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—— Abstract

Equivalence testing for a polynomial family {gm }men over a field F is the following problem: Given
black-box access to an m-variate polynomial f(x), where n is the number of variables in g,, for
some m € N, check if there exists an A € GL(n,F) such that f(x) = gm(Ax). If yes, then output
such an A. The complexity of equivalence testing has been studied for a number of important
polynomial families, including the determinant (Det) and the family of iterated matrix multiplication
polynomials. Two popular variants of the iterated matrix multiplication polynomial are: IMM,, 4
(the (1,1) entry of the product of d many w x w symbolic matrices) and Tr-IMM,, 4 (the trace of
the product of d many w X w symbolic matrices). The families — Det, IMM and Tr-IMM — are
VBP-complete under p-projections, and so, in this sense, they have the same complexity. But, do
they have the same equivalence testing complexity? We show that the answer is “yes” for Det and
Tr-IMM (modulo the use of randomness).

The above result may appear a bit surprising as the complexity of equivalence testing for
IMM and that for Det are quite different over Q: a randomized poly-time equivalence testing for
IMM over Q is known [28], whereas [15] showed that equivalence testing for Det over Q is integer
factoring hard (under randomized reductions and assuming GRH). To our knowledge, the complexity
of equivalence testing for Tr-IMM was not known before this work. We show that, despite the
syntactic similarity between IMM and Tr-IMM, equivalence testing for Tr-IMM and that for Det
are randomized poly-time Turing reducible to each other over any field of characteristic zero or
sufficiently large. The result is obtained by connecting the two problems via another well-studied
problem in computer algebra, namely the full matriz algebra isomorphism problem (FMAI). In
particular, we prove the following:

1. Testing equivalence of polynomials to Tr-IMM.,, 4, for d > 3 and w > 2, is randomized polynomial-
time Turing reducible to testing equivalence of polynomials to Det,,, the determinant of the

w X w matrix of formal variables. (Here, d need not be a constant.)

2. FMAI is randomized polynomial-time Turing reducible to equivalence testing (in fact, to tensor
isomorphism testing) for the family of matriz multiplication tensors {Tr-IMM.y 3 }wen.

These results, in conjunction with the randomized poly-time reduction (shown in [15]) from determ-

inant equivalence testing to FMAI, imply that the four problems — FMAI, equivalence testing for

Tr-IMM and for Det, and the 3-tensor isomorphism problem for the family of matrix multiplication

tensors — are randomized poly-time equivalent under Turing reductions.
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1 Introduction

The polynomial equivalence problem or equivalence testing is the following algorithmic task:
Given two n-variate polynomials f and g over a field F as lists of coefficients, determine if
there exists an A € GL(n,F) such that f(x) = g(Ax). If yes, then f is said to be equivalent
to? g over F. The complexity of equivalence testing depends on the underlying field F. Over
finite fields, the problem is in NP N coAM [45,48]3, and hence unlikely to be NP-complete.
Whereas over Q, it is not even known whether equivalence testing is decidable. The best
known complexity of the problem over other fields follows from a naive reduction to solving
a system of polynomial equations. However, polynomial solvability could be harder than
testing polynomial equivalence.

Connections to other problems. A few works in the literature have related equivalence
testing to other fundamental problems. For example, [1] showed that the special instance of
cubic form equivalence is at least as hard as (but possibly harder than) graph isomorphism,
irrespective of the underlying field. There is a close connection between cubic form equi-
valence and the algebra isomorphism problem. [2] gave a polynomial-time reduction from
commutative algebra isomorphism to cubic form equivalence over any field. In the reverse
direction, a polynomial-time reduction is known from cubic form equivalence to commutative
algebra isomorphism over almost all fields [1,20]. In fact, the results in [6], [14] and [20]
together imply that a host of problems, which includes 3-tensor isomorphism, matrix space
isometry, matrix space conjugacy, (commutative or associative) algebra isomorphism and
cubic form equivalence, are polynomial-time reducible to each other. There is a cryptographic
authentication scheme [40] based on the presumed hardness of cubic form equivalence? over
finite fields (or rather a generalization of it known as Isomorphism of Polynomials with one
Secret (IP1S)). It is not known whether cubic form equivalence is even decidable over Q.
In contrast, the complexity of quadratic form equivalence testing is completely resolved,
primarily due to well-known classification results for quadratic forms (see [3,46]). The
classification yields a polynomial-time quadratic form equivalence testing over finite fields.
Over Q though, quadratic form equivalence can be solved in polynomial time only with oracle
access to integer factoring. Moreover, integer factoring reduces in randomized poly-time to
the search version of quadratic form equivalence over Q [50].

2 Indeed, f and g represent the same function on F” upto a change of basis.
3 This is shown by using the classic set lower bound protocol [18].
4 more generally, constant-degree form equivalence
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Special polynomial families. The work of [24] initiated the study of a natural variant
of the polynomial equivalence problem, namely equivalence testing for special families of
polynomials. In this setting, we fix some important family of polynomials G = {gm }men
and then aim to design an equivalence testing algorithm for G. Such an algorithm takes
input black-box access® to a single n-variate polynomial f(x) and determines whether f is
equivalent to g, for some m € N, and if yes, then it also outputs an A € GL(n,F) such that
f(x) = gm(Ax). [24,25] gave randomized polynomial-time equivalence testing algorithms for
a few interesting polynomial families, viz. the determinant, the permanent, the family of
elementary symmetric polynomials and the family of power symmetric polynomials. These
families are quite popular in algebraic complexity theory, particularly in the context of proving
arithmetic circuit lower bounds (see the surveys [8,44,47]). Except for the determinant, the
algorithms in [24,25] work over C,Q, and finite fields®, and for the determinant it works only
over C. Recently, [15] gave a randomized polynomial-time equivalence testing algorithm for
the determinant over finite fields”. They also showed that determinant equivalence test over
Q is intimately connected to integer factoring: Let Det,,(x) be the determinant of the w x w
symbolic matrix. Then, deciding if a given polynomial is equivalent to Det,, over Q can be
done in randomized polynomial-time with oracle access to integer factoring, provided w is a
constant®. Furthermore, assuming GRH, there is a randomized polynomial-time reduction
from factoring square-free integers to finding an A € GL(2,Q) such that a given quadratic
form f = Dety(Ax), if f is equivalent to Dets.

Determinant equivalence test is particularly interesting in the context of the permanent
versus determinant problem [49]. An approach to solve this long-standing open problem is
given by Geometric Complexity Theory (GCT) [35,36], which proposes the applications of
deep tools and techniques from algebraic geometry, group theory and representation theory
to achieve this goal. GCT reduces the problem to showing that the (padded) permanent
polynomial is not in the orbit closure® of a polynomial-size determinant polynomial, and
suggests (among other things) to develop an algorithmic approach to do the same. Equivalence
testing for the determinant is the related problem of checking if a given polynomial is in the
orbit of the determinant polynomial.

The determinant Det := {Dety, }wen is complete (under p-projections) for the class
VBP [34] 1. Likewise, the family of iterated matriz multiplication polynomials is also
complete for the class VBP, and has been used quite a bit in proving arithmetic circuit lower
bounds. In this sense, the two families have the same complexity. But, do they have similar
equivalence testing complexity? Our work here, in conjunction with [15] and [28], gives an
answer to this question.

i.e., query access to evaluations of f at chosen points from F".

Over C, the computation model assumes that arithmetic with numbers in C and root finding of univariate
polynomials over C can be done efficiently. Also, the finite fields are assumed to be of sufficiently large
characteristic.

A determinant equivalence test over finite fields was also given in [26], but the algorithm there outputs
an invertible transformation over a low extension of the base field.

When w is not a constant, [15] gave a randomized polynomial-time determinant equivalence test over Q,
but the algorithm (which works without an integer factoring oracle) outputs a transformation over a
low extension of Q.

9 The orbit of an n-variate degree-d polynomial g € C[x] is the set {g(Ax) | A e GL(n,C)}, and the orbit

closure of g is the Zariski closure of the orbit when viewed as points in cl”

10 Class VBP consists of polynomial families that are computable by polynomlal-sme algebraic branching
programs (ABP). ABP is a powerful model for computing polynomials that subsumes arithmetic
formulas.
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Iterated matrix multiplication. Two natural versions of the iterated matrix multiplication
polynomial are: a) IMM,, 4 that is defined as the (1, 1) entry of the product of d many w x w
symbolic matrices (i.e., matrices whose entries are distinct variables), and b) Tr-IMM,, 4
that is defined as the trace of the product of d many w X w symbolic matrices. The
IMM := {IMM,, ¢ }w,den family has been studied more from the lower bound perspective
[9,12,27,29,30,32,39] because it naturally captures the algebraic branching program model.
On the other hand, Tr-IMM := {Tr-IMM,, 4} den has been studied in [16,17,19,33]!! owing
to its nice structural properties (pertaining to its group of symmetries and the associated
Lie algebra) that may be quite useful for studying GCT methods when applied to the
“Permanent versus Tr-IMM” problem. IMM and Tr-IMM are also complete for the class VBP.
Interestingly, the three polynomials — Det,,, IMM,, 4 and Tr-IMM,, 4 — are characterized by
their respective groups of symmetries [13,16,28].

Equivalence testing for iterated matrix multiplication. How does equivalence testing for
IMM and Tr-IMM relate to that of Det? In [28], a randomized polynomial-time equivalence
testing algorithm was given for IMM over C,Q and finite fields. Comparing this with the
above-mentioned results on determinant equivalence test [15,25], we see that the complexity
of equivalence tests for Det and IMM are quite different over Q (unless integer factoring is
easy). Is this also the case between Det and Tr-IMM? One may be tempted to say “yes’
owing to the closeness of the definitions of IMM and Tr-IMM. However, contrary to this first
impression, we show that equivalence testing for Det and that for Tr-IMM are randomized

M

polynomial-time Turing reducible to each other over C, Q and finite fields'? (see Corollary
3). Thus, viewed in this way, Det and Tr-IMM are closer to each other than to IMM.? For
brevity, we would henceforth denote the equivalence testing problems for Det and Tr-IMM
by DET and TRACE respectively.

Connections to algebra isomorphism and 3-tensor isomorphism. As mentioned before,
cubic form equivalence, algebra isomorphism and 3-tensor isomorphism are polynomial-time
equivalent. Moreover, degree-d form equivalence reduces to cubic form equivalence [1, 2]
and d-tensor isomorphism reduces to 3-tensor isomorphism [20] in polynomial-time, if d is
bounded. Det and Tr-IMM being two important polynomial families, we wonder if DET and
TRACE can be linked with any natural case of algebra isomorphism. Further, do DET and
TRACE reduce to any special case of cubic form equivalence or 3-tensor isomorphism? We
show that the answers to these are “yes”. The relevant problems are the full-matriz algebra
isomorphism (FMAI) problem and the 3-tensor isomorphism problem for the family of matriz
multiplication tensors (MMTI).

FMAI is a well-studied problem in computer algebra which is defined as follows: Given a
basis of a matrix algebra A C M., (F), check if A is isomorphic!® to M., (F), where M., (F)
is the algebra of m x m matrices over F and dimg(A) = w?, and if yes then output an
isomorphism from A to M,,(F). A randomized polynomial-time algorithm to solve FMAI

1 Actually, [17] studied a related polynomial Tr-Pow,,, 4, which is the trace of the d-th power of a w X w
symbolic matrix. They showed that a particular line of attack prescribed by GCT, namely orbit
occurrence obstructions, cannot prove super-linear lower bound on the “Tr-Pow complexity” of the
permanent. We are not aware of a similar result (or, more generally, a result that rules out the occurrence
obstructions approach as in [7,21]) with Tr-Pow (or Det) replaced by Tr-IMM.

12 The reduction works over any adequately large field F of characteristic zero or sufficiently large. We
also require that univariate polynomial factoring over F can be done efficiently.

13 Talking of the difference between the “trace model” and the “(1,1) model”, a recent work [5] showed that
in the non-commutative setting, the border width complexity and the width complexity of a polynomial
are not always equal for the trace-ABP model, unlike the case for the classical (1,1)-ABP model [38].

14Le.7 isomorphic as algebras over F.
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over finite fields was given in [41,42], whereas over Q a randomized Turing reduction from
FMAI to integer factoring was shown in [10,22]. The reduction is polynomial-time if dimg(.A)
is bounded. Also, [4,11] gave a randomized polynomial-time algorithm that outputs an
isomorphism from A ®qg L to M,, (L), where L is a degree w extension field of Q, if A is
isomorphic to M,,(Q). The decision version of FMAI over Q is in NP N coNP [43]. The
results for DET in [15] were obtained by giving a randomized poly-time Turing reduction
from DET to FMAI. In this work, we give a randomized polynomial-time Turing reduction
from TRACE to DET (Theorem 1).

A d-tensor is a degree-d form (i.e., a degree-d homogeneous polynomial) f(x1,Xa,...,Xq)
whose every monomial has exactly one variable from each of the sets x;,x2,...,X4. The
d-tensor isomorphism problem is the following: Given two d-tensors f(x1,Xa,...,Xq) and
g(x1,X2,...,%4) decide if there exist 47 € GL(|x1|,F),...,Aq € GL(]x4|,F) such that
f=9(A1x1, Asxa, ..., Ayxq). The d-tensor isomorphism problem for a family of d-tensors is
defined accordingly, just like equivalence testing for a family of polynomials. MMTI is the 3-
tensor isomorphism problem for the family of matrix multiplication tensors {Tr-IMM,, 3 }wen-
The matrix multiplication tensor Tr-IMM,, 3 is a crucial object in the study of asymptotically
fast algorithms for multiplying two w x w matrices. In this paper, we give a randomized
polynomial-time Turing reduction from FMAI to MMTI (Theorem 2). Further, it follows
easily from the symmetries of Tr-IMM,, 4 ( [16], see Lemma 14) that MMTI reduces in
polynomial-time to TRACE.

Thus, the above results together with the reduction in [15] show that the four problems
— TRACE, DET, FMAI and MMTI — are randomized polynomial-time Turing reducible to
each other. Although, the equivalence between MMTI and FMAI has the same essence
as the equivalence between 3-tensor isomorphism (or cubic form equivalence) and algebra
isomorphism, our proofs are quite different from the proofs in [1,2,14,20]'. In particular,
we do not see any easy adaptation of the arguments in [1,2, 14, 20] leading to the results
mentioned above. Our proofs link MMTI with FMAI, via TRACE and DET, by exploiting
the structure of the Lie algebra of Tr-IMM,, 4 (which is in the same spirit as the reduction
from DET to FMAI in [15] using the Lie algebra of Det,,). Also, the reduction from d-tensor
isomorphism (similarly, degree-d form equivalence) to 3-tensor isomorphism (respectively,
cubic form equivalence) in [1,2,20] is efficient only if d is a constant. Whereas, our reduction
from testing equivalence to Tr-IMM,, 4 to MMTI runs in time poly(w, d).

1.1 The results (stated formally)

The polynomial Tr-IMM,, 4 := tr(Qo - Q1 - .. Q4—1), where Qj is a w X w symbolic matrix in
x) variables. Throughout, we will assume that w > 2, d > 3 and char(F) = 0 or > (w?d)?,
and univariate polynomial factoring over F can be done in probabilistic polynomial time.
The restriction on the characteristic of F has not been optimized in this paper. The missing
proofs can be found in the extended version of this paper (see [37]).

» Theorem 1 (TRACE to DET). There is a randomized algorithm that takes as input black-
box access to an n-variate degree-d polynomial f and oracle access to DET over F, and
does the following with high probability: If there is a w € N such that f is equivalent to
Tr-IMM,, q, then it outputs an A € GL(n,F) such that f = Tr-IMM,, 4(Ax), otherwise it
outputs “No such w exists”. The algorithm runs in poly(n, B) time, where B is the bit length
of the coefficients of f.

15 The reductions in these prior works are deterministic and hold for the decision versions of the problems,
whereas the reductions here are randomized and for the search versions of the problems.
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The reduction is given in Section 4. Theorem 1 implies a randomized poly-time algorithm for

TRACE over C and finite fields, and also over Q (provided the algorithm has access to integer

factoring oracle and w is bounded) via known results on DET [15,25]. Two other remarks:

1. No knowledge of w: The algorithm requires no knowledge of w, if the input polynomial f
is equivalent to Tr-IMM,, 4 for some w € N then the algorithm finds such a w.

2. Reduction to TRACE-TI: The tensor isomorphism problem for Tr-IMM (denoted
TRACE-TI) is as follows: Given blackbox access to a d-tensor g(Xo,...,X4—1), check
if there are By, ..., Bg—1 € GL(w?F) such that g = Tr-IMM,, 4(BoXo, - - -, Bi—1Xd-1),
and if yes then output such By,...,Bg_1. The algorithm in Theorem 1 first reduces
TRACE to TRACE-TI (finding w in this step), and then solves TRACE-TI using DET oracle
over F. The reduction from TRACE to TRACE-TI (which resembles a similar reduction
used in the equivalence test for IMM [28]) does not require oracle access to DET. A
randomized polynomial-time algorithm for TRACE-T| over C was given in [19], but the
algorithm does not reduce TRACE-TI to DET.

» Theorem 2 (FMAI to MMTI). There is randomized algorithm that takes as input a basis
of an algebra A C M, (F), and oracle access to MMTI, and does the following with high
probability: If A =2 M (F), where w? = dimg(A) then it outputs 'Yes’ and otherwise it
outputs 'No such w € N exists’ If the algorithm outputs 'Yes’ then it also outputs an algebra
isomorphism from A to M,,(F). The algorithm runs in poly(m, 3) time, where 8 is the bit
length of the entries of the input basis matrices.

The algorithm is given in Section 5.2. It uses a characterization of Tr-IMM,, ¢4 by the Lie
algebra gr,-;ym Of its group of symmetries (Lemma 17) along with a nice choice of basis of
Or-mum (Section 3) to reduce FMAI to degree four TRACE-TI in deterministic polynomial
time, which in turn reduces to MMTI in randomized polynomial time (Theorem 4). Two
more remarks on Theorem 2:

1. MMTI to TRACE: Using oracle access to TRACE, it is easy to solve MMTI (in fact
TRACE-TI) in polynomial time: Since a polynomial identity test at the end of a
TRACE-TI algorithm ensures that the output of the algorithm is correct, it suffices
to prove that if the input to a TRACE algorithm is a d-tensor f that is isomorphic
to Tr-IMM,, 4, then the algorithm outputs d matrices By, ..., Bg—1 such that f(x) =
Tr-IMM,, 4(BoXo; - - - , Ba—1Xq—1). This is true as any algorithm for TRACE outputs a
block-diagonal matrix B such that f(x) = Tr-IMM,, 4(Bx) (from Lemma 14). Matrices
By, ..., Bg_1 can be easily derived from B.

2. A reduction from FMAI to DET: A Turing reduction from FMAI to DET over F was given
in [15] that runs in exponential time. We improve this run-time significantly: Theorems 1
and 2 imply that FMAI is in fact randomized polynomial-time Turing reducible to DET.

» Corollary 3. It follows from Theorems 1 and 2, and the randomized polynomial-time
Turing reduction from DET to FMAI in [15], that the four problems — TRACE, DET, FMAI
and MMTI — are randomized polynomial-time equivalent under Turing reductions.

As mentioned before, the next theorem (proof is omitted) is used in the proof of Theorem 2.

» Theorem 4 (TRACE-TI to MMTI). There is a randomized algorithm that takes as input
black-box access to an n-variate d-tensor f(Xo,...,X4—1), and oracle access to MMTI, and
does the following with high probability: If f is isomorphic to Tr-IMM,, 4 then it outputs
By, Bi,...,Bs-1 € GL(w?F) such that f = Tr-IMM,, 4(BoXo, ..., Bi—1X4-1), otherwise
it outputs “No”. The algorithm runs in poly(n, ) time, where [ is the bit length of the
coefficients of f.
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2 Notations and definitions

Recall that Tr-IMM,, 4 = tr(Qo - Q1...Q4—1), where Qp = (ng))i,je[w]- Let x5 =
{x%’?)}i)je[w], X = Wrelo,d—1)Xk, and n = w?d. At times, we will refer to the x variables as
Z1,...,Ty. The x variables are ordered as xg > x7 > ... > X4_1, and within a variable set
X, if k is even (similarly, odd) then the variables are ordered in row-major (respectively,
column-major) fashion. The rows and columns of a matrix in M,, = M,,(F), and the entries
of a column vector in F™ are indexed by x variables ordered as above. A matrix in M,, is
called block-diagonal if the row and column of every non-zero entry of the matrix is indexed
by variables from the same variable set. A few more basic definitions and terminologies about
matrices, matrix products and ABP (like full-rank linear matrices and matrix products)
can be found in [37]. The indices k, ¢ € [0,d — 1] will be treated as elements in Z/dZ, i.e.,
k+1=0if k=d—1. Let L C M,. A subspace U C F" is L-invariant if for all M € L,
M-UCU.

» Definition 5 (Irreducible invariant subspace). An L-invariant subspace U C F™ is irreducible
if there are no proper L-invariant subspaces Uy and Us of U such that U = Uy  Us.

» Definition 6 (Closure of a vector). The closure of a vector v € F™ under the action of
L C M,, is the smallest L-invariant subspace of F" containing v.

An algorithm to compute the closure of a vector in polynomial-time is given in [28]. An
easy-to-work-with definition of the Lie algebra of the group of symmetries of a polynomial
was given in [25]. For brevity, we will call it the Lie algebra of a polynomial.'®

» Definition 7 (Lie algebra gy of a polynomial f). The Lie algebra of an n-variate polyno-
mial f(x) is denoted as gy and it consists of matrices E = (€ij)i jein] € My that satisfy

o OF
2ijeln) €ids " 5a; = 0

Note that g¢ is a vector space, and a basis of gy can be computed in randomized polynomial-
time from blackbox access to f by solving a linear system (see [25]).

» Fact 1. If f(x) = g(Ax) for an A € GL(n,F), then gy = A" 'g,A.

3 Symmetries and Lie algebra of Tr-IMM

The symmetries and the Lie algebra gr-mw of Tr-IMM,, ¢ have been studied in [16] over C.
Here, we work out the exact structure of the matrices in gr.-;yyv With respect to the variable
ordering mentioned above, and use it to identify the g .-y-invariant subspaces of F” and
the symmetries of Tr-IMM,, 4 over F. These facts about the Lie algebra and the symmetries
will be used in the proofs of Theorems 1, 2 and 4.

> Claim 8. If F € gry-pvm then E is block-diagonal.

Define the spaces By, ..., Bg_1 of block-diagonal matrices as follows: Every matrix in By
is a block-diagonal matrix whose non-zero entries are confined to the rows and columns
indexed by xj and xj1 variables. For k € [0,d — 1] and B € By, let [B]) be the 2w? x 2w?

16 Geometrically speaking, the Lie algebra of an n-variate polynomial f(x) is the subspace of M, (F)
obtained by translating the tangent of the algebraic set {A € M, : f(Ax) = f(x)} at A = I, and
making it pass through origin.

72:7

MFCS 2020



72:8

Randomized Poly-Time Equivalence Between DET and TRACE

sub-matrix of B whose rows and columns are indexed by x; and xj41 variables. If d is even
then

I, @ M™ 0 I

B, = {BEMn : [B]k—{ 0 —Iw®M} forME./\/lw} if k is even,
MT @1, 0 i

B = {BGMn : [B]k{ 0 —M®IJ forMEMw} if kis odd. (1)

If d is odd, then the definition of Bj remains the same except for By_1 which is defined as

I, MT 0

By, = {B eM, : [Bla1= { 0 —M &I,

} forMGMw}.

» Lemma 9. The space By + ...+ Byq_1 is contained in ¢r-pnm-

» Lemma 10. Suppose B € gy-1uy and there is a k € [0,d — 1] such that the non-zero entries
of B are confined to the rows and columns that are indexed by x) and Xy11 variables. Then
B € By.

In fact gr-pum = Bo + ... + Bg_1, but we do not prove this stronger statement here. Let
e; € F™ be the vector with 1 in the entry indexed by x; € x and zero elsewhere. A subspace
of F™ is a coordinate subspace if it is spanned by a set of e;’s. Let Uy, = spang{e; | x; € xi}.

> Claim 11. Any non-zero gr,-pun-invariant subspace is a coordinate subspace of F™.
» Lemma 12. The only irreducible gq,-pn-invariant subspaces of F™ are Uy, ..., Ug_1.

» Corollary 13. If f = Tr-IMM,, 4(Ax), where A € GL(n,F), then the only irreducible
gf-invariant subspaces of F" are A= Uy, ..., A Uy—1.

The above lemmas help us derive the group of symmetries of Tr-IMM,, 4 over F (proof
omitted).

» Lemma 14. Let Tr-IMM,, 4 = tr(Qf - - Q)_4), where Qp - -- Q}_; is a full-rank (w,d,n)-
matriz product over F. Then there are Cy, € GL(w,F) for k € [0,d — 1], and £ € [0,d — 1]
such that either Q}, = Ci - Quyi - Cply for k € [0,d—1] or Q) = Cx- QL - Ci’ly for
ke[0,d—1].

4 Reduction from TRACE to DET: Proof of Theorem 1

The reduction is given in Algorithm 1. The algorithm proceeds by assuming that the input
polynomial f is equivalent to Tr-IMM,, 4 for some w > 2. A final polynomial identity test
(PIT) takes care of the case when it is not. Algorithm 1 has two main steps — reduction from
TRACE to TRACE-TI (Algorithm 4 in [37]), and reduction from TRACE-TI to DET (Algorithm
2). The reduction from TRACE to TRACE-TI is inspired by a similar reduction in [28] for
the IMM polynomial. Below we discuss the proof strategy of the reduction from TRACE
to TRACE-TI, and give the details in the extended version. Algorithm 2 is given in Section 4.1.
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Reduction from TRACE to TRACE-TI. First, we compute bases of the irreducible g-
invariant subspaces of F". By Corollary 13, these are bases of the spaces A_IUU(O), cee
A_luc,(d,l), where ¢ is an unknown permutation on {0, ...,d—1}. As dimp(Uy) = w?, we get
w. Now, let Vj, be the nxw? matrix consisting of the basis vectors of A—lug(,c). Form the nxn
matrix V = [Vo | Vi | ... | V4_1]. Observe that V = A~! . E, where E is a “block-permuted”
invertible matrix (by the definition of Uj;). Thus, h(x) := f(Vx) = Tr-IMM,, 4(Ex). We
now make use of the evaluation dimension measure (Definition C.1 in [37]) on h to essentially
ensure that F is a block-diagonal matrix.

Algorithm 1 Reduction from TRACE to DET.

INPUT: Blackbox access to an n-variate, degree d polynomial f and oracle access to DET.
OUTPUT: If there is an w € N such that f is equivalent to Tr-IMM,, 4 then output an
A € GL(n,TF) such that f(x) = Tr-IMM,, 4(Ax). Otherwise output “No such w exists”.
Reduction to TRACE-TI
1: Use Algorithm 4 in [37] with input f to compute A’ € GL(n,F) and a w € N such that
h(x) = f(A’'x) is a d-tensor in the variable sets xg,...,X4—1 which is isomorphic to
Tr-IMM,, 4. If the algorithm outputs 'No’, output “No such w exists”.

Reduction from TRACE-TI to DET
2: Use Algorithm 2 with input h, w and oracle access to DET to compute matrices
By,...,Bgq_1 € GL(’LU2,F) such that h(X) = TI‘—IMMw)d(B()XQ, o ,Bd_lxd_l). If Al-
gorithm 2 outputs 'No’ then output “No such w exists”.
3: Let B € GL(n,F) be the block-diagonal matrix whose k-th block is By, and let A =
B(A)~ L

Final PIT
4: Pick a random point a € S™ where S C F is of size n®. If f(a) = Tr-IMM,, 4(Aa) then
output w and A, else output “No such w exists”.

4.1 Reduction from TRACE-TI to DET

The following two claims (proofs are omitted) help in the argument.

> Claim 15. Let X be a w x w full-rank linear matrix!” and Y = I, ® X. Then there do
not exist non-zero matrices T', S € M,,2(F) such that T-Y =Y 7T . S.

> Claim 16. Let X be a w x w full-rank linear matrix and Y = [, ® X, and suppose
T,5 € My2(F)such that T-Y =Y -S. Then T =S = M ® I, for some M € M,,(F).

The correctness of Algorithm 2 is argued below by tracing its steps.

Steps 1-3: Assume that A is isomorphic to Tr-IMM,, 4. Hence, there is a full-rank
(w,d,n) set-multilinear matrix product Xy...X4—1 in Xoq,...,xq—1 variables such that

17The entries in a full-rank linear matrix are linearly independent linear forms, and it is different from
a matrix whose entries are linear forms and has full-rank over the corresponding field. Note that a
full-rank linear matrix has full-rank over the corresponding field but the vice-versa is not always true.

72:9
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Algorithm 2 Reduction from TRACE-TI to DET.

INPUT: A w € N, blackbox access to d-tensor h(xq,...,Xq4—1) that is isomorphic to

Tr-IMM,, 4, and oracle access to DET.

OUTPUT: Matrices By, ..., Bs—1 € GL(w?,F) such that h(x) = Tr-IMM,, 4(Boxo, - . ,
Bi-1X4-1)-

1: Use the set-multilinear ABP reconstruction algorithm (which follows from [31]) to
construct a (w?,d,n) set-multilinear ABP Yy...Y, , in Xq,...,xq_1 variables that
computes h.

2: For k € [1,d — 2], use the factorization algorithm in [23] to compute blackbox access to a
degree-w polynomial g;, such that det(Y}) = aggr(xi)™, where ag, € F*.

3: For k € [1,d — 2], use the DET oracle on input gj to compute X, such that det(X}) = gi.
If DET returns gj is not equivalent to Det,,, then output “No”.

4: For k€ [1,d — 2], let Z, = I, ® X],.
5. For k € [1,d — 2], compute T}, _,, S;, € GL(w? F) such that either T} |- Y/ = Z; - S}, or
T, -V =2ZF.S,. If both equalities are satisfied, output “No” (see Observation 4.1).

6: Let Yo = YJ - (T)"Y, Yo = (T}_,)-Y.-(T})"" forke[l,d—3], Yoo= (T} 4) Y] 5
(Sh_5)~", and Vo1 = Su—o Y.

7. Let X,_o be such that Yo = I, ®)?d_2, and for k € [1,d — 3] construct J/W\k € GL(w,F)
and X}, such that Y, = (M\k ®1,) (I, ® Xi).  (See Observation 4.3.)

8 Let Y1 =( Zj(ﬁk ® I,)) - Yq_1. Construct X4_1 such that its (i, j)-th entry is the
((j — Dw+1i)-th entry of Yy4_1, and X such that its (4, j)-th entry is the ((i — 1)w + j)-th
entry of 5/}0-

9: Obtain the transformations By, ..., B4_1 € GL(w?,F) from (the entries of) )?0, . ,)?d_l
respectively. Return By,..., Bj_1.

h = tr(Xg...Xq_1). Observe that, h is computed by the (w?,d,n)-set-multilinear ABP
Yy...Yy 1, where

Yo = (Xo(1,1),..., Xo(1,w), Xo(2,1),...,Xo(2,0),...,Xo(w,1),..., Xo(w,w))

Y, =1y, @ Xi fOI'kIE[l,d—Q]

Yd—l = (Xd—1(17 1)7 RN Xd—l(w7 1)7 X(i—l(17 2)7 .o 7Xd—1(w7 2)7 RN Xd—1(17 w)7 RN} Xd_l(’lU7 w))T .
Using the randomized polynomial-time set-multilinear ABP reconstruction algorithm in
[31], a (w?,d,n) set-multilinear ABP Y{...Y,_, computing h is constructed in Step 1.
It follows from the properties of this algorithm and the ABP Y;...Y; 1 that there are
To, .-, Ty_2 € GL(w?,F) so that

Yy =Yy -Tp, V=T, Y T, forkel[l,d—2], and Yy =T, Yo .

Hence, for all k € [1,d — 2], det(Y}) = cx(det(X%))™, where ¢, € F*. As the determinant
polynomial is irreducible, at Step 2, we have gx = S det(Xy) = det(diag(fk, 1,...,1) - X)
for some [, € F* which implies gy, is equivalent to Det,,. At step 3, DET on input g returns
X}, such that

X, =Cp-Xp. D, or Xp=Ch-(Xp)T-Dy  where Cy, Dy € GL(w,TF).

The above follows from the group of symmetries of Det,, (see Fact 1 in [26]).
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Steps 4-5: At Step 4, for k € [1,d — 2], the matrix Z = I,, ® X}, satisfies
V=T, ®Ck)-Z- (I, ®@Dy) or Y= (Il,®Ck) Z& (I, ® Dy).

Hence, at Step 5 there are T}_, := (I, ® C; ') - Ty—1 and S}, := (I, ® D) - Ty, in GL(w?, F)
such that

T Y.=2,-8, o T,_,-Y.=2ZS5.

Observation 4.1 uses Claim 15 to show that at Step 5 we can identify between the above two
cases, as only one of them is true.

» Observation 4.1. If h(xo,...,Xq—1) s isomorphic to Tr-IMM,, 4 then for matrices Y
and Zy, as computed in Algorithm 2, where k € [1,d — 2], there are no matrices T}, _,, S}, €

GL(w?,F) such that both T}, | -Y} = Zy,- S}, and T},_, Y|} = ZF - S, are simultaneously true.

At step 5 the matrices T}, and S}, are computed by solving linear equations. Choosing a
solution at random from the solution space ensures that the computed matrices T},_; and S,
are invertible with high probability. Henceforth, we assume that T ;- Y/ = Zy - S,.. The
proof for T}, - Y, = ZI' - S, is similar. In Observation 4.2 we show that 7}_, and S}, are
related to Ty—1 and T}, respectively for k € [1,d — 2].

» Observation 4.2 (Structure of 7} _, and S},). The matrices T],_, and S}, computed at Step
5 of Algorithm 2, where k € [1,d — 2], satisfy the following: (T}_,)™' =T}, - (I, ® Cy) -
(M ' ®1,) and S, = (M}, @ 1,)) - (I, ® Dy,) - Ty, where My, € GL(w,TF).

Steps 6—8: Observation 4.3 describes the structure of the matrices l/}o, ce Y1 computed
at Step 6. Clearly, Yy ...Yy—1 =Yy ... Y] ;| is a set-multilinear ABP computing h.

» Observation 4.3. Let My,..., My o be the matrices as defined in Observation 4.2. Then
L Yy = (MMZ ©1,) Iy © (Ot - Xi - Crgn)) for ke [1,d - 3],

2. Yy o=1,®(C;Y - Xqs-D7L,),

3. Vo=Yy (I, ®C1) - (M{ ' ® 1), and Yy_1 = (My_s ® I,) - (Iy ® Dg_3) - Yq_1.

By the above observation, at Step 7, )?d,g = C’J_IQ - Xg_o- D;_12. Moreover, the structure

of Y}, (as stated in the observation) enables the algorithm to factor it in Step 7 and obtain
Xk, Mk such that

)A(k = ak(Ck_l - Xi - Cry1) and J/W\k = alzl(M;~c . Mk_+11) for some aj, € F*.

Let a = HZ;? ag. Then at step 8, Yy 1 =a" ' (My®1,) (I, ® Dg_3)-Yq_1. Now, it is a
simple exercise to verify that at step 8

5(:0 = (Mir)il . Xo . Cl and )?d,1 = (Lil(Dd,Q . Xd,1 . MlT)
Step 9: Therefore, h = tr()?o . )A(d_l). The transformation B, € GL(w?,F) is such that

its rows are the coefficient vectors of the linear forms in Xj.
Hence, h= TI‘—IMMU,@(B()X(), ey Bd_lxd_l).
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5 Reduction from FMAI to MMTI: Proof of Theorem 2
5.1 Characterization of Tr-IMM by its Lie algebra

The following lemma gives a characterization of Tr-IMM,, 4 by its Lie algebra. The spaces
Bog,...,Bq_1 are as defined in Section 3.

» Lemma 17. Let f be a non-zero d-tensor in the variable sets xgq, . ..,xq_1 such that for
all k € [0,d — 1] Br, C gy. Then there is an o € F* such that f(x) = a - Tr-IMM,, 4(x).

» Corollary 18. Let B € GL(n,TF) be a block-diagonal matriz with individual blocks By, . . .,
By_1 and f be a non-zero d-tensor in the variable sets xg,...,Xq—1 such that for all k €
[0,d—1], B7'-By-B C g¢. Then there is an o € F* such that f(x) = a- Tr-IMM,, 4(BoXo, - - - ,
Bg_1X4-1).

5.2 Proof of Theorem 2

Algorithm 3 takes as input a basis {F1, Es,..., E.} of an algebra A C M,,(F), and if
A = M, for some w € N, then it computes a 4-tensor f in the variable sets xg, X1, X2, X3
in deterministic polynomial time such that f is isomorphic to Tr-IMM,, 4. It then uses the
algorithm in Theorem 4 to find an isomorphism from f to Tr-IMM,, 4 using oracle access to
MMTI in randomized polynomial time. An easy check at the end of the algorithm ensures
that if the algorithm outputs an isomorphism then it is correct. Thus, we need to prove that
if A is isomorphic to M, for some w € N then the algorithm outputs an isomorphism. This
is argued by tracing the steps of the algorithm assuming A is isomorphic to M,, for some
w € N.

Steps 1-2: At Step 2 there is a K € GL(w?,F) and a basis {C 1, ..., Cyw} of M,, such
that L; ; = K~ (I, ® C; ;) - K for all 4,5 € [w] (by the Skolem-Noether theorem, see next
claim).

> Claim 19. Suppose A = M,, for some w € N. Then there exists a K € GL(w?, F) and
linearly independent matrices {C1 1, ..., Cuyw} in My, such that L; ; = K~1-(1,,®C; ;)-K for
all 4,5 € [w].

Step 3: The space spanned by {L{,,...,LL ,}is KT (I, ® M) - (KT)~".

» Observation 5.1. The space of matrices in M2 that commute with every matriz in
KT (I, @ My) - (KT)™Vis KT - (My @ I,) - (KT)™t. So, {N11,...,Nw.w} is a basis of
KT : (Mw ®Iw) ' (KT)_l-

Step 4: Let n = 4w?. For k € [0, 3], let B;, be the following spaces: Every matrix in B}, is a
n X n block-diagonal matrix (with rows and columns indexed by Xq, . ..,x3) and its non-zero
entries are confined to the rows and columns indexed by xj and x;11. For B € By, let [B]x

be the 2w? x 2w? sub-matrix of B as defined in Equation 1 (Section 3). Then
B =

{BeMn . (Bl = [KT-(IW®(1;4T)(KT)1 0

K1, (IUJ®M)-K:| for MEMw} if k is even,

Kt MT®I,) K 0

BeM, : [B]k—[ 0 K" (-M®IL,)- (K")

_1] forME/\/lw} if k is odd.

The following observation follows from Lemma 9 and Fact 1.
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Algorithm 3 Reduction from FMAI to MMTI.

INPUT: A basis {F1, Es, ..., E.} of an algebra A C M,,,(F), and oracle access to MMTI.
OUTPUT: If A = M, (F) for some w € N then output an algebra isomorphism ¢ : A —
M, otherwise output “No w € N such that A = M,,”.

1: If r # w? for any w € N, then output “No w € N such that A = M,,”.

2: Rename and order the basis elements as Eq1,...,E14,...,Ew1,..., Eyw. Compute
matrices Ly 1, ..., Ly w, whose rows and columns are indexed by the above basis elements
in order, as follows: L; ; is the matrix corresponding to the left multiplication of Fj; ; on
Erp, ... By Inparticular, By j - By, 5, = 320 cp) Lig ((1,1), (2, 52)) Eiy o -

3: Compute a basis of the space spanned by matrices in M,z that commute with
{Lf,,...,LL ,}. If the dimension of this space is not w?, then output 'No w € N
such that A = M,,’. Otherwise, let the computed basis be {N11,..., Ny.w}-

4: Compute a non-zero 4-tensor f in Xq,...,x3 variables whose coefficients satisfy the
following equations: a) for all k € [0, 3], k even, and for all L € {L11,...Lyw}
N r Of N k of
Z LT((117J1)(127J2))$£2?j2x(;C) - Z L((lldl)(lzdz))?ﬁéﬂi)x<k+1> = 0.
i1,41,i2,j2 €[w?] 1,01 i1,41,i2,j2 €[w?] 1t
)

b) for all k € [0, 3], k odd, and for all N € {Ny11,... Ny w}

T, Ny K Of N k+1) Of
> Ntz i)egl,—5— — >, Ninalai))esy -z =0
i1,51,12,j2 €[w?] Jisi1 i1,41,%2,52 €[w?] 1,71

®3)

5: Use the algorithm in Theorem 4 on input f and with oracle access to MMTI.
If the algorithm outputs 'No’ then output 'No w € N such that A = M,
Otherwise, let By, By, B2, B3 be the output of the algorithm such that f =
TI‘—IMMwA(B()XO, leh BQXQ, B3X3).

6: Check if there exist matrices F 1, ..., Fiyw € My, such that By - Lg:j . BO_1 =1,® FIT]
and B1 - L; 'B1_1 =1,®F;; for all i, j € [w]. If such matrices do not exist then output
'No w € N such that A = M,,’, otherwise output ¢ : A — M,,, where ¢(E; ;) = F; ; for
all 4,j € [w] (extended linearly to the whole of A) as the algebra isomorphism from A to
M.y,

» Observation 5.2. The Lie algebra of Tr-IMM,, 4((KT) ™ xq, Kx1, (KT) 'x2, Kx3) con-
tains B, By, B, BS.

At Step 4, Algorithm 3 computes a non-zero 4-tensor f such that Bj, C g; for all k € [0, 3].
Equation 2 ensures B, B} € gy, and Equation 3 ensures B}, B5 € gy. That the algorithm
is able to compute a non-zero f (by solving a linear system) follows from Observation 5.2.
Since the number of monomials in f is at most w®, this step runs in polynomial time.
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Step 5: From Corollary 18 it follows that

f(x) = a-Tr-IMM,, 4((KT)"'xq, Kx1, (KT)71x9, Kx3) for some o € F*. Hence, at step 5
with high probability the algorithm in Theorem 4 outputs four matrices By, B, B, Bs €
GL(w?,F) such that f(x) = Tr-IMM,, 4 (Boxo, B1x1, B2xX2, B3X3).

Step 6: Let B be the block-diagonal matrix whose k-th block is By, for k € [0, 3]. Since
B C g and g5 = B! - grrun - B (from Fact 1), B~ B} - B~! C gr-pun. Observe that
every matrix in B - B} - B~! is block-diagonal with its non-zero entries confined to the first
two blocks. Hence, from Lemma 10, and the fact that both the spaces B - B} - B~! and By
have dimension w?, we have B - B} - B~! = By. In particular, for every i,j € [w] there is
an F; ; € M, such that By - ij . Bgl =I,® FITJ and By - L; ; -Bfl = I, ® I} ;. Finally,
verify that ¢(F; ;) = F; ; is an algebra isomorphism.

Comparison with [15]: In [15], FMAI is reduced to DET by using the fact that Det,, is
characterized by its Lie algebra (see Lemma 7.1 in [15]). If the input algebra A is isomorphic
to M, then the algorithm in [15] computes a degree-w polynomial f in w?
g contains the Lie algebra of a polynomial equivalent to Det,,. Hence, the time complexity of
their algorithm is w@®). Algorithm 3 follows the same approach, but computes a degree four
polynomial f such that g contains the Lie algebra of a polynomial equivalent to Tr-IMM,, 4.
So, the complexity of this algorithm is w®.

variables such that
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