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—— Abstract

Let A(n,m) be a graph chosen uniformly at random from the class of all vertex-labelled outerplanar
graphs with n vertices and m edges. We consider A(n,m) in the sparse regime when m =n/2 + s
for s = o(n). We show that with high probability the giant component in A(n,m) emerges at
m=mn/2+0 (n2/3) and determine the typical order of the 2-core. In addition, we prove that if
s=w (nQ/B), with high probability every edge in A(n, m) belongs to at most one cycle.
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1 Introduction

1.1 Motivation

In 1959 Erdés and Rényi [5] introduced the so-called Erdds-Rényi graph G(n,m), a graph
chosen uniformly at random from the class of all vertex-labelled graphs on vertex set {1,...,n}
with m = m(n) edges. Since then, the asymptotic behaviour of G(n,m) was extensively
studied (see e.g. [2, 8, 11]). In particular, it was investigated how the component structure
of G(n,m) changes, when m = m(n) varies and whether there are ranges of m, where this
change is very significant. Such dramatic changes are called phase transitions. For example,
Erdés and Rényi [6] showed that the order (that is, the number of vertices) of the largest
component in G(n, m) changes drastically when m ~ n/2. Later Bollobés [1] and Luczak [14]
looked more closely at the critical range m = n/2 + o(n).

Throughout the paper, we denote the components of a graph G by Hy = H{(G), Hy =
Hy(G),... in such a way that |H;| > |H,|, whenever i < j, where |H;| is the number of
vertices in H;. In addition, we use the asymptotic notation from [9].
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» Theorem 1 ([1, 14]). Let m = n/2+ s, where s = s(n) = o(n) and let G = G(n,m). Then
for every i € N the following holds with high probability".

3

(i) Ifsz — —00, then H; is a tree and |H;| = (1/2 + o(1)) Z—jlog |Z—|2
(i) If fL—Z — c €R, then |H;| = 0, (n?/3).
(iii) If 18732 — 00, then |Hy| = (4 +0(1)) s. Fori > 2, we have |H;| = o (n2/3).

This drastic change of the component structure at m = n/2 + O (n?/3) is called the
emergence of the giant component. These results raised the question whether there are also
phase transitions in other classes of random graphs. Luczak and Pittel [15] considered this
question for F'(n,m), a graph chosen uniformly at random from all vertex-labelled forests
with n vertices and m edges. They showed that, analogous to G(n, m), the giant component
in F(n,m) emerges at m = n/2 + O (n?/3). Kang and Luczak [12] showed that the same is
true for P(n,m), a graph chosen uniformly at random from all vertex-labelled planar graphs
with n vertices and m = m(n) edges. Later Kang, Mohammer, and Spriissel [13] extended
this result even to graphs on orientable surfaces.

Surprisingly, this problem for a random outerplanar graph is still open, although the
class of outerplanar graphs lies “between” the class of forests and the class of planar graphs
and therefore we expect similar behaviours. (A graph is outerplanar if it has an embedding
in the plane in such a way that every vertex lies on the outer face, equivalently, a graph is
outerplanar iff it contains neither K4 nor K» 3 as a minor.) In this paper we solve this open
problem on the emergence of the giant component in a random outerplanar graph.

Kang, Moffhammer, and Spriissel [13] used the core-kernel approach to obtain their
results on the giant component in Sq¢(n,m), a graph chosen uniformly at random from all
vertex-labelled graphs with n vertices, m = m(n) edges and genus at most g (for any constant
g > 0). This method is mainly based on the following decomposition. We call a component
of a graph G complex if it has at least two cycles. We decompose G into the complex part
Q¢, which is the union of all complex components, and into non-complex components. Then
we extract the core Cg, which is the maximal subgraph of Q¢ of minimum degree at least
two. Finally, we consider the kernel K¢, which can be obtained from Cg by the following
operation. Every maximal path P consisting of vertices of degree two is replaced by an
edge between the vertices of degree at least three that are adjacent to the end vertices of P.
Conversely, starting from kernels (as base cases) we can construct cores by subdividing edges
with additional vertices. Similarly, the complex part can be formed by replacing every vertex
in the core by a rooted tree. Finally, we obtain the whole graph G by choosing the complex
part and non-complex components.

However, we cannot apply the core-kernel approach to outerplanar graphs, because this
method is mainly based on the fact that a graph G is embeddable on a surface if and only
if its kernel K¢ is. But an analogous statement for outerplanar graphs is not true, since a
subdivision of an outerplanar graph is not necessarily outerplanar. Therefore, in this paper
we shall start directly from cores (as base cases), not from the kernels. One of key steps
in this direct core approach is to investigate how the number of outerplanar cores (and
complex parts, respectively) changes by addition of a vertex and an edge. Using our core
approach we prove that the giant component in a random outerplanar graph with n vertices
and m = m(n) edges emerges at m = n/2 + O (n?/3).

1 'With probability tending to 1 as n tends to infinity, whp for short.
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1.2 Main results

To state our main results we need to introduce some notations. Given a graph G, we define
the excess of a complex component of G to be the difference between the number of its edges
and the number of its vertices. The excess of G, denoted by ez(G) or £(G), is the sum of the
excesses of all complex components of G. In addition, we denote by nc(G) the number of
vertices in the core Cg. Let A(n,m) denote a graph chosen uniformly at random from all
vertex-labelled outerplanar graphs with n vertices and m = m(n) edges.

» Theorem 2. Let m = n/2 + s, where s = s(n) = o(n) and let G = A(n,m). For every
i € N whp the following holds.
(i) Iffl—z — —o0, then H; is a tree and |H;| = (1/2 + o(1)) TSL—jlog ‘:L—lj
(i) If fL—Z — c €R, then |H;| = 0, (n?/3).

SS

(iii) If 5 — oo, then |Hi| = 2s + O, (n¥®). For i > 2, we have |H;| = ©, (n*/3). In

n2

addition, we have nc(G) = 0 (sn*1/3) and ex(G) = © (sn*2/3).

To prove Theorem 2 we shall use some auxiliary results about cactus graphs, which
form a subfamily of the class of outerplanar graphs and are interesting in their own — a
cactus graph is a graph in which every edge belongs to at most one cycle. A simple, but
important observation is that a graph is a cactus graph if and only if its kernel is a cactus
graph. Therefore, analogously to the case of random graphs on surfaces [13] we can apply
the aforementioned core-kernel approach to obtain results on the component structure of a

random cactus graph, such as the order of the largest component, the core, and the kernel.

In addition, we determine the asymptotic number of cubic (i.e. 3-regular) cactus multigraphs
using singularity analysis of generating functions which arise from the standard decomposition
of graphs into smaller building blocks.

We denote by T'(n,m) a graph chosen uniformly at random from all vertex-labelled cactus
graphs with n vertices and m = m(n) edges. In addition, let K(2n,3n) be the class of all
cubic cactus weighted multigraphs with 2n vertices and 3n edges, and K.(2n,3n) be the
subclass of K(2n,3n) containing all connected graphs. Here every multigraph K is counted
with a weight of w(K) = 2~ (F)=e2(K) "where e, (K) denotes the number of loops in K and
e2(K) the number of double edges (see [10, p.5] for details of the weight of a multigraph).

» Theorem 3.

(i) Let m = n/2 + s, where s = s(n), n*? < s < n and G = T(n,m). Then whp
|H1| =25+ O, (n¥?), nc(G) = © (sn™Y/?), ex(G) = © (sn2/3), and the kernel Kg
is cubic.

(ii) There are constants co,c1,y > 0 such that as n — oo,

K (20, 3n)| = (1 + o(1))eon™/24%" (2n)!,
and IK.(2n,3n)| = (1 + o(1))e1n /242" (2n)!.

Finally, we use Theorem 2 to show that when m = n/2 + s for n?/? < s < n, the two
random graphs A(n, m) and T'(n, m) are “contiguous”, meaning that they are indistinguishable
in view of properties that hold whp. Such a contiguity of two models will turn out to be very
helpful for further investigations of the behaviour of A(n, m), partly because the core-kernel
approach is applicable for T'(n,m).

» Theorem 4. Let m =n/2 + s, where s = s(n) and n?/®> < s < n. Then, whp every edge

in A(n,m) belongs to at most one cycle. In other words, whp A(n,m) is a cactus graph.
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2  Proof strategy of Theorem 2

We start with the cases s®/n? — —oo and s?/n? — ¢ € R. By a well-known fact (see Lemma
12(i),(ii)) we obtain liminf, ,. P [G(n,m) is outerplanar] > 0. Thus, each property that
holds whp in G(n,m) is also true whp in A(n, m) and the Statements (i) and (ii) follow from
Theorem 1. Thus, it suffices to prove (iii), for which we use the direct core approach. To
illustrate this approach, we introduce further notations.

» Definition 5. We denote by
A the class of all outerplanar graphs;
Q the class of all complex outerplanar graphs (i.e. complex parts of graphs in A);
C the class of all complex outerplanar graphs with minimum degree at least two (i.e. cores
of graphs in A);
U the class of all graphs without complex components.
In addition, for any graph class X we denote by X(n,m) the subclass containing those graphs
with n vertices and m edges.

» Definition 6. Let G be a graph with n vertices and m edges. We denote by
ng = ng(G) the number of vertices in the complex part Qa;
ne = no(G) the number of vertices in the core Cg;
¢ =((Q) the excess of G, i.e. the difference between the number of edges and the number
of vertices in the complex part Qca;
ny = ny(G) :==n —ng the number of vertices in G outside the complex part Q¢;
my = my(G) :=m—ng — £ the number of edges in G outside the complex part Q¢ (with
ng vertices and ng + ¢ edges).

We reverse the decomposition in the core approach to obtain relations between the classes
defined above. We observe that each outerplanar graph can be constructed in a unique way
by combining a complex graph and non-complex components. Similarly, a complex graph
can be formed by choosing the core and replacing each vertex of the core by a rooted tree. It
is well known that we have ncnngncfl different possibilities for choosing these trees (see
e.g. [17]). Hence, we obtain

Al =3 (1 )1Q0gng + 01 lng.m)| =X, 7l 0. (1)
Qngung +01= 3, (1) etne.ne + Olneny o = 3 olnc) @
where we define
rngut) = (- )100ng: g + 0 (o o),

p(nc) == (”Q) C(ne,ne + )lneng? "
ne

In the sums of (1) and (2) we did not specify precisely in which sets the summation indices lie.
But it is convenient to consider only terms, which are non-zero. We call the corresponding
indices admissible. The next step is to find in the sums (1) and (2) those terms, which are
significantly larger than the other ones. In order to make that more precise, we use the
following terminology.



M. Kang and M. Missethan

» Definition 7. For eachn € N let In(n), I(n) C N be finite index sets such that In(n) C I(n).
In addition, let o,(i) > 0 for each i € I(n). Then the main contribution to the sum

2ier(n) On (i) is provided by i € Io(n) if 3 e r(n)\ 1o (n) On (i) =0 (Ziel(n) an(i)) forn — co.
In that case, we also say that the terms provided by i € 1(n)\Ip(n) are negligible.

Now the goal is to find sets I,,,, Iy and I, such that the main contributions to (1) and (2)
are provided by ng € I,,,f € I, and n¢ € I,,. Having such sets we immediately get
results about the structure of a random outerplanar graph G = A(n, m). Namely, that whp
nQ(G) € In,,U(G) € Iy, and nc(G) € I,,.. To get strong results, we aim to find sets I, I,
and I, ., which are as small as possible. Afterwards we use this concentration information
and a double counting argument (see Lemma 21) to deduce the component structure of G.
The main challenge is to determine Iy, Iy, and I,,.

In order to illustrate our main idea of the analysis of the sums (1) and (2), we consider
the generic sums ¥,, = Zie](n) 0, (1) from Definition 7. The goal is to find “small” sets Iy(n)
such that the main contribution to X,, is provided by i € Iy(n) or equivalently “large” sets
I (n) such that the terms provided by ¢ € I;(n) are negligible in 3,,. Our method to find
these sets I7(n) is mainly based on the following observation.

» Lemma 8. For each n € N let I1(n),I(n) C N be finite index sets such that I (n) C I(n)
and let 0,(i) > 0 for each i € I(n). In addition, for each n € N let f,, : I (n) — I(n) be a
function. We assume that there are a function € with e(n) = o(1) and a constant M > 0
such that for alln € N,i € I1(n) and j € I(n)

on (1) "
o @) = ®)
and |7 ()] < M. ()

Then the terms provided by i € I1(n) are negligible in 3,1,y on(i).

In most cases when we apply Lemma 8, the functions f, will be of the form f,, (i) = i+g(n)
for some function g : N — Z or of the form f, (i) = || for some constant § > 0. We note
that such functions f, always fulfil (4) for some M > 0. Thus, it remains to find a function
e with e(n) = o(1) such that (3) is satisfied. For simplicity, we demonstrate our method

of doing that only for the case when f, (i) = i + g(n) for some function g with g(n) > 0.

Moreover, we assume that I(n) = {a,,a, + 1,...,b,} for some a,, < b,. We observe that

itg(n)—1

Jn(i) o Un(i) o Un(k)
on(fa(i))  onli+g(n) kl;[z on(k+1)

()

Thus, we aim to find good upper bounds for a'O-Elk:(—]T-)l)'

the form exp(h(n)) for some function h : N — R. Then, if we assume

on(k)
on(k+1)

We commonly state these bounds in

<exp(h(n)), VneNVkel{i...,i+g(n)—1}, (6)

On (7')

we get together with (5), oy S exp (g(n)h(n)). If we find such functions g and h with
g(n)h(n) — —oo for n — oo, then we can apply Lemma 8 (see Appendix A for an application
of Lemma 8). We can summarise the above idea as follows. The key for a good analysis of

the sum . I(n) o, (1) is to have good bounds for the fractions aa?k(i)l) or equivalently good
a'n(k—&-l)

bounds for T(k)
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Now we describe how we find these bounds for the sums in (1) and (2). In order to find

good bounds for %, it suffices to estimate % (see Lemma 9). To that

end, we construct graphs in C (n¢ + 1,nc + 1+ £) as follows: Let H € C(n¢,ne +£) and an
edge e of H be given. Then we obtain in “most” cases a graph H' € C(n¢ + 1,n¢ + 1+ ¢) if

we subdivide e by one vertex and label this new vertex with nc + 1. By a careful analysis of
p(nc+1)
p(nc)
In the next step we consider the sum in (1) and shall determine I,,, and I,. To that
end, we look at the fractions T(TTEZ'H/) and 20298 ¢4 o constant § > 0. To get bounds
D) T(nq,t)
for the term |U(ny,my)|, we will use Lemma 12. Thus, it remains to find estimates for

|Q(ng+lng+ito)] [Q(ng.no+[6))| ;
Qg ool M4 Somomotrn - For the first fraction (see Lemma 13) we define for

ie{0,1}

this construction we will obtain good estimates for

ng +1

n ) IC(nc,ne +f)|nc(nQ +7;)”Q+i—nc—1.
c

pi(nc) = pi(nosng, ) = (

With this notation we have

|Q(TLQ =+ l,nQ + 1+ €)| _ Enc pl(nC)
|Q(ng,nq +0)| > one Po(nc)’

(7)

From the analysis of (2) we already know sets Iy, I; such that the main contributions to
ch po(ne) and ch p1(n¢) are provided by ne € Iy and ne € I, respectively. We will
see that we may assume I := Iy = I;. Then we will get a good bound for (7) if for nc € I
we estimate the fraction

pi(nc)  (ng+1)° (nQ+1>"Q‘”C‘1

po(nc) ng —nc +1 ng

®)

[Q(nqg,no+[54])]

For the fraction Qg no+0)]

(see Lemma 16), we will use that

[Qo(ng,ng + [9¢))] _ [Qng,ne + [64))] _ |Qr(ng,ng + [94))]
1Qp(ng,nq +0)| ~ [Q(ng,ng+0)| ~ |Qo(ng,ng +4)]

: 9)

where Qp(ng,ng + ¢) denotes the class of all complex planar graphs with ng vertices and
ng + ¢ edges and Q¢ (ng,ng + £) the class of all complex cactus graphs with ng vertices
and ng + ¢ edges. We get estimates for |Qc(ng,ng + £)| and |Qp(ng, ng + ¢)| by using
the core-kernel approach (see Lemmas 14 and 15). In order to show that these bounds are
tight enough, we make the following observations. We will see that there is a constant ¢ > 0
such that

|QP(nQ’nQ + K)
|Qc(ng,ng +¢)

: <d, (10)

Thus, we make a multiplicative error of at most ¢t if we use |Qp(ng,ng + £)| as an estimate
for |Q(ng,ng + ¢)|. We observe that the possible error increases at most by the constant

L Hence,

3/2
factor c if we increase £ by one. On the other hand, we will get Tlng.t+l) @(1)% -

T(nQVZ)

T(ng,¢) decays in ¢ outside the range ¢ = © (nQn_2/3) “much faster” than the growth of the

[QIno+1ng+1+0| . g 12(ng.ng+[6¢])]
1Q(ng.nq+0)] [1Q(ng.me+o)l

. Then we can apply Lemma 8 to find I,,, and .

error in (10). Having found estimates for

T(ng+1,f) T(ng,|d4])
a0 2nd =

, we obtain

bounds for
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3 Cores and complex parts: proof of Theorem 2

We recall that for a given graph G we denote by ne the number of vertices in the core Cq
and by £ the excess of G. In addition, C is the class of all outerplanar cores. Now we use the

ideas presented in Section 2 and start by finding /... To that end, we obtain the following
estimates for [C(netLnotldO)]
[Clnc,nc+0)]

» Lemma 9.
(i) For all admissible nc and ¢ we have
IC(nc + 1,nc +141)| 14

> —.
Clncnc+0] =" T 50

(ii) If in addition nc — 8¢ > 0, then

C 1 1+7 1
IC(nc + 1,nc + +)‘§(nc+€) ne + .
IC(nc,nc +4)] ne +1—80
p(nc+1)

Using Lemma 9 we obtain bounds for

pno) which we can use to analyse the sum
in (2) and find I,,,. The following two lemmas state that we can choose I,,, = © (\/ng?),

provided that ¢ = w(1). In Lemmas 18 and 19 we shall see that we may assume ¢ = w(1).

» Lemma 10. There are b,c > 0 such that for all admissible ng and ¢, we have

3o ) S (B S plne)

» Lemma 11. For all admissible ng,?¢ and c > 14, we have

chzc@p(”@ < exp (*%5) ch p(nc).

Next, we recall that U is the class of all graphs without complex components and Q the
class of all complex outerplanar graphs. In addition, for a given graph G' we denote by ng
the number of vertices in the complex part Qg, by ny the number of vertices outside the

complex part and by my the number of edges outside the complex part. We aim to find I,

T(ng+1,¢) T(ng,[6¢])
et and e

and I, by analysing . To that end, we need the following estimates

for [U(ny, my)|.
» Lemma 12 ([3, 10, 13]). Let m = n/2 + s with s = s(n) < n/2 and u(n,m) =

oy —1
|U(n,m)\((n21)) . Then there is a constant ¢ > 0 such that for

2) 2m—n mm1/2n—2m+1/2

f(n7m) =c ( n—m+1/2 ’

€ (n —m)

we have
(i) u(n,m) =1, if 7ST2 — —00;

(i) for each a € R, there exists a constant b > 0 such that u(n,m) > b, whenever s < an®/3;
_ . n3/4

(iii) u(n,m) <n=Y2f(n,m), if 0 < s < =

(iv) u(n,m) < f(n,m), if s > 0.

[Q(ng+1ng+1+4)|

In addition, we use Lemmas 10 and 11 and (8) to obtain estimates for
[Q(nq,mq+0)l
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» Lemma 13. There exist constants ay,az,€ > 0 and K € N such that for all admissible ng
and ¢ with K < { < eng, we have

1Q(ng +1,ng +1+7)]
|Q(ng,nq + )

(ng +1)exp (1—|—a1£) < < (ng +1)exp <1+a2£).
TLQ nQ

Next, we estimate % by using (9). To that end, we need the following two

results, which can be obtained by using the core-kernel approach.

» Lemma 14. There exist constants ay,as2,7v,K,e > 0 and by,bs € R such that for all
admissible ng and { with K <{ < eng, we have

n 0/2— _ _ _
ol 01 2022 o (o )
Qe (ng,ng + 0)] < agng? P2 =322 o (bm/ﬁn;) :

» Lemma 15 ([13]). There exist constants ag,aq,v1,K,e > 0 and bz, by € R such that for
all admissible ng and £ with K < £ < eng, we have

1Qp(ng,nqg +0)| = a3ngQ+3£/2_1/27f€_3€/2_3 exp (bS\/53nQ1> ;
1Qp(ng,nq + )] < amg? PP 0323 exp <b4\/€3nél> :

» Lemma 16. There exist constants c1,co, K,e > 0 and § € (0,1) such that for all admissible
ng and £ with K <{ < eng, we have

ng\ 3/2(L6¢]-0) Q(ng,ng + 64 ng\3/2(10¢)-6)
C§<£) §|(QQLJ)|§5(Q) .

¢ |Q(ng,ng +0)| a2

In order to apply Lemmas 13 and 16, we need the condition K < ¢ < eng. The next
lemma shows that this is indeed not a restriction for our considerations.

» Lemma 17. Let m = m(n) = n/2 + s, where s = s(n) and n*/* < s < n. Then for each
K € N and € > 0 the main contribution to }_,  ,7(nq,t) is provided by ng and { with
K </{<eng.

In Lemma 12 we observe that u(ny, my) stays close to one, as long as ny > 2my. Thus,

we will use in that case ((%UU)) as an estimate for [U(ny, my)|. In contrast, u(ny, my) starts
becoming quite small if ny < 2my. Hence, in that case we will use stronger bounds given by
Lemma 12(iii) and (iv). Thus, we define

Ty := ZnuZZmU T(ng,f) and Tp:= ZnU<2mU 7(nQ, 0)-

» Lemma 18. Let m = m(n) = n/2 + s, where s = s(n) and n*/? < s < n. Then
the main contribution to Ty =3, <, 7(nq,t) is provided by nqg = 2s + Oy (n*3) and
(=0 (sn=%3).

» Lemma 19. Let m = m(n) = n/2 + s, where s = s(n) and n*/® < s < n. Then
the main contribution to Tp = 7(ng, t) is provided by ng = 2s + O, (n*?) and
(=0 (sn=3).

ny <2my
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Combining Lemmas 18 and 19 we can choose I, = 2s + O, (n2/3) and I, = © (sn‘2/3).
Thus, we also obtain I, = © (/ngf) = © (sn=1/3). This leads to the following results on
the asymptotic order of the core and excess.

» Lemma 20. Let m = m(n) = n/2 + s, where s = s(n) and n*/®> < s < n, and let
G = A(n,m). Then whp nc(G) = © (sn™/3) and ex(G) = © (sn=/3).

In order to obtain the order of the largest component, we look at the complex part Qg.
Intuitively we expect that the largest component of Q¢ is also the largest in G. The following
lemma tells us that this is indeed the case.

» Lemma 21. Let m = m(n) = n/2 + s, where s = s(n) and n?/3 < s < n. Moreover, let
G = A(n,m). Then ng(G) — |H1(Qg)| = O, (n*/?).

Lemma 21 together with I,, = 25+ O, (nz/ 3) implies that the complex part Q¢ has one
component with 2s + O, (n2/ 3) vertices, while all other components are of order O, (n2/ 3).

For the non-complex components we observe that my = ny /2 + O, (n%]/ 3). Thus, for each

i € N the ¢—th largest non-complex component has ©,, (n2/ 3) vertices by Theorem 1 and
Lemma 12. This concludes the proof of Theorem 2.

4  Singularity analysis: proof of Theorem 3

It suffices to show Theorem 3(ii), since (i) follows from (ii) and Remark 8.6 in [13]. We
denote by K2 the class of connected cubic cactus weighted multigraphs, where one vertex
is marked. Moreover, let B be the class of connected cactus weighted multigraphs, where
all but one vertex have degree three and the exceptional vertex has degree two. We denote
by B(z), K(z), K.(z) and K2(z) the exponential generating functions of the classes B, IC, IC,
and K2, respectively. By considering the marked vertex of a graph in K2 and distinguish
some cases we obtain

or N 2B(z) 2B(z)3
K@) = 5026w 6

Similarly, by considering the vertex of degree two in graphs in B we get

& + 2B (11)

BE) =080 T2

We observe that the even coefficients in B(z) are all zero, i.e. B(z) =Y., by—12%~! for

some bg; 1 € N. By taking g(u) = 2121 ba;_1u’, we observe that (11) translates to

1~
- + = B(u)*

2 (1 - E(u)) 2

Using techniques from [4, 7] we obtain that for u — 7,

Buy=t-pf1-2+0(1-2),

,and p = V2 Moreover, r is the unique dominant singularity of

where 3
E(U)Ldue to the aperiodicity of §~(u) Next, we define K2(u) := K2(yu), Ke(u) == Ko(v/u)
and K (u) := K(y/u). Using u- K2(u) = B(u)?> — B(u)?/3 and K.(z) = [ K2(2)/2dz we

obtain that there are k1, ko, k3 € R such that for u — r

Rew) =kt ke (1= )+ (1-2) 0 (1-2)7).

B(u) =

- V3 .. _ 2V3
t=1--5,r="
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1/2

Hence, there is a constant ¢; > 0 such that with v :=r7"/% we obtain

[2*"] K.(2) = [u"] Ko(u) =c17*"n"2 (140(1)), as n— oo.

Finally, we use K (u) = exp (IN(C(U)) to obtain that there is a ¢y > 0 such that [2?"] K(z) =
[u"] K (u) = coy2"n~2 (14 o(1)) for n — oc.

5 Blocks and chords: proof of Theorem 4

We will use a double counting argument to show Theorem 4. To that end, we need some
structural information about G = A(n,m). By Lemma 20 we know that whp na(G) =
© (sn~1/3) and ex(G) = {(G) = © (sn=%/3). Apart from that we need the two following
lemmas about blocks and chords, where we call a maximal 2-connected subgraph of G a
block. In addition, a chord is an edge in G that lies in a block B, but not in the unique
Hamiltonian cycle of B.

» Lemma 22. Let m = m(n) = n/2 + s, where s = s(n) and n*/® < s < n. Then whp
A(n,m) does not contain a vertezx that lies in three blocks.

Given a chord zy, we denote by B, the block that contains z and y and by B;,, the
unique Hamiltonian cycle of B,,. A chord zy is said to be good (with respect to a function
h(n) = w(1)) if there is a path Py, = 2021 ... 22,41 from 29 = x to 2,41 = y in B;, such
that

Z1,...,% are not endpoints of any chords in Bgy;

r>n3h(n)"1 4+ 1;

z; has degree 2 for all i € N with 1 <14 < nl/gh(n)’l.

» Lemma 23. Let m = m(n) = n/2+s, where s = s(n) and n*/? < s < n and h(n) = w(1).
Then whp A(n,m) has either no chord or a good chord xy (with respect to h(n)).

Now we fix h(n) = w(1) such that sh(n) = o(n). We denote by A’(n,m) the subclass of
A(n,m) containing those graphs H that have a good chord, have no vertex lying in three
blocks, and satisfies nc(H) = © (sn_l/s) and {(H) =© (sn_2/3). Due to Theorem 2 and
Lemmas 22 and 23, it suffices to show | A’(n,m)| = o (|A(n,m)|). To that end, we consider
the following operation for H € A’(n, m):

We choose a good chord zy and denote by Pp, = 2021 ... 22,41 the corresponding good

path from zg = x to 2,41 = y.

We choose 1 € N with 1 <1¢ < nl/?’h(n)_l.

We add the edge z;z, and delete z,.y.

We observe that we have at least n'/3h(n)~! — 1 options for performing this operation. In
addition, we note that the following holds in the new graph H' resulting from H by the
above operation:

H' € A(n,m), nc(H') =nc(H), and ¢(H') = {(H);

z; has degree 3;

z; and z, are neighbours;

there is a path from z; to = such that all internal vertices have degree two;

z lies in at most two blocks;

y is a neighbour of x such that zy lies in the unique Hamiltonian cycle of the block

containing x and y.

Thus, for a fixed graph H' there are at most 2(-3 -3 -4 = O (sn~%?) many different
graphs H such that we can obtain H’ by performing our operation in H. Hence, we obtain

A (n,m)| = O (5= ) [AG,m)| = o (|4, m)).
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6 Sketches of proofs of auxiliary results

Proof of Lemma 9. For a graph H € C(n¢,ne + £) we consider the following two construc-

tions for building a graph in C(n¢ + 1,n¢ + 1 + £):

(C1) We choose an edge e of H which is not a chord. Then we subdivide e by one vertex
and label this new vertex with ngo + 1.

(C2) We choose a vertex v in H of degree 3, 4, 5 or 6 and an edge e which is incident to v
and not a chord. Then we relabel v with label ng + 1 and subdivide e by one vertex
which obtain the label of v.

We observe that if H has b chords, then we have nc + ¢ — b options for performing (C1). In

addition, H has at least b/2 vertices of degree at least three and at most 2¢/5 vertices of

degree at least seven. Hence, we have at least b/2 — 2¢/5 choices for performing (C2). Now
if b < 19¢/20, then we have at least nc + £/20 choices for (C1). Otherwise if b > 19¢/20,
then we have at least nc choices for (C1) and at least 3¢/40 options for (C2). We note that
each graph H' € C(n¢c + 1,n¢c + 1 4 £) can be obtained at most once by performing (C1)
and if this is the case, then it cannot be obtained by (C2). Finally, observing that H' can be

obtained at most six times by performing (C2) yields statement (i).

For (ii) we call a vertex v of H' € C(n¢ + 1,n¢ + 1 + £) nice if it has degree two and the

two neighbours are not adjacent. We observe that H' can be obtained by (C1) if the vertex

nc + 1 is nice. We note that if v has degree two and is not nice, then v has a neighbour of
degree at least three. Thus, H' has at least ng + 1 — 8¢ nice vertices, since the sum of all
degrees of vertices of degree at least three is at most 6¢. As H' was arbitrary, (ii) follows. <«

The statements of Lemmas 10, 11 and 17-19 are all of the type that they determine the main
contribution to some sum. In order to show these results we use Lemma 8, which usually
requires a long and technical computation. Therefore, we provide only sketches of these
proofs in this chapter, but we shall give a full proof of Lemma 10 in Appendix A to illustrate
how to work out the details.

Proof of Lemma 10 and 11. If 7 is “small” compared to ng, we get by Lemma 9 that

[elnetlne 0] _ ) . 1 ©(1)¢. Using this, we obtain 2nctl) — ( - "—C) (1 + @(1)%).

[C(nc,nc+0)] p(nc) nQ
Hence, we expect that the main contribution to (2) is provided by terms with ne =

o (\/nal). <

Proof of Lemma 13. Combining Lemmas 10 and 11 together with (8) we obtain

1Q(ng +1ng +1+0] _ p1(Vraf)
1Q(ng,nq +4)] po (v/ngl)

Vol —/ngl—1
nQ +nQ nQ )z(nQ—l—l)eXp <1+€)_ <

~(ng+1)ex
(ne ) p(nQ—w/an—l—l ng nQ

Proof of Lemma 14. Using the core-kernel approach from [13] and following the lines of the
proofs of Lemma 4.9(ii) and Corollary 4.11 in [13] yields the assertion. (A detailed proof can
be found in Appendix B). <

Proof of Lemma 16. We note that { = O (ng), which implies exp (6(1),/537151) =

exp (O (1)¢). Then the statement follows by combining Lemmas 14 and 15 together
with (9). <
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Proof of Lemma 17. We denote by T the class of cactus graphs. Clearly, we have |.A(n, m)|
> |T (n,m)|, because every cactus graph is also an outerplanar graph. By the core-kernel
approach we obtain that there is a ¢ > 0 and N € N such that |T(n,m)| >
% exp (% —s+ec- #) for all n > N. On the other hand, we can bound 7(ng, ¢)
by Lemmas 12 and 15. By doing so we obtain that }°,_x ., 7(nq,€) = o(|T(n,m)|). Hence,
the terms provided by ¢ < K are negligible in ZnQ ¢ T(ng,0). Similarly, one can also show
that this is true for the terms provided by £ > eng. <

Proof of Lemma 18. By Lemma 12 we may consider Y1 = 3 -, v1(nq,!) instead of

Ty, where vi(ng,¥) = (n"Q) |Q(ng,ng + 0)] ((;2?) Then we obtain by Lemma 16 that

232 N L60]—¢
vi(ng,[6€]) _ (@(1) Q U)

v1(ng,f) ¢3/2n2
¢ with HTQ = G)(n4/3m,;2/3). Combining that together with Lemma 13 we get

S e o0 e (-3))

Thus, the main contribution to Y; is provided by ng and ¢ with

. Thus, the main contribution to Y7 is provided by ng and

ng+2—2s —(1— 2my _
ny nu

Op (n’l/?’), which yields ng +2¢ — 2s = O, (n2/3). Together with "TQ = 6(n4/3m52/3) this
implies ng = 25 + O, (n?/?) and £ = © (sn=2/3). <

Proof of Lemma 19. We define

n 2my—n my+1/2 ny—2my+g(ng)
n U 9 Unu ., mu n
UQ('I’LQ7£) = <nQ> |Q(nQ7nQ +€)‘ << 2 )>C () (U U’ﬂU*’mu+1/2 9

my € ny — mU)

where ¢ > 0, h(n) = w(1) and g(ng) == 3 if ng < 2s—n?/3h(n) and g(ng) := 0 otherwise. By
Lemma 12 we can choose h(n) and ¢ so that for all admissible ng and ¢, we have 7(ng,¢) <
va(ng, £). Similarly as in the proof of Lemma 18 we obtain that the main contribution to
Ya =3 comy V2(nq,€) is provided by ng = 2s+ O, (n*/3) and £ = © (sn=/?). For such
ng and ¢ we have g(ng) = 0 and by Lemma 12(ii) [U(ny, my)| = @P(l)((r}?) Using that

we obtain 7‘;2(:15’5)) = O,(1), which shows the statement. <

Proof of Lemma 21. Let n = ng—|H:1(Q¢)| and we look at the following operation in G. We
add an edge between two different complex components and delete an edge in a non-complex
component. We have whp Q (snn) choices for performing this operation. We observe that in
the reverse operation we delete an edge from the core and add some edge. We can do that

whp in O (sn=!/3n?) different ways. Hence, it follows that 1 = O, (snS/S) =0, (n*?). «

sn

Proof of Lemma 22. Let H € A(n,m) be a graph that has a vertex lying in three blocks.
We consider the following operation in the core Cp:
We choose a vertex x that lies in three blocks;
Let X be the component of C'y containing x. Then we choose a component Y of X —«
that contains at most nc(H)/3 vertices, but two neighbours of x (in H);
We choose a vertex y in C'y which is not in Y and has degree two;
For all neighbours z of x in Y we delete the edge zz and insert the edge yz.

We observe that we have at least 2nc(H)/3 — 20 = © (sn™'/3) options for performing this
operation. On the other hand, we note that in a constructed graph H’ the following holds:
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H' € A(n,m), nc(H') =nc(H) and £(H') = {(H);
y lies in one or two blocks and has at least degree four;
x has at least degree four.

Hence, a fixed graph H' can be constructed in at most 2¢-2-2¢ = © (5271*4/3) many different
2 —4/3

ways. Now the statement follows, since © (S o ) = o(1). <

sn—1/3

Proof of Lemma 23. We consider the kernel Ky of a graph H € A(n, m) which has a chord.
Then Ky has a chord zy with the following property: If B’ is the unique Hamiltonian
cycle of the block B containing  and y, then there is a path zg = x,21,...,2;41 = y in
B’ such that there is no chord in B containing one of the vertices z1,...,2;. Next, we
choose a random core which can be obtained by subdividing the edges of Ky which are
not chords by n¢(H) — |Ky| additional vertices. We denote by X the number of vertices
which subdivide the edge 2zp2z1. Using a “bins and balls” type argument, we can show that
P[X =j] <P[X =0] forany j e Nand P[X = 0] = O (%) = O (n™%/3). Thus,
P[X <n'/3h(n)~'] < (n'/3h(n)~' + 1) P[X = 0] = o(1), i.e. whp 29z is subdivided by at
least n'/3h(n)~! + 1 vertices, which shows the statement. <

7 Concluding remarks

Kang, Mofhammer, and Spriissel [13] showed that graphs on orientable surfaces feature
a second phase transition at m =n + O (n3/ 5), where the number of vertices outside the
largest component becomes sublinear. By Theorem 3 and Remark 8.6 in [13] this is also true
for random cactus graphs. Thus, we believe that this should also be the case for random
outerplanar graphs, since the class of outerplanar graphs lies “between” the class of cactus
graphs and the class of graphs on orientable surfaces. Unfortunately, our method does not
seem to work when m = n + o(n). This is mainly because the bound in Lemma 16 is not
good enough in that regime.

Theorem 4 raises the following question. How does the probability that A(n,m) is a
cactus graph behave if m grows? By looking at the proof of Theorem 4 a natural guess would
be the following.

» Conjecture 24. If m = an for 1/2 < a < 1, then the probability that A(n,m) is a cactus
graph is bounded away from 0 and 1.

» Conjecture 25. If m =n+t for t = o(n), then whp A(n,m) is not a cactus graph.
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A  An application of Lemma 8: proof of Lemma 10

To illustrate how to apply Lemma 8 we prove Lemma 10 in this section (the proof of Lemma

11 is similar). We start by getting an upper bound for

p(nc)
p(nc+1)

. By Lemma 9(i) we obtain

plnc) _ nc+1 neng  |C(nc,ne + 1)

pnc+1) ng—nc nc+1l |Clnc+1,nc+1+70)]

neng 1

IN

nQ—ncnc+%

(it V(e
80ng + ¢ ng — ng

o 12 + ngc
X — .
B 80ng + ¢ ng — n¢

IN

Next, we observe that £ < nc < ng, since an outerplanar graph on n¢ vertices can have at
most 2n¢ edges. Hence, we can choose ¢ > 0 small enough such that for all n¢ < 2¢4/ngt

s <o (5 * )

81710 nQ

< l N 2-2¢cy/ngl
exp | —
=P 81 - 2cy/ngl ng

< exp <—\/7> = exp (h(n)),
nq
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where h(n) := —, /%. We also define g(n) := cy/ngf and f,(nc) := nc + g(n). Then we
obtain for all ng < cy/ngf

Cpte) T )
P(fn(nc)) N kl_n[C p(k+1) _G‘Xp( (n)) —eXp( c )

Finally, that yields

> plne) <exp(—cl) Y plfa(ne)) < exp(—cl) Y p(ne),
nc<cy/ngl no<cy/ngl noc
which shows the statement.

We conclude this section by observing an immediate consequence of Lemma 10. Assuming

¢ = w(1), which is true due to Lemmas 18 and 19, we have % < exp (—cf) = o(1). Then

Lemma 8 implies that the terms provided by I (n) := {nc | ne < ey /nQE} are negligible in

> one P(C).

B Proof of Lemma 14

We shall focus on the proof of the lower bound, since the upper bound can be shown in a
similar way. We will use the core-kernel approach from [13] and recall that T is the class of
all cactus graphs. Then we denote by Co the class of all cores of graphs in 7 and by K¢ the
class of all kernels of graphs in 7. Analogously to (2) we obtain

|Q¢(ng,ng + £)| = ch (Zg) Co(ne,ne + O)neng? "7 (12)
We claim that
—-5/—-1
Cotne.ne +01 = (57 ) Ie (26,301 (no — 201", ¥ 1) (13)

Indeed, we can construct (not necessarily all) graphs from Co(nc, ne +¢) in the following way.

We choose 2/ labels from [n¢] for the vertices of the kernel. Then we pick a kernel K from
Kc(2¢,30) and assign the labels chosen before to the vertices of K. Finally, we subdivide
the edges of the kernel by the (n¢ — 2¢) remaining vertices such that each edge is subdivided
by at least two vertices, which guarantees that the obtained graph is simple. Thus, all
constructed graphs are in Co(ne, no + £). We note that there are w(K) (ng — 2¢)! ("CSZfel_l)
many ways to get such a subdivision, where w(K) = 2= (F)=¢2(K) and ¢, (K) denotes the
number of loops in K and e3(K) the number of double edges in K. In addition, we note
that in | (2¢,30)| each kernel K is counted with a weight of w(K). Then inequality (13)

follows by the aforementioned construction. Combining (12) and (13) we obtain

K (26,30) ng? ™" o
(20)1(3¢ —1)! ch (nQ)y. (nc = 50 = 1)g,_y nong"e

K (26,30) | nie ™!
N (;26)!(36—8! 2y V(1) 14

|Qc(ng,ng +4)| >

where v(nc) := (nq),,, (nc — 50 —1)3,_; ncngy"°. Next, we observe that

nc

vinc+1) ng-—nc nc—5 nc+1

V(ﬂc) ng nc—80+1 n¢e
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We note that 2netl) jg decreasing in nc and that vYmotl) o for Tig = /3ngl. Thus,

v(nc) v(nc)
we expect that we obtain a good approximation for > _v(nc) by considering only terms

whose index is “close” to m¢. In the following we make that more precise. We note that for
¢ < eng and € > 0 small enough, we get

ngQ

v (1g) > (1 N 3”“) (,/3nQe - 84) "> exp (=60) \/rgl™. (15)

Next, we distinguish two cases. First we assume ¢ <, /ng. Then we get for all nc > ng—,/ng
and € > 0 small enough

y(nc+1)< 1) (14 3¢ 1+L
v (TLC) - nQ nc — 8¢ nc
<exp|— 3—£ + 3t + 5
= &P nQ  /3ngl—/ng—8L /nq
27,/
S exp ié . nQ + i = exp (30> .
nQ +/3ngl /nqQ V1Q

Hence, we obtain v (n¢) > v (fg) exp(—30) for all 7g — ,/ng < nc < ng. Combining that
together with (14), (15) and Theorem 3 yields

Ke(20,30)| nie
|Qc(ng,ng +4)| > | f;g)'(ggﬂ_ iQ)! Vngv (e exp(—30)

> @(1)%2’2‘9+3£/2_1/2434/2—5/2—3€+1/2
@(1)ancg+3£/271/2£_3€/2_2)

which shows the statement for the case £ < ,/ng. Finally, we assume £ > ,/ng. Then we get
by (14), (15) and Theorem 3 for € > 0 small enough

ng—1
e (2, 30) ngy?  (72)
(20)1(3¢ — 1)! ¢
)anQ—1+35/2£3Z/275/2732+1/2

>0(1
_ 0, nQ+36/2-1/2 , 30/2-2 —1/2
=0(1)'ny ¢ "Q

v

3
@(1)%%@%@/271/26_%/2—2 exp (_ é) ’
nQ

as desired.
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