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—— Abstract

We consider fractional online covering problems with £,-norm objectives. The problem of interest
is of the form min{f(z) : Az > 1,z > 0} where f(z) = > ce|z(Se)lq is the weighted
sum of ¢;-norms and A is a non-negative matrix. The rows of A (i.e. covering constraints)
arrive online over time. We provide an online O(logd + log p)-competitive algorithm where
p= I::l‘r’fs; and d is the maximum of the row sparsity of A and max |S,|. This is based on the
online primal-dual framework where we use the dual of the above convex program. Our result

expands the class of convex objectives that admit good online algorithms: prior results required
a monotonicity condition on the objective f which is not satisfied here. This result is nearly tight
even for the linear special case. As direct applications we obtain (i) improved online algorithms
for non-uniform buy-at-bulk network design and (ii) the first online algorithm for throughput
maximization under £,-norm edge capacities.
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1 Introduction

The online primal-dual approach is a widely used approach for online problems. This involves
solving a discrete optimization problem online as follows (i) formulate a linear programming
relaxation and obtain a primal-dual online algorithm for it; (ii) obtain an online rounding
algorithm for the resulting fractional solution. While this is similar to a linear programming
(LP) based approach for offline optimization problems,; a key difference is that solving the LP
relaxation in the online setting is highly non-trivial. (Recall that there are general polynomial
time algorithms for solving LPs offline.) So there has been a lot of effort in obtaining good
online algorithms for various classes of LPs: see [1, 13, 23] for pure covering LPs, [13] for
pure packing LPs and [5] for certain mixed packing/covering LPs. Such online LP solvers
have been useful in obtaining online algorithms for various problems, eg. set cover [2], facility
location [1], machine scheduling [5], caching [8] and buy-at-bulk network design [21].
Recently, [6] initiated a systematic study of online fractional covering and packing with
convex objectives; see also the full versions [7, 11, 15]. These papers obtained good online
algorithms for a large class of fractional convex covering problems. They also demonstrated
the utility of this approach via many applications that could not be solved using just online
LPs. However these results were limited to convex objectives f : R} — R, satisfying a

* A full version of the paper is available at https://arxiv.org/abs/1705.02194.
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monotone gradient property, i.e. V f(z) > V f(y) pointwise for all z,y € R™ with z > y. There
are however many natural convex functions that do not satisfy such a gradient monotonicity
condition. Note that this condition requires the Hessian V2 f(x) to be pointwise non-negative
in addition to convexity which only requires V2 f(z) to be positive semidefinite.

In this paper, we focus on convex functions f that are sums of different ¢,-norms. This is
a canonical class of convex functions with non-monotone gradients and prior results are not
applicable; see Section 1.1 for a more detailed comparison. We show that sum of ¢;-norm
functions admit a logarithmic competitive online algorithm. This result is nearly tight because
there is a logarithmic lower bound even for online covering LPs (which corresponds to an ¢;
norm objective). We also provide two applications of our result (i) improved competitive
ratios (by two logarithmic factors) for some online non-uniform buy-at-bulk problems studied
in [21], and (ii) the first online algorithm for throughput maximization with ¢,-norm edge
capacities (the competitive ratio is logarithmic which is known to be best possible even in
the special case of individual edge capacities).

Given that we achieve log-competitive online algorithms for sums of ¢,-norms, a natural
question is whether such a result holds for all norms. Recall that any norm is a convex
function. It turns out that a log-competitive algorithm is not possible for general norms.
This follows from a result in [7] which shows an (¢qlogd) lower bound for minimizing the
objective || Bz||, under covering constraints (where B is a non-negative matrix). It is still an
interesting open question to identify the correct competitive ratio for general norm functions.

1.1 Our Results and Techniques

We consider the online covering problem

{Zceﬂx Ng @ Az > 1,x€R1}, (1)

where each S, C [n] := {1,2,---n}, ge > 1, ¢ > 0 and A is a non-negative m X n matrix.

For any S C [n] and ¢ > 1 we use the standard notation [|z(5)|l; = (3,cq #¥) Y4 We also
consider the dual of this convex program, which is the following packing problem:

{Zyk Ay—mZue 1, || e (S )IpeéceVee[]yZO} (2)

The values p. above satisfy p% + q% =1;s50| -|lp, is the dual norm of | - ||4.. This dual can
be derived from (1) using Lagrangian duality.

Our framework captures the classic setting of packing/covering LPs when r = n and for
each e € [n] we have S. = {e} and ¢. = 1. Our main result is:

» Theorem 1. There is an O(logd + log p)-competitive online algorithm for (1) and (2)
where the covering constraints in (1) and variables y in (2) arrive over time. Here d is the

mazximum of the row-sparsity of A and max’_, |S.| and p = %

We note that this bound is also the best possible, even in the linear case [13]. For just the
covering problem, a better O(logd) bound is known in the linear case [23] as well as for
convex functions with monotone gradients [6].

The algorithm in Theorem 1 is the natural extension of the primal-dual approach for
online LPs [13]. We use the gradient Vf(x) at the current primal solution z as the cost
function, and use this to define a multiplicative update for the primal. Simultaneously, the
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dual solution y is increased additively. This algorithm is in fact identical to the one in [6] for
convex functions with monotone gradients. See Algorithm 1 for the formal description. The
contribution of this paper is in the analysis of this algorithm, which requires new ideas to
deal with non-monotone gradients.

Limitations of previous approaches [6]

Recall that the general convex covering problem is
min {f(z) : Az > 1,z € R} },

where f: R} — R, is a convex function. Its dual is:
max {Zyk — ) ATy =p,y> 0} :
k=1

where f*(p) = maxeprn {uTz — f(x)} is the Fenchel conjugate of f. When f is the sum of
¢4-norms, these primal-dual convex programs reduce to (1) and (2).

We restrict the discussion of prior techniques to functions f with maXgegn % <1
because this condition is satisfied by sums of ¢, norms.! At a high level, the analysis in [6]
uses the gradient monotonicity to prove a pointwise upper bound ATy < V f(z) where Z is
the final primal solution. This allows them to lower bound the dual objective by Zg;l Yk
because f*(Vf(z)) <0 for any T (see Lemma 4(d) in [6]). Moreover, proving the pointwise
upper bound ATy < Vf(z) is similar to the task of showing dual feasibility in the linear
case [13, 23] where V f(Z) corresponds to the (fixed) primal cost coefficients.

Below we give a simple example with an ¢,-norm objective where the pointwise upper
bound ATy < Vf(z) is not satisfied by the online primal-dual algorithm unless the dual
solution y is scaled down by a large (i.e. polynomial) factor. This means that one cannot
obtain a sub-polynomial competitive ratio for (1) using this approach directly.

Consider an instance with objective function f(z) = |z|l2 = /Y., 7. There are
m = \/n covering constraints, where the kth constraint is Zii(m71)+1 x; > 1. Note that
each variable appears in only one constraint. Let P be the value of primal objective and D
be the value of dual objective at any time. Suppose that the rate of increase of the primal
objective is at most « times that of the dual; a corresponds to the competitive ratio in the
online primal-dual algorithm. Upon arrival of any constraint k, it follows from the primal
updates that all the variables {xi}f;”k(mfl)ﬂ

to constraint k is (Vk — vk — 1)% for iteration k. This means that the increase in D is at
least é(\/E— vk — 1)%, and so yx > é(\/E— vk — 1)\/% Finally, since Z = -1, we know
that Vf(z) = L1 (recall n = m?). On the other hand, (47y); =y, > ﬁ Therefore, in
order to guarantee ATy < Vf(z) we must have a > /m = n'/%.

increase from 0 to % So the increase in P due

Our approach

First, we show that by duplicating variables and using an online separation oracle approach
(as in [1]) one can ensure that the sets {S.}7_; are disjoint. This allows for a simple

! The result in [6] also applies to other convex functions with monotone gradients, but the competitive

T
ratio depends exponentially on maxzcrn z fv(i)(m).
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expression for V f which is useful in the later analysis. Then we utilize the specific form of
the primal-dual convex programs (1) and (2) and an explicit expression for V f to show that
the dual y is approximately feasible. In particular we show that ||y” A(S.)|,. < O(logdp)-c.
for each e € [r]; here A(S.) denotes the submatrix of A with columns from S.. Note that
this is a weaker requirement than upper bounding ATy pointwise by V f(z).

In order to bound ||yT A(S)||,., we analyze each e € [r] separately. We partition the steps
of the algorithm into phases where phase j corresponds to steps where &, =, s. zle ~ 07;
here 8 > 1 is a parameter that depends on ¢g.. The number of phases can be bounded
using the fact that ®. is monotonically increasing. By triangle inequality we upper bound
lyT A(Se)|lp. by > ||y(Tj)A(Se)||pe where y ;) denotes the dual variables that arrive in phase
j. And in each phase j, we can upper bound ||y(7;)A(Se)Hpc using the differential equations
for the primal and dual updates.

Applications

We also provide two applications of Theorem 1.

Non-uniform multicommodity buy-at-bulk. This is a well-studied network design problem
in the offline setting [16, 17]. For its online version, the first poly-logarithmic competitive
ratio was obtained recently in [21]. A key step in this result was a fractional online algorithm
for a certain mixed packing-covering LP. We improve the competitive ratio of this step from
O(log®n) to O(logn) which leads to a corresponding improvement in the final result of [21].
See Theorem 6.

Throughput maximization with £,-norm capacities. The online problem of maximizing
throughput subject to edge capacities is well studied and a tight logarithmic competitive ratio
is known [4, 13]. We consider the generalization where instead of individual edge capacities,
we can have capacity constraints on subsets as follows. A ¢,-norm capacity of ¢ for some
subset S of edges means that the £,-norm of the loads on edges of S must be at most c. We
show that one can obtain a randomized log-competitive algorithm even in this setting, which
generalizes the case with edge-capacities. See Theorem 7.

1.2 Related Work

The online primal-dual framework for linear programs [14] is fairly well understood. Tight
results are known for the class of packing and covering LPs [13, 23], with competitive ratio
O(log d) for covering LPs and O(logdp) for packing LPs; here d is the row-sparsity and p is
the ratio of the maximum to minimum entries in the constraint matrix. Such LPs are very
useful because they correspond to the LP relaxations of many combinatorial optimization
problems. Combining the online LP solver with suitable online rounding schemes, good
online algorithms have been obtained for many problems, eg. set cover [2], group Steiner
tree [1], caching [8] and ad-auctions [12]. Online algorithms for LPs with mixed packing and
covering constraints were obtained in [5]; the competitive ratio was improved in [6]. Such
mixed packing/covering LPs were also used to obtain an online algorithm for capacitated
facility location [5]. A more complex mixed packing/covering LP was used recently in [21]
to obtain online algorithms for non-uniform buy-at-bulk network design: as an application
of our result, we obtain a simpler and better (by two log-factors) online algorithm for this
problem.
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There have also been a number of results utilizing the online primal-dual framework
with convez objectives for specific problems, eg. matching [19], caching [25], energy-efficient
scheduling [18, 22] and welfare maximization [10, 24]. All of these results involve separable
convex/concave functions. Recently, [6] considered packing/covering problems with general
(non-separable) convex objectives, but (as discussed previously) this result requires a monotone
gradient assumption on the convex function. The sum of £,-norm objectives considered in
this paper does not satisfy this condition. While our primal-dual algorithm is identical to [6],
we need new techniques in the analysis.

All the results above (as well as ours) involve convex objectives and linear constraints. We
note that [20] obtained online primal-dual algorithms for certain semidefinite programs (i.e. in-
volving non-linear constraints). While both our result and [20] generalize packing/covering
LPs, they are not directly comparable.

We also note that online algorithms with £;-norm objectives have been studied previously
for many scheduling problems, eg. [3, 9]. These results use different approaches and are
not directly comparable to ours. More recently [7] used ideas from the online primal-dual
approach in an online algorithm for unrelated machine scheduling with £,-norm objectives as
well as startup costs. However, the algorithm in [7] was tailored to their scheduling setting
and we do not currently see a connection between our result and [7].

2 Preliminaries

Recall the primal covering problem (1) and its dual packing problem (2). In the online
setting, the constraints in the primal and variables in the dual arrive over time. We need to
maintain monotonically increasing primal (z) and dual (y) solutions. The following lemma
shows that one can assume that the sets {S.}._; are disjoint without loss of generality. We
defer the proof of the lemma to the full version. This leads to a much simpler expression for
V f that will be used in Section 3.

» Lemma 2. If there is a poly-time a-competitive algorithm for instances with disjoint Se,
then there is a poly-time O(«)-competitive algorithm for general instances.

Henceforth we will assume that the sets {S.}7_; are disjoint. The dual program (2) in
this case reduces to:

max {Zyk c ATy = p, [1(Se)llp. < ceVe €[],y = 0} . (3)

k=1
It is easy to see that weak duality holds (Lemma 3). Strong duality also holds because (1)
satisfies Slater’s condition; however we do not use this fact.

» Lemma 3. For any pair of feasible solutions x to (1) and (y, ) to (3), we have

T

> cella(Solle. = > v
k=1

e=1
Proof. This follows from the following inequalities:

m

Zyk =y"1 <y Az =pu < Z Z Hi Ty < Z [1(Se)llp.llz(Se)llq. < Zce-Hx(Se)qu.
e=1 e=1

k=1 e=14€S,

The first inequality is by primal feasibility; the second and last are by dual feasibility; the
fourth is by Hélder’s inequality. <

ICALP 2017
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When the k" request Z?:l ar;x; > 1 arrives
Let 7 be a continuous variable denoting the current time.;
while the constraint is unsatisfied, i.e., Z?:l ariz; <1 do

For each 4 with ag; > 0, increase x; o= agff’(t)% = Z’:’;;Jrf [|2(Se)||de
Increase y; at rate % =1;
Set = ATy;

end

Algorithm 1: Algorithm for ¢,-norm packing/covering.

3 Algorithm and analysis

Let f(z) =Y ._; cellz(Se)|lq. denote the primal objective in (1).

In order to ensure that the gradient Vf is positive, the primal solution z starts off as
0 -1 where § > 0 is arbitrarily small. So we assume that the initial primal value is zero.

It is clear that the algorithm maintains a feasible and monotonically non-decreasing
primal solution . The dual solution (y, i) is also monotonically non-decreasing, but not
necessarily feasible. We will show that (y, u) is O(log pd)-approximately feasible, i.e. the
packing constraints in (3) are violated by at most an O(log pd) factor.

» Lemma 4. The primal objective f(x) is at most twice the dual objective > ;" | yg.

Proof. We will show that the rate of increase of the primal is at most twice that of the dual.
Consider the algorithm upon the arrival of some constraint k. Then

=Y Vi@ o Y (b <2

1:ap; >0 i:ag; >0

The inequality comes from the fact that (i) the process for the kth constraint is terminated
when )", ap;x; = 1 and (ii) the number of non-zeroes in constraint k is at most d. Also it is
clear that the dual objective increases at rate one, which finishes the proof. |

» Lemma 5. The dual solution (y, ) is O(log pd)-approzimately feasible, i.e.

[1(Se)llp. < O(logpd) -c., — Veelr].

Proof. Fix any e € [r]. When ¢. = 1 the analysis is simple (details are deferred to the full
version). Here we only consider g. > 1 which is the main part of the analysis. In order to
prove the desired upper bound on [[11(Se)||p. We use a potential function ® =37, ¢ ().
Let phase zero denote the period where ® < ( := (W)‘k, and for each j > 1, phase j
is the period where 67~ .( < ® < 67 - (. Here § > 1 is a parameter depending on ¢, that
will be determined later. Note that & < d(m)qﬁ as variable x; will never be increased
beyond 1/min’"; a;;. So the number of phases is at most 3¢. -log(dp)/log 6. Next, we bound
the increase in ||p(Se)||p. for each phase separately.

For any phase, we have the following equalities

0x;  Apixi + d do—1 Oy ou;
_ e — 1 — .
or q6*1 lw(Se)laz™ or g Ok

-1
Ce Qi T

e\1—=
(Zjese x? ) A (agimi + é)

= du; = dzx; (4)
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Phase zero. Suppose that each z; increases to a; in phase zero. From (4) we have

deeap; xd! 1 zlet
dp; < etk dz; = dp; < L dzx;.
ge\1—-1 d gen1— L
(E jes. ;(;je) qe Ce Qs (5 jes. xje) qe

This means that the increase Apu; in p; can be bounded as:

1 (e 73 xq@*l (e 7}
AMS/ — 1d93¢§/ ldz; < ;.
dce ag; 5 (Zjese x;]e) -+ o
Since in phase zero, ® < (W)q% we know that each a; < W]}dz So Ap; < %

and at the end of phase zero, we have ||u(Se)lp, < ||#(Se)|l1 < ce. The last inequality is
because d > max, |S.|.

Phase 5 > 1. Let &3 and ®; be the value of ® at the beginning and end of this phase
respectively. In phase j, suppose that each x; increases from s; to t;. Then,

-1 -2
Ce ki T3 i

dﬂz = T d(El S T dl’l .
e\1—= e\1—==
(Xjes, ) (ariwi + 3) > jes, w3)

Ce

So the increase Ap; in p; during this phase is:

ti Qe_2
AMZ S / Cel; T dl‘i.
i (Zjese L ) ae

Note that variables z; for i’ # ¢ can also increase in this phase: so we cannot directly
bound the above integral. This is precisely where the potential ® is useful. We know that
throughout this phase, ;.5 #]* > ®o. So,

t; .ge—2 ge—1 ge—1 ge—1 ge—1
x; t: — S t — 5
AmSCe/ ZliLdl"i:Cel Zlfizcez .
5 q)o e (Qe - 1)(1)0 e (QG - 1)‘1)6)6

Above we used the assumption that g. > 1 in evaluating the integral. Now,

cbe -1 —1\Pe cbe (qe—1) (ge—1)
Api)Pe < e . (t‘i]e — 5% ) < e ) (tiqe pe _ gla pe)
(B (ge — 1)P= @ (ge — 1)P= Bg
cpe
- L
(qe _ 1)pc @0 ( 7 sz )

The first inequality above uses the fact that (21 + 29)Pe > zf ¢ 4 z5° for any p. > 1 and

21,29 > 0, with z; = s?e_l and zo = t;’e_l — 836_1. The last equality uses + + q% =1.

Pe
We can now bound

cPe cPe cbe
Ap)Pe < e | tle —gley = — ¢ (P; —Pp) < ——(0-1).
2 = e, 2 W = e, (0 =S e Y

Let p; € RISl denote the increase in y(S.) during phase j. It follows from the above

that [|ullp, < 25(0 —1)1/7e.

12:7
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Combining across phases. Note that =) >0 M- By triangle inequality, we have

lillpe <D lmillp, < ce+ D Il

Jj=0 Jj=1

_ 1)1/pe
pe < Ce (1 + 3((516@(9—1)11)(’%9 -log(dp)) . (5)

To complete the proof we show next that for any g. > 1, there is some choice of § > 1 such
that the right-hand-side above is O(log(dp)) - ce.

If g. > 2 then setting 6 = 2, we have (q‘gqjl) (6 —1)1/Pe /1ogf < 6.

If 1 < g <2 thenset § =14 (g — 1)~ P<, where ¢ = m > 0. We have
- __(@-1r (@-D (-1 (-1 2
logf  — log(ge —1)~re  log(ge — 1)—epe —epe log(ge — 1) Pe De

The first inequality above uses that § — 1 = (¢g¢ — 1)~ > 1. Thus we have

— 1)1/pe
3q.(60 — 1) < 6qe 6,
(e —1)log® ~ (ge — 1)pe

where the last equality uses pi + -+ =1.

1
de
So in either case we have that the right-hand-side of (5) is at most (14 6log(dp))-c.. <«

Combining Lemmas 3, 4 and 5, we obtain Theorem 1.

4 Applications

4.1 Online Buy-at-Bulk Network Design

In the non-uniform buy-at-bulk problem, we are given a directed graph G = (V, E) with
a monotone subadditive cost function g, : Ry — Ry on each edge e € F and a collection
{(si,t;) }™; of m source/destination pairs. The goal is to find an s; — ¢; path P; for each
i € [m] such that the objective ) . gc(load.) is minimized; here load. is the number of
paths using e. An equivalent view of this problem involves two costs ¢, and /. for each edge
e € F and the objective ZEEUPL- Ce + 2 ecp le - load,. In the online setting, the pairs (s;, ;)
arrive over time and we need to decide on the path P; immediately after the i*" pair arrives.
Recently, [21] gave a modular online algorithm for non-uniform buy-at-bulk with competitive
ratio O(af7y - log® n) where:

« is the “junction tree” approximation ratio,

[ is the integrality gap of the natural LP for single-sink instances,

v is the competitive ratio of an online algorithm for single-sink instances.
See [21] for more details. One of the main components in this result was an O(log®n)-
competitive fractional online algorithm for a certain mixed packing/covering LP. Here we
show that Theorem 1 can be used to provide a better (and tight) O(logn)-competitive ratio.
This leads to the following improvement:

» Theorem 6. There is an O(afSy - log® n)-competitive ratio for non-uniform buy-at-bulk,
where «, B,y are as above.
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The LP relaxation. Let 7 = {s;,t; : i € [m]} denote the set of all sources/destinations.

For each ¢ € [m] and root r € V variable z;. denotes the extent to which both s; and ¢; route
to/from r. For each r € V and e € E, variable x., denotes the extent to which edge e is
used in the routing to root r. For each r € V and u € T, variables {f, . : ¢ € E} represent
a flow between r and wu. [21] relied on solving the following LP:

min ZZce-xm + ZZ€e~Zfr7u,e

reV e€E reVe€E  weT
st Y oz =1, Vie[m]

rev

{frs;.e: €€ E}isaflow from s; to r of z; units, Vr eV, i€ [m]

{fritie €€ E}is a flow from r to ¢; of z; units, Vr eV, ic[m]

frue < Ters VueT,eeE

z, f,z>0

The online algorithm in [21] for this LP has competitive ratio O(D -logn) w.r.t. the optimal
integral solution; here D is an upper bound on the length of any s; —¢; path (note that D can
be as large as n). Using a height reduction operation, they could ensure that D = O(logn)
while incurring an additional O(logn)-factor loss in the objective. This lead to the O(log® n)
factor for the fractional online algorithm. Here we provide an improved O(log n)-competitive
algorithm for this LP which does not require any bound on the path-lengths.

For any r € V and uw € T, let MC(r,u) denote the uw — r (resp. 7 — u) minimum cut in
the graph with edge capacities {f, . : € € E} if u is a source (resp. destination). By the
max-flow min-cut theorem, it follows that z;. < min {MC(r,s;), MC(r,t;)}. Using this, we
can combine the first three constraints of the above LP into the following:

Z min {MC(r,s;), MC(r,t;)} > 1, Vi € [m].

reV

For a fixed ¢ € [m], this constraint is equivalent to the following. For each r € V', pick either
an s; —r cut (under capacities f, s, ) or an r —t; cut (under capacities f,¢, ), and check
if the total cost of these cuts is at least 1. This leads to the following reformulation that
eliminates the x and z variables.

min Z Z Ce * <I7£1€a7)_( ,fT,u,e) + Z Z le - Z fﬁ%e

reV ecE reV ecE ueT
st > fra(S) + D fen(T) =1, Vi€ [m], V(Rs, Ry) partition of V,
rER, rER,
VS, : s;—rcut, Vr € Rg, V1. : 7 —t; cut, Vr € R;
f=0.

Note that £,4(,)-norm is a constant approximation for £.. Therefore we can reformulate
the above objective function (at the loss of a constant factor) as the sum of fj,4(,) and
f1 norms. Our fractional solver applies to this convex covering problem, and yields an
O(log n)-competitive ratio (note that p =1 for this instance). In order to get a polynomial
running time, we can use the natural “separation oracle” approach to produce violated
covering constraints.

Each iteration above runs in polynomial time since the minimum cuts can be computed
in polynomial time. In order to bound the number of iterations, consider the potential
Y =3 cp(frsie+ frie). Note that 0 < ¢ < 2|E| and each iteration increases 1) by at
least 1. So the number of iterations is at most 4|E|.

12:9
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When the i" request (s;,t;) arrives
repeat
For each r € V, compute MC(r, s;) and MC(r, t;) and the respective cuts S, and T;;
Let Ry ={r eV : MC(r,s;) < MC(r,t;)} and Ry =V \ Ry;
Run Algorithm 1 with constraint > cp frs,(Sr) + D0 cp, fre. (Tr) > 1
until 3>\, min {MC(r,s;), MC(r,t;)} > 3;
Algorithm 2: Separation Oracle Based Algorithm for Buy-at-Bulk.

4.2 Throughput Maximization with ¢,-norm Capacities

The online problem of maximizing multicommodity flow was studied in [4, 13]. In this
problem, we are given a directed graph with edge capacities u(e). Requests (s;,t;) arrive
in an online fashion. The algorithm should choose a path between s; and t; and allocate a
bandwidth of 1 on the path to serve request i. The total bandwidth allocated on any edge
is not allowed to exceed its capacity. This is the simplest version of the multicommodity
routing problem. Here we consider an extension with £,-norm capacity constraints on subsets
of edges. This can be used to model situations where edges are provided by multiple agents.
Each agent j owns a subset S of edges and it requires the £, -norm of the bandwidths of
these edges to be at most c;. In this section we assume the S; are disjoint. Our result also
applies to general S; via a reduction to disjoint instances.

» Theorem 7. Assume that c; = Q(logm) - |S;|*/Ps for each j. Then there is a randomized
O(log m)-competitive online algorithm for throughput mazimization with £,-norm capacities,
where m is the number of edges in the graph.

We note that a similar “high capacity” assumption is also needed in the linear special
case [4, 13] where each |S;| = 1.

In a fractional version of the problem, a request can be satisfied by several paths and the
allocation of bandwidth can be in range [0, 1] instead of being restricted from {0,1}. For
request (s;,t;), let P; be the set of simple paths between s; and ¢;. Variable f; p is defined
to be the amount of flow on the path P for request (s;,t;). The total profit of algorithm is
the (fractional) number of requests served and the performance is measured with respect to
the maximum number of requests that could be served if the requests are known beforehand.
We describe the problem as a packing problem:

max Z Z fip (6)

i PeP;

st > fip <1, Vi (7)
PeP;
Z Z Ji,p = He, Ve (8)
i PeEP;eeP
(S lp; < €5 vj (9)

feR:
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Note that single edge capacity is a special case of (9) with |S;| = 1 and any p;. The
corresponding primal problem is the following.

min Y cj|l2(S))]lq, + Zz (10)

J
s.t. oz + Z Te > 1, Vi, P P; (11)

ecP
n
z,z € R}

where z is the dual variable of constraints (7) and x is the dual variable of constraints (8)
to (9). This formulation falls in the form of (1). Combining our algorithm with online
rounding techniques, we can prove Theorem 7. A formal proof appears in the full version.
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