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—— Abstract

Zero-free based algorithms are a major technique for deterministic approximate counting. In

Barvinok’s original framework [4], by calculating truncated Taylor expansions, a quasi-polynomial
time algorithm was given for estimating zero-free partition functions. Patel and Regts [29] later
gave a refinement of Barvinok’s framework, which gave a polynomial-time algorithm for a class of
zero-free graph polynomials that can be expressed as counting induced subgraphs in bounded-degree
graphs.

In this paper, we give a polynomial-time algorithm for estimating classical and quantum partition
functions specified by local Hamiltonians with bounded maximum degree, assuming a zero-free
property for the temperature. Consequently, when the inverse temperature is close enough to zero by
a constant gap, we have a polynomial-time approximation algorithm for all such partition functions.
Our result is based on a new abstract framework that extends and generalizes the approach of Patel
and Regts.
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1 Introduction

Let Q = [¢]V be a finite space of configurations, where V is a set of n variables. Let
Hy,..., Hy, be a collection of local constraints, where each H; : ) — C is independent of all
but a small subset of variables, and let H = Z;nzl Hj;. The partition function of the given
system is defined by

Zu(B) = exp(—B- H(0)), (1)
oe
where the parameter § is usually called the inverse temperature.

The computational complexity of partition functions is one of the central topics in
theoretical computer science, which has been found wide applications in computational
counting, combinatorics, and statistical physics. To date, numerous algorithms as well
as hardnesses of approximation for the partition functions of various systems have been
established, to list a few [20, 32, 15, 21, 39, 37, 35, 36, 25, 34, 13, 26, 6, 10, 7]. The most
important question here is, what property captures the approximability of partition functions.
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It is widely believed that for various classes of partition functions of interests, the
hardness of approximation is captured by the locus of complex zeros. The study of the
locus of complex zeros has a rich history in statistical physics, for example, in the famous
Lee-Yang theorem [24]. In computer science, the absence of complex zeros may imply efficient
approximation algorithms for partition functions [4, 29, 31, 19, 27, 26, 30, 12, 17, 16, 18, 33,
9, 11]. This line of research was initiated by Barvinok’s pioneering works [1, 2, 3, 4, 5], which
used truncated Taylor expansions to approximate non-vanishing polynomials and established
quasi-polynomial time approximations of partition functions with no complex zeros within a
region. Later in a seminal work of Patel and Regts [29], this quasi-polynomial running time
was improved to polynomial time for a class of graph polynomials which can be expressed as
induced subgraph sums in graphs of constant maximum degree. And this polynomial-time
framework was further extended by Liu, Sinclair and Srivastava [27] to hypergraph 2-spin
systems with no complex-zeros for the external field.

For the quantum version, several (classical) algorithms have been proposed, including [23,
18, 28], to estimate the quantum generalization of the partition function defined as in (1)
where H is the Hamiltonian. Yet, an important question remains to answer is the polynomial-
time approximability of the quantum or classic partition function in the form of (1) assuming
its zero-freeness.

1.1 Our results

We show the polynomial-time approximability of partition functions assuming zero-freeness,
for both classical and quantum partition functions.

Let V be a set of n sites (also called vertices or particles). Let ¢ > 2 be an integer.
Throughout the paper, we assume that each site u € V is associated with a g-dimensional
Hilbert space V,, and let V = ®ueV Vu. A Hamiltonian H is a Hermitian matrix in V. The
support of a Hamiltonian H, denoted by supp(H), is the minimal set of sites on which H
acts non-trivially. Given a Hamiltonian H, exp(H) is defined by exp(H) = >, , £ H*, and
the partition function Zpg : C — C induced by H is defined as follows:

VBeC, Zu()= Trlexp(—pH)]. (2)

We are interested in partition functions induced by local Hamiltonians with bounded
maximum degrees.

» Definition 1 (local Hamiltonian). A Hamiltonian H € V is said to be k-local if H can be
expressed as

where each H; acts non-trivially on at most k sites, i.e. |supp(H;)| < k. A Hamilto-
nian H € V called a (k,d)-Hamiltonian if H is k-local and for every v € V, deg(v) £
{J | v € supp(H;)}| < d.

Notice that if all H;’s are diagonal, then H is diagonal as well. The quantum partition
function Zp(5) then degenerates to the classical partition function defined in (1). Indeed, in
such diagonal case we have

Zu(B) = 3 exp(—B- H(o)),

o€lq]V
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where H(o) = 37| H;(0) and H;(0) represents the o-th diagonal entry of Hj;. Since each
Hj; is diagonal and acts non-trivially on subset supp(H;) of at most k sites, the value of
Hj (o) is determined by the variables in supp(H;). Hence the Z(/3) above is precisely the
classical partition function defined in (1).

The quantum partition functions encode rich information about quantum systems, e.g. the
free energy and ground state energy. Meanwhile, the non-diagonal property, especially the
non-commutativity of multiplication for non-diagonal matrices, imposes great challenges for
the computation of partition functions.

We prove the following zero-free based approximability of quantum partition functions.

» Theorem 2 (Theorem 15, informal). Let Q C C be a “well-shaped” complex region (formal-
ized by Definition 12) and k,d > 1 be constants. There is a deterministic algorithm which
takes a (k,d)-Hamiltonian H on n sites and a 8 from interior of Q@ as input, and outpuls an
estimation of the quantum partition function Zy(B) in polynomial time in n, if Zy satisfies
the zero-free property such that |log Zg| < poly(n) on .

The formal statement (Theorem 15) is more general: it further takes into account the
measurement of the quantum system. Such generalization may encode broader classes
of partition functions, e.g. the ones with external fields, and also enable sampling from
Gibbs state. Following a recent major advance for quantum zero-freeness of Harrow et
al. [18], we give concrete applications (in Section 5), namely, polynomial-time algorithms for
approximating the quantum partition function (Theorem 21) and sampling from the Gibbs
state (Theorem 25) in a high-temperature regime (where (3 is close to zero by a constant gap),
improving the quasi-polynomial-time algorithms in [18]. A polynomial-time approximation
of the quantum partition functions in a slightly bigger high-temperature regime was obtained
in [28] using the cluster expansion technique [19], by transforming the quantum partition
function to a polymer model and showing the convergence of the cluster expansion assuming
high temperature.

We prove polynomial-time approximability of the quantum partition function directly
from a black-box property of zero-freeness, without further restricting the parameters of
the model. Moreover, our result is proved in a new abstract framework, namely, functions
specified by abstract neighborhood structures called dependency graphs. We prove the
following general result.

» Theorem 3 (Theorem 14, informal). Suppose that functions {fc} specified by dependency
graphs G satisfies certain boundedness property of its Taylor coefficients (formalized in
Definition 10). Let Q C C be a “well-shaped” complex region. There is a deterministic
algorithm which takes a dependency graph G of O(1) maz-degree and x from the interior of
Q as input, and outputs an estimation of fa(x) in polynomial time in size n of G, if f&(0)
is easy to compute and fo satisfies the zero-free property such that |log fa| < poly(n) on Q.

The abstract framework is described in Definition 10. As verified in Section 3, our
framework subsumes previous polynomial-time frameworks for zero-free based algorithms
([29] and [27]) as special cases, and more importantly, it extends the previous frameworks to
become compatible with infinite-degree polynomials and non-commutative systems, which
are crucial for quantum partition functions.
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2 Preliminaries

2.1 Local Hamiltonians

Given a Hamiltonian H in V, we use supp(H) to denote the support of H, the minimal set
of sites on which H acts non-trivially. Formally, if S is the support of H, then S is the
minimal subset of V' satisfying that H = Hg ® Iy\g, where Hg is a Hamiltonian in the
space @, cg Vv and Iy g is the identity matrix in the space ®veV\ g Vu. Readers may refer
to [14, 22] for a thorough treatment.

2.2 Basic facts about complex functions

A complex-valued function f :  — C defined on a complex domain 2 C C is called
holomorphic if for every point z € (), the complex derivative exists in a neighborhood of
z. A holomorphic function f : 2 — C is infinitely differentiable and equals locally to its
Taylor series. A biholomorphic function is a bijective holomorphic function whose inverse
is also holomorphic Furthermore, a function f : C — C is called an entire function if it
is holomorphic on C. A region  C C is simply connected if C \ € is connected, where
C = C U {oo} denotes the extended complex plane.

The logarithm of a complex-valued function f, denoted by g = log f, is a function such
that f(z) = e9*). For holomorphic function f : © — C\ {0} on simply connected region
Q C C, such log f always exists (see e.g. [38]). Specifically, for an arbitrarily fixed pair
20, ¢o € C satisfying that f(zg9) = e®, we have

f'(w)
Fw) dw + co, (3)

VzeQ, logf(z) :/P

where P is an arbitrary path in € connecting z and zy. Throughout the paper, we mainly
deal with such holomorphic f on simply connected Q that 0 € Q and f(0) € R*. For such
case, the definition of log f is uniquely determined by zy = 0 and the real ¢y = In(f(0)).

2.3 Approximation of non-vanishing function

We now recap the polynomial interpolation technique of Barvinok [4] to estimate values of
non-vanishing holomorphic functions.

For b € Rt, we use D, to denote the complex disc of radius b centered at the origin.
Formally,

Dy = {z € C| |2| < b}.

In particular, let D = D; denote the unit disc.
For 8 € C and § € R", we use Sg 5 to denote d-strip of interval [0, 8] = {¢t3 | ¢ € [0,1]}.
Formally,

Sss ={z € C|dist(z[0,0]) <d}.

where dist(-,-) denotes Euclidean distance. It is clear that both D} and Ss s are simply
connected.
The following is the key property of zero-freeness for complex-valued functions.

» Definition 4 (zero-freeness). Let M > 0 be finite positive real. A holomorphic function f
on a simply connected region Q C C is M-zero-free on Q if [log f(2)| < M for all z € Q.
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Notice that the zero-freeness of f on 2 implies that f is non-vanishing on the same region.

A definition of log f is assumed in the context when this concept is used.
For any polynomial p € C[z] that does not vanish on D, the polynomial p automatically
exhibits the above zero-freeness property with a bounded gap on D, for any b € (0, 1).

» Lemma 5. Let p € C[z] be a polynomial of degree d, and let b € (0,1). If p(z) # 0 for all
z €D, then p is M-zero-free on Dy for M = dln 1 b + [log p(0)].

Proof. Let (1,(a,...,(4 € C denote the roots of polynomial p. For any z € Dy,

logp(=)| = [logp(0 Zlog (1-2)

)
G

IN

logp(0)] ~ Zln (1-

< [log p(0)| + dIn

1-0b
The inequalities are due to that all |(;| > 1 since p(z) # 0 for all z € D. <

The following lemma of Barvinok says that any holomorphic function on I can be
approximated by its truncated Taylor expansion if it is zero-free on D.

» Lemma 6 (Barvinok [4]). Let g : D — C be holomorphic and M > 0. If |g(z)| < M for all
2z €D, then for any z € D and any m € NT,

9=y

k=0

(k) M

< —(1—6)mtt
M < Ta-am,

where 6 = dist(z, D) denotes the Euclidean distance between z and boundary of unit disc.

When Lemma 6 is applied to g = log f for some holomorphic f : D — C\ {0}, one can obtain

a multiplicative approximation of f on D) assuming zero-freeness of f on ID. To make such

approximation effective, we should be able to compute the Taylor coefficients of g = log f.
The following Newton’s identity relates the Taylor coefficients of g = log f to those of f.

» Lemma 7 (Newton's identity). Let f(z) = Z szk be an entire function such that
f(z) #0 for all z € D. Then g(z) =log f(z) = Zk:o gr2" is well-defined on D, and

n—1
Ngn =nfn = Y kgkfn k-

k=1

Proof. By the definition of g = log f, we have f’ = ¢’ f. Therefore,

1 n n—
nhu= Gy 0 = n_l,Z( ) 1(0)g" =" (0)
n—1
= (n —k)gn—fu
=0
= kgkfnfk <
k=1
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When the zero-free region is not unit disc, some preprocessing is needed. The following
polynomial transformation from D to any Ss s is a consequence of [4, Lemma 2.2.3].

» Lemma 8. For any 8 € C, § € (0,1), there is an explicitly constructed polynomial pg s of
degree d = d(f3,9) satisfying

pa,5(0) =0 and pg,s(1 — &) = B for some &y € (0,1);

pps(D) C Sps;

The following proposition was proved in [4, Lemma 2.2.3], which explicitly gave a
polynomial mapping a disk with radius slightly larger than 1 to a strip.

» Proposition 9. Let § € (0,1) be a constant, and let qs € C[z] be defined as follows:

1 — (Cz)F
qg(Z) = n ® s
STk
where € =1 —exp (~4), = [(1+§)exp(1 + ).

Cexp(—1-1
Then for all |z| < p, where p = 11_:)(£7(11)6)

L. ¢5(0) =0, gs(1) =1, h
2. Re(qs(2)) € [=0,1 + 24] and |Im (gs(2))| < 20.

> 1,

Proof of Lemma 8. We now prove Lemma 8 using Proposition 9. Without loss of generality,
we assume that § # 0. Note that the polynomial ¢s defined in Proposition 9 satisfies

q5<0) =0, %(1) =1, and q5(]D)p) Cc 51,46-

Therefore, we can set pg s(z) = Bgs (p'z), where 6y = | and p/ = %. We
exp(—37
conclude our proof by observing that pg s(D) C Sz s and pg, 5( )=0, pgs <%) =A. <

3 Approximation of Zero-Free Holomorphic Function

We now introduce an abstraction for partition functions, namely, multiplicative holomorphic
functions specified by a class of abstract structures called dependency graphs.

A dependency graph is a vertex-labeled graph G = (V, E, £), where (V, E) is an undirected
simple graph, and £ = (L, ),cv assigns each vertex v € V a label L,. Two labeled graphs
G = (V,E,L) and G' = (V', E', L) are isomorphic if there is a bijection ¢ : V' — V' such
that the two simple graphs (V, E) and (V', E’) are isomorphic under ¢ and L, = L;(v) for all
v € V. Furthermore, we say that two labeled graphs G = (V, E, £) and G' = (V', E', L') are
disjoint if VNV’ = @. A family G of dependency graphs is called downward-closed if for any
G=(V,E,L) € Gand any S CV we have G[S] € G, where G[S] stands for the subgraph of
G induced by subset S C V preserving labels.

We use f. to denote an operator that maps each dependency graph G in G to an entire
function fg : C — C (i.e. f¢ is holomorphic on C), such that fs gives the same entire
function for isomorphic dependency graphs GG. Such an f. is multiplicative if for any G that
is disjoint union of Gy, Ga, we have fo = fa, fa,-

» Definition 10 (boundedness). Let G be a downward-closed family of dependency graphs.
Let o, 8 > 1. A multiplicative f. is called (o, B)-bounded on G if for any G = (V,E, L) € G,
we have fc(0) € RT and

“+oo
fo(2) = fa0) + > [ Y Agsie | 25

=1 \SCV
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where the complex coefficients (Am ) megeen+ are invariant for isomorphic dependency
graphs H, and satisfy that Ag ¢ # 0 only if |Vu| < ok, and each Mg ¢ can be calculated within
B - poly(¢) time.

For (a, B)-bounded f., it always holds that f5(0) € RT. Then we always fix the definition
of log f to be the one uniquely defined by Eq.(3) with zg = 0 and ¢¢ = In(f(0)) being real.
Such log f is well defined within a neighborhood of the origin.

As we will formally verify in Section 3.2, this notion of bounded holomorphic functions
specified by dependency graphs generalizes the bounded induced graph counting polynomials
(BIGCPs) of Patel and Regts [29]. A major difference here is that fg may not be a polynomial
of finite degree.

We show that for («, 8)-bounded f., the approach of Patel and Regts [29] based on
Newton’s identity and local enumeration of connected subgraphs can efficiently compute
Taylor coefficients of log fo, even though the function fg can now encode problems far
beyond counting subgraphs.

» Theorem 11 (efficient coefficient computing). Let G be a downward-closed family of
dependency graphs, and f. be (a, §)-bounded on G for a,, § > 1. There exists a deterministic
algorithm which given any G € G and £ € Nt as input, outputs the {-th coefficient of the
Taylor series of log fa at the origin in time 9] (n(SeBA)‘XZ), where n is the number of vertices,
A is the mazimum degree of G, and O(-) hides poly(A, ¢,log(n)).

The theorem will be proved in Section 4.

Due to Riemann mapping theorem in complex analysis, for any proper and simply
connected region 2 C C and any point zy € €2, there is a biholomorphic function h from
D to Q such that h(0) = 2. We are interested in those good regions  C C such that a
transformation h from D to 2 does not only exist but also has efficiently computable Taylor
coefficients.

» Definition 12 (good region). Let v > 1. A simply connected region Q C C is v-good if
0 € Q and given any x € €, there exists a holomorphic function h, on D along with a z, € D
such that:

1. hy(D) CQ, hy(0) =0 and hy(zg) = x;

2. for every ¢ € Nt the (-th Taylor coefficient hy o of hy at 0 can be determined in v*poly(£)

time.

Given a vy-good region 2 C C and 6 € (0,1), we use Qs to denote the set of all x € Q with
ze € Dy_s.

Any convex region is 1-good, given access to an oracle that determines the distance to its
boundary.

» Fact 13. Let Q C C be a convex region. Suppose that for any z € , dist(z, Q) can be
determined in O(1) time. Then § is 1-good.

Proof of Fact 13. The convexity of Q implies that dist([z;, -], 0Q?) = min(dist(z;), dist(z,))
for arbitrary complex values z;, z,. € Q, where [z}, 2] = {21 + t(2 — z;) | t € [0,1]}. Hence,
for each = € ), we set f; = pg.s, @ polynomial defined in Proposition 9. We conclude the
proof by observing that the k-th coeflicient of p, 5 can be determined in O(k) time. <

Applying our Theorem 11 to log f¢, combining with Barvinok’s approximation (Lemma 6)
and our notion of good region, we obtain the following theorem for multiplicative approxima-
tion of zero-free fg’s.

108:7
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» Theorem 14 (efficient e-approximation). Let a, 8,7 > 1. Let G be a downward-closed
family of dependency graphs, and f. be («, B)-bounded on G. Let Q C C be a y-good region.

For any 6 € (0,1), there is a deterministic algorithm which takes G € G, v € Q5
and an error bound € € (0,1) as input, and outputs an estimation m of fa(x) within
e-multiplicative error:

TS e T

in O (n (%)C> time with C = § In(8eA(B 4 7)), where A is the mazimum degree of G, if
provided that fo is M-zero-free on Q C C and the value of fa(0) is also provided to the
algorithm.

Note that in above theorem, the zero-freeness property can be verified on any particular
class of dependency graphs, although the boundedness property should be guaranteed on
a downward-closed family. When applying this theorem, the value of f(0) is usually
trivial to compute (e.g. fo(0) = 1), and the M-zero-freeness is usually established for some
M = poly(n) (e.g. M = O(n)) on n-vertex dependency graphs. In such typical cases, the
running time in Theorem 14 is bounded as (g—a)o(% o8 A).

Proof of Theorem 14. Let h = h, be a holomorphic function that transforms D to the
v-good region Q with h(z,) = z, where z, € D1_s since z € Q5. And let f& = fgoh.

First, observe that f% is M-zero-free on I, because |log f&(z)| = |log fa(h(2))] < M
holds for all z € D since h(D) C 2 and fg is M-zero-free on 2. Then by Lemma 6, for any
z € D, the difference between log fg(z) and the truncated Taylor expansion at 0 is bounded
by

zm: 10gfc)(k) ( )

k=0

M
log f&(= < 7(1—5)”%1 <g, (4)

for m = f%ln%}.

It remains to verify that f” is (a, 8 + 7)-bounded on G. By Theorem 11, this will prove
the theorem.

For £ € NT, let h,(f) denote the k-th Taylor coefficient of h(z)¢ at z = 0. Since h(0) = 0,
we have

+oo ¢ +o0
2)f = (Z hkz> = Z h,(f)zk

Since fg is (a, §)-bounded and h(0) = 0, we have

fg(z)zfe()‘f'z > Aarsye | h(2)

SCV
+oo
SCV k=t
043 Y (Zh% - >zk
k=1SCV \(=1

—fG +Z Z Ag[s Zk,

k=1 \SCV
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where /\Z,’,f for any H € G and k € N7 is defined as

k
Ngw 2> ) A
)

Clearly, )\’;Lk = 0 if |[Vy| > ak, where Vi denotes the vertex set of H, since Ay = 0 if
|Vir| > af. And it can be verified that any )\}}{,k can be determined within (8 + )*poly (k)
time. This is because within S*poly(k) time, one can list all AH1s -+, AHE, and for each
1</?<Ek, h,(f) is just the coefficient of z* in (hyz+ ho2® 4+ + hkzk)z, which can be
calculated in poly(k) time given all hq, ..., hy, which can be listed beforehand in y*poly (k)
time. Overall, this takes at most (3 + v)*poly(k) time.

Therefore, f" is (a, 8 + v)-bounded. <

3.1 Quantum partition functions

We formally prove Theorem 2. Recall the definition of quantum partition function Zg in (2).
We extend this definition by considering measurement.

Recall that V = @),y Vu where V' is the set of n sites and each V, is a ¢-dimensional
Hilbert space. A measurement O is a positive operator in V. The quantum partition function
induced by Hamiltonian H under measurement O, both in V, is defined by

Z1,0(B) = Tr [exp(8H)O). ()

Furthermore, a measurement O is tensorized if O = @), O, where supp(0,,) = {v}.

We show that under tensorized measurement O, the quantum partition functions Zg o
defined by local Hamiltonians with O(1) maximum degree are (1, O(1))-bounded. Together
with Theorem 14 we obtain the following theorem.

» Theorem 15. Let Q C C be a y-good region for v > 1. For any 6 € (0,1), there is a
deterministic algorithm such that given any (k, d)-Hamiltonian H and tensorized measurement
O, provided that ﬁZHp is M-zero-free on ), for any temperature 5 € Qs and error
bound ¢ € (0,1), the algorithm outputs an estimation of Zy o(5) within e-multiplicative error

in O (n (SME)C) time with C' = %ln (8ed (2q3k + ’y))

Note that when the measurement O is the identity, Zx o is precisely the partition function
Zy, which implies Theorem 2. As discussed in the introduction, Theorem 15 covers all
classical partition functions (with or without external field) when temperature is the complex
variable.

Following a recent work of Harrow, Mehraban and Soleimanifar [18], Theorem 15 gives
polynomial-time approximations of quantum partition functions defined by local Hamiltonians
with O(1) maximum degree when the inverse temperature j is close to zero. And following a
standard routine of self-reduction, in the same regime, we have a polynomial-time approximate
sampler from the quantum Gibbs state after the measurement in the computational basis.
These applications are given in Section 5.

Proof of Theorem 15. Given a (k, d)-Hamiltonian H = Z;”:l Hj, we can construct a de-
pendency graph Gy = (U, E, L) as follows:

1. U = [m] is the vertex set;

2. B ={{w,y} € (3) | supp(H.) Nsupp(H,) £ 2 };

3. for any z € U, its label is given by L, = H,.

108:9
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Let Gy denote the family of all such Gy where H is a k-local Hamiltonian. It is obvious that
such G is downward-closed.

Let O = ®v€V O, be a tensorized measurement. For any G = Gy € G, where
H=3""", Hj, define:

1 1

fa(z) = WZH,O(Z) =

W’I‘r exp —z; H; | O

The rest of the proof verifies that such f. is (1,2¢%*)-bounded on Gy, which is sufficient
to prove the theorem by Theorem 14.

We first verify that such f. is multiplicative. For any G = (U, E,L) € G that is
the disjoint union of G; = (U, E1,£1) and Gy = (Ua, Eq, L2), there exists a bipartition
V = V1 W V4 such that supp(H,) C Vi for all x € U; and supp(H,) C V, for all y € Us. Let
Hy, =3 ,cy, He for i = 1,2. We have,

folz) = ﬁn lexp (—2(Hy, + Hy,)) O)
- m’I‘r[exp(—zHUl) exp(—zHy,)O]
_ ﬁ’ﬁ-w lexp(zHUl)vg 0, | Try, [exp(zHU2>v§ 0,
_ TTg[O]mexp(—zHUl )O| Tr[exp(—2H, ) O]
= fa,(2)fa. (2)

Here the subscripts Vi, V3 in Try,, Try, indicates the sets of sites that the operators act on.
Therefore, f. is multiplicative.
For any G = (U, E, L) € Gy, and any ¢ € N*, define

4
11
— - Tr Hyo; .
AG.e 0 Tr[O] Z 11;[1 @) | © (6)

[ =U

Observe that Ag, = 0 if |U| > ¢ as there is no surjection from [¢] to U. Moreover, for
H = ZwEU Hx:

“+o00 Bg “+o00 z@ ¢
fal)=1+) Gm[Ho] =1+ & > T |{[[H, |0
(=1 =1 j=1

T1,T2,...,00€U

+oo
=1+Z Z)\G[S]vf 2L

=1 \SCU

It remains to show that Ag ¢ can be determined within (2¢*)*poly(¢) time.
Fixa G=(U,E,L) € Gi. For any S C U, define

£
Hse2 > [[Him)

FigesesI=t
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Clearly, Ag¢ = %Trl[o] Tr [Hy,O]. Moreover, the following recurrence holds for Hg s

Hsy=Y» Hj (Hsy1+ Hs\(j}e-1) (7)
jes

where the boundary cases are given by Hy o = I, and Hgy = 0 (the O-matrix) if £ < |S],
or S = @ but £ > 0. Note that Hg, acts non-trivially on at most k|S| sites, where
each site corresponds to a g-dimensional Hilbert space, thus Hg, can be represented as
a matrix of size at most ¢*!! x ¢*/5 and the recursion step (7) can be evaluated in time
O(|S|¢**191). Therefore, for any S C U that 1 < |S| < ¢, Hs, can be computed in time
0(2!910|S|¢%*151) = O(£22¢¢°**) by a dynamic programming that constructs a 25 x [¢] table
according to the recurrence (7). And finally, Ag ¢ = %ﬁ'l‘r [Hy,¢O] can be computed
from Hyr e in O(g***) time because Hyr o acts non-trivially on at most k|U| < k¢ sites and O

is tensorized. <

3.2 Induced subgraph counting

Our framework (Definition 10) subsumes bounded induced graph counting polynomials
(BIGCP) defined by Patel and Regts [29].

A BIGCP p. defines multiplicative graph polynomials pg for all graphs G = (V| E).

Moreover, there exists integer ov > 1 and sequence Mg ¢ of complex values such that the
following conditions are satisfied.

1. For any graph G = (V, E), pg can be expressed as

m(G)

paz) =1+ > Ame-ind(HG) | 2,
=1 \ H=(Vy,Ex)
|Va|<at

where ind(H, G) represents the number of induced subgraphs G[S], S C V, isomorphic
to H.

2. Ag can be determined in O(B%) time for some constant 3 > 1.

For any G = (V,E), we define a dependency graph G* = (V,E, L) where L labels
every v € V with a trivial symbol *. Let G denote the family of all G*, which is clearly
downward-closed. We define fg = pa.

Note that

> Apeind(H,G) = > Agis)e
H=(Vy,Egn) SCV

Vi |<at [S|<ct

Therefore, any BIGCP p. corresponds to an f. that is (a, §)-bounded on G*.

3.3 Boolean CSP with external field

A Boolean-variate constraint satisfaction problem (Boolean CSP) is specified by a ® =
(V,E, ¢), where H = (V, E) is a hypergraph and ¢ = (¢.).cr such that each ¢, : {0,1}¢ — C
is a Boolean-variate complex-valued constraint function. Furthermore, ® = (V, E, ¢) is a
(k, d)-formula if |e| < k for every e € E and deg(v) = |{e € E | v € e}| < d for every v € V.
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The partition function for a Boolean CSP & = (V, E, ¢) of external field X is defined as:

Z«b(/\) = Z (H ¢e(0|e)> /\HUH1.

o€{0,1}V \eCE

In [27], Liu, Sinclair and Srivastava formulated the above partition function as counting
hypergraph insects and gave a polynomial-time algorithm for such a partition function
assuming its zero-freeness. Such partition functions are also subsumed in our framework.

Given a Boolean CSP ® = (V| E, ¢), a dependency graph G = (Vs, Es,Ls) can be
constructed as follows:

1. Ve =V;

2. for any distinct u,v € Vg =V, {u,v} € Fg iff {u,v} C e for some e € E;

3. for any v € Vo =V, its label L, = (¢e)ec B vee-

Note that each constraint ¢. appears in labels of all v € e, and the maximum degree of G¢
is bounded by A < (k — 1)d for a (k, d)-formula ®.

Let Gy 4 denote the family of all such dependency graphs G, where ® = (V, E, ¢) is a
(k,d)-formula, and all their induced subgraphs. Obviously, such Gy, 4 is downward-closed.

Let G € Gy 4. Without loss of generality, suppose that G = G¢[U] is the subgraph of the
dependency graph Gg¢ induced by U C V, where ® = (V, E, ¢) is a Boolean CSP.

We define

fa= > I ¥ (lunAlh,

ce{0,1}V e€E
eNU#Q

where ¢V : U Ne — C is defined as that for any 7 € {0,1}V7¢,
¢ (1) = pe(7),

where 7 € {0,1}° extends 7 and assigns all v € e\ U with 0. It is easy to verify that such
definition fg uses only the information stored in the dependency graph G, thus it is well
defined. Meanwhile, it is also easy to verify that f. is multiplicative and fg(\) = Zg(A) if
G=Gs.

For G = G [U] where ® = (V, E,¢) and U C V, define Ag , as

[T cer ¢Y(Aune), |Ul=¢
)\G,Z = eNU#QZ
07 o.w.

Each Ag, can be determined in poly(k,d, £) time.
Observe that,

Ul Ul
Jo=143 > ]I #londA =143 >, ] 620X’
(=1 GG{O,l}U eck (=1 SCU ecE
loll,=¢ eNU#9 |S|=¢ eNS#Z

+oo
=14 Z Z /\G[S];@ M

=1 \SCU

Therefore, f. is a (1,1)-bounded on G 4.
Applying Theorem 14, we immediately obtain the following corollary. Similar bound has
been proved in [27], but here we only need to encode the problem in our framework.
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» Corollary 16. Let Q C C be a y-good region for v > 1. For any 6 € (0,1), there is a
deterministic algorithm such that given any (k,d)-formula ® for Boolean CSP, provided
that Zg is M-zero-free on Q, for any external field A € Qs and error bound € € (0,1), the

algorithm outputs an estimation of Zg(\) within e-multiplicative error in 9] (n (%)C> time
with C' = }In (8ekd(1 +7)).

Since such Zg(\) is a polynomial with finite degree, by Fact 13 and Lemma 5, if @ C C is a
convex region and Zg does not vanish on a slightly larger region ' = {(1+d)z | z € Q} for
some constant gap § € RT, then M = Os(n) and hence the algorithm in Corollary 16 runs

in (g)O(ln(kd)) time.

3.4 A barrier to non-multiplicative functions

Our framework based on functions fg induced by dependency graphs G is fairly expressive.
However, the current technique crucially relies on the multiplicative property of fg. The
current method would meet a barrier when dealing with systems lacking such property.

We explain this using a concrete example. Consider the following generalization of (1):

VBEC, Zpm(B)= Trlexp(-pH + H')]. (8)

Here, H and H' are two Hamiltonians in V. It encompasses the transverse Ising model and
XXZ model. Unfortunately, this partition function fails to fit in our framework due to its
non-multiplicative nature, even when H’ is a tensorized operator. For Hamiltonians H, Ho
such that supp(H1) Nsupp(Hz) = @ and a tensorized operator H' = @), ., H,, the following
equality fails to hold in general: ZH1+H2,H’ (6) = WZHMH/ (B)ZHQ,H’ (ﬁ)

For example, let

1 0 10 0 0 0 0
H=IQ , Ho = RI, H =— X
0 0 0 0 0 1 0 1
For 8 = 1, it holds that Zy,1p, n/(8) = Trlexp(—H; — Ho + H')] = 3e™! + e72 but
Tr[exp(H')] =e ' +3 and Zy, u(B) = Tr [exp(—H; + H')] = 3e~! + 1 for i € {1,2}.
The main obstacle comes from the non-commutativity of Hamiltonians and it remains open
to design a polynomial-time algorithm for such partition function assuming only zero-freeness.

4 Efficient Coefficient Computing

In this section we prove Theorem 11. First we need to establish the following lemma.

» Lemma 17. Let G be a downward-closed family of dependency graphs, and f. be («, 5)-
bounded on G for o, > 1. Recursively define the sequence (Cpi)megeen+ of complex
numbers as follows: for any H = (Vyg,Ex,Ly) € G and any £ € N,

-1
S
Cre=Ame— Y 7 > Cuisys ATl e—s 9)
s=1 =~ S,TCVy
SUT=Vy

It holds that (g # 0 only if H is connected and |Vy| < af. Moreover, for any G =
(V.E.L) €6,

+oo
log fa(2) =log fa(0) + > | D Carse | 25 (10)

(=1 \SCV

As in [29, 27], the following result of Borgs et al. [8] is used.
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» Fact 18 (Lemma 2.1 (c) in [8]). Let G = (V, E) be a graph with mazimum degree A, v € V
be a vertex and £ € N>1. Then the number of connected subgraphs of size £ containing v is at
most %.

With this fact, we can enumerate all connected induced subgraphs G[S] of |S| < £ vertices
efficiently.

» Lemma 19. There exists a deterministic algorithm which takes a dependency graph
G = (V,E,L) onn=|V| vertices with mazimum degree A and a positive integer £ € N as
input, and outputs

C<e={S CV||S|<{GI|S] is connected}, (11)

in time O(n(eA)?), where O(-) hides poly(A, £,log(n)).

Proof. Let C”, denote the collection of such S C V containing v € V' that |S| = ¢ and G[5]
is connected. Clearly C<y = Jvev CZ;. Now construct each CZ, inductively. When £ = 1,
- j<t

€y = {{v}}. For £ > 2, we enumerate all S € C?, , and u € V' \ S such that G[S U {u}] is
connected, and include S U {u} into C¥,. It is easy to see that this correctly constructs C”,.
By Fact 18, [C2,| < (eA)*~!/2. Representing each set S as a string of vertices in S sorted in
increasing order of vertices, the set C¥, can be stored by a standard dynamic data structure
such as prefix trees, so that it takes O(Af(eA) 1) time to iterate over all (S,u) € C%, , xV
such that G[S'U{u}] may be connected, and for each such (S, u) pair it takes poly(A, ¢,logn)
time to check weather G[S U {u}] is connected or S U {u} is already in C”,, and insert S into
C?, if necessary. Overall, it takes O(n(eA)?) time to construct C<p. <

Combining the above algorithm with (9), we can compute coefficients (x for log fo
efficiently.

» Lemma 20. Let G be a downward-closed family of dependency graphs, and f. be (o, 3)-
bounded on G for a, 8 > 1. There exists a deterministic algorithm which takes a dependency
graph G = (V,E, L) € G on n = |V| vertices with mazimum degree A and a positive integer
{ € NT as input, and outputs (Cars),e)secen, within O (n(SeBA)M) time, where C<qs s
defined in Eq. (11).

The lemma follows by first enumerating all S € C<qag, which takes O (n(eA)**) time
according to Lemma 19, and second for every S € C<qy, taking H = G[S] and computing
Ch.,¢ using a dynamic programming given by Eq. (9), which takes O(8**3%) time.

Let log fa(z) = log fa(0) + ZLOT gcez'. Due to Lemma 17, (g5 = 0 if G[9] is
disconnected or |S| > af, thus due to Eq. (9), the ¢-th Taylor coefficient of log fg is given by

9gG,e = Z Carsye = Z Carsy,e-
SCV SGCSQZ

Therefore, Theorem 11 is proved. It only remains to prove Lemma 17.

Proof of Lemma 17. Fix an arbitrary G € G, and consider fg. Let log fo = log f(0) +
ZZ:OT ga 02" denote the Taylor’s expansion of log fo at the origin, and fe(z) = fe(0) +
ZZ:OT fg,gzZ denote the Taylor’s expansion of fs at the origin. We prove by induction on
¢ > 1 that

gc.e = Z Cas), e (12)

SCV

which implies (10).
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For the induction basis, when ¢ = 1, by Lemma 7 we have gg 1 = fg,1. by the definition
of bounded graph function in Definition 10, fg 1 = ngv Agis)1; and it follows from (9)
that Ag(s),1 = (gps),1- Altogether, we have

gc1 = fa1= Z Agls) = Z Cars),1

SCvV SCV

Now suppose that the induction hypothesis (12) holds for all £ < ¢. We have

-1
S
Z Cals)e = Z Agls),e — Z 7 Z CG[L],s * AG[R],—
SCV SCv s=1 ~ L,RCV
LUR=S
-1
= e — Z > ey > Aciaye-
SCV LCV RCV
-1
S
— o= t00 o LH.
fae Sz:; 796, fae (LH.)
= 9G.¢- (Lemma 7)

This finishes the inductive proof of (12).

Next, we prove that (g = 0 if H = (Vyg,Ey,Ly) € G is disconnected or |Vy| > af.
Recall that f. is («, 8)-bounded, we have Ay ¢ = 0 for |V| > af. Then the fact that (g =0
for |Vy| > af can be verified by induction on £ > 1. Specifically, by Eq. (9),

-1

S
CHe = Ay — Z 7 Z CHIS],s \H[T],t—

s=1" S, TCVy

SUT=Vy
For the basis, (g,1 = Ag,1 = 0 when |Vyg| > «. In general, observe that assuming |Vy| > «f,
for any SUT = Vy, it must hold that either |S| > as or |T| > a(f — s). Therefore, assuming
[Vi| > o, (¢ = 0 follows from the induction hypothesis.

Finally, it remains to verify that (g, = 0 if H is disconnected, which follows from the
multiplicative property of f.. By contradiction, assume that (g ¢ # 0 for some disconnected
H € G. Let S* C Vg be a minimal subset of V' such that H[S*] is disconnected and
Cris+,e # 0. Since H[S*] is disconnected, there exist nonempty L, R C S* such that
LUR = S* and L, R are disconnected in H[S*]. Due to the multiplicative property of f., we
have fgs+] = farr) - fair)- Therefore,

9ga(s+, = 9ar),e + 9G[Rr)¢ = Z Cars)e + Z Ca[s),es (13)
SCL SCR

where the first equation can be formally verified for any disjoint dependency graphs G1,Gs € G
and any z in the neighborhood of the origin, such that for an arbitrary path P in €2 connecting
z and the origin,

fG1u02 Z)

(
fGl UG, (Z)
— log fa, (0) + log fa, (0) + /P (

= log fa, (2) + log fa, ().

log fGlUGQ (Z) = log fG1UG2 (0) +

<
-2
—
N
N~—
)
o)
M
—
N
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On the other hand,

9G[s+1,6 = Z Cais)e = Cas=,e + Z Cars),e = Carse + Z Cars),e + Z Calsyer (14)

SCS* Scs* SCL SCR

where the last equation is due to the minimality of S*. Combining (13) and (14), we have
Cars+),e = 0, a contradiction. |

5 Applications

In this section, we prove that any zero-free partition function of local Hamiltonians with
bounded maximum degree is polynomial-time approximable if the inverse temperature is
close enough to 0. This is formally stated by the following theorem. Recall the definition of
the partition function Zg o induced by Hamiltonian H under measurement O in (5).

» Theorem 21. Let k,d e NT, h >0, § € (0,1) and By = @. There is a deterministic
algorithm such that given any (k, d)-Hamiltonian H = 377, H; onn sites satisfying || H;|| < h
and tensorized measurement O, for any temperature 3 € D1 _s)g, and error bound € (0,1),

the algorithm outputs an estimation of Zg,o(B) within e-multiplicative error in 9] ((5%)0>
time with C = } (In8ed + 3kIngq) + 1.

It was established in [18] that any partition function Zy () exhibits zero-freeness property
in a high-temperature regime (when the inverse temperature g is close to 0). A similar
lemma holds for partition functions Z o (5) under tensorized measurement O.

» Lemma 22 (high temperature zero-freeness). Let h € RT, H = Zy;l H; be a (k,d)-
Hamiltonian on n sites, and O be a tensorized measurement. If ||[H;|| < h for all1 < j <m,

then for any B € Dg, where By = L it holds that ’log ZH’Ow)‘ <n.

Bedkh’ Tr[O]

Theorem 21 follows directly from Lemma 22 and Theorem 15.

The proof of Lemma 22 extends the zero-freeness analysis in [18] to the case where a
tensorized measurement O is present. We will see that the same inductive proof based on
cluster expansion works for this more general case.

Define Hx the Hamiltonian H restricted on X by

Hx = Z o;,

1€[m]
supp(H;)CX

and define the partition function Zp o restricted on X by Zﬁ(,o(ﬁ) = Trxlexp(—0Hx)Ox],
where Ox = ®v6 x Oy, and Z fI,O = 1 by convention. Here the subscript X in Trx indicates
that the operators act on the sites in X.

Moreover, recall the dependency graph Gy = (U, E, L) defined in the proof of Theorem 15:
1. U =[m];
2. E={(z,y) €U xU |z # y,supp(H,) Nsupp(H,) # o}
3. L,=H, forany x € U.

We are now ready to introduce the cluster expansions of partition functions. The following
lemma was an extension of [18, Lemma 26] with tensorized measurement O.
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» Lemma 23 (high temperature expansion [18, Lemma 26]). Let h € R, H=>"" H; be a
(k,d)-Hamiltonian, O be a tensorized measurement and 3y = m. If ||H;|| < h, then the
following holds for all A CV, z € A and B € Dg, .

A\{z
Zho®) =025 B+ Y WelB)Zpst (),
SC[m
HjES,J;gs[up]p(Hj)
Gpul[S] is connected

oo (=p) l
where Wg(8) = ZL|S| % 2(r,.inest TrRg [szl H;;ORg |, and Rs = ;¢ 5 supp(H;).
Ug:l{ij}:‘s

We also need the following technical lemma from [18].

» Lemma 24 (Harrow, Mehraban and Soleimanifar [18, Lemma 27]). Let H =) ;" H; be a
(k, d)-Hamiltonian, and By = ﬁ, then for |B] < fo

s _ 1) 2
S (=) exp(ne? 8] |Rs|) < efe — 1)dn|8].
SClm]

3j€S,xesupp(Hj)

Gu[S] is connected
Proof Sketch of Lemma 22. Fix an arbitrary A C V. As observed in [18], it suffices to
prove that removal of any single site x € A can only produce a bounded additive overhead to
log Zﬁ’@(ﬁ). Formally, we are going to prove that when |3| < By, for any = € A,

1 Zﬁr,o(ﬂ)

< e%dh|pB|. 15
0. 75 )| <"V (15)

log

The proof is by induction on |A|. The induction basis with |A| = 1 is easy to establish.

Now suppose that (15) holds for all smaller A. By Lemma 23 and Lemma 24, we have

1 Z5,(8) H ( 1 Zh\Es (6))
log : =|log |1+ Ws(B) :
Tr[0:] 28\ () SCZ[m] SN Tr[o,] Zy 57 ()

3je€S,x€supp(Hj)
G [S] is connected

|- Y W) (equ(;[?othBD)

SC[m]
3jeS,x€supp(Hj)
G [S] is connected

3 (exp(|8| h) — 1)

< —1 1-—
=8 exp(e2dh |])

SChm]
3j€S,x€supp(Hj)
G [S] is connected

< —log(1 —e(e — 1)dh |B]) < e*dh|p|,

where (x) follows from the induction hypothesis and the last inequality follows from the fact
that —log (1 — <=1y) <y for all y € [0,1]. <
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Besides estimation of partition function, another related important computational problem
is to sample according to the Gibbs state.

The quantum Gibbs state specified by Hamiltonian H € V and inverse temperature
B €RT is:

exp(=fH)

The classical distribution py g over [g]" is the quantum Gibbs state py (3) after meas-
urement in the computational basis, i.e.

Zu,0,(B)

Vo €lql”, pmp(o)= “Zu(B)

where O, = |o)(o|. Note that pp s is a well-defined distribution over [g]V. To see this, first
note that > O, = I is the identity matrix in V, and hence ) _Zp o, () = Zu(B); and
second, both O, and exp(SH) are positive semidefinite since H is Hermitian and 8 € RT,
and hence Zy 0, (8) = Tr[exp(BH)O,] > 0.

In the same regime as Theorem 21, we have a polynomial-time approximate sampler from
ta 8, the classical distribution obtained after measurement of the quantum Gibbs state in
the computational basis.

» Theorem 25. Let k,d e NT, h >0, € (0,1) and By = ﬁ. There is a randomized
algorithm such that given any (k,d)-Hamiltonian H = Z]m:1 H; on n sites satisfying ||H,|| <
h, for any temperature 3 € D(1_s5)3, and error bound e € (0,1), the algorithm outputs an

approzimate sample o € [q]V within ¢ total variation distance from the distribution p H,3, N
O ((£)€) time with C = } (21n8cd + 6k Ing) + 3.

Proof. We leverage the algorithm in Theorem 21 as a subroutine, and give the following
classical algorithm for approximate sampling from gz g.

Without loss of generality, we may assume that V = [n]. Let M, = |)(j] for 1 < j <g,
and M, ; = ( Z;ll I) @ M; ® (®)_p1I). Our procedure for sampling o € [¢]" is as
follows.

1. Initialize O with the identity operator on Hilbert space H;

2. Iterate v from 1 to n;

3. For each j from 1 to n, estimate 2, ; = Zg 0,_, M, ;(8) within g9 = 15--multiplicative
error.

4. samples j € [g] proportional to Z, ;, the estimation of z, ;, updates O with OM,, ;, and

assigns o(v) with j.

Note that O is a tensorized measurement during the process. Hence, Theorem 21 guar-
antees an estimation of z,; within eg-multiplicative error in 6((%)0) time with C =
% (21n8ed + 6k In ) + 2. Furthermore, note that for each configuration o € [¢]V,

Pro is generated] 14 Zuo(n) Doje1 Zv.j

p,0(0) S el i vow)

b

and for each v € V and j € [q],
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Hence,

1_6(2) (1—5)" < Pr[o is generated| < (14—50)” (2) e

1+4+e¢ wro(o) 1—e¢o

where (x) follows from (i—iz) < (14 3e0)" < exp(Le) < 1+¢, and (x) follows from (x)

and ﬁ > 1 — e. Therefore, the total varaince distance between o and the output from
our sampler will differ at most e.

with parameter g =
total.
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