Sum of Squares Bounds for the Ordering Principle
Aaron Potechin
University of Chicago, IL, USA

potechin@uchicago.edu

—— Abstract

In this paper, we analyze the sum of squares hierarchy (SOS) on the ordering principle on n elements
(which has N = ©(n?) variables). We prove that degree O(y/nlog(n)) SOS can prove the ordering
principle. We then show that this upper bound is essentially tight by proving that for any e > 0,
SOS requires degree Q(n%*) to prove the ordering principle.
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1 Introduction

In proof complexity, we study how easy or difficult it is to prove or refute various statements.

Proof complexity is an extremely rich field, so we will not attempt to give an overview of

proof complexity here (for a recent survey of proof complexity, see [15]). Instead, we will

only describe the particular proof system and the particular statement we are considering,
namely the sum of squares hierarchy (SOS), and the ordering principle.

SOS can be described in terms of sum of squares/Positivstellensatz proofs (which we
write as SOS proofs for brevity). SOS proofs have the following nice properties:

1. SOS proofs are broadly applicable as they are complete for systems of polynomial equations
over R. In other words, for any system of polynomial equations over R which is infeasible,
there is an SOS proof that it is infeasible [16].

2. SOS proofs are surprisingly powerful. In particular, SOS captures both spectral methods
and powerful inequalities such as Cauchy-Schwarz and variants of hypercontractivity [2],
which means that much of our mathematical reasoning can be captured by SOS proofs.

3. In some sense, SOS proofs are simple. In particular, SOS proofs only use polynomial
equalities and the fact that squares are non-negative over R.

SOS has been extensively studied, so we will not give an overview of what is known about

SOS here. To learn more about SOS, see the following survey on SOS [3] and the following

recent seminars/courses on SOS [4, 9, 11, 12].

The ordering principle (which has N = ©(n?) variables) states that if we have elements
ai,...,a, which have an ordering and no two elements are equal then some element a;
must be minimal. The ordering principle is a very interesting example in proof complexity
because for several proof systems, it has a small size proof but any proof must have high
width/degree.

The ordering principle was first considered by Krishnamurthy [10] who conjectured that it
was hard for the resolution proof system. This conjecture was refuted by Stalmark [17], who
showed that the ordering principle has a polynomial size resolution proof based on induction.
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However, any resolution proof of the ordering principle must have width Q(n) = Q(vV/N).
While this is a trivial statement because it takes width n to even describe the ordering
principle, Bonet and Galesi [6] showed that the ordering principle can be modified to give a
statement which can be described with constant width but resolution still requires width
Q(n) = Q(VN) to prove it. This showed that the width/size tradeoff of Ben-Sasson and
Wigderson [5] (which was based on the degree/size tradeoff shown for polynomial calculus by
Impagliazzo, Pudlék, and Sgall [8]) is essentially tight.

Later, £2(n) degree lower bounds for the ordering principle were also shown for polynomial
calculus [7] and for the Sherali-Adams hierarchy. However, non-trivial SOS degree bounds for
the ordering principle were previously unknown. Thus, a natural question is, does SOS also
require degree 2(n) to prove the ordering principle or is there an SOS proof of the ordering
principle which has smaller degree?

1.1 Our Results

In this paper, we show almost tight upper and lower SOS degree bounds for the ordering
principle. In particular, we show the following theorems:

» Theorem 1. Degree O(y/nlog(n)) SOS can prove the ordering principle on n elements.

» Theorem 2. For any constant € > 0 there is a constant C. > 0 such that for all n € N,
degree C’enéfE SOS cannot prove the ordering principle on n elements.

Theorem 1 shows that looking at degree, SOS is more powerful than resolution, polynomial
calculus, and the Sherali-Adams hierarchy for proving the ordering principle. This also
implies that the ordering principle is not a tight example for the size/degree trade-off for
SOS which was recently shown by Atserias and Hakoniemi [1]. In particular, Atserias and
Hakoniemi show [1] that if the variables are Boolean and there is an SOS proof of size S
then there must be an SOS proof of degree O(y/Nlog(S) + k) where N is the number of
variables and k is the maximum degree of an axiom (which is usually constant). According
to this bound, a statement such as the ordering principle which has a polynomial size proof
could still require degree Q(v N ) to prove. However, Theorem 1 shows that the ordering
principle has an SOS proof of degree O(v/N ), so there is a considerable gap. On the other
hand, Theorem 2 shows that Theorem 1 is essentially tight and thus the ordering principle
does still give an example where there is a small SOS proof yet any SOS proof must have
high degree.

» Remark 3. We should note that our encoding of the ordering principle is tailored to
SOS and differs from previous encodings of the ordering principle. In particular, we use
non-Boolean auxiliary variables, so the size/degree trade-off for SOS doesn’t actually apply to
our encoding. That said, our upper bound also applies to previous encodings of the ordering
principle (for which the size/degree trade-off for SOS does apply) and with additional work,
we can also prove a slightly worse SOS lower bound for an encoding of the ordering principle
with only Boolean variables (for technical reasons which are likely an artefact of the proof,
the number of variables is increased to N = O(n?) so the final lower bound is Q(N5~¢)).
This is discussed in Section 2.2.1 and Appendix A.

1.2 OQutline

The remainder of the paper is organized as follows. In Section 2 we give some prelimiaries. In
Section 3, we give natural pseudo-expectation values for the ordering principle. In Section 4,
we prove our SOS upper bound. In Sections 5-9, we describe how to prove our SOS lower
bound.
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2 Preliminaries

In this section, we recall the definitions of SOS proofs and pseudo-expectation values and
describe the encoding of the ordering principle which we will analyze.

2.1 Sum of Squares/Positivstellensatz Proofs and Pseudo-expectation
Values

» Definition 4. Given a system of polynomial equations {s; = 0} over R, a degree d SOS
proof of infeasibility is an equality of the form

-1= Zfisi +Zg]2'
i J

where
1. Vi,deg(f;) + deg(s;) < d
2. Vj,deg(g;) < 2.

» Remark 5. This is a proof of infeasibility because if the equations {s; = 0} were satisfied
we would have that Vi, f;s; = 0 and for all Vj, gj2- > 0, so we cannot possibly have that
Zi fisi + Zj 932' <0.

In order to prove that there is no degree d SOS proof of infeasibility for a system of polynomial
equations over R, we use degree d pseudo-expectation values, which are defined as follows.

» Definition 6. Given a system of polynomial equations {s; = 0} over R, degree d pseudo
expectation values are a linear map E from polynomials of degree at most d to R such that
1. E[1]=1

2. Yf,i, E[fs;] = 0 whenever deg(f) + deg(s;) < d

3. Vg, E[g%] > 0 whenever deg(g) < g

As shown by the following proposition, these conditions are a weakening of the constraint
that we have expected values over an actual distribution of solutions. Thus, intuitively,
pseudo-expectations look like they are the expected values (up to degree d) over a distribution
of solutions, but they may not actually correspond to a distribution of solutions.

» Proposition 7. If Q is an actual distribution of solutions to the equations {s; = 0} over R
then

1. Eo[l] =1
2. Vf,’i,EQ[fSi] =0
3. Vg, Eqlg?] > 0.

» Proposition 8. For a given system of polynomial equations {s; = 0} over R, there cannot
be both degree d pseudo-expectation values and a degree d SOS proof of infeasibility.

Proof. Assume we have both degree d pseudo-epxectation values and a degree d SOS proof
of infeasibility. Applying the pseudo-expectation values to the SOS proof gives the following
contradiction:

~1=E[-1] :ZE[fiSi]+ZE[9]2] > 0. <«

CCC 2020
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2.2 Equations for the ordering principle

For our SOS bounds, we analyze the following system of infeasible equations which corresponds
to the negation of the ordering principle.

» Definition 9 (Ordering principle equations). The negation of the ordering principle says that

it is possible to have distinct ordered elements {a1,...,an} such that no a; is the minimum

element. We encode this with the folloing equations:

1. We have variables x;; where we want that x;; =1 if a; < aj and x;; =0 if a; > a;. We
also have auxiliary variables {z; : j € [n]}.

2. Vi # j,a:%j =x;; and x;; =1 — x;; (ordering)

3. For all distinct i, j, k, x;jxj6(1 — x3) = 0 (transitivity)

4. Vj, Z#j zi; =1+ zj2 (for all j € [n], a; is not the minimum element of {a1,...,a,})

We call this system of equations the ordering principle equations.

» Remark 10. In this encoding of the negation of the ordering principle, we use the auxiliary
variables {z; : j € [n]} so that we can express the statement that Vj, 3 # j : 2;; = 1 as
polynomial equalities of low degree.

2.2.1 Relationship to other encodings of the negation of the ordering
principle

The equations in Definition 9 are tailored for SOS, so they are not the same as the encodings
of the negation of ordering principle which were studied in prior works [6, 7]. We now discuss
this difference and how it affects our results.

For resolution, the following axioms encode the negation of the ordering principle:

We have variables x;; where we want that x;; is true if a; < a; and x;; is false if a; > a;.
Vi # j,xi; V @y and —xy; V oz (ordering)

For all distinct ¢, j, k, ~2;; V ~2;, V i = 0 (transitivity)

V3, Vig; ®ij (for all j € [n], a; is not the minimum element of {a1,...,a,})

Translating this into polynomial equations, this gives us the following equations for polynomial
calculus:

ol

1. We have variables z;; where we want that x;; = 1 if a; < a; and z;; = 0 if a; > a;.

2. Vi # j,x}; = x5 and x5 = 1 — xj; (ordering)

3. For all distinct 4, j, k, z;;xj5(1 — xi) = 0 (transitivity)

4. Vj,I1iz; (1 — i) = 0 (for all j € [n], a; is not the minimum element of {a1,...,an})
However, as noted in the introduction, a width/degree lower bound of Q(n) is trivial for these
encodings as the axioms already have width/degree n. To handle this, Bonet and Galesi [6]
used auxiliary variables to break up the axioms into constant width axioms. Galesi and
Lauria [7] instead considered the following ordering principle on graphs.

» Definition 11 (Ordering principle on graphs). Given a graph G with V(G) = [n], the
ordering principle on G says that if each vertez i € [n] has a value a; and all of the values
are distinct then there must be some vertexr whose value is less than its neighbors’ values.

When we take the negation of the ordering principle on a graph G, this changes our
axioms/equations as follows:

1. For resolution, instead of the axioms V7, \/#j x;; we have the axioms Vj, \/i:(i7j)eE(G) Zij.
2. For polynomial calculus, instead of the equations Vj,[], £ (1 —z;;) = 0 we have the

equations V7, Hi:(i’j)eE(G) (1—a)=0.
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» Remark 12. If G = K, then the ordering principle on G is just the ordering principle
Galesi and Lauria [7] showed that if G is an expander then polynomial calculus requires
degree Q(n) to refute these equations.

The ordering principle on graphs is a weaker statement than the ordering principle, so we
would expect that its negation would be easier to refute. This is indeed the case. As shown
by the following lemma, we can recover the equation ), 2 Tij =1+ z]2 from the equation
Hi:(i,j)eE(G) (1 —z;;) =0, except that zJQ is replaced by a sum of squares.

» Lemma 13. Given Boolean variables {z; : i € [k]} (i.e. Vi € [k],2? = z;) and the equation
]_[Z 1 (1 —x;) =0, we can deduce that (Zle xl) — 1 is a sum of squares.

Proof. Observe that modulo the axioms z? = x;,

i=1 Jg[k]:.];é@ ied ie[k]\J

—

_<l:1(1_xi>>+ 3 |J|—1<Hm> T (-

JC[k]:T#D = ie[k]\J

To see this, observe that for any non-empty J C [k], if ; = 1 for all ¢ € J and x; = 0 for all
i ¢ J then the left and right sides are both |J| — 1. Similarly, if all of the x; are 0 then the
left and right sides are both —1. <

This implies that our SOS upper bound holds for the graph ordering principle as well as the
ordering principle. However, our SOS lower bound does not apply to the ordering principle on
expander graphs. Part of the reason is that our SOS lower bound relies heavily on symmetry
under permutations of [n].

There is one way in which the ordering principle equations are unsatisfactory for our
purposes. We want to show that the size/degree tradeoffs for SOS [1] cannot be improved
too much further. However, the auxiliary variables in the ordering principle equations are
not Boolean and this tradeoff only applies when all of the variables are Boolean. To fix this,
we show that we can modify the ordering principle equations so that we only have Boolean
variables but our SOS upper and lower bounds still hold. For details, see Appendix A.

3 Pseudo-expectation values for the ordering principle

In this section, we give natural candidate pseudo-expectation values E,, for the ordering
principle equations. In fact, E,, is essentially the only possible symmetric pseudo-expectation
values. In particular, in section 4 we will show that if E,, fails at degree d then there is an
SOS proof of degree at most 2d + 2 that these equations are infeasible.

3.1 The candidate pseudo-expectation values E,,

As noted in Section 2, intuitively, pseudo-expectation values should look like the expected
values over a distribution of solutions. Also, as shown by the following lemma, since the
problem is symmetric under permutations of [n], we can take E to be symmetric as well.

» Lemma 14. If {s; = 0} is a system of polynomial equations which is symmetric under
permutations of [n] then if there are degree d pseudo-expectation values E then there are
degree d pseudo-expectation values E' which are symmetric under permutations of [n].

38:5
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Proof. Given degree d pseudo-expectation values E, take E’ to be the linear map from

polynomials of degree at most d to R such that for all monomials p, E'[p] = Excs, [E[x(p)]].
Now observe that

1 B/[l] = Bres, (B =1 ]
2. Vf,i: deg(f) + deg(s;) < d,E'[fsi] = Exes, [E[r(f)n(s:)]] = 0 because the system of
equations {s; = 0} is symmetric under permutations of [n].

3. Vg :deg(g) < §,E'[¢%] = Eres, [Eln(9)’] > 0. <
Guided by this, we take the expected values over the uniform distribution over orderings of
Z1,...,Zn. These orderings are not solutions to the equations because each ordering causes
one equation ), 2 Tij =1+ z]2 to fail. However, a random ordering makes each individual
equation ), 2T =1+ 2]2 true with high probability, so the intuition is that low degree
SOS will not be able to detect that there is always one equation which fails.

» Definition 15. We define U, to be the uniform distribution over orderings of 1, ..., %y, i.€.
for each permutation m : [n] — [n] we have that with probability %, Tr1) < Tr@2) < -oo < Tr(n)
and thus for all i < j, Tr(i)r(j) = 1 and Tr(i)r() = 0.

» Definition 16. Given a polynomial f({z;; : i # j}), we define

En[f({zij - i # j})] = Ev, [f].

» Example 17. Vi # j, E, [zi;] = % because there is a % chance that i comes before j in a
random ordering.

» Example 18. For all distinct i, 7, k, E,[z;jz,k] = é because there is a % chance that
1 < j < k in a random ordering.

However, in order to fully define E,, we have to define E,, [p] for monomials p involving the z
variables. We can do this as follows.

» Definition 19 (Candidate pseudo-expectation values).

1. For all monomials p({x;j : i,j € [n],i # j}), we take E,[p] = Ey, [p].

2. For all monomials p({xi; : i,j € [n],i # j}), we take E, [(HJEA zj) p} = 0 whenever
A C [n] is non-empty because each z; could be positive or negative.

3. For all monomials p({z;; : 4,5 € [n],i # j},{z; : 7 € [n]}) and all j € [n], we take
En[zjzp] =E, [(Zi# Tij — 1) p} because we have that for all j, 2]2 = Zi# xi — L.

3.2 Checking if E, are pseudo-expectation values

We now discuss what needs to be checked in order to determine whether our candidate
pseudo-expectation values F,, are actually degree d pseudo-expectation values. To analyze

E,, it is convenient to create a new variable w; which is equal to 2]2

» Definition 20. Define w; =3, xij — 1.

Observe that viewing everything in terms of the variables {x;;} and {w,}, E,, is the expected
values over a distribution of solutions. This implies that the polynomial equalities obtained
by multiplying one of the ordering principle equations in Definition 9 by a monomial will
be satisfied at all degrees, not just up to degree d. However, each w; is supposed to be a
square but this is not actually the case for this distribution, so E, may fail to give valid
pseudo-expectation values. In fact, this is the only way in which E,, can fail to give valid
pseudo-expectation values. We make this observation precise with the following lemma:
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» Lemma 21. If E, KHJEA wj) ga(({zi;j 14,7 € [n],1 # j})ﬂ > 0 whenever A C [n] and
|A] 4+ deg(ga) < d then E,, gives degree d pseudo-expectation values.

Proof. We first check that E,,[g%] > 0 Whenever deg(g) < 4 as this is the more interesting
part. Given a polynomial g of degree at most , decompose g as

g= Z sz ga(T1, ..., zp)

AC[n] \yeA

where for all A C [n], |A| + deg(ga) < 4. Now observe that

En[gz] =F, Z H L H zj | ga(z1, ..., xn)gar (1, .., 20)

AAC[n] \jEA jea’

= > By || [[w|da@....,2n)| >0

AC[n] JEA

We now check that the polynomial equalities obtained by multiplying one of the ordering
principle equations in Definition 9 by a monomial are satisfied. By the definition of E,,, we
have that for all monomials p and all j € [n],

Zx”—l—z Zx” —En[(inj—l)p]zo

i#] i#] i#]

To prove the other polynomial equalities, we use induction on the total degree of the {z;}

variables. For the base case, observe that

1. B 1] =Ey, 1] =1

2. For all monomials p({z;; : 4,j € [n],7 # j}) and for all ordering or transitivity constraints
s; = 0, Ey[psi| = Ey, [psi] = 0.

For the inductive step, if p is a monomial which is divisible by ZJQ for some j then write

p= z?-p' . By the inductive hypothesis, for all ordering or transitivity constraints s; = 0,

En[psz] =F [z p'si] = me 1)p's;] = 0.

i#]

Finally, if p is a monomial of the form p = (HjeA zj) P ({zij 14,5 € [n],i# j}) where A# 0
then for all ordering or transitivity constraints s; = 0,

E,[psi| = En H zi | p'si| =0. <

JEA

4 O(+/nlog(n)) Degree SOS Upper Bound

In this section, we prove theorem 1 by constructing a degree O(y/nlog(n)) proof of the ordering
principle. To construct this proof, we first find a polynomial g of degree O(y/nlog(n)) such
that E,[g%] < 0. We then show that there is an SOS proof (which in fact uses only polynomial
equalities) that Frcg, [7(9)?] = En[g?] < 0.

38:7
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4.1 Failure of E,,

We now show that E,, fails to give valid pseudo-expectation values at degree O(y/nlog(n)).

» Theorem 22. For alln > 4 there exists a polynomial g(wi) of degree [4v/n(loga(n) + 1)]
such that E[(z19(w1))?] = Ey, [w1g?(w1)] < 0.

Proof. Observe that over the uniform distribution of orderings, w; is equally likely to be
any integer in [—1,n — 2]. To make Ey, [w19?(w;)] negative, we want g(w;) to have high
magnitude at w; = —1 and small magnitude on [1,n — 2]. For this, we can use Chebyshev
polynomials. From Wikipedia [18],

» Definition 23. The mth Chebyshev polynomial can be expressed as
1. T,.(x) = cos(mcos™(x)) if |z| < 1
2. Tp(z) =3 ((:C +Va? — 1)m + (. — Va? - 1)m) if |x| > 1.

» Theorem 24. For all integers m > 0 and all x € [—1,1], | T (z)| < 1.
We now take g(wi) = Ty (—1 4 221) where m = [3+/n(log2(n) 4+ 1)] and analyze g.

» Lemma 25. Tuking g(w:1) = T,n(—1+ 221) where m = [§+y/n(loga(n) + 1)1,

L lg(=1D)zn
2. For allwy € [0,n — 2], |g(w1)| < 1.

Proof. The second statement follows immediately from Theorem 24 as when wy € [0, n 2],
-1+ 2“’1 € [-1,1] so |g(w1)| = |Tm(—-1+ 2“’1)| < 1. For the first statement, let A = 2 and
obberve that when z = —1 — A,

1. Va2 —1=/(1+A)2—1>V2A. Thus, |z — V22 — 1| > 1+ V2A.
2. z+vVar2—1<0andz—vz?2—1<0so0

O e R

We now use the following proposition.

» Proposition 26. For all y € [0,1] and allm >0, (1 +y)™ > 2v™.

Proof. Observe that (1 +y)™ = ((1 + yﬁ)ym and if y <1 then (1 4+ y)% > 2. <
Sincen >4, A = % < % and vV2A < 1. Applying Proposition 26 with y = v2A and recalling
that m = [4/(loga(n) + 1)],

(1+v28)m _ 2V2Bm oA
2

9Dl = [Tn(-1 - 8)] > SR > 2o ST s gtenitiy “

We can now complete the proof of Theorem 22. By Lemma 25,

1 :
Ey, [w1g/2(u)1)] < m(—nz + Z]) < 0. <
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4.2 Constructing an SOS proof of infeasibility

We now show that from the failure of E,,, we can construct an SOS proof that the ordering
principle equations are infeasible.

» Theorem 27. If there exists a polynomial g of degree at most d such that E, [g%] <O then
there exists an SOS proof of degree at most 2d + 2 that the ordermg principle equations are
infeasible.

Proof. To prove this theorem, we will show that for any monomial p({z; ; : 4,7 € [n],i # j})
of degree at most d, there is a proof of degree at most 2d + 2 that %Zwes 7(p) = E,[p]
which uses only polynomial equalities. To prove this, we observe that given arbitrary indices
i1,...,%k, we can split things into cases based on the order of a;,,...,a;,.

» Lemma 28. Given the ordering and transitivity axioms, for all r € N, tuples of distinct

indices (i1, ...,ir4+1), and permutations m € S,,
r—1 r—1
H Lirying+r) — Virgrina) H L () im (41
j=1 j=1

r—1 — r—1
+Z Hx’m)’mm Lin(eytr Virin (1) H Lin(jyin(j+1)
j=k41
r—1
+ H Lin(yingi+n) Lin(ryirtr
i=1

and there is a degree r + 1 proof of this fact which uses only polynomial equalities.

» Remark 29. The idea behind this lemma is that we have found the correct ordering for
i1,...,1, and we are inserting 4,1 into the correct place.

Proof. Using the ordering and transitivity axioms,

r—1 r—1
L H 1 Lin(jying+1) — Lirprinq) (szl xiw(;‘)imm) t Tiryiv (Hj:l xiwmw))
2. Forall k € [r — 1],

r—1

Vi (ryirt1 H Lir(j)tm(i+1)
j=1

= (xiﬂ(k)i7~+1xir+1iﬂ(k+1) + :Ei‘zr(k)ir+1$i1r(k+l)ir+1) H Lir(yin(i+1)

= (xiw(k)ir+lxir+1i7r(k+l) + xiw(k+1)ir+1) H Lir(yin(i+1)

where the second equality follows because of the transitivity axiom

=0

L (k)i (k1) Ll (o 1) b1 (1 - xi'rr(k)ir-}—l)

which implies that Tiryim ety Lim(esnyirt1 Tim(yirsr = Lingiyim sty L (i) inta -

3. For all k € [r — 1], we have the transitivity axiom

Vi (rybr+1Lirg1%m(t1) (1 - xiﬂ(k)iw(k+1)) =0

38:9
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which implies that T oyint1 Cinsrin(ogs) Lim(eyinesr)y = Linenying1 Tint1in(esr)- Thus,
r—1
Ti v Biririneny L] Finign
j=1
k—1 r—1
= H Lingyin+1) | Tinyir Tirinerr) H Lin(jyin(j+1)
j=1 j=k+1
The result follows by combining all of these equalities. ]

» Corollary 30. Given the ordering and transitivity axioms, for all k and all sets of k distinct

indices {i1,... ik},
k—1
1= Z H Lirgyini+1)
T€SE j=1

and there is a degree k + 1 proof of this fact which uses only polynomial equalities.

» Corollary 31. For any monomial p({x;; : i,j € [n],i # j}) of degree d whose variables
contain a total of k indices i1,...,1, there is a proof of degree at most d + k + 1 that
LY wes, T(p) = Enlp] which uses only polynomial equalities.

Proof sketch. By Corollary 30,

k—1
p= Z Hmiw(.ﬂiwml)p

TESE j=1

and there is a proof of this fact of degree at most d + k + 1 which uses only polynomial
equalities. Using the transitivity axioms, we can prove that

k=1 k-1
Z H Lin(iyin+yP = Z H Lin(gyin(j+1)"

TESE j=1 wE€Sk:p=1 when ziw(1)<"'<ziw(k) j=1

Using Corollary 30 again, this implies that there is a proof of degree at most d 4+ k + 1 which
uses only polynomial equations that

1 ~
] Z m(p) = Praes, [p =1 when Tr1) <... < xﬂ(n)] = Ey, [p] = En[p]. >
" TES,

Now note that given a polynomial g of degree at most g such that En[g2] <0, g%isa
polynomial of degree at most d in the variables {z;; : ¢, € [n],7 # j} and the variables of
every monomial of g2 contain a total of at most d indices. Thus, there is a proof of degree at
most 2d + 2 that % > ores, 7(g?) = E,[g%] < 0 which uses only polynomial equalities and
this immediately gives us an SOS proof of degree at most 2d + 2 that the ordering principle
equations are infeasible. |

Combining Theorem 22 and Theorem 27, we obtain an SOS proof of degree O(y/nlog(n))
that the equations corresponding to the negation of the ordering principle are infeasible,
which proves Theorem 1.
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5 Lower Bound Overview

Proving the lower bound is surprisingly subtle. We proceed as follows.

» Definition 32. We define Q,, 4 to be the distribution on a variable u with support [0, n—d]NZ
and the following probabilities:

n—k—1
_ ()
n
()
1. In Section 6, we show that to prove our sum of squares lower bound, it is sufficient to show

that for all polynomials g. of degree at most d, for some dy > 2d, Eq,, ,, [(u—1)g.(u)?] > 0.
Equivalently,

" (L)
> St kgl(k+ 1) > g2(0).
= ()
This reduces the problem to analyzing a distribution on one variable. For the precise
statement of this result, see Theorem 33.
2. In Section 7, we observe that an approximation to the above statement is the statement
that for some small A > 0 (we will take A = 242 taking go(z) = g. (£ + 1),

/ g%(z)xefrdx > A29§(7A).
=0

We then prove this approximate statement. For the precise statement of this result, see
Theorem 50.

3. In Section 8, we analyze the difference between A Y 77 (kA)e *2g3(kA) and

fmoio g3(z)re~*dxr and show that it is small. For the precise statement of this result, see

Theorem 67. s
4. In Section 9, we analyze the difference between A Eg;grl (((f?:f)) (kA)g3(kA) and
d

lo—1

A, (kA)e *2g3(kA). For the precise statement of this result, see Theorem 70.

In Section 10, we put all of these pieces together to prove our SOS lower bound.

6 Reducing Checking E to Analyzing a Single-Variable Distribution

Recall that €, 4 is the distribution on a variable u with support [0,n — d] N Z and the
following probabilities:

—k—1
_ ()
n
(2)
In this section, we show that to check that our candidate pseudo-expectation values Es, are

valid, it is sufficient to analyze the distribution £2,, 4. In particular, we prove the following
theorem:

» Theorem 33. For all d,dy,n € N such that 2d < dy < n, if there is a polynomial g of
degree at most % such that E’Qn[gz] < 0 then there is a polynomial g, : R — R of degree at
most d such that Eq, , [(u—1)g«(u)?] < 0. Equivalently,

n,dg

n—da—1 (n7k72)

>,

?kgf(k +1) < g2(0).
k=0 (d271>
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To see why this statement is equivalent, observe that

Eq, . [(u—1)g. ()] = Y ~PE=5—=(k - g} (k)
k=0 (dg)
SR Y Y 1)> i) 2
= @) ()
Thus, Eq, ,, [(u = 1)g«(u)?] < 0 if and only if

n—ds—1 (n—k—2 n—1

> ey ”Eif)l )kgf(k+1) < (?n))gf(o)

k=0 da da

()

n—1

)7
dg—1

Multiplying both sides of this inequality by ( this is equivalent to

n—do—1 ('I’Ld—k—12)
POEET=
= ()

In the remainder of this section, we prove this theorem by starting with the polynomial g

kg?(k+1) < g2(0).

and constructing the polynomial g..

6.1 Distinguished Indices of g

We first use symmetry to argue that we can take g to be symmetric under permutations of
all but d distinguished indices. For this, we use Theorem 4.1 in [13], which is essentially
implied by Corollary 2.6 of [14].

» Definition 34. The index degree of a polynomial g is the maximum number of indices
mentioned in any monomial of g.

» Example 35. g = 712713 + 235 has index degree 3 and degree 4.

» Theorem 36. If E is a linear map from polynomials to R which is symmetric with respect
to permutations of [1,n] then for any polynomial g, we can write

Elg’] = > Elg}}]
IC[1,n],j:|I|<indexdeg(g)
where for all 1,7,
1. gi; is symmetric with respect to permutations of [1,n]\ I
2. indexdeg(grj) < indexdeg(g) and deg(gr;) < deg(g)
3. Viel, Zﬂes[l,n]\(l\{i}) 7(grj) = 0.

» Remark 37. The statement that deg(gr;) < deg(g) is not in Theorem 4.1 as stated in [13]

but it follows from the proof.

By Theorem 36, if there is a polynomial gy of degree at most % such that Fs, [93] < 0 then

there is a polynomial g of degree at most g such that

1. Egn[g2] <0

2. g is symmetric under permutations of [2n] \ I for some I C [2n] such that |I| <
indexdeg(go) < 2deg(go) < d,

where indexdeg(go) < 2deg(go) because all of our variables mention at most two indices.
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6.2 Decomposing g Based on z; Variables

We now show that we can choose g to be a polynomial of the form g = (HjeA zj> ga where
A C [n] and g4 is a polynomial in the z;; variables. To do this, just as in Section 3.2, we
decompose g as g = ZAQ[n]:\Algg (HjeA zj) ga where each g4 is a polynomial in the z;;
variables and observe that

Esnlg’] = Ezn Z H “j H Zj | gAgar

AA'Cln] \JEA jeA’

= 2 B || II# )9

AC[2n] JEA

If E2,[9?] < 0 then there must be an A C [2n] such that Egn[(njeA 2]2) g%4] < 0. Thus, we

can take g = (HjeA zj) ga. Note that g = (HjeA zj) ga is symmetric under permutations
of 2n] \ I' where I’ = I U A and thus |I’| < 2d.

6.3 Choosing an Ordering on the Distinguished Indices and Changing
Variables

We now further decompose Es, [¢?] by observing that for any set of indices I” = {i1,... im},

m—1
Eonlg?] = Ean Z H Tiyingan | 97

TES, j=1

Since Es, [¢%] < 0, there must be a 7 € S, such that Fon, szesm H;n;ll xiﬂ(j)iw(j+1)) 92] <

m—1

0. Thus, we can restrict our attention to Es, [(ZWES Hj:l TiyinGan)

ively imposes the ordering z;_,, <... <Zi_,,-

) gg] which effect-

For technical reasons, we take I to be I’ = I U A plus some additional indices so that
|[I"”| = d2. Without loss of generality, we can assume that I” = [do] and = is the identity,
giving the ordering 1 < x9 < ... < Z4,.

We now observe that under this ordering, for all j € [da],

zjzv:(jfZ)Jr Z zfj

i€[2n]\[d2]

Thus, for all j € [2,ds], 232 is a sum of squares so (HjeA\{l} zjz) g% is a sum of squares. This

implies that 1 € A as otherwise Egn[QQ] > 0. Following similar logic as before, there is a
polynomial g1 in the x;; variables of degree at most % — 1 such that

EQn

do—1
(H xi(i+1)> Z%Q%l}] <0.
=1

Now observe that by symmetry, under the ordering x1 <z <... < xq,, we can express g(1}
in terms of the following new variables:

38:13

CCC 2020



38:14

Sum of Squares Bounds for the Ordering Principle

» Definition 38. For i € [d2] U {0}, we define the variable u; so that
Uy = Zje[n]\[d2] xj1 is the number of elements before a;.
2. Fori € [dy—1], u; = Zje[n]\[d2] TijTji41) 1S the number of elements between a; and

—

Ai41-
3. ug, = Zje[n]\[dﬂ Td,j is the number of elements after aq,.
With these new variables,

EQn

do—1

2 2 1 2

(H ”) Zlg{”] = B P 00102 gy (10~ 90 (0, waa)] <0

where the d%‘! term appears because the probability of having the ordering 1 < x2 < ... < x4,

o

is .
do!

6.4 Reducing to a Single Variable

We now complete the proof of Theorem 33 by constructing g.(ug) and proving that it has
the needed properties. To construct g., we take
’]

We first need to check that g.(ug) is indeed a polynomial of degree at most d in ug. This
follows from the following lemma:

» Lemma 39. For all dy € N and any polynomial p(uy, ..., uq,) of degree at most d,

UL yeeesUdy ENU{O}:Zjil uj:n’p(ul’ T ud2)
is a polynomial of degree at most d in n’ (for n’ € NU{0}).

Proof sketch. We illustrate why this lemma is true by computing these expected values for
a few monomials in the variables {u1, ..., uq,}. The ideas used in these computations can
be generalized to any monomial. The idea is to consider placing do — 1 dividing lines among
n' labeled balls in a random order.

» Example 40. With 2 balls and 2 bins, the possibilities are as follows:

1. 12|: Balls 1 and 2 are in the first bin in the order 1, 2.

21]: Balls 1 and 2 are in the first bin in the order 2, 1.

1/2: Ball 1 is in the first bin and ball 2 is in the second bin.

2|1: Ball 2 is in the first bin and ball 1 is in the second bin.

[12: Balls 1 and 2 are in the second bin in the order 1, 2.

|21: Balls 1 and 2 are in the second bin in the order 2, 1.

To analyze monomials in the variables {u1,..., uq,}, we write u; = Z:il ti; where t;; =1 if

ball ¢ is in bin j and ¢;; = 0 otherwise.

1. By symmetry, the probability that a given ball is put into the first bin is 712- Thus,
E[Ul] = n'E[til] = (%

2. If we consider balls ¢ and j where i # j, the probability that ball 4 is put into the first bin
is é. If ball 7 is placed into the first bin, this effectively splits the first bin into two bins,
the part before ball i and the part after ball ¢. For ball j, the probability that it is put
into one of these parts is ﬁ and the probability that it is put into the second bin is

ﬁ. ’I‘hU.S7 E[tllt]]_] = m and E[tzltjg] = m This implies that E[Ul’LLQ] =

n'(n' = 1)Eltat] = 5= and Eluf] = o/ Elta] + ' (n' = 1) Eltaty] = % + b,
Following similar ideas, we can analyze any monomial of degree at most d and show that its

expected value is a polynomial in n’ of degree at most d. |

A
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To complete the proof of Theorem 33, we need one more technical lemma.

» Lemma 41. For all n,k,dy € N such that k < n — das,

(Y (Y
) ( &) ) |

2n’

’ / 2 ’ 12 ’
Proof. Observe that for all ¥/, n’ such that 0 < k' <n/, (2" —k ) =1- % + fnz >1-— %

Now observe that

() 2_dﬁ1 2n—k—j\ .7 (k=%
G - 2n— j = | on — 2j

j=1 j=1
do—1 . n—k—1
n—k—j ("uooi)

> — = 2" <
===

We now complete the proof of Theorem 33. Recall that €2, 4, is the distribution on a variable
u with support [0,n — d2] N Z and the following probabilities

(nr)
(d2)
We have the following facts:
L B, (0= D0:01= By o5, aycan-a, (00 = Doy (0. 0,)] < 0
2. For all ug € [0,2n — d2] NZ, g.(u) >0
» Remark 42. Intuitively, g. should already be a sum of squares. However, we are not sure

how to prove this, so we instead show that g2 is sufficient for our purposes.
Since Eq,, ,, [(u—1)g.(u)] <0,

Priu=k] =

2n—ds (2n—k—1)

z : do—1

= @

which implies that

(k - 1)9*(k) <

2n—d 2n—k—1
2( d271) . g«(k)
2 ey D g <!

In turn, this implies that

2n—d 2n—k—1y \ 2 2n—d 2n k—1\ \ 2
? ( o—1 ) k ’ N\ do—1 / ) ZQE(k)

k=1 d271 d2 1

Using Lemma 41,
n—ds (nfkfl) 9 2n—ds / (2n—k—1)\ 2 9
do—1 g*(k) ( do—1 ) g*(k)
1y (k—1) < <2 (k—1) < 1.
2 G TR0 =

Multiplying both sides by ¢2(0),

n—ds (n—k—l)

> Bl (k- 1)g2 (k) = AL L kg?(k+1) < g2(0).
= () ()

This implies that Eq,, , [(u —1)g:(u)] < 0, as needed.
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7 Approximate Analysis for (2, 4,

To prove our SOS lower bound, we need to show that for any polynomial g, of degree at
most d, Eq, , [(u— 1)g%(u)] > 0. Equivalently, we need to show that for any polynomial g.
of degree at most d,

n—do—1 (n k— 2)

> ey

kgZ(k+1) > g2(0).
= ()

7.1 Approximation by an Integral
n—k—2

The expression Zk dz2=1 ((df:f)) kg?(k + 1) is hard to analyze, so we approximate it by an
do—1

integral. Observe that as long as k << n, kd3 << n? and k%dy << n,

n—k—2 da—1 n—j—k'—l do—1 i
(‘iz_ll)H(lk)nﬂk%(lk) ~e n
(dz—l) j=1 n 1- n n
as
n—j—k—1 . . .
R -Re—)—n—j—k=1) __ jk+n
1-k (n—k)(n—j) (n—k)(n—j)

which is small. Taking A = % and go(z) = g (£ + 1), approximately what we need to show
is that for all polynomials go of degree at most d,

1 GANTAE(A) 2 B-A).
7=0

In turn, this statement is approximately the same as the statement that for all polynomials
go of degree at most ds,

| dh@aedo = A%3(-0)

In the remainder of this section, we prove this statement when ddy << n by analyzing the
distribution pu(x) = xe~®. In Sections 8 and 9, we will then analyze how to bound the
difference between this statement and the statement which we actually need to prove.

» Remark 43. For technical reasons, we will actually take A = % rather than A = %. For
details, see Section 9.

» Remark 44. We might think that the probability that x is much more than log(n) is
very small and can be ignored. If so, than using Chebyshev polynomials would cause this
statement to fail at degree O (\/% ) which is much less than y/n. However, this is not correct.
Intuitively, since we are considering polynomials of degree up to d, we should consider the
point where 2% ™" becomes negligible, which is when z is a sufficiently large constant times
dlog(d).

Based on this, we can only ignore uy which are a sufficiently large constant times dlog(d)i.
Roughly speaking, we will want to ignore all ug > %, so we want dy to be at least Cdlog(d)
for some sufficiently large constant C'. For details, see Section 9.
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7.2 Orthonormal Basis for pu(x) = ze™®

In order to analyze f;io g% (z)we~*dx, it is very useful to find the unique orthonormal basis
{hi, : k € NU{0}} for the distribution p(z) = xe~® such that hj has degree k and the
leading coefficient of hy is positive. In this subsection, we find this orthonormal basis.

» Definition 45. Given two polynomials f and g, we define f-g = f;io f(z)g(z)xe *dx.

» Definition 46. We define hy to be the degree k polynomial such that the leading coefficient
of hy is positive, hy, - hy, =1, and for all j <k, h; - hy; = 0.
» Lemma 47.

k

! e (R (D!
hele) = e 2 1 () (7

Proof.

» Proposition 48. 27 - 27 = (p+q+1)!
Computing directly using Gram-Schmidt, the first few polynomials in the orthonormal
basis are

1. hg=1

2. hy = %(x —2)

3. ho = \/%(mz — 62+ 6)

4. hy = = (a® — 1227 + 362 — 24)

5. hy = -2 (2% — 2023 + 1202% — 240z + 120).

/2880
To check the general pattern, we need to check that for all i € [0,k — 1], hy - 2° = 0 and
hi - hi = 1. To see this, observe that for all ¢ > 0,

k
hk~zi:7. ! .Z(l)ki’@:) Eljii)):(i+j+1)!

=g G e

Now observe that for all k£ and all functions f(j),

k

S (C1)E (’;)ﬂj) — (AR F)(0)

Jj=0

where (Af)(z) = f(z +1) — f(2).
» Proposition 49. If f = 2% then A*f =0 ifi < k and A*f = k! if i = k.

Viewing (if{l) as a polynomial in j,
. . 1 . . 1 ! -/L'
! f] * = 7@‘ +_‘7 +1) j— + lower order terms
Jj+1 G+ 1) 4!

Putting everything together,
1. hy - z* = 0 whenever i < k.

2. hy-hy = R (AR (R (0) = 1. <

1 kY —
ey e @) = ae (A (7
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7.3 Proof of the Approximate Statement

Now that we have the orthonormal basis for u(x) = ze™*, we prove the approximate statement
we need.

» Theorem 50. For all d € N and all A > 0 such that 10(d + 1)?A%e2?2 < 1, for any
polynomial go of degree at most d,

/ g (x)ze "dr > 10A% g3 (—A).
=0

Proof. Given a polynomial go of degree at most d, write go = ZZ:O ahy. Since {hy} is an

orthonormal basis for p(z) = ze™,

o d
/ g5 (x)re %dr = Z az.
z k=0

Using Cauchy Schwarz, we have that

d

k=0

p (>h g Janl)®
which implies that 5 _, af > e

In order to upper bound |g2(—A)|, we need to bound hy(z) near = 0. For this, we use
the following lemma:

» Lemma 51. For all k € N and all z € R,
|hi(2)] < VE + 12,

Proof. Observe that

; k k (k+1)! J
= i <]> Grol”

k .
< k-l—lZm_

A

By Lemma 51,

d d
192(=A)] < D laeVE + 1e" < VA +1e 3 ag.

k=0 k=0

2
Thus, g3(—4) < (d+1)e* (X _glax]) -
Putting everything together, as long as 10(d + 1)2A%e292 < 1, f;io g*(z)re*dx >
10A2g2(—A), as needed. <

8 Handling Numerical Integration Error

In this section, we show how to bound the difference between A Y (jA)e™7%g3(jA) and
fzoio g3 (x)re du.
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8.1 Bounding Numerical Integration Error via Higher Derivatives

In this subsection, we describe how the numerical integration error can be bounded using
higher derivatives.

» Lemma 52. For any A > 0 and any differentiable function f :[0,00) = R,

00 oo 00
[ s@iz-aY sGa)|<a [ (@l
=0 §j=0 =0
Proof. This result follows by summing the following proposition over all 7 € N'U {0} and
using the fact that |a + b| < |a| + [b].

» Proposition 53. For all j € N'U {0},

(G+1HA G+DA
/ (f(z) = f(jA))dx SA/ o |f(@)|de
T r=jA

=jA

Proof. Observe that for all j € AU {0}, for all z € [jA, (j 4+ 1)A],

(G+1A
f@ -G8 < [ I @)l
r=jA
Thus,
G+A G+D)A
[ @ -ruana <a [T 7wl )
r=jA T=jA
<

Using higher derivatives, we can get better bounds on the error.

» Lemma 54. For any A > 0 and any twice differentiable function f :[0,00) — R,

oo

o - 3 A 11
|t - A3 SUA)+5I0) < | 17w

=0

Proof. This result follows from summing the following lemma over all 7 € N'U {0} and using
the fact that |a 4+ b| < |a| + |b].

» Lemma 55. For all j € N U{0},

(G+1A A
[ Ha)ds - SOGA) + £(G+ A

=jA

G+1A
<a? [0 e

=jA

Proof. We prove this lemma using the following estimate of f(x) for x € [jA, (§ + 1)A]

» Proposition 56. For all z € [jA, (j + 1)4],

(G+HA

£0) = FG8) = (o = SO GA) < (@ = 58) [ 17 @)lda,

r=jA
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Proof. Observe that for all j € N'U{0}, for all x € [jA, (j + 1)4],
(G+1A
IORNEON Y R

r=jA

Taking the integral of this equation from jA to x and using the fact that |a + b| < |a| + |b],

(G+1A
£0) = FGA) = (o = AP GA) < = 58) [ 1wl «
r=jA
‘We now make the following observations:
1. By Proposition 56,
(G+1)A
[FUA) AL (GA) = F(G+DA) = [f((+1)A) = fF(GA)—Af'(GA)] < A/ . |f"(z)|dz.
z=j

2. Taking the integral of Proposition 56 from jA to (j + 1)A and using the fact that
la + 0] < la| + [b],

A2 (G+1A
<5 [ el

=jA

G+ A A2
[ t@adn - arGa) - G

=jA

Adding % times the first equation to the second equation, we have that

(G+1)A
<A / ()| de
rz=jA

G+nA A
[ fwdn = G068 + 5+ D))

=jA

as needed. |

We now generalize this argument to (t+1)th derivatives.

» Definition 57. For allt € N, we define M to be the (t + 1) x (t + 1) matriz with entries
(Mg)ap = (b— 1)(“*1) where (M;)11 = 1. Note that My is a Vandermonde matriz and is thus
invertible.

» Definition 58. For allt € N, we define vy to be the vector of length t + 1 with entries

(V) = # and we define ¢; = Mt_lvt.

» Lemma 59. For allt € N, for any A > 0 and any function f : [0,00) — R which can be
differentiated t + 1 times,

t—1 .o oo t—1 t
1(2 | f(x)dw)—AZf<jA>+Az S (e | £GA)
b=0 7 e=bA =0 7=0 \b=j+1
< (1) <(t e 'ff“*’“') JIARC

Proof. This result follows from summing the following lemma over all j € N'U {0}:
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» Lemma 60. For all j € N U{0},

G+H)A !
1 / fl@)de — A (e f((G +b)A)
b=0

t rz=jA

s(m)m< 1 +ZZ_1I(Ct)b+1I) /W)A|f<t+1>(x)dx.

(t+1)! £()) SN
Proof. We prove this lemma using the following estimate of f(x) for x € [JA, (§ + t)A].
» Proposition 61. For all x € [jA, (j +t)A],

—_ A pUtHA
< SB[ e

! r=jA

- o

Proof. Observe that for all j € N'U{0}, for all z € [jA, (j + t)4],

(J+t)A
0@ - FOGa) < [T @),
z=jA
Taking the integral of this equation from jA to x ¢ times and using the fact that |a + b| <
|al + 0],

AN pEthA
e s -
2 r=jA

‘f(x) D D LTI

We now make the following observations:
1. By Proposition 61, for all b € [¢],

Z“A) FOGA) — FGA +b)

a=0

<ol TR e ),

 Sosia

2. Taking the integral of Proposition 61 from jA to (j 4+ t)A and using the fact that
la+b| < af + (0],

(G+t)A t (tA)et! (@) (tA)H+ (G+t)A )
[ s SR oG < @ [ e @i

Adding (c;)p41 times the first equation for each b € [t] to 1 times the second equation, we
have that

! (Htm z)d Aot! t* b (e @A) A( A+b
2 g CL‘—Z ﬁ ;T f ] Z Ctb+1f(.7 +)

=jA

b=1
(tA)t+1 (G+t)A (t+1) A‘ c b+1| bA +t)A (t41)
< £ (@) |de + Z £ (@) |d
(t + 1)' rz=jA z=jA
1 S (e b+1| Groa o
< ()™ ( 4 2= ) / |f (@) |da.
(t+ 1) (¢! N

Thus, it is sufficient to show the following:
1. If a = 0 then m Zb L b® (C;)Hl = (e)1-

2. If a € [t] then (atTal), Sy C;,)b“ =0.
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To see these statements, observe that

t t+1

t(l
Zba(0t>b+1 = Z (Mt)(a+1),b(ct)b = (Vt)at1 = ——-
a+1
b=0 b=1
Thus, for all @ € [t] U {0}
e zt: b*( Ct b1 _
b=0
When a = 0, Zb ) % — Zzzo % (Ct)l S0 a+1)' Eb ) b (Ct)b+1 = (¢¢)1-
When a > 0, Yo, =5 = 0 "t so 0 Ghmn — Xt Ploess — 0 <
|
8.2 Bounds on h;
In order to use our tools, we need bounds on the integrals of the functions hy.
» Lemma 62. For all j,j' € NU{0}, [°, |h;(z)h;(2)|ze "dx < 1.
Proof. Observe that
00 o h2(x) + h%(z
[ @y @eerar < [* B gy «
=0 =0

» Lemma 63. For all j e NU{0}, [ h3(z)e "dz < j+8.

Proof. The cases where j = 0 and j = 1 can be computed directly. For j > 1, observe that
by Lemma 51,

/x:O h?(x)efmdx = L:o h?(x)efxdac + /x:l h?(x)efzdx

1 [e'e]
< /J (4 1)e¥ e " dx +j/ h?(x)zefzdx
=0 r=1
J+1
27 —1

—
~—

<

(e —1)+j<j+8. <

» Corollary 64. For all j,j' € NU{0}, [ |hj(x)hj (z)le™"dz < \/(j + 8)(j" + 8).

Proof. Observe that by Lemma 63,

J +8h2

[ @iy @e =i < [ L T e < GG T 8.
T =0

=0

8.3 Derivative of h;

We also need to analyze what happens when we take the derivative of hj. Calculating directly,
the first few derivatives are:

1. 94U —
d(z—2) __
2. =~ =1

3. daTo6e46) 9y =2z —2) — 2
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g, P12 4860-20) _ 3,2 94y 4 36 = 3(a? — 62+ 6) — 6(z — 2) + 6
5.
d(z* — 202 + 12022 — 240z + 120)

dx
=4(2® — 122% + 362 — 24) — 12(2? — 62 + 6) + 24(x — 2) — 24.

= 42® — 6022 + 240z — 240

The general pattern is as follows:

k—1 11—k k! ASKNE D)
> Lemma 65. hi.(x) = k=0 (_1)k 1-k %Whj(m)

Proof. To prove this lemma, we need to show that the derivative of

k
VG T =3 (- (M)

i=0 J

is

k—1 K , -1
Z (_1)1@—1—1@'% (Z(_l)k’—j </€> (k" + 1) j) _ )E- l_k/% (mhk/)
, by

1!
(J+ .

To prove this, we use the following proposition.

» Proposition 66. For all n and all j,

,g@ B (jil)'

Proof. Observe that choosing j 4+ 1 objects out of n objects is equivalent to choosing the
position k + 1 of the last object and then choosing the remaining j objects from the first k
objects. |

With this proposition in hand, we observe that

= /k' v K\ (K +1)
k 1—k xJ

,;0 ! ZO ( )(J+1)
_k—l Y k! k—1 Vo i ;
N rry P (5))-

k—1 e k—1 Kol '
— _1\k-1-5 27
_FO( D (kzzj (j+1)

k—1
_ k1 K (k£ 2
_jzo( D <j+2>

: IR A (R EED
=2 () i (o )= Ol

k —i kY (kD)
d(> o (—1)* ](l;) 23:1;! ﬂ)
dx '

|
A
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8.4 Bounding the Numerical Integration Error
In this subsection, we use our tools to bound the numerical integration error
oo

Y (G8)eTAGGA) - [ gha)ee vda,
Jj=0 z

=0

» Theorem 67. For allt € N, there exist constants Cy1,Cio > 0 such that for all A > 0,
d € N, and polynomials g2 of degree at most d,

A (AN TAR6A) - [ @y da
7=0 =
< (Cu(dA)?e? @ + Chod(dA) ) / g3 (z)re %da.
=0

dattt (gg(aﬁ)ze’z)
T dxttT

Proof. To prove this, we bound f;io dz.

» Lemma 68. For allt,d € N If g5 = ch'l:o azh; is a polynomial of degree at most d then

)
/3::0

Proof. Observe that

qt+1 (92(x)2xefa:)
dthrl

dr < (t+4)(d+8)(d+1)(3 (Za).

d't (go(z)?ze™™) § t+ih (t+ 1)(=1)F1=01=32 @it gy (z) d72 go () o
dxt“ = = Jilgel(t + 1—j1 —jo)! dah AL
0 o

t t—j1 t L . .
(t+1)! N dl gy () d2ga(x)
IO e

.71']2 t _]1 _jQ) dm]l d$]2

J1=0j2=0

By Lemma 65, if f= Zd b;h; is a polynomial of degree at most d then writing =
Zf Olb;hz, E Lp| < dZZ o |bi|. By Lemma 62 and Corollary 64, we have that for all
33" € [0, d]:
1. For all j,j' € NU{0}, [2, |hj(@)hj (x)|ze dx < 1.
2. For all j,j" € NU {0}, f$:0 |hj(z)hj (x)|e”"dz < \/(j + 8)(j' + 8).
Putting these facts together, if go = Z?:o a;h; then

/°° d'™ (g3 (z)we™™)

=0 datt!

d 2
dr < (3" 4 (t 4+ 1)3'd" (d + 8)) <Z |ai|>

=0

<(t+4)(d+8)(d+1)(3 (Za) <

With this bound in hand, we now apply Lemma 59 with f(x) = g2(x)xe®. For convenience,
we recall the statement of Lemma 59 here:
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For all t € N, for any A > 0 and any function f : [0,00) — R which can be differentiated
t+ 1 times,

(Z/x i dx) AZ“A +AZ(§ c m) £GA)

=0 \b=j+1

i1 t Zb:1|(0t)b+1| > D) () | dae
< (t4) <( " )L_O|f ()] da.

t+1)! t!

To use this bound, we need to bound f(z) = g3(z)ze~* when z € [0,tA].
» Lemma 69. If g5 = Z?:o a;h; then for all x € [0,tA],

d
f(z) = go(z)?ze™ < tA(d + 1)%e24A (Z af) .

=0
Proof. By Lemma 51, for all # € R and all j € N, |hj(z)| < /7 + 1e/l?l. Thus, for all
x € [0,tA],

d

Zaihi(m) <

=0

|92(2)] =

d
d+ le®? (Z |ai|>

=0

which implies that for all x € [0, tA)]

d 2 d
g2(2)%ze™® < tA(d 4 1)e2¥A <Z |ai|> < tA(d + 1)%e? A <Za ) . <

1=0 =0

Using Lemma 69, we make the following observations:

L5 f)dn (02 % fo)d)| < (A2 + 12620 (52 )
2. [ASZ) (e (cnin) FGA)| < (BA2(d + 126248 (S (el ) (S o)

Putting everything together, there exist constants Cy; and Cyy such that

A (A)TAE(A) - /
=0 @

oo

g5 (x)ve"dz| < (Cp(dA)?e*® 4 Crad(dA)™) (Za3>.

=0
Since [ g3(z)ze~*dzx = Y0 a2, the result follows. <

9 Handling the Difference Between Distributions

In this section, we prove the following theorem:

» Theorem 70. For all d,d2,n € N such that (4d + 2)In(dz) + 2in(20) < dy < %, for all

polynomials go of degree at most d, taking A = %,
n—ds—1 (n k— 2) A o) 1 %)
da—1 - _
A Z (kA) (- 2 1 g3 (kA) > 52 FAg2(kA) — 10/ g5 (x)re “dx.
k=0 do—1 k=0
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Proof. To prove this theorem, we prove the following two statements:
1 1 _

LasiE ) (2 g308) > 3 S (810

2. Azk:[%] (kA)e —kA& g2(kA) < 5f 092 x)xe *d.

Assuming these two statements, we have that

n—dy—1 (n k— 2) [$1-1 (n7k72)
A ; <kA>ﬁgQ<kA>2A > (kA) (Z;}; g3 (kA)
[31-1
> 23 (kD) BBk
k=0
=§ (i (kA)e 2 g2 (kA) — i (kA)e 2 g2 (kA)
k=0 k=[2]

We now prove these two statements. The first statement follows immediately from the
following lemma:

» Lemma 71. For all k,do,n € N such that ds < @ and k < %, taking A = =2

(")

Proof. Observe that

(nd;lc_EQ) da—1

((?2:11) N j=1 n—J

n—j—k—1
n—

\?s‘

_k
n
7]‘7

)dz ' and Hd2 !

1—

3o

Thus, to prove this result, it is sufficient to lower bound (
- >

3\#

» Proposition 72. For all k € N such that k <

=

‘x-

4;,
e

Proof. Observe that forallz >0, e <1—x+ % Taking x = %, ifk < % then

_ 2k 2k 2k? 2k k k
n <1— +f2S1—*+*§1—*
n n n 2n n
and thus = 121 <

:\A_

e

n—j—k

J
To bound Hd2 ! - ,j T+, we prove the following lemma.
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» Lemma 73. For all j,k,n € N such that j < g and k < 7%,

e _(—km—j)—nn—j—k=1) __ jk+n
1-£ (n—k)(n—j) (n—k)(n—j)
2jk—|—32n 25k 2 11 25k 2 4jk

- n? T on2 ﬁ_ﬂ*nQ n  nd

Rearranging this, we have that

as needed. <

Combining this lemma with the following proposition, we have the following corollary.
» Proposition 74. For all x € [0,1] and allk €N, (1 —z)* > 1 — kx.
» Corollary 75. For all da,k,n € N such that da < § and k < 7,

da—1 n—j—k—1

2d2 2d2k
|I _n=j 2
E (1 n ) <1 n2 ).
j=1 n

Since dy < 4" < g and k < 7, combining Proposition 72 and Corollary 75 with the
inequality

k— do—1 _ i k—
(ibﬁla >>67kA (1 :i) 2 %illn 27? 1
G ° % -k

da—1

we have that

n—k—2
(i) o -ea (lfzd) (1 2d3k> o Lora
n—1 — 2
(1) n n 2
which completes the proof of Lemma 71. <

We now prove the second statement needed to prove Theorem 70.

» Lemma 76. For all d,dy,n € N such that do > 4din(dz) + 2In(10n), for any polynomial
go of degree at most d, taking A = %

o dy—1 d oo
A E A)e 2 g2(kA) < 2n? 3 in / g5 (x)re " dx.
4 dy ) Joo™?

k=] W =0

[NE]

Proof. To prove this, we upper bound |hy(z)| for large z.

» Lemma 77. For all k € N and all z > 1, |hi(x)| < (27)*.
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Proof. Recall that

hk(m) =

k
1 (kY B+ 1)
LS (),
k!(k+1)!jzz(:)( ) i) G+ 1!
Now observe that

k

Z(k)j—l—l ik2 et.

Jj=0

Thus, for all k € N and all > 1, |hk(z)| < VE+ Tes k.

If k > 5 then vk + le? < 2% and we are done. For k € [1,4] we check the polynomials
directly.

1. |hi(2)] = %(m—2)‘ < max{%,%} <2z

2. |ha()| = \/%(J:Q—Gx+6)' < max {25, 22} < 402

3. |hs(z)| = ﬁ(ﬁfmusmfm)‘ < max {22 12023 g3

4. |ha(z)| = \/22%(:64—20963—1—1201‘2—240:10—1—120)’ < max {1 1890y 1600 <

» Corollary 78. For all d € N, if g2 is a polynomial of degree at most d then for all y > 1,

oo

B (y) < 2(2y)* / g2 (x)ze—*dz.
=0

Proof. Writing go = ZZ o aihi, we have that [~ g2(x)*ze *dw = Z?:o a? and

Q; Ay (Qy)iﬂ

@\
Il
<

S
S
I/\ IN
< I~
p%'p%

1 1 J
<2di’+1ai2 + 2di+1a12'> (2y)®
d

d
< <Z a? + Z a%) (2y)%¢ = 2(2y)%? Zaf. <
i=0 i'=0

=0

=014'=0

With this bound, we can now prove Lemma 76. By Corollary 78,

oo

ﬁ@s%%ﬁ/ R(@)weda

=0
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Applying this with y = kA, since dy > (4d 4 2)In(ds) + 2In(20),

Z (kA)e 2 g2( <A Z (2kA)e kA 2kA)2d/ g2 (z)ze "dx
k=[4] k=[] v=0
oo
(2z)% e~ dy / g5 (x)re dx
=(§1-na z=0
2d+1 . 0o
(2d + 1)! n 2d+1—j n
2d+1 nl -([3]-1)a 2 —
=23 o (5] =) a) e (] e e

< 26Ad22d+1€7d72 (/ g%(a:)xezdx)

=0

< 4e2d+D)In(d2)~F (/m gi(x)xe—-fdx>
=0

1 o0
<- / ga(x)ze “dx.
5 x=0

where the second inequality holds because (2z)2¢*1e~® is a decreasing function whenever

x>2d+1. <

10  Putting Everything Together

In this section, we put everything together to prove our SOS lower bound.

10.1 Lower bounding our sum with an integral

We first combine Theorems 67 and 70 to lower bound our sum with an integral.

» Theorem 79. For alld,ds,t,n € N, taking A = 2%2, if the following conditions hold:
1. (4d + 2)in(ds) + 20n(20) < dy < 2.
2. Letting Cy1 and Cyo be the constants given by Theorem 67,

Ci (A28 4 Crod(dA)H! < =

then for any polynomial go of degree at most d,

n—dy—1 n—k—2 o0
_ 3 _
INDS (kA)((‘ff_f))gS(kA)zm | s@e
k=0 do—1 =

Proof. By Theorem 70, for all d,ds,n € N such that 4din(ds) 4 2in(10n) < dy < %, for all

polynomials go of degree at most d, taking A = 2%2,
n—ds—1 (n k— 2) A 0o 1 00
d 1 — —x
A Z (kA) (2 ) g5 (kA) 52 FAG2(kA) — 10/ g5 (x)re “dx.
k=0 do—1 k=0
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By Theorem 67, for all A > 0, d € N, and polynomials g» of degree at most d,

A () R8) — [ giaree s

k=0 =0

o0

(Cy1(dA)2e* 2 4 Crad(dA)HT) / g2 (x)ze dx
=0
1
< 5/ g5 (x)ze "dx.

Thus,

o0 1 o0
A EA)e PR g2(iA) > f/ 2(x)ze " dz.
kZ:O( ) Pg3A) 2 5 | gi(a)

=0

IN

n—k—2
Combining these statements, AY /-8 7" (kA) ((d2 1)) 3(kA) > 2 [ g3(x)ze "dx, as
do—1

needed. |

10.2 Proof of the SOS lower bound

We now prove our SOS lower bound.

» Theorem 80. For all d,ds,t,n € N, taking A = 2%2, if the following conditions hold:
1. (4d + 2)In(ds) + 20n(20) < dy < 2.

2. 10(d + 1)2A%e294 < 1.

3. Letting Cy1 and Cyo be the constants given by Theorem 67,

Ci1(dA)2e?92 4 Cpod(dA)H! < =

then there is no polynomial g of degree at most g such that Egn[g2] <0.

Proof. We recall the following results.

1. By Theorem 33, since 2d < ds < n, if there is a polynomial g of degree at most % such
that Eay, [¢%] < 0 then there is a polynomial g, : R — R of degree at most d such that
Eq, ., [(u—1)g.(u)?] < 0. Equivalently,

n—ds—1 (nd—k—12)
Z (,f%l)kgf(k +1) < g3(0)
k=0 da—1
Taking g2(z) = g (% + 1),

rLdglnkQ)

AZ dzl

k=0 d2 1)

kA)g3 (kA) < A%g3(—A).

2. By Theorem 79, under the given conditions,

n—dy—1 n—k—2
: (") 5 3 [ —a
A kE:O (kA) ((;;__11) g5 (kA) > 20/ g5(x)re “dx.

3. By Theorem 50, since 10(d + 1)2A2e2¢4 < 1, for any polynomial go of degree at most d,

/ g5 (x)re “dr > 10A%g3(—A).

=0
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. . . . . d
Putting everything together, if there is a polynomial g of degree at most § such that

Egn[gz] < 0 then there is a polynomial g, : R — R of degree at most d such that

3 n—do—1 (nd—k—Q)
-1
iAQQS(—A) <A Z (n271)
k=0 da—1
which is impossible. Thus, there is no polynomial g of degree at most g such that Es, [g%] <
0. <

3 o0 _
(k’A)g%(k‘A) < —20/ Ogg(x)xe Tdxr < AQgg(—A)
r=

» Corollary 81. For all € > 0, there exists a constant C, such that for allm € N, degree
C.n2=¢ sum of squares cannot prove the ordering principle on n elements.

11 Conclusion

In this paper, we analyzed the performance of SOS for proving the ordering principle, showing
that SOS requires degree roughly /n to prove the ordering principle on n elements. This
shows that in terms of degree, SOS is more powerful than resolution, polynomial caluclus,
and the Sherali-Adams hierarchy, but SOS still requires high degree to prove the ordering
principle. While this mostly resolves the question of how powerful SOS is for proving the
ordering principle, there are several open questions remaining including the following:

1. Can we find a tight example for the size/degree trade-off for SOS which was recently

shown by Atserias and Hakoniemi [1]?
2. Can we prove SOS lower bounds for the graph ordering principle on expanders?
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A Analyzing the Ordering Principle with Boolean Variables

In this appendix, we describe how to modify the ordering principle equations so that they
only have Boolean variables. We then describe how to modify the pseudo-expectation values
and the SOS lower bound proof for these equations.

A.1 Equations for the ordering principle with Boolean auxiliary
variables

To encode the negation of the ordering principle using only Boolean variables, we simply
replace each z]2 with a sum of squares of Boolean auxiliary variables. This gives us the
following equations for the negation of the ordering principle:

1. We have variables x;; where we want that z;; = 1 if a; < a; and x;; = 0 if a; > a;. We
also have auxiliary variables {z;; : j € [n],k € [m]} where m >n — 2.

Vi # j,a3; = xi; and Vj € [n],Vk € [m], 23, = 2, (variables are Boolean)

Vi # j,x;; =1 — xj; (ordering)

For all distinct 4, §, k, @;;2;,(1 — xi) = 0 (transitivity)

aRwN

Vi, iy Tig = 14Dy 23, (for all j € [n], a; is not the minimum element of {ay, ..., a,})

A.2 Pseudo-expectation values with Boolean auxiliary variables

In order to give pseudo-expectation values for these equations, we need to give pseudo-
expectation values for polynomials involving the auxiliary variables. The idea for this
is as follows. Letting w; = Zi# mij) — 1, we want that w; of the auxiliary variables
{zji : k € [m]} are 1. If w; € [0,m] N Z, if we choose which of these auxiliary variables are 1
at random,

1. P’I“(Zjl = 1) =4

m’

2. Pr(zjl = 1azj2 = 1) = U;ZLEZJ:S)
K1
3. More generally, for all K C [m], Pr(Vk € K,zj, =1) = ‘f;}?%:’a))
a=0 m—a
Note that these expressions are still defined for other w; including w; = —1 (though in this

case they aren’t actual probabilities over a distribution of solutions). Based on this, we have
the following candidate pseudo-expectation values:
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» Definition 82 (Candidate pseudo-expectation values with Boolean auxiliary varialbes).

1. For all polynomials p({xs; : i,7 € [n],i # j}), we take E,[p] = Ey, [p].

2. For all j € [n], for all K C [m] and all polynomials p which do not contain any of the
auziliary variables {z;, - k € [m]}, we take

(11::)]- £l o]

LS (m—a)
A.3 Reducing to one variable with Boolean auxiliary variables

Unfortunately, our lower bound for the ordering principle equations in Definition 9 does not
directly imply a lower bound for the ordering principle equations with Boolean auxiliary
variables. That said, we can still reduce the problem to one variable by using the same
techniques we used to prove Theorem 33. The resulting theorem is similar but not quite the
same as Theorem 33.

» Theorem 83. For all d,ds,n,m € N such that 2d < ds < n and m > 15nd, if there is a
polynomial g of degree at most g such that FEa,[g?] < 0 then there is a polynomial g, : R — R
of degree at most d and a j € [d] such that

' (6 (Mo (u—a)

Y ( = ) gz (u) < 1.24%(0).
u=1 (dz—l) J:

Proof sketch. Having Boolean auxiliary variables affects each part of the proof of Theorem 33

as follows:

1. Since the equations and pseudo-expectation values are still symmetric under permutations
of [2n], the argument in Section 6.1 that we can reduce to the case when g is symmetric
under permutations of [2n] \ I for some subset I C [2n] where |I| < d still applies.

2. In Section 6.2, we decomposed Fs,[¢%] as

E2n Z E2n H ZJ2

AC[2n] JEA

Here we can do a similar decomposition but it is somewhat more complicated.
» Definition 84. Given a j € [n] and a nonempty K C [m], define

RS SR | e (VYD
Ea | S Ty

» Proposition 85. For any j € [2n], any nonempty K C [m], and any polynomial p
which does not depend on the auziliary variables {zji, : k € [m]}, Fanly;jxp] =0
With this proposition in mind, we decompose g as g = ZAQ[%] ga where

ga = Z H Yjx; | P{x,.jeay(where each Kj is a nonempty subset of [m])
(KjjeA} \jeA

where each K is a nonempty subset of [m]. With this decomposition, we have that

Eanlg Z Eanld?)-
AC[2n)
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Note that unlike before, here we have the auxiliary variables be part of g4. That said,
this allows us to assume that there are no auxiliary variables z;, where j ¢ A and that
everything is symmetric under permutations of [2n] \ I’ where |I'| < 2d.

3. In Section 6.3, we restricted ourselves to a single ordering for the distinguished indices
and expressed everything in terms of the new variables uy, ..., uq4,. We can still do this
with Boolean auxiliary variables, but this no longer removes all of the auxiliary variables.
What we get is a polynomial g1y (uo, - . ., tay, {2y 1 j € [d2]}) of degree at most ¢ such

that
do—1
2
(H $i<i+1>> 9{1}]
i=1

1 = .
[E/uo ,,,,, Udy [9?1}(1!0: ceey Udgy {Zj’k : .7’ € [dz]})]] <0

EQn

= — do
da! w0, udgeNU{O}:ijouj:Qn—dz

where E',,
values of ug, ..., Ud,-
4. In Section 6.4, we took

ug, gives the pseudo-expectation values of the auxiliary variables for given

.....

.....

Before we can do this here, we need to remove the auxiliary variables {z1; : k € [m]}. We

can do this as follows:

a. Observe that looking at the auxiliary variables {z1 : k € [m]}, E'uo,...,ud2 (and thus
Es;,) is symmetric under permutations of [m]. Using Theorem 36, we can assume
that g1y is symmetric (as far as the auxiliary variables {21 : k € [m]} are concerned)
under permutations of [m] \ K for some K C [m] where |K| < d.

b. Breaking things into cases based on the values of the auxiliary variables {z1 : k € K},
we can assume that

g1y (o, - -+ uay, {21 2§ € [do]}) =
( H Zlk) ( H (1 - Zlk)) p{l}(uo, ey Udy, {Zj/k :j/ S [Q,dg]})
keK1 keK2

for some K1, Ky C [m] such that K1 N Ky = and |K; U Ks| <d.
We now take

9x = Eu1,...,ud2 ENU{O}:Zjil uj=2n—dz—ug |:E/u07--<7ud2 [pfl}(um <oy Udy, {Zj'k : j/ € [27 dQ}})]:|

and we have that
a. g«(up) is a polynomial of degree at most d in ug.
b. For all ug € [0,2n — d2] N Z, g.(ug) > 0.

¢ Boy, [(TTHY (0= )) (TS (42 = w = a)) g (w)] < 0.
Equivalently, taking j = |K;| and js = |Ka|,

2n—ds (2n—u—1) 7 j2
Z T <H(U—a)> (H(m+2—u—a)> gs(u) < 0.
u=0 (dg) a=1 a=1

Manipulating this gives

2n—ds (2n—u—1 i J
) (o w—a)\ (fym+2-u—a) (g.(w)
Z (27;—1) ( ]| m+2—a (g*(O)) <1,

u=1 do—1




A. Potechin

which implies that

2

el (27:1?1171) ’ Hi:l(u—a) (i m+2—-—u—a RO

u=1 d271 a=1

We now make the following observations:

2n—u—1 2 n—u—1
a. By Lemma 41, for all u € N such that u < n — da, <((35_1))) > ((d;?:f)>.

do—1

| (u—a) !

b. For all u € N, (Ha 4 S I =

7! - 7!
c. Since m > 15nd, for all u € N such that ©u < n — ds,

, 2
Zm+2-—u—a l4nd —n\** _ 12
H —— | 2\ > —.
o mT 2—a 14nd 14
Putting everything together,

n—ds (n—u—1 7 w—a
5 Lat) (Ha—1< )> #2(u) < 1.262(0)

u=1 (dg—l) ‘7!

as needed. <

A.4 SOS lower bound with Boolean auxiliary variables

When we have Boolean auxiliary variables, our SOS lower bound is modified as follows:

» Theorem 86. For all d,ds,t,n,m € N such that m > 15nd, if the following conditions
hold for all j € [d]:
1. (4d + 2)In(ds) + 20n(20) < dy < Y2

(n—1)!(n' —d>)! d(25—1)A 1
. (n’—l)!(n—dg)!(zzjfl) AQ(d"’ 1)262 (2] 1) S TO
3. Letting Cy and Cyy be the constants given by Theorem 67,

Cia (dA)?€* 2 + Chad(dA) T < %

where n' =n —2d+2 and A = 27%,2 then there is mo polynomial g of degree at most % such
that Eo,[g% < 0.

» Remark 87. We believe the condition on m is an artefact of the proof and that we should
have essentially the same lower bound as long as m > n — 2, though proving this would
require modifying the analysis further.

Proof. Assume there is a polynomial g of degree at most g such that Es,[g?] < 0. By
Theorem 83, since 2d < ds < n, there is a polynomial g, : R — R of degree at most d and a
j € [d] such that

n—ds (n—u—l) 7 w—a

PR = (H“=1 b= 2w < 1.2620).
u=1 (dz—l) J:

We transform this left side of this equation into the same form as the left hand side of

Theorem 79 using the following lemma.

38:35

CCC 2020
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> Lemma 88. For all ju €N, } ( I (u— a)) > (%91 (u—2j +1).

Proof. We prove this lemma by induction. When u < 2j — 1, the result is trivial. When
u =27,

(i o) (7)o

Now assume the result is true for u = k where k£ > 25 and consider the case when u = k + 1.
By the inductive hypothesis,

% (ﬁ((kﬂ)_a)) _ kﬁj (;!af[l(k—a)> > % ((i?_11>(k—2j+1))
R A A

Applying Lemma 88, we have that

n—ds (n—u—1 i w—a n—dg n—u—ll j Y —a )
1262(0) > Y <(di_f)) (H“‘ljﬂ )>gf(u) >y ((di_l))< o=t ¢ )>g*<u>

|
u=1 da—1 u=2j—1 \d2—1 J

> ( di‘f)) (2‘7; 1> (u— 25 + 1)g2 (u).

u=2j—1 (dz—l

Taking k =u—2j+1,n' =n—2j+2, A =22 and go(z) = g. (£ +2j — 1),

n'

n'— n —k—2
1.2(n — DI —da)! (5 o, .. e )
" A%g2(—(2j - 1)A) > A Z ~ Ll (kA)g2(kA)
(n/—1)!(n—d2)!(2ﬂj Y (dz D
By Theorem 79, under the given conditions,
n' —dy—1 n—k 2) 3 fe'e)
A Z dz L2 (kA)g2(kA) > —/ g5 (x)xe *dx.
dg 1) 20 Ju=o
Thus,
30, _ 1.2(n — D!(n" — dy)! 2
— g5 (x)xe ™ dr < 25— 1A
20 0 2( ) (n —1).(n_d2)!(2jj 1) 2( ( ) )

Decomposing g2 as go = Z?:o c;h;, observe that

e —z d
1. 23—0 0 g2 (x)xe %dr = 2% (Zi:o c?)
2. By Cauchy-Schwarz,

95(—(2j = 1)A (Zcu 2j — 1)A >>2§<gci><2h (2j —1) ))

By Lemma 51, for all i € N and all z € R, |h;(z)| < Vi + L&, Thus,

93(—(2] = A) < (d + 1) DA,
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Putting these pieces together,

— Dn — do)! ,
3 - 1/2(n Di(n czljgzl A2(d 4+ 1)262425-D8,
20 (0 = 1)l (n —do)!( p )

However, — (=D’ ~do)! A%(d 4 1)?e2dI=DA < L 50 this gives & = .15 < .12, which is

(' —1)(n—d2)! (¥ 1)
a contradiction.

<
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