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—— Abstract
We design a sublinear-time approximation algorithm for quadratic function minimization prob-
lems with a better error bound than the previous algorithm by Hayashi and Yoshida (NIPS’16).
Our approximation algorithm can be modified to handle the case where the minimization is done
over a sphere. The analysis of our algorithms is obtained by combining results from graph limit
theory, along with a novel spectral decomposition of matrices. Specifically, we prove that a ma-
trix A can be decomposed into a structured part and a pseudorandom part, where the structured
part is a block matrix with a polylogarithmic number of blocks, such that in each block all the
entries are the same, and the pseudorandom part has a small spectral norm, achieving better
error bound than the existing decomposition theorem of Frieze and Kannan (FOCS’96). As an
additional application of the decomposition theorem, we give a sublinear-time approximation
algorithm for computing the top singular values of a matrix.
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1 Introduction

Quadratic function minimization/maximization is a versatile tool used in machine learning,
statistics, and data mining and can represent many fundamental problems such as linear
regression, k-means clustering, principal component analysis (PCA), support vector machines,
kernel machines and more (see [17]). In general, quadratic function minimization/maxi-
mization is NP-Hard. When the problem is convex (for minimization) or concave (for
maximization), we can solve it by solving a system of linear equations, which requires O(n?)
time, where n is the number of variables. There are faster approximation methods based on
stochastic gradient descent [3], and the multiplicative update algorithm [5]. However, these
methods still require Q(n) time, which is prohibitive when we need to handle a huge number
of variables.
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Quadratic function minimization over a sphere is also an important problem. This
minimization problem is often called the trust region subproblem since it must be solved
in each step of a trust region algorithm. Trust region algorithms are among the most
important tools in solving nonlinear programming problems, as they are robust and can
be applied to ill-conditioned problems. In addition, trust region subproblems are useful in
many other problems such as constrained eigenvalue problems [9], least-square problems [24],
combinatorial optimization problems [4] and many more. While the problem is non-convex,
it has been shown that the problem exhibit strong duality properties and is known to be
solved in polynomial time (see [2, 23]). In particular, it was shown to be equivalent to some
semidefinite programming optimization problems that can be solved in polynomial time
([19, 1]). Asin the non-constrained case, there are approximation algorithms based on gradient
descent [18] and on reducing the problem to a sequence of eigenvalues computations [12].
However, as in the unconstrained case, these methods require running time which is linear in
the number of the non-zero elements of the matrix (which might be linear in n).

1.1 OQur Contributions

In this work, we provide sublinear-time approximation algorithms for minimizing quadratic
functions, assuming random access to the entries of the input matrix and the vector.
First, we consider unconstraind minimization. Specifically, for a matrix A € R"*" and
vectors d,b € R™, we consider the following quadratic function minimization problem:
nelkn U, A,d,6(v), where ¥, 4.45(v) = (v, Av) + n (v, diag(d)v) + n (b, v) . (1)
sERP
Here diag(d) € R™*™ is a matrix whose diagonal entries are specified by d and (-, -) denotes
the standard inner product.

» Theorem 1. Fix € > 0 and let v* and z* be an optimal solution and the optimal value,
respectively, of Problem (1). Let S be a random set such that each index i € {1,2,...,n} is
taken to S independently w.p k/n with

2 o(1/€%)
k:maX{O <10g2n>7(1> } .
€ €

Then, the following holds with probability at least 2/3: Let ©* and Z* be an optimal solution
and the optimal value, respectively, of the problem

i v
Jin V18], Al5.d]s.bls (V) 5

where -|g s an operator that extracts a submatriz (or subvector) specified by an index set S.

Then,
15115 [lv* 113
S 6Lmax{|5’|2’712 s

1 1
- 722*
n

|52

where L = max{max; ; |A;;|, max; |d;|, max; |b;| }.

Recently, Hayashi and Yoshida [10] proposed a constant-time sampling method for this
problem with an additive error of O(eLK?% n?) for K., = max{||v*||c,||?*||oc }, Where v* and
©* are the optimal solutions to the original and sampled problems, respectively. Although
their algorithm runs in constant time, the guarantee is not meaningful when K. = w(1)
because the optimal value is always of order O(Ln?). Theorem 1 shows that we can improve
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the additive error to O(eLK2n?), where Ky = max{|v*|2/v/n, |9*||2/+/5}, as long as the
number of samples s is polylogarithmic (or more). We note that we always have Ky < K
and the difference is significant when v* and ©* are sparse. For example, if v* and ©* have
only O(1) non-zero elements, then we have Ky = O(K/+v/$). Our new bound provides a
trade off between the additive error and the time complexity, which was unclear from the
argument by Hayashi and Yoshida [10].

Moreover, we consider minimization over a sphere. Specifically, given a matrix A € R™*",
vectors b,d € R™ and r > 0, we consider the following quadratic function minimization
problem over a sphere of radius r:

min "/’n,A,d,b(U) . (2)

vif|vfly<r
We give the first sublinear-time approximation algorithm for this problem.

» Theorem 2. Let v* and z* be an optimal solution and optimal value, respectively, of
Problem (2). Let € > 0 and let S be a random set such that each index i € {1,2,...,n} is
taken to S independently w.p k/n with

2 o(1/e*)
k—maX{O <log2n>7<1> } .
€ €

Then, the following holds with probability at least 2/3: Let ©* and Z* be an optimal solution
and the optimal value, respectively, of the problem

min__ sy ajs,d|s,bls (V) -

S
ol </ Elr
Then,

eLr?

)

1

1 .
e <

n
where L = max{max; ; |A;;|, max; |d;|, max; |b;| }.

We can design a constant-time algorithm for (2) by using the result of [10], but the resulting
error bound will be O(eLr?), which is n times worse than the bound in Theorem 2.

The proofs of Theorems 1 and 2 rely on a novel decomposition theorem of matrices, which
will be discussed in Section 1.3. As another application of this decomposition theorem, we
show that for any (small) ¢, we can approximate the ¢-th largest singular values of a matrix
A€ [—L,L"™™ (denoted o4(A)) to within an additive error of O(L+/etnm) in time

log? n, log? 1) 00/
maX{O max{log“ n,log” m} e } '
€2 €

Our algorithms are very simple to implement, and do not require any structure in the input

matrix. However, similar results (with better running time) can be obtained by applying
known sampling techniques from [8]. Formally, we prove the following.

» Theorem 3. Given a matriz A € [—-L,L]"*™, e € (0,1), let

2 2 o(1/€?)
k = max {O <max{10g ;@,log m}) ; (1) } .
€ €

Then, for every t = O(k), there is an algorithm that runs in poly(k) time, and outputs a
value z such that with probability at least 2/3,

lo¢(A) — 2| < LV etnm.
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We note that since the oy(A) < L,/™= (see Fact 5), the relative error the algorithm achieves
is at least /€ - t. Therefore, to get meaningful approximation, one must have that /e -t < 1.
So, if we wish to set € = O(1) then we must have t = O(1). We refer the reader to the full
version for the singular values algorithms and their analysis.

1.2 Related work

In machine learning context, Clarkson et al. [5] considered several machine learning opti-
mization problems and gave sublinear-time approximation algorithms for those problems. In
particular, they considered approximate minimization of a quadratic function over the unit
simplex A = {x € R" | z; > 0, ), x; = 1}. Namely, given a positive semidefinite matrix
A € R™™ ™ and b € R", they showed that it is possible to obtain an approximate solution to
mingea @' Az +x b (up to an additive error of €) in O(n/€2) time, which is sublinear in the
input size ©(n?). In contrast, our algorithms run in polylogarithmic time and are much more
efficient. Hayashi and Yoshida [11] proposed a constant-time approximation algorithm for
Tucker decomposition of tensors, which can be seen as minimizing low-degree polynomials.

In addition to the work of Hayashi and Yoshida [10] mentioned above, an additional line
of relevant work is constant-time approximation algorithms for the max cut problem on dense
graphs [6, 16]. Let Lg € R™*"™ be the Laplacian matrix of a graph G on n vertices. Then, the
max cut problem can be seen as maximizing (@, Lgx) subject to x; € {—1/y/n,1/y/n}, and
these methods approximate the optimal value to within O(en). Our method for approximating
the largest singular values can be seen as an extension of these methods to a continuous
setting.

1.3 Techniques

The main ingredient in our proof is a novel spectral decomposition theorem of matrices,
which may be of independent interest. The theorem states that we can decompose a matrix
A € R™™ into a structured matrix A%*" € R"*™ and a pseudorandom matrix APsd € R™*™
Here, A" is structured in the sense that it is a block matrix with a polylogarithmic number
of blocks such that the entries in each block are equal. Also, AP*! is pseudorandom in the
sense that it has a small spectral norm. Formally, we prove the following. For a matrix
A € R"*™ we define its max norm as ||A||max = Maxi<ij<p, Maxi<j<m [4ijl.

» Theorem 4. For any matrizx A € [—L, L]"*™ and 7y € (0,1), there exists a decomposition
A = AStT 4 APse with the following properties for N = \/nm:

o(1/+%)
) blocks, such that

1. ASt is structured in the sense that it is a block matriz with (%
the entries in each block are equal.

2. 4P, < ANL.

3. HASWHmax = L/’Yo(l)'

Our decomposition theorem is a strengthening of the matrix decomposition result of Frieze

and Kannan [7, 6]. In particular, they showed that any matrix A € R™"*™ can be decomposed

to Dy + -+ + Dy + W for s = O(1/+?%), where the matrices D; are block matrices and

IWlo < ynm||Allmax- Here, [[W]|¢ is the cut norm, which is defined as

max max E E Wi
SC{1,..n} TC{1,..., L £
C{1,...,n} TC{1,...;m} s jer



A. Levi and Y. Yoshida

By using a result of Nikiforov [20] that [|[W |2 = O(y/nm - [[W|lmax - [W]c) and the fact that
the Frieze-Kannan result implies [|W{|max < v/5||A|lmax, we get that [|[W|, = O(nm- || A||lmax),
which is too loose, and thus insufficient for our applications.

Given our decomposition theorem, we can conclude the following. When approximat-
ing (1) and (2), we can disregard the pseudorandom part AP*!. This will not affect our
approximation by much, since AP? has a small spectral norm. In addition, as AS*" consists
of a polylogarithmic number of blocks, such that the entries in each block are equal, we can
hit all the blocks by sampling a polylogarithmic number of indices. Hence, we can expect
that Als is a good approximation to A. To formally define the distance between A and A|g
and to show it is small, we exploit graph limit theory, initiated by Lovész and Szegedy [14]
(refer to [13] for a book).

2 Preliminaries

For an integer n we let [n] def {1,2,...,n}. Given a set of indices S = {i1,...,ix}, and
a vector v € R", we let v|g € R* be the restriction of v to S; that is, (v|g); = v;,, for
every i € [k]. Similarly, for a matrix A € R™™ and sets Sg = {i1,...,ikz} C [n] and

Sc =1{j1,--+,Jre} C [m], we denote the restriction of A to Sgr x Sc by Alspxs. € RFr*kc;
that is, (Alsgxsc)je = Aiji,, for every j € [kg] and £ € [k¢]. When Sgp = S¢ = S we
often use A|g as a shorthand for A|gxs. We use the notation = y + z as a shorthand for
y—z<zxz<y+=z.

Given a matrix A € R"*™ we define the Frobenius norm of A as ||A| = \/E(i,j)e[nlx[m] A3
and the maz norm of A as ||Al| .. = maX;e[m], jem] |4i;|. For a matrix A € R™*™, we let

o¢(A) denote the ¢-th largest singular value of A. It is well known that the largest singular
value can be evaluated using the following.

o1(A) = max | Ay, .

veR™: ||lv|[,<1
In addition, we state the following fact regarding the singular values.

» Fact 5. Let A € R™™™, and consider the singular values of A: 01(A) > ... > Omin{n,m}(A).

Then, for every 1 < £ < min{n,m}, go(4) < %.

3 Spectral Decomposition Theorem

In this section we will prove the following decomposition theorem.

» Theorem 6 (Spectral decomposition, restatement of Theorem 4). For any matriz A €
[~L, L]"*™ and v € (0,1), there exists a decomposition A = A% + APd with the following
properties for N = y/nm:

3/*
1. A% s structured in the sense that it is a block matriz with O ((,Ylw) ) blocks, such

that the entries in each block are equal.
2. ||APsd||ly < 7TYNL.
3. | A% | max < 2 L.
v

The above theorem will serve as a central tool in the analysis of our algorithms. The fact
that A% is a block matrix with polylogarithmic number of blocks, such that the entries in
each block are equal, implies that by using polylogarithmic number of samples, we can query
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(with high probability) an entry from each of the blocks. In addition, the fact that AP*d has
a small spectral norm allows us to disregard it, which only paying a small cost in the error of
our approximation.

In order to prove the theorem, we introduce the following definition, two lemmas and a
claim.

» Definition 7. We say that a partition Q is a refinement of a partition P = {V4,...,V,},
if @ is obtained from P, by splitting some sets V; into one or more parts.

» Lemma 8. Given a matriz 121 € [-L,L]™™ and v € (0,1), there exists a block matriz
ASTT ¢ RYX™ ith O ((7{0)3/7 > blocks such that the entries in each block are equal and
|A— A%, < TyNL, where N = /nm.

In order to prove Lemma 8, we will need to prove the following.

» Lemma 9. Given a matriz A € [—-L,L]"*™ andy € (0,1), let A" =3, < np ot (v .
Then, ||A|max < ,y%

Proof. Assume that A has s singular values such that oy > yNL. For any ¢ € [s], let
M; = opu‘(v?)T, and let B denote Y, or<yNL oeu(v9) . Then, we can write A as,

A= ()T + - ot (v + Z o) =M+ + M, +B.
A 0: 0¢p<yYNL

Consider any £ € [s], (i,7) € [n] x [m], and let 3 e |oufvl].
Let cf denote the j-th column of the matrix A. So, c}“ = cj.wl + o+ c;-wS + cf. For any

lels], cjw is perpendicular to CJB and all {c;»wt}t such that ¢ # ¢, and thus,

M

4 > ”Cj

lle;

4
il

", = locu'y;

14
illy = oelvjl -

Let 7#* denote the i-th row of the matrix A. Then similarly, we have |[r#||, > op|u], and it
follows that Hc;-‘||2H7°iA||2 > 003l
On the other hand, since A € [—L, L]"*™, we have ch‘HQ < /nL and |r|, < vmL,
and therefore,
(< vnmL? < vnmL? L

ﬁ” o - ANL _;'

By the fact that s < 7%, we get that ||A||max < 7%, which concludes the proof. <

With this lemma at hand, we are ready to prove Lemma 8.
Proof of Lemma 8: Recall that A can be written as,

A= Zaguz(vé)—r ,
¢

where 01 > -+ > Opinfn,m} = 0 are the singular values of A and ul,. .. umin{nm} e Re
and v!, ... v™{mmt ¢ R™ are the corresponding left and right singular vectors. If we let
A’ be such that

A/ — Z O_Zué(vE)T ,

l:0p>yNL
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then we have that W

3/2
Next we show the existence of A5, which is a block matrix (with O ((#) ! ) blocks),

<yNL for any x € R™.

such that A'" has the same value on every block. We construct A" as follows.

Let ¢ = €(7) be determined later and let J = 712 Let 6, % 7o and T o (%)3/27 and
partition the interval [0, 1] into buckets BY,..., By, Bl ., such that
n, def n def
B = [(t = 1)6n,tén) Yt € [T] and Bfrge = [V J/en, 1] .

For every u’ such that o, > YNL, we define a partition P4 = {me e Pf%’T, Y4} of the
indices in [n] so that Pf, = {i € [n] | |uf| € B'} for each t € [T] and X% = {i € [n] | |uf| €
B eet- We eliminate emptysets from P4 if exist. Note that by the definition of %% we

have that |S%| < en/J. Next, for every £ such that oy > YN L, we define 4 as follows.

az _ O’ if ‘Uﬂ € Bﬁargc ? .
’ St — 1), if |uf| € B for some t € [T7] .

Next, let Xr = Uy, 5 N1 %% and let Pg be a partition of [n] \ ¥g that refines all {Pf, |
P}, # 0} for which £ is such that oy > YNL.

Similarly define #¢ from v’ by setting 6,, = ﬁ, and defining Pé = {Pé,17 ceey PéT, Eec}
analogously for each £. Let ¥c = U, > nr Y% and let Pc be a partition of [m] \ Y¢ that

refines all {Pét | Pét # ()} for which ¢ is such that oy > YN L.
Define,

def NN def
AN (9T and AP A g
l:0¢>yNL

By Fact 5 we have that o, < N—\/% for all /£ > 1. Therefore, we can have at most

3
J = 1/~? indices such that oy > yNL. Thus, the partition Pg satisfies |Pgr| < <(%) 272) =

) (3/2v%)

(3/27%)
( ! ) . Similarly, we have |P¢| < (i . Therefore, the resulting matrix is a

y2e y2e
3

block matrix with O ((#) 72) many blocks, such that all the entries in each block are the

same. We refer to Pr and Pc the row partition of ASY™ and the column partition of AS®
respectively.
Next, we have that

S str 2 str 2
[AP | = [(A = A |]3 < [I(A = Azl + (A" = A
2 Str 2
< PNZL |l + (A" — AT )zl -
Consider the “error” term ||(A" — As“)a:H;.

I = Az} < e} Y (Azj—Aiérf:llwllS( > (A -y’

('L’J)e[n]x[m] (i,j)einic

D S D DY —AW)’

(i,§))E(CrRXEc)U(ERXZC) (4,7)EXRXXC

where SR = [’FL} \ER and ic = [m} \Ec.

APPROX/RANDOM 2018
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We analyze each of these terms separately. First, note that

2
str 2 Al A
(A=A =1 D oelujv] —afof)
L:iop>yNL
So,
2
str 2 A
Yo (A= Y > ou(ufvf — o))
(i,j)GiRXEC (i,j)eiRXic Lop>yNL
2
(%) 2\/€
= Z |\ N >, o
(1,5)ESR XS L:op>yNL
(%) 2 272
< Z 2#2]\[[1 <166NL .
- —~ _\N v /) 7 7
(1,J)€EERXZc

Here, () follows from the fact that for two indices i € $g,j € E¢ we have that a{0f =

(uf + 5n)(vf +0m) < ufvf + %ﬁ (x*) follows from the fact that there can be at most 1/~>
indices ¢, such that oy, > yNL, and therefore

1/~° /7
NL 2NL
YDIRED L) SECEE LY ®
l:op>yNL /=1 =1

Next, we have that,

Str 2
> (4% — 435)

(1,/))E(ZRXZ)U(ErXZc)

= 2 D oslufv] - afd)

(i,)) E(CrRXZc)U(Erx2c) \Loe>yNL
2 272
(k%) 7\ 2 L 2¢eN“L
- > (45)" < > (73) <=
(1) E(FRXEc)U(Er*20) (1.1) (SR X Ze)U(SrxBo)

Here, (* x *) follows from the fact that when one of the indices is in ¥ or X we set the
corresponding entry in the rounded vector to 0. In addition, the last inequality follows from
the fact that when we remove the lower singular part of the matrix, we can only increase the
value by at most factor of 1/93 (see Lemma 9). Finally,

oA Yy > ou(ufvf —afoh)

(1,1))ELR X (i,))€SrxSe \Lioy>yNL

= Z (A’,,)2<ﬂ
i =

6
(i,j)EERXEC ’y

Combining all the three terms and setting € = 8 gives,

N2 5 (16  2e €2 2
I = 2l < ol (5 + %+ 55 ) W22 < 107232

’)’6
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Therefore, we get that,
T 2 str 2
I(A = A*)z |3 < 2[(A — A)af; + 2[| (A" — A )|
<2V NL2||@|[; + 199 3N L%) < 4093 || |;NPL2

and the lemma follows.
We are left with bounding the max norm of AS%.

A

» Claim 10. Given a matriz A € [—-L,L]"™™ and v € (0,1), let A5 € R"*™ be the block

approximation matriz defined above. Then, ||ASY || max < %

Proof. By the definition of A%" we have that |A${'| = |>2,.,,> nr o0} By the definition

of the rounding process, we have that for every i € [n] we have that |a¢| < /L =

en 5
1

B

(recall that J = 1/+? and € = 4®). Similarly, for every j € [m] we have that [0%] < ~
Therefore,

1 2L
str NN
|A | = Z oel; V5] < ~10N o < ﬁ )
£:0>yNL £:0,>yNL
where the last inequality uses (3). <
Proof of Theorem 6: The proof follows directly from Lemma 8 and Claim 10. |

4 Dikernels and Sampling Lemmas

In this section we will formalize the idea that A|s,xs. is a good approximation of A when
Sk and S¢ are uniformly random subsets of indices. (The proof for A|g, where S is uniformly
random subset of indices, is almost identical and we omit it.) We start by providing some
background on dikernels and their connection to matrices and then move on to proving our
sampling lemmas.

4.1 Dikernels and Matrices

We call a (measurable) function f: [0,1]> — R a dikernel. We can regard a dikernel as a

matrix whose index is specified by a real value in [0 1]. For two functions f,g: [0,1] — R,
we define their inner product as (f, g) def fo x)dx. For a dikernel A : [0,1]> — R and
a function f : [0,1] — R, we define the function .Af [0 1] = Ras (Af)(z) = (A(z,-), f). In

addition, we define the spectral norm of A as || A, ef SUPy. 0,1] R Hﬁ%‘lz, and the Frobenius
’ 2

norm of A as || Al - o \/fol fol A(z,y)2dzdy.
For an integer n € N, let I = [0, ], and for every 1 < k < n, let I} = (&2, £]. For
€ [0, 1], we define " (x) as the unique integer k € [n] such that x € I}

» Definition 11. Given a matrix A € R"*™  we construct the corresponding dikernel A as
A(z,y) = Ain(2),im(y)- In addition, given two sets of indices Sk C [n] and S¢ C [m], when
we write A|sy xsq, we first extract the matrix A|g,xs. and then consider its corresponding
dikernel.

The following lemma shows that the spectral norms of A and A are essentially the same up
to normalization. The proof can be found in Appendix A.1.

g

17:9
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» Lemma 12. Let A € R ™ be a matriz. Then, we have

vy _ o IASl

m 2 2
veR™ v roa-r [Lfll;
» Corollary 13. Let A € R™*™ be a matriz. Then,
[Ally = vnm - [ Al -
Proof. The proof is immediate by the definition of the spectral norm and Lemma 12. <«

» Definition 14. Let p be a Lebesgue measure. A map 7: [0, 1] — [0, 1] is measure preserving
if the pre-image m~!(X) is measurable for every measurable set X and p(7~ (X)) = u(X).
A measure preserving bijection is a measure preserving map whose inverse map exists and
is also measurable. For a measure preserving bijection 7 and a dikernel A, we define the

dikernel w(A), as m(A)(z,y) = A(n(z), 7(y)).

4.2 Sampling Lemmas

In this subsection, we will prove that given matrices Ay, ..., Ay € [-L, L]"*™, we obtain a
good approximation of their corresponding dikernels, by sampling a small number of elements.
The next lemma states that there is a way to “align” the sampled matrices with the original
matrices. We refer the reader to Appendix A.1 for the full proofs.

» Lemma 15. Given matrices Ai,...,Ar € [—L,L]"*™ and v € (0,1), let A§'",... A"
be the block approximation matrices as in Lemma 8. In addition, for t € [T], let Pﬁt =
(V.. VAY and AT = (V... VA } be the row and column partitions of Af™ (from
Lemma 8). Let Sg be a set of size sg, generated by picking each element in [n] independently
with probability kr/n, and let Sc be a set of size sc, generated by picking each element in
[m] independently with probability ko /m for some kg, ke > 0.

Then, there exists a measure preserving bijection m: [0,1] — [0,1] such that for every
t € [T)]

L /pT/Q qT/2
str str — — . —_—
SR]:ESC “|At 7-‘-(“415 |SR><SC)||2] 0 (711 max ( 5}%/2 5 510/2 .

In the following lemma we prove concentration around the mean.

» Lemma 16. Lety > 0, and A;,..., Ap € [—L, L]"*™. Let Sg be a set generated by picking
each element in [n] independently with probability kr/n and let S be a set generated by
picking each element in [m] independently with probability ko /m for some kg, ke > 0. Then,
with probability at least 89/100 there exists a measure preserving bijection 7: [0,1] — [0, 1]
such that for every t € [T,

81 81 41 1
[Ae — 7 (Aelspxse) g < 210vLT + 10LT \/ 8 | \/ g™ \/ e og™
ko kr krkc

+O(/;T<1>ff2 11
it \ 210 rmax | s g | |
Y\ k4 kY

where N = y/nm.
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Algorithm 1 Minimization Algorithm(A, n, €, k).

: Let S C {1,2,...,n} such that each index i is taken to S independently w.p k/n.
if |S| > 2k then
Abort

return min,cgis| ¥|s|,A|s,d|s,b|s (V)-

L

5 Applications

5.1 Quadratic Function Minimization

In this section, we show that we can approximately solve quadratic function minimization
problems in polylogarithmic time.

Recall that we are given a matrix A € R"*"™ and vectors d,b € R", and consider the
following quadratic function minimization problem:

fel%RI}L U, A,d,6(V), where ¢, 4 q46(v) = (v, Av) + n (v, diag(d)v) + n (b, v) . (4)
Here diag(d) € R™*™ is a matrix whose diagonal entries are specified by d.

First, we describe our algorithm for minimizing quadratic functions. We first sample a set
of indices S C {1,2,...,n} with each index included with probability k/n, where k is some
constant. If |S| is too large, we immediately stop the process by claiming that the algorithm
has failed. Otherwise, we solve the problem on Alg, d|s, b|s and then output the optimal
solution. The detail is given in Algorithm 1.

Due to our extensive use of dikernels in the analysis, we introduce a continuous version
of problem (4). The real valued function ¥, 4 45 on function f: [0,1] — R is defined as

Uyoaap(f) = (f, Af) + (f*,D1) + (f,B1) ,

where D and B are the corresponding dikernels of d-1T and b-1" respectively, f2: [0,1] — R
is a function such that f2(x) = f(z)? for every x € [0,1] and 1: [0,1] — R is the constant
function that has the value 1 everywhere.

In order to prove Theorem 1, we prove that the minimizations of ¥, 4.4, and ¥, 4.4.p
are essentially equivalent. The proof of the lemma can be found in Appendix A.2.

» Lemma 17. Let A € R™*™ and b,d € R™. Then, for anyr >0

min = ¢Yn 4.4p6(v) = n?. inf Uy aap(f).
vif|vf[,<r Flfll.< =

With the above lemma, we are ready to prove our main result.
Proof of Theorem 1: By applying Chernoff bounds, we have that with probability at least
1 —0(1), the size of S is at most 2k. As before, we apply Lemma 16 with v = O(e),

2 o(1/e*)
k:maX{O <10g2n>7<1> } )
€ €

and Sc = Sk = S3. Then, with probability at least 2/3 there exists a measure preserving
bijection 7: [0,1] — [0, 1] such that for any function f: [0,1] — R,

max {| (f, (A = w( AN | [ (1, @ = =@1s) ) || (1. B = =Bl A [} < L1712
3

3 We note that in this case, the sets Sk and S¢ are dependent. However, the proof of Lemma 16 can be
easily modified to the case where the matrix is in [—L, L]"*™, where for this case Sp = Sc = S.

17:11
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17:12 Sublinear-Time Quadratic Minimization via Spectral Decomposition of Matrices

Algorithm 2 Minimization Algorithm Over a Ball(4, n, €, k, 7).

1: Let S C {1,2,...,n} such that each index i is taken to S independently w.p k/n.
2: if |S| > 2k then

3: Abort

4: return mmHszS ﬁ%rw|s|7A‘S,d|s7b|s(v).

Let R = max { 1o7lly vl } Then, by using Lemma 17:

VIs|T Vn
F = min Pis|,als.d)s.bls (V) = ere Dis),Als.dls bls (V)
=S f:”IJ{lllifSR\I’|S|,A\s,d|s,b\s(f)
=157+, min {(F.(x(Als) = A) ) & (£, Af) +(f (v(Dls) = P)1) + (%, 1)

+ (£ (x(Bls) = B)1) + (£.B1) }

< 2 . 2 2
<1, min {(7AD) + (7% P1) 4 (7, B1) & LS5}
< |52 - in U, + eL|S|?R?

<19] P Adp(f) T el|S|

Eis . 2 192
== . min _ Y a.ap(v) £ eL|S|°R
n?  wivl,<vaR @) 151
_ W oo _ ISP

= - min ¥, 4,q46(v) £ €L|S|°R° =

n2  weRrn n?

2* +eL|S|*R?.

By rearranging the inequality and applying the union bound the theorem follows.
As a corollary we show that we can obtain an approximation algorithm for minimizing a

quadratic function over a ball of radius r with better error bounds compared than the one
obtained by Hayashi and Yoshida [10]. The proof of correctness is similar to the proof of

Theorem 1.

» Corollary 18 (Restatement of Theorem 2). Let v* and z* be an optimal solution and optimal
value, respectively, of minj, |, <, Yn.A,db(v). Let € >0 and let S be a random set generated
as in Algorithm 2 with

2 o(1/€%)
k:maX{O <10g2n>7(1> } )
€ €

Then, we have that with probability at least 2/3, the following hold: Let ©* and Z* be an
optimal solution and the optimal value, respectively, of the problem

min_ sy ajg,d|s,bls (V) -

ol </ Elr
Then,

eLr?

*
ot — 5% | < ;

Bk

‘1~* 1

n

where L = max{max; ; |A;;|, max; |d;|, max; [b;|}.
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A Omitted Technical Lemmas and Proofs

A.1 Dikernels and Sampling Lemmas

Proof of Lemma 12: Before starting the proof we introduce some notations and an important

2
observation. We note that supy.po 1jr % has a minimizer, since the objective function is
; 12

weakly continuous and we may assume that || f||, < 1 which is weakly compact.

For every z € [0,1] and j € [m], we let A(z, I7") = A (y);. Also for every (i, j) € [n]x[m],
we let A(I]', IT") = Ayj.
A3
lvll3
v € R™, we define the function f:[0,1] — R as f(z) = v;m(5). Then,

2
< nm - SUPyip 1R %. Given a vector

We start by showing that max,cgm

2

1
Al y)f )dy) o= [ |2 [ Awwiwiy) i
JEM] i

v
/;( Ala, I, de Z ZAI,",I;”

ZG[n] JG[m]

ISl =

1 1 2
= E A; =——||A )
n V5 anH v|l;

i€[n] ] €[m]

In addition,

Hf||2—/ f(w)2de = 2/ fde =L 3 02 = L.

Jj€[m] JE[m]

2 012
Next, we will prove that max,egm ”‘ﬁﬁllk > MM - SUP f,0,1] R % Let f:[0,1] — R be
2 ’ 2

a measurable function. Then, for any « € [0, 1], consider the partial derivative,

0 AR _ IIE - aim I ALIE = AL - 7w 1115

of(@) |Ifl; 17115

Note that,
O jas=-2_apan =24
af(x) 2T f() ’ af(x) ’

where A*(z,y) = A*(y,x). So, for M = A* A, we have

Z M (@) £ (y)dy + Z/ M (), I7) f(y)dy -

j€lm] jetm) 71"

( yiA
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Therefore,
o |lAfI3
of (@) ||£II5
I (g Sy MU @) @)y + 3 g S MG (@), 1) (0)y)
- I1£115
20 ASll - f)
HE

Consider the optimal solution f*. By the form of the partial derivative, it holds that
f*(z) = f*(#') for almost all z,2" € [0,1] such that i,(2) = i,(2"). That is, f* is almost
constant on each of the intervals I7*,...,I)". Hence, we can define v € R™ as v; = f*(z),

where x is the dominant value in [;". Then,

2 2
HAng:Z Z A;jvj —nm/ Z/ Az, I7") f*(y)dy | dx
i€[n] \j€[m]
fnm/ (/ Az, y)f dy> dz = nm?||Af*|;
Moreover,
, 1
1= [ Pera= X [ rera- 3
0 jetm) 1 " jetm)
lAv|3 [EYiH

Therefore, we have max,cgm ol > NI - SUP .0 1] R Tz |
2 ! 2

Proof of Lemma 15: We first note that for any ¢ € [T], any refinement of the row or
column partitions of A$*" will give the same block approximation matrix A5*. Therefore, let
Pr = {Vi&, ..., VE} be a partition which refines Pél, e ,PéT and its size is P = O(p7).
Similarly, let Po = {VC, ..., VQC} be a partition which refines Pél, e ,PAT and its size is
Q= 0(q").

We denote by z!* the number of elements of Sk that falls into the set V,. Then,

%[%R] = sp - p(V") and Var[z{'] = u(Vi)(1 - w(V;%))sr

Similarly, we denote by z the number of elements of S¢ that falls into the set VC Then,

SFé[ZjC] =s¢ - (V) and Var[z§] = u(V) (1 — u(VS))sc

We next construct a measure preserving bijection. We define the following two partitions
of the [0,1] interval.

Let {V{¥',...,VE'} be a partition such that u(V;®) = 28/sg and u(VENVE) =
min(u(V;R), 28 /sg), and let {VC', ..., VQCl} be a partition such that ,u(VjC/) = 2§ /sc and
nw(VE N Vjcl) = min(u(V,), 2§ /sc). We construct the dikernel Y : [0,1]* — R such that
the value of Y on VR/ X VC/ is the same as the value of A%*" on V! x Vjc. Therefore, the

dikernel Y agrees with AS“ on the set Y = U jyerpx o (Vi N VR x (VENVE'). Then,

APPROX/RANDOM 2018
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there exists a bijection 7 such that m(A%"|s, xs.) = V. Then,

0 <1 | o (w00 ) | 5 mm( C>

SR

i€[P] JElQ]

1 R 2 1 c JC
=1— (1= |uViH == [ 1=5 D |w(v) - =+

2 ) SR 2 A ScC

i€[P] J€E(Q]

R\ 2 1/2 c o\ 1/2

< max P - , &
< > (-2 ) (e (w-E)

i€[P] JE[Q]

Therefore, we have that

(1—p(Y))> <max{ Py (u(VR) - zR) Q> < C>2
1€[P] R

Jj€lQ]

Taking expectation (over the choice of Sk and S¢) yields,

(B, (1 ()] < max W?C \E,) .

Let U = A" — Y and Consider a corresponding matrix U. U is an N x M matrix,
where N = lem(n - u(VEAVE ), ce T u(VIf‘AV}?)) and M = lem(m - u(VchVlc/), ce, M-
n(V§ AV ")). By Claim 10, the absolute value of an entry in the matrix A% is bounded by
—2_L, and thus the absolute value of an entry in U is bounded by %L

Then,

N M
2
s B llTl3] < [IIUII E;U

< E |[NM(@1—uY))- U)2.
_SR’SC[ A=) mex »J

< NM - U2. E [1—puY
- (i) EINIx (8] Savsc[ atel

4\ / [P
gNM~(H> L2~max< Q, )
Y Sc SR
Using Corollary 13 we get [||L{|| ] < 11 max( / T//; / f/f), and the lemma
Rv

follows.

In the remaining part of the subsection we will prove Lemma 16. In order to prove the
lemma we introduce the following result regarding a random submatrix from [22] section
5.2.2.

» Lemma 19. Given a matriz A € [—L,L]"*™, let P = diag(x1,-..,Xn) be the diagonal
matriz where {x;}’s are Bernoulli(kgr/n) random variables for kr > 0. In addition, let
R = diag(&1,...,&m) be the diagonal matriz where {&;}’s are Bernoulli(kc/m) random
variables for ko > 0. Then,

3kr - ke
nm

E[|PAR|3] < |A||2 + 2krL?logn + 2kcL? logm + L lognlogm .
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The above lemma shows that a random submatrix of size roughly kg X k¢ gets its “fair share”
of the spectral norm of A.

Proof of Lemma 16: Since Sr and S¢ are set of indices generated by choosing each index
to Sg (or S¢) with probability kr/n (kc/m), we have that with probability at least 99/100,

|SR| > kR/Z and |Sc| > kc/2 .

We henceforth condition on that.
For any measure preserving bijection 7 : [0,1] — [0,1], and ¢ € [T] we have

B[4 = 7(Adsaxso)lla) < 40— AP+ B[4 — 74 |5 )
RyOC RyOC

+SES [”ﬂ-(Aitr‘SRXSC) 77T(At|SRXSC)||2] .
R,SC

Where A$' is the matrix obtained by Lemma 8.
By Lemma 8 and Corollary 13, we have that for any t € [T

A = Al < 7yL

3/4° 3/°
By the facts that |Sg| > kr/2, |Sc| zkc/Q,sz((vlw) ) andqu((ﬁg) ),
Lemma 15 yields that for any ¢ € [T7:

3T
L 1\ 2 1 1
str str — . _
SR:,I?SC [”At - 7-‘-("415 |SR><Sc)H2] =0 (711 (710> max <k11_2/4’ ké/4>>

We are left with bounding < ES (7 (A5™ [ spxse) — T(Atlsnxse)llo)- We apply Lemma 19
R,9C

on (AS" — Ay)|spxse to get

str 2
E (1045 = A)lsnxsclls]

Skr,Sc
3kc kR st 2 2 2 2
< ——— || A% — A5 + 2L%kgr log n + 2L%kc log m + L= lognlogm
nm
ke - k
< SRCCRR 1672 L%nm + 2L%kg logn + 2L%ke logm + L? lognlogm
nm

< 4A8L2%~%kp - ko + 2L%kglogn + 2L%kc logm + L? lognlogm ,
which implies that,
sE. [I(AF" = Ad)spxsels]

< TyL\/kc - kg + L/ 2krlogn + L+\/2kc logm + Ly/logmlogn .

By applying Corollary 13 and using the fact that the dimension of (A" — A)|s, xs. at least
kg - ko /4, we get

. 8logn 8logm 4logmlogn
str _ < .
s B (M2 spxse — Atlsaxsella] < 147L+L\/ . +L\/ . +L\/ [

Putting everything together,

8logn 8logm 4lognlogm
B (14~ w(Adsyesc)la) < 219+ 1 (/08" [Slom  [Hlognlog
Sr,Sc kc ]CR k’RkC

+O<L<1>ff2 <1 1))
~11 \ ~10 - max 1/4° ,1/4 :
Ay e/t kY
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By Markov inequality, with probability at least 9/107T,

kc kR kRkC

o <LT ( 1 >T 11
~10 TMAX N\ T T4 :
NG kp~ kd

By using a union bound the lemma follows. |

81 81 41 1
e — m(Adl s 50 < 2109LT + 10LT (\/ ogn+\/ ogm ogn ogm)

A.2 Quadratic Function Minimization

Proof of Lemma 17: In contrast to the proof of Lemma 12, in this case we have to deal
with constrained optimization, and therefore must consider the KKT optimality conditions.
We start by showing that min"“”””zﬁ’" ¢n,A,d,b(v) > n? - infﬁ”f“zfﬁ \I’n,A,d,b(f)- Given a
vector v € R™ such that |lv[|, < r, we define the function f : [0,1] — R as f(z) = vin(a)-
Then,

(AN= Y / Al )/ )dedy =~ (v, Av)

i,j€[n

(f2,p1)= > / dif(z)%dady = ~ <'v diag(d)v)
ijeln) V115

By = Y / (S ()drdy = (v,b)
i.j€ln] ’"

In addition,

2

1 2 1 2 T
2= [ s = S [ i3 v = ol <

J€[n] J€[n]

Next, we show that min,. |y, <, U, 4,d6(V) < nzoinff:”szSﬁ U, a,a,6(f). First, we note
that the latter problem has a minimizer f : [0,1] — R because it is weakly continuous and
coercive (See, e.g., [21]). According to the generalized KKT conditions (see, e.g., Section 9.4
of [15]), there exists A such that:

(Stationarity) %@\I/n’A’db(f*(x)) - /\af*L(m)(”f*”Q —1r/y/n) =0 for almost all z.
(Primal feasibility) || f*||, —r/v/n <0
(Complementary slackness) A - (|| f*||y —r/v/n) =0

The stationarity condition yields:

0 0

W\I’n,fx,d,b(f*(ﬂf)) - ﬁ(\\f*ﬂz —r/Vn)

—Z/ A £ @y + Y [ Ainioy )y + 2o (5) 4 by = 20 (0).
1en JEN " i

By the form of the partial derivatives, f*(z) = f*(z’) for almost all z, 2’ € [0, 1] such that
i"(z) =14"(%’). That is, f* is almost constant on each of the intervals I}, ..., I'?. Therefore,
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we define v € R" as v; = f*(x), where z is the dominant value in I7'. Then,

(v, Av) Z Auvlvj—n Z In/n Aiif*(x (y)dzdy = n® (f*, Af*) .

i,j€[n i,j€[n]

(v, diag(d Zdv —nz )Y2dz = n((f*)?,D1) .

(v,b) vaz—nZ/bf )dxz = n (f*,B1).

i€[n]
In addition, || f*[3 = [y f*(x)%dz = ) Jip £ (@)%dx = Loy < z
Hence, we get that
min - Y aap(v) <n®-  inf U, 4 4p(f),
villvfl<r @) Fillfl <2 (f)
and the lemma follows. <
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