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Abstract
When we extend a type system, the relation between the original system and its extension is
an important issue we want to understand. Conservative extension is a traditional relation we
study with. But in some cases, like coercive subtyping, it is not strong enough to capture
all the properties, more powerful relation between the systems is required. We bring the idea
definitional extension from mathematical logic into type theory. In this paper, we study the notion
of definitional extension for type theories and explicate its use, both informally and formally, in
the context of coercive subtyping.
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1 Introduction

In the studies of type theory, sometimes we extend a type system with some notions and rules.
We are interested in what power the extension systems can bring to us, and we also want to
know the relations between the systems. Understanding the relations between the systems
tells us some of the properties the new system should hold. The most common property we
always think of is conservativity, or put in anther way, whether the extension is a conservative
extension. For example, Hofmann showed the conservativity of extensional type theory over
intensional type theory with extensional concepts added [4]. Informally, conservativity means
that the new system maybe more convenient than the original system but it cannot prove any
new theorem within the old language. It requires that all the theorems in the old language,
which are provable in new system, are also provable in the old system.

Subtypes are introduced into type theory and studied in many works [1, 2, 14, 15].
Coercive subtyping [7] is one approach of studying subtype in type theory. Unlike the
traditional way of dealing subtype with subsumption rule

a : A A ≤ B
a : B

which is very common in the study of functional programming languages [13], coercive
subtyping is an abbreviation mechanism. We consider a unique coercion c between two types
A and B, written as A <c B. Intuitively, for every place we require a term of type B, we can
use a term a of type A instead, and it is just an abbreviation of using the term c(a). This
simple mechanism is quite powerful, one recent use is in the study of linguistic semantics
[9, 19].

Since we take coercive subtyping as an abbreviation mechanism, we don’t want it to
increase any power of the existing system. Soloviev and Luo [17] studied the relationship
between a type system and its coercive subtyping extension and called it “conservativity”. In
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fact, the relationship is not quite the same as the traditional notion of conservative extension
and it turns out that it can better be characterized as an definitional extension in a more
general sense. In this paper, we will give a definition of this notion of definitional extension
and explicate it, both informally with a simple example and formally for coercive subtyping.

Soloviev and Luo’s previous work [17] was based on a notion of basic subtyping rules
which turns out to be unnecessarily general. It does not exclude certain “bad” subtyping
rules which cannot be used normally but can be applied once we introduce coercive subtyping.
This would destroy the consistency of the whole system. Recently, we fix the problem by
considering coercion sets rather than coercion rules and, furthermore, the latter can be
captured by the former [11, 18]. In this paper, our treatment of coercive subtyping is based
on this new framework.

The paper goes in the following way. We give the motivation of introducing definitional
extension in Section 2 by showing that coercion mechanism cannot be expected as a conservat-
ive extension. In Section 3, we present a definition of conservative extension and definitional
extension in type theory. We use a simplified example to demonstrate the relation between
a system and its coercion extension in Section 4 and give a sketch on the full study of the
relation in Section 5.

2 Motivation: coercive subtyping

Coercive subtyping [7] is an approach to introducing subtypes into type theory and it considers
subtyping by means of abbreviations.

The basic idea of coercive subtyping is that, when we consider A as a subtype of B, we
choose a unique function c from A to B, and declare c to be a coercion, written as A <c B.
Intuitively, the idea means anywhere we need to write an object of type B, we can use
an object a of type A instead. Actually in the context, the object a is to be seen as an
abbreviation for the object c(a) : B. More precisely, if we have f from B to C, then f can
be applied to any object a of type A to form f(a) of type C, which is definitionally equal
to f(c(a)). We can consider f(a) to be an abbreviation for f(c(a)), with coercion c being
inserted to fill the gap between f and a. The idea above could be captured by means of the
following formal rules:

f : B → C a : A A <c B

f(a) : C
f : B → C a : A A <c B

f(a) = f(c(a)) : C

As an extension of a type theory, coercive subtyping is based on the idea that subtyping
is abbreviation. On the one hand, it should not increase any expressive power of the
original system. On the other hand, coercions can always be correctly inserted to obtain the
abbreviated expressions as long as the basic coercions are coherent 1.

In the study coercive subtyping, Soloviev and Luo tried to think it be a conservative
extension [17]. But we find that conservativity is not accurate to capture the relation. In
the expressions of coercive subtyping, there are “gaps” introduced by the coercions. Given
f : B → C and a : A, although f(a) : C is well-formed with coercive subtyping A <c B, we
can still image that there is a “gap” in f(a) between f and a. As mentioned above, we want
to show that all the “gaps” in the expressions caused by coercions can be correctly inserted.

1 Informally, coherence in coercive subtyping means there is unique coercion between two different types,
further details are discussed in Section 5.
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For example, let’s consider types Nat = 0 |succ(Nat), Bool = true|false and coercion
Bool <c Nat. With coercive subtyping, we can have terms:

succ(true), succ(false), succ(succ(true)), succ(succ(false)), . . .

As we have emphasised that coercive subtyping is just abbreviation, these terms should
actually be equivalent to the following terms:

succ(c(true)), succ(c(false)), succ(succ(c(true))), succ(succ(c(false))), . . .

Such equivalence is the most important property of the extension with coercive subtyping.
We want to show that all the judgements or derivations in the system with coercive subtyping
can be translated into the equivalent ones in the original type system. “conservative extension”
is not enough for our use, it only talks about whether the derivable judgements in new system
are still derivable in the original one, it doesn’t ask for such equivalence connection. We find
the idea of “definitional extension” in first-order logic theories contains a translation between
the formulas of the theories. Hence, we think that such notion of definitional extension is a
suitable option to describe the relation between a type system and its coercive subtyping
extension.

3 Conservative extension and definitional extension

To build a definition for the definitional extension, we should give definitions for the equival-
ence between judgements and equivalence between derivations first. Such definitions depend
on the forms of judgements. In this paper, we will consider the type systems formalised in
Luo’s logical framework2 [6]. For other cases, we should be able to consider them in a similar
way.

3.1 Luo’s logical framework
Luo’s logical framework [6] is a typed version of Martin-Löf’s logical framework [15]. In
Luo’s logical framework, the functional abstractions of the form (x)k in Martin-Löf’s logical
framework are replaced by the typed form [x : K]k. We will simply call it LF in the rest
part of this paper.

LF is a type system with terms of the following forms:

Type, El(A), (x : K)K ′, [x : K]k′, f(k)

The kind Type denotes the conceptual universe of types; El(A) denotes the kind of objects
of type A; (x : K)K ′ denotes a dependent product; [x : K]k′ denotes an abstraction; and
f(k) denotes an application. The free occurrences of the variable x in K ′ and k′ are bound
by the binding operators (x : K) and [x : K]. There are five forms of judgements in LF:

Γ ` valid, which asserts that Γ is a valid context.
Γ ` K kind, which asserts that K is a valid kind.
Γ ` k : K, which asserts that k is an object of kind K.
Γ ` k = k′ : K, which asserts that k and k′ are equal objects of kind K.
Γ ` K = K ′, which asserts that K and K ′ are two equal kinds.
Figure 7 shows the LF rules. It contains the rules for context validity and assumptions,

the general equality rules, the type equality rules, the substitution rules, the rules for kind
Type and the rules for dependent product kinds.

2 It is different from the Edinburgh Logical Framework [3].
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3.2 Conservative extension
In mathematical logic, when we say a logical theory S2 is an extension of a theory S1, it
means that the syntax of S2 includes all the syntax of S1 and every theorem of S1 is a
theorem of S2. We call S2 a conservative extension of S1, if S2 is an extension of S1 and we
have a further condition that any theorem of S2 in the language of S1 is a theorem in S1.

When we talk about such extensions, it is important to point out that the syntax of S2
contains all the syntax of S1. We can have two labels of the theorems, one is proposable,
another is provable. Proposable means the theorem can be written down in the language,
not necessary be proved. Provable means the theorem can not only be written down but also
be proved. In conservative extension, we don’t care those theorems which are proposable in
S2 but not proposable in S1. However, we will see later that in definitional extension we
need to think of them.

We can consider the idea similarly in type theory. Instead of thinking of the theorems,
we would like to think of the judgements. If a judgement can be derived through the rules
in the system, we call it a derivable judgement. We say type system T2 which includes all
the syntax of system T1 is a conservative extension of T1 , if for any proposable sequent
(judgement) t of the system T1, t is derivable in T2 implies that t is derivable in T1. If a
sequent is not proposable in T1 (only proposable in T2), its derivability does not matter.

More precisely, let’s use `T for the derivable judgements in system T . T2 is an extension
of T1 requires that, T2 includes all the syntax of T1 and for any judgement Γ ` Σ in T1(it
may not be derivable):

Γ `T1 Σ ⇒ Γ `T2 Σ

For such an extension to be conservative, we also require:

Γ `T2 Σ ⇒ Γ `T1 Σ

I Definition 1 (conservative extension). Type theory T2 is a conservative extension of T1,
if T2 includes all the syntax of T1 and for any proposable judgement J in T1, there’s a
derivation of J in T1 if and only if there’s a derivation of J in T2.

3.3 Definitional extension
Sometimes, conservative extension is not powerful enough to describe the relation between
the systems. In some cases, like the study of coercive subtyping [11], we not only want to
show the conservativity, but also want the systems to keep a stronger relation. We want the
formulas, judgements or derivations in one system could be translated to corresponding ones
in another system. Definitional extension describes such kind of relation.

Traditionally, the notion of definitional extension was formulated for first-order logical
theories [5]: a first-order theory is a definitional extension of another if the former is a
conservative extension of the latter and any formula in the former is logically equivalent to
its translation in the latter. More precisely, a definitional extension S′ of a first-order theory
S is obtained by successive introductions of relations(or functions) in such a way that, for
example, for an n-ary relation R, the following defining axiom of R is added:

∀x1...∀xn. R(x1, ..., xn) ⇐⇒ φ(x1, ..., xn),

where φ(x1, ..., xn) is a formula in S.
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For such a definitional extension S′, we have:
for any formula ψ in S′, ψ ⇐⇒ ψ∗ is provable in S′, where ψ∗ is the formula in S

obtained from ψ by replacing any occurrence of R(t1, ..., tn) by φ(t1, ..., tn) (with necessary
changes of bound variables).
S′ is a conservative extension of S.

Taking the idea of definitional extension, especially the translation between formulas, we
are going to consider a similar relation in type theory. The notion of definitonal extension
in first-order logic is characterised in terms of translation on formulas. In our type theory,
we have at least two options to present the translation on: judgements and derivations.
Intuitively, derivable judgements and derivations are very close related to each other. In
analogy to the formulas in logic, it sounds even more natural to use judgements in type
theory. However, we will choose derivations to formalise our definition. Let’s consider the
type systems with coercive subtyping. Translating a judgement with coercive subtyping into
a judgement without coercive subtyping requires us to point out all the “gaps” introduced
by coercion in the judgement. They are not simply marked in the syntax, and due to the
congruence rules of subtyping, the insertion might not be syntactically unique. We have
to look up the derivations to find the coercions out. More generally, in intensional type
theories, the non-syntax-directed use of the conversion rule makes the connection between
the judgement and derivation non-structural. When we have the mechanisms like coercion,
the choice of rules by which to refine a judgement becomes no more free. Based on these
reasons, it is necessary to give the definition in term of derivations.

Before giving a formal definition of definitional extension, we need to define the equivalence
between derivations first. The equivalence between the derivations can be defined by the
equivalence between derivable judgements and the equivalence between the judgements
intuitively means that the corresponding parts of two judgements are equal formulas. In LF,
the judgements are of form:

Γ ` valid, Γ ` K kind, Γ ` k : K, Γ ` k1 = k2 : K and Γ ` K1 = K2

Hence, we can define the equivalence between the judgements in the following way:

I Notation 2. In a type system S specified in LF, let Γ1 and Γ2 be

Γ1 ≡ x1 : K1, x2 : K2, · · · , xn : Kn

Γ2 ≡ x1 : M1, x2 : M2, · · · , xn : Mn

The equality Γ ` Γ1 = Γ2 is an abbreviation for the following list of n judgements:

Γ ` K1 = M1;
Γ, x1 : K1 ` K2 = M2;

...
Γ, x1 : K1, · · · , xn−1 : Kn−1 ` Kn = Mn.

With the LF rules, we can proof the following propositions of our equality abbreviation in
type system S specified in LF. Then, we can use them to define equality between judgements
and between derivations in S.

I Proposition 3. In a type system S specified in LF.
1. If Γ1 is a valid context, then ` Γ1 = Γ1.
2. If Γ ` Γ1 = Γ2, then Γ ` Γ2 = Γ1.

TYPES 2013
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3. If Γ ` Γ1 = Γ2 and Γ ` Γ2 = Γ3, then Γ ` Γ1 = Γ3.
4. If Γ,Γ1 ` J and Γ ` Γ1 = Γ2 then Γ,Γ2 ` J . (J is of form valid, K kind, k : K,

k1 = k2 : K or K1 = K2)

Proof. See appendix B. J

I Definition 4. (equality between judgements) Let S be a type theory specified in LF.
The notion of equality between judgements of the same form in S, notation J1 =s J2, is
inductively defined as follows:
1. (Γ1 ` valid) =s (Γ2 ` valid) iff ` Γ1 = Γ2 is derivable in S.
2. (Γ1 ` K1 kind) =s (Γ2 ` K2 kind) iff ` Γ1 = Γ2 and Γ1 ` K1 = K2 are derivable in S.
3. (Γ1 ` k1 : K1) =s (Γ2 ` k2 : K2) iff ` Γ1 = Γ2, Γ1 ` K1 = K2 and Γ1 ` k1 = k2 : K1 are

derivable in S.
4. (Γ1 ` K1 = K ′1) =s (Γ2 ` K2 = K ′2) iff ` Γ1 = Γ2, Γ1 ` K1 = K2 and Γ1 ` K ′1 = K ′2 are

derivable in S.
5. (Γ1 ` k1 = k′1 : K1) =s (Γ2 ` k2 = k′2 : K2) iff ` Γ1 = Γ2, Γ1 ` K1 = K2, Γ1 ` k1 =

k2 : K1 and Γ1 ` k′1 = k′2 : K1 are derivable in S.

The equivalence between the derivations can be given as follows:

I Definition 5. (equality between derivations) Suppose d is a derivation in type system S,
let conc(d) denote the conclusion of derivation d. Given two derivations d1 and d2, we call
d1 and d2 equivalent derivations in S and write d1 ∼s d2 iff conc(d1) =s conc(d2) in S.

I Theorem 6. Let S be a type theory specified in LF, =s and ∼s are equivalence relations.

Proof. Straight with Proposition 3 and LF rules in Figure 7. J

When no confusion may occur, We will omit S and simply write = and ∼ for the
equivalence between judgements and derivations in system S.

I Definition 7. (definitional extension) We call T2 is a definitional extension of T1, if we
have:

for any derivation d in T2, we can translate d into a corresponding derivation d′ in T1, d
and d′ are equivalent derivations in T2.
T2 is a conservative extension of T1.

4 A simple example

In Section 2, we have proposed our motivation of introducing definitional extension: con-
servative extension is not enough to capture the properties when we extend a system with
coercive subtyping. However, we find that coercive subtyping is not a definitional extension
either. The reason is that terms like succ(true) are proposable but not derivable in the
original system. With the help of coercive subtyping, they are derivable. It doesn’t satisfy
the definition of conservative extension, hence not definitional extension. To figure out what
exactly the relation is, we have to employ some intermediate systems to help us.

The complete description of the relations between a type system, its coercive subtyping
extension and intermediate systems is complex and includes some tedious proofs [18]. We
will give a sketch of it in the next section. In this section, we try to give an example with
coercive subtyping to tell such story in a simple and informal way. Through this trivial
looking example, we would like to show the following points: 1) why definitional extension is
still not enough (or why we introduce a intermediate system); 2) how to introduce a proper
intermediate system; 3) the relations between the systems.
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Figure 1 Relations between Ic, I∗ and I.

We will consider three systems in the example, a type system I and two of its extensions.
I is a very simple type system with only two constant types Nat and Bool. We extend it
into system Ic with one coercion Bool <c Nat. We also introduce system I∗ as extension of
I with ∗ calculus, such ∗ plays a role of gap holder when we apply the coercion. Through
the relations between the judgements of these systems, we can draw a picture for the links
between these systems as Figure 1 (definitions of Φ, Φ′, φ and φ′ are shown in the later parts
of this section).

We will use some informal notions in this example section for the purpose of a simple
description. We only have subtyping in the example, while in LF we shift them into subkinding.
We will omit the contexts of judgements and use judgements to formalise translations for
definitional extension. It is worth pointing out that using judgements for the translations
doesn’t violate our previous settings with derivations in this example. Because in the syntax
of judgements, the applications of succ on true or false indicate the use of coercion application
rule in the derivation clearly.

4.1 System I

In I, we only have two basic types Nat and Bool with their constructors, and a term c of
type Bool → Nat:

Nat : Type, 0 : Nat, succ : Nat → Nat,
Bool : Type, true : Bool, false : Bool, c : Bool → Nat

And, we have the following rules:

f : M → N a : M
f(a) : N

a : M
a = a : M

a1 = a2 : M
a2 = a1 : M

a1 = a2 : M a2 = a3 : M
a1 = a3 : M

In this system, the judgements are of form:
a : M and a1 = a2 : M

We can easily list out all the derivable judgements in I, they can only be of the following
cases:

0 : Nat, succ : Nat → Nat, succ(...succ(0 )) : Nat,
true : Bool, false : Bool, c : Bool → Nat, c(true) : Nat, c(false) : Nat,
succ(...succ(c(true))) : Nat, succ(...succ(c(false)) : Nat,
0 = 0 : Nat, succ(...succ(0 )) = succ(...succ(0 )) : Nat,
true = true : Bool, false = false : Bool,
succ = succ : Nat → Nat, c = c : Bool → Nat,
succ(...succ(c(true))) = succ(...succ(c(true))) : Nat,
succ(...succ(c(false))) = succ(...succ(c(false))) : Nat

TYPES 2013
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I Remark. For the judgements like succ(...succ(c(true))) = succ(...succ(c(true))) : Nat, the
left and right term of the equal mark have the same number of succ. It’s the same case for
the other similar judgements in rest of this section.

4.2 System Ic

Let’s enrich the system I with coercive subtyping. We extend I into system Ic with coercion
Bool <c Nat and coercion application rules:

f : B → C a : A A <c B

f(a) : C
f : B → C a : A A <c B

f(a) = f(c(a)) : C

The judgements in system Ic are of form3:
a : M and a1 = a2 : M

We can get all the derivable judgements in system Ic. Besides all those we have in system
I, we can derive the following judgements:

succ(...succ(true)) : Nat, succ(...succ(false)) : Nat,
succ(...succ(true)) = succ(...succ(true)) : Nat,
succ(...succ(false)) = succ(...succ(false)) : Nat,
succ(...succ(c(true))) = succ(...succ(true)) : Nat,
succ(...succ(c(false))) = succ(...succ(false)) : Nat,
succ(...succ(true)) = succ(...succ(c(true))) : Nat,
succ(...succ(false)) = succ(...succ(c(false))) : Nat

4.3 Relation between I and Ic

Now, let’s consider the relation between I and Ic. We want to show that every derivable
judgement in Ic is equivalent to a corresponding derivable judgement in I. To achieve this
goal, we define a translation Φ from every derivable judgements in system Ic to derivable
judgements in I. Φ inserts all the gaps caused by coercion with term c (since we only have
one subtyping relation). The definition of Φ is as follows :
1. Φ(t) ≡ t, if the t is the judgement in I,
2. Φ(t) ≡ succ(...succ(c(b)) : Nat, if t ≡ succ(...succ(b)) : Nat, b is either true or false,
3. Φ(t) ≡ succ(...succ(c(b))) = succ(...succ(c(b))) : Nat,

if t ≡ succ(...succ(b)) = succ(...succ(b)) : Nat, b is either true or false,
4. Φ(t) ≡ succ(...succ(c(b) = succ(...succ(c(b))) : Nat,

if t ≡ succ(...succ(b)) = succ(...succ(c(b))) : Nat, b is either true or false,
5. Φ(t) ≡ succ(...succ(c(b)) = succ(...succ(c(b))) : Nat,

if t ≡ succ(...succ(c(b))) = succ(...succ(b)) : Nat, b is either true or false.

It is easy to prove that Φ is total. In order to show the equality between the judgements
in Ic and their translations in I, we can prove Φ is holding the following property.

I Proposition 8. For any derivable judgement t in system Ic, Φ(t) and t are equivalent
judgements in system Ic

3 We do not consider subtyping relation as a judgement in this example section. But in full study of
coercive subtyping in LF, we will think them as judgements. See the discussion in Section 5.
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Although we have shown certain relation between system I and Ic, it just satisfies the
first condition of definitional extension. We cannot say Ic is a definitional extension of I,
because definitional extension requires conservativity. Unfortunately, Ic is not a conservative
extension of Ic. A simple counter example is that, succ(true) : Nat is a judgement but not
derivable in I, however it is derivable in Ic. It doesn’t satisfy the definition of conservative
extension.

The reason for this problem is that the abbreviation with “gaps” mechanism of coercive
subtyping makes such non-well-formed sequences to be well-formed. If we consider an
intermediate system with an extra place holder for the “gaps”, we may get rid of the problem.

4.4 System I∗

To make a more specific study for the relations, we will introduce another system I∗.
Intuitively, I∗ means that for any place we want to use a coercion, we insert a symbol ∗ to
fill the gap, it equals to the term where the coercion applied. Similarly like Ic, I∗ extends
system I with the following rules:

f : B → C a : A A <c B

f ∗ a : C
f : B → C a : A A <c B

f ∗ a = f(c(a)) : C

In system I∗, the judgements are also of form:
a : M and a1 = a2 : M

We can list all the derivable judgements in system I∗ as follows, besides all those in
system I:

succ(...succ ∗ true) : Nat, succ(...succ ∗ false) : Nat,
succ(...succ ∗ true) = succ(...succ ∗ true) : Nat,
succ(...succ ∗ false) = succ(...succ ∗ false) : Nat,
succ(...succ(c(true)) = succ(...succ ∗ true) : Nat,
succ(...succ(c(false))) = succ(...succ ∗ true) : Nat,
succ(...succ ∗ true) = succ(...succ(c(true))) : Nat,
succ(...succ ∗ true) = succ(...succ(c(false))) : Nat

4.5 Relation between I and I∗

It is trivial to show that I∗ is a conservative extension of I. Since judgements like succ∗ true :
Nat are not judgements in I, we don’t need to consider them, all the other derivable
judgements in I∗ are exactly the same judgements in I.

I Proposition 9. System I∗ is a conservative extension of system I.

Like what we have done for the relation between Ic and I. We can introduce a total
translation Φ′ from judgements of system I∗ to judgements of system I. Intuitively, it
substitutes all the appearance of ∗ with our only coercion c:
1. Φ′(t) ≡ t, if the t is a derivable judgement in I,
2. Φ′(t) ≡ succ(...succ(c(b)) : Nat, if t ≡ succ(...succ ∗ b) : Nat, b is either true or false,
3. Φ′(t) ≡ succ(...succ(c(b)) = succ(...succ(c(b))) : Nat,

if t ≡ succ(...succ ∗ b) = succ(...succ ∗ b) : Nat, b is either true or false,
4. Φ′(t) ≡ succ(...succ(c(b) = succ(...succ(c(b))) : Nat,

if t ≡ succ(...succ ∗ b) = succ(...succ(c(b))) : Nat, b is either true or false,
5. Φ′(t) ≡ succ(...succ(c(b)) = succ(...succ(c(b))) : Nat,

if t ≡ succ(...succ(c(b))) = succ(...succ ∗ b) : Nat, b is either true or false.

TYPES 2013
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Now we have a total translation Φ′ from system I∗ to system I. Again, it is easy to prove
that for every derivable judgement t in system I∗, Φ′(t) and t are equal judgements in I∗.
Together with the conservative property, we can conclude that I∗ is a definitional extension
of I.

For any derivable judgement t in I∗, Φ′(t) is a derivable judgement in I, Φ′(t) and t are
equivalent judgements in I∗.
I∗ is a conservative extension of I.

4.6 Relation between Ic and I∗

Now, let’s think of the relation between, Ic and I∗. The rules and judgements are almost
the same, only different in symbols. Intuitively, they should be equivalent systems. We can
show their equality by introducing two more translations between the systems: φ from the
judgement of Ic to the judgement of I∗, φ′ from the judgement of I∗ to the judgement of Ic.

φ changes every place of succ(true) or succ(false) in system Ic into term succ ∗ true or
succ ∗ false.
φ′ simply removes every occurrence of ∗ in system I∗.

It’s trivial to show that φ and φ′ are total, and easy to prove that Ic and I∗ are two
equivalent systems by means of :

I Proposition 10.
For every judgement t in Ic, φ′(φ(t)) ≡ t.
For every judgement t′ in I∗ φ(φ′(t′)) ≡ t′.

We can also show that Φ is a composition of Φ′ and φ:

I Proposition 11. For any derivable judgement t in Ic, Φ(t) ≡ Φ′(φ(t))

Finally, we can reach the conclusion for the relations between all these systems: Ic is
equivalent to a system I∗ which is a definitional extension of I, as shown in the graph
previously (Figure 1):

Ic is an equivalent system of I∗
I∗ is a definitional extension of I:

5 Coercive subtyping in LF

Luo formulated coercive subtyping [7] in his LF [6]. Later we find that the extension took a
too general set of coercion rules which may ruin the consistency of the extension system. We
solve the problem by reformulating it with some restriction [11, 18]. In this section, we give
a sketch of reformulated system and proofs to show the definitional extension, further details
could be found in the author’s thesis [18].

We will mainly consider the following systems: an original type system T ; an extension of
system T with coercive subtyping (T [C]); an extension of system T with coercive subtyping
and place holder ∗ (T [C]∗); an intermediate system without coercion application rules
(T [C]0K).

We introduce coercive subtyping in type level (rules in Figure 2) and then move them
into kind level (rules in Figure 3). The symbol ∗ is introduced as a place holder to fill the
gaps left by the coercions. We call it ∗-calculus. Following the idea in Section 4, we should be
able to show that T [C]∗ is a definitional extension over T . Unfortunately, we can not reach
this conclusion yet, because we need to consider the derivations of subtyping and subkinding
judgements (Γ ` A <c B : Type or Γ ` K <c K

′). We didn’t consider them in the simplified
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Base Coercion
Γ ` A <c B : Type ∈ C

Γ ` A <c B : Type
Congruence

Γ ` A <c B : Type Γ ` A = A′ : Type Γ ` B = B′ : Type Γ ` c = c′ : (A)B
Γ ` A′ <c′ B′ : Type

Transitivity
Γ ` A <c1 B : Type Γ ` B <c2 C : Type

Γ ` A <c2◦c1 C : Type
Substitution

Γ, x : K,Γ′ ` A <c B : Type Γ ` k : K
Γ, [k/x]Γ′ ` [k/x]A <[k/x]c [k/x]B : Type

Weakening

Γ,Γ′ ` A <c B : Type Γ ` K kind x 6∈ FV (Γ) ∪ FV (Γ′)
Γ, x : K,Γ′ ` A <c B : Type

Context Retyping

Γ, x : K,Γ′ ` A <c B : Type Γ ` K = K ′

Γ, x : K ′,Γ′ ` A <c B : Type

Figure 2 The structural subtyping rules of T [C]0.

example in the previous section, there was only one coercion taken as axiom. In a complete
description in LF, we have derivations of these subtyping and subkinding judgements, we can
hardly match them to any equivalent derivations in T . To fill this gap, we have to involve the
intermediate system T [C]0K into the relations between T , T [C] and T [C]∗. T [C]0K extends T
as T [C] but without the coercion application rules (rules in Figure 4). We will show that
T [C]∗ is a definitional extension of T [C]0K , T [C]0k is a conservative extension of T and T [C]
is an equivalent system of T [C]∗.

5.1 System T [C]
Let T be a type system specified in LF such as Martin-Löf’s type theory [12] or UTT [6].
With a set C of coercive subtyping judgements (judgements of form Γ ` A <c B : Type),
the following basic coercion rules in Figure 2, 3 and coercion application rules in Figure 4,
we can extend T into a type system T [C] with coercive subtyping4.

5.2 Coherence
Coherence is an important issue in coercive subtyping. Informally, it means there’s a unique
coercion between two types. To give a formal definition in our structure, we need to introduce
an intermediate system T [C]0.

4 Rules in Figures 2, 3, 4 and 5 are only the subtyping and subkinding rules. Figure 7 contains the rest
LF rules.
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Basic subkinding rule

Γ ` A <c B : Type
Γ ` El(A) <c El(B)

Subkinding for dependent product kinds

Γ ` K ′1 <c1 K1 Γ, x′ : K ′1 ` [c1(x′)/x]K2 = K ′2 Γ, x : K1 ` K2 kind
Γ ` (x : K1)K2 <c (x′ : K ′1)K ′2

where c ≡ [f : (x : K1)K2][x′ : K ′1]f(c1(x′));

Γ ` K ′1 = K1 Γ, x′ : K ′1 ` K2 <c2 K
′
2 Γ, x : K1 ` K2 kind

Γ ` (x : K1)K2 <c (x′ : K ′1)K ′2
where c ≡ [f : (x : K1)K2][x′ : K ′1]c2f(x′);

Γ ` K ′1 <c1 K1 Γ, x′ : K ′1 ` [c1(x′)/x]K2 <c2 K
′
2 Γ, x : K1 ` K2 kind

Γ ` (x : K1)K2 <c (x′ : K ′1)K ′2
where c ≡ [f : (x : K1)K2][x′ : K ′1]c2(f(c1(x′))).
Congruence for subkinding

Γ ` K1 <c K2 Γ ` K1 = K ′1 Γ ` K2 = K ′2 Γ ` c = c′ : (K1)K2

Γ ` K ′1 <c K ′2

Transitivity for subkinding

Γ ` K <c K
′ Γ ` K ′ <c′ K ′′

Γ ` K <c′◦c K ′′

Substitution for subkinding

Γ, x : K,Γ′ ` K1 <c K2 Γ ` k : K
Γ, [k/x]Γ′ ` [k/x]K1 <[k/x]c [k/x]K2

Weakening for subkinding

Γ,Γ′ ` K1 <c K2 Γ ` K kind x 6∈ FV (Γ) ∪ FV (Γ′)
Γ, x : K,Γ′ ` K1 <c K2

Context Retyping for subkinding

Γ, x : K,Γ′ ` K1 <c K2 Γ ` K = K ′

Γ, x : K ′,Γ′ ` K1 <c K2

Figure 3 The subkinding rules of T [C]0K .
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Coercive application rule

(CA1)Γ ` f : (x : K)K ′ Γ ` k0 : K0 Γ ` K0 <c K

Γ ` f(k0) : [c(k0)/x]K ′

(CA2)Γ ` f = f ′ : (x : K)K ′ Γ ` k0 = k′0 : K0 Γ ` K0 <c K

Γ ` f(k0) = f ′(k′0) : [c(k0)/x]K ′

Coercive definition rule

(CD)Γ ` f : (x : K)K ′ Γ ` k0 : K0 Γ ` K0 <c K

Γ ` f(k0) = f(c(k0)) : [c(k0)/x]K ′

Figure 4 The coercive application and definition rules of T [C].

T [C]0 is a system extending T with set C of coercion subtyping judgements, subtyping
judgements Γ ` A <c B : Type and basic subtyping rules (Figure 2).

I Definition 12. (coherence) C is called a coherent set of coercive subtyping judgement, if
in T [C]0 we have:
1. Γ ` A <c B : Type implies Γ ` A : Type, Γ ` B : Type, Γ ` c : (A)B are derivable

in T .
2. We cannot derive Γ ` A <c A : Type, for any Γ, A, c.
3. Γ ` A <c1 B : Type and Γ ` A <c2 B : Type imply that Γ ` c1 = c2 : (A)B is derivable

in T .

In fact, we can prove that any two coercions between two given kinds are equal in T [C].
Let c and c′ be two different coercion from K to K ′, K <c K

′ and K <c′ K
′:

Γ ` c = [x : K](c(x)) (η rule)
= [x : K]([y : K ′]y)c(x) (β rule)
= [x : K]([y : K ′]y)(x) (ξ and coercive definition)
= [x : K]([y : K ′]y)(c′(x)) (ξ and coercive definition)
= [x : K](c′(x)) (β rule)
= c′ : (K)K ′ (η rule)

This fact implies that without the coherence condition, in T [C] we can prove some result
that we can’t get in T . That’s the reason why we define coherence before introducing the
coercion application rule. And we have to use a coherent set of C, otherwise the conservativity
cannot hold.

5.3 Relation between T [C] and T

Now, we would like to consider the relation between system T [C] and T . The example in
Section 4 gives us the basic idea of dealing their relation. However, it is more complicated in
LF, there are several extra things we need to consider.

We need to extend the form of judgements. As we have rules of subtyping and subkinding
and derivations of them, we consider the subtyping and subkinding as judgements as well.
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Coercive application rule

(CA∗1)Γ ` f : (x : K)K′ Γ ` k0 : K0 Γ ` K0 <c K

Γ ` f ∗ k0 : [c(k0)/x]K′

(CA∗2)Γ ` f = f ′ : (x : K)K′ Γ ` k0 = k′0 : K0 Γ ` K0 <c K

Γ ` f ∗ k0 = f ′ ∗ k′0 : [c(k0)/x]K′

Coercive definition rule

(CD∗)Γ ` f : (x : K)K′ Γ ` k0 : K0 Γ ` K0 <c K

Γ ` f ∗ k0 = f(c(k0)) : [c(k0)/x]K′

Figure 5 The coercive application and definition rules of T [C]∗.

So we introduce two new forms of judgements:

Γ ` A <c B : Type and Γ ` K1 <c K2

Since we have two new forms of judgements, we need to consider the equivalence between
these judgements as well. We can extend the Definition 4 with the following two cases:

I Definition 13. (equality between the subtyping and subkinding judgements) Let S be a
type theory specified in LF:
1. (Γ1 ` A1 <c1 B1 : Type) =s (Γ2 ` A2 <c2 B2 : Type) iff ` Γ1 = Γ2, Γ1 ` A1 =

A2 : Type, Γ1 ` B1 = B2 : Type, Γ ` c1 = c2 : (A1)B1 are derivable in S.
2. (Γ1 ` K1 <c1 K

′
1) =s (Γ2 ` K2 <c2 K

′
2) iff ` Γ1 = Γ2, Γ1 ` K1 = K2, Γ1 ` K ′1 = K ′2 and

Γ ` c1 = c2 : (K1)K ′1 are derivable in S.

It is straight to show the relation =s and ∼s are still equivalence relations in coercive
subtyping extensions.

I Theorem 14. Let S be a type theory with coercive subtyping specified in LF, =s and ∼s
are equivalence relations.

5.3.1 System T [C]0K

The system T [C]0K is an intermediate system which extends T with subtyping and subkinding
rules but no coercion application and definition rules. It is obtained from T by adding the
new judgement form Γ ` A <c B : Type, Γ ` K <c K

′ and the inference rules in Figure 2
and 3. Since we don’t have any coercion application rule in T [C]0K , the coercion judgements
cannot be applied, T [C]0K can be trivially proved as a conservative extension of T .

I Proposition 15. System T [C]0K is a conservative extension of system T .

5.3.2 System T [C]∗

We can think T [C] as a system obtained from T [C]0K by adding the coercive application and
coercive definition rules in Figure 4. We will extend T [C]0K into another system T [C]∗ with
∗ as gap holder when we apply coercive subtyping.

T [C]∗ is the system obtained from T [C]0K by adding the coercive application and coercive
definition rules in Figure 5.

It is easy to find out that all the judgements with ∗ are not judgements in T [C]0K . It
means that T [C]∗ is conservative over T [C]0K

I Proposition 16. T [C]∗ is a conservative extension of T [C]0K .
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5.3.3 Relation between the systems
To describe the relation between the type system T [C], T [C]∗ and T [C]0K , we introduce four
algorithms Θ, Θ∗, θ1 and θ2 between the systems.

For two type systems T1 and T2, we write

f : T1 → T2

if f is a function from the T1-derivations to T2-derivations.
We describe four algorithms, which are such functions:

Θ : T [C]→ T [C]0K
Θ∗ : T [C]∗ → T [C]0K
θ1 : T [C]→ T [C]∗

θ2 : T [C]∗ → T [C]

The algorithms behave in the following way:
The algorithm Θ replaces the derivations of Γ ` K1 <c K2 in the premises of coercive rules
(CA1)(CA2)(CD) by derivations of Γ ` c : (K1)K2 and replaces the coercive applications
by several ordinary applications.
The algorithm Θ∗ replaces the derivations of Γ ` K1 <c K2 in the premises of coercive
rules (CA∗1)(CA∗2)(CD∗) by derivations of Γ ` c : (K1)K2 and replaces the coercive
applications by several ordinary applications.
The algorithm θ1 replaces coercive applications in T [C] derivations by coercive applications
in T [C]∗, by inserting ∗ into appropriate places.
The algorithm θ2 replaces coercive applications of the form f ∗ a in T [C]∗ by coercive
applications f(a) in T [C].

We need to show that our algorithms behave in the right way, they insert the coercions
into where they should be. The following property guarantees that all the coercions are
inserted correctly by the algorithms:

I Proposition 17.
1. For any derivation t in T [C], t and Θ(t) are equivalent derivations in T [C].
2. For any derivation t′ in T [C]∗, t′ and Θ∗(t′) are equivalent derivations in T [C]∗.

With the proposition below, we can show that T [C] and T [C]∗ are equivalent systems.

I Proposition 18.
1. For any derivation t in T [C], t and θ2(θ1(t)) are equivalent derivations in T [C].
2. For any derivation t′ in T [C]∗, t′ and θ1(θ2(t′)) are equivalent derivations in T [C]∗.

Finally, with the propositions above we can conclude the relations between our systems
and intermediate systems. Their relations can be drawn as Figure 6.

T [C] is a equivalent system of T [C]∗.
T [C]∗ is a definitional extension of T [C]0K .
T [C]0K is a conservative extension of T .

T [C]∗ is a definitional extension of T [C]0K and T [C]0K is a conservative extension of T ,
we would like to call that T [C]∗ is a D-conservative extension5 of T .

5 There is a notion of D-conservativity in Luo’s note [8], we have a different meaning with that.
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T [C]

θ2

��

Θ

$$
T [C]∗ Θ∗ //

θ1

OO

T [C]0K
conservative // T

Figure 6 Relations between T [C], T [C]∗, T [C]0K and T.

I Remark. Although we have shown that T [C]∗ with ∗-calculus has a more nature relationship
with T , we still use T [C] as for description of coercive subtyping. T [C] itself is directly
connected to important themes in the study of subtyping: implicit coercions and subtyping
as abbreviation.

6 Conclusion and discussion

During the study of coercive subtyping, we find that conservativity is not enough to capture the
relation between the systems. We borrow the idea of definitional extension from mathematical
logic to describe the relation and formulate it in type theory. With a simple example, we
demonstrate the relations and properties between a type system and its coercive subtyping
extension. Although the example only consists of two basic types and one coercion, it’s a
nice shot containing the idea and key elements of the whole coercive subtyping extension
story. We also give a sketch of the study on coercive subtyping in LF.

We hope this work presents a clear description of extending a type system with coercive
subtyping and wish the notion of definitional extension can help with studies on other
extensions in type theory. For example, implicit syntax of Pollack [16] is a good candidate.
It starts from LEGO [10] and widely used on today’s systems. We write terms with implicit
arguments omitted and they are not well-typed in the system until the missing arguments
have been inserted. It is not a conservative extension and we wish our notion could help
to figure the exact relation out. More broadly, we can think of elaboration. An elaboration
process maps surface language features to underlying constructions. We would like to see if
elaboration is definitional extension or something more.
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and also thank to the anonymous reviewers for their valuable comments.
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A LF inference rules

Contexts and assumptions

<>` valid
Γ ` K kind x 6∈ FV (Γ)

Γ, x : K ` valid
Γ, x : K,Γ′ ` valid
Γ, x : K,Γ′ ` x : K

Γ,Γ′ ` J Γ ` K kind x 6∈ FV (Γ) ∪ FV (Γ′)
Γ, x : K,Γ′ ` J

General equality rules

Γ ` K kind
Γ ` K = K

Γ ` K = K′

Γ ` K′ = K

Γ ` K = K′ Γ ` K′ = K′′

Γ ` K = K′′

Γ ` k : K
Γ ` k = k : K

Γ ` k = k′ : K
Γ ` k′ = k : K

Γ ` k = k′ : K Γ ` k′ = k′′ : K
Γ ` k = k′′ : K

Equality typing rules

Γ ` k : K Γ ` K = K′

Γ ` k : K′
Γ ` k = k′ : K Γ ` K = K′

Γ ` k = k′ : K′

Γ, x : K,Γ′ ` J Γ ` K = K′

Γ, x : K′,Γ′ ` J
where J is of form: valid, K0 kind, k : K0, K1 = K2 or k1 = k2 : K0

Substitution rules
Γ, x : K,Γ′ ` valid Γ ` k : K

Γ, [k/x]Γ′ ` valid
Γ, x : K,Γ′ ` K′ kind Γ ` k : K

Γ, [k/x]Γ′ ` [k/x]K′ kind
Γ, x : K,Γ′ ` k′ : K′ Γ ` k : K

Γ, [k/x]Γ′ ` [k/x]k′ : [k/x]K′

Γ, x : K,Γ′ ` K′ = K′′ Γ ` k : K
Γ, [k/x]Γ′ ` [k/x]K′ = [k/x]K′′

Γ, x : K,Γ′ ` k′ = k′′ : K′ Γ ` k : K
Γ, [k/x]Γ′ ` [k/x]k′ = [k/x]k′′ : [k/x]K′

Γ, x : K,Γ′ ` K′ kind Γ ` k = k′ : K
Γ, [k/x]Γ′ ` [k/x]K′ = [k′/x]K′

Γ, x : K,Γ′ ` k′ : K′ Γ ` k1 = k2 : K
Γ, [k1/x]Γ′ ` [k1/x]k′ = [k2/x]k′ : [k1/x]K′

The kind Type

Γ ` valid
Γ ` Type kind

Γ ` A : Type
Γ ` El(A) kind

Γ ` A = B : Type
Γ ` El(A) = El(B)

Dependent product kinds

Γ ` K kind Γ, x : K ` K′ kind
Γ ` (x : K)K′ kind

Γ ` K1 = K2 Γ, x : K1 ` K′1 = K′2
Γ ` (x : K1)K′1 = (x : K2)K′2

Γ, x : K ` k : K′

Γ ` [x : K]k : (x : K)K′ (η) Γ ` K1 = K2 Γ, x : K1 ` k1 = k2 : K
Γ ` [x : K1]k1 = [x : K2]k2 : (x : K1)K

Γ ` f : (x : K)K′ Γ ` k : K
Γ ` f(k) : [k/x]K′

Γ ` f = f ′ : (x : K)K′ Γ ` k1 = k2 : K
Γ ` f(k1) = f ′(k2) : [k1/x]K′

(β) Γ, x : K ` k′ : K′ Γ ` k : K
Γ ` ([x : K]k′)(k) = [k/x]k′ : [k/x]K′ (ξ) Γ ` f : (x : K)K′ x 6∈ FV (f)

Γ ` [x : K]f(x) = f : (x : K)K′

Figure 7 The inference rules of LF.
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B Proof of Proposition 3

In a type system S specified in LF.
1. If Γ1 is a valid context, ` Γ1 = Γ1
2. If Γ ` Γ1 = Γ2, then Γ ` Γ2 = Γ1.
3. If Γ ` Γ1 = Γ2 and Γ ` Γ2 = Γ3, then Γ ` Γ1 = Γ3.
4. If Γ,Γ1 ` J and Γ ` Γ1 = Γ2 then Γ,Γ2 ` J . (J is of form valid, K kind, k : K,

k1 = k2 : K or K1 = K2)

Proof. Suppose
Γ1 ≡ x1 : K1, x2 : K2, · · · , xn : Kn

Γ2 ≡ x1 : M1, x2 : M2, · · · , xn : Mn

Γ3 ≡ x1 : N1, x2 : N2, · · · , xn : Nn
1. Straight by definition.
2. Since Γ ` Γ1 = Γ2, by definition we have:

Γ ` K1 = M1;
Γ, x1 : K1, · · · , xi−1 : Ki−1 ` Ki = Mi (i = 2, · · · , n)

For any 1 < i ≤ n:
Γ, x1 : K1, · · · , xi−2 : Ki−2, xi−1 : Ki−1 ` Ki = Mi Γ, x1 : K1, · · · , xi−2 : Ki−2 ` Ki−1 = Mi−1

Γ, x1 : K1, · · · , xi−2 : Ki−2, xi−1 : Mi−1 ` Ki = Mi

.

.

.
Γ, x1 : K1, x2 : M2, · · · , xi−1 : Mi−1 ` Ki = Mi Γ ` K1 = M1

Γ, x1 : M1, x2 : M2, · · · , xi−1 : Mi−1 ` Ki = Mi

Γ, x1 : M1, x2 : M2, · · · , xi−1 : Mi−1 ` Mi = Ki

and i = 1 is trivial with Γ ` K1 = M1
Γ `M1 = K1

. Hence, we have Γ ` Γ2 = Γ1 by definition.
3. Since Γ ` Γ2 = Γ3, by definition we have:

Γ ` M1 = N1

Γ, x1 : M1, · · · , xi−1 : Mi−1 ` Mi = Ni (i = 2, · · · , n)
We have Γ ` K1 = M1, and from case 2:

Γ, x1 : M1, · · · , xi−1 : Mi−1 ` Ki = Mi (i = 2, · · · , n)

In the LF, we have transitivity rules for equal kinds, so we can get:
Γ ` K1 = N1

Γ, x1 : M1, · · · , xi−1 : Mi−1 ` Ki = Ni (i = 2, · · · , n)
For any 1 < i ≤ n:

Γ, x1 : M1, · · · , xi−2 : Mi−2, xi−1 : Mi−1 ` Ki = Ni Γ, x1 : M1, · · · , xi−2 : Mi−2 ` Mi−1 = Ki−1

Γ, x1 : M1, · · · , xi−2 : Mi−2, xi−1 : Ki−1 ` Ki = Ni

.

.

.
Γ, x1 : M1, x2 : K2, · · · , xi−1 : Ki−1 ` Ki = Ni Γ ` K1 = M1

Γ, x1 : K1, x2 : K2, · · · , xi−1 : Ki−1 ` Ki = Ni

We have Γ ` Γ1 = Γ3 by definition.
4.

Γ, x1 : K1, · · · , xn−1 : Kn−1, xn : Kn ` J Γ, x1 : K1, · · · , xn−1 : Kn−1 ` Kn = Mn

Γ, x1 : K1, · · · , xn−1 : Kn−1, xn : Mn ` J

.

.

.
Γ, x1 : K1, xx : M2, · · · , xn : Mn ` J Γ ` K1 = M1

Γ, x1 : M1, xx : M2, · · · , xn : Mn ` J

Hence we have Γ,Γ2 ` J .
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