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—— Abstract

In a breakthrough, Hastings [10] showed that there exist quantum channels whose classical Holevo
capacity is superadditive i.e. more classical information can be transmitted by quantum encoding
strategies entangled across multiple channel uses as compared to unentangled quantum encoding
strategies. Hastings’ proof used Haar random unitaries to exhibit superadditivity. In this paper
we show that a unitary chosen uniformly at random from an approximate n? 3_design gives rise to
a quantum channel with superadditive classical Holevo capacity, where n is the dimension of the
unitary exhibiting the Stinespring dilation of the channel superoperator. We do so by showing that
the minimum output von Neumann entropy of a quantum channel arising from an approximate

unitary n?/3

-design is subadditive, which by Shor’s work [26] implies superadditivity of classical
Holevo capacity of quantum channels.

We follow the geometric functional analytic approach of Aubrun, Szarek and Werner [3] in order
to prove our result. More precisely we prove a sharp Dvoretzky-like theorem stating that, with
high probability under the choice of a unitary from an approximate ¢-design, random subspaces of
large dimension make a Lipschitz function take almost constant value. Such theorems were known
earlier only for Haar random unitaries. We obtain our result by appealing to Low’s technique [16] for
proving concentration of measure for an approximate t-design, combined with a stratified analysis of
the variational behaviour of Lipschitz functions on the unit sphere in high dimension. The stratified
analysis is the main technical advance of this work.

Haar random unitaries require at least Q(n?) random bits in order to describe them with good
precision. In contrast, there exist exact n%/3-designs using only O(n?/®logn) random bits [15]. Thus,
our work can be viewed as a partial derandomisation of Hastings’ result, and a step towards the
quest of finding an explicit quantum channel with superadditive classical Holevo capacity.
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1 Introduction

For the past two decades, additivity conjectures have been extensively studied in quantum
information theory e.g. [5, 22, 1, 20, 26, 11]. In this paper, we concentrate on the issue of
additivity of classical Holevo capacity of a quantum channel @, denoted henceforth by C(®).
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The quantity C'(®) is the number of classical bits of information per channel use that can
reliably be transmitted in the limit of infinitely many independent uses of ®. Capacities
of classical memoryless channels are known to be additive, that is, the capacity of two
channels ® and V¥, used independently, is the sum of the individual capacities. In other words,
C(P®V)=C(P)+ C(P). This additivity property leads to a single letter characterization
of the capacity of classical channels viz. the capacity is nothing but the mutual information
between the input and channel output maximised over all possible input distributions for
one channel use [27]. For a long time, in analogy with the classical setting, it was generally
believed that the classical Holevo capacity of a quantum channel is additive. In fact, this
belief was proven to be true for several classes of quantum channels e.g. [13, 8, 12, 25, 14].
Thus, it came as a major surprise to the community when Hastings, in a major breakthrough,
showed that there are indeed quantum channels with superadditive classical Holevo capacity
[10] i.e. there are quantum channels ®, ¥ such that C'(® ® ¥) > C(P) + C(T).

Hastings’ proof proceeds by showing that a Haar random unitary leads to such channels
with high probability, in the sense that the unitary, when viewed suitably, is the Stinespring
dilation of a quantum channel with superadditive classical Holevo capacity. The drawback of
using Haar random unitaries is that they are inefficient to implement. In fact, it takes at
least Q(n?log(1/€)) random bits in order to pick an n x n Haar random unitary to within a
precision of € in the fo-distance [28]. Hence, it is of considerable interest to find an explicit
efficiently implementable unitary that gives rise to a quantum channel with superadditive
classical Holevo capacity.

In this paper, we take the first step in this direction. We show that with high probability
a uniformly random n x n unitary from an approximate n?/3-design leads to a quantum
channel with superadditive classical Holevo capacity. Though no efficient algorithms for
implementing approximate n?/3-designs are known, nevertheless, it is known that a uniformly
random unitary from an exact n?/3-design can be sampled using only O(n?/3logn) random
bits [15, Theorem 3.3]. Also, efficient constructions of approximate (logn)®™)-designs are
known [24, 6]. Thus, our work can be viewed as a partial derandomisation of Hastings’ result,
and a step towards the quest of finding an explicit quantum channel with superadditive
classical Holevo capacity.

Hastings’ proof was considerably simplified by Aubrun, Szarek and Werner [3] who
showed that existence of channels with subadditive minimum output von Neumann entropy
follows from a sharp Dvoretzky-like theorem which states that, under the Haar measure,
random subspaces of large dimension make a Lipschitz function take almost constant value.
Dvoretzky’s original theorem [7] stated that any centrally symmetric convex body can be
embedded with low distortion into a section of a high dimensional unit £5-sphere. Milman
[17] extended Dvoretzky’s theorem by proving that, with high probability, Haar random
subspaces of an appropriate dimension make a Lipschitz function take almost constant value.
Dvoretzky’s theorem becomes the special case of Milman’s theorem where the Lipschitz
function happens to be norm induced by the centrally symmetric convex body i.e. the
norm under which the convex body becomes the unit ball. Milman’s work started a whole
body of research sharpening the various parameters of the extended Dvoretzky theorem
e.g. [23, 9] etc. However, all these works use Haar random subspaces. A Haar random
subspace of C" of dimension d can be obtained by applying a Haar random unitary to a
fixed subspace of dimension d e.g. the subspace spanned by the first d standard basis vectors
of C™. Our work is the first one to replace the Haar random unitary in any Dvoretzky-type
theorem by a uniformly random unitary chosen from an approximate ¢-design for a suitable
value of ¢. In other words, our main technical result is an Aubrun-Szarek-Werner style



A.Nema and P.Sen

result for approximate ¢-designs instead of Haar random unitaries. As a corollary, we obtain
the subadditivity of minimum output von Neumann entropy for unitaries chosen from an
approximate n?/3-design. As another corollary, we obtain the subadditivity of minimum
output Rényi p-entropy for all p > 1 for quantum channels arising from unitaries chosen from

2
5+ log n-design. Such a unitary can in fact be chosen from
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an exact pPndr st log n-design using only pPndr logn)? random bits [15], which is
much less than ©(n?) random bits required to choose a Haar random unitary. Subadditivity
of minimum output Rényi p-entropy for all p > 1 was originally proved for Haar random

unitaries by Hayden and Winter [11].

To prove our main technical result, we use a concentration of measure result by Low [16]
for approximate unitary t-designs, combined with a stratified analysis of the variational
behaviour of Lipschitz functions on the unit sphere in high dimension. We need such a
fine grained stratified analysis for the following reason. Aubrun, Szarek and Werner [3]
worked with the function f(M) := |[MMT — (I/k)|2, where the argument M is a k3-tuple
rearranged to form a k x k? matrix. They found subspaces of dimension k? where f took
almost constant value. For this, they had to do a two step analysis. The global Lipschitz
constant of f was 2 which, under naive Dvoretzky type arguments, would only guarantee the
existence of subpaces of dimension % where f is almost constant. This does not suffice
to find a counter example to minimum output von Neumann entropy. In order to shave off
the log k term in the denominator, they had to use several sophisticated arguments. One
of them was the observation that there is a high probablity subset 1" of Sixs on which the
Lipschitz constant of f was k~'/2. They exploited this by their two step analysis, where they
separately analysed the behaviour of f on T and on T¢, and managed to shave off the log k&

term. For us, since we are working with designs, we need the function to be a polynomial.

Hence, instead of f, we have to work with f2. This seemingly trivial change introduces
severe technical difficulties. The main reason behind them is that the Lipschitz constant
of f? is about twice the Lipschitz constant for f but the variation that we are looking to
bound is around square of the earlier variation! This contradiction lies at the heart of the
technical difficulty. In order to overcome this, we have to partition S;.s into a number
of sets Q1,Qa, ..., Qog, called ‘layers’, with local Lipschitz constants for f? running as
k=3/2,2353/2 33k=3/2 . (log k)*k—3/2. We have to bound the variation of f2 individually

on §2; as well as put them together to bound the variation on large subspheres of S;ys.

This leads to a challenging stratified analysis, which forms the main technical advance of
this paper.

Another tool developed in this work which should find use in other situations also, is a
systematic way to approximate a monotonic differentiable function and its derivative using
moderate degree polynomials. This tool is crucially used to prove strict subadditivity of
Rényi p-entropy for any p > 1 for channels whose unitary Stinespring dilation is chosen from
an approximate design instead of a Haar random unitary.

The power of our stratified analysis shows up in the consequence that the dimension
of the subspace on which the Lipschitz function is almost constant depends only on the
smallest local Lipschitz constant, provided some mild niceness conditions are satisfied. This
gives larger dimensional subspaces than a naive analysis which would depend on the global
Lipschitz constant. In fact, the stratified analysis allows us to prove a sharper Dvoretzky-type
theorem even for the Haar measure. As a result, we can recover Aubrun, Szarek and Werner’s
result for the function f directly and elegantly instead of applying their Dvoretzky-type
result twice which is rather messy. Another powerful consequence of our stratified analysis
is that with probability exponentially close to one random, via Haar or ¢-design, subspaces
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make the Lipschitz function almost constant. In contrast, Aubrun, Szarek and Werner could
only guarantee constant probability close to one.

The rest of the paper is organised as follows. Section 2 contains notations, symbols
definitions and preliminary tools required for the paper. Section 3 states and proves the main
technical theorems viz. the stratified analyses for Haar measure and approximate t-designs.
Section 4 describes the application to subadditivity of minimum output von Neumann entropy.
Section B describes the application to subadditivity of minimum output Rényi p-entropy
for p > 1. The detailed proofs of all the lemmas and propositions can be found in the full
version [19].

2 Preliminaries

All Hilbert spaces used in this paper are finite dimensional. The n dimensional space over
complex numbers, C", is endowed with the standard inner product aka the dot product:
(z,y) == > x}y;. The unit radius sphere in C" is denoted by Scn. The symbol My 4
denotes the Hilbert space of k x d linear operators over the complex field under the Hilbert-
Schmidt inner product (M, N) := Tr [MTN], and M, := Mg 4. Let U(n) denote the set of
n X n unitary matrices with complex entries. For a composite Hilbert space C* @ C?, the
notation Tr ca[-] denotes the operation of taking partial trace i.e. tracing out the mentioned
subsystem C?. We use Tr [-] to denote the trace of the underlying operator. Fix standard
bases for Hilbert spaces A = CF, B =2 C?. Let |e;)4, |e;)? denote standard basis vectors of
A, B respectively. Any vector € A® B can be written as z =}, ; aijlei) @ le;)B. We
use op,_,;(7) to denote the operator }_, ; aijlei)? @ (ej|P in My, 4. Conversely, given an
operator M =3, mi;lei)? @ (e;|B in My, 4, we let vec(M) := > i mi;lei)? @ |e;)B denote
the vector in C* @ C?.

For Hermitian positive semidefinite operators M, we define M“ for any o > 0 to be the
unique Hermitian operator obtained by keeping the eigenbasis same and taking the ath power
of the eigenvalues. We can define log M similarly. For p > 1, the notation ||M]||, denotes
the Schatten p-norm of the matrix M, which is nothing but the £,-norm of the vector of its
singular values. Alternatively, || M|, = (Tr [(MTM)P/2])1/P. Then p = 2 gives the Hilbert
Schmidt norm aka the Frobenius norm which is nothing but | M|z = ||vec(M)||2. Also, p = o0
gives the operator norm aka spectral norm which is nothing but || M || = max,.|jy|,=1/|Mv||2.

Unless stated otherwise, the symbol p denotes a quantum state aka density matrix which
is nothing but a Hermitian, positive semidefinite matrix with unit trace. A rank one density
matrix is called a pure state. By the spectral theorem, any density matrix is a convex
combination of pure states. The notation D(C?) denotes the convex set of all d x d density
matrices. We use |-) to denote a unit vector. By a slight abuse of notation, we shall often
use a unit vector |¢) to denote a pure state |){)|. A linear mapping & : M,, — My
is called a superoperator. A superoperator is trace preserving if Tr ®(M) = Tr M for all
M € M,,. Tt is said to be positive if ®(M) is positive semidefinite for all positive semidefinite
M. Furthermore, ® is said to be completely positive if ® ® I is a positive superoperator
for identity superoperators I of all dimensions. Completely positive and trace preserving
(CPTP) superoperators are referred to as quantum channels. Unless stated otherwise, ®, ¥
are used to denote quantum channels.

A compact convex set S in C” is called a convex body. The radius r(S) of a convex body
S is defined as

S) := mi — .
r(S) glelgglggllx yll2



A.Nema and P.Sen

Any point z € S achieving the minimum above is said to be a centre of S. The convex body
S is said to be centrally symmetric iff for every x € C", 2 € S +» —z € S. The zero vector is
a centre of a centrally symmetric convex body. A centrally symmetric convex body lying in
C™ can be thought of as the unit sphere of a suitable notion of norm in C". Conversely for
any norm in C”, the unit sphere under the norm forms a centrally symmetric convex body.

2.1 Entropies and norms

» Definition 1. The von Neumann entropy of a quantum state p is defined as

S(p) == —Tr[plog p].
For all p > 1, the Rényi p-entropy of a quantum state p is defined as

1

log Tr p? = — P
-p p—1
It turns out that S(p) = lim, ;1 Sy(p) =: S1(p).

Also, it can be shown that for p > 1, S,(-) is concave in its argument.

Splp) = 1 log||pllp-

» Definition 2. For p > 1, the minimum output Rényi p-entropy of a quantum channel ® is
defined as :

SMN(P) .= min S, (P
Pn@) = min S,(2(0)
By an easy concavity argument it can be seen that above minimum is achieved on a pure
state. Equivalently, to obtain S;™(®) for p > 1 we must maximise || ®(p)]|,, for all input
states p. This quantity is also known as the 1 — p superoperator norm of superoperator

d: M, > Mygy:

P = a S(M)|p.
@y =, e 20D

By an easy convexity argument it can be seen that the above maximum is achieved on a
pure state i.e.

d = ma. ) {(xl|l,.
@l = mox ) el

Thus, the additivity conjecture for minimal output p-Rényi p-entropy, p > 1, for quantum

channels ® and ¥ is equivalent to multiplicativity of 1 — p-norms of quantum channels viz.

12T 1p L |1®li5p - || ¥|l1—p. This equivalence will be used in Section B to give a counter
example to additivity conjecture for all p > 1 where the Stinespring dilation of the quantum
channel will be described from a unitary chosen uniformly at random from an approximate
t-design. The equivalent result for Haar random unitaries was originally proved by Hayden
and Winter [11].

We heavily use the one-one correspondence between quantum channels and subspaces
of composite Hilbert spaces, originally proved by Aubrun, Szarek and Werner [4], in this
paper. Let W be a subspace of C*¥ @ C? of dimension m. Identify YW with C™ through an
isometry V : C™ — CF ® C¢ whose range is W. Then, the corresponding quantum channel
dyy : M,, — My, is defined by ®yy(p) := Trca(VpVT). Using this equivalence and the
fact that for p > 1 the 1 — p-superoperator norm is achieved on pure input states, we can
write [4]

(0] = max Tr calz) (x|, = max 0 A IE 1
[@wliy = s [ Trealo)(alll, = max _ opau(e)ld, (1)

9:5
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In an important paper, Shor [26] proved that several additivity conjectures for quantum
channels were in fact equivalent to the additivity of minimum output von Neumann entropy of
a quantum channel. More specifically, Shor showed that if there is a quantum channel ® whose
minimum output von Neumann entropy is subadditive, then there are quantum channels ¥,
U, exhibiting superadditive classical Holevo capacity viz. C(¥; ® ¥y) > C(¥;) + C(T3).
This equivalence was used as a starting point by Hastings [10] in his proof that there are
channels with superadditive classical Holevo capacity. Aubrun, Szarek and Werner [3], as
well as this paper also have the same starting point. For this, we need the following fact.

» Fact 3 ([3, Lemma 2]). Let a quantum channel @y : M,, — My, be described by a subspace
W < Ck® C? of dimension m. Then,

1
min P = 1 — R d — 3
Snin(Pw) ogk —k peg?gm)ll (p) k||2

.1
= logh—k- max [(0pa(#))(0Paor(®))" = 7l

We will need the following result proved by Hayden and Winter [11] that upper bounds
S]I,ni“(@ ® <f>) where ® denotes the CPTP superoperator obtained by taking complex conjugate
of the CPTP superoperator ®.

» Fact 4. Let V : C™ — CF ®@ C? be an isometry describing the quantum channel ® : p
Trca[VpVT]. Let |¢) denote the maximally entangled state in C™ @ C™. Suppose m < d.
Then (® ® ®)(|¢)(#|) has a singular value not less than 1. Hence for all p > 1,

_ — m
1 1y > @@ B0 = 1

Moreover,

- m m d 1
. < —_— —_ —_ — .
Smin (P ® ) < 2logk kdlongrO(kdlongrk)

2.2 Concentration results for Lipschitz functions

We now state some basic definitions and facts from geometric functional analysis that will
be used in the proof of our main result.

» Definition 5. A function f : X — C defined over a metric space X is said to be L-Lipschitz
if Ve, y € X it satisfies the following inequality:

[f(z) = f(y)l < L-d(z,y).

» Definition 6. Let X be a compact metric space. An e-net N' of X is a finite set of points
such that for any point x € X, there is a point ©' € N such that d(z,z') < e.

Note that compactness guarantees that finite sized e-nets exist for all € > 0.
We will need the following definition and fact from [3].

» Definition 7. A function f : X — C defined over a normed linear space X is said to be
circled if f(e?z) = f(z) for all@ €R and x € X.

» Fact 8. Let f: X — R be a function defined on a metric space X. Suppose there exists a
subset Y C X such that f restricted to Y is L-Lipschitz. Then there is a function f X =R
that is L-Lipschitz on all of X satisfying f(y) = f(y) for ally € Y. If X is a normed linear
space over real or complex numbers and f is circled then the extension f is also circled.
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Proof Sketch. Define f(z) := infyey [f(y) + Ld(z,y)]. <

In this paper, we endow C™ with the f3-metric and U(n) with the Schatten fo-metric aka
Frobenius metric. The following fact gives a reasonably tight upper bound on the size of an
e-net of Scn.

» Fact 9 (|28, Corollary 4.2.13]). Let ¢ > 0. There exists an e-net of Scn of size less than

(2.

A fundamental result about concentration of Lipschitz functions defined on the unit sphere
or the unitary group, known as Levy’s lemma, lies at the heart of all proofs of Dvoretzky-type
theorems via the probabilistic method. We now state the version of Levy’s lemma that will
be used in this paper.

» Fact 10 (Levy's lemma, [2, Corollary 4.4.28]). Consider the Haar probability measure on
Scn. Let f: Scn — C be an L-Lipshitz function. Let = E,[f(x)] and A > 0. Then

2
n

P —ul >N <2 ——).
1(|f(z) = ul 2 A) < Zexp(—775)
An elementary proof of the above fact, without explicitly calculated constants, can be found
in [28, Theorem 5.1.4].

For our work, we need a measure concentration inequality like Levy’s lemma for difference
of function values on two distinct arbitrary points which is sensitive to the distance between

those points. Such an inequality is stated in the following fact.

» Fact 11 ([3, Lemma 9]). Let f : Scn — C be a circled L-Lipschitz function. Consider the
Haar probability measure on U(n). Then for any x,y € Scn, © # y and for any A > 0,

An

BlfW2) = FUy) > A < 20l —gpor— s

).

The derandomisation in our paper is carried out by replacing the Stinespring dilation
unitary of a quantum channel, which is chosen from the Haar measure in [3], with a unitary
chosen uniformly at random from a finite cardinality approximate unitary ¢-design for a
suitable value of t. The next few statements lead us to the definition of an approximate
unitary ¢-design.

» Definition 12 ([16, Definition 2.2]). A monomial in the entries of a matriz U is of degree
(r, 8) if it contains r conjugated elements and s unconjugated elements. The evaluation of
monomial M at the entries of a matriz U is denoted by M(U). We call a monomial balanced
if r = s, and say that it has degree t if it is of degree (t,t). A polynomial is said to be balanced
of degree t if it is a sum of balanced monomials of degree at most t.

» Definition 13 ([16, Definition 2.3]). A probability distribution v supported on a finite set
of d x d unitary matrices is said to be an exact unitary t-design if for all balanced monomials
M of degree at most t, Ey,[M(U)] = Ey~taar [ M (U)].

» Definition 14 ([16, Definition 2.6]). A probability distribution v supported on a finite set
of d x d unitary matrices is said to be an e-approximate unitary t-design if for all balanced
monomials M of degree at most t

[Etrmn (M (U)) = Eycttaar (M (U))] < ;

9:7

TQC 2019



9:8

Super Additivity with ¢-Designs

We will need the following fact.

» Fact 15 ([16, Lemma 3.4]). Let Y : U(n) — C be a balanced polynomial of degree a in
the entries of the unitary matriz U that is provided as input. Let o(Y) denote the sum of
absolute values of the coefficients of Y. Let r, t be positive integers satisfying 2ar < t. Let v
be an e-approximate unitary t-design. Then

T moea(Y)?r
]EU"’VH}/U|2 } < IEUNHaarHY—U‘2 ]+ (Tt)

3 Sharp Dvoretzky-like theorems via stratified analysis

In this section, we prove our main technical results viz. sharp Dvoretzky-like theorems for
Haar measure as well as approximate t-designs using stratified analysis. We start by stating
the following three lemmas, with their proofs in Appendix A which are ‘baby stratified’
analogues of Fact 11 for Haar measure and approximate unitary t-designs.

» Lemma 16. Let Y : Scn — R be a circled function with global Lipschitz constant L.
Suppose that there exists a subset } C Scn such that Y restricted to Q) has a smaller Lipschitz
constant Ly. Let x,y € Scn. Let Y, := Y (Uzx), Y, := Y (Uy) be two correlated random
variables, under the choice of a Haar random unitary U. Let A\ > 0. Then

2
UNI?IraarHYw =Y, > < 2exp(—8L§”T;)\_y”%) +2 ZNli’{lgar[z € 0.

» Lemma 17. Let Y : Scn — R be a circled function with global Lipschitz constant L.
Suppose that there exists a subset 0 C Scn such that Y restricted to Q has a smaller Lipschitz
constant Lo. Let Z : Scn — R be a balanced polynomial of degree a in entries of the vector
x € C" that is provided as input. Let 6 > 0. Let f : R — R be a non-decreasing function.
Suppose that |Z(x) — f(Y(z))| < ¢ for all x € Scn. Let x,y € Scn. Let Z, = Z(Ux),
Zy = Z(Uy) be two correlated random variables, under the choice of a unitary U chosen
uniformly at random from an e-approximate unitary t-design v. Let r be a positive integer

t—r 2 2\7r
satisfying 2ar <t. Let 0 < e < - (421("5‘)@.7?’”2) . Then

2 2\ "
BolZ, - 2, <3 (TREZYEY oy by e ot (2o - uif
n z~Haar
» Lemma 18. Let Y : Scn — R be a balanced polynomial of degree a in entries of the
vector x € C" that is provided as input. Let a(Y') denote the sum of absolute values of the
coefficients of Y. Suppose Y has global Lipschitz constant Li. Suppose that there exists
a subset @ C Scn such that Y restricted to Q0 has a smaller Lipschitz constant Lo. Let
z,y € Scn. LetY, ==Y (Ux), Y, :=Y (Uy) be two correlated random variables, under the
choice of a unitary U chosen uniformly at random from an e-approximate unitary t-design v.

—-r 2 2\7
Let r be a positive integer satisfying 2ar <t. Let 0 < € < %. Then

z~Haar

- drL3||e —yl|3\" . -
Bo ¥ - v <3 (MR by e o (nhle - uiBy

We also need a so-called chaining inequality for probability similar to Dudley’s inequality in
geometric functional analysis [3, 21]. The original Dudley’s inequality bounds the expectation
of the supremum, over pairs of correlated random variables, of the difference between them
in terms of an integral, over 7, of a certain function of the size of an 7-net of Sgn. Our
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chaining lemma differs from it in two important respects. First, instead of the expectation it
bounds a tail probability of the supremum, over pairs of correlated random variables, of the
difference between them. Second, it replaces the integral by a finite summation over 7n-nets
of Sgn with geometrically decreasing 7. Despite the fancy name, our chaining lemma is a
simple consequence of the union bound of probabilities. Nevertheless, it is crucial to proving
our main result as it allows us to efficiently invoke powerful measure concentration results in
order to bound the variation of a Lipschitz function on subspaces of C".

» Lemma 19 (Chaining). Let {Xs}scs be a family of correlated complex valued random
variables indexed by elements of a compact metric space S. Let A\, L1 > 0. The family is said
to be Ly-Lipschitz if for all s,t € S, | Xs — X¢| < L1d(s,t) for all points of the sample space.
Define ig to be the unique integer such that the radius of S lies in the interval (2-%—1 27%],
Define i1 := max{ig, [log %1} Let p:Z — Ry be a non-decreasing function. Suppose the

lilp(3)
>0 21

infinite series y is convergent with value C. Then,

i1+1 B B
A/
Pr[sup |Xs — X¢| > A\ < E E Pr[|Xu—Xu/|>M],

4C - 21
StES i=io+1 (u,u')EN; —1 XN;:d(u,u')<2-i+2
for a sequence of 27 -nets N, ig < i <1y, [N;| =1, of S.

Proof. For every i € Z, let N; be a 27 %net of S. Let iy be such that radius of S lies in
(2~ (o+1) 9=%0] The net N, consists of a single element, say so. For every s € S and i € Z,
let m;(s) be an element of N; satisfying d(s,m;(s)) < 27¢. We have the following chaining
equation for every s € S:

i

Xs = XSO + (Z(Xm+1(s) - Xﬂi(é‘))) + (XS - X7T1‘1+1(S))'

i=ig

Lipschitz property of the family implies that

i1
sup |Xs - Xt| < 2 Z Sup‘Xﬂi+1(S) - le(s)‘ + L27"
s,teS i=io €S

i1

< 2 sup |Xu - Xu’| + L127i1
i—io (u,u’ ) ENG XN p1:d(u,u’)<2—i+1
11+1 A
< 2 sup |Xu—Xur|+§.

i=ig+1 (u,u’)EN; —1 XNjid(u,u’)<2—i+2

Now if sup; 45| Xs — X¢| > A, there must exist an 4, ip +1 < i <4y + 1 such that

)\ /T~ T
‘Xu_Xu’| > |Z‘p(7’).

sup _
(w,u’)EN;—1 X Njd(u,u’) <2742 4C - 2¢
Applying the union bound on probability leads us to the conclusion of the lemma. <

We now prove our sharp Dvoretzky-like theorem for subspaces chosen from the Haar
measure using stratified analysis.
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» Theorem 20. Let p: N — Ry be a non-decreasing function. Suppose the infinite series

Y is0 ;71:(2) is convergent with value C. Let f : Scn — R have global Lipschitz constant L.

Let Lo, cq,c0,c3,A > 0. Define m := (%1 Suppose there is an increasing sequence of
subsets Q1 C Qy C --- of Scn such that with probability at least 1 — coe™%™, a Haar random
subspace of dimension m lies in ; and f restricted to €); has Lipschitz constant Lo \/m
Then there exists a constant ¢ depending on c3, C, 0 < ¢ < 1, such that for m' := cm with
probability at least 1 — (co + 1)2”"/, a subspace W of dimension m' chosen with respect to
Haar measure satisfies the property that |f(w) — p| < A for all points w € W N Scn.

Proof. In this proof Sc» denotes the unit ¢o-length sphere in C™ together with the origin
point 0. The radius of S¢n is one which makes ig = 0 in Lemma 19. Consider a canonical
embedding of Si..s into Scm and further into Scn. Define

B;:={U €U(n) : Vz € Scm,Uz € Q;}.

For s € Sgms, define the random variable Y := f(Us) — u, where the randomness arises
solely from the choice of U € U(n). Then Prygaar[Bi] > 1 — coe ™™,
Let i1 := [log %1 Let V;, i =0,1,...,41 be a sequence of 27 %-nets in Sg,.s of minimum

cardinality, where Ay := {0} and Yy := 0. We can take |Nj] < Q2it2m’ by Fact 9. By
Lemma 19

i1+1 . .
Z Z M/ip(i
UNPI){raar[ Sep |Y'S_Y;| - A} = 2 UNI;-IraarHYu_Yu/| o T;Z)]
$:t€8em/ =1 (u,u/)ENi 1 XNy |Ju—u ||y <2-i+2

Applying Lemma 16 to the set B; gives, for u, u’ satisfying ||u — u’||z < 272

I R A L)
\Zin(i
s 2exp ( 2702221'T[L/§pz(]z?')(|2|)u - u’|§> 2 z~1l){1;ar[z € ]
< 2exp (2971(?)2\2%) + 2z~1:}’11;ar[z € Q7]
<

m . .
2 exp <—2902> + 2co exp(—cgmi) < 2(cg + 1) exp(—cqami),
for a constant ¢4 depending only on C' and cs.

This gives us

Pr [ sup [V, Y| > )]

U~Haar 51t€SCm’

i1+1 i1+1
< Uty ) e < Aoy 1 1) Y N G e
i=1 (u,u’)EN;—1 XNj:||lu—u’||2<27+2 i=1
i1+1
< 4(02 + 1) Z 24m’(i+2)€764mi < (02 + 1)27717,"
=1

where the third inequality follows from (a) and the fourth inequality follows from the definition
m' := cm for an appropriate choice of ¢ depending only on c¢4. In other words, ¢ depends

only on C and c3.
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Taking ¢ = 0, we see that with probability at least 1 — (co + 1)2_’”/ over the choice of a
Haar random unitary, we have that for all s € S¢../, |Ys| < A. This completes the proof of
the theorem. <

Remark

The sets €; and the Lipschitz constants Lgy/p(i) for 1 < i < [log %1 + 1 formalise the idea
of stratified analysis mentioned intuitively in the introduction. As 7 increases the relevant
Lipschitz constant increases. So we need a finer net i.e. a 2 %-net for the ith layer €); in
order to control the variation of f for subspaces lying inside ;. With exponentially high
probability, we thus get a Haar random subspace of dimension m/, slightly smaller than m,
where f is almost constant. Note that the definition of m involves only the smallest local
Lipschitz constant Ls. Thus the dimension of the space m’ that we obtain is larger than what
would be obtained by a naive analysis which would be constrained by the global Lipschitz
constant L;. Moreover, a naive analysis would not give exponentially high probability, just
an arbitrary constant close one. These two properties underscore the power of our stratified
analysis. However, applying the stratified analysis to a concrete function is not always
straightforward. We need to define the layers €1, s, ..., properly and show separately that
Haar random subspaces of dimension m lie in €2; with probability 1 — coe=%™¢. But for
several interesting functions this can be done without much difficulty. This will become
clearer in Section 4 where we will show how to recover Aubrun, Szarek and Werner’s result
for the Haar measure directly from Theorem 20, without having to apply a Dvoretzky-style
theorem twice in a messy fashion as in the original paper [3]. Moreover, we get success
probability exponentially close to one unlike Aubrun, Szarek and Werner who could get only
a constant close to one. Furthermore, our methods extend to approximate t-designs and
allows us to prove exponentially close to one probability even for that setting.

We now prove our sharp Dvoretzky-like theorem for subspaces chosen from approximate
t-designs using stratified analysis.

» Theorem 21. Let p: N — Ry be a non-decreasing function. Suppose the infinite series

Yo ;7@(1) is convergent with value C. Let f : Scn — R be a balanced degree ‘a’ polynomial
with global Lipschitz constant Ly. Let 0 < Lo < 1, ¢1,¢9,¢3,A > 0. Define m := [%1
Suppose there is an increasing sequence of subsets Q1 C Qo C -+- of Scn such that with
probability at least 1 — coe™ ™, a Haar random subspace of dimension m lies in Q; and f
restricted to Q; has Lipschitz constant L \/m Suppose

A 2m (2a=1)m(120(1))™
R R it e
414 max{a(f)?™, 1}

Then there exists a constant ¢ depending on c1, cs, C, p(1), 0 < ¢ < 1 such that for

1 1 02l2
0og log L
m = Cmixzp(l) y

c2L?
[log m]

with probability at least 1 — (co + 1)2‘”’, a subspace W of dimension m’ chosen under
an e-approzimate (2am)-design v satisfies the property that |f(w) — p| < A for all points
w € W NScn.
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Proof. In this proof Scn» denotes the unit f5-length sphere in C™ together with the origin
point 0. The radius of S¢n» is one which makes ig = 0 in Lemma 18. Consider a canonical
embedding of S¢.v into Scm and further into Scr». Define

Bi = {U € U(n) :Vz € S(Cm, Uz € Qz}

For s € Sgms, define the random variable Y := f(Us) — u, where the randomness arises
solely from the choice of U € U(n). Then Prymaar[Bi] > 1 — coe ™™,

Let i1 := [log %] Let Aj, i = 0,1,...,4; be a sequence of 2~ *-nets in S¢,,» of minimum
cardinality, where Ny := {0} and Yy := 0. We can take |\j] < g2(i+2)m’ by Fact 9. By
Lemma 19

Pr sup |V,—Yi| >\ <

U~v S,tES(Em/

i1+1 Y

2> > Pr (Y, = Yu| > ﬁ_}’;)]. (2)

i=1 (u,u')EN;_1 X Niz[lu—u/[|2 <270 F2

Let 7 be a positive integer such that r(i; + 1) < m. Applying Lemma 18 to the set B;
gives, for u, u’ satisfying ||u — u'||s < 272

A ip(i)
Pr[|Y, — Y| > 2
Frll 1> 9 ]
o NZip(i) \ " 2242\ " -
- —Y s ( SV < | S [V = Y|
UPNI‘UHYU Y. | > (24022% ] = )\%]?(i) Ey [|Yu Ya | ]
220N [ (ariL3p)lu = w3\ | i ey oz
< 3(/\%1)(,0) < n > + e 7 (L1||u_u||2)
< 3 22002 L3 ||u — '3 ”+3626_03mi 22”402@?”9—@6'”3 B
nA2 A%ip(i)
2100213\ " (280213
< 3 3 —C3mi 1 A
= ( e ) o (Azp(1)>
=1 =:1I

We now analyse the two terms in the above expression. Take

canA? 1
re

= 21002[/3 |—log 2;6:&)?1

for a constant ¢4, 0 < ¢4 < 1, ¢4 depending only on C, ¢1, c3, p(1) chosen to be small enough
2
so that (i1 + 1) < m and % < @ Substitute r back in I and II to get
2

2
ilog 1 2802L% e 4
I < 3. 2*7‘2 oglog A2Zp(1) , 11 < 3626_03””27 < 3026—037717,/2.
‘We choose
SCQLQ c
" 1 31
m” :=rloglo < 2
898 32,1 T2

This gives us

[<3.27™" I1< 3coe ™"
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Thus, we have shown that

)\\/p(l) o
v, VIV « m’i
UPNI“VHYu Y| > ic o ] <3(ce+1)2

Substituting above in Equation 2, we get

Pr| sup [Y,—Yi>\
Unv s t€8
i1+1

< 2y > 3(co +1)27™"

1=1 u,u' €EN;_1 XN;:||lu—u/||<2—i+2

i1+1 i1+1
< 6(cr+1) Z INi_q| - NG| -27™"F < 6(co + 1) Z gdm’(i+2)9-m"i (ca+1)27™
=1 =1

if m’ is chosen as indicated above for a small enough constant ¢, 0 < ¢ < 1, ¢ depending only
on ¢4, ¢1, C i.e. ¢ depending only on C, ¢, c3, p(1).

Taking ¢ = 0, we see that with probability at least 1 — (¢g + 1)2*’"/ over the choice of a
uniformly random unitary from the approximate (2am)-design, we have that for all s € S¢/,
|Ys| < A. This completes the proof of the theorem. <

4  Strict subadditivity of minimum output von Neumann entropy for
approximate t-designs

We first apply Theorem 20 in order to directly recover Aubrun, Szarek and Werner’s result
[3] that channels with Haar random unitary Stinespring dilations exhibit strict subadditivity
of minimum output von Neumann entropy. In fact, we go beyond their result in the sense

that we obtain exponentially high probability close to one as opposed to constant probability.

After this warmup, we apply Theorem 21 in order to show that channels with approximate
n?/3-design unitary Stinespring dilations exhibit strict subadditivity of minimum output von
Neumann entropy with exponentially high probability close to one.

Let k be a positive integer. Consider the sphere Si.s. Define the k x k? matrix M to be
the rearrangment of a k3-tuple from Scws. Note that the £2-norm on C*’ is the same as the
Frobenius norm on CK***,

In Step I, we define the function f: S — R as f(M) := || M||«. The function f has
global Lipschitz constant L; = 1 since

[f(M) = f(N)] < |[M = Nljoo < |M = N2

For large enough k the mean p of f, under the Haar measure, is less than 2k~1/2 3,

Corollary 7]. We use the notation of Theorem 20. Define Ly := 1, p(i) := 1 for all i € N.

Then C' < 2. Define the layers Q1,(s,..., to be all of Spis. Let j, 4 < j <k be a positive
integer. Let \; := \/% Define ¢; := 1, m = k%, ¢y := 0, c3 := 1. Trivially, a Haar random
subspace of dimension mj lies in €; with probability at least 1 — coe~%™J%, Theorem 20 tells

us that there is a universal constant ¢; such that for m’ := ¢, k2, with probability at least
1—92-m' , a Haar random subspace W of dimension m’j satisfies

v 2 j \ﬁ
oo = 7 2 A
1] <\/E+\/;< k

for all M € W.
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In Step II, we define the function f:Sgs — Ras f(M) = [|[MMT — %”2 The function
f has global Lipschitz constant L = 2 since
QL) — F(N)| < MM — NNy < [ MM~ MN, 4+ [MNT - NN,
< Mlool|MT = N2 + | N[l [[M = N2
= (IMlloc + [Nllo)IM = Nll2 < 2||M — Nfz.

The mean y of f, under the Haar measure, is less than cok ! for a universal constant ¢y [3,
Corollary 7]. We use the notation of Theorem 20. Let j, ¢ < j < k be a positive integer.

Define Lo := 4\/%, p(i) == i+ 3 for all i € N. Then C < 4. Define the layers ©1,9,..., to
be the subsets

(i3
Q= {MeSCks:HMHOOgQ J(Z: )}.

It is easy to see that f restricted to £2; has local Lipschitz constant at most Lo \/m Let
A= % Define ¢; := 16¢;, m = ¢1jk?, cp := 1, c3 := In2. By the previous paragraph, a Haar
random subspace of dimension m(i + 3) lies in Q; with probability at least 1 — cgecam(i+3) >
1—coe ™ Theorem 20 tells us that there is a universal constant ¢y such that for m’ := ék2,
with probability at least 1 — 9—m'j , a Haar random subspace W of dimension m’j satisfies

1 co  J 2
f(M) = ||MMT*E||2<?+% %
for all M € W. Setting j = 1 allows us to recover Aubrun, Szarek and Werner’s technical
result [3] with probability exponentially close to one viz. with probability at least 1 — 2*’”/,
a Haar random subspace W of dimension m’ satisfies || M Mt — %Hg < 2 forall M € W. We
will see below how this implies the existence of a channel with strictly subadditive minimum
output von Neumann entropy.

In Step III, we define the function f: Sgs — Ras f(M) == [|[MMT — %H% i.e. this f is
the square of the f defined in the last paragraph. Now, f is a balanced polynomial of degree
a=2and 1< a(f) < kS as can be seen by considering f(J) where J is the k x k? all ones

matrix. The function f has global Lipschitz constant L; = 4 since

1 1 1 1
SO = FN] < MM = Ll = INNT = 2ol - [IMMT = Lz + [NNT = o
1 1
< (1Moo + INla) (IMMT = Zlla + [NNT = 2 [2)[M = Nl
< 4||M — N||2.

The mean p of f under the Haar measure is less than c¢3k~2 for the same universal constant
co [3, Corollary 7). We use the notation of Theorem 21. Define Ly := 16k~%/2, p(i) := i* for
all i € N. Then C' < 5. Define the layers Q1,Qso, ..., to be the subsets

1 1 21
Qi = {MESck3 : ||M||oo SQ\/;,IMMT—ka < k}

It is easy to see that f restricted to €2; has local Lipschitz constant at most Lo \/m Let
A = k2. Define c¢; := 28¢y, m = é&k? < ¢1k%, ¢o := 2, c3 := In2. By the previous
two paragraphs, a Haar random subspace of dimension mi lies in €2; with probability at
least 1 — cpe™ ™. In particular, a Haar random subspace of dimension m lies in Q; with
probability at least 1 — coe™ ™. Let

2m 19m1.—3m
1 .
0<e< ( ) RO (4k)~1002K"

16k2 lem
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Theorem 21 tells us that there is a universal constant ¢s such that for

loglog k

/ — k2
mn e logk ’

with probability at least 1 — 3 - 2””/, a subspace W of dimension m’ chosen from an
e-approximate (4éok?)-design v satisfies
5,1 g+l

1 C
M) = MM = T < 5+ = D

for all M € W.
We shall now see how this result gives us a channel with strict subadditivity of minimum

output von Neumann entropy. Consider the channel ® corresponding to the subspace W.

The output dimension is k. The input dimension is dim W = m/. The Stinespring dilation of
the channel @ is the k2 x k® unitary matrix that defines the subspace W’. The subspace
W' is obtained by taking the first m’ columns of the unitary matrix. This unitary matrix
is chosen uniformly at random from a k~8¢2*_approximate unitary (4é;k2)-design. From
Fact 3, we get

Sin(®) > log s — k max f(M) > logh — D1
min -~ 10g ]{/[Heag[(/ 2 log A .
And from Fact 4, with d = k2, we get
5 m/ m/ d 1
min P ) < 21 k——1 k —1 — -
Siin (P ® @) og 1d 108 +O(kd0gm’+k>
¢sloglog k (loglogk)? 1
= 2logk — —
o8 K O( Klogk &

< Smin(q)) + Smin((i))v

for large enough k. Thus, we have shown that for large enough n approximate unitary
n?/3-designs give rise to channels exhibiting strict subadditivity of minimum output von
Neumann entropy, implying that classical Holevo capacity of quantum channels can be
superadditive.

If instead we were to use the existence of a Haar random subspace W of dimension
m := ék? proved at the end of Step II above, we will recover Aubrun, Szarek and Werner’s
result on strict subadditivity of minimum output von Neumann entropy with probability
exponentially close to one. Consider the channel ® corresponding to the subspace W. The
output dimension is k. The input dimension is dim W = m. The Stinespring dilation of
the channel ® is the k® x k3 unitary matrix that defines the subspace W. The subspace W
is obtained by taking the first m columns of a Haar random unitary matrix. From Fact 3,
we get

1 4
Simin(®) > logh — k max [ MM — |5 > logh — .

And from Fact 4, with d = k2, we get

m m d 1

Smin (@@ ®) < 2logk kdlongrO(kdlongrk)
éologk 1
= 2logk——7">"—4+0| -
og A + (k

< Smin(q)) + Smin((i))v
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for large enough k. Thus, we have shown that for large enough n Haar random unitaries give
rise to channels exhibiting strict subadditivity of minimum output von Neumann entropy,
implying that classical Holevo capacity of quantum channels can be superadditive. Observe
that the counter example we get for additivity conjecture for classical Holevo capacity of

quantum channels, when the channel is chosen from an approximate unitary ¢-design has

weaker parameters than a channel chosen from Haar random unitaries. Nevertheless, as

explained in the introduction our work is the first partial derandomisation of a construction

of quantum channels violating additivity of classical Holevo capacity.
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Proofs of Lemmas used in stratified analysis

Proof of Lemma 16. By Fact 8, there is a circled function Y’ that agrees with Y on Q
and is Lo-Lipschitz on all of Sgn. Define correlated random variables Y, Yy’ in the natural
manner. Then using Fact 11, we get

Pr [V, —Y,| > )

U~Haar

= . Pl’{r [(Uz,Uy) € 2 x Q] v Pl’{r 1Yz — Yy > AUz, Uy) € Q2 x Q]

+ P [(UnUy) ¢ QX0 Pr [V~ ¥,| > MU, Uy) €2 x 9
_ . !/ _ U
= UNP;Iraar[(U:E,Uy) € Qx Q] UNPI’{raarHYm Y, > MUz, Uy) € Q x Q]

+ P [(Un,Uy) Q%0 Pr [V, =Yy > A[(Us,Uy) € 2 x 0]
< Pr Y=Y >MN+2 Pr [z€Q]

U~Haar z~Haar

nA?
< 2exp(—=—=5——5)+2 Pr [z€Q°.
SL%”(E — y”% z~Haar
This finishes the proof of the lemma. <

Proof of Lemma 17. Since Z, — Z, is a balanced polynomial in the entries of the unitary

matrix U, from Fact 15 we have

EUNV“Z{D - Zy‘Zr] S EUNHaarHZw - Zy|2r] +

ea(Z)?r
nt
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2r b 2 2\ T
By choosing € small enough to satisfy the constraint above, we get m(nzt) < (MLzlffylb) .

Combining (a) and (b) gives

s - 4rL2||lz — ylI2\"
Eveul|Ze — 2] < Evmttaar (12 — Z,[*") + (zlyllz) .

n
Now we find Eptaar[|Ze — Zy|*"]-
By Fact 8, there is a circled function Y’ that agrees with Y on € and is Lo-Lipschitz on

all of Sgn. Define correlated random variables Y, Yy' in the natural manner. Then using
Fact 11, we get

Pr [|V, —Y,|> )

U~Haar
= . ].:I){l"” (Uz,Uy) € Q x Q] - P;Ir” Yz =Y, > AUz, Uy) € 2 x Q]
+ Pr [(Uz,Uy)€QxQ]- Pr [|Y,-Y,|>\(Uz,Uy) ¢&QxQ]
U~Haar U~Haar
_ 3 / _ !
= UNl?{raar[(Ux,Uy) €N x Q] UNliIraarHYm Y, > AUz, Uy) € Q x Q]
—l—UliIr [(Uz,Uy) ¢ Q x Q]U%r [[Ye =Yy > AUz, Uy) ¢ 2 x Q]
< Pr [[Y,-Y,[>)+2 Pr [z€Qf
U~Haar z~Haar
nA?
2exp(—==57——35)+2 Pr [z€Q°.
8L%”.’L‘ — y”% z~Haar
This finishes the proof of the lemma. <

Proof of Lemma 18. Since Y, — Y/, is a balanced polynomial in the entries of the unitary
matrix U, from Fact 15 we have

ea(Y)?r

EUM/“Y:& - Yy|2r] < I['EUNHaarHYﬂE - Yy|2r] + nt

2r b 2 2\ T
By choosing e small enough to satisfy the constraint above, we get m(:;) < (MLzlffylb) .

Combining (a) and (b) gives

P> r drL2||lz — ylI2\ "
EUNV“YI - Yy|27] < EUNHaar(|Yz - Yy|2 ) + <2||y||2) .

n

Now we find Eypaar[|Ya — Yy|?"]. Since Y is a balanced polynomial, it is circled. By
Fact 8, there is a circled function Y’ such that Y’ agrees with Y on Q and Y is Lo-Lipschitz
on all of Scn. Define correlated random variables Y, Y, in the natural manner. Then

EUNHaarHY;c - Yy|2r]
= Pr [(Uz,Uy) € Qx Q) EyonaarlYe — Yy [*|(Uz,Uy) € Q x Q]

U~Haar

+ UNPI){raar[(Ux’ Uy) ¢ Q2 x Q] 'EUNHaarHY:C - Yy|2r|(va Uy) ¢ Q1 x Q]
= 5 1?{( [(Uz,Uy) € 2 x Q- Eycnaarl|Ys — Y, |7 |(Uz,Uy) € Q x Q)

+ UN};II;M[(U'% Uy) Z Q2 x Q] 'EUNHaarHYI - Yy|2r|(U'rv Uy) Z Q0 x Q]

A2

Evetaar(Ye = Yy 1+2 Pr [z € Q- (Lillz —yl3)".

z~Haar
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Now we find Eypaar(|Yy — Y, |*"] using Fact 11 and Low’s method [16, Lemma 3.3].
IEUNHauar“Yvw/ - Y;|2r}

= / Pr [|Y1§ —ny|2r > Ad\ = / Pr ny/ —Yy'\ N )\1/(27‘)]d)\
0 0

U~Haar U~Haar
00 AL/ rL2le — ull2\"
< 2/ exp— 2 yin & 2<Tzllzyllz> .
0 8L3[|lx — yll3 n

Combining inequalities (d) and (e), we have

ArL|x _y||§)7"

- +2 Pr [2€ Q- (Lille —yl3)"-

z~Haar

EUNHaarHYz - Yy|2r} S 2 <

Further combining with (c) gives us the desired conclusion of the lemma. |

B  Strict subadditivity of minimum output Rényi p-entropy for
approximate t-designs

We now give a general proposition showing how to approximate a continuous non-decreasing

function by a polynomial of moderate degree. The proof can be found in the full version in [19].

» Proposition 22. Let f : [0, A] — [0,1] be a continuous non-decreasing onto function
that has left and right derivatives everywhere. Define the global Lipschitz constant L :=
maxyeco,a] [ (y), where henceforth we use f'(y) to denote the maximum of the the left and
right derivatives of f aty. Fiz 0 < € < 1. Define the e-smoothed local Lipschitz constant at
z,

L = max "(y).
yef T ((f(w)—e.f(2)+e))

1
Let n be the minimum positive odd integer satisfying mA < 6"2‘5, where m := 2£y/Ine—2.
Define my, := 2L: /Ine2. Then there is a polynomial p(x) of degree at most 2n+ 1 such that

€

p(x) — 26 < f(z) < p(x) +3e, —me? <p'(x) < emy +me?, Va0, Al

Moreover the sum of absolute values of the coefficients of p(x), denoted by a(p(x)), is at
2((A+1)m)*

most e
In this section, we applg Proposition 22 and Theorem 21 in order to show that channels with
approximate p3 ndTotE log n-design unitary Stinespring dilations exhibit strict subadditivity
of minimum output Rényi p-entropy for p > 1 with exponentially high probability close to
one.

Let k be a positive integer. Consider the sphere Sqis. Define the k& x k? matrix M to be
the rearrangment of a k3-tuple from Scws. Note that the £2-norm on C*’ is the same as the
Frobenius norm on CF***. Let p>1.

In Step I, we define the function f: Sy — R as f(M) := || M]|2p. The function f has
global Lipschitz constant L; = 1 since

[f(M) = f(N)| < [[M = Nll2p < [|M = Ns.

For large enough k the mean p of f, under the Haar measure, is less than 2k 3 [4,
Section VIII], [3, Corollary 7]. We use the notation of Theorem 20. Define Lo :=1, p(i) :=1
for all i € N. Then C' < 2. Define the layers Q1,2,..., to be all of Sq.us. Let j, 4 < j < k be
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a positive integer. Let \; := j%k%_%. Define ¢; :=1, m = /<:2+%, cg =0, c3 := 1. Trivially,
a Haar random subspace of dimension mj lies in §; with probability at least 1 — coe™ ™%,
Theorem 20 tells us that there is a universal constant ¢; such that for m’ := élk2+%, with
probability at least 1 — 2-m'i a Haar random subspace W of dimension m'j satisfies

1

IMllos < IMllap < 20773 + j2 k%74 < 252 h3

Nl

g etd _
for all M € W. In particular, with probability at least 1 —2~¢17k* 2 (logk) 1, a Haar random
4 5
subspace W of dimension &7k 73 (log k)~ ! satisfies

1

111
[Mlloo < [[M|l2p < 2j2 k272

for all M € W.
Let j, 4 < j < k be a positive integer. Define the function f : [0,1] — [0,1] as f(z) := aP.
Set € := k7P in Proposition 22. Let n be the minimum positive odd integer satisfying

_r
2pkP+/In k2r < %; n < 27p?k?P log k. Proposition 22 implies that there is a polynomial
p(x) of degree at most 2n + 1 < 2?p3k2P log k such that

p(z) — 2k77 < a? < p(x) + 3k, va € [0,1],
P/ (@)] < dp(j + )P~ VInkZRS 5P, Ve € [0, kY, 3)
[P/ ()] < 4p(5))" VInRPR PR, Ve e (kS 5k,

Also, Proposition 22 guarantees that a(p(z)) < 2 PPk logk

In Step II, we define the function f : Sqe — R as f(M) = Tr[p(MM?")], where
p is the polynomial defined in Equation 3. Now, f is a balanced polynomial of degree
a=2n+1<2%3k%logk and

o(f) = Te[p(JIh)] = KPa(p(x)) < X7 F" sk,

where J is the k x k? all ones matrix. For a k x k matrix X, define Sing(X) to be the k x k
diagonal matrix consisting of the singular values of X arranged in decreasing order. The
function f has global Lipschitz constant L; = 2*p3/2,/logk since

F(M) = F(N)| = [Tr[p(Sing(M)?)] — Tr [p(Sing(N)2)]| = [Tr [p(Sing(M)?) — p(Sing(N)2)]]
< 8p¥2/logk - ||Sing(M)* — Sing(N)?
< 8p*2/logk - ||Sing(M) — Sing(N)||2 - |Sing(M) + Sing(N)]|»
< 277 \/logk - [Sing(M) — Sing(N)l2 - /| M]3 + | N3
< 22\/loghk - M = Nllo.

Above, the first inequality follows from Equation 3, the second inequality is Cauchy-Schwarz
and the last inequality follows from [18, Section 4]. By setting j = 4 in Step I, we conclude
that the mean p of f under the Haar measure is less than 27k'~P. We use the notation of
Theorem 21. Let A := k!~P. Define

Ly = 24P3p3/2 flog k - k3P~ 55

p(i) := (i +4)*~! for all i € N. Then C < p?’. Define the layers Q1,s,..., to be the
subsets

Nl

Q; = {M € Spus ¢ | M]l2p < 2(i+ 3)3 k7~
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We will now show that f restricted to 2; has local Lipschitz constant at most Lo \/m . Note
that for any M € Q, ||MH<>o < 2(2 +3)z 5k 7. Let B denote the number of singular values
of M larger than (i + 3)2 5k 3. Let by,...by be the singular values of M in descending
order. Then

2% (i + 3K > M| p>2b2”> (Zb2> PO,

which gives Y27, bf g 22p (i+3)k% 5. Let C denote the number of singular values of N

larger than (i + 3) 53 2. Without loss of generality, B > C. Restricting M, N to belong
to ©;, we get from Equation 3 that

|f(M) = f(N)]
= ITr [p(Sing(M)?) = p(Sing(N)?)]|
B k
< le ®) = p(E)+ > p®) —p)+ > Ip®}) —p(c})]
i=C+1 i=B+1
C
< 8p¥2(5(i +3))P W logk - k2P Y |02 — ¢
=1
. B
+8p°2(5(i + 3))P " logk - k2P (b — cf|
i=C+1
5 2 k
+8p° (i + 4P logk - k37P75 Y [p(b7) — ()|
i=B+1
C C
< 8p¥2(5(i 4+ 3)P Wogk kP | Y (0 — )2 | S (b +ci)?
=1 =1
. B B
+8p°2(5(i 4+ 3))P " logk - KPTPTE YT (bi—ei)? | Y (bi i)
i=C+1 i=C+1
3 ) k k
+8p7 (i + )P logk - k3P | > (i — i)y | D (bt )
i=B+1 i=B+1
k C
< 272251 4 3))P W logk - KPR | S (b — )2 | (07 + ¢2)
1=1 1=1
L k B
+ 27282 (5(i 4 3))P " logk - KPP | S (b —ei)? | Y (B2 +c2)
=1 i=C+1
5 , k k
+ 272372 ((i + 4))P~ 1 log k- k3 P75 Z 24| D> (B2 +c2)
i=1 i=1
1 1

w

< 2254 3)7 7 logh - KTPTE kS - [Sing(M) — Sing(N) |2
+24p¥29757 1 (i 4+ 373 \log k- vtk |Sing(M) — Sing(N)]|2
404 3/2((1'_’_4))17—1\/7 k%*p*%HSjng( M) — Sing(N)||2

2°p%/22P50 (i 4 4)7 ™5 logk - k3775 - |Sing(M) — Sing(N)]l2

24P +33/2(; 4 4)P=3 . flogk - k3P - |M — N|».

INIA
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This completes the proof of the claim above that f restricted to §2; has local Lipschitz
constant at most Lgm. Define ¢; := 28776p3¢;, m = 61k£+%(log k)"l ep:i=1,c3:=In2.
By Step I, a Haar random subspace of dimension mi lies in €2; with probability at least
1 — coe™™ Let

1—p\ 2™ 1.3(2a—1)mg(2p—1)m 7 2m
0<ec< k k ) L3
4L, a(f)m

Theorem 21 tells us that there is a universal constant és such that for

wl = oyl 2BIOBN
(log k)?
with probability at least 1 — 2 - Q’m,, a subspace W of dimension m’ chosen from an
e-approximate (2am)-design v satisfies

F(M) =Tr [p(MM?)] < 2%k ~P 4 1P < 2% H1gl—Pp
for all M € W. By Equation 3, this implies that
Tr [(MM')P] < Tr [p(MM)] + 3k17P < 24PF31-P

for all M € W. In other words, ||M||3, < 27k~ for all M € W.

We shall now see how this result gives us a channel with strict supermultiplicativity of
the ||-|[1p-norm or equivalently, strict subadditivity of minimum output Rényi p-entropy for
p > 1. Consider the channel ® corresponding to the subspace W. The output dimension is k.
The input dimension is dim W = m/. The Stinespring dilation of the channel ® is the k3 x k3
unitary matrix that defines the subspace W’. The subspace W' is obtained by taking the
first m’ columns of the unitary matrix. This unitary matrix is chosen uniformly at random
from an e-approximate unitary 61210p3k%+%+2p log k-design. From Equation 1, we get

D1y = M|3, < 27kv 1.
(@1 = a3, <
From Fact 4,
= m' 4 _aloglogk
I8 @1y > 7 = ok ™S EED > (f0lo)

for large eznough k. Thus, we have shown that for large enough n approximate unitary
4 5 D
p3n% 7973 logn-designs give rise to channels exhibiting strict subadditivity of minimum

output Rényi p-entropy for any p > 1.
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