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—— Abstract

We present two results which relate dinaturality with a syntactic property (typability) and a
semantic one (interpretability by Bn-stable sets). First, we prove that closed dinatural A-terms
are simply typable, that is, the converse of the well-known fact that simply typable closed terms
are dinatural. The argument exposes a syntactical aspect of dinaturality, as A-terms are type-
checked by computing their associated dinaturality equation. Second, we prove that a closed
A-term belonging to all Sn-stable interpretations of a simple type must be dinatural, that is, we
prove dinaturality by semantical means. To do this, we show that such terms satisfy a suitable
version of binary parametricity and we derive dinaturality from it.

By combining the two results we obtain a new proof of the completeness of the fn-stable
semantics with respect to simple types. While the completeness of this semantics is well-known in
the literature, the technique here developed suggests that dinaturality might be exploited to prove
completeness also for other, less manageable, semantics (like saturated families or reducibility
candidates) for which a direct argument is not yet known.
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1 Introduction

Dinaturality is a property often considered in investigations on polymorphism and can be
described in at least three ways. Firstly, as a categorial property, that is, as the fact that a
program of type ¢ — 7 (or proofs of an implication) corresponds to a dinatural transformation
between the multivariant! functors F,, F, associated to the types o and 7. Secondly, it can
be described as a purely syntactic relation between a A-term and its type: since the functorial
action F,[f, B], F,[A, f] of a type o can be expressed by simply typable A-terms H,, K, the
dinaturality of a term M with respect to o can be expressed by an equation relating M, H,,
and K,. Thirdly, it can be presented as a special case of Reynolds’ relational parametricity
([10]), namely the case in which only functional relations are considered (see [9]).

It is a well-known fact that simply-typed A-terms are dinatural in all three senses just
mentioned (see [1, 5, 9]). In this paper we establish two facts about dinaturality which put
this notion at the center of a chain of arrows from a semantic notion (interpretability by
Bn-stable sets) and a syntactic notion (simple typability):

Dinaturality = Typability. We prove that the converse of the aforementioned fact that
simply-typable closed A-terms are dinatural holds: if a closed Bn-normal A-term is
dinatural (in the syntactical sense), then it can be simply typed (Theorem 14). It is

L that is, functors whose arguments can be divided into a covariant and a contravariant part, corresponding
to variables occurring positively and negatively in the type.
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29:2 On Dinaturality, Typability and Sn-Stable Models

shown that the dinaturality condition can be exploited to recursively type-check A-terms:
a typing derivation for a A-term is constructed from the computation of the equation
expressing its dinaturality.

Interpretability = Dinaturality. The semantics of gr-stable sets of A-terms was introduced
by Krivine as a semantics of second order functional arithmetic ([7]). We prove that
an adapted version of binary parametricity (Definition 21) can be expressed in this
semantics and we establish that, for all simple type o, a closed A-term belonging to all
interpretations of o must be parametric in o (Theorem 24). Syntactic dinaturality is
then shown to follow from parametricity with respect to a particular relation assignment
(Theorem 27).

The parametricity and dinaturality of a A-term are usually established by induction over
a typing derivation of the term; on the contrary, parametricity (and a fortior: dinaturality,
Theorem 27) is here established for a class of untyped A-terms (those which are interpretable
in the Sn-stable semantics) by induction over simple types (Theorem 24). Moreover, this
last result can be thought of as a first step towards the investigation of parametricity and
dinaturality in the context of the reducibility semantics of typed A-calculi (like the different
saturated families considered in [7] or Girard’s reducibility candidates [4]). These semantics
are commonly used to prove normalization results but their relationship with parametricity
and dinaturality, as well as the completeness issue, are still unclear.

By composing the two arrows above we obtain a new argument for the completeness
of the fn-stable semantics: for every simple type o, if a closed M-term belongs to |o|aq for
all interpretation M, then it is Sn-equivalent to a term having type o. This result had
already been established by a direct argument (see [6, 8]) and extended to so-called positive
second order types in Krivine’s system AF (see [3]). However, the arguments developed in
these papers cannot be generalized in a straightforward way to the reducibility semantics
mentioned above. It might be interesting to see if a semantic proof of parametricity (and, as
a consequence, of completeness) can be reproduced in such frames.

The paper is organized as follows: in Section 2 we introduce a tree characterization of
simple typability, which will be exploited in the proof of Theorem 14; in Section 3 we recall
syntactic dinaturality and in Section 4 we prove Theorem 14. In Section 5 we recall the
pBn-stable semantics and we define a variant of parametricity based on fn-stable relations;
in Section 6 we prove the parametricity Theorem 24 and in Section 7 we apply it to obtain
dinaturality (Theorem 27); finally, in Section 8 we briefly discuss some issues related to
completeness and other reducibility semantics.

2 Tree representation of simple typability

In this section we present a characterization of typability for closed Sn-normal A-terms based
on a confrontation between the tree of the term 7 (M) and the tree of its assigned type T (o).

In the following, by the letters M, N, P,... we will indicate elements of the set A of
untyped A-terms, subject to usual a-equivalence. By the letters z,y, z,... we will indicate
A-variables, i.e. the variables that might occur free or bound in untyped A-terms. By the
expression My MyMs ... M, we will indicate the term (... ((M1M2)Ms) ... M,).

As usual, the relation M —5 N indicates the existence of a sequence of S-reduction steps
from M to N and the relation M ~g N (resp. M ~g, N) indicates that M and N are
B-equivalent (resp. Sn-equivalent).

» Definition 1 (The simply typed A-calculus A_, “a la Curry”). Given a countable set V =
{Z1,7Z5,Z3,...,} of symbols, called type variables (or, simply, variables when no ambiguity
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occurs), the set T of simple types is defined inductively as follows:

Z,€V = Z, €T (1)
o, TE€T = o—=71€T (2)

A type declaration is an expression of the form x : o, where x is a term variable and o is
a type. A context T' is a finite set of type declarations (where no two distinct declarations
x:o,x: T, with o # 7 appear). A judgement is an expression of the form I' = M : o, where
I" is a context, M a term and o a type.

The typing derivations of A_, are generated by the following rules:

Tru{z:o}ttz:0o (id)

I'tM:0—71 FI—N:U(
I'FMN:T1

Tru{z:o}FM:7 . (3)

— E) F}—)\x.M:a—M'( 7

The arity ar(M) of a A-term is the positive integer n such that M can be written as
ATq. . ... Az M with M’ either a variable or an application. The arity ar(o) of a simple
type o € 7Ty is the positive integer n such that ¢ = o7 — -+ — 0, — Z,,. We indicate by
FV(M) (resp. BV (M)) the set of free (resp. bound) variables of M.

» Definition 2. A path m = p; ...py is a finite sequence of non zero positive integers. We
denote € the empty path and N* the set of all paths. If 7 is the path p; ... py, then for every
p € N, m % p denotes the path p;...prp and p * 7 the path pp; ...p,. The length of a path
£(r) is the length of the sequence m. A partial order < over paths is defined by letting 7 < 7’
ifr=p1...pr and © = p1...PkPrr1 - .. prr for some k, k' > 0.

A tree is a set T C N* containing € and such that, if 7 € T and «’ < 7, then 7’ € T. If
Ty,...,T, are trees, for some n > 1, then (71,...,T,) is the tree consisting of the empty
sequence and all sequences of the form ¢ % 7, for # € T; and i < n.

For o and M, respectively, a simple type and a closed Sn-normal A-term, we define the
trees T (o) and T (M):

» Definition 3 (Tree of a type). Let o be a simple type. We associate with o a tree T (o)
defined by induction as follows:
if o = Z,, then T (o) = {e};
ifo =0y = =0, = Zy, then T(0) = (T(01),..., T (o0), T(Z))
Conversely, with every m € T (o) we can associate a unique subtype o, of o:
Oc = 0;
Orxi = T;, for 1 <i < ar(og) + 1, where 0 = 71 — -+ = T4p(5,) — Zu Where we put
Tar(ox)+1 = Zy.-

» Definition 4 (Tree of a closed fn-normal A-term). Let M be a closed fn-normal A-term.

We associate with M a tree T (M) defined by induction on the number of applications of M
as follows:
if M =Mzq..... Azxp.xzi, then T (M) = ¢
if M = Azq..... Axp.xiMy ... M,, for some h > 0,1 <i < hand p > 1, then T(M) =
(T(My), ..., T(M,)), where M; = Azy..... Azp.M;, for 1 < j <p.
Conversely, with every = € T (M) we can associate a unique subterm M,
M, := M,
My ;== Nj, for 1 < j < g, where M = Azy..... Azp YNy ... Ng.

29:3

FSCD 2017



29:4

On Dinaturality, Typability and Sn-Stable Models

For m € T(M), we let pp(m) be the minimum positive integer p > 0 such that 7 (p+ 1) ¢
T(M).

Let Var(M) C T(M) x N indicate the set of all pairs (m,4) such that 1 <i < ar(M,).
Any pair (7,i7) € Var(M) uniquely determines a variable appearing in M: it is the i-th
variable abstracted in M.

Given M a closed fn-normal A-term and o a simple type, we define two partial maps:
1. a partial map var : Var(M) — 7T (o) associating variables of M with subtypes of o;

2. a partial map subt : T (M) — T (o) associating subterms M, with subtypes of o.

The maps var and subt approximate the maps (which are always defined for typed
A-terms) associating each variable and each subterm of M with its associated subtype of o.

Let h(r) indicate the pair (n',4) associated with the head variable of M. Remark that
¢(h(m)1) < £(m), where h(m); indicates the first component of the pair hA(7). The maps var
and subt are defined as follows:

var(e,i) = i subt(e) = ¢
var(m* j,4) = var(h(m)) *j 1 subt(m * j) = var(h(m)) * j

(4)

where it is intended that var(e, ) is defined only if ¢ < ar(o) and var(7 * j,4) is defined only
if var(h(m)) is defined and if j < ar(oyar(n(r))) and i < ar(Gyar(n(r))«j)- The definition of
var(m * j,4) is a correct recursion since ¢(h(m)1) < £(m % j). Moreover, subt(m * j) is defined
only if var(h(r)) is defined and j < ar(oyar(n(x)))-

The following theorem shows that typability for a closed Sn-normal A-term M and a
simple type o can be expressed as a relation between 7 (M) and T (o):

» Theorem 5. Let M be a fn-normal term, o1,...,0,,7 simple types and T' the context
{z1:01,...,2n :0}. Then T'F M : 7 is derivable if and only if the following hold (where
N=Az;..... Ao, M, 0=01— =0, >T):

1. var,subt are defined for all m € T(N) and i > 1 such that (7,i) € Var(N);

2. ar(Oyar(h(x))) = PN(T) + ar(0supi(x)) — ar(Nx) for all m € T(N);

3. Ovar(h(m)#(px (1)+1) = Tsuvt(m)x(ar(Ny)+1), Jor all 1 <1 < ar(Ogupe(x)) — ar(Ny) + 1.

Proof. Proof in Appendix A. <
From the characterization above we introduce the following notion of p-fitness:

» Definition 6. Let M be a closed Sn-normal A-term and o a simple type. For p =1,2,3
and 7 € T (M), we say that M is p-fit to o at 7 if M satisfies condition p. of Theorem 5
restricted to w. M is p-fit if, for all m € T (M), M is p-fit at =.

3 Syntactic dinaturality

We provide a description of the dinaturality condition for simple types and pure A-terms.
A similar description can be found in [2]. Let Vo, V; be a partition of V into two disjoint
countable sets of type variables Vy = { Xy, X1, X3,...} and V; = {Y;,Y3,Ys,...}. For any
type o, whose free variables are Z,,,...,Z,, €V, let a{f (resp. a}/() denote the result of
replacing, in o, all positive occurrences of Z,,, for 1 <1 < k, by the variable X,, (resp. Yi,),
and all negative occurrences of Z,, by the variable Y,,, (resp. X,,). Let then ox, oy denote,
respectively, ox and o).

Let, for each v > 0, f,, be a fresh variable (to which we will assign type X, — Y,,). For
each type o, we define well-typed terms H,, K, coding the functorial action of o: if, for any
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type o, we indicate by F, its associated functor, then H, codes both morphisms F,[X, f]
and F,[Y, f], as it can be assigned both types ox — 0% and o3 — oy; similarly, K, codes
both morphisms F,[f, X] and F,[f,Y], as it can be assigned both types o5 — ox and
Y
Oy — O0x.
The dinaturality condition will be given by the equation below, in which ¢ is a fresh

variable (to be declared of type o)

Hr(M(Ko9)) >y Kr(M(Ho9)) (5)
Equation 5 can be illustrated by the usual hexagonal diagram:

ox — 1y (6)

\HT
X
A
Ty

We define simultaneously the terms H,, K, by induction over o:
if o = Z,, then H, := f, and K, := Ax.x;
ifo=01 — -+ — o = Zy, then

N

g —_—
Y Ty

H, :=XgA\hy..... Mg fu (g(Kglhl)(nghg) o (nghk)) (7)
and
K, :=Xg.\hq..... Ahg.g(Hy h1)(Hypyha) ... (Hop h) (8)

By a simple computation, equation 5 can be rewritten as follows:

fu(M(Ko,g1) - (Ko,gn)) ~pn M(Ho91) ... (Ho,gn) 9)

where 0 =01 = -+ — 0, — Z, and g1, ..., g, are fresh variables.

» Proposition 7. For all simple type o, let I' be the set of all declarations f, : Xy — Yy
such that the variable Z,, occurs in o. Then I' - H, : ox — a§, '+ H, : aff — oy,
' K,: crff —ox and '+ K, : oy — 0}/( are derivable.

We define the set DIN, of o-dinatural terms:

» Definition 8 (dinatural term). Let 0 =01 — --- — 0, = Z,, be a simple type and M be a
closed A-term. Then M € DIN, if

fu (M(Kalgl) S (Kangn>) =pn M(Hy,91) - (Ho, gn) (10)
holds.

» Example 9. Let o be the type (Z, — Z,) = (Z, — Z,). The dinaturality condition
associated with a closed A\-term M and o is the equation

Fu(M Xn.gi(fuh) g2) =gy M Ah.fu(g1h) fuge (11)
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which corresponds to the diagram below (where 7 is Z,, — Z,,):
Mx
Xy = Xy —> X, = X, (12)

Y, —»Y, ——Y,—>Y,
My

If M is a closed term of type o, the fn-normal form of M is of the form Ay A\x.y"z, for
some n > 0. Then equation 11 reduces to the true equation

fulgr(fu---91(fug2) ) =y fulor .- fulgi(fuge))-- ) (13)
times n times

showing that M € DIN,.
The theorem below generalizes this example to an arbitrary closed simply-typed A-term.

» Theorem 10. Let o be a simple type and M be a closed A\-term. If = M : o, then
M € DIN,.

Proof. Several proofs exist in the literature. [5] prove the fact for the categorial notion
of dinaturality, and derive the result for syntactic dinaturality by considering a syntactic
category. [2] proves this directly for the syntactic notion of dinaturality. [9] proves dinaturality
as a consequence of parametricity. |

In the next section we will prove the converse of Theorem 10, showing that dinaturality
characterizes closed simply-typable A-terms.

4 Relating dinaturality and typabililty

The result of this section is that, if M € DIN, is closed and Bn-normal, then - M : ¢ is
derivable in A_,. We will rely on the characterization of typability given by Theorem 5 and on
two lemmas relating the dinaturality condition with the fitness conditions (Definition 6). In
particular, it will be shown, first, that the dinaturality equation implies all fitness conditions
relative to the empty path and then that, given fitness at path 7, by reducing the dinaturality
equation for M, a dinaturality equation for the subterms M., is obtained (whence fitness
at paths 7xp). Hence, simple typability for a closed A-term is checked recursively by reducing
the associated dinaturality equation.
The first lemma relates dinaturality with 1, 2-fitness:

» Lemma 11. Let o =01 — -+ — 0, — Zy be a simple type and M a closed Sn-normal
A-term satisfying:

fu (M(ngl) e (Kangn)) =pn M(ngl) e (Hangn) (14)
for some n > 1 and A-variables g1,...,g,. Then
M = )\(El ..... )\xh(xl)QlQp (15)

for certain terms Q1,...,Qp, where h <mn, 1 <i<h, and ar(o;) =p+ (n — h).
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Proof. Let k; = ar(o;) and, for 1 < j <n, P; = K,,g; and PJ{ = H,,g;. For a A\-term U,
we let U* (resp. U**) indicate U[Py/x1,. .., Py/xy) (vesp. U[Py/x1,..., P! /xy,]). We will
show that h < n. We consider two cases:
if h > n and i > n, then we can write M = Axq..... ALy AY1. .. AYm -y My ... M, where
m >1,and 1 < j < m; then

cannot be Sn-equivalent to
MP|...P, =% Ay1.... \ym-y; M. M™ (17)

if n < h and i < n, then we can write M = Axq..... ALy AY1. ... AYm-2i My ... M, where
m >0, and 1 <1¢ < n; then we claim that

fu(MPl...Pn) -5 fu()\yl....)\ym.KaigiMf...M;) (18)
can be fn-equivalent to
MP|...P), =5 Y1 AYm-Ho g M M (19)

only if p = k; and m = 0 (that is, h = n). We divide the argument in three parts:
1. suppose p < k;; then

MP|...P) =5 YL AYm AZk e )\zki.fu<giQ1...Qp...Qki) (20)

for some terms Q1, ..., Q,, so it cannot be fn-equivalent to f,,(MP; ... PE,).
2. suppose now p > k;; then

so it is fn-equivalent to f,(MP;...P,) only if m = p — k; and, for 1 < j < m,
M,:‘:‘Jrj ~g, y; and y; is not free in Qi,...,Q,. We claim that Ml:i*ﬂ‘ ~gn Yj
only if My, +; ~g, y;. It will follow that, if m = p — k; > 0, then M is not
in fn-normal form, against the hypothesis. To show this we will use an induc-
tion on the number of applications in My, ;. If M]:j+j ~g, ¥yj, then My, ; is
either of the form Auj..... Mgy Ny ... Ny, for some ¢, > 0 and 1 < v < n,
either of the form Auj..... Mgy N1 ... N, for some ¢, > 0 and 1 < v < m or
of the form Auj..... Aug. Ny ... Ny, for some ¢,7 > 0 and 1 <[ < g; in the first
case M, ; reduces to a term of the form Auj..... Aug.Ahi. .. .. Mg . fuN{ ... N/, for
some ¢',r" > 0, so it cannot be fn-equivalent to y;; in the second case M" s ~py
AUp. .. Aug Yo NT* ... NJ*, so it reduces to y, only if either ¢ = r = 0 and v = j,
or g =r,v =7jand N ~g, u, for 1 < k < ¢; in this latter case we can ap-
ply the induction hypothesis on the terms Ny: N;* ~g, uj only if Nj ~g, ui. In
both cases we conclude that M;™, , ~g, y; only if My, +; ~gn y;; in the third case
Mpr s =gy Aug. .. .. Aug.uy NT* ... N cannot be Sn-equivalent to y;.

3. Finally, suppose m > 1; then M P] ... P/ reduces to Ayj.... \ym.fu (gin .. Qp), S0 it
cannot be fn-equivalent to f,(MP;...P,).

We have so far shown that h < n and moreover that, if h = n, then p = k;. Let now
M = d\zq..... Azp.xiMy ... M,, with h < n and ¢ < h. We prove that k;, = p+ (n — h):
if p+ (n—h) < k;, then MP/... P reduces to Azj,_q..... )\zki.fu(gin : ..Qp...Qki),

where d = p + (n — h), for some terms Q1,...,Qk,, so it cannot be fn-equivalent to
Ju(MPy...P,). lf p+(n—h) > k;, then M Py ... P, reduces to fu(g:Q1 ... Qr, ) My* ... M},
where e = k; — (n — h), so it cannot be n-equivalent to f,(MP; ... P,). <
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Lemma 11 says that a closed fn-normal dinatural A-term is 1,2-fit at €. Indeed, from
h < ar(o) it follows that var(e,i) is defined for all (¢,i) € Var(M) (and subt(e) is always
defined); moreover, we have ar(0yar(n(e)) = ar(o;) = p+(n—h) = prr(€)+ar(Tspwe(e)) —ar(Ne).
The next lemma relates dinaturality and 3-fitness:

» Lemma 12. For all simple types o, T the equation below
Hy(Krg) ~py Ko(Hrg) (22)
holds if and only if c = 7.

Proof. We argue by induction on o: if 6 = Z, and 7 =1 — --- = 7, — Z,, for some k > 0,
then H,(K,g) ~g, K,(H;g) becomes

Hz, (K:9) ~g fu(Kr9) ~5 fu (/\hl ..... Mhg.g(Hp ) ... (Hy, hk)) ~gy,
)\hl ..... Ahk‘ffu (g(K‘rlkl)(Krkhk)) ~p HTg =p KZ,, (H.,-g) (23)
and the central equation holds if and only if £ = 0 and u = v, i.e. if and only if 0 =7 = Z,,.

For the induction step, let 0 =01 - - 2oy > Zyand 71=717 — -+ = T} — Z,,. We
can suppose w.l.o.g. k' =k + d; now H,(K,g) reduces to

M. Mg fo (/\hk+1 ..... Mg g(K gy (Hrh1)) - (K gy (Hry b)) (Hoy s i) - - (Hor, hk,))
(24)

and K,(H,g) reduces to

Mot Mg Mgt o Mg fo (g(Hgl (Krih) .. (Ho (K b)) (K Bt - (ka,hk/)>
(25)

and the two terms are Sn-equivalent if and only if d =0, u = v and, forall 1 <i<k, 0, =7
(by induction hypothesis), i.e if and only if o = 7. |

Lemma 12 says that a closed Sn-normal dinatural A-term is 3-fit at e: if M € DIN,
and M = Azy..... Axp.x; My ... My, then, by Lemma 11, h < n and k; = p+ (n — h); so,
equation 9 reduces to

Fu (95 (Hou M7) - (Ho o, M) (Ho 1y (Ko 1 9041)) - (o0, (Ko, 90)))
=Bn fu (gi(KUan*) s (KUipM;*)(KUi(p+1) (H0h+1gh+1)) s (Kgi(ar(oi)) (HUngn))) (26)

where M7, M:* are as in the proof of Lemma 11. Now, by Lemma 12, we get that, for
1<j<n—h, ontj = Oi(ptj)s 1-€- Osubt(e)x(ar(M)+5) = Ovar(h(e))*(par(e)+5)-

We will now show that, for M € DIN, closed and Sn-normal, p-fitness can be extended
to all paths w € 7(M): by computing the dinaturality equation, and exploiting lemmas 11
and 12, we obtain a dinaturality equation for all subterms M.

» Proposition 13. Let o be a simple type and M be a closed Bn-normal \-term in DIN,.
Then, for every m € T (M), My is p-fit for Osue(x), for p=1,2,3.

Proof. We argue by induction on the number of applications in M. If M = Ax;..... ATp. 25,
then 7 (M) = {€} so the claim holds since M. = M is p-fit for p = 1,2, 3 by lemmas 11 and 12.
Let then M = Azq..... Axp.xiMy ... M), for some p > 1 and let N; = Azy..... Az,.M; and
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Tj =01 — -+ — 0p — 045. Again, by Lemma 11 and 12, M, is p-fit to o, for p = 1,2, 3.
Let then 7 = j« 7’ € T(M), with 7" € T(N;) and 1 < j < p. Since, by Lemma 11, h < n
and k; = p+ (n — h) (where k; is ar(o;)), equation 9 reduces to

29:9

fu(Ko,giM ... My (Ko, gni1) - - (Ko, 9n)) =gy HoygiMi™ ... My (Hy,,  ghtr) - - - (Ho, Gn)

(27)
where M7, M:* are as in the proof of Lemma 11; this in turn reduces to
o (9o M) (o, 85 (Bl B 0000) - (B () )
i Fo (o M) (0 M) B (o)) - (K () )

By Lemma 12, 04(,4j) = 0pyj, for all 1 < j < n — h. From equation 28 we obtain then
Hy, M7 ~g, Ko, M;*. Now we have that

fv(Nj(KUIgl)"'(Ko'hgh)(Ko'ijlhl)"‘(Ko'ijdhd)> =8 I{Uij]\4;'K
=pn KUz‘jM;* =g Nj(Hglgl)"'(HUhgh)(Ho'ijlhl)"'(Ho'ijdhd) (29)

where d = ar(o;;), which implies that N; € DIN,,. We can then apply the induction
hypothesis to N;: by letting h; : T(N;) = Var(Nj),var; : Var(N;) — T(7;),subt; :
T(N;) — T(7;) indicate the h,var, subt functions, respectively, defined for N;, we have
that, for any 7’ € T(N;), (N;j)q is p-fit to (75)sus, (=), for p =1,2,3.

In order to prove that My = (Nj)x is p-fit t0 ogupy(x), it is enough to verify that, for all
X € T(N;), the following equalities hold:

(Tj)var; (h;(\) = Ovar(h(j*)) (Tj)subt;(A) = Osubt(j*) (30)
We postpone this technical verification to Appendix A. <

» Theorem 14. Let o be a simple type and M € DIN, be closed and Bn-normal. Then
F M : o is derivable.

Proof. By applying Proposition 13 and Theorem 5. |

5 Parametricity in the 8n-stable semantics

In this section we recall the interpretation of A_, by means of Sn-stable sets of A-terms (see
[7]) and we define a variant of Reynolds’ binary parametricity in this frame.

Let Sg, be the set of all sets s C A stable by n-equivalence. By an interpretation we
mean any function M : V — Sg,. For any T,U € Sg,, welet T - U :={M € A\INeT =
MN € U} S 5577'

» Definition 15. For any simple type ¢ and assignment M : V — Sg,, we define an
interpretation |o|a € Spy:

| Zu|m = M(Z)
lo = T|m = |olm = |T|m (31)

For any simple type o, we define its uniform interpretation |o| := (\ |o|m. A closed
A-term M will be said interpretable (for o) when M € |o]|.

FSCD 2017
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Interpretable terms are normalizable:

» Proposition 16. If a closed A-term M € |o|, then there exists M' ~g, M such that M’ is
in Bn-normal form.

Proof. Let us call a A-term idle if it is Bn-equivalent to a fn-normal term which does not
begin with a A. Let M be the interpretation such that, for all Z,,, M(Z,) is the set of all
idle terms. Clearly, for all o and variable x, x € |o|p. From M € |o|a, it follows then that
Mz, ...z, is idle (where 0 = 0y — --- = 05, = Z,,), hence there exists M' ~g, Mz ...z,
Bn-normal. We have then M ~g, Azi..... Ay My ... 2y =gy AZ1... .. Az,.M’'. Now

AL1.. ... Ax,.M' is either Bn-normal, and in this case we are done, or it is of the form
AT1.. ... ATR AL 41 Ay M"xpyq ... xy, for some 1 < h < n, with xp41,...,2, not free
in M”. In this case M ~g, Az1..... Axp,.M" which is Sn-normal. <

We recall the completeness theorem for the [Sn-stable semantics:

» Theorem 17 ([6, 3]). Let M be a closed A\-term; if M € |o|, then there exists M' ~g, M
such that = M’ : o is derivable.

The result in [3] is actually more general, as it holds for positive types in Krivine’s system
AF2, i.e. second order types built from atomic types of the form X (¢1,...,t,), where the ¢;
are first-order terms, implication, first order quantifiers and second order universal quantifiers
(the latter occurring only positively).

In the following we will not use Farkh and Nour’s theorem, as we want to prove paramet-
ricity and dinaturality by semantic means, that is, without relying on typability.

We introduce the notion of gn-stable relations:

» Definition 18. Let s,¢t C Sg,. A Bn-stable relation is a binary relation r C s x ¢ such that
for all M, M' € s, N,N' €t,if (M,N) € r (what we will note by M r N), M ~g, M’ and
N ~g, N', then M’ r N'.

» Definition 19. If »r C s x t and 7’ C s’ x ¢’ are Bn-stable relations, the Sn-stable relation
r—1r C(s—s)x(t—t)isdefined by P (r— ") Qifforall M € s, N et,if M r N
then (PM) r’ (QN).

In the following lines we reformulate Reynolds’ parametricity with respect to Sn-stable
relations.

» Definition 20 (relation assignment). Let M;, My : V — Sg, be two interpretations. A
relation assignment R over M1 and My is a map associating, with any simple type o, a fn-
stable relation R[o] C |o|m, X |o|m, such that, if ¢ = 01 — o9, then R[] = R[o1] — Ro2].

» Definition 21 (parametricity). Let o be a simple type and M be a closed M-term. M is
parametric in o if, for all interpretations M7, M5 and relation assignment R over M1, Mo,
M R[o] M.

» Example 22. Let o be (Z, — Z,) — (Z, — Z,) as in Example 9. Parametricity in
o for a closed A-term M corresponds to the fact that, for any two M, My : V — Sp,
and relation assignment R over M; and Ma, and for any Fy € |Z,|m,, Go € | Zu|m, and
Fy € |Zu — Zu‘MlaGl S |Zu — Zu|/\/l2a if Fy R[Zu] Go and Fy R[Zu — Zu} G, then
MF,Fy R[Z,) MG1G.

If M is a closed term of type o, the fn-normal form of M is of the form \y.\z.y"z,
for some n > 0. Then we can verify that M is parametric in o. Let Fy, Go, F1, Gy be as
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before; we have that MFyFy ~g, F'Fy and MG1Gy ~g, G{Go. Now we can argue by
induction on n: if n = 0, then F'Fy = Fy R[Z,] Go = G?Gy by hypothesis; if n = k + 1,
then, by induction hypothesis, FfFy R[Z,] G¥Gy and, by hypothesis, F| R[Z, — Z,] G1,
that is, for all U,V such that U R[Z,] V, F,U R[Z,] G1V, so we can conclude FJ'Fy =
Fy(FEFy) RIZ.) G (GEGo) = G Go.

The theorem below, known as Reynolds’ abstraction theorem ([10]), generalizes this
example to an arbitrary closed simply-typed A-term.

» Theorem 23. Let o be a simple type and M be a closed A\-term. If = M : o, then M is
parametric in o.

Proof. The proof is exactly as in [10]. <

In the next section we will prove that closed interpretable A-terms are parametric, that
is, we will prove parametricity for a term M without relying on a typing of M but rather on
the basis of a semantic property of M.

6 The parametricity theorem

In this section we prove that interpretable closed A-terms are parametric (in the sense
of Definition 21) by a semantic argument. The proof exploits the idea, appearing in the
completeness proofs for the Sn-stable semantics in [6, 3], of defining an infinite context I'">°
made of declarations (z; : 7;), given an enumeration (z;);en of A-variables and an enumeration
(1:)ien of simple types, such that each type receives infinitely many indices. However, the
infinite context I'">* will not be used, as in those proofs, to define a contextual typability

relation, but rather to define contextual notions of interpretation and relation assignment.

In particular, a special interpretation M p will be defined such that, for any simple type o
and A-term P, if P € |o| s, then for any two interpretations and relation assignment over
them, P is contextually related to P relative to o.

» Theorem 24 (parametricity). For any simple type o and closed term M, if M € |o|, then
M is parametric in o.

Proof. Let (2;);en be an enumeration of the A-variables and (7;);en an enumeration of simple
types such that every type has infinitely many indices. Let I'>° = {«; : ; | ¢ € N} and, for
every term M, I'j; be the context made by restricting I'™° to the free variables occurring in
M.
We first define contextual interpretations and relations:
given M : V — Sg,, a A-term P and a simple type 7, the statement P € |[I'> t 7| holds
when, by letting ;,,...,z;, be the free variables of P, for every Q1 € |7i;|m, .-, Qn €
|7—in |Ma P[Ql/xh ye ;Qn/min] € ‘T|M7
given M1, My : V — Sg,; and R a relation assignment over M;, My, A-terms P,Q
and a simple type 7, the statement P R[I'*° F 7] @ holds when P € [T F 7|,
Q € |I'*° + 7|m, and, by letting x;,, ..., x;, be the free variables of P and Q, for every
Fj €|7i;|m, 5 Gy € |Ti;|am, such that Fy R[7; ] G for 1 < j < n, we have

PlFy [z, ..., Fy/2i,] R[T] Q[G1/zi, ..., G /i, ] (32)

Let now Mp : V — Sg, be the assignment such that, for all Z, € V, Mp(Z,) is the
Bn-closure of the set of A\-terms P such that P € |I'* I Z,,| and for all My, My :V — S,
and relation assignment R over M1, My, P R[I'"*° + Z,] P.

We claim that, for any simple type o, the following hold:

29:11
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1. if P € |o|mp, then, for any My, My : V — Sg, and relation assignment R over them,

P R[I'™® }F o] P;

2. for every variable z; such that 7, = 0, z; € |0|mp-

We argue for both 1. and 2. by induction on o. If o = Z,,, then, by definition, any P € |o| a5
is such that, for any My, My : V — Sg,, and relation assignment R over them, P R[I'*° + o] P
holds, so claim 1. holds; moreover, if 7; = Z,,, then, for any M, My : V — Sg,, and relation
assignment R over My, Mo, x; R[['™® F Z,) x;: it F € M1(Z,),G € M2(Z,) and F R[Z,] G,
then z;[F/x;) = F; R[Z,] G; = x;|G/z;]. Hence claim 2. holds too.

Let now o = 01 — 0. By induction hypothesis, for all ¢ > 0, if 7; = o1 then z; € |o1|mp;
let then P € |o|aq, and choose an index ¢, with 7; = o1, such that x; does not occur free in
P; we have that Px; € |02|m, hence, by induction hypothesis, for any M, My :V — S,
and relation assignment R over them, (Pxz;) R[I'*® - 03] (Px;); let then My, My :V — S,
and R be a relation assignment over them; by letting I'p = {z;, : 7,,...,2;, : 7%, }, sSuppose
F; € |7i;|my 5 Gy € |7i; | m, are such that F; R[r;,] G, for 1 < j < n, and moreover suppose
F € |o1|m,s G € |o1]|m, are such that F' R[oq] G; then, since T'py, = {x4, @ Ty -0 @
Ti,»&; : 01} (remark that x; # x;,,...,2;, as x; has been chosen not to occur free in P), we

_—

have

(()\xi.Pwi)[Fl/xil, ey Fn/xin])F ’Z/jn (Py)[Fl/l‘il,. cey Fn/xln][F/y]
~py (Pxi)[F1/%iys ..., Fufxi,, F/xi] Rloa] (Pxi)[G1/2iy, ..., Gn/xi,, G/xi]
~g, (PY)[G1/xiy, ..., Gn/x:,][G/y] ~py (()\J;i.Paci)[Gl/xil, e Gn/xin])G (33)

where we can suppose y not occurring free in any of the F; and G;. We conclude then that
P ~g, A\x;.Pz; R[I'* |- 0] Ax;.Px; ~g, P, so we proved claim 1.

To prove claim 2., suppose x; is a variable such that 7; = o¢. Let 0 =01 — --- = 0, — 2,
for some n > 1 and Q1,...,Q, be terms such that Q; € |oj|m,, for 1 < j < n; by
induction hypothesis, for all M, M5 : V — S, and relation assignment R over Mj, Ma,
Q; RI'*Foj] Qj, for 1 <j <n.Let My, My :V — Sg,, and R be a relation assignment

over M1, My; moreover let {z; : 7,} UlJ, T, be the set {z;, :7,,...,2; : 7.} wherei =1,
for some fixed 1 < p < r; given terms Fy, Gy, ..., F., G, such that F] € |7;,|my, Gi € |73, Mo
and F; R[r;,] G; all hold for 1 <1 < r, we have that

(2iQ1 ... Qn)01 =g, Fi (Q16h)...(Qnb1) (34)
and

where 0 (resp. 0) is the substitution [Fy/x;,,..., F./x;] (vesp. [G1/xiy, ..., Gr/2:.]).
Now, from the induction hypothesis (which implies that ;61 R[o;] Q,602) and the fact
that F;, R[o] G;,, it follows that z;Q1...Q, R[I'™ F Z,] ;Q1...Q,. We deduce that
Q1 ... Qn €| Zy|mp, that is, x; € |o| s, and claim 2. is proved.
Finally, let M be closed and interpretable. Then M € |o|aqp, so, for every My, My :
V — Sg, and relation assignment R over My, Mg, M R[I'*° t- o] M, that is M R[o] M, as
M is closed. |

7  From parametricity to dinaturality

In this section we adapt the well-known fact that parametricity implies dinaturality ([9]) to
the frame described in the last sections, obtaining a semantic argument that interpretable
closed A-terms are dinatural.
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Let My, Mz : V — Sg, be given, for any Z,, by Mi(Z,) = A and Ms(Z,) = fuA,
where f, A is the gn-closure of the set of all A-terms of the form f,Q, for some @ € A. Let
moreover the relation assignment R’ over M, My be defined, for any Z,, by P R[Z,] Q, if
JuP ~p, Q. Let V1, Vs be as in Section 3 and N : V1 UV, — Sg, be the interpretation such
that, for all u > 0, N (X,) = M1(Z,) and N (Y,) = Ma(Z,).

» Proposition 25. For any type o,

H, €| > 1v|ny Ky €lry =75 |n

36
K, elrf > 1x|ny Hr €ltx = T4 |N (36)

Proof. We argue by induction on 7: if 7 = Z,, then H, = f, € |X, — Y.|» and
K, =Xrzx € |X, = Xul\, Yo = Yuly. Ur=1 = - > 7, = Z, for some m > 1, then
let £ € |T§)/(|N,F S ‘Txl/\hG € ‘Ty|/\/’ and F; € |(7'1)})5|/\/,.Fz € |(Ti)X|N7Gi € |(Ti)y|N7 for
1 <4 < m. Then, by induction hypothesis we have

H-E; € |(r)yln K-Gi€l|(m)X|n

37
KoEi € |(m)xly  HaFi € (7)Y v (37
from which we obtain
H,EG:...Gy~5 fu(E(K.G1)...(K;,Gy)) € Y|n (38)
H,FEi...E,~3 fu,(F(KE\)...(K: E,))€|Y|n (39)
K,EF\,...F,~3  E(H,F)...(H, F,) e |X|x (40)
K,GE,...E,~3  G(H,E\)...(H, E,) €|Y|x (41)
exploiting the fact that ¥ = (71)% — -+ — (10)% — X, <

For any A-variable g # z, H;g € |7v|n = |T|m, and K g € |7x|n = |T|m, - Hence we
can ask whether H,g and K,g are related under the relation assignment R/. This is shown
by the proposition below:

» Proposition 26. For all simple type o and variable g,
() (Kog) R'[o] (Hog);
(i) if P € |o|pm,,Q € |o|m, and P R [0] Q, then H, P ~g, K,Q.

Proof. We prove both fact simultaneously by induction on o. If ¢ = Z, then K,g ~3
g R/ fug ~p H,g; moreover, if P R'[Z,] Q, then H,P ~g f,P ~z, Q ~5 K,Q.

Ifo=0y— -+ — 0o, = Z, for some n > 1, then suppose P; € |o;|m,, Qi € |oi|m, and
P; Rlo;] Q;, for all 1 < i < n; then

Pi=K,gP...Py~g g(Hy Py)...(H,, P,) (42)
is related to

Q= HogQ1 -+ Qu s fu(9(Ke, Q) . (Ko, Qn)) (43)
Indeed, by induction hypothesis, H,, P; ~g, K., Q;, hence g(K,, P1)...(K,, P,) ~a,

9(Ho, Q1) ... (Hy, Qn) so fuP ~g, Q.
Suppose now P € |o|m,, Q € |o|m, and P Rf[0] Q, then let

P':=H,Pgi...9n ~p fu (P(Kglgl) .. (Kc,ngn)) (44)
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and

Q' =K;Qg1...9n = QHs,01) - .. (Ho, 9n) (45)
By induction hypothesis (K,,g;) R'[0;] (H,,g;) hence, by hypothesis P(Ky, 1) ... (Ko, gn)
is related to @', that is P’ ~g, Q’. We conclude that K,P ~g, H,Q. <

We can now apply the parametricity Theorem 24 and obtain the following:
» Theorem 27. Let M be a closed A-term and o a simple type. If M € |o| then M € DIN,.

Proof. Let M € |o| be a closed term and let 0 = 01 — -+ — 7, — Z,, for some n > 0.
By propositions 25 and 26, H,,g; € |05\ sy Ko, 9i € |05\, and (H,,g:) R [03] (Ko,9:). By
Theorem 24, M R/[o] M, hence

M(Kq,91) - (Ko,9n) R[Zu] M(Ho,91) - (Ho, gn) (46)

that is fo, (M (Ks,91) ... (Ko, 9n)) ~gn M(Hs,g1)-..(Hs,gn), whence M € DIN,. <

8 Conclusions

Two results were proved in this paper: first, that dinaturality implies (simple) typability
(Theorem 14); second, that interpretability in the Sn-stable semantics implies dinaturality
(Theorem 27). By putting them together (along with Proposition 16) we obtain the following:

» Theorem 28 (completeness of the Bn-stable semantics). Let M be a closed A-term and o a
simple type. If M € |o|, there exists M' ~g, M such that = M': o.

As we said, this completeness result can be proved by a direct argument ([6]) and extended
to a restricted class of second order types ([3]). The core idea of the argument is the definition
of a particular interpretation M such that M(Z,,) contains A-terms which are Sn-equivalent
to terms which can be given type o in an infinite context defined as I'*° in the proof of
Theorem 24.

This argument cannot be straightforwardly extended to the reducibility semantics com-
monly used to prove normalization theorems (for instance, Krivine’s saturated families or
Girard’s reducibility candidates, see [4]). Indeed, the sets of A-terms there considered have
more complex closure properties, making in particular every term of the form zP; ... P,
belong to any considered set. Hence from the fact that a term belongs to the closure of the
set of typable A-terms one cannot deduce that the term is Sn-equivalent to a typable term.
In a word, the interpretation constructed over typable terms no longer captures typable
terms only. Similarly, the proof of Theorem 24 cannot be straightforwardly extended to the
reducibility semantics, as the interpretation M p is defined starting from sets of terms which
might well have the form zP; ... P,.

However, the results here presented suggest that completeness results might be looked
for through a different path, namely that of showing that interpretable A-terms satisfy
parametricity and/or dinaturality, two semantic properties which allow, as it has been shown,
to completely reconstruct the syntactic structure of gn-normal A-terms.
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Postponed proofs

Proof of Theorem 5. For one direction first observe that the function var and subt are
always defined: var(z) is the path 7 such that = : o, occurs somewhere in the typing

derivation of M; subt(w) is the path «’ such that M, has type o,/. So point 1 is satisfied.

For the points 2 and 3 we argue by induction on the number of applications in M.

it M = Avpaq..... Apyn.xj, for 1 < j < n—+h, then T(N) = {€}. Then ar(oyare) =
ar(o;) = ar(o) — (n+ h) = ar(Osws(c)) — ar(Ne), so point 2. holds and, moreover, o;; =
Onthit (80 =T = Opyny1 = =+ = Opphtar(o) — Zu) forall1 <1 < ar(o)—(n+h)+1,
so point 3. holds too.

ifM=Arpqq..... AZpqh.2; My ... M, where 1 < j <n+ h and p > 1, then the typing
derivation of M is as follows

F,A"(L’jiO’j F,A}_Mlldjl
D AR xjMy i oj2 = - = Ojar(o;) = X

: : (47)
DVARzjMy .. Mp1:05) =+ = Tjar(o;) = X IAF Mp {Ojp
DVARxjMy... My 0jpp1) = = Ojar(o;) = X
'EM:r
where A = {Zp41: Ont1, s Tngh : Ongn). Hence 7= 0,41 — -+ = Ongn — Oj(pr1) —

C T Ogar(oy) 7 Zy.

In order to apply the induction hypothesis to the terms N; = Azy..... Azp.M; and
the types 7 = 04 — -+ = 0, — 0y, for 1 <1 < p, we must consider the maps
var; : Var(N;) — T (7;), subt; : T(N;) — T (7;) and use equations 30, which are proved
in detail below (end of the proof of Proposition 13). We verify now that any 7 € T (V)
verifies points 2 and 3 (by using equations 30):

29:15
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1. if T = ¢, then ar(avar(h(e))) = ar(o;) = p+ar(o)— (n—l—h) PN (€)+ar(Tsupe(e)) —ar(Ne
Otherwise m = [+ 7/, for some 1 < | < p and 7’ € T( 5); then ar(oyar(n(r)))
ar(o_varj(h(w’))) pNj( )+ar(asubtj (7r’)) (L’I"((Nj) ) pN( )+ar(asubt(ﬂ)) (

2.if m = ¢, then, for 1 < d < ar(o) —ar(N) + 1, 0j(ptd) = Onthtd = Tar(N)+d) (since
T =0pt1 = = Onth = Tj(ps1) =~ Tjar(o;) — Zu)- Otherwise, 7 = [+’ and,

[i.h.]

for 1 < d < ar(oswi(r)) —ar(Nx) +1, Ovar(h(m)s(pn (n)+d) = Ovar; (h(x))*(pw, (') +d) =
Osubt (n')*(ar((N;) . )+d) = Tsubt(m)*(ar(Nx)+d)-

)-
)i

For the converse direction, we argue again by induction on the number of applications in

if M =Xepyq..... ATpip.j, for 1 < j < mn+ h, then from (1),(2) and (3), with m =€, it
follows that n+h < ar(o), ar(o;) = ar(o) —(n+h) and, for 1 <! < ar(oc)—(n+h)+1=
ar(t)—h+1=ar(t')+1, where T = 041 — - = Opyn — 7', 051 = Onin41. We deduce
that o; = 7" and I', A -z : 7/ is derivable (where A = {@y 41 : Opt1,- -, Tnth : Ongn}),
hence I' = M : 7 is derivable;

if M = Axpyq..... ATpyn-2; My ... My, with p > 1, then we can apply the induction
hypothesis to the terms Ny,..., N, (defined as above), yielding I', A & M; : 0j;, with
A={Tni1:0n41, - s Tnth i Onyn}, foralll <1 <p. From (1), (2) and (3), with 7 = ¢, it
follows that 7 = 0y 1 = -+ - = Opqn = 7, with nt+h < ar(o), ar(o;) = p+ar(oc)—(n+h)
and, for 1 <l <ar(o) —(n+h)+1=ar(r)—h+1=ar(7") +1, 0jp4 = 7/, hence
0j =0j1 — -+ — gjp — 7. So we can conclude, from I'y A = M; : gj;, for 1 <1 < p,
that T, A+ x;My ... M, : 7" and finally that T' - M : 7. <

End of the proof of Proposition 13. We will prove that, for all A € 7(N;), the equations 30
hold. For A € T(N;), three cases arise for the variable & corresponding to h;(\):

N

x is one of the x1,...,xp, i.e. hj(A) = (€,1), for some 1 <1 < by
x is bound in M; “at depth 07, i.e. h;(A) = (e, h +1), for some 1 <1 < ar(M;);
x it is bound in M; “at depth > 07, i.e. hj(A) = (N * k, 1), for some A" and [ > 1.

We claim that:

in the first case, var(h(j * A)) = var;(h;(\));

in the second case, var(h(j * X)) =i * j * (var;(h;j(\)) — h);

in the third case, two subcases must be considered:

a. either var;(h;(\)) = d* X’ with d < h, and var(h(j *« \)) = var;(h;(\));

b. or var;(h;(\)) = (h+d) * X' with d < ar(M;), and var(h(j* ) =i*j*xd* N’

We prove now our claims:

var(h(j * \)) = var(e, 1) = = varj(e, 1) = var,;(h;(¢));

var(h(j*\)) = var(j,l) = var(h(e))xj*l =ixjxl =ixjx(I+h—h) =ixjx(var;(e, |+

h) = h) =i j* (varj(h;(A)) — h);

we consider the two subcases separately:

a. if var;(h;j(\)) = d* X’ with d < h, then we argue by induction on £(\): we have
var(h(j * N x k)) = var(j * N * k,1) = var(h(j * \')) * k * 1 = var;(hj(\)) xk* 1 =
var;(\ * k,l) = var;(h;()\)) where in the starred passage, if X' = €, we apply point
1. as var;(hj(\')) = var;(e,d) = d (since € ¢ Im(var;) and €(h;(€)1) < 0), while if
X # €, we apply the induction hypothesis to A" as £(\") < £(X) (since £(hj(A)1) < £(N))
and h;(\) = d * o for some path o;

b. if var;(h;(A\)) = (h+d) * A" with d < h, then again we argue by induction on ¢(\): we
have var(h(j * \)) = var(j «* X « k,l) = var(h(j * ) x k = l. If A’ = ¢ then, by point
2. we have var(h(j = X)) = i * j * (var;(h;(\)) — h), hence var(h(j * X)) xkx 1 =
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ixjx(varj(hj(N)) —h)xkxl=ixjxdxk*l=1i%j*d* )\’ where k*l= X" follows
from var;(h;(\)) = var;(N s k,l) = var;(h;(N)xk«*l) = (h+d)xk+l = (h+d) X"
If M # e then we can apply the induction hypothesis to A’ as £(\) < £(\) and
var;(h;(\)) = (h+d) * o, for some path o; so we get that var(h(j* X)) =ixjxdx*o
and then we can compute var(h(j * \)) = var(j* X x k,l) = var(h(j « X)) xkxl =
ixjxdxoxkxl=1ixjxdx )\ where ox kxl = X follows from var;(h;(\)) =
var; (N «k,l) =varj(hj(N)*kxl)=(h+d)xoxkxl=(h+d)x X\

We can now verify that (7;)var, (n,(x/)) = Ovar(h(r)), for 7 = j* 7’. We must consider the
tree cases above:
1. if hy(r") = (e,1) with [ < h, then (7))var,(n;(x)) = (Tj)var;(e) = (75)1 = o1 and
?-var(h(j*ﬂ'”)) = Ovar(h;(n’)) = Ovar;(e,l) = 015
2. if hy(n') = (e, h + 1), then (7))var; (h; (1)) = (Tj)(ht1) = Tixjsl = Cinju(var; (h;(n'))—h) =
Ovar(h(j*7’)) = Ovar(h(n))s
3. if hj(n’) = (N 1), then we consider the two subcases:
a. ifvar;(h; (7)) = dxA with d < h, then (Tj)varj(hj(ﬂ,)) = (Tj)dsr = Ogsr = Ovar, (h; (x')) =
Ovar(h(j*n’)) = Ovar(h(n))3
b. if var;(h;(n’)) = (h + d) * A with d < ar(M;), then (7))var; (h;(x)) = (7)) (htdysr =
Oixjxdx\' = Ovar(h(j*n’)) = Ovar(h(n))-
Finally, for 71'/ = ’/T// * k, we have that (Tj)subtj(ﬂ/) = (Tj)varj(hj(ﬂ'”))*k' = a_var(h(j*w”))*k =

Osubt(7)- <
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