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—— Abstract
We establish bi-Lipschitz bounds certifying quasi-universality (universality up to a constant factor)
for various distances between Reeb graphs: the interleaving distance, the functional distortion
distance, and the functional contortion distance. The definition of the latter distance is a novel
contribution, and for the special case of contour trees we also prove strict universality of this distance.
Furthermore, we prove that for the special case of merge trees the functional contortion distance
coincides with the interleaving distance, yielding universality of all four distances in this case.
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1 Introduction

The Reeb graph is a topological signature of real-valued functions, first considered in the
context of Morse theory [11] and subsequently applied to the analysis of geometric shapes
[9, 13]. Tt describes the connected components of level sets of a function, and for Morse
functions on compact manifolds or PL functions on compact polyhedra it turns out to be a
finite topological graph with a function that is monotonic on the edges. If the domain of
the function is simply-connected, then the Reeb graph is contractible, hence a tree, and is
therefore often called a contour tree. In topological data analysis, Reeb graphs are used for
surveying functions, and also in a discretized form termed Mapper [14] for the analysis of
point cloud data, typically high-dimensional or given as an abstract finite metric space.

An important requirement for topological signatures is the ability to quantify their
similarity, which is typically achieved by means of an extended pseudometric on the set of
isomorphism classes of signatures under consideration, referred to as a distance. In order
for such a distance to be practical, it should be resilient to noise and perturbations of the
input data, which is formalized by the property of stability: small perturbations of the data
lead to small perturbations of the signature. Mathematically speaking, the signature is a
Lipschitz-continuous map between metric spaces, and often the Lipschitz constant is assumed
to be 1, meaning that the map is non-expansive. Previous examples of distances between
Reeb graphs satisfying stability include the functional distortion distance [2], the interleaving
distance [8], and the Reeb graph edit distance [4]. While stability guarantees that similarity
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of data sets is preserved, it does not provide any guarantees regarding the discriminativity
of the distance on the signature. Indeed, a certain loss of information is inherent and even
desired for most signatures; in fact, a key strength of topological signatures is their invariance
to reparametrizations or isometries of the input data, independent of the metric used to
distinguish non-isomorphic signatures. Thus, given any signature map defined on some
metric space of possible data, such as the space of real-valued functions on a fixed domain
with the uniform metric, one stable distance is considered more discriminative than another
if it assigns larger or equal distances to all possible pairs of signatures. For example, the
functional distortion distance is an upper bound for the interleaving distance and thus more
discriminative in that sense; in fact, the two distances are bi-Lipschitz equivalent [5]. One
may now ask if a given distance is universal, meaning that it is both stable and an upper
bound for all stable distances, and thus the most discriminative among all stable distances.
This can be expressed by the universal property of a quotient metric [7, 12], giving rise to
the name “universal”. Since there is only one such distance, we refer to it as the universal
distance. Perhaps surprisingly, neither the interleaving distance nor the functional distortion
distance are universal, while the Reeb graph edit distance [4] turns out to be universal.

These results raise the question of whether the mentioned distances are quasi-universal,
i.e., bi-Lipschitz equivalent to the universal distance. We address this question by proving
lower and upper Lipschitz bounds relating all three mentioned distances, together with the
novel functional contortion distance, a slight variation of the functional distortion distance. It
has a simple definition, is more discriminative than the functional distortion and interleaving
distances while still being stable, and in fact coincides with the universal distance when
restricted to contour trees, as we also show in this paper. Furthermore, we show that the
interleaving distance of merge trees, considered as a special case of Reeb graphs, coincides
with the functional contortion distance, establishing the universality of all four distances in
this particular setting.

Previous results relating the distances considered in this paper were obtained in [2, 3, 5, 8].
We discuss these results in detail in Section 2. In [4], an edit distance is introduced and shown
to be universal, and an example is given showing that the functional distortion distance is not
universal. Furthermore, in [6], an ¢P-generalization of the interleaving distance is introduced
for unbounded merge trees with finitely many nodes, for all p € [1, 00]. It satisfies a universal
property analogous to the one considered. The case p = oo yields a variant of our universality
result for the interleaving distance between unbounded merge trees with finitely many nodes.

2 Preliminaries

» Definition 1 (Reeb graph). A Reeb graph is a pair (F, f) where F is a non-empty connected
topological space and f: F — R a continuous function, such that F admits the structure of a
1-dimensional CW complex for which

f restricts to an embedding on each 1-cell, and

for every bounded interval I C R, the preimage f~1(I) intersects a finite number of cells.
We often refer to F as a Reeb graph without referring explicitly to the function f. A morphism
(isomorphism) of Reeb graphs is a value-preserving continuous map (homeomorphism).

» Remark 2. Suppose (F, f) is a Reeb graph, let I C R be a closed interval, and fix the
structure of a CW complex on F' as in Definition 1. As we may subdivide any 1-cell whose
interior intersects f~1(0I), the preimage f~1(I) also admits the structure of a CW complex.
Thus, the preimage f~!(I) is locally path-connected and therefore the connected components
and the path-components of f~1(I) coincide.
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» Definition 3 (Contour tree). A contour tree is a contractible Reeb graph.

Contour trees further specialize to merge trees, which can be thought of as upside down
trees in the sense that its root is at the top and its branches grow from top to bottom.

» Definition 4 (Merge tree). A merge tree is a Reeb graph (F, f), such that F' admits the
structure of a 1-dimensional CW complex as in Definition 1 with the additional property that
each 0-cell is the lower boundary point of at most a single 1-cell.

We note that this definition allows for both unbounded merge trees, which is an implied
necessity of the definition in [10], and bounded merge trees.

» Definition 5 (Induced Reeb graph). Let X be a topological space, f: X — R a continuous
function. Let RX be the quotient space X/~y, with x ~; y iff x and y belong to the same
connected component of some level set of f: X — R, and let grx: X — RX be the natural
quotient map, and let Rf: RX — R be the unique continuous map such that the diagram

commutes. If (RX,Rf) is a Reeb graph, we say that it is the Reeb graph induced by (X, f).

We say that two or more points are connected in some space if there is a connected
component of that space containing all those points. For t € R and § > 0, let

Is(t):=[t—6,t+0]CR

denote the closed interval of radius § centered at t.
Let f: X — R be a continuous function and let § > 0. We define the §-thickening of X as

TsX = X x [-0,4], Tsf: TsX = R, (p,t) = f(p) +t.
Moreover, let
% X = T5X, p (p,0)

be the natural embedding of X into its d-thickening. Now let g: G — R be a Reeb graph
and consider its d-thickening 7s5¢g: TsG — R. We define the §-smoothing of G as

UsG .= RT5G, Usg .= RTs59: RTsG — R.
Moreover, let
qusG: 7:;G — Z/[(SG = R%G

be the natural quotient map as in Definition 5, and let

7_5
&G % TG

qusG

UsG

be the natural map of G into its J-smoothing, which is the composition of Tg« and gy, -

SoCG 2022
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Now suppose f: ' — R is another Reeb graph and that ¢: F' — UsG is a continuous map.
Identifying points in UsG = RTsG with subsets of T5G via the quotient map qrg: TsG —
UsG, the map ¢ induces a set-valued map

b :=prg o¢p: F = P(G)

from F to the power set of G, where pr: TsG = G x [—4,8] — G, (g,t) — ¢ is the projection
onto G. Moreover, suppose ¥: G — UsF is another continuous map, and define the set-valued
map analogously as

U :=prp ot: G— P(F).

» Definition 6 (Interleaving distance dy [8]). We say that the pair of maps ¢: F — UsG and
¥: G — UsF is a §-interleaving of (F, f) and (G, g) if the triangles

¢ ¥

T~ T~
F UsG G UsF
and
f Usg 9 Us f
R R

commute and the following two conditions are satisfied:

For any x € F, x and V(®(x)) are connected in f~(Ias(f(2))).

For any y € G, y and ®(¥(y)) are connected in g~ (I25(g(y))).
The interleaving distance, denoted d;(F,G), is defined as the infimum of the set of & admitting
a 0-interleaving between (F, f) and (G, g).

Note that for any ¢t € R the map f~1(I5(t)) — (Tsf) () given by z — (z,t — f(z)) is a
homeomorphism, with the inverse given by the restriction of prp: 7sF — F. In particular,
the points of UsF', which are the connected components of level sets of 75 f, are in bijection
with connected components of interlevel sets of f. Hence, the connectedness condition for an
interleaving is equivalent to requiring that 5 o ¢ = 7'%5 and ¢5 01 = Tg;é, where ¢; is the
induced map Us F' — UssG, [z, s] — [¢(x), s] and similarly for 5.

» Definition 7 (Functional distortion distance dpp [2]). Let (F, f) and (G,g) be two Reeb
graphs. Given a pair (¢,v) of maps ¢: F' — G and v: G — F, consider the correspondence

Cl¢, ) ={(z,y) e F x G| d(x) =y or z=(y)}.

The pair (¢,1) is a d-distortion pair if ||f — go dllec < 3§, [|f 0% — glloe < 3, and for all
(z,y), (x',y") € C(d,%) we have

|y (2, 2") = dg(y,y")| < 26,

where dy(x,x’) denotes the infimum length of any interval I such that x and =’ are connected
in f~1(I), and similarly for d,. The functional distortion distance, denoted drp(F,G), is
defined as the infimum of all § admitting a §-distortion pair between (F, f) and (G, g).

» Definition 8 (Functional contortion distance dr¢). Let (F, f) and (G, g) be two Reeb graphs.
A pair (¢,¢) of maps ¢: F — G and ¢: G — F is a d-contortion pair between (F, f) and
(G, g) if the following symmetric conditions are satisfied.
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Figure 1 Reeb graphs (F, f) and (G, g). If ¢: FF — G and ¢: G — F are a 1-distortion pair, we
allow ¢(x) = y and ¥ (y) = z because there is a path from x to z in f~[~2,0]. However, in this case
(¢, %) is not a l-contortion pair, because z and z are not connected in f~'(I1(g(y))) = f~'[-1,1].

For any x € F and y € ¢~ (x), the points ¢(x) and y are connected in g~ (I5(f(z)).
For anyy € G and x € ¢~ (y), the points ¥ (y) and x are connected in f~(I15(g(y))-
The functional contortion distance, denoted dpc(F, G), is defined as the infimum of the set

of 0 admitting a §-contortion pair between (F, f) and (G, g).

The definition of dp¢ is arguably easier to work with than that of dpp, since to verify that
(¢,1) is a d-contortion pair, one only has to check one condition for each element of C(¢, 1)),
while to verify that (¢,v) is a §-distortion pair, one needs to check a condition for each pair
of elements of C(¢, ). We prove that dpc satisfies the triangle inequality in [1, Appendix A].
In [1, Appendix B], we give a simple example showing that dpc and dpp are not the same.
» Remark 9. Let (¢,%) be a §-contortion pair between (F, f) and (G, g). For any « € F we
have ¢(z) € g~*(I5(f(x))), which implies || f (z)—gog(z)|| < é. It follows that || f—god|lec < 4,
and by a symmetric argument we also get ||g — f 0 ]| < 0.

» Definition 10 (Universal distance dy [7, 4]). Let (F, f) and (G, g) be two Reeb graphs. The
universal distance, denoted dy (F,G), is defined as the infimum of ||f — §|leo taken over all
spaces Z and functions f,G: Z — R such that (RZ,Rf) = (F, f) and (RZ,Rg) = (F,g).

The distance dy is readily seen to be universal. Recall that the Reeb graph edit distance [4]
is also universal, providing an alternative explicit construction for the universal distance.

If d and d’ are distances on Reeb graphs and ¢ € [0, 00), we use the notation d < ed’ to
express that for all Reeb graphs (F, f) and (G, g), the inequality d(F, G) < c¢d'(F,G) holds.

» Theorem 11 (Quasi-universality of Reeb graph distances). The functional contortion distance
dpc, the functional distortion distance dpp, and the interleaving distance d; on Reeb graphs
are quasi-universal (bi-Lipschitz equivalent to the universal distance). Specifically, we have
drc < dy < 3drc drp < dy < 3drp dr < dy < 5dg
drp < dpc < 3drp dy <dpc < 3d; dr <dpp < 3dj.
Of these, only dy < dpp < 3d; [5], df < dy, and drpp < dy were known, the latter two
being equivalent to stability of d; [8] and of drp [2]. See Figure 2a for a visualization of

the inequalities in Theorem 11. In fact, one can easily check that all the inequalities in the
theorem follow from only six of them, namely

dr <dpp <dpc < dy dy <3drp dy < 5d; drpc < 3d;.

In future work, we plan to show that all these bounds are indeed tight.

14:5
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d drc =d
drc 3
3
3 5) drp 3
3
o \ 3
3 d I dI
(a) Inequalities for Reeb graphs. (b) Inequalities for contour trees.

Figure 2 An arrow from d to d’ labeled ¢ means that the inequalities d'(F, G) < d(F,G) < cd'(F, G)
hold for all Reeb graphs (in (a)) or contour trees (in (b)).

» Theorem 12 (Universality of the functional contortion distance for contour trees). The
functional contortion distance is universal for contour trees: given two contour trees (F, f)
and (G, g), we have

dpc(F,G) = dy(F,G).

This theorem gives us a simpler set of inequalities for contour trees than what we have
for general Reeb graphs; see Figure 2b. Finally, for merge trees, the hierarchy collapses:

» Theorem 13 (Universality of the interleaving distance for merge trees). The interleaving
distance is universal for merge trees: given two merge trees (F, f) and (G, g), we have

dI(F’G) = dFD(F’G) = dFC(F?G> = dU(F?G>

Previously, only the equality d;(F, G) = dpp(F,G) was known [3]. We prove Theorem 11
in Section 3, Theorem 12 in Section 4, and Theorem 13 in Section 5.

3 Bi-Lipschitz bounds for Reeb graph distances

This section is devoted to proving Theorem 11. In Section 3.1 we prove d; < dpp < drp¢c < dy,
in Section 3.2 we prove dy < 3dpp, in Section 3.3 we prove dy < 5dy, and in Section 3.4 we
prove dpc < 3d;. As mentioned before, these inequalities together imply the theorem.

3.1 The inequalities dI S dFD S dFC S dU

The following lemma and its proof are similar to [4, Proposition 3], but without the assumption
that X is compact.

» Lemma 14. Let (F, f) be a Reeb graph induced by a map f: X >R, let g: X — F be the
associated quotient map, and suppose K C F is connected. Then q~'(K) is connected.

Proof. Suppose the lemma is false. Then ¢~!(K) = X; U X5, where X and X, are nonempty
and contained in disjoint open subsets of X. Since F' is equipped with the quotient topology
of ¢, ¢(X1) and ¢(X32) are both open subsets of ¢(X7) U ¢q(X2) = K. Because K is connected,
we must have ¢(X1) N q(X2) # 0.
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Let z € q(X1) N g(X2), so V4 == ¢ *(z) N X; and Vi :== ¢~ !(x) N Xz are both nonempty.
Since X; and X5, are open and disjoint subsets of X7 U X5, V7 and V5 are open and disjoint
subsets of V1 U Va = ¢~1(x). But by definition of induced Reeb graph, ¢~*(z) is connected,
so we have a contradiction. <

» Theorem 15. Given any two Reeb graphs (F, f) and (G, g), we have
drc(F,G) < dy(F,G).

Proof. Let X be a topological space with functions f ,G: X — R that induce Reeb graphs
(F, f) and (G, g), respectively, and let gr: X — F, qo: X — G denote the corresponding
Reeb quotient maps. Suppose || f- Jlleo = 6 > 0. For any € > 0, we will construct functions
¢: F— G and ¢: G — F that form a (6 + 2¢)-contortion pair; the theorem follows.

Fix € > 0. Pick a discrete subset S C F' containing all the 0-cells of F' such that for each
1-cell C and each connected component K of C'\ S, the image f(K) is contained in some
interval [a, b] of length b — a = €. Pick a subset T' C G analogously. Define a map ¢: S — G
by picking an element ¢(s) € q(gz'(s)) for each s € S.

Let L be the closure of a connected component of F'\ S. Observe that L is contained
in a single 1-cell C and is homeomorphic to a closed interval, with endpoints z,2’ € S.
By our assumptions on S, L is contained in a connected component of f~![a,b] for some
a < b with b —a = e. By Lemma 14, qgl(L) is connected, and by continuity of ¢g,
J = qg(qgl(L)) is connected, too. Since J is connected, we can extend ¢ continuously to
L by choosing a path from ¢(z) to ¢(z’) in J. Moreover, because ||f — §llsoc = 6, we have
JC g a—6,b+6] C g (Isyc(f(z))). Tt follows that for every z € L, ¢(z) and ga(gz* ()
are connected in g~ (Is5.(f(2))). We do this for every L as described and get a continuous
map ¢: F — G. Analogously, we get a continuous map v : G — F such that for any y € G,
(y) and qr(gg" (1)) are connected in F~(Isy.(9(1)).

Pick an € L, where L is as in the previous paragraph, and let y = ¢(z). By construction,
y € qc(gp' (")) for some x' € L. Thus, ' € gr(qg'(y)), which, as noted, is in the same
connected component of f~!(I51.(g(y))) as ¥ (y). But z and 2’ are connected in f~![a, b] for
some a < b with b — a = ¢, so it follows that z and 1 (y) are connected in f~!(Is512:(g(y)))-
Along with the symmetric statement that follows by a similar argument, this is exactly what
is needed for (¢,) to be a (§ + 2¢)-contortion pair. <

» Theorem 16. Given any two Reeb graphs (F, f) and (G,g), we have
drp(F,G) < dpc(F,G).
Proof. Suppose ¢: F — G and ¢: G — F form a dé-contortion pair for some § > 0. Then

1f = godllec, llg = fotlloe <6 (1)

by Remark 9. Let (z,y), (2',y") € C(¢,v), where C(¢, ) is as in Definition 7. We claim
that if z and 2’ are connected in f~![a,b] for some a < b, then y and 3’ are connected in
g~ a — 6,b+ d]. Together with the symmetric statement and Equation (1), this is enough to
show that (¢, ) is a d-distortion pair, from which the lemma follows.

Assume that  and 2’ lie in the same connected component K of f~[a,b]. We have that
#(K) is connected, and it follows from Equation (1) that ¢(K) C g~ '[a — 6,b + 6]. Since
(), p(2') € ¢(K), ¢(x) and ¢(z') are connected in g~ [a— 4, b+ d]. By definition of C(¢, ),
either y is equal to ¢(x), or y € ¥»~(x). In the latter case, y and ¢(x) are connected in

14:7
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g (Is(f(x))) € g ta — 6,b+ 8] by definition of §-contortion. Similarly, ¥ and ¢(z') are
also connected in g~ '[a — §,b + §]. Putting everything together, y and ' are connected in
g~ [a — 0,b+ 8], which completes the proof. <

» Theorem 17 ([5, Lemma 8]). Given any two Reeb graphs (F, f) and (G, g), we have
dI(Fa G) < dFD(Fv G)

The setting of [5] is slightly different than ours, but the proof of the result carries over.

3.2 Relating universal and functional distortion distance

We denote the connected component of a point p in a space X by K,(X).

» Theorem 18. Given any two Reeb graphs (F, f) and (G, g), we have
dy(F,G) < 3drp(F, Q).

Proof. Assume that ¢ : F — G and ¥ : G — F form a J-distortion pair. We construct a
subspace Z C F' x G such that the canonical projections prp: F' x G — F, prg: F x G —
G restrict to Reeb quotient maps qrp: Z — F, qg: Z — G of f oqr and g o qg, and
lfoar —goaqallee <36, proving that dyy < 3dpp.

For x € F, let

C(z) = K.(f[a,a + 26)),

where a is chosen such that C(z) contains 1) o ¢(z). By definition of §-distortion, such an a
always exists, though it does not have to be unique. We define C(y) analogously for y € G:

Cly) = Ky(g~'[a',a + 20])
for some a’, and C(y) contains ¢ o 1(y). Now define

z = @) x o(Ca) U | 9(Cly) x Cly) S F x G

zeF yeG

and the functions f: foprp, g=goprg: Z —R.

To show that ||f — §lloo < 34, by symmetry it suffices to show that for every z € F' and
every (z,y) € C(z) x ¢(C(x)) we have |f(z) —g(y)| < 30. Pick w € C(z) such that p(w) = y.
We have |f(z) — f(w)| < 2§ by construction of C(z), and |f(w) — g(y)| < § by definition of
d-distortion. Together, we have |f(z) — g(y)| < 36 as claimed.

To show that gr: Z — F' is surjective, simply observe that for any = € F,
(z,9(x)) € C(z) x §(C(x)) € Z.

A similar argument shows that also qg: Z — G is surjective.

It remains to show that the fibers of qr are connected; by symmetry, the same is then
true for gg as well. The fiber of z € F is of the form ¢'(2) = {2z} x G, C Z, where
G. = qc(qp'(2)) C G is a subspace, homeomorphic to the fiber. Note that G, has the
explicit description

G.= |J ¢Ccnu |J Cu.
zEF yeG
zeC(x) ze€(C(y))
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Now ¢(z) is contained in any ¢(C(x)) with z € F and z € C(z), and in any C(y) with
y € ~1(z), and each of these subspaces is connected. Thus,

¢l={J ¢Cnpu U <

zeF yev 1 (z)
2€C(2) 2€¢(C(y))

is connected and contains ¥ ~!(z) as a subset. Clearly, if z € 1/(C(y)), then C(y) contains an
element of ~1(z), so C(y) intersects G',. As C(y) is connected, it follows that

Gu |J cw=¢.
yeG
z2€9(C(y))

is connected. |

3.3 Relating universal and interleaving distance

» Lemma 19. Let (¢, 4) be a §-interleaving of (F, f) and (G, g) for some § > 0. If K C F
(K' C G) is connected, then ®(K) (V(K')) is connected.

Proof. By continuity of ¢, ¢(K) C UsG is connected. Thus, by Lemma 14,
C = q,6(8(K)) € T:G

is connected. We have that ®(K) is exactly the image of C' under the projection prs: 7sG —
G. Since this projection is continuous and C' is connected, ®(K) is connected.
The statement for K’ and ¥ follows by symmetry. <

» Theorem 20. Given any two Reeb graphs (F, f) and (G, g), we have
dy(F,G) < 5d;(F, G).

Proof. Let (¢, 1) be a d-interleaving of (F, f) and (G, g), so to any = € F, there is associated
a subset ®(x) C G that is a connected component of g=*(I5(f(x))). Similarly, for any y € G,
U (y) is a connected component of f~1(I5(g(y))). We construct a subspace Z C F x G
and two functions f,§: Z — R with ||f — 0|l < 5J such that the canonical projections
prp: FFx G — F, prg: I x G — G restrict to Reeb quotient maps qp: Z — F of f and
qc: Z — G of g, proving that dy < 5d;.

For z € F and y € G, let

Clx) = Ko (f ' (Tas(f(2)))), Cly) = Ky(9~ (125 (9())));
and let

Z =] C) xeC)u ] ¥(Cy) xCly) CFxG.

zeF yeG

To show that || f- Jlloo < 5d, by symmetry it suffices to show that for every x € F and every

(z,9) € C(z) x ®(C(x)) we have |f(z) — g(y)| < 5d. Pick w € C(x) such that y € ®(w).

We have |f(z) — f(w)| < 40 by construction of C(x), and |f(w) — g(y)| < ¢ by definition of
d-interleaving. Together, we have |f(2z) — g(y)| < 50 as claimed.
To show that gr: Z — F is surjective, simply observe that for any « € F and y € ®(x),

(x,y) € C(z) x (C(x)) C Z.

A similar argument shows that also qg: Z — G is surjective.
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It remains to show that the fibers of qr are connected; by symmetry, the same is then
true for gg as well. The fiber of z € F is of the form ¢.'(2) = {2z} x G, C Z, where
G. = qc(gr'(2)) C G is a subspace, homeomorphic to the fiber. Note that G, has the
explicit description

G.= |J ec@yu | cw.
€l yeG
z€C(x) 2€0(C(y))

Clearly, ®(z) is contained in any ®(C(z)) with € F and z € C(x). In addition, ®(z) C C(y)
for any y € G such that z € ¥(y), as ®(¥(y)) C C(y) by definition of interleaving. By
Lemma 19, ®(C(x)) is connected. Thus,

.= U eC@yu |J cwce:
zeF yeG
z€C(x) 2€V(y)

is connected, since it is a union of connected sets that all contain ¥(z). To complete the
proof that G, is connected, it suffices to show that C(y) intersects G, for all y € G such
that z € ¥(C(y)). To see this, observe that there is a w € C(y) such that z € ¥(w), and
w e C(w) C G <

3.4 Relating functional contortion and interleaving distance

» Theorem 21. Given any two Reeb graphs (F, f) and (G, g), we have
drc(F,G) < 3d;(F,G).

Proof. Let (¢,1) be a d-interleaving of (F, f) and (G, g) for some ¢ > 0. We will show that
for an arbitrary € > 0, there are u: F' — G and v: G — F with functional contortion 30 + 3e.

Pick a discrete subset S C F' containing all the 0-cells of F' such that for each 1-cell C
and connected component I of C'\ S, the interval f(I) has length less than €. Pick a discrete
subset T' C G with the same properties.

For each x € S, pick an arbitrary y € ®(z) and define pu(x) = y. Similarly, for each y € T,
let v(y) € U(y). Let I be a connected component of F'\ S. Observe that I is contained in a
single 1-cell C, and that its closure I contains two points z, 2’ € S. By our assumptions on
I, I is contained in a connected component of f~1[a,b] for some a < b with b —a = €. By
Lemma 19, it follows that ®(T) is contained in a connected component K of g~t[a — 6,b+ §].
We can therefore use a a path from p(z) to u(2’) in K to extend p continuously to I; see
Figure 3. This implies that for all z € I, u(z) and ®(x) are both contained in K and thus
also in the same component of g~ (Is..(f(z)), as

g a— 6,046 C g Lspe(f(2)).

We do the same for all connected components of F'\ S and define v similarly on G \ T
Let ' = § + e. We now prove that (u,v) is a 36’-contortion pair. By symmetry, it is
enough to show that for any = € F, z and v(u(z)) are connected in f~1(I35 (g(p(z)))). The
d-interleaving (®, ¥) induces a §’-interleaving (@', ¥’) canonically: For z € F', ®'(z) is the
connected component of g=*(Is (f(z)) containing ®(x) as a subset, and ¥ (y) is defined
similarly for y € G. We observed that u(z) and ®(x) are connected in g~ (15 (f(x)), so
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Figure 3 Construction of a functional contortion pair for Theorem 21. The points of S are shown
as black dots. The arrows and the red segments in F' and G show p applied to two points in S and
how we can extend u to the segment between the points.

x) € ®'(x). Similarly, v(u(x)) € ¥/ (u(z)). Putting the two together, we get v(pu(z)) €
y definition of interleaving, we have W'(®'(z)) C K, (f (25 (f(2)))). Since
1£(2) — g(u())] < &, we have

7 Ly (f(2))) € £ (s (9(nl(@)))),

e =
E
=
o

SO

v(u(e)) € U'(®'(2)) € K. (f~ (Ias (9(1(2))))),

which is what we wanted to prove. <

4 Contour trees

Proof of Theorem 12. We know dpc(F,G) < dy(F,G) by Theorem 15, so it remains to
prove dpc(F,G) > dy (F,G).

Assume that there is a d-contortion (¢, 1)) between F and G. We construct a subspace
Z C F x G and two functions f,§: Z — R with ||f — §]loc < 0 such that the canonical
projections prp: F' X G — F, prg: F' x G — G restrict to Reeb quotient maps qr: Z — F
of f and go: Z — G of §, proving that drpc(F,G) > dy(F,G).

Let x # 2’ € F, and let p: [0,1] — F be an injective path from z to 2’. Since F' is a
contour tree and therefore a contractible 1-dimensional CW complex, the image of this path
is uniquely determined, so we can define B(x,z’) = im(p). Observe that z € B(z,z')\ {z,z'}
if and only if z and 2’ are in different connected components of F'\ {z}. B(y,y’) for y,v' € G
is defined similarly.

Let Z C F x G be given by

z=1 U {axBe@w|vl U By,

rEF,yeyp~1(x) yeG,x€hd~1(y)

14:11
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To show that ||f — §llec < 8, by symmetry it suffices to show that for every z € F,
y €y l(x) and y € B(¢(z),y), |f(z) — g(v')| <. But by definition of §-contortion, ¢(z)
and y are connected in g~ '[f(z) — d, f(z) + d], so B(¢(x),y) C g~ [f(x) — 6, f(x) + 6], and
the statement follows.

For any = € F', we have

(z,9(z)) € B(y o p(x),x) x {o(z)} C Z,

and it follows immediately that gr: Z — F' is surjective, and similarly for g5: Z — G.

It remains to show that the fibers of qr and ¢g are connected. By symmetry, we only
need to prove this for gp. The fiber of x € F is of the form q}l(a:) = {z} x G, C Z, where
G: = qc(gp'(x)) C G is a subspace, homeomorphic to the fiber. To follow the arguments
that follow, we suggest keeping an eye on Figure 4. Let

yey~1(z)

(Including {¢(z)} only makes a difference if ¢~ (z) is empty.) Since U, is a union of connected
sets intersecting in the point ¢(z), U, is connected. Moreover, U, C G, by construction, as
we have already observed that (z,¢(z)) € ¢p' ().

Let D, = {¢(x)} Ut~ (x). Note that D, C U,. Let y € G, \ U,. Then there is an
2’ € ¢~ Y(y) such that x € B(¢(y),2’). Equivalently, ' and 9 (y) are in different connected
components Fy and Fy, respectively, of F'\ {x}. (Since y ¢ D,, neither 2’ nor ¢(y) is equal
to x.) Since D, is closed, so is $~'(D,). This means that we can pick an 2" € ¢~1(D,)
such that

B = B(a',a")\ {«"}

does not intersect ¢~1(D,). It follows that B C Fj, since x ¢ B. It also follows that
o ¢(B) C Fy, since z ¢ ¢ o ¢(B) and (y) € ¢ o ¢(B). Thus, for all z € B, we have
x € By o ¢(z), 2); ie.,

(z,9(2)) € B(¢ o ¢(2),2) x {$(2)} € 2,

50 ¢(B) C G,. This means that there is a path in G, from y = ¢(z’) to ¢(z”) € U,. Since y
was an arbitrary point in G, and U, is connected, it follows that G, is connected. |

5 Merge trees

In this section, we focus on merge trees, which are a special case of contour trees that also
arise from the connected components of the sublevel set filtration of a function.

The merge trees obtained this way carry a function that is unbounded above, and they
are characterized by the property that the canonical map from the merge tree to the Reeb
graph of its epigraph is an isomorphism [10]. Our definition is more general and also admits
bounded functions, and in Section 5.1 we develop an analogous characterization for these
general merge trees via the property that said canonical map is an embedding. Relating this
property to our definition is not straightforward, and we defer the proofs to [1, Appendix C].

Our goal in Section 5.2 is to prove that the interleaving distance for merge trees is
universal. By Theorem 12, it suffices to construct a d-contortion pair from a d-interleaving of
merge trees. Summarizing the idea for the simpler special case of a merge tree G unbounded
above, the key insight behind the proof is that the J-smoothing of G is isomorphic to an
upward d-shift of G. Composing the interleaving morphisms with the isomorphisms obtained
this way yields the desired J-contortion pair in the unbounded case.
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Iy oy = p(z')

Figure 4 Illustration of constructions used to prove connectedness of fibers of gr.

5.1 The epigraph and merge trees

We formally characterize merge trees using a construction based on epigraphs, as previously
suggested by Morozov et al. [10].

» Definition 22 (Epigraph). Let f: X — R be a continuous function. We define the epigraph
of f as the space EX = X x [0, 00) equipped with the functionEf: EX — R, (p,t) — f(p) +t.

While this is not the usual definition of the epigraph {(p,y) € X xR | f(p) < y}, we
note that the map £f: £X — R and the projection of the ordinary epigraph to the second
component are isomorphic as R-spaces. Our definition has the benefit that we have the strict
equality § +Ef =E(0+ f): EX — R for any § € R.

Now suppose that (G, g) is a Reeb graph, and let m := sup ¢ g(p) € (—00,00]. We now
define the map jg: EG — EG, (p,t) — (p, min{t,m — g(p)}), which makes the diagram

(E9)~ ! (—o0,m] (E9)~ ! (—o00,m]
[ ﬁ [
EG —oommennt G EG
| [es
R R

min{—,m}
commute. We state the following immediate consequence of this definition.

» Lemma 23. For each t € R the map pg: EG — EG restricts to a homeomorphism between
the fibers (Eg)~1(t) and (£g)~(min{t,m}).
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G REG

Figure 5 The embedding i¢: G — REG of a merge tree G into its unbounded variant REG.

By the universal property of the quotient topology, there is a unique continuous map
Rpg: REG — REG making the following diagram commute:

G ke G
\Ric e \Ric
&g REG —P¢ REG (2)
REg REg
R R

min{—,m}

» Corollary 24. For eacht € R the map Rpg: REG — REG restricts to a bijection between
the fibers (REg)™1(t) and (REg) ™! (min{t, m}).

Let kx: X = X x [0,00) = £X, p — (p,0) denote the natural embedding of X into the
epigraph of f. We state several properties (see [1, Appendix C] for the proofs) of the map

qREG

ic: G =% €@ REG.

» Lemma 25. The images of the maps ic: G — REG and Rpg: REG — REG are identical.

» Lemma 26. A Reeb graph (G, g) is a merge tree iff the map ic: G — REG is an embedding.
Now suppose that (G, g) is a merge tree. The composite map

dREG

ic: G =% €@ REG
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is non-surjective iff g: G — R is bounded above. We define pg: REG — G to be the unique
continuous map — which exists by Lemmas 25 and 26 — making the diagram

Ncl lRﬁG (3)

commute. As an immediate corollary of Corollary 24, we obtain the following observation.
» Corollary 27. For each t € R, the map pg: REG — G restricts to a bijection between the
fibers (REg)™(t) and g~ (min{t,m}).

5.2 Interleavings, contortions, and merge trees
Let f: X — R be an arbitrary continuous function and let 6 > 0. We define the map
Wi ToX = EX, (1) v (pyt +0),

which makes the diagram

HS
Ts X —— £X

%fl Jff

R——R
(=)+9d

commute. Now let (G, g) be a merge tree. By the universal property of the quotient topology,
there is a unique continuous map RS, : UsG — REG making the diagram

)

T:G i EG

YG Y‘G
Eg
H5
Tog Us G — REG (4)

Usg REg

R (=)+o R

commute.

» Lemma 28. The map R/{‘é: UsG — REG is injective.

As in the previous subsection, let m := sup,c g(p) € (—00,00], let p € G, and let &' = ¢
or 0’ € [-4,0] if g(p) = m.

» Lemma 29. The composite map

5
qusG Reg PG

G x [-6,0] = T:6 —2% u;G REG

G

maps (p, —d') to p.
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Proof of Theorem 13. Suppose (F, f) and (G, g) are merge trees and that
¢: F ->Us;G and ¢: G— UsF

form a d-interleaving (of Reeb graphs). We show that the composite maps

- ¢ Rrg PG ~ ¥ RK pr
¢o: F — UsG —— REG —— G, Vv: G — UsF ——— REF —— F

form a d-contortion pair. Together with Theorem 12, this proves the claim.

Let 2 € F and let y € 9~ (). We have to show that y and ¢(x) are connected in
g (Is(f(z))). By the symmetry of Definition 8, this is also sufficient. By the commutativity
of the lower parallelogram in (4) the value of Rx% (1 (y)) under RES is

Us f)((y)) +6 = g(y) + 6.

In conjunction with the commutativity of (3) and the lower parallelogram in (2) we obtain
f(x) = (f o) (y) = min{g(y) + 5, m'},

where m' := sup,c f(p), and hence
f(@) = g(y) = min{g(y) + 6, m'} — g(y) = min{d,m" — g(y)}.

Moreover, g(y) = (Usf)(¥(y)) < m' + 6, so in conjunction with Lemma 29 we obtain that

e RES pa
G x [-6,0] = Ts:G —— UsG —— REG —— G

maps (x,g(y) — f(x)) to . Thus, the composite map

RES
UsG —< rREG %5 @
maps both gy, r(x,9(y) — f(x)) and ¥ (y) to . By Lemma 28 and Corollary 27 this implies

qusF(z,9(y) — f(z)) = ¥(y).

Completely analogously we obtain that gy, ¢ ((;NS(x), f(x)— (goqi;) (z)) = ¢(x). Thus, y and o(z)
are connected in g~ !(I25(g(y))) by Definition 6. It remains to show that y and ¢(z) are
connected in g~ (Z5(f(x))). To this end, let ¢ := min{g(y) + 28, m}, where m := sup ¢ g(p).

> Claim 30. We have (go ¢)(z) =t.

Proof. We first consider the case (fo 1;) (y) = f(x) <m/. In this case, we have
f@)=(fov)(y) =g(y) +J and thus (go@)(z) =t. Now suppose f(z)=m'. Since
¢(x) € g7 (I25(g(y))), we must have (go¢)(z) <t. Now suppose (go¢)(z)<t<m.
Then (go q~5) () = f(z)+d=m'+6. In particular, we have m' + 9 <t <m. Now let
s € (m' +8,m). Then we have (Usf) 1(s) =0 while g~(s) # 0, a contradiction to the

existence of the map 1|y-1(5): g7 (s) = Usf) " (s). <
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We obtain the connectivity of y and ¢(x) in ¢! (I;(f(z))) from their connectivity in
9" (I25(g(y))) by define a retraction o: g1 (I25(g(y))) — g~ 1(t) as a composition of maps

9 (I25(9(v)))

[

g (=00, g(y) + 20]

lm

(Eg)~H(—00,g(y) + 20]

&

(Eg)7 L, g(y) + 26]

JKQRSG

(REG)™t, g(y) + 20]

Jee

g (1),
where
5: (Eg) " (—o0,g(y) +20] = (E9) [t g(y) + 28], (p, s) — (p, max{s,t — g(p)}).

By the defintion of & the map o: g~ (l25(g9(y))) — ¢~ 1(t) is indeed a retraction. As

d(x) € g~'(t) by Claim 30 the points o(y) and ¢(x) are connected in the fiber g~ (t).

Since the fibers of g are discrete, this implies that o(y) = ¢(x). Defining the path

v:[0,1] = EG, s = (y,s(t — g(y)))

the composition

0,1 - &6 <, reqG 2% @
yields a path from y to o(y) = ¢(x) in g~ (Is(f(z))). <
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