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—— Abstract

In this work we propose a formal system for fuzzy algebraic reasoning. The sequent calculus we define
is based on two kinds of propositions, capturing equality and existence of terms as members of a fuzzy
set. We provide a sound semantics for this calculus and show that there is a notion of free model for
any theory in this system, allowing us (with some restrictions) to recover models as Eilenberg-Moore
algebras for some monad. We will also prove a completeness result: a formula is derivable from
a given theory if and only if it is satisfied by all models of the theory. Finally, leveraging results
by Milius and Urbat, we give HSP-like characterizations of subcategories of algebras which are
categories of models of particular kinds of theories.
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1 Introduction

One of the most fruitful and influential lines of research of Logic in Computer Science is
the algebraic study of computation. After Moggi’s seminal work [18] showed that notions of
computation can be represented as monads, Plotkin and Power [21] approached the problem
using operations and equations, i.e., Lawvere theories. Since then, various extensions of the
notion of Lawvere theory have been introduced in order to accommodate an ever increasing
number of computational notions within this framework; see, e.g., [22, 11, 20], and more
recently [3, 4] for quantitative algebraic reasoning for probabilistic computations.

Along this line of research, in this work we study algebraic reasoning on fuzzy sets.
Algebraic structures on fuzzy sets are well known since the seventies (see e.g., [24, 16, 1, 19]).
Fuzzy sets are very important in computer science, with applications ranging from pattern
recognition to decision making, from system modeling to artificial intelligence. So, one may
wonder if it is possible to use an approach similar to above for fuzzy algebraic reasoning.

In this paper we answer positively to this question. We propose a sequent calculus based
on two kind of propositions, one expressing equality of terms and the other the existence of a
term as a member of a fuzzy set. These sequents have a natural interpretation in categories of
fuzzy sets endowed with operations. This calculus is sound and complete for such a semantics:
a formula is satisfied by all the models of a given theory if and only if it is derivable from it.

It is possible to go further. Both in the classical and in the quantitative settings there is a
notion of free model for a theory; we show that is also true for theories in our formal system
for fuzzy sets. In general the category of models of a given theory will not be equivalent
to the category of Eilenberg-Moore algebras for the induced monad, but we will show that
this equivalence holds for theories with sufficiently simple axioms. Finally we will use the
techniques developed in [17] to prove two results analogous to Birkhoff’s theorem.
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Fuzzy Algebraic Theories

Synopsis. In Section 2 we recall the category Fuz(H) of fuzzy sets over a frame H. Section 3
introduces the syntax and the rules of fuzzy theories. Then, in Section 4 we introduce the
notions of algebras for a signature and of models for a theory; in this section we will also
show that the calculus proposed is sound and complete. Section 5 is devoted to free models
and it is shown that if a theory is basic then its category of models arose as the category of
Eilenberg-Moore algebras for a monad on Fuz(H). In Section 6 we use the results of [17] to
prove two HSP-like theorems for our calculus. Finally, Section 7 draws some conclusions and
directions for future work. Complete proofs are in the extended version [8].

2  Fuzzy sets

In this section we will recall the definition and some well-known properties of the category of
fuzzy sets over a frame H (i.e. a complete Heyting algebra [12]).

» Definition 2.1 ([26, 27]). Let H be a frame. A H-fuzzy set is a pair (A, pa) consisting in
a set A and a membership function pg : A — H. The support of pa is the set supp(A, pa)
of elements x € A such that pa(x) # L. An arrow f : (A,ua) — (B, uB) is a function
f:A— B such that pa(x) < up(f(z)) for all x € A.

We denote by Fuz(H) the category of H-fuzzy sets and their arrows. We will often drop
the explicit reference to the frame H when there is no danger of confusion.

» Proposition 2.2. For any frame H, the forgetful functor V : Fuz(H) — Set has both a
left and a right adjoint V and A endowing a set X with the function constantly equal to the
bottom and the top element of H, respectively.

Proof. If V(X) and A(X) are, respectively (X, c, ) and (X, c1), where ¢; and ¢t are the
functions X — H constant in 1 and T, then for any X € Set, idx : V(A(X)) =X — X =
V(V(X)) is the counit of ¥ 4 A and the unit of V 4 V. <

» Definition 2.3. Lete: A — B and m : C — D be two arrows in a category C, we say
that m has the left lifting property with respect to e if for any two arrows f : A — C and
g: B — D such that mo f = goe there exists a unique k : B — C with mok = g.

A strong monomorphism s an arrow m which has the left lifting property with respect to
all epimorphisms.

» Proposition 2.4. Let f: (A, ua) — (B,up) be an arrow of Fuz(H), then:

1. f is a monomorphism iff it is injective; f is an epimorphism iff it is surjective;

2. f is a strong monomorphism iff it is injective and pp(f(x)) = pa(x) for all x € A;

3. f is a split epimorphism iff for any b € B there exists a, € f~1(b) such that pup(b) =
pa(ay).

» Definition 2.5 ([13]). A proper factorization system on a category C is a pair (E, M)
given by two classes of arrows such that:

E and M are closed under composition;

every isomorphism belongs to both E and M ;

every e € E is an epimorphism and every m € M is a monomorphism;

every m € M has the left lifting property with respect to every e € E;

every arrow of C is equal to m o e for some m € M and e € E.

» Lemma 2.6. For any frame H, Fuz(H) has all products. Moreover the classes of
epimorphisms and strong monomorphisms form a proper factorization system on it.

» Remark 2.7. Completeness and the existence of both adjoints to % can be deduced directly
from the fact that Fuz(H) is topological over Set [26, Prop. 71.3].
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3  Fuzzy Theories

In this section we introduce the syntax and logical rules of fuzzy theories. The first step is
to introduce an appropriate notion of signature. Differently from usual signatures, in fuzzy
theories constants cannot be seen simply as 0-arity operations, because , as we will see in
Section 4, these are interpreted as fuzzy morphisms from the terminal object, and these
correspond only to elements whose membership degree is T.

» Definition 3.1. A signature ¥ = ()O, ar,C) is a set O of operations with an arity function
ar: O — N, and a set C of constants. Signatures form a category Sign in which an arrow
Y1 = (0q,ar1,Cy) = Yo = (O2,ar2,Cs) is a pair F = (Fy, F») of functions: Fy : O1 — Os
and Fs : Cy — Cs with the property that arg o F1 = ary.

An algebraic language L is a pair (3,X) where ¥ is a signature and X a set. The
category Lng of algebraic languages is just Sign x Set.

» Example 3.2. The signature of semigroups Xg in which O = {-}, ar(-) =2 and C = 0.

» Example 3.3. The signature of groups Y¢ is equal to Xg plus an operation (—)~! of arity
1 and a constant e.

Given a language £ we can inductively apply the operations to the set of variables to construct
terms, and once terms are built we can introduce equations.

» Definition 3.4. Given a language £ = (X, X), the set L-Terms is the smallest set s.t.
XUC C L-Terms;
if f €0 and t1,... tap) € L-Terms then f(t1,... ta(s)) € L-Terms.

» Proposition 3.5. There exists a functor Terms : Lng — Set sending L to L-Terms.

» Definition 3.6 (Formulae). For any language L we define the sets Eq(L) of equations as
the product Eq(L) = L-Terms x L-Terms and the set M(L) of membership propositions as
M(L) .= H x L-Terms. We will write s =t for (s,t) € Eq(L) and E(l,t) for (I,t) € M(L).
The set Form(L) of formulae is then defined as Eq(L) UM(L).

Clearly, a proposition s = ¢ means “s and t are equivalent and hence interchangeable”; on
the other hand, E(l,t) intuitively means “the degree of existence of ¢ is at least 7.

» Definition 3.7 (Sequent ant fuzzy theory). A sequent I' 1 is an element (T',4) of
Seq(L) = P(Form(L)) x Form(L), where P is the (covariant) power set functor. A fuzzy
theory in the language L is a subset A C Seq(L) and we will use Th(L) for the set P(Seq(L)).

» Notation. We will write - ¢ for O F ¢.

For any function o : X — L-Terms and t € L-Terms we denote t[o] the term obtained
substituting o(x) to any occurence of x in t. Moreover, for any formula ¢ € Form(L) we define
¢lo] as tlo] = s[o] if ¢ ist=s or as E(L,t[o]) if ¢ is E(I,t). Finally, given T' C P(Form(L))
we put To] = {¢[co] | » € T'}.

» Definition 3.8. For any L, the fuzzy sequent calculus is given by the rules in Figure 1.
Given a fuzzy theory A, its deductive closure A" is the smallest subset of Seq(L) which

contains A and it is closed under the rules of fuzzy sequent calculus. A sequent is derivable

from A (or simply derivable if A = ) if it belongs to A=. We will write Fp ¢ if = ¢ € A".
Finally we say that two theories A and © are deductively equivalent if A~ = OF.
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¢peTl I'+o¢ {TH¢|ped} (R
A —— WEAK Cur
o TUAF@ '+
I'kFs=t I'Fs=t I'Ft=u
— REFL —— SYyM TRANS
I'kFs=s I'kHt=s I'Ht=u
o:X — L-Terms 'k feo Tkt = sz}fr:({)
SUB ConNaG
F[U] F d)[()’] I .f(t17' .. 7tar(f)) = f(317' . ~a5ar(f))
I -E(,1) {1 F El, ) }ord)
— INF —————— MoON - Exp
'k E(L,t) FI—E(l/\l’,t) I‘I—E(inf({li}izl),f(tl,...,tar(f)))
SCcCH {F}—E(l,t)}les I'Ft=s I'FE(,¢)
Sup Fun
I' - E(sup(S5), t) 'FE(,s)

Figure 1 Derivation rules for the fuzzy sequent calculus.

The next result shows how maps between languages are lifted to theories.

» Proposition 3.9. For any F : L1 — Lo arrow of Lng:
1. there exists a Galois connection F,. 4 F* between (Th(L1),C) and (Th(Ls2),C);
2. F.(A}) € (Fu(A1)" and (F*(A2))” € F*(AL) for any Ay € Th(Ly) and Ay € Th(L,).

Usually, logics enjoy the so-called “deduction lemma”, which allows us to treat elements
of a theory on a par with assumptions in sequents. In fuzzy theories, this holds in a slightly
restricted form, as proved next.

» Lemma 3.10 (Partial deduction lemma). Let A be in Th(L) and T’ € P(Form(L)), let also
A[T] be the theory AU{DF ¢ | ¢ € T'}. Then the following are true:

1. TUAF ¢ in A implies A+ in (A[T])";

2. if A& is derivable from AT without using rule SUB then T U A 1 is in A".

Proof.

1. By hypothesis T'U A I 9 is in A" then, since A C A[[], it is also in (A[FD}_. Now, for
any ¢ € I' and 0 € A rules WEAK and A give

o
—— WEAK — A
AF AF 0

so {A+ ¢ | ¢ €T UA} is contained in (A[T'])" and we can apply CUT to get the thesis:

(AF¢|peTUA}
Ak

TUAF %

uT

2. Let us proceed by induction on a derivation of A F 4 from A[T.
If A+ € A[l'] then or A F ¢ € A and we are done, or ¢ € I' and we can conclude
since 'UA F ¢; is in A™ by rules A and WEAK
If A+ ¢ follows from the application of one of the rules A, INF or REFL then it

belongs to the closure of any theory, by WEAK this is true even for I' U A ¢ which,
in particular, it belongs to A".
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Suppose that A F v comes from an application of WEAK, then there exists ¥ and ®
such that WU ® = A and ¥ - ¢ is in (A[['])". By inductive hypothesis we have the
following derivation of ' U A F ¢ from A:

TUTDF

—— WEAK
TUTU®F 3

If A F ¢ is derived with an application of CUT as last rule then there exists a
set © such that {AF 6|6 O} U{OF 1} C (AL]), therefore, by the inductive
hypothesis, we have that {TUA 0|6 € O} U{T'UO F 1} is conteined in A". Now,
{TUAF ¢|# €T UB} C A" by rule A so an application of CUT gives the thesis:

{TUAF¢|peTUO} TUOFY
TUAF o

Cut

Any other rule is of the form
{\II - gj }jgj
——FF R
VAEES

therefore, if A F 1 is derived with an application of one of this rules then the set
of its premises must be an element of (A[T])" of type {A F ¢&; }jes» so by inductive
hypothesis {I’' UA F 6, }jeJ C A" and then the thesis is witnessed by

{TUAF&E e,
TUAkRY <

» Example 3.11. Our first set of running examples is inspired by [19]. Let ¥g be the
signature of semigroups and X a countable set. The theory of fuzzy semigroups Ag is simply
the usual theory of semigroups, i.e given by the sequent (using infix notation)

Fle-y)-z=z-(y-2)
We get the theory of left ideal Apy if we add the axioms (one for any [ € L):
E(l,y) F E(l,z - y)
Similarly the theory Agy of right ideal is obtained from the axioms:
E(l, z) FE(l,z - y)
Finally we get the theory of (bilateral) ideal A taking the union of the above theories.

» Example 3.12 ([24, 1, 2]). Let X be the signature of groups and X a countable set. The
theory Ag of fuzzy groups is simply the usual theory of groups, i.e that given by the sequents

Fr-z'l=e Falo=e Feaz=x Foz-z2=z F(z-y)-z=2-(y-2)
We get the theory Ay of normal fuzzy groups ([16]) if we add the axioms:
E(lLz) FE(Ly - (z-y "))

It can be shown that the sequents E(l, z) - E({,e) and E(l,y - (z - y~')) F E(l, z) are derivable,
respectively, from Ag and from A .
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4  Fuzzy algebras and semantics

In this section we provide a sound and complete semantics to the syntax and sequents
introduced in Section 3. The first step is to define the semantic counterpart of a signature.

» Definition 4.1. Given a signature 3, a N-fuzzy algebra A = ((A, pua),54) is a fuzzy set
(A, 14) and a collection B4 = {fA | f € Oy U {c* | c € C} of arrows:

fA : (AvuA)ar(f) — (A, pa) e (Ler) = (A pa)

where ¢ is the constant function in L. A morphism of X-fuzzy algebras A — B is an arrow
g: (A, pa) — (B, up) such that go c* = B and fB o g*) = go fA for every c € C and
f € 0. We will write X-Alg for the resulting category of 3-fuzzy algebras.

» Remark 4.2. We will not distinguish between a function from the singleton and its value.

» Definition 4.3. Let £ = (%, X) be a language and A = ((A4, ,LLA),EA) be a X-algebra.
An assignment is simply a function v : X — A. We define the evaluation in A with
respect to ¢ as the function (-)4* : L-Terms — A by induction:
At = u(z) if v € X;
cAti=cAifeeC;
(F(tr, s tar(p))o = A0 if f € O.

» Proposition 4.4. Let A be a X-algebra. Given a function o : X — L-Terms and an
assignment v : X — A define i, : X — A as the assignment sending x to (U(x))A’L. Then

AE, ¢lo] if and only if AE,, ¢.
Proof. This follows at once noticing that (t[a})A’L =t holds for every term ¢. <

» Definition 4.5. A satisfies ¢ € Form(£) with respect to ¢, and we write A E, ¢, if ¢ is
E(l,t) and | < pa(tA) orif ¢ ist = s and t4* = s+,

A satisfies ¢ if AFE, ¢ for all v : X — A, and we write A £ ¢, similarly, given
I'Cc Form(L), AET (AE,T) means AE ¢ (AE, ¢) for any ¢ € T.

Finally, given a sequent I' - ¢ we say that A satisfies it with respect to ¢ and we will
write ' E4, ¢ if AE, ¢ whenever AE, I'; if this happens for all assignments v we say that
A satisfies the sequent and we will write T' E 4 ¢.

We say that a X-fuzzy algebra A is a model of a fuzzy theory A € Th(L) if it satisfies all
the sequents in it. Mod(A) denotes the full subcategory of -Alg given by the models of A.

Clearly Y-Alg = Mod(f)). For any A € Th(L) there exist two forgetful functors Uy :
Mod(A) — Fuz(L) and V, : Mod(A) — Set. We will write Us; and V% for Uy and V.

» Proposition 4.6. For any signature 33, Vs has a left adjoint F5°% : Set — Mod(A).

Proof. For any set X take the language Lx and define Set(X)  has
(V(Lx-Terms), Zfzset(x)) where 5% (%) := ¢ and for any f € O,

ffget(x) : V(.CX—Terms)ar(f) — V(,CX-Terms) (tl, - atar(f)) — f(tl, - 7tar(f))

It is easy to see that for any ¢« : X — ¥4 (A) the evaluation (-)“+* is the unique morphism of
>-Alg that composed with the inclusion X — L x-Terms gives back ¢. |

We now provide two technical results about interpretations. The first describes how
interpretations are moved along morphisms of algebras.
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» Proposition 4.7. Let £ = (X,X) be a language, A € Th(L) and A = ((A,pa),4),

B= ((B, uB), EB) be two X-algebras. Let also f : A — B be a morphism between them, then:

1. A is a model of A if and only if it is a model of A" ;

2. fo(=)A = (=)BI° for every assignment v : X — A;

3. for any assignment v : X — A, AF, ¢ entails BFo, ¢;

4. if Us(f) is a strong monomorphism in Fuz(H) and ¢ : X — A is an assignment then,
for any formula ¢, AE, ¢ if and only if B E¢o, ¢;

5. if Us(f) is a strong monomorphism in Fuz(H) and B € Mod(A) then A € Mod(A).

We can also move interpretations and theories along morphisms of signatures.
» Definition 4.8. For any F : X1 — X5 arrow of Sign and any A = ((A, na), 254) € Yy-Alg,
we define rp(A) = ((AMA), Z;F(A)) € Y1 -Alg putting, for any f € O

FEA (A pa) D = (A pa) (a1, ) = Fa(£) (a1, Garp))
and ¢FA) .= F3(c)A for every c € C.

» Lemma 4.9. Let L1 = (X1,X) and L2 = (X2,Y) and F = ((F1, F»),q) : L1 — Lo, then:
1. there exists a functor rp : Xo-Alg — 31-Alg sending A to rg(A);

2. tF(A)og — (Terms(F)(t))A’L for any assignment . : Y — A and t € L,-Terms;

3. for any assignment v : Y — A, rp(A) Fiog ¢ if and only if AE, Form(F)(¢);

4. If X =Y and g = idx then rg restricts to a functor rg 5 : Mod(A) — Mod(F*(A)).

» Example 4.10. The models for Ag, Apr, Agr and A; (Example 3.11) are precisely the
structures defined in [19], while the models for A¢ (Example 3.12) are precisely the fuzzy
groups as in [24] and those of Ay are the structures called normal fuzzy subgroups in [2, 1, 16].

Soundness. Now we can proceed proving the soundness of the rules in Figure 1.

» Lemma 4.11. Let £ = (X, X) be a language and A = ((A, pa),24) a X-algebra, then:
1. for any assignment v : X — A and rule

(Wit &her
UH¢
different from SUB, if W; F 4, & for alli € I then W4, £ too;
2. for any o : X — L-Terms, if T' F4 ¢ then T[o] E4 ¥[o].
» Corollary 4.12 (Soundness). If a ¥-algebra satisfies all the premises of a rule of the fuzzy

sequent calculus then it satisfies also its conclusion.

» Remark 4.13. Let us see why the deduction lemma (Lemma 3.10) cannot be extended
to rule SUB. Take ¥ to be the empty set, X = {x,y,z} and H = {0,1}. Notice that
Y-Alg = Fuz(H). We have the derivation

Fr=
ySUB

Fr=2z

If the deduction lemma held for SUB, z =y F 2 = 2z would be in ", hence satisfied by any

fuzzy set, but (H,idg) with ¢ : X — H sending 2 and y to 0 and z to 1 is a counterexample.

» Remark 4.14. Let us take ¥ = () and H = {0,1} and X = {z,y, 2z} and the derivation as
in Remark 4.13. Now, a fuzzy set (A, p4) satisfies -, © = y if and only if ¢«(x) = ¢(y), thus, if
we take (H,idy) and the assignment ¢ of the previous example, then (H,idg) b, 2 =y but
it does not satisfy « = z with respect to .

13:7
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Completeness. Now we prove that the calculus we have provided in Section 3 is complete.
Let us start with the following observation.

» Remark 4.15. For any A € Th(L) the relation ~4 given by all ¢ and s such that Fx t = s,
is an equivalence relation on £-Terms.

Using this equivalence, we can define the model of terms, as done next.

» Definition 4.16. Let £ = (X, X) be a language and A € Th(L), we define Terms(A) to be
the quotient of L-Terms by ~a, moreover, by rule FUN, the function

fi: L-Terms - H t—sup{l € H|Fa E(,1t)}
induces a function py : Terms(A) — H. For any f € O and ¢ € C putting ¢’ := [c] and
£ Terms(A)™ ), — Terms(A) (Ita]s - tarpy)]) = [F (s - - s tarcy) ]

gives us a S-algebra Ta = ((Terms(A), ), £72), called the S-algebra of terms in A. The
canonical assignment is the function teqn : X — Terms(A) sending x to its class [z].

» Remark 4.17. Rule CONG assures us that f74 is well defined while EXP implies that it is
an arrow of Fuz(H).

The following Lemma will be needed to prove completeness.

» Lemma 4.18. Let £ = (X, X) be a language and A € Th(L), then:
1. for any ¢ € Form(L) the following are equivalent:
a. Tak o,
b. T Fivn
C. |_A gZS,'
2. for any assignment 1 : X — Terms(A) and formula ¢, Ty E, ¢ if and only if Fx ¢[o o (]
for one (and thus any) section o of the quotient L-Terms — Terms(A);
3. Ta = ((Terms(A), pua), £72) is a model of A.

Let us start with a technical result.

» Proposition 4.19. Let £ = (X, X) be a language, A € Th(L), and o : Terms(A) — L-Terms
a section of the quotient L-Terms — Terms(A). The equation t’»* = [t[o o (]| holds for any
assignment v : X — Terms(A) and t € L-Terms. In particular t7atean = [t].

Now we can proceed with the proof of Lemma 4.18.

Proof of Lemma 4.18.
1. Let us show the three implications. (a)=-(b) follows from the definition. For the
implication (b)=-(c) we split the cases.
¢ist=s. Then Tp E ¢ means

LCCLH/

[t] = tTastcan — gTastcan — [s]

thus t ~p sie. Fpt=s.
¢ is E(I,t). Let S be {I' € H| AF E(l',t)}, by hypothesis Ty F,_,. ¢, so

U< pua(#70eon ) = pua([8) = sup()

hence | =1 A sup(S) and, since H is a frame, | =sup ({{ Al' | I' € S}), by rule MoON
we know that that Fx E(I AU, ¢t) for all I’ € S and so rule SUP gives us 5 E(I, ).
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Finally, for (c)=-(a), let ¢ : X — Terms(A) be an assignment and o a section as in the
hypothesis; by rule SUB we get -5 ¢[o o], and by Proposition 4.19 follows the thesis.
2. By Proposition 4.19 we have

£ = [tlo o] = (to o)™

we can conclude using the previous point.

3. Let '+ ¢ be a sequent in A with I' = {¢;}]_; and ¢ : X — Terms(A) an assignment such
that Tp E, T'. By point 1 above this means that -, I'[o o ¢] and applying SUB and CuT
we can conclude that 5 [0 o). By the previous point this is equivalent to Ty F, 1. <«

Since satisfaction of a formula by 75 entails its derivability from A we can deduce immediately
a form of completeness.

» Corollary 4.20 (Completeness for formulae). For any theory A € Th(L), A E ¢ for all
A € Mod(A) if and only if b ¢.

5 From theories to monads

Given a language £ = (3, X) and a fuzzy theory A € Th(L) we have a forgetful functor:
U : Mod(A) — Fuz(L). In this section we first show that it has a left adjoint (Section 5.1)
and that for a specific class of theories, models correspond to Eilenberg-Moore algebras for
the monad induced by this adjunction (Section 5.2).

5.1 The free fuzzy algebra on a fuzzy set

To give the definition of free models (Definition 5.8) we need some preliminary constructions.

» Definition 5.1. Let A be a Z-algebra and f : (B, up) — Us(A) an arrow in Fuz(H), a
Y-algebra generated by f in A is a morphism € : (B, ug)a,5 — A such that:
Us:(e) is strong mono;
there exists f : (B,pup) — (B, up) a5 such that Us(e)o f = f;
if g: C = A is a morphism such that Us(g) is strong monomorphism and Us(g)oh = f
for some h then there exists a unique k : (B, up)a,5 — C such that gok = e.

We can construct (B, i) 4 ¢ closing f(B) under the iterated images of the functions g*,
when ¢ varies between the operations in O, so we get easily the following.

» Proposition 5.2. For any signature X, ¥-algebra A and f : (B, ug) — Us(A), (B, 1LB)A,f
exists and it is unique up to isomorphism.

» Remark 5.3. Proposition 4.7 implies that, given a model A = ((A, na), EA) of a theory

A € Th(L), and a morphism f : (B, up) — (A, a), the X-algebra (B, pup) 4,5 is in Mod(A).

The next result follows at once noticing that (B, pup).4,¢ is built from f(B) closing it under
the interpretation of elements of O.

» Proposition 5.4. Let A be a X-algebra and f : (B,up) — Us(A), then, for any other
Y-algebra C and h : (B, up) — Usx(C) there exists at most one k : (B, ) a5 — C such that
kof=nh.

The next definition explains how to extend a theory in a given language with the data of
a fuzzy set.

13:9
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» Definition 5.5. Let (M, unr) be a fuzzy set, L = (3,X) a language with ¥ = (O, ar, C).
We define X[M, ppr] to be (O,ar,CUM) and Ly, to be (S[M, uy], X). We have an
obvious morphism 1: L — L(pg,,,,) given by the identities and the inclusion ic : C — C'UM.

For any A € Th(L) we define A[M, pnr] € Liarpuny) @8 Lo(A) U (M, pag) where (M, pipg) =
{FE(,m)|meM,l €L and pp(m) > 1}.

» Remark 5.6. It is immediate to see that I*(A[M, par]) = A.

In the next proposition we show that, for any theory A, a fuzzy set can be mapped into
the term model of the theory A extended with it. Hence, the natural candidate to be the
free model is the algebra generated by such map.

» Proposition 5.7. For any fuzzy set (M, ppr) and any theory A € Th(L):

1. the function 7(ar,,,) sending m to the class [m] of the corresponding constant defines an
arrow of fuzzy sets far puay) ¢ (M, par) — Terms(A[M, pun]);

2. any element in (M, ’LLM>TA[M,MA4]’7_7(M7HM) has a representative without variables;

3. (M, '“M>TA[ is the initial object of Mod(A[M, par]).

» Definition 5.8. For any language £, A € Th(L) and (M, pr) € Fuz(H) we define the free
model FA(M, pupr) of A generated by (M, pinr) to be ry apas,un] ((M, ”M>TA[M,MM]J'(M,MM))'
We set Ta(M, par) to be Up(Fa(M, puar)).

NI"“ZW]J?(NI"“ZW)

Now it is enough to check that the free model just defined actually provides the left adjoint.

» Theorem 5.9. For any language L and A € Th(L) the functor Uy : Mod(A) — Fuz(L)
has a left adjoint Fy.

Proof. By construction 7y, ,,,,) factors through 1., @ (M, par) — Ta(M, par) which
sends m to [m]. Let now g : (M, upr) — Up(B) be another arrow in Fuz(H), we can turn B
into a X[M, puas]-algebra B9 setting mB’ to be g(m) for any m € M.

Let us show that B9 is a model of A[M, ups]. Surely it is a model of A since B is, let

F E(l,m) be a sequent in (M, uas), then for any assignment ¢ : V' — B:
BI E, E(l’m) — < ,UB(mBg’L)l < pa (th(M,HM):W(M,uM)OL) — | < ,UB(Q(m))

but g is an arrow of Fuz(H) so up(g(m)) > pp(m) and we are done.
Now, since B9 is a model of A[M, ], we can take g to be the image through ry apaz .,
of the unique arrow (M, {nr) Ty ar s, 15iicar i,y — BY5 DY construction

5 = g(m)

9(77(M,uM)(m)) = g([m]) =m
s0 UA(F) © N(a,ppy) = 9- Uniqueness follows from Proposition 5.7. |

» Definition 5.10. Given a theory A € Th(L), its associated monad Ty : Fuz(H) — Fuz(H)
is the composite Up o Fn.

» Remark 5.11. If A is the empty theory (in any language), then, by Proposition 4.6, the
composittion Fy o V gives us a functor isomorphic to F5et.

» Notation. We will denote by Fy with Fx and with Ty the monad Ty = Us o Fs.
In this setting we can provide a result similar to Lemma 4.18.

» Lemma 5.12. For any language L = (X, X) we define the natural assignment t,q; as the
adjoint to the unit V(X) — TA(V(X)). Then Fa(V(X)) E,, ., ¢ if and only if Fa ¢.
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Proof. The implication from the right to the left follows immediately since Fa(V(X)) is
a model for A. By adjointness he canonical assignment (o, induces an arrow V(X) —
Unv(x) (Z\W(X)])’ which, in turn, induces a morphism e : FA(V(X)) — Taw(x) of -
algebras such that, as function between sets, € 0 t;,4t = tean. Recalling that I is the arrow
(3, X) = (B]V(X)], X) and using Proposition 4.7, Lemma 4.9 and Lemma 4.18:

-{]:A(VX) ':Lnat ¢ — rLA[V(X)](<V(X)>TA[V(X)]7F]V(X)) ’:Lnat (b
— rI(<v(X)>TA[V(X)]7ﬁV(X)) ':bnm, ¢ = <V(X)>TA[V(X)]J?V(X) bLnat ¢
= TAV(X)] Feotnar @ = TANV(X)] Frean @ <= Fav(x) @

Now, by definition V(X) is equal to {F E(L,z) | € X}, therefore (A[V(X)])” = A™ and
we get the thesis. <

5.2 Eilenberg-Moore algebras and models

In this section we will compare the category Mod(A) of models of some A € Th(£) and
Alg(Ty) of Eilenberg-Moore algebras for the corresponding monad Tp. First of all we recall
the following classic lemma ([7, Prop. 4.2.1] and [14, Theorem VI.3.1]).

» Lemma 5.13. Let L : C — D be a functor with right adjoint R and let T = R o L be
its associated monad, then there exists a comparison functor X : D — Alg(T) such that
Uro K = R, where Ut : Alg(T) — C is the forgetful functor. K sends D in (R.(D), R (ep)),
where € is the counit of the adjunction.

As a consequence, for any theory A we have a functor from Mod(A) to Alg(T,). We want
to construct an inverse of such functor.

» Definition 5.14. Let A be in Th(L) and & : TA(M, par) — (M, par) an object of Alg(Ty),
we define its associated algebra H(£) = ((M7 ,LLM),ZH@)> putting, for every ¢ € C' and
feO:

H(E) . Fa(X,px) H(E) . Fa(Xopx) o 20 ()
c .—f(CA IX) f '_gof A nx On(]W,uM)

» Lemma 5.15. For any Eilenberg-Moore algebra & : To(M, unr) — (M, par), € itself is an
arrow Fa(X,ux) — H(E) of -Alg. In particular, for every term t and assignment v:

(&) — €(thA(M,MM),mM.,uM)OL)
Proof. The proof of the first half is a straightforward calculation. The second half follows
from point 2 of Proposition 4.7 applied to § noticing that ¢ = & o n(az 4y, © - |

In general # (£) is not a model of A, but we can restrict to a class of theories such this
holds. As in [4, 15], we consider theories whose sequents’ premises contain only variables.

» Definition 5.16. A theory A € Th(L) is basic! if, for any sequent T - ¢ in it, all the
formulae in T' contain only variables.

» Example 5.17. Fuzzy groups, fuzzy normal groups, fuzzy semigroups and left, right,
bilateral ideals (Examples 3.11 and 3.12) are all examples of basic theories.

! In [3] such theories are called simple.

13:11
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» Lemma 5.18. # (&) is a model of A for any basic theory A € Th(L) and Eilenberg-Moore
algebra & : TA(M, par) — (M, piar).

Proof. We start observing that if I' - ¢ is in A and ¢ : X — M is an assignment such that
H(E) E, T then Fo(M, ppr) Frarpy, o I+ Indeed, ¢ in I' can be or # =y, and in such case
t(z) = ¢(y) implies the thesis, or ¢ is E(l, x), but then we can conclude since the membership
degree of n(nr, ) (L(x)) in TA(M, par) is greater than pas(v(z)). Therefore, we know that
Fa(M, par) Foanpy o0 @ Let us split again the two cases.

¢ is t = s. In this case, t7AMHa) Nyt = gTAMopar) v uan®t - therefore

t}[(ﬁ)w _ §<tTA(M,HM)»77(M,uM)OL) _ g(s?A(M:HM):"](Z\/I,uIW)OL) — S}[(ﬁ),t

¢ is E(I,t). This means that I < pp (tTA(M’”M)’”Wv“M)OL), hence, thus:

1< pa (t.rrA(ALII»IVI)»W(IW,;”W)OL) Y (é‘(tTA(Mv,u]\/f)vn(]\/l,uM)OL)) = (tﬂ(f)»t)

and we can conclude. |

» Theorem 5.19. For any basic theory A € Th(L), the functor K : Mod(A) — Alg(Tx)
has an inverse H : Alg(Tx) — Mod(A) sending & : TA(M, urr) — (M, par) to H(E).

Proof (sketches). We have already constructed the inverse H on objects. If A is basic it can
be extended to a functor Alg(T,) — Mod(A) defining its action on arrows as the identity.
A straightforward calculation now shows that Ko H = idajg(t,) and H o K = idmoda(a). <«

» Corollary 5.20. For any basic theory A € Th(L), Alg(Ta) and Mod(A) are isomorphic,
and thus equivalent, categories.

6 Equational axiomatizations

In this section we prove two results for our calculus analogous to the classic HSP theorem [5],
using the results by Milius and Urbat [17].

The abstract framework. Let us start recalling the tools introduced in [17], adapted to
our situation. In the following we will fix a tuple® (C, (f, M),X) where C is a category,
(Z, M) is a proper factorization system on C and X is a class of objects of C.

» Definition 6.1. An object X of C is projective with respect to an arrow f : A — B if for
any h: X — B there exists a k : X — A such that fok =h.

We define Ex as the class of e € ‘E such that for every X € X, X is projective with
respect to e. A ‘Ex-quotient is just an arrow in Ex.

In the rest of the section, we assume that (C, (Z, M ) , X ) satisfies the following requirements:
C has all (small) products;
for any X € X, the class X |C of all e € E with domain X is essentially small, i.e. there
is a set J C X|C such that for any e : X — C € X|C there exists ¢ : X — D € J and
an isomorphism ¢ such that ¢ oe = €’;
for every object C of C there exists e : X — C' in Ex with X € X.

2 In their work Milius and Urbat additionaly require a full subcategory of C and a fixed class of cardinals,
but we will not need this level of generality.
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» Definition 6.2. An X-equation is an arrow e € X {C with X € X. We say that an object
A of C satisfies e : X — C, and we write A Fx e, if for every h : X — A there exists
q:C — A such that qoe = h. Given a class E of X-equations, we define V(E) as the full
subcategory of C given by objects that satisfy e for every e € E. A full subcategory V is
X-equationally presentable if there exists E such that V = V(E).

» Remark 6.3. The definition of equation in [17, Def. 3.3] is given in terms of suitable
subclasses of X|C. However in our setting Milius and Urbat’s definition reduces to ours
(cfr. [17, Remark 3.4]).

» Theorem 6.4 ([17, Th. 3.15, 3.16]). A full subcategory V of C is X -equationally presentable
if and only if it is closed under Ex-quotients, M -subobjects and (small) products.

Application to fuzzy algebras. In order to apply the results above to X-Alg, we need to
define the required inputs, i.e., to specify a factorization system and a class of 3-algebras.

» Lemma 6.5. For any 3, the classes Es. == {e map of B-Alg | Us.(e) is epi} and Ms, =
{m map of L-Alg | Us(m) is strong mono} form a proper factorization system on %-Alg.

» Definition 6.6. We define the following two classes of %-algebras:

Xo = {FS(X) | X € Set}
Xe = {Fu(X, ux) | (X, px) € Fuz(H)}

We will use Ex, x, (resp., Ex x.) for the class of e € E such that every X € Xy (resp. X € Xg)
18 projective with respect to e.

» Remark 6.7. Xo = {F=(X, nx) | supp(X, ux) = 0}.

We have now all the ingredients needed to use the results recalled above.

» Lemma 6.8. With the above definitions:

1. Es x, = Es;

2. By x. ={e € Ex | Us(e) is split};

3. (Z-Alg, (Es, Ms), Xo) and (Z-Alg, (Es, Ms), Xe) satisfy the conditions of our settings.

Proof.

1. Let e : A — B be an arrow in Ex, and let h : F5°(X) — B be any morphism of
3-Alg. By point 2 of Proposition 2.4 e is surjective so for any z € X we can take a
az € e 1(h(nx(x))), where n is the unit of the adjunction F5°* 4 94 of Proposition 4.6,
and define k : X — A mapping z to a,, where A = ((A,;LA),EA), this induces k :
FS(X) = Aand (eok)ony =eok =honx, thus eok = h.

/””]%___———-*11‘12123? {VE(-A)
Va(k).~~ Jq/z(e)
P T e
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2. Let e : A — B be in Ey such that Us(e) is split and let s be a section in Fuz(H),
then, for any h : F=(X, ux) — B we can consider the arrow soh o 1(X,ux)» Which, by
adjointness provides a k : Fs (X, ux) — A, moreover:

eokonxuy) =€080honx )= (eos)o (hon(xwx)) =honx,uy)

so k is the wanted lifting. On the other hand, if e is in E5, x, we can take the diagram:

Us,(k U

) 2(A)
Jﬂg(e)
Us(8) ) iy (R (Us(8)) 2B, ()

i, ()

where ep is the component of the counit € : F5; o Us; — ids_alg and k its lifting. Taking
Us:(k) o Ny, (3) We get the desired section of Us(e).

3. First, notice that Fuz(H) has all products by Lemma 2.6. Moeover, it can be shown that
X |C is essentially small. For any fuzzy set (X, j1x) we can consider the identity id(x , ) :
(X, ux) — (X, px) and the counit e x ) : V(X) — (X, ux) of the adjunction V - U
of Proposition 2.2. They induce arrows eg : F5°¢(X) — (X, pux) and eg : Fs(X, ux) —
(X, ux) such that Us(eo)onv(x) = €(x,uy) and Us(em)onx, uy) = id(x ux)- S0 Us(en)
is split and, since €(x ) is surjective, point 2 of Proposition 2.4 allows us to conclude
that Us(ep) is an epimorphism. <

We want now to translate formulae of our sequent calculus into Xy- and Xg-equations.
To this end, we have to restrict to two classes of theories, which we introduce next.

» Definition 6.9. Let £ = (X, X) be a language, a theory A € Th(L) is said to be:
unconditional ([17, App. B.5]) if any sequent in A is of the form & ¢ for some formula ¢;
of type E if any sequent in A is of the form {E(l;,x;)},c; = ¢ for some formula ¢,
{l'i}iej Cc X and {li}ie[ C H.

» Lemma 6.10. For any signature ¥ and Xg-equation e : Fxn (X, ux) — B there exists a

type E theory A. such that, for every X-algebra A, AFx, e if and only if A € Mod(A.).
Moreover |T'| < |supp(X, pux)| for any T+ ¢ € A..

Proof. Let £, be (X, X). We define I'x := {E(ux(x),x) | x € supp(X, pux)} and A, € Th(L)
as AL U A2 where

Ac={Tx FEW 1) |1 < pple(t)}
A2 = {Tx F[s] = [1] | e([t]) = e([s])}
and (B, pp) is Us(B). Let us show the two implications.
= Any ¢: X — A such that A F, T'x defines an arrow (X, ux) — Us(A). By adjointness
we have a homomorphism h, : (X, ux) — A hence, by hypothesis, there exists
q. : B — Asuch that g,0oe = h,. Now, notice that (see Theorem 5.9, and Proposition 5.7(4))
h,([t]) = t**. Take a sequent T'y I in A., we have two cases, depending on .
If ¢ = E(I,t) € A" we have
1< pp(e(t]) < pala(e(it)) = palhu (1) =t
therefore A F, 1.
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If ¢ = [s] = [t] € A%? then

£ = (1)) = . (e(]) = au(e([s]) = hu(f]) =

and even in this case A F, 1.
< Take h: Fs(X,ux) — A, Us(h) ony(x) is an arrow (X, ux) — Us(A), so forgetting

the fuzzy set structure too gives us an assignment ¢y, : X — A such that AF,, I'y. As
before h([t]) =t for every [t] € Fs(X,ux). Since A € Mod(A.) we have

tAtn = sAn for all terms ¢ and s such that e([t]) = e([s]);

1 < pa(t?4n) for all terms t such that I < pp(e([t])).
So, the function ¢ : B — A which sends b € B to h([t]) for some [t] € e~!(b), provides us
with an arrow Us(B) — Us(A) such that go e = h and a straightforward computation
shows that it is an arrow of X-Alg. |

» Corollary 6.11. For any signature ¥ and Xo-equation e : F5°4(X) — B there exists an
unconditional theory A, such that, for any X-algebra A, AFEx, e if and only if A € Mod(A.).

Finally, from the results above we can easily conclude HSP-like results for X-Alg.

» Theorem 6.12. Let 'V be a full subcategory of X-Alg, then

1. 'V is closed under epimorphisms, (small) products and strong monomorphisms if and only
if there exists a class of unconditional theories {Ac}, oy such that A € V if and only if
A € Mod(A,) for alle € E.

2. V is closed under split epimorphisms, (small) products and strong monomorphisms if
and only if there exists a class of type E theories {A.} o such that A € V if and only if
A € Mod(A,) for alle € E.

Proof. Straightforward in light of Theorem 6.4, Lemma 6.10 and Corollary 6.11. <

» Remark 6.13. We cannot arrange the collection {A.}.cr into a unique theory since in order
to write down all the sequents we need a proper class of variables. A possible way to deal
with this issue is to fix two Grothendieck universes ([25]) U; C U, and allow for a proper
class (i.e., an element of Us) of variables in Definition 3.1. All the proofs of this paper can
be repeated verbatim in this context carefully distinguishing between fuzzy sets (i.e., those
defined on an element of Uj) and fuzzy classes (i.e., those defined on an element of Us).
Then the algebras of terms will be a fuzzy class in general but it is possible to show, using
the explicit construction, that T (X, px) is a fuzzy set if X € U; and so we can retain all
the results of Section 5.

The issue mentioned in the previous remark can be avoided if the family {A.}.cr satisfies
a boundedness property about the premises of the sequents belonging to each A..

» Definition 6.14. Given a cardinal k we say that a Xg-equation e : Fs(X,ux) — B is
r~supported if |supp(X, px)| < k.

» Proposition 6.15. Let V = V(E) be an Xg-equational defined subcategory of %-Alg and
suppose every e € E is k-supported, then there exists a theory A € Th(L), where L = (X, k),
such that V.= Mod(A).

Proof. For any e : Fs (X, px,) — Be in E we can fix an injection i, : supp(Xe, pux,) — &
and an extension let i, : X — r of it, fix also morphisms I¢ : £, — £ given by (idg,fe)‘ Let
now {Ac} g be the collection of theories given by Corollary 6.11 and Theorem 6.12, since
each A, € Form(L.) we can define:

A= JI(A)

ecE
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We have to show that A € V if and only if A € Mod(A).

= Let Form(I¢)(I'x,) F Form(I¢)(¢) be a sequent in A and let ¢ : K — A an assignment such
that A F, Form(I¢)(I'x,). By point 3 of Lemma 4.9 this implies A F ,; T'x,, therefore
AF ;. ¥ and we conclude applying lemma 4.9 again.

< If Us(A) = (0,im), (ig being the empty map § — H) then there are no assignment
k — A and so A is in Mod(A). In the other cases let I'x, 1 be in A, and ¢ : X, — A
such that A F, I'x,, since A # ) there exists 7 : K — A such that i o 4. = ¢ as in the
previous point Lemma 4.9 implies A F; Form(I¢)(T'x, ), so A F; Form(I¢)(¢) and again
this is equivalent to A F, 9. <

» Corollary 6.16. V is closed under epimorphisms, (small) products and strong monomorph-
isms if and only if there exists a language L and an unconditional theory A € Th(L) such

that V = Mod(A).

7 Conclusions and future work

In this paper we have introduced a fuzzy sequent calculus to capture equational aspects
of fuzzy sets. While equalities are captured by usual equations, information contained in
the membership function is captured by membership proposition of the form E(I,t), to be
interpreted as “the membership degree of ¢ is at least [”. We have used a natural concept of
fuzzy algebras to provide a sound and complete semantics for such calculus, in the sense that
a formula is satisfied by all the models of a given theory if and only if it is derivable from it
using the rules of our sequent calculus.

As in the classical and quantitative contexts, there is a notion of free model of a theory
A and thus an associated monad T, on the category Fuz(H) of fuzzy sets over a frame H.
However, in general Eilenberg-Moore algebras for such monad are not equivalent to models
of A, but we have shown that this equivalence holds if A is basic. In this direction it would be
interesting to better understand the categorical status of our approach, investigating possible
links between our notion of fuzzy theory and Fuz(H)-Lawvere theories as introduced in full
generality by Nishizawa and Power in [20]. A difference between the two approaches is that
for us arities are simply finite sets, while following [20] a Fuz(H )-Lawvere theory arities
would be given by finite fuzzy sets. A possible underlying concept to both approaches is that
of discrete Lawvere theories [23, 10].

Finally, using the results provided in [17] we have proved that, given a signature X, sub-
categories of X-Alg which are closed under products, strong monomorphisms and epimorphic
images correspond precisely with categories of models for unconditional theories, i.e. theories
axiomatised by sequents without premises. Moreover, using the same results, we have also
proved that the categories of models of theories of type E, i.e. those whose axioms’ premises
contain only membership propositions involving variables, are exactly those subcategories
closed under products, strong monomorphisms and split epimorphisms.

Our category Fuz(H) of fuzzy sets has crisp arrows and crisp equality: arrows are
ordinary functions between the underlying sets and equalities can be judged to be either
true or false. A way to further “fuzzifying” concepts is to use the topos of H-sets over the
frame H introduced in [9]: this is equivalent to the topos of sheaves over H and contains
Fuz(H) as a (non full) subcategory. By construction, equalities and functions are “fuzzy”. It
would be interesting to study an application of our approach to this context. A promising
feature is that in an H-set the membership degree function is built-in as simply the equality
relation, so it would not be necessary to distinguish between equations and membership
propositions. Even more generally, we can replace H with an arbitrary quantale V and
consider the category of sets endowed with a “V-valued equivalence relation” [6].
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