn fragments HS�
horn, HS�,i

horn, and HS�,i,@
horn are obtained by extending the grammars

of HS�
core, HS�,i

core, and HS�,i,@
core to the following form:

ϕ
df= λ | [U](λ ∧ λ ∧ . . . ∧ λ→ λ) | ϕ ∧ ϕ.

A hybrid HS-model M is a pair (F , V ) such that F is an HS-frame, and the valuation
V : ATOM −→ P (I(D)), for ATOM df= PROP ∪ NOM, assigns a set of intervals to each atom
with an additional restriction that V (i) is a singleton for any i ∈ NOM. The satisfaction
relation conditions for nominals and @ operators are defined for any hybrid HS-formula ϕ
and any i ∈ NOM as follows:

M, 〈x, y〉 |= i iff V (i) = {〈x, y〉};
M, 〈x, y〉 |= @iϕ iff M, 〈x′, y′〉 |= ϕ, where 〈x′, y′〉 is such that

V (i) = {〈x′, y′〉} and i ∈ NOM.

We denote the set of propositional variables occurring in a formula ϕ by PROP(ϕ), the set
of nominals occurring in ϕ by NOM(ϕ), and the set of atoms occurring in ϕ by ATOM(ϕ).
Moreover, by clauses(ϕ) we denote the set of subformulas of ϕ which start with the universal
modal operator [U].

Hybrid machinery usually extends expressive power of a modal language and enables
to overcome the local nature of the standard modal logic [2, 4]. Interestingly, although
the language of HS does not contain hybrid machinery, it is expressive enough to define
nominals and satisfaction operators [2]. However, in HS�

core we cannot express nominals nor
the satisfaction operators over (<,Den), (≤,Non-S), and (≤,S,Den) [21].

3 Computational complexity

3.1 Non-hybrid fragment
In this section we will study the computational complexity of HS�

core-satisfiability over
(<,Non-S,Den). So far, it was shown that this problem is in P and that it is NL-hard [8].
The former result follows from P-completeness of HS�

horn-satisfiability over (<,Non-S,Den)
and the latter from NL-completeness of the satisfiability problem for the core formulas
of classical propositional calculus PC. We will prove that HS�

core-satisfiability is P-hard
over (<,Non-S,Den) which implies that this problem is P-complete. First, let us denote by
SmallHornSAT the following problem:
input: a formula ϕ generated by the grammar:

ϕ
df= p | p ∧ q → r | p ∧ q → ⊥ | ϕ ∧ ϕ, (1)

where p, q, r ∈ PROP.
output: “yes” if ϕ is satisfiable in the classical propositional calculus, “no” otherwise.
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The problem is in P because each input formula to SmallHornSAT is a Horn formula of
PC, and checking whether such a formula is satisfiable is well-known to be P-complete [18].
On the other hand, it is easy to reduce the satisfiability problem of Horn PC-formulas to
SmallHornSAT, so P-hardness of the latter problem follows.

I Lemma 4. SmallHornSAT is P-complete.

In what follows we will reduce SmallHornSAT to HS�
core-satisfiability over (<,Non-S,Den),

which will imply that the latter problem is P-hard.

I Lemma 5. HS�
core-satisfiability is P-hard over (<,Non-S,Den).

Proof. Fix a formula ϕ generated by the grammar (1). For any PC-formulas ψ, χ and any
p, q, r ∈ PROP we define the following translation τ :

τ(p) df=[E][E]p; (2)

τ(p ∧ q → r) df=[U](p→ [A]cp∧q→r)∧ (3)
[U](q → [A][E]cp∧q→r)∧ (4)
[U]([E][E][B]cp∧q→r → r); (5)

τ(p ∧ q → ⊥) df=[U](p ∧ q → ⊥); (6)

τ(ϕ1 ∧ ϕ2) df=τ(ϕ1) ∧ τ(ϕ2), (7)

where cp∧q→r is a new propositional variable not occurring in ϕ and which is distinct for
any p, q, r ∈ PROP. It follows that τ(ϕ) is an HS�

core-formula. We claim that the following
conditions are equivalent:
1. ϕ is PC-satisfiable;
2. τ(ϕ) is HS-satisfiable over (<,Non-S,Den).
(1 ⇒ 2) Assume that ϕ is PC-satisfiable. Let v : PROP −→ {0, 1} be a PC-model such
that v(ϕ) = 1. We construct an HS-modelM = (D, I+(D),R<, V ) such that D is the set
of rational numbers Q with their standard ordering and V is defined as follows. For any
p ∈ PROP such that v(p) = 1:

V (p) df= {〈x, 0〉 | x ≤ 0}, (8)

for any (p ∧ q → r) ∈ clauses(ϕ), such that v(p) = 1 and v(q) = 0:

V (cp∧q→r) df= {〈0, y〉 | 0 ≤ y}, (9)

for any (p ∧ q → r) ∈ clauses(ϕ), such that v(p) = 0 and v(q) = 1:

V (cp∧q→r) df= {〈x, y〉 | x < 0 and 0 < y}, (10)

and for any (p ∧ q → r) ∈ clauses(ϕ), such that v(p) = 1 and v(q) = 1:

V (cp∧q→r) df= {〈x, y〉 | x ≤ 0 and 0 < y}. (11)

An example of a model constructed according to this procedure is depicted in Figure 2.
We claim thatM, 〈0, 0〉 |= τ(ϕ). Fix any ψ ∈ clauses(τ(ϕ)). By the construction of τ(ϕ) the
formula ψ is of one of the following forms [E][E]p, [U](p→ [A]cp∧q→r), [U](q → [A][E]cp∧q→r),
[U]([E][E][B]cp∧q→r → r), or [U](p ∧ q → ⊥), where p, q, r ∈ PROP(ϕ). Systematic inspection
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. . . . . .

...

...

0

0

•

←
−
c p
∧

q
→

r

←− p, q, r

cp∧q→r

Figure 2 An HS-model constructed for ϕ = p ∧ q ∧ (p ∧ q → r), where ←− p, q, r denotes a line
in which p, q, and r are satisfied.

of all these cases allows us to show thatM, 〈0, 0〉 |= ψ (because of space limits we leave the
inspection to the reader). Then, we have M, 〈0, 0〉 |= τ(ϕ), so τ(ϕ) is HS-satisfiable over
(<,Non-S,Den).

(1⇐ 2) Assume that τ(ϕ) is HS-satisfiable over (<,Non-S,Den). Let us fix an HS-model
M = (D, I+(D),R<, V ) such that D is dense and 〈x, y〉 ∈ I(D) such thatM, 〈x, y〉 |= τ(ϕ).
We define a PC-model v : PROP −→ {0, 1} as follows:

v(p) df= 1 iff 〈x, y〉 ∈ V (p) and p ∈ PROP(ϕ).

We claim that v(ϕ) = 1. Let us fix ψ ∈ clauses(ϕ), that is ψ is of the form p, p ∧ q → r, or
p ∧ q → ⊥ for p, q, r ∈ PROP. It is easy to show that in all cases v(ψ) = 1. Hence, v(ϕ) = 1.

Conditions 1 and 2 are equivalent and τ(ϕ) may be constructed in logarythmic space L,
so SmallHornSAT reduces in L to HS-satisfiability over (<,Non-S,Den), which ends the
proof. J

As a result, we obtain the following tight complexity result.

I Theorem 6. HS�
core-satisfiability is P-complete over (<,Non-S,Den).

In the further sections we will study the computational complexity of the satisfiability
problem in hybrid extensions of HS�

core.

3.2 Fragment with nominals and satisfaction operators
In what follows we will study the computational complexity of HS�,i,@

core -satisfiability and
HS�,i

core-satisfiability. We will show that the former problem is NP-complete over (<,Den),
(≤,Dis), and (≤,Den), whereas the latter problem is NP-complete over (<,Den). Since
HS�,i

core-formulas and HS�,i,@
core -formulas are HS�,i,@

horn -formulas, the NP upper bound follows
from NP-completeness of HS�,i,@

horn -satisfiability over (<,Den), (≤,Dis), and (≤,Den) [20]. In
what follows we will determine the lower bounds.

First, we will establish the lower bound for the complexity of HS�,i,@
core -satisfiability. Let

3SAT be the following decision problem:

TIME 2018
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input: a 3CNF formula ϕ, i.e., a formula generated by the grammar:

ϕ
df= (l ∨ l ∨ l) | ϕ ∧ ϕ, (12)

where l is a literal, i.e., a propositional variable or a negated propositional variable;
output: “yes” if ϕ is satisfiable in the classical propositional calculus, “no” otherwise.

To prove the next theorem, we will use the well-known fact that 3CNF is NP-complete [18].

I Lemma 7. HS�,i,@
core -satisfiability is NP-hard.

Proof. We will reduce 3SAT to the problem of HS�,i,@
core -satisfiability. Let us fix a 3CNF

formula ϕ. We define the following translation τ :

τ(ϕ) df=i0 ∧
∧

p∈PROP(ϕ)

[U](i0 ∧ ip → ⊥)∧ (13)

∧
p∈PROP(ϕ)

∧
R∈R<\{L,L}

[U](i0 ∧ 〈R〉ip → ⊥)∧ (14)

∧
p∈PROP(ϕ)

(
[U](@i0〈L〉ip → @i0p) ∧ [U](@i0〈L〉ip → @i0p)

)
∧ (15)

p0 ∧ [E]p0 ∧ [U]([E][E]p0 → ⊥)∧ (16)∧
s∈clauses(ϕ)

ψ(s), (17)

where i0 and ip for any p ∈ PROP(ϕ) are distinct nominals, p, p0, and p for any p ∈ PROP(ϕ)
are distinct propositional variables, and for any s ∈ clauses(ϕ) we define ψ(s) as follows:

ψ(s) df=ps∧ (18)
[U](neg(l1s)→ [E]ps)∧ (19)
[U](neg(l2s)→ [E]ps)∧ (20)
[U]([E][E]ps ∧ neg(l3s)→ ⊥), (21)

where for any s ∈ clauses(ϕ), ps is a distinct propositional variable not occurring in ϕ,
s = (l1s ∨ l2s ∨ l3s) for l1s , l2s , and l3s propositional literals, and neg(lms ) is defined as follows for
any s ∈ clauses(ϕ) and m ∈ {1, 2, 3} :

neg(lms ) df=
{
p if lms = ¬p for some p ∈ PROP(ϕ);
p if lms = p for some p ∈ PROP(ϕ).

(22)

From the definition of the translation it follows that τ(ϕ) is an HS�,i,@
core -formula and the

translation is in L. The intuition after the translation is as follows. By (13) the current
interval is marked by i0 and by (14) for each p ∈ PROP(ϕ) two cases may take place, namely
(a) the nominal ip is satisfied in an interval which is in relation interpreting 〈L〉 with the
current interval or (b) ip is satisfied in an interval which is in relation interpreting 〈L〉 with
the current interval. Moreover, by (13) ip is not satisfied in the current interval. It follows
that the cases (a) and (b) are distinct in any HS-frame since :

(L ∩ L) \ {(〈x, y〉, 〈x, y〉) | 〈x, y〉 ∈ I(D)} = ∅,
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and

(L≤ ∩ L≤) \ {(〈x, y〉, 〈x, y〉) | 〈x, y〉 ∈ I(D)} = ∅.

By (15) if (a) is the case, then p is satisfied in the current interval, whereas if (b) is the case,
then p is satisfied in the current interval. The propositional variable p is used to simulate
¬p (negation is disallowed in HS�,i

horn-formulas). The formula (16) forces the interval 〈x, y〉
in which i0 is satisfied to be such that y is not the immediate <-successor of x. Then, (17)
forces each clause of ϕ to be satisfied in the current interval.

We will show that the following statements are equivalent:
1. ϕ is PC-satisfiable;
2. τ(ϕ) is HS-satisfiable.
(1⇒ 2) Assume that ϕ is PC-satisfiable and v : PROP −→ {0, 1} is an PC-model such that
v(ϕ) = 1. We will construct an HS-modelM = (D, I(D),R, V ) in which τ(ϕ) is satisfied. Let
a, b, c, d, e, f ∈ D be such that a < b < c < d < e < f and d is not the immediate <-successor
of c. Define V as follows:

V (i0) df={〈c, d〉}; (23)

V (p0) df={〈x, d〉 ∈ I(D) | x ≤ c}, (24)

for any p ∈ PROP(ϕ) such that v(p) = 1:

V (ip) df={〈e, f〉}; (25)

V (p) df={〈c, d〉}, (26)

and for any p ∈ PROP(ϕ) such that v(p) = 0:

V (ip) df={〈a, b〉}; (27)

V (p) df={〈c, d〉}. (28)

Moreover, for any clause s = (l1s ∨ l2s ∨ l3s) of ϕ, if v(l1s) = 0 and v(l2s) = 1, then:

V (ps) df= {〈x, d〉 ∈ I(D) | x ≤ c}, (29)

if v(l1s) = 1 and v(l2s) = 0, then:

V (ps) df= {〈x, d〉 ∈ I(D) | x ≥ c}, (30)

and if v(l1s) = 0 and v(l2s) = 0, then:

V (ps) df= {〈x, d〉 ∈ I(D) | x ∈ D}. (31)

An example of an HS-model obtained by the above presented construction is depicted in
Figure 3.
We claim that M, 〈c, d〉 |= τ(ϕ). The formulas (13) and (14) are satisfied in 〈c, d〉 by
(23), (25), and (27). The formula (15) is satisfied in 〈c, d〉 by (26) and (28). The formula
(16) is satisfied in 〈c, d〉 by the fact that c < d, c is not the immediate <-successor of d,
and by (24). It remains to show that (17) is satisfied in 〈c, d〉. Towards a contradiction
suppose that (17) is not satisfied in 〈c, d〉, that is for some s ∈ clauses(ϕ) it holds that
M, 〈c, d〉 |= [E][E]ps ∧ neg(l3s). By the fact that d is not the immediate <-successor of c and
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b

c

d
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•
p, i0, r, q
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•
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•
iq, ir
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Figure 3 An HS-model constructed for ϕ = (p ∨ ¬q ∨ r) and for a PC-model v such that
v(q) = v(r) = 1, and v(p) = 0, where a curly bracket denotes a set of points in the compass
representation in which a given propositional variables is satisfied.

by (29) it follows that v(l1s) = v(l2s) = 0. By (26) and (28) we obtain v(l3s) = 0. Hence,
v(s) = 0 and consequently v(ϕ) = 0, which raises a contradiction. It follows that (17) is
satisfied in 〈c, d〉.

(1 ⇐ 2) Assume that τ(ϕ) is HS-satisfiable. LetM = (D, I(D),R, V ) be an HS-model
under any semantics and 〈x, y〉 ∈ I(D) such thatM, 〈x, y〉 |= τ(ϕ). We define a PC-model
v : PROP −→ {0, 1} for any p ∈ PROP(ϕ) as follows:

v(p) = 1 iff 〈x, y〉 ∈ V (p). (32)

It remains to show that v(ϕ) = 1. Towards a contradiction suppose that there is (l1s ∨
l2s ∨ l3s) ∈ clauses(ϕ) such that v(l1s) = v(l2s) = v(l3s) = 0. By (22) and (32) we have
M, 〈x, y〉 |= neg(l1s) ∧ neg(l2s) ∧ neg(l3s). By (19) and (20) we obtain M, 〈x, y〉 |= [E][E]ps.
Hence, we have M, 〈x, y〉 |= [E][E]ps ∧ neg(l3s), which raises a contradiction by (21). As a
result, for any s ∈ clauses(ϕ) we have v(s) = 1, so v(ϕ) = 1, which ends the proof. J

As shown in [20] HS�,i
horn-satisfiability is in NP over (<,Den), (≤,Dis), and (≤,Non-S,Den).

Hence, by Lemma 7 we obtain the following tight complexity result.

I Theorem 8. HS�,i,@
core -satisfiability is NP-complete over (<,Den), (≤,Dis), (≤,Non-S,Den).

3.3 Fragment with nominals only

Next, we will study the computational complexity of HS�,i
core. We will modify the proof of

Lemma 7 in order to show that HS�,i
core-satisfiability is NP-hard over (<).

I Lemma 9. HS�,i
core-satisfiability is NP-hard over (<).

Proof. We will modify the proof of Lemma 7 in order to reduce 3SAT to HS�,i
core-satisfiability
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over (<). Let us fix a 3CNF formula ϕ. We define the following translation τ :

τ(ϕ) df=i0 ∧
∧

p∈PROP(ϕ)

[U](i0 ∧ ip → ⊥)∧ (33)

∧
p∈PROP(ϕ)

∧
R∈R<\{B,B}

[U](i0 ∧ 〈R〉ip → ⊥)∧ (34)

∧
p∈PROP(ϕ)

(
[U](ip → [B]p) ∧ [U](ip → [B]p)

)
∧ (35)

p0 ∧ [E]p0 ∧ [U]([E][E]p0 → ⊥)∧ (36)∧
s∈clauses(ϕ)

ψ(s), (37)

where i0 and ip for any p ∈ PROP(ϕ) are distinct nominals, p, p0, and p for any p ∈ PROP(ϕ)
are distinct propositional variables, and for any s ∈ clauses(ϕ) the formula ψ(s) is defined in
(18)–(21).

We claim that the following statements are equivalent:
1. ϕ is PC-satisfiable;
2. τ(ϕ) is HS-satisfiable.
(1⇒ 2) Assume that ϕ is PC-satisfiable and v : PROP −→ {0, 1} is an PC-model such that
v(ϕ) = 1. We will construct an HS-modelM = (D, I(D),R<, V ) in which τ(ϕ) is satisfied.
Let a, b, c, d ∈ D be such that a < b < c < d. Define V as follows:

V (i0) df={〈a, c〉}; (38)

V (p0) df={〈x, c〉 ∈ I(D) | x ≤ a}, (39)

for any p ∈ PROP(ϕ) such that v(p) = 1:

V (ip) df={〈a, d〉}; (40)

V (p) df={〈a, y〉 ∈ I(D) | y < d}, (41)

and for any p ∈ PROP(ϕ) such that v(p) = 0:

V (ip) df={〈a, b〉}; (42)

V (p) df={〈a, y〉 ∈ I(D) | b < y}. (43)

Moreover, for each clause s = (l1s ∨ l2s ∨ l3s) of ϕ if v(l1s) = 0 and v(l2s) = 1, then:

V (ps) df= {〈a, c〉} ∪ {〈x, y〉 ∈ I(D) | x < a and b ≤ y}, (44)

if v(l1s) = 1 and v(l2s) = 0, then:

V (ps) df= {〈a, c〉} ∪ {〈x, y〉 ∈ I(D) | a < x and y ≤ d}, (45)

and if v(l1s) = 0 and v(l2s) = 0, then:

V (ps) df={〈a, c〉} ∪ {〈x, y〉 ∈ I(D) | x < a and b ≤ y}∪
{〈x, y〉 ∈ I(D) | a < x and y ≤ d}. (46)
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Figure 4 An HS-model constructed for a formula ϕ = (p ∨ ¬q ∨ r) and for a PC-model v such
that v(q) = v(r) = 1, and v(p) = 0. For the sake of clarity we do not show on the picture that
V (p0) = {〈x, c〉 | x ≤ a}.

An example of an HS-model obtained by this construction is depicted in Figure 4.
We will show thatM, 〈a, c〉 |= τ(ϕ). Formulas (33) and (34) are satisfied in 〈a, c〉 by (38),
(40), and (42). The formula (35) is satisfied in 〈a, c〉 by (41) and (43). The formula (36) is
satisfied in 〈a, c〉 by the fact that a < b < c, that is c is not the immediate <-successor of
a, and by (39). It remains to show that (37) is satisfied in 〈a, c〉. Towards a contradiction
suppose that (37) is not satisfied in 〈a, c〉, that is for some s ∈ clauses(ϕ) it holds that
M, 〈a, c〉 |= [E][E]ps ∧ neg(l3s). It follows that (46) was applied, so v(l1s) = v(l2s) = 0. Since
M, 〈a, c〉 |= neg(l3s), by (22), (41), and (41) we have v(l3s) = 0. Hence, v(s) = 0 and
consequently v(ϕ) = 0 which raises a contradiction with the assumption that v(ϕ) = 1. As a
result, (37) is satisfied in 〈a, c〉 soM, 〈a, c〉 |= τ(ϕ).

(1⇐ 2) Assume that τ(ϕ) is HS-satisfiable over (<). LetM = (D, I(D),R<, V ) be an
HS-model and 〈x, y〉 such thatM, 〈x, y〉 |= τ(ϕ). We define an PC-model v : PROP −→ {0, 1}
for any p ∈ PROP as follows:

v(p) = 1 iff 〈x, y〉 ∈ V (p). (47)

We will show that v(ϕ) = 1. Towards a contradiction let us suppose that there exists
(l1s ∨ l2s ∨ l3s) ∈ clauses(ϕ) such that v(l1s) = v(l2s) = v(l3s) = 0. By (47) and (22) we have
M, 〈x, y〉 |= neg(l1s) ∧ neg(l2s) ∧ neg(l3s). By (19) and (20) we obtain M, 〈x, y〉 |= [E][E]ps.
Hence, we haveM, 〈x, y〉 |= [E][E]ps ∧ neg(l3s) which raises a contradiction due to (21). As a
result, for any s ∈ clauses(ϕ) we have v(s) = 1, so v(ϕ) = 1, which ends the proof. J

As we have already stated HS�,i,@
horn -satisfiability is in NP over (<,Den), (≤,Dis), and (≤,Den)

[20]. Then, by Lemma 9 we obtain the following result.

I Theorem 10. HS�,i
core-satisfiability is NP-complete over (<,Den).

4 Conclusions

In the paper we have studied the computational complexity of core fragments of Halpern-
Shoham logic. We have showed that HS�

core-satisfiability is P-complete over (<,Non-S,Den),
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HS�,i,@
core -satisfiability is NP-complete over (<,Den), (≤,Non-S), and (≤,S,Den), whereas

HS�,i
core-satisfiability is NP-complete over (<,Den).
Notice that the satisfiability problem for Horn PC-formulas is P-complete and for core

PC-formulas it is NL-complete [18]. Similarly, the satisfiability problem for Horn formulas
(without diamond modal operators) of modal logics K, T, K4, and S4 is P-complete and for
core formulas it is NL-complete [10]. In the case of Halpern-Shoham logic it is known that
HS�

horn-satisfiability is P-complete over (<,Den), (≤,Non-S), and (≤,S,Den) but our results
implies that HS�

core-satisfiability is not NL-complete over these classes of frames. Moreover,
our results for hybrid HS�

core fragments show that (over particular classes of frames) the
computational complexity of Horn and core hybrid HS fragments is also the same. Hence, to
understand the interplay between the computational complexity of HS-fragments and the
adopted structure of frames it is interesting to answer the following question:

Is there a class of frames over which HS�
core-satisfiability is computationally easier than

HS�
horn-satisfiability?

The same question may be asked according to the hybrid extensions of HS�
core, namely:

Is there a class of frames over which HS�,i
core (HS�,i,@

core ) is computationally easier than
HS�,i

horn (HS�,i,@
horn )?

It is known that over (<,Dis) HShorn-satisfiability is undecidable, but for HScore-satisfiability
only the PSpace-hardness was shown [8], hence the question arises:

Is HScore-satisfiability decidable over (<,Dis)? If yes, then what is its complexity?
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A Appendix

I Lemma 4. SmallHornSAT is P-complete.

Proof. The Horn PC-formulas are generated by the following abstract grammar, where
p, q, p1, . . . , pn ∈ PROP:

ϕ
df= p | (p1 ∧ p2 ∧ . . . ∧ pn → q) | (p1 ∧ p2 ∧ . . . ∧ pn → ⊥) | ϕ ∧ ϕ. (48)

It is well known that satisfiability of Horn PC-formulas is P-complete [18]. Since each input
formula to SmallHornSAT is a Horn formula of PC, SmallHornSAT is also in P.

To show that SmallHornSAT is P-hard we will reduce satisfiability problem of Horn
PC-formulas to SmallHornSAT in L. Let ϕ be a Horn PC-formula. For any PC-formulas
ψ, χ and any p, q, p1, p2, . . . , pn ∈ PROP we introduce the following translation τ :

τ(p) =p;

τ(p1 ∧ p2 ∧ . . . ∧ pn → q) df=(p1 ∧ p2 → p1,2) ∧ (p1,2 ∧ p3 → p1,2,3)∧
. . . ∧ (p1,...,n−1 ∧ pn → q);

τ(p1 ∧ p2 ∧ . . . ∧ pn → ⊥) df=(p1 ∧ p2 → p1,2) ∧ (p1,2 ∧ p3 → p1,2,3)∧
. . . ∧ (p1,...,n−1 ∧ pn → ⊥);

τ(ψ ∧ χ) df=τ(ψ) ∧ τ(χ),
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where p1,2, p1,2,3, . . . , p1,2,3,...,n ∈ PROP are new distinct propositional variables which do not
occur in ϕ. It follows that τ(ϕ) belongs to the grammar (1). Moreover, τ(ϕ) is equisatisfiable
with ϕ and it is constructed in L. Then, SmallHornSAT is P-hard, which ends the
proof. J

I Lemma 5. HS�
core-satisfiability is P-hard over (<,Non-S,Den).

Proof. In (1 ⇒ 2) implication we claimed that M, 〈0, 0〉 |= τ(ϕ). The proof is as follows.
Fix any ψ ∈ clauses(τ(ϕ)). By the construction of τ(ϕ) the formula ψ is of one of the
following forms [E][E]p, [U](p→ [A]cp∧q→r), [U](q → [A][E]cp∧q→r), [U]([E][E][B]cp∧q→r → r),
or [U](p ∧ q → ⊥), where p, q, r ∈ PROP(ϕ).

(Case 1): ψ = [E][E]p for some p ∈ PROP(ϕ). Then, ψ was obtained by (2), so p ∈ clauses(ϕ).
Since v(ϕ) = 1, we obtain that v(p) = 1. Then, by (8) V (p) = {〈x, 0〉 ∈ I(D)}. Hence,
M, 〈0, 0〉 |= [E][E]p.

(Case 2): ψ = [U](p→ [A]cp∧q→r) for some p, q, r ∈ PROP(ϕ). By (2)–(7) we have (p∧ q →
r) ∈ clauses(ϕ). We want so show M, 〈0, 0〉 |= ψ. Let us fix any 〈x, y〉 ∈ I(D) and
assume that M, 〈x, y〉 |= p. By the construction of M it follows that (8) was applied,
hence v(p) = 1, y = 0, and x ≤ 0. We need to show thatM, 〈x, 0〉 |= [A]cp∧q→r, that is
{〈0, y′〉 | 0 < y′} ⊆ V (cp∧q→r).
(Case 2.1): v(q) = 0. Then, by (9) V (cp∧q→r) = {〈0, y′〉 | 0 ≤ y′} ⊇ {〈0, y′〉 | 0 < y′}.

As a result,M, 〈x, 0〉 |= [A]cp∧q→r.
(Case 2.2): v(q) = 1. Then, by (11) we have V (cp∧q→r) = {〈x′, y′〉 | x′ ≤ 0 and 0 <
y′} ⊇ {〈0, y′〉 | 0 < y′}. It follows thatM, 〈x, 0〉 |= [A]cp∧q→r.

(Case 3): ψ = [U](q → [A][E]cp∧q→r) for some p, q, r ∈ PROP(ϕ). By (2)–(7) we have
(p ∧ q → r) ∈ clauses(ϕ). We want so showM, 〈0, 0〉 |= ψ. Let us fix any 〈x, y〉 ∈ I(D)
and assume thatM, 〈x, y〉 |= q. By the construction ofM it follows that (8) was applied,
hence v(q) = 1, y = 0, and x ≤ 0. We need to show thatM, 〈x, 0〉 |= [A][E]cp∧q→r, that
is {〈x′, y′〉 | x′ < 0 and 0 < y′} ⊆ V (cp∧q→r).
(Case 3.1): v(p) = 0. Then by (10) we have V (cp∧q→r) = {〈x′, y′〉 | x′ < 0 and 0 < y′}.

Consequently, we haveM, 〈x, 0〉 |= [A][E]cp∧q→r.
(Case 3.2): v(p) = 1. Then, by V (11) we have V (cp∧q→r) = {〈x′, y′〉 | x′ ≤ 0 and 0 <
y′} ⊇ {〈x′, y′〉 | x′ < 0 and 0 < y′}. It follows thatM, 〈x, 0〉 |= [A][E]cp∧q→r.

(Case 4): ψ = [U]([E][E][B]cp∧q→r → r) for p, q, r ∈ PROP(ϕ). Fix any 〈x, y〉 ∈ I(D) and
assume thatM, 〈x, y〉 |= [E][E][B]cp∧q→r. We will show thatM, 〈x, y〉 |= r.
M, 〈x, y〉 |= [E][E][B]cp∧q→r, so {〈x′, y′〉 | x′ ≤ 0 and y < y′} ⊆ V (cp∧q→r). By the
definition of V the above condition may be satisfied only by application of (11), that
is when V (cp∧q→r) = {〈x′, y′〉 | x′ ≤ 0 and 0 < y′}. But in this case [E][E][B]cp∧q→r is
satisfied exactly in intervals 〈u,w〉 such that u ≤ 0 and w = 0. It follows that x′ ≤ 0 and
y′ = 0.
Since (11) was applied, we have v(p) = 1 and v(q) = 1. By v(ϕ) = 1, (p ∧ q →
r) ∈ clauses(ϕ), v(p) = 1, and v(q) = 1, we obtain v(r) = 1. Then, by (8) we have
V (r) = {〈u, 0〉 | u ≤ 0}. Hence,M, 〈x′, 0〉 |= r, soM, 〈x, y〉 |= ψ.

(Case 5): ψ = [U](p ∧ q → ⊥) for some p, q ∈ PROP(ϕ). Fix 〈x, y〉 ∈ I(D) and suppose
towards a contradiction that 〈x, y〉 ∈ V (p) and 〈x, y〉 ∈ V (q). It follows by (8) that
v(p) = v(q) = 1. We have ψ = [U](p ∧ q → ⊥) ∈ clauses(τ(ϕ)), so by (6) we obtain
(p ∧ q → ⊥) ∈ clauses(ϕ), which raises a contradiction with v(p) = v(q) = 1. It follows
thatM, 〈x, y〉 |= ψ.
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Then,M, 〈0, 0〉 |= τ(ϕ), so τ(ϕ) is HS-satisfiable over (<,Non-S,Den).
In the (1⇐ 2) implication we claimed that v(ϕ) = 1. The proof is as follows. Let us fix

ψ ∈ clauses(ϕ), that is ψ is of the form p, p ∧ q → r, or p ∧ q → ⊥ for p, q, r ∈ PROP.

(Case 1): ψ = p for some p ∈ PROP. It follows by (2) that τ(p) = [E][E]p is a clause of τ(ϕ).
SinceM, 〈x, y〉 |= τ(ϕ), we haveM, 〈x, y〉 |= [E][E]p, that is {〈x′, y〉 | x′ ≤ y′} ⊆ V (p). It
follows that 〈x, y〉 ∈ V (p), so by the definition of v we obtain v(ψ) = 1.

(Case 2): ψ = p ∧ q → r for some p, q, r ∈ PROP. Assume that v(p) = v(q) = 1. We will
show that v(r) = 1. By the definition of v we have 〈x, y〉 ∈ V (p) and 〈x, y〉 ∈ V (q). Then,
by p ∧ q → r ∈ clauses(ϕ) and (2)–(7) we obtain τ(p ∧ q → r) ∈ clauses(τ(ϕ)). Since
M, 〈x, y〉 |= τ(ϕ), we haveM, 〈x, y〉 |= τ(p ∧ q → r).
By (3) we have M, 〈x, y〉 |= [U](p → [A]cp∧q→r). Since M, 〈x, y〉 |= p, we obtain
M, 〈x, y〉 |= [A]cp∧q→r, that is for all z such that y < z it holds that M, 〈y, z〉 |=
τ(cp∧q→r).
On the other hand, by (4) we haveM, 〈x, y〉 |= [U](q → [A][E]cp∧q→r). SinceM, 〈x, y〉 |=
q, we obtain M, 〈x, y〉 |= [A][E]cp∧q→r, that is for all x′ < y and y < y′ we have
M, 〈x′, y′〉 |= cp∧q→r.
Hence,M, 〈x′, y′〉 |= cp∧q→r for all x′ ≤ y and y < y′, soM, 〈x, y〉 |= [E][E][B]τ(cp∧q→r).
We have M, 〈x, y〉 |= τ(ϕ), so by (5) we obtain M, 〈x, y〉 |= [U]([E][E][B]cp∧q→r → r).
SinceM, 〈x, y〉 |= [E][E][B]τ(cp∧q→r), we haveM, 〈x, y〉 |= r. Then, by the definition of
v we get v(r) = 1.

(Case 3): ψ = p ∧ q → ⊥ for some p, q ∈ PROP. Towards a contradiction suppose that
v(ψ) = 0, that is v(p) = v(q) = 1. By the definition of v we haveM, 〈x, y〉 |= p ∧ q.
On the other hand, (p ∧ q → ⊥) ∈ clauses(ϕ), therefore by (6) we have [U](p ∧ q → ⊥) ∈
clauses(τ(ϕ)). We have M, 〈x, y〉 |= [U](p ∧ q → ⊥) which raises a contradiction with
M, 〈x, y〉 |= p ∧ q. It follows, that v(ψ) = 1.

Hence, v(ϕ) = 1. J
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