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—— Abstract

The problem of constructing explicit functions which cannot be approximated by low degree poly-
nomials has been extensively studied in computational complexity, motivated by applications in
circuit lower bounds, pseudo-randomness, constructions of Ramsey graphs and locally decodable
codes. Still, most of the known lower bounds become trivial for polynomials of super-logarithmic
degree. Here, we suggest a new barrier explaining this phenomenon. We show that many of
the existing lower bound proof techniques extend to nonclassical polynomials, an extension of
classical polynomials which arose in higher order Fourier analysis. Moreover, these techniques

are tight for nonclassical polynomials of logarithmic degree.
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1 Introduction

Polynomials play a fundamental role in computer science with important applications in
algorithm design, coding theory, pseudo-randomness, cryptography and complexity theory.
They are also instrumental in proving lower bounds, as many lower bounds techniques first
reduce the computational model to a computation or an approximation by a low degree
polynomial, and then continue to show that certain hard functions cannot be computed or
approximated by low degree polynomials. Motivated by these applications, the problem of
constructing explicit functions which cannot be computed or approximated (in certain ways)
by low degree polynomials has been widely explored in computational complexity. However,
most techniques to date apply only to relative low degree polynomials. In this paper, we focus
on understanding this phenomenon, when the polynomials are defined over fixed size finite
fields. In this regime, many lower bound techniques become trivial when the degree grows
beyond logarithmic in the number of variables. We propose a new barrier explaining the lack
of ability to prove strong lower bounds for polynomials of super-logarithmic degree. The
barrier is based on nonclassical polynomials, an extension of standard (classical) polynomials
which arose in higher order Fourier analysis. We show that several existing lower bound
techniques extend to nonclassical polynomials, for which the logarithmic degree bound is
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tight. Hence, to prove stronger lower bounds, one should either focus on techniques which
distinguish classical from nonclassical polynomials, or consider functions which are hard also
for nonclassical polynomials.

1.1 Nonclassical polynomials

Nonclassical polynomials were introduced by Tao and Ziegler [24] in their works on the
inverse theorem for the Gowers uniformity norms. To introduce these, it will be beneficial
to first consider classical polynomials. Fix a prime finite field F,, where we consider p to
be a constant. A function f : F} — [, is a degree d polynomial if it can be written as a
linear combination of monomials of degree at most d. An equivalent definition is that f is
annihilated by taking any d + 1 directional derivatives. That is, for a direction i € [} define
the derivative of f in direction h as Dy, f(z) = f(x 4+ h) — f(x). Then, f is a polynomial of
degree at most d iff
Dhl...D},d+1fEO Vh1,~--,hd+1€FZ-

Nonclassical polynomials extend this definition to a larger class of objects. Let T = R/Z
denote the torus. For a function f : Fj — T, define its directional derivative in direction
h € F, as before, as Dy, f(z) = f(x + h) — f(z). Then, we define f to be a nonclassical
polynomial of degree at most d if it is annihilated by any d 4+ 1 derivatives,

Dhl---Dh(HleO Vhl,...,hd_;,_lEF;L.

While not immediately obvious, the class of nonclassical polynomials contains the classical
polynomials. Let |-|:F, — {0,...,p—1} C Z denote the natural embedding. If f : F} — F,
is a classical polynomial of degree d then |f(x)|/p (mod 1) is a nonclassical polynomial of
degree d. It turns out that as long as d < p, these capture all the nonclassical polynomials.
However, for d > p nonclassical polynomials strictly extend classical polynomials of the same
degree. For example, the following is a nonclassical polynomial of degree p:

2 |z
==

f(x)

See Section 2 for more details on nonclassical polynomials.

1.2 Correlation bounds for polynomials

We first consider the problem of constructing explicit boolean functions which cannot be
approximated by low-degree polynomials. For simplicity, we focus on polynomials defined
over [y, but note that the results below extend to any constant prime finite field. This
problem was studied by Razborov [22] and Smolensky [23] in the context of proving lower
bounds for AC’(®) circuits (and more generally, bounded depth circuits with modular gates
modulo a fixed prime). Consider for example the function MODs3 : {0,1}"™ — {0, 1}, which
outputs 1 if the sum of the bits is zero modulo 3, and outputs 0 otherwise. The probability
that it outputs 0 is very close to 2/3. They showed that low degree polynomials over Fo
cannot improve this significantly. If f : F5 — Fy be a polynomial of degree d then

2 d
P n = MOD <-40—]).
Frcqon /(o) = MODa(o)] < 3 +0 (L)
This is sufficient to prove that the MODj3 function cannot be computed by sub-exponential
AC%(®) circuits. However, one would like to prove that it cannot even be slightly ap-
proximated by such circuits. Such a result would be a major step towards constructing
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pseudorandom generators for AC%(@®) circuits [20,21], a well known open problem in circuit
complexity. It turns out that the Razborov-Smolensky bound is tight for very large degrees,
as there exist polynomials of degree d = Q(y/n) which approximate the MODj3 function with
probability 0.99, say. However, it seems to be far from tight for d < /n, which suggests
that an alternative proof technique may be needed.

Viola and Wigderson [26] proved stronger inapproximability results for degrees d < log n.
These are better described if one considers the correlation of f with the sum of the bits
modulo 3. In the following, let w3 = exp(27mi/3) be a cubic root of unity. They showed that
if f:F3 — Fy is a polynomial of degree d then

d
Eoc (o} (71)f(x)w§1+~-+mn:| < 9-9(n/4Y),

The technique of [26] proves exponential correlation bounds for constant degrees, but decays
quickly and becomes trivial at d = O(logn). Our first result is that this is because of a good
reason. Their technique is based on derivatives, and hence extends to nonclassical polynomials.
Moreover, it is tight for nonclassical polynomials. In the following, let e : T — C* be defined
as e(x) = exp(2miz).

» Theorem 1.1 (Correlation bounds with modular sums for nonclassical polynomials (informal)).
Let f:F3 — T be a nonclassical polynomial of degree d. Then

Ezcqo,13n [e(f(x))w:?*“'*"”"] < 9—(n/4%)

Moreover, for any € > 0 there exists a nonclassical polynomial f : F§ — T of degree
O(log(n/e)) such that

Eucqo [e(f(@)ef+] > 1 e,

So, the Viola-Wigderson technique is bounded for degrees smaller than O(logn), because it
extends to nonclassical polynomials of that degree, for which it is tight. We note that the
modulus 3 in Theorem 1.1 can be replaced with any fixed odd modulus.

Another boolean function which was shown by Razborov and Smolensky [22,23] to be
hard for AC%(®) circuits is the majority function MAJ : F§ — Fy. The proof relies on the
following key fact. If f : Fy — Fy is a degree d polynomial then

d

Prcqon [/(0) = MAI)] < 5 +0 ().

Equivalently, this can be presented as a correlation bound

Eveqoy [(-1/@(-1)MM@] <0 ( % ) |

n
This is known to be tight for degree d = 1 (as say x; has correlation Q(1/y/n) with the
majority function) and also for d = Q(y/n), since there exist polynomials of that degree
which approximate well the majority function, or any symmetric function for that matter.
However, it is not known if these bounds are tight for degrees 1 < d < /n. We study this
question for nonclassical polynomials. We show that there are nonclassical polynomials of
degree O(logn) with a constant correlation with the majority function.

» Theorem 1.2 (Correlation bounds with majority for nonclassical polynomials (informal)).
There exists a nonclassical polynomial f : Fy — T of degree O(logn) such that

[E [e(s@)(0MM@] | = o).
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So, the Razborov-Smolensky technique separates classical from nonclassical polynomials,
since classical polynomials of degree O(logn) have negligible correlation with the majority
function, while as we show above, this is false for nonclassical polynomials.

1.3 Exact computation by polynomials

A related problem to correlation bounds is that of exact computation with good probability.
For classical polynomials the two problems are equivalent, but this is not the case for
nonclassical polynomials. Given a nonclassical polynomial f : F§ — T, we can ask what is
the probability that f is equal to a boolean function, say the majority function. To do so,
we identify naturally Fy with {0,1/2} C T, and consider MAJ : F} — {0,1/2}. We show the
following result, which gives a partial answer to the question.

» Theorem 1.3 (Exact computation of majority by nonclassical polynomials (informal)). Let
f:Fy — T be a nonclassical polynomial of degree d. Then,

Pr [f(:c)*MAJ(x)]<1+O d—2d
z€{0,1}n = =5 \/ﬁ .
We believe that the bound is not tight, and that, unlike for correlation bounds, nonclassical
polynomials should not be able to exactly compute boolean functions better than classical
polynomials. Specifically, we ask the following question.

» Open Problem 1.4. Let f:F} — T be a nonclassical polynomial of degree d. Show that

Pracqoay[f(e) = MAJ@)] < 3 +0 (2 ).

1.4 Weak representation of the OR function

We next move to the problem of weak representation of the OR function. Let p1,...,p,
be distinct primes and let m = p;1 - - - p,.. The goal is to construct a low degree polynomial
f € Zplz,...,xy,] such that f(0™) = 0 but f(x) # 0 for all nonzero = € {0,1}". Such
polynomials stand at the core of some of the best constructions of Ramsey graphs [13,14,16]*
and locally decodable codes [8,10-12,27], and were further investigated in [3—7,23]. There
are currently exponential gaps between the best constructions and lower bounds. Barrington,
Beigel and Rudich [5] showed that there exist polynomials of degree O(n'/") that weakly
represent the OR function. The best lower bound is Q(logl/(rfl) n), due to Barrington and
Tardos [3].

The definition of weak representation can be equivalently defined (via the Chinese
Remainder Theorem) as follows. There exist polynomials f; : Fy — I, fori=1,...,r such
that f1(0™) =...= f.(0™) = 0 but for any nonzero = € {0,1}", there exists an i for which
fi(x) # 0. This definition can be naturally extended to nonclassical polynomials, where
we consider f; : Fy. — T. We show that the Barrington-Tardos lower bound extends to
nonclassical polynomials, and it is tight up to polynomial factors.

» Theorem 1.5 (Weak representation of OR for nonclassical polynomials (informal)). Let
P1s---,pr be distinct primes, and f; : . — T be nonclassical polynomials which weakly
represent the OR function. Then

max deg(f;) > Q(log"" n).

! The current record is due to [2] which uses different techniques.
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Moreover, for any fized prime p, there exists a nonclassical polynomial f : Fj — T of degree
O(logn) which weakly represents the OR function.

Thus, the proof technique of Barrington-Tardos cannot extend beyond degree O(logn),
as it applies to nonclassical polynomials as well, for which the O(logn) bound holds even
for prime modulus. We note that unlike in the case of Theorem 1.1, where the lower bound
proof of [26] extended naturally to nonclassical polynomials, extending the lower bound
technique of [3] to nonclassical polynomials requires several nontrivial modifications of the
original proof.

As an aside, in the classical setting, we present an improvement in the degree of a
symmetric polynomial that weakly represents OR. This improves the result in [5] in the
growing modulus case and constructs a polynomial whose degree is modulus independent.
For more details, see Appendix A.

1.5 Pseudorandom generators for low degree polynomials

Consider for simplicity polynomials over Fo. A distribution D over F} is said to fool
polynomials of degree d with error ¢, if for any polynomial f : F§ — Fy of degree at most d,
we have

|Prop[f(z) =0] - Procrp [f(z) = 0 <e.

Distributions which fool linear functions (e.g. d = 1) are called small bias generators, and
optimal constructions of them (up to polynomial factors) were given in [1,19], with seed
length O(logn/e). A sequence of works [9,17,25] showed that small bias generators can be
combined to yield generators for larger degree polynomials. The best construction to date is
by Viola [25], who showed that the sum of d independent small bias generators with error
approximately 2" fools degree d polynomials with error e. Thus, his construction has seed
length O(2%1og(1/¢) + dlogn), and becomes trivial for d = Q(logn). It is not clear whether
it is necessary to require the small bias generators to have smaller error than the required
error for the degree d polynomials, and this is the main source for the loss in parameters
when considering large degrees.

There is a natural extension of these definitions to nonclassical polynomials. If f : F§ — T
is a nonclassical polynomial of degree d, then we require that

[Eo~ple(f(2))] — Every le(f(2))]] < e.

The proof technique of Viola is based on derivatives, and we note here (without proof) that it
extends to nonclassical polynomials in a straightforward way. We suspect that it is tight for
nonclassical polynomials, however we were unable to show that. Thus, we raise the following
question.

» Open Problem 1.6. Fiz e > 0,d > 1. Does there exist a small bias generator with error
d

> £2°, such that the sum of d independent copies of the generator does not fool degree d

nonclassical polynomials with error € ?

Organisation. Section 2 covers preliminary definitions. In Section 3 we prove bounds
on approximation of modular sums by nonclassical polynomials. In Section 4 we analyze
the approximation of the majority function by nonclassical polynomials in the correlation
model and the exact computation model. In Section 5 we prove the results on the weak
representation of the OR function. We describe in Appendix A an improvement in the degree
of classical polynomials which weakly represent the OR function.
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2 Preliminaries

Let N={1,2,...} denote the set of positive integers. For n € N, let [n] := {1,2,...,n}. Let
T = R/Z denote the torus. This is an abelian group under addition. Let e : T — C* be
defined by e(z) = exp(2mix).

2.1 Nonclassical polynomials

Let Fp be a prime finite field. Given a function f : Fj; — T, its directional derivative in
direction h € Fy is Dy, f : Fy — T, given by

Dnf(x) = f(z+h) - f(z).
Polynomials are defined as functions which are annihilated by repeated derivatives.

» Definition 2.1 (Nonclassical polynomials). A function f : F}} — T is a polynomial of degree
at most d if Dy, ... Dp, , f =0 for any hi, ..., hay1 € Fy. The degree of f is the minimal d
for which this holds.

Classical polynomials satisfy this definition. Let |- | denote the natural map from F,
to {0,1,...,p— 1} C Z. If P: F) — F, is a (classical) polynomial of degree d, then
f(z) = |P(z)|/p (mod 1) is a nonclassical polynomial of degree d. For degrees d < p, it
turns out that these are the only possible polynomials. However, when d > p, there are more
polynomials than just these arising from the classical ones, from which the term nonclassical
polynomials arise. A complete characterization of nonclassical polynomials was developed by
Tao and Ziegler [24]. They showed that a function f : F™ — T is a polynomial of degree < d
if and only if it has the following form:

c T R N e
flxe,...,zn) =a+ Z el"“’en’k|p;|+1 [#n] (mod 1).
0<er,en<p—1,k>0: ei+(p—1)k<d

Here, « € T and ¢, ...,k € {0,1,...,p — 1} are uniquely determined. The coeflicient « is
called the shift of f, and the largest k for which c., . ., r 7 0 for some eq,...,e, is called
the depth of f. Classical polynomials correspond to polynomials with 0 shift and 0 depth.
In this work, we assume without loss of generality that all polynomials have 0 shift. Define
Up i = pikZ/ Z which is a subgroup of T. Then, the image of polynomials of depth k — 1 lie
in Uy, . We prove the following lemma which shows that nonclassical polynomials can be
“translated" to classical polynomials of a somewhat higher degree, at least if we restrict our
attention to boolean inputs.

» Lemma 2.2. Let f : F} — T be a polynomial of degree d and depth < k — 1. Let
@ : Upr — Fp be any function. Then there exists a classical polynomial g : Fyy — Fy, of degree
at most (p* — 1)d, such that

9(x) = o(f(x)) Vo e{0,1}"

Proof. By the characterization of nonclassical polynomials, we have

f($) _ Z Ce7j|l‘1|e1 = |xn

J
e p

‘en

where the sum is over e = (eq,...,e,) with ¢; € {0,...,p — 1}, 1 < j < k such that
Stei+(p—1)(j —1) < d. We only care about the evaluation of f on the boolean hypercube,
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which allows for some simplifications. For any = € {0, 1}" we have |z1|* ... |z, |*" = [],c; 2
where I = {i : e; # 0}. Thus, we can define an integer polynomial P(x) = >, ¢} [],c; 2
such that

(mod 1) vz € {0,1}",

where ¢} = Ze:{i:eigéo}:l Zj pF~Jc, ;. In particular, note that P has degree at most d. We
may further simplify P(z) = M;(z) + ... + M;(x), where each M; is a monomial of the
form [],c; i, and monomials may be repeated (indeed, the monomial []
times). Hence

3 /
ser Ti is repeated ¢

flz) = Mi(w) + pk + Mi(=) (mod 1) Vo € {0,1}".

We care about the first k digits in base p of P(z) = > M;(z). These can be captured via
the symmetric polynomials, using the fact that M;(z) € {0,1} for all z € {0,1}".
The ¢-th symmetric polynomial in z = (z1,...,2¢), for 1 < £ <, is a classical polynomial

of degree ¢ defined as
sclt].|S|=¢i€s

When z € {0,1}, it follows by Lucas theorem [18] that the i-th digit of z; + ... + z; in base
p is given by S,i(z) (mod p).

So, define a polynomial @ : IF’; — F, such that Q(ao,...,ax—1) = @(>_ a;p'/p") for all
ag, - ..,ag—1 € {0,...,p — 1}, and polynomials R; : F} — F), for i =0,...,k —1by R;i(z) =
Spi (My(x),...,M(x)). Note that deg(R;) < p'd. Define g(z) = Q(Ro(x),..., Rrx—1(x)).
Then we have that

g@) = p(f(@)  Vre {01}

To conclude, we need to bound the degree of g. As monomials in () raise each variable to
degree at most p — 1, we have deg(g) < (p — 1) > deg(R;) < (p* — 1)d. <

2.2 Gowers uniformity norms

Let F : F* — C. The (multiplicative) derivative of F' in direction h € F" is given by
(ARF)(z) = F(xz + h)F(x). One can verify that if f : F* — T and F = e(f) then
ApF = e(Dyf). The d-th Gowers uniformity norm || - ||ira is defined as

d
1Fllga == En,,...hgwern[Dn, - Ay, F(2)])?

Observe that ||[F||y: = |E,[F(z)]|, which is a semi-norm. For d > 2, the Gowers uniformity
norm turns out to indeed be a norm (but we will not need that). The following lists the
properties of the Gowers uniformity norm that we would need. For a proof and further
details, see [15].
Let f:F" — T and F = e(f). Then 0 < ||F||ya < 1, where ||F||ga =1 if and only if f is
a polynomial of degree < d — 1.
If f:F" — T is a polynomial of degree < d — 1 then ||[Fe(f)|lye = ||F|ya for any
F:F*—C.
If F(xy,...,2n) = Fi(x1) ... Fp(xy,) then |Flga = |Fillga - || Fnllye-
(Gowers-Cauchy-Schwarz) For any F' : F* — C and any d > 1,

0<|[[Fllor <[[Fllz < .. < [F[lya-
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3 Approximating modular sums by polynomials

Viola and Wigderson [26] proved that low-degree polynomials over Fo cannot correlate to the
sum modulo m, as long as m is odd. Their proof technique is based on the Gowers uniformity
norm. As such, it extends naturally to nonclassical polynomials. We capture that by the

following theorem. In the following, let w,, = exp(27i/m) be a primitive m-th root of unity.

» Theorem 3.1 (Extension of [26] to nonclassical polynomials). Let f : Fy — T be a polynomial
of degree < d. Let m € N be odd. Then for any a € {1,...,m — 1},

Eeefoyn [e(f(x)) 'w%mﬁmﬂn)} < exp(—cn/4%)

where ¢ = ¢,, > 0.

Proof. Let F(x) = e(f(z)) lEittEn) By the properties of the Gowers uniformity norm,
B[P ()] < [|F]|pa = Jlwd@ 4o o = [ lwee

=1

ve = [le(9)IFa

where g : Fo — T is given by ¢g(0) = 0,¢(1) = a/m. A routine calculation shows that

a/m fhh=...=hg=12=0
Dhl...thg(x):{—a'/m ifhlz...:hdZI,I:1
0 otherwise

where a’ = a2¢7! is nonzero modulo m. Hence ||e(g)H?Jdd = (1-2"%) +279cos(2ma’ /m) <
1—-27%.Q(1/m?) and

E[F]| < (1— 277 2(1/m2)""*" < exp(—en/a?)

where ¢ = Q(1/m?). <
This proof technique gives trivial bounds for d > log n. Here, we show that this is for a

good reason, as there are nonclassical polynomials of degree O(logn) which well approximate
the sum modulo m.
» Theorem 3.2. Let m € N be odd and fix a € {1,...,m — 1}. For any € > 0 there exists a
polynomial f : F3 — T of degree log (*£™) + O(1) such that
Eucqoa [e(f(@) -wo 0] = 144
where |u| < e.
Proof. Let k > 1 to be specified later. Let r € {0,...,m — 1} be such that r = a2* (mod m)
k
and let A = =22 ¢ 7. Define f : F} — T as

A n
oy = Al b

Note that f is a polynomial of degree < k. For « € {0,1}", if 1 + ...+ x, = pm + q where
q€{0,...,m — 1}, then

Alpm+gq) ™+ aq

f(.’IJ) 2k 2k .

where 0 < 0, < (n+m)/2%. We choose k > log (2£™) + ¢ for some absolute constant ¢ > 0
so that |e(f,) — 1| < ¢ for all z. Hence

(mod 1).

_— +6, (mod1),
m m

E [e(f(@)) - wy =20 = 1| = [E[e(0) — 1] S E[le(62) — 1]] <.
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4 Approximating majority by nonclassical polynomials

The majority function MAJ : F§ — Fs is defined as

_ [0 3T fw] < n/2
MAJ () _{ 1 otherwise

We first show that it correlates well with a nonclassical polynomial of degree O(logn).

» Theorem 4.1. There is a nonclassical polynomial f : F§ — T of degree logn + 1 such that

[E ()M @e(p(@))]| 2 ¢
where ¢ > 0 is an absolute constant.

Proof. We assume that n is even for the proof. The proof is similar for odd n. Let A = |a/n]
for a > 0 to be specified later. Let k be the smallest integer such that 2¥ > n. Set

AR, |2il = n/2)

fla) = Az lrd 2 /2]
Note that deg(f) <logn + 1. Now,
E[(-1)MM@e(f(@)]
n/2 n
=27") <7?>e (A —n/2)/2%) =27 ("> e (A(i —n/2)/2F)
iz \! imnja41 N
n/2 n n/2 n n
_ o—n - 10k -n Y —-n
n/2
Coem n , ‘ o n
- Jzz:l (n/2 —j) sin (2r4j/2) +2 (n/2>7
where in the last equation i = v/—1. Let C = 27" Z;’ﬁ (n/gij) sin (2mAj/2%), so that

|E [(—1)MAI@e(f(z))]| > 2C. We will show that C' > Q(1). Let b > 0 be a constant to be
specified later. We bound
bR .
c>2" ; (n/2 B j> sin (27 Aj/2%) — exp(—2b?),
where the error term follows from the Chernoff bound. We set a = 1/8b. For all 1 < j < by/n
we have 21 Aj /2% < w/4. Applying the estimate sin(z) > x/2 which holds for all 0 < z < /4,

we obtain that
by/n

i n
¢ 32b\/n 2 = (n/Z —j)j exp(=2b°)

Now, if b is a large enough constant, standard bounds on the binomial coefficients give that

> (1o, )i =/,

j=1

Hence, we obtain that
C > Q(1/b) — exp(—2b%).

If b is chosen a large enough constant, this shows that C' > Q(1) as claimed. <
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We next show that the Razborov-Smolensky technique generalizes to nonclassical polyno-
mials when we require the polynomial to exactly compute MAJ. Recall that we identify Fy
with {0,1/2} C T and consider MAJ : F§ — {0,1/2}.

» Theorem 4.2. Let f : Fy — T be a nonclassical polynomial of degree d and depth < k.
Then,

k
Prco+[f(r) = MAT(@)] < 3 +0 @g) .

Proof. Let ¢ : Us ;, — Fy be defined as ¢(0) =0, ¢(1/2) = 1 and choose arbitrarily ¢(z) for
x € Ugy \ {0,1/2}. Applying Lemma 2.2, there exists a classical polynomial g : F§ — Fy
such that g(x) = p(f(x)) for all z € F%, where deg(g) < (2¥ — 1)d. In particular,

Priery[g(z) = MAJ(2)] > Proepy [f(2) = MAJ(2)].

Hence, we can apply the Razborov-Smolensky bound [22,23] to g and conclude that

1 deg(9)
Pr[f(x)—MAJ(:E)]§2+O< n )

5 Weak representation of the OR function

A set of classical polynomials f; : Fj, — [, is said to weakly represent the OR function if
they all map 0™ to zero, and for any other point in the boolean hypercube, at least one of
them map it to a nonzero value. This definition extends naturally to nonclassical polynomials.

» Definition 5.1. Let p1,...,p, be distinct primes. The polynomials f; : F). — T weakly
represent the OR function if

A7) = ... = fo(0") = 0.

For any « € {0,1}"™ \ 0", there exists some ¢ such that f;(x) # 0.

It is well known that a single classical polynomial f : F;; — F,, which weakly represents
the OR function, must have degree at least n/(p — 1). This is since f(z)?~! computes the
OR function on {0,1}", and hence its multi-linearization (obtained by replacing any power
x, e; > 1 with x;) must be the unique multi-linear extension of the OR function, which has
degree n.

We first show that there is a nonclassical polynomial of degree O(logn) which weakly
represents the OR function.

» Lemma 5.2. There exists a polynomial f : Fy — T of degree O(p[log, n]) which weakly
represents the OR function.

Proof. Let k > 1 be minimal such that p* > n. Define f(z) = W This is
a polynomial of degree 1 + (p — 1)(k — 1). Clearly f(0") = 0 and f(z) # 0 for any
x € {0,1}™\ 0™, <

We show that allowing for multiple nonclassical polynomials can only improve this simple
construction by a polynomial factor.

» Theorem 5.3. Let py,...,p. be distinct primes, and let p = max(pi,...,pr). Let f; :
Fy. — T be polynomials which weakly represent the OR function. Then at least one of the
polynomials must have degree )((log, n)t/r).
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The proof is an adaptation of the result of Barrington and Tardos [3], who proved similar
lower bounds for classical polynomials. We start by showing that a low degree polynomial f
with f(0) = 0 must have another point 2 with f(x) = 0.

» Claim 5.4. Let f : F; — T be a polynomial of degree d and depth < k — 1 such that
F(0)=0. If n > (p* — 1)d then there exists x € {0,1}"\ 0" such that f(x) = 0.

We note that the bound on n is fairly tight, as f(z) = (z1+...+2,)/p" (mod 1) violates
the conclusion of the claim whenever n < p*.

Proof. Let ¢ : Uy, ;, — F,, be given by ¢(0) = 0, ¢(a) =1 for all a # 0. Applying Lemma 2.2,
there exists a classical polynomial g : F! — F, of degree < (p* — 1)d such that g(z) = 0
if f(z) =0, and g(z) = 1if f(x) # 0, for all z € {0,1}™. If f(0™) = 0 but f(z) # 0 for
all nonzero = € {0,1}", then g computes the OR function over {0, 1}". Hence, deg(g) > n,
which leads to a contradiction whenever n > (p* — 1)d. <

We next extend Claim 5.4 to a find a common root for a number of polynomials.

» Claim 5.5. Let f1,...fr : Fj — T be polynomials of degree d and depth < k — 1 such
that £;(0) = 0 for alli € [r]. If n > (p* — 1)dr then there exists v € {0,1}" \ 0™ such that
fi(z) =0 for alli € [r].

Proof. We construct an interpolating polynomial for fi,..., f.. Following the proof of
Claim 5.4, for each f; there exists a classical polynomial g; : F) — [F;, satisfying the following.
For any x € {0,1}", if f;(x) =0 then g;(x) = 0, and if f;(x) # 0 then g;(x) = 1. Moreover,
deg(g;) < (p" —1)d. Define g : F} — F, as

T

glx)=1- H(l — 9i()).

i=1
Note that deg(g) < . deg(g;) < (p* — 1)dr. Suppose for contradiction that for every
x € {0,1}™\ 0™ there is an i € [r] such that f;(z) # 0. Then ¢g(0) = 0 as f;(0) = 0 for all
i € [r], but g(x) =1 for all z € {0,1}"™\ 0. Then g computes the OR function over {0,1}",
and hence deg(g) > n. This leads to a contradiction whenever n > (p* — 1)dr. <

Next, we argue that the hamming ball of radius d is an interpolating set for polynomials
of degree d over {0,1}". In the following, let B(n,d) = {z € {0,1}" : >_x; < d}.
» Claim 5.6. Let f : Fy — T be a polynomial of degree d such that f(z) = 0 for all
x € B(n,d). Then f(xz) =0 for all z € {0,1}".

Proof. Towards contradiction, let z* € {0,1}" be a point such that f(z*) # 0, with a
minimal hamming weight. By assumption, the hamming weight of z* is at least d + 1. Let

i1,..,4%4+1 € [n] be distinct coordinates such that 27 = ... =z  =1. Let ¢; € {0,1}"
be the j-th unit vector, defined as (e;); = 1 and (e;);; = 0 for j° # j. Define vectors
hi,... hay1 € Fy by hj = —e;;. Since [ is a degree d polynomial, we have

Dhl...th_HfEO.

Evaluating this on x* gives
Y. (DIt e) =0
IC{i1,....ta+1} iel

However, as we chose z* with minimal hamming weight such that f(z*) # 0, we have
f(x* =3 ;c;e;) = 0 for all nonempty I. Hence also f(z*) = 0. <



A. Bhowmick and S. Lovett

Next, we prove that low degree polynomials must be zero on a large combinatorial cube.

In the following, we identify subsets S C [n] with their indicators in {0,1}".

» Lemma 5.7. Let f: F) — T be a polynomial of degree d and depth < k — 1 such that
F(0) =0. For £>1, if n > 2dp*¢®*! then there exist pairwise disjoint and nonempty sets of
variables Sy, ..., S C [n] such that

¢
f (Z y15i> =0 wye{o,1}"
i=1

Proof. Fix aq,...,ay to be determined later such that n > a1 +...4ae. Let Ay,..., Ay C [n]
be disjoint subsets of variables of size |4;| = a;. We will find subsets S; C A; such that
FOO-viS;) =0 for all y € {0,1}*. As we may set the variables outside A1, ..., A, to zero, we
assume from now on that n = ay + ... + ay.

First, set a; = p*d. Consider the restriction of f to A; by setting the remaining variables
to zero. By Claim 5.4, there exists a nonempty set S; C A such that f(S;) = 0.

Next, suppose that we already constructed S; C Ay,...,5; C A; for some 1 < j < ¥,
such that f(> y;S;) = 0 for all y € {0,1}9. For each y € {0,1}7, define a polynomial
fy i Fpitt S T by

J
fy@)=f (Z YiSi + x’)
i=1

where 2’ € Fﬁj“ denotes the variables in A;;;. We will find a common nonzero root for
fy(a). . 4
First, consider only y € B(j,d). The number of such polynomials is r = (2,) = 37 (?).

Applying claim 5.5, if we choose a;11 > drp® then there exists Sj+1 C Aj11 such that

fy (Sj+1) =0 Yy € B(j,d).

We claim that this implies that f,,(S;4+1) = 0 for ally € {0, 1}/. To see that, define g : IF{, - T
by

J
9(y)=f <Z YiSi + 5j+1> :
i=1

This a polynomial of degree d, and by Claim 5.6, if it is zero for all y € B(j, d), then it is
zero on all {0, 1}%. Hence, we have that f(3>7F y,5;) = 0 for all y € {0,1}71.

We next estimate the parameters. We have ( z d) < 2j%, and hence it suffices to take

ajp1 = 2dj%p*. Hence, we need n > ng for

‘ ¢
ng = Za]— < 2dpF Zjd < 2dpkedtt,

j=1 =1

We are now ready to prove Theorem 5.3.

Proof of Theorem 5.3. Let py,...,p, be distinct primes, and let p = max(py,...,p,). Let
Ji : Fy, — T be polynomials of degree at most d and depth at most k£ — 1 which weakly
represent the OR function. We fix integers n > ng =€y > ¢1... > 4,1 > £, = 1 which
will be specified later. Applying Lemma 5.7 to f; with parameter ¢1, we get that as long
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as n is large enough, we can find disjoint nonempty subsets S11,...,51,¢ C [n] such that
f1(O-yiS1:) =0 for all y € {0,1}.

Next, consider the restriction of fa to the combinatorial cube formed by {S7;}. That is,
define f : Ff} — T by f5(y) = f2(>_ y:S1,:)- Note that f3 is a polynomial of degree at most
d and depth at most k — 1. Applying Lemma 5.7 to f5 with parameter ¢35, we get that as

long as /; is large enough, we can find disjoint nonempty subsets S5 y,...,.55 ,, C [(1] such
that f3(3 iS5 ;) = 0 for all y € {0, 1}%. Define Sz1,...,S20, C [n] by S2; = Ujes, ,S1,5-
Then S3.1,...,S52,¢, are disjoint nonempty subsets of [n], such that

22 62

h (Z %52,i> = /2 (Z yiSQ,i) =0 wye{o1}=
i=1 1=1
Continuing in this fashion, we ultimately find disjoint nonempty subsets S, 1,...,Sr¢,. C

[n] such that

eT KT
h <Zy5r> =...=f (ZyS) =0 Vye{o1}".
=1 =1

In particular, f1,..., f cannot weakly represent the OR function. This argument requires
that foreach 0 <i<r—1,¢; > 2dpk€?_;f11, which can be satisfied if

n>mng= (dek)(dJrl)T_l.

Now, k < d/(p—1) + 1 and hence p¥ < p¥/(P=1+1 <245 As we can trivially bound 2d < 2¢

we obtain the simplified bound
ng < 2@ ogr,

Thus, if f1,..., f weakly represent the OR function, at least one of the must have degree
d > Q((log, n)'/™). <

Acknowledgements. We thank Parikshit Gopalan for fruitful discussions that led to the
result on the classical OR representation in Appendix A. The first author would also like to
thank his advisor, David Zuckerman, for his guidance and encouragement.

—— References

1 Noga Alon, Oded Goldreich, Johan Hastad, and René Peralta. Simple constructions of
almost k-wise independent random variables. Random Structures and Algorithms, 3(3):289-
304, 1992.

2  Boaz Barak, Anup Rao, Ronen Shaltiel, and Avi Wigderson. 2sourcee dispersers for sub-
polynomial entropy and ramsey graphs beating the frankl-wilson construction. In Pro-
ceedings of the Thirty-eighth Annual ACM Symposium on Theory of Computing, STOC’06,
pages 671-680, New York, NY, USA, 2006. ACM.

3 D.A. Barrington and G. Tardos. A lower bound on the mod 6 degree of the or function.
computational complezity, 7(2):99-108, 1998.

4 David A. Barrington. Some problems involving Razborov-Smolensky polynomials. In
Boolean function complexity (Durham, 1990), volume 169 of London Math. Soc. Lecture
Note Ser., pages 109-128. Cambridge Univ. Press, Cambridge, 1992.

5 David A. Mix Barrington, Richard Beigel, and Steven Rudich. Representing Boolean func-
tions as polynomials modulo composite numbers. Comput. Complezity, 4(4):367-382, 1994.
Special issue on circuit complexity (Barbados, 1992).



A. Bhowmick and S. Lovett

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

Richard Beigel and John Gill. Counting classes: thresholds, parity, mods, and fewness.
Theoret. Comput. Sci., 103(1):3-23, 1992. 7th Annual Symposium on Theoretical Aspects
of Computer Science (STACS 90) (Rouen, 1990).

Richard Beigel and Jun Tarui. On ACC. In 32nd Annual Symposium on Foundations of
Computer Science (San Juan, PR, 1991), pages 783-792. IEEE Comput. Soc. Press, Los
Alamitos, CA, 1991.

Abhishek Bhowmick, Zeev Dvir, and Shachar Lovett. New Bounds for Matching Vector
Families. STAM J. Comput., 43(5):1654-1683, 2014.

A. Bogdanov and E. Viola. Pseudorandom bits for polynomials. In Proc. 48" IEEE Symp.
on Foundations of Computer Science (FOCS’07), 2007.

Zeev Dvir, Parikshit Gopalan, and Sergey Yekhanin. Matching vector codes. SIAM J.
Comput., 40(4):1154-1178, 2011.

Zeev Dvir and Guangda Hu. Matching-vector families and ldcs over large modulo. In Ap-
prozimation, Randomization, and Combinatorial Optimization. Algorithms and Techniques
— 16th International Workshop, APPROX 2013, and 17th International Workshop, RAN-
DOM 2013, Berkeley, CA, USA, August 21-23, 2018. Proceedings, pages 513-526, 2013.
Klim Efremenko. 3-query locally decodable codes of subexponential length. In Proceedings
of the Forty-first Annual ACM Symposium on Theory of Computing, STOC’09, pages 39-44,
New York, NY, USA, 2009. ACM.

P. Frankl and R. M. Wilson. Intersection theorems with geometric consequences. Combi-
natorica, 1(4):357-368, 1981.

Parikshit Gopalan. Constructing ramsey graphs from boolean function representations.
Combinatorica, 34(2):173-206, April 2014.

W.T. Gowers. A new proof of szemerédi’s theorem. Geometric and Functional Analysis
GAFA, 11(3):465-588, 2001.

Vince Grolmusz. Superpolynomial size set-systems with restricted intersections mod 6 and
explicit Ramsey graphs. Combinatorica, 20(1):71-85, 2000.

Shachar Lovett. Unconditional pseudorandom generators for low degree polynomials. The-
ory of Computing, 5(3):69-82, 2009.

Edouard Lucas. Théorie des fonctions numériques simplement périodiques. American
Journal of Mathematics, 1(2):pp. 184-196, 1878.

Joseph Naor and Moni Naor. Small-bias probability spaces: Efficient constructions and
applications. SIAM journal on computing, 22(4):838-856, 1993.

Noam Nisan. Pseudorandom bits for constant depth circuits. Combinatorica, 11(1):63-70,
1991.

Noam Nisan and Avi Wigderson. Hardness vs. randomness. J. Comput. System Sci.,
49(2):149-167, 1994.

A. A. Razborov. Lower bounds on the dimension of schemes of bounded depth in a complete
basis containing the logical addition function. Mat. Zametki, 41(4):598-607, 623, 1987.

R. Smolensky. Algebraic methods in the theory of lower bounds for Boolean circuit com-
plexity. In Proc. 19" ACM Symposium on Theory of Computing (STOC’S7), pages 7T7-82,
1987.

T. Tao and T. Ziegler. The inverse conjecture for the Gowers norm over finite fields in low
characteristic. ArXiv e-prints, January 2011.

Emanuele Viola. The sum of d small-bias generators fools polynomials of degree d. Com-
putational Complexity, 18(2):209-217, 2009.

Emanuele Viola and Avi Wigderson. Norms, xor lemmas, and lower bounds for polynomials
and protocols. Theory of Computing, 4(7):137-168, 2008.

Sergey Yekhanin. Towards 3-query locally decodable codes of subexponential length. J.
ACM, 55(1):1:1-1:16, February 2008.

85

CCC 2015



86

Nonclassical Polynomials as a Barrier to Polynomial Lower Bounds

A Improved weak OR representation by classical polynomials

In this section, we construct a low degree polynomial over Z,, that weakly represents the OR
function. Recall that the task is to construct a polynomial P in Z,[z1,...,2,] such that
P(0) =0 and P(x) # 0 for any nonzero z € {0,1}". Let m = p; - - - p, for pairwise distinct
primes p;. Let ¢(m) be the largest prime divisor of m. As mentioned before, the best result
is due to Barrington, Beigel and Rudich [5], who constructed a symmetric polynomial of
degree O (¢£(m)n'/") that weakly represents the OR function. It is also well known [5], by
Lucas’ theorem that for symmetric functions, d = Q (E(m)_lnl/T).

Our construction takes us closer to the lower bound. We construct symmetric polynomials
that have modulus independent degree, that is, d = O (nl/ T).

» Theorem 1.1. Let m = H§=1 p; for pairwise distinct primes p;. Then there exists an
explicit polynomial P € Loy [21, . .., x,) of degree at most 2[n'/"| such that P weakly represents
OR modulo m.

Proof. For each 1 < ¢ <r, let e; be the smallest integer such that p;* > [nl/ﬂ. Let S; be
the j-th symmetric polynomial in = (z1,...,2,). Let 9; be a quadratic non-residue in Z,,
for odd p;. Define P € Z,[x1,...,z,] as follows. For odd p; define

P(z) = Qi(w)* — i Ri(x)* mod p;
and for p; = 2 (if it exists) define
P(z) = Qi(x)* + Qi(x)Ri(z) + Ri(z)* mod 2.

The polynomials @;, R; are defined as

e;—2

Qie)=1- [ (1 -8,
j=0
and
Rz(az) = Sp:i—l(l‘).

This uniquely defines P(x) mod m.

We next observe that P(z) =0 mod p; if and only if @;(z) = R;(x) =0 mod p,. This
follows from the irreducibility of z* — v; over Z,, for odd p; and 2% + x + 1 over Zs. In
particular, as Q;(0) = R;(0) = 0 for all p;, we obtain that P(0) = 0. We next show that
P(z) # 0 for all z € {0,1}™\ 0™.

Let wt(x) := >, |a;|. If € {0,1}™\ 0™ then 1 < wt(xz) < n. Hence, there exists
1 <4 < r such that wt(z) # 0 mod p;¢. To simplify notation, set p := p;,e 1= ¢;,Q =
Q;, R := R; from here onwards.

Consider the p-ary expansion of wt(z). Let wt(z) = Zj;é ajp’ +tp¢, 0 < a; <p-—1.
Since wt(z) # 0 mod p°, we have a; # 0 for some 0 < j <e—1. As z € {0,1}", we have
Spi () = (W;(f)). Therefore, by Lucas’ theorem, we have that a; = S, (x) mod p.

We consider now two cases. If a.—; # 0 then Spe-1(z) # 0 mod p and hence (by
definition) R(z) # 0 mod p. If, on the other hand, a; # 0 for some j < e — 2, then
Spi(z) # 0 mod p and hence Q(x) = 1 mod p. Thus, in any case, we cannot have that
both Q(z) = R(z) =0 mod p and hence P(z) # 0 mod p.

To conclude, we bound the degree of P(x). The degree of each Q;(x) is at most
(pi—1) Z;;_Oz pl = p¢~! —1. The degree of each R;(x) is p¢*~'. Therefore the degree of P(x)
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is max; 2p% !, This is where we improve on [5], as the upper bound that they obtain is p*.
Since e; was chosen as the least integer such that pf* > (nl/T], we have that pfi_l < {nl/T]
and hence deg(P) < 2[n'/"] as claimed.

<
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