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—— Abstract

We prove a direct product theorem for the one-way entanglement-assisted quantum communication
complexity of a general relation f C X x)Y X Z. Forany 0 < e <4 < % and any k > 1, we show that

Q}i(lig)ﬂ(k/luglzl) (fk) =Q (k : Qzls(f)) )

where Q} (f) represents the one-way entanglement-assisted quantum communication complexity of f
with worst-case error € and f* denotes k parallel instances of f.

As far as we are aware, this is the first direct product theorem for the quantum communication
complexity of a general relation — direct sum theorems were previously known for one-way quantum
protocols for general relations, while direct product theorems were only known for special cases.
Our techniques are inspired by the parallel repetition theorems for the entangled value of two-player
non-local games, under product distributions due to Jain, Pereszlényi and Yao [24], and under
anchored distributions due to Bavarian, Vidick and Yuen [4], as well as message compression for
quantum protocols due to Jain, Radhakrishnan and Sen [29]. In particular, we show that a direct
product theorem holds for the distributional one-way quantum communication complexity of f
under any distribution ¢ on X x ) that is anchored on one side, i.e., there exists a y* such that
q(y*) is constant and g(z|y*) = ¢(x) for all x. This allows us to show a direct product theorem for
general distributions, since for any relation f and any distribution p on its inputs, we can define a
modified relation f which has an anchored distribution ¢ close to p, such that a protocol that fails
with probability at most ¢ for f under g can be used to give a protocol that fails with probability at
most € + ¢ for f under p.

Our techniques also work for entangled non-local games which have input distributions anchored
on any one side, i.e., either there exists a y* as previously specified, or there exists an z* such
that g(z™) is constant and ¢(y|z*) = ¢(y) for all y. In particular, we show that for any game
G = (¢, X XY, Ax B,V) where q is a distribution on X x ) anchored on any one side with constant
anchoring probability, then

WG =11~ w*(g)f)“(m)

where w*(G) represents the entangled value of the game G. This is a generalization of the result of
[4], who proved a parallel repetition theorem for games anchored on both sides, i.e., where both a
special ™ and a special y* exist, and potentially a simplification of their proof.
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1 Introduction

A fundamental question in complexity theory is: given k independent instances of a function
or relation, does computing them require & times the amount of resources required to compute
a single instance of the function or relation? Suppose solving one instance of some problem
with success probability at least 1 — & requires ¢ units of some resource. A natural way to
solve k independent instances of this problem would be to solve them independently, which
requires ck units of the resource. A direct sum theorem for this problem would state that any
algorithm for solving k instances which uses o(ck) units of resource has success probability
at most 1 —e. A direct product theorem for the problem would state that any algorithm
for solving k instances that uses o(ck) units of resource has success probability at most
(1 —¢)%k), Hence a direct product theorem is the stronger result of the two.

In this paper, we deal with direct product theorems in the model of communication
complexity. In this model, there are two parties Alice and Bob, who receive inputs x and y
respectively, and wish to jointly compute a relation f. They can use local computation, public
coins, and communicate with each other using classical messages, in the classical model;
use local unitaries, shared entanglement, and communicate with each other using quantum
messages, in the quantum model. The resource of interest is the number of bits/qubits
communicated; so the parties are allowed to share an arbitrary amount of randomness or
entanglement, and perform local operations of arbitrary complexity.

Direct product theorems in communication are related to parallel repetition theorems for
non-local games. In a non-local game, two parties Alice and Bob are given inputs z and y
respectively from some specified distribution, and without communicating with each other,
they are required to give answers a and b respectively to a referee. They are considered to
win the game if V(a, b, z,y) holds for a specified predicate V. In the classical model, the
players are allowed to share randomness, and in the quantum model they are allowed to share
entanglement. A parallel repetition theorem shows that the maximum probability of winning
k independent instances of a non-local game is p©(*) | if the maximum probability of winning
a single instance of it is p, regardless of the amount of shared randomness or entanglement
used. Direct product theorems in communication are often proved by combining techniques
used to prove direct sum theorems in communication, which require message compression,
and parallel repetition theorems for games.

In classical communication complexity, there is a long line of works on direct sum and
direct-product theorems including [40, 14, 1, 41, 27, 28, 30, 5, 38, 44, 22, 21, 18, 35, 32, 2, 12,
11, 10, 7, 13, 20, 25, 37, 9, 43]. A parallel repetition theorem for the classical value of general
two-player non-local games was first shown by Raz [39], and the proof was subsequently
simplified by Holenstein [19].

In quantum communication complexity, a direct sum theorem is known for the
entanglement-assisted one-way [30], simultaneous-message-passing (SMP), entanglement-
assisted [30] and unassisted models [21]. A strong parallel repetition theorem for the quantum
value of a general two-player non-local game is not known. Parallel repetition theorems
were shown for special classes of games such as XOR games [15], unique games [34] and
projection games [17]. When the type of game is not restricted but the input distribution is,
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parallel repetition theorems have been shown under product distributions [24] and anchored
distributions [4, 3]. For general games under general distributions, the best current result is
due to Yuen [46], which shows that the quantum value of k parallel instances of a general
game goes down polynomially in k, if the quantum value of the original game is strictly less
than 1. No direct product theorems for quantum communication for a general function had
previously been known. However, a direct product theorem has been shown for the gener-
alized discrepancy method [42], which is a lower bound technique that often characterizes
(multi-round) quantum communication complexity. [5] showed a direct product theorem for
functions whose one-way quantum communication is characterized by VC dimension, and
[36] showed a direct product theorem for symmetric functions.

Combining ideas from Jain, Pereszlényi and Yao [24] and the message compression scheme
from Jain, Radhakrishnan and Sen [30], it is possible to show a strong direct product
theorem for one-way quantum communication under product distributions. To deal with
non-product distributions, we borrow the idea of anchored distributions due to Bavarian,
Vidick and Yuen [4, 3], which allows us to prove a direct product theorem for the worst case
one-way quantum communication complexity of a general function. We make some crucial
changes in the definition of correlation-breaking random variable as used by [4] which help
us use one-sided anchored distribution and simplify their proof. This simplification is in fact
crucial for us to combine the anchored distribution technique with the message compression
argument of [30] in the communication complexity setting. We elaborate further on our proof
techniques in Section 1.2.

Parallel repetition and direct product theorems have a number of applications. For
example, Raz’s parallel repetition theorem [39] can be used to prove the PCP theorem [16];
the [4] parallel repetition theorem was used to prove the recent MIP* = RE result [33].
Sherstov’s direct product theorem for generalized discrepancy was used in [8] to prove a
near-optimal lower bound on the bounded-round quantum communication complexity of set
disjointness. [36] used their direct product theorem to prove time-space tradeoffs for solving
certain problems. We expect our result to have similar applications.

1.1 Our results

Let QL(f) denote that the one-way entanglement-assisted quantum communication complexity
of a relation f, with worst-case error €. Let f* denote k parallel instances of f. Our strong
direct product theorem is as follows.

» Theorem 1. For any relation f CX XY X Z, and any 0 < e,{ < %,
}_(1_6)Q(C5k/log\2|)(fk) =0 (k (§5 ' ;-s-g(f) - 1Og IOg(l/C))) .

Let w*(G) represent the entangled value of a two-player non-local game G, and let G*
denote k parallel instances of G. We call a distribution g on X x Y anchored on one side
with anchoring probability ¢ if one of the following conditions holds:

(i) There exists an z* € X such that ¢(z*) = ¢ and ¢(y|z*) = q(y) for all y € Y,

(ii) There exists a y* € Y such that ¢(y*) = ¢ and g(z|y*) = q(z) for all z € X.
The game will be called anchored on both sides with anchoring probability ¢ if both conditions
hold simultaneously.

Then our parallel repetition theorem is stated as follows.
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» Theorem 2. For a two-player non-local game G = (¢, X x Y, A x B,V) such that q is a
distribution anchored on one side with anchoring probability (,

w*(Gk) = (1 — (1 _ w*(G))E))Q(bg(\ﬁiﬁ\Bl)) .

One can get a game anchored on one side (say the ) side) from a general game in the
following way: in the anchored game, the referee chooses (x,y) from the original probability
distribution, and with probability ¢ replaces y with a new input y*. If Bob’s input is y*,
then the referee accepts any answer from the players. In a game anchored on both sides, the
referee must instead replace x with z* and y with y* independently with probability ¢, and
accept if either Alice’s input is #* or Bob’s input is y*. It is clear that anchoring makes the
game easier. In this light, a parallel repetition theorem for anchoring games can be thought
of as follows: for a general game G, there exists a simple transformation taking it to another
game G such that
1. If w*(G) = 1, then w*(G*) = 1.

2. If w*(G) < 1, then w*(G*) = exp(—Q(k)).
The merit of our result here is that the transformation involved for anchoring on one side
changes the game less than the transformation involved in anchoring it on both sides.

We note that the definition of anchoring used in [4, 3] is more general: instead of single
inputs z*, y*, they consider anchoring sets X* C X and Y* C Y, such that ¢(X*),q(¥V*) > ¢,
and whenever x € X* or y € V*, q(x,y) = q(z)q(y). However, it appears this generalized
definition is not more useful from the perspective of anchoring transformations. While our
technique could go through for the one-sided version of this definition of anchoring, we do
not state or prove it as such for the sake of simplicity.

Unlike in the case of communication, worst-case success probability is usually not con-
sidered for non-local games. But one could define a game Gy, = (X x Y, A x B, V) without
an associated distribution, and the worst-case winning probability w,. over all inputs of this
can be considered. As long as Alice and Bob are allowed to share randomness (which they
are, in the quantum case), Yao’s lemma [45] holds just like in the case of communication,
relating the worst-case winning probability to distributional winning probability. Hence, by
choosing ¢ = (1—wZ (Gwc))/2 and using the same arguments as in the case of communication,
Theorem 2 leads to the following corollary about the worst-case winning probability of any
game.

» Corollary 3. For any two-player non-local game Gy = (X x Y, A x B, V),

wae(Ge) = (1= (1 = w;C(GWC)y)Q(m) _

This is in fact also implied by the result of [4], although it is not explicitly observed by them.

1.2 Proof overview

We describe how to prove the parallel repetition and direct product theorems in the distri-
butional setting first, and we shall later describe how to go from there to the worst case
setting. We use the information theoretic framework for parallel repetition established by [39]
and [19].The broad idea is as follows: for a given relation f C X x )Y x Z, let the one-way
quantum communication required to compute a single copy with constant success be ¢. Now
consider a one-way quantum protocol P for f* which has communication o(ck), in which
we can condition on the success of some ¢ coordinates. If the success probability in these
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t coordinates is already as small as we want, then we are done. Otherwise, we exhibit a
(t + 1)-th coordinate 7, such that conditioned on the success on the ¢ coordinates, the success
of 7 in P is bounded away from 1. This is done by showing that if the success probability in
the ¢ coordinates is not too small, then we can give a protocol P’ for f whose communication
is o(c) and whose success probability is constant — a contradiction.

P’ works by embedding its input into the i-th coordinate of a shared quantum state
representing the final input, output, message and discarded registers of P, conditioned
on the success event in the ¢ coordinates, which we denote by £. Suppose the quantum
state conditioned on &£, when Alice and Bob’s inputs are z; and y; respectively at the i-th
coordinates, is [¢)4,y,. On input (z;,y;) in P’, Alice and Bob will by means of local unitaries

and communication try to get the shared state close to |¢)4,,,, on which Bob can perform a

iYi?
measurement to get an outcome z;. The state [p),,,, is such that the resulting probability
distribution Px,y,z, is the distribution of X;Y;Z; in P conditioned on success. Hence our
proof mainly consists of showing how Alice and Bob can get the shared state close to ) 4,y, -
The proof technique for a parallel repetition theorem is the same, except one cannot, and

need not, use communication to get the shared state |¢),,,, there.

1.2.1 Product distribution parallel repetition

In [24] the following three states are considered: |¢),, which is the superposition of )4y,

over the distribution of Y;, |¢),, which is the superposition over the distribution of X;, and

|) which is the superposition over both. In this setting, X; ... X} are initially in product
with all of Bob’s registers and Y7 ...Y, are in product with all of Alice’s registers. If the
probability of £ is large, then conditioning on it, the following can be shown:

1. By chain rule of mutual information, there is an X; whose mutual information with Bob’s
registers in |¢) is small. Hence by Uhlmann’s theorem, there exist unitaries U,, acting
on Alice’s registers that take |¢) close to |);.

2. Similarly, the mutual information between Y; and Alice’s registers in |p) is small, and
hence there exist unitaries U,, acting on Bob’s registers that take |¢) close to |¢)y,-

3. Since U,, and U, act on disjoint registers, using a commuting argument and the mono-
tonicity of ¢; distance under quantum operations, U,, ® U,, takes |p) close to |¢)z,y;-

Alice and Bob can thus share |¢) as entanglement, and get close to |¢)4,,, by local operations.

1.2.2 Product distribution direct product

It is possible to combine techniques from the product parallel repetition theorem above and
a message compression technique from [30] to give a direct product theorem for one-way
quantum communication complexity under product distributions, and we give a proof outline
here.

If the communication protocol involves a message from Alice to Bob, we cannot then get
the state |¢)a,y, by applying Uhlmann unitaries on both Alice and Bob’s registers: because

of Alice’s message, the dependence of |¢),.,, on x; can be quite large. Instead, we use the

result of [26, 30] to do the transformation from |¢) to |¢),, on Alice’s side via a projector
instead. By [30], as long as |p) is the superposition of |¢),, over the X; distribution, such a
projector II,, always exists and its success probability depends on the mutual information
between X; and Bob’s registers. This success probability is not close to 1, but as long as it
is not too small, Alice and Bob can share multiple copies of |¢) and Alice can perform the
{Il;,, 1 — II,, } measurement on all of them. With high probability, she succeeds on at least

one copy, and her message to Bob is then just the index of the copy she succeeds on.
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Overall, the steps analogous to the parallel repetition proof are as follows:

1. If the message size in P is o(ck) bits, by the chain rule of mutual information, the
information between X; and Bob’s registers is o(c). Hence by [30], there exist projectors
II,, acting on Alice’s registers, which succeed with probability 2-0(¢) on |©), and on
success, take |p) close to |©).,.

2. Since there is no communication from Bob to Alice, by the same argument as in the case
for games, there exist unitaries U,, acting on Bob’s registers, that take |¢) close to |¢),,.

3. By the same commuting argument, conditioned on the success of II,, 11, ® U,, takes
) close to [@ayy,-

Hence there is a communication protocol with prior shared entanglement between Alice and

Bob to obtain a state close to |¢),,,, on inputs (z;,y;): Alice and Bob share 2°(¢) copies of

|@)y+ as entanglement; Alice performs the II,, measurement on all these copies, and succeeds

on at least one copy with high probability. She sends the index of the copy on which she
succeeds to Bob, who performs U,, on the same copy. This protocol has communication

o(c), since that is how many classical bits Alice needs in order to encode the index of the

successful copy out of 2°(¢) copies.

1.2.3 Anchored distribution parallel repetition

[3] in their parallel repetition theorem use anchored distributions, which are non-product
distributions that “look like” product distributions. However, since overall X; ... X} are not
initially in product with Y7 ...Y}%, one needs to use what are known as correlation-breaking
variables. For each i, correlation-breaking variables D;G; are such that conditioned on D;G;,
X, and Y; are independent. In particular, D; is a uniformly distributed bit, and G; takes
values in either X or ) depending on whether D; is 0 or 1, and is highly correlated with
either X; or Y; in the respective cases. This means that conditioned on D; = 0, G; = z*
with probability ©(¢) and conditioned on D; = 1, G; = y* with probability Q(().

1. The mutual information between X; and Bob’s registers in |¢) conditioned on D; = 1 and
G; is small. Further conditioning on G; = y* (which happens with constant probability),
the mutual information between X; and Bob’s registers in |¢),- is small. Hence by
Uhlmann’s theorem, there exist unitaries U,, on Alice’s registers, taking |¢)z«,~ close to
|90>ériy* :

2. Similarly, the mutual information between Y; and Alice’s registers in |¢) conditioning on
D; =0 and G; = z* is small, which means there exist unitaries U,, on Bob’s registers,
taking |¢)z+y= close to |¢)zey, -

3. Using an involved argument, it is possible to show that U,, ® U,, takes |¢)z-y- close to

Alice and Bob can thus share |¢) 4+~ in this case, and get close to |¢)g,,, by local operations.

1.2.4 Anchored distribution direct product

In our direct product proof, since the distribution is anchored on one side, we use correlation-
breaking variables that are identical to those in [3] in the D; = 1 case, but in the D; =0
we consider a simpler distribution where G; is perfectly correlated with X;. Here we also
clarify what we mean by G; and Y; being highly correlated when D; = 1: if G; = y*, then
Y; is always y*; but if G; = y; for y; # y*, then Y; still takes value y* with probability
Q(¢), and is y; otherwise. The distribution of X; conditioned on G; = y* is the marginal
distribution of X;, while conditioned on y;, it is the same as the distribution of X; conditioned
on Y; = y; (potentially different from the marginal distribution of X;). Our use of these
correlation-breaking variables is quite different from that in [3], however.
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1. If the message size is o(ck), the mutual information between X; and Bob’s registers in
l¢) is o(c), conditioned on D; = 1,G; = y*. Since the distribution is anchored on Bob’s
side, this means that the mutual information between X; and Bob’s registers in |p),« is
o(c). By [30], there exist projectors II,, acting on Alice’s registers, which succeed with
probability 27°(¢) on |©)y=, and on success take it close to |¢)z,y=-

2. The mutual information between Y; and Alice’s registers conditioned on D; = 1,G; # y*
is small. For each value of G; # y*, there exist only two possible values of Y;: y; and y*,
and hence Alice’s registers in |p),, and |¢),~ must be close on average. By Uhlmann’s
theorem, there exist unitaries U,, acting on Bob’s registers, taking |p),+ close to |¢),,.

3. Since the marginal distribution of X; conditioned on G; = y; is approximately the same
as the marginal distribution of X; conditioned on Y; = y;, we can show by the same
commuting argument that conditioned on success of II,,, II;, ® U,, takes |p),- close to

Hence there is a communication protocol with prior shared entanglement which allows Alice

and Bob to obtain a state close to )4,y as a shared state on input (z;,y;): this works just

like the communication protocol for the product case, except the initial shared entanglement
is 2°(¢) copies of |©)y~ instead. We note that our step 3 above is the simpler argument used
in [24] and the product distribution direct product, instead of the more involved technique

from [4].

1.2.5 Simplified anchored distribution parallel repetition

Our anchored distribution parallel repetition proof is the same as the anchored direct product
proof, except no communication is necessary, since there was no communication in the original
protocol. Instead of a projector on Alice’s registers taking |p),+ close to |¢)z,y-, in this case
we will have a unitary U,, doing it. We can argue identically to the direct product proof
that there exist U,, taking |¢),~ close to |¢),,, and U,, ® U, takes |@)y« close to |¢)z,y,-

Our simplification of the techniques [4] is crucial to our direct product proof: we need to
use the commuting argument from [30, 24] in order to make use of the message compression
scheme. It is not clear whether the involved argument in [4] for the existence of U,, ® V,,
that takes |p)g+y+ t0 |©)g,y, can work when there needs to be a projector rather than a
unitary on Alice’s side.

1.2.6 From anchored distribution to worst case direct product

The above argument proves a direct product theorem for the distributional one-way quantum
communication complexity of under anchored distributions. However, what we are actually
interested in is a direct product theorem for the worst case one-way quantum communication
complexity. To get this for a relation f, we consider the distribution under which the
distributional communication complexity is equal to the worst case communication complexity
of f — this is guaranteed to exist by Yao’s lemma. We do an anchoring transformation on f
with this distributon to get f with an anchored distribution. Note that it is fine if we can lower
bound the distributional communication complexity of f* with success probability (1—¢)2®)
under an anchored distribution by k times the worst case communication complexity of f with
success probability 6. This is because f* is harder than f*, and the worst case communication
complexity of f¥ is lower bounded by its distributional communication complexity under
any distribution. By the argument described above, we can lower bound the distributional
communication complexity of f* under the k-tensored anchored distribution with success
probability (1 —&)®*) by k times the distributional communication complexity of f under
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the anchored distribution. Now it is easy to go from a distributional protocol for f under
the anchored distribution to a protocol for f under the original hard distribution decreasing
the success probability by only O((), since the anchoring transformation only disturbs the
original distribution by this amount.

2 Preliminaries

2.1 Probability theory

We shall denote the probability distribution of a random variable X on some set X by Px.
For any event £ on X, the distribution of X conditioned on £ will be denoted by Px|s. For
joint random variables XY, Px|y—,(z) is the conditional distribution of X given Y = y;
when it is clear from context which variable’s value is being conditioned on, we shall often
shorten this to Px|,. We shall use Pxy Pz x to refer to the distribution

(PxyPzx)(x,y,2) = Pxy(z,y) - Pz x=z(2).

For two distributions Px and Px/ on the same set X, the ¢; distance between them is defined
as

IPx = Px/li =) |Px(2) — Px/(2)|.
reX

» Fact 4. For joint distributions Pxy and Px/y: on the same sets,
IPx —Px/|l1 < ||Pxy — Pxy|li.

» Fact 5. For two distributions Px and Px/ on the same set and an event £ on the set,
1
IPx (&) = Px (€)] < 5lIPx — Pxrllr.

» Fact 6. For two distributions Px and Px/ on the same set, and any joint distribution
Pxx/ whose marginals are Px and Px/ respectively, we have

IPx —Px/lli <2Pxx/(X # X').

» Fact 7. Suppose probability distributions Px,Px satisfy |Px — Px/|l1 < e, and an event
E satisfies Px(E) > a, where a > . Then,

2e
IPxie = Pxrjelli < —.
[0

Proof. From Fact 5, a — /2 < Px/(€) < a + ¢/2. By definition, there exists an event &’
such that Q(Px‘g(é‘/) — erlg(gl)) = ||PX|5 — PX'\E”l- 1\IOW7 PX(E /\5,) = PX(S)P)qg(g/) Z
aPxg(&'). Similarly, Px/(EAE) < (a+¢/2)Px/e(E) < aPxne(E) + 3|Px — Px|l1.
Now,
[Px —Px/[l1 2 2(Px(EAE) —Px(ENE))
> 2a(Pxe(€') = Pxe(€') = [Px — Px|x

> a|lPxie —Pxrellh = [IPx —Px/|l1

which gives the required result. |



R. Jain and S. Kundu

» Fact 8 ([3], Lemma 16). Suppose XY Z are random variables satisfying Pxy (z,y*) =
a-Px(x) for all . Then,

2
Pxvz— 1S IPxyz — PxvyPzx]; -

» Corollary 9. Supose Pxy and Px/y:z are distributions such that Px (z,y*) = a - Px(z)
for all x. Then,

IPx/z/y» = Pxrzi]l1 < E”PX’Y’Z’ —PxyPz x|

Proof. Let HPX’Y’Z’ — PXYPZ’|X’||1 = ¢. Note that

2e
<7
«

HPXIU PX’

by Fact 7. Let Pxyz~ denote the distribution Pxy Pz x/y.
IPx'z —Pxzv[1 = Z Px/(z Z Py (Y)P 2/ |2y (2 Z Py 12(¥)P 212y (2)

<Z|PX’ PY'\z) Px(2)Pys(y ‘PZ’\ry)

z,Y,2

=|Px/y' —Pxyl1 <e.

IPxvzr —PxyPzixli < [[Pxyzr —Pxiyizlli + [|[Pxryiz — PxyPzxi|1
+[IPxyPzx — PxyPzr x|
=||Pxy = Pxy/[l1 + [[Pxv'ze = PxyPz x/[l1
+ Z Pxy (z,9)[IPz/e — Pzl

< 2€+ZPX Z|PY|x PY’lw(y”PZ/IIy(Z)
<25+Z‘PX Py‘z( ) PX’(x)PY’lz(y)‘

+ Z \PX' (z) = Px(z)[Py/(v)

<24 2||Pxy — Pxry/|1 < 4e.
Combining all this,

HPX’Z’\y* — PX’Z’”l < ||PX/Z/|y* — PXZ”|y*H1 + przu‘y* — PXZ”H1 + HPXZ” — PX/Z/HI
< ||PXIy* — Px/jy« |1 + [IPxzrys = Pxzr|i +||Pxzr —Pxiz|la

2e
< = + *HPXYZ’/ —PxyPzix|i+e

N % peolle
e «
where we have used Lemma 8 in the third inequality. |

» Fact 10 ([19], Corollary 6). Let Pry,..v,v = PrPu,rPu,r-..Pu,rPviru,..u, be a
probability distribution over T x U¥ x V, and let € be any event. Then,

k
1
Z HPTU7‘,V|5 — PTV|5PU1,|T||1 < \/k (log(ﬂ/) + IOg <PI‘[5])>

i=1
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» Definition 11 ([19]). For two distributions Pxy and Pxry/sr, we say (X,Y) is (1 —¢)-
embeddable in (X'S,Y'T) if there exists a random variable R on a set R independent of XY
and functions fa : X xR — S and fg:Y X R = T, such that

IPxy fa(x,R)f5(x,R) — Pxvrsr|i < e

» Fact 12 ([19, 25]). If two distributions Pxy and Px:y:'g satisfy
IPxv'r — PxyPrix/|l1 <€ IPxy'r — PxyPriy:[1 <,

then (X,Y) is (1 — 5¢)-embeddable in (X'R',Y'R').1

2.2 Quantum information

The ¢, distance between two quantum states p and o is given by
o —ollL="Tr\/(p—0)i(p—0)=Tr|p— ol

The fidelity between two quantum states is given by
Flp.o) = lvpVol.

{1 distance and fidelity are related in the following way.

» Fact 13 (Fuchs-van de Graaf inequality). For any pair of quantum states p and o,
2(1=F(p,0)) < llp—ol1 £2y/1—F(p,0)>

For two pure states |¢) and |¢), we have

)| = 192 {8l = \/1 = F ()01 [8)(@)* = VI [({W9)[>-

» Fact 14 (Uhlmann’s theorem). Suppose p and o are mized states on register X which are
purified to |p) and |o) on registers XY, then it holds that

F(p, ) = max| (pl1x @ Ulo)
where the mazximization is over unitaries acting only on register Y .

» Fact 15 (Data-processing inequality). For a quantum channel £ and states p and o,
[E(p) =E(@)l1 < llp—olli  and  F(E(p),E(0)) = F(p,0).
The entropy of a quantum state p on a register Z is given by

S(p) = —Tr(plogp).

The relative entropy between two states p and ¢ of the same dimensions is given by

S(pllo) = Tr(plog p) — Tr(plog o).

L This fact is equivalent to Lemma 2.11 in [25], although this lemma is stated in terms of relative entropies
instead of trace distances between the various distributions. In the proof of the lemma, the relative
entropies are converted to the same trace distances as we consider, using Pinsker’s inequality. This
justifies our statement of the fact, which is tailored towards our application.
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The relative min-entropy between p and o is defined as
Seo(pllo) = min{\ : p < 2%}

It is easy to see that S(p||o) and Se(p||o) only take finite values when the support of p is
contained in the support of o. Moreover, clearly 0 < S(p|lo) < Seo(p||o) for all p and o.
The e-smooth relative min-entropy between p and o is defined as

S(pllo) = S(p'llo)-

in
p'llp—p’ll1<e

S¢.(pllo) can take a finite value even if the support of p is not contained in the support of o,
for example if p is e-close to a state contained within the support of 0. So(p||o) cannot be
upper bounded by S(p||o), but S5 (p|lo) can be, due to the Quantum Substate Theorem.

» Fact 16 (Quantum Substate Theorem, [31, 23]). For any two states p and o such that the
support of p is contained in the support of o, and any € > 0,

sz (pllo) < 21D 14 (1_1/4) .

22
» Fact 17 (Pinsker's Inequality). For any two states p and o, ||p — o1 < /S(p|lo).

» Fact 18. If o =cp+ (1 —¢)p/, then Suo(p|lo) < log(l/e).

» Fact 19. For any three quantum states p, o, such that supp(p) C supp(p) C supp(o),

Soo(pll0) < Seo(pll) + Sec(#l|0)-
» Fact 20. For any unitary U, Soo(UpUT||[UcUT) = S (pl|o).

A state of the form

pxy =y Px(@)|z)(z]x © py

is called a CQ (classical-quantum) state, with X being the classical register and Y being
quantum. We shall use X to refer to both the classical register and the classical random
variable with the associated distribution. As in the classical case, here we are using py|,
to denote the state of the register Y conditioned on X = x, or in other words the state of
the register Y when a measurement is done on the X register and the outcome is x. Hence
Pxy|z = |T){z|x ® py|,- When the registers are clear from context we shall often write
simply p.

The mutual information between Y and Z with respect to a state p on Y Z is defined as

(Y : Z), = S(py zllpy ® pz).

The conditional mutual information between Y and Z conditioned on a classical register X,
is defined as

(Y : Z|X) = gE Y :2),,]
X
Mutual information can be seen to satisty the chain rule

(XY :2),=(X:2),+ (Y : Z|X),.

27:11
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» Fact 21 ([6], Lemma B.7). For any quantum state py z,
inf Soo (py zllpy ® 02) < 2min{log |V, log |2}
» Fact 22. For CQ states
PXY —ZPX Nz} (zlx @ pye oxy —ZPX’ )|z)(z|x @ oya,

their relative entropy is given by
S(pxylloxy) =S(Px|[Px/) + E[S(waﬂawx)}-
» Fact 23. Suppose oxyz and pxyz are CQ states defined as follows

oxvz =Y Pxv(@ )@y ®oze,  pxvz= Y Pxv(@,9)|z, )@yl ® 070y,

T,y z,y

where ||Pxy — Pxyr||1 < 9. Let (Y : Z|X), < c¢. Then, for any 0 <e < %

de+1 0
Plel <SZO(0'ZszZ|I) > 53 ) §€+§

Proof. We have Ep ., [S(0z|zylloz)2)] = I(Y : Z|X), < c¢. By Markov’s inequality, this
means that
c
Pxy (S(ozmlloz,) > <) <e.
Using the Quantum Substate Theorem, this implies
- 4e+1 - 4c 1
PXY <SOO(O'Z,;yUZ|$) > 3 ) < PXY <Soo(0'Za;y|UZ|ac) > ? +1og <1_€2/4>) <e.

Since ||Pxy — Px/y/|l1 < 4, this gives us the required bound of the probability under
PX/Y/, R |

» Fact 24 (Quantum Raz's Lemma, [3]). Let pxy and oxy be two CQ states with X =
Xy ... Xy being classical, and o being product across all registers. Then,
k
D oIXi Y), < Spxy loxy).
i=1
» Fact 25 ([29], Lemma 2). Suppose the state

O)x%ap = Z VPx(2)|2z) x ¢l0) aBla

satisfies Px (S5, (0B|zlloB) > ¢) < 0 for some § > 0. Then there is a family of measurement
operators {11}, acting only on X X A such that:
(i) Each L, succeeds with probability o = 27/% on |0) x g ap, i-€-, |[Tx @ 1p|o)||3 = 279,
(ii) (II; @ 1p)|o){(c|(Il, ® 1) is of the form |xx){(zx| ® p., for some state p, on AB, and

1

E ||~ (L ® 1p)|o)(0|xxap (e ® 1) — |z2)(22]x % @ |0)(0]aBI0

Px

< e+ 2.
1

The version of the above fact stated here is slightly different from the original statement in
[29], in order to suit our application. In the original statement, (X : B), is used instead,
and the superposition state lacks the X register. However, in the proof of the fact in [29],
I(X : B)y is converted to Px (S5 (0pzllop) > c) anyway, so the first change makes no
difference. The second change also makes no difference as the same projector that takes the
superposition state without the X register to |2)(z| ® |0){(o|ap|, takes the superposition
state with the X register to |zz)(zz| ® [0)(0|aB|e-



R. Jain and S. Kundu

2.3 Quantum communication & entangled games

We briefly describe a quantum communication protocol P for computing a relation f C
X x Y x Z, between two parties Alice and Bob sharing prior entanglement, with inputs z
and y respectively.

In each round, either Alice or Bob will apply a unitary on their classical input register,
along with the quantum register they received as a message from the other party in the last
round, and memory registers they may have kept from previous rounds; after the unitary
they will keep some registers as memory and send the rest to the other party as the message
for that round. We can always assume that players make “safe” copies of their inputs using
CNOT gates in such protocols, so that the input registers come out as is after each round.
We also note that though in general we need not consider shared classical randomness in
quantum communication protocols, protocols with shared randomness fall under the shared
entanglement framework we have described. This is because shared randomness can be
obtained by sharing entanglement and then both parties measuring in the same basis.

In a one-way, i.e., a single round protocol, the memory from previous rounds is replaced
by Alice’s (who we consider to be sending the single message) part of the shared entangled
state, and any register she does not send as a message is simply discarded. After Alice’s
message, Bob performs a projective measurement on his input register, his part of the shared
entanglement, and Alice’s message, and gives the outcome of this measurement as the output
of the protocol, which we shall denote by P(z,y). We can of course think of this measurement
as Bob performing a unitary on the three registers, and then doing a measurement in the
computational basis on some log|Z| qubits which are designated for the output.

» Definition 26. The one-way entanglement-assisted quantum communication complexity,
with error 0 < & < 1, of a relation f C X xY x Z, denoted by QL(f), is the minimum message
size, i.e., number of qubits sent, in a one-way entanglement-assisted quantum protocol P
such that for all (z,y) € X x Y,

Pr[P(z,y) € f(z.y)] 21—k,
where the probability is taken over the inherent randomness in the protocol.

» Definition 27. For a probability distribution p on X x Y, the distributional one-way
entanglement-assisted quantum communication complexity of a relation f C X x Y X Z, with
error 0 < € < 1 with respect to p, is defined as the minimum message size of a one-way
entanglement-assisted quantum protocol P such that

PI‘['P(JU’y) € f(1'7y)] Z 1- g,
where the probability is taken over the distribution p on (x,y) as well as the inherent
randommness in the protocol.

» Fact 28 (Yao's lemma, [45]). For any 0 < & < 1, and any relation f, QL(f) = max, Q, .(f).
A two-player non-local game G is described as (¢, X x Y, Ax B, V) where ¢ is a distribution

over the input set X' x Y, Ax B is the output set, and V : X x Y x Ax B — {0, 1} is a predicate.

It is played as follows: a referee selects inputs (x,y) according to ¢, sends z to Alice and y
to Bob. If Alice and Bob are allowed to share entanglement, they perform measurements on
their respective halves of the entangled state along with their respective input registers (which
we model as performing unitaries and then measuring in the computational basis on some
log | A| and log |B| qubits designated for outputs respectively), and send their outputs (a, b)
back to the referee. The referee accepts and Alice and Bob win the game iff V(z,y,a,b) = 1.

» Definition 29. The entangled value of a game G = (¢, X x Y, Ax B,V), denoted by w*(G),
is the maximum winning probability of Alice and Bob, averaged over the distribution q as
well as inherent randomness in the strategy, over all shared entanglement strategies for G.
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3 Proof of direct product theorem

In this section, we prove Theorem 1, whose statement we recall below.

» Theorem 1. For any relation f CX x Y X Z, and any 0 < e,{ < %,
}_(1_8)Q((6k/log\2|)(fk) =Q (k (Cs : ;+((f) - IOg IOg(l/C))) .

3.1 Setup

Let p be the hard distribution on X x Y for Q;Hx(f) from Yao’s lemma, i.e., Q;HQC(f) =

Q;Hl%(f). Consider the relation f € X x () U {y*}) x Z which is the same as f on
X x Y x Z and additionally,
(z,y%,2) € f Yo e X, Vz € 2.

We can think of p as a distribution on X x (Y U {y*}) as well, which has p(y*) = 0. Clearly,

zlm(f) = ;,v(f) (1)
for any error -, since p has no support on the extra inputs on which f is defined. We also
note that

QL) = QL) (2)

for any ~. This is because any protocol for f* is also a protocol for f¥: on the indices where
Bob’s input is y* instead of an element of ), he pretends he has gotten an input from ),
runs the protocol with this input and gives the answer accordingly. This gives a correct
output if the original protocol gives a correct output, since any output is correct when Bob’s

input in y*.

For a distribution ¢ related to p, we shall show that

= Ck = 24

Q;k,lf(lfg)mc%/log\zn(fk) 2 60 zlz,s+12<(f) — kloglog 5C)° 3)
Since Q,ly(fk) > Q;k 'y(fk)’ (1), (2) and (3) imply the theorem. The distribution ¢ is defined
as follows

q(z,y") = ¢-p(z) Vo e X.
Clearly, q(x,y*) = q(x)q(y*) for all x, and

Following [3], for each i € [k], we shall define a joint distribution Px,y,p,q,, where the
marginal on X;Y; is ¢(z,y), and D;G; are correlation-breaking variables such that conditioned
on D;G; = d;g;, X; and Y; are independent. Each X;Y;D;G; is distributed independently of
the rest. Each D; is distributed uniformly in {0,1}. Depending on the value of D;, G; is
distributed in the following way:

x  w.p. p(z) ifD; =0
Gi=<{ y* wp 1-(1-0* ifD;=1
y wp (1=0*3-p(y) ifD;=1
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Now depending on the value of D;G;, X;Y; is distributed in the following way:

(z,y*) w.p. ¢ iftD; =0,G; =x
(z,y)  w.p. (1-=¢) pylr) if D, =0,G; =z
XiYi=4q (z,y*) w.p. p() ifD; =1,G; =y*
(x,y*) wp. (1-1—=0Y3) plaly) ifD;=1,G;=y
(x,y)  w.p. (1—OY3 plaly) if D; =1,G; =y.

The following lemma is similar to Claim 18 from [3]; we provide a proof for completeness.
» Lemma 30. For all (z,y) € X x (Y U{y*}), Px,v,(z,y) = q(z,v).

Proof. It is trivial to see that Pq,y; p,—0(%,%) = Px,v;|p,=0(2,y) = q(x,y), since G; = X
conditioned on D; = 0. We now prove the D; = 1 case. First consider a y € ). Y; can only
take value y if G; takes value y. Hence,

Px.v;p;=1(7,y) = Pa,ip:=1(¥) - Px,vi|Di=1,G0=y (2, Y)
= (1=0*2p(y) - (1 =) *p(zly)

On the other hand, Y; can take value y* when G; = y* or when G; = y for any y € ). Hence,

PXiYilDz:l(x?y*) = PGi‘D'izl(y*) : PX@'Yi‘Di:LGi:?]* (Ivy*)

+ Z PGz‘|Di:1(y) . PXiYiIDi:LGi:y(I’y*)
yey
=(1-0=0") p@)+1 =" (1-1-0"")Y p@)-plely)
yey
=(1-01-0"%) p)+ (1-0*"-1-0) pl)
=(-p(x) = q(z,y"). <

In particular the lemma means Px,y, (z,y*) = Px, (2)Py; (y*). We also note
Pr.gip=1(Yi # Gi) = (1= QP (1= (1= Q) <1-2(/3 -1+ (= (/3. (5)

Let P be any quantum one-way protocol between Alice and Bob, for f* C X* x Yu
{y*})* x Z*, which has communication cost ck. P is depicted in Figure 1. Alice and Bob’s
inputs are in registers X = X;... X and Y =Y7...Y%, and they share an entangled pure
state uncorrelated with the inputs on registers EAEB, with Alice holding E* and Bob
holding EB. Alice applies a unitary V2 on XE*, to get the message register M, and the
register A to be discarded. We shall use [0) opsg5|, to refer to the pure state in AME® in
the protocol after Alice’s unitary, for inputs xy (|f), only depends on y via z). When Alice
and Bob’s inputs are distributed according to P xy, the state of the protocol after Alice’s
message, will be given by the following CQ state:

Oxyamee = Z Pxy (zy)|zy) (zylxy @ |0)(0]arren)e-

zy

We shall also consider the following purification of it, with the purifying registers X and Y:

0) x Xy v amEs = Z V PXY<xy)|xxyy>XXYY|9>AMEB|;E~
Ty
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After receiving Alice’s message, Bob applies a unitary VB to YMEB, after which M EP gets
converted to BZ, where Z = Z; ... Zj, are the answer registers. We shall use |p) x sy v anz
to refer to |0) y vy v 4 e after VB, We shall use Pxy pgz to refer to the joint distribution
where XY DG are as previously defined; Z is independent of DG given XY, and the
conditional distribution of Z given XY is what is obtained by measuring the Z register in
the computational basis in |p).

Y i Ly
EP i Ve —Z
| — B
VM !
EA : !
VA i A
X § ; X
0 p

Figure 1 One-way quantum protocol P.

3.2 Proof of Theorem 1

We shall show that if the communication cost ck of P is < % QL (f)—kloglog(24/5¢),

p,e+12¢
Q(¢°k/ log | Z])

then the success probability of P is (1 — ¢) This is implied by the following

claim, which the rest of the proof will show.

6 6 .
» Lemma 31. Let § = m and §' = Wlog\ﬂ' For i € [k], let T; be the random

variable which takes value 1 if P computes f(X;,Y;) correctly, and value 0 otherwise. If
the communication cost of P is < % : ;75+12<(f) — kloglog(24/5¢), then there exist |§'k]
coordinates {iy,...,i55} C [k], such that for all 1 < r < [§'k] — 1, at least one of the
following two conditions holds

(i) Pr {H;Zl T;, = 1} < (1—¢g)o

(ii) Pr [Tw - 1‘H§=1 T, = 1} <1-e.
Lemma 31 can be proved inductively. Suppose we have already identified 1 < t < |0'k]
coordinates in C' = {i1,...4:}, such that forall 1 <r <¢—1, Pr [Tirﬂ =1] H§:1 T, =1] <
1 — . Let & refer to the event [[,.7; = 1. If Pr[€] < (1 — €)°%, then we are already
done. If not, then we shall show how to identify the (¢ + 1)-th coordinate ¢ such that
Pr[T; = 1|€] < 1 —e. The process of identifying the first coordinate is also similar, except in
that case the conditioning event is empty. Since we only use the lower bound (1 — €)°* on
the probability of the conditioning event in our proof, the proof goes through for that case
as well.

We shall use the state |¢), which is |p) y vy v 45z conditioned on &, for the proof of

Lemma 31. For any value DG = dg, ) x xyy apz|ay 1S defined as:
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1 N
|<P>X5(YYABZ|dg = 7\/77 E vV Pxviag(zy)|z2yy) x 277 @ E |ZC>ZC‘<P>ABZC—|zyzC-
9
zy

zoi(zo,ye,zo)EF

Here [§)yyzc is a subnormalized state with [||3) apzajayzcll3 = Pzojay(2c). The overall
normalization factor 744 is the probability of £ conditioned on dg, and satisfies

Y Ppa(dg) - vag = Prl€].

dg

It is clear that the distribution of XY'Z in [¢) x ¢yy a5 7|y 18 Pxvz|e,dg- Note that we are
using the notation |¢)q4, without explicitly considering registers DG on which a measurement
is done to obtain |p)q,. We shall also sometimes use |¢)q_,4_, in which the zy distributions
are conditioned on d_;g_; instead, which changes the normalization factor to some vq_,4_,,
everything else remaining the same. ¢,,,,4_,4_, refers as usual to the state obtained when
a measurement done on the X;Y; registers (which are actually present in |¢)) in |p)g .4 .-

For i ¢ C, we shall use the states 9) X o X oY Vo ABZ oo in our proof, which

iYiTcyczod—ig—i
we note are pure states.

Lemma 31 will be proved with the help of the following lemma, whose proof we give later.

» Lemma 32. If Pr[£] > (1 — €)%, then there exist a coordinate i € C, a random variable
R; = XcYeZcD—iG_; and for each R; = r; a state |©') x _x_ v.v,ABzglyr; Such that the
following conditions hold:

) IPxivirie = PxviPrisoxlln < £
(ii)) IPx,virile — Px.v.Prijev. I < 155-

(iii) There exist projectors {Il,,,, }u.r, acting only on registers X XsA and unitaries
{Uy,r; byirs acting only on YaYsBZs, such that each I, succeeds on |¢'),, with

probability o = 27" where ¢’ < %, and
1
E o i, @ U, "Ti)‘¢l><¢l y*r; (I, ® Uzjin) =) <90|xiyim < 21¢.
Px;vir;le || O )

Proof of Lemma 31. We give a one-way quantum protocol P’ for f, whose inputs are
distributed according to Px,y;, i.e., ¢, by embedding Alice and Bob’s inputs into the i-th
coordinate of |¢),y,r,, as follows:
Alice and Bob have r according to the distribution required by Fact 12 as shared
randomness, and 260¢/<” 1og(24/5¢) copies of |¢’ )y=r; as shared entanglement, with Alice
holding registers X @f( &A and Bob holding registers Y@}N’@BZ@ of each copy.
On input (z;,y;) from Px,y,, using items (i), (ii) of Lemma 32, their shared randomness,
and the protocol from Fact 12, Alice and Bob generate random variables R* RP such that

IS
IPx,virare = Pxiviremijelh < 5

where R; R; denotes two perfectly correlated copies of R; in Px,y,r,r,e-
Alice applies the {II, 4,1 —II, .1} measurement according to her input and R;* on her

TiT)

registers for each copy of the shared entangled state. If the II, ,a measurement does not
succeed on any copy, then she aborts. Otherwise, she sends to Bob a (% +loglog(24/5¢))-
bit message indicating an index where II, ,» measurement succeeded.

i
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Bob applies the unitary inr? according to his input and RP on the copy of the shared
entangled state whose index Alice has sent, and measures the Z; register of the resulting
state to give his output.

To analyze the success of this protocol, first note that

o E  Pr[Result of Z; measurement on |) ., € f(zi,v:)] = Pr[T; = 1|€].
X;Y;R;|E
Let us first assume Alice and Bob have (xl,yl, r, rB) distributed exactly according to
Px.v,Rr,r;|¢ — we shall denote both 72 and 72 by ; in this case. Alice aborts the protocol if
none of her measurements succeed. This happens with probability

. _5¢
1-9 200¢/¢% 16g(24/5¢)
( ) - 24
If Alice does not abort, then Alice and Bob’s state after Bob’s unitary is TH’” r ®
Uy,r;1¢")y=r; - From (iii), the expected probability of the Z; measurement on this state giving
an answer € f(x;,;) is at least Pr[T; = 1|&] — 21(. Hence, if Alice and Bob had (z;, y;, 7, )
distributed according to Px,y, g, r,|e, then their expected success probability would have
been at least Pr[T; = 1|€] — 214 5< Since Alice and Bob have (x;, y;, 7, rP) according to
Px.y,rarp instead, their expected success probability is at least
21¢  5¢ T¢

Pr[T = 1|€] = = — 5r — 52 > Pr{T; = 1]€] - 11¢.

Since ||g(z,y) — p(z,y)||1 < 2¢, when the same protocol is run on X;Y; distributed according
to p instead, it must succeed with probability at least Pr[T; = 1|5] — 12¢. Since the

communication in P’ is at most (GC%C + loglog(24/5¢)) < Qp s+12<(f) Pr[T;=1€]>1—¢
gives the error probability of P’ to be < e + 12¢, which is a contradiction. Hence we must
have Pr[T; = 1|€] <1 — e. The desired result thus follows by setting i,41 = 1. <

3.3 Proof of Lemma 32

First we shall show that on expectation over i € C, a number of probability distributions
conditioned on £ are close to those unconditioned on £. Applying Fact 10 with 7" and V
being trivial and U; = X,;Y;D;G; for i € C, we get,

ﬁ\/kdog((lfe)*‘sk) < V2. (6)

E |IPx,v,p,c, 1 —
iceC

In particular, due to (5), this means
_gé Py.cije.pi—1(Yi = Gi) > 1 (/3 - V24. (7)
And since PGi|Di:1(y*) =1-(1- 4)2/3, PmDi:LGi:yi (y)) =(1- C)1/3 for y; € Y, we have

(+V20 21-(1-Q**+V20 = E Paijep=1(y”) 2 1-(1-0*" =20 2 2(/3-V25 (8)
i€

(1*§+\/%) E Pciiep,=1(yi) = E Pyic,je,00=1 (Wi 4i) = (1—C—V28) E Pg,e.p,—1(y:). (9)
ieC ieC ieC

Fact 10 can agaln be applied with U; = X;Y;, T = X¢YeDG and V = Zg. Let 6 =
d+dlog|Z| = 720000 Then we have,

V201 > éEé IPx.v,xcvezeDale — PxovezepalePx,vilxevepalli
K2
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= E [IPx,v,xcvezenale — PxevezopaiePx,vipia:llh

ieC

= E |IPx,v;p.¢;rij¢ = PpiciriePx.viipics (10)

i€C

We note that D; takes value uniformly in {0, 1} even conditioned on €. Hence from (10),

g IPx,v,c.Rile,0i=0 — P&, Rie,Di=0P x,vi|Gi,Di=0ll1

<

E_ |IPx,v;r;le — Px.r:ePvix, It
S

N

where we have used the fact that X; = G; conditioned on D; = 0. Combining this with the
fact that E;.s [[Px,je — Px, |1 < V20, we have,

7 3
E [Px.yinie ~ PxoyPrexlh < 3v20 < oo (1)
ieC 600
Due to Corollary 9 we also have from (11),
3326
,géHPXiRHS,y* —Pxirelh < c - (12)

Let F; denote the event Y; = G;. We know E;.s Px,v,¢,|p,=1(Fi) > 1 — (/3 — V20, from
(7). Hence, using Fact 7,

A IPx,viri1e = Pyir,|ePx,v: It

1€

=E IPx.viG:Rrile.Di=1.7: — Pa,Rije.D,=1,7Px,vi|c.p, =17 1

1€

<6 E@ IPx,viDRile, D=1 = PGiRije,0:=1P X, vi |G py=1]l1 < 61/261.
(3

Using ;. [|Py,je — Py; |l < V26, we have as before,

s

600" (13)

E Pxyime ~PxoviPrisy i < 7v/20 =

Next we shall show the existence of projectors II,,,, which take |¢’)y«,, (which will be
defined soon) close to |) g, y=r,. Since M is ck qubits, by Fact 21, for any value DG = dg,
there exists some state o4y such that

Soo(Oxyy B magllfxyy ER|ag © Ormiag) < 2¢k.
By Fact 20 we have,
S ; IVE(Oyys ® VB < 2¢k
oo \Pxy ¥ BZ|dg XYYEB|dg © TM|dg S 2Cr.
Let ¥x_ v, v.5200dg = 1026 (VP (OxyEBlag ® Oulecycag)(VP)T). Note that Oxyype g, @
Oaldo 1S product across X and the other registers, and VB does not act on X. Hence
ldg

VX, Y,TVsBZs|dg 1S als0 product across X and the other registers, and moreover, all the X-s
are in product with each other as well. We have,

Soo (pXYf/BZé\dgwayf/Bdeg) < 2ck.
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Using Facts 22 and 19, this gives us

E

S . :
Pxcyezepale [ (pXéYC‘YC‘BZC"IcyCZCdg”wXéYéYéBZé\IC?chQ

< B[ (evan, vzcin)]
T ‘PXYYBZC\szg”wXYYBZCug

< E

> Soo (90 % H’(/J % ):|
XYYBZg d XYY BZg|d
PZC B |: clzcdg cldg

< P E {Soo (‘PXYY/BZ@\zcdgHQPXYY/BZ@mg)
ZoDGlE

+ S« (‘PXYYBZ@\dgHPXY?BZC—mg) + S (pXYYBZé\dgHwXY?BZ@Mg)]
< E [log(1/Pyeje(zc)) +log(L/ Prle]) + 2ck]
ZoDGIE
< |Cllog|Z| + 6k + 2¢ck < (81 + 2¢)k.

By Quantum Raz’s Lemma,

dc+20; > E E (X : YaYsBZg)

i€CPxcyozopaole Pecvczcds
=E _E I(X;:YeYeBZg)g,,..,
e’ PDiGiR”g i9iTq
1 § .
> E SPaijen=1(y") E (X s YeYeBZa)e, ,-1.6,-0
ieC 2 Prijle.D;=1.0;=y* v v
1 .
> E =(2¢/3 — V/26) E (Xi:YeYaBZa) o, bt (14)
ieC 2 PR, &,D;—1,G;=y* :D;=1,G;=y

where we have used (8) in the last inequality.

Note that PX R Yo Vo ABZg|wirs, Di=1,Gi—y* 1S the same state as PX X aYaVaABZa |y re
where the value of Y; is being conditioned on, instead of G;. |¢)r, p,=1,G,=y+ is the super-
position over X; of |0)z,r, D,=1,¢,=y+, With the X; distribution being Px, ¢ . p,=1,Gi=y*-
The only difference between |¢)y«r, and |@)r, p,=1,G,=y+ is the X; distribution, which in the
former is Px,|¢ +r, instead. We shall refer to )., p,—1,G,=y+ as simply |©),, 1,4+ as now on —
note that there is no ambiguity between this and |¢),-,,. The same goes for the distributions

PX,;R¢|€,1,y* and PX¢R71|£,y* .
Px;|1,y is the same distribution as Px;|,~ and Pg, g », 1,4+ is the same distribution as
PR,|&,2.y for any z;. Hence,

E_|IPx,r 60 — Px,rijg 1+l < E [IPx,Rs 2,5 — PxilyPrije,xsp 111
ieC ieC

1]
- IPx.r;je — Px,Prije.x.Ili  [IPx,e —Px,
= ieC 2(/3 — /20 20/3 — /26
7v/201
¢

where we have used (8) in the second inequality. Using the above computation and (12),
we get,

HI(Px; 1,5+ — Pxije1,9+ )PRije, X100

1

<

4020,
-

E IPx,rije — Pxirije 1,y l1 <
eC
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Let

X@X@Y@YéABZé|xiy*Ti’

|¢/>X6X6YéYéABZé|y*ri = Z \/ PXi‘g,Ti @)
T

ie., [¢')y+r, is the same state as |@)y«,, except that the distribution of distribution of X, is
unconditioned on Y; = y*. From (14) and Fact 23, we then have that,

28(2c 4 1) + 1 201/26,
E PX Ri|E <S (saYCYCBZ @iy TLH('DYCYCBZ ly* r,> = T = C+ C ’

Hence by Fact 25, there exist projectors IT,,,, acting on registers XCX'CA such that IT,,,,
__ 60c
<5 i

40\/ﬁ

succeeds with probability av = 27¢ on |¢') XoXoYaVaABZglyry Where c and

1
Q(H”” ® ]1)|<,0/> <<p/|y*ﬂ (Hwim ® ]l) - I‘P><‘p|wiy*m

E E
€CPx,Rr;le

<3¢+
1

< %4 (15)

Next we shall show the existence of unitaries Uy,,, taking |©)y«r, D,=1.G,=y, close to
|©) yir:, Di=1,G;=y; - By similar arguments as the ones leading to (14) on Bob’s side (except
the first step where we consider the information due to Alice’s message, which does not apply

here), we can alo upper bound Ep ,_, 1,6e {S (@Y@XcX@Alzcyczodg”pY@XéX@A\zcycdgﬂ .

Hence by Raz’s lemma again,

200> E B I(Yi: XgXzA)

ieC PDIGLRL\E Pdioirs
> E (1 — (¢ —V26) E I(Yi: XeXeA)gr, p,o1.0,
ieC 2 Pr,G;1e,0,=1,G,#y* v ’
- 1-¢ /28 E (5 (¥x0 20t Dimt.0 x5 %0 AID=10: )]
ieC 2( ¢- ) Pr,G;v;16,D;=1,G;#y* SOXCXCA‘y“Dz_Lgl @XCXCA‘DI_l’gl
> 1— V2 E Pca. —1(ys)-
- zeC ( ¢ ) Z Pr;l1e,0;=1,G,=y; Gile,D: 1(%)

Yi €Y

(L= C=V20)lox, %0 Alyri, Di=1,Gimy: — PXoX o Alrs,Di=1,Gi=y; 13
q

where we have used (9) and Pinsker’s inequality in the last line. Since the ¢; norm obeys

H(C/3 = V20)lox %o Ay riDi=1,Gi=y; — PX X Alrs, Di=1,Gi=y;

triangle inequality, we have,

E E I G;|E l(yl)ll‘lé}( X g IZX X i
_ E : i€, ~XaAlyiri,1,y; & C’A *riy 1y 111
ieC ) Jprils,l,yi | cre fyire,Lys c v Y
< E § I G El(yi)'2{H<F X ¥ X T 2
i€ XeXaAlyiri 1,y X&eXsAlri, Ly 1
zEC FR \S 1y, il cee lyi.r cac | Y

2
+ ||QOXC‘XC’A|y*7Tiy17yi T PX XAl Ly ”1}

< 46, ( 1 n 1 )
T1-C-vV20\1-¢-V25  (/3-V26
3261
"

<
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We note that OX X oYoVaABZelyiri Ly and PX X YaVaABZ gy ri 1y, AT€ Dure states. Hence,
using the Fuchs-van de Graaf inequality and Uhlmann’s theorem, there exist unitaries U,

acting only on Y5Y5BZg such that

= E E  Paie1@i)llo)@lym iy — (1@ Uy )lo)(@lyero1y, (L@ UL
zecyiey Pr,e1,y;
326, \ /4
= ( cl) (19

Finally, we need to show that II,,,, ® Uy,,, takes |¢’)yr, close to |¢)z,y,r,. To do this, we
shall first show that U,,,, in fact takes [¢)g,y+r, close to [¢)g,y,r,. Consider the superoperator
Ox, that measures the register X; and writes it in a different register.

OXi( 50><<p|yﬂi71,yi) = Z PXi‘SyyiTigDizl,Gi:yi (‘rl)‘xl><xl‘ ® |50><<p|wiyﬂi71>yi
= Z PXi‘gyyirinizl»Gi:yi (xl)‘ml><xl‘ ® |SD><(P TiYiTi
T
Ox, (o) (elysri1,y) = Z Px;1e.y ri,Di=1,Gs=y: (Ti) i) (T3] @ |@)(O]asy r;

ziy*ri,1,y; are the same

where we have made the observation that |©)(¢|z,y,r 1,4 and @) (e
states as |©)(@|z,y;r, a0 @) (@]z,4+r;- By Fact 10 we can get,

1 < 24/20;.

E IPxicirien = PairijeaPxie,
1€

Hence, for any value Y; = y;,
.g@ ||PX¢G¢Ri|Sa1 - PquRi\SJPXH&W’LG@'R%' Hl
1

< E_[IPx,cimien — Po,rieaPxiper.c)ll + 1P rie 1 (Px,iyin.ar = Pxiewitcir)lh]

ZGC’
2
< E IPx;cirile.1 — Pa;rie 1 Px;ja;lln + Yy m\lpxicim\s,l —Pg,r;1e1Px; 1,6,

Ssx/le

where we have used the fact that for any value G; = g;, we must have Py, |1 4, (y:) > (/3—v/24.
Finally,

-LE@ IPx,cirije1 — Pxivirsenllt < 2Pyigiien(Yi # Gi) < (/3 + V26,
K3
Observing that Px,y,r,|e,1 is the same as Px,y, g, ¢ we get,

<8‘/<271+<+\/%.

E [[Px,v,r,je = Pairije1Pxiie .61
ieC 3

Using this and (16) we get,

E E  |lo)@lowir — (1 ®Upr)lo) @lasyeri (1@ Ufir)ln

i€eCPx,v,Rr;|e

< -E@ IPx,v,rile — Pa,ri1e1Pxi 181,60 r: 11 F IPx,viri e — Payriie 1P xiie, v 1,6im: 1
1€
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Pa,rile ||Px;leums1,u; Pxile,u*r 1, 1
1/4
16+/26 2 326 7
=—¢ 1+3C+2\/26+< Cl> <% (17)

where we have bounded the last term in the first inequality by applying Fact 15 on (16)
with Ox,. Notice that we have also removed the conditioning G; # y*, since for G; = y*,
the corresponding states are both @)z, yr;-

From (15) and (17) we get,

E E

i€eCPx,v;r;|e

1
E(Hllrl ® U 1m)|§0/><§0/

yrrg (H-'E'i"'i ® UJLTZ) - ‘<p><90‘$iyrﬂ‘i

1

1
= ; |:H04(HI1TL ®U, 171) (p/><<pl Yy Ty (Hwﬂ‘l ® UT )

_ o
i€CPx,v;Rr;|e yara

_(]-@Uim)

o) (p xiy*m(l ® U;im)

1

|

1
i€CPx,v;R;|e Q 1
¢ T 21¢
<24 2= 1
< T (18)

Using Markov’s inequality on (11), (13) and (18), we get an index i € C such that the
conditions (i)-(iii) for Lemma 32 hold.

4 Proof of parallel repetition theorem

In this section we prove Theorem 2, whose statement is recalled below.

» Theorem 2. For a two-player non-local game G = (¢, X x Y, A x B,V) such that q is a
distribution anchored on one side with anchoring probability C,

WHGF) = (1 (1 —w*(G))LS)Q(‘“g“Cj%) .

4.1 Setup

The proof of this theorem is very similar to that of the direct product theorem, so we
shall only highlight points of difference. Whereas in the communication case, we started
with an arbitrary distribution p and defined distribution ¢ anchored on one side close to
p, here we start with an already anchored distribution. To preserve similarity with the
direct product proof, we shall consider g to be anchored on the ) side here as well, but the
proof goes through analogously for a distribution anchored on the & side. We define the
correlation-breaking variables and the joint distribution Pxy pg exactly as before.?

2 The definition of Px,v;p;c, in the previous section makes references to p(x,y). Since there is no p in
the present case, p(x,y) can simply be replaced by q(z,yly # y™).
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We consider an entangled strategy S for G*, where Alice and Bob, with input registers
X=X;...Xpand Y =Y ...Y,, initially share an entangled state, and perform unitaries
VA and VA respectively on their parts of the entangled state and and their input registers.
As before, conditioned on any value DG = dg, we define the following pure state representing
S after these unitaries:

|9>XXY}7ABE’AE’B|dg = Z PXY|dg($y)|$$yy>XXY? ® |0>ABEAEB|xy
zy

where AB are the answer registers which are measured in the computational basis by Alice
and Bob to obtain their answers (a,b), and E’*E'® are some additional registers which are
discarded. We shall use Pxy apjaq to denote the distribution of XY AB in [0)4; Pxypcas
is obtained by averaging over dg.

Let the winning probability of of w*(G) be 1— 5e for an appropriate . We shall prove the
following lemma, which is analogous to the direct product case. It is clear that the lemma
implies

2,4y 2k
w*(Gk) < (1 o €)W _ (1 o (1 o w*(G)){))Q(log(\AI-IBI)) )

» Lemma 33. Let § = % and §' = WM. For i € [k], let T; denote the

random variable V(X;,Y;, A;, B;), where X;Y;A;B; are according to Pxy ap. Then there
exist |6'k] coordinates {iy,...,i55} C [k], such that for all 1 <r < [0'k| — 1, at least one
of the conditions holds

(i) Pr [mzl T, = 1} < (1—e)ok

(ii) Pr [Tw - 1‘H§=1 T, = 1} <1-e.

As before, we shall consider that we have identified a set of coordinates C' = {iy,...,4;}
such that for all 1 < r < ¢ — 1, Pr [Tw =1}, T, = 1} < 1-¢ and Pr[€] =
Pr {szl T;, = 1] > (1 — €)% and identify a (t 4+ 1)-th coordinate i. Let E* and E®

to denote A-FE'* and BsE'® respectively. We define the following state, which is |6)4,
conditioned on success in C"

“P>XXY?ACBCBEAEB\dg

1 .
= > VPxviag(Ey)ryy) x gvy @ > lacbe) acBo|P) pAER zyacbe -
Ty

\/Vd
J acbe:Vt(zo,yc,ac,bo)=1

Here |@)gAgB|zyache 18 @ subnormalized state satisfying |[[[?)ga pBjayache ||2
P AcBelay(acho).
The following lemma is the analog of Lemma 32, which we shall use to prove Lemma 33.

» Lemma 34. If Pr[£] > (1 — €)%, then there exist a coordinate i € C, a random variable
R, = XcYcAcBeD_;G_;, such that the following conditions hold:

(i) IPx,v,r:le = Px.v:Pryjex. 1 < 175%
(i)) [IPx,v,r.0e = Px.v:Prievilh < 155

(iii) There exist unitaries {Uz,r, }o,r, and {Uy,y, }y,r, respectively acting only on XsXsEA
and YeYaE®B, such that

86

E || Usir, ® Uyr,) 1575

Px.viRr;le

veri (Ul @ Uf) = o)

©)(p

TiYiTi
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It is easy to see how this lemma implies Lemma 33. As in the direct product case, Alice
and Bob share |p),«,, as entanglement — though in this case only one copy, as well as classical
randomness with which they can produce RfRf’ satisfying

HPXiYinR? —Px,viririjelll < ;%
Alice and Bob apply Uw”? and Uyﬂ? according to their inputs and Rf and R? respectively,
on their registers E* and E® of |©)yr;- They then measure in the computational basis on
the A;B; registers of resulting state, to give their outcomes (a;,b;). Pr[T; = 1|€] > 1 —¢
implies that the resulting strategy for G has success probability > (1 — 5¢), a contradiction
which lets us identify ¢ as the (¢ + 1)-th coordinate.

4.2 Proof of Lemma 34

We can prove

Te
E [[Px.v.r.1e — Px.v:Pp. | < — 1
Z_GGH xvirile — PxiviPriexli < g5 (19)
E ||P Py Priey | <= (20)
o5 X, YiRi|E XYiPRile il < g5
4e
‘Ef E |H<p><90 TiYiTi (]1 ®U i"’i) <P><90 rz‘y*Ti(]l ® Ugln)Hl < — (21)
i€CPx,v;R;|e 5

exactly the same way as in the direct product case, except conditioning on z¢ is replaced by
conditioning on acbe, which leads to the factor of log(].A| - |B]). The rest of the proof will
hence be spent getting Alice’s unitaries Uy, ,.

Letting 6; = & + 0’ log(]A] - |B|), the following is derived analogously to the direct product
case, except for the extra factor in the mutual information bound due to communication:

. 105,
E (X, :Y-Y-~EPB <= 22
i€C Ri|E,Di=1,Gs=y* ( ctC )‘p'r-i,Di=1,G’i=y = C ( )
7268
E [[Px;Rrije- = Pximrije 1yl < - (23)
eC g
40+/25
E_|IPx,re = Px.ne1yelh < = (24)
eC C

From (22), by applying Pinsker’s inequality, we get,

oy v - %
E E Y Ve EBlwiri, Ly* — PYsVaEB|r,1,y*
i€C Px,Rr;1€,1,y* Yo EP|wirs, 1y cYeER|ri, Ly

<1061 ) 1z

1<

¢

Note that ¢y_y_gs|g,r, 1,4~ i the same state as py_y_ (g, yer,- But @y _y_gsjp, 1+ is DO
the same state as ©y_y_ s+, , due to the averaging over X; being done with respect to
Px,|&,r:,1,4+ in one, and with respect to Px, g+, in the other. However, due to (23) we can
say,

E E YAEBlriutr: Y~ EB|ly*r; 11
iEC_' PXqu‘,\g‘l,y* HSOYCYCE ‘lly T4 SDYCYCE |y 77’”

100, \ /2
= < ) + E Px,rije15- — Prijgay-Pxije riy Il
C ieC

1067 1/2
C i€C
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< 24/1086;

_— C .
Since |80>XC—X@Y@Y/5EAEB|y*m is a purification of PYeYsEB|y*r; and |90>Xé)2@yéfféEAEB\ziy*m
is a purification of OV Vo EB ey rs by the Fuchs-van de Graaf inequality and Uhlmann’s

theorem we can say that there exist unitaries Uy,,, on X5X5FE* such that

2,/1080; ) 1/2

E_ E ey R

i€CPx,Rr; 18,1, y*

e = (Usars ® Dlo)plyn (UL, ® D)1 < (

and by (24) again,

1/2
24/1089 40+/26
E E leMeleiytr — Uein @ Dle)elyr, (U, ® 1)1 < - + -
i€eCPx,r;|e ¢ ¢
1/4
<9 108004,
= e

IN
™

(25)
Combining (25) and (21) we get,
9e

<=
1= 5

E E H(sz'” ® Uym)l‘P><‘P|y*ri(Ume ® U;ri) - |80> <<P|w¢y¢m

i€eCPx,v;r;|e

The result then follows by Markov’s inequality.

—— References

1 Ziv Bar-Yossef, T. S. Jayram, Ravi Kumar, and D. Sivakumar. An Information Statistics
Approach to Data Stream and Communication Complexity. In Proceedings of the 43th Annual
IEEE Symposium on Foundations of Computer Science, FOCS 02, pages 209-218, 2002.
doi:10.1109/SFCS.2002.1181944.

2 Boaz Barak, Mark Braverman, Xi Chen, and Anup Rao. How to Compress Interactive Com-
munication. SIAM Journal on Computing, 42(3):1327-1363, 2013. doi:10.1137/100811969.

3 Mohammad Bavarian, Thomas Vidick, and Henry Yuen. Anchoring Games for Parallel
Repetition, 2015. arXiv:1509.07466.

4  Mohammad Bavarian, Thomas Vidick, and Henry Yuen. Hardness Amplification for Entangled
Games via Anchoring. In Proceedings of the 49th Annual ACM SIGACT Symposium on Theory
of Computing, STOC ’17, page 303-316, 2017. doi:10.1145/3055399.3055433.

5 Avraham Ben-Aroya, Oded Regev, and Ronald de Wolf. A Hypercontractive Inequality for
Matrix-Valued Functions with Applications to Quantum Computing and LDCs. In Proceedings
of the 49th Annual IEEE Symposium on Foundations of Computer Science, FOCS 08, pages
477-486, 2008. doi:10.1109/F0CS.2008.45.

6 Mario Berta, Matthias Christandl, and Renato Renner. The Quantum Reverse Shannon
Theorem Based on One-Shot Information Theory. Communications in Mathematical Physics,
306(3):579-615, 2011. doi:10.1007/s00220-011-1309-7.

7 Mark Braverman. Interactive information complexity. STAM Journal on Computing, 44(6):1698—
1739, 2015. doi:10.1137/130938517.

8 Mark Braverman, Ankit Garg, Young Kun Ko, Jieming Mao, and Dave Touchette. Near-
Optimal Bounds on Bounded-Round Quantum Communication Complexity of Disjointness.
In 2015 IEEE 56th Annual Symposium on Foundations of Computer Science, pages 773-791,
2015. doi:10.1109/F0CS.2015.53.

9 Mark Braverman and Gillat Kol. Interactive Compression to External Information. In
Proceedings of the 50th Annual ACM SIGACT Symposium on Theory of Computing, STOC
'18, page 964-977, 2018. doi:10.1145/3188745.3188956.


https://doi.org/10.1109/SFCS.2002.1181944
https://doi.org/10.1137/100811969
http://arxiv.org/abs/1509.07466
https://doi.org/10.1145/3055399.3055433
https://doi.org/10.1109/FOCS.2008.45
https://doi.org/10.1007/s00220-011-1309-7
https://doi.org/10.1137/130938517
https://doi.org/10.1109/FOCS.2015.53
https://doi.org/10.1145/3188745.3188956

R. Jain and S. Kundu

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

Mark Braverman and Anup Rao. Information Equals Amortized Communication. IEEE Trans-
actions on Information Theory, 60(10):6058-6069, 2014. doi:10.1109/TIT.2014.2347282.
Mark Braverman, Anup Rao, Omri Weinstein, and Amir Yehudayoff. Direct Product via
Round-Preserving Compression. In Automata, Languages, and Programming, volume 7965
of Lecture Notes in Computer Science, pages 232—243. Springer Berlin Heidelberg, 2013.
doi:10.1007/978-3-642-39206-1_20.

Mark Braverman, Anup Rao, Omri Weinstein, and Amir Yehudayoff. Direct Products
in Communication Complexity. In Proceedings of the 54th Annual IEEE Symposium on
Foundations of Computer Science, FOCS ’13, pages 746-755, 2013. doi:10.1109/F0CS.2013.
85.

Mark Braverman and Omri Weinstein. An Interactive Information Odometer and Applications.
In Proceedings of the Forty-Seventh Annual ACM Symposium on Theory of Computing, STOC
’15, page 341-350, 2015. doi:10.1145/2746539.2746548.

Amit Chakrabarti, Yaoyun Shi, Anthony Wirth, and Andrew Yao. Informational Complexity
and the Direct Sum Problem for Simultaneous Message Complexity. In Proceedings of the 42nd
Annual IEEE Symposium on Foundations of Computer Science, FOCS ’01, pages 270-278,
2001. doi:10.1109/SFCS.2001.959901.

Richard Cleve, William Slofstra, Falk Unger, and Sarvagya Upadhyay. Perfect Parallel
Repetition Theorem for Quantum XOR Proof Systems. Computational Complexity, 17(2):282—
299, 2008. doi:10.1007/s00037-008-0250-4.

Irit Dinur. The PCP Theorem by Gap Amplification. J. ACM, 54(3):12—es, 2007. doi:
10.1145/1236457.1236459.

Irit Dinur, David Steurer, and Thomas Vidick. A Parallel Repetition Theorem for En-
tangled Projection Games. Computational Complezity, 24(2):201-254, 2015. doi:10.1007/
s00037-015-0098-3.

Prahladh Harsha, Rahul Jain, David McAllester, and Jaikumar Radhakrishnan. The Commu-
nication Complexity of Correlation. IEEE Transactions on Information Theory, 56(1):438-449,
2010.

Thomas Holenstein. Parallel Repetition: Simplifications and the No-Signaling Case. In
Proceedings of the Thirty-Ninth Annual ACM Symposium on Theory of Computing, STOC 07,
page 411-419, 2007. doi:10.1145/1250790.1250852.

Rahul Jain. New Strong Direct Product Results in Communication Complexity. Journal of
the ACM, 62(3), 2015. doi:10.1145/2699432.

Rahul Jain and Hartmut Klauck. New Results in the Simultaneous Message Passing Model
via Information Theoretic Techniques. In Proceedings of the 24th Annual IEEE Conference on
Computational Complexity, CCC 09, pages 369-378, 2009. doi:10.1109/CCC.2009.28.
Rahul Jain, Hartmut Klauck, and Ashwin Nayak. Direct Product Theorems for Classical
Communication Complexity via Subdistribution Bounds: Extended Abstract. In Proceedings
of the 40th Annual ACM Symposium on Theory of Computing, STOC ’08, pages 599—608,
2008. doi:10.1145/1374376.1374462.

Rahul Jain and Ashwin Nayak. Short Proofs of the Quantum Substate Theorem. [EEE
Transactions on Information Theory, 58(6):3664-3669, 2012.

Rahul Jain, Attila Pereszlényi, and Penghui Yao. A Parallel Repetition Theorem for Entangled
Two-Player One-Round Games under Product Distributions. In 2014 IEEE 29th Conference
on Computational Complexity (CCC ’14), pages 209-216, 2014.

Rahul Jain, Attila Pereszlényi, and Penghui Yao. A Direct Product Theorem for Two-Party
Bounded-Round Public-Coin Communication Complexity. Algorithmica, 76(3):720-748, 2016.
doi:10.1007/s00453-015-0100-0.

Rahul Jain, Jaikumar Radhakrishnan, and Pranab Sen. The Quantum Communication
Complexity of the Pointer Chasing Problem: The Bit Version. In FSTTCS 2002: Foundations
of Software Technology and Theoretical Computer Science, volume 2556 of Lecture Notes in
Computer Science, pages 218-229, 2002. doi:10.1007/3-540-36206-1_20.

27:27

CCC 2021


https://doi.org/10.1109/TIT.2014.2347282
https://doi.org/10.1007/978-3-642-39206-1_20
https://doi.org/10.1109/FOCS.2013.85
https://doi.org/10.1109/FOCS.2013.85
https://doi.org/10.1145/2746539.2746548
https://doi.org/10.1109/SFCS.2001.959901
https://doi.org/10.1007/s00037-008-0250-4
https://doi.org/10.1145/1236457.1236459
https://doi.org/10.1145/1236457.1236459
https://doi.org/10.1007/s00037-015-0098-3
https://doi.org/10.1007/s00037-015-0098-3
https://doi.org/10.1145/1250790.1250852
https://doi.org/10.1145/2699432
https://doi.org/10.1109/CCC.2009.28
https://doi.org/10.1145/1374376.1374462
https://doi.org/10.1007/s00453-015-0100-0
https://doi.org/10.1007/3-540-36206-1_20

27:28

A Direct Product Theorem for One-Way Quantum Communication

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

Rahul Jain, Jaikumar Radhakrishnan, and Pranab Sen. A Direct Sum Theorem in Com-
munication Complexity via Message Compression. In Automata, Languages and Program-
ming, volume 2719 of Lecture Notes in Computer Science, pages 300-315. Springer, 2003.
doi:10.1007/3-540-45061-0_26.

Rahul Jain, Jaikumar Radhakrishnan, and Pranab Sen. A Lower Bound for the Bounded
Round Quantum Communication Complexity of Set Disjointness. In Proceedings of the 44th
Annual IEEE Symposium on Foundations of Computer Science, FOCS 03, pages 220-229.
IEEE Computer Society, 2003. doi:10.1109/SFCS.2003.1238196.

Rahul Jain, Jaikumar Radhakrishnan, and Pranab Sen. Prior Entanglement, Message Com-
pression and Privacy in Quantum Communication. In 20th Annual IEEE Conference on
Computational Complezxity (CCC ’05), pages 285-296, 2005.

Rahul Jain, Jaikumar Radhakrishnan, and Pranab Sen. Optimal Direct Sum and Privacy Trade-
off Results for Quantum and Classical Communication Complexity, 2008. arXiv:0807.1267.
Rahul Jain, Jaikumar Radhakrishnan, and Pranab Sen. A Property of Quantum Relative
Entropy with an Application to Privacy in Quantum Communication. Journal of the ACM,
56(6), 2009. doi:10.1145/1568318.1568323.

Rahul Jain and Penghui Yao. A Strong Direct Product Theorem in Terms of the Smooth
Rectangle Bound, 2012. arXiv:1209.0263.

Zhengfeng Ji, Anand Natarajan, Thomas Vidick, John Wright, and Henry Yuen. MIP*=RE,
2020. arXiv:2001.04383.

Julia Kempe, Oded Regev, and Ben Toner. Unique Games with Entangled Provers are Easy.
SIAM Journal on Computing, 39(7):3207-3229, 2010. doi:10.1137/090772885.

Hartmut Klauck. A Strong Direct Product Theorem for Disjointness. In Proceedings of
the 42nd ACM Symposium on Theory of Computing, STOC ’10, pages 77-86, 2010. doi:
10.1145/1806689.1806702.

Hartmut Klauck, Robert Spalek, and Ronald de Wolf. Quantum and Classical Strong
Direct Product Theorems and Optimal Time-Space Tradeoffs. SIAM Journal on Computing,
36(5):1472-1493, 2007. doi:10.1137/05063235X.

Gillat Kol. Interactive Compression for Product Distributions. In Proceedings of the Forty-
Eighth Annual ACM Symposium on Theory of Computing, STOC 16, page 987-998, 2016.
doi:10.1145/2897518.2897537.

Troy Lee, Adi Shraibman, and Robert Spalek. A Direct Product Theorem for Discrepancy. In
Proceedings of the 28rd Annual IEEE Conference on Computational Complexity, CCC 08,
pages 71-80, 2008. doi:10.1109/CCC.2008. 25.

Ran Raz. A Parallel Repetition Theorem. In Proceedings of the Twenty-Seventh Annual ACM
Symposium on Theory of Computing, page 447-456, 1995. doi:10.1145/225058.225181.
Alexander A. Razborov. On the Distributional Complexity of Disjointness. Theoretical
Computer Science, 106(2):385-390, 1992. doi:10.1016/0304-3975(92)90260-M.

Ronen Shaltiel. Towards Proving Strong direct Product Theorems. Computational Complezity,
12(1-2):1-22, 2003. doi:10.1007/s00037-003-0175-x.

Alexander A. Sherstov. Strong Direct Product Theorems for Quantum Communication and
Query Complexity. SIAM Journal on Computing, 41(5):1122-1165, 2012. doi:10.1137/
110842661.

Alexander A. Sherstov. Compressing Interactive Communication Under Product Distributions.
SIAM Journal on Computing, 47(2):367-419, 2018. doi:10.1137/16M109380X.

Emanuele Viola and Avi Wigderson. Norms, XOR Lemmas, and Lower Bounds for Polynomials
and Protocols. Theory of Computing, 4(7):137-168, 2008. doi:10.4086/toc.2008.v004a007.
Andrew Chi-Chin Yao. Probabilistic computations: Toward a unified measure of complexity.
In 18th Annual Symposium on Foundations of Computer Science (SFCS 1977), pages 222-227,
1977. doi:10.1109/SFCS.1977.24.

Henry Yuen. A Parallel Repetition Theorem for All Entangled Games. In 43rd International
Colloguium on Automata, Languages, and Programming (ICALP ’16), volume 55 of Leibniz
International Proceedings in Informatics (LIPIcs), pages 77:1-77:13, 2016. doi:10.4230/
LIPIcs.ICALP.2016.77.


https://doi.org/10.1007/3-540-45061-0_26
https://doi.org/10.1109/SFCS.2003.1238196
http://arxiv.org/abs/0807.1267
https://doi.org/10.1145/1568318.1568323
http://arxiv.org/abs/1209.0263
http://arxiv.org/abs/2001.04383
https://doi.org/10.1137/090772885
https://doi.org/10.1145/1806689.1806702
https://doi.org/10.1145/1806689.1806702
https://doi.org/10.1137/05063235X
https://doi.org/10.1145/2897518.2897537
https://doi.org/10.1109/CCC.2008.25
https://doi.org/10.1145/225058.225181
https://doi.org/10.1016/0304-3975(92)90260-M
https://doi.org/10.1007/s00037-003-0175-x
https://doi.org/10.1137/110842661
https://doi.org/10.1137/110842661
https://doi.org/10.1137/16M109380X
https://doi.org/10.4086/toc.2008.v004a007
https://doi.org/10.1109/SFCS.1977.24
https://doi.org/10.4230/LIPIcs.ICALP.2016.77
https://doi.org/10.4230/LIPIcs.ICALP.2016.77

	1 Introduction
	1.1 Our results
	1.2 Proof overview
	1.2.1 Product distribution parallel repetition
	1.2.2 Product distribution direct product
	1.2.3 Anchored distribution parallel repetition
	1.2.4 Anchored distribution direct product
	1.2.5 Simplified anchored distribution parallel repetition
	1.2.6 From anchored distribution to worst case direct product


	2 Preliminaries
	2.1 Probability theory
	2.2 Quantum information
	2.3 Quantum communication & entangled games

	3 Proof of direct product theorem
	3.1 Setup
	3.2 Proof of Theorem 1
	3.3 Proof of Lemma 32

	4 Proof of parallel repetition theorem
	4.1 Setup
	4.2 Proof of Lemma 34


