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—— Abstract

The approximate degree of a Boolean function is the least degree of a real multilinear polynomial
approximating it in the {o-norm over the Boolean hypercube. We show that the approximate degree
of the Bipartite Perfect Matching function, which is the indicator over all bipartite graphs having a
perfect matching of order n, is é(ng/ 3.

The upper bound is obtained by fully characterizing the unique multilinear polynomial repres-
enting the Boolean dual of the perfect matching function, over the reals. Crucially, we show that
this polynomial has very small ¢1-norm — only exponential in ©(nlogn). The lower bound follows
by bounding the spectral sensitivity of the perfect matching function, which is the spectral radius of
its cut-graph on the hypercube [1, 15]. We show that the spectral sensitivity of perfect matching is
exactly ©(n"?).
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1 Introduction

The approximate degree of a Boolean function is the least degree of a real polynomial
approximating the function in the /,.-norm over the Boolean cube, to within constant
error. Approximate degree is an important complexity measure with applications throughout
theoretical computer science. Lower bounds on the approximate degree of a Boolean function
imply such bounds on the communication complexity (of a related composed problem) [28, 30],
and for its quantum query complexity [2]. For families of Boolean functions, upper bounds
on the approximate degree have algorithmic merit, for instance in learning theory [17, 16]
and differential privacy [31, 11], and conversely lower bounds imply separations in circuit
complexity [20, 27]. For a recent survey, we refer the reader to [10].

In this paper we study the approximate degree of the bipartite perfect matching function.
This is the Boolean function representing the decision problem of perfect matching — determ-
ining whether a given balanced bipartite graph contains a subset of edges in which every
vertex is incident to exactly one edge.

» Definition. The bipartite perfect matching function BPM,, : {0, 1}"2 — {0,1} is defined

1 1,7) s x; ; = 1} has a bipartite perfect matchin,
BPMo (a1, ... 5ns) = { {(i,5) 2y =1} partite perf g

0 otherwise.
The input bits of BPM,, select a subset of edges from the complete bipartite graph, and

the output bit is set to 1 if and only if the chosen subgraph contains a bipartite perfect
matching of order n.
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It is well known that any Boolean function can be uniquely and ezactly represented by a
multilinear polynomial over the reals (see [25]). In [3], the unique polynomial representing
BPM,, was characterized, and in particular was shown to have full degree, n?. Conversely, it
is not hard to construct low-degree polynomials approzimating the perfect matching function,
if one allows pointwise errors arbitrarily close to one half. Indeed, the n x n Permanent
implies (by translation and scaling) such a polynomial of total degree n, and approximation
error exponentially close to half. Approximate degree is an interpolation between these two
settings, wherein we require the errors be bounded by an arbitrary constant less than half,
say one third. The previous best-known upper bound on the approximate degree of perfect
matching was O(n"/*), due to Lin and Lin [18], and no non-trivial lower bound was known.

Our main result is the following bound!, which is tight up to low order terms.

» Theorem 1 (The Approximate Degree Bipartite Perfect Matching). For every n € N, the
approximate degree of the bipartite perfect matching function is:

deg (BPM,) = © (n3/2> .

Most known techniques for bounding approximate degree are applicable only to functions
which are either symmetric or block-composed (with some recent notable exceptions, e.g. [8, 9]).
The perfect matching function falls into neither category, and is thus not amenable to standard
techniques.

Our upper bound follows by investigating the “Boolean Dual” function of bipartite perfect
matching: BPM}(z11,...,2pn) =1 —BPMy(1 —x11,...,1 —2,,,). In this representation,
we reverse the roles of the symbols 0 and 1. Concretely, for any input graph, the dual function
BPM; outputs 1 if and only if the complement of the graph does not contain a bipartite
perfect matching. Equivalently, by Hall’s Marriage Theorem, the output is 1 if and only if
the input graph contains a biclique over n + 1 vertices.

To present our characterization of the dual, let us introduce some notation. A balanced
bipartite graph is said to be totally ordered, if there exists an ordering of its left vertices
such that their neighbour sets form a chain with respect to inclusion, i.e. N(a;) C N(az) C
-++ C N(ay,). We associate with every totally ordered graph a “representing sequence”, which
encodes its biadjacency matrix up to permutations over both bipartitions. To construct this
sequence, consider the automorphism which sorts the left and right vertices in descending
order of degree. This yields a graph whose biadjacency matrix consists of a monotonically
increasing sequence of blocks, which we succinctly describe using a list of pairs of integers,
describing the width and height of each such block. By way of example, the biclique
K+ C K, , is an ordered graph whose biadjacency matrix consists of two blocks; the first
s left vertices are all adjacent to the first ¢ vertices on the right, and the remainder are all
isolated.

Our result is the following complete characterization of the unique polynomial representing
BPM; over the reals, thereby resolving an open question of [3].

» Theorem 2 (The Dual Polynomial of Bipartite Perfect Matching).

BPM} (211, nn) = Y. ag  |] %

GCKnon (i,j)EE(G)

1 The same bound also holds even for approximations with ezponentially small error, see Section 4.
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If G is not totally ordered, then af, = 0.
Otherwise:

t—1
* ’ﬂ—ki —].
ag = ( nt—cllt > 'Ef(di—&-l — ki1, di — ki1, ki — kiz1)

where 0 < dy < do < - < dy <mnand 0 =ky < ki < ko < -+ <k = n form the
representing sequence of G, and f : Z> — 7 is defined:

n—1
d<
") <o
n—d—1\/k—-1
_< o )(d_l), d>0.

This characterization allows us to deduce that the ¢1-norm of BPM} (i.e., the sum of the
magnitudes of its coefficients) is very small — only exponential in ©(nlogn). The approximate

f(n,d, k) =

degree upper bound then follows via two observations. Firstly, we relate the approximate
degree of any Boolean function and its dual. Secondly, we show that any Boolean function
whose representation over the {0, 1}-basis has low ¢;-norm, can be efficiently approximated

in the o-norm. The latter approach had also previously been employed by Sherstov in [29].

To obtain the lower bound on the approximate degree of matching, we consider a new

complexity measure recently introduced by Aaronson, Ben-David, Kothari, Rao and Tal [1].

For any total Boolean function f, they define the Spectral Sensitivity to be the spectral

radius of the bipartite graph defined by the f-bichromatic edges of the Hypercube (i.e., the

f-cut of the cube). The notion of spectral sensitivity had notably (implicitly) also appeared

at the heart of Huang’s breakthrough proof of the Sensitivity Conjecture [15]. The main

technical Theorem of [1] states that the spectral sensitivity of any total Boolean function

lower bounds its approximate polynomial degree — and it is this relation that we leverage.
We prove the following tight bound on the spectral sensitivity of BPM,,.

» Theorem 3 (The Spectral Sensitivity of Bipartite Perfect Matching). The Spectral Sensitivity
of the bipartite perfect matching function is \(BPM,) = ©(n*/?).

One of our main motivations in studying the algebraic properties of BPM,, and its dual, is
the following longstanding question: what is the least complexity of a deterministic algorithm
for bipartite matching? Hopcroft and Karp’s algorithm [14] from half a century ago attains
a running time of © (n‘r’/ 2)2, and as of yet no known deterministic algorithm has been shown
to break the “n*2-barrier”. In the last section of this paper we explore the above barrier
through the lens of the Demand Query Model [22], which is a concrete complexity model for
matching due to Nisan. The demand model was shown in [22] to “capture” the complexity
of a wide class of algorithms (i.e., combinatorial algorithms), therefore any non-trivial lower
bound on algorithms within the model would have far reaching implications. To this end, we
draw connections between the algebraic quantities explored throughout this work, including
approximate degree and the ¢;-norm of the dual, and the demand query complexity of
matching — see Figure 7. Furthermore, we exhibit an efficient quantum simulation for the
demand model, showing that lower bounds in the quantum query model yield corresponding
combinatorial bounds. The quantum query complexity of matching was shown by Zhang [32]
to be at least ) (n3/2), and by Lin and Lin [18] to be at most © (n7/4). Closing this gap is

2 On dense graphs, wherein the number of edges is proportional to n?.

1:3

CCC 2022



1:4

The Approximate Degree of Bipartite Perfect Matching

left as an open question, and we remark that any polynomial improvement on the lower
bound would yield a non-trivial bound in the demand model®. Finally, we note that all the
bounds obtained in this paper are compatible with the existence of quasi-linear demand
query algorithms for bipartite matching, and this might be seen as weak evidence pointing
in this direction. Obtaining non-trivial bounds on the demand query complexity of matching
is left as our main open problem.

2 Preliminaries and Notation

2.1 Boolean Functions and Polynomial Representation

Let f: {0,1}" — {0,1} be a Boolean function. A polynomial p € Rlzy,...,z,] is said
to represent f, if for every x € {0,1}", we have p(z) = f(x). We recall that any Boolean
function can be wuniquely represented by a multilinear polynomial over the reals. Given
the unique multilinear polynomial p(x1,...,2,) = ngn] as (HiES ml) representing f, we
denote by mon(f) = {S C [n] : ag # 0} the set of all monomials appearing in its polynomial
representation. Furthermore, we define the following two “norms”, which are defined using
the unique representations of Boolean functions, over the Boolean and Fourier bases.

» Definition 4. Let f: {0,1}" — {0,1}, let p(z1,...,2,) = ngn] asll;csz; be the unique

multilinear representation of f over the reals and let {fg : S C [n]} be the Fourier spectrum
of f. The £1-norm and £1-Fourier-norm of f are defined:

171 ol 3 Jasl, and 14, %S 1sl.
SCln] SCln]

The e-approximate degree of a Boolean function f :{0,1}"™ — {0, 1} is the least degree
of a real multilinear polynomial approxzimating f in the ¢, norm, with error at most e.
Hereafter, we use the standard notation and write &Egﬁ (f) to denote the e-approximate
degree of f. In the case of € = %, we omit the € and instead write agé (f)-
» Definition 5. Let f : {0,1}"™ — {0,1} be a Boolean function, and let 0 < € < % The
e-approximate degree of f, dfevgE (f), is the least degree of a real polynomial p € Rlxq,. .., xy]
satisfying | f(z) — p(x)| <€, for all x € {0,1}™.

In the context of Boolean functions, it is sometimes useful to consider the transformation
of a Boolean vector in which an arbitrary subset of bits have been flipped. Thus, if x € {0,1}",
and S C [n], we use the notation z° to indicate the vector in which the coordinates S have
been flipped. For any i € [n], the notation z* is shorthand for 21}, Using this notation, we
define the following two complexity measures for Boolean functions.

» Definition 6. Let f {0,1}"™ — {0,1}. The sensitivity of f at x € {0,1}"™ is:
sensp(z) = [{i € [n] : f(z) # f(z")}]

and similarly, the block sensitivity of f at x is:
bs;(r) = max{s € [n], such that 3B; U---UBs; C[n]: Vi€ [s]: f(z)# f(z®)}.

The sensitivity and block sensitivity of f are then defined by their corresponding
measures on the worst case input, namely sens(f) = max,eqo1y» sensy(z) and bs(f) =
max,e(o,1}» bsy ().

3 Theorem 1 implies that this lower bound cannot be (polynomially) strengthened by the “polynomial
method”. In fact, neither can the (nonnegative-weight) Ambainis’ adversary technique, see [32].
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2.2 Graph Theory

We use standard definitions and notation relating to graphs. If G is a graph, we denote
its vertex set by V(G), its edge set by F(G), and its connected components by C(G).
The cardinalities of these sets are denoted v(G), e(G) and ¢(G), respectively. For any
vertex v € V(G), the neighbour set of v is denoted by N(v), and its degree is denoted
deg(v) = |N(v)|. The set of all perfect matchings of G is denoted by PM(G). We also use
the following slightly less common quantity:

» Definition 7. The cyclomatic number of a graph is defined x(G) i e(G) —v(G) +¢(G).
The graph G — v, where v € V(G), is the graph over the vertices V(G) \ {v} in which
all the edges incident to v are omitted. If U C V(G) is a set of vertices, the notation G [U]
refers to the induced graph on the vertices U, whose vertices are U and whose edges are
the edges of G which are incident only to vertices in U. If G C K, , and S C E(K,, ,,) the
notation G U S refers the a graph over the vertices of K, ,,, whose edge set is E(G) U S.
For any graph G, the adjacency matriz Ag is a symmetric matrix whose rows and
columns are labeled by V(G), and whose entries are given by (Ag)u.» = 1{{u,v} € E(G)}.

def

The spectral radius of G is defined p(G) = max{|\;| : \; € Spec(Ag)}, i.e., the maximum
magnitude of any eigenvalue in the spectrum of Ag. Since the spectrum of bipartite graphs
is symmetric, it holds that for any bipartite graph p(G) = A;.

Throughout this paper, we restrict our attention to balanced bipartite graphs over the
vertices of the complete bipartite graph, K, . By convention, we label the left vertices of
K, » by ai,...,ap, and the right vertices by b1,...,b,. The notation G C K, ,, is used
to indicate that G is a balanced bipartite graph over the vertices of K,, ,,. Similarly, the
notation G C H indicates that V(G) = V(H) and E(G) C E(H).

2.3 Quantum Query Complexity

We consider the standard quantum query model (see, e.g., [7]). For a recent textbook on the
framework of quantum computing, we refer the reader to [21]. In this paper, we refer to the
bounded-error quantum query complexity Q2(f), which is the smallest number d, such that
there exists a quantum query algorithm A making at most d queries, and agreeing with the
Boolean function f with probability at least two-thirds, on all Boolean inputs.

3 The Dual Polynomial of Bipartite Perfect Matching

This section centers around the proof of Theorem 2. To provide the proof, we must first
familiarize ourselves with some useful definitions and notation. To this end, we begin by
defining Boolean dual functions, and by recalling two relevant graph families: matching-
covered graphs, and elementary graphs. Then, we introduce the notion of sorted and ordered
graphs, which serve as the building blocks of our proof. Finally, we provide our proof of
Theorem 2.

3.1 Boolean Dual Functions

» Definition 8. Let f : {0,1}" — {0,1} be a Boolean function. The Boolean Dual function
of f is denoted f* : {0,1}™ — {0,1} and is defined f*(x1,...,2,) =1—f(1—21,...,1—2p).

Intuitively, in the Boolean dual, the symbols 0 and 1 switch roles. Geometrically, if we
consider f to be a colouring of the vertices of the n-dimensional hypercube, the duality
transformation simply mirrors all vertices and inverts their colours. Algebraically, when
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representing the functions using multilinear polynomials over the reals, each monomial in
the “primal” function corresponds to an AND function, whereas in the dual each monomial
corresponds to an OR (over the original input bits). A Boolean function f and its dual f*
share many properties. For example, their Fourier spectra are identical (up to signs of Fourier
coefficients, see [25]). Nevertheless, in the {0, 1} basis, the unique multilinear polynomials
representing f and f* can differ greatly. By way of example, the polynomial representing
AND,, consists of a single monomial, whereas its dual (AND}, = OR,,) has exactly 2" — 1
monomials.

3.2 Matching-Covered and Elementary Graphs

A graph G C K, ,, is said to be matching-covered if every edge of G participates in some
perfect matching, or equivalently if its edge set can be described as the union over a set of
perfect matchings S C PM(G).

» Definition 9. Let G C K, ,, be a graph. G is matching-covered if and only if:
Vee€ E(G): 3IM € PM(G): e€ M.

Matching-covered graphs have many interesting combinatorial properties. The set of all
such graphs, together with the subset relation over the edges, forms a lattice. A key result
by Billera and Sarangarajan [5] showed that this lattice is, in fact, isomorphic to the face
lattice of the Birkhoff polytope, B,,. This lattice was later shown by [3] to be intimately
related to the multilinear polynomial representing the bipartite perfect matching function,
BPM,,. Namely, the monomials of the polynomial are the elements of the lattice, and their
coefficients are the M&bius numbers of this lattice.

A closely related family of graphs are the Elementary Graphs.

» Definition 10. Let G C K, ,, be a graph. Then:
G is elementary < G is a connected matching-covered graph.

Hereafter, we denote by MC, = {G C K,,,, : G is matching-covered} the set of all
matching-covered graphs, and similarly we denote EL, = {G C K, ,, : G is elementary}
for all elementary graphs. Elementary graphs were studied at length, both by Lovéasz and
Plummer [26], and earlier by Hetyei [13]. Through their works they formulated robust
characterizations of elementary graphs. In particular, we require the following theorem, due
mostly to Hetyei:

» Theorem 11 ([13]). Let G = (AU B, E) be a bipartite graph. The following are equivalent:
G is elementary.
G has exactly two minimum vertex covers, A and B.
|A| = |B| and for every 0 # X C A, [N(X)| > | X|.
G =Ks, orv(G) >4 and for anya € A, b€ B, G —a — b has a perfect matching.
G is connected and every edge is “allowed”, i.e., appears in a perfect matching of G.

3.3 Ordered Graphs

» Definition 12. Let G C K, ,. G is a totally ordered graph, if there exists an ordering
7 € Sy, of its left vertices, such that N(ax(1)) € N(ax(2)) € -+ C N(arn))-
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Given a totally ordered graph GG, we may permute the vertices in its left and right
bipartitions (separately) so that both bipartitions are sorted in decreasing order of degree.
This automorphism produces a graph H = (G, which we refer to as a “sorted ordered graph”.
Our motivation in applying such a transformation is due to the fact that BPM} is invariant
to permutations over its bipartitions. Thus, the dual coefficient of any ordered graph and its
corresponding sorted ordered graph are identical.

» Definition 13. Let G C K,, ,. G is a sorted ordered graph if:
deg(a1) < deg(az) < --- < deg(an), and Vi € [n] : N(a;) = {b1,...,bdcg(a;)}-

The adjacency relation of a sorted ordered graph can be succinctly and uniquely described
by a short sequence of integers, which we dub the “representing sequence” of the graph.

» Definition 14. Let G C K,, ,, be a sorted ordered graph. The representing sequence of
G is defined by Sg = {(d1, k1), ..., (ds, ki) }, where:

0<di<dy<---<dy<m,and0< k1 <ko<:---<ky=n

and furthermore:

{bl,‘..,bdl}, 0<i<k

{b17'-~7bd2}’ k1<ZSk2
Vi € [n] : N(ai) =

{bh...,bdt}, kt_1<i§kt.

The representing sequence Sg of a sorted ordered graph G C K, , is essentially a
“compressed” form of its degree sequence; each pair (d;, k;) in the sequence indicates a run
of (k; — ki—1) left vertices, all of whose neighbour sets are exactly {b1,...,bq,}. Thus, the
biadjacency matrix of G is simply described in terms of S¢g, as shown in Figure 1.

n
bg
b7
be 1 1 1
ds — do
bs 1 1 1
rn
ba 11 1 1 1 1
do — dy
b3 11 1 1 1 1
{ /1 1 1 1 1 1 1 1
dy
nm\1 1 1 1 1 1 1 1
ay ag ag ay ag ag ar ag
— v ~
kl kg — k‘l k3 - k2

Figure 1 The biadjacency matrix of a sorted ordered graph G. The representing sequence of G is
Sa = {(d1, k1), (d2, k2), (ds, ks)}.

The building blocks in our proof of Theorem 2 consist of particular family of simple
sorted ordered graphs — those whose representing sequence is of length exactly 2. In other
words, these are the graphs whose left vertices can be partitioned into two sets, those having
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full degree n, and those whose neighbour set is (the same) strict subset of the right vertices.
This family also trivially includes all bicliques K ,. For this family of graphs, we introduce
the following notation.

» Notation 15. Let 0 < d < n and 0 < k < n. The notation (n,d, k)-block refers to the
sorted ordered graph G C Ky, n, whose representing sequence is S, a1y = {(d, k), (n,n)}.

1 1
1 1
1 1 | n

1 1 1 1 1

d
1 1 1 1 1
-
k

Figure 2 The biadjacency matrix of an (n, d, k)-block.

3.4 Proof of Theorem 2
» Definition 16. Let BPMY : {0, 1}"2 — {0,1} be the Boolean dual function of BPM,,:

1 {(4,7) : x;,; = 0} does not have a bipartite perfect matching

* —
BPMa(@11,-- o Znn) = {O otherwise.

In [3], a complete characterization of the multilinear polynomial representing BPM,, over
the reals was obtained, using a connection between the Mobius function of the Birkhoff
polytope’s face lattice, and the cyclomatic numbers of matching-covered graphs. The
polynomial representing BPM} may be similarly expressed through the Mdobius function of
some lattice (that of graphs covered by “Hall Violators”, i.e., bicliques over n + 1 vertices).
These representations allowed for a partial description of the support of BPMY, which we
require for our proof of Theorem 2 and will therefore now recall. The first two lemmas
restrict the support of monomials in the dual polynomial to the set of totally ordered graphs,
which are not matching-covered.

» Lemma 17 ([3]). Let G C K,, ,,. If G is not totally ordered, then af, = 0.
» Lemma 18 ([3]). Let G C K, ,,. If G € MC,, then a}; = 0.

The third lemma relates the Mobius numbers of the lattice of matching-covered graphs,
with the dual coefficients of any graph G C K, ,,, thereby giving a closed-form expression
for computing the dual coefficients (albeit by summing over possibly exponentially many
summands).

» Lemma 19 ([3]). Let G C K, ,,. The dual coefficient of G is:

i = (-1 Y (.

HDG
HeMC,
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» Corollary 20. Let G C K, ,, be a graph. If all the left vertices or all the right vertices of
G are in the same connected component, then:

ag = Z (=1)| BED\E@G)]

Proof. Recall that every connected component of a matching-covered graph is elementary.

Furthermore, elementary graphs are balanced. Thus, G C H € MC, = H is elementary,
and we have:

af, = (_1)6(G)+1 Z (_1)X(H)

HOG
HeMC,

_ (_1)6(G)+1 Z (_1)e(H)—2n+1 _ Z (_1)|E(H)\E(G)| <
HOG HOG
HeEL, HeEL,

3.4.1 Reducing to Permitted Edges

We now make the following observation: if G is a totally ordered graph whose coefficient we
wish to compute using Lemma 19, then we may restrict our attention to a particular subset
of edges. Whereas Lemma 19 mandates that we consider every possible “completion” of G
to a matching-covered graph, the following lemma shows that we can instead only consider
completions which are confined to the set of “permitted edges” for G.

» Definition 21. Let G C K, ,, be a sorted ordered graph, and let S¢ = {(d1,k1),...,(de, k) }
be its representing sequence. The permitted edges for G, denoted Pg, are defined as follows:
d1<j§d27 0<i<k
d2<j§d3, k1<iSk2
(ai,bj) S @G <

dt<j§n, kt—1<i§kt-

n—d4{
1 1

dy — ds
1 1
d3 — dz { 1 1 1 1
1 1 1 1 1 1
do 1 1 1 1 1 1
1 1 1 1 1 1

—_— - —

ki ko —ky ks — ko Ky — k3

Figure 3 A sorted ordered graph G, with S¢ = {(d1, k1), (d2, k2), (ds, k3), (da, k4)}.
Orange blocks indicate the edges of GG, and green blocks indicate the permitted edges, Pg.
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» Lemma 22. Let G C K,, ,, be a sorted ordered graph. Then:

ag = Z (=1)|BENE@G)]

GCHEELy
(BE(H)\E(G)CPa

Proof. Let § = E(K,.) \ (¢ U E(G)). By Lemma 19, Corollary 20, and using the
inclusion-exclusion principle, we have:

af = (_1)E(G)+1 Z (_1)X(H)

HDG
HeMC,
= Z (=1)IBENE@G)] 4 (_1)e(@)+1 Z (—1)x(H)
GCHEEL, GCHeMC,

(E(H)\E(G))C%q E(H)NS#D

= Z (=DIFENEG] 4 (_1)e(@)+1 Z (—D)I7I Z (—1)x(H),
( (G)g\H(eE)I)m PATCS (GUT)CHEMC,
E(H)\E(G))C%

Observe that for every ) # T C S, the graph G U T is not totally ordered. Therefore, by
Lemma 17, every summand E(GuT)gHeMCn(_l)X(H) in the above expression vanishes, thus
concluding the proof. <

3.4.2 Factorizing into (n,d, k)-blocks

Having shown that only “permitted edges” need be considered, our next step is to reduce
the computation of the dual coefficient af,, to that of dual coefficients of simpler graphs. In
order to do so, we must first handle the following “degenerate” case.

» Lemma 23. Let G C K,,,, be a sorted ordered graph and let S¢ = {(d1,k1),...,(ds, k) }
be the representing sequence of G. If 3i € [t — 1] such that di+1 < k;, then al; = 0.

Proof. Let i € [t — 1] such that d;11 < k;, and let X = {ay,...,ar,} € {a1,...,a,}. Then,

ag = Z (—1)|BENEG)

GCHEEL,
(E(H)\E(G))C%q

by Lemma 22, and therefore it suffices to show that any graph H O G with (E(H) \ E(G)) C
D¢ is not elementary. Let H be such a graph. Then |[Ny(X)| < diy1 < k; = | X]|, and by
Theorem 11, H is indeed not elementary. |

Any sorted ordered graph G whose representing sequence is not degenerate in the above
sense, can be neatly factorized into a set of (n,d, k)-blocks. In the following lemma we
construct such a decomposition, and relate the dual coefficients of the each component with
that of the original graph.

» Lemma 24. Let G C K, ,, be a sorted ordered graph. Let S¢ = {(d1,k1),...,(d, ki) } be
the representing sequence of G, where Vi € [t —1]: d;11 > k;. Denote ko =0, diy1 = n, and:

Vi € [t] A= {a’ki—l"l‘l? . ,adHl}, B;, = {bk,i71+1, .. .,bdiJrl}

Furthermore, Vi € [t] let G; = G [A; U B;] be the induced graph on the vertices A; U B;. Then:

t
ag = H ag,-
i=1
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Proof. For all i € [t], let S; = {ag,_,+1,-..,ar,} and T; = {bg,41,...,b4,,, }. Observe that

the permitted edges for G are partitioned by the sets S;, T; as follows: Pg = |_|§:1(Si x T53).

Furthermore, since Vi € [t] : d; > k;_1, we have:

Thus, each induced graph G; “covers” the set (S; x T;), and the set of all induced graphs
covers all the permitted edges Pg. Since d; > k;_1, then Vi € [t — 1] : G; has at least one
left vertex, aq,.,, whose neighbour set in G; is the entire right bipartition B;. Similarly, in
G the neighbour set of the right vertex by, ,+1 is the entire left bipartition A;. Thus, by
Corollary 20:

Vielt]: ag, = > (F)EENE@

G;CH
H is elementary

To complete the proof, it remains to show a bijection between elementary completions of
G using the permitted edges P, and elementary completions of each of the graphs G;.

ned )
d4—d3{ i
11

d3d2{ 2] 1 1] 1
11 1 1

11 1 1 1 1

do 11 1 1 1 1
11 1 1 1 1

—_— - -

ki ka—Fk1 ks—ko ky—ks

Figure 4 A sorted ordered graph G, with 8¢ = {(d1, k1), (d2, k2), (ds, k3), (da, k4)}. The permitted
edges are covered. Orange blocks indicate the edges of GG, green blocks indicate the permitted edges,
and blue blocks are the induced graphs G;.

Let G C H € EL, such that (E(H) \ E(G)) C Pg. For all i € [t], let H; = H[A; U B;].
Since H 2 G, clearly also Vi € [t] : H; O G;. It remains to show that every such H; is
elementary. To this end, we use Theorem 11: let ¢ € [t] and let @ # X C A;. X NA; 1 #0
then H; has a vertex of full degree, and so |Ng, (X)| = |B;| = |4;| > |X]|. Otherwise,
if XNA41 =0 then let X' = X U{aq,...,ak,_,}. Observe that Ny(X') = Ng(X) =
Ny, (X)U{b1,...,bk,_,}. However, H is elementary, therefore |Ng(X')| > | X'| = | X|+ ki—1.
In both cases we have |Ng, (X)| > | X| and H; is elementary.

Conversely, let H; 2 G1,...,Hy O Gy be elementary graphs. Then it suffices to show that
H D G whose edges are E(H) = E(G)UE(H;)UE(Hs)U...... E(H,;) is also elementary.
Let X C A, let ¢ be the largest index such that a; € X, and let j be the index for which
kj,1 <1< kj. Thus:

NH(X) = NH].(XﬂAj) U{bl,...,bki_l}.

IfXﬁAj = Aj, then NHJ(XﬂAj) = Bj and thus |NH(X)| =ki_1+ |Bj| = dj—i—l > kj >
|X|, and indeed H is elementary. Otherwise, since H; is elementary and (X N A4;) C A;, we
have [Ny, (X N Aj)| > |X N A, and therefore:

INg(X)| = |Ng, (X N Aj)| + ki1 > | X N Aj]| + ki1 > | X]. <

1:11
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3.4.3 The Dual Coefficients of (n, d, k)-blocks

Finally, having reduced the computation of the dual coefficient of an arbitrary ordered
graph G to that of simple “blocks”, we are left with the task of directly computing the dual
coefficient for any such block.

» Lemma 25. Let 0 <d <n, 0 <k <n. Then, the coefficient of the (n,d, k)-block is:

~1
. k

Mt TN med-ty -1y )
k—d J\a-1) '

Proof. The proof is by induction on n, d and k. For the base case, let G be an (2, d, 1)-block,
where d € {0,1,2}. In all three cases, only Ks9 O G is elementary, thus by Corollary 20
they all satisfy equation (%), as required. Next, we use complete induction. Let G be an
(n, d, k)-block, where n > 2, and assume equation (x) holds for all (n’,d’, k’)-blocks, such
that:

M <n)v(in'=n A K=k A d>d).

If d > k, then VX C {a1,...,a,}: |N(X)| > |X|, thus by Theorem 11, G is elementary
and by Lemma 18, af, = 0. Otherwise, d < k. In this case, denote S = {(a1,b,), ..., (ak, bn)},
and partition the set of all elementary graphs containing G into two disjoint sets,

F,={GCHEeEL,: E(H)NS #0},and #3 ={G C H €EL, : E(H)Nn S =0},
and by Corollary 20, the dual coefficient of G is given by the sum over these sets:

ag = Z (=1)|BENE@G)] 4 Z (—1)EUD\E@)],
Hed#, Hedts

The contributions of #;. To sum the contributions of all graphs in #;, we use the inclusion-
exclusion principle. First, note that BPMY is invariant to permutations over each bipartition
(that is, if H = G then a}, = aj;). Therefore, for every subset T' C S of selected edges, we
may, without loss of generality, “sort” the graph to obtain an isomorphic sorted ordered
graph. Consequently, denote Vt € [k] : Gy = G U {(ak—t+1,bd+1),---,(ak,bar1)}. By the
inclusion-exclusion principle, we have

S (Cn)EUNEG) Zk:(_l)m (’;) (1)t ah, = _zk: (’Z) as,.

Hedt, t=1 t=1

If t = k, then G; is an (n,d + 1, k)-block, for which the induction hypothesis holds.
Otherwise, for ¢t € [k — 1], the biadjacency matrix of each graph G} can be partitioned into
blocks, as follows:
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1 1
1 1
n—d—1
1 1
1 1
14 1f 1 1 1 1
1 1 1 |1 1 1 1 1
d 1 1 1 1) 1 1 1 1
1 1 1 1) 1 1 1 1
g v —
k—t t n—=k

If t < k — d, then by Definition 21 the permitted edges for the vertices {a1,...,ax_+}
in G are only those connecting them to byyi. Therefore, G; cannot be completed to an
elementary graph using only permitted edges, and by Lemma 22, ag,, = 0. Otherwise, by
Lemma 24, the coefficient ag;, is the product of coefficients for each of the three blocks. The
first two are an (d + 1,d, k — t)-block and a (n — k +t,d+ 1 — k + ¢, t)-block. The third is a
complete bipartite graph over n — k vertices, and thus does not affect the coefficient of G.

1 1 11

1 1 1|1 1 1 1
; 1 1 1|1 1| }pd+1 1 1| tn—Fk+t

1 1 1|1 1 1 1 1|1 1

1—
1 1 1|1 1 d+ k+t{ 1 1 1)1 1
— . .
k—t t

(a) (d+ 1,d, k — t)-block. (b) (n—k+t,d+1—k+t,t)-block.

Observe that if k —d < ¢t < k, then the (d + 1,d,k + 1)-block is elementary, thus by
Lemma 18, its dual coefficient is zero. Consequently, only two potentially non-zero cases
remain: t = k and ¢t = k — d. For both cases, the induction hypothesis holds. Observe that if
d = 0, both cases converge to a single case. Thus:

d>0:

k
k k k
B Z (t) a6, = _(k — d) “Qlat1,d.d) ~ (k) “Qln d g1k

(i B (R B vl | B (i [ 9

1:13

CCC 2022



1:14

The Approximate Degree of Bipartite Perfect Matching

The contributions of #5. If k = n — 1, then #, = 0, thus there are no contributions
from Jt;. This assertion follows since for any H 2 G with E(H) NS = 0, we have
IN({a1,...,an—1})| <n—1=|{a1,...,an—1}|. Thus, by Theorem 11, H is not elementary.
Otherwise, if k < n — 1, we claim that:

Z (—1)IFUEDNE(G)] — @y
HeHo

Since the induction hypothesis holds for the (n — 1, d, k)-block, proving the above identity
would yield an expression for the contributions of #s. Denote the (n — 1,d, k)-block by G’.
To prove the aforementioned identity, it remains to show a bijection between elementary
graphs G’ C H' € FL,_1, and elementary graphs G C H € EL,, where E(H) N S = .
Furthermore, we must also maintain |E(H') \ E(G")| = |E(H) \ E(G)|, for any two graphs
H’ and H which are mapped to one another by the bijection. The bijection is defined as
follows:

H— H': Let H O G be an elementary graph such that E(H) NS = (. We claim
that H' = H — a, — b, is also elementary. By Theorem 11, it suffices to show that
VX - {al,. ..70,”_1} : |NH/(X)| > |X| If Xn {ak+1,...,an_1} 7é @, then NH/(X) =
{b1,...,bp_1}. Thus [Ny (X)| =n—1> |X|. Otherwise, if X N{ax41,...,a,_1} =0, then
Np/(X) = Ny (X) and therefore: [Ny (X)| = |[Ng(X)| > |X]|, as required.

H' — H: Let H O G’ be an elementary graph. We claim that the graph H C K, ,,
where E(H) = E(H') U {(ak+1,bn),- .., (an,by)}, is also elementary. Once again, we use
Theorem 11. Let X C {a1,...,an}. If X N {agyi1,...,an} # 0, then Ng(X) = {b1,...,bn}.
Thus |Ng(X)| = n > |X|. Otherwise, if X N{axy1,...,an} = 0, then Ng(X) = Ny (X)
and therefore: |Ngy(X)| = |Ng/ (X)| > | X/, as required.

Summing up the contributions. Finally, we have reduced the computation of the coefficient
a?n ) b0 asum of coefficients aZ‘n, &) for which the induction hypothesis holds. It now
remains to sum up the contributions for each possible case. If d > 0 and k = n — 1, then:

ag= >, (=) (k—d—1><d—1 k—d J\d—1)
Hed,
Ifd>0and k <n—1, then:
n—d—1\[k—-1
at = 3 (CLFENEGL 4§ (L)IEI\EG) :_< o )(d_1>.
He# Hedo
Ifd=0and kK =n—1, then:
a= 3 (—1)ENE@ n—2y_ (n—1
¢ k-1 ko)
Hedty
And lastly, if d = 0 and k <n — 1, then:

N n—2 n—2 n—1
at = 3 (CLFEDNEGL 4§ (L)IEIVE@] (k_ 1) N ( ] ) _ ( ] >.<

Hedt, Hedts

3.4.4 Putting It Together

We are now ready to prove Theorem 2.
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Proof. Let G C K, ,,. If G is not totally ordered, then by Lemma 17, af, = 0. Otherwise, if
G is totally ordered and there exists some i € [t — 1] such that d;;1 < k;, then by Lemma 23,
al = 0, and indeed:

diy1 —ki—1 —1
Jdiv1 — ki1, di — ki1, by — ki) = ( " ) > =0.
ki — ki1

Finally, if G is totally ordered, and Vi € [t — 1] : dj+1 > k;, then let A; =
{ak, 41,504, }» Bi = {bx,_,41,.-.,ba,,, }, Vi € [t], where kg = 0 and dy1 = n. Fur-
thermore Vi € [t], let G; = G[A4; U B;] be the induced graph on the vertices A; U B;.
By Lemma 24, we have af = szl ag,. Observe that Vi € [t — 1], the graph G; is an
(diy1 — ki—1,d; — ki—1, ki — k;—1)-block. Thus, its coefficient is given by the expression in
Lemma 25. However, the last graph G; may not be a “block”. In fact, there are two possible
cases: either d; = n, in which case G; is a complete bipartite graph, and thus ay = 1.
Otherwise, d; < n, and G is a biclique joining n — k;_; left vertices to n — d; right vertices.
In this case, since af; is invariant to swapping the two bipartitions, then without loss of
generality we may do so, thus obtaining an isomorphic (n — k;—1,0,n — d;)-block. Thus, we
have:

L d=n n—ki_1—1
aé;t = n—ki_1—1 = < -l )
d 5 dt<’l’L n_dt
n—a

Putting it all together, we obtain:

t t—1
. . _ [(n— ki_1—1 .
ag = HaGi - d ’ H Adypr—ki1,di—ki—1,ki—ki—1)
i=1 n=a i=1

n — kt—l —1 il
= 'Hf(di+1_ki—17di_ki—17ki_ki—l)- <
=1

n—dt

3.5 Corollaries of Theorem 2: The £;-norms of BPM,

Theorem 2 allows us to compute the dual coefficient of any graph G C K, ,,. It is not hard to
see that for some graphs G C K, ,,, the coefficient ay, may be exponential in n. For instance,
the biclique K, »/, is an ordered graph whose representing sequence is (%, n) Therefore its
dual coefficient is (";1) ~ #n(n) We claim that the aforementioned bound is qualitatively

tight. Namely, for egery graph G C K,, 5, the coefficient af, is at most exponential in 2n.
» Lemma 26. Let G C K, ,,. The dual coefficient of G is bounded by |a};| < 22,

Proof. If G is not totally ordered then by Lemma 17 af = 0. Otherwise, let
{(d1,k1),...,(ds, ki) } be the representing sequence of G, let ko = 0, and let:

n—1
<
()
n—d-—1\/k—-1
_< - )(d_1>, d>0.

Observe that both in the case d < 0 and in the case d > 0, we have |f(n,d, k)| < 2"~ 4tk
(by bounding every binomial coefficient). Therefore, using Theorem 2 we obtain:

f(n,d, k) =

t—1
x n — ktfl -1 n+dy 2n
lag| = < n—d ) ‘H|f(di+1_kifladi_kiflaki_kiflﬂ <2 <27 <
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Thus, the multilinear polynomial representing BPM} is “simple” in the following sense:
its £1-norm (the sum of absolute values of its coefficients) is small, over both the {0,1} and
Fourier basis.

» Corollary 27. Let n > 2. Then:
[BPM||, = 29 1e™) - and furthermore | BPM,, ﬂl — | BPM?, ﬂl = 90(nlogn),
Proof. In [3], the number of monomials in BPM} was bounded by:
(nh)? < |mon (BPM})| < (n 4 2)%"+2
thus, using Lemma 26, we deduce:
(n)? < BPM; |, < (n+ 22292 = [[BPM;|, = 2001108,
As for the Fourier £;-norm, we note that the magnitudes of the Fourier quﬂﬁcignts of any
Boolean function and its dual are identical (see e.g., [25]),Atherefore | BPM,, ||; = || BPM ||;.

Furthermore, recall that V.S C [n], HANDS H = ﬂﬂiegwiH = 1. Thus, by subadditivity and
homogeneity:

~ ~ ~ PN

I1BPM, [, = [BPM; [l < > lag| - [ ANDG || = [[BPM; |, = 200 5™, <
GCKnn

4 The Upper Bound on (Eée (BPM,,)

In this section we obtain an upper bound on the approximate degree of the bipartite perfect
matching function, which holds even for exponentially small values of e.

» Theorem 28. Let 277187 < ¢ < % The e-approzimate degree of BPM,, is bounded by:

deg, (BPM,) = O(n**\/logn).

This bound is essentially a corollary Theorem 2, alongside two further observations. First,
we show that the approximate degree of any Boolean function and its dual are identical (for
all € > 0). We then prove that Boolean functions whose representing polynomials have small
£1-norm over the {0, 1} basis, can be efficiently approximated by low degree polynomials.
The latter approach was also employed by Sherstov in [29]. Let us remark that, to obtain the
upper bound on the approximate degree of BPM,, it would have sufficed to merely show that
the magnitudes of all dual coefficients are, at most, exponential in ©(nlogn). However, we do
not know of a simpler proof of this fact, other than leveraging the complete characterization
of BPM7, given by Theorem 2.

» Lemma 29. Let f: {0,1}" — {0,1} be a Boolean function, and let f* be its dual. Then:
1 — _
V0<e<§: deg, (f) = deg, (f*).

Proof. Let € > 0, and let p € R[zy,...,2,] be a real polynomial that e-approximates f
pointwise. Let p* € R[zy,...,x,] be the real polynomial defined by: p*(xi,...,2,) =
1—-p(l—x,...,1—2x,) (ie., replace each variable z; with (1 — z;), negate all coefficients,
and add 1). Observe that deg(p*) < deg(p), since p* is obtained by a linear transformation
on p, thus the degree cannot increase. Furthermore, Vz1,...,z, € {0,1}, we have:

lf (21, ozn) —p (@1, yzn) | = 1= f(l—21,.. ., 1 —2) — (L —p(1 —21,...,1 —xp))]
=|fl—z1,...,1—zp) —p(l —z1,...,1 —x,)| <e

The converse similarly follows, since (f*)* = f. <
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For the second lemma, we require a well known Theorem regarding the approximate
degree of the AND,, function. Nisan and Szegedy [23] first showed that for the regime of
e = 0(1), we have 8%1/3 (AND,,) = O(y/n). Their result was extended by Buhrman, Cleve,
De Wolf and Zalka [6], who determined the approximate degree of AND for any e > 0.

» Theorem 30 ([6]). Letn € N and let 27" < e < 3. Then:

'y
deg, (AND,,) = © ( n- log(l/e)) .

Consider a Boolean function f. If the representing polynomial of f has small ¢;-norm,
then one may use the following straightforward approach for constructing a low-degree
approximating polynomial for f: approximate (with sufficiently small €) every monomial of
the representing polynomial. Since each monomial is an AND function, we may appeal to
Theorem 30 to obtain a low-degree approximation. Thus, the polynomial approximating f is
given by summing the approximating polynomials for each of its monomials. This scheme is
implemented in the following lemma, whose proof appears in the full version of this paper.

» Lemma 31. Let f: {0,1}" — {0,1} be a Boolean function and let p € R[z1,...,2,] be
the unique multilinear polynomial representing f. If 3 < ||p||; < 2", then:

e (npl|§) : d/%e“):@( n-logpm).
1

The proof of Theorem 28 now follows.

Proof. Let 277lgn < ¢ < % Then, using Corollary 27 and Lemmas 29 and 31, we have:

deg, (BPM,) = deg, (BPM}) = O(n*?/log n). <

5 The Lower Bound deg (BPM,) = Q(n*?)

In this section we obtain a lower bound on the approximate degree of perfect matching,
which matches the upper bound of Theorem 28, up to the low order term +/logn.

» Theorem 32. The approzimate degree of BPM,, is bounded by deg (BPM,,) = Q(n*?).

Aaronson, Ben-David, Kothari, Rao and Tal [1] recently proved that for any total Boolean
function f, deg(f) = © (d’evg ( f)2> (which is optimal, as exemplified by the OR,, function).
Their proof is composed of two primary steps. First, they make the key observation that, at
the heart of Huang’s proof for the sensitivity conjecture [15], there (implicitly) lies a new
complexity measure: Spectral Sensitivity. Their main technical Theorem is to then show
that this aforementioned quantity lower-bounds approximate degree. It is this relation that
we wish to leverage. *

4 From the quadratic relation between degree and approximate degree [1] and using the fact that BPM,
has full degree [3], the weaker lower bound of deg (BPMy) = Q(n) also immediately follows.
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5.1 Spectral Sensitivity and the Sensitivity Graph

» Definition 33 (Sensitivity Graph [1]). Let f: {0,1}" — {0,1} be a Boolean function. The
Sensitivity Graph of f is the graph Gy over the vertices {0,1}" whose edges are:

Yo,y €{0,1}": {z,y} € B(Gy) <= [z @yl =1Af(2) # f(y)-

Thus, Gy is the subgraph containing all the bi-chromatic edges of the n-dimensional Hypercube
whose vertices are labeled by f (the “f-cut” of the Hypercube).

» Definition 34 (Spectral Sensitivity [1]). Let f : {0,1}™ — {0,1} be a Boolean function and
let Gy be its sensitivity graph. The Spectral Sensitivity of f is defined by A(f) d:efp(Gf).

Observe that the sensitivity graph of any Boolean function f is a bipartite graph whose
bipartitions are given by f~1(0) (hereafter, the “left” vertices) and f~1(1) (the “right”
vertices). Clearly as all the edges of the sensitivity graph are bi-chromatic, these two sets
form a valid bipartition. In the case of BPM,,, we note that (perhaps rather confusingly) the
sensitivity graph is a bipartite graph in which each vertex x € {0, 1}"2 is, itself, associated
with a bipartite graph (corresponding to the input x).

Under this notation, the main Theorem of [1] states the following.

» Theorem 35 ([1]). For any total Boolean function f :{0,1}"™ — {0,1}, we have:
A(f) = O(deg ().

5.2 A Tight Bound on the Spectral Sensitivity of BPM,,

In what follows, we obtain tight bounds on the Spectral Sensitivity of BPM,,.
» Theorem 36. The spectral sensitivity of matching is bounded by \(BPM,) = ©(n*/?).

This tight bound on A(BPM,,) yields our approximate degree lower bound, and also shows
that this is the best bound attainable by the method of Spectral Sensitivity for the perfect
matching function.

» Corollary 37. The approzimate degree of matching is bounded by azzg (BPM,,) = Q(n*?).

Proof. Follows from Theorem 36 and Theorem 35. |

5.2.1 The Upper Bound A\(BPM,) = O(n’/?)

The spectrum of bipartite graphs has several nice properties. Their eigenfunctions come
in pairs with negated eigenvalues (thus their spectrum is symmetric). Another well-known
result regarding the spectrum of bipartite graphs is Holder’s inequality for matrix norms:

» Proposition 38. Let G be a bipartite graph and let A, and Ag be the maximal left and
right degrees, correspondingly. Then, p(G) < /ALAR.

Recall that the degree of any vertex in the sensitivity graph is equal, by definition,
to the number of bi-chromatic edges incident to it — which is its sensitivity. Thus, by

Proposition 38, for any Boolean function f we have A(f) < +/so(f) - s1(f), where sp(f) def

max,er-1(p) sensyg(x), Vb € {0,1}. This simple observation suffices to obtain the upper
bound:

» Proposition 39. For any n > 1, we have A\(BPM,,) < n*?,
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Proof. Recall that A(BPM,,) < 1/so(BPM,,) - s1(BPM,,). Since the sensitivity of any input
is at most n? (the number of input bits), we immediately have so(BPM,) < n? (and in
fact, so(BPM,) = ©(n?)). As for the l-sensitivity, clearly for every G € BPM*(1), the
only sensitive edges are those present in some matching. The union of all matchings is
matching-covered, and every edge in an elementary component is sensitive if and only if the
component is Ky (see Theorem 11), thus s;(BPM,) < n. <

5.2.2 The Lower Bound A(BPM,,) = Q(n*?)

Let us now consider the lower bound. By Cauchy’s Interlace Theorem (and using the fact
that for bipartite graphs, p(G) = A1), it holds that for any bipartite graph G, the spectral
radius of G is no smaller than that of any induced subgraph of G. Thus, it suffices to exhibit
an induced subgraph of the sensitivity graph of BPM,,, whose spectral radius is large. In the
following Theorem, we construct such a connected bi-regular induced subgraph, and bound
its spectral radius.

3 /-
n’/?

3v3

Proof. Let n > 2 and let ”TH < k < n be a natural number. Let A = A; U A and
B = B; Ul By be disjoint sets such that |A| = |B1| = k and |Az| = |Bz| = n — k. For every
t € NT, denote the set of all matchings joining ¢ vertices of As with ¢ vertices of Ba, by
M;(As, Bs). Consider the following two sets of graphs:

» Theorem 40. For any n > 2 we have A(BPM,) > —O(n) = Q(n’?).

R = {G = (AUB, (Al X Bg) (] (A2 X Bl) UE(M)) M e Mr,L_Qk(AQ,BQ)}
L= {G = (A|_|B, (Al X Bg) (] (A2 X Bl) HE(M)) M e Mnfgkfl(AQ,Bg)} .

Let Ggpwm, be the sensitivity graph of BPM,,, and let H = Ggpym,, [L L R] be its induced
subgraph over the aforementioned set of graphs (vertices). By Cauchy’s Interlace Theorem
the spectral radius of H is at most that of G, therefore A(BPM,) = p(Gppwm,) > p(H).

Observe that every graph G € R has a perfect matching, which can be constructed by
taking the (n — 2k)-size matching between Ay and By and matching the remaining & vertices
of As with By, and similarly the remaining k vertices of By with A (this can always be done,
since the bicliques K4, p,, K4, B, are subgraphs of G). Conversely, every graph G € £
does not have a perfect matching. For example, the set Ay violates Hall’s condition, since:
IN(A3)|=n—-2k—14+k=n—k—1<n—k=]Az|. Thus, R is the right bipartition of H,
and L is its left bipartition.

Let us characterize the edges of H. Let G € R and let M be its corresponding (n—2k)-size
matching between A, and Bs. For every edge e € M, we have by construction (G \ {e}) € L.
Furthermore, for any edge e € (E(G) \ M), the graph (G \ {e}) does not contain one of the
bicliques K4, p,, K4,,B,, and is therefore not in R. Consequently the degree of each right
vertex of H is dg = degy(G) = |M| =n — 2k.

Similarly, let G € JL and let M be its (n — 2k — 1)-size matching between As and Bs.

Denote by S, T the left and right vertices of M, correspondingly. Then, for any u € (A5 \ 5),
v € (B2 \ T), the graph G U {(u,v)} has a (n — 2k)-size matching, and is thus in R. Adding
any other edge e to G would either join a vertex from A; to a vertex from Bj, or e would be
incident to a vertex in M. In both cases, G U {e} is not in L. Thus the degree of each left
vertex of H is dy, = degy (G) = (JAa| — |S]) - (|B2| — |T]) = (k + 1)2.
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Induced Subgraph of the \

---------------------------------------------------------------- . Sensitivity Graph
. A —n-2k-
; IM|=n-2k-1 LcBPM,1(0)  RcBPM, (1)
di=(k+1)2
Biclique Biclique S
' k| k A A1 xB2 Ao x By \O
; dr=n-2k ;
7 O

[M|=n-2k

.
.
.
.
K
.
.
.
.
.
.
.

Figure 6 The induced subgraph H = Gepum, [L L R] of the sensitivity graph for BPM,,.

Finally, observe that any bi-regular bipartite graph, and in particular H, satisfies p(H) >
Vdy, - dg (this follows, for example, by considering the eigenfunction which places weight v/dy,
on each left vertex, and v/dr on each right vertex)®. To conclude the proof, fix k = 5] -1
Thus:

A(BPM,) = p(G) > p(H) > \/Q;‘J)Q (n—2 Q%J - 1)) - ;Lj;g —O(n). <
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A  Towards Fine Grained Bounds for Bipartite Perfect Matching

The main thrust of this section, and indeed one of the motivating factors for the work in this
paper, revolves around the following longstanding open question:

» Open Problem 41 (The n’/>-Barrier for Bipartite Matching®). Is there a deterministic
algorithm, for bipartite perfect matching running in time o(n’/?)?

Hopcroft and Karp’s [14] algorithm, designed half a century ago, attains a runtime of
© (ns/z) when applied to dense graphs (i.e., when the number of edges is ©(n?)). Since then,
no known deterministic algorithm has been able to break this barrier, in the dense regime.
To make matters concrete, in what follows let us consider the decision variant of the problem,
as represented by BPM,,; we are given a balanced bipartite graph with n vertices in each
bipartition, and wish to determine whether a perfect matching exists. Secondly, let us fix
the following computational model.

The Demand Query Model

In recent work, Nisan [22] introduced a new concrete complexity model for bipartite matching,
known as the “Demand Query Model”. This model appears to be particularly well-suited for
the matching problem, for two primary reasons. Firstly, Nisan showed that combinatorial
matching algorithms can be efficiently simulated within the model (in fact, this holds even
for parallel, online, approximate and other classes of algorithms, see [22]). For instance,
Hopcroft and Karp’s algorithm, whose running time is @(nS/ %), can be “translated” into
demand query algorithm making (Q(n?’/ 2) queries. Since each query can be trivially simulated
in O(n) time, this appears to capture the complexity of the aforementioned algorithm in a
fine-grained manner. Secondly, the queries in this model are simple enough that we could
hope to prove lower bounds against them.

In this framework, algorithms are modeled by decision trees. Each internal node corres-
ponds to a demand query, and each leaf is labeled by an output, either 0 or 1. A demand
query consists of a left vertex v and an ordering 7 € S,,, induced on the right vertices. The
result of such a query is the first right vertex v, according to the ordering m, for which the
edge (u,v) exists in the graph (or L if no such edge exists). A root-to-leaf path in the tree
corresponds to a particular set of answers to the queries made along the path. Thus, the
set of all such paths partitions the set of all graphs G C K, ,,, whereby each graph G is
associated with a single leaf. Any graph G C K, ,, which is “consistent” with the answers
made along a root-to-leaf path, must also be consistent with the labeling of that leaf. The
“cost” of an algorithm in this model is measured by the depth of the tree (i.e., the worst-case
amount of queries made on any particular input). As this is an information-theoretic model,
we disregard the amount of computation necessary to construct (or deduce the existence of)
a perfect matching, and instead only measure the minimal amount of information required
to do so.

A.1 The Demand Query Complexity of Matching

Open Problem 41 remains as of yet unsettled. In light of the efficient simulation of combin-
atorial algorithms by the demand model, one could formulate the following closely related
question: “can one construct quasi-linear demand-query algorithms for matching?”, or in the
contrapositive:

6 In fact we are only interested in polynomial improvements to this running time, i.e., bounds of the form
n5/27¢ for some constant ¢ > 0.
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» Open Problem 42 (The Demand Query Complexity of Matching). Is there some constant
e > 0 such that Demand(BPM,,) = Q(n'*¢)?

To better understand Demand(BPM,,), we have drawn connections between the demand
query complexity of BPM,, and other, mostly algebraic, complexity measures relating to
BPM,, and its dual — a representative collection of which are detailed in Figure 7.

Demand(BPM,)
O(n*?*)[Nis21]
[Here]
/n-factor
O(n""[LL15]
» Q2(BPM,) DR (BPM,)
Q(n*?)[Zha04]

[BN21]

[BBC*01]
> log||BPM;|,

[Here] €) O (nlogn)[Here]

DPIST(BPM,) «<—INis21l—> log DTS'%%(BPM,)

O(n*?)[Here] deg(BPM,,)

[ABDK*21] Folklore
See [O'D14]
3/ Here] ‘
©(n*?)[Here] ~ AM(BPM,) log |mon(BPM; CC(BPM, [ o A
g | ( )] / ) ~ log |BPM, ],
[NW95, BN21] [MS82]

log rk(Mppur, )

Figure 7 Relations between complexity measures of BPMy,. An arrow f(n) — g(n) indicates
that f = O(g) (excluding logs) — with two exceptions. The arrow Q2(BPM,) — Demand(BPM,,)
incurs a \/n-factor loss, see Subsection A.3, and the arrow deg (BPM,) — log || BPM; ||, represents

the bound provided by Lemma 31. Green blocks correspond to bounds on their adjacent quantity.

Every arrow f — g is accompanied by the corresponding citation in blue, apart from trivial relations
wherein they are omitted. Bounds and relations marked [Here] denote results shown in this paper.

The following table details the complexity measures appearing in Figure 7.

Query Complexity Measures

Measure Definition

Demand(BPM,,) The least depth of a decision tree computing BPM,,, whose internal nodes are
labeled by demand queries.

DOR(BPMn) The least depth of a decision tree computing BPM,,, whose internal nodes are
labeled by ORs over arbitrary subsets of the input bits.

DDISJ(BPMH) The least depth of a decision tree computing BPM,,, whose internal nodes are
labeled by disjunctions over literals, e.g. (x1 V T3V x7).

DTS'2E(BPM,) The least amount of leaves in a classical decision tree computing BPM,,.

Q2(BPM,) The bounded-error quantum query complexity of BPM,,.
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Communication Complexity Measures

Measure Definition

CC(BPM,) The two-party deterministic communication complexity of BPM,,, where we
fix an arbitrary partition over the input bits.

rk(Mspwm, ) The real rank of the communication matrix corresponding to the above com-
munication problem.

Algebraic Complexity Measures

Measure Definition
|mon(BPM3)| Number of non-zero coefficients in the unique representing polynomial.
IBPM; |, Sum of magnitudes of coefficients in the unique representing polynomial.
A(BPM,) The spectral sensitivity of BPM, (see Definition 34).
cfgg (BPM,) The approximate degree of BPM,,.

A.2 Drawing the Connections
Decision Tree Measures

It is not hard to see that every demand query can be simulated by at most logarithmically
many OR-queries, by performing binary search on the right vertices. Similarly trivially,
every OR query can be seen as a disjunction wherein no literal is negated, thus we also have
DPIST(BPM,) < DOR(BPM,,). The latter quantity, DP™S7(BPM,), is of particular interest —
Nisan observed [22] that for any Boolean function the least depth of a disjunction decision
tree computing the function is equivalent, up to a logn-factor, to the minimum size (i.e.,
number of leaves) of a classical decision tree computing it. The minimum decision tree size
computing a Boolean function is known to be related to Fourier-analytic properties of the
function. For example, a folklore result states that it is lower bounded by the Fourier £;-norm
of the function (see e.g. [25]).

Communication Complexity Measures

Given a disjunction decision tree computing a Boolean function, one naturally obtains a
corresponding 2-party deterministic communication protocol. The protocol simply simulates
the tree by “solving”, at every step, the current disjunction. This simulation can be done
efficiently, since any disjunction requires only 2-bits of communication (Alice and Bob
compute their parts of the disjunction separately, and communicate the answer bits to one
another). In the argument above, the actual partition determining Alice and Bob’s shares
of the input bits is inconsequential. For any such fixed partition, one can consider the
communication matriz, which is the Boolean matrix whose rows are indexed by Alice’s inputs,
and columns by Bob’s inputs. It is well known (by a result of [19]), that the log of the real
rank of this matrix yields a lower bound on the deterministic communication complexity of
its corresponding problem.

The £;-norm of BPM}

A surprisingly pivotal complexity measure arising in Figure 7 is the ¢;-norm of the dual
function of matching. Firstly, this measure trivially bounds the number of monomials
appearing in its representing polynomial (since all coefficients are integers), which in turn
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bounds the rank of the communication matrix, by a classical result of [24] (every monomial
corresponds to a rank-1 matrix). The same quantity, | BPM||;, also bounds the Fourier
¢1-norm of BPM,, (equivalently BPM), as we observe in Corollary 27, as well as yielding
bounds on the approximate degree, via the scheme detailed in Lemma 31. With regards to
lower bounds, in [3] it was shown that for any Boolean function f it holds that log || f*||,
lower bounds the least depth of an OR decision tree computing f.

Through our complete characterization of the dual polynomial given in Theorem 2, we
were able to deduce the tight bound log [|BPM} |, = ©(nlogn) (see Corollary 27), thereby
implying all of the aforementioned bounds. We conjecture that this low-norm representation
of BPM} has more far-reaching consequences — in particular, that it can be used to construct
a quasi-linear deterministic communication protocol for the bipartite matching problem.”

Approximate Degree and Quantum Query Complexity

The “polynomial method” in quantum computation [2] states that the acceptance probability
of any d query quantum algorithm can be written as a degree 2d polynomial. Thus, the
approximate degree of any Boolean function serves as a lower bound on its Quantum
query complexity. In this paper we have obtained tight upper and lower bounds on this
quantity, showing that (Teé (BPM,,) = é(n%). To complete the connections specified in
Figure 7, it remains to relate the quantum query complexity to our main object of study;
Demand(BPM,,).

A.3 Quantum Bounds Imply Combinatorial Bounds

In this section, we make one final simple observation regarding the demand query model:
demand query algorithms can be efficiently simulated by quantum queries. Recall that every
demand query can be simulated by logarithmically many OR-queries, each over at most n
bits (corresponding to the right vertices). In his seminal paper, Grover [12] showed that the
OR,, function can be computed, to constant error, using ©(y/n) quantum queries (which is
tight, see [4]). Thus, replacing each demand query by the majority over several invocations
of Grover’s algorithm, and using Chernoff’s bound to suitably reduce the error, we obtain:®

» Proposition 43. If there exists a demand query algorithm for BPM, making at most d
queries, then:

Q2(BPM,,) = O(v/n - d - polylog(d)).

Consequently, any lower bound of the form Qy(BPM,,) = Q(n*>*¢), for some constant
e > 0, would imply a (polynomially) super-linear lower bound on the demand query complexity
of BPM,,, thereby resolving Open Question 42. Such a result might suggest that quasi-linear
combinatorial algorithms for bipartite perfect matching are improbable, which we consider a
very interesting prospect. Nevertheless, at present the quantum query complexity of BPM,
remains undetermined. Lin and Lin [18] constructed an efficient quantum algorithm, yielding

Indeed, it is not hard to show that for any monotone Boolean function f : {0,1}" — {0,1} and any
partition over its inputs, we have CC(f) < min {|mon(f)|, |mon(f*)|}?, which can be seen as a single
step towards this direction.

In fact, by a similar approach we can also show that for any Boolean function f : {0,1}" — {0, 1}, the
quantum query complexity is bounded by Q2(f) = O (\/ﬁ -1log DTS™2E(f) - loglog DTSIZE(]‘))7 where
DTSIZE(f) is the minimal size of a classical decision tree computing f. This observation might be useful
in cases where there exist relatively “unbalanced” decision trees computing f.

1:25

CCC 2022



1:26

The Approximate Degree of Bipartite Perfect Matching

an upper bound of © (n7/4). Conversely, through Ambainis’ adversary technique, Zhang [32]
has obtained an upper bound of € (n3/2). Our main theorem (Theorem 1) implies that this
lower bound cannot be (polynomially) strengthened by the “Polynomial Method”. In fact,
neither can Ambainis’ adversary bounds be used to this end, since it is known (see e.g. [32])
that the best bound attainable by this method cannot exceed /Cy(f)C1(f). Closing this
gap is left as an open problem.

» Open Problem 44 (Quantum Query Complexity of Matching). Close the gap on Q2(BPM,,).
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