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Polar Codes: Reliable Communication with
Complexity Polynomial in the Gap to Shannon
Capacity
Venkatesan Guruswami
Computer Science Department
Carnegie Mellon University
5000 Forbes Avenue
Pittsburgh PA 15213, USA.
guruswami@cmu.edu

Abstract
Shannon’s monumental 1948 work laid the foundations for the rich fields of information and
coding theory. The quest for efficient coding schemes to approach Shannon capacity has occupied
researchers ever since, with spectacular progress enabling the widespread use of error-correcting
codes in practice. Yet the theoretical problem of approaching capacity arbitrarily closely with
polynomial complexity remained open except in the special case of erasure channels.
In 2008, Arikan proposed an insightful new method for constructing capacity-achieving codes
based on channel polarization. In this talk, I will begin with a self-contained survey of Arikan’s
celebrated construction of polar codes, and then discuss our recent proof (with Patrick Xia) that,
for all binary-input symmetric memoryless channels, polar codes enable reliable communication
at rates within  > 0 of the Shannon capacity with block length (delay), construction complexity,
and decoding complexity all bounded by a polynomial in the gap to capacity, i.e., by poly(1/).
Polar coding gives the first explicit construction with rigorous proofs of all these properties;
previous constructions were not known to achieve capacity with less than exp(1/) decoding
complexity.
We establish the capacity-achieving property of polar codes via a direct analysis of the underlying martingale of conditional entropies, without relying on the martingale convergence theorem.
This step gives rough polarization (noise levels  for the good channels), which can then be adequately amplified by tracking the decay of the channel Bhattacharyya parameters. Our effective
bounds imply that polar codes can have block length bounded by poly(1/). We also show that
the generator matrix of such polar codes can be constructed in polynomial time by algorithmically
computing an adequate approximation of the polarization process.
1998 ACM Subject Classification E.4 Coding and Information Theory, F.2 Analysis of
Algorithms and Problem Complexity
Keywords and phrases Error-correction algorithms, Linear Codes, Shannon capacity, Martingale
convergence, Computational complexity
Digital Object Identifier 10.4230/LIPIcs.FSTTCS.2013.1
Category Invited Talk
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Computing With a Fixed Number of Pointers
Martin Hofmann and Ramyaa Ramyaa
Ludwig Maximilian University
Munich, Germany
{hofmann,ramyaa}@ifi.lmu.de

Abstract
Consider the P-complete problem horn which asks whether a given set of Horn clauses is
(un)satisfiable. To solve it one keeps a dynamic set of atoms that are forced to be true. Using the clauses one then adds atoms to this set until saturation is reached. It is easy to see that
this dynamic set will in general more than constant size even if we allow to discard already proved
atoms. Given that we need logarithmic space to store a single atom on a Turing machine tape
this seems like a strong intuitive argument for the hypothesis that logarithmic space is different
from polynomial time. We thus tried to find formal models of computation in which this intuitive
argument can be made rigorous. Thus, we study computational models that can be simulated in
logarithmic space and encompass logspace algorithms which manipulate a constant size of objects
that require logarithmic space individually such as pointers or graph nodes. The hope is then to
be able to show that such models are provably unable to solve P-complete problems. We report
in this survey article on our partial results towards this goal as well as the state-of-the-art in
general.
1998 ACM Subject Classification F.4.3 Formal Languages
Keywords and phrases Logarithmic space, Jumping graph automata (jags), st-connectivity,
co-st-connectivity, Cayley graphs
Digital Object Identifier 10.4230/LIPIcs.FSTTCS.2013.3
Category Invited Talk

1

Introduction

Consider the problem horn defined as follows. We are given a finite set of letters Σ and a
finite set of clauses C each of the form U → V where U, V are subsets of Σ with |U | ≤ 2 and
|V | ≤ 1. A valuation η : Σ → {0, 1} satisfies a clause U → V if η(x) = 0 for some x ∈ U or
η(y) = 1 for some y ∈ V . E.g. η satisfies x, y → z if whenever η(x) = η(y) = 1 then η(z) = 1,
too. It satisfies → x (here U = ∅) if η(x) = 1; it satisfies x → (here V = ∅) if η(x) = 0.
For example, the instance C = {→ x; x → y; x,y → z; z →} (where Σ = {x, y, z}) is
unsatisfiable. We call a letter x with → x in C an axiom and we call a letter y with y → in
C a goal. In this terminology an instance is unsatisfiable if one of the goals may be deduced
from the axioms with the understanding that if there is a clause x, y → z and x, y have both
been deduced then z may be deduced, too.
The obvious dynamic programming algorithm (grow a set of letters that can be deduced
by repeatedly going over the clauses until you reach a goal) places horn into the class ptime
(polynomial time) and it is well-known and easy to see that horn is ptime-complete w.r.t.
logspace-reductions, e.g. by a straightforward reduction to Cook’s solvable paths [1].
On the other hand, considering that storing a single letter requires logarithmic space (in
the number of letters |Σ|), we see that this algorithm does not run in logarithmic space on a
© Martin Hofmann and Ramyaa Ramyaa;
licensed under Creative Commons License CC-BY
33rd Int’l Conference on Foundations of Software Technology and Theoretical Computer Science (FSTTCS 2013).
Editors: Anil Seth and Nisheeth K. Vishnoi; pp. 3–18
Leibniz International Proceedings in Informatics
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Turing machine unless we can bound the size of the dynamic set in which we keep already
deduced letters by a constant. We might try to improve the algorithm by removing entries
from the dynamic set according to some strategy. However, even if we allow nondeterministic
selection of the letters to be “forgotten”, we will not be able to achieve a constant bound as
can be seen from the following pebble argument:
I Proposition 0.1. For each d ∈ N let Σd = {0, 1}≤d and
Cd = {→ w | |w| = d} ∪ {w0, w1→w | |w| < d} ∪ { →}
The instance (Σd , Cd ) is unsatisfiable. Let A1 , . . . , AN be a sequence of subsets of Σ such that
A1 = ∅ and Ai+1 ⊆ Ai ∪ {x | y, z → y ∈ Cn , {y, z} ⊆ An }. If  ∈ AN then maxi |Ai | ≥ d + 1.
The easy proof is by induction on d.
Since |Σd | = 2d+1 − 1 this furnishes a logarithmic lower bound on the size of the dynamic
set in any algorithm for horn that uses the dynamic programming strategy and is allowed to
forget already established facts according to any strategy however clever it might be. Thus,
no such algorithm can be implemented in logarithmic space (to be precise, space log(n)2 is
√
needed at least). We also remark that even a n lower bound on the size of the dynamic set
can be achieved using a more complicated instance based on Cook’s “pyramids” [3].
A simpler yet related problem is st-connectivity in directed or undirected graphs. It can
be considered as the special case of horn where one has only one axiom (the source), one
goal (the target), and for every other clause U → V has |U | = |V | = 1. Those then represent
the edges of a graph. In this case, the pebbling argument no longer works and indeed, we can
solve st-connectivity with a nondeterministic algorithm that keeps only a constant number of
letters (graph nodes) in memory. In fact just one suffices. On the other hand, it is not known
whether a deterministic algorithm with the same space bounds exists for this problem.
Indeed, Cook and Rackoff have shown that no deterministic algorithm exists for stconnectivity even on undirected graphs (ustcon) which uses graph nodes only abstractly
rather than having access to their machine representation and can only hold a fixed number of
graph nodes simultaneously in memory. Of course, one must make precise what is meant by
“use graph nodes only abstractly”. There are several formalisations which attempt to do so.
We describe below in more detail: Cook and Rackoff’s Jumping Automata on Graphs (jags)
for which their original result holds; Deterministic Transitive Closure Logic, an extension of
first order logic by a transitive closure operator providing unlimited iteration; and, finally,
the purple programming language introduced by the first author and U. Schöpp which
extends jags with a Java like iterator and subsumes dtc-logic. In [14] we could extend Cook
and Rackoff’s result to purple and thus also show that dtc-logic cannot define ustcon
which was an open question at the time.
Interestingly, however, Reingold’s result [19] shows that ustcon can be solved in logarithmic space on a Turing machine. However, this algorithm, in addition to storing a constant
number of graph nodes stores a logarithmic number of booleans.
At the time, a motivation for Cook and Rackoff’s work could have been the attempt to
separate ptime from logspace (deterministic logarithmic space) or indeed logspace from
nlogspace (nondeterministic logarithmic space). Indeed, before Reingold’s result one might
be tempted to try to show the non-existence of any logspace-algorithm by devising an
ingenuous abstraction that associates with any run of a deterministic algorithm for ustcon a
run of an accompanying jag. Now, Reingold’s result shows that without further restrictions
on the nature of such hypothetical algorithm such an argument is bound to fail.
On the other hand, Reingold’s result shows that looking at graph nodes or propositional
letters as abstract objects provably makes a difference which raises the hope that while
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an unconditional separation of, say, logspace and ptime is not attainable with current
methods one might still obtain a “relativized” separation, for instance, in the form of a
rigorous proof that no algorithm for horn exists that only uses a fixed number of abstract
pointers (referring to graph nodes, letters, clauses, or similar).
Of course, neither jags nor dtc-logic and even purple are able to solve ustcon, and
thus are unable to solve horn. Thus, for a meaningful result of this kind, one would need
an extension of any of these formalisms which does encompass ustcon. In this paper we
summarise our efforts at finding such an extension and try to explain why this turned out to
be unexpectedly difficult.
The rest of this paper is structured as follows.
The next section describes the basic framework we consider - systems which build upon
minimal abstract pointers.
Section 3 describes Cook and Rackoff’s jumping automata on graphs, the first, and most
basic model for computation with a fixed number of pointers. We also report therein on our
current study of the computational strength of nondeterministic jumping automata.
Section 4 describes the programming formalism purple [15] which extends jags with an
iteration construct that provides access to all nodes of the input structure not only those
that are accessible from originally known ones. We present our results on the expressivity of
purple and its extensions.
Section 5 is about (deterministic) transitive closure logic known from finite model theory.
We show that its strength lies strictly between jags and purple.
Section 6 concludes and gives some directions for future work.

2

Minimal Abstract Pointers

Our aim is to define a system contained in logspace that is provably weaker than ptime,
but powerful enough to make the separation non trivial. Following the intuition outlined
above, the systems we consider aim to capture the subclass of “abstract pointer algorithms"
within logspace.
The minimal requirements of such a system is the ability to refer to a node of a graph
(or any structured input) using pointer (or pebble) variables, comparing two such variables
for equality, assigning the value of one to another, and traversing along an edge. Thus, the
concrete representation of the pointers is hidden. The main difference between these systems
and Turing machines is that Turing machines have access to a binary encoding of the input
graph which embodies a total ordering on the nodes.
In fact, it is easy to see that once a total ordering on the input nodes is available even
the most basic systems we consider capture all of logspace. Such a total ordering can be
provided in a number of ways, for instance by assuming that one of the directions {1, . . . , d}
threads all the nodes (λx.x.i is a permutation for some i). So, we want to focus on graphs
for which such total ordering is neither directly available nor definable.
On the other hand, we typically assume the presence of a local order, in particular an
ordering of the edges adjacent to or emanating from a node. A 1-locally ordered graph, (1LO
graph) is a one such that for each node, the edges emanating from it are ordered. A 2-locally
ordered graph (2LO graph) is one such that for each node, the edges coming out of it or
leading to it are ordered. For undirected graphs these two coincide.
The encoding of graphs using abstract pointers and the presentation of graphs in the
context of jags both induce at least a 1-local ordering. It is, however, possible to represent
graphs without local ordering as pointer structures, e.g. by using special edge objects having
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pointers to their source and target. In the context of first-order logic and extensions thereof,
the unordered case may seem more natural but leads to artificial weaknesses.
An interesting intermediary between absence and presence of a total ordering is the ability
to count or more generally perform arithmetic till the size of the input, called counting. A
total order can be utilized to simulate counting. However, this is not the case with local
orderings. In the extreme case of discrete graphs, local ordering provides no information at
all, and it is not possible to count over these graphs.
The systems we study are: jumping automata on graphs (jags), “pure pointer language"
(purple language), and Deterministic transitive closure Logic (dtc). It has been shown that
without counting, these systems cannot solve connectivity. We describe these systems and
several extensions.

3

Jumping automata on graphs

Cook and Rackoff ([2]) introduced Jumping Automata on Graphs (jags) in order to study
space lower bounds for reachability problems. A jag is a finite automaton which can move a
fixed number of pebbles along labelled edges of input graphs of fixed degree. Thus, jags are
a nonuniform machine model.
A labelled degree d graph for d > 1 comprises a set V of vertices and a function
ρ : V × {1, . . . , d} → V . If ρ(v, i) = v 0 then we say that (v, v 0 ) is an edge labelled i from v
to v 0 . All graphs considered here are labelled degree d graphs for some d. The important
difference to the more standard graphs of the form G = (V, E) where E ⊆ V × V is that
the out degree of each vertex is exactly d and, more importantly, that the edges emanating
from any one node are linearly ordered. One extends ρ naturally to sequences of labels
(from {1, . . . , d}∗ ) and writes v 0 = v.w if ρ(v, w) = v 0 for v, v 0 ∈ V and w ∈ {1, . . . , d}∗ . The
induced sequence of intermediate vertices (including v, v 0 ) is called the path labelled w from
v to v 0 . Such a graph is undirected if for each edge there is one in the opposite direction
ρ(v, i) = v 0 ⇒ ∃j.ρ(v 0 , j) = i. It is technically useful to slightly generalise this and also regard
such graphs as undirected if each edge can be reversed by a path of a fixed maximum length.
I Definition 1. A d-Jumping Automaton for Graphs (d-jag), J, consists of
a finite set Q of states with distinguished start state q0 and accept state qa
a finite set P of objects called pebbles (numbered 1 through p)
a transition function δ which assigns to each state q and each equivalence relation π on
P (representing incidence of pebbles) a set of pairs (q 0 , ~c) where q 0 ∈ Q is the successor
state and where ~c = (c1 , . . . , cp ) is a sequence of moves, one for each pebble. Such a move
can either be of the form move(i) where i ∈ {1, . . . , d} (move the pebble along edge i) or
jump(j) where j ∈ {1, . . . , p} (jump the pebble to the (old) position of pebble j).
The automaton is deterministic if δ(q, π) is a singleton set for each q, π.
The input to a jag is a labelled degree d graph. An instantaneous description (id) of a
jag J on an input graph G is specified by a state q and a function, node, from the P to the
nodes of G where for any pebble p, node(p) gives the node on which the pebble p is placed.
Given an id (q, node) a legal move of J is an element (q 0 , ~c) ∈ δ(q, π) where π is the
equivalence relation given by p π p0 ⇐⇒ node(p) = node(p0 ). The action of a jag, or the
next move is given by its transition function and consists of the control passing to a new
state after moving each pebble i according to ci : (a) if ci = move(j) move i along edge j;
(b) if ci = jump(j) move (jump) it to node(j). Any sequence (finite or infinite) of id’s of a
jag J on an input G which form consecutive legal moves of J is called a computation of J
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on G. We assume that input graphs G have distinguished nodes startnode and targetnode,
and that jags have dedicated pebbles s and t. The initial id of J on input G has state q0 ,
node(t) = targetnode and ∀q 6= t. node(q) = startnode. J accepts G if the computation of J
on G starting with the initial id ends in an id with state qa .
One criticism of jags is that they are artificially weak on directed graphs. Since edges
can only be traversed in the forward direction, there is no way for a jag to reach a node
without incoming edges, for example. One solution to this is to work with graphs having a
local ordering both on the outgoing and on the incoming edges of each node, so that edges
can be traversed in both directions [7].
Cook and Rackoff’s result [2] shows that even with this modifications, jags can only
compute local properties:
I Theorem 2 ([2]). (u)st-connectivity cannot be solved by jags.
It is instructive to deduce this result from a generalization due to Schöpp [20] who gave a
formal proof in Coq. For any group G define its exponent exp(G) as the maximum element
order, i.e., the least m so that g m = e holds for all g ∈ G. Note that exp((Z/mZ)d ) = m.
I Theorem 3. Let G be a group. A jag with p pebbles and q states can visit at most
p
(q · exp(G))d nodes in the course of any computation on CG(G).
This implies that jags trivially cannot solve horn since ustcon is obviously a special
case of horn. It is thus natural to investigate strengthenings of jags.

3.1

Counters

The ramjag [18] consists of a finite state control together with p pebbles and a fixed number
of O(log(n))-bit registers which in total require O(log(q)) bits of storage. Its storage is
defined as (plog(n) + log(q)) bits. on which it can perform the usual RAM operations on
the registers and also three special instructions: walk, jump and compare. The instructions
walk(P, j) and jump(P, P 0 ) are the same as that in a jag. The instruction compare(P, P 0 , R)
checks whether pebbles P and P 0 are on the same node and stores the result (T or F ) in
a register R. where n is the size of the input graph. Obviously, using more registers this
bound extends to any polynomial in n.
I Theorem 4 ([18]). Reingold’s algorithm for ustcon can be implemented with ramjags.
We remark that Beame et al. citeDBLP:journals/siamcomp/BeameBRRT99 showed that jags
with arithmetic registers (O(log n) space bounded jags in their terminology) are equivalent
to logspace Turing machines without using and in fact prior to Reingold’s theorem.
I Corollary 5. ramjags can define a total order on connected graphs
Proof. Choose an arbitrary node as the start node and enumerate all logarithmic length paths
from it. The order in which the nodes are visited gives a total ordering on the graph.
J
I Corollary 6. jags cannot count
Proof. jags cannot solve ustcon, but ramjags can. This shows that counting cannot be
simulated in jags.
J
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3.2

Nondeterminism

Regarding nondeterministic jags (nd-jags) the situation is less clear. For our purpose,
nd-jags are relevant, for they are stronger than deterministic jags and purple since they
can solve stcon, so assuming that they are not equivalent to nlogspace it would then
constitute and interesting and perhaps accessible open question whether nondeterministic
jags can solve horn.
Before, however, attempting that question one should first try to see whether nd-jags
can solve co-stcon or even just co-ustcon. i.e., whether there exists a nondeterministic jag
with the property that if startnode and targetnode are not connected then there exists an
accepting run whereas in the case where they are connected, all runs reject or abort. It has
been left as an open problem in [5] whether or not nd-jags are able to decide co-ustcon or
indeed whether their computational power equals all of nlogspace.
In a recent as yet unpublished paper [12] the authors have tried to make some progress
towards the special case of this question where the graphs under consideration are Cayley
graphs. Recall that the Cayley graph of a group G with generators m,
~ written as CG(G, m)
~
is the labelled degree |m|
~ graph whose nodes are the elements of G and where the edge
labelled i from node v leads to mi v, formally ρ(v, i) = mi v. Note that since every generator
has an inverse the Cayley graphs are undirected in the above relaxed sense.
Cayley graphs are interesting in this contexts because they furnish the hard examples
in [2] and [14]. In the former case the underlying group is (Z/mZ)m whose Cayley graph
resembles an m-dimensional torus of circumference d. E.g. for m = 480 and d = 2 one obtains
a 480 x 480 “screen” with opposite borders identified as is common in some video games. It
is hard for a jag to find its way through such a graph because the close neighbourhoods of
all nodes are the same and because repeated moves quickly lead to a repetition. E.g. the
order of each cyclic subgroup of (Z/mZ)d is ≤ m whereas the order of the group itself is md .
Of course, a jag does not necessarily stupidly repeat a fixed move and it required Cook and
Rackoff an ingenious pumping argument to turn this intuition into a rigorous proof. The
result in [14] generalises this using an iterated wreath product of a cyclic group Z/mZ.
I Definition 7. A nondeterministic Jumping Automaton for Graphs (nd-jag) J is a jag
whose transition function is nondeterministic. It accepts an input if there is some finite
computation starting at the initial configuration that reaches qa , and rejects an input if no
such computation does. A d−nd-jag operates on graphs of degree d. Again, we assume that
appropriate degree reduction is applied before inputting a graph to an nd-jag.
It is easy to see that the argument used in [2] for deterministic jags which is similar
to a pumping argument cannot be adapted easily to nd-jags, which can solve reachability
(guess a path from startnode to targetnode). However, it is unclear whether nd-jags can
solve co-st-connectivity. Since jags cannot count, it is reasonable to believe that nd-jags
cannot implement Immerman-Szelepcsenyi’s algorithm, and more generally, cannot solve
co-st-connectivity.
I Theorem 8 ([12]). nd-jags are equivalent to nlogspace and thus can in particular solve
co-stcon if the input consists of disjoint copies of one of Cayley graphs where the underlying
group is one of the following
an abelian group
a finite simple group
groups obtained from these by direct, semidirect, or wreath product
iterations of the above product constructions
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To us this power of nd-jags came as quite a surprise; initially, we believed that even on the
(abelian) group (Z/mZ)d that were used by Rackoff the nd-jags would be strictly weaker
than nlogspace.
To give a taste of these results we sketch here a special case:
I Theorem 9. There exists an nd-jag that can visit all nodes of CG(m,
~ (Z/mZ)d ) in a
fixed order where m
~ comprises the unit vectors e1 , . . . ed of dimension d.
This shows in particular that co-stcon can be solved if the input consists of several disjoint
copies of this Cayley graph.
Proof sketch. Indeed, each element of the group can be uniquely written in the form
λ1 e1 + . . . λd ed where λi ∈ {0, . . . , m − 1}. Moreover, we can order the elements of the group
lexicographically using this representation. Now, we can design an nd-jag that places a
“cursor pebble” on all nodes of the Cayley graph in this lexicographic order. Suppose that
the cursor pebble is on λ1 e1 + . . . λd ed . Using another pebble we nondeterministically trace
a path from startnode to the cursor pebble making sure that it has the form “some e1 , then
some e2 , etc”. By uniqueness of representation this path will repeat the coefficients λi or fail
to reach the cursor pebble in which case we abort. As we trace this path we can on-the-fly
move a third pebble to the lexicographically next position by incrementing the first coefficient
that is different from m − 1 and resetting all the previous ones.
J
Given these results our current working hypothesis is that nd-jags can solve co-stcon on
all graphs (in fact, we even believe now that they capture nlogspace on all graphs); the
natural next step will be to demonstrate this for arbitrary Cayley graphs. We also note
that our results considerably narrow the search for counterexamples to the conjecture and in
particular rule out all the known ones.
We also note that any counterexample to our working hypothesis would in particular have
to be such that deterministic jags cannot solve stcon on them (otherwise we would trivially
get co-stcon) so that we would need a new proof of Cook-Rackoff’s result with substantially
different example graphs for the known ones are thwarted by our current results.

4

Purple language

Rather than as an automaton, we may understand a jag as a while-program whose variables
are partitioned into two types: boolean variables and graph pointer variables. Boolean
variables are used to represent the finite state of the jag and the usual boolean operations
are available for boolean expressions. Pointer variables are used to reference graph nodes
in the same way that pebbles are used in the automata-theoretic formulation of jags. For
pointer variables one only has an equality test and, for each constant number i, a successor
operation to move a pointer variable along the i-th edge from the graph node it points to.
Over unconnected graphs, jags may not be able to visit all nodes. For example, the property
whether a graph contains a node with a self-loop is not decidable with jags for the simple
reason that such a witnessing node might be in an unreachable part of the graph.
To address this, the formalism purple (for “pure pointer language”), was introduced by
the first author and U. Schöpp [15]. Essentially, it consists of augmenting this programming
language-theoretic version of jags with a special loop construct (forall x do P ) whose
meaning is to set the pointer variable x successively to all graph nodes in some arbitrary
order and to evaluate the loop body P after each such setting. The important point is that
the order is arbitrary and will in general be different each time a forall-loop is evaluated.

FSTTCS 2013

10

Computing With a Fixed Number of Pointers

A program computes a function or predicate only if it gives the same (and correct) result for
all such orderings. The forall-loop in purple can be used to evaluate first-order quantifiers
and thus to encode dtc- logic (see below) on locally ordered graphs. Moreover, purple
is strictly more expressive than that logic. For instance, determining whether the input
graph has an even number of nodes is not possible in locally-ordered dtc logic [10], but the
following purple-program does this: (b := true; forall x do b := not(b).
Purple program are parametrised by a finite set L of labels and a finite set S of predicate
symbols. Each predicate symbol p is assumed to have a finite arity ar(p) ∈ N.
The input of a programs is a pointer structure, which interprets the labels and predicates:
A pointer structure on L and S ((L, S)-model, for short) specifies a finite set U as a universe,
a function [[l]] : U → U for each label l ∈ L and a set [[p]] ⊆ U ar(p) for each predicate symbol p.
The special case of d-labelled graphs arises when L = {1, . . . , d} and S = ∅.
A program with labels L and predicate symbols S can access its input structure through
the following terms for pointers to elements of the universe and for booleans.
tU
t

bool

::= xU | tU .l for any label l ∈ L
U
::= xbool | ¬tbool | tbool
∧ tbool
| p(xU
1
2
1 , . . . , xar(p) ) for any predicate p ∈ S

We call xU pointer variables. The intention is that tU .l is interpreted by [[l]](tU ).
The programs themselves are given by the grammar.
Prg ::= skip | Prg 1 ; Prg 2 | xU := tU | xbool := tbool
| if tbool then Prg 1 else Prg 2 | forall xU do Prg
We write if tbool then Prg for if tbool then Prg else skip.
A configuration hρ, qi consists of a pebbling ρ and a state q. The pebbling ρ maps pointer
variables (which we also call pebbles) to elements of the universe U . The state q is a
function mapping boolean variables to booleans. Given a configuration I, we can define an
interpretation of the terms [[tbool ]]I ∈ {true, false} and [[tU ]]I ∈ U in the usual way.
A big-step reduction relation Prg `M I −→ O between configurations I and O on some
(L, S)-model M and a program Prg is defined inductively by the following clauses:
skip `M I −→ I.
Prg 1 ; Prg 2 `M I −→ O if Prg 1 `M I −→ R and Prg 2 `M R −→ O for some R.
xU := tU `M hρ, qi −→ hρ[x 7→ [[t]]hρ,qi ], qi.
xbool := tbool `M hρ, qi −→ hρ, q[x 7→ [[t]]hρ,qi ]i.
if t then Prg 1 else Prg 2 `M I −→ O if [[t]]I = true and Prg 1 `M I −→ O.
if t then Prg 1 else Prg 2 `M I −→ O if [[t]]I = false and Prg 2 `M I −→ O.
forall xU do Prg 1 `M I −→ O if there exists an enumeration u1 , u2 , . . . , un of [[U ]] and
configurations I = hρ1 , q1 i, hρ2 , q2 i, . . . , hρn+1 , qn+1 i = O, such that Prg 1 `M hρk [x 7→
uk ], qk i −→ hρk+1 , qk+1 i holds for all k ∈ {1, . . . , n}.
When the model M is clear from the context we may omit the subscript.
In order for a purple program to accept (resp. reject) an input, it must do so no matter
what enumerations are chosen for its forall-loops. This is defined formally in the next
definition, in which we use a boolean variable result to indicate acceptance.
I Definition 10. A program Prg accepts (resp. rejects) an (L, S)-model M if Prg `M
hρ, qi −→ hρ0 , q 0 i implies q 0 (result) = true (resp. q 0 (result) = false) for all ρ, ρ0 , q and q 0 .
A program Prg recognises a set X of (L, S)-models if it accepts any model in X and rejects
all others. Note that a program may neither accept nor reject its input, namely if for some
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Figure 1 The lamplighter graph CG(Λ(Z/8Z)) and the traversal sequence from [14]

runs it returns true and for others it returns false. To put it simply, a purple program
for some problem X should give the correct answer, be it true or false for any given input
and independent of the run, i.e. the traversal sequences chosen.
I Theorem 11. It is undecidable whether a given purple program is such that for every
input, it either rejects or accepts.
We also note that predicate symbols, which were not part of the original definition of
purple [15], are there just for notational convenience and do not add expressive power.
Unary predicates can be modelled with an extra pointer that points to designated nodes for
“true” and “false”. A binary relation can be modelled by introducing an extra node for each
pair of related nodes with pointers fst and snd pointing to the latter two nodes. One uses a
unary predicate to differentiate between the actual nodes and these helper nodes.

4.1

Power of purple

While purple subsumes jags and also deterministic transitive closure logic (see below) it
is strictly weaker than logspace. Notice that purple programs can be evaluated on a
logspace-bounded Turing machine.
I Theorem 12 ([15]). Checking whether the input is a discrete graph with n nodes, where n
is a power of two, is possible in logspace but cannot be programmed in purple.
I Theorem 13 ([14]). ustcon cannot be decided in purple.
Proof idea. For any group G one defines the lamplighter group Λ(G) by Λ(G) = {(f, g) | f ∈
2G , g ∈ G} and (f, g)(f 0 , g 0 ) = (λh.f (h) + f 0 (gh), gg 0 ) where + refers to addition modulo 2.
Given a set of generators (m1 , . . . , mk ) for G one can generate Λ(G) by (0, mi ) for i = 1 . . . k
and the toggle move (t, e) where t(e) = 1 and t(g) = 0 for g 6= e. The nodes of the Cayley
graph CG(Λ(G)) can be thought of as states of a system involving one streetlight at each
node of CG(G) and a lamplighter situation at one such node. Fig. 1 shows 8 of the 2048
nodes of CG(Λ(Z/8Z)). If G has order n, number of generators m and exponent e and
n0 , m0 , e0 denote those measures for Λ(G) then we have n0 = n2n , m0 = m + 1, e0 = 2e.
Thus, repeated application of the lamplighter construction furnishes groups with a very high
order yet moderate number of generators and exponent. Nothing beyond these numerical
properties is required from the lamplighter construction for our purpose.
Now, for any purple-program P we can find t, m depending on size and nesting depth
of loops in P so that when run on CG(Λt (Z/mZ)) the effect of P can be simulated (for
appropriately chosen traversal sequences of the forall-loops) by a very large jag. Theorem 3
applied to this jag then shows that some nodes remain unvisited.
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To obtain the desired simulation by a jag assume that all forall-loops except for the
outermost one have already been eliminated. One thus essentially has a jag with one special
iteration pebble that is supposed to be placed on every node in some arbitrary order. In
between such placements the jag is to be run until it reaches a dedicated state. Now, in an
intuitive sense that can be made precise, if the traversal sequence is chosen in such a way
that temporally close nodes, in particular successive ones, are sufficiently far apart spatially,
then the only nodes of the sequence that the jag will be able to remember will be those
from the beginning and the end of the traversal sequence. Thus, if the traversal sequence is
chosen in this fashion then at the end of the traversal all pebbles will be close to the original
nodes and it is possible to hardwire the total effect of the forall-loop into a very large jag.
The second half of Figure 1 illustrates this traversal sequence v1c , v2c , . . . . Herein R and u are
appropriately chosen large numbers. The radius R is related to the number of nods the jag
representing the body of the loop is able to visit according to Theorem 3, quantity u on the
other hand stems from the combinatorial possibility of designing an appropriate sequence.
Finally, ρc (_) indicates the initial pebble positions.
J
This result provides the strongest possible evidence so far that ustcon cannot be solved
with a constant number of abstract pointers and that the use of arithmetic in Reingold’s
algorithm is intrinsic to the problem solved. The result also answers an open question about
transitive closure logic, see Section 5 below.
Similar to the case of jags, this implies that purple trivially cannot solve horn since
ustcon is obviously a special case of horn. It is thus natural to investigate strengthenings
of purple by various computational devices that stay within logspace or nlogspace. We
describe our efforts in this direction in the following subsections.

4.2

Counters

So, one obvious addition to purple is counting. Though purple subsumes jags, we
explored whether purple with counting is strictly continued within logspace. Here we
extend purple by counting variables (“counters”), each of which can hold a number from
0 to the size of the input structure’s universe, and we extend the terms with arithmetic
operations:
tbool ::= · · · | iszero(tcount )

tcount ::= xcount | max | pred(tcount )

We extend the operational semantics such that the state q now not only maps boolean
variables to booleans, but also counting variables to numbers.
purple with counters (purplec ) can do arithmetic: the complement of a counter can be
computed using max and repeated decrement; the increment can be implemented using double
complementation and decrement; The rest of the operations follow by repeated applications
of these. purplec can count the number of tuples of nodes satisfying any purple-definable
property, and so can simulate counting quantifiers used in dtc or tc logics.
I Lemma 14. purplec captures logspace on graphs with a two-way local ordering, represented as pointer structures as described above.
Outline. purple captures all of logspace on ordered graphs. So, it suffices to show that a
total ordering can be defined on any input graph.
To this end we note that given any graph node n, purplec can define a total ordering of
the weakly connected component containing n. We use Reingold’s algorithm for undirected
s-t-connectivity, which checks for connectivity by enumerating all nodes in the weakly
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connected component of s and checking if t appears therein. This algorithm be implemented
by ramjags [18], and so, by an easy translation, also in purplec . In this way, purplec can
order the nodes of the weakly connected component according to their order of their first
appearance in the enumeration.
In their proof that tc-logic with counting captures nlogspace [8], Etessami and Immerman have shown how a total ordering can be defined using counting from such orderings of
the weakly connected components. This argument can be adapted to purplec to complete
the proof.
J

4.2.1

Iterators

Another possibility for strengthening purple that we investigated consists of replacing
forall-loops by iterators that are available e.g. in the Java library for the representation of
sets as trees or hash maps. Thus, in addition to Boolean and pointer variables, this extension
of purple then has iterator variables which store a subset of the nodes of the input graph.
The operations allowed on an iterator variable are:
Initialize: The variable is assigned the set of all nodes of the input graph
Next: If the variable refers to a non-empty set, an arbitrary node is removed from it (so
the variable now refers to a set without this node), and the node is returned.
isNull: Returns true if the variable is empty and false otherwise
With iterators in place, the forall-loop can be replaced by a plain while loop. Further,
we can determine whether the number of nodes with a self loop is equal to the number of
nodes without one. Surprisingly, iterators permit the definition of counting and thus render
purple with iterators (on locally ordered input) equivalent to full logspace.
I Theorem 15. purple with iterators can count.
Proof. A counter variable is represented by an iterator variable which is assigned a subset of
nodes with the required cardinality. It is direct that the operations of checking for zero and
decrement can be performed. To increment a variable x, we use another iterator variable y
as follows: Initialize y and keep decrementing both x and y till x is zero; increment y once
more and initialize x; finally, decrement both variables till y is zero. Similarly, variable can
be copied (assigned to another variable).
J

4.3

Nondeterminism with counting but without local order

By the asymmetric acceptance and rejection conditions that are used in any nondeterministic
definition, it is not clear whether nondeterministic purple is closed under complementation.
Since the answer is not known even in the case of jags, we add counting as well, allowing us
to implement Immerman-Szelepcsenyi’s algorithm for complementation in nlogspace to get
purple c,nd . However, adding counting boosts the power of purple to full nlogspace in
the presence of local ordering. So, we consider input graphs without local ordering in this
case. These can be presented via primitive predicates or special edge objects.
Counters are added as described above. Adding nondeterminism is not completely
straightforward, as we must separate nondeterministic choices from the choices made in the
evaluation of forall-loops. We would like to allow programs to make nondeterministic choices,
while still maintaining that their acceptance behaviour is independent of the enumerations
chosen in the forall-loops.
Purple with nondeterminism (purplend ) has a command for nondeterministic choice:
Prg ::= . . . | choose Prg 1 or Prg 2
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To define the semantics of purple with nondeterminism, we amend the notion of
configuration so that it now consists of a triple hρ, q, σi, where ρ and q are a pebbling
and a state as before and σ is an infinite list enumerations of the universe U . This new
component σ specifies the runs of all future forall loops. Therefore, in the definition
of (forall xU do Prg) ` hρ, q, σi −→ hρ0 , q 0 , σ 0 i we do not use an arbitrary enumeration of U , but we take the first one u1 , . . . , un from σ. That is, we require there to be
configurations hρ, q, tail(σ)i = hρ1 , q1 , σ1 i, . . . , hρn+1 , qn+1 , σn+1 i = hρ0 , q 0 , σ 0 i with Prg `
hρk [x 7→ uk ], qk , σk i −→ hρk+1 , qk+1 , σk+1 i for all k ∈ {1, . . . , n}. For the semantics of the
new term, we stipulate choose Prg 1 or Prg 2 ` I −→ O if Prg 1 ` I −→ O or Prg 2 ` I −→ O.
In all other cases, σ is merely passed on. E.g. x := t ` hρ, q, σi −→ hρ[x 7→ [[t]]I ], q, σi.
With these provisos, we can make the role of the two kinds of choices precise and define
when a nondeterministic program accepts an input:
I Definition 16. A nondeterministic program Prg accepts an (L, S)-model M if for all I
there exists O with Prg `M I −→ O and O(result) = true. It rejects M if for all I and for
all O with Prg `M I −→ O one has O(result) = false.
Thus, in the positive case, M must find, for all traversals of the forall-loops, appropriate
nondeterministic choices leading to result true. In the negative case, however, the program
must yield result false no matter how the nondeterministic choices are made and how the
forall-loops are being traversed.
Note that for programs without choose, this definition agrees with the one for purple
above. For programs without forall-loop it agrees with the definition of nondeterminism.
In [15] we have shown that purple can evaluate formulae in dtc-logic. One may expect
that with nondeterminism, this result generalises to TC-logic. We obtain the following
proposition. Recall that any relational structure M can be understood as a pointer structure.
I Lemma 17. For each closed tc-formula ϕ on a relational signature Σ, there exists a
program Pϕ in purple c,nd such that, for any Σ-structure of Σ, M |= ϕ holds iff Pϕ
recognises M .

4.3.1

Tree isomorphism

The problem of determining whether rooted, directed trees (unlabeled, without edge labeling)
are isomorphic is in logspace.
I Theorem 18 ( [17]). Tree isomorphism is in logspace.
The proof uses an algorithm to canonize such trees. The algorithm uses counting, and depth
first search for which it relies on the edge ordering implicit in the encoding of the input
tree. Etessami and Immerman [8] were able show that transitive closure logic with counting
is unable to define tree isomorphism and thus confirmed that such ordering is intrinsically
necessary. The same counterexample albeit with a rather different proof technique shows
that purple with counting and nondeterminism cannot decide tree isomorphism either.
I Theorem 19 ( [13]). purple

c,nd

cannot decide tree-isomorphism.

Proof idea. The family of trees (AB-trees) used by Etessami and Immerman comprises two
non-isomorphic tree structures which are defined by mutual induction to contain a large
number of isomorphic subtrees. For any two non-isomorphic trees of the same height, say
Ah and Bh , every immediate subtree is one of Ch , Dh or Eh . The only difference between
Ah and Bh is how many subtrees of each type are present, i.e., when the immediate subtrees
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Figure 2 AB-trees

of Ah and Bh are grouped according to isomorphism, the cardinality of the groups differ
(though the number of groups is the same). Unlike Etessami and Immerman who use a
variant of Ehrenfeucht Fra issé games we rely on a simulation argument between two runs of
a given purple program on both Ah and Bh .
Intuitively, to differentiate between t1 and t2 , purple has to traverse each immediate
subtree to group them according to isomorphism and determine the cardinality of each such
group. So, reasoning recursively, this would need traversing the trees in a depth first manner.
Intuitively, the forall -loop provides no additional strength beyond quantifiers here, since it
is not required to enumerate the nodes in this order. The main work in the proof goes into
showing this rigorously. With no edge ordering, remembering whether a subtree has been
traversed or is yet to be traversed involves placing a pebble on the subtree. Given that it
has a limited number of pebbles, this cannot be done for arbitrary depths.
J

4.4

Recursion

purple can be extended with procedures in the expected manner. We restrict the extension
to Boolean functions which take a tuple of pointers as input, and allow mutual recursion but
disallow global variables or side effects. The semantics of a (mutually) recursive function is
defined in terms of least fixed points in the usual way. We do formally allow non-terminating
functions but since the set of global states remains bounded such non-termination can be
detected and thus we can assume w.l.o.g. that all procedures are total.
This extension does not subsume logspace since it is unable to count over discrete
graphs (cf. Theorem 12).
I Theorem 20. No purple program with recursion can checking whether the input is a
discrete graph with n nodes, where n is a power of two.
Proof sketch. Non-pebbled nodes of discrete graph are indistinguishable, so the result of a
function should be identical on them. This allows one to deduce a bound on recursion depth
that is independent of the input size and thus reduce to Theorem 12.
J
On the other hand, the fact that purple with recursion can hold more than a constant
number of pointers in memory albeit according to a stack discipline enables it to solve horn.
I Theorem 21. purple with recursion can solve horn and more generally evaluated formulas
in LFP logic.
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5

Deterministic transitive closure logic

In the context of descriptive complexity theory deterministic transitive closure logic (dtclogic) was introduced as a logical characterisation of logspace on ordered structures [16].
This logic is parametrized by a relational signature σ. Its syntax extends that of first-order
logic with equality over the signature σ by a construct dtcϕ~x~y~s~t for deterministic transitive
closure. The deterministic transitive closure of a binary relation R is the transitive closure of
the relation Rd = {hx, yi | xRy ∧ (∀z. xRz ⇒ z = y)} and the formula dtcϕ~x~y~s~t expresses
that the pair h~s, ~ti is in the deterministic transitive closure Rd of the binary relation on
tuples that is defined by ~xR~y ⇐⇒ ϕ(~x, ~y ).
Note that Rd is a partial function in the sense that Rd (x, y) ∧ Rd (x, y 0 ) implies y = y 0
and that if R itself is a partial function then R = Rd .
Deterministic transitive closure logic captures logspace on finite structures with a total
ordering, i.e. where σ contains a binary relation lt that is interpreted as a total ordering, see
e.g. [4]. Informally, this is because with a total ordering one can do enough arithmetic in the
logic to encode work-tapes of logspace Turing Machines and thus simulate the computation
of such machines using the dtc-operator.
On unordered structures, however, dtc-logic is extremely weak, see [9].
An interesting, yet less studied, middle ground is dtc-logic on d-labelled graphs (called
locally-ordered graphs in this context), where the edges emanating from any given node
carry a linear order but the nodes themselves do not. This can be formally represented in a
number of equivalent ways. On such inputs, dtc-logic can simulated (deterministic) jags
by taking the transitive closure of the transition relation. On the other hand, purple can
evaluate dtc-formulas:
I Proposition 21.1. For each closed dtc-formula ϕ on locally ordered graphs there exists a
program Pϕ such that, for any finite locally ordered graph G, G |= ϕ holds if and only if Pϕ
recognises G.
In order to evaluate quantifiers we use the forall-loop to search for witnesses or counterexamples. For transitive closure we first use forall-loops to find the (uniquely determined)
successor of any tuple; the transitive closure can then be simulated using a while-loop.
The converse of this proposition is not true since the parity of the input size is not definable
in dtc-logic [6]. The following direct consequence of Proposition 21.1 and Theorem 13
provides an answer to question left open by Etessami & Immerman [6].
I Corollary 22 ([14]). ustcon in locally-ordered graphs is not definable in dtc-logic.

6

Conclusion and Future Works

Our starting point was the observation that logspace and nlogspace algorithms operating
on graph-like structures and then can hold a constant number of pointers into the input
structure in memory. In addition, they can perform arithmetic up to the size of the input
and, finally, can access the binary representation of the input nodes in the form of a fixed
but arbitrary linear order.
We then considered that it might be possible to obtain “relativized” separation results if
some of these features are removed by considering pointers as an abstract datatype.
We surveyed existing systems that are based on this idea namely jumping automata on
graphs, transitive closure logic, and the purple programming language. All of these systems
are provably below ptime but somewhat trivially so because they cannot solve ustcon which
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lies in logspace. We thus considered various extensions of these systems with arithmetic,
nondeterminism, iterators, recursion and examined the strength of the resulting systems.
In the light of these results, the original motivation of obtaining a “relativised” separation
of logspace from ptime has become somewhat elusive: most systems considered either
coincide with logspace, nlogspace, ptime or there exists a logspace problem that can
provably not be decided in them (ustcon, tree isomorphism) and can be reduced to horn.
A possible way to address this, is to consider a weak system and add to it constructs
that will solve logspace problems. For instance, to strengthen purple with counting and
nondeterminism over graphs with no edge ordering can be strengthened with recursion in
tree-like structures in order to solve tree-isomorphism. Such a construct has been used in [11],
but their motivation differs from ours. However, this might require us to add such constructs
for many logspace complete problems since weaker systems would not necessarily capture
the reductions between the different logspace complete problems.
Another option could be to look for a subset of horn instances to which known logspace
complete problems such as ustcon or tree isomorphism cannot be reduced yet still require
a non-constant number of pebbles to be solved. Some initial progress has been made by
restricting graph-theoretical parameters such as tree width of the graph induced by a horn
instance.
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Abstract
Nowhere dense classes of graphs were introduced by Nešetřil and Ossona de Mendez as a model
for “sparsity” in graphs. It turns out that nowhere dense classes of graphs can be characterised
in many different ways and have been shown to be equivalent to other concepts studied in areas
such as (finite) model theory. Therefore, the concept of nowhere density seems to capture a
natural property of graph classes generalising for example classes of graphs which exclude a
fixed minor, have bounded degree or bounded local tree-width. In this paper we give a selfcontained introduction to the concept of nowhere dense classes of graphs focussing on the various
ways in which they can be characterised. We also briefly sketch algorithmic applications these
characterisations have found in the literature.
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Introduction

Structural graph theory has proved to be a powerful tool for coping with computational
intractability. It provides a wealth of concepts and results that can be used to design
efficient algorithms for hard computational problems on specific classes of graphs that occur
naturally in applications. Examples include polynomial-time (in fact, fixed-parameter linear)
algorithms for problems such as computing dominating sets, independent sets, Hamiltonian
cycles, 3-colourings and many other problems on classes of graphs of bounded tree-width. See
e.g. [6, 8, 7, 5, 4] for surveys on tree-width and the huge number of algorithmic applications.
Other examples are polynomial-time approximation schemes (PTAS) for problems such as
vertex cover, dominating sets or Steiner-forests on planar graphs or, more generally, on graph
classes of bounded genus or which exclude a fixed graph as a minor [3, 58, 29, 36, 14].
In their monumental work on graph minors [56], Robertson and Seymour developed a
very powerful structure theory for classes of graphs excluding a fixed minor which has found
a large number of algorithmic consequences, for instance to constant-factor approximations
of colouring problems (see e.g. [19, 20]), to polynomial-time approximation schemes ([36, 19,
14, 21]) or for general parameterized algorithms for problems such as dominating sets and
many other in form of bidimensionality theory developed in [17] and subsequent papers. See
e.g. [16, 18].
Excluding a fixed graph H as a minor yields classes of graphs for which topological
methods can be employed to obtain efficient algorithms for computational problems. A
© Martin Grohe, Stephan Kreutzer, and Sebastian Siebertz;
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different approach is taken in classes of bounded degree, where topology does not play a
decisive rôle in the development of algorithms but other approaches succeed in obtaining good
algorithms for various problems on input graphs of maximum degree d, for some constant
d. Graph classes of bounded degree can be generalised further to classes of bounded local
tree-width [30, 31], a property where we do not require that the entire graph has small
tree-width, but only that every r-neighbourhood of a vertex in the graph has tree-width
bounded by some function of its radius r. Again, bounded local tree-width and excluded
minors are incomparable concepts.
Whereas many papers provide optimised algorithms for specific, individual problems on
certain classes of graphs, another line of research aims at developing general tractability
results for a whole and natural class of problems on special classes of inputs. One example is
bidimensionality theory as outlined above. Many other examples of such general tractability
results, often referred to as algorithmic meta-theorems, use definability of computational
problems in logical languages to obtain natural classes of problems. The best-known of
these results is Courcelle’s theorem [12] stating that every algorithmic problem definable in
monadic second-order logic can be decided in linear time on classes of graphs of bounded
tree-width. This includes many common algorithmic problems such as Hamiltonicity, 3Colourability and many covering problems such as dominating sets. Following Courcelle’s
result, meta-theorems of various forms have been developed, see e.g. [9, 57, 33, 34, 13, 28]
and the surveys [37, 38, 45].
In general, the main goals of this whole line of research described so far, sometimes
referred to as algorithmic graph structure theory, are the following: we want to understand
for natural and important classes of graphs what kind of problems can be solved efficiently on
these graphs and to develop the corresponding graph structural and algorithmic techniques;
for natural classes of problems we want to understand their general tractability frontier,
i.e. the “most general” classes of graphs on which these problems become tractable.
In particular the last aspect has been pursued intensively in research on algorithmic
meta-theorems with a quest for finding the largest classes of graphs where problems definable
in first-order logic become tractable. First-order definable problems define a natural class of
problems including dominating sets, vertex covers, network centres and many others.
As diverse as the examples above of graph classes with a rich algorithmic theory may
appear, a feature all these classes have in common is that they are relatively sparse, i.e. graphs
in these classes have a relatively low number of edges compared to the number of vertices.
In fact, classes of graphs excluding a fixed minor can only have a linear number of edges.
This suggests that this “sparsity” might be an underlying reason why many problems can be
solved efficiently on these classes of graphs, even though they otherwise do not have much in
common. This leads to the question how to define a reasonable concept of “sparse classes of
graphs”.
A first idea to capture the concept of “sparse” classes of graphs is to bound the average
|E(G)|
degree, i.e. to study classes C of graphs such that for all G ∈ C, |V
(G)| ≤ d for some constant
d. However, given any graph G of order n := |V (G)|, we can bound its average degree
by “padding”, i.e. simply by adding n2 isolated vertices. While this reduces the average
degree below 2, for many problems it does not significantly change the structure of the
graph. For instance, adding extra isolated vertices does not really change the problem of
evaluating first-order formulas. Hence, this notion is not a satisfactory measure for sparsity
in general. Therefore, to prevent padding arguments of this form, we may want to require
that sparse graphs remain sparse if we take a subgraph, i.e. that sparse graphs do not have
dense subgraphs.
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Figure 1 Sparse graph classes.

This leads to the well-studied concept of degeneracy. A graph G is d-degenerate if every
subgraph of G contains a vertex of degree at most d. In particular, this means (and in fact
degeneracy is equivalent to saying) that the average degree of every subgraph is bounded by
a constant. But again this concept is not universally satisfactory as we can make every graph
2-degenerate by subdividing every edge once. Here, by subdividing an edge we mean the
operation of replacing an edge {u, v} by a path of length 2. Again, for various problems such
as evaluating first-order formulas, this does not change the nature of the graph significantly.
Hence, in addition to closure under subgraphs, we may want to require of our notion of
sparsity that it should be invariant under such subdivisions or local modifications. The two
requirements together exactly yield the concept of nowhere dense classes of graphs introduced
by Nešetřil and Ossona de Mendez [52]. See [49] for an extensive study of sparse graphs.
We defer a formal definition to Section 2, see Definition 2.5.
It turns out that nowhere dense classes of graphs can equivalently be characterised in many
different ways which at first sight have very little in common. For instance, nowhere dense
classes of graphs can equivalently be characterised by the concept of uniformly quasi-wideness
(see Section 6), a concept studied in finite model theory; by the existence of low tree-depth
colourings (see Section 4); by generalised colouring numbers (see Section 3); by a game
characterisation (see Section 7.2); or by the model-theoretic concept of independence, see
[1]. See the individual sections for references. This shows that the concept of nowhere dense
classes of graphs is very robust and seems to capture a natural property of graph classes
arising independently in many diverse contexts.
By construction, nowhere dense classes of graphs contain all examples of special graph
classes mentioned above and thereby form a very general type of graph classes. Figure 1
shows the containment of the various classes mentioned so far. In particular, nowhere dense
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classes unify the two incomparable concepts of bounded degree or bounded local tree-width
on the one hand and excluded minors or excluded topological subgraphs on the other hand.
They therefore provide a unifying framework in which to study sparse classes of graphs.
Following their introduction, nowhere dense classes of graphs have been studied also
with algorithmic applications in mind. The fact that they can be characterised in many
different ways also has very nice algorithmic consequences, as each characterisation yields
different algorithmic techniques. For instance, it has been shown that problems such as
network centres and dominating sets can be solved by fixed-parameter algorithms on nowhere
dense classes of graphs using uniformly quasi-widesness [15] (see Section 6). Using low
tree-depth colourings, Nešetřil and Ossona de Mendez [50] showed that the subgraph
isomorphism or homomorphiosm problem is fixed-parameter tractable on nowhere dense
classes. Furthermore, using the same characterisation, Gajarsky et al. [35] extended the
meta-kernelisation framework of [10] to nowhere dense classes of graphs providing polynomial
kernels for a large number of algorithmic problems (see Section 4). On an important
subclass of nowhere dense graphs, called classes of bounded expansion (see Definition 2.8),
even more algorithmic applications are known, for instance in database query answering
and enumeration [42], which relies on the concept of augmentations (see Section 5), or in
approximating dominating sets [25], which is based on generalised colouring numbers (see
Section 3).
As mentioned above, in a series of papers starting in the 1990s researchers have tried to
investigate the largest classes of graphs on which all first-order definable graph properties can
be decided efficiently, or more formally, on which first-order model checking is fixed-parameter
tractable. It turns out that for classes of graphs closed under subgraphs, this limit are exactly
nowhere dense classes of graphs. For, it was shown in [45] and [27] that on classes of graphs
which are not nowhere dense but closed under subgraphs first-order model-checking cannot
be fixed-parameter tractable unless FPT = W[1], a consequence widely believed to be false
in the parameterized complexity community (see e.g. [24, 32]). On the other hand, very
recently it was shown by the authors of this paper that on nowhere dense classes of graphs,
first-order model-checking is fixed-parameter tractable [39]. Hence, this is another indication
that nowhere dense classes of graphs form a natural limit for certain types of algorithmic
problems to be solved efficiently.
As the exposition above already indicates, the appeal of nowhere dense classes and their
applications relies on the fact that they are characterised in many different ways. In this
paper we provide a self-contained introduction to nowhere dense classes with a strong focus
on their different characterisations. In each of the individual sections of this paper we will
present some characterisation of nowhere dense classes of graphs, prove its equivalence to
other characterisations, state their main properties and sketch some algorithmic consequences.
Notation. We use standard notation in graph theory and refer, e.g., to [23] for details. In
particular, we write d(G) for the average degree of a graph G, δ(G) for the minimum degree
~ denotes the maximum in-indegree of a directed
and ∆(G) for its maximum degree. ∆− (G)
~
graph G.

2

Sparse graphs

As motivated in the introduction, we want to find the largest number of edges an n-vertex
graph can have such that we still find structure that can be used algorithmically. This is
closely related to one of the classical questions of extremal graph theory: given a graph H,
what is the maximum number of edges in an n-vertex graph that does not contain H as a
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subgraph? This number is known as the Turán number ex(n, H) of H and Turán determined
the exact value of ex(n, Kt ) for the complete graph on t vertices, Kt . For algorithmic
purposes often a more interesting restriction is to exclude a graph as a topological subgraph.
A graph H is a subdivision of a graph H 0 if H can be obtained from H 0 by replacing edges
by vertex disjoint paths. H is a topological subgraph or topological minor of G, denoted
H t G, if a subdivision of H is isomorphic to a subgraph of G. Mader was one of the first
who considered Turán’s question for topological subgraphs.
I Theorem 2.1 (Mader [46]). Given t ∈ N, there exists a constant ct depending only on t
such that every graph G on n vertices with at least ct n edges contains a subdivision of the
complete graph Kt .
Bollobás and Thomason [11] and independently Komlós and Szemerédi [44] showed that
ct ≤ ct2 for some absolute constant c, hence every graph with average degree at least ct2
contains a subdivision of Kt . More generally, a graph that contains a subgraph with average
degree at least ct2 contains a subdivision of Kt .
Recent results show that even less structural information suffices to solve many problems
efficiently. A graph H 0 is an r-subdivision of a graph H if H 0 can be obtained from H by
replacing edges by vertex disjoint paths of length at most r + 1. H is a topological depth-r
subgraph or topological depth-r minor of a graph G, denoted H tr G, if an r-subdivision
of H is isomorphic to a subgraph of G. In the proofs of the above results, the edges of the
complete graphs that are found as topological subgraphs are subdivided by more than a
constant number of vertices. It was hence the next step to ask how many edges an n-vertex
graph that does not contain an r-subdivision of a complete graph Kt can maximally have. A
first result in this direction is implied by a result of Alon, Krivelevich and Sudakov.
I Theorem 2.2 (Alon, Krivelevich, Sudakov [2]). Let t ∈ N and  ≥ 1/2. Every graph G on
2
n vertices with at least t2 n1+ edges contains a 2-subdivision of Kt .
On the other hand, there are well known classes of graphs of girth at least g and Ω(n1+1/g )
edges. Any c-subdivision of Kt , where t ≥ 3, must contain a cycle of length at most 3c. Hence
there are n-vertex graphs with Ω(n1+1/(3c+1) ) edges and no c-subdivision of Kt . Dvořák
[26] and Jiang [41] independently answered the question for 0 <  < 1/2 by showing the
following.
I Theorem 2.3 (Dvořák [26], Jiang [41]). Given t ∈ N and  > 0. There exists n0 = n0 (t, )
and c = c() such that all graphs G with n ≥ n0 vertices and at least n1+ edges contain a
c-subdivision of the complete graph Kt .
Jiang [41] provides the best bound for the constant c() known today, c() ≤ b10/c. If
we apply this result to infinite classes of graphs, we obtain an interesting dichotomy in terms
of edge densities. Note that for every graph G with at least one edge and for all  ≥ 0,
|E(G)| = |V (G)| ⇐⇒

log |E(G)|
= .
log |V (G)|

I Corollary 2.4. Let C be an infinite class of graphs. Then either for all r ∈ N


log |E(H)|
lim sup
G ∈ C with |V (G)| ≥ n, H tr G ≤ 1
n→∞
log |V (H)|
or there exists r ∈ N with


log |E(H)|
lim sup
G ∈ C with |V (G)| ≥ n, H tr G = 2.
n→∞
log |V (H)|

(2.1)

(2.2)
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Here we take

log |E(H)|
log |V (H)|

to be −∞ if E(H) = ∅.

log |E(H)|
Proof. Note that the supremum always exists, because log
|V (H)| ≤ 2 for all H. Furthermore,
observe that if an r-subdivision of H1 is a subgraph of G and an s-subdivision of H2 is a
subgraph of H1 , then an ((r
n + 1)s + 1-subdivision of H2 is a subgraph ofoG. Assume that for

some r ∈ N, limn→∞ sup

log |E(H)|
log |V (H)|

G ∈ C with |V (G)| ≥ n, H tr G = 1 + 2 for some

0 <  < 12 . Then there are infinitely many n-vertex graphs H with at least n1+ edges such
that an r-subdivision of H is a subgraph of some G ∈ C. Let C 0 be the class of those graphs.
By Theorem 2.3, for all t ∈ N there exists n0 (t, ) and s := c() such that all graphs in C 0
contain an s-subdivision of Kt . By our above observation, C contains (r + 1)s + 1-subdivisions
of arbitrary large complete graphs. Then the above limit goes to 2 for (r + 1)s + 1.
J
The previous corollary was proved by Nešetřil and Ossona de Mendez [52] who showed
that the limits defined there form a trichotomy, i.e. that for all classes C of graphs the lim sup
can only take the values {0, 1, 2}. Those classes for which the limits is ≤ 1 are called nowhere
dense.
I Definition 2.5. Let C be a class of graphs. C is nowhere dense, if


log |E(H)|
t
lim sup
G ∈ C with |V (G)| ≥ n, H r G ≤ 1.
n→∞
log |V (H)|
Otherwise C is called somewhere dense.
We can rephrase the definition in the following ways.
I Corollary 2.6. A class C of graphs is nowhere dense if, and only if, for all r ∈ N and all
 > 0 there is n0 (r, ) such that all n-vertex graphs H tr G ∈ C with n ≥ n0 vertices satisfy
|E(H)| ≤ n1+ .
I Corollary 2.7. A class C is nowhere dense if and only if there is a function f such that
for all r ∈ N we have Kf (r) 6tr G for all G ∈ C.
The original interest of Nešetřil and Ossona de Mendez when studying sparse graph
classes was the following subclass of nowhere dense classes [47, 53, 48].
I Definition 2.8. A class C has bounded expansion if for every r there exists n0 (r) and c(r)
such that all n-vertex graphs H tr G ∈ C with n ≥ n0 vertices satisfy |E(H)| ≤ c · n.
I Remark. Nowhere dense classes and classes of bounded expansion were originally defined
in terms of excluded depth-r minors and not in terms of excluded r-subdivisions. In
general, minors and topological subgraphs behave quite different. Surprisingly, densities of
bounded depth minors and bounded depth topological subgraphs are strongly related. In
our presentation we will always work with topological subgraphs and hence we have defined
nowhere dense classes accordingly.
In the rest of this section we present a proof of Theorem 2.3. Our presentation follows
[49]. A well-known lemma from graph theory states that any graph with high average degree
contains a subgraph of high minimum degree.
I Lemma 2.9. Let G be a graph and 1/|V (G)| <  ≤ 1. Then G has a subgraph H with
δ(H) ≥ (1 − )

|E(G)|
|V (G)|

and

|E(H)| ≥  · |E(G)|.
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The next lemma will be used to show that in graphs of large minimum degree d we can
find a 1-subdivision of H of only slightly smaller minimum degree and such that we can
carefully control the order of H. We will use this to show that when we express the minimum
degree relative to the order of H, it will in fact grow.
I Lemma 2.10. Let A be an n-element set and let A1 , . . . , An ⊆ A be a collection of sets of
S
size at least d such that A = 1≤i≤n Ai . Let d ≤ s ≤ n. Then there exists a set S ⊆ A of
size s such that |Ai ∩ S| ≥ bs · d/nc for at least n/2 of the Ai .
Proof. We may assume without loss of generality that every set Ai has exactly d elements.
 d
For each i, the number of subsets of A of size s including exactly k elements of Ai is n−d
s−k k
(choose k elements of Ai and s − k elements of A \ Ai ). Hence
 dthe
 number of subsets of A of
P
size s including at least k elements from Ai is k≤`≤s n−d
s−`
` .
For k ≤ d consider the bipartite graphs Gk , where one part consists of the s-element
subsets of A and the other part consists of the sets Ai . We add an edge (B, Ai ) if and only
if |B ∩ Ai | ≥ k. The degree of B in Gk corresponds to the number of Ai that
 dB shares at
P
least k elements with. As observed above, every Ai has degree k≤`≤s n−d
s−`
` . Hence
|E(Gk )| = n ·

X n − dd
.
s−`
`

k≤`≤s

P

The average degree of a vertex B in Gk is

n·

d
(n−d
s−` )( ` )
and there must be one vertex S
( )

k≤`

n
s

with at least this degree.
(n−d)(d)
Observe that s−kn k is the probability mass function of a hypergeometric distribution
(s)
 
with mean ds
.
Hence
for k = ds
the abovesum
n
n
 is greater than 1/2 and hence d(S) ≥ n/2
for this k. We conclude that |Ai ∩ S| = k = ds
for at least n/2 of the Ai .
J
n
We now show how to find a subgraph with larger minimum degree with respect to its
order.
I Lemma 2.11. Let ρ > 1. There exists n0 (ρ) such that for all graphs G on n ≥ n0 vertices
with minimum degree δ(G) ≥ n1/ρ there exists a graph H such that a 1-subdivision of H is a
subgraph of G and either
2

H is a complete graph of order n1/(3ρ ) , or
p
δ(H) ≥ |V (H)|1/(ρ−1/2) and |V (H)| ≥ n/6.
2

Proof. Let µ := 1/ρ and s := n1−µ+µ /3 . For each vertex ai ∈ V (G) let Ai be the set of
S
neighbours of ai . Then every set Ai has at least nµ many vertices, 1≤i≤n Ai = A and
nµ ≤ s ≤ n. By Lemma 2.10 there exists a subset S ⊆ A of size s and a set T 0 ⊆ V (G) of size
2
2
at least n/2 such that every vertex in T 0 has at least nµ · n1−µ+µ /3 /n = nµ /3 neighbours
in S. Let T := T 0 \ S. T has size at least t := n/2 − s. Enumerate the vertices of T as
t1 , . . . , tt . We construct a sequence H0 ⊆ H1 ⊆ . . . of graphs, where H0 is the empty graph
on vertex set S. Assume that graph Hi has already be constructed. Consider all neighbours
of ti+1 in S. If they induce a complete graph in Hi define H to be this complete graph
2
2
of order nµ /3 = n1/(3ρ ) . Otherwise, we add the edge ei+1 to Hi+1 between two arbitrary
not yet adjacent neighbours u, v of ti+1 and associate with this edge the path u, ti+1 , v of
length 2 and continue the construction. After t steps, we define H 0 := Ht . Then |E(H 0 )| = t.
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2

Let d := nµ−µ /3 > 2 and  := (1 − 1/d)/(2 − 1/d) (hence 1/n < 1/2 <  < 1). Note that
n/d = s. By Lemma 2.9, H 0 has a subgraph H with
δ(H) ≥ (1 − )

2
1
n/2 − n/d
1
|E(H 0 )|
=
·
=
· (2d − 1) = d = nµ−µ /3
0
|V (H )|
2 − 1/d
n/d
2 − 1/d

and
1 − 1/d
d
d−2
· (n/2 − n/d) = (1 − 1/d) ·
·
·n
2 − 1/d
2d − 1
2d
d−2
n
= (1 − 1/d) ·
· n ≥ (1 − 1/d) · .
4d − 2
10

|E(H)| ≥  · |E(H 0 )| =

We conclude that
|V (H)| ≥

p

r
n
2|E(H)| ≥ (1 − 1/d) .
5

For sufficiently large n, 1/d ≤ 1/6 and hence |V (H)| ≥

p

n/6.
2

On the other hand, as H ⊆ H 0 , we have |V (H)| ≤ n1−µ+µ
n ≥ |V (H)|

1
1−µ+µ2 /3

/3

, and hence

. Then
µ−µ2 /3

δ(H) ≥ |V (H)| 1−µ+µ2 /3 ≥ |V (H)|µ+

µ2
2

We conclude the proof by observing that

.


1
ρ

+

1
2ρ2

−1

=ρ−

1
2

+

1/2
2ρ+1

> ρ − 12 .

J

We are ready to take the final step.
I Lemma 2.12. Let ρ > 1. There exists n0 = n0 (ρ) and µ = µ(ρ) > 0 such that for all
graphs G on n ≥ n0 vertices with minimum degree at least n1/ρ we find a complete graph of
order nµ as a 9ρ subdivision of G.
Proof. We construct a sequence of graphs G0 , G1 , . . . , Gk such that for each 0 ≤ i ≤ k the
1/(ρ−i/2)
graph Gi has order ni and minimum degree at least ni
as follows. Let G0 := G.
Iteratively, for each i ≥ 0, if Gi is not a complete graph we apply Lemma 2.11 to Gi . We get
a graph Hi whose 1-subdivision is a subgraph of Gi . If Hi is a 1-subdivision of a complete
graph we stop. Otherwise we let Gi+1 := Hi . The process stops after k ≤ 2ρ iterations
p
2−2ρ
because of the increase of δ(Gi ). We have ni+1 ≥ ni /6 and hence nk−1 ≥ 16 n6
. At
1/(3ρ2 )

the next step we find a complete subgraph of size at least nk−1
and we let µ > 0 such
that for any k ≤ 2ρ we have nk ≥ nµ . Now every 1-subdivision of a k-subdivision is a 2k + 1
subdivision of the original graph. For simplicity we treat it as a 3k subdivision. Hence we
find Gk as a 32ρ = 9ρ -subdivision of G.
J

3

Generalised colouring numbers

As explained in the introduction, degeneracy is another concept to describe sparse graphs.
Degeneracy gives rise to an ordering of the vertices of a graph with nice properties in a
very natural way. Let d be the degeneracy of G. By induction on the number of vertices
we construct an order v1 < . . . < vn such that every vertex vi has at most d neighbours
in {v1 , . . . vi−1 }. In G, there is a vertex v which has at most d neighbours. G − v is also
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d-degenerate and has n − 1 vertices. By induction, we have an order v1 < . . . < vn−1 such
that every vi has at most d neighbours in {v1 , . . . , vi−1 }. Adding v as the largest element to
this order gives us an order with the desired properties. This order can for example be used
to compute a vertex colouring of V (G) with at most d colours in linear time.
When characterising nowhere dense classes in terms of degeneracy, we have to talk about
the degeneracy of topological depth-r subgraphs. For example the class of 1-subdivisions
of complete graphs is a class of degeneracy 2 but it is dense at depth 1. The aim of this
section is to find a measure which generalises degeneracy and which allows to state that a
class is nowhere dense if and only if this measure is bounded by n for every sufficiently
large n-vertex graph from C. Such generalisations were found by Kierstead and Yang [43]
which they called the generalised colouring numbers of a graph. Their theorem is weaker
than what they actually proved, as they were not aware of the depth-r minor terminology.
Zhu [60] formulated their theorem in terms of topological depth-r subgraphs. The following
presentation follows Kierstead and Yang.
For a graph G, let Π(G) be the set of all linear orderings of the vertices of G. For ≤∈ Π(G)
and x, y ∈ V (G), we say that x is weakly k-reachable 1 from y if there is a path of length
0 ≤ ` ≤ k from y to x such that x is the smallest vertex with respect to the ordering. Let
WReachk [G, ≤, y] be the set of vertices that are weakly k-reachable from y with respect to
the ordering. If furthermore, all internal nodes of the path are larger than y in the ordering,
then x is called strongly k-reachable from y. Let SReachk [G, ≤, y] be the set of vertices that
are strongly k-reachable from y with respect to the ordering. The weak k-colouring number
wcolk (G) of G is defined as
wcolk (G) = min

max [WReachk (G, ≤, v)]

L∈Π(G) v∈V (G)

and the k-colouring number colk (G) of G is defined as
colk (G) = min

max [SReachk (G, ≤, v)].

L∈Π(G) v∈V (G)

The aim of this section is to present a proof of the following theorem which follows from
Kierstead and Yang’s result [43] and Zhu’s result [60].
I Theorem 3.1. A class C of graphs is nowhere dense if and only if for every  > 0 there is
n0 = n0 (r, ) such that wcolr (G0 ) ≤ n for all n-vertex subgraphs G0 ⊆ G of a graph G ∈ C
with n ≥ n0 .
The direction from right to left is easy to see. We show that an r − 1-subdivision G of a
complete graph Kt satisfies wcolr (G) ≥ t − 1. To see this, fix any ordering of V (G). Let v
be the largest vertex with respect to the ordering that corresponds to a vertex of Kt . For
every other vertex w which corresponds to a vertex of Kt , v weakly k-reaches either w or
some subdivision vertex on the path of length at most r − 1 between v and w. Hence if C is
somewhere dense, i.e., it contains arbitrary large complete graphs as r − 1-subdivisions for
some r, then the weak colouring numbers are too large.
To prove the other direction, we first show the following connection between weak-colouring
number and colouring number.
I Theorem 3.2 (Kierstead, Yang [43]). Let G be a graph. Then colk (G) ≤ wcolk (G) ≤
colk (G)k .
1

Note that weak k-reachability is also known as weak k-accessibility and strong k-reachability is known
as k-accessibility in the literature.
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Proof. The first inequality clearly holds. For the second inequality let L ∈ Π(G). We show
by induction on k that
max |WReachk [G, ≤, v]| ≤ ( max |SReachk [G, ≤, v]|)k .

v∈V (G)

v∈V (G)

For the base step k = 1, observe that |WReach1 [G, ≤, v]| = |SReach1 [G, ≤, v]|. (Note also
that the degeneracy of a graph is equal to wcol1 (G) + 1 = col1 (G) + 1). Let k > 1 and
y ∈ V (G). For each x ∈ WReachk [G, ≤, y] let Pxy be a shortest x − y-path such that every
vertex z ∈ V (P ) satisfies x ≤L z. If x 6= y, let w be the first vertex on Pxy such that w <L y
and let i be the distance from y to w. Then w ∈ SReachi [G, ≤, y] − SReachi−1 [G, ≤, y] and
x ∈ WReachk−i [G, ≤, w]. It follows that
|WReachk [G, ≤, y]|
≤ 1+

k
X

SReachi [G, ≤, y] − SReachi−1 [G, ≤, y] · max

v∈V (G)

i=1

≤ SReachk [G, ≤, y] · max

v∈V (G)

WReachk−1 [G, ≤, v]

WReachk−1 [G, ≤, v] .

Thus by the induction hypothesis
|WReachk [G, ≤, y]| ≤ |SReachk [G, ≤, y]| · max |WReachk−1 [G, ≤, v]|
v∈V (G)

≤ |SReachk [G, ≤, y]| · ( max |SReachk−1 [G, ≤, v]|)k−1
v∈V (G)

≤ ( max |SReachk [G, ≤, v]|)k .
v∈V (G)

J
We now show that for a nowhere dense class of graphs, for sufficiently large n-vertex subgraphs
G0 of graphs from the class, colr (G0 ) ≤ n .
I Theorem 3.3. There exists a function f : N × N → N which is linear in the first argument
such that for all d, r ∈ N and all classes C of graphs, if the class {H : H tr G, G ∈ C} is
d-degenerate, then colk (G0 ) ≤ f (d, r) for every subgraph G0 ⊆ G of a graph G ∈ C.
Proof. Let G0 ⊆ G for some G ∈ C. Define f by
(
r+1
if d = 1
f (d, r) =
2r 2
2d · f (d, r − 1)
else.
If d = 1, then G0 is a forest and it is easy to see that colr (G0 ) ≤ r + 1.
If d ≥ 2, we recursively construct an ordering L = x1 x2 . . . xn of V as follows. Suppose
that we have constructed the final sequence xi+1 . . . xn of L (if i = n then this sequence
is empty). Let M = {xi+1 , . . . , xn } be the set of vertices that have already been ordered
and let U = V − M be the set of vertices that have not yet been ordered. Notice that even
though we have not finished constructing L, we have determined SReachr [G0 , ≤, y] for any
y ∈ M . However, we have not necessarily determined WReachr [G0 , ≤, y]. We now have to
choose xi from U . To do this we first define a probability space Ω, where each point in Ω
is a graph H = (U, F ) such that an r-subdivision of H is a subgraph of G0 . For each pair
{u, v} ⊆ U for which there exists a u − v path of length at most r whose internal vertices
are all in M , choose any such path and denote it by Puv . For each vertex z ∈ M let
Sz = {{u, v} ⊆ U : z ∈ Puv }.
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Label each z ∈ M with a random element chosen from Sz ; if Sz = ∅ then leave z unlabeled.
Let F be the set of edges {u, v} such that every internal vertex of Puv is labeled with {u, v}.
Then an r-subdivision of H is a subgraph G0 . If Puv is defined then the probability that
{u, v} ∈ F is
Y
1
Pr({u, v} ∈ F ) =
.
|Sz |
z∈M ∩V (Puv )

In particular, if {u, v} ∈ E then Pr({u, v} ∈ F ) = 1. Let E[dH (u)] be the expected value
of the degree of u in H. Choose xi in U such that E[dH (xi )] is minimal. We show that
E[dH (xi )] ≤ 2d.
Assume towards a contradiction that for all u ∈ U
P
dH 0 (u)
0
E[dH (u)] = H ∈Ω
> 2d.
|Ω|
Then
P
|U | · d ≥

|E(H 0 )|
=
|Ω|

H 0 ∈Ω

P

H 0 ∈Ω

P

u∈U

dH 0 (u)/2

|Ω|

> |U | · d.

This is a contradiction and completes the construction of L.
We now argue by induction on s ≤ r that |SReachs (y)| < f (d, s) for all vertices y. The
base step s = 1 is trivial, so consider the induction step s = t + 1. Let y ∈ V (G0 ). Let
U and M be the sets at the step before y was added to the order in the above recursion
(SReachs [G0 , ≤, y] is determined at this step). For each z ∈ M and {u, v} ∈ Sz both u
and v are in WReacht [G0 , ≤, z]. Thus, by induction hypothesis and Theorem 3.2, |Sz | ≤
|WReacht [G0 , ≤, z]|2 < f 2t (d, t). It follows that
X
2d ≥ E[dH (y)] =
Pr({x, y} ∈ F )
x∈SReachs (y)

=

X

Y

x∈SReachs (y) z∈M ∩V (Pxy )
2

2
1
> |SReachs [G0 , ≤, y]| · f (d, t)−2t .
|Sz |

So |SReachs [G0 , ≤, y]| < 2d · f (d, t)2t = f (d, s).

J

As an algorithmic application, we close this section by demonstrating how generalised
colouring numbers can be used in the design of sparse neighbourhood covers. Neighborhood
covers of small radius and small size play a key role in the design of many data structures
for distributed systems. See e.g. [54]. In this section we will show that nowhere dense classes
of graphs admit sparse neighbourhood covers of small radius and small size.
I Definition 3.4. For r ∈ N, an r-neighbourhood cover X of a graph G is a set of connected
subgraphs of G called clusters, such that for every vertex v ∈ V (G) there is some X ∈ X
with Nr (v) ⊆ X. The radius rad(X ) of a cover X is the maximum radius of any of its clusters.
The degree dX (v) of v in X is the number of clusters that contain v. The maximum degree ∆(X )
P
P
of X is ∆(X ) = maxv∈V (G) dX (v). The size of X is kX k = X∈X |X| = v∈V (G) dX (v).
As proved in [39], nowhere dense classes of graphs admit sparse neighbourhood covers.
This follows relatively easily from the characterisation of nowhere dense classes by weak
colouring numbers (Theorem 3.1).
I Theorem 3.5 (Grohe, Kreutzer, Siebertz [39]). Let C be a nowhere dense class of graphs.
There is a function f such that for all r ∈ N and  > 0 and all graphs G ∈ C with n ≥ f (r, )
vertices, there exists an r-neighbourhood cover of radius at most 2r and maximum degree at
most n and this cover can be computed in time f (r, ) · n1+ .
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4

Low tree-depth colourings

Many local problems can be solved by decomposing a graph into smaller pieces on which
the problem hopefully becomes easier to solve. In the previous section, we have seen the
concept of small radius neighbourhood covers. In this section we will use a graph colouring
to define decompositions of graphs. It has been conjectured by Thomas [59] that for every
graph K there is an integer k such that if a graph G excludes K as a minor then G has a
vertex partition into two graphs with tree-width at most k. DeVos et al. proved the following
stronger theorem.
I Theorem 4.1 (DeVos et al. [22]). For every graph K and every integer j ≥ 1, there is an
integer k, such that every graph with no K-minor has a vertex partition into j + 1 graphs
such that any j parts form a graph with tree width at most k.
This result was strengthened by Hell and Nešetřil.
I Theorem 4.2 (Hell and Nešetřil [40]). For every graph K and integer j ≥ 1, there is an
inter N (K, j) such that every graph with no K-minor has a vertex partition into N graphs
such that any j 0 ≤ j parts form a graph with tree depth at most j 0 .
The aim of this section is to present a characterisation of nowhere dense classes in terms
of low tree depth colourings in the sense of the above theorem. Let us first give the formal
definitions of tree depth and low tree depth colourings.
An elimination tree of a graph G is a rooted tree Y with vertex set V (G) defined
recursively as follows. If V (G) = {v} then Y is just {v}. Otherwise, let w ∈ V (G) be an
arbitrary vertex which is chosen as the root of Y . The branches of Y at w are the elimination
trees of the connected components of G − w whose roots are the sons of w in Y . The height
of a rooted tree Y is the maximum distance of the root to any vertex of the tree. The tree
depth of a graph G is the minimum height of an elimination tree of G. It follows that we can
give the following recursive characterisation.
Let G be a graph. The tree depth td(G) is defined as


if |V (G)| = 1

0
td(G) = 1 + minv∈V (G) td(G − v) if G is connected and |V (G)| > 1


max
td(G )
if G , . . . , G are the connected components of G.
1≤i≤k

i

1

k

For r ≥ 1, an r-tree depth colouring of G is a colouring such that every nonempty
subgraph G0 ⊆ G is coloured by at least min{r, td(G0 ) + 1} colours. Equivalently, an r-tree
depth colouring of G is a colouring such that any r0 ≤ r colour classes induce a subgraph
with tree depth at most r0 + 1. The minimum number of colours of such a colouring of G is
denoted by td-colr (G).
The aim of this section is to show the following theorem.
I Theorem 4.3 (Nešetřil and Ossona de Mendez [52]). A class C of graphs is nowhere dense
if and only if for every  > 0 there is n0 (r, ) such that td-colr (G0 ) ≤ n for all n-vertex
subgraphs G0 ⊆ G of a graph G ∈ C with n ≥ n0 .
As a first step towards the proof of this theorem, we present a result of Zhu [60]. Recall
that every nowhere dense class admits an ordering of its vertices such that only few vertices
are weakly r-reachable from any other vertex.
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I Theorem 4.4 (Zhu [60]). If G is a graph with wcol2r−2 (G) ≤ m, then G can be coloured
with m colours such that any in connected subgraph H ⊆ G either some colour appears
exactly once in H or H gets at least r colours.
Proof. Let ≤∈ Π(G) be an ordering of V (G) witnessing wcol2r−2 ≤ m. Colour the vertices
greedily with m colours, using the order L, such that the colour assigned to v is distinct from
colours assigned to vertices weakly reachable from v. We claim that this colouring satisfies
the desired properties.
Let H be a connected subgraph of G and let v be the minimum vertex of H with respect
to L. If the colour c(v) appears exactly once in H then we are done.
Assume c(v) occurs more than once in H. We shall prove that H uses at least r colours.
Let u 6= v be a vertex of H with c(u) = c(v) and let P0 = v, v1 , . . . , vq = u be a path in
H connecting v and u. We must have q > 2r−2 , for otherwise v is weakly 2r−2 -accessible
from u and we should have c(v) 6= c(u). Let u0 := v and let P1 := v1 , . . . , v2r−2 . Observe
that no vertex of P1 uses colour c(u0 ) and P1 contains 2r−2 vertices. Assume 0 ≤ j ≤ r − 2
and that a vertex uj of Pj and a subpath Pj+1 of Pj are chosen such that the following
holds. No vertex of Pj+1 uses the colour of uj and Pj+1 contains at least 2r−j−2 vertices.
We show how to establish this same situation for j + 1. Let uj+1 be the minimum vertex
of Pj+1 with respect to L let Pj+2 be the largest component of Pj+1 − uj+1 . Then uj+1 is
weakly 2r−2 -accessible from each vertex of Pj+1 and hence no vertex of Pj+2 uses the colour
c(uj+1 ). Moreover, Pj+2 is a path containing at least 2r−j−3 vertices. We repeat this process
until j = r − 2 and obtain vertices u0 , . . . , ur−1 of distinct colours. Hence H uses at least r
colours.
J
The properties of the colouring in the above proof are important enough to give a special
name to such colourings.
I Definition 4.5. An r-centered colouring of a graph G is a vertex colouring such that for
any connected subgraph H ⊆ G, either some colour appears exactly once in H or H gets at
least r colours.
It is not difficult to see that indeed such colourings induce low tree depth colourings.
I Lemma 4.6. Any r-centered colouring is an r-tree depth colouring.
Proof. Let c be an r-centered colouring of G. Assume that there is a subgraph G0 ⊆ G with
td(G0 ) = k < r which does not get k + 1 colours. Let G0 be minimal with this property. Then
G0 is connected. As G0 does not get k + 1 ≤ r colours and c is r-centered, there is one colour
which occurs exactly once, say this colour is given to vertex v. Then td(G0 − v) ≥ k − 1 and
G0 − v does not get k − 1 colours. Hence G0 was not minimal.
J
Let us show how low tree depth colourings bound the edge density of depth-r topological
subgraphs.
I Lemma 4.7 (Zhu [60]). Let G be a graph, r ∈ N and H tr G. Then


|E(H)|
td-colr+2 (G)
≤
(r + 1).
|V (H)|
r+2
Proof. Consider a vertex colouring c of G with N = td-colr+2 (G) colours such that any
i ≤ r + 2 colours induce a subgraph of tree depth at most i. For every set J of r + 2 colours
let GJ := G[c−1 (J)] and let YJ be an elimination tree of height td(GJ ) ≤ r + 2 of GJ (which
is in fact a rooted forest).
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Suppose that V (H) = [k]. As H tr G, there are vertices h1 , . . . , hk ∈ V (G) and mutually
internally disjoint paths Pij ⊆ G of length at most (r + 1) from hi to hj for all edges
ij ∈ E(H). Let Jij be a set of r + 2 colours such that c(V (Pij )) ⊆ Jij . Then Pij ⊆ GJij ,
and there is a vertex vij on Pij that is a common ancestor of hi and hj in the elimination
tree Yij = YJij . Possibly, vij = hi or vij = hj . We orient the edge e = ij from i to j if
hi = vij and from j to i if vij = hj . If neither hi = vij nor hj = vij then we orient the edge
~ be the resulting oriented graph.
ij arbitrarily. Let H
~ Let
To bound the number of edges of H, we bound the maximum in-degree ∆−1 (H).
~
j ∈ V (H). For every edge ij ∈ E(H), the vertex vij is a proper ancestor of hi in the
elimination tree Yij , and there are at most r + 1 such ancestors. Moreover, for distinct edges
ij, i0 j the vertices vij and vi0 j are distinct, because the paths Pij are internally disjoint. Thus


X
N
− ~
∆ (H) ≤
(r + 1) =
(r + 1),
r+2
J

where the sum ranges over all sets J of at most r + 2 colours. It follows that


N
− ~
|E(H)| ≤ |V (H)| · ∆ (H) ≤ |V (H)|
(r + 1).
r+2
J
|E(H)|
Note that in order to conclude the proof with Corollary 2.6, we have to express |V
(H)|
with respect to |V (H)| and not with respect to |V (G)|. For r-subdivisions this is no problem
though. Take a minimal subgraph G0 of G such that an r-subdivision is a subgraph of G0 .
Then G0 has at most |V (H)|2 · r edges.
We demonstrate the algorithmic applications of low tree depth colourings by showing
that the subgraph isomophism problem can be solved in time O(n1+ ) on nowhere dense
classes of graphs for any fixed template H. Recall that the subgraph isomorphism problem is
the problem, given two graphs H and G as input, to decide whether G contains a subgraph
isomorphic to H. For a fixed template H and  > 0, the problem can be solved on any
nowhere dense class C of graphs as follows. Let h := |V (H)| and set 0 := h . Let G ∈ C. To
decide whether G contains a subgraph G0 isomorphic to H, we first apply Theorem 4.3 to
0
obtain a colouring γ of V (G) with at most n colours such that any h colour classes together
induce a subgraph of G of tree depth at most h. Note that while we have only given a proof
0
of the existence of such colouring, such a colouring γ can be computed in time O(n1+ ) using
the concept of augmentations introduced in the next section (see e.g. [53, 47]). Furthermore,
it is well-known (and follows, e.g. from Courcelle’s theorem mentioned in the introduction)
that on any class of graphs of bounded tree depth there is a linear time algorithm for solving
the subgraph isomorphism problem for a fixed template H. Hence, to verify whether G
0
0
contains a subgraph isomorphic to H we can compute all (n )h = nh· = n subgraphs
Gc1 ,...,ch induced by exactly h colour classes c1 , . . . , ch with respect to γ and for each test in
linear time whether Gc1 ,...,ch contains H as an isomorphic subgraph. Together this yields
the required running time.

5

Augmentations

For many algorithms it is essential to compute an ordering that witnesses wcolr (G) ≤ n or
a td-colr -colouring with at most n colours. Not surprisingly, the problem of computing an
optimal such ordering is NP-complete in general (it is easy to modify the proof of Pothen [55],
showing that computing the tree depth of a graph is NP-complete). The question whether
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the problem is fixed-parameter tractable (with parameter wcolr (G)) is an interesting open
question, yet even a positive answer would not help in the context of nowhere dense classes
of graphs, as the parameter is only bounded by n for such classes. Yet there are good
approximation algorithms, see e.g. Dvořák [25]. We are going to present another way of
approximating wcolr (G) in order to present another important method for nowhere dense
classes of graphs. The idea is as follows. Assume that an order witnessing wcolr (G) = k has
~ r on the same vertex set as G by adding an edge
been found. We define a directed graph H
~ r has the following properties.
from u to v if and only if u is weakly r-accessible from v. H
For all pairs u, v of vertices such that distG (u, v) ≤ r one of the following holds. Either there
~ r or there is a vertex w such that (w, u) and (w, v) are edges
is an edge (u, v) or (v, u) in H
~
of Hr (if the first two cases do not hold, consider the smallest vertex w on the path from u
~ r has indegree at most k.
to v). Furthermore, every vertex of H
~ be a directed graph such that for all
I Lemma 5.1. Let G be a graph and let r > 0. Let H
pairs u, v of vertices with distG (u, v) ≤ r one of the following holds. Either there is an edge
~ or there is a vertex w such that (w, u) and (w, v) are edges of H
~ and
(u, v) or (v, u) in H
2
~
such that every vertex of H has indegree at most d. Then wcolr (G) ≤ 2(d + 1) .
~ r ) ≤ d, the underlying undirected graph H is 2d-degenerate and we can
Proof. As ∆− (H
order the vertices of H such that each vertex has at most 2d smaller neighbours. Denote this
order by ≤. For each vertex v ∈ V (G) we count the number of endvertices of paths of length
at most r from v such that the endvertex is the smallest vertex of the path. This number
bounds |WReachr [G, ≤, v)]|.
By assumption, for each such path with endvertex w, we either have an edge (v, w) or an
~ By construction
edge (w, v) or there is u on the path and we have edges (u, v), (u, w) in H.
of the order there are at most 2d edges (v, w) or (w, v) such that w < v. Furthermore, we
have at most d edges (u, v), as v has indegree at most d and for each such u there are at
most 2d edges (u, w) such that w < u by construction of the order. These are exactly the
pairs of edges we have to consider, as no vertex on the path from v to w may be smaller
than w. Hence in total we have |WReachr [G, ≤, v]| ≤ 2d + 2d2 + 1 ≤ 2(d + 1)2 . (Note that
we have to add 1 because WReachr [G, ≤, v] contains v which is not reachable by any edges
in the above way).
J
It was shown by Nešetřil and Ossona de Mendez that we can iteratively compute a good
approximation to the above on nowhere dense classes of graphs.
~ be a directed graph. A tight 1-transitive fraternal augmentation of
I Definition 5.2. Let G
~
~
~ and such that
G is a directed graph H with the same vertex set, including all the arcs of G
for all distinct vertices u, v, w
~ then (u, v) ∈ E(H),
~
if (u, w), (w, v) ∈ E(G)
~ then (u, v) or (v, u) are arcs of H
~ and
if (u, w), (v, w) ∈ E(G)
~ either (u, v) ∈ E(G)
~ or there is some w such that (u, w), (w, v) ∈
for all (u, v) ∈ E(H),
~ or (u, w), (v, w) ∈ E(G).
~
E(G)
Let us show that edge densities of depth-r topological subgraphs are relatively stable
under tight 1-transitive fraternal augmentations.
I Definition 5.3. Let H, G be graphs. The lexicographic product of G and H is defined as
the graph G • H with vertex set and edge set respectively:
V (G • H) = V (G) × V (H)

E(G • H) = {(x, y), (x0 , y 0 )} : {x, x0 } ∈ E(G) or (x = x0 and {y, y 0 } ∈ E(H)) .
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u1

u2

u3
• K∆− (G)+1
~

u4

u5

u1

u4

u2

u3

u5

u6

u6

Figure 2 Proof sketch of Lemma 5.5.

The following is not hard to see.
I Lemma 5.4. Let G be a graph and let r, t, m ∈ N. If G has an r-centered colouring with
m colours then G • Kt has an r centered colouring with t · m colours.
The following was shown by Nešetřil and Ossona de Mendez [49, Lemma 7.2].
~ be a directed graph and let H
~ be a tight 1-transitive fraternal augmentI Lemma 5.5. Let G
~ Let t := ∆− (G)
~ + 1 and let G, H be the undirected graphs underlying H
~ and G,
~
ation of G.
respectively. Then a 1-subdivision of H is a subgraph of G • Kt .
We only sketch the proof of the lemma. The main construction is illustrated in Figure 2.
~ on the left
We want to show that the tight 1-transitive fraternal augmentation of the graph G
hand side of the figure is a 1-subdivision of a subgraph of G • K3 . G • K3 is illustrated in the
middle section of the figure, where rounded rectangles correspond to copies of K3 . The right
~ can be
hand side of the figure shows how the tight 1-transitive fraternal augmentation of G
found as a 1-subdivision. Here, the thick black edges show the edges that are subdivided
once. To improve readability we have omitted the edges from u5 and u6 to u1 , u2 , u3 as these
are not subdivided. Note that the only purpose of the two edges going to the two rectangles
~ See
on the bottom is that in this way we can extend the construction to larger graphs G.
[49, Lemma 7.2] for details.
By Lemma 4.7 we can conclude that H has small degeneracy if G had an r-centered
~ was not too large. Both is the case for
colouring with few colours and if the indegree of G
nowhere dense classes of graphs. We can hence reorient the degenerate graph H to obtain
again a small indegree orientation. Note furthermore that (G • Kt ) • Ks ∼
= G • Kt·s . We can
hence iterate the augmentation procedure for r times and obtain as a result a directed graph
with the properties required by Lemma 5.1. It was shown by Nešetřil and Ossona de Mendez
that this procedure can be implemented in time O(n1+ ) on nowhere dense classes of graphs.
Augmentations are a key algorithmic tool for nowhere dense classes of graphs. Due to
space restriction we refrain from giving explicit algorithmic applications here and refer, e.g.,
to [42] instead, where augmentations are used for query answer enumeration in nowhere
dense classes of databases.

6

Quasi-wideness

A set A ⊆ V (G) is called r-scattered if Nr (u) ∩ Nr (v) = ∅ for all distinct u, v ∈ A.
I Definition 6.1. A class C of graphs is uniformly quasi-wide with margin s : N → N
and N : N × N → N if for all r, k ∈ N, if G ∈ C and W ⊆ V (G) with |W | > N (r, k), then
there is a set S ⊆ W with |S| < s(r), such that W contains an r-scattered set of size at
least k in G − S.
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The aim of this section is to show the following theorem.
I Theorem 6.2. A class C is nowhere dense if and only if C is uniformly quasi-wide.
Obviously, if C is somewhere dense then it is not uniformly quasi-wide. We will hence
show the other direction.
The first step of showing that nowhere density implies uniformly quasi-wideness is to find
large independent sets. We will make use of the following Ramsey Theorem.
I Theorem 6.3. For k ≥ 1, let n1 , . . . , nk ∈ N. There exists a number R = R(n1 , . . . , nk ),
called Ramsey number, which is minimum with the following property. For every complete
graph G on at least R vertices with edges coloured by colours {1, . . . , k}, there exists some
1 ≤ i ≤ k such that G contains an induced subgraph of size at least ni such that every edge
has colour i.
The theorem implies that every sufficiently large graph contains either a large independent
set or a large complete graph. As nowhere dense classes of graphs do not contain large
complete graphs, we conclude that in large graphs from the class we find large independent
sets.
To go from 1-independent sets to 2-independent sets, we will use the following lemma
which was proved by Nešetřil and Ossona de Mendez. The proof makes use of Theorem 6.3
in it’s general form.
I Lemma 6.4 (Nešetřil and Ossona de Mendez [51]). There is a function Θ such that for all
s, k, a, b ∈ N and all bipartite graphs G = (A ∪ B, E) with |A| ≥ Θ(k, a, b, s) at least one of
the following holds.
There exists in B a subset of size at most s whose removal leaves in A a 2-independent
set of size k.
A includes the branch vertices of a 1-subdivision of the complete graph Ka .
B includes s + 1 vertices that form one side of a complete bipartite subgraph Ks+1,b in G.
Given a graph G and an independent set A ⊆ V (G) of size at least Θ(k, a, b, s) we can
just construct the bipartite graph with part B = N (A) and establish the situation of the
above lemma. For a nowhere dense class of graphs and sufficiently large a, b, s, we again
know that we are in the first case.
We now apply the above arguments iteratively for r times. Given a large 2k-independent
set in a graph, we contract the k-neighbourhoods of the elements of the independent set and
find large a 2k + 1 independent set. Given a large 2r + 1-independent set, we contract the
2k + 1-neighbourhoods of the elements of the set, and after the deletion of few elements, we
find a 2k + 2-independent set. Note that we do not delete contracted vertices but vertices of
V (G) and hence we really delete only few vertices.
Algorithmically, the concept of uniformly quasi-wideness is very useful in designing
bounded depth search trees for parameterized algorithms for solving problems such as
dominating sets and network centres. We refer to [15] for examples demonstrating this
technique.

7

Game-theoretic characterisation

As a final characterisation we show that nowhere dense classes of graphs can also be defined
in terms of a game, which we call the splitter game introduced in [39].
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I Definition 7.1 (Splitter game). Let G be a graph and let `, m, r > 0. The (`, m, r)-splitter
game on G is played by two players, “Connector” and “Splitter”, as follows. We let G0 := G.
In round i + 1 of the game, Connector chooses a vertex vi+1 ∈ V (Gi ). Then Splitter picks a
subset Wi+1 ⊆ NrGi (vi+1 ) of size at most m. We let Gi+1 := Gi [NrGi (vi+1 ) \ Wi+1 ]. Splitter
wins if Gi+1 = ∅. Otherwise the game continues at Gi+1 . If Splitter has not won after `
rounds, then Connector wins.
A strategy for Splitter is a function f , which associates to every partial play (v1 , W1 , . . . ,
vs , Ws ) with associated sequence G0 , . . . , Gs of graphs and move vs+1 ∈ V (Gs ) by Connector
a set Ws+1 ⊆ NrGs (vs+1 ) of size at most m. A strategy f is a winning strategy for Splitter in
the (`, m, r)-splitter game on G if Splitter wins every play in which he follows the strategy f .
If Splitter has a winning strategy, we say that he wins the (`, m, r)-splitter game on G.
I Theorem 7.2 (Grohe, Kreutzer, Siebertz [39]). Let C be a nowhere dense class of graphs.
1. For every r > 0 there are `, m > 0, such that for every G ∈ C, Splitter wins the
(`, m, r)-splitter game on G.
2. Conversely, if for every r > 0 there are `, m > 0 such that for every graph G ∈ C, Splitter
wins the (`, m, r)-splitter game, then C is nowhere dense.
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Abstract
One of the basic principles in typed lambda calculi is that typable lambda terms are normalizable.
Since the converse direction does not hold for simply typed lambda calculus, people have been
studying its extensions. This gave birth to the intersection type systems, that exactly characterize
various classes of lambda terms, such as strongly/weakly normalizable terms and solvable ones
(see e.g. [6] for a survey).
More recently, a new trend has emerged: intersection types are not only useful for extending
simple types but also for refining them [4]. One thus obtains finer information on simply typed
terms by assigning intersection types. This in particular leads to the concept of normalization
by typing, that turns out to be quite efficient in some situations [5]. Moreover, intersection types
are invariant under β-equivalence, so that they constitute a denotational semantics in a natural
way [1]. Finally, intersection types also work in an infinitary setting, where terms may represent
infinite trees and types play the role of automata. This leads to a model checking framework for
higher order recursion schemes via intersection types [2, 3].
The purpose of this talk is to outline the recent development of intersection types described
above. In particular, we explain how an efficient evaluation algorithm is obtained by combining
normalization by typing, β-reduction and Krivine’s abstract machine, to result in the following
complexity characterization. Consider simply typed lambda terms of boolean type o → o → o
and of order r. Then the problem of deciding whether a given term evaluates to “true” is complete
for n-EXPTIME if r = 2n + 2, and complete for n-EXPSPACE if r = 2n + 3 [5].
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Abstract
Poljak and Turzík (Discrete Mathematics 1986) introduced the notion of λ-extendible properties
of graphs as a generalization of the property of being bipartite. They showed that for any
0 < λ < 1 and λ-extendible property Π, any connected graph G on n vertices and m edges
contains a spanning subgraph H ∈ Π with at least λm + 1−λ
2 (n − 1) edges. The property of being
bipartite is λ-extendible for λ = 1/2, and so the Poljak-Turzík bound generalizes the well-known
Edwards-Erdős bound for Max-Cut. Other examples of λ-extendible properties include: being
an acyclic oriented graph, a balanced signed graph, or a q-colorable graph for some q ∈ N.
Mnich et al. (FSTTCS 2012) defined the closely related notion of strong λ-extendibility. They
showed that the problem of finding a subgraph satisfying a given strongly λ-extendible property
Π is fixed-parameter tractable (FPT) when parameterized above the Poljak-Turzík bound—does
there exist a spanning subgraph H of a connected graph G such that H ∈ Π and H has at least
λm+ 1−λ
2 (n−1)+k edges?—subject to the condition that the problem is FPT on a certain simple
class of graphs called almost-forests of cliques. This generalized an earlier result of Crowston et al.
(ICALP 2012) for Max-Cut, to all strongly λ-extendible properties which satisfy the additional
criterion.
In this paper we settle the kernelization complexity of nearly all problems parameterized above
Poljak-Turzík bounds, in the affirmative. We show that these problems admit quadratic kernels
(cubic when λ = 1/2), without using the assumption that the problem is FPT on almost-forests of
cliques. Thus our results not only remove the technical condition of being FPT on almost-forests
of cliques from previous results, but also unify and extend previously known kernelization results
in this direction. Our results add to the select list of generic kernelization results known in the
literature.
1998 ACM Subject Classification F.2.2 Nonnumerical Algorithms and Problems
Keywords and phrases Kernelization, Lambda Extension, Above-Guarantee Parameterization,
MaxCut
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Introduction

In parameterized complexity each problem instance I comes with a parameter k, and a
parameterized problem is said to be fixed parameter tractable (FPT) if for each instance
(I, k) the problem can be solved in time f (k)|I|O(1) where f is some computable function.
The parameterized problem is said to admit a polynomial kernel if there is a polynomial
time algorithm, called a kernelization algorithm, that reduces the input instance down to
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an instance with size bounded by a polynomial p(k) in k, while preserving the answer.
This reduced instance is called a p(k) kernel for the problem. The study of kernelization
is a major research frontier of Parameterized Complexity; many important recent advances
in the area pertain to kernelization. These include general results showing that certain
classes of parameterized problems have polynomial kernels [1, 4, 14, 13] and randomized
kernelization based on matroid tools [19, 18]. The recent development of a framework for
ruling out polynomial kernels under certain complexity-theoretic assumptions [3, 9, 15] has
added a new dimension to the field and strengthened its connections to classical complexity.
For overviews of kernelization we refer to surveys [2, 16] and to the corresponding chapters
in books on Parameterized Complexity [17, 23]. In this paper we give a generic kernelization
result for a class of problems parameterized above guaranteed lower bounds.
Context and Related Work. Many interesting graph problems are about finding a largest
subgraph H of the input graph G, where graph H satisfies some specified property and its
size is defined as the number of its edges. For many properties this problem is NP-hard,
and for some of these we know nontrivial lower bounds for the size of H. In these latter
cases, the apposite parameterization “by problem size” is: Given graph G and parameter
k ∈ N, does G have a subgraph H which has (i) the specified property and (ii) at least
k more edges than the best known lower bound? Max-Cut is a sterling example of such
a problem. The problem asks for a largest bipartite subgraph H of the input graph G; it
is NP-complete [25], and the well-known Edwards-Erdős bound [11, 12] tells us that any
connected loop-less graph on n vertices and m edges has a bipartite subgraph with at least
n−1
m
2 + 4 edges. This lower bound is also the best possible, in the sense that it is tight for
an infinite family of graphs—for example, for the set of all cliques with an odd number of
vertices.
Poljak and Turzík investigated the reason why bipartite subgraphs satisfy the EdwardsErdős bound, and they abstracted out a sufficient condition for any graph property to have
such a lower bound. They defined the notion of a λ-extendible property for 0 < λ < 1, and
showed that for any λ-extendible property Π, any connected graph G = (V, E) contains a
spanning subgraph H = (V, F ) ∈ Π with at least λ|E|+ 1−λ
2 (|V |−1) edges [24]. The property
of being bipartite is λ-extendible for λ = 1/2, and so the Poljak and Turzík result implies the
Edwards-Erdős bound. Other examples of λ-extendible properties—with different values of
λ—include q-colorability and acyclicity in oriented graphs.
In their pioneering paper which introduced the notion of “above-guarantee” parameterization, Mahajan and Raman [20] posed the parameterized tractability of Max-Cut above
its tight lower bound (Max-Cut ATLB)—Given a connected graph G with n vertices and
n−1
m edges and a parameter k ∈ N, does G have a bipartite subgraph with at least m
2 + 4 +k
edges?—as an open problem. This was recently resolved by Crowston et al. who showed
that Max-Cut ATLB can be solved in 2O(k) · n4 time and has a kernel with O(k 5 ) vertices [7]. Following this, Mnich et al. [21] generalized the FPT result of Crowston et al. to all
graph properties which (i) satisfy a (potentially) stronger notion which they dubbed strong
λ-extendibility, and (ii) are FPT on a certain simple class of graphs called almost-forests of
cliques. That is, they showed that for any strongly λ-extendible graph property Π which satisfies the simplicity criterion, the following problem—called Above Poljak-Turzík (Π),
or APT(Π) for short—is FPT: Given a connected graph G with n vertices and m edges and a
parameter k ∈ N, does G have a spanning subgraph H ∈ Π with at least λm + 1−λ
2 (n − 1) + k
edges? Problems which satisfy these conditions include Max-Cut, Oriented Max Acyclic Digraph, Max q-Colorable Subgraph and, more generally, any graph property
which is equivalent to having a homomorphism to a fixed vertex-transitive graph [21].
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Our Results and their Implications. Our main result is that for almost all strongly λextendible properties Π of (possibly oriented or edge-labelled) graphs, the Above PoljakTurzík (Π) problem has kernels with O(k 2 ) or O(k 3 ) vertices. Here “almost all” includes
the following: (i) all strongly λ-extendible properties for λ 6= 21 , (ii) all strongly λ-extendible
properties which contain all orientations and labels (if applicable) of the graph K3 (triangle),
and (iii) all hereditary strongly λ-extendible properties for simple or oriented graphs. In
particular, our result implies kernels with O(k 2 ) vertices for Max q-Colorable Subgraph
and other problems defined by homomorphisms to vertex-transitive graphs.
We address both the questions left open by Mnich et al. [21], albeit in different ways.
Firstly, we resolve the kernelization question for strongly λ-extendible properties, except
for the special cases of non-hereditary 12 -extendible properties which do not contain some
orientation or labelling of the triangle, or hereditary 12 -extendible properties which do not
contain some labelling of the triangle. Note that for non-hereditary properties, we may expect to find kernelization very difficult, as a large subgraph with the property can disappear
entirely if we delete even a small part of the graph. For the cases when the membership
of the triangle depends on its labelling, we may expect the rules of kernelization to depend
greatly on the family of labellings, and so it is difficult to produce a general result.
Secondly, we get rid of the simplicity criterion required by Mnich et al. Showing
that a specific problem is FPT on almost-forests of cliques takes—in general—a non-trivial
amount of work, as can be seen from the corresponding proofs for Max-Cut [6, Lemma 9],
Oriented Max Acyclic Digraph, and having a homomorphism to a vertex transitive
graph [22, Lemmas 27, 31]. Mnich et al. had proposed that a way to get around this
problem was to find a logic which captures all problems which are FPT on almost-forests
of cliques, and had left open the problem of finding the right logic. The proof of our main
result shows that all strongly λ-extendible properties—save for the special cases —are FPT
on almost-forests of cliques: in fact, that they have polynomial size kernels on this class of
graphs. No special logic is required to capture these problems, and this answers their second
open problem.
Formally, our main result is as follows:
I Theorem 1. Let 0 < λ < 1, and let Π be a strongly λ-extendible property of (possibly oriented and/or labelled) graphs. Then the Above Poljak-Turzík (Π) problem has a kernel
on O(k 2 ) vertices if conditions 0a or 0b holds, and a kernel on O(k 3 ) vertices if only 0c holds:
1. λ 6= 21 ;
2. All orientations and labels (if applicable) of the graph K3 belong to Π;
3. Π is a hereditary property of simple or oriented graphs.
As a corollary, we get that a number of specific problems have polynomial kernels when
parameterized above their respective Poljak-Turzík bounds:
I Corollary 2. The Above Poljak-Turzík (Π) parameterization of Max q-Colorable
Subgraph, q > 2, has a kernel on O(k 2 ) vertices, and the Above Poljak-Turzík (Π)
parameterization of Oriented Max Acyclic Digraph has a kernel on O(k 3 ) vertices.
An outline of the proof. We now give an intuitive outline of our proof of Theorem 1. Our
proof starts from a key result of Mnich et al.
I Proposition 1 ([21]). Let Π be a strongly λ-extendible property and let (G, k) be an instance
of APT(Π). Then in polynomial time, we can either decide that (G, k) is a Yes-instance or
6k
find a set S ⊆ V (G) such that |S| < 1−λ
and G − S is a forest of cliques.
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Proposition 1 is a classical WIN/WIN result, and either outputs that the given instance
6k
is a YES instance or outputs a set S ⊆ V (G); |S| < 1−λ
. In the former case we return
a trivial YES instance. In the latter case we know that G − S is a forest of cliques and
6k
|S| < 1−λ
; thus G − S has a very special structure. For λ 6= 21 , or when all orientations
or labels of the graph K3 have the property, we show combinatorially that if the combined
sizes of the cliques are too big then either we can get some “extra edges”, or we can apply
a reduction rule. We then show that the reduced instance has size polynomial in k. For
λ = 12 , we need the extra technical condition that the property be hereditary, and defined
only for simple or oriented graphs. In this case we can show that either the problem either
contains (all orientation of) K3 , or is exactly Max-Cut, or that we can bound the number
and sizes of the cliques. In any of these cases the problem admits a polynomial kernel.
A block of a graph G is a maximal 2-connected subgraph of G. Note that a block B of
G may consist of a single vertex and no edges, if that vertex is isolated in G.
Let G, S be as described above, and let Q be the set of cut vertices of G − S. For any
block B of G−S, let Bint = V (B)\Q be the interior of B. Let B be the set of blocks of G−S.
A block neighbor of a block B is a block B 0 such that |V (B) ∩ V (B 0 )| = 1. Given a sequence
of blocks B0 , B1 , . . . , Bl , Bl+1 in G − S, the subgraph induced by V (B1 ) ∪ · · · ∪ V (Bl ) is a
block path if, for every 1 ≤ i ≤ l, V (Bi ) contains exactly two vertices from Q and Bi has
exactly two block neighbors Bi−1 and Bi+1 . A block B in G − S is a leaf block if V (B)
contains exactly one vertex from Q. A block in G − S is an isolated block if it has no block
neighbors.
Let B0 and B1 be the set of isolated blocks and leaf blocks, respectively, contained in
B. Let B2 be the set of blocks B ∈ B such that B = Bi , 1 ≤ i ≤ l, for some block path
B0 , . . . , Bl+1 . Finally, let B≥3 = B \ (B0 ∪ B1 ∪ B2 ).
In order to bound the number of vertices in G−S it is enough to bound (i) the number of
blocks, and (ii) the size of each block. When λ 6= 21 or the property includes all orientation
and labellings of K3 , we show (Lemma 20) that all blocks with two or more vertices have
positive excess. Using this fact, we can bound the number of vertices in blocks of B1 or B2
directly, and it remains only to bound |B0 |. In the remaining case, we have to bound each of
|B0 |, |B1 |, |B2 | and the size of each block separately. We bound these numbers over a number
of lemmas.
Due to space constraints, many proofs are omitted. See [8] for a full version.

2

Definitions

We use “graph” to denote simple graphs without self-loops, directions, or labels, and use
standard graph terminology used by Diestel [10] for the terms which we do not explicitly
define. Each edge in an oriented graph has one of two directions {<, >}, while each edge in
a labelled graph has an associated label ` ∈ L chosen from a finite set L. A graph property
is a subclass of the class of all (possibly labelled and/or oriented) graphs. For a labelled
and/or oriented graph G, we use U (G) to denote the underlying simple graph; for any graph
property of simple graphs, we say that G has the property if U (G) does: for instance, G
is connected if U (G) is. For a (possibly labelled and/or oriented) graph G = (V, E) and
weight function w : E(G) → R+ , we use w(F ) to denote the sum of the weights of all the
edges in F ⊆ E. We use Kj to denote the complete simple graph on j vertices for j ∈ N,
and K to denote an arbitrary complete simple graph. For a graph property Π, we say that
Kj ∈ Π if G ∈ Π for every (oriented, labelled) graph G such that U (G) = Kj . A connected
(possibly labelled and/or oriented) graph is a tree of cliques if the vertex set of each block
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of the graph forms a clique. We use C(G) to denote the set of connected components of
graph G. A forest of cliques is a graph whose connected components are trees of cliques.
We use Q(G) to denote the set of cut vertices of graph G; thus G is 2-connected if and only
if Q(G) = ∅.
Mnich et al. [21] defined the following variant of Poljak and Turzík’s notion of λextendibility [24].
I Definition 3. Let G be a class of (possibly labelled and/or oriented) graphs and let
0 < λ < 1. A graph property Π is strongly λ-extendible on G if it satisfies the following
properties:
Inclusiveness {G ∈ G : U (G) ∈ {K1 , K2 }} ⊆ Π;
Block additivity G ∈ G belongs to Π if and only if every block of G belongs to Π;
Strong λ-subgraph extension Let G ∈ G and let (U, W ) be a partition of V (G),
such that G[U ] ∈ Π and G[W ] ∈ Π. For any weight function w : E(G) → R+ there exists
an F ⊆ E(U, W ) with w(F ) ≥ λw(E(U, W )), such that G − (E(U, W ) \ F ) ∈ Π.
In the rest of the paper we use G to denote a class of (possibly labelled and/or oriented)
graphs, and Π to denote an arbitrary—but fixed—strongly λ-extendible property defined
on G for some 0 < λ < 1. The focus of our work is the following “above-guarantee”
parameterized problem:
Above Poljak-Turzík (Π) (APT(Π))
Input:
A connected graph G = (V, E) and an integer k.
Parameter:
k
Question:
Is there a spanning subgraph H = (V, F ) ∈ Π of G
such that |F | ≥ λ|E| + 1−λ
(|V | − 1) + k?
2

Let G ∈ G. A Π-subgraph of G is a subgraph of G which is in Π. Let βΠ (G) denote the
maximum number of edges in any Π-subgraph of G, and let γΠ (G) denote the Poljak-Turzík
bound on G; that is, γΠ (G) = λ|E(G)| + 1−λ
2 (|V (G)| − |C(G)|). The excess of Π on G,
denoted exΠ (G), is equal to βΠ (G) − γΠ (G). We omit the subscript Π when it is clear
from the context. We use ex(Kj ) to denote the minimum value of ex(G) for any (oriented,
labelled) graph G such that Kj = U (G). Thus, for example, if ex(K3 ) = t then any graph
G with underlying graph K3 has a Π-subgraph with at least γ(G) + t edges, regardless of
orientations or labellings on the edges of G. We say that a strongly λ-extendible property
diverges on cliques if there exists j ∈ N such that ex(Kj ) > 1−λ
2 . We say that a simple
e is an almost-clique if there exists V 0 ⊆ V (K)
e with |V 0 | ≤ 1 (possibly V 0
connected graph K
e − V 0 is a clique. For an almost-clique K,
e we use ex(K)
e to denote the
is empty) such that K
e
minimum value of ex(G) for any (oriented, labelled) graph G such that K = U (G), and we
e ∈ Π if and only if G ∈ Π for every (oriented, labelled) graph G with underlying
say that K
e
graph K.
+
I Definition 4. We use AKΠ
to denote the class of all graphs G ∈ G such that U (G) is an
almost-clique and exΠ (G) > 0. For any strongly λ-extendible property which diverges on
cliques, we use inf AK to denote the value inf (G∈AK + ) ex(G).
+
Note that the class AKΠ
contains an infinite number of graphs. Hence, it could be the
case that inf AK = 0. In the next section, we will show that for any strongly λ-extendible
property which diverges on cliques, it holds that inf AK > 0.
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3

Preliminary Results

We begin with some preliminary results. The first two lemmas state how, in two special
cases, the excess of a graph G can be bounded in terms of the excesses of its subgraphs.
I Lemma 5. Let G be a connected (possibly labelled and/or oriented) graph and v a cut
P
P
vertex of G. Then γ(G) = X∈C(G−{v}) γ(G[X ∪ {v}]) and β(G) = X∈C(G−{v}) β(G[X ∪
{v}]).
I Lemma 6. Let G ∈ G be a connected graph and let V (G) = V1 ∪ V2 such that V1 ∩ V2 = ∅,
V1 6= ∅, V2 6= ∅. Let c1 be the number of components of G[V1 ] and c2 be the number of
components of G[V2 ]. If ex(G[V1 ]) ≥ k1 and ex(G[V2 ]) ≥ k2 , then ex(G) ≥ k1 + k2 −
1−λ
2 (c1 + c2 − 1).
Proof. Observe that the size of a minimum spanning forest for G[Vi ] is |Vi | − ci , for i ∈
{1, 2}, and the size of a minimum spanning tree for G is |V1 | + |V2 | − 1. Therefore γ(G) =
γ(G[V1 ]) + γ(G[V2 ]) + λ|E(V1 , V2 )| + 1−λ
2 (c1 + c2 − 1). Let Hi be a Π-subgraph of G[Vi ],
for i ∈ {1, 2}. By the strong λ-subgraph extension property, there exists a Π-subgraph
H of G such that H = (V1 ∪ V2 , E(H1 ) ∪ E(H2 ) ∪ F ), where F ⊆ E(V1 , V2 ) is such that
|F | ≥ λ|E(V1 , V2 )|. Therefore β(G) ≥ β(G[V1 ]) + β(G[V2 ]) + λ|E(V1 , V2 )|. It follows that
ex(G) = β(G) − γ(G) ≥ β(G[V1 ]) + β(G[V2 ]) − γ(G[V1 ]) − γ(G[V2 ]) − 1−λ
2 (c1 + c2 − 1) =
1−λ
ex(G[V1 ]) + ex(G[V2 ]) − 1−λ
(c
+
c
−
1)
≥
k
+
k
−
(c
+
c
−
1).
J
1
2
1
2
1
2
2
2
We now prove some useful facts about strongly λ-extendible properties which diverge
on cliques. In particular, we show that for a property Π which diverges on cliques, ex(Kj )
increases as j increases; this motivated our choice of the name. We also show that inf AK is
necessarily a constant greater than 0.
e
I Lemma 7. Let ex(Kj ) = a ≥ 1−λ
2 for some j ∈ N. Then, for every almost-clique K with
1−λ
e ≥a−
at least j + 1 vertices, ex(K)
2 .
e where K
e is an almost-clique with at least
Proof. Let G ∈ G be a graph such that U (G) = K,
j +1 vertices. Consider a partition of V (G) into two sets V1 and V2 such that U (G[V1 ]) = Kj
J
and G[V2 ] is connected. Then, by Lemma 6, ex(G) ≥ a − 1−λ
2 .
I Lemma 8. Let Π be a strongly λ-extendible property which diverges on cliques, and let
1−λ
j, a be such that ex(Kj ) = 1−λ
2 + a, a > 0. Then ex(Krj ) ≥
2 + ra for each r ∈ N.
Furthermore, lims→+∞ ex(Ks ) = +∞.
Proof. We will prove the first claim by induction. The case r = 1 being trivial, suppose
that the claim holds for r: we will prove it for r + 1. Consider a partition of V (K(r+1)j )
into two sets U , with jr vertices, and W , with j vertices. It holds by hypothesis that
1−λ
ex(K(r+1)j [W ]) ≥ 1−λ
2 + a and, by induction assumption, ex(K(r+1)j [U ]) ≥
2 + ra.
1−λ
Therefore, by Lemma 6, ex(K(r+1)j ) ≥ 2 + (r + 1)a.
This shows that there exists a subsequence {sr }r∈N of {s}s∈N such that ex(Ksr ) is a
strictly increasing function of r. To conclude the proof, it is enough to apply Lemma 7. J
I Lemma 9. Let Π be a strongly λ-extendible property which diverges on cliques. Then
inf AK > 0.
Proof. Since Π diverges on cliques, there exists j such that ex(Kj ) ≥ 1−λ
2 + a, a > 0. Then,
by Lemma 6, for every graph G ∈ AK + with at least j + 1 vertices, ex(G) ≥ a. Therefore,
inf AK ≥ min(a, min{G∈AK + :|V (G)|≤j} ex(G)) > 0 (note that {G ∈ AK + : |V (G)| ≤ j} is a
finite set, hence the minimum of ex(G) is defined and is positive).
J
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Polynomial kernel for divergence

In this section we show that APT(Π) has a polynomial kernel, as long as Π diverges on
cliques and all cliques with at least two vertices have positive excess. We also give some
technical lemmas which will be required in the next section.
6k
Recall the partition B0 , B1 , B2 , B≥3 of the blocks of G − S. Since |S| < 1−λ
, and the
number of cut vertices in G − S is bounded by the number of blocks in G − S, it is enough
to prove upper bounds on |B0 |, |B1 |, |B2 |, |B≥3 |, and |Bint | for every block B in G − S.
I Definition 10. Let v be a cut vertex of G and let X ⊆ V (G) \ {v} be such that G[X] is a
component of G−{v} and the underlying graph of G[X ∪{v}] is a 2-connected almost-clique.
Then we say that G[X ∪ {v}] is a dangling component with root v.
It is possible that a graph G could have many dangling components, all with excess
0. This makes it possible to have large NO-instances. Therefore we require the following
reduction rule, which can be run in polynomial time.
I Reduction Rule 1. Let G ∈ G be a connected graph with at least two 2-connected components and let G0 be a dangling component. Then if ex(G0 ) = 0, delete G0 − {v} (where v
is root of G0 ) and leave k the same.
I Lemma 11. Let Π be a strongly λ-extendible property which diverges on cliques and let
G be a connected graph reduced under Reduction Rule 1. Then the number of dangling
components is less than infkAK , or the instance is a YES-instance.
I Theorem 12. Let Π be a strongly λ-extendible property which diverges on cliques and let
G be a connected graph reduced under Reduction Rule 1. If there exists s ∈ S such that
P
2
16
B∈B |NG (Bint ) ∩ {s}| is at least ( 1−λ + inf AK )k − 2, then the instance is a YES-instance.
Proof. Let U = {s}. For every block B of G − S such that |NG (Bint ) ∩ {s}| = 1, pick a
vertex in N (s) ∩ Bint and add it to U . Since the vertices are chosen in the interior of different
blocks of G − S, G[U ] is a star and therefore it is in Π by block additivity. By Lemma 5,
ex(G[U ]) = 1−λ
2 d, where d is the degree of s in G[U ]. Let c be the number of components
of G − U , and assume that U is constructed such that d is maximal and c is minimal. By
Lemma 6, ex(G) ≥ 1−λ
2 (d − c).
We will now show that c is bounded. The number of components of G − U which contain
6k
a vertex of S \ {s} is bounded by (|S| − 1) < 1−λ
− 1. In addition, the number of components
of G − S which contain at least two blocks from which a vertex has been added to U is at
most d2 .
Now, let T be a component of G − S such that in the graph G, no vertex in T − U
has a neighbor in S \ {s} and |U ∩ V (T )| = 1. Firstly, suppose that T contains only
one block B of G − S. Let {v} = U ∩ V (T ). Note that, by the current assumptions,
N (S \ {s}) ∩ V (T ) ⊆ {v}. If v is the only neighbor of s in T , then it is a cut vertex in
G, hence B is a dangling component of G. If s has another neighbor v 0 in T and v has no
neighbor in S different from s, then s is a cut vertex, therefore G[V (B) ∪ {s}] is a dangling
component. Finally, if v has at least two neighbors in S and s has at least another neighbor
v 0 in T , let U 0 be the star obtained by replacing v with v 0 in U , and observe that T is
connected to S \ {s} in G − U 0 , contradicting the minimality of c.
Now, suppose that T contains at least two blocks of G − S. In this case, every block
except B does not contain neighbors of S. In particular, this holds for at least one leaf block
B 0 in T . Hence, B 0 is a dangling component.
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This ensures that carefully choosing the vertices of U we may assume that any component
of G − U still contains a vertex of S \ {s}, or contains at least two blocks from which a
vertex of U has been chosen, or contains part of a dangling component. Hence, the number
6k
of components of G − U is at most 1−λ
− 1 + d2 + infkAK .
16
Therefore, if d ≥ ( 1−λ
+ inf2AK )k − 2, then ex(G) ≥ k.
J
The next corollary follows from the fact that any block in B0 or B1 which contains no
vertices adjacent to S is a dangling component, and the number of these must be bounded
since each has a positive excess.
I Corollary 13. Let Π be a strongly λ-extendible property which diverges on cliques and
16
let G be a connected graph reduced under Reduction Rule 1. Then |B0 | + |B1 | ≤ (( 1−λ
+
2
6k
k
)k
−
2)
+
,
or
the
instance
is
a
Yes-instance.
inf AK
1−λ
inf AK
The next corollary follows from the fact that every component in G − S must contain a
vertex which is adjacent to S in G.
I Corollary 14. Let Π be a strongly λ-extendible property which diverges on cliques and let
G be a connected graph reduced under Reduction Rule 1. Then either G − S has at most
6k
16
+ inf2AK )k − 2) 1−λ
+ infkAK components, or the instance is a Yes-instance.
(( 1−λ
As inf AK > 0, if we have too many blocks in G − S with positive excess, we have a
YES-instance.
I Lemma 15. Let Π be a strongly λ-extendible property which diverges on cliques. If G − S
16
k
k−1
contains at least (( 1−λ
+ inf2AK )k −1) inf AK6k(1−λ) + (inf AK
)2 + inf AK blocks with positive excess,
then the instance is a Yes-instance.
The next two lemmas are not used in the proof of Theorem 18, but are needed for the
next section.
I Lemma 16. Let G ∈ G be a connected graph and S ⊆ V (G) be such that G − S is a forest
of cliques. Then |B≥3 | ≤ 3|B1 |.
I Lemma 17. Let Π be a strongly λ-extendible property which diverges on cliques, and let
4k
1−λ
j, a be such that ex(Kj ) = 1−λ
2 + a, a > 0. If |Bint | ≥ d a + 2a ej for any block B of G − S,
then the instance is a Yes-instance.
I Theorem 18. Let Π be a strongly λ-extendible property which diverges on cliques, and
suppose ex(Ki ) > 0 for all i ≥ 2. Then APT(Π) has a kernel with at most O(k 2 ) vertices.
0
00
00
Proof. Let j ∈ N be such that ex(Kj ) = 1−λ
2 +a, where a > 0. Let V (G−S) = V ∪V ∪V ,
0
00
where V is the set of vertices contained in blocks with exactly one vertex, V is the set of
vertices contained in blocks with between 2 and j − 1 vertices and V 000 is the set of vertices
contained in blocks with at least j vertices (note that in general V 00 ∩ V 000 6= ∅). Observe
that the blocks containing V 0 are isolated blocks, therefore by Corollary 13 there exists a
constant c1 depending only on Π such that |V 0 | ≤ c1 k 2 , or the instance is a YES-instance.
By Lemma 15, there exists a constant c2 depending only on Π such that |V 00 | ≤ c2 (j − 1)k 2 ,
or the instance is a YES-instance.
Now, let B 00 be the set of blocks of G − S which contain at least j vertices. For every
block B ∈ B 00 , let rj +l be the number of its vertices, where 0 ≤ l < j. Note that, by Lemma
P
8 and Lemma 6, ex(B) ≥ ra. Let d = B∈B00 r and let G00 be the union of all components
of G − S which contain a block in B 00 . By Corollary 14, we may assume that G00 has at most
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16
6k
(( 1−λ
+ inf2AK )k − 2) 1−λ
+ infkAK components. Furthermore, by repeated use of Lemma 5,
6k
00
we get that ex(G ) ≥ da. Observe that G − G00 has at most |S| ≤ 1−λ
components: then,
16
2
6k
k
6k
1−λ
by Lemma 6, ex(G) ≥ da − 2 ((( 1−λ + inf AK )k − 2) 1−λ + inf AK + 1−λ − 1). Therefore if
16
6k
d ≥ (( 1−λ
+ inf2AK )k − 1) a(1−λ)
+ (a infkAK ) + k−1
a , the instance is a Yes-instance. Otherwise,
000
2
|V | ≤ 2dj ≤ c3 jk , where c3 is a constant which depends only on Π, which means that
6k
|V (G)| ≤ 1−λ
+ (c1 + c2 (j − 1) + c3 j)k 2 .
J

5

Kernel when λ 6= 12 , K3 ∈ Π or Π hereditary

We first show that if λ 6= 21 or K3 ∈ Π, then APT(Π) has a kernel with O(k 2 ) vertices. This
follows from Theorem 18 together with the following lemmas.
I Lemma 19. Let Π be a strongly λ-extendible property. If λ 6=
diverges on cliques.

1
2

I Lemma 20. Let Π be a strongly λ-extendible property. If λ 6=
ex(Ki ) > 0 for all i ≥ 2.
I Theorem 21. Let Π be a strongly λ-extendible property. If λ 6=
APT(Π) has a kernel with O(k 2 ) vertices.

or K3 ∈ Π, then Π
1
2

1
2

or K3 ∈ Π, then
or K3 ∈ Π, then

We now consider the case when Π is a hereditary property. Here we limit ourselves to
properties defined on simple or oriented graphs - i.e. we assume that membership in Π is
independent of any edge-labelling.
Consider first simple graphs. We know by Theorem 21 that if K3 ∈ Π then we have a
polynomial kernel. So consider the case when K3 ∈
/ Π.
I Theorem 22. Let Π be a strongly λ-extendible property with λ = 12 . Suppose Π is hereditary and G ∈
/ Π for any G ∈ G such that U (G) = K3 . Then Π = {G ∈ G : G is bipartite}.
Proof. First, assume for the sake of contradiction that Π contains a non-bipartite graph H.
Then H contains an odd cycle Cl . By choosing l as small as possible we may assume that
Cl is a vertex-induced subgraph of H. Then, since Π is hereditary, Cl is in Π. Note that
if l = 3, then U (C3 ) = K3 , so this is not the case. Consider the graph H 0 obtained from
Cl adding a new vertex v and an edge from v to every vertex of Cl . Since both Cl and
K1 = {v} are in Π, by the strong λ-subgraph extension property we can find a subgraph of
H 0 which contains Cl , v and at least half of the edges between v and Cl . Since l is odd, for
any choice of l+1
2 edges there are two of them, say e1 = vx and e2 = vy, such that the edge
xy is in Cl . Therefore, since Π is hereditary, H 0 [v, x, y] ∈ Π, which leads to a contradiction,
as U (H 0 [v, x, y]) = K3 .
Now, we will show that all connected bipartite graphs are in Π, independently from any
possible labelling and/or orientation. We will proceed by induction. The claim is trivially
true for j = 1, 2. Assume j ≥ 3 and that every bipartite graph with l < j vertices is
in Π. Consider any connected bipartite graph H with j vertices. Consider a vertex v
such that H 0 = H − {v} is connected. By induction hypothesis, H 0 ∈ Π. Consider the
graph H 00 obtained from H 0 and G2 , where G2 is any graph in G with U (G2 ) = K2 (let
V (G2 ) = {v1 , v2 }), adding an edge from vi to w ∈ V (H 0 ) if and only if in H there is an edge
from v to w. Colour red the edges from v1 and blue the edges from v2 .
Since G2 ∈ Π by inclusiveness and H 0 ∈ Π, by the strong λ-subgraph extension property
e of H 00 which contains G2 , H 0 and at least half of the edges
there must exist a subgraph H
e contains
between them. Note that the red edges are exactly half of the edges and that if H
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all of them and no blue edges, then we can conclude that H is in Π by block additivity. The
e contains every blue edge and no red edge.
same holds if H
e contains one red and one blue edge, we will show that it contains
If, on the contrary, H
a vertex-induced cycle of odd length, which leads to a contradiction according to the first
part of the proof. First, suppose that both these edges contain w ∈ V (H 0 ): if this happens,
e contains a cycle of length 3 as a vertex-induced subgraph.
H
e contains a red edge v1 w1 and a blue edge v2 w2 . Note that w1 and w2
Now, suppose H
are in the same partition and, since H 0 is connected, there is a path from w1 to w2 which has
even length. Together with v1 w1 , v2 w2 and v1 v2 , this gives a cycle of odd length. Choosing
the shortest path between w1 and w2 , we may assume that the cycle is vertex-induced.
e are either picking the red edges
Thus, we conclude that the only possible choices for H
or picking the blue edges, which concludes the proof.
J
When Π is the property of being bipartite, APT(Π) is exactly the problem Max-Cut
ATLB. Crowston et. al. [5] showed that Max-Cut ATLB has a kernel with O(k 3 ) vertices.
Thus, Theorem 21 together with Theorem 22 give us the following result:
I Theorem 23. Let Π be a strongly λ-extendible property on simple graphs, with λ =
and suppose Π is hereditary. Then APT(Π) has a kernel with O(k 2 ) or O(k 3 ) vertices.

1
2,

We now consider oriented graphs. Observe that, up to isomorphism, there are two
→
possible oriented graphs whose underlying graphs are K3 . Let K 3 denote the oriented graph
→
G with U (G) = K3 whose edges form an oriented cycle. We will call K 3 the oriented
9

triangle. Let K 3 denote the unique acyclic oriented graph G with U (G) = K3 . We will call
9
K 3 the non-oriented triangle.
→
9
If neither K 3 or K 3 have property Π then Theorem 22 shows that APT(Π) is equivalent
to Max-Cut ATLB and again we have a O(k 3 )-vertex kernel. If on the other hand both
→

9

K 3 and K 3 have property Π then we have a O(k 2 ) kernel by Theorem 21. So it remains to
→ 9
consider the case when exactly one of K 3 , K 3 has property Π. By Lemma 24, this is only
9
→
possible if K 3 ∈ Π, K 3 ∈
/ Π.
I Lemma 24. Let Π be a strongly λ-extendible property on oriented graphs, with λ =
→

9

1
2,

and suppose Π is hereditary. If K 3 ∈ Π, then K 3 ∈ Π.
9

→

So now suppose K 3 ∈ Π, K 3 ∈
/ Π.
I Lemma 25. Let Π be a strongly λ-extendible property on oriented graphs, with λ = 12 , and
9

suppose Π is hereditary. If K 3 ∈ Π, then ex(K4 ) > 14 . In particular, Π diverges on cliques.
I Lemma 26. Let Π be a strongly λ-extendible property on oriented graphs, with λ =
→

9

1
2,

and suppose Π is hereditary, K 3 ∈
/ Π and K 3 ∈ Π. Then ex(Kj ) > 0 for every j 6= 3.
Using Lemma 26 together with Corollary 13 and Lemmas 12, 15, 16 and 17, we have a
bound on the size and number of all blocks in G − S, except for those block in B2 which have
excess exactly 0 and have no internal vertices adjacent to S. Let B20 be this set of blocks.
9

By Lemma 26 and the fact that K2 , K 3 ∈ Π, all blocks in B20 are oriented triangles. In order
to bound the number of these triangles, we require the following lemma and reduction rule.
Lemma 27 bounds the number of blocks in B20 which can contain a neighbor of S (since
by definition such a vertex must be a cut vertex); Reduction Rule 2 allows us to limit the
remaining blocks by ensuring that no two of them can be adjacent.
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I Lemma 27. Let Q0 denote the set of cut vertices of G − S which only appear in blocks in
B20 . Let Π be a strongly λ-extendible property on oriented graphs, with λ = 12 , and suppose Π
→

9

is hereditary, K 3 ∈
/ Π and K 3 ∈ Π. Let (G, k) be an instance of APT(Π) reduced by Reduction
+4k, then the instance
Rule 1. For any s ∈ S, if |Q0 ∩N (s)| ≥ ((32+ inf2AK )k −2)48k − inf4k
AK
is a Yes-instance.
→

I Reduction Rule 2. Let B1 , B2 ∈ B2 be such that V (B1 ) ∩ V (B2 ) = {v}, B1 =K 3 = B2 ,
{v} ∩ N (S) = ∅ and (Bi )int ∩ N (S) = ∅ for i = 1, 2. Let {wi } = (Bi )int and {ui } =
V (Bi ) \ {v, wi } for i = 1, 2. If G − {v} is disconnected, delete v, w1 , w2 , identify u1 and u2
and set k 0 = k. Otherwise, delete v, w1 , w2 and set k 0 = k − 41 .
Putting everything together, we can prove the following theorem.
I Theorem 28. Let Π be a strongly λ-extendible property on oriented graphs, with λ = 12 ,
and suppose Π is hereditary. Then APT(Π) has a kernel with O(k 2 ) or O(k 3 ) vertices.
Putting together Theorem 21, Theorem 23, and Theorem 28, we get our main result,
Theorem 1.

6

Conclusion

We have succeeded in showing that APT(Π) has a polynomial kernel for nearly all strongly
λ-extendible Π. The only cases in which the polynomial kernel question remains open are
those in which λ = 21 and either Π is not hereditary, or membership in Π depends on the
labellings on edges. For the cases when λ 6= 12 or Π contains all triangles, we can improve
our kernel from O(k 3 ) vertices to O(k 2 ) vertices. It would be nice to show a O(k 2 ) kernel
in all cases.
The bound of Poljak and Turzík extends to edge-weighted graphs - for any strongly λextendible property Π and any connected graph G with weight function w : E(G) → R+ ,
)
, where T
there exists a subgraph H of G such that H ∈ Π and w(H) ≥ λw(G) + (1−λ)w(T
2
is a minimum weight spanning tree of G. The natural question following from our results is
whether the weighted version of APT(Π) affords a polynomial kernel.
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Abstract
Given a source string u and a target string w, to decide whether w can be obtained by applying
a string morphism on u (i. e., uniformly replacing the symbols in u by strings) constitutes an
NP-complete problem. For example, the target string w := baaba can be obtained from the
source string u := aba, by replacing a and b in u by the strings ba and a, respectively. In this
paper, we contribute to the recently started investigation of the computational complexity of the
string morphism problem by studying it in the framework of parameterised complexity.
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1

Introduction

Many of the typical string problems are concerned with special kinds of string operations
like, e. g., concatenating strings with each other, deleting symbols from or inserting symbols
into a string or replacing symbols by other symbols or even by other strings. Among the
most prominent of these string problems are string-to-string correction, sequence alignment
as well as the longest common subsequence and shortest common supersequence problem. The
complexity of these problems have been intensely studied, both in the classical sense as well
as in the parameterised setting (see, e. g., [1, 9]).
In this work, we investigate string problems that arise from a less well-known operation
on strings, i. e., mapping a source string u to a target string w by uniformly (i. e., by a
mapping) replacing the symbols of u by strings. For example, we can turn the source string
u := abba into the target string w := bbaaaaabba by replacing a and b of u by the strings
bba and aa, respectively. On the other hand, w0 := abaaaaaabb cannot be obtained from
u in a similar way. The string morphism problem (denoted by StrMorph) is to decide
for two given strings u and w, whether or not w can be obtained from u by this kind of
operation. Due to its simple definition, variants of this N P-complete problem can be found
in many different areas of theoretical computer science. In fact, many respective results
are scattered throughout the literature without pointers to each other and consulting the
existing literature suggests that variants of the string morphism problem have emerged and
have been investigated in different contexts without knowledge of other related work.
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A Brief History of the String Morphism Problem
The origin of the string morphism problem is usually traced back to the 1979 paper by
Angluin [3], in which she introduced the model of pattern languages (the membership problem
of which is essentially the string morphism problem), but, independently and at the same
time, it has also been studied by Ehrenfeucht and Rozenberg in [11]. Garey and Johnson [17],
by referring to a private communication with Aho and Ullman from 1977, report the N Pcompleteness of the problem Regular Expression Substitution, for which, on close
inspection, the string morphism problem turns out to be a natural subproblem.
Since their introduction, Angluin’s pattern languages have been intensely studied in the
context of learning theory and formal language theory. While questions of learnability as
well as language theoretical properties were the main focus of research, results regarding the
complexity of their membership problem (except of its general N P-completeness) were sparse
and only appeared as by-products (see, e. g., [3,18,20,28]). In the pattern matching community,
independent of Angluin’s work, the string morphism problem has been investigated in terms
of a special kind of pattern matching paradigm, called parameterised pattern matching
(see [2, 4, 8, 13]). The string morphism problem can also be seen as the solvability problem for
word equations where one side does not contain variables (for more details on word equations,
see Mateescu and Salomaa [24]). Combinatorial properties of the operation of uniformly
replacing the symbols in a string by other strings are investigated in numerous other areas of
theoretical computer science and discrete mathematics, such as (un-)avoidable patterns (cf.
Jiang et al. [22]), the ambiguity of morphisms (cf. Freydenberger et al. [16]) and equality
sets (cf. Harju and Karhumäki [19]). Last but not least, the string morphism problem can
also be found in practical applications. More precisely, it constitutes a special case of the
matchtest for regular expressions with backreferences (see, e. g., Câmpeanu et al. [6]), which
nowadays are a standard element of most text editors and programming languages.

The Contribution of this Paper
A systematic study of the computational complexity of StrMorph has been taken on just
recently. In [25–27], several possibilities are presented of how to restrict the structure of
the source strings, such that StrMorph can be solved in polynomial time, and in [13], the
N P-completeness of a large number of strongly restricted versions of StrMorph is shown.
In the literature mentioned above, different variants of StrMorph are considered, each
tailored to different aspects and research questions. The most common variants arise from
whether or not we allow symbols to be erased (i. e., replaced by the empty string), whether or
not we allow constants (also called terminals) in the source string, which cannot be replaced
and whether or not the replacement function needs to be injective (i. e., different symbols
cannot be replaced by the same string). While the subtle difference of whether or not symbols
can also be erased has a substantial impact on decidability questions for pattern languages,
the differentiation of StrMorph in an injective and a non-injective version is motivated
by pattern matching tasks. In addition to these different variants of StrMorph, we can
observe many natural parameters (in the definition of the following parameters, let u be a
source string over the alphabet A and let w be a target string over the alphabet B).
p1 : The cardinality of A.
p2 : The length of w.
p3 : The cardinality of B.
p4 : The maximum length of the strings substituted for the symbols in u.
p5 : The maximum number of occurrences of any symbol in u.
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In [13], for every variant of StrMorph and for every subset of the above parameters, it is
shown whether the chosen parameters can be bounded by constants such that the resulting
version of StrMorph can be solved in polynomial time or whether it is still N P-complete.
For example, if the cardinality of A is bounded by a constant, then all variants of StrMorph
can be solved in polynomial time. This trivially follows from the fact that there is a simple
brute-force algorithm that runs in time that is exponential only in p1 . Close inspection
reveals that StrMorph can also be solved in time that is exponential only in p2 (for
details, the reader is referred to [18] and also [13]). Consequently, in terms of parameterised
complexity, StrMorph parameterised by p1 or p2 is in XP and the question arises whether
these problems are in FPT. Unfortunately, as a main result of this work, we report that both
of the above parametrisations are W [1]-hard, even if additional parameters are taken into
account. More precisely, we show that the following versions of StrMorph are W [1]-hard:
1. all variants of StrMorph parameterised by (p1 , p3 , p5 ),
2. all variants of StrMorph (except the nonerasing ones) parameterised by (p2 , p3 , p4 , p5 ).
For obtaining the first result, we extend a result by Stephan et al. [29], who showed the
W [1]-hardness for a special variant of StrMorph parameterised by p1 and in order to
prove the second result, we devise a new reduction from k-Multicoloured-Clique. With
respect to the parameters defined above, this leaves only very few parameterised variants of
StrMorph that could possibly be in FPT. In this regard, we report the fixed parameter
tractability of the following versions of StrMorph:
3. all variants of StrMorph parameterised by (p1 , p2 ),
4. all variants of StrMorph parameterised by (p1 , p4 ),
5. all nonerasing variants of StrMorph parameterised by p2 ,
6. the nonerasing, injective variant of StrMorph parameterised by (p3 , p4 ).
The above results 1 to 6 (in conjunction with results from [13]) completely settle the fixed
parameter tractability of all possible parameterised variants of StrMorph, with respect
to the parameters p1 to p5 . We complement these results by showing for all the W [1]-hard
cases W [1]-membership or W [P ]-membership.
We conclude the paper by demonstrating the unlikeness of a subexponential algorithm
for an important variant of the string morphism problem by applying the Exponential Time
Hypothesis. Due to space constraints, for most of our results we only provide proof sketches.

2

Preliminaries

Let N := {1, 2, 3, . . .}. For an arbitrary alphabet A, a string (over A) is a finite sequence of
symbols from A, and ε is the empty string. The notation A+ refers to the set of all non-empty
strings over A, and A∗ := A+ ∪ {ε}. For the concatenation of two strings w1 , w2 we write
w1 w2 . We say that a string v ∈ A∗ is a substring (or factor) of a string w ∈ A∗ if there
are u1 , u2 ∈ A∗ such that w = u1 v u2 . The powers wi , i ∈ N, of a string w are inductively
defined by w1 := w and wi = w wi−1 . The notation |K| stands for the size of a set K or the
length of a string K. By |w|b , we denote the number of occurrences of b ∈ A in w, by w[i, j],
we denote the factor from position i to j in w and w[i] := w[i, i]. Let A and B be alphabets.
A mapping h : A∗ → B ∗ with h(u w) = h(u) h(w), for every u, w ∈ A, is a morphism. It can
be easily verified that a morphism is uniquely defined by the images h(b), b ∈ A. If, for every
b ∈ A, h(b) 6= ε, then h is said to be nonerasing. If, for all b, c ∈ A with b =
6 c, h(b) 6= ε and
h(c) 6= ε implies h(b) 6= h(c), then h is E-injective and h is injective if it is E-injective and
nonerasing. The size of a morphism h is defined by |h| := max{|h(b)| | b ∈ A}. Let A and B
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be alphabets with B ⊆ A. A morphism h : A∗ → B ∗ that satisfies h(b) = b, for every b ∈ B,
is a substitution.
I Example 1. Let u1 := x x y z y, u2 := x a y b y x y, w1 := ababababab, w2 := bacbabbacb
and w3 := abaabbababab. The nonerasing morphism h1 defined by h1 (x) := h1 (y) :=
h1 (z) := ab satisfies h1 (u1 ) = w1 . However, u1 cannot be mapped to w1 b =: w10 by a
nonerasing morphism. If, on the other hand, we do not restrict ourselves to nonerasing
morphisms, then h2 (u1 ) = w10 , where h2 is defined by h2 (x) := h2 (y) := ε and h2 (z) := w10 .
It can be verified that g1 (u2 ) = w2 , where g1 is a substitution defined by g1 (x) := bacb,
g1 (y) := ε and g2 (u2 ) = w3 , where g2 is a substitution defined by g2 (x) := g2 (y) := ab.
Furthermore, u2 cannot be mapped to w2 by a nonerasing substitution and u2 cannot be
mapped to w3 by an E-injective or injective substitution.
Next, we define several variants of string morphism problems. The following is the most
general string morphism problem, which shall serve as a base for the definitions of all the
further restricted versions.
StrMorph
Instance: Two strings u and w over some alphabets A and B.
Question: Does there exist a morphism h : A∗ → B ∗ with h(u) = w?
By StrSubst, we denote the version of StrMorph, where instead for a morphism we
are looking for a substitution. By adding the prefixes NE, Inj and Ne-Inj, we denote the
variants of the problems StrMorph and StrSubst, where the morphism (the substitution)
needs to be nonerasing, E-injective and nonerasing injective, respectively. Let SMP be the
class containing exactly these 8 variants of the string morphism problem, i. e.,
SMP := {Z- StrMorph, Z- StrSubst | Z ∈ {ε, Ne, Inj, Ne - Inj}} .
Next, we fix some notation that shall be used throughout the paper. For an instance
(u, w) of one of the above defined string morphism problems, u is called the source string, w
is called the target string and the respective alphabets A and B with u ∈ A∗ and w ∈ B ∗
are called the source and target alphabet, respectively. From now on, the target alphabet
is always denoted by Σ and the source alphabet is X for string morphism problems and
(X ∪ Σ) for string substitution problems, where X ⊆ {x1 , x2 , x3 , . . .}. The symbols in Σ are
called terminals and the symbols in X are called variables. For any string u ∈ (Σ ∪ X)∗ , by
var(u) we refer to the set of variables occurring in u and |u|var is the maximum number of
occurrences of a variable in u, i. e., |u|var := max{|u|x | x ∈ var(u)}.
For the problems in SMP, we consider the following parameters: |var(u)| (the number of
variables in the source string), |Σ| (the cardinality of the target alphabet), |w| (the length of
the target string), |u|var (the maximum number of occurrences of a variable) and |h| (the
size of the morphism or substitution). A list of parameters is a tuple [ρ1 , ρ2 , . . . , ρk ], where
1 ≤ k ≤ 5, {ρ1 , ρ2 , . . . , ρk } ⊆ {|var(u)| , |Σ|, |w|, |u|var , |h|}. For example, [|var(u)| , |Σ|, |h|] is
a list of parameters. For every K ∈ SMP and every list L of parameters, by L-K, we denote
the problem K parameterised by the parameters in L, e. g., [|Σ|, |u|var ]-Ne-StrMorph is the
parameterised version of Ne-StrMorph, where the cardinality of the target alphabet and
the maximum number of occurrences per variable are parameters. We wish to point out that
all parameters but |h| are implicitly given by the source and target string. In particular, for
negative instances of the string morphism problems, the parameter |h| is undefined. Hence,
as a convention, whenever we consider parameterised problems L-K, K ∈ SMP, where L
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contains |h|, we assume that the parameter |h| is explicitly given as input along with the
source and target string.
In the following, we briefly recall some of the main concepts of parameterised complexity
theory (for an overview, the reader is referred to Flum and Grohe [14]). The class of fixed
parameter tractable problems is denoted by FPT and in order to show fixed parameter
intractability, we use the class W [1]. The Clique problem parameterised by the size of the
clique is denoted by k-Clique and k-Multicoloured-Clique is the problem to decide for
a graph G := (V, E) and a partition V1 , V2 , . . . , Vk of V , such that every Vi is an independent
set, whether or not G has a clique of size k. It is a well-known fact that both k-Clique
and k-Multicoloured-Clique are complete for W [1] (with respect to parameterised
reductions) [12]. Another W [1]-complete problem that we use is Short-NTM-Comp, i. e.,
to decide for a nondeterministic Turing machine M , a string w over the input alphabet of
M and a parameter k ∈ N whether or not M has an accepting computation for w with at
most k steps (see Cai et al. [5], Downey et al. [10], Cesati [7]). The classes of polynomial
and nondeterministically polynomial time solvable problems are denoted by P and N P,
respectively.
In Section 4, in order to argue for the unlikeness of a subexponential algorithm, we shall
apply the Exponential Time Hypothesis (ETH) by Impagliazzo, Paturi, and Zane [21], which,
informally speaking, is the conjecture that 3SAT cannot be solved in time 2o(n) . For an
introduction to ETH, the reader is referred to [15, 23].

3

The Parameterised Complexity of String Morphism Problems

In this section, we show for every list of parameters L and for every K ∈ SMP, whether or
not L-K is fixed parameter tractable or W [1]-hard. We start with the hardness results and
then present fpt-algorithms for all the other cases. This section is concluded by showing
W [1]-membership and W [P ]-membership for the W [1]-hard cases.

3.1

W [1]-Hardness

As explained in Section 1, it can be easily seen that all variants of StrMorph can be solved
in polynomial time if |var(u)| or |w| is bounded by a constant. Furthermore, as shall be
explained in Section 3.2, it also follows trivially that all variants of StrMorph are in FPT if
parameterised by |var(u)| and |w| at the same time. Hence, the most interesting question is
whether this also holds if either |var(u)| or |w| is a parameter. We shall show that this is very
unlikely, since the corresponding parameterised versions of the string morphism problems
are W [1]-hard. First, we consider the case that |var(u)| is a parameter and |w| is not a
parameter, for which we can show W [1]-hardness, even if |u|var and |Σ| are parameters, too.
I Theorem 2. For every K ∈ SMP, [|var(u)| , |Σ|, |u|var ]-K is W [1]-hard.
In [29], Stephan et al. give a reduction from k-Clique to [|var(u)| , |Σ|, |u|var ]-NeStrSubst, which proves its W [1]-hardness. This reduction can be extended to a parameterised reduction for all problems [|var(u)| , |Σ|, |u|var ]-K, K ∈ SMP, which implies Theorem 2.
Next, we consider the case where |w| is a parameter instead of |var(u)|. In this regard, we
can state a rather strong result, i. e., the W [1]-hardness for all (but the nonerasing) variants
of string morphism problems parameterised by all the considered parameters except |var(u)|.
I Theorem 3. For every Z ∈ {Inj, ε} and K ∈ {StrMorph, StrSubst}, the problem
[|w|, |Σ|, |u|var , |h|]-Z-K is W [1]-hard.

FSTTCS 2013

60

On the Parameterised Complexity of String Morphism Problems

It shall be explained later in Section 3.2 that the nonerasing variants of the string
morphism problem are trivially fixed parameter tractable if parameterised by |w|.
The reductions that have been used in order to prove Theorem 2 are of no use for
proving Theorem 3, since they produce target strings whose lengths depend on the size of
the graph and not on the size of the clique. For the proof of Theorem 3, we utilise the
problem k-Multicoloured-Clique, i. e., we define a mapping Φ that maps a given graph
G := (V, E) and a partition V1 , V2 , . . . , Vk of V to a source string u ∈ (Σ ∪ X)+ and a target
string w ∈ Σ+ , where Σ := {a{i,j} | 1 ≤ i ≤ j ≤ k, i 6= j} ∪ {$} and X := {xe | e ∈ E}. For
the sake of concreteness, we define, for every i, 1 ≤ i ≤ k, Vi := {vi,1 , vi,2 , . . . , vi,ti }. Note
that, for every i, j, 1 ≤ i ≤ j ≤ k, i 6= j, the symbols a{i,j} and a{j,i} are considered identical.
For every i, j, 1 ≤ i < j ≤ k, we define
ui,j := $ xei,j,1 xei,j,2 . . . xei,j,li,j $ and wi,j := $ a{i,j} $ ,
where ei,j,1 , ei,j,2 , . . . , ei,j,li,j is an enumeration of exactly the edges between Vi and Vj .
Furthermore,
u := u1,2 u1,3 . . . u1,k u2,3 u2,4 . . . u2,k . . . uk−1,k ,
w := w1,2 w1,3 . . . w1,k w2,3 w2,4 . . . w2,k . . . wk−1,k .
Next, for every i, 1 ≤ i ≤ k, we define a gadget (e
ui , w
ei ) in the following way. For
every j, p, 1 ≤ p ≤ ti , 1 ≤ j ≤ k, i =
6 j, we define u
bi,p,j := xep,j,1 xep,j,2 . . . xep,j,sp,j , where
ep,j,1 , ep,j,2 , . . . , ep,j,sp,j is an enumeration of exactly the edges between vertex vi,p and some
vertex of Vj . Next, for every p, 1 ≤ p ≤ ti , we define
u
bi,p := u
bi,p,1 u
bi,p,2 . . . u
bi,p,i−1 u
bi,p,i+1 u
bi,p,i+2 . . . u
bi,p,k .
We are now ready to define the gadget (e
ui , w
ei ):
u
ei := u
b2i,1 u
b2i,2 . . . u
b2i,ti ,
w
ei := (a{i,1} a{i,2} . . . a{i,i−1} a{i,i+1} a{i,i+2} . . . a{i,k} )2 .
Furthermore, we define u
e := $ u
e1 $ u
e2 $ . . . $ u
ek $, w
e := $ w
e1 $ w
e2 $ . . . $ w
ek $ and, finally,
u := u u
e and w := w w.
e
I Lemma 4. Let G := (V, E) be a graph, let V1 , V2 , . . . , Vk be a partition of V , such that
every Vi is an independent set and let (u, w) := Φ(G, V1 , V2 , . . . , Vk ). There exists a clique of
size k in G if and only if there exists an E-injective substitution h of size 1 with h(u) = w.
Proof Sketch. Every variable xe ∈ X corresponds to the edge e ∈ E. Due to the gadgets
(ui,j , wi,j ), 1 ≤ i < j ≤ k, for every edge e between Vi and Vj the corresponding variable
can either be substituted by symbol a{i,j} or by the empty string ε, but, for every i, j,
1 ≤ i ≤ j ≤ k, i =
6 j, exactly one variable corresponding to an edge between Vi and Vj
must be mapped to a{i,j} . So mapping u to w corresponds to choosing exactly one edge
between each two sets Vi and Vj , 1 ≤ i ≤ j ≤ k, i 6= j. In order to conclude that these
edges are the edges of a clique, we somehow have to impose the condition that, for every
i, 1 ≤ i ≤ k, all the chosen edges connecting a vertex from Vi to vertices from each Vj ,
1 ≤ j ≤ k, i =
6 j, are adjacent to exactly the same vertex of Vi . This condition is guaranteed
by the gadgets (e
ui , w
ei ), 1 ≤ i ≤ k, which can be seen in the following way. For a fixed i,
1 ≤ i ≤ k, u
ei contains all vertices between vi,1 and vertices in V1 , then all vertices between
vi,1 and vertices in V2 and so on until all vertices between vi,1 and Vk are listed (this is
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represented by u
bi,1 ). Then, in the same way, all vertices between vertex vi,2 and vertices
in V1 , V2 , . . . , Vk are listed, and so on. The string w
ei , i. e., the counterpart to u
ei , contains a
listing of edges between Vi and the other sets Vj , 1 ≤ j ≤ k, i 6= j. The fact that all the u
bi,p ,
1 ≤ p ≤ ti , in u
ei are squared and w
ei is a square, too, allows us to conclude that the whole
string w
ei must be completely generated by one u
bi,p , for some p, 1 ≤ p ≤ ti . This means that
there is actually one distinct p, 1 ≤ p ≤ ti , such that all the edges between Vi and the other
sets Vj , 1 ≤ j ≤ k, i 6= j, are adjacent to this vertex vi,p ∈ Vi .
J
We note that Φ is an fpt-reduction with respect to the parameters |w|, |Σ|, |u|var and |h|.
I Proposition 5. Let G be a graph, let V1 , V2 , . . . , Vk be a partition of V and let (u, w) :=
Φ(G, V1 , V2 , . . . , Vk ). Then |w| and |Σ| are bounded by a function of k and |u|var = 3.
However, the reduction Φ only works for the problems Z-StrSubst, Z ∈ {Inj, ε}, but it
can be extended to the problems Z-StrMorph, Z ∈ {Inj, ε}, as well, i. e., to a mapping
Φ0 that maps a k-Multicoloured-Clique instance to a source string u0 ∈ X + and a
target string w0 ∈ Σ+ . To this end let G := (V, E) be a graph and let V1 , V2 , . . . , Vk be
a partition of V , such that every Vi is an independent set. Since Φ0 is very similar to Φ,
we shall only point out in which regards they differ. The main difference is that for Φ0 ,
instead of using occurrences of the symbol $ in u, we use an occurrence of a new variable
per each occurrence of $. Furthermore, in order to maintain the E-injectivity, each of these
new variables has to match its own individual symbol in w. More formally, for every i, j,
1 ≤ i < j ≤ k, we define ui,j := z¢i,j xei,j,1 xei,j,2 . . . xei,j,li,j z¢i,j , wi,j := ¢i,j a{i,j} ¢i,j and
u
e := z$1 u
e1 z$2 u
e2 z$3 . . . z$k u
ek z$k+1 , w
e := $1 w
e1 $2 w
e2 $3 . . . $k w
ek $k+1 , where the factors u
ei
and w
ei , 1 ≤ i ≤ k, are defined as in the definition of Φ. Furthermore, analogously to the
definition of Φ, we define u and w to be the concatenations of the factors ui,j and wi,j ,
b %r%
b u%
b w,
respectively. Finally, we define u0 := z% z%
e and w0 := % %
e where
b z% s z%
b u z%
bu
s is a concatenation of all the new variables of form z¢i,j and z$i and r is the corresponding
concatenation of the symbols ¢i,j and $i . We note that Lemma 4 as well as Proposition 5
still hold with respect to Φ0 , which concludes the proof of Theorem 3.
I Lemma 6. Let G := (V, E) be a graph, let V1 , V2 , . . . , Vk be a partition of V , such
that every Vi is an independent set, let (u0 , w0 ) := Φ0 (G, V1 , V2 , . . . , Vk ) and let (u, w) :=
Φ(G, V1 , V2 , . . . , Vk ). There exists an E-injective morphism h with h(u0 ) = w0 if and only if
there exists an E-injective morphism g with g(u) = w.
I Proposition 7. Let G be a graph, let V1 , V2 , . . . , Vk be a partition of V and let (u0 , w0 ) :=
Φ0 (G, V1 , V2 , . . . , Vk ). Then |w0 | and |Σ| are bounded by a function of k and |u0 |var = 3.

3.2

Fixed Parameter Tractability

We now present two brute-force algorithms for the string morphism problems. Let u be
a source string and let w be a target string. The algorithm BF-1StrMorph on input (u, w)
works as follows. All tuples (w1 , w2 , . . . , w|var(u)| ) of factors of w are enumerated and if for
such a tuple h(u) = w holds, where h(xi ) := wi , 1 ≤ i ≤ |var(u)|, then the output is YES and
NO otherwise. Obviously, BF-1StrMorph (u, w) = YES if and only if there exists a morphism h
with h(u) = w. In an analogous way, for every K ∈ SMP, we can define an algorithm BF-1K ,
which solves the problem K. We only have to make sure that, depending on the problem
K, we only enumerate m-tuples of factors of w that induce an injective, a nonerasing or an
injective nonerasing morphism (or substitution).

|var(u)| 
I Proposition 8. Let K ∈ SMP. The runtime of BF-1K (u, w) is O |u| × |w| × |w|2
.
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We now slightly change the brute-force algorithm BF-1K from above. To this end,
let u be a source string, let w be a target string over some target alphabet Σ and let
k ∈ N. The algorithm BF-2StrMorph on input (u, w, Σ, k) works just as BF-1StrMorph , but
instead of enumerating all tuples (w1 , w2 , . . . , w|var(u)| ) of factors of w, it enumerates all
tuples (w1 , w2 , . . . , w|var(u)| ) of strings over Σ with |wi | ≤ k, 1 ≤ i ≤ |var(u)|, and checks
whether one of them induces a morphism h with h(u) = w. It can be easily verified that
BF-2StrMorph (u, w, Σ, k) = YES if and only if there exists a morphism h of size k with
h(u) = w. In a similar way as done for algorithm BF-1StrMorph , for every K ∈ SMP, we can
extend BF-2StrMorph to BF-2K , which solves the problem K.
I Proposition 9. Let K ∈ SMP.
|var(u)|
O |u| × k × k × |Σ|k
.

The runtime of the algorithm BF-2K (u, w, Σ, k) is

By applying the above brute-force algorithms for solving the string morphism problems,
we can conclude the following fpt-results:
I Theorem 10.
A. For every K ∈ SMP, [|var(u)| , |w|]-K is in FPT.
B. For every Z ∈ {Ne, Ne - Inj} and K ∈ {StrMorph, StrSubst}, [|w|]-Z-K is in FPT.
C. For every K ∈ {StrMorph, StrSubst}, [|h|, |Σ|]-Ne - Inj -K is in FPT.
D. For every K ∈ SMP, [|var(u)| , |h|]-K is in FPT.
Proof Sketch. Obviously, BF-1K is an fpt-algorithm for [|var(u)| , |w|]-K, K ∈ SMP, which
proves A. For the Ne variants of the string morphism problems, we can assume |w| ≥
|u| ≥ |var(u)|; thus, for every Z ∈ {Ne, Ne - Inj} and K ∈ {StrMorph, StrSubst},
BF-1Z-K (u, w) has a runtime of O(|u| × |w| × (|w|2 )|w| )), which proves B.
Pk
i
For every k ∈ N, there are l :=
i=1 |Σ| different non-empty strings over Σ with
length at most k. Thus, if |var(u)| > l, then every morphism h with |h| ≤ k is necessarily
non-injective and if, on the other hand, |var(u)| < l, then BF-2Ne - Inj -K (u, w, Σ, k), K ∈
{StrMorph, StrSubst}, has an fpt-runtime since |var(u)| ≤ l. This proves C.
Finally, in order to prove D, we note that, for every k ∈ N, a morphism or a substitution
h of size k can introduce at most |var(u)| × k new symbols. Hence, for every K ∈ SMP,
BF-2K (u, w, Γ, k) solves [|var(u)| , |h|]-K in fpt-time, where Γ (with |Γ| ≤ |var(u)| × k) is the
alphabet over which the images with respect to h are defined.
J
We conclude this section by pointing out that the results presented in Section 3.1 and 3.2
completely settle the fixed parameter tractability of all possible parameterised variants of
string morphism problems, with respect to the parameters considered in the context of this
work. In order to verify this claim, it is helpful to recall these results in form of a table.
Problems
SMP
{Ne, Ne - Inj}-{StrMorph, StrSubst}
Ne - Inj -{StrMorph, StrSubst}
SMP
SMP
{ε, Inj}-{StrMorph, StrSubst}

|var(u)| |w| |u|var |h| |Σ| Complexity Reference
p
–
–
p
p
–

p
p
–
–
–
p

–
–
–
–
p
3

–
–
p
p
–
1

–
–
p
–
6
p

FPT
FPT
FPT
FPT
W [1]-hard
W [1]-hard

Thm.
Thm.
Thm.
Thm.
Thm.
Thm.

10.A
10.B
10.C
10.D
2
3

In the above table, an entry p means that the problems denoted in the row are parameterised by the parameter in the column and an integer entry constitutes a constant bound for
this parameter. We note that all the cases parameterised by both |var(u)| and |w| are settled
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by row 1. Furthermore, all the cases parameterised by |w|, but not by |var(u)| are settled by
rows 2 and 6, and all the cases parameterised by |var(u)|, but not by |w| are settled by rows
4 and 5. In order to see that all the cases parameterised neither by |var(u)| nor by |w| are
settled as well, we need to take a closer look.
From row 5, we can only conclude that as long as |h| is not a parameter, then all variants
are W [1]-hard. However, for the cases where |h| is a parameter, we can only conclude from row
6 the W [1]-hardness for all but the Ne and Ne - Inj variants, and, in addition to that, from
row 3 we can conclude the FPT-membership for the Ne - Inj variant, where |Σ| is a parameter,
too. Consequently, for every K ∈ {StrMorph, StrSubst} and Z ∈ {Ne, Ne - Inj}, the
following cases are open: (1) [|h|, |u|var , |Σ|]-Ne-K, (2) [|h|, |Σ|]-Ne-K, (3) [|h|, |u|var ]-Z-K
and (4) [|h|]-Z-K. In [13] it has been shown that the problems Ne-K are N P-complete even
if the parameters |h|, |u|var and |Σ| are bounded by constants, which implies that, unless
P = N P, the problems of cases (1) and (2) are not in XP; thus, they are not in FPT. The
same holds for the problems Z-K with respect to parameters |h| and |u|var , which, in a
similar way, implies that the problems of cases (3) and (4) are not in FPT.

3.3

W [1]-Membership and W [P ]-Membership

In this section, we investigate the W [1]-membership and W [P ]-membership for the W [1]-hard
variants of string morphism problems. In this regard, we first explain why the problems
[|var(u)| , |u|var ]-K and [|w|]-K, K ∈ SMP, are in W [1].
I Theorem 11. Let K ∈ SMP. The problems [|var(u)| , |u|var ]-K and [|w|]-K are in W [1].
Proof Sketch. We sketch a reduction from the problem [|var(u)| , |u|var ]-StrSubst to the
problem Short-NTM-Comp, which can be extended to the other problems [|var(u)| , |u|var ]K, K ∈ SMP. To this end, let u := u0 y1 u1 y2 u2 y3 . . . yn un , yi ∈ X, 1 ≤ i ≤ n, uj ∈ Σ∗ ,
0 ≤ j ≤ n, be the source string and let w ∈ Σ∗ be the target string. The Turing machine
starts with the string u0 := y1 y2 . . . yn on the tape. It then guesses a subset S ⊆ var(u)
and replaces every occurrence of a yi ∈ S by Tε (which means that this variable is erased).
(i)
Every occurrence of a variable yi ∈
/ S is replaced by Tj,k , for some j, k, 1 ≤ j ≤ k ≤ |w|
th
(which means that the i occurrence of a variable is allocated to factor w[j, k] of the target
(i1 )
(i2 )
string). It now only remains to check, for every factor Tj1 ,k
Tεl Tj2 ,k
, 0 ≤ l ≤ n − 2, whether
1
2
ui1 ui1 +1 . . . ui2 −1 = w[k1 + 1, j2 − 1], and to check, for every i1 , i2 , 1 ≤ i1 < i2 ≤ n, with
(i1 )
(i2 )
u0 [i1 ] = Tj1 ,k
, u0 [i2 ] = Tj2 ,k
and yi1 = yi2 , whether w[j1 , k1 ] = w[j2 , k2 ]. All the data
1
2
that the Turing machine requires to perform these checking procedures can be computed
beforehand in polynomial time by the transformation machine; thus, the number of steps of
the Turing machine is bounded by g(|u0 |), for some function g. Since |u0 | ≤ |u|var × |var(u)|,
the number of steps is bounded by a function of the parameters. This reduction can be easily
adapted to all the other problems [|var(u)| , |u|var ]-K, K ∈ SMP.
In order to reduce the problems [|w|]-StrSubst to Short-NTM-Comp, we need a
slightly different approach: the Turing machine performs its computation on the target string
instead on the source string. More precisely, the Turing machine starts with the target string
w on the tape, nondeterministically initialises a counter c, 1 ≤ c ≤ |u|, and then moves
over w from left to right. In every step, a terminal symbol is replaced by the number c and
then c is nondeterministically set to a value j, c ≤ j ≤ |u|. After this procedure, the input
tape contains an increasing sequence of |w| numbers between 1 and |u|. Every consecutive
sequence of occurrences of the same number i, 1 ≤ i ≤ |u|, means that the corresponding
factor of w is “produced” by u[i] (note that this can be a variable or a terminal symbol).
Now it only needs to be checked whether this allocation of factors from w to the symbols of
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u induces a substitution that maps u to w. All the data required for this checking procedure
can be computed beforehand in polynomial time by the transformation machine; thus, the
number of steps of the Turing machine is bounded by g(|w|), for some function g. It is
straightforward to adapt this reduction to the other problems [|var(w)|]-K, K ∈ SMP. J
We wish to point out that if a problem L-K, K ∈ SMP, has shown to be in W [1], then
this W [1]-membership is preserved if we add other parameters to L. Hence, Theorem 11
implies W [1]-completeness for all the W [1]-hard versions of string morphism problems, except
[|var(u)| , |Σ|]-K and [|var(u)|]-K, K ∈ SMP, for which W [1]-membership does not follow,
since in the above reduction, we need |u|var as a parameter, too. However, for the problems
[|var(u)|]-K, K ∈ SMP, we can show a weaker result, i. e., their W [P ]-membership (which
then also carries over to the problems [|var(u)| , |Σ|]-K, K ∈ SMP).
I Theorem 12. For every K ∈ SMP, [|var(u)|]-K ∈ W [P ].
Proof Sketch. A problem Π parameterised by k is in W [P ] if and only if there is a computable
function h, a polynomial p and a nondeterministic Turing machine M deciding Π such that on
every run with input w the machine M performs at most p(|w|) steps, at most h(k) × log(|w|)
of them being nondeterministic (see Flum and Grohe [14]).
We only show how [|var(u)|]-Ne - StrMorph can be solved by a Turing machine with the
above properties (this procedure can be easily adapted to all other cases). Let u # w be the
input, where u = y1 y2 . . . ym , yi ∈ var(u), 1 ≤ i ≤ m, is the source string and w is the target
string. The Turing machine nondeterministically guesses numbers l1 , l2 , . . . , l|var(u)| ∈ N,
which induce a factorisation of w that fits to u, i. e., w = w1 w2 . . . wm , where, for every
i, 1 ≤ i ≤ m, j, 1 ≤ j ≤ |var(u)|, |wi | = lj if yi = xj . The Turing machine then accepts
if, for every p, q, 1 ≤ p < q ≤ |u|, yp = yq implies wp = wq , and rejects otherwise. The
correctness of this procedure is obvious, it only remains to show that it satisfies the above
mentioned conditions. All the tasks that need to be performed by the Turing machine can
be carried out in time polynomial in |w| and |u|. Furthermore, the only nondeterministic
steps are the ones that are performed in order to guess the factorisation of w and these are
O(|var(u)| × log(|w|)) many, since the factorisation is completely determined by the lengths
of the |var(u)| factors and each of these lengths is bounded by |w|.
J

4

A Lower Bound

For most string problems, it is a natural assumption that the alphabet Σ is fixed (in fact, it
often has very small cardinality as, e. g., 2 if we are dealing with binary numbers or 4 in the
case of DNA sequences). Furthermore, if we use strings with variables (i. e., source strings)
for specifying a class of similar string objects (which is a typical application of strings with
variables), then, for many applications, there are only finitely many string objects that can
replace the variables. Hence, the problems [|h| ≤ k1 , |Σ| ≤ k2 ]-K, K ∈ SMP, k1 , k2 ∈ N (i. e.,
the parameters |h| and |Σ| are bounded by k1 and k2 , respectively), are of special interest.
We recall that Proposition 9 demonstrates that, for every constants k1 , k2 ∈ N and for every
K ∈ SMP, [|h| ≤ k1 , |Σ| ≤ k2 ]-K can be solved in time O(|u| × k1 × (k1 × k2k1 )|var(u)| ) =
|u|×2O(|var(u)|) . Next, we show that if k2 ≥ 2, then, for every K ∈ {StrMorph, StrSubst},
there does not exist an algorithm that solves [|h| ≤ k1 , |Σ| ≤ k2 ]-K in time (|u||w|)O(1) ×
2o(|var(u)|) , unless ETH fails.
To this end, we define a reduction Φ from 3SAT to StrSubst. Let C := {c1 , c2 , . . . , cm }
be a set of three-literal-clauses with variables v1 , v2 , . . . , vn (¬vi denotes the negation of
vi ). We define u := ¢ x1 x1 ¢ x2 x2 ¢ . . . ¢ xn xn ¢, w := ¢ (a ¢)n and, for every clause ci :=
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0
0
{pi1 , pi2 , pi3 }, 1 ≤ i ≤ m, we define u
bi := ¢ yi1 yi2 yi3 zi,1 zi,2 ¢ zi,1 zi,2 zi,1
zi,2
¢ and w
bi :=
¢ a a a ¢ a a ¢, where yij := xij if pij = vij and yij := xij if pij = ¬vij , 1 ≤ j ≤ 3. Finally,
u := u u
b1 u
b2 . . . u
bm , w := w w
b1 w
b2 . . . w
bm are the source and target strings constructed by Φ.

I Lemma 13. Let C be a 3CNF formula and let (u, w) := Φ(C). The formula C is satisfiable
if and only if there exists a substitution h of size 1 with h(u) = w.
We note that Φ(C) produces a source string u with |u| = 3n + 1 + 12m and a target
string w ∈ {a, ¢}∗ with |w| = 2n + 1 + 8m, where n is the number of Boolean variables
and m is the number of clauses of C. This implies that, for every k1 , k2 ∈ N, k2 ≥ 2, if
[|h| ≤ k1 , |Σ| ≤ k2 ]-StrSubst can be solved in time (|u||w|)O(1) × 2o(|var(u)|) , then 3SAT can
be solved in time (m + n)O(1) × 2o(m+n) .
Furthermore, the reduction Φ can be extended to morphisms, i. e., to a reduction Φ0
that maps a Boolean formula C with n variables and m clauses to a source string u that
only contains variables, i. e., u ∈ X ∗ , with |u| = O(n) + O(m). To this end, let C be a
set of m three-literal-clauses with n variables and let (u, w) := Φ(C). First, we obtain
a source string u0 ∈ X ∗ from u by substituting every occurrence of ¢ by an occurrence
of the new variable y¢ . Next, we define u00 := y¢ y¢ (u0 )2 and w00 := ¢ ¢ (w)2 . Obviously,
|u00 | = 2|u| + 2 = O(n) + O(m). In order to prove that Φ0 is a valid reduction, it is sufficient
to show that there exists a substitution h of size 1 with h(u) = w if and only if there exists a
morphism g of size 1 with g(u00 ) = w00 . The only if direction is obvious, since if h(u) = w,
then g(u00 ) = w00 , where g(x) := h(x), x ∈ var(u), and g(y¢ ) := ¢. For the if direction, we
observe that if g(u00 ) = w00 and g(y¢ ) = ¢, then g(u) = w holds as well. If, on the other hand,
g(y¢ ) = ε, then g(u2 ) = w00 , which is a contradiction, since w00 is not a square.
Hence, for every k1 , k2 ∈ N, k2 ≥ 2, if we can solve [|h| ≤ k1 , |Σ| ≤ k2 ]-K, K ∈
{StrMorph, StrSubst}, in time (|u||w|)O(1) × 2o(|var(u)|) , then 3SAT can be solved in time
(m + n)O(1) × 2o(m+n) . Furthermore, by applying the Sparsification Lemma (see [21]), we
can obtain the following result.
I Theorem 14. For every K ∈ {StrMorph, StrSubst} and k1 , k2 ∈ N, k2 ≥ 2, [|h| ≤
k1 , |Σ| ≤ k2 ]-K cannot be solved in time (|u||w|)O(1) × 2o(|var(u)|) , unless ETH fails.
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Abstract
In a typical covering problem we are given a universe U of size n, a family S (S could be given
implicitly) of size m and an integer k and the objective is to check whether there exists a subfamily
S 0 ⊆ S of size at most k satisfying some desired properties. If S 0 is required to contain all the
elements of U then it corresponds to the classical Set Cover problem. On the other hand if
we require S 0 to satisfy the property that for every pair of elements x, y ∈ U there exists a set
S ∈ S 0 such that |S ∩ {x, y}| = 1 then it corresponds to the Test Cover problem. In this
paper we consider a natural parameterization of Set Cover and Test Cover. More precisely,
we study the (n − k)-Set Cover and (n − k)-Test Cover problems, where the objective
is to find a subfamily S 0 of size at most n − k satisfying the respective properties, from the
kernelization perspective. It is known in the literature that both (n − k)-Set Cover and (n − k)Test Cover do not admit polynomial kernels (under some well known complexity theoretic
assumptions). However, in this paper we show that they do admit “partially polynomial kernels”.
More precisely, we give polynomial time algorithms that take as input an instance (U, S, k) of
(n − k)-Set Cover ((n − k)-Test Cover) and return an equivalent instance (Ũ, S̃, k̃) of (n − k)Set Cover (respectively (n − k)-Test Cover) with k̃ ≤ k and |Ũ| = O(k 2 ) (|Ũ| = O(k 7 )).
These results allow us to generalize, improve and unify several results known in the literature.
For example, these immediately imply traditional kernels when input instances satisfy certain
“sparsity properties”. Using a part of our kernelization algorithm for (n − k)-Set Cover, we
also get an improved FPT algorithm for this problem which runs in time O(4k k O(1) (m + n))
improving over the previous best of O(8k+o(k) (m + n)O(1) ). On the other hand the partially
polynomial kernel for (n − k)-Test Cover implies the first single exponential FPT algorithm,
2
an algorithm with running time O(2O(k ) (m + n)O(1) ). We believe such an approach will also be
useful for other covering problems as well.
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1

Introduction

The input to a covering problem consists of a universe U of size n, a family S (S could be
given implicitly) of size m and an integer k and the objective is to check whether there exists
a subfamily S 0 ⊆ S of size at most k satisfying some desired properties. If S 0 is required
to contain all the elements of U , then it corresponds to the classical Set Cover problem.
On the other hand if we require S 0 to satisfy the property that for every pair of elements
x, y ∈ U there exists a set S ∈ S 0 such that |S ∩ {x, y}| = 1, then it corresponds to the Test
Cover problem. We study both these problems from the point of view of kernelization – a
subfield of parameterized complexity.
The goal of parameterized complexity is to find ways of solving NP-hard problems more
efficiently than brute force: here the aim is to restrict the combinatorial explosion to a
parameter that is hopefully much smaller than the input size. Formally, a parameterization
of a problem is assigning an integer k to each input instance and we say that a parameterized
problem is fixed-parameter tractable (FPT) if there is an algorithm that solves the problem
in time f (k) · |I|O(1) , where |I| is the size of the input and f is an arbitrary computable
function depending on the parameter k only. For more background, the reader is referred to
the following monograph [10].
In this paper, we consider a natural parameterization of Set Cover and Test Cover.
More precisely, we study the (n − k)-Set Cover and the (n − k)-Test Cover problems,
where the objective is to find a subfamily S 0 of size at most n − k with k as the parameter.
Both these questions are motivated by the fact that there is a trivial solution of size n and the
fact that Set Cover is W[2]-hard when parameterized by the solution size [10]. Both these
parameterizations have been studied before in the literature. Gutin et al. [8] showed that the
(n − k)-Set Cover (or equivalently, the (m − k)-Hitting Set) problem has an algorithm
2
with running time 2O(k ) (m + n)O(1) . This was further improved by Crowston et al. [4], who
2k+O(log k)
gave a deterministic algorithm for this problem running in time
(m + n)O(1)
√ (2e)
k+O( k)
O(1)
and a randomized algorithm running in expected time 8
(m + n)
. Crowston et
al. [5] studied, among other parameterizations, the (n − k)-Test Cover problem with the
parameter k and gave an algorithm with running time f (k) · (m + n)O(1) for this problem.
The function f (k) has a tower of 2’s in its exponent. In another paper, Crowston et al. [3]
studied this problem on set families where the size of each set is bounded by some constant
r. However, in this paper our focus would be on obtaining partially polynomial kernels for
the (n − k)-Set Cover and (n − k)-Test Cover problems.
Preprocessing (data reduction or kernelization) as a strategy of coping with hard problems
is universally used in almost every implementation. The history of preprocessing, such as
applying reduction rules to simplify truth functions, can be traced back to the 1950’s. Today,
combining tools from parameterized complexity and classical complexity it has become
possible to derive upper and lower bounds on the sizes of reduced instances, or so called
kernels. A parameterized problem is said to admit a kernel if there is a polynomial time
algorithm (the degree of polynomial is independent of k), called a kernelization algorithm,
that reduces the input instance to an instance with size bounded by some function h(k) of k
only, while preserving the answer. If the function h(k) is polynomial in k, then we say that
the problem admits a polynomial kernel. While positive kernelization results have appeared
regularly over the last two decades, the first results establishing infeasibility of polynomial
kernels for specific problems have appeared only recently. In particular, Bodlaender et al. [2]
and Fortnow and Santhanam [7] have developed a framework for showing that a problem
does not admit a polynomial kernel unless coNP ⊆ NP/Poly, which is deemed unlikely. In
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this paper, the parameterizations we consider for Set Cover and Test Cover are known
to exclude polynomial kernels unless an unlikely collapse happens in complexity theory. In
particular, Gutin et al. [8] showed that the (n − k)-Set Cover problem does not have a
polynomial kernel unless coNP ⊆ NP/Poly while Gutin et al. [9] showed that the (n − k)-Test
Cover problem does not have a polynomial kernel unless coNP ⊆ NP/Poly.
However, recently, a weaker notion of kernelization was introduced by Betzler et al. [1]
who called it “partial” kernelization, where, instead of reducing the entire instance to one
bounded by the size of the parameter as is the case with traditional kernelization algorithms,
we try to bound “part” of the instance. For example, in the case of covering problems,
instead of bounding the entire instance, the objective could be to give a bound on the either
the universe or the family of sets as a polynomial function of k. For most covering problems,
a bound on either the universe or the family of sets as a function of k immediately implies
an FPT algorithm and in that respect, partially polynomial kernels are just as useful as
traditional kernels.
Our contribution. In this paper, we show the existence of partially polynomial kernels for
both the (n − k)-Set Cover and (n − k)-Test Cover problems by giving polynomial time
algorithms which produce an equivalent instance where the size of the universe is bounded
by a polynomial in the parameter. In particular, we give polynomial time algorithms that,
given instances of (n − k)-Set Cover and (n − k)-Test Cover, return equivalent instances
where the size of the universe is O(k 2 ) and O(k 7 ) respectively. Both our algorithms are based
around computing a greedy mini-set (test) cover and using that as the starting point, we
design “marking” rules with which we identify irrelevant elements and sets. The marking rules
and proofs for (n − k)-Set Cover are relatively simpler when compared to the more complex
marking rules and more involved proofs required for (n − k)-Test Cover. These results
allow us to generalize, improve and unify several results known in the literature [8, 4, 5, 3].
Our results imply traditional kernels for “sparse instances” of these problems, that is,
instances where each element appears in a constant number of sets or the bipartite elementsets incidence graph excludes some fixed graphs as an induced subgraph or every set has
bounded size. We also show how we can use a part of our kernelization algorithm for
(n − k)-Set Cover to obtain an algorithm with running time O(4k k O(1) (m + n)) which
gives a significant improvement over the previously known best deterministic algorithm
running in time (2e)√2k+O(log k) (m + n)O(1) and the best randomized algorithm running in
expected time 8k+O( k) (m + n)O(1) . Finally, the partially polynomial kernel for (n − k)-Test
Cover implies the first single exponential FPT algorithm, an algorithm with running time
2
O(2O(k ) (m + n)O(1) ) , for the same. This significantly improves over the running time of the
earlier algorithm for the problem [5]. We believe such an approach will be useful for other
covering problems as well.

2

Bounded Universe kernel for (n − k)-Set Cover

In this section we give results for the (n − k)-Set Cover problem. We denote an instance
of the problem by (U, S, k) where U is the universe to be covered, S is the family of sets
available and k is the parameter. Let Q(T ) be the set of elements covered by the subcollection
S
T ⊆ S, that is Q(T ) = T ∈T T . A collection of sets T is said to be a k-mini set cover if
|Q(T )| ≥ |T | + k and |T | ≤ k. If a sub collection T ⊆ S is a k-mini set cover, then we say
that T is a k-mini set cover of S. The definition of mini set covers is motivated by Lemma 2
below. Note that the notion of a k-mini set cover is actually equivalent to the k-mini-hitting
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set defined in [8] and a lemma equivalent to Lemma 2 is already proved in that paper. But
for the sake of completeness, we restate the definition and proofs related to mini-hitting sets
using the set cover terminology so that they appear natural in the context of mini-set covers.
We first describe the Greedy-mini-set(S, k) algorithm which constructs a collection T ⊆ S
with certain properties, which we show imply the presence of a k-mini set cover.
Greedy-mini-set(S, k)
Start with T = ∅.
Repeat until there are no more sets in S \ T that can be added to T or until |T | ≥ k:
If there exists T ∈ S \ T such that |Q(T ∪ {T })| ≥ |Q(T )| + 2, then T = T ∪ {T }.

I Lemma 1. If a collection of sets S is such that |Q(S)| ≥ |S| + k, then S contains a k-mini
set cover.
Proof. Let T be the set returned by the algorithm Greedy-mini-set(S, k). Clearly, |T | ≤ k.
We claim that T is a k-mini set cover. Suppose that it is not. Then, it must be the case that
|Q(T )| − |T | < k. Then, for every set S ∈ S \ T , |Q({S}) \ Q(T )| ≤ 1. This implies that
|Q(S\T )\Q(T )| ≤ |S\T |. Therefore, we have that |T |+|S\T | > |Q(T )|−k+|Q(S\T )\Q(T )|,
which implies that |S| > |Q(S)| − k, which is a contradiction. This completes the proof of
the lemma.
J
I Lemma 2. An instance (U, S, k) of (n − k)-Set Cover is a Yes instance if and only if
there is a k-mini set cover T ⊆ S.
Proof. We can assume that Q(S) = U as otherwise, there is no solution. Suppose that
S contains a k-mini set cover T . By definition, |Q(T )| ≥ |T | + k. For every element
u ∈ U \ Q(T ), add a set from S containing u to T . Let T 0 denote the collection of sets so
obtained. Clearly, T 0 is a set cover. Note that we add n − |Q(T )| sets to T to obtain T 0 .
Therefore, |T 0 | = n − |Q(T )| + |T | ≤ n − k and hence T 0 is a set cover of size at most n − k
for U.
If S contains a set cover T of size at most n − k, then we have |T | ≤ n − k and Q(T ) = n,
and therefore by Lemma 1, T contains a k-mini set cover. This completes the proof of the
lemma.
J
Now we are ready to prove the two main results of this section.
I Theorem 3. There is an algorithm that, given an instance (U, S, k) of (n − k)-Set Cover,
runs in polynomial time and returns an equivalent instance (U 0 , S 0 , k) such that |U 0 | ≤ 2k 2 −2.
Proof. We first run the algorithm Greedy-mini-set(S, k) to construct a collection of sets
T . If T is a k-mini set cover, then we are done. Suppose that T is not a k-mini set cover.
Note that if |T | ≥ k, then T is a k-mini set cover. So we can assume that |T | < k. Since T
is not a k-mini set cover, this implies that |Q(T )| ≤ 2k − 2.
Now any set in S \ T covers at most one element from U \ Q(T ). Given u ∈ Q(T ) and
v ∈ U \ Q(T ), we shall denote by Su,v all the sets in S that contain both u and v. We now
carry out a marking procedure that marks at most k(2k − 2) elements from U \ Q(T ). For
each element u ∈ Q(T ), we mark k as yet unmarked elements from U \ Q(T ) such that
Su,v 6= ∅. If there are no such k elements, we mark as many as we can. Note that during the
marking procedure, no element is ever marked more than once. For an element u ∈ Q(T ),
S
let Mu denote the elements that are marked for u. Let U 0 = Q(T ) ∪ u∈Q(T ) Mu . We shall
define S 0 ⊆ S to be all those sets which contain only elements from U 0 and we return the
instance (U 0 , S 0 , k). Note that |U 0 | ≤ 2k 2 − 2 and that the marking procedure can be carried
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out in polynomial time. Therefore, it only remains for us to show that the instance (U 0 , S 0 , k)
of (n − k)-Set Cover is equivalent to the instance (U, S, k) of the same problem.
Any k-mini set cover for (U 0 , S 0 , k), is also clearly a k-mini set cover for (U, S, k). To
prove the other direction, we show that if there exists a k-mini set cover for (U, S, k), then
there exists a k-mini set cover for (U 0 , S 0 , k).
Let T 0 be a k-mini set cover for (U, S, k) which has the least number of sets from S \ S 0 .
We shall show that T 0 ⊆ S 0 and therefore it is also a k-mini set cover for (U 0 , S 0 , k). Suppose
that T 0 6⊆ S 0 . Pick a set T ∈ T 0 such that T ∈
/ S 0 . Let W = T ∩ Q(T ) and let z be the only
element in T \ Q(T ). Note that z exists, as otherwise T ⊆ Q(T ) ⊆ U 0 in which case T would
have been chosen in S 0 . Also, W 6= ∅ because |T | ≥ 2 (if |T | ≤ 1, then T 0 \ {T } is a k-mini
set cover with smaller number of sets from S \ S 0 ).
Consider an element u ∈ W . The fact that T ∈
/ S 0 means that z ∈
/ Mu . This implies
that the marking procedure marked k elements from U \ Q(T ) other than z for u. Therefore,
|Mu | = k. Since T \ Q(T ) = {z} and Mu ⊂ U \ Q(T ), we have T ∩ Mu = ∅. Recall that
every set in S contains at most one element from U \ Q(T ). This means that every set in S
contains at most one element from Mu . As |T 0 \ {T }| ≤ k − 1, it must be the case that at
least one of the elements in Mu is not covered by T 0 . For every element u ∈ W , we define
r(u) to be an element from Mu \ Q(T 0 ). Recall that for distinct u, v ∈ W , the sets Mu and
Mv are disjoint by definition. This means that for distinct u, v ∈ W , r(u) 6= r(v). We denote
by Su any set from the collection Su,r(u) (recall that Su,r(u) is the collection of sets in S
which contain both u and r(u)). Note that Su,r(u) =
6 ∅ since r(u) ∈ Mu . We now claim that
S
00
0
the collection T = (T \ {T }) ∪ u∈W Su is also a k-mini set cover.
Note that the collection T 00 covers every element covered by the collection T 0 except
S
z since W ⊆ u∈W Su ⊆ Q(T 00 ). However, for each u ∈ W , T 00 also covers at least one
element that was not covered by T 0 (recall that the element r(u) is not covered by T 0 ).
S
0
Also, since for distinct u, v ∈ W , r(u) 6= r(v), we have
u∈W Su \ Q(T ) ≥ |W |. Thus,
00
0
00
0
|Q(T )| ≥ |Q(T )| − 1 + |W |. Clearly, we have |T | = |T | + |W | − 1. Therefore, since T 0 was
a k-mini set cover, |Q(T 00 )| ≥ |T 0 | + k + |W | − 1 = |T 00 | + k. Now, by Lemma 1, T 00 contains
a k-mini set cover. Since for every u ∈ W , Su ∈ S 0 , this k-mini set cover uses at least one
less set from S \ S 0 than T 0 , which contradicts our choice of T 0 . Therefore, we conclude that
T 0 is a k-mini set cover for (U 0 , S 0 , k). This completes the proof of the theorem.
J
For our next result, we need the notion of path decomposition. Let G = (V, E) be a graph.
A path decomposition of G is a pair (T, X = {Xt }t∈V (T ) ) where T is a path and X is a
collection of subsets of V such that:
∀e = {u, v} ∈ E, ∃t ∈ V (T ) : {u, v} ⊆ Xt and
∀v ∈ V , T [{t | v ∈ Xt }] is non-empty and connected.
The width of (T, X ) is equal to max{|Xt | − 1 | t ∈ V (T )} and the pathwidth of G = (V, E),
denoted by pw(G), is the minimum width over all path decompositions of G.
I Theorem 4. There is an algorithm that, given an instance (U, S, k) of (n − k)-Set Cover,
runs in time O(4k k O(1) (m + n)) and either returns a set cover of size at most n − k or
correctly concludes that no such set cover exists.
Proof. Let T be the set returned by the algorithm Greedy-mini-set(S, k). If T is a k-mini
set cover, then using Lemma 2, we can construct in polynomial time and return an (n − k)-set
cover. So let us assume that T is not a k-mini set cover. Note that if |T | ≥ k, then T is
a k-mini set cover. So we can assume that |T | < k. Since T is not a k-mini set cover, this
implies that |Q(T )| ≤ 2k − 2. Furthermore, we have that every set in S \ T covers at most 1
element from U \ Q(T ).
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We now consider the incidence bipartite graph B = (X, Y ) of the family (U, S) where
the vertices in X correspond to S, those in Y correspond to U. Let Y 0 be those vertices in
Y which correspond to U \ Q(T ). Since every set in S \ T covers at most 1 element from
U \ Q(T ), it is clear that in B, a vertex in X has at most one neighbour in Y 0 . Therefore,
the induced subgraph B 0 = B[X ∪ Y 0 ] is a disjoint union of isolated vertices and stars. This
implies that pw(B 0 ) ≤ 1. Therefore, we have that pw(B) ≤ 2k since |Y \ Y 0 | < 2k.
Now, it only remains for us to solve the following problem. Given a set family (U, S) and
an integer k such that the corresponding incidence bipartite graph B has pathwidth at most
2k, the objective is to find the minimum set cover of this family. Observe that since X and
Y are the bipartition’s of B which correspond to U and S respectively, the objective is to
find the smallest subset of Y which dominates the set X. Therefore, this is an instance of
the Red-Blue Dominating Set problem on graphs of bounded pathwidth, which is known
to have a 2p (n + m)O(1) time algorithm due to [6, Lemma 6], where p is the pathwidth of
the graph. In fact, the algorithm mentioned in [6, Lemma 6] can be made to work in time
O(2p pO(1) (m + n)). Using the fact that Q(T ) < 2k and by making sure that we do only
one pass through S, we can obtain T and Q(T ) in time O(k(m + n)) and thus the path
decomposition of B of width at most 2k can be obtained in time O(k(m + n)). Therefore,
using the algorithm mentioned in [6], we get an algorithm for (n − k)-Set Cover running
in time O(4k k O(1) (m + n)). This completes the proof of the theorem.
J
Since (n − k)-Set Cover is parameterized equivalent to (m − k)-Hitting Set we get
the following result as a corollary to Theorem 4.
I Corollary 5. (m − k)-Hitting Set can be solved in time O(4k k O(1) (m + n)).
The algorithm mentioned in Corollary 5 improves the known (deterministic as well as
randomized) algorithms for (m − k)-Hitting Set obtained in [4]. This algorithm was used
as a subroutine in [4] to obtain a FPT algorithm for (ν(F ) + k)-SAT. In (ν(F ) + k)-SAT
we are a given a CNF formula Φ and a positive integer k and the objective is to test whether
there exists an assignment to its variables that satisfy at least (ν(F ) + k) clauses of Φ. Here,
ν(F ) denotes the size of maximum matching in the variable clause incidence graph of Φ.
Since it is the algorithm for (m − k)-Hitting Set that dominates the running time of the
algorithm for (ν(F ) + k)-SAT in [4], we get the following result for (ν(F ) + k)-SAT using
the Corollary 5.
I Corollary 6. (ν(F ) + k)-SAT can be solved in time O(4k (m + n)O(1) ).

3

Bounded Universe Kernel for (n − k)-Test Cover

We start by recalling the problem definition. Given a universe U, we shall call a set T ⊆ U
a test. A test T is said to separate u, v ∈ U if |T ∩ {u, v}| = 1. A collection of tests T is a
test cover for U, if for any u, v ∈ U, there exists a test T ∈ T that separates u and v. Given
a universe of size n and a collection of tests S, the (n − k)-Test Cover problem is the
problem of deciding whether S contains a test cover of size at most n − k. We denote an
instance of the problem by (U, S, k).

3.1

Starting with the Greedy Algorithm

Given a collection of tests T , define the equivalence relation RT on U as follows: uRT v if
there is no test in T that separates u and v. The equivalence classes of RT are said to be the
classes induced by T in U. It is easy to see that the classes induced by T form a partition
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of U. Note that if T is a test cover, then T induces exactly n classes in U. We denote by
CU (T ) the set of classes induced by T in U. When the universe U is clear from the context,
we abbreviate this to just C(T ).
For any test T ⊆ U, we shall define T to be U \ T . The following observation follows
directly from the fact for any test T , both T and T separate exactly the same pairs of
elements in U.
I Observation 1. For any collection of tests T and T ∈ T , C(T ) = C((T \ {T }) ∪ T ).
A collection of tests T is said to be a k-mini test cover if |C(T )| ≥ |T | + k and |T | ≤ 2k.
We first describe the Greedy-mini-test(S, k) algorithm from [5]. Like before, this algorithm
constructs a collection T of tests from S which has some special properties.
Greedy-mini-test(S, k)
Start with T = ∅.
Repeat until there are no more tests in S \ T that can be added to T or until |T | ≥ 2k − 2:
If there exists T ∈ S \ T such that |C(T ∪ {T })| ≥ |C(T )| + 2, then T = T ∪ {T }.
Else if there exist T1 , T2 ∈ S \ T , such that |C(T ∪ {T1 , T2 })| ≥ |C(T )| + 3, then
T = T ∪ {T1 , T2 }.

Given a subcollection T ⊆ S, we say that (S, T ) is saturated if for any test T ∈ S \ T ,
|C(T ∪{T })| ≤ |C(T )|+1 and for any pair of tests T1 , T2 ∈ S \T , |C(T ∪{T1 , T2 }| ≤ |C(T )|+2.
Note that if T was a collection of tests chosen by Greedy-mini-test(S, k), then (S, T ) is
saturated.
I Observation 2. Let (S, T ) be saturated. Let T ∈ S \ T and S̃ = (S ∪ {U \ T }) \ {T }.
Then, (S̃, T ) is also saturated.
Observation 2 follows directly from Observation 1. The following lemmas, that appeared in
[5], can be seen to have proofs similar to those of Lemmas 1 and 2.
I Lemma 7 ([5]). If a collection of tests S is such that |C(S)| ≥ |S| + k, then S contains a
k-mini test cover.
I Lemma 8 ([5]). A collection S of tests contains a test cover of size at most n − k if and
only if it contains a k-mini test cover.
Let T ⊆ S be a collection of tests. Now we say that any test T ∈ S \ T intersects a class
R in C(T ) trivially if T ∩ R = R or T ∩ R = ∅. Otherwise, we say that the intersection of T
with R is non-trivial. If T has a non-trivial intersection with R, then consider the two sets
A = R ∩ T and B = R \ T . It is easy to see that no two elements u, v such that u, v ∈ A
or u, v ∈ B are separated by any test in T ∪ {T } and that any two elements u, v such that
u ∈ A and v ∈ B are separated by T ∈ T ∪ {T }, implying that A and B are two classes in
C(T ∪ {T }). Note that R = A ∪ B. We therefore say that the class R of C(T ) is split into
the classes A and B of C(T ∪ {T }).
I Observation 3. For any collection of tests T , and a test T ∈ S \ T , any class R of C(T )
is split into at most two classes of C(T ∪ {T }). In particular, the classes of C(T ) which have
trivial intersections with T are also classes of C(T ∪ {T }), whereas the classes of C(T ) with
non-trivial intersections with T are split into two classes of C(T ∪ {T }).

3.2

Outer Phase of the Kernelization Algorithm

Run Greedy-mini-test(S, k). Let T be the tests that were chosen by the greedy algorithm.
Clearly, (S, T ) is saturated. If T is a k-mini test cover, we are done. Suppose that T is
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not a k-mini test cover. Observe that in the first iteration of the algorithm, two tests get
added together, creating four classes. After that each iteration adds at least 32 x classes
where x is the number of tests added to T in that iteration. Therefore, we can conclude that
|C(T )| ≥ 23 (|T | − 2) + 4 = |T | + |T 2|+2 . This shows that when |T | ≥ 2k − 2, T is a k-mini test
cover. Therefore, as T is not a k-mini test cover, we have |T | ≤ 2k − 3 and |C(T )| ≤ 3k − 4.
We shall call the classes in C(T ) regions.
I Observation 4. (∗)

1

Any test T can have non-trivial intersection with at most one region.

Given a region R, a strict subset X of R is said to be a chunk in R if there exists a test
T ∈ S such that R ∩ T = X. Let T ∈ S \ T and R ∈ C(T ). Let X = R ∩ T be a chunk in
a region R such that |X| > |R|/2. We construct a new collection S̃ of tests by replacing T
with U \ T in S. By Observation 2, (S̃, T ) is saturated. Now, we set S = S̃. We repeat this
procedure for every such T ∈ S \ T . After this is done, (S, T ) is still saturated and therefore
satisfies Observation 4 and moreover, S has the property that for any test T ∈ S \ T and for
any region R ∈ C(T ), |T ∩ R| ≤ |R|/2.
I Observation 5. Given any two chunks X1 = R ∩ T1 and X2 = R ∩ T2 where T1 , T2 ∈ S \ T ,
then either one of them is a subset of the other or the two are disjoint.
Proof. Suppose for the sake of contradiction that X1 ∩ X2 6= ∅ and X1 \ X2 6= ∅ and
X2 \ X1 6= ∅. Note that, by the argument given above, we can assume that |X1 | ≤ |R|/2
and |X2 | ≤ |R|/2. Since X1 ∩ X2 =
6 ∅, this means that X1 ∪ X2 6= R, or in other words,
R \ (X1 ∪ X2 ) 6= ∅. This, together with the fact that X1 ∩ X2 6= ∅, X1 \ X2 6= ∅ and
X2 \ X1 6= ∅ implies that |C(T ∪ {T1 , T2 })| = |C(T )| + 3. This contradicts the fact that (S, T )
was saturated.
J

3.3

A step of the kernelization algorithm applied to a region

Let R1 , R2 , . . . , Rt be the regions in C(T ). We now restrict our attention to a region
R and define the set of indices I = {i : 1 ≤ i ≤ t and Ri 6= R}. We shall denote by
P 0 = (I × I) \ {(i, i) : i ∈ I} the set of pairs (i, j) from I with i 6= j. We define the set P as
P = P 0 ∪ {(0, 0), (−1, −1)}.
We say that a chunk X in R is an (i, j)-chunk, where (i, j) ∈
/ {(0, 0), (−1, −1)}, if there
exists a test T with R ∩ T = X and T ∩ Ri = Ri and T ∩ Rj = ∅. We call a chunk X in
R a (0, 0)-chunk if there exists a test T with R ∩ T = X and T ∩ Ri = Ri , for all Ri 6= R.
And we call a chunk X in R a (−1, −1)-chunk if there exists a test T with R ∩ T = X and
T ∩ Ri = ∅, for all Ri 6= R. We now start a marking procedure in which we mark some of
the chunks in R with pairs from P . The marking is done in two phases.
Phase I. In this phase, we use only the labels from P \{(−1, −1)}. Each chunk is considered
for marking at most once. A chunk that has already been considered for marking is called
checked. We choose for checking a chunk such that every chunk contained in it is both
checked and unmarked. We mark this chunk with a label “(i, j)” such that this chunk is an
(i, j)-chunk and there are not already 6k + 3 chunks marked with the label “(i, j)”. If such
a label does not exist, we leave this chunk unmarked. In either case, this chunk has now
become a checked chunk. This procedure goes on until there are no more chunks to check or
until each label in P \ {(−1, −1)} has been marked on 6k + 3 chunks.

1

Due to lack of space, proofs of results marked (∗) are omitted.
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Note that a chunk will be marked with at most one pair. Also note that no chunk marked
with some pair “(i, j)” will strictly contain a marked chunk. The chunks that have been
marked after this phase of the marking procedure shall be called solid chunks. In the rest
of the paper, we use the term irrelevant chunk to refer to a chunk that does not contain
any solid chunk. Note that by definition, irrelevant chunks are unmarked and it shall shortly
be clear that they remain unmarked even after the second phase of marking.
I Observation 6. (∗) If X is an irrelevant (i, j)-chunk, then there exist 6k + 3 solid chunks
that are marked “(i, j)” each of which is disjoint from X.
Phase II. A wrapper is a chunk that strictly contains some solid chunk. We say that two
wrappers belong to the same level if they contain the same solid chunks. Note that by
Observation 5, all wrappers of the same level form a chain under inclusion. We now start the
second phase of marking chunks. In this phase, we mark wrappers in each level separately.
In each level, for each pair (i, j) from P , we mark with “(i, j)” the 2k + 1 smallest and 2k + 1
largest unmarked (i, j)-wrappers in the chain formed by (i, j)-wrappers in that level. If for
some pair (i, j), there are no 4k + 2 unmarked (i, j)-wrappers in that level, we mark all the
unmarked (i, j)-wrappers in that level. Note that there can be at most one pair marked on
any wrapper.

3.3.1

Pruning the Universe and the Family with respect to a region

From S, delete every test T such that T ∩ R is an unmarked chunk. Let S 0 ⊆ S denote the
resulting collection of tests. Observe that T ⊆ S 0 .
Note that the chunks that remain in R are all marked chunks. Now, from U, we delete
elements as follows. For every solid chunk, we retain one element in it and delete all other
elements. For every deleted element v in a solid chunk, we define rep(v) to be the vertex
that is retained from that chunk.
I Claim 1. If v is an element that was deleted from a solid chunk X, then there is no test
in S 0 that separates v and rep(v).
Proof. Let x and y be any two elements in X. Suppose there is a test T ∈ S 0 such that
x ∈ T and y 6∈ T , then it means that T ∩ R is a chunk that contains x and not y. Therefore,
T ∩ R is a strict subset of X (because of Observation 5). But observe that T ∩ R is a marked
chunk. This contradicts the fact that X was a solid chunk. Therefore there is no test T ∈ S 0
that separates any two elements of X. Thus, we can infer that there is no test in S 0 which
separates v and rep(v).
J
For a wrapper W that is not the smallest in its level, we shall define rep(W ) to be an
element (chosen arbitrarily) in W \ W 0 , where W 0 is the largest wrapper of the same level
that is strictly contained in it.
For every marked wrapper M that is not the smallest marked wrapper in its level, let
M 0 be the largest marked wrapper that is strictly contained in it. We delete every element
in M \ M 0 except rep(M ). Again, for every element v ∈ M \ M 0 that gets deleted, we let
rep(v) = rep(M ). (Note that for v ∈ M \ M 0 , we have rep(v) ∈ M \ M 0 ).
I Claim 2. (∗) If v is an element that was deleted from M \ M 0 , then there is no test T ∈ S 0
that separates v and rep(v).
For a marked wrapper M that is the smallest marked wrapper in its level, let M 0 be the
set of all elements in M that is not contained in any marked subchunk of M . If M 0 is not
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empty, we delete every element of M 0 except one. As before, for every deleted element v in
M 0 , we let rep(v) be the element in M 0 that is not deleted.
I Claim 3. (∗) If v is an element that was deleted from M 0 , then there is no test T ∈ S 0
that separates v and rep(v).
Let R0 be the set of elements in R that are not inside any marked chunk. If R0 is not
empty, delete every element from R0 except one. Here again, for every deleted element v, we
denote by rep(v) the element in R0 that is retained.
I Claim 4. (∗) If v is an element that was deleted from the R0 , then there is no test T ∈ S 0
that separates v and rep(v).
We denote by U 0 ⊆ U the set of elements that do not get deleted.

I Lemma 9. If v ∈ U \ U 0 , then there is no test in S 0 that separates v and rep(v).
Proof. The proof is immediate from the above claims.

J

I Corollary 10. There is no class in C(S 0 ) that consists only of elements from U \ U 0 .
Proof. Suppose there is a class D ∈ C(S 0 ) such that D ⊆ U \ U 0 . Consider any element
v ∈ D. By Lemma 9, there is no test in S 0 that separates v and rep(v). This implies that
rep(v) ∈ D. As rep(v) ∈ U 0 , this contradicts the assumption that D ⊆ U \ U 0 .
J
Note that if Z ⊆ S 0 , then every class in C(Z) is a union of some classes from C(S 0 ). This
immediately gives us the following corollary.
I Corollary 11. If Z ⊆ S 0 , then there is no class in C(Z) that consists only of elements from
U \ U 0.

3.3.2

Proof of correctness and the size bound on U 0 ∩ R

Now, we shall show that our kernelization algorithm, given an instance (U, S, k) of (n − k)Test Cover produces an equivalent instance (U 0 , S 0 , k) of (n−k)-Test Cover. In particular,
we shall show that there is a k-mini test cover for (U, S, k) if and only if there is a k-mini
test cover for (U 0 , S 0 , k). Note that any k-mini test cover for (U 0 , S 0 , k) is also a k-mini test
cover for (U, S, k) and therefore the “if” direction is clear. To show the other direction, we
shall show that whenever there is a k-mini test cover for (U, S, k), there is also a k-mini test
cover for (U 0 , S 0 , k). This is proved in Lemma 14.
First, we show how, when given a k-mini test cover of (U, S, k) that contains some deleted
tests (i.e., some tests from S \ S 0 ), we can obtain a new k-mini test cover of (U, S, k) that
contains a lesser number of deleted tests. Lemma 12 shows how this can be done when Z
contains at least one deleted test whose chunk in R was an irrelevant chunk. Then, Lemma 13
shows how this can be done when Z contains no deleted test whose chunk in R is irrelevant
(i.e., for every deleted test in Z, its chunk in R is an unmarked wrapper).
I Lemma 12. (∗) Let Z be a k-mini test cover for (U, S, k). Let T ∈ Z \ S 0 such that there
is no other test T 0 ∈ Z \ S 0 having T 0 ∩ R ⊂ T ∩ R. Also let T ∩ R be an irrelevant chunk
(that is, T ∩ R is a chunk that was not marked and also did not contain any marked chunk).
Then there is a collection F ⊆ S 0 such that (Z \ {T }) ∪ F contains a k-mini test cover for
(U, S, k).
I Lemma 13. (∗) Let Z be a k-mini test cover of (U, S, k) such that for each T 0 ∈ Z \ S 0 ,
T 0 ∩ R is a wrapper. Let T ∈ Z \ S 0 .Then there is a collection F ⊆ S 0 such that (Z \ {T }) ∪ F
contains a k-mini test cover for (U, S 0 , k).
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I Lemma 14. If there is a k-mini test cover Z ⊆ S of U, then there is a k-mini test cover
Z 0 ⊆ S 0 of U 0 .
Proof. Since there is a k-mini test cover Z of U, there must be a k-mini test cover Z 0 of
U which contains the least number of tests from S \ S 0 . We claim that Z 0 is the required
k-mini test cover of U 0 that contains no test from S \ S 0 . First, let us suppose for the
sake of contradiction that Z 0 ∩ (S \ S 0 ) 6= ∅. Consider the case when there exists a test
T ∈ Z 0 ∩ (S \ S 0 ) such that T ∩ R is an irrelevant chunk. Then there exists a T 0 ∈ Z 0 ∩ (S \ S 0 )
such that T 0 ∩ R is an irrelevant chunk and there is no Z ∈ Z 0 ∩ (S \ S 0 ) with Z ∩ R ⊂ T 0 ∩ R
(recall that any chunk contained in an irrelevant chunk is also irrelevant). Then by Lemma
12, we have a k-mini test cover of U with lesser number of tests from S \ S 0 than Z 0 , which is
a contradiction. Therefore, we can assume that there is no test in T ∈ Z 0 ∩ (S \ S 0 ) such that
T ∩ R is an irrelevant chunk. Now consider any T ∈ Z 0 ∩ (S \ S 0 ). We know that T ∩ R is a
wrapper. Then by Lemma 13, we can find a k-mini test cover of U that has lesser number of
tests from S \ S 0 than Z 0 , which is again a contradiction. Therefore, we have Z 0 ∩ (S \ S 0 ) = ∅
or in other words, Z 0 ⊆ S 0 . Now, from Corollary 11, we know that |CU 0 (Z 0 )| = |CU (Z 0 )|.
Thus, Z 0 is a k-mini test cover of U 0 as well.
J
I Lemma 15. |U 0 ∩ R| = O(k 6 ).
Proof. In Phase I, we mark at most (6k + 3)|P | = O(k 3 ) chunks. In Phase II, there at most
O(k 3 ) different levels and in each level, we mark at most 2(2k + 1)|P | = O(k 3 ) wrappers.
Thus there are totally O(k 6 ) marked wrappers. Therefore, the total number of marked
chunks in R is O(k 6 ). Since each element of U 0 ∩ R, except the one representative element
that is not contained in any chunk in R, is associated with a chunk (a solid chunk or a
marked wrapper), and since this association is one-to-one, |U 0 ∩ R| = O(k 6 ).
J

3.4

Final Result and Algorithms for (n − k)-Test Cover

We summarize the kernelization algorithm in the following theorem.
I Theorem 16. There is an algorithm that, given an instance (U, S, k) of (n − k)-Test
Cover, runs in polynomial time and returns an equivalent instance (U 0 , S 0 , k) such that
|U 0 | = O(k 7 ) and |S 0 | = O(23k · k 7 ).
Proof. We run the outer phase of the algorithm only once. Let R1 , R2 , . . . , Rt be the regions
in C(T ) after the outer phase is done. Now we do the marking and pruning procedure
iteratively on every region in R1 , R2 , . . . , Rt . In each iteration, the universe size decreases.
In particular, after the marking and pruning procedure is done on a region Ri , by Lemma 15,
the number of elements in Ri becomes O(k 6 ). Let U 0 denote the set of elements that remain
undeleted from U after the marking and pruning has been done on all the regions. Since
there are at most 3k regions, |U 0 | = O(k 7 ).
We shall now count the number of tests S 0 . There can be at most 23k tests that have
non-trivial intersection with no region. Given a particular region, the number of tests in S 0
that have a non-trivial intersection with that region can be bounded as follows. Each such
test is associated with exactly one chunk in that region. Since, in (U 0 , S 0 , k), there are at
most O(k 6 ) chunks in each region, and because there are at most 3k regions in total, there
can be at most 23k tests in S 0 which have the same chunk in this region. So there are at
most O(23k · k 6 ) tests that have non-trivial intersection with one particular region. Since
there are at most 3k regions, the total number of tests in S 0 is at most O(23k · k 7 ).
It is easy to see that the marking and pruning procedure can be done in polynomial time
and hence the algorithm runs in polynomial time.
J
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I Theorem 17. There is an algorithm that, given an instance (U, S, k) of (n − k)-Test
2
Cover, runs in time O(2O(k ) (m + n)O(1) ) and either returns a test cover of size at most
n − k or correctly concludes that no such test cover exists.
Proof. After generating an equivalent instance of size O(23k · k 7 ) using the kernelization
algorithm which runs in time O(k O(1) (m+n)O(1) ), we can check whether this is a Yes instance
by checking for the existence of a k-mini test cover. This can be determined by considering
all possible collections of tests containing at most 2k tests. There are O((23k · k 7 )2k ) such
collections and each of them can be checked in time O((m + n)O(1) ), which completes the
proof.
J

4

Conclusion

In this paper we studied the (n − k)-Set Cover and (n − k)-Test Cover problems and
obtained partially polynomial kernels for both these problems by designing reduction rules
that bound the universe size. We showed the utility of these rules and kernels by obtaining a
linear time FPT algorithm with an improved dependence on the parameter for (n − k)-Set
Cover and (m − k)-Hitting Set. Furthermore, we also obtained an FPT algorithm
for (ν(F ) + k)-SAT which improves over the previous best algorithm with respect to the
dependence on the parameter, as well as the first single exponential FPT algorithm for
(n − k)-Test Cover. We believe that in general, the existing upper bounds for other
problems can also be improved by using partially polynomial kernels, and in particular, we
believe that our reduction rules could be applicable to other covering problems as well.
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Abstract
We consider the Directed Anchored k-Core problem, where the task is for a given directed
graph G and integers b, k and p, to find an induced subgraph H with at least p vertices (the
core) such that all but at most b vertices (the anchors) of H have in-degree at least k. For
undirected graphs, this problem was introduced by Bhawalkar, Kleinberg, Lewi, Roughgarden,
and Sharma [ICALP 2012]. We undertake a systematic analysis of the computational complexity
of Directed Anchored k-Core and show that:
The decision version of the problem is NP-complete for every k ≥ 1 even if the input graph
is restricted to be a planar directed acyclic graph of maximum degree at most k + 2.
The problem is fixed parameter tractable (FPT) parameterized by the size of the core p for
k = 1, and W[1]-hard for k ≥ 2.
When the maximum degree of the graph is at most ∆, the problem is FPT parameterized by
p + ∆ if k ≥ ∆
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Introduction

Degree-constrained subgraph problems have been extensively studied in theoretical computer
science. One can describe degree constrained subgraph problems in the following general setting: given a (un)directed graph G, find a maximum/minimum sized (induced, connected)
subgraph H subject to some condition C imposed on the degrees of vertices. For example, Independent Set or (Induced) Matching can be seen as problems within this framework.
In this paper, we study an interesting variant of the degree-constrained subgraph problem
where we have to find a large subgraph with all vertices satisfying constrains except a small
set of anchors vertices. While such type of problems arise naturally in different settings,
in particular in social sciences, adding of anchors can bring to non-trivial computational
challenges.
∗

The research leading to these results has received funding from the European Research Council under the European Union’s Seventh Framework Programme (FP/2007-2013)/ERC Grant Agreement
n. 267959 and from NSF CAREER award 1053605, NSF grant CCF-1161626, ONR YIP award
N000141110662, DARPA/AFOSR grant FA9550-12-1-0423, a University of Maryland Research and
Scholarship Award (RASA) and a Summer International Research Fellowship from the University of
Maryland.

© Rajesh Chitnis, Fedor V. Fomin, and Petr A. Golovach;
licensed under Creative Commons License CC-BY
33rd Int’l Conference on Foundations of Software Technology and Theoretical Computer Science (FSTTCS 2013).
Editors: Anil Seth and Nisheeth K. Vishnoi; pp. 79–90
Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

80

Parameterized Complexity of the Anchored k-Core Problem for Directed Graphs

More precisely, the k-core of a directed graph G is defined as the largest subgraph H
such that deg−
H (v) ≥ k for every v ∈ V (H). This notion was introduced by Seidman [17]
and is a well-known concept in the theory of social networks. It has also been studied in
various social sciences literature [8, 9]. It is easy to see that we can find the k-core of a given
directed graph in polynomial time by the following procedure: iteratively remove any vertex
that has in-degree less than k. However, one might not want to strictly enforce the condition
of in-degree being at least k for every vertex. In particular, we allow for a small number of
special vertices (called anchors) which can have arbitrary in-degrees, but their purpose in
the k-core is to augment the in-degrees of the non-anchored vertices. Bhawalkar et al. [2]
introduced the Anchored k-Core problem for (undirected) graphs. In the Anchored
k-Core problem the input is an undirected graph G = (V, E) and integers b, k, and the task
is to find an induced subgraph H of maximum size with all vertices but at most b (which are
anchored) to be of degree at least k. In this work we extend the notion of anchored k-core
to directed graphs and define the parameterized version of the problem formally:
Directed Anchored k-Core (Dir-AKC)
Input: A directed graph G = (V, E) and integers b, k, p.
Parameter 1 : b.
Parameter 2 : k.
Parameter 3 : p.
Question: Do there exist sets of vertices A ⊆ U ⊆ V (G) such that |A| ≤ b,
|U | ≥ p, and every v ∈ U \ A satisfies d−
G[U ] (v) ≥ k?
We will refer to the set A as the set of anchors and to the graph H = G[U ] as the anchored
k-core. Note that the undirected version of Anchored k-Core problem can be modeled
by the directed version: simply replace each edge {u, v} by arcs (u, v) and (v, u). Keeping
the parameters b, k, p unchanged it is now easy to see that the two instances are equivalent.
Connection to Preventing Unraveling in Social Networks: Social networks are generally
represented by making use of undirected or directed graphs, where the edge set represents
the relationship between individuals in the network. The undirected graph model works fine
for some networks, say Facebook, but the nature of interaction on some social networks such
as Twitter is asymmetrical: the fact that user A follows user B does not imply that user
B also follows A. In this case, it is more appropriate to model interactions in the network
by directed graphs. We add a directed edge (u, v) if v follows u. We can consider a model
of user management where there is a threshold value k, such that each individual with
less than k people to follow (or equivalently whose in-degree is less than k) drops out of the
network. This process can be contagious, and may affect even those individuals who initially
were linked to more than k people. An extreme example of this was given by Schelling (see
page 17 of [15]): consider a directed path on n vertices and let k = 1. The left-endpoint
has in-degree zero, it drops out and now the in-degree of its only out-neighbor in the path
becomes zero and it drops out as well. It is not hard to see that this way the whole network
eventually drops out as the result of a cascade of iterated withdrawals, i.e., the 1-core of this
graph is the empty set. The unraveling process described above in Schelling’s example of
a directed path can be highly undesirable in many scenarios. One can attempt to prevent
this unraveling by introducing a few special vertices (called anchors) by “buying" them with
extra incentives.
Parameterized Complexity: We are mainly interested in the parameterized complexity
of Anchored k-Core. For the general background, we refer to the books by Downey
and Fellows [10], Flum and Grohe [12] and Niedermeier [14]. Parameterized complexity
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is basically a two dimensional framework for studying the computational complexity of a
problem. One dimension is the input size n and another one is a parameter k. A problem is
said to be fixed parameter tractable (or FPT) if it can be solved in time f (k) · nO(1) for some
function f . A problem is said to be in XP, if it can be solved in time O(nf (k) ) for some
function f . The W-hierarchy is a collection of computational complexity classes: we omit
the technical definitions here. The following relation is known amongst the classes in the
W-hierarchy: FPT = W[0] ⊆ W[1] ⊆ W[2] ⊆ . . .. It is widely believed that FPT 6= W[1],
and hence if a problem is hard for the class W[i] (for any i ≥ 1) then it is considered to be
fixed-parameter intractable.
Previous Results: Bhawalkar et al. [2] initiated the algorithmic study of Anchored kCore on undirected graphs. In particular, they obtained the following dichotomy result: the
decision version of the problem is solvable in polynomial time for k ≤ 2 and is NP-complete
for all k ≥ 3. Moreover, for k ≥ 3 the problem remains NP-complete even on planar graphs
[6]. This motivates the study of the problem for k ≥ 3 from the viewpoint of parameterized
complexity. Unfortunately, the problem is W[2]-hard parameterized by b [2] and W[1]-hard
parameterized by p even for k = 3 [6].
Our Results: In this paper we initiate the study of Anchored k-Core on directed graph
and provide a new insight into the computational complexity of the problem. We obtain the
following results.
The decision version of Dir-AKC is NP-complete for every k ≥ 1 even if the input graph
is restricted to be a planar directed acyclic graph (DAG) of maximum degree at most
k + 2. Thus the directed version is in some sense strictly harder than the undirected
version which is known be in P if k ≤ 2, and NP-complete if k ≥ 3 [2]. These results are
proven in Section 2.
The NP-hardness result for Dir-AKC motivates us to make a more refined analysis
of the Dir-AKC problem via the paradigm of parameterized complexity. We obtain
(Section 3) the following dichotomy result: Dir-AKC is FPT parameterized by p if
k = 1, and W[1]-hard if k ≥ 2.
This fixed-parameter intractability result parameterized by p forces us to consider the
complexity on special classes of graphs such as bounded-degree directed graphs or directed
acyclic graphs.
In Section 4, for graphs of degree upper bounded by ∆, we show that the Dir-AKC
problem is FPT parameterized by p + ∆ if k ≥ ∆
2 . In particular, it implies that DirAKC is FPT parameterized by p for directed graphs of maximum degree at most four.
We complement tractability results by showing in Section 5 that if k < ∆
2 and ∆ ≥ 3,
then Dir-AKC is W[2]-hard when parameterized by the number of anchors b even for
DAGs. On the other hand, the problem is FPT when parameterized by ∆ + p for DAGs
of maximum degree at most ∆. Note that we can always assume that b ≤ p, and hence
any FPT result with parameter b implies FPT result with parameter p as well. On the
other side, any hardness result with respect to p implies the same hardness with respect
to b.
Due to space limitations, some proofs are omitted here. They can be found in [5].

2

Preliminaries

We consider finite directed and undirected graphs without loops or multiple arcs. The vertex
set of a (directed) graph G is denoted by V (G) and its edge set (arc set for a directed graph)

FSTTCS 2013

82

Parameterized Complexity of the Anchored k-Core Problem for Directed Graphs

by E(G). The subgraph of G induced by a subset U ⊆ V (G) is denoted by G[U ]. For
U ⊂ V (G) by G − U we denote the graph G[V (G) \ U ]. For a directed graph G, we denote
by G∗ the undirected graph with the same set of vertices such that {u, v} ∈ E(G∗ ) if and
only if (u, v) ∈ E(G). We say that G∗ is the underlying graph of G.
Let G be a directed graph. For a vertex v ∈ V (G), we say that u is an in-neighbor of
−
v if (u, v) ∈ E(G). The set of all in-neighbors of v is denoted by NG
(v). The in-degree
−
−
dG (v) = |NG (v)|. Respectively, u is an out-neighbor of v if (v, u) ∈ E(G), the set of all out+
+
neighbors of v is denoted by NG
(v), and the out-degree d+
G (v) = |NG (v)|. The degree dG (v) of
+
a vertex v is the sum d−
G (v)+dG , and the maximum degree of G is ∆(G) = maxv∈V (G) dG (v).
−
A vertex v of dG (v) = 0 is called a source, and if d+
G (v) = 0, then v is a sink. Observe that
isolated vertices are sources and sinks simultaneously.
Let G be a directed graph. For u, v ∈ V (G), it is said that v can be reached (or is
reachable) from u if there is a directed u → v path in G. Respectively, a vertex v can be
reached from a set U ⊆ V (G) if v can be reached from some vertex u ∈ U . Notice that each
+
+
vertex is reachable from itself. We denote by RG
(u) (RG
(U ) respectively) the set of vertices
−
that can be reached from a vertex u (a set U ⊆ V (G) respectively). Let RG
(u) denote the
set of all vertices v such that u can be reached from v.
For two non-adjacent vertices s, t of a directed graph G, a set S ⊆ V (G) \ {s, t} is said
+
to be an s − t separator if t ∈
/ RG−S
(s). An s − t separator S is minimal if no proper subset
0
S ⊂ S is an s − t separator.
The notion of important separators was introduced by Marx [13] and generalized for
directed graphs in [7]. We need a special variant of this notion. Let G be a directed graph,
and let s, t be non-adjacent vertices of G. A minimal s − t separator is an important s − t
−
−
separator if there is no s − t separator S 0 with |S 0 | ≤ |S| and RG−S
(t) ⊂ RG−S
0 (t). The
following lemma is a variant of Lemma 4.1 of [7]. Notice that to obtain it, we should replace
the directed graph in Lemma 4.1 of [7] by the graph obtained from it by reversing the
direction of all arcs.
I Lemma 1 ([7]). Let G be a directed graph with n vertices, and let s, t be non-adjacent
vertices of G. Then for every h ≥ 0, there are at most 4h important s − t separators of size
at most h. Furthermore, all these separators can be enumerated in time O(4h · nO(1) ).
As further we are interested in the parameterized complexity of Dir-AKC, we show first
NP-hardness of the problem (the proof is given in [5]).
I Theorem 2. For any k ≥ 1, Dir-AKC is NP-complete, even for planar DAGs of maximum degree at most k + 2.
We conclude this section by the simple observation that Dir-AKC is in XP when parameterized by the number of anchors b. For a directed graph G with n vertices, we can
consider all the at most nb possibilities to choose the anchors, and then recursively delete
non-anchor vertices that have the in-degree at most k − 1. Trivially, if we obtain a directed
graph with at least p vertices for some selection of the anchors, we have a solution and
otherwise we can answer NO.

3

Dir-AKC parameterized by the size of the core

In this section we consider the Dir-AKC problem for fixed k when p is the parameter, and
obtain the following dichotomy: If k = 1 then the Dir-AKC problem is FPT parameterized
by p, otherwise for k ≥ 2 it is W[1]-hard parameterized by p.
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I Theorem 3. For k = 1, the Dir-AKC problem is solvable in time 2O(p) · n2 log n on
digraphs with n vertices.
Proof. The proof is constructive, and we describe an FPT algorithm for the problem.
Without loss of generality, we assume that b < p ≤ n.
We apply the following preprocessing rule reducing the instance to an acyclic graph. Let
C1 , . . . , Cr be the non-trivial strongly connected components of G, i.e., |V (Ci )| ≥ 2 for i ∈
{1, . . . , r}. Note that for each i ∈ {1, . . . , r} and any v ∈ V (Ci ), d−
making use
Ci (v) ≥ 1. By


+ Sr
of Tarjan’s algorithm [18], C1 , . . . , Cr can be found in linear time. Let R = RG
i=1 V (Ci )
be the set of vertices reachable from these strongly connected components. Then every v ∈ R
satisfies d−
G[R] (v) ≥ 1. If |R| ≥ p, then H = G[R] is an anchored 1-core of size at least p
for the empty set of anchors. If b ≥ p − |R| > 0, then we select in V (G) \ R any arbitrary
b0 = p − |R| vertices a1 , . . . , ab0 . In this case we output the set of anchors A = {a1 , . . . , ab0 }
and the graph H = G[A ∪ R]. Otherwise, if b < p − |R|, we set G0 = G − R and p0 = p − |R|
and consider a new instance of Dir-AKC with the graph G0 and the parameter p0 .
To see that the rule is safe, it is sufficient to observe that a set of anchors A and a subgraph
H 0 of size at least p0 is a solution of the obtained instance if and only if (A, H = G[V (H 0 )∪R])
is a solution for the original problem. Let us remark that the preprocessing rule can be easily
performed in time O(n2 ).
From now we can assume that G has no non-trivial strongly connected components, i.e.,
G is a directed acyclic graph. Denote by S = {s1 , . . . , sh } the set of sources of G. If |S| ≤ b,
then set A = S. In this case, we output the pair (A, H = G). The pair (A, H) is a solution
because every vertex v ∈ V (G) \ S satisfies d−
the case when
G (v) ≥ 1. It remains to consider
Sh
+
+
|S| > b. For i ∈ {1, . . . , h}, let Ri = RG (si ). Then V (G) = RG (S) = i=1 Ri . Without loss
of generality, we can assume that every anchored vertex is from S. Indeed, if si is an anchor,
then each vertex of Ri can be included in a solution. Hence for every anchor a ∈ Rj \ {sj },
we can delete this anchor from A and replace it by sj . Since we can choose anchors only
from S, we are able to reduce the problem to Partial Set Cover.
Partial Set Cover
Input : A collection X = {X1 , . . . , Xr } of subsets of a finite n-element set
U and positive integers p, b.
Parameter: p.
Question: Are there at most b subsets Xi1 , . . . , Xib , 1 ≤ i1 < . . . < ib ≤ r,
Sb
covering at least p elements of U , i.e., | j=1 Xij | ≥ p?
Bläser [3] showed that Partial Set Cover is FPT parameterized by p and can be solved
in time O(2O(p) · rn log n). For Dir-AKC, we consider the collection of subsets {R1 , . . . , Rr }
of V (G). If we can select at most b subsets Ri1 , . . . , Rib such that | ∪bj=1 Rij | ≥ p, we return
Sb
the solution with anchors A = {si1 , . . . , sib } and H = G[ j=1 Rij ]. Otherwise, we return a
NO-answer.
Because our preprocessing can be done in time O(n2 ) and Partial Set Cover is
solvable in time 2O(p) ·n2 log n, we conclude that the total running time is 2O(p) ·n2 log n. J
Now we complement Theorem 3 by showing that for k ≥ 2, Dir-AKC becomes hard
parameterized by the core size (the proof is in [5]).
I Theorem 4. For any fixed k ≥ 2, the Dir-AKC problem is W[1]-hard parameterized by
p, even for DAGs.
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4

Dir-AKC on graphs of bounded degree

In this section we show that Dir-AKC problem is FPT parameterized by ∆ + p if k ≥ ∆
2.
In our algorithms we need to check the existence of solutions for Dir-AKC that have
bounded size. It can be observed that if we are interested in solutions (A, H) such that
p ≤ |V (H)| ≤ q, then for every positive q, we can express this problem in First Order Logic.
It was proved by Seese [16] that any graph problem expressible in First Order Logic can be
solved in linear time on (directed) graphs of bounded degree. Later this result was extended
for much more rich graph classes (see [11] ). These meta theorems are very general, but
do not provide good upper bounds on the running time for particular problems. Hence, we
give the following lemma. Our algorithms use the random separation technique due to Cai
et al. [4] (which is a variant of the color coding method introduced by Alon et al. [1]) .
I Lemma 5. There is a randomized algorithm with running time 2O(∆q) · n that for an
instance of Dir-AKC with an n-vertex directed graph of maximum degree at most ∆ and a
positive integer q ≥ p, either returns a solution (A, H) with V (H) ≥ p or gives the answer
that there is no solution with |V (H)| ≤ q. Furthermore, the algorithm can be derandomized,
and the deterministic variant runs in time 2O(∆q) · n log n.
Proof. Consider an instance of Dir-AKC with an n-vertex directed graph G of maximum
degree at most ∆. We assume that b ≤ p ≤ n. For given q ≥ p, to decide if G contains a
solution of size at most q, we do the following.
We color each vertex of G uniformly at random with probability 12 by one of two colors,
say red or blue. Let R be the set of vertices colored red. Observe that if there is a solution
(A, H) with |V (H)| ≤ q, then with probability at least 21q all vertices of H are colored red
1
all in- and out-neighbors of the vertices of H that are
and with probability at least 2∆q
outside of H are colored blue. Using this observation, we assume that H is the union of
some weakly connected components of the graph G[R] induced by red vertices.
In time O(∆n) we find all weakly connected components of G[R]. If there is a component
C with at least b+1 vertices of in-degree at most k−1 (in C), then we discard this component
as it cannot be a part of any solution. Denote by C1 , . . . , Cr the remaining components. For
i ∈ {1, . . . , r}, let Ai = {v ∈ V (Ci )|d−
Ci (v) < k}, bi = |Ai | and pi = |V (Ci )|.
Thus everything boils down to the problem of finding a set I ⊆ {1, . . . , r} such that
P
P
i∈I bi ≤ b and
i∈I pi ≥ p. But this is the well known Knapsack problem, which is
solvable in time O(bn) by dynamic programming. If we obtain a solution I, then we output
(A, H), where A = ∪i∈I Ai and H = G[∪i∈I V (Ci )]. Otherwise, we return a NO-answer.
Notice that this algorithm can also find a solution (A, H) with |V (H)| > q ≥ p.
It remains to observe that for any positive number α < 1, there is a constant cα such
that after running our randomized algorithm cα · 2∆q times, we either find a solution (A, H)
or can claim that with probability α that it does not exist.
This algorithm can be derandomized by the technique proposed by Alon et al. [1]: replace
the random colorings by a family of at most 2O(∆q) · log n hash functions which are known
to be constructible in time 2O(∆q) · n log n.
J
Our next aim is to prove that for k > ∆/2 the Dir-AKC problem is FPT when parameterized by ∆ + b.
I Lemma 6. Let ∆ be a positive integer. If k > ∆/2, then the Dir-AKC problem can be
2
solved in time 2O(∆ b) · n log n for n-vertex directed graphs of maximum degree at most ∆.
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Proof. Suppose (A, H) is a solution for the Dir-AKC problem. Let us observe that because
+
k > ∆/2, for every vertex v ∈ V (H)\A, we have d−
H (v) > dH (v). Recall that for any directed
graph, the sum of in-degrees equals the sum of out-degrees. Then
X
X
−
+
(d−
(d+
H (v) − dH (v)) =
H (v) − dH (v)).
v∈A

v∈V (H)\A

+
Since for every vertex v ∈ V (H) \ A, d−
H (v) − dH (v) ≥ 1, we have that

|V (H) \ A| ≤

X

+
(d−
H (v) − dH (v)).

v∈V (H)\A
−
On the other hand, d+
H (v) − dH (v) ≤ ∆, and we arrive at

|V (H) \ A| ≤

X

+
(d−
H (v) − dH (v)) =

v∈V (H)\A

X

−
(d+
H (v) − dH (v)) ≤ ∆|A|.

v∈A

Hence, |V (H)| ≤ (∆ + 1)|A| ≤ (∆ + 1)b. Using this observation, we can solve the Dir-AKC
problem as follows. If p > (∆ + 1)b, then we return a NO-answer. If p ≤ (∆ + 1)b, we apply
2
Lemma 5 for q = (∆ + 1)b, and solve that problem in time 2O(∆ b) · n log n.
J
Now we show that if k =

∆
2

then the Dir-AKC problem is FPT parameterized by ∆ + p.

I Lemma 7. Let ∆ be a positive integer. If k = ∆/2, then the Dir-AKC problem can be
3
2
solved in time 2O(∆ b+∆ bp) · nO(1) for n-vertex directed graphs of maximum degree at most
∆.
Proof. We describe an FPT algorithm. Consider an instance of the Dir-AKC problem.
Without loss of generality we assume that b < p ≤ n.
We apply the following preprocessing rule. Suppose that G has a (weakly) connected
+
component C such that for any v ∈ V (C), d−
C (v) = dC (v) = k. If b ≥ p − |V (C)|, then we
0
choose a set A of b = p − |V (C)| vertices arbitrary in V (G) \ V (C). Then we return a YESanswer, as the anchors A and H = G[A ∪ V (C)] is a solution. Otherwise, if b < p − |V (C)|,
we let G0 = G − V (C) and p0 = p − |V (C)|. Now we consider a new instance of the problem
with the graph G0 and the parameter p0 . To see that the rule is safe, it is sufficient to observe
that a set of anchors A and a subgraph H 0 of size at least p0 is a solution of the obtained
instance if and only if A and H = G[V (H 0 ) ∪ V (C)] is a solution for the original problem.
From now we assume that G has no such components.
We need the following claim.
Claim A. If an instance of the Dir-AKC problem has a core with at least (∆p + 1)b + 1
vertices, then it has a solution (A, H) with the following property: there is a vertex t ∈
V (H) \ A reachable in H from any vertex of H. Moreover, for each vertex v of H, there is
a path from v to t with all vertices except v in V (H) \ A.
Proof of Claim A. Let (A, H 0 ) be a solution with the set of anchors A and such that
V (H 0 ) > (∆p + 1)b.
+
0
We show that V (H 0 ) = RH
0 (A), i.e., all vertices of H are reachable from the anchors.
+
To obtain a contradiction, suppose that there is a vertex u ∈ V (H 0 ) such that u ∈
/ RH
0 (A).
−
Let U = RH 0 (u), i.e., U is the set of vertices from which we can reach u. Clearly, A ∩ U = ∅.
−
Therefore, d−
H 0 (v) ≥ k = ∆/2 for v ∈ U . Notice that for a vertex v ∈ U , NH 0 (v) ⊆ U by the
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definition. Hence, d−
G[U ] (v) ≥ k = ∆/2 for v ∈ U . Because the sum of in-degrees equals the
+
sum of out-degrees, for every vertex v ∈ U , we have that d−
G[U ] (v) = dG[U ] (v) = k = ∆/2.
+
Then C = G[U ] is a component of G such that for every v ∈ V (C), d−
C (v) = dC (v) = k, but
such components are excluded by the preprocessing; a contradiction.
−
+
Observe now that if d−
H 0 (v) < dH 0 (v), then dH 0 (v) < k and thus v ∈ A. Hence, by adding
at most ∆b (maybe multiple) arcs from V (H 0 ) \ A to A, joining the vertices v ∈ V (H 0 )
−
+
+
0
of degrees d−
H 0 (v) > dH 0 (v) with vertices of degrees dH 0 (v) < dH 0 (v), we can transform H
+
0
into a disjoint union of directed Eulerian graphs. Since V (H ) = RH 0 (A), each of these
directed Eulerian graphs contains at least one vertex of A. Thus the set of arcs of H 0 can
be covered by at most ∆b arc-disjoint directed walks, each walk starting from a vertex of
0
A and never coming back to A. Because d−
H 0 (v) ≥ k for v ∈ V (H ) \ A, we have that
0
0
|E(G )| ≥ k(|V (H )| − b) > ∆kbp. Then there is a walk W with at least kp + 1 arcs. Let
a ∈ A be the first vertex of W and let t be the last vertex of the walk. The walk W visits
a only once, t and all other vertices of W are visited at most k times. We conclude that W
has at least p vertices.
−
+
0
0
Let R = RH
0 −A (t) and let A = {a ∈ A | NH 0 (a) ∩ R 6= ∅}. Consider H = G[R ∪ A ].
0
Since V (W ) ⊆ V (H), |V (H)| ≥ p. For any v ∈ V (H) \ A, the in-neighbors of v in H are
in H by the construction and, therefore, d−
H (v) ≥ k. It remains to observe that to select at
most b anchors, we take A0 ⊆ V (H).
J
Using Claim A, we proceed with our algorithm. We try to find a solution such that H
2
has at most q = (∆p + 1)b vertices by applying Lemma 5. It takes time O(2O(∆ bp) · n log n).
If we obtain a solution, then we return it and stop. Otherwise, we conclude that every
core contains at least (∆p + 1)b + 1 vertices. By Claim A, we can search for a solution H
with a non-anchor vertex t which is reachable from all other vertices of H by directed paths
avoiding A. Notice that since t is a non-anchor vertex, we have that d−
G (t) ≥ k. We try
at most n possibilities for all possible choices of t, and solve our problem for each choice.
Clearly, if we get a YES-answer for one of the choices, we return it and stop. Otherwise, if
we fail, we return a NO-answer.
From now we assume that we already selected t. We denote by G0 the graph obtained
from G by adding an artificial source vertex s joined by arcs with all the vertices v ∈ V (G)
with d−
/ E(G0 ).
G (v) < k. Observe that (s, t) ∈
Suppose that (A, H) is a solution with the set of anchors A such that t ∈ V (H) \ A is
reachable in H from any vertex of H by a path with all inner vertices in V (H) \ A. Denote
−
by δG0 (H) the set {v ∈ V (H) | NG
0 (v) \ V (H) 6= ∅}, i.e., δG0 (H) contains vertices that have
in-neighbors outside H. We need a chain of claims about the structure of H in G0 .
Claim B. |δG0 (H) \ A| ≤ ∆b.
+
Proof of Claim B. Let X = {v ∈ V (H) | d−
H (v) ≥ k and dH (v) < k}, Y = {v ∈
−
−
+
V (H) | dH (v) = dH (v) = k} and Z = {v ∈ V (H) | dH (v) < k}. Clearly,
X
X
X
−
+
+
(d−
(d−
(d+
H (v) − dH (v)) +
H (v) − dH (v)) =
H (v) − dH (v))
v∈X
+
d−
H (v)−dH (v)

v∈Y

v∈Z
+
d−
H (v)−dH (v)

−
Observe that
≥ 1 for v ∈ X,
= 0 for v ∈ Y and d+
H (v)−dH (v) ≤
−
∆ for v ∈ Z. Hence, |X| ≤ ∆|Z|. If dH (v) < k for v ∈ V (H), then v ∈ A. It follows that
Z ⊆ A and |Z| ≤ b. We have |X| ≤ ∆b. Consider a vertex v ∈ δG0 (H) \ A. It has at least
+
one in-neighbor outside H in G and d−
H (v) ≥ k. Then dH (v) < k and v ∈ X. We conclude
that δG0 (H) \ A ⊆ X and |δG0 (H) \ A| ≤ ∆b.
J
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Claim C. There is an s − t separator S in G0 of size at most (∆(k − 1) + 1)b such that
−
V (H) \ A ⊆ RG
0 −S (t).

 S

−
Proof of Claim C. Let S = δG0 (H) ∩ A ∪
(N
(v)
\
V
(H)
, i.e., the set
G
v∈δG0 (H)\A
containing all anchors that are in δG0 , and for each non-anchor vertex of δG0 containing all
its in-neighbors outside of H. Consider a directed (s, t)-path P in G0 . Let v be the first
vertex in P that is in V (H) and let u be its predecessor in P . If v ∈ A, then v ∈ S. If v ∈
/ A,
then u 6= s as H has no non-anchor vertices with in-degree at most k − 1 in G. Then u ∈ S.
We conclude that each (s, t)-path contains a vertex of S, i.e., this set is an s − t separator.
−
Observe that V (H) \ A ⊆ RG
0 −S (t) by the definition of S and the fact that t can be
reached from any vertex of H in this graph by a path with all inner vertices in V (H) \ A.
It remains to show that |S| ≤ (∆(k − 1) + 1)b. By Claim B, |δG0 (H) \ A| ≤ ∆b. A vertex
v ∈ δG0 (H)\A has at least one out-neighbor in H because t is reachable from v. Then v has at
most k−1 in-neighbors outside H. Hence |S| ≤ |A|+(k−1)(δG0 (H)\A) ≤ (∆(k−1)+1)b. J
Now we can prove the following claim about important s − t separators in G0 .
Claim D. There is an important s − t separator S ∗ of size at most (∆(k − 1) + 1)b in G0
−
∗
such that V (H) ⊆ RG
0 −S ∗ (t) ∪ S .
Proof of Claim D. By Claim C, there is an s − t separator S 0 in G0 of size at most (∆(k −
−
0
1) + 1)b such that V (H) \ A ⊆ RG
0 −S 0 (t). Notice that S not necessary a minimal separator,
0
but there is a minimal s − t separator S ⊆ S . Clearly, |S| ≤ (∆(k − 1) + 1)b.
−
−
−
We show that V (H) ⊆ RG
Because RG
0 −S (t) ∪ S.
0 −S 0 (t) ⊆ RG0 −S (t), we have that
−
−
−
V (H) \ A ⊆ RG
Also if an anchor a is in RG
Let
0 −S (t).
0 −S 0 (t), then a ∈ RG0 −S (t).
−
0
a ∈ A ∩ S . If a ∈ A ∩ S, then a ∈ RG0 −S (t) ∪ S. If a ∈
/ S, then by Claim C, a has an
−
−
out-neighbor v ∈ RG
0 −S 0 (t) and in this case we have a ∈ RG0 −S (t).
It remains to observe that there is an important s − t separator S ∗ such that |S ∗ | ≤
−
−
−
|S| ≤ (∆(k − 1) + 1)b and RG
Therefore, V (H) ⊆ RG
0 −S (t) ⊆ RG0 −S ∗ (t).
0 −S (t) ∪ S ⊆
−
∗
RG0 −S ∗ (t) ∪ S .
J
The next step of our algorithm is to check all important s − t separators in G0 of size at
most (∆(k − 1) + 1). By Lemma 1, there are at most 4(∆(k−1)+1)b important s − t separators
2
and they can be listed in time 2O(∆ b) · nc . For each important s − t separator S ∗ , we
−
∗
consider the set of vertices U = RG
and decide whether there is a solution such
0 −S ∗ (t) ∪ S
that V (H) ⊆ U . If we have a solution for some S ∗ , then we return a YES-answer and stop.
Otherwise, if we fail to find such a solution for all important separators, we use Claim D to
deduce that there is no solution.
From now on, we assume that an important s − t separator S ∗ is given and that U =
In what follows, we describe a procedure of finding a solution with V (H) ⊆

−
∗
RG
0 −S ∗ (t) ∪ S .

U.
Denote by D the set {v ∈ U | d−
G (v) > 0}. We need the following observation.
Claim E. Set D contains at most (∆ + 1)(∆(k − 1) + 1)b vertices.
+
Proof of Claim E. Let Q = G[U ]. Let X = {v ∈ V (Q) | d−
Q (v) ≥ k and dQ (v) < k},
−
−
+
Y = {v ∈ V (Q) | dQ (v) = dQ (v) = k} and Z = {v ∈ V (Q) | dQ (v) < k}. Clearly,
X
X
X
−
+
+
(d−
(d−
(d+
Q (v) − dQ (v)) +
Q (v) − dQ (v)) =
Q (v) − dQ (v))
v∈X

v∈Y

v∈Z
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−
−
+
+
+
Observe that d−
Q (v)−dQ (v) ≥ 1 for v ∈ X, dQ (v)−dQ (v) = 0 for v ∈ Y and dQ (v)−dQ (v) ≤
∆ for v ∈ Z. Hence, |X| ≤ ∆|Z|.
Recall that G0 is obtained from G by joining s with all vertices of in-degree at most k − 1.
∗
∗
Since S ∗ is an s − t separator, if for v ∈ U , d−
Q (v) < k, then v ∈ S . Hence, Z ⊆ S and
−
∗
|Z| ≤ |S | ≤ (∆(k − 1) + 1)b. If for for v ∈ U , dG (v) > k, then v ∈ X ∪ Z. We conclude
that |D| ≤ |X| + |Z| ≤ (∆ + 1)|Z| ≤ (∆ + 1)(∆(k − 1) + 1)b.
J

Recall that set δG0 (H) contains vertices of H that have in-neighbors outside of H. If
v ∈ δG0 (H) \ A, then it has at least k in-neighbors in H and at least one in-neighbor
−
−
−
outside H. Notice that s ∈
/ NG
Hence, d−
0 (v) because dG (v) ≥ dH (v) ≥ k.
G (v) > k.
Because V (H) ⊆ U , δG0 (H) \ A ⊆ D. By Claim C, |δG0 (H) \ A| ≤ ∆b, and by Claim E,
|D| ≤ (∆ + 1)(∆(k − 1) + 1)b. We consider all at most 2(∆+1)(∆(k−1)+1)b possibilities to
select δG0 (H) \ A. For each choice of δG0 (H) \ A, we guess the arcs that join the vertices that
are outside H with the vertices of δG0 (H) \ A and delete them. Denote the graph obtained
from G by F . Recall that from each vertex v of δG0 (H) \ A, there is a directed path to t that
avoids A. Hence, v has at least one out-neighbor in H and at most ∆ − 1 in-neighbors in G.
Also v has at least k in-neighbors in H, and we delete at most d−
G (v) − k arcs. Therefore,
for v we choose at most k − 1 arcs out of at most ∆ − 1 arcs. We can upper bound the
number of possibilities for v by 2∆−1 , and the total number of possibilities for δG0 (H) \ A
by 2(∆−1)∆b .
Observe that (A, H) is a solution for the new instance of Dir-AKC, where G is replaced
by F for a correct guess of the deleted arcs. Also each solution for the new instance provides
a solution for the graph G, because if we put deleted arcs back, then we can only increase the
in-degrees. Hence, we can check for each possible choice of the set of deleted arcs, whether
the new instance has a solution. If for some choice we obtain a solution, then we return a
YES-answer. Otherwise, if we fail for all choices, then we return a NO-answer. Further we
assume that F is given.
Denote by F 0 the graph obtained from F by the addition of a vertex s joined by arcs
−
+
with all the vertices NG
0 (s). Now δF 0 (H) = {v ∈ V (H) | NF 0 (v) \ V (H) 6= ∅}. By the choice
of F , δF 0 (H) = δG0 (H) ∩ A and, therefore, |δF 0 (H)| ≤ b. Also δF 0 (H) is an s − t separator
in F 0 by Claim C.
Now we can prove the following.
Claim F. There is an important s − t separator Ŝ of size at most b in F 0 such that
(Ŝ, G[RF−0 −Ŝ (t) ∪ Ŝ]) is a solution for the instance of the Dir-AKC problem for the graph
G.
∗
Proof of Claim F. Let U = RF−0 −Ŝ (t) ∪ Ŝ. It was already observed that δG
0 (H) is an s − t
0
∗
separator in F of size at most b. Then there is a minimal s − t separator S ⊆ δG
0 (H).
Clearly, |S| ≤ b.
As before in the proof of Claim D, we show that V (H) ⊆ RF−0 −S (t) ∪ S. Because for any
vertex v of H, there is a directed (v, t) path with all inner vertices in V (H) \ A, V (H) \ A ⊆
RF−0 −δ 0 (H) (t). Because RF−0 −δ 0 (H) (t) ⊆ RF−0 −S (t) we have V (H) \ A ⊆ RF−0 −S (t). Also if
F
F
a ∈ A is in RF−0 −δ 0 (H) (t), then a ∈ RF−0 −S (t). Let a ∈ A ∩ δF 0 (H). Trivially, if a ∈ A ∩ S,
F
then a ∈ RF−0 −S (t) ∪ S. If a ∈
/ S, then a has an out-neighbor v ∈ RF−0 −δ 0 (H) (t) and
F

a ∈ RF−0 −S (t). Then there is an important s − t separator Ŝ such that |Ŝ| ≤ |S| ≤ b and
RF−0 −S (t) ⊆ RF−0 −Ŝ (t). Therefore, V (H) ⊆ RF−0 −S (t) ∪ S ⊆ RF−0 −S ∗ (t) ∪ S ∗ , and |U | ≥ p.
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It remains to observe that s is adjacent to all vertices of G with in-degrees at most k − 1
and S ∗ is an s − t separator. It immediately follows that for any vertex v ∈ RF−0 −S ∗ (t),
−
d−
J
F (U ) (v) ≥ k. Then (Ŝ, G[RF 0 −Ŝ (t) ∪ Ŝ]) is a solution.
The final step of our algorithm is to enumerate all important s − t separators Ŝ of size
at most b in F 0 , which number by Lemma 1 is at most 4b , and for each Ŝ, check whether
(Ŝ, G[RF−0 −Ŝ (t) ∪ Ŝ]) is a solution. Recall that all these separators can be listed in time
2O(b) · nc . We return a YES-answer if we obtain a solution for some important separator,
and a NO-answer otherwise.
To complete the proof, let us observe that each step of the algorithm runs either in
polynomial or FPT time. Particularly, the preprocessing is done in time O(∆n). Then we
2
check the existence of a solution of a bounded size in time 2O(∆ bp) · n log n. Further we
consider at most n possibilities to choose t. For each t, we consider at most 4(∆(k−1)+1)b
2
important s − t separators S ∗ . Recall, that they can be listed in time 2O(∆ b) · nc for some
constant c. Then for each S ∗ , we have at most 2(∆+1)(∆(k−1)+1)b+(∆−1) possibilities to
3
construct F , and it can be done in time 2O(∆ b) + O(∆n). Finally, there are at most 4b
important s − t separators Ŝ and they can be listed in time 2O(b) · n for some c. We conclude
3
2
that the total running time is 2O(∆ b+∆ bp) · nc for some constant c.
J
Combining Lemmas 6 and 7, we obtain the following theorem.
I Theorem 8. Let ∆ be a positive integer. If k ≥ ∆
2 , then the Dir-AKC problem can be
O(∆3 b+∆2 bp)
O(1)
solved in time 2
·n
for n-vertex directed graphs of maximum degree at most
∆.
Theorems 3 and 8 give the next corollary.
I Corollary 9. The Dir-AKC problem can be solved in time 2O(bp) · nO(1) for n-vertex
directed graphs of maximum degree at most 4.

5

Conclusions

We proved that Dir-AKC is NP-complete even for planar DAGs of maximum degree at
most k + 2. It was also shown that Dir-AKC is FPT when parameterized by p + ∆ for
directed graphs of maximum degree at most ∆ whenever k ≥ ∆/2. It is natural to ask
whether the problem is FPT for other values k. This question is interesting even for the
special case ∆ = 5 and k = 2.
For the special case of directed acyclic graphs (DAGs) we understand the complexity
of the problem much better. Theorem 4 showed that Dir-AKC on DAGs is W[1]-hard
parameterized by p for every fixed k ≥ 2, when the degree of the graph is not bounded. We
now show the following theorem (the proof is in [5]) that gives W[2]-hardness of Dir-AKC
when parameterized by the number of anchors b (recall that we can always assume that
b ≤ p).
I Theorem 10. For any ∆ ≥ 3 and any positive k < ∆
2 , Dir-AKC is W[2]-hard (even
on DAGs) when parameterized by the number of anchors b on graphs of maximum degree at
most ∆.
The complexity of Dir-AKC parameterized by b on DAGs for the case of k ≥ ∆
2 is left
open. However we can show that Dir-AKC is FPT on DAGs of maximum degree ∆, when
parameterized by ∆ + p (the proof is in [5].)
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I Theorem 11. For any positive integers p and ∆, Dir-AKC can be solved in time 2O(∆p) ·
n2 log n for n-vertex DAGs of maximum degree at most ∆.
Let us remark that this result can be easily extended for any class of directed acyclic
graphs G such that the corresponding class of underlaying graphs {G∗ |G ∈ G} has (locally)
bounded expansion by making use of the results by Dvorak et al. [11]. Finally, what happens
when the input graph is planar? We know that the problem is NP-complete on planar graphs
for fixed k ≥ 1 and maximum degree k + 2. Is the problem FPT on planar directed graphs
when parameterized by the size of the core p?
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Abstract
Higher-order recursive schemes (HORS) are schematic representations of functional programs.
They generate possibly infinite ranked labelled trees and, in that respect, are known to be equivalent to a restricted fragment of the λY -calculus consisting of ground-type terms whose free
variables have types of the form o → ⋯ → o (with o being a special case).
In this paper, we show that any λY -term (with no restrictions on term type or the types of
free variables) can actually be represented by a HORS. More precisely, for any λY -term M , there
exists a HORS generating a tree that faithfully represents M ’s (η-long) Böhm tree. In particular,
the HORS captures higher-order binding information contained in the Böhm tree. An analogous
result holds for finitary PCF.
As a consequence, we can reduce a variety of problems related to the λY -calculus or finitary
PCF to problems concerning higher-order recursive schemes. For instance, Böhm tree equivalence
can be reduced to the equivalence problem for HORS. Our results also enable MSO modelchecking of Böhm trees, despite the general undecidability of the problem.
1998 ACM Subject Classification F.3.3 Studies of Program Constructs, F.4.1 Mathematical
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1

Introduction

Higher-order recursive schemes (HORS) are a class of programming schemes introduced to
account for recursive procedures with higher-order parameters [7]. They can be viewed as
grammars describing a potentially infinite tree. As tree generating devices, HORS can be
identified with a limited fragment of the λY -calculus [19] consisting of ground-type terms
whose free variables have types of order at most 1. The free variables play the role of tree
constructors. HORS have recently been intensively investigated in connection with program
verification. Notably, Ong [16] showed that monadic second-order logic (MSO) is decidable
over trees generated by HORS and Kobayashi [12] took advantage of the result to propose a
novel approach to the verification of higher-order functional programs.
As already mentioned, HORS are naturally viewed as a fairly small fragment of the λY calculus: they generate potentially infinite trees, whereas normal forms of arbitrary λY -terms
additionally contain variable bindings. This binding information cannot be represented in
HORS explicitly. In fact, it turns out that MSO becomes undecidable over Böhm trees of
λY -terms, if the binding relation is included in the signature. Nevertheless, as we show
in the paper, HORS still allow one to generate faithful representations of (η-long) Böhm
trees of λY -terms, where binding is encoded indirectly via De Bruijn levels [8]. We also
prove an analogous representation theorem for the finitary (finite datatypes) variant PCFf
of PCF [17].
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Our results make it possible to recast a variety of problems related to the λY -calculus
or finitary PCF as problems concerning higher-order recursive schemes. For example, we
obtain a reduction of Böhm tree equivalence in the λY -calculus or PCFf to the (tree)
equivalence problem for HORS. Unfortunately, the latter is currently not known to be
decidable and is closely related to the equivalence problem for deterministic collapsible
pushdown automata [10]. The Böhm tree equivalence problem for PCFf also has semantic
significance, because PCF Böhm trees [2] are concrete representations of the strategies
representing the terms in game semantics, and therefore characterize contextual equivalence
in PCF with respect to contexts featuring state and control effects.
Other consequences, in the form of decidability results, can be derived by applying Ong’s
decidability result to representations of Böhm trees obtained through our theorems. In this
way, one can show that numerous problems for λY or PCFf are decidable. Examples include
normalizability, finiteness, solvability or having a Böhm tree prefixed by a given finite term.
Some of the results are already known, while others appear new.
Thus far, higher-order verification based on HORS focussed on model-checking trees
extracted from programs. Our contribution opens the perspective of applying model-checking
to terms with binding and arbitrary free variables, such as higher-order components of closed
programs.

2

λY -calculus

2.1

Böhm trees of λY -terms

We work with simple types built from a single atom o using the arrow type constructor.
They are defined by the grammar given below.
θ ∶∶= o ∣ θ → θ
The order of a type is defined as follows.
ord(o) = 0

ord(θ1 → θ2 ) = max(ord(θ1 ) + 1, ord(θ2 ))

Terms are considered up to α-equivalence, and equipped with β-reduction and η-expansion
(respectively written →β and →η ). We write ≃βη for the symmetric reflexive and transitive
closure of →β and →η . We shall consider several extensions of the simply-typed λ-calculus
over the types introduced above.
The λ-calculus additionally contains a constant o ∶ o. More generally, we shall write θ
for terms specified as follows.
θ = {

o
λxθ1 .θ2

θ≡o
θ ≡ θ1 → θ2

For λ-terms, let us define a partial order ⊑ (relating only terms with equal types) by
M1 ⊑ M2
M ⊑M

o ⊑ M

λx.M1 ⊑ λx.M2

M1 ⊑ M1′

M2 ⊑ M2′

M1 M2 ⊑ M2′ M2′

.

We will also consider the extension of the λ-calculus to infinite terms, which we refer
to as the λ∞ -calculus. The partial order ⊑ can be extended to λ∞ -terms to yield an
ω-cpo.
The λY -calculus contains a family of fixed-point operators Yθ ∶ (θ → θ) → θ, where θ
ranges over arbitrary types, equipped with the reduction rule Yθ M →Y M (Yθ M ).
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I Definition 1. Given a λY -term M and n ∈ N, the nth approximant of M , written M ↾ n,
is a λ-term defined by
x↾n
M N ↾n

= x
= (M ↾ n) (N ↾ n)

λx.M ↾ n = λx.(M ↾ n)
Yθ ↾ n = λf θ→θ .f n (θ ).

I Definition 2. The η-long Böhm tree of a λ-term Γ ⊢ M ∶ θ, written BT(M ), is its
β-normal η-long form. For a λY -term Γ ⊢ M , the η-long Böhm tree, also denoted by
BT(M ), is defined to be ⊔n BT(M ↾ n).
Being η-long, these infinite normal forms might be more adequately called Nakajima
trees [15]. However, their PCF counterparts are generally called PCF Böhm trees [6]. So, for
consistency, we call them η-long Böhm trees, and for conciseness we will often omit η-long.
I Definition 3. λY -terms satisfying Γ ⊢ M ∶ o are called ground. Given n ≥ 0, we shall say
that a ground term Γ ⊢ M ∶ o is of level n if, for all (x ∶ θ) ∈ Γ, we have ord(θ) < n.
Note that the free variables in a ground term of level 2 can have types of order 0 or 1, i.e.
they are of the form o → ⋯ → o, where o has at least one occurrence. Thus, Böhm trees of
such terms are (possibly infinite) trees.
The restrictions on types of free variables in ground terms of level 2 are analogous to
the restriction concerning types of terminal symbols in higher-order recursion schemes [7].
In fact, it can be shown that the Böhm trees of level-2 ground terms coincide with trees
generated by higher-order recursive schemes [18], and therefore have a decidable MSO theory.
In this paper, we are interested in the study of the Böhm trees of arbitrary λY -terms.
Unlike in the case of level-2 ground terms, Böhm trees of arbitrary λY -terms involve binders,
as illustrated by the following example.
I Example 4. Consider G = Yo→(o→o)→o (λf o→(o→o)→o .λy o .λxo→o . b (x y) (f (x y))) a,
which has type (o → o) → o in context a ∶ o, b ∶ o → ((o → o) → o) → o. Its Böhm tree is
{
w
~ y
λx1 . j b (x1 a) (λx2 . b (x2 (x1 a)) (λx3 . b (x3 (x2 (x1 a))) (λx4 . . . .
c
where the arrows indicate binding information: for each variable occurrence, the arrow
indicates the location of the associated binder. Note that because all bound variables are
used infinitely often, countably many variable names are required to represent binding.
This binding information is far from innocent: in fact, we prove in the next section that
it makes MSO undecidable. In particular, the term G above has an undecidable MSO theory.

2.2

Undecidability of MSO with binders

Let us first make formal what we mean by MSO on Böhm trees with binders.
I Definition 5. A binding structure B = (S, →) is a labelled transistion system, namely
a set of states S and a relation →⊆ S × L × S, where L is the set of labels L = N ∪ {λ}. For
l

l ∈ L, we write a → b for (a, l, b) ∈→.
Every λ∞ -term M defines a binding structure B(M ) in which the states are nodes in
n

λ

the syntax tree of M , a → b holds if b is the n-th child of a and a → b expresses the fact that
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(a) The Böhm tree of G

(b) The half-grid in BT(G)

Figure 1 Construction of the half-grid.

b is a binder-node λx and a an occurrence of x. The MSO formulas over binding structures
are given as follows.
λ

n

φ ∶∶= X x ∣ x → y ∣ x → y ∣ ¬φ ∣ φ ∨ φ ∣ φ ∧ φ ∣ ∃x. φ ∣ ∀x. φ ∣ ∃X. φ ∣ ∀X. φ
We write the first-order variables x, y in a different font to distinguish them from the variable
names of the λ-calculus. The validity of an MSO formula φ on a binding structure B, written
B ⊧ φ, is defined as usual.
I Theorem 6. MSO is undecidable on binding structures corresponding to Böhm trees of
λY -terms.
Proof. We reduce the well-known undecidable problem of deciding MSO on the infinite
half-grid to MSO over binding structures generated by λY -terms. In particular, we will show
that the binding structure B(BT(G)) contains an MSO-definable half-grid. The nodes of
the half-grid will be occurrences of bound variables in BT(G), which are definable by the
λ

formula grid(x) ≜ ∃y. x → y.
We say that a bound variable occurrence xi is at layer j if it occurs after j applications
of b. Then for any 1 ≤ i ≤ j, there is a unique occurrence of the bound variable xi at layer j,
we denote it by gi,j . The gi,j ’s will be the nodes of the half-grid; in Figure 1a we describe the
intended correspondence between occurrences of bound variables in BT(G) and the half-grid.
The following two relations correspond respectively to moving right and up inside the grid.
R

≜ y→x

U

≜ ∃z. z → x ∧ z → y ∧ ∃x′ . x → x′ ∧ y → x′

x→y
x→y
e1 e2

0

0∗

10∗

λ

λ

e∗

e1

e2

where → and → are respectively the relational composition of → and → and the transitive
e
closure of →, both MSO-definable. The relations define the half-grid in the sense that for any
R

U

1 ≤ i ≤ j and 1 ≤ i′ ≤ j ′ we have gi,j → gi′ ,j ′ iff i′ = i + 1 and j ′ = j, and gi,j → gi′ ,j ′ iff i′ = i
and j ′ = j + 1. Consequently, the half-grid is MSO-definable within BT(G) and, thus, the
latter must have an undecidable MSO theory.
J

2.3

De Bruijn representations of binders

Theorem 6 exhibits a difference in expressivity between HORS and the λY -calculus. Nonetheless, in the following, we shall show how to construct HORS that faithfully capture
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Böhm trees generated by λY -terms. To that end, we shall use binder-free representations.
As a consequence, we will be able to recast problems concerning the λY -calculus in the
setting of HORS. In particular, we will retain the decidability of MSO model-checking such
representations, which will provide us with a technique to verify a variety of properties of
λY -terms in spite of Theorem 6.
Our binder-free representation scheme will rely on De Bruijn levels [8]: each bound
variable x is given an index i, where i is the sum of a starting index and the number of
lambdas enclosing the binding location (De Bruijn levels should not be confused with De
Bruijn indices, which associate numbers to variable uses and not their points of introduction,
and can associate different numbers to different occurrences of the same variable).
I Example 7. Consider the term M = λf (o→o)→o .Yo (λy o .f (λxo .b x y)), of type ((o → o) →
o) → o in context b ∶ o → o → o. The Böhm tree of M , annotated with De Bruijn levels, has
the shape λx1 .x1 (λx2 .x0 x2 (x1 (λx3 .x0 x3 (x1 (λx4 . . . . , where b ∶ o → o → o is given an
index of 0. Note that each variable introduction and use are now labelled with a natural
number. This representation is unique, in the sense that, for a fixed choice of indices for
free variables and a choice of a starting index, two α-equivalent terms must have the same
representation.
With De Bruijn levels, λ-terms can be represented as level-2 ground terms, typable in a
special context defined below.
I Definition 8. Let Γrep be the following context.
{ z ∶ o, succ ∶ o → o, var ∶ o → o, app ∶ o → o → o, lam ∶ o → o → o }
Given n ∈ N, we write n for the term succ n (z).
In particular, the terms n will be used to represent binding information as De Bruijn levels.
I Definition 9. Let Γ ⊢ M ∶ θ be a λ-term and let ν ∶ Γ → N be an injection. We define
another λ-term Γrep ⊢ repν (M, n) ∶ o by
repν (, n)
repν (x, n)

= 
= var ν(x)

repν (λx.M, n)
repν (M N, n)

= lam n repν⊕{x↦n} (M, n + 1)
= app repν (M, n) repν (N, n).

Note that, as long as n > max(x∶θ)∈Γ ν(x), repν (M, n) faithfully represents the syntactic
structure of M . Given Γ ⊢ M ∶ θ, where Γ = {x1 ∶ θ1 , ⋯, xk ∶ θk }, let ν ∶ Γ → N be defined by
ν(xi ) = i − 1. We define rep(M ) to be repν (M, k).
For any finite λ-term M , rep(M ) gives a binder-free representation of M as a ground
λ-term in context Γrep . Being monotonic, the function rep preserves ω-chains, and therefore
can be used to represent the Böhm tree of any λY -term as a ground infinite λ∞ -term in
context Γrep . This invites the question whether this infinite λ∞ -term can always be obtained
as the Böhm tree of a level-2 ground λY -term.
I Example 10. Consider again the term M of Example 7. The binder-free representation
of M ’s Böhm tree can be captured as an open (infinite) term in context Γrep , namely,
M∞ = lam 1 T (2), where
T (n) = app (var 1) (lam n (app (app (var 0) (var n) T (n + 1))))
More precisely, we have ⊔n rep(BT(M ↾ n)) = M∞ . In this case, it is easy to extract
a λY -term Γrep ⊢ Mrep ∶ o such that BT(Mrep ) = M∞ from the definition of M∞ . This
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can be done by expressing the coinductive definition of M∞ inside the λY -calculus as
Mrep = lam 1 (Yo→o Mstep 2), where
Mstep = λT o→o . λno .app (var 1) (lam n (app (app (var 0) (var n)) (T (succ n)))).
Consequently, the Böhm tree of Mrep is a binder-free representation of the Böhm tree of M .
In our paper, we show how to obtain such representations in a systematic way.
I Theorem 11. Let Γ ⊢ M ∶ θ be a λY -term. There exists a level-2 λY -term Γrep ⊢ Mrep ∶ o
such that BT(Mrep ) = ⊔n rep(BT(M ↾ n)).
Next we describe the construction underlying our proof of Theorem 11. In this section we
only provide the necessary definitions, delegating the proof and a methodological discussion
to Section 3. The construction uses normalization by evaluation [9] and, in particular, the
observation that the technique can be internalized within the λY -calculus in our case.
Consider Γ ⊢ M ∶ θ with Γ = {x1 ∶ θ1 , ⋯, xk ∶ θk }. First we apply a simple transformation
on type annotations inside M and substitute o → o for o: let M ∗ be defined as M [o → o/o].
The substitution is meant to be applied to types θ occurring in λ-abstractions (λxθ .M ) and
fixed-point combinators (Yθ ). Observe that x1 ∶ θ1∗ , ⋯, xk ∶ θk∗ ⊢ M ∗ ∶ θ∗ , where
o∗ = o → o,

(θ′ → θ′′ )∗ = (θ′ ) → (θ′′ ) .
∗

∗

Next we define by mutual recursion two families of λ-terms {↓θ }, {↑θ }, subject to the following
conditions: Γrep ⊢ ↓θ ∶ θ∗ → o → o and Γrep ⊢ ↑θ ∶ (o → o) → θ∗ . We write λ.M for λz o .M ,
where z does not occur in M .
↓o
↓θ′ →θ′′
↑o
↑θ′ →θ′′

= λxo→o .x
′

= λx(θ →θ

′′ ∗

)

. λv o . lam v (↓θ′′ ( x (↑θ′ λ.(var v)) ) (succ v) )

= λxo→o .x
′ ∗

= λeo→o . λa(θ ) . ↑θ′′ ( λv o . app (e v) (↓θ′ a v) )

Now, with all the definitions in place, it turns out that one can take Mrep to be
↓θ M ∗ [ ↑θ1 λ.(var 0)/x1 , ⋯ , ↑θk λ.(var k − 1)/xk ] k.
In the next section we shall prove that Mrep indeed represents the Böhm tree of M in the
sense of Theorem 11. Before that, we illustrate the outcome of the construction on an
example.
I Example 12. Let us revisit the term M from Example 7. We have
M ∗ = λf ((o→o)→(o→o))→(o→o) .Yo→o (λy o→o .f (λxo→o .b x y))
and, thus, Mrep =↓((o→o)→o)→o M ∗ [↑o→o→o λ.(var 0)/b] 1. By unfolding the definitions of
↓θ , ↑θ and applying β-reduction the term can be rewritten. In fact, taking advantage of the
β-equivalences
↑o→o→o

≃β

λeo→o
.λa1o→o .λa2o→o .λv2o . app (app (e1 v2 ) (a1 v2 )) (a2 v2 )
1

↓((o→o)→o)→o

≃β

λx(((o→o)→o)→o) .λv1o . lam v1 (x Maux (succ v1 )),

∗

where Maux = λa(o→o) .λv2o . app (var v1 ) (lam v2 (a (λ.var v2 ) (succ v2 ))), one can show
that Mrep is β-equivalent to
∗

lam 1 (Y (λy. λv.app (var 1) (lam v (app (app (var 0) (var v)) (y (succ v))))) 2),
the manually constructed term from Example 10.
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Internalized normalization by evaluation

In this section, we present the mathematical development that led to the term transformation
of the previous section. As already mentioned, the main idea comes from normalization by
evaluation (NBE). NBE is a general method used to construct normal forms for terms through
their denotational semantics; the reader is referred to [9] for an introduction. The basic idea
is to interpret terms in a suitable semantic universe. By soundness, the interpretation will
be invariant under syntactic reduction. Moreover, if one uses a class of domains expressive
enough to encode representations of normal forms, then one can attempt to extract a
representation of the normal form of a term from the semantics. Notably, the extraction can
be performed by evaluating the interpretation map on well-chosen elements of the domain,
which yields an entirely semantic normalization procedure. NBE has been described for a
variety of languages, including the simply-typed λ-calculus [5] as well as richer languages
with coproducts [4], or type theory [1]. Our presentation of NBE follows along the lines of [9].
The main novelty is the internalization of the process within the λY -calculus itself, which
ultimately allows us to present NBE as a term transformation.

3.1

Semantic NBE for the λY -calculus

We first describe a domain semantics for the λY -calculus that will be exploited to obtain
an NBE procedure. We assume the basic vocabulary of domain theory, e.g. [20]. Let us
recall that an ω-cpo is a partial order where each ω-chain (of the form x1 ≤ x2 ≤ . . . ) has a
supremum. We will interpret types as pointed ω-cpos, i.e., ω-cpos with a bottom element
written . A function f ∶ A → B is continuous if it preserves suprema of ω-chains. The set of
continuous functions from A to B, ordered pointwise, is itself a pointed ω-cpo, denoted by
A → B.
Our NBE procedure will generate representations of Böhm trees of λY -terms as elements
of the pointed ω-cpo of λ∞ -terms of ground type in context Γrep , henceforth referred to
as E. Representations based on De Bruijn levels lack compositionality: the indices present in
a subterm depend on the number of variables abstracted in the context in which the subterm
occurs. In order to overcome the difficulty, instead of constructing directly De Bruijn terms
in E, we will construct term families [9], intuitively functions N → E, which - unlike De
Bruijn terms - can be manipulated compositionally.
We now describe our semantic NBE for λY . In our case, E will also be used to represent
natural numbers, so term families will be interpreted as elements of the pointed ω-cpo
̂ = E → E, where the first E plays the role of N. For the sake of clarity, we will sometimes
E
write N instead of E to highlight subterms representing natural numbers. This should not
create any confusion.
̂ Note
Our NBE relies on the standard interpretation of the λY -calculus with JoK = E.
that we write λ, rather than λ, to stress that the semantic operation of function abstraction
(on continuous functions between pointed ω-cpos) is meant.
̂
JoK = E

JxKρ = ρ(x)

Jθ1 → θ2 K = Jθ1 K → Jθ2 K

JKρ = 

Jλxθ .M Kρ = λaJθK .JM Kρ⊕{x↦a}

JM N Kρ = JM Kρ (JN Kρ )

JYθ Kρ = ⊔ λf JθK→JθK .f n ()
n

We claimed above that unlike raw De Bruijn terms, term families can be constructed
compositionally. This is done with the help of the following continuous functions, which
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̂
generalize term constructors of E to E.
̂
var

̂
= λv N .λnN .var v ∶ N → E

â
pp
̂
lam

̂
̂
E
N
̂
̂
̂
= λeE
1 .λe2 .λn .app (e1 (n)) (e2 (n)) ∶ E → E → E
̂
̂ →E
̂
= λf N →E .λnN .lam n (f (n)(succ n)) ∶ (N → E)

Using these extended constructors, one can define families of continuous functions, tradition̂ and reflection (⇑θ ∶ E
̂ → JθK).
ally called reification (⇓θ ∶ JθK → E)
N
̂
̂
⇓θ1 →θ2 x = lam(λn
. ⇓θ2 (x(⇑θ1 (var(n)))))
Jθ1 K
⇑θ1 →θ2 e = λx . ⇑θ2 (̂
app(e)(⇓θ2 (x)))

⇓o x = x
⇑o e = e

For closed terms ⊢ M ∶ θ, the normalization-by-evaluation function can now be defined by
setting nbe(M ) = ⇓θ (JM K)(0). In order to apply the same method to open terms Γ ⊢ M ∶ θ,
where Γ = {x1 ∶ θ1 , . . . , xk ∶ θk }, we need to build a canonical inhabitant of JΓK by defining
the canonical semantic environment ρΓ ∶ Πxi ∈Γ Jθi K, associating ⇑θi (λ_N .var (i − 1)) ∈ Jθi K
to any xi . This leads to a generalized variant of the normalization function, defined by:
nbe(M ) = ⇓θ (JM KρΓ )(k).
I Proposition 13. For any λ-term Γ ⊢ M in β-normal η-long form, nbe(M ) = rep(M ). For
any λY -term Γ ⊢ M ∶ θ, nbe(M ) = ⊔n rep(BT(M ↾ n)).

Proof. The first part is proved by induction on M . For the second part, we reason equationally
as follows: nbe(M ) = ⇓θ (JM KρΓ )(k) = ⇓θ (⊔n JM ↾ nKρΓ )(k) = ⊔n ⇓θ (JM ↾ nKρΓ )(k) =
(1)

(2)

(3)

(4)

⊔n ⇓θ (JBT(M ↾ n)KρΓ )(k) = ⊔n rep(BT(M ↾ n)) where (1) is by definition of NBE, (2)
is by induction on M from the definition of interpretation, (3) is by continuity of ⇓θ and
application. Since M ↾ n is a simply-typed λ-term, it has a normal form BT(M ↾ n)
such that M ↾ n ≃βη BT(M ↾ n). By soundness of the domain semantics, this implies that
JM ↾ nKρ = JBT(M ↾ n)Kρ and (4) is true. Finally, (5) follows from the first part.
J
(5)

3.2

Internalization

Following Section 2, for any λY -term Γ ⊢ M ∶ θ, we define the syntactic NBE by snbe(M ) =↓θ
M ∗ [↑θi λ.(var i − 1)/xi ] k so that Γrep ⊢ snbe(M ) ∶ o (↓θ and ↑θ are the terms defined in
Section 2). In the remainder of this section we show the correctness of snbe, namely
BT(snbe(M )) = ⊔n rep(BT(M ↾ n)), by noting that snbe amounts to an internalization of
the NBE procedure inside the λY -calculus, i.e., that the following triangle commutes.
λY
nbe(−)
snbe(−)


λY

!
BT(−)

/E

To carry out the argument, below we introduce another interpretation of terms Γrep , Γ ⊢ θ,
written j−o, which will treat variables from Γrep as constants. Accordingly, the sequents will
be interpreted by a continuous function from jΓo to jθo, with Γrep omitted. Similarly, the
semantic environment for a context Γrep , x1 ∶ θ1 , . . . , xk ∶ θk is simply ρ ∶ Πxi ∈Γ jθi o. In the
same vein, whenever we write Γ ⊢ M ∶ θ from now on, we will assume that none of the
variables from Γrep occurs in Γ (this does not affect the generality of our results, as free
variables of a λY -term can be renamed to avoid clashes with Γrep ). Below we let z range
over the variables from Γrep .
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joo = E
jθ → θ′ o = jθo → jθ′ o
jzoρ = z

jxoρ
jM N oρ
jλxθ .M oρ
jYθ oρ

=
=
=
=

99

jvaroρ
jappoρ
jlamoρ
jsuccoρ

ρ(x)
jM oρ (jN oρ )
λajθo .jM oρ⊕{x↦a}
⊔n λf jθo→jθo .f n ()

=
=
=
=

λnE .var n
E
λeE
1 .λe2 .app e1 e2
E
λn .λeE .lam n e
λnE .succ n

The interpretations J−K and j−o are related by the following lemma, which is easily
proved by induction. We apply j−o to M ⋆ on the understanding that Γ ⊢ M ∶ θ implies
Γrep , Γ⋆ ⊢ M ⋆ ∶ θ⋆ and that JΓK = jΓrep , Γ⋆ o.
I Lemma 14. For any type θ, JθK = jθ⋆ o. For any λY -term Γ ⊢ M ∶ θ and any semantic
environment ρ ∈ JΓK, we have JM Kρ = jM ⋆ oρ .
On the other hand, j−o is related to Böhm trees by the following lemma.
I Lemma 15. For any λY -term Γrep ⊢ M ∶ o, we have jM o = BT(M ).
Proof. Suppose first that Γrep ⊢ M ∶ o is a λ-term in β-normal η-long form, i.e. M = BT(M ).
Then M must be an applicative term built from , z, succ, var, lam and app. By induction
on M it follows that jM o = M and, thus, jM o = BT(M ).
Now consider arbitrary Γrep ⊢ M ∶ o, and n ∈ N. By construction, M ↾ n is a λ-term.
By normalization of the simply-typed λ-calculus, M ↾ n has a Böhm tree BT(M ↾ n)
such that M ↾ n ≃βη BT(M ↾ n). By soundness of the denotational model, it follows that
jM ↾ no = jBT(M ↾ n)o. By the first part above, we can deduce jM ↾ no = BT(M ↾ n). The
lemma then follows by continuity.
J
Putting all the lemmas together, we arrive at our main result.
I Theorem 16. For any λY -term Γ ⊢ M ∶ θ, BT(snbe(M )) = ⊔n rep(BT(M ↾ n)).
Proof. From the following calculations. BT(snbe(M )) = jsnbe(M )o = j↓θ
(1)

λ.(var i − 1)/xi ] ko = j↓θ o(jM ∗ oxi ↦j↑θ
(3)

i

λ.(var i−1)o )(jko)

(2)

= ⇓θ (JM Kxi ↦⇑θ

(4)

i

M ∗ [ ↑θi

(λ.(var i−1)) )(k)

=

(5)

nbe(M ) = ⊔n rep(BT(M ↾ n)). (1) follows from Lemma 15, (2) and (3) from the definitions
of snbe and j−o respectively, (4) is a consequence of j↓θ o =⇓θ , j↑θ o =⇑θ and Lemma 14. Finally,
(5) follows from the definition of nbe and (6) from Proposition 13.
J
(6)

We conclude this section with a discussion on the effect of the M ↦ snbe(M ) transformation
on the order of terms (the order of a λY -term, written ord(M ), is the maximal order of
the types of its subterms). We note that, given Γ ⊢ M ∶ θ, the term snbe(M ) is of order at
most ord(M ) + 2, because it contains ↓θ , which has type θ∗ → (o → o) of order ord(θ) + 2.
However, as in Example 12, snbe(M ) can be simplified by one size-decreasing β-reduction
step to M ′ of order ord(M ) + 1. Furthermore, if one is interested in obtaining an equivalent
HORS then M ′ can be transformed into a HORS of order ord(M ) [18].

4

Generalization to PCF

Here we show that the methodology of the previous section can be applied to PCF [17]. This
brings us closer to realistic programs, which can branch on data values. PCF extends the
λY -calculus in that the ground type o is replaced with the type of natural numbers, basic
arithmetic and zero testing. It was designed to be Turing-complete, so in order to avoid
obvious undecidability we focus on its finitary variants. In what follows we consider boolean
PCF2 in which o is the type of booleans, but it should be clear that the techniques extend
to any finite ground type.
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4.1

PCF2 and PCF2 Böhm trees

PCF2 types are defined by the grammar θ ∶∶= B ∣ θ → θ and terms are given by M, N ∶∶= tt ∣
ff ∣ if M then N1 else N2 ∣ x ∣ λxθ .M ∣ M N ∣ Yθ M . The following typing rules apply.
Γ ⊢ M ∶B
Γ ⊢ tt ∶ B

Γ ⊢ ff ∶ B

Γ ⊢ N1 ∶ θ

Γ ⊢ N2 ∶ θ

Γ ⊢ if M then N1 else N2 ∶ θ

For PCF2 , the canonical forms that we wish to generate are PCF Böhm trees: they are
(potentially infinite) trees generated by the rules displayed below.
ÐÐÐÐÐÐ→
Ð
→
ÐÐÐÐÐÐÐÐ→
Γ, . . . , xi ∶ Ai , . . . ⊢ M ∶ B Γ ⊢ Mi ∶ θi Γ ⊢ N1 , N2 ∶ B (x ∶ θ → B) ∈ Γ
Ð
→
Ð
→
→
Γ ⊢ , tt, ff ∶ B
Γ ⊢ λÐ
x .M ∶ A → B
Γ ⊢ if x M then N else N ∶ B
1

2

Such trees were first introduced along with the game semantics for PCF [11, 2], serving as a
syntactic counterpart to strategies. Later developments in game semantics [3, 13] showed
that two terms of PCF have the same strategy, i.e. the same PCF Böhm tree, if and only
if they are indistinguishable by evaluation contexts having access to computational effects
such as state and control operators. This makes PCF Böhm trees a natural candidate for a
representation of higher-order programs to be used for verification purposes, since purely
functional programs are eventually executed in runtime environments that have access to
such effects.
We also consider the variant PCF2, consisting of Y -free terms of PCF2 , extended with a
constant  ∶ B. They are partially ordered by the obvious adaptation of the partial order ⊑
on λ-terms, still written ⊑. As before, this partial order extends to an ω-cpo on infinite
terms of PCF2, , referred to as PCF∞
2, .
The operational semantics for PCF2 for which PCF Böhm trees can be taken to be
canonical representatives is obtained by adding the rules listed below to β, η and Y . For
brevity, if M then N1 else N2 is written as if(M, N1 , N2 ). The rules are restricted to the
cases where both sides typecheck.
if(tt, N1 , N2 ) →β1′ N1 M →η′ if(M, tt, ff ) if(M, N1 , N2 ) N ′ →γ1 if(M, N1 N ′ , N2 N ′ )
M →η′ if(M, tt, ff )
if(if(M, N1 , N2 ), N3 , N4 ) →γ2 if(M, if(N1 , N3 , N4 ), if(N2 , N3 , N4 ))
We write ≃PCF for the corresponding equational theory. For PCF2, we also add the rule
if(, N1 , N2 ) → . The following property can then be established by standard means.
I Proposition 17. For any term Γ ⊢ M ∶ θ of PCF2, there is a PCF Böhm tree Γ ⊢ BT(M ) ∶ θ
such that M ≃PCF BT(M ).
To define Böhm trees of arbitrary PCF2 -terms Γ ⊢ M ∶ θ, we define the nth approximant of
M , written M ↾ n, by replacing fixpoint combinators Yθ with λf θ .f n (θ ), yielding a term of
PCF2, . In the general case, the PCF Böhm tree is then defined by BT(M ) = ⊔n BT(M ↾ n).

4.2

Representability

We would like to represent PCF Böhm trees of PCF2 -terms as level-2 ground λY -terms. To
that end, we shall use a new context Γpcf , defined as Γrep augmented with { tt ∶ o, ff ∶ o, if ∶
o → o → o → o } to take the shape of PCF Böhm trees into account. Just as before, the set of
ground λ∞ -terms typed in context Γpcf forms a pointed ω-cpo. It will be the target of our
transformation and, again, we will denote it by E. The representation function rep(−) of
Section 2 extends easily to a function mapping any PCF2, -term Γ ⊢ M ∶ θ to a λ-term
Γpcf ⊢ rep(M ) ∶ o using De Bruijn levels. Our representation result for PCF2 can then be
stated as follows.

P. Clairambault and A. S. Murawski

101

I Theorem 18. For any PCF2 term Γ ⊢ M ∶ θ, there is a level-2 λY -term Γpcf ⊢ Mrep ∶ o
such that BT(Mrep ) = ⊔n rep(BT(M ↾ n)).
To construct Mrep from M , we first apply the following syntactic transformation translating
types and terms of PCF2 to λY -terms, combining the operation (−)∗ on λY -terms defined
in Section 2 with an elimination of booleans based on Church encodings.
B∗
(θ′ → θ′′ )∗

= (o → o) → (o → o) → (o → o)
= (θ′ )∗ → (θ′′ )∗

tt ∗

= λao→o .λbo→o .b
→
→
.λao→o .λbo→o .M ∗ (N1∗ Ð
x a b) (N2∗ Ð
x a b)
ff

Ð
→
Ð
→θ∗

(if M then N1 else N2 )∗ = λ x

= λao→o .λbo→o .a

∗

Ð
→
where, in the last equation, N1 and N2 have type θ → B. The translation (−)∗ can be
extended to all the other term constructors in the obvious way. Note that, since this
translation gives us a λY -term, we can already apply the transformation of Section 2 and
obtain a λY -term generating the Böhm tree of M ∗ . To get the PCF Böhm tree of M instead
one can modify the ↓θ , ↑θ terms as follows.
↓B = λxB .x (λ.tt) (λ.ff )
↑B = λeo→o .λao→o .λbo→o .λno .if (e n) (a n) (b n)
′
′′ ∗
↓θ′ →θ′′ = λx(θ →θ ) . λv o . lam v (↓θ′′ ( x (↑θ′ λ.(var v)) ) (succ v) )
′ ∗
↑θ′ →θ′′ = λeo→o . λa(θ ) . ↑θ′′ ( λv o . app (e v) (↓θ′ a v) )
∗

Assuming Γ = x1 ∶ θ1 , . . . , xk ∶ θk , we can then set Mrep =↓θ M ∗ [↑θi λ.var i − 1/xi ] k.
The notion of order on types and terms is generalised to PCF2 by setting ord(B) = 0. As
for λY , Mrep can be simplified by one β-reduction step to M ′ of order ord(M ) + 2. M ′ can
then be transformed into a HORS of order ord(M ) + 1 [18].

5

Conclusion

We have shown that faithful representations of η-long Böhm trees of arbitrary λY -terms and
PCF Böhm trees of PCF2 -terms can be generated by higher-order recursion schemes. We
can use the result to reduce various decision problems related to the λY -calculus or PCF2 to
problems for higher-order recursive schemes.
The first class of problems to which the reduction technique can be applied are equivalence
problems.
I Corollary 19. The following problems are recursively equivalent: HORS equivalence, Böhm
tree equivalence in the λY -calculus, PCF Böhm tree equivalence in PCF2 .
The decidability status of these problems is currently unknown, but they are known to
be related to two other interesting problems: the equivalence problem for deterministic
collapsible pushdown automata [10] and contextual equivalence for PCF2 -terms with respect
to contexts with state and control effects (contextual equivalence for PCF2 -terms with respect
to purely functional contexts is undecidable, even without Y [14]).
In a different direction, we can exploit the decidability result for MSO on trees generated
by HORS [16] to decide a variety of properties of Böhm trees. Here the undecidability result
for binders places a limit on the kind of binding-related information that can be captured by
MSO on our representations. However, many interesting problems on Böhm trees still fall
within the range of our representation.
I Corollary 20. The following problems are decidable for λY - and PCF2 -terms: normalizability (is a given term equivalent to a Y -free term?), finiteness (is the Böhm tree/PCF
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Böhm tree finite, i.e. a λ/PCF2, -term?), solvability (is the Böhm tree/PCF Böhm tree
non-empty after leading abstractions?), prefix (does the Böhm tree/PCF Böhm tree have a
given finite prefix?).
The results follow from the fact that all the relevant properties are expressible in MSO.
Normalizability and solvability for the λY -calculus were already known to be decidable [19].
To the best of our knowledge, the other consequences are new. In future work, we would
like to understand the exact complexity of these problems and see whether our results yield
optimal bounds.
Acknowledgment. We would like to thank Sylvain Salvati for pointing out to us the
undecidability argument for MSO on trees with binding. This research was conducted while
the first author was in Cambridge, supported by the Advanced Grant ECSYM. The second
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Abstract
We consider simply-typed lambda calculus with fixpoint operators. Evaluation of a term gives as
a result the Böhm tree of the term. We show that evaluation is compatible with monadic secondorder logic (MSOL). This means that for a fixed finite vocabulary of terms, the MSOL properties
of Böhm trees of terms are effectively MSOL properties of terms themselves. Theorems of this
kind have been known for some graph operations: unfolding, and Muchnik iteration. Similarly
to those results, our main theorem has diverse applications. It can be used to show decidability
results, to construct classes of graphs with decidable MSOL theory, or to obtain MSOL formulas
expressing behavioral properties of terms. Another application is decidability of a control-flow
synthesis problem.
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1

Introduction

Rice’s theorem tells us that no non-trivial property of the behavior of a Turing machine can
be decided by looking at the machine itself. In this paper we consider a much simpler abstract
computing system: simply-typed lambda-calculus with fixpoint operators. We denote it λY .
A behavior of a λY -term is its Böhm tree. Since not all λY -terms have normal forms, Böhm
trees are a standard choice for the result of a computation of a term. To express properties
of results we use monadic second-order logic (MSOL) because it is a fundamental logic over
trees. The Transfer Theorem we prove says that if we fix a finite set of term variables then
every MSOL property of Böhm trees is effectively an MSOL property of terms. In other
words, we show that MSOL is compatible with evaluation.
The λY -calculus is a standard formalism in the functional language community. It can
be seen as a simplification of the programming language PCF introduced by Plotkin [37].
By now, it is usual [3] to approach the semantics of the lambda-calculus through infinite
Böhm trees. Such a tree is just the normal form of the term, if the term has one. Otherwise
it is a potentially infinite tree representing the visible part of the infinite computation of the
term. We assume that all constants in the vocabulary have a type of order at most 2. This
assumption is made in all the works considering language theoretic properties of Böhm trees,
as it guarantees that a Böhm tree is just a labeled ranked tree. In this paper we consider also
infinite λY -terms. This is less standard but introduces relatively few complications while
substantially strengthening of the main theorem.
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Our Transfer Theorem says that for a fixed finite vocabulary of terms, an MSOL formula
ϕ can be effectively transformed into an MSOL formula ϕ
b such that for every term M over
the fixed vocabulary: M satisfies ϕ
b iff the Böhm tree of M satisfies ϕ. In terminology of
Courcelle [12], our result says that evaluation of λY -terms is MSOL-compatible. A flagship
example of a result of this kind is MSOL-compatibility of the unfolding operation [43, 14].
A finite automaton, i.e. a graph, can be unfolded into a tree of all its possible executions:
this tree can be seen as the evaluation of the automaton. The MSOL-compatibility of the
unfolding means that the MSOL theory of this tree can be effectively reduced to the MSOL
theory of the automaton itself. The more powerful Muchnik iteration [43, 45] allows to get a
similar result for pushdown automata and higher-order pushdown automata. This way we
obtain the pushdown hierarchy of trees with a decidable MSOL theory. Here we consider
λY -terms instead of automata as a computational model, and show the analogous result for
evaluation instead of unfolding or Muchnik iteration. The operation of evaluation cannot be
directly compared to the other two since it works on different objects (trees with back edges
instead of graphs). Yet in a well-known context where these operations can be compared, the
evaluation operation is strictly stronger. Indeed, every tree in the pushdown hierarchy [11] is
a Böhm tree of some term, but not vice versa [36].
Related work: Under a different syntax λY -calculus has been intensively studied by the
language theoretic community. One can cite the PhD thesis of Fischer [18] on macro
languages, the work of Engelfriet and Schmidt on IO and OI [16, 17], or the work of Damm
on (safe) recursive schemes [15]. More recently Knapik, Niwinski and Urzyczyn [21] considered
recursive schemes as generators of infinite trees, and studied the model-checking problem
for such trees. After a series of intermediate results [2, 22, 1]; Ong [31] has shown that
the model-checking problem of MSOL properties for such trees is decidable. It has been
already clear to Engelfriet and Schmidt as well as to Damm that the grammars, or recursive
schemes they study are a different representation of λY -terms (and their subclasses). Indeed,
trees generated by recursive schemes are just Böhm trees of the corresponding terms of
λY -calculus.
The Transfer Theorem for evaluation presented here is stronger than Ong’s theorem in
at least two aspects. First, it holds also for (possibly irregular) infinite λY -terms. Second,
and more importantly, the theorem gives an effective way of expressing properties of results
of evaluation (Böhm trees) in terms of properties of terms: the construction of the formula
ϕ
b depends on ϕ and a fixed vocabulary, but does not depend on a term M . For example,
since finiteness of a tree is definable in MSOL, we immediately obtain that if we restrict
to λY -terms over a fixed finite vocabulary then the set of terms having a (finite) normal
form is MSOL definable. We show that removing the restriction to a fixed finite vocabulary
would imply the collapse of the polynomial hierarchy. In the last section of the paper we
give several other applications of additional power provided by the Transfer Theorem.
This work sheds some light on unfolding and Muchnik’s theorems. It shows that they are
in some sense special cases of the Transfer Theorem for evaluation. Knapik and Courcelle [13]
have used the unfolding theorem to prove a special case of our theorem for infinite terms
with variables only of type 0. They also mention that the method can be extended to all safe
terms thus avoiding the use of Muchnik’s theorem. Due to a result of Parys [36] we know that
the approach based on unfoldings or Muchnik’s theorem cannot work for all (unsafe) terms.
Our proof proposes a different approach to substitution offered by the Krivine machine and
that overcomes this difficulty (cf. Section 4).
MSOL properties of higher-order systems is an active area of research. After the seminal
paper of Knapik, Niwinski and Urzyczyn[21]; Caucal has introduced the pushdown hier-
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archy [11] that since has been an object of intensive study from the logical point of view [10].
Many interesting properties of higher-order programs can be analyzed with recursive schemes
and automata [24, 23, 25, 27, 33]. The decidability result of Ong has been revisited in a
number of ways [19, 26, 39, 8].
The study of MSOL-compatible operations has a long history. Directly relevant here is an
iteration operator proposed by Stupp; he showed that it is MSOL-compatible [44]. Rabin’s
theorem [38] on decidability of MSOL on infinite binary trees is an immediate corollary of this
result. Much later Muchnik has proposed a strengthening of Stupp’s iteration, and sketched
the proof of MSOL-compatibility of this operation [43]. Courcelle and Walukiewicz have
shown MSOL-compatibility of the unfolding operation [14] not using Muchnik iteration. Later
Walukiewicz has given a detailed proof of MSOL-compatibility of Muchnik iteration [45].
This result has then been extended and adapted to other logics [6, 30, 29]. For a survey of
compatible operations and their applications we refer the reader to [5].
Plan of the paper: In the next section we introduce infinitary λY -calculus: a simply typed
λ-calculus of infinite terms with fixpoint operators. We define Böhm trees and show that, as
for finite terms, they still define a standard notion of values.
Section 3 presents the main theorem. For this it describes how terms are represented
as logical structures so that we can talk about their MSOL properties. Our representation
requires that we have a fixed finite set of λ-variables. At the same time we do not need to
restrict the number of Y -variables. We show that the theorem is not likely to hold if the
number of λ-variables is not fixed. We also compare our theorem to that of Ong [31]. An
overview of proof methods is presented in Section 4.
Section 5 gives three applications of the Transfer Theorem. In the conclusion section we
give more relations between the Transfer Theorem and other results in the literature. The
extended version of the paper [40], presents all the proofs as well as some more comments
and discussions.

2

Infinitary λY -calculus

In this paper, we work with the infinitary simply typed λ-calculus with fixpoints. We start
with the notions of tree signatures, and of infinitary terms together with the operational
semantics of the infinitary λY -calculus. We adopt a slightly modified syntax where Y , the
fixpoint operator, is used as a variable binder rather than as a combinator. This allows us to
distinguish between the variables that may be bound by Y from those that may be bound by
λ. Such a distinction is of little importance for the calculus itself, but it will allow us to get
a more general theorem later when we put restrictions on the number of λ-variables. Next,
we define the notion of Böhm trees. As it can be expected, Böhm trees are actual normal
forms of infinitary terms, and every infinitary term has a normal form. Moreover, a Böhm
tree of a term of type 0 over a tree signature is just a ranked tree.
Syntax and operational semantics. The set of types is constructed from a unique basic
type 0 using a binary operation →. Thus 0 is a type and if α, β are types, so is (α → β).
As usual, so as to use fewer parentheses, we consider that → associates to the right. For
example, 0 → 0 → 0 stands for (0 → (0 → 0)). We will write 0i → 0 as short notation for
0 → 0 → · · · → 0 → 0, where there are i + 1 occurrences of 0. The order of a type is defined
by: order(0) = 1, and order(α → β) = max(1 + order(α), order(β)).
A signature, denoted Σ, is a set of typed constants (in general noted cα , . . . ), that is
symbols with associated types. Of special interest to us will be tree signatures where all
constants other than the special constant Ω have order at most 2. Observe that types of
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order 2 have the form 0i → 0 for some i. For simplicity of notation we will always assume
that i = 2, but our results do not depend on this convention.
Terms will be built over two disjoint countable sets of typed variables: λ-variables and
Y -variables: written xα and xα respectively. We assume that for every type α we have a
constant Ωα to denote the undefined term of type α. We will also have typed application
symbols @α , and typed binders Y α as well as λα→β . For all types α we define simultaneously
the sets of infinite terms of type α as trees satisfying the following conditions.
A node labeled by Ωα , xα , xα , or cα is a term of type α.
A tree with the root labeled @β having as the left subtree a term of type α → β and as a
right subtree a term of type α, is a term of type β.
A tree with the root labeled λα→β xα with the unique immediate subtree being a term of
type β, is a term of type α → β.
A tree with a root labeled Y α xα with the unique immediate subtree being a term of type
α, is a term of type α.
Some examples of infinitary λY -terms, as well as trees that are not terms, are presented in
the Figure to the right. Notice that
Terms
Non-term
all variables and constructors carry
Y x.
@
Y x.
λx.
type labelings that make typings of
λx.
@
x
Y x.
λz.
terms unique. We shall often omit
λx.
x
@
those labels when they are unne- Y x.
cessary for the understanding or
@
x
when they can be inferred from the
z
context. We will also use standard
conventions and write (M N ) for @ M N , and N0 N1 . . . Np for (. . . (N0 N1 ) . . . Np ).
The reason why we need to distinguish between λ-variables and Y -variables is that, the
main theorem we prove is about terms which use finitely many λ-variables but possibly
infinitely many Y -variables. As a small remark, if the main theorem did not need to make
this assumption, we could simply get rid of Y -binders. Indeed the term Y x.N has the
same Böhm tree (see section 2) as the term rec(λx.N [x/x]) where rec = λf.f (f (f (f . . . ))).
This shows that λ-abstraction, or parameter instantiation, is more powerful than recursive
definition in the context of the infinitary λ-calculus.
The notion of capture-avoiding substitution can be easily extended to infinitary λ-calculus.
Given two terms M and N we shall write M [N/x] (resp. M [N/x]) for the result of the
capture-avoiding substitution of N for the free occurrences of x (resp. x) in M . It is
important to notice that x or x may have infinitely many free occurrences in M , and that
computing the result of M [N/x] or of M [N/x] may require an infinite amount of work. This
is why, following a suggestion made in Terese [20], our technique is based on the Krivine
machine which computes with explicit substitutions and avoids this infinite overhead.
We may now define β-contraction on infinitary terms as the direct extension of βcontraction on finite terms. Concerning δ-contraction, we need to adapt its definition to
our slightly modified syntax. The relation of δ-contraction →δ is the smallest relation that
is compatible with the syntax of infinitary λY -calculus and so that Y x.M δ-contracts to
M [Y x.M/x]. We let βδ-contraction, →βδ to be the union of the relations →β and →δ . Of
course, the subject reduction property for simple types transfers from finite terms to infinite
ones so that the reduction preserves typing.
We recall the notion of weak head normal form and of weak head reduction: the reduction
strategy of the Krivine machine. An infinitary term M is in weak head normal form, if it is
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of the form λxα .N for some term N , or if it is of the form hN1 . . . Nn , with h being either a
variable or a constant different from Ω.
When M is an infinitary term of the form (λx. P )P1 . . . Pn or (Y x. P )P1 . . . Pn , then M
has a head-redex. The operation of reducing M to P [P1 /x]P2 . . . Pn or to P [Y x.P/x]P1 . . . Pn ,
respectively, is called head-contracting M . We write M →h N when M head-contracts to N ;
we write M →∗h N for head-reduction in some finite number of head-contraction steps.
Böhm trees. We now define a notion of normal form for infinitary terms. There is no
particular difficulty to do it for all infinite λY -terms. Yet, since we consider infinitary
λY -terms as generators of infinite trees, we are really interested only in closed terms of type
0. In order to further simplify the notation we will from the start consider only terms over a
tree signature, and assume that all the constants are binary.
I Definition 1 (Böhm trees). Given a closed term M of type 0 over a tree signature, we
define its Böhm tree, BT (M ), as follows:
1. if M →∗h bN1 N2 where b is a constant different from Ω, then BT (M ) is a tree with root
labeled b and with BT (N1 ) and BT (N2 ) as its subtrees.
2. otherwise BT (M ) = Ωα .
Observe that in our case Böhm trees are just labeled infinite binary trees. In a sense that
can be made precise, Böhm trees are normal forms of terms. As such they are terms too, but
due to their special shape we do not need to use application nodes to represent them.
The reader may be surprised that we talk about Böhm trees while in general weak head
reduction computes Lévy-Longo trees. It turns out that the two notions coincide when
working with tree signatures and terms of type 0. This is why we have preferred to use the
better known notion.

3

Transfer Theorem for evaluation

In this section we present the main theorem of the paper. The theorem relates logical theories
of terms and Böhm trees. We will consider monadic-second order logic (MSOL) on such
objects. For this, it will be essential to restrict to some finite set of λ-variables: both free
and bound. On the other hand, we will be able to handle infinitely many Y -variables. Once
we make it clear how to represent terms and Böhm trees as logical structures, we will also
state our main theorem. We will justify our representation of terms by showing two facts: (i)
the set of all terms is definable in MSOL, (ii) unless the polynomial-time hierarchy collapses,
the main theorem is false when we do not fix the number of bound λ-variables.
Terms will be represented as labeled, potentially infinite, graphs. For us here a labeled
graph is a structure of the form M = hV, E1 , E2 , {Pi }i=1,...,n i, where V is the set of vertices,
E1 and E2 are binary relations on vertices, and every Pi is a subset of vertices. We will have
two edge relations representing left and right successors. In our case predicates Pi will form a
partition of V . So every vertex will have a unique label given by the predicate it belongs too.
Monadic second-order logic (MSOL) is an extension of first-order logic with quantification
over sets of elements and the membership predicate x ∈ Z, where x is a variable ranging over
elements, and Z is a variable ranging over sets of elements. The definition of satisfiability of
a formula ϕ in a structure M, denoted M  ϕ, is standard.
Let us fix a tree signature Σ with finitely many constants other than Ω. As postulated at
the beginning of Section 2, for simplicity of the notation all the constants are binary. We
would like to consider terms as models of formulas of monadic second-order logic. We will
work with terms over some arbitrary but finite vocabulary. We take a finite set of typed
αk
1
λ-variables X = {xα
1 , . . . , xk }, and a finite set of types T . We denote by Terms(Σ, T , X )
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the set of infinite closed concrete terms M over the signature Σ such that M uses only
λ-variables from X , and every subterm of M has a type in T . We call concrete terms, terms
that are not considered up to α-conversion, so it makes sense to say that bound λ-variables
in M should come from X . Observe that we do not put restrictions on the use Y -variables.
It will be convenient to assume that every Y -variable in M is bound at most once: for every
Y -variable x there is at most one occurrence of Y x in M .
A term from Terms(Σ, T , X ) is a labeled tree where the labels come from a finite alphabet,
but for the Y -variables and Y -binders. We will now eliminate the possible source of infiniteness
of labels related to Y -variables and Y -binders. Take a closed term M considered as a tree. For
every node of this tree labeled by a Y -variable xα we put an E1 -edge from the node to the node
labeled Y α xα . Since M is closed, such a node exists and is an ancestor of the node labeled
by x; such a node is also unique since we assume that every Y -variable is bound at most once.
In the next step we introduce a new symbol α and
for every node labeled with a Y -variable of type
α, we change its label to α . Finally, we replace
all labels of the form Y α xα by just Y α . This way
we have eliminated all occurrences of Y -variables
from labels, but now a term is represented not as a
labeled tree but as a labeled graph. Let us denote
it by Graph(M ). Observe that the nodes of this graph have labels from a finite set, call it
Talph(Σ, T , X ). There are two edge relations, E1 and E2 , in Graph(M ) since nodes labeled
by application symbol have both left and right successors. The nodes with other labels have
either one successor, given by E1 , or no successor (nodes labeled with labels from Σ ∪ X ).
Since Graph(M ) is a labeled graph over a finite alphabet, it makes sense to talk about
satisfiability of an MSOL formula in this graph. We will just write M  ϕ instead of
Graph(M )  ϕ. The first, easy but important, observation is that for fixed Σ, T , X ,
there is an MSOL formula determining if a graph is of the form Graph(M ) for some
M ∈ Terms(Σ, T , X ). Indeed, in this case we deal with models over the signature consisting
of two binary relations E1 , E2 and a unary relation Pb for every b ∈ Talph(Σ, T , X ). The
formula should say that predicates Pb form the partition of the set of vertices and then
express conditions from the definition of infinite λY -terms on page 106. These conditions
are clearly expressible in MSOL as they talk about dependencies between labels of a node
and its successors.
For a closed term M ∈ Terms(Σ, T , X ) of type 0, its Böhm tree is a tree with nodes
labeled by symbols from Σ. Hence one can talk about satisfiability of MSOL formulas in
BT (M ). The Transfer Theorem says that evaluation, that is the function assigning to a
term its Böhm tree, is MSOL compatible.
I Theorem 2 (Transfer Theorem). Let Σ be a finite tree signature, X a finite set of typed
variables, and T a finite set of types. For every MSOL formula ϕ one can effectively construct
an MSOL formula ϕ
b such that for every λY -term M ∈ Terms(Σ, T , X) of type 0:
BT (M )  ϕ

iff

M  ϕ.
b

Notice that the formula ϕ
b is independent from M ; if it were dependent on M then we would
simply obtain Ong’s theorem since we could take ϕ
b to be either true or false. At first sight
the proof presented in [32] resembles our Transfer Theorem: for a recursive scheme G it
constructs a tree λ(G) and a property automaton that works on trees of the form λ(G).
Looking closer (definition on page 11 of [32]) the alphabet of λ(G) depends on the size of
G, since terms are η-expanded, and all bound variables are supposed to be different. So

S. Salvati and I. Walukiewicz

109

when fixing the alphabet of the property automaton, one fixes the number of rules in the
recursive scheme (except maybe for rules for terminals of type 0). In our case the formula ϕ
b is
constructed for an infinite family of terms provided they use only the lambda-variables from
X . For completeness of this comparison we should add that Ong states that his approach
can be straightforwardly adapted to give the proof of the Transfer Theorem [35]. Ong also
observes that this adaptation would lower the complexity of his algorithm to match the one
from [26]. In Section 5 we show that, a variant of global model-checking [9, 7] which was so
far considered as a genuine extension of Ong’s Theorem follows directly from the Transfer
Theorem.
A natural question to ask is whether our restrictions on terms can be further weakened.
Observe that the restriction on the fixed finite set of types is essential to be able to define
in MSOL the set of representations of well typed terms. Concerning the restriction on the
λ-variables, in principle it is possible to represent terms with an unbounded number of
λ-variables by using the same trick for λ-binders as the one we have used for the Y -binders.
However, we conjecture that the Transfer Theorem does not hold when we allow infinitely
many λ-variables. Below we give a simple argument under the hypothesis that the polynomial
hierarchy is strict.
Using a fixed set of types, it is possible to represent a Quantified Boolean Formula (QBF)
θ by a λ-term Mθ whose Böhm tree is just a constant true iff θ is true. Moreover Mθ can
be obtained in linear time from θ. Suppose that the Transfer Theorem would hold without
restricting the number of λ-variables. There would then be a ϕ
b so that for every QBF θ,
Mθ  ϕ
b iff θ is true. But verifying a fixed MSOL formula against some finite structure is
in the polynomial hierarchy, while the validity of QBF formulas is Pspace-complete. Thus,
this more general formulation of the Transfer Theorem would imply the unlikely conclusion
that the polynomial hierarchy collapses.

4

Overview of the proof

Our objective is to reduce the monadic theory of BT (M ) to the monadic theory of M ,
and moreover to do this in a smooth fashion depending only on the vocabulary of M . An
instructive sub-case of terms of order ≤ 2 has been considered by Courcelle and Knapik [13].
They consider infinite closed terms of type 0 over a finite set of variables of type 0. Moreover,
although it is somehow implicit in their formulation, they assume that every subterm has
a type from some fixed finite set of types. In this case they are able to show the Transfer
Theorem using the compatibility of MSOL with respect to the unfolding operation.
To explain the method proposed by Courcelle and Knapik let us look
at the term (λx.λy.M )Nx Ny . This term is represented as a tree the
same way as described in the previous section. In the figure to the right
we have singled out occurrences of x and y in M . It turns out that it
is possible in MSOL to define links between bound variables and the
terms that would be substituted for these variables if β-reduction were
performed (dashed arrows in the picture). For this the two assumptions
on the number of variables and the number of types stated above are
essential. Then, intuitively, the normal form of the term can be obtained by following the
links and jumping over lambda-binders. So the normal form of the term can be defined in
the unfolding of the term with links. Thanks to the compatibility of the unfolding, every
MSOL formula over the unfolding can be translated into a formula over a term itself.
This method does not work when there are bound variables of type other than 0. The
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Figure 1 Schema of the main part of the proof.

reason is that when reducing a redex of a variable, say of a type 0 → 0, a new redex can be
created. Moreover, in order to avoid variable capture, variable renaming may be needed. In
consequence, after doing the operation described in the previous paragraph we can get a term
with much more, or even infinitely many variables. This phenomenon would not happen if we
started from an infinite safe term [21, 4] since no variable renaming would be needed when
reducing such a term. So one can use the method above to reduce simultaneously all the
redexes of the highest order in a safe term. This would give a β-equivalent safe term over the
same set of variables but with the smaller maximal order of a redex. Hence one can repeat
the argument until all the redexes are eliminated. In consequence, this gives yet another
method to show the decidability of MSOL theory of Böhm trees generated by safe terms,
that is all the trees in the pushdown hierarchy. As noted in the introduction this method
cannot be extended to all infinite simply-typed terms. The Krivine machine [28] provides
a solution by deferring substitutions till “the last moment”. The issues discussed here are
related to β-reduction, the fixpoints do not enter into the picture. Indeed, as remarked on
page 106, if we admit infinite terms then fixpoints can be simply eliminated. So the core of
the Transfer Theorem is essentially about β-reduction in infinite terms.
The proof of Transfer Theorem is presented in the full version of the paper. Its schema is
presented in Figure 1. It simplifies the exposition to think that all constants are binary, so
that BT (M ) is a binary tree. There is a non-deterministic parity automaton A on infinite
binary trees that recognizes trees that are models of ϕ. For a term M we define a game
K(A, M ). This game is presented in terms of configurations of a Krivine machine. Eve wins
in K(A, M ) iff BT (M ) is accepted by A. An important step is to construct a reduced game
G(A, M ) with the property that Eve wins in the later game iff she wins in K(A, M ). For
this we use Krivine machines in a similar way as in [39] the difference being that now we
need to handle infinite terms. According to [35] the reduction from “BT (M ) ∈ L(A)” to
some equivalent of G(A, M ) can be also done by adapting the methods from [31] and [34].
Finally, and this is another important step, we show that G(A, M ) is MSOL definable inside
M (considered as the graph Graph(M )). Since there is an MSOL formula γwin describing
games where Eve wins, this gives the desired formula ϕ.
b Actually this schema works only for
terms some special form that we call canonical. To complete the proof we show that the
translation of M into a canonical form is an MSOL transduction [12].

5

Consequences of the Transfer Theorem for evaluation

The objective of this section is to present several corollaries of the Transfer Theorem. The
first concerns the so-called global model-checking problem. For a given finite term M and a
formula ϕ we want to find a finite representation of the set of nodes in the Böhm tree of
M where the formula holds. For this we need to have a way of representing subtrees of the
Böhm tree. One simple method is to just use the term obtained by the reduction sequence

S. Salvati and I. Walukiewicz

111

producing that subtree. This method gives an effective way of representing every node v of
BT (M ) by a term Nv from Terms(Σ, T , X ) (where T is the set of types of subterms of M ,
and X is the set variables appearing in M ) so that BT (Nv ) is the subtree of BT (M ) rooted
at node v. The Transfer Theorem gives immediately the following corollary:
I Corollary 3. Let M be a finite term of λY -calculus and ϕ an MSOL formula. Nodes of
BT (M ) can be represented by terms of Terms(Σ, T , X ) so that N  ϕ
b iff the tree rooted in
the node of BT (M ) represented by N satisfies ϕ.
Let us explain in more detail how nodes of BT (M ) can be represented by terms over the same
vocabulary as M . One can observe that a term obtained by a reduction sequence from M can
be written as a term with explicit substitutions (N0 [σ0 ])(N1 [σ1 ]) . . . (Nk [σk ]) where N0 . . . Nk
are terms and σ0 , . . . , σk are substitutions ranging over terms with explicit substitutions.
The important point of this representation is that the terms N0 , . . . , Nk as well as all the
terms appearing in substitutions are subterms of M . One can easily prove this observation
directly by induction on the number of reductions. It also follows immediately from the
formalization of the reduction with the Krivine machine. Explicit substitution notation can
then be eliminated by introducing λ-abstractions. An expansion of a term with substitutions,
E(N [σ]), is defined by induction as E(N [σ]) = (λx0 . . . xn .N )E(σ(x0 )) . . . E(σ(xn )); where
x0 , . . . , xn are the variables free in N . Hence E(N0 [σ0 ])E(N1 [σ1 ]) . . . E(Nk [σk ]) belongs to
Terms(S, T , X ) which allows us to use the Transfer Theorem. Recall that, but for [39], other
papers on global model-checking make a detour to collapsible pushdown automata [9, 7].
Decidability of higher-order matching restricted to Terms(Σ, T , X ) without fixpoint
operators follows also by the same type of reasoning. The problem is stated as follows. Given
a finite term M , and a closed finite term K: can one substitute terms for the free variables
of M so that the result is β-equal to K?
I Corollary 4. Fix Σ, T , X . For every pair of finite terms M, K ∈ Terms(Σ, T , X ) such that
K is closed and does not have fixpoint operators, it is decidable if there is a substitution σ in
Terms(Σ, T , X ) such that M σ =β K.
Let us briefly sketch the argument. For a term M we will write shape(M ) for an MSOL
formula defining the set of terms that can be obtained from M by substitutions. This formula
just states that the top of the tree is term M , but in places where M has free variables the
tree is arbitrary. Since K is a finite term without Y binder, it has a normal form K 0 that
is a finite term. Since K 0 does not have free variables, shape(K) defines exactly one term.
Suppose that shape(K) is our formula ϕ and take ϕ
b given by the theorem. Consider the
formula shape(M ) ∧ ϕ.
b A term satisfying this formula is obtained from M by a substitution,
and that its normal form is K 0 . So the higher-order matching problem for M and K reduces
to satisfiability of this formula. Observe that in principle the substitution can use infinite
terms. Nevertheless, recall that if there is a tree satisfying an MSOL formula then there is a
regular one. So if there is a solution to a matching problem then there is one in finite terms.
Here we allowed both M and σ to use fixpoint operators, we can disallow this by adding one
more conjunct to the formula above. The decidability of the case without fixpoints has been
shown by Schmidt-Schauß [42].
Next, we would like to present a kind of synthesis result. The task is to construct a
program satisfying a given specification from a given finite set of modules. The specification
is given by an MSOL formula ϕ. Every module is a finite λY -term.
I Corollary 5. Given a formula ϕ and finite set of closed λY -terms M1 . . . , Ml , it is decidable
if there is a closed term K constructed from M1 . . . , Ml by means of application, Y -variables
and Y -binders, such that BT (K)  ϕ. If there is such a term then there exists a finite one.
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The requirement that K does not use constants from the signature is essential, since otherwise
we would get a trivial solution ignoring the modules. For the proof of the corollary consider
terms of the form (λx1 . . . xl .N )M1 . . . Ml where N is constructed only with applications, the
variables {x1 , . . . , xl }, Y -variables and Y -binders. Indeed, after reducing this term l-times
we get a term as required in the corollary. So the restriction on the shape of K can be
expressed by a formula shape((λx1 . . . xl .z)M1 . . . Ml ) ∧ γ, where γ is a formula saying that
the only labels appearing in the subtree starting in the node corresponding to z are variables
x1 , . . . , xl , application, Y -variables, and fixpoint binders. Summing-up, the solution to the
problem stated in the corollary is to decide the satisfiability of the formula
ϕ
b ∧ shape((λx1 . . . xl .z)M1 . . . Ml ) ∧ γ .
This formula asks for a term having a particular shape and whose Böhm tree satisfies ϕ.
b
Once again, if there is a solution then there is a regular solution, that is a finite term.

6

Conclusions

We have shown that every MSOL property of Böhm trees is effectively an MSOL property
of terms. The possibility that such a Transfer Theorem may hold has been indicated by a
number of results in the literature: Ong’s Theorem [31] stating that the MSOL properties of
Böhm trees of λY -terms is decidable; Courcelle and Knapik’s [13] result showing a similar
theorem for a variant of evaluation of first-order terms; and finally, a result of Salvati [41]
demonstrating that in the context of finite λ-calculus, recognizability is preserved under
inverse homomorphism.
The translation we propose for going from MSOL properties of Böhm trees to MSOL
properties of λY -terms not only works for infinite terms but also depends on very few
properties of terms themselves. We just need to fix a finite set of λ-variables that a term
can use as well as a finite set of types that the subterms of a term may have. Apart from
this, the translation does not depend on any other structural properties of terms. This is
rather surprising as the set of terms that use a fixed number of λ-variables does not form a
set that is closed under βδ-reduction. For this reason the method of Courcelle and Knapik
could not be extended to higher-order types, since due to α-conversion intermediate results
of evaluation could need an unbounded number of λ-variables. The invariants on reduction
that we express with the Krivine machine overcome this difficulty.
The obvious question is the relation of our Transfer Theorem concerning βδ-reduction to
two other transfer results concerning unfolding operation [14] and Muchnik iteration [43, 45],
respectively. Recall that while Muchnik iteration is strictly stronger than unfolding, the
two operations can be used to define the classes of trees forming so called pushdown
hierarchy [11, 10].
We cannot compare directly the three results since the Transfer Theorems for unfolding
and Muchnik iteration work on graphs, while our theorem works on λY -terms that, seen as
graphs, are trees with back edges. For this reason we cannot say that our result implies the
other two. Yet, if restricted to trees with back edges, the result on unfolding is a special case
of our result: the unfolding can be simulated by δ-reduction. We do not know if it is possible
to simulate Muchnik iteration directly using βδ-reduction. Nevertheless, it is well-known
that, up to simple MSOL-interpretations, every tree in the pushdown hierarchy is a Böhm
tree of a finite term. Hence, similarly to Muchnik’s iteration, βδ-reduction allows to obtain
all trees in the pushdown hierarchy. Moreover, recent result of Parys [36] shows that there
is a term whose Böhm tree does not belong to the pushdown hierarchy. This proves that
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our Transfer Theorem is not a consequence of Muchnik’s theorem. The study of relations
between Muchnik iteration and βδ-reduction, as well as constructing new hierarchies using
the new transfer theorem, are interesting directions for further research.
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Abstract
We study a model for recursive functional programs called higher order recursion schemes (HORS).
We give new proofs of two verification related problems: reflection and selection for HORS. The
previous proofs are based on the equivalence between HORS and collapsible pushdown automata
and they lose the structure of the initial program. The constructions presented here are based
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1

Introduction

Recursion schemes were introduced in the early 70s as a model of computation, describing
the syntactical part of a functional program [18, 6, 7, 8]. Originally they only handled
order-0 (constants) or order-1 (functions on constants) expressions, but not higher-order
types. Higher-order versions of recursion schemes were later introduced to deal with functions
taking functions as arguments [13, 9, 10].
Recently, the focus came back on higher-order recursion schemes when considering them
as generators of possibly infinite trees [14, 19, 12]. Indeed, roughly speaking a recursion
scheme is a deterministic rewriting system on typed terms that generates ad infinitum a
unique infinite tree. As the trees they generate are very general and as they can capture
the computation tree of (higher-order) functional programs, studying their logical properties
leads to very natural and challenging problems.
The most popular one is (local) model-checking: for a given recursion scheme and a formula
e.g. from monadic second order logic (MSO) or µ-calculus, decide whether the tree generated
by the scheme satisfies the formula. Following partial decidability results for the subclass of
safe recursion schemes [14, 5], Ong proved, using the notion of traversals, the decidability
of MSO model-checking for the whole class of trees generated by recursion schemes [19].
Since then, other proofs of this result have been obtained using different approaches: Hague,
Murawski, Ong and Serre established the equivalence of schemes and higher-order collapsible
pushdown automata (CPDA), and then showed the MSO decidability by reduction to parity
games on collapsible pushdown automata [12]; following ideas from [1], Kobayashi and Ong
[17] developed the type system of [15] to obtain a new proof. Finally, Salvati and Walukiewicz
used Krivine machines to establish the MSO decidability of λ-Y-calculus, which is a typed
lambda calculus with recursion, equivalent to higher order recursion schemes [21].
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Another important problem is global model-checking: for a given recursion scheme and
a formula, provide a finite representation of the set of nodes in the tree generated by the
scheme where the formula holds. Broadbent, Carayol, Ong and Serre answered this question
using a so-called endogenous approach to represent the set of nodes: they showed how to
construct another scheme generating the same tree as the original scheme except that now
those nodes where the formula holds are marked [3]. They refer to this property as the logical
reflection. The technique they used relies on the equivalence between schemes and CPDA.
Going further with the idea of marking a set of nodes, Carayol and Serre considered in [4]
the following problem called logical selection and generalising global model-checking: for a
given recursion scheme and an MSO formula ϕ[X] with one free set variable, provide (if it
exists) a finite representation of a set S of nodes in the tree generated by the scheme such
that ϕ[S] holds. They show that one can construct another scheme generating the same tree
as the original scheme except that now those nodes are marked and describe a set S with
the previous property. Again, they relied on the equivalence with CPDA.
One interest for logical reflection and logical selection is that they can be used to modify
a scheme in a useful way. Indeed, assume some (syntax tree of a) program is described by
a scheme and that it contains bad behaviours: using logical reflection, one can get a new
scheme where those bad behaviours are marked and this latter scheme can then easily be
modified to remove these behaviours. Using logical selection, one can e.g. select branches in
the syntax tree so that a given property is satisfied in the resulting subtree. A drawback of
the approach in [3, 4] that goes back and forth between schemes and CPDA is that the scheme
that is finally obtained is structurally very far from the original one (the names of the non
terminals as well as the shape of the rewriting rules have been lost): hence this is a serious
problem if one is interested in doing automated correction of programs or even synthesis.
Our main contribution in this paper is to provide proofs of both logical reflection and
selection without appealing to CPDA as we only reason on schemes. Our constructions
avoid the loss of the structure, i.e. the solution scheme is obtained only by duplicating and
annotating some parts of the initial scheme and the transformation is easily reversible. Our
constructions are based on the type system and the game used by Kobayashi and Ong in their
proof of the model-checking decidability [17]. There is no known correspondence between
these proofs and the former ones. In order to prove the logical reflection, we introduce
the notion of morphism inspired by denotational semantics, and we give a morphism for
MSO. In order to prove the logical selection, we embed carefully a winning strategy of the
model-checking game into the scheme.
In Section 2 we give the basic definitions and in Section 3 we introduce the two problems
we are looking at in the paper. In Section 4 we introduce morphisms, explain how to “embed”
a morphism into a scheme, and give some possible applications. In Section 6, we show how
to use morphisms to obtain a new proof of logical reflection. In Section 7, we deal with
logical selection. In Section 5, we present a simple example that describes how we can use a
morphism describing a property to transform a scheme. An extended version of this work is
available online: http://hal.archives-ouvertes.fr/hal-00865682.

2

Preliminaries

In this section we give the definition of a higher order recursion scheme, which is a deterministic
rewriting system that produces an infinite tree. It handles terms of typed symbols, i.e. each
symbol is a constant or a function that can have functions as arguments. Terms may represent
expressions of higher order programming languages, for example the term Apply Copy File
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means “apply the function Copy to the file”. In this example an intuitive rewrite rule for
the function Apply would be the term where the first argument is applied on the second
argument, written: Apply ϕ x → ϕ x.
Types. Types are defined by the grammar τ ::= o | τ → τ and o is called the ground
type. Considering that → is associative to the right (i.e. τ1 → (τ2 → τ3 ) can be written
τ1 → τ2 → τ3 ), any type τ can be written uniquely as τ1 → · · · → τk → o. The integer k is
called the arity of τ . We define the order of a type by order(o) = 0 and order(τ1 → τ2 ) =
max(order(τ1 ) + 1, order(τ2 )). For instance o → o → o → o is a type of order 1 and arity 3,
(o → o) → (o → o), that can also be written (o → o) → o → o is a type of order 2.We let
τ ` → τ 0 be a shorthand for τ| → ·{z
· · → τ} → τ 0 .
` times

Terms. Let Γ be a finite set of typed symbols, and Let Γτ denote the set of symbols of type
τ . For all type τ , we define the set of terms of type τ , T τ (Γ) as the smallest set containing
the symbols of type τ and the application of a term of type τ 0 → τ to a term of type τ 0 for all
S
0
0
τ 0 ; formally: Γτ ⊆ T τ (Γ) and τ 0 {t s | t ∈ T τ →τ (Γ), s ∈ T τ (Γ)} ⊆ T τ (Γ). We shall write
T (Γ) for the set of terms of any type, and t : τ if t has type τ . The arity of a term t, arity(t),
is the arity of its type. Remark that any term t can be uniquely written as t = α t1 . . . tk
with α ∈ Γ and 0 ≤ k ≤ arity(α). We say that α is the head of the term t. For instance, let
Γ = {F : (o → o) → o → o , G : o → o → o , H : (o → o) , a : o}. Then F H and G a are
terms of type o → o; F (G a) (H (H a)) is a term of type o; F a is not a term since F is
expecting a first argument of type o → o while a has type o.
A set of symbols of order at most 1 (i.e. each symbol has type o or o → o → · · · → o) is
called a signature. In the following, we use the letters t, r, s to denote terms, and given a
tuple of term ~t = (t1 , . . . , tk ) we may use the shorthand s ~t to denote s t1 . . . tk .
Contexts. Let t : τ , t0 : τ 0 be two terms, x : τ 0 be a symbol of type τ 0 , then we write
t[x7→t0 ] : τ for the term obtained by substituting all occurrences of x by t0 in the term t. A
τ -context is a term C[•τ ] ∈ T (Γ ] {•τ : τ }) containing exactly one occurrence of •τ ; it can be
seen as an application turning a term into another, such that for all t : τ , C[t] = C[•τ ][•τ 7→t] .
In general we will only talk about ground type contexts where τ = o and we will omit to
specify the type when it is clear. For instance, if C[•] = F • (H (H a)) and t0 = G a then
C[t0 ] = F (G a) (H (H a)).
Rewrite Rules. Given two disjoint sets of symbols Γ, V where V is called a set of variables,
we define a (fully applied) rewrite rule on Γ and V as a pair of terms of T (Γ ] V) of type
o written F x1 . . . xk → e with F ∈ Γ, x1 , . . . , xk ∈ V such that for all i 6= j xi 6= xj , and
e ∈ T (Γ ] {x1 , . . . , xk }). Given a set of rewrite rules R, we define the rewriting relation
→ ∈ T (Γ)2 as t → t0 iff there exists a context C[•], a rewrite rule F x1 . . . xk → e, and
a term F t1 . . . tk : o such that t = C[F t1 . . . tk ] and t0 = C[e[x1 7→t1 ]...[xk 7→tk ] ]. We call
F t1 . . . tk : o a redex. We define →∗ as the reflexive and transitive closure of →. Finally
we say that a set of rewrite rules is deterministic 1 if for all F ∈ Γ there exists at most one
rule of the form F x1 . . . xk → e.
Trees. Let Σ be a finite signature, m be the maximum arity in Σ and ⊥ : o be a fresh symbol.
A (ranked) tree t over Σ]⊥ is a mapping t : domt → Σ]⊥, where domt is a prefix-closed subset
of {1, . . . , m}∗ such that if u ∈ domt and t(u) = a then {j | u · j ∈ domt } = {1, . . . , arity(a)}.
Given a node u ∈ domt , we define the subtree of t rooted at u as the tree tu such that
domtu = {j | u · j ∈ domt } and for all v ∈ domtu , tu (v) = t(u · v). Given a : ok → o and
1

Although the rules are deterministics, there may be several possible rules to apply in a term.
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some trees t1 , . . . , tk we use the notation a t1 . . . tk to denote the tree t0 whose domain is
S
0
domt = i i · domti , t0 (ε) = a and t0 (i · u) = ti (u). Note that there is a direct bijection
between ground terms of T o (Σ ] ⊥) and finite trees. Hence we will freely allow ourselves to
treat ground terms over Σ ] ⊥ as trees. We define the partial order v over trees as t v t0
0
if domt ⊆ domt and for all u ∈ domt , t(u) = t0 (u) or t(u) = ⊥. Given a (possibly infinite)
sequence of trees t0 , t1 , t2 , . . . such that ti v ti+1 for all i, the set of all ti has a supremum
that is called the limit tree of the sequence.
Higher Order Recursion Schemes. A higher order recursion scheme (HORS) G = hV, Σ, N ,
R, Si is a tuple such that: V is a finite set of typed symbols called variables; Σ is a finite
signature, called the set of terminals; N is a finite set of typed symbols called non-terminals;
R is a deterministic set of rewrite rules on Σ ] N and V, such that there is exactly one rule
per non terminal and no rule for terminals; S ∈ N is the initial non-terminal.
We define inductively the ⊥-transformation (·)⊥ : T o (N ] Σ) → T o (Σ ] {⊥ : o})
turning a ground term into a finite tree as: (F t1 . . . tk )⊥ = ⊥ for all F ∈ N and
⊥
(a t1 . . . tk )⊥ = a t⊥
1 . . . tk for all a ∈ Σ. We define a derivation, as a possibly infinite
sequence of terms linked by the rewrite relation, and we will mainly look at derivations where
the first term of the sequence is equal to the initial non terminal. Let t0 = S → t1 → t2 → · · ·
be a derivation, then one can check that (t0 )⊥ v (t1 )⊥ v (t2 )⊥ v . . ., hence it admits a limit.
One can prove2 that the set of all such limit trees has a greatest element that we denote
kGk and refer to as the value tree of G. Note that kGk is the supremum of {t⊥ | S →∗ t}.
Given a term t : o, we denote by Gt the scheme obtained by transforming G such that it
starts derivations with the term t, formally, Gt = hV, Σ, N ] {S 0 }, R ] {S 0 → t}, S 0 i. One
can prove that if t → t0 then kGt k = kGt0 k. We call kGt k the value tree of t in G.
Parallel derivation. Intuitively, the parallel rewriting from a term t is obtained by rewriting
all the redexes in t simultaneously. Formally, given a term t = α t1 . . . tk with α ∈ Σ ] N , we
define inductively the parallel rewriting t? of t as if α ∈ Σ or k < arity(α), then t? = α t?1 . . . t?k ,
if α ∈ N and k = arity(α), let α x1 . . . xk → e be the rewrite rule associated to α, we have
t? = e[∀i xi 7→t? ] . Given t, t0 , we write t ⇒ t0 for the relation “t0 = t? ”. Notice that if t ⇒ t0 and
i

t0 →∗ t00 then t →∗ t00 (in particular t →∗ t0 ). Furthermore the derivation S ⇒ t1
leads to kGk.
c
I Example 1. Let G = hΣ, V, N , S, Ri with Σ = {a, b : o → o, c : o →
b
o → o}, V = {x : o, ϕ : o → o}, N = {S : o, I, F : (o → o) → o, D, A :
a b
(o → o) → o → o} and R = {S → F b, D ϕ x → ϕ (ϕ x), A ϕ x →
b b
ϕ (a x), I ϕ → ϕ (I ϕ), F ϕ → c (I (A ϕ)) (F (D ϕ))}.
a a
Remark the rewrite rule associated to D: it means that for any
b b
function t, D t is simply the function obtained by composing t with
a b
itself. The rule associated to I is also interesting: for any function t,
I t leads to the infinite iteration of t. For example the term I a can be
b a
derived to obtain a (a (a (a ( . . . )))). The tree kGk is depicted on the
a b
(n−1)
.. ..
left, its branches are labelled by cω or cn · (b2
· a)ω for all n ≥ 1.
. .

⇒ t2 ⇒ . . .

c
c
b
b
b
b
a

..

.

b
..
.

Parity tree automaton. A non-deterministic max parity automaton (we will just refer to
them as automata in the following) is a tuple A = hΣ, Q, δ, q0 , Ωi with Σ a finite signature, Q a
a
finite set called the set of states, δ ⊆ {q −→ (q1 , . . . , qarity(a) ) | a ∈ Σ, q, q1 , . . . , qarity(a) ∈ Q}

2

The existence of a value tree is a consequence the confluence property of HORS.
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is called the transition relation, q0 ∈ Q the initial state, Ω : Q → {1, . . . , mmax } for some
mmax ∈ N the colouring function.
Given an infinite tree t on Σ we define a run r of A on t as a tree on Σ × Q = {aq : ok →
o | a : ok → o, q ∈ Q} such that domr = domt , for all u ∈ domt , if r(u) = aq then t(u) = a
a
and there exists q −→ q1 , . . . , qk ∈ δ such that for all i, r(u · i) = t(u · i)qi , and r(ε) = t(ε)q0 .
We say that the automaton A accepts the tree t, written t |= A, if there exists a run r
on t such that for every infinite branch b = (a0 , q0 ) · j0 · (a1 , q1 ) · j1 · . . . in r, the greatest
colour seen infinitely often in Ω(q0 ), Ω(q1 ), Ω(q2 ), . . . is even. We define Aq as the automaton
obtained by changing in A the initial state to q: Aq = hΣ, Q, δ, q, Ωi, and we say that A
accepts the tree t from state q, if t |= Aq .
cq0
q
0
I Example 2. Let A = hΣ, Q, q0 , δ, Ωi be an autob
cq0
maton with Σ = {a, b : o → o, c : o → o → o},
aq1 bq0
cq0
Q = {q0 , q1 , q2 }, Ω = {q0 7→ 0, q1 7→ 1, q2 7→ 2}
q2
q1
q0
..
b
b
b
.
c
b
a
b
and δ = {q0 −→ (q0 , q0 ), q0 −→ q1 , q1 −→ q2 , q1 −→
q1
q1
q1
a
a
b
a
b
q1 , q2 −→ q2 , q2 −→ q1 }.
bq2 bq2 bq1
The automaton A accepts the trees whose branches are
aq1 bq1 bq1
labelled by cω or by c∗ · b · (b∗ · a)ω . An accepting run
bq2 aq1 aq1
of A on the tree kGk of Example 1 is depicted on the
aq1 bq2 bq2
right.
..
..
..
.
.
.

3

Logical reflection and logical selection

In this section we formalise the notion of annotated tree and we define the problems of logical
reflection and logical selection we are interested in.
Given a signature Σ, a set X and a tree t on the signature Σ, we define the signature
Σ×X = {(a, x) : ok → o | a : ok → o ∈ Σ, x ∈ X} and we say that the tree t0 on the signature
0
Σ × X is an X-annotation of t, if domt = domt and if for all u ∈ domt , t0 (u) = (t(u), x) for
some x ∈ X. For example a run of an automaton over a tree t is a Q-annotation of t, with
Q being the set of states of the automaton. Furthermore, for any tree t0 on the signature
Σ × X, we define U nlab(t0 ) as the tree on Σ obtained by turning all nodes (a, x) of t0 into a
i.e. the tree obtained by removing the annotated part of the tree.
Given a set of nodes S in a tree t, we define an S-marking of t as a {0, 1}-annotation
t0 of t such that for all nodes u, u ∈ S if and only if t0 (u) = (t(u), 1). Given a µ-calculus
formula ϕ, we say that t0 is a ϕ-reflection of t if it is a marking of the set of nodes u such
that the subtree of t rooted at u satisfies the formula ϕ. Given a monadic second-order logic
(MSO) formula ϕ[x] with a first order free variable, we say that t0 is a ϕ[x]-reflection of t if
it is a marking of the set of nodes u satisfying ϕ[u]. Given an MSO formula ϕ[X] with a
second order free variable, we say that t0 is a ϕ[X]-selection of t if it is a marking of a set of
nodes S satisfying ϕ[S].
Finally, we define the µ-calculus reflection, MSO reflection, and MSO selection as follow.
Given a class R of generators of trees (i.e. a set of finitely described elements such that
to each g ∈ R we associate a unique tree kgk), we say that R is (effectively) reflective with
respect to the µ-calculus (resp. MSO) if for any µ-calculus formula ϕ (resp. any MSO formula
ϕ[x]) and any tree generator g ∈ R, one can construct another generator g 0 such that the
kg 0 k is a ϕ-reflection (resp. ϕ[x]-reflection) of kgk. We say that R is (effectively) selective
with respect to MSO if for any MSO formula ϕ[X] and any generator g ∈ R such that there
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exists a subset S of nodes of kgk satisfying ϕ[S], one can construct another generator g 0 such
that kg 0 k is a ϕ[X]-selection.
The main contribution of this paper is to give new proofs of the fact that schemes have
these properties. In order to do so we use the equivalence results between logic and automata,
and we rather prove automata reflexivity and automata selectivity defined as follows.
Given a tree t on the signature Σ and an automaton A = hΣ, Q, q0 , δ, Ωi, we define an
A-reflection of A on t as a 2Q -annotation t0 of t, such that for all nodes u, t0 (u) = (t(u), Q0 )
with Q0 ⊆ Q being the set of states q such that Aq accepts the subtree of t rooted on u; we
define an A-selection of A on t as an accepting run of A on t. We say that a class R of
generators of trees is reflective with respect to automata if for any automaton A and any
generator g ∈ R, one can construct another generator g 0 such that kg 0 k is an A-reflection of
kgk. We say that R is selective with respect to automata if for any automaton A and any
generator g ∈ R such that kgk |= A, one can construct another generator g 0 such that kg 0 k is
an A-selection of kgk.
From the equivalence between logics and automata [20] we have that schemes are reflective
with respect to the µ-calculus iff they are reflective with respect to automata, and they are
selective with respect to MSO iff they are reflective with respect to automata. Furthermore,
it is shown in [3] that µ-calculus reflection for schemes implies MSO reflection.

4

Morphisms

4.1

Definitions

In the following we fix a scheme G = hΣ, N , V, S, Ri. We define a typed domain D as a set
such that each element is typed, and to each element d : τ1 → τ2 ∈ D is associated a partial
mapping fd from Dτ1 to Dτ2 , where Dτ = {d ∈ D | d : τ }. We write d d0 the element fd (d0 ).
We define a morphism J·K : T (Σ ] N ) → D from terms on Σ ] N to the domain D as
a mapping such that (1) if t : τ then JtK : τ , (2) if t0 : τ1 → τ2 and t1 : τ1 , then JtK Jt0 K is
defined and equal to Jt t0 K. In the following, we refer to JtK as the D-value of the term t.
S
I Example 3. Let D = τ {⊥τ : τ, >τ : τ } such that for all τ1 , τ2 : >τ1 →τ2 >τ1 = >τ2 ;
>τ1 →τ2 ⊥τ1 = >τ2 ; ⊥τ1 →τ2 >τ1 = >τ2 ; If τ2 = o then ⊥τ1 →τ2 ⊥τ1 = >τ2 , otherwise
⊥τ1 →τ2 ⊥τ1 = ⊥τ2 . For t : τ , we define JtK as JtK = >τ if t contains a ground subterm and
JtK = ⊥τ otherwise. Then J·K is a morphism since t1 t2 contains a ground subterm iff t1
contains a ground subterm, or t2 contains a ground subterm, or t1 t2 is ground.
Note that a morphism is entirely defined by its value on Σ ] N , i.e. from those values
one can compute JtK for any term t. Also remark that given a context C[•] and two terms t
and t0 , if JtK = Jt0 K then JC[t]K = JC[t0 ]K. We say that a morphism J·K is stable by rewriting if
for t, t0 ∈ T such that t → t0 , JtK = Jt0 K.
Finally, given a set of terms T 0 ⊆ T (Σ ] N ), we say that the morphism J·K recognises T 0
if there exists a subset D0 of D such that t ∈ T 0 if and only if JtK ∈ D0 . In Example 3, the
morphism recognises the set of terms containing a ground term as a subterm.

4.2

Embedding a morphism into a scheme

We fix a scheme G = hV, Σ, N , R, Si and a morphism J·K : T (Σ ] N ) → D on G, stable by
rewriting, such that for all type τ , Dτ is finite. We transform G into G 0 = hV 0 , Σ0 , N 0 , R0 , Si
which, while it is producing a derivation, evaluates Jt0 K for any subterm t0 of the current
term and annotates the term with all these D-values. The new symbols of G 0 are symbols
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of G annotated with elements of the domain D, and we define a transformation (·)+ from
terms of G to terms of G 0 such that the transformation t+ of t will be annotated with the
D-values of the subterms of t. The tree generated by G 0 will be annotated and when one
removes these annotations, one retreives back the tree generated by G. More precisely we
show the following.
I Theorem 4 (Embedding a morphism). Given two terms t, t0 : o ∈ T (Σ ] N ), if t ⇒G t0 , then
t+ ⇒G 0 t0+ . In particular Unlab(kGt0+ k) = kGt k (where Unlab is the function that removes
the annotations).
I Remark. This transformation keeps the structure of the original scheme i.e. the new
symbols are simple labelings of the original ones, new rewrite rules are obtained by duplicating
some subterms and labeling the symbols, a very simple transformation allows to get back
to the original scheme, and there is a direct correspondence between derivations of the two
schemes.

4.3

Applications

Embedding properties of subterms during a derivation, or properties of subtrees of the
value tree, can be useful for program analysis: instead of saying “There will be a forbidden
behaviour in the program” reflection allows to say during the execution of a program “Here,
the forbidden behaviour will appear in this subexpression, but the rest of the program is
valid”. Furthermore, once a property is embedded into a scheme, one can add some new
rewrite rules that deal explicitly with wether the property is valid or not. For example one
could replace all forbidden subtrees of the value tree by a special symbol forbidden, as
illustrated in Section 5.
Some morphisms generated by type systems are used in [15] to model check a subclass of
trivial acceptance condition automata (i.e. automata where there is no colouring function,
and the acceptance of a tree simply asks if there exists a run of the automaton on the tree).
Then the construction allows one to reflect the accepting states of the automaton (as defined
in Section 3). This result has been improved in [22] to deal with the whole class of trivial
acceptance condition automata. In Section 6 we extend this result to show that for any parity
tree automaton one can create a morphism that reflects the acceptance of the automaton on
the value tree.
One can create a model (for example in [2]) to decide whether or not a ground term t
would be productive or not (i.e. ktk =
6 ⊥). Reflecting the productivity of terms into a scheme
kGk allows one to create a scheme G 0 on the signature Σ ] {⊥} such that kG 0 k = kGk, but
such that no derivation will create some non productive terms. In [11] we developed this
idea to compare evaluation policies.

5

An example of scheme transformation

In this section, we present a simple example that describes how one can use the embedding
procedure to transform a program.
Let Map({0, 1}) be the typed domain inductively defined by Map({0, 1})o = {0, 1},
0
0
Map({0, 1})τ →τ is the set of total functions from Map({0, 1})τ to Map({0, 1})τ . And given
f : τ → τ 0 and h : τ in Map({0, 1}), f · h = f (h).
Let G = hV, Σ, N , S, Ri be defined by V = {y : o → o, x : o}, Σ = {a : o2 → o, b : o, c : o},
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Figure 1 The value tree of the scheme of Section 5.

N = {S : o, H : o → o, J : o → o, F : (o → o) → o}, R contains the following rewrite rules:
S
→ a (F H) (F J)
J x → a (J x) (J x)

H x → a x (H x)
F y → a (y b) (y c).

The value tree of G is (partially) depicted in Figure 1. We write [u, v] the mapping
f : {0, 1} → {0, 1} such that f (0) = u and f (1) = v for all u, v. We define the morphism ϕ
as follows:
ϕ(b) = 0
ϕ(c) = 1
ϕ(S) = 1
ϕ(a) u v = u ∨ v
ϕ(H) u = u ϕ(J) u = 0 ϕ(F ) [u, v] = u ∨ v.
One can check that the morphism ϕ is stable by rewrite. Furthermore it recognises the
property “t has type o, and its value tree contains a c”, with the subset A0 = {1}.
We construct a scheme G 0 = hV 0 , Σ0 , N 0 , S, Ri that consists of an embedding of the
morphism ϕ inside the scheme G. V 0 = {x : o, y 0 , y 1 : o → o}, Σ0 = {a0,0 , a0,1 , a1,0 , a1,1 :
o2 → o, b, c : o}, N 0 = {S : o, H 0 , H 1 , J 0 , J 1 : o, F [0,0] , F [0,1] , F [1,0] , F [1,1] : (o → o)2 → o},
R0 contains the following rewrite rules:
S
H0 x
H1 x
J0 x
J1 x
F [0,0]
F [0,1]
F [1,0]
F [1,1]

y0
y0
y0
y0

y1
y1
y1
y1

→
→
→
→
→
→
→
→
→

a1,0
a0,0
a1,1
a0,0
a0,0
a0,0
a0,1
a1,0
a1,1

(F [0,1] H 0 H 1 ) (F [0,0] J 0 J 1 )
x (H 0 x)
x (H 0 x)
(J 0 x) (J 0 x)
(J 1 x) (J 1 x)
(y 0 b) (y 1 c)
(y 0 b) (y 1 c)
(y 0 b) (y 1 c)
(y 0 b) (y 1 c).

Let us explain how the rewrite rule related to F [0,1] has been produced. Recall the original
rule: F y → a (y b) (y c). The first occurrence of y is applied to b, therefore it should be
annotated with ϕ(b) = 0. Similarly, the second occurrence of y should be annotated with
ϕ(c) = 1. This justifies the occurrence of y 0 and y 1 on the left hand part of the rule.
The annotation [0, 1] means that this rule will be applied to an argument whose evaluation
is the mapping [0, 1], thus the evaluation of y b is equal to [0, 1] ϕ(b) = [0, 1] 0 = 0 and by a
similar reasoning the evaluation of y c is equal to 1. Therefore the occurrence of a should be
annotated with (0, 1).
We want to transform the scheme in order to forbid the derivation of a subterm when
its associated value tree will not include any c. For instance, the occurrence of a c would
correspond to a completed service, and thus such a situation witnesses a useless derivation.
In the embedded scheme, this can be detected by applying the evaluation of the head over
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its annotation. For instance F [0,0] t1 t2 is the annotation of a term F t whose value is
ϕ(F ) [0, 0] = 0. Therefore we might turn the rule associated to F [0,0] into F [0,0] y1 y2 →
forbidden, where forbidden : o is a new terminal added to the scheme. Here is the whole
set of rewrite rules transformed this way.
S
H0 x
H1 x
J0 x
J1 x
F [0,0]
F [0,1]
F [1,0]
F [1,1]

6

y0
y0
y0
y0

y1
y1
y1
y1

→
→
→
→
→
→
→
→
→

a1,0 (F [0,1] H 0 H 1 ) (F [0,0] J 0 J 1 )
forbidden
a1,1 x (H 0 x)
forbidden
forbidden
forbidden
a0,1 (y 0 b) (y 1 c)
a1,0 (y 0 b) (y 1 c)
a1,1 (y 0 b) (y 1 c).

Logical reflection

In the following we present a morphism based on [17] that recognises the acceptance of a
parity tree automaton. Using the construction introduced in Section 4.2, one can construct
a scheme that reflects the accepting states of the automaton, which is equivalent to reflect
the subtrees accepted by a formula of the µ-calculus. In [3], µ-calculus reflection (and MSO
reflection) on schemes is already proven, but this construction uses the equivalence between
schemes and collapsible pushdown automata, and the successive transformations (scheme
→ pushdown automaton → reflective pushdown automaton → reflective scheme) lose the
structure of the scheme. In our construction, the structure of the scheme is the preserved,
in the sense of Remark 4.2. Since our proof of the logical reflection, as well as the one of
logical selection in Section 7, is build on top of the MSO model checking proof of Kobayashi
and Ong [17], we first recall their construction and then we explain how to use this result to
obtain the logical reflection.

6.1

Kobayashi-Ong result

We fix a non deterministic parity tree automaton A = hΣ, Q, qI , δ, Ωi and a scheme G =
hΣ, N , V, S, Ri. We let aritymax , ordermax , and mmax be the maximum arity in Σ ] N , order
in Σ ] N , colour in Ω(Q). The idea of the result is to define a type system, and to use this
type system in the construction of a two player parity game, such that Eve wins the game if
and only if the automaton accepts the value tree of the scheme.
The type system. Kobayashi and Ong introduced a set of judgement rules that allow to
type a term by an element of the typed set Map, called the set of mappings. Mappings of type
o are the states Q, and mappings of type τ → τ 0 are of the form (θ1 , m1 ) ∧ . . . ∧ (θk , mk ) → θ
with for all i θi is a mapping of type τ , mi is a color, and θ is a mapping of type τ 0 . The
judgements are of the form Γ ` t . θ meaning that under the environment Γ, one can
judge t with the mapping θ. The environment Γ associates some mapping and colors to
non terminal and variables, and gives some restriction on the judgements one can make.
Terminals are judged according to the transition of the automaton, i.e. a : ok → o ∈ Σ may
be judged as ∅ ` a . (q1 , m1 ) → . . . → (qk , mk ) → q with for all i, mi = max(Ω(qi ), Ω(q)) and
a
q −→ q1 , . . . , qk ∈ δ. This type system keeps track of the colours in order to know exactly
what colour has been seen along the term. It is given formally in the extended version.
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The game. Now we define a game GA in which Eve’s states will be triples made of a non
terminal, mapping and a colour, and Adam’s states will be environments. Eve chooses an
environment that can judge the rewrite rule of the current nonterminal with the current
atomic mapping, while Adam picks one binding in the current environment. Intuitively, Eve
tries to show a well-typing of the terms with respect to the rewrite rules, that would induce
a well-coloured run of the automaton, and Adam tries to show that she is wrong. From the
state (F, θ, m), Eve has to find an environment Γ such that she can prove Γ ` rF : θ, then
Adam picks a F and θ0 in Γ and asks Eve to prove that θ0 is chosen correctly according to
the rewrite rule of F . If at some point of a play, Eve cannot find a correct environment, she
loses the play; if she can choose the empty environment, Adam would have nothing to choose
then she wins the play; if the play is infinite, Eve wins if and only if the greatest colour seen
infinitely often is even. The game is also given formally in the extended version.
I Theorem 5 (Kobayashi, Ong 09). The tree kGk is accepted by A from the state q if and
only if Eve has a winning strategy from the vertex (S, q, Ω(q)) in the game GA .

6.2

A morphism for automata reflection

From the Eve’s winning strategy, we define a morphism J·K : T (Σ ] N ) → D: the domain D
τ
contains the sets of mappings of the same type: for all τ , Dτ = 2Map . Given a nonterminal
F , JF K = {θ | ∃m Eve wins from (F, θ, m)}, given a ∈ Σ, JaK = {θ | ∅ ` a : θ}, and given
d : τ1 → τ2 ∈ D and d0 : τ1 ∈ D d d0 = {θ | ∃(θ1 , m1 ) ∧ . . . ∧ (θk , mk ) → θ ∈ d ∀i θi ∈ d0 }.
I Theorem 6. The morphism J·K recognises the states of the automaton, i.e. for each state
q ∈ Q of the automaton, it recognises the set Tq = {t : o | kGt k |= Aq } which is the set
of ground terms whose associated value tree is recognised by the automaton from state q.
Furthermore, it is stable by rewriting.
Using the construction of Section 4.2, we have the following result.
I Corollary 7 (Automata Reflection). Higher order recursion schemes are reflective with
respect to automata (hence they are reflective with respect to µ-calculus, and to MSO).

7

Selection

Given a signature Σ, we recall the selection problem: given an MSO formula ϕ[X] having one
free monadic second order variable X, and a scheme G such that kGk satisfies the formula
∃X ϕ[X], produce another scheme G 0 on the signature Σ × {0, 1} such that their exists a set
S satisfying ϕ[S] and kG 0 k is a S-marking of kGk. Note that MSO selection implies MSO
reflection. Indeed, being able to mark the nodes u satisfying the formula ϕ[x] is equivalent
to being able to mark a (unique) set satisfying ψ[X] = ∀x x ∈ X ⇔ ϕ[x].
As mentioned in Section 3, MSO selection is equivalent to automata selection; we show a
construction of a scheme annotating itself with an accepting run of the automaton. Since we
cannot embed this problem into a morphism, we define another construction, similar to the
one of Section 4.2. The construction is also based on the Kobayashi-Ong result presented
in Section 5. The main difference between reflexivity and selectivity is that to construct a
reflection of an automaton we embedded the winning region of the game into the scheme,
while here we will embed the winning strategy of the game to prove the selection.
I Theorem 8 (Automata Selection). Higher order recursion schemes are selective with respect
to automata (hence to MSO).
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Proof sketch. In the following, we give an informal glimpse on the proof, the full (technical)
proof can be found in the extended version. Take a scheme G and an automaton A such that
kGk |= A. We want to construct a scheme G 0 such that kG 0 k is an accepting run of A on
kGk. The first observation is that there are some great similarities between the structure
of the proof trees in the type system system and the definition of a term. Indeed, one can
type proofs and one can apply proofs to one another to get new proofs. For example take
two terms t0 : o → o and t1 : o and assume that we have a proof P0 of t0 . (θ1 , m1 ) → θ and
a proof P1 of t1 . θ1 under some environments. Then one can put together P0 and P1 to
obtain a proof of ` t0 t1 . θ. We can see this proof as P0 P1 : the application of P1 to P0 .
In the actual construction, the transformed scheme will not deal with such proofs, but we
use this similarity between proofs and terms to create annotations of terms. Given a term t
and a proof P of a judgement Γ ` t . θ, we will define the annotated term tP where each
symbol is annotated by an atomic mapping and a color, verifying that if a non terminal F is
annotated by (θ, m) then Γ assiciate F to (θ, m). The term tP is somehow a trace of the
proof P. Now given a rewrite rule F x1 ...xk → e in the original scheme, we want to define
for all annotated versions F (θ,m) an associated rewrite rule in the transformed scheme. If
(F, θ, m) is a winning vertex of the game, then Eve can choose an environment Γ such that
Γ ` e . θ. We take a proof P of this judgement and we define F (θ,m) x1 . . . xk → eP . Since Eve
has chosen the environment Γ with respect to her winning strategy, then for all annotated
0
0
non terminals H (θ ,m ) appearing in eP , (H, θ0 , m0 ) is winning in the game. In particular, if
the initial non terminal of the transformed scheme is S (θ,m) with (S, θ, m) winning in the
game (as it will be), any non terminal in any term of any derivation will be annotated in
order to represent a winning vertex in the game. Therefore we do not need to care about
which rewrite rule is chosen for F (θ,m) when (F, θ, m) is not winning.
As we said, the initial non terminal is (S, q0 , Ω(q0 )) which is winning in the game since A
accepts kGk from state q0 . Any terminal a will be annotated by some (q1 → · · · → qk → q, m).
Then to obtain elements of Σ × Q, we just turn any a(q1 →···→qk →q,m) into a non terminal
and we add a rewrite rule transforming it into aq .
The intuition of why this construction works is the following, based on the proof of the
soundness of Kobayashi and Ong construction. To a derivation in the transformed scheme
we associate a tree of plays in the game. The terms will be labeled by some F (θ,m) that Eve
has chosen in the environments she picked, and each time Adam choose one such F (θ,m) , it
is rewritten according to Eve’s strategy. Due to the colour constraints in the type systems,
we can show that from the point where F (θ,m) is created to the point where it is on the head
of a redex, the maximum colour that has been seen is m. Furthermore, we have that along
an infinite branch, there is an infinite sequence of nonterminals that are rewritten such that
each non terminal is created when the previous one is rewritten. This means that we can
map an infinite branch to an infinite play in the game. Furthermore the greatest colour seen
infinitely often along this branch is equal to the greatest colour seen infinitely often in the
sequence of maximum colours appearing between the non terminals of the sequence. And
this is equal to the greatest colour seen infinitely often in the play. Since Eve wins in the
game, this colour is even, then for any branch of the value tree of G 0 the greatest colour seen
infinitely often is even, hence it is an accepting run.
J

8

Conclusion

We have given new shape preserving constructions for logical reflection and logical selection
using a scheme-only approach, which can be useful for correction or synthesis of programs.
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The complexity is the same as in the solutions proposed so far, i.e. the problem is nEXPTIME complete, and the size of the new scheme is n-EXP the size of the original one n
being the order of the scheme. As possible continuation of these work, we may be interesting
to see if these results scale for actual program verification, and if they can be included in
tools like T-RecS [16], a model-checker for HORS.
References
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22

Klaus Aehlig. A finite semantics of simply-typed lambda terms for infinite runs of automata.
In CSL’06, volume 4207 of LNCS, pages 104–118, 2006.
R. M. Amadio and P.-L. Curien. Domains and Lambda-Calculi. CTTCS, 1998.
Christopher H. Broadbent, Arnaud Carayol, C.-H. Luke Ong, and Olivier Serre. Recursion
schemes and logical reflection. In LICS’10, pages 120–129, 2010.
Arnaud Carayol and Olivier Serre. Collapsible pushdown automata and labeled recursion
schemes. In LICS’12, pages 165–174, 2012.
Didier Caucal. On infinite terms having a decidable monadic theory. In MFCS’02, volume
2420 of LNCS, pages 165–176, 2002.
Bruno Courcelle. A representation of trees by languages I. TCS, 6:255–279, 1978.
Bruno Courcelle. A representation of trees by languages II. TCS, 7:25–55, 1978.
Bruno Courcelle and Maurice Nivat. The algebraic semantics of recursive program schemes.
In MFCS’78, volume 64 of LNCS, pages 16–30, 1978.
Werner Damm. Higher type program schemes and their tree languages. In Theoretical
Computer Science, 3rd GI-Conference, volume 48 of LNCS, pages 51–72, 1977.
Werner Damm. Languages defined by higher type program schemes. In ICALP’77,
volume 52 of LNCS, pages 164–179, 1977.
Axel Haddad. IO vs oi in higher-order recursion schemes. In FICS’12, pages 23–30, 2012.
Matthew Hague, Andrzej S. Murawski, C.-H. Luke Ong, and Olivier Serre. Collapsible
pushdown automata and recursion schemes. In LICS’08, pages 452–461, 2008.
Klaus Indermark. Schemes with recursion on higher types. In MFCS’76, volume 45 of
LNCS, pages 352–358, 1976.
Teodor Knapik, Damian Niwiński, and Pawel Urzyczyn. Higher-order pushdown trees are
easy. In FOSSACS’02, volume 2303 of LNCS, pages 205–222, 2002.
Naoki Kobayashi. Types and higher-order recursion schemes for verification of higher-order
programs. In POPL’09, pages 416–428, 2009.
Naoki Kobayashi. A practical linear time algorithm for trivial automata model checking of
higher-order recursion schemes. In FOSSACS’11, pages 260–274, 2011.
Naoki Kobayashi and C.-H. Luke Ong. A type system equivalent to the modal mu-calculus
model checking of higher-order recursion schemes. In LICS’09, pages 179–188, 2009.
M. Nivat. On the interpretation of recursive program schemes. In Symp. Mat., 1972.
C.-H. Luke Ong. On model-checking trees generated by higher-order recursion schemes. In
LICS’06, pages 81–90, 2006.
M.O. Rabin. Decidability of second-order theories and automata on infinite trees. In Trans.
Amer. Math. Soc., 1969.
Sylvain Salvati and Igor Walukiewicz. Krivine machines and higher-order schemes. In
ICALP’11, pages 162–173, 2011.
Sylvain Salvati and Igor Walukiewicz. Using models to model-check recursive schemes. In
Typed Lambda Calculi and Applications, pages 189–204. Springer, 2013.

A Theory of Partitioned Global Address Spaces*
Georgel Calin1 , Egor Derevenetc2 , Rupak Majumdar3 , and
Roland Meyer1
1
2
3

University of Kaiserslautern, Germany, {calin,meyer}@cs.uni-kl.de
Fraunhofer ITWM, Germany, egor.derevenetc@itwm.fraunhofer.de
MPI-SWS, Germany, rupak@mpi-sws.org

Abstract
Partitioned global address space (PGAS) is a parallel programming model for the development of
high-performance applications on clusters. It provides a global address space partitioned among
the cluster nodes, and is supported in programming languages like C, C++, and Fortran by
means of APIs. Our first contribution is a formal model for the semantics of single program,
multiple data programs that use PGAS APIs. Our model reflects the main features of popular
real-world APIs such as SHMEM, ARMCI, GASNet, GPI, and GASPI.
A key feature of PGAS is the support for one-sided communication: a node may directly
read and write the memory located at a remote node, without explicit synchronization with
the processes running on the remote side. One-sided communication increases performance by
decoupling process synchronization from data transfer, but requires the programmer to reason
about appropriate synchronizations between reads and writes. As a second contribution, we
propose and investigate robustness, a criterion for correct synchronization of PGAS programs.
Robustness corresponds to acyclicity of a suitable happens-before relation defined on PGAS
computations. The requirement is finer than classical data race freedom and rules out most false
error reports.
Our main technical result is an algorithm for checking robustness of PGAS programs. The
algorithm makes use of two insights. We first show that, if a PGAS program is not robust,
then there are computations in a certain normal form that violate happens-before acyclicity.
Intuitively, normal-form computations delay remote accesses in an ordered way. We then devise
an algorithm that checks for cyclic normal-form computations. Essentially, the algorithm is
an emptiness check for a novel automaton model that accepts normal-form computations in
streaming fashion. Altogether, we prove that the robustness problem is PSpace-complete.
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1

Introduction

Partitioned global address space (PGAS) is a parallel programming model for the development of high-performance software on clusters. The PGAS model provides a global address
space to the programmer that is partitioned among the cluster nodes (see Figure 1(b)).
Nodes can read and write their local memories, but additionally access the remote address
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Node 1

int x = 1, y = 0;
write(x, rightNeighborRank,
y, myWriteQ);
barrier();
assert(y == 1);

Node N

Shared Memory 1 × ADDR

Process 1

Shared Memory N × ADDR

∙∙∙

Local Registers
NIC

Local Registers
Process N

NIC
Network

Figure 1 (a) Program 1to1 is the compute and exchange results idiom often found in PGAS
applications. Each process copies an integer value to its neighbor. write asks the hardware to copy
the value of address 𝑥 to 𝑦 on the right neighboring node. barrier blocks until all processes reach
the barrier. The assertion can fail, as the barrier may return before the write completes. (b)
PGAS architecture — NIC stands for network interface controller.

space through (synchronous or asynchronous) API calls. PGAS is a popular programming
model, and supported by many PGAS APIs, such as SHMEM [10], ARMCI [21], GASNET [4], GPI [19], and GASPI [15], as well as by languages for high-performance computing,
such as UPC [11], Titanium [16], and Co-Array Fortran [23].
A key ingredient of PGAS APIs is their support for one-sided communication: a node
may directly read and write the memory located at a remote node without explicit synchronization with the remote side, unlike in traditional message passing interfaces. One-sided
communication can be efficiently implemented on top of networking hardware featuring
remote direct memory access (RDMA), and increases performance of PGAS programs by
avoiding unnecessary synchronization between the sender and the receiver [19, 14].
However, the use of one-sided communication introduces additional non-determinism in
the ordering of memory reads and writes, and makes reasoning about program correctness
harder. Figure 1(a) demonstrates a subtle bug arising out of improper synchronizations:
while the barriers ensure all processes are at the same control location, the remote writes
may or may not have completed when address y is accessed after the barrier.
We make two contributions in this paper.
First, we provide a core calculus of PGAS APIs that models concurrent processes sharing
a global address space and accessing remote memory through one-sided reads and writes.
Despite the popularity of PGAS APIs in the high-performance computing community, to
the best of our knowledge, there were no formal models for common PGAS APIs.
Second, we define and study a correctness criterion called robustness for PGAS programs.
To understand robustness, we begin with a classical and intuitive correctness condition, sequential consistency [18]. A computation is sequentially consistent if its memory accesses
happen atomically and in the order in which they were issued. Sequential consistency is
too strong a criterion for PGAS programs, where time is required to access remote memory
and accesses themselves can be reordered. Robustness is the weaker notion that all computations of the program have the same happens-before (data and control) dependencies [26]
as some sequentially consistent computation. Our notion of robustness captures common
programming error patterns [13, 20], and is derived from a similar notion in shared memory
multiprocessing [26]. Related correctness criteria have been proposed for weak memory
models [2, 3, 5, 6, 7, 8, 24].
A simpler correctness property would be data race freedom (DRF), in which no two
processes access the same address at the same time, with at least one access being a write [1].
Indeed, programs free of data races are sequentially consistent. Unfortunately, DRF is too
strong a requirement in practice [25], and leads to numerous false alarms. Many common
synchronization idioms for PGAS programs, such as producer-consumer synchronization,
and many concurrent data structure implementations, contain benign data races. Instead,
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the notion of robustness captures the intuitive requirement that, even when events are
reordered in a computation, there are no causality cycles. Our notion of causality is the
standard happens-before relation from [26].
We study the algorithmic verification of robustness. Our main result is that robustness is
decidable (actually PSpace-complete) for PGAS programs, assuming a finite data domain
and finite memory. Note that our model of PGAS programs is infinite-state even when the
data domain is finite: one-sided communication allows unboundedly many requests to be in
flight simultaneously (a feature modeled in our formalism using unbounded queues).
Our decidability result uses two technical ingredients. First, we show that among all
computations violating robustness, there is always one in a certain normal form. The normal
form partitions the violating computation into phases: the first phase initiates memory reads
and writes, and the latter phases complete the reads and writes in the same order in which
they were initiated.
Second, we provide an algorithm to detect violating computations in this normal form.
We take a language-theoretic view, and introduce a multiheaded automaton model which can
accept violating computations in normal form. Then the problem of checking robustness
reduces to checking emptiness for multiheaded automata. Interestingly, since the normal
form maintains orderings of accesses, the multiple heads can be exploited to accept violating
computations without explicitly modeling unbounded queues of memory access requests.
The resulting class of languages contains non-context-free ones (such as 𝑎𝑛 𝑏𝑛 𝑐𝑛 ), but retains
sufficient decidability properties. Altogether this yields a PSpace decision procedure for
checking robustness of programs using PGAS APIs.
For lack of space, full constructions and proofs are given in [9].
Related Work. Although PGAS APIs are popular in the high-performance computing
community [4, 10, 15, 19, 21], no previous work provides a unifying formal semantics that
incorporates one-sided asynchronous communication. As for synchronization correctness,
Park et al. proposed a testing framework for data race detection and implemented it for
the UPC language [25]. However, these authors note that many data races are actually not
harmful, and support the statement by the analysis of the NAS Parallel Benchmarks [22].
For this reason, in contrast to data race freedom [1], we consider robustness as a more precise
notion of appropriate synchronization. Several examples from [25] show that harmful data
races (like in the knapsack example) lead to non-robustness, while benign data races (like
in the examples NPB 3.3 BT and SP) do not.
The robustness problem was posed by Shasha and Snir [26] for shared memory multiprocessing. They showed that non-sequentially consistent computations have a happens-before
cycle. Alglave and Maranget [2, 3] extended this result. They developed a general theory
for reasoning about robustness problems, even among different architectures. Owens [24]
proposed a notion of appropriate synchronization that is based on triangular data races.
Compared to robustness, triangular race freedom requires heavier synchronization, which is
undesirable for performance reasons.
We consider here the algorithmic problem of checking robustness. For programs running
on weak memory models the problem has been addressed in [3, 7, 8], but none of these
works provides a (sound and complete) decision procedure. The first complete algorithm for
checking robustness of programs running on Total Store Ordering (TSO) architectures was
given in [6]. It is based on the following locality property. If a TSO program is not robust,
then there is a violating computation where only one process delays commands. This insight
leads to a reduction of robustness to reachability in the sequential consistency model [5].
PGAS programs allow more reorderings than TSO ones and, as a consequence, locality
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does not hold. Instead, our decision procedure relies on a more complex normal form for
computations and on an automata-theoretic algorithm to look for normal-form violations.

2
2.1

PGAS Programs
Features of PGAS Programs

PGAS programs are single program, multiple data programs running on a cluster (see Figure 1(b)). At run time, a PGAS program consists of multiple processes executing the same
code on different nodes. Each process has a rank, which is the index of the node it runs on.
The processes can access a global address space partitioned into local address spaces for each
process. Local addresses can be accessed directly. Remote addresses (addresses belonging
to different processes) are accessed using API calls, which come in different flavors.
SHMEM [10] provides synchronous remote reads where the invoking process waits for
completion of the command. Remote write commands are asynchronous, and no ordering is
guaranteed between writes, even to the same remote node. The ordering can, however, be
enforced by a special fence command.
ARMCI [21] features synchronous as well as asynchronous read and write commands.
The asynchronous variants of the commands return a handle that can be waited upon. When
the wait on a read handle is over, the data being read has arrived and is accessible. When
the wait on a write handle is over, the data being written has been sent to the network but
might not have reached its destination. Unlike operations to different nodes, operations to
the same remote node are executed in their issuing order.
GASNet [4], like ARMCI, provides both synchronous and asynchronous versions of reads
and writes. Commands return a handle that can be waited upon, and a return from a
wait implies full completion of the operation. The order in which asynchronous operations
complete is intentionally left unspecified.
GPI [19] and GASPI [15] only support asynchronous read and write commands. Each
read or write operation is assigned a queue identifier. In GPI, operations with the same
queue id and to the same remote node are executed in the order in which they were issued;
in GASPI this guarantee does not hold. One can wait on a queue id, and the wait returns
when all commands in the queue are fully completed, on both the local and the remote side.
Summing up, in a uniform PGAS programming model it should be possible to
perform synchronous and asynchronous data transfers,
assign an asynchronous operation a handle or a queue id,
wait for completion of an individual command or of all commands in a given queue,
enforce ordering between operations.
We define a core model for PGAS that supports all these features. Our model only uses
asynchronous remote reads and writes with explicit queues, but is flexible enough to accommodate all the above idioms. Moreover, it is not limited to single program, multiple data
programs common in PGAS applications, but can model ordinary concurrent programs with
different processes as well.

2.2

Syntax of PGAS Programs

We define PGAS programs and their semantics in terms of automata. A (non-deterministic)
automaton is a tuple 𝐴 = (𝑆, Σ, Δ, 𝑠0 , 𝐹 ), where 𝑆 is a set of states, Σ is a finite alphabet,
Δ ⊆ 𝑆 × (Σ ∪ {𝜀}) × 𝑆 is a set of transitions, 𝑠0 ∈ 𝑆 is an initial state, and 𝐹 ⊆ 𝑆 is a set
𝑎
of final states. We call the automaton finite if the set of states is finite. We write 𝑠1 −
→ 𝑠2
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⟨cmd⟩ ::= ⟨reg⟩ ← mem[⟨expr⟩]
| mem[⟨expr⟩] ← ⟨expr⟩
| ⟨reg⟩ ← ⟨expr⟩
| assume(⟨expr⟩)
| read(⟨local-addr⟩,⟨rank⟩,⟨remote-addr⟩,⟨que-id⟩)
| write(⟨local-addr⟩,⟨rank⟩,⟨remote-addr⟩,⟨que-id⟩)
| barrier
Figure 2 Syntax of commands. ⟨reg⟩ ranges over REG;
expressions ⟨expr⟩, local addresses ⟨local-addr⟩, remote addresses ⟨remote-addr⟩, and queue identifiers ⟨que-id⟩ range
over expressions; ranks ⟨rank⟩ over 1, 𝑁 -valued expressions.
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po

write

write

popa

popa

popb

popb
po

cf

bar

bar

po

load
Figure 3 Happens-before relation
of computation 𝜏1to1 (Example 1).
𝜏1to1 violates robustness.

if (𝑠1 , 𝑎, 𝑠2 ) ∈ Δ, and extend the relation to computations 𝜎 ∈ Σ* in the expected way. The
𝜎
language of the automaton is ℒ(𝐴) := {𝜎 ∈ Σ* | 𝑠0 −
→ 𝑠 for some 𝑠 ∈ 𝐹 }. We write |𝜎| for
*
the length of a computation 𝜎 ∈ Σ , and use succ(𝜎) to denote the successor relation among
the letters in 𝜎. We write 𝑎 <𝜎 𝑏 if 𝜎 = 𝜎1 · 𝑎 · 𝜎2 · 𝑏 · 𝜎3 for some 𝜎1 , 𝜎2 , 𝜎3 ∈ Σ* .
A PGAS program (𝒫, 𝑁 ) consists of a program code 𝒫 and a fixed number 𝑁 ≥ 1 of
cluster nodes. The program code 𝒫 := (𝑄, CMD, ℐ, 𝑞0 , 𝑄) is a finite automaton with a set of
control states 𝑄, all of them final, an initial state 𝑞0 , and a set of transitions ℐ labeled with
commands CMD defined as follows.
Let DOM, ADDR, and QUE be finite domains of values (containing a value 0), addresses,
and queue identifiers, respectively. Let REG be a finite set registers that take values from
DOM. The grammar of commands is given in Figure 2. For simplicity, we will assume
DOM = ADDR = QUE. The set of expressions is defined over constants from DOM, registers
from REG, and (unspecified) operators over DOM. The set of commands CMD includes local
assignments and conditionals (assume), remote read and write API calls read and write
respectively, and barriers barrier.
At run time, there is a process on each node 1, 𝑁 that executes program 𝒫, where
𝑀, 𝑁 := {𝑀, 𝑀 + 1, . . . , 𝑁 }. We will identify each process with its rank from RNK := 1, 𝑁 .
For modeling purposes, one may assume there are special constant expressions that let a
process learn about its rank in RNK and about the total number of processes 𝑁 .

2.3

Semantics of PGAS Programs

The semantics of a PGAS program (𝒫, 𝑁 ) is defined using a state-space automaton 𝑋(𝒫, 𝑁 ) :=
(𝑆𝑋 , E, Δ𝑋 , 𝑠0𝑋 , 𝐹𝑋 ). A state 𝑠 ∈ 𝑆𝑋 is a tuple 𝑠 = (st, m, fa, fb), where state configuration st : RNK → 𝑄 maps each process to its current control state, memory configuration
m : RNK × (REG ∪ ADDR) → DOM maps each process to the values stored in each register
and at each address, queue configuration fa : RNK × QUE → (RNK × ADDR × RNK × ADDR)*
maps each process to remote read and write requests that were issued, and fb : RNK×QUE →
(RNK × ADDR × DOM)* contains values to be transferred. The two queue configurations
capture the delays between creating a request, reading data, and writing data.
The initial state is 𝑠0𝑋 := (st0 , m0 , fa0 , fb0 ), where for all ranks r ∈ RNK, registers
and addresses a ∈ REG ∪ ADDR, and queue identifiers q ∈ QUE, we have st0 (r) := 𝑞0 ,
m0 (r, a) := 0, and fa0 (r, q) := 𝜀 =: fb0 (r, q). The set of final states is 𝐹𝑋 := {(st, m, fa, fb) ∈
𝑆𝑋 | fa(r, q) = 𝜀 = fb(r, q) for all r ∈ RNK, q ∈ QUE}. The semantics of commands ensures
queues can always be emptied, so acceptance with empty queues is not a restriction.
The alphabet of 𝑋(𝒫, 𝑁 ) is the set of events E := K×RNK×((RNK×ADDR)∪{⊥}) with
event kinds K := {load, store, assign, assume, read, write, popa, popb, bar}. Consider an event
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cmd

Table 1 Transition rules for 𝑋(𝒫, 𝑁 ), given 𝑞1 −−→ 𝑞2 and current state 𝑠 = (st, m, fa, fb) with
st(r) = 𝑞1 . We set st′ := st[r := 𝑞2 ] to update st so that process r is at 𝑞2 . ̂︀
𝑒 denotes the evaluation
of expression 𝑒 in memory configuration m.
cmd = 𝑟 ← mem[𝑒a ]
(load,r,(r,𝑒a ))

𝑠 −−−−−−−−→ (st′ , m[(r, 𝑟) := m(r, 𝑒̂︀a )], fa, fb)

(load)

̂︀

rem rem
cmd = write(𝑒loc
a , 𝑒r , 𝑒a , 𝑒 q )

fa(r, 𝑒̂︀q ) = 𝛼
rem )], fb)
rem , 𝑒
loc
̂︁
̂︂
𝑠 −−−−−−→ (st , m, fa[(r, 𝑒̂︀q ) := 𝛼 · (r, 𝑒a , 𝑒̂︂
a
r
(write,r,⊥)

′

fa(r, q) = (rs , as , rd , ad ) · 𝛼

fb(r, q) = 𝛽

(popa,r,(rs ,as ))

𝑠 −−−−−−−−−→ (st, m, fa[(r, q) := 𝛼], fb[(r, q) := 𝛽 · (rd , ad , m(rs , as ))])
fb(r, q) = (rd , ad , 𝑣) · 𝛽
(popb,r,(rd ,ad ))

𝑠 −−−−−−−−−→ (st, m[(rd , ad ) := 𝑣], fa, fb[(r, q) := 𝛽])
barrier
st(r) −−−−−−→ st′ (r) for each r ∈ RNK
(bar,1,⊥)·(bar,2,⊥)···(bar,𝑁,⊥)

𝑠−
−−−−−−−−−−−−−−−−−−−
→ (st′ , m, fa, fb)

(write)

(popa)

(popb)

(bar)

e = (k, r, (ra , a)) ∈ E. We use kind(e) = k to determine the kind of the event, rank(e) = r for
the rank of the process that produced the event, and addr(e) = (ra , a) to obtain the rank
and the address that are accessed by the event. If kind(e) ∈ {load, popa}, then e is said to
be a read of (ra , a). If kind(e) ∈ {store, popb}, then e is a write of address addr(e).
Table 1 shows a subset of the transition relation Δ𝑋 ; the remaining rules are similar.
When a process executes a remote write command, Rule (write), a new item is added to a
queue in fa. This item contains the source rank and source address from which the data will
be copied, together with the destination rank and destination address to which the data will
be copied. Eventually, the item is popped from the queue in fa, Rule (popa), the value is
read from the source address, and a new item is pushed into the corresponding queue in fb.
The new item contains the destination rank and destination address, and the value that was
read from the source address. Eventually, this item is popped from the queue, Rule (popb),
and the value is written to the destination address in the destination rank. Modeling two
queue configurations yields a symmetry between remote writes and reads: a read can be
interpreted as a write that comes upon request.
The semantics of a PGAS program C(𝒫, 𝑁 ) := ℒ(𝑋(𝒫, 𝑁 )) ⊆ E* is the set of computations of the state-space automaton.
I Example 1. Consider PGAS program (1to1, 2) with the program code from Figure 1(a)
being run on two nodes. It has the following computation:
𝜏1to1 = write · write · popa · popa · bar · bar · load · popb · popb.
Bold events belong to the process with rank 2, the other events — to the process with rank 1.
We have addr(popa) = (1, 𝑥), addr(popb) = (2, 𝑦). Symmetrically, addr(popa) = (2, 𝑥) and
addr(popb) = (1, 𝑦). The assert in Figure 1 is a shortcut for a combination of load and
assume, and in this computation addr(load) = (1, 𝑦).

2.4

Simulating PGAS APIs

Our formalism natively supports asynchronous data transfers and queues. Operations in the
same queue are completed in the order in which they were issued. Using this, we can model
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the ordering guarantees given by ARMCI and GPI – by putting ordered operations into the
same queue.
To model waiting on individual operations (waiting on a handle), we associate a shadow
memory address with each operation. Before issuing the operation, the value at this address
is set to 0. When the operation has been issued, the process sends to the same queue a
read request which overwrites the value at the shadow address to 1. Now waiting on the
individual operation can be implemented by polling on the shadow address associated with
the operation. Waiting on all operations in a given queue is done similarly. Synchronous
data transfers are modeled by asynchronous transfers, immediately followed by a wait.

3

Robustness: A Notion of Appropriate Synchronization

We now define robustness, a correctness condition for PGAS programs. Robustness is a
weaker criterion than requiring all computations to be sequentially consistent [18]: it allows
for reordering of events as long as there are no causality cycles. As causality relation, we
adopt the happens-before relation [26]. Fix a computation 𝜏 ∈ C(𝒫, 𝑁 ). Its happens-before
relation is the union of the three relations we define next, →hb (𝜏 ) := →po ∪ →cf ∪ ↔.
The program order relation →po is the union of the program order relations for all
⋃︀
processes: →po := r∈RNK →rpo . Relation →rpo gives the order in which events were issued
in process r. Formally, let 𝜏 ′ be the subsequence of all events e in 𝜏 such that rank(e) = r
and kind(e) ̸∈ {popa, popb}. Then →rpo := succ(𝜏 ′ ).
The conflict relation →cf orders conflicting accesses to the same address. Let 𝜏 =
𝛼 · e1 · 𝛽 · e2 · 𝛾, where e1 and e2 access the same address, and at least one of them is a write:
addr(e1 ) = addr(e2 ) = (r, a), kind(e1 ) ∈ {store, popb} or kind(e2 ) ∈ {store, popb}. If there is
no e ∈ 𝛽 such that addr(e) = (r, a) and kind(e) ∈ {store, popb}, then e1 →cf e2 .
The identity relation ↔ identifies events corresponding to the same command. Let e be
a remote read or write event, kind(e) ∈ {read, write}, and e1 and e2 be the corresponding
requests, kind(e1 ) = popa and kind(e2 ) = popb. Then we have e ↔ e1 ↔ e2 . In a similar
way, ↔ identifies matching barrier events in different processes.
We say a computation 𝜏 is violating if the associated happens-before relation contains
a non-trivial cycle, i.e., a cycle that is not included in ↔. Violating computations violate
sequential consistency. The robustness problem amounts to proving the absence of violations:
ROB

Given a program (𝒫, 𝑁 ), show that no computation 𝜏 ∈ C(𝒫, 𝑁 ) is violating.

I Example 2. The happens-before relation of computation 𝜏1to1 is depicted in Figure 3.
It is cyclic, therefore 𝜏1to1 is violating and (1to1, 2) is not robust. Indeed, no sequentially
consistent execution of 1to1 allows the assert statements to load the initial value of 𝑦.
Our main result is the following.
I Theorem 3. ROB is PSpace-complete.
The PSpace lower bound follows from PSpace-hardness of control state reachability in
sequentially consistent programs [17]. To reduce to robustness, we add an artificial happensbefore cycle starting in the target control state. The rest of the paper shows a PSpace
algorithm, and hence upper bound, for the problem.

4

Normal-Form Violations

We show that a PGAS program is not robust if and only if it has a violating computation
of the following normal form.
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I Definition 4. Computation 𝜏 = 𝜏1 ·𝜏2 ·𝜏3 ·𝜏4 ∈ C(𝒫, 𝑁 ) is in normal form if all e ∈ 𝜏2 ·𝜏3 ·𝜏4
satisfy kind(e) ∈ {popa, popb} and for all 𝑎, 𝑏 ∈ 𝜏1 with kind(𝑎), kind(𝑏) ∈
/ {popa, popb} and
all 𝑎′ , 𝑏′ ∈ 𝜏𝑖 with 𝑖 ∈ 1, 4 we have:
𝑎 <𝜏1 𝑏, 𝑎 ̸↔* 𝑏, 𝑎 ↔* 𝑎′ , 𝑏 ↔* 𝑏′

implies

𝑎′ <𝜏𝑖 𝑏′ .

(NF)

We explain the normal-form requirement (NF). Consider two accesses 𝑎 and 𝑏 to remote
processes that can be found in the first part of the computation 𝜏1 . Assume corresponding
pop events 𝑎′ and 𝑏′ are delayed and can both be found in a later part of the computation, say
𝜏2 . Then the ordering of 𝑎′ and 𝑏′ in 𝜏2 coincides with the order of 𝑎 and 𝑏 in 𝜏1 . Computation
nf
in Figure 4 is. The following theorem guarantees
𝜏1to1 is not in normal-form whereas 𝜏1to1
that, in case of non-robustness, normal-form violations always exist.
I Theorem 5. A PGAS program (𝒫, 𝑁 ) is robust iff it has no normal-form violation.
Phrased differently, to decide robustness our procedure should look for normal-form
violations. The remainder of the section is devoted to proving Theorem 5. We make use of
the following property of PGAS programs: every computation contains an event that can be
deleted, in the sense that the result is again a computation of the program, i.e., in C(𝒫, 𝑁 ).
I Lemma 6 (Cancellation). Consider a computation 𝜀 ̸= 𝜏 ∈ C(𝒫, 𝑁 ) and let e be the last
event in 𝜏 with kind(e) ̸∈ {popa, popb}. Then 𝜏 ∖ e ∈ C(𝒫, 𝑁 ), where computation 𝜏 ∖ e is
defined to remove e and all ↔-related events from 𝜏 .
Proof. All events to the right of e are unconditionally executable. Moreover, 𝜏 does not have
→po -successors following e. Therefore, the resulting computation 𝜏 ∖ e is in C(𝒫, 𝑁 ).
J
A PGAS program is not robust if and only if it has a violating computation 𝜏 of minimal
length. Let e ∈ 𝜏 be the event determined by Lemma 6. If kind(e) ̸∈ {read, write}, then
𝜏 = 𝜏1 · e · 𝜏2 . Otherwise 𝜏 = 𝜏1 · e · 𝜏2 · e′ · 𝜏3 · e′′ · 𝜏4 with e ↔ e′ ↔ e′′ . Consider the latter
case where 𝜏 ∖ e = 𝜏1 · 𝜏2 · 𝜏3 · 𝜏4 . Since |𝜏 ∖ e| < |𝜏 |, the new computation is not violating and
→hb (𝜏 ∖ e) is acyclic. This acyclicity guarantees that we find a computation 𝜎 ∈ E* with
the same happens-before relation as 𝜏 ∖ e and where pop events directly follow their remote
accesses. Intuitively, 𝜎 is a sequentially consistent computation corresponding to 𝜏 ∖ e.
I Lemma 7 ([26]). There is 𝜎 ∈ C(𝒫, 𝑁 ) with →hb (𝜎) = →hb (𝜏 ∖e) and 𝜎 = 𝜎1 ·e1 . . . e𝑛 ·𝜎2
for all e1 ↔ . . . ↔ e𝑛 .
We now use 𝜎 to rearrange the events in 𝜏 ∖e and guarantee the normal-form requirement.
The idea is to project 𝜎 to the events in 𝜏1 to 𝜏4 . Reinserting e yields a normal-form violation:
𝜏 nf := (𝜎 ↓ 𝜏1 ) · e · (𝜎 ↓ 𝜏2 ) · e′ · (𝜎 ↓ 𝜏3 ) · e′′ · (𝜎 ↓ 𝜏4 ).
The following lemma concludes the proof of Theorem 5.
I Lemma 8 (Reinsertion). 𝜏 nf ∈ C(𝒫, 𝑁 ), →hb (𝜏 nf ) = →hb (𝜏 ), and 𝜏 nf is in normal form.
I Example 9. Computation 𝜏1to1 in Example 1 is a shortest violation. The event determined
by Lemma 6 is e = load. Therefore, 𝜏 ∖ e = 𝜏1 · 𝜏2 with
𝜏1 = write · write · popa · popa · bar · bar

and

𝜏2 = popb · popb.
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load

𝑝𝑜

popb

popb

cf

nf
𝜏1to1

Figure 4 Normal-form violation
from Example 9. The edges indicate the dependencies in
the computation and coincide with the relations in Figure 3.

A sequentially consistent computation corresponding to 𝜏 ∖ e is
𝜎 = write · popa · popb · write · popa · popb · bar · bar.
nf
nf
is indeed in
is depicted in Figure 4. Note that 𝜏1to1
The normal-form violation 𝜏1to1
C(1to1, 2). Moreover, popa and popa immediately follow write and write, respectively.
Similarly, the popb and popb events in the second part of the computation respect the order
of write and write in the first part of the computation. This means the property (NF) holds.

5

From Normal-Form Violations to Language Emptiness

We now reduce checking the absence of normal-form violations to the emptiness problem in
a suitable automaton model. We introduce multiheaded automata and construct, for each
program (𝒫, 𝑁 ), a multiheaded automaton accepting all normal-form computations. To
verify robustness, we check that the intersection of this automaton with regular languages
accepting cyclic happens-before relations is empty.

5.1

Multiheaded Automata

Multiheaded automata are an extension of finite automata. Intuitively, instead of generating
just a single computation, they generate several computations in one pass, each by a separate
head. The language of the multiheaded automaton then consists of the concatenations of
the computations generated by each head.
Syntactically, an 𝑛-headed finite automaton over Σ is a finite automaton that uses the
extended alphabet 1, 𝑛×Σ. So we have 𝐴 = (𝑆, (1, 𝑛×Σ), Δ, 𝑠0 , 𝐹 ). The semantics, however,
is different from finite automata. Given 𝜎 ∈ (1, 𝑛×Σ)* , we use 𝜎 ↓ 𝑘 to project 𝜎 to the letters
(𝑘, 𝑎), and afterwards cut away the index 𝑘. So ((1, 𝑎) · (2, 𝑏) · (1, 𝑐)) ↓ 1 = 𝑎 · 𝑐. The language
𝜎
of 𝐴 is ℒ(𝐴) := {comp(𝜎) | 𝑠0 −
→ 𝑠 for some 𝑠 ∈ 𝐹 } where comp(𝜎) := 𝜎 ↓ 1 · · · 𝜎 ↓ 𝑛.
Multiheaded automata are closed under regular intersection, and emptiness is decidable
in non-deterministic logarithmic space. Indeed, checking emptiness reduces to finding a path
from an initial to a final node in a directed graph.
I Lemma 10. Consider an 𝑛-headed automaton 𝑈 and a finite automaton 𝑉 over a common
alphabet Σ. There is an 𝑛-headed automaton 𝑊 with ℒ(𝑊 ) = ℒ(𝑈 ) ∩ ℒ(𝑉 ).
I Lemma 11. Emptiness for 𝑛-headed automata is NL-complete.
Multiheaded automata are incomparable with context-free grammars, and indeed the
normal-form computations of a program may be non-context-free.1

1

read(0,0,0,0)
Consider 𝒫 := ({𝑞0 }, CMD, {𝑞0 −−−−−−−−−−→ 𝑞0 }, {𝑞0 }) running on a single node. The language
C(𝒫, 1) is not context-free. To see this, let kind(𝑎) = read, kind(𝑏) = popa, and kind(𝑐) = popb. Then
C(𝒫, 1) ∩ 𝑎* 𝑏* 𝑐* is the non-context-free language {𝑎𝑝 𝑏𝑝 𝑐𝑝 | 𝑝 ≥ 0}.
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cmd

Table 2 Transition rules for 𝑌 (𝒫, 𝑁 ), given 𝑞1 −−→ 𝑞2 and current state 𝑠 = (st, m, pa, pb) with
st(r) = 𝑞1 . The target is 𝑠′ = (st′ , m′ , pa′ , pb′ ) where, unless otherwise stated, st′ = st, m′ = m,
pa′ = pa, pb′ = pb. The auxiliary states 𝑠aux1 , 𝑠aux2 ∈ 𝑆𝑌aux are unique for each rule application.
(gpa′ )

pa(r, q) < pb(r, q)
𝜀
𝑠−
→ 𝑠′ pa′ := pa[(r, q) := pa(r, q) + 1]
rem rem
cmd = write(𝑒loc
a , 𝑒r , 𝑒a , 𝑒 q )
1,(write,r,⊥)

𝑚,(popa,r,(r,𝑒loc
a ))

̂︀

pb(r, q) < 4
(gpb′ )
𝜀
𝑠−
→ 𝑠′ pb′ := pb[(r, q) := pb(r, q) + 1]
pa(r, 𝑒̂︀q ) = 𝑚
rem
𝑛,(popb,r,(𝑒rem
r ,𝑒a ))

̂︁ ̂︁

𝑠 −−−−−−−−→ 𝑠aux1 −−−−−−−−−−−→ 𝑠aux2 −−−−−−−−−−−−−→ 𝑠

pb(r, 𝑒̂︀q ) = 𝑛
′

′
st′ := st[r := 𝑞2 ] (write )

rem ̂︂
rem
loc
̂︂
if 𝑛 = 1 then m′ := m[(𝑒̂︂
r , 𝑒a ) := m(r, 𝑒a )]

Multiheaded automata can be understood as a restriction of matrix grammars [12]. In
matrix grammars, productions simultaneously rewrite multiple non-terminals. Roughly,
each production can be understood as a Petri net transition, and emptiness is decidable
as Petri net reachability is. Since we target a PSpace result, matrix grammars are too
expressive for our purposes.

5.2

Detecting Normal-Form Computations

We define a 4-headed automaton 𝑌 (𝒫, 𝑁 ) := (𝑆𝑌 ⊎ 𝑆𝑌aux , E, Δ𝑌 , 𝑠0𝑌 , 𝑆𝑌 ) that accepts all
normal-form computations 𝜏 = 𝜏1 · 𝜏2 · 𝜏3 · 𝜏4 ∈ C(𝒫, 𝑁 ). In order to accept 𝜏1 , the new
automaton tracks the control and memory configurations in the way 𝑋(𝒫, 𝑁 ) does. For
the remainder of the computation, these configurations are not needed. Indeed, 𝜏2 to 𝜏4
only consist of popa and popb events that are executable independently of the control and
memory configurations. However, 𝑌 (𝒫, 𝑁 ) has to take care of the ordering of popa and popb
events from the same queue. In particular, if e1 handles a request issued before the request
of e2 with kind(e1 ) = kind(e2 ), then it cannot be the case that e1 ∈ 𝜏𝑗 and e2 ∈ 𝜏𝑖 with 𝑖 < 𝑗.
Guided by this discussion, we define a state 𝑠 ∈ 𝑆𝑌 as a tuple 𝑠 := (st, m, pa, pb). The
state and memory configurations st and m are defined as in Section 2. They reflect the state
of the program after it has generated a prefix of 𝜏1 . The functions pa, pb : RNK×QUE → 1, 4
give, for each process and each queue, the part 𝜏1 to 𝜏4 of the computation where the next
popa resp. popb event will be generated. The initial state is 𝑠0 := (st0 , m0 , pa0 , pb0 ) with
pa0 (r, q) := 1 =: pb0 (r, q) for all r ∈ RNK and q ∈ QUE.
The transition relation Δ𝑌 is the smallest relation defined by the rules in Table 2.
Rule (gpa′ ) lets the automaton choose the part of the computation to which the next popa
event will be appended. The first restriction is that the index of the part can only increase,
as events from the same queue are processed in order. The second restriction is that popa
events cannot be generated to the right of popb events from the same queue. Rule (gpb′ ) is
the similar rule for popb events.
By Rule (write′ ), the automaton appends a write event to 𝜏1 and the corresponding popa
and popb events in one shot to the parts determined by pa and pb. Since a single transition of
a multiheaded automaton can generate at most one letter, the rule makes use of intermediary
states from 𝑆𝑌aux . If popb is added to 𝜏1 , the memory configuration is updated accordingly.
Note that the generation in one shot causes pop events within the same part 𝜏𝑖 to follow in
the order of the corresponding read/write events in 𝜏1 . Fortunately, this is always the case in
normal-form computations by (NF). Computations that are not in normal form, e.g. 𝜏1to1 ,
cannot be generated by 𝑌 (𝒫, 𝑁 ).
The set of final states of 𝑌 (𝒫, 𝑁 ) is 𝑆𝑌 . The auxiliary states 𝑆𝑌aux are not included in
the set of final states to forbid computations with pending remote requests.
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I Lemma 12. {𝜏 ∈ C(𝒫, 𝑁 ) | 𝜏 is in normal form} = ℒ(𝑌 (𝒫, 𝑁 )).

5.3

Detecting Violations

The multiheaded automaton accepts all normal form computations, and we would like to
check if one of these computations is violating. In general, violating computations can
contain complicated cycles in the happens-before relation. However, we now show that
whenever a computation has a happens-before cycle, it has a cycle in which each process is
entered and left at most once. Our algorithm for robustness will look for happens-before
cycles of this special form that, as we will show, can be captured by a regular language.
I Lemma 13. Computation 𝜏 ∈ C(𝒫, 𝑁 ) is violating iff there is a cycle
𝑎1 ↔* 𝑏1 →*po 𝑐1 ↔* 𝑑1

...

𝑎𝑘 ↔* 𝑏𝑘 →*po 𝑐𝑘 ↔* 𝑑𝑘

where rank(𝑥𝑖 ) = rank(𝑦𝑗 ) iff 𝑖 = 𝑗, for all 𝑥𝑖 , 𝑦𝑗 ∈ {𝑎1 , . . . , 𝑑𝑘 }, and

𝑎1

(CYC)

:= →cf ∪ ↔.

nf
(Example 9) have a cycle
I Example 14. The computations 𝜏1to1 (Example 1) and 𝜏1to1
of the form (CYC) depicted in Figure 3: 𝑘 = 2, 𝑎1 = 𝑏1 = bar, 𝑐1 = 𝑑1 = load, 𝑎2 = popb,
𝑏2 = write, 𝑐2 = 𝑑2 = bar.

Note that 𝑑𝑖 ↔ 𝑎𝑖+1 means both are barriers, kind(𝑑𝑖 ) = bar = kind(𝑎𝑖+1 ). This holds as
the ranks are different. In spite of the additional restrictions, cycles (CYC) are not trivial to
recognize. The reason is that the events constituting the cycle are not necessarily contained
in the computation in the order in which they appear in the cycle, see Figure 4. The idea
of our cycle detection is to first guess the events 𝑎𝑖 and 𝑑𝑖 for each process and then check
that 𝑑𝑖
𝑎𝑖+1 holds. The former can be accomplished by an extension 𝑌 M (𝒫, 𝑁 ) of the
multiheaded automaton 𝑌 (𝒫, 𝑁 ), the latter by a regular intersection.
The automaton 𝑌 M (𝒫, 𝑁 ) accepts computations over the alphabet E × M with M :=
{enter,leave}
2
. The events marked by enter are the guessed 𝑎𝑖 events in (CYC) and those
marked by leave are the 𝑑𝑖 events in (CYC). We still have to guarantee we only mark 𝑎𝑖
and 𝑑𝑖 that satisfy 𝑎𝑖 ↔* 𝑏𝑖 →*po 𝑐𝑖 ↔* 𝑑𝑖 . This is straightforward thanks to the fact that
𝑌 (𝒫, 𝑁 ) generates the events of each process in program order, and generates events related
by ↔ in one shot. The full construction of 𝑌 M (𝒫, 𝑁 ) is given in [9].
nf
I Example 15. Consider the normal-form computation 𝜏1to1
(Example 9) that has the
cycle (CYC) given in Figure 3. A corresponding marked computation of 𝑌 M (𝒫, 𝑁 ) is

(write, ∅) · (popa, ∅) · (write, ∅) · (popa, ∅)·
(bar, {enter}) · (bar, {leave}) · (load, {leave}) · (popb, ∅) · (popb, {enter}).
Every cycle of the form (CYC) has a cycle type cyc, which is a sequence cyc = r1 . . . r𝑘
of ranks from 1, 𝑁 with r𝑖 ̸= r𝑗 for 𝑖 ̸= 𝑗. The idea is that the events 𝑎𝑖 , 𝑏𝑖 , 𝑐𝑖 , 𝑑𝑖 belong
to rank r𝑖 . For each pair r𝑖 , r𝑖+1 in this sequence, we construct a finite automaton 𝑍 r𝑖 ,r𝑖+1
over the alphabet E × M. It checks whether there is a conflict or identity edge from the
leave-marked event of process r𝑖 to the enter-marked event of process r𝑖+1 . Consider the case
of conflicts. The automaton looks for a marked event (e𝑖 , 𝑚𝑖 ) with rank(e𝑖 ) = r𝑖 marked
by leave ∈ 𝑚𝑖 . It remembers the kind and the address of this event. Then, it seeks a
marked event (e𝑖+1 , 𝑚𝑖+1 ) with rank(e𝑖+1 ) = r𝑖+1 marked by enter ∈ 𝑚𝑖+1 . If both events
are found, they touch the same address, and one of them is a write, the automaton reaches
the accepting state. Since finite automata are closed under intersection, we can define the
finite automaton of cycle type cyc as 𝑍 cyc := 𝑍 r1 ,r2 ∩ . . . ∩ 𝑍 r𝑘−1 ,r𝑘 ∩ 𝑍 r𝑘 ,r1 .
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I Theorem 16. 𝒫 is robust iff ℒ(𝑌 M (𝒫, 𝑁 )) ∩ ℒ(𝑍 cyc ) = ∅ for all cycle types cyc.
We can now prove Theorem 3. To check whether (𝒫, 𝑁 ) is robust, we go over all cycle
types cyc = r1 . . . r𝑘 . This enumeration of cycle types can be done in space that is polynomial
in 𝑁 . For each such sequence, we check if ℒ(𝑌 M (𝒫, 𝑁 )) ∩ ℒ(𝑍 cyc ) = ∅. By Theorem 16, the
program is robust iff all intersections are empty. By Lemma 10, there is a 4-headed finite
state automaton 𝑊 with ℒ(𝑊 ) = ℒ(𝑌 M (𝒫, 𝑁 ))∩ℒ(𝑍 cyc ). Since the size of 𝑊 is exponential
in the size of (𝒫, 𝑁 ) and emptiness is in NL by Lemma 11, deciding ℒ(𝑊 ) = ∅ can be done
in space that is polynomial in (𝒫, 𝑁 ). This shows robustness is in PSpace.
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Abstract
The main result of this paper is an optimal strong direct product result for the two-party publiccoin randomized communication complexity of the Tribes function. This is proved by providing
an alternate proof of the optimal lower bound of Ω(n) for the randomised communication complexity of the Tribes function using the so-called smooth-rectangle bound, introduced by Jain and
Klauck [6]. The optimal Ω(n) lower bound for Tribes was originally proved by Jayram, Kumar
and Sivakumar [10], using a more powerful lower bound technique, namely the information complexity bound. The information complexity bound is known to be at least as strong a lower bound
method as the smooth-rectangle bound [13]. On the other hand, we are not aware of any function
or relation for which the smooth-rectangle bound is (asymptotically) smaller than its public-coin
randomized communication complexity. The optimal direct product for Tribes is obtained by
combining our smooth-rectangle bound for tribes with the strong direct product result of Jain
and Yao [8] in terms of smooth-rectangle bound.
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1

Introduction

Study of lower bounds for various natural functions and relations has been a major theme of
research in communication complexity from its advent; both for its own intrinsic value and for
applications of these bounds towards other areas of theoretical computer science [15]. Several
lower bound techniques have been developed over the years in communication complexity
such as fooling sets, discrepancy method, rectangle bound, information complexity bound,
partition bound etc. It is interesting to understand the relative power of these techniques
and rank them against each other. Sometimes, we would like to understand what is the
weakest technique required to prove a particular lower bound.
An important and extensively used technique in communication complexity is the so
called rectangle bound (a.k.a. the corruption bound). In this technique, one argues that
for some output value z, and all large rectangles, a constant fraction of inputs in the
rectangle have a function value different from z. This helps to lower bound the distributional
communication complexity of the function, which then translates to a lower bound on the
public-coin communication complexity via Yao’s minmax principle [20]. This technique has
been successfully applied to obtain optimal lower bounds for several problems; Razborov’s
lower bound proof [18] for the set-disjointness function [11] is arguably the most well-known
application of this technique.
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Another technique that has been extremely useful is the information complexity bound [17,
4]. In this method, one lower bounds the distributional communication complexity by the
amount of information the transcript of the protocol reveals about the inputs of Alice and Bob.
The tools from information theory then come handy to lower bound the information cost of
the protocol. Bar-Yossef, Jayram, Kumar and Sivakumar [1] successfully used this technique1
to give an alternate proof of the linear lower bound for the set-disjointness function. This
method has also been useful to give an optimal linear lower bound for the Tribes function [10].
Jain and Klauck [6], using tools from linear programming and semi-definite programming gave a uniform treatment to several of the existing lower bound techniques and
proposed two additional lower bound techniques, the so-called partition bound and the
smooth-rectangle bound. These bounds are stronger than almost all other known lower bound
techniques including the rectangle bound. The partition bound, as the name suggests, is
a linear programming formulation of the number of partitions in a randomized protocol.
The smooth-rectangle bound, a weakening of the partition bound, is a robust version of the
rectangle bound in the following informal sense: smooth-rectangle bound for a function f
under a distribution µ, is the maximum over all functions g , which are close to f under the
distribution µ, of the rectangle bound of g. In other words, a function f is said to have a
large smooth-rectangle bound, if it is close to some other function g (under the distribution µ)
which has a large rectangle bound, even though f itself might not have a large rectangle bound.
This suffices to lower bound the communication complexity of f . These new lower bound
methods have been successfully applied, for example to obtain an optimal lower bound for
the Gap-Hamming problem [3]. In fact we are not aware (to the best of our knowledge) of
any function or relation for which the partition bound or smooth-rectangle bound is (asymptotically) smaller than its public-coin randomized communication complexity. To determine how
tight these new lower bounds are, remains an important open question in communication
complexity.
Recently, Kerenidis et al. [13] showed that the information complexity is at least as powerful
as the relaxed-partition-bound, which is a bound intermediate between the partition bound
and the smooth-rectangle bound. The relative strengths of the information complexity and
partition bound is not yet well understood.
Another important theme in communication complexity has been the study of the so
called strong direct-product and (the weaker) direct-sum conjectures; again for their own
intrinsic value and also for important applications of such results in other areas of theoretical
computer science [12]. A strong direct-product conjecture for the public-coin communication
complexity of a relation f would state the following. Let c be the public-coin communication
complexity of f (with constant error). Suppose k independent instances of f are being solved
using communication less than kc, then the overall success would be exponentially small in k.
In fact, the information complexity was introduced initially [4] as a tool to resolve the direct
sum/product question. However, despite the considerable progress made over the last few
years [2, 7], the direct product question has not yet been resolved. On the other hand, we are
not aware of any function or relation for which this conjecture is false. Settling this conjecture
for all relations, again is an important open question in communication complexity.

1

The notion of information complexity was formalized by Chakrabarti, Shi, Wirth and Yao [CSWY01]
in the direct sum context, however has been used by earlier works as well for example by Ponzio,
Radhakrishnan and Venkatesh [17] for showing optimal lower bounds on the communication complexity
of the pointer-chasing problem. Chakrabarti et al. [4] defined and used, what in today’s language is
called,“external information cost” while Bar-Yossef, Jayram, Kumar and Sivakumar [1] defined and
used “internal information cost” in their proof of the disjointness lower bound.
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Recently, Jain and Yao [8] proved a direct-product result for all relations in terms of the
smooth-rectangle bound (srec). They show that for any relation f , if less than k · log srec(f )
communication (c.f., Definition 2.2) is provided for solving k independent copies of f , then
the overall success is exponentially small in k. This provides a recipe to arrive at strong
direct-product results for any relation f : by exhibiting that log srec(f ) provides optimal lower
bound for the public-coin communication complexity of f . Jain and Yao’s result implies
(and in some cases reproves) strong direct product result for many interesting functions and
relations including that for the set-disjointness function (a strong direct-product result for setdisjointness was first shown by Klauck [14], again via showing that the smooth-rectangle bound
of a related function is large). This also strongly motivates the search of functions for which
their smooth-rectangle bound is asymptotically smaller than their public-coin communication
complexity. This leads us to the study of the Tribes function as described below.

1.1

Our result

In this work we are concerned with the Tribes : {0, 1}n × {0, 1}n → {0, 1} function, defined
as follows.

√ √
^n _n

def

x(i−1)√n+j ∧ y(i−1)√n+j  .
Tribes(x, y) =
i=1

j=1

As mentioned earlier, an optimal linear lower bound for Tribes was shown by Jayram, Kumar
and Sivakumar [10] using the information complexity technique. It is to be noted that the
√
rectangle bound proves only a Θ( n) lower bound and thus fails to provide an optimal
lower bound for Tribes. In fact, the primary motivation for Jayram et al. [10] to study the
Tribes function was the fact that it provided the first example where information complexity techniques were provably stronger than the then known “combinatorial” lower bound
techniques. Therefore it is natural to ask if Tribes also provides a separation between smoothrectangle bound and public-coin communication complexity, in the process also implying
separation between information complexity bound and smooth-rectangle bound. We consider
this question in this work and answer it in the negative.
I Theorem 1.1 (smooth-rectangle bound for Tribes).
For sufficiently small ε ∈ (0, 1), Rpub
ε (Tribes) ≥ log srecε (Tribes) ≥ Ω(n).
Here, Rpub
ε (f ) refers to the ε-error public-coin randomized communication complexity of f .
Another important motivation for our work (besides answering the above question) is its
consequence to strong direct product. As indicated in the recipe outlined above, combining
our smooth-rectangle bound for Tribes with the result of Jain and Yao [8], we obtain the
following.


(k)
I Corollary 1.2 (strong direct product for Tribes). Rpub
Tribes
= Ω(kn).
−Ω(k)
1−2
Here, f (k) refers to the k-wise direct product of the function f . Our result (Theorem 1.1)
also exhibits for the first time, an asymptotic separation between the smooth-rectangle bound
and the rectangle bound for a total function (previously a quadratic separation was known
however for the Gap-Hamming partial function [3]).
It is to be noted that the information complexity lower bound for Tribes was generalised to
constant depth read-once trees functions [9, 16]. Given our results, it is interesting to ask if
these lower bounds can be obtained using the smooth-rectangle bound instead, which would
imply a direct product for these functions. These alternate lower bounds might also help to
obtain bounds for super-constant depth read-once formulae.
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1.2

Our techniques

√
It will be convenient for us to view the Tribes function as the conjunction of n set-disjointness
√
√
functions over n sized inputs2 . We refer to the n sized inputs to each of the disjointness
functions as a block. We consider a distribution µ on the inputs for the Tribes function which
has support only on the following type of inputs: in every block, except for one block (say j),
the inputs to the two parties Alice and Bob are NO instances of the disjointness function (the
sets corresponding to the blocks intersect at exactly one location) and in block j, there could
be 0, 1 or 2 intersections which occur at locations kj and lj . Let’s refer to the three types of
subsets of inputs based on the number of intersections as U0 , U1 , and U2 respectively. Recall
that to show that the smooth-rectangle bound of Tribes is large, we need to demonstrate
a function g, close to Tribes (under µ), whose rectangle bound is large. This function g is
constructed as follows: g takes value 0 in U0 ∪ U2 and value 1 in U1 . Note that Tribes takes
value 0 in U0 and value 1 in U1 ∪ U2 . I.e., Tribes and g disagree on the inputs in U2 . For our
choice of distribution µ, this disagreement set U2 will have weight µ(U2 ) ≈ 1/16 while the
weight of the 1-inputs will be approximately µ(U1 ) ≈ 6/16 (i.e., U1 is 6 times larger than
U2 ).
√
Observe that for Tribes, there are large rectangles (of size ≈ 2− n under µ) which are
monochromatic. We can just fix any one coordinate in each block and force intersection
there to create large 1-monochromatic rectangle. Similarly we can choose any one block and
force non-intersection in that entire block to create large 0-monochromatic rectangle. Hence
√
the rectangle bound of Tribes is at most O( n). However, note that the 1-monochromatic
rectangles described above are not monochromatic in g. Indeed, we show that there exists
constants C and D such that for every large rectangle W (with µ(W ) ≥ 2−Ω(n) ), µ(U1 ∩ W )
is either dominated by C · µ(U0 ∩ W ) (this is similar to the rectangle bound) or is dominated
by D · µ(U2 ∩ W ). This immediately implies the rectangle bound of g is Ω(n). We will prove
the above statement for D strictly smaller than 6. This fact implies that whenever µ(U1 ∩ W )
is not dominated by C · µ(U0 ∩ W ) in W , the ratio of U2 -inputs to U1 -inputs in the rectangle
W is considerably more than the similar ratio globally (which is ≈ 1/6). This fact lets us
translate the Ω(n) rectangle bound for g to a similar smooth-rectangle bound for Tribes.
We consider an exhaustive collection of sub-events such that conditioned on any such
sub-event, the non-product distribution µ becomes a product distribution. Such handling of
non-product distributions, by decomposing them into several product distributions, has been
done several times before, for instance in Razborov’s proof [18] of the optimal lower bound
for the set-disjointness function. Assume such a conditioning exists for the rest of this proof
outline.
How does one prove that for all large rectangles W , either µ(U1 ∩ W ) ≤ Cµ(U0 ∩ W )) or
µ(U1 ∩ W ) ≤ Dµ(U2 ∩ W ) for some D strictly smaller than 6. Note that one cannot prove
for all rectangles W , µ(U1 ∩ W ) ≤ Dµ(U2 ∩ W ) for some D strictly less than 6, since this is
3
false globally (i.e., µ(U1 ) ≈ 6µ(U
 2 )). Hence, one needs
 to do a caseanalysis . And we do
this based on the values of Pr Xlj = Ylj = 1 and Pr Xkj = Ykj = 1 .


Consider the case when Pr Xlj = Ylj = 1 ≥ 34 µ(U1 ∩ W ). Since the rectangle is large,
using an entropy argument, we can argue that in most cases, conditioned on the sub-event

2

3

W√n

By the disjointness function, we refer to the function j=1 (xj ∧ yj ). Strictly speaking, this is the
set-intersection problem, but as is common in this literature, we will abuse notation and refer to this
problem as the set-disjointness problem.
Such a case analysis is not required to prove rectangle bound (c.f., proof of disjointness [18]), but is
necessary while proving a smooth-rectangle bound.
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(Xlj = Ylj = 1), both Pr Xkj = 1 and Pr Ykj = 1 are large enough (≈ 1/2).
Now since

the distribution is product it means that conditioned on (Xlj = Ylj = 1), Pr Xkj = Ykj = 1
is large enough and hence µ(U2 ∩ W ) is a required fraction of µ(U1 ∩ W ). Similar arguments
hold for the case with the roles of l and
 k reversed. 


In the third case, when max{Pr Xlj = Ylj = 1 , Pr Xkj = Ykj = 1 } ≤ 43 µ(U1 ∩ W ),

again using
the same entropy argument,

 we can show that Pr Xlj = Ylj = 1, Xkj = Ykj = 0
and Pr X
 lj = Ylj = 0, Xkj = Ykj = 1 are large. Now,
 since W is a rectangle, we can show
that Pr Xlj = 1, Ylj = 0, Xkj = 0, Ykj = 1 and Pr Xlj = 0, Ylj = 1, Xkj = 1, Ykj = 0 are
large using a cut-and-paste argument. This implies that µ(U0 ∩ W ) is a required fraction of
µ(U1 ∩ W ). This concludes our proof outline.
We note that our distribution is similar to (and in fact inspired from) the distribution
used by Jain and Klauck [6] while analyzing the query complexity of the Tribes function.
We also note that the distribution used by Jayram, Kumar and Sivakumar [10] in their
information complexity lower bound for Tribes is different from our distribution, in particular,
their distribution does not put any support on U2 inputs which have intersections of size
2 within block j. However, we do add that they also use similar in spirit, albeit different
cut-and-paste arguments in their lower bound proof.

2

Preliminaries

Communication Complexity
We begin by recalling the Yao’s two-party communication model [19] (see Kushilevitz and
Nisan [15] for an excellent introduction to the area). Let X , Y and Z be finite non-empty
sets, and let f : X × Y → Z be a function. A two-party protocol for computing f consists
of two parties, Alice and Bob, who get inputs x ∈ X and y ∈ Y respectively, and exchange
messages in order to compute f (x, y) ∈ Z.
For a distribution µ on X × Y, let the ε-error distributional communication complexity
of f under µ (denoted by Dµε (f )), be the number of bits communicated (for the worst-case
input) by the best deterministic protocol for f with average error at most ε under µ. Let
Rpub
ε (f ), the public-coin randomized communication complexity of f with worst case error
ε, be the number of bits communicated (for the worst-case input) by the best public-coin
randomized protocol, that for each input (x, y) computes f (x, y) correctly with probability at
least 1 − ε. Randomized and distributional complexity are related by the following celebrated
result of Yao [20].
µ
I Theorem 2.1 (Yao’s minmax principle [20]). Rpub
ε (f ) = maxµ Dε (f ).

Given a function f : X × Y → Z, the k-wise direct product of f , denoted by f (k)
is the function f : X k × Y k → Z k defined as follows: f (k) ((x1 , . . . , xk ), (y1 , . . . , yk )) =
(f (x1 , y1 ), . . . , f (xk , yk )). The direct product/sum question involves relating Rpub (f (k) ) to
Rpub (f ). More precisely, the strong direct product conjecture states that Rpub
(f (k) ) =
1−2−Ω(k)


Ω k · Rpub
1/3 (f ) .

The smooth rectangle bound
The smooth rectangle bound was introduced by Jain and Klauck [6], as a generalization of the
rectangle bound. Informally, the smooth-rectangle bound for a function f under a distribution
µ, is the maximum over all functions g , which are close to f under the distribution µ, of the
rectangle bound of g. However, it will be more convenient for us to work with the following
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linear programming formulation of smooth-rectangle bound. Please see [6, Lemma 2] and [8,
Lemma 6] for the relations between the LP formulation and the more “natural” formulation
in terms of rectangle bound. A broad connection between the two definitions is that the
variable ϕ in the dual of the linear programming definition takes non-zero values precisely at
the inputs (x, y) where f and g differ.
I Definition 2.2 (smooth-rectangle bound). For a total Boolean function f , the ε- smooth
rectangle bound of f denoted srecε (f ) is defined to be max{sreczε (f ) : z ∈ {0, 1}}, where
sreczε (f ) is given by the optimal value of the following linear program (below W represents
the set of all rectangles in X × Y).
Dual

Primal
min

X

max

vW

vW ≥ 1 − ε,

∀(x, y) ∈ f

−1

X
(z)

X

vW ≤ 1,

∀(x, y) ∈ f

vW ≤ ε,

∀(x, y) ∈
/f

vW ≥ 0,

∀W .

−1

X

(λx,y − ϕx,y ) −

where Wz = W ∩ f
−1

X

λx,y ≤ 1,

∀W

(x,y)∈W−z

λx,y , ϕx,y ≥ 0,

(z)

W 3(x,y)

ε · λx,y

(x,y)∈f
/ −1 (z)

(x,y)∈Wz

W 3(x,y)

X

((1 − ε)λx,y − ϕx,y ) −

(x,y)∈f −1 (z)

W ∈W

X

X

−1

(z) and W−z = W \ f

∀(x, y)
−1

(z) .

(z)

W 3(x,y)

I Theorem 2.3 ([6, Theorem 1]). For all functions f : X × Y → {0, 1} and ε ∈ (0, 1), we
have Rpub
ε (f ) ≥ log(srecε (f )).
Jain and Yao [8] proved the following strong direct product theorem in terms of the
smooth rectangle bound.
I Theorem 2.4 ([8, Theorem 1 and Lemma 6]). Let f : X × Y → {0, 1} be a Boolean function.
For every ε ∈ (0, 1), there exists small enough η ∈ (0, 1/3) such that the following holds. For
all integers k,
Rpub
(f (k) )
1−(1−η)bη2 k/32c



1
η2
· k · 11η · log srecε (f ) − 3 log − 2 .
≥
32
ε

Information theory
We need the following basic facts from information theory. Let µ be a (probability) distribution
on a finite set X and X be a random variable distributed according to µ. Let µ(x) represent
def P
the probability of x ∈ X according to µ. The entropy of X is defined as H(X) = x µ(x) ·
1
log µ(x)
. Entropy satisfies subadditivity: H(XY ) ≤ H(X) + H(Y ).

3

The smooth rectangle bound for Tribes

In this section, we prove a linear lower bound on the randomized communication of Tribes
via the smooth-rectangle bound.
First we introduce some notation. We will prove the result for n of the form (2r + 1)2 ,
where r ≥ 2 is even. Assume the input indices [n] to the Tribes function are partitioned into
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√
√
n blocks s1 , . . . , s√n , where the ith block si = {(i − 1) n + 1, . . . , i n}. Thus,

√ 
^n _

Tribes(x, y) =
(xj ∧ yj ) .
i=1

j∈si

A string x ∈ {0, 1}n can be viewed both as an n-bit string and as a subset x ⊆ [n]. We will
use both these interpretations.
Consider the distribution µ(x, y) on the inputs of the Tribes function defined by the
following (informal) description. As mentioned earlier, this distribution is inspired by the
distribution used by Jain and Klauck [6] while analyzing the query complexity of the Tribes
√
function. Among the n blocks, one of the blocks is chosen as a special block, say block j.
Alice’s and Bob’s inputs are then chosen such that their inputs when restricted to any of the
blocks (special or non-special) have exactly (r/2 + 1) ones each. Furthermore, for each of the
non special blocks, Alice’s and Bob’s input are chosen such that their inputs, restricted to
this block, have a unique intersection (this is identical to the yes instances of Razborov’s
distribution for disjointness) while for the special block j, Alice’s and Bob’s inputs are chosen
such that their inputs, restricted to the special block, have an intersection of size 0, 1 or
2. As in the case of Razborov’s distribution, the variable t is used to denote the random
variable containing the index of the special block j and other relevant information such that
conditioned on t, the distribution (X, Y ) is a product distribution. The formal description of
the distribution µ is as follows:
√
1. Choose j ∈ [ n] uniformly.
√
B
For each i ∈ [ n] \ {j}, randomly partition the indices in si as follows: si = (tA
i , ti , {li })
A
B
into 3 disjoint sets such that |ti | = |ti | = r and li ∈ si .
B
For index j, randomly partition the indices in sj as follows: sj = (t̃A
j , t̃j , {kj }, {lj }, {dj })
B
A
A
into 5 disjoint sets such that |t̃A
j | = |t̃j | = r − 1 and kj , lj , dj ∈ sj . Set tj = t̃j ∪ {kj }
B
B
and tj = t̃j ∪ {kj }.

√
Let t = j, kj , (tA
tB
i ,√
i , li )i∈[ n] .
2. For each i 6= j ∈ [ n], set the variables in block si as follows:
Set xli ← 1 and xsi \(tA
be a random string of exactly r/2 ones.
∪{li }) ← 0̄. Let xtA
i
i
B
Set yli ← 1 and ysi \(tB
←
0̄.
Let
y
be
a random string of exactly r/2 ones.
∪{li })
ti
i
3. Set the variables in block sj as follows:
Let xtA
∪{lj } be a random string of exactly r/2 + 1 ones and xsj \(tA
∪{lj }) ← 0̄.
j
j
Let ytB
∪{lj } be a random string of exactly r/2 + 1 ones and ysj \(tB
∪{lj }) ← 0̄.
j
j
Let (X, Y ) be distributed according to µ, where X representsthe input to Alice and Y
represents the input to Bob. Let T = J, KJ , (TiA , TiB , Li )i∈[√n] be the random variable
(correlated with (X, Y )) representing t distributed as above. Observe that though (X, Y ) is
not a product distribution, the conditional distribution ((X, Y ) | T = t) is product for each t.
Partition the set of inputs (in the support of µ) into 3 sets U0 , U1 and U2 as follows:
√
Ui = {(x, y) | µ(x, y) > 0 and sets x and y have exactly n − 1 + i intersections}.
Note that U0 are the 0-inputs and U1 ∪ U2 the 1-inputs of the Tribes function while U0 ∪ U2
and U1 are the 0- and 1-inputs respectively of the function g described in Section 1.2.
def
Let β = r+2
r+1 . The following facts can be easily verified from the definition of the
distribution µ. For all t,

 β
Pr Xlj = 1 | T = t = ;
2




 β
Pr Xlj = Xkj = 1 | T = t = Pr Xlj = 1, Xkj = 0 | T = t = .
4
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Given this, it can be easily checked that the weights of the sets U0 , U1 and U2 are as follows:
µ(U0 ) = 1 − 7β 2 /16, µ(U1 ) = 6β 2 /16, and µ(U2 ) = β 2 /16.
Our main lemma is the following (we have not optimized the constants).
I Lemma 3.1. There exists a constant δ ∈ (0, 1) such that for sufficiently large n, the
following holds: for every rectangle W = A × B, we have
0.99µ(U1 ∩ W ) ≤

16
16
· µ(U2 ∩ W ) +
µ(U0 ∩ W ) + 2−δn/2+1 .
3(0.99)2
(0.99)2

In other words, in any rectangle which contains a significant fraction of inputs from U1 (i.e.,
at least 2−δn/2+1 ), the weight of the U1 inputs is dominated by some linear function of the
weights of U0 and U2 inputs. Before proving this lemma, let us first see how this lemma
implies the smooth-rectangle bound for Tribes, which implies our Main Theorem 1.1
I Theorem 3.2 (smooth-rectangle bound for Tribes). There exists γ ∈ (0, 1) such that for all
sufficiently large n and ε < 1/1000, we have: srec1ε (Tribes) ≥ 2γ·n .
Proof. We will prove the bound using the dual formulation for smooth-rectangle bound given
in Definition 2.2. Define the dual variables λx,y and ϕx,y as follows:


if (x, y) ∈ U2

0
λx,y =

ϕx,y =

0.99µ(x, y)2δn/2−1


 16 2 µ(x, y)2δn/2−1
(0.99)
(
16
δn/2−1
3(0.99)2 µ(x, y)2
0

if

(x, y) ∈ U1

if

(x, y) ∈ U0 .

if

(x, y) ∈ U2

if

(x, y) ∈ U1 ∪ U0 .

From Lemma 3.1 we get
X

∀ rectangles W :

(x,y)∈Tribes−1 (1)∩W

The objective of the LP can be bounded as follows:
X
X
((1 − ε)λx,y − ϕx,y ) −
(x,y)∈Tribes−1 (1)

(0.999)(0.99)µ(U1 ) −

≥ 0.02 · 2δn/2−1

λx,y ≤ 1.

(x,y)∈(W \Tribes−1 (1))

ε · λx,y

−1 (1)
(x,y)∈Tribes
/


≥

X

(λx,y − ϕx,y ) −


16
16
µ(U
)
−
µ(U
)
2δn/2−1
2
0
3(0.99)2
1000(0.99)2

(for sufficiently large n).

Thus, proved.

J

Corollary 1.2 follows by combining the above theorem and Jain-Yao’s strong direct product
theorem in terms of the smooth-rectangle bound (Theorem 2.4).

3.1

Proof of Lemma 3.1


B
√
Let W = A × B be the rectangle. For each t = j, kj , (tA
i , ti , li )i∈[ n] and a, b ∈ {0, 1},
define,




R(t, a, b) = Pr X ∈ A | T = t, Xlj = a, Xkj = b , R(t, a) = Pr X ∈ A | T = t, Xlj = a ,




C(t, a, b) = Pr Y ∈ B | T = t, Ylj = a, Ykj = b , C(t, a) = Pr Y ∈ B | T = t, Ylj = a .
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Define the following random variables (we will set δ later):

BADA (t) = 1 iff min{R(t, 1, 1), R(t, 1, 0)} < 0.99 R(t, 1) − 2−δn ,
and symmetrically,

BADB (t) = 1 iff min{C(t, 1, 1), C(t, 1, 0)} < 0.99 C(t, 1) − 2−δn .
For a given t, let t0 denote a partition identical to t except that the role of the indices
A
B
0
B 0
lj and kj are exchanged (i.e., kj0 = lj , lj0 = kj , (tA
j ) = t̃j ∪ {lj } and (tj ) = t̃j ∪ {lj }). To
define BAD(t), we need the following two quantities.


ρl (t) = Pr Xlj = Ylj = 1, X ∈ A, Y ∈ B, (X, Y ) ∈ U1 | T = t ,


ρk (t) = Pr Xkj = Ykj = 1, X ∈ A, Y ∈ B, (X, Y ) ∈ U1 | T = t .
Observe that µ(U1 ∩ W | T = t) = ρl (t) + ρk (t). Hence, it must be the case that exactly one of
the following happens: (1) ρl (t) > 3µ(U1 ∩ W | T = t)/4, (2) ρk (t) > 3µ(U1 ∩ W | T = t)/4 or
(3) max{ρl (t), ρl (t)} ≤ 3µ(U1 ∩W | T = t)/4 (equivalently, min{ρl (t), ρl (t)} ≥ µ(U1 ∩W | T =
t)/4). We define BAD(t) based on these cases as follows.

| T =t)

if ρl (t) > 3µ(U1 ∩W
BADA (t) ∨ BADB (t),
4

| T =t)
BAD(t) = BADA (t0 ) ∨ BADB (t0 ),
(3.1)
if ρk (t) > 3µ(U1 ∩W
4


BAD (t) ∨ BAD (t) ∨ BAD (t0 ) ∨ BAD (t0 ), otherwise.
A

B

A

B

The following claim shows that the probability that BADA (T ) and BADB (T ) occurs is
small.
I Claim 3.3. There exists a small fixed constant δ > 0 such that for sufficiently large n, the
√
following holds: for any (tA
i , li )i∈[ n] , we have

√ 
Pr BADA (T ) = 1 | TiA = tA
i , Li = li , for each i ∈ [ n] <

1
.
6400


√ 
B
B
(Symmetrically, for any (tB
i , li )i , Pr BADB (T ) = 1 | Ti = ti , Li = li , for each i ∈ [ n] <
1
6400 .)
Proof. We prove the inequality involving BADA (T ). The other inequality is proved similarly.
√
We first consider the easy case when (tA
i , li )i∈[ n] satisfies

√ 
−δn
Pr X ∈ A | Xli = 1, TiA = tA
.
i , Li = li , for each i ∈ [ n] < 2
It follows from the definition of the distribution µ, that the above probability is unchanged
A
√
on further conditioning by T = t for any
 t consistent with (ti , li )i∈[ n] . In other words,
this probability is equal to R(t, 1) = Pr X ∈ A | T = t, Xlj = 1 for any t consistent with
−δn
√
(tA
. Thus, in this case
i , li )i∈[ n] . Hence, for any such t we have that R(t, 1) < 2
BADA (t) = 0 for all such t and we are done.
Now consider the other case when

√ 
−δn
Pr X ∈ A | Xli = 1, TiA = tA
.
(3.2)
i , Li = li , for each i ∈ [ n] ≥ 2
B
A
√
√
Consider a t = (j, kj , (tA
i , ti , li )i∈[ n] ) consistent with (ti , li )i∈[ n] . We know that the
bit (Xkj | T = t, Xlj = 1) is a unbiased bit. Now, suppose BADA (t) = 1. Then, for some
a ∈ {0, 1}, we have




Pr X ∈ A | T = t, Xlj = 1, Xkj = a < 0.99 Pr X ∈ A | T = t, Xlj = 1 .
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By a simple rewriting of the above inequality, we have




Pr Xkj = a | X ∈ A, T = t, Xlj = 1 < 0.99 Pr Xkj = a | T = t, Xlj = 1 = 0.99/2. (3.3)
In other words, the unbiased bit (Xkj | T = t, Xlj = 1) when conditioned on the event
“X ∈ A” is now more likely to be 1 − a than a.
Suppose, for contradiction, that

√ 
Pr BADA (T ) = 1 | TiA = tA
i , Li = li , for each i ∈ [ n] ≥

1
.
6400

Consider the random variable
√
def
Z = (X | Xli = 1, TiA = tA
i , Li = li , for each i ∈ [ n]).

Note that the distribution of Z is uniform and each string has probability

1
r
(r/2
)

 √n
.

def

Consider the event E = “X ∈ A | T = t, Xlj = 1”, which by (3.2) has probability at least
2−δn . Therefore
the probability of each string in the distribution (Z|E) would be at most
√n

1
2δn ·
. Therefore, using standard estimates on binomial coefficients,
r
(r/2
)
 
√
√
r
H(Z|E) ≥ n · log
− δn ≥ n · r(1 − o(1)) − δn.
r/2
√
Observe that conditioned on TiA = tA
= li , for each i ∈ [ n], the index KJ can
i , Li S
√
equally likely be any one of the r n indices in i tA
i (each resulting in a different value for
T ). Furthermore, from (3.3), we have that whenever BADA (T ) = 1 (which by assumption
happens with probability at least 1/6400), conditioning on E causes XKJ to be a biased bit
and hence H(XKJ ) ≤ H(0.99/2). When BADA (T ) = 0, which occurs with probability at
most 1 − 1/6400 by assumption, H(XKJ ) can be trivially bounded from above by 1. Using
these facts, we can upper bound the entropy of (Z|E) as follows:
X
H(Z|E) ≤
H(Zi |E)
[By subadditivity of entropy]
i

√

≤r n





1
H(0.99/2)
+ 1−
.
6400
6400

Combining the upper and lower bounds on H(Z|E), we get
√
r n
δn ≥ (1 − H(0.99/2) − o(1)) ·
.
6400
Thus, if δ > 0 is small enough we get a contradiction.

J

The following claim shows that a version of Lemma 3.1 is true when BAD(t) = 0. The proofs
of this claim and the subsequent claim differ significantly from the proofs of the corresponding
claims in Razborov’s result [18] of linear lower bound for set-disjointness. This is because we
need to consider several sub-events of U1 . Our arguments are more general and in fact can
also be used in the context of set-disjointness.
I Claim 3.4. Let n be large enough. If BAD(t) = 0, then,
µ(U1 ∩ W | T = t) ≤

16
16
µ(U2 ∩ W | T = t) +
µ(U0 ∩ W | T = t) + 2−δn/2 .
2
3(0.99)
(0.99)2
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The following claim argues that not much probability is lost when BAD(T ) = 1.
I Claim 3.5. Let n be large enough. Then,
E [µ(U1 ∩ W | T = t) · BAD(t)] ≤

t←T

1
· E [µ(W ∩ U1 | T = t)] + 2−δn+3 .
100 t←T

For want of space, the proofs of Claims 3.4–3.5 are deferred to the full version of the
paper [5].
Lemma 3.1 follows by combining Claim 3.4 and Claim 3.5 as follows.

0.99µ(U1 ∩ W )
=0.99 E [µ(U1 ∩ W | T = t)]
t←T

≤ E [µ(U1 ∩ W | T = t) · (1 − BAD(t))] + 2−δn+3
(from Claim 3.5)
t←T



16µ(U2 ∩ W | T = t) 16µ(U0 ∩ W | T = t)
−δn/2
+
+2
(1 − BAD(t))
≤ E
t←T
3(0.99)2
(0.99)2
+ 2−δn+3

(from Claim 3.4)
16
16
≤
· µ(U2 ∩ W ) +
· µ(U0 ∩ W ) + 2−δn/2+1
3(0.99)2
(0.99)2
J
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Abstract
A rainbow colouring of a connected graph G is a colouring of the edges of G such that every pair
of vertices in G is connected by at least one path in which no two edges are coloured the same.
The minimum number of colours required to rainbow colour G is called its rainbow connection
number. Chakraborty, Fischer, Matsliah and Yuster have shown that it is NP-hard to compute
the rainbow connection number of graphs [J. Comb. Optim., 2011]. Basavaraju, Chandran,
Rajendraprasad and Ramaswamy have reported an (r + 3)-factor approximation algorithm to
rainbow colour any graph of radius r [Graphs and Combinatorics, 2012]. In this article, we
use a result of Guruswami, Håstad and Sudan on the NP-hardness of colouring a 2-colourable
4-uniform hypergraph using constantly many colours [SIAM J. Comput., 2002] to show that for
every positive integer k, it is NP-hard to distinguish between graphs with rainbow connection
number 2k + 2 and 4k + 2. This, in turn, implies that there cannot exist a polynomial time
algorithm to rainbow colour graphs with less than twice the optimum number of colours, unless
P = NP.
The authors have earlier shown that the rainbow connection number problem remains NPhard even when restricted to the class of chordal graphs, though in this case a 4-factor approximation algorithm is available [COCOON, 2012]. In this article, we improve upon the 4-factor
approximation algorithm to design a linear-time algorithm that can rainbow colour a chordal
graph G using at most 3/2 times the minimum number of colours if G is bridgeless and at most
5/2 times the minimum number of colours otherwise. Finally we show that the rainbow connection number of bridgeless chordal graphs cannot be polynomial-time approximated to a factor
less than 5/4, unless P = NP.
1998 ACM Subject Classification F.2 Analysis of Algorithms and Problem Complexity, F.2.2
Nonnumerical Algorithms and Problems
Keywords and phrases rainbow connectivity, rainbow colouring, approximation hardness
Digital Object Identifier 10.4230/LIPIcs.FSTTCS.2013.153

1

Introduction

When a network (transport, communication, social, etc) is modelled as a graph, connectivity
gives a way of quantifying its robustness. Due to the diverse application scenarios and
manifold theoretical interests, many variants of the connectivity problem have been studied.
One typical case is when there are different possible types of connections (edges) between
nodes and additional restrictions on connectivity based on the types of edges that can be used
in a path. In this case we can model the network as an edge-coloured graph. One natural
restriction to impose on connectivity is that any two nodes should be connected by a path in
which no edge of the same type (colour) occurs more than once. This is precisely the property
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called rainbow connectivity. Such a restriction for the paths can arise, for instance, in routing
packets in a cellular network with transceivers that can operate in multiple frequency bands
or in routing secret messages between security agencies using different handshaking passwords
in different links [18, 5]. The problem was formalised in graph theoretic terms by Chartrand,
Johns, McKeon, and Zhang [10].
An edge colouring of a graph is a function from its edge set to the set of natural numbers.
A path in an edge coloured graph with no two edges sharing the same colour is called a
rainbow path. An edge coloured graph is said to be rainbow connected if every pair of vertices
is connected by at least one rainbow path. Such a colouring is called a rainbow colouring of
the graph. A rainbow colouring using minimum possible number of colours is called optimal.
The minimum number of colours required to rainbow colour a connected graph G is called its
rainbow connection number, denoted by rc(G). For example, the rainbow connection number
of a complete graph is 1, that of a path is its length, that of an even cycle is half its length,
and that of a tree is its number of edges. Note that disconnected graphs cannot be rainbow
coloured and hence their rainbow connection number is left undefined. Any connected graph
can be rainbow coloured by giving distinct colours to the edges of a spanning tree of the
graph. Hence the rainbow connection number of any connected graph is less than its number
of vertices. It is trivial to see that that rc(G) is at least the diameter of G. It is easy to see
that no two bridges in a graph can get the same colour under a rainbow colouring and hence
rc(G) is lower bounded by the number of bridges in the G.
While formalising the concept of rainbow colouring, Chartrand et al. also determined
the rainbow connection number for some special graphs [10]. Subsequently, there have been
various investigations towards finding good upper bounds for rainbow connection number in
terms of other graph parameters [4, 20, 6, 3] and for many special graph classes [19, 6, 2].
Behaviour of rainbow connection number in random graphs is also well studied [4, 15, 21, 13].
A basic introduction to the topic can be found in Chapter 11 of the book Chromatic Graph
Theory by Chartrand and Zhang [9] and a survey of most of the recent results in the area can
be found in the article by Li and Sun [18] and also in their monograph Rainbow Connection
of Graphs [17].
The first result showing the computational difficulty of the rainbow colouring problem
was due to Chakraborty, Fischer, Matsliah, and Yuster [5]. They showed that it is NP-hard
to compute the rainbow connection number of an arbitrary graph. In particular, it was
shown that the problem of deciding whether a graph can be rainbow coloured using 2 colours
is NP-complete. Later, Ananth, Nasre, and Sarpatwar [1] complemented the above result
and now we know that for every integer k ≥ 2, it is NP-complete to decide whether a given
graph can be rainbow coloured using k colours. To the best of our knowledge, hitherto no
results are reported on the hardness of approximation of rainbow connection number.
In this article we show that, for any positive integer k, it is NP-hard to distinguish
between graphs with rainbow connection number 2k + 2 and 4k + 2 (Corollary 3). This
precludes the possibility of having a polynomial time algorithm to rainbow colour graphs
using less than twice the optimum number of colours, unless P = NP (Corollary 4). The
proof is by a reduction from a hypergraph colouring problem. It was shown by Guruswami,
Håstad, and Sudan that, for any constant c, it is NP-hard to colour a 2-colourable 4-uniform
hypergraph with c colours [14]. It follows almost directly from their arguments that, for any
constant c ≥ 2, given a 4-uniform hypergraph H with chromatic number either 2 or more
than c, it is NP-complete to decide whether the chromatic number of H is 2. We reduce
this problem to a problem of determining whether a given bridgeless bipartite graph G with
rc(G) ∈ {2k + 2, 4k + 2} has rc(G) = 2k + 2 for any constant k ≤ (c − 1)/4 (Theorem 2).
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Currently, the best approximation guarantee for this problem on general graphs is given
by an O(nm)-time (r + 3)-factor approximation algorithm for rainbow colouring a graph
with radius r by Basavaraju et al. [3]. The gap between the algorithmic guarantee and
the hardness of approximation shown here invites a deeper investigation into the problem.
We are inclined towards believing that there might exist a polynomial-time constant-factor
approximation algorithm for this problem.
One large subclass of graphs for which a constant-factor approximation algorithm is
known to exist for the rainbow connection number problem is the class of chordal graphs.
Chandran et al. have shown that any bridgeless chordal graph can be rainbow coloured
using at most 3r colours, where r is the radius of the graph [6]. The proof given there is
constructive and can be easily extended to a polynomial-time algorithm which will colour any
chordal graph G with b bridges and radius r using at most 3r + b colours. Since max{r, b} is
a lower bound for rc(G), this immediately gives us a 4-factor approximation algorithm. We
modify this algorithm slightly using a technique used by Li and Dong in [12] to reuse bridge
colours and design a linear-time algorithm to rainbow colour chordal graphs (Algorithm 1).
We then do a careful analysis using distance properties of chordal graphs to show that
for any chordal graph G with diameter at least 3, the above algorithm rainbow colours G
using at most 52 rc(G) colours. Further, it follows that if G is bridgeless, then this algorithm
uses at most 32 rc(G) + 3 colours only (Corollary 6). This brings to table the question of
approximation hardness of the problem when restricted to chordal graphs.
We have shown, in an earlier work, that for every k ≥ 3, the problem of deciding whether
a given graph can be rainbow coloured using k colours remains NP-complete even when
restricted to the class of chordal graphs [7]. In this article we go further and show an
inapproximability result for the case. From the same hypergraph colouring problem that
we used for the previous reduction, we give a different and more involved reduction to show
that, for any positive integer k, given a bridgeless chordal graph G with rc(G) ∈ {4k, 5k},
it is NP-complete to decide whether rc(G) = 4k (Corollary 8). As before, this precludes
the possibility of having a polynomial-time algorithm to rainbow colour bridgeless chordal
graphs with less than 5/4 times the optimal number of colours (Corollary 9). This should
be contrasted with the case of split graphs, which are a proper subclass of chordal graphs.
We have shown in an earlier work that it is NP-hard to determine the rainbow connection
number of split graphs, but nevertheless designed a linear-time algorithm which will rainbow
colour any split graph G using at most rc(G) + 1 colours [7].

2

Preliminaries

First we recall some standard graph theoretic terminology that we will use in this article.
All graphs considered here are finite, simple and undirected. For a graph G, we use V (G)
and E(G) to denote its vertex set and edge set respectively. Let G be a connected graph.
The distance between two vertices u and v in G, denoted by dG (u, v) is the length of a
shortest path between them in G, where the length of a path is the number of edges in that
path. The eccentricity of a vertex v is eccG (v) := maxx∈V (G) dG (v, x). The diameter of G
is diam(G) := maxx∈V (G) eccG (x) and radius of G is radius(G) := minx∈V (G) eccG (x). A
vertex is called central in G if its eccentricity is equal to the radius of G. The boundary of
G with respect to a vertex x is {v ∈ V (G) : dG (x, v) = eccG (x)}. If G has a unique central
vertex x, then the boundary of G with respect to x will be referred to as just the boundary of
G. The distance of a vertex v from a subset S of V (G) is mins∈S dG (v, s). The neighbourhood
N (v) of a vertex v is the set of vertices adjacent to v but not including v. A bridge in a
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connected graph G is an edge of G whose deletion disconnects G. A connected graph is
called bridgeless if it has no bridges. A graph is called chordal, if it has no induced cycle of
length greater than 3. A graph is called a split graph, if its vertex set can be partitioned into
a clique and an independent set. It is easy to see that split graphs form a subclass of chordal
graphs.
Next we define hypergraphs and their colouring. A hypergraph H is a tuple (V, E), where
V is a finite set and E is a collection of subsets of V . Elements of V and E are called vertices
and (hyper)edges respectively. A vertex of H is called isolated if its not part of any edge of
H. The hypergraph H is called r-uniform if |e| = r for every e ∈ E. Given a hypergraph
H(V, E) and a colouring c : V → N, an edge is called k-coloured if it contains vertices of k
different colours. An edge is called monochromatic if it is 1-coloured. The colouring c is
called proper if no edge in E is monochromatic under c. The minimum number of colours
required to properly colour H is called its chromatic number and is denoted by χ(H).
In the two approximation hardness results that we prove in this article, we make use of
the following deep result of Guruswami, Håstad, and Sudan [14].
I Theorem 1 (Guruswami, Håstad, Sudan). For every constant c ≥ 2, given a 4-uniform
hypergraph H with either χ(H) = 2 or χ(H) > c, it is NP-complete to decide whether
χ(H) = 2.
Theorem 1 is not explicitly stated as above in their work, but it will follow easily from
Corollary 4.3 in [14]. Corollary 4.3 in [14] is a result about a problem called 4-set splitting
which easily translates into the 4-uniform hypergraph colouring problem as noted in the
proof of Theorem 4.4 there.
Given a minimisation problem P , an (α, β)-approximation algorithm for P is an algorithm
whose output on every instance I to P is a solution of P for I with cost at most αx + β,
where x denotes the cost of an optimum solution of P for I. If α and β are independent of the
instance I, then the (α, β)-approximation algorithm is called a constant factor approximation
algorithm for P . An (α, 0)-approximation algorithm will also be referred to as an α-factor
algorithm.
Throughout this article, the shorthand [n] denotes the set {1, . . . , n}. The cardinality of
a set S is denoted by |S|.

3

General graphs: Hardness of approximation

I Theorem 2. For every positive integer k, the first problem below (P1) is polynomial-time
reducible to the second (P2).
P1. Given a 4-uniform hypergraph H with either χ(H) = 2 or χ(H) ≥ 4k + 2, decide whether
χ(H) = 2.
P2. Given a bipartite bridgeless graph G with rc(G) ∈ {2k + 2, 4k + 2}, decide whether
rc(G) = 2k + 2.
Proof. Let k be arbitrary and H = (VH , EH ) be the 4-uniform hypergraph given as an
instance of P1. Since isolated vertices do not affect the chromatic number of a hypergraph,
we can safely assume that H does not contain an isolated vertex. We construct a bridgeless
graph G from H as follows.
First we construct a graph G00 with V (G00 ) = {x} ∪ VH ∪ EH and E(G00 ) = E1 ∪ E2
where E1 = {{x, v} : v ∈ VH } and E2 = {{v, e} : v ∈ VH , e ∈ EH , v ∈ e in H}. From G00 we
construct G0 by replacing each edge {v, e} in E2 with a new k-length path between v and e.
Let G1 , . . . , G4k+2 be copies of G0 . We obtain our desired graph G by identifying the vertex
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x as common in every Gi , i ∈ [4k + 2]. It is easy to see that G is bipartite, bridgeless and
has radius k + 1 with x as the unique central vertex. The (4k + 2)|VH | neighbours of x in G
are the vertices corresponding to the vertices of H and their collection is denoted by VVH .
Similarly the (4k + 2)|EH | vertices in G at distance k + 1 from x (the boundary vertices of
G) are those corresponding to the hyperedges of H and their collection is denoted by VEH .
It is evident that the construction of G from H takes time at most polynomial in size of H.
We prove the theorem by establishing the following two claims. The converses of both
the claims are also true since the converse of one is the contrapositive of the other.
Claim 2.1. If χ(H) = 2 then rc(G) = 2k + 2.
Claim 2.2. If χ(H) ≥ 4k + 2 then rc(G) = 4k + 2.
Since the diameter of G is 2k + 2 we see that rc(G) ≥ 2k + 2 always. Hence to prove Claim
2.1 it suffices to show that rc(G) ≤ 2k + 2 whenever χ(H) = 2. Let cH : VH → {a, b} be a
proper 2-colouring of H. For each vertex v ∈ VVH consider the subtree Tv of G formed by all
the (k + 1)-length paths starting with the edge {x, v} and reaching some vertex e ∈ VEH .
We remark that, in this case, e will correspond to a hyperedge of H which contains v. If
cH (v) = a (b) then colour every edge of Tv at a distance j from x in Tv with colour aj
(bj ) for each j ∈ {0, . . . , k}. Note that all the subtrees considered above are pairwise edgedisjoint and hence every edge gets a unique colour. We argue that the above edge-colouring
obtained for G is a rainbow colouring. First observe that since cH is a proper colouring
of H, every vertex u in G is part of a (2k + 2)-cycle Cu of G containing x and with edge
colours a0 , . . . , ak , bk , . . . , b0 in that order starting from an edge incident on x. Given any
two vertices u, v ∈ V (G), it is not difficult to see that at least one of the four possible walks
from u to v along Cu , x and Cv contains a rainbow path. Hence Claim 2.1.
In order to prove Claim 2.2, we first show the easy fact that G can always be rainbow
coloured using 4k + 2 colours. Let H 0 be a hyperedge-maximal sub-hypergraph of H which
can be properly 2-coloured. Let VEH 0 be the set of (4k + 2)|E(H 0 )| vertices in VEH ⊂ V (G)
which correspond to the hyperedges in H 0 . Let G0 be the induced subgraph of G consisting
of the vertices on all the (k + 1)-length paths from x to VEH 0 . The maximality of H 0 ensures
every vertex v of H is part of some hyperedge in H 0 . Hence VVH ⊂ V (G0 ) and we can
rainbow colour G0 using the 2k + 2 colours from {a0 , . . . , ak , b0 , . . . , bk } as we did while
showing Claim 2.1. Now contract entire G0 in G to a single vertex y to obtain a minor G00 of
G. The graph G00 consists of the vertex y and separate sets of 4 edge-disjoint k-length paths
from y to each vertex in VEH \ VEH 0 . It is easy to edge-colour G00 using the 2k colours from
{c1 , . . . , ck , d1 , . . . , dk } so that every vertex u of G00 is part of a 2k-cycle of G00 containing y
and with edge colours c1 , . . . , ck , dk , . . . , d1 in that order starting from an edge incident on
y. This makes G00 rainbow connected as earlier. Now we can combine the above rainbow
colourings of G0 and G00 in the obvious manner to obtain a rainbow colouring of G using
4k + 2 colours.
Finally we show that if χ(H) > 4k + 1 then rc(G) > 4k + 1. For the sake of contradiction,
assume that χ(H) > 4k + 1 and rc(G) ≤ 4k + 1. Let cG be a rainbow colouring of G using
rc(G) colours. From cG we obtain (4k + 2) different vertex colourings {c1H , . . . , c4k+2
} of H
H
as follows. For a vertex v of H and i ∈ [4k + 2], let vi be the vertex in Gi corresponding
to v. Then set ciH (v) = cG ({x, vi }). Since every one of the colourings thus obtained uses
at most 4k + 1 colours and χ(H) > 4k + 1, none of these colourings is proper. That is, for
each i ∈ [4k + 2], there exists a hyperedge ei ∈ E(H) which is monochromatic under ciH .
Among them, by pigeonhole principle, there exist two hyperedges es and et , s, t ∈ [4k + 2]
and s 6= t, such that csH (vs ) = ctH (vt ), ∀(vs , vt ) ∈ es × et . Let Vs (Vt ) be the set of four
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vertices in Gs (Gt ) corresponding to the vertices of H belonging to the edge es (et ) and let
fs (ft ) be the vertex in Gs (Gt ) corresponding to the hyperedge es (et ). We see that every
edge in {{x, v} : v ∈ Vs ∪ Vt } gets the same colour under cG . Hence none of the 16 shortest
paths between fs and ft in G is rainbow coloured under cG . Any other path between fs
and ft is of length at least 4k + 2 and since cG uses at most 4k + 1 colours it is not rainbow
coloured. This contradicts the fact that cG was a rainbow colouring of G.
J
Since Problem P1 is known to be NP-hard (Theorem 1), so is Problem P2. Further,
it is easy to see that problem P2 is in NP. Hence the following corollary and hardness of
approximation.
I Corollary 3. For every positive integer k, given a bipartite bridgeless graph G with rc(G) ∈
{2k + 2, 4k + 2}, it is NP-complete to decide whether rc(G) = 2k + 2.
I Corollary 4. For any α, β ∈ R with α > 0 there does not exist a polynomial time (2 − α, β)
approximation algorithm for determining the rainbow connection number of graphs unless
P = NP.
Proof. Suppose for some α > 0, there exists a polynomial time (2 − α, β) approximation
algorithm A to determine the rainbow connection number of graphs. Choose a positive integer
k large enough so that (2 + β)/(2k + 2) < α. If the input graph G to A has rc(G) at most
2+β
2k + 2, then A will certify that rc(G) ≤ (2 − α)(2k + 2) + β < (2 − 2k+2
)(2k + 2) + β = 4k + 2.
This contradicts Corollary 3.
J

4

Chordal graphs: An approximation algorithm and inapproximability

I Theorem 5. For every connected chordal graph G with b bridges and radius r, Algorithm 1
(ColourChordalGraph) returns a rainbow colouring of G using at most 3r +max{0, b−3}
colours in linear time.
Proof. Let Bi be the number of edges between Vi−1 and Vi which are bridges of G. First
we argue that ∀i ∈ [r], and ∀v ∈ Vi , if N (v) ∩ Vi−1 = {u} and N (v) ∩ Vi = ∅, then the edge
e = {v, u} is a bridge in G. Otherwise, a smallest cycle C containing the edge e has vertices
from Vi−1 and Vi+1 and hence should have a length at least 4. The cycle C does not have any
chords since it is a smallest cycle containing e. This contradicts the fact that G is chordal.
Hence for each i, bi counts the number of bridges of G between Vi−1 and Vi and thus the
number of colours used in round i is at most max{3, Bi }. Hence in total, Algorithm 1 uses
Pr
at most i=1 max{3, Bi } ≤ 3r + max{0, b − 3} colours.
Next we show that cG makes G rainbow connected. For each i ∈ [r], let ki = max{3, Bi }
and Ki = {ci,1 , . . . , ci,ki }. In cG , every bridge in G between Vi and Vi−1 gets a distinct
colour from Ki . Every vertex v ∈ Vi which is not an end point of a bridge from Vi−1 to
Vi is contained in a 2- or 3-length path starting from Vi−1 touching v and going back to
Vi−1 which is coloured (ci,1 , ci,2 ) or (ci,1 , ci,3 , ci,2 ), respectively. Hence for any two vertices
u, v ∈ Vi , there exist rainbow paths Pu from u to Vi−1 and Pv from v to Vi−1 such that the
colours assigned by cG to Pu and Pv form disjoint subsets of Ki . Since this is true for each
i ∈ [r], for any two distinct vertices u, v ∈ V (G), there exist two rainbow paths Pu from u to
x and Pv from v to x such that the set of colours assigned to Pu and Pv by cG are disjoint
till the first common vertex in these two paths. Hence Pu ∪ Pv contains a u–v rainbow path.
Finally we show that Algorithm 1 runs in O(m) time where m is the number of edges in
the input graph. Chepoi and Dragan have designed an algorithm which finds a central vertex
of a chordal graph in O(m) time [11]. Hence the initialisation steps in Algorithm 1 runs in
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Algorithm 1: ColourChordalGraph
Data: G(V, E), a connected chordal graph
Result: A rainbow colouring cG of G
Initialisation:
x ← a central vertex of G
r ← radius of G
Vi ← {v ∈ V (G) : dG (v, x) = i} for each i ∈ [r]
bi ← 0 for each i ∈ [r] // bi counts the number of Vi−1 to Vi bridges in G.
for i = 1 to r do
cG ({v, v 0 }) = ci,3 , ∀v, v 0 ∈ Vi and {v, v 0 } ∈ E(G)
foreach v ∈ Vi such that |N (v) ∩ Vi−1 | ≥ 2 do
Let {u1 , . . . , ut } = N (v) ∩ Vi−1
cG ({v, u1 }) = ci,1
cG ({v, us }) = ci,2 , ∀s ∈ {2, . . . , t}
end
foreach v ∈ Vi such that |N (v) ∩ Vi−1 | = 1 do
Let u be the single vertex in N (v) ∩ Vi−1
if N (v) ∩ Vi = ∅ then
bi = bi + 1
// {v, u} is a bridge in G
cG ({v, u}) = ci,bi
else if ∃v 0 ∈ N (v) ∩ Vi and ∃u0 ∈ N (v 0 ) ∩ Vi−1 such that cG (v 0 , u0 ) = ci,1 then
cG ({v, u}) = ci,2
else
cG ({v, u}) = ci,1
end
end
end
return cG

linear time. Each for-loop visits each vertex in G at most once. If we flag every vertex v ∈ Vi
when it gets a ci,1 -coloured edge to Vi−1 , the algorithm, when it visits a vertex, needs to
examine only its neighbours and incident edges. Hence the total running time in O(m). J
Chang and Nemhauser have shown that the radius r and diameter d of any chordal graph
are constrained by the inequality r ≤ d/2 + 1 [8]. Hence we get the following corollary to
Theorem 5.
I Corollary 6. If G is a connected chordal graph with diameter at least 3, then Algorithm 1
returns a rainbow colouring of G using at most 52 rc(G) colours. If G is bridgeless then
Algorithm 1 uses only 23 rc(G) + 3 colours.
Proof. Let G be a chordal graph with b bridges, diameter d ≥ 3 and radius r. Let a(G) be
the number of colours used by Algorithm 1 in rainbow colouring G. Then by Theorem 5 and
the bound by Chang and Nemhauser, we have
a(G) ≤

3
3
d + 3 + max{0, b − 3} = d + max{3, b}
2
2

(1)
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Since d, b ≤ rc(G) (easy observations) and d ≥ 3 (by assumption), we get a(G) ≤ 32 rc(G) +
rc(G) = 52 rc(G). Further if G is bridgeless then a(G) ≤ 23 rc(G) + 3.
J
I Remark. The requirement that diam(G) ≥ 3 in Corollary 6 is a consequence of the generality
of Algorithm 1 and not due to any inherent difficulty in the problem. If diam(G) = 1, then
G is a clique and hence a colouring which gives every edge of G the same colour is a rainbow
colouring. Li, Li, and Liu have shown that any graph G with diameter 2 has rc(G) ≤ 5 if it
is bridgeless, and rc(G) ≤ b + 2 if it has b bridges [16].
In the context of the above approximation algorithm, we now state and prove the
inapproximability result on chordal graphs.
I Theorem 7. For every positive integer k, the first problem below (P1) is polynomial-time
reducible to the second (P2).
P1. Given a 4-uniform hypergraph H with either χ(H) = 2 or χ(H) ≥ 5k, decide whether
χ(H) = 2.
P2. Given a bridgeless chordal graph G with rc(G) ∈ {4k, 5k}, decide whether rc(G) = 4k.
Proof. Let k be arbitrary and H = (VH , EH ) be the 4-uniform hypergraph given as an
instance of P1. Since isolated vertices do not affect the chromatic number of a hypergraph,
we can safely assume that H does not contain an isolated vertex. We construct a bridgeless
chordal graph G from H as follows.
First we construct a graph GH with V (GH ) = {x} ∪ VH ∪ EH and E(GH ) = E1 ∪ E2 ∪ E3
where E1 = {{x, v} : v ∈ VH }, E2 = {{v, e} : v ∈ VH , e ∈ EH , v ∈ e in H}, and E3 =
{{v, v 0 } : v, v 0 ∈ VH }. The graph GH is easily verified to be bridgeless and chordal. In
fact, it is a split graph with VH as the clique and {x} ∪ EH as the independent set. Now
we construct a graph G1 by taking (5k)k + 1 copies of GH and identifying x as common
in every copy. The common vertex x is relabelled as x0 . The vertex x0 will serve as the
unique central vertex for G1 and all the Gi , i ∈ {2, . . . , k}, to be constructed next. Once
we have Gi for some i < k, we construct Gi+1 by joining to every vertex e in the boundary
of Gi , another copy of GH identifying x ∈ V (GH ) with e. Note that the boundary of Gi
is the set of vertices at distance of radius(Gi ) = 2i from x0 , which in our case, turns out
to be all the vertices corresponding to some hyperedge of H in a copy of GH added in the
i-th step. The graph G = Gk constructed this way is our desired graph. Since a graph
obtained from two bridgeless chordal graphs by identifying a single vertex as common to
both is bridgeless and chordal, we see that G is a bridgeless chordal graph as desired. G has
diameter 4k
 and radius 2k with
 x0 as the unique central vertex. If h = |EH |, then G has
(5k)k + 1 1 + h + · · · + hk−1 copies of GH and hence the construction of G takes only a
time polynomial in the size of H.
We prove the theorem by establishing the following two claims. The converses of both
the claims are also true since the converse of one is the contrapositive of the other.
Claim 7.1. If χ(H) = 2 then rc(G) = 4k.
Claim 7.2. If χ(H) ≥ 5k then rc(G) = 5k.
Since the diameter of G is 4k, it follows that rc(G) ≥ 4k always. Hence to prove Claim 7.1
it suffices to show that rc(G) ≤ 4k whenever χ(H) = 2. We define an edge-colouring cG of G
based on a red-blue colouring cH of H by describing the colours assigned to the edges of each
copy of GH in G. Let GiH be a copy of GH added at the i-the level, that is, x ∈ GiH is at a
distance 2i−2 from x0 in G. Recall that E(GiH ) = E1 ∪E2 ∪E3 , where E1 = {{x, v} : v ∈ VH },
E2 = {{v, e} : v ∈ VH , e ∈ EH , v ∈ e in H}, and E3 = {{v, v 0 } : v, v 0 ∈ VH }. An edge
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{x, v} ∈ E1 is given colour ai (ci ) if the vertex corresponding to v in H is coloured red
(blue) in cH . An edge {v, e} ∈ E2 , v ∈ VH is given colour bi (di ) if the vertex corresponding
to v in H is coloured red (blue) in cH . This ensures that every vertex in GiH is part of
a 4-cycle of GiH containing x ∈ V (GiH ) and with edge colours ai , bi , di , ci in that order
starting from an edge incident on x. Colours on the edges in E3 do not matter to us and
hence we can give them any colour that is already used. This colouring cG of G thus
uses 4k colours and has the property that if u and v are two distinct vertices of G with
{dG (u, x0 ), dG (v, x0 )} ⊂ {2i − 1, 2i}, i ∈ [k], then there exist two vertices u0 and v 0 (not
necessarily distinct) with dG (u0 , x0 ) = dG (v 0 , x0 ) = 2i − 2 and rainbow paths Pu from u to
u0 and Pv from v to v 0 such that the colours used in Pu and Pv form two disjoint subsets of
{ai , bi , ci , di }. It is easy to see that this property ensures that cG is a rainbow colouring of G.
If we give G as an input graph to Algorithm 1, then the colouring returned by it will use
3 colours at all odd levels and 2 colours at all even levels. Hence the total number of colours
used is 5k which means rc(G) ≤ 5k. Hence to prove Claim 7.2 we only need to show that if
χ(H) ≥ 5k, then rc(G) ≥ 5k. Assume, for the sake of contradiction, that cG is a rainbow
colouring of G using less than 5k colours. Every copy G0H of GH in G then induces a vertex
colouring of c0H of H as c0H (v) = cG ({x, v}), {x, v} ∈ E(G0H ) for every v ∈ VH . Since c0H uses
less than 5k colours and χ(H) ≥ 5k, there exists a hyperedge e ∈ EH that is monochromatic
under c0H , which means that the second edge in all the 2-length paths from e to x in G0H
is of the same colour. Let us call such a vertex e a trapped vertex of G and the common
colour on the second edge of all the 2-length paths from e to x the blocking colour of e. Since
every copy of GH in G has at least one trapped vertex we get (5k)k + 1 disjoint sequences of
the form (t1 , . . . , tk ) such that t1 is a trapped vertex in G1 , and ti , i ≥ 2 is a trapped vertex
in a copy of GH attached to ti−1 . Since we have (5k)k + 1 such disjoint sequences there
exists at least 2 sequences (t1 , . . . , tk ) and (s1 , . . . , sk ) which induce the same sequence of
blocking colours. Hence in any rainbow path P between tk and sk , if dP (ti , ti−1 ) = 2, then
dP (si , si−1 ) ≥ 3 and vice versa. Hence the length of P is at least 5k and so P cannot be a
rainbow path in a colouring which uses less than 5k colours. This contradiction proves Claim
7.2.
J

Since Problem P1 is known to be NP-hard (Theorem 1), so is Problem P2. Further,
it is easy to see that problem P2 is in NP. Hence the following corollary and hardness of
approximation.
I Corollary 8. For every positive integer k, given a bridgeless chordal graph G with rc(G) ∈
{4k, 5k}, it is NP-complete to decide whether rc(G) = 4k.
I Corollary 9. For any α, β ∈ R with α > 0, there does not exist a polynomial time (5/4−α, β)
approximation algorithm for determining the rainbow connection number of chordal graphs
unless P = NP.
Proof. Suppose for some α > 0, there exists a polynomial time (5/4 − α, β) approximation
algorithm A to determine the rainbow connection number of chordal graphs. Choose a
positive integer k > β/4α. If the input chordal graph G to A has rc(G) at most 4k, then
A will certify that rc(G) ≤ (5/4 − α)4k + β = 5k − (4αk − β) < 5k. This contradicts
Corollary 8.
J
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Abstract
Primal infon logic (PIL), introduced by Gurevich and Neeman in 2009, is a logic for authorization
in distributed systems. It is a variant of the (→, ∧)-fragment of intuitionistic modal logic. It
presents many interesting technical challenges – one of them is to determine the complexity of
the derivability problem. Previously, some restrictions of propositional PIL were proved to have
a linear time algorithm, and some extensions have been proved to be PSPACE-complete. In
this paper, we provide an O(N 3 ) algorithm for derivability in propositional PIL. The solution
involves an interesting interplay between the sequent calculus formulation (to prove the subformula property) and the natural deduction formulation of the logic (based on which we provide
an algorithm for the derivability problem).
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1

Introduction

Infon logic [10, 11, 12] is a version of modal intuitionistic logic specially designed to reason
about trust and delegation in authorization systems. Its application is in the domain of
access control design for distributed or federated systems, where principals who request
access to resources need to present a set of assertions (or certificates) that encodes their right
to access. This right may be conditioned upon attribute values, or encoded as a chain of
delegations. A reasoning engine examines this query and uses the presented assertions, along
with any local assertions, to derive whether the access is allowed or not according to the
rules of inference in an underlying logic.
The work on infon logic is situated in the larger context of authorization languages,
including SecPAL [5] and DKAL [10, 11]. These languages provide constructs to specify
communication of assertions between principals, and to import or derive knowledge arising
from these communications. In infon logic, the basic unit of an assertion is an infon, which
is any information that can be communicated between two principals [12]. Infons range over
relation terms, e.g., CanRead(Alice, ncfile), which represents a right for Alice to read ncfile,
and form the basis of access control design.
© Anguraj Baskar, Prasad Naldurg, K. R. Raghavendra, and S. P. Suresh;
licensed under Creative Commons License CC-BY
33rd Int’l Conference on Foundations of Software Technology and Theoretical Computer Science (FSTTCS 2013).
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In addition to basic terms, infon logic also allows one to express authorization (and
delegation) using the modal operators said and implied. To illustrate, consider an administrator who has the right to decide access to a network configuration file ncfile, and
can authorize a user Alice the right to read the file by giving her the following assertion:
Admin said CanRead(Alice, ncfile). The statement CanRead(Alice, ncfile) is true if Admin is
trusted i.e., (Admin said x) → x. The said operator is similar in function to the says operator
in the SpeaksFor calculus [2, 14]. Assertions can be conditional, e.g., the administrator can decide that Alice can be granted this right if she owns the file: Admin said [CanRead(Alice, ncfile)
if Owns(Alice, ncfile)]. A reasoning engine needs to check the validity of Owns(Alice, ncfile)
to derive an answer to the query CanRead(Alice, ncfile). Delegation is captured by formulas
like Alice said x → Bob said x (this would be expressed as Alice speaksfor Bob in [2]). Note
that the enforcement of the authorization is decoupled from the mechanism of granting
access, enabling flexible design and control.
There are many other systems for authorization whose logical cores have similarities
with infon logic. For instance, the SpeaksFor calculus [14], which pioneered the logical
formulation of authorization decisions, uses the says modality which is similar to our said
modality. The semantics and properties of the SpeaksFor calculus were further explored by
Abadi and others [1, 2]. Among other authorization logics, Binder [8], SD3 [13], Delegation
Logic [15], and SecPAL [4, 5] use Datalog as basis for both syntax and semantics. DKAL
is an authorization logic that extends SecPAL with constructs for specifying and reasoning
about localized knowledge and targeted communication of authorization statements.
In [12], Gurevich and Neeman studied the propositional core of infon logic, explored
some aspects of its proof theory and semantics, and also the complexity of the deciding
validity. They also introduced a primal version of the logic, as an alternate system which
promises to be computationally more efficient. They also provided efficient algorithms for
some restrictions of propositional PIL. In this paper, we show that validity in PIL can be
decided in PTIME.
The rest of the paper is structured as follows. In Section 2, we formally present primal
infon logic, and explore its interesting proof-theoretical properties. In Section 3, we prove
the subformula property for PIL, which is used in the algorithm for checking derivability
in Section 4. After proving the correctness of the algorithm, we devote Section 5 to the
nontrivial analysis of its running time. We end with concluding remarks in Section 6.

2

Primal infon logic

We present primal infon logic (PIL) formally in this section. Assume a set of atomic
propositions P. The set of formulas of primal infon logic is given by:
Φ ::= p | x ∧ y | x → y | a x | a x
where a ∈ A, p ∈ P, and x, y ∈ Φ. a x and a x model a said x and a implied x from [12],
respectively.
The set of subformulas of a formula x, denoted sf(x), is defined to be the smallest set
S such that: x ∈ S; whenever x ∧ y ∈ S or x → y ∈ S, {x, y} ⊆ S; and whenever a x ∈ S
S
or a x ∈ S, x ∈ S. For a set X of formulas, sf(X) = x∈X sf(x).
The logic is defined by the derivation system in Figure 1. In the rules, X and X 0 stand
for sets of formulas, and we use a X and a X to denote {a x | x ∈ X} and {a x | x ∈ X},
−1
respectively. We also use −1
a (X) and a (X) to denote {x | a x ∈ X} and {x | a x ∈ X},
respectively. We use X, X 0 to denote X ∪ X 0 and X, x to denote X ∪ {x}. We also use X − x
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X`x

ax
X, x ` x

X, x ` x

X, X ` x

X`x X`y
∧i

X ` x0 ∧ x1

X `x∧y

X ` xi

X`y

∧r
X `x∧y

X`x→y X`x

a X ` a x

X`x

X, Y ` x

a X ` a x

Y `y

→`
X, x → y ` z

X`x
a

∧`i

X ` x X, y ` z

X`x→y

a X, a Y ` a x

X, xi ` y

→r

X, Y ` x
a

weaken

X, x0 ∧ x1 ` y

X`y
→e

X`y

X`x

X, X 0 ` x

X`x X`y
∧ei

→i
X`x→y

X`x

ax

weaken

0
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a

X`x

a X, a Y ` a x

a

Y `y

cut

cut

X, Y − x ` y

X, Y − x ` y

Figure 1 The system PILnd .

Figure 2 The system PILsc .

to denote X \ {x}. In a sequent X ` x, X is the antecedent and x is the consequent.
In a rule, the sequent occurring below the line is the conclusion and the sequents occurring
above the line are the premises. The formula x occurring in the cut rule is called the cut
formula. We use X `nd x to denote that there is a derivation of the sequent X ` x in PILnd .
The derivation problem asks, given X and x, whether X `nd x. We also introduce the
sequent calculus formulation of PIL, PILsc , in Figure 2. We use X `sc x to denote that there
is a derivation of the sequent X ` x in PILsc .
Three features of PILnd are significant: the → i rule, the presence of the cut rule, and
the a rule. The → i is what distinguishes PIL from full infon logic (FIL), which has the
following (more standard) version of the → i rule.
X, x ` y
X`x→y

→i

The implication in FIL involves discharging assumptions, while the implication in PIL is just
a weakening of the consequent from y to x → y, without discharging any assumptions. Thus,
the implication in PIL is a new kind of operator. It is worth noting that the derivability
problem for just the {→}-fragment of full infon logic is PSPACE-hard (see [16]), while even
with modalities, the corresponding problem for PIL is in PTIME (Theorem 11 in this paper).
The other noteworthy feature is the presence of the cut rule, which is usually a feature
of sequent calculus formulations. In most reasonable proof systems, though, this rule is
admissible, i.e. whenever there are cut-free proofs of X ` x and Y ` y, there is a cut-free
proof of X, Y − x ` y. The cut rule is easily seen to be admissible in FIL. If π1 and π2 are
cut-free proofs of X ` x and Y ` y, the following is a cut-free proof of X, Y − x ` y.
π2
·
·
·
Y `y
Y −x`x→y

→i

X, Y − x ` y

π1
·
·
·
X`x

→e
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But with the weaker primal → i rule and modalities, it can be shown that cut is not admissible
in cut-free PILnd , and hence needs to be added as an explicit rule.
Consider the sequent a x ∧ a y ` a (x ∧ y), for instance. Here is one possible derivation
in PILnd (which crucially uses the cut rule).
ax
x, y ` x

ax
x, y ` y
∧i

ax
a x ∧ a y ` a x ∧ a y
∧e0

ax
a x ∧ a y ` a x ∧ a y

x, y ` x ∧ y

a x ∧ a y ` a x

a
a x, a y ` a (x ∧ y)

∧e1
a x ∧ a y ` a y

cut
a x ∧ a y, a y ` a (x ∧ y)
cut

a x ∧ a y ` a (x ∧ y)

We say that a proof system S has the subformula property if the following holds:
Whenever X `S x, there is a S-derivation π of X ` x such that every formula y occurring
in π belongs to sf(X ∪ {x}).
It can be easily shown that cut-free PILnd has the subformula property. (A detailed proof
is given in [3].) Now suppose there is a cut-free PILnd proof of a p ∧ a q ` a (p ∧ q), for
p, q ∈ P. Then there is a proof π with the same conclusion such that only formulas from
sf({a p ∧ a q, a (p ∧ q)}) can occur in π. It is easy to see that the last rule of π cannot be
an elimination rule. The only possibility is that the last rule is weaken, whose premise is
` a (p ∧ q). This can only be got by using the a rule from the premise ` p ∧ q. But this
is not provable, since it is not a validity (according to the semantics given in [12]). Thus
there is no cut-free PILnd proof of a p ∧ a q ` a (p ∧ q), even though it is provable in PILnd .
This means that the cut rule is not admissible in cut-free PILnd , and therefore that that cut
cannot be eliminated in PILnd . This makes it difficult to prove the subformula property for
PILnd .
But the subformula property is essential for our algorithms on PILnd . How then are we to
prove it? Our solution is simple. We move to the system PILsc of Figure 2 (this system was
already considered in [6]). It is reasonably straightforward to prove that cut is eliminable
for this system (cut elimination also holds for the sequent calculus formulation of FIL and
many extensions). It is also straightforward to show that cut-free derivations in PILsc have
the subformula property. We show that one can always translate between derivations in
PILnd and PILsc without introducing new formulas in the process. This yields the subformula
property for PILnd . The formal details are presented in the next section.1
A natural question now arises – why not work with PILsc throughout, since it behaves
better proof-theoretically? The answer is that it is not algorithmically well-behaved, since
the left-hand sides of the sequents in a proof shrink and grow in an uncontrolled manner. On
the other hand, we shall exploit precisely the controlled nature of the change in the left-hand
side of the sequents in a PILnd derivation to extract an algorithm for the derivation problem.
In particular, Lemma 5, which solves the non-modal fragment of PIL in linear time, uses an
algorithm that closely mimics the rules in PILnd .
The third feature of interest is the a modality and the a rule. The intention is that
a is a weaker modality than a but has the same flavour. In particular, it is conjunctive:
1

An interesting aspect of these results is that the standard translation of a cut-free sequent-calculus proof
to a normal derivation does not work in the presence of modalities. The left-rules of sequent calculus
usually translate to elimination rules at the level of the hypotheses in an equivalent natural deduction
derivation, but the rules for modalities are non-local – they modify both the hypotheses and conclusion.
This is the source of the proof-theoretic complexity of these systems, and makes the cut-rule in PILnd
non-eliminable.
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a p ∧ a q ` a (p ∧ q). This is to be contrasted with the ♦a modality from modal logic
which is not conjunctive, and which has the following rule (which looks similar to the a
rule, but is very different in spirit):
X, y ` x
a X, ♦a y ` ♦a x
Note that this rule insists that there be exactly one ♦a formula in the antecedent. Because
of this difference, the algorithm in our paper does not extend to ♦-like modalities, but it is
interesting to seek restrictions to which our techniques can apply.
It should be noted that PILnd and PILsc are not the only formulations of infon logic
possible. In [12], after introducing PILnd , the authors consider a Hilbert-style proof system
that helps develop efficient (linear time) algorithms for some special cases. In [7], the fragment
of PIL without the a modalities has been shown to have a linear time algorithm for the
derivation problem.2 The algorithm is based on the Hilbert-style formulation of PIL. But
for unrestricted PIL (with the a and a modalities), it has been shown by Gurevich and
Savateev in [9] that there are sequents for which all derivations in the Hilbert-style system
of [12] are exponential in size. This has the consequence that the linear-time algorithm
developed in [7] does not extend to unrestricted PIL. In [6], the authors study PIL with the
∨ and ⊥ operators and prove that its derivability problem is PSPACE-complete. In contrast,
our paper provides an O(N 3 ) algorithm for PIL, thus settling an important question in the
study of this logic.

3

The subformula property

In this section, we formally prove the equivalence between PILnd and PILsc (preserving the
set of formulas occurring in the respective proofs). We then state a cut elimination theorem
for PILsc , and as corollaries, derive the subformula property for both PILsc and PILnd .
I Proposition 1. 1. Suppose π is a proof of X ` x in PILnd . Then there is a proof π 0 of
X ` x in PILsc such that all formulas occurring in π 0 occur in π.
2. Suppose π 0 is a proof of X ` x in PILsc . Then there is a proof π of X ` x in PILnd such
that all formulas occurring in π occur in π 0 .
Proof. The proof is by induction on the structure of derivations, and an analysis of the last
rule of π. Most of the cases are straightforward – the ax, weaken, cut, a , and a rules are
present in both systems; and the → i and ∧i rules have the same form as the → r and ∧r
rules, respectively. We only need to look at the other rules.
1. There are two cases to consider.
Suppose π has the following form.
π1
·
·
·
X`x→y
X`y

2

π2
·
·
·
X`x

→e

In fact, this fragment, called basic primal infon logic, is now used in DKAL [11] instead of unrestricted
PIL. But the a is justified in its own right (see [12]) and makes the language richer. It is also of
potential interest to other authorization logics, and its derivability problem is a technical challenge.
Hence the interest in unrestricted PIL.
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By induction hypothesis there are PILsc derivations π10 of X ` x → y and π20 of X ` x
such that every formula occurring in π10 occurs in π1 , and every formula occurring in
π20 occurs in π2 . π 0 can be taken to be the following PILsc derivation.
π20
·
·
·
X`x

π10
·
·
·
X`x→y

X, y ` y

X, x → y ` y
X`y

ax
→`

cut

The case when the last rule of π is ∧ei is similarly handled, using the ∧`i and cut
rules.
2. There are two cases to consider.
Suppose π 0 has the following form.
π10
·
·
·
X`x

π20
·
·
·
X, y ` z

X, x → y ` z

→`

By induction hypothesis there are PILnd derivations π1 of X ` x and π2 of X, y ` z
such that every formula occurring in π1 occurs in π10 , and every formula occurring in
π2 occurs in π20 . π can be taken to be the following PILnd derivation.
π1
·
·
ax
·
X, x → y ` x → y
X`x
X, x → y ` y

π2
·
·
→e
·
X, y ` z

X, x → y ` z

cut

The case when the last rule of π is ∧`i is similarly handled, using the ∧ei and cut
rules.
Clearly the translated proofs do not contain formulas not occurring in the original proof, in
all these cases.
J
The main reason to consider PILsc is the following important property.
I Theorem 2 (Cut elimination for PILsc (Theorem 5.1 in [6]). If X `sc x, then there is a proof
π of X ` x in PILsc such that the cut rule does not occur in π.
I Proposition 3 (Subformula property for PILsc ). Let π be a cut-free proof of X ` x in PILsc
and y be any formula that belongs to a sequent (either in the antecedent or in the consequent)
occurring in π. Then y ∈ sf(X ∪ {x}).
Proof. Observe that in every rule of PILsc other than cut, all formulas occurring in the
premises are subformulas of the ones occurring in the conclusion. Thus any formula occurring
in a cut-free PILsc derivation of X ` x is in sf(X ∪ {x}).
J
I Theorem 4 (Subformula property for PILnd ). Suppose X `nd x. Then there is a proof π of
X ` x in PILnd such that any formula y occurring in π is in sf(X ∪ {x}).
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Proof. Since X `nd x, it follows (from Proposition 1) that X `sc x. Therefore there is
a cut-free PILsc proof π 0 of X ` x, by Theorem 2. By the subformula property for PILsc
(Proposition 3), every formula occurring in π 0 is from sf(X ∪ {x}). We use Proposition 1
again, to translate π 0 back to a proof π in PILnd , such that every formula occurring in π also
occurs in π 0 , and hence is in sf(X ∪ {x}).
J

4

Algorithm for derivability

We present the algorithm for the derivation problem of PILnd in this section and prove its
correctness. Fix a set of formulas X0 and a formula x0 , and let Y0 to be sf(X0 ∪ {x0 }). Let
N = |Y0 |. For any X ⊆ Y0 :
closure(X) = {x ∈ Y0 | X `nd x}.
closure0 (X) = {x ∈ Y0 | there is a proof of X ` x that does not use the  and  rules}.
I Lemma 5. For X ⊆ Y0 , closure0 (X) can be computed in O(N ) time.
The above result is an immediate adaptation of Theorem 6.1 in [12], where a linear time
algorithm for primal constructive logic is provided.
The algorithm for computing closure is presented as two mutually recursive functions
f : 2Y0 → 2Y0 and g : 2Y0 → 2Y0 , defined in Algorithm 1. The function g simulates one
application of the a and a rules for each a ∈ A, composed with an application of closure0 .
This might yield modal formulas that can be used in further a and a rules, so f makes
repeated calls to g till a fixpoint is reached. f can thus be thought of as repeatedly simulating
the cut rule after each call to g.
An application of a modal rule involves stripping the modalities from the set of formulas
currently derivable, computing closure of the stripped set, and applying the modalities again
to this set. Towards this, g makes a recursive call to f with the appropriate arguments. To
make the complexity analysis easier, we keep track of the sequence of modalities stripped
along each path in the recursive call tree. We call these sequences modal contexts, and
provide them as further arguments to the functions f and g. For ease of notation, for any
modal context σ, we refer to f (σ, ·) and g(σ, ·) as fσ and gσ , respectively.
Let Σ = {a , a | a ∈ A}. The set of modal contexts of a formula x, denoted C(x), is
a subset of Σ∗ , defined by induction as follows:
C(p) = {ε}
C(x ∧ y) = C(x → y) = C(x) ∪ C(y)
C(a x) = {ε} ∪ {a · σ | σ ∈ C(x)}
C(a x) = {ε} ∪ {a · σ | σ ∈ C(x)}.
S
For a set X of formulas, C(X) = x∈X C(x). To simplify notation, we let C denote C(Y0 ).
Note that for any X ⊆ Y0 , |C(X)| ≤ |C| ≤ |Y0 | ≤ N .
The modal depth of a formula x, denoted depth(x), is defined by induction as follows:
depth(p) = 0 for p ∈ P.
depth(x ∧ y) = depth(x → y) = max(depth(x), depth(y)).
depth(a x) = depth(a x) = depth(x) + 1.
For a set X of formulas, depth(X) = max{depth(x) | x ∈ X}.
I Lemma 6. Suppose X, Y ⊆ Y0 and σ ∈ C. Then:
1. X ⊆ closure0 (X) ⊆ closure(X).
2. closure0 (closure(X)) = closure(closure(X)) = closure(X).
3. If X ⊆ Y then gσ (X) ⊆ gσ (Y ) and fσ (X) ⊆ fσ (Y ).
4. X ⊆ gσ (X) ⊆ gσ2 (X) ⊆ · · · Y0 .
5. fσ (X) = gσm (X) for some m ≤ N .
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Algorithm 1 Algorithm to compute closure
function f (σ, X)
if σ 6∈ C or X = ∅ then
return ∅;
end if
Y ← X;
while Y 6= g(σ, Y ) do
Y ← g(σ, Y );
end while
return Y ;
end function
function g(σ, X)
for all a ∈ A : Ya ← −1
a (X);
for all a ∈ A : Za ← −1
(X) ∪ −1
a (X); S
Sa
0
return closure (X ∪ a∈A a f (σa , Ya ) ∪ a∈A a f (σ a , Za ));
end function
The last fact is true because |Y0 | = N and the gσi ’s form a nondecreasing sequence.
I Proposition 7 (Soundness). For X ⊆ Y0 , σ ∈ C, and m ≥ 0, gσm (X) ⊆ closure(X).
Proof. We shall assume that gτn (Y ) ⊆ closure(Y ) for all Y ⊆ Y0 , τ ∈ C, and all n ≥ 0 such
that (depth(Y ), n) <lex (depth(X), m), and prove that gσm (X) ⊆ closure(X) for all σ ∈ C.
m−1
m−1
For a ∈ A, let Ya = −1
(g m−1 (X)) and Za = −1
(X)) ∪ −1
(X)). Further,
a (gσ
a (gσ
S a σ
S
0
m−1
m
let X = gσ (X) ∪ a∈A a fσa (Ya ) ∪ a∈A a fσa (Za ). Then gσ (X) = closure0 (X 0 ).
Note that depth(Ya ) < depth(X) and depth(Za ) < depth(X). Now if x ∈ X 0 we can
distinguish the following three cases that can arise:
Suppose x ∈ gσm−1 (X). Since (depth(X), m − 1) <lex (depth(X), m), by induction
hypothesis, gσm−1 (X) ⊆ closure(X), and hence x ∈ closure(X).
n
Suppose x = a y for some a ∈ A and some y ∈ fσa (Ya ). But fσa (Ya ) = gσ
(Ya ) for
a
some n ≤ N . Since depth(Ya ) < depth(X), (depth(Ya ), n) <lex (depth(X), m), and hence
n
by induction hypothesis, gσ
(Ya ) ⊆ closure(Ya ). Therefore y ∈ closure(Ya ). Now one
a
can use the a rule and weaken rule to show that a y ∈ closure(gσm−1 (X)).
n
Suppose x = a y for some a ∈ A and some y ∈ fσa (Za ). But fσa (Za ) = gσ
(Za ) for
a
some n ≤ N . Since depth(Za ) < depth(X), (depth(Za ), n) <lex (depth(X), m), and hence
n
by induction hypothesis, gσ
(Za ) ⊆ closure(Za ). Therefore y ∈ closure(Za ). Now one
a
can use the a rule and weaken rule to show that a y ∈ closure(gσm−1 (X)).
Thus X 0 ⊆ closure(gσm−1 (X)). Also, gσm−1 (X) ⊆ closure(X). Therefore X 0 ⊆ closure(X).
And since gσm (X) = closure0 (X 0 ), gσm (X) ⊆ closure(X).
J
We next prove that whenever X ` x, x ∈ gσn (X) for an appropriate σ and n ≤ N . Because
of our use of contexts, this direction is nontrivial. We illustrate the subtleties with an example.
Let X0 = {a b p, a b q}. One can easily see that x0 = a b (p ∧ q) is derivable from X0 .
It is also easy to see that x0 ∈ fε (X0 ). But x0 6∈ fa (X0 ). This is because all the recursive
subcalls to f return ∅, either because ∅ is passed as argument or because the context passed
does not belong to C(X0 ∪ {x0 }). Thus we need to ensure that the contexts supplied to
recursive calls are proper. One way to ensure this is that the given context σ concatenated
with any context in the argument set X belongs to C(X0 ∪ {x0 }). But that condition is too
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strong and does not apply to the recursive call fa (X) (where X = {b p, b q}) even though
this call will be made by fε (X0 ). A weaker condition holds, though – for every context in X,
we can prepend at least one of a and a to it to get a context from X0 . We formalize this
intuition below.
For two contexts σ = M1 · · · Mn and σ 0 = M01 · · · M0n , we say that σ 0 is a strengthening of
σ (in symbols: σ 0 ≥ σ) if for all i ≤ N , either Mi = M0i , or Mi = a and M0i = a for some
a ∈ A. We say that σ ∈ C is safe for X ⊆ Y0 if for every τ ∈ C(X), there is some σ 0 ≥ σ
such that σ 0 τ ∈ C.
I Proposition 8 (Completeness). Suppose X ⊆ Y0 , x ∈ closure(X), and σ ∈ C. If σ is safe
for X ∪ {x}, then there is m ≥ 0 such that x ∈ gσm (X).
Proof. Suppose x ∈ closure(X). Then there is a proof π of X ` x. By Theorem 4, we can
assume that for every subproof π 0 of π with conclusion X 0 ` x0 , and all formulas y occurring
in π 0 , y ∈ sf(X 0 ∪ {x0 }). We now prove the desired claim by induction on the structure of π.
Suppose the last rule of π is ax, ∧i, → i, ∧e, or → e. Without loss of generality, let the
last rule have two premises and let x0 and x00 be the consequents in the two premises.
Suppose σ is safe for X ∪ {x}. It is also safe for X ∪ {x0 } and X ∪ {x00 }. By induction
hypothesis, there exist m, n ≥ 0 such that x0 ∈ gσm (X) and x00 ∈ gσn (X). Without loss of
generality, let m ≥ n. Then x0 , x00 ∈ gσm (X), and x ∈ closure0 ({x0 , x00 }) ⊆ gσm (X).
Suppose the last rule of π is weaken. Suppose the last rule has premise X 0 ` x, for some
X 0 ⊆ X. Since σ is safe for X, it is also safe for X 0 . Hence by induction hypothesis,
there is some m such that x ∈ gσm (X 0 ) ⊆ gσm (X).
Suppose π has the following form (and Y = −1
a (X) and x = a y):
π0
·
·
·
Y `y
X`x

a

Now for every τ ∈ C(Y ∪ {y}), a τ ∈ C(X ∪ {x}). Since σ is safe for X ∪ {x}, it follows
n
that σa is safe for Y ∪ {y}. Thus by induction hypothesis, y ∈ gσ
(Y ) ⊆ fσa (Y ), for
a
some n ≥ 0. Now it is immediately seen that x ∈ gσ (X), by definition of gσ .
−1
Suppose π has the following form (and Y = −1
a (X), Z = a (X) and x = a y):
π0
·
·
·
Y, Z ` y
X`x

a

For every τ ∈ C(Y ), a τ ∈ C(X ∪ {x}), and for every τ ∈ C(Z ∪ {y}), a τ ∈ C(X ∪ {x}).
But σ is safe for X ∪ {x}. So for every τ ∈ C(Y ∪ Z ∪ {y}), there is a strengthening σ 0 of
σ such that either σ 0 a τ ∈ C or σ 0 a τ ∈ C. In other words, for every τ ∈ C(Y ∪ Z ∪ {y}),
there is a strengthening σ
b of σ a such that σ
bτ ∈ C. Therefore σ a is safe for Y ∪ Z ∪ {y}.
n
Thus by induction hypothesis, y ∈ gσ
(Y
∪
Z) ⊆ fσa (Y ∪ Z), for some n ≥ 0. Now it
a
is immediately seen that x ∈ gσ (X), by definition of gσ .
Suppose π has the following form (and X = Y 0 ∪ (Y 00 \ {y})):
π0
·
·
·
Y0 `y

π 00
·
·
·
Y 00 ` x

X`x

cut
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Since y ∈ sf(X ∪ {x}), C(Y 0 ∪ {y}) ⊆ C(X ∪ {x}) and C(Y 00 ∪ {x}) ⊆ C(X ∪ {x}). Thus σ
is safe for both Y 0 ∪ {y} and Y 00 ∪ {x}. By induction hypothesis, there is m ≥ 0 such that
y ∈ gσm (Y 0 ) ⊆ gσm (X). Therefore Y 00 ⊆ X ∪ {y} ⊆ gσm (X). Also by induction hypothesis
(since π 00 is a smaller proof than π), x ∈ gσn (Y 00 ) for some n ≥ 0. Therefore x ∈ gσm+n (X).
J
I Theorem 9. For all X ⊆ Y0 , fε (X) = closure(X).
Proof. On the one hand, fε (X) = gεN ⊆ closure(X) by soundness. Conversely, for any
x ∈ closure(X), ε is safe for X ∪{x} and hence there is m ≤ N such that x ∈ gεm (X) ⊆ fε (X),
by completeness.
J

5

Complexity

Fix a set of formulas X0 and a formula x0 as before, and let Y0 to be sf(X0 ∪ {x0 }). Let
N = |Y0 |. We focus on a call of f (ε, X0 ) and all the recursive invocations of f and g in the
course of that computation. We use intuitive notions like parent call, later call, earlier call,
which formally refer to the call tree of the computation of f (ε, X0 ). We use the notation
(σ, X) →f (τ, Y ) to denote that f (σ, X) is an earlier recursive call and f (τ, Y ) is a later
recursive call in the computation of f (ε, X0 ). The notation (σ, X) →g (τ, Y ) has a similar
interpretation.
The following lemma is the first step towards analyzing the complexity of the algorithm.
I Lemma 10. Suppose σ ∈ C, and X, Y ⊆ Y0 .
1. If (σ, X) →f (σ, Y ) then fσ (X) ⊆ Y .
2. If (σ, X) →g (σ, Y ) then gσ (X) ⊆ Y .
Proof. We prove both the above statements together, by induction on |σ|. There are two
cases to consider.
Case |σ| = 0: In this case, σ = ε.
1. There is only one call of f with first argument ε. So the statement is vacuously true.
2. Suppose (ε, X) →g (ε, Y ). This means that X = gεi (X0 ) and Y = gεj (X0 ) for some i, j
with i < j. Thus gε (X) = gεi+1 (X0 ) ⊆ gεj (X0 ) = Y .
Case |σ| > 0: We prove the statement about f assuming the statement about g for a prefix
of σ, and then prove the statement about g assuming the statement about f (for σ).
1. There are two subcases to consider.
Case σ = τ a : Suppose (σ, X) →f (σ, Y ). This means that there are sets X 0 , Y 0
0
−1
0
0
0
such that X = −1
a (X ), Y = a (Y ), and parent calls g(τ, X ) and g(τ, Y ) such
0
0
0
0
that (τ, X ) →g (τ, Y ). Thus by induction hypothesis gτ (X ) ⊆ Y . But then,
0
0
0
by definition of g, we have that a fσ (X) = a fτ a (−1
a (X )) ⊆ gτ (X ) ⊆ Y .
−1
0
Therefore fσ (X) ⊆ a (Y ) = Y .
Case σ = τ a : Suppose (σ, X) →f (σ, Y ). This means that there are sets X 0 , Y 0
0
−1
0
−1
0
−1
0
such that X = −1
a (X ) ∪ a (X ), Y = a (Y ) ∪ a (Y ), and parent calls
0
0
0
0
0
g(τ, X ) and g(τ, Y ) such that (τ, X ) →g (τ, Y ). Thus gτ (X ) ⊆ Y 0 . But then, by
0
−1
0
0
0
definition of g, a fσ (X) = a fτ a (−1
a (X ) ∪ a (X )) ⊆ gτ (X ) ⊆ Y . Therefore
0
fσ (X) ⊆ −1
a (Y ) ⊆ Y .
2. Suppose (σ, X) →g (σ, Y ). There are two cases to consider.
There is one parent call f (σ, Z) of which g(σ, X) is a subcall and g(σ, Y ) is a later
subcall. From the definition of f , it follows that there are i, j with i < j such that
X = gσi (Z) and Y = gσj (Z). Thus gσ (X) = gσi+1 (Z) ⊆ gσj (Z) = Y .
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There are parent calls f (σ, X 0 ) and f (σ, Y 0 ) such that (σ, X 0 ) →f (σ, Y 0 ). By
induction hypothesis fσ (X 0 ) ⊆ Y 0 . But by definition of f it follows that there are
i > 0 and j > 0 such that X = gσi (X 0 ) and Y = gσj (Y 0 ). Therefore
gσ (X) = gσi+1 (X 0 ) ⊆ gσN (X 0 ) = fσ (X 0 ) ⊆ Y 0 ⊆ gσj (Y 0 ) = Y.

J

Algorithm 2 Improved algorithm to compute closure
Initialization: for all σ ∈ C : Gσ ← ∅;
function f (σ, X)
if σ 6∈ C or X = ∅ then
return ∅;
end if
Y ← X;
while Y 6= Gσ do
Gσ ← Y ;
Y ← g(σ, Y );
end while
return Gσ ;
end function

. Gσ = g(σ, Gσ ) before the start of the loop.

. Gσ = g(σ, Gσ ) at the end of the loop.

I Theorem 11. It can be checked in O(N 3 ) time whether x0 ∈ closure(X0 ).
Proof. For each σ ∈ C, if gσ (X) is a recursive call and if gσ (Y ) is a later recursive call,
X ⊆ gσ (X) ⊆ Y . Thus the arguments to gσ (in temporal order of the calls) constitutes
a nondecreasing sequence of subsets of Y0 . Such a sequence can have at most N distinct
elements. But it is possible that there are many invocations of gσ with the same argument,
which constitutes wasteful work. We thus present an improved algorithm using memoization
in Algorithm 2. (We only redefine the function f (σ, ·). The function g(σ, ·) is the same as in
Algorithm 1.) In this implementation, for any σ ∈ C, the total number of calls to g(σ, ·) is N .
We achieve this by storing the last argument to gσ in the variable Gσ , preserving this across
invocations from different calls to fσ . The code for fσ in Algorithm 2 reveals that across
different invocations of fσ , the same argument is never passed to subcalls of gσ . Thus there
are at most N calls of gσ . Since there is only one call of fε and since for every context σM,
there is at most one subcall to fσM from each invocation of gσ , the total number of calls of
fσ is also N , for any fixed σ.
Further, each invocation of g involves computing closure0 (·), which takes O(N ) time, and
each invocation of f involves looking up (and updating) each distinct value assumed by Gσ
once. Thus overall, there are N lookups and updates of the variable Gσ , which can each be
achieved in O(N ) time. Across all contexts, there are N 2 computations of closure0 (·) and
N 2 lookups and updates. Thus the overall time taken is O(N 3 ).
J

6

Conclusions and Future Work

We have provided an O(N 3 ) algorithm for the derivability problem for propositional PIL.
The interesting aspects of our solution are the proof of the subformula property by going over
to PILsc and back, and exploiting the controlled change in the antecedents of sequents in a

FSTTCS 2013

174

Primal Infon Logic: Derivability in Polynomial Time

PILnd proof to derive an efficient algorithm. We believe that these techniques are general,
and not specific to authorization logics or PIL. We plan to adapt our techniques to many
variants of intuitionistic modal logic. One plan of study is to find (proof-theoretic) variants
for other operators like disjunction, with the view of deriving efficient algorithms. Another
interesting possibility is to keep the rules standard but restrict the structure of formulas in
X ∪ {x} in such a way that the techniques in our paper can be adapted to the problem of
checking if X ` x. It is also essential to consider extensions of these systems with ♦-like
modalities, as mentioned in Section 2.
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Abstract
In this paper we investigate the decidability and complexity of problems related to braid composition. While all known problems for a class of braids with 3 strands, B3 , have polynomial time
solutions we prove that a very natural question for braid composition, the membership problem,
is NP-hard for braids with only 3 strands. The membership problem is decidable for B3 , but it
becomes harder for a class of braids with more strands. In particular we show that fundamental
problems about braid compositions are undecidable for braids with at least 5 strands, but decidability of these problems for B4 remains open. The paper introduce a few challenging algorithmic
problems about topological braids opening new connections between braid groups, combinatorics
on words, complexity theory and provides solutions for some of these problems by application of
several techniques from automata theory, matrix semigroups and algorithms.
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1

Introduction

In this paper we investigate the decidability and complexity for a number of problems related
to braid composition. Braids are classical topological objects that attracted a lot of attention
due to their connections to topological knots and links as well as their applications to polymer
chemistry, molecular biology, cryptography, quantum computations and robotics [1, 11, 14].
The discovery of a various cryptosystems based on the braid group inspired a new line of
research about the complexity analysis of decision problems for braids, including the word
problem, the generalized word problem, root extraction problem, the conjugacy problem and
the conjugacy search problem. For many problems the polynomial time solutions were found,
but it was surprisingly shown by M. S. Paterson and A. A. Razborov in 1991 that another
closely related problem, the non-minimal braid problem, to be NP-complete [16]
Non-minimal braid problem: Given a word ω in the generators σ1 , . . . , σn−1
and their inverses, determine whether there is a shorter word ω 0 in the same
generators which represents the same element of the n-strand braid group Bn ?
The main result of this paper is to show another hard problem for braids in B3 , i.e. with
only three strands. The problem can be naturally formulated in terms of composition (or
concatenation) of braids which is one of the fundamental operations for the Braid Group.
Given two geometric braids, we can compose them, i.e. put one after the other making
the endpoints of the first one coincide with the starting points of the second one. There is
a neutral element for the composition: it is the trivial braid, also called identity braid, i.e.
the class of the geometric braid where all the strings are straight. Two geometric braids are
© Igor Potapov;
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isotopic if there is a continuous deformation of the ambient space that deforms one into the
other, by a deformation that keeps every point in the two bordering planes fixed.

·

=

−−−−− ↔

↔

In this paper we study several computational problems related to composition of braids:
Given a set of braids with n strands B = b1 , . . . , bk ∈ Bn . Let us denote a semigroup of
braids, generated by B and the operation of composition, by hBi.
Membership problem. Check whether exist a composition of braids from a set B that
is isotopic to a given braid b. I.e. is b in hBi ?
Identity problem. Check whether exist a composition of braids from a set B that is
isotopic to a trivial braid.
Group problem. Check whether for any braid b ∈ B we can construct the inverse of b
by composition of braids from B. I.e. is a semigroup hBi a group?

Membership
Group/Identity

B3
Decidable, NP-hard
Decidable

B4
?
?

B5
Undecidable
Undecidable

In contrast to many polynomial time problems we show that the Membership problem
for B3 is NP-hard1 by using a combination of new and existing encoding techniques from
automata theory, group theory, matrix semigroups [4, 5] and algebraic properties of braids
[1]. Then we prove decidability result for the membership problem for B3 which is the first
non-trivial case where composition is associative, but it is non-commutative. The membership
problem for braids in B3 has a very close connection with other non-trivial computational
problems in matrix semigroups. since the braid group B3 is the universal central extension
of the modular group P SL(2, Z). The idea of decidability in B3 was inspired by the work of
several authors on the membership problem for 2 × 2 matrix semigroups [9, 13, 4, 5]. We also
show that fundamental problems about the braid compositions are undecidable for braids
with at least 5 strands, but decidability of these problems for B4 remains open.

2
2.1

Preliminaries
Words and Automata

Given an alphabet Γ = {1, 2, . . . , m}, a word w is an element w ∈ Γ∗ . We denote the
concatenation of two words u and v by either u · v or uv if there is no confusion. For a letter
a ∈ Γ, we denote by a or a−1 the inverse letter of a, such that aa = ε where ε is the empty
word. We also denote Γ = Γ−1 = {1, 2, . . . , m} and for a word w = w1 w2 · · · wn , we denote
w = w−1 = wn−1 · · · w2−1 w1−1 .
The free group over a generating set H is denoted by FG(H), i.e., the free group over two
elements a and b is denoted as FG({a, b}). For example, the elements of FG({a, b}) are all

1

Note that proposed NP-hardness construction is not directly applicable for Identity Problem.
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the words over the alphabet {a, b, a−1 , b−1 } that are reduced, i.e., that contain no subword
of the form x · x−1 or x−1 · x (for x ∈ {a, b}). Note that x · x−1 = x−1 · x = ε.
Let Σ = Γ∪Γ. Using the notation of [2], we shall also introduce a reduction mapping which
removes factors of the form aa for a ∈ Σ. To that end, we define the relation ` ⊆ Σ∗ × Σ∗
such that for all w, w0 ∈ Σ∗ , w ` w0 if and only if there exists u, v ∈ Σ∗ and a ∈ Σ where
w = uaav and w0 = uv. We may then define by `∗ the reflexive and transitive closure of `.
I Lemma 1 ([2]). For each w ∈ Σ∗ there exists exactly one word r(w) ∈ Σ∗ such that
w `∗ r(w) does not contain any factor of the form aa, with a ∈ Σ.
The word r(w) is called the reduced representation of word w ∈ Σ∗ . As an example, we
see that if w = 132211 3 1 ∈ Σ∗ , then r(w) = ε.
Using standard notations, a deterministic finite automaton (DFA) is given by quintuple
(Q, Σ0 , δ, q0 , F ) where Q is the set of states, Σ0 is the input alphabet, δ : Q × Σ0 → Q is the
transition function, q0 ∈ Q is the initial state and F ⊆ Q is the set of final states of the
automaton. We may extend δ in the usual way to have domain Q × Σ0∗ . Given a deterministic
finite automaton A, the language recognized by A is denoted by L(A) ⊆ Σ0∗ , i.e. for all
w ∈ L(A), it holds that δ(q0 , w) ∈ F .
I Lemma 2. For any given n ∈ Z, n ≥ 3 there is a DFA Pn over a group alphabet Σ,
|Σ| = 2n, with n + 2 states and 2n edges such that the only word w ∈ L(Pn ) and r(w) = ,
has length |w| = 2n .
Proof. We adapt the proof of a related result over deterministic finite automata (DFA)
recently shown in [2]. Define alphabets Γ = {1, 2, . . . , n}, Γ = {1, 2, . . . , n} and Σ = Γ ∪ Γ.
It is shown in [2] that for any n ≥ 3, there exists a DFA An , with n + 1 states over Σ, such
that for any word w ∈ Σ∗ where w ∈ L(An ) and r(w) = ε then |w| ≥ 2n−1 . Their proof is
constructive and we shall now show an adaption of it. Let Q = {q0 , . . . , qn+2 } and q0 be the
initial state and {qn+2 } is the final state. We define the transition function δ : Q × Σ∗ → Q
of the DFA such that:

q1 ,



qa+1 ,
δ(qa , c) =
 q0 ,


qn+2 ,

if
if
if
if

c = 1 and a = 0;
c = a and 1 ≤ a ≤ n;
c = a and 2 ≤ a ≤ n − 1,
c = n and a = n + 1;

All other transitions are not defined. The structure of this DFA can be seen in Figure 1.
The only path leading to a state qn , for any n ≥ 3 with an empty reduced word has length

1

q n+2
n

q0

q1

q n+1
n

1

2
qn
q n−1
n−1
n−2

n−1

q2
3
2

...
3

q3

Figure 1 A deterministic finite automaton such that the minimal non empty word w such that
r(w) = ε and δ(q0 , w) ∈ F is of length 2n .
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2n − 2. The path for reaching state q2 with an empty reduced word has length 2 and there
are no other paths leading to q2 with an empty reduced word. Let us assume that another
path is leading to q2 via a path where the larger index of a reachable state on this path is
j. Then at least one symbol j is not canceled in the reduced word leading to q2 . Consider
a path from qi to gi+1 which corresponds to reduced word v then it should be of the form
v = i · u · i where a word u is an empty word and it corresponds to a path from a state q0 to
qi otherwise the reduced word of v is not empty.
Let us assume that the path leading to a state qi with an empty reduced word, i.e r(w) = 
has length 2i − 2. Then the path for reaching state i + 1 with a reduced word equal to the
empty word can be represented as a path w · i · ui where r(u) = . Since w is the only path
to reach qi from q0 then we have the required path has a form w · i · wi and its length is
(2i − 2) + 1 + (2i − 2) + 1 = 2i+1 − 2. Finally we add two extra transitions to make the length
of a path to be 2n .
J
I Lemma 3. For any given s ∈ Z which has a binary representation of size m, i.e. m =
dlog2 (s)e, there is a DFA Ms over a group alphabet Σ, |Σ| = O(m2 ), with O(m2 ) states such
that the only word w ∈ L(Ms ) and r(w) = , has a length |w| = s.
Proof. Let us represent s as the following power series
αm 2m + αm−1 2m−1 + . . . + α2 21 + α1 20 , where αi ∈ {0, 1}.
For each non-zero αi and i ≥ 3 we will contract the automaton Pi from Lemma 2 using
unique non-intersecting alphabets for each automaton to avoid any possible cancellation of
words between different parts of our final automaton. Also for non-zero α1 , α2 and α3 we
define three different automata P1 , P2 , P3 having a linear structure with one  transition,
two consecutive  transitions and four consecutive  transitions, which will give us paths of
length 20 , 21 and 22 .
Then we will use a resulting set of automata Pi1 , Pi2 , . . . Pil to build a single automaton
by merging the initial state of Pit with the final state of Pit+1 for all t = 1 . . . l − 1 and
defining the initial state of Pi1 as the initial state of automaton Ms and the final state of
Pil as the final state of Ms . It is easy to see that following the Lemma 2 each Pit will reach
its own final state having an empty word iff the number of executed transition is 2it . So
finally we build a DFA Ms over a group alphabet, such that the only word w ∈ L(Ms ) and
r(w) = , has a length |w| = s.
The DFA Ms over a group alphabet Σ, will have |Σ| = O(m2 ), O(m2 ) states and O(m2 )
transitions, since there are no more then m parts Pi1 , Pi2 , . . . Pil and each part Pit has only
it + 2 states. Moreover the only word w ∈ L(Ms ) and r(w) = , has a length |w| = s.
J

2.2

Braids

The braid groups can be defined in many ways including geometric, topological, algebraic
and algebro-geometrical definitions [17]. Here we provide algebraic definition of the braid
group.
I Definition 4. The n-strand braid group Bn is the group given by the presentation with
n − 1 generators σ1 , . . . , σn−1 and the following relations σi σj = σj σi , for |i − j| ≥ 2 and
σi σi+1 σi = σi+1 σi σi+1 for 1 ≤ i ≤ n − 2. These relations are called Artrin’s relation.
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Words in the alphabet {σ , σ −1 } will be referred to as braid words 2 .
We say that a braid word w is positive if no letter σi−1 occurs in w. The positive
braids form a semigroup denoted by Bn+ . There is one very important positive braid
known as the fundamental n-braid, ∆n . The fundamental braid of the group Bn (also
known as Garside element) can be written with n(n − 1)/2 Artin generators as: ∆n =
(σn−1 σn−2 . . . σ1 )(σn−1 σn−2 . . . σ2 ) . . . σn−1 .
Geometrically, the fundamental braid is obtained by lifting the bottom ends of the identity
braid and flipping (right side over left) while keeping the ends of the strings in a line. The
inverse of the fundamental braid ∆n is denoted by ∆−1
n .

σ1
=
σ2
∆
σ1

=

σ2
σ1
σ2

σ1
σ1−1

=

σ2
=
σ2−1

Let B3 = {σ1 , σ2 |σ1 σ2 σ1 = σ2 σ1 σ2 } be the group with three braids. Let ∆ be the Garside
element: ∆ = σ1 σ2 σ1 . Let τ : B3 → B3 be automorphism defined by σ1 → σ2 , σ2 → σ1 . It
is straightforward to check that
∆b = τ (b)∆,

∆−1 b = τ (b)∆−1 ,

b ∈ B3 .

(1)

I Lemma 5 ([15]). Two positive words are equal in B3 if and only if they can be obtained
from each other by applying successively the relation σ1 σ2 σ1 = σ2 σ1 σ2 . A positive word is
left or right divisible by ∆ if and only if it contains the subword σ1 σ2 σ1 or σ2 σ1 σ2 .
I Lemma 6 ([12, 1]). Garside normal form – Every braid word w ∈ Bn can be written
uniquely as ∆k b, where k is an integer and b is a positive braid of which ∆ is not a left
divisor.
I Definition 7. Two braids are isotopic if their braid words can be translated one into each
other via the relations from the Defintion 4 plus the relations σi σi−1 = σi−1 σi = 1, where 1 is
the identity (trivial braid).
Let us define a set of natural problems for semigroups and groups in the context of braid
composition. Given a finite set of braids B. A multiplicative semigroup hBi is a set of braids
that can be generated by any finite composition of braids from B.
Membership Problem: Given a braid b ∈ Bn and a finite set of braids B ⊆ Bn , does
there exist a composition Y1 Y2 · · · Yr , with each Yi ∈ B such that Y1 Y2 · · · Yr = b? In other
words, is b ∈ hM i? In the Membership Problem, when braid b is the trivial braid, we call
this problem the Identity Problem.
The Identity Problem for semigroups is a well-known challenging problem which is also
computationally equivalent to another fundamental problem in Group Theory: given a finitely
generated semigroup S, decide whether a subset of the generator of S generates a nontrivial
group (Group Problem) [9].

2

Whenever a crossing of strands i and i + 1 is encountered, σi or σi −1 is written down, depending on
whether strand i moves under or over strand i + 1.
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3

NP-hardness of the Membership Problem in B3

In this section we show that the Membership is NP-hard for braids in B3 . Our reduction
will use the following well-known NP-complete problem. Subset Sum Problem: Given a
positive integer x and a finite set of positive integer values S = {s1 , s2 , . . . , sk }, does there
exist a nonempty subset of S which sums to x?
We will require the following encoding between words over an arbitrary group alphabet
and a binary group alphabet, which is well known from the literature.
I Lemma 8. Let Σ0 = {z1 , z2 , . . . , zl } be a group alphabet and Σ2 = {c, d, c, d} be a binary
group alphabet. Define the mapping α : Σ0 → Σ∗2 by:
α(zi ) = ci dci , α(zi ) = ci dci ,
where 1 ≤ i ≤ l. Then α is a monomorphism
extended to domain Σ0∗ in the usual way.

3

(see [8] for more details). Note that α can be

I Lemma 9 ([7]). Let Σ2 = {c, d, c, d} be a binary group alphabet and define f : Σ∗2 → B3
by: f (c) = σ1 4 , f (c) = σ1 −4 , f (d) = σ2 4 , f (d) = σ2 −4 . Then mapping f is a monomorphism.
The above two morphisms give a way to map words from an arbitrary sized alphabet into
the set braid words in B3 . We will later require the following corollary concerning mappings
f and α to allow us to argue about the size of braid words constructed by f ◦ α.
I Corollary 10. Let α and f be mappings as defined in Lemma 8 and Lemma 9, then:
f (α(zj )) = f (cj dcj ) = σ1 4j σ2 4 σ1 −4j
and the length of a braid word from B3 corresponding a symbol zj ∈ Σ0 is 8j + 4.
I Theorem 11. The Membership Problem is NP-hard for braids from B3
Proof. We shall use an encoding of the Subset Sum Problem into a set of braids from
B3 . Define an alphabet Σ = Σ0 ∪ {∆, ∆}, Σ0 = {1, 2, . . . , k + 2, 1, 2, . . . , k + 2} that will be
extended during the construction.
We now define a set of words W which will encode the Subset Sum Problem (SSP)
instance. Note that the length of words in the following set is not bounded by a polynomial
of the size of the SSP instance, however this is only a transit step and will not cause a
problem in the final encoding. In particular the unary representation of a number s by a
word ∆2s will be substituted by a set of words of a polynomial size of i, j and s that will
generate a unique word i · ∆2s j.
{1 · ∆2s1 · 2,
2 · ∆2s2 · 3,
.
W = ..

1 · ε · 2,
2 · ε · 3,
..
.

k · ∆2sk · (k + 1),
(k + 1) · ∆

2x

· (k + 2)} ⊆ Σ

k · ε · (k + 1),
∗

Figure 2 shows the way in which the words of W can be combined to give the identity for
the reduced word on labels in the graph structure. The above assumption will mean that we

3

A monomorphism is an injective homomorphism.
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start from node 1 of the graph and choose either as1 or ε to move to node 2. This corresponds
to w1 being equal to either 1 · ∆2s1 · 2 or 1 · ε · 2. We follow such non-deterministic choices
from node 1 until we reach a node sk+2 . At this point, if we chose si1 , si2 , . . . , sil , such that
they sum to x, then the reduced representation of w will equal 1 · k + 2. If there does not
exist a solution to the subset sum problem, then it will not be possible to reach the empty
word concatenating the labels on a graph structure so it would be possible to get a word
1 · k + 2, since it will be only 1 · w0 · k + 2, where w0 6= .
Using the encoding idea from Lemma 3 we replace each transition from state i to state j
labelled with ∆2s j by the automaton M2s and then will encode each transition form M2s from
a state x to state y with the label z ∈ Σ by the braid word f (α(x))·(σ1 σ2 σ3 )2 ·f (α(z))·f (α(y))
following Corollary 10. We use ∆2 = (σ1 σ2 σ3 )2 rather then ∆ to have unchanged structure
of words since ∆2 is commutative with any word in B3 . Also each word of the following type
i · ε · j, where i, j ∈ Σ0 can be directly encoded by a braid f (α(i)) · f (α(i)) .
The number of states, the alphabet size and the number of edges for each M2si automaton
are of the order O(m2 ), where m is log2 si . Thus we have that the whole automaton after
replacing all ∆2si transitions by M2si will be encoded with the finite number of words of the
order O(k · log22 2s), where s is the maximal element of {s1 , s2 , . . . , sk } and the length of each
braid word is of the order O(k · log22 2s). In addition to that we add k words representing 
transitions.
Using Lemma 8, we encode the set of words W into a set of braids words over the alphabet
{σ1 , σ1−1 , σ2 , σ2−1 }, where the total number of letters will be only polynomially increased. So
finally the SSP has a solution if and only iff the braid f (α(1)) · f (α(k + 2)) belongs to the
defined semigroup of braid words .
J

4

Decidability of the Membership problem in B3

I Theorem 12. The membership problem is decidable for braids from B3 .
Proof. Let us given a set of braid words {b1 , b2 , . . . bn } from B3 . First let us convert them
into Garside normal form ∆k b where k is an integer and b is a positive braid of which ∆ is
not a left divisor.
In order to find the unique Garside decomposition we need to replace each occurrence of
σ1−1 with σ2 σ1 ∆−1 , and σ2−1 with σ1 σ2 ∆−1 , and then push all ∆−1 to the right using (1).
After that iteratively one should successively replace all subwords σ1 σ2 σ1 and σ2 σ1 σ2 with
∆ and push them to the right using (1).
Then we construct a finite state automaton A with n multi-states loops representing n
braid words in the Garside normal form. For each braid word bi in the Garside form ∆k b,
where b = σj1 σj2 . . . σj|bi | we define a sequence of |bi | transitions
∆k

σj

σj|b

σj

|

1
2
s1,i −−→ s2,i −−→
s3,i −−→
s4,i →
− ... →
− s|bi |−1,i −−−i→ s|bi |,i

After that we merge all states s1,i and s|bi |,i for all i0 s into a single state s0 , which will be
2s1 1

1

2s2 2

2
ε

2sk k

3
ε

...
...
...

2x

k

k+1

k+2

ε

Figure 2 The initial structure of a product which forms the identity on labels.
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the initial and the final state of the automaton A. Thus A has n multi-states loops from the
initial/final state s0 representing n braid words.
If the automaton A has q states we will first show that any path from a state s to t of
2
the length greater than 3 · 2(q −3q) and equal to ∆k , for some k ∈ Z should contain a path of
0
shorter length from s to t which is equal to ∆k . Suppose A has a path u from state s to
t which is equal to ∆k . Then u can be decomposed in at least one of two ways. Either in
Case 1 there exist two words v1 = ∆k1 and v2 = ∆k2 , k1 , k2 ∈ Z such that u = v1 · v2 or in
Case 2 there exist two words v1 = ∆µ1 and v2 = ∆µ2 such that
if µ1 , µ2 are even numbers then u = σ1 v1 σ2 v2 σ1 or u = σ2 v1 σ1 v2 σ2 or u = σ1−1 v1 σ2−1 v2 σ1−1
or u = σ2−1 v1 σ1−1 v2 σ2−1 ;
if µ1 , µ2 are odd numbers then u = σ1 v1 σ1 v2 σ1 or u = σ2 v1 σ2 v2 σ2 or u = σ1−1 v1 σ1−1 v2 σ1−1
or u = σ2−1 v1 σ2−1 v2 σ2−1 ;
if µ1 is even and µ2 is odd then u = σ1 v1 σ2 v2 σ2 or u = σ2 v1 σ1 v2 σ1 or u = σ1−1 v1 σ2−1 v2 σ2−1
or u = σ2−1 v1 σ1−1 v2 σ1−1 ,
if µ1 is odd and µ2 is even then u = σ2 v1 σ2 v2 σ1 or u = σ1 v1 σ1 v2 σ2 or u = σ2−1 v1 σ2−1 v2 σ1−1
or u = σ1−1 v1 σ1−1 v2 σ2−1 ;
0

Any subword u0 of u such that u0 = ∆k can also be decomposed in at least one of these
two ways, so we can recursively decompose u and the resulting subwords until we have
decomposed u into single symbols. So, we can specify a certain type of parse tree such that
the automaton A has a path u from state s to t which is equal to ∆k if and only if we can
build this type of parse tree for u.
Let us define a parse tree for a given word u equal to ∆k from a state s to t as follows.
Every internal node corresponds to a subword u0 of u, such that u0 is a power of the
fundamental braid ∆ and the root of the whole tree corresponds to u. The leaves store
individual symbols σ1 , σ1−1 , σ2 , σ2−1 . When read from left to right, the symbols in the leaves
of any subtree form the word that corresponds to the root of the subtree. Following Lemma 5
each internal node is
1. either the node that has two children, both of which are internal nodes that serve as
roots of subtrees (corresponds to Case 1).
2. or the node that has five children, where the first, third and fifth (from the left) children
are single symbols and the second and fourth children in the middle can be either empty
or an internal node that is the root of another subtree which is equal to ∆r , r ∈ Z
(corresponds to Case 2).
We label each internal node γ with a pair of states (sj1 , sj2 ) such that if u0 is the subword
of u that corresponds to the subtree rooted at γ, and u = v1 · u0 · v2 then sj1 ∈ δ(s, v1 ),
sj2 ∈ δ(sj1 , u0 ). are the states reached after reading the input prefixes v1 and v1 u0 , respectively,
during the accepting computation under consideration. This implies that s ∈ δ(sj2 , v2 ) and
(s,t) is the label associated with the root of the tree.
If the parse tree of u has two nodes ξ1 and ξ2 with the same state-pair label such that ξ2 is
0
a descendant of ξ1 , then there exists a word shorter than u which is ∆k . This is because we
can replace the subtree rooted at ξ1 with the subtree rooted at ξ2 . Furthermore, if an internal
node ξ1 is labeled with a pair (p,q), for some p, q ∈ Q then the subword u0 corresponding to
the subtree rooted at ξ1 can be removed from u, obtaining a shorter path. Therefore the
height of the subtree corresponding to the shortest subword equal to a power of ∆ is at most
2
q 2 − q and the number of leaves of a parse tree of height h is at most 3(2q −q − 2). In the
maximal case we have the complete binary tree of depth q − 1 with three extra leaves in each
internal node and on the last level every node has three leaves. Assume that we have a path
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with some larger length from a state s to t with a braid word w equal to ∆k then according
to above proof it should be two states p and q which will appear twice in the path with the
A
B
C
D
E
following order s −
→p−
→p−
→ q −→ q −
→ t and decomposing it into five parts A, B, C, D, E,
k
where w = A · B · C · D · E = ∆ , C = ∆k1 , B · C · D = ∆k2 . From this follows that any path
from a state s to t in A, which is equal to ∆k , can be represented by a linear combination of
2
shorter ∆ paths each of which has length at most 3(2q −q − 2). This gives us a bound on the
number of values for expressing a power of ∆’s during modification of automata A and also
will guarantee the termination of the following procedure, where we add a number of new
transitions between states s and t to get a direct edge labelled by a power of ∆:
1. For any of the following sequences, where even1 and even2 are any even numbers or 0,
which means
that in case of ∆0 the transition
is not there:
σ1 ∆even1 σ2 ∆even2 σ1
σ2 ∆even1 σ1 ∆even2 σ2
s −→−−−−−→−→−−−−−→−→ t;
s −→
−−−−−→−→−−−−−→−→ t we add
∆even1 +even2 +1

s −−−−−−−−−−→ t
2. For any of the following sequences, where odd is any odd number:
σ

∆odd σ

σ

σ

∆odd σ

σ

σ

σ

∆odd σ

σ

σ

∆odd σ

1
1
2
2
2
1
1
2
2
2
1
1
s −→
−−−→−→
−→
t; s −→
−−−→−→
−→
t; s −→
−→
−−−→−→
t; s −→
−→
−−−→−→
t

∆odd+1

we add s −−−−−→ t
3. For any of the following sequences, where odd1 and odd2 are any odd numbers:
σ

∆odd1

σ

∆odd2

σ

1
1
1
s −→
−−−−→−→
−−−−→−→
t;

σ

∆odd1

σ

∆odd2

σ

2
2
2
s −→
−−−−→−→
−−−−→−→
t

∆odd1 +odd2 +1

we add s −−−−−−−−−→ t
4. For any of the following sequences, where odd is any odd number and even is any even
∆odd+even

number, we add s −−−−−−−→ t:
σ

∆odd σ

σ

∆even σ

∆even σ

σ

∆odd σ

∆odd σ

σ

∆even σ

∆even σ

1
1
2
2
2
1
s −→
−−−→−→
−−−−→−→
t; s −→
−−−→−→
−−−−→−→
t;

∆odd σ

1
2
2
2
1
1
s −→
−−−−→−→
−−−→−→
t; s −→
−−−−→−→
−−−→−→
t

5. For any of the following sequences, where z1 , z2 are integer numbers:
∆z1

∆z 2

∆z1 +z2

s −−→−−→ t; we add s −−−−−→ t
6. If s = t, for any of the above cases 1-5, then the new edge should make a cycle labelled by
some power of ∆, i.e ∆a , where a ∈ Z. In this case if there are no other cyclic edges from
a state s then we add a cyclic edge from state with an expression ∆xnew ·a , where xnew is a
new symbol from some infinite alphabet {xi |i ∈ N}, which will be used later as unknown
in a system of equations. Assume that there is a cyclic edge with ∆z where z is represented by a linear expression Expr(xi1 , xi2 , ..., xij ) then no extra cyclic edges are added,
but the expression Expr(xi1 , xi2 , ..., xij ) will be replaces by Expr(xi1 , xi2 , ..., xij )+xnew ·a.
Now we will generalize the cases 1-5 to incorporate the idea of expressions into the
new set of rules in the straightforward way: for any ∆x , x is an expressions Expr() that
can be a constant of a linear function. In case 6, if a in ∆a is already some expression of
the form Expr1 (...) + c, where c ∈ Z, we replace the expression on the original cycle by
Expr(xi1 , xi2 , ..., xij ) + Expr1 (...) + xnew · c. 4

4

Formally we should also multiply Expr1 (...) by xnew which can be avoided since the variables in the
linear expression Expr1 (...) are independent from xnew and in this case can be simply renamed.
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∆Expr1 ()

∆Expr2 ()

∆Expr3 ()

∆Expr1 ()+Expr2 ()+Expr3 ()

7. For s −−−−−−→ p −−−−−−→ p −−−−−−→ t; we add s −−−−−−−−−−−−−−−−−→ t, where any of
the expressions Expri () can be a constant.
σj

∆Expr1 ()

σj

∆Expr2 ()

∆β

∆Expr3 ()

∆Expr0 ()

∆α

1
s −−→
p0 −−−−−−→ p0 −−→

8. For any of the following sequences, where α, β ∈ Z
σj

2
3
p1 −−−−−−→ p1 −−→
p2 −−−−−−→ p2 −−→ p3 −−−−−−→ p4 −−→
t

∆Expr0 ()+Expr1 ()+Expr2 ()+Expr3 ()+α+β+1

we add the transition s −−−−−−−−−−−−−−−−−−−−−−−−−−−→ t if the values of the σ’s
indices and even/odd constrains for ∆ in between them will match with one of the cases
1-4. In order to record the information about even/odd case for the expressions we can
add one of the following equations:
if Expr() should have an even value then we add: Expr() = 2 · xnew
if Expr() should have an odd value then we add: Expr() = 2 · xnew + 1
Now let us modify the automaton A following rules 1-8 in the following way. We apply rules
1-5 in any order until it is possible then if no cycles are created then the process will terminate
since there will be only a finite number of such sequences. In this case no other rules 1-8 are
applicable. If there is at least one cycle after applying rules 1-5 we iteratively apply rules 6,
7 and 8: as many times as possible each, then the process is starting again. When no extra
transition can be added according to the above rules the process will terminate.
Finally in order to check the membership for a braid b = ∆k · w we will need to find a path
from the initial to the final state of A that consists of a set of |w| edges in the automaton A
connected by ∆’s such that total sum for powers of ∆’s will be equal to k and the positive
word after moving all ∆’s to the left will be equal to w.
If the length of a braid word b is equal to l then in the canonical form ∆k · w that is
isotopic to b we have that the length of a positive word w , i.e h = |w|, is limited by 2 · l,
following the process of rewriting. Then the absolute value of the negative power of ∆ is
2 · l and the number of positive ∆’s that can be derived from w is bounded by 2l
3 . So the
l
absolute value of k is bounded by | 2l
−
l|=
.
3
3
Let w be a positive word σi1 · σi2 · . . . · σih . If b is in the semigroup of braids generated
by b1 , b2 , . . . , bn then it should be a word in A that consists of a set of h edges with σ labels
which are connected by ∆’s such that total sum for powers of ∆’s will be equal to k and the
positive word after moving all ∆’s to the left will be equal to w:
Ph
∆j1 σi1 ∆j2 σi2 . . . ∆jh σih = ∆k w; i ∈ {1, 2}, j ∈ Z, d=1 jd = k
Now we nondeterministically choose a particular pattern of σ’s and even/odd values of
j 0 s and checking whether the resulting positive word after moving all ∆’s to the left will
be equal w. Obviously it can be converted into deterministic algorithm since any of the
non-deterministic guesses will be made from some finite sets. Then we also define a system of
linear Diophantine equations that will correspond to the ∆ transitions which are connecting
σi1 , σi2 . . . σih transitions. Let us assume that the subset of σ’s transitions are connected via
a ∆ transitions in modified automaton A with the following expressions R1 , R2 , . . . , Rh+1 ,
where each Rl can be
, i.e. empty, which corresponds to direct connection of σl−1 and σl
∆kl for some kl ∈ Z
∆Exprl (xz1 ,xi2 ,...,xzµ ) - which is a linear expression with µ variables, xi ∈ N .
The system of linear Diophantine equations and inequalities will consists of the equation
Ph
d=1 Rd = k and several equations representing a number of constraints for even/odd
properties as well as the restrictions on variables to be positive integers. Since this system is
known to be decidable [3] we can decide the membership problem by checking the existence
of a solution for our system of linear Diophantine equations and inequalities.
J
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The composition problems become harder with a larger number of strands.
Here we illustrate the technique to show undecidability of the fundamental problem
whether a semigroup of braids is a group.
I Lemma 13. [7] Subgroups hσ1 4 , σ2 4 i, hσ4 2 , di of the group B5 are free and B5 contains
the direct product hσ1 4 , σ2 4 i × hσ4 2 , di of two free groups of rang 2 as a subgroup, where
d = σ4 σ3 σ2 σ12 σ2 σ3 σ4 .
I Theorem 14. The Identity problem and the Group Problem are undecidable for braids in
B5 .
Proof. It was recently proved in [6] the undecidability of the following Identity Correspondence Problem (ICP) which asks whether a finite set of pairs of words (over a group alphabet)
can generate an identity pair by a sequence of concatenations:
Identity Correspondence Problem (ICP) - Let Σ = {a, b} be a binary alphabet and
Π = {(s1 , t1 ), (s2 , t2 ), . . . , (sm , tm )} ⊆ FG(Σ) × FG(Σ). Is it decidable to determine if there
exists a nonempty finite sequence of indices l1 , l2 , . . . , lk where 1 ≤ li ≤ m such that
sl1 sl2 · · · slk = tl1 tl2 · · · tlk = ε, where ε is the empty word (identity)?
We can directly use the Lemma 13 to encode Identity Correspondence Problem in terms
of braid words. We shall use a straightforward encoding to embed an instance of the Identity
Correspondence Problem into a set of braids. Given an instance of ICP say W ⊆ Σ∗ × Σ∗
where Σ = {a, b, a−1 , b−1 } generates a free group. Define two morphisms φ and ψ, Σ → B5 :
φ(a) = σ1 4 , φ(b) = σ2 4 , φ(a−1 ) = σ1 −4 , φ(b−1 ) = σ2 −4 .
ψ(a) = σ4 2 , ψ(b) = σ4 σ3 σ2 σ12 σ2 σ3 σ4 ,
ψ(a−1 ) = σ4 −2 , ψ(b−1 ) = σ4−1 σ3−1 σ2−1 σ1−2 σ2−1 σ3−1 σ4−1 .
Both φ and ψ can be naturally extended for words Σ∗ → B5 :
φ(ai1 . . . aij ) = φ(ai1 ) · . . . · φ(aij );

ψ(ai1 . . . aij ) = ψ(ai1 ) · . . . · ψ(aij )

For each pair of words (s, t) ∈ Π, define the braid word φ(s) · ψ(t). Let S be a semigroup
generated by these braid words. If there exists a solution to ICP, i.e., (ε, ε), then we see
that φ(ε) · ψ(ε) = 1 ∈ S where 1 is the trivial braid. Otherwise, since ψ and φ are injective
homomorphisms, 1 6∈ S.
Thus we have that the problem whether a trivial braid can be expressed by any finite
length composition of braids from B5 is undecidable. The ICP problem is also computationally
equivalent to the following Group Problem: is the semigroup generated by a finite set of
pairs of words (over a group alphabet) a group. Using the same morphisms φ and ψ we can
encode the Group Problem for words by braids, having that the Group Problem for braids
in B5 is also undecidable.
J

5

Conclusion

The paper introduce a few challenging algorithmic problems about topological braids opening
new connections between braid groups, combinatorics on words, complexity theory and
provides solutions for some of these problems by application of several techniques from
automata theory, matrix semigroups and algorithms.
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We show that the membership problem for B3 is decidable. The complexity of the
problem is at least NP-hard5 and the basic upper bound for the time complexity of proposed
construction is exponential. The question about the exact complexity of the membership
problem in B3 is left open and may require a further study in terms of improving the lower
bound or designing a more efficient algorithm. We believe that the proposed technique for
deciding the membership problem in B3 can also be used to design the algorithm for the
Freeness Problem: Given a set of braids with n strands B = b1 , . . . , bk ∈ Bn . Let us
denote a semigroup of braids, generated by B and the operation of composition, by hBi.
Check whether any two different concatenations of braids from B are not isotopic. I.e. is a
semigroup of braids hBi free? One of the possibilities for solving above problem with our
techniques is to follow ideas proposed in [10], but arranging a more sophisticated procedure of
dealing with powers of ∆’s. Finally in this paper we show that fundamental problems about
the braid compositions are undecidable for braids with at least 5 strands, but decidability of
these problems for B4 remains open.
Acknowledgements. The author is grateful for many fruitful discussions with Sergei Chmutov and Victor Goryunov on the computational problems in tolopogy.
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Abstract
We define DLOGTIME proof systems, DLTPS, which generalize NC0 proof systems. It is known
that functions such as Exactk and Majority do not have NC0 proof systems. Here, we give a
DLTPS for Exactk (and therefore for Majority) and also for other natural functions such as
Reach and Cliquek . Though many interesting functions have DLTPS, we show that there are
languages in NP which do not have DLTPS. We consider the closure properties of DLTPS and
prove that they are closed under union and concatenation but are not closed under intersection
and complement. Finally, we consider a hierarchy of polylogarithmic time proof systems and
show that the hierarchy is strict.
1998 ACM Subject Classification F.1.3 Complexity Measures and Classes
Keywords and phrases Proof systems, DLOGTIME, NC0
Digital Object Identifier 10.4230/LIPIcs.FSTTCS.2013.189

1

Introduction

In a seminal paper by Cook and Reckhow [6] a proof system for a language was defined
as a polynomial time computable function, called a verifier, whose range is all the words
in the language. For any language in NP, there exists such a proof system. This therefore
gives a way of viewing the complexity classes in the framework of proof systems. Polynomial
time verifiers naturally characterize languages in NP. To understand complexity classes that
contain NP, some works have considered proof systems with more powerful verifiers. (See for
example [9, 5, 4, 3].)
Taking a dual approach, proof systems with very weak verifiers have been recently studied
in [2, 8]. It is known that for any language in NP there exists a uniform AC0 proof system,
i.e. a proof system in which the verifier is a function computable by a uniform AC0 circuit.
In [2], a restriction of AC0 proof systems, namely NC0 PS was considered, where the verifier is
a (possibly non-uniform) NC0 circuit. They observed that there are NP complete languages
which have NC0 PS. However, there are even regular languages for which there are no NC0 PS.
It is natural to define a proof system that generalizes NC0 PS, but is not as general as proof
systems for NP.
In this work we investigate a proof system which generalizes uniform NC0 PS (i.e. the
verifier is a uniform NC0 circuit) but is more restrictive than AC0 PS. We consider a proof
system in which the verifier is a deterministic log-time Turing machine.
Deterministic log-time Turing machines can compute an AND of ω(1) bits and therefore
are more powerful than uniform NC0 circuits. However, they cannot compute an AND of
Θ(n) bits, and therefore are less powerful than uniform AC0 circuits. Also NC0 verifiers can
make only O(1) queries to the proof bits 1 as opposed to DLOGTIME verifiers which can

1

The input to the verifier is called a proof and it is a string over some fixed alphabet.
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make O(log n) queries. (See Section 2 for formal definitions.) We see that this makes DLTPS
much more powerful than uniform NC0 PS. Note, however, that the DLOGTIME verifier is
by default uniform. At first, this may seem like a big restriction. However, it is interesting
to note that most languages which are shown to have NC0 proof systems in [2], in fact have
uniform proof systems.

Our results
In the same spirit as in [2, 8], we prove that many interesting natural functions have
DLTPS. In [2], it was proved that functions such as ExactOR, Majority, Exactk do
not have NC0 PS. We prove (Section 3) that for any DLOGTIME computable function
k : N → N, Exactk has DLTPS, and hence ExactOR and Majority also have DLTPS.
We consider some well-known graph problems. We prove that Reachability on directed
graphs has DLTPS. We also prove that for any DLOGTIME computable function
k : N → N, Cliquek has a DLTPS (Section 4).
As a part of our study of DLTPS we analyze the closure properties of DLTPS (Section 5).
We prove that it is closed under union and concatenation. That is, if L1 and L2 are two
languages which have DLTPS then L1 ∪ L2 and L1 L2 also have DLTPS. On the other
hand, we prove that DLTPS are not closed under intersection and complement.
We prove that there is a language in NP for which there is no DLTPS. We prove this by
showing that any language which has DLTPS can be recognized by a non-deterministic
Turing machine in time O(n2 log3 n) (Theorem 10). A similar lemma was proved in [2]
for NC0 PS. Our proof is similar in spirit, however we have to be more careful in our
argument due to the adaptive nature of the queries made by the DLOGTIME verifier.
Finally, we consider a hierarchy of polylogarithmic time proof systems. We show that this
hierarchy is strict (Section 6). Our proof of the hierarchy theorem uses lazy diagonalization
as in the proof of non-deterministic time hierarchy theorem [10]. However, our proof
is more delicate due to some technical reasons: there are two crucial parameters in our
hierarchy theorem– the proof length and the running time of the DLOGTIME machine.
A naive implementation of non-deterministic time hierarchy theorem gives a hierarchy on
these two parameters simultaneously. However, we observe that DLOGTIME machine
cannot access too many proof bits and that diagonalization does not need to compute
the full output of the proof system, but only the length of the output. We believe that
our proof may be of independent interest.
Related work. Krebs et al. in [8] defined poly log AC0 proof systems. The verifier for this
proof system is a bounded fan-in O(log log n) depth circuit (possibly non-uniform) with at
most O(1) alternations. By definition, poly log AC0 proof systems generalize NC0 PS and
are a restriction of AC0 proof systems.
Though DLTPS and poly log AC0 proof systems are both generalizations of NC0 PS, they
both are very different. A poly log AC0 verifier of depth c log log n can query O(logc n) proof
bits; whereas a DLOGTIME verifier can query at most O(log n) bits. In this sense, poly
log AC0 proof system is more powerful than DLTPS. However, a DLOGTIME verifier can
make adaptive queries to the proof bits2 . This means that for computing one output bit, a
DLOGTIME verifier can potentially query all proof bits.

2

The queries made to the proof bits are said to be adaptive if having read a few bits of the proof, the
locations of the bits to be read subsequently depend on the values of those bits.
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Interestingly, [8] gave poly log depth AC0 proof systems for Exactk , ExactOR, and
Majority, but the the DLTPS and poly log AC0 proof systems for these functions are
fundamentally different. .

2

Proof Systems

DLOGTIME Turing machines have been studied in the past. (See for example [1, 7].) We
use the definition from [1]. A DLOGTIME Turing machine is a deterministic Turing machine
which has an input tape, a constant number of read-write tapes, and an index tape. We
assume that none of the tapes have an end marker. The machine runs in time O(log n) time,
where n is the length of the input. In one step, the machine can read a bit from the input
indexed by the index tape.
I Definition 1. A function f : Γ∗ → Σ∗ is computable in DLT if there exists a DLOGTIME
Turing machine M such that M (σ, i, x) halts and accepts iff wi = σ, where w0 . . . w|x|−1 =
f (x).
I Remark. Not every DLT describes a function. Consider a machine M that accepts no
letter at the first position but a letter at the second position.
We assume that the index i is given in binary notation. In general, whether i is encoded
in binary or unary is not important to the power of the functions considered here, since we
can always assume that i ≤ |x|.
A language is said to be accepted by a Turing machine if it accepts all the words in the
language and nothing else. For proof systems, this notion is reversed. A language is said to
have a Turing machine as its proof system if the output of the machine is exactly all the
words of the language, while the input ranges over all possible strings. Formally,
I Definition 2 (Proof System). Let Σ, Γ be alphabets. A proof system for L ⊆ Σ∗ is a map
f : Γ∗ → L, that is onto. A proof system f is polynomial bounded if there is a polynomial p
such that for every y ∈ L there exists an x with f (x) = y and |x| < p(|y|).
I Remark. Our proof systems cannot accept the empty language, i.e. no word at all. The
“smallest” language we can accept is the language which contains only the empty word, by
an oracle that always rejects. The input alphabet can be assumed to be {0, 1} without loss
of generality (by binary encoding of Γ).
In the definition there are two properties required for f to be a proof system of L. First,
for all inputs x the output f (x) must be in L. We refer to this property as correctness.
Second, for every y ∈ L there is an input x such that f (x) = y, i.e. f is surjective.
Here we will study proof systems where the function f is computable in DLT. Given that
a machine that runs in logarithmic time cannot output a long string, we say that a function
f is computable in DLT if every bit (or letter) of the output is computable in DLT.
Combining the last two definitions we say the language L has a DLT proof system
(DLTPS) if there is a polynomial bounded proof system f for L such that f is computable
in DLT. Note that, as input and output lengths in DLTPS are polynomially related, and as
the computational power of DLTPS is bounded by logtime in terms of the input length, it is
also bounded by logtime in terms of the output length.
In [1], simple functions were shown to be computable in DLOGTIME. They showed
that given an input x, a DLOGTIME machine can compute |x| by a double binary search.
Addition and subtraction of two O(log n) bit numbers can be done in DLOGTIME. Logarithm
of a O(log n) bit number can be computed in DLOGTIME.
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3

Word Problems

In this section we give DLTPS for various languages which are subsets of {0, 1}∗ . ExactOR is
a set of all string from {0, 1}∗ with exactly one bit set to 1. For k : N → N, Exactk ⊂ {0, 1}∗ ,
is a set of all strings with exactly k bits set to 1. And Majority ⊂ {0, 1}∗ is a set of all
strings with at least as many 1s as 0s.
In [2], the above functions were considered. They proved that ExactOR, Majority and
ExMaj do not have NC0 PS. Here, we prove that all these languages have DLTPS. In fact
we prove slightly more: we show that for every function k computable in DLT, the language
Exactk has a DLTPS.
Before we start to give a general proof for arbitrary functions k, we will look at the
specific case when k(n) = 1. So we need a proof system which outputs all strings with exactly
one occurrence of 1, i.e. the language ExactOR.
By definition a proof system is a function f : Γ∗ → Σ∗ , but in order to explain how a
proof system works it is helpful to give some interpretation to the proof x, when outputting
f (x). In the case of ExactOR the proof should encode the position of the unique one in the
string and the length of the output.
On (σ, i, x), the machine interprets the first log |x| bits of x as the prescribed position α
for the unique 1 in the output string, and the length of x will be the length of the output.
Let α denote the value of the first log |x| bits of x. The function computed by the machine
is: f (x) = 0α 10|x|−α−1 .
The machine can be described formally as follows:

M (σ, i, x)
Let n = |x|.
if i < n then
if i = α then
If σ = 1 Accept.
else
If σ = 0 Accept.
end if
end if
Reject.

log n

z}|{
x = α ...............
|
{z
}
n

Note that α need not be computed explicitly: to check whether i = α, we only need to
compare i with the first log |x| bits of x. Also note that n = |x| can be computed in
DLOGTIME. It is easy to see that the machine outputs strings with exactly one 1. As we
cycle through all x, α gets all values in the range [0, n − 1]. This ensures that the range of
the function defined by the machine is ExactOR and it is onto.
I Lemma 3. ExactOR has a DLTPS.
Our next goal to prove the generalization for every function k computable in DLT. As a
first step we give another simple proof system. Given a function k : N → N computable by a
DLOGTIME Turing machine such that ∀n : k(n) < n, there is a DLTPS for the language
{1k(n) 0n−k(n) | n ∈ N}, i.e. the language has exactly one word of length n that consists of
k(n) ones followed by zeros. This language clearly has a DLTPS, nevertheless we will give
the exact DLTPS which we will then extend to a proof system for Exactk :
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M (σ, i, x)
Let n = |x|.
if i > n then
Reject.
else
if σ = 1 and i < k(n) then Accept.
if σ = 0 and i ≥ k(n) then Accept.
Reject.
end if

x = .|. . . . . . . {z
. . . . . . . . .}.
n

Note that in the algorithm above we ignore all bits of x and only use the length of x
to determine the output. The machine maps every input word of length n to the word
1k(n) 0n−k(n) . And therefore is the proof system for this language.
Every word in the output is already in Exactk . However, Exactk contains every permutation of these words too. To give a proof system for Exactk , we will modify the above ensuring
surjectivity. We interpret the input x as a list of numbers α0 , . . . , αn−1 between 0 and n − 1,
where n is the length of the word we want to output. To access the i-th number in this list
in this notation will require multiplication of s and i, where s = dlog ne. However, we do
not know how to do this in DLOGTIME. Therefore, we store each number in DLOGTIME,
as an s bit number where s is the smallest power of 2 greater of equal to log n. Then we
compute s · i by a simple bit shift in DLOGTIME. Also since we will allow arbitrary proofs,
the number in the list might have a value larger than n − 1, in this case we will interpret
this number as the largest suitable number. Since these are only technical details we will
simply write log n bit numbers in the rest of the paper.
Let x = (α0 . . . αn−1 . . . ). We use the first n elements, i.e. α0 , α1 , . . . , αn−1 , to come up
with the output of length n and ignore the rest of the bits of x.
We interpret this list as a bijective map mα~ . We say mα~ (i) = j if αi = j and αj = i,
if there is no such j we say mα~ (i) = i. For every list α the map mα~ will be a bijection.
Assume that m(i) = j = m(i0 ) then i = αj = i0 and hence m is injective. Since the map is
between finite sets it is also surjective. Also note that every involution, i.e. a map m0 such
that m0 (m0 (x)) = x for all x, can be represented in this way.
In order to have enough space in the proof for the whole list we will check that the proof
has at least quadratic length l compared to the length n of string we want to output. Since
√
we cannot exactly compute the square root we will approximate it. To approximate b lc,
let j = blog lc and let k = bj/2c. As logarithm can be computed in DLOGTIME (see for
example [1]) and division by 2 simply involves a shift by one bit to the right, j, k can be
computed in DLOGTIME. Now, let n be the first j bits of the binary representation of l.
Then n has the property n2 ≤ l, and for all n ∈ N there exists an l ∈ N such that n is the
d
result of this operation. We define the function sqrt(l)
= n, where n is obtained by the
procedure above.
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I Theorem 4. For every function k : N → N computable in DLT, Exactk has DLTPS.
Proof. Consider the following proof system.

M (σ, i, x)
log n

d
Let n = sqrt(|x|).
if i < n then
Let j = αi
if αj = i then
Let t = j.
else
Let t = i.
end if
if σ = 1 and t < k(n) then Accept.
if σ = 0 and t ≥ k(n) then Accept.
end if
Reject.

log n

z}|{
z }| {
x = α0 . . . αn−1 . . . . . . . . . . . .
{z
}
|
≈n2

We now prove the correctness and surjectivity of M . In order to see that for a fixed x
the output contains exactly k(n) ones, note that we output a 1 if t < k(n) and t is the image
of i under a bijection. Given a word w = w0 . . . wn−1 , we need to show that there is an x
that produces the output w. Let I be the set of 1s in w. We will assign to each index in
I a unique value βi in the following way: Let I0 = {i ∈ I | i < k(n)}. We define βi = i for
i ∈ I0 and for the remaining values of I are assigned the remaining numbers less than k(n)
in an arbitrary and one-to-one manner. The x which produces this w can now be described
by specifying α0 , α1 , . . . , αn−1 : αi = βi if i ∈ I, αi = j if βj = i, and αi = i otherwise. It is
easy to see that this input produces the output w.
J
Since we can add additional 1s to the output as in [2], we get:
I Corollary 5. Majority admits a DLTPS.
Proof. As in [2] we can take a proof system of a language and add additional 1’s to the
output. Consider the proof system of Exactk where k = bn/2c + 1. We extend the proof
system by n additional bits γ1 , . . . , γn . Whenever would output a 0 at position i in the proof
system of Exactk we will check if γi = 1, in which case we output a 1 instead.
J

4

Problems on Graphs

In this section, we consider three problems on graphs. For every n ∈ N, a directed graph
on n vertices is in Reach if there exists a path from a vertex labelled 0 to a vertex labelled
n − 1 in the graph. For a fixed k, and for every n ∈ N, a graph on n vertices is in Cliquek if
it has a clique of size at least k. For graph problems like Reach, Cliquek , the output of the
proof system will be all graphs of these languages encoded as the adjacency matrix. The
nodes of the graph are labeled by 1, . . . , n and hence the adjacency matrix has size n × n.
We assume that the positions of the words are indexed by (i, j) and w(i,j) = 1 iff there is an
edge from i to j.
If we were to index the positions by a single number k, we could use any DLOGTIME
computable encoding. Though the usual encoding k = i · n + j is not immediately in
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DLOGTIME, a slight modification k = i · 2dlog ne + j is computable in DLOGTIME. For such
an encoding we would pad all positions not in the image of the tuple-function by a special
character. In the following we use (i, j) to index the positions of the word.
I Theorem 6. Reach has a DLTPS
Proof. For an output of size n × n we require an input of length at most n log n + 2n2 ≤ 4n2 .
d
So we let n = sqrt(|x|/4).
We think of the beginning of x as a list of log n-bit numbers
α0 , α1 , . . . , αn−1 . Also we pick any tuple function computable in DLOGTIME and think of
the end of x as an n × n matrix of single bits βij . All other bits of x are ignored.
We interpret α = (α0 , α1 , . . . , αn−1 ) as a path of length at most n, and (βij )i,j∈{0,1,...,n−1}
as a graph G. For an arbitrary input, we have no guarantee that the path α actually exists
in the graph G. If the graph indeed has this path, we wish to preserve it in the output. On
the other hand, if α is not a path in G, we wish to output a graph with a path. However, in
the computation of a single output bit corresponding to the edge from i to j we cannot check
whether α is a path in G, since the computation time is log-time bounded. So we spread
this test among many output bits.
The smallest proof for existence of a path between 0 and n − 1 is of constant size: for any
i, adding edges (0, i) and (i, n − 1) creates a positive instance. In DLT we can check for one
i if αi and αi+1 are the same nodes or they are connected in G. If they are not connected
we will ensure that one of the short paths exists in the graph. If α indeed encodes a valid
path, then we will simply copy G on the output tape. This way, we will generate all graphs
that have paths from 0 to n − 1.
It is easy to see that the following deterministic machine runs in O(log n) time. Observe
that we output only positive instances of Reach. Suppose G is a graph with a path from 0
to n − 1, then by repeating some of the vertices we get a sequence of nodes (α0 , . . . , αn−1 ),
which encodes this path. For this input, we will output exactly G. That is, for every positive
instance of Reach, there is an input to the algorithm which outputs that instance.

M (σ, (i, j), x)
≤2n2

log n
log n
}|
{
z}|{
z }| { z
x = α0 . . . αn−1 . . . β00 . . . βn−1,n−1
|
{z
}

d
Let n = sqrt(|x|/4)
if i < n and j < n then
if i = 0 or (i < n − 1 and j = n − 1) then
if j = n − 1 then let k = i else let k = j
if βαk ,αk+1 6= 1 then
{Check if αk and αk+1 are connected}
If σ = 1 Accept. {add the short path}
If σ = 0 Reject.
end if
end if
{No check needed or check succeeded, so output the graph G.}
If σ = βij Accept.
end if
Reject.

≈4n2

J
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I Theorem 7. For any function k : N → N computable in DLT, Cliquek is in DLTPS
Proof. We begin with an easy case, where a graph with n nodes has a k(n) clique among
the nodes 0, . . . , k(n) − 1. The input consists of an arbitrary graph G = (βij ). We output
any graph in which if two vertices have labels less than k(n) then they share an edge. All
these graphs belong to Cliquek .
As in the previous proof one can use a bijection to permute the nodes (all the nodes
including 0 and n − 1 this time), which will give a correct and surjective proof system. The
details of the proof can be worked out as in the previous proof.
J

5

Closure Properties and Complexity

Closure under union seems to be naturally hold for all proof systems.
I Lemma 8. If L1 , L2 have DLTPS, then L1 ∪ L2 has DLTPS.
Proof. Let f1 , f2 be the DLTPScorresponding to L1 , L2 . Then we define the function
f (x) = f1 (x1 . . . xn−1 ) if x0 = 0, and f (x) = f2 (x1 . . . xn−1 ) otherwise. Since f1 , f2 are
computable in DLT, so is f , and f is a proof system for L1 ∪ L2 .
The algorithm for union:

M (σ, i, x)
if b = 0 then
Run M1 (σ, i, x0 ).
else
Run M2 (σ, i, x0 ).
end if

1

z}|{
x= b
|

x0
{z
n

}

J
The closure under concatenation of proof systems is not so obvious.
I Lemma 9. If L1 , L2 have DLTPS, then L1 L2 has DLTPS.
Proof. By definition neither L1 nor L2 can be empty. Let w1 ∈ L1 and w2 ∈ L2 . Let
f1 , f2 be the proof systems corresponding to L1 and L2 , and M1 , M2 the corresponding
DLOGTIME machines.
We will construct a proof system for L1 L2 . The idea is that the proof consists of
s, l, m, u, v, where s, l, m are of length log |x| and u, v are of length |x|/4. To concatenate
f1 (u0 . . . ul−1 ) and f2 (v0 . . . vm−1 ), we will use s to “guess” the length of f1 (u0 . . . ul−1 ).
Suppose we output the bit at position i. First we check if |f1 (u0 . . . ul−1 )| = s, if this
is not the case we output the i-th letter of the fixed default word w1 w2 . Otherwise if
i < s we output the i-th letter of f1 (u0 . . . ul−1 ) and if i ≥ s we output the s-i-th letter of
f2 (v0 . . . vm−1 ).
Clearly the proof system will be correct since we only output words in L1 L2 . For
surjectivity note that the input u0 . . . ul−1 and v0 . . . vm−1 are independent. Also since f1 , f2
are polynomial bounded so is the constructed proof system. The algorithm for concatenation:
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M (σ, i, x)
log |x| log |x| log |x|

z}|{ z}|{ z}|{
z
if |f1 (u0 . . . ul−1 )| = s then
x= s
l
m ......
if i < s then
|
{z
Run M1 (σ, i, u0 . . . ul−1 ).
|x|
{Accept or Reject depending on M1 }
else
Run M2 (σ, i − s, v0 . . . vm−1 ).
{Accept or Reject depending on M2 }
end if
end if
{Output default word otherwise}
if (w1 w2 )i = σ then
Accept.
else
Reject.
end if

b|x|/4c

b|x|/4c

}|
u

{z

}|
v

{
}

In the algorithm we can test |f1 (u0 . . . ul−1 )| = s by testing if there is a σ such that
M1 (σ, s − 1, u0 . . . ul−1 ) accepts and for all σ we have that M1 (σ, s, u0 . . . ul−1 ) rejects. This
requires to simulate M1 on 2|Σ| different inputs which is possible in logarithmic time.
J
In [2], it was proved that every language L that has NC0 PS is recognised in NTIME(n).
In the case of NC0 PS it is enough to guess a proof and then evaluate the circuit on this
guessed proof. This suffices because the NC0 circuit queries the proof bits in a non-adaptive
manner. However, in the case of DLTPS the deterministic log-time machine may read bits
on the proof in an adaptive manner, i.e. it may read a location, say i, of the proof and
depending on the value of that proof bit, may decide to read the next bit. Therefore, the
simulation of such a DLTPS needs to remain consistent with respect to such adaptive queries.
I Theorem 10. If a language L has DLTPS then it can be recognised in NTIME(n2 log3 n).
Proof. As L has a DLTPS there exists a f : Γ∗ → Σ∗ computable in DLT by a Turing
machine M . Also since a DLTPS is polynomial bounded there exists a polynomial p : N → N,
such that w ∈ L iff w ∈ f (Σ<p(|w|) ).
Assume we guess the word x such that w = f (x), then we could check that M (σ, i, x)
accepts iff wi = σ. Since we want to show an upper bound of n2 log2 n we cannot simply
guess x which might have size larger than n2 log2 n.
But M is a DLT machine, so it cannot access all of the bits of x, but only O(log n) of
these bits. Since we simulate M on O(n) different inputs we require only O(n log n) of these
bits. We guess and store only the bits of x accessed by M together with their indices on the
tape which requires O(n log2 n) length.
Then we can check that f (x) = w by simulating M for all i = 0, . . . , |w|. For the
simulation of a single step we might need to search on the tape of the bit accessed which
requires O(n log2 n) time. Since we simulate the machine O(n) times with a runtime of
O(log n) steps each, so we require time O((n log2 n) · n · log n).
J
Using the non-deterministic time hierarchy theorem and Theorem 10 we get:
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I Corollary 11. There exists a language L in NP for which there is no DLTPS.
We can use the previous theorem to show that DLTPS are not closed under intersection.
I Theorem 12. The languages which have DLTPS are not closed under intersection.
Proof. We show that if DLTPS are closed under intersection then all languages in NP have
DLTPS. For this let L ⊂ Σ∗ be any problem in NP, i.e. in NTIME(nc ). We will construct
two language La , Lb over the alphabet Σ0 = Σ ∪ {x, a, b}, such that both La , Lb have DLTPS
and their intersection is L.
Let L=n = L ∩ Σn , and Ba = {x, a}∗ a{x, a}∗ , and Ban = Ba ∩ Σn . Similar Bb =
S
2c
2c
{x, b}∗ b{x, b}∗ , and Bbn = Bb ∩ Σn . Consider the languages La = n L=n xn ∪ Σn Ban ,
S =n n2c
2c
Lb = n L x ∪ Σn Bbn .
Each of the languages consists of each words of L padded by a certain number of xs,
union some “bad” part which has at least one a for the first language or at least one b for
the second language. If we take the intersection of La ∩ Lb we get the language L padded by
some xs.
We will show that we have a proof system for La . So the proof will consist of the
computation of the TM for L. This computation has at most length n2c . While the
DLOGTIME for La outputs the input to the proof in the first n positions, we output at
the remaining positions a x if the computation at this position is consistent, otherwise an a.
2c
Additionally we can output all words in Σn Ban and hence have a proof system for La .
Similarly we can construct a proof system for Lb . Assuming that DLTPS are closed
under intersection we have a proof system for La ∩ Lb . Assuming x ∈
/ Σ, we can modify the
DLOGTIME machine such that it always rejects when σ = x. This is only possible since no
letter other than x can appear at a position behind x. (Otherwise the output would not be a
word, but contains holes inside the word). The modified proof system is a proof system for
L. Since L was any language in NP this is a contradiction.
J
I Corollary 13. DLTPS are not closed under complement.

6

Hierarchy Theorems

I Definition 14. A function f : Γ∗ → Σ∗ is computable in DLTk if there exists a deterministic
Turing machine M such that M (σ, i, x) halts and accepts in time O((log |x|)k ) if wi = σ,
where w0 . . . wn−1 = f (x). We let DLk TPS be the polynomial bounded proof systems that
are computable in DLTk .
I Theorem 15 (Time Hierarchy for Proof Systems). DLt TPS ( DL2t+1 TPS
Proof. The basic idea is to apply diagonalization as in the nondeterministic time hierarchy
theorem. The machines that we consider are deterministic but we need to “guess” the proof.
We will only show the proof for DLTPS( DL3 TPS, the proof for any k is similar. The
idea is to define a language L ⊆ 1∗ and show that L has a DL3 TPS but no DLTPS. Since
we will be working over the unary alphabet we will ignore the parameter σ in our proof
systems. Also it suffices in general to consider proofs in {0, 1}∗ . Let M0 , M1 , M2 , . . . be an
enumeration of all DLOGTIME machines (which also includes DLOGTIME machines which
are not DLTPS). The idea is to divide the natural numbers in intervals such that the left
border of the interval is much smaller than the right border. For this we define a function
f : N → N by:
f (0) = 2, f (l + 1) = 22

2f (l)
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We will define the language L: Let k be any number and t = log1.1 k.
1. L contains the empty word.
2. If f (l) < k < f (l + 1) for some l, then 1k ∈ L iff there exists a word w ∈ {0, 1}∗ of
length less than or equal to 2t such that Ml (k, w) halts and accepts within t steps and
Ml (k + 1, w) halts and rejects within t steps.
3. If k = f (l + 1) for some l, then 1k ∈ L iff there exists a word w ∈ {0, 1}∗ of length
1.1
less than or equal to 2log f (l) such that Ml (f (l), w) halts and rejects within t steps or
Ml (f (l) + 1, w) halts and accepts within t steps.
For a DLOGTIME machine Ml , the definition basically says that:
1. If f (l) < k < f (l + 1) for some l, then 1k ∈ L iff the proof system Ml outputs 1k+1 .
2. If k = f (l + 1) for some l, then 1k ∈ L iff the proof system Ml does not output 1f (l)+1 .
But keep in mind that this is not our definition, just the the intention for the definition.
We will show that if Ml is a DLTPS then the language corresponding to Ml is different
from the language L. Since Ml is a DLOGTIME proof system we can assume that there is
some c such that Ml halts after at most c log n steps. And since Ml is polynomial bounded,
if there is a w such that Ml on input w will output 1n there is a word w of length at most
0
0
1.1
nc . We assume that for all n ≥ f (l): c log n ≤ log1.1 n and nc ≤ 2log n (since there are
infinite many l that represent the same DLOGTIME machine we can ensure this).
Assume by contradiction that the language of Ml equals L. By equality, we have that Ml
outputs 1f (l)+1 iff L contains 1f (l)+1 . By definition of L, for any k in f (l) < k < f (l + 1),
1.1
1k is in L iff there exists a word w ∈ {0, 1}∗ of length less or equal than 2log k such that
Ml (k, w) halts and accepts within t steps and Ml (k + 1, w) halts and rejects within t steps.
Assuming that Ml is a proof system with the bounds on computation time and proof length
as above, this happens iff Ml outputs 1k+1 (for some input). Hence by induction L contain
1f (l)+1 iff Ml outputs 1f (l+1) .
But by definition, L contains 1f (l+1) iff Ml does not output 1f (l)+1 on any input (again by
the assumption on the bounds of computation time and proof length). This is a contradiction.
Ml (1f (l)+1 ) acc m

Ml (1f (l)+2 ) acc
19

<4 . . .

...

Ml (1f (l+1) ) acc


1f (l)+1 ∈ L


1f (l)+2 ∈ L

...

...


1f (l+1) ∈ L

So L clearly has no DLTPS, it remains to show that there is a proof system D in DL3 TPS
for L. We will construct a proof system D in DL3 TPS for L. The proof system will use a
proof of length k to either output 1k or an empty string.
For an input x we let k0 = |x| be the length of the input. We compute ki+1 =
blog log log ki c, and repeat this process till we reach l such that kl = 0. Then f (l) <
k ≤ f (l + 1), where equality occurs exactly if we never needed to round down somewhere in
the process. We need at most log∗ |x| repetitions, and except for the first repetition (which
requires O(log n) steps) we only require O(log log log |x|) steps for the computation of one
repetition, so clearly we can compute this in O(log n) steps.
Given an input x of length k such that there is an l with f (l) < k < f (l + 1). We want
to output the word 1k iff there exists a word w such that Ml (k, w) halts and accepts within
t steps and Ml (k + 1, w) halts and rejects within t = log1.1 k steps. First note that only
two instance Ml are run each for t steps on w. Hence Ml will access only 2t positions of w.
This implies that we can modify all bits other than these 2t positions without changing the
acceptance behaviour of Ml (k, w) and Ml (k + 1, w). In particular, we can set all positions
other than these 2t positions to 0. Hence there is a word w such that Ml (k, w) halts and
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accepts within t steps and Ml (k + 1, w) halts and rejects within t steps iff there is a word
w with at most 2t bits set to 1 such that Ml (k, w) halts and accepts within t steps and
Ml (k + 1, w) halts and rejects within t steps.
This will greatly limit the amount of words w that we need to simulate. We interpret the
proof x as a list of log1.1 |x| bit numbers: s, α0 , . . . , α2t (we ignore all other bits). We will let
w = φ(x) where φ(x) is a word of length s that has a bit set to 1 at the positions α0 , . . . , α2t .
Then there is a word x of length k such that Ml (k, φ(x)) halts and accepts within t steps and
Ml (k + 1, φ(x)) halts and rejects within t steps iff there exists a word w ∈ {0, 1}∗ of length
less or equal than 2t such that Ml (k, w) halts and accepts within t steps and Ml (k + 1, w)
halts and rejects within t steps. Hence for our proof system it suffices to simulate Ml (k, φ(x))
and Ml (k + 1, φ(x)) for t steps, and output 1k accordingly to the definition of L.
Now assume that k = f (l + 1), then the proof system on an input x of length k should
1.1
output 1k iff there exists a word w ∈ {0, 1}∗ of length less or equal than 2log (f (l)+1) such
that Ml (f (l), w) halts and rejects within t steps or Ml (f (l) + 1, w) halts and accepts within
t steps. So here we need to check if Ml outputs a word of length f (l) + 1, where f (l) is
much smaller than f (l + 1). That is, the simulating machine runs for log1.1 (f (l) + 1) steps
1.1
and for each word of length at most 2log (f (l)+1) . Therefore, the total running time of the
f (l)
simulating machine is upper bounded by 22 . As the input length (as well as the output
2f (l)

length) in this case is 22
, our machine has enough time to actually simulate all possible
words and check the output of Ml (in this case Ml ignores the bits of x, we only require a
long x to have sufficient time for the simulation).
This completes the proof showing that L has a DL3 TPS (in fact DL2+ε TPS).
J
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Abstract
A polynomial P ∈ F[X1 , . . . , Xn ] is said to ε-approximate a boolean function F : {0, 1}n → {0, 1}
under distribution D over {0, 1}n if Prx∼D [P (x) 6= F (x)] ≤ ε. Smolensky (1987) showed that for
1
any constant primes p 6= q, any polynomial P ∈ Fp [x1 , . . . , xn ] that ( 2q
− Ω(1))-approximates
n
the boolean function MODq : {0, 1} → {0, 1} – which accepts its input iff the number of ones is
√
non-zero modulo q – under the uniform distribution must have degree Ω( n).
We consider the problem of finding an explicit function f : {0, 1}n → {0, 1} that has no
ε-approximating polynomial of degree less than n1/2+Ω(1) under some distribution, for some
constant ε > 0. We show a number of negative results in this direction: specifically, we show that
many interesting classes of functions including symmetric functions and linear threshold functions
√
do have approximating polynomials of degree O( n · polylog(n)) under every distribution. This
demonstrates the power of this model of computation.
The above results, in turn, provide further motivation for this lower bound question. Using the
upper bounds obtained above, we show that finding such a function f would have applications to:
lower bounds for AC0 ◦F where F = SYM∪THR; stronger lower bounds for 1-round compression
by ACC0 [p] circuits; improved correlation lower bounds against low degree polynomials; and
(under further conditions) showing that the Inner Product (over F2 ) function does not have
small AC0 ◦ MOD2 circuits.
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1

Introduction

Quite often, when trying to understand a model of computation (such as, say, a class of
Boolean circuits), it is profitable to see if functions computed by that model can be approximated by functions that can be computed using a different, simpler, and in general, “nicer”
model. Low-degree polynomials are an important example of such a nice model. Given
the versatility of polynomials and the wealth of algebraic and combinatorial understanding
we have of them, it is not surprising that approximations by low-degree polynomials have
been used to prove a variety of results in Complexity theory [22, 24, 1, 4, 5], Learning
Theory [19, 18], Derandomization [3, 8], etc..
The different applications listed above use various notions of “approximation”, of what
it means to be “low-degree”, and which ring to choose our low-degree polynomials from.
Here, we study one such means of approximation that has been useful in proving circuit
lower bounds [22, 24]. We say that a polynomial P ∈ F[X1 , . . . , Xn ] (for some field F)
ε-approximates a Boolean function F : {0, 1}n → {0, 1} over a probability distribution D on
{0, 1}n if Prx∼D [P (x) 6= F (x)] ≤ ε. We typically think of ε > 0 as a small constant, though
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the regime of ε close to 1/2 is also interesting and is dealt with later on.
A seminal result of Razborov [22] showed, in the case F = F2 , that a certain symmetric
√
function F : {0, 1}n → {0, 1} has no ε-approximating polynomial of degree o( n) over the
uniform distribution U for some constant ε > 0; this fact was used to prove a lower bound
for ACC0 [2] circuits computing the Majority function. Smolensky [24] further showed that
for constant primes p 6= q and F = Fp , the function MODq : {0, 1}n → {0, 1} – which accepts
P
its input x iff i xi 6≡ 0 (mod q) – does not have a ((1/2q) − ε)-approximating polynomial
√
over U of degree o( n). In another work [25], Smolensky also showed a similar degree lower
bounds for polynomials that ((1/2) − ε)-approximate the Majority function over U for any
field F. All these lower bounds are known to be tight under U [6, 27]. Moreover, as far
as we are aware, these remain the best degree lower bounds that we know of today for
polynomials approximating explicit functions 1 , even if we allow the probability distribution
D to be arbitrary (even non-explicit).
Therefore, we ask if Smolensky’s lower bound can be strengthened considerably, even
just in this weaker regime. More formally,
I Problem 1. Come up with an explicit function F : {0, 1}n → {0, 1} that has no (1/10)1
approximating polynomials of degree less than n 2 +Ω(1) under some distribution D.
The reasons for considering a lower bound under an arbitrary (as opposed to the uniform)
distribution are twofold: the first is that the circuit lower bound results mentioned above [22,
24] and other applications we will see later on only require this weaker lower bound result;
and secondly, the above lower bound notion, by LP duality, has a nice dual upper bound
notion as well. More precisely, if a Boolean function F has ε-approximating polynomials of
degree d under every distribution D, then there is a probability distribution over polynomials
of degree d that computes F correctly on every input with probability (1 − ε). Such a
distribution is called a probabilistic polynomial [26]. Probabilistic polynomials for a function
F are much easier to reason with than polynomials that approximate function F w.r.t. a
fixed distribution; this is the same kind of distinction that exists between, say, randomized
and distributional algorithms. Combination, composition, error-reduction, etc. are much
easier with probabilistic polynomials than with their distributional counterparts.
Results. We begin our search for a suitable lower bound candidate F : {0, 1}n → {0, 1}
with the class of symmetric functions. Recall that F : {0, 1}n → {0, 1} is symmetric if F (x)
depends only on the Hamming weight of x, denoted |x|. The degree lower bounds mentioned
above [22, 24, 25] were all proved for symmetric functions over the uniform distribution. A
natural question to ask is if we can improve these lower bounds for functions in this class.
It has been observed [6, 27] in the literature that as long as we only consider the uniform
distribution, the lower bounds of Razborov and Smolensky are indeed tight. In other words,
for any constant ε ∈ (0, 1/2), any symmetric function F : {0, 1}n → {0, 1} has an ε√
approximating polynomial of degree O( n) under the uniform distribution. The way to
prove this is to note that the uniform distribution puts all but an ε-fraction of its mass on
√
the central O( n) layers of the hypercube {0, 1}n . Thus, by interpolating a polynomial of
√
degree O( n) that computes F exactly on these points of the hypercube (possible since F
√
is symmetric), we obtain an O( n) degree polynomial that ε-approximates F .
However, the strategy used above is crucially dependent on the underlying distribution
being uniform (or at least having a nice product structure) and thus it is conceivable that
1

Throughout, we are not very formal about what we mean by an explicit function, since any reasonable
notion will do. The reader may take it to mean a function from a function family computable in
polynomial time.
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under other distributions, symmetric functions might not have such low-degree polynomial
approximations. Somewhat surprisingly, this turns out to be false. We show that symmetric
√
functions in fact have small error probabilistic polynomials of degree O( n · polylog(n)) and
hence they have small error approximations of the same degree over any distribution D.
We describe a simple case of the proof here for intuition. Assume that F is the MOD2
function and that the underlying field is R. As we outlined above, F has an ε-approximation
√
P ∈ R[X1 , . . . , Xn ] of degree O( n) under the uniform distribution. We obtain an ε-error
probabilistic polynomial for F as follows. Suppose x ∈ {0, 1}n is an arbitrary input. Note
L
that for any y ∈ {0, 1}n , we can write MOD2 (x) = MOD2 (x ⊕ y) MOD2 (y), where
x ⊕ y ∈ {0, 1}n is obtained by taking the bitwise sum of x and y modulo 2. Now say
L
y ∈ {0, 1}n is chosen uniformly at random; we have MOD2 (x) = MOD2 (x⊕y) MOD2 (y).
Since y is uniformly random, we see that x ⊕ y is also uniformly distributed over {0, 1}n .
L
Hence, we have P (x y) = MOD2 (x ⊕ y) with probability at least 1 − ε. Thus, the
L
probabilistic polynomial Q(x) := P (x ⊕ y) MOD2 (y) computes MOD2 (x) correctly with
probability at least 1 − ε. It is easily argued that the degree of Q for every fixed value of y
is at most the degree of P and this concludes the proof.
It turns out that the above idea, suitably modified, also gives low-degree polynomials for MODq as long as q is not too large. After having done this, we can handle the
case of general symmetric functions by using the Chinese Remainder Theorem (Theorem
15), which tells us that the Hamming weight |x| ∈ {0, . . . , n} is completely determined by
the values |x| (mod q), where q ranges over all “small” primes. This allows us to obtain
√
O( n · poly(log n))-degree probabilistic polynomials for all symmetric functions using the
probabilistic polynomials we construct for MODq . In fact, we obtain a more general result: we get probabilistic polynomials of low degree for all functions that are determined by
“small-weight” sums of the bits of the input x. This result is proved in Section 3.2.
In Section 3.3, we extend these results to certain functions that depend on “large weight”
sums of the bits of x. The class of functions that we consider are the Linear Threshold
functions that have received quite some attention in the literature [14, 15, 17]. Using the
above result in conjunction with ideas due to Hofmeister [17], we show that any Linear
√
Threshold function of n Boolean variables has a probabilistic polynomial of degree O( n ·
poly(log n)).
The above results show that probabilistic polynomials of degree n1/2+o(1) are a surprisingly powerful and robust model of computation. This suggests that solving Problem 1
might be a significant challenge. On the other hand, however, these results also imply that
solving Problem 1 would have significant rewards. In Section 4, we show that an explicit
function F as above would have applications to many problems including lower bounds for
compression by constant-depth circuits [11], lower bounds for some strong constant-depth
circuit classes, improved correlation lower bounds against low-degree polynomials over small
fields [27], and to showing that the Inner Product function does not have small AC0 ◦ MOD2
circuits [23] (if the function F has some additional “nice” properties).
Due to lack of space, many proofs are postponed to the full version of the paper.

2

Definitions and preliminaries

Let F be an arbitrary field and n ∈ N be a growing parameter. We denote by Bn the set of
all functions f : {0, 1}n → {0, 1}.
I Definition 2. A function f ∈ Bn is said to be symmetric if there exists a function
Pn
h : {0, . . . , n} → {0, 1} such that for any x ∈ {0, 1}n , we have f (x1 , . . . , xn ) = h ( i=1 xi ).
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That is, the value of f (x) is determined by the Hamming weight of x, denoted |x|.
More generally, given W ∈ N, we say that f is W -sum determined if there exist
P
w1 , w2 , . . . , wn ∈ N such that i wi ≤ W and a function h : {0, . . . , W } → {0, 1} such
Pn
that for any x ∈ {0, 1}n , we have f (x1 , . . . , xn ) = h ( i=1 wi xi ). Note that symmetric
functions in Bn are n-sum determined. It can also be seen that every f ∈ Bn is (2n − 1)-sum
determined.
Some examples of symmetric functions in Bn are:
the Majority function MAJn , which accepts inputs x such that |x| > n/2,
the MODnm,r function for m ≥ 2 and r ∈ N, which accepts x such that |x| ≡ r (mod m).
We omit the superscript n above when it is clear from context.
I Definition 3. A function f ∈ Bn is said to be a Linear Threshold function if there exist
Pn
a1 , . . . , an , θ ∈ R such that for any x ∈ {0, 1}n f (x) = 1 iff i=1 ai xi ≥ θ.
Notation. We denote by SUMnW , THRn the set of all W -sum determined functions
and linear threshold functions in Bn respectively. When n is clear from context, we use
SUMW , THR instead of SUMnW , THRn .
I Definition 4. Let n, d ∈ N and ε ∈ (0, 21 ). Fix a probability distribution D over {0, 1}n .
We say that a function f ∈ Bn is (d, ε, D)F -approximable if there is a polynomial P ∈
F[X1 , . . . , Xn ] of degree at most d such that Prx∼D [P (x) 6= f (x)] ≤ ε.
Smolensky [24] proved the following degree lower bounds on ε-approximating polynomials
for the MODnq,0 function, where q is a constant prime.
I Theorem 5 ([24]). For any ε < 1/10q, any polynomial that ε-approximates the MODnq,0
p
function w.r.t. the uniform distribution over {0, 1}n has degree Ω( n log(1/ε)).
I Definition 6 (Probabilistic polynomial [26]). A probabilistic polynomial of degree d in
F[X1 , . . . , Xn ] is a probability distribution P over polynomials of degree at most d in
F[X1 , . . . , Xn ]. Given f ∈ Bn and an ε ∈ (0, 12 ), we say that P is an ε-error probabilistic
polynomial for f if ∀x ∈ {0, 1}n , we have PrP [P(x) 6= f (x)] ≤ ε. The ε-error probabilistic
degree of f over F is the least d s.t. f has an ε-error probabilistic polynomial of degree d.
The following simple facts will be useful. The first is an easy consequence of LP duality
and the second follows, for example, from polynomial interpolation or Möbius Inversion.
I Fact 7. Fix any ε ∈ (0, 12 ), n ∈ N, and any field F. Then, for any f ∈ Bn , f has ε-error
probabilistic degree d iff f is (d, ε, D)F -approximable for every probability distribution D.
I Fact 8. Every f ∈ Bn can be exactly represented by a polynomial in F[X1 , . . . , Xn ] of
degree at most n. That is, there is a polynomial P ∈ F[X1 , . . . , Xn ] of degree at most n
such that for any x ∈ {0, 1}n , we have P (x) = f (x).
I Fact 9. Assume f ∈ Bs and gi ∈ Bt (i ∈ [s]). Define F ∈ Bt as follows: F (x) :=
f (g1 (x), . . . , gs (x)). Say P is an ε-error probabilistic polynomial of degree d for f and Qi
(i ∈ [s]) is a δi -error probabilistic polynomial of degree di for gi . Then, P(Q1 , . . . , Qs ) is an
Ps
(ε + i=1 δi )-error probabilistic polynomial for F of degree d · (maxi∈[s] di ).
We also recall here the definitions of some well-known constant-depth circuit classes.
Throughout, the size of a circuit is the number of wires in the circuit. The class of polynomial
sized constant-depth circuits made up of AND, OR, and NOT gates is called AC0 ; for p a
constant prime, ACC0 [p] is the class of polynomial sized constant depth circuits containing
AND, OR, NOT and MODp gates (a MODp gate computes a MODp,r function applied to
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its input bits, for some r). We will abuse notation and use “AC0 circuits of size s” to refer
to constant-depth circuits of size s with AND, OR, NOT gates (similarly, we will also say
“ACC0 [p] circuits of size s”).
The following is implied by works of Razborov [22], Smolensky [24], and Tarui [26].
I Theorem 10 ([22, 24, 26]). Let s ∈ N and ε ∈ (0, 1/2) be arbitrary parameters. Any
AC0 circuit of size s and depth d has an ε-error probabilistic polynomial of degree (log s ·
log(1/ε))O(d) over any field F. Any ACC0 [p] circuit of size s and depth d has an ε-error
probabilistic polynomial of degree (log s · log(1/ε))O(d) over the field Fp .
We also consider constant-depth circuits with other gate types: a SYM gate can compute
an arbitrary symmetric function of its inputs, a THR gate can compute an arbitrary linear
threshold function, and a SYMTHR gate can do either. For a gate type G (such as SYM,
THR, MODp , etc.), we use AC0 ◦ G to denote the class of polynomial constant-depth circuits
where the inputs feed into gates of type G, which in turn feed into an AC0 circuit.

Probabilistic polynomials for SUMW and THR

3

Let F be an arbitrary field and n ∈ N a growing parameter. In this section, we prove the
following theorems.
I Theoremp11. Fix ε ∈ (0, 21 ) and W ∈ N. Any f ∈ SUMnW has ε-error probabilistic degree
at most O( n log(1/ε) · (log W )O(1) ).
n
1
I Theorem 12. Fix
 ε ∈ (0, 2 ). Any f ∈ THR has ε-error probabilistic degree at most
√
1 O(1)
O( n · (log n log ε )
).

We will prove these two theorems in three steps:
We will first show that certain functions in p
Bn (variants of the modular functions
MODm,r ) have ε-error probabilistic degree O( n log(1/ε) · (log n)O(1) ). This will establish a weak form of Theorem 11.
Using some Chinese Remaindering ideas, we will then derive Theorem 11.
Using some more Chinese Remaindering ideas due to Hofmeister [17] and Theorem 11,
we will prove Theorem 12.
We first introduce a generalization of the symmetric MODnm,r function. Given w ∈ Znm ,
we denote by MODnm,r,w (or just MODm,r,w if n is clear from context) the Boolean function
Pn
in Bn that accepts its input x ∈ {0, 1}n iff i=1 wi xi ≡ r (mod m). We identify Zm with
{0, 1, . . . , m − 1}.

3.1

Probabilistic polynomials for MODnm,r,w

The main result of this section is the following.
1
n
I Lemma 13. Fix integers m ≥ 2 and r ∈ {0, 1, . . . , m−1}. For
p any ε ∈ (0, 2 ) and w ∈ Zm ,
n
the function MODm,r,w has an ε-error probabilistic degree O( n log(m/ε) · m).
p
In particular for m = (log n)O(1) , the probabilistic degree is O( n log(1/ε) · (log n)O(1) ).
We first need a lemma regarding the approximability of symmetric functions in Bn with
respect to some simple product distributions over {0, 1}n . For ρ ∈ [0, 1], let Dρ denote the
distribution over {0, 1}n where each bit is set to 1 independently with probability ρ.
The following lemma is a slight extension of one from a survey of Viola [27] – where
the proof is attributed to Avi Wigderson – based on a lemma due to Bhatnagar, Gopalan,
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and Lipton [6]. Though the proof in [27] only works in finite characteristic, the lemma can
actually be proved for any field F. The proof is postponed to the full version of the paper.
I Lemma 14. p
Let f ∈ Bn be an arbitrary symmetric function, ρ ∈ [0, 1], and ε ∈ (0, 21 ).
Then, f is (O( n log (1/ε)), ε, Dρ )F -approximable.
Proof of Lemma 13. The idea behind the proof is to exploit the random self reducibility of
MODm,r,w . Let x ∈ {0, 1}n be arbitrary and w ◦ x ∈ Znm be the vector whose i-th entry is
wi xi . For any y ∈ Znm and t ∈ Zm , we define Sy,t (x) ∈ {0, 1}n to be such that the ith bit of
Sy,t (x) is 1 iff the i-th entry of the vector (w ◦ x) + y is congruent to t modulo m; that is,
P
wi xi + yi ≡ t (mod m). The basic observation we will use is that to check if i wi xi ≡ r
P
P
(mod m), it suffices to check that i (wi xi +yi ) ≡ r + i yi (mod m), which in turn reduces
to computing MODm,r0 (Sy,t (x)) for various r0 , t.
Formally, note that for any y ∈ Znm , we have
X

MODm,r,w (x) =

m−1
^

MODm,rt (Sy,t (x))

(1)

(r1 ,...,rm−1 )∈T t=1

n
o
P
P
where T = (r1 , . . . , rm−1 ) ∈ Zm−1
j
·
r
≡
r
+
y
(mod
m)
. (Note that the funcj
i
m
j
i
tion on the left hand side above is MODm,r,w , where as on the right hand side, we have
the symmetric functions MODm,r0 for various r0 .) For any fixed y, the i-th bit of Sy,t (x)
depends only on xi and by Fact 8, can be represented exactly by a degree 1 polynomial in
xi . Now, for a uniformly random y ∈ Znm , (w ◦ x) + y is a uniformly random element of Znm .
Hence, Sy,t (x) is a random element from {0, 1}n chosen according to the distribution D m1
and its individual bits are degree 1 probabilistic polynomials in x.
Let δ ∈ (0, 12 ) be a parameter whose value we will fix later. Since the function MODm,r0
is symmetric,
by Lemma 14, we know that for all m, r0 there is a polynomial Pm,r0 of degree
p
O( n log(1/δ)) such that Prx∼D 1 [Pm,r0 (x) 6= MODm,r0 (x)] ≤ δ. Consider the probabilistic
m

polynomial Qm,r,w (X1 , . . . , Xn ) defined (based on the choice of y ∈ Znm ) as follows:
Qm,r,w (X1 , . . . , Xn ) =

X

m−1
Y

Pm,rt (Sy,t (X1 , . . . , Xn ))

(r1 ,...,rm−1 )∈T t=1

.
p
Observe that the degree of Qm,r,w is O(m n log(1/δ)).
We claim that for suitably small δ, Qm,r,w is an ε-error probabilistic polynomial for
MODm,r,w . To see this, note that if y ∈ Znm satisfies Pm,r0 (Sy,t (x)) = MODm,r0 (Sy,t (x)) for
all choices of r0 and t, then by (1), we have Qm,r,w (x) = MODm,r,w (x). Thus, we have
Pr[Qm,r,w (x) 6= MODm,r,w (x)] ≤ Pr[∃r0 , t Pm,r0 (Sy,t (x)) 6= MODm,r0 (Sy,t (x))]
Q

y

For any fixed r0 , t, by our choice of Pm,r0 , the probability that Pm,r0 (Sy,t (x)) does not equal
MODm,r0 (Sy,t (x)) is at most δ. By a union bound over all t, r0 and using the inequality
above, we have PrQ [Qm,r,w (x) 6= MODm,r,w (x)] ≤ m2 · δ. Setting δ = ε/m2 , we get
that p
Qm,r,w is an ε-error
p probabilistic polynomial for MODm,r,w . The degree of Qm,r,w is
J
O(m n log(1/δ)) = O( n log(m/ε) · m).

3.2

Proof of Theorem 11

Pn
By the definition of SUMW , there exist w1 , . . . , wn ∈ N such that i=1 wi ≤ W and for
Pn
any x ∈ {0, 1}n , the output f (x) is determined by the value i=1 wi xi ∈ {0, 1, . . . , W }.
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We reduce the problem of constructing small error probabilistic polynomials for f to that
of constructing small error probabilistic polynomials for MODm,r,w (for suitable m, w) by
using the Chinese Remainder Theorem (see, e.g., [13]), a special case of which follows.
I Theorem 15. Fix a positive W ∈ N and any distinct primes p1 , . . . , p` (` ≥ 1) such that
Q`
j=1 pj > 2W . Then, given any congruence classes aj ∈ {0, . . . , pj − 1} (j ∈ [`]) modulo
these primes, there is at most one k ∈ {−W, −(W − 1), . . . , W } s.t. k ≡ aj (mod pj ) for
each j ∈ [`].
Let ` = dlog W e + 2 and p1 ≤ · · · ≤ p` be the first ` distinct primes. By the Prime
Q`
Number Theorem [13], maxj∈[`] pj = p` = O(log W log log W ). Since j=1 pj ≥ 2` >
2W , we see using Theorem 15 that each integer k ∈ {0, . . . , W } is uniquely determined
(among the integers {0, . . . , W }) by its congruence classes modulo each of the pj (j ∈ [`]);
that is, by the tuple (k (mod pj ))j∈[`] . In particular, for any x ∈ {0, 1}n , the integer
Pn
P
(( i wi xi ) (mod pj ))j∈[`] . Moreover, note that for
i=1 wi xi is uniquely determined by P
any j ∈ [`], the congruence class of
i wi xi modulo pj is determined uniquely by the
tuple (MODpj ,r,wj (x))r∈Zpj , where wj is obtained from w by dropping each of its entries
modulo pj . Hence, for any x ∈ {0, 1}n , the value of f (x) is determined by the tuple
(MODpj ,r,wj (x))j∈[`],r∈Zpj .
P`
We summarize the discussion above in the form of the following claim. Let s = j=1 pj .
I Claim 16. Let f, w1 , . . . , wn , p1 , . . . , p` be
g ∈ Bs such
 as above. Then, there is a function

n
that for all x ∈ {0, 1} , we have f (x) = g MODpj ,r,wj (x) : j ∈ [`], r ∈ Zpj .
Let δ ∈ (0, 21 ) be a parameter that we will fix below. Now, by Lemma 13, we know
that for each j ∈ [`] and r ∈ Zpj , the function MODpj ,r,wj has a δ-approximating probp
p
abilistic polynomial
of
degree
O(p
n
log(p
/δ))
=
O(log
W
log
log
W
n log(log W/δ)) =
j
j
p
O(log2 W n log(1/δ)). Moreover, by Fact 8, the function g from Claim 16 can be represP
ented exactly by a polynomial of degree s = j pj = O(log3 W ). Thus, by Fact 9, we see
p
P
that f has a (( j pj ) · δ)-error probabilistic polynomial of degree O((log W )5 n log(1/δ))
for any δ ∈ (0, 1/2).
P
Since j pj = O(log3 W ), we may set δ = ε/C log3 W for some large absolute constant
C and thus obtain
p an ε-error probabilistic polynomial for f . The degree of this polynomial
O(1)
n log(1/ε). This completes the proof of Theorem 11.
is (log W )

3.3

Proof of Theorem 12

In this section, we construct probabilistic polynomials for an arbitrary f ∈ THRn . We use
many ideas and observations of Hofmeister [17] (see also [14, 15]) regarding the structure of
Linear Threshold functions.
Recall that given f ∈ THRn , there exist a1 , . . . , an , θ ∈ R such that for all x ∈
Pn
{0, 1}n , we have f (x) = 1 iff
i=1 ai xi − θ ≥ 0. Moreover, it is known by a result of
Muroga [21] that we may in fact choose a1 , . . . , an and θ to be integers of magnitude at
most M = 2O(n log n) . We fix such integers a1 , . . . , an , θ. Let N denote M (n + 1). Let
I = {i ∈ Z | −(n + 1) ≤ i ≤ n + 1} and I ≥0 be the non-negative members of I.
Similar to [17], we define the following.
(j)
For j ∈ {0, . . . , ` = dlog N e}, we define integers ai (i ∈ [n]) and θ(j) as follows. We
(0)
define θ(0) = θ and ai = ai for i ∈ [n]. For j ∈ [`], we define θ(j) = trunc(θ(j−1) /2) and
(j)
(j−1)
ai = trunc(ai
/2) for i ∈ [n]. Here, trunc(z) = bzc for z ≥ 0 and dze for z < 0.
For j ∈ {0, . . . , `} and any prime p ∈ N, define
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Pn
(j)
INSj ∈ Bn so that INSj (x) = 1 iff i=1 ai xi − θ(j) ∈ I.
Pn
(j)
INSpj ∈ Bn so that INSpj (x) = 1 iff ∃k ∈ I such that i=1 ai xi − θ(j) ≡ k (mod p).
Pn
(j)
POSj ∈ Bn so that POSj (x) = 1 iff i=1 ai xi − θ(j) ∈ I ≥0 .
Pn
(j)
(j)
POSpj ∈ Bn so that POSpj (x) = 1 iff ∃k ∈ I ≥0 such that
≡ k
i=1 ai xi − θ
(mod p).
The following is implicit in [17]. We omit the proof.
I Lemma 17. Let f, POSj , INSj (j ∈ {0, . . . , `}) be as defined above. Then, for any x ∈
P`
{0, 1}n , f (x) = POS0 (x) + j=1 INSj−1 (x) ∧ POSj (x) , where the sum is taken over the
integers (and hence, the equality also holds modulo the characteristic of F).
We construct a small error probabilistic polynomial for f by constructing small error
probabilistic polynomials for the functions INSj , POSj (j ∈ {0, . . . , `}). The following lemma
assures us that this is possible.
I Lemma 18. For j ∈ {0, . . . , `} and any δ ∈ (0, 1/2), the functions INSj and POSj have
√
O(1)
δ-error probabilistic polynomials of degree O( n · (log n log(1/δ))
).
Assuming Lemma 18, we can prove Theorem 12 easily as follows. Fix δ = ε/(2` + 1).
Using Lemma 18, we have δ-error probabilistic polynomials Pj for POSj and Qj for INSj
√
of degree O( n · (log n log(1/ε))O(1) ). Consider the probabilistic polynomial P = P0 +
P`
n
j=1 (1 − Qj−1 ) · Pj . By Lemma 17, for any x ∈ {0, 1} , we have P(x) = f (x) unless there
is a j ∈ {0, . . . , `} such that Pj (x) 6= POSj (x) or a j ∈ [`] such that Qj (x) 6= INSj (x). By
a union bound, the probability that this occurs is at most (2` + 1) · δ = ε. Hence, P is an
√
ε-error probabilistic polynomial for f of degree O( n · (log n log(1/ε))O(1) ). This finishes
the proof of Theorem 12.
Proof of Lemma 18. Fix a j ∈ {0, . . . , `}. We prove the claim for INSj only. The proof for
POSj is very similar with I ≥0 replacing I throughout.
Pn
(j)
Recall that INSj (x) = 1 iff i=1 ai xi − θ(j) ∈ I. Hence, INSj (x) depends only on
P (j)
the sum i ai xi and this might indicate that Theorem 11, that constructs probabilistic
polynomials for functions in SUMW , might be useful. However, the value of W here is too
large: it may be as large as M · (n + 1) = 2Ω(n log n) . We therefore first reduce the problem
to the case of small-weight sums by going modulo small primes. This idea has been used
before by Hofmeister [17], albeit for a different purpose from ours.
P
Consider any prime p ∈ N. Note that INSpj (x) is a function only of
i bi xi where
(j)

bi ∈ {0, . . . , p − 1} is chosen so that bi ≡ ai (mod p). Thus, INSpj ∈ SUMW where
W = O(pn). Moreover, observe that:
If INSj (x) = 1, then INSpj (x) = 1 for any prime p.
If INSj (x) = 0, then though INSpj (x) could be 1 for some values of p, this does not
happen too often. The following makes
this precise:

I Claim 19. If INSj (x) = 0, then | p ∈ N p prime and INSpj (x) = 1 | ≤ log((2N )2n+3 )
≤ Cn2 log n for some constant C > 0.
P (j)
Proof. Since INSj (x) = 0, the integer K := i ai 
xi − θ(j) does not belong to I. Also,
we know that |K| ≤ M (n + 1) = N . Now, let Sx = p ∈ N p prime and INSpj (x) = 1 .
By the definition of Sx , p ∈ Sx iff there is some k ∈ I such that K ≡ k (mod p) or
in other words, p|(K − k). Thus, every p ∈ Sx divides K − k for some k ∈ I and
Q
Q
hence the product k∈I (K − k). Therefore, |Sx | ≤ log( k |K − k|) ≤ log((2N )2n+3 ) as
claimed.
J
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Now fix r = d(2Cn2 log n)/δe where C is the constant from Claim 19. Let p1 , . . . , pr be
the first r primes. By our reasoning above, for any x ∈ {0, 1}n , we have
INSj (x) = 1 ⇒ INSpj k (x) = 1 ∀k ∈ [r],
INSj (x) = 0 ⇒ Prk∈[r] [INSpj k (x) = 1] ≤

Cn2 log n
r

≤

δ
2

We claim that the functions INSpj k (k ∈ [r]) have probabilistic polynomials of low degree.
As we argued above, the function INSpj k (x) ∈ SUMWk for Wk = O(pk n). Moreover, by
the Prime Number Theorem [13], we have pk ≤ O(r log r) for each k ∈ [r]. Hence, for
each k ∈ [r], the function INSpj k ∈ SUMW for W = O(nr log r). Applying Theorem 11,
we see that the function INSpj k has a (δ/2)-error probabilistic polynomial Qk of degree
p
√
O( n log(1/δ)(log W )O(1) ) = n · (log n log(1/δ))O(1) , where the final equality follows from
our choice of r.
Now, consider the probabilistic polynomial Q: that is, we first pick k ∈ [r] uniformly
at random and then sample a polynomial from the distribution Qk . We claim that Q is
a δ-error probabilistic polynomial for INSj . To see this, note that for any x ∈ {0, 1}n , we
must have Q(x) = INSj (x) unless one of the following two events occurs:
INSpj k (x) 6= INSj (x). As we saw above, this happens with probability at most δ/2.
Qk (x) 6= INSpj k (x). By our choice of Qk , this happens with probability at most δ/2.
Hence, the probability that Q(x) 6= INSj (x) is at most δ. Thus, Q is a δ-error probabilistic
√
J
polynomial for INSj of degree n · (log n log(1/δ))O(1) .

4

Connections to other problems

1-round Compression by ACC0 [p] circuits. Motivated by applications in Cryptography,
parameterized complexity, and PCPs, Chattopadhyay and Santhanam [11] study the problem of proving lower bounds for compression by constant-depth circuits. We briefly describe
the setup here, referring to [11] for details.
We define a compression game, between two players Alice and Bob, as follows. Let f ∈ Bn
be known to both players. Alice, a computationally bounded player, is given x ∈ {0, 1}n
and wishes to compute f (x) with the aid of Bob, who is computationally unbounded. The
aim is to minimize the amount of communication between the players. We consider the case
when Alice’s computational power is restricted to a class of constant-depth circuits C, which
we call a C-compression game. We also consider the special case of 1-round compression
games, where Alice sends a message to Bob based on the input x and Bob declares the value
f (x). Note that for any reasonable C, there is always a 1-round communication protocol
with communication n: Alice simply sends x to Bob, who then outputs f (x).
In the case that C = AC0 , [11] showed a close to optimum communication lower bound
of n/(log n)O(1) for the MOD2 function. In the case that C = ACC0 [p] (p prime),using
Theorem 5, they show that any 1-round compression protocol for MODq,0 must involve
√
Ω( n/(log n)O(1) ) bits of communication. Using the same idea, we can show that stronger
inapproximability results (w.r.t. any distribution) would imply stronger communication
lower bounds for 1-round ACC0 [p]-compression game. The proof is omitted.
I Theorem 20. Assume f ∈ Bn has a 1-round ACC0 [p]-compression protocol with communication c. Then, f has a (1/10)-error probabilistic polynomial over Fp of degree O(c ·
(log n log c)O(1) ). In particular, if f has no (1/10)-error probabilistic polynomial of degree
n1/2+ε over Fp for some ε > 0, then any 1-round ACC0 [p]-compression protocol for f requires Ω(n1/2+ε /(log n)O(1) ) bits of communication.
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Lower bounds for AC0 ◦ SYMTHR. There has been considerable work on proving lower
bounds for AC0 augmented with more powerful gates in some specific way, as a way of making
progress towards proving lower bounds for stronger circuit classes, such as TC0 . Some of
these works [16, 9, 20] have considered the model where the AC0 circuits are allowed to
have a “few” SYM, THR, or other gates. We consider a different variant where there are no
bounds on the number of SYM and THR gates but on their position in the circuit: we require
that these gates appear just above the input variables. As far as we know, lower bounds
even for simple special cases of this model such as OR ◦ AND ◦ SYM and OR ◦ AND ◦ THR
are unknown. In the case that the SYM gates at the bottom involve modular computation,
some recent progress [12, 10] has been made. We can show that any function in the circuit
√
class AC0 ◦SYMTHR has small error probabilistic polynomials of degree O( n·polylog(n)),
and hence proving that an explicit function f does not have probabilistic polynomials of this
degree will prove an explicit lower bound for this circuit class. The proof is omitted.
I Theorem 21. Let F ∈ Bn be computed by an AC0 ◦ SYMTHR circuit of size s. Then, F
√
has a (1/10)-error probabilistic polynomial of degree O( n(log n log s)O(1) ) over any field F.
In particular, if F has no (1/10)-error probabilistic polynomial of degree less than n1/2+Ω(1)
Ω(1)
over some field, then any AC0 ◦ SYMTHR circuit for F must have size 2n .
Correlation bounds for low-degree polynomials. Let p ∈ N be a constant prime. We
consider the problem of proving correlation bounds over Fp : i.e., showing that an explicit
Boolean function f ∈ Bn is (d, δ, D)Fp -inapproximable for δ close to 1/2. For brevity, we say
that f ∈ Bn is (d, ε, D)Fp -correlated (resp. uncorrelated) if it is (d, 21 − ε, D)Fp -approximable
(resp. inapproximable). Showing strong correlation bounds against low-degree polynomials,
(say, for ε  1/n, d = polylog(n), and D the uniform distribution) would have applications
to constructing PRGs for ACC0 [p] (see [27]).
 

Smolensky [25] showed that the MAJn function is (d, O √dn , U)Fp -uncorrelated for any
d ∈ N where U denotes the uniform distribution. For d  log n, this bound has been
strengthened by results of Bourgain [7] and Viola and Wigderson [28]. However, when
d ≥ log n, Smolensky’s bound has not been improved for any probability distribution D.
We can show that proving probabilistic polynomial degree lower bounds of n1/2+Ω(1) over
Fp would improve on Smolensky’s correlation lower bound for some (possibly non-explicit)
distribution. The proof is omitted.
I Theorem 22. Assume that for some d ∈ N and δ > 0, the function f ∈ Bn is (d, δ, D)Fp correlated for every distribution D over {0, 1}n . Then, for any ε ∈ (0, 21 ), f has an ε-error
O(1)

probabilistic polynomials of degree d·(log(1/δ) log(1/ε))
over Fp . In particular, if f has no
δ
1/2+η
(1/10)-error probabilistic polynomial of degree
n
for

 some constant η > 0, than there
d·(log n)O(1)
is some distribution D such that f is (d, O
, D)Fp -uncorrelated.
n1/2+η
Lower bounds for AC0 ◦ MOD2 circuits computing Inner Product. We define the Inner
Ln
product function IPn ∈ B2n as follows: IPn (x1 , . . . , xn , y1 , . . . , yn ) =
i=1 xi ∧ yi . By
definition, IPn has a depth-2 ACC0 [2] circuit of linear size, which is made up of 2n AND
gates feeding into a MOD2,1 gate. Servedio and Viola [23] consider the question of whether
IPn can be computed by a polynomial sized AC0 ◦MOD2 circuit. This question has relations
to Matrix Rigidity (see [23]) and Communication complexity [2].
Here, we show the following: if there is a constant-degree polynomial from F2 [X1 , . . . , Xn ]
that does not have a (1/10)-error probabilistic polynomial of degree n1/2+Ω(1) over some
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field F, then IPn does not have polynomial-sized AC0 ◦ MOD2 circuits. Note that by
Lemma 13, any degree-1 polynomial over F2 has a (1/10)-error probabilistic polynomial
of degree O(n1/2 ) over any field F. For polynomials of degree 2 and above, as far as we are
aware, there are no such results known.
I Theorem 23. If IPn has an AC0 ◦ MOD2 circuit of size s, then any constant-degree
polynomial P ∈ F2 [X1 , . . . , Xn ] has a (1/10)-error probabilistic polynomial Q of degree
√
O( n · (log n log s)O(1) ) over any field. In particular, if there is a constant-degree polynomial P ∈ F2 [X1 , . . . , Xn ] that has no (1/10)-error probabilistic polynomial of degree less
Ω(1)
than n1/2+Ω(1) over some field, then any AC0 ◦ MOD2 circuit for IPn must have size 2n .
The proof of the above is postponed to the full version of the paper. Note that as
opposed to the explicit lower bounds required for the applications in previous sections, the
above theorem says that a degree lower bound for probabilistic polynomials over some F
even for a somewhat non-explicit function suffices to prove a lower bound for the explicit
Inner Product function.
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Abstract
Zielonka’s theorem, established 25 years ago, states that any regular language closed under commutation is the language of an asynchronous automaton (a tuple of automata, one per process,
exchanging information when performing common actions). Since then, constructing asynchronous automata has been simplified and improved [6, 19, 7, 12, 8, 4, 2, 20, 21].
We first survey these constructions and conclude that the synthesized systems are not realistic
in the following sense: existing constructions are either plagued by deadends, non deterministic
guesses, or the acceptance condition or choice of actions are not distributed. We tackle this
problem by giving (effectively testable) necessary and sufficient conditions which ensure that
deadends can be avoided, acceptance condition and choices of action can be distributed, and determinism can be maintained. Finally, we implement our constructions, giving promising results
when compared with the few other existing prototypes synthesizing asynchronous automata.
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1

Introduction

Designing distributed systems is notoriously difficult and prone to bugs. Verification algorithms are very useful to detect and report bugs, but the discovered issues must be solved
by the designer. An alternative is to use automatic implementation tools, which directly
synthesize an implementation that is guaranteed to be correct by construction. As the
complexity of automatic implementation is quite high in the general case of open distributed
systems (distributed games) [9], we focus on closed systems in this paper.
Here, the specification is given as a regular language L over an alphabet Σ where every
action (i.e., letter in Σ) is associated with the set of processes managing that action. Such

AA = deterministic AA
deterministic
deterministic
locally
deadend realistic AA
accepting
-free AA
AA

Figure 1 Expressivity of different types of asynchronous automata (AA).
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a specification allows to reason globally about the requirements, instead of having to deal
carefully with partial views of each process in a distributed manner (which is one of the
error-prone tasks). The problem is then to automatically implement a (truly) distributed
control that will globally have the same behavior as the given specification language L. Of
course, not all languages can be implemented with such a distributed control. For instance,
if ab is the only word in the specification language, with a an action local to a process and
b local to another process, then it cannot be implemented in a truly distributed manner.
Indeed, any distributed implementation will also feature the word ba, since a process is
unable to know when another process performs an (independent) action.
Zielonka’s theorem, established 25 years ago [22], states that this is sufficient: every language closed by this commutation relation can be implemented in the form of an asynchronous
automaton, that is, a network of automata where the control is mostly distributed, and
two processes can exchange information whenever they perform a common action. Initially,
this was merely an expressiveness result and was believed to be rather impractical due to
its prohibitive complexity. During subsequent years, this construction has been simplified
and improved in several works [6, 19, 7, 12, 8]. Also, different constructions [4, 2, 20] and
heuristics [21] have been proposed to handle the complexity blow-up.
However, none of these constructions gives a general realistic distributed implementation:
either the constructions are plagued by deadends [22, 6, 19, 7, 12, 8, 2, 4], non-deterministic
guesses [23, 5, 2], or the acceptance condition or choice of actions are not distributed
[22, 6, 19, 7, 12, 8]. Further, while the initial state is trivially distributed in Zielonka’s
construction (since it is unique, due to determinism), this is not the case in [23, 5]. One
cannot always obtain an implementation satisfying all these conditions: we schematically
depict in Figure 1 the relations between corresponding subclasses, proved in Proposition 6.
Thus, our main goal is to characterize the class of regular languages that can be implemented by a realistic asynchronous automaton, i.e., one which is deterministic, deadend-free,
and has distributed final states and choice of actions. This notion strictly subsumes the
class of deadend-free synchronized product of automata [17]. Our central result provides
semantical and syntactical characterizations of languages of realistic asynchronous automata,
together with algorithms to check these characterizations. Thus, given a global regular
specification passing these algorithmic tests, we build a realistic asynchronous automaton
which distributedly implements the specification. Finally, we implement our procedure,
based on the latest, state of the art variant of Zielonka’s construction [8]. On a variety of
distributed programs, we show that this gives realistic distributed implementations of a size
which is reasonable compared to existing implementations.
Asynchronous automata model shared-memory systems directly. However, even for
message passing systems, Zielonka’s theorems continue to remain interesting: [15] and [10]
build bounded message passing automata using Zielonka’s construction (see [3] for a survey).
We are confident that combining the techniques in [15] with our results would lead to the
automatic implementation of realistic bounded message passing automata.
The paper is structured as follows. In section 2, we define (realistic) asynchronous
automata, and restate the different implementation theorems. In section 3, we come up
with semantical and syntactical characterizations of realistic asynchronous automata. In
section 4, we exhibit algorithms to test the characterizations and analyze their complexity. In
section 5, we experiment and compare the automatic distributed implementation of different
specifications. A long version of this paper with complete proofs can be found at
http://perso.crans.org/~genest/ADGS13.pdf.
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Let P be a fixed set of processes. A distributed alphabet (Σ, dom) is a finite set Σ of actions
together with the domain function dom : Σ → 2P \ ∅, which associates to each action a the set
dom(a) of processes executing a. For any p ∈ P, we also denote Σp = {a ∈ Σ | p ∈ dom(a)}.
We say that actions a and b are independent, denoted (a, b) ∈ I, iff dom(a) ∩ dom(b) = ∅.
This gives rise to an equivalence relation on words: first, for all words v, w ∈ Σ∗ and actions
(a, b) ∈ I, we define vabw ≡1 vbaw. Then, the transitive reflexive closure of ≡1 , denoted
≡, is an equivalence relation. The equivalence class containing v, denoted [v], is called a
(Mazurkiewicz) trace [7]. Given a word w ∈ Σ∗ and a process p ∈ P, the p-view of w, denoted
viewp (w), is the shortest trace [v] such that: there exists v 0 with w ≡ vv 0 , and each action
a ∈ Σp occurs as many times in v as in w. Finally, for a language L ⊆ Σ∗ , pref(L) will
denote its set of prefixes and  will denote the empty string.
An asynchronous automaton is a tuple ((Sp )p∈P , (∆a )a∈Σ , In, Fin), where for all p ∈ P,
Q
Q
Sp is the set of local states of process p, and for all a ∈ Σ, ∆a ⊆ p∈dom(a) Sp × p∈dom(a) Sp
defines the (partial) transition relation. Note that while we define the transition relation on
letters for ease of presentation, it is equivalent to a corresponding definition on processes.
Q
Any s = (sp )p∈P ∈ p∈P Sp is called a global state and In, Fin ⊆ (Sp )p∈P denote the set of
global initial and final states, respectively.
The semantics of an asynchronous automaton AA = ((Sp )p∈P , (∆a )a∈Σ , In, Fin) is given
Q
by the (sequential) automaton S(AA) = (C, →, In, Fin) over Σ, where C = p∈P Sp is
the set of global states, and the global transition relation is given by →: C → C with
a
(sp )p∈P −→ (s0p )p∈P iff (s0p )p∈dom(a) ∈ ∆a ((sp )p∈dom(a) ) and s0p = sp for all p ∈
/ dom(a). As

0
usual, we extend → to words by fixing for  the empty word: for all s, s ∈ C, s −→ s0
aw
a
0
0
00
00
00 w
0
iff s = s and s −→ s iff there exists s ∈ C with s −→ s and s −→ s . In case → is
deterministic (which is the case for deterministic asynchronous automata), we will denote
w
δw (s) for the unique state s0 ∈ C (if it exists) such that s −→ s0 . The language L(AA)
accepted by AA is by definition L(S(AA)), the language accepted by S(AA).
An automaton A = (C, →, In, Fin) is diamond [7] if for all s, s0 , t ∈ C and all (a, b) ∈ I,
a

b

b

a

if s −→ s0 −→ t, then there exists t0 with s −→ t0 −→ t. For any given asynchronous
automaton AA, S(AA) is diamond [7], which implies that L(AA) is closed by commutation:
for all v ∈ L(AA) and w ≡ v, we also have w ∈ L(AA).
An asynchronous automaton, as defined above, cannot always be implemented in a
distributed manner, without adding further restrictions. For instance, the set of final states
is currently given globally. To obtain purely distributed implementations, we now introduce
several restrictions on asynchronous automata.
I Definition 1 (determinism). We call an asynchronous automaton AA = ((Sp )p∈P , (∆a )a∈Σ ,
Q
In, Fin) deterministic, if |In| = 1 and |∆a (s)| ≤ 1 for all a ∈ Σ and s ∈ p∈dom(a) Sp .
Non-determinism allows a process to guess what another process is doing concurrently.
Note that every asynchronous automaton can be transformed into a deterministic asynchronous automaton, albeit with an unavoidable blow-up in the number of states [14].
I Definition 2 (deadend-freeness). A global state s is called a deadend, if there does not
w
exist a word w ∈ Σ∗ and global state s0 ∈ F in with s −→ s0 . An asynchronous automaton
is deadend-free iff no global state reachable from an initial state is a deadend: for all
v
v ∈ Σ∗ , s0 ∈ In, and all s with s0 −→ s, the state s is not a deadend.
Deadend-freeness prevents a process from performing actions that will not be observable
in terms of the language. For instance, consider two processes p, q and actions a, b, c
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Figure 2 Examples of “unrealistic” asynchronous automata accepting respectively L1 , L2 , L3 .
States of process p (resp. q) are unshaded (resp. shaded). Dashed lines mark global final states.

such that dom(a) = p, dom(b) = q and dom(c) = dom(d) = {p, q}. Then, the language
L1 = {ac, bd} cannot be implemented deterministically and without deadends. Indeed,
both a and b are allowed from the initial state (which is unique, if the implementation
is deterministic), and thus any realistic implementation would also allow ab (and ba), as
dom(a) ∩ dom(b) = {p} ∩ {q} = ∅. However, an asynchronous automaton with deadends can
implement this language as shown in Figure 2(a): the state reached after reading the trace
[ab] is a deadend.
I Definition 3 (local acceptance). An asynchronous automaton ((Sp )p∈P , (∆a )a∈Σ , In, Fin)
Q
is said to be locally accepting or have local final states, if Fin = p∈P Fin p for some Fin p ⊆ Sp
for all p ∈ P.
Local final states ensure that processes can stop locally, and there is no supervisor
which looks at all processes at the same time to choose to stop them. Note that the
asynchronous automaton in Figure 2(a) has local final states. Now, the language L2 =
{ab, ba, a0 b0 , b0 a0 , a0 bc, ba0 c, ab0 c, b0 ac} with dom(a) = dom(a0 ) = p, dom(b) = dom(b0 ) = q,
and dom(c) = {p, q} cannot be accepted by a deterministic asynchronous automaton having
local final states as local states reached on p after a, a0 and local states reached on q after
b, b0 can all be final, depending what the other process did. However, there is a deadend-free
deterministic asynchronous automaton with global final states accepting this language, as
shown in Figure 2(b). Here, the global final states reached after reading [ab] and [a0 b0 ] cannot
be expressed as a product of local final states (without also accepting [ab0 ], [a0 b]).
I Definition 4 (locally enabled). An asynchronous automaton ((Sp )p∈P , ∆, In, Fin) is called
locally enabled, if for all reachable global states s = (sp )p∈P , s0 = (s0p )p∈P , and s00 = (s00p )p∈P ,
a
if there exist a ∈ Σ and global states t, t0 with s00p ∈ {sp , s0p } for all p ∈ dom(a) and s −→ t
a
a
and s0 −→ t0 , then there exists a global state t00 with s00 −→ t00 .
Local enabledness prevents the processes from taking into account the state of other
processes to decide whether they should propose an action or not. In terms of distributed
control, process based controllers [9] have this property, while action based controllers [11]
do not. The asynchronous automata in Figure 2(a,b) are locally enabled. In a distributed
implementation, non-local enabledness is not realistic. For instance, consider the language
L3 = {abd, bad, a0 bc, ba0 c, ab0 c, b0 ac, a0 b0 d, b0 a0 d}, with dom(a) = dom(a0 ) = p, dom(b) =
dom(b0 ) = q and dom(c) = dom(d) = {p, q}. Intuitively, processes p, q should synchronize
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with d if they did both a, b or a0, b0 , and with c if they did a, b0 or a0, b. This language cannot
be realized by a deadend-free and locally enabled asynchronous automaton. However, the
deadend-free and locally accepting asynchronous automaton shown in Figure 2(c) accepts
L3 , but it is not locally-enabled.
Ideally, we would like a realistic distributed implementation to satisfy all the properties
of determinism, deadend-freeness, local acceptance and local enabledness and not just some
of them. Thus, by combining all the above desired properties of a distributed implementation
we arrive at our proposal for a realistic asynchronous automaton.
I Definition 5. An asynchronous automaton AA is said to be realistic, if AA is deterministic,
deadend-free, has local final states, and is locally enabled.
With this definition, language L3 above cannot be accepted by a realistic asynchronous
automaton (because of local enabledness). Using languages L1 , L2 , L3 , we conclude:
I Proposition 6. The inclusions schematically represented in Figure 1, between the expressive
powers of the above introduced restrictions of asynchronous automata, are strict. Further,
the classes of deterministic deadend-free and deterministic locally accepting asynchronous
automata have incomparable expressive power.
We remark here that the notion of realistic automata as defined above strictly subsumes the
notion of (deadend-free) synchronized product of automata [17]. Such an automaton is given
by a tuple of automata A = (Ap )p∈P , one for each process p on alphabet Σp = Σ ∩ dom−1 (p),
such that u ∈ L(A) iff πp (u) ∈ L(Ap ) for all p ∈ P, where πp (u) is the projection of u on Σp ,
that is u where actions not in Σp have been deleted.
I Proposition 7. Let A = (Ap )p∈P be a (possibly non-deterministic) deadend-free synchronized product of automata. Then there exists a realistic asynchronous automaton B with
L(B) = L(A). However, the converse does not hold.

2.1

Survey of the different constructions

In the past 25 years, several attempts have been made to construct asynchronous automata
from regular (commutation-closed) specifications which preserve some (but not all) of these
above mentioned properties. We summarize them below.
I Theorem 8. Let L be a regular language closed by commutation. Then, there exists an
asynchronous automaton AA over (Σ, dom) with L(AA) = L such that either:
1. AA is deterministic [22, 6, 7, 19, 12, 8], or
2. AA is deadend-free [23] (see also [5] for a proof for message-passing systems), or
3. AA has local initial and final states [2].
We provide here the worst case space complexities (the number of local states) to obtain
a deterministic or non deterministic asynchronous automaton (Det AA, Non Det AA), given
a deterministic or non deterministic diamond automaton A over a set of processes P:
complexity
Det A
Non Det A

Det AA
O(|P|2 )

2|P|4

|A|
·2
2
4
2O(|A|·|P| +|P| )

Non Det AA
[8]
[12]

−
2

|A|O(|P|

)

[2]

The complexities stated to obtain a deterministic asynchronous automaton from [12, 8]
are optimal, while optimality is not proven for obtaining a non deterministic asynchronous
automaton (using [2] for instance). Note that [2] uses a construction not based on Zielonka’s.
Determinizing an asynchronous automaton is possible, but the blow-up is doubly exponential
[14]: constructing a deterministic asynchronous automaton directly is preferable.
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3

Obtaining Realistic Asynchronous Automata

We now turn to the question of characterizing regular languages L for which there exists
a realistic asynchronous automaton AA such that L(AA) = L. We will give necessary and
sufficient semantical conditions on L to have a realistic distributed implementation AA
accepting L. Further, we will provide syntactical conditions on automata to be equivalent
to realistic distributed implementations, and prove that a diamond automaton with such
conditions is always constructible. Our proofs are constructive, in that they provide realistic
asynchronous automata. We also offer characterizations for subsets of realistic properties.
Our main proof can use any of the variants of the Zielonka construction from [22, 6, 7,
19, 12, 8] as a “black box”, without having to reprove them. Moreover, the changes we make
to the implementation obtained from the Zielonka construction do not add states.

3.1

A Theoretical Characterization of Realistic AA

Before stating the main theoretical result of the paper, we first define the syntactical and
semantical restrictions which will enable realistic asynchronous automata. Recall that we
defined the notion of viewp (u) in Section 2, which stands for all actions of u that p has seen
directly or indirectly (through a common action). For instance, let dom(a) = p, dom(b) = q
and dom(c) = {p, q}. Then viewp (abcb) ≡ abc since c is “seen” by p (p ∈ dom(c)) and b is
“before” c, b and c are not independent as dom(b) ∩ dom(c) = {q} =
6 ∅.
I Definition 9 (Semantical conditions). For language L, we define the following conditions:
(LC1) forward diamond: Whenever w ∈ Σ∗ , (a, b) ∈ I and wa, wb ∈ pref(L), we have
wab ∈ pref(L).
(LC2) causally closed: Whenever w ∈ Σ∗ , if for all p ∈ P there exists vp ∈ L with
viewp (vp ) = viewp (w), then w ∈ L.
(LC3) locally closed: Whenever w ∈ pref(L), if for all actions c and all p ∈ dom(c), there
exists vp c ∈ pref(L) with viewp (vp ) = viewp (w), then wc ∈ pref(L).
The first two language conditions (LC1,LC2) have been defined before (in the different setting
of Message Sequence Charts for (LC2) [1]), and their names are standard in the Mazurkiewicz
trace community. However, they have only been considered separately; and the third notion
(LC3) is new.
I Definition 10 (Syntactical conditions). For a sequential diamond deterministic automaton
A = (C, →, In, Fin), we define the following conditions:
a

b

(AC 1) forward diamond: Whenever s, s0 , t0 ∈ C, (a, b) ∈ I with s −→ s0 and s −→ t0 , there
b

a

exists a state t with s0 −→ t and t0 −→ t.
(AC 2) Whenever s ∈ C, if for all p ∈ dom(a) there exist rp , tp ∈ C and words wp , (w0 )p ∈
wp

(w0 )p

(Σ \ Σp )∗ , such that rp −→ s, rp −→ tp and tp ∈ Fin, then s ∈ Fin.
(AC 3) Whenever s ∈ C and a ∈ Σ, if for all p ∈ dom(a) there exist rp , tp , xp ∈ C and words
wp

(w0 )p

a

wp , (w0 )p ∈ (Σ \ Σp )∗ , such that rp −→ s and rp −→ tp −→ xp , then there exists
a
t0 ∈ C with s −→ t0 .
The first automaton condition (AC1) has been defined earlier, while the two others are
new. Our main theorem below shows that these local syntactical conditions have a global
semantical implication.
To illustrate (LC3) and (AC3), consider the language L3 in Section 2 (Figure 2(c)). We
observe that L3 does not meet (LC3) as w = ab ∈ pref(L3 ), dom(c) = {p, q}, ab0 c ∈ pref(L3 )
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with viewp (ab0 ) = [a] = viewp (w) and ad0 bc ∈ pref(L3 ) with viewq (a0 b) = [b] = viewq (w) but
wc ∈
/ pref(L3 ). Further, if A3 is a deterministic automaton with L(A3 ) = L3 , denoting by
sw the state reached after w, we consider state sab and action c. Then, letting rp = sa , wp =
b0 , tp = sab and rq = sb , wq = a0 , tq = sa0 b it follows that A3 does not satisfy (AC3).
I Theorem 11. Let L be a regular language. Then, the following are equivalent:
1. There is a (sequential, finite) deterministic diamond automaton A = (C, →, {s0 }, Fin)
satisfying (AC1,AC2,AC3), with L(A) = L, such that every state is reachable from s0
and every state can reach Fin.
2. L is closed under commutation and satisfies (LC1,LC2,LC3).
3. There exists a realistic asynchronous automaton AA with L(AA) = L.
The construction of a realistic asynchronous automaton first builds a deterministic
asynchronous automaton by applying the algorithm from [8]. Then, a realistic asynchronous
automaton is obtained by following the transformation described in the next section, which
does not add any state or transition to [8] (though it may result in the removal of some states).
For complexity issues, we expect that L is given by a deterministic diamond automaton A
satisfying (AC1,AC2,AC3). Indeed, checking that A fulfills (AC1,AC2,AC3) is doable in
polynomial time (see section 4).

3.2

Proof of Theorem 11

Theorem 11 is shown by proving (1 =⇒ 2), then (2 =⇒ 3), and last (3 =⇒ 1). In
this short version, we only show (2 =⇒ 3): if L is closed under commutation and satisfies
(LC1,LC2,LC3), then there exists a realistic AA with L(AA) = L.
Our basic strategy is to use Theorem 8 (part 1.) to construct a deterministic AA from a
given language L and then refine this AA to obtain a realistic AA which accepts the same
language. For this, we will use as our template the recent construction from [8], and hence
we begin by stating the relevant result and a definition that we need from this paper.
I Definition 12 ([8]). We call a deterministic asynchronous automaton AA = ((Sp )p∈P , ∆,
{s0 }, Fin) locally rejecting if for every process p, there is a set of states Rp ⊆ Sp such that
for each word w: viewp (w) ∈
/ pref(L(AA)) iff the p-local state reached by AA on w is in Rp .
Notice that if AA reaches Rp on a word w, then it does so on every extension of w, i.e.,
every word w0 such that w is a prefix of w0 . Obviously, no reachable global final state of AA
has a (projected) component in Rp , which justifies why the states in Rp are called rejecting.
Any Zielonka construction gives a naturally locally rejecting asynchronous automaton. In
particular:
I Theorem 13 ([8]). Let A be a deterministic diamond automaton over alphabet (Σ, dom).
We can construct a deterministic locally rejecting asynchronous automaton AA with at most
2
4
|A||P| · 22|P| states such that L(A) = L(AA).
Now we can prove our result as follows. Given a regular language L closed by commutation
under (Σ, dom), we first build its minimal deterministic automaton A. It is then easy to check
that A has the diamond property [7]. Now, we apply Theorem 13 to obtain a deterministic
asynchronous automaton AA such that L(AA) = L(A) = L. Of course, AA may still have
w
deadends (or global final states or not be locally enabled). Henceforth, for s −→ t with
p
t = (tp )p∈P , we will denote the (local) state tp by δw (s). Notice that as the asynchronous
p
automaton is deterministic, δw
(s) is unique (if it exists) for each p, w, s.
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First, we show that deadends can be avoided by using the locally rejecting property of
AA. We remove all states of Rp from AA = ((Sp )p∈P , (∆a )a∈Σ , {s0 }, Fin). That is, we define
the asynchronous automaton AA0 = ((Sp0 )p∈P , (∆0a )a∈Σ , {s0 }, Fin 0 ) with Sp0 = Sp \ Rp for all
Q
Q
p ∈ P, and ∆0a = ∆a ∩ p∈dom(a) Sp0 × p∈dom(a) Sp0 for all a ∈ Σ, Fin 0 = Fin \ R, where
Q
R = {(sp )p∈P ∈ p∈P Sp | ∃q, sq ∈ Rq }. We assume for convenience that s0 ∈
/ R (else L = ∅
is trivial to deal with).
I Lemma 14. AA0 is deadend-free and L(AA0 ) = L(AA) = L.
Now, AA0 may still not be realistic due to final states that are global. To obtain local
Q
p
final states, we define Fin p = {δw
(s0 ) ∈ Sp | w ∈ L} for all p ∈ P and let Fin 00 = p∈P Fin p .
Note that Fin p can be computed in time O(|P| · |A|). Thus, we obtain a new asynchronous
automaton AA00 = ((Sp0 )p∈P , (∆0a )a∈Σ , {s0 }, Fin 00 ), differing from AA0 only in its final states.
I Lemma 15. AA00 is a realistic asynchronous automaton such that L(AA00 ) = L(AA0 ) = L.
Proof. By definition, AA00 is locally accepting, and it is deterministic since AA0 and AA
were deterministic. Also as Fin 0 ⊆ Fin 00 , setting the final states to be Fin 00 does not add
a deadend. Next, we show that L(AA00 ) = L(AA0 ) = L. Take a word w ∈ L(AA00 ). Hence
p
δw
(s0 ) ∈ Fin p for all p. By definition of Fin p , for all p there exists vp ∈ L(AA0 ) = L with
p
δw (s0 ) = δvpp (s0 ). We want to use (LC2) to conclude, but so far, there is no reason that
viewp (vp ) = viewp (w) for any p. We will thus build vp0 ∈ L such that viewp (vp0 ) = viewp (w)
for every p. Let p ∈ P. It suffices to decompose [vp ] = viewp (vp ) [yp ]. We then set
vp0 = viewp (w) yp and so viewp (vp0 ) = viewp (w) for all p. To obtain that vp0 ∈ L, we use a
property of the Zielonka’s construction from a deterministic automaton A: for all words
p
p
w, w0 such that δw
(s0 ) = δw
0 (s0 ), the state of A reached from the initial state after reading
viewp (w) is the same as the state reached after reading viewp (w0 ) (in other words, the
p-state maintains the information about the state of A reached by the p-view of the executed
trace). Now, let s be the state of the minimal deterministic automaton A for L reached after
reading viewp (vp0 ) = viewp (w). This is also the state reached after reading viewp (vp ) because
p
δw
(s0 ) = δvpp (s0 ) and by the property above. Reading yp from s thus leads to a final state of
A, as viewp (vp )yp ∈ L and the automaton is deterministic. Thus vp0 = viewp (wp )yp ∈ L too.
Applying (LC2), we get w ∈ L = L(AA0 ), and thus L = L(AA0 ) = L(AA00 ).


3.3

Corollaries

Analyzing the proofs, one can find that in many (but not all) cases, there is an automaton
for L satisfying (ACi) as soon as L is (LCi), for i = 1, 2, 3. Now, one may consider the cases
where all states are final (see [21]), in which case (LC2) and (AC2) are not useful. Removing
(LC2) and (AC2) from Theorem 11, we obtain:
I Corollary 16. Let L be a regular language. Then, the following are equivalent:
1. There exists a deterministic diamond automaton A = (C, →, {s0 }, Fin) with L(A) = L,
every state is reachable from s0 and can reach Fin, and satisfying (AC1) and (AC3).
2. L is closed under commutation and satisfies (LC1) and (LC3).
3. There exists a deterministic, deadend-free and locally enabled asynchronous automaton
AA with L(AA) = L.
The following results are useful for testing if a given asynchronous automaton is realistic,
that is, for testing if each of the conditions (LC1),(LC2),(LC3) holds (see next section). The
next corollary is slightly more powerful than what we proved earlier, as it states that we can
choose A to be the minimal automaton. This will serve as the basis to the test for (LC1):
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I Corollary 17. Let L be a regular language. Then, the following are equivalent:
1. The minimal deterministic diamond automaton A of L satisfies (AC1).
2. L is closed under commutation and satisfies (LC1).
3. There exists a deterministic, deadend-free AA with L(AA) = L.
Finally, both (AC1) and (AC2) are used to prove (LC2). However, if deadends are allowed,
one can instead use a complete sequential automaton A. We recall that A is complete if for
w
any word w ∈ Σ∗ and every s0 ∈ In, s0 −→ s is defined. The following corollary is helpful
for implementing supervisors for the mutual exclusion problem that we will present in the
experimentation section.
I Corollary 18. Let L be a regular language. Then, the following are equivalent:
1. There is a deterministic complete diamond automaton A s.t. L(A) = L satisfying (AC2).
2. L is closed under commutation and satisfies (LC2).
3. There exists a deterministic, (locally enabled) asynchronous automaton AA with local
final states and L(AA) = L.
Another corollary of Theorem 11 is that languages implementable by realistic asynchronous
automata are closed by intersection, which can be shown using the syntactical characterization.
However, they are not closed by union as L = {a, b} cannot be implemented by any deadendfree asynchronous automaton, while both {a} and {b} can be implemented by realistic ones.
Hence, they are also not closed under complementation.

4

Testing for Realistic Asynchronous Automata

We now explain how to check each property (LCi) and (ACi) for all i = 1, 2, 3.

Testing automata restrictions (ACi): Let A be an automaton, possibly non deterministic. To test (AC1), for each state s we need to check if it has a pair of outgoing transitions
on actions that are independent, and if so, test for the existence of a common state that can
be reached, giving a complexity quadratic in the number of states and transitions of A.
To test (AC2), we perform one graph search (e.g. DFS) from each state s ∈
/ Fin and for
0
wp

each process p ∈ P to return set Rps of states r with r −→ s for some wp0 ∈ (Σ \ Σp )∗ . We
then perform another graph search from Rps to compute the set Tps of final states t such that
wp

r −→ t, for some r ∈ Rps and wp ∈ (Σ \ Σp )∗ . Now A does not satisfy (AC2) iff ∃s, ∀p, Tps 6= ∅.
Hence, this takes time O(|P| · |A|2 ). The test of (AC3) is similar, with the same complexity.

Testing language restrictions (LCi): We now describe how to test language restrictions.
We assume that the language L to be tested is given as an automaton (possibly non
deterministic). First, using Corollary 17, one has a simple way to test for (LC1): compute
the minimal deterministic automaton A with L(A) = L, and test (AC1) using the polynomial
procedure given above at the beginning of the section. This gives a PSPACE algorithm. The
complexity is polynomial if the starting automaton is deterministic.
In order to test for (LC2), we use Corollary 18. Indeed, we build the asynchronous
automaton AA from A as if L(A) satisfies (LC2). This can only add executions to the language,
as final states are possibly added. Then we test whether L(AA) ⊆ L(A). If the inclusion
holds, then A satisfies (LC2), else A does not satisfy (LC2). This gives a PSPACE algorithm.
If P is not part of the input and A is deterministic, then it is polynomial time. Notice that
one cannot resort, as in the case of (LC1), to using the minimal automaton associated to
L. This minimal automaton may not necessarily satisfy (AC2), even if L satisfies (LC2).
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For instance, consider the language L4 = {, a1 , b1 , a1 b1 , b1 a1 } ∪ {ai bj c, bj ai c | i, j ∈ {1, 2}}
with dom(ai ) = p, dom(bi ) = q for all i, j ∈ {1, 2} and dom(c) = {p, q}. There is a state t in
a

b

b

a

1
2
1
2
the minimal automaton with s0 −→
s −→
t and s0 −→
s0 −→
t, with s, s0 final, meaning if
(AC2) holds that t is final, a contradiction. Finally, to test (LC3), we again implement L
into an AA and test if S(AA) satisfies (AC3). As described in the proof of Theorem 11, if
L(A) satisfies (LC3), then S(AA) satisfies (AC3). Conversely, if S(AA) satisfies (AC3), the
proof also shows that L(A) satisfies (LC3). This gives a PSPACE algorithm. The complexity
is polynomial if P is not part of the input and A is deterministic.
Note that while the algorithms to test for (LC1),(LC2),(LC3) may be PSPACE, they
are actually polynomial in the size of the asynchronous automaton AA we want to obtain.
As shown below, obtaining the global state space for AA is actually feasible in a number of
examples, and hence testing for (LC1), (LC2) and (LC3) is also doable in these cases.

5

Experiments

In this section, we report our experiments on the implementation of the results in this paper,
based on the construction from [8], which has not been implemented before. To give a
point of comparison, we also report results obtained using the only previous implementation
prototype for Zielonka constructions from [21], which implements the original synthesis
algorithms from [22] and the heuristic in [21].
We report below the results of several systems that are (distributively) implemented
using these three algorithms: We will denote by heuristic the heuristic from [21], by original
the original Zielonka’s construction from [22], and by local and global two different metrics
for our new implementation as described below. heuristic takes into account the structure of
the automaton (using ideas from the theory of regions [17]) to identify small asynchronous
automata before generating the whole global state space. Since such structural properties
cannot be found for every regular commutation-closed language, it uses the equivalence in
original as an upper bound. Hence, the state space produced by heuristic is never bigger
than the one of original. On the other hand, original uses a generic construction which
always produces an asynchronous automaton. In contrast to these two algorithms producing
global state spaces, our implementation produces the local state space directly. Further,
ours is an on-the-fly symbolic algorithm. As argued in [19], on-the-fly computation allows to
implement distributed algorithms whose global state space cannot be explicitly enumerated:
with 4 processes, the timestamping used in [22, 8] can give rises to 107 global states, and
to 1016 global states with 5 processes. But for symbolic algorithms (e.g., the one from [8]
that we implement), 5 processes means maintaining 128 bits of information, which can be
updated in time polynomial in the number of bits. To produce and compare the results of
all algorithms, we report global state spaces, thus limiting ourselves to less than 4 processes.
The results are compiled in the table below. The first column gives the names of the
input systems, while second and third provide their number of states |A| and processes |P |,
respectively. The fourth column states the syntactical properties (ACi) of the automaton A.
The next three columns give the number of global states produced by each of the algorithms.
As noted earlier, the new prototype does not need to compute the global state space, unlike
[21, 22]. The column local reports the total number of local states generated by our algorithm,
which is closer to what would be used in practice (but is still larger than what is explored onthe-fly). The last row describes the properties (DF for deadend-free, LA for locally accepting,
LE for locally enabled, and R for realistic) of the obtained asynchronous automaton using
the new implementation, all being deterministic.
The first four systems come directly from distributed algorithms: a mutual exclusion
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protocol with semaphores with 2 different distribution alphabets referred to as mutex-a and
mutex-b; a simple program with 3 processes denoted simple; and a dining philosopher protocol
phil. All these examples except simple, from [21], satisfy AC1,AC2,AC3.

mutex-a
mutex-b
simple
phil
prop2
prop3
L4

|A|

|P|

satisfies

heuristic

original

global

local

satisfies

13
14
3
5
6
11
8

3
4
3
4
2
3
2

(AC1,AC2,AC3)
(AC1,AC2,AC3)
(AC1,AC2)
(AC1,AC2,AC3)
(AC2)
(AC2)
(AC1,AC3)+(LC2)

13
14
5
5
188
639
n/a

1493
34
12
70
188
639
10

271
22
12
71
36
240
10

126
16
9
60
21
92
5

(R)
(R)
(DF+LA)
(R)
(LA+LE)
(LA+LE)
(R)

For these first 4 systems, the new prototype gives an implementation with lesser states
than original (up to 10 times), although not as good as heuristic. Adapting ideas from
heuristic [21] might reduce the size of the produced implementation. The two systems propN
correspond to a distributed supervisor which detects whether a critical section has been
accessed by 2 processes in parallel among N processes. On each process, it observes entry and
exit of the critical section and synchronization between processes, and detects if a process
which enters the critical section has been informed that other processes have exited it. This
supervisor works on any possible (correct or not) mutual exclusion protocol, and detects
on-the-fly whether the critical section was accessed by 2 processes concurrently. On this
example, heuristic does not do better than original. The number of local states is around 8
times smaller, while global states are around 4 times smaller than previous implementations.
As (LC1) does not hold, a realistic implementation is not possible here.
Notice that heuristic is guaranteed to return correct results only when all states are final
[21], which is the case for the first 6 systems. The last system we experiment on is the minimal
automaton L4 for language L4 from the previous section (L4 does not satisfy (AC2), although
L4 satisfies (LC2)). Some states of this automaton are not final and the implementation
created by heuristic is incorrect: its language is strictly larger than L4 . On the other hand,
implementations produced by original and the new prototype accept exactly L4 . Details on
the experiments can be found online at: http://is.gd/fsttcs13_benchmark.

6

Related Work and Conclusion

In this paper, we have provided syntactical and semantical characterizations of languages
corresponding to several variants of realistic asynchronous automata. We designed algorithms
to obtain the distributed implementation, test for the different characterizations and showed
their experimental effectiveness. Our results subsume past results and answer several open
questions. Corollary 17 subsumes what was claimed in [17] and proved in [21] (Theorem 2)
in the subcase where the language is prefix closed. It is also worth mentioning that [1] had
introduced the notion of causal closure for Message Sequence Graphs, which are a distributed
model using message passing for communication. Our notion of causal closure is directly
adapted from theirs. However, unlike in Corollary 18, only one direction was proved for their
model. Also, they lack the syntactical characterization using (AC2) which holds by Theorem
11. Also, Corollary 18 answers an open question in the conclusion of [2].
As future work, it would be interesting to consider alternative ways of inputing the
language, e.g., by giving a set of representatives to represent the language. This would avoid
starting from a large automaton, and may lead to a smaller distributed implementation.
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Abstract
We study the following summarization problem: given a parallel composition A = A1 k . . . k
An of labelled transition systems communicating with the environment through a distinguished
component Ai , efficiently compute a summary Si such that E k A and E k Si are trace-equivalent
for every environment E. While Si can be computed using elementary automata theory, the
resulting algorithm suffers from the state-explosion problem. We present a new, simple but subtle
algorithm based on net unfoldings, a partial-order semantics, give some experimental results using
an implementation on top of Mole, and show that our algorithm can handle divergences and
compute weighted summaries with minor modifications.
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1

Introduction

We address a fundamental problem in automatic compositional verification. Consider a
parallel composition A = A1 k . . . k An of processes, modelled as labelled transition systems,
which is itself part of a larger system E k A for some environment E. Assume that Ai is
the interface of A with the environment, i.e., A communicates with the outer world only
through actions of Ai . The task consists in computing a new interface Si with the same set
of actions as Ai such that E k A and E k Si have the same behaviour. In other words, the
environment E cannot distinguish between A and Si . Since Si usually has a much smaller
state space than A (making E k A easier to analyse) we call it a summary.
We study the problem in a CSP-like setting [13]: parallel composition is by rendez-vous,
and the behaviour of a transition system is given by its trace semantics.
It is easy to compute Si using elementary automata theory: we first compute the transition
system of A, whose states are tuples (s1 , . . . , sn ), where si is a state of Ai . Then we hide
all actions except those of the interface, i.e., we replace them by ε-transitions (τ -transitions
in CSP terminology). We can then eliminate all ε-transitions using standard algorithms,
and, if desired, compute the minimal summary by applying e.g. Hopcroft’s algorithm. The
problem of this approach is the state-space explosion: the number of states of A can grow
exponentially in the number of sequential components. While this is unavoidable in the worst
case (deciding whether Si has an empty set of traces is a PSPACE-complete problem, and
the minimal summary Si may be exponentially larger than A1 , . . . , An in the worst case, see
e.g. [11]) the combinatorial explosion happens already in trivial cases: if the components
A1 , . . . , An do not communicate at all, we can obviously take Si = Ai , but the algorithm we
have just described will need exponential time and space.
© Javier Esparza, Loïg Jezequel, and Stefan Schwoon;
licensed under Creative Commons License CC-BY
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We present a technique to palliate this problem based on net unfoldings (see e.g. [4]).
Net unfoldings are a partial-order semantics for concurrent systems, closely related to event
structures [22], that provides very compact representations of the state space for systems
with a high degree of concurrency. Intuitively, an unfolding is the extension to parallel
compositions of the notion of unfolding a transition system into a tree. The unfolding is
usually infinite. We show how to algorithmically construct a finite prefix of it from which
the summary can be easily extracted. The algorithm can be easily implemented re-using
many components of existing unfolders like Punf and Mole. However, its correctness
proof is surprisingly subtle. This proof is the main contribution of the paper. However, we
also evaluate the algorithm on some classical benchmarks [2]. We then show that – with
minor modifications – the algorithm can be extended so that the summary obtained contains
information about the possible divergences, that is whether or not after a given finite trace
of the interface Ai it is possible that A evolves silently forever (i.e. without using any action
of Ai ). And finally, we show how to extend the algorithm to deal with weighted systems: Si
then also gives for each of its finite traces the minimum cost in A to execute this trace.
Related work. The summarization problem has been extensively studied in an interleaving
setting (see e.g. [10, 21, 23]), in which one first constructs the transition system of A and
then reduces it. We study it in a partial-order setting.
Net unfoldings, and in general partial-order semantics, have been used to solve many
analysis problems: deadlock [18, 15], reachability and model-checking questions [6, 3, 14, 4, 1],
diagnosis [7], and other specific applications [17, 12]. To the best of our knowledge we are
the first to explicitly study the summarization problem.
Our problem can be solved with the help of Zielonka’s algorithm [24, 19, 9], which
yields an asynchronous automaton trace-equivalent to A. The projection of this automaton
onto the alphabet of Ai yields a summary Si . However, Zielonka’s algorithm is notoriously
complicated and, contrary to our algorithm, requires to store much additional information
for each event [19]. In [8], the complete tuple S1 , . . . , Sn is computed – possibly in a weighted
context – with an iterative message-passing algorithm that transfers information between
components until a fixed point is reached. However, termination is only guaranteed when
the communication graph is acyclic.

2

Preliminaries

Transition systems. A labelled transition system (LTS) is a tuple A = (Σ, S, T, λ, s0 ) where
Σ is a set of actions, S is a set of states, T ⊆ S × S is a set of transitions, λ : T → Σ is a
labelling function, and s0 ∈ S is an initial state. An a-transition is a transition labelled by a.
We use this definition – excluding the possibility to have two transitions with different labels
between the same pair of states – for simplicity. However, the results presented in this paper
would still hold if this possibility was not excluded. A (finite or infinite) action sequence
σ = a1 a2 a3 . . . ∈ Σ∗ ∪ Σω is a trace of A if there is a (finite or infinite) sequence s0 s1 s2 . . . of
states such that s0 = s0 , ti = (si−1 , si ) ∈ T and λ(ti ) = ai for every i. The path s0 s1 s2 . . . is
a realization of σ. The set of traces of A is denoted by Tr(A). Figure 1 shows (on its left)
three transition systems.
Let A1 , . . . , An be LTSs where Ai = (Σi , Si , Ti , λi , s0i ). The parallel composition A =
A1 k . . . k An is the LTS defined as follows. The set of actions is Σ = Σ1 ∪. . .∪Σn . The states,
called global states, are the tuples s = (s1 , . . . , sn ) such that si ∈ Si for every i ∈ {1..n}.
The initial global state is s0 = (s01 , . . . , s0n ). The transitions, called global transitions, are
the tuples t = (t1 , . . . , tn ) ∈ (T1 ∪ {?}) × · · · × (Tn ∪ {?}) \ {(?, . . . , ?)} such that there is
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Figure 1 Three labeled transition systems (left) and a branching process (right).

an action a ∈ Σ satisfying for every i ∈ {1..n}: if a ∈ Σi , then ti is an a-transition of Ti ,
otherwise ti = ?; the label of t is the action a. If ti =
6 ? we say that Ai participates in t. It
is easy to see that σ ∈ Σ∗ ∪ Σω is a trace of A iff for every i ∈ {1..n} the projection of σ on
Σi , denoted by σ|Σi , is a trace of Ai .
Petri nets. A labelled net is a tuple (Σ, P, T, F, λ) where Σ is a set of actions, P and T
are disjoint sets of places and transitions (jointly called nodes), F ⊆ (P × T ) ∪ (T × P )
is a set of arcs, and λ : P ∪ T → Σ is a labelling function. For x ∈ P ∪ T we denote
by •x = { y | (y, x) ∈ F } and x• = { y | (x, y) ∈ F } the sets of inputs and outputs of
x, respectively. A set M of places is called a marking. A labelled Petri net is a tuple
N = (Σ, P, T, F, λ, M0 ) where (Σ, P, T, F, λ) is a labelled net and M0 ⊆ P is the initial
marking. A marking M enables a transition t ∈ T if •t ⊆ M . In this case t can occur or fire,
leading to the new marking M 0 = (M \ •t) ∪ t• . An occurrence sequence is a (finite or infinite)
sequence of transitions that can occur from M0 in the order specified by the sequence. A
trace is the sequence of labels of an occurrence sequence. The set of traces of N is denoted
by Tr(N ).
Branching processes. The finite branching processes of A = A1 k . . . k An are labelled
Petri nets whose places are labelled with states of A1 , . . . , An , and whose transitions are
labelled with global transitions of A. Following tradition, we call the places and transitions
of these nets conditions and events, respectively. (Since global transitions are labelled with
actions, each event is also implicitly labelled with an action.) We say that a marking M of
these nets enables a global transition t of A if for every state s ∈ •t some condition of M is
labelled by s. The set of finite branching processes of A is defined inductively as follows:
1. A labelled Petri net with conditions b01 , ..., b0n labelled by s01 , . . . , s0n , no events, and with
initial marking {b01 , ..., b0n }, is a branching process of A.
2. Let N be a branching process of A such that some reachable marking of N enables some
global transition t. Let M be the subset of conditions of the marking labelled by •t. If
N has no event labelled by t with M as input set, then the Petri net obtained by adding
to N : a new event e, labelled by t; a new condition for every state s of t• , labelled by s;
new arcs leading from each condition of M to e, and from e to each of the new conditions,
is also a branching process of A.
Figure 1 shows on the right a branching process of the parallel composition of the LTSs on
the left. Events are labelled with their corresponding actions.
The set of all branching processes of a net, finite and infinite, is defined by closing the
finite branching processes under countable unions (after a suitable renaming of conditions
and events) [4]. In particular, the union of all finite branching processes yields the unfolding
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of the net, which intuitively corresponds to the result of exhaustively adding all extensions
in the definition above.
A trace of a branching process N is the sequence of action labels of an occurrence sequence
of events of N . In Figure 1, firing the events on the top half of the process yields any of the
traces cbdcbd, cdbcbd, cbdcdb, or cdbcdb. The sets of traces of A and of its unfolding coincide.
Let x, y be nodes of a branching process. We say that x is a causal predecessor of y,
denoted by x < y, if there is a non-empty path of arcs from x to y; further, x ≤ y denotes
that either x < y or x = y. If x ≤ y or x ≥ y, then x and y are causally related. We say that
x and y are in conflict, denoted by x # y, if there is a condition z (different from x and y)
from which one can reach both x and y, exiting z by different arcs. Finally, x and y are
concurrent if they are neither causally related nor in conflict.
A set of events E is a configuration if it is causally closed (that is, if e ∈ E and e0 < e then
0
e ∈ E) and conflict-free (that is, for every e, e0 ∈ E, e and e0 are not in conflict). The past
of an event e, denoted by [e], is the set of events e0 such that e0 ≤ e (so it is a configuration).
For any event e, we denote by M (e) the unique marking reached by any occurrence sequence
that fires exactly the events of [e]. Notice that, for each component Ai of A, M (e) contains
exactly one condition labelled by a state of Ai . We denote this condition by M (e)i . We
write St(e) = { λ(x) | x ∈ M (e) } and call it the global state reached by e.

3

The Summary Problem

Let A = A1 k · · · k An be a parallel composition with a distinguished component Ai , called
the interface. An environment of A is any LTS E (possibly a parallel composition) that
only communicates with A through the interface, i.e, ΣE ∩ (Σ1 ∪ . . . ∪ Σn ) = ΣE ∩ Σi .
We wish to compute a summary Si , i.e., an LTS with the same actions as Ai such that
Tr(E k A)|ΣE = Tr(E k Si )|ΣE for every environment E, where X|Σ denotes the projection
of the traces of X onto Σ. It is well known (and follows easily from the definitions) that this
holds iff Tr(Si ) = Tr(A)|Σi [13]. We therefore address the following problem:
I Definition 1 (Summary problem). Given LTSs A1 , . . . , An with interface Ai , compute an
LTS Si satisfying Tr(Si ) = Tr(A)|Σi , where A = A1 k · · · k An .
The problem can be solved by computing the LTS A, but the size of A can be exponential
in A1 , . . . , An . So we investigate an unfolding approach.
The interface projection Ni of a branching process N of A onto Ai is the following
labelled subnet of N : (1) the conditions of Ni are the conditions of N with labels in Si ;
(2) the events of Ni are the events of N where Ai participates; (3) (x, y) is an arc of Ni iff
it is an arc of N and (x, y) are nodes of Ni . Obviously, every event of Ni has exactly one
input and one output condition, and Ni can therefore be seen as an LTS; thus, we sometimes
speak of the LTS Ni . The interface projection N1 for the branching process of Figure 1 is
the subnet given by the black conditions and their input and output events, and its LTS
representation is shown in the left of Figure 2.
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Figure 2 Projection of the branching process of Figure 1 on A1 (left) and a folding (right).
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The projection Ui of the full unfolding of A onto Ai clearly satisfies Tr(Ui ) = Tr(A)|Σi ;
however, Ui can be infinite. In the rest of the paper we show how to compute a finite
branching process N and an equivalence relation ≡ between the conditions of Ni such that
the result of folding Ni into a finite LTS by merging the conditions of each equivalence class
yields the desired Si . The folding of Ni is the LTS whose states are the equivalence classes of
≡, and every transition (s, s0 ) of Ni yields a transition ([s]≡ , [s0 ]≡ ) of the folding. Figure 2
shows on the right the result of folding the LTS on the left when the only equivalence class
with more than one member is formed by the two rightmost states labelled by q2 .
We construct N by starting with the branching processes without events and iteratively
add one event at a time. Some events are marked as cut-offs [4]. An event e added to N
becomes a cut-off if N already contains an e0 , called the companion of e, satisfying a certain,
yet to be specified cut-off criterion. Events with cut-offs in their past cannot be added.
The algorithm terminates when no more events can be added. The equivalence relation ≡
is determined by the interface cut-offs: the cut-offs labelled with interface actions. If an
interface cut-off e has companion e0 , then we set M (e)i ≡ M (e0 )i . Algorithm 1 is pseudocode
for the unfolding, where Ext(N , co) denotes the possible extensions: the events which can be
added to N without events from the set co of cut-offs in their past.
Algorithm 1 Unfolding procedure for a product A.
let N be the unique branching process of A without events and let co = ∅
While Ext(N , co) 6= ∅ do
choose e in Ext(N , co) and extend N with e
If e is a cut-off event then let co = co ∪ {e}
For every e ∈ co with companion e0 do merge [M (e)i ]≡ and [M (e0 )i ]≡
Notice that the algorithm is nondeterministic: the order in which events are added is not
fixed (though it necessarily respects causal relations). We wish to find a definition of cut-offs
such that the LTS Si delivered by the algorithm is a correct solution to the summary problem.
Several papers have addressed the problem of defining cut-offs such that the branching
process delivered by the algorithm contains all global states of the system (see [4] and the
references therein). In [5] we show that these approaches do not “unfold enough”.

4

Two Attempts

The solution turns out to be remarkably subtle, and so we approach it in a series of steps.

4.1

First attempt

In the following we shall call events in which Ai participates i-events for short; analogously,
we call i-conditions the conditions labelled by states of Ai .
The simplest idea is to declare an i-event e a cut-off if the branching process already
contains another i-event e0 with St(e) = St(e0 ). Intuitively, the behaviours of the interface
after the configurations [e] and [e0 ] is identical, and so we only explore the future of [e0 ].
Cut-off definition 1. An event e is a cut-off event if it is an i-event and N contains
an i-event e0 such that St(e) = St(e0 ).
It is not difficult to show that this definition is correct for non-divergent systems.
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I Definition 2. A parallel composition A with interface Ai is divergent if some infinite trace
of A contains only finitely many occurrences of actions of Σi .
I Theorem 3. Let A be non-divergent. The instance of Algorithm 1 with cut-off definition
1 terminates with a finite branching process N , and the folding Si of Ni is a summary of A.
The proof of this theorem is given in [5].
The system of Figure 1 is non-divergent. Algorithm 1 computes the branching process on
the right of Figure 1. The only cut-off is event 9 with companion 3. The folding is shown in
Figure 2 (right) and is a correct summary. However, cut-off definition 1 never works if A is
divergent because the unfolding procedure does not terminate. Indeed, if the system has
divergent traces then we can easily construct an infinite firing sequence of the unfolding such
that none of the finitely many i-events in the sequence is a cut-off. Since no other events can
be cut-offs, Algorithm 1 adds all events of the sequence. This occurs for instance for the
system of Figure 3 with interface A1 , where the occurrence sequence of the unfolding for the
trace i(fcd)ω contains no cut-off.

4.2

Second attempt

To ensure termination for divergent systems, we extend the definition of cut-off. For this, we
define for each event e its i-predecessor. Intuitively, the i-predecessor of an event e is the last
condition that e “knows” has been reached by the interface.
I Definition 4. The i-predecessor of an event e, denoted by ip(e), is the condition M (e)i .
Assume now that two events e1 < e2 , neither of them interface event, satisfy ip(e1 ) = ip(e2 )
and St(e1 ) = St(e2 ). Then any occurrence sequence σ that executes the events of the set
[e2 ] \ [e1 ] leads from a marking to itself and contains no interface events. So σ can be repeated
infinitely often, leading to an infinite trace with only finitely many interface actions. It is
therefore plausible to mark e2 as cut-off event, in order to avoid this infinite repetition.
Cut-off definition 2. An event e is a cut-off if
(1) e is an i-event, and N contains an i-event e0 with St(e) = St(e0 ), or
(2) e is not an i-event, and some event e0 < e satisfies St(e) = St(e0 ) and ip(e) = ip(e0 ).
We give an example showing that this natural definition does not work: the algorithm
always terminates but can yield a wrong result. Consider the parallel composition at the left
of Figure 3, with interface A1 . Clearly Tr(A)|Σ1 = Tr(A1 ) = iab∗ e. For any strategy the
algorithm generates the branching process N at the top right of the figure (without the dashed
part). N has two cut-off events: the interface event 6, which is of type (1), and event 8, a noninterface event, of type (2). Event 6 has 5 as companion, with St(5) = St(6) = {q2 , r2 , s2 }.
Event 8 has 0 as companion, with St(0) = {q1 , r1 , s1 } = St(8); moreover, 0 < 8 and
ip(0) = ip(8). The folding of N1 is shown at the bottom right of the figure. It is clearly not
trace-equivalent to A1 because it “misses” the trace iabe. The dashed event at the bottom
right, which would correct this, is not added by the algorithm because it is a successor of 8.

5

The Solution

Intuitively, the reason for the failure of our second attempt on the example of Figure 3 is
that A1 can only execute iabe if A2 and A3 execute ifcd first. However, when the algorithm
observes that the markings before and after the execution of ifcd are identical, it declares 8
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Figure 3 Cut-off definition 2 produces an incorrect result on A = A1 k A2 k A3 .

a cut-off event, and so it cannot “use” it to construct event e. So, on the one hand, 8 should
not be a cut-off event. But, on the other hand, some event of the trace i(fcd)ω must be
declared cut-off, otherwise the algorithm does not terminate.
The way out of this dilemma is to introduce cut-off candidates. If an event is declared
a cut-off candidate, the algorithm does not add any of its successors, just as with regular
cut-offs. However, cut-off candidates may stop being candidates if the addition of a new
event frees them. (So, an event is a cut-off candidate with respect to the current branching
process.) A generic unfolding procedure using these ideas is given in Algorithm 2, where
Ext(N , co, coc) denotes the possible extensions of N that do not have any event of co or coc
in their past. Assuming suitable definitions of cut-off candidates and freeing, the algorithm
would, in our example, declare event 8 a cut-off candidate, momentarily stop adding any of
its successors, but later free event 8 when event 5 is discovered.
Algorithm 2 Unfolding procedure for a product A.
let N be the unique branching process of A without events; let co = ∅ and coc = ∅
While Ext(N , co, coc) 6= ∅ do
choose e in Ext(N , co, coc) according to the search strategy
If e is a cut-off event then let co = co ∪ {e}
Elseif e is a cut-off candidate of N then let coc = coc ∪ {e}
Else for every e0 ∈ coc do
If e frees e0 then coc = coc \ {e0 }
extend N with e
For every e ∈ co with companion e0 do merge [M (e)i ]≡ and [M (e0 )i ]≡
The main contribution of our paper is the definition of a correct notion of cut-off candidate
for the projection problem. We shall declare event e a cut-off candidate if e is not an interface
event, and N contains a companion e0 < e such that St(e0 ) = St(e), ip(e) = ip(e0 ), and,
additionally, no interface event e00 of N is concurrent with e without being concurrent with
e0 . As long as this condition holds, the successors of e are put “on hold”. In the example of
Figure 3, if the algorithm first adds events 0, 3, 4, and 8, then event 8 becomes a cut-off
candidate with 0 as companion. However, the addition of the interface event 5 frees event 8,
because 5 is concurrent with 8 and not with 0.
However, we are not completely done yet. The parallel composition at the left of Figure 4
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Figure 4 An example illustrating the use of strong causality.

gives an example in which even with this notion of cut-off candidate the result is still wrong.
A1 is the interface. One branching process is represented at the top right of the figure.
Event 3 (concurrent with 1) is a cut-off candidate with 2 (concurrent with 1, 4, and 5) as
companion. This prevents the lower dashed part of the net to be added. Event 6 is cut-off
with 1 as companion. This prevents the upper dashed part of the net to be added. The
refolding obtained then (bottom right) does not contain the word abcb.
If we wish a correct algorithm for all strategies, we need a final touch: replace the
condition e0 < e by e0  e, where  is the strong causal relation:
I Definition 5. Event e0 is a strong cause of event e, denoted by e0  e, if e0 < e and b0 < b
for every b ∈ M (e) \ M (e0 ), b0 ∈ M (e0 ) \ M (e).
Using this definition, event 3 is no longer a cut-off candidate in the branching process of
Figure 4 as it is not in strong causal relation with its companion 2 (because the t2 -labelled
condition just after 2 belongs to M (2) \ M (3) and is not causally related with the r1 -labelled
condition just after 0 which belongs to M (3) \ M (2)).
We are now in a position to provide adequate definitions for Algorithm 2.
I Definition 6 (Cut-off and cut-off candidate). Let IcoN (e) denote the set of non cut-off
interface events of N that are concurrent with e. An event e
is a cut-off if it is an i-event, and N contains an i-event e0 such that St(e) = St(e0 ).
is a cut-off candidate of N if it is not an i-event, and N contains e0  e such that
St(e) = St(e0 ), ip(e0 ) = ip(e), and IcoN (e) ⊆ IcoN (e0 ).
frees a cut-off candidate ec of N if ec is not a cut-off candidate of the branching process
obtained by adding e to N .
I Theorem 7. Let A = A1 k . . . k An with interface Ai . The instance of Algorithm 2 given
by Definition 6 terminates and returns a branching process N such that the folding Si of Ni
is a summary of A.
The proof of this theorem is involved. It is given in [5]. We sketch the main ideas.
Termination follows from a lemma showing that every infinite chain of causally related events
contains an infinite subchain of strongly causally related events. The equality Tr(Si ) =
Tr(A)|Σi is proved in two parts. Tr(Si ) ⊆ Tr(A)|Σi follows easily from the definitions. The
proof of Tr(Si ) ⊇ Tr(A)|Σi is more involved. For every trace of A we identify a strongly
succinct occurrence sequence in the unfolding with this trace as projection. Intuitively, in
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such a sequence, interface events occur as early as possible, and the number of non-interface
events occurring between them is minimal. The main point in the proof is to show that every
cut-off in strongly succinct sequences is necessarily an interface event, which allows one to
conclude the proof as in the non-divergent case. This is proved by contradiction: If e is a
cut-off candidate with companion e0 , we show that (1) e and e0 are located between the same
two interface events (this uses IcoN (e) ⊆ IcoN (e0 )), (2) there is no i-event in [e] \ [e0 ], and (3)
every event of [e] \ [e0 ] is also located between the same two interface events (this is ensured
by e0  e). The events from [e] \ [e0 ] can then be removed from the sequence, contradicting
the definition of strongly succinct sequence.

6

Implementation and Experiments

As an illustration of the previous results, we report in this section on an implementation of
Algorithm 2 as a modification of the existing unfolding tool Mole. All programs and data
used are publicly available. 1 Many components of Mole could be re-used. The main work
consisted in determining cut-off candidates and the “freeing” condition of Definition 6. This
required two main algorithmic additions discussed in detail in [5]: (i) an efficient traversal of
[e], for a given event e, that allows to determine the conditions for cut-off candidates; (ii)
computing IcoN (e) for an event e. Both additions could be obtained by extending existing
components of the tool. While the additions were not always trivial, they could be obtained
with small additional overhead.
We tested our implementation on well-known
Table 1 Experimental results.
benchmarks used widely in the unfolding literature,
Test case
Events Markings
see e.g. [2, 6, 16]. The input is the set of components
CyclicC(6)
426
639
A1 , . . . , An , which are converted into an equivalent
CyclicC(9)
3347
7423
Petri net. For each example, we report the number
CyclicC(12) 26652
74264
of events (including cut-offs) in the prefix. Notice
CyclicS(6)
303
639
that this prefix is computed in less than one second
CyclicS(9)
2328
7423
in most cases (more detailed experimental results are
CyclicS(12) 18464
74264
given in [5]). We also report the number of reachDac(9)
86
1790
able markings (taken from [20] where available, and
Dac(12)
134
14334
computed combinatorially for DpSyn).
Dac(15)
191
114686
The experiments are summarized in Table 1. We
Dp(6)
935
729
used the following families of examples [2]: the CycDp(8)
5121
6555
licC and CyclicS families are a model of Milner’s
Dp(10)
31031
48897
cyclic scheduler with n consumers and n schedulers;
Dpd(4)
2373
601
in one case we compute the folding for a consumer, in
Dpd(5)
23789
3489
the other for a scheduler. The Dac family represents
Dpd(6)
245013
19861
a divide-and-conquer computation. Ring is a mutualDpsyn(10)
176
123
exclusion protocol on a token-ring. The tasks are not
Dpsyn(20)
701
15127
entirely symmetric, we report the results for the first.
Dpsyn(30)
1576 1860498
Finally, Dp, Dpsyn, and Dpd are variants of Dining
Ring(5)
511
1290
Philosophers. In Dp, philosophers take and release
Ring(7)
3139
17000
forks one by one, whereas in Dpsyn they take and
Ring(9)
16799
211528
release both at once. In Dpd, deadlocks are prevented
by passing a dictionary.

1

http://www.lsv.ens-cachan.fr/~schwoon/tools/mole/summaries.tar.gz
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In all cases except one (Dpd) our algorithm needs clearly fewer events than there are
reachable markings; in some families (Dac, Dpsyn, Ring) there are far fewer events. A
comparison of Dp and Dpsyn is instructive. In Dp, neighbours can concurrently pick and
drop forks. Intuitively, this leads to fewer cases in which the condition IcoN (e) ⊆ IcoN (e0 )
for cut-off candidates is satisfied. On the other hand, in Dpsyn both forks are picked and
dropped synchronously, and so no event in Ai is concurrent to any event in the neighbouring
components, making the unfolding procedure much more efficient.

7

Extensions: Divergences and Weights

We conclude the paper by showing that our algorithm can be extended to handle more
complex semantics than traces. Indeed, the divergences of the system can be captured by the
summaries, as well as the minimal weights of the finite traces from Tr(A)|Σi when A1 . . . An
are weighted systems.

7.1

Divergences

We first extend our algorithm so that the summary also contains information about divergences.
Intuitively, a divergence is a finite trace of the interface after which the system can “remain
silent” forever.
I Definition 8. Let A1 , . . . , An be LTSs with interface Ai . A divergence of Ai is a finite trace
σ ∈ Tr(Ai ) such that σ = τ|Σi for some infinite trace τ ∈ Tr(A). A divergence-summary
is a pair (Si , D), where Si is a summary and D is a subset of the states of Si such that
σ ∈ Tr(Si ) is a divergence of Ai iff some realization of σ in Si leads to a state of D.
We define the set of divergent conditions of the output of Algorithm 2, and show that it
is a correct choice for the set D.
I Definition 9. Let N be the output of Algorithm 2. A condition s of Ni is divergent if after
termination of the algorithm there is e ∈ coc with companion e0 such that s is concurrent to
both e and e0 . We denote the set of divergent conditions by DC .
I Theorem 10. A finite trace σ ∈ Tr(Si ) is a divergence of Ai iff there is a divergent
condition s of Ni such that some realization of σ leads to [s]≡ . Therefore, (Si , [DC ]≡ ) is a
divergence-summary.
The proof of this theorem is given in [5].

7.2

Weights

We now consider weighted systems, e.g parallel compositions of weighted LTS. More formally,
a weighted LTS Aw = (A, c) consists of an LTS A = (Σ, S, T, λ, s0 ) and a weight function
c : T → R+ associating a weight to each transition. A weighted trace of Aw is a pair (σ, w)
where σ = a1 . . . ak is a finite trace of A and w is the minimal weight among the paths
realizing σ, i.e:
k
X
w=
min
c(tj ).
s0 ...sk ∈S k+1 ,s0 =s0 ,
j=1
ti =(si−1 ,si )∈T,λ(ti )=ai

We denote by Tr(Aw ) the set of all the weighted traces of Aw . The parallel composition
w
w
w
Aw = (A, c) = Aw
1 ||w · · · ||w An of the LTS A1 , . . . , An is such that A = A1 || . . . ||An and
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the weight of a global transition t = (t1 , . . . , tn ) is:
X
c(t) =
ci (ti ).
ti 6=?

Similarly a weighted labelled Petri net is a tuple N w = (N , c) where N = (Σ, P, T, F, λ, M0 )
is a labelled Petri net and c : T → R+ associates weights to transitions. A weighted trace in
N w is a pair (σ, w) with σ a finite trace of N and w the minimal weight of an occurrence
sequence corresponding to σ, where the weight of an occurrence sequence is the sum of the
weights of its transitions. By Tr(N w ) we denote the set of all the weighted traces of N w .
w
The branching processes of Aw
1 ||w . . . ||w An are defined as weighted labelled Petri nets
like in the non-weighted case, where each event is implicitly labelled by an action (as before)
and a cost. Given a finite set of weighted traces W we define its restriction to alphabet Σ as
W |Σ = { (σ, w) : ∃(σ 0 , w0 ) ∈ W, σ = σ 0 |Σ ∧ w =

min

(σ 0 ,w0 )∈W
σ 0 |Σ =σ

w0 }.

As in the non-weighted case we are interested in solving the following summary problem:
w
I Definition 11 (Weighted summary problem). Given weighted LTSs Aw
1 , . . . , An with inw
w
w
w
terface Aw
=
i , compute a weighted LTS Si satisfying Tr(Si ) = Tr(A )|Σi , where A
w
w
A1 ||w . . . ||w An .

This section aims at showing that the approach to the summary problem proposed in the
non-weighted case still works in the weighted one. In other words, Siw can be obtained by
computing a finite branching process N w of Aw (using Definition 6 of cut-off and cut-off
candidates and Algorithm 2) and then taking the interface projection Niw of N w on Aw
i and
folding it. The notion of interface projection needs to be slightly modified to take weights
into account. The conditions, events, and arcs of Niw are defined exactly as above, and the
weight of an event e of Niw is ci (e) = c([e]) − c([e0 ]) if the predecessor e0 of e in Niw exists and
P
ci (e) = c([e]) else, where c is the weight function of N w and c([e]) = ek ∈[e] c(ek ), where [e]
is the past of e in the weighted branching process N w .
w
w
I Theorem 12. Let Aw = Aw
1 ||w . . . ||w An with interface Ai . The instance of Algorithm 2
given by Definition 6 terminates and returns a weighted branching process N w such that the
folding Siw of Niw is a weighted summary of Aw .

The proof of this theorem is given in [5].

8

Conclusions

We have presented the first unfolding-based solution to the summarization problem for trace
semantics. The final algorithm is simple, but its correctness proof is surprisingly subtle. We
have shown that it can be extended (with minor modifications) to handle divergences and
weighted systems.
The algorithm can also be extended to other semantics, including information about
failures or completed traces; this material is not contained in the paper because, while
laborious, it does not require any new conceptual ideas.
We conjecture that the condition e0  e in the definition of cut-off candidate can be
replaced by e0 < e, if at the same time the algorithm is required to add events in a suitable
order. Similar ideas have proved successful in the past (see e.g. [6, 16]).
Acknowledgement. Thanks to the anonymous reviewers for their valuable comments.
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Abstract
Given a universe U := U1 ]· · ·]Ur , and a r-uniform family F ⊆ U1 ×· · ·×Ur , the r-dimensional
matching problem asks if F admits a collection of k mutually disjoint sets. The special case
when r = 3 is the classic 3D-Matching problem. Recently, several improvements have been
suggested for these (and closely related) problems in the setting of randomized parameterized
algorithms. Also, many approaches have evolved for deterministic parameterized algorithms.
For instance, for the 3D-Matching problem, a combination of color coding and iterative expansion yields a running time of O∗ (2.80(3k) ), and for the r-dimensional matching problem,
a recently developed derandomization for known algebraic techniques leads to a running time of
O∗ (5.44(r−1)k ).
In this work, we employ techniques based on dynamic programming and representative families,
leading to a deterministic algorithm with running time O∗ (2.85(r−1)k ) for the r-Dimensional
Matching problem. Further, we incorporate the principles of iterative expansion used in the
literature [TALG 2012] to obtain a better algorithm for 3D-matching, with a running time
of O∗ (2.003(3k) ). Apart from the significantly improved running times, we believe that these
algorithms demonstrate an interesting application of representative families in conjunction with
more traditional techniques.
1998 ACM Subject Classification F.2.0 Analysis of Algorithms and Problem Complexity
Keywords and phrases 3-Dimensional Matching, Fixed-Parameter Algorithms, Iterative Expansion
Digital Object Identifier 10.4230/LIPIcs.FSTTCS.2013.237

1

Introduction

Given a universe U := U1 ] · · · ] Ur , and a r-uniform family F ⊆ U1 × · · · × Ur , the rdimensional matching problem asks if F admits a collection of k mutually disjoint sets.
The special case when r = 3 can be viewed as an immediate generalization of the matching
problem on bipartite graphs to three-partite, three-uniform hypergraphs. The question of
finding the largest 3D-Matching is a classic optimization problem, and the decision version is
listed as one of the six fundamental NP-complete problems in Garey and Johnson [9]. These
problems may also be thought as restricted versions of the more general Set Packing
questions, where no restrictions are assumed on the universe.
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r-Dimensional Matching. The question of r-dimensional matching has enjoyed substantial attention in the context of exact algorithms, and there have been several deterministic and randomized approaches to the problem (see Table 1). One of the earliest
approaches [6] used the color-coding technique [1]. Further, in [7], an O(k 3 ) kernel was
developed and the color-coding was combined with dynamic programming on the structure
of the kernel to obtain an improvement. In [10], Koutis used an algebraic formulation of
Set Packing and proposed a randomized algorithm (derandomized with hash families).
The randomized approaches saw further improvements in subsequent work [12, 11, 2], also
based on algebraic techniques. The common theme in these developments is to express a
parameterized problem in an algebraic framework by associating multilinear monomials with
the combinatorial structures that are sought, ultimately arriving at multilinear monomial
testing problem or polynomial identity testing problem.
In a recent development [4], the authors propose a derandomization method for these algebraic approaches, leading to a determinstic algorithm that solves the r-dimensional
matching problem in time O∗ (5.44(r−1)k )1 .
Table 1 Algorithms for r-dimensional matching.
References
Fellows et al., 1999 [6]
Fellows et al., 2008 [7]
Koutis, 2005 [10]
Koutis, 2008 [12]
Koutis and Williams, 2009 [11]
Björklund et al., 2010 [2]
Chen and Chen, 2013 [4]
This work (Theorem 3.4)

Randomized
Algorithms

O∗ ((4e)rk )
O∗ (2rk )
O∗ (2(r−1)k )
O∗ (2(r−2)k )

Deterministic
Algorithms
O∗ ((rk)!(rk)3rk+1 )
O∗ (2O(rk) )
O∗ (25.6rk ) (See also [3, 13])

O∗ (5.44(r−1)k )
O∗ (2.851(r−1)k )

3D-Matching. The 3D-Matching problem admits of even better algorithms than those
obtained by using the algorithms above for the particular case of r = 3. Indeed, the
works [13, 3] consider 3D-Matching separately and obtain better algorithms with determinstic running times O∗ (2.773k ) and O∗ (2.803k ). In fact, even in the present work, we
will explore an improvement that is specific to 3D-Matching, resulting in a significantly
faster algorithm. The approach in [3] uses a clever combination of dynamic programming
(embedded in a color coding framework) and iterative expansion, derandomized using hash
families. In our work, we obtain a deterministic algorithm with running time O∗ (2.00343k ).

The Method of Representative Families and Our Contributions
We first consider the general problem of finding a maximum weight r-dimensional k-packing
(that is, the sets have integer weights and the goal is to find a k-packing of weight at least W ).
Next, we focus on the 3D-Matching question separately, improving the general algorithm
further for this special case. Our algorithms are an improvization of the work in [3], in that

1

The O∗ notation is used to suppress polynomial factors in the running time.
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the main dynamic programming and iterative expansion wireframes stay intact, however,
the color coding engine is replaced by an application of representative families.
In using representative families, which is a general approach based on uniform matroids, our
attempt is somewhat different from the previous approaches to the problem. Matroids have
been applied to design fixed-parameter tractable algorithms as early as [14], where the main
tool was the notion of representative families. The idea of using representative families was
introduced by Monien in [15]. We briefly describe the basic notion here, and the reader is
referred to Section 2 for the details.
In a dynamic programming framework, one might think of every intermediate stage of the
algorithm as a location storing several partial solutions, with the hope that one of them
would “lead to” a final solution. In many settings, a solution (when it exists) can be viewed
as a split into two disjoint parts — where one can be thought of as the partial part that
we would like to store, and the other is the part that we are hoping to encounter down the
line. The inherent disjointness of these parts suggests that perhaps all partial solutions need
not be maintained, and instead, as long as there is some witness that can be evolved into a
complete solution, correctness is guaranteed.
We note that the color coding approach is a rather clever way of capturing this notion, albeit
with an element of randomization. The notion of representative families, on the other hand,
formalizes this intuition in a combinatorial fashion. The definition of a representative family
is as follows. Let M = (E, I) be a matroid and let S = {S1 , . . . , St } be a family of subsets
of E of size p. A subfamily Sb ⊆ S is q-representative for S if for every set Y ⊆ E of size at
b ∈ Sb
most q, if there is a set X ∈ S disjoint from Y with X ∪ Y ∈ I, then there is a set X
b ∪ Y ∈ I.
disjoint from Y with X
For this definition to be useful, we will need to know that small representative families exist.
A classical result due to Bollobás indicates that uniform matroids,
involving sets of size at

p+q
most p, admit a q-representative family with at most p sets (subsequently generalized
by Lovász to representable matroids). The next natural issue is that of computational
overhead, which brings us to the question of whether these representative families be found,
and at what cost. Fortunately, the combinatorial proofs turn out to be constructive, and
algorithmic versions have been established. The most recent development in this line of work
is in [8], where the
 authors describe an algorithm constructing
 a q-representative family of
p+q
size at most p+q
in
time
bounded
by
a
polynomial
in
p
p , t, and the time required for
field operations, where t is the size of the input family.
Representative families can be applied in a very natural way to a large class of “matching and packing” problems. For instance, consider the DP table for 3-Set Packing
that stores in S[i] packings of size i. This approach can be improved by keeping only
(3k − 3i)-representative families at every stage, leading to an algorithm with running time
O∗ (2.8513k ).
Our focus is to improve this naive approach by more careful dynamic programming, leading to an algorithm with running time O∗ (2.851(r−1)k ) for r-dimensional matching (see
Theorem 3.4). For 3D-Matching, we are able to apply iterative expansion as used in [3].
The idea of iterative expansion is to focus on the “improvement” version of the question,
where the input includes a matching of size k and the question is if there is a matching of
size k + 1. Clearly, an efficient algorithm for this question can be run k times (starting with
k = 1) to find a matching of size k. One of the reasons it is useful to have a matching of size
k as input is Lemma 3.4 in [3], which states if there is an improved matching, then there
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is one that overlaps the given matching in a substantial way. The guarantee of this overlap
can be exploited suitably to attain better running times. We use this result as well, except
that we incorporate the advantages in the setting of representative families. The result is
an algorithm with running time O∗ (2.00343k ) for 3D-Matching (see Theorem 4.5).
Another advantage of our first approach is the fact that it works for the weighted version
of the r-dimensional matching problem with only an additional factor of log W (where
W is the target weight). This factor is linear in the input, and is thus essentially optimal.
To the best of our knowledge, the known approaches either are not scalable to the weighted
version of the question or incur an additional factor of W in the running time.
Organization. In Section 2, we discuss some of the definitions associated with matroids and
representative families. In Section 3, we describe our first algorithm for the weighted version
of r-dimensional matching. Finally, in Section 4, we show how iterative expansion can
be used to obtain an improved algorithm for 3D-Matching. Owing to limitations of space,
some proofs have been omitted. Such results are marked with a ?.

2

Preliminaries

In this section we summarize the important definitions. A more detailed introduction may be
found in the full version. To begin with, we define the notion of a (min/max) representative
family and state the theorems associated with efficient computations of such families.
I Definition 2.1 ( q-Representative Family,[8]). Given a matroid M = (E, I) and a
family S of subsets of E, we say that a subfamily Sb ⊆ S is q-representative for S if the
following holds: for every set Y ⊆ E of size at most q, if there is a set X ∈ S disjoint from Y
b ∈ Sb disjoint from Y with X
b ∪ Y ∈ I. If Sb ⊆ S
with X ∪ Y ∈ I, then there is a set X
b is a q-representative for X
is q-representative for S we write Sb ⊆qrep S. Also, we say that X
with respect to Y .
I Definition 2.2 (Min/Max q-Representative Family,[8]). Given a matroid M =
(E, I), a family S of subsets of E and a non-negative weight function w : S → N, we
say that a subfamily Sb ⊆ S is min q-representative (max q-representative) for S if the following holds: for every set Y ⊆ E of size at most q, if there is a set X ∈ S disjoint from Y
b ∈ Sb disjoint from Y with X
b ∪Y ∈ I; and w(X)
b ≤ w(X)
with X ∪Y ∈ I, then there is a set X
q
q
b ≥ w(X)). We use Sb ⊆
b
(w(X)
minrep S (S ⊆maxrep S) to denote a min q-representative (max
b is a min q-representative (respectively,
q-representative) family for S. Also, we say that X
max q-representative) for X with respect to Y .
I Theorem 2.3 ([8]). Let S = {S1 , . . . , St } be a family of sets of size p over a universe of
size n. For a given q, a q-representative family Sb ⊆ S for S with at most p+q
·2o(p+q) ·log n
p
p+q q
o(p+q)
· t · log n).
sets can be computed in time O(( q ) · 2
I Theorem 2.4 ([8]). There is an algorithm that given a p-family S of sets over a universe
U of size n, an integer q, and a non-negative weight function w : S → N with maximum
q
value at most W , computes in time O(|S| · ( p+q
q ) · log n + |S| · log |S| · log W ) a subfamily

b = p+q · 2o(p+q) · log n and Sb ⊆q
Sb such that |S|
S (Sb ⊆qmaxrep S).
p

The problems we consider are the following:

minrep
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Parameter: k

r-dimensional matching

Input: A universe U := U1 ] · · · ] Ur , a family F ⊆ U1 × · · · × Ur , and k ∈ Z+ .
Question: Does F have a collection of at least k mutually disjoint sets?
Weighted Exact r-Dimensional Matching

Parameter: k

Input: A universe U := U1 ] · · · ] Ur , a family F ⊆ U1 × · · · × Ur , a non-negative
weight function w : F → N and positive integers k, W .
Question: Does there exist M ⊆ F, of k mutually disjoint sets such that w(M) ≥
W?

3

A Dynamic Programming Approach

In this section, we describe an algorithm with running time O∗ (2.851(r−1)k ) for the
Weighted Exact r-Dimensional Matching problem. For ease of presentation, we
will describe the algorithm for Weighted Exact 3-Dimensional Matching here. The
generalization to the problem of finding a weighted r-dimensional matching of size k appears
in the full version of this work.
Let (U1 , U2 , U3 , F, w : F → N, k, W ) be an instance of Weighted Exact 3D-Matching.
Recall that F ⊆ U1 × U2 × U3 , and the problem involves finding k mutually disjoint sets in F
whose weight is at least W . For a set S ∈ F, we let S[i] denote S ∩ Ui , that is, S[i] is the
element of S that is from Ui . We sometimes refer to the element S[i] as the ith coordinate
of S.
The improved dynamic programming approach involves iterating over the elements in U3 (for
the discussion in this section, this is an arbitrary and fixed choice). In particular, let U3 :=
{c1 , c2 , . . . , cn }. Let M := {S1 , S2 , . . . , St } be a 3D-Matching. Let M3 := {Si [3] | i ∈
[t]} ⊆ U3 . We define the maximum last index of M, denoted by λ(M), as the largest
index i for which ci ∈ M3 . For the empty matching ∅, λ(∅) = 0. In the ith iteration of our
algorithm, we would like to store all matchings whose maximum last index is at most i, and
we stop at our first encounter with a matching of size k and weight at least W . However, it
turns out that storing all possible matchings at every stage is exponentially expensive — we
potentially run into storing O(n2i ) matchings at the ith step. In [3], this problem (for the
unweighted case) is mitigated using color coding. We will now discuss how we can use the
notion of max representative families instead, which has the dual advantage of being faster
and deterministic.
(i)

We first introduce some notation. We let Q(i) = {M | λ(M) ≤ i} and Qj := {M | M ∈
(i)

Q(i) , |M| = j}. Notice that the Qj ’s constitute a partition of the set Q(i) based on matching
Sn
(i)
size, in other words, Q(i) := j=0 Qj . Recall that a naive application of the method of
representative families would lead to a running time of O(2.853k ). To use the representative
families more efficiently, we would like to splice the elements of the matchings into two
parts. We will first collect the parts of the matching that come from (U1 ∪ U2 ), and then
store separately a map that completes the first part to the complete matching. This will
allow us to apply the dynamic programming approach suggested above. To this end, for a
matching M, we let M12 denote the subset of (U1 ∪ U2 ) obtained by projecting the elements
S
of M on their first two co-ordinates, that is, M12 := S∈M {S[1], S[2]}. On other hand, let
γ := {(M, M12 ) | M is a matching in F}.
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Algorithm 1: A Simple DP Implementation for Weighted Exact 3D-Matching
using Representative Families
Input: (U1 , U2 , U3 , F, w : F → N, k, W ), where F ⊆ U1 × U2 × U3 , and k, W ∈ N.
Output: A 3D-Matching of size k and weight at least W if it exists, No otherwise.
(0)
1 R0 ← {∅}
2
3
4
5
6
7
8
9

(0)

Rj ← ∅, for all 1 ≤ j ≤ k
L(0) ← {∅}
for i ∈ {1, 2, . . . , n} do
L(i) ← {M ∪ S | M ∈ L(i−1) , S ∈ F, M ∩ S = ∅, S[3] = i} ∪ L(i−1)
for j ∈ {0, 1, . . . , k} do
(i)
Lj ← {M | M ∈ L(i) , |M| = j}
(i)

(i)

if Lk 6= ∅ and ∃M ∈ Lk such that w(M) ≥ W then
return M.
(i)

(i)

10

Pj ← {M12 | M ∈ Lj };

11

γ ← {(M, M12 ) | M is a matching in Lj }

(i)

12

w0 ← {(M12 , w(γ † (M12 ))) | M12 ∈

13

Let Rj ⊆2k−2j
maxrep Pj

14
15
16

(i)

(i)

(i)
Pj }

(i)
(i)

Lj ← {γ † (M12 ) | M12 ∈ Rj }
Sk
(i)
L(i) ← j=0 Lj
return No;

In γ, we are merely storing the associations of M12 with the matchings that they “came
from”. Observe that γ might (by definition) contain multiple entries with the same second coordinate. On the other hand, when the algorithm stores the associations in γ, we will see that
it will be enough to maintain one maximum weighted entry for each M12 . To this end, we
define the function γ † as follows. Let ≤ be an arbitrary total order on the set of all matchings
in F. For a set S ⊆ U1 ∪ U2 , we define γ † (S) as the smallest matching M (with respect
to ≤) among the maximum weighted matchings in the set {M0 | (M0 , S) ∈ γ}. If γ † (S)
is M, then we say that M is the matching associated with S. Finally, for a set S and a
matching M, we abuse notation and say that M is disjoint from S (notationally, M∩S = ∅)
to mean that T ∩ S = ∅ for all T ∈ M.
We are now ready to describe our first algorithm (see also Algorithm 1). In L(i) , we store
carefully chosen 3D-Matchings whose maximum last index is at most i. We compute L(i) by
considering all elements M of L(i−1) , and checking if they can be extended to a matching
whose maximum last index is at most i. For a fixed M, this check is performed by iterating
over all elements S ∈ F such that S[3] = i and extending M to M ∪ S whenever M ∩ S = ∅.
Subsequently, we will compute a representative family of L(i) . Since L(i) is a collection of
matchings of varying sizes, we will need an appropriate version of L(i) that will be suitable
(i)
for Theorem 2.4. To this end, we first partition the set L(i) — the part denoted by Lj
contains all matchings from L(i) of size j. Note that this is simply done to ensure uniformity
of size. Of course, it is easily seen that if we have a matching of size k with weight at least
W at this point, then we are done.
(i)

Next, we associate with every matching M ∈ Lj , a set that consists of the first two
indices of every set in M. Recall that this is denoted by M12 . The collection of sets that
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(i)

(i)

correspond to matchings in Lj is denoted by Pj . We use γ to store the associations
between the sets and the original matchings. Note that γ might have multiple pairs with
the same second index and same weight w for first index, but this will be irrelevant (it
would simply mean that M12 can be “pulled back” to multiple matchings, each of which
(i)
(i)
would be equally valid). Now we define a weight function w0 : Pj → N. ∀M12 ∈ Pj ,
we set w0 (M12 ) = w(γ † (M12 )). Now, the central step of the algorithm is to compute a
(i)
(i)
max (2k − 2j)-representative family Rj for Pj . Once we have the representative family,
(i)

(i)

we revise Lj to only include the associated matchings with sets in Rj .
The correctness of the algorithm relies on the fact that at each step, instead of the complete
family of partial solutions Q(i) , it suffices to store only a representative family of Q(i) . Also,
we will show that the family computed by the algorithm, L(i) , is indeed a representative
family for Q(i) . The analysis of the running time will be quite straightforward in the light
of Theorem 2.4, and we will discuss it after arguing the correctness.
(i)

Let Xj

(i)

(i)

:= {M12 | M ∈ Qj }. We assign a weight function w0 : Xj
(i)
Xj ,

0

∀M12 ∈
following.

?

?

w (M12 ) = max{w(M ) | M ∈

(i)
Qj , M12

=

M?12 }.

Our first claim is the
(i)

I Lemma 3.1 (?). For all 0 ≤ i ≤ n, and 0 ≤ j ≤ k − 1, the set Rj
representative family for

→ N as follows.

is a max (2k − 2j)-

(i)
Xj .

Observe that any solution constructed by Algorithm 1 is always a valid matching. Therefore,
if there is no matching of size k, Algorithm 1 always returns a No. On the other hand, if
given a Yes instance, we now show that Algorithm 1 always finds a 3D-Matching of size k
with weight at least W .
I Lemma 3.2. Let (U1 , U2 , U3 , F, w : F → N, k, W ) be a Yes-instance of Weigted Exact
3D-Matching. Then, Algorithm 1 successfully computes a 3D-Matching of size k with
weight at least W .
Proof. Let (U1 , U2 , U3 , F, w : F → Z+ , k, W ) be a Yes-instance of Weighted Exact 3DMatching. Let M = {S1 , S2 , . . . , Sk }, be a k-sized 3D-Matching in F and w(M) ≥ W .
Suppose λ(M) = i. Without loss of generality, let Sk [3] = ci . Finally, let M0 = M \
(i)
Sk . Recall that Qj is the set of all 3D-Matchings of size j with maximum last index at
(i)

most i, and Xj
0

contains the projections of these matchings on their first two coordinates.
(i−1)

(i−1)

Therefore, M ∈ Qk−1 and M012 ∈ Xk−1 . Note that w0 (M012 ) ≥ w(M0 ).
(i−1)

By Lemma 3.1, we have that Rk−1
(i−1)

(i−1)

is a max 2-representative family for Xk−1 . Let
(i−1)

(i−1)

Y = {Sk [1], Sk [2]}. Since Rk−1 ⊆2maxrep Xk−1 , we have that Rk−1 contains a 2representative Z ? , for M012 with respect to Y . So we have w0 (Z ? ) ≥ w0 (M012 ). Let M?
be the matching associated with Z ? . Therefore w(M? ) = w0 (Z ? ). It is easy to see that
M? ∩ Sk = ∅ and λ(M? ∪ Sk ) = i. Therefore, in Step 2 of Algorithm 1, we have that L(i)
(i)
contains the matching M? ∪ Sk which is then classified in the set Lk . Consider the weight
of M? ∪ Sk .
w(M? ∪ Sk )

=

w(M? ) + w(Sk )

≥ w(M0 ) + w(Sk )

(Since w(M? ) = w0 (Z ? ) ≥ w0 (M012 ) ≥ w(M0 ))

≥ W

(Since w(M0 ) + w(Sk ) = w(M) ≥ W )

Thus, the algorithm will return a matching of size k and weight at least W in Step 9.

J
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I Lemma 3.3 (?). The running time of Algorithm 1 is bounded by O(2.8512k ).
We remark that in case of unweigted 3D-Matching, if there exists a 3D-Matching of size
at least k then there exists a 3D-Matching of size k, and so we can use Algorithm 1 to solve
3D-Matching. The extension of these ideas to the Weighted Exact r-Dimensional
Matching is discussed in the full version of the paper. The final result is the following.
I Theorem 3.4. Weighted Exact r-Dimensional Matching and r-Dimensional
Matching can be solved deterministically in time O∗ (2.851(r−1)k ).

4

Iterative Expansion and Representative Sets

In this section, we provide a faster algorithm for 3D-Matching using iterative expansion.
The idea is to first solve the following improvement problem: given a 3D-Matching of size j
as input, can we find a 3D-Matching of size (j + 1)? Once we have an algorithm for solving
the improvement question, we can use it as a subroutine k times to find a matching of size k,
by starting with a trivial matching of size one. Therefore, for the rest of this section, we
focus on the improvement problem:
3D-Matching Improvement

Parameter: k

Input: A universe U := U1 ] U2 ] U3 , a family F ⊆ U1 × U2 × U3 , and K ⊆ F, a
3D-Matching of size k.
Question: Does F have a 3D-Matching of size (k + 1)?
Let M be a 3D-Matching given by {S1 , . . . , St }. Generalizing the notation in the previous
section, we let Mpq denote the subset of (Up ∪ Uq ) obtained by projecting the elements of M
S
on the p and q co-ordinates, that is, Mpq := S∈M {S[p], S[q]}. On other hand, let
γpq := {(M, Mpq ) | M is a matching in F}.
†
†
The definition of γpq
is also as expected: For a set S ⊆ Up ∪ Uq , we define γpq
(S) as the
smallest matching M (with respect to ≤) for which (M, S) ∈ γpq . Finally, for r ∈ {1, 2, 3},
let Mr := {Si [r] | i ∈ [t]} ⊆ Ur . Let Ur = {c1 , c2 , . . . , cn }. We define the maximum last index
of M with respect to r, denoted by λr (M), as the largest index i for which ci ∈ Mr . For
empty matching ∅, λr (M) = 0. To use the method of iterative expansion to our advantage,
we invoke the following result from [3], which states that if there is some matching of
size (k + 1), then there is also one that has a large intersection with the given matching K.

I Lemma 4.1 (Lemma 3.4 and Theorem 3.6, [3]). Let (U1 , U2 , U3 , F, K) be a Yes-instance
of 3D-Matching Improvement, that is, F admits a matching M of size (k + 1). Then,
there is also a matching M? of size (k + 1) such that there exist two indices p, q ∈ {1, 2, 3},
for which |M?pq ∩ Kpq | ≥ (4/3)k.
The improved algorithm for solving the 3D-Matching Improvement (see Algorithm 2)
is along the lines of Algorithm 1, in that the dynamic programming procedure is very
similar. The difference lies in how we compute the representative families (see lines 17-19,
Algorithm 2), and this is also what brings about the improved running time.
We begin by considering the given matching, K. By Lemma 4.1, we know that there is
always a solution that has a large common intersection with K (if one solution exists).
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In particular, if we denote this solution by M? then Lemma 4.1 indicates that there is a
choice of coordinates p, q ∈ {1, 2, 3} for which the number of elements in Kpq ∩ M?pq is
at least (4/3)k. So our first step involves guessing the coordinates p and q (Steps 1-2 in
Algorithm 2). Once we have fixed a choice of p and q, we further guess the intersection
Kpq ∩ M?pq . We do this by iterating over all subsets of Kpq (see Line 12, Algorithm 2).
(i)

Let U be a fixed guess of the elements in the intersection. In Pj,U we store (as before) the
(i)

projection of the matchings from Lj on Up and Uq — however we are now only interested
in matchings that satisfy Mpq ∩ Kpq = U . In the next step, we remove the elements
(i)
(i)
of U from every set in Pj,U to obtain Dj,U . Now, we compute a (2k/3 − 2j + |U | + 2)(i)

representative family of Dj,U . The intuitive explanation is the following. Since Mpq already
has (4k/3) elements in common with Kpq , we could isolate these elements, set them aside,
and compute representative families only for the “rest”. Due to this restrictive computation
of representative families, the amount of time we spend on this step improves considerably.
Towards correctness, we define Q(i) JpqK, which is analogous to the notion of Q(i) in the
previous section. The only difference is that the maximum last index value is considered
along the r coordinate, where r ∈ {1, 2, 3} is such that r 6= p, q. Further, it will be useful to
(i)
define Qj,U JpqK, which further partitions the collection Q(i) JpqK based on the matching size
(i)

and the intersection with Kpq , i.e, Qj,U JpqK := {M | M ∈ Q(i) , |M| = j, Mpq ∩ Kpq = U }
(i)

(i)

Finally let Xj,U JpqK := {Mpq | M ∈ Qj,U JpqK}.

In this setting, our first claim is that if we have a Yes instance of 3D-Matching Improvement, then for a correct guess of the coordinates p and q, at least one relevant partial
solution is preserved in L(i) at every stage of the algorithm.
I Lemma 4.2. For all 0 ≤ i ≤ n, for all U ⊆ Kpq , and for all 0 ≤ j ≤ k such that
(i)
(i)
2j ≤ (2k/3) + |U | + 2, we have that Rj,U JpqK is a α(j, U )-representative family for Xj,U JpqK,
where α(j, U ) = (2k/3) − (2j − |U |) + 2.
Proof. Towards a proof, we need to show that for all Y ⊆ Up ∪ Uq such that |Y | ≤ α(j, U ),
(i)
(i)
if there exists Z ∈ Xj,U JpqK such that Y ∩ Z = ∅, then there also exists Z ? ∈ Rj,U JpqK such
?
that Z ∩ Y = ∅. Note that since Y is assumed to be disjoint from Z, and U ⊆ Z (since
(i)
Z ∈ Xj,U JpqK), we have that Y ∩ U = ∅. The proof of the lemma is by induction on i. The
base case is when i = 0.

{∅} if j = 0 and U = ∅,
(0)
(0)
Rj,U JpqK = Xj,U JpqK =
∅ Otherwise.
(0)

(0)

Hence Rj,U JpqK is α(j, U )-representative family for Xj,U JpqK for all 0 ≤ j ≤ k and U ⊆
(i)

Kpq . The induction hypothesis states that Rj,U JpqK is an α(j, U )-representative family
(i)

for Xj,U JpqK for all U ⊆ Kpq and for all 0 ≤ j ≤ k such that 2j ≤ (2k/3) + |U | + 2.
(i+1)

For the induction step, we will show that Rj,U JpqK is an α(j, U )-representative family
(i+1)

for Xj,U JpqK for all U ⊆ Kpq and for all 0 ≤ j ≤ k such that 2j ≤ (2k/3) + |U | + 2. As with
the proof of Lemma 3.1, we note that the corner case when j = 0 is trivial. To this end,
let U ⊆ Kpq and j be fixed. Let Y ⊆ Up ∪ Uq such that |Y | ≤ α(j, U ). Further, suppose
(i+1)
there exists a set Z ∈ Xj,U JpqK such that Z ∩ Y = ∅. Let MZ be the matching associated
(i+1)

with Z. Since MZ is derived from Xj,U JpqK, note that λr (MZ ) ≤ i + 1. We distinguish
two cases, depending on whether MZ contains a set with ci+1 as the r-coordinate.
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Algorithm 2: An Expansion Algorithm using Representative Families
Input: (U1 , U2 , U3 , F, K), where F ⊆ U1 × U2 × U3 , K ⊆ F is a 3D-Matching of size k
Output: A 3D-Matching of size (k + 1) if it exists, No otherwise.
1 for r in {1, 2, 3} do
2
p ← max{{1, 2, 3} \ {r}} and q ← min{{1, 2, 3} \ {r}}
3
4
5
6
7
8
9
10
11
12
13
14

(0)

R0,∅ JpqK ← {∅}, L(0) ← {∅}
(0)

Rj,U JpqK ← ∅, if j 6= 0 or U 6= ∅, for all 0 ≤ j ≤ k and U ⊆ Kpq
for i ∈ {1, 2, . . . , n} do
L(i) ← {M ∪ S | M ∈ L(i−1) , S ∈ F, M ∩ S = ∅, S[r] = i} ∪ L(i−1)
for j ∈ {0, 1, 2, . . . , k + 1} do
(i)
Lj ← {M | M ∈ L(i) , |M| = j}
(i)

if Lk+1 6= ∅ then
(i)
return M, where M ∈ Lk+1 .
(i)

γpq ← {(M, Mpq ) | M is a matching in Lj };
for U ⊆ Kpq do
if 2j > (2/3)k + |U | + 2 then
Continue;
(i)

(i)

(i)

20
21

α(j,U )

Let Tj,U JpqK ⊆rep

17

19

(i)

Dj,U JpqK ← {X \ U | X ∈ Pj,U JpqK}

16

18

(i)

Pj,U JpqK ← {Mpq | M ∈ Lj and Mpq ∩ Kpq = U }

15

(i)

(i)

Dj,U JpqK, where α(j, U ) = (2k/3) − (2j − |U |) + 2
(i)

Let Rj,U JpqK ← {X ∪ U | X ∈ Tj,U JpqK}
S
(i)
(i)
†
(Mpq ) | Mpq ∈ Rj,U JpqK}
Lj ← U ⊆Kpq {γpq
Sk
(i)
L(i) ← j=1 Lj
return No;

Case 1. MZ contains a set with ci+1 as the r-coordinate.
Let S ∈ MZ be such that ci+1 ∈ S. Define the smaller matching MZ\S := MZ \ S.
Notice that |MZ\S | = j − 1 and λr (MZ\S ) ≤ i. Let US := U ∩ S and U 0 = U \ US .
(i)
Z\S
(i)
Z\S
Therefore, MZ\S ∈ Qj−1,U 0 JpqK and Mpq ∈ Xj−1,U 0 JpqK. Let A = Mpq and Y S =
Y ∪({S[p], S[q]}\US ). It is easy to check that A∩Y S = ∅. We claim that |Y S | ≤ α(j −1, U 0 ):
|Y S | = |Y | + 2 − |US | ≤ (2k/3) − 2j + |U | + 2 + 2 − |US | = α(j, U 0 )
We also claim that 2(j − 1) ≤ (2k/3) + |U 0 | + 2. Suppose not, then 2j > (2k/3) + |U 0 | + 4 >
(2k/3) + |U | + 2 (Since |U | = |U 0 | + |US | ≤ |U 0 | + 2). This contradicts the assumption
(i)
that 2j ≤ (2k/3) + |U | + 2. Hence, we are now in a situation where A ∈ Xj−1,U 0 JpqK,
|Y S | ≤ α(j −1, U 0 ), A∩Y S = ∅ and 2(j −1) ≤ (2k/3)+|U 0 |+2. By the induction hypothesis,
(i)
we have that Rj−1,U 0 JpqK contains a α(j − 1, U 0 )-representative of A with respect to Y S .
Let us denote this representative by B. Note that B ∩ Y S = ∅ by definition. Also note
that B ∩ US = ∅ because B ∩ Kpq = U 0 . Let MB be the matching associated with B.
(i)
(i)
Since B ∈ Rj−1,U 0 JpqK, we have that MB ∈ Lj−1 . Since the p, q-coordinates of S are
disjoint from B and the r-coordinate of S is ci+1 , we have that MB ∩ S = ∅. Thus, the
(i+1)
matching MB ∪ S ∈ Lj
. Let us denote this matching by MB|S . It is easy to check that
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B|S

B|S

Mpq ∩ Kpq = U , and correspondingly, Mpq
(i+1)

(i+1)

that W ∈ Dj,U JpqK and W ∩ Y = ∅. Since Tj,U
for

(i+1)
Dj,U JpqK,

we have that

(i+1)
Tj,U JpqK
?

B|S

(i+1)

∈ Pj,U JpqK. Let W := Mpq \ U . Note
JpqK is an α(j, U )-representative family

contains an α(j, U )-representative W ? for W with
(i+1)

respect to Y . We now define Z to be W ? ∪ U . Note that Z ? ∈ Rj,U JpqK. Since W ? is
disjoint from Y by definition, and we know that U ∩ Y = ∅, we conclude that Z ? is the
desired representative.
Case 2. MZ contains no set with ci+1 as the r-coordinate.
(i+1)

Recall that Z ∈ Xj,U
Z

Z

JpqK, and therefore, Z ∩ Kpq = U . Since we additionally have
(i)

(i)

that λ(M ) ≤ i, M ∈ Qj,U JpqK. Consequently, MZ
pq ∈ Xj,U JpqK. By induction hypothesis
(i)

there exists a α(j, |U |)-representative, B, for MZ
pq with respect to Y , in Rj,U JpqK Note that
(i)

B ∩ Y = ∅. Thus the matching associated with B, say MB , belongs to Lj . Further, since
(i+1)
Lj

⊇

(i)
Lj ,

we have that MB ∈

(i+1)
Lj
.

(i+1)

As before, this implies that MB
pq ∈ Pj,U JpqK.
(i+1)

Note that this may be equivalently stated as B ∈ Pj,U JpqK. The rest of the argument is
identical to the last part of the previous case, leading to a representative of Z as desired. J
We now establish the correctness of Algorithm 2, and then establish the running time.

I Lemma 4.3. Let (U1 , U2 , U3 , F, K) be a Yes-instance of 3D-Matching Improvement.
Then, Algorithm 2 successfully computes a 3D-Matching of size (k + 1).
Proof. Since (U1 , U2 , U3 , F, K) be a Yes-instance of 3D-Matching Improvement, by
Lemma 4.1, we have that there exists a matching M such that |M| = (k + 1) and there
exists p, q ∈ {1, 2, 3} such that |Mpq ∩ Kpq | ≥ (4k/3). Let r ∈ {1, 2, 3} such that r 6= p, q.
Let M = {S1 , S2 , . . . , Sk , Sk+1 }. Suppose λr (M) = i. Without loss of generality, let
Sk+1 [r] = ci . Finally, let M0 denote the matching M \ {Sk+1 }. Let U = Mpq ∩ Kpq ,
(i−1)
US = Sk+1 ∩ Kpq and U 0 = U \ US . Note that M0pq ∈ Xk,U 0 and 2k ≤ (2k/3) + |U 0 | + 2
(since |U 0 | ≥ (4k/3) − 2). Now consider the value α(k, U 0 ).
α(k, U 0 ) = (2k/3) − 2k + |U 0 | + 2 ≥ (2k/3) − 2k + (4k/3 − |US |) + 2 = 2 − |US |
(i−1)

(i−1)

By Lemma 4.2, we have that Rk,U 0 is a α(k, U 0 )-representative family for Xk,U 0 , where
α(k, U 0 ) ≥ 2 − |US |. Now consider Y := {Sk [p], Sk [q]} \ US . Note that |Y | = 2 − |US |. Since
(i−1)
M0pq ∈ Xk,U 0 is clearly disjoint from Y , by the definition of a representative family, there
(i−1)

exists some set, say X ∈ Rj,U 0 , which is also disjoint from Y . Let M? be the matching
†
(X). It is easily checked that M? ∪Sk+1 is included
associated with X, that is, let M? := γpq
(i)

in Lk+1 and is therefore returned as a matching of size (k + 1) in Step 9 of Algorithm 2.

J

I Lemma 4.4 (?). The running time of Algorithm 2 is bounded by O? (2.00343k ).
Putting together Lemmas 4.2, 4.3, and 4.4, we have the following theorem.
I Theorem 4.5. The 3D-Matching problem can be solved in time O? (2.00343k ).

5

Conclusions

We have demonstrated that when combined with techniques like iterative expansion, representative families can be used to a great advantage inside dynamic programming routines.
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We were able to significantly improve on the state of the art for the of r-Dimensional
Matching problem (even with weights), and we further improved this running time for
the special case of the 3D-Matching problem. We already know that representative families can be applied to a variety of other packing problems. The naive approach, however,
yields only incremental improvements in running times. The more dramatic improvements
obtained for the matching problems considered in this work were due to the additional
structure in the input: the partitioned universe was exploited in the dynamic programming.
It will be very interesting to see what other techniques can be combined with this method
to obtain improved algorithms for other packing questions, such as the classic Set Packing
problem, or the problem of packing paths of length two from an underlying graph.
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Abstract
In this paper, we study a class of set cover problems that satisfy a special property which we
call the small neighborhood cover property. This class encompasses several well-studied problems
including vertex cover, interval cover, bag interval cover and tree cover. We design unified
distributed and parallel algorithms that can handle any set cover problem falling under the above
framework and yield constant factor approximations. These algorithms run in polylogarithmic
communication rounds in the distributed setting and are in NC, in the parallel setting.
1998 ACM Subject Classification F.2.2 Nonnumerical Algorithms and Problems
Keywords and phrases Approximation algorithms, set cover problem, tree cover
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1

Introduction

In the classical set cover problem, we are given a set system hE, Si, where E is a universe
consisting of m elements and S is a collection of n subsets of E. Each set S ∈ S has cost
w(S) associated with it. The goal is to select a collection of sets R ⊆ S having the minimum
aggregate cost such that every element is included in at least one of the sets found in R.
There are two well-known classes of approximation algorithms for the set cover problem
[17]. The first class of algorithms have an approximation ratio of O(log ∆), where ∆ is the
maximum cardinality of the sets in S. The second class of algorithms have an approximation
ratio of f , where f is the frequency parameter which is the maximum number of sets of S
that any element belongs to. The above approximation ratios are nearly optimal [6, 16, 7].
In general the parameters ∆ and f can be arbitrary and so the above algorithms do not yield
constant factor approximations. The goal of this paper is to develop parallel/distributed
constant factor approximation algorithms for certain special cases of the problem.
In the parallel setting, we shall use the NC model of computation and its randomized
version RNC. Under this model, Rajagopalan and Vazirani [15] presented a randomized
parallel O(log m)-approximation algorithm for the general set cover problem. Under the
same model, Khuller et al. [10] presented a (f +)-approximation algorithm for any constant
frequency parameter f and  > 0.
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In the distributed setting, we shall adopt a natural communication model which has
also been used in prior work. In this model, there is a processor for every element and
there is a communication link between any two elements e1 and e2 , if and only if both
e1 and e2 belong to some common set S ∈ S. We shall view the element itself as the
processor. Each element has a unique ID and knows all the sets to which it belongs. We
shall assume the standard synchronous, message passing model. The algorithm proceeds
in multiple communication rounds, where in each round an element can send a message to
each of its neighbors in the communication network. We allow each element to perform a
polynomial amount of processing in each round and the messages to be of polynomial size.
We are interested in two performance measures: (i) the approximation ratio achieved by the
algorithm; and (ii) the number of communication rounds. Ideally a distributed algorithm
should have polylogarithmic communication rounds. Under the above distributed model,
Kuhn et al. [12] and Koufogiannakis and Young [11] presented distributed algorithms for
the general set cover problem with approximation ratios of O(log ∆) and f , respectively;
both the algorithms run in polylogarithmic communication rounds.
There are special cases of the set cover problem wherein both ∆ and f are arbitrary,
which nevertheless admit constant factor approximation algorithms. In this paper, we study
one such class of problems satisfying a criteria that we call the small neighborhood cover
property (SNC-property). This class encompasses several well-studied problems such as
vertex cover, interval cover and tree cover. Furthermore, the class subsumes set cover
problems with a constant frequency parameter f . Our results generalize the known constant
factor approximation algorithm for the latter class.
Our goal is to design unified distributed and parallel algorithms that can handle any
set cover problem falling under the above framework. In order to provide an intuition of
the SNC-property, we next present an informal (and slightly imprecise) description of the
property. We then illustrate the concept using some example problems and intuitively show
why these problems fall under the framework. The body of the paper will present the precise
definition of SNC set systems.
SNC Property. Fix an integer constant τ ≥ 1. We say that two elements are neighbors, if
some S ∈ S contains both of them. The neighborhood of an element is defined to be the set
of all its neighbors (including itself). We say that an element e ∈ E is a τ -SNC element, if
there exist at most τ sets that cover the neighborhood of e. The given set system is said to
have the τ -SNC property, if for any subset X ⊆ E, the set system restricted1 to X contains
a τ -SNC element. The requirement that every restriction has a τ -SNC element will be useful
in solving the problem iteratively.
Example Problems. We next present some example τ -SNC set cover problems.
Vertex Cover: Given a graph G, we can construct a set system by taking the edges as
the elements and the vertices as sets. In this setup, an element belongs to only two sets and
hence, the set systems defined by the vertex cover problem satisfy the 2-SNC property. In
general, set cover problems having a constant frequency parameter f would induce τ -SNC
set systems with τ = f .
Interval Cover: In this problem, we are given a timeline divided into some m discrete
timeslots 1, 2, . . . , m. The input includes a set of intervals I, where each interval I ∈ I is
specified by a range [s(I), e(I)], where s(I) and e(I) are the starting and ending points of I.

1

the restricted set system is hX, S 0 i, where S 0 = {S ∩ X : S ∈ S}
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Figure 1 Illustration for example problems.

Each interval I also has an associated cost w(I). We say that an interval I covers a timeslot
1 ≤ e ≤ m, if e ∈ [s(I), e(I)]. The goal is to find a collection of intervals having minimum
aggregate cost such that every timeslot t is covered by at least one interval in the collection.
We can view the problem as a set cover instance by taking the timeslots to be the elements
and taking each interval I ∈ I as a set consisting of the timeslots covered by I. See the
picture on the left in Figure 1 for an illustration (ignore the Roman numerals). Consider
any timeslot e and let Q ⊆ I be the set of intervals covering e. Among the intervals in Q,
the interval Il with the minimum starting point and the interval Ir having the maximum
ending point can cover the neighborhood of e (resolving ties arbitrarily). For example, for
timeslot 3, Il = I4 and Ir = I1 . Hence, the set systems defined by the interval cover problem
satisfy the 2-SNC property.
Tree Cover Problem: In the tree cover problem, we are given a rooted tree T = (V, H).
The input includes a set of intervals I, where each interval is specified as a pair of nodes
hu, vi such that u is an ancestor of v. The interval I can be visualized as the path from u
to v. The interval is said to cover an edge e ∈ H, if e is found along the above path. Each
interval I has a cost w(I) associated with it. The goal is to find a collection of intervals of
minimum cost covering all the edges. We can view the problem as a set cover instance by
taking the edges to the elements and taking the intervals as sets. It is not difficult to see
that the tree cover problem generalizes the interval cover problem. See the picture on the
right in Figure 1 for an illustration. Consider any leaf edge e. Let Q be a set of intervals
covering the edge e. Among the intervals in Q, let Ib be the interval extending the most
towards to the root. Note that Ib covers the neighborhood of e. For example, in the figure,
b Thus, any leaf edge satisfies the
for the leaf edge h20, 22i, the interval I5 will serve as I.
1-SNC property. It is not difficult to see that any restriction will also contain an element
satisfying the 1-SNC property. Hence, the set systems defined by the tree cover problem
satisfy the 1-SNC property.
Bag Interval Cover Problem: This problem generalizes both vertex cover and interval
cover problems. The input consists of a timeline divided into discrete timeslots {1, 2, . . . , T }.
We have a set of n intervals I. Each interval I ∈ I has a starting timeslot s(I), an ending
timeslot e(I) and a weight w(I). Timeslots are grouped into m bags B1 , B2 , . . . , Bm ; a
timeslot may belong to more than one bag. The interval I is said to cover a bag Bi , if it
spans at least one timeslot from the bag Bi . The goal is to find a collection of intervals having
minimum aggregate cost such that each bag is covered by some interval in the collection.
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The girth of the system is defined to be the maximum cardinality of any bag and it is denoted
g; Viewed as a set cover problem, each bag will correspond to an element and each interval
will correspond to a set. See the picture on the left in Figure 1 for an illustration. The bag
number are shown in Roman numerals. For instance, Bag I consists of timeslots {1, 4, 8}.
The girth of the system is 3.
Consider any element (bag) B containing timeslots {e1 , e2 , . . . , er } (with r ≤ g). For each
timeslot ei , among the intervals spanning ei select the intervals having the minimum staring
point and the maximum ending point. This set of 2r intervals can cover the neighborhood
of B. Thus any element satisfies the 2g-SNC property. Hence, the set systems defined by
the bag interval cover problem satisfies the 2g-SNC property.
Layer Decomposition. An important concept that will determine the running time of our
algorithms is that of layer decomposition. We present an intuitive description of layer
decomposition. The formal definition will be presented in the body of the paper.
Consider a set system hE, Si satisfying the τ -SNC property for some constant τ . Let
Z1 be the set of all τ -SNC elements in the given set system. Let Z2 be the set of τ -SNC
elements in the set system obtained by restricting to E − Z1 . Proceeding this way, for
k ≥ 2, let Zk be the set of τ -SNC elements in the set system obtained by restricting to
E − (Z1 ∪ Z2 ∪ · · · Zk−1 ). We continue the process until no more elements are left. Let L
be the number of iterations taken by this process. The sequence Z1 , Z2 , . . . , ZL is called the
layer decomposition of the set system hE, Si. Each set Zk is called a layer. The number of
layers L is called the decomposition length.
In this paper, we will only focus on set cover problems having logarithmic decomposition
length and derive distributed/parallel algorithms with polylogarithmic rounds/running-time
for such problems. We note that there are set cover problems that induce τ -SNC systems
with a constant τ , but having arbitrary decomposition length. One example is provided by
the priority interval cover problem studied by Chakrabarty et al. [5] and Chakaravarthy et
al. [4]. This problem is a generalization of the interval cover problem. In this case, the set
systems satisfy the τ -SNC property with τ = 2, but the decomposition length would equal
the number of priorities, which can be arbitrary. The details are deferred to the full version.
We next study the decomposition length for our example problems. In the case of vertex
cover, interval cover and bag interval cover problems, we saw that all the elements satisfy the
τ -SNC property in the given system hE, Si itself. Hence, the decomposition length of these
set systems is one. In the tree cover problem, recall that all the leaf edges in the given tree
T are 1-SNC elements. Thus, all the leaf edges will belong to the first layer Z1 . Once these
leaf edges are removed, the leaf edges in the remaining tree will belong to the second layer
Z2 . Proceeding this way, we will get a layer decomposition in which the number of layers
will be the same as the depth of the tree; later, we describe how to reduce the decomposition
length to be O(log m).
Our Results. In this paper, we introduce the concept of τ -SNC property. We note that all
the example problems considered earlier can be solved optimally or within constant factors
using the primal-dual paradigm. All these algorithms have certain common ingredients;
these are abstracted by τ -SNC framework. We present three algorithms for the set cover
problem on τ -SNC set systems.
A simple sequential τ -approximation algorithm.
A distributed τ -approximation algorithm for τ -SNC set systems of logarithmic decomposition length. The algorithm is randomized and uses O(log2 m) communication rounds.
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A parallel (1 + 8τ 2 )-approximation algorithm for τ -SNC set systems of logarithmic decomposition length. The algorithm can be implemented in NC.
Our algorithms have the following salient features:
They provide unified constant factor approximations for set cover problems falling under
the τ -SNC framework with logarithmic decomposition length, in both distributed and
parallel settings.
A surprising and interesting characteristic of these algorithms is that they are model
independent. Meaning, they only require the set system as input and do not need the
underlying model defining the set system. For instance, in the tree cover problem, the
algorithms do no need the structure of the tree as input. At a technical level, we show that
the layer decomposition can be constructed by considering only the local neighborhood
information; this fact is crucial in a distributed setting.
Regarding the example problems, we saw that in case of the vertex cover, interval cover
and bag-interval cover problems, the decomposition length is one. Thus our parallel and
distributed algorithms will apply to these problems. The case of tree cover problem is more
interesting. As we observed earlier, the set systems arising from the tree cover problem are
1-SNC set systems, however the the decomposition length is the same as the depth of the
tree, which could be as large as Ω(m) (where m is the number of edges). Hence our parallel
and distributed algorithms cannot be applied to this case. However, we shall show that it
is possible to reduce the decomposition length to O(log m), if we settle for a slightly higher
SNC parameter of τ = 2:
We prove that the set systems defined by the tree cover problem satisfy the 2-SNC
property with decomposition length O(log m).
In other words, the tree cover problem instances induce a 1-SNC set systems of arbitrary
decomposition length, as well as 2-SNC set systems of decomposition length O(log m). Using
the above fact, we can apply our parallel and distributed algorithms and obtain constant
factor apporoximations.
It is easy to see that for any constant f , set systems with frequency parameter f satisfy
the τ -SNC property, with τ = f . Dinur et al. [6] proved that for any f ≥ 3, it is NP-hard
to approximate the set cover problem within a factor of (f − 1 − ), for any  > 0. Thus,
the approximation ratio of the sequential and distributed algorithms are nearly optimal.
In the parallel setting, we present an algorithm with an approximation ratio of (1 + 8τ 2 ).
Improving the approximation ratio is an interesting open problem.
While this is the first paper to consider the general τ -SNC framework, the specific example problems have been studied in the sequential, parallel and distributed settings. Improved algorithms are known in specific cases. We next present a brief survey of such prior
work and provide a comparison to our results.
Comparison to Prior Work on Example Problems. For the vertex cover problem, sequential 2-approximation algorithms are well known [17]. In the parallel setting, Khuller et al.
[10] presented a parallel NC algorithm having approximation ratio of 2+, for any  > 0 (see
also [8]). Koufogiannakis and Young [11] presented the first parallel algorithm with approximation ratio of 2. Their algorithm is randomized and runs in RNC. The above algorithms
can also be implemented in the distributed setting (see also [9]).
The interval cover problem can be solved optimally in the sequential setting via dynamic
programming. Bertossi [3] presented an optimal parallel (NC) algorithm, which can also
handle the more general case of circular arc covering. However, their algorithm requires the
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underlying model (i.e., the timeline and intervals) explicitly as input. We are not familiar
with prior work on the problem in the distributed setting.
Chakrabarty et al. [5] study the tree cover problem and its generalizations under the
sequential setting. In this setting, the problem can be solved optimally via dynamic programming or the primal-dual paradigm. Furthermore, the constraint matrices defined by
the problem are totally unimodular (see [5]). We are not familiar with any prior work on
parallel/distributed algorithms for this problem. For this problem τ = 2 and so, our sequential/distributed algorithms provide an approximation ratio of 2. The parallel algorithm has
an approximation factor of 33. However, we note that one of the reasons for the high ratio
is that the algorithm is oblivious to the underlying model. When the model (i.e., the tree
and the paths) is given explicitly as part of the input, we can improve the approximation
ratio to 17; a discussion of this improvement is deferred to the full version of the paper.
To the best of our knowledge, the bag interval cover problem has not been considered
before. However, the notion of bag constraints has been considered in the related context
of interval packing problems (see [1, 2]). Covering integer programs (CIP) generalize the
set cover problem. These are well studied in both sequential and distributed settings (see
[11, 5], and references therein).
Proof Techniques. All the algorithms in the paper utilize the primal-dual paradigm. The
sequential algorithm is fairly straightforward and it is similar to that of the primal-dual
algorithm f -approximation algorithm for the set cover problem. The latter algorithm works
by constructing a maximal feasible solution to the dual which would automatically yield an f approximate integral primal solution. Our problem requires two additional ingredients. The
first is that an arbitraty maximal dual solution would not suffice. Instead, the solution needs
be constructed in accordance with the layered decomposition. Secondly, a maximal dual
solution would not automatically yield a τ -approximate integral primal solution. A reverse
delete phase is also needed. In this context, we present a polynomial time algorithm for
computing the layer decomposition of the given set system, which can also be implemented
in both parallel and distributed settings.
In the distributed setting, the only issue is that the above steps need to be performed
within polylogarithmic number of rounds. We address the issue by grouping the elements
based on the Linial-Saks decomposition [13] of the communication network.
The parallel algorithm is more involved and forms the main technical component of the
paper. For a general set system, Khuller et al. [10] (see also [8]) present a parallel procedure
for computing nearly maximal dual solution with maximality parameter of (1 − ), using the
idea of raising several dual variables simultaneously. However, the parallel running of the
procedure is O(f log(1/) log m), where f is the frequency parameter. In our problems, the
parameter f could be arbitrary and the above running time is not satisfactory. We present a
procedure that produces a near maximal solution with maximality parameter 1/8. While the
maximality parameter is worse compared to prior work, the running time of our procedure is
independent of f . This procedure could be of independent interest. The procedure is similar
in spirit to that of Khuller et al., but the analysis for bounding the number of iteration takes
a different approach.
As mentioned earlier, our setting requires an additional reverse delete phase, whose parallelization poses interesting technical issues. Our procedure executes the phase by processing
the layer decomposition in a zig-zag manner. In iteration i, the procedure processes layer i
and performs the reverse delete for the particular layer. However, this involves revisiting the
older layers 1, 2, . . . , i − 1. Each step involves computing the maximal independent set of a
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suitable graph, for which we utilize the parallel algorithm due to Luby [14]. The overall number of steps would be O(L2 ) (where L is the decomposition length) and the approximation
ratio is 8τ 2 (as against the ratio τ achieved by the sequential/distributed algorithms).
Organization. Due to lack of space, the paper presents only the parallel algorithm. The
sequential and distributed algorithms are discussed the full version. Similarly, algorithms for
computing layered decomposition and logarithmic length decompositions for the tree cover
problem are deferred to the full version.

2

Preliminaries

In this section, we present the formal definition of the τ -SNC property and related concepts.
We also present algorithms for computing the layer decomposition for a given τ -SNC set
system.
τ -SNC Element: Fix an integer constant τ ≥ 1. Consider a subset of elements X ⊆ E
and an element e ∈ X. Let Q ⊆ S be the collection of all sets that contain e. The element
e is said to be a τ -SNC element within X, if for any P ⊆ Q, there exist at most r sets
S1 , S2 , . . . , Sr ∈ P (with r ≤ τ ) such that every element in e ∈ X covered by P is also
S
Sr
covered by one of the τ sets: S∈P S ∩ X = i=1 Si ∩ X. Note that the τ sets must be
selected from the collection P. The property is trivially true if |P| ≤ τ , but it becomes
interesting if |P| ≥ τ + 1.
τ -SNC Set System: The given set system hE, Si is said to be a τ -SNC set system if for
every subset of elements X ⊆ E, there exists an element e ∈ X which is a τ -SNC element
within X. The set system is said to be a total τ -SNC set system, if for every subset X ⊆ E,
every e ∈ X is a τ -SNC element within X. The following property is easy to verify.
I Proposition 1. If an element e ∈ X is a τ -SNC element within X, then for any Y ⊆ X
such that e ∈ Y , e is also a τ -SNC element within Y .
However, the converse of the above statement may not be true. Namely, an element
e may be a τ -SNC element within a set X, but it may not be a τ -SNC element within a
superset Y ⊃ X. To see this, suppose P is a collection of sets such that every S ∈ P contains
e. The collection P may cover an element x ∈ Y − X, which may not be covered by some τ
sets of P that cover the neighborhood of e within X.
Layer Decomposition: Consider a τ -SNC set system hE, Si. The notion of layer decomposition is defined via an iterative process, as described in the introduction. Let Z1 be the
set of τ -SNC elements within E. For k ≥ 2, let Zk be the set of τ -SNC elements within
E − (Z1 ∪ Z2 ∪ · · · ∪ Zk−1 ) We terminate the process when there are no elements left. Let
L be the number of iterations taken by the process. The sequence Z1 , Z2 , . . . , ZL is called
the layer decomposition of the given set system. Each set Zi is called a layer and L is called
the decomposition length We consider Z1 to be the left-most layer and ZL as the right-most
layer.
Computing Layer Decompositions: As part of our algorithms, we will need a procedure
for computing the layer decomposition of a given τ -SNC set system. The following lemma
provides such a procedure. We defer the proof to the full version of the paper.
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I Lemma 2. There exists a procedure for computing the layer decomposition of a given
τ -SNC set system. In the sequential setting, it can be implemented in polynomial time. In
the distributed setting, it can be implemented in O(L) communication rounds. In the parallel
setting, the algorithm takes L iterations each of which can be implemented in NC.
Remark: Notice that any τ1 -SNC set system is also a τ2 -SNC set system for any τ2 ≥ τ1 .
The decomposition length of the system will depend on the choice of τ . The procedure
stated in the lemma will produce the layer decomposition corresponding to the value of τ
provided as input to the procedure.

3

Parallel Algorithm for τ -SNC Set Systems

In this section, we present a parallel algorithm for the set cover problem on τ -SNC set
systems with logarithmic decomposition length. The approximation ratio of the algorithm
is (1 + 8τ 2 ). The algorithm uses the primal-dual paradigm. The primal and the dual for the
input set system hE, Si are given below.

min

X

x(S) · w(S)

max

S∈S

X

x(S) ≥ 1

S∈S : e∈S

X

α(e)

e∈E

(∀e ∈ E)

X

α(e) ≤ w(S)

(∀S ∈ S)

e∈S

The primal LP includes a variable x(S) for each set S ∈ S and a constraint for each
element e ∈ E. The dual includes a variable α(e) for each element e ∈ E (corresponding
to the primal constraint) and a constraint for each set S ∈ S (corresponding to the primal
variable). The primal and the dual would also include the non-negativity constraints x(S) ≥
0 and α(e) ≥ 0. The algorithm would proceed in two phases, a forward phase and a reversedelete phase. A pseudocode for the algorithm can be found in full version.

3.1

Forward Phase

Consider a pair of solutions hA, αi, where A ⊆ S is a feasible cover and α is a dual feasible
solution. For a constant λ ∈ [0, 1], we say that the above pair is λ-maximal, if for any S ∈ A,
the corresponding dual constraint is approximately tight:
X
α(e) ≥ λ · w(S)
(1)
e∈S

In the forward phase, we shall construct a (1/8)-maximal solution. The procedure runs in
max
O(L · [log m + log w
wmin ]) iterations, where each iteration can be implemented in NC, where
L is the decomposition length. As we shall see, via a standard preprocessing trick, we can
ensure that wmax /wmin is bounded by O(m). The process would increase the approximation
ratio by an additive factor of one. Thus when L is logarithmic, the procedure runs in NC.
Furthermore, our procedure would satisfy certain additional properties to be specified later.
Remark: While we shall describe our algorithm for the specific scenario of τ -SNC
set systems, it can handle arbitrary set systems and produce (1/8)-maximal solutions in
O(log m + log(wmax /wmin )) iterations. The problem of finding such approximately maximal
solutions in parallel for general set systems is of independent interest. Khuller et al.[10] (see
also [8]) presented procedure for computing (1 − )-maximal solutions, for any  > 0. Their
algorithm takes O(f log(1/) log(m)) iterations, where f is the frequency parameter. For
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the specific case of f = 2 (the vertex cover scenario), a parallel procedure for producing 1maximal solutions is implicit in the work of Koufogiannakis and Young [11]. Their procedure
runs in O(log m) iterations. While our procedure has inferior value on the parameter λ, the
number of iteration is independent of the frequency parameter f . The procedure could be
independent interest. The procedure is similar to that of Khuller et al. [10], but the goes
via a different analysis for bounding the number of iterations.
We now discuss the forward phase. Using the procedure given in Lemma 2, compute the
layer decomposition Z1 , Z2 , . . . , ZL , where L is the decomposition length. Initialize A = ∅
and set α(e) = 0, for all elements e ∈ E. The forward phase works in L epochs processing
the layers from left to right. For 1 ≤ k ≤ L, the goal of epoch k is to ensure that A covers
all the elements in Zk .
Consider an epoch k. While the goal of the previous k − 1 epochs would have been
to ensure coverage for Z1 , Z2 , . . . , Zk−1 , the collection A might already be covering some
elements from Zk (unintentionally). Let Rk ⊆ Zk be the set of elements found in Zk which
are not covered by A. The purpose of epoch k is to ensure coverage for all the elements in Rk .
The epoch k works in multiple iterations. Consider an iteration j ≥ 1. A set S ∈ S is said to
participate in iteration j, if it is not already included in A. Similarly, an element e ∈ Rk is
said to participate in iteration j, if it is not all already covered by A. For each participating
set S, compute: (i) Current degree dj (S), which is the number of participating elements
P
found in S; (ii) Current LHS value of dual constraint of S: hj (S) = e∈S α(e); (iii) Current
P
difference between LHS and RHS of the dual constraint of S: cj (S) = w(S) − e∈S α(S);
(iv) Current penalty for S: pj (S) = cj (S)/dj (S) (intuitively, if S is included in S, dj (S)
elements will be newly covered and this is the cost/penalty each such element pays). For
each participating element e, compute the minimum penalty offered by each set covering e:
qj (e) = minS : e∈S pj (S). Increase (or raise) the dual variable α(e) by qj (e). This would
raise the value of the LHS of the dual constraints. For every participating set S, check if
P
its dual constraint is approximately tight:
e∈S α(e) ≥ w(S)/8. If the above condition is
true, then add S to A. This completes the description of the iteration j. The above process
is continued until all the elements in Rk are covered by A. This completes epoch k and we
proceed to epoch k + 1.
Notice that any dual variable α(e) is raised only to an extent of its minimum penalty
qj (e). This ensures that all the dual constraints will remain satisfied at the end of each
iteration. The above procedure can be implemented in both distributed and parallel settings.
In the distributed setting, each participating element (or the corresponding node in the
network) can raise its dual variable α(e) independently using information obtained from
its neighbors. Thus, each iteration can be implemented in a single round. In the parallel
setting, in each iteration, the dual variables can be raised in parallel.
The above procedure returns a pair of solutions A and α. It is easy to see that A is
a feasible solution for the given set cover instance. Furthermore, only sets satisfying the
bound (1) are added to the collection A. Hence, the pair satisfies the desired approximate
primal slackness property.
Let us next analyze the number of iterations taken by the algorithm. The number of
epochs is L. Fix any epoch k. For any iteration j, define the minimum penalty value
pmin
= minS pj (S) (where the minimum is taken over all sets participating in iteration
j
j). We now establish a bound on the number of iterations taken by the any epoch k, by
tracking minimum penalty value. For a set S participating in successive iterations j and
j + 1, its penalty may decrease (because both the values δ(S) and c(S) may decrease across
iterations). Nevertheless, the lemma below shows that the minimum penalty will increase
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by a factor of at least (3/2) across successive iterations. The proof is deferred to the full
version.
min
I Lemma 3. For any iteration j, pmin
j+1 ≥ (3/2)pj .

We shall derive a bound on the number of iteration by making some observation on
the maximum and minimum values possible for dj (S) and cj (S). The dj (S) values can
vary between 1 and m. The maximum value possible for cj (S) is wmax ; the minimum
value possible is (7/8)wmin (because sets with smaller cj (S) would have got added to A).
max
Therefore, epoch k will take at most O(log m + log w
wmin ) iterations. Hence, the overall
wmax
forward phase algorithm runs in O(L · [log m + log wmin ]) iterations.
We next record some useful properties satisfied by the pair of solution hA, αi output by
the forward phase. These properties will be useful during the reverse-delete phase. Partition
the collection A into A1 , A2 , . . . , AL , where Ak is the collection of sets added to A in the
epoch k of the forward phase. For 1 ≤ k ≤ L, let Fk be the set of elements freshly covered
by Ak (meaning, the elements covered by Ak which are not covered by A1 , A2 , . . . , Ak−1 ).
We say that Ak is responsible for the elements in Fk . Intuitively, in epoch k, the main task
of the algorithm was to ensure coverage for Rk ⊆ Zk and the sets in Ak were selected for
this purpose. But some elements belonging to Zk+1 , Zk+2 , . . . , Zk might also be covered by
Ak . The set Fk consists of Rk and the above elements.
I Proposition 4. (i) Fk contains elements only from layers Zk , Zk+1 , . . . , ZL , for 1 ≤ k ≤ L.
(ii) For 1 ≤ k ≤ L, the collection Ak does not cover any element from Rk+1 , Rk+2 , . . . , RL .
(iii) The elements found in R1 , R2 , . . . , RL are the only elements whose dual variables could
potentially have been raised in the forward phase.

3.2

Reverse Delete Phase

The forward phase produces a pair of solutions hA, αi. In the reverse delete phase, we
prune the collection A and obtain a solution B ⊆ A such that the solution B satisfies the
approximate complementary slackness property: for any e ∈ E, if α(e) > 0 then
|{S ∈ B : S covers e}| ≤ τ 2 .

(2)

Furthermore, we will not alter the dual variables during the reverse-delete phase. Hence, the
final pair of solutions B and α satisfy both the primal and dual approximate complementary
slackness properties, namely bounds (1) and (2). The weak duality theorem implies that
the solution B is an (8τ 2 )-approximate solution.
We now describe the reverse-delete phase that would satisfy the bound (2). By the third
part of Proposition 4, it suffices if we consider elements in R1 , R2 , . . . RL . The reverse delete
procedure is also iterative and works in L epochs, but it will consider the layers in the reverse
direction, namely, the iterations are from k = L to 1. Initialize B = ∅. At the end of epoch
k, we will ensure two properties: (i) all the elements in FL , FL−1 , . . . , Fk are covered by B;
(ii) all the elements in RL , RL−1 , . . . , Rk obey the slackness property (2).
Assume by induction that we have satisfied the above two properties in iteration L, L −
1, . . . , k + 1 and consider epoch k. Our plan is to ensure coverage of Fk by adding sets from
Ak to B (recall that Ak is responsible for Fk ). An important issue here is that the sets added
to B in the previous iterations L, L − 1, . . . , k + 1 will be from AL , AL−1 , . . . , Ak+1 , which
are not responsible for covering the elements in Fk ; nevertheless, some of these sets might
still be covering the elements in Rk ⊆ Fk (this is an unintended side-effect of the forward
phase). While ensuring slackness property (2) for the elements in Rk , we have to take the
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above phenomenon into account and may have to delete sets from B. In doing so, we should
not affect the coverage of the elements in FL , FL−1 , . . . , Fk+1 . The procedure given by the
lemma below helps us in achieving the above objectives; the lemma is proved in Section 3.3.
I Lemma 5. Let A ⊆ E be a set of elements belonging to layers Zk , Zk+1 , . . . , ZL , for some
given k. Let X ⊆ S be a cover for A. There exists a parallel procedure that takes X and
A as input, and outputs a collection Y ⊆ X such that: (i) Y is a cover for A; (ii) for any
element in e ∈ A belonging to layer Zk , at most τ 2 sets from Y cover e. The algorithm
takes at most L iterations, where the dominant operation in each iteration is computing a
maximal independent set (MIS) in an arbitrary graph.
We are now ready to discuss epoch k. Let X = B ∪ Ak . Let A = FL ∪ FL−1 ∪ · · · ∪ Fk .
Notice that the requirements of the Lemma 5 are satisfied by A and X (because by induction,
B covers FL , FL−1 , . . . , Fk+1 and Ak covers Fk ). Invoke the procedure given by the lemma
and obtain a set Y.
We claim that Y satisfies two properties: (i) Y is a cover for FL , FL−1 , . . . , Fk ; (ii) for
any element e in RL , RL−1 , . . . , Rk at most τ 2 sets from Y cover e. The first property is
ensured by the lemma itself. Moreover, the lemma guarantees that the second property
is true for any element e ∈ Rk . So, consider an element e belonging to one of the sets
RL , RL−1 , . . . , Rk+1 . The lemma ensures that Y ⊆ X = B ∪ Ak and hence, the sets e must
come from B or Ak . Proposition 4 implies that Ak does not contain any set covering e.
Therefore, all the sets covering e must come from B; by the induction hypothesis, there are
at most τ 2 such sets. We have shown that B satisfies the induction hypothesis. We set
B = Y and proceed to the next epoch k − 1.
We see that the overall algorithm produces a 8τ 2 -approximate solution. Let us now
analyze the running time. We can preprocess the sets so that wmax /wmin is bounded by
m, while incurring an increase approximation ratio by an additive factor of one (see [15]).
Computing the layer decomposition will take O(L) iterations and the forward phase will
take O(L log m) iterations, where each iteration can be implemented in NC. The reverse
delete phase consists of L2 iteration, where each iteration mainly involves computing MIS,
which can be computed in NC [14]. Thus, when L is logarithmic in m, the overall algorithm
runs in NC and produces an (1 + 8τ 2 )-approximate solution.

3.3

Proof of Lemma 5

We initialize Y = ∅. Partition the set A according to the layers: for k ≤ j ≤ L, let
Aj = A ∩ Zj . We process the sequence Ak , Ak+1 , . . . , AL iteratively – in each iteration j, we
will add some appropriate sets from X to Y so as to ensure coverage for all elements in Aj .
Consider any element e ∈ A. Let Aj ⊆ Zj be the partition to which e belongs. Let
P(e) ⊆ X be the collection of all sets found in X which contain e. By the properties of
layered decompositions, e is a τ -SNC element within Zj ∪ Zj+1 ∪ · · · ∪ ZL . Hence, there exist
sets S1 , S2 , . . . , Sr ∈ P(e) (with r ≤ τ ) such that any element e ∈ Zj ∪ Zj+1 ∪ · · · ZL covered
by P(e) is also covered by one of S1 , S2 , . . . , Sr . We call these r sets as the petals of e.
For j = k to L, iteration j is described next. Of the elements in Aj , some of the
elements would already be covered by Y. Let the set of remaining uncovered elements be
ej . Construct a graph Gj with A
ej as the vertex set; add an edge between two vertices
A
e
e1 , e2 ∈ Aj , if some set S ∈ X includes both of them. Find an MIS Bj within the graph
Gj . We call the elements in Bj as anchors. For each anchor e ∈ Bj add its petals to the
collection Y. Proceed to the next iteration.
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We now prove that the collection Y constructed by the above process satisfies the properties stated in the lemma. First, consider the coverage property. For k ≤ j ≤ L, let us
argue that Y covers Aj . In the beginning of iteration j, Y would have already covered some
ej . Consider
elements from Aj . So, we need to bother only about the remaining elements A
e
any element e ∈ Aj . If e was selected as part of the MIS Bj , then e is covered by its petals.
Otherwise, there must exist some element a ∈ Bj such that e and a share an edge in Gj .
This means that some set S ∈ X contains both e and a. Therefore one of the petals of a
would cover e. Since we added all the petals of a to Y, Y would cover e.
Consider the second part of the lemma. We shall first argue that any two anchors are
independent: namely, for any two anchors, a1 and a2 , no set S ∈ X contains both of them.
By contradiction, suppose some set S ∈ X contains both a1 and a2 . Consider two cases: (i)
the two elements belong to the same layer; (ii) they belong to different layers. The first case
will contradict the fact that Bj is an MIS, where j is the layer to which both the anchors
belong. For the second case, suppose a1 ∈ Aj1 and a2 ∈ Aj2 with j1 ≤ j2 . Our assumption
is that the set S contains both a1 and a2 . This would mean that a2 will belong to one of
the petals of a1 . Hence, in the beginning of the iteration j2 , the collection Y would have
already covered a2 . This contradicts the fact that a2 is an anchor.
We return to the second part of the lemma. Consider any element e ∈ Ak . We analyze
two cases: (i) e is an anchor; (ii) e is not an anchor. In the first case, since the anchors are
independent, the petals of no other anchor can include e. So, the only sets in Y which include
e are the petals of e itself; the number of such petals is at most τ . Now, consider the second
case. Let C be the set of all anchors a such that at least one petal of a includes e. We claim
that |C| ≤ τ . By contradiction, suppose |C| ≥ τ + 1. Take any τ + 1 anchors a1 , a2 , . . . , aτ +1
found in C. The element e belongs to the layer Zk . So, it will be a τ -SNC element within
Zk ∪ Zk+1 ∪ · · · ZL . Hence, the petals of e will cover all the anchors a1 , a2 , . . . , aτ +1 . But,
the number of petals of e is at most τ . Hence, by the pigeon hole principle, two of these
anchors must be covered by the same petal of e. This contradicts our previous claim that
the anchors are independent. Therefore, |C| ≤ τ . The element may belong to more than
one petal of an anchor. Each anchor ai ∈ C has at most τ petals. It follows that at most
τ 2 petals of the anchors can cover e. This proves the second part of the claim.
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Abstract
In this paper, we study the replica placement problem on trees and present a constant factor
approximation algorithm (with an additional additive constant factor). This improves the best
known previous algorithm having an approximation ratio dependent on the maximum degree of
the tree. Our techniques also extend to the partial cover version. Our algorithms are based on the
LP rounding technique. The core component of our algorithm exploits a connection between the
natural LP solutions of the replica placement problem and the capacitated vertex cover problem.
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1

Introduction

The Replica placement problem in tree networks is a well-studied problem [4, 12, 2, 1] and
several variants of it have been examined in the literature. In this paper, we study an
important version called replica placement with distances and present a first constant factor
approximation algorithm (with an additional additive constant factor) for this problem. Our
techniques also extend to the partial cover version of the problem yielding a similar result.
Replica Placement Problem. The input consists of a rooted tree (or tree network) G =
(V, E). Each leaf node represents a client and let A be the set of all clients. Let |A| = m.
The input specifies a request r(a) for each client a ∈ A. The input also includes a capacity
W . For each edge (u, v) in the tree, the input specifies a distance d(u, v). For a node u and
a client a such that u is an ancestor of a, let d(u, a) be the distance from u to a. Each client
a is associated with a quantity dmax (a), the maximum distance its request can travel. We
assume that the capacity W and the requests r(·) are integral. Furthermore, we assume that
r(a) ≤ W for all clients a ∈ A and that W is polynomially bounded in the number of nodes.
A feasible solution selects a subset of nodes and places replicas on them in order to service
the requests of the clients. The solution must assign the requests of the clients to the replicas.
The request of a client a can be assigned to a node u, only if u is an ancestor of a and
d(a, u) ≤ dmax (a). Furthermore, the total request assigned to any replica must not exceed
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the capacity W . We allow the solution to open replicas at the leaf nodes corresponding to
the clients. Our goal is to minimize the number of replicas placed.
In the partial cover version of the replica placement problem, the input also includes an
integer K ≤ m, called the partiality parameter and it suffices if some K clients are serviced.
Namely, a feasible solution selects a subset of nodes for placing replicas and a set of K clients
so that the replicas can service the set of K clients. The full cover version corresponds to
the case where K is the number of clients.
Prior Work. The replica placement problem finds applications in internet and video on
demand service delivery (see [7, 9, 4]). We refer to [12] for additional applications. The above
problem and its variants have been well-studied in the existing literature [4, 12, 2, 8, 1], from
both practical and algorithmic perspectives. From an algorithmic perspective, the full cover
version and its special cases have been addressed in prior work and approximation algorithms
have been developed.
Benoit et al. [2, 1] studied the full cover version of the replica placement problem. They
showed that it is NP-hard to approximate the problem within a factor of 3/2 even when there
are no distance constraints (i.e., dmax (a) = ∞, for all clients a) and the given network is a
binary tree. They obtained the above result by showing that the above problem generalizes
the bin-packing problem. Benoit et al. [1] presented a 2-approximation for the replica
placement problem without distances. For the case with distances, they designed a greedy
algorithm with an approximation ratio of (1 + ∆), where ∆ is the maximum number of
children of any node. Regarding the replica placement problem, we are not aware of any
prior work on the partial cover versions.
Our Results and Discussion. The main goal of this paper is to study the full cover and the
partial cover versions of the replica placement problem (with distances). As discussed earlier,
the best known algorithm for the full cover version [1] has an approximation ratio of (1 + ∆),
where ∆ is the maximum number of children of any node in the tree. Clearly, the parameter
∆ could be of the order of the number of nodes in the tree. The main contribution of the
paper is a constant factor approximation algorithm (with an additional additive constant
factor) for the partial cover version.
Main Result: We present a constant factor approximation algorithm (with an additional additive constant factor) for the partial cover version of the replica placement
problem (with distances).
The algorithms of Benoit et al. [2, 1] for different versions of the replica placement
problem are primarily based on dynamic programming and the greedy method. It is not
clear how to use such techniques to derive constant factor approximation algorithms that
handle the dual aspects of distance constraints and partial covering. We should mention
that the constant factor obtained in the paper is fairly large. The constant factor can be
substantially improved via a more careful book keeping. However, for the sake of exposition
and brevity, we defer such an analysis to the full version of the paper.
Our algorithms are based on the LP rounding technique. Our main technical contribution
is to show a connection between the natural LP solutions of the replica placement problem and
the capacitated vertex cover problem. We will exploit this connection to derive approximation
algorithms for our problems. We believe our techniques can be applied to other special cases
of the capacitated set cover problem as well. The above connection and our proof techniques
are outlined below.
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Relationship to Capacitated Set Cover and Proof Techniques. The capacitated set cover
problem generalizes the classical set cover problem. In this problem, we are given a set
system consisting of a universe of elements U and a collection S of subsets of the universe.
Each set S ∈ S in the collection has associated capacity w(S). A feasible solution selects a
collection of sets R ⊆ S and assigns each element a ∈ U to some set S ∈ R such that a ∈ S.
Furthermore, the solution must satisfy the property that for any selected set S, the number
of elements assigned to it does not exceed w(S).
Note that in the above problem definition we do not associate requests with the elements,
because in such generalization, it is NP-hard even to test whether a solution exists and so,
the problem is inapproximable [3]. In our problems, such an issue does not arise, since we
allow replicas to be placed at the client nodes. Clearly, the unit request case of the full cover
version of the replica placement is a special case of the capacitated set cover problem.
The capacitated vertex cover problem is the special case where each element a appears in
exactly two sets. Equivalently, we are given a multi-graph wherein each vertex has a capacity.
The solution must select a vertex cover and assign each edge to one of its end points in the
cover such that the capacity is not violated at any vertex.
The capacitated set cover problem can be approximated within a factor of O(log n) using
the work of Wolsey [11]. The problem is NP-hard to approximate within a factor of Ω(log n)
[5]. Chuzhoy and Naor [3] and Gandhi et al. [6] presented algorithms for the capacitated
vertex cover problem with an approximation ratio of 3 and 2, respectively. However, their
algorithms can handle only the case of simple graph (no parallel edges). Saha and Khuller
[10] presented a 34-approximation algorithm for the more general case of multi-graphs. Their
technique also extends to hypergraphs and yields an O(f )-approximation algorithm for the
capacitated set cover problem, where the frequency parameter f is the maximum number
of sets an element appears in. All these algorithms are based on rounding of a natural LP
formulation of the problem.
Our algorithm for the partial cover version of the replica placement problem also goes via
considering a natural LP formulation. The core component of our algorithm takes any LP
solution and carefully transforms it into a solution that can be construed as an LP solution
of a suitable instance of the capacitated vertex cover problem on multi-graphs. This allows
us to utilize the rounding procedure of Saha and Khuller [10] and obtain a constant factor
approximation algorithm for our problem.
We highlight some of the challenges involved in the above transformation. Firstly, in our
problem, a client can be assigned to an arbitrary number of nodes, whereas in the capacitated
vertex cover scenario, an edge can be assigned to only two nodes. Thus the transformation
lets us move from a set system having arbitrary frequency parameter to a setting where
the parameter is two. Secondly, the transformation converts a solution for a partial cover
setting to a full cover setting. In this context, we should note that Saha and Khuller [10]
present an algorithm for partial cover version of the capacitated set cover problem. However,
they obtain the result via a simple reduction from the partial cover version to the full cover
version via creation of a dummy set. We do not know of any such simple reduction for our
setting. Thirdly, we note that a client would be considered serviced and counted as part of
the partiality parameter K, only when the whole of its request is serviced. Despite the above
challenges, there are certain aspects of the problem that let us perform the transformation.
The first is that our problem definition allows a solution to place a replica on a client node
itself. Secondly, the set systems arising in our context enjoy some special properties because
of the structure of the tree.
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2

Overview of the Main Result

The goal of this section is to establish the main result of the paper.
I Theorem 1. There exists a polynomial time constant factor approximation algorithm (with
an additional additive constant factor) for the partial cover version of the replica placement
problem.
The algorithm goes via LP rounding. Here, we shall present an intuitive and detailed
overview of the algorithm and prove the above result. In doing so, we will highlight the
different components of the algorithm. Discussion on the individual components are deferred
to the subsequent sections.
LP Formulation: We consider a natural LP formulation. We say that a solution opens
node u, if it places a replica on it. We say that a client a is attachable to a node u, if u is
an ancestor of a and dmax (a) ≤ d(u, a). Let Att(a) denote the set of all nodes to which the
client a can be attached and let Att(u) denote the set of all clients that can be attached to a
node u.
For each node u ∈ V , we introduce a variable y(u) that specifies the extent to which u is
open. For each client a ∈ A and each node u ∈ Att(a), we introduce a variable x(a, u) that
specifies the extent to which a is assigned to u.
X
min
y(u)
u∈V

X

x(a, u) · r(a)

≤

y(u) · W

X

x(a, u)

≥

K

x(a, u)

≤

y(u)

x(a, u)

≤

1

(∀u ∈ V )

(1)

a∈Att(u)

X

(2)

a∈A u∈Att(a)

X

(∀a ∈ A, u ∈ Att(a))
(∀a ∈ A)

(3)
(4)

u∈Att(a)

y(u) ≤ 1

(∀u ∈ V )

(5)

Further, we add non-negativity constraints for all the variables. Constraint (1) (called the
capacity constraint) enforces that at any node the total request assigned does not exceed
the capacity W . Constraint (2) ensures that at least K clients are served. Constraint (3)
ensures that a client can be assigned to a node only to an extent the node is open; without
this constraint, it can be shown that the LP has an unbounded integrality gap. Constraint
(4) enforces that every client is serviced to an extent of at most one. Constraint (5) requires
that a node can be opened to an extent of at most one. Consider an LP solution σ = hx, yi.
P
The cost of an LP solution is given by the objective function: cost(σ) = u∈V y(u).
LP Rounding: It is not difficult to show that the above LP has an unbounded integrality gap
if we restrict ourselves to multiplicative approximation ratios. However, we shall show that
the above issue can be overcome by allowing additive errors and prove the following result.
We note that in the following lemma and all the subsequent lemmas, the transformations
claimed can be implemented in polynomial time.
I Lemma 2. Any LP solution σin can be transformed into an integral solution σout such
that cost(σout ) ≤ c1 · cost(σin ) + c2 , where c1 and c2 are constants.
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(b)

Figure 1 (a) Transformation from arbitrary solution to feudal solution; (b) Hierarchical solution.

The above lemma implies the main result (Theorem 1). We next present an overview
of the proof of the lemma. Consider an LP solution σ = hx, yi. We say that a node u is
fully-open, if y(u) = 1; it is said to be fully-closed, if y(u) = 0. The node is said to be partially
open, if 0 < y(u) < 1. We shall make a similar classification of the clients. Let a be a client
P
and consider the extent to which it is served under σ, namely, define ρ(a) = u∈Att(a) x(a, u).
The client a is said to be: (i) fully-serviced, if ρ(a) = 1; (ii) partially serviced, if 0 < ρ(a) < 1;
(iii) unserviced, if ρ(a) = 0. The client a is said to be serviced, if ρ(a) > 0. A node u is said
to service a client a, if x(a, u) > 0. The solution σ is said to be integrally open, if every node
is either fully-open or fully-closed. Similarly, it is said to be integrally serviced, if every client
is either fully-serviced or unserviced.
Our LP rounding procedure works in four stages and it goes via the important notion of
dual assigned solutions. A solution is said to be dual assigned, if every client is serviced by
at most two nodes. The four stages are as below:
1. Converts any LP solution σin into an integrally serviced solution σ1 .
2. Converts σ1 into an integrally serviced, dual assigned solution σ2 .
3. Converts σ2 into an integrally open, integrally serviced solution σ3 .
4. Converts σ3 into an integral solution σout .
Intuitively, the first stage identifies the K clients to be serviced and helps us move from the
partial cover setting into a full cover setting. In an arbitrary LP solution, a client may be
serviced by any number of nodes. The scenario corresponds to the capacitated set cover
setting. On the other hand, a dual assigned solution corresponds to the capacitated vertex
cover setting. Thus, the second stage helps us move from the capacitated set cover setting to
the capacitated vertex cover setting. These two stages form the main technical component of
the paper. As far as the third stage is concerned, we invoke a rounding algorithm for the
capacitated vertex cover problem, due to Saha and Khuller [10] and obtain an integrally
open, integrally serviced solution. The only task remaining is to make the assignments (i.e.,
x(·, ·)) integral, which is performed by the last stage.
Stage 1: Integrally Serviced Solutions. We first identify groups of nodes that are approximately fully-open. Let σ = hx, yi be an LP solution. We say that a node u is rich
if y(u) ≥ 1/3. The node u is said to be poor if 0 < y(u) < 1/3. We also use a similar
terminology for the clients. A client a is said to be rich if the extent to which it is serviced is
at least 1/3, i.e., ρ(a) ≥ 1/3. The client is said to be poor if 0 < ρ(a) < 1/3. As it turns out,
it is easy to handle two types of solutions: those having only rich nodes and those having
only rich clients. For instance, in the first case, we can simply open all the rich nodes and
obtain an integrally open solution (at a three factor loss in approximation). So, the main
challenge lies in handling solutions wherein both poor nodes and poor clients are present.
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Our algorithm would address the issue by applying a sequence of transformations to the given
solution. The assignments from clients to nodes can be classified into four types, based on
whether a client is rich or poor, and whether a node is rich or poor. Our first transformation
removes one of these assignments, namely the assignments from poor clients to poor nodes.
Towards that goal we next define the notion of feudal solutions. A solution σ is said to be
feudal, if poor nodes service only rich clients. See Figure 1(a). The first transformation is
stated below.
I Lemma 3. Any LP solution σin can be converted into a feudal solution σout such that
cost(σout ) ≤ 1 + 2cost(σin ).
The natural next step would be to remove the assignments from the rich clients to the
poor nodes, so that the poor nodes are eliminated altogether. However, we do not know
how to achieve the above task in a direct manner. Instead, our next transformation will
make progress towards that goal. Let σ = hx, yi be an LP solution. We say that a node u is
terminal, if u is not fully-closed and all its descendants are fully-closed. The solution is said
to be hierarchical, if every poor node is terminal and all the other nodes are either fully-open
or fully-closed. See Figure 1(b). In the figure, the colored nodes are fully-open, the hatched
nodes are terminal (poor) nodes and the white nodes are fully-closed. A direct implication of
the hierarchical property is that any client will be serviced by at most one poor node. Thus,
the set of clients serviced by any two poor nodes will be disjoint. Our next transformation is
stated below.
I Lemma 4. Any feudal solution σin can be converted into a hierarchical solution σout such
that cost(σout ) ≤ 11 · cost(σin ).
Our next transformation would convert hierarchical solutions into integrally serviced
solutions, thereby taking us from the realm of partial covering to the realm of full covering.
In doing so, the procedure would preserve the hierarchical property.
I Lemma 5. Any hierarchical solution σin can be converted into a hierarchical integrally
serviced solution σout such that cost(σout ) ≤ 6 + 12 · cost(σin ).
The main idea behind the above lemma is as follows. Ignoring the fully-closed nodes, the
input solution σin contains only fully-open nodes and terminal poor nodes. We consider each
fully open node u and perform a shifting procedure on the clients serviced by u. Pick any two
such clients a and b with r(a) ≤ r(b). We can decrease xin (a, u) by δ and increase xin (b, u)
by δ (for a suitable δ). Via this method, we can construct a solution σ 0 such that the clients
fall into two types: (i) fully-serviced clients, which will be serviced only by fully-open nodes;
(ii) clients serviced by poor terminal nodes. In order to get a fully-serviced solution, we
need to focus only on the second type of clients. We get an integrally serviced solution by
exploiting the fact that the set of clients serviced by terminal nodes are disjoint.
Stage 2: Integrally Serviced Dual Assigned Solutions. Our next task is to obtain integrally
serviced, dual assigned solutions. Let σin = hxin , yin i be a hierarchical integrally serviced
solution, as output by Lemma 4. In σin , all the clients are fully-serviced or unserviced. Let Q
be the set of fully-serviced clients. The nodes are of only three types: fully-open, fully-closed
and poor. Let U be the set of all fully-open nodes and let P be the set of poor nodes. Any
client a ∈ Q may be serviced by multiple nodes from U , but it can be serviced by at most
one node from P . We shall focus on U and Q and apply a “cycle cancellation” procedure
to adjust the assignments of the clients to the nodes. We will not modify the extents to
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which the nodes are open. This way we shall identify a subset of clients Q0 and obtain a
new solution σ 0 = hx0 , yin i such that any client a ∈ Q0 is serviced by at most one from U .
Thus, under σ 0 , all the clients in Q0 are dual-assigned (these will be serviced by at most one
fully-open node and at most one poor node). We will ensure that the number of clients left
out (namely |Q| − |Q0 |) is at most |U |. We then fully open all the clients in Q − Q0 and obtain
a dual-assigned solution σout . The cost of the solution σout will be at most cost(σin ) + |U |,
which is at most 2 · cost(σin ). We do not know how to perform the above cycle cancellation
operation over partially open nodes and so, we focus on the fully-open nodes. Via the above
strategy, we will establish:
I Lemma 6. Any hierarchical integrally serviced solution σin can be converted into an
integrally serviced, dual assigned solution σout such that cost(σout ) ≤ 2 · cost(σin ).
Stage 3: Integrally Open, Integrally Serviced Solutions. Let σin be any integrally serviced,
dual assigned solution. Our next task is to convert it into an integrally open, integrally
serviced solution. Under σin , each client is either fully-serviced or unserviced. Let Q be
the set of fully-serviced clients. Each client a ∈ Q is serviced by at most two nodes. For
the ease of exposition, assume that each client a ∈ Q is serviced by exactly two nodes. We
can construct a multi-graph by taking the nodes to be the vertices. Each client a serviced
by two nodes u and v can be represented by a set of r(a) parallel edges between u and v.
The LP solution σin can be construed as an LP solution to the capacitated vertex cover
problem on the above graph. Saha and Khuller [10] present a 34-approximation LP rounding
procedure for the above problem. Using their procedure we can get an integrally open,
integrally serviced solution.
I Lemma 7. Any integrally serviced, dual assigned solution σin can be converted into an
integrally open, integrally serviced solution σout such that cost(σout ) ≤ 34 · cost(σin ).
Stage 4: Integral Solution. The final stage is to convert an integrally open, integrally
serviced solution σin into an integral solution σout . The only issue with σin is that the
request r(a) of a client a may be split and assigned to multiple nodes. On the other hand,
our problem definition requires that the request must be wholly assigned to a single node.
We can address the issue by using a cycle cancellation procedure similar to that of Stage 2.
I Lemma 8. Any integrally open, integrally serviced solution σin can be converted into an
integral solution σout such that cost(σout ) ≤ 2 · cost(σin ).
Overall Algorithm: The overall algorithm is obtained by combining the procedures given
by Lemmas 3 – 8. In this paper, we shall only prove Lemmas 3 , 4 and 6 and defer the other
ones to the full version of the paper.

3

Feudal Solutions: Proof of Lemma 3

Let σin = hxin , yin i be the given solution. Create a pool P consisting of all poor nodes. The
procedure is iterative and it works in multiple phases. Each phase would modify the current
solution into a new solution, which is fed as input to the subsequent phase. To start with,
we take the input solution to be the current solution. In each phase, we shall remove one or
more nodes from the pool. For each such node u, we will ensure that u is either rich or it
services only rich clients (or both). Each phase proceeds as follows.

FSTTCS 2013

270

Replica Placement via Capacitated Vertex Cover

Let πold = hx, yi be the current solution. With respect to πold , let H be the rich clients
and L be the poor clients. For each node u ∈ P, compute the ratio:
λ(u) =

1
yold (u)

X

xold (a, u).

a∈Att(u)∩L

Informally, the numerator signifies the contribution towards the partiality parameter K (i.e.,
“gain") given by the poor clients, and the denominator signifies the cost of the node. Higher
the ratio, the node is better. Let u∗ be the node in P having the maximum ratio λ(·); we
call the node as the leader of the phase. The goal of the current phase is to convert u∗ into a
rich node.
Excluding u∗ , arrange all the other nodes in P in an arbitrary order, say u1 , u2 , . . . , u` .
Let s be the least index such that
yold (u∗ ) +

s
X

yold (uj ) ≥ 1/3.

j=1

P`
If no such index exists (meaning yold (u∗ ) + j=1 yold (uj ) < 1/3), set s = `. We call the
nodes u1 , u2 , . . . , us as the slaves of u∗ .
Ps
Let δ = j=1 yold (uj ). Construct a new solution πnew = hxnew , ynew i as follows. First
we eliminate all the assignments of poor clients onto the slaves. Namely, for each slave uj
and all clients a ∈ Att(uj ) ∩ L, set xnew (a, uj ) = 0. This would reduce the partiality value
(i.e., LHS of constraint (2)) and hence, the constraint would be violated. To compensate,
we increase the assignments of the poor clients to the leader as follows. For each client
a ∈ Att(u∗ ) ∩ L, set
xnew (a, u∗ ) = xold (a, u∗ )

(yold (u∗ ) + δ)
.
yold (u∗ )

Using the fact that λ(uj ) ≤ λ(u∗ ), we can show that the loss in the partiality value is
compensated by the above gain. The above increase in the assignments at node u∗ may lead
to violation of constraints (1) or (3) at node u∗ . To overcome the issue, we increase the
extent to which u∗ is open. Set
ynew (u∗ ) = yold (u∗ ) + δ.
All the other values of ynew (·) and xnew (·, ·) are retained as in πold .
I Lemma 9. πnew is a feasible solution.
The above claim is proved via induction by assuming that πold is feasible and then showing
that πnew is also feasible. The fact that the clients are classified into rich and poor based on
the threshold of 1/3 is used to show that no client gets serviced to an extent of more than
one. The proof is deferred to the full version of the paper.
At the end of the phase we remove the leader and the slaves from the pool. If the pool is
non-empty, we proceed to the next phase and pick a new leader. The solution constructed
πnew is taken as the current solution. On the other hand, the pool may be empty (this will
happen when all the nodes were picked as slaves, i.e., s = `). In this case, we refer to the
leader as the loner. We open loner fully and terminate the procedure.
Let us now analyze the solution output by the process. Let σin = hxin , yin i be the
solution input to the procedure and let σout = hxout , yout i be the solution output by the
procedure. Let R and P be the set of all nodes which are rich and poor with respect to σin ,
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respectively. The extent to which the nodes in R are open was left undisturbed and so, these
remain rich with respect to σout . The nodes in P were added to the pool and all of them got
removed as either leaders or as slaves. We ensured that all the leaders are rich when they left
the pool. Regarding the slaves, we ensured that all the poor clients got their assignments to
these nodes eliminated. It follows that the output solution is feudal.
Let us analyze the cost of the solution σout . We did not modify the extent to which the
nodes in R and the slaves are open. So, we need to consider only the leaders. Except the
loner, consider any leader u. Let δ(u) be the increase in its extent of opening; δ(u) is the
sum of extents to which the slaves of u are open under σin . A node can serve as a slave for
at most one node. Therefore,
X
cost(σout ) ≤ cost(σin ) +
yin (u),
u∈S

where S is the set of all slaves. The sum in the RHS is at most cost(σin ). Hence, we get
that cost(σout ) ≤ 2 · cost(σin ). We need to add an extra cost of one for opening the loner.
This completes the proof of Lemma 3.

4

Hierarchical Solutions: Proof of Lemma 4

The lemma is proved in two stages. The first stage converts the input feudal solution into a
sandwich solution, defined next. A solution σ is said to be a sandwich solution if for any two
poor nodes u1 and u2 such that u1 is an ancestor of u2 , there exists a rich node v in between
the path connecting u1 and u2 in the given tree. We first prove the following lemma.
I Lemma 10. Any feudal solution σin can be converted into a sandwich solution σout such
that cost(σout ) ≤ 5 · cost(σin ).
The sandwich property can be equivalently restated as follows. For a node u, let v be the
closest ancestor which is not fully-closed; we call v as the least non-trivial ancestor of u. We
note that the above definition does not apply to the root node and any node u whose path to
the root (including root) consists only of fully-closed nodes. A solution satisfies the sandwich
property if for any poor node u having a least non-trivial ancestor v, the node v is rich.
Let σin = hxin , yin i be the given solution. We process the nodes from leaf level to the root
level; namely, a node will be processed once all its children are processed. The processing of
each node takes the current solution and produces a new solution.
The processing of a node u∗ is as follows. First consider some easy cases: (i) u∗ is
fully-closed; (ii) u∗ is rich; (iii) u∗ does not have a least non-trivial ancestor; (iv) u∗ has a
rich least non-trivial ancestor v ∗ . In these cases we do nothing.
The case left remaining is where both u∗ and its least non-trivial ancestor v ∗ are poor.
Let p∗ be the parent of u∗ (this could be the same as v ∗ ). Let πold = hxold , yold i be
the current solution and we will construct a new solution πnew = hxnew , ynew i. We say
that a client a is critical at u∗ if u∗ services a and u∗ is the highest node that a can be
attached (i.e., d(a, p∗ ) > dmax (a) and so, a 6∈ Att(p∗ )). We consider two cases based on
whether there exists a critical client at u∗ . If there is such no such client, we perform the
following merge operation. The idea is to close u∗ fully and shift its extent of opening
and all its client assignments to the parent p∗ . Compute the new solution by setting
ynew (u∗ ) = 0 and ynew (p∗ ) = yold (p∗ ) + yold (u∗ ). For each client a serviced by u∗ , set
xnew (a, p∗ ) = xold (a, p∗ ) + xold (a, u∗ ) and set xnew (a, u∗ ) = 0. All other entries of the
functions ynew and xnew are retained as in πold . It can be verified that πnew is feasible.
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Consider the more interesting case where some client a∗ is critical at u∗ . In this case, we
cannot perform the above merge operation. We simply open the node u∗ and set ynew (u∗ ) = 1.
We next perform a pull procedure as follows. The procedure is iterative. Let πold = hxold , yold i
be the current solution. Consider any client a such that a is serviced by some ancestor v
of u∗ . We will pull the assignment of a from v and reassign it to u∗ . In doing so, we must
ensure that the capacity constraint at u∗ does not get violated. Let the current capacity
P
utilization at u∗ be cap(u∗ ) = a0 ∈Att(u∗ ) r(a0 )xold (a0 , u∗ ). Compute
W − cap(u∗ )
δ = min x(a, v),
r(a)



.

Set xnew (a, v) = xnew (a, v) − δ and xnew (a, u∗ ) = xold (a, u∗ ) + δ. The above operation is
performed iteratively until we can find no such client a or the capacity utilization at u∗
becomes W . If the procedure terminates under the first criterion, we call u∗ a critical node;
if it terminated under the second criterion, we call u∗ a complete node. This completes the
description of the procedure.
Let σin = hxin , yin i be the input solution and σ 0 = hx0 , y 0 i be the solution output by the
procedure. It is easy to see that σ 0 satisfies the sandwich property. We compare the cost of
σ 0 and σin . The merge operation preserves the cost and so, we need to bother only about
the critical and complete nodes. Let nC be the number of critical nodes and nW the number
of complete nodes. We have that
cost(σ 0 ) ≤ cost(σin ) + nC + nW .
P
P
For a client a, let θin (a) = u xin (a, u) and θ0 (a) = u x0 (a, u) be the extent to which
a is serviced under σin and σ 0 , respectively. The above procedure does not change the extent
of service for any client and so θin (a) = θ0 (a). Thus, the total volume of service extended by
the two solutions is the same:
X
X
r(a)θin (a) =
r(a)θ0 (a).
a∈A

a∈A

Clearly, the quantity nW · W is at most the RHS, because the nW complete nodes have
capacity utilization W . Moreover, cost(σin ) is at least LHS/W since a node has only
capacity W . It follows that nW ≤ cost(σin ).
We now consider the quantity nC . Let u1 , u2 , . . . , us be the critical nodes, where s = nC .
For each 1 ≤ j ≤ s, uj has a critical client aj under σ 0 . Under σin , either the poor node
uj services aj or some poor node merged with uj services it. Either way aj is serviced by
some poor node under σin . Since σin is a feudal solution, θin (aj ) ≥ 1/3. Let pj be the path
connecting uj and leaf node aj in the tree. Let µ(aj ) the sum of extents to which the nodes
P
found along the above path are open in σin , i.e., u∈pj yold (u). By the constraint (3), we
have that µ(aj ) ≥ θin (aj ) and hence, µ(aj ) ≥ 1/3. The pulling procedure ensures that for
any ai and aj , the paths pi and pj are disjoint. Therefore,
cost(σin ) ≥

s
X

µ(aj ) ≥ s/3.

j=1

This shows that nC ≤ 3cost(σin ). Hence, we get that cost(σ 0 ) ≤ 5 · cost(σin ).
We now transform the sandwich solution σ 0 into a hierarchical solution σout . With respect
to σ 0 = hx0 , y 0 i, let R be the set of rich nodes and let P be the set of poor nodes. Of the poor
nodes, let P1 be the set of terminal nodes and let P2 be the other nodes. The sandwich property
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implies that |P2 | ≤ |R|. We fully open all the nodes in R and P2 , and obtain a hierarchical
solution σout . We see that cost(σ 0 ) ≥ |R|/3 and that cost(σout ) ≤ 2 · |R| + cost(σ 0 ).
Therefore, cost(σout ) ≤ 7 · cost(σ 0 ). This shows that cost(σout ) ≤ 35 · cost(σin ) However,
by combining the analysis of the two stages, we can derive an improved bound: cost(σout ) ≤
11 · cost(σin ) (details are deferred to the full version of the paper).

5

Proof of Lemma 6

Let σin be the input hierarchical integrally serviced solution. In σin , all the clients are
fully-serviced or unserviced, and the nodes are of only three type: fully-open, fully-closed and
poor. Each client can be serviced by at most one poor node. We will adjust the assignments
of the clients to the fully-open nodes and obtain a new solution wherein most of the clients
are serviced by at most one fully-open node. The following client-server setup is useful for
this purpose.
Consider a bipartite graph with a set of servers U on one side and a set of clients Q
on the other side. For a client a, all its neighboring servers are said to be accessible to a.
Each client has an integral requirement q(a) and each server has an integral capacity W . An
edge-assignment g over a subset of clients Q0 ⊆ Q is a mapping that takes as input a client
a ∈ Q0 and node u accessible to it and outputs a value g(a, u) ∈ [0, q(a)] (intuitively, it assigns
P
g(a, u) part of the request q(a) to u). We require that for any client a, u g(a, u) = q(a)
P
and for any node u, a g(a, u) ≤ W . We allow q(a) and g(a, u) to be non-integral. We say
that an edge-assignment is a single policy assignment, if for any client a ∈ Q, all its request
is assigned to a single accessible server. The following lemma shows how to convert any
assignment into a single policy assignment with only a minimal loss.
I Lemma 11. There exists a polynomial time procedure that takes any edge-assignment g
over Q as input and outputs a subset of clients Q0 and an edge-assignment g 0 over Q0 such
that: (i) g 0 is a single policy edge-assignment over Q0 ; (ii) the number of ignored clients is at
most U , i.e., |Q| − |Q0 | ≤ |U |.
Proof. Let G = (V, E) be the weighted bipartite graph where V = U ∪ Q and E is the set
of edges between clients and their neighboring servers. The weight on an edge (a, u) ∈ E is
defined to be the assignment g(a, u). Let G+ be the graph induced on G by considering only
the edges with strictly positive weights, i.e., corresponding to which the assignments g are
non-trivial (g(a, u) > 0).
We first show that it is possible to eliminate cycles from the induced graph G+ . The
main idea is to employ cycle cancelling. Consider any cycle, C, in G+ . Since G is a bipartite
graph, the cycle is of even length. We partition the edges of the cycle C into two sets Ceven
and Codd by considering alternate edges in each set. We now modify the weights as follows.
Let δ be the weight of the minimum weight edge in the cycle. For every edge, (a, u) in Ceven ,
we increase g(a, u) by an amount δ/q(a) and for every edge (a, u) in Codd , we decrease g(a, u)
by an amount δ/q(a). This breaks the cycle. We apply this procedure repeatedly until all
the cycles are eliminated.
We next analyze the forest G+ . Let Q0 = {a ∈ Q ∩ G+ : degree(a) = 1 in G+ }. Note
g
+ induced by the
that all these clients are already fully assigned. Now consider the forest G
0
+
vertices of U ∪ (Q \ Q ) on G . Consider any tree H in the forest. Pick an arbitrary vertex
r ∈ U ∩ H and make it the root of the tree. For any vertex v of H, let `(v) denote the level
(distance from the root r) of the vertex v in the tree. Since G+ is a bipartite graph, we note
¯ H resp.). Note that
that the vertices at even level (odd level resp.) belong to U ∩ H (Q ∩
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all the leaves in the tree are in U . We now construct a one-to-one mapping from Q ∩ H to
U ∩ H. This is obtained by mapping every element of Q in the tree to any one of its children
arbitrarily. This shows that |Q ∩ H| ≤ |U ∩ H|. We repeat the above procedure for every tree
g
+ . The one-to-one mapping gives us that |Q| − |Q0 | ≤ |U |. This completes the
in the forest G
proof of the lemma.
J
We can now prove Lemma 6 using the above client-server setup. Consider the input
solution σin = hxin , yin i. Let U be the set of all fully-open nodes in σin and let Q be the set
of fully-serviced clients. For each a ∈ Q, let q(a) be the portion of the request of a serviced
P
by the nodes in U ; let q(a) = u∈U ∩Att(a) r(a) · xin (a, u). Construct an edge-assignment
g: for each client a ∈ Q and u ∈ U ∩ Att(a), let g(a, u) = xin (a, u)r(a). Invoke Lemma
11 and obtain a set of clients Q0 ⊆ Q and an edge-assignment g 0 over Q0 . Using g 0 we can
construct a new solution σout = hxout , yout i such that all the clients in Q0 are serviced by at
most one fully-open node. All these clients are dual assigned. As far as the clients in Q − Q0
are concerned, we simply fully open the leaf nodes corresponding to these clients. The new
solution σout will have cost at most cost(σin ) + |Q| − |Q0 |. The above lemma guarantees
that |Q| − |Q0 | ≤ |U |. Since cost(σin ) ≥ |U |, we have that cost(σout ) ≤ 2 · cost(σin ).
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Abstract
We consider the Knapsack Covering problem subject to a matroid constraint. In this problem,
we are given an universe U of n items where item i has attributes: a cost c(i) and a size s(i).
We also have a demand D. We are also given a matroid M = (U, I) on the set U . A feasible
solution S to the problem is one such that (i) the cumulative size of the items chosen is at least
D, and (ii) the set S is independent in the matroid M (i.e. S ∈ I). The objective is to minimize
P
the total cost of the items selected, i∈S c(i). Our main result proves a 2-factor approximation
for this problem.
The problem described above falls in the realm of mixed packing covering problems. We also
consider packing extensions of certain other covering problems and prove that in such cases it is
not possible to derive any constant factor approximations.
1998 ACM Subject Classification F.2.2 Nonnumerical Algorithms and Problems
Keywords and phrases Approximation Algorithms, LP rounding, Matroid Constraints, Knapsack problems
Digital Object Identifier 10.4230/LIPIcs.FSTTCS.2013.275

1

Introduction

In this paper, we consider the problem of computing the minimum cost Knapsack cover subject
to matroid constraints. The Knapsack Cover problem (shortened as KC) is a minimization
problem that takes as input, an universe U of n elements. Each element i is equipped with a
cost c(i) and a size s(i). There is also a demand D; a feasible solution S is a collection of
items such that the cumulative size is at least D. The objective in this problem is to find the
feasible solution of minimum total cost. Thus, the KC problem is the covering version of the
(more usual) knapsack packing problem.
The main problem considered in this paper is the KC problem subject to certain constraints
that are called matroid constraints. In this scenario, in addition to the input for the KC
problem as mentioned above, we are given a matroid M = (U, I) where I ⊆ 2U is the family
of independent sets (we give the formal definition of a matroid in Section 5). A set S is
considered feasible iff (i) the cumulative size of S is at least D, and (ii) S is independent i.e.
S ∈ I.
We will denote the Knapsack Cover problem subject to a Matroid constraint as the KCM
problem.
The KC problem naturally arises in various applications where we have a certain demand
to fulfill and a certain number of options, varying in profit (i.e. size) and cost. For instance,
consider a workplace where we need a certain number of developers for a certain project; and
the project manager wants to outsource this to various teams/companies where each team
© Venkatesan T. Chakaravarthy, Anamitra Roy Choudhury, Sivaramakrishnan R. Natarajan, and
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can provide a certain number of developers at a specific cost. This is precisely the knapsack
cover problem discussed above.
Given this context, consider the following variants. Any single company can either provide
5 developers at a cost of 100 units or 6 developers at a cost of 115 units, etc. In the framework
of knapsack cover problems, we may model these different options as distinct items in the
knapsack, but with a partition matroid constraint on these distinct items. In this setting this
means that a feasible solution may pick at most one of the options from a single company;
this is precisely what we want. Another (admittedly less realistic) scenario is where different
companies have mutual incompatibilities; thus two companies may not be employed for the
same project at the same time. Again, this corresponds to matroid constraints in addition to
the demand fulfillment constraints. Thus these are all instances of the KCM problem.
The main result of this paper is the following:
I Theorem 1. There is a PTAS for the KCM problem; specifically, given any  > 0, there
is an algorithm that runs in time nO(1/) and outputs a (1 + )-factor approximate solution.
Given that the KCM problem is a natural generalization of the KC problem, it is
instructive to compare solution approaches for the KC problem. For the knapsack cover
problem, a FPTAS is known via dynamic programming with parameter scaling. The natural
LP for the KC problem has an unbounded integrality gap. Despite this, authors [4, 3] have
shown how to achieve constant integrality gap via augmenting the natural LP with so-called
“flow-cover inequalities”. Carr et al. [4] first used such LP based relaxations and LP rounding
to provide a 2-factor approximation for the KC problem (among other capacitated covering
problems). Carnes and Shmoys [3] showed an elegant primal dual algorithm for the same LP
to also derive a 2-factor approximation.
Note that while the vanilla version of the knapsack covering problem is a covering problem,
in the KCM problem, we have both covering and packing constraints. Typically, such mixed
packing covering problems are harder to analyse as compared to pure packing or pure covering
problems. This is partially because for such problems, even checking the feasibility of the
constraint set can be a NP-hard problem. However, for the KCM problem, the feasibility
problem is indeed in polynomial time, as we show in Section 7. To the best of our knowledge
the KCM problem has not been considered earlier in literature.

2

Our Contribution & Techniques

We prove the following results:
Given the knapsack cover problem with a single matroid constraint, we show a PTAS.
Given knapsack cover with multiple matroid constraints, the feasibility problem is NPhard. Given this, we show a bicriteria approximation guarantee: we exhibit an algorithm
that outputs a solution of value at most that of the optimal solution OPT that is
nearly-feasible. The formal statement is given as Theorem 5 in Section 8.
Given the mixed packing/covering nature of the KCM problem, it is difficult to apply
primal dual schemas; since the dual objective function in this context have both positive and
negative coefficients. Previous literature has indeed considered primal dual schemas with
dual objective functions having coefficients of either sign (for instance, see [9]). However in
such cases, the primal dual algorithms give only approximately feasible solutions. One other
possibility to consider are combinatorial algorithms. For instance there is a simple minded
greedy algorithm for the knapsack cover KC problem, based on the cost-effectiveness c(i)/s(i)
of an element i. The algorithm proceeds as follows: it guesses the costliest element (say, of
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cost C ∗ )in the optimal cover OPT, and removes all the elements of cost larger than C ∗ . The
algorithm considers the rest of the elements in increasing order of their cost-effectiveness, i.e.
their c(i)/s(i) values, and continues selecting elements while the covering requirement is not
met. This gives a 2-factor approximation to the KC problem. However, there are certain
issues in adapting this greedy approach to the KCM problem as we illustrate below.
For the KCM problem, if we pick up elements according to non-decreasing c(i)/s(i)
values, it may happen that we cannot pick any more elements without violating the matroid
constraints and yet the cumulative size of the elements picked falls short of the requisite
demand D. For instance, this happens in the following scenario. We are given as input,
U = {1, 2, 3, 4}, with D = 4 and a cardinality matroid constraint over the whole universe
2 2 3+
with k = 2. The items ordered by their c(·)/s(·) values are { 1−
1 , 2 , 2 , 3 }. In this instance,
OPT would pick either {1, 4} or {2, 3}. The greedy solution would yield {1, 2} of total cost
(3 − ) but satisfying only 3 units of the demand.
There exists another ordering natural for the problem. Picking elements in decreasing
order of their s(i)’s while being feasible for the matroid constraints is the quickest way to
satisfy the knapsack covering constraint; but this may cause the cost to blow up. For the
above instance, this gives the (non-optimal) solution {3, 4} of cost (5 + ).
One natural idea then, is to proceed along an amalgam of the two orderings. Thus, one
could start out with the knapsack greedy ordering, and then when some matroid constraint
P
becomes tight, start swapping or exchanging items, while ensuring an improvement in s(i)xi
towards the target demand of D. We are not able to make such ideas work as of now.
On the other hand, in order to attempt LP rounding for the KCM problem, we have
to surmount the obstacle of high integrality gap. For the KC problem, [3, 4] include the
exponentially many knapsack flow-cover inequalities to overcome the unbounded gap. In the
KCM setting, since we already have exponentially many matroid constraints, it would be
preferable not to add another collection of exponentially many constraints.
As mentioned above, the natural LP for the problem has an unbounded integrality gap
that it inherits from the LP for the KC problem. Nevertheless, we adopt a LP based approach,
where we use properties of the basic feasible solutions of the LP. In the case of cardinality
matroids, we also show a cycle cancelling approach to derive the desired result.

3

Other Results

For the special case of the KCM problem where the matroid is a partition matroid, we are
able to show a FPTAS; this uses the dynamic programming approach along with parameter
scaling. For space considerations, we defer the proof to the full version.
We consider certain other covering problems and augment such problems with matroid
constraints. We demonstrate that the above cases are the exception rather than the rule.
As a sample, we consider the problem of interval covering with a partition matroid
constraint. In this problem, we are given a collection of intervals I = {I1 , I2 , · · · , In } over a
time range T = {1, 2, · · · , T }. We are also given a partition P1 , P2 , · · · , Pm of the intervals
in I. A feasible solution S is a collection of intervals such that (1) every timeslot in T is
covered by some interval in S and (2) there is at most one interval chosen from each Pj
(for 1 6 j 6 m). The objective is to choose the minimum number of intervals. We prove
that testing feasibility in this case is NP-hard (and so, no constant factor approximation
algorithm is possible for this problem). This is shown via a reduction from the Vertex Cover
problem; details are provided in Section 9. On the other hand, the problem considered with a
cardinality matroid (where, a feasible solution can pick at most a certain number of intervals
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from I) has a dynamic programming solution that solves it in polynomial time.
It is more likely than not that augmenting a covering problem with a matroid constraint
might render the feasibility problem NP-hard. As another instance, consider Vertex Cover.
If we were to add a cardinality constraint, then the feasibility problem is an instance of
unweighted Vertex Cover, and is NP-hard.

4

Related Work

In this paper, we consider the problem of knapsack covering subject to matroid constraints.
This naturally leads us to the question of considering more general objectives; thus we
might want to minimize an arbitrary submodular function subject to one knapsack covering
constraint and a matroid constraint. However, note that in this case, strong lower bounds
exist, even if we ignore the matroid constraint. Svitkina and Fleischer [14] prove the following:
they show that given a submodular function f (S) over a universe
q of size n, and a cardinality
constraint S > k, it is NP-hard to get a factor better than Ω( logn n ) for approximating the
problem. They call this the SML (Submodular Minimization with cardinality Lower bounds)
problem. Their lower bound is even stronger: it holds even for the special case of monotone
submodular functions; and they derive lower bounds for bicriteria algorithms.
In the recent past, there has been a surge of work in the area of submodular maximization
under various constraints. There have been several papers considering the problem of
maximizing a monotone submodular function subject to matroid constraints, culminating
in the breakthrough result of Vondrák [15](also see [2]). Vondrák [15] shows the optimal
(1 − 1/e)-factor approximation for the problem via a continuous greedy process. Also, see
the paper by Filmus and Ward [7] who give an elegant non-oblivious local search technique
achieving the same approximation factor. In the space of non-monotone submodular functions,
a recent result of Buchbinder et al. [1] (also see [6]) gives the optimal 1/2-factor approximation
for the problem of unconstrained submodular maximization. The interested reader is referred
to a presentation by Vondrák [16] (see slide 45) for an overview of the results in the area
of submodular maximization subject to various (knapsack, matroid) constraints and their
combinations.
Another line of work considers the problem of minimizing a submodular function subject
to matroid constraints. Clearly, it does not make sense to minimize a monotone submodular
function subject to such packing constraints. Thus, research has focused on the problem of
minimizing a symmetric submodular function subject to matroid constraints. Originating from
work by Shaddin [5], Goemans and Soto [8] prove a strong result that shows that symmetric
submodular functions can be minimized subject to such constraints in polynomial time! In
fact, their result extends to a wider class of constraints called “hereditary” constraints.
Thus, given the matroid constraints in the KCM problem, it is natural to ask about
the relation between our problem and the existing literature. Here, we reiterate that
most of the problems considered in literature are mostly purely packing problems: for
instance, submodular maximization subject to matroid constraints or symmetric submodular
minimization subject to matroid constraints. Our problem does not belong to the above
frameworks because of the mixed packing covering nature of our constraints.

4.1

Organization

We present the relevant definitions in Section 5. We prove our result for the case of a
cardinality matroid in Section 6 (see Theorem 2). We build on the case of cardinality
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matroids to give the proof of Theorem 1 in Section 7. We state and prove the bicriteria
factor approximation for knapsack cover subject to multiple matroid constraints in Section 8.
We conclude with discussions and open problems in Section 9.

5

Preliminaries

Sets: In this paper, we will use the following notation: given disjoint sets A and B we will
use A + B to serve as shorthand for A ∪ B. Vice versa, when we write A + B it will hold
implicitly that the sets A and B are disjoint.
We will use the letter U for the universe; the universe will typically contain n elements.
Given a set A, let χ(A) denote its characteristic vector: this is a vector such that {χ(A)}i = 1
if i ∈ A and 0 otherwise.
Also given an element-wise function f with domain U , we will extend it to subsets in the
P
natural way: f (S) = i∈S f (i) for S ⊆ U .
Monotone:

A set function f is called monotone if f (S) 6 f (T ) whenever S ⊆ T .

Submodular: A set function f : 2U → R+ over a universe U is called submodular if the
following holds for any two sets A, B ⊆ U :
f (A) + f (B) > f (A ∪ B) + f (A ∩ B)
Matroid: A matroid is a pair M = (U, I) where I ⊆ 2U , and
1. (Hereditary Property) ∀B ∈ I, A ⊂ B =⇒ A ∈ I.
2. (Extension Property) ∀A, B ∈ I : |A| < |B| =⇒ ∃x ∈ B \ A : A + x ∈ I
Matroids are generalizations of vector spaces in linear algebra and are ubiquitous in combinatorial optimization because of their connection with greedy algorithms. Typically the sets
in I are called independent sets, this being an abstraction of linear independence in linear
algebra. The maximal independent sets in a matroid are called the bases (again preserving
the terminology from linear algebra). An important fact for matroids is that all bases have
equal cardinality – this is an outcome of the Extension Property of matroids.
Any matroid is equipped with a rank function r : 2U → R+ . The rank of a subset S
is defined to be the size of the largest independent set contained in the subset S. By the
Extension Property, this is well-defined. The rank function of any matroid is well-known to
be a monotone submodular function. See the excellent text by Schrijver [13] for details.
Two commonly encountered matroids are the (i) Cardinality Matroid: Given a universe U
and r ∈ N, the cardinality matroid is the matroid M = (U, I), where a set A is independent
(i.e. belongs to I) iff |A| 6 r. (ii) Partition Matroid: Given a universe U and a partition of
U as U1 , · · · , Ur and non-negative integers r1 , · · · , rt , the partition matroid is M = (U, I),
where a set A belongs to I iff |A ∩ Ui | 6 ri for all i = 1, 2, · · · , t.
Knapsack Cover with Matroid Constraints (KCM): We are given n items of sizes s(1), s(2),
· · · , s(n), and with costs c(1), c(2), · · · , c(n). We are also given a cumulative demand D and
a matroid M. A feasible solution is a subset F such that the cumulative size of the subset F
is at least D, and so that the set F is independent in the matroid M. The objective is to
produce a feasible solution of minimum cumulative cost.
Knapsack Cover with Cardinality Matroid (KCCard): In this variant of KCM, we are
given a number k and a specific subset A ⊆ {1, 2, · · · , n}. A feasible solution is a subset F
such that the cumulative size of F is at least D and no more than k elements are chosen
from the subset A.
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6

KCM with Cardinality Matroids

In this section, we will consider the Knapsack Cover problem subject to a cardinality matroid
constraint. Recall that in this scenario, we are given a subset A of the universe U and we
may pick at most k elements from A in a feasible solution.
P
We use x(A) as a shorthand for i∈A xi . The LP is as follows:
X
min
ci · xi
i

LP1

s.t.

X

si · xi > D

i

x(A) 6 k
∀i

0 6 xi 6 1

P
si · xi > D or
We will call the constraints xi > 0 and xi 6 1 as trivial; the constraints
x(A) 6 k will be called the non-trivial constraints. In order that we may produce feasible
solutions to the above LP, it is necessary to check that the feasibility problem is solvable in
polynomial time. This is easy to do for the specific case of a cardinality matroid. In fact, we
will prove the result in Lemma 3 for LPs corresponding to arbitrary matroid constraints.
I Theorem 2. There is a PTAS for the KCCard problem.
Proof. Let us consider a BFS solution to the above LP. It is easy to see that since there
are two non-trivial constraints on the x0i s, in a BFS solution, at most 2 variables will be set
fractionally, and the other variables will be set integrally. Also note that the only way that a
P
BFS solution may have two fractional variables is if both the constraints
si · xi > D and
x(A) 6 k are tight.
Renaming variables, let the fractional variables be x1 and x2 . Since the other variables
are integral, the following equalities hold: s1 x1 + s2 x2 = D0 and x1 + x2 = k 0 where k 0 is an
integer. Clearly because of the constraints 0 6 xi 6 1 we have that 0 6 k 0 6 2. If k 0 = 0,
then x1 = x2 = 0, contrary to their being fractional. Likewise if k 0 = 2, then x1 = x2 = 1,
again a contradiction. Thus, the only case is that k 0 = 1. Thus D0 is a convex combination
of s1 and s2 . Without loss of generality, let s1 > D0 > s2 . Since the constraint x(A) 6 k is a
packing constraint, we will not be able to pick both of x1 and x2 . We will simply pick x1
P
(this makes the constraint
si xi > D feasible), and set x2 to be 0.
Thus, in this process we have raised at most 1 fractional variable.
We now use the idea (in the manner of [12]) of pruning. Let cmax be the item of highest
cost in OPT. Although we do not know this item, we can guess this item by running through
the n possibilities for such an item. Using this guess, we can remove items i from the LP
that have ci > cmax . Thus, in the above process, when we raise x1 from its current fractional
value to 1, we increase the cost of our solution by at most cmax . Thereby the total cost of
the solution generated is OPT + cmax 6 2OPT.
In order to achieve a (1 + )-factor approximation for any  > 0, we may guess all the
items in OPT of cost at least  · OPT. Note that there can be at most 1/ such items.
Let S denote this set of items, of total cost C(S). Remove the items of S from the input
instance to derive a modified instance. Thus, the modified instance has its parameters D and
k appropriately reduced. Note that if S is indeed the set of items in OPT of cost at least
 · OPT, then the optimal cost of the modified instance is at most OPT − C(S).
Since we remove all the items of S from the LP, for every item i still remaining in
the LP, it holds that ci 6  · OPT. As before, the total cost of our solution is at most
(OPT − C(S)) +  · OPT + C(S) = (1 + )OPT.
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Thus the algorithm considers all possible sets S of size 1/, and for each choice of S,
solves the LP for the modified instance. The total run-time of the algorithm is nO(1/) . J

Alternative Proof
The proof given above considers the BFS of the LP and proves certain properties of the BFS
solution; in this sense, it is akin to iterative rounding (see [11]). However, one can provide
another proof of the fact that any optimal solution to LP1 can be modified to an optimal
solution that contains at most two fractional variables. This proof goes via cycle cancelling.
In the normal usage of cycle cancelling, the “weight”(i.e. the LP values) is shifted between
two variables. However, in the current scenario, we will need to shift the weight between
three variables. This is the primary reason why we have two fractional variables.
In fact, the (more combinatorial styled) cycle cancelling technique applied to LP1 shows
that any feasible solution can be modified in this manner.
Suppose we are given a solution x to LP1 , and wlog rename the variables so that the
fractional variables are x1 , x2 , · · · , xm . Given these fractional variables, we will attempt to
change only the first 3 variables, by amounts δ1 , δ2 , and δ3 (and leave the other variables fractional or integral - unchanged). Thus the values of the variables x1 , x2 , x3 will become
(x1 + δ1 ), (x2 + δ2 ), (x3 + δ3 ). It is required that this operation does not violate the knapsack
cover constraint or the cardinality constraint. We also want that in this process, the objective
function does not degrade. These conditions translate to the following inequalities for
δ1 , δ2 , δ3 :
δ1 + δ2 + δ3 = 0
s1 δ1 + s2 δ2 + s3 δ3 > 0
c1 δ1 + c2 δ2 + c3 δ3 6 0
Since the system is homogeneous, the (0, 0, 0) solution is always feasible. However, in order
to perform cycle cancelling, we want a non-zero δi vector.
We may eliminate the variable δ3 from the above system of inequations to get:
(s1 − s3 )δ1 + (s2 − s3 )δ2 > 0
(c1 − c3 )δ1 + (c2 − c3 )δ2 6 0
The pertinent question is whether this system of inequalities always has a non-zero
solution in (δ1 , δ2 ). The two inequalities correspond to two halfplanes in R2 . The halfplanes
are intersecting - for instance, the point (0, 0) lies on both of them. But the intersection of
two halfplanes is an unbounded region, so has a non-zero vector in it.
For instance, if s1 = s3 and c1 = c3 , we would need to set δ2 = 0, but we may set δ1 = 1
(and consequently, δ3 is set to −1).
While this method works for the cardinality matroid (where we have a single constraint
corresponding to the matroid constraint), we do not know how to make this work for an
arbitrary matroid.

7

KCM with arbitrary Matroids

In this section, we extend the result in Theorem 2 to arbitrary matroids. Let us recall the
problem: the universe U consists of n items, each item with attributes costs c(i) and sizes
s(i). There is a minimum coverage demand D. We are also given a matroid M = (U, I). A
feasible solution S to the KCM is one that satisfies the knapsack covering constraints and
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Guess cmax , the costliest element in OPT.
for each guess of c = cmax do
A ← {i : c(i) > cmax }
Augment LP2 with constraints xi = 0, ∀i ∈ A
Solve LP2 ; let the two fractional variables be x1 and x2
If s1 > s2 , raise x1 to 1, x2 = 0;
else x1 = 0, x2 = 1.
Let this solution be denoted by Sc .
end for
Output the subset Sc with the minimum cost
Figure 1 Main Algorithm.

such that S ∈ I. Let r(·) denote the rank function of the matroid M . Then the LP for the
KCM problem stands as follows:
P
min
c(i) · xi
Pi
LP2 : s.t.
s(i)
· xi > D
i
∀S
x(S) 6 r(S)
∀i
0 6 xi 6 1
Firstly, we show that we can solve the feasibility problem in polynomial time.
I Lemma 3. The feasibility problem for LP2 is solvable in polynomial time.
Proof. Note that the feasibility problem may be converted into the following problem:
P
LP3 : max
i s(i) · xi
∀S
x(S) 6 r(S)
∀i
0 6 xi 6 1
But this is precisely the maximum independent set question in a matroid and is well known
to be solvable in polynomial time [13].
J
We are now ready to prove Theorem 1.
Proof (of Theorem 1). Let x∗ denote a BFS solution to LP2 . Let there be ` fractional
variables in the solution x∗ . We will call any constraint that is not of the form xi > 0 or
xi 6 1 as “nontrivial". We will consider the non-trivial constraints that are satisfied with
equality by the solution x∗ . Given that there are ` fractional (and hence n − ` integral)
variables, we have that precisely ` non-trivial constraints are tight. Moreover, this collection
of tight constraints are linearly independent. We will also assume the following normal form
for the tight constraints provided by a BFS. If a variable xi is integral (either 0 or 1) in
the solution x∗ , we will consider the corresponding equation xi = 0 or xi = 1 as being tight.
Thus, by virtue of linear independence of the tight constraints in a BFS, any non-trivial tight
constraint has to contain at least one fractional variable.
P
There are two cases: either the constraint i s(i)xi > D is tight or is not. Let us consider
the situation where this constraint is not tight. Thus the ` tight constraints are all of the
form x(S) 6 r(S) for some subset S. It is a well known property (for instance, see [11]) that
the sets corresponding to these tight constraints may be assumed to form a chain.
We record this as a claim and for completeness, we prove this here. This proposition uses
the fact that the rank function of a matroid is submodular.
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I Claim 4. The linearly independent tight constraints x(S) = r(S) can be assumed to form
a chain. Thus, if there are ` linearly independent tight constraints, then the corresponding
sets may be relabeled S1 , S2 , · · · , S` such that Si ⊂ Si+1 for all 1 6 i 6 (` − 1).
Proof. Consider any two tight constraints corresponding to sets S1 and S2 . Thus, x(S1 ) =
r(S1 ) and x(S2 ) = r(S2 ). Consider the following chain of inequalities:
tight

r(S1 ) + r(S2 ) = x(S1 ) + x(S2 ) = x(S1 ∩ S2 ) + x(S1 ∪ S2 )
6 r(S1 ∩ S2 ) + r(S1 ∪ S2 )

submodular

6

r(S1 ) + r(S2 )

Thus equalities hold throughout the chain, and so x(S1 ∩ S2 ) = r(S1 ∩ S2 ) and x(S1 ∪
S2 ) = r(S1 ∪ S2 ). This means that S1 ∪ S2 and S1 ∩ S2 also are tight sets. Note that
χ(S1 ) + χ(S2 ) = χ(S1 ∩ S2 ) + χ(S1 ∪ S2 ). So, if S1 and S2 are such that S1 \ S2 6= ∅ and
S2 \ S1 6= ∅, then we can replace one of the sets S1 or S2 in our system of linearly independent
equations by S1 ∩ S2 and S1 ∪ S2 . Repeating this process ensures that a maximal collection
of linearly independent tight constraints form a chain.
J
The sets Si may not be equal since that would violate the linear independence of the
corresponding constraints. Also, an earlier observation implies that Si+1 \ Si has to contain
at least one fractional variable (and, bottoming out, this holds true for S1 \ ∅ = S1 too).
However since x(Si+1 ) − x(Si ) is an integer, there has to be at least 2 fractional variables in
Si+1 \ Si . But since the sets Si+1 \ Si are disjoint (for 1 6 i 6 (` − 1) we thereby collect at
least 2` fractional variables. Since we started the argument with ` fractional variables, this
implies that ` > 2`, which is impossible since ` > 1.
P
Thus, the constraint
s(i)xi > D has to be tight. But we can again decompose the tight
constraints of the form x(S) 6 r(S) as a chain of (` − 1) constraints. A similar argument like
the one above gives that there are at least 2(` − 1) fractional variables. Thus ` > 2(` − 1),
P
and we get that ` 6 2. Since
s(i)xi > D is tight, this implies that there is precisely one
tight constraint of the form x(S) 6 r(S). Now we are back to the cardinality case, and we
can mimic the proof of Theorem 2, and we thereby prove that LP3 has at most 2 fractional
variables.
Let the fractional variables be x1 and x2 (modulo renaming of variables). The tight
P
constraint
s(i)xi > D simplifies to s1 x1 + s2 x2 = D0 . Also we have that x1 + x2 = k 0 for
some integral k 0 . Since 0 < xi < 1 for all i = 1, 2, the only possibility is that k 0 = 1. This
implies that D0 is a convex combination of s1 and s2 , and thus, one of these quantities is at
least as large as D0 ; wlog, let s1 > D0 . Thus, we can raise the variable x1 to 1 and reduce the
variable x2 to 0. This change in the variables x1 and x2 may potentially make the solution
infeasible for the LP. To this end, let us consider the constraints in which the variables x1
P
or x2 appear. First, note that the constraint
s(i)xi > D is kept feasible, because of the
choice of the fractional variable to raise. Now consider any matroid constraint x(S) 6 r(S).
If S contains both of items x1 and x2 , then feasibility for this constraint is maintained (since
x1 + x2 is not changed). Suppose that S contains only the item x1 . Then the constraint
x(S) 6 r(S) could not have been tight in the BFS solution x∗ . This is because r(S) is an
integer whereas x(S) contains just a single fractional variable and cannot be an integer.
Thus, raising x1 to 1 does not violate feasibility for this constraint. If S contains only the
item x2 , the argument is simpler: the value of x2 is lowered, and so feasibility is maintained
for the packing constraint x(S) 6 r(S).
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Finally, given an  > 0, we prune items of the input by guessing the elements of high-cost
(i.e. elements of cost >  · OPT) and modifying the input instance as in Theorem 2; this
gives us the (1 + )-factor guarantee.
J

8

Multiple Matroids

In this section, we consider the knapsack cover problem subject to multiple matroid constraints;
call this the KCMM problem. In this problem, in addition to the knapsack cover constraint
P
s(i)xi > D, we have t ∈ N matroid constraints. Given the matroids Mi for 1 6 i 6 t, let
ri denote the rank function for matroid Mi . The IP for this problem is as follows:
P
min
c(i) · xi
Pi
IP4 : s.t.
i s(i) · xi > D
∀S, t x(S) 6 rt (S)
∀i
xi ∈ {0, 1}
The feasibility problem for this IP is the Matroid Intersection problem. For t > 3, this is
NP-hard: for instance, the Hamiltonian Circuit problem is a special case of the intersection
of 3 matroids.
This leads to the hardness of approximation of the KCMM problem: for t > 3, it is
impossible to achieve any factor approximation for the KCMM problem. We show that this
obstacle can be overcome by considering bicriteria approximation algorithms. The main
result of this section is that the KCMM problem allows good bicriteria approximations.
I Theorem 5. There is a bicriteria approximation algorithm for the KCMM problem that
outputs a solution S that satisfies the following properties: (i) c(S) 6 c(OPT), (ii) S satisfies
all the matroid constraints and (iii) s(S) > θ( Dt ).
Proof. Consider the auxiliary IP parametrized by a quantity β. This IP is obtained by
interchanging the roles of the objective and the knapsack cover constraint in IP4 .
P
max
s(i) · xi
Pi
IP5 : s.t.
i c(i) · xi 6 β
∀S, t x(S) 6 rt (S)
∀i
xi ∈ {0, 1}
Thus we have converted the mixed packing covering problem IP4 into a purely packing
problem IP5 . The objective in the problem IP5 is a submodular function (in fact a linear
function) and the problem is to maximize this function subject to 1 knapsack (packing)
constraint and t matroid constraints. There are efficient algorithms [10] that show O(t)-factor
approximations for this problem; denote this procedure by P .
We run the procedure P for various values of β in decreasing order; for each value of β,
P gives an approximate solution to IP5 . We stop when the objective value of the solution
returned by P is D/θ(t). Let this solution be S. We return S as the solution to IP4 and the
corresponding value of β is the objective value.
If there is a feasible solution F to IP4 of objective value β 0 , then F is a feasible solution
to IP5 (with β = β 0 ) of objective value at least D. This is because F is a feasible solution to
P
IP4 ; so i∈F s(i) > D. So, procedure P on IP5 with β = β 0 produces a solution F 0 that has
P
value i∈F s(i) > D/θ(t).
This proves the result.
J
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Discussion & Open Problems

In this paper we considered a mixed packing-covering problem called the KCM problem. We
showed that it admits a PTAS. We note that the same result applies if we replace the matroid
constraints by so-called polymatroid constraints (where the constraints are x(S) 6 f (S) for
an arbitrary submodular function f instead of the rank function).
However, we do not expect (even) constant factor approximations for most covering
problems with matroid constraints. This is because the feasibility problem for such a covering
problem with a matroid constraint may be NP-hard.
As an instance, let us consider the interval cover problem mentioned in Section 3. We will
reduce the Vertex Cover problem to an interval cover instance, with a partition matroid. Let
the input instance be G = (V, E) and a number k; the decision problem is to find if G has a
vertex cover of size at most k. The interval cover instance is constructed as follows. For every
vertex v ∈ V , there is a long interval Iv ; for different vertices v and v 0 the corresponding
intervals are disjoint. Given an edge e = (u, v), there are two short intervals corresponding to
the edge Ie,u and Ie,v . The span of Ie,u for an edge e incident on the vertex u is contained
within the interval Iu . The various intervals Ie,u for different e’s incident on u are all disjoint
(and contained in Iu ). The partition matroid constraints are as follows: out of all the intervals
Iu (u ∈ V ), we are allowed to pick at most k; and out of the intervals Ie,u and Ie,v (for
e = (u, v)) we are allowed to pick at most 1. Suppose there is a vertex cover S ⊂ V of size
at k in G. Then our feasible solution for the interval cover problem will be constructed as
follows: pick interval Iu for u ∈ S. Since S is a vertex cover, every edge e has one of its
endpoints in S. Thus at least one of the short intervals Ie,u or Ie,v is not required, since the
overlapping long interval Iu (or Iv ) is picked. Thus the other short interval corresponding
to e may be picked, while preserving the partition matroid constraint for Ie,u and Ie,v . In
the other direction, consider a feasible solution F for the interval cover instance. For any
edge e, at most one of the short intervals Ie,u , Ie,v may be in the feasible solution. Thus
for the short interval that is absent, say, Ie,u , the long interval Iu has to be present in the
solution. This means that the set of u’s such that the interval Iu belongs to the solution F
forms a vertex cover. Since feasibility stipulates at most k of the long intervals be selected,
this means that we are able to extract a vertex cover of size at most k.
Despite feasibility being the principal obstacle for covering problems with matroid
constraints, some open problems do remain. The principal open question is the following.
In Section 8, we considered the case of t matroid constraints along with a knapsack cover
constraint. However, note that for t = 2, the feasibility problem is in polynomial time (this
is the Matroid Intersection problem for two matroids). So, a constant factor approximation
algorithm is not ruled out for t = 2.
Our solution to the KCM problem involves solving multiple LP’s. The knapsack cover
(KC) problem has efficient greedy algorithms. Therefore, a natural question is whether the
KCM problem has efficient greedy algorithms.
Our results do not rule out a FPTAS for the KCM problem. In fact, we are able to show
FPTASes for the case of the KCM problem with a partition matroid. Is there a FPTAS for
the KCM problem for arbitrary matroids?
Acknowledgements. We gratefully acknowledge discussions with Amit Kumar, Rajiv
Gandhi, Guy Kortsarz and Yogish Sabharwal. We also gratefully acknowledge modifications suggested by the anonymous reviewers. The submission version contained only a
2-factor approximation for the KCM problem; a reviewer noted that a slight modification
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of the same technique also yields a PTAS (that is now included as Theorem 1). The same
reviewer also observed that the results essentially carry over to polymatroid constraints.
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Abstract
The concept of uniform strategies has recently been proposed as a relevant notion in game theory for computer science. It relies on properties involving sets of plays in two-player turn-based
arenas equipped with a binary relation between plays. Among the two notions of fully-uniform
and strictly-uniform strategies, we focus on the latter, less explored. We present a language that
extends CTL∗ with a quantifier ; over all related plays, which enables to express a rich class of
uniformity constraints on strategies. We show that the existence of a uniform strategy is equivalent to the language non-emptiness of a jumping tree automaton. While the existence of a uniform
strategy is undecidable for rational binary relations, restricting to recognizable relations yields
a 2Exptime-complete complexity, and still captures a class of two-player imperfect-information
games with epistemic temporal objectives. This result relies on a translation from jumping tree
automata with recognizable relations to two-way tree automata.
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Keywords and phrases Games, Imperfect information, Uniform strategies, Jumping automata
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1

Introduction

Infinite-duration game models have been intensively studied for their applications in computer
science [2] and logic [10]. First, infinite-duration games provide a natural abstraction of
computing systems’ non-terminating interaction [1] (think of a communication protocol
between a printer and its users, or control systems). Second, infinite-duration games naturally
occur as a tool to handle logical systems for the specification of non-terminating behaviors,
such as for the propositional µ-calculus [8], leading to a powerful theory of automata, logics
and infinite games [10] and to the development of algorithms for the automatic verification
(“model-checking”) and synthesis of hardware and software systems. In all cases, solving
games aims at computing a strategy (of some distinguished player) whose outcomes fulfill
ω-regular conditions meant to describe some desirable property.
In essence, ω-regular conditions are evaluated on individual plays, independently of
other plays that result from the strategy. However, turning to imperfect-information games
raises the need to deal with sets of plays, as the strategic decision has to be the same in
indistinguishable situations [19]. This typical property of strategies in imperfect-information
games is in general dealt aside from the ω-regular winning conditions. However, this splitting
is a real issue when considering properties of strategies that mix, e.g. knowledge and time.
In an attempt to study this problem in depth, [14] introduced a general notion of uniform
strategies and showed that it captures a variety of settings from the literature. Uniformity
properties of strategies are expressed in a logic that combines standard temporal modalities
with two new quantifiers, ; and ; , that universally quantify over “related” plays according
to some binary relation between plays. The difference between the two quantifiers is in their
range. While the strict quantifier ; only quantifies over related plays that follow the strategy,
the full quantifier ; ranges over all related plays in the arena.
© Bastien Maubert and Sophie Pinchinat;
licensed under Creative Commons License CC-BY
33rd Int’l Conference on Foundations of Software Technology and Theoretical Computer Science (FSTTCS 2013).
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These quantifiers generalize the knowledge operator K of epistemic temporal logics [11]:
classically, the semantics of K is a universal quantification over histories related to the actual
one by some observational equivalence relation that captures the capabilities of the agent
– perfect/imperfect recall, synchronous/asynchronous, . . . [11]. In contrast, the setting of
[14] allows for arbitrary binary relations for the semantics of the quantifiers, as long as they
are rational, i.e. recognized by finite state transducers [6, 3]. Noticeably, most equivalence
relations used in epistemic temporal logics are recognized by very simple transducers. Additionally, rational relations need not be equivalences, and can capture relations used in belief
revision, and for modelling plausibility, with K45 or KD45 axiomatization [9].
Restricting to formulas that use only one kind of quantifier, the strict one or the full
one, yields the notions of strictly-uniform strategies and fully-uniform strategies respectively.
Deciding the existence of a fully-uniform strategy has already been investigated [15]: the
problem is k-Exptime-complete for logical specifications that involve up to k nested ;
quantifiers – 2Exptime-complete if k ≤ 2.
In this work, we focus on the even more involved case of strict-uniformity which, as
opposed to full-uniformity, does not allow for bottom-up constructions, as one cannot evaluate
inner-most formulas before knowing the whole searched strategy. Actually, this intricate
feature yields undecidability of the strictly-uniform strategy problem (i.e. the existence of
a strictly uniform strategy) when the whole class of rational relations is considered. More
precisely, we first show that this undecidability result holds even if we restrict to the subclass
of regular1 equivalence relations.
In an effort to better understand the difficulty of this problem, we propose an automatabased approach inspired by [21] for solving LTL games. We introduce and study jumping
tree automata (JTA), a class of tree automata which generalizes standard alternating tree
automata. JTA are equipped with a binary relation between branches of trees and, in
addition to normal behaviour of alternating automata, they allow for jumps between related
nodes of the input tree. Intuitively, the jumps of JTA “implement” the meaning of the ;
operator in the logic ; CTL∗ , that we also define in this contribution as an extension of
the logic ; LTL introduced in [14]. We show that JTA capture the full logic ; CTL∗ , and
that from a uniformity property a JTA can be built that accepts the tree unfoldings of
strictly-uniform strategies.
Although the language emptiness problem for JTA is unsurprisingly undecidable when
considering arbitrary rational relations over branches of trees, we identify a decidable case
when the class of binary relations between branches is confined to the well-known family
of recognizable relations; basically, such relations only challenge a bounded amount of
information in each branch. Decidability of JTA emptiness in this case is shown by an
effective transformation of JTA with recognizable relations into equivalent two-way tree
automata, and decidability of the strictly-uniform strategy problem for recognizable relations
follows. More precisely, we establish that the emptiness problem for JTA with recognizable
relations is Exptime-complete, and that the strictly-uniform strategy problem for this class
of relations is 2Exptime-complete.
This latter result sheds light on phenomena in games of imperfect information. In such
games, only observation-based strategies are allowed, enforcing players to play identically
along plays that share the same sequence of observations. A weaker form of this requirement
is the knowledge-based 2 strategies, i.e. players play identically along plays that yield the

1
2

captured by synchronous transducers
This vocabulary is highly misleading, and we now rather say information-set-based instead.
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same information set. Although being rational, the observation-based equivalence relation is
not recognizable, unlike the information-set-based equivalence relation. Interestingly, in twoplayer games with ω-regular winning objectives, the existence of an observation-based strategy
implies the existence of an information-set-based one, hence looking for the latter is enough;
but this does no longer hold for more players. Our results (on undecidability/decidability)
distinguishing arbitrary rational relations from recognizable ones gives a new insight on the
frontier between imperfect-information games with two players and games with more players.
Additionally, our automata-theoretic approach based on jumping tree automata yields an
effective method to solve two-player imperfect-information games with epistemic temporal
logic specifications of winning conditions. By interpreting the ; quantifier of the logic
; CTL∗ as the information-set-based knowledge operator, we can in a unified formalism
express that, e.g. a strategy is information-set-based on the one hand, and fulfills some
branching-time epistemic temporal property, on the other hand. Actually, we may even
extend the setting to deal with several ; i modalities, referring to different binary relations
in a single specification: in particular, our decidability result for recognizable relations would
still hold, with no additional complexity cost. It would then be possible to seek for a single
player’s information-set-based strategy with a fairly rich epistemic condition involving the
knowledge of other players. Also, because recognizable relations are closed under intersection,
such an extension would enable to reason on multi-player imperfect-information arenas about
the existence of a coalition strategy (involving two meta players: the coalition and the
anti-coalition) with distributed knowledge, as long as this knowledge can be bounded. Due
to lack of space, we do not present this significant generalization in the paper.
The rest of the paper is organized as follows. In Section 2, we remind some notions
concerning trees and game arenas. We present the language ; CTL∗ to specify uniform
strategies in Section 3, and we prove in Section 4 that the strictly-uniform strategy problem is
undecidable for regular equivalence relations. In Section 5 we define jumping tree automata,
we show that they capture ; CTL∗ and we present a reduction of the strictly-uniform strategy
problem to their non-emptiness. Finally, we prove in Section 6 that JTA with recognizable
relations can be turned into equivalent two-way tree automata, yielding the decidability of
the strictly-uniform strategy problem for recognizable relations.

2
2.1

Preliminaries
Basic notions on trees

For the rest of the paper, let k ∈ N be a natural number, and let [k] denote the set {1, . . . , k}.
An infinite tree is a nonempty set t ⊆ [k]∗ such that if x · i ∈ t, then x ∈ t, and if x ∈ t, there
exists i ∈ [k] such that x · i ∈ t. The elements of t are called nodes, and the empty word  is
the root of the tree. If x · i ∈ t, we say that x · i is a child of x, and that x is the parent of
x · i. We will note x · ↑ the parent of a node x: (x · i) · ↑ := x. Note that  · ↑ is undefined as
the root has no parent. Given a node x of a tree t, we let P aths(x) be the set of infinite
paths π = x0 x1 . . . in t such that x0 = x and for all i, xi+1 is a child of xi . Also, for a path
π = x0 x1 x2 . . ., π i denotes xi xi+1 xi+2 . . .
Given a finite alphabet Σ, a Σ-labelled tree is a pair T = (t, `), where t is a tree and ` :
t → Σ is a labelling. For a node x = i1 i2 . . . in in t, n ≥ 0, we define its node word w(x) made
of the sequence of labels from the root to this node: w(x) := `()`(i1 )`(i1 i2 ) . . . `(i1 . . . in ).
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2.2

Two-player turn-based game arenas

We consider two-player turn-based games played on finite graphs with vertices labelled with
propositions. For the rest of the paper, we let AP be an infinite countable set of atomic
propositions.
An arena is a finite structure G = (V, E, v0 , ν) where V = V1 ] V2 is the finite set of
positions, partitioned between positions of Player 1 (V1 ) and those of Player 2 (V2 ), E ⊆ V ×V
is the set of edges, v0 ∈ V is the initial position and ν : V → 2AP is a valuation function,
mapping each position to a finite set of atomic propositions. We will assume that for each
position v there is an atomic proposition pv such that pv ∈ ν(v 0 ) if, and only if, v = v 0 . For
v ∈ V , we write E(v) = {v 0 | (v, v 0 ) ∈ E} for the set of successors of v, and we assume that
for all v ∈ V , E(v) is nonempty. P lays∗ and P laysω are, respectively, the set of finite and
infinite plays. For an infinite play π = v0 v1 . . . and i ∈ N, π[i] := vi and π[0, i] := v0 . . . vi .
A strategy for Player 1 is a partial function σ : P lays∗ → V that maps a finite play ending
in v ∈ V1 to some successor of v. We say that a play π ∈ P laysω is induced by σ if for all
i ≥ 0 such that π[i] ∈ V1 , π[i + 1] = σ(π[0, i]), and the outcome of σ, noted Out(σ) ⊆ P laysω ,
is the set of all infinite plays that are induced by σ. In the following, it is convenient to see
a strategy σ as the tree Tσ , obtained by unfolding the arena and pruning moves that do
not follow the strategy. Formally, a strategy tree T = (t, `) is a 2AP -labelled tree such that
`() = ν(v0 ) and for every x ∈ t, letting v be the unique position such that pv ∈ `(x):
if v ∈ V1 then x has a unique child x0 , and `(x0 ) = ν(v 0 ) for some v 0 ∈ E(v)
if v ∈ V2 then x has exactly one child x0 for each v 0 ∈ E(v), and `(x0 ) = ν(v 0 ).

3

Uniform strategies

A uniform strategy is a strategy subject to a uniformity constraint, such as being observationbased (see Example 2). In the purpose of automated synthesis of uniform strategies, we
introduce a logical formalism ; CTL∗ , in the spirit of [14], but extending the temporal features
from LTL to CTL∗ [7] (enabling us to capture, e.g. module-checking [13]). The logic ; CTL∗ is
interpreted over infinite trees, and we use it to reason on strategies seen as trees. It contains
a quantifier ; that universally quantifies over “related” finite plays, or equivalently over
nodes in the strategy tree related by some binary relation ;.
The set of well-formed ; CTL∗ state formulas is given by the following grammar:
State formulas:

ϕ ::= p | ¬ϕ | ϕ ∨ ϕ | Aψ |

Path formulas:

ψ ::= ϕ | ¬ψ | ψ ∨ ψ | Xψ | ψUψ

;

ϕ

where p ∈ AP

Classically, we define the Boolean conjunction for both types of formula ϕ ∧ ϕ and ψ ∧ ψ
with their expected meaning. Also, for each path formula ψ, we write Eψ for the state
formula ¬A¬ψ, Fψ for >Uψ, Gψ for ¬F¬ψ and for each state formula ϕ, we write ; ϕ for
¬ ; ¬ϕ.
∗
Given a binary relation ; over (2AP ) , a 2AP -labelled tree 3 T = (t, `) and two nodes
x, y ∈ t, we will abuse notations by writing x ; y for w(x) ; w(y) (that is their node words
are related by ;). We define the semantics of ; CTL∗ as follows, where x ∈ t is a node and
π is an infinite path:

3

0

In fact, by 2AP , we mean 2AP , where AP 0 is some finite subset of AP .
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x |= p if p ∈ `(x)
x |= ¬ϕ if x 6|= ϕ
x |= ϕ1 ∨ ϕ2 if w |= ϕ1 or w |= ϕ2
x |= Aψ if for all π ∈ P aths(x), π |= ψ
x |= ; ϕ if for all y ∈ t such that x ; y, y |= ϕ
π |= ϕ if x0 |= ϕ, where π = x0 x1 . . . π |= ¬ψ if π 6|= ψ
π |= ψ1 ∨ ψ2 if π |= ψ1 or π |= ψ2
π |= Xψ if π 1 |= ψ
π |= ψ1 Uψ2 if there exists i ≥ 0 such that π i |= ψ2 and for all 0 ≤ j < i, π j |= ψ1

We extend the semantics to trees by writing T |= ϕ whenever  |= ϕ. In particular,
T |= Aψ if every branch of T satisfies ψ.
∗

I Definition 1. Let G be an arena, ; be a relation over (2AP ) and ϕ be a ; CTL∗ formula.
A strategy σ is (;, ϕ)-uniform if the strategy tree of σ satisfies ϕ, i.e. Tσ |= ϕ.
I Example 2. Consider the case of observation-based strategies in two-player games with
imperfect information. Such games are played on graphs with edges labelled by actions and
proceed as follows. In position v, Player 1 chooses an action a, and Player 2 chooses a new
position reachable from v via an a-edge. The imperfect information is caused by the inability
of Player 1 to see the very position chosen by Player 2, but only its observation; note that the
same observation may be shared by several positions. In such games, strategies for Player 1
are required to assign the same action to observationally equivalent situations.
Such a requirement can be specified as a uniformity constraint in our framework. To do
so, we convert actions into positions: choosing action a in node v is simulated by moving to
the newly created position (v, a), and we enrich the arena labelling by atomic propositions
po for observations, and by pa in all positions of the form (v, a). Noting ; the observational
V
equivalence relation, and defining ψObs := G a∈Act (Xpa → ; EXpa ), we have: a strategy
is observation-based if, and only if, it is a (;, AψObs )-uniform strategy. Indeed, a strategy
tree that verifies AψObs represents a strategy that, whenever it recommends action a after
some finite play, it does so in all ;-related (i.e. observationally equivalent) finite plays.

Beyond the example above, the approach clearly enables to represent various kinds of
observation-based strategies by tuning relation ; according to the desired player’s observational abilities and/or memory resources (perfect-recall, memoryless, synchronous,
asynchronous, etc). Note that in this framework, a formula like AψObs ∧ ϕ naturally combines
on observation-based constraint with an arbitrary epistemic temporal winning condition ϕ.
Also we refer the interested reader to [14] for more examples of uniform strategies.

4

A first undecidability result

In order to address automated synthesis of uniform strategies one has to make assumptions
on the relation used in the semantics of the language ; CTL∗ , and in particular how it can
be finitely represented. We therefore consider the expressive class of rational relations.

4.1

Rational relations

We briefly recall the notions of rational relations and transducers. A finite state transducer
over the alphabet Σ is a tuple M = (Q, q0 , QF , ∆), where Q is a finite set of states,
q0 ∈ Q is a distinguished initial state, QF ⊆ Q is a set of accepting states, and ∆ ⊆
Q × (Σ ∪ {}) × (Σ ∪ {}) × Q is a finite set of transitions. A transducer is synchronous if
∆ ⊆ Q × Σ × Σ × Q.
Intuitively, a transducer reads a finite word w ∈ Σ∗ on its input tape, writes a finite word
0
w ∈ Σ∗ on its output tape, and accepts (w, w0 ) if it reaches an accepting state. The relation
[M] recognized by M is the set of pairs (w, w0 ) accepted by M.
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It is well known that transducers recognize rational relations [3], and that synchronous
transducers recognize regular relations [12].
For example, the observational equivalence relation for a player with asynchronous perfectrecall is rational, and accepted by a fairly simple transducer with one state per observation.
For synchronous perfect-recall, the relation is regular and is accepted by an even simpler
synchronous transducer with only one state.

4.2

The problem SUS and its undecidability

Back to our central topic on uniform strategies, we consider the following decision problem:


G is a finite arena, M is a transducer, ϕ ∈ ; CTL∗
(G, M, ϕ)
SUS :=
and there exists a ([M], ϕ)-uniform strategy in G.

It can be proven, by reduction of the Post Correspondence Problem, that SUS is
undecidable, but we propose here the stronger result.
I Theorem 3. SUS is undecidable for rational relations, even if we restrict to regular
equivalence relations.
The rest of the section is dedicated to the proof of Theorem 3. We reduce the distributed strategy problem for three-player imperfect-information games with safety objective, as
addressed by [16, 4]. We present the problem as stated in [4], in which two players with
imperfect information (Player A and Player B) play against nature (the third player). Formally, let ActA (resp. ActB ) be a finite set of available actions for Player A (resp. Player B),
and ΓA (resp. ΓB ) be a finite set of observations for Player A (resp. Player B). We write
Act = ActA × ActB .
A finite safety imperfect-information game is a tuple G imp = (V, E, v0 , γA , γB ) where
E ⊆ V ×Act×V is a set of transitions, γX : V → ΓX is an observation function (X ∈ {A, B}),
and with a designated subset Bad ⊆ V of “bad” positions that Player A and Player B should
avoid. In each round, Player X chooses an action cX ∈ ActX , which gives an action
profile x = (cA , cB ), and nature chooses a next position in E(v, x) = {v 0 | (v, x, v 0 ) ∈ E}.
We suppose that all actions are allowed in every position: for all v ∈ V , a ∈ ActA and
b ∈ ActB , we have E(v, (a, b)) 6= ∅. The observation functions are extended to finite plays
ρ = v0 x0 v1 . . . xn−1 vn by letting γX (ρ) = γX (v0 )γX (v1 ) . . . γX (vn ). Note that actions are
not observed.
A strategy for Player X is a partial mapping σX : (V · Act)∗ · V → ActX that assigns an
action to each finite play. It must be observation-based: for any finite plays ρ and ρ0 such
that γX (ρ) = γX (ρ0 ), σX (ρ) = σX (ρ0 ). A distributed strategy is a pair (σA , σB ) of strategies
for Player A and Player B. The outcome of a distributed strategy is the set of infinite plays
that are both induced by σA and σB , and a distributed strategy is winning if no play in the
outcome ever visits a position in Bad.
It is well known [16, 4] that the following problem is undecidable : given a safety
imperfect-information game, does there exist a winning distributed strategy?
We reduce this problem to SUS. Let G imp = (V, E, v0 , γA , γB ) be an imperfect-information
arena with observations ΓA and ΓB and bad states Bad. We build a game arena G =
(V 0 , E 0 , v00 , ν) in which Player 1 plays for both Player A and Player B, and Player 2 plays for
nature; Figure 1 shows how each transition in G imp is transformed into a widget in G.
The set of positions V 0 = V1A ] V1B ] V2 is split into three: in positions of V1A = V ,
Player 1 simulates moves of Player A, in positions of V1B = V × ActA , Player 1 simulates
moves of Player B, and in positions of V2 = V × ActA × ActB , Player 2 simulates moves
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v

v

v0

a, b

a

a

pa

b
pb

v0

pbad

Figure 1 Coding in G a transition (v, (a, b), v 0 ) of G imp , with v 0 ∈ Bad. Colors represent the
observations of Player A and Player B.

of nature. Hence for all v, v 0 , a, b, we have (v, (v, a)) ∈ E 0 , ((v, a), (v, a, b)) ∈ E 0 , and if
(v, (a, b), v 0 ) ∈ E then ((v, a, b), v 0 ) ∈ E 0 . For each action c ∈ ActX , pc labels positions in
which the last move was Player 1 simulating the choice of action c by Player X. In addition,
“bad” positions are marked with proposition pbad . As it is assumed in our definition of game
arenas that each position v is identified by an atomic proposition pv , we keep it silent in
the following formal definition of the labelling. We consider the set of atomic propositions
{pc | c ∈ ActA ∪ ActB } ∪ {pbad }, and we label the arena as follows: if v ∈ Bad, ν(v) = {pbad },
ν(v, a) = {pa , pbad } and ν(v, a, b) = {pb , pbad }; otherwise, ν(v) = ∅, ν(v, a) = {pa } and
ν(v, a, b) = {pb }. Finally, we set v00 = v0 .
Clearly, since Player 1 plays for the coalition {A, B}, we expect each branch of her
strategy to satisfy the following path formula:
ψSaf e := G¬pbad .

(1)

For a finite play ρ = v0 (v0 , a0 )(v0 , a0 , b0 )v1 . . ., we note γX (ρ) = γX (v0 )γX (v1 ) . . .
We want to enforce that when Player 1 simulates a move of Player X, her choice is only
based on Player X’s observation. To do so, we define the symmetric and transitive relation
; over V 0∗ that relates two sequences of positions if they end in positions belonging to the
same player (A or B), and are observationally equivalent for this player:4


last(ρ) ∈ V11 and last(ρ0 ) ∈ V1A and γA (ρ) = γA (ρ0 ), or
0
(ρ, ρ )
; :=
.
(2)
B
0
B
0
last(ρ) ∈ V1 and last(ρ ) ∈ V1 and γB (ρ) = γB (ρ )

∗

Note that for the sake of clarity we defined ; on V ∗ instead of (2AP ) , but by considering
the propositions pv ∈ AP (v ∈ V ) and working with the alphabet Σ = {{pv } ∪ ν(v) | v ∈ V },
one can easily rephrase relation ; of Equation (2) as a binary relation over Σ∗ .
The following path formula states that whenever Player 1 simulates a move of Player X,
she chooses the same action in all plays observationally equivalent for Player X:
^
ψObs := G
Xpc → ; EXpc .
(3)
c∈ActA ∪ActB

Combining Equations (1) and (3) we get the following reduction.
I Lemma 4. There is a winning distributed strategy in G imp if and only if there is a
(;, A(ψObs ∧ ψSaf e ))-uniform strategy in G.

4

For a finite word w, last(w) classically denotes its last letter.
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q0
v/v 0

v/v 0

q1A
v/v 0

q1B
(v, a)/(v 0 , a0 )

q3A

q2A

(v, a)/(v 0 , a0 )

v/v 0

q3B

q2B

(v, a, b)/(v 0 , a0 , b0 )

(v, a, b)/(v 0 , a0 , b0 )

with γA (v) = γA (v 0 )

with γB (v) = γB (v 0 )

Figure 2 The synchronous transducer MA,B .

We show that ; is regular.
Consider the synchronous transducer MA,B of Figure 2. State q0 is the initial state
(ingoing arrow), q1A and q2B are final states (doubly circled). Transducer MA,B works as
follows: before reading a word w, the transducer guesses whether we are interested in Player A
or Player B’s observation. In the first case it goes to the left, reads w and writes a word w0
observationally equivalent for Player A (remember that actions are not observed). The pair
(w, w0 ) is accepted if w (and w0 ) indeed ends in a position of Player A. The second case is
symmetric. So MA,B recognizes ;, hence ; is regular. Note that ; is not reflexive, but its
reflexive ∼ closure is also regular (plug in MA,B the synchronous transducer for the identity
relation). Lemma 4 would also hold for ∼, which concludes the proof of Theorem 3.

5

Intermezzo: jumping tree automata

We remind the notions of alternating tree automata and two-way tree automata, and we
define jumping tree automata (JTA). For an introduction to the theory of automata on
infinite trees see [20].
For a set X, B+ (X) is the set of positive boolean formulas over X, i.e. formulas built with
elements of X as atomic propositions and using only connectives ∨ and ∧. We also allow for
formulas > and ⊥, and ∧ has precedence over ∨. Elements of B+ (X) are denoted by α, β . . .
Let D ⊆ [k] ∪ {, ↑, ; , ; } be a set of directions. A D-automaton is a tuple A = (Σ, Q, δ, q0 , C)
where Σ is a finite alphabet, Q a finite set of states, q0 ∈ Q an initial state, C an accepting
condition, and δ : Q × Σ → B+ (D × Q) a transition function. If D contains ; or ; then we
additionally require the automaton to be equipped with a binary relation ; over Σ∗ .
We note DA = [k], D↑ = DA ∪ {, ↑} and D; = DA ∪ { ; , ; }. DA -automata are
alternating tree automata, D↑ -automata are two-way alternating tree automata, and D; automata are jumping alternating tree automata (JTA).
In this work we are not interested in identifying children of a node in a tree, but only
in existentially or universally quantifying over them. Therefore, for the sake of readability,
we use the abstract directions DA = {3, } instead of [k], as in alternating automata on
graphs [5, 17]. We use notation [3, q] as a macro for [1, q] ∨ . . . ∨ [k, q], and similarly [, q]
for [1, q] ∧ . . . ∧ [k, q]. All that we establish on this version of jumping tree automata can be
easily adapted to the setting where directions are made explicit.
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Acceptance of an input tree T = (t, `) in a designated node x0 ∈ t by a D-automaton
A is classically defined on a two-player game between Eve (the proponent) and Adam
(the opponent): Let T = (t, `) be a Σ-labelled tree, x0 ∈ t, and A = (Σ, Q, δ, q0 , C) be
x0
a D-automaton. We define the game GA,T
= (V, E, v0 ): The set of positions is V =
+
t × Q × B (D × Q), the initial position is (x0 , q0 , δ(q0 , `(x0 ))), and a position (x, q, α) belongs
to Eve if α is of the form α1 ∨ α2 , [3, q 0 ] or [ ; , q 0 ]; otherwise it belongs to Adam.
x0
Moves in GA,T
are defined by Rules (4a)-(4e).
(x, q, α1 † α2 ) → (x, q, αi )

where † ∈ {∨, ∧} and i ∈ {1, 2}

(4a)

(x, q, [#, q ]) → (y, q , δ(q , `(y))) where # ∈ {3, } and y is a child of x

(4b)

0

0

0

0

0

0

0

0

0

(x, q, [, q ]) → (x, q , δ(q , `(x)))

(x, q, [↑, q ]) → (y, q , δ(q , `(y)))
0

0

0

(x, q, [ ; , q ]) → (y, q , δ(q , `(y)))

where

;

(4c)

where y is x’s parent

(4d)

∈ { ; , ; } and x ; y

(4e)

Positions of the form (x, q, >) and (x, q, ⊥) are deadlocks, winning for Eve and Adam
respectively. Positions of the form (, q, [↑, q 0 ]) are also deadlocks as the root of a tree has no
parent; they are winning for Adam.
Most of the time the starting node x0 will be the root  of the tree, and in this case
x0

we simply write GA,T instead of GA,T
. The winning condition of GA,T
results from the
acceptance condition C of A. In this work, we consider parity condition: C is a mapping that
assigns to each state of the automaton a natural number called its colour, and an infinite
play is winning for Eve if the least colour seen infinitely often during the play is even. A tree
T is accepted by A if Eve has a winning strategy in GA,T , and we denote by L(A) the set of
trees accepted by A.
We first prove that the class of JTA is closed by complementation, by a construction
inspired from classical alternating automata. To this aim we classically define the dualization
e
e =⊥, ⊥
e = >, α^
α
e of a formula α ∈ B+ (D; × Q) by induction as follows: >
∨β=α
e ∧ β,
]
]
e [3,
; , q] = [ ; , q] and
α^
∧β = α
e ∨ β,
q] = [, q], [,
q] = [3, q], and, as expected, [^
]
;
;
[ , q] = [ , q].

I Definition 5. Let A = (Σ, Q, δ, q0 , C) be a jumping tree automaton. We define the
^
e q0 , C),
e a) = δ(q,
e where C(q)
e
complement of A by Ae = (Σ, Q, δ,
= C(q) + 1, and δ(q,
a).
x0
I Lemma 6. Eve wins G x0 if, and only if, Eve loses GA,T
.
e
A,T
x0
Proof. The arenas of both games are isomorphic, and if a position belongs to Eve in GA,T
x0
then its counterpart in G
belongs to Adam, and vice versa. Also, a play is winning for
e
A,T
a player in one game if and only if its counterpart in the other game is winning for the
opponent. From this we have that a winning strategy for a player in one game gives a winning
strategy for its opponent in the other, and because parity games are determined [23], the
result follows.
J

We now establish that JTA capture

;

CTL∗ .

I Theorem 7. Let ϕ be an ; CTL∗ formula and ; a binary relation over (2AP )∗ . There
exists a jumping tree automaton Aϕ of size exponential in |ϕ| and equipped with ; such that
T ∈ L(Aϕ ) if, and only if, T |= ϕ.
The following expresses that JTA are adequate machines for the decision problem SUS.
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I Theorem 8. Let G be a finite arena, ; be a binary relation and ϕ ∈ ; CTL∗ . There is a
jumping tree automaton A equipped with ; such that σ is a (;, ϕ)-uniform strategy if, and
only if, Tσ ∈ L(A). Moreover, A can be chosen of size |A| = O(|G| × 2|ϕ| ).
Proof. One simply builds from G a nondeterministic tree automaton AG that accepts the set
of strategy trees for Player 1 in G. AG is of size linear in |G|. Then, by Theorem 7, one can
build a JTA Aϕ equipped with ; that accepts the models of ϕ. This automaton is of size
|Aϕ | = O(2|ϕ| ). The product A = AG × Aϕ is thus a JTA that accepts precisely the strategy
trees that verify ϕ.
J
The following is a direct consequence of Theorems 3 and 8.
I Corollary 9. The emptiness problem for jumping tree automata with regular equivalence
relations is undecidable.

6

The special case of recognizable relations

We first show that JTA with recognizable relations (Definition 10) can be effectively transformed into equivalent two-way tree automata of linear size (Theorem 12). We then get
two central corollaries: first, the emptiness problem for JTA with recognizable relations is
decidable (Corollary 13), and second, the problem SUS becomes decidable when restricted
to recognizable relations (Corollary 14) and it is 2Exptime-complete.
I Definition 10. A relation ; ⊆ Σ∗ × Σ∗ is recognizable if there is a family of regular
n
S
languages L1 , L01 , . . . , Ln , L0n ⊆ Σ∗ such that ; =
Li × L0i .
i=1

We rather use another, easily shown equivalent, characterization. Let w ∈ Σ∗ denote the
mirror image of a word w ∈ Σ∗ (i.e.  =  and aw = wa).

I Proposition 11. A relation ; over Σ∗ is recognizable if the language L; := {u#v | u ; v}
is regular (accepted by a finite state automaton), with fresh symbol # ∈
/ Σ.
Given a recognizable relation ;, we write B; = (Σ ∪ {#}, Q; , δ; , s0 , F; ) for the
canonical deterministic finite state automaton of L; , with standard interpretation of the
components of B; . We will abuse vocabulary by saying that “B; recognizes relation ;”.
A typical example of recognizable relation relates to information-set-based strategies
in two-player imperfect-information games, where finite plays are related whenever they
share the same information set according to the player under imperfect information, i.e. the
set of states the player considers possible after “observing” the course of the game. As in
finite arenas information sets are finitely many, a mere powerset construction provides the
deterministic finite state automaton that recognizes the information-set-based relation.
A central result of our contribution is an alternative characterization of JTA with
recognizable relations.
I Theorem 12. Let A be a jumping tree automaton with a recognizable relation ;. Then,
b
there is a two-way tree automaton Ab of size O(|A| × |B; |) such that L(A) = L(A).

We sketch the proof: when JTA A goes down along a branch of a tree, Ab behaves likewise.
The critical points are the jump instructions of A, say in a node x of the tree. At this
point, Ab stops behaving like A and enters a jump mode that simulates this jump: Ab triggers
automaton B; and goes up to the root while running B; on the reversed branch. When
reaching the root, B; has read w(x), the mirror of the node word of x, and Ab feeds B; with

B. Maubert and S. Pinchinat

297

the # symbol. Then Ab goes down along some or all (depending on the jump: respectively
existential or universal) branch(es) of the tree while still running B; . Each time B; reaches
a final state in a node y, it has read w(x)#w(y), which by Proposition 11 means that x ; y;
the jump mode can then be closed. In this case, Ab resumes the simulation of A.
From Theorem 12, we immediately infer two significant corollaries.
I Corollary 13. The non-emptiness problem for jumping tree automata with recognizable
relations is decidable in time exponential in the size of the jumping automaton and of the
word automaton recognizing the relation.
Proof. This is a direct consequence of Theorem 12 along with the Exptime complexity of
the non-emptiness problem for two-way alternating tree automata [22].
J
Also, combining Theorem 8 with Corollary 13 gives a decidable subproblem of SUS.
I Corollary 14. The problem


G is a finite arena, ; is a recognizable relation, ϕ ∈ ; CTL∗
(G, B; , ϕ)
SUSrec :=
and there exists a (;, ϕ)-uniform strategy in G.

is 2Exptime-complete, and the decision procedure synthesizes a solution strategy (if any).
Proof. Let G be a finite arena, ; be a recognizable relation, and ϕ ∈ ; CTL∗ . By Theorem 8,
there is a JTA A equipped with relation ; of size O(|G| × 2|ϕ| ) whose language is the
tree unfoldings of (;, ϕ)-uniform strategies. By Corollary 13, emptiness of L(A) can be
|ϕ|
decided in time 2O(|G|×2 ×|B; |) , hence (G, B; , ϕ) ∈ SUSrec can be decided in 2Exptime.
Furthermore, a strategy (if any) is synthesized when checking the non-emptiness of the JTA A:
we can make A an equivalent two-way tree automaton, then an equivalent non-deterministic
tree automaton and apply classic algorithms to exhibit a regular tree (if any).
The 2Exptime-hardness of SUSrec comes from the 2Exptime-completeness of solving
LTL games [18]: given an arena G and an LTL formula ψ, we consider the instance (G, B; , Aψ)
of SUSrec , where ; is e.g. the full relation. Clearly, as there is no ; quantifier in ψ, a
strategy in G which satisfies Aψ is a (;, Aψ)-uniform strategy in G, and vice versa.
J
Future work: We want to study the links between jumping tree automata and the logic
; L , i.e. extending the full µ-calculus with the ; quantifier. We conjecture that jumping
µ
automata capture ; Lµ , but the other direction deserves further investigations. Also, in
order to handle richer uniformity constraints, we seek for a class of relations for which
jumping tree automata languages would exceed the line of ω-regulararity, and still enjoy a
decidable emptiness problem. Finally, the notion of uniform strategy generalizes to the case
of concurrent game structures, and investigating what results are preserved is yet another
interesting perspective, as well as possible extensions to strategic logics, with modalities
quantifying over uniform strategies. We foresee that questions of strategy context may
become even trickier than usual when rational relations are involved.
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Abstract
We consider the emptiness problem for alternating tree automata, with two acceptance semantics:
classical (all branches are accepted) and qualitative (almost all branches are accepted). For the
classical semantics, the usual technique to tackle this problem relies on a Simulation Theorem
which constructs an equivalent non-deterministic automaton from the original alternating one,
and then checks emptiness by a reduction to a two-player perfect information game. However, for
the qualitative semantics, no simulation of alternation by means of non-determinism is known.
We give an alternative technique to decide the emptiness problem of alternating tree automata,
that does not rely on a Simulation Theorem. Indeed, we directly reduce the emptiness problem
to solving an imperfect information two-player parity game. Our new approach can successfully
be applied to both semantics, and yields decidability results with optimal complexity; for the
qualitative semantics, the key ingredient in the proof is a positionality result for stochastic games
played over infinite graphs.
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1

Introduction

Tree automata [24, 14] are a powerful tool to handle sets of infinite trees which are widely
needed in verification, since they provide a natural representation of branching-time system
executions. It is well known that by equipping tree automata with the parity condition, one
captures all ω-regular tree languages [16]. Additionally, tree automata may use alternation [8],
which makes their complementation a simple task. In particular, combining alternation with
the parity condition yields the automata-theoretic counterpart of the propositional µ-calculus,
where the translation from one to the other can be done in linear time [1, 16]. Hence, the
model-checking and the satisfiability/validity of logical formulas amount to respectively
verifying membership and non-emptiness/universality on their corresponding tree automata.
The membership problem for alternating tree automata has a fairly simple algorithm: one
compiles the input tree and the automaton into a polynomial size perfect information parity
game and solves it. On the contrary, the usual roadmap to check emptiness of an alternating
tree automaton is more involved. First one builds an equivalent non-deterministic automaton
thanks to the Simulation Theorem [21], and then one checks emptiness of this latter automaton
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by solving an associated two-player perfect information game. This yields an exponential
time algorithm, which is optimal as the emptiness problem is EXPTIME-complete.
The first contribution of this paper is an alternative technique to solve the emptiness
problem of alternating tree automata, by directly reducing it to two-player games with
imperfect information.
This builds on a long tradition initiated by Reif in [23], that advocates the use of games
with imperfect information to solve algorithmic problems for automata; in his seminal paper,
Reif introduced the notion of blindfold games and used them to check the universality of nondeterministic automata over finite words. This approach has been later extended in [12, 25]
and combined with antichains representations, to check universality and inclusion of nondeterministic automata, as well as emptiness for alternating automata. This was backed with
solid experimental results (see e.g. the tool Alaska [26]), where the emptiness of alternating
Büchi word automata was considered, building on the Miyano-Hayashi construction [20]. To
the best of our knowledge, antichains approaches have not yet been extended to alternating
parity tree automata. However, solving the emptiness problem for alternating parity tree
automata through games of imperfect information has been considered by Puchala in his
PhD [22], where he provides a reduction of the emptiness problem for alternating parity
automata to solving a three-player game with imperfect information, but no algorithm to
solve the latter.
We first illustrate our technique in the classical case of alternating parity tree automata,
reducing the emptiness problem to two-player parity games with imperfect information.
This does not lead to a gain in complexity due to intrinsic hardness, but unravels the two
key ingredients: the first one is the positional determinacy of parity games, to prove the
correctness of the reduction, and the second is the determinisation property of ω-word
automata, to solve the obtained two-player imperfect information game. We compare this
with the classical approach for alternating parity tree automata: the Simulation Theorem [21]
also combines the above two key ingredients.
Our technique is of interest for at least two reasons: (1) it pushes the algorithmic difficulty
to the game solving part, for which antichains representations have recently been developed [4],
hence could lead to efficient algorithms, and (2) a “Simulation Theorem”-free technique is
required for classes of tree automata for which no (effective) Simulation Theorem exists.
The second contribution illustrates this latter situation. Indeed, we consider an alternation
extension of the class of qualitative tree automata as introduced in [6]: rather than requiring
all branches to be accepting (classical semantics), the qualitative semantics requires almost
all branches to be accepting. We apply our technique to check emptiness of an alternating
qualitative Büchi tree automaton. Furthermore, we observe that the emptiness problem
becomes undecidable for the co-Büchi condition, implying that there is no simulation theorem
for alternating qualitative tree co-Büchi automata. For our technique to go through, the key
ingredient is a positionality result for stochastic Büchi games over infinite arenas. To the
best of our knowledge, very few positionality results are known in the literature that combine
both stochastic aspects and infiniteness of the game arena; notable exceptions are [5, 18].
The paper is organised as follows. Section 2 gives the key definitions of both perfect/imperfect information games and classical/qualitative alternating tree automata. Section 3
introduces our technique by revisiting the emptiness problem for alternating parity tree
automata and compares with the usual approach. Our main contribution is developed in Section 4: we prove that the emptiness problem for alternating qualitative Büchi tree automata is
EXPTIME-complete. This is divided into two subsections. The main technical contribution
is given in Section 4.1, where we establish a positionality result for stochastic games played
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on infinite finite out-degree chronological arenas. Finally, we use this positionality result in
Section 4.2 to apply our technique to qualitative alternating Büchi tree automata.

2

Definitions

Let X be a (possibly infinite) alphabet. We denote by X ∗ (resp. X ω ) the set of finite (resp.
infinite) words over X and we let ε be the empty word. Let Σ be a finite alphabet. An
infinite Σ-labelled binary tree (or simply a tree when Σ is clear from the context) is a map
t : {0, 1}∗ → Σ. In this setting, we shall refer to an element n ∈ {0, 1}∗ as a node and to ε as
the root. For a node n, we call t(n) the label of n in t. A (tree) language is a set of infinite
Σ-labelled binary trees.
A graph is a pair G = (V, E) where V is a set of vertices and E ⊆ V × V is a set of
edges. For every vertex v we let E(v) = {w | (v, w) ∈ E}. A dead-end is a vertex v such that
E(v) = ∅; in the rest of the paper, we only consider graphs that have no dead-end, hence
this is implicit from now on. The size of a graph is defined to be |V | + |E|.
For a finite set S, a probability distribution on S is a function δ : S → [0, 1] such that
P
s∈S δ(s) = 1. We denote the set of probability distributions on S by D(S) and we write
Supp(δ) = {s ∈ S | δ(s) > 0} for the support set of δ.

2.1

Perfect Information Stochastic Games

A (turn-based) stochastic arena is a tuple G = (G, VE , VA , VR , δ, v0 ) where G = (V, E) is a
graph, V = VE ] VA ] VR is a partition of the vertices among two players, Éloïse and Abélard,
and an extra player Random, δ : VR → D(V ) is a map such that Supp(δ(v)) = E(v) for all
v ∈ VR , and v0 ∈ V is an initial vertex. In a vertex v ∈ VE (resp. v ∈ VA ) Éloïse (resp.
Abélard) chooses a successor vertex from E(v) and in a random vertex v ∈ VR , a successor
vertex is chosen according to the probability distribution δ(v).
A (pure) strategy 1 for Éloïse is a function ϕE : V ∗ ·VE → V such that for every λ·v ∈ V ∗ ·VE
one has ϕE (λ · v) ∈ E(v). Strategies of Abélard are defined likewise, and usually denoted ϕA .
Fix a strategy ϕE for Éloïse and a strategy ϕA for Abélard. This induces a random
walk on G. Indeed, define PlaysϕE ,ϕA to be the set of all possible plays when the game
starts on v0 and when Éloïse and Abélard chooses their moves accordingly to ϕE and ϕA .
Formally, an infinite play v0 v1 v2 · · · ∈ V ω belongs to PlaysϕE ,ϕA if for every i ≥ 0 one has
vi ∈ VE ⇒ vi+1 = ϕE (v0 · · · vi ), vi ∈ VA ⇒ vi+1 = ϕA (v0 · · · vi ) and vi ∈ VR ⇒ vi+1 ∈ E(vi ).
Define a partial play as a prefix of a play in PlaysϕE ,ϕA : with any partial play λ, the
cone for λ is the set cone(λ) = λ · V ω ∩ PlaysϕE ,ϕA of all infinite plays with prefix λ. Denote
by Cones the set of all possible cones and let F be the Borel σ-field generated by Cones
considered as a set of basic open sets (i.e. F is the smallest set containing Cones and closed
under complementation, countable union): then (PlaysϕE ,ϕA , F) is a σ-algebra.
A pair of strategies (ϕE , ϕA ) induces a probability space over (PlaysϕE ,ϕA , F). Indeed one
can define a measure µϕE ,ϕA : Cones → [0, 1] on cones (this task is easy as a cone is uniquely
defined by a finite partial play) and then uniquely extends it to a probability measure on F
using the Carathéodory Unique Extension Theorem. For this, one defines µϕE ,ϕA inductively
on cones:

1

We do not consider randomised strategies as pure strategies are the right model here.
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µϕE ,ϕA (cone(v)) = 1 if v = v0 , and µϕE ,ϕA (v) = 0 otherwise.
For every partial play λ ending in VE ∪ VA , let µϕE ,ϕA (cone(λ · v)) = µϕE ,ϕA (cone(λ)) if
v = ϕE (λ) or v = ϕA (λ), and µϕE ,ϕA (cone(λ · v)) = 0 otherwise;
For every partial play λ ending in v ∈ VR , let µϕE ,ϕA (cone(λ · v 0 )) = µϕE ,ϕA (cone(λ)) ·
δ(v)(v 0 ).
Denote by PrϕE ,ϕA the unique extension of µϕE ,ϕA to a probability measure on F. Then
(PlaysϕE ,ϕA , F, PrϕE ,ϕA ) is a probability space.
A winning condition is a subset2 Ω ⊆ V ω and a (two-player perfect information) stochastic
game is a pair G = (G, Ω). A game is deterministic whenever VR = ∅ (and in this case we
omit both VR and δ in the notations).
A strategy ϕE for Éloïse is surely winning if PlaysϕE ,ϕA ⊆ Ω for every strategy ϕA of
Abélard; it is almost-surely winning if PrϕE ,ϕA (Ω) = 1 for every strategy ϕA of Abélard.
Similar notions for Abélard are defined dually.
A reachability game is one with a winning condition of the form V ∗ F V ω , i.e. winning
plays are those that eventually visit a vertex in F (we refer to vertices in F as final
ones). We consider the parity winning condition: a colouring function ρ is a mapping
ρ : V → Col ⊂ N where Col is a finite set of colours; the parity condition associated with ρ is
the set Ωρ = {v0 v1 · · · ∈ V ω | lim inf(ρ(vi ))i≥0 is even}. A parity game is a game equipped
with a parity winning condition and we shall denote it G = (G, ρ) (i.e. writing ρ instead of
Ωρ ). Büchi games are those where Col = {0, 1} and we refer to vertices v such that ρ(v) = 0
as Büchi vertices. The dual is co-Büchi, for Col = {1, 2}.
A positional strategy ϕ is one that does not require memory, i.e. such that for any two
partial plays of the form λ · v and λ0 · v, one has ϕ(λ · v) = ϕ(λ0 · v), equivalently ϕ only
depends on the current vertex. It is well-known that positional strategies suffice to surely
win in deterministic parity games (see e.g. [27]).
I Theorem 1 (Positional determinacy). Let G be a deterministic parity game. Then either
Éloïse or Abélard has a positional surely winning strategy.
Working with deterministic parity games we only consider positional strategies and see
them as maps from VE (or VA depending on the player) to V .
For stochastic games the following result is well-known (see e.g. [15] for a slightly more
general result).
I Theorem 2. Let G be a stochastic parity game played on a finite arena. If Éloïse almostsurely wins then she can do so using a positional strategy.
To the best of our knowledge, no extension of this result is known when dropping the
assumption that the arena is finite. We give such an extension (for Büchi games on so-called
chronological arenas of finite out-degree) in Theorem 7.

2.2

Alternating Parity Tree Automata

An alternating parity tree automaton is a tuple A = (Q∃ , Q∀ , Σ, ∆, qin , ρ), where Q∃ is a set of
existential states and Q∀ is a set of universal states such that Q∃ and Q∀ are disjoint (we let
Q = Q∃ ] Q∀ ), qin ∈ Q is an initial state, Σ is a labelling finite alphabet, ∆ ⊆ Q × Σ × Q × Q
is a (finite) transition relation and ρ : Q → N is a colouring function. We additionally assume
2

Formally one needs to require that Ω is measurable for all PrϕE ,ϕA , which will be trivially true for all
cases considered here as Ω will always be Borel.
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without loss of generality that for all (q, σ) ∈ Q × Σ there is at least one (q, σ, q0 , q1 ) ∈ ∆. A
non-deterministic parity tree automaton is an alternating automaton in which all states are
existential (hence, we omit Q∀ in this case).
In the following, we use tree automata as acceptors for tree languages, and acceptance
is defined by means of a perfect information parity game. We will define two semantics for
acceptance: classical and qualitative.
Fix an alternating parity tree automaton A = (Q∃ , Q∀ , Σ, ∆, qin , ρ) and a Σ-labelled tree
t. From A and t, we define two games: GA,t and G=1
A,t .
Intuitively, a play in those two games consists in moving a pebble along a branch of t in
a top-down manner: the pebble is attached to a state and in a node n with state q Éloïse (if
q ∈ Q∃ ) or Abélard (if q ∈ Q∀ ) picks a transition (q, t(n), q0 , q1 ) ∈ ∆, and then Abélard (in
GA,t ) or Random (in G=1
A,t ) chooses to move down the pebble either to n · 0 (and update the
state to q0 ) or to n · 1 (and update the state to q1 ).
Formally, one let G = (V∃ ] V∀ ] V∆ , E) with V∃ = {0, 1}∗ × Q∃ , V∀ = {0, 1}∗ × Q∀ and
V∆ = {(n, q, q0 , q1 ) | n ∈ {0, 1}∗ and (q, t(n), q0 , q1 ) ∈ ∆} and
E

=

{((n, q), (n, q, q0 , q1 )) | (n, q, q0 , q1 ) ∈ V∆ )} ∪
{((n, q, q0 , q1 ), (n · x, qx )) | x ∈ {0, 1} and (n, q, q0 , q1 ) ∈ V∆ )}

Then let GA,t = (G, VE , VA , (ε, qin )) be the deterministic arena defined by letting VE = V∃
=1
and VA = V∀ ∪ V∆ and let GA,t
= (G, VE , VA , VR , δ, (ε, qin )) be the stochastic arena defined
by letting VE = V∃ , VA = V∀ , VR = V∆ and δ((n, q, q0 , q1 )) be the distribution (n · 0, q0 ) 7→ 12
and (n · 1, q1 ) 7→ 21 .
Extend ρ on V by letting ρ((n, q)) = ρ((n, q, q0 , q1 )) = ρ(q). Finally one let GA,t =
=1
(GA,t , ρ) and G=1
A,t = (GA,t , ρ).
A tree t is accepted (resp. qualitatively accepted) by A if Éloïse has a surely (resp.
almost-surely) winning strategy in the game GA,t (resp. G=1
A,t ). Finally, we define the set
=1
L(A) as the set of trees accepted by A and the set L (A) as the set of trees qualitatively
accepted by A.
The languages of the form L(A), regular tree languages, have many remarkable properties
and characterisations (see e.g. [16]). The languages of the form L=1 (A) when A is nondeterministic, qualitative tree languages, have been introduced in [6] and also enjoy many good
properties: for instance they are closed under union and intersection, and their emptiness
can be tested in polynomial time.
I Example 3. A typical language L=1 (A) with A being non-deterministic is the set of trees
that have almost all their branches containing infinitely many a’s. An example of a language
L=1 (AB ) with AB being alternating is the set of trees such that all subtrees belongs to some
L=1 (B) where B is non-deterministic.
I Remark. There are several definitions of alternating tree automata, and another popular one
is by not distinguishing between existential and universal states but replacing the transition
relation by a map δ : Q × Σ → B + (Q × {0, 1}) where B + (X) denotes the positive Boolean
formulas over X (see e.g. [19]). Our model is easily seen to be equi-expressive with that one.
I Remark. Any positional strategy for Éloïse in GA,t or G=1
A,t can be described as a function
ϕ : {0, 1}∗ ×Q∃ → Q×Q that satisfies the following property: ∀n ∈ {0, 1}∗ , if ϕ(n, q) = (q0 , q1 )
then (q, t(n), q0 , q1 ) ∈ ∆. Equivalently, in a curryfied form, ϕ is a map {0, 1}∗ → (Q∃ →
Q × Q). Hence, if one let T be the set of functions from Q∃ into Q × Q, Éloïse’s positional
strategies are in bijection with T -labelled binary trees.
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2.3

Imperfect Information Stochastic Parity Games

In the following we introduce a quite restrictive class of games with imperfect information
which is essentially a stochastic version of the model in [10].
An arena of imperfect information is a tuple G = (S, s0 , A, T, ∼) where S is a finite set of
states, s0 ∈ S is an initial state, A is the finite alphabet of Éloïse’s actions, T ⊆ S × A × D(S)
is a (finite) stochastic transition relation and ∼ is an equivalence relation over S. We
additionally require that for all (s, a) ∈ S × A there is at least one δ ∈ D(S) such that
(s, a, δ) ∈ T . If for all probability distributions in T the support is a singleton, we say that
G is an imperfect information deterministic arena and we see T as a subset of S × A × S.
An imperfect information stochastic parity game is a pair G = (G, ρ) where G is an arena of
imperfect information with set of states S and ρ : S → N is a colouring function defining a
parity condition Ωρ ⊆ S ω . The game is deterministic if its arena is deterministic. A play
starts from the initial state s0 and proceeds as follows: Éloïse plays an action a0 ∈ A, then
Abélard resolves the non-determinism by choosing a distribution δ0 such that (s0 , a0 , δ0 ) ∈ T
and finally a new state is randomly chosen according to δ0 . Then Éloïse plays a new action,
Abélard resolves the non-determinism and a new state is randomly chosen and so on forever.
Hence a play is an infinite word s0 a0 δ0 s1 a1 δ1 s2 · · · ∈ (S × A × D(S))ω and is won by Éloïse
if s0 s1 s2 · · · ∈ Ωρ . A partial play is a prefix of a play.
Imperfect information is modeled thanks to the equivalence relation ∼ with the meaning that Éloïse cannot distinguish two states that are ∼-equivalent which is important
when defining strategies for Éloïse. Intuitively, she should not play differently in two indistinguishable plays, where the indistinguishability of Éloïse is based on perfect recall [13],
that is: Éloïse cannot distinguish two plays s0 a0 δ0 s1 a1 δ1 · · · s` and s00 a00 δ00 s01 a01 δ10 · · · s0` with
si ∼ s0i for all i ≤ ` and ai = a0i for all i < `. Hence, a strategy for Éloïse is a function
ϕ : (S/∼ × A)∗ · (S/∼ ) → A assigning an action to every set of indistinguishable plays (here
S/∼ denotes the set of equivalence classes of ∼ in S, and for every s ∈ S, we shall write [s]∼
for its ∼-equivalence class). Éloïse respects a strategy ϕ during a play λ = s0 a0 δ0 s1 a1 δ1 · · ·
if ai+1 = ϕ([s0 ]∼ a0 [s1 ]∼ · · · [si ]∼ ), for all i ≥ 0. A strategy ϕ for Éloïse is surely winning if
Éloïse wins all plays consistent with ϕ and it is almost-surely winning if Éloïse wins almost
all plays3 consistent with ϕ.
I Remark. Our model of imperfect information games belongs is quite restrictive compared
to general models developed in [17, 3, 9, 7], as here Abélard is perfectly informed. However,
our model turns out to be expressive enough for our purpose.
I Remark. It is important to note that Éloïse may not observe the colour of the current
state in general, as we do not require that s ∼ s0 ⇒ ρ(s) = ρ(s0 ). In particular, this has to
be taken into account when eventually solving the game.

3

Revisiting the Emptiness using Imperfect Information Game

In this section, we introduce our technique by revisiting emptiness checking of regular
tree languages when described by an alternating parity tree automaton. The standard
technique [21] first removes alternation and then reduces emptiness to decide the winner in a
finite perfect information game; our technique goes directly to decide the winner in a game but

3

To formally define what it means to win almost all plays one needs to define Abélard’s strategies and
explain how a pair of strategies for Éloïse and Abélard induces a probabilistic space over plays consistent
with those strategies. This is essentially identical to what we did in Section 2.1 for perfect information
games.
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as a drawback imperfect information is needed. Our construction is reminiscent of the notion
of blindfold games introduced by Reif in [23], and later thoroughly extended [12, 25, 26].
We first give our construction and then compare it to the classical one, arguing that
rather than being novel our technique is indeed a change of perspective. Later in Section 4 we
use this new perspective to design an emptiness test for alternating qualitative tree automata
for which the classical perspective was unsuccessful.
Fix an alternating parity tree automaton A = (Q∃ , Q∀ , Σ, ∆, qin , ρ). Our goal is to check
whether L(A) = ∅ and for this we design an imperfect information deterministic parity game.
We first present the game and show how it permits to decide emptiness; then we compare
our construction with the standard approach.

3.1

An Imperfect Information Emptiness Game

We define an imperfect information deterministic parity game GA that intuitively works as
follows. Éloïse describes both a tree t and a positional strategy ϕt for her in the game GA,t ;
the strategy ϕt is described as a T -labeled tree (where T is the set of functions from Q∃ into
Q × Q, see Remark 2.2). As the plays are of ω-length, she actually does not fully describe t
and ϕt but only a branch: this branch is chosen by Abélard, who also takes care of computing
the sequence of states along it (either by updating an existential state accordingly to ϕt or,
when the state is universal, by choosing an arbitrary valid transition of the automaton). In
this game, Éloïse observes the directions, but not the actual control state of the automaton
(indeed, otherwise she could easily “cheat”).
Formally, we let GA = (S, sin , A, T, ∼) where S = (Q×{0, 1})∪{(qin , ε)} and sin = (qin , ε);
A ⊆ Σ × T is the set of pairs (a, τ ) such that for all q ∈ Q∃ we have that (q, a, q0 , q1 ) ∈ ∆
where τ (q) = (q0 , q1 ), (q, i) ∼ (q 0 , i) for all q, q 0 ∈ Q and i ∈ {0, 1}, and
T = {((q, i), (a, τ ), (q0 , 0)), ((q, i), (a, τ ), (q1 , 1)) | q ∈ Q∃ and τ (q) = (q0 , q1 )}
∪ {((q, i), (a, τ ), (q0 , 0)), ((q, i), (a, τ ), (q1 , 1)) | q ∈ Q∀ and (q, a, q0 , q1 ) ∈ ∆}
Finally we let GA = (GA , ρA ) be the imperfect information deterministic parity game
obtained by letting ρA (q, i) = ρ(q) for any (q, i) ∈ S.
I Lemma 4. Éloïse has a surely winning strategy in GA iff L(A) 6= ∅.
I Remark. From the proof of Lemma 4, one can also conclude that if L(A) 6= ∅ then
L(A) contains a regular tree (i.e. the unfolding of a finite graph). Indeed, this is a direct
consequence of the fact that if Éloïse has a surely winning strategy in GA , then she has one
that uses finite memory [10].
Lemma 4 provides a reduction of the emptiness problem to deciding the existence of a
surely winning strategy in an imperfect information deterministic game. We prove a converse
result.
I Lemma 5. For any imperfect information deterministic parity game G one can construct
an alternating parity tree automaton AG such that Éloïse surely wins in G iff L(AG ) 6= ∅.
Moreover in AG all states are universal.

3.2

Comparison with the Standard Approach

The usual roadmap to check emptiness of an alternating tree automaton is as follows. First
one builds an equivalent non-deterministic automaton thanks to Simulation Theorem (see
below) and then one checks emptiness of this latter automaton by solving an associated
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Figure 1 (a) Semi-tiles τ0 and τ1 such that (τ0 , τ1 ) represents
{(1, 1, 3), (2, 4, 1), (3, 1, 2), (3, 2, 4), (4, 4, 2), (4, 4, 4)} with Q∃ = {1, 2} and Q∀ = {3, 4}.
(b) Representation of the sequence of semi-tiles τ0 τ0 τ1 · · · .

the

tile

perfect information game. It is a well-known result that alternating and non-deterministic
automata are equi-expressive [21].
I Theorem 6 (Simulation Theorem). Let A be an alternating parity tree automaton with n
states and using k colours. Then one can effectively construct a non-deterministic parity tree
automaton B such that L(A) = L(B). The automaton B has 2O(nk log(nk)) states and it uses
O(nk) colours.
Proof. We do not give a complete proof of this classical result [21] but we rather exhibit
the crucial arguments here to later revisit the emptiness problem for alternating parity tree
automata.
Fix an alternating parity tree automaton A = (Q∃ , Q∀ , Σ, ∆, qin , ρ). For any letter σ ∈ Σ,
call a σ-tile any subset τ ⊆ Q × Q × Q such that
for all q, q0 , q1 ∈ Q, if (q, q0 , q1 ) ∈ τ then (q, σ, q0 , q1 ) ∈ ∆;
for all q ∈ Q∃ there exists a unique (q0 , q1 ) ∈ Q2 such that (q, q0 , q1 ) ∈ τ ;
for all q ∈ Q∀ and for all (q, σ, q0 , q1 ) ∈ ∆, (q, q0 , q1 ) ∈ τ .
Hence, one should think of a σ-tile as a description of the local value of a positional strategy
for Éloïse in a node labeled by σ from a tree t in the game GA,t (the case of q ∈ Q∀ is here
to leave all options of Abélard). In the following it is convenient to think of a tile τ as a pair
(τ0 , τ1 ) of semi-tiles where τ0 , τ1 ⊆ Q × Q and (q, q0 ) ∈ τ0 (resp (q, q1 ) ∈ τ1 ) if and only if
there exists p ∈ Q such that (q, q0 , p) ∈ τ (resp. (q, p, q1 ) ∈ τ ). See Figure 1a for an example.
Now an equivalent non-deterministic automaton A0 is obtained by choosing as control
states the set S of all possible semi-tiles augmented with an extra dummy initial state sin .
The transition relation ∆0 consists of all those elements of the form (s, σ, τ0 , τ1 ) where s is
any state and (τ0 , τ1 ) is a σ-tile. Acceptance for A0 is then defined by means of a game GA0 ,t
as previously except that the winning condition is more involved than a parity condition. A
play is an element λ = v0 v1 · · · ∈ (({0, 1}∗ × S) · ({0, 1}∗ × S × S × S))ω to which we can
associate a sequence of semi-tiles π(λ) = s1 s2 · · · where v2i = (ni , si ) for all integer i ≥ 1
(we ignore the dummy initial state). The sequence π(λ) can be seen as a set of infinite paths
in an infinite ribbon obtained by gluing together the semi-tiles s1 , s2 , . . . (see Figure 1b).
An infinite sequence q1 q2 · · · is an infinite path in π(λ) if and only if for all i ≥ 1 one has
(qi , qi+1 ) ∈ si ; it is good if lim inf(ρ(qi ))i≥1 is even; and π(λ) is good if all plays in it are good.
Finally we define those winning plays for Éloïse as those plays λ such that π(λ) is good.
Then one can easily remark that the set of all λ such that π(λ) is good is an ω-regular
language over S, hence is accepted by a deterministic parity ω-word automaton C. Considering
a “synchronised” product of C together with A0 leads B. The desired complexity is achieved
by carefully constructing C.
J
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Simulation Theorem

Positional Determinacy
(Alt. parity) A
Subset-like construction
+ Positional Determinacy
(Non-det. “good”) A0
Determinisation
of ω-word automata
(Non-det. parity) B

GA (Imp. det. parity)
Subset-like construction
Straightforward

Straightforward

G0A(Perf. det. “good”)
Determinisation
of ω-word automata
GB (Perf. det. parity)

Emptiness games
Automata
Figure 2 Roadmaps to emptiness checking: the classical one (purple) vs ours (in red).

Consider now a non-deterministic parity tree automaton K = (Q, Σ, ∆, qin , ρ). A perfect
information emptiness game for K is built as follows. We let GK = (VE ]VA , E) where VE = Q,
VA = ∆ and E = {(q, (q, σ, q0 , q1 )), ((q, σ, q0 , q1 ), q0 ), ((q, σ, q0 , q1 ), q1 ) | (q, σ, q0 , q1 ) ∈ ∆}.
We define GK = (GK , ρ) with GK = (GK , VE , VA , qin ) and where we extend ρ by letting
ρ((q, σ, q0 , q1 )) = ρ(q). Then one easily has that L(K) 6= ∅ if and only if Éloïse surely wins
in GK . Indeed, strategies for Éloïse in GK are in bijection with pairs made of a tree t and
a strategy for Éloïse in GK,t , and this bijection preserves the fact that a strategy is surely
winning.
Now think of adapting this construction to the automaton A0 from the proof of the
Simulation Theorem and recall that acceptance for A0 was defined thanks to a game as
the classical one except that the winning condition was more involved. Then, the same
construction provides a game GA0 where Éloïse’s vertices are semi-tiles and Abélard’s vertices
are tuple made of a semi-tile, a letter in Σ and a tile, and whose winning condition for a play
λ = v0 v1 · · · ∈ ((Σ × S) · (Σ × S × S × S))ω is that π(λ) = s1 s2 · · · is good (in the previous
sense) where v2i = (σi , si ) for all integer i ≥ 1.
Now think back to our reduction from A to GA : it makes crucial use of positional
determinacy while determinisation of automata on infinite word is implicitly needed when
deciding whether Éloïse surely wins in GA . Indeed, one first applies the subset construction
of [10], getting an intermediate perfect information game isomorphic to GA0 and then, since
Éloïse does not observe the colour, one has to embed in the previous subset/tile construction
a deterministic parity automaton over infinite words that checks that all plays consistent with
the observations fit the parity condition. As this latter automaton is essentially the automaton
C one gets a perfect information parity game isomorphic to GB . Figure 2 summarises the
previous discussion.

4

Checking Emptiness Using an Imperfect Information Game: The
Case of L=1 (A) for Büchi Condition

We are now coming to the central contributions of this paper. We design an emptiness test
for alternating qualitative Büchi tree automata adapting the approach developed in Section 3.
Recall that it relies on two key arguments: a positionality result and a decidability result for
games. Hence, we start by proving a positionality result (Theorem 7), and then explain how
to obtain a (decidable) emptiness game (Theorem 10).
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4.1

A Positionality Result for Chronological Games

In this subsection, we prove a positionality result for a subclass of infinite arenas, satisfying
the following two conditions:
(finite out-degree) the underlying graph has finite degree, i.e for every v ∈ V there are
finitely many outgoing edges from v, and
(chronological) there exists a function rank : V → N such that rank−1 (0) = {v0 } and for
(v, v 0 ) ∈ E, rank(v 0 ) = rank(v) + 1.
−1
Note that both assumptions hold for G=1
(k) is
A . Also, observe that for any k, the set rank
finite, and the set V of vertices is countable.
I Theorem 7. Let G be a Büchi game whose arena has finite out-degree and is chronological.
Then if Éloïse wins almost-surely, then she has a positional winning strategy.
We will use the following result for finite arenas. We state it here in a rather weak form
(with the chronological assumption), as it can be easily proved by a backward induction,
whereas the proof for general finite arenas is more involved. We refer to [11] for the original
proof, and to [18] for a nice survey.
I Lemma 8. Let G be a stochastic reachability game played on a chronological and finite
arena. Let W be the set of vertices from which Éloïse has a strategy ensuring to win with
probability at least 12 . Then there exists a positional strategy which ensures to win with
probability at least 12 from every vertex in W .
Note that the important point here is that the constructed strategy is uniform, i.e. the same
strategy is winning from every vertex.
We first sketch the proof. The main idea is to note that if Éloïse can ensure to reach F
with probability 1 from some initial vertex, then there exists a bound k such that she can
ensure to reach F with probability at least 12 within k steps against any strategy of Abélard.
This allows to “slice” the arena into infinitely many disjoint finite arenas: in each slice Éloïse
plays to reach F with probability at least half. Since each slice forms a finite subarena,
optimal positional strategies exist by Lemma 8. The resulting strategy consists in playing in
turns the above positional strategies; since each slice gives a probability to reach F of at
least half before proceeding to the next, the probability to reach F infinitely often is 1.
Proof. We assume that Éloïse almost-surely wins G. Without loss of generality, we can
assume that she wins almost-surely from everywhere, by restricting the arena to vertices
reachable by a fixed almost-surely winning strategy.
In the next statement and later on, by a strategy in G from a vertex v we mean a strategy
in the game obtained from G by changing the initial vertex of the arena G to be v.
I Lemma 9. Let ϕE be an almost-surely winning strategy for Éloïse in G from v. There exists
an integer k such that for all strategies ϕA of Abélard, we have PrϕE ,ϕA (V ≤k F V ω ) ≥ 21 .
Proof. Toward a contradiction, assume that such a k does not exist. Hence, for each k there
exists a strategy ϕA,k such that PrϕE ,ϕA,k (V ≤k F V ω ) < 12 . Moreover we can assume that the
ϕA,k are positional strategies: indeed, one can pick for ϕA,k an optimal strategy for Abélard
in the finite reachability game obtained by restricting G to the vertices of rank at most k. As
this game is finite, by Lemma 8, an optimal strategy can always be chosen to be positional.
From the sequence (ϕA,k )k≥0 we can extract a strategy ϕA,∞ that is consistent, for any
k ≥ 0, with infinitely many ϕA,h on its k first moves. For this, fix an enumeration v1 , v2 , · · ·
of the vertices in V . We will define by induction on i the following objects:
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Ii an infinite set of vertices such that I0 ⊇ I1 ⊇ I2 ⊇ I3 ⊇ · · · , and
ϕA,∞ such that at step i, ϕA,∞ is defined on v1 , . . . , vi and is consistent on these vertices
with all those strategies ϕA,h with h ∈ Ii .
Let I0 = N be the set of all positive integers. At step i let us consider the values of ϕh (vi ) for
all h ∈ Ii−1 : as G has finite out-degree, there is one vi0 such that for infinitely many h ∈ Ii−1 ,
ϕA,h (vi ) = vi0 . We define ϕA,∞ (vi ) = vi0 and we let Ii = {h ∈ Ii−1 | ϕA,h (vi ) = vi0 }.
Now for k ≥ 0 let i be such that {vj | j ≤ i} contains all vertices of rank at most k: then
as required ϕA,∞ is consistent with infinitely many ϕA,h — all the ϕA,h with h ∈ Ii — on
its k first moves. In particular, for all k, there is some h ≥ k such that
PrϕE ,ϕA,∞ (V ≤k F V ω ) = PrϕE ,ϕA,h (V ≤k F V ω ) ≤ PrϕE ,ϕA,h (V ≤h F V ω ) <

1
2

S
As V ∗ F V ω = k≥0 V ≤k F V ω and as the sequence (V ≤k F V ω )k≥0 is increasing for set
inclusion, one concludes that PrϕE ,ϕA,∞ (V ∗ F V ω ) = limk→∞ PrϕE ,ϕA,∞ (V ≤k F V ω ) ≤ 21 < 1
which leads a contradiction with ϕE being almost-surely winning.
J
Let k < k 0 , we define G[k,k0 ] the reachability game induced by G restricted to vertices
of rank in [k, k 0 ]. Since G has finite out-degree, there are finitely many vertices of rank in
[k, k 0 ], hence G[k,k0 ] is finite.
We define inductively a sequence of ranks (ki )i≥1 together with a sequence of strategies
(ϕE,[ki ,ki+1 [ )i≥0 such that for all i ≥ 0, ϕE,[ki ,ki+1 [ is a positional strategy, defined on all
vertices of rank [ki , ki+1 [, such that from all vertices of rank ki , for all strategies ϕA , we have
PrϕE,[ki ,ki+1 [ ,ϕA (V ≤` F V ω ) ≥ 21 , where ` = ki+1 − ki .
Set k0 = 0. Assume the first i ranks and strategies are defined. For each vertex of rank
ki , Lemma 9 shows the existence of a bound; since there are finitely many such vertices, we
can consider the maximum of those bounds, and denote it by ki+1 . By construction, from all
vertices of rank ki , for all strategies ϕA , we have PrϕE ,ϕA (V ≤` F V ω ) ≥ 12 , where ` = ki+1 − ki .
In other words, Éloïse wins the chronological and finite reachability game G[ki ,ki+1 ] with
probability at least 12 , so, thanks to Theorem 2, there exists a uniform positional strategy
ensuring to reach F with probability at least 12 , denote it ϕE,[ki ,ki+1 [ . This concludes the
inductive construction.
Now define ϕE,∞ as the disjoint union of the strategies ϕE,[ki ,ki+1 [ . This is a positional
strategy; we argue that it is almost-surely winning. Indeed, since ϕE,∞ ensures that going
through any slice, a vertex in F will be visited with probability half, the Borel-Cantelli
Lemma implies that infinitely many vertices in F will be visited with probability one. J

4.2

The Reduction

Fix an alternating Büchi tree automaton A = (Q∃ , Q∀ , Σ, ∆, qin , ρ). In order to check whether
L=1 (A) = ∅, we design an imperfect information stochastic Büchi game G=1
A , in a way similar
to the one to decide whether L(A) = ∅ taking advantage the positionality result established
in Theorem 7. In the game, Éloïse describes both a tree t and a positional strategy ϕt for
her in the game G=1
A,t ; the strategy ϕt is described as a T -labeled tree (where T is the set of
functions from Q∃ into Q × Q, see Remark 2.2. As the plays are of ω-length, she actually does
not fully describe t and ϕt but only a branch: this branch is chosen by Random, and Abélard
takes care of computing the sequence of states along it (either by updating an existential state
accordingly to ϕt or, when the state is universal, by choosing an arbitrary valid transition
=1
of the automaton). Éloïse observes the directions. Formally, we let GA
= (S, sin , A, T, ∼)
where S = (Q × {0, 1}) ∪ {(qin , ε)} and sin = (qin , ε); A ⊆ Σ × T is the set of pairs (a, τ ) such
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that for all q ∈ Q∃ , (q, a, q0 , q1 ) ∈ ∆ where τ (q) = (q0 , q1 ) and T = {((q, i), (a, τ ), dq0 ,q1 ) |
q ∈ Q∃ and τ (q) = (q0 , q1 )} ∪ {((q, i), (a, τ ), dq0 ,q1 ) | q ∈ Q∀ and (q, a, q0 , q1 ) ∈ ∆} where
dq0 ,q1 is the probability distribution (q0 , 0) 7→ 1/2 and (q1 , 1) 7→ 1/2, and (q, i) ∼ (q 0 , i) for
all q, q 0 ∈ Q and i ∈ {0, 1}. Define G=1
A = (GA , ρA ) with ρA (q, i) = ρ(q) for any (q, i) ∈ S.
With a proof similar to the one of Lemma 4, we have the following result.
=1
I Theorem 10. Éloïse almost-surely wins in G=1
(A) 6= ∅.
A iff L

From [9, 7], one can decide almost-sure winning in imperfect information Büchi games in
EXPTIME, hence the same holds for checking emptiness of languages of the form L=1 (A).
One can also reduce the emptiness problem for probabilistic ω-words automaton with the
almost-sure semantics (in the sense of [2]) to check emptiness of languages of the form L=1 (A)
hence, it implies lower bounds as well as undecidability results.
I Theorem 11. (1) Deciding whether L=1 (A) = ∅ for a given alternating Büchi tree
automaton A is an EXPTIME-complete problem. (2) Deciding whether L=1 (A) = ∅ for a
given alternating co-Büchi tree automaton A is an undecidable problem.
I Remark. As one can decide whether L=1 (A) = ∅ for non-deterministic tree automata [6],
Theorem 11 implies that there is no effective simulation theorem for co-Büchi alternating
qualitative tree automata.
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Abstract
Multi-stack pushdown systems are a well-studied model of concurrent computation using threads
with first-order procedure calls. While, in general, reachability is undecidable, there are numerous restrictions on stack behaviour that lead to decidability. To model higher-order procedures
calls, a generalisation of pushdown stacks called collapsible pushdown stacks are required. Reachability problems for multi-stack collapsible pushdown systems have been little studied. Here, we
study ordered, phase-bounded and scope-bounded multi-stack collapsible pushdown systems using saturation techniques, showing decidability of control state reachability and giving a regular
representation of all configurations that can reach a given control state.
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1

Introduction

Pushdown systems augment a finite-state machine with a stack and accurately model firstorder recursion. Such systems then are ideal for the analysis of sequential first-order programs
and several successful tools, such as Moped [27] and SLAM [3], exist for their analysis.
However, the domination of multi- and many-core machines means that programmers must
be prepared to work in concurrent environments, with several interacting execution threads.
Unfortunately, the analysis of concurrent pushdown systems is well-known to be undecidable. However, most concurrent programs don’t interact pathologically and many restrictions
on interaction have been discovered that give decidability (e.g. [5, 6, 28, 15, 16]).
One particularly successful approach is context-bounding. This underapproximates a
concurrent system by bounding the number of context switches that may occur [26]. It is
based on the observation that most real-world bugs require only a small number of thread
interactions [25]. Additionally, a number of more relaxed restrictions on stack behaviour
have been introduced. In particular phase-bounded [31], scope-bounded [32], and ordered [7]
(corrected in [2]) systems. There are also generic frameworks – that bound the tree- [22] or
split-width [10] of the interactions between communication and storage – that give decidability
for all communication architectures that can be defined within them.
Languages such as C++, Haskell, Javascript, Python, or Scala increasingly embrace
higher-order procedure calls, which present a challenge to verification. A popular approach to modelling higher-order languages for verification is that of (higher-order recursion)
schemes [11, 23, 17]. Collapsible pushdown systems (CPDS) are an extension of pushdown
systems [14] with a “stack-of-stacks” structure. The “collapse” operation allows a CPDS
to retrieve information about the context in which a stack character was created. These
features give CPDS equivalent modelling power to schemes [14].
© Matthew Hague;
licensed under Creative Commons License CC-BY
33rd Int’l Conference on Foundations of Software Technology and Theoretical Computer Science (FSTTCS 2013).
Editors: Anil Seth and Nisheeth K. Vishnoi; pp. 313–325
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These two formalisms have good model-checking properties. E.g, it is decidable whether a
µ-calculus formula holds on the execution graph of a scheme [23] (or CPDS [14]). Although,
the complexity of such analyses is high, it has been shown by Kobayashi [16] (and Broadbent et
al. for CPDS [8]) that they can be performed in practice on real code examples.
However concurrency for these models has been little studied. Work by Seth considers
phase-bounding for CPDS without collapse [29] by reduction to a finite state parity game.
Recent work by Kobayashi and Igarashi studies context-bounded recursion schemes [19].
Here, we study global reachability problems for ordered, phase-bounded, and scopebounded CPDS. We use saturation methods, which have been successfully implemented by
e.g. Moped [27] for pushdown systems and C-SHORe [8] for CPDS. Saturation was first
applied to model-checking by Bouajjani et al. [4] and Finkel et al. [12]. We presented a
saturation technique for CPDS in ICALP 2012 [9]. Here, we present the following advances.
1. Global reachability for ordered CPDSs (§5). This is based on Atig’s algorithm [1] for
ordered PDSs and requires a non-trivial generalisation of his notion of extended PDSs (§3).
For this we introduce the notion of transition automata that encapsulate the behaviour
of the saturation algorithm. In the full article we show how to use the same machinery
to solve the global reachability problem for phase-bounded CPDSs.
2. Global reachability for scope-bounded CPDSs (§6). This is a backwards analysis based
upon La Torre and Napoli’s forwards analysis for scope-bounded PDSs, requiring new
insights to complete the proofs.
Because the naive encoding of a single second-order stack has an undecidable MSO theory
(we show this folklore result in the full paper) it remains a challenging open problem to
generalise the generic frameworks above ([22, 10]) to CPDSs, since these frameworks rely on
MSO decidability over graph representations of the storage and communication structure.
A full version of this paper with all definitions and proofs is available [13].

2

Preliminaries

Before defining CPDSs, we define 2 ↑0 (x) = x and 2 ↑i+1 (x) = 22↑i (x) .

2.1

Collapsible Pushdown Systems (CPDS)

For a readable introduction to CPDS we defer to a survey by Ong [24]. Here, we can only
briefly describe higher-order collapsible stacks and their operations. We use a notion of
collapsible stacks called annotated stacks (which we refer to as collapsible stacks). These
were introduced in ICALP 2012, and are essentially equivalent to the classical model [9].
Higher-Order Collapsible Stacks. An order-1 stack is a stack of symbols from a stack
alphabet Σ, an order-n stack is a stack of order-(n − 1) stacks. A collapsible stack of order n
is an order-n stack in which the stack symbols are annotated with collapsible stacks which
may be of any order ≤ n. Note, often in examples we will omit annotations for clarity. We
fix the maximal order to n, and use k to range between n and 1. We simultaneously define
for all 1 ≤ k ≤ n, the set Stacksnk of order-k stacks whose symbols are annotated by stacks of
order at most n. Note, we use subscripts to indicate the order of a stack. Furthermore, the
definition below uses a least fixed-point. This ensures that all stacks are finite. An order-k
stack is a collapsible stack in Stacksnk .
I Definition 2.1 (Collapsible Stacks). The family of sets (Stacksnk )1≤k≤n is the smallest
family (for point-wise inclusion) such that:
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1. for all 2 ≤ k ≤ n, Stacksnk is the set of all (possibly empty) sequences [w1 . . . w` ]k with
w1 , . . . , w` ∈ Stacksnk−1 .
2. Stacksn1 is all sequences [a1 w1 . . . a` w` ]1 with ` ≥ 0 and for all 1 ≤ i ≤ `, ai is a stack
S
symbol in Σ and wi is a collapsible stack in
Stacksnk .
1≤k≤n

An order-n stack can be represented naturally as an edge-labelled tree over the alphabet
{[n−1 , . . . , [1 , ]1 , . . . , ]n−1 } ] Σ, with Σ-labelled edges having a second target to the tree
representing the annotation. We do not use [n or ]n since they would appear uniquely at the
beginning and end of the stack. An example order-3 stack is given below, with only a few
annotations shown (on a and c). The annotations are order-3 and order-2 respectively.

•

[2

•

[1

•

a

•

b

•

]1

•

]2

• •

[2

•

[1

•

c

•

]1

•

]2

• •

[1

•

d

•

]1

•

Given an order-n stack w = [w1 . . . w` ]n , we define topn+1 (w) = w and
topn ([w1 . . . w` ]n )
topn ([]n )
topk ([w1 . . . w` ]n )

=
=
=

w1
when ` > 0
[]n−1
otherwise
topk (w1 ) when k < n and ` > 0

noting that topk (w) is undefined if topk0 (w) = []k0 −1 for any k 0 > k.
We write u :k v – where u is order-(k − 1) – to denote the stack obtained by placing u
on top of the topk stack of v. That is, if v = [v1 . . . v` ]k then u :k v = [uv1 . . . v` ]k , and if
v = [v1 . . . v` ]k0 with k 0 > k, u :k v = [(u :k v1 ) v2 . . . v` ]k0 . This composition associates to the
right. E.g., the stack [[[aw b]1 ]2 ]3 above can be written u :3 v where u is the order-2 stack
[[aw b]1 ]2 and v is the empty order-3 stack []3 . Then u :3 u :3 v is [[[aw b]1 ]2 [[aw b]1 ]2 ]3 .
Operations on Order-n Collapsible Stacks. The following operations can be performed on
an order-n stack where noop is the null operation noop(w) = w.

On = {noop, pop1 } ∪ rewa , pushka , copyk , popk | a ∈ Σ ∧ 2 ≤ k ≤ n
We define each o ∈ On for an order-n stack w. Annotations are created by pushka , which
pushes a character onto w and annotates it with topk+1 (popk (w)). This, in essence, attaches
a closure to a new character.
1. We set popk (u :k v) = v.
2. We set copyk (u :kv) = u :k u :k v.

3. We set collapsek au :1 u :(k+1) v = u0 :(k+1) v when u is order-k and 1 ≤ k < n; and
0

collapsen (au :1 v) = u when u is order-n.
4. We set pushkb (w) = bu :1 w where u = topk+1 (popk (w)).
5. We set rewb (au :1 v) = bu :1 v.
For example, beginning with [[a]1 [b]1 ]2 and applying push2c we obtain [[c[[b]1 ]2 a]1 [b]1 ]2 . In this
setting, the order-2 context information for the new character c is [[b]1 ]2 . We can then apply
copy2 ; collapse2 to get [[c[[b]1 ]2 a]1 [c[[b]1 ]2 a]1 [b]1 ]2 then [[b]1 ]2 . That is, collapsek replaces the
current topk+1 stack with the annotation attached to c.
Collapsible Pushdown Systems. We are now ready to define collapsible PDS.
I Definition 2.2 (Collapsible Pushdown Systems). An order-n collapsible pushdown system
(n-CPDS) is a tuple C = (P, Σ, R) where P is a finite set of control states, Σ is a finite stack
alphabet, and R ⊆ (P × Σ × On × P) is a set of rules.

FSTTCS 2013

316

Saturation of Concurrent Pushdown Systems
We write configurations of a CPDS as a pair hp, wi ∈ P × Stacksnn . We have a transition
hp, wi −→ hp0 , w0 i via a rule (p, a, o, p0 ) when top1 (w) = a and w0 = o(w).
Consuming and Generating Rules. We distinguish two kinds of rule or operation: a rule
(p, a, o, p0 ) or operation o is consuming if o = popk or o = collapsek for some k. Otherwise, it
is generating. We write RGP,Σ
for the set of generating rules of the form (p, a, o, p0 ) such that
n
0
p, p ∈ P and a ∈ Σ, and o ∈ On . We simply write RGn when no confusion may arise.

2.2

Saturation for CPDS

Our algorithms for concurrent CPDSs build upon the saturation technique for CPDSs [9]. In
essence, we represent sets of configurations C using a P-stack automaton A reading stacks.
We define such automata and their languages L(A) below. Saturation adds new transitions to
A – depending on rules of the CPDS and existing transitions in A – to obtain A0 representing
configurations with a path to a configuration in C. I.e., given a CPDS C with control
states P and a P-stack automaton A0 , we compute P re∗C (A0 ) which is the smallest set s.t.
P re∗C (A0 ) ⊇ L(A0 ) and P re∗C (A0 ) ⊇ {hp, wi | ∃hp, wi −→ hp0 , w0 i s.t. hp0 , w0 i ∈ P re∗C (A0 ) }.
Stack Automata. Sets of stacks are represented using order-n stack automata. These are
alternating automata with a nested structure that mimics the nesting in a higher-order
collapsible stack. We recall the definition below.
I Definition 2.3 (Order-n Stack Automata). An order-n stack automaton is a tuple A =
(Qn , . . . , Q1 , Σ, ∆n , . . . , ∆1 , Fn , . . . , F1 ) where Σ is a finite stack alphabet, Qn , . . . , Q1 are
disjoint, and
1. for all 2 ≤ k ≤ n, we have Qk is a finite set of states, Fk ⊆ Qk is a set of accepting states,
and ∆k ⊆ Qk × Qk−1 × 2Qk is a transition relation such that for all q and Q there is at
most one q 0 with (q, q 0 , Q) ∈ ∆k , and
2. Q1 is a finite set of states, F1 ⊆ Q1 is
 a set of accepting states, and the transition relation
S
is ∆1 ⊆
Q1 × Σ × 2Qk × 2Q1 .
2≤k≤n

States in Qk recognise order-k stacks. Stacks are read from “top to bottom”. A stack
q0

u :k v is accepted from q if there is a transition (q, q 0 , Q) ∈ ∆k , written q −→ Q, such that
u is accepted from q 0 ∈ Q(k−1) and v is accepted from each state in Q. At order-1, a stack
au :1 v is accepted from q if there is a transition (q, a, Qcol , Q) where u is accepted from all
states in Qcol and v is accepted from all states in Q. An empty order-k stack is accepted
by any state in Fk . We write w ∈ Lq (A) to denote the set of all stacks w accepted from q.
Note that a transition to the empty set is distinct from having no transition.
q2
q1
a
We show a part run using q3 −→ Q3 ∈ ∆3 , q2 −→ Q2 ∈ ∆2 , q1 −−−→ Q1 ∈ ∆1 .
Qcol

[2
q3

[1
q2

q1

a

Q1

b

]1
···

]2
Q2

[2
Q3

Qcol

···

Long-form Transitions. We will often use a long-form notation (defined below) that captures
a
nested sequences of transitions. E.g. we can write q3 −−−→ (Q1 , Q2 , Q3 ) to represent the use
Qcol

q2

q1

of q3 −→ Q3 , q2 −→ Q2 , and q1 −−−→ Q1 for the first three transitions of the run above. Note
a

Qcol

that this latter long-form transition starts at the very beginning of the stack and reads its top1
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qk−1

qk−2

character. Formally, for a sequence of transitions q −−−→ Qk , qk−1 −−−→ Qk−1 , . . . , q1 −−−→
a

Qcol

Q1 in ∆k to ∆1 respectively, we write q −−−→ (Q1 , . . . , Qk ).
a

Qcol

P-Stack Automata. We define P-automata [4] for CPDSs. Given control states P, an
order-n P-stack automaton is an order-n
 stack automaton such that for each p ∈ P there
exists a state qp ∈ Qn . We set L(A) = hp, wi w ∈ Lqp (A) .
The Saturation Algorithm. We recall the saturation algorithm. For a detailed explanation
of the saturation function complete with examples, we refer the reader to our ICALP paper [9].
Here we present an abstracted view of the algorithm, relegating details that are not directly
relevant to the remainder of the main article to the full version.
The saturation algorithm iterates a saturation function Π that adds new transitions to a
given automaton. Beginning with A0 representing a target set of configurations, we iterate
Ai+1 = Π(Ai ) until Ai+1 = Ai . Once this occurs, we have that L(Ai ) = P re∗C (A0 ).
We define Π in terms of a family of auxiliary saturation functions Πr (defined in the full
article) which return a set of long-form transitions to be added by saturation. When r is
consuming, Πr (A) returns the set of long-form transitions to be added to A due to the rule
r. When r is generating Πr also takes as an argument a long-form transition t of A. Thus
Πr (t, A) returns the set of long-form transitions that should be added to A as a result of the
rule r combined with the transition t (and possibly other transitions of A).
For example, if r = (p, a, rewb , p0 ) and t = qp0 −−−→ (Q1 , . . . , Qn ) is a transition of A,
b

Qcol
0

then Πr (t, A) contains only the long-form transition t = qp −−−→ (Q1 , . . . , Qn ). The idea is
a

Qcol

if hp0 , bu :1 wi is accepted by A via a run whose first (sequence of) transition(s) is t, then by
adding t0 we will be able to accept hp, au :1 wi via a run beginning with t0 instead of t. We
have hp, au :1 wi ∈ P re∗C (A) since it can reach hp0 , bu :1 wi via the rule r.
I Definition 2.4 (The Saturation Function Π). For a CPDS with rules R, and given an
order-n stack automaton Ai we define Ai+1 = Π(Ai ). The state-sets of Ai+1 are defined
implicitly by the transitions which are those in Ai plus, for each r = (p, a, o, p0 ) ∈ R, when
1. o is consuming and t ∈ Πr (Ai ), then add t to Ai+1 ,
2. o is generating, t is in Ai , and t0 ∈ Πr (t, A), then add t0 to Ai+1 .
In ICALP 2012 we showed that saturation adds up to O(2 ↑n (f (|P|))) transitions, for
some polynomial f , and that this can be reduced to O(2 ↑n−1 (f (|P|))) (which is optimal) by
restricting all Qn to have size 1 when A0 is “non-alternating at order-n”. Since this property
holds of all A0 used here, we use the optimal algorithm for complexity arguments.

3

Extended Collapsible Pushdown Systems

To analyse concurrent systems, we extend CPDS following Atig [1]. Atig’s extended PDSs
allow words from arbitrary languages to be pushed on the stack. Our notion of extended
CPDSs allows sequences of generating operations from a language Lg to be applied, rather
than a single operation per rule. We can specify Lg by any system (e.g. a Turing machine).
I Definition 3.1 (Extended CPDSs). An order-n extended CPDS (n-ECPDS) is a tuple
C = (P, Σ, R) where P isa finite set of control states, Σ is a finite stack alphabet, and
P,Σ ∗
R ⊆ (P × Σ × O × P) ∪ P × Σ × 2(RGn ) × P is a set of rules.
n
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As before, we have a transition hp, wi −→ hp0 , w0 i of an n-ECPDS via a rule (p, a, o, p0 )
with top1 (w) = a and w0 = o(w). Additionally, we have a transition hp, wi −→ hp0 , w0 i when
we have a rule (p, a, Lg , p0 ), a sequence (p, a, o1 , p1 ) (p1 , a2 , o2 , p2 ) . . . (p`−1 , a` , o` , p0 ) ∈ Lg
and w0 = o` (· · · o1 (w)). That is, a single extended rule may apply a sequence of stack updates
in one step. A run of an ECPDS is a sequence hp0 , w0 i −→ hp1 , w1 i −→ · · · .

3.1

Reachability Analysis

We adapt saturation for ECPDSs. In Atig’s algorithm, an essential property is the decidability
of Lg ∩ L(A) for some order-1 P-stack automaton A and a language Lg appearing in a rule
of the extended PDS. We need analogous machinery in our setting. For this, we first define a
class of finite automata called transition automata, written T . The states of these automata
a
will be long-form transitions of a stack automaton t = q −−−→ (Q1 , . . . , Qn ). Transitions
→
−
r

Qcol

∗
−
t−
→ t are labelled by rules. We write t −→∗ t to denote a run over →
r ∈ (RGn ) .
During the saturation algorithm we will build from Ai a transition automaton T . Then,
for each rule (p, a, Lg , p0 ) we add to Ai+1 a new long-form transition t if there is a word
→
−
r
→
−
r ∈ Lg such that t −→∗ t0 is a run of T and t0 is already a transition of Ai .
For example, consider (p, a, Lg , p0 ) where Lg = {(p, a, rewb , p0 )}. A transition




(p,a,rewb ,p0 )
a
b
qp −−−→ (Q1 , . . . , Qn ) −−−−−−−−→ qp0 −−−→ (Q1 , . . . , Qn )
r

0

Qcol

0

Qcol

will correspond to the fact that the presence of qp0 −−−→ (Q1 , . . . , Qn ) in Ai causes qp −−−→
b

a

Qcol

Qcol

1
2
(Q1 , . . . , Qn ) to be added by Π. A run t1 −→
t2 −→
t3 comes into play when e.g. Lg = {r1 r2 }.
If the rule were split into two ordinary rules with intermediate control states, Π would first
add t2 derived from t3 , and then from t2 derive t1 . In the case of extended CPDSs, the
intermediate transition t2 is not added to Ai+1 , but its effect is still present in the addition
of t1 . Below, we repeat the above intuition more formally. Fix a n-ECPDS C = (P, Σ, R).

r

r

Transition Automata. We build a transition automaton from a given P-stack automaton
A. Let A have order-n to order-1 state-sets Qn , . . . , Q1 and alphabet Σ, let TA be the set of
a
all q −−−→ (Q1 , . . . , Qn ) with q ∈ Qn , for all k, Qk ⊆ Qk , and for some k, Qcol ⊆ Qk .
Qcol

I Definition 3.2 (Transition Automata). Given an order-n P-stack
 automaton A with
 alphabet
P,Σ
A
0
Σ, and t, t0 ∈ TA , we define the transition automaton Tt,t
=
T
,
R
,
δ,
t,
t
such that
0
A
Gn
δ ⊆ TA × RGP,Σ
× TA is the smallest set such that t1 −
→ t2 ∈ δ if t1 ∈ Πr (t2 , A).
n
n
o
→
−

r
−
A
We define L Tt,t
= →
r t −→∗ t0 .
0
r

Extended Saturation Function. We now extend the saturation function following the
a
intuition explained above. For t = qp −−−→ (Q1 , . . . , Qn ), let top1 (t) = a and control(t) = p.
Qcol

I Definition 3.3 (Extended Saturation Function Π). The extended Π is Π from Definition 2.4
plus for each extended rule (p, a, Lg , p0 ) ∈ R and t, t0 , we add t to Ai+1 whenever
1. control(t) = p and top1 (t) = a,
0
0
2. t0 is a transition

 of Ai with control(t ) = p , and
Ai
3. Lg ∩ L Tt,t
6= ∅.
0

M. Hague

319

I Theorem 3.4 (Global Reachability of ECPDS). Given an ECPDS C and a P-stack automaton
A0 , the fixed point A of the extended saturation procedure accepts P re∗C (A0 ).
In order

for the saturation algorithm to be effective, we need to be able to decide
Ai
Lg ∩ L Tt,t
6= ∅. We argue in the full paper that number of transitions added by extended
0
saturation has the same upper bound as the unextended case.

4

Multi-Stack CPDSs

We define a general model of concurrent collapsible pushdown systems, which we later restrict.
In the sequel, assume a bottom-of-stack symbol ⊥ and define the “empty” stacks ⊥0 =⊥ and
⊥k+1 = [⊥k ]k+1 . As standard, we assume that ⊥ is neither pushed onto, nor popped from,
the stack (though may be copied by copyk ).
I Definition 4.1 (Multi-Stack Collapsible Pushdown Systems). An order-n multi-stack collapsible pushdown system (n-MCPDS) is a tuple C = (P, Σ, R1 , . . . , Rm ) where P is a finite
set of control states, Σ is a finite stack alphabet, and for each 1 ≤ i ≤ m we have a set of
rules Ri ⊆ P × Σ × On × P.
A configuration of C is a tuple hp, w1 , . . . , wm i. There is a transition hp, w1 , . . . , wm i −→
hp , w1 , . . . , wi−1 , wi0 , wi+1 , . . . , wm i via (p, a, o, p0 ) ∈ Ri when a = top1 (wi ) and wi0 = o(wi ).
We also need MCPDAutomata, which are MCPDSs defining languages over an input
alphabet Γ. For this, we add labelling input characters to the rules. Thus, a rule (p, a, γ, o, p0 )
reads a character γ ∈ Γ. This is defined formally in the full paper.
We are interested in two problems for a given n-MCPDS C.
0

I Definition 4.2 (Control State Reachability Problem). Given control states pin , pout of C,
decide if there is for some w1 , . . . , wm a run hpin , ⊥n , . . . , ⊥n i −→ · · · −→ hpout , w1 , . . . , wm i.
I Definition 4.3 (Global Control State Reachability Problem). Given a control state pout of C,
construct a representation of the set of configurations hp, w1 , . . . , wm i such that there exists
0
0
for some w10 , . . . , wm
a run hp, w1 , . . . , wm i −→ · · · −→ hpout , w10 , . . . , wm
i.
We represent sets of configurations as follows. In the full paper we show it forms an
effective boolean algebra, membership is linear time, and emptiness is in PSPACE.
I Definition 4.4 (Regular Set of Configurations). A regular set R of configurations of a
multi-stack CPDS C is definable via a finite set χ of tuples (p, A1 , . . . , Am ) where p is a
control state of C and Ai is a stack automaton with designated initial state qi for each i. We
have hp, w1 , . . . , wm i ∈ R iff there is some (p, A1 , . . . , Am ) ∈ χ such that wi ∈ Lqi (Ai ) for
each i.
Finally, we often partition runs of an MCPDS σ = σ1 . . . σ` where each σi is a sequence
of configurations of the MCPDS. A transition from c to c0 occurs in segment σi if c0 is a
configuration in σi . Thus, transitions from σi to σi+1 are said to belong to σi+1 .

5

Ordered CPDS

We generalise ordered multi-stack pushdown systems [7]. Intuitively, we can only remove
characters from stack i whenever all stacks j < i are empty.
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I Definition 5.1 (Ordered CPDS). An order-n ordered CPDS (n-OCPDS) is an n-MCPDS
C = (P, Σ, R1 , . . . , Rm ) such that a transition from hp, w1 , . . . , wm i using the rule r on stack
i is permitted iff, when r is consuming, for all 1 ≤ j < i we have wj =⊥n .
I Theorem 5.2 (Decidability of Reachability Problems). For n-OCPDSs the control state
reachability problem and the global control state reachability problem are decidable.
We outline the
 proofs below. In the full paper we show control state reachability uses
O 2 ↑m(n−1) (`) time, where ` is polynomial in the size of the OCPDS, and we have at most
O(2 ↑mn (`)) tuples in the solution to the global problem. First observe that reachability
can be reduced to reaching hpout , ⊥n , . . . , ⊥n i by clearing the stacks at the end of the run.
Control State Reachability. Using our notion of ECPDS, we may adapt Atig’s inductive
algorithm for ordered PDSs [1] for the control state reachability problem. The induction is
over the number of stacks. W.l.o.g. we assume that all rules (p, ⊥, o, p0 ) of C have o = pushna .
In the base case, we have an n-OCPDS with a single stack, for which the global reachability
problem is known to be decidable (e.g. [4]).
In the inductive case, we have an n-OCPDS C with m stacks. By induction, we can
decide the reachability problem for n-OCPDSs with fewer than m stacks. We first show how
to reduce the problem to reachability
analysis of an extended CPDS, and then finally we


Ai
show how to decide Lg ∩ L Tt,t0 6= ∅ using an n-OCPDS with (m − 1) stacks.
Consider the mth stack of C. A run of C can be split into σ1 τ1 σ2 τ2 . . . σ` τ` . During the
subruns σi , the first (m − 1) stacks are non-empty, and during τi , the first (m − 1) stacks are
empty. Moreover, during each σi , only generating operations may occur on stack m.
We build an extended CPDS that directly models the mth stack during the τi segments
where the first (m−1) stacks are empty, and uses rules of the form (p, a, Lg , p0 ) to encapsulate
the behaviour of the σi sections where the first (m−1) stacks are non-empty. The Lg attached
to such a rule is the sequence of updates applied to the mth stack during σi .
We begin by defining, from the OCPDS C with m stacks, an OCPDA C L with (m − 1)
stacks. This OCPDA will be used to define the Lg described above. C L simulates a segment
σi . Since all updates to stack m in σi are generating, C L need only track its top character,
hence only keeps (m − 1) stacks. The top character of stack m is kept in the control state,
and the operations that would have occurred on stack m are output.
I Definition 5.3 (C L ). Given an n-OCPDS C = (P, Σ, R1 , . . . , Rm ), we define C L to be an
n-OCPDA with (m − 1) stacks P × Σ, Σ, R01 ∪ R0 , R02 , . . . , R0m−1 over input alphabet RGn
where for all i
R0i = {((p, a), b, (p, a, noop, p0 ), o, (p0 , a)) | a ∈ Σ ∧ (p, b, o, p0 ) ∈ Ri } , and
{((p, a), b, r, noop, (p0 , c)) | b ∈ Σ ∧ r = (p, a, rewc , p0 ) ∈ Rm } ∪
{((p, a), b, r, noop, (p0 , a)) | b ∈ Σ ∧ r = (p, a, copyk , p0 )∈ Rm } ∪

((p, a), b, r, noop, (p0 , c)) b ∈ Σ ∧ r = p, a, pushkc , p0 ∈ Rm ∪
{((p, a), b, r, noop, (p0 , a)) | b ∈ Σ ∧ r = (p, a, noop, p0 ) ∈ Rm } .

L
We define the language Lb,i
to be the set of words γ1 . . . γ` such that there exists
p,a,p0 C
L
a run of C over input γ1 . . . γ` from h(p, a), w1 , . . . , wm−1 i to h(p0 , c), ⊥n , . . . , ⊥n i for some
c, where wi = pushnb (⊥n ) and wj =⊥n for all j 6= i. This language describes the effect on
stack m of a run σj from p to p0 . (Note, by assumption, all σj start with some pushnb .)
We now define the extended CPDS C R that simulates C by keeping track of stack m in
its stack and using extended rules based on C L to simulate parts of the run where the first
R0

=
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(m − 1) stacks are not all empty. Note, since all rules operating on ⊥ (i.e. (p, ⊥, o, p0 )) have
o = pushnb , rules from R1 , . . . , Rm−1 may only fire during (or at the start of) the segments
where the first (m − 1) stacks are non-empty (and thus appear in RLg below).
I Definition 5.4 (C R ). Given an n-OCPDS C = (P × Σ, Σ, R1 , . . . , Rm ) with m stacks, we
define C R to be an n-ECPDS such that C R = (P, Σ, R0 ) where R0 = Rm ∪ RLg and

 
L
RLg = p, a, Lb,i
, p2 | a ∈ Σ ∧ (p, ⊥, pushnb , p1 ) ∈ Ri ∧ 1 ≤ i < m
p1 ,a,p2 C
I Lemma 5.5 (C R simulates C). Given an n-OCPDS C and control states pin , pout , we have
hpin , wi ∈ P re∗C R (A), where A is the P-stack automaton accepting only the configuration
hpout , ⊥n i iff hpin , ⊥n , . . . , ⊥n , wi −→ · · · −→ hpout , ⊥n , . . . , ⊥n i.


Ai
Lemma 5.5 only gives an effective decision procedure if we can decide Lg ∩ L Tt,t
6= ∅
0

for all rules (p, a, Lg , p0 ) appearing in C R . For this, we use a standard product construction
Ai
between the C L associated with Lg , and Tt,t
0 . This gives an ordered CPDS with (m − 1)
stacks, for which, by induction over the number of stacks, reachability (and emptiness) is
decidable. Note, the initial transition of the construction sets up the initial stacks of C L .



Ai
L
I Definition 5.6 (C∅ ). Given the non-emptiness problem Lb,i
∩ L Tt,t
6= ∅, where
0
p1 ,a,p2 C
Ai
0
top1 (t) = a, C L = (P × Σ, Σ, R1 , . . . , Rm−1 ) and Tt,t
0 = (TAi , RGn , δ, t, t ), we define an

∅
∅
∅
∅
n-OCPDS C∅ = P , Σ, R1 , . . . , Ri ∪ RI/O , . . . , Rm−1 where, for all 1 ≤ i ≤ (m − 1),

P ∅ = {p1 , p2 } ] {(p, t1 ) | t1 ∈ TAi ∧ control(t1 ) = p } ,

RI/O = {(p1 , ⊥, pushnb , (p1 , t))} ∪ {((p2 , t), ⊥, noop, p2 ) | t ∈ TAi } , and

R∅i = {((p, t1 ), c, o, (p0 , t2 )) | ((p, top1 (t1 )), c, r, o, (p0 , top1 (t2 ))) ∈ Ri ∧ (t1 , r, t2 ) ∈ ∆ }




Ai
L
∩ L Tt,t
=
6 ∅ iff,
I Lemma 5.7 (Language Emptiness for OCPDS). We have Lb,i
0
p1 ,a,p2 C

in C∅ from Definition 5.6, we have that hp2 , ⊥n , . . . ⊥n i is reachable from hp1 , ⊥n , . . . , ⊥n i.

Global Reachability. We sketch a solution to the global reachability problem, giving a
full proof in the full paper. From Lemma 5.5 (C R simulates C) we gain a representation Am = P re∗C R (A) of the set of configurations hp, ⊥n , . . . , ⊥n , wm i that have a run to
hpout , ⊥n , . . . , ⊥n i. Now take any hp, ⊥n , . . . , ⊥n , wm−1 , wm i that reaches hpout , ⊥n , . . . , ⊥n i.
0
0
The run must pass some hp0 , ⊥n , . . . , ⊥n , wm
i with hp0 , wm
i accepted by Am . From the
product construction above, one can (though not immediately) extract a tuple (p, Am−1 , A0m )
such that wm−1 is accepted by Am−1 and wm is accepted by A0m . We repeat this reasoning
down to stack 1 and obtain a tuple of the form (p, A1 , . . . , Am ). We can only obtain a finite
set of tuples in this manner, giving a solution to the global reachability problem.

6

Scope-Bounded CPDS

Recently, scope-bounded multi-pushdown systems were introduced [32] and their reachability
problem was shown to be decidable. Furthermore, reachability for scope- and phase-bounding
was shown to be incomparable [32]. Here we consider scope-bounded CPDS.
A run σ = σ1 . . . σ` of an MCPDS is context-partitionable when, for each σi , if a transition
in σi is via r ∈ Rj on stack j, then all transitions of σi are via rules in Rj on stack j. A round
is a context-partitioned run σ1 . . . σm , where during σi only Ri is used. A round-partitionable
run can be partitioned σ1 . . . σ` where each σi is a round. A run of an SBCPDS is such
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that any character or stack removed from a stack must have been created at most ζ rounds
earlier. For this, we define pop- and collapse-rounds for stacks. That is, we mark each stack
and character with the round in which it was created. When we copy a stack via copyk ,
the pop-round of the new copy of the stack is the current round. However, all stacks and
characters within the copy of u keep the same pop- and collapse-round as in the original u.
E.g. take [u]2 where u = [ab]1 , u and a have pop-round 2, and b has pop-round 1. Suppose
in round 3 we use copy2 to obtain [uu]2 . The new copy of u has pop-round 3 (the current
round), but the a and b appearing in the copy of u still have pop-rounds 2 and 1 respectively.
If the scope-bound is 2, the latest each a and the original u could be popped is in round 4,
but the new u may be popped in round 5.
We will write p w for a stack w with pop-round p and p,c a for a character with pop-round
p and collapse-round c. Pop- and collapse-rounds will be sometimes omitted for clarity.
Note, the outermost stack will always have pop-round 0. In particular, for all u :k v in the
definition below, the pop-round of v is 0.
I Definition 6.1 (Pop- and Collapse-Round). Given a round-partitioned run σ1 . . . σ` we
define inductively the pop- and collapse-rounds. The pop- and collapse-round of each stack
and character in the first configuration of σ1 is 0. Take a transition hp, wi −→ hp0 , w0 i with
hp0 , w0 i in σz via a rule (p, a, o, p0 ). If o = noop then w = w0 , otherwise when
1. o = copyk and w = p u :k v, then w0 = z u :k (p u :k v) where z u = z [p1 u1 . . . p` u` ]k−1 when
p u = p [p1 u1 . . . p` u` ]k−1 .
2. o = pushkb , then w0 = z,c b(p0 u) :1 w where p0 u = topk+1 (popk (w)) and c is the pop-round
of topk (w). (Note, when k = n, we know p0 = 0 since the topn+1 stack is outermost.)
3. o = popk , when w= u :k v then w0 =v.
0
4. We set collapsek a(p u ) :1 u :(k+1) v = p u0 :(k+1) v when u is order-k and 1 ≤ k < n;

and collapsen a(0 u) :1 v = 0 u when u is order-n.
5. o = rew and w = a(p0 u) : v, then w0 = b(p0 u) : v.
b

p,c

1

p,c

1

I Definition 6.2 (Scope-Bounded CPDS). A ζ-scope-bounded n-CPDS (n-SBCPDS) C is an
order-n MCPDS whose runs are all runs of C that are round-partitionable, that is σ1 . . . σ` ,
such that for all z, if a transition in σz from hp, wi to hp0 , w0 i is
1. a popk transition with 1 < k ≤ n and w = p u :k v, then z − ζ ≤ p,
2. a pop1 transition with w = p,c au :1 v, then z − ζ ≤ p, or
3. a collapsek transition with w = p,c au :1 v, then z − ζ ≤ c.
La Torre and Napoli’s decidability proof for the order-1 case already uses the saturation
method [32]. However, while La Torre and Napoli use a forwards-reachability analysis, we
must use a backwards analysis. This is because the forwards-reachable set of configurations
is in general not regular. We thus perform a backwards analysis for CPDS, resulting in a
similar approach. However, the proofs of correctness of the algorithm are quite different.
I Theorem 6.3 (Decidability of Reachability Problems). For n-OCPDSs the control state
reachability problem and the global control state reachability problem are decidable.
In the full paper we show our non-global algorithm requires O(2 ↑n−1 (`)) space, where
` is polynomial in ζ and the size of the SBCPDS, and we have at most O(2 ↑n (`)) tuples
in the global reachability solution. La Torre and Parlato give an alternative control state
reachability algorithm at order-1 using thread interfaces, which allows sequentialisation [21]
and should generalise order-n, but, does not solve the global reachability problem.
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Control State Reachability. Fix initial and target control states pin and pout . The algorithm
first builds a reachability graph, which is a finite graph with a certain kind of path iff pout
can be reached from pin . To build the graph, we define layered stack automata. These have
states qpi for each 1 ≤ i ≤ ζ which represent the stack contents i rounds later. Thus, a layer
automaton tracks the stack across ζ rounds, which allows analysis of scope-bounded CPDSs.
I Definition 6.4 (ζ-Layered
 Stack Automata). A ζ-layered stack automaton is a stack automaton A such that Qn = qpi | p ∈ P ∧ 1 ≤ i ≤ ζ .
q0

A state qpi is of layer i. A state q 0 labelling q −→ Q has the same layer as q. We require
q0

that there is no q −→ Q with q 00 ∈ Q where q is of layer i and q 00 is of layer j < i. Similarly,
a
there is no q −−−→ Q with q 0 ∈ Q ∪ Qcol where q is of layer i and q 0 is of layer j < i.
Qcol

Next, we define several operations from which the reachability graph is constructed. The
Predecessorj operation connects stack j between two rounds. We define for stack j

Predecessorj (A, qp , qp0 ) = Saturatej EnvMove Shift(A), qp11 , qp22

where definitions of Shift, EnvMove and Saturatej are given in the full paper. Shift moves
q 
q 
transitions in layer i to layer (i + 1). E.g. qp1 −
→ qp20 would become qp2 −
→ qp30 . Moreover,
transitions involving states in layer ζ are removed. This is because the stack elements in layer
ζ will “go out of scope”. EnvMove adds a new transition (analogously to a (p1 , a, rewa , p2 )
rule) corresponding to the control state change from p1 to p2 effected by the runs over the
other stacks between the current round and the next (hence layers 1 and 2 in the definition
above). Saturatej gets by saturation all configurations of stack j that can reach via Rj the
stacks
accepted from the layer-1 states of its argument (i.e. saturation using initial states
 1
qp | p ∈ P , which accept stacks from the next round).
The current layer automaton represents a stack across up to ζ rounds. The predecessor
operation adds another round on to the front of this representation. A key new insight in
our proofs is that if a transition goes to a layer i state, then it represents part of a run where
the stack read by the transition is removed in i rounds time. Thus, if we add a transition
at layer 0 (were it to exist) that depends on a transition of layer ζ, then the push or copy
operation would have a corresponding pop (ζ + 1) scopes away. Scope-bounding forbids this.
The Reachability Graph. The reachability graph GCpout = (V, E) has vertices V and edges
E. Firstly, V contains some initial vertices (p0 , A1 , p1 , . . . , pm−1 , Am , pm ) where pm = pout ,
and for all 1 ≤ i ≤ m we have that Ai is the layer automaton Saturatei (A) where for all w,
A accepts hpi , wi from qp1i . Furthermore, we require that there is some w such that hpi−1 , wi
is accepted by Ai from qp1i . That is, there is a run from hpi−1 , wi to pi . Intuitively, initial
vertices model the final round of a run to pout with context switches at p0 , . . . , pm .
The complete set V is the set of all tuples (p0 , A1 , p1 , . . . , pm−1 , Am , pm ) where there is
some w such that hpi−1 , wi is accepted by Ai from state qp1i−1 . To ensure finiteness, we can
bound Ai to at most N states. The value of N is O(2 ↑n−1 (`)) where ` is polynomial in ζ
and the size of C. We give a full definition of N and proof in the full paper.
0
0
0
0
We have an edge from a vertex (p0 , A1 , . . . , Am
 , pm ) to (p0 ,A1 , . . . , Am , pm ) whenever

pm = p00 and for all i we have Ai = Predecessori A0i , qpi , qp0i−1 . An edge means the two
rounds can be concatenated into a run since the control states and stack contents match up.
I Lemma 6.5 (Simulation by GCpout ). Given a scope-bounded CPDS C and control states
0
0
pin , pout , there is a run of C from hpin , w1 , . . . , wm i to hpout , w10 , . . . , wm
i for some w10 , . . . , wm
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iff there is a path in GCpout to a vertex (p0 , A1 , . . . , Am , pm ) with p0 = pin from an initial
vertex where for all i we have hpi−1 , wi i accepted from qp1i of Ai .
Global Reachability. The (p0 , A1 , p1 , . . . , pm−1 , Am , pm ) in GCpout reachable from an initial
vertex are finite in number. We know by Lemma 6.5 that there is such a vertex accepting all
hpi−1 , wi i iff hp0 , w1 , . . . , wm i can reach the target control state. Let χ be the set of tuples
(p0 , A1 , . . . , Am ) for each reachable vertex as above, where Ai is restricted to the initial state
qp1i−1 . This is a regular solution to the global control state reachability problem.

7

Conclusion

We have shown decidability of global reachability for ordered and scope-bounded collapsible
pushdown systems (and phase-bounded in the full article). This leads to a challenge to find a
general framework capturing these systems. Furthermore, we have only shown upper-bound
results. Although, in the case of phase-bounded systems, our upper-bound matches that of
Seth for CPDSs without collapse [29], we do not know if it is optimal. Obtaining matching
lower-bounds is thus an interesting though non-obvious problem. Recently, a more relaxed
notion of scope-bounding has been studied [20]. It would be interesting to see if we can
extend our results to this notion. We are also interested in developing and implementing
algorithms that may perform well in practice.
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Decidability Results on the Existence of
Lookahead Delegators for NFA
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Abstract
In this paper, we study lookahead delegators for nondeterministic finite automata (NFA), which
are functions that deterministically choose transitions by additionally using a bounded lookahead
on the input word. Of course, the delegator has to lead to an accepting state for each word that
is accepted by the NFA. In the special case where no lookahead is allowed, a delegator coincides
with a deterministic transition function that preserves the language.
Typical decision problems are to decide whether a delegator with a given fixed lookahead
exists, or whether a delegator with some bounded lookahead exists for a given NFA. In a paper
of Ravikumar and Santean from 2007, the complexity and decidability of these questions have
been tackled, mainly for the case of unambiguous NFA. In this paper, we revisit the subject and
provide results for the case of general NFA. First, we correct a complexity result from the above
paper by showing that the existence of delegators with fixed lookahead can be decided in time
polynomial in the number of states. We use two player games on graphs as a tool to obtain
the result. As second contribution, we show that the problem becomes PSPACE-complete if
the bound on the lookahead is a part of the input. The third result provides a bound on the
maximal required amount of lookahead. We use this to show that the (previously open) problem
of deciding the existence of a bounded lookahead delegator is also PSPACE-complete.
1998 ACM Subject Classification F.4.3 Formal Languages
Keywords and phrases Automata, Lookahead Delegators, Safety Games
Digital Object Identifier 10.4230/LIPIcs.FSTTCS.2013.327

1

Introduction

We revisit questions on the decidability of so called lookahead delegators for nondeterministic
finite automata (NFA) that have been studied in [9]. A lookahead delegator for an NFA is
a function that deterministically chooses one of the possible transitions for the next input
symbol, based on a bounded lookahead in the input. The run that is constructed in this
way by the delegator for an input word should be accepting if the input word belongs to the
language accepted by the NFA.
Motivated from the composition of e-services that are modeled by finite automata,
lookahead delegators have been studied in [4] in a slightly different context. In the setting of
[4], instead of a single NFA, a tuple of deterministic finite automata (DFA) or NFAs is given,
and the delegator has to decide for each input symbol by which subset of the automata
this symbol has to be processed, such that in the end, all automata finish with a successful
run. Given a bound k on the allowed lookahead, [4] presents an algorithm to compute a
k-lookahead delegator (if one exists) for a tuple of DFAs. The algorithm is exponential in k
and the number of DFAs in the list.
By taking the product of the tuple of the given automata, in which a transition nondeterministically chooses a subset of the automata that move on the next input symbol, the
setting can be reduced to the question on lookahead delegators for a single given NFA. This
© Christof Löding and Stefan Repke;
licensed under Creative Commons License CC-BY
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version of the problem has been analyzed in [9]. There are two main questions concerning the
existence of lookahead delegators. For a given bound k on the lookahead, the decidability
of the existence of a k-lookahead delegator is clear, because there are only finitely many
possible candidates for a given NFA. So, for a given (or a fixed) k, the main question is the
complexity of deciding the existence of a k-lookahead delegator (and computing one if it
exists). If the bound is not given, the question is whether there exists some k such that a
given NFA has a k-lookahead delegator.
In this paper, we will reconsider the three versions of the decision problem that were
defined in [9, Section 4]:
a) k-Delegator for a fixed number k ∈ N: decide for a given NFA A whether A has a
k-lookahead delegator.
b) Delegator: decide for a given NFA A and k ∈ N whether A has a k-lookahead delegator.
c) Bounded-Delegator: decide for a given NFA A whether A has a bounded lookahead
delegator.
These problems have been solved for the restricted case of unambiguous NFAs in [9,
Theorems 2 to 4]: A polynomial time algorithm is given for k-Delegator, Delegator is
shown to be in co-NP, and Bounded-Delegator is shown to be in PSPACE.
We study these problems here for the case of general NFAs. Our main contributions are
as follows. We provide an algorithm that decides k-Delegator in time polynomial in the
number of states of a given NFA (and computes a k-lookahead delegator, if one exists) where
k and the input alphabet are fixed. This generalizes [9, Theorem 2] from unambiguous to
arbitrary NFAs.1 As a main tool, we use two person games on graphs. This formulation of
the problem yields a simple algorithm and correctness proof.
We furthermore show that the more general problem Delegator, where the allowed
lookahead k is a part of the input, is PSPACE-complete. The algorithm that runs in
polynomial space is different from the one based on games for a fixed k, which is exponential
in k and thus doubly exponential in the binary representation of k.
Finally, we prove that if an NFA A has a k-lookahead delegator for some k, then it also
has a K-lookahead delegator for a bound K that is singly exponential in the size of A. This
shows the decidability of the problem Bounded-Delegator which was left open in [9] and
in [4]. In combination with the result for Delegator, we also obtain PSPACE-completeness
of this problem.
The remainder of the paper is structured as follows. Section 2 introduces basic terminology
and results for later use. Then, in Sections 3, 4 and 5, we present solutions to the three
problems k-Delegator, Delegator, and Bounded-Delegator, respectively.

2

Preliminaries

Let N = {0, 1, . . .} be the set of non-negative integers. By ∣S∣, we denote the cardinality of a
set S. An alphabet Σ is a finite set of symbols. For i ∈ N, Σi denotes the set of all sequences
of Σ-symbols of length i. An element w ∈ Σi is called a word and ∣w∣ = i is its length. The
empty word, denoted by ε, is the unique word of length ∣ε∣ = 0. Let Σ≤k = ⋃ki=0 Σi for k ∈ N
i
∗
∗
and Σ∗ = ⋃∞
i=0 Σ . A subset L ⊆ Σ is called a language. For languages L1 , L2 ⊆ Σ , let
L1 L2 = {w1 w2 ∣ w1 ∈ L1 ∧ w2 ∈ L2 } be their concatenation.
1

We note here that this corrects an error of [9, Theorem 5], which states that the problem is PSPACE-hard
for arbitrary NFAs. The proof uses a reduction from an inclusion problem of the form L(A) ⊆ L0 for a
fixed language L0 and an NFA A. However, this problem is not PSPACE-hard.
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b
a, b

q2

a
(a) NFA A with accepting states F = {q2 }

w
ε
a
aa
ab
b

(aw)−1 L0
L0 ∪ L1
L0 ∪ L1 ∪ L2
L0 ∪ L1 ∪ L2
L2
L2

w−1 L0
L0
L0 ∪ L1
L0 ∪ L1 ∪ L2
L2
L2

w−1 L1
L1
L2
L0
L2
L2

(b) Left quotients of A (correct choices of the
successor according to Lemma 3 are underlined)

Figure 1 NFA and its left quotients.

Automata. A nondeterministic finite automaton (NFA for short) A = (Q, Σ, ∆, q0 , F )
consists of a finite set of states Q, an alphabet Σ, a transition relation ∆ ⊆ Q × Σ × Q, and an
initial state q0 ∈ Q as well as a set F ⊆ Q of accepting states. For a given input word w ∈ Σ∗ ,
a run starting in q0 is a sequence q0 q1 . . . q∣w∣ of states such that (qi−1 , ai , qi ) ∈ ∆ for each
i ∈ {1, . . . , ∣w∣} where w = a1 . . . a∣w∣ . We say that A accepts w if it has an accepting run from
q0 , i.e., with last state accepting: q∣w∣ ∈ F . The language L(A) ⊆ Σ∗ consists of those words
that are accepted by A.
For the rest of the paper, let A = (Q, Σ, ∆, q0 , F ) be an NFA. We assume that each state
q ∈ Q is reachable from q0 and that each state has at least one outgoing transition for each
letter (missing transitions can be added to a sink state).
Lookahead Delegators. A k-delegator has to choose a transition from ∆ deterministically
by looking ahead on the next k input symbols. It is further required to still accept L(A).
I Definition 1. For k ∈ N, a k-lookahead delegator for A (or k-delegator for short) is a
function f ∶ Q × ΣΣ≤k → Q such that
a) (q, a, f (q, aw)) ∈ ∆ for each q ∈ Q, a ∈ Σ, and w ∈ Σ≤k , and
b) f ∗ (q0 , w) ∈ F for each w ∈ L(A), where we define f ∗ ∶ Q × Σ∗ → Q as follows: for
w = a0 . . . a∣w∣ , let qi = f (qi−1 , ai . . . amin(∣w∣,i+k) ) for 0 < i ≤ ∣w∣, and let f ∗ (q0 , w) = q∣w∣ .
Note that our notion of k-lookahead follows [4, 3] by counting the additional lookahead
whereas in [9], this is understood as (k + 1)-lookahead as they count the current input symbol
as a part of the lookahead. Hence, in the setting of Definition 1, a 0-lookahead delegator
for an NFA can be identified with a deterministic subset of the transitions such that the
same language is accepted. We say that A has a bounded lookahead delegator if it has a
k-lookahead delegator for some k ∈ N.
I Example 2. For the alphabet Σ = {a, b}, consider the NFA A depicted in Figure 1a
which accepts the language L(A) = {aa} ∪ Σ∗{b, aaa}. The only nondeterministic choice of a
transition is at state q0 for symbol a. A function f ∶ Q × ΣΣ≤2 → Q is a 2-delegator for A if
f (q0 , aa) = q1 and f (q0 , aaa) = q0 . For all other cases, it suffices that f is consistent with ∆,
i.e., (q0 , a, f (q0 , aw)) ∈ ∆ for w ∈ Σ≤2 . Example 4 will justify why this yields a 2-delegator.
Left Quotients. For u ∈ Σ∗ and L ⊆ Σ∗ , let u−1 L = {v ∈ Σ∗ ∣ uv ∈ L} be the left quotient of
u with L. This is the language containing each word that completes u to a word in L. Note
that the composition of left quotients can be written as concatenation: v −1 (u−1 L) = (uv)−1 L.
Further, we abbreviate L = L(A) and Lq = L(Aq ) for the language of A where q is taken as
the initial state.
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We now present a technical lemma that occurs as a key ingredient in the proofs and
algorithms of the following three sections. A similar statement can be found in [9, Lemma 7]
using a notion called blindness. It gives a language-theoretical characterization of the main
property a k-delegator has to fulfill when it selects a transition. That is, whenever an
a-successor p has to be chosen for some lookahead w and state q, then (aw)−1 Lq = w−1 Lp ,
i.e., awv ∈ Lq iff wv ∈ Lp for all v ∈ Σ∗ . Note that the inclusion (aw)−1 Lq ⊇ w−1 Lp holds
generally, since (q, a, p) ∈ ∆.
I Lemma 3. A has a k-delegator iff there exists a set Q′ ⊆ Q such that q0 ∈ Q′ and for each
q ∈ Q′ , a ∈ Σ, w ∈ Σk , there exists p ∈ Q′ such that (q, a, p) ∈ ∆ and (aw)−1 Lq = w−1 Lp hold.
Proof. For the direction from left to right, let f be a k-delegator and Q′ be the set of
states reachable by f from q0 with full lookahead, i.e., the smallest set such that q0 ∈ Q′
and f (q, aw) ∈ Q′ for each q ∈ Q′ , a ∈ Σ, and w ∈ Σk . For a contradiction, assume
there are q ∈ Q′ , a ∈ Σ, and w ∈ Σk such that (aw)−1 Lq ≠ w−1 Lp for all p ∈ Q′ with
(q, a, p) ∈ ∆. Since q is reachable from q0 , fix a word u ∈ Σ∗ such that f leads to q and
assume w.l.o.g. that q is the first state on that run with the above property. Let p = f (q, aw).
Then, there is a word v ∈ (aw)−1 Lq ∖ w−1 Lp , i.e., awv ∈ Lq but wv ∉ Lp . Hence, we have
that f ∗ (q0 , uawv) = f ∗ (q, awv) = f ∗ (p, wv) ∉ F whereas uawv ∈ L in contradiction to the
definition of a k-delegator.
For the other direction, we construct a k-delegator f from a set Q′ with the above
properties. For each q ∈ Q, a ∈ Σ, and w ∈ Σ≤k , we set f (q, aw) = p as follows.
a) If ∣w∣ = k and q ∈ Q′ , then p ∈ Q′ becomes some state such that (q, a, p) ∈ ∆ and
(aw)−1 Lq = w−1 Lp as directly guaranteed by the property.
b) If ∣w∣ < k and aw ∈ Lq , then there is an a-successor p ∈ Q of q such that w ∈ Lp .
c) If ∣w∣ < k and aw ∉ Lq , then fix some arbitrary a-successor p ∈ Q of q.
Note that the case ∣w∣ = k and q ∉ Q′ cannot occur due to the above property. It easily follows
by the definition of f ∗ that f ∗ (q0 , v) ∈ F if v ∈ L. Hence, f is a k-delegator for A.
J
I Example 4. Let us reconsider the NFA A of Example 2 from the perspective of Lemma 3.
Since q0 is the initial state, a set Q′ satisfying the property of Lemma 3 must contain q0 .
The only nondeterministic choice happens at q0 with letter a. The two a-successors of q0
are q0 itself and q1 . The left quotients that are relevant for Lemma 3 are listed in Figure 1b
for some example words w, where Li stands for Lqi . For w = ε, one can see that neither the
language w−1 L0 nor w−1 L1 is equivalent to (aw)−1 L0 which indicates, according to Lemma 3,
that there is no 0-delegator for A. The row for w = a shows analogously that there is also
no 1-delegator. When the lookahead is increased to 2, then the condition of Lemma 3 is
finally fulfilled. For w = aa, the left quotients are the same if and only if a delegator chooses
q0 as a-successor of q0 . The remaining two lines show that the choice does not matter for
w ∈ {ab, b}.

3

Fixed Lookahead

In this section, we present for an arbitrary fixed number k ∈ N an algorithm for the problem
k-Delegator, which is to decide the existence of a k-delegator for a given NFA A (and to
compute such a delegator if it exists). The special case 0-Delegator corresponds to deciding
whether the NFA A can be turned into an equivalent DFA just by removing transitions of
the NFA. The polynomial time decidability of this very problem has already been mentioned
in the survey article [2, Theorem 15] without a proof.
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The rough idea behind our approach is to construct a game that simulates the delegation.
The two players play a sequence of actions in alternation. One player has to choose the
letters of an input word while the other has to choose appropriate transitions. The goal of
the player in charge of the transitions is to play an accepting run if a word contained in the
language L(A) is formed by the player in charge of the input.
Before we proceed with the detailed definition of this game, we first introduce some
terminology concerning 2-player games which follows [5].
Games. Formally, a safety game G = (V, V0 , E, S) is played between Player 0 and Player 1,
and consists of
a) a finite directed graph (V, E),
b) a partition of the vertices into sets V0 ⊆ V for Player 0 and V1 = V ∖ V0 for Player 1, and
c) a set S ⊆ V of safe vertices.
A play in G is a finite or infinite sequence v0 v1 v2 . . . of vertices. It starts in some initial
vertex v0 ∈ V and then, for all vi , there has to be an edge (vi , vi+1 ) ∈ E to its successor vi+1
which is chosen by Player 0 if vi ∈ V0 or by Player 1 if vi ∈ V1 . Then, the safety condition
states that the play is won by Player 0 if all vertices are safe: vi ∈ S for all i. Otherwise
Player 1 wins the play. We note here that usually a player that cannot move (because there
are no outgoing edges) loses. For our purpose, the above condition is more natural, that is,
if a maximal play is finite because it ends in a vertex without outgoing edges, then Player 0
wins if all vertices of the play are safe, independent of whether the last vertex is in V0 or in
V1 . One can obtain the standard setting by adding self-loops to terminal vertices of Player 0.
For σ ∈ {0, 1}, let Vσ′ = {v ∈ Vσ ∣ (v, v ′ ) ∈ E for some v ′ ∈ V } be the set of non-terminal
vertices of Player σ. A strategy for Player σ is a function s ∶ V ∗ Vσ′ → V that chooses a
successor vertex vi+1 = s(v0 . . . vi ) with (vi , vi+1 ) ∈ E for each finite play v0 . . . vi ∈ V ∗ Vσ′
ending in a non-terminal vertex vi of Player σ. We say that s is winning from a vertex
v0 if Player σ wins every maximal play v0 v1 v2 . . . resulting from this strategy, i.e., with
vi+1 = s(v0 . . . vi ) for every vi ∈ Vσ′ . Finally, we say that Player σ can win G from a vertex v0
if he has a winning strategy from there.
Safety games are determined, i.e., either Player 0 or Player 1 has a winning strategy
(see [5]). Further, the respective Player σ can always win with a positional strategy s,
which means that the choice of the next move only depends on the current vertex, i.e.,
s(v0 . . . vi ) = s(u0 . . . uj ) holds for any two finite plays v0 . . . vi , u0 . . . uj ∈ V ∗ Vσ′ with vi = uj .
We then consider a strategy as a function s ∶ Vσ′ → V .
Delegation Game. Now, we can define our game GA,k according to the main idea explained
at the beginning of this section, where Player 1 has to give the input word and Player 0
has to choose transitions. The positions of the game store the corresponding information: a
lookahead of k letters (or less if the play goes towards the end of the input word) provided
by Player 1, and the current state of A reached by Player 0. The goal of this construction is
to show later in Lemma 7 that A has a k-delegator if and only if Player 0 has a winning
strategy. Since this strategy will occur to be positional, we can directly use it as a function
that deterministically chooses transitions, i.e., as a delegator.
The main challenge is now to create a safety game the number of states of which is
polynomial in the number of automaton states. The winning condition should express that
the state of Player 0 is accepting if the input word played by Player 1 is in the language,
which depends not on the current position alone but on the whole play instead. Naïvely, one
can implement this as a safety condition by additionally keeping track of the set of reachable
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states by the input played by Player 1. However, this leads to a blowup that is exponential
in the size of the automaton.
To solve this problem, we modify our game in such a way that Player 1 also has to
choose a transition for each input, but after Player 0 has chosen one. We show that, since
Player 0 has to make the choice of the transition first, the additional information on the
transition chosen by Player 1 does not help Player 0 (because basically, Player 0 has to choose
a transition according to Lemma 3, which only depends on the current state of Player 0).
This means that in this modified game, a winning strategy for Player 0 still corresponds to a
k-delegator.
To summarize, the game GA,k goes as follows. First, Player 1 gives the initial content of
the lookahead. Then, both players play in alternation. Player 0 chooses a transition for the
next input letter. Afterwards, Player 1 also chooses a transition for it and simultaneously
removes this input symbol (as both players have just processed it) and appends a new
letter to the content of the lookahead, or he does not refill it if the input word should end.
Consequently, a game position encodes the content of the lookahead as well as one state for
each player. The safety condition for Player 0 now simply states that such vertices have to
be avoided, where the state of Player 1 is accepting and the state of Player 0 is non-accepting
although the lookahead is empty.
I Definition 5. Given an NFA A and k ∈ N, we define the two player safety game GA,k =
(V, V0 , E, S) as follows:
a) V = {⊺} ∪ ({0, 1} × Σ≤k+1 × Q × Q),

(initial vertex and simulation vertices)

≤k+1

b) V0 = ({0} × Σ
× Q × Q),
c) E ⊆ V × V containing the following edges:
i) (⊺, (0, w, q0 , q0 )) for w ∈ Σ≤k+1 ,

(initiate buffer)

ii) ((0, aw, q, p), (1, aw, q ′ , p)) for (q, a, q ′ ) ∈ ∆ and w ∈ Σ≤k ,
(Player 0 applying transition)
iii) ((1, aw, q ′ , p), (0, wb, q ′ , p′ )) for (p, a, p′ ) ∈ ∆, w ∈ Σk , and a, b ∈ Σ,
(Player 1 applying transition, removing leftmost symbol, and refilling lookahead)
iv) ((1, aw, q ′ , p), (0, w, q ′ , p′ )) for (p, a, p′ ) ∈ ∆, w ∈ Σ≤k , and a ∈ Σ,
(Player 1 applying transition and removing leftmost symbol without refilling)
d) S = V ∖ {(0, ε, q, p) ∣ q ∉ F ∧ p ∈ F }.

(Player 0 has to avoid F × F )

The number of vertices of GA,k is in O((k + 1)⋅ ∣Σ∣k+1 ⋅ ∣Q∣2 ) which is polynomial in ∣Q∣
and ∣Σ∣ for a fixed k. It is easy to see that the game can be constructed in time polynomial
in the number of vertices.
I Example 6. Let us reconsider the NFA A of Example 2. A part of the 1-delegator game
GA,1 , that is reachable from the initial vertex ⊺, is depicted in Figure 2, in such a way that
for Player 1, only one edge is enabled from each vertex whereas for Player 0, all successors are
considered. This deterministic choice corresponds to a positional strategy for Player 1. The
strategy always forces the play to an unsafe vertex no matter how Player 0 reacts. Hence,
it is a positional winning strategy for Player 1 in GA,1 from ⊺. We show next that this is
because there exists no 1-delegator for A (cf. Example 4).
I Lemma 7. Player 0 has a positional winning strategy for GA,k from ⊺ iff A has a klookahead delegator.
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⊺
0, . . . , q0 , q0

0, aa, q0 , q0

1, aa, q0 , q0
0, . . . , q0 , ⋅

0, a, q0 , q1

0, . . . , q0 , q0
1, aa, q1 , q0

0, . . . , q0 , ⋅

1, a, q0 , q1

1, a, q1 , q1

0, ε, q0 , q2

0, ε, q1 , q2

0, . . . , q1 , ⋅

0, aa, q1 , q0

0, . . . , q1 , ⋅

1, aa, q2 , q0
0, . . . , q2 , ⋅

0, a, q2 , q1

0, . . . , q2 , ⋅

1, a, q0 , q1
Figure 2 The (partial) 1-delegator game GA,1 showing a positional winning strategy for Player 1
(circled vertices belong to Player 0, boxed ones to Player 1, and doubly circled vertices are unsafe).

Proof. The key observation is that for (a strategy of) Player 0, it is not important to known
which states Player 1 chooses since Lemma 3 states that left quotients are important rather
than exact states. As long as the property is fulfilled locally, Player 1 can dually be assumed
w.l.o.g. to just copy the choices of his opponent.
For the left to right direction, suppose Player 0 has a positional winning strategy s. We
show the existence of a k-delegator for A by proving that the condition from Lemma 3 is
satisfied. For this purpose, let Q′ be the set consisting of all states q ∈ Q such that a vertex
of the form (0, aw, q, q), with a ∈ Σ and w ∈ Σk , can be reached with s for some sequence
of moves of Player 1. Since trivially q0 ∈ Q′ , it remains to show that for each such vertex,
there is a successor (1, aw, p, q) with (aw)−1 Lq = w−1 Lp . Assume, to the contrary, that
(aw)−1 Lq ≠ w−1 Lp for each p ∈ Q with (q, a, p) ∈ ∆. Then, no matter which p is chosen by
Player 0, there is a word v ∈ (aw)−1 Lq ∖ w−1 Lp , i.e., awv ∈ Lq but wv ∉ Lp . Player 1 can win
from (1, aw, p, q) by continuing to play the word v since there is a sequence of states that
accepts awv from q but none that accepts wv from p. This contradicts the property that s
is a winning strategy for Player 0.
For the other direction, suppose A has a k-delegator f . We can naturally use it to define a
positional winning strategy s ∶ V0′ → V for Player 0 where s(0, aw, q, p) = (1, aw, f (q, aw), p).
One can easily see by the construction of GA,k and s that q = f ∗ (q0 , x) holds whenever
a terminal vertex (0, ε, q, p) is reached after Player 1 has played a complete word x ∈ Σ∗ .
Player 0 wins because p ∈ F implies x ∈ L and hence, q ∈ F .
J
By combining Lemma 7 with the linear-time determinacy of safety games (see [5, Theorem 4.1]), we get the main result of this section. Linear-time determinacy means that for
the winning player, there exists a positional winning strategy which can be computed in
linear time (using a fixed-point algorithm that successively identifies the vertices from which
Player 0 is losing, starting with the set of unsafe vertices).
Consequently, the existence of a k-lookahead delegator for A can be decided in time
O((k + 1)⋅ ∣Σ∣k+1 ⋅ ∣Q∣2 ) for a given NFA A = (Q, Σ, ∆, q0 , F ) and a positive number k. This
yields polynomial running time for a fixed k that we consider in this section.
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I Corollary 8. For each k ∈ N, the problem k-Delegator can be solved in polynomial time.
This generalizes [9, Theorem 2] where polynomial time decidability of k-Delegator for
each fixed k is shown for unambiguous NFA.
As explained in Section 1, we consider the input to be a single NFA whereas in the
original motivation, the input consists of several DFAs. It is shown in [7] that the problem
0-Delegator is EXPTIME-complete in the original setting. This is caused by the fact that
the construction of a product of the DFAs yields an NFA that is exponentially larger.

4

Given Lookahead

We now consider the complexity of the problem Delegator, where an NFA and a bound k
are given. Note that for deciding whether A has a k-lookahead delegator, the game-based
approach from the previous section yields an algorithm that runs in time that is doubly
exponential in the binary representation of k. However, using a different algorithm, we can
show that the problem can be solved in polynomial space. The idea of the algorithm is to
check whether the property of Lemma 3 holds. The main problem in checking this condition
in polynomial space is that we cannot enumerate all words w ∈ Σk because their length is
exponential in the binary representation of k.
We therefore first introduce transition profiles, which can be used to circumvent this
problem. Intuitively, a transition profile of a word w for a given NFA A describes the possible
state transformations induced by w on A, that is, the transition profile for w contains all
pairs of states (p, q) such that there is a w-labeled path from p to q.
I Definition 9. For an NFA A and a word w ∈ Σ∗ , we define the transition profile ∆w ⊆ Q2 :
(q, q) ∈ ∆ε

for each q ∈ Q,

(q, p) ∈ ∆a ⇔ (q, a, p) ∈ ∆

for each q, p ∈ Q, a ∈ Σ,

(q, p) ∈ ∆wa ⇔ ∃r ∈ Q ∶ (q, r) ∈ ∆w and (r, p) ∈ ∆a

for each q, p ∈ Q, a ∈ Σ, w ∈ Σ∗ .

The main idea for checking the condition of Lemma 3 in polynomial space is to use
transition profiles that are induced by words of length k, instead of working directly with
the words. This is justified by the simple observation that words with the same profile also
have the same left quotient.
I Lemma 10. Let x, y ∈ Σ∗ be such that ∆x = ∆y . Then, x−1 Lq = y −1 Lq for all q ∈ Q.
Proof. A trivial consequence of Definition 9 is that ∆xw = ∆yw for all w ∈ Σ∗ . Then,
w ∈ x−1 Lq ⇔ xw ∈ Lq ⇔ ∃p ∈ F ∶ (q, p) ∈ ∆xw
⇔ ∃p ∈ F ∶ (q, p) ∈ ∆yw ⇔ yw ∈ Lq ⇔ w ∈ y −1 Lq .

J

I Theorem 11. The problem Delegator is in PSPACE.
Proof. Let an NFA A (with the usual components) and k be given. We show that for each
Q′ ⊆ Q, there is a nondeterministic PSPACE algorithm that checks whether the property of
Lemma 3 is satisfied. Savitch’s theorem (see [8, Theorem 7.5]) implies that there is also a
deterministic PSPACE algorithm.
So let Q′ ⊆ Q with q0 ∈ Q. The algorithm tests for each q and each a, whether for each
word w ∈ Σk there is an a-successor p of q such that (aw)−1 Lq = w−1 Lp . As mentioned above,
we cannot enumerate all words w ∈ Σk because their length is exponential in the binary
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representation of k. Instead, we work with the transition profiles induced by the words w.
Each such transition profile is of size polynomial in A and contains sufficient information
to test (aw)−1 Lq = w−1 Lp . Lemma 10 allows us to restrict the test to transition profiles, as
words with the same transition profile induce the same left quotient.
We now describe the algorithm. Given Q′ , q ∈ Q′ , and a ∈ Σ, the algorithm proceeds as
follows. For each transition profile τ ∈ 2Q×Q :
a) Check if τ = ∆w for some word w of length k. If it is the case, do the following. Otherwise,
move on to the next transition profile.
b) Let p1 , . . . , pn be the a-successors of q in Q′ . For i ∈ {1, . . . , n}, let Ri = {p ∈ Q ∣ (pi , p) ∈ τ }
be the set of states that are reached from pi in the profile τ . Let R = ⋃1≤i≤n Ri . Note
that LRi = w−1 Lpi and LR = (aw)−1 Lq , where for S ⊆ Q, we let LS = ⋃s∈S Ls .
c) Check if there is an index i ∈ {1, . . . , n} such that LR = LRi .
If the last test fails (meaning that there is no such index i), then Q′ does not satisfy the
property of Lemma 3. If the test passes for all q, all a, and all the relevant transition profiles
(those passing the first test), then Q′ has the desired property and thus, A has a k-lookahead
delegator.
It remains to verify that the steps of the algorithm can be carried out in polynomial space.
The first test uses the idea of checking reachability in a directed graph in logarithmic space.
In our setting, we use a counter for counting up to k (note that the number of bits needed
for the counter corresponds to the size of the binary representation of k), and successively
guess k steps to reach the transition profile τ . That is, we start with the transition profile
∆ε of the empty word. In each step, we guess a letter b ∈ Σ and extend the current transition
profile ∆v to ∆vb . After k steps, we check whether the resulting profile ∆w is equal to τ .
At each moment, we only need to store the counter and the intermediate transition profile,
which requires polynomial space.
The second step just computes (in LOGSPACE) some sets from the transition profile τ .
The third step requires us to test n equivalences LR = LRi , where the languages are given
by NFAs with the sets R and Ri as initial states, respectively. Since equivalence of NFAs
can be tested in polynomial space (see [1]), this step is also in PSPACE.
J
I Theorem 12. The problem Delegator is PSPACE-complete.
Proof. The upper bound follows from Theorem 11.
For the lower bound, let M be some polynomially space bounded Turing machine that
solves a PSPACE-hard problem. We show that the word problem for M can be reduced to
the problem of the existence of a bounded lookahead delegator. The word problem for M is
to decide for a given word whether M accepts w, which is clearly PSPACE-hard because M
solves a PSPACE-hard problem.
Let h be the polynomial for the space bound of M . Given a word w, we construct an
NFA A that has a (2h(n) + 2)-lookahead delegator iff M rejects w, where n = ∣w∣.
As usual, we encode configurations of M by words of the form κ = usv, where uv is the
content of the tape of M , and s the current control state. The head of M in configuration
usv is on the first position of v. We can assume that ∣uv∣ = h(n). A computation of M is
then encoded by a word of the form #κ0 #κ1 # . . . κ` #, where κ0 is the initial configuration of
M on w, each κi+1 is the successor configuration of κi , and κ` is an accepting configuration.
The core of the reduction is an NFA Aw that accepts a word if it does not encode an
accepting computation of M on w (see [1, Lemma 10.2] for such a construction for regular
expressions instead of NFAs). For this purpose, Aw uses a product of automata testing the
following properties:
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a) The word is not of the required form #κ0 #κ1 # . . . κ` # where each κi is of the form
ui si vi with ∣ui vi ∣ = h(n).
b) The first configuration is not the initial configuration of M on w.
c) The last configuration is not an accepting configuration.
d) There is an i such that κi+1 is not the M -successor configuration of κi .
The first three properties can be easily checked by DFAs of size linear in h(n). The last
property can be checked by an NFA that guesses at some symbol # that this corresponds to
the index i, and then guesses a position j in κi and tests whether κi+1 has been updated in a
wrong way at position j (to detect this, the three symbols at positions j − 1, j, and j + 1 are
sufficient). The size of such an NFA is also linear in h(n) (it needs to count up to h(n) for
finding the corresponding cell j in κi+1 ). All the automata can be constructed in logarithmic
space from M and w. The automaton Aw is the product of these four automata that accepts
if one of its components accepts. Note that Aw has a (2h(n)+2)-lookahead delegator because
it is sufficient to know the next two configurations to decide which transition to take in the
NFA for the last property.
Further, note that Aw accepts all words if there is no accepting computation of M on w.
And if there is such an accepting computation, then Aw does not accept the word encoding
this computation.
We now embed Aw into an NFA A to obtain the desired reduction. Let Σ be the alphabet
of Aw , and let X, Y, Z be new letters. Define the languages
L1 ∶= X ∗ ⋅ L(Aw ) ⋅ {Y, Z} and L2 ∶= X ∗ ⋅ Σ∗ ⋅ {Y }.
Note that L2 ⊆ L1 iff L(Aw ) = Σ∗ iff M rejects w.
We construct A to accept the language X ⋅ (L1 ∪ L2 ). For this purpose, A nondeterministically chooses from its initial state on the first X to either go to an automaton A1 for L1 or
to an automaton A2 for L2 . The automaton A1 is a simple extension of Aw by an X-loop at
the beginning and transitions for processing the last Y or Z. The automaton A2 just consists
of an X-loop, followed by a Σ-loop, followed by a transition for Y into an accepting state.
Now assume that M rejects w. Then, L2 ⊆ L1 , as noted above, and a lookahead delegator
for A can always choose the transition going to A1 from the initial state. We already noted
that Aw has a (2h(n) + 2)-lookahead delegator. Overall, we obtain a (2h(n) + 2)-lookahead
delegator for A in this case.
Now assume that M accepts w and that A has a k-lookahead delegator f for some k.
Consider the decision of f on the lookahead word X k . If f moves to A1 , then pick the word
v encoding the accepting computation of M on w, followed by the letter Y . A1 does not
accept this word and therefore, f cannot be a k-lookahead delegator because X k vY ∈ L.
If f moves to A2 , then consider any word v accepted by Aw followed by Z. Then,
X k vZ ∈ L1 but A2 only accepts words ending with Y . Hence, also in this case, f cannot be
a k-lookahead delegator.
This shows that A has a k-lookahead delegator for some k iff M rejects w. Furthermore, k
can be chosen as 2h(n) + 2.
J
We note that in [9, Theorem 3], it is shown that the problem Delegator for unambiguous
NFA is contained in co-NP.

5

Bounded Lookahead

We now turn to the problem of deciding, given an NFA A, whether there exists a k such
that A has a k-delegator, that is, we consider the problem Bounded-Delegator. We show
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that if A has some k-delegator, then A also has some K-delegator for a number K that is
singly exponential in the size of A. In the combination with the results from Section 4, we
then obtain that Bounded-Delegator is PSPACE-complete, too.
The proof showing that there is this bound K uses a technique inspired by [6], where two
player games with lookahead for one of the players are considered. In our setting, the main
idea is the following. If the lookahead K is big enough, then each word that can occur as
lookahead contains an infix that can be pumped such that the considered lookahead word
can be extended to a word of length k (with k and K as explained above where we assume
w.l.o.g. k > K). On this longer lookahead word of length k, one can query the existing
delegator and use the same decision for a delegator with the smaller lookahead K.
The required pumping argument that we just mentioned is formalized by an extension of
Lemma 10 where we use transition profiles (cf. Definition 9) again.
I Lemma 13. Let x, y, z ∈ Σ∗ be such that ∆x = ∆xy . Then, (xyz)−1 Lq = (xy i z)−1 Lq for
all q ∈ Q and i ∈ N.
Proof. An easy induction shows that ∆xy = ∆xyi for all i ∈ N. Consequently, ∆xyz = ∆xyi z
holds and the claim follows directly by Lemma 10.
J
Using a simple counting argument, we can show that each word of a certain length has a
decomposition xyz as in Lemma 13.
I Lemma 14. For the bound K = 2∣Q∣ , each word w ∈ ΣK can be decomposed as w = xyz
with y ≠ ε and ∆x = ∆xy .
2

Proof. A word of length 2∣Q∣ has 2∣Q∣ + 1 prefixes. Two different prefixes must have the
2
same transition profile since there are at most 2∣Q∣ transition profiles. This implies the
existence of the claimed decomposition.
J
2

2

We now combine Lemma 13 and Lemma 14 to prove that the bound K = 2∣Q∣ is the
maximal “useful” lookahead.
2

I Theorem 15. A has a K-lookahead delegator if it has a bounded lookahead delegator.
Proof. Let f be a k-delegator for A where k > K w.l.o.g. We show that the property on
the right hand side of Lemma 3, which holds for k by assumption, also holds for K for the
same set Q′ ⊆ Q. To this end, we have to show that for every q ∈ Q′ , a ∈ Σ, and w ∈ ΣK ,
there is some p ∈ Q′ with (q, a, p) ∈ ∆ and (aw)−1 Lq = w−1 Lp . We know that there is a
decomposition w = xyz with y ≠ ε and ∆x = ∆xy . Choose i ∈ N and a proper prefix y ′ of
y such that ∣xy i y ′ ∣ = k. Let y ′′ be such that y = y ′ y ′′ . Finally, we pick some p ∈ Q′ with
(q, a, p) ∈ ∆ such that (axy i y ′ )−1 Lq = (xy i y ′ )−1 Lp the existence of which is guaranteed by
Lemma 3 for k-lookahead. With Lemma 13, we can now show that the desired property
holds for K-lookahead:
(axyz)−1 Lq = (axy i+1 z)−1 Lq
i ′ ′′

(Lemma 13)

= (axy y y z) Lq

(y = y ′ y ′′ )

= (y ′′ z)−1 ((axy i y ′ )−1 Lq )

(composition of left quotients)

′′

−1

−1

i ′ −1

= (y z) ((xy y ) Lp )
i ′ ′′

−1

= (xy y y z) Lp
= (xy

i+1

−1

z) Lp

= (xyz)−1 Lp

(Lemma 3 for k-lookahead)
(composition of left quotients)
(y = y ′ y ′′ )
(Lemma 13)

J
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Since the bound K is singly exponential in the number of states of A and therefore has a
binary representation that is polynomial in the size of A, Theorem 11 implies that BoundedDelegator also is in PSPACE. Furthermore, our reduction showing that Delegator
is PSPACE-hard also shows that Bounded-Delegator is PSPACE-hard (see proof of
Theorem 12).
I Corollary 16. The problem Bounded-Delegator is PSPACE-complete.
In [9, Theorem 4], it is shown that Bounded-Delegator is in PSPACE for unambiguous
NFA. This result is generalized by Corollary 16. However, the NFA constructed in the proof
of Theorem 12 for the PSPACE lower bound is ambiguous, in general, and therefore, our
completeness result does not extend to unambiguous automata.

6

Conclusion

We have shown that the existence of a k-lookahead delegator for an NFA A can be decided
in O((k + 1)⋅ ∣Σ∣k+1 ⋅ ∣Q∣2 ), where Σ is the input alphabet, and Q the state set of the given
NFA. In particular, for a fixed k, the problem can be solved in polynomial time. We have
furthermore shown that the problem becomes PSPACE-complete if the bound is either a
part of the input or no bound is given. This gives a complete picture for the complexities of
the decision problems for lookahead delegators for NFA.
As further research, we would like to analyze whether our techniques can be extended to
decide the existence of lookahead delegators for some classes of infinite state automata (like
counter or pushdown automata), as it has been considered in [3].
Acknowledgements. With thanks to the anonymous reviewers for their detailed feedback.
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Abstract
Let G = (A ∪ B, E) be a bipartite graph, where every vertex ranks its neighbors in an order of
preference (with ties allowed) and let r be the worst rank used. A matching M is fair in G if it
has maximum cardinality, subject to this, M matches the minimum number of vertices to rank r
neighbors, subject to that, M matches the minimum number of vertices to rank (r − 1) neighbors,
and so on. We show an efficient combinatorial algorithm based on LP duality to compute a fair
matching in G. We also show a scaling based algorithm for the fair b-matching problem.
Our two algorithms can be extended to solve other profile-based matching problems. In
designing our combinatorial algorithm, we show how to solve a generalized version of the minimum weighted vertex cover problem in bipartite graphs, using a single-source shortest paths
computation—this can be of independent interest.
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1

Introduction

Let G = (A ∪ B, E) be a bipartite graph on n vertices and m edges, where each u ∈ A ∪ B
has a list ranking its neighbors in an order of preference (ties are allowed). Such an instance
is usually referred to a stable marriage instance with incomplete lists and ties. A matching is
a collection of edges, no two of which share an endpoint.
The focus in stable marriage problems is to find matchings that are stable [6]. However,
there are many applications where stability is not a proper objective: for instance, in matching
students with counselors or applicants with training posts, we cannot compromise on the
size of the matching and a fair matching is a natural candidate for an optimal matching in
such problems.
I Definition 1. A matching M is fair in G = (A ∪ B, E) if M has maximum cardinality,
subject to this, M matches the minimum number of vertices to rank r neighbors, and subject
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to that, M matches the minimum number of vertices to rank (r − 1) neighbors, and so on,
where r is the worst rank used in the preference lists of vertices.
The fair matching problem can be solved in polynomial time as follows: for an edge
e with incident ranks i and j, let w(e) = ni−1 + nj−1 . It is easy to see that a maximum
cardinality matching of minimum weight (under weight function w) is a fair matching in G.
Such a matching can be computed via the maximum weight matching algorithm by resetting
e’s weight to 4nr − ni−1 − nj−1 , where r is the largest rank used in any preference list.
However this approach can be expensive even if we use the fastest maximum-weight
√
bipartite matching algorithms [1, 3, 4, 5]. The running time will be O(rmn) or Õ(r2 m n).
Note that these complexities follow from the customary assumption that an arithmetic
operation takes O(r) time on weights of the order nr . We present two different techniques to
efficiently compute fair matchings and a generalization called fair b-matchings.
A combinatorial technique. Our first technique is an iterative combinatorial algorithm for
√
the fair matching problem. The running time of this algorithm is Õ(r∗ m n) or Õ(r∗ nω )
with high probability, where r∗ is the largest rank used in a fair matching and ω ≈ 2.37
is the exponent of matrix multiplication. This algorithm is based on linear programming
duality and in iteration i, we solve the following “dual problem” – dual to a variant of the
maximum weight matching problem.
Generalized minimum weighted vertex cover problem. Let Gi = (A ∪ B, Ei ) be a
bipartite graph with edge weights given by wi : Ei → {0, 1, . . . , c}. Let Ki−1 ⊆ A ∪ B
satisfy the property that there is a matching in G that matches all v ∈ Ki−1 . Find a
P
cover {yui }u∈A∪B so that u∈A∪B yui is minimized subject to (1) for each e = (a, b)
in Ei , we have yai + ybi ≥ wi (e), and (2) yui ≥ 0 if u 6∈ Ki−1 .
When Ki−1 = ∅, the above problem reduces to the standard weighted vertex cover
problem. We show that the generalized minimum weighted vertex cover problem, where yvi
for v ∈ Ki−1 can be negative, can be solved via a single-source shortest paths subroutine in
directed graphs, by a non-trivial extension of a technique of Iri [13].
A scaling technique. Our second technique uses scaling in order to solve the fair matching
problem, by the aforementioned reduction to computing a maximum weight matching using
exponentially large edge weights. It starts by solving the problem when each edge weight is
0 and then iteratively solves the problem for better and better approximations of the edge
weights. This technique is applicable in the more generalized problem of computing fair
b-matchings, where each vertex has a capacity associated with it. We solve the fair b-matching
problem, in time Õ(rmn) and space O(m), by solving the capacitated transshipment problem,
while carefully maintaining “reduced costs” whose values are within polynomial bounds.
Brute-force application of the fastest known minimum-cost flow algorithms would suffer from
the additional cost of arithmetic and an O(rm) space requirement. For instance, using [9]
would result in Õ(r2 mn) running time and O(rm) space.

1.1

Background

Fair matchings are a special case of the profiled-based matching problems. Fair matchings
have not received much attention in the literature so far. Except the two preprints [11, 17]
on which this work is based, the only work dealing with fair matchings is the Ph.D. thesis of
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Sng [23], which has an algorithm to find a fair b-matching1 in O(rQ min{m log n, n2 }) time,
P
where Q = v∈V q(v) and q(v) is the capacity of vertex v.
The first profiled-based matching problem was introduced by Irving [14] and is called the
“rank-maximal matching” problem.2 This problem has been well-studied [15, 16, 18, 20].
I Definition 2. A matching M in G = (A ∪ B, E) is rank-maximal if M matches the
maximum number of vertices to rank 1 neighbors, subject to this constraint, M matches the
maximum number of vertices to rank 2 neighbors, subject to the above two constraints, M
matches the maximum number of vertices to rank 3 neighbors, and so on.
However the rank-maximal matching problem has been studied so far in a more restricted
model called the the one-sided preference lists model. In this model, only vertices of A have
preferences over neighbors while vertices in B have no preferences. Note that a problem
in the one-sided preference lists model can also be modeled as a problem with two-sided
preference lists by making every b ∈ B assign rank r to every edge incident on it, where r is
the worst rank in the preference lists of vertices in A.
The current fastest algorithm to compute a rank-maximal matching in the one-sided
√
preference lists model takes time O(min{r∗ m n, mn, r∗ nω }) [15], where r∗ is the largest
rank used in a rank-maximal matching. In the one-sided preference lists setting, each edge
has a unique rank associated with it, thus the edge set E is partitioned into E1 ∪˙ E2 ∪˙ · · · ∪˙ Er
– this partition enables the problem of computing a rank-maximal matching to be reduced to
computing r∗ maximum cardinality matchings in certain subgraphs of G.
Our fair matching algorithm can be easily modified to compute a rank-maximal matching in the two-sided preference lists model. Thus the latter problem can be solved in
√
time Õ(r∗ m n) or Õ(r∗ nω ) with high probability, which almost matches its running time
for the one-sided case. Another problem that our algorithm can solve is the “maximum
cardinality” rank-maximal matching problem. A matching M is a maximum cardinality
rank-maximal matching if M has maximum cardinality, and within the set of maximum
cardinality matchings, M is rank-maximal.
Organization of the paper. Section 2.1 contains our algorithm for the generalized bipartite
vertex cover problem, Section 2.2 has our algorithm for fair matchings. Section 3 has our
scaling algorithm. The omitted details can be found in the full version of the paper.

2

Our Combinatorial Technique for fair matchings

Recall that our input here is G = (A ∪ B, E) and r is the worst or largest rank used in any
preference list. The notion of signature will be useful to us in designing our algorithm. We
first define edge weight functions wi , for 1 ≤ i ≤ r − 1. The value wi (e), where e = (a, b), is
defined as follows:



2 if both a and b rank each other as rank ≤ r − i neighbors
wi (e) = 1 if exactly one of {a, b} ranks the other as a rank ≤ r − i neighbor


0 otherwise
I Definition 3. For any matching M in G, let signature(M ) be (|M |, w1 (M ), . . . , wr−1 (M )),
P
where wi (M ) = e∈M wi (e), for 1 ≤ i ≤ r − 1.
1
2

Sng used the term “generous maximum matching”.
Irving originally called it the “greedy matching” problem.
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Thus signature(M ) is an r-tuple, where the first coordinate is the size of M , the second
coordinate is the number of vertices that get matched to neighbors ranked r − 1 or better,
and so on. Let OPT denote a fair matching. Then signature(OPT)  signature(M ) for any
matching M in G, where  is the lexicographic order on signatures.
Let us introduce the constant function w0 : E → {1} so that the first coordinate of
P
signature(M ) is also captured via an edge weight function. Thus |M | = w0 (M ) = e∈M w0 (e).
For any matching M and 0 ≤ j ≤ r − 1, let signaturej (M ) = (w0 (M ), . . . , wj (M )) denote
the (j + 1)-tuple obtained by truncating signature(M ) to its first j + 1 coordinates.
I Definition 4. A matching M is (j + 1)-optimal if signaturej (M ) = signaturej (OPT).
Our algorithm runs for r∗ iterations, where r∗ ≤ r is the largest index i such that
wi−1 (OPT) > 0. For any j ≥ 0, in the (j + 1)-st iteration, our algorithm solves the minimum
weighted vertex cover problem in a subgraph Gj . This involves computing a maximum
wj -weight matching Mj in the graph Gj under the constraint that all vertices of a critical
subset Kj−1 ⊆ A ∪ B have to be matched. In the first iteration which corresponds to j = 0,
we have G0 = G and K−1 = ∅.
The problem of computing Mj will be referred to as the primal program of the (j + 1)-st
iteration and the minimum weighted vertex cover problem becomes its dual. We will show Mj
to be (j + 1)-optimal. The problem of computing Mj can be expressed as a linear program
(rather than an integer program) as the constraint matrix is totally unimodular and hence
the corresponding polytope is integral. This linear program and its dual are given below.
(Let δ(v) be the set of edges incident on vertex v.)
max

X

wj (e)xje

min

e∈E

X

yvj

v∈V

xje ≤ 1

∀v ∈ A ∪ B

xje = 1

∀v ∈ Kj−1

e∈δ(v)

X

X

yvj ≥ 0

e∈δ(v)

xje

≥0

yaj + ybj ≥ wj (e)

∀e = (a, b) in Gj
∀v ∈ (A ∪ B) \ Kj−1 .

∀e in Gj .

I Proposition 1. Mj and y j are the optimal solutions to the primal and dual programs
respectively, iff the following hold:
1. if u is unmatched in Mj (thus u has to be outside Kj−1 ), then yuj = 0;
2. if e = (u, v) ∈ Mj , then yuj + yvj = wj (e).
Proposition 1 follows from the complementary slackness conditions in the linear programming duality theorem. This suggests the following strategy once the primal and dual optimal
solutions Mj and y j are found in the (j + 1)-st iteration.
to prune “irrelevant” edges: if e = (u, v) and yuj + yvj > wj (e), then no optimal solution
to the primal program of the (j + 1)-st iteration can contain e. So we prune such edges
from Gj and let Gj+1 denote the resulting graph. The graph Gj+1 will be used in the
next iteration.
to grow the critical set Kj−1 : if yuj > 0 and u 6∈ Kj−1 , then u has to be matched in every
optimal solution of the primal program of the (j + 1)-st iteration. Hence u should be
added to the critical set. Adding such vertices u to Kj−1 yields the critical set Kj for
the next iteration.
Below we first show how to solve the dual problem and then give the main algorithm.
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Figure 1 The bold edges are edges of Mj and are directed from B to A0 while the edges of
Ej \ Mj are directed from A0 to B.

2.1

Solving the dual problem

For any 0 ≤ j ≤ r − 1, let Gj = (A ∪ B, Ej ) be the subgraph that we work with in the
(j + 1)-st iteration and let Kj−1 ⊆ A ∪ B be the critical set of vertices in this iteration. Recall
that for each e ∈ Ej , we have wj (e) ∈ {0, 1, 2}. We now show how to solve the dual problem
efficiently for a more general edge weight function, i.e., wj (e) ∈ {0, 1, . . . , c} for each e ∈ Ej .
Let Mj be the optimal solution of the primal program (we discuss how to compute it at
the end of this section). We know that Mj matches all vertices in Kj−1 . We now describe
our algorithm to solve the dual program using Mj . Our idea is built upon that of Iri [13],
who solved the special case of Kj−1 = ∅. Recall that if a vertex v is not matched in Mj ,
then v 6∈ Kj−1 .
Add a new vertex z to A and let A0 = A ∪ {z}. Add an edge of weight 0 from z to
each vertex in B \ Kj−1 . For convenience, we call the edges from z to these vertices
“virtual” edges. The matching Mj still remains an optimal feasible solution after this
transformation. [Note that there are only O(n) virtual edges.]
Next direct all edges e ∈ Ej \ Mj from A0 to B and set the edge weight d(e) = −wj (e);
also direct all edges in Mj from B to A0 and let the edge weight d(e) = wj (e).
Create a source vertex s and add a directed edge of weight 0 from s to each unmatched
vertex in A0 . See Figure 1.
Let R denote the set of all vertices in A0 ∪ B that are reachable from s. In Figure 1,
R = {z, a3 , b1 , b2 }.
I Lemma 5. By the above transformation,
1. B \ Kj−1 ⊆ R.
2. There is no edge between A0 ∩ R and B \ R.
3. Mj projects on to a perfect matching between A0 \ R and B \ R.
Proof. Part (1) holds because there is a directed edge from s to z and directed edges from z
to every vertex in B \ Kj−1 . To show part (2), it is trivial to see that there can be no edge
from A0 ∩ R to B \ R (by the definition of B \ R). If there is an edge (b, a) from B \ R to
A0 ∩ R, then this has to be an edge in Mj and hence it is a’s only incoming edge. So for a
to be reachable from s, it has to be the case that b is reachable from s, contradicting that
b ∈ B \ R.
For part (3), observe that if b ∈ B \ R is unmatched in Mj , then b 6∈ Kj−1 and such a
vertex can be reached via z, contradicting the assumption that b ∈ B \ R. If a ∈ A0 \ R is
unmatched in Mj , then such a vertex can be reached from s, contradicting the assumption
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A0

B

A0 ∩ R

B∩R

A0 \ R

B\R

Figure 2 The set A0 ∪ B in the graph Hj is split into two parts: (A0 ∪ B) ∩ R and (A0 ∪ B) \ R.

that a ∈ A0 \ R. So all vertices in (A0 ∪ B) \ R are matched in Mj . By (2), a vertex b ∈ B \ R
cannot be matched to vertices in A0 ∩ R. If a vertex a ∈ A0 \ R is matched to a vertex B in
R, then a is also in R, a contradiction. This proves part (3).
J
Note that there may exist some edges in Ej \ Mj that are directed from A0 \ R to B ∩ R.
Furthermore, some vertices of A \ Kj−1 can be contained in A \ R. Delete all edges from
A0 \ R to B ∩ R from Gj ; let Hj denote the resulting graph. By Lemma 5.3, no edge of Mj
has been deleted, thus Mj belongs to Hj and Mj is still an optimal matching in the graph
Hj . Moreover, Hj is split into two parts: one part is (A0 ∪ B) ∩ R, which is isolated from
the second part (A0 ∪ B) \ R. See Figure 2.
Next add a directed edge from the source vertex s to each vertex in B \ R. Each of these
edges e has weight d(e) = 0. By Lemma 5.3, all vertices can be reached from s now. Also
note that there can be no negative-weight cycle, otherwise, we can augment Mj along this
cycle to get a matching of larger weight while still keeping the same set of vertices matched,
which leads to a contradiction to the optimality of Mj .
Apply the single-source shortest paths algorithm [7, 21, 22, 24] from the source vertex s
√
in this graph Hj where edge weights are given by d(·). Such algorithms take O(m n) time
or Õ(nω ) time when the largest edge weight is O(1). Let dv be the distance label of vertex
v ∈ A0 ∪ B.
We define an initial vertex cover as follows. If a ∈ A0 , let ỹa := da ; if b ∈ B, let ỹb := −db .
(We will adjust this cover further later.)
I Lemma 6. The constructed initial vertex cover {ỹv }v∈A0 ∪B for the graph Hj satisfies the
following properties:
1. For each vertex v ∈ ((A ∪ B) ∩ R) \ Kj−1 , ỹv ≥ 0.
2. If v ∈ (A ∪ B) \ Kj−1 is unmatched in Mj , then ỹv = 0.
3. For each edge e = (a, b) ∈ Hj , we have ỹa + ỹb ≥ wej .
4. For each edge e = (a, b) ∈ Mj , we have ỹa + ỹb = wej .
Proof. For part (1), suppose that a ∈ (A ∩ R) \ Kj−1 and ỹa < 0. By Lemma 5.2 and the
fact that all edges from A0 \ R to B ∩ R are absent, the shortest path from s to a cannot go
through (A ∪ B) \ R. So there exists an alternating path P (of even length) starting from
some unmatched vertex a0 ∈ (A0 ∩ R) \ Kj−1 and ending at a. The distance from a0 to a
along path P must be negative, since da = ỹa < 0. Therefore,
X
e∈Mj ∩P

we <

X
e∈P \Mj

we .
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Note that it is possible that the first edge e = (a0 , b) ∈ P is a virtual edge, i.e., a0 = z
and the first edge e connects z to some vertex b ∈ (B ∩ R) \ Kj−1 . In this case, de = 0 and b
is not an element of the critical set Kj−1 . Therefore, irrespective of whether the first edge is
virtual or not, we can replace the matching Mj by Mj ⊕ P (ignoring the first edge in P if it
is virtual), thereby creating a feasible matching with larger weight than Mj , a contradiction.
So we are left to worry about the case when vertex b ∈ (B ∩ R) \ Kj−1 . Recall that
ỹb = −db . We claim that db ≤ 0. Suppose not. Then the shortest distance from s to b is
strictly larger than 0. But this cannot be, since there is a path composed of edges (s, z) and
(z, b), and such a path has total weight exactly 0. This completes the proof of part (1).
To show part (2), by Lemma 5.3, an unmatched vertex must be in R. First, assume that
this unmatched vertex is a ∈ (A ∩ R) \ Kj−1 . By our construction, there is only one path
from s to a, which is simply the directed edge from s to a and its weight is 0. So ya = da = 0.
Next assume that this unmatched vertex is b ∈ (B ∩ R) \ Kj−1 . Suppose that ỹb > 0. Then
db = −ỹb < 0. By Lemma 5.2 and the fact that all edges from A0 \ R to B ∩ R have been
deleted, the shortest path from s to b cannot go through (A ∪ B) \ R. So the shortest path
from s to b must consist of the edge from s to some unmatched vertex a ∈ (A0 ∩ R) \ Kj−1 ,
followed by an augmenting path P (of odd length) ending at b. As in the proof of (1), we
can replace Mj by Mj ⊕ P (irrespective of whether the first edge in P is virtual or not)
so as to get a matching of larger weight while preserving the feasibility of the matching, a
contradiction. This proves part (2).
For parts (3) and (4), first consider an edge e = (a, b) outside Mj in Hj . Such an edge
is directed from a to b. So ỹa − wej = da + d(e) ≥ db = −ỹb . This proves part (3). Next
consider an edge e = (a, b) ∈ Mj . Such an edge is directed from b to a. Furthermore, e is the
only incoming edge of a, implying that e is part of the shortest path tree rooted at s. As a
result, −ỹb + wej = db + d(e) = da = ỹa . This shows part (4). This completes the proof of
Lemma 6.
J
At this point, we possibly still do not have a valid cover for the dual program due to the
following two reasons.
Some vertex a ∈ A \ Kj−1 has ỹa < 0. (However it cannot happen that some vertex
b ∈ B \ Kj−1 has ỹb < 0, since Lemma 5.1 states that such a vertex is in R and Lemma 6.1
states that ỹb must be non-negative.)
The edges deleted from Gj (to form Hj ) are not properly covered by the initial vertex
cover {ỹv }v∈A∪B .
We can remedy these two defects as follows. Define δ = max{δ1 , δ2 , 0},
where δ1 =

max {wej − ỹa − ỹb }

e=(a,b)∈E

and

δ2 =

max
a∈A\Kj−1

{−ỹa }.

In O(n + m) time, we can compute δ. If δ = 0, the initial cover is already a valid solution
to the dual program. In the following, we assume that δ > 0 exists (if the initial cover is
already a valid solution for the dual program, then the proof that it is also optimal is just
the same as in Theorem 7.) We build the final vertex cover as follows.
1. For each vertex u ∈ (A ∪ B) ∩ R, let yu = ỹu ;
2. For each vertex a ∈ A \ R, let ya = ỹa + δ;
3. For each vertex b ∈ B \ R, let yb = ỹb − δ.
I Theorem 7. The final vertex cover {yv }v∈A∪B is an optimal solution for the dual program.
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√
Given Mj , it follows that the dual problem can be solved in time O(m n) or Õ(nω ).
The problem of computing Mj can be solved by the following folklore technique: form a new
graph G̃j by taking two copies of Gj and making the two copies of a vertex u ∈
/ Kj−1 adjacent
using an edge of weight 0. A maximum weight perfect matching in G̃j yields a maximum
weight matching in Gj that matches all vertices in Kj−1 , i.e., an optimal solution to the
primal program of the j-th iteration. Since c = O(1), a maximum weight perfect matching in
√
G̃j can be found in O(m n log n) time by the fastest bipartite matching algorithms [1, 3, 5],
or in Õ(nω ) time with high probability by Sankowski’s algorithm [22].

2.2

Our main algorithm

We now present our algorithm to compute a fair matching. Recall that r is the worst rank
in the problem instance and r∗ is the worst rank in a fair matching. We first present an
algorithm that runs for r iterations and we show later in this section how to terminate our
algorithm in r∗ iterations.
1. Initialization. Let G0 = G and K−1 = ∅.
2. For j = 0 to r − 1 do
a. Find the optimal solution {yuj }u∈A∪B to the dual program of the (j + 1)-st iteration.
b. Delete from Gj every edge (a, b) such that yaj + ybj > wj (e). Call this subgraph Gj+1 .
c. Add all vertices with positive dual values to the critical set, i.e., Kj = Kj−1 ∪ {u}yuj >0 .
3. Return the optimal solution to the primal program of the last iteration.
The solution returned by our algorithm is a maximum (wr−1 )-weight matching in the
graph Gr−1 that matches all vertices in Kr−2 . By Proposition 1, this is, in fact, a matching
in the subgraph Gr that matches all vertices in Kr−1 . Lemma 9 proves the correctness of
our algorithm. Lemma 8 guarantees that our algorithm is never “stuck” in any iteration due
to the infeasibility of the primal or dual problem.
I Lemma 8. The primal and dual programs of the (j + 1)-st iteration are feasible, for
0 ≤ j ≤ r − 1.
I Lemma 9. For every 0 ≤ j ≤ r − 1, the following hold:
1. any matching M in Gj that matches all v ∈ Kj−1 is j-optimal;
2. conversely, a j-optimal matching in G is a matching in Gj that matches all v ∈ Kj−1 .
Proof. We proceed by induction. The base case is j = 0. As K−1 = ∅, G0 = G, and all
matchings are, by definition, 0-optimal, the lemma holds vacuously.
For the induction step j ≥ 1, suppose that the lemma holds up to j − 1. As Kj−1 ⊇ Kj−2
and Gj is a subgraph of Gj−1 , M is a matching in Gj−1 that matches all vertices of Kj−2 .
Thus by induction hypothesis, M is (j − 1)-optimal. For each edge e = (a, b) ∈ M to be
present in Gj , e must be a tight edge in the j-th iteration, i.e., yaj−1 + ybj−1 = wj−1 (e).
Furthermore, as Kj−1 ⊇ {u}yuj−1 >0 , we have
wj−1 (M ) =

X
e=(a,b)∈M

wj−1 (e) =

X
e=(a,b)∈M

yaj−1 + ybj−1 ≥

X

yuj−1 ,

u∈A∪B

where the final inequality holds because all vertices v with positive yvj−1 are matched in
M . By linear programming duality, M must be optimal in the primal program of the j-th
iteration. So the j-th primal program has optimal solution of value wj−1 (M ).
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Recall that by definition, OPT is also (j − 1)-optimal. By (2) of the induction hypothesis,
OPT is a matching in Gj−1 and OPT matches all vertices in Kj−2 . So OPT is a feasible
solution of the primal program in the j-th iteration. Thus wj−1 (OPT) ≤ wj−1 (M ). However,
it cannot happen that wj−1 (OPT) < wj−1 (M ), otherwise, signature(M )  signature(OPT),
since both OPT and M have the same first j − 1 coordinates in their signatures. So we
conclude that wj−1 (OPT) = wj−1 (M ), and this implies that M is j-optimal as well. This
proves (1).
In order to show (2), let M 0 be a j-optimal matching in G. Since M 0 is j-optimal, it is
also (j − 1)-optimal and by (2) of the induction hypothesis, it is a matching in Gj−1 that
matches all vertices in Kj−2 . So M 0 is a feasible solution to the primal program of the j-th
iteration. As signature(M 0 ) has wj−1 (OPT) in its j-th coordinate, M 0 must be an optimal
solution to this primal program; otherwise there is a j-optimal matching with a value larger
than wj−1 (OPT) in the j-th coordinate of its signature, contradicting the optimality of OPT.
By Proposition 1.2, all edges of M 0 are present in Gj and by Proposition 1.1, all vertices
u 6∈ Kj−2 with yuj−1 > 0, in other words, all vertices in Kj−1 \ Kj−2 have to be matched by
the optimal solution M 0 . This completes the proof of (2).
J
Since our algorithm returns a matching in Gr that matches all vertices in Kr−1 , we know
from Lemma 9.1 that this matching is r-optimal, thus the matching returned is fair. As
mentioned earlier, our algorithm can be modified so that it terminates in r∗ iterations. For
that, we need to know the value of r∗ .
We continue to use the weight function w0 : E → {1}, however instead of w1 , . . . , wr−1 ,
we should use the weight functions w̃1 , . . . , w̃r∗ −1 where for 1 ≤ i ≤ r∗ − 1, w̃i is defined
as: for any edge e = (a, b), w̃i (e) is 2 if both a and b rank each other as rank ≤ r∗ − i + 1
neighbors, it is 1 if exactly one of {a, b} ranks the other as a rank ≤ r∗ − i + 1 neighbor,
otherwise it is 0. The value r∗ can be computed right at the start of our algorithm as follows.
Let M ∗ be a maximum cardinality matching in G. The value r∗ is the smallest index
j such that the subgraph Ḡj admits a matching of size |M ∗ |, where Ḡj is obtained by
deleting all edges e = (a, b) from G where either a or b (or both) ranks the other as a
rank > j neighbor.
We compute r∗ by first computing M ∗ and then computing a maximum cardinality
matching in Ḡ1 , Ḡ2 , . . . and so on till we see a subgraph Ḡj that admits a matching of
√
size |M ∗ |. This index j = r∗ and it can be found in O(r∗ m n) time [12] or in O(r∗ nω )
time [10, 19].
We now bound the running time of our algorithm. We showed how to solve the dual
√
program in O(m n) time once we have the solution to the primal program and we have seen
√
that the primal program can be solved in O(m n log n) time. Alternatively, both the primal
and dual problems can be solved in Õ(nω ) time with high probability. Theorem 10 follows.
√
I Theorem 10. A fair matching M in G = (A ∪ B, E) can be computed in Õ(r∗ m n) time,
or in Õ(r∗ nω ) time with high probability, where r∗ is the largest rank incident on an edge in
M , n = |A ∪ B|, m = |E|, and ω ≈ 2.37 is the exponent of matrix multiplication.
In the full version of the paper, we show how our algorithm can be adapted to find a
rank-maximal matching and similarly, a maximum cardinality rank-maximal matching.
I Theorem 11. A rank-maximal (similarly, a maximum cardinality rank-maximal) matching
√
in G = (A ∪ B, E) with two-sided preference lists, can be computed in Õ(r∗ m n) time, or in
Õ(r∗ nω ) time with high probability, where r∗ is the largest rank used in such a matching.
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3

The fair b-matching problem: our scaling technique

The fair matching problem can be generalized by introducing capacities on the vertices. We
are given G = (A ∪ B, E) as before, along with the capacity function q : V → Z>0 . What
we seek is a subset E 0 of E where each vertex v ∈ A ∪ B is incident to at most q(v) edges
in E 0 . Such a subset E 0 is a b-matching. Our goal here is to find a fair b-matching, i.e., a
b-matching M which has the largest possible size, subject to this constraint, M matches the
minimum number of vertices to their rank r neighbors, and so on.
The fair b-matching problem can be reduced to the minimum-cost flow problem as follows.
Add two additional vertices s and t. For each vertex a ∈ A, add an edge (s, a) with capacity
q(a) and cost zero; for each vertex b ∈ B, add an edge (b, t) with capacity q(b) and cost zero.
Every edge (a, b) where a ∈ A, b ∈ B has capacity one and is directed from A to B. If the
incident ranks on edge e are i and j, then e will be assigned a cost of −(4nr − ni−1 − nj−1 ).
The resulting instance has a trivial upper bound of n2 /4 on the maximum s-t flow. We also
add an edge from t to s with zero cost and capacity larger than the n2 /4 upper bound. It is
easy to verify that a minimum-cost circulation yields a fair b-matching.
We note however, that the above reduction involves costs that are exponential in the
size of the original problem. We now present a general technique in order to handle these
huge costs – we focus on solving the capacitated transshipment version of the minimum-cost
flow problem [8]. Let G = (V, E) be a directed network with a cost c : E → Z and capacity
u : E → Z≥0 associated with each edge. With each v ∈ V , a real number b(v) is associated,
P
where v∈V b(v) = 0. If b(v) > 0, then v is a supply node, and if b(v) < 0, then v is a
demand node. We assume G to be symmetric, i.e., e ∈ E implies that the reverse arc eR ∈ E.
The reversed edges are added in the initialization step. The cost and capacity functions
satisfy c(e) = −c(eR ) for each e ∈ E, u(e) ≥ 0 for the original edges and u(eR ) = 0 for the
additional edges. From now on, E denotes the set of original and artificial edges.
A pseudoflow is a function x : E → Z satisfying the capacity and antisymmetry constraints:
for each e ∈ E, x(e) ≤ u(e) and x(e) = −x(eR ). This implies x(e) ≥ 0 for the original
edges. For a pseudoflow x and a node v, the imbalance imbx (v) is defined as imbx (v) =
P
pseudoflow x such that, imbx (v) = 0 for all v ∈ V . The
(w,v)∈E x(w, v) + b(v). A flow is aP
cost of a pseudoflow x is cost(x) = e∈E c(e)x(e). The minimum-cost flow problem asks for
a flow of minimum cost.
For a given flow x, the residual capacity of e ∈ E is ux (e) = u(e) − x(e). The residual
graph G(x) = (V, E(x)) is the graph induced by edges with positive residual capacity. A
potential function is a function π : V → Z. For a potential function π, the reduced cost of
an edge e = (v, w) is cπ (v, w) = c(v, w) + π(v) − π(w). A flow x is optimal if and only if
there exists a potential function π such that cπ (e) ≥ 0 for all residual graph edges e ∈ E(x).
For a constant ε ≥ 0, a flow is ε-optimal if cπ (e) ≥ −ε for all e ∈ E(x) for some potential
function π. Consider an ε-optimal flow x and any original edge e. If cπ (e) < −ε, the residual
capacity of e must be zero and hence e is saturated, i.e., x(e) = u(e). If cπ (e) > ε, we have
cπ (eR ) = −cπ (e) < −ε and hence the residual capacity of eR must be zero. Thus eR is
saturated, i.e., x(eR ) = u(eR ) = 0. So e is unused.
We are now ready to describe our scaling algorithm, which is presented in a concise form
in Figure 3. The details can be found in the full version of the paper. We conclude this
section with Theorem 13, which follows from the edge cost values used in our reduction.
I Lemma 12 (from [9], see also [8]). Given the edge cost function c̃i and a 3-optimal flow
xi−1 with respect to the zero potential function, in time O(mn log (n2 /m)) one can compute
a flow xi and a potential function π̃ such that xi is 1-optimal with respect to the potential
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1. Reduction.
a. Add two additional vertices s and t. For each vertex a ∈ A, add an edge (s, a) with
capacity q(a) and cost zero; for each vertex b ∈ B, add an edge (b, t) with capacity q(b)
and cost zero. Add an edge from t to s with zero cost and capacity larger than n2 /4.
b. Direct any edge (a, b) where a ∈ A and b ∈ B from A to B, set its capacity to one and
cost to −(4nr − ni−1 − nj−1 ).
c. Set the demand/supply values of all vertices to zero. Add, if required, additional edges
to ensure that G is symmetric.
2. Initialization Phase.
a. Multiply all edge costs by 21+dlog ne to make them divisible by the same amount.
b. Let K = dlog Ce where C is the magnitude of the largest edge cost and let Ei , 1 ≤ i ≤ K,
denote the set of all edges having a 1 in the i-th bit of their cost.
c. Initialize x0 to any feasible flow and reduced cost c0 (e) = 0 for any e ∈ E.
3. Scaling Phase. For i = 1 to K do
a. Let c̃i (e) = 2ci−1 (e) + (1 if e ∈ Ei else 0) × sign(e), where sign(e) = ±1 depending on
the sign of the original cost c(e). The flow xi−1 is 3-optimal with respect to the cost
function c̃i and the zero potential function, i.e., the potential of all the vertices is 0.
b. Use Lemma 12 (from [9]) stated below with input (i) the flow xi−1 , (ii) c̃i as the edge
cost function and (iii) the zero potential function, to compute a 1-optimal flow and a
potential function π̃ which proves the 1-optimality. Let xi be this flow.
/* Potentials are only decreased, starting from zero, during the computation and
π̃(v) ≥ −d · n for some constant d and all v. Constant d depends on the way the
techniques of [9] are applied to refine a 3-optimal flow to a 1-optimal flow. */
c. Compute new reduced costs as ci (u, v) = c̃i (u, v) + π̃(u) − π̃(v).
d. Let d be the constant from Lemma 12. If any edge e ∈ E has |ci (e)| > d · n + 1, then
fix it to empty or saturated by removing it (and its reversal) from the graph and
modifying the imbalances of both its endpoints accordingly.
4. Return the b-matching induced by the flow xK and any flow on edges which were fixed
to either empty or saturated.
Figure 3 The scaling algorithm for the fair b-matching problem.

function π̃. Potentials are only decreased, starting from zero, during the computation and
π̃(v) ≥ −d · n for some constant d and all v.
I Theorem 13. Given G = (A ∪ B, E) and a capacity function q : A ∪ B → Z>0 , the fair
b-matching problem can be solved in time O(rmn log (n2 /m) log n) using space O(m).
Acknowledgements. We are grateful to the anonymous reviewers for their careful comments.
Special thanks to the reviewer who pointed out Sng’s thesis [23].
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Abstract
We consider the following document ranking problem: We have a collection of documents, each
containing some topics (e.g. sports, politics, economics). We also have a set of users with diverse
interests. Assume that user u is interested in a subset Iu of topics. Each user u is also associated
with a positive integer Ku , which indicates that u can be satisfied by any Ku topics in Iu . Each
document s contains information for a subset Cs of topics. The objective is to pick one document
at a time such that the average satisfying time is minimized, where a user’s satisfying time is the
first time that at least Ku topics in Iu are covered in the documents selected so far.
Our main result is an O(ρ)-approximation algorithm for the problem, where ρ is the algorithmic integrality gap of the linear programming relaxation of the set cover instance defined
by the documents and topics. This result generalizes the constant approximations for generalized
min-sum set cover and ranking with unrelated intents and the logarithmic approximation for the
problem of ranking with submodular valuations (when the submodular function is the coverage
function), and can be seen as an interpolation between these results. We further extend our
model to the case when each user may be interested in more than one sets of topics and when
the user’s valuation function is XOS, and obtain similar results for these models.
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1

Introduction

1.1

Background

In a typical information retrieval application, we have a set of users and a set of documents.
Each user issues a query and we would like to present the user with a rank list of the
documents. Hopefully, the top-ranked documents are relevant to the user and our general
objective is to maximize the overall user satisfaction. In many IR applications, the probabilistic
ranking principle (PRP) is considered as a common rule of thumb to rank the documents [33].
PRP states that we should rank the documents in descending order by their probability of
relevance and it is the “optimal” way to rank the documents in the sense that PRP minimizes
the expected loss (also known as the Bayes risk) under 1/0 loss [28]. However, the 0/1 loss
metric does not directly relate to the users’ satisfaction and sometimes the ranking given by
∗

This work was supported in part by the National Basic Research Program of China Grant 2011CBA00300,
2011CBA00301 and the National Natural Science Foundation of China Grant 61202009, 61033001,
61061130540, 61073174.

© Jian Li and Zeyu Zhang;
licensed under Creative Commons License CC-BY
33rd Int’l Conference on Foundations of Software Technology and Theoretical Computer Science (FSTTCS 2013).
Editors: Anil Seth and Nisheeth K. Vishnoi; pp. 351–362
Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

352

Ranking with Diverse Intents and Correlated Contents

PRP is clearly suboptimal. Indeed, even the original paper [33] provided such an example
(the example was discovered by W.S.Cooper).
I Example 1. [33] The class of users consists of two subclasses U1 and U2 . U1 has 100 users
and U2 has 50 users. Any user from U1 would be satisfied with any document s1 –s9 , but no
others. Any user from U2 would be satisfied with only s10 . If we consider any document
s1 –s9 on its own, it has a probability of 2/3 of being relevant to the next user (the ranking
algorithm does not know which subclass the user belongs to). Similarly, s10 has a probability
of 1/3 of being relevant. Therefore, by PRP, the ranking should be s1 , s2 , . . . , s9 , s10 . But
this means that U1 users can be satisfied with s1 while U2 users have to see nine irrelevant
documents before they retrieve s10 . Consider the ranking s1 , s10 , s2 , . . . , s9 . U1 users are still
satisfied by the first document, but U2 users are satisfied with the second document, which
is much better than the ranking defined by PRP.
The action of placing several documents aimed at different types of users at the top
positions of the rank list (e.g. place s1 and s2 as the top-2 in the above example) is called
diversification. It is a widely accepted fact that diversification of the ranking result is helpful
in minimizing the risk of user dissatisfaction in a multiuser scenario (See, e.g., [32, 16, 20, 4]).
Example 1 is a simple yet instructive illustration why the diverse intents and the correlations
of the documents (s1 –s9 are correlated in a way that any of them could satisfy a U1 user)
are the major reasons for diversification.
1. Diverse intentions. Different users may have different intents towards the same query
(e.g., a keyword). However, the ranking algorithm does not know the actual type of
an individual user but has to use the same ranking function for the same query. In
Example 1, there are two user types U1 and U2 , and the next user could be either of them.
Considering another real life example, the keyword “Michael Jordan" may refer to the
famous NBA player in one query, and the U.C. Berkeley Professor in another search.
2. Correlations among documents. Typically, the utility a user can obtain from a set of
documents is not the sum of the utilities from individual documents in the set. This is
because of the similarity (or dissimilarity) of the documents. For instance, the utility
of two very similar documents is not much more than the utility of one of them (e.g.,
documents s1 and s2 in Example 1). Such correlations can be seen as another cause of
diversification of the ranking result (see e.g., [16]).

1.2

Problem Formulation

In this section, we propose our model for diversification, which captures both the diversity of
users’ intents and the correlations of the documents.
I Definition 2 (Ranking with Diverse Intents and Correlated Contents (RDC)). Here, we
have a set U of users, a set S of documents, and a set E of topics. Each user u is
interested in a subset Iu of topics. Each user u is also associated with a positive integer Ku which is less or equal to |Iu |. Each document s contains a subset Cs of topS
ics and E = s∈S Cs . The objective is to pick an ordering of all documents such that
the average satisfying time is minimized, where a user’s satisfying time tu = min{t |
at least Ku topics in Iu are covered by the first t selected documents}.
It is not hard to see that our RDC model captures both the diversity of the users’ intents
(i.e., each user is interested in a different subset of topics) and the correlations among
documents (i.e., different documents may have some common topics). Now, we discuss some
closely related prior work and their relations with our model.
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1. Ranking with multiple intents (R-Multi) [4]: Azar et al. proposed the following combinatorial model to capture the diversity of user preferences. We have a set U of users
and a set S of documents. User u can be satisfied with any Ku document from a subset
Iu of documents. The objective is the same as ours, to minimize the cumulative users’
satisfying time. We can see that it is a special case of RDC where each document contains
a distinct topic.
2. Ranking with unrelated intents (R-Unrel) [2]: This model is a generalization of R-Multi.
For each user u and a document s, there is a nonnegative number Aus that is the amount
of utility u can get from s. u is satisfied if she accumulates at least Ku units of utility.
The objective is same as R-Multi. It is also not hard to see that R-Unrel is a special case
of RDC where each document contains Aus distinct topics 1 .
3. Ranking with submodular intents (R-Submod) [3]: The model is a generalization of
both R-Multi and R-Unrel. For each user u, there is a nonnegative submodular function
fu : {0, 1}S → R+ ∪ {0}. u is satisfied if the set S of documents she gets is such that
fu (S) ≥ 1. The objective is same as before. R-Submod generalizes RDC (as well as R-Multi
and R-Unrel). If the submodular function fu is the coverage function 2 , R-Submod is
equivalent to RDC.

1.3

Our results

We find that the approximability of RDC is closely related with the (algorithmic) integrality
gap of the underlining set cover instance induced by the documents and topics. In particular,
we can show the following result. Let F ⊆ E be a subset of topics. We denote SC(F ) the set
cover instance formed by the subsets Cs : s ∈ S and the set of topics in F . Let LP(SC(F ))
be the natural linear programming relaxation for SC(F ):
P
minimize
xs
s∈S
P
subject to
xs ≥ 1 ∀e ∈ F
s:e∈Cs ,s∈S

xs ≥ 0

∀s ∈ S

I Theorem 3. Suppose for any F ⊆ E, there is a polynomial time algorithm that can produce
a solution for SC(F ) whose cost is at most ρ times the optimal value of LP(SC(F )). There is
a polynomial time factor O(ρ) approximation algorithm for RDC.
First, we can see that Theorem 3 produces O(1) factor approximation for both R-Multi
and R-Unrel. As we mentioned before, if we view R-Multi and R-Unrel as special cases of RDC,
the induced set cover instances have very simple structure: each set (document) consists of a
disjoint set of elements (topics). In both R-Multi and RDC, the integrality gap of LP(SC(F ))
is 1 for any F ⊆ E and we can find an integral optimal solution in polynomial time (the
algorithm trivially includes all subsets that contains at least one element in F ). Hence, ρ = 1
and we have a constant factor approximation algorithm. Therefore, our result generalizes
the constant approximations for R-Multi in [5, 34, 24] and that for R-Unrel in [2].

1

2

It is a polynomial time reduction if max Aus is a positive polynomially bounded integer. However, our
analysis works even if Aus is exponentially large, since the corresponding set cover instance LP(SC(F ))
can be solved (trivially) in polynomial time.
The set of documents and the set of topics in Iu form a set cover instance, where Iu is the subset of
topics which user u is interested in. For S ⊆ S, the coverage function f (S) is the number of topics in
Iu covered by some document in S.
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For R-Submod, Azar et al. showed that there is an O(log 1 ) approximation for the problem
where  is the minimum non-zero marginal value for fi s [3]. If the submodular functions
are coverage function, the result translates to an O(log |E|)-approximation. It is well known
that we can round any fractional solution of LP(SC(F )) to an integral solution such that the
cost of the integer solution is at most log |E| of the value of the fractional solution. Hence,
Theorem 3 also gives an O(log |E|)-approximation, reproducing the result in [3] for R-Submod
with coverage functions (with a somewhat larger constant hidden in the big-O notation).
Our result can be seen as an interpolation between the constant approximation for R-Multi
and R-Unrel (which induce trivial set cover instances) and the logarithmic approximation for
R-Submod(which may induce arbitrary set cover instances). Besides the above implications
on previous problems, Theorem 3 is also interesting since typically the set cover instances
induced by the documents and topics are much easier to approximate than general set cover
problem. We provide some useful examples.
1. In R-Multi and R-Unrel, the induced set cover instances are trivial and can be solved
optimally.
2. Consider another interesting example where each topic is covered by at most d documents.
It is known that we can obtain a d-approximation by a simple deterministic rounding or
primal-dual techniques (see e.g. [36]). Hence, in this case, we have an O(d)-approximation
for RDC.
3. Suppose the VC dimension of the set system (E, S) is d. It is well known that we can
achieve an approximation factor of O(d log τ ) via the LP approach [17], where τ is the
optimum LP value (O(d log OPT) is known even earlier via a non-LP approach [11]). In
many cases, O(d log τ ) can be much smaller than O(log |E|).
4. For some geometric set cover problems, we can achieve sub-logarithmic factor approximation algorithms using LP approaches. For example, if each subset corresponds to
a unit disk in the plane and each element corresponds to a point, there is a constant
∗
approximation [31]. For general disk graphs, a 2O(log |E|) -approximation is known [35].
Several sub-logarithmic factor approximation algorithms are known for certain geometric
set cover problems via other techniques, such as local search or dynamic programming [1,
30, 19, 12]. However, it is not clear how to combine those techniques with our LP
approach. We leave this as an interesting open question.
Even though the real world topics and documents may not necessarily have low VC-dimension
or match any geometric set cover instance, it is still our general belief that the real world
instance do not form arbitrary set system and the particularity of those instances may help
us to develop sub-logarithm factor approximations, which further implies that RDC can be
approximated within the same factor (up to a constant). Exploring the particularity of the
real world instances is left as an open question of great importance.

1.4

Related work

Azar et al. [4] introduced R-Multi and first gave an O(log n) factor approximation algorithm.
Bansal et al. [5] improved the approximation ratio to a constant (a few hundreds). Subsequently, the constant was further reduced to about 28 in [34], and then to 12.4 [24]. An
important special case of R-Multi, where Ku = 1 for each u, is called the min-sum set cover
problem. Feige et al. [18] developed a 4-approximation and proved that it is NP-hard to
achieve an approximation factor of 4 −  for any constant  > 0. In fact, it is conjectured that
R-Multi can also be approximated within a factor of 4 [24]. Another special case of R-Multi
where Ku = |Iu | has also been studied under the name of minimum latency set cover and
it is known that there is a polynomial time approximation algorithm with factor 2 [22, 25],
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which is also optimal assuming a variant of the Unique Games Conjecture [8]. Im et al. [23]
considered a generalization of R-Submod where there is metric switching cost and gave a
poly-logarithmic factor approximation algorithm for it.
There is a huge literature on search result diversification in IR and DB literature. We refer
interested readers to [16, 20, 9] and the references therein. In practice, the overall satisfying
time as defined above is not a direct measure of the overall user satisfaction. Alternative
measures have been proposed in the literature, such as discounted cumulative gain (DCG)
and mean average precision (MAP). Bansal et al. considered R-Multi with DCG being the
objective function and obtained an O(log log n)-approximation [7].

2

A Constant Factor Approximation Algorithm

In this section, we will prove Theorem 3 by giving a randomized LP rounding algorithm.

2.1

The LP Relaxation

We use the following linear program relaxation. Here we use boolean variable xst to represent
whether document s is selected at time t. yut indicates if user u is satisfied after time t. zst
represents if document s has been selected at time t.
(LP) :
minimize

subject to

n
XX
(1 − yut )

(1)

u∈U t=1
n
X

xst = 1

∀s ∈ S

(2)

xst = 1

∀t ∈ [n]

(3)

∀t ∈ [n]

(4)

∀u ∈ U, t ∈ [n]

(5)

∀s ∈ S, u ∈ U, t ∈ [n]

(6)

t=1

X
s∈S

zst =

t
X

xst0

t0 =1

X
e∈Iu

(yut − min{

X

zst , 1}) ≤ (|Iu | − Ku )yut

s:e∈Cs

xst , yut , zst ∈ [0, 1]

Constraints (2) and (3) make sure that a document can be selected only once and each
time we pick one document. The meaning of zst is captured in constraints (4). Constraints (5)
guarantee that a user u is satisfied if less than |Iu | − Ku topics havn’t been covered. However,
it is known that the integrality gap of this LP is unbounded (even for R-Multi) [5]. To remedy
this, [5] uses the knapsack cover constraints to replace the simple covering constraints (5)
In our case, we define S(e, u, F ) = {s | e ∈ Cs , s ∈ T2 (u, F )} where T1 (u, F ) is the set of all
documents that cover at least Ku − |F | topics in Iu \F , and T2 (u, F ) = S\T1 (u, F ). And we
use the following constraints instead of (5):
X
X
X
yut (Ku − |F |) ≤ (Ku − |F |)
zst +
zst
s∈T1 (u,F )

e∈Iu \F s∈S(e,u,F )

∀u ∈ U, t ∈ [n], F ⊆ Iu , |F | ≤ Ku

(7)

Constraints (7) differ from the knapsack cover constraints in [5] in that we handle sets T1
and T2 seperately, for technical reason that will be clear from the analysis.
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Now we show that (LP) is indeed an LP relaxation of RDC. We just need to prove that
any feasible solution to RDC satisfies constraints (7): If yut = 0, the inequality must be
true because the left side is 0. If yut = 1, there are two cases. The first case is that at
P
least one document in T1 (u, F ) has been selected, which means s∈T1 (u,F ) zst ≥ 1. The
other case is that at least (Ku − |F |) topics have related document in T2 (u, F ), which means
P
P
e∈Iu \F
s∈S(e,u,F ) zst ≥ (Ku − |F |). Therefore both cases satisfy the inequality. So we
have proved the following lemma:
I Lemma 4. The optimal value OPTLP of (LP) is at most the optimal total satisfying time
of RDC.

2.2

A Randomized Rounding Algorithm

Assume (x∗ , y ∗ , z ∗ ) be the optimal fractional solution to (LP). We also assume that for any
F ⊆ E, there is a poly-time algorithm AlgoSC which can produce an integral solution for
SC(F ) whose cost is at most ρ times the value of the fractional optimal solution to LP(SC(F )).
Our randomized rounding scheme consists of dlog ne + 1 rounds, where in the k-th round, we
perform the following procedure.
P
∗
Let t = 2k , Gk = ∅ and pe = min{1, 50 s:e∈Cs zst
}, ∀e ∈ E.
Let Pk = {e ∈ E, pe = 1}. Let the set Hk ⊆ S be the solution of AlgoSC(SC(Pk )).
∗
For each s ∈ S\Hk , add document s to Gk independently with probability min{1, 50zst
}.
k
If there are more than (70 + ρ) · 2 documents in Hk ∪ Gk , we say this round is "overflowed"
and select nothing, else we select all the documents in Hk ∪ Gk in arbitrary order in this
round.
Our algorithm builds on the ideas developed in [5] (as well as [2]). A key technical difference
between our algorithm and [5] is that we need to deal with those topics that are almost
covered (i.e., the set Pk ) and the rest separately. It will be clear soon from the analysis, for a
particular user u, independent rounding (step 3) can guarantee that, at a cost not much more
than the fractional optimal, topics in Iu \Pk are covered with constant probability. For these
topics, we can use a Chernoff-like concentration result for submodular functions to show this.
Topics in Iu ∩ Pk are handled separately by AlgoSC to make sure they are covered in the
k-th round. This is where the approximiblity of the set cover instance jumps in.

2.3

The Analysis

∗
Constraints (4) and (6) show that the optimal solution zst
is monotonically non-decreasing
∗
with t for all s ∈ S. Thus it’s easy to see that yut is monotonically non-decreasing with t for
all u ∈ U.
Pn
Pt∗u
∗
∗
∗
For each u ∈ U, let t∗u = max{t ∈ [n] | yut
≤ 12 }, then t=1 (1 − yut
) ≤ t=1
(1 − yut
)≤
P
1 ∗
1
∗
u tu .
2 tu . Thus we have the fact that OPTLP ≥ 2
Before we start to prove our Theorem 3, we need the following Chernoff-type bounds:

I Lemma 5. If X1 , X2 , . . . , Xn are independent {0, 1}-valued random variables with X =
P
i Xi such that E[X] = µ, then we have that
δ2

1. [29] Pr[X < (1 − δ)µ] ≤ e− 2 µ .
β2
2. [10] Pr[X > µ + β] ≤ exp(− 2µ+
2 ).
β
3
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I Lemma 6. [13] Let f : {0, 1}n → R+ be a monotone submodular function with marginal
values in [0, 1]. Let µ = E[f (X1 , . . . , Xn )]. Then for any δ > 0,
h
i
δ2
Pr f (X1 , . . . , Xn ) ≤ (1 − δ)µ ≤ e− 2 µ .
We now give the following lemma:
I Lemma 7. For any user u ∈ U and a non-overflowed round k such that 2k ≥ t∗u , the
probability that Hk ∪ Gk does not satisfy u is at most 0.023.
Proof. Fix a user u. Consider constraints (7) for F = Pk ∩ Iu and t = 2k . If |F | ≥ Ku , u
is clearly satisfied in this phase because all the documents in Hk are selected in this round.
Therefore, we consider the case where |F | < Ku . From constraints (7) we know that:
X
X
X
1
∗
∗
∗
(Ku − |F |)
zst
+
zst
≥ yut
(Ku − |F |) ≥ (Ku − |F |).
2
s∈T1 (u,F )

e∈Iu \F s∈S(e,u,F )

∗
Here, either s∈T1 (u,F ) zst
must be greater or equal to
3
must be greater or equal to 10 (Ku − |F |).

P

1
5,

or

P

e∈Iu \F

∗
s∈S(e,u,F ) zst

P

P
∗
In the case of s∈T1 (u,F ) zst
≥ 15 . If there is an s ∈ T1 (u, F ) such that 50zst ≥ 1, then s is
selected and user u is satisfied. Otherwise, since we select documents independently in our
algorithm and the expected number of selected documents in T1 (u, F ) is
h
i
X
X
∗
∗
E |(Gk ∪ Hk ) ∩ T1 (u, F )| =
50zst
+ |T1 (u, F ) ∩ Hk | ≥
50zst
≥ 10.
s∈T1 (u,F )\Hk

s∈T1 (u,F )

From Lemma 5 (4a), we know that the probability that Hk ∪ Gk contains less than one
document in T1 (u, F ) is
h
i
( 9 )2
9
Pr |(Gk ∪ Hk ) ∩ T1 (u, F )| < (1 − ) · 10 ≤ exp(− 10 · 10) < 0.018.
10
2
Therefore the probability that user u is not satisfied by Hk ∪Gk in this case is at most 0.018.
P
P
3
∗
In the case of
e∈Iu \F
s∈S(e,u,F ) zst ≥ 10 (Ku − |F |), assume boolean vector w =
{ws } ∈ {0, 1}|T2 (u,F )| indicates the selected documents in T2 (u, F ). Let submodular funcP
P
tion f (w) = e∈Iu \F min{1, s∈S(e,u,F ) ws }, i.e. the number of topics in Iu \F that the
∗}
selection of documents w covers. Suppose zt = {zst
s∈T2 (u,F ) to be a random 0/1 vector
∗
∗
that is obtained as follows: Independently set zst to be 0 with probability (1 − 50zst
) if
P
1
∗
s ∈ T2 (u, F )\Hk , and 1 otherwise. Since for any e ∈ Iu \F ,
z
<
(see
the
s:e∈Cs st
50
definition of F and Pk ), we can find:
i
h
i
h
P
Pr e is covered by zt
E f (zt ) =
e∈Iu \F
P
Q
S
∗
=
(1 −
(1 − 50zst
)) + |{e | e ∈ (Iu \F ) ∩
Cs }|
S
s∈Hk
s∈S(e,u,F )
e∈(Iu \F )\
Cs
s∈Hk
P
Q
∗
≥
(1 −
(1 − 50zst
))
e∈Iu \F
s∈S(e,u,F )
P
Q
∗
≥
(1 −
e−50zst )
e∈Iu \F
s∈S(e,u,F )
P
P
∗
≥
(1 − exp(−
50zst
))
e∈Iu \F
s∈S(e,u,F )
P
P
∗
≥
(1 − 1e )
50zst
e∈Iu \F

≥

s∈S(e,u,F )

(1 − 1e )15(Ku − |F |)
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where the penultimate inequality is because (1 − e−x ) ≥ (1 − 1e )x, ∀x ∈ [0, 1].
From Lemma 6, we know that
Pr[f (zt ) ≤ |Ku | − |F |] = Pr[f (zt ) ≤ (1 −

14e−15 2 15e−15
14e − 15
)] ≤ e−( 15e−15 ) 2e < 0.023.
15e − 15

This shows that the probability that user u is not satisfied by Hk ∪ Gk in this case is at
most 0.023, which complete the proof of Lemma 7.
J
I Lemma 8. The probability that the algorithm "overflowed" in round k is at most 0.03.
Proof. First we show |Hk | ≤ ρ × 2k . It is easy to see that z = {zst }s∈S is a feasible solution
of LP(SC(Pk ))). By our assumption on AlgoSC, we have that
|Hk | ≤ ρ

X

∗
zst
=ρ

s∈S

t
XX
s∈S

x∗st0 = ρ

t0 =1

t X
X
t0 =1

x∗st0 = ρ · 2k .

s∈S

where the last equation is because t = 2k in round k.
Therefore, it is suffice to show that Pr[|Gk | ≥ 70 · 2k ] < 0.03. In our setting,
h
i
E |Gk | =

X

∗
min{1, 50zst
}≤

X

∗
50zst
=

50x∗st0 =

s∈S t0 =1

s∈S

s∈S\Hk

t
XX

t X
X

50x∗st0 = 50 · 2k .

t0 =1 s∈S

From Lemma 5 (4b), we know that
h
i
Pr |Gk | > 50 · 2k + 20 · 2k ≤ exp(−

400 · 22k
) < 0.03.
k
100 · 2k + 40
3 ·2
J

Now we will prove our Theorem 3.
Proof. Let Satisfy(u) denote the satisfying time of u in our algorithm. From constraints
∗
(2), (3) and (4), we know that zsn
= 1 for all s ∈ S, thus all the users must be satisfied after
dlog ne + 1 rounds. If some user u is satisfied before the dlog t∗u eth round, the satisfying time
∗
Satisfy(u) ≤ 2dlog tu e .
Otherwise, if some user u is satisfied after the dlog t∗u eth round, since we select at most
(70 + ρ)2k documents in each round, the satisfying time of user u is at most 2 · (70 + ρ)2k
if he is satisfied in the k-th round. From Lemma 7 and Lemma 8, we know that the
probability that user u isn’t satisfied after the k-th round where 2k ≥ t∗u is less than
1 − (1 − 0.023) × (1 − 0.03) < 0.053. Notice that the probability is independent in each round,
we get the expected total satisfying time:
hP
i
E
Satisfy(u)

≤

u∈U

P

∗

(2 · (70 + ρ)2dlog tu e +

dlogP
ne+1

∗

(70 + ρ)2i · 0.053i−dlog tu e )

i=dlog t∗
u e+1

u∈U

∞
P
((140 + 2ρ)t∗u + (70 + ρ)t∗u
0.106i )
i=1
u∈U
P ∗
< (149 + 2.12ρ)
tu

≤

P

u∈U

< (298 + 4.3ρ)OPTLP = O(ρOPT).
This complete the proof of Theorem 3 from Lemma 4.
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Solving the LP

In order to use the ellipsoid method to find the optimal solution, a polynomial-time separation
oracle is needed [21]. (7) contains exponentially many inequalities and it is infeasible to
verify all of them. However, we can use the trick mentioned in [2]: Instead of finding a
solution which satisfies all constraints, we only need one that satisfies the constraints we
need in the analysis. Note that in our analysis, we only consider one knapsack inequality
in each round where F = Pk ∩ Iu and t = 2k . Thus if there is a solution satisfies all these
dlog ne + 1 inequalities in (7) as well as other constraints in (2), (3), (4) and (6), it is enough
for our algorithm even if it is not a feasible solution for (LP). Therefore in each iteration of
the ellipsoid method, we just need to examine polynomial many constraints.

3
3.1

Extensions
Ranking with Groups of Intents and Correlated Contents (RGC)

Now we extend RDC to the problem that each user u may interest in more than one sets
of topics Iu1 , Iu2 , . . . , Iup , and a user is satisfied if at least one of these groups is satisfied,
where p is at most polynomial of n. Same as RDC, a set Iui is satisfied if Kui topics in Iui
are covered. This time we could change our relaxed LP as follows:
minimize

n
P P

subject to

u∈U t=1
n
P

xst = 1

∀s ∈ S

t=1
P

xst = 1

∀t ∈ [n]

(1 − yut )

s∈S

yut ≤ maxi {guit }
t
P
zst =
xst0
t0 =1

guit (Kui − |F |) ≤ (Kui − |F |)

∀u ∈ U, t ∈ [n]
∀t ∈ [n]
P
s∈T1 (u,i,F )

xst , yut , zst , guit ∈ [0, 1]

zst +

P

P

zst

e∈Iu \F s:e∈Cs ,s∈T2 (u,i,F )

∀i ∈ [p], u ∈ U, t ∈ [n], F ⊆ Iui , |F | ≤ Kui
∀s ∈ S, u ∈ U, t ∈ [n], i ∈ [p]

where T1 (u, i, F ) is the set of all documents that cover at least Kui − |F | objects in Iui \F ,
T2 (u, i, F ) = S\T1 (u, i, F ), and guit indicates if for user u, group i is satisfied after time t.
The algorithm and analysis are almost the same as in RDC, so we won’t talk about it
more. Finally we get Theorem 9.
I Theorem 9. Suppose for any F ⊆ E, there is a polynomial time algorithm that can produce
a solution for SC(F ) whose cost is at most ρ times the optimal value of LP(SC(F )). There is
a polynomial time factor O(ρ) approximation algorithm for RGC.

3.2

Ranking with XOS Valuations (RXOS)

Notice that all the problems we have mentioned in this paper are special cases of R-Submod,
where the users’ satisfying functions are submodular functions of the set of documents. There
is another family of valuations called XOS. An XOS function is a set function which is the
maximum of several additive set functions. An additive set function f : {0, 1}S → R+ ∪ {0}
P
has the form f (F ) = s∈F As , ∀F ⊆ S, where As is a constant associated with each element
s ∈ S. Since the family of submodular functions is contained in XOS [26], R-Submod is a
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special case of RXOS.3 Suppose for each user, the XOS function contains only polynomial
number of additive set functions which are non-negative. We can give an O(1)-approximation
algorithm. (If the number of additive set functions is exponential, the best approximate rate
we can hope for is O(log n) since RXOS generates R-Submod.)
For each user u, suppose the additive set functions be fui , i ∈ [p], where fui (F ) =
P
s∈F Auis for F ⊆ S. Without lose of generality, we can let the satisfying time be
tu = min{t | maxi fui (the first t selected documents) ≥ 1}. Now we could have the following
LP relaxation:
minimize

n
P P

subject to

u∈U t=1
n
P

xst = 1

∀s ∈ S

t=1
P

xst = 1

∀t ∈ [n]

(1 − yut )

s∈S

yut ≤ maxi {guit }
t
P
zst =
xst0
t0 =1P
P
guit (1 −
Auis ) ≤ (1 −
s∈F

s∈F

∀u ∈ U, t ∈ [n]
∀t ∈ [n]
Auis )

P

P

Auis zst
P
∀i ∈ [p], u ∈ U, t ∈ [n], F ⊆ S,
Auis ≤ 1
s∈T1 (u,i,F )

zst +

s∈T2 (u,i,F )

s∈F

xst , yut , zst , guit ∈ [0, 1]

∀s ∈ S, u ∈ U, t ∈ [n], i ∈ [p]

P
where T1 (u, i, F ) = {s | Auis ≥ (1 − e∈F Auie ), s ∈ S}, T2 (u, i, F ) = S\T1 (u, i, F ), and guit
indicates if fui ({the first t selected documents}) ≥ 1.
This time we do not need to consider the set cover instances, and the k-th round of our
algorithm can be:
Let t = 2k , Gk = ∅.
∗
For each s ∈ S, add document s to Gk independently with probability min{1, 50zst
}
k
If there are more than 70 · 2 documents in Gk , we say this round is "overflowed" and
select nothing, else we select all the documents in Gk in arbitrary order in this round.
All the discussions are the same as in section 2.3 except there ish no Hk , and in the case
i
P
P
P
3
∗
that s∈T2 (u,i,F ) Auis zst ≥ 10
(1 − s∈F Auis ), we could have E
s∈T2 (u,i,F ) Auis zst ≥
P
15(1 − s∈F Auis ) and use Lemma 6 directly.
Finally we can have the following theorem:
I Theorem 10. Suppose for each user, the XOS function contains only polynomial additive
set functions which are non-negative. There is an O(1)-approximation for RXOS.

4

Final Remarks

As we mentioned in the introduction, the real world document-topic instance do not form
arbitrary set system and may be easier to approximate than the general combinatorial
set cover problem. There is a huge literature on algorithms for classifying or clustering
the documents and modeling document-topic relations. Many of those works leverage the
underlining special structure of the document-topic instance to achieve good classification or

3

The number of additive set functions which are needed to represent a submodular function may be
exponential
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clustering. It is an interesting further direction to explore the connections to those works
and see whether the assumptions made or the special structures used in those works would
translate to interesting set cover instances that are easier to approximate.
We could extend our model in several ways to capture other factors that may affect the
search result. For example, we can capture that each user only has limited patience. We
can also incorporate uncertainty into the user preferences. Namely, a user is interested in
a particular document with a certain probability. The resulting stochastic version of the
problem may have a similar flavor with the sequential trial optimization defined in [15], the
probabilistic ranking problem [27] or the stochastic matching problem in [14, 6].
Finally, we note that our approximation algorithm is mainly of theoretical interests since
we need to use the ellipsoid algorithm to solve a linear program with exponential constraints,
which is computationally expensive in practice. Hence, developing more efficient algorithms
for RDC (even with worse performance guarantee) is of great practical interests.
Acknowledgements. Jian Li would like thank Yossi Azar for a stimulating discussion about
the RDC model and for providing the manuscript [2].
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Abstract
A separator for two languages is a third language containing the first one and disjoint from the
second one. We investigate the following decision problem: given two regular input languages, decide whether there exists a locally testable (resp. a locally threshold testable) separator. In both
cases, we design a decision procedure based on the occurrence of special patterns in automata accepting the input languages. We prove that the problem is computationally harder than deciding
membership. The correctness proof of the algorithm yields a stronger result, namely a description
of a possible separator. Finally, we discuss the same problem for context-free input languages.
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1

Introduction

Context. The strong connection between finite state devices and descriptive formalisms,
such as first-order or monadic second-order logic, has been a guideline in computer science
since the seminal work of Büchi, Elgot and Trakhtenbrot. This bridge has continuously been
fruitful, disseminating tools and bringing a number of applications outside of its original
research area. For instance, compiling logical specifications into various forms of automata
has become one of the most successful methods in automatic program verification [26].
One of the challenging issues when dealing with a logical formalism is to precisely
understand its expressiveness and its limitations. While solutions to decide such logics often
use a compilation procedure from formulas to automata, capturing the expressive power
amounts to the opposite translation: given a language, one wants to know whether one can
reconstruct a formula that describes it. In other words, we want to solve an instance of the
membership problem, which asks whether an input language belongs to some given class.
For regular languages of finite words, the main tool developed to capture this expressive
power is the syntactic monoid [16]: this is a finite, computable, algebraic abstraction of the
language, whose properties make it possible to decide membership. An emblematic example
is the membership problem for the class of first-order definable languages, solved by Schützenberger [19] and McNaughton and Papert [14], which has led to the development of algebraic
methods for obtaining decidable characterizations of logical or combinatorial properties.
The separation problem and its motivations. We consider here the separation problem as
a generalization of the membership problem. Assume we are given two classes of languages C
and S. The question is, given two input languages from C, whether we can separate them by
a language from S. Here, we say that a language separates K from L if it contains K and is
∗

Work supported by Agence Nationale de la Recherche ANR 2010 BLAN 0202 01 FREC.

© Thomas Place, Lorijn van Rooijen, and Marc Zeitoun;
licensed under Creative Commons License CC-BY
33rd Int’l Conference on Foundations of Software Technology and Theoretical Computer Science (FSTTCS 2013).
Editors: Anil Seth and Nisheeth K. Vishnoi; pp. 363–375
Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

364

Separation by Locally Testable and Locally Threshold Testable Languages

disjoint from L. An obvious necessary condition for separability is that the input languages
K, L be disjoint. A separator language witnesses this condition.
One strong motivation for this problem is to understand the limits of logics over finite
words. Notice that membership reduces to separation when C is closed under complement,
because checking that a language belongs to S amounts to testing that it is S-separable
from its complement. Deciding S-separation is also more difficult than deciding membership
in S, as one cannot rely on algebraic tools tailored to the membership problem. It may
also be computationally harder, as we shall see in this paper. Thus, solving the separation
problem requires a deeper understanding of S than what is sufficient to check membership:
one not only wants to decide whether S is powerful enough to describe a language, but also
to decide whether it can discriminate between two input languages. This discriminating
power provides more accurate information than the expressive power.
While our main concern is theoretical, let us mention some motivating applications. In
model checking, reachable configurations of a system can be represented by a language.
Separating this from the language representing bad configurations proves to be effective for
verifying safety of a system. Craig interpolation is a form of separation used in this context [12,
9]. In this line of work, Leroux [10] simplified the proof that reachability in vector addition
systems is decidable [11]: he proved that a recursively enumerable set of separators witnesses
non-reachability. Finally, questions in database theory also motivated separation questions [5].
Although the separation problem frequently occurs, it has not been systematically studied,
even in the restricted, yet still challenging case of regular languages.
Contributions. In general, elements of C cannot always be separated by an element of S
and there is no minimal separator wrt. inclusion. We are interested in the following questions:
can we decide whether one can separate two given languages of C by a language of S?
what is the complexity of this decision problem?
if separation is possible, can we compute a separator, and at which cost?
A motivating but difficult objective is to understand separation by first-order definable
languages, whose decidability follows from involved algebraic methods [7, 8]. A first step is
to look at easier subclasses. Indeed, the question was raised and solved for separation by
piecewise-testable languages [5, 18], and unambiguous languages [18], which sit in the lower
levels of the quantifier-alternation hierarchy of first-order logic. In this paper, we look at yet
another widely studied class, whose properties are orthogonal to those of the above classes.
We investigate the separation problem by locally and locally threshold testable languages.
A language is locally testable (LT) if membership of a word can be tested by inspecting
its prefixes, suffixes and infixes up to some length (which depends on the language). The
membership problem for this class was raised by McNaughton and Papert [14], and solved
independently by McNaughton and Zalcstein [27, 13] and by Brzozowski and Simon [4]. This
class has several generalizations. The most studied one is that of locally threshold testable
languages (LTT), where counting infixes is allowed up to some threshold. These are the
languages definable in FO(+1), i.e., first-order logic with the successor relation (but without
the order). Again, membership is decidable [24], and can actually be tested in Ptime [17].
Our results are as follows: we show that separability of regular languages by LT and LTT
languages is decidable, first for a fixed threshold, by reduction to fixed parameters: we provide
a bound on the length of infixes that define a possible separator. This reduces the problem to
a finite number of candidate separators, and hence entails decidability. For LTT-separability,
we also provide a bound for the threshold. We further get an equivalent formulation on
automata in terms of forbidden patterns for the languages to be separable, which yields an
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Nexptime algorithm. We also obtain lower complexity bounds: even starting from DFAs,
the problem is Np-hard for LT and LTT (while membership to LTT is in Ptime). Finally, we
discuss the separation problem starting from context-free input languages rather than regular
ones. Due to lack of space, several proofs only appear in the journal version of the paper.
The main arguments rely on pumping in monoids or automata. The core of our proof is
generic: we show that if one can find two words, one in each input language, that are close
enough wrt. the class of separators, then the languages are not separable. Here, “close enough”
is defined in terms of parameters of the input languages, such as the size of input NFAs.
Related work. In the context of semigroup theory, it has been proven [1] that the separation
problem can be rephrased in purely algebraic terms. Solving the separation problem for a class
S amounts to computing the so-called pointlike sets for the algebraic variety corresponding
to S. While it has been shown that the varieties corresponding to both LT and LTT have
computable pointlike sets [2, 20, 21], this approach suffers two drawbacks. First, being purely
algebraic, the proofs provide no insight on the underlying class S. In particular, they provide
only yes/no answers without giving any description of what an actual separator might be.
Finally, the separation problem for the class of piecewise-testable languages has recently
been shown Ptime-decidable, independently and with different techniques in [5] and [18].

2

Preliminaries

Words and Languages. We fix a finite alphabet A. We denote by A∗ the free monoid over
A. The empty word is denoted by ε. If w is a word, we set |w| as the length, or size of w.
When w is nonempty, we view w as a sequence of |w| positions labeled over A. We number
positions from 0 (for the leftmost one) to |w| − 1 (for the rightmost one).
Infixes, Prefixes, Suffixes. An infix of a word w is a word w0 such that w = u · w0 · v for
some u, v ∈ A∗ . Moreover, if u = ε (resp. v = ε) we say that w0 is a prefix (resp. suffix) of w.
Let 0 6 x < y 6 |w|. We write w[x, y] for the infix of w starting at position x and ending
at position y − 1. By convention, we set w[x, x] = ε. Observe that by definition, when
x 6 y 6 z, we have w[x, z] = w[x, y] · w[y, z].
Profiles. For k ∈ N, let k` = bk/2c and kr = k − k` . A k-profile is a pair of words
(w` , wr ) of lengths at most k` and kr , respectively. Given w ∈ A∗ and x a position of w,
the k-profile of x is the pair (w` , wr ) defined as follows: w` = w[max(0, x − k` ), x] and
wr = w[x, min(x + kr , |w|)] (see Figure 1). A k-profile (w` , wr ) occurs in a word w if there
exists some position x within w whose k-profile is (w` , wr ). Similarly, if n ∈ N, we say that
(w` , wr ) occurs n times in w if there are n distinct positions in w where (w` , wr ) occurs.
x

y

z

bac c caab c baab ba
6-profiles of x, y and z: (ε, bac) (aab, cba)

(aab, ba)

Figure 1 Illustration of the notion of k-profile for k = 6.
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Intuitively, the k-profile is the description of the infix of w that is centered at position x.
Observe in particular that the k-profiles that occur in a word determine the prefixes and
suffixes of length k − 1 of this word. This is convenient, since we only have to consider one
object instead of three in the usual presentations of the classes LT and LTT.
We denote by Ak the set of k-profiles over the alphabet A. It is of size exponential in k.
Separability.

Given languages L, L1 , L2 over A∗ , we say that L separates L1 from L2 if

L1 ⊆ L and L2 ∩ L = ∅.
Given a class S of languages, we say that the pair (L1 , L2 ) is S-separable if some language
L ∈ S separates L1 from L2 . When S is closed under complement, (L1 , L2 ) is S-separable if
and only if (L2 , L1 ) is, in which case we simply say that L1 and L2 are S-separable.
Automata. A nondeterministic finite automaton (NFA) over A is denoted by a tuple
A = (Q, A, I, F, δ), where Q is the set of states, I ⊆ Q the set of initial states, F ⊆ Q the
set of final states and δ ⊆ Q × A × Q the transition relation. The size of an automaton is its
number of states plus its number of transitions. If δ is a function, then A is a deterministic
finite automaton (DFA). We denote by L(A) the language of words accepted by A.
Monoids. Let L be a language and M be a monoid. We say that L is recognized by M
if there exists a monoid morphism α : A∗ → M together with a subset F ⊆ M such that
L = α−1 (F ). It is well known that a language is accepted by an NFA if and only if it can
be recognized by a finite monoid. Further, one can compute from any NFA a finite monoid
recognizing its accepted language.

3

Locally Testable and Locally Threshold Testable Languages

In this paper, we investigate two classes of languages. Intuitively, a language is locally
testable if membership of a word in the language only depends on the set of infixes, prefixes
and suffixes up to some fixed length that occur in the word. For a locally threshold testable
language, membership may also depend on the number of occurrences of such infixes, which
may thus be counted up to some fixed threshold.
In this section we provide specific definitions for both classes. We start with the larger
class of locally threshold testable languages. In the following, we say that two numbers are
equal up to threshold d if either both numbers are equal, or both are greater than or equal to d.
Locally Threshold Testable Languages. Let L be a language, we say that L is locally
threshold testable (LTT) if it is a boolean combination of languages of the form:
1. uA∗ = {w | u is a prefix of w}, for some u ∈ A∗ .
2. A∗ u = {w | u is a suffix of w}, for some u ∈ A∗ .
3. {w | w has u as an infix at least d times} for some u ∈ A∗ and d ∈ N.
LTT languages can actually be defined in terms of first-order logic. A language is LTT if
and only if it can be defined by an FO(+1) formula [2, 25], i.e., a first-order logic formula
using predicates for the equality and next position relations, but not for the linear order.
We also define an index on LTT languages. Usually, this index is defined as the smallest
size of infixes, prefixes and suffixes needed to define the language. However, since we only
work with k-profiles, we directly define an index based on the size of k-profiles. Given words
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w, w0 and natural numbers k, d, we write w ≡dk w0 if for every k-profile (w` , wr ), the number
of positions x such that (w` , wr ) is the k-profile of x is equal up to threshold d in w and w0 .
One can verify that for all k, d ∈ N, ≡dk is an equivalence relation of finite index.
For k, d ∈ N we denote by LTT[k, d] the set of the finitely many languages that are
S
unions of ≡dk -classes. We have LTT = k,d LTT[k, d]. Given L ⊆ A∗ , the smallest LTT[k, d]language containing L is
[L]≡d = {w ∈ A∗ | ∃u ∈ L such that u ≡dk w}.
k

As it is often the case, there is no smallest LTT language containing a given regular language.
Locally Testable Languages. The class of locally testable languages is the restriction of
LTT languages in which infixes cannot be counted. A language L is locally testable (LT) if it
is a boolean combination of languages of the form 1, 2 and the following restriction of 3:
4. A∗ uA∗ = {w | w has u as an infix} for some u ∈ A∗ .
No simple description of LT in terms of first-order logic is known. However, there is a
simple definition in terms of temporal logic. A language is LT if and only if it can be defined
by a temporal logic formula using operators X (next), Y (yesterday), and G (globally).
Given two words w, w0 and a number k, we write w ≡k w0 for w ≡1k w0 . For all k ∈ N,
S
we denote by LT[k] the set of languages that are unions of ≡k -classes, and LT = k LT[k].
Given L ⊆ A∗ and k ∈ N, the smallest LT[k]-language containing L is
[L]≡k = {w ∈ A∗ | ∃u ∈ L such that u ≡k w}.

4

Separation for a Fixed Threshold

In this section, we prove that if the counting threshold d is fixed, it is decidable whether
two languages can be separated by an LTT language of counting threshold d (i.e., by an
LTT[k, d] language for some k). In particular, this covers the case of LT, which corresponds
to d = 1. All results in this section are for an arbitrary d. Our result is twofold.
First, we establish a bound on the size of profiles that need to be considered in order to
separate the languages. This bound only depends on the size of monoids recognizing the
languages, and it can be computed. One can then use a brute-force algorithm that tests
separability by all the finitely many LTT[k, d] languages, where k denotes this bound.
The second contribution is a criterion on the input languages to check separability by an
LTT[k, d] language for some k. This criterion can be defined equivalently on automata or
monoids recognizing the input languages, in terms of the absence of common patterns.
The section is organized into three subsections: our criterion is stated in the first one,
and the second and last ones are devoted to the statement and proof of the theorem.

4.1

Patterns

In this section we define our criterion that two languages must satisfy in order to be separable.
The criterion can be defined equivalently on automata or monoids recognizing the languages.
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v1
u0

vi+1

vi
u1

...

ui−1

ui

vn
ui+1

...

un−1

un

Figure 2 An A-compatible P-decomposition u0 v1 u1 v2 · · · vn un .

Block Patterns. A block is a triple of words b = (v` , u, vr ) where v` , vr are nonempty.
Similarly, a prefix block is a pair of words p = (u, vr ) with vr nonempty, and a suffix block is a
pair of words s = (v` , u) with v` nonempty. Let d ∈ N. A d-pattern P is either a word w, or
a triple (p, f, s) where p and s are respectively a prefix and a suffix block, and f is a function
mapping blocks to the set {0, . . . , d}, such that all but finitely many blocks are mapped to 0.
Decompositions. Let w be a word and let P be a d-pattern. We say that w admits a
P-decomposition if w admits a decomposition w = u0 v1 u1 v2 · · · vn un with n > 0 and such
that either n = 0 and P = u0 = w, or P = (p, f, s) and the following conditions are verified:
1. p = (u0 , v1 ) and s = (vn , un ).
2. for all blocks b, if f (b) < d, then there are exactly f (b) indices i such that (vi , ui , vi+1 ) = b.
3. for all blocks b, if f (b) = d, then there are at least d indices i such that (vi , ui , vi+1 ) = b.
Sometimes, we just say P-decomposition to mean P-decomposition of some word. Let
α : A∗ → M be a morphism into a monoid M , and let s ∈ M . A P-decomposition is
(α, s)-compatible if α(w) = s and α(u0 · · · vi ) = α(u0 · · · vi ) · α(vi ), for 1 6 i 6 n. Similarly,
if A is an automaton, we say that a P-decomposition is A-compatible if there is an accepting
run for w and each infix vi labels a loop in the run, for 1 6 i 6 n, as pictured in Figure 2
(where edges denote sequences of transitions).
Common Patterns. Let d ∈ N and M1 , M2 be two monoids together with morphisms
α1 : A∗ → M1 and α2 : A∗ → M2 and accepting sets F1 ⊆ M1 , F2 ⊆ M2 . We say
that M1 , M2 have a common d-pattern if there exist a d-pattern P, two elements s1 ∈ F1 ,
s2 ∈ F2 , and two P-decompositions of (possibly different) words that are respectively (α1 , s1 )compatible and (α2 , s2 )-compatible. Similarly, if A1 , A2 are automata, we say that A1 , A2
have a common d-pattern if there exist a d-pattern P and two P-decompositions of words
that are respectively A1 -compatible and A2 -compatible. In particular, by the very definition,
A1 and A2 have a common 1-pattern if there are successful paths in A1 , A2 of the form
shown in Figure 2 with the same set of triples (vi , ui , vi+1 ).
A useful property about common patterns is that whether such a pattern exists only
depends on the recognized languages, and not on the choice of A1 , A2 , M1 , M2 .
I Proposition 1. Fix d ∈ N. Let L1 , L2 be regular languages and let M1 , M2 , A1 , A2 be
arbitrary monoids and automata recognizing L1 , L2 , respectively. Then M1 , M2 have a
common d-pattern if and only if A1 , A2 have a common d-pattern.

4.2

Separation Theorem for a Fixed Threshold

We can now state our main theorem for this section.
I Theorem 2. Fix d ∈ N. Let L1 , L2 be regular languages and let M1 , M2 , A1 , A2 be arbitrary
monoids and automata recognizing L1 , L2 respectively. Set k = 4(|M1 ||M2 | + 1). Then the
following conditions are equivalent:
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L1 and L2 are LTT[l, d]-separable for some l.
L1 and L2 are LTT[k, d]-separable.
The language [L1 ]≡d separates L1 from L2 .
k
M1 , M2 do not have a common d-pattern.
A1 , A2 do not have a common d-pattern.

Observe that Item 3b is essentially a delay theorem [22] for separation restricted to the
case of LTT: we prove that the size of profiles (i.e., infixes) that a potential separator needs
to consider can be bounded by a function of the size of the monoids recognizing the languages.
By restricting Theorem 2 to the case d = 1, we get the following separation theorem for LT.
I Theorem 3. Let L1 , L2 be regular languages and let M1 , M2 , A1 , A2 be arbitrary monoids
and automata recognizing L1 , L2 respectively. Let k = 4(|M1 ||M2 | + 1). Then the following
conditions are equivalent:
1. L1 and L2 are LT-separable.
2. L1 and L2 are LT[k]-separable.
3. The language [L1 ]≡k separates L1 from L2 .
4. M1 , M2 do not have a common 1-pattern.
5. A1 , A2 do not have a common 1-pattern.
Theorem 2 and Theorem 3 yield algorithms for deciding LT- and LTT-separability for a
fixed threshold. Indeed, the algorithm just tests all the finitely many LTT[k, d] languages as
potential separators. This brute-force approach yields a very costly procedure. It turns out
that a better algorithm can be obtained from Items 3d and 3e (the proof is available in the
full version of the paper). This yields the following corollary.
I Corollary 4. Let d ∈ N. It is decidable whether two given regular languages are LTT[l, d]separable for some l ∈ N. In particular, it is decidable whether they are LT-separable.
More precisely, given NFAs A1 , A2 , deciding whether L(A1 ) and L(A2 ) are LT-separable
is in co-Nexptime. It is co-Np-hard, even starting from DFAs.
It remains to prove Theorem 2. The implications (3c) ⇒ (3b) ⇒ (3a) are immediate
by definition. We now prove (3a) ⇒ (3e) ⇒ (3d) ⇒ (3c). The implication (3e) ⇒ (3d) is
immediate from Proposition 1. The implication (3a) ⇒ (3e) is a consequence of the following
proposition.
I Proposition 5. Let d ∈ N and let A1 , A2 be NFAs. If A1 , A2 have a common d-pattern,
then, for all k ∈ N, there exist w1 , w2 accepted respectively by A1 , A2 such that w1 ≡dk w2 .
An immediate consequence of Proposition 5 is that as soon as A1 , A2 have a common
d-pattern, the recognized languages cannot be separated by an LTT[k, d] language for any k.
This is exactly the contrapositive of (3a) ⇒ (3e). We now prove Proposition 5.
Proof of Prop. 5. Let P be a common d-pattern of A1 , A2 . If P = w ∈ A∗ , then by
definition, w ∈ L(A1 ) ∩ L(A2 ), so it suffices to choose w1 = w2 = w. Otherwise, P = (p, f, s)
and there are w1 , w2 having an A1 -, respectively A2 -compatible P-decomposition. Let
0
w1 = u0 v1 u1 v2 · · · vn un and w2 = u00 v10 u01 v20 · · · vm
u0m be these decompositions. For k ∈ N, set
w1
w2

=
=

u0 (v1 )k(d+1) u1 (v2 )k(d+1) · · · (vn )k(d+1) un
0 k(d+1) 0
u00 (v10 )k(d+1) u01 (v20 )k(d+1) · · · (vm
)
um

By definition of compatibility, w1 ∈ L(A1 ) and w2 ∈ L(A2 ). From the fact that (p, f, s) is a
d-pattern, it then follows that w1 ≡dk w2 .
J
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b

for i = 1, 2, αi (w` ) = αi (w` ) · αi (u)
w`
wr
u
aa
cb
c
ba

a

x
bk/2c-profile of x
k-profile of x
Figure 3 A position x admitting a k-loop u: αi (w` ) = αi (w` · u), for i = 1, 2.

The remaining and most difficult direction, (3d) ⇒ (3c) is a consequence of the next
proposition whose proof is outlined in the next subsection.
I Proposition 6. Let α1 : A∗ → M1 and α2 : A∗ → M2 be morphisms, and k = 4(|M1 ||M2 | +
1). Let d ∈ N and let w1 , w2 be words such that w1 ≡dk w2 . Then there exists a d-pattern P, an
(α1 , α1 (w1 ))-compatible P-decomposition, and an (α2 , α2 (w2 ))-compatible P-decomposition.
Before explaining how to show Proposition 6, let us explain how to conclude the proof
of Theorem 2. We prove the contrapositive of (3d) ⇒ (3c). If Item 3c does not hold, then
by definition there must exist w1 ∈ L1 and w2 ∈ L2 such that w1 ≡dk w2 . If w1 = w2 ,
L1 ∩ L2 =
6 ∅, therefore, M1 , M2 have a common d-pattern. Otherwise, by Proposition 6 we
get a d-pattern (p, f, s). Since w1 ∈ L1 and w2 ∈ L2 , the d-pattern (p, f, s) is common to
both M1 and M2 , which ends the proof.

4.3

Proof of Proposition 6

We set w1 , w2 , k and d as in the statement of the proposition. Observe first that if w1 =
w2 = w, then it suffices to take P = w. Therefore, we suppose for the remainder of the
proof that w1 =
6 w2 . We proceed as follows: we construct two new words w10 , w20 from
w1 , w2 admitting respectively a (α1 , α1 (w1 ))-compatible P-decomposition and a (α2 , α2 (w2 ))compatible P-decomposition, for some d-pattern P = (p, f, s). In this outline, we only
provide the construction, the proof of correctness is available in the full version of the paper.
The construction of w10 , w20 , amounts to duplicating infixes in w1 , w2 verifying special
properties. We first define these special infixes that we will call k-loops.
k-loops. Let w ∈ A∗ , x be a position in w, and (w` , wr ) be the bk/2c-profile of x. We say
that x admits a k-loop if there exists a nonempty prefix u of wr such that α1 (w` ) = α1 (w` · u)
and α2 (w` ) = α2 (w` · u). In this case, we call the smallest such u the k-loop of x. See Figure 3.
For our construction to work, we need k-loops to have three properties that we state now.
The first two are simple facts that are immediate from the definition: k-loops are determined
by profiles and can be duplicated without modifying the image of the word under α.
I Fact 7. Let x be a position. Whether x admits a k-loop, and if so, which k-loop x admits,
only depends on the bk/2c-profile of x.
I Fact 8. Let w be a word and let x be a position within w such that x admits a k-loop u.
Then for i = 1, 2, αi (w[0, x]) = αi (w[0, x]) · αi (u).
The last property we need is that k-loops occur frequently in words, i.e., at least one of
bk/4c consecutive positions must admit a k-loop. This follows from pumping arguments:
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I Lemma 9. Let w be a word and let x1 , . . . , xbk/4c be bk/4c consecutive positions in w.
Then, there exists at least one position xi with i < bk/4c that admits a k-loop.
Construction of w10 , w20 . We can now construct w10 and w20 . If w, u are words and x is a
position of w, the word constructed by inserting u at position x is the word w[0, x] · u · w[x, |w|].
0
From w1 (resp. w2 ), we construct w10 (resp. w20 ) by inserting simultaneously all infixes (ux )k
in w1 (resp. w2 ) at any position x that admits a k-loop, and where ux is the k-loop of x.
Using Fact 7, Fact 8 and Lemma 9 one can then verify that w10 admits a (α1 , α1 (w1 ))compatible P-decomposition and w20 admits a (α2 , α2 (w2 ))-compatible P-decomposition, for
some d-pattern P = (p, f, s). The proof is available in the full version of the paper.

5

Separation by LTT Languages

This section is devoted to LTT. Again, our theorem actually contains several results. In the
case of LTT, two parameters are involved: the size k of profiles and the counting threshold d.
The first result in our theorem states that the bound on k of Theorem 2 still holds for full
LTT. This means that two languages are LTT-separable if and only if there exists some
counting threshold d such that they are LTT[k, d]-separable with the same bound k as in
Theorem 2. It turns out that this already yields an algorithm for testing LTT-separability.
The algorithm relies on the decidability of Presburger arithmetic and is actually adapted in
a straightforward manner from an algorithm of [3] for deciding membership in LTT.
While this first result gives an algorithm for testing separability, it gives no insight about
an actual separator. Indeed, the procedure does not produce the actual counting threshold d.
This is obtained in the second part of our theorem: we prove that two languages are LTTseparable if and only if they are LTT[k, d]-separable, where k is as defined in Theorem 2,
and d is bounded by a function of the size of the monoids (or automata) recognizing the
input languages. Note that this result also gives another (brute-force) algorithm for testing
LTT-separability. We now state our theorem. Recall that Ak denotes the set of k-profiles.
I Theorem 10. Let L1 , L2 be regular languages and let M1 , M2 , A1 , A2 be arbitrary monoids
and automata recognizing L1 , L2 . Set n to be either max(|M1 |, |M2 |) + 1 or max(|A1 |, |A2 |) +
1. Let k = 4(|M1 ||M2 | + 1) and d = (|Ak |n)|Ak | . Then, the following conditions are
equivalent:
1. L1 and L2 are LTT-separable.
2. There exists d0 ∈ N such that L1 and L2 are LTT[k, d0 ]-separable.
3. There exists d0 ∈ N such that M1 , M2 do not have a common d0 -pattern.
4. There exists d0 ∈ N such that A1 , A2 do not have a common d0 -pattern.
5. L1 and L2 are LTT[k, d]-separable.
6. The language [L1 ]≡d separates L1 from L2 .
k

Observe that decidability of LTT-separability is immediate from Item 3e by using the
usual brute-force algorithm. As it was the case for a fixed counting threshold, this algorithm
is slow. In the full version of the paper, we obtain a faster algorithm by using Items 3c
and 3d.
I Corollary 11. It is decidable whether two given regular languages are LTT-separable. More
precisely, given NFAs A1 , A2 , deciding whether L(A1 ) and L(A2 ) are LTT-separable is in
2-Expspace. It is co-Np-hard, even starting from DFAs.
By definition, a language is LTT if it is LTT[k, d] for some natural numbers k, d. Hence,
the equivalence between Items 3a, 3b, 3c and 3d is an immediate consequence of Theorem 2.
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Therefore, we only need to prove Items 3e and 3f, i.e., the bound on the threshold d.
Unfortunately, these are exactly the items we need for Corollary 11. However, we will prove
that by reusing an algorithm of [3], Corollary 11 can also be derived directly from Item 3b.
We now explain how to derive the first part of Corollary 11 from Item 3b without relying
on the actual bound on the counting threshold. The bound itself is proved in the full version.

5.1

Decidability of LTT-separability as a consequence of Theorem 2

As we explained, the equivalence of Item 3b to LTT-separability is immediate from Theorem 2.
We explain how to combine this fact with an algorithm of [3] to obtain decidability directly.
In [3], it is proved that once k is fixed, Parikh’s Theorem [15] can be used to prove that
whether a language is LTT[k, d] for some d can be rephrased as a computable Presburger
formula. Decidability of membership in LTT can then be reduced to decidability of Presburger
Arithmetic. For achieving this, two ingredients were needed: a) a bound on k, and b) the
translation to Presburger arithmetic. It turns out that in [3], only the proof of a) was specific
to membership. On the other hand, separation was already taken care of in b), because
the intuition behind the Presburger formula was testing separability between the input
language and its complement. In our setting, we have already replaced a), i.e., bounding k,
by Item 3b. Therefore, the argument can be generalized. We explain in the remainder of
this subsection how to construct the Presburger formula. The argument makes use of the
notion of commutative image, which we now recall.
The commutative image of a word w ∈ A∗ , denoted π(w), is a vector of length |A| of
natural numbers counting, for all a ∈ A, how many occurrences of a there are in w. This
notion can be easily generalized in order to count profiles rather than just letters. Let k ∈ N.
The k-image of w, πk (w), is a vector of length |Ak | of numbers counting for every k-profile
(w` , wr ) the number of positions in w with k-profile (w` , wr ). If L is a language, the k-image
of L, πk (L) is the set {πk (w) | w ∈ L} ⊆ NAk . The definition of ≡dk yields the following fact.
I Fact 12. Let w, w0 ∈ A∗ and k, d ∈ N. Then w ≡dk w0 if and only if πk (w) and πk (w0 ) are
equal componentwise up to threshold d.
A well-known result about commutative images is Parikh’s Theorem [15], which states that
if L is context-free (so in particular if L is regular), then π(L) is semilinear, i.e., Presburger
definable [6]. As explained in [3], Parikh’s Theorem extends without difficulty to k-images.
I Theorem 13. Let L be a context-free language and let k ∈ N. Then πk (L) is semilinear.
Moreover, a Presburger formula for this semilinear set can be computed.
Proof. For k = 1, this is Parikh’s Theorem. When k > 1, let L0 ⊆ A∗k such that w0 ∈ L0 if
there exists w ∈ L of the same length, and such that a position in w0 is labeled by the k-profile
of the same position in w. One can verify that L0 is (effectively) context-free, and that the
k-image of L is the commutative image of L0 , which is semilinear by Parikh’s Theorem. J
We can now explain how to decide LTT-separability. By Item 3b in Theorem 10, L1 , L2
are LTT-separable if and only if they are LTT[k, d]-separable for k = 4(|M1 ||M2 | + 1) (where
M1 , M2 are monoids recognizing L1 , L2 ) and some natural number d. Therefore, whether
L1 , L2 are LTT-separable can be rephrased as follows: does there exist some threshold d
such that there exist no words w1 ∈ L1 , w2 ∈ L2 such that w ≡dk w0 ? By Fact 12, this can be
expressed in terms of k-images: does there exist a threshold d such that there exist no vectors
of natural numbers x̄1 ∈ πk (L1 ), x̄2 ∈ πk (L2 ) that are equal up to threshold d? It follows from
Theorem 13 that the above question can be expressed as a computable Presburger formula.
Decidability of LTT-separability then follows from decidability of Presburger Arithmetic.
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The Case of Context-Free Languages

In order to prove decidability of LTT-separability for regular languages, we needed three
ingredients: Parikh’s Theorem, decidability of Presburger Arithmetic and Item 3b in Theorem 10. Since Parikh’s Theorem holds not only for regular languages but also for context-free
languages, we retain at least two of the ingredients in the context-free setting.
In particular, we can reuse the argument of Section 5 to prove that once the size k of the
profiles is fixed, separability by LTT is decidable for context-free languages. For any fixed
S
k ∈ N, we write LTT[k] = d∈N LTT[k, d].
I Theorem 14. Let L1 , L2 be context-free languages and k ∈ N. It is decidable whether
L1 , L2 are LTT[k]-separable.
An interesting consequence of Theorem 14 is that LTT[1]-separability of context-free
languages is decidable. A language is LTT[1] if and only if it can be defined by a first-order
logic formula that can only test equality between positions, but not ordering. This result is
surprising since membership of a context-free language in this class is undecidable. We give
a proof of this fact below, which is a simple adaptation of the proof of Greibach’s Theorem
(which is in particular used to prove that regularity of a context-free language is undecidable).
I Theorem 15. Let L be a context-free language. It is undecidable to test whether L ∈ LTT[1].
Proof. We reduce universality of context-free languages to this membership problem. Fix L
a context-free language over A and let # 6∈ A. Let K 6∈ LTT[1] be some context-free language
and set L1 = (K · # · A∗ ) ∪ (A∗ · # · L). Clearly, a context-free grammar for L1 can be
computed from a context-free grammar for L. We show that L = A∗ iff L1 ∈ LTT[1].
If L = A∗ , then L1 = A∗ · # · A∗ ∈ LTT[1]. Conversely, assume that L1 ∈ LTT[1],
and suppose by contradiction that L 6= A∗ . Pick w ∈ A∗ such that w 6∈ L. By definition,
K = {u | u#w ∈ L1 }. One can verify that LTT[1] is closed under right residual. Therefore,
K = L1 (#w)−1 ∈ LTT[1] which is a contradiction by definition of K.
J
Theorems 14 and 15 may seem contradictory. Indeed in the setting of regular languages,
membership can be reduced to separability (a language belongs to a class if the class can
separate it from its complement). However, context-free languages are not closed under
complement, which makes the reduction false in this larger setting.
An interesting question is whether decidability extends to full LT and LTT-separability
of context-free languages. This would also be surprising since membership of a context-free
language in LT or LTT is undecidable. Such a result would require to generalize our third
ingredient, Item 3b in Theorem 10, to context-free languages. This means that we would
need a method for computing a bound on the size of the infixes that a potential separator
has to consider. It turns out that this is not possible.
I Theorem 16. Let L1 , L2 be context-free languages. It is undecidable to test whether L1 , L2
are LT-separable. It is undecidable to test whether L1 , L2 are LTT-separable.
It was already known [23] that separability by a regular language is undecidable for
context-free languages. The proof of Theorem 16 is essentially the same since the reduction
provided in [23] actually works for any class of regular separators that contains languages
of the form K1 A∗ ∪ K2 where K1 , K2 are finite languages. Since this is clearly the case for
both LT and LTT, Theorem 16 follows.
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7

Conclusion

We proved separation theorems for both LT and LTT. In both cases, algorithms to test
separability, in co-Nexptime and 2-Expspace respectively, are derived from these theorems.
Another contribution is a description of possible separators, given by bounds defining them.
Several questions remain open in this line of research. A first one is to obtain tight
complexity bounds for both classes. While we have co-Nexptime and 2-Expspace upper
bounds for LT and LTT respectively, we have only co-NP lower bounds. The upper bounds
rely on a reduction to the case k = 1, i.e., a translation to the special case when the size
of infixes is fixed to 1. This translation is exponential wrt. the size of the input automata.
Improving the upper bounds would likely require improving this reduction.
Another question is to consider other fragments for separability. A natural generalization
of LTT is LTT+MOD, in which infixes can now also be counted modulo constants. The
most interesting fragment is of course full first-order logic. While the problem was shown
decidable [7, 8], the proofs rely on involved algebraic techniques and give an algorithm that
provides only a yes/no answer. Furthermore, the techniques bring no insight on the expressive
power of first-order logic. It remains a challenging open problem to obtain a combinatorial
proof that FO-separability is decidable, as well as a description of a separator.
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Abstract
In the recently designed and implemented test specification language FQL, relevant test goals are
specified as regular expressions over program locations. To transition from single test goals to
test suites, FQL describes suites as regular expressions over finite alphabets where each symbol
corresponds to a regular expression over program locations. Hence, each word in a test suite
expression yields a test goal specification. Such test suite specifications are in fact rational sets
of regular languages (RSRLs). We show closure properties of general and finite RSRLs under
common set theoretic operations. We also prove complexity results for checking equivalence and
inclusion of star-free RSRLs and for checking whether a regular language is a member of a general
or star-free RSRL. As the star-free (and thus finite) case underlies FQL specifications, the closure
and complexity results provide a systematic foundation for FQL test specifications.
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1

Introduction

Despite the success of model checking and theorem proving, software testing has a dominant
role in industrial practice. In fact, state-of-the-art development guidelines such as the avionic
standard DO-178B [27] are heavily dependent on test coverage criteria. It is therefore quite
surprising that the formal specification of coverage criteria has been a blind spot in the
formal methods and software engineering communities for a long time.
In a recent thread of papers [14, 12, 17, 16, 15, 6], we have addressed this situation
and introduced the Fshell Query Language (FQL) to specify and tailor coverage criteria,
together with Fshell, a tool to generate matching test suites for ANSI C programs. At
the semantic core of FQL, test goals are described as regular expressions whose alphabet
are the edges of the program control flow graph (CFG). For example, to cover a particular
CFG edge c, one can use the regular expression Σ? c Σ? . Importantly, however, a coverage
criterion usually induces not just a single test goal, but a (possibly large) number of test
goals – e.g. all basic blocks of a program. FQL therefore employs regular languages which
can express sets of regular expressions. To this end, the alphabet contains not only the CFG
edges but also postponed regular expressions over these edges, written within quotes.
For example, “Σ? ” (a + b + c + d) “Σ? ” describes the language {“Σ? ” a “Σ? ”, “Σ? ” b “Σ? ”,
?
“Σ ” c “Σ? ”, “Σ? ” d “Σ? ”}. Each of these words is a regular expression that will then serve as
a test goal. Following [1], we call such languages rational sets of regular languages (RSRL).
© Andreas Holzer, Christian Schallhart, Michael Tautschnig, and Helmut Veith;
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The goal of this paper is to initiate a systematic study of RSRLs from a theoretical point
of view, considering closure properties and complexity of common set-theoretic operations.
Thus, this paper is a first step towards a systematic foundation of FQL. In particular, a good
understanding of set-theoretic operations is necessary for systematic algorithmic optimization
and manipulation of test specifications. First results on query optimization for FQL have
been obtained in [6].
A rational set of regular languages is given by a regular language K over alphabet ∆,
?
and a regular language substitution ϕ : ∆ → 2Σ , mapping each symbol δ ∈ ∆ to a regular
language ϕ(δ) over alphabet Σ. We extend ϕ to words w ∈ ∆+ with ϕ(δ · w) = ϕ(δ) · ϕ(w),
S
and set ϕ(L) = w∈L ϕ(w) for L ⊆ ∆+ . The class of rational sets of a monoid (M, ·, e) is
the smallest subclass of M such that (i) ∅ is a rational set, (ii) each singleton set {m} for
m ∈ M is a rational set, and if N1 and N2 are rational sets (iii) then N1 · N2 is a rational set
where · on rational sets is defined by the point-wise application of the monoid’s · operation,
(iv) N1 ∪ N2 is a rational set, and (v) N1? is a rational set [9, 22].
I Definition 1 (Rational Sets of Regular Languages, RSRLs [1]). Given a finite alphabet Σ,
?
the rational sets of regular languages are the rational sets over the monoid (2Σ , ·, {ε}), where
ε denotes the empty word. We represent a rational set of regular languages R as tuple (K, ϕ),
where K ⊆ ∆+ is a regular language over a finite alphabet ∆, and ϕ is a regular language
?
substitution ϕ : ∆ → 2Σ , such that R = {ϕ(w) | w ∈ K}. We say that RSRL R is Kleene
star free, if there exists (K, ϕ) = R such that K is finite (and hence Kleene-star free).
Depending on context, we refer to R as a set of languages or as a pair (K, ϕ), but we always
write L ∈ R iff ∃w ∈ K : L = ϕ(w). Consider the above specification “Σ? ” (a + b + c + d) “Σ? ”
over base alphabet Σ = {a, b, c, d}. To represent this specification as RSRL R = (K, ϕ),
we set ∆ = {δΣ? } ∪ Σ, containing a fresh symbol δΣ? for the quoted expression “Σ? ”. We
set K = L(δΣ? (a + b + c + d) δΣ? ) with ϕ(δΣ? ) = Σ? and ϕ(σ) = {σ} for σ ∈ Σ. Thus K
contains the words δΣ? a δΣ? , . . . with ϕ(δΣ? a δΣ? ) = L(Σ? a Σ? ) ∈ R, as desired.
Note that the RSRL above is finite with exactly four elements. This is of course not
atypical: in concrete testing applications, FQL generates finite sets of test goals, since it
relies on Kleene star free RSRLs only. For future applications, however, it is well possible to
consider infinite sets of test goals e.g. for unbounded integer and real valued variables or for
path coverage criteria which are either matched partially, or by abstract executions. In this
paper, we are therefore considering the general, finite, and Kleene star free case.
I Example 2. Consider the alphabets ∆ = {δ1 , δ2 } and Σ = {a, b}. Then, (1) with
ϕ(δ1 ) = L(a? ), ϕ(δ2 ) = {ab}, and K = L(δ1 δ2? δ1 ), we obtain the rational set of regular
languages {L(a? (ab)i a? ) | i ∈ N}; (2) with ϕ(δ1 ) = L(a? ), ϕ(δ2 ) = {a}, and K = L(δ1 δ2? ),
we obtain ϕ(w1 ) ⊃ ϕ(w2 ) for all w1 , w2 ∈ K with |w1 | < |w2 |; (3) with ϕ(δ1 ) = {ε, a},
ϕ(δ2 ) = {aa}, and K = L(δ1 δ2? ), we have |ϕ(w)| = 2 and ϕ(w) ∩ ϕ(w0 ) = ∅ for all
w 6= w0 ∈ K.
In the finite case we make an additional distinction for the subcase where the regular
expressions in ∆, i.e., the set of postponed regular expressions, are fixed. This has practical
relevance, because in the context of FQL, the results of the operations on RSRL will be
better readable by engineers if ∆ is unchanged.

Contributions and Organization
In Section 3, we show closure properties for general and finite RSRLs, considering the operators
product, Kleene star, complement, union, intersection, set difference, and symmetric difference.
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We also consider the case of finite RSRLs with a fixed language substitution ϕ, as this case
is of particular interest for testing applications. In Section 4, we prove the complexity results
of the decision problems equivalence, inclusion, and membership for Kleene star free RSRLs.
To prove an upper bound on the complexity of the membership problem, we expand the
decidability proof in [1] and give a first complete and explicit algorithm for the problem. We
close in Section 5 in discussing how our results reflect back to design decisions for FQL.

2

Related Work

Afonin et al. [1] introduced RSRLs and studied the decidability of whether a regular language
is contained in an RSRL and the decidability of whether an RSRL is finite. Although Afonin
et al. shortly discuss possible upper bounds for the membership decision problem, their
analysis is incomplete due to gaps in their algorithmic presentation (see also a more detailed
discussion in Section 4.5). Closely connected to the membership problem is the question,
whether a regular language L is expressible via a combination of a given set of regular
languages Li . Motivated by query rewriting for graph databases, Calvanese et al. [7] show
the complexity of determining the maximal rewriting of a regular language L with given
regular languages Li . In earlier work, Hashiguchi [11] shows that it is decidable whether a
regular language L is expressible via a finite application of a subset of the regular operators
concatenation, union, and star to regular languages Li . Afonin et al. [1] realized that distance
automata [10] enable a decision algorithm for the membership problem for RSRL. Although
this construction relies on distance automata, the properties analyzed by Krob [23] and
Colcombet and Daviaud [8] are not applicable in our context. Kirsten [20, 21] generalizes
distance automata to distance desert automata and uses these automata to show the first
complexity result for determining whether a regular language is of a certain star height.
Berstel [5] surveys closure properties of rational and recognizable subsets of monoids and
thereby also the relationship between rational and recognizable subsets. Yet, most stated
results do not apply to RSRLs, hence we investigate closure properties of RSRLs. Pin [26]
introduced the term extended automata for RSRLs as an example of recognizable languages
that can be characterized by constraint systems over symbols and substrings occurring in
words of the language, but he did not further investigate any of their properties. In our
own related work on FQL [14, 13, 12, 17, 16, 15, 6], we deal with practical issues arising in
test case generation. Beyond RSRLs, FQL provides an additional language layer to extract
suitable alphabets from the programs e.g. referring with a single symbol to all basic blocks
of the program under scrutiny.
Let us finally discuss other work whose terminology is similar to RSRLs without direct
technical relation. Barceló et al. define rational relations, which are relations between words
over a common alphabet, whereas we consider sets of regular languages [3]. Barceló et
al. also investigate parameterized regular languages [4], where words are obtained by replacing
variables in expressions with alphabet symbols. Metaregular languages deal with languages
recognized by automata with a time-variant structure [2, 28]. Lattice Automata [24] only
consider lattices that have a unique complement element, whereas RSRLs are not closed
under complement (no RSRL has an RSRL as complement).

3

Closure Properties

We investigate the closure properties of RSRLs, considering standard set theoretic operators,
such as union, intersection, and complement, and variants thereof, fitting RSRLs. In
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particular, we apply those operators also to pairs in the Cartesian product of RSRLs, and
point-wise to each element in an RSRL and another given regular language.
I Definition 3 (Operations on RSRL). Let R1 and R2 be RSRLs and let R be a regular
language. Then, we define the following operations on RSRLs:
Operation

Definition

Product
Kleene Star
Point-wise
Complement
Point-wise
Binary Operators
Point-wise
Cartesian
Symmetric Difference

R1 · R2
=
{L
S 1 · L2i | L1 ∈ R1 , L2 ∈ R2 }
R?1
=
R1
i∈N
Ṙ?1
=
{L? | L ∈ R1 }
?
R1
=
{L ⊆ 2Σ | L ∈
/ R1 }
R˙ 1
=
{L | L ∈ R1 }
R1 ∩ R2 , R1 ∪ R2 , R1 − R2
(standard def.)
· R
R1 ∪· / ∩· / −
=
{L ∪ / ∩ / − R | L ∈ R1 }
×
× / ∩
× / − R2
R1 ∪
=
{L1 ∪ / ∩ / − L2 | L1 ∈ R1 , L2 ∈ R2 }
R1 ∆R2
=
{L | L ∈ ((R1 ∪ R2 ) − (R1 ∩ R2 ))}

We analyze three different classes of RSRLs for being closed under these operators:
(1) General RSRLs, (2) finite RSRLs, and (3) finite RSRLs with a fixed language substitution ϕ. For closure properties, we do not distinguish between Kleene star free and finite
RSRLs, since every finite RSRL is expressible as Kleene star free RSRL (however, given an
RSRL with Kleene star, it is non-trivial to decide whether the given RSRL is finite or not [1]).
Therefore, all closure properties for finite RSRLs apply to Kleene star free RSRLs as well.
Hence, cases (2-3) correspond to FQL. Case (3) is relevant for usability in practice, allowing
to apply the corresponding operators without constructing a new language substitution. This
does not only significantly reduce the search space but also provides more intuitive results to
users.
I Theorem 4 (Closure Properties of RSRL). The following table summarizes the closure
properties for RSRLs.
Operation

Closure Property
General

(+ closed

− not closed

Product
Kleene Star
Point-wise
Complement
Point-wise
Union
Point-wise
Cartesian
Intersection
Point-wise
Cartesian
Difference
Point-wise
Cartesian
Symmetric

? unknown)

+
+
−
−
−
+
−
−
?
−
−
?
−
−
?

Finite RSRLs
General

Fixed Subst.

+
−
+
−
+
+
+
+
+
+
+
+
+
+
+

+
−
−
−
−
+
−
−
+
−
−
+
−
−
+

As most proofs for Theorem 4 are straightforward, we only exemplify the proofs for
point-wise operators using the point-wise union operator (cf. Proposition 6) and show the
rest of the proofs in an extended online version of this paper [18]. The following set of
regular languages is not an RSRL and we use it to prove the non-closure of RSRLs under
the point-wise union operator.
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I Example 5. Consider the set M = {{b} ∪ {ai | 1 ≤ i ≤ n + 1} | n ∈ N} ⊆ 2{a,b} .
M contains infinitely many languages, therefore, any RSRL R = (K, ϕ), with M = R,
requires a regular language K containing infinitely many words. By Ln we denote the set
{b} ∪ {ai | 1 ≤ i ≤ n + 1}. Then, L0 ( L1 ( . . . Li−1 ( Li ( Li+1 ( . . .. There must be
a word w = uvz ∈ K such that uv i z ∈ K, for all i ≥ 1 (cf. pumping lemma for regular
languages [19]). Furthermore, there must be such a word w = uvz such that ϕ(u) 6= ∅,
ϕ(v) 6= ∅, ϕ(v) 6= {ε}, and ϕ(z) 6= ∅. This is due to the fact that we have to generate
arbitrary long words ai . We can assume that b ∈
/ ϕ(v) because otherwise bi ∈ ϕ(v i ), for all
i ≥ 1. Therefore, ak ∈ ϕ(v) for some k ≥ 1. Since b ∈ ϕ(uvz) has to be true, we can assume
w.l.o.g. that b ∈ ϕ(u). But, then bak . . . ∈ ϕ(uvz). This is a contradiction to the fact that,
for all n ≥ 1, bak . . . ∈
/ Ln .
I Proposition 6 (Closure of Point-wise Union). The set R1 ∪· R is, in general, not an RSRL.
Proof. Let R1 = (L(δ1 δ2? ), ϕ) with ϕ(δ1 ) = {a} and ϕ(δ2 ) = L(a + ε) and let R = {b}.
Then, R1 ∪· R = {{b} ∪ {ai | 1 ≤ i ≤ n + 1} | n ∈ N} which is not an RSRL, as shown in
Example 5.
J

4

Decision Problems

Given a regular language R ⊆ Σ? and an RSRL R = (K, ϕ) over the alphabets ∆ and Σ, the
membership problem is to decide whether R ∈ R holds. Given another R0 = (K 0 , ϕ0 ), also
over the alphabets ∆0 and Σ, the inclusion problem asks whether R ⊆ R0 holds, and the
equivalence problem, whether R = R0 holds.
I Theorem 7 (Equivalence, Inclusion, and Membership for Kleene star free RSRLs). Membership,
inclusion, and equivalence are PSpace-complete for Kleene star free represented RSRLs.
This holds true, since in case of Kleene star free represented RSRLs (given explicitly
as (K, ϕ) with K finite), we can enumerate the regular expressions defining all member
languages in PSpace. Given the PSpace-completeness of regular language equivalence, we
compare a given regular expression with all member languages, solving the membership
problem in PSpace. Doing so for all languages of another RSRL solves the inclusion problem,
and checking mutual inclusion yields an algorithm for equivalence. This approach does not
immediately generalize to finite RSRLs, since finite RSRLs R = {ϕ(w) | w ∈ K} may be
generated from an infinite K with Kleene stars.
In the general case, the situation is quite different: Previous work shows that the
membership problem is decidable [1], but without turning the construction into a concrete
algorithm or determining an upper bound for complexity of the problem. Taking this work
as starting point, in the remainder of this section, we give an 2ExpSpace upper bound on
the complexity of the problem, discussing the relationship with [1] at the end of the section.
The decidability of inclusion and equivalence remains open.

4.1

Membership for general RSRLs

By definition, the membership problem is equivalent to asking whether there exists a w ∈ K
with ϕ(w) = R. For checking the existence of such a w, we have to check possibly infinitely
many words in K efficiently. To render this search feasible, we (A) rule out irrelevant parts
of K, and (B) treat subsets of K at once. This leads to the procedure membership(K, R, ϕ)
shown in Algorithm 1, which first enumerates with M 0 ∈ enumerate(K, R, ϕ) a sufficient set
of sublanguages (Line 1), and then checks each of those sublanguages individually (Line 2).
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Algorithm 1: membership(R, K, ϕ)
input
: regular languages R ⊆ Σ? , K ⊆ ∆? ,
regular language substitution ϕ with ϕ(δ) ⊆ Σ? for all δ ∈ ∆
returns : true iff ∃w ∈ K : ϕ(w) = R (i.e., iff R ∈ (K, ϕ))
0
1 foreach M ∈ enumerate(R, K, ϕ) do
2
if basiccheck(R, M 0 , ϕ) then return true;
3

return false;

More specifically, we employ the following optimizations: We rule out (A.1) all words w
with ϕ(w) 6⊆ R, and (A.2) all words w whose language ϕ(w) differs from R in the length of
its shortest word. We subdivide the remaining search space (B) into finitely many suitable
languages M 0 and check the existence of a w ∈ M 0 with ϕ(w) = R in a single step.
We discuss a mutually fitting design of these steps below and consider the resulting
complexity. However, due to space limitations, we put the necessary proofs into an extended
online version of this paper [18].

(A.1) Maximal Rewriting
To rule out all w with ϕ(w) 6⊆ R, we rely on the notion of a maximal ϕ-rewriting Mϕ (R)
of R, taken from [7]. Mϕ (R) consists of the words w with ϕ(w) ⊆ R, i.e., we set Mϕ (R) =
{w ∈ ∆+ | ϕ(w) ⊆ R}. Furthermore, all subsets M ⊆ Mϕ (R) are called rewritings of R, and
if ϕ(M ) = R holds, M is called exact rewriting.
?

I Proposition 8 (Regularity of maximal rewritings [7]1 ). Let ϕ : ∆ → 2Σ be a regular language
substitution. Then the maximal ϕ-rewriting Mϕ (R) of a regular language R ⊆ Σ? is a regular
language over ∆.
As all words w with ϕ(w) = R must be element of Mϕ (R), we restrict our search to
M = Mϕ (R) ∩ K.

(A.2) Minimal Word Length
We restrict the search space further by checking the minimal word length, i.e., we compare
the length of the respectively shortest word in R and ϕ(w). If R and ϕ(w) have different
minimal word lengths, R 6= ϕ(w) holds, and hence, we rule out w. We define the minimal
word length minlen(L) of a language L with minlen(L) = min{|w| | w ∈ L}, leading to the
definition of language strata.
?

I Definition 9 (Language Stratum). Let L be a language over ∆, and ϕ : ∆ → 2Σ be a
regular language substitution, then the B-stratum of L, denoted as L[B, ϕ], is the set of
words in L which generate via ϕ languages of minimal word length B, i.e., L[B, ϕ] = {w ∈
L | minlen(ϕ(w)) = B}.
Starting with M = Mϕ (R) ∩ K, we restrict our search further to M [minlen(R), ϕ].

1

This proposition is not trivial, as ϕ is not a homomorphism mapping each word to a single word, but
a substitution mapping each word w to a language ϕ(w); if ϕ(w) would yield only words, we would
immediately obtain Mϕ (R) = ϕ−1 (R) for ϕ−1 (L) = {w | ϕ(w) ∩ L 6= ∅}.
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(B) 1-Word Summaries
It remains to subdivide M [minlen(R), ϕ] into finitely many subsets M 0 , which are then
checked efficiently without enumerating their words w ∈ M 0 . Here, we only discuss the
property of these subsets M 0 which enables such an efficient check, and later we will describe
an enumeration of those subsets M 0 . When we check a subset M 0 , we do not search for
a single word w ∈ M 0 with ϕ(w) = R but for a finite set F ⊆ M 0 with ϕ(F ) = R. The
soundness of this approach will be guaranteed by the existence of 1-word summaries: A
language M 0 ⊆ ∆? has 1-word summaries, if for all finite subsets F ⊆ M 0 there exists a
summary word w ∈ M 0 with ϕ(F ) ⊆ ϕ(w). The property we exploit is given by the following
proposition.
I Proposition 10 (Membership Condition for Summarizable Languages, adapting [1]). Let
M 0 ⊆ ∆? be a regular language with 1-word summaries and ϕ(M 0 ) ⊆ R. Then there exists a
w ∈ M 0 with ϕ(w) = R iff there exists a finite subset F ⊆ M 0 with ϕ(F ) = ϕ(M 0 ) = R.

Putting it together
First, combining A.2 and B, we obtain Lemma 11, to subdivide the search space M [B, ϕ] into
a set rep(M, B, ϕ) of languages M 0 with 1-word summaries. Second, in Theorem 12, building
upon Lemma 11 and A.1, we fix B = minlen(R) and iterate through these languages M 0 . We
check each of them at once with our membership condition from Proposition 10. In terms of
Algorithm 1, Lemma 11 provides the foundation for enumerate(K, R, ϕ) and Proposition 10
underlies basiccheck(R, M 0 , ϕ).
I Lemma 11 (Summarizable Language Representation, adapting [1]). Let M ⊆ ∆? be a regular
?
language and ϕ : ∆ → 2Σ be a regular language substitution. Then, for each bound B ≥ 0,
there exists a family rep(M, B, ϕ) of union-free regular languages M 0 ∈ rep(M, B, ϕ) with
S
1-word summaries, such that M [B, ϕ] ⊆ M 0 ∈rep(M,B,ϕ) M 0 ⊆ M holds.
I Theorem 12 (Membership Condition, following [1]). Let R = (K, ϕ) be a RSRL and
?
ϕ : ∆ → 2Σ be a regular language substitution. Then, for a regular language R ⊆ Σ? ,
we have R ∈ R, iff there exists an M 0 ∈ rep(Mϕ (R) ∩ K, minlen(R), ϕ) with a finite subset
F ⊆ M 0 with ϕ(F ) = ϕ(M 0 ) = R.
We obtain the space complexity of membership, depending on the size of the expressions
which represent the involved languages. More specifically, the complexity depends on the
expression sizes ||R|| and ||K|| and the summed size ||ϕ|| = Σδ∈∆ ||ϕ(δ)|| of the expressions
in the co-domain of ϕ.
K, ϕ) runs in 2ExpSpace). More precisely, it runs in
I Theorem
13 (membership(R,

s
r 2(||R||+||ϕ||)
DSpace ||K|| 2
for some constants r and s.
We prove Theorem 13 in Section 4.4, relying on the algorithms presented in Sections 4.2
and 4.3.

4.2

Implementing basiccheck(R, M 0 , ϕ)

?
Since Lemma 11 produces only languages M 0 = N1 S1? N2 . . . Nm Sm
Nm+1 with 1-word summaries, we restrict our implementation to such languages and exploit these restrictions
subsequently. So, given such a language M 0 over ∆, and a regular language substitution
?
ϕ : ∆ → 2Σ , we need to check whether there exists a finite F ⊆ M 0 with ϕ(F ) = ϕ(M 0 ) = R.
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Algorithm 2: basiccheck(R, M 0 , ϕ)
input
: regular languages R ⊆ Σ? , M 0 ⊆ ∆? , and
regular language substitution ϕ with ϕ(δ) ⊆ Σ? for all δ ∈ ∆
requires : M 0 is union-free and ϕ(M 0 ) ⊆ R
returns : true iff ∃ finite F ⊆ M 0 : ϕ(F ) = ϕ(M 0 ) = R
1 build AM 0 ;
2 if AM 0 limited then
3
if ϕ(M 0 ) = R then return true;
4

return false;

We implement this check with the procedure basiccheck(R, M 0 , ϕ), splitting the condition
of Proposition 10 into two parts, namely (1) whether there exists a finite F ⊆ M 0 with
ϕ(F ) = ϕ(M 0 ), and (2) whether ϕ(M 0 ) = R holds. While the latter condition amounts to
regular language equivalence, the former requires distance automata as additional machinery.
I Definition 14 (Distance Automaton [10]). A distance automaton over an alphabet ∆ is a
tuple A = h∆, Q, ρ, q0 , F, di where h∆, Q, ρ, q0 , F i is an NFA and d : ρ → {0, 1} is a distance
function, which can be extended to a function on words as follows. The distance function d(π)
of a path π is the sum of the distances of all edges in π. The distance µ(w) of a word w ∈ L(A)
is the minimum of d(π) for all paths π accepting w.
A distance automaton A is called limited if there exists a constant U such that µ(w) < U
for all words w ∈ L(A).
In our check for (1), we build a distance automaton which is limited iff a finite F with
ϕ(F ) = ϕ(M 0 ) exists. Then, we rely on the PSpace-decidability [25] of the limitedness of
distance automata to check whether F exists or not.

Distance-automaton Construction
Here, we exploit the assumption that M 0 is a union-free language over ∆: Given the regular
expression defining M 0 , we construct the distance automaton AM 0 following the form of this
regular expression:
δ ∈ ∆: We construct the finite automaton Aδ with L(Aδ ) = ϕ(δ). We extend Aδ to a
distance automaton by labeling each transition in Aδi with 0.
e · f : Given distance automata Ae and Af with Ae = (Qe , Σ, ρe , q0,e , Fe , de ) and Af =
(Qf , Σ, ρf , q0,f , Ff , df ), we set Ae·f = (Qe ] Qf , Σ, ρe ∪ ρf ∪ ρ, q0,e , Ff , de·f ) where ρ =
{(q, ε, q0,f ) | q ∈ Fe } and de·f = de ∪ df ∪ {(t, 0) | t ∈ ρ}, i.e., we connect each final state
of Ae to the initial state of Af and assign the distance 0 to these connecting transitions.
e? : We construct the distance automaton Ae = (Qe , Σ, ρe , q0,e , Fe , de ). Then, Ae? =
(Qe , Σ, ρe ∪ ρ, q0,e , Fe ∪ {q0,e }, de? ), where ρ = {(q, ε, q0,e ) | q ∈ Fe } and de? = de ∪
{((q, ε, p), 1) | (q, ε, p) ∈ ρ}, i.e., we connect each final state of Ae to the initial states of
Ae and assign the corresponding transitions the distance 1.
If the resulting distance automaton AM 0 is limited, then there exists a finite subset F ⊆ M 0
such that ϕ(F ) = ϕ(M 0 ). This implies that (1) holds.
So, given M 0 and R together with all languages in the domain of ϕ as regular expressions,
basiccheck(R, M 0 , ϕ) in Algorithm 2 first builds AM 0 (Line 1) and checks its limitedness
(Line 2), amounting to condition (1). For condition (2), basiccheck verifies that ϕ(M 0 ) and
R are equivalent (Line 3) and returns true if both checks succeed.

A. Holzer, C. Schallhart, M. Tautschnig, and H. Veith

385

Algorithm 3: enumerate(R, K, ϕ)
input
: regular languages R ⊆ Σ? , K ⊆ ∆? , and
regular language substitution ϕ with ϕ(δ) ⊆ Σ? for all δ ∈ ∆
yields : L ∈ rep(M, minlen(R), ϕ) for M = Mϕ (R) ∩ K
1 M := Mϕ (R) ∩ K;
2 for L ∈ unionfreedecomp(M ) do unfold(L, ϕ, minlen(R));

Algorithm 4: unfold(L, ϕ, B)
input
: union-free regular language L ⊆ ∆? , written as
?
L = N1 S1? N2 . . . Nm Sm
Nm+1 ⊆ ∆? with Ni ∈ ∆? and union-free Sh ⊆ ∆? ,
regular language substitution ϕ with ϕ(δ) ⊆ Σ? for all δ ∈ ∆, and bound B
yields : L0 ∈ rep(L, B, ϕ)
1 if ∀Sh ∀w ∈ Sh : ε ∈ ϕ(w) then yield L;
2 else
3
fix Sh arbitrarily with ∃w ∈ Sh : ε 6∈ ϕ(w);
4
E := Sh ∩ ∆?ε ;
// ∆ε = {δ ∈ ∆ | ε ∈ ϕ(δ)}
?
Nm+1 ;
5
L0 := N1 S1? N2 . . . Nh E ? Nh+1 . . . Nm Sm
6
unfold(L0 , ϕ, B);
?
Nm+1 (see text)
// Lp := N1 S1? N2 . . . Nh E ? Ēp Sh? Nh+1 . . . Nm Sm
7
for p ∈ critical(Sh ) with minlen(ϕ(Lp )) ≤ B do unfold(Lp , ϕ, B);

I Lemma 15 (basiccheck(R, M 0 , ϕ) runs in PSpace). basiccheck(R, M 0 , ϕ) runs in PSpace,
which is optimal up to the assumption that PSpace does not collapse with a lower class, as
it solves a PSpace-complete problem.

4.3

Implementing enumerate(K, R, ϕ)

Our enumeration algorithm must produce the languages rep(M, B, ϕ), guaranteeing that all
S
M 0 ∈ rep(M, B, ϕ) have 1-word summaries, and that M [B, ϕ] ⊆ M 0 ∈rep(M,B,ϕ) M 0 ⊆ M
holds (as specified by Lemma 11). To this end, we rely on a sufficient condition for the
existence of 1-word summaries. First we show this condition with Proposition 16, before
turning to the enumeration algorithm itself.
I Proposition 16 (Sufficient Condition for 1-Word Summaries). Let L be a union-free language
?
over ∆, given as L = N1 S1? N2 . . . Nm Sm
Nm+1 , with words Nh ∈ ∆? and union-free languages
?
Sh ⊆ ∆ . If ε ∈ ϕ(w) for all w ∈ Sh and all Sh , then L has 1-word summaries.
We are ready to design our enumeration algorithm, shown in Algorithm 3, and its recursive
subprocedure in Algorithm 4. Both algorithms do not return a result but yield their result
as an enumeration: Upon invocation, both algorithms run through a sequence of yield
statements, each time appending the argument of yield to the enumerated sequence. Thus,
the algorithm never stores the entire sequence but only the stack of the invoked procedures.
Initializing the recursive enumeration, Algorithm 3 obtains the maximum rewriting M :=
Mϕ (R) ∩ K of R (Line 1) and iterates over the languages L in the union-free decomposition
of M (Line 2) to call for each L the recursive procedure unfold, shown in Algorithm 4. In
?
turn, Algorithm 4 takes a union free language L = N1 S1? N2 . . . Nm Sm
Nm+1 and a bound B
to unfold the Kleene-star expressions of L until the precondition of Proposition 16 is satisfied
or minlen(ϕ(L)) > B.
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More specifically, unfold exploits a rewriting, based on the following terms: Given a union
free language Sh , let E = Sh ∩∆?ε with ∆ε = {δ ∈ ∆ | ε ∈ ϕ(δ)} denote all words w in Sh with
ε ∈ ϕ(w) and let Ē = Sh \ E. Since Ē is in general not union free, we need to split Ē further.
To this end, we define ufs(Sh , p) recursively for an integer sequence p = hpH | pT i with head
element pH and tail sequence pT . Intuitively, a sequence p identifies a subexpression in Sh
by recursively selecting a nested Kleene star expression; ufs(Sh , p) unfolds Sh such that this
selected expression is instantiated at least once. Formally, for Sh = α1 β1? α2 . . . αn βn? αn+1 we
set ufs(Sh , ε) = Sh and ufs(Sh , p) = α1 . . . αpH βp?H ufs(βpH , pT )βp?H αpH +1 . . . αn+1 . Consider
Sh = A? (B ? C ? )? D? (with all αi = ε for brevity), then we obtain
ufs(Sh , h2, 1i)

=
=
=

A?
A?
A?

(B ? C ? )?
(B ? C ? )?
(B ? C ? )?

?

(B
(B ?

ufs(B ? C ? , h1i)
ufs(B, ε) B ?
(B)
B?

?

C )
C?)

(B ? C ? )?
(B ? C ? )?
(B ? C ? )?

D?
D?
D?

instantiating B at position h2, 1i at least once. Let critical(Sh ) be integer sequences which
identify a subexpression of Sh which directly contain a symbol δ with ε 6∈ ϕ(δ) (and
S
not only via another Kleene-star expression). Then, we write Ē = p∈critical(Sh ) Ēp , with
Ēp = ufs(Sh , p). This discussion leads to the following rewriting:
I Proposition 17 (Rewriting for 1-Word Summaries). For every union free language Sh? , we
S
have Sh? = E ? ∪ p∈critical(Sh ) E ? Ēp Sh? . All languages in the rewriting, i.e., E ? and E ? Ēp Sh? ,
are union free, E ? has 1-word summaries, and minlen(Sh? ) < minlen(E ? Ēp Sh? ) holds for all
p ∈ critical(Sh ).
If L already satisfies the precondition imposed by Proposition 16, Algorithm 4 yield-s
L and terminates (Line 1). Otherwise, it fixes an arbitrary Sh violating this precondition
and rewrites L recursively with Proposition 17 (Lines 3-7). (1) Termination: In each
recursive call, unfold either eliminates in L0 an occurrence of a subexpression Sh violating the
precondition of Proposition 16 (Line 6), or increases the minimum length in Lp , eventually
running into the upper bound B (Line 7). (2) Correctness: Setting B = ∞, unfold yield-s a
possibly infinite sequence of union free languages which have 1-word summaries such that
their union equals the original language L: As the generation of these languages is based
on the equality of Proposition 17 each rewriting step is sound and complete, leading to an
infinite recursion tree whose leaves yield the languages in the sequence. The upper bound
on minimum length only cuts off languages Lp producing words of minimum length beyond
B, i.e., Lp ∩ L[B, ϕ] = ∅, and in consequence, it is safe to drop Lp , since we only need to
construct rep(L, B, ϕ) with rep(L, B, ϕ) ⊇ L[B, ϕ].

4.4

Upper Bound of the Complexity

The proof of Theorem 13 is based on the size of the maximum rewriting M = Mϕ (R) ∩ K of
(||R||+||ϕ||)l

||K||22
for some constant l, shown in [7], and unfold’s complexity: In Proposition 18,
we show an upper bound on the space complexity of unfold, leading to the complexity of
enumerate in Lemma 19 and the desired proof of Theorem 13.
I Proposition 18 (unfold(L, ϕ, B) runs in DSpace(B 2 ||L||4 + ||ϕ||)).


(||R||+||ϕ||)k
I Lemma 19 (enumerate(R, K, ϕ) runs in DSpace ||K||4 22
).


(||R||+||ϕ||)k
Proof of Theorem 13. The enumeration runs in DSpace ||K||4 22
, producing
expressions for basiccheck at most of the same size (Lemma
 19). Since basiccheck
 is in PSpace

(Lemma 15), we obtain the overall complexity DSpace ||K||r 22
for some constants r and s.

(||R||+||ϕ||)s

⊆ 2ExpSpace
J
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Differences to Afonin and Khazova [1]

Afonin and Khazova show that the membership problem is decidable. In determining an
upper bound for the complexity of membership problem, we had to expand their approach
significantly: In general, we follow a top-down approach to describe the overall algorithm,
whereas Afonin and Khazova go bottom-up, focusing on the building blocks enabling the
decision procedure. More specifically, basiccheck is described in [1], while enumerate is
omitted, as [1] deals with decidability only, deeming the bound on the enumeration size
irrelevant. Hence Algorithms 3 and 4 are new, as well as the construction in Section 4.3,
leading to Proposition 17. Based on the new algorithms, we contribute Theorem 13, together
with Proposition 18, and Lemma 19. Moreover, in [1], the overall algorithm and the proof for
Theorem 12 are only described in a brief paragraph. Finally, Section 4.1, albeit technically not
new, provides a much more conceptual and hopefully accessible description of the algorithm.

5

Conclusion

Motivated by applications in test case specifications with FQL, we have studied general and
finite RSRLs. While we showed that general RSRLs are not closed under most common
operators, finite RSRLs are closed under all operators except Kleene stars and complementation (Theorem 4). This shows that our restriction to Kleene star free and hence finite
RSRLs in FQL results in a natural framework with good closure properties. Likewise, the
proven PSpace-completeness results for Kleene star free RSRLs provide a starting point to
develop practical reasoning procedures for Kleene star free RSRLs and FQL. Experience with
LTL model checking shows that PSpace-completeness often leads to algorithms which are
feasible in practice. In contrast, for general and possibly infinite RSRLs, we have described
a 2ExpSpace membership checking algorithm – leaving the question for matching lower
bounds open. Nevertheless, reasoning on general RSRLs seems to be rather infeasible.
Last but not least, RSRLs give rise to new and interesting research questions, for instance
the decidability of inclusion and equivalence for general RSRLs, and the closure properties
left open in this paper. In our future work, we want to generalize RSRLs to other base
formalisms. For example, we want ϕ to substitute symbols by context-free expressions, thus
enabling FQL test patterns to recognize e.g. matching of parentheses or emptiness of a stack.
Acknowledgements. This work received funding in part by the Austrian National Research
Network S11403-N23 (RiSE) of the Austrian Science Fund (FWF), by the Vienna Science
and Technology Fund (WWTF) grant PROSEED, and by the European Research Council
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Abstract
We introduce the concept of Avatar problems that deal with situations where each entity has
multiple copies or “avatars” and the solutions are constrained to use exactly one of the avatars.
The resulting set of problems show a surprising range of hardness characteristics and elicit a
variety of algorithmic solutions. Many avatar problems are considered. In particular, we show
how to extend the concept of -kernels to find approximation algorithms for geometric avatar
problems. Results for metric space graph avatar problems are also presented.
1998 ACM Subject Classification F.2.2 Nonnumerical Algorithms and Problems
Keywords and phrases Avatar problems, choice
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Every man has the power to choose,
but no power to escape the necessity of choice.
– Ayn Rand

1

Introduction

We introduce a family of optimization problems which we call Avatar problems. The main
feature of this family of problems is that their input entities have multiple replicas (or copies,
or avatars), but their output is constrained to use exactly one of the copies. Avatar problems
manifest themselves in many practical applications. For example, if disk storage systems
have multiple copies of data items, then disk scheduling algorithms may process requests
by visiting any one of the copies of each requested data to optimize the total access cost.
Given any optimization (or decision) problem, its avatar version is required to achieve the
same optimization (or decision) over all possible instances where each instance is created by
assigning each element ai to exactly one of k possible values. In this paper we investigate
the complexity of avatar versions of classical algorithmic problems.
Avatar versions of NP-hard problems are easily shown to be NP-hard. However, designing
good approximation algorithms often requires the solution of other avatar problems (e.g.,
avatar TSP can be well approximated by approximating avatar MST or avatar matching).
This suggests the need for solving a family of avatar problems, over and beyond those with
direct relevance to practical applications.
Related problems include generalized MST (MST spanning at least one vertex from each
given set) [20], group TSP (minimum length tour visiting at least one vertex from each
given group) [9], and TSP with neighborhoods (minimum length tour that visits each given
neighborhood) [8, 22], all of which are NP-hard, even in Euclidean space. A closely related
model is the indecisive (uncertain) points model [16], where input points have spatial uncertainty, but their true locations are known to be from a set of (possibly infinite) possibilities.
Jørgensen et al. [16] suggest many applications for their model; these are applicable to the
© Mario E. Consuegra and Giri Narasimhan;
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avatar model as well. For example, privacy considerations may prevent a database from
storing the precise location of a person with a certain illness, but may provide a zip code;
sensors may have limited accuracy and may provide approximate location data. A major
difference with the avatar model is that in the uncertainty model, the power of choice lies
with an adversary. Also see [5, 10–12, 14, 19, 21].
The concept of switching graphs [15, 18] introduces another related model. In the area
of scheduling, a related problem is the job interval selection problem (JISP) [7]. In this
problem the input is a set of n jobs assigned to a worker. Each job is a set of one or more
intervals on the real line, and we must select one interval for each job such that we schedule
as many jobs as possible by picking non-overlapping intervals. In the k-avatar version of
JISP each job is a set of at most k intervals. Avatar problems share some overlap with the
area of parameterized complexity. The study of the complexity of a k-avatar problem as k
goes from 1 to ∞ provides better understanding of the complexity landscape of the problem.

Results
The main results are summarized here, and is indicative of how “choice” affects the complexity of these problems in different ways.
1. In Section 2, we tackle two seemingly simple problems, minGap and maxGap, where
the avatar versions result in natural optimization problems. We design a O(n2 log n)time algorithm for the 2-avatar maximum minGap problem for inputs in Rd , and a
2-approximation O(n3 · k 3 log(nk))-time algorithm for the k-avatar minimum maxGap
problem for points on a line.
2. In Section 3, we extend the concept of -kernels to the avatar world and show how
to compute it efficiently for a k-avatar point set in Rd . This enabled us to design a
polynomial-time algorithm for finding an -approximate smallest convex hull for the kavatar convex hull problem in Rd . The -kernel result was also used to design polynomialtime (1 + )-approximation algorithms for the avatar versions of the following geometric
problems: smallest volume axis-aligned enclosing hyperbox.
3. Reachability is a fundamental problem with linear-time algorithms for non-avatar inputs.
Surprisingly, we show in Section 4 that for unweighted graphs, the k-avatar reachability
problem is NP-complete. For weighted graphs, we show that the k-avatar shortest path
problem is inapproximable to any constant factor unless P = N P .
We establish some basic notation for this paper. Let L = {a1 , a2 , . . . , an } be a set of n
k-avatar entities. In other words, for each entity ai ∈ L, one can assign ai to one of the k
(1) (2)
(k)
avatar values from the set Av(ai ) = {vi , vi , . . . , vi }. An avatar assignment for entities
in L, denoted by A(·), is an assignment of a single avatar value to each entity in L. Thus,
A(ai ) ∈ Av(ai ). Let A(L) denote the set of values assigned to each element in L.

2

Avatar Minimum and Maximum Gaps

Given a set of points {x1 , . . . , xn } on a line, we define the minGap (resp. maxGap) as the
smallest (resp. largest) gap between consecutive items in the sorted order. The avatar version of the maximum minGap and minimum maxGap problems is: Given a set of n k-avatar
entities, find an avatar assignment that results in the maximum minGap (resp. minimum
maxGap). More formally, we are given a set of k-avatar entities L = {a1 , a2 , . . . , an }, where
(1) (2)
(k)
each entity ai can be assigned one of k values from the set {vi , vi , . . . , vi }.
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Avatar Maximum minGap

We present a polynomial-time algorithm for the 2-avatar version of maximum minGap problem. It is clear that the minGap must be between a pair of points from the set of all avatar
S
(1)
(k) (1)
(k)
(1)
(k)
values, ai ∈L Av(ai ) = {v1 , . . . , v1 , v2 , . . . , v2 , . . . , vn , . . . , vn }. We first solve the
decision problem of determining if there exists an avatar assignment so that the minGap is
at least B; this is achieved by giving a polynomial-time reduction to 2SAT. The construction
creates two complementary boolean variables, xi and ¬xi , to represent the two avatars of
entity ai . For every pair of values that are not avatars of each other and that have a distance
of at most B, a clause is created to ensure that the corresponding boolean variables are not
simultaneously set to true; a conjunction of these clauses generates an instance of 2SAT.
It is easily shown that the resulting 2SAT formula is satisfiable if and only if the original
2-Avatar Maximum minGap problem has a minGap that is no smaller than B. Given the
linear time algorithm for 2SAT [3], it is not difficult to see that the above algorithm takes
O(n2 ) time, and that the maximum minGap can be found in O(n2 log n) time by doing a
binary search on the sorted list of all interpoint distances.
The above reduction to 2SAT for the 2-avatar minGap problem readily generalizes to
the case where the entity values are points in d-dimensional space. However, the k-avatar
minGap problem is NP-complete, and can be proved by a trivial adaptation of the proof of
NP-Completeness of the problem of finding a System of q-Distant Representatives proved
by Fiala et al. [13].
I Theorem 1. The 2-avatar maximum minGap problem for n points in Rd can be solved in
O(n2 log n) time. The corresponding k-avatar problem for k > 2 is NP-hard.

2.2

Avatar Minimum maxGap

The avatar minimum maxGap problem appears to be harder than the avatar maximum
minGap problem. While an exact polynomial time algorithm for the minimum maxGap
problem remains open, below we present an approximation algorithm for the k-avatar minimum maxGap problem for points on a line.
Let B ∗ be the length of the minimum MaxGap, where the minimum is over all possible avatar assignments. We will perform binary search on the sorted list of all interpoint
distances in order to find good lower and upper bounds Blow and Bupp for B ∗ such that
Blow ≤ B ∗ ≤ Bupp . Establishing bounds for the ratio between the lower and upper bounds
gives an approximation for B ∗ . A sorted list of interpoint distances can be computed in
O(n2 k 2 log nk). For a given value of B during this binary search we need to solve the decision problem of determining if there exists an avatar assignment so that the maxGap is at
most B. The algorithm described below will give an approximate solution to this decision
problem in the following sense. If the algorithm says “NO”, then maxGap is greater than
B. If the algorithm says “YES”, then the maxGap is at most 2B.
Let V denote the set of kn avatar values mapped on to the real line. Any avatar
assignment is a subset of n points from V . A partition of the line into infinite number
of disjoint abutting cells each of size B (see Fig. 1) is called a valid partition if there exists
an avatar assignment such that all the points in the assignment are contained in a sequence
of consecutive non-empty cells. Therefore, it follows that if there exists an avatar assignment
for L such that the resulting point set has maxGap at most B then every partition of the
line into infinite cells of size B is valid. The consequence is that if there is any partition of
the line into infinite cells of size B that is not valid, then we know for sure that the maxGap
for every assignment is greater than B. The difficulty is that the converse need not be true.
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Figure 1 Two different infinite partitions of the line are shown. The partition with dotted vertical
lines is valid, while the partition with solid vertical lines is not valid. The valid partition is achieved
by an avatar assignment that picks all choices with superscript 2.

Even though the assigned values appear in a sequence of consecutive cells, the maxGap
could be between two items in adjacent cells that are nearly 2B apart, a key observation
that leads to a 2-approximate algorithm. For example, in Fig. 1, v62 and v52 are in adjacent
cells (of the partition with vertical dotted lines) but are almost 2B apart.
Given B, a fixed infinite partition of the line into cells of size B, and a fixed sequence
of consecutive cells, we check if that partition is valid for some avatar assignment of L by
a reduction to Network Flow. Briefly, we construct a bipartite network where one partition
P has vertices corresponding to entities ai ∈ L and the other partition Q has vertices
corresponding to cells of the partition. There is an edge from a vertex p ∈ P to a vertex
q ∈ Q if the entity corresponding to p has an avatar in the cell corresponding to q. Finally,
the reduction involves showing that the network has a flow of n if and only if the partition is
valid. For lack of space, details of the algorithm are omitted from this draft. As mentioned
above, we perform binary search on the sorted list of interpoint distances until we find two
adjacent gaps Bi−1 and Bi in the list of gaps such that
1. Bi−1 ≤ Bi ,
2. the algorithm returns NO for all partitions into cells of length Bi−1 , and
3. Returns YES for at least one partition into cells of length Bi .
Thus, Bi−1 < B ∗ . Since the smallest possible gap attainable that is larger than Bi−1 is
Bi , we have Bi ≤ B ∗ . Also, since we have a partition into cells of length Bi for which we
can find an avatar assignment where all the chosen points are in a set of adjacent cells such
that each cell in that set contains a chosen point, we can use that avatar assignment to
produce an assignment with a maximum gap that is no larger than 2 · Bi . Hence we have
that Bi ≤ B ∗ ≤ 2 · Bi . This gives us a polynomial-time 2-approximation algorithm for the
1D k-avatar minimum maxGap problem. The hardness of the avatar minimum maxGap for
points in Rd remains open, even for d = 1.
I Theorem 2. The k-avatar minimum maxGap problem for points on a line has a 2approximate algorithm that runs in O(n3 · k 3 log(nk)) time.

3

Avatar Convex Hulls

Let L be a set of k-avatar entities where each entity can be assigned one of k different
points in d-dimensional space. A k-avatar convex hull of L is a minimal convex set that
contains at least one avatar for each entity a ∈ L. The aim is to minimize a specific
measure such as the perimeter, surface area, or volume. The computational complexity
of the problem of computing the avatar minimum convex hull remains an open problem.
Related work includes results on the minimum and maximum convex hull for a set of points
with imprecise locations [17, 23], and a recent paper by Abdullah et al. [1] for the model of
uncertain points.
A smallest avatar convex hull is a convex hull that has minimum perimeter over all
possible avatar assignments. Using the concept of -kernels, we present an algorithm that
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Figure 2 (a) Directional Width; (b) -grid Z.

finds an -approximate smallest avatar convex hull for the k-avatar convex hull problem in
Rd . The results can be extended to minimum area/volume convex hulls.

3.1

Approximate Avatar Convex Hulls

For any point set X ⊂ Rd , let ω(u, X) denote the directional width of X in direction u
(see Fig. 2 (a)). A subset Q ⊆ P is called an -approximation of P if for any direction
u ∈ S d−1 we have (1 − )ω(u, P ) ≤ ω(u, Q) ≤ (1 + )ω(u, P ). Our proposed algorithm
finds an -approximate smallest convex hull CH(Q) by returning a set of avatar points
Q ⊆ A0 (L) for some avatar assignment A0 (L) such that (1−)ω(u, CH∗ (L)) ≤ ω(u, CH(Q)) ≤
(1 + )ω(u, CH∗ (L)), where CH∗ (L) is the minimum avatar convex hull of L. Using the
terminology of Agarwal et al. [2], one can think of the set Q as the avatar equivalent of an
-kernel. This is formalized in the following definition of an avatar -kernel whose width
along any direction is within a 1 −  factor of the width of the optimal hull along that
direction.
I Definition 3. Given a set L of n k-avatar entities in Rd , we say that a point set Q is an
avatar -kernel of L if and only if (1 − )ω(u, CH∗ (L)) ≤ ω(u, Q) ≤ (1 + )ω(u, CH∗ (L)), ∀u ∈
Sd−1 , where Sd−1 is the unit hypersphere centered at the origin.
The following procedure for finding a diameter-oriented bounding box B of a set S of
points in Rd was described by Barequet and Har-Peled [4]. Let D(S) be the diameter of
S and let s1 , t1 ∈ S s.t. |s1 t1 | = D(S). Let H be a hyperplane perpendicular to s1 t1 and
let Q be the orthogonal projection of S onto H. We again compute two points s2 , t2 ∈ Q
s.t. |s2 t2 | = D(Q). Once again we project Q onto a hyperplane H 0 perpendicular to s1 t1
and s2 t2 and determine the diameter D(Q0 ) of the projection Q onto H 0 and select two
more points s3 , t3 ∈ Q0 s.t. |s3 t3 | = D(Q0 ). After d iterations of this process we have a
diameter-oriented bounding box B(S) of S with the diameter in each iteration determined
by the direction from si to ti , for i = 1, 2, . . . , d − 1.
Note that CH∗ must cover a set S of 2 · d avatar points of an avatar assignment such
that the diameter-oriented bounding box B(S) is exactly the same as the diameter-oriented
bounding box B(CH∗ ). See Algorithm 1 for the pseudocode for the followingprocedure.
We pick all possible subsets of 2 · d avatar points of L, of which there are n·k
2·d . For each
such subset Si , we first check that no two points in Si are in the same avatar set, then we
find the diameter-oriented bounding box Bi = B(Si ). If every entity in L has an avatar
point inside Bi then it is possible that Bi = B(CH∗ ), otherwise we can discard Bi . We find
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Figure 3 Affine transform of space inside diameter-oriented bounding box of 2 · d points.

an -approximate minimum avatar convex hull CHi of all the points inside Bi and output
the smallest one, which we refer to as CHmin . Since B(CH∗ ) = Bi for some i, CHmin will
-approximate CH∗ . The following lemma from [2] is useful for this proof. We say that a
point set is α-fat if its convex hull (a) is contained in a hypercube H and (b) contains a
copy of H sharing the same center as H, but shrunk by a factor α < 1.
I Lemma 4. [2] For any point set P with non-zero volume in Rd there exists an affine
transform M s.t. M (P ) is an α-fat point set (for some α <) where the hypercube C =
[−1, +1]d is the smallest enclosing box of M (P ) and s.t. a subset Q ⊆ P is an -kernel of
P iff M (Q) is an -kernel of M (P ).
It is known that for
a diameter-oriented boundAlgorithm 1 Computing -approximate smallest ing box B with largest side
D, if we appropriately exavatar convex hull
Require: L: set of n k-avatar entities; µ: a measure func- pand or contract the box
tion of the size of the perimeter of a convex hull, T (.) affine along each direction until it becomes a hypercube
transform procedure
of side D and scale it to
let CHmin = null
let S be the set of all possible sets of 2d avatar points of L. the hypercube C, then the
transformed point set is an
α-fat point set (for some
for Si ∈ S do
α <) in C [4]. This is
if no two points in Si are avatars of each other then
illustrated by an example
let B(Si ) be the diameter-oriented bounding box
let Bi be the set of all avatar points inside B(Si ) such in Fig. 3. This transformation T (B) of B as well
that every entity is represented in Bi
let CHi be the -approximate smallest avatar convex as the transformed points
can be computed in linear
hull of T (Bi ) computed by Algorithm 2
time, i.e., O(n · k) time. By
CHmin = Min(CHmin , CHi )
Lemma 4, to compute an
end if
-approximate avatar conend for
vex hull of all the points
return CHmin
in B, we only need to
compute an -approximate
avatar convex hull of all the points in C, which is computed
as
follows.
√
As in [4], let δ be the largest value such that δ ≤ (/ d)α and 1/δ is an integer. We
then partition the bounding hypercube into a uniform grid with cells of side length δ (see
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Figure 4 Reduction to network flow used to determine if a set of cells is legal.

Fig. 2(b)). However, applying the algorithm of Barequet and Har-Peled [4] does not help us
to compute -kernels in C because now we must make sure not to pick two or more avatars
of the same entity.
We need one other idea to compute -kernels in C. The following procedure computes
the -kernel in T (B) (see Algorithm 2). Consider all possible assignments of binary values
(0/1) to the cells in the grid (see Fig. 2 (b)). For the ith binary assignment let Qi be the set
of cells that are assigned a value of 1. We call the set Qi legal if each avatar entity has at
least one element in at least one of the cells of Qi , and it is possible to pick a representative
point from each cell such that no two cells have representative points that are avatars of
d
the same entity. Since there are 1/δ d cells, there are at most 21/δ legal sets. In particular,
if AOPT (·) is the avatar assignment that leads to the optimal avatar convex hull, then it
is easy to see that one of these legal sets must contain exactly the collection of cells with
points from AOPT (·).
It is clear that for any box Bi , with largest side of length Di , if we expand the box along
each direction until it becomes a hypercube of side Di and scale it to the unit hypercube
C, we are left with an α-fat point set in C (for some α <) since CH(Bi ) must cover all the
points in Si and hence it must touch each face of C. This transformation T (Bi ) of Bi can be
found in time linear in the number of points in Bi , which is equal to O(nk). By Lemma 4,
we know that finding an -approximate avatar convex hull of all the points in C gives us
directly an -approximate avatar convex hull of all the points in Bi .
We can determine if a given set of grid cells Qi is legal by solving a network flow problem
as follows. (See Fig. 4.) Create a set of vertices T such that each vertex in T represents a
different cell in Qi . Create a source vertex s with directed edges to each vertex in T . Create
a set of vertices T 0 such that each vertex in T 0 represents a distinct point in some cell in
Qi . Add an edge from u ∈ T to u0 ∈ T 0 if the cell in Qi corresponding to u contains the
point corresponding to u0 . Create another set of vertices T 00 such that each vertex in T 00
corresponds to an avatar entity. Add an edge from u0 ∈ T 0 to u00 ∈ T 00 if u0 is a possible
assignment for the avatar entity u00 . Finally add a sink vertex t and connect all vertices in
T 00 to t by an edge. All edges have capacity 1. A maximum flow of size |T | from s to t will
identify a representative point in each cell such that no two points are avatars of the same
entity. It is easy to see that such a flow exists if and only if the corresponding set of cells
Qi is legal. The following theorem formalizes the result.
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Algorithm 2 -approximation of smallest avatar convex hull for α-fat avatar
point set
Require: P : an α-fat set (for some α <) of k-avatar points inside the unit hypercube C
µ: measure function of the size of the perimeter
√
let δ be the largest integer s.t. δ ≤ (/ d)α
let Z be a d-dimensional grid of cell size δ
for each assignment of binary values (0/1) to the cells in the grid Z do
let Qi be the set of cells assigned with a 1 in the ith binary assignment
if Qi is legal then
let Q0i ⊆ Qi be the collection of highest and lowest cells in every hypercolumn
containing at least one cell of Qi
let Q0 be the set of representative points of cells in Q0i
let CHi = CH(Q0 )
if µ(CHi ) < µ(CHmin ) then
CHmin = CHi
end if
end if
end for
return CHmin

I Theorem 5. There is an algorithm that finds an -approximate min-perimeter k-avatar
1
d
2
convex hull in time O((nk)(2d+3) · δnd · (2d)2 · 2 δd ( δd−1
)b 2 c ) by finding an avatar -kernel Q
of L, which by Definition 3 satisfies (1 − )ω(u, CH∗ (L)) ≤ ω(u, CH(Q)), ∀u ∈ S d−1 . Note
that the choice of constant δ depends on k, , and α.
The proof is sketched as follows. Given a legal set, Qi , let Q0i ⊆ Qi be the collection of
highest and lowest cells in every hypercolumn containing at least one cell of Qi . Let Q
(resp., Q0 ) be the set of representative points of cells in Qi (resp., Q0i ). It is easy to see
that Q is an -kernel of Q0 . We argue that AOPT (·), the avatar assignment that leads to
the optimal avatar convex hull, occupies a collection of cells (call this set of cells QOPT ),
which would have been considered by our algorithm. While the algorithm may not have
picked the points in the optimal avatar assignment, it is sure to pick one representative
point from each of the cells in QOPT . Since for each point in the legal set, there is at least
one representative point that is within distance  · α for every point in the optimal avatar
assignment, we immediately have an avatar -kernel of the original input.

3.2

Approximate Smallest Volume Enclosing Hyperbox

Using -kernels we prove the following theorem.
I Theorem 6. Given an exact algorithm for finding the min-volume axis-aligned enclosing
hyperbox that runs in time O(na ), there exists an algorithm that finds a (1 + )-approximate
smallest volume axis-aligned avatar enclosing hyperbox in time O((nk)(2d+3) · δnd · (2d)2 ·
1

d

2
2
2 δd ( δd−1
)b 2 c + ( δd−1
)a ). Note that the choice of constant δ depends on k, , and α.

Proof. We can compute a (1 + )-approximate smallest volume axis-aligned enclosing hyperbox B(L) containing an avatar of each entity in L after finding an 0 -kernel of L, for some
constant 0 . Let CH(L) be the smallest avatar convex hull of a set L of k-avatar points. If
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Q is a k-avatar 0 -kernel of L such that Q ⊂ CH(L), then we have:
(1 − 0 ) · ω(u, L) ≤ ω(u, Q),

∀u ∈ S d−1

(1 − 0 ) · ω(u, L) ≤ ω(u, Q), ∀u ∈ [d] = {e1 , e2 , . . . , ed }
Y
Y
(1 − 0 )d
ω(u, L) ≤
ω(u, Q)
u∈[d]

u∈[d]

There exists a constant c (function of 0 and d), such that (1 − c0 ) ≤ (1 − 0 )d , thus implying
the following:
Y
Y
(1 − c0 )
ω(u, L) ≤
ω(u, Q)
u∈[d]

u∈[d]

0

(1 − c ) · Volume(B(L)) ≤

Volume(B(Q))

1
By choosing  = 1−c
0 , we obtain a (1+)-approximation of the smallest volume axis-aligned
enclosing rectangle, since

1≤

(1 + ) · Volume(B(Q))
Volume(B(L))

≤ (1 + )
J

Similar results can be achieved for an approximate min-diameter (see Section 3.3) and
min-perimeter axis-aligned avatar enclosing box.

3.3

(1 + )-Approximate Avatar Diameter

This section gives yet another result using -kernels.
I Definition 7. Define the minimum avatar diameter diam(L) of a set L of avatar points
as the diameter of the avatar assignment A(L) with the smallest diameter.
I Theorem 8. Given an exact algorithm for finding the diameter of a convex hull that runs
in time O(na ), there exists an algorithm that computes a (1 + )-approximate smallest k1
d
2
2
)b 2 c + ( δd−1
)a ). Note that the
avatar diameter in time O((nk)(2d+3) · δnd · (2d)2 · 2 δd ( δd−1
choice of constant δ depends on k, , and α.
Proof. We can use the procedure described in Section 3 to find an avatar 0 -kernel Q.
(We find Q by finding an 0 -approximate smallest convex hull CH(Q) of L.) Our measure
function is µ(.) = diam(.). This measure function diam(.) has the property that diam(L) =
diam(CH∗ (L)). Let ū ∈ S d−1 be the direction of diam(L). Then we have that:
(1 − 0 )ω(u, L) ≤

ω(u, Q),

(1 − 0 ) · diam(L) ≤

ω(ū, Q)

≤
diam(L) ≤

∀u ∈ S d−1

diam(Q)
(1 + ) · diam(Q),

where  =

1
1 − 0

Thus we can just return (1 + ) · diam(Q), which gives us an (1 + )-approximate minimum
avatar diameter knowing that:
diam(Q) ≤ diam(L) ≤ (1 + ) · diam(Q)
(1 + ) · diam(Q)
1≤
≤ (1 + )
diam(L)
J
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Figure 5 Sketch of reduction from CLIQUE to avatar vertex reachability.

4

Avatar Problems in Graphs and Metric Spaces

In this section we consider the hardness of the avatar versions of vertex reachability and
shortest paths in unweighted graphs. The results easily generalize to weighted graphs and
metric spaces. Vertex reachability has ties to rainbow connectivity problems from the graph
theory literature [6]. As before, in order to set the stage, we provide some formal definitions.

4.1

Avatar graph reachability

A k-avatar graph G(V, E, L, A) (or simply an “avatar” graph) consists of the following:
a set of vertices V ; a set of edges E connecting pairs of vertices in V ; a set of entities
L = {a1 , . . . , am }; and a collection of disjoint avatar sets A = {A1 , . . . , Am } such that ∀i,
Ai ⊆ V is the avatar set for entity i, |Ai | ≤ k, and Ai ∩ Aj = if i 6= j. An avatar path in
G is a path p such that no two vertices on the path p are avatars of the same entity.
The k-avatar reachability problem is stated as follows: Given an avatar graph G and two
vertices s and t in G determine wether there is an avatar path p from s to t. Reachability is
a fundamental graph problem and can be solved in linear time using simple techniques such
as DFS or BFS. Surprisingly enough, in the avatar setting it turns out to be NP-complete,
even for k = 2.
I Theorem 9. The k-avatar reachability problem is NP-complete, for k ≥ 2.
Proof. The reduction is from the CLIQUE problem. Let graph GC (V, E) and integer k
denote an instance of the CLIQUE problem. (GC , k) is a YES instance if and only if GC
contains a clique of size k. We construct graph GA (V 0 , E 0 ) as follows (see Fig. 5): create
0
0
. Let V00 = {s} and Vk+1
= {t}. For l = 1, . . . , k,
k + 2 layers of vertex sets, V00 , V10 , . . . , Vk+1
0
0
0
0
let Vl = {vl,i,j : 1 ≤ i ≤ |V |, 1 ≤ j ≤ k}. Vertices vx,i,y and vy,i,x
correspond to avatars
of the same entity Ai (prevents picking same vertex from 2 different layers). Add edges

M. E. Consuegra and G. Narasimhan

399

0
0
0
0
(vl,i,j
, vl,i,j+1
) for all l, i, and j; for 0 ≤ l < k, add edges (vl,i,k
, vl+1,j,1
) for all i, j. Note
0
0
that the vertices vl,i,1 , . . . , vl,i,k in layer l form k connected subpaths. Denote the subpath
0
0
from vl,i,1
to vl,i,k
by Sl,i . It is important to note that for each vertex vi ∈ V , there is
exactly one corresponding subpath in each layer Vl0 . Now for each pair of non-adjacent
vertices vi , vj ∈ V from GC , add vertices u0l,i,j,x and u0l,j,i,x , for all 1 ≤ x ≤ k and 1 ≤ l ≤ k
to GA . Add edges (u0l,i,j,x , u0l,i,j,x+1 ) and (u0l,j,i,x , u0l,j,i,x+1 ), 1 ≤ x < k. Update subpaths
Sl,i by taking each outgoing edge from it and make it outgoing from u0l,i,j,k instead, and then
adding an edge from it to u0l,i,j,1 , effectively making u0l,i,j,1 the new last vertex of subpath Sl,i .
Finally, let each pair of vertices u0x,i,j,y , u0y,j,i,x be avatars of each other, for all 1 ≤ x, y ≤ k.
It is not hard to see that the size of the graph GA is polynomial in n. More importantly,
we claim that if the set {vi1 , . . . , vik } is a clique in GC , then a 2-avatar path can be found
from s to t in GA by starting at s (layer V00 ), moving from each layer to the next, selecting
in each layer a subpath corresponding to a distinct vertex from the clique. Intuitively, if
0
the path in level l goes through vertices of the form vl,i,j
, then vertex i is chosen as the l-th
vertex in the clique. Furthermore, the vertices of the form u0l,i,j,x that are required to be
visited by the path (and its avatars) ensure that the other vertices picked for the clique are
indeed adjacent to i. The converse is proved by starting from a 2-avatar path and selecting
the clique vertices based on the subpaths traversed in each layer. Hence there is a clique of
size k in GC if and only if there is a 2-avatar s
t path in GA . It is readily shown that
2-avatar reachability is in NP, thus completing the proof that it is NP-complete.
J

4.2

Avatar Shortest Paths

Given an unweighted (or unit-weighted) k-avatar graph and two vertices s and t in the
graph, find the shortest length avatar path from s to t. Given that reachability is hard in
the avatar setting, the shortest path would be expected to be at least as hard. The following
theorem highlights its inapproximability.
I Theorem 10. The k-avatar shortest path problem is APX-Hard for k ≥ 2.
The key to the proof is a gap-preserving reduction from the maximum clique problem, which
is known to be APX-hard, implying immediately that it cannot be approximated to within
any constant factor in polynomial time. The proof is omitted here because of limited space.
I Lemma 11. There is a gap-preserving reduction from the max-clique problem to the 2avatar shortest path problem that transforms a graph Gclique (V, E) to a graph Gavatar (V 0 , E 0 )
such that:
1. if OPT clique (G) ≥ k · |V |, OPT avatar (s − t) ≤ m, and
2. if OPT clique (G) < α · (k · |V |), OPT avatar (s − t) > (2 − α) · m,
where m = (k 2 · |V |3 ) + 1, and α and k are any constants such that 0 ≤ α, k ≤ 1. Here
OPT clique (G) is the size of the maximum clique in Gclique (V, E), and OPT avatar (s − t) is
the length of the shortest 2-avatar path from a vertex s to a vertex t in Gavatar (V 0 , E 0 ).
Open Problems: Open problems from this work include determining the time complexity
of the k-avatar versions of minimum MaxGap problem and convex hull.
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Abstract
In the classical maximum independent set problem, we are given a graph G of “conflicts” and
are asked to find a maximum conflict-free subset. If we think of the remaining nodes as being
“assigned” (at unit cost each) to one of these independent vertices and ask for an assignment
of minimum cost, this yields the vertex cover problem. In this paper, we consider a more
general scenario where the assignment costs might be given by a distance metric d (which can
be unrelated to G) on the underlying set of vertices. This problem, in addition to being a
natural generalization of vertex cover and an interesting variant of the k-median problem, also
has connection to constrained clustering and database repair.
Understanding the relation between the conflict structure (the graph) and the distance structure (the metric) for this problem turns out to be the key to isolating its complexity. We show
that when the two structures are unrelated, the problem inherits a trivial upper bound from
vertex cover and provide an almost matching lower bound on hardness of approximation. We
then prove a number of lower and upper bounds that depend on the relationship between the
two structures, including polynomial time algorithms for special graphs.
1998 ACM Subject Classification H.3.3 Clustering, F.2.2 Nonnumerical Algorithms and Problems
Keywords and phrases Clustering, vertex cover, approximation algorithms
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1

Introduction

Let G = (V, E) represent a set of conflicts between pairs of elements in V and d : V × V → R
be a metric capturing the cost of assigning one vertex to another. In this paper, we consider
the following problem, called minimum edge-weighted independent set (mwis) [18]:
I Problem 1.1 (mwis). Find an independent set of vertices S ⊂ V such that the assignment
P
cost v∈V \S mins∈S d(v, s) is minimized.
This problem is a natural generalization of vertex cover (when d(x, y) ≡ 1 for all
x, y ∈ V ), and arises naturally in two distinct applications.
Constrained clustering. In a typical application of clustering, the goal is to group close-by
objects into a small number of groups. Often the user has domain information about the data
in the form of pairs of items that either should be linked together (must-link) or should
not (cannot-link). Such a clustering problem is called constrained clustering[3] and has
been studied extensively.
In general, these constraints are provided by users and it can be difficult to make clear
judgments about whether two points should be in the same cluster or not, since this depends
on the larger context of the clustering. An easier decision is to decide whether two points
can serve as cluster representatives at the same time or not. Intuitively, if two points are
close to each other, then we might expect one or the other to be a cluster center, but not
© Parinya Chalermsook and Suresh Venkatasubramanian;
licensed under Creative Commons License CC-BY
33rd Int’l Conference on Foundations of Software Technology and Theoretical Computer Science (FSTTCS 2013).
Editors: Anil Seth and Nisheeth K. Vishnoi; pp. 401–412
Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany
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both. This is less constraining than a must-link or cannot-link constraint: two points
connected by a constraint can lie in the same cluster or in different clusters, as long as they
are not both cluster centers at the same time.
This center-constrained clustering problem is captured by the above formulation. G
captures the constraints, and d is the underlying distance function used for clustering. The
goal is now to find a set of cluster centers that are not in conflict such that the total cost
of assigning points to cluster centers is minimized (here the cost of a cluster is the sum of
distances from points to the cluster representative - this is the standard k-median-type cost
function). One attractive feature of this formulation is that it does not require us to specify
the number of clusters, or in fact any parameter.
Database Repair. In a database, integrity constraints like functional dependencies are used
to enforce semantic consistency of the data. A simple example of a functional dependency
is a key: if two tuples have the same value for a key attribute, they must be identical in
all attributes. For any database and set of such integrity constraints, a conflict is a pair of
tuples that does not satisfy the integrity constraint1 .
When a database with conflicts is encountered, one approach to rectify the problem is
to repair the database by changing tuples to eliminate conflicts. For example if a database
had tuples a = (1, 2) and b = (1, 3), but the first attribute was required to be a key, then
the database could be repaired either by modifying the first component of a or the second
component of b. But each of these possibilities incurs a cost that we would want to keep as
low as possible.
Now if we construct a graph where each tuple is a vertex, there is an edge between two
tuples if they are in conflict with respect to integrity constraints, and a distance function
d captures the cost of changing one tuple to another, the problem of database repair is
precisely mwis. This problem was first formulated by Kolahi et al.[18] and NP-hardness was
established via its generalization of vertex cover.

1.1

Our Contributions

In this paper, we study mwis in its many forms. Our results reveal that the interaction
between the conflict graph and the distance measure plays an important role in determining
the complexity of the problem. Because of the problem’s similarity to clustering (and
k-median in particular) one might expect that techniques that have been used to deal with
k-median and related problems might be useful in attacking mwis and potentially give a
good approximation algorithm. Our first result shows that this is, in fact, impossible. More
formally, we show that there is no polynomial time approximation algorithm that guarantees
the approximation ratio of O( ddmax
), unless P = NP. This matches the approximation ratio
min
given by the vertex cover heuristic up to a constant factor.
Our proof uses the fact that the graph G and metric d can be completely unrelated to
each other, and this suggests that establishing a relationship between G and d could make
the problem easier. We have two ways to establish consistency between d and G.
Metric induced by graph (w-mwis): Given graph G = (V, E) and weights w : E → R,
the metric d is defined as the shortest path metric of (G, w). We denote this problem by
w-mwis.
Graph induced by metric (d-mwis): Given a metric d, the conflict graph G is
defined to be the induced unit-disk graph: E(G) = {uv : d(u, v) ≤ 1}. This problem is
abbreviated by d-mwis.

1

In general, many different kinds of integrity constraints (but not all!) admit pairs of conflicting tuples.
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Table 1 Summary of Our Results. All hardness results are proved under the assumption of
P 6= NP. VC refers to vertex cover.
w-mwis
Bound

General

Unweighted

d-mwis
Tree-

Planar

General

Rd

Width
Upper
Lower

2dmax
[18]
dmin
Ω( ddmax
)
min

VC[18]

Poly

VC

Poly

??

2dmax
dmin

[18]

NP-hard

(O(1/), 1 − )
Ω( ddmax )
min

It turns out that d-mwis captures the class of instances that usually arise in practice,
especially when d has low dimensional structure (e.g. Euclidean space or metric of bounded
doubling dimension), so algorithmic results for d-mwis are interesting from a practical point
of view.
d-mwis is hard to approximate in a general metric. Therefore we consider the d-mwis
problem in Rd and prove that it is NP-hard even when d = 2 (and even in the bi-criteria
setting). We also show a constant factor bi-criteria approximation algorithm, in the following
sense: If C is the minimum possible clustering cost which guarantees that centers are of
distance at least 1 apart, our algorithm always outputs a solution of cost O(C/) while
ensuring that the centers are “almost feasible”, i.e. the distance between each pair is at least
(1 − ). Our algorithm combines tools from clustering and computational geometry.
Similarly, w-mwis remains hard in general weighted graphs and so we further investigate
two directions. In the first direction, we consider the unweighted graph, i.e. w(e) = 1 for all
e ∈ E(G), and observe that the problem is computationally equivalent to vertex cover,
so it is hard to approximate to within a factor of (2 − ) assuming UGC [17], 1.36 hard
assuming P6=NP [10], and admits slightly better than 2 approximation [14, 16]. In the second
direction, we restrict the underlying graph structure, showing that in graphs having bounded
treewidth, d-mwis is polynomial time solvable, while it is still NP-hard in planar graphs.
Finally, a special case of mwis captures the k-median problem which has received a lot of
attention in approximation algorithms [20, 8, 1]. That is, when graph G is simply a union of
disjoint cliques, the problem generalizes k-median problem and is a special case of matroid
median problem, a more general variant of the classical k-median problem [9, 13, 19]. We
summarize these results in Table 1.
Organization. We show our hardness results in Section 3. Results related to d-mwis and
w-mwis are presented in Section 4 and 5 respectively. The connection between mwis and
the classical k-median problem is deferred to the full version.

2

Preliminaries

Vertex Cover: Given a graph G = (V, E), a set C ⊆ V is a vertex cover of G if any
edge uv ∈ E satisfies {u, v} ∩ C 6= ∅. The minimum vertex cover problem asks for the
minimum cardinality vertex cover of G. A set S ⊆ V is an independent set of G if any pair
u, v ∈ S satisfies uv 6∈ E(G). S is an independent set iff V \ S is a vertex cover.
Tree Decomposition: A tree decomposition of graph G is a tree T and collection of subsets
of nodes X = {Xt }t∈V (T ) with the following properties:
S
V (G) = t∈V (T ) Xt .
For any edge uv ∈ E(G), there exists t ∈ V (T ) such that both u and v lie in Xt .
For any v ∈ V (G), if v ∈ Xt ∩ Xt0 for t, t0 ∈ V (T ), then v ∈ Xt00 for any t00 that lies on
the unique path from t to t0 in T .
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The width of a tree decomposition is denoted by maxt∈V (T ) (|Xt | − 1), and the treewidth
of a graph is the minimum possible k such that there is a tree decomposition of width k for
G. Bodlaender [4] presented a linear time algorithm that constructs a tree decomposition of
width k if the treewidth of a graph is at most k.
Bi-criteria Approximation: Let β < 1. We say that an algorithm for d-mwis is an (α, β)
approximation if it returns the solution S of open facilities whose cost is at most OPT, i.e.
P
v∈V d(S, v) ≤ αOPT and for each pair u, v ∈ S, we have d(u, v) ≥ β.

3

Hardness of Approximation

In this section, we prove the following theorem.
I Theorem 1. Unless P = NP, d-mwis and w-mwis have no polynomial time O(∆/δ)
approximation algorithms, where ∆ = max d(x, y) and δ = min d(x, y).
The reduction starts from the hardness of approximation result for 3SAT. We will use
the following tight result due to Hastad.
I Theorem 2 ([15]). Fix any  > 0 and assume that P =
6 N P . Given a 3SAT formula, it is
hard to distinguish between the following two cases in polynomial time:
(Yes-Instance:) There is an assignment that satisfies every clause.
(No-Instance:) Any assignment satisfies at most 7/8 +  fraction of the clauses.
Construction: We will construct an instance of w-mwis and argue later that it can be
thought of as an instance of d-mwis as well. We use a reduction idea introduced by Feige et
al. [12]. This reduction has been a powerful tool in transforming any constraint satisfaction
problem (CSP) into graph G such that the size of maximum independent set of the graph is
“proportional” to the value of the input CSP, i.e. the maximum fraction of clauses that can
be simultaneously satisfied.
Consider an instance Φ of 3SAT with n variables {x1 , . . . , xn } and m clauses C1 , . . . , Cm ,
as given by the above theorem. We show how to construct graph G = (V, E). For each clause
Ci , we create a set Vi containing 7 vertices, where each such vertex represents a satisfying
Sm
assignment for clause Ci . Now vertex set V can be defined as V = i=1 Vi , so |V | = 7m.
We proceed to define the set of edges E. We connect every pair of vertices in Vi by an
edge, so each set Vi is a clique of 7 vertices. The distance between two vertices u, v ∈ Vi is
defined as d(u, v) = 1. Then we say that any two vertices u ∈ Vi , v ∈ Vj where i =
6 j are
conflicting if there is a variable x` in the formula Φ that belongs to both clauses Ci and Cj
such that the assignment of u and v set x` = 0 and x` = 1 respectively. Then for any two
conflicting vertices u ∈ Vi and v ∈ Vj , we connect an edge uv with distance d(u, v) = ρ where
ρ is a parameter. It is easy to verify that d is indeed a metric.
Analysis: It can be argued that in the Yes-Instance, there is a solution of cost at most
6m, while in the No-Instance the cost must be at least 7mρ/10. So we get a gap of Ω(ρ).
We omit details in this extended abstract.

4

Graph Induced by Metric (d-mwis)

The main result in this section is a (1/, 1 − ) bi-criteria approximation algorithm for
Euclidean space. The idea of this algorithm follows the LP rounding algorithm for k-median
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of Charikar et al [8]. The “natural” LP requires independent set constraints, and these yield
an unbounded integrality gap even for the line metric. Hence, we need a stronger LP.
First, we argue that the problem already becomes non-trivial in R2 even if we only desire
a bi-criteria approximation algorithms.
I Theorem 3. d-mwis is NP-hard even in R2 . Moreover, finding (1, 1 − ) approximation
is also NP-hard for any  < 1/2.
The proof follows by showing a reduction from vertex cover on coin graphs (which is NPhard [5])and is deferred to the full version. We also note that the problem in 1-dimensional
Euclidean space is polynomial time solvable by a simple dynamic program.

4.1

Geometric LP Relaxation

Since the independent set constraints cause large LP integrality gap, we use the LP with
clique point constraints, as used successfully in many geometric packing problems (see,
e.g., [11, 7, 6]). We have variables x(u) to indicate the fact that the facility is open at u and
variables y(u, v) which say that the client at v is served by a facility at u. We first formulate
the linear program, denoted by (LP).
(LP)

(LP’)
X

min

d(u, v)y(u, v)

min

u,v∈V (G)

s.t

X

x(u) ≤ 1 (∀p ∈ R2 )

X

d(u, v)y(u, v)

u,v∈V (G)

s.t.

X

x(u) ≤ 1 (∀p ∈ P)

u:d(u,p)<1/2

u:p∈ru

y(u, v) ≤ x(u) ∀u, v ∈ V (G)
X
y(u, v) ≥ 1 ∀u ∈ V (G)

y(u, v) ≤ x(u) ∀u, v ∈ V (G)
X
y(u, v) ≥ 1 ∀u ∈ V (G)

v∈V (G)

v∈V (G)

The first set of constraints ensure that we do not open conflicting centers, while the
second set of constraints force the LP to only assign clients to facilities that are open. Notice
an important property of this LP that, once vector x is fixed, the values of y that minimize
the LP cost can be computed efficiently, so we will sometimes refer to any LP solution as x,
instead of (x, y). The following lemma says that this LP is a valid formulation for mwis.
I Lemma 4. Any integral vector x is feasible for (LP) if and only if the set S = {u : x(u) = 1}
is a feasible solution to d-mwis.
Proof. First, assume that x is integral but not feasible for (LP), so it must violate some
P
constraint p:d(u,p)<1/2 x(u) > 1 for some point p. We will argue that the solution S is not
feasible. Since x is integral, there must be at least two vertices u, u0 such that x(u) = x(u0 ) = 1
and that d(u, p), d(u0 , p) < 1/2, implying that d(u, u0 ) ≤ d(u, p)+d(p, u0 ) < 1. Since u, u0 ∈ S,
the set S is not feasible for mwis.
Now assume that the set S defined this way is not feasible for mwis. We will argue
that x violates some constraint of (LP). Since S is not feasible, there must be two facilities
u, u0 ∈ S such that d(u, u0 ) < 1. We pick the point p to be at the middle of the line segment
connecting u and u0 , so we must have d(u, p), d(u0 , p) < 1/2, so the LP constraint is violated
at point p.
J
From now on, we think of each vertex u ∈ V (G) as a geometric object, i.e. a ball ru of
P
radius 1/2, and therefore the first set of LP constraints can also be seen as u:p∈ru x(u) ≤ 1.
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If we consider the arrangement formed by the balls, then in each cell of this arrangement, for
P
each point p in the cell, the sum d(u,p)<1/2 x(u) is a fixed constant. Hence, we need only
choose one representative point in each cell to verify the constraints. Since the arrangement
of balls in d dimensions has complexity nO(d) (by using a simple lifting map argument) and
can be computed in similar time, we can write a new polynomial sized LP, denoted by (LP’).
I Lemma 5. Vector x is feasible for (LP) if and only if it is feasible for (LP’).
Proof. We only need to show that a feasible solution x for (LP’) is always feasible for (LP).
P
Suppose not. Then there must be a point p ∈ P such that u:p∈ru x(u) > 1, and since the
set of ru containing p is maximal, there is a point p0 ∈ P such that the same collection of
disks contains p0 . Hence, the constraint of (LP’) is violated at p0 , a contradiction.
J

4.2

LP Rounding Algorithm

Let  be a parameter. We present (O(1/), 1 − ) approximation algorithm. In the first step,
we perform the clustering process as used in Charikar et al.[9] where clients are grouped into
many clusters. Each cluster contains, roughly speaking, clients that will be served by the
same facility. In the second step, we open facilities in some of these clusters. The property
of the geometric LP guarantees that the opened clusters are “far”.
Step 1: Clustering and Preprocessing. We define for each vertex v ∈ V (G), the quantity
P
C̄v = u d(u, v)y(u, v). The term C̄v represents the “fractional connecting cost” of v, and
P
we can write OPT = v∈V (G) C̄v . So our goal is to use this term to bound the actual cost
created by our algorithm.
First, we say that a vertex v ∈ V (G) is heavy if C̄v ≥ /10; otherwise, the vertex v is
called light. Denote the sets of heavy and light vertices by V h and V l respectively. So we
can partition vertices in V (G) into V (G) = V h ∪ V l , which will be handled separately by
our algorithm: To deal with light vertices, we order the vertices in V l by their values C̄v in
increasing order, i.e. V l = {v1 , v2 , . . . , vn0 } such that C̄v1 ≤ C̄v2 ≤ . . . ≤ C̄vn0 . Initially, we
define C = ∅. We process
the vertices in this order, starting from v1 . When vi is processed,

we consider Vi = vi0 ∈ V l : d(vi , vi0 ) ≤ 3C̄vi and check if there is another j : j < i such
that vj ∈ C and Vi ∩ Vj 6= ∅. If there is no such cluster, we add vi to the collection of cluster
centers C; otherwise, we say that vertex vi is assigned to center vj .
When the above process finishes, we obtain a collection of cluster centers C. The following
observations follow immediately.
I Observation 4.1. For any vertex vi ∈ V l , either vi ∈ C or vertex vi is assigned to some
other vertex vj ∈ C. In the second case, d(vi , vj ) ≤ 3C̄vi + 3C̄vj .
I Observation 4.2. For any Vi , Vj ∈ V, we have Vi ∩ Vj = ∅.
For each cluster center vj ∈ C, we define the combined demand Dj to be the number
P
of vertices assigned to vj , including vj itself. Observe that j∈C Dj = |V l |. From now on,
we will think of vj as the representative of all clients assigned to it, and we will only try to
open facilities to serve vj . Now our goal is to solve the following new problem, instead of the
original one: Given a collection of clients C, the goal is to open the non-conflicting centers
P
among the vertices in C so as to minimize the demand-weighted cost vj ∈C Dj d(S, vj ).
We ensure that the solution of this new problem can be turned into that of the old one
without paying much cost, as stated in the following lemma.
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I Lemma 6. Let S ⊆ C ∪ V h be any subset of vertices that is maximal, w.r.t. V h in the
sense that any vertex u ∈ V h either belongs to S or is in conflict with some other vertex
P
P
u0 ∈ S. Then we have v∈V (G) d(S, v) ≤ O(1/)OPT + vj ∈C Dj d(S, vj )
Proof. Recall that V (G) = V l ∪ V h . Since S is maximal, we know that the connecting cost
of any vertex is never more than one. We first analyze the connecting cost of vertices in V h .
Consider vertex v ∈ V h . Since C̄v ≥ /10, we have d(S, v) ≤ 1 ≤ 10C̄v /. Summing over all
P
P
v ∈ V h , we get v∈V h d(S, v) ≤ 10 v∈V h C̄v / ≤ (10/)OPT.
Now we bound the connecting cost of vertices vi in V l . If vertex vi is the center of some
cluster, i.e. vi ∈ C, we have the connecting cost d(vi , S). Otherwise from Observation 4.1,
vi is assigned to some cluster center vj ∈ C, j < i, so the connecting cost from vi to the
nearest opened facility is at most d(S, vi ) ≤ d(vi , vj ) + d(S, vj ). Since j < i, it must be
the case that C̄vi ≥ C̄vj , so we have d(vi , vj ) ≤ 3C̄vi + 3C̄vj ≤ 6C̄vi . Finally, we have
d(S, vi ) ≤ 6C̄vi + d(S, vj ) in this case, so if we sum over all vertices vi that have been assigned
P
to vj , we would obtain the bound 6 i:vi assigned to vj C̄vi + Dj d(S, vj ).
P
P
P
Summing over all vertices gives v∈V l d(v, S) ≤ 6 v∈V l C̄v + vj ∈C Dj d(S, vj ).
J
Step 2: Opening the Facilities. For each vj ∈ C, we simply open facility vj . Then, we
process heavy vertices in V h in arbitrary order, and we open a facility if it does not conflict with
any other already opened facility (remark that the conflicts might have been created already
by opening all vertices vj ∈ C, but we avoid creating more conflict). This algorithm ensures
that the resulting set S of opened facilities is a maximal set with respect to V h , and observe
P
P
that vj ∈C d(S, vj ) = 0. So invoking Lemma 6 implies that v∈V (G) d(S, v) ≤ O(OPT/).
It only remains to analyze the distance between centers in S, which is done in the following
lemma.
I Lemma 7. Let S be the set of facilities opened by the algorithm. Then, for any pair
u, v ∈ S, d(u, v) ≥ 1 − .
Proof. Notice that we only need to analyze the pair of vertices in S that were once the
clusters in C (because other vertices are added arbitrarily in a way that ensure no conflict).
We will need the following claim.
P
I Claim 4.1. For all vi ∈ C, we have u∈Vi x(u) ≥ 2/3
Proof. In fact, this claim can be seen as just a simple application of Markov’s inequality: The
term C̄vi is simply an expectation of connecting cost of vi , where vi is connected to u with
P
P
probability x(u). To be more formal, we write C̄vi = v y(v, vi )d(v, vi ). Since v y(v, vi ) =
1, the terms {y(v, vi )v } can be seen as distribution µ such that Ev∼µ [d(v, vi )] = C̄vi . Applying
Markov’s inequality, the probability that d(v, vi ) > 3C̄vi is at most 1/3, or in other words,
P
P
J
v:d(v,vi )≤3C̄v y(v, vi ) ≥ 2/3. This implies that
v:d(v,vi )≤3C̄v x(v) ≥ 2/3, as desired.
i

i

Now consider vi , vj ∈ C and assume (for contradiction) that d(vi , vj ) < 1 − . Consider
a point p whose distance to vi and vj are equal, so we have d(p, vi ) = d(p, vj ) < 1/2 − /2.
By triangle inequality, for any u ∈ Vi , the distance d(u, p) ≤ d(u, vi ) + d(vi , p) ≤ 1/2 − /2 +
3/10 < 1/2 (also because d(u, vi ) ≤ 3C̄vi ≤ 3/10.)
So the balls ru contain point p for all u ∈ Vi . By similar arguments, balls rv contain
P
P
P
point p for all v ∈ Vj , and this implies that u:p∈ru x(u) ≥ u∈Vi x(u) + u∈Vj x(u) ≥ 4/3,
from the claim and Observation 4.2; this contradicts the fact that the LP is feasible. Notice
that point p may not belong to P, but from the fact that P contains important points, we
P
must have another point p0 ∈ P such that u:p0 ∈ru x(u) > 4/3.
J
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5

Metric Induced by Graphs (w-mwis)

Recall that in the w-mwis problem, we are given a graph G together with weight function
w : E(G) → R≥0 . Metric d is then defined as an induced shortest path metric on (G, w). In
this section, we consider special cases of w-mwis when w = 1 and when the treewidth of
graph G is bounded.

5.1

Unweighted Graphs

In this section, we consider the metric induced by unweighted graph (i.e. w(e) = 1 for all
e ∈ E(G)) and prove that the problem is again equivalent to vertex cover; the proof is
simple and deferred to the full version.
I Theorem 8. Unweighted w-mwis is computationally equivalent to Vertex Cover. More
formally, for any ρ, there is an algorithm that gives a ρ-approximation to w-mwis on G if
and only if there is a ρ-approximation to Vertex Cover G.
One corollary of the above theorem is that, w-mwis becomes NP-hard even in planar
graphs, and there is a PTAS when the graph is unweighted (this follows from the fact that
the minimum vertex cover problem admits a PTAS in planar graphs [2]).
I Corollary 9. mwis is NP-hard on unweighted planar graphs.

5.2

Algorithm for weighted trees

In this section, we consider d-mwis on trees and give a polynomial time algorithm for
computing the optimal solution. Let (T, w) be the input where T is a tree and w : E(T ) → R
is a weight function. Recall that Vertex Cover is solvable in polynomial time on trees, and
since Vertex Cover is equivalent to w-mwis when w = 1, our algorithm can be thought
of as a strengthened version of vertex cover algorithm to handle a more general problem.
First we show some structural properties that suggest our dynamic programming. The
solution for mwis can be described by a set S of centers that are open, and given such set
S, we can naturally define an assignment function α : V (G) → S that assigns each vertex
v ∈ V (G) to its closest opened center. Let T denote the tree instance with the corresponding
induced metric dT : V (T ) × V (T ) → R. We root the tree at arbitrary vertex r ∈ V (T ), and
define, for each vertex v ∈ V (T ), the subtree Tv as the subtree of T rooted at v (including v
itself). The following lemma characterizes the properties of the optimal solution on the tree.
I Lemma 10. Let S ∗ be the set of opened centers in the optimal solution and α∗ : V (T ) → S ∗
be the corresponding assignment. The following properties hold:
For two vertices u, v ∈ V (T ) such that v is a parent of u in the tree, if α∗ (v) ∈ Tu then
α∗ (u) = α∗ (v).
For any two vertices u, v, we have dT (α∗ (u), u) ≤ dT (α∗ (v), u)
Proof. To prove the first property, assume this is not the case. Then there must be
another vertex w ∈ Tv ∩ S ∗ such that dT (w, u) < dT (α∗ (v), u), but this implies that
dT (w, v) = dT (w, u) + dT (u, v) < dT (α∗ (v), u) + dT (u, v) = dT (α∗ (v), v), a contradiction.
The second property is obvious from the definition of α∗ .
J
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Algorithm
Define the subproblem C(v, x) as the minimum possible assignment cost of vertices in the
subtree Tv with the constraint that vertex v is assigned to an opened center x (which may
not necessarily belong to Tv ). The optimal solution we are looking for is stored in the entry
C(r, α∗ (r)) (which can be enumerated once the entries are computed correctly). The table
entries are computed from the leaf to the root of the tree. The base case is defined on the
leaves of the tree simply by: For each leaf v ∈ V (T ), we define C(v, x) = dT (v, x).
Now fix an entry C(v, x). We show how to compute C(v, x) once the subproblems have
been computed. Let v1 , . . . , v` be the children of v in the tree. For each child vi such that
x 6∈ Tvi , we define the set of possible center candidates for vi as
Γvi ,x = {x} ∪ {y ∈ Tvi : yx 6∈ E(T ), dT (vi , y) ≤ dT (vi , x) and dT (v, y) ≥ dT (v, x)}
Otherwise, if x ∈ Tvi , define Γvi ,x = {x}. Then we can write our recurrence as:
C(v, x) = dT (v, x) +

`
X
i=1

min C(vi , y)

y∈Γvi ,x

It follows from Lemma 10 that restricting our choices to Γvi ,x still includes the optimal
solution, so we only need to show that a feasible solution can be constructed from the table
entries.

Correctness
We show that given the table entries C(v, x) for all v, x ∈ V (T ), we can reconstruct a feasible
solution that assigns vertices in Tv with total cost C(v, x). This can be argued by induction
on the tree structure as summarized in the following lemma.
I Lemma 11. For each table entry C(v, x), we can construct a corresponding partial solution
∗
∗
S(v,x)
(where S(v,x)
is the set of opened centers) such that the assignment cost inside the subtree
P
∗
∗
∗
Tv is bounded by u∈Tv dT (S(v,x)
, u) ≤ C(v, x). Moreover S(v,x)
⊆ Tv ∪ {x}, x ∈ S(v,x)
, and
∗
S(v,x)
is an independent set in T .
Proof. We will prove this lemma by induction on the distance of vertices from the leafs (i.e.
in order from leafs to root). The base case when v is a leaf is trivial: We can simply define
∗
∗
S(v,x)
= {x} for all x ∈ V (T ), so this is clearly an independent set where x ∈ S(v,x)
and
∗
S(v,x) ⊆ Tv ∪ {x}. Now consider a vertex v with children v1 , . . . , v` and assume that the
induction hypothesis holds for C(vi , y) for any vi and y. Our goal is to show that it holds
for C(v, x).
For each i ∈ [`], let yi ∈ Γvi ,x be the vertex such that C(vi , yi ) is minimized, so we
P`
∗
can write C(v, x) as C(v, x) = dT (v, x) + i=1 C(vi , yi ). We construct solution S(v,x)
by
S
`
∗
∗
∗
S(v,x) = {x}∪ i=1 S(vi ,yi ) , so it is immediate that x ∈ S(v,x) . It only remains to show that (i)
P
∗
∗
∗
S(v,x)
is an independent set, (ii) S(v,x)
⊆ Tv ∪{x}, and (iii) that u∈Tv dT (S(v,s)
, u) ≤ C(v, x).
∗
To prove (i), assume (for contradiction) that there is an edge wi wj for wi ∈ S(v
and
i ,yi )
∗
wj ∈ S(vj ,yj ) for some i =
6 j. If both wi ∈ Tvi and wj ∈ Tvj , then it is impossible to have an
edge between them, so there must be one of them that lies outside its tree. Assume that
∗
wi 6∈ Tvi (the other case is symmetric), we must have wi = yi because S(v
⊆ Tvi ∪ {yi }.
i ,yi )
And since yi ∈ Γvi ,x ⊆ Tvi ∪ {x}, the only possibility for yi to be outside of Tvi is that yi = x.
We now do case analysis.
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If wi 6∈ Tvi but wj ∈ Tvj , either (wi = v and wj = vj ) or wi ∈ Tvj . The latter is
impossible because it would force Γvj ,x = {x} (because x ∈ Tvj ), and hence both wi = x
∗
∗
and wj belong to S(v
by induction hypothesis, contradicting the fact that S(v
j ,yj )
j ,yj )
is independent. For the former case, wj = vj implies that wj 6∈ Γvj ,x , and in particular
S
∗
∗
wj 6= yj . Now since S(v
is computed from {yj } ∪ v0 S(v
where vertices vr0 are
0
0
j ,yj )
r
r ,yr )
∗
children of vj , we must have wj in some set S(v0 ,y0 ) . This is only possible if wj = yr0 for
r r
some r, a contradiction to the fact that wj 6∈ Γvr0 ,yj .
If wi 6∈ Tvi and wj 6∈ Tvj , then wi = yi and wj = yj , but since yi ∈ Tvi ∪ {x}, we
must have wi = x; similarly, since yj ∈ Tvj ∪ {x}, it must be the case that wj = x, a
contradiction.
∗
Next, we turn to prove (ii). Assume for contradiction that S(v,x)
6⊆ Tv ∪ {x}. Denote by
∗
∗
∗
z ∈ S(v,x) \ (Tv ∪ {x}). Since S(v,x) is obtained from the union of S(v
and {x}, it must
i ,yi )
∗
be the case that z ∈ S(v
for
some
i,
and
since
y
is
the
only
node
outside
of Tvi , we have
i
i ,yi )
z = yi 6= x. This implies that yi 6∈ Γi,x , a contradiction.
P`
Finally, to prove (iii), we write C(v, x) as C(v, x) = dT (v, x) + i=1 C(vi , yi ), where
P
∗
∗
C(vi , yi ) ≥ u∈Tv dT (S(v
, u) by induction hypothesis. Since x ∈ S(v,x)
, we have that
i ,yi )
i
∗
∗
∗
dT (S(v,x) , v) ≤ dT (v, x). Moreover, for each u ∈ Tvi , dT (S(v,x) , u) ≤ dT (S(v
, u) because
i ,yi )
P
∗
Sv∗i ⊆ Sv∗ , and u∈Tv dT (S(v
,
u)
≤
C(v
,
y
)
by
induction
hypothesis.
This
implies
i i
i ,yi )
i

X
u∈Tv

∗
∗
dT (S(v,x)
, u) = dT (S(v,x)
, v)+

X X
i

∗
dT (S(v,x)
, u) ≤ dT (v, x)+

u∈Tvi

`
X

C(vi , yi ) = C(v, x)

i=1

J

5.3

Extension to Graphs of Bounded Treewidth

In this section, we extend the algorithm on trees to give polynomial time algorithm for graphs
of bounded treewidth. The key ideas remain the same as the tree case, but the algorithm and
analysis are more involved. For a subset S ⊆ V (G), denote by G[S] an induced subgraph
of G on vertices in S. Let (T, X ) be a tree decomposition of G and assume that the tree
is rooted at an arbitrary vertex r ∈ T . Assume that the treewidth of G is at most w, so
we have |Xt | ≤ w for each t ∈ T . For each vertex t ∈ T , we define G(t) to be an induced
S
S
subgraph of G on nodes t0 ∈Tt Xt0 , i.e. G(t) = G[ t0 ∈Tt Xt0 ]. These subgraphs define our
subproblems.
For each t ∈ V (T ), a feasible partial assignment for t is a function γ : Xt → V (G) such
that there is no edge in the induced subgraph G[{γ(v) : v ∈ Xt }]. This partial assignment
is used to memorize the closest opened centers to vertices in Xt , i.e. γ(v) is supposed to
represent the node in the optimal solution S ∗ that is closest to v. We now state a lemma
similar in spirit to Lemma 10 (with proof deferred to a full version).
I Lemma 12. Let S ∗ be the set of opened centers in the optimal solution and α∗ be the
corresponding assignment. Let t, t0 ∈ V (T ) be two vertices such that t is a parent of t0 . Then
the following properties hold:
0
If α∗ (v) ∈ G(t ) for some v ∈ Xt , then α∗ (u) = α∗ (v) for some u ∈ Xt0 .
0
0
For any vertex u ∈ V (G(t ) ), if α∗ (u) 6∈ G(t ) , then α∗ (u) = α∗ (v) for some v ∈ Xt .
Algorithm: Now we show the algorithm that solves w-mwis optimally in time nO(w) . The
algorithm is suggested by the above lemma. For each t ∈ V (T ) and feasible partial assignment
γ : Xt → V (G), the table entry C(t, γ) stores the minimum possible assignment cost inside
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G(t) such that vertex v ∈ Xt is assigned to γ(v) for all v ∈ Xt . The optimal solution we
want is in the entry C(r, γ ∗ ) where γ ∗ is a restriction of α∗ on Xr .
To compute the entry C(t, γ), consider the children t1 , . . . , t` of t in the tree. For each
i ∈ [`], we define the set Γi,γ as the set of all possible partial assignments γ 0 : Xt0 → V (G)
that satisfy the following properties:
1. For all v ∈ Xt ∩ Xti , we have γ 0 (v) = γ(v).
2. If γ(v) ∈ G(ti ) for some v ∈ Xt , then γ 0 (u) = γ(v) for some u ∈ Xti .
3. For any vertex u ∈ G(ti ) , if γ 0 (u) 6∈ G(ti ) , then γ 0 (u) = γ(v) for some v ∈ Xt .
4. There is no edge γ(v)γ 0 (v 0 ) ∈ E(G) for any v, v 0 ∈ Xt ∪ Xti .
The number of possible functions γ 0 is at most nw (each vertex in Xti has at most n
possibilities of γ 0 ), so this is polynomial time computable if the treewidth of G is at most a
constant. Now the table entry C(t, γ) can be computed as follows. The base case of C(t, γ)
P
when t is a leaf can be computed easily by C(t, γ) = v∈Xt d(v, γ(v)). Otherwise, for any
t, γ such that t has t1 , . . . , t` as its children, we can write the recurrence:
C(t, γ) =

`
X
i=1

min C(ti , γ 0 ) −

γ 0 ∈Γi,γ

X

(nv − 1)d(v, γ(v))

v∈Xt

where nv is the number of j such that v ∈ Xtj . Notice that nv does not depend on the
choices of γ.
Correctness: The proof of the following lemma uses similar ideas as in the tree case but
more complicated.
I Lemma 13. For any vertices t ∈ V (T ) and feasible partial assignment γ for t, we can
∗
construct a partial solution S(t,γ)
such that the total assignment cost inside G(t) is bounded
by
X
∗
d(S(t,γ)
, u) ≤ C(t, γ)
u∈V (G(t) )
∗
∗
∗
Moreover, S(t,γ)
⊆ V (G(t) ) ∪ {γ(u) : u ∈ Xt }, γ(Xt ) ⊆ S(t,γ)
and S(t,γ)
is an independent
set in G.
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Abstract
We characterize the infinite words determined by one-way stack automata. An infinite language
L determines an infinite word α if every string in L is a prefix of α. If L is regular or context-free,
it is known that α must be ultimately periodic. We extend this result to the class of languages
recognized by one-way nondeterministic checking stack automata (1-NCSA). We then consider
stronger classes of stack automata and show that they determine a class of infinite words which we
call multilinear. We show that every multilinear word can be written in a form which is amenable
to parsing. Finally, we consider the class of one-way multihead deterministic finite automata
(1:multi-DFA). We show that every multilinear word can be determined by some 1:multi-DFA,
but that there exist infinite words determined by 1:multi-DFA which are not multilinear.
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1

Introduction

In this paper we study the complexity of infinite words in terms of what automata can
determine them, focusing on the infinite words determined by one-way stack automata.
Stack automata are a generalization of pushdown automata whose stack head, in addition
to pushing and popping when at the top of the stack, can move up and down the stack in
read-only mode. Stack automata were first considered by Ginsburg, Greibach, and Harrison
[8, 7]; see [12] and [17] for more references and results. These automata can be restricted
and generalized in a number of ways, yielding various language classes.
To associate these and other automata with infinite words, we follow Book [3] in using the
concept of prefix languages. A prefix language is a language L such that for all x, y ∈ L, x is
a prefix of y or y is a prefix of x. Every infinite prefix language determines an infinite word.
Where C is a class of languages, we denote by ω(C) the class of infinite words determined by
the prefix languages in C. Then for any class of automata, we can investigate the infinite
words determined by the languages recognized by those automata. We give several results
aimed at building up a classification of infinite words with respect to which classes of languges
and automata can determine them.
We begin with the ultimately periodic words, those of the form xyyy · · · , where x and
y are strings and y is not empty. As observed in [3], every infinite regular prefix language
determines an ultimately periodic word. Since the converse is also true, an infinite word is in
ω(REG) iff it is ultimately periodic. It is further known that ω(CFL), the class of infinite
words determined by context-free languages, equals ω(REG). This follows from a result
of Book [3], who used the pumping lemma for context-free languages to show that every
context-free prefix language is regular. Book showed the same for one-way deterministic
© Tim Smith;
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1-NSA

1-NNESA

1-NCSA

1-DCSA

1-DNESA

1-DSA

1:multi-DFA

CFL

REG

Figure 1 Relationships among the language classes considered in this paper. Arrows indicate inclusion of the lower
class by the upper class. The three boxes correspond to the
three types of infinite words determined by these languages.

Figure 2 Three types of infinite words and the language classes
which determine them. Arrows indicate proper inclusion.

checking stack automata (1-DCSA). We extend this result to the nondeterministic case
(1-NCSA) using a weak pumping lemma for this class. That is, we show that every infinite
word determined by a 1-NCSA is ultimately periodic.
Next, we consider a type of infinite word we call multilinear. A multilinear word consists
of an initial segment q, followed by segments r1 , . . . , rm which repeat in a way governed by
linear polynomials. We show that these infinite words are determined by several classes of
one-way stack automata. The most general of these is the class of one-way nondeterministic
stack automata (1-NSA); various restrictions yield 1-DSA (deterministic stack automata),
1-NNESA (nondeterministic nonerasing stack automata), and 1-DNESA (deterministic
nonerasing stack automata). We find with the help of a pumping lemma due to Ogden
[15] that each of these classes determines exactly the multilinear infinite words. That is,
ω(1-NSA) = ω(1-DSA) = ω(1-NNESA) = ω(1-DNESA).
Finally, we consider the class of one-way multihead deterministic finite automata (1:multiDFA). We show that every multilinear word can be expressed in a form which is amenable to
recognition by these automata. Then we show, using this form, that every such word can be
determined by a 1:multi-DFA. We then give an example of an infinite word in ω(1:multi-DFA)
which is not multilinear. The problem of further characterizing the class of infinite words
determined by 1:multi-DFA remains open.

1.1

Related work

The model used in this paper, in which infinite words are determined by languages of their
prefixes, builds on Book’s 1977 paper [3]. Book formulated the “prefix property” in order to
allow languages to “approximate” infinite sequences, and showed that for certain classes of
languages, if a language in the class has the prefix property, then it is regular. A follow-up
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by Latteux [14] gives a necessary and sufficient condition for a prefix language to be regular.
Languages whose complement is a prefix language, called “coprefix languages”, have also
been studied; see Berstel [2] for a survey of results on infinite words whose coprefix language
is context-free. In Smith [16], prefix languages are used to categorize the infinite words
determined by L systems, a type of parallel rewriting system.
Another approach is to consider sequence generators, devices which run indefinitely and
output an infinite word piece by piece. This was the model of the seminal paper of Hartmanis
and Stearns [10], as well as a 1970 follow-up by Fischer, Meyer, and Rosenberg [6], and several
later papers beginning with Hromkovič, Karhumäki, and Lepistö [13], who investigated the
computational complexity of infinite words generated by several kinds of iterated device.
The question of what mechanisms and iterative devices suffice to generate particular infinite
words has also been studied [5].
In another model, an automaton is associated with an infinite word α if when given a
number n as input, it outputs the nth symbol of α. In 1972 Alan Cobham used this approach
to associate finite automata with uniform tag sequences [4], leading to a literature on these
“automatic sequences” [1].

1.2

Outline of paper

The paper is organized as follows. Section 2 gives preliminary definitions concerning prefix
languages and automata. Section 3 gives results on ultimately periodic words and the
languages and automata which determine them. Section 4 introduces multilinear infinite
words and relates them to stack automata. Section 5 relates multilinear words to multihead
finite automata. Section 6 gives our conclusions.

2

Preliminaries

An alphabet A is a finite set of symbols. A word is a concatenation of symbols from A.
We denote the set of finite words by A∗ and the set of infinite words by Aω . A string x is
an element of A∗ . The length of x is denoted by |x|. We denote the empty string by λ. A
language is a subset of A∗ . A (symbolic) sequence S is an element of A∗ ∪ Aω . A prefix
of S is a string x such that S = xS 0 for some sequence S 0 . A subword (or factor) of S is a
string x such that S = wxS 0 for some string w and sequence S 0 . For i ≥ 1, S[i] denotes the
ith symbol of S. For a string x =
6 λ, xω denotes the infinite word xxx · · · . Such a word is
called purely periodic. An infinite word of the form xy ω , where x and y are strings and
y 6= λ, is called ultimately periodic.

2.1

Prefix languages

A prefix language is a language L such that for all x, y ∈ L, x is a prefix of y or y is a
prefix of x. A language L determines an infinite word α iff L is infinite and every x ∈ L is a
prefix of α. For example, the infinite prefix language {λ, ab, abab, ababab, . . . } determines
the infinite word (ab)ω . The following propositions are basic consequences of the definitions.
I Remark. A language determines at most one infinite word.
I Remark. A language L determines an infinite word iff L is an infinite prefix language.
Notice that while a language determines at most one infinite word, an infinite word α
may be determined by more than one language. Let Prefix(α) = {x | x is a prefix of α}. We
call Prefix(α) the full prefix language of α.
For a language class C, let ω(C) = {α | α is an infinite word determined by some L ∈ C}.
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2.2

Automata

A stack automaton is a pushdown automaton with the extra ability to traverse its stack in
read-only mode. In addition to moving its input head on the input tape, a stack automaton
can move its stack head up and down to read symbols on the stack. Only when its stack
head is at the top of the stack can it push or pop. A stack automaton is nonerasing if
it never pops a symbol. A stack automaton is checking if it is nonerasing and if once it
moves its stack head down from the top of the stack, it never again pushes a symbol. A
stack automaton may be deterministic or nondeterministic and its input head may be
one-way or two-way. See [12] and [17] for formal definitions and results.
Language Class
1-NSA
1-DSA
1-NNESA
1-DNESA
1-NCSA
1-DCSA

Stack Automata
one-way nondeterministic stack automata
one-way deterministic stack automata
one-way nondeterministic nonerasing stack automata
one-way deterministic nonerasing stack automata
one-way nondeterministic checking stack automata
one-way deterministic checking stack automata

From the definitions, we have
1-DCSA ⊆ 1-NCSA, 1-DNESA ⊆ 1-NNESA, 1-DSA ⊆ 1-NSA,
1-DCSA ⊆ 1-DNESA ⊆ 1-DSA, and
1-NCSA ⊆ 1-NNESA ⊆ 1-NSA.
A multihead finite automaton is a finite automaton with one or more input heads.
Here we are concerned only with 1:multi-DFA, the class of one-way multihead deterministic
finite automata. This class is the union over all i ≥ 1 of 1:i-DFA, the class of one-way i-head
deterministic finite automata. Each such automaton begins with its input heads on the first
symbol of the input. At each step, the automaton reads the input symbols under all of its
heads and then changes state and moves any subset of its heads to the right. See [17] and
[11] for formal definitions and results.

3

Ultimately periodic words

Recall that an infinite word is ultimately periodic if it has the form xy ω , where x and y are
strings and y 6= λ. Clearly every ultimately periodic word is determined by some regular
language.
I Theorem 1. Every ultimately periodic word α is in ω(REG).
Proof. The infinite word α has the form xy ω for some strings x and y where y 6= λ. Then
the regular language xy ∗ determines α. So α is in ω(REG).
J
As observed by Book [3], the converse, that every infinite regular prefix language determines an ultimately periodic word, is also true. In fact, as Book showed, the same holds for
context-free languages.
I Theorem 2 (Book). Suppose α is in ω(CFL). Then α is ultimately periodic.
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Proof. Since α is in ω(CFL), some L ∈ CFL determines α. Take any such L. Then L is
infinite and every s ∈ L is a prefix of α. By the pumping lemma for context-free languages,
there is a string uvxyz such that |vy| ≥ 1 and for all n ≥ 0, uv n xy n z is in L. Suppose |v| ≥ 1.
Then because every string in L is a prefix of α, and every prefix of such a string is also a
prefix of α, uv is a prefix of α, as are uvv, uvvv, and so on. Consequently α = uv ω , so α is
ultimately periodic. So say |v| = 0. Then |y| ≥ 1 and α = uxy ω , again making α ultimately
periodic.
J

Checking stack automata
The class of languages recognized by one-way checking stack automata is incomparable with
the context-free languages. Nonetheless, this class too determines just the infinite words
determined by regular languages. Book [3] proved the deterministic case (1-DCSA); our
result holds in the nondeterministic case (1-NCSA) also. (Book showed that 1-NCSA contains
non-regular prefix languages, but this does not imply that ω(1-NCSA) 6= ω(REG).) We
employ a weak pumping lemma for 1-NCSA which we obtain using results from Greibach [9].
For k ≥ 1, a language L is k-iterative if there is an n ≥ 0 such that for all s ∈ L where
|s| ≥ n, there are strings x1 , y1 , x2 , y2 , . . . , xk , yk , xk+1 such that
s = x1 y1 x2 y2 · · · xk yk xk+1 ,
|y1 · · · yk | ≥ 1, and
for all i ≥ 0, x1 y1i x2 y2i · · · xk yki xk+1 is in L.
L is weakly k-iterative if it is either finite or contains an infinite k-iterative subset.
Notice that every regular language is 1-iterative and every context-free language is 2-iterative,
due to the pumping lemmas for these classes.
In proving the following lemma we use results from Greibach [9] formulated for a type of
device called a one-way preset Turing machine. Greibach observes that a certain subclass of
these devices, called nonwriting regular-based, can be regarded as checking stack automata.
In particular, a one-way checking stack automaton can be simulated by a one-way nonwriting
regular-based preset Turing machine, and vice versa, without changing the number of stack
visits, crosses, or reversals by more than 1. Hence results for this subclass translate into facts
about checking stack automata.
I Lemma 3. Suppose L is in 1-NCSA. Then L is weakly k-iterative for some k ≥ 1.
Proof. A checking stack automaton M is finite visit if there is a k ≥ 1 such that for every
string s accepted by M , there is an accepting computation of M for s in which no stack
position is visited more than k times. Suppose L is accepted by a finite visit 1-NCSA M .
Then there is a k ≥ 1 such that L is in the class k-VISIT(REGL) of [9]. Then by Lemma
4.22 of [9], L is weakly k-iterative. So say there is no such M . Then L is not in the class
FINITEVISIT(REGL) of [9]. Then by Lemma 4.25 of [9], L is weakly 1-iterative.
J
I Theorem 4. Suppose α is in ω(1-NCSA). Then α is ultimately periodic.
Proof. Since α is in ω(1-NCSA), some L ∈ 1-NCSA determines α. Take any such L. Then
L is infinite and every s ∈ L is a prefix of α. By Lemma 3, L is weakly k-iterative for some
k ≥ 1. Then there is a string x1 y1 x2 y2 · · · xk yk xk+1 such that |y1 · · · yk | ≥ 1 and for all i ≥ 0,
x1 y1i x2 y2i · · · xk yki xk+1 is in L. Let j be the lowest number such that yj is non-empty. Then
x1 x2 · · · xj yj is a prefix of α, as are x1 x2 · · · xj yj yj , x1 x2 · · · xj yj yj yj , and so on. Therefore
α = x1 x2 · · · xj yjω , so α is ultimately periodic.
J
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Summarizing, we have the following.
I Theorem 5. ω(REG) = ω(CFL) = ω(1-DCSA) = ω(1-NCSA), and α is in this class of
infinite words iff α is ultimately periodic.
Proof. Immediate from Theorems 1, 2, and 4 and the inclusions REG ⊆ CFL and REG ⊆
1-DCSA ⊆ 1-NCSA.
J

4

Multilinear words

We now introduce the multilinear infinite words, a class which properly includes the ultimately
periodic words. To our knowledge this type of infinite word has not previously been discussed.
An infinite word is multilinear if it has the form
Q a1 n+b1 a2 n+b2
am n+bm
q
r1
r2
· · · rm
,
n≥0

Q

where
denotes concatenation, q is a string, each ri is a non-empty string, and m and each
ai and bi are nonnegative integers such that ai + bi > 0. Examples:
Q
ab
cd = abcdcdcd· · ·
n≥0
Q n+1
a
b = abaabaaab· · ·
n≥0
Q
102n = 11001000010000001· · · (characteristic sequence of the perfect squares)
n≥0

With the next few theorems we relate multilinear words to one-way stack automata.
I Theorem 6. Suppose α is in ω(1-NSA). Then α is multilinear.
Proof. Since α is in ω(1-NSA), some L ∈ 1-NSA determines α. Take any such L. Then L
is infinite and every s ∈ L is a prefix of α. By Ogden’s pumping lemma for one-way stack
automata [15], there are
strings µ and ν,
strings ρi , σi , and τi for each i ≥ 0,
strings αj , βj , φj , χj and ψj for bounds on j implicit below, and
positive integers m and p
such that, among other conditions,
(i)
(ii)
(iii)
(iv)
(v)

for each j ≥ 0, µρ0 ρ1 · · · ρj σj τj τj−1 · · · τ0 ν is in L,
i−1
for each i ≥ 1, ρi = α0 β1i−1 φ1 β2i−1 α1 β3i−1 φ2 β4i−1 α2 · · · φm−1 β2m−2
αm−1 ,
|ρ0 | = 0 iff for all i > 0, |ρi | = 0,
i
χp−1 , and
for each i ≥ 0, σi = χ0 ψ1i χ1 ψ2i χ2 · · · ψp−1
there is a j such that |ψj | > 0.

Suppose |ρ0 | = 0. Then by (iii), every ρi is empty, so by (i), we have that for each j ≥ 0,
µσj τj τj−1 · · · τ0 ν is in L. Then for each j ≥ 0, µσj is a prefix of α. Then by (iv), for each i ≥ 0,
i
µχ0 ψ1i χ1 ψ2i χ2 · · · ψp−1
χp−1 is a prefix of α. Let j be the lowest number such that |ψj | > 0; by
i
(v), there is such a j. Then for each i ≥ 0, µχ0 χ1 · · · χj−1 ψji χj · · · ψp−1
χp−1 is a prefix of α.
Then µχ0 χ1 · · · χj−1 ψj is a prefix of α, as are µχ0 χ1 · · · χj−1 ψj ψj , µχ0 χ1 · · · χj−1 ψj ψj ψj , and
so on. Therefore α = µχ0 χ1 · · · χj−1 ψjω , which is ultimately periodic and hence multilinear.
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So say |ρ0 | > 0. By (iii), some ρi other than ρ0 is non-empty. By (ii), if ρ1 is nonempty, then so are all subsequent ρi s, and if ρ1 is empty, then some βj must be nonempty, and all subsequent ρi s are again non-empty. So for all i ≥ 2, |ρi | > 0. By (i),
Q
Q
for each j ≥ 0, µρ0 ρ1 · · · ρj is a prefix of α. Therefore α = µ
ρn = µρ0
ρn+1 =
n≥0
n≥0
Q
n
µρ0
α0 β1n φ1 β2n α1 β3n φ2 β4n α2 · · · φm−1 β2m−2
αm−1 , which is multilinear.
n≥0

J
I Theorem 7. Suppose α is multilinear. Then α is in ω(1-DNESA).
Q a1 n+b1 a2 n+b2
am n+bm
Proof. The infinite word α has the form q
r1
r2
· · · rm
. Let A be a onen≥0

way deterministic nonerasing stack automaton, operating as follows. First, A checks that
the input begins with q. In what follows, A will push counter symbols onto its stack; so
far, the stack is empty. Next, for each i between 1 and m, A first checks the input for bi
occurrences of ri . It then reads its stack, for each counter symbol checking the input for ai
occurrences of ri . After checking rm , A pushes a counter symbol onto its stack and proceeds
as before. If any input symbol causes a check to fail, A rejects; otherwise, when A reaches
end of input, it accepts. Now A recognizes Prefix(α), the full prefix language of α. Since
Prefix(α) determines α, α is in ω(1-DNESA).
J
I Theorem 8. ω(1-NSA) = ω(1-DSA) = ω(1-NNESA) = ω(1-DNESA), and α is in this
class of infinite words iff α is multilinear.
Proof. Immediate from Theorems 6 and 7 and the inclusions 1-NSA ⊇ 1-DSA ⊇ 1-DNESA
and 1-NSA ⊇ 1-NNESA ⊇ 1-DNESA.
J

5

Multihead finite automata

In this section we relate multilinear infinite words to multihead finite automata. First, we
show that every multilinear infinite word can be expressed in a certain form which is amenable
to recognition by these automata. Then we show, using this form, that every multilinear
infinite word can be determined by a one-way multihead deterministic finite automaton
(1:multi-DFA).
Following the definition in the previous section, a multilinear infinite word can be viewed
as a pair [q, t], where t is a term list of m triples [ri , ai , bi ]. We say that two such pairs
(or two term lists) are equivalent if they express the same multilinear word. Notice that if
two term lists t1 , t2 are equivalent, then the first term of t1 begins with the same symbol as
the first term of t2 . We say that t1 and t2 are strongly equivalent if they are equivalent
and if the last term of t1 begins with the same symbol as the last term of t2 . Any term i
with ai > 0 we call a growth term. Any pair [q, t] can be rotated, yielding the equivalent
pair [q r1b1 , [t[2], . . . , t[m], [r1 , a1 , b1 + a1 ]]]. In the proofs below, we allow a growth term
to temporarily have a negative bi if it can later be “rotated away” (made nonnegative by
repeated rotations). To this end, when b1 < 0, we define rotation of the pair [q r1−b1 , t] to
yield the equivalent pair [q, [t[2], . . . , t[m], [r1 , a1 , b1 + a1 ]]]. For use below, we give several
conditions which a pair or term list may or may not satisfy.
Condition 1. For every i from 1 to m, bi ≥ 1.
Condition 2a. For every i from 1 to m − 1, ri [1] 6= ri+1 [1].
Condition 2b. If m ≥ 2, r1 [1] 6= rm [1].
For example, take the multilinear infinite word
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α=

Q

(abc)n aban = ababcabaabcabcabaa· · ·

n≥0

The multilinear pair [λ, [[abc, 1, 0], [ab, 0, 1], [a, 1, 0]]] expresses α but does not meet
any of the three conditions. However, the equivalent pair [ab, [[a, 1, 1], [b, 0, 1], [cab, 1, 1]]]
meets all three conditions, giving
α = ab

Q

an+1 b(cab)n+1

n≥0

We will show that every multilinear infinite word can be expressed as a pair satisfying
conditions 1, 2a, and 2b. The proof outline is first to show that every multilinear term list
has an equivalent term list satisfying condition 2a (Lemma 12), and next to show that every
multilinear pair satisfying condition 2a is equivalent to a pair satisfying conditions 1, 2a,
and 2b (Theorem 15). The notion of strong equivalence is used in the proof of Theorem 15,
where we take a term list satisfying condition 2a, rotate it so that it satisfies 2b but now has
a portion which does not satisfy 2a, and then replace that portion with a strongly equivalent
one satisfying 2a, so that the whole then satisfies 2a and 2b.
I Lemma 9. Given a multilinear term list [[r1 , a1 , b1 ], [r2 , a2 , b2 ]] such that a1 = 0 and
a2 > 0, there is a strongly equivalent term list meeting condition 2a.
Proof. Let s = r1b1 . Suppose there is an i such that s[i] 6= r2 [1]. Take the first such i. If i = 1,
we can just return [[s, 0, 1], [r2 , a2 , b2 ]]. Otherwise, we split s at i and return [[s[1] · · · s[i −
1]], 0, 1], [s[i] · · · s[|s|]], 0, 1], [r2 , a2 , b2 ]]. So say there is no such i. Suppose there is an i such
that r2 [i] 6= r2 [1]. Take the first such i. Since [[s r2 , 0, 1], [r2 , a2 , b2 − 1]] is equivalent to the
original term list, we can return [[s r2 [1] · · · r2 [i − 1], 0, 1], [r2 [i] · · · r2 [|r2 |], 0, 1], [r2 , a2 , b2 − 1]].
So say there is no such i. Then every symbol in s and r2 equals r2 [1]. So return [[r2 [1], |r2 | ·
a2 , |s| + |r2 | · b2 ]].
J
I Lemma 10. Given a multilinear term list [[r1 , a1 , b1 ], [r2 , a2 , b2 ]] such that a1 > 0 and
a2 > 0, there is a strongly equivalent term list meeting condition 2a.
|r |

|r |

Proof. Suppose r1ω = r2ω . Then r1 2 = r2 1 , so by Theorem 1.5.3 of [1], there are k, l > 0
such that r1 = z k and r2 = z l for some string z. Then [[z, |r|z|1 | · a1 + |r|z|2 | · a2 , |r|z|1 | · b1 + |r|z|2 | · b2 ]]
meets the condition. So say r1ω =
6 r2ω . Let p be the longest common prefix of r1ω and
ω
r2 . If p = λ, then [[r1 , a1 , b1 ], [r2 , a2 , b2 ]] already meets the condition. Otherwise, let
c = (|p| mod |r1 |) + 1, let d = |r|p|1 | (rounded down), let e = (|p| mod |r2 |) + 1, and let
f = |r|p|2 | (rounded down). Then r1 [c] 6= r2 [e]. Suppose c = 1. Let u be the term list
[[r1, a1, b1 + d], [r2 [e] · · · r2 [|r2 |], 0, 1], [r2 , a2 , b2 − f − 1]]. Then u is equivalent to the original
term list. Its first term already starts with a different symbol than its second term, while by
Lemma 9, its last two terms can be replaced with an equivalent term list meeting condition
2a. So say c 6= 0. Let u be the term list [[r1 [1] · · · r1 [c − 1]], 0, 1], [r1 [c] · · · r1 [|r1 |]r1 [1] · · · r1 [c −
1]], a1, b1 + d], [r2 [e] · · · r2 [|r2 |], 0, 1], [r2 , a2 , b2 − f − 1]]. Then u is equivalent to the original
term list. Its second term already starts with a different symbol than its third term, while
by Lemma 9, its first two terms and last two terms can be replaced with equivalent term
lists meeting condition 2a.
J
I Lemma 11. Given a multilinear term list [[r1 , a1 , b1 ], [r2 , a2 , b2 ]] such that a2 = 0, there is
an equivalent term list meeting condition 2a.
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Proof. If a1 = 0, then we can just join the terms, returning [[r1b1 r2b2 , 0, 1]]. So say a1 > 0.
Let s = r2b2 . Then s = r1i x for some i ≥ 0 and string x such that r1 is not a prefix of
x. If x = λ, return [[r1 , a1 , b1 + i]]. Let p be the longest common prefix of r1 and x. If
p = λ, return [[r1 , a1 , b1 + i], [x, 0, 1]]. Otherwise, r1 = py and x = pz for some strings y, z.
Let u be the term list [[p, 0, 1], [yp, a1 , b1 ]]. By Lemma 9, there is an equivalent term list u0
meeting condition 2a whose last term begins with the same symbol as y. If z = λ, then u0 is
equivalent to the original term list, and we are finished. Otherwise, append to u0 the term
[z, 0, 1]. Now u0 is equivalent to the original term list. Further, since z begins with a different
symbol than does y, u0 meets condition 2a, and we are finished.
J
I Lemma 12. Given a multilinear term list t, there is an equivalent term list meeting
condition 2a.
Proof. We proceed by induction on |t|. If |t| ≤ 1, then condition 2a is already met, so just
return t. If |t| = 2, then by Lemmas 9, 10, and 11, the result holds. So say |t| > 2. Suppose
for induction that the result holds for any term list of size less than |t|. Then by the induction
hypothesis, there is a term list u equivalent to [t[1], . . . , t[m − 1]] and meeting condition 2a.
Let x = [u[1], . . . , u[|u| − 1]] and let y = u[|u|]. Then again by the induction hypothesis, there
is a term list v equivalent to [y, t[m]] and meeting condition 2a. So x + v is equivalent to
t. Now, x and v each meet condition 2a. Further, since v is equivalent to [y, t[m]], the first
term of v begins with the same symbol as y. Since u met condition 2a, the last term of x
begins with a different symbol than does y. Hence x + v meets condition 2a.
J
I Lemma 13. Given a multilinear term list t whose last term is a growth term, there is a
strongly equivalent term list meeting condition 2a.
Proof. If |t| = 1, then the condition is already met, so just return t. Otherwise, by Lemma
12, there is a term list u equivalent to [t[1], . . . , t[m − 1]] and meeting condition 2a. Let
x = [u[1], . . . , u[|u| − 1]] and let y = u[|u|]. By Lemmas 9 and 10, there is a term list v
equivalent to [y, t[m]], meeting condition 2a, and whose last term starts with the same symbol
as does t[m]. So x + v is strongly equivalent to t. Now, x and v each meet condition 2a.
Further, since v is equivalent to [y, t[m]], the first term of v begins with the same symbol as
y. Since u met condition 2a, the last term of x begins with a different symbol than does y.
Hence x + v meets condition 2a.
J
I Lemma 14. Given a multilinear pair [q, t] such that t contains exactly one growth term,
there is an equivalent pair meeting conditions 2a and 2b.
Proof. If |t| = 1, then [q, t] already meets the conditions. So say |t| > 1. Rotate [q, t] until
bm
t[1] is the growth term. Let s = r2b2 · · · rm
. Suppose r1ω = s r1ω . Then r1ω = sω , so by
Theorem 1.5.3 of [1], there are k, l > 0 such that r1 = z k and s = z l for some string z. Then
[q, t] is ultimately periodic, so [q, [z, 0, 1]] is an equivalent pair which meets the conditions.
So say r1ω 6= s r1ω . Let p be the longest common prefix of r1ω and s r1ω . Then p is a prefix
of s r1 . If p = λ, then [q, t] already meets the conditions. Otherwise, let u be the term
list [[r1 , 0, 1], [r1 , a1 , b1 − 1], [s, 0, 1]]. The pair [q, u] is equivalent to [q, t]. Now rotate [q, u]
and combine terms to give [[r1 , a1 , b1 − 1], [s r1 , 0, 1]]. The string s r1 has the form px for
some x 6= λ and p has the form r1i y for some i ≥ 0 and string y such that r1 = yz for some
z 6= λ. Notice that x[1] 6= z[1]. If y = λ then we have [[r1 , a1 , b1 − 1 + i], [x, 0, 1]] and we
are finished. Otherwise, we have [[r1 , a1 , b1 − 1 + i], [y, 0, 1], [x, 0, 1]], which is equivalent to
[[y, 0, 1], [zy, a1 , b1 − 1 + i], [x, 0, 1]]. Rotating twice, we get [[x, 0, 1], [y, 0, 1], [zy, a1 , b1 − 1 +
i + a1 ]]. By Lemma 13, there is an equivalent term list whose last term starts with the same
symbol as does z. Then q paired with this term list meets the conditions.
J
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I Theorem 15. Let α be a multilinear infinite word. Then α has the form
Q a1 n+b1 a2 n+b2
am n+bm
· · · rm
r2
q
r1
n≥0

for some m ≥ 0, string q, non-empty strings ri , and nonnegative integers ai , bi where
ai + bi > 0, such that
for every i from 1 to m, bi ≥ 1,
for every i from 1 to m − 1, ri [1] 6= ri+1 [1], and
if m ≥ 2, r1 [1] 6= rm [1].
Proof. α can be viewed as a pair [q, t], where t is a term list of m triples [ri , ai , bi ]. We will
give an equivalent pair meeting conditions 1, 2a, and 2b. First, by Lemma 12, there is a
term list u which is equivalent to t and which meets condition 2a. We will give a pair [q 0 , u0 ]
which is equivalent to [q, u] and meets conditions 2a and 2b. If u is empty, just set q 0 = q
and u0 = u. Otherwise, suppose u contains no growth terms. Then u can be contracted into
bm
a single term, so set q 0 = q and u0 = [r1b1 · · · rm
, 0, 1]. So suppose u contains exactly one
growth term. Then by Lemma 14, there is a multilinear pair [q 0 , u0 ] which is equivalent to
[q, u] and meets conditions 2a and 2b. Finally, suppose u contains more than one growth
term. Let u[i] be the first growth term in u. Let [q 0 , u0 ] be the result of rotating [q, u] by i
terms. Now u0 ends with the growth term u[i]. The first symbol of u0 [1] (u[i + 1]) differs
from the first symbol of u0 [m] (u[i]), so u0 meets condition 2b. Further, u0 meets condition
2a, except that the first symbol of u0 [m − i] may equal the first symbol of u0 [m − i + 1]. Using
Lemma 13, replace the terms from m − i to m with a strongly equivalent term list meeting
condition 2a. Now u0 meets conditions 2a and 2b. Finally, now that we have an equivalent
pair which meets conditions 2a and 2b, we can rotate it until condition 1 is met. For each
term i, if ai = 0, then already bi > 0, whereas if ai > 0, then each rotation increases bi to
bi + ai . So repeatedly rotating [q 0 , u0 ] will eventually cause it to meet condition 1.
J
I Theorem 16. Every multilinear infinite word is in ω(1:multi-DFA).
Proof. Take any multilinear infinite word α. By Theorem 15, α can be expressed in a form
Q a1 n+b1 a2 n+b2
am n+bm
q
r1
r2
· · · rm
meeting the conditions of that theorem. If m = 1, then α
n≥0

is ultimately periodic, so α is in ω(REG) ⊆ ω(1:multi-DFA). So say m ≥ 2. Let A be a
one-way 2-head deterministic finite automaton, operating as follows. First, A checks that the
input begins with q, moving both heads to the right after each symbol. Next, A keeps one
head stationary while using the other head to check the n = 0 subword, verifying that each
ri occurs bi times. Now one head is at the beginning of the n = 0 subword and the other
head is at the beginning of the n = 1 subword. For each j ≥ 1, A checks the n = j subword
as follows. For each i from 1 to m, A first uses its right head to checks for ai occurrences
of ri , keeping its left head stationary. Then A moves both heads to the right, checking for
occurrences of ri under the left head until no more are found, and rejecting if the symbol
under the right head ever differs from the symbol under the left head. After ai (j − 1) + bi
occurrences of ri , the left head will encounter the first symbol of ri+1 (or r1 if i = m). Since,
by the conditions of Theorem 15, this symbol is different from the first symbol of ri , A is
now at the start of term i + 1, and can proceed to check this term, and so on until it has
checked all m terms, at which point it moves on to subword n = j + 1. If any input symbol
causes a check to fail, A rejects; otherwise, when A reaches end of input, it accepts. Now
A recognizes Prefix(α), the full prefix language of α. Since Prefix(α) determines α, α is in
ω(1:multi-DFA).
J
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Finally, we give a simple example of an infinite word in ω(1:multi-DFA) which is not
multilinear.
I Theorem 17. Not every infinite word in ω(1:multi-DFA) is multilinear.
Q 2n
a b = a1 ba2 ba4 ba8 b · · · . Clearly α is not multilinear.
Proof. Let α be the infinite word
n≥0

Let A be a one-way 2-head deterministic finite automaton, operating as follows. Initially, A
keeps one head stationary while using the other head to check that the input begins with ab.
Subsequently, A moves both heads to the right. For each a under the left head, A checks for
two occurrences of a under the right head, while for each b under the left head, A checks
for one occurrence of b under the right head. If any input symbol causes a check to fail, A
rejects; otherwise, when A reaches end of input, it accepts. Now A recognizes Prefix(α), the
full prefix language of α. Since Prefix(α) determines α, α is in ω(1:multi-DFA).
J

6

Conclusion

In this paper we have given several results aimed at building up a classification of infinite
words with respect to which classes of automata can determine them. To associate automata
with infinite words, we used the concept of prefix languages. This concept can be applied not
just to automata, but to arbitrary language classes, offering many opportunities for further
research. For a given language class, we can ask what class of infinite words it determines.
From the other direction, for a given infinite word, we can ask in what language classes
it can be determined. It is hoped that work in this area will help to establish a theory
of the complexity of infinite words as determined by their prefix languages. One specific
task would be to further characterize the infinite words determined by one-way multihead
deterministic finite automata (1:multi-DFA), beyond the result established in this paper,
that the multilinear infinite words are properly contained by this class.
Acknowledgements. I want to thank my advisor, Rajmohan Rajaraman, for supporting
this work, encouraging me, and offering many helpful comments and suggestions.
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1

Introduction

The mathematical structures underlying concurrency theory are most often considered as
abstract entities from an algebraic point of view, and are much less often scrutinized under
the meticulous lens of concrete mathematics. From the combinatorial point of view, even
very basic process operators prove quite intricate. Indeed, we show in [3] that the study
of the classic merge (or interleaving) operator requires non-trivial analytic combinatorics
techniques.
In this paper we study the rich combinatorics of partially increasing structures underlying
the operator of non-deterministic choice [11]. Note that this is a major departure from
related studies involving regular shuffle in automata theory, e.g. [12]. Although we are still
far from a full-fledged process algebra, the increase of expressiveness if compared to pure
merge is noticeable. When unfolded as computation trees, the resulting process behaviours
prove much more difficult to deal with. We show in this paper, however, that the analytic
techniques we rely on – based on the symbolic method of analytic combinatorics [9] – scale
relatively well to cover this enriched model. In Section 3 we give precise – average-case –
results concerning the number of computation paths induced by typical non-deterministic
∗
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processes, hence providing a quantitative measure for the so-called “combinatorial explosion”
phenomenon. As we make clear in the paper, this phenomenon is not only a worst-case
situation but it is also quite perceptible in the average case.
Our quantitative study also establishes deep links between the combinatorics of increasing
structures and partial orders. Indeed, we can interpret non-deterministic choice as an
encoding of a family of tree-like partial orders or tree-posets [2]. Measuring the (indeed
exponential) average size of this family on average offers a key witness to the expressiveness
of the choice operator. This is discussed in Section 4.
As a practical outcome of our quantitative study, we aim at developing techniques
to analyze properties of the computation trees without explicitly constructing them. As
an illustration, we describe in Section 5 an efficient algorithm for the generation of nondeterministic computation paths uniformly at random directly from the syntax of process
specification. This algorithms is based on a compact polynomial representation of the uniform
distribution of the computation paths.

2

Processes as combinatorial structures

In this section we define the mathematical objects that represent the syntax of process
specifications on the one side, and the semantics of process behaviours on the other side.

2.1

Syntax: process trees

The syntax of formal languages is most often defined as a context-free grammar yielding tree
structures: (abstract) syntax trees that will be called process trees in what follows. For the
minimalist process calculus we discuss in this paper, the (semi-formal) grammar of process
trees is the following :


P
 Pk
P+

::= Pk | P+
::= α | α. (P k . . .)
::= Pk + Pk + . . .

(process)
(prefixed parallel)
(non-deterministic choice)

If compared to most algebraic-oriented presentations, we do not use binary constructors.
The main reason is that the parallel and choice operators are associative. We could of course
encode the process terms using binary syntactic trees. However, if this is quite transparent for
the tree structure, the encoding would have a sizable (and somewhat gratuitous) impact on
the analytic developments. For similar reasons the prefixing construct is intermixed with the
merge constructor for parallel processes, which means that each branch of a choice is prefixed.
Hence we consider in essence what is often called guarded choice in the literature. To avoid
an ambiguity in the model, we also require a choice to have at least two sub-processes.
The process specification that we will use as a running example in the paper is the
following one: a. [b.(c k d) + e] k f. ([g + h.(i k j) + k] k l)
Note that we use distinct labels for actions because our purely structural study does not
reflect on the identity nor the nature of the atomic actions performed by the processes. So
we do not distinguish among e.g. internal vs. external choice. In fact, we study the effect of
non-determinism (i.e. the branching in computation trees) rather than its cause.
To formalize the process specifications as combinatorial objects, we rely on the symbolic
method of analytic combinatorics [9]. Our starting point is the following combinatorial
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Figure 1 A process tree (left) and the first three layers of its computation tree (right).

specification of

A
=
 Ak =
A+ =

process trees:
Ak + A+
Z × Seq (A)
Ak × Ak × Seq(Ak )

(process trees)
(trees with action/parallel root, counted by Z)
(trees with choice root)

There is a strong correlation between this specification and the grammar discussed
previously. The definition here is formal: this is the combinatorial class A of process trees.
We remind the reader that a set is a combinatorial class if each element of the class has a
known finite size. A further requirement is that there is only a finite number of elements
in the class for a given size n. The + operator on combinatorial classes denotes disjoint
union. Thus a process tree is defined here as being either a merge tree in class Ak or a
non-deterministic choice in class A+ . A merge tree has a labelled root and its sub-trees form
a (possibly empty) finite forest, as specified by the Seq constructor. The Z mark explains
that the label of the root node is counted and thus the size of a merge tree is the sum of the
sizes of its sub-trees plus one. Finally, the non-deterministic choices are trees with a root
that is not counted for the size and a sequence of at least two merge sub-trees. Since they are
not counted, the choice nodes cannot nest otherwise arbitrarily large sub-trees of the same
size could be constructed. In the same spirit, the prefixing of parallel nodes with actions is
justified to avoid arbitrarily large intermixes of operators. Hence, as noted previously, there
is a precise combinatorial motivation for guarding the choices.
The process tree representing the example given above is depicted on the left-hand side
of Figure 1. For the sake of clarity we explicitly mark the nodes with k and + labels but
only the action could be shown without any ambiguity. According to the specification for
class A given above, this tree has size 12 (only counting the atomic actions).
Following the principles of analytic combinatorics, the combinatorial class A admits a
counting sequence An consisting of the number of objects of A of size n. This sequence is
P
linked to a formal power series A(z) such that A(z) = n≥0 An z n . The n-th coefficient of
A(z) is commonly denoted by [z n ]A(z) = An . Various analysis techniques can then deployed
to “dissect” such power series, e.g. study convergence, find closed formulas and derive
asymptotic results. Indeed, the class A is a quite classical tree model, as e.g. studied in [9,
chapter I] .
I Fact 1. The combinatorial class A of process trees satisfies:
s
√

p
√ −n
1
3 2−4
2
A(z) =
1 − z − 1 − 6z + z ;
An ∼n→∞
3
−
2
2
.
2
4πn3
The integer sequence An (precisely, shifted by 1) is known as Large Schröder Numbers and
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appears naturally in lattice paths’ context [13]. See for example [9, p. 475], or the Online
Encyclopedia of Integer Sequence: OEIS A006318.

2.2

Semantics: computation trees

A classical semantic domain for process behaviours is the class of computation trees that we
intend to study as combinatorial structures, a study that will cover most of the remaining
material of this paper.
From an algebraic point of view, computation trees can be characterized quite concisely,
for example using the following inference rules:
α

α

α.P −
→P

(act)

i
Pi0
Pi −→

1≤i≤n
α

i
Pi0
P1 + . . . + Pi + . . . + Pn −→

α

i
Pi0
Pi −→

1≤i≤n
αi

P1 k . . . k Pi k . . . k Pn −→ P1 k . . . k Pi0 k . . . k Pn

(sum)

(par)

In combinatorics, these rules are interpreted as the transformation of a syntactic process
tree T into a computation tree, denoted [[T ]], with quite a constrained structure. In the
special case of a process without any occurrence of the choice operator – as thoroughly
studied in [3] – then each branch of the corresponding computation tree is a full traversal
of the initial process. With the choice operator, one must first select exactly one branch
for each choice – an operation we call a global choice – and only then traverse the resulting
“choice-free” process. On the right-hand side of Figure 1 we depict the first three layers of the
computation tree corresponding to our example process. Each node of the tree corresponds
to a labelled transition that can be proved by the inference rules above. We further abstract
from the process states since the transitions capture the required information. Note that the
computation tree of Figure 1 is not represented entirely since it has a total of 1120 leaves!
The calculation is detailed in Section 5.2.
There is a fruitful reinterpretation of this semantic construction in terms of partial orders.
With pure parallel processes, the process trees can be seen as tree-like partial orders or
tree-posets, as studied in e.g. [2]. The associated computation trees then encode the sets of
their linear extensions, i.e. the strict orderings induced by the posets. In the presence of
the non-deterministic choice, the process trees encode a family of tree-posets (one for each
possible global choice) and the associated computation tree is the combination of all their
linear extensions. For example, if we take the process tree of Figure 1, then ha, e, f, l, gi is
a valid linear extension, whereas ha, f, l, e, b, d, ci is not because b and e occur in distinct
branches of a choice node, and should thus be mutually exclusive. Also, ha, e, l, f, gi is invalid
since f precedes l in the partial order.

3

Quantitative study I – number of computation paths

The understanding of the computation trees generated by non-deterministic processes as
combinatorial objects requires a meaningful notion of size. The measure that conveys the most
important information about the computation trees is their number of leaves, or equivalently
the number of computation paths. Indeed, this measure directly relates (asymptotically, by
a constant factor) to most other natural measures such as the total number of internal nodes
(this is discussed at length in [3]).
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Figure 2 Three partially increasing trees based on the process tree of Figure 1.

3.1

Partially increasing trees

Consider T a process tree of size n. In [3] we show that the corresponding computation tree
[[T ]] has as many computation paths as the number of distinct ways to label the process tree
T with increasing labels in range [1..n].
If we add the choice operator, then the isomorphism with increasing trees is less direct
since only the nodes that have been selected in a global choice must be labelled: exactly
one branch for each choice node. All the other branches must be unselected in the resulting
total number of possible computation paths. For this, we relax the total increasing labelling
by allowing unlabelled nodes in the counting. To illustrate this combinatorial model, three
distinct partial labellings for our running example are depicted on Figure 2. For example the
leftmost case corresponds to a possible increasing labelling when the b and k branches are
taken (a global choice labelled {b, k}). The unselected branches are labelled by the silent
mark •. Note that there are 1117 other possibilities of such partially increasing trees to count
the total number of computation paths induced by the process tree of Figure 1.
The symbolic method can once again be used to formally define the combinatorial class
of the partially increasing trees, denoted by B, as follows:

B
= Bk + B+

 Bk = W W ? Z × Seq(B)

B+ = (Bk × Ak × Seq(Ak )) + (Ak × Seq(Ak ) × Bk × Seq(Ak ))
The specification above uses two distinct counting variables: Z for all the nodes and
W only for the increasingly labelled nodes. A partially increasing tree in B may either be
with a parallel or a choice root node, respectively in class Bk and B+ . The root node of a
parallel node has two counts: one (totally) increasing in W and one for the total size in
Z (including the unselected sub-trees marked with • in Figure 2). Its sub-trees consists of
partially increasing trees in B. The box notation W W specifies that the labelling counted
by W must be increasing. This box operator introduces non-trivial differential functional
equations, cf. [9, p. 139] for further details. The choice nodes can be formed out of two
possibilities depending on where we select the branch in the semantics. In the first case, the
leftmost branch of the choice has been selected, and thus below we need a partially increasing
parallel tree in Bk (we remind the reader that choice nodes cannot nest directly). The rest of
the sub-trees are in Ak , which means that they are not labelled. The other possibility is that
the branch we select is not the first one. This decomposition is required because a choice
node must have at least two sub-trees to avoid any ambiguity with parallel nodes with only
one sub-tree.
The most notable characteristic of partially increasing trees is that their specification
mixes the box operator together with the unlabelled variant of the classical combinatorial
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constructs. To our knowledge, this is the first study of such a mixed labelled/unlabelled
combinatorial class, which represents, we believe, a contribution in the field of analytic
combinatorics.

3.2

Average case analysis

The combinatorial class of partially increasing trees can be directly translated to the following
system of generating functions:

Rw
z
Bk (z, w) = 0 1−Bk (z,t)−B
dt

+ (z,t)

Bk (z,w)·Ak (z)
B+ (z, w) = 1−Ak (z) · 1 + 1−A1k (z) .
Here, the generating functions are bivariate with variable z for marking all the nodes and
w marking only the increasingly labelled ones. We see here also the interpretation of the
box operator as an integral. As usual with the symbolic method, the passage from the
specification to the generating functions is completely automatic.
This system of generating functions is not trivial to study in analytic combinatorics.
Resolving it requires the use of holonomy theory and related advanced techniques. In fact a
computer algebra system must be used because some calculations are very intricate. We do
however get a workable result.
I Theorem 2. The generating function that enumerates the accumulated number of computation paths induced by all the process trees of a given size n is:
Z ∞
B̂(z) =
(Bk (z, w) + B+ (z, w)) exp(−w)dw.
w=0

This function satisfies a linear homogeneous differential equation1 of order 9 whose coefficients
are polynomials with highest degree 15.
Now, using the holonomic equation of B̂(z), we can compute very efficiently its first terms
(several thousands of terms can be obtained in a few seconds). For a more general complexity
result, we are now interested in the asymptotic behaviour of the coefficients of B̂(z).
I Theorem 3. Assuming the Hayman-admissibility of the function B̂, the asymptotic of the
average number of computation paths induced by all the process trees of a given size n is:

√  !n 
√
√

√
e 2π 12 2 − 7 −1/2
6−4 2 n
 p e √2π n1/2 + 1
+ O(n−3/2 ) .
√
3/2 n
e
48
3 2−4
3 2−4
Roughly speaking, a function C(z) is Hayman-admissible if the distribution of law (P(N =
n) = an z n /C(z))z tends to a Gaussian distribution when z tends to infinity. The Haymanadmissibility of B̂ is unequivocal, although the complete proof requires the difficult Wasow’s
theory [14]. Beyond H-admissibility, the proof of the theorem is based on saddle point
analysis, cf. [9, Section V] for similar technical developments.
In the case of pure merge trees, we show in [3] that the average number of computation
√
paths is (n − 1)!/2n = Θ( n(0.5 · n/e)n ). In comparison, the asymptotics for the process
√
trees with choice nodes is approximately Θ( n(0.34315 · n/e)n ). It is interesting to note that

1

The differential equation cited in Theorem 2 is not informative in itself, it is thus left omitted.
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Figure 3 The global choices induced by the process tree of Figure 1.

the latter is exponentially smaller, which gives us a quantitative measure of the “cutting”
effect induced by the choice operator. However, the reduction in size is not large enough
for any algorithm requiring the explicit construction of the computation trees (even in some
compacted form) to be of practical interest in general. Put in other terms, the combinatorial
explosion phenomenon is thus not just a worst-case situation, but it is also quite perceptible
in the average case.

4

Quantitative study II – average number of choices

In the previous section we obtained a precise although not really surprising negative result
about the average number of computation paths. We now aim at measuring the choice itself.
As explained previously, the choice operator – when interpreted globally – can be seen as
encoding a family of computation trees resulting from choice-free process trees. In this section
we study the average size of this family. This provides a rather precise characterization of
the expressive power of the choice operator: the amount of information it encodes.

4.1

Generalized hook length formula

Let T be a process tree. A global choice of T is obtained by selecting exactly one sub-tree
for each choice node of T . In Figure 3 we describe the set of all possible global choices for
the process tree of Figure 1. There are indeed 6 possible global choices depending on the
pairs of branches selected for the two choice nodes. Each choice can be identified by the root
labels of the two selected sub-trees.
The important question of interest is the number of such possible global choices that can
be expanded from typical process trees. Indeed, if we find that there are only a few possible
choices on average, like for the example in Figure 1, then one might expand these choices
and apply the efficient algorithms developed in [3] to analyze the computation trees without
constructing them explicitly.
As a matter of fact, there is a tight connection between the possible number of such
global choices, for a given process tree T , and the number of leaves of its computation tree
[[T ]] that we quantified in the previous section.
I Lemma 4. (Generalized hook length formula) Let T be a process tree. The number `T of
computation paths in [[T ]] is given by the following formula:
`T =

|C|!

X
Q
C global choice of T

S sub-tree of C

|S|

.

This theorem is justified as follows. If we make a global choice in a process tree (or if
there is no choice to make), then we obtain a pure merge tree and in this case the number
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of computation paths is given by the “standard” hook length formula (cf. [3]). Then by
summing over all the possible global choices we obtain the desired result.

4.2

Choice expansion

Our objective is to count, for average process trees, the number of summands in the formula
of Lemma 4. To this end we start with the following specification:


Ā
 Āk
Ā+

=
=
=

Āk + Ā+

Z × Y × Seq Ā
Āk × Ak × Seq(Ak ) + Ak × Seq(Ak ) × Āk × Seq(Ak )

Each tree in class Ā is either a parallel or a choice tree. In the case of a parallel node, there
are two distinct counts: Z counts the number of parallel nodes as previously, and Y only
counts the nodes that are part of a given global choice. The sub-trees of parallel nodes are
zero or more trees in Ā. In order to obtain a non ambiguous specification for Ā+ , we split
it in two parts: either the first branch is in Āk , in which case the second and possibly the
others are in A, or it is another branch that belongs to Āk . In both cases, the choice nodes
are not counted. Their sub-trees are formed by a single sub-tree in Ā, i.e. counted by both
Z and Y, and all the other sub-trees only counted by Z by combinatorial class A of “normal”
computation trees, as defined in Section 2.
Working with the generating functions, we obtain the following result:
I Theorem 5. The average number k of choices in a process tree of size n is, asymptotically,
such that there are two constants A and B with k = A · B n . We have the following estimates2
for the constants: A ≈ 1.4408 and B ≈ 1.11062. Moreover, the average size of a choice in a
process tree of size n is, asymptotically, equal to C · n where C ≈ 0.49636.
This shows that on average the number of choices induced by non-deterministic processes
is exponential. Thus, even if it is clearly more efficient to resolve the choices first and then
work on the choice-free systems, this does not yield tractable algorithms in general, in the
average (and not just the worst) case. From another perspective, this result appears to us
as a fairly good quantitative witness of the expressiveness of the non-deterministic choice
operator. The syntactic choice construct indeed provides a particularly succinct encoding at
the semantic level of an arbitrarily large family of global choices.

5

Uniform random generation of computation paths

We describe in this section an algorithm to generate non-deterministic computation paths
uniformly at random for a fixed non-deterministic process. This provides a basic building
block for e.g. (uniform) random testing or statistical model checking (cf. [7]). As our
quantitative study makes clear, the approaches of (1) constructing the computation trees or
(2) expanding the non-deterministic choices first, both yield impractical algorithms even in
the average case. Thankfully the symbolic method of analytic combinatorics leads to a more
tractable approach.

2

In Theorem 5 we have presented approximations instead of exact expressions for the constants, for the
sake of brevity. In fact we have calculated the exact values but their expression is very intricate and
does not bring any essential information.
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Polynomial representation

Let T be a process tree, T1 , T2 , . . . its children and act(T ) the root action of T . We specify,
in the sense
of the symbolic method, the set S(T ) of all runs of T :

S(T )
= S k (T ) + S + (T )
 k
 S (T ) = Z 
act(T ) ? Seqi (S(Ti ))

+
k
S (T ) = S (T1 ) × S(T2 )k × . . .
This is very similar to the specification of the semantic trees except that each parallel
node is counted by a dedicated variable Zact(T ) that records the action performed at the root
of T . If a parallel node has a root action labelled a then the variable is denoted Za . In fact,
we consider the process T as a combinatorial class itself.
For our running example (cf. Figure 1), we get the following specification:





S(T ) = Za ? Zb ? (Zc × Zd ) + Ze × Zf ? Zg + Zh ? (Zi × Zj ) + Zk × Zl .
This is almost a paraphrase of the process tree under study. The idea, then, is to apply
the recursive method of uniform random generation developed by Nijenhuis and Wilf [15]
and latter generalized to combinatorial classes (cf. the papers [10, 16]). However this is
not possible in a direct way, because, to our knowledge the box operator has not been fully
integrated in these methods. For instance, even if we obtain a correct selection of the Z’s,
this would not tell us in which order the action labels must be taken. Thus we propose to
adapt the recursive method by decomposing the approach in two distinct phases: (1) the
selection of a global choice and (2) the generation of a computation path. For the first phase,
we do not require to mark all the action labels but only those involving a non-deterministic
choice, i.e. actions just below choice nodes. We thus apply a simple substitution on the
specification, denoted as follows:
S 0 (T ) = S(T ){Z/Zv , yw Z/Zw } label w is at the root of a plus branch and v otherwise.
We thus keep a unique mark yw for each branch the choices, and we anonymize all the other
actions. Applied to our example, we obtain:





S 0 (T ) = Z  ? yb Z  ? Z 2 + ye Z × Z  ? yg Z + yh Z  ? Z 2 + yk Z × Z .
We now recall the principles of the recursive method, albeit adapted to fit the special
requirements for the box operator. The generating function corresponding to a weighted
specification S 0 is a polynomial defined inductively.
I Definition 6. Let S 0 (T ) be a weighted choice specification for a process tree T . The
polynomial of T is PS 0 (T ) (x) in the single variable x depending on the parameters yv ’s of
S 0 (T ) and constructed according
Z x to the following rules:

Q
0
PZ  ?Seq(S 0 ) (x) =
i PSi (t)dt

i
0
P
0
PSeq (yv ×S 0 ) (x) =
i yvi · PSi
≥2
i
i
Note that in particular we have PZ  ?∅ (x) = x. For our example we obtain:
P(x)

Z

x

=
=

0
x9
405

i Z
h
Rt
yb · 0 u2 du + ye · t ×

t

yg · u + yh ·

0

· yb yh +

7

x
315

· (5yb (yg + yk ) + 3ye yh ) +

5

x
15

Ru
0



v 2 dv + yk · u × u du dt

· ye (yg + yk )
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If compared to the specification S 0 (T ) the polynomial P(x) provides a decomposition of the
available global choices in terms of size given by the degree of each monomial in x. In our
example, there are global choices of size 9, 7 and 5. The weight of each choice in term of the
distribution on the computation paths corresponds to the coefficient for each monomial.
The algorithm to generate the polynomial P(x) only requires a single traversal of the
initial process tree. Using a compact representation (based on directed acyclic graphs for
sharing common sub-terms), the size of the polynomial is at most Θ(n2 ). This is because in
the worst case the maximum degree of this polynomial is n (the size of the process tree),
and each of the coefficients contains at most n occurrences of the parameters yv ’s.

5.2

Sampling algorithm

Algorithm 1: weighted random generation of a global choice
P xd
Data: a process tree T and its polynomial PT (x) = d C
λd
d
Result: a set C = {v | v a label of T } identifying a global choice in T
xd
λ {y ← 1 | v a label of T })}
πT := {nd = Γ( C
P d d v
Pick m ∈ [1; d πT (nd )] at random
P
Select d s.t. S < m ≤ S + nd for nd ∈ πT and S = d0 <d nd0 for nd , nd0 ∈ πT

if λd = yv
 {v}
S
Q
def
return V (λd ) =
{V
(λi )} if λd = i λi
i
P

V (λj ) if λd = i λi for j identifying wj
P
def
with wj taken randomly in W = {wi | wi = λi {yv ← 1 | v a label}, λ = i λi }
Based on the polynomial representation discussed previously, Algorithm 1 is used to
sample a global choice with the correct relative weight according to the uniform distribution
of computation paths. We illustrate this process with the same example as previously. In
the first step of the algorithm we use the polynomial P(x) to construct πT , an integer
partition of the total number of computation paths of the process tree T . Each element of the
partition is calculated by taking the Γ-transform (in x) of a monomial (of a given degree d;
Γ(αd · xd ) = αd · d!) where all the constants yv ’s are simply replaced by 1’s. For our example
we obtain the partition {n9 = 896, n7 = 208, n5 = 16} (thus the total number of computation
P
paths is d πT (nd ) = 1120). In the next step, we sample an integer m in [1; 1120], for
example m = 900. Consequently, we select the monomial in x7 (choices of size 7) with weight
208 in the partition πT . We are thus considering the coefficient λ7 = 5yb (yg + yk ) + 3ye yh in
the root polynomial.
To compute V (λ7 ) in the next step, we must eliminate the outermost sum, which
corresponds to the third (and most complex) case in the computation. For this we use the
distribution W as defined in the algorithm. Each summand is associated in distribution W to
a given weight wi obtained by substituting all the yv ’s of the choices of a given degree d and
summand λi . One of the wi ’s is taken arbitrarily (because the choice is non-deterministic).
In our example, suppose we have w1 = 10 for the left side and w2 = 3 on the right side
for the two summands of λ7 . To choose uniformly one of the two summands, we can pick
a random integer in [1; 13], for example 9. We thus select the left summand 5yb (yg + yk ).
The top-most product is eliminated by simply computing the V of its operands. For the left
operand, the label b is selected and in the right operand the sum is eliminated as already
explained. If at the end we select the label k then we obtain V (λ7 ) = {b, k} which identifies
a single choice in the starting process tree T . This global choice corresponds to the tree
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named {b, k} in Figure 3. Since we obtain a pure merge tree, the dynamic multiset random
sampler of [3] can be used to obtain a computation path uniformly at random.
I Theorem 7. Let T a process tree of size n. A computation path can be generated uniformly
at random in O(n2 ) arithmetic operations and with O(n2 ) space complexity.
The global choice is obtained from Algorithm 1 in time linear in the size of the polynomial
P(x) (represented as a DAG) because each coefficient contains at most one occurrence
of a parameter yv . Once the choice is sampled, the generation of the linear extension
from a choice-free process is achieved in time O(n log n) where n is the size of the sampled
choice. Thus, the overall complexity of the proposed random generator is dominated by the
construction of the polynomial P(x), which already involves O(n2 ) operations.
Random generation is only one of various questions we can answer thanks to the symbolic
representation of the problem. For example, we can count the number of computation
paths in quadratic time. Using a similar process, we can also compute the probability of a
given computation prefix, which would be useful to guide the search of counter-example in
statistical model-checking. The paper [3] gives the detail about these algorithmic variations,
in the choice-free context.

6

Related work

The algebraic properties of “pure” non-deterministic processes have been extensively studied,
cf. e.g. [1, 5]. However, the underlying concrete combinatorial objects remain mostly
undiscovered.
Related forms of choice and shuffle (or parallel) operators naturally appear in the
framework of regular languages. In terms of analytic combinatorics the regular shuffle on
disjoint alphabets has already been studied with basic quantitative results in e.g. [8], and
more thorough properties studied in the work of Mishna and Zabrocki [12]. They prove,
interestingly, that the algebraic properties of the shuffle directly translates to the nature of
the generating functions that encodes the enumeration problems. However the connection
with the non-deterministic choice studied in the present paper is rather loose. First in
regular language the non-deterministic automata can be determinized, which gives a too
abstract view of concurrent processes in the general case. This indeed amounts to consider
trace-equivalence versus bisimilarity when comparing languages vs. processes [11]. In both
case a form of abstraction is proposed, although it is far more radical in the case of regular
languages because one can simply forget about the tree structure of the process behaviours.
The application of uniform random generation of execution paths to software testing is
discussed in [6]. The major difference is that the random generation is based on the semantic
structure whereas in our approach only the (exponentially smaller) syntactic structure needs
to be constructed.
The complexity of counting of linear extensions for arbitrary partial orders is ]P-complete
as shown by [4]. In [3] we show that for tree-like partial orders it is linear (whereas the
previously known algorithm was quadratic [2]). With non-deterministic choices the present
paper shows that a quadratic worst-case algorithm exists and we conjecture this is also a
lower bound. We emphasize the fact that the algorithm computes the number of linear
extensions for a potentially exponential number of tree-like partial orders.
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7

Conclusion

The quantitative study of the non-deterministic choice operator is an important milestone
towards our goal of reinterpreting concurrency theory from the analytic combinatorics point
of view. In the next step in our study, we shall investigate various forms of synchronization,
in general corresponding to reflecting the action labels within the semantics. This calls for
a non-strict variant of increasing structures. This in turn would allow a deeper study of
the causes of non-determinism, e.g. the combinatorial interpretations of internal choice vs.
external choice.
Another interesting continuation of the work is to study the compaction of the computation
trees by identifying common subtrees. This would amount to study the semantic trees up-to
bisimilarity. Note that our algorithmic framework would not be affected by such study, since
the explicit construction of the semantic trees (whether compacted or not) is not required.
Finally, as pointed out by a kind reviewer of the paper, the process trees we consider are
finite trees whereas in practice more expressive classes must be considered. An important goal
we seek next is to apply our algorithmic framework in the context of e.g. regular processes.
We do think an approach in the spirit of partial-order unfoldings of processes is feasible.
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Abstract
We consider the problem of efficiently scheduling jobs on data centers to minimize the cost of
renting machines from “the cloud.” In the most basic cloud service model, cloud providers offer
computers on demand from large pools installed in data centers. Clients pay for use at an
hourly rate. In order to minimize cost, each client needs to decide on the number of machines
to be rented and the duration of renting each machine. This suggests the following optimization
problem, which we call Rent Minimization. There is a set J = {j1 , j2 , . . . , jn } of n jobs. Job
ji is released at time ri ≥ 0, has a deadline of di , and requires pi > 0 contiguous processing
time, ri , di , pi ∈ R. The jobs need to be scheduled on identical parallel machines. Machines may
be rented for any length of time; however, the cost of renting a machine for ` ≥ 0 time units
is d`/De dollars, for some given large real D; in particular, one pays $2 whether the machine is
rented for D + 1 or 2D time units. The goal is to schedule all the jobs in a way that minimizes
the incurred rental cost.
In this paper, we develop offline and online algorithms for Rent Minimization problem. The
algorithms achieve a constant factor approximation for the offline version and O(log ppmax
) for the
min
online version, where pmax and pmin are the maximum and minimum processing time of the jobs
respectively. We also show that no deterministic online algorithm can achieve an approximation
factor better than log3 ppmax
within a constant factor. Both of these algorithms use the wellmin
studied problem of Machine Minimization as a subroutine. Machine Minimization is a
special case of Rent Minimization where D = maxi di . In the process of solving the Rent
Minimization problem, in this paper, we also develop the first online algorithm for Machine
Minimization.
1998 ACM Subject Classification F.2 Analysis of Algorithms and Problem Complexity, F.2.2
Nonnumerical Algorithms and Problems, F.1.2 Modes of Computation
Keywords and phrases Scheduling Algorithm, Online Algorithm, Approximation Algorithm
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1

Introduction

Computing in “the cloud" has emerged as a popular way for companies to compute and to
store data. The first commercial cloud service was Amazon Web Services’s Elastic Compute
Cloud (EC2). Since the appearance of EC2, many other companies have offered their own
cloud services. Low maintenance overhead and the ability to pay only for what one uses
have induced numerous clients to move their businesses onto the cloud. The clients rent
machines from cloud vendors either in advance according to their projected job load or on
demand. Payment is usually made at an hourly rate.
While obtaining adequate service, clients want to minimize rental cost. Motivated by
this issue of reducing rental cost, we define Rent Minimization as follows. There is a set
J = {j1 , j2 , . . . , jn } of n jobs. Job ji is released at time ri ≥ 0, has a deadline at time
di , and requires pi units of contiguous processing time. The jobs need to be scheduled on
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identical parallel machines. Machines may be rented for any duration; however, the cost of
renting a machine for ` ≥ 0 time units is $d`/De, for a given large real D; in particular,
one pays $2 whether the machine is open for D +  or 2D time units. The goal is to
schedule all the jobs in a way that minimizes the incurred rental cost. We call this problem
Rent Minimization. To quote the Amazon pricing model, “Pricing is per instance-hour
consumed for each instance, from the time an instance is launched until it is terminated.
Each partial instance-hour consumed will be billed as a full hour.”–this is precisely the model
used for defining Rent Minimization.
Rent Minimization is a generalization of the well-studied classical problem called Machine Minimization. The input to this problem is again a set of jobs each with a release
time, deadline and processing time, and the goal is to use a minimum number of machines
such that each job is allocated, between its release time and deadline, an interval (closed
on the left and open on the right) of length equal to its processing time, on some machine. Garey and Johnson [9] show that for this case, deciding whether all the jobs can be
scheduled on a single machine is already NP-hard. The problem admits a constant-factor
approximation [5]; this paper improves upon the previous work
q of Chuzhoy, Guha, Khanna

and Naor [6], which achieved an approximation factor of O( logloglogn n ). (Taking an instance
of Machine Minimization and setting D = maxni=1 di converts the instance to one of Rent
Minimization, for the cost of renting any machine, for any duration, is $1.) There is also a
discrete version of Machine Minimization, in which the discrete set of multiple intervals
in which each job can be feasibly scheduled is given explicitly. The discrete version of the
problem is markedly harder than the continuous version (single release time and deadline)
and is known to be inapproximable beyond Ω(log log n) [7].
Our algorithm for the offline version of Rent Minimization is based on carefully classifying jobs based on processing times and difference between the release times and deadlines,
so that by losing a constant factor either an algorithm for Machine Minimization can
be used for them or there exists a combinatorial algorithm for scheduling the jobs. Therefore, we achieve an approximation ratio of Θ(α) where α is the approximation factor for
Machine Minimization. For the online version, the most nontrivial part is to design an
online algorithm for Machine Minimization. To the best of our knowledge, no online
algorithm for Machine Minimization was known before this work. Next, using the same
classification of jobs, the online Rent Minimization problem can be solved.

Contributions
1. Following the pricing model of Amazon EC2, we define a new class of problems called
Rent Minimization with the objective of minimizing the amount of money paid by
cloud users while renting machineries from the cloud. We develop a constant factor
offline algorithm for Rent Minimization. In the online version we provide an algorithm
) which also matches the lower bound of any
with approximation factor of O(log ppmax
min
deterministic online algorithm within a constant factor.
2. We develop the first online algorithm for the well-studied problem of Machine Minimization. The algorithm achieves an approximation factor of O(log ppmax
) which also
min
matches the lower bound of any deterministic online algorithm for Machine Minimization within a constant factor.

Related Work
The throughput maximization, also known as real time scheduling problem, focuses on maximizing the number of jobs scheduled given a pre-fixed number of machines and can be
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thought of as the dual of Machine Minimization. In a more general setting, jobs may
have weights and goal is to maximize the total weight of the scheduled jobs in given number
of machines. The best known approximation factor for throughput maximization for the
e
unweighted case is e−1
+ , for any constant  [8], whereas, for the weighted case nothing
better than 2-approximation is known [2]. In the discrete setting, even for the unweighted
case with only 2 feasible intervals for each job, the throughput maximization is known to be
MAX-SNP hard. However, no such hardness result is known for the continuous case. The
problem has also been studied in the online setting for unit length jobs and equal length
jobs both in the single processor and multi-processor setting, where decision to schedule a
job must be made at the time job arrives [3, 4]. The jobs may also have heights indicating
the resource requirements and multiple jobs can be run in parallel in a single machine as
long as the total width of the jobs at any time is not more than 1 [1, 8].

2

Offline Algorithm

Let the intervals of the form [(r − 1)D, rD), for positive integers r, be machine intervals.
We assume that the earliest release time of the jobs in J is 0. We partition the job sets J
into three subsets, J = J1 t J2 t J3 .
1. J1 = {j | p(j) ≥ D
2 }. These are the big jobs.
2. J2 = {j | j ∈
/ J1 , ∃a ∈ N, r(j) < aD, r(j) + p(j) > aD, d(j) − p(j) < aD}. No matter
in which valid intervals we schedule these jobs, their scheduling intervals always contain
the time aD.
3. J3 = J \ {J1 ∪ J2 }.
Let rent-OP T denote the renting cost of an optimal solution for Rent Minimization
(RM). We first show how to schedule jobs in J1 and J2 at rental cost O(rent-OP T ). We
next consider the following special case of RM and denote it by SRM.
Each machine is open for exactly one machine interval. The entire time period, from the
earliest release time to the latest deadline, can be partitioned into s machine intervals, where
s is polynomial in n.
Let Srent-OP T denote the renting cost of an optimal solution for SRM.
For jobs in J3 , we show that any solution for RM can be reduced to a solution in SRM by
losing only a constant factor. Therefore, a constant-factor approximation for SRM implies
a constant-factor approximation algorithm for RM as well. We next further partition the
jobs in J3 into two categories, J3 = J31 t J32 .
I Definition 1. Let Hr = [(r − 1)D, rD) be the rth machine interval.
1. J31 = {j ∈ J3 | ∃r ∈ N, r(j) ∈ Hr , d(j) ∈ Hr ∪ Hr+1 }.
2. J32 = {j ∈ J3 | ∃s ∈ N, r(j) ∈ Hr , d(j) ∈ Ht , t ≥ r + 2}.
Scheduling jobs in J1 and J2 . We simply assign a new machine to each job j ∈ J1 and
keep the machine open exactly for d p(j)
D e machine intervals. We show by doing so the rental
cost can increase at most by a factor of 3.
I Lemma 2. The rental cost where each job j ∈ J1 is assigned to a new machine that is
open exactly for d p(j)
D e machine intervals within a cost of 2rent-cost.
P
P
p
p
Proof. We know rent-OP T ≥ j∈J Dj ≥ j∈J1 Dj . The rental cost for scheduling jobs in
P
P
pj
p
J1 each to a new machine is j∈J1 d D e ≤ 2 j∈J1 Dj ≤ 2(rent-OP T ).
J
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For jobs in J2 , we again assign a new machine to each of them and rent the machine
exactly for D time units. We show that by doing so the incurred rental cost for assigning
jobs in J2 is at most rent-OP T .
I Lemma 3. The rental cost for assigning each job in J2 to a new machine is at most
rent-OP T .
Proof. Consider any two jobs j1 , j2 ∈ J2 such that for some a ∈ N, they have r(j1 ) <
aD, r(j1 )+p(j1 ) > aD, d(j1 )−p(j1 ) < aD and r(j2 ) < aD, r(j2 )+p(j2 ) > aD, d(j2 )−p(j2 ) <
aD. Consider the time point aD. No matter where the jobs j1 and j2 are scheduled, the
intervals in which they are scheduled contain the time point aD. Hence, j1 and j2 must be
assigned to two different machines in OP T .
Fix a machine. If there are exactly l jobs in J2 scheduled on that machine, then it is
possible to find positive integers a1 < a2 < · · · < al such that for all i, one job ji ∈ J2 is
scheduled during a half-open interval containing ai D. The number of half-open intervals
[x, x + D) of length D needed to cover {a1 D, a2 D, ..., al D} is l, since no such interval can
cover two such points.
It follows that the rental cost associated with that one machine is at least l. Since we
can sum over machines, it follows that rent-OP T ≥ |J2 |.
J
Hence, we get the following lemma.
I Lemma 4. There exists a schedule in which each job j ∈ J1 ∪ J2 is assigned to a new machine that is open exactly for d p(j)
D e machine intervals and incurs a cost at most 3rent-cost.
Proof. Follows from Lemma 2 and Lemma 3.

J

Reduction to SRM – Making machine opening and closing time uniform. We now consider only the jobs in J3 . We next show that if there are jobs J30 in an optimal schedule that
are allocated intervals overlapping two consecutive machine intervals, then by blowing up
the rental cost at most by a factor of 5, all these jobs can be scheduled completely inside a
single machine interval. Moreover, machines can be assumed to be rented exactly for one
machine interval, and opened and shut down at integral multiples of D.
We consider the first machine interval to start at the earliest release time (counting it as
0), and the last machine interval to end at the smallest multiple of D greater than or equal
to the latest deadline. If a machine is open from time a to b in OP T , we instead open it at
a
c, which is the largest multiple of D which is less than or equal to a.
time a0 ≤ a, a0 = Db D
Similarly, we can shut down the machine at time b0 ≥ b, b0 = Dd Db e. A minute’s thought
will confirm that overall we can increase rent-OP T at most by a factor of 2 in this process.
We do not change the scheduling intervals of the jobs in J3 in this process.
Now consider the subset J30 ⊆ J3 of jobs that are scheduled in OP T in intervals that
overlap two machine intervals. Since these jobs have processing time less than D
2 , they
overlap at most two machine intervals. For any such job j, if (a − 1)D ≤ r(j) ≤ a(D), for
some a ∈ N, we either have r(j) + p(j) ≤ aD, or d(j) − p(j) ≥ aD; otherwise, j would
belong to J2 . It is possible to allocate each of these jobs a new machine such that the job
is scheduled entirely within one machine interval. The machine needs to be rented for just
one machine interval. If there are l jobs of J30 scheduled in a machine, then that machine is
rented at least for l machine intervals, since each of these jobs contain a different boundary
point of machine intervals. Therefore, rent-OP T ≥ |J30 |. Since each new machine that can
be rented to allocate J30 needs to be open exactly for D time units, the rental cost can
increase at most by |J30 |. Hence, we get the following lemma.
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I Lemma 5. There exists a schedule of J3 such that each job is scheduled entirely within a
single machine interval and rental cost is at most 3rent-OP T .
Since all jobs are scheduled within a single machine interval, without loss of generality,
we can assume that each machine is open exactly for D time units.
Hence at the end, we have a bunch of machines each opened and closed at multiples of
D, each remaining open for exactly D time units, and which together schedule all the jobs
in J3 .
Making the number s of machine intervals polynomial in n.
version of the paper1 . Hence, we have an instance of SRM.

Can be found in the full-

We now proceed with jobs in J31 and J32 respectively.
1
1
Scheduling jobs in J31 and J32 . Let J3,r
= J31 ∩ {j | r(j) ∈ Hr }. For each J3,r
, r = 1, 2, ..., s,
we define an instance of Machine Minimization and invoke an algorithm for it such as [5]
to schedule the jobs.

I Lemma 6. The rental cost for assigning the jobs in J31 is at most 2αSrent-OP T where
α is the approximation ratio of the best Machine Minimization algorithm.
1
Proof. In an optimal solution for SRM the machine intervals used for scheduling jobs in J3,r
1
0
are completely disjoint from jobs in J3,r
0 such that |r−r | ≥ 2. Therefore, the total rental cost
1
1
paid by J3,r , r = 0, 2, 4, 6, ... is the sum of the rental cost paid by each J3,r
, r = 0, 2, 4, 6, ...
1
which is the total optimal cost for Machine Minimization for each of J3,r , r = 0, 2, 4, 6, ....
Hence using the polynomial time algorithm for Machine Minimization with the best ap1
proximation factor, the total cost paid for J3,r
, r = 0, 2, 4, 6, ... is at most α Srent-OP T .
1
Similarly, the total rental cost paid for J3,r , r = 1, 3, 5, 7, ... is at most α Srent-OP T . Therefore, the overall cost paid is 2α Srent-OP T .
J

We now consider scheduling jobs in J32 . The following lemma shows that every job in
can be scheduled in machine intervals that do not contain its release time or deadline by
losing a factor 3 in the approximation for SRM.
J32

I Lemma 7. There exists a schedule of jobs in J32 with total rental cost at most 3Srent-OP T
such that no job is scheduled in machine intervals containing its release time or deadline.
Proof. Consider an optimal schedule. We perturb the optimal schedule for SRM in a way
so that by paying at most 3Srent-OP T every job is scheduled in a machine interval that
neither contains it release time nor deadline. Let Hr be one such interval where some jobs
J 0 ⊆ J32 are both released and scheduled and some jobs J 00 ⊆ J32 have their deadlines and
are scheduled. There must be at least one such interval Hr for which either J 0 or J 00 is
non-empty, otherwise, the lemma trivially holds. If J 0 are scheduled in h1 machines in
Hr , then rent h1 extra machines each for D time units in the following machine interval
Hr+1 and schedule the jobs in J 0 in these new h1 machines in Hr+1 exactly the way they
were scheduled in Hr . That is if a job j 0 ∈ J 0 was scheduled from time [a, b) in Hr then
schedule it at time [a + D, b + D) in Hr+1 . This is a feasible schedule for J 0 as the earliest
of their deadlines can occur in machine interval Hr+2 or higher. We charge the h1 machines
to machine interval Hr+1 . If J 00 are scheduled in h2 machines in Hr , then rent h2 extra
1

http://www.cs.umd.edu/~barna/renting-cloud.pdf
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machines each for D time units in the previous machine interval Hr−1 and schedule the jobs
in J 00 in these new h2 machines in Hr−1 exactly the way they were scheduled in Hr . That
is if a job j 00 ∈ J 00 is scheduled from time [a, b) in Hr then schedule it at time [a − D, b − D)
in Hr−1 . This is a feasible schedule for J 00 as the latest release time can occur in machine
interval Hr−2 or lower. We charge h2 machines to machine interval Hr−1 .
Each machine interval is charged at most twice with at most the total number of machines
in the machine intervals immediately before and after it. Therefore, the total rental cost
can go up only by a factor of 3.
J
We will schedule each job in J32 only in machine intervals that do not contain its release
time or deadline as follows. We treat each machine interval as a point on a line. Each job
j ∈ J32 can be scheduled in some consecutive machine intervals, denoted by an interval Ij .
We pick minimum number of points to cover all the intervals and if Ij is covered by a point
pk then we assign job j to machine interval k. This problem of interval covering can be
solved optimally, in fact by a single scan.
Algorithm A
1. Scan the right end point of the intervals in non-decreasing order. If the first right end
point is pk , insert pk in the solution and let it cover all the intervals that contain it.
Remove all the intervals that are covered. Continue.
2. If machine intervals indexed i1 , i2 , ..., il are selected in this procedure to cover jobs
Ji1 , Ji2 , ..., Jil , then pack jobs Jij greedily using minimum number of machines each
opened for D time units in machine interval Hij .
It can easily be verified that step 1 of the above algorithm returns minimum number of
points. Both step 1 and 2 of Algorithm A can also be implemented easily in an online model
where jobs arrive online.
I Lemma 8. The rental cost for assigning the jobs in J32 is at most 9Srent-OP T .
Proof. Let Srent-OP T 0 denote the optimal rental cost for jobs in J32 where no job is
scheduled in machine interval containing its release time or deadline. Then from Lemma 7
Srent-OP T 0 ≤ 3Srent-OP T .
P
Pl
2p(Ji )
The total rental cost paid is j=1 d D j e where p(Jij ) = j∈Ji p(j). The factor 2
j

comes from the fact that each opened machine may have at most D/2 empty slots. Now,
Pl

j=1 d

2p(Jij )
e
D

≤l+

P

j:p(Jij )≥D d

2p(Jij )
e
D

≤ Srent-OP T 0 + 2Srent-OP T 0 ≤ 9Srent-OP T,
where the second inequality comes from the fact that both l and
0

as a lower bound on Srent-OP T .

P

j:p(Jij )≥D d

p(Jij )
D e

serve
J

I Theorem 9. There exists a polynomial-time approximation algorithm for RM that incurs
a rental cost of (30 + 6α)rent-OP T , where rent-OP T is the optimal rental cost and α is the
approximation factor of the algorithm from [5] for Machine Minimization.
Proof. From Lemma 4, Lemma 6 and Lemma 8, we have the total cost to be at most
3rent-OP T + (2α + 9)Srent-OP T which is at most 30 + 6αrent-OP T from Lemma 5. J
Note that we have not tried to optimize the constants which we believe can be reduced
further.

B. Saha

3

443

Online Algorithm for Machine Minimization

In this section, we give an online algorithm for Machine Minimization problem. We first
consider the case where jobs have nearly uniform processing time. We assume, each job has
processing time in [p, 2p], p > 0. We decompose the jobs into two sets based on the length
of their time window, that is the duration between their release time and deadline.
I Definition 10. We call a job j “slack” if its release time r(j) and deadline d(j) satisfy
d(j) − r(j) ≥ 8p. Else, we call a job “non-slack”.
I Definition 11. For a job j, any interval of length p(j) in [r(j), d(j)) is referred to as a valid
interval. The valid interval in which the job j is scheduled is referred to as its scheduling
interval.
Suppose there exists a schedule of all the jobs in t machines. Clearly, using 2t machines,
we can schedule the slack jobs in t machines and non-slack jobs separately in another t
machines. Hence, with a loss of a factor of 2 in the approximation, we can consider scheduling
of slack jobs and non-slack jobs separately.

3.1

Scheduling Slack Jobs

Let Js denote the set of slack jobs. First, we show that any optimal schedule of Js can
be transformed into another schedule by blowing up the number of machines by at most a
factor of 3 such that the scheduling interval of no job j ∈ Js intersects [r(j), r(j) + 2p), or
[d(j) − 2p, d(j)), that is, we wait at least 2p time units from the release time of each job
before scheduling it and the job finishes 2p time units before its deadline.
I Lemma 12. If t denotes the minimum number of machines in which all slack jobs can
be scheduled, then there exists a schedule of all slack jobs using 3t machines, such that the
scheduling interval of no job intersects the first 2p time units or the last 2p time units of its
time window.
Proof. Consider Js0 ⊆ Js be the set of jobs with their scheduling intervals intersecting the
first 2p time units from their release time in an optimal solution. Let Js00 ⊆ Js \ Js0 be the set
of jobs with their scheduling window intersecting the last 2p time units. We first schedule
all the jobs in Js \ Js0 ∪ Js00 in t machines as in the optimal solution. For each job j ∈ Js0 that
was initially scheduled on the rth, r ∈ {1, 2, . . . , t}, machine in the optimal solution from
time [a, a + p(j)), we schedule it in the (t + r)th machine from time [a + 2p, a + 2p + p(j)).
First, clearly, [a + 2p, a + 2p + p(j)) ∩ [r(j), r(j) + 2p) = ∅, since a ≥ r(j). Second, since
a < r(j) + 2p (by definition of Js0 ), p(j) ≤ 2p, we have a + 2p + p(j) < r(j) + 6p but
d(j) ≥ r(j) + 8p. Hence, a + 2p + p(j) ≤ d(j) − 2p. Therefore, [a + 2p, a + 2p + p(j)) is a valid
interval for job j, and we have r(j) + 2p ≤ a + 2p < a + 2p + p(j) ≤ d(j) − 2p. Similarly,
For each job j ∈ Js00 that was initially scheduled on the rth, r ∈ {1, 2, . . . , t}, machine in the
optimal solution from time [b, b + p(j)), we schedule it in the (t + 2r)th machine from time
[b − 2p, b2p + p(j)). Since d(j) ≥ b + p(j) ≥ d(j) − 2p, we have d(j) − 2p ≥ b − 2p + p(j) >
b − 2p ≥ d(j) − 6p ≥ r(j) + 2p. Therefore, [b − 2p, b − 2p + p(j)] is a valid interval for job j,
and we have r(j) + 2p ≤ b − 2p < b − 2p + p(j) ≤ d(j) − 2p.
J
Define r(j)new = 2pdr(j)/2pe, and d(j)new = 2pbd(j)/2pc. From Lemma 12, we get the
following corollary.
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I Corollary 13. If t denotes the minimum number of machines in which all slack jobs Js
can be scheduled, then there exists a schedule of Js in 3t machines such that the scheduling
window of any job j ∈ Js is contained in [r(j)new , d(j)new ).
Proof. From Lemma 12, we know there exists a schedule of jobs Js in 3t machines such that,
each job is scheduled after 2p time units of its release time r(j), and hence after r(j)new .
Also, these jobs finish before 2p time units from their deadline and hence before d(j)new ,
since d(j) ≥ 8p.
J
We can therefore assume without loss of generality that jobs are released and have
deadlines at an integral multiples of 2p.
We can further assume, with a loss of a factor of 2 in the approximation that the starting
point of the scheduling interval of each job is an integral multiple of 2p.
I Lemma 14. If there exists a schedule of jobs in Js with release time r(j)new , deadline
d(j)new , and processing time p(j) ∈ [p, 2p] in t0 machines, then there exists a schedule of
Js in 2t0 machines such that the starting point of the scheduling window of each job is an
integral multiple of 2p. Furthermore, for any a ∈ Z+ , in the time window [a ∗ 2p, (a + 1)2p)
at most one job is scheduled in each machine.
Proof. Consider an optimal schedule. We proceed in increasing order of time and modify
the optimal schedule. Since the processing time of each job is in [p, 2p], for each machine,
the starting points of the scheduling intervals of at most two jobs j1 , j2 can be contained
in the time window [0, 2p). If there are such j1 and j2 , then, since “new” release times are
integral multiples of 2p, we must have r(j1 )new = r(j2 )new = 0. If j1 and j2 are scheduled
on the rth machine, r ∈ {1, 2, . . . , t0 }, we schedule j1 on the rth machine and j2 on the
(r + t0 )th machine respectively in the intervals [0, p(j1 )) and [0, p(j2 )). Clearly, the schedule
in feasible and only one job is scheduled in each machine in the time window [0, 2p). Now,
by induction hypothesis, suppose, we can obtain a modified schedule for the jobs scheduled
in [0, a ∗ 2p) in the optimal solution. Now, consider the time window [a ∗ 2p, (a + 1) ∗ 2p)).
For the rth machine, again the starting points of the scheduling intervals of at most two jobs
can be contained in [a∗2p, (a+1)∗2p)) in the optimal solution. We can safely schedule them
respectively in the rth and (r + t0 )th machine starting from a ∗ 2p, since the “new” release
times of these two jobs cannot be after a ∗ 2p. We thus have the proof by induction.
J
Therefore, we strive to obtain a schedule with the following property: We have a set
of jobs Js , with each job j having processing time in [p, 2p], release time r(j)new that is
an integral multiple of 2p and deadline d(j)new . The goal is to use minimum number of
machine and schedule all the jobs such that the scheduling interval of each job starts at
integral multiple of 2p.
If we can obtain an online algorithm for the above stated scheduling problem with approximation factor γ, then from Lemma 12, Corollary 13 and Lemma 14, we get a schedule
of all the slack jobs on 6γ times optimal number of machines. Indeed, we show, if OP T
denotes the optimal number of machine for such schedules and we know OP T , then the following algorithm (EDF(OPT)) which schedules jobs based on the earliest deadline among
all the released but unscheduled jobs at any time is optimal.
I Lemma 15. Given there exists a schedule of jobs Js in OP T machines where each job has
release time and deadline at an integral multiple of 2p, processing time in [p, 2p] and must
be scheduled at an integral multiple of 2p, EDF(OP T ) returns a feasible schedule in OP T
machines.
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Algorithm 1 Earliest Deadline First Among Released yet Unscheduled Jobs (EDF)(s)
1: time t = 0,
2: while t is less than the latest deadline of the jobs in Js do
3:
4:
5:
6:
7:
8:
9:

a=1
while there exists an unscheduled job with release time r(j) ≤ t and a ≤ s do
Pick among these remaining jobs the one with the earliest deadline (breaking ties
arbitrarily) and schedule it on the ath machine in the time window [t, t + p(j)).
a = (a + 1);
end while
t = t + 2p;
end while

Proof. An EDF schedule implies for any two jobs j1 and j2 scheduled on the same machine,
if j1 is scheduled earlier than j2 , then either j1 has deadline before j2 , or j2 is not released
until j1 finishes. We can convert any given optimal schedule to an EDF schedule. Given an
optimal schedule, if it is not EDF, then consider the jobs in increasing order of the starting
points of their scheduling intervals, and suppose the first violation from EDF happens at
time a ∗ 2p, for some a ∈ Z+ . Note, since jobs are scheduled always at an integral multiples
of 2p, violations can also happen only at integral multiples of 2p. Let j1 be scheduled
at a ∗ 2p and there exists a job j2 , which is scheduled at a0 ∗ 2p, a0 ∈ Z+ , a0 ≥ a, but
dnew (j2 ) < dnew (j1 ). If j2 is not released at the time j1 starts being scheduled, then since
release times are integral multiples of 2p, j2 is not released until time (a + 1)2p. But, since
processing time of j1 is at most 2p, j1 finishes by time (a + 1)2p. Therefore, this does not
result in a violation. Hence, j2 must have been released at or before time a ∗ 2p. In that
case, we can simply swap the positions of the scheduling intervals of j1 and j2 , that is, we
schedule j2 starting from a ∗ 2p and j1 starting from a0 ∗ 2p. This schedule is clearly valid for
j2 . The schedule is also valid for j1 , since dnew (j1 ) > dnew (j2 ), dnew (j2 ) ≥ (a0 + 1) ∗ 2p and
p(j) ≤ 2p. We can continue doing such swaps until there is no violation from EDF at time
a ∗ 2p. This swaps do not affect jobs that are scheduled before a ∗ 2p, and the maximum
number of swaps that may be required is bounded by |Js |. Therefore, at the end, we have
an EDF schedule.
J
Lemma 15 guarantees that when the number of machines required in an optimal solution
is known, EDF(OP T ) gives a constant competitive online algorithm for slack jobs with
almost uniform processing time. Now suppose that the number of machines in an optimal
schedule is not known. In that case, we proceed as follows. We make a guess of the optimal
number of machines s0 ; suppose we set s0 = 1. We start with 2s0 machines. We follow
the EDF algorithm using the first set of s0 machines. But, at each time t, we also check
whether the jobs that are released at time t or before but have not been scheduled yet, can
be scheduled in s0 machines using an offline algorithm for Machine Minimization. If so,
in the second set of s0 machines, we allocate the jobs that are scheduled in the time window
[t, t + 2p) in the computed offline solution. Otherwise, we consider the jobs that are released
strictly before time t (hence at or before time t − 2p) and schedule all of them in s0 machines
using the offline solution computed at time t − 2p. We next consider the jobs that are
released exactly at time t. We know they can be scheduled in at most OP T machines. We
run an offline algorithm taking only these jobs and if the optimal solution uses s1 machines,
we allocate them in s1 new machines and update our guessed optimal number of machines
to s0 = max(s1 , 2s0 ) and proceed to time t + 2p. We follow the same algorithm from time
t + 2p with new guessed value of s0 .
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We need a few notations to describe the algorithm.
Let J(t) = {jobs released before time t}. Let S(t) = {jobs scheduled before time t}. Let
R(t) = {jobs released at time t}. We set s0 = 1 and t = 0 and call the following algorithm
EDF-Online(s0 , t).
Algorithm 2 EDF-Online(s0 , t)
1: Open 2s0 new machines;
2: Schedule min (|J(t) ∪ R(t) \ S(t)|, s0 ) jobs with earliest deadline from J(t) ∪ R(t) \ S(t)

3:
4:
5:
6:
7:
8:
9:
10:
11:
12:

in the first s0 machines. Let A(t) be the set of jobs scheduled. {this is according to
EDF}
if Offline Machine Minimization algorithm can schedule ([J(t) ∪ R(t)] \ [S(t) ∪ A(t)])
in s0 machines then
Let B(t) be the set of jobs scheduled by Offline Machine Minimization at time t
on at most s0 machines.
Schedule B(t) in the second set of s0 machines.
J(t + 2p) = J(t) ∪ R(t), S(t + 2p) = S(t) ∪ A(t) ∪ B(t), t = t + 2p, GOTO 2.
else
Schedule J(t) \ S(t) using offline Machine Minimization in the already available
machines–the second set of s0 machines.
Schedule R(t) in new machines using offline Machine Minimization. Let it uses s1
new machines.
J(t + 2p) = J(t) ∪ R(t), S(t + 2p) = J(t + 2p);
EDF-Online(max (2s0 , s1 ), t + 2p)
end if

I Lemma 16. If there exists a schedule of jobs Js in OP T machines where each job has
release time at an integral multiple of 2p, processing time in [p, 2p] and must be scheduled at
an integral multiple of 2p, EDF-Online returns a feasible schedule in O(OP T ) machines.
Proof. First, at step 8, offline Machine Minimization can use at most s0 machines. This
is because, if t = 0 or if at time (t − 2p) the event under Else happened, then J(t) \ S(t) =
φ. If at time t = 2p, event under if happened, then we know at time t − 2p, Machine
Minimization returned a feasible schedule for jobs in ([J(t − 2p) ∪ R(t − 2p)] \ [S(t − 2p) ∪
A(t − 2p)]) in s0 machines and the schedule has jobs in B(t − 2p) scheduled in the interval
[t, t + 2p). Since J(t) \ S(t) ⊆ [J(t − 2p) ∪ R(t − 2p)] \ [S(t − 2p) ∪ A(t − 2p) ∪ B(t − 2p)],
Machine Minimization will use at most s0 machines to schedule them. Second, at step 9
offline Machine Minimization can use at most OP T machines. This is because here we
are considering a set of jobs which are just released and therefore, they can be allocated
exactly as in the optimal original offline schedule.
Once our guessed value s0 becomes at least OP T , it will never be increased (follows from
Lemma 16). Therefore, at the end s0 < 2OP T . Hence, the number of machines used is at
most 2(s0 + s0 /2 + s0 /4 + .... + 1) ≤ 8OP T .
J

3.2

Scheduling Non-slack Jobs

We now consider the non-slack jobs, that is, the length of the time window in which each of
them can be scheduled is at most 8p. We consider time in blocks of length p. We know any
job that is released in between [a ∗ p, (a + 1) ∗ p), for some a ∈ Z+ , it must be scheduled by
(a + 9) ∗ p. We now divide the jobs based on their release time into 10 classes, P0 , P1 , . . . , P9 :
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Pk = {j|dr(j)/pe mod 10 = k. We schedule jobs of each class separately in new machines,
thus blowing up the approximation factor at most by 10. For the jobs of the same class, we
have the following properties.
Property 1. For any two jobs j1 , j2 ∈ Pk , ∀k ∈ [0, 9], if r(j1 ) < r(j2 ) + p, then d(j1 ) < r(j2 ).
Property 2. For all jobs in Pk , k ∈ [0, 9], which have release times in a time window not
more than p, at most 9 of them can be scheduled in a single machine.
Therefore, jobs of Pk , k ∈ [0, 9], which have release times contained in some time window
of length at most p, can be scheduled on a separate machine by using at most 9 times the
optimal number of machines.
Overall, by blowing up the approximation factor by a constant, we can schedule all the
non-slack jobs, which altogether using Lemma 15 implies a constant factor online algorithm
for Machine Minimization for jobs with processing time in [p, 2p]. This immediately
) online algorithm for the general Machine Minimization problem,
implies a O(log ppmax
min
where the bound can be achieved by simply classifying the jobs into dlog ppmax
e classed based
min
on their processing times, [p = pmin , 2p], (2p, 4p], ..., and applying the algorithm separately
for each class.
I Theorem 17. There exists an online algorithm for Machine Minimization with constant
approximation factor where all the jobs have processing time in [p, 2p], for some p > 0.
I Corollary 18. There exists an online algorithm for Machine Minimization that achieves
).
an approximation factor of O(log ppmax
min

3.3

Online Algorithm for Rent Minimization

Recall the classification of jobs J into J1 , J2 , J31 , J32 from Section 2. We consider each of
these collection of jobs separately. We follow the same algorithm as in Section 2 for jobs
in J1 , J2 and J32 . We follow the online machine minimization algorithm separately for each
1
J3,r
, r = 0, 1, ..., s.
J1 = {j | p(j) ≥ D
2 }. These are the big jobs. Assign new machine to each job j ∈ J1 and
keep the machine open exactly for d p(j)
D e machine intervals.
J2 = {j | j ∈
/ J1 , ∃a ∈ N, r(j) < aD, r(j) + p(j) > aD, d(j) − p(j) < aD}. No matter in
which valid intervals we schedule these jobs, their scheduling intervals always contain the
time aD. Assign a new machine to each job j ∈ J2 and keep the machine open exactly
for 1 machine interval.
1
J31 = {j ∈ J3 | ∃r ∈ N, r(j) ∈ Hr , d(j) ∈ Hr ∪ Hr+1 }. J3,r
= J31 ∩ {j | r(j) ∈ Hr }. Apply
1
online algorithm for Machine Minimization separately to each J3,r
.
2
J3 = {j ∈ J3 | ∃s ∈ N, r(j) ∈ Hr , d(j) ∈ Ht , t ≥ r + 2}. Apply Algorithm A.
I Theorem 19. There exists an online algorithm for Rent Minimization that achieves an
approximation factor of O(log ppmax
).
min
Proof. Follows from Lemma 4, Lemma 6, Lemma 8 and Corollary 18.

3.4

J

Lower Bounds

The following establishes the lower bound of any deterministic online algorithm for Machine
Minimization.
I Theorem 20. No deterministic online algorithm for Machine Minimization can achieve
an approximation factor better than log3 ppmax
.
min
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Proof. Consider any online algorithm O. At time t = 0, a job j1 is released with processing
time pmax and deadline 3pmax . If O decides to schedule it in the window [a, a + pmax ),
then at time t = a, j2 is released with processing time pmax /3 and deadline a + p. Clearly,
algorithm O needs to open a new machine to schedule j2 . If O decides to schedule j2 , in the
window [b, b + pmax /3) ⊂ [a, a + pmax ), then at time t = b, job j3 arrives with processing
time pmax /32 and deadline b + pmax . Clearly, O cannot schedule j3 in either of the first
two machines and need a third machine to schedule it. We can proceed in this fashion for
steps. Algorithm O needs to open a new machine to schedule each of these jobs,
log3 ppmax
min
while all of them can be scheduled in a single machine in an optimal offline solution.
J
The following corollary is immediate.
I Corollary 21. No deterministic online algorithm for Rent Minimization can achieve an
approximation factor better than log3 ppmax
.
min
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Abstract
We propose a unifying framework based on configuration linear programs and randomized rounding, for different energy optimization problems in the dynamic speed-scaling setting. We apply
our framework to various scheduling and routing problems in heterogeneous computing and networking environments. We first consider the energy minimization problem of scheduling a set
of jobs on a set of parallel speed-scalable processors in a fully heterogeneous setting. For both
the preemptive-non-migratory and the preemptive-migratory variants, our approach allows us to
obtain solutions of almost the same quality as for the homogeneous environment. By exploiting
the result for the preemptive-non-migratory variant, we are able to improve the best known approximation ratio for the single processor non-preemptive problem. Furthermore, we show that
our approach allows to obtain a constant-factor approximation algorithm for the power-aware
preemptive job shop scheduling problem. Finally, we consider the min-power routing problem
where we are given a network modeled by an undirected graph and a set of uniform demands that
have to be routed on integral routes from their sources to their destinations so that the energy
consumption is minimized. We improve the best known approximation ratio for this problem.
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Introduction

We focus on energy minimization problems in heterogeneous computing and networking
environments in the dynamic speed-scaling setting. For many years, the exponential increase
of processors’ frequencies followed Moore’s law. This is no more possible because of physical
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(thermal) constraints. Today, for improving the performance of modern computing systems,
designers use parallelism, i.e., multiple cores running at lower frequencies but offering better
performances than a single core. These systems can be either homogeneous where an identical
core is used many times, or heterogeneous combining general-purpose and special-purpose
cores. Heterogeneity offers the possibility of further improving the performance of the system
by executing each job on the most appropriate type of processors [9]. However in order to
exploit the opportunities offered by the heterogeneous systems, it is essential to focus on
the design of new efficient power-aware algorithms taking into account the heterogeneity of
these architectures. In this direction, Gupta et al. in [12] have studied the impact of the
heterogeneity on the difficulty of various power-aware scheduling problems.
In this paper, we show that rounding configuration linear programs helps in handling the
heterogeneity of both the jobs and the processors. We adopt one of the main mechanisms for
reducing the energy consumption in modern computer systems which is based on the use of
speed scalable processors. Starting from the seminal paper of Yao et al. [15], many papers
adopted the speed-scaling model in which if a processor runs at speed s, then the rate of the
energy consumption, i.e., the power, is P (s) = sα with α a constant close to 3 (new studies
show that α is rather smaller: 1.11 for Intel PXA 270, 1.62 for Pentium M770 and 1.66 for
a TCP offload engine [14]). Moreover, the energy consumption is the integral of the power
over time. This model captures the intuitive idea that the faster a processor works the more
energy it consumes.
We first consider a fully heterogeneous environment where both, the jobs’ characteristics
are processor-dependent and every processor has its own power function. Formally, we
consider the following problem: we are given a set J of n jobs and a set P of m parallel
processors. Every processor i ∈ P obeys to a different speed-to-power function, i.e., it is
associated with a different αi ≥ 1 and hence if a job runs at speed s on processor i, then
the power is P (s) = sαi . Each job j ∈ J has a different release date ri,j , deadline di,j and
workload wi,j if job j is executed on processor i ∈ P. The goal is to find a schedule of
minimum energy respecting the release dates and the deadlines of the jobs.
In this paper we propose a unifying framework for minimizing energy in different heterogeneous computing and networking environments. We first consider two variants of the
heterogeneous multiprocessor preemptive problem. In both cases, the execution of a job may
be interrupted and resumed later. In the non-migratory case each job has to be entirely
executed on a single processor. In the migratory case each job may be executed by more
than one processors, without allowing parallel execution of a job. We also focus on the
non-preemptive single processor case. Furthermore, we consider the energy minimization
problem in an heterogeneous job shop environment where the jobs can be preempted. Finally,
we consider the min-power routing problem, introduced in [4], where a set of uniform demands
have to be routed on integral routes from their sources to their destinations so that the
energy consumption to be minimized. We believe that our general techniques will find further
applications in energy optimization.

1.1

Related Work

Yao et al. [15] proposed an optimal algorithm for finding a feasible preemptive schedule
with minimum energy consumption when a single processor is available. The homogeneous
multiprocessor case has been solved optimally in polynomial time when both the preemption
and the migration of jobs are allowed [2, 5, 7, 8]. Albers et al. [3] considered the homogeneous
multiprocessor preemptive problem, where the migration of the jobs is not allowed. They
proved that the problem is N P-hard even for instances with common release dates and
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common deadlines. Greiner et al. [10] gave a generic reduction transforming an optimal
schedule for the homogeneous multiprocessor problem with migration, to a Bdαe -approximate
solution for the homogeneous multiprocessor preemptive problem without migration, where
Bdαe is the dαe-th Bell number. Antoniadis and Huang [6] proved that the single processor
non-preemptive problem is N P-hard even for instances in which for any two jobs j and j 0
with rj ≤ rj 0 it holds that dj ≥ dj 0 . They also proposed a 25α−4 -approximation algorithm
for general instances. Andrews et al. [4] studied the min-power routing problem and
for uniform demands, i.e. for the case where all the demands have the same value, they
proposed a γ-approximation algorithm, where γ = max{1 + τ 2α(τ +1) log e , 2 + τ 2α(τ +1) }, with
τ = d2 log(α + 4)e. For non-uniform demands, they proposed a O(logα−1 D)-approximation
algorithm, where D is the maximum value of the demands. For further results see [1].

1.2

Notation

Given a schedule S we denote by E(S) the total energy consumed by S. We denote by S ∗
an optimal schedule and by OP T the energy consumption of S ∗ . For each job j ∈ J , we
say that j is alive on processor i ∈ P during the interval [ri,j , di,j ]. Let α = maxi∈P {αi }.
The Bell number, Bn , is defined for any integer n ≥ 0 and corresponds to the number of
partitions of a set of n items. It is well known that Bell numbers satisfy the following equality
Bn =

∞
X
k n e−1
k=0

k!

known as Dobinski’s formula. Another way to state this formula is that n-th Bell number is
equal to the n-th moment of Poisson random variable with parameter (expected value) 1.
That naturally leads to a more general definition. The generalized Bell number, denoted
P∞ α e−1
by B̃α = k=0 k k!
, is defined for any α ∈ R+ and corresponds to the α-th (fractional)
moment of Poisson random variable with parameter 1. Note that the ratios of our algorithms
depend on the generalized Bell number. Due to space constraints, some results and proofs
will be given in the full version of the paper.

1.3

Our Contribution

In this paper we formulate heterogeneous scheduling and routing problems using configuration
linear programs (LPs) and we apply randomized rounding. In Section 3, we consider the
heterogeneous multiprocessor speed-scaling problem without migrations and we propose
an approximation algorithm of ratio (1 + ε)B̃α . As this LP has an exponential number of
variables, we give an alternative (compact) formulation of the problem using a polynomial
number of variables and we prove the equivalence between the two LP relaxations. For real
values of α our result improves the Bdαe approximation ratio of [10] for the homogeneous
case to (1 + ε)B̃α for the fully heterogeneous environment that we consider here (see Table 1).
In Section 4, using again a configuration LP formulation, we present an algorithm for the
heterogeneous multiprocessor speed-scaling problem with migration. This algorithm returns
a solution within an additive factor of ε far from the optimal solution and runs in time
polynomial to the size of the instance and to 1/ε. This result generalizes the results of
[2, 5, 7, 8] from an homogeneous environment to a fully heterogeneous environment. In
Section 5, we transform the single processor speed-scaling problem without preemptions to
the heterogeneous multiprocessor problem without migrations and we give an approximation
algorithm of ratio 2α−1 (1 + ε)B̃α , improving upon the previous known 25α−4 -approximation
algorithm in [6] for any α < 114 (see Table 1). In Section 6, we study the power-aware
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Table 1 Comparison of our approximation ratios vs. better previous known ratios for: (i) the
preemptive multiprocessor problem without migrations, (ii) the single processor non-preemptive
problem, and (iii) the min-power routing problem.

Value
of α

Preemptive
without migrations
Homogeneous Heterogeneous
[10]
This paper

1.11
1.62
1.66
2
2.5
3

2
2
2
2
5
5

1.07(1+ε)
1.49(1+ε)
1.54(1+ε)
2(1+ε)
3.08(1+ε)
5(1+ε)

Non-preemptive
single processor

Routing
uniform demands

[6]

This paper

[4]

This paper

2.93
17.15
19.70
64
362
2048

1.15(1+ε)
2.30(1+ε)
2.43(1+ε)
4(1+ε)
8.72(1+ε)
20(1+ε)

375
2196
2522
8193
46342
262145

1.07
1.49
1.54
2
3.08
5

preemptive job shop scheduling problem and we propose a ((1 + ε)B̃α )-approximation
algorithm, where µ is the number of all the operations. Finally, in Section 7, we improve
the analysis for the min-power routing problem with uniform demands given in [4], based
on the randomized rounding analysis that we propose in this paper. Our approach gives an
approximation ratio of B̃α significantly improving the analysis given in [4] (see Table 1).

2

Technical Probabilistic Propositions

I Proposition 1. Consider a set of real numbers {Y1 , Y2 , . . . , Yn } such that Yi ∈ [0, 1] for
all i ∈ {1, . . . , n} and a set of non-negative constants {e1 , e2 , . . . , en }. Assume that we split
0
0
Yn to Yn0 ≥ 0 and Yn+1
≥ 0 such that Yn = Yn0 + Yn+1
. Let en+1 = en and Yj0 = Yj ,
j ∈ {1, 2, . . . , n − 1}. It holds that
!
!
X
X
Y Y
X
X
Y Y
|S|

S⊆{1,2,...,n}

α−1

ej

j∈S

j∈S

α−1

(1 − Yj ) ≤

Yj

j6∈S

|S|

S⊆{1,2,...,n+1}

0

ej

j∈S

0

(1 − Yj )

Yj

j∈S

j6∈S

I Proposition 2. For any α ≥ 1, the function f (x) = xα and parameter a ∈ [0, 1] we have
E[f (Ba )] ≤ E[f (Pa )]
where Ba is a sum of n independent Bernoulli random variables, E[Ba ] = a and Pa is a
Poisson random variable with parameter a.
I Proposition 3. For any real α ≥ 1 and a Poisson random variable Pλ with parameter
λ ≥ 0, we have:
(a) If 0 ≤ λ ≤ 1, then E[Pλα ] ≤ λE[P1α ].
(b) If λ > 1, then E[Pλα ] ≤ λα E[P1α ].

3

Heterogeneous Multiprocessor without Migrations

In this section we consider the case where the migration of jobs is not permitted, but their
preemption is allowed. The corresponding homogeneous problem is known to be N P-hard
even if all jobs have common release dates and deadlines [3]. We propose an approximation
algorithm by formulating the problem as a configuration integer program (IP) with an
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exponential number of variables and a polynomial number of constraints. Given an optimal
solution for the configuration LP relaxation, we apply randomized rounding to get a feasible
schedule for our problem. In order to get a polynomial-time algorithm, we can give another
(compact) formulation of our problem with a polynomial number of variables and constraints
and we can show that the relaxations of the two formulations are equivalent.
In order to formulate our problem as a configuration IP we need to discretize the time.
In the following lemma we assume that the release dates and the deadlines of all jobs in all
processors are integers.
ε
)(1 +
I Lemma 4. There is a feasible schedule with energy consumption at most ((1 + 1−ε
2
α
))
·
OP
T
in
which
each
piece
of
each
job
j
∈
J
(j
is
executed
on
processor
i
∈
P)
starts
n−2
and ends at a time point ri,j + k nε3 (di,j − ri,j ), where k ≥ 0 is an integer.

Let S be a schedule that satisfies Lemma 4 and let j ∈ J be a job executed on the
processor i ∈ P in S. The above lemma implies that the interval (ri,j , di,j ] can be partitioned
into polynomial, with respect to n and 1/ε, number of equal length slots. In each of these
slots, j either is executed during the whole slot or is not executed at all. In what follows we
consider schedules that satisfy Lemma 4.

3.1

Linear Programming Relaxation

A configuration c is a schedule for a single job on a single processor. Specifically, a configuration determines the slots, with respect to Lemma 4, during which one job is executed.
Given a configuration c for a job j ∈ J , we can define the execution time of j that is equal
to the number of slots in c multiplied by the length of the slot. Due to the convexity of the
speed-to-power function, in a minimum energy schedule that satisfies Lemma 4, the job j
runs at a constant speed sj . Hence, sj is equal to the work of j over its execution time. Let
Cij be the set of all possible feasible configurations for all jobs in all processors.
In order to ensure the feasibility of our schedule we need to further partition the time,
by merging the slots for all jobs. Given a processor i ∈ P, consider the time points of all
jobs of the form ri,j + k nε3 (di,j − ri,j ) as introduced in Lemma 4. Let ti,1 , ti,2 , . . . , ti,`i be the
ordered sequence of these time points. Consider now the intervals (ti,p , ti,p+1 ], 1 ≤ p ≤ `i − 1.
In a schedule that satisfies Lemma 4, in each such interval either there is exactly one job that
is executed during the whole interval or the interval is idle. Note also that these intervals
might not have the same length. Let I be the set of all these intervals for all processors.
We introduce the binary variable xi,j,c that is equal to one if the job j ∈ J is entirely
executed on the processor i ∈ P according to the configuration c, and zero otherwise. Note
that, given the configuration and the processor i where the job j is executed, we can compute
the energy consumption Ei,j,c for the execution of j. For ease of notation, we say I ∈ (i, j, c)
if the interval I ∈ I is included in the configuration c of processor i ∈ P for the job j ∈ J ,
that is there is a slot (ri,j + k nε3 (di,j − ri,j ), ri,j + (k + 1) nε3 (di,j − ri,j )] in c that contains I.
X
min
Ei,j,c · xi,j,c
i,j,c

X

xi,j,c ≥ 1

∀j ∈ J

(1)

xi,j,c ≤ 1

∀I ∈ I

(2)

∀i ∈ P, j ∈ J , c ∈ Cij

(3)

i,c

X
(i,j,c):I∈(i,j,c)

xi,j,c ∈ {0, 1}
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Inequality (1) enforces that each job is entirely executed according to exactly one configuration.
Inequality (2) ensures that at most one job is executed in each interval (ti,p , ti,p+1 ], 1 ≤ p ≤
`i − 1. We next relax the constraints (3) such that xi,j,c ≥ 0. Since the structure of this LP is
quite simple we can define an equivalent compact LP relaxation with polynomial number of
constraints and variables. We describe how to do it in the full version of the paper. For now
we assume that we can find an optimal solution of our configuration LP in polynomial time.

3.2

Randomized Rounding

In this section, we show how to apply randomized rounding to get an approximation algorithm
for our problem. Our algorithm follows.
Algorithm 1
1: Solve the configuration LP relaxation.
2: For each job j ∈ J , choose a configuration at random with probability xi,j,c .
3: Let KI be the number of configurations that contain the interval I. Scale the speeds

during I by a factor of KI .

I Theorem 5. Assume that αi ≥ 1 for all i = 1, . . . , m. Algorithm 1 achieves an approxε
2
imation ratio of ((1 + 1−ε
)(1 + n−2
))α B̃α for the heterogeneous multiprocessor preemptive speed-scaling problem without migrations in time polynomial to n and to 1/ε, where
α = maxi∈P αi .
Proof. For each interval I ∈ I, we estimate its expected energy consumption. By definition,
an interval corresponds to a single processor i ∈ P. Given a job j ∈ J , let nj be the number
of the non-zero xi,j,c variables such that I belongs to configuration c. Moreover, let Xj,k be
the k-th, 1 ≤ k ≤ nj , of the above non-zero variables and sj,k be the corresponding speed.
Let Yj be the probability that the job j is assigned to be processed in the interval I by
Pnj
Xj,k . By the constraint (2), we know
the randomized rounding procedure, that is Yj = k=1
Pn
that j=1 Yj ≤ 1. The expected energy that the job j consumes on the interval I under the
condition that
P j is assigned to be processed in the interval I without considering the other
nj

|I|s

αi

Xj,k

jobs is ej = k=1 Yj j,k
.
The energy consumption in the interval I achieved by the optimal solution of the LP
Pn
relaxation is LP ∗ = j=1 ej Yj . If the randomized rounding assigns a set S of jobs to be
processed during the interval I then we need to speed up the execution of all jobs in the
intervals I by factor |S|. This means that the energy consumption increases by the factor
|S|αi −1 . Therefore, the expected energy consumption during the interval I in the final
approximate schedule is


X
X
EI =
|S|αi −1 
ej  PS (Y10 , Y20 , . . . , Yn0 )
S⊆{1,2,...,n}

j∈S

where PS (Y10 , Y20 , . . . , Yn0 ) is the probability that exactly the jobs in the set S are selected
during I, and Y10 , Y20 , . . . , Yn0 are independent Bernoulli random variables with P r(Yj0 = 1) =
Yj . Therefore, we have that


X
X
Y
Y
EI =
|S|αi −1 
ej 
Yj
(1 − Yj )
S⊆{1,2,...,n}

j∈S

j∈S

j∈J \S
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q

We can assume that there exists Q ∈ N such that Yj = Qj , 1 ≤ j ≤ n, for some qj ∈ N (we
don’t make any assumptions on the encoding length of these numbers, we use them only for
analysis purposes) since these numbers come from solving an LP with rational coefficients.
Pn
1
Hence we can chop each Yj into qj pieces Yj,` = Q
= Y . Let q = j=1 qj be the number
of all chopped pieces and ej,` = ej , 1 ≤ j ≤ n and 1 ≤ ` ≤ qj . Note that, q ≤ Q since
Pn
j=1 Yj ≤ 1. For the ease of exposition we identify the set {1, 2, . . . , q} with the set of all
pairs (j, `) such that 1 ≤ j ≤ n and 1 ≤ ` ≤ qj . Using Proposition 1 we get


X
X
EI ≤
|S|αi −1 
ej,`  Y |S| (1 − Y )q−|S|
S⊆{1,2,...,q}

=

(j,`)∈S



q
X

X


X


k=1 S⊆{1,2,...,q},|S|=k

ej,`  k αi −1 Y k (1 − Y )q−k

(j,`)∈S

By changing the order of the sums in the above inequality we get

EI

≤ 

qj
n X
X




q 
X
q − 1 αi −1 k
k
Y (1 − Y )q−k
k−1

ej,` 

j=1 `=1


= 

=
≤

n
X

k=1


q j ej 

q 
X

j=1

k=1

Pn

!

j=1 qj ej

q

q
k



q−1
k−1

q
k

q  
X
q
k=1

k



αi

k αi −1 Y k (1 − Y )q−k

k

k Y (1 − Y )

q−k

q  
X
Q
q αi k
∗
= LPI
k Y (1 − Y )q−k
k
q
k=1

Q
αi
LPI∗ E[Bq/Q
]
q


q−1
where k−1
is the number of sets of cardinality k that contain j. Moreover, Bq/Q is a random
q
variable with expectation Q
which corresponds to the sum of q independent Bernoulli random
variables. Therefore,
EI

≤

Q
q
Q
Q
αi
αi
LPI∗ · E[Bq/Q
] ≤ LPI∗ · E[Pq/Q
] ≤ LPI∗ · E[P1αi ]
q
q
q
Q

where the second inequality follows from Proposition 2 and the last inequality follows
from Proposition 3(a). Therefore, by summing over all intervals and processors and as
α = maxi∈P αi , we get
E ≤ LP ∗ · E[P1α ] = LP ∗ · B̃α
and then the theorem follows.

4

J

Heterogeneous Multiprocessor with Migrations

In this section we present an algorithm for the heterogeneous multiprocessor speed-scaling
problem with preemptions and migrations. We assume that, if x units of work for the job
j are executed on the processor i, then x/wi,j portion of j is accomplished by i. We first
formulate the problem as a configuration LP with an exponential number of variables and
a polynomial number of constraints. Then, we consider the dual LP and we show how to
apply the Ellipsoid algorithm to it and obtain an OP T + ε solution for the primal LP.
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A configuration c is a one-to-one assignment of nc , 0 ≤ nc ≤ m, jobs to the m processors
as well as an assignment of a speed value for every processor. We denote by C the set of all
possible configurations. A well defined schedule for our problem has to specify exactly one
configuration at each time t. The cardinality of C is unbounded, since the processors’ speeds
may be real values. Hence, we have to discretize the possible speed values and consider only
a finite number of speeds at which the processors can run.
I Lemma 6. There is a feasible schedule of energy consumption at most OP T + ε that uses
a finite (exponential to the size of the instance and polynomial to 1/ε) number of discrete
processors’ speeds.
In what follows in this section, we deal with schedules that satisfy Lemma 6. Let, now,
t0 < t1 < . . . < t` be the time instants that correspond to release dates and deadlines of jobs
so that there is a time ti for every possible release date and deadline. We denote by I the
set of all possible intervals of the form (ti−1 , ti ], for 1 ≤ i ≤ `. Let |I| be the length of the
interval I.
We introduce a variable xI,c , for each I ∈ I and c ∈ C, which corresponds to the
total processing time during the interval I ∈ I that the processors run according to the
configuration c ∈ C. We denote by EI,c the instantaneous energy consumption of the
processors if they run with respect to the configuration c during the interval I. Moreover, let
sj,c be the speed of the job j according to the configuration c. For notational convenience, we
denote by (I, c) the set of jobs which are alive during the interval I and which are executed
on some processor by the configuration c. Finally, let i(j, c) be the processor on which the
job j is assigned into configuration c. We propose the following configuration LP:
X
min
EI,c · xI,c
I∈I,c∈C

X

xI,c ≤ |I|

∀I ∈ I

(4)

sj,c
xI,c ≥ 1
wi(j,c),j

∀j ∈ J

(5)

c∈C

X
I,c: j∈(I,c)

xI,c ≥ 0

∀I ∈ I, c ∈ C

Consider the schedule for the interval I that occurs by an arbitrary order of the configurations
assigned to I. This schedule is feasible, as the processing time of all configurations assigned
to I is equal to the length of the interval. Hence, Inequality (4) ensures that for each interval
I there is exactly one configuration for each time t ∈ I. Inequality (5) implies that each job
j is entirely executed.
The above LP has an exponential number of variables. In order to handle this, we create
the dual LP, which has an exponential number of constraints. In the full version of the
paper we will show how to efficiently apply the Ellipsoid algorithm to it (see [11]). For
this, we provide a separation oracle, i.e., we give a polynomial-time algorithm which given a
solution for the dual LP decides if this solution is feasible or otherwise it identifies a violated
constraint. As we can compute an optimal solution for the dual LP, we can also find an
optimal solution for the primal LP by solving it with the variables corresponding to the
constraints that were found to be violated during the run of the ellipsoid method and setting
all other primal variables to be zero. The number of these violated constraints is polynomial
to the size of the instance and to 1/ε. Thus, we can solve the primal LP with a polynomial
number of variables.
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I Theorem 7. A schedule for the heterogeneous multiprocessor speed-scaling problem with
migrations of energy consumption OP T + ε can be found in polynomial time with respect to
the size of the instance and to 1/ε.

5

Single processor without Preemptions

In this section we present an approximation algorithm for the single processor speed-scaling
problem when the preemption of jobs is not allowed. As a single processor is available, each
job j ∈ J has a unique release date rj , deadline dj and amount of work wj , while when the
processor runs at speed s, it consumes energy with rate sα . Due to the convexity of the speedto-power function, j runs at a constant speed sj in an optimal schedule S ∗ . Antoniadis and
Huang [6] proved that this problem is N P-hard and gave a 25α−4 -approximation algorithm.
The algorithm in [6] consists of a series of transformations of the initial instance. Our
algorithm applies the first of these transformations. Then, we give a transformation to the
heterogeneous multiprocessor speed-scaling problem without migrations. For completeness,
we describe the first transformation given in [6]. We partition the time as follows: let t1
be the smallest deadline of any job in J , i.e., t1 = min{dj : j ∈ J }. Let J1 ⊆ J be
the set of jobs which are released before t1 , i.e., J1 = {j ∈ J : rj ≤ t1 }. Next, we set
t2 = min{dj : j ∈ J \ J1 } and J2 = {j ∈ J : t1 < rj ≤ t2 }, and we continue this procedure
until all jobs are assigned into a subset of jobs. Let k be the number of subsets of jobs that
have been created. Moreover, let t0 = min{rj : j ∈ J } and tk+1 = max{dj : j ∈ J }.
Consider the intervals (ti−1 , ti ], 1 ≤ i ≤ k + 1. Let Ij be the set of intervals in which the
job j ∈ J is alive. In some of them j is alive during the whole interval, while in at most two
of them it is alive during a part of the interval. Consider now the non-preemptive problem
in which the execution of j should take place into exactly one interval I ∈ Ij . Note that the
execution of j should respect its release date and its deadline.
I Proposition 8. Let S be an optimal non-preemptive schedule for the problem in which the
execution of each job j ∈ J should take place into exactly one interval I ∈ Ij . It holds that
E(S) ≤ 2α−1 OP T .
Next, we describe how to pass from the transformed problem to the heterogeneous
multiprocessor speed-scaling problem without migrations. For every interval (ti−1 , ti ], 1 ≤
i ≤ k + 1, we create a processor i. For every job j ∈ J which is alive during a part or during
the whole interval (ti−1 , ti ], 1 ≤ i ≤ k + 1, we set: (i) ri,j = 0 if rj ≤ ti−1 or ri,j = rj − ti−1
if rj > ti−1 , (ii) di,j = ti − ti−1 if dj > ti or ri,j = dj − ti−1 if dj ≤ ti , and (iii) wi,j = wj .
For each processor i, 1 ≤ i ≤ k + 1, we set αi = α.
We next apply the approximation algorithm presented in Section 3. This algorithm will
create a preemptive schedule S. However, we can transform S into a non-preemptive schedule
S 0 of the same energy consumption. To see this, note that in each processor i, 1 ≤ i ≤ k + 1,
each job j ∈ J has ri,j = 0 or di,j = ti − ti−1 . Hence, by applying the Earliest Deadline
First policy to each processor separately we can get the non-preemptive schedule S 0 .
I Theorem 9. The single processor speed-scaling problem without preemptions can be apε
2
proximated within a factor of 2α−1 ((1 + 1−ε
)(1 + n−2
))α B̃α .

6

Job Shop Scheduling with Preemptions

In this section, we consider the energy minimization problem in a job shop environment.
The instance of the problem consists of a set of jobs J , where each job j ∈ J consists of µj
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operations Oj,1 , Oj,2 , . . . , Oj,µj , which must be executed in this order. That is, Ok+1,j can
start only once the operation Oj,k has finished. Let µ be the number of all the operations, i.e.
P
µ = j∈J µj . Each operation Oj,k has an amount of work wj,k . Moreover, we are given a set
of m heterogeneous processors P. Each operation Oj,k , j ∈ J and 1 ≤ k ≤ µj , is associated
with a single processor i ∈ P on which it must be entirely executed. Note that more than
one operations of the same job may have to be executed on the same processor. Furthermore,
for each operation Oj,k , we are given a release date rj,k and a deadline dj,k . For each j ∈ J ,
we can assume that rj,1 ≤ rj,2 ≤ . . . ≤ rj,µj as well as dj,1 ≤ dj,2 ≤ . . . ≤ dj,µj . Preemptions
of operations are allowed. The objective is to find a feasible schedule of minimum energy
consumption.
We propose a configuration IP for the job shop problem. A configuration is a schedule
for a job, i.e., a schedule for all its operations. To define the configurations, we discretize
the time into a number of length slots, which is polynomial to the size of the instance and
to 1/ε. As the configuration LP relaxation has an exponential number of variables and a
polynomial number of constraints, we consider its dual and we propose a separation oracle
for it. Thus, we can solve our problem by applying the Ellipsoid algorithm. Then we apply
the same randomized rounding as in Section 3.2 and the following theorem holds (we will
give a formal proof in the full version).
I Theorem 10. There is an algorithm of complexity polynomial to µ and to 1/ε with
2
ε α
approximation ratio (1 + ε)α (1 + µ−2
)α (1 + 1−ε
) B̃α for the preemptive job shop scheduling
problem with the energy objective.

7

Routing

We are given a directed graph G = (V, E). We are also given a set of demands D. The
demand i ∈ D is associated with a source node si and a destination node ti and it requests
di integer units of bandwidth. We consider the special case where all the demands request
the same bandwidth, i.e. di = d for all i ∈ D. Each edge e ∈ E is associated with a constant
αe such that if f units of demand cross e, then there is an energy consumption equal to
ce f αe . The objective is to route all the demands from their sources to their destinations so
that the total energy consumption is minimized. We consider the unsplittable version of the
problem where each demand has to be routed through a single path.
The min-power routing problem can be formulated as an integer convex program (see [4]).
Specifically, we introduce a variable xe , for all e ∈ E, which corresponds to the number of
demands that cross the edge e and a binary variable yi,e which indicates if the demand i ∈ D
crosses the edge e. Then, we obtain the following integer convex program suggested in [4].
min

X

e
ce dαe max{xe , xα
e }

e∈E

xe =

X

∀e ∈ E

(6)

yi,e = 0

∀i ∈ D, u ∈ V \ {si , ti }

(7)

yi,e = 1

∀i ∈ D

(8)

yi,e = 1

∀i ∈ D

(9)

∀i ∈ D, e ∈ E

(10)

yi,e

i

X
e∈Γ+ (u)

yi,e −

X
e∈Γ− (u)

X
e∈Γ+ (si )

X
e∈Γ− (ti )

yi,e ∈ {0, 1}
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The above integer convex program is a valid formulation for our problem. Note first that
P
e
our original goal is to minimize the total energy consumption for all edges, i.e., e∈E ce dαe xα
e .
Since in an optimal integral solution using this objective all variables xe are integers, the
above program has the same optimal integral solution as if we have used as objective the
P
αe αe
program with large
e∈E ce d xe . However, the use of this objective leads to an integer
P
e
integrality gap [4]. For this reason, we modify the objective to be e∈E ce dαe max{xe , xα
e }
obtaining a program with smaller integrality gap. Equation (6) relates the variables xe and
yi,e , while Equations (7)-(9) ensure the flow conservation.
In order to obtain a feasible integral solution for our problem, we solve the relaxation of
the above convex program, where the constraints yi,e ∈ {0, 1} are relaxed so that yi,e ≥ 0,
and we obtain a fractional solution. Then, we apply a randomized rounding procedure,
introduced by Raghavan and Thompson [13], in order to select a path for each demand.
Specifically, for each demand i ∈ D, we consider the subgraph of G that contains only the
edges with yi,e > 0 and define the standard flow decomposition. We compute a (si , ti )-path
p on this graph and we set zi,p = mine∈p {yi,e }. Then, we subtract zi,p from the variables
yi,e which correspond to the edges of the path p. We continue this procedure until there are
no (si , ti )-paths. Due to the flow conservation, at this point there are no edges with yi,e > 0.
The randomized rounding algorithm chooses a path p for the demand i with probability
P
zi,p . Note that p zi,p = 1.
I Theorem 11. There is a B̃α -approximation algorithm for the min-power routing problem
with uniform demands.
P
Proof. Consider an edge e ∈ E and let λe = i∈D yi,e be the expected value of the number
of demands that cross e. The expected energy consumption on the edge e is
X
Ee = ce dαe
|S|αe P r(S)
S⊆D

where P r(S) is the probability that exactly the demands in S are routed through (cross) the
edge e. Hence, we have
Y
Y
X
|S|αe
yi,e
(1 − yi,e ).
Ee = ce dαe
i∈S

S⊆D

i6∈S

Since yi,e come from a mathematical programming solver we can assume that that there exist
qi,e
N ∈ N such that yie = λe · N
for some qi,e ∈ N. Similarly with the proof of Theorem 5, we
P
P
y
can chop each yi,e into qi,e pieces zi,e,` = λNe . Note that, N = i∈D qi,e since i∈D λi,e
= 1.
e
For the ease of exposition we identify the set {1, 2, . . . , N } with the set of all pairs ((i, e), `)
such that i ∈ D and 1 ≤ ` ≤ qi,e . Iteratively applying Proposition 1 we get
 |S| 
N −|S|
X
λe
λe
Ee ≤ ce dαe
|S|αe
1−
N
N
S⊆{1,2,...,N }

= ce dαe

N
X

X

k=0 S∈{1,2,...,N },|S|=k
αe

= ce d

N
X
k=0

N
k

k αe



λe
N

k 
N −k
λe
1−
N

   k 
N −k
N
λe
λe
k
1−
k
N
N
αe



as there are
subsets of {1, 2, . . . , N } with k elements. The sum in the last expression is
the αe -th moment of Binomial random variable (sum of independent Bernoulli trials) with
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expectation λe and hence by using Propositions 2 and 3 we get
αe
∗
e
Ee ≤ ce dαe E[Pλαee ] ≤ ce dαe max{λe , λα
e }E[P1 ] = LPe B̃αe

where Pλe is a Poisson random variable with parameter λe . By summing up over all edges
and setting α = maxe∈E {αe }, the theorem follows.
J
In Table 1, we show that our analysis for the algorithm presented in [4] leads to a
significantly better approximation ratio.
Acknowledgements. We would like to thank Oleg Pikhurko for providing the original proof
of Part (b) of the Proposition 3.
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Abstract
We consider the problem of fair allocation of indivisible goods where we are given a set I of m
indivisible resources (items) and a set P of n customers (players) competing for the resources.
Each resource j ∈ I has a same value vj > 0 for a subset of customers interested in j and it
has no value for other customers. The goal is to find a feasible allocation of the resources to the
interested customers such that in the Max-Min scenario (also known as Santa Claus problem) the
minimum utility (sum of the resources) received by each of the customers is as high as possible
and in the Min-Max case (also known as R | | Cmax problem), the maximum utility is as low as
possible.
In this paper we are interested in instances of the problem that admit a PTAS. These instances are not only of theoretical interest but also have practical applications. For the Max-Min
allocation problem, we start with instances of the problem that can be viewed as a convex bipartite graph; there exists an ordering of the resources such that each customer is interested
(has positive evaluation) in a set of consecutive resources and we demonstrate a PTAS. For the
Min-Max allocation problem, we obtain a PTAS for instances in which there is an ordering of
the customers (machines) and each resource (job) is adjacent to a consecutive set of customers
(machines). Next we show that our method for the Max-Min scenario, can be extended to a
broader class of bipartite graphs where the resources can be viewed as a tree and each customer
is interested in a sub-tree of a bounded number of leaves of this tree (e.g. a sub-path).
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Keywords and phrases Approximation Algorithms, Convex Bipartite Graphs, Resource Allocation
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Introduction and Problem Definition

A bipartite graph H = (P, I) with white vertices P and black vertices I is convex, if there is
an ordering π of the vertices in I such that the neighborhood of each vertex in P consists of
consecutive vertices, i.e., the neighborhood of each vertex in P forms an interval. Convex
bipartite graphs are well known for their nice structures and both theoretical and practical
properties. Many hard (i.e. NP-complete) optimization problems become polynomial-time
solvable or even linear-time solvable in convex bipartite graphs while remaining hard for
general bipartite graphs [6].
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We consider the problem of allocating indivisible items (resources) to a set of players
(customers) in a convex bipartite graph below.
Problem Description. We are given a convex bipartite graph H = (P, I) together with an
ordering π of the vertices of I, where P is a set of n players and I is a set of m items. We
consider the problem of allocating the indivisible items from I to the set P . Each player
p ∈ P has a utility function fp (j) = vj > 0 for each item j ∈ [m] (vj is a positive integer).
This represents the value of item j for player p. If p is adjacent to item j then its value
for p is vj , otherwise its value is zero. The goal is to find a maximum t and a partition
I1 ∪ I2 ∪ · · · ∪ In = I of the items such that for every 1 ≤ j ≤ n, Ij is a subset of items
adjacent to player pj and the items in Ij have a total value at least t in the max-min case
and a total value at most t in the min-max case.
The interval case arises naturally in energy production applications where resources
(energy) can be assigned and used within a number of successive time steps (i.e. the energy
produced at some time step is available only for a limited amount of time corresponding to
an interval of time steps) and the goal is a fair allocation of the resources over time, i.e. an
allocation that maximizes the minimum accumulated resource we collect at each time step.
In other words, we would like to have an allocation that guarantees the energy we collect at
each time step is at least t, a pre-specified threshold. See also [19] for some applications in
on-line scheduling.
Related work. For the general Max-Min fair allocation problem, where a given item does
not necessarily have the same value for each player, no “good” approximation algorithm is
known. In [5], by using similar ideas as in [13], an additive ratio of maxi,j vij is obtained,
which can be arbitrarily bad. A stronger LP formulation, the configuration LP, is used to
obtain a solution at least opt/n in [3]. Subsequently, [2] provided a rounding scheme
q for this

opt
log log n
LP to obtain an objective function value no worse than O( √n(log
3 n) ). In [17], an O(
n log n )
approximation factor, close to the integrality gap of the configuration LP, was shown. In the
restricted case, where vij ∈ {0, vj } for i ∈ [n] and j ∈ [m], there is an O( logloglogloglogn n ) factor
approximation algorithm [3] for the Max-Min allocation problem. Furthermore, there is a
simple 12 inapproximability result for both the restricted case, as well as the general case
(where an item does not necessarily have the same value for each player) [5]. Feige proved
that the integrality gap of the configuration LP is a constant [8]. In [1] an integrality gap
of 15 was shown for the same LP which was later improved to 14 . The authors provide a
local search heuristic with an approximation guarantee of 14 which is not known to run in
polynomial. Later, it was shown in [16] that the local search can be done in nO(log n) time. In
[10] the authors provided a constructive version of Feige’s original nonconstructive argument
based on Lovász Local Lemma, thus providing the first constant factor approximation for
the restricted Max-Min fair allocation problem. They provide an α-approximation algorithm
for some constant α where an explicit value of α is not provided. Thus there is still a gap
between the 12 inapproximability result and the constant α approximability result in [10].
Several special cases of the Max-Min fair allocation problem have been studied. The case
where vij ∈ {0, 1, ∞} is shown to be hard in [12] and a trade off between running time and
approximation guarantee is established. In [4] the authors consider the case in which each
item has positive utility for a bounded number of players D, and prove that the problem is
as hard as the general case for D ≤ 3. They also provide a 12 inapproximability result and a
1
4 approximation algorithm for the asymmetric case when D ≤ 2. The authors also provide a
simpler LP formulation for the general problem and devise a polylogarithmic approximation
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algorithm that runs in quasipolynomial time. The same result has been obtained in [7],
which includes a 12 approximation when D ≤ 2, thus matching the bound proved in [4]. In
[21], the author provides a PTAS for a (very) special case of the problem considered in this
paper, namely, when the instance graph of the problem is a complete bipartite graph. In [14]
a 12 -approximation algorithm was developed for a subclass of instances considered in this
paper. See also [18], [15] for other special cases that our results generalize.
The R | | Cmax problem, as it is known in standard scheduling notation, is an important
class of resource allocation problems. In this problem, we have machines (the players) and
jobs (the items). Each job can be executed on any machine that belongs to a subset of
machines (the subset depends on the job). Furthermore, the time required to process the job
depends on the machine it executes on. We seek an assignment of jobs to machines such that
the makespan is minimized. For the R | | Cmax problem, a 2-approximation algorithm based
on a characterization of the extreme point solutions of a linear programming relaxation of
the problem is given [13]. The authors also provide a 32 inapproximability result. So far, all
efforts to improve either of the bounds have failed. In a very recent result [20], it is shown
that the restricted version of R | | Cmax admits an α approximation guarantee for α strictly
less than 2. This result is an estimation result i.e. it estimates the (optimal) makespan of
the restricted R | | Cmax within a factor of α = 33
17 +  for some arbitrary small positive .
In this paper we consider the restricted case of the R | | Cmax problem where the processing
time of each job for the subset of machines is the same.
Outline Of Our Results. Our results can be summarized as follows:
1. We present a PTAS for the restricted Max-Min fair allocation problem when the instance
of the problem is a convex bipartite graph (each player sees an interval of items). Notice
that this instance of the problem is (strongly) NP-complete, as it contains complete
bipartite graphs as a special case (each player is adjacent to all the items), which is known
to be strongly NP-complete [9].
2. We modify our approach for the Min-Max allocation problem to obtain a PTAS for the
R | | Cmax problem when the machines a job can run on are consecutive in some ordering
(form an interval).
3. In the Max-Min fair allocation, we show how our techniques can be extended to a bigger
class of bipartite graphs. In a convex bipartite graph the items adjacent to a player form
an interval or, equivalently, a path. In this extension, we consider the case where the
items are the vertices of a tree and each player is interested in (has positive evaluation
for) items that lie in a sub-tree with bounded number of leaves of the tree. We show that
our algorithm can be modified to obtain a PTAS, though the run time increases as a
polynomial of the number of leaves.
To obtain the PTAS for the instances considered in this paper, we first use scaling to
classify the items into small and big items. Because the items adjacent to a player are
consecutive, we can construct a solution comprising small items efficiently. We then add the
big items to the solution efficiently to construct the total solution.

2

Preprocessing the Input

Consider the convex bipartite graph H = (P, I) together with an ordering π of the vertices
in I. For every vertex p ∈ P let [`p , rp ] be the interval of the items adjacent to p. Based on
the ordering π, we define the following ordering on the vertices in P :
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0.4

1

p1

0.2

p2

1

0.4

p3

Figure 1 An example of an instance in which Hall’s condition is satisfied for t = 1 but the optimal
solution value is not greater than 0.4.

p is ordered before q whenever `p < `q , or `p = `q and rp ≤ rq (breaking ties
arbitrarily). According to ordering π, if p ∈ P is adjacent to i ∈ I and q ∈ P is
adjacent to j ∈ I with p < q and j < i then p is also adjacent to j.
By a feasible assignment we mean an assignment such that each item is assigned to
exactly one player that has non-zero evaluation for that item.
I Definition 1 (t-assignment). A t-assignment, t ≥ 0, is a feasible assignment such that
every player p receives a set of items Ip ⊆ [`p , rp ] with total value at least t.
Given a particular instance H = (P, I) of the problem, we perform some steps that
simplifies the input instance. For a positive integer t, we may assume that the value of each
item is at most t. If item j has value vj > t then we set vj to t without loss of generality. By
a proper scaling, i.e. dividing each value by t, we may assume that the value of each item is
in [0, 1]. Observe that a t-assignment becomes a 1-assignment. We do a binary search to find
the largest value of t for which each player receives a set of items with total value at least t.
P
The binary search is carried out in the interval [0, n1 j∈I vj ] where 0 is an absolute lower
P
bound, and n1 j∈I vj is an absolute upper bound of the optimal solution respectively.
For a subset P 0 ⊆ P of players, let N (P 0 ) be the union of the set of all neighbors of the
players in P 0 . For an interval [i, j] of the items, let P [i, j] be the set of players whose entire
neighborhood lies in [i, j]: P [i, j] = {p ∈ P : N (p) = [`p , rp ] ⊆ [i, j]}. For a subset I 0 ⊆ I of
items, let v(I 0 ) denote the sum of the values of all the items in I 0 . By private neighborhood
of a player p we mean all the items that are adjacent only to p. We note that in every
1-assignment, for every subset P 0 ⊆ P of players, the value of the items in its neighborhood
should be at least |P 0 |. In other words, ∀P 0 ⊆ P : v(N (P 0 )) ≥ |P 0 |. If the value of each
item is 1 then this condition is the well known Hall’s condition [11], a condition sufficient
and necessary for a bipartite graph to have a perfect matching. From now on we refer to the
above condition as Hall’s condition. Lemma 2 shows that in order to check Hall’s condition
for H it suffices to check it for every interval of items, and so Hall’s condition in our setting
becomes Condition (1) below:
∀ [`, r] ⊆ [1, m] :

v([`, r]) ≥ |P [`, r]|.

(1)

I Lemma 2. In order to check Hall’s condition for H it suffices to verify Condition (1). In
other words, it suffices to check Hall’s condition for every set of players P [`, r], [`, r] ⊆ [1, m].
Note that the value v([1,m])
is an upper bound on the optimal value. In Figure 1 Hall’s
n
condition is satisfied but the optimal value is 0.4. This shows the integrality gap of the ILP
formulation for the problem is more than 2. Thus, a different approach is required to get
even a 12 approximate solution.
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For any integer k ≥ 3, we let k1 be the error parameter. For each instance for which there
is an optimal 1-assignment, we seek an assignment such that each player receives a set of
items with total value at least 1 − k1 , k ≥ 3. We call an item small if its value is less than k1 ,
otherwise it is considered a big item. We further round the values of the big items as follows.
If vj (the value of item j) is in the interval [ k1 (1 + k1 )i , k1 (1 + k1 )i+1 ) then it is replaced by
log k
1
1 i+1
. After the rounding, there are at most K = d log(1+
1 e distinct values more
k (1 + k )
)
k

than k1 . Using straightforward calculus, one can show that K is no more than k 1.4 . For i,
1 ≤ i ≤ K let qi+1 = k1 (1 + k1 )i+1 . For subset I 0 of I let vs (I 0 ) denote the value of the small
items in I 0 .
In what follows let p1 , p2 , . . . , pn be the ordering of the players and let m be the number
of items in H. We also assume the following because it is a necessary condition for having
an optimal 1-assignment.
Assumption: A 1-assignment (an optimal 1-assignment) assigns to each player pi a set of
big items with total value 1 − wi for some “deficit” wi , 0 ≤ wi ≤ 1, and produces an instance
H 0 of the problem for which Hall’s condition is satisfied, i.e. for every interval [`, r] of items,
P
vs ([`, r]) ≥ pi ∈P [`,r] wi , that is, the deficit wi of player pi must be compensated for with
small items.

3

Structural Properties and the Algorithm

We start with a crucial lemma that will constitute the core of our algorithms. Intuitively, the
lemma says that if a 1-assignment exists, then there exists another “almost” 1-assignment
with a very particular structure.
I Lemma 3. Suppose there exists an optimal 1-assignment for H in which player pn (last
player) receives a set S of items from N (pn ), containing αi , 1 ≤ i ≤ K big items with value
qi and a set of small items with total value at least αk0 and less than α0k+1 such that v(S) ≥ 1.
Then we obtain (in polynomial time) an assignment such that:
1. for every i ≥ 1 the items with value qi are the rightmost ones in the neighborhood of pn .
2. pn gets a set of consecutive small items from right to left (in the ordering) of the interval
N (pn ) with value at least α0k−1 .
3. The existence of a 1-assignment for the rest of H is preserved.
Proof. Proof of 1. Suppose there are two big items x1 , x2 , x1 < x2 , with the same value
in the neighborhood of pn such that x1 ∈ S and x2 6∈ S. Then item x2 is either assigned
to some player pi < pn by the optimal solution or it is not assigned to any player. If x2 is
not assigned to any player by the optimal 1-assignment then we can include it instead of
x1 . If x2 is assigned to pi in the optimal 1-assignment then x1 is also adjacent to pi by the
ordering property and we can assign x1 to pi and x2 to pn .
Proof of 2. We note that we may look at the optimal 1-assignment as follows. The optimal
1-assignment assigns a set of big items to each player pi with total value 1 − wi , 0 ≤ wi ≤ 1
in the first step. After this step, we have an instance of the fair allocation problem where
each player pi , 1 ≤ i ≤ n is allocated a set of small items with total value at least wi .
Because the solution consists of only small items we have dki ≤ wi ≤ dik+1 for some integer
di , 0 ≤ di ≤ k − 1. Since there is an optimal 1-assignment, Hall’s condition is satisfied for
each set of players. Also by Lemma 2, Hall’s condition needs to be verified only for each
interval of items. For every interval [`, r] of the items, we have Condition (2) below:
X
v([`, r]) ≥
wi
(2)
pi ∈P [`,r]

FSTTCS 2013

466

PTAS for Ordered Instances of Resource Allocation Problems

Let S(pn ) be the set of items obtained as follows. Start from rpn , the last item in the
neighborhood of pn , and add the small items one by one from right to left to set S(pn ), as
long as v(S(pn )) < wn − k1 . Then, we add the next rightmost small item to the set S(pn )
as well (so v(S(pn )) ≥ wn − k1 ). Let `s (pn ) be the index (according to the ordering) of the
leftmost item added to S(pn ). Note that we may need to add all of the small items to S(pn ).
Observe that wn − k1 ≤ v(S(pn )) < wn since the last item added to S(pn ) has value less
than k1 . By assigning S(pn ) to pn and removing it from H, Condition (2) is still satisfied
for each interval of items in the rest of the graph. Observe that since Hall’s condition is
satisfied, vs (N (pn )) ≥ wn . On the other hand, v(S(pn )) < wn . We assign S(pn ) to pn , and
we observe that the items in S(pn ) are consecutive. We will show that for the rest of the
players and items, Hall’s condition is still satisfied.
Proof of 3. Let H 0 = H \ (S(pn ) ∪ {pn }) be the reduced instance we derive after assigning
items in S(pn ) to player pn . Note that the neighborhood of each player in H 0 is an interval.
Consider an interval [`, r]H 0 in H 0 such that PH 0 [`, r] 6= ∅ in H 0 . If [`, r]H 0 ∪ S(pn ) is not an
interval in H then Hall’s condition is satisfied for [`, r]H 0 as otherwise [`, r]H 0 = [`, r]H and
Hall’s condition would not be satisfied in H. So we assume [`, r]H 0 ∪ S(pn ) forms an interval
in H. Consider the set of items [`, r]H 0 ∪ S(pn ) in H (an interval in H). We note that S(pn )
corresponds to interval [`s (pn ), rpn ] in H. First we notice that ` ≤ `s (pn ) (i.e. ` is to the
left of `s (pn )). This follows from the ordering of the players based on the left end points of
their intervals. Thus we have [`, r]H 0 ∪ S(pn ) = [`, r]. Moreover P [`, r] = P [[`, r]H 0 ] ∪ {pn }.
P
Therefore we have v([`, r]H 0 ) + v(S(pn )) = v[`, r] ≥ pi ∈P [`,r] wi . Since v(S(pn )) < wn , we
P
have v([`, r]H 0 ) ≥ pi ∈P [[`,r]H 0 ] wi .
J
The Algorithm: We first observe that if an optimal 1-assignment assigns a set of items
containing αi items with value qi to player pn then by Lemma 3 we may assume that these
αi big items are the rightmost big items of value qi in the neighborhood of pn .
Before we proceed, we need the following definition of the right-most vectors (intuitively
vectors that satisfy the conditions of Lemma 3).
I Definition 4 (Right-most Ordering). Let V = (α0 , α1 , α2 , ..., αK ) be a vector of non-negative
integers. For a given interval of items [`, r] ⊆ [1, m] let S([`, r]) be all the sets of items
S ⊆ [`, r] that are consistent with V i.e. S ∈ S([`, r]) if the vector of items that represents S
is exactly V . There might be several different sets S in [`, r] consistent with V . We say that
S is a right-most set of items in [`, r] if
for each i, 1 ≤ i ≤ K, S contains the rightmost αi big items with value qi from [`, r].
the small items in S are the rightmost consecutive small items from [`, r].
Observe that such a set S in our setting is unique. Moreover, when we say that a vector
of non-negative integers V is the right-most for a given interval [`, r], we interpret it as the
unique S ∈ S([`, r]) with the properties listed above.
At each step i, 1 ≤ i ≤ n of the algorithm we keep track of the right-most vectors of
items assigned to the players pn−i+1 , pn−i+2 , . . . , pn as well as the subgraph left for the rest
of the players. We call such a vector an assigned vector and there might be several such
assigned vectors at step i. Each assigned vector Ai = (β0 , β1 , . . . , βK ) at step i indicates
that all together βj items of value qj , 1 ≤ j ≤ K and a set of S 0 of small items with value βk0
can be assigned to players pn−i+1 , pn−i+2 , . . . , pn , i.e. Ai represents an assignment to the
players pn−i+1 , pn−i+2 , . . . , pn .
In order to keep track of the right-most assigned vectors and subgraphs we construct
an n × d matrix M . Here d = (K + 1)mK+1 is the number of all possible assigned vectors
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that arise from the initial vector V = (z0 , z1 , z2 , ..., zK ) representing all the items (recall that
m = |I|). Each entry of M contains one bit (which is either 0 or 1) and an n × m adjacency
matrix. In particular, M [i, j] = 1 if assigning some right-most vector indexed by j to player
pn−i+1 makes this vector “active” in the next round (i.e., it potentially can lead to a valid
assignment for all players, therefore should be considered). Moreover, with abuse of notation,
we say that M [i, j] = H 0 ⊆ H where H 0 is the subgraph that arises by ignoring the items
from the newly assigned vector j and players after pn−i . Once we consider player pn−i+1
we consider a right-most vector Vi = (α0 , α1 , . . . , αK ) (in the neighborhood of pn−i+1 ) with
value at least 1 − k1 that includes all the items in the private neighborhood of pn−i+1 (as
otherwise they will not be used later). Then we look at an entry M [i − 1, j 0 ] = 1, where j 0
represents the right-most vector (β0 , β1 , . . . , βK ) and we set M [i, j] = 1, where j corresponds
to vector Vi = (α0 + β0 , α1 + β1 , . . . , αk + βK ). Moreover M [i, j] = H 0 ⊆ H where H 0 is the
subgraph that arises by ignoring the items from the current assigned vector and ignoring the
players pn−i+1 , pn−i+2 , . . . , pn . Note that several possible configurations may set an entry to
one. This subgraph is obtained from the set of items corresponding to Vi and the subgraph
from M [i − 1, j 0 ].
Algorithm for Convex Case
At step i (at the beginning i = 1):
1. The current player for consideration is pn−i+1 . Let Ai be the current set of all right-most
assigned vectors i.e. Ai = {j ∈ [d] : M [i − 1, j] = 1} (A1 = ∅). For each A ∈ Ai do:
a. Consider all the minimal right-most vectors Vi = (α0 , α1 , α2 , ..., αk ) representing items
from N (pn−i+1 ) in the subgraph induced by the current assigned vector A (this
subgraph can be simply found by consulting the corresponding entry in the matrix M )
such that:
Pj=K
1 − k1 ≤ αk0 + j=1 αj qj
all the items corresponding to this vector are in the neighborhood of pn−i+1
Vi includes all the private neighbors of pn−i+1 (items adjacent only to pn+1−i )
If the value of the items in the private neighborhood of pn−i+1 is at least 1 − k1
then let Vi be the vector of all the items in the private neighborhood of pn−i+1
Observe that each vector Vi represents a unique set of items since it is a right-most
vector.
b. If there is no such Vi , report NO assignment and exit.
c. For every such vector Vi (at step i) we consider the assigned vector Vi = Ai + Vi
(observe that, given Vi , the assigned vector Vi is uniquely defined):
Set M [i, j] = 1 where j is the column corresponding to this assigned vector Vi .
Update the entry in M [i, j] corresponding to the subgraph induced by players
p1 , p2 , . . . , pn−i by using the previous entry of the corresponding subgraph at step
i − 1 and the current set of items in vector Vi (at Step 1 we use the adjacency matrix
of H).
Step (c) above keeps track of the remaining subgraph for the rest of the players.
2. Set i = i + 1 and go to (1).
3. Assign the items in the neighborhood of p1 (corresponding to one of the subgraph remained
containing p1 ) and trace back M to obtain an assignment for the rest of the players.
In order to retrieve an actual assignment (last step of the algorithm) we proceed as
follows: at step n when we consider player p1 there should be at least one vector of items
with value 1 − k1 in the neighborhood of p1 ). We assign the items that are uniquely defined
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by such a vector to player p1 . To continue with the rest of the players we may find useful to
include the index j at a step i that caused a particular assigned vector at the next step i + 1
be set to 1. With this, when we allocate a particular vector of items to player pn−i we know
how to trace back a feasible assignment. In other words, whenever we set M [i, j] = 1 in the
body of the algorithm we also store which assigned vector j 0 from row i − 1 is responsible for
setting M [i, j] = 1 at step i.
I Lemma 5. Let H be an instance of the problem with n players and m items. Suppose
there is an optimal 1-assignment for H. Then the Algorithm assigns (in polynomial time) to
each player a set of items with value at least 1 − k2 .
Proof. First by definition of right-most vector, the value of set S corresponding to vector Vi
Pj=K
is at least 1 − k2 . This is true because 1 − k1 ≤ αk0 + j=1 αj qj and the value of the small
items in S is at least α0k−1 .
Second we need to show that the number of assigned vectors Ai at step i is at most
(K + 1)mK+1 . According to Item (2) of Lemma 3 we can take the small items consecutively
from right to left. This allows us to look at the small items as a number of blocks of size k1
when they are considered from right to left. Therefore we may assume there are K + 1 types
of items resulting in at most mK+1 different possible assigned vectors. When the graph
induced by players pn−i+1 , pn−i+2 , . . . , pn and their neighborhood is a complete bipartite
graph then the number of possible assignments (number of 1’s in the row i of M ) is bounded
by (K + 1)mK+2 . Moreover, since each right-most assigned vector uniquely defines a set of
items S, this means that at each step the entry of M [i, j] that corresponds to the subgraph
induced for the rest of the players (p1 , . . . , pn−i ) is unique. So, the size of the matrix M is
O(nmK+2 ) and each entry of M contains an m × n adjacency matrix.
Note that each assigned vector at step i represents at least one assignment to the players
pn−i+1 , pn−i+2 , . . . , pn such that each of them receives at least 1 − k2 . We claim that if
we keep track of at most (K + 1)mK+2 different possible ways of assigning the items to
the players pn , pn−1 , ..., pn−i+1 then according to Lemma 3 we guarantee the existing of a
1-assignment for the players p1 , p2 , . . . , pn−i using the remaining items.
Suppose there exists i, 1 ≤ i ≤ n, such that there is no vector Vi in Step 1.b. Then we
show that there is no optimal 1-assignment. We use induction on i. Note that i is more than
1 as otherwise there are not enough items in the neighborhood of pn and clearly there is no
optimal 1-assignment. We show that i > 2. If i = 2 then according to the selection of the
items in Step (1) for player pn we include all the private neighbors of pn , and all the possible
vectors V1 considered for player pn are right-most. Hence by Lemma 3 the existence of the
1-assignment should be preserved for the rest of the players, a contradiction.
Let i ≥ 3. At step i − 1 the algorithm considers a vector Vi−1 from N (pn−i+2 ), and
together with an assigned vector Ai−2 from row i − 2 of M , it creates a new entry for row
i − 1. If the algorithm should have recorded some other assignment different from the ones
in the entry of M at row i − 1 then it means some big item x (of value qj ) and not in the
items represented by Ai−2 + Vi−1 (or a set X of small items with total value βk ) is assigned
to a player pt , n − i + 2 ≤ t and some item x0 (of value qj ) from the of items represented
by Ai−2 + Vi−1 (or a set Y of small items with total value βk represented by Ai−2 + Vi−1 )
is assigned to pn−i+1 . Note that x < x0 . However, since pn−i+1 is adjacent to x0 , it is also
adjacent to x and hence we can exchange x and x0 . In other words, as far as player pn−i+1 is
concerned, the items from the right-most assigned vector are the ones that can be assigned
to the players pn−i+2 , pn−i+3 , . . . , pn .
J
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I Theorem 6. Let H be an instance of the problem with n players and m items. Then for
3
k ≥ 3 there exists a (1 − k+1
)-approximation algorithm with running time O(n2 mK+2 ).
Proof. According to Lemma 5, each player receives a set of items with value at least 1 − k2 ,
once we round the value of the items. Because of the rounding, this value should be divided
3
by 1 + k1 . Therefore each player receives a set of items with value at least 1 − k+1
. The
K+1
size of the matrix M in Lemma 5 is O(nm
) and each entry of M contains an m × n
adjacency matrix. Therefore the running time of the algorithm is O(n2 mK+2 ).
J

4

Min-Max Allocation Problem (R | | Cmax )

Problem Description: We are given a set M of identical machines and a set J of jobs. Each
job j has a same processing time pj on a subset of machines and it has processing time ∞ on
the rest of the machines. The goal is to find an assignment of the jobs to the machines, such
that the maximum load among all the machines is minimized. Formally, we have a bipartite
graph H = (M, J, E) where M is a set of machines and J is a set of jobs, and E denotes
the edge set. There is an edge in E between a machine and a job if the job can be executed
on that machine. We consider the case where each job can be executed on an interval of
machines:
Assumption: We have an ordering M1 , M2 , ..., Mn of machines such that each job can be
executed on consecutive machines (an interval of machines).
We denote the interval of job Ji by [`i , ri ]. We assume that Ji is before Jj , i < j whenever
`i < `j or `i = `j , ri ≤ rj . We denote this ordering by π. The ordering π has the following
property: if Mi is adjacent to Jr , and Mj for j > i is adjacent to Js , s < r then Mi is
also adjacent to Js . By scaling down the value of the processing time, we may assume that
0 ≤ pi ≤ 1.
Consider the error parameter k1 for an integer k ≥ 2. The goal is to find an assignment
such that each machine receives a set of jobs with total processing time at most 1 + k1 , k ≥ 2,
when there exists an optimal 1-assignment. We say a job is small if its value is less than
1
k , otherwise it is called a big job. Now we further round the values of the jobs as follows.
If vj (the value of item j) is in the interval [ k1 (1 + k1 )i , k1 (1 + k1 )i+1 ) then it is replaced by
log k
1
1 i
k (1 + k ) . Using this method, we obtain at most K = d log(1+ 1 ) e distinct values more than
1
k.

k

For 1 ≤ i ≤ K let qi = k1 (1 + k1 )i .
We use the usual classification of the jobs into big and small, together with rounding step
as in the case of Max-Min allocation. For subset J 0 of jobs let w(J 0 ) (ws (J 0 )) be the sum of
the processing times of all the jobs (small jobs) in J 0 . For every subset M 0 of machines let
J [M 0 ] be the set of jobs whose entire neighborhood lies in set M 0 . A necessary condition for
having a maximum load at most 1 is that for every subset M 0 of machines w(J [M 0 ]) ≤ |M 0 |.
In order to check this condition, we need to check it for every interval of machines. For
interval [i, j] of machines Mi , Mi+1 , ..., Mj , we look at all the jobs that are executed only on
machines Mi , Mi+1 , . . . , Mj and if the sum of the processing time of all these jobs is greater
than j − i + 1 then the condition is violated. For interval [`, r], ` ≤ r, let J [`, r] be the set of
jobs that can be executed only on a subset of the machines in this interval. By argument
similar to that used in the proof of Lemma 2, Condition 3 is given below. For simplicity we
refer to the condition ∀ [`, r] ⊆ [1, n] : w(J [`, r]) ≤ r − ` + 1 as Hall’s condition.
Assumption: A 1-assignment (an optimal 1-assignment) is an assignment that assigns to
each machine Mi a set of big jobs with total value 1 − wi , 0 ≤ wi ≤ 1 and it produces an
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instance H 0 of the problem for which the Hall’s condition (with respect to the small jobs) is
Pi=r
satisfied, i.e. for every interval [`, r] of machines, vs (J [`, r]) ≤ i=` wi .
Let N0 [`, c] be an ordered set of small jobs in the neighborhood of M` , obtained as follows.
We first add all the jobs in J [`, `] one by one from left to right (according to ordering π). In
step j, 1 ≤ j ≤ c, we add to N0 [`, c] all the small jobs from J [`, ` + j] \ J [`, ` + j − 1] one by
one from left to right.
Let Ni [`, c], i ≥ 1 be an ordered set of jobs with value qi obtained as follows. We first
add to Ni [`, c] all the jobs with value qi from J [`, `] one by one from left to right. In step j,
1 ≤ j ≤ c, we add to Ni [`, c] all the jobs with value qi from J [`, ` + j] \ J [`, ` + j − 1] from
left to right.
I Lemma 7. Suppose there exists an optimal 1-assignment for H in which machine M1 (the
first machine in the ordering) receives a set S of jobs from N (M1 ), containing αi , 1 ≤ i ≤ K,
big jobs with value qi , and a set of small jobs with total value at least αk0 and less than α0k+1 ,
such that v(S) ≤ 1. Then we obtain (in polynomial time) an assignment such that:
1. for every i ≥ 1, the jobs with value qi are the first αi ’s jobs in Ni [1, c] for some c > 1.
2. M1 gets a set of consecutive small jobs from N0 [1, c] with value less than α0k+2 and the
existence of a 1-assignment for the rest of H is preserved.
Let N (M [`, r]) (a set of jobs) denote the neighborhood of machines M` , M`+1 , . . . , Mr .
I Definition 8 (Left-most Ordering-R | | Cmax ). Let V = (α0 , α1 , α2 , ..., αK ) be a vector
of non-negative integers. Let V represent a set S of jobs from N (M [`, r]) containing αi ,
1 ≤ i ≤ K big jobs of value qi and a set of small jobs with total value at least αk0 and at
most α0k+1 . We say vector V is a left-most vector if:
for each i, 1 ≤ i ≤ K, S contains the first αi jobs with value qi from Ni [`, r].
the small jobs in S are the first set of consecutive small jobs from N0 [`, r].
Let n be the number of machines and m be the number of jobs and set d = (K + 1)mK+1 .
Identical with the Max-Min case, we consider a matrix M with the same properties. The
algorithm is similar to the one in the Max-Min case of Section 3 (with the necessary
adjustments).
I Lemma 9. Suppose there exists an optimal 1-assignment for H. Then there exists a
polynomial time assignment that assign all the jobs to the machines without exceeding the
maximum load 1 + k2 .
I Theorem 10. Let H be an instance of the problem with n machines and m jobs. Then for
3
k ≥ 3 there exists an (1 + k+1
+ k22 )-approximation algorithm with running time O(nmK+2 ).

5

Max-Min problem when the Items are in a Tree

In this section we consider instances of the problem when the items are the vertices of a tree
T and each player is interested in a sub-tree of T with at most d leaves for some constant d.
This class of instances contain, the class of convex bipartite instance, as a special case. We
notice that if the items are vertices of a tree T and each player is interested in a sub-tree of
T then we get the general instances of the problem. To see this we just need to assume T is
a star.
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Problem Description: We are given a bipartite graph H = (P, T ) where P is a set of
n players and T is a tree where each node of T is an item. We consider the problem of
allocating the indivisible items from I to the set P . Each player p ∈ P has a utility function
fp (j) = vj > 0 for each item j ∈ [m] (vj is a positive integer). This represents the value
of item j for player p. If p is adjacent to item j then its value for p is vj , otherwise its
value is zero. For each players p the set of items adjacent to p forms a sub-tree of T with at
most d leaves (d is a constant number). The goal is to find a maximum t and a partition
T1 ∪ T2 ∪ · · · ∪ Tn = T of the items (on T ) such that for every j, 1 ≤ j ≤ n, Tj is a subset of
items adjacent to player pj and the items in Tj have a total value at least t.
Indexing the tree: The spine of T is a longest path in T . Let SP = v1 , v2 , . . . , vq be a
spine of T . The index of a vertex x in T is the smallest i such that vi is the closest vertex to
x. For two vertices x, y of T we say x is before y, (we write x ≺ y) if the index of x is less
than the index of y. When x, y have the same index i, then x ≺ y if x is closer to vi than
y, and no other vertex z in the (x, y)-path is closer to vi than x (note that the (x, y)-path
is unique since T is a tree). In all other cases the order between x and y is arbitrary. The
index of subtree P is the index of the vertex with the smallest index among the vertices in
P . We say subtree P is before subtree Q and we write P ≺ Q if the index of P is less than
the index of Q and if P and Q have the same index then the last vertex of P in the ordering
≺ lies inside Q.
Ordering the players: We order the players based on their sub-trees, i.e. p is before q if
P ≺ Q where P, Q are the sub-trees corresponding to p, q.
For subtree T 0 of T let P [T 0 ] denote the set of players whose entire neighborhood lies in
0
T . Let p1 , p2 , ..., pn be an ordering of the players. For player pn , let `1 (pn ), `2 (pn ), . . . , `t (pn ),
t ≤ d be the leaves of N (pn ) where `i (pn ) ≺ `j (pn ), 1 ≤ i < j ≤ t. Let x ∈ N (pn ) be the
item with the smallest index.
Let S be a subset of items in N (pn ) with value qi for an 1 ≤ i ≤ K.
I Definition 11.
Pj=t
We say S is good if there exist β1 , β2 , . . . , βt such that j=1 βj = |S| and S comprises of
the last βj , (for every 1 ≤ j ≤ t) items with value qi on the path from x to `j (pn ) in the
sub-tree N (pn ).
Let S be a subset of small items in N (pn ). We say S is good if there exist items
`1 , `2 , . . . , `t , `j  `j (pn ), 1 ≤ j ≤ t such that S comprises of all the small items on the
path from `j + 1 to `j (pn ) in the sub-tree N (pn ).
Analogous to Lemma 3 and Theorem 5 we have the Lemma 12 and the Theorem 13
below.
I Lemma 12. Suppose there exists an optimal 1-assignment for H such that player pn
receives a set S of items from N (pn ) where S contains αi , 1 ≤ i ≤ K big items with value qi
and some small items with total value at least αk0 and less than α0k+1 such that v(S) ≥ 1.
Then there exists an assignment in which pn gets a set S 0 of items such that for every
1 ≤ i ≤ K, there are exactly αi big items with value qi in S 0 forming a good set and the
small items in S 0 form a good set with total value at least α0k−1 . Moreover, the existence of a
1-assignment for the rest of H is preserved.
I Theorem 13. Let H be an instance of the problem with n players and m items. Then for
3
k ≥ 3 there exists an (1 − k+1
)-approximation algorithm with running time O(nmd·K+2 ).
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6

Conclusion and Future Work

In all instances of the problem considered in this paper, a proper ordering has played an
important role. However we do not know a dichotomy classification for the instances of the
problem that admit a PTAS. We ask for a dichotomy of the following form:
If H belongs to class X of bipartite graphs then there is a PTAS for Max-Min
allocation problem otherwise there is no PTAS.
Acknowledgments. We would like to thank Monaldo Mastrolilli for many useful discussions
and for proposing this problem to us.
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Abstract
We investigate the solution set of the pseudoperiodic extension of the classical Lyndon and
Schützenberger word equations. Consider u1 · · · u` = v1 · · · vm w1 · · · wn , where ui ∈ {u, θ(u)} for
all 1 ≤ i ≤ `, vj ∈ {v, θ(v)} for all 1 ≤ j ≤ m, wk ∈ {w, θ(w)} for all 1 ≤ k ≤ n and u, v
and w are variables, and θ is an antimorphic involution. A solution is called pseudoperiodic, if
u, v, w ∈ {t, θ(t)}+ for a word t. Czeizler et al. (2011) established that for small values of `, m, and
n non-periodic solutions exist, and that for large enough values all solutions are pseudoperiodic.
However, they leave a gap between those bounds which we close for a number of cases. Namely,
we show that for ` = 3 and either m, n ≥ 12 or m, n ≥ 5 and either m and n are not both even
or not all ui ’s are equal, all solutions are pseudoperiodic.
1998 ACM Subject Classification F.4.m Mathematical Logic and Formal Languages – Misc.
Keywords and phrases Word equations, Pseudoperiodicity, Lyndon-Schützenberger equation
Digital Object Identifier 10.4230/LIPIcs.FSTTCS.2013.475

1

Introduction

The study of the classical word equations u` = v m wn dates back to 1962. Lyndon and
Schützenberger [6] showed that for l, m, n ≥ 2, in all solutions of this equation in a free group,
u, v, w are necessarily powers of a common element. Their result holds canonically if u, v
and w are elements of a free semigroup, but, for this case, simpler proofs exist [5].
Czeizler et al. [1] introduced a generalisation of Lyndon and Schützenberger’s equations of
the form u1 · · · u` = v1 · · · vm w1 · · · wn , where ui ∈ {u, θ(u)} for all 1 ≤ i ≤ `, vj ∈ {v, θ(v)}
for all 1 ≤ j ≤ m, and wk ∈ {w, θ(w)} for all 1 ≤ k ≤ n, and studied under which conditions
u, v, w ∈ {t, θ(t)}+ for some word t. In other words, they studied the case when u, v, w are
generalised powers (more precisely, θ-powers). Here, θ is a function on the letters of the
alphabet, which acts as an antimorphism (i.e., θ(uv) = θ(v)θ(u) for all words u, v) and as an
involution (i.e., θ(θ(u)) = u for all words u). These so called antimorphic involutions are
commonly used to formally model the Watson-Crick complement occurring in DNA structures;
this connection sparked the interest towards studying the combinatorial properties of words
that can be expressed as catenation of factors and their image under such antimorphic
involutions (see, [1]). Apart from this initial bio-inspired motivation, there is a strong
intrinsic mathematical motivation in studying such words. Indeed, one of the simplest and
most studied operations on words is mirroring, the very basic antimorphic involution. It is,
thus, natural to study equations on words in which not only powers of variables, but also
repeated concatenations of a variable and its mirror image appear.
The results obtained in [1, 4] are summarised in Table 1. One can notice easily from this
table that the more interesting cases in this generalised setting are those in which `, m, n ≥ 3.
Moreover, when ` = 3 only several negative results were found. That is, there is a series
∗
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Table 1 The results known so far about the equation u1 · · · u` = v1 · · · vm w1 · · · wn .
`

m

n

u, v, w ∈ {t, θ(t)}+ ?

≥4

≥3

≥3

Yes

3
3

≥5
4

≥5
≥ 3 and odd

Open
Open

3
3

4
≥ 4 and even
3
≥3
one of {`, m, n} equals 2

No
No
No

of equations which have non-periodic solutions, but very little is known about those cases
of such equations where the pseudoperiodicity of the solutions is forced, similarly to the
classical Lyndon-Schützenberger equations (the only exception was the particular Lemma 12,
see Prop. 51 in [4]). Finally, the case ` = 3 seems to be especially intricate and interesting,
because it separates the cases when the equation has only θ-powers as solutions (` ≥ 4) from
the cases when it may have solutions which are not θ-powers (` ≤ 2). Accordingly, our work
aims to add some relevant results regarding equations with ` = 3, and solves some of the
open cases presented in Table 1.
We show as a main result that for ` = 3 and m, n ≥ 12 the solutions of the equations
u1 · · · u` = v1 · · · vm w1 · · · wn must be θ-powers of a common word. The same holds if m, n ≥ 5
and not both of the values are even. To the same end, we show that if the words u1 , u2 and
u3 are not all equal, or if |v1 · · · vm | ≥ 2|u|, then the solutions of the aforementioned equation
are, again, θ-powers of a common word. Our results show the surprising fact that the case
of ` = 3 is the only one when we have both general equations u1 · · · u` = v1 · · · vm w1 · · · wn
that have only solutions which are θ-powers, and general equations that may have solutions
which are not θ-powers.
As expected (see the final remarks of [1]), we applied some arguments that have not been
used in this context before, but an exhaustive case analysis on the alignments of parts of the
equation seems unavoidable and these arguments must be adapted to every case separately.
Due to space restrictions, some of the proofs (or parts thereof) had to be omitted.
 Basic concepts. For more detailed definitions we refer to [5]. For a finite alphabet Σ,
we denote by Σ∗ and Σ+ the set of all words and the set of all non-empty words over Σ,
respectively. The empty word is denoted by ε and the length of a word w is denoted by |w|.
For a word w = uvz we say that u is a prefix of w, v is a factor of w, and z is a suffix of w.
We denote that by u ≤p w, v ≤f w, and v ≤s w, respectively. If vz =
6 ε we call u a proper
prefix, and we denote that by u <p w, and symmetrically for suffixes. Similarly, v is called
a proper factor of w, denoted by v <f w, if u 6= ε, z 6= ε. A word w is called primitive, if
w = uk implies k = 1 and u = w; otherwise, w is called power or repetition. For a word w,
we define the word wω as the infinite word whose prefix of length n|w| is wn , for all n ∈ N.
Primitive words are characterised as follows:
I Proposition 1. If w is primitive and ww = xwy, then either x = ε or y = ε.
A word w is called θ-primitive, if w = u1 · · · uk with ui ∈ {u, θ(u)} for all 1 ≤ i ≤ k
implies k = 1 and u = w. A θ-primitive word is primitive, but the converse does not hold,
as w = abba is primitive but w = abθ(ab), for θ being the mirror image. A word w is a
θ-palindrome if w = θ(w). A word that is not θ-primitive is called a θ-power. Kari et al. [4]
characterised θ-primitive words similarly to Proposition 1:
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I Lemma 1. For a θ-primitive word x ∈ Σ+ , neither xθ(x) nor θ(x)x can be a proper factor
of a word in {x, θ(x)}3 .
The results of Proposition 2 and Theorem 2 are well known (see, e.g., [5]):
I Proposition 2. If xz = zy for some words x, y, z ∈ Σ∗ , then there exist p, q ∈ Σ∗ , such
that x = pq, y = qp, and z = (pq)i p for some i ≥ 0.
The words x, y from Proposition 2 are called conjugates, denoted by x ∼ y.
I Theorem 2. If α ∈ u{u, v}∗ and β ∈ v{u, v}∗ have a common prefix of length at least
|u| + |v| − gcd(|u|, |v|), then u, v ∈ {t}+ for some word t.
Czeizler et al. [2] established the following two generalisations of Theorem 2:
I Theorem 3. Let u, v ∈ Σ+ with |u| ≥ |v|. If α ∈ {u, θ(u)}+ and β ∈ {v, θ(v)}+ have a
common prefix of length at least 2|u| + |v| − gcd(|u|, |v|), then u, v ∈ t{t, θ(t)}+ for some
θ-primitive word t ∈ Σ+ .
I Theorem 4. Let u, v ∈ Σ+ with |u| ≥ |v|. If α ∈ {u, θ(u)}+ and β ∈ {v, θ(v)}+ have a
common prefix of length at least lcm(|u|, |v|), then u, v ∈ t{t, θ(t)}+ for some θ-primitive
word t ∈ Σ+ .
Harju and Nowotka [3] investigated equations that are similar to the ones by Lyndon
and Schützenberger with the following result, which we use in our proofs:
I Theorem 5. Let n ≥ 2 and x, zi ∈ Σ∗ with |x| =
6 |zi | and k, ki ≥ 3, for all 1 ≤ i ≤ n.
If xk = z1k1 z2k2 · · · znkn and n ≤ k, then x, zi ∈ {t}∗ for some word t ∈ Σ∗ and all 1 ≤ i ≤ n.

2

Overview

As mentioned in the Introduction, we are interested in solutions of the equation
u1 u2 u3 = v1 · · · vm w1 · · · wn ,

(1)

where m, n ≥ 5, u1 , u2 , u3 ∈ {u, θ(u)}, vj ∈ {v, θ(v)} for all 1 ≤ j ≤ m and wk ∈ {w, θ(w)}
for all 1 ≤ k ≤ n.
Our main results are the following theorems. The first one shows that (1) has only
pseudoperiodic solutions when the sequence v1 · · · vm is long enough.
I Theorem 6. If m|v| ≥ 2|u|, then (1) implies that u, v, w ∈ {t, θ(t)}+ for some word t.
A similar result is obtained when not all of u1 , u2 , and u3 are the same.
I Theorem 7. If {u1 , u2 , u3 } = {u, θ(u)}, then (1) implies that u, v, w ∈ {t, θ(t)}+ for some
word t.
Finally, if m and n are large enough, or at least one of these values is odd, (1) has only
solutions which are θ-powers of the same word, with no additional restrictions on u, v or w:
I Theorem 8. If m, n ≥ 12, then (1) implies that u, v, w ∈ {t, θ(t)}+ for some word t.
I Theorem 9. If m or n is odd, then (1) implies that u, v, w ∈ {t, θ(t)}+ for some word t.
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The proofs of these theorems follow a common pattern. We first note that it is enough
to prove the statements for the case when v and w are θ-primitive. Then we assume for
the sake of a contradiction that θ(v) 6= w =
6 v 6= θ(w). In this setting, |v| = |w| leads easily
to a contradiction, so we assume that |v| 6= |w|. Further, working under the particular
assumptions of each of the above theorems, we try to find a long enough factor of u1 u2 u3
that reflects an alignment between some v factors and some w factors, allowing us to apply
periodicity results like Theorems 2 or 3. In some cases, this is already enough in order to
reach a contradiction: the longer word appears as a θ-power. However, sometimes we only
get that a (well determined) conjugate of the longer word is a θ-power of the shorter one.
As a final step in our proofs we show that such a situation leads to a contradiction, as well.
While the first steps of these proofs are based on a deep (and, maybe, finer compared to [1,4])
analysis of the alignments between the v’s and w’s and their consequences on the form of
these words, several length-related arithmetic and combinatorial arguments (that enrich the
toolbox developed in [1, 4]) were needed to conclude them.
One of the drawbacks of our proofs is that, although they are based on the same strategy,
we were not able to reorganise them as a collection of shorter general lemmas from which
the final result of each case follows. Mainly, this was because each of the cases we analyse
below leads to significantly different alignments between the v and w factors and using them
to obtain the final result in the way described above requires some particular technicalities.
Note that this paper does not address the case of equations with ` = 3, m = 4, and odd
n ≥ 3, left open in [1,4] (see Table 1). We conjecture, though, that our results and proofs can
be adapted to that case as well. A general result in the line of Theorem 8 remains, however,
to be found both for the case when m, n ≥ 6 such that both m and n are even and at least
one of them is less than 12, as well as for the case m = 4 and odd n ≥ 3.

3

The Proofs

We always assume that v1 = v and often we assume that both v and w are θ-primitive.
Otherwise, if for instance v ∈ {v 0 , θ(v 0 )}+ for some word v 0 , we consider the equation
0
0
0
0 +
0
u1 u2 u3 = v10 · · · vm
0 w1 · · · wn instead, where vi ∈ {v , θ(v )} , for all 1 ≤ i ≤ m , with
0
0
0 +
0
m > m, and similarly if w ∈ {w , θ(w )} for some word w . Moreover, if (1) holds and two
of u, v, w are in {t, θ(t)}+ for some word t, then so is the third.
We split the discussion into different sections depending on the length of v1 · · · vm . One
particularly easy case follows from Theorem 3.
I Lemma 10. If m|v| ≥ 2|u| + |v| and (1) holds, then u, v, w ∈ {t, θ(t)}+ for some word t.
Proof. By Theorem 3, we instantly get that u, v ∈ {t, θ(t)}+ for some θ-primitive word t.
From this, one can get easily that w ∈ {t, θ(t)}+ , as well.
J

3.1

The case 2|u| < m|v| < 2|u| + |v|: Proof of Theorem 6.

In this section, we frequently use the following results from [1].
I Proposition 3 (Prop. 20 and 21 in [1]). Let u, v ∈ Σ+ so that v is θ-primitive, u1 , u2 , u3 ∈
{u, θ(u)} and v1 , . . . , vm ∈ {v, θ(v)} for m ≥ 3. Assume that v1 · · · vm <p u1 u2 u3 and
2|u| < m|v| < 2|u| + |v|. If m is odd, then u2 6= u1 and v1 = · · · = vm .
If m is even, then one of the following holds:
1. u1 6= u2 and v1 = · · · = vm , or
2. u1 = u2 , v1 = · · · = v m2 and v m2 +1 = · · · = vm = θ(v1 ).

F. Manea, M. Müller, and D. Nowotka

479

We split the discussion further according to every valuation of u1 , u2 and u3 .
 Equations of the form uθ(u)u = v1 · · · vm w1 · · · wn . The following holds:
I Lemma 11. If 2|u| < m|v| < 2|u| + |v| and u1 u2 u3 = uθ(u)u and (1) holds, then
u, v, w ∈ {t, θ(t)}+ for some word t.
Proof. By Proposition 3 we get v1 · · · vm = v m . By the explanations given above, we assume
that v and w are θ-primitive.
2|v|
2
If 2n|w| < 2|v| + |w|, we get that |w| < 2n−1
< |v|
4 . Now, if m = 5, we see that u = v y
with |y| < |v|
2 and yθ(y) ≤p v. Furthermore, the part of v5 that overlaps with u3 is of
length |v| − 2|y|. Hence, v = (yθ(y))k v 0 for some k ≥ 1 and v 0 ≤p yθ(y). From the length
of this overlap we also get that |w1 · · · wn | = (2|v| + |y|) − (|v| − 2|y|) = |v| + 3|y| and, as
2n|w| < 2|v| + |w|, we have 2(|v| + 3|y|) < 2|v| + |w|. It follows that 6|y| < |w|, and thus
|v| > 4|w| > 24|y|. Therefore we actually have v = (yθ(y))k v 0 with k ≥ 12. As a consequence,
θ(y)(yθ(y))k−1 v 0 is a prefix of θ(u). As θ(wn ) · · · θ(w1 ) also is a prefix of θ(u), it has a
common prefix with θ(y)(yθ(y))k−1 v 0 of length at least |v|
2 + |y| > 2|w| + |y|. So we can apply
Theorem 3, and get that w is not θ-primitive, a contradiction. In the case m ≥ 6 we see that
3|v|
|u| ≥ 5|v|
2 must hold, so |w1 · · · wn | ≥ |u| − |v| ≥ 2 , and thus 2n|w| ≥ 3|v| > 2|v| + |w|, a
contradiction.
u
x

w1

θ(u)
···

w2
ṽ

ṽ

wn

···

θ(wn )

u
···
θ(w1 ) θ(x) x

···
···

v

x

v

v

v

···
w1

Figure 1 The alignment of ṽ m−1 with w1 · · · wn θ(wn ) · · · θ(w1 ).

Consequently, we have 2n|w| ≥ 2|v| + |w|. Then we can apply Theorem 3 to the factor
w1 w2 · · · wn θ(wn )θ(wn−1 ) · · · θ(w1 ), centred on the border between u and θ(u), and the factor
ṽ m−1 , where ṽ ∼ v and ṽ appears after the prefix of length |u| − n|w| in u. We get that
ṽ ∈ {w, θ(w)}+ , as we assumed w to be θ-primitive. Clearly, |w| divides |v|.
As ṽ ∼ v, it follows that the prefix of length |u| − n|w| of v m has the form x{w, θ(w)}∗ ,
with |x| < |w|. So u has the same form and furthermore the factor v 0 ∼ v occurring in u
after the prefix x is in {w, θ(w)}+ as well (note that in Figure 1, we have ṽ = v 0 , but this is
so just to simplify the figure, and not the case in general, when v 0 is obtained as explained).
Moreover, exchanging w and θ(w) if necessary, we can assume that u ∈ xw{w, θ(w)}+ .
If x = ε, we have u ∈ {w, θ(w)}+ and v ∈ {w, θ(w)}+ and since we assumed that v is
θ-primitive, it follows that v ∈ {w, θ(w)}, and the statement holds with t = w. Thus, assume
|x| > 0. Since |w| divides 3|u| ≡ 3|x| mod 3|w|, it follows that |w| divides 3|x|. But |x| < |w|,
so either 3|x| = 2|w| or 3|x| = |w|. In both cases, 3 divides |w|.
If |w| = 3|x|, we have uθ(u) ∈ x{w, θ(w)}+ θ(x). Since m|v| > |uθ(u)| and 3|x| divides |v|
we get that m|v| = 2|u| + `|w| + |x|, for some integer ` ≥ 0. Thus, a prefix of length 2|x| of w
or of θ(w) occurs after the prefix of length 2|u| − |x| in uθ(u)u. We have w, θ(w) ∈
/ {x, θ(x)}3 ,
as w is θ-primitive. Hence, if θ(x)x ≤p w then w = θ(x)xy for some word y with |y| = |x|
and y ∈
/ {x, θ(x)}, and if θ(x)x ≤p θ(w) then w = θ(y)θ(x)x with y as above.
Further, we analyse what values m|v| might have. For ` = 0, i.e., m|v| = 2|u| + |x|, we
have that v m = uθ(u)x. As θ(u) ends with θ(x), we have θ(x)x ≤s v. Thus, θ(x)xx ≤s v 0 ,
and it follows that w ∈ {x, θ(x)}3 , a contradiction. So, m|v| > 2|u| + |x|. However, because
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one of w or θ(w) occurs as a factor of v after the prefix of length 2|u| − |x| in uθ(u)u, we get
that the factor of length |x| starting after a prefix of length 2|u|+|x| in uθ(u)u is neither x nor
θ(x). Thus, it can only be y. Now, one of w or θ(w) occurs after the prefix of length 2|u| + |x|
in uθ(u)u as well, by the fact that there exists a sequence of w’s and θ(w)’s that starts there
and is a suffix of uθ(u)u. In both cases, unless x ∈ {y, θ(y)}, it follows immediately that
y = θ(y) and yθ(x)x appears after a prefix of length 2|u| + |x| in uθ(u)u. However, the prefix
of length 2|u| + |w| + |x| of uθ(u)u ends with θ(x)x. By the same reasoning as above we get
that v m cannot end here and so m|v| > 2|u| + |w| + |x|. We repeat this reasoning to see
that, actually, m|v| =
6 2|u| + `|w| + |x| for all ` ≥ 0. However, m|v| should have this form.
Therefore, we reached a contradiction in this case.
The reasoning for the case 3|x| = 2|w| is similar and omitted here.
J
 Equations of the form uuθ(u) = v1 · · · vm w1 · · · wn . These are the only equations of the
form (1) with ` = 3 that were already investigated (see [4]), with the following result:
I Lemma 12 (Proposition 51 in [4]). If 2|u| < m|v| < 2|u| + |v| and u1 u2 u3 = uuθ(u) and
(1) holds, then u, v, w ∈ {t, θ(t)}+ for some word t.
 Equations of the form uθ(u)θ(u) = v1 · · · vm w1 · · · wn . In this case we were able to
establish the following result.
I Lemma 13. If 2|u| < m|v| < 2|u| + |v| and u1 u2 u3 = uθ(u)θ(u) and (1) holds, then
u, v, w ∈ {t, θ(t)}+ for some word t.
Proof. By Proposition 3, we know that v1 = . . . = vm = v. We assume that v and w are
θ-primitive. We analyse first the case of m being even.
u

···

θ(u)
0

θ(s )
r

···
r

···

0

0

s
v

θ(u)

r

θ(u)
0

θ(r )

θ(s )

s

0

···

0

s

0

···
s

···

r0

s0
v

θ(r0 )
s

···

···
w1

v

Figure 2 The situation at the two borders u1 u2 and u2 u3 .

Case m = 6. We have u1 = vvr, where v = rs and |r| ≥ |s|. As v is θ-primitive we can
assume that |r| > |s|, as otherwise, we had v = rθ(r). Hence, let r0 be the prefix of length
|r| − |s| of r and s0 be the suffix of r such that r = r0 s0 (see Figure 2).
From the border between u1 = u and u2 = θ(u), we can see that r0 s0 sr0 = r0 θ(s)θ(s0 )θ(r0 ).
It follows that θ(s) = s0 and θ(r0 ) = r0 . Now, looking at the border between u2 = θ(u) and
u3 = θ(u), we get that θ(s0 )r0 ≤p θ(u) and s0 s ≤p θ(u). It follows that s = θ(s) = s0 .
Subcase |r0 | < |s|. In this case r0 ≤p s. Therefore, s = θ(s) ends with θ(r0 ) = r0 . As
a consequence, we get that w1 · · · wn = r0 sr0 ssr0 , and so u3 = ssr0 sr0 ssr0 . However, also
u3 = sr0 ssr0 ssr0 holds, thus r0 s = sr0 and v is not primitive.
Subcase |r0 | ≥ |s|. In this case, let r0 = sp. As v is primitive, |p| > 0 must hold. We have
w1 · · · wn = ps3 ps3 p. Hence, ps3 p = w1 · · · wk w0 = w00 wn−k+1 · · · wn , with k ≥ 2. By Lemma
1 we get that w1 = . . . = wk and wn−k+1 = . . . = wn . Since w1 is primitive, w1 6= wn−k+1
must hold, thus wn = θ(w1 ).
If |p| ≤ |w|, we get that p ≤p w1 , so θ(p) ≤s wn = θ(w1 ). However, p ≤s wn holds as well,
and so p = θ(p). Yet, we have sp = r0 = θ(r0 ) = θ(p)θ(s) = ps. This shows that p, s ∈ {t}+
for some word t, so v ∈ t{t}+ , a contradiction.
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If |p| > |w| we can apply Theorem 3 to ps3 ps3 p and w1 · · · wn and obtain that ps3 , p ∈
{w, θ(w)}+ . It follows that s3 ∈ {w, θ(w)}+ . It is not hard to see that this leads again to a
contradiction with the primitivity of v or of w.
Case m ≥ 8. We follow the exact same steps as above before splitting the discussion into
the cases |r0 | < |s| and |r0 | ≥ |s|.
If |r0 | < |s|, we get that w1 · · · wn = r0 sr0 (ssr0 )k with k ≥ 2. As r0 sr0 is a suffix of ssr0 of
0
|
length at least |ssr
and n ≥ 5, we can apply Theorem 3 and obtain that ssr0 ∈ {w, θ(w)}+
2
and thus also r0 sr0 ∈ {w, θ(w)}+ . As |r0 | < |s|, the word ssr0 is not θ-primitive, but
ssr0 = θ(v), a contradiction. If |r0 | ≥ |s|, we get that w1 · · · wn = p(s3 p)k with k ≥ 3. By
Theorem 3, it follows that s3 p ∈ {w, θ(w)}+ and p ∈ {w, θ(w)}+ , thus s3 p is not θ-primitive.
However, s3 p = ssr0 = θ(v), again a contradiction.
This concludes the analysis for even m. The case when m is odd had to be omitted due
to the space restrictions.
J
 Equations of the form uuu = v1 · · · vm w1 · · · wn . We show the following:
I Lemma 14. If 2|u| < m|v| < 2|u| + |v| and u1 u2 u3 = uuu and (1) holds, then u, v, w ∈
{t, θ(t)}+ for some word t.
Proof. Assume that v and w are θ-primitive. By Proposition 3, m is even, v1 = . . . = vk = v,
and vk+1 = . . . = vm = θ(v), where k is such that (k − 1)|v| < |u| < k|v|. Furthermore, as
m|v| < 2|u| + |v|, the prefix of vk occurring as a suffix of u is longer than |v|
2 . From the
border between u1 and u2 we get that v = rpr with r = θ(r) and pr = rθ(p). The solutions
of this equation are, clearly, r = (αβ)i α, p = (αβ)j , θ(p) = (βα)j for some θ-palindromes α
and β, i ≥ 0, j ≥ 1, and αβ primitive.
m
m
Furthermore, if w = θ(w), then (1) is actually u3 = v 2 θ(v) 2 wn . As m, n ≥ 5 and m
is even, we can apply Theorem 5 to get that u, v, θ(v), w ∈ {t}+ for some word t, and the
statement of this lemma holds. Therefore, we also assume w 6= θ(w) in the following.
m
m
We have u1 = v 2 −1 rp and u2 = rθ(v) 2 −1 v 0 where v 0 ≤p θ(v) and |v 0 | = |p|. Since
v = rpr, the suffix of vm = θ(v) that is a prefix of u3 is of length |rr|. Furthermore, since
m
u3 = u starts with v = rpr = rrθ(p) (as pr = rθ(p)), we get that w1 · · · wn = ṽ 2 −2 θ(p)rp,
where ṽ = θ(p)rr ∼ v. We will show that for m ≥ 8, this equation leads to a contradiction:
m
First of all, θ(p)rp ≤p θ(p)rpr = θ(p)rrθ(p) and thus w1 · · · wn ≤p ṽ 2 .
m
m
If |r| < |p|, then ṽ 2 −2 θ(p)rp = ṽ 2 −1 p0 for some p0 ≤s p with |p0 | < |p|. Since m ≥ 8,
this word is of length at least 3|v|. Thus, if |v| ≥ |w|, Theorem 3 is applicable and we get
ṽ, w ∈ {t, θ(t)}+ for some word t. On the other hand, if |v| < |w|, then as |p0 | < |p| < |v|, the
word w1 · · · wn−1 is a prefix of ṽ ω . As m ≥ 5, this prefix is of length at least 2|w| + |v|, and by
Theorem 3, we get ṽ, w ∈ {t, θ(t)}+ in this case as well. Since w is θ-primitive, ṽ ∈ {w, θ(w)}+
must hold. By the assumption that |r| < |p|, and because pr = rθ(p), we can write p = rs
m
for some word s. Then, since θ(p)rr ∈ {w, θ(w)}+ and w1 · · · wn = (θ(p)rr) 2 −2 θ(p)rp,
+
also θ(p)rrs = θ(p)rp ∈ {w, θ(w)} holds. Combining these last two results, we see that
s ∈ {w, θ(w)}+ and thus also θ(s) ∈ {w, θ(w)}+ . However, as θ(p)rr = θ(s)rrr ∈ {w, θ(w)}+ ,
by Theorem 4, also r ∈ {w, θ(w)}+ . As a consequence, p = rs ∈ {w, θ(w)}+ , and so
v = rpr ∈ {w, θ(w)}+ , contradicting the θ-primitivity of v.
If |r| ≥ |p|, then θ(p)rp ≤p θ(p)rr, so the words w1 · · · wn and ṽ ω have a common
prefix of length at least max{( m
2 − 1)|v|, 5|w|}. If m ≥ 10, this is at least max{3|v|, 5|w|}
which is always long enough to apply Theorem 3 to get that ṽ, w ∈ {w, θ(w)}+ . In the
case m = 8, we have w1 · · · wn = ṽ 2 θ(p)rp. If |w| > |θ(p)rp|, then n|w| > |ṽ 2 θ(p)rp|, as
ω
|θ(p)rp| > |v|
2 , a contradiction. Thus, |w| ≤ |θ(p)rp|, and so we have a common prefix of ṽ
and w1 · · · wn of length 2|v| + |w|. By Theorem 3, once again, we get ṽ ∈ {w, w̃}+ , as w is
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θ-primitive. Now, dually to the previous case, we write r = ps0 . As θ(p)rr = θ(p)rps0 and
θ(p)rp are both in {w, θ(w)}+ , so is s0 . Furthermore, as θ(p)rp = θ(p)ps0 p ∈ {w, θ(w)}+ , if
θ(p)p ∈ {w, θ(w)}+ , then by Theorem 4, also p ∈ {w, θ(w)}+ , and so r = ps0 ∈ {w, θ(w)}+ .
This is a contradiction, since v = rpr is θ-primitive. Therefore, pθ(p) ∈
/ {w, θ(w)}+ ,
which means that s0 ∈ {w, θ(w)}+ is a proper factor of some word in {w, θ(w)}+ . By
Lemma 1, we must have that s0 ∈ {w}+ or s0 ∈ {θ(w)}+ , as w is θ-primitive. However,
pps0 = pr = rθ(p) = ps0 θ(p), so ps0 = s0 θ(p), and we saw before that this means that s0 is a
θ-palindrome. In conclusion, w = θ(w) in both cases, and we get a contradiction.
Therefore, as m must be even, the only case left is when m = 6, in which (1) is of the
form uuu = vvvθ(v)θ(v)θ(v)w1 · · · wn .
We shift our attention to the factor w1 · · · wn . As m = 6, we know that u = rpr2 pr2 p =
2
r θ(p)rpr2 p and w1 · · · wn starts after a prefix of length 2|r| in u, so w1 · · · wn = θ(p)rpr2 p =
(βα)j (αβ)i α(αβ)i+j αα(βα)i (αβ)j . Since α and β are θ-palindromes, so is w1 · · · wn .
If n is odd, from w1 · · · wn = θ(w1 · · · wn ) we immediately get that w n+1 = θ(w n+1 ). It
2
2
follows that w = θ(w), which contradicts the assumption w =
6 θ(w) we made at the beginning.
So we can further assume n to be even and so n ≥ 6.
If (βα)j (αβ)i α(αβ)j ∈ {w, θ(w)}+ , then also (βα)j (αβ)i α(αβ)i α ∈ {w, θ(w)}+ . Thus, if
i ≥ j, then (αβ)i−j α ∈ {w, θ(w)}+ , and if i < j, then (βα)j−i−1 β ∈ {w, θ(w)}+ . In both
cases, those words are θ-palindromes, so since w 6= θ(w), either wθ(w) or θ(w)w occurs as a
factor in them.
If i ≥ j, the factor (αβ)i−j α appears in w1 · · · wn after the prefix (βα)j . By Lemma 1,
we must have (βα)j ∈ {w, θ(w)}+ and by Theorem 4 thus βα ∈ {w, θ(w)}+ . Together with
(αβ)i−j α ∈ {w, θ(w)}+ , this leads to α, β ∈ {w, θ(w)}+ , which contradicts the θ-primitivity
of v.
If j > i and i > 0, then (βα)j−i−1 β appears inside the factor (βα)i+j both as a prefix
and after the prefix βα. Thus, in this case βα ∈ {w, θ(w)}+ as well, which again leads
to α, β ∈ {w, θ(w)}+ . If j > i and i = 0, then (βα)j (αβ)i α(αβ)j = (βα)j α(αβ)j , and
(βα)j (αβ)i α(αβ)i α = (βα)j αα. So we immediately get that (βα)j ∈ {w, θ(w)}+ , which
leads to the same contradiction as above.
By the previous paragraphs, we can assume that (βα)j (αβ)i α(αβ)j = w1 · · · w` w0 for
some `, and some nonempty w0 ≤p w`+1 . As (βα)j (αβ)i α(αβ)j appears also as a suffix of
w1 · · · wn , we have w1 = · · · = w` by Lemma 1. Without loss of generality, let w1 = w. Since
|(βα)j (αβ)i α| = n3 |w|, and n ≥ 6, we get that ww ≤p (βα)j (αβ)i α.
Now, if i ≥ j, we can write w` w0 = (βα)j (αβ)j (αβ)i−j α(αβ)j . We observe that w ≤p
(βα)j (αβ)j must hold: Assume towards a contradiction, that |w| > 2j|αβ|. Then, the
second w of the prefix ww of (βα)j (αβ)i α begins inside the factor (αβ)i−j α. Since w
starts with βα and this is primitive, we deduce that w = (βα)j (αβ)j (αβ)k for some k.
However, then the second occurrence of w that follows immediately afterwards is a prefix of
(βα)i−j−k (αβ)j . This is only possible if αβ = βα, which is a contradiction to the primitivity
of αβ. Thus we can safely assume that w ≤p (βα)j (αβ)j . This word (βα)j (αβ)j is a suffix of
w` w0 = (βα)j (αβ)i−j (αβ)j α(αβ)j . Since w is assumed to be primitive, by Lemma 1, we must
have (βα)j α(αβ)i−j ∈ {w}+ . Let y = (βα)j α(αβ)i−j . Then w1 . . . wn = yy(βα)2j (αβ)j θ(y),
from which we conclude that (βα)2j (αβ)j ∈ {w, θ(w)}+ . Applying Lemma 4 now gives us
αβ ∈ {w, θ(w)}+ , from which we deduce the contradiction α, β ∈ {w, θ(w)}+ as before.
On the other hand, if i < j, then |w| < |(βα)j |, since n ≥ 6. Furthermore w1 · · · w` w0 =
(βα)j (αβ)i α(αβ)j is then the rest of w1 · · · wn , so ` ≥ n2 . Therefore, we got w1 · · · wn =
n
n
w 2 θ(w) 2 . If |w| < |(βα)j−1 |, we would have |w| occurring as a prefix of w1 · · · wn and after
the prefix βα. Thus w = βα by Lemma 1. However, then wj+1 = w = αβ, contradicting the
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primitivity of αβ. Hence, |(βα)j−1 | < |w| < |(βα)j |.
If j ≥ 2, then (βα)j−1 < |w| and i < j imply that |(βα)j (αβ)i α| < 3|w|. Therefore
n < 9, and as n is even, either n = 8 or n = 6. If n = 8, then w4 w5 must be a factor of
(αβ)i+j α, and since j ≥ 2, the word βα is a prefix of w4 = w. Using Lemma 1, this βα
must be aligned with some βα inside (αβ)i+j α. This allows us to deduce that j = i + 1,
and that w4 = w = (βα)j−1 β 0 , where β = β 0 θ(β 0 ). Then, w2 = w ≤p θ(β 0 )α(αβ)j−1 . Now if
j ≥ 3, the factor αβ appears as a proper factor inside (αβ)2 , unless β = θ(β 0 )α. However, if
β = θ(β 0 )α, then α = θ(β 0 ), and thus αβ is not θ-primitive. Therefore j = 2 must hold, in
which case we get that βαβ 0 ≤p θ(β 0 )ααβ. From this it immediately follows that α is not
primitive, and furthermore that α ∈ {θ(β 0 )}+ , again a contradiction to αβ being θ-primitive.
If n = 6, then w1 w2 = w2 = (βα)j (αβ)i α and w3 w4 = wθ(w) = (αβ)i+j α. As |w| ≥ |βα|,
we get the contradiction βα = αβ.
Thus the only possibility that remains is j = 1 and thus i = 0. This means that
n
n
n
n
w 2 θ(w) 2 = βα3 βα3 β. By concatenating α3 to the left on both sides, we get α3 w 2 θ(w) 2 =
(α3 β)3 , to which we can apply Theorem 5 to get w = θ(w), a contradiction.
J
All the other valuations of u1 u2 u3 follow from the ones considered in the last three
paragraphs by the fact that θ is an involution. Hence, Theorem 6 follows.

3.2

The case m|v| < 2|u|: Proofs of Theorems 7, 8 and 9.

We continue with the case when the border between vm and w1 lies inside u2 .
 Equations of the form uu2 θ(u) = v1 · · · vm w1 · · · wn , with u2 ∈ {u, θ(u)}. For both
possible values of u2 the following lemma holds:
I Lemma 15. If u1 = u, u3 = θ(u) and (1) holds, then u, v, w ∈ {t, θ(t)}+ for some word t.
Proof. We can assume that |v| ≥ |w|, otherwise we just change the roles of v and w in the
following reasoning. Actually, if |v| = |w|, we get that v1 = θ(wn ), and that v, w ∈ {v, θ(v)},
so in this case the statement holds.
Therefore we can assume that |v| > |w|. Now, if |u| ≥ 3|v|, then we have u ≤p v1 · · · vm
and u ≤p θ(wn ) · · · θ(w1 ), and |u| ≥ 2|v| + |w|, so by Theorem 3 we get that v, w ∈ {t, θ(t)}+
for some word t, so the statement also holds in this case.
Since m|v| < 2|u| and m ≥ 5, it follows that m = 5 and u = v1 v2 r for v3 = rs.
Furthermore, again from the facts that m|v| < 2|u| and m ≥ 5, it follows immediately that
|r| > |s|. If |w| ≤ |r|, then u would still be a prefix of v1 · · · vm and θ(wn ) · · · θ(w1 ), long
enough to apply Theorem 3, so we assume |w| > |r|.
As |u| = 2|v| + |r| = 3|r| + 2|s|, we get that |w1 · · · wn | = 3|u| − 5|v| = 3(3|r| + 2|s|) −
5(|r| + |s|) = 4|r| + |s|, and so as |r|, |s| < |w|, this contradicts the fact that n ≥ 5.
J
 Equations of the form uθ(u)u = v1 · · · vm w1 · · · wn . We start this paragraph with two
simple lemmas, that we use in our proofs. Their proofs are left out here.
I Lemma 16. Let p and r be θ-palindromes such that r ≤p p and
are not primitive, then neither is pr.

|p|
2

< |r| < |p|. If p and r

I Lemma 17. If uθ(u)u = v m w1 · · · wn , |w| > |v|, |u| > 3|w|, and |u| < m|v| < 2|u|, then
w is not θ-primitive.
We analyse (1) for all possible relations between |v| and |w|:
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I Lemma 18. If uθ(u)u = v1 · · · vm w1 · · · wn , |w| > |v| and 32 |u| ≤ n|w| < 2|u|, then either
v or w is not θ-primitive.
Proof. We show this by contradiction, and assume that v and w are θ-primitive. By the
length-restrictions, we have uθ(u) = v1 · · · vm w1 · · · wi−1 s, where wi is the word overlapping
with the border between θ(u) and the second u. We have two cases, depending on the
position of wi on the border between θ(u) and u.
Case u = θ(s)rwi+1 · · · wn and wi = sθ(s)r. We can assume r 6= ε, as otherwise w would
3
not be θ-primitive, so |s| < |w|
2 . Hence i ≥ 3, as otherwise n|w| ≥ 2 |u| would not hold.
Furthermore, we can see that wj−1 wj <f θ(w2i−j+1 )θ(w2i−j )θ(w2i−j−1 ) for all j with
i ≥ j ≥ 2. Therefore, by Lemma 1 we have that w1 = . . . = wi . By the same arguments
and the fact that uθ(u) is a θ-palindrome, we also get that wi = . . . = w2i−2 and that
sθ(s) <p w2i−1 . Let N = |w1 · · · wi−1 s| = (i − 1)|w| + |s| and M = N mod |v|. That
is, M is the difference between the length of w1 · · · wi−1 s and the longest θ-power of v
that occurs as a suffix thereof. Now let w̃ be the conjugate of wi occurring in w1 · · · wi−1 s
after the prefix of length M . The length of the prefix of w̃ω that starts there is at least
(2i − 2)|w| − M + 2|s| ≥ 4|w| − M + 2|s| ≥ 2|w| + |v|. Therefore, we can apply Theorem
3 to this prefix and the θ-power of v, that occurs there and is at least as long, to get that
w̃ ∈ {v, θ(v)}+ . Thus, |v| divides |w|. Since we assume that |v| does not divide |u| (as
otherwise the statement would trivially hold), and we have that |v| divides m|v| + n|w| = 3|u|,
it follows that |v| = 3d for some d with d | |u|. We let k be such that (k − 1)|v| < |u| < k|v|,
and write vk = x1 x2 x3 . By our previous divisibility reasoning, we have that |u| = 3(k −1)d+d
or |u| = 3(k − 1)d + 2d. We only treat the first case explicitly here. In this case we get
that x1 ≤s u and x2 x3 ≤p θ(u), so θ(x1 ) = x2 . If vk−1 = θ(vk ), then θ(x2 ) = x3 holds,
and so v is not θ-primitive. Therefore, vk−1 = vk and, by the same reasoning, vk+1 = vk .
Repeating this process we get that vk = vk+1 = . . . = vm and that x1 x2 ≤p w1 . Hence,
x1 θ(x1 ) ≤p w1 . As M = 2, it follows that x3 ≤s w1 , as otherwise v would not be θ-primitive.
Now x3 x1 ≤s u and so if wn = w1 , we have that x1 = x3 , a contradiction to the θ-primitivity
of v. Similarly, if wn = θ(w1 ), we have x3 x1 = θ(x2 )θ(x1 ) = x1 θ(x1 ), so x1 = x3 and v is
again not θ-primitive, a contradiction. The other case, |u| = 3(k − 1)d + 2d, leads to the same
result in an identical fashion, and is left to the reader. Therefore, when u = θ(s)rwi+1 · · · wn
and wi = sθ(s)r, one of v, w is not θ-primitive.
Case u = θ(s)wi+1 · · · wn and wi = rsθ(s). This case can be analysed in a somewhat similar
manner. However, due to the page limit, we have to omit this.
J
The next case follows in a similar way.
I Lemma 19. If uθ(u)u = v1 · · · vm w1 · · · wn , |w| ≤ |v| and 32 |u| ≤ n|w| < 2|u|, then either
it is the case that v or w is not θ-primitive or v ∈ {w, θ(w)}.
As a consequence of the previous two lemmas we get the main result of this paragraph,
which, together with Theorem 6 and Lemma 15, proves Theorem 7:
I Lemma 20. If |u| < m|v| < 2|u| and u1 u2 u3 = uθ(u)u and (1) holds, then u, v, w ∈
{t, θ(t)}+ for some word t.
 Equations of the form uuu = v1 · · · vm w1 · · · wn .
I Lemma 21. If uuu = v1 · · · vm w1 · · · wn , |u| < m|v| < 2|u|, at least one of m and n is odd,
and (1) holds, then u, v, w ∈ {t, θ(t)}+ for some word t.
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Figure 3 The situation in the case uuu = v1 · · · vm w1 · · · wn with |u| < m|v| < 2|u|.

Proof. The situation of this case is depicted in Figure 3 (with vj = vj0 vj00 and wk = wk0 wk00 ).
As m, n ≥ 5, either vm or w1 has to be a proper factor of u2 . We assume without loss
of generality, that vm is a factor of u2 , therefore m > j (see Figure 3). We now show that
the factor 1 in Figure 3 is a θ-palindrome; this part of the proof holds also for the case
when both m and n are even. To streamline the presentation we assume v to be θ-primitive.
Otherwise v ∈ {v 0 , θ(v 0 )}+ for some θ-primitive word v 0 , and we apply the reasoning below to
v 0 , reaching the same conclusion. Therefore, if m − j ≥ 2, we have v1 = v2 = . . . = vi−1 and
vj+1 = . . . = vm = θ(v) by Lemma 1. On the other hand, if m = j + 1, we use another result
by Kari et al. [4], stating that if x1 x2 y = zx3 x4 holds, where xi ∈ {t, θ(t)} for all 1 ≤ i ≤ 4
with t a θ-primitive word, then x2 6= x3 . Applying this to x1 = vj , x2 = vm , x3 = v1 , x4 = v2 ,
and y and z chosen accordingly, we get that vm = θ(v1 ). If vi = θ(vj ), then 1 is clearly a
θ-palindrome. If vi = vj = v, then x (from Figure 3) is a prefix of v and we see that x = θ(x),
and thus θ(v i−1 x) = xθ(v)i−1 = v i−1 x. The same reasoning applies if vi = vj = θ(v).
Furthermore, the factor 2 is a θ-palindrome by the same arguments. Here, there is
another case to be considered, though, namely when 2 is shorter than |w|. If w1 = θ(wn ),
then 2 is obviously a θ-palindrome. If w1 = wn we get that w1 = x0 y, where 2 = x0 is the
suffix of u2 and wn = zx0 . As 1 is a θ-palindrome, it holds that z = θ(y). Thus x0 y = θ(y)x0 ,
and the solution of this equation is given by y = (αβ)i , θ(y) = (βα)i , x0 = (βα)j β for some
i ≥ 1, j ≥ 0 and θ-palindromes α and β. Consequently, x0 = 2 is a θ-palindrome.
As the factors 1 and 2 are θ-palindromes, so are v1 · · · vm and w1 · · · wn . Now, if m is
odd, we get that v m+1 = θ(v m+1 ) and therefore v = θ(v). Similarly, w = θ(w) if n is odd.
2
2
Hence, if both m and n are odd, we have the equation u3 = v m wn , and as m, n ≥ 5, we
get that u, v, w ∈ {t}+ for some word t by Lyndon and Schützenberger’s original result.
Therefore, assume that only n is odd, while m is even (the other case works analogously).
Thus we have the equation u3 = v1 · · · vm wn , with m ≥ 6 and w = θ(w). Furthermore, we
can assume v to be θ-primitive in this case, as otherwise we would consider the same equation
with v replaced by its θ-primitive root, and as m is even, this would not change the parity.
First we show the statement for |v| > |w|. Since v1 · · · vm has a common prefix with w̃ω
(where w̃ ∼ w, see Figure 3) of length |u|, and |u| ≥ 2|v| + |w| (if this was not true, we had
6|v| + 3|w| > 3|u|, a contradiction), we can apply Theorem 3 and get that v, w̃ ∈ {t, θ(t)}+
for some t. If |v| > |w| then v is not θ-primitive, a contradiction. Thus, we assume |v| ≤ |w|
in the following. Also, if | 2 | ≥ |w|, we can apply Theorem 2 to get that u, w ∈ {t}+ for
some t; as w = θ(w) we get that t = θ(t) and the conclusion follows easily.
Therefore we can assume |v| ≤ |w| and also | 2 | < |w|. As n ≥ 5, we have 4|w| < |u| and
|u|
i−1
consequently |w| < |u|
is
4 and also |v| < 4 . It follows that the length of v1 · · · vi−1 = v
|u|
i−1
i−1
at least |u| − | 2 | − |v|, thus |v | ≥ 2 ≥ |v| + |w|. Thus we can apply Theorem 2 to v
and w̃ω , to get that v, w̃ ∈ {t}+ for some word t. As we assumed v to be θ-primitive and
thus primitive, we get w̃ ∈ {v}+ . Therefore, as u1 is completely covered by w̃ω , u1 must
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be of the form v j−1 x, where |x| < |v| and x is a prefix of vj . As |v| ≤ |w| < |u|
4 , we have
the equation u3 = v j−1 vj θ(v)m−j wn where both j − 1 ≥ 3 and m − j ≥ 3. Hence, whatever
value vj ∈ {v, θ(v)} has, we can always apply Theorem 5 to get the claimed result.
J
Theorem 9 now follows directly by combining Lemma 15, 18, 19 and 21.
The techniques developed so far allow us to establish two lemmas, which formalise, for
the current case, the two meta-steps of our general approach, described in Section 2. These
technical results are used in the proof of Lemma 24.
I Lemma 22. In the setting of (1), assume that v is θ-primitive and |v| does not divide |u|.
Let j be so that (j − 1)|v| < |u| < j|v|. Then vj+1 = . . . = vm = θ(v1 ) and v1 = . . . = vm−j .
If j|v| − |u| ≥ |v|
2 , then v1 = vm−j+1 and vj = θ(v1 ) also.
I Lemma 23. In the setting of (1), assume that |u| < m|v| < 2|u|, w is θ-primitive, |v| > |w|,
and there exists a word ṽ ∼ v, such that ṽ occurs in vv after the prefix of length i = |u|
mod |w|, and ṽ ∈ {w, θ(w)}+ . Then v = ṽ.
The following lemma states the final result of this section. Alongside Theorems 6 and 7,
it establishes the central result of our paper, namely Theorem 8.
I Lemma 24. If |u| < m|v| < 2|u|, u1 u2 u3 = uuu, and m, n ≥ 12, then (1) implies that
u, v, w ∈ {t, θ(t)}+ for some word t.
Proof. We refer again to the notation used in Figure 3 and, as usual, we assume that v and
w are θ-primitive.
First of all, without loss of generality, we assume that | 1 | ≥ | 2 |. Then | 1 | ≥ 4|v|,
otherwise | 2 | > 4|v| had to hold, but | 1 | ≥ | 2 |. By the same reasoning | 1 | ≥ 4|w|, so
p ≥ k + 5 in Figure 3.
If |w| ≥ |v|, then 1 is long enough to apply Theorem 3 and we obtain ṽ ∈ {w, θ(w)}+ . On
the other hand, if |w| < |v|, then w00 ≤p v1 and w00 wk+1 ≤p v1 v2 . Thus, | 1 |−|wk00 | ≥ 2|v|+|w|
and as x ≤p v, we can again apply Theorem 3 to get ṽ ∈ {w, θ(w)}+ . Now, using Lemma 23
we get that v = ṽ ∈ {w, θ(w)}+ , a contradiction.
J
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Abstract
Solvency games, introduced by Berger et al., provide an abstract framework for modelling decisions of a risk-averse investor, whose goal is to avoid ever going broke. We study a new variant
of this model, where, in addition to stochastic environment and fixed increments and decrements
to the investor’s wealth, we introduce interest, which is earned or paid on the current level of
savings or debt, respectively.
We study problems related to the minimum initial wealth sufficient to avoid bankruptcy
(i.e. steady decrease of the wealth) with probability at least p. We present an exponential time
algorithm which approximates this minimum initial wealth, and show that a polynomial time
approximation is not possible unless P = NP. For the qualitative case, i.e. p = 1, we show
that the problem whether a given number is larger than or equal to the minimum initial wealth
belongs to NP ∩ coNP, and show that a polynomial time algorithm would yield a polynomial
time algorithm for mean-payoff games, existence of which is a longstanding open problem. We
also identify some classes of solvency MDPs for which this problem is in P. In all above cases the
algorithms also give corresponding bankruptcy avoiding strategies.
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1

Introduction

Markov decision processes (MDP) are a standard model of complex decision-making where
results of decisions may be random. An MDP has a set of states, where each state is assigned
a set of enabled actions. Every action determines a distribution on the set of successor states.
A run starts in a state; in every step, a controller chooses an enabled action and the process
moves to a new state chosen randomly according to the distribution assigned to the action.
The functions that describe decisions of the controller are called strategies. They may depend
on the whole history of the computation and the choice of actions may be randomized.
MDPs form a natural model of decision-making in the financial world. To model nuances
of financial markets, various MDP-based models have been developed (see e.g. [16, 2, 3]).
A common property of these models is that actions correspond to investment choices and
result in (typically random) payoffs for the controller. One of the common aims in this area
is to find a risk-averse controller (investor) who strives to avoid undesirable events [13, 14].
In this paper we consider a model based on standard reward structures for MDPs, which
is closely related to solvency games studied in [3]. The model is designed so that it captures
∗
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essential properties of risk-averse investments. We assume finite-state MDPs and assign a
(real) reward to every action which is collected whenever the action is chosen. The states
of the MDP capture the global situation on the market, prices of assets, etc. Note that it
is usually plausible to model the prices by a finite-state stochastic process (see e.g. [16]).
Rewards model money received (positive rewards) and money spent (negative rewards) by
the controller. Controllers are then compared w.r.t. their ability to collect the reward over
finite or infinite runs.
Standard objectives such as the total reward, or the long-run average reward are not
suitable for modelling the behaviour of a risk-averse investor as they allow temporary loss of
an arbitrary amount of money (i.e., a long sequence of negative rewards), which is undesirable,
because normally the controller’s access to credit is limited. The authors of [3] consider a
“bankruptcy-avoiding” objective defined as follows: Starting with an initial amount of wealth
W0 , in the n-th step, the current wealth Wn is computed from Wn−1 by adding the reward
collected in the n-th step. The goal is to find a controller which maximizes the probability of
having Wn > 0 for all n.
Although the model of [3] captures basic behaviour of a risk-averse investor, it lacks one
crucial aspect usually present in the financial environment, i.e., the interest. Interests model
the value that is received from holding a certain amount of cash, or conversely, the cost of
having a negative balance. To accommodate interests, we propose the following extension
of the bankruptcy-avoiding objective: Fix an interest rate % > 1.1 Starting with an initial
wealth W0 , in the n-th step, compute the current wealth Wn from Wn−1 by adding not only
the collected reward but also the interest (% − 1)Wn−1 . The economical motivation for such
a model is that the controller can earn additional amount of wealth by lending its assets for
a fixed interest, and conversely, when the controller is in debt, it has to pay interest to its
creditors (for the clarity of presentation, we suppose the interest earned from positive wealth
is the same as the interest paid on debts).
Hence, the objective is to “manage” the wealth so that it stays above some threshold
and does not keep decreasing to negative infinity. More precisely, we want to maximize the
probability of having lim inf n→∞ Wn > −∞. Intuitively, lim inf n→∞ Wn ≥ 0 means that the
controller ultimately does not need to borrow money, and −∞ < lim inf n→∞ Wn < 0 means
that the controller is able to sustain interest payments from its income. If lim inf n→∞ Wn =
−∞, then the controller cannot sustain interest payments and bankrupts.
An important observation is that this objective is closely related to another well-studied
objective concerning the discounted total reward. Concretely, given a discount factor 0 < β <
1, the discounted total reward T accumulated on a run is defined to be the weighted sum of
rewards of all actions on the run where the weight of the n-th action is β n . In particular,
the threshold problem asks to maximize the probability of T ≥ t for a given threshold t. This
problem has been considered in, e.g., [17, 11, 18, 19]. A variant of the threshold problem
is the value-at-risk problem [4] which asks, for a given probability p, what is the infimum
threshold, such that maximal probability of discounted reward surpassing the threshold is at
least p? We show that for every controller, the probability of T ≥ t with discount factor β is
equal to the probability of lim inf n→∞ Wn > −∞ with W0 = −t for the interest rate % := β1 .
This effectively shows interreducibility of these problems. Note that the interpretation of the
discount factor as the inverse of the interest is natural in financial mathematics.
Contribution. We introduce a model of solvency MDPs with interests (referred to as solvency
MDPs for brevity), which allows to capture the complex dynamics of wealth management

1

For notational convenience, we define the interest rate to be the number 1 + r, where r > 0 is the usual
interest rate, i.e. the percentage of money paid/received over a unit of time.
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under uncertainty. We show that for every solvency MDP there is a bound on wealth such
that above this bound the bankruptcy is surely avoided (no matter what the controller is
doing), and another bound on wealth below which the bankruptcy is inevitable. Nevertheless,
we also show that there still might be infinitely many reachable values of wealth between
these two bounds.
The main results of our paper concentrate on the complexity of computing minimal wealth
with which the controller can stay away from bankruptcy. Let W(s0 , p) be the infimum of
all initial wealths W0 such that starting in the state s0 with W0 the controller can avoid
bankruptcy (i.e., lim inf n→∞ Wn > −∞) with probability at least p. Our overall goal is
to compute this number W(s0 , p). Solution to this problem is important for a risk-averse
investor, whose aim is to keep the risk of bankruptcy below some acceptable level.
First we consider the qualitative case, i.e. W(s0 , 1). For this case we show a connection
with two-player (non-stochastic) games with discounted total reward objectives. Then, using
the results of [20] we show that there is an oblivious strategy (i.e., the one that looks only at
the current state but is independent of the wealth accumulated so far) which starting in some
state s0 with wealth W(s0 , 1) avoids bankruptcy with probability one. The problem whether
W ≥ W(s0 , 1) for a given W (encoded in binary) is in NP ∩ coNP (we also obtain a reduction
from discounted total reward games, showing that improving this complexity bound might
be difficult). In addition, the number W(s0 , 1) can be computed in pseudo-polynomial time.
Further it follows that for a restricted class of solvency Markov chains (i.e. when there is only
one enabled action in every state) the value W(s0 , 1) can be computed in polynomial time.
The main part of our paper concerns the quantitative case, i.e. W(s0 , p) for an arbitrary
probability bound p.
We give an exponential-time algorithm that approximates W(s0 , p) up to a given absolute
error ε > 0. We actually show that the algorithm runs in time polynomial in the number
of control states and exponential in log(1/(% − 1)), log(1/ε) and log(rmax ), where % is the
interest rate and rmax is the maximal |r| where r is a reward associated to some action.
Employing a reduction from the Knapsack problem, we show that the above complexity
cannot be lowered to polynomial in either log(1/ε) or log(% − 1) + log(rmax ) unless P=NP.
We give an exponential-time algorithm that for a given ε > 0 and initial wealth W0
computes v such that if the initial wealth is increased by ε, then the probability of avoiding
bankruptcy is at least v (i.e. W0 + ε ≥ W(s0 , v)) and v ≥ sup{v 0 | W0 ∈ W(s0 , v 0 )}.
Moreover, via the aforementioned interreducibility between discounted and solvency MDPs
we establish new complexity bounds for value-at-risk approximation in discounted MDPs.
We note that the aforementioned algorithms employ a careful rounding of numbers
representing the current wealth Wn . Choosing the right precision for this rounding is quite
an intricate step, since a naive choice would only yield a doubly-exponential algorithm.
The paper is organized as follows: after introducing necessary definitions and clarifying
the relation with the discounted MDPs in Section 2 we summarise the results for qualitative
problem in Section 3. In Section 4 we give the contributions for the quantitative problem.
Proofs omitted due to the space constraints can be found in [7].
Related work. Processes involving interests and their formal models naturally emerge in
the field of financial mathematics. An MDP-based model of a financial market is presented,
e.g., in Chapter 3 of [2]. There, in every step the investor has to allocate his current wealth
between riskless bonds, on which he receives an interest according to some fixed interest
rate, and several risky stocks, whose price is subject to random fluctuations. Optimization
of the investor’s portfolio with respect to various utility measures was studied. However,
this portfolio optimization problem was considered only in the finite-horizon case, where
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the trading stops after some fixed number of steps. In contrast, we concentrate on the
long-term stability of the investor’s wealth. Also, the model in [2] was analysed mainly from
the mathematical perspective (e.g., characterizing the form of optimal portfolios), while we
focus on an efficient algorithmic computation of the optimal investor’s behaviour.
The issues of a long-term stability and algorithms were considered for other related
models, all of which concern total accumulated reward properties. Our model is especially
close to solvency games [3], which are in fact MDPs with a single control state, where the
investor aims to keep the total accumulated reward non-negative. In energy games (see
e.g. [8, 9, 10]), there are two competing players, but no stochastic behaviour. In one-counter
MDPs [6], the counter can be seen as a storage for the current value of wealth. All these
models differ from the topic studied in this paper in that they do not consider interest on
wealth. This makes them fundamentally different in terms of their properties, e.g. in our
setting the set of all wealths reachable from a given initial wealth can have nontrivial limit
points. Also, in all the three aforementioned models, the objective is to stay in the positive
wealth. Here we focus on a different objective to capture the idea that it is admissible to be
in debt as long as it is possible to maintain the debt above some limit.
As mentioned before, our work is also related to the threshold discounted total reward
objectives, which were considered in [17, 11, 18, 19], where the authors studied finite- and
infinite-horizon cases. In the finite-horizon case, in particular [19] gave an algorithm to
compute the probability, but a careful analysis shows that their algorithm has a doublyexponential worst-case complexity when the planning horizon (i.e., the number of steps after
which the process halts) is encoded in binary. In [5] they proposed to approximate the
probability through the discretisation of wealth, but in the worst the error of approximation
is 1, no matter how small discretisation step is taken. In [19], the optimality equation
characterising optimal probabilities has been provided for the infinite-horizon case, but no
algorithm was proposed. Moreover, [4] considered the “value-at-risk” problem, but again only
for the finite-horizon case, giving a doubly-exponential approximation algorithm. Although
we consider only infinite-horizon MDPs, the exponential-time upper bound for the W(s, p)
approximation and the NP-hardness lower bound can be easily carried over to the finitehorizon case. Thus, we establish new complexity bounds for value-at-risk approximation in
both finite and infinite-horizon discounted MDPs. We also mention [12] which introduced
the percentile performance criteria where the controller aims to find a strategy achieving a
specified value of the long-run limit average reward at a specified probability level (percentile).

2

Preliminaries

We denote by N, Z, Q and R the sets of all natural, integer, rational and real numbers,
respectively. For an index set I, its member i and vector V ∈ RI we denote by V(i) the
i-component of V. The encoding size of an object B is denoted by ||B||. We use log x to
refer to the binary logarithm of x. We assume that all numbers are represented in binary
and that rational numbers are represented as fractions of binary-encoded integers.
We assume familiarity with basic notions of probability theory. Given an at most countable
set X, we use dist(X) to denote all probability distributions on X.
I Definition 1 (MDP). A Markov decision process (MDP) is a tuple M = (V, A, T ) where
V is at most countable set of vertices, A is a finite set of actions, and T : V × A → dist(V )
is a partial transition function. We assume that for every v ∈ V the set A(v) of all actions
available at v (i.e., the set off all actions a s.t. T (v, a) is defined) is nonempty.
We denote by Succ(v, a) = {u | T (v, a)(u) > 0} the support of T (v, a).
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An infinite path (or run) is a sequence v0 a1 v1 a2 v2 · · · ∈ (V × A)ω such that ai+1 ∈ A(vi )
and vi+1 ∈ Succ(vi , ai+1 ) for all i. A finite path (or history) is a prefix of a run ending with
a vertex, i.e. a word of the form (V × A)∗ V . We refer to the set of all runs as RunsM and to
the set of all histories as HistM . For a finite or infinite path ω = v0 a1 v1 a2 v2 . . . and i ∈ N
we denote by ωi the finite path v0 a1 · · · ai vi .
A strategy in M is a function that to every history w assigns a distribution on actions
available in the last vertex of w. A strategy is deterministic if it always assigns distributions
that choose some action with probability 1, and memoryless if it only depends on the last
vertex of history. We use ΣM (or just Σ) for the set of all strategies of M .
Each history w ∈ HistM determines the set Cone(w) consisting of all runs having w
as a prefix. To an MDP M , its vertex v and strategy σ we associate the probability
space (RunsM , F, PσM,v ), where F is the σ-field generated by all Cone(w), and PσM,v is
the unique probability measure such that for every history w = v0 a1 . . . ak vk we have
Qk
PσM,v (Cone(w)) = µ(v0 ) · i=1 xi , where µ(v0 ) is 1 if v0 = v and 0 otherwise, and where
xi = σ(wi−1 )(ai ) · T (vi−1 , ai )(vi ) for all 1 ≤ i ≤ k (the empty product is equal to 1). We
drop M from the subscript when the MDP is clear from the context.
I Definition 2 (Solvency MDP). A solvency Markov decision process is a tuple (S, A, T, F, %)
where S is a finite set of states, A and T are such that (S, A, T ) is an MDP, F : S × A → Q
is a partial gain function and % ∈ Q ∩ (1, ∞) is an interest rate.
We stipulate that for every (s, a) ∈ S × A the value F (s, a) is defined iff a ∈ A(s). A
solvency Markov chain is a solvency MDP with one action per state, i.e. |A(s)| = 1 for
all s ∈ S. A configuration of a solvency MDP M = (S, A, T, F, %) is represented as a
state-wealth pair (s, x) where s ∈ S and x ∈ Q. The semantics of M is given by an infinitestate MDP M% = (S × Q, A, T% ) where for every (s, x) ∈ S × Q and a ∈ A(s) we define
T% ((s, x), a)(s0 , % · x + F (s, a)) = p whenever T (s, a)(s0 ) = p. We sometimes do not distinguish
between M and M% and refer to strategies or runs of M where strategies or runs of M% are
intended. A strategy σ for M% is oblivious if it is memoryless and does not make its decision
based on the current wealth, i.e. for all w · (s, x) and (s, x0 ) we have σ(w · (s, x)) = σ((s, x0 )).
Objectives. Given an solvency MDP M and its initial configuration (s0 , x0 ), we are interested in the set of runs in which the wealth always stays above some finite bound, denoted by
Win = RunsM \ {(s0 , x0 )a1 (s1 , x1 ) · · · ∈ RunsM | lim inf n→∞ xn = −∞}. Intuitively, this objective models the ability of the investor not to go bankrupt, i.e. to compensate for the incurred
interest by obtaining sufficient gains. We denote Val M (s0 , x0 ) = supσ PσM,(s0 ,x0 ) (Win) the
maximal probability of winning with a given wealth, and WM (s, p) = inf{x | Val M (s, x) ≥ p}
the infimum of wealth sufficient for winning with probability p. In this paper we are mainly
interested in the problems of computing or approximating the values of WM (s, p). We also
address the problem of computing a convenient risk-averse strategy for an investor with a
given initial wealth x0 . A precise definition of what we mean by a convenient strategy is given
in Section 4 (Theorem 11). We say that a strategy is p-winning (in an initial configuration
(s0 , x0 )) if PσM,(s0 ,x0 ) (Win) ≥ p. A 1-winning strategy is called almost surely winning, and
strategy σ with PσM,(s0 ,x0 ) (Win) = 0 is called almost surely losing.
I Example 3. Consider the following solvency MDP M = (S, A, T, F, %):
1
1
work, 2

s0

profit, 60

invest, −10
1

loss, 0

s1
0.1
0.9
s2
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Here S = {s0 , s1 , s2 }, A = {work, invest, profit, loss}, T is depicted by the arrows in the
figure, for example T (s0 , invest) = [s1 7→ 0.1, s2 7→ 0.9], the function F is given by the bold
numbers next to the actions, e.g. F (s, work) = 2, and % = 2 (we take this extremely large
value to keep the example computations simpler). The MDP models the choices of a person
who can either work, which ensures certain but relatively small income, or can invest a larger
amount of money but take a significant risk. Starting in the configuration (s0 , −10) (i.e. in
debt), an example strategy σ is the strategy which always chooses work in s0 , but as can
be easily seen, we get PσM,(s0 ,−10) (Win) = 0 since the constant gains are not high enough
to cover the interest incurred by the debt. An optimal strategy here is to pick work only
in histories ending with a configuration (s0 , x) for x ≥ −2, and to pick invest otherwise.
Such strategy shows that Val M (s0 , −10) = 0.1. Now suppose that the investor wants to find
out what is the wealth needed to make sure the probability of winning is at least 0.7, i.e.
wants to compute WM (s0 , 0.7). This number is equal to −2. To see this, observe that for
any configuration (s0 , y) where y < −2 the optimal strategy must pick invest, which with
probability 0.9 results in a debt from which it is impossible to recover. Finally, observe that
Val M (s0 , −2) = 1 since a strategy that always chooses work is 1-winning in (s0 , −2). This
demonstrates that the function Val(s, ·) for a given state s may not be continuous.
Relationship with discounted MDPs. The problems we study for solvency MDPs are
closely related to another risk-averse decision making model, so called discounted MDPs
with threshold objectives. A discounted MDP is a tuple D = (S, A, T, F, β), where the
first four components are as in a solvency MDP and 0 < β < 1 is a discount factor. The
semantics of a discounted MDP is given by a finite-state MDP Dβ = (S, A, T ) and a reward
function disc(·) which to every run ω = s0 a1 s1 a2 . . . in Dβ assigns its total discounted reward
P∞
disc(ω) = i=1 F (si−1 , ai ) · β i . The threshold objective asks the controller to maximize, for
a given threshold t ∈ Q, the probability of the event T hr(t) = {ω ∈ Run(Dβ ) | disc(ω) ≥ t}.
Now consider a solvency MDP M = (S, A, T, F, %) with an initial configuration (s0 , x0 )
and a discounted MDP D = (S, A, T, F, 1/%) with a threshold objective T hr(−x0 ). Note
that once an initial configuration (s0 , x0 ) ∈ S × Q is fixed, there is a natural one-to-one
correspondence between runs in M% initiated in (s0 , x0 ) and runs in D1/% initiated in s:
we identify a run (s0 , x0 )a1 (s1 , x1 )a2 . . . in M% with a run s0 a1 s1 a2 . . . in D1/% . This
correspondence naturally extends to strategies in both MDPs, so we assume that these MDPs
have identical sets of runs and strategies.
I Proposition 4. Let M , D be as above. Then PσM,(s,x) (Win) = PσD,s (T hr(−x)) for all σ∈Σ.
Proof. It suffices to show that for every run ω we have ω ∈ Win ⇔ disc(ω) ≥ −x. Fix a run
def Pn
ω = (s0 , x0 )a1 (s1 , x1 )a2 . . . , and define, for every n ≥ 0, disc n (ω) = i=1 F (si−1 , ai ) · %1i
(an empty sum is assumed to be equal to 0). Obviously, for every n ≥ 0 we have xn =
%n · (disc n (ω) + x0 ). Thus, if disc(ω) = limn→∞ disc n (ω) > −x0 , then limn→∞ xn exists and
it is equal to +∞. Similarly, if disc(ω) < −x0 , then limn→∞ xn = −∞. If disc(ω) = −x0 ,
the infimum wealth xn along ω is finite (see [7]), and so ω ∈ Win.
J
It follows that many natural problems for solvency MDPs (value computation etc.) are
polynomially equivalent to similar natural problems for discounted MDPs with threshold objectives. In particular, our problem of computing/approximating WM (s0 , p) is interreducible
with the value-at-risk problem in discounted MDPs, where the aim is to compute/approximate the supremum threshold t such that under suitable strategy the probability (risk) of the
discounted reward being ≤ t is at most 1 − p.
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Qualitative Case

In this section we establish a connection between the qualitative problem for solvency MDPs
(i.e., determining whether x ≥ WM (s, 1) for a given state s and number x) and the problem
of determining the winner in non-stochastic discounted games.
I Definition 5 (Discounted game). A finite discounted game is a tuple G = (S1 , S2 , s0 , T, R, β)
where S1 and S2 are sets of player 1 and 2 states, respectively; s0 ∈ S1 is the initial state;
T ⊆ (S1 × S2 ) ∪ (S2 × S1 ) is a transition relation; R : (S1 ∪ S2 ) → R is a reward function;
and 0 < β < 1 is a discount factor.
A strategy for player i ∈ {1, 2} in a discounted game is a function ζi : (S1 ∪ S2 )∗ · Si →
(S1 ∪ S2 ) such that (s, ζi (ws)) ∈ T for every s and w. A strategy is memoryless if it only
depends on the last state. A pair of strategies ζ1 and ζ2 for players 1 and 2 yields a unique run
run(ζ1 , ζ2 ) = s0 s1 . . . in the game, given by sj = ζi (s0 . . . sj−1 ) where i is 1 or 2 depending
on whether sj−1 ∈ S1 or sj−1 ∈ S2 . The discounted total reward of the run is defined to be
P∞
disc(s0 s1 . . .) := i=0 β i+1 R(si ). The discounted game problem asks, given a game G and a
value x, whether there is a strategy ζ1 for player 1 such that for all strategies ζ2 of player 2
we have disc(run(ζ1 , ζ2 )) ≥ x. Such a strategy ζ1 is then called winning.
By Proposition 4 the problem of determining whether x ≥ WM (s, 1) for a state s of a
solvency MDP M is interreducible (in polynomial time) with the problem of determining
whether there is σ ∈ ΣD such that PσD,s (T hr(−x)) = 1 in the corresponding discounted MDP
D. We show that the latter is interreducible2 with the discounted game problem.
Let us first fix a discounted MDP D = (S, A, T, F, β). We say that a run ω = s0 a1 s1 . . .
of D is realisable under a strategy σ if σ(s0 a1 . . . sn )(an+1 ) > 0, and T (sn , an+1 )(sn+1 ) > 0
for all n. The idea of the reduction relies on the following lemma, which is proved in [7].
I Lemma 6. If σ ∈ ΣD satisfies PσD,s (T hr(x)) = 1, then all runs realisable under σ are
in T hr(x).
Using the lemma above we can construct a game G from D by stipulating that the results
of actions are chosen by player 2 instead of being chosen randomly, and vice versa. The
technical details of the reduction are presented in [7]. The next theorem follows from the
reduction and the fact that memoryless (deterministic) strategies suffice in discounted games.
I Theorem 7. For every solvency MDP M there exists an oblivious deterministic strategy
which is almost-surely winning in every configuration (s, x) with x ≥ WM (s, 1).
The discounted game problem is in NP ∩ coNP and there exists a pseudopolynomial
algorithm computing the optimal value [20]. Also, when one of the players controls no states
in a game, the problem can be solved in polynomial time [20]. Hence, we get the following
theorem.
I Theorem 8. The qualitative problem for solvency MDPs is in NP ∩ coNP. Moreover, there
is a pseudopolynomial algorithm that computes WM (s, 1) for every state s of M . For the
restricted class of solvency Markov chains, to compute WM (s, 1) and to decide the qualitative
problem can be done in polynomial time.

2

Actually, we use slightly different variants of the discounted game problem in reductions from and to the
discounted MDPs problem, respectively. Nevertheless, they establish the desired complexity bounds.
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Note that the existence of a reduction from mean-payoff games to discounted games [1] suggests that improving the above complexity to polynomial-time is difficult, since a polynomialtime algorithm for solvency MDPs would give a polynomial-time algorithm for mean-payoff
games, existence of which is a longstanding open problem in the area of graph games.

4

Quantitative Case

This section formulates results on quantitative questions for solvency MDPs. We start with a
proposition showing that we can restrict our attention to some subset of S × Q, since for every
state there are two values below and above which all strategies are almost-surely winning
or losing, respectively. Intuitively, these values represent wealth (positive or negative) for
which losses/gains from the interest dominate gains/losses from the gain function F . An
important consequence of the proposition, when combined with [15], is that deterministic
strategies suffice to maximize the probability of winning. Therefore, in the rest of this section
we consider only deterministic strategies. The proposition is proved in [7].
I Proposition 9. For every state s of the solvency MDP M there are rational numbers
def

U (M, s) = arg inf ∀σ . PσM,(s,x) (Win) = 1
x∈R

and

def

L(M, s) = arg sup ∀σ . PσM,(s,x) (Win) = 0,
x∈R

of encoding size polynomial in ||M ||, and they can be computed in polynomial time using linear
programming techniques. Moreover, we have PσM,(s,U (M,s)) (Win) = 1 for every strategy σ.
To illustrate the proposition, we return to Example 3 and note that U (M, s0 ) = 20
3 and
L(M, s0 ) = − 40
.
Obviously,
for
every
s
we
have
K
≥
U
(M,
s)
≥
L(M,
s)
≥
−K
where
3
|F (s,a)|
K = max(s,a)∈S×A %−1 , but as Example 3 shows, using U (M, s) and L(M, s) we can
restrict the set of interesting configurations more than with the trivial bounds K and −K.
def
We also define the global versions of the bounds, i.e., L(M ) = mins∈S L(M, s) and
def
U (M ) = maxs∈S U (M, s). In accordance with the economic interpretation of our model,
we call any configuration of the form (s, x) with x ≥ U (M, s) a rentier configuration. From
Proposition 9 it follows that every run which visits a rentier configuration belongs to Win.
Note that although Proposition 9 suggests that we can restrict our analysis to the
configurations (s, x) where L(M, s) ≤ x ≤ U (M, s), the set of reachable configurations
between these bounds is still infinite in general as the following example shows.
I Example 10. Consider a solvency MDP M = ({s}, {a, b}, T, F, 23 ) with T (s, a) = T (s, b) =
s, and F (s, a) = 12 and F (s, b) = − 21 . We have L(M ) = −1 and U (M ) = 1. We will show
that for any n ∈ N there is a configuration (s, xn ) where xn = k/2n that is reachable in
exactly n steps from an initial configuration (s, 12 ) and satisfies k ∈ N0 , 0 ≤ k < 2n , 2 - k.
Hence the reachable state space from (s, 21 ) is infinite as the numbers xn are pairwise different.
We set x0 = 12 , and let (s, xn ) be a reachable configuration where xn is of the form
k/2n satisfying the above conditions. In one step we can reach configurations (s, x0 ) where
n
n
x0 = %xn ± 12 = 3k±2
2n+1 . Clearly 2 - 3k ± 2 ; otherwise we would have 2 | 3k and thus 2 | k
which contradicts the definition of xn . It remains to show that one of the values of x0 again
satisfies the above conditions; this is a simple exercise that is carried out in [7].
Note that if the interest % is restricted to be an integer, the reachable configuration space
between L(M ) and U (M ) is finite, because for the initial configuration (s, x) it holds x = pq
where p, q ∈ Z, and % · x + y = %·p+y·q
. Hence, any reachable wealth is a multiple of 1q , and
q
there are only finitely many such numbers between L(M ) and U (M ). This means that one
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can use off-the-shelf algorithms for finite-state MDPs, i.e., minimising the probability to
reach configuration with (s, x), where x < L(M, s). However, for the general case, this is not
possible and we need to devise new techniques.

4.1

Approximation Algorithms

In this subsection we show how to approximate W(s, p). Our algorithm depends on the
following theorem, which allows us, in a certain sense that will be explained soon, to
approximate the function Val M (s0 , ·).
I Theorem 11. There is an algorithm that computes, for a solvency MDP M with initial
configuration (s0 , x0 ) and a given ε > 0, a rational number v and a strategy σ such that:
1. v ≥ Val M (s0 , x0 ).
2. Strategy σ is v-winning from configuration (s0 , x0 + ε).

The running time of the algorithm is polynomial in |S| · |A| · log p−1
min where pmin =
min(s,s0 ,a)∈S 2 ×A T (s, a)(s0 ), and exponential in log(|rmax |/(% − 1)) and log(1/ε) where rmax =
max(s,a)∈S×A |F (s, a)|.
We will prove Theorem 11 later, but first we argue that the theorem is important in its
own right. Consider the following scenario. Suppose that an investor starts with wealth x0 .
It is plausible to assume that this initial wealth is not strictly fixed. Instead, one can assume
that the investor is willing to acquire some small additional amount of wealth (represented
by ε), in exchange for some substantial benefit. Here, the benefit consists of the fact that the
small difference in the initial wealth allows the investor to compute and execute a strategy,
under which the risk of bankruptcy is provably no greater than the lowest risk achievable
with the original wealth. Note that the strategy σ may not be Val M (s0 , x0 + ε)-winning from
(s0 , x0 + ε). We now proceed with the theorem providing the approximation of W(s, x).
I Theorem 12. For a given solvency MDP M , its state s and rational numbers δ > 0,
p ∈ [0, 1], it is possible to approximate
W(s, p) up to the absolute error δ in time polynomial

in (|S| · |A|)O(1) · log p−1
,
and
exponential
in log(|rmax |/(% − 1)) and log(1/δ), where pmin
min
an rmax are as in Theorem 11.
Proof. Suppose that we already know that a ≤ W(s, p) ≤ b, for some a, b. We can use the
algorithm of Theorem 11 for s0 = s, x0 = a + (b − a)/2 and ε = (b − a)/4. If the algorithm
returns v ≤ p, we know that a + (b − a)/2 ≤ W(s, p) ≤ b, otherwise we can conclude that
a ≤ W(s, p) ≤ a + 3(b − a)/4. Initially we know that L(M ) ≤ W(s, p) ≤ U (M ), so in order
to approximate W(s, p) with absolute error δ it suffices to perform O(log((U (M )−L(M ))/δ))
iterations of this procedure, finishing when ε ≤ δ/4.
J
Later we will show that the time complexity of the algorithm cannot be improved to
polynomial in either log(|rmax |/(% − 1)) or log(1/δ) unless P=NP.
Proof of Theorem 11. For the rest of this section we fix a solvency MDP M = (S, A, T, F, %)
and its initial configuration (s0 , x0 ). First we establish the existence of a strategy that, given
a small additional amount of wealth, reaches a rentier configuration in at most exponential
number of steps with probability at least Val M (s0 , x0 ). Then, we will show how to compute
such a strategy in exponential time.
To establish the proof of the following proposition, we use a suitable Bellman functional
whose unique fixed point is equal to W. The proof can be found in [7].
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I Proposition 13. For every initial configuration (s, x) and every ε > 0 there is a strategy
σε such that starting in (s, x + ε/2), σε ensures hitting of a rentier configuration in at most

))+log ε−1 +2 
n = log (U (M )−L(M
steps with probability at least Val M (s, x). In particular,
log %
ε
Pσ(s,x+ε/2)
(Win) ≥ Val M (s, x).
The previous proposition shows that the number v and strategy σ of Theorem 11 can be
computed by examining the possible behaviours of M during the first n steps. However,
since log % ≈ % − 1 for % close to 1, the number n can be exponential in ||M ||. Thus, the
trivial algorithm, that unfolds the MDP from the initial configuration (s0 , x0 + ε/2) into a
tree of depth n, and on this tree computes a strategy maximising the probability of reaching
a rentier configuration, has a doubly-exponential complexity. The key idea allowing to reduce
this complexity to singly-exponential is to round the numbers representing the wealth in the
configurations of M to numbers of polynomial size. If the size is chosen carefully, the error
introduced by the rounding is not large enough to thwart the computation. In the following
we assume that log % < log(U (M ) − L(M )) + log(ε−1 ) + 2, since otherwise n = 1 and we can
compute the strategy σ and number v by computing an action that maximizes the one-step
probability of reaching a rentier configuration from (s0 , x0 + ε/2).
We now formalise the notion of rounding the numbers appearing in configurations of M .
Let λ be a rational number. We say that two configurations (s, x), (s0 , x0 ) are λ-equivalent,
denoted by (s, x) ∼λ (s0 , x0 ), if s = s0 and one of the following conditions holds:
both x and x0 are greater than U (M, s) or less than or equal to L(M, s); or
L(M, s) < x, x0 ≤ U (M, s) and there is k ∈ Z such that both x, x0 ∈ (kλ, (k + 1)λ].
Clearly, ∼λ is indeed an equivalence on the set S × Q, and every member of the quotient
set (S × Q)/∼λ is a tuple of the form (s, D), with s ∈ S and D being either a half-open
interval of length at most λ or one of the intervals (U (M, s), +∞), (−∞, L(M, s)]. For such
D, we denote by wD the maximal element of D (putting w(U (M,s),+∞) = +∞). We also
denote by [s, x]λ the equivalence class of (s, x).
Now let n be as in Proposition 13. We define an MDP Mλ,n representing an unfolding of
M into a DAG of depth n, in which the current wealth w is always rounded up to the least
integer multiple of λ greater than w, with configurations exceeding the upper or dropping
below the lower threshold of Proposition 9 being immediately recognized as winning or losing.
The unfolded MDP Mλ,n is formally defined as follows.
I Definition 14. [Unfolded MDP] Let M = (S, A, T, F, %) be an solvency MDP, and n > 0
and λ > 0 two numbers. We define an MDP Mλ,n = (S 0 , A, T 0 ) where S 0 is ((S × Q)/∼λ ) ×
{0, 1, . . . , n}, and the transition function T 0 is the unique function satisfying the following:
for all (s, D, i) ∈ S 0 and a ∈ A where i < n and D is a bounded interval, the distribution
T 0 ((s, D, i), a) is defined iff a ∈ A(s), and assigns T (s, a)(s0 ) to ([s0 , %·wD +F (s, a)]λ , i+1)
for every other vertex (s, D, i) ∈ S 0 there is only a self loop on this vertex under every
action, i.e., T 0 ((s, D, i), a) is given by [(s, D, i) 7→ 1] for every action a ∈ A.
−1 O(1)
The size of Mλ,n as well as the time needed to construct it is (|S| · |A| · log(p−1
)
.
min ) · n · λ
Now we denote by Hit the set of all runs in Mλ,n that contain a vertex of the form
(t, (U (M, t), ∞), i), and by Ar(z) (for “almost rentier”) the set of all runs in M that hit
a configuration of the form (t, y) with y ≥ U (M, t) − z in at most n steps. In particular,
Ar(0) is the event of hitting a rentier configuration in at most n steps. The following lemma
(proved in [7]) shows that Mλ,n adequately approximates the behaviour of M .
I Lemma 15. Let (s, y) be an arbitrary configuration of M . Then the following holds:
1. For every σ ∈ ΣM there is π ∈ ΣMλ,n such that PπMλ,n ,([s,y]λ ,0) (Hit) ≥ PσM,(s,y) (Ar(0)).
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def

2. There is σ ∈ ΣM such that PσM,(s,y) (Ar(n · λ · %n )) ≥ supπ PπMλ,n ,([s,y]λ ,0) (Hit) = v, where
the supremum is taken over ΣMλ,n . Moreover, the number v and a finite representation
of the strategy σ can be computed in time ||Mλ,n ||O(1) .
We can now finish the proof of Theorem 11. Let us put λ = d(64 · n · (U (M ) −
L(M ))2 )/ε3 e−1 . An easy computation (see [7]) proves that n · λ · %n ≤ 2ε thanks to our
assumption that log % < log(U (M ) − L(M )) + log(ε−1 ) + 2.
By Proposition 13 there is a strategy σε in M with PσM,(s0 ,x0 +ε/2) (Ar(0)) ≥ Val M (s0 , x0 ),
and so from Lemma 15 (1.) we get supπ PπMλ,n ,([s0 ,x0 +ε/2]λ ,0) (Hit) ≥ Val M (s0 , x0 ). By part
(2.) of the same lemma we can compute, in time ||Mλ,n ||O(1) , a strategy σ in M and a number
v such that PσM,(s0 ,x0 +ε/2) (Ar(ε/2)) ≥ v ≥ Val M (s0 , x0 ). In other words, from (s0 , x0 + ε/2)
the strategy σ reaches with probability at least v a configuration that is only ε/2 units of
wealth away from being rentier. Note that once an initial configuration is fixed, any strategy
can be viewed as being wealth-independent, i.e. being only a function of a sequence of states
and actions in the history, since the current wealth can be inferred from this sequence and
the initial wealth. Suppose now that we fix the initial configuration (s0 , x0 + ε) instead of
(s0 , x0 + ε/2), keeping the same strategy σ (i.e., we use a strategy that selects the same action
as σ after observing the same sequence of states and actions). It is then obvious that we
reach a rentier configuration with probability at least v, i.e., Pσ(s,x+ε) (Win) ≥ v as required.
The complexity analysis of the reduction is a mere technicality and it is shown in [7].
J(Thm. 11)

4.2

Lower Bounds

Now we complement the positive results given above with lower complexity bounds.
I Theorem 16. The problem of deciding whether W(s, p) ≤ x for a given x is NP-hard.
Furthermore, existence of any of the following algorithms is not possible unless P=NP:
1. An algorithm approximating
W(s, p) up to the absolute error δ in time polynomial in

|S| · |A| · log p−1
and
log(|r
max |/(% − 1)) and exponential in log(1/δ).
min
W(s, p) up to the absolute error δ in time polynomial in
2. An algorithm approximating

|S| · |A| · log p−1
min and log(1/δ) and exponential in log(|rmax |/(% − 1)).
Above, the numbers rmax and pmin are as in Theorem 11.
Proof sketch. In [7] we show how to construct, for a given instance of the Knapsack problem,
a solvency MDP M in which the item values are suitably encoded into probabilities of certain
transitions, while the item weights are encoded as rewards associated to some actions. We
then show that the instance of Knapsack has a solution if and only if for a certain state s of M
and a certain number p (which can be computed from the instance) it holds that W(s, p) ≤ 0.
We also show that in order to decide this inequality it suffices (for the constructed MDP
M ) to approximate W(s, p) up to the absolute error 14 . (Intuitively, this corresponds to the
well-known fact that no polynomial approximation algorithm for Knapsack can achieve a
constant absolute error.) To get part (2.) we use a slight modification of the same approach.
A crucial component of these reductions is the fact that Val M (t, ·) may not be a continuous
function (see example 3). Intuitively, this allows us to recognise whether the current wealth,
which in M always encodes weight of some set of items, surpasses some threshold.
J
Note that thanks to the interreducibility from Proposition 4, the (suitably rephrased) results
of Theorems 12 and 16 hold also for the value-at-risk approximation in discounted MDPs.
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5

Conclusions

We have introduced solvency MDPs, a model apt for analysis of systems where interest is paid
or received for the accumulated wealth. We have analysed the complexity of fundamental
problems, and proposed algorithms that approximate the minimum wealth needed to win
with a given probability and compute a strategy that achieves the goal. As a by-product, we
obtained new results for the value-at-risk problem in discounted MDPs.
There are several important directions of future study. One question deserving attention
is to find an algorithm computing or approximating Val(s, x). The usual approaches of
discretising the state space do not work in this case since the function Val(s, ·) is not continuous
and thus it is difficult to bound the error introduced by the discretisation. Another direction
is the implementation of the algorithms and their evaluation on case-studies.
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Abstract
Parameterized verification aims at validating a system’s model irrespective of the value of a parameter. We introduce a model for networks of identical probabilistic timed processes, where the
number of processes is a parameter. Each process is a probabilistic single-clock timed automaton
and communicates with the others by broadcasting. The number of processes either is constant
(static case), or evolves over time through random disappearances and creations (dynamic case).
An example of relevant parameterized verification problem for these systems is whether, independently of the number of processes, a configuration where one process is in a target state is
reached almost-surely under all scheduling policies. On the one hand, most parameterized verification problems turn out to be undecidable in the static case (even for untimed processes). On
the other hand, we prove their decidability in the dynamic case.
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1

Introduction

Automated verification of reactive programs started in the 80’s with simple models, and
specifically finite state automata. It was successfully applied to hardware validation. Later,
the focus on software verification called the need for techniques tackling infinite-state systems.
The infinite nature is mainly caused by two reasons: either the program handles data
structures over infinite domains (e.g. counters, dense-time clocks, queues or stacks), or it runs
on a network of an arbitrary number of processes. In the latter case, parameterized verification
aims at verifying the system independently of its actual instantiation, that is, independently
of the number of processes involved. Our contribution falls in these two categories: we
investigate the parameterized verification of a class of programs over infinite domains.
Already in the 80’s, Apt and Kozen showed the undecidability of very general parameterized model-checking problems [7]. For more specific models and properties, one can however
achieve some decidability, see e.g. [12] where networks of identical finite-state automata are
model-checked against regular properties. This framework was later extended to networks of
identical timed automata for which safety properties are decidable if the timed automata
have a single clock [5] and undecidable otherwise [4]. Broadcasts protocols form a model
with an unbounded number of processes that communicate by rendez-vous or broadcast. For
broadcast protocols, safety properties are decidable, and liveness properties are undecidable [15]. More recently, a series of papers, initiated with [14], investigates the parameterized
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verification of a model of networks, e.g. suitable for the representation of ad-hoc networks.
The nodes in the network are modeled by finite automata that communicate through multiple
broadcasts. The decidability status of reachability and coverability problems depends on the
topology and its evolution [14]. Later, the positive results have been extended to networks of
single-clock timed automata [3].
Simultaneous to the extension of verification techniques to infinite-state models, and
with the common objective to verify more complex systems, the models and problems
moved from boolean to quantitative. A prominent class of quantitative systems is the one
of probabilistic models. Finite-state probabilistic models have been extensively studied
and mature tools perform their verification (see [10, Chapter 10] and references therein).
However, to the best of our knowledge, the parameterized verification of probabilistic systems
hasn’t been investigated yet. The model-checking of PCTL formulas against Markov chains
with parametric coefficients was first investigated in [13], and the recent work [17] studies
the verification of probabilistic programs with parameters. Both use parameters to model
unknown probabilities and differ from our setting of parameterized verification where the
parameter is the number of processes in a network.
We introduce a modeling formalism that combines infinite-state space, due to an unknown
number of processes in the network as well as data structures with infinite domains, and
probabilistic behaviors. Probabilistic timed networks are formed of many identical probabilistic
timed automata [18] with a single clock, and interaction between the processes is modeled
by message broadcasting. Moreover, in order to represent some mobility in the network, we
further introduce dynamic probabilistic timed networks, where processes can disappear and
be created, according to fixed probability laws.
A potential application domain for our model is the one of wireless sensor networks (WSN)
that consist of a large number of nodes measuring and transmitting data. The number of
nodes is a significant parameter while setting up the network, since it affects the performance
by influencing the risks of collisions in communications. Most protocols for WSN include
probabilistic choices and timing constraints. Also, in many cases the number of nodes in the
network evolves over time due to nodes breaking down, or nodes refilling their battery using
e.g. solar energy. Moreover, in some applications, the placement of sensors and their exact
number is unknown. We therefore advocate that (dynamic) probabilistic timed networks
with a parametric number of processes make a quite suitable model for WSN protocols.
So far, the automated verification of such protocols has been performed for a fixed, and
rather small, number of nodes, as in [16] where Prism [18] is used to verify the contention
resolution protocol in IEEE standard 802.15.4. In comparison, the parameterized verification
of probabilistic timed networks would provide answers for an arbitrary number of processes.
Given a probabilistic timed network, we consider relevant parameterized verification
problems, such as the following. For a target state of the process model, can a configuration
with some process in the target state be reached almost surely, whatever the initial number of
processes and for every scheduling policy? Equivalently, the problem is whether independently
of the number of processes, the minimum probability to reach a target configuration is 1.
Beyond this particular problem, we consider all variants of qualitative questions, i.e. where
the minimum or maximum probabilities are compared to the thresholds 0 or 1.
On the one hand we prove that most qualitative verification problems are undecidable
when the topology is static, that is if the number of processes is constant (but unknown).
These undecidability results already hold in the untimed case, i.e. when the individual
processes are Markov decision processes (MDP) rather than probabilistic timed automata.
To establish the undecidability results, we explain how a probabilistic network can simulate
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a 2-counter machine, using the processes to encode the counter values. On the other hand,
in the dynamic case, we provide a decision procedure for all the parameterized verification
problems of interest. In each case, the termination of the algorithm is ensured by a dedicated
well-quasi-ordering on configurations of the network, and the correctness of the algorithm
relies on a finite attractor property in our model. We also establish a complexity lower-bound
by reducing the reachability problem in lossy channel systems: the qualitative parameterized
verification problems in the dynamic case are non-primitive recursive.
The rest of the paper is organized as follows. We define the model of dynamic probabilistic
timed networks in Section 2 together with the parameterized verification problems we consider.
Section 3 is devoted to showing the undecidability in the static case. In Section 4 we establish
the decidability results in the dynamic case. We conclude by mentioning open questions and
future work.

2

Modeling probabilistic protocols

Given E, an at most countable set, we write Dist(E) for the set of discrete probability
P
distributions over E, that is, functions δ : E → [0, 1] such that e∈E δ(e) = 1.
For an arbitrary set E, we write M(E) for the set of multisets over E, i.e. the set of
multiplicity functions f : E → N. We also write f = hx, x, x, yi for the multiset f defined
as f (x) = 3, f (y) = 1 and ∀z ∈ E \ {x, y}, f (z) = 0. We now introduce simple operations
on multisets. For f ∈ M(E) and x ∈ E we write f + x for the multiset f 0 defined by
f 0 (x) = f (x) + 1 and f 0 (y) = f (y) otherwise. Symmetrically, and assuming f (x) > 0, f − x
is a notation for f 0 such that f 0 + x = f .
Given a clock x, we write G(x) for the set of guards over x, i.e. conjunctions of atomic
constraints of the form x ∼ k for ∼∈ {<, ≤, >, ≥, =} and k ∈ N. The trivial guard, consisting
of no constraints, is written true. A clock is said to satisfy a guard, denoted x |= g if it’s
value satisfies all the constraints of the guard. The set of possible updates for clock x is
Up = {x := 0, ∅}: x is either reset or left unchanged. We write up(x) the result on x of the
update up ∈ Up.

2.1

Probabilistic timed networks

I Definition 1 (Probabilistic one-clock timed protocol). A probabilistic one-clock timed protocol
(or for short probabilistic timed protocol) is a tuple P = (Q, q0 , x, Σ, ∆) where
Q is a finite set of control states, and q0 ∈ Q is initial,
x is a clock,
Σ is a finite message alphabet with a subset Σε of internal labels,
∆ is the finite probabilistic edge relation, partitioned into
internal actions: ∆i ⊆ Q × G(x) × Σε × Dist(Up × Q),
broadcasts: ∆b ⊆ Q × G(x)×!(Σ \ Σε ) × Up × Q,
receptions: ∆r ⊆ Q × G(x)×?(Σ \ Σε ) × Up × Q.
A simple example of probabilistic timed protocol modelling mutual exclusion over two
resources is given in Figure 1. Internal actions are {αi | i ∈ J0, 2K}, and broadcast actions
0
are {β i , β i | i ∈ {1, 2}}. This example will be further developed in the sequel.
I Remark. In our model, a control state can be the source of several internal actions,
each giving rise to a probability distribution for the successor state, whereas broadcasts and
receptions are deterministic. This is not a real restriction, since systems with nondeterministic
and probabilistic choices for broadcast and receptions can be encoded in our model by
introducing intermediary states and additional internal actions.
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β 1 : x < 1, !1, x := 0
0

?1

r1

β 1 : x > 1, !1, x := 0

cs1

?1, x := 0
idle

α

0

p
1−p

α1

x := 0

2

0

?2

r2

end

β 2 : x < 1, !2, x := 0

x := 0

β 2 : x > 1, !2, x := 0

α
cs2

?2, x := 0

Figure 1 A probabilistic timed protocol modeling mutual exclusion over two resources.

Probabilistic timed protocols are probabilistic timed automata [18] with a single clock.
We introduced a new terminology to highlight this particularity, and more importantly, to
emphasize the communicative nature of probabilistic timed protocols.
I Definition 2 (Probabilistic timed network). A probabilistic timed network P N , is composed
of N ∈ N>0 copies, called processes, of a probabilistic timed protocol P.
The intuitive interpretation of a probabilistic timed network P N is that N processes
arranged in a clique execute the probabilistic timed protocol P simultaneously.
I Example 3. On the simple example from Figure 1 modeling mutual exclusion over two
resources, each process starts in state idle and can at any time request a resource. The
choice of the allocated resource is probabilistic. The requesting process must then stay in
the corresponding request state (ri ) at least one time unit before moving to the critical
section state (csi ) representing usage of resource i. If a requesting process receives a message
indicating that the resource is already used, it moves back to the initial state idle. Hence,
when granted the access to a resource, a process may use it for at least 1 time unit, and can
inform the others by broadcast that he is still using it to be granted an other time unit.
Let us detail the semantics of the probabilistic timed network P N . A configuration is a
finite multiset γ ∈ M(Q × R+ ) over the set of pairs composed of a control state and a real
value for the clock. Intuitively, if configuration γ contains exactly two occurrences of (q, 0.5),
written γ(q, 0.5) = 2, then two processes have current state q and current clock value x = 0.5.
P
Moreover, since N processes are involved in the network, (q,x)|γ(q,x)>0 γ(q, x) = N . In the
sequel, the set of configurations with N processes is written Conf N .
The semantics of P N is given in terms of a timed Markov decision process JP N K =
(Conf N , γ0N , TN , Act ∪ R+ ), where γ0N is the initial configuration, defined by γ0N (q0 , 0) = N
and γ0N (q, x) = 0 otherwise; TN is the set of transitions (defined in the sequel); and actions
are partitioned into time elapsing R+ , and discrete actions Act = Q × R+ × ∆ ∪ {unlock}
where unlock is a special action. From any configuration γ ∈ Conf N , the set of possible
discrete actions depends on the control state and clock value of the processes in γ, which
explains the typing of discrete actions: Q × R+ × ∆. Informally, when performing a discrete
action from configuration γ, first a process is selected nondeterministically, and second, a
(communication or internal) transition enabled for that process is performed. However, since
we do not distinguish processes with same control state and same clock value, the intuitive
semantics of discrete steps is rather to select a pair (q, x) with γ(q, x) > 0 and then to fire for
some process in state (q, x) an enabled action. Messages are broadcast to all other processes,
whereas internal actions only affect the chosen process. Moreover, in order to forbid finite
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runs, we use a special action unlock that is enabled only when no other discrete action is
enabled, even after some time elapsing.
We now define formally the transition function TN and exemplify it on the example
protocol from Figure 1 for the configuration γex = h(idle, 2), (r1 , 0.3), (r1 , 0.4), (cs1 , 0.8)i.
TN is composed of the following transitions:
time elapse: For every delay τ ∈ R+ and every configuration γ ∈ Conf N , there exists a
deterministic transition in the Markov decision process JP N K from γ to γ 0 defined by
γ 0 (q, x + τ ) = γ(q, x) (denoted γ 0 = γ + τ ), for all states q ∈ Q and clock values x ∈ R+ .
τ
In such a case we write γ −
→ γ0.
0.1
E.g.: γex −−→ h(idle, 2.1), (r1 , 0.4), (r1 , 0.5), (cs1 , 0.9)i
internal: For every internal action α = (q, g, ε, δ) ∈ ∆i , every γ ∈ Conf N and every clock
value x ∈ R+ , such that γ(q, x) > 0 and x |= g, αx is enabled from γ in the Markov
decision process JP N K and yields a distribution µ defined by µ(γ 0 |γ, αx ) = δ(up, q 0 ) where
γ 0 = γ − (q, x) + (q 0 , up(x)). Note that several α actions can be available in γ, for various
clock values x; this is why in JP N K, we attach the subscript x to α. Here, we write
αx ,µ(γ 0 |γ,αx )

γ −−−−−−−−−→ γ 0 .
α0 ,1−p

2
E.g.: γex −−
−−→ h(r2 , 0), (r1 , 0.3), (r1 , 0.4), (cs1 , 0.8)i
communication: For every broadcast β = (q, g, !a, up, q 0 ) ∈ ∆b , every γ ∈ Conf N and
every clock value x ∈ R+ such that γ(q, x) > 0 and x |= g, βx is enabled from γ and is a
deterministic transition from γ to γ 0 in the Markov decision process JP N K, where γ 0 is
obtained in three steps
γ1 = γ − (q, x) (the process responsible for the broadcast is treated separately)
P
γ2 (r0 , y 0 ) = {γ1 (r, y) | ∃(r, g 0 , ?a, up0 , r0 ) ∈ ∆r ∧ y |= g 0 ∧ up0 (y) = y 0 } (all other
processes receive the message)
γ 0 = γ2 + (q 0 , up(x)).

βx

For such communications, we write γ −→ γ 0 .
1
β0.8

E.g.: γex −−→ h(idle, 2), (idle, 0.3), (idle, 0.4), (cs1 , 0)i
deadlock: Any configuration γ ∈ Conf N such that for every τ ∈ R+ there is no enabled
actions from γ + τ , is called a deadlock configuration. Action unlock is then enabled from
unlock
γ, and does not change the configuration. Here, we write γ −−−−→ γ.
unlock
E.g.:h(end, 2), (end, 0.3), (end, 1.4)i −−−−→ h(end, 2), (end, 0.3), (end, 1.4)i

2.2

Dynamic probabilistic timed networks

Probabilistic timed networks from Definition 2 are networks where the number of processes
is constant. We now discuss a reasonable way to introduce dynamism in the network. In the
application to wireless sensor networks, the number of nodes can change during the execution
of the system, since nodes can break down or run out of battery, but also, can be newly
inserted or refill their battery. We therefore propose a model of probabilistic timed networks,
in which the number of processes evolves over time, and in which, disappearances and
creations of processes are independent random events following given probability distributions.
Abstracting dynamism by random events seems a good trade-off between simplicity and
realism of the model.
I Definition 4 (Dynamic probabilistic timed network). A dynamic probabilistic timed network,
written PΛN0 is composed of initially N0 copies of P, together with a pair of disappearance
and creation rates Λ = (λ− , λ+ ) ∈ (0, 1)2 .
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The rates λ+ and λ− represent dynamic creation and disappearance of processes according
to fixed probabilistic laws: after each discrete action , each process disappears with probability
λ− , followed by the creation of k processes (in control state q0 with clock value 0) with
probability λk+ (1 − λ+ ), for every integer k ∈ N. Obviously if λ+ = λ− = 0, the number of
processes is constant and we recover the model of (static) probabilistic timed network from
Definition 2.
The formal semantics of a dynamic probabilistic timed network PΛN0 is obtained from
the ones of P N for each N ∈ N. More precisely JPΛN0 K is a timed Markov decision process
(Conf, γ0N0 , T, Act ∪ R+ ), where the transition function T is defined based on the TN ’s and
S
the rates Λ ((see below)). The set of configurations is Conf = N Conf N , and the set of
discrete actions in the MDP is still Act = Q × R+ × ∆ ∪ {unlock}. The initial configuration is
still γ0N0 defined by γ0 (q0 , 0) = N0 and γ0 (q, x) = 0 otherwise. Note that the only difference
N0
between two instances of the dynamic probabilistic timed network, JPΛN0 K and JPΛ 0 K, lies in
their respective initial state.
We now detail the transition function T. For every γ ∈ Conf, α ∈ Act ∪ R+ and every
α,p

α,p·p0

transition γ −−→ γ 0 (in TN , for N the size of γ), there are transitions γ −−−−→ γ 00 in T for
every configuration γ 00 that can be obtained from γ 0 through disappearance followed by
creation of processes, with the appropriate probability. Most likely, γ 00 contains a different
number of processes than γ and γ 0 . Let us explain how the probability p0 is defined. We write
p− (γ1 , γ2 ) for the probability to obtain γ2 from γ1 when processes disappear; recall that each
process can disappear with probability λ− . Similarly, p+ (γ1 , γ2 ) is the probability to obtain
γ2 from γ1 when processes are created; recall that for every integer k, k processes are created
(in (q0 , 0)) with probability λk+ (1 − λ+ ). Using these notations, the probability to move from
P
γ 0 to γ 00 by disappearance and creation of processes is p0 = γ1 p− (γ 0 , γ1 ) · p+ (γ1 , γ 00 ).
An execution in JPΛN0 K is a finite or infinite sequence ρ = γ0 → γ1 → γ2 · · · , where the
transitions correspond to time elapsing, internal actions, communications or the special
action unlock.

2.3

Schedulers

Schedulers (also called strategies or policies) resolve the non-determinism in Markov decision
processes. We restrict to stationary deterministic schedulers (sometimes also called pure
memoryless schedulers), that make their decision based on the current configuration only.
I Definition 5 (Scheduler). A scheduler for the timed Markov decision process JPΛN0 K =
(Conf, γ0N0 , T, Act ∪ R+ ) is a function σ : Conf → R+ × Act, specifying in each configuration
the delay and discrete action to perform, and such that
(i) whenever σ(γ) = (τ, (q, x, α)), then (γ + τ )(q, x) > 0 and α is enabled in (q, x), and
(ii) whenever σ(γ) = (τ, unlock), γ is a deadlock configuration.
Recall that Act = (Q × R+ × ∆) ∪ {unlock}. In words, a scheduler resolves the nondeterminism by choosing in each configuration a delay τ , followed by some discrete action.
Condition (i) ensures that σ only chooses enabled discrete actions; moreover, thanks to
condition (ii), if the system is deadlock, σ chooses the special action unlock.
The dynamic probabilistic timed network PΛN0 together with a fixed scheduler σ give
rise to a Markov chain with state space Conf, and in which the probability measure over
executions of PΛN0 , defined in a standard way, is written Pσ .
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Problem formulation

We are now in a position to introduce relevant verification questions for dynamic probabilistic
timed networks. In this paper, we focus on qualitative reachability problems.
Let qf ∈ Q, and ρ an execution of PΛN0 . Execution ρ satisfies ♦qf , denoted ρ |= ♦qf , if
there exists a configuration γ along ρ with γ(qf , x) > 0 for some arbitrary clock value x.
Given a scheduler σ for PΛN0 , we write Pσ (PΛN0 |= ♦qf ) for the probability under σ of the set
of executions ρ with ρ |= ♦qf . Further, minσ Pσ (PΛN0 |= ♦qf ) (resp. maxσ Pσ (PΛN0 |= ♦qf ))
denotes the minimum (resp. maximum) of these values among all possible schedulers.
We define the following family of decision problems, for opt ∈ {min, max}, b ∈ {0, 1}
and ∼∈ {<, =, >}
Reach∼b
opt
Input: A probabilistic timed protocol P, a rate pair Λ, and a control state qf ∈ Q.
Question: Does there exist N0 ∈ N>0 such that optσ Pσ (PΛN0 |= ♦qf ) ∼ b?
Note that we state the decision problems in an existential way; however negating the condition
∼ b, we equivalently deal with universal quantification over network sizes.

3

Decidability status in the static case

In this section, we consider the static case, i.e., when λ− = λ+ = 0, and start by establishing
simple decidability results.
<1
>0
I Proposition 6. The problems Reach=0
max , Reachmax , and Reachmax are decidable for
static probabilistic timed networks.

Proof. First, remark that maxσ Pσ (P N |= ♦qf ) ≤ maxσ Pσ (P N +1 |= ♦qf ). Indeed in the
network P N +1 , some schedulers only involve N processes. Hence, there exists N such that
maxσ Pσ (P N |= ♦qf ) = 0 if and only if maxσ Pσ (P 1 |= ♦qf ) = 0. And the same holds for the
<1
case < 1. The decidability of Reach=0
max , and Reachmax thus derive from the decidability
of maxσ Pσ (M |= ♦qf ) = 0 (resp. < 1) for M a finite-state Markov decision process [18, 10].
N
For Reach>0
|= ♦qf ) > 0 if and only if there
max , observe that, for N ∈ N, maxσ Pσ (P
N
exists a scheduler σ with Pσ (P |= ♦qf ) > 0 if and only if there exists an execution ρ in P N
with ρ |= ♦qf . The decidability of Reach>0
max is therefore a consequence of the decidability of
the parameterized reachability problem in the non-probabilistic case, established in [3]. J
We now consider the remaining cases, and prove their undecidability, already for the
restricted class of untimed probabilistic networks.
>0
<1
=0
=1
I Theorem 7. The problems Reach=1
max , Reachmin , Reachmin , Reachmin and Reachmin
are undecidable for static probabilistic (timed) networks.

Proof sketch. Let us explain the key ideas of the undecidability proof for Reach<1
min , which
is inspired by techniques from [1]. We reduce from the halting problem of a deterministic
infinitely testing 2-counter machine M, which is known to be undecidable [19]. From M,
we build a probabilistic protocol P, such that, for every N ∈ N>0 , the network P N weakly
simulates M: each execution either faithfully simulates M or a simulation error is detected,
and some process is in an error state.
First, one process is selected to play the role of the controller, that keeps track of the
control state in M. The other processes will serve to encode the values of the counters,
and are grouped in state idle. The increment of counter ci is represented by moving a
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process from idle to state ci where the counter value is encoded. This can be done by two
communications: one from the controller to the processes in idle, followed by one from one
“counter” process to the controller. For the test to zero decrement operation of counter ci ,
the controller randomly guesses whether the counter value is zero or not. If it guesses zero
while ci > 0, all processes in ci move to an error state errz . Symmetrically, if it guesses
non-zero while ci = 0, the infeasibility of the decrement will force the controller to move to
an other error state err. If the guess is correct, the simulation continues, and no process are
in error states. The only way to avoid error states is thus to faithfully simulate M. Indeed,
in the probabilistic protocol P, the only blocking state for the controller is kacc , representing
the accepting state of M, and from all other states it can reach state err. As a consequence,
all maximal executions reach err except for the ones which faithfully simulate M and end in
kacc . Moreover, for N large enough there exists an execution ρ in P N simulating π the unique
maximal execution of M. Assuming M terminates, π is finite, and thus ρ has a positive
probability under some scheduler σ. We derive that minσ Pσ (P N |= ♦(err ∪ errz )) < 1.
Assume now that M does not terminate, and thus its unique execution π contains
infinitely many zero tests, with a non-zero counter value. Under any scheduler σ, the
probability of executions simulating faithfully π is then zero. As a consequence reaching an
error state is almost-sure, for all schedulers.
The undecidability of Reach<1
min derives from the observation that this construction
ensures: ∃N ∈ N>0 minσ Pσ (P N |= ♦(errz ∪ err)) < 1 ⇐⇒ M terminates.
J

4

Decidability status in the dynamic case

We now turn to dynamic probabilistic timed networks, and will see that the decidability
of the qualitative parameterized verification problems is recovered thanks to probabilistic
disappearance and creation of processes. To establish this result, we first abstract the
Markov decision process JPΛN0 K into a discrete MDP, using an ad-hoc region abstraction
which preserves the extremal probabilities. Then, we prove that the so-called region MDP
enjoys the finite attractor property, and that it can be equipped with a well-quasi-ordering on
its configurations. These two properties entail the decidability of the qualitative verification
questions in the region MDP that are equivalent to the initial parameterized verification
problems in the network.

4.1

Region abstraction

The classical region abstraction for timed automata, presented in the seminal paper [6], is
based on the observation that the relevant information in clock valuations consists of the
integer part of each clock (up to the maximal constant appearing in guards) and the ordering
of their fractional parts. In our context, since the number of processes is unbounded (hence
the number of clocks is unbounded), the region abstraction cannot be used directly. Still,
based on classical regions, we present an equivalence relation over configurations.
For x ∈ R+ a non-negative real, we denote bxc its integer part and {x} its fractional part.
Note that x = bxc + {x}.
I Definition 8 (Region equivalence).
Let b ∈ N. Two configurations γ1 = h(q1 , x1 ), . . . , (qn , xn )i and γ2 = h(p1 , y1 ), . . . , (pm , ym )i
are region equivalent, denoted γ1 ≈b γ2 if there exists a bijection h : J1, nK → J1, mK such
that the following conditions hold, ∀i, j ∈ J1, nK:
(i) qi = ph(i) : states of processes agree,
(ii) (bxi c ≤ b) ∨ (byh(i) c ≤ b) ⇒ byh(i) c = bxi c: integer part of clocks agree up to b,
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(iii) ({xi } = 0) ⇔ ({yh(i) } = 0): clocks with integer value agree,
(iv) for ∼∈ {<, =, >}, ({xi } ∼ {xj }) ⇔ ({yh(i) } ∼ {yh(j) }): the two orderings of fractional
parts coincide.
In Definition 8, the region equivalence is indexed by a bound b. For a given protocol
P this bound is set as the maximal constant appearing in guards. For simplicity, we omit
it in what follows and simply write ≈. Given γ ∈ Conf a configuration, [γ] denotes its
equivalence class for ≈, and is called a region-configuration. As an example with b = 1,
h(q1 , 0), (q2 , 2.1)i ≈ h(q1 , 0), (q2 , 4.5)i 6≈ h(q1 , 0.8), (q2 , 4.5)i.
Similarly to classical regions in timed automata, two region-equivalent configurations
exhibit similar future behaviors in PΛN0 . This is formalized in the following proposition:
I Proposition 9. Let γ1 and γ2 be two configurations. If γ1 ≈ γ2 , then γ1 and γ2 are
time-abstract bisimilar, i.e.:
τ2
τ1
γ20 ;
γ10 , ∃τ2 ∈ R+ , ∃γ20 ∈ [γ10 ] such that γ2 −→
∀τ1 ∈ R+ , ∀γ1 −→
α,p
α,p
0
0
0
0
∀α ∈ Act, ∀γ1 −−→ γ1 , ∃γ2 ∈ [γ1 ] such that γ2 −−→ γ2 .
Thanks to Proposition 9, the MDP JPΛN0 K can be abstracted into its quotient by ≈, a
countable MDP, formally defined as follows:
I Definition 10 (Region MDP). The region MDP of a dynamic network PΛN0 is R(JPΛN0 K) =
(Conf ≈ , [γ0N0 ], T≈ , Act≈ ) defined from JPΛN0 K = (Conf, γ0N0 , TΛ , Act) by Conf ≈ = {[γ] | γ ∈
Conf}, Act≈ = Act ∪ {TSucc}, and T≈ ⊆ Conf ≈ × Act≈ × Dist(Conf ≈ ) is such that
τ
TSucc
[γ1 ] −−−→ [γ2 ] ∈ T≈ as soon as ∃τ ∈ R+ , ∃γ1 −
→ γ2 ∈ TΛ such that γ1 6≈ γ2 and
∀τ 0 ≤ τ, γ1 + τ 0 ∈ [γ1 ] ∪ [γ2 ];
P
α,p
αx ,p0
αx ,p0
[γ1 ] −−→ [γ2 ] ∈ T≈ as soon as ∃x, ∃γ1 −−−→ γ2 ∈ TΛ , and p = γ 0 ≈γ2 {p0 | γ1 −−−→ γ20 },
2

Remark that the region MDP R(JPΛN0 K) is well-defined, thanks to Proposition 9. First,
the successor by TSucc is well-defined, since the next time-successor is uniform inside an
equivalence class for ≈. Second, the existence of successors by discrete actions are also
P
αx ,p0
uniform inside an equivalence class, and the sum γ 0 ≈γ2 {p0 | γ1 −−−→ γ20 } does not depend
2
on γ1 but only on [γ1 ]. Last, the above sum is well-defined since there are only finitely many
αx ,p0

γ20 such that γ20 ≈ γ2 and γ1 −−−→ γ20 .
A scheduler for R(JPΛN0 K) is a mapping U : Conf ≈ → Act≈ resolving the non-determinism
and such that U([γ]) is enabled in [γ]. Given qf ∈ Q a state of the protocol P, we write
R(JPΛN0 K) |= ♦qf for the set of executions in R(JPΛN0 K) that eventually visit some [γ] with
γ(qf , x) > 0 for some x ∈ R+ . When a scheduler U is fixed, PU (R(JPΛN0 K) |= ♦qf ) is the
probability in R(JPΛN0 K) under U of reaching qf . As intended, the region MDP R(JPΛN0 K) is
equivalent to JPΛN0 K in the following sense:
I Proposition 11. Let ∼∈ {<, =, >} and b ∈ {0, 1}.
∃σ Pσ (PΛN0 |= ♦qf ) ∼ b ⇐⇒ ∃U PU (R(JPΛN0 K) |= ♦qf ) ∼ b .
The right-to-left implication of the equivalence is the easiest: From a scheduler U in
the region MDP, one can define a scheduler σ for the original network by mimicking the
discrete actions, and transforming the abstract delays (TSucc) into concrete ones. The other
implication is more subtle since a scheduler in the network may well take different decisions
for equivalent configurations. Yet, we can prove that for qualitative properties, one can
always consider schedulers that are region-uniform.
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A consequence of Proposition 11 is that for opt ∈ {min, max},
optσ Pσ (PΛN0 |= ♦qf ) ∼ b

⇐⇒

optU PU (R(JPΛN0 K) |= ♦qf ) ∼ b .

Therefore the parameterized verification problems are equivalent in the dynamic probabilistic
timed network and its region MDP.

4.2

Deciding parameterized problems on the region MDP

Using Proposition 11, the qualitative reachability problems are equivalent in PΛN0 and in
R(JPΛN0 K). We now expose how to decide them in the region MDP. The decidability relies on
two key arguments: first, R(JPΛN0 K) admits a finite attractor, and second, in R(JPΛN0 K), the
predecessor operator is effective and preserves upward-closure for some well-quasi-ordering.
The decidability can then be derived by applying similar techniques as for nondeterministic
and probabilistic lossy channel systems [9, 11].
The finite attractor property was introduced originally for probabilistic lossy channel
systems (pLCS) and states that Markov chains induced by pLCS admit a finite recurrent
set [2, 8]. Roughly said, some results for finite Markov chains extend to infinite Markov
chains with a finite attractor. A Markov chain is said to have a finite attractor, if there exists
a finite set of states that is visited infinitely often almost-surely (i.e., with probability 1).
Further, a Markov decision process has a finite attractor if there exists a finite set of states
which is an attractor under all possible schedulers.
I Proposition 12. The set {[∅]} ⊆ 2Conf ≈ is an attractor for R(JPΛN0 K).
I Remark. In the region MDP, the empty region-configuration [∅], with no process, forms an
attractor. Since any initial region-configuration [γ0N0 ] = [h(q0 , 0)N0 i] can be reached, with
positive probability, from the empty region-configuration, this entails that along infinite
executions, almost-surely, all possible initial region-configurations [γ0N0 ] are visited infinitely
often. A consequence is that the validity of a qualitative property does not depend on
the initial number of processes N0 . Moreover the extremal probabilities of reaching a
configuration with some process in qf is either 0 or 1.
These observations can be thought as drawbacks of the dynamic probabilistic timed
network model. Yet, we argue that the setting and the decidability results to come can easily
be adapted to the case where a fixed number of processes cannot disappear. This would lead
to a realistic model which, for example, can represent a system with fixed antennas and a
parametric number of wireless devices that disappear and are created following probabilistic
laws. More importantly, it would yield a system still with a finite attractor (the finite set of
possible states for the antennas), but in which the reachability probabilities can be different
from 0 and 1. The fact that the empty region-configuration forms a finite attractor, should
thus not be seen as an unrealistic feature.
Now that the existence of a finite attractor has been established, we define an appropriate
partial order  on Conf ≈ . Intuitively, region-configuration c is smaller than c0 , if we can
remove some processes of a configuration of γ 0 ∈ c0 and obtain a configuration γ ∈ c. We
also add a side-condition on the clocks with integer value, which is necessary to obtain a
good property on the predecessor operator. Formally:
I Definition 13 (Ordering on region-configurations). The order ⊆ Conf ≈ × Conf ≈ is defined
as follows: for c, c0 ∈ Conf ≈ , c  c0 if there exists γ ∈ c and γ 0 ∈ c0 such that:
(i) ∀q ∈ Q, ∀x ∈ R+ , γ(q, x) ≤ γ 0 (q, x); and
P
P
P
P
0
(ii)
=⇒
q∈Q
n∈N γ(q, n) = 0
q∈Q
n∈N γ (q, n) = 0.
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Adapting the proof of Higman’s lemma, one obtains:
I Proposition 14. The partial order  is a well-quasi-ordering.
We now consider the upward-closure operator ↑ w.r.t. : given C ⊆ Conf ≈ ,
↑ C = {c0 ∈ Conf ≈ | ∃c ∈ C such that c  c0 } .
A set C ⊆ Conf ≈ is said to be upward-closed whenever C =↑ C. Since  is a well-quasiordering, any non-decreasing sequence of upward-closed sets eventually stabilizes. This
property will be useful in the sequel.
Last we define, in the region MDP, the predecessor operator: for c ∈ Conf ≈ , Pre(c)
denotes the set of region-configurations c0 ∈ Conf ≈ that can reach c in one step. It happens
that for any upward-closed set C ⊆ Conf ≈ , the set Pre(C) can be computed, and is itself
upward closed.
I Proposition 15. Pre preserves upward-closure, is effective and satisfies Pre(C) = Pre(↑ C).
Propositions 12, 14 and 15 are decisive to obtain the decidability of parameterized
verification problems in the region MDP R(JPΛN0 K). Combined with Proposition 11 we obtain
the main contribution of this paper:
I Theorem 16. The problems Reach∼b
opt are decidable for dynamic probabilistic timed
networks, and are non-primitive recursive.
Proof sketch. As an example, we explain how decidability is obtained for Reach>0
max . As
explained above, by Proposition 11, we can consider the same decision problem in the region
MDP. It thus suffices to show the decidability of whether there exists N0 ∈ N and a scheduler
U such that PU (R(JPΛN0 K) |= ♦qf ) > 0. We have the series of equivalences:
∃N0 , ∃U PU (R(JPΛN0 K) |= ♦qf ) > 0

⇐⇒
⇐⇒

∃U PU (R(JPΛ0 K) |= ♦qf ) > 0
[∅] ∈ Pre∗ (qf ) .

The first equivalence uses Remark 4.2, and more specifically that the qualitative reachability
does not depend on N0 because of the finite attractor property. Now, recall that qf represents
the set where some process is in state qf , and is thus upward-closed. Since the Pre operator
preserves upward-closure and is effective, and because  is a well-quasi-ordering, the set
Pre∗ (qf ) can be computed effectively by successive iterations of Pre. It then suffices to test
whether the region-configuration [∅] belongs to Pre∗ (qf ) to decide Reach>0
max .
For the lower-bound, we perform a reduction from the reachability problem in lossy
channel systems, which is known to be non-primitive recursive.
J

5

Conclusion

We studied qualitative parameterized verification problems for a model of network of many
identical probabilistic timed processes. Interesting qualitative questions turn out to be
undecidable in the static case, and become decidable under the assumption that processes
can be created and disappear. The complexity of the decision algorithms for parameterized
reachability questions in dynamic probabilistic timed networks is theoretically high, but
it would be worth implementing our decision algorithms into a prototype to demonstrate
whether they can be used in practice on academic case studies.
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Interesting research directions for future work, are to consider distributed schedulers,
where the choice of each process is independent of the state of the other processes, and
to tackle quantitative verification problems. For the latter, adapting existing techniques
for Markov chains to Markov decision processes could allow one to approximate maximum
expected time to reachability, or to compute optimal values of the parameter.
References
1
2

3

4
5
6
7
8
9

10
11
12

13

14

15

16

17

P. A. Abdulla, N. Ben Henda, and R. Mayr. Decisive Markov chains. Logical Methods in
Computer Science, 3(4), 2007.
P. A. Abdulla, N. Bertrand, A. Rabinovich, and Ph. Schnoebelen. Verification of probabilistic systems with faulty communication. Information and Computation, 202(2):141–165,
2005.
P. A. Abdulla, G. Delzanno, O. Rezine, A. Sangnier, and R. Traverso. On the verification
of timed ad hoc networks. In Proc. 9th Int. Conference on Formal Modeling and Analysis
of Timed Systems (ForMATS’11), volume 6919 of LNCS, pages 256–270. Springer, 2011.
P. A. Abdulla, J. Deneux, and P. Mahata. Multi-clock timed networks. In Proc. 19th IEEE
Symposium on Logic in Computer Science (LICS’04), pp. 345–354. IEEE CS, 2004.
P. A. Abdulla and B. Jonsson. Model checking of systems with many identical timed
processes. Theoretical Computer Science, 290(1):241–263, 2003.
R. Alur and D. L. Dill. A theory of timed automata. Theoretical Computer Science,
126(2):183–235, 1994.
K. Apt and D. Kozen. Limits for automatic verification of finite-state concurrent systems.
Information Processing Letters, 22:307–309, 1986.
C. Baier, N. Bertrand, and Ph. Schnoebelen. A note on the attractor-property of infinitestate Markov chains. Information Processing Letters, 97(2):58–63, 2006.
C. Baier, N. Bertrand, and Ph. Schnoebelen. Verifying nondeterministic probabilistic channel systems against ω-regular linear-time properties. ACM Transactions on Computational
Logic, 9(1), 2007.
C. Baier and J.-P. Katoen. Principles of model checking. MIT Press, 2008.
N. Bertrand and Ph. Schnoebelen. Computable fixpoints in well-structured symbolic model
checking. Formal Methods in System Design, 2013. To appear.
E. Clarke, O. Grumberg, and S. Jha. Verifying parameterized networks using abstraction
and regular languages. In Proc. 6th Int. Conference on Concurrency Theory (CONCUR’95),
volume 962 of LNCS, pages 395–407. Springer, 1995.
C. Daws. Symbolic and parametric model checking of discrete-time Markov chains. In Proc.
of 1st International Colloquium on Theoretical Aspects of Computing (ICTAC’04), volume
3407 of Lecture Notes in Computer Science, pages 280–294. Springer, 2004.
G. Delzanno, A. Sangnier, and G. Zavattaro. Parameterized verification of ad hoc networks.
In Proc. 21th Int. Conference on Concurrency Theory (CONCUR’10), volume 6269 of
LNCS, pages 313–327. Springer, 2010.
J. Esparza, A. Finkel, and R. Mayr. On the verification of broadcast protocols. In Proc.
of 14th Annual IEEE Symposium on Logic in Computer Science (LICS’99), pages 352–359.
IEEE Computer Society, 1999.
M. Fruth. Probabilistic model checking of contention resolution in the IEEE 802.15.4 lowrate wireless personal area network protocol. In Proc. 2nd Int. Symposium on Leveraging
Applications of Formal Methods (IsoLA’06), pages 290–297. IEEE, 2006.
F. Gretz, J.-P. Katoen, and A. McIver. Operational versus weakest precondition semantics
for the probabilistic guarded command language. In Proc. 9th Int. Conference on Quantitative Evaluation of SysTems (QEST’12), 2012.

N. Bertrand and P. Fournier

18

19

513

M. Kwiatkowska, G. Norman, D. Parker, and J. Sproston. Modeling and Verification of
Real-Time Systems: Formalisms and Software Tools, chapter Verification of Real-Time
Probabilistic Systems, pages 249–288. John Wiley & Sons, 2008.
M. Minsky. Computation: Finite and Infinite Machines. Prentice Hall International, 1967.

FSTTCS 2013

	
  

Simulation Over One-counter Nets is
PSPACE-Complete∗
Piotr Hofman1 , Sławomir Lasota1 , Richard Mayr2 , and Patrick
Totzke2
1
2

University of Warsaw, Poland
University of Edinburgh, UK

Abstract
One-counter nets (OCN) are Petri nets with exactly one unbounded place. They are equivalent
to a subclass of one-counter automata with just a weak test for zero. Unlike many other semantic
equivalences, strong and weak simulation preorder are decidable for OCN, but the computational
complexity was an open problem. We show that both strong and weak simulation preorder on
OCN are PSPACE-complete.
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1

Introduction

The model. One-counter automata (OCA) are Minsky counter automata with only one
counter, and they can also be seen as a subclass of pushdown automata with just one stack
symbol (plus a bottom symbol). One-counter nets (OCN) are Petri nets with exactly one
unbounded place, and they correspond to a subclass of OCA where the counter cannot be
fully tested for zero, because transitions enabled at counter value zero are also enabled at
nonzero values. OCN are arguably the simplest model of discrete infinite-state systems,
except for those that do not have a global finite control.
Previous results on semantic equivalence checking. Notions of behavioral semantic equivalences have been classified in Van Glabbeek’s linear time - branching time spectrum [3].
The most common ones are, in order from finer to coarser, bisimulation, simulation and trace
equivalence. Each of these have their standard (called strong) variant, and a weak variant
that abstracts from arbitrarily long sequences of internal actions.
For OCA/OCN, strong bisimulation is PSPACE-complete [2], while weak bisimulation is
undecidable [9]. Strong trace inclusion is undecidable for OCA [11], and even for OCN [5],
and this trivially carries over to weak trace inclusion.
The picture is more complicated for simulation preorders. While strong and weak
simulation are undecidable for OCA [8], they are decidable for OCN. Decidability of strong
simulation on OCN was first proven in [1], by establishing that the simulation relation follows
a certain regular pattern. This idea was made more graphically explicit in later proofs [7, 6],
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which established the so-called Belt Theorem, that states that the simulation preorder relation
on OCN can be described by finitely many partitionings of the grid N × N, each induced
by two parallel lines. In particular, this implies that the simulation relation is semilinear.
However, the proofs in [1, 7, 6] did not yield any upper complexity bounds, since the first
was based on two semi-decision procedures and the later proof of the Belt Theorem was
non-constructive. A PSPACE lower bound for strong simulation on OCN follows from [10].
Decidability of weak simulation on OCN was shown in [5], using a converging series of
semilinear approximants. This proof used the decidability of strong simulation on OCN as
an oracle, and thus did not immediately yield any upper complexity bound.
Our contribution. We provide a new constructive proof of the Belt Theorem and derive
a PSPACE algorithm for checking strong simulation preorder on OCN. Together with the
lower bound from [10], this shows PSPACE-completeness of the problem.
Via a technical adaption of the algorithm for weak simulation in [5], and the new PSPACE
algorithm for strong simulation, we also obtain a PSPACE algorithm for weak simulation
preorder on OCN. Thus even weak simulation preorder on OCN is PSPACE-complete.

OCN
OCA

2

simulation
PSPACE
undecidable [8]

bisimulation
PSPACE [2]
PSPACE [2]

weak sim.
PSPACE
undecidable [8]

weak bis.
undecidable [9]
undecidable [9]

trace inclusion
undecidable [11]
undecidable [5]

Problem Statement

A labelled transition system (LTS) over a finite alphabet A of actions consists of a set of
a
configurations and, for every action a ∈ A, a binary relation −→ between configurations.
Given two LTS S and S 0 , a relation R between the configurations of S and S 0 is a
a
simulation if for every pair of configurations (c, c0 ) ∈ R and every step c −→d there exists
0 a
0
0
a step c −→d such that (d, d ) ∈ R. Simulations are closed under union, so there exists a
unique maximal simulation. If S = S 0 then this maximal simulation is a preorder, called
simulation preorder, and denoted by 4. If c 4 c0 then one says that c0 simulates c.
Simulation preorder can also be characterized by a Simulation Game as follows. The
positions are all pairs (c, c0 ) of configurations of S and S 0 respectively. The game is played by
two players called Spoiler and Duplicator and proceeds in rounds. In every round, starting
a
in a position (c, c0 ), Spoiler chooses some a ∈ A and some configuration d with c −→d.
0
0 a
0
Then Duplicator responds by choosing a configuration d with c −→d , and the next round
continues from position (d, d0 ). If one of the players cannot move then the other player
wins, and Duplicator wins every infinite play. It is well known that the Simulation Game is
determined: for every initial position (c, c0 ), exactly one of players has a winning strategy.
Configuration c0 simulates c iff Duplicator has a strategy to win the Simulation Game from
position (c, c0 ).
I Definition 1 (One-Counter Nets). A one-counter net (OCN) is a triple N = (Q, A, δ) given
by finite sets of control-states Q, action labels A and transitions δ ⊆ Q × A × {−1, 0, 1} × Q.
It induces an infinite-state labelled transition system over the state set Q × N, whose elements
a
will be written as pm, where pm −→qn iff (p, a, d, q) ∈ δ and n = m + d ≥ 0.
We study the computational complexity of the following decision problem.
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Simulation Checking for OCN
Input:
Two OCN N and N 0 together with configurations qn and q 0 n0
of N and N 0 respectively, where n and n0 are given in binary.
Question: qn 4 q 0 n0 ?

I Theorem 2. The Simulation Checking Problem for OCN is in PSPACE.
Combined with the PSPACE-hardness result of [10], this yields PSPACE-completeness of
the problem.
I Remark. Our construction can also be used to compute the simulation relation as a
semilinear set, but its description requires exponential space. However, checking a point
instance qn 4 q 0 n0 of the simulation problem can be done in polynomial space by stepwise
guessing and verifying only a polynomialy bounded part of the relation; cf. Section 5.
Without restriction (see [1] for a justification) we assume that both OCN are normalised:
1. In Spoiler’s net N , every control-state has some outgoing transition with a non-negative
change of counter value.
2. Duplicator’s net N 0 is complete, i.e., every control-state has an outgoing transition for
every action (though the change in counter value may be negative).
Thus Spoiler cannot get stuck and only loses the game if it is infinite. Moreover, Duplicator
can only be stuck (and lose the game) when his counter equals zero.
Outline of the proof. One easily observes that the Simulation Game is monotone for both
players. If Duplicator wins the Simulation Game from a position (qn, q 0 n0 ) then he also
wins from (qn, q 0 m) for m > n0 . Similarly, if Spoiler wins from (qn, q 0 n0 ) then she also wins
from (qm, q 0 n0 ) for m > n. For a fixed pair (q, q 0 ) of control-states, both players winning
regions therefore split the grid N × N into two connected subsets. It is known [7, 6] that the
frontier between these subsets is contained in a belt, i.e., it lays between two parallel lines
with rational slope.
For the proof of our main result we analyse a symbolic Slope Game. This new game is
similar to the Simulation Game but necessarily ends after a small number of rounds. We show
that given sufficiently high excess of counter-values, both players can re-use winning strategies
for the Slope Game also in the Simulation Game. As a by-product of this characterization,
we obtain polynomial bounds on widths and slopes of the belts. Once the belt-coefficients
are known, one can compute the frontiers exactly because every frontier necessarily adheres
to a regular pattern.

3

Polynomially Bounded Belts

Let us fix two OCN N and N 0 , with sets of control-states Q and Q0 , respectively. Following
[6], we interpret 4 as 2-colouring of K = |Q × Q0 | Euclidean planes, one for each pair of
control-states (q, q 0 ) ∈ Q × Q0 .
The main combinatorial insight of [6] (this was also present in [1], albeit less explicitly) is
the so-called Belt Theorem, that states that each such plane can be cut into segments by
two parallel lines such that the colouring of 4 in the outer two segments is constant; see
Figure 1. We provide a new constructive proof of this theorem, stated as Theorem 4 below,
that allows us to derive polynomial bounds on the coefficients of all belts.
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Duplicator n0


c

(ρ, ρ0 )
6
Spoiler n
Figure 1 A belt with slope

ρ
.
ρ0

The dashed half-line is the direction of (ρ, ρ0 ).

I Definition 3 (Positive vectors, direction, c-above, c-below). A vector (ρ, ρ0 ) ∈ Z × Z of
integers is called positive if (ρ, ρ0 ) ∈ N × N and (ρ, ρ0 ) 6= (0, 0). Its direction is the halfline R+ · (ρ, ρ0 ). For a positive vector (ρ, ρ0 ) and a number c ∈ N we say that the point
(n, n0 ) ∈ Z × Z is c-above (ρ, ρ0 ) iff there exists some point (r, r0 ) ∈ R+ · (ρ, ρ0 ) in the direction
of (ρ, ρ0 ) such that
n<r−c

and

n0 > r0 + c.

(1)

Symmetrically, (n, n0 ) is c-below (ρ, ρ0 ) if is a point (r, r0 ) ∈ R+ · (ρ, ρ0 ) with
n>r+c

and

n0 < r0 − c.

(2)

I Theorem 4 (Belt Theorem). For every two one-counter nets N and N 0 with sets of controlstates Q and Q0 respectively, there is a bound c ∈ N such that for every pair (q, q 0 ) ∈ Q × Q0
of control-states there is a positive vector (ρ, ρ0 ) such that
1. if (n, n0 ) is c-above (ρ, ρ0 ) then qn 4 q 0 n0 , and
2. if (n, n0 ) is c-below (ρ, ρ0 ) then qn 64 q 0 n0 .
Moreover, c and all ρ, ρ0 are bounded polynomially w.r.t. the sizes of N and N 0 .

4

Proof of the Belt Theorem

We consider OCN N and N 0 with sets of control-states Q and Q0 , resp., and define the
constant K = |Q × Q0 |. Abdulla and Cerans [1] showed that, above a certain level, the
simulation relation has a regular structure. An important parameter for this structure is
the ratio n/n0 of the respective counter values n in Spoiler’s configuration qn of N and n0 in
Duplicator’s configuration q 0 n0 of N 0 .
We further develop this intuition by defining a new finitary game (called the Slope Game;
cf. Section 4.1) that is played directly on the control graphs of the nets, and in which the
objective of the players is to minimize (resp. maximize) the ratio of the effects of recently
observed minimal cycles. Then we show how to transform winning strategies in the Slope
Game into winning strategies in the original simulation game. First we need to define some
properties of vectors.
I Definition 5 (Behind, Steeper). Let (ρ, ρ0 ) be a positive and (α, α0 ) ∈ Z2 an arbitrary
vector. We place the two on the plane with a common starting point and consider the
clockwise oriented angle from (ρ, ρ0 ) to (α, α0 ). We say that (α, α0 ) is behind (ρ, ρ0 ) if the
oriented angle is strictly between 0◦ and 180◦ . See Figure 2 for an illustration.
Positive vectors may be naturally ordered: We will call (ρ, ρ0 ) steeper than (α, α0 ), written
(α, α0 ) ≺ (ρ, ρ0 ), if (α, α0 ) is behind (ρ, ρ0 ).
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(ρ, ρ0 )

(ρ, ρ0 )
Duplicator
wins
0

(δ, δ )

Game
continues

(α, α0 )
(β, β 0 )

Spoiler wins

Figure 2 Vectors (α, α0 ) and (β, β 0 ) are behind (ρ, ρ0 ), but (δ, δ 0 ) is not. Also, (α, α0 ) ≺
(ρ, ρ0 ).

Figure 3 Evaluating the winning condition
in position (π, (ρ, ρ0 )) after a phase of the
Slope Game.

Note that the property of one vector being behind another only depends on their directions.
The following simple lemma will be useful in the sequel.
I Lemma 6. Let (ρ, ρ0 ) be a positive vector and c, n, n0 ∈ N.
1. If (n, n0 ) is c-below (ρ, ρ0 ) then (n, n0 ) + (α, α0 ) is c-below (ρ, ρ0 ) for any vector (α, α0 )
which is behind (ρ, ρ0 ).
2. If (n, n0 ) is c-above (ρ, ρ0 ) then (n, n0 ) + (α, α0 ) is c-above (ρ, ρ0 ) for any vector (α, α0 )
which is not behind (ρ, ρ0 ).

4.1

Slope Game

I Definition 7 (Product Control Graph, Lasso, Effect of a path). Given two OCN N = (Q, A, δ)
and N 0 = (Q0 , A, δ 0 ), their product control graph is the finite, edge-labelled graph with nodes
Q × Q0 and (A × N × N)-labelled edges E given by
a,d,d0

a,d0

a,d

(p, p0 ) −→ (q, q 0 ) ∈ E iff p −→q ∈ δ and p0 −→q 0 ∈ δ 0 .

(3)

A path
a0 ,d0 ,d0

a1 ,d1 ,d0

π = (q0 , q00 ) −→ 0 (q1 , q10 ) −→ 1 . . .

ak−1 ,dk−1 ,d0k−1

−→

(qk , qk0 )

(4)

from (q0 , q00 ) to (qk , qk0 ) in this graph is called lasso if it contains a cycle while none of its strict
prefixes does. That is, if there exist i < k such that (qk , qk0 ) = (qi , qi0 ) and for all 0 ≤ i < j < k,
a0 ,d0 ,d0

(qi , qi0 ) 6= (qj , qj0 ). The lasso π splits into prefix(π) = (q0 , q00 ) −→ 0 . . .
ai ,di ,d0

ak−1 ,dk−1 ,d0k−1

and cycle(π) = (qi , qi0 ) −→ i . . .
sum of the effects of its transitions:
∆(π) =

k−1
X

(di , d0i ) ∈ Z × Z.

−→

ai−1 ,di−1 ,d0i−1

−→

(qi , qi0 )

(qk , qk0 ). The effect of a path is the cumulative

(5)

i=0

The effects of cycles will play a central role in our further construction. The intuition is that
if a play of a Simulation Game describes a lasso then the players “agree” on the chosen cycle.
Repeating this cycle will change the ratio of the counter values towards its effect.
To formalize this intuition, we define a finitary Slope Game which proceeds in phases.
In each phase, the players alternatingly move on the control graphs of their original nets,
ignoring the counter, and thereby determine the next lasso that occurs. After such a phase,
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a winning condition is evaluated that compares the effect of the chosen lasso’s cycle with
that of previous phases. Now either one player immediately wins or the next phase starts,
but then the steepness of the observed effect must have strictly decreased. The number of
different effects of simple cycles thus bounds the maximal length of a game.
I Definition 8 (Slope Game). A Slope Game is a strictly alternating two player game played
on a pair N , N 0 of one-counter nets. The game positions are pairs (π, (ρ, ρ0 )), where π is an
acyclic path in the product control graph of N and N 0 , and (ρ, ρ0 ) is a positive vector which
we call slope.
The game is divided into phases, each starting with a path π = (q0 , q00 ) of length 0. Until
a phase ends, the game proceeds in rounds like a Simulation Game, but the players pick
transition rules instead of transitions: in a position (π, (ρ, ρ0 )) where π ends in states (q, q 0 ),
a,d

Spoiler chooses a transition rule q −→p, then Duplicator responds with a transition rule
a,d

a,d,d0

q 0 −→p0 . If the extended path π 0 = π −→ (p, p0 ) is still not a lasso, the next round continues
from the updated position (π 0 , (ρ, ρ0 )); otherwise the phase ends with outcome (π 0 , (ρ, ρ0 )).
The slope (ρ, ρ0 ) does not restrict the possible moves of either player, nor changes during a
phase. We thus speak of the slope of a phase.
If a round ends in position (π, (ρ, ρ0 )) where π is a lasso, then the winning condition
is evaluated. We distinguish three non-intersecting cases depending on how the effect
∆(cycle(π)) = (α, α0 ) of the lasso’s cycle relates to (ρ, ρ0 ):
1. If (α, α0 ) is not behind (ρ, ρ0 ), Duplicator wins immediately.
2. If (α, α0 ) is behind (ρ, ρ0 ) but not positive, Spoiler wins immediately.
3. If (α, α0 ) is behind (ρ, ρ0 ) and positive, the game continues with a new phase from position
(π 0 , (α, α0 )), where π 0 is the path of length 0 consisting of the pair of ending states of π.
Figure 3 illustrates the winning condition. Note that if there is no immediate winner it is
guaranteed that (α, α0 ) is a positive vector.
The fundamental intuition for the connection between the Slope Game and the Simulation
Game is as follows. The Slope Game from initial position ((q, q 0 ), (ρ, ρ0 )) determines how
the initial slope (ρ, ρ0 ) relates to the belt in the plane for (q, q 0 ) in the simulation relation.
Roughly speaking, if (ρ, ρ0 ) is less steep than the belt then Spoiler wins; if (ρ, ρ0 ) is steeper
then Duplicator wins. Finally, when the initial slope (ρ, ρ0 ) is exactly as steep as the belt,
any player may win the Slope Game.
Consider a Simulation Game in which the ratio n/n0 of the counter values of Spoiler and
Duplicator is the same as the ratio ρ/ρ0 , i.e. suppose (n, n0 ) is contained in the direction
of (ρ, ρ0 ). Suppose also that the values (n, n0 ) are sufficiently large. By monotonicity, we
know that the steeper the slope (ρ, ρ0 ), the better for Duplicator. Hence if the effect (α, α0 )
of some cycle is behind (ρ, ρ0 ) and positive, then it is beneficial for Spoiler to repeat this
cycle. With more and more repetitions, the ratio of the counter values will get arbitrarily
close to (α, α0 ). On the other hand, if (α, α0 ) is behind (ρ, ρ0 ) but not positive then Spoiler
wins by repeating the cycle until the Duplicator’s counter decreases to 0. Finally, if the effect
of the cycle is not behind (ρ, ρ0 ) then repeating this cycle leads to Duplicator’s win.
The next lemma follows from the observation that in Slope Games, the slope of a phase
must be strictly less steep than those of all previous phases.
I Lemma 9. For a fixed pair N , N 0 of OCN,
1. any Slope Game ends after at most (K + 1)2 phases, and
2. Slope Games are effectively solvable in PSPACE.
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Proof. After every phase, the slope (ρ, ρ0 ) is equal to the effect of a simple cycle, which
must be a positive vector. Thus the absolute values of both numbers ρ and ρ0 are bounded
by K = |Q × Q0 |. It follows that the total number of different possible values for (ρ, ρ0 ),
and therefore the maximal number of phases played, is at most (K + 1)2 . This proves the
first part of the claim. Point 2 is a direct consequence as one can find and verify winning
strategies by an exhaustive search.
J
Strategies in Slope Games. Consider one phase of a Slope Game, starting from a position
(π, (ρ, ρ0 )). The phase ends with a lasso whose cycle effect (α, α0 ) satisfies exactly one of
three conditions, as examined by the evaluating function. Accordingly, depending on its
initial position, every phase falls into exactly one of three disjoint cases:
1. Spoiler has a strategy to win the Slope Game immediately,
2. Duplicator has a strategy to win the Slope Game immediately or
3. neither Spoiler nor Duplicator have a strategy to win immediately.
In case 1. or 2. we call the phase final, and in case 3. we call it non-final. The non-final
phases are the most interesting ones because in those, both players have a strategy that at
least prevents an immediate loss.
Strategy Trees. Both in final and non-final phases, a strategy for Spoiler or Duplicator
is a tree as described below. For the definition of strategy trees we need to consider, not
only Spoiler’s positions (π, (ρ, ρ0 )) but also Duplicator’s positions, the intermediate positions
within a single round. These intermediate positions may be modelled as triples (π, (ρ, ρ0 ), t)
where t is a transition rule in N from the last state of π. Observe that the bipartite directed
graph, with positions of a phase as vertices and edges determined by the single-move relation,
is actually a tree, call it T . Thus a Spoiler-strategy, i.e. a subgraph of T containing exactly
one successor of every Spoiler’s position and all successors of every Duplicator’s position, is a
tree as well; and so is any strategy for Duplicator.
Such a strategy (tree) in the Slope Game naturally splits into segments, each segment
being a strategy (tree) in one phase. The segments themselves are also arranged into a tree,
which we call segment tree. Irrespectively which player wins a Slope Game, according to the
above observations, this player’s winning strategy contains segments of two kinds:
non-leaf segments are strategies to either win immediately or continue the Slope Game
(these are strategies for non-final phases);
leaf segments are strategies to win the Slope Game immediately (these are strategies in
final phases).
By the segment depth of a strategy we mean the depth of its segment tree. By Lemma 9,
Point 1, we know that a Slope Game ends after at most dmax = (K+1)2 phases. Consequently,
the segment depths of strategies are at most dmax as well.
A value of c = K · dmax is sufficient for the claim of Theorem 4. The intuition behind this
value is that for a winning player in the Slope Game, an excess of K per phase is sufficient
to be able to safely “replay” a winning strategy in the Simulation Game. Formally, this is
stated by the following two crucial lemmas, proofs of which can be found in [4], Appendix A.
I Lemma 10. Suppose Spoiler has a winning strategy of segment depth d in the Slope Game
from a position ((q, q 0 ), (ρ, ρ0 )). Then Spoiler wins the Simulation Game from every position
(qn, q 0 n0 ) which is (K · d)-below (ρ, ρ0 ).
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I Lemma 11. Suppose Duplicator has a winning strategy of segment depth d in the Slope
Game from a position ((q, q 0 ), (ρ, ρ0 )). Then Duplicator wins the Simulation Game from every
position (qn, q 0 n0 ) which is (K · d)-above (ρ, ρ0 ).

4.2

Proof of Theorem 4

Let c = K · dmax . For any two states q ∈ Q and q 0 ∈ Q0 of the nets N and N 0 we will
determine the ratio (ρ, ρ0 ) that, together with c, characterises the belt of the plane (q, q 0 ).
First observe the following monotonicity property of the Slope Game.
I Lemma 12. If Spoiler wins the Slope Game from a position ((q, q 0 ), (ρ, ρ0 )) and (σ, σ 0 ) is
less steep than (ρ, ρ0 ) then Spoiler also wins the Slope Game from ((q, q 0 ), (σ, σ 0 )).
Proof. Assume that Spoiler wins the Slope Game from ((q, q 0 ), (ρ, ρ0 )) while Duplicator
wins from ((q, q 0 ), (σ, σ 0 )), for some (σ, σ 0 ) ≺ (ρ, ρ0 ). Observe that in both cases, winning
strategies of segment depth ≤ dmax exist. As (σ, σ 0 ) is less steep than (ρ, ρ0 ), there is a point
(n, n0 ) ∈ N × N which is both c-above (σ, σ 0 ) and c-below (ρ, ρ0 ). Applying both Lemma 10
and 11 immediately yields a contradiction.
J
Equivalently, if Duplicator wins the Slope Game from ((q, q 0 ), (ρ, ρ0 )) and (σ, σ 0 ) is steeper
than (ρ, ρ0 ) then Duplicator also wins the Slope Game from ((q, q 0 ), (σ, σ 0 )). We conclude
that for every pair (q, q 0 ) of states, there is a boundary slope (β, β 0 ) such that
1. Spoiler wins the Slope Game from ((q, q 0 ), (σ, σ 0 )) for every (σ, σ 0 ) less steep than (β, β 0 );
2. Duplicator wins the Slope Game from ((q, q 0 ), (σ, σ 0 )) for every (σ, σ 0 ) steeper than (β, β 0 ).
Note that we claim nothing about the winner from the position ((q, q 0 ), (β, β 0 )) itself.
Applying Lemmas 10 and 11 we see that this boundary slope (β, β 0 ) satisfies the claims 1
and 2 of Theorem 4. Indeed, consider a pair (n, n0 ) ∈ N × N of counter values. If (n, n0 ) is
c-below (β, β 0 ), then there is certainly a line (β̄, β̄ 0 ) less steep than (β, β 0 ) such that (n, n0 ) is
c-below (β̄, β̄ 0 ). By point 1 above, Spoiler wins the Slope Game from ((q, q 0 ), (β̄, β̄ 0 )). By
Lemma 10, Spoiler wins the Simulation Game from (qn, q 0 n0 ). Analogously, one can use
point 2 above together with Lemma 11 to show Point 2 of Theorem 4.
It remains to show that the boundary slope (β, β 0 ) is polynomial in the sizes of N and
0
N . We show that (β, β 0 ) must in fact be the effect of a simple cycle. Because such cycles
are no longer than K = |Q × Q0 | and because along a path of length K the counter values
cannot change by more than K, we conclude that −K ≤ β, β 0 ≤ K.
I Definition 13 (Equivalent vectors). Consider all the non-zero effects (α, α0 ) of all cycles
together with their opposite vectors (−α, −α0 ) and denote the set of all these vectors by V .
Call two positive vectors (ρ, ρ0 ) and (σ, σ 0 ) equivalent if for all (α, α0 ) ∈ V ,
(α, α0 ) is behind (ρ, ρ0 ) ⇐⇒ (α, α0 ) is behind (σ, σ 0 ).

(6)

In other words, equivalent vectors lie in the same angle determined by a pair of vectors from
V that are neighbours angle-wise. We claim that equivalent slopes have the same winner in
the Slope Game:
I Lemma 14. If (ρ, ρ0 ) and (σ, σ 0 ) are equivalent then the same player wins the Slope Game
from ((q, q 0 ), (ρ, ρ0 )) and ((q, q 0 ), (σ, σ 0 )).
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Proof. A winning strategy in the Slope Game from ((q, q 0 ), (ρ, ρ0 )) may be literally used in
the Slope Game from ((q, q 0 ), (σ, σ 0 )). This holds because the assumption that (ρ, ρ0 ) and
(σ, σ 0 ) are equivalent implies that all possible outcomes of the initial phase of the Slope Game
are evaluated equally.
J
Lemma 14 implies that the boundary slope is in V . This concludes the proof of Theorem 4.

4.3

J

A Sharper Estimation

Theorem 4 provides a polynomial bound on the constant c and the slopes of all belts, with
respect to the sizes of N and N 0 . However, the proof of Theorem 4 reveals that a slightly
stronger result actually holds, which will be useful in proving the complexity bound for
weak simulation in Section 6. We can estimate a bound on c in terms of the following two
parameters of the product control graph N × N 0 :
scc, the size of the largest strongly connected component, and
acyc, the length of the longest acyclic path.
In particular, we claim that Theorem 4 still holds with the constant c bounded by
c ≤ poly(scc) + acyc.

(7)

Intuitively, c is the excess of counter value needed to replay a Slope Game strategy in the
Simulation Game. This directly corresponds to the maximal number of alternations in a play
of the Slope Game. Every phase ends in a cycle, which must be contained in some strongly
connected component and is thus no longer than scc. So the segment depth of Slope Game
strategies is bounded by (scc + 1)2 .
We can decompose plays of the Slope Game by separating subpaths that contain at least
one cycle and stay in one strongly connected component, and the remaining subpaths. One
can now show that in fact, a counter value of scc suffices to enable subpaths of the first kind.
The segment depth bounds the number of such subpaths in any play. Secondly, by definition,
the subpaths of the second kind cannot share any points. The sum of their lengths is hence
bounded by acyc. We conclude that a value of c = (scc + 1)2 · scc + acyc is sufficient.

5

Strong Simulation is PSPACE-complete

Using our stronger version of the Belt Theorem from Section 4, we derive an algorithm for
checking simulation preorder, similarly as in [1, 7, 6].
As before we fix two OCN N and N 0 , with sets of control-states Q and Q0 , respectively.
By Lemma 9, Point 2, we can compute in PSPACE, for every pair (q, q 0 ) ∈ Q × Q0 , the
positive vector (ρ, ρ0 ) satisfying Theorem 4; we denote this vector by slope(q, q 0 ). We
define belt(q, q 0 ) to be the set of points (n, n0 ) ∈ N2 that are neither c-above nor cbelow slope(q, q 0 ). As all vectors slope(q, q 0 ) and the widths of all belts are polynomially
bounded (by Theorem 4), we observe that every two non-parallel belts are disjoint outside a
polynomially bounded initial rectangle, denoted L0 , between corners (0, 0) and (l0 , l00 ) (see
Figure 4).
Recall that the simulation preorder on the configurations with the pair of control-states
(q, q 0 ) is trivial outside of belt(q, q 0 ): it contains all pairs (qn, q 0 n0 ) s.t. (n, n0 ) is c-above
slope(q, q 0 ), and contains no pairs (qn, q 0 n0 ) s.t. (n, n0 ) is c-below slope(q, q 0 ). We show
that inside a belt, the points corresponding to configurations in simulation are ultimately
periodic in the sense defined below.
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Duplicator n0

P2
P1
A

periodic
aperiodic

l0
0

L0
Spoiler n
l0

Figure 4 The initial rectangle L0 (blue) and two belts. Outside L0 , the colouring of a belt
consists of some exponentially bounded block (red), and another exponentially bounded non-trivial
block (green) which repeats ad infinitum along the rest of the belt.

By the definition of belts, (n, n0 ) ∈ belt(q, q 0 ) ⇐⇒ (n, n0 ) + slope(q, q 0 ) ∈ belt(q, q 0 ),
i.e., translation via the vector slope(q, q 0 ) preserves membership in belt(q, q 0 ). This is why
we restrict our focus to multiples of vectors slope(q, q 0 ). We write rect(q, q 0 , j) for the
rectangle between corners (0, 0) and (l0 , l00 ) + j · slope(q, q 0 ).
I Definition 15 (ultimately-periodic). For a fixed pair (q, q 0 ) ∈ Q × Q0 and j, k ∈ N, a subset
R ⊆ belt(q, q 0 ) is called (j, k)-ultimately-periodic if for all (n, n0 ) ∈ N2 \ rect(q, q 0 , j),
(n, n0 ) ∈ R ⇐⇒ (n, n0 ) + k · slope(q, q 0 ) ∈ R.

(8)

I Remark. Observe that for fixed q and q 0 , every (j, k)-ultimately-periodic set R can be
represented by the numbers j and k, and two sets
R ∩ rect(q, q 0 , j)

and

(R \ rect(q, q 0 , j)) ∩ rect(q, q 0 , j + k).

The following lemma states a property which is crucial for our algorithm. It is actually a
sharpening of the result of [6], with additional effective bounds on periods inside belts.
I Lemma 16. For every pair (q, q 0 ) ∈ Q × Q0 , the set
4q,q0 = {(n, n0 ) ∈ belt(q, q 0 ) : qn 4 q 0 n0 }
is (j, k)-ultimately periodic for some j, k ∈ N exponentially bounded w.r.t. the sizes of N , N 0 .
Thus, when searching for a simulation relation inside belts, we may safely restrict ourselves
to (j, k)-ultimately-periodic relations, for exponentially bounded j and k. According to the
remark above, every such simulation admits the EXPSPACE description that consists, for
every pair of states (q, q 0 ), of:
a polynomially bounded vector (ρ, ρ0 ) = slope(q, q 0 );
a polynomially bounded relation init(q, q 0 ) ⊆ L0 inside the initial rectangle L0 ;
exponentially bounded natural numbers jq,q0 , kq,q0 ∈ N; and
two exponentially bounded relations:
aperiodic(q, q 0 ) ⊆ belt(q, q 0 ) ∩ rect(q, q 0 , jq,q0 )
periodic(q, q 0 ) ⊆ (belt(q, q 0 ) \ rect(q, q 0 , jq,q0 )) ∩ rect(q, q 0 , jq,q0 + kq,q0 ).

P. Hofman, S. Lasota, R. Mayr, P. Totzke

525

The above characterization leads to the following naive decision procedure, which works
in EXPSPACE: Guess the description of a candidate relation R for the simulation relation,
verify that it is a simulation and check if it contains the input pair of configurations.
Checking whether the input pair is in the (semilinear) relation R is trivial. To verify that
the relation R is a simulation, one needs to check the simulation condition for every pair of
configurations (qn, q 0 n0 ) in R, i.e., Duplicator can ensure that after playing one round of the
Simulation Game, the resulting pair of configurations is still in R.
The simulation condition is local in the sense that it refers only to positions with
neighbouring counter values (plus/minus 1). This, together with the fact that belts are
disjoint outside L0 , implies that the complete one-neighbourhoods of points in the periodic
part repeats along the belt. It therefore suffices to examine those elements which are in the
EXPSPACE description to check if the simulation condition holds.
A PSPACE procedure. The naive algorithm outlined above may easily be turned into a
PSPACE algorithm by a standard shifting window trick. Instead of guessing the complete
exponential-size description upfront, we start by guessing the polynomially bounded relation
inside L0 and verifying it locally. Next, the procedure stepwise guesses parts of the relations
aperiodic(q, q 0 ) and later periodic(q, q 0 ), inside a polynomially bounded rectangle window
through the belt and shifts this window along the belt, checking the simulation condition
for all contained points on the way. Since the simulation condition is local, everything
outside this window may be forgotten, save for the first repetitive window that is used as a
certificate for successfully having guessed a consistent periodic set, once it repeats. Because
this repetition needs to occur after an exponentially bounded number of shifts, polynomial
space is sufficient to store a binary counter that counts the number of shifts and allows to
terminate unsuccessfully once the limit is reached.
J

6

Application to Weak Simulation Checking

A natural extension of simulation is weak simulation, that abstracts from internal steps.
τ

τ

I Definition 17. For a LTS over actions A ∪ {τ } define weak step relations by =⇒ = −→∗
a
τ
a
τ
and =⇒ = −→∗ −→ −→∗ for a 6= τ . Weak simulation (2 ) is now defined just like 4 , using
Simulation Games, in which Duplicator moves along weak steps.
a

a

For systems without τ -labelled transitions, −→ = =⇒ and therefore strong and weak
simulation coincide. The PSPACE lower bound from [10] for checking strong simulation thus
also holds for weak simulation checking over OCN.
Weak simulation has recently been shown to be decidable for OCN [5]. The main obstacle
a
was that Duplicator’s system is infinitely branching w.r.t. the weak =⇒ steps, which implies
that non-simulation does not necessarily manifest itself locally.
In [5], this problem is resolved by constructing a monotone decreasing sequence of
semilinear approximant relations that converges to weak simulation at a finite index. The
approximant relations are derived from a symbolic characterization of Duplicator’s infinitelybranching system. They can be computed inductively by characterizing them in terms of
strong simulation over suitably modified OCN. The fact that one can effectively compute
semilinear descriptions of 4 over OCN [6] allows to successively compute the approximant
relations and to detect convergence of the sequence.
Here we show that the polynomial bounds from Theorem 4, together with the technique
from [5], imply a PSPACE upper bound even for checking weak simulation on OCN. In
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particular, we claim that the sizes of the “suitably modified OCN” mentioned above, which
characterize the approximants, are in fact polynomial for every index i ∈ N in the sequence.
A more detailed analysis can be found in [4], Appendix B.
I Theorem 18. Checking weak simulation preorder on OCN is PSPACE-complete.

7

Conclusion

We have shown that both strong and weak simulation preorder checking between two given
OCN processes is PSPACE-complete. Moreover, it is possible to compute representations of
the entire simulation relations as semilinear sets, but these require exponential space. One
cannot expect polynomial-size representations of the relations as semilinear sets, because
otherwise one could first guess the representation and then verify in coNP NP (for strong
simulation) that there are no counterexamples to the local simulation condition. This would
yield an algorithm in Σ3p in the polynomial hierarchy, which (under standard assumptions in
complexity theory) contradicts the PSPACE-hardness of the problem.
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Abstract
The task of diagnosis consists in detecting, without ambiguity, occurrence of faults in a partially
observed system. Depending on the degree of observability, a discrete event system may be diagnosable or not. Active diagnosis aims at controlling the system in order to make it diagnosable.
Solutions have already been proposed for the active diagnosis problem, but their complexity remains to be improved. We solve here the active diagnosability decision problem and the active
diagnoser synthesis problem, proving that (1) our procedures are optimal w.r.t. to computational
complexity, and (2) the memory required for the active diagnoser produced by the synthesis is
minimal. We then focus on the delay between the occurrence of a fault and its detection by the
diagnoser. We construct a memory-optimal diagnoser whose delay is at most twice the minimal
delay, whereas the memory required for a diagnoser with optimal delay may be highly greater.
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1

Introduction

In monitoring discrete event systems, one of the central tasks is that of diagnosis: Given a
finite labeled transition system A (also called “plant”) whose events are partially observable,
our task is to decide – based on the stream of observation labels – whether or not particular
unobservable events, called faults, have occurred. More precisely, the system is considered
k-diagnosable iff at most k events after the occurrence of a fault, the observation is sufficient
to detect that occurrence with certainty, i.e. all possible system runs compatible with the
partial observation collected so far are faulty. The system A is diagnosable iff there exists
k ≥ 1 such that A is k-diagnosable. As the system may be insufficiently observable, or the
observation not discriminating enough, diagnosability verification has received considerable
attention since the seminal paper by Sampath et al [13]; see also [4, 3]. Those works construct
a dedicated deterministic version of the original plant, a so-called diagnoser; the absence of
indeterminate cycles in this auxiliary automaton is equivalent to diagnosability.
On the other hand, once a system has been shown to be undiagnosable – in a sense that we
will formalize later – several actions can follow, such as complete redesign of the system, or
adding further sensors to enhance observability. Sampath et al [12] have initiated a different
approach, that of active diagnosis: if the given plant A is not diagnosable, synthesize a
partial-observation controller C that forces A to stay within a diagnosable subset of its
behaviors (or, equivalently, such that the controlled plant AC is diagnosable). The pair
consisting of the controller and the diagnoser is called an active diagnoser. Later, Chanthery
and Pencolé [5] have proposed a planning-based approach via a twin plant construction.
∗
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Our contributions. We follow the approach of Sampath et al [12], but via a different
method based on automata and game theory. This allows us to improve the construction
of diagnosers and moreover establish complexity results, which were not treated in previous
work:
1. We build a deterministic Büchi automaton that accepts the sublanguage of infinite unambiguous observable sequences, i.e. those that are either (i) triggered by a set of correct
runs or (ii) triggered by a set of faulty runs. Its size is upper-bounded by 2O(n) , where
n is the number of states, which is better than all previous constructions. In addition
we show the optimality of our construction proving that there is a family of systems for
which any corresponding deterministic Büchi automaton must have a size in 2Ω(n) .
2. We then design a Büchi game, where a winning strategy yields an active diagnoser for
the system, and vice versa. We thus solve the active diagnosis problem by deciding
whether there exists a winning strategy, and the synthesis problem by giving an active
diagnoser associated with a positional strategy. The size of the active diagnoser is singly
exponential w.r.t. the size of the system, while that of [12] is doubly exponential. We
also prove that the decision procedure is EXPTIME-complete and that the synthesis
procedure is optimal w.r.t. the number of states of the active diagnoser (still in 2O(n) ).
3. We then study the delay between a fault and its detection by an active diagnoser. We first
present a family of systems for which a minimal-delay diagnoser must have 2Ω(n log(n))
states. However, refining our earlier construction yields an active diagnoser with size
2O(n) , whose delay is at most twice the minimal possible delay. In addition, we sketch
2
the construction of a minimal-delay active diagnoser with at most 2O(n ) states.
Organization. Section 2 recalls notions related to diagnosis and active diagnosis. In Section 3, we establish the lower bounds related to the computational complexity, the memory
requirements and the index. Section 4.1 presents the construction of the deterministic Büchi
automaton. Then in Section 4.2, we solve the decision and the synthesis problems for active
diagnosis. After that, Section 4.3 refines the synthesis problem w.r.t. the delay. Section 5
gives some perspectives of this work. A long version with all proofs is available [7].

2

The active diagnosis problem

Labeled transition systems
When dealing with discrete event systems (DES) diagnosis, systems are often modeled using
labeled transition systems (LTS). So we define LTS, their properties and languages.
I Definition 1. A labeled transition system is a tuple A = hQ, q0 , Σ, T i where:
Q is a set of states with q0 ∈ Q the initial state;
Σ is a finite set of events;
T ⊆ Q × Σ × Q is the set of transitions.
a

We note q −
→ q 0 for (q, a, q 0 ) ∈ T ; this transition is then said to be enabled in q. A
ai+1
run over the word σ = a1 a2 . . . ∈ Σω is a sequence of states (qi )i≥0 such that qi −−−→ qi+1
σ
for all i ≥ 0, and we write q0 =
⇒ if such a run exists. A finite run over w ∈ Σ∗ is defined
w
analogously, and we write q =
⇒ q 0 if such a run ends at state q 0 . A state q is reachable if
w
there exists a run q0 =
⇒ q for some w.
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I Definition 2 (Languages of an LTS). Let A = hQ, q0 , Σ, T i be an LTS. The finite language
L∗ (A) ⊆ Σ∗ of A and the infinite language Lω (A) ⊆ Σω of A are defined by:
w

L∗ (A) = { w ∈ Σ∗ | ∃q : q0 =
⇒ q}

σ

Lω (A) = { σ ∈ Σω | q0 =
⇒}

An LTS A is live if for any reachable state there exists a transition enabled in that state.
An LTS A is deterministic if for every pair q ∈ Q, a ∈ Σ there is at most one q 0 such that
a
a
q−
→ q 0 . For a deterministic automaton we write T (q, a) = q 0 if q −
→ q0 .

Observations
In order to formalize problems related to diagnosis, we partition Σ into two disjoint sets
Σo and Σuo , the sets of observable and of unobservable events, respectively. Moreover, we
distinguish a special fault event f ∈ Σuo . Let σ be a finite word; its length is denoted |σ|.
For Σ0 ⊆ Σ, define PΣ0 (σ) inductively by: PΣ0 (ε) = ε; for a ∈ Σ0 , PΣ0 (σa) = PΣ0 (σ)a;
and PΣ0 (σa) = PΣ0 (σ) for a ∈
/ Σ0 . Write |σ|Σ0 for |PΣ0 (σ)|, and for a ∈ Σ, write |σ|a for
|σ|{a} . When σ is an infinite word, its projection is the limit of the projections of its finite
prefixes. This projection can be either finite or infinite. As usual the projection is extended
to languages. PΣo will be more simply denoted by P.
An LTS A is convergent if Lω (A) ∩ Σ∗ Σω
uo = ∅ (i.e.
no infinite sequence of unobservable events from any
a, b
b
c
reachable state). When A is convergent, then for all
σ ∈ Lω (A), one has P(σ) ∈ Σω
o . We shall assume that
f
a
q0
q1
q2
the system under diagnosis is live and convergent.
I Example 3. Figure 1 shows a live and convergent
LTS with Σo = {a, b, c} and Σuo = {f }.

Figure 1 An LTS.

Diagnosability
A finite (resp. infinite) sequence σ is correct if it belongs to (Σ \ {f })∗ (resp. (Σ \ {f })ω ).
Otherwise σ is called faulty. An observation sequence may be the projection of both a correct
and a faulty sequence, hence ambiguous.
I Definition 4 (ambiguous and surely faulty sequence). Let A be an LTS, σ1 , σ2 ∈ Lω (A) be
two sequences and σ ∈ Σω
o be an observable sequence such that:
(1) P(σ1 ) = P(σ2 ) = σ, (2) σ1 is correct and (3) σ2 is faulty.
Then σ is called ambiguous and the pair (σ1 , σ2 ) is a witness for the ambiguity of σ. Ambiguous finite observable sequences are defined analogously.
A sequence σ 0 ∈ P(L∗ (A)) is surely faulty iff P −1 (σ 0 ) ∩ L∗ (A) ⊆ Σ∗ f Σ∗ .
I Definition 5 (Diagnosability). Let k ∈ N. An LTS A is k-diagnosable if:
∀σ = σ 0 f σ 00 ∈ L∗ (A) |σ 00 |Σo ≥ k ⇒ P(σ) is a surely faulty sequence,
Furthermore, A is diagnosable if there exists a k such that A is k-diagnosable.
Our definition of diagnosability is a slight variation of the one given in [13]. Indeed the
number k above is related to observable events while in former works, it is related to any
kind of events. However for finite-state convergent systems (which are the ones addressed
by both works) the definitions of diagnosability coincide.
I Example 6. The LTS of Figure 1 is not diagnosable since the correct infinite trace bω and
the faulty infinite trace f bω have the same projection.

FSTTCS 2013

530

Optimal Constructions for Active Diagnosis

Active diagnosability
We suppose that Σo is partitioned into subsets Σc ⊆ Σo of controllable and Σuc = Σo \Σc
of uncontrollable actions. Intuitively, a controller may forbid a subset of the controllable
actions based on the observations made so far, thereby restricting the behaviour of A.
I Definition 7 (Controller). Let A be an LTS. A controller for A is a mapping cont :
P(L∗ (A)) → 2Σ such that for all σ, Σuc ∪ Σuo ⊆ cont(σ). The controlled LTS Acont =
hQcont , q0cont , Σ, Tcont i is defined by:
Qcont is the smallest subset of Σ∗o × Q such that
1. (ε, q0 ) ∈ Qcont ;
a
2. (σ, q) ∈ Qcont ∧ a ∈ cont(σ) ∧ q −
→ q 0 implies (P(σa), q 0 ) ∈ Qcont .
q0cont = (ε, q0 )
a
((σ, q), a, (σ 0 , q 0 )) ∈ Tcont iff q −
→ q 0 ∧ a ∈ cont(σ) ∧ σ 0 = P(σa)
In the diagnosis framework, the goal of our controller is to make the system diagnosable,
and to perfom diagnosis. However, one requires that the control cannot introduce deadlocks.
I Definition 8 (Pilot and Active Diagnoser). Let A be an LTS. We call h = hcont, diagi
a pilot for A if cont is a controller and diag is a mapping from P(L∗ (Acont )) to {⊥, >}.
Moreover, h is called an active diagnoser if:
1. Acont is live;
2. P(Lω (Acont )) does not contain any ambiguous sequence;
3. diag(σ) = > if and only if σ is a surely faulty sequence for σ ∈ P(L∗ (Acont )).
For k ≥ 1, we say that h is a k-active diagnoser, if for all σ = σ 0 f σ 00 ∈ L∗ (Acont ) with
|σ 00 |Σo ≥ k, diag(P(σ)) = >, i.e. every fault is diagnosed after at most k observations. The
minimal k such that h is a k-active diagnoser is called the delay of h. We call A (k-)actively
diagnosable if a (k-)active diagnoser exists, and the minimal such k the index of A.
I Example 9. In the LTS of Figure 1, assume that Σc = {a, b}. Let hn = hcont n , diagi,
with n ≥ 1, be the pilot defined by:
cont n (σbn ) = {a, c, f } for σ ∈ Σ∗c and cont n (σ) = Σ otherwise;
diag(σ) = > iff σ ∈ Σ∗o cΣ∗o .
Then hn is an active diagnoser with delay n + 2.
Notice that an active diagnoser does not necessarily have a finite delay. For instance, in
Figure 1, there is an active diagnoser that admits the sequence bab2 ab3 a · · · and is not an
k-active diagnoser for any k. However, we will see that if A is actively diagnosable, there
does exist a k-active diagnoser (for some k). We come back to this point in Section 4.3.
We are now in a position to formally state the relevant problems for active diagnosis.
Let A be a live and convergent LTS with finitely many states. We are interested in:
the active diagnosis decision problem, i.e. decide whether A is actively diagnosable;
the synthesis problem, i.e. decide whether A is actively diagnosable and in the positive
case build an active diagnoser.
the minimal-delay synthesis problem, i.e. decide whether A is actively diagnosable and
in the positive case build an active diagnoser with minimal delay.
We introduce the notion of state-based pilot as finite representation of an active diagnoser.
I Definition 10 (state-based pilot). A state-based pilot C = hB, cont C , diag C i consists of a
deterministic LTS B = hQc , q0c , Σo , T c i and labellings cont C , diag C : Qc → 2Σ × {⊥, >}, such
that for all q ∈ Qc , Σuc ∪ Σuo ⊆ cont C (q). The pilot hC = hcont, diagi associated with C is
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Figure 2 A state-based pilot.
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Figure 3 An LTS An with Σo = {a, b, c, d}, Σc = {c, d} used in Theorem 14.

given by cont(σ) = cont C (q) and diag(σ) = diag C (q) for all σ ∈ P(L∗ (A)), where q is the
σ
unique state such that q0c =
⇒ q.
I Example 11. Figure 2 shows a state-based pilot for the LTS of Figure 1. Observe that
there is an outgoing transition b from the rightmost state (to fulfil the language inclusion
requirement) but b is disabled in this state (in order to implement the active diagnoser h1 ).

3

Lower bounds

We first establish that the active diagnosis decision problem is EXPTIME-hard. The proof
[7] relies on a reduction from safety games with imperfect information [1].
I Theorem 12 (hardness). The active diagnosis decision problem is EXPTIME-hard.
The next theorems focus on the memory required for synthesis problems related to active
diagnosis. We start with the language of unambiguous sequences of an LTS.
I Definition 13 (Büchi automaton). A Büchi automaton over Σ is a tuple B = hB 0 , F i, where
B 0 = hS, s0 , Σ, δi is an LTS such that S is finite, and F ⊆ S an acceptance condition. A run
(qi )i≥0 is accepting if qi ∈ F for infinitely many values of i. The language L(B) consists of
all words in Lω (B 0 ) for which there exists an accepting run. A Büchi automaton is called
deterministic (live) if its underlying LTS is.
I Theorem 14 (lower bound for determinization). There exists a family (An )n≥1 of LTS
with the size of An in O(n) such that any deterministic Büchi automaton recognizing the
unambiguous sequences of An has at least 2n states.
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The family of LTS (An )n≥1 is depicted in Figure 3. During the n first steps a fault can
occur leading to the upper (resp. lower) “branch” of the LTS when followed by a (resp.
b). However the corresponding observable sequence becomes definitively ambiguous if n
steps later the LTS performs d (resp. c). So any deterministic automaton should lead to
different states when reading two different words of length n. With an appropriate choice of
controllable events, this family also provides a lower bound for a state-based active diagnoser.
I Theorem 15 (lower bound for pilots). There exists a family (An )n≥1 of actively diagnosable
LTS with the size of An in O(n) such that the LTS of any state-based pilot C, where hC is
an active diagnoser for A, has at least 2n states.
We shall now see that the lower bound is even higher when one tries to minimize the
fault-detection delay. The LTS An of Figure 4 contains the observable (and uncontrollable)
observation sequence aπ(1) . . . aπ(n) , where π is a permutation. Such a sequence is ambiguous
since a fault may have occurred before any observable event. To remove ambiguity with
minimal delay (i.e. n + 2) an active diagnoser must disallow at time n + i all events in B
except bπ(i) that forces the potential faulty sequence to reach state s where only c is possible.
Thus, any active diagnoser for An must remember the permutation π.
I Theorem 16 (minimal-delay diagnoser). There exists a family (An )n≥1 of f (n)-actively
diagnosable LTS (for some function f ) with O(n) states such that the LTS of any statebased pilot C, where hC is an f (n)-active diagnoser for A, has at least n! states.
Note that in Figure 4 the alphabet size depends on n; however Theorem 16 also holds
for a fixed-size alphabet [7]. While the previous examples exhibit an index linear w.r.t. the
size of the LTS, this index may be exponential in the worst case (and no more as shown in
the Section 4). An example for this is shown in [7].
I Theorem 17 (lower bound for index). There exists a family (An )n≥1 of actively diagnosable
LTS with O(n) states such that the index of An is at least 2n .

s
b1
A, B \ {b1 }

q1

c

b2
q2

bn

A, B \ {b2 } · · ·

a1

a2

an

f

f

f

A, B \ {bn }

qn

A = {a1 , . . . , an }
B = {b1 , . . . , bn }

p1

A

p2

A

···

A

pn

A

r

B

Figure 4 An LTS An with Σo = A ∪ B ∪ {c}, Σc = B whose minimal-delay active diagnoser
requires at least O(n!) states.
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4.1

Characterization of unambiguous sequences

In this section, we characterize the infinite unambiguous sequences in an efficient way. Fix
a finite-state live, convergent LTS A = hQ, q0 , Σ, T i for the rest of the section. We build a
Büchi automaton B = (B 0 , F ) that accepts the unambiguous observation sequences. Since B
is the base of the active diagnoser constructed in Section 4.2, we want B to be deterministic.
A potential procedure for obtaining a deterministic automaton accepting unambiguous
sequences is as follows: First, build a non-deterministic Büchi automaton that accepts observable sequences explainable by both a correct and a faulty sequence. This leads to a
quadratic blow up w.r.t. the size of A. Then, determinize it by the Safra procedure [11],
yielding a deterministic Rabin automaton, and complement it so it accepts the unambiguous
sequences. However, we now provide the construction of a simpler and smaller deterministic
Büchi automaton. More precisely, the automaton that we build has the following properties:
B 0 is deterministic;
B 0 “reads” the observable sequences of A, i.e. Lω (B 0 ) = P(Lω (A));
B accepts exactly the unambiguous observation sequences.
We first give some intuition about the way B works. Its states are triples hU, V, W i,
where U, V, W ⊆ Q. The states in U represent states reachable by non-faulty traces in
A, whereas V ∪ W are states reachable by committing a fault. Let σ = a1 a2 . . . ∈ Σω
o be
an observation sequence. An ambiguous prefix of σ will lead to a state in which both U
and V ∪ W are non-empty, and if σ is ambiguous, then its run will eventually remain in
such states forever. Unfortunately, the reverse implication is not true, as the example from
Figure 1 shows: every finite prefix of the sequence aω is ambiguous, but aω is not. In order
to distinguish ambiguous sequences from those that merely have infinitely many ambiguous
prefixes, V and W assume different functions: W represents a “watchlist”, initially empty.
Suppose that the observation a1 . . . aj , for some j, corresponds to some faulty execution.
Then we put the state reachable by that faulty execution into W and trace its successor
states there while making further observations. If W never becomes empty, then indeed
there exists a faulty element of P(σ) in Lω (A). On the other hand, if some observation aj 0 ,
for j 0 > j, is impossible in all states of W , then we can conclude that no fault has occurred
before aj . In the meantime, V serves as a “waiting room”: it stores states that can be
reached by faulty sequences where the fault has occurred between observations aj and aj 0 .
When W becomes empty, those states are shifted from V to W to form the new watchlist.
Let S 0 ⊆ S, a ∈ Σo , and L ⊆ Σ∗uo be a language of unobservable actions. We denote
wa
δL (S 0 , a) := { q ∈ Q | ∃q 0 ∈ S 0 , w ∈ L : q 0 =⇒ q }, and introduce the abbreviations
∗
δn for L = (Σuo \ {f }) (non-faulty executions),
δf for L = Σ∗uo f Σ∗uo (faulty executions),
and δ∗ for L = Σ∗uo (arbitrary executions).
We can now state the formal construction of B = hhS, s0 , Σo , δi, F i as follows:
S = 2Q × 2Q × 2Q \ {h∅, ∅, ∅i} and s0 = h{q0 }, ∅, ∅i;
F = { h∅, S1 , S2 i, hS1 , S2 , ∅i | S1 , S2 ⊆ Q };
for s = hU, V, W i ∈ S and a ∈ Σo such that δ∗ (U ∪ V ∪ W, a) 6= ∅, let ∆ := δf (U, a) ∪
δ∗ (V, a); then
(
hδn (U, a), ∅, ∆i
if W = ∅;
δ(s, a) =
hδn (U, a), ∆ \ δ∗ (W, a), δ∗ (W, a)i otherwise.
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a
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h1, ∅, ∅i
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a
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h1, 3, ∅i
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b

c
h∅, ∅, 3i

b

b

c

h1, 2, ∅i

c

b
Figure 5 Büchi automaton resulting from Figure 1; accepting states have double frames.

Observe that disregarding the acceptance condition, the sequences read by B exactly
correspond to observable sequences of A, i.e. P(Lω (A)).
I Theorem 18. A sequence of observations σ ∈ Σω
o is accepted by B iff it is unambiguous.
I Example 19. Figure 5 shows the result of the construction on the system from Figure 1.
Since all non-empty sets are singletons we have represented them by their item. Notice that
any sequence ending in bω is ambiguous in Figure 1 and hence not accepted in Figure 5. On
the other hand, e.g., sequence aω is accepted: while every prefix ai , for i ≥ 1, is ambiguous,
we always know after i+1 observation that no fault has occurred before the i-th observation.
We briefly discuss the relationship of our determinization construction with other standard constructions in diagnosis and automata theory. In [16], diagnosability of an LTS A is
decided by building two automata: one is a modification of A that accepts the projections
all non-faulty sequences, the other accepts the projections of all faulty sequences, remembering whether a fault has occurred in the current state. The cross product of these two is
a non-deterministic Büchi automaton of size 2n2 (for |Q| = n) that accepts all ambiguous
sequences. A direct determinization [11] of that cross product would yield a Rabin auto2
maton of size 2O(n log n) . However, given that the cross product is weak in the sense that
all its strongly connected components are either fully accepting or fully non-accepting, one
could apply the breakpoint construction of Miyano and Hayashi [9] to obtain a deterministic
2
Büchi automaton of its complement language, of size 32n . Our construction, while similar
in spirit to that of [9], is more efficient than that: for a reachable Büchi state hU, V, W i ∈ S,
any LTS state q ∈ Q may or may not appear in U , and it may appear in at most one
of V or W , but not in both. Thus, the number of reachable states in B is bounded by
2n · 3n = 6n = 2O(n) . Theorem 14 shows that an exponential blowup in n is unavoidable in
general, i.e. our construction is optimal up to a constant factor in the exponent.

4.2

Synthesizing the controller

We simultaneously solve the decision and synthesis problems. As before, we fix an LTS
A = hQ, q0 , Σ, T i. We shall try to construct a state-based pilot C such that hC is an active
diagnoser for A. The construction succeeds iff A is actively diagnosable. According to
Definition 8, the main challenges in building an active diagnoser are to ensure that (i) the
controlled system remains live, (ii) the controller excludes the ambiguous sequences, and
(iii) diagnosis information is provided. For this, we introduce Büchi games.
I Definition 20 (game). A game G (between two players called Control and Environment)
is a tuple hVC , VE , E, v0 , VF i, where VC , VE are the vertices owned by Control and Environment, respectively; VG denotes all vertices, and v0 ∈ VC is an initial vertex. E ⊆ VG × VG
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are directed edges such that for all v ∈ VC there exists some (v, w) ∈ E, and VF ⊆ VG is a
winning condition. A play is a function ρ : N → VG such that ρ(0) = v0 and hρi , ρi+1 i ∈ E
for all i ≥ 0; we call ρk := ρ(0) · · · ρ(k), for some k ≥ 0, a partial play if ρ(k) ∈ VC , and set
state(ρk ) := ρ(k). We write Play ∗ (G) for the set of partial plays of G. A play ρ is called
winning (for Control) if ρ(i) ∈ VF for infinitely many i.
I Definition 21 (strategy). Let G = hVC , VE , E, v0 , VF i be a game. A strategy (for Control)
is a function θ : Play ∗ (G) → VG such that hstate(ξ), θ(ξ)i ∈ E for all ξ ∈ Play ∗ (G). A play
ρ adheres to θ if ρ(i) ∈ VC implies ρ(i + 1) = θ(ρi ) for all i ≥ 0. A strategy is called
winning if every play ρ that adheres to θ is winning. A positional strategy is a function
θ0 : VC → VG such that hv, θ0 (v)i ∈ E for all v ∈ VC ; we call θ0 winning if the strategy θ with
θ(ξ) = θ0 (state(ξ)) is winning.
In the game that we have defined, a play can only be stuck in a state of Environment.
Thus we do not consider finite maximal plays for defining the winning strategies of Control.
Let B = hB 0 , F i, with B 0 = hS, s0 , Σo , δi, be the deterministic Büchi automaton constructed
from A in Section 4.1. We shall take B 0 as the LTS component of C. To determine cont C ,
we construct a Büchi game based on B. The objective of Control is to obtain an accepting
run by suitably restricting the possible actions, and any winning strategy will be a suitable
candidate for cont C . Intuitively, a round of the game is played as follows:
1. Control restricts the set of possible actions to Σ0 .
2. Environment chooses an action a ∈ Σ0 to determine the next state of B.
The choices of Control are subject to some restrictions. Indeed, each state s = hU, V, W i
represents Control’s knowledge about the current potential states of A. To ensure that
the controlled system remains live, Σ0 must not cause deadlocks in any state reachable by
unobservable events from U ∪V ∪W . Also, Control cannot prevent the uncontrollable events.
So we define the admissible sets and the game as follows.
I Definition 22 (admissible action set). Let s = hU, V, W i be a state of B. We call Σ0 ⊆ Σo
w
admissible for s if (i) Σuc ⊆ Σ0 and (ii) for all states q 0 of A with q =
⇒ q 0 for some q ∈ U ∪V ∪W
a
and w ∈ Σ∗uo , there exists a ∈ Σ0 and q 00 ∈ Q with q 0 −
→ q 00 . The admissible sets for s are
denoted adm(s).
I Definition 23 (controller-synthesis game). Let B = hhS, s0 , Σo , δi, F i be a Büchi automaton. We denote G(B) the game hVC , VE , E, s0 , F i, where VC = S, VE = (S × 2Σo ) ∪ (S ×
Σo ), and E = E1 ∪ E2 ∪ E3 , where
E1 = { hs, hs, Σ0 ii | s ∈ S, Σ0 ∈ adm(s) };
E2 = { hhs, Σ0 i, hs, aii | s ∈ S, a ∈ Σ0 };
E3 = { hhs, ai, s0 i | δ(s, a) = s0 }.
The set E3 is only introduced to record the sequence of observable actions that occur
during a play. Furthermore Environment can be stuck in a vertex of E3 meaning that the
action chosen by Environment does not correspond to a possible behavior of the system.
I Example 24. Figure 6 depicts an excerpt of the game for Example 1. In the initial state,
there are three possible admissible sets, all including c, the uncontrollable observable action.
{c} is not an admissible set as it blocks the system. If Environment chooses action c, it
immediately loses since c is not possible initially even after a fault.
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h1, ∅, ∅i

h1, ∅, ∅i,
{a, c}

h1, ∅, ∅i,
a

h1, ∅, ∅i,
{a, b, c}

h1, ∅, ∅i,
c

h1, ∅, ∅i,
{b, c}

h1, ∅, ∅i,
b

h1, ∅, 3i

h1, ∅, 2i

Figure 6 Excerpt of the Büchi game for Example 1.

We can now address the decision and synthesis problems. The next theorem is based on
the following: (1) Büchi games can be solved in polynomial time, (2) a positional winning
strategy can always be chosen for Control if it wins and (3) there is a tight correspondence
between winning strategies and active diagnosers.
I Theorem 25. Let A be an LTS with n states and m controllable actions. The active
diagnosis decision and synthesis problems for A can be solved in 2O(n+m) time. Moreover,
if A is actively diagnosable, then one can synthesize a state-based pilot C with at most 6n
states such that hC is an active diagnoser for A.
We briefly discuss the relationship of our construction with that of [12]. There, an active
diagnoser is built on the basis of a powerset construction that is similar to ours but without
splitting the possibly faulty states into a ‘watchlist’ W and a ‘waiting room’ V . However,
they then face the aforementioned problem of distinguishing sequences with infinitely many
ambiguous prefixes (like aω in Example 1) from truly ambiguous sequences (like bω ), which
they resolve by examining each cycle of the automaton. Since the number of states in that
automaton is 3n ,1 and there can be exponentially many cycles, this procedure is doubly
exponential in n. Our construction is only singly exponential in n.
Using Theorems 12 and 25, we get the following corollary.
I Corollary 26. The active diagnosis decision problem is EXPTIME-complete.

4.3

Index and waiting time

We assume that A is actively diagnosable and develop the construction of an active diagnoser
with a delay close to the index of A, and a computational complexity still in 2O(n) . For
simplicity, we denote the game G(B) by G. Let G 0 be any game. Given a strategy θ for G 0 ,
0
we denote by Play ω
θ (G ) the set of plays that adhere to strategy θ, and by R(θ) the subset of
0
states of S that are visited by a play of Play ω
θ (G ). We are now in the position to introduce
the main concept of this section, the waiting time of a strategy: the maximal number of
states visited without encountering an accepting state.
I Definition 27 (waiting time). Let θ be a strategy for G. Then the waiting time K(θ) is
defined as sup(|{k | i ≤ k ≤ j ∧ ρ(k) ∈ S}| | ∃i, j ∃ρ ∈ Play ω
θ (G) F ∩ {ρ(k)}i≤k≤j = ∅) with
the convention sup(∅) = 0.
Observe that K(θ) may be infinite for a non-positional winning strategy. However, it is
finite and strictly smaller than |S| (since there is at least one accepting state) for a winning

1

This is the result when only one fault type is considered; [12] actually provides for several fault types,
which we omit here for sake of simplicity.
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positional strategy. In fact, for θ a winning positional strategy, K(θ) can be computed in
linear time (with appropriate data structures) w.r.t. the size of G. In order to present it
and for subsequent use, we introduce the following notation. Let s be a state of the Büchi
automaton, Out(s) := {a ∈ Σo | δ(s, a) is defined }. First one computes, by increasing
values, the minimal solution of the following equation system:
(
0
if s ∈ R(θ) ∩ F ;
Vθ (s) =
0
0
1 + max(Vθ (δ(s, a)) | a ∈ Σ ∩ Out(s) s.t. (s, Σ ) = θ(s)) if s ∈ R(θ) \ F .
Then K(θ) = max(Vθ (s) | s ∈ R(θ)). Denote by D(θ) the delay of the active diagnoser
related to strategy θ. Lemma 28 shows that K(θ) provides useful information about D(θ).
I Lemma 28. Let θ be a strategy for game G with finite waiting time. Then:
1 + K(θ) ≤ D(θ) ≤ 1 + 2K(θ)
Intuitively, the upper bound is potentially due to a fault staying in the “waiting room” of
B for at most K(θ) steps, then in the “watchlist” for at most K(θ) + 1 steps. The lower
bound is due to the fact that along a subrun with a non-empty watchlist, a possible fault
could have occurred before this subrun.
Define KA = min(K(θ)), where θ ranges over the winning strategies for G. Since a
positional such strategy exists, we know that KA is finite and belongs to 2O(n) . Let us note
DA = min(D(θ)) the index of A. The following corollary provides a tight frame for DA and
shows that the index is in 2O(n) .
I Corollary 29. Let A be actively diagnosable. Then: 1 + KA ≤ DA ≤ 1 + 2KA
Let us compute an active diagnoser or, equivalently, a strategy θ that achieves K(θ) =
KA . To this aim, we introduce a family of games {Gi }i∈N defined as follows. The set of
vertices of Gi are: VGi = {v j | v ∈ VG ∧ 0 ≤ j ≤ i} ∪ {lost} where the subset of vertices
owned by Control are {v j | v ∈ VC ∧ 0 ≤ j ≤ i} ∪ {lost}, the initial vertex is s00 , and the set
of accepting states are {s0 | s ∈ F }. Its set of edges E 0 = E10 ∪ E20 ∪ E30 is defined by:
for all j ≤ i, hv j , wj i belongs to E10 iff hv, wi belongs to E1 ;
for all j ≤ i, hv j , wj i belongs to E20 iff hv, wi belongs to E2 ;
j
for all j ≤ i, hhs, ai , s00 i ∈ E30 iff hhs, ai, s0 i ∈ E3 and s0 ∈ F ;
j
for all j < i, hhs, ai , s0j+1 i ∈ E30 iff hhs, ai, s0 i ∈ E3 and s0 ∈
/ F;
i
hhs, ai , losti belongs to E30 iff hhs, ai, s0 i belongs to E3 and s0 ∈
/ F;
hlost, losti belongs to E30 and there is no other edge.
Game Gi has the following properties: an infinite play either ends up in lost or visits the
accepting states infinitely often, with at most i visits of the set {v j | v ∈ S \ F, 0 ≤ j ≤ i}
between two visits of accepting states. The following lemma relates strategies in G and Gi .
Based on it an efficient computation of an optimal strategy w.r.t. K(θ) can be performed.
I Lemma 30. There is a winning strategy θ in G with K(θ) ≤ i iff there is a winning
strategy θi in Gi . Moreover, in the positive case, θ can be chosen to be positional.
I Theorem 31. If A is actively diagnosable, there exists a positional strategy θ that fulfills
K(θ) = KA . Moreover, such a strategy can be computed in 2O(n) .
This construction represents a reasonable tradeoff, since, due to Theorem 16, an active
diagnoser that realizes a delay equal to the index of A may need to be much larger, i.e.
2Ω(n log(n)) . We sketch the construction of a controller with minimal delay once one knows
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that the system is actively diagnosable. One iteratively builds a safety game Gi0 parametrized
by increasing values of i. A controller state of this game is defined by (U, d) where U is the
set of states reached by a correct sequence while d associates with every state s reached by a
faulty sequence a duration d(s) ≤ i + 1 since the occurrence of the earliest fault that would
lead to s. As in the previous games the controller selects a subset of observable actions
letting the environment select an action among them. The aim of the controller is to avoid
states with some d(s) = i + 1. The first i for which Gi0 has a winning strategy is the index
and the winning strategy yields an active diagnoser with minimal delay. Observe that since
2
the index is bounded by 2O(n) , in the worst case the final game has 2O(n ) states.

5

Conclusion and Perspectives

We have developed an active-diagnosis method for finite-state systems and shown it to be
optimal w.r.t. several criteria. For instance, our work allows to minimize the delay between
the occurrence of a fault and its detection. In general, striving for a minimal delay may lead
to an overly restrictive controller, e.g., in Figure 1 the controller could completely forbid
the action b. We have therefore undertaken work to allow for parametrized active diagnosis,
which constructs the most permissive controller that respects a user-specified delay. This
work, not included here for space reasons, is contained in the long version [7].
Future work has some research leads to address. First, it remains to determine the precise
memory requirements for the minimal-delay diagnoser since we showed that it lies between
2
2Θ(n log(n)) and 2Θ(n ) . Second, the control for active diagnosis could be refined into a safe
control, i.e. one that does not “encourage” the faulty behaviours. Last we aim at addressing
infinite-state systems or systems with quantitative features, as for passive diagnosability in
pushdown systems [10], Petri nets [2], timed [17, 15] and probabilistic systems [14].
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