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—— Abstract

The rigidity of a matrix A for target rank r is the minimum number of entries of A that need
to be changed in order to obtain a matrix of rank at most r. At MFCS’77, Valiant introduced
matrix rigidity as a tool to prove circuit lower bounds for linear functions and since then this notion
received much attention and found applications in other areas of complexity theory. The problem
of constructing an explicit family of matrices that are sufficiently rigid for Valiant’s reduction
(Valiant-rigid) still remains open. Moreover, since 2017 most of the long-studied candidates have
been shown not to be Valiant-rigid.

Some of those former candidates for rigidity are Kronecker products of small matrices. In a
recent paper (STOC’21), Alman gave a general non-rigidity result for such matrices: he showed
that if an n x n matrix A (over any field) is a Kronecker product of d x d matrices M, ..., My (so

1 entries of A one can reduce its rank to < n'~7, where 1/v

n =d*) (d > 2) then changing only n
is roughly 2¢/&2.

In this note we improve this result in two directions. First, we do not require the matrices M; to
have equal size. Second, we reduce 1/~ from exponential in d to roughly d°/? /€% (where d is the
maximum size of the matrices M;), and to nearly linear (roughly d/e?) for matrices M; of sizes
within a constant factor of each other.

As an application of our results we significantly expand the class of Hadamard matrices that
are known not to be Valiant-rigid; these now include the Kronecker products of Paley-Hadamard

matrices and Hadamard matrices of bounded size.
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1 Introduction

1.1 Recent upper bounds on rigidity

In his celebrated MFCS’77 paper [13], Leslie Valiant introduced the notion of matrix rigidity
as a tool to prove lower bounds for arithmetic circuits. Since then, several other important
problems in complexity theory have been reduced to proving rigidity lower bounds for explicit
families of matrices (see, e.g., [12, 7] and the survey [10]).
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» Definition 1. Let F be a field. For a matriz A € F"*™ and a target rank 0 < r < min(n,m)
let Rp(A,r) denote the minimum number of non-zero entries in a matriz Z € F"*™ such
that rank(A — Z) < r. The function Ry(A,-) is called the rigidity of A over F.

Valiant [13] proved that if for some € > 0 the sequence of matrices A,, € F"*" satisfies
Rz (A,,n/loglogn) > n'*e, (1)

then the linear functions ¢ — A,z cannot be computed by arithmetic circuits of size O(n)
and depth O(logn). Following [5], we say that a family of matrices A,, is Valiant-rigid if
it satisfies Eq. (1) for some € > 0 and all sufficiently large n. By saying that a family F of
matrices in not Valiant-rigid we mean that none of the subsequences of matrices of F of
increasing order is Valiant-rigid.

The problem of constructing explicit Valiant-rigid matrices has been attacked for more
than four decades, but still remains open (see the survey [10]). Over this time a few
candidates of Valiant-rigid families were proposed that included Hadamard matrices [11, 12],
circulants [4], Discrete Fourier Transorm (DFT) matrices [13], incidence matrices of projective
planes over a finite field [13].

In 2017, Alman and Williams [2] proved, that, contrary to expectations, the Walsh—
Hadamard matrices are not Valiant-rigid over Q. Subsequently, most of other long-studied
candidates for rigidity were shown not to be Valiant-rigid. Dvir and Edelman [5] proved that
G-circulants! are not Valiant-rigid over F,, for G the additive group of . Dvir and Liu [6]
proved that DFT matrices, circulant matrices, and more generally, G-circulant matrices for
any abelian group G, are not Valiant-rigid over C. Moreover, as observed in [3], the results
of Dvir and Liu imply that the Paley-Hadamard matrices and the Vandemonde matrices
with a geometric progression as generators are not Valiant-rigid over C, and the incidence
matrices of projective planes over finite fields are not Valiant-rigid either over Fo (contrary
to Valiant’s suggestion [13]) or over C.

Upper bounds on the rigidity of the Kronecker powers of a fixed matrix play an important
role in these results. Indeed, the Walsh-Hadamard matrices are just the Kronecker powers

1 1
of Hy = (1 _1
Valiant-rigid, as the first step, Dvir and Liu [6] prove that generalized Walsh-Hadamard
matrices (Kronecker powers of a DFT matrix) are not Valiant-rigid.

). Furthermore, in order to show that DFT and circulant matrices are not

Hence, one may expect that strong upper bounds on the rigidity of Kronecker products
of small matrices may lead to upper bounds on the rigidity of interesting new families of
matrices, and so will further contribute to our intuition of where not to look for Valiant-rigid
matrices.

Recently, Josh Alman [1] proved that Kronecker products of square matrices of any fized
size are not Valiant-rigid. More precisely, he proved the following result.

dlogd g2 )
27 log®(1/e)
such that the following holds for any sequence of matrices My, My, ..., My € F¥*?¢  Let
k
M = @ M; andn = d*. Then Rp(M,n'~7) < nlte.

i=1

» Theorem 2 (Alman). Given d > 2 and ¢ > 0, there exists v = §2 (

! For a finite abelian group G, a G-circulant is a |G| x |G| matrix of the form M(f) with entries
M(f)ey = f(x —y) (z,y € G) where f is any function with domain G.
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1.2 Our results: improved bounds, non-uniform sizes

In this note we improve Alman’s result in two directions. First, we do not require the
matrices M; to have equal size. Second, we reduce 1/v from exponential in d to roughly
d®/? /e? (where d is the maximum size of the matrices), and to nearly linear (roughly d/e)
for matrices M; of sizes within a constant factor of each other.

This means that for matrices of equal size we get a meaningful reduction of the rank
already for k = O.(d), in contrast to Alman’s result that kicks in when k reaches about 27.

1 g2
» Theorem 3. Given d > 2 and ¢ > 0, there exists v = () . such
- ! (dw log*(d) log2<1/e>)

that the following holds for any sequence of matrices My, Mo, ..., M, where M; € F%>di for
some d; < d. Let M = ®M andnfl—[d If n > dY7, then Rp(M,n'~7) < n'*
=1 i=1
If the d; are within a constant factor of each other, we obtain the following stronger
result.

» Theorem 4. Given d > 2, € > 0, and a constant ¢ > 0, there exists v =

1 2
QC< . ° ) such that the following holds for any sequence of matrices

dlogd logz(l/gg)

k k
My, My, ..., M, where M; € Fé*% gnd cd < d; < d. Let M = @ M; and n = [] d;.
i=1 i=1

Ifn>d"", then Rp(M,n'=7) < nlte

In the above theorem, the dependence of v on ¢ is nearly linear and the explicit formula
can be found in Corollary 22.

The key strength of our results is that we do not need to assume uniform size of the
matrices participating in the Kronecker product. Previous approaches depended on uniform
size because of their reliance either on a polynomial method, or on an induction on the size
of the matrix. As an applications of the bound for matrices of non-uniform size we show
that our results significantly expand the class of Hadamard matrices that are known not to
be Valiant-rigid. We show that the Kronecker products of Paley-Hadamard matrices and
Hadamard matrices of bounded size are not Valiant-rigid (see Sec. 1.4).

Another strength of our improvement is that our bounds are sufficiently strong to be
fed into the machinery developed by Dvir and Liu [6] for matrices of “well-factorable” size.
Hence, we expect that this improvement might lead to further applications.

We note, that our bound on 7 in Theorem 4 matches the Dvir—Liu bounds for Kronecker
powers of specific classes of matrices, such as the generalized Walsh-Hadamard matrices and
DFT matrices? of direct products of small abelian groups.

We also note that our upper bounds, similarly to upper bounds in recent work [2, 5, 6, 1],
apply to a stronger notion of rigidity, called row-column rigidity.

» Definition 5 (Row-column rigidity). For a matrix A € F"*™ and a target rank 0 < r <n,
let Rp(A,r) be the minimal t for which there exists Z € F"*™ such that rank(A — Z) <r
and every row and column of Z has at most t non-zero entries.

In Theorems 2, 3, and 4 the conclusion can be replaced by RE¢(M,n'=7) < nf. Clearly,
the latter statement is stronger, as for any A € F**™ the inequality Rp(A,r) < n- Rp°(A,r)
holds. The row-column versions of Theorems 3, and 4 are stated and proved as Theorem 24
and Corollary 23.

2 The DFT (Discrete Fourier Transform) matrix of a finite abelian group G is the character table of G.
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1.3 The field

We should point out that Theorems 2-4 make no assumption about the field F, and they use
elements of F for the rank reduction. This is in contrast to the results of Dvir and Liu who
require a field extension to achieve their rank reduction.

If the field F is the field of definition of the matrix A, in [3] we call the corresponding
rigidity function Rp(A,.) the strict rigidity of A. If F denotes the algebraic closure of F
then we call Ri(A,.) the absolute rigidity of A because, as shown in [3], this gives the
smallest possible rigidity among all extension fields. A gap between these two quantities is
demonstrated in [3]. Note that an upper bound on strict rigidity is a stronger statement
than the same upper bound on absolute rigidity.

In this terminology, Dvir and Liu give upper bounds on absolute rigidity, whereas Alman’s
result and our results give upper bounds on strict rigidity.

1.4 Application of our results: rigidity upper bounds for Hadamard
matrices

We recall that an Hadamard matriz is a square matrix whose entries are +1 and —1 and
whose rows are mutually orthogonal. In addition to many other interesting properties, it was
long believed that one can find a family of Valiant-rigid matrices among Hadamard matrices.

Contrary to expectations, two of the most well-studied families of Hadamard matrices
were recently shown to be not Valiant-rigid. In 2017, Alman and Williams [2] proved that
Walsh-Hadamard matrices are not strictly Valiant-rigid. As a corollary to [6], in [3] it was
shown that Paley-Hadamard matrices are not absolutely Valiant-rigid. These results inspired
the following conjecture.

» Conjecture 6 (Babai). The family of known Hadamard matrices is not strictly Valiant-rigid.

We mention that in addition to infinite families, new classes of Hadamard matrices arise
as Kronecker products of a steadily growing starter set of small Hadamard matrices with
other known Hadamard matrices (see, e.g., surveys [8, 9]). Indeed, note that if Hy and Ho
are Hadamard matrices, then Hy ® Hs is an Hadamard matrix as well.

As an application of our results for Kronecker products of matrices of non-uniform size
we further expand the family of Hadamard matrices that are known not to be Valiant-rigid.

» Theorem 7. Let Fy be the family of Paley-Hadamard matrices and Hadamard matrices of
bounded size. Let F be the family of all matrices that can be obtained as Kronecker products
of some matrices from Fy. Then F is not absolutely Valiant-rigid.

» Remark 8. We note that Hadamard matrices are naturally defined over Q, while the
theorem above shows that matrices in F are not sufficiently rigid when we make changes from
C. It is still open whether Paley-Hadamard matrices are strictly Valiant-rigid. If one proves
that Paley-Hadamard matrices satisfy the inequality from Eq. (2), our proof will immediately
yield the stronger version of the theorem above, that F is not strictly Valiant-rigid.

» Remark 9. We note that Theorem 7 does not follow from Alman’s original upper bound
for rigidity of Kronecker products (Theorem 2).

A more general version of Theorem 7 can be stated for Kronecker products of matrices of
bounded size and matrices that are sufficiently not rigid.
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» Theorem 10. Let 0 <& < 1/2 and b > 2. Let F be a family of matrices over IF, such that
for every d x d matriz A € F either d <b, or

12(log log d)?
e3logd

Ry (A, d'77) <d° for = (2)

Then, for every sequence of matrices My, Mo, ... My € F, the n X n matric M = @Q M;
1€ k]
either satisfies Ry (M, n/logn) < n®, or n is bounded above by a function of b and .

» Corollary 11. Let F be a family of square matrices over F. If for every 0 < ¢ < 1/2
there exists b > 2 such that F satisfies the assumptions of Theorem 10, then the family of
Kronecker products of matrices from F is not Valiant-rigid over F.

We prove Theorems 7 and 10 in Section 5.

1.5 Our approach

In order to prove Theorem 2, Alman [1] first uses a beautiful trick to deduce the claim for
Kronecker products of 2 x 2 matrices. He observes that it is sufficient to prove the claim for

11
R= < 1 0). The Kronecker powers of R have low rigidity since they are very sparse. After

that, he applies induction on the size d of the matrices involved in the Kronecker product.

The technically involved induction argument leads to the factor 27¢ in 7.

Our proof is simpler and omits induction. Instead, we observe that an idea, somewhat
similar to Alman’s proof of the base case d = 2, can be applied for any d.

Our key observation is that any d X d matrix can be written as a product of at most 2d
very sparse matrices and 2d permutation matrices.

Specifically, for a vector z € F? define a d x d matrix

1 0 0... 0 =x
0 0... 0 =

—_

0 0... 1 Td—1
0 0 0... 0 =4

We are going to call the matrices of this form the V-matrices for the pattern of their non-zero
entries. Next, it is not hard to verify that any d x d matrix can be written as

B 0

= . T,

) “Ga(z) - Ps,

where A € {0,1} CF, B € F(¢=1x(d=1) and Py, P, are permutation matrices. By repeating
this procedure for B at most d — 2 times one ends up with a product of 2d — 2 V-matrices, a
diagonal matrix, and permutation matrices (see Section 2.1).

As was observed in [6], the row-column rigidity of the product can be controlled by the
row-column rigidity of each component.

» Lemma 12. For arbitrary d X d matrices A and B over a field F

Ri“(A-B,r+5) < Rg(A,r) - Bg*(B, s) . (4)

68:5
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Recall that a monomial matriz is a matrix where each row and each column has at most
one non-zero element. A matrix is monomial exactly if it is the product of a diagonal matrix
and a permutation matrix. A Kronecker product of monomial matrices is itself a monomial
matrix. Moreover, if P is a monomial matrix then R;¢(P,0) = 1. Thus, in order to prove
Theorem 4 one only needs to show strong upper bounds on row-column rigidity for Kronecker
products of V-matrices.

To bound the row-column rigidity of a matrix M that is a Kronecker product of V-matrices
one needs to observe that most of the non-zero entries are concentrated in just a few columns
and rows, and so these entries form a low-rank matrix.

We discuss our strategy for upper bounds on rigidity of Kronecker products in Section 2.
We prove Theorem 4 for the case of matrices of equal size in Section 3. We discuss rigidity
bounds for matrices of unequal sizes in Section 4. Some standard tail bounds for binomial
distributions are reviewed in Appendix A. We expand the family of Hadamard matrices
known not to be Valiant rigid in Section 5. The proof of Obs. 14 omitted in Section 2 is
provided in Appendix B.

1.6 Notation

We use [n] to denote the set {1,2,...,n}. F denotes a field. Throughout the paper we use d
to denote the vector (dy,dy, . .. dy), where each d; > 2. We define [d] = [dy] x [dg] x ... X [d].
We say that X € F?if X = (X1, Xa, ..., X)), where X; € F%.

We use standard asymptotic notation. Let f(n), g(n) be non-negative functions. We say
that f(n) = O(g(n)) if there exists a constant C such that f(n) < Cg(n) for all sufficiently
large n. We say that f(n) = Q(g(n)) if g(n) = O(f(n)). Finally, f(n) = ©(g(n)) if

f(n) = 0O(g(n)) and f(n) = Q(g(n)).

2 A strategy for upper bounds on the rigidity of Kronecker products

2.1 Expressing a matrix as a product of V-matrices

Recall that for a vector z € F® we define a d x d V-matrix

1 0 0... 0 =
; 0 1 0... 0 a9
Gd(x)—<d0_1x)— . (5)
0 . Tq—1
0 0 0... 0 x4

)
o
—

Let d = (dy,ds, ..., dy). For X = (X1, Xs,...X;,) with X; € F% for i € [k], define
G7(X) = Q) Ca,(Xy). (6)

In the case when d consists of k equal coordinates d; = d, we use notation Gar(X) = Gz(X).

» Definition 13. A square matriz P is called a permutation matriz, if every row and every
column of P has precisely one non-zero entry, which is equal to 1.

Recall, that arbitrary permutation of columns (rows) of a matrix can be represented by
right (left, respectively) multiplication by a permutation matrix.
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The multiplication of an m x d matrix A by G4(x) from the right corresponds to keeping
the first d — 1 columns of A unchanged and replacing the last column of A with a linear
combination of the columns of A with the coefficients given by x. We make the following
observation.

» Observation 14. For any matriz A € F4*? there exist B € FUA=Dx=1) yectors x,y € F?,
A € {0,1} C F and permutation matrices Py, Py € F4*? such that

B 0
A=P-Ga(y)"- <0 A) Ga(z) - P (7)
Proof. See Appendix B. <

» Corollary 15. For any matriz A € F¥* there exist a diagonal matriz W, 2(d — 1) vectors
X.,Y; forie[d—1], and 2(d — 1) permutation matrices P;,Q; for i € [d — 1] such that

A=Q1 Ga)T Qo ... - Ga(Yau )T - W -Ga(Xg-1) - Pi—1-... - Ga(X1) - Pr. (8)

Proof. Let t € [d — 1]. Observe that for € F* and the vector y € F?, whose first d — ¢
coordinates are 0, and last ¢ coordinates are equal to the corresponding coordinates of x,

(Gd_ot(z) 2) = PiGq(y) P, (9)

where I; is the ¢ x t identity matrix and P, P, are the permutation matrices that exchange
the first d — ¢t and the last ¢ rows and columns, respectively.

Then, the claim of the corollary follows from Observation 14 by applying it recursively
d — 1 times to the remaining top-left block B, until we are left with a diagonal matrix. <

By combining the above corollary with Lemma 12 we obtain the following inequality.

» Lemma 16. Letd > 2, r < d* and My, M, ..., M;, € F¢¥?. Then

k 2d—2
Ry <® M;, (2d — 2)T> < (Xrélﬁfik Ry (Gd,k(X),r)> : (10)

Proof. By Corollary 15, for each i € [k] there exist 2(d — 1) vectors Xi(j),Yi(j) € 2(d—1)
permutation matrices Pi(] ), Ql(-J ) and a diagonal matrix W; such that

ﬁ(Qo GaY)T) - W, H( X(9) . plaa)Y.

Then, using that (A; ® By) - (A2 ® Bs) = (A1 43) ® (B1Bs) holds for any matrices, we get

éMi—jniQéQgﬂé ;9 ) (@W) ﬁ(éGd(de_j))éPfd_j)>.

i=1 i=1 j=1 \i=1 i=1

Let XU) € F4*F he a matrix whose i-th column is Xi(j). Define YU) € F4*F similarly. Let

k k
QV=RQqQY, PY=QPY, W=QQRW. (11)
i=1 i=1 ’

68:7
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Then, Q) and PUY) are permutation matrices, and W is a diagonal matrix, and

k d—1 d—1
M=QRM=]] (Qm . Gd’k(y(j))T) US| (GM(X(d—J')) .p(d—j)) _ (12)
i=1 j=1 j=1

Thus, by Lemma 12,

RIe (M, (2d — 2)r ]:[ TC(Gdkym ) HR (Gde(J)) )_

2d—2
< (Xrg[?d)ikRF (dek(X),r)) . (13)

Furthermore, we note that a similar statement holds for Kronecker products of matrices
of not necessarily equal size.

» Lemma 17. Let d; > 2 and M; € F%*% for i € [k]. Assume di > d; fori € [k]. Then

k 2d;, —2
Ry® (@ M;, (2dy, — 2)r> < (max_R{FC (G j(X),r)> : (14)

XelFd

Proof. For M; with d; < dy we multiply the decomposition given by Corollary 15, by
2(dg, — d;) identity matrices from the left and from the right, so that every M; is decomposed
into the product of precisely 4dy — 3 matrices. After this, the proof is identical to the proof
of the previous lemma. |

2.2 General approach to upper bounds for the rigidity of G ;(X)

As we see from Lemmas 16 and 17, in order to prove Theorems 3 and 4 it is sufficient to
bound the row-column rigidity of Kronecker products of V-matrices. We describe a general
approach to such bounds.

The key observation is that most of the non-zero entries of G 7(X) are concentrated in
just a few columns and a few rows. Hence, after deleting these columns and rows we expect
to get a matrix with very sparse rows and columns.

Recall, that for d = (dy,ds, . .., di,) we define [d] = [d1] x [d2] x ... x [dy]. The rows and
the columns of G 7(X) are indexed by tuples in [d].

For a d; x d; V-matrix, all rows, except the d;-th row, have up to two non-zero entries,
while the d;-th row has only one non-zero entry. For V-matrices, all columns, except the
last one, have one non-zero entry and the last column may have up to d; non-zero entries.
Therefore, the densest rows are indexed by tuples with a small number of i-th coordinates
being equal d; and the densest columns are indexed by tuples with a large number of i-th
coordinates being equal d;, for i € [k].

Let w : R — (0,00) be a function. Define a score of a string = € [d] as
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Consider the uniform distribution on [d]. Then x(i) = w(d;)1[z; = d;] are independent

k
random variables, and s(xz) = > x(i) with
i=1

E,fs(z)] =Y wildi) and  Var[s(z)] = 3 w(d;)? (didz 1) . (16)

=1

i ‘
i=1 g

For § > 0 we define a pair of sets of strings of high and low scores, respectively

= =

C(8) = {x € [d | s(x) > E,[s(y)] +3} and R(5) = {x € [d | s(x) < E,[s(y)] - 5}. (17)

These sets correspond to indices of the most dense columns and rows, respectively. Note, that
one may use concentration inequalities to bound the sizes of these sets (see Appendix A).
The matrix E defined by the union of the rows of G'(X) in R(J) and the columns of G 7(X)
in C(9) has low rank. Now we want to count the number of non-zero entries in rows and
columns of G {X) — E. Define

=

Te(6,y) = {z € [d]\R(0) | Vi: yi € {wi,di}} and Mc(§) = max [|T.(5,y)[; (18)
veld\c (o)

T.(6,2) = {y € [d]\C(6) | Vi: y; € {w;,d;}} and M,(8) = max |T.(6,z)]. (19)
zeld]\R(5)

With this notation, we have the following inequality.

» Lemma 18. Let 6 > 0. Then, for any X € IF‘{,
R (G(X),[C(8)[ 4 [R(0)]) < max(Mc(6), My(5)).

Proof. Let E be the matrix obtained from G ;(X) by changing to 0 every entry that is not
in a column with index in C(d) and is not in a row with index in R(4). Then

rank(E) < [C(9)] +[R(9)] (20)
Let Z=Gz(X)—FE and z,y € [d]. Observe that the entry of G 7(X) with coordinates (z,y)
is non-zero only if for every i € [k] either x; = y; or y; = d;. Therefore, every row of Z has at
most M, (§) non-zero entries, and every column of Z has at most M,(d) non-zero entries. <

Hence, in order to prove an upper bound on the rigidity of G 7(X), one just may come up
with a good choice of weights w and a threshold ¢ > 0 which make all the quantities |C(d)],
R ()], Mc(6) and M,.(§) small.

3 Rigidity of Kronecker products of matrices of uniform size

Now, we show how the approach, described above, provides a strong upper bound on the
rigidity of Kronecker products of matrices of uniform size. We follow the notation introduced
earlier.

1 2
» Theorem 19. Given d > 2 and 0 < ¢ < 1, there exists y = © < . 26 ) such
dlogd log*(1/e)

that for all k > 1 and X € F* we have R (Gar(X),n'~7) < n/?, where n = d".

68:9
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Proof. We use the approach described in the previous section. We take w(x) = 1, then s(z)
given by Eq. (15) counts the number of coordinates equal to d. A simple computation gives

E[s(x)]=k/d  and Var[s(z)] = k(d — 1) /d>. (21)

Then, by the Bernstein inequality (see Corollary 32), for 6 < 1/d,
2
IC(6K)| = d* - P[s(x) > k/d + 0k] < exp <<lnd - 53d) k) : (22)
. 5%d
|R(6k)| = d¥ -Pls(x) < k/d— k] <exp| (Ind— 5 k). (23)
€
Therefore, for 6 = © <log(1/5)d>’
2
R(GK)| + [C(0k)| < dI—DF = p1=7 f, -0 <5> . 24
[R6K)| + [C(5K)] < W forsome 320 (e 29

For a string x € [d]* define the set S, = {i | #; = d}. Recall, that for every y € [d]*\C(5k)
we have |S,| < k(1/d + &) and for every = € [d]* \ R(0k) we have |S,| > k(1/d — §).

For each y € [d]* \ C(k), a vector = € T.(6k,y) can be described by picking a subset U
of Sy of the size at most 26k such that U = S, \ S, and by picking z; € [d — 1] for every
j € U. So, by Lemma 33,

5k
|5y _ (elSyl(d—1))?
< - —L" < .
okl ¥ (V) a- s (e < exp(20In(3/)k) (25)
i<20k

Similarly, for every row index x € [d]* \ R(Jk), a column y € T}.(5k,x) can be described by
picking a subset U C [k] \ S, of size at most 20k and by setting y; = d for j € U and y; = x;
for j ¢ U. Hence, by Lemma 33,

k— S| ek \ 2"
|T,(0k, z)| < . <| == < exp(201n(2/9)k). (26)
() =Gr) e
Therefore,
max(M.(0k), M, (dk)) < exp (26 In(3/d)k) < d‘ek/d, for some 6 = © (log(lg/s)d> . (27)

Hence, the conclusion of the theorem follows from Lemma 18. |

Finally, we can deduce our improved bound for the rigidity of Kronecker products of
matrices of uniform size.

1 2
» Theorem 20. Given d > 2 and 0 < € < 1, there exists v = ) ( . 25 > such
dlogd log*(1/e)
k

that the following holds for any My, My, ..., My, € F¥4 with k > 1/v. Let M = ® M; and
i=1
n=d". Then
Ry° (M, nl_'y) <n®, andso Ry (M7 nl_") < nlte.

Proof. By Theorem 19 and Lemma 16, for ¢’ = /2 we have

2
Ry (M,2d-d"%) < d®*  for some ’=9<€>-
i ( ) - Tome log?(1/¢)dlogd

Pick v = 4//3 and note that for k > 1/ we have 2d - d=2"* < 2d-d=2 < 1. <
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4 Rigidity bounds for matrices of unequal sizes

In this section we show how a similar approach may be used to show upper bounds on the
rigidity of Kronecker products of matrices of not necessarily equal sizes.

» Theorem 21. Let 0 < e <1 and let w(z) > 1 be a non-decreasing function. There exists
an absolute constant ¢ > 0 such that the following is true. Let 2 < d; < ds < ... < dj be
integers. Let L > 0 and K > 0 be such that
k k
(i) > w(dy)/d; < K( logdi/logdk) (w(dy)/dy), and

=1

k k
(i) Y w(d;)/di > L <;10gdi/1ogdk) (w(dy)/dk)-

i=1

=1

M;. Then

k
Let n = [] d;. Consider arbitrary matrices M; € Fdixdi gnd let M =
i f

k
i =

K2

cLe?

RE(M,2dy, - n'=7) < n®  where = .
£ ( g )< 7 dy log dy, - K2log? (K /¢)

Proof. We follow the notation of Section 2.2. Recall that

k L (di—1
m:=E[s(x)] =Y w(d;)/d; and Var[s(x)] =) w(d;) < pe >§w(dk)m. (28)

i=1 i=1 ?

Then, by the Bernstein inequality, for 0 < § < 1,

2m2
(Clom)|=n - Plsw) 2m+dm] < n-exp <Var[s(x)(§ + 61/112(dk)m/3> :
m
<n-exp (3w(dk)) . (29)
and similarly,
IR(6m)| = n-Ps(z) < m —dm] < n-exp (-%) . (30)

—

Now we want to bound the number of entries in T,(dm,y) and T,.(6m, z). For x € [d] define

-

Let z € [d] \ R(6m) and y € T,.(dm, ), by definition, S, C S, and

> w(d;) < 20m. (31)
€5\ S,
Thus, t :=|Sy, \ Sz| < 2dm/w(d1) =: tmax. Assumption (i) implies that
tmax < 20K In(n)/(dg Indy).

At the same time, tyax > 20 - (kw(dy)/dg)/w(dy) = 26k/dy. Note that y € T,.(dm,z) is
uniquely defined by S, \ S;. Thus, by Lemma 33,

T, (6m, z) < ti: (f) < exp (tmax In ( t::)()) = (32)

=0
<exp(lnn- 20K In(2d/d)/(di Indy)).
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-

Similarly, for y € [d] \ C(6m) we have z € T,(dm,y) only if S, C S, and Eq. (31) is satisfied.
Clearly, |Sy| < m(1+0)/w(d1) < 2m/w(dy), and t = |S, \ Sy| satisfies t < tax. Hence, by
Lemma 33,

tn]ax tnlax
T.(om,y) <> ('S“)d;; <y (2m/w(d1)> <

i=0 tmax i=0 tl’[laX

< exp(tmax In(3071) + tmax Indy) < exp(lnn - 26K In(3671)/dy,). (33)
Therefore, there exists § = © ((¢/K)/log(K/¢e)) such that

max (M, (§m), M.(6m)) < n®/ %)

Moreover, for such choice of d, by assumption (ii) and Eq. (29)-(30), we obtain
IC(0m)| + |R(6m)| < nexp(—d°Lin(n)/(3dyIndy)) < n'™7. (34)
Thus, the claim follows from Lemma 18 and Lemma 17. <

Observe that Theorem 20 is a special case of Theorem 21 with K = L = 1. More generally,
we can get the same bound on ~ for the case when all the d; are within a constant factor of
each other.

» Corollary 22. Given 0 < ¢ < 1, and d > 2, there exists v =

ce?

. (dlog(d) Tog(1/0) log?(1/(c2))

k k
My, My, ..., M where M; € F4*4 gnd cd < d; < d. Let M = @ M; andn = [[ d;. If
i=1 i=1

) such that the following holds for any sequence of matrices

n > dY7, then RE(M,n'=7) < ne.

Proof. Observe that the assumptions of Theorem 21 are satisfied for w(z) = 1 with K =
L < (1/c)log(1/c). Let 4" be the constant provided by Theorem 21. We take v = +//3 and
note that n?Y > 2d. Hence, RE(M,n'=7) < ne. <

Next, we eliminate the lower bound constraint on the d;, at the cost of a slightly worse
dependence of vy on d. (Theorem 24 below). In preparation for proving Theorem 24, we state
its special case where all but at most one of the d; are restricted to the interval [v/d, d].

&_2

5 ) such
d3/21og(d) log®(d/e)

k
that the following holds. Consider any d; < d and M; € F%>xd: fori € [k]. Let M = @ M;
i=1

k
and n = [] d;. Assume that d; > Vd for alli > 2. If n > d*7. Then REE(M,n*=7) < nc.

i=1 a

» Corollary 23. Givend > 2 and 0 < & < 1, there exists v = Q (

Proof. Define w(d;) = 1. Then, the assumptions of Theorem 21 are satisfied for K = L <
44/d. Indeed, for d < d and ds > v/d and k > d, we have the following trivial bounds

k k
> “log(d;)/log(d) > (k—1)/2 and Y 1/d; < (k—1)/Vd+1<2(k—1)/Vd. (35)
i=1

i=1
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Hence, by Theorem 21, there exists 4" = Q < 5
d3/21og(d) log”(d/¢)

> such that

REE(M, 2dn'~"") < n®.

Take v = 7//3. Finally, note that the assumption n > d'/7 implies that n?Y > 2d and k > d.

Hence, Ry(M,n'=7) < n®. <

Finally, we prove our main result by eliminating d; > v/d constraint using a bin packing
argument.

52

such

(dg/ 2log(d) log®(d/e) )

that the following holds for any sequence of matrices My, Ms, . .., M, where M; € F4*d and
k k

2<d; <d. Let M = ® M; and n = d;. If n>d'7, then RI}C(Mml_"’) < nf.
i—1 -1

K3

» Theorem 24. Given d > 2 and 0 < € < 1, there exists v = )

(3

Proof. Let us split the d; into the smallest possible number &’ of bins, such that the product
of numbers in each bin is at most d. Let a; be the product of the numbers in bin j € [¥']
and let A; be the Kronecker product of the corresponding matrices. Then at most one a; is
< V. Hence, the theorem follows from Corollary 23. <

5 Application to rigidity upper bounds for Hadamard matrices

As an application of our improved bounds, we show that the family of Kronecker products of
sufficiently not rigid matrices and matrices of bounded size is not Valiant-rigid.

» Theorem 25. Let 0 < e <1/2 and b > 2. Let F be a family of matrices over F, such that
for every d x d matriz A € F either d < b, or

_ 12(loglog d)?

e3logd (36)

Ry (A,d"7) <d° for

Then, for every sequence of matrices My, M, ... My, € F, the n x n matrix M = @ M;
1€[k]
either satisfies Ry (M, n/logn) < n%. or n is bounded above by a function of b and .

As an immediate application of Theorem 25, we significantly expand the family of
Hadamard matrices known to be not Valiant rigid (Theorem 7). We rely on the rigidity
upper bound for Paley-Hadamard matrices established in [6, 3].

» Theorem 26 ([6, 3]). There exist constants c1 > 0 and ca > 0 such that for all € > 0 and

d
an arbitrary d X d Paley-Hadamard matriz A we have RF | A, ———F——— | < d°.
exp(e“ (log d)°)

We restate Theorem 7 for convenience.

» Theorem 27. Let Fqy be the family of Paley-Hadamard matrices and Hadamard matrices of
bounded size. Let F be the family of all matrices that can be obtained as Kronecker products
of some matrices from Fy. Then F is not absolutely Valiant-rigid.

Proof. Fix € > 0. By Theorem 26, the inequality

g < 12(log log d)? (log d)°2

o7 >3
logd)l=¢2 =  £3logd (loglogd)? — c

T

holds for all sufficiently large d. Thus, the claim of the theorem follows from Theorem 25. <«
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In order to prove Theorem 25, we use the following inequality that relates the row-column
rigidity of the Kronecker product of a pair of matrices to the row-column rigidities of each of
the matrices participating in the product.

» Lemma 28 (Dvir, Liu [6, Lemma 4.9]). Let A be an n x n matriz and B be an m x m
matriz. Then

Rrf(A® B,rgm +1mpn) < Rp°(A, 1) - RpS(B,rp)

In the pair of lemmas below we show that the Kronecker product of arbitrary many
sufficiently large and sufficiently not rigid matrices is sufficiently not rigid itself. These
lemmas are essentially the proof content of Lemma 4.10 in [6], which was stated and proved
for more specific needs.

» Lemma 29. Let 2 < b<d; <...<dp <b? beintegers. Let 0 < e <1 and vy > 0 such
that vlog(b) > 2log(3/e) and b > 3/c. Assume that for every i € [k], M; is a d; x d; matric
over F that satisfies

REF(M;, d;™7) < d5.

Define M = @ M; andn= [] d;. Then,
i€[k] ic[k]

R]{TC (M7n1—s'y/4) S n4s

Proof. By the assumptions of the lemma, we can write M; = A; + E;, where A;, B; € Fdi*di,
rank(4;) < d1 7, and E; has at most d5 non-zero entries in every row and column. Then

Q) M= Q) (Ai + E;) = Z@A Q) E; (37)
1€ K] 1€ (K] k] €S JE[RI\S

Now all the summands can be split into two groups: when |S| > ek and when |S| < ek. We
are going to bound the rank of the sum of the first group and the number of non-zero entries
of the sum of the second group.

rank Z R4 R E|< > rank<®Ai> I &<

Clk],|S|>ek i€S  je[k]\S SCIk],|S|=ek i€s K)\S
k 1_ ( )Ek -
< v cn b 38
- (€k> SC[k |5| skg jel[;][\s € (38)

Since b7 > (3/¢)? and n < b?*, we have

rank Z ®A ® Ei]l <n- hek/2 < pl-ev/4 (39)

C[k],|S|>ek i€S JERI\S
Next, consider the remaining terms
=Y Q4 ® 5 (0
SCIk],|S|<ek i€eS JE[KI\S

Using Lemma 33, every column and every row of E has at most

) e () v o

=0 i€[k]

non-zero entries. |
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» Lemma 30. Let2 <b<dy <...<dy be integers. Let 0 <e <1 and y1,7v2,...,7 > 0 be
such that b > 3/e and for all i € [k] we have v; - logd; > 4log(3/¢e). Assume that for every
i € [k], M; is a d; x d; matriz over F, that satisfies Ry¢(M;,d)~ ") < dE.
Define M = @ M; andn= ][] d;. Then,
1€[k] 1€[k]

€2 min; ; log log log dj.

e (M 1— < 5e —
B (M,n'™%) <> for 4 4loglog dy, logn

Proof. Let I, = {i | d; € (b2",b%" ']} for t = 1,...,L = loglogdi. Let A, = ® M; and

=
ny = [[ d;. Let v = min; ;. By Lemma 29,
i€l
R (Ap g~ ) <y (42)
Let S = {t|n; > n*/*} and Ng = [ ns. Then, by Lemma 28,
tesS
Ry (@ Ay, Ns (Z ny 4)) < N§. (43)
tes tes
Hence,
Ry <® A, L NSHEQW(M)) < NEF (44)
tes

Observe that, n/Ng < (nE/L)L < nf. Thus, R}® ( xR A 0) < nf. Hence, by Lemma 28,

te[L]\S

Ry° (M, nl—w) < nbe, )

as n=% = loglog dj, - n~c>7/(Aleglogds) — [—*v/(4L)
|
Finally, we are ready to prove Theorem 25.
1
Proof of Theorem 25. Define b, = 3/¢ and b, = max(b,b.). Let vy = O
by log®(b.)
2

I;T, where ¢y > 0 is the constant given by Theorem 24. We may assume ¢y < 1. Define
og €

Nb — bz4/(€%).
Denote the size of M; by d; for i € [k] and let S = {i € [k] | d; < b.}. Let
F=QQM and H= (K M, (46)
€S JEE\S

Denote by Np and Ny be the orders of F' and H, respectively. Then Np - Ng = n. Let
dmax = max; d;. By Lemma 30,

R (M, Nj) < N, (47)
where
by > g2 ~12(loglog dmax)®  logloglog diax > 2log logn- (18)
4loglog dpmax e3log dimax log Ny elogn
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At the same time, by Theorem 24, if Ng > N,, then

Re (F N;:%) < N, (49)

Note, since b, > 3/¢, we have

So, in the case n > Nr > N}, we have ~, >

loglog Ny < log(1/7vs) + 2log(b.) < 121log(b.) < vpelog Ny /2. (50)

2loglogn
elogn

If min(Ng, Np) > n® and Np > N, then, by Lemma 28,

Ry (M,n/logn) < Ry (M,n(n"Y" + n==")) <

< (15 ) < () () <0 )

If Np < n®, then Ny > n®, and by Lemma 28,

RI¢ (M,n/logn) < RI¢ (M, NFN}{W) < N¥ . Rre(F,0) < N3 - Np < n®. (52)

Similarly, if Ng < n® and N > Ny, then R (M, n/logn) < nbe.
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A Tail bounds
In this appendix we review a classical concentration inequality which we apply to the binomial
distribution.

» Theorem 31 (Bernstein inequality). Let L >0 and 6 > 0. Let X1,..., X, be independent
random variables satisfying | X; —E(X;)| < L fori € [n]. Let X = > X;. Then we have

i=1

52/2
> Var(X;) + Ld/3
i=1

P(X >E(X)+0) <exp| —

» Corollary 32. Let d > 1. Let X; be i.i.d. {0,1}- valued random variables such that
P(X;=1)=1—-P(X;, =0)=1/d foricn]. Let X = ZX Let 6 < 1/d. Then

i=1

1 5n 52n
> (= < = <(=- < L
P{X_<d+5>n}_exp< 3d) and P[X_(d 5) ] exp( 3d>
Proof. Note that E(X;) = 1/d and Var(X;) = (d — 1)/d?. The first bound follows from

Theorem 31 with L = (d—1)/d. The second bound follows from Theorem 31 with L = (d—1)/d
by applying it to V; = E(X;) — X;. <

We also use the following elementary bound.

k k
> Lemma 33. Let 0 <k <n. Then 3 (1) < () .

i=0 " k

B Proof of Observation 14

In this appendix we prove Observation 14.

» Observation 34. For any matriz A € F¥*¢ there exists B € F@=Dx(d=1) "yectors x,y € F?,
A € {0,1} C F and permutation matrices Py, Py € F¥*? such that

A=Py-Galy)" - (]j 2) Gala) - Py (53)

Proof. We consider two cases. First, assume that A has rank d. In this case, the basis vector
eq can be written as a linear combination of the columns A; of A. Moreover, by changing the
order of columns (by some permutation matrix, say (1) we may assume that the coefficient
in front of the last column is non-zero. In other words, there exist coefficients puq, ..., g,
with g # 0 such that

eq = p1(AQ1)1 + p2(AQ1)2 + ... + pa(AQ1)a.

1

Define x; = —p; /g for i € [d — 1] and 24 = —. Denote by A’ the matrix consisting of the
Hd

first d — 1 columns of AQ:. Then

AQy = (A’ 0d11> Galz). (54)
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Since A has full rank, the first d — 1 rows of A’ span F~1. So the last row of A’ can be
written as a linear combination of the first d — 1 rows. Hence, for some vector y € F? with

yd:L

B 0
) =00 Gat) = A0 =G (1) -Gt (55)
If A has rank less than d, there exists a column and a row of A that can be expressed as a
linear combination of all other columns and rows of A, respectively. By changing the order of
rows and columns we may assume that these are d-th column and d-th row. Then, similarly
as above, we see that A can be written in the form (53) with A = 0. |
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