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—— Abstract

This paper considers the communication over a quantum multiple-unicast network where r sender-

receiver pairs communicate independent quantum states. We concretely construct a quantum
network code for the quantum multiple-unicast network as a generalization of the code [Song
and Hayashi, arxiv:1801.03306, 2018] for the quantum unicast network. When the given node
operations are restricted to invertible linear operations between bit basis states and the rates of
transmissions and interferences are restricted, our code certainly transmits a quantum state for
each sender-receiver pair by n-use of the network asymptotically, which guarantees no information
leakage to the other users. Our code is implemented only by the coding operation in the senders
and receivers and employs no classical communication and no manipulation of the node operations.
Several networks that our code can be applied are also given.
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1 Introduction

When we transmit information via network, it is useful to make codes by reflecting the network
structure. Such type of coding is called network coding and was initiated by Ahlswede et
al. [1]. This topic has been extensively researched by many researchers. Network coding
employs computation-and-forward in intermediate nodes instead of the naive routing method
in traditional network communication. For the quantum network, the paper [5] started the
discussion of the quantum network coding, and many papers [2,9-12] have advanced the
study of quantum network coding.

In the network coding, unicast network is the most basic network model that the entire
network is used by a sender and a receiver. As one of the remarkable achievements of network
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coding for the unicast network, on the classical linear network with malicious adversaries,
the papers [6,7] proposed codes that implement the classical communication by asymptotic
n-use of the network. In [6,7], when the transmission rate m in absence of attacks is at
least the maximum rate a of attack (i.e., a < m), the codes in [6,7] implement the rate
m — a communication asymptotically. As a quantum generalization of the codes in [6,7], the
paper [14] constructed a quantum network code that transmits a quantum state correctly
and secretly by asymptotic n-use of the network. Similarly to [6,7], when the transmission
rate m without attacks is at least twice of the maximum number a of the attacked edges (i.e.,
2a < m), the code in [14] implements the rate m — 2a quantum communication asymptotically.

However, since a network is used by several users in general, it is needed to treat the
network model with multiple users instead of the unicast network. For this purpose, the
multiple-unicast network has been researched, in which disjoint r sender-receiver pairs
(S1,T1),-..,(Sr, T;) communicate over a network. The paper [8] studied a quantum network
code for the multiple-unicast network. The code in [8] transmits a state successfully for
each use of the network. However, [8] has a limitation that the code should manipulate the
node operations in the network and therefore the code depends on the network structure. In
addition, the code in [8] requires the free use of the classical communication.

This paper proposes a quantum network code for the multiple-unicast network which is a
generalization of the unicast quantum network code in [14] and overcomes the shortcomings
of the multiple-unicast quantum network code in [8]. In the same way as [14], the given node
operations are invertible linear with respect to the bit basis states, which is called quantum
invertible linear operations described in Section 2, our code requires the asymptotic n-use
of the network for the correct transmission of the state, and the encoding and decoding
operations are performed on the input and output quantum systems of the n-use of the
network, respectively. On the other hand, differently from [8], our code can be implemented
without any manipulation of the network operations and any classical communication.
Moreover, our code makes no information leakage asymptotically from a sender S; to the
receivers other than T; because the correctness of the transmitted state guarantees no
information leakage [13].

To discuss the achievable rate by our code, we consider the situation that the input states
of all senders are the bit basis states. Then, our network can be considered as a classical
network, called bit classical network, because a bit basis state is transformed to another bit
basis state by our quantum node operations. In the bit classical network, we assume that
when the inputs of the senders other than S; are to zero, the transmission rate from S; to T;
is m;, which is the same as the number of outgoing edges of S; and incoming edges of T;.
Also, when we define the interference rate by the rate of the transmitted information to T;
from the senders other than S;, we assume that the interference rate to T; is at most a; in
the bit classical network. In the same way, in case that the input states of all senders are
set to the phase basis states (defined in Section 2), we call the network as phase classical
network. In the phase classical network, we also assume that the transmission rate from .S; to
T; is m; when the inputs of the senders other than S; are zero. Also, the interference rate to
T; is at most a} in the phase classical network. Under these constraints, if a; + a; < m;, our
code achieves the rate m; — a; — a} quantum communication from S; to T; asymptotically.

To help the understanding of the rates described above, we explain the achievable
transmission rate from S7 to T in the network in Fig. 1. The bit and the phase classical
networks (Fig. 1b and Fig. 1c¢) are determined from the quantum network (Fig. la) (see
Section 2). When X| = X} =Y/ = Y] = 0, the transmission rates from S; to T} are 2 for
both networks, i.e., m; = 2, which is also the number of outgoing edges of S; and incoming
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(a) Quantum network (b) Bit classical network (c) Phase classical network

Figure 1 Toy example of a multiple-unicast network. In quantum network (a), |-)» denote bit
basis states and L£(A1) is the network operation (see Section 2). The network (b) and (c) is the bit
and phase classical networks of the quantum network (a).

edges of T7. Also, the interference rates from S to T are 1 and 0 for the bit and the phase
classical networks, respectively. On this network, if our code from S; to 77 with the rates
(mq,a1,a}) = (2,1,0) is constructed, the conditions a; > 1, a} > 0 and a; + a} < m; are
satisfied, and therefore our code implements the rate m; — a3 —aj = 1 quantum transmission
from S; to T7 asymptotically.

In the practical sense, our code can cope with the node malfunctions in the following
case: on the multiple-unicast network with quantum invertible linear operations, the network
operations are well-determined so that there is no interference between all sender-receiver
pairs, but three broken nodes apply quantum invertible linear operations different from the
determined ones. Moreover, let the transmission rate m; without interferences from Sy to
T1 be 100 and the number of outgoing edges of the three broken nodes be 4. In this case,
3 x 4 = 12 outgoing edges of the three broken nodes transmit the unexpected information
which implies the bit (phase) interference rate is at most 12. Therefore, by our code with
my = 100 and ay,a) > 12, the sender S; can transmit quantum states to the receiver T}
correctly with the rate 100 — a; — @} < 76 by asymptotically many uses of the network.

The remaining of this paper is organized as follows. Section 2 introduces the formal

description of the quantum multiple-unicast network with quantum invertible linear operations.

Section 3 gives the main results of this paper. Based on the preliminaries in Section 4, Section
5 concretely constructs our code with the free use of negligible rate shared randomness. The
encoder and decoder of our code is given in this section. Section 6 analyzes the correctness
of the code in Section 5. Then, Section 7 constructs our code without the assumption of
shared randomness by attaching the secret and correctable communication protocol [15] to
the code given in Section 5, which proves the main result given in Section 3. Section 8 gives
several examples of the network that our code can be applied. Section 9 is the conclusion of
this paper.

2  Quantum Network with Invertible Linear Operations

Our code is designed on the quantum network which is a generalization of a classical
multiple-unicast network. In this section, we first introduce the multiple-unicast network
with classical invertible linear operations and generalize this network as a network with
quantum invertible linear operations. The node operations introduced in this section are
identical to the operations in [14, Section II].
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2.1 Classical Network with Invertible Linear Operations

First, we describe the multiple-unicast network with classical invertible linear operations.
The network topology is given as a directed Graph G = (V, E). The r senders and r receivers
are given as r source nodes Si, ..., S, and r terminal nodes T1,...,T,.. The sender S; has
m; outgoing edges and the receiver T; has m; incoming edges. Define m :=mq + -+ - + m,..
The intermediate nodes are numbered from 1 to ¢ (= |V| — 2r) accordingly to the order of
the transmission. The intermediate node numbered t has the same number k; of incoming
and outgoing edges where 1 < k; < m.

Next, we describe the transmission and the operations on this network. Each edge
sends an element of the finite field F, where ¢ is a power of a prime number p. The t-th
node operation is described as an invertible linear operation A; from the information on k¢
incoming edges to that of k; outgoing edges. Since node operations are invertible linear, the
entire network operation is written as K = A.--- Ay € F{**™. For the network operation K,
we introduce the following notation:

Kin Kip - Kin

Ko1 Koo -+ Ko, e
= . . s Ky €FTTL

Kr,l Kr,2 e Kr,r

Then, K; ; is the network operation from S; to 1. We assume rank K; ; = m; which means
the information from S; to T; is completely transmitted if there is no interference.
When the network inputs by senders S1,..., S, are z1 € Fj"*, ..., 2, € Fy'", the output

yi € ' at the receiver T; (i = 1,...,r) is written as
r
Yi :Z K;jx; = K jx; + Kiez;e, (1)
j=1
Kie :=[Kix -+ Kii1 Kigyr -+ Kig] € F;nix(m_mi),
zie =[] - @l xl, o xf|T € Fgr .

The second term Kjcz;e of (1) is called the interference to T;, and rank K. is called the rate
of the interference to T;.

Consider the n-use of the above network. When the inputs by senders Sy, ..., S, are
Xy e Fymxm, ., X, € Fr*™, the output Y; € Fj'*™ at the receiver T; (t=1,...,7r)is

Yi=) KijX;=KiiXi+ KieZie,
j=1
Zie o =[XT o XE, XD, o XT|T e Biynomaxn,

2.2 Quantum Network with Invertible Linear Operations

We generalize the multiple-unicast network with classical invertible linear operations to the
network with quantum invertible linear operations. In this quantum network, the network
topology is the same graph G = (V, E). Each edge transmits a quantum system #H which is
g-dimensional Hilbert space spanned by the bit basis {|x)}zer,. In n-use of the network,
we treat the quantum system #™*” spanned by the bit basis {|X )5} cpmixn- The sender
q

S; sends a quantum system Hg, 1= HE™ <"
HT- = H®m1 Xn

To describe the quantum node operation, we define the following quantum operations.

and the receiver T; receives a quantum system
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» Definition 2.1 (Quantum Invertible Linear Operation). For invertible matrices A € Fy**™
and B € ™, two unitaries £L(A) and R(B) are defined for any X € Fy"*" as

L(A)|X)p:=]AX)y, R(B)|X)p:=|XB)y.
The operations £(A) and R(B) are called quantum invertible linear operations.

The ¢-th node operation is given as L£(A;) and it is called quantum invertible linear
operation. The entire network operation is written as the unitary L(K) = L(A.--- A1) =
L(A;) - L(A1). When a state p on Hg, ®--- ® Hg, is transmitted by senders St,...,S,,
the network output o7, at Hy, is written as

or; = T1;~~7T'L'—'1I7‘,111‘i+17-~-7Tr E(K)pE(K)Ta
where T, .. 1,_, 1,,,,...,, is the partial trace on the system Hp, @ ...@Hr,_, @ Hr,,, ®...Q
Hr,.

When the input state on the network is |M), on Hg, ®--- ® Mg, , this quantum network
can be considered as the classical network in Subsection 2.1. In the same way as the classical
network, we assume rank K; ; = m; which means \S; transmits any bit basis states completely
to T; if the input states on source nodes S; (j # ¢) are zero bit basis states. Similarly,
rank K is called the rate of the bit interference to T;.

We can discuss the interference similarly on the phase basis {|2), }.er, defined in [3, Section
8.1.2] by

_ = Z wftrzzkc

we]F

where w := exp 2;” and try := Tr M, (y € Fy) with the multiplication map M, : z — yz
identifying the finite field I, with the vector space Ffo. For the analysis of the phase basis
interference, we give Lemma 2.2 which explains how node operations £(A;) are applied to
the phase basis states.

» Lemma 2.2 ( [14, Appendix A]). Let A € F**™ and B € Fy*™ be invertible matrices. For
any M € F;**", we have

LA)M)y = (A1) M)p, R(B)IM), = |M(BT)™),.

For notational convenience, we denote A= (AT)~1. When the input state is a phase basis
state |[M), on Hg, ®---®Ms, , the network operation L(K) is applied by L(K)|M), = |I?M> .
In this case, this 5 quantum network can also be Con81dered as a classical network with network
operation K= AC . A Then, Kl j is defined from K in the same way as K ;.

Ky Kio -+ Ki,
~ K2,1 K2,2 KQ,T = My Xm;
K := . . . , KiJ‘ S Fq v 7,
Kr,l KT‘,Q K’r,r

~ ~ ~ -~ ~

Kie :=[K;i1 -+ K1 Kijp1 - Kyl
Similarly to the condition rank K;; = m;, we also assume rank IA(“ = m;. We also call
rank K;. the rate of phase interference to 7;. The transmission rates from S; to T; are
summarized in Table 1.
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Table 1 Definitions of Information Rates.

Rate Meaning
m; = rank K; ; = rank IA(“ Bit (phase) transmission rates from S; to T; without interference
rank Kje Rate of interference to T;
rank I?ic Rate of phase interference to T;
a; Maximum rate of bit interference to T}
a) Maximum rate of phase interference to T;

3 Main Results

In this section, we propose two main theorems of this paper. The two theorems state the
existence of our code with and without negligible rate shared randomness, respectively. The
codes stated in the theorems are concretely constructed in Section 5 and 7, respectively. The
theorems are stated with respect to the completely mixed state p,,;, and the entanglement
fidelity F?(p, k) := (x| @ tr(|z)(z|)|z) for the quantum channel x and a purification |x) of
the state p.

» Theorem 3.1. Consider the transmission from the sender S; to the receiver T; over
a quantum multiple-unicast network with quantum invertible linear operations given in
Section 2. Let m; be the bit and phase transmission rates from S; to T; without interferences
(m; = rank K; ; = rank IAQ,,;), and a;, a; be the upper bounds of the bit and phase interferences,
respectively (rank K;c < a;, rank I?ia < a}). When the condition a; + a}, < m; holds and the
sender S; and receiver T; can share the randomness whose rate is negligible in comparison
with the block-length n, there exists a quantum network code whose rate is m; —a; —a), and the
entanglement fidelity F2(pmiz, ki) satisfies n(1 — F2(pmiz, ki) — 0 where k; is the quantum
code protocol from sender S; to receiver Tj.

Section 5 constructs the code stated in Theorem 3.1 and Section 6 shows that this
code has the performance in Theorem 3.1. Note that this code does not depend on the
detailed network structure, but depends only on the information rates m;,a; and a;. As
explained in [14, Section III], our code has no information leakage from the condition
n(1 — F2(pmiz, i) — 0.

Although Theorem 3.1 assumed the free use of the negligible rate shared randomness, it is
possible to design the code of the same performance without negligible rate shared randomness
as follows. The paper [15] gives the secret and correctable classical network communication
protocol for the classical network with malicious attacks, when the transmission rate is more
than the sum of the rate of attacks and the rate of information leakage. By applying the
protocol in [15] to our quantum network with bit basis states, the negligible rate shared
randomness can be generated. By this method, we have the following Theorem 3.2 and the
details are explained in Section 7.

» Theorem 3.2. Consider the transmission from the sender S; to the receiver T; over
a quantum multiple-unicast network with quantum invertible linear operations given in
Section 2. Let m; be the bit and phase transmission rates from S; to T; without interferences
(m; = rank K, ; = rank I?”), and a;, a} be the upper bounds of the bit and phase interferences,
respectively (rank K;c < a;, rank I?,»c < a;). When a; + a} < m;, there exists a quantum
network code whose rate is m; — a; — a}; and the entanglement fidelity Ff(pmix, K;) satisfies
n(l— Ff(pwmg7 ki)) = 0 where k; is the quantum code protocol from sender S; to receiver T;.
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(Private Randomness U 1) (Shared Randomness SR;)

Ly’ 8?'R11?1(p2) R R or, N
pi ﬁ Quantum Network —>Dis R (or,)

(Multiple-Unicast)

(. J

Figure 2 Overview of code protocol from a sender S; to a receiver T;. States p; and DzSRi (o)
are in code space HLqqge-

4 Preliminaries for Code Construction

Before code construction, we prepare the extended quantum system, notations, and CSS
code used in our code.

4.1 Extended Quantum System

Although the unit quantum system for the network transmission is H, our code is constructed
based on the extended quantum system ' described below.

First, dependently on the block-length n, we choose a power ¢’ := ¢% to satisfy n -
(n/)mi/(q/)mifmax{ai,ai} 50 (e.g. q = O(nlJr(max{ai,a;}+2)/(mi7max{ai,a;})) ) where n/ =
n/a. Let Fy be the a-dimensional field extension of F,. Similarly, let H' := HP be the
quantum system spanned by {|£L’>b}x€ﬂrq,. Then, the n-use of the network over H can be
considered as the n’-use of the network over H’. The quantum invertible linear operations
(Definition 2.1) can also be defined for invertible matrices A" € Fy;*™ and B’ € F,*" as

L'(A)|X)y = |AX)y, R/(B)|X) = |XB)y, for any X € F7¥".

4.2 Notations for Quantum Systems and States in Our Code

We introduce notations used in our code. By the n-use of the network, the sender S;
transmits the system Hs, = H O XN
H®mi xXn

and the receiver T; receives the system Hrp, =

, which are identical to H/Omixn e partition the quantum system HEMXN ag

H ) @Hp @ H 1= H/E7Me @ PO XT g S x(n'=2m:) " Pyrthermore, we partition the
systems H'y, Hy, He by

My = Mgy @ Hlgp @ Hlyg 1= W0 @ /@lmimaimai)xme g qroaiam:,

His = Hisy @ Hisp @ Higg 1= H/O M @ /@ (mimaima)xmi g qyr@aim:,

HIC = H/Cl & HICQ ®H/CB = ’H'®aix(”’*2mi) ® 'H/®(mifaifa;)><(n'72mi) ®,H/®a;><(n’72mi) .

For states |¢) € H/qy, |¥) € H 4o, and |p) € H'ys, the tensor product state in H'y is

10:7
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denoted as

)
[y | = 19) @) @ |p) € H)y. (2)
)

The bit or phase basis state of (X,Y, Z) € Fgfxmi X Fg?li*ai*ai)xmi X Fgfxmi is denoted as

X | X)s X 1X)p
Y > = vn |, ||y > = 1Y), |- 3)
A b | Z)s Z ‘Z>p

We also introduce notations for the states in Hj and H in the same way as (2) and (3). In
the following, we denote the k x [ zero matrix as Oy;.

4.3 CSS Code in Our Code

In our code construction, we use the CSS code defined in this subsection Whidll is similarly
defined from [14, Subsection IV-B]. Define two classical codes Cy, Cy C ]F;',”X(n ~2m4) which
satisfy C1 D C5- as

Oai,n’—Qmi "y

i X - i
Cy = Xo € FZ/L (n'=2m)
X3

X1
L m; X (n'—2m;)
= | Xp |emn

_0a§ ,n' —2m; |

X, € ]F((;ni—ai—ai)x(n —2m,;)’ X, € IFZ}X(n —2m;) ’

X, e ]F:sz><(n’_2mi)7 X, € F[(Itni—ai—a;)x(n/_mni)

For any [M;] € C1/C5y where M; € Fgﬁni_ai_aé)x(nldmi), define the quantum state |[M1]), €
He by

1 Ou;.n'—2m; |0a7;7n/—2m,,1>b
POy = Do || A +Y> B P
\/@ YeCy Oaé’n’—Qmi b ‘Oar/w"/_2m">p

With the above definitions, the code space is given as H/ g, := Hey = H/Emimai=ai)x (' =2m:)

and a pure state |¢) € H. 4. is encoded as a superposition of the states |[M])p in this CSS
code by

|Oa,~,,n/—2m7‘, >b
) € He.

‘Oafi,n’—2mi >p

5 Code Construction with Negligible Rate Shared Randomness

In this section, we construct our code that allows a sender S; to transmit a state p; on
Heode = H/@mi—aima) x (' =2mi) orrectly to a receiver T; by n-use of the network when the
encoder and decoder share the negligible rate random variable SR; := (R;, V;).

The encoder and decoder are defined depending on the private randomness U; ; owned
by encoder and the randomness SR; shared between the encoder and decoder. These
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random variables are uniformly chosen from the values or matrices satisfying the following
respective conditions: the variable R; := (R; 1, R;2) € ngnﬁai)xmi X Ff;,nraé)xmi satisfies
rank R; 1 = m; — a; and rank R; » = m; — a}, the random variable V; := (V;1,..., Vi am,)
consists of 4m; values V; 1,...,Viam, € Fgfni and the random variable U; ; € ]F;Tf"xmi satisfies
rank U; 1 = m;.

Next, we construct the encoder S{g RiUit and decoder Df R Depending on SR; and
Ui.1, the encoder Sis BoUit of the sender S; is defined as an isometry channel from Heodo
to Hs, = H/@mixn’ Depending on SR;, the decoder Df Ri of the receiver T} is defined as
a TP-CP map from Hy, = H'®™*" to H/ 4. Note that the randomness SR; is shared
between the encoder and the decoder. Because SR; consists of am;(2m; — a; — a; + 4)
elements of Fy, the size of the shared randomness SR; is sublinear with respect to n (i.e.,

negligible).

5.1 Encoder £ "' of the sender S;

The encoder é'is RiUir consists of three steps. In the following, we describe the encoding of

the state |¢) in H.

code*

Step E1  The isometry map Ufg encodes the state |¢) with the CSS code defined in
Subsection 4.3 and the quantum systems H’, and Hj as

Oai,mi R, 9 |0ai7mi>b
|61) = U1) = Rt > || > @ o) | eHA@Hp@MH: =Hs,.
N b Oa:;»mi |Oa;7mi>1)

Step E2 By quantum invertible linear operation £'(U; 1), the encoder maps |¢1) to
|¢2) := L' (Ui1)|¢1)-

Step E3  From random variable V; = (Vi 1,...,Viam,), define matrices Q; 1,1 :=
(Vik)?, Qi = (Vima+k)? for 1 <j < n' —2m;, 1 < k < m;, and Q3 =
(Viemi+k)s Qiajk = (Vigm,+x)’ for 1 < j, k < m,. With these matrices, define the
matrix UZV2 eF, ™" as

Imi Omi,mi Omi,n’72mi Iml Omi,mi Omi,nLQmi
Uz",/é = Q;‘I:;’,Qi,ﬁl Iml Omi,n’72mi . Omi,mi Iml ;‘1:2
On’—Qm,;,m,i On/—2m1,m7¢ In’—2m7; On/—2m1,m7¢ On/—2mi,m,; In’—Qm,;
Imi Oml,mL Omi,n@?mi
Omi,mi ImL Omi,n@?mi )
Qi,l 0n’—2mi7mi In’—2mi

where I is the identity matrix of size d. By quantum invertible linear operation
R’(U;fé), the encoder maps |¢2) to R’(Ui‘g)wg).

By above three steps, the encoder EiS RiUit ig described as an isometry map

g7V o) RIUB)L (Ui) U5 |0) € Hs,

(2

10:9
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5.2 Decoder D{% of the receiver T,

Decoder Dis Ri consists of two steps. In the following, we describe the decoding of the state

W) € HTi'

Step D1 Since (UX@)‘l can be constructed from shared randomness V; by

Imi qu-,,mi Omi,n’—Qmi Imi Omi,mi Om1,,n’—2m7¢
(Ui‘z)_lz Omi,mi Imi Omi,n’—Qmi : Om,ﬂ,,m,; Im, *Q;‘I:z
7@1’,1 On’—Qmi,m,y In’—Zmi On’—Qmi,mi 0n’—27n13,m,- In’—Zmi
Imi Omi,mi Omi,n/72mi
_Q;‘I:?,Qi,ﬁl Iml Omi,nLZmi )
On’—Qm,;,mf, On/—2m,,',,m,; In’—Qm,;

the decoder applies the reverse operation R’ (Uzv2)Jr =R ((Ui‘g)’l) of Step E3 as
Vi
1) = R(U) ).
Step D2 Perform the bit and phase basis measurements on H’y and Hj, respectively,
and let 0;1,0;2 € IFZT"’X"” be the respective measurement outcomes. By Gaussian

o . . . 1,0, 2,0; X e s
elimination, find invertible matrices bel’l o Dgz e F ™ satisfying

Oai,m,: Ri».0 R 9
R L 5 PWi,QDi7227 7,,2074_’2 = b . (4)
1,

Oa; ,m;

R; 1,01
PWi,lDi,l Oi,l =

where P)y is the projection from IFZF to the subspace W, the subspace W; 1 consists
of the vectors whose 1-st, ..., a;-th elements are zero and the subspace W; o consists
of the vectors whose (m; — a} + 1)-st, ..., m;-th elements are zero. The case of
non-existence of Df il’l’oi’l nor DZR‘; %2 1eans decoding failure, which implies that
the decoder performs no more operations. Also, when Df“i’l7oi’1 and Df"f’o""2 are not
determined uniquely, the decoder chooses Df"i’l’oi’l and ngg,o,-g deterministically
depending on O; 1, R; 1 and O; 2, R; 2, respectively.

Based on Df"l’l’oi'l and Df‘;’o"z found by (4), the decoder applies £’ (Df"l’l’o’i’l) and

L (Df;2 ’O“) consecutively to [¢)1), and the resultant state on Hcoge is the output of
Step D2. Then, Step D2 is written as the following TP-CP map Dﬁi:

D (

R;,0;1,0; R;40;1,0;
QUG ::Crlrg?, Z Up ! 20'05,17Oi2<UD ! 2)T’

i X i
OL',LOL'QEF;‘ i

. R;,0;,3,0;
where the matrices Up" *"7"* and 00, ,,0,, are defined as

UID{i,Oi,LOiz ::EI(D$27Oi2)CI(D,Z?TLO1'J )7

003,012 = Tt [11) (W1](|01)00(0ia| @ |Oi2) pp{Oi2| ® L),

with the identity operator Io on He.
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By above two steps, the decoder Dis Ri is described as

W)@ = D (R(US) [0) IR (U3))-

Since the size of the shared randomness SR; is sublinear with respect to n, our code is
implemented with negligible rate shared randomness.

6 Correctness of Our Code

In this section, we confirm that our code correctly transmits the state from the sender S; to
the receiver T;. As is mentioned in Section 3, we show the condition n(1 — F2(pmiz, ki) — 0
which implies the correctness of our code.

First, we describe the quantum code protocol x; from S; to T;, which is an integration of
the encoding, transmission, and decoding. The encoding and decoding in k; is given by the
probabilistic mixture of the code in Section 5 depending on the uniformly chosen random

variables SR; and U; ;. Then, the code protocol x; is written as, for the state p; on 'chode,

L 1 SR; SR;,U; 1 +
s)i= X P TR (7 ) @ g )£,
SR;,U; 1

where p;e is the state in Hg, ® -+ ® Hs,_, ®Hg,,, ®--- ® Hg, of senders other than S;,
and N := ¢*™ + {U;1 € F?ixmﬂrank Uin = mi}| + [{Riq € Fé?ii_ai)xmi\rankRM =
m; —a;}| + |[{Riz2 € Fgﬂﬁa;)xmi rank R; 1 =m; — al}|.

As explained in [14, Section IV], 1 — F2(pymiz, ki) is upper bounded by the sum of the bit
error probability and the phase error probability. The bit error probability is the probability

that a bit basis state |X), € Hi,qe is sent but the bit basis measurement outcome on the
decoder output is not X. In the similar way, the phase error probability is defined for the
phase basis. We will show in Subsections 6.2 and 6.3 that the bit and phase error probabilities

are upper bounded by O(max{ L Wi}) and O<max{ L W}), respectively.

?) (q’)y”i*ai ?, (q,)m'iiafi

Therefore, we have

o2 1 (n')m
n(l Fe (pmwv "iz)) S nO (max {?a (q,)mi,max{ai’ag} } . (5)

ne(n)™i 5 — 0, the RHS of (5) converges to 0

)’"Li —max{a; sal

Since ¢’ is taken in Section 4 to satisfy (
q/

and therefore n(1 — F2(pmiz, ki) — 0. This completes the proof of Theorem 3.1.

6.1 Notation and Lemmas for Bit and Phase Error Probabilities

In this subsection, we prepare a notation and lemmas for proving the upper bounds of the bit
and phase error probabilities. The upper bounds of these probabilities are shown separately
in Subsections 6.2 and 6.3. )

We introduce the notation X := (X4, X8 XC€) € Fi*™ x FiX™ x IF];,X(” M) for

X e F’;/X"I with arbitrary positive integer k. Also, we prepare the following lemmas.

» Lemma 6.1. For integers dy > dy + da, let Wi C IE‘Z? be a di-dimensional subspace and

Wy C ]FZ? be a da-dimensional subspace. Assume the following three conditions.
(T1) WinW, = {0d0,1}~

10:11
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(T'2) Letm > dy +ds. The vectors x1,...,x5 € Wh and i1, ..., Yym € Wa satisfy
span((z1,¥1)s - -+ (T, Ym)) = Wi @ Wa.

(T'3) Let W] C IFZ? be a di-dimensional subspace and r1,...,v5 € W;. There exists an
invertible linear map A : Wi — Wy which maps

[5617---,337%] ZA[’I“l,...,Tm].

Then, the following two statements hold.
(A1) There exists invertible linear map D : ]Fz? — Fg? that

PW{D[(xla y1)7 ) (fm»ym)} = A_l[xlv e 7:17771] = [7’1, e 7707?7,]‘ (6)
(A2) For the above linear map D, it holds for any x € Wy and y € W5 that
Py, D(z,y) = A~z (7)

Proof. First, we show the item (Al). Let W5 be a subspace of ]FZE’ that satisfies Wi @ Wy @
Wy = Fg?. If D is defined as D|yy, = A~ and D|y,ew, (W2 ® W3) = Wit we obtain (6),
ie., (Al) from

Py D((x1,9:)) = Pwy (Dlw, (@:) + Dliwsaws (v:) = A s = ry.

Next, we show that the item (A2). Since arbitrary (z,y) € W) @ Wsy is spanned by
(1,91), -+, (T, Ym), Eq. (6) implies (7), which yields (A2). |

» Lemma 6.2 ( [14, Lemma 7.1]). For integers dg > dy + d., fix a dp-dimensional subspace
W C IFZ?‘, and randomly choose a d.-dimensional subspace R C IFZ,” with the uniform
distribution. Then, we have

PT[W NR= {Oda,l}} =1— O(q/derdcfdafl)’

» Lemma 6.3. Ford > d/,

Pr [rank[tl, conta =d

: 1
tl,...,tdelﬁ‘ﬂ > 1—0(({).

Proof. From d > d’, we have

Pr [rank[tl, contal =d

th,... tq € Fﬂ > Pr{rank[tl,...,td/] =d ’ thy ...ty € ]Fgﬁ}. (8)

On the other hand, the RHS of (8) is equivalent to the probability to choose d’ independent
vectors in Fg/’ :

A A A A A G 1
Pr{rank[tl,...,td/]:dl‘tl,...,td/GFZ,}: T T 7 _1—O<,>.
q q q q
By combining the above inequality and equality, we have the lemma. |

» Lemma 6.4 ( [14, Lemmas 7.2 and 7.4]). For the random matriz Ui‘,/é defined in Step E3,
we have

n'—2m, )mi
b

max Prle™((U5) ) A =01m,] < ( p

/
on,,ﬁézeFZ{

— ! 9\
max Pr[mT((Ui‘é)fl)Bzol,mi] < (ni/ml) :
0,/ 1#A2EF] ’ 9
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6.2 Bit Error Probability

In this subsection, we show that when arbitrary bit basis state | M), € H.

code

is the input
state of the sender S;, the original message M is correctly recovered with probability at least

_ l (n/yni
1 O(max { 7 })

Step 1: We derive a necessary condition for correct decoding of the original message M in
bit basis. When arbitrary bit basis state |M), € H. 4. is the input state of the sender S,

code
the encoded state is written as

Oai,mj Oai,n/—Qmi,
£ (M) = 2 Vi oE UV> |

E E]F:;‘LXTTH,EQG]F:;X<TL/72"L7;) 7 12 b
where we ignore the normalizing factors and phase factors.

Note that bit state measurement on network output system Hrp, =
with the decoding operation Df Ri on ‘Hr,. Therefore, in the analysis of the bit error
probability, we take the method to perform bit state measurement to Hr, first, and then
apply the decoding operation corresponding to Df Ri, instead of decoding first and performing
bit state measurement.

By performing the bit basis measurement to the network output op, = k(| M) (M]), we

have the following measurement outcome Y:

’

HEMXN commutes

Oa'ia"ni _ Oai,n’—Qmi
Y = K;;Uis E M UV + K Z,
Ri,l EQ ?

where E, € o =me, Ey € F;}X(n/ﬁmi) and Z € Fgr,nfmi)xn,. By Step D1, Y is decoded to

Oaiymi Oai,n/72mi
Y = Y(Uz‘,/é)_l = Ki,iUi,l R ) E1 M + KicZ(Ui‘é)_l.
i, Es

The measurement outcome O; 1 in Step D2 is

Oai ;MG

iU, + (K Z(U)3) A
R '

Since the decoder knows O; ; and R; 1, the matrix D is found by Gaussian elimination

to the left equation of (4) which is written as

R;1,0:1
il

Oai yTMg Oai sMg

Pwileffil,Om Oi1 :Pwi,lDZ?i'lhO“ K;:Uia Rl + (KicZ(UX;)*l)A = r e 9)

Therefore, if the matrix Dfﬁ’l’oi'l derived in (9) satisfies the following equation

Oai,n/—Qmi Oai,n’—Qmi
P Dt Y= Py DIV KUn | M |+ (K Z(U) D =] M ., (10)
EQ E2

the original message M is correctly recovered.

10:13
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Step 2: In the next step, we show that the conditions (I'l), (I'2) and (I'3) of Lemma 6.1 in
the following case imply Eq. (10);

Oai,mi
Wi i=col | KiiUia | ) L We = col (Kie Z(UY) ™), Wh = Wi, =,
Oai,mi
[ml,...,xm] = KiyiUZ'J Ry ) [y17-~-7yrh} = (Ki“Z(UzY§)71)A7
Oai,mi
T R | A= (KiUia)lwy,  (do,dy, dz) := (mi, mi — ai, rank Kie Z),

where col(T) of the matrix T is the column space of T and W, ; is defined in Step D2 of
Subsection 5.2.

Applying Lemma 6.1, we show that Eq. (10) holds if the conditions (I'1), (I'2) and
(T'3) are satisfied. Assume that (I'1), (I'2) and (I'3) are satisfied. Then, the condition (A1)
holds which implies the existence of Df'i’l’oi’l in (9). Moreover, (A2) implies that for any
re W{,y €W, and x = Ki)iUiJ’I“ € Wy, it holds

AN — -1
Py D @+ y) = A7 e = (Ko iUia)lwy) ™~ (KiqUsar) =,

and this yields (10).

Step 3: In the third step, we show that the relations (I'1), (I'2) and (I'3) hold at least with

probability 1 — O(max {i, (q(,?,;)"fa }), which proves the desired statement by combining

the conclusion of Steps 1 and 2.

Step 3-1: In this substep, we show that the probability satisfying (I'1), (I'2) and (I'3) is
obtained by

Pr[(T1) N (T'2) N (T'3)] =Pr[(T'1)] - Pr[(T2")] - Pr[(T'2)|(T2) N (T'1)], (11)
where the condition (T'2) is given as

(I'2) rank KicZ((UXé)fl)A = rank K;c Z.
Eq. (11) is derived by the following reductions:

Pr[(T1) N (T2) N (U3)] < Pr((T1) N (12)] € Pr[(T1)] - Pr[(T2)|(TL)]

© Pe{(T1)] - Pr{(T2) N (12)(CD)] @ Pr((TL)] - Pr{(T2)|(TL)] - Pr[(T2)](T2) N (TL)]

Y pr[(r1)] - Pr[(T2)] - Pr[(T2)|(T2') N (T1))].

The equality (a) follows from the fact that (I'3) is always satisfied for A defined in Step 2,
and (b) and (d) are trivial. (¢) is obtained because (I'2") is a necessary condition for (I'2).
Since span(yi, ..., Ym) = Wa is a necessary condition for (I'2) in Lemma 6.1, the condition
(T'2') is also necessary for (I'2) from

rank KZ-CZ((UX;)*l)A:rank(KicZ(UXé)*l)A:dimspan(yl, ey Yin)
=dim Wy =rank KicZ(Ui‘g)*I:rank K Z.

The equality (e) follows from the fact that (I'l) and (I'2) are independent, which will be
shown by Pr[(T'1)|(T'2')] = Pr[(T'1)] in Step 3-2.
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Step 3-2: In this step, we prove Pr[(T'l)] > 1 — O(1/¢’) and Pr[(I'])|(T'2")] = Pr[(T'1)].

Fix R;; and UX%- Then, W, is randomly chosen d;-dimensional subspace under uniform
distribution and W, is fixed ds-dimensional subspace. Therefore, Lemma 6.2 can be applied

with (da, dp, de, W) = (do, da,d1,W,) and Pr[(T1)] = 1 — O(¢® "%~ > 1 - 0(1/¢).

On the other hand, since Pr[(I'1)] does not depend on Ui‘é but Pr[(T'2)] depends only on
U, we have Pr[(T'1)|(T'2")] = Pr[(T'1)].

m

Step 3-3: In this step, we show Pr[(T2)] > 1 — {1,7’;7,@ The condition (I'2’) holds if
and only if xTKicZ((U;’%)_l)A # 01, for any vector x € Fy)* satisfying 2V K;eZ # 0y
(considering K;c, Z and ((Ulg)_l)A as linear maps on row vector spaces, this is equivalent
that ((Ui‘é)_l)A has trivial kernel {04, } for the image of K;cZ). Therefore, by applying
Lemma 6.4 for all distinct 2T K;-Z which is not zero vector, we have

ran . ! _ 2M.; mq ) !/ _ 2Mm.; mq my;
Pr[T2)] > 1 — g™ K (L2 ) g (22 g B
q/ q/ q/mz a;

Step 3-4: Now we evaluate the probability Pr[(I'2)|(I'2') N (T'1)] > 1 — O(1/¢'~"). Fix
the random variable UX’é' so that (I'2') holds in the following. Define matrices T, =
do X (d1+dz
[Ti1), - Tigdy+dn)), Ty = [Wi)> -+ Yi(ditds)] and T = T, + T, € ]qu’x( +42) where
i:{l,...,dy +da} — {1,...,m} is an injective index function such that y;(1), ..., ¥;w,) are
linearly independent i.e., rank T;, = dy. Then, we have
Pr [(PQ”(FQ’)Q(FI)] ZPr[Span((xi(1)7yi(1) TR (l‘i(d1+d2)7 yi(d1+d2))) =WieW,| (FQ,)Q(FI)}

)
Wprrank T = dy +dz | (12)N(T'1)] = Pr[ker T = {Oupsaz.1} | (02') N (T1)]

© Prlker Ty Nker Ty = {Ouy 44,1} | (12) N (T1)],

where (a) follows from span((mi(l),yi(l)),...,(xi(d1+d2),yi(dl+d2))) C Wy @ Wy, and (b)
follows from the condition (I'l). Since rankT, < dy follows from its definition and the
dimension of ker 7T}, is di, the condition rank T, = d; is a necessary condition for ker T N
ker Ty = {04, 4d,.1}. Therefore, we have

Prlker T, Nker T}y = {04, +4,,1} | (I'2") N (T'1)]
=Prlker T, Nker T, | rank T}, = d; N (I'2") N (T'1)] - Pr[rank T,, = d; | (T2") N (T'1)]. (12)

By applying Lemma 6.2 for (dq, dp, dc, W) := (d1 +d2, di =dim ker T}, do =dim ker T, ker T},),
the first multiplicand of (12) equals to 1—O(1/¢'~"). From Pr[rank T, = d, | (I'2") N (I'1)] >

Pr [rank[tl, costditdy) =d1 |ty tdytdy € ]FZ}] and Lemma 6.3, the second multiplicand
of (12) is greater than or equal to 1 — O(1/¢’~"). Therefore, Pr[(I'2)|(I'2") N (T'1)] > 1 —
O(1/¢™).

In summary, we obtain

Pr[(I'1) N (I'2) N (I'3)] = ,I:j[(rl)] -Pr{(T2')] - Pr((I'2)|(T'2") N (T'1)] -
2(1-0(5))- (= 7m=) - (1-0(5)) - 0o G s })
6.3 Phase Error Probability

In this subsection, we show that the original message M’ in the phase basis is correctly

recovered with probability at least 1 — O (max { L W})

7 gy

10:15

TQC 2018



10:16 Quantum Network Code for Multiple-Unicast Network with QIL Operations

Step 1: We derive a necessary condition for correct decoding of the original message M’ in
phase basis. For the analysis of the phase error probability, we apply the same discussion
as the bit error probability. When a phase basis state |M’), € H_ 4. is the input state of
sender S;, the encoded state is written as

E/
SRi,R — | = R 2 Vv,
iy 4l / _ . / (3 / i
& (IM")p) = ) Uia | E1 M Uis ) s
BjeF ;™ Byepe X ' ) 0a,m;  Oaf,n'—2m, v

where we ignore normalizing factors and phase factors.

Since phase basis measurement and decoding operation Dis Ri commutes, we first apply
phase basis measurement, and then decode the measurement outcome for the analysis of
the phase error probability. Then, the phase basis measurement outcome Y’ on the network
output of T; is written as

E/
’ > 7T Al RZEQ 2/ Vi 7>
Y' = Ki,iUi,l E1 M Ui,é + Kie Z,

Oa;,mi Oa;,n/72mi
where Ej € F "™ By € ]F‘fo("/_2mi) and Z € Féﬁn_mi)xn/. By Step D1, Y is decoded to
E; __
M’ + K Z(U5)

Oa;,mi Oa;,n’72mi

_ — | - R,
Y =Y'(UY) ' =K;.Ui, | E; 2

l?

_ ~ — | R;
By Step D2, the measurement outcome O; 5 is given as O; 2 = Y'B = K;Uia Ll

Oaiﬁni
(IA(icZ(Ul-‘z)_l)B, and Dﬁz’oiz is found by Gaussian elimination to the right equation of (4)
which is written as

R; 2,02 Ri2,02 | > 77 Ri,2
PWri,zDi,Q ' OL?:PWi,zDi,Q KLU

0

H(EKeZUG) = 7| (13)

’
a’.,m;
PRl

Thus, the correct estimate of M’ is obtained when the following relation holds for Df;z Oiz
derived in (13):

Ey _ Ey
Py, D52 %Y = Py, D520 KU | M |+ (KeZ2(U) ™= M| (14)
Oa{ n/—2m; Oa{ n/—2m;

Step 2: In the next step, we show that the equation (14) holds with probability at least
1-0 (max{ L (n/)m,}), which shows the desired statement by combining Step 1.

@ gyt
In the same way as Subsection 6.2, the conditions (I'1), (I'2) and (I'3) of Lemma 6.1 in
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the following case imply Eq. (14);

~ — | R; = V-
Wi :=col| K;,:U; 1 “2 , Whi= CO](K&Z(UX%) 1), W{ =W, mi=my,
0o m,;

o~ Rz‘,2 ~ /71 _1\B

[xh...,mm] = Ki,iUiJ s [yl,l.wym] = (KiCZ(UiVQ) ) 5
0’ m,
Ri,2 o~ , ~

[Tl,...,Tm] = 5 AII (Ki,iUi,l)‘W{7 (d07d1,d2) = (mi,mi—ai,rankKicZ),

Oa’.,mi

where W, o is defined in Step D2 of Subsection 5.2. Also, in the same way, the conditions
(T'1), (I'2) and (I'3) holds with probability at least 1 — O <max {i, W})

@7 gyt

7 Code Construction Without Free Classical Communication

We show that our code in Theorem 3.1 can be implemented without the assumption of
negligible rate shared randomness. The paper [15] shows the following Proposition 7.1 by
constructing a secret and correctable classical communication protocol for the classical unicast
linear network. Due to the relation between the phase error and the information leakage
in the bit basis [4, Lemma 5.9], we find that the dimension of leaked information is a} in
the information transmission from the sender S; to the receiver T;. We apply Proposition
7.1 to the sender-receiver pair (S;,T;) with ¢; := a; and ¢3 := a}. Therefore, the protocol of
Proposition 7.1 can be implemented in our multiple-unicast network by preparing the input
state of S; in the bit basis. By attaching Proposition 7.1 to our code in the above method,
we can implement our code satisfying Theorem 3.2.

» Proposition 7.1 ( [15, Theorem 1]). Let q1 be the size of the finite field which is the
information unit of the network edges. We assume the inequality c1 + co < cq for the classical
network where cg is the transmission rate from the sender S to the receiver T, ci is the
rate of noise injection, and ¢z is the rate of information leakage. Define ga := q7°. Then,
there exists a k-bit transmission protocol of block-length ni = co(co — c2 + 1)k over Fy, such
that Pepr < kco/q2 and I(M; E) =0, where P, is the error probability and I(M; E) is the
mutual information between the message M € FE and the leaked information E.

The proof of Theorem 3.2 takes a similar method to the proof of [14, Theorem 3.2].

Proof of Theorem 3.2. To construct the code satisfying the conditions of Theorem 3.2,
we generate the shared randomness SR; by Proposition 7.1 and then apply the code in
Section 5. To apply Proposition 7.1 in our quantum network, we prepare the input state as
a bit basis state. Given a block-length n, we take ¢; = ¢” such that g = LMJ

m; logs q
q2/(logn)? = ¢ /(logn)? — 1, and ¢’ = ¢ such that a = L%);;WJ ie., ¢ /n™it? - 1.

First, by the protocol of Proposition 7.1 with (cg,c1,c2) := (my,a;,a}), the sender S;
and the receiver T; share the randomness SR;. Since SR; consists of m;(2m; — a; — a} + 4)
elements of Iy, the number of bits to be shared is

ie.,

i+ 2)1
k= [m;2m; —a; —aj+4)logy ¢'] = {mi@mi —a; —a; +4) {(mﬂr)oanJ log, q—‘

logs ¢
[m;(m; + 2)(2m; — a; — al +4)logy n].

IN
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The error probability is Per < (m;/q7")-[mi(m;+2)(2m; —a; —a},+4) logy n] =0 <(lf§;:’)2> —
0, and the block-length over F, is
/ / , 2log,logy n
ny =m;(m;—a;+1)kB <m;(m;—a;+1) - [m;(m;+2)(2m; —a; —a;+4) logy n] - Tonlogd
m; logs ¢

which implies nq/n — 0. Therefore, the sharing protocol is implemented with negligible rate
uses of the network.

Next, we apply the code in Section 5 with the extended field of size ¢’ and ns :=n — ny
uses of the network. The relation na/n = (n —ny)/n — 1 holds and therefore the field size
q' satisfies ng - (nh)™i /(¢')™i—max{aiail 0 where n} := ng/a. Thus, this code implements
the code in Theorem 3.2. <

8 Examples of Network

In this section, we give several network examples that our code can be applied.

First, as the most trivial case, if rank K; ; = m; and any distinct sender-receiver pairs do
not interfere with each other, i.e, K; ; (i # j) are zero matrices, the network operation K is
a block matrix. This is the case where each pair independently communicates. In this case,
our code is implemented with the rate m;.

8.1 Simple Network in Fig. 1

In the network in Fig. 1, the network and node operations are described as

1000 1 00
0110 ~ o1 00 11

K_0010’K_0—110’A1_{01]'
000 1 0 0 0 1

When we consider the transmission from S; to 77, the rates of bit and phase interferences are

rank K. = rank {O 0

= 0 0
1 O}—l, rankch—rank[ }—0.

0 0

In this network, by constructing our code with (my,ay,a}) := (2,1,0), our coding protocol
transmits the state of rate m; — a; — a} = 1 asymptotically from S; to T;.

8.2 Network with Bit Interference from One Sender

As a generalization of the network in Fig. 1, consider the case where the network consists of
two sender-receiver pairs, and there is no bit interference from the sender Sy to receiver T5.
The network operation of this network can be described by £(K) with

K= { o KLQ} K = [ <K51)_1 01y ms
Oy my  Kap]’ _(KQT,z)_lKlTQ(KlT,l)_l (K2T,2)_1

In this network, there is no phase interference from the sender S to receiver Tj, and
the other two rates rank Ky and rank(Ky,) 'K{,(K{))™! coincide from rank Ky, =
rank K{'y = rank(K3,) ' KT,(K{))~*. Therefore, by implementing our code with a;,a;
(1 = 1,2) satisfying rank K7 » < a1, a5 < m; and a} = ag := 0, each sender-receiver pair can
transmit the states.
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Moreover, we generalize the above network for arbitrary r sender-receiver pairs where the
interferences are generated only from one sender S;. In this network, the network operation
is given by the unitary operator £(K) with K defined as follows:

[ K1 Kip Kz - Ki,
Omg,ml K2,2 Omg,mg e 07)’L2,'HL7-
K = . . 9
_Omr-,ml Omr7m2 Ommms T KTJ“
r T y—1
T (151,1% T L Oﬂ}[},mzl 0m1,m3 Omhmr
= _(K2,2) K1,2(K1,1) (K2,2> Omz,ms Om17m'r'
K= . . . . . )
T \—1 7T T y—1 T y\—1
_7(Kr,r) Kl,r(Kl,l) Omr7m2 Omr7m3 (Kr,r)

where the ranks of m; x m; matrices K;,; are m;, resepctively. In this network, if a;,a}
(¢ =1,...,r) are set to a1 > rank[K; 9 K13 -+ Ki,], af >rankKy,; (i =2,...,r), and
ay =as =a3z=---=a, >0 and the condition a; + a} < m; holds, the sender S; can send to
the receiver T; the rate m; — a; — aj state asymptotically by our code.

8.3 Network with Two Way Bit Interferences

In this subsection, we consider the code implementation over the network described as follows:
The size ¢ is 3, there exists two pairs (S1,T}) and (S2,7T3) in the network, Sy, Ss, Ty, Ty are
connected to three edges, and the network operation is given by L(K) of

1 00100 200200
010000 010000
K:[KMKLQ]: 001000 & 001000
Koy Koo ~100100]|" —200200
000010 000010

000001 000001

Then, differently from the previous examples, there are bit interferences both from S; to 75
and from S, to T because K; 2 and Ky are not zero matrix.

In the above network, we construct our code for Sy to Ty with (mq,a1,a}) := (3,1,1).

Then, our code implements the rate m; — a; —a;, =3 — 1 — 1 = 1 quantum communication
asymptotically from the relations

N 100 N 200
rank K11 =rank K11 =m1=3, rank Kje=rank [0 0 O =1, rank Kje=rank |0 0 0| =1.
000 000

9 Conclusion

In this paper, we have proposed a quantum network code for the multiple-unicast network
with quantum invertible linear operations. As the constraints of information rates, we
assumed that the bit and phase transmission rates from .S; to T; without interference are m;
(m; = rank K; ; = rank IA(M), the upper bounds of the bit and phase interferences are a;, a;,
respectively (rank K < a;, rank K < a}), and a; + a; < m; holds. Under these constraints,
our code achieves the rate m; — a; — a} quantum communication by asymptotic n-use of the
network. The negligible rate shared randomness plays a crucial role in our code, and it is
realized by attaching the protocol in [15].
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Our code can be applied for the multiple-unicast network with the malicious adversary.

When the eavesdropper attacks at most a] edges connected with the sender S; and the
receiver T;, if a; + a} + 2a; < m; holds, our code implements the rate m; — a; — a} — 2a}
quantum communications asymptotically. This fact can be shown by integrating the methods

in this paper and [14].
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