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—— Abstract

In this paper we consider the intuitionistic sentential calculus with Suszko’s identity (ISCI). After
recalling the basic concepts of the logic and its associated Hilbert proof system, we introduce a
new sound and complete class of models for ISCl which can be viewed as algebraic counterparts
(and extensions) of sheaf-theoretic topological models of intuitionistic logic. We use this new class
of models, called Beth semantics for ISCI, to derive a first labelled sequent calculus and show its
adequacy w.r.t. the standard Hilbert axiomatization of ISCIl. This labelled proof system, like all
other current proof systems for ISCl that we know of, does not enjoy the subformula property,
which is problematic for achieving termination. We therefore introduce a second labelled sequent
calculus in which the standard rules for identity are replaced with new special rules and show that
this second calculus admits cut-elimination. Finally, using a key regularity property of the forcing
relation in Beth models, we show that the eigenvariable condition can be dropped, thus leading to
the termination and decidability results.
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1 Introduction

In this paper we consider the intuitionistic sentential calculus with identity (ISCI) which
extends intuitionistic logic with Suszko’s identity operator ~ introduced in [12] for non-
Fregean logics, and studied in the context of classical logic in [9] and [1].

Under the usual Fregean interpretation, the question of the equivalence of two formulas
reduces to the problem of asking whether or not they have the same logical value. In presence
of the non-truth functional identity operator, the rejection of the Fregean axiom makes
it possible for two logically equivalent formulas to be considered non-identical in Suszko’s
sense. The philosophical motivation behind the Sentential Calculus with Identity (SCI) is
related to the ontology of situations. In classical logic, only two situations are possible: truth
and falsity, and truth (resp. falsity) is described and witnessed by any true (resp. false)
proposition. According to [1], this is unfortunate and could be remedied by allowing a new
identity connective ~ to describe and witness the fact that two propositions denote the same
situation. From this point of view, SCI can be considered as a generalization of classical logic
in which we assume that there are more than (and at least) two different situations [7, 9].

In this paper, our aim is to revisit the interpretation of the identity connective on the
grounds of intuitionistic logic [3] and to propose a new labelled sequent calculus with good
properties like termination from which we can obtain the decidability of the logic. Related
works include sequent calculi for both the classical and intuitionistic variants of SCI [2]. Such
sequent calculi are obtained following the strategy described in [10] and do not have the
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subformula property. They have been compared with other proof systems for SCI [6, 13]
but cannot lead to a decidability procedure for SCI [2]. In the case of the intuitionistic
version ISCI, there exists an initial algebraic semantics that combines the ideas of the matrix
semantics for sentential calculi with the Kripke semantics of intuitionistic logic. An Hilbert
proof system is provided in [9]. A Kripke semantics for ISCI is introduced in [3] along with a
sequent calculus for which cut elimination holds. However, since the sequent calculus is not
analytic, the cut elimination theorem does not provide a decidability argument.

In Section 2 we introduce ISCI and its standard Hilbert calculus Hisc;. In Section 3,
we propose a new class of models for ISCI, called Beth semantics, which can be viewed as
algebraic counterparts (and extensions) of sheaf-theoretic topological models of intuitionistic
logic. We first show that general Beth models are complete w.r.t. Hisci (Th. 11). Then, we
define the more specific class of regular Beth models and show that they are also complete
w.r.t. Hisci (Th. 14). In Section 4, we introduce a first labelled calculus LIES, which is proved
complete w.r.t. Hisc) (Th. 22) and also w.r.t. Beth models (Th. 23). In Section 5, we derive a
second labelled calculus L%, with new rules for identity and show that L2, is also complete
w.r.t. His (Th. 25) and w.r.t. Beth models (Th. 26), but more interestingly, we show that

any L{€,-proof can be translated into an L%E,-proof (Th. 27). Moreover, we show that cut

is admissible in L%, leading to the cut-free labelled calculus L% (Th. 33). In Section 6,
we derive lescn a liberalized variant of L|2§C| in which the eigenvariable condition can be
dropped. We show the soundness of L|2SCI w.r.t. regular Beth models (Th. 40), which implies
the soundness of regular Beth models w.r.t. Hisc; and the soundness of all our labelled calculi

w.r.t. regular Beth models, as depicted and summarized in the picture below

Th. 11 Th. 22 Th. 27 Th. 33 Th. 34
FA FHisa A Lt A —— FLEGA —— FLS A —— FLsa A
‘ | Th. 14 _—
Fr A

Finally, we discuss and give arguments for the termination of lescn from which we deduce
the decidability of ISCI.

2  Intuitionistic Sentential Calculus with Identity

In this section, we recall the basic notions of intuitionistic sentential calculus with Suszko’s
identity (ISCI) [9, 12]. ISCI extends propositional intuitionistic logic by adding a set of
axioms that formalizes the non-truth functional nature of the identity connective ~. The
Hilbert-style system for ISCI [3, 9] is introduced and illustrated with examples.

» Definition 1. Let P = {p,q,...} be a countable set of propositional letters. The formulas
of ISCI, the set of which is denoted F, are given by the grammar:

A:=P|L|AANA[AVA[ADA|A~A

Formulas of the form A ~ B are called equations. We write F /» for the restriction of F
to equations. Negation —A and truth T are respectively defined as A D | and 1L D 1.
To reduce the amount of parentheses, we interpret connectives up to left associativity
according to the following strictly decreasing order of precedence: —, =, A,V, D. Therefore,
AABAAVCD-A~BDCmeans ((AAB)AA)VC)D ((-A)~B))D>C.

ISCI can be axiomatized by adding the four identity axioms described in Figure 1 to
any axiom schemata for intuitionistic logic (IL). We call “Hisc;” the Hilbert proof system
consisting of the four axioms for identity, the ten axioms for IL and the rule of modus
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(1) A=A

(=2) (A=B)D(~A=x-B)

(~3) (A=B)D(BDA)

(1) (A=B)A(CxD)D(A®C)~(B®D) where ® € {A,V,D,~}

(IL;) AD(BDA) (ILz) (ADB)D((AD(BDC))D(ADC))
(IL3) AD(BD(AAB)) (ILs) (AAB)DA

(ILs) (AAB)DB (ILs) (ADC)D((BDC)D((AVvB)DQ))
(ILy) AD(AVB) (ILs) BD>(AVB)

(ILs) (ADB)D((AD-B)D>-A) (ILp) —-AD(ADB)

(MP) From A and A D B deduce B.

Figure 1 Axioms for ISCI.

(1) A~xB assumption
(2) B~B ~
3) (B=B)A(A=B))D ((B=A)~=(BxB)) R4
(4) (B~B)D((A=B)D ((B~B)A(A=xB))) ILs
(5) (A~B)> ((B~B)A (A~ B)) MP 2,4
(6) (B~ B) A (A~B) MP 1,5
(7) (B~ A)=(BxB) MP 3,6
(8) (Br~A)~(B~B)D((BAB)D(BA)) ~s
(9) (Ba~B)> (B~A) MP 7,8
(10) B~ A MP 2,9

Figure 2 Proof of ~-symmetry: A~ B FHsa Bx A.

ponens. We write S FHisa B to mean that a formula B is derivable in Hisc) from a finite set
S={A4,...,A, } of assumptions. Whenever S is empty, B is called a thesis or a theorem of
Hisci and we write FHisa B instead of () FHisa B. Let us note that @ FHisa B iff T FHisa B and

that the deduction theorem holds for Hisc, i.e. Aq,..., A, FHsa Biff FHsa A1 A...AA, DB.

Figure 2 and Figure 3 show that identity is a symmetric and transitive connective.

3 Beth Semantics for ISCI

In this section we propose a new class of models, which we call Beth semantics for ISCI. Let
us recall that there already exists an algebraic semantics for ISCI [9]. A Kripke semantics
has also been recently investigated in [3]. Kripke-style semantics are usually better suited to
the construction of labelled proof systems than algebraic semantics since the forcing relation
enables an easy interpretation of a labelled formula A:x as p(x)IF A, where p(x) is the
denotation of the label x in some suitable class of models. Kripke models have succeeded
in becoming the most popular forcing semantics for intuitionistic logic. One reason for this
success is their very natural interpretation of disjunction as mI- AV B iff m I+ A or mI- B,
whereas Beth and topological models require more complex notions such as bars and covers.
The models we propose in this section interpret disjunctions in a way which is similar
to their interpretation in (sheaf-theoretic) topogical models of intuitionistic logic, but in
the more algebraic context of distributive bounded lattices (Heyting algebras). While we
pay the price of losing the very natural Kripke interpretation of disjunction, we gain a
regularity property that allows us to build a labelled proof system that does not require any
eigenvariable conditions, thus opening the way for simpler termination arguments.

» Definition 2. Let M be a set of elements, called worlds, such that w,m € M and w # .
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(1) A=B assumption
(2) B~C assumption
(3) (A=B)D(B=A) ~ - symmetry
(4) B~ A MP 1,3
(5) (BrA)D(B~C)D((BrA)A(B=C))) IL3
(6) B=C)D((BxA)A(B=CQ)) MP 4,5
(7) (Bx=A)A(B=CQC) MP 3,6
(8) (BA)AB=C))D((B=B)~(A=C)) 4
(9) (BxB)~ (A=~C) MP 7,8
(10) (B~B)=~(A=C)D(A=C)~=(BrB) /- symmetry
(11) (A~C)~ (B=B) MP 9,10
(12) (A=C)=(B~B))D>((B=B)D(AxC(Q)) ~3
(13) (B~B)> (A~C) MP 11, 12
(14) B~B ~
(15) AxC MP 13,14
Figure 3 Proof of ~ - transitivity: (A~ B), (B~ C) FHsa A~ C.

A Beth frame is a bounded distributive lattice F = (M, <,U,w,MN,7) with w and © as least
and greatest elements respectively.

» Definition 3. A Beth pre-model is a triple M = (F,[],IF), where F is a Beth frame, and
[] s a valuation function from M to p(P UF ), such that for all worlds m and n:
(Mz) [r] =PUF |,
(Mxk) if m < n then [m] C [n],
(le) A~Ace [m]7
(M) if A=B € [m] then ~A~-B € [m],
(Mg,) forall@ e {AV,D,~}, if AxB,CxDe[m] then A C=B®D € [m].
The forcing relation |- is inductively defined as the smallest relation on M x F such that:
mlEp iffp € [m),
ml-FA~B iff A= B € [m],
ml- L iff 1 <m,
mlEAAB iff mIFA and m I+ B,
m Ik A D B iff for all worlds n, if nlk A then mUn - B,
m Ik AV B iff there exist two worlds ny,ns such that ny Mng < m, ny I A and ns IF B.

A Beth-model is a Beth pre-model in which & satisfies the following admissibility condition:
(Mx,) if mi-FA~B then mIFBDA.

As usual, a formula A is true (or satisfied) in a Beth model M, written M F A, iff
m Ik A for all worlds m in M (or equivalently, iff wIF A) and walid, written FA, iff it is
true in all Beth models. It is routine to show that M, and My extend from propositional
letters and equations to all formulas. My is the well-known Kripke monotonicity condition,
which applies to equations in our setting (see [3] for a discussion on alternative choices). Let
us remark that M, implies that all Beth models have a world 7 that forces all formulas,
including inconsistency ().

3.1 Completeness of Beth models

A standard way of proving the completeness of a given semantics is to build a canonical
model that relates the denotation of formulas to a derivability relation that syntactically
defines the logic under consideration (often an Hilbert proof system). Algebraic semantics are
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usually obtained through Lindenbaum-Tarski constructions that mostly rely on equivalence
classes of formulas w.r.t. the underlying derivability relation (for ISCl, we would consider
classes such as A = { B | B FHsa A and A FHisa B }). Following an idea of Beth, we replace
equivalence classes with theories of formulas to build a canonical model for ISCI in which the
forcing relation faithfully mimics the derivability relation in Hsc;.

» Definition 4. The theory A" associated with a formula A is the set { B | A FHisa B }.

Let T denote the set { A | A € F } of theories generated by all formulas of ISCl. Reading
A FHisa B as “A < B”, all sets of formulas can be preordered by derivability in Hisc). We
define min(X) as the set {A € X | VB € X, A FHisa B} of all formulas that are minimal

in X wr.t. FHsa. It follows that for all theories X € T, X = A’ for all A € min(X).

Moreover, for all formulas A,B € F, if X = A' = B® then both A FHisa B and B FHisa A.

» Definition 5. The canonical Beth frame for ISCl is the structure T = (T, C, U, T4 1, 1Y),
where for all theories X,Y € T:

XNY =XnY and X UY = J{(AAB)" | A € min(X),B € min(Y) }.

» Lemma 6. For all theories X, Y € T and all formulas A € min(X),B € min(Y), the
canonical Beth frame for ISCI satisfies the following properties:

(@) XMY =(AVB)", (b)) XUY =(AAB)", (¢)X CY iff BhHsa A.

Proof. Since A € min(X) and B € min(Y’) we have both X = A" and Y = B*.
For (a), by definition A® M B* = A* N B'. Firstly, we show A* N B* C (A v B)". If
C € A'NB* then A FHisa C and B FHisa C, which implies AV B FHise C (by axiom ILg). Thus,

C € (A VvV B)". Secondly, we show (AVB)* C A*NB" If C € (AV B)", then AV B FHisa C.

Since axioms IL; and ILg imply A FHisa A V B and B FHisa A V B, we have A FHisa C and
B FHisa C. Thus, C € A* N B®.

For (b), by definition, (AAB)"* C X UY. We show X UY C(AAB)". f Ce XUY
then C € (F A G)t for some F € min(X) and some G € min(Y). Since X = A* = F* and
Y = B® = G*, we have A FHisa F and B FHsa G, which implies A A B FHsa F A G. By
definition, C € (F A G)* implies F A G FHisa C. Thus, A A B FHisa C implies C € (A A B)*.

For (c), we show that B FHisa A iff A* C B*. If B FHisa A then for all C € A®, we have
A FHsa C, from which it follows that B FHsa C, i.e. C € Bt. Conversely, since A FHisa A
implies A € A, if A* C B® then A € Bf, i.e. B Hsa A. <

Lemma 6 shows that, in the canonical Beth frame 7T, the partial order defined as set
inclusion mimics derivability in Hsc|. Moreover, the lattice meet M and join LI respectively
correspond to disjunction and conjunction in the logic. It then easily follows that 7 is a
bounded distributive lattice since A and V distribute over one another in the logic. Let us note
that while the meet of two theories coincides with intersection, their join does not coincide
with union since for any two distinct propositional letters p and ¢, we have p Aq € (p A q)°,
but neither p A q € p*, nor p A q € q* (since neither p FHisa p A g, nor q FHisa p A ).

» Definition 7. The canonical Beth model for ISCI is the triple M* = (T, [-],IF), where the
canonical valuation is defined as [X] = J{ A" | A € min(X)}N(PUF %) for all X € T.

» Lemma 8. The canonical valuation satisfies the conditions of Definition 8 and for all
theories X € T and all formulas A € min(X), [X] =A"'N(PUF »).

13:5
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Proof. [X]=A"N(PUF ) for all A € min(X) follows from the fact that C* = D" for all

C,D € min(X), which implies J{ B* | B € min(X) } = A* for all A € min(X).

Case M : By definition, [L*] = {B|B e L*N(PUF x) }. Since L FHsa B for all formulas
B, we have L' = F, which implies L'N(PUF,») = (PUF») = [L'].

Case My: Suppose we have X,Y € T such that X C Y, then X = A®' and Y = B!
for some A € min(X) and some B € min(Y). Since X C Y implies A* C BY, if
Ce[X]=A'N(PUF ), then Ce B'N(PUF,) = [Y]. Thus, [X] C [Y].

The other cases Mxcq1,2,4) easily follow from the Hisc axioms ~;cq12.43- <

» Lemma 9. For all X € T, for all A € min(X), X I-B iff A'IF B iff B € A §ff A FHsa B.

Proof. By definition of a theory we have B € A® iff A FHisa B. Moreover, since X = A’ for
all A € min(X), we only need to prove that A'IF B iff B € A* by structural induction on B.
Base case: B € (PUF /). Lemma 8 implies B € [A"] iff B € A". Since A°I- B iff B € [Af]
by Definition 3, A* I B iff B € A*.
Case B = B; V Bs:
A'IFB;VBy & 3C5Cot G MCe® C A CiPIFBy, CotIF By

< 3015 0" (C1VEC2)' CA By €CiYBs € Cot Lem. 6, I.H.
& dCq,Ca. A FHisa Cq V Ca, Cy FHisa By, Co FHisa Bo Lem. 6, Def. 4
< A bFHsa Br VvV Bo Logic
< Bi VB2 e A Def. 4

Case B = B; D Bs:
A'IFB; DBy & VC' if C*IF By then A*UC* IF By

& VC' if By € C* then B2 € (AAC)* Lem. 6, I.H.
< VC.if CHHsa By then A A C FHisa Bo Def. 4
< A FHsa By D Bo Logic
< B1 DB e A Def. 4
The other cases are similar. <

» Lemma 10. The canonical Beth model M" satisfies the admissibility condition Mx, .

Proof. Any X € T such that X I A ~ B entails C FHsa A &~ B for all C € min(X) by
Lemma 9, which implies C FHisa B D A by axiom (=23). Thus, X IF B> A by Lemma 9. <«

» Theorem 11. Beth models for ISCl are complete, i.e., if EA then FHisa A.
Proof. We show that FHsa A implies ¥A. Suppose that ¥Hsa A, then T FHsa A which
implies A € Tt. By Lemma 9 we get T HA in M", which by definition implies #A. <

3.2 Regular Beth Models

We now show that the canonical Beth model for ISCI satisfies a regularity property that is
essential for the termination arguments in Section 6.3.

» Definition 12. Let M = (F,[],IF) be a Beth model. M is regular iff for all formulas A, if
mlt A for some world m, then there exists a world ma, called A-minimal, such that ma IF A
and for all worlds n, nl- A implies ma < n. We write Er (instead of E) for the restriction
of validity to the class of regular Beth models.

» Lemma 13. The canonical model M* is regular: for all formulas A, At is A-minimal.

Proof. Suppose that BtI- A for an arbitrary theory B*. Then, B FHisa A by Lemma 9, which
implies A® C B* by Lemma 6. <
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» Theorem 14. Regular Beth models for ISCl are complete: if Fr A then FHsa A.

Proof. The result is an immediate consequence of Lemma 13. <
» Theorem 15. Regular Beth models for ISCl are sound: if FHsa A then Fr A.

Proof. The result follows from Theorems 22, 27, 33, 34 and 40. <

Let us remark that non-regular Beth models are neither sound for ISCI, nor for IL. Indeed,
pVpDpis a theorem of IL, but wl¥ p VvV p D p in the Beth model (M, <,U,w,M,7),[],IF),
where M = {w,my,mo, 7}, m < nif m = worn =m [w = {Ax=A | A € F},
[m1] = [meo] = [w]U{p}, and [71] =P UF /.

» Theorem 16. In a reqular Beth model M, if mIF A and nlF A then mMnl- A.

Proof. Since M is regular, mIF A and n - A imply the existence of an A-minimal world mx .
Since ma < m and ma < n imply ma < mMn, mMNnlk A by Kripke monotonicity. |

4 Labelled Deduction for ISCI

In this section we propose a new labelled sequent calculus, called L|lseé|, which is derived from

the Beth models described in Section 3. The methodology is inspired by and in the spirit
of our works on labelled deduction in BI and bi-intuitionistic logic [4, 5]. Let us note that
there exists a label-free sequent calculus for ISCI [3], built following the strategy described
in [10, 11], which like L{€5, does not enjoy the subformula property.

4.1 A Labelling Algebra

Let L™ be the set {S|S C N and |S| =n} of all subsets of N of size (cardinal) n. The set L*
of label letters is defined as |J, oy L". Let L = {@,N} be the set of label units, the set L
of labels is then defined as L* UL". We use the (possibly subscripted or primed) letters
a, b, c to denote labels which are singletons (i.e., elements of L') and save the letters x,y,z
to denote arbitrary labels. A label x is a sublabel of a label y if x C y.

We work with a labelling algebra £ defined as the lattice (L, C,u,,n, N), where join u
and meet n are standard set union and intersection. We consider that u binds stronger
than n and we shall frequently write xy instead of xuy (xx’ nyy’ should therefore be read as
(xux’)n(yuy’)). In this paper, we shall only use examples with label letters built from the
subset {1,...,9}. Therefore, we shall use the more concise notation 13 to unambiguously
refer to {1,3} (and not to the label letter {13 }).

4.2 The Labelled Sequent Calculus L,

» Definition 17. A labelled formula is a pair (C,x), written C:x, where C is a formula and
x s a label. A labelled sequent is a pair (I', A), written I' = A, where I, A are multi-sets of
labelled formulas.

We use the generic notation O(T') to mean that the object T is a subobject of an object O
(for some well defined notion of object inclusion). For example, when S is a set, S(eq,...,ep)
means that {ej,...,e, } is a subset of S. Similarly, if F and G are formulas, F(G) means
that G is a subformula of F and if x is a label, x(y) means that y is a sublabel of x. If A
is a set or multi-set of labelled formulas, we define x C A as JA:y € A such that x C y,
which is more shortly written A(x). The notation x C A :y is a shorthand for x C {A:y }.
A labelled sequent I' = A is connected iff x C A for all A:x e T.

13:7
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id(x Cy)

F'A:x)FA(A:y) I'(L:x)FA(A:y) trxEy)

I'A:x,B:xFA 'FAA:x THA B:x
— A
T(AAB:x)FA TFAAAB:x)

AR

A A:y I',B:xuyFA I'A:aF A B:xua
DLxuy CA) Dr(aZTUA)
'A>DB:x)FA I'HA(ADB:x)

I'JA:xvakF A C:yua I'B:xubFA,C:yub
T'(AVB:x)FA(C:y)

VL(a#£bZTUA,xCy)

'-AA:x,B:x '-AC:x C:x,I'+A
——————— Vr cut(x C A)
'AAVB:x) kA
INAx=A:xFA I''=-Ax-B:xF A I''BOA:xFA
————~11(xCA) ~L2 ———_ ~L3
TFA 'A=B:x)FA T(A=B:x)F A
I'NA®C~B®D:xFA INA®A~B®B:xFA
L4 L4
'A=B:x,Cx=D:x)F A IN'A~B:x)FA

Figure 4 Labelled Sequent Calculus L&,

BzB:(ZH—B%B:Q)t1 )
FB~B:0 Bm~A1FBNAL
(B~B)D>(B~A):1-B=xA:1
(BxA)~(Bx~B):1FBxA:1
BzB:LA%B:lFBzA:INz

Ax~B:1FB~A:1
F(A=B)D(B~A):0

d

L

ORr

Figure 5 Li<5,-Proof of ~-symmetry.

The labelled calculus Li<§, is given in Figure 4. The only structural rule in L5, is cut. All
lattice properties of Beth models are implicity reflected in our labelling algebra by our choice
of labels as subsets of N. The rules Dr and Vp, have eigenvariable (or freshness) conditions
on the label letters a, b they introduce. Since connectedness plays a significant role in our

lec

forthcoming proof of cut elimination, the rules of L$¢, have been carefully designed so as
to preserve this property from their conclusion to their premise. For instance, the cut rule
has a side condition that requires the label of the cut formula to occur as a sublabel on the

right-hand side of the conclusion.

» Definition 18. A formula A is a theorem of (or derivable in) LS|, written FLSE A, if the

labelled sequent = A : () is derivable from the rules given in Figure 4.

The proof rules in Figure 4 are formulated in a non-destructive way, i.e. they preserve

(a copy of) their principal formulas in their premise. This is only a technical choice that
makes the proofs of the forthcoming admissibility results shorter, but we shall use the more
standard destructive versions of the rules in our examples to keep them more concise.

lec

Figure 5 gives a labelled proof in L§¢, of the symmetry of the identity connective, from

which one can easily derive a symmetry rule ~rg, as illustrated in Figure 6, which proves

the transitivity of ~. More examples are given in the proof of Lemma 20.
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id
Bx~B:0FB=~B:( .
~RL1 id

FBxB:0 A%C:ll—AzC:lD

(Bx~B)D(A=C):1FA~C:1

AzC)z(BzB):N—AzC:lN
BAB)~(A~C):1FA~C:1
B~A:1,B~C:1FA~C:1
A~B:1,B~C:1FA~C:1
(AB)A(B~C):1FA~C:1
FA~B)AB=~C)D(A=C):0

L

L3

LS

(
(

LS

OR
Figure 6 Li<S,-Proof of ~-Transitivity.

4.3 Soundness and Completeness of L,lgél

» Theorem 19 (Soundness). If FLiG A then FHisa A.
Proof. A corollary of Theorems 27, 33, 34 and 40. <

» Lemma 20. All of the azioms for ~ given in Figure 1 are derivable in L.

Proof. Axiom =: AzA:@FAzA:@id
~L1
FAxA:Q

Axioms =~,, x~3:

id id
B:2FB:2 A:12FA:12
id oL
“Ax~-B:1F-A~-B:1 BDOA:1,B:2+ A:12
~1.2 ~
Ax~B:1F-A=-B:1 A~B:1,B:2F A:12
DR ORr
F(Ax~B)D(-A~-B):0 A~B:1FBDA:1

OR
FA~B)D(BDA):0

L3

Axiom =4:

(A®C)z(B®D):1F(A®C)z(B®D):1ld

A~B:1,C~D:1F (A2C)~BoD):1
(AB)A(C~D):1F(A®C)=(B®D):1
FA~B)A(CxD)D(A®C)~(B®D):0

L

ORr

» Lemma 21. All of the azioms for IL given in Figure 1 are derivable in L.

Proof. Axiom ILg:
id id id id
Ai34FA:234  Ci1234F Ci123d _ B:i35bBi135  C:1235+ C:1235
ADC:1,A:34F C:1234 b BoC:2,B:35+ C:1235

L

\Y
ADC:1,B5C:2,AVB:3F C:123 B
o)
ASC:1,BSC:2F (AVB)>C:12
o)
ASC:1F(BoC) D ((AVB)SC):1
SR
F(ASC)>(B>C)D((AVB)>C)):0
Axioms ILy, ILg, ILqg:

. . id 1y,
—id —id A:2FA:2 1:12+-B:12
A:1FA:1,B:1 B:1FA:1,B:1
— VR — VR -A:1,A:2FB:12
A:1FAVB:1 B:1FAVB:1 Or
————— DR —— X DR -A:1FADB:1
FAD(AVB):0 FBO(AVB):0 —————" oy

F-AD(ADB):0
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I'A,Co:y
IF'A=B:x)FA(C:y)
o =[Bw A]if |A| < |B| and [A — B] otherwise.

~ur(x Cy, A #B) TFAGA~A) *

2ec  «

Figure 7 Lisc, “Special” Identity Rules.

Rule MP: We use admissibility of weakening, which is stated and proved in the paper for
LZS, in Lemma 29, but which also holds for L{&§, with a similar proof.

id id
FADB:0 A:QFA:D B:@}—B:@D
,,,,,,,,,,,,,,,, L
FA:Q A:0F-B:0,ADB:0 ADB:0,A:0+B:0 .
777777777 cu
FB:0,A:0 A:0-B:0
cut
FB:0)
The other cases are similar. <

» Theorem 22 (Hsc completeness). If FHisa A then FLiSE A.

Proof. A direct consequence of Lemma 20 and Lemma 21. |
» Theorem 23 (Beth completeness). If FA then FLG A.

Proof. If FA then Theorem 11 yields FHisa A, which by Theorem 22 implies L A. |

5 The Labelled Calculus L3,

L{€S, is not very interesting from the point of view of termination as it lacks the subformula

property. Indeed, even if we eliminate the cut rule from Lllseé', we can still introduce infinitely
many subformulas using the identity rule as1,;. Moreover, defining the size |A| of a formula A
as the number of its connectives, it is easy to see that the identity rules =4 and ~r4
introduce in their single premiss an active formula the size of which is greater than the size
of the principal formula in their conclusion.

As a first step toward termination we define LS, as the variant of L{£S, in which all of
the identity rules of Figure 4 are replaced with the identity rules of Figure 7. Depending on
the size of A and B, the rule ~y g simultaneously replaces all occurrences of the formula B in
C with the formula A whenever |A| < |B| and A is not syntactically equal to B.

5.1 Soundness and Completeness

» Theorem 24 (Soundness). If FLiG A then FHisa A.

Proof. A corollary of Theorems 33, 34 and 40. <
» Theorem 25 (Hsc completeness). If FHisa A then FLige A.

Proof. Similar to the proof of Theorem 22. <
» Theorem 26 (Beth completeness). If FA then FLi A.

Proof. If FA then Theorem 11 yields FHisa A, which by Theorem 25 implies FLig A. <
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» Theorem 27 (Li$5, to LES)). If 11 is an LiES, proof of A, then there exists a translation
t(I1) of II which is an L, proof of A.

Proof. The proof is by induction on the height of L|1$ea proofs. Since lesfél only differs from
L{&S, on the identity rules, the base cases for axioms are immediate and we only need to
show that LS, can simulate LS, identity rules. We assume without loss of generality that
|A| < |B| and |C| < |DJ|. Moreover, in the translated proofs below, the occurrences of ~r
only actually exist when the formulas on both sides of the principal identity connective are
not syntactically equal.

Case ~1,1:
IT; t(II1) from L.H.
IA~A:ixFA > TEAA~A:x VT, AxA:xFA
S cut
kA r'-A
Case ~p3:
Iy
' A=-B:x+HA
L2
IN'A~B:x)FA
$
~R
FNA=~B:x)FA,-Ax-A:x t(IT1) from I.H.
~RLR(A#B)  ------aooaoo--
T(A=B:x)F A,-A~-B:x I''-A~-B:xFA
cut
F'(A=B:x)FA
Case ~13
id
T(A=B:x),A:akF A /A:xa
,,,,, o DR
I'BDOA:xkA > F(A%B:X)FA,ADA:XELR(A;AB) t(IL) from LH.
F(A%B:x)}—ANLS FA=B:x)FA,BDA:x F,BDA:XFAcut
'A=B:x)F A
Case ~p4:
Iy
I''A®Cx~B®D:xFA
F(A%B:X,C%D:X)FANM
$
PA~B:ix,CrDix)FAA®CRA®Cix
~Lr(C # D)
INA=B:x,CxD:x) FA,AQC=A®D:x (A#B) t(I11) from L.H.
TA~B:x,C~D:x)FAA0C~B®D:ix IA®C~rB®D:xkFA
cut
F'A=B:x,CxD:x)FA
Case ~y4:
I
IINARA~B®B:xFA
FA~B:ix)Fa
$
~R
FNA=B:x)FAJARARA®A:x (A#B) t(IT;) from LH.
TA~B:x)FAAQA~B®Bix IAQA~B®B:xF A
cut
I'A=B:x)F A
<4
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5.2 Cut Elimination in L3,

‘We now eliminate the cut rule from lesea. The cut free version of L|2§E| is denoted |—|2se(:| (the c

superscript is dropped). Let us write h(II) for the height of a proof II defined as the length
of its longest branch. For a proof system S and a formula or labelled sequent s, the notation
F's s means that s is derivable in S with a proof II such that A(IT) < n (n € N).

Label substitution is defined as follows: if y C x then x[u/y] = (x — y) uu, otherwise
x[u/y] = x. For instance, 374[0/7] = {3,7,4} — {7} ud = { 3,4} = 34. Label substitutions
straightforwardly extend to labelled formulas and labelled sequents.

» Lemma 28. Let s =T A. If PLE, s then PLE, s[u/c], where ¢ € L' or ¢ = 0.

Proof. By induction on the height h of the proof of I' = A. The base case h = 0 is when s

is the conclusion of an axiom.

Case id: s is of the form I'(A:x) F A(A:y) with x Cy. If ¢ € y then s[u/c] = s and the
result is immediate. Otherwise, c Cy andy = (y—c)uc. SincexCy, y=(y —x)uUx
implies y = (y — (xuc)) u (x — ¢) uc. Hence, y[u/c] = (y — (xuc))u(x —c)uu. We then
show that s[u/c|] remains an axiom for A by showing that x[u/c] C y[u/c]. If ¢ € x then
x[u/c] =x=x—cand x—c C y[u/c]. If ¢ C x then x[u/c] = ((x —c)uc)[u/c] = (x —c)uu
and (x —c)uu C y[u/cl.

Case _L1,: Similar to Case id.

For the inductive case h = n + 1, let r be the last rule applied (which has s as a conclusion).

If r requires the introduction of eigenvariables we proceed as follows.

Case Vp: s is of the form I') AV B:x F A(C:y) and is obtained by the rule Vi, from the
premise s1 ="' AVB:x,A:xatk A, C:yaand so =T',AVB:x,B:xbF A, C:yb, where
a,b & I' UA, which have proofs ITy, IIy such that h(Ily), h(Ily) < n. We choose two
labels a’ # b’ such that a’,b’ Z T' U A and a’,b’ € xyuabc. By I.H. on II; and II; with
substitutions [a’/a] and [b’/b] we get proofs II} and II5 of T, AV B:x, A:xa’ H A, C:ya/
and ' AV B:x,B:xb’ = A, C:yb’. Then, by L.H. on II} and II}, with substitution [u/c],
we get proofs IT{ and IIJ of T'[u/c], AV B:x[u/c], A:x[u/cla’ F Au/c],C:y[u/c]a’ and
Tu/cl, AV B:x[u/c],B:x[u/c]b’ - Afu/c],C:y[u/c]b’ from which we infer the conclusion
T[u/c], AV B:x[u/c] - Afu/c] by the rule V..

Case Dg: Similar to Case Vi,.

If r does not require eigenvariables, we apply the I.H. on all of the premise of r since they

have proofs of height strictly less than n 4+ 1 and we conclude s[u/c] by reapplying r. |

» Lemma 29. If PLso T A then P T, T H A A,

Proof. By induction on the height h of a proof Il of I' F A. For h = 0, it is immediate
that when I' F A is an axiom, then so is I',TV - A, A’. For h = n+ 1, let r be the last rule
applied in II. If r is not Dy or Vv, we apply the I.LH. on the premise of r and conclude by
reapplying r. Otherwise, we first use Lemma 28 to replace the eigenvariables in all of the
premise of r with variables not occurring in ' UT" U A U A’ and then apply the I.H. to the
modified premise before concluding with a new instance of r. <

» Lemma 30. All L, rules are height preserving invertible.

Proof. A k-ary proof rule r with premise s;...s; and conclusion s is height preserving
invertible if PLE, s implies L, s; for all 1 <7 < k. Let s =I' = A. Since proof rules are
non-destructive, each premiss s; can be represented as I',T"; F A, A, where I';, A; are the
active parts of r. If k = 0 (for axioms), the result is immediate. Otherwise, if we have a
proof IT of s, then by Lemma 29, we have a proof II; of s; such that A(II;) < h(II). <
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» Lemma 31. If Pl T(A:x,A:y) F A and x Cy then PLga T(A:x) F A. Similarly, if
Plisa T HAA:x,A:y) andy Cx then PLga T'H A(A:x).

Proof. By induction on the height of the proofs, using Lemma 30. <

» Lemma 32. If 11 is a proof of either 'y A:xF A, or '+ A, A:x, in which A :x is never
principal for any sequent in 11, then there exists a proof II' of T' - A such that h(II') < h(II).

Proof. By induction on the height of the proof II deleting all occurrences of A : x. <
» Theorem 33 (Cut elimination). The cut rule is admissible in LSS,

Proof. Our proof follows the pattern given in [10] or in [8] for Boolean BI. We define the
cut rank of (an instance) of the cut rule as the pair (|C|, A(Il1) + h(Il2)), where C is the cut
formula and Il;c 2y is the proof whose conclusion is the sequent s; corresponding to the
i-th premiss above the cut. For the base case we consider that one of the premiss of the
cut has a proof of height 0. For the inductive step, we distinguish three cases: C:z is not
principal in s1, C:z is principal only in s;, C:z is principal in both s; and s;. We only do a
few illustrative or difficult cases. More cases are given in the appendix (see Theorem 43).
Cases ni.ly, p1.L1: s is the conclusion of L. If C:z is not principal in s; (Case ny.Ly,),
then let A :y denote the principal formula of 11, in s;. By the side condition of 1y, we
have x Cy. If C:z is principal in s; (Case p1.Lr,), then by the connectedness property,
L:x €T implies A:y € A for some A and y such that x C y. In both cases, we eliminate
the cut rule as follows:

1r N
I'(L:x)FA(A:y),C:z C:Z,FFA(A:y)Cut O T(Lix) F A(Ay)
T(L:x)FA(A:y)

Case p1.VRrp2-Vy: C:z is principal in both s; and s, C has the form AV B, zCy.

I I 113
'-A,AVvB:z,A:2,B:z A:za,AVB:z,'FA D:ya B:zbAVB:z,I'FA,D:yb y
\% L
I'FAAVB:z 8 AVB:zTFA(D:y)
cut
TFA

We first use a cut on A V B:z of strictly lower cut height to get the following proof:

I H; from Lemma 29 Hg from Lemma 29

******************** \%3
113 THFA,AVB:z,A:2,B:z AVB:z,T'-FAA:2,B:z

I'FA A:2,B:z

cut

We apply Lemma 28 on II3 with [()/a] and on 113 with [(/b] to get:

{ 113[0/a] { T3[0/b]
1170 S A T Mg d oo 2200
A:z,AVB:z,'FAD:y),D:y B:z,AVB:z,I' FA(D:y),D:y

We apply Lemma 31 on II4 and II5 to get:

A:z,AVB:z,I'HFA(D:y) B:z,AVB:z,I'+ A(D:y)

We use two cuts on A V B:z of strictly lower cut height to get Ilg, II7, which are finally
combined with II3 to obtain a proof with two cuts on strictly smaller formulas.

13:13
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T} from Lemma 29

A:z,TFAAVB:z,A:2B:z T,
116 VR —---------o-o------
A:z,THFA,AVB:z A:z,AVB:z, ' FAD:y)
cut
A:z,TFA
Ty from Lemma 29
B:z,TFA,AVB:z,A:2,B:z 11
117 VR —-------------------
B:z,'FA,AVB:z B:z,AVB:z,I'F A(D:y)
cut
B:z,T'HA
I3 IT; from Lemma 29
'A/A:2,B:z B:z,TFA A:z Il
cut  ---------
I'FAA:z A:z,THFA
cut
kA |

6 Liberalizing LS, and Decidability

Even restricted to the simple case of intuitionistic logic, the termination of a labelled proof
system is not straightforward. A problem is the rules Dy, and Vg (called S-rules) can be used
several times as long as there are yet untried labels satisfying their requirements. Combined
with the fact that the rules Dr and Vi, (called a-rules) require the systematic introduction
of fresh singleton labels, the proof-search process might degenerate into the construction of
infinite branches when there are a-formulas in the scope of -formulas.

Let us assume a globally fixed! total injective indexing function i : F x N — L' that
given a formula A and an index n maps the pair (A, n) to the singleton label denoted i3.
We define L|2SCI as the labelled proof system obtained from L|2§C| in which the eigenvariable
requirements are dropped by replacing the a-rules of Figure 4 with the following ones:

T A: i, s F A B:xUijrsp
'-AADB:x)

DR

IA:xuiys FA,Ciyuiyys IIBixuiiys FA,C:yuiiys
I'AVB:x)FA(C:y)

VL(x Cy)

» Theorem 34. If FLEq A then PLliq A.

Proof. By induction on the height of the L, proof of A. <

6.1 Validity of the Replacement Law for ISCI

» Lemma 35. Let A, B, C be formulas and let C[A — B] be the formula obtained from C
by simultaneously replacing all occurrences of A in C with B. Then, the formula (A= B) D
(C =~ C[A — B]) is valid in Beth semantics.

Proof. Let M be a Beth model and m be a world such that mI- A ~ B. If C does not
contain any occurrence of A then C[A — B] = C and condition My, of Definition 3 then

implies m I C = C. If C contains at least one occurrence of A, let d(F,C) denote the
depth at which a subformula F is nested in C. We proceed by induction on the depth

L The use of a globally fixed indexing function is just for technical convenience. One could also associate
each derivation with a partial indexing function defined only on the formulas occurring in that derivation.



D. Galmiche, M. Gawek, and D. Méry

d = min{d(A,C) | A € C} of the least deeply nested occurrence(s) of A in C (e.g., if
C=(ADD)A((AVB)=~A) then d = 2). The base case is when d = 0, i.e., when C = A.
Thus, C[A — B] = B and we have m |- A = B by assumption. For the inductive case, C is of
the form C; ® Cy, where ® is a binary connective. We assume as an I.H. that the property
holds for all formulas C and all d’ such that 0 < d’ < d. By definition of a substitution,
(C1 ® C3)[A — B] = C1[A — B] ® C3[A — BJ. For C; € {C1,Cy}, if A does not occur
in C; then C;[A — B] = C;. Thus, m I+ C; =~ C;[A — B] by condition My, of Definition 3.
Otherwise, if A occurs in C; then m Ik C; = C;[A — B| by L.H. Hence, by condition My, of

~4

Definition 3, we get (C; ® Cz) = (C1[A — B] ® C2[A — B]). <
» Lemma 36. If m Ik A =B then for all formulas C, m - C iff m I+ C[A — B.

Proof. By Lemma 35, if m |- A ~ B then m IF C =~ D, where D = C[A — B|. By symmetry
of =, mIF C~ D implies m IF D ~ C. Therefore, by condition M, of Definition 3, we get
both mI-D D C and m |- C D D. Consequently, if m |- C, then m IF C D D implies m |- D.
Conversely, if m IF D, then m |- D D C implies m I+ C. <

6.2 Liberalized Soundness

To show that L|2SCI is sound even in the absence of the eigenvariable condition, we take
advantage of the completeness of ISCl w.r.t. regular Beth models (Theorem 14) by semantically
interpreting (realizing) the unique index i, of a formula A by an A-minimal world.

» Definition 37 (Realization). Let M be a regular Beth model. Let s =T F A be a labelled
sequent. A realization of s in M is a partial function p : L — M such that:

p(0) =w, p(N) =, p(ix;5a2) = ma, for all 135532 C s and p(xuy) = p(x) U p(y),

for allx,y CT, if x Cy then p(x) < p(y) holds in M,

forall A:x in T, p(x)IF A and for all A:x in A, p(x) ¥ A.
A sequent s is realizable in M if there exists a realization of s in M, and realizable if it is
realizable in some regqular Beth model M.

» Lemma 38. If the sequent s =T + A is an initial sequent in an Lk, -proof, i.e., a leaf
sequent that is the conclusion of a zero-premiss rule, then s is not realizable.

Proof. If s is realizable, then we have a realization p of s in some regular Beth model M.

We proceed by case analysis on the zero-premiss rule of which s is the conclusion.

Case id: s =T, A:xF A, A:y with x C y, which implies the contradiction p(y) ¥ A since
p(x) < p(y) and p(x) IF A imply p(y) IF A by Kripke monotonicity.

Case Lly: s=T,1L:xF A /A:y with x Cy, which implies the contradiction p(y) ¥ A since
p(x) = p(y) = 7 and 7 IF A for all A.

Case ~r: s =I' F A, A~ A:x, which implies the contradiction p(x) ¥ A =~ A. <

» Lemma 39. Every proof rule in L, preserves realizability in reqular Beth models.

Proof. By case analysis of the proof rules of L%c,. We show that whenever the conclusion of
a rule is realizable in some regular model M for some realization p, then at least one of its
premise is also realizable in M for some extension of p. We write s =I' - A for the sequent
which is the conclusion of the rule and s; =T'; F A; for the i-th premiss (for i € {1,2}).
Since p realizes both I and A in s, p also realizes I'; and A; in s; since I'; CT" and A; C A.
Therefore, we only need to consider the principal and active parts of each rule.

13:15
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Case Vvy: If p realizes s = (A VB:x) - A(C:y) in M, then p(x) Ik A V B implies that
there exist n1,ny € M such that ny Mny < p(x), n1 - A and ng IF B. Moreover, a =i},
and b = i2,,. If p(a) is already defined then p(a) = myu by definition. Otherwise,
we extend p by setting p(a) = ma. We proceed similarly for p(b) to get p(b) = msg.
Since mya is A-minimal, we get ma < n; and p(x) U p(a) IF A. Similarly, since mp is
B-minimal, we get mp < ng and p(x) U p(b) IF B. Moreover, ma < n1 and mp < ng
imply ma Mmp < ny Mng. Thus, xanxb = x implies (p(x) U p(a)) M (p(x) U p(b)) = p(x).
Now if both p(y) U p(a) IF C and p(y) U p(b) IF C then, since M is a regular Beth model,
there exists a C-minimal world m¢c. Thus, me < p(y) U p(a) and mc < p(y) U p(b),
which implies mc < (p(y) U p(a)) M (p(y) U p(b)) = p(y). Hence, p(y) I+ C, which is a
contradiction since p(y) ¥ C by definition. Therefore, either p(y) U p(a) ¥ C and s; is
realizable, or p(y) L p(b) ¥ C and s is realizable.

Case VR: If p realizes s =T' - A(A VB:x) then p(x) ¥ AV B. Suppose that p(x)IFA. Since
M is regular there exists an A-minimal world m . Since ma IF A and 7 I+ B by definition,
we have ma M7 =ma < p(x) which implies the contradiction p(x) IF A Vv B. Similarly, if
p(x) IF B we also get the contradiction p(x) IF A V B. Hence, s; is realizable.

Case ~pr: This case directly follows from Lemma 36.

The other cases are similar. <

» Theorem 40 (Liberalized soundness). If FLiq A then Fr A.

Proof. Suppose that FLiq A, then there exists an L -proof IT of = A: (). If ¥r A, then there
is a regular Beth model M such that w ¥ A. Since - A : () is trivially realizable, Lemma 39
implies that IT contains a branch the sequents of which are all realizable. Since II is a proof,
this branch ends with an initial sequent s that is the conclusion of an axiom rule. Lemma 38
then implies that s is not realizable, which is a contradiction. Therefore, Fr A. |

6.3 Termination and Decidability

Giving a full-fledged proof that L|25C| is a terminating proof-system is out of the scope of
this paper as it would require a detailed proof-search algorithm with a well defined proof
strategy. Moreover, since L%, proof rules as formulated non-destructively, we would also
need a suitable notion of (sequent) saturation to decide whether a labelled formula is fully
analyzed or not. For instance, an occurrence of A A B:x on the left-hand side of a sequent
I' F A would be considered fully analyzed whenever A :y and B:z occur in I' for some labels
v,z such that y,z C x. We now sketch the proof that L|2SCI has a finite proof search space.

» Theorem 41 (Termination). L, is a terminating proof system.

Proof sketch. Firstly, without any eigenvariable requirements, only finitely many singleton
labels can occur in an L derivation of A. Since labels occurring in an L, derivation of A
are finite unions of singleton labels, there can only be finitely many of them. Secondly, let
n = |A| and let At(A) be the set of propositional letters occurring in A. It is easy to see
that the active formula introduced by an instance of the rule ~yg has a size m < n and is
built using only atoms in A¢(A) (this can be viewed as a weak form of subformula property).
There can only be finitely many formulas of size < n built from A¢(A). Finally, with a finitely
many subformulas and labels, one can only generate a finite number of labelled formulas.
Therefore, only finitely many unsaturated labelled sequents can occur in a L|2SCI derivation
of A. Thus, the proof search space for - A: () in L%, is finite. <

» Corollary 42 (Decidability). ISCl is a decidable logic.
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A Appendix

A.1 Cut Elimination

» Theorem 43 (Cut elimination). The cut rule is admissible in LZES,.

Proof. Our proof follows the pattern given in [10] or in [8] for Boolean BI. We define the
cut rank of (an instance) of the cut rule as the pair (|C|, A(Il}) + h(Il2)), where C is the cut
formula and IT;c 2y is the proof whose conclusion is the sequent s; corresponding to the
i-th premiss above the cut. For the base case we consider that one of the premiss of the
cut has a proof of height 0. For the inductive step, we distinguish three cases: C:z is not

principal in sy, C:z is principal only in s1, C:z is principal in both s; and s,.

Case n;.id: s is the conclusion of id, C:z is not principal in s1, x C y.

id .
. . . . —id
I'A:x)FA(A:y),C:z C.z,]."l—ACllt s T(A:x)F A(A:y)
T(A:x)F A(A:y)

Case p;.id: s; is the conclusion of id, C:z is principal in s1, x C z.

———id - 11, from L 31
I'(C:x)FA,C:z C:z,TFA s T2 o hemima o

cut rcC:x)FA
rcC:x)FA " (©:x)
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Case n».id: s is the conclusion of id, C:z is not principal in sp. Similar to Case nj.id.
Case p-.id: s is the conclusion of id, C:z is principal in so. Similar to Case p;.id.
Case ny..Ly: sp is the conclusion of L1, C:z is not principal in s1, x C y.

i
I'Ll:x)FA(A:y),C:z . C:z,TFA s

S
cut I'(L:x)FA(A:y)
M(L:x)FA(A:y)

Case p1..Lr: sp is the conclusion of 1, C:z is principal in sq, x C z.

********* connectedness: x C u

_— 1
M(L:x)FA,C:z - C:z,TFA s 1,
cut P(L:x)FA(A:u)
M(L:x)FA

Case ny. L1 sg is the conclusion of 1, C:z is not principal in s5. Similar to Case ny.Ly,.
Case ps..Lr: sg is the conclusion of L, C:z is principal in s5. Similar to Case py.Ly,.
Case n;.~gr: 1 is the conclusion of ~g, C:z is not principal in s;.

TFAA~A:x),Ciz © CinTFA -

T _~R
cut TFAARA:x)
FFAARA:X)

Case p;1.~gr: s is the conclusion of ~g, C:z is principal in s;. Then, C has the form A~ A
for some A. Since A # A is not satisfiable, A &~ A :x can never be the principal formula
of an occurrence of ~pg in IlI5. Therefore, the only way for A ~ A :x to be principal in
II, is if sg is the conclusion of an occurrence of id, which then implies that A contains an
occurrence of A =~ A :y for some x Cy. In this case, we have

————V ——~R ~
A AxA: A~A:x,THFAARA: ~R
) X X, ( Vo 7 THAMAmA:y)

FFAA=A:y)

Otherwise, A =~ A :x is never principal in II; and we apply Lemma 32 on I, to get a
proof I, of T' - A as follows

— MR ----it--o-- T, from L. 32
TFAA~A:x © AmA:x,TFA ~y  SRIOTLETIE DS

A

Case np.~R: so is the conclusion of ~g, C:z is not principal in sy. Similar to Case n;.~g.

~
777777777 ~

'FA,C:z C:z,TFAARA:x) * ~
cut
F'FAA=xA:x)

'cAA=xA:x) R

Case pa.~g: cannot happen (A ~ A :z on the left-hand side cannot be principal for ~g).

. . . . . . . . /
Case n;.r;: C:z is not principal in s, r is a rule with one premiss and active parts I/, A’.

I I, IT, from Lemma 29
I\T'-A A C:z 112 I'T'+A,A,C:z C:z, I, T'FA A
——— 7T --------- ~ cut

I'FA,C:z C:z,T'FA T FAA
cut P ——
r-A kA

The rank of the new cut is (|C|, h(I11) + h(I1})), which is strictly lower than the rank
(|C|, 1 + h(I1}) + h(II5)) of the original cut.
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Case pins.ry: C:z is only principal in sp, r is a rule with one premiss and active parts
/ . .
I',A’. Similar to Case nj.ry.

I, IT; from Lemma 29 I,

I C:z,I,T'FA,A ITYFA A, C:z C:z, I TVFAA
————————— —_ 7 ~ cut
I'-A,C:z C:z,TFA LT A A

cut _— 1
'rA r-A

The rank of the new cut is (|C|, h(II}) + h(Ilz)), which is strictly lower than the rank
(|Cl, h(I11) 4+ h(II3) + 1) of the original cut.
Case n;.ry: C:z is not principal in s, r is a rule with two premise and active parts I'', A’

in the first premiss and I'”’, A” in the second one. We apply Lemma 29 twice on Il to
get 1T, and ITj.

10 117
I\T'FAA,C:z T, T FAAY, C:z 11 -
R
I'FA,C:z C:z,TFA
cut
A
i I i} 4
FEEANC, Gl EAN  BIVEAANCH Gl AA
cut cut
I FAA r,r”+=A,A"
r
A

The ranks (|C|, h(II}) + A(I15)) and (|C|, h(I13) + h(I1})) of the two new cuts are strictly
lower than the rank (|C|,1 + maz(h(I1}), h(113)) 4+ h(I13)) of the original cut.

Case pyns.ry: C:z is only principal in sq, r is a rule with two premises and active parts
I'", A" in the first premiss and T/, A” in the second one. We apply Lemma 29 twice on
I1; to get IT} and IIf. Similar to Case nj.ry.

cut

I'T'FAA',C:z C:z, I, TVFAA T +=A A", Ciz C:z,I,T"FA A
I, T +A,A ot L, T"FAA ot

r-A
The ranks (|C|, h(IT}) + A(I13)) and (|C|, h(IT}) + h(T13)) of the two new cuts are strictly

lower than the rank (|C|, h(Ily) + maxz(h(I13), h(I13)) + 1) of the original cut.
Case p1.Arp2-ArL: C:z is principal in both s; and so, C has the form A A B.

Tr

11} I3 I,
'FAAAB:z,A:z THAAAB:2,B:z AANB:z,A:z,B:z,'F A
A A
I'FA,AAB:z A AANB:z,T'FA b
cut
T'HA

We use three cuts on A A B:z of strictly lower cut height to get the following proofs:

II} from Lemma 29 I,

113 A:z,B:z,'FAJAAB:z 8 AANB:z,A:z2,B:z,'F A
A:zB:z,'FA

cut
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IT, from Lemma 29

11 AAB:z,A:7,B:2T FA,B:z
|V G e AL
I'-A,B:z,AAB:z AANB:z,T'HFA,B:z

T'FAB:z

cut

115 from Lemma 29

I 1} AAB:z,A:zB:z,T FA Az
5 Tt t---------- A
'EAA:z,AANB:z AAB:z,THFAA:z b

'EAA:z

cut

We construct the following proof using two cuts on strictly smaller formulas:

IT, from Lemma 29 I3
II5 A:zT'HFA,B:z A:z,B:z,'FA .
777777777 cu
I'FAA:z A:zI'FA
cut
A

Case p1.DO1p2-Or: C:zis principal in both s; and so, C has the form A D B.

114 H% H%
A:a,TFA,B:zua ADB:z,'FA,A:x ADB:zB:zux,'HFA
D D)
TFAASB:z ADB:z T FA b
cut
A

We first apply Lemma 28 on II; to replace a with x.

A:x,T+HA,B:zux

We then apply Lemma 29 on II; to get IT}:

A:a,TFA,B:zua,A:x

We combine T} and I3 to get the following proof with a cut of strictly lower cut height:

A:a,TFA,B:zua,A:x H%
14 DR e
'EAA:x,ADB:z ADB:z,T'HFAA:x .
cu
'HAA:x

Applying Lemma 29 on II, we get IT}:

I'FA B:zux,A:x

Since B:z ux occurs on the left-hand side of the conclusion of I13, z U x necessarily is a
sublabel of some label in A. We can therefore apply Lemma 29 on II; to get IIY:

A:a,I'B:zuxFA,B:zua

We combine IT{ and I3 to get the following proof with a cut of strictly lower cut height:
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A:a,I'B:zuxF A,B:zua 112
115 D
I''B:zuxFA,ADB:z ADB:z,I',B:zuxF A
cut
I'B:zuxkF A
We finally cut on strictly smaller formulas:
1T I3
I'A,B:zux,A:x A:x,TFA/B:zux . II5
cut  -----------
I'A,B:zux B:zux,'FA
cut

kA
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