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—— Abstract

Multiparty Session Types (MPST) is a typing discipline for message-passing distributed pro-
cesses that can ensure properties such as absence of communication errors and deadlocks, and
protocol conformance. Can MPST provide a theoretical foundation for concurrent and distrib-
uted programming in “mainstream” languages? We address this problem by (1) developing the
first encoding of a full-fledged multiparty session w-calculus into linear m-calculus, and(2) using
the encoding as the foundation of a practical toolchain for safe multiparty programming in Scala.
Our encoding is type-preserving and operationally sound and complete. Crucially, it keeps the
distributed choreographic nature of MPST, illuminating that the safety properties of multiparty
sessions can be precisely represented with a decomposition into binary linear channels. Previous
works have only studied the relation between (limited) multiparty and binary sessions via cent-
ralised orchestration means. We exploit these results to implement an automated generation of
Scala APIs for multiparty sessions, abstracting existing libraries for binary communication chan-
nels. This allows multiparty systems to be safely implemented over binary message transports,
as commonly found in practice. Our implementation is the first to support distributed multiparty
delegation: our encoding yields it for free, via existing mechanisms for binary delegation.
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1 Introduction

Correct design and implementation of concurrent and distributed applications is notoriously
difficult. Programmers must confront challenges involving protocol conformance (are messages
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Figure 1 Game server with 3 clients.

sent/received according to a specification?) and communication mechanics (how are the
interactions actually performed?). These difficulties are worsened by the potential complexity
of interactions among multiple participants, and if the communication topology is not fixed.

For example, consider a common scenario for a peer-to-peer multiplayer game: the clients,
initially unknown to each other, connect to a “matchmaking” server, whose task is to group
players and setup a game session in which they can interact directly. Figure 1 depicts this
scenario: () is the server, connected to three clients P.,, B, and P.. To set up a game, @)
sends to each client some networking information (denoted by s[a]/s[b]/s[c], payloads of the
playa/B/c messages) to “introduce” the clients to each other and allow them to communicate.
Then, the clients follow the game protocol (marked as “Game”), consisting in some initial
message exchanges (Info), and a game loop: P, chooses a message to send to B, (movias or
mov2as) followed by a message from P, to P, who chooses which message send back to P,.

Figure 1 features structured protocols with inter-role message dependencies, and a dynamic
communication topology (starting client-to-server, becoming client-to-client). Implementing
them is not easy: programmers would benefit from tools to statically detect protocol violations
in source code, and realise the communication topology changes.

Multiparty Session Types (MPST) [27] are a theoretical framework for channel-based
communication, capable of modelling our example. In MPST, participants are modelled
as roles (e.g., game players a, b, ¢) and programs are session w-calculus processes; the
“networking information payloads” s[a]/s[b]/s[c| can be modelled as multiparty channels,
for interpreting roles a/b/c on the game session s. Notably, channels can themselves be
sent /received: this allows to delegate a multiparty interaction to another process, thus
changing the communicating topology. In Figure 1, the server ) sends (i.e., delegates) the
channel s[b] to Py; the latter can then use s[b] to interact with the processes owning channels
sla] and s[c] (i.e., P, and P, after two more delegations).
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The MPST framework formalises protocols as session types: structured sequences of
inputs/outputs and choices. The MPST typing system assigns such types to channels, and
checks the processes using them. In our example, channel s[b] could have type:

Sy = clintoBC(string) . a?InfonB(String) .
pt. (a & { 7moviap(1nt). cMoviBe(nt) .t , Mov2aB(Boo1). C lMovaBe(Bool). b } )

Sy, says that s[b] must be used to realise the Game interactions of B, in Figure 1: first to send
IntoBC(string) tO c, then receive infoas from a, then enter the recursive game “loop” ut.(...).
Inside the recursion, a & {...} is a branching from a: depending on a’s choice, the channel will
deliver either movias(1nt) (in which case, it must be used to send movisc(1nt) to ¢, and loop), or
mov2aB (then, it must be used to send wovesc to c, and loop). Analogous types can be assigned
to s[a] and s[c]. Delegation is represented by types like q7piaye(.Sy,).end, meaning: from role
q, receive a message plays carrying a channel that must be used according to Sy above; then,
end the session. Session type checking ensures that, e.g., process B, uses its channels abiding
by the types above — thus safely implementing the expected channel dynamics and fulfilling
role b in the game. Finally, MPST can formalise the whole Game protocol in Figure 1 as
a global type, and validate that it is deadlock-free; then, via typing, ensure that a set of
processes interacts according to the global type (and is, thus, deadlock-free).

MPST in practice: challenges. MPST could offer a promising formal foundation for safe

distributed programming, helping to develop type-safe and deadlock-free concurrent programs.

However, bridging the gap between theory and implementation raises several challenges:

C1 Multiparty sessions can have 2, 3 or more interacting roles; but in practice, communication
occurs over binary channels (e.g., TCP sockets). Can multiparty channels be implemented
as compositions of binary channels, preserving their type safety properties?

C2 MPST are far from the types of “mainstream” programming languages, as shown by S,
above. Can they be rendered, e.g., as objects? If so, what are their API and internals?

C3 How should multiparty delegation be realised, especially in distributed settings?

The current state-of-the-art has not addressed these challenges. On one hand, exist-
ing theoretical works on encoding multiparty sessions into binary sessions [8, 9] introduce
centralised medium (or arbiter) processes to orchestrate the interactions between the multi-
party session roles: hence, they depart from the choreographic (i.e., decentralised) nature
of the MPST framework [27], and preclude examples like our peer-to-peer game in Fig-
ure 1. On the other hand, there are no existing implementations of full-fledged MPST; e.g.,
[67, 32, 33, 42, 52, 61, 55] only support binary sessions, while none of [29, 64, 17, 20] support
session delegation.

Our approach. In this work, we tackle the three challenges above with a two-step strategy:

S1 we give the first choreographic encoding of a “full” MPST calculus into linear w-calculus;
S2 we implement a multiparty session API generation for Scala, based on our encoding.

By step S1, we formally address challenge C1. Linear w-calculus provides a theoretical
framework with typed channels that cater only for binary communication, and may only be
used once for input/output. These “limitations” are key to the practicality of our approach.
In fact, they force us to figure out whether multiparty channels can be represented by a
decomposition into binary channels — and whether multiparty session types can be represented
by a decomposition into linear types. To solve these issues, we need study how to “decompose”
the intricate MPST theory in (much simpler) m-calculus terms. This endeavour was not
tackled before, and its feasibility was unclear. Its practical payoff is that linear m-calculus
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channels/types are amenable for an (almost) direct object-based representation (shown in
[61]): this tackles challenge C2. Further, using m-calculus we can prove whether such a
decomposition is “correct”, i.e., whether MPST processes can be encoded to only interact on
binary channels, preserving their type-safety and behaviour and “inheriting” deadlock-freedom.
In step S2, we generate high-level typed APIs for multiparty session programming,
ensuring their “correctness” by reflecting the types and process behaviours formalised in
step S1. Following the binary decomposition in step S1, we can implement such APIs as a
layer over existing libraries for binary sessions (available for Java [30], Haskell [57, 32, 42],
Links [44], Rust [33], Scala [61], ML [55]), in a way that solves challenge C3 “for free”.

Contributions. We present the first encoding (Section 5) of a full multiparty session 7-
calculus (Section 2) into standard 7w-calculus with linear, labelled tuple and variant types
(Section 3).

We present a novel, streamlined MPST formulation, sharply separating global/local
typing. Using this formulation, we “close the gaps” between the intricacies of the MPST
theory and the (much simpler) m-calculus, and spot a longstanding issue with type merging
[18] (Definition 2.9, Section 2.1 “On Consistency”). We fix it, with a revised subject
reduction (Theorem 2.16).

At the heart of our encoding there is the discovery that the type safety property of MPST
is precisely characterised as a decomposition into linear m-calculus types (Theorem 6.3).
Our encoding of types preserves duality and subtyping (Theorem 6.1);0ur encoding of
processes is type-preserving and operationally sound and complete (Theorem 6.2 and
Theorem 6.5).

We subsume the encodings of binary sessions into w-calculus [14, 15], and support recursion
(Section 4), which was not properly handled in [13]. Further, we show that multiparty
sessions can be encoded into binary sessions choreographically, i.e., while preserving
process distribution (homomorphically w.r.t. parallel composition), in contrast to [8, 9].

In Section 7, we use our encoding as formal basis for the first implementation of mul-
tiparty sessions supporting distributed multiparty delegation, over existing Scala libraries
(paper’s artifact!).

Conventions. Derivations use single/double lines for inductive/ coinductive rules. Recursive
types ut. T are always closed, and guarded: e.g., pt,....ut,.t, is not a type. We define
unf(pt.T) =unf(T{#t-T/t}), and unf(T)=T if T # ut.T’'. Type equality is syntactic: pt.T is
not equal to unf(ut.T). We write P— P’ for process reductions, —* for the reflexive-+transitive
closure of —, and P4 iff AP’ such that P—P’. We assume a basic subtyping <pg capturing
e.g. Int <gReal. For readability, we use blue/red for multiparty/standard m-calculus.

2  Multiparty Session 7-Calculus

In this section we illustrate a multiparty session m-calculus [27] (Definition 2.1), and its
typing system — including recursion, subtyping [19] and type merging [67, 18] (Section 2.1).
The calculus models processes that interact via multiparty channels connecting two or more
participants: this is a departure from many “classic” and simpler process calculi, like the

! http://dx.doi.org/10.4230/DARTS.3.2.3
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(c)

Figure 2 Multiparty peer-to-peer game. Dashed lines represent session scopes, and circled roles
represent channels with roles. (a) initial configuration; (b) delegation of channel with role s[b] (and
end of session sy); (¢) clients directly interacting on session s, after “complete” delegation.

linear w-calculus (Section 3), that model binary channels. We provide various examples based
on the scenario in Section 1.

» Definition 2.1. The syntaz of multiparty session m-calculus processes and values is:

Processes P,Q == 0 | P|Q | (vs)P (inaction, composition, restriction)
clp] ® ({(v)).P (selection towards role p)
clp] &ier {li(z:). P} (branching from role p — with I # 0)
def Din@ | X(Z) (process definition, process call)
Declarations D == X(@)=P (process declaration)
Channels ¢ == =z | sp (variable, channel with role p)
Values v u= c¢ | false | true | 42 | ... (channel, base value)

fc(P) is the set of free channels with roles in P, and fv(P) is the set of free variables in P.

A channel ¢ can be either a variable or a channel with role s[p], i.e., a multiparty
communication endpoint whose user impersonates role p in the session s. Values v can be
variables, or channels with roles, or base values. The inaction 0 represents a terminated
process. The parallel composition P | () represents two processes that can execute concur-
rently, and potentially communicate. The session restriction (vs)P declares a new session
s with scope limited to process P. Process c[p] & (I(v)).P performs a selection (internal
choice) towards role p, using the channel ¢: the labelled value (v) is sent, and the execution
continues as process P. Dually, process c[p| &;cr {l;(x;).P;} uses channels ¢ to wait for a
branching (external choice) from role p: if the labelled value [} (v) is received (for some
k € I), then the execution continues as Py (with z; holding value v). Note that for all i € I,
variable x; is bound with scope P;. In both branching and selection, the labels [; (i € I) are
all different and their order is irrelevant. Process definition def D in () and process call
X (Z) model recursion, with D being a process declaration X (z) = P: the call invokes
X by expanding it into P, and replacing its formal parameters with the actual ones. We
postulate that process declarations are closed, i.e., in X(Z) = P, we have fv(P) C & and
fc(P) = 0. Note that our syntax is simplified in the style of [19]: it does not have dedicated
input/output prefixes, but they can be easily encoded using & (with one branch) and .

» Example 2.2. The following MPST m-calculus process implements the scenario in Figure 1:
def Loopy(z) = z[a] & {Movms(y).m[c] @ (moviec(y)). Loops () , wovaas(z).x[c] B <Mov2BC(Z)>.LOOpb<ZE>} in
def Clienty(y) = y[q] & r1aye(2) . z[c] @ (1mrorc(“...”)) . z[a] & mtoBa(y) . Loopy(z) in
(l/Sa,Sb,SC)(Q | P. | P | Pc)

where: P, = Clienty(sy[p]) (for brevity, we omit the definitions of P, and P.)

Q= (VS)<8a[QJ[P]®<P1ayA(S[a])> | svla][p] @ (praye(s[b])) | Sc[q}[P]@<Play0(5[CD>>

ECOOP 2017
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In the 3'4 line, s., sy, sc are the sessions between the server process ) and the clients
P,, P,, P., which are composed in parallel with |. Each sessions has 2 roles: q (server) and
p (client); e.g., sy, is accessed by the server (through the channel with role sy[q]) and by
the client P, (through s,[p]); similarly, s, (resp. s.) is accessed by P, (resp. P.) through
Salp] (resp. sc[p]), while the server owns s,[q] (resp. sc[q]). The body of the server process Q
defines a session s (with 3 roles a, b, c) for playing the game. Note that the scope of s does
not include P,, B, P.: see Figure 2(a) for a schema of processes and sessions.

The server () uses the channel with role s,[q] (resp. sa[q], sc[q]) to send the message piays
(resp. Piaya, Piayc) carrying the channel with role s[b] (resp. s[a], s[c]) to p. The result is a
delegation of the channel to the client process B, (resp. P., P.). This way, each client obtains
a channel endpoint to interact in the game session s, interpreting a role among a, b and c.

The client P, is implemented by invoking Client,(s,[p]) (defined in the 2°¢ line). Here,
ylq] & p1aye(2) means that y (that becomes sy [p| after the invocation) is used to receive piays(2)
from q, while z[c] @ (mtoBc(“...”)) means that z (that becomes s[b] after the delegation is
received) is used to send 1nfoc(“...”) to c. The game loop is implemented with the recursive
process call Loop,(z) (defined in the 15 line) — which becomes Loopy,(s[b]) after delegation.

» Definition 2.3. The operational semantics of multiparty session processes is:
(R-Comv)  s[pl[a] &icr {li(xi). P} | sla][p] @ (1;(0)).Q — Pi{v/=;}|Q (if j €I and fv(v) = 0)
(R-cart) def X(z) = P in(X{(v) | Q) — def X(z) = P in(P{v/z} | Q)
(if% =T1,...,Tn, V="11,...,0n, fV(;) =10)
(R-Par) P — (@ implies P|R— Q| R (R-REs) P — @ implies (vs)P — (vs)Q
(R-DEr) P — @ implies def Din P — def Din@Q
(R-Struct) P=P’ and P—Q and Q'=(Q implies P'— Q' (with = standard — see [60])

Rule (R-comm) models communication: it says that the parallel composition of a branching
and a selection process, both operating on the same session s respectively as roles p and
q (i-e., via s[p] and s[q]) and targeting each other (i.e., s[p] is used to branch from g, and
s[q] is used to select towards p) reduces to the corresponding continuations, with a value
substitution on the receiver side. (R-Cav) says that a process call X (v) in the scope of
def X (z) = P in... reduces by expanding X (v) into P, and replacing the formal parameters
(z) with the actual ones (v). The remaining rules are standard: reduction can happen under
parallel composition, restriction and process definition. By (R-Strucr), reduction is closed
under a structural congruence [60] stating, e.g., that | is commutative and associative, and
has 0 as neutral element (i.e., P|Q=Q|P, P|(Q|R)=(P|Q)|R and P|0=P).

» Example 2.4. The process in Example 2.2 reduces as (see also Figure 2(b), noting the
scope of s):
(vsa, sb,sc)(Q | P. | B | Pc) —  (by (R-Comm) between Q and Ps, (R-Par), (R-Struct), (R-REs))

(v50,50) ((05)  (salallp)® (Gramm(sa) | sclal[pl prave(s[e]))) | slbllc]® amsose(*..) ... ) | Pa | )

2.1 Multiparty Session Typing

We now illustrate the typing system for the MPST m-calculus, and its properties. We adopt
standard definitions from literature — except for some crucial (and duly noted) adaptations.

The goal of the MPST typing system is to ensure that processes interact on their channels
according to given specifications, represented as session types. MPST foster a top-down
approach: a global type G describes a protocol involving various roles — e.g., the game with
roles a, b, c in Section 1; G is projected into a set of (local) session types S., Sy, Se, - . . (one per
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role) that specify how each role is expected to use its channel endpoint; finally, session types
are assigned to channels, and the processes using them are type-checked. Typing ensures that
processes (1) never go wrong (i.e., use their channels type-safely), and (2) interact according
to GG, by respecting its projections — thus realising a multiparty, deadlock-free session.

In the following, we provide a revised and streamlined presentation that clearly outlines
the interplay between the global/local typing levels. For this reason, unlike most papers, we
discuss local types first, and global types later, at the end of the section.

Session Types: Local and Partial. Session types describe the expected usage of a channel,
as a communication protocol involving two or more roles. They allow to declare structured
sequences of input/output actions, specifying who is the source/target role of interaction.

» Definition 2.5 (Types and roles). The syntax of (local) session types is:
S = p&ier ?;(U;).S; (branching from role p — with I # )
p @®icr :(U;).S;  (selection towards role p — with I # )
ut.S | t | end (recursive type, type variable, termination)

B = Bool|Int|... (base type) U == B S(closed) (payload type)

We omit & /@ when [ is a singleton: p!li(Int).S; stands for p @13 !;(Int).S,;.
The set of roles in S, denoted as roles(.S), is defined as follows:
roles(p @icr 11i(Us).S;) £ roles(p &ier ?1i(Us).Si) £ {p} U, roles(S)
roles(end) = ) roles(t) = () roles(ut.S) = roles(S)
We will write p € S for p € roles(S), and p € S\q for p € roles(5) \ {qa}.

The branching type p &;c; 71;(U;).S; describes a channel that can receive a label [;
from role p (for some ¢ € I, chosen by p), together with a payload of type U;; then, the
channel must be used as S;. The selection p @;c; 11;(U;).S;, describes a channel that can
choose a label [; (for any i € I), and send it to p together with a payload of type U;; then, the
channel must be used as S;. The labels of branch/select types are all distinct and their order

is irrelevant. The recursive type ut.S and type variable t model infinite behaviours.

end is the type of a terminated channel (often omitted). Base types B, B’,... can be
types like Bool, Int, etc. Payload types U,U’,... are either base types, or closed session

types.

» Example 2.6. See the definition and description of session type Sy, in Section 1 (p. 3).
To define session typing contexts later on, we also need partial session types.

» Definition 2.7. Partial session types, denoted by H, are:

H == &;er 71:(Us).H; | @ier 1i(Us).H;  (branching, selection) (with I # @, U; closed)
ut.H | t | end (recursive type, type variable, termination)

A partial session type H is either a branching, a selection, a recursion, a type variable, or a
terminated channel type. Unlike Definition 2.5, partial types have no role annotations: they
are similar to binary session types (but the payloads U, can be multiparty) — and similarly,
they endow a notion of duality: the outputs of a type match the inputs of its dual, and wvice
versa.

» Definition 2.8. H is the dual of H, defined as:
@ier :(U:).H; & &ier 2Ui(Us). H; &icr M:;(U;).H; 2 ®ier \Li(U:).H;
end £ end t 2t . H wt H

1>

-
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The dual of a selection type is a branching with dualised continuations, and vice versa; the
payloads U, are the same. Duality is the identity on end and t, and homomorphic on ut.H.

Multiparty session types can be projected onto a role q (Definition 2.9 below): this yields
a partial type that only describes the communications where q is involved. This is technically
necessary for typing rules, as we will see in Definition 2.11 later on.

» Definition 2.9. S [q is the partial projection of S onto q:

pt.(STq) if STq#t (vt)

end [q £ end tlg 2t (ut.S) | q £
end otherwise

Dicr i(Us if g =p,
(b Drer Us(U:).5:) 1q 2 er i (Us).(Si T a) . q=rp
[Nicsr (SiTa) ifp#q
&icr 20 (U;).S: 1q if q = p,
(p &icr ?1:i(Ui).8:) 1q £ e (). SiTq ) avp
[Micr (SiTa) ifp#q
where [] is the merge operator for partial session types:
end Mend £ end tnt 2 t wt . H M pt.H' wt.(H M H')

Sy 2
&iEI ?ll(U/L)Hq Il &ig[ ! ( )Hl 2 &161 .’li(U) (H |—|H1l)
@ie] 'l,(U,)[‘L 1 69,7'67 'IJ(U])H; £
(@ke[ﬁ.] !lk(Uk)-(Hkallc)) 2] (@iel\J !li(Ui)-Hi) & (@jef\l !lj(Uj)-H]/')

The projection of end or a type variable t onto any role is the identity. Projecting a
recursive type ut.S onto q, means projecting S onto q, if S [q is mot some t’, for all
possible recursive variables t’; otherwise, the projection is end. The projection of a selection
p @icr 1;(U;).5; (resp. branching p &;¢; ?1;(U;).S;) on role p, produces a partial selection type
Dicr ;(U;).(S; [ p) (resp. branching &y ?1;(U;).S; | p) with the continuations projected on
p. Otherwise, if projecting on q # p, the select/branch is “skipped”, and the projection is
the merging of the continuations, i.e., [],-; (Si [ q). The 'l operator (introduced in [67, 18])
expands the set of session types whose partial projections are defined, which allows to type
more processes (as we will see in Definition 2.11 and Example 2.14 later on). Crucially, 1
can compose different internal choices, but not external choices (because this could break
type safety).

Subtyping. The subtyping relation (Definition 2.10) says that a session type S is “smaller”
than S’ when S is “less demanding” than S’ — i.e., when S permits more internal choices,
and imposes less external choices, than S’. When typing processes (Definition 2.12), a
channel with a smaller type can be used whenever a channel with a larger type is required,
according to Liskov’s Substitution Principle [45]. Subtyping is defined on both local and
partial types.

» Definition 2.10 (Subtyping). The subtyping <s on multiparty session types is the largest
relation such that

(i) if S <5 5, then ¥p € (roles(S)Uroles(S")) Slp<pS’|p, and

(ii) is closed backwards under coinductive rules at the top of Figure 3.

The subtyping <p on partial session types is coinductively defined by the rules at the bottom
of Figure 3.

Definition 2.10 uses coinduction to support recursive types [56, Section 20 and Section 21].
Clause (%) links local and partial subtyping, and ensures that if two types are related, then their
partial projections exist: this will be necessary later, for typing contexts (Definition 2.11).
The gist of Definition 2.10 lies in clause (i4). Rules (s-Bren)/(s-sur) define subtyping on
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Viel U <sU S;<sS; (S-Bren) Viel Ul<sU; Si<s S; (s-SEL)
p &icr 2:(U;).Si <s p &icrug ?1:(U).S; P @icrus i (U:).Si <s p Dier 1:(U;).S;
B<gB S{nt-Sfe} <s 5 S <s S,{M'S//t}

:/ (S,B) _ (S*END) :{ (S’)U'L) _—— (S—}LR)
B <s B end <s end ut.S <s S S <s pt.S'

Viel U;<sU; H;<pH; (s-ParBron) Vi€l U;<sU; H;<p H; (S-ParSer)

&icr 2i(U:).Hi <p &icrus Mi(U;).Hy' @icrus i(Uy).Hi <p @ier U(U)).HY'

H{nt-Hfe} <p H' H <p H’{ut.H’/t}
_ (S-PAREND) :/ (S—PARHL) (S—PARMR)
end <p end pt.H <p H H <p ut.H'

Figure 3 Subtyping for session types (top) and partial session types (bottom).

branch/select types. Both rules are covariant in the continuation types, i.e., they require
S; <s S!. (s-Brem) is covariant also in the number of branches offered, whereas (s-sev) is
contravariant. (s-B) relates base types, if they are related by <g. (s-Exp) relates terminated
channel types. (s-uL) and (s-uR) are standard under coinduction: they say that a recursive
session type pt.S is related to S, iff its unfolding is related, too. The subtyping <p for
partial types is similar, except for the lack of role annotations (thus resembling the binary
session subtyping [22]).

Multiparty Session Typing System. Before delving into the session typing rules (Defini-
tion 2.12), we need to formalise the notions of typing context and typing judgement, defined
below.

» Definition 2.11. A session typing context I is a partial mapping defined as:

I' s==@ | I'z:U | T,s[p]:S (withp ¢ 5)
We say that I" is consistent iff for all s[p|: S}, s[q]: Sy € I" with p # g, we have S, [ q <p Sq | p.
We say that I' is complete iff for all s[p]: S, € I', q € S, implies s[q] € dom (I'). We say that
I is unrestricted, un(T"), iff for all ¢ € dom(T"), I'(c) is either a base type or end. The typing
contexts composition o is the commutative operator with @ as neutral element:

[y,c:U o Ty, iU & (Ty0ly),c:U, U (if dom(I'2) % ¢ #¢ ¢ dom (I'1))
I',2:B o I'y,2:B % (I'yoly),2:B

A typing context can map a channel with role s[p] to a session type S (that cannot refer
to p itself, ruling out “self-interactions”), but not to a base type. Variables can be mapped
to either session or base types. The clause “Ve:S € I': S [ p is defined” is discussed below.

On Consistency. In Definition 2.11, and in the rest of this work, we emphasise the import-
ance of consistency of the context I' for session typing: this condition is, in fact, necessary
to prove subject reduction, and will be central for our encoding (Section 5 and Section 6).
As an example of non-consistent typing context, consider s[p|:end, s[q]:p?I(U).S: we have
end [qg=-end £p?(U).S = (p?l(U).S) | p.

Note that our consistency in Definition 2.11 is weaker than the one in previous papers
(where it is sometimes called coherency): we use <p, instead of (syntactic) type equality
=, to relate dual partial projections. The reason being: if we use =, and adopt partial
projections with type merging (Definition 2.9), subject reduction does not hold. Hence, by
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(T-NAME) (T-Basic) (T-DEFCTX) (T-SuB)
un(l") un(l) v€EB O-I'c:UFP U' <sU
T,c:Ske:S I'Fv:B (~)7X;5"}—X;(j' O-Ic:UFP
r e-I'+P O -I'y - e-I,I"'FP I’ = .5 let
(T-N1L) un(l) (T-Par) 1 2P Q (T-REs) {S[P], o Jver complete
0-I'+o ©-TiolFP|Q O -T'k (vs:I")P
Viel O -I'z;:Uj,c:Si + P; I'ikov:U O -Ty,c:SHP
(T-Brch) . — . (T-SEL)
O T, c:p&ier 71i(U;).Si b elp| &ier {li(z:). P} O -Tyolz,c:p® (U).SFclp] ® (I(v)).P
0,X:U-z:UFP ©,X:U Tk ie{1.. T, v Us r
(T-DEF) ! —— ) (T-CaLL) Vi€ {ln} vt un(l)
©-TFdefX(7:U)=PinQ ©,X:U1,....Up Tio...0Tnol F X(v1,...,00)

Figure 4 Typing rules for the multiparty session 7-calculus.

relaxing our definition, and proving Theorem 2.16 later on, we fix a longstanding mistake
appearing e.g., in [67, 18].
» Definition 2.12 (Session typing judgements). The process declaration typing context ©

maps process variables X to n-tuples of types U (one per argument of X'), and is defined as:
©:=0|0,X:U
Typing judgements are inductively defined by the rules in Figure 4, and have the forms:
for processes: ©-T'F P (with T" consistent, and Ve: S € T, S | p is defined Vp € S)
for values: T'Fov:U for process variables: ©F X:U

The judgement © - I' - P reads: “process P is well-typed in © and I'”. © and T, in turn,
type respectively process variables (judgement © F X : (N]) and values, including channels
(judgement I' - v:U). Rule (T-Namz) says that a channel has the type assumed in the session
typing context. (T-Basic) relates base values to their type. By (T-DerCrx), a process name
has the type assumed in the process declaration typing context. (T-sus) is the standard
subsumption rule, using <s (Definition 2.10). By (T-Nw), the terminated process is well typed
in any unrestricted typing context. By (T-Par), the parallel composition of P and @) is well
typed under the composition of the corresponding typing contexts, as per Definition 2.11.
By (T-Rss), (vs)P is well typed in T, if s occurs in a complete set of typed channels with
roles (denoted with I'"); and the open process P is well typed in the “full” context I, I”. For
convenience, we annotate the restricted s with I' in the process, giving (vs:T”)P. (T-Bren)
(resp. (T-sev)) state that branching (resp. selection) process on c¢[p| is well typed if ¢[p] is of
compatible branching (resp. selection) type, and the continuations P;, for all i € I, are well
typed with the continuation session types. By (T-Der), a process definition def X (z) = P in Q)
is well typed if both P and () are well typed in their typing contexts enriched with z: U.
For convenience, we annotate 7 with types U. By (T-Caws), process call X (vy, ..., v,) is well
typed if the actual parameters vq, ..., v, have compatible types w.r.t. X.

As mentioned above, we emphasise consistency by restricting typing judgements to
consistent typing contexts — i.e., those allowing to prove subject reduction. The clause
“Ve:S el': S[pis defined” is unusual in MPST works, but arises naturally: by requiring the
existence of partial projections, it rejects processes containing
(a) a channel with role s[p|: S that, for some q € S, cannot be (consistently) paired with

slq], or
(b) a variable 2:: S that, in a consistent and complete I, cannot be substituted by any s[p]:S.

Rejected processes cannot join any complete session (case (a)), or are never-executed

“dead code” (case (b)).
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» Remark 2.13. Unlike most MPST papers (e.g., [19, 11]), our rule (T-Res) does not directly
map a session s to a global type: this is explained in the next section, “Global Types”.

» Example 2.14. Consider the session type Sy, in Section 1 (p. 3), and the client process
P, = Clienty(sp[p]) from Example 2.2. By Definition 2.12, the following typing judgement
holds:

7Mov1aB(Int).C!Movic(Int). b,

Clienty:q7p1ay8(Sy), Loopy:pt.a & { } - Sp[p):q7Praye(Sy) F Clienty(sy[p])

?MonAB(Bool) .C !Mov2BC<Bocl) .t

It says that the channel with role s,[p] is used following type q?piays(Sy).end (with a
delegation of a Sy-typed channel); the argument of Client, has the same type; the argument
of Loop, is used following the game loop. This example cannot be typed without merging I
(Definition 2.9): its derivation requires to compute
Sp|c = lintobc(string). put. (MoviBe(1nt) .t M lmovasc(Boo1) . t) = !intoBc(string). fut. (Movibc(int) .t @ Movarc(Boo1). t),
which is undefined without merging.

The typing rules in Figure 4 satisfy a subject reduction property (Theorem 2.16) based
on typing context reductions. Reduction relations for typing contexts are common in typed
process calculi, and reflect the communications required by the types in I'.

» Definition 2.15 (Typing context reduction). The reduction I' — I is:

. i . R ) Lt unf(Sp) = q Dier ‘l,(UL)SL kel
s[p]:Sp, s[a]:Sq — s[p|: Sk, s[a]: S, if { anf(S) = p &icroy (U8, Uy <s UL
Ic:U — TV, c:U’ if I 51 and U <5 U’

Our Definition 2.15 is a bit less straightforward than the ones in literature: it accommod-
ates subtyping (hence, uses <s) and our iso-recursive type equality (hence, unfolds types
explicitly).

» Theorem 2.16 (Subject reduction). If ©-T'FP and P—P’, then 3I": I'=*I" and O-I"FP".

Global Types. We conclude this section with global types, mentioned in Section 2.1 and
Remark 2.13.

» Definition 2.17. The syntax of global types, ranged over by G, is:
G = p—q:{li(U;).Gi},.; (interaction — with U; closed)
pt.G | t | end (recursive type, type variable, termination)

Type p — q:{[;(U;).G},., states that role p sends to role q one of the (pairwise distinct)
labels {; for i € I, together with a payload U; (Definition 2.5). If the chosen label is /;, then
the interaction proceeds as ;. Type ut.G and type variable t model recursion. Type end
states the termination of a protocol. We omit the braces {...} from interactions when I is a
singleton: e.g., a—b:/;(U1).G1 stands for a—b:{l;(U;).Gi}icqiy

» Example 2.18. The following global type formalises the Game described in Section 1 and
Figure 1:

GGame = b—>C:InfoBC(String) . C—>a:Infoch(String) . @ — b: InfoB(string) .

wovica(Int). b, }

Mov2cA(Bool) . t

wovica(Int).t, }

Mov2ca(Bool) . t

Mov14B(Int).b—> C MoviBc(Int).C — a: {
pt.a—b:
Mov248(Boo1) . b — C : Mov2sc(Boo1) . c —> @ {
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In MPST theory, a global type G with roles p; (i € I) is used to project® a set of session
types S; (one per role). E.g., projecting Ggame in Example 2.18 onto b yields the session
type Sy (p. 3). When all such projections S; are defined, and all partial projections of each
S; are defined (as per Definition 2.9), then we can define the projected typing context of G:

Le = {s[pi]: Si}icr where Vi € I : S; is the projection of G onto p;
and I'; can be shown to be:
(a) consistent and complete, i.e., can be used to type the session s by rule (T-res) (Figure 4),
and
(b) deadlock-free, i.e.: T'¢—*T',/ implies Vi € I : I',(s[p;])=end.
Similarly, it can be shown that I'; reduces as prescribed by G.

Now, from observation (a) above, we can easily define a “strict” version of rule (T-Rgs)
(Figure 4) in the style of [19, 11], where
1. the clause “I” complete” is replaced with “I" is the projected typing context of some G7,

and
2. in the conclusion, the annotation (vs:I") is replaced with (vs:G).

Further, observation (b) allows to prove Theorem 2.19 below, as shown e.g. in [5]: a typed
ensemble of processes interacting on a single G-typed session is deadlock-free (note: with our
rules in Figure 4, the annotation (vs:(G) would be (vs:T'¢)).

» Theorem 2.19 (Deadlock freedom). Let @-@ + P, where P = (VS:G)‘ielpi and each P;
only interacts on s[p;]. Then, P is deadlock-free: i.e., P —* P’/ implies P' = 0.

Note that the properties above emerge by placing suitable session types .S; in the premises
of (T-Res) — but our streamlined typing rules in Figure 4 do not require it, nor mention
(G. The main property of such rules is ensuring type safety (Theorem 2.16). We will exploit
this insight (obtained by our separation of global/local typing) in our encoding (Section 5),
preserving semantics and types (and thus, Theorem 2.19) without explicit references to global

types.

3 Linear n-Calculus

The w-calculus is the canonical model for communication and concurrency based on message-
passing and channel mobility. It was developed in the late 1980’s, with the first publication
in 1992 [47], followed by various proposals for types and type systems. In this section we
summarise the theory of the m-calculus with linear types [37], adopting a standard formulation
and well-known results from [59]. We will present new m-calculus-related results in Section 4.

» Definition 3.1. The syntaz of w-calculus processes and values is:

P,Q ==0]| P|Q | (v)P (inaction, parallel composition, restriction)
*P | T(v).P | z(y).P (process replication, output, input)
casev of {Z (z3) > P bier (variant destruct)
with[l;:z;],.;=vdo P (labelled tuple destruct)
U,V = T, Y, w, 2 | l(u) | [l v Le/ (name, variant value, labelled tuple value)
false | true | 42 | . (base value)
In 7-calculus, names x,y, ... can be intutively seen as variables (i.e., they can be substi-

tuted with values), and as communication channels (i.e., they can be used for input/output).
Values can be names, base values like false or 42, variant values [(v) and labelled tuples

2 We use a standard projection with merging [67, 18]: for its definition (not crucial here), see [60].
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[l;:vi]; ;- The inaction 0 and the parallel composition P | () are similar to Definition 2.1.
The restriction (vx)P creates a new name z and binds it with scope P. The replicated
process xP represents infinite replicas of P, composed in parallel. The output z(v).P
uses the name = to send a value v, and proceeds as P; the input z(y).P uses x to receive
a value that will substitute y in the continuation P. Process case v of {l;(z;) > P;};c; pat-
tern matches a variant value v, and if it has label [;, substitutes x; and continues as P;.
Process with [I;:;], ., =v do P destructs a labelled tuple v, substituting each x; in P.
For brevity, we will often write “record” instead of “labelled tuple”.

» Definition 3.2. The 7-calculus operational semantics is the relation — defined as:
(Re-Cow)  T(0).P | 2(1).Q = P|Q{s}
(Rw-Case)  casel;j(v)of {li(x;) > Pitier — Pi{v/=;} (j€1)
(RTr—VVITH) with [l/[’ : at,,-]iel = []/,‘ : Ui]ie] doP — P{”7/:zr,,}i€1
(Rm-Res) P — @ implies (vz)P — (va)Q
(Rm-Par) P — @ implies P|R — Q| R
) P=P AP—>QAQ =Q implies P —Q

(R7-STRUCT

Rule (Rr-com) models communication between output and input on a name z: it reduces to
the corresponding continuations, with a value substitution on the receiver process. (Ra-Cask)
says that case applied on a variant value [;(v) reduces to P;, with v in place of z; — provided
that [; is one of the supported cases (i.e., [; = [; for some ¢ € I). Rule (R=-wirn) deconstructs
a labelled tuple [l;:v;], ., it says that with reduces to its continuation P with v; in place of
each z;, for all i € I. By (Rn-Res) and (Rm-Par), reductions can happen under restriction and
parallel composition, respectively. By (Rx-Struct), reduction is closed under the structural
congruence =, whose definition is standard (see [59, Table 1.1] and [60]).

m-Calculus Typing. We now summarise the w-calculus types, subtyping, and typing rules.

» Definition 3.3 (7-types). The syntax of a w-calculus type T is given by:

T == Li(T) | Lo(T) | LE(T) (linear input, linear output, linear connection)
g5(T) | (unrestricted connection, no capability)
(i Ti)ier | i Tilieq (variant, labelled tuple a.k.a. “record”)
ut. T | t | Bool | Int | ... (recursive type, type variable, base type)

Linear types Li(T'), Lo(T") denote, respectively, names used ezactly once to input/output
a value of type T. L#(T) denotes a name used once for sending, and once for receiving, a
message of type T. #(T) denotes an unrestricted connection, i.e., a name that can be used
both for input/output any number of times. e is assigned to names that cannot be used for
input/output. (l; 7;),., is a labelled disjoint union of types, while [/;: 77|, (that we will
often call “record”) is a labelled product type; for both, labels /; are all distinct, and their
order is irrelevant. As syntactic sugar, we write (7}),., , for a record with integer labels
[i:T3);e (1,..n}- Recursive types and variables, and base types like Bool, are standard.

The predicate lin(7") (Definition 3.4 below) holds iff 7" has some linear input/output
component.

» Definition 3.4 (Linear/unrestricted types). The predicate lin is inductively defined as:
3j € I :1lin(73) 3j € I:1in(7}) lin (T)

lin((l: Ti),c;) lin([l;: T3], ;) lin (ut.T)

We write un(7") iff —lin(7) (i.e., T is unrestricted iff is not linear).

lin(Li(7)) lin(Lo(T"))
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un(I") un(T") veDB I'to:T
(Ta-Namg) —————  (Tw-Basic) —————  (Tm-LVAL) ———————
T,x:Tka:T '+v:B Tki(v):(I_T)

un(T) Viel Iy b Ty Tka:T T < T un(I")

(TTA’-SUB) (Tﬂ-—NIL)
(Wi, Do) W F [l v, op i [l Tl e

(Tr-LTup) ;
I'ka:T r'+o

I FP  TaFQ Dz t(T)F P te{lt s} T,z:0F P
(Tm-PAR) ———— —  (T#-Resl) (Tn-RES2) —————
Mul,-P|Q It (vz)P Tt (vz)P

Ty ba:(T) t e {Li, i} Ty ka2 (T) t € {Lo, i}

Iy,y:THP o Fov:T I'sHP I'EP un(T)
(T7FINP) (TmOUT) (TW—REPL) _—
Iy &JFQFI(Z/).P F1®r2®F3FE<’L’>.P 'k xP

Fl [ 1"‘:<Z"7Tl>iel VZ S I Fz,,’L‘iZTL‘ = Pi Fl = /“':[l":T"}ieI Fg, {,’L‘iZTL‘}-;GI =P
(T‘II'—VVITH)

F] H’JFQ I—casevof{li(:z?,:)DP;},;ez Fl ED'FQ + with U;‘,II;‘] =vdo P

(Tm-Cask)
il

Figure 5 Typing rules for the linear w-calculus.

» Definition 3.5. Subtyping <, for m-types is coinductively defined as:

B<g B T<: T (61 T < T (510
—— (S-LB S-LEND —————— (S-Li —_————  (S-Lo
B <. B (s-LB) o< o ( ) Li(T) <« Li(T") Lo(T) <« Lo(T")
Viel T,<xT! Viel T,<xT! Tt T/} <o T'
(S-VarianT) = (S-LTUPLE) = (S-LuL)
>7‘,eIuJ (li: Tije; S [li:Tz‘LeI pt. T < T

(li_Ti);er S <lz;Tz/
By rule (s-LB), <, includes basic subtyping <p. (s-LEnp) relates types without I/O capabilities.
By (s-Li) (resp. (s-Lo)), linear input (resp. output) subtyping is covariant (resp. contravariant)
in the carried type. By (s-Variant), subtyping for variant types is covariant in both carried
types and number of components. By (s-LTuews), subtyping for labelled tuples, a.k.a records,
is covariant in the carried types. (Note: “full” record subtyping allows to add/remove
entries [59, §7.3]; but here, “record” just means “labelled tuple”.) Rule (s-LuL) (and its
symmetric, omitted) relates a recursive type put. 7 to 7" iff its unfolding is related to 7".

» Definition 3.6 (Typing context, type combination). The linear 7-calculus typing context T’

is a partial mapping defined as: = 0|T,2:T

We write lin(I") iff 3z: 7€l : lin(T"), and un(T") iff —1lin(T"). The type combinator W is defined

as follows (and undefined in other cases), and is extended to typing contexts as expected.
Li(T) W Lo(T) = L#(T) Lo(T)WLi(T) & LY(T) TWT = T ifun(T)

Ii(z)wly(z) if 2 € dom(I't) Ndom(I'z)
Ti(x) f 2 € dom(I';) \ dom(T';)

—

(N1 9Ta)(a) & {

Figure 5 shows the typing system for the linear m-calculus. Typing judgements have
two forms: I' F v:T and I'F P. (T-Name) says that a name has the type assumed in the
typing context; (Tx-Basic) relates base values to their types; both rules require unrestricted
typing contexts. By (Ta-Lvar), a variant value [(v) is of type (I_T) if value v is of type
T. By (r=Lrue), a record value [I;:v;],; is of type [l;: T}, if for all i € I, v; is of type
T;. (Tx-sus) is the subsumption rule: if x has type T in T', then it also has any supertype
of T. By (T=-Niw), 0 is well typed in every unrestricted typing context. By (Tr-Par), the
parallel composition of two processes is typed by combining the respective typing contexts.
By (T=-Res1), the restriction process (vx)P is well typed if P is typed by augmenting the
context with x:L4(T"). or 2:47. In the first case, by applying Definition 3.6 (W), we have
2:LE(T) = 2:Li(T) W Lo(T): this implies that P owns both capabilities of linear input/output
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letz=vinP 2 (v2)(Z(v).0|2(x).P) (where z ¢ {z} Ufn(v) U f(P))
I Fo:T Ioyx:THP
INwliykletz=vin P
I,o:THFP T'<,T Viel T;kwv:T; F,{.T:,-:T,;}Z.GII—P
S (Tw-MSussr)
Tz:T' - P (Wie, Ti) WT F P{vifa; bier

(Rm-Ler) letz=vin P — P{v/z} (Tw-Ler)

(TTr—NARRow)

Figure 6 “Let” binder (definition, reduction, typing), and narrowing / substitution rules.

of . By (TRes2), the restriction (vz)P is typed if P is typed and z has no capabilities.
By (Tr-Ixe) (resp. (T=-Our)), the input and output processes are typed if = is a (possibly
linear) name used in input (resp. output), and the carried types are compatible with the
type of y (resp. value v). The typing context used to type the input and output process is
obtained by applying & on the premises. By (TRerr), a replicated process *P is typed in
the same unrestricted context that types P. By (Tr-Case), casev of {l;(x;) > P} is typed
if the guard value v has variant type, and every P; is typed assuming x;:7;, for all ¢ € I.
By (Txwrmn), process with [[;:2;], ., =vdo P is typed if v is of record type and for all i € I,
each v; has the same type as x;, i.e., T;.

4 Some Typed 7-Calculus Extensions and Results

We introduce some definitions and results on typed m-calculus: we will need them in Section 5
and Section 6, to state our encoding and its properties. As we target standard typed -
calculus (Section 3), all our extensions are conservative, so to preserve standard results (e.g.,
subject reduction).

“Let” binder, narrowing, substitution. Figure 6 shows several auxiliary definitions and
typing rules. let xt =vin P binds = in P, and reduces by replacing x with v in P. It is a macro
on other m-calculus contructs: hence, rules (Ra-Ler) /(T#-Ler) are based on the reduction/typing
of its expansion (details in [60]). Rule (Tn-Narrow) derives from the narrowing lemma [59,
7.2.5]. (T=-MSusst) represents zero or more applications of the substitution lemma [59, 8.1.4].

Duality and Recursive m-Types. The duality for linear w-types relates opposite but compat-
ible input/output capabilities. Intuitively, the dual of a Li(T) is Lo(T') (and vice versa) [15].
Note that the carried type T is the same: i.e., dual types can be combined with W (Defini-
tion 3.6), yielding L#(7"). However, defining duality for recursive m-types is not straightforward:
what is the dual of 7' = ut.Lo(t)? Is it maybe 7" = ut.Li(t)? Since W is not defined for
-types, we can check whether it is defined for the unfoldings of our hypothetical duals 7" and
T’. Unfortunately, we have unf(7") = Lo(ut.Lo(t)) and unf(7") = Li(ut.Li(t)): i.e., W is again
undefined, so T',/7" cannot be considered duals. Solving this issue is crucial: in Section 5, we
will need to encode recursive partial types, preserving their duality (Definition 2.8) in linear
m-types.

What we want is a notion of duality that commutes with unfolding, so that if two recursive
types are dual, and we unfold them, we get a dual pair Lo(7")/Li(T") that can be combined
with & (since they carry the same 7T"). We address this issue by extending the 7-calculus type
variables (Definition 3.3) with their dualised counterpart, denoted with t. We allow recursive
types such as pt.Li(t) (but not pt....), and postulate that when unfolding, t is substituted
by a “dual” type pt.Lo(t), as formalised in Definition 4.1 below. Quite interestingly, our
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approach reminds of the “logical duality” for session types [43], but we study it in the context
of m-calculus (we will further discuss this topic in Section 8).

» Definition 4.1. T is the dual of 7', and is defined as follows:

LT)2Lo(T)  Lo(T)2LI(T) s2e (®)2% (})2t b7 2 utT{%:}
The substitution of T for a type variable t or t is: t{7/t} =T t{7/t} & T

The dual of a linear input type Li(7) is a linear output type Lo(7"), and wvice versa, with the
payload type 7" unchanged, as expected. The dual of a terminated channel type e is itself.
The dual of a type variable t is t, and the dual of a dualised type variable t is t, implying
that duality on linear w-types is convolutive. The dual of ut.7T" is /tt.T{E/t}, where type T is
dualised to 7', and every occurrence of t is replaced by its dual t by Definition 4.1. Now, the
desired commutativity between duality and unfolding holds, as per Lemma 4.2 below.

» Lemma 4.2. unf(7) = unf(7).
» Example 4.3. Let 7' = pt.Li((t,t)). Then:
unf(7) = Li(</1t.Li((t,E)),m)) = Li((pt.Li((t,t)), ut.Lo((t,t)))); and
unf (7') = unf(ut.Lo((t,t))) = Lo((ut.Li((t.t)), ut.Lo((£,t)))) = unf(7)
By adding dualised type variables in Definition 3.3, we naturally extend the definition of
fv(T) (with pt.... binding both t and t), the subtyping relation <, in Definition 3.5 (by

letting rules (s-LuL) and (s-LuR) use the substitution in Definition 4.1) and ultimately the
typing system in Definition 3.6. Using these extensions, we will obtain a rather simple

encoding of recursive session types (Definition 5.1), and solve a subtle issue involving duality,
recursion and continuations (Example 5.3).

The reader might be puzzled about the impact of dualised variables in the 7-calculus
theory. We show that dualised variables do not increase the expressiveness of linear m-types,
and do not unsafely enlarge subtyping <,: this is proved in Lemma 4.4, that allows to erase
dualised variables from recursive w-types. It uses
1. a substitution that only replaces dualised variables, i.e.: t{t'/t} =t/; and
2. the equivalence =, defined as: <,N <, .

» Lemma 4.4 (Erasure of t). pt.7' =, put.T{ut" T{/i}/e}, for all t'¢fv(T).
» Example 4.5 (Application of erasure). Take 7' from Example 4.3. By Lemma 4.4, we have:

T = /L‘C.Li((t,/J,t’.Li((t,E)){t'/E}D = pt.Li((t, pt’.Lo((t,t")))).

Since T'=,T" implies T'<, T’ and 7" <, T, Lemma 4.4 says that any pt.7T" is equivalent to
a ji-type without occurrences of t: i.e., any typing relation with instances of t corresponds to
a t-free one. As a consequence, any typing derivation using t can be turned into a t-free one.
Summing up: adding dualised variables preserves the standard results of typed w-calculus.

Type Combinator (. Definition 4.6 introduces a type combinator that is a “relaxed”
version of & (Definition 3.6) extended with subtyping. We will use it to encode MPST typing
contexts (Definition 5.6).

» Definition 4.6. The m-calculus type combinator M is defined on 7-types as follows (and
undefined in other cases), and naturally extended to typing contexts:
Lo(T) mLi(T') £ Li(T)wLo(T)
Li(T") m Lo(T) Li(T) & Lo(T)

(=

}if T<:, T TAT 2 T ifun(7)

Ti(z)mTa(x) if 2 € dom(I'1) Ndom(I'2)
Ii(x) if © € dom(I';)\ dom(I';)

(Fl mrz)(l‘) é {
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The difference between W and M is that the former combines linear inputs/outputs with the
same carried type, while M is more relaxed: it allows a carried type to be subtype of the other
— more exactly, the type carried by the output side can be smaller than the type carried by
the input side. This is shown in Lemma 4.7 and Example 4.8 below.

» Lemma 4.7. If T=T1AT,, and T{WT} =T, then either
(@) 71 < Ty and T <5 Ty, or
(b) Tll <7|— T2 and TZ/ <ﬂ— Tl.

Lemma 4.7 says that 71 AT (when defined) is a type that, when split using W, yields
linear I/O types that are subtypes of the originating 77, 75. Intuitively, it means that A can
be soundly used to simplify typing derivations: if used to type some name z, it will yield
(when defined) a type that can also be obtained by suitably using & and (Tx-sus) (Figure 5).

» Example 4.8. Let 77 = Li(Real), T = Lo(Int), and 7' =Ty M T». We have T' = L{(Int);
if we let 7] W Ty = T, then we get either (a) T] = Li(Int) <, T} and 7% = Lo(Int) <, Tb,
or (b) T = Lo(Int) <z T» and T3 = Li(Int) <, T1.

5 Encoding Multiparty Session-7 into Linear 7-Calculus

We now present our encoding of MPST 7-calculus into linear 7-calculus. It consists of an
encoding of types and an encoding of processes: combined, they preserve the safety properties
of MPST communications, both w.r.t. typing and process behaviour.

Encoding of Types. Our goal is to decompose MPST channel endpoints into point-to-point
m-calculus channels. This leads to the main intuition behind our approach: encode MPST
channel endpoints as labelled tuples, whose labels are roles, and whose values are names (for
communication). The idea is that if a multiparty channel of type S allows to talk with role
p, then the corresponding m-calculus record should have a label p, mapping to a name that
can send/receive messages to/from the process that plays the role p. This suggests the type
of an encoded MPST channel endpoint: it should be a m-calculus record — and since each
name appearing in such record is used to communicate, it should have an input/output type.

» Definition 5.1. The encoding of session type S into linear m-typesis:  [S] £ [p:[S Iplloes
where the encoding of the partial projections [S [ p] is:

[®ier Ui(Ui).Hi] £ Lo((li ([U],[Hi]))iez) [BI=B [end] £ e

[ier 2(U)-HL] & i (UL IHD)ey)  [12¢  [utH] £ pt[H]

The encoding of a session type S, namely [S], is a record that maps each role p€ .S to the
encoding of the partial projection [S|p]. The latter adopts the basic idea of the encoding
of binary, non-recursive session types [36, 15]: it is the identity on a base type B, while
a terminated channel type end becomes e, with no capabilities. Selection @®;c; 1;(U;).H;
and branching &< ?1;(U;).H; are encoded as linear output and input types, respectively,
adopting a continuation-passing style (CPS). In both cases, the carried types are variants:
(li_([Ui], [H;]))ier for select and (l;_([Ui], [H;])),., for branch, with the same labels as
the originating partial projections. Such variants carry tuples ([U;], [H;]) and ([U;], [H]):
the first element is the encoded payload type, and the second (i.e., the encoding of H;) is
the type of a continuation name: it is sent together with the encoded payload, and will be
used to send/receive the mext message (unless H; is end). Note that selection sends the
dual of [H;]: this is because the sender must keep interacting according to [H;], while the

1> 1l
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recipient must operate dually (cf. Definition 4.1). E.g., if [H;] requires to send a message,
the recipient of [H;] must receive it. The encodings of type variables and recursive types are
homomorphic.

Note that by encoding session types as labelled tuples, we untangle the order of the

interactions among different roles. We will recover this order later, when encoding processes.

A A

» Example 5.2. Consider the session type S = plli(Int).q?l2(5").end, where 5" £
rll3(Bool).q?l4(String).end. By Definition 5.1, the encoding of S is:

[S] [p: [STel a: [STa]] = [p: [M1(Int)],q: [?2(S)]]
[p: Lo({li_(Int,e))),q: Li({l2_ ([r: Lo({l3__(Bool,e))),q: Li({la_ (String,e)))],e)))]

Recursion, Continuations and Duality. We now point out a subtle (but crucial) difference
between Definition 5.1 and the encoding of binary, non-recursive session types in [15]. When
encoding partial selections, our continuation type is the dual of the encoding of H;, i.e., [H;];

in [15], instead, it is the encoding of the dual of H;, i.e., [H;]. This difference is irrelevant
for non-recursive types (Example 5.2); but for recursive types, using [H;] would yield the

wrong continuations. Using [H,], instead, gives the expected result, by generating dualised
recursion variables (cf. Definition 4.1). We explain it in Example 5.3 below.

» Example 5.3. Let H = pt.![(Bool).t. By Definition 5.1, we have:

[H] = [ut.li(Bool).t] = ut.Lo((li([[Bool]}. H») = pt.Lo({I_(Bool,t)))

Let us now unfold the encodi