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—— Abstract

In this paper we investigate the (effective) dimension spectra of lines in the Euclidean plane. The
dimension spectrum of a line L, 3, sp(L), with slope a and intercept b is the set of all effective
dimensions of the points (z,ax + b) on L. It has been recently shown that, for every a and b
with effective dimension less than 1, the dimension spectrum of L, contains an interval. Our
first main theorem shows that this holds for every line. Moreover, when the effective dimension
of a and b is at least 1, sp(L) contains a unit interval.

Our second main theorem gives lower bounds on the dimension spectra of lines. In particular,
we show that for every « € [0,1], with the exception of a set of Hausdorff dimension at most «,

. . . . dim(a,b :
the effective dimension of (x,ax + b) is at least a + % As a consequence of this theorem,
using a recent characterization of Hausdorff dimension using effective dimension, we give a new

proof of a result by Molter and Rela on the Hausdorff dimension of Furstenberg sets.
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1 Introduction

This paper is concerned with the algorithmic dimension of points on a given line in the
Fuclidean plane. The most well-studied algorithmic dimensions for a point x € R™ are
the effective Hausdorff dimension, dim(zx), and its dual, the effective packing dimension,
Dim(z) [3, 1]. Given the pointwise nature of effective dimension, it is natural to consider the
dimension spectrum, sp(A), of a set A C R™, which is defined to be the set of dim(x) for all
x € A.

In this paper, we study the behavior of sp(Lg ), where Lg  is the line with slope a and
intercept b. Turetsky [13] gave the first result on the dimension spectra of lines, showing
that, for every n > 2, the set of all points in R™ with effective Hausdorff 1 is connected,
implying that 1 € sp(Lq). It was then asked by J. Lutz, with the expectation of a negative
answer, if there were lines in the plane whose dimension spectrum was the singleton {1}. N.
Lutz and Stull [9] showed that this cannot happen by proving the following theorem.

» Theorem 1 (N. Lutz and Stull [9]). For all a,b,z € R,
dim(z, az + b) > dim®*(z) 4+ min{dim(a, b), dim**(x)} .

Theorem 1 implies that, when dim(a,b) < 1, the dimension spectrum of L, ; contains the
interval [2dim(a,b),dim(a,b) + 1]. With this result, it is natural to conjecture that the
dimension spectrum of every line L, ; contains an interval. Indeed, in a recent survey on
effective dimension, N. Lutz [7] proposed the question of whether every line L,; has a
dimension spectrum containing a unit interval. Building upon the techniques of [9], N. Lutz
and Stull [10] showed that this is the case for a restricted class of lines.
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Table 1 Previously known results about the dimension spectra of lines.

Ya,b 1 € sp(Lay)

[13]

dim(a, b) =2 sp(Lap) = [1,2]

dim(a,b) > 1 sp(Lq,b) infinite
[10]

dim(a,b) =d <1 [2d,1+ d] C sp(La,b)

[9]

dim(a,b) =0 sp(La,p) = [0, 1]

dim(a,b) = Dim(a,b) =d | [min{l,d}, 1+ min{1,d}] C sp(Lq,s)

[10]

» Theorem 2 (N. Lutz and Stull [10]).
1. If dim(a,b) = Dim(a,b), then sp(Lqp) contains a unit interval.
2. If dim(a,b) > 1, then sp(Lqp) is infinite.
The second item, combined with Theorem 1, shows that for every line L, p, the dimension
spectrum of L, ; is infinite. Table 1 gives a summary of these results.

The question of whether the dimension spectrum of every line contains an interval has
remained open. Our first main theorem settles this question.

» Theorem 3. Let (a,b) € R? such that dim(a,b) > 1. Then, for every real number d € [0,1],
there is a point x such that

dim(z,ax +b) =1+ d.

Our second main theorem deals with providing lower bounds on the dimension spectrum of a
given line in the plane. The previously discussed theorems have all focused on results proving
that the spectrum of a given line contains certain values. However, very little is known about
the lower bound of sp(L, ) for arbitrary lines L, ;. Our second main theorem gives a lower
bound of the spectrum of arbitrary lines, disregarding a set of small Hausdorff dimension.

» Theorem 4. For every a,b € R and a € (0,1), the set

A:{x|dim(m,am+b)§a+w}

has Hausdorff dimension at most «.

Apart from being intrinsically interesting, the study of the effective dimension of points
on a line has strong connections to important problems in the field of Fractal Geometry.
This connection is mediated by the following theorem relating the two notions of the effective
dimension of points with the Hausdorff and packing dimension of sets.

» Theorem 5 (Point-to-set principle [4]). Let n € N and E C R™. Then

dimy (E) = min sup dim” (z), and
ACN z€E

dimp(E) = min sup Dim” (z) .
ACN z€E
Recent work has used effective dimension and the point-to-set principle to prove new results
in Fractal Geometry [6, 8]. In particular, the point-to-set principle combined with Theorem
1 gives improved lower bounds on the Hausdorff dimension of a certain class of Furstenberg
sets [9], an important open problem in Fractal Geometry (see Section 5 for definitions). As
our final result, we show that our second main theorem, Theorem 4, gives a new proof of a
result by Molter and Rela [12] on the dimension of Furstenberg sets.
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2 Preliminaries

2.1 Kolmogorov Complexity in Discrete Domains

The conditional Kolmogorov complezity of o € {0,1}* given 7 € {0,1}* is

K(o|r) = wer?oi,rll}* {U(m):U(m,7) =0},

where U is a fixed universal prefix-free Turing machine and £(7) is the length of 7. Any 7
that achieves this minimum is said to testify to the value K (o|7). The Kolmogorov complexity
of o is K(0) = K(o|\), where A is the empty string. An important property, due to Levin,
of Kolmogorov complexity is the symmetry of information:

K(o|r,K(7))+ K(1) = K(7|o, K(0)) + K(o) + O(1).

Kolmogorov complexity extends naturally to other discrete domains (e.g., integers, rationals,
etc.) via standard binary encodings.

We will also frequently use relativized Kolmogorov complexity. Letting U be a universal
oracle machine, we may relativize the definition in this section to an arbitrary oracle set
A C N. The definitions of K4(o|7) and K“ (o) are then identical to those above, except
that U is given oracle access to A.

2.2 Kolmogorov Complexity in Euclidean Spaces

In this section we show how to lift the definition of Kolmogorogov complexity to Euclideans
spaces by introducing precision parameters [5, 4]. Let x € R™, and let r,s € N.}
The Kolmogorov complexity of x at precision r is

K, (z) =min{K(p) : p€ By—r(z)NQ™} .

The conditional Kolmogorov complexity of x at precision r given ¢ € Q™ is
K, (z|g) = min {K(plg) : p € By-+(x) NQ™} .

The conditional Kolmogorov complexity of x at precision r given y € R™ at precision s is
K, s(z]y) = max {[A(T(x|q) i ¢ € By—r(y) N Q"} )

We abbreviate K, ,(x|y) by K,(z|y).
We will frequently use the following lemma, which shows that increasing an estimate of a
point is at most linearly correlated with the number of extra bits.

» Lemma 6 (Case and J. Lutz [2]). There is a constant ¢ € N such that for all n,r,s € N
and ¢ € R™,

K.(2) < Kpys(z) < K. (2) + K(r) + ns + as + ¢,
where a5 = K(s) 4+ 2log([4 logn] + s + 3) + ([ logn] + 3)n + K(n) + 2logn.

In Euclidean spaces, we have a weaker version of symmetry of information.

L If we are given a nonintegral positive real as a precision parameter, we will always round up to the next
integer. For example, K. (z) denotes K. (x) whenever r € (0, 00).
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» Lemma 7 (J. Lutz and N. Lutz [4], N. Lutz and Stull [9]). Let x € R™ and y € R™. For all
r,s € N with r > s,

1. Ko(2,y) = Ko (aly) + Kn(y) + Oflogr).

2. K, (x) = K, s(z|z) + Ks(x) + O(logr).

As in the case of Kolmogorov complexity in discrete domains, we can relativize the
definitions of this section. We define KA(x) and K (x|y) as before, except we replace the
unrelativized complexity K with K4.

2.3 Effective Dimensions

Although effective Hausdorff dimension was initially developed by J. Lutz using generalized
martingales [3], it was later shown by Mayordomo [11] that it may be equivalently defined
using the Kolmogorov complexity of Euclidean points of the previous section. We will be
using this Kolmogorov characterization here as a definition.

The effective Hausdorff dimension and effective packing dimension of a point x € R™ are

dim(z) = lim inf K (@) and Dim(z) = limsup £ (@) .
T

rT—00 T r—00

Intuitively, these dimensions measure the density of algorithmic information in the point z.
Recently, J. Lutz and N. Lutz [4], developed the lower and upper conditional dimension of
points x € R™ given y € R"™, defined by

Ko (z]y) Ko (z]y)

dim(z|y) = lim inf —" and Dim(z|y) = limsup ———.
r—00 T r—o00 T

Again, we can relativize the definitions of this section. We define dim?(z), Dim” ()
dim? (z|y), and Dim“(x|y) as before, except we replace the unrelativized complexity K,
with KA.

Of particular importance in this paper is the complexity of a point x relative to another
point y, written KY(z). This is achieved by encoding the binary expansion of y into an oracle
A, C N in the standard fashion. We then write KY(z) for K (z). J. Lutz and N. Lutz

showed that KY(z) < K,(x|y) + K(t) + O(1) [4].

3 Dimension Spectra of Lines of High Dimension

3.1 Approach and Previous Work

In this section we state the technical lemmas that underlie the proof of our first main theorem
(Theorem 3). These lemmas were first stated and proved by N. Lutz and Stull [9, 10].

» Lemma 8. Let a,b,x € R, k € N. Suppose thatry,..., 1, €N, 0 € Ry, ande,my,...,nx €

Q4 satisfy the following conditions for every 1 < i < k.

1. r; > log(2la| + || +6) + 1.

2. K,, (a,b) < (771‘ + E) 5.

3. For every (u,v) € R? such that t = —log ||(a,b) — (u,v)|| € (1;_1,7:] and ux +v = ax +b,
K, (u,v) > (p; —e)ry + 8- (r; — t).

2 Lemma 8 is stated here in a slightly stronger form than the version of [10]. The proof, however, is nearly
identical. For completeness we give a proof in the Technical Appendix.
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Then for every oracle set A C N,
4
Kﬁ(a,b,x|x,ax+b) < ok (K(nl,...,nk) +K(e)+ grk + O(logrk)) .

We will briefly describe the intuition behind Lemma 8. For k = 1, Lemma 8 roughly states
that, if  and (a, b) satisfy the following properties, then we can compute an approximation
of (a,b) given an approximation of (z,ax + b).

1. K,(a,b) is small.
2. For every (u,v) such that ux + v = ax + b either

K, (u,v) is large, or

(u,v) is close to (a,b)
This follows outputting a (u,v) of low complexity such that ux + v = ax + b. Under the
above assumptions, any such pair must be close to (a,b), and so we can recover (a,b) with a
small amount of extra information. Roughly, when k£ > 1, we do this procedure iteratively.
That is, we begin by computing (a, b) to precision r; in the manner described above. Having
done so, we do the same procedure, except that we restrict to finding a pair (u,v) within
27" of (a,b), and so on. This is useful when we can only guarantee that K, (u,v) is large
when (u,v) is somewhat close to (a,b), which is the case in the proof of Theorem 3.

The next two lemmas will ensure that item (1) and (2) hold for a given pair (a,b).

» Lemma 9 (N. Lutz and Stull [9]). Leta,b,z € R. For all (u,v) € R? such that ux+v = az+b
and t = — IOg ||(a’7 b) - (u7v)|| € (Oa 7"],

Ko (u,v) > Ki(a,b) + K**,(z) — O(log ) .

» Lemma 10 (N. Lutz and Stull [10]). Let z € R", n € QN [0,dim(2)], and k € N. For all
r1,...,7x € N, there is an oracle D = D(r1,...,ry, 2z,m) such that

1. For everyt <ry, KP(2) = min{nry, K;(2)} + O(log )

2. Forevery1 <i<k,

Kf(z) =nry + Z min{n(r; —r;-1), Ky, »,_, (2| 2)} + O(log ) .
j=2

3. For everyt €N and z € R, K7 (2) = K7 (x) + O(logry,).

3.2 First Main Theorem

In this section we prove our first main theorem, Theorem 3. To do so, we will break the
proof into two cases. In the first we assume that, for arbitrarily long intervals, K,(a,b) is
arbitrarily close to 1. In this case, it is “locally” as if dim(a,b) = Dim(a, b), and we can use
a similar proof to that of Theorem 2 in [10]. This case is formalized in the following lemma,
whose proof if deferred to the appendix.

» Lemma 11. Let (a,b) € R? such that dim(a,b) > 1. Assume that, for every 7 > 0 and
every M € N there are infinitely many R € N such that

Ks(a,b) < (1+71)s,

for every natural number s € [R, MR]. Then, for every real number d € (0,1], there is a
point x such that dim(x, ax +b) =1+ d.
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Proof. Let d € (0,1]. For every n € N, let 7, = % and M,, = %. Let Ri,Rs,... be a
sequence of natural numbers such that the following hold.

1. 2R" < Rn+1.

2. For every n, R, satisfies the hypothesis for the choices of 7,, and M,,.

We now define a real number x such that
dim(z,azx +b) =1+d. (1)
Let y € R be a real number that is random relative to (a,b). That is, for every r € N,

K®(y) > r —logr.

_ (Mn-1)R,
- 2

For every n € N, define h,, . For every r € N, let

{0 if ;- € (d,1] for some n € N
xr] =

y[r] otherwise
where z[r] is the rth bit of 2. Define x € R to be the real number with this binary expansion.

We first claim that the dimension of (x, ax + b) is at most 14 d. For every n € N, by our
construction of x and choice of vy,

Ky, () = Kap, (x) + O(log hy,)
= Kan, (y) + O(log hy,)
< dhy, + O(log hy,).

Therefore, by the above bound and Lemma 7,

K, (x, b
dim(z, ax + b) = lim inf Ky (@ az +0)
r—00 r
— lim inf K, (z)+ K,(ax +b|z) + O(logr)
r—00 r

1
< liminf K.(z)+r+ O(logr)
r—00 r

< lim inf Kp, () + hy + O(log hy,)

n—o0 hy,

=d+1.

To complete the proof, it suffices to show that, for every n € QN (0,1) and ¢ € Q4
dim(z,ax +b) > n+d—e. (2)

To that end, let n € QN (0,1) and & € Q4. To prove inequality (2), we will partition N into
intervals, and focus on the complexity of (x,az + b) at each precision r in these intervals.
For every n € N, let I, = (dhy, dhy 1]

Fixn €N, and let m = 1:7‘;. We will first consider r € (dhy,, mh,]. Let k = 7> and
define r; = idh,, for every 1 < i < k. It is important to note that k is bounded by a constant
depending only on 1 and d. In particular, this implies that o(ry) is sublinear for all r;. Let
D, = D(ry,...,75,a,b,m) be the oracle defined in Lemma 10. We first note that, by our

assumption of (a,b) on the interval [R,, M R,] and Lemma 7,
K, r._,(a,bla,b) =K, (a,b) — K,,_,(a,b) — O(logr;)

[

>r;—o(ry) —(1+ %)ri,l — O(logr;)

Ti—1

=Ty —Ti—1— —o(r;),

n
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for all sufficiently large r. Since k is bounded by a constant, for all sufficiently large n, we
have

Koy i1 (a,b]a,b) > n(r; —ri—1) — o(ry).
Hence, by Lemma 10,
|K£T(aa b) - 7]7'1‘ < O(Tk,)7 (3)

forall 1 <i<k.

We now show that the conditions of Lemma 8 are satisfied relative to D,. Item 1 of
Lemma 8 holds for all sufficiently large r. For item 2, by the construction of D,., for every
1<i<k,

[(Tl?r(a7 b) =nry + Zmin{n(rj —7j-1), Ky, v, (2] 2)} + O(logry)
=2

for all sufficiently large r.

Let § =1 —n. To see that item 3 of Lemma 8 is satisfied for i = 1, let (u,v) € Bi(a,b)
such that ux + v = ax + b and t = —log ||(a,b) — (u,v)|| < r1. Then, by Lemmas 9 and 10,
and our construction of z,

KPr(u,v) > K (a,b) + K27 " (2]a,b) — O(logry)
> min{nry, K¢(a,b)} + Ky, —¢(z) — o(rk)
> min{nry,t — o(t)} + (n+0)(r1 —t) — o(rx)
> min{nry, gt —o(t)} + (n+6)(r1 — ) — o(rk)

Znt —oft) + (n+06)(r1 —t) — o(rk) ,
We conclude that KP7(u,v) > (n—e)ry + 6(r1 — t), for all sufficiently large 7. To see that

that item 3 is satisfied for 1 < ¢ <k, let (u,v) € By,—r,_, (a,b) such that ux +v = ax + b and
—log ||(a,b) — (u,v)|| < r;. Since (u,v) € By-r,_; (a,b),

’I‘,L'—tS’I"i—Ti_l :Zdhj—(l—l)dhj Sdhj+1§T1+1
Therefore, by Lemma 9, inequality (3), and our construction of x,
K2 (u,v) = KPr(a.b) + KPr,, (]a,b) — O(log,)
> min{nr;, K;(a,b)} + K,,_(x) — o(r;)
= min{nry,t — o(t)} + (n + 0)(r; — t) — o(r:)
> min{nry,nt —o(t)} + (n +0)(ri —t) — o(r;)
=2 nt—o(t) + (n+0)(r; — t) —o(ri) .

We conclude that K27 (u,v) > (n—&)r; + 6(r; — t), for all sufficiently large 7. Hence the
conditions of Lemma 8 are satisfied. Therefore, by applying Lemma 8 and appealing to
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inequality (3),

K. (z,ax +b) >KP" (x,ax +b)

>K,(a,b,z) —2* (K(s) + K(n)+ R O(logrk)>

L—mn
=K,(a,b) + K, (x]a,b)

— ok (K(5)+K(n)+ 145

ri + O(log rk)>

4
>dr 4 nr — 2" <K(5)+K(n)+ Il :

rr + O(log rk)> .

To complete the proof, we give lower bounds of K..(x,az + b) for every r € [mh,, dh,11).
By Lemma 7 and our construction of x,

K, (z) = Ky, (x| 2) + Kp, (2) — o(r)
=1 — hy, + dh, —o(r)
>nr —o(r).

The proof of Theorem 1 gives

K. (xz,ax +b) > K, (x) + dim(x)r — o(r)
> nr +dr —o(r)
>r(d+mn) —er

Putting together the lower bounds of K, (z,ax + b) on the intervals (dh,,, mh,) and
[mhy,, dh,11] shows that

dim(z, ax +b) > 1 +d,
and the proof is complete. |

If (a, b) is not of the first case, then there is a bound (14 7) > 1 so that K, (a,b) > r(1+7)
for some r in every sufficiently large interval. This implies that, for almost every precision 7,
the conditional complexity K ,(a,b|a,b) > s —r, for some s at most a constant multiple of
r. This fact allows us to use the procedure outlined in Section 3.1 at precision s. We will
now formalize this intuition.

» Theorem 3. Let (a,b) € R? such that dim(a,b) > 1. Then, for every real number d € [0,1],
there is a point x such that

dim(z,ax +b) =1 +d.

Proof. Let (a,b) € R? such that dim(a,b) > 1. For d = 1, we may choose an x € R that
is random relative to (a,b). That is, there is some constant ¢ € N such that for all » € N,
K%*(x) > r — ¢. By Theorem 1,

dim(z, az + b) > dim®’(z) + min{dim(a, b), 1}
K (x)

= lim inf ——=
r—00 T

+1
=2

)
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and the conclusion holds. For d = 0, the conclusion follows from Turetsky’s theorem [13].

We therefore assume that d € (0,1).
If (a,b) satisfy the conditions of Lemma 11, then the conclusion is immediate. So assume

that the conditions of Lemma 11 do not hold. Let 7 > 0 and M > 0 be constants such that,

for almost every R € N,
K(a,b) > (1+71)s,

for some s € [R, M R).
Let y € R be random relative to (a,b). Define the sequence of natural numbers {h, },en
inductively as follows. Define hg = 1. For every n > 0, let

By, = min {h > 21 : K (a,b) > <Dim(a,b) - 1) h} .

n
Note that h, always exists. For every r € N, let

z[r] =

0 if - € (d,1] for some n € N
ylr]  otherwise

where z[r] is the rth bit of z. Define € R to be the real number with this binary expansion.

Then Kgp, (z) = dhy, + O(log dhy,).
Claim 1: dim(z,ax +b) < 1+d.

Let n e QN (0,1), e € Q, n € N, and let m = f;l We first give lower bounds of the
complexity of K,.(xz,ax + b) on the interval (dh,,mh,). To begin, consider r = h,,. Let
k= ﬁ = d7 and define r; = idh,, for every 1 <i < k. As in the proof of Lemma 11, is

important to note that k is bounded by a constant depending only on 7 and d.
Claim 2: K, (x,az +b) > dhn + nhy — 2 (K(a) +RE (1) + £, + O(log hn)).

With this bound on the complexity of (z,ax + b) at precision h,,, we will use a symmetry

of information argument to give a lower bound on the complexity at precision r € (dhy,, hy,).

We defer the proof of this claim to the appendix.
Claim 8: For all r € [dhy,, hy,),

K, (z,az +b) > r(d+n) — 2 (K(e) +K(n) + 14%7]1" + O(log hn)) .

Note that this lower bound is useful for r € (dhy, hy,), since h,, is a fixed constant multiple
of r.

We now turn to proving lower bounds for the complexity of (z,ax + b) on the interval
(hpn, mhy). To do so, we will make use of our assumption that the complexity of K(a,b) is
at least (14 7)s. In particular, this assumption implies that there is a fized constant ¢ such

that Kcp,, n,(a,b|a,b) > n(ch, — hy). Moreover, this constant is independent of n and e.

To see this, let s > h,, be a precision such that K (a,b) > (14 7)s. By Lemma 7 and our
assumption of a, b,

Ks,hn (CL, b | a, b) 2 ( b) ( ) O(log 8)
>(1+71)s— Dlm(a b)h,, — O(log s)
> (14 71)s —2h, — O(logs).

Thus,

sthn (CL, b | a, b) > 77(5 — hn)7
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for any such s > ch,,, for some fixed constant ¢ depending only on 7. With this fact we are
able to show the following, whose proof is deferred to the appendix.
Claim 4: There is a precision h,, < j < ch,, such that

4
Kj(w,ax+b) > j — (hy — dhy) +nj — 2 (K(s) FRE ) + i+ O(logj)) .

With this bound, we will again prove lower bounds at precisions r € (h,,j) using symmetry
of information arguments. While this is similar in spirit to the proof of Claim 3, there is an
important difference. At precisions greater than h,,, the complexity of x begins increasing
again. In particular, the construction of x and Lemma 6 implies the following.

Kj(z,ax +b) < K.(x,ax +b)+2(j — 7).

We are still, however, able to achieve the required lower bounds on the complexity of (z, ax+b)
for all r € (hy,j). The proof of this claim is deferred to the appendix.
Claim 5: For every r € (hy, ),

K. (x,ax +b) >r(d+n) —cr(l —n) —2F (K(a) + K(n) + 146

cr 4+ O(log cr)) .

This lower bound is useful since j < ch,, and ¢ is a constant depending only on 7. In
particular, this allows us to make @ arbitrarily small by having n go to 1.

To complete the proof for the interval (dh,,, mh, ), we will apply the same method as in
Claims 4 and 5, except that we use j instead of h,,. Specifically, we choose the first jo > j
such that

sz;j<a’7b | a7b) > 77(]2 _.7)7

and note that jo < ¢j. We then apply the proof of Claim 4 to Kj,(z,ax +b), and the proof
of Claim 5 to the interval (j,j2). We then repeat this argument until we have given the
appropriate lower bound for all r € (hy,, mh,,).

Finally, taking Claims 1, 2, 3, 4 and 5 together yields the following. For every r &€
(dhn,my),

K. (z,ax +b) >r(d+n) —cr(l —n) — 2~ (K(s) + K(n) + 146

— ncr + O(log cr)) .4

To complete the proof, we bound K, (z,az + b) for every r € [mh,,,dh,+1). By Lemma 7
and our construction of z,
K, (z) = Ky p, (z|2) + Kp, () + o(r)
=1 — hy, + nhy, + o(r)
>nr+o(r).
The proof of Theorem 1 gives K, (x,ax+b) > K, (x)+dim(z)r —o(r), and so K, (z,ax+b) >
r(d 4+ n) — er. Combined with inequality (4), for every r € (dhy,,dhpt1),

K. (x,ax +b)
r

> rd-4) = er(1 =)~ 2 (K(6) 4 )+ 1= or + Ofloger) )

Cdty—2F (K(E>+K(n)Jr 4e C+0(1ogcr))
T T 1777 r

Zd+n_2% (K(E) K(n) 145 o+ O(lOgCT))
T r -7 r
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for all sufficiently large n. Since n and e were chosen arbitrarily and independently,
dim(z,ax +b) > d+ 1,

and the proof is complete. |

4 Lower Bounding the Dimension Spectrum of a Line

In this section we give the first nontrivial lower bounds of the dimension spectrum of an
arbitrary line. For intuition behind the proof, first note the following simple observation.

» Observation 12. For every x,y,a,b € R,
Kr(l',y,CL b) S Kr(l', azr + b) + KT(ya ay + b) + 2t’
where t = —log ||z — y||.

Essentially, this is true since any two points identify a line, and this can be done in a
computable way. The 2t extra information is due to the fact the precision which we can
compute (a,b) to is linearly correlated to the distance between x and y. This immediately
suggests an approach to give the lower bound

dim(a, b)

dim(z) + 5

> dim(a, b).

While this observation is at the core of the proof of our second main theorem, it alone does
not suffice. The principle issue is that the values of K,.(z,ax + b), K, (y,ay + b) might be
“out of phase”; that is, K,.(x,ax +b) is small when K, (y, ay + b) is large, and vice versa. Our
main theorem will show that the set of these points has low Hausdorff dimension.

Our first lemma builds upon Observation 12. In particular, it shows that, if K, (z,ax +b)
is small, then every other y such that K, (y,ay + b) is small must satisfy certain properties.

> Lemma 13. Let o € (0,1), z,a,b € R, and n,r € N such that 2r~3 < 1. Assume

that K.(z,ax +b) < ar + Kelab) v gnd K%(x) > ar. Then, for every y € R, if

2 n’
K. (y,ay +b) < ar + w, at least one of the following holds.

1. t:=—log|lz —y|| <rz.
2. K.(yla,b,z) < ar.

Proof. Assume the hypothesis, but assume that neither condition is satisfied for some y.
Then,

K.(a,b,z,y) < K.(x,az +b) + K, (y,ay + b) + 2t
< 2ar + Ky (a,b) — M
n
However, by our hypothesis and Lemma 7 we have

K’r'(a‘a b7 z, y) 2 K”'(a’a b) + K’f(x | a, b) + K7(y | a, b7 J}) - logr
> K, (a,b) + 2ar —logr.
Since condition (1) was assumed to not hold, we see that

1
— < 2r7z,
n

a contradiction. <
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For every a,b € R and « € (0,1), define the set

dim(a, b)

Ala,a,b) = {z| dim(z,ax +b) < a+ }.

» Theorem 4. For every a,b € R and a € (0,1), dimg(A(,a,b)) < a.

Proof. Our goal is to show that dimpg(A(«,a,b) < a. We will actually prove a stronger
theorem. For every n, define
K, (a,b
An(a,a,b) = {x | (3%°r) K.(z,a2 + b) < ar + % - 1}.
n

Note that to prove dimp (A(a, a,b) < a, it suffices to show that dimg (4, (o, a,b)) < a for
every n. To see that A(a,a,b) C U, A, (a,a,b), let x € A. Then there is an € > 0 such that,
for infinitely many 7,

di b
K. (z,ax +b) < ar+ %T—er
K,(a,b
<QT+M7€T7

where ¢ is a sublinear function. Therefore, for sufficiently large n and r, x € A, («, a,b). Since
the Hausdorff dimension of a countable union of sets U, A,, is the supremum of dimg (4,,),
it suffices to show that, for every n, dimgy (A, (o, a,bd)) < a.

Define the set

U= {z|(3®°r)K*x) < ar}.

It is immediate that dim®®(z) < a, for all z € U.
For every r € N, choose x, such that

K**(z) > ar

K,(a,b
K, (z,ax + b) <ar+¥—%,

if such an x, exists. To reduce the notational burden we will, without loss of generality,
always assume that such an z, does exist. We then define

1 1
V={y|l3®r)ye (@ -2z, +27")}.

Define oracle R C N which encodes the sequence z1,xs, ... in the standard manner. Let
1 1
y € V, and let r € N such that y € (x, —27"% ,x,. +27"7). Then,

K" (y) < O(log)

= O(log r?).
Thus
dim®(y) = 0.
Let x1,z2, ... be the sequence chosen above. Define

W ={y|(3*r)K,(y|a,b,x.) < ar}.
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Let y € W, and let r € N such that K, (y|a,b,x,) < ar. Then we have

K (y) < K (y|a,b,2,) + O(logr)
<ar+O(logr).

Thus
dim™**(y) < a.

We now show that A, (a,a,b) CUUV UW. Lety € A,(,a,b), and assume that
y ¢ UUV. So then y has the following properties.
1. For infinitely many r, K,.(y,ay + b) < ar + w -
2. For almost every r, K&*(y) > ar.
3. For almost every r, y ¢ (z, — 2”%7%« + 2’T%).
Let r € N be a sufficiently large integer such that item (1) holds. Then by Lemma 13, we
must have that

K. (y|a,b,z.) < ar.

Therefore, y € W, and A, (a,a,b) CU UV UW. Hence dimR’“’b(y) < «, and the proof is
complete. <

5 Applications to Furstenberg Sets

In this section we will use the point-to-set principle, Theorem 5, in conjunction with the
theorem of the previous section to give a new proof of a result by Molter and Rela on
Furstenberg sets. Let a € [0,1]. A set of Furstenberg type with parameter « is a set E C R?

such that, for every e € S', there is a line £, in the direction e satisfying dimy(E N 4.) > a.
Yy

It is an important open problem in Fractal Geometry to find the minimum possible dimension
of a set of Furstenberg type with paramater c.

Molter and Rela [12] have recently introduced a generalization of Furstenberg sets, by
removing the restriction that every direction must intersect the set. A set E C R? is in the
class F,g if there is some set J C S I such that
1. dimgy(J) > B, and
2. for every e € J, there is a line £, in the direction e satisfying dimg(E N £.) > a.

They proved the following lower bound on the dimension of such sets.

» Theorem 14. (Molter and Rela [12]) For all o, f € (0,1] and every set E € F,g,

We will now give a new proof of this theorem, using the theorems of the previous section.

Proof of Theorem 14. Let o, € (0,1], ¢ > 0, and E € F,3. Let A C N be an oracle
testifying to the Hausdorff dimension of E; i.e.,

dimg (E) = sup dim? (z).
z€E
Let e € S satisfy dim” (e) > B — e. Note that such a direction exists by the point-to-set
principle. Let I, be a line in direction e such that dimg(lo N E) > «. Let a,b € R be the
reals such that L,; = l.. Note that dimA(a, b) = dimA(e) because the mapping e — a is

79:13
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Table 2 Updated table of the dimension spectra of lines.

Va,b 1 € sp(Lay)

dim(a,b) =2 sp(La,p) = [1,2]

dim(avb) >1 [172] c Sp( a7b) Sp(La,b) - [172}
Except for a set of dimension at
most %

dim(a,b) =d <1 [2d,1+d] C sp(La), sp(La,p) C [d, 14 d]
Except a set of dimension at most
5

dim(a,b) =0 sp(Lap) = [0,1]

dim(a,b) = Dim(a, b) [d,1+d}] Csp(Lap),

d = min{1,dim(a,b)}

computable and bi-Lipschitz in a neighborhood of e. Let S = {z | (z,ax +b) € ENl.}. Note
that this implies that dimg(S) > . We then have that

dimy (E) > sup dim” (z, az + b).
zes

Therefore, to complete the proof, it suffices to show that there exists a point x € S such that

dim® (z,az +b) > a + g —€. (5)

By Theorem 4, relativized to A, the set of all = such that dim”(z,az +b) < a + g has
Hausdorff dimension at most « — e. Since dimg(S) > «, this implies that there is a point
x € S which satisfies (5), and the proof is complete. <

6 Conclusion and Future Directions

In this paper, we have given two new results on the dimension spectra of lines in the plane,
summarized in Table 2.

The first gives a partial answer to the question posed by Lutz, asking whether, for every
line Lgp, sp(Lg,p) contains a unit interval. We showed that if dim(a,b) > 1, then this is true.
Together with a previous result of N. Lutz and Stull, this implies the following.

» Corollary 15. For every a,b € R, sp(Lq) contains an interval.

However we still do not have complete answer to Lutz’s question. This is an important open
problem, and one that seems to require new techniques to solve.

We have also given the first nontrivial lower bound on the dimension spectrum of a given
line. An important open problem is to improve the bounds given here. This would be not
only an intrinsically interesting result, but would likely give improved bounds on Furstenberg
sets. Another interesting direction for future research is to construct lines with “many” points
of small dimension. In particular, for a given o > 0, is there a line L, such that

dimgy (A(a, a,b)) = a?



D. M. Stull
—— References
1 Krishna B. Athreya, John M. Hitchcock, Jack H. Lutz, and Elvira Mayordomo. Effect-

10

11

12

13

ive strong dimension in algorithmic information and computational complexity. SIAM J.
Comput., 37(3):671-705, 2007.

Adam Case and Jack H. Lutz. Mutual dimension. ACM Transactions on Computation
Theory, 7(3):12, 2015.

Jack H. Lutz. The dimensions of individual strings and sequences. Inf. Comput., 187(1):49—
79, 2003.

Jack H. Lutz and Neil Lutz. Algorithmic information, plane Kakeya sets, and conditional
dimension. ACM Transactions on Computation Theory, to appear.

Jack H. Lutz and Elvira Mayordomo. Dimensions of points in self-similar fractals. SIAM
J. Comput., 38(3):1080-1112, 2008.

Neil Lutz. Fractal intersections and products via algorithmic dimension. In 42nd Interna-
tional Symposium on Mathematical Foundations of Computer Science, MFCS 2017, August
21-25, 2017 - Aalborg, Denmark, pages 58:1-58:12, 2017.

Neil Lutz. Some open problems in algorithmic fractal geometry. Open Problem Column,
SIGACT News, 48(4), 2017.

Neil Lutz and DM Stull. Projection theorems using effective dimension. arXiv preprint
arXiv:1711.02124, 2017.

Neil Lutz and Donald M. Stull. Bounding the dimension of points on a line. In Theory
and Applications of Models of Computation - 14th Annual Conference, TAMC 2017, Bern,
Switzerland, April 20-22, 2017, Proceedings, pages 425-439, 2017.

Neil Lutz and Donald M. Stull. Dimension spectra of lines. In Unwveiling Dynamics and
Complexity - 15th Conference on Computability in Europe, CtE 2017, Turku, Finland, June
12-16, 2017, Proceedings, pages 304-314, 2017.

Elvira Mayordomo. A Kolmogorov complexity characterization of constructive Hausdorff
dimension. Inf. Process. Lett., 84(1):1-3, 2002.

Ursula Molter and Ezequiel Rela. Furstenberg sets for a fractal set of directions. Proc.
Amer. Math. Soc., 140:2753-2765, 2012.

Daniel Turetsky. Connectedness properties of dimension level sets. Theor. Comput. Sci.,
412(29):3598-3603, 2011.

79:15

MFCS 2018



	Introduction
	Preliminaries
	Kolmogorov Complexity in Discrete Domains
	Kolmogorov Complexity in Euclidean Spaces
	Effective Dimensions

	Dimension Spectra of Lines of High Dimension
	Approach and Previous Work
	First Main Theorem

	Lower Bounding the Dimension Spectrum of a Line
	Applications to Furstenberg Sets
	Conclusion and Future Directions

