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—— Abstract
The minimum number of clauses in a CNF representation of the parity function z1 @ x2 P --- B xp,
is 2"7'. One can obtain a more compact CNF encoding by using non-deterministic variables (also
known as guess or auxiliary variables). In this paper, we prove the following lower bounds, that
almost match known upper bounds, on the number m of clauses and the maximum width & of clauses:
1) if there are at most s auxiliary variables, then m > Q (2”/<5+1)/n) and k > n/(s +1); 2) the
minimum number of clauses is at least 3n. We derive the first two bounds from the Satisfiability
Coding Lemma due to Paturi, Pudlédk, and Zane using a tight connection between CNF encodings
and depth-3 circuits. In particular, we show that lower bounds on the size of a CNF encoding
of a Boolean function imply depth-3 circuit lower bounds for this function.
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1 Overview

1.1 Motivation

A popular approach for solving a difficult combinatorial problem in practice is to encode it
in conjunctive normal form (CNF) and to invoke a SAT-solver. There are two main reasons
why this approach works well for many hard problems: the state-of-the-art SAT-solvers
are extremely efficient and many combinatorial problems are expressed naturally in CNF.
At the same time, a CNF encoding is not unique and one usually determines a good encoding
empirically. Moreover, there is no such thing as the best encoding of a given problem
as it also depends on a SAT-solver at hand. Prestwich [10] gives an overview of various
ways to translate problems into CNF and discusses their desirable properties, both from
theoretical and practical points of view.

Already for such simple functions as the parity function x1 @ x2 @ - -+ & x,, it is not
immediate how to encode them in CNF (to make it efficiently handled by SAT-solvers).
Parity function is used frequently in cryptography (hash functions, stream ciphers, etc.).
It is known that the minimum number of clauses in a CNF computing parity is 2”~!. This
becomes impractical quickly as n grows. A standard way to reduce the size of an encoding is
by using non-deterministic variables (also known as guess or auxiliary variables). Namely, one
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introduces s non-deterministic variables y1, ..., ys and partitions the set of input variables
into s+ 1 blocks of size at most [n/(s+1)]: {x1,z2,...,2,} = X1 UXoU---U Xy, Then,
one writes down the following s + 1 parity functions in CNF:

<y1= @x>,<y2=y1@ @x)

reXq r€Xo
(yszys—1@@$>, 1=y, & @ x| - (1)
reX, r€EXs 41

The value for the parameter s is usually determined experimentally. For example, Prestwich [9]
reports that taking s = 10 gives the best results when solving the minimal disagreement
parity learning problem using local search based SAT-solvers.
The simple construction above implies several upper bounds on the number m of clauses,
the number s of non-deterministic variables, and the width & of clauses:
Limited non-determinism: using s non-deterministic variables, one can encode parity either
as a CNF with at most

m < (8 + 1)2[”/(S+1)]+2—1 < 4(8 + 1)2n/(9+1)
clauses or as a k-CNF, where
k=2+[n/(s+1)] <34+n/(s+1).

Unlimited non-determinism: one can encode parity as a CNF with at most 4n clauses
(to do this, use s = n — 1 non-deterministic variables; then, each of n functions in (1) can
be written in CNF using at most four clauses).

1.2 Results

In this paper, we show that the upper bounds mentioned above are essentially optimal.

» Theorem 1. Let F' be a CNF-encoding of PAR,, with m clauses, s non-deterministic
vartables, and mazximum clause width k.
1. The parameters s and m cannot be too small simultaneously:

m> 0 (SH . 2n/<s+1>> . @)
n

2. The parameters s and k cannot be too small simultaneously:
k>n/(s+1). (3)
3. The parameter m cannot be too small:

m>3n—9. (4)

1.3 Techniques

We derive a lower bound m > Q((s 4 1)27/(+1 /n) from the Satisfiability Coding Lemma
due to Paturi, Pudldk, and Zane [8]. This lemma allows to prove a 2V™ lower bound
on the size of depth-3 circuits computing the parity function. Interestingly, the lower bound
m > Q((s + 1)27/+D /n) implies a lower bound 2(vV™ almost immediately, though it is
not clear whether a converse implication can be easily proved.

To prove a lower bound m > 3n—9, we analyze carefully the structure of a CNF encoding.
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1.4 Related work

Many results for various computational models with limited non-determinism are surveyed
by Goldsmith, Levy, and Mundhenk [2]. An overview of known approaches for CNF encodings
is given by Prestwich [10]. Two recent results that are close to the results of this paper
are the following. Morizumi [7] proved that non-deterministic inputs do not help in the
model of Boolean circuits over the Us basis (the set of all binary functions except for the
binary parity and its complement) for computing the parity function: with and without
non-deterministic inputs, the minimum size of a circuit computing parity is 3(n — 1). Kucera,
Savicky, Vorel [5] prove almost tight bounds on the size of CNF encodings of the at-most-one
Boolean function ([z1 + -+ 4+ z, < 1]). Sinz [11] proves a linear lower bound on the size
of CNF encodings of the at-most-k Boolean function.

2 General setting

2.1 Computing Boolean functions by CNFs

For a Boolean function f(z1,...,2,): {0,1}" — {0,1}, we say that a CNF F(zq,...,2,)

computes f if f = F, that is, for all zq,...,2, € {0,1}, f(z1,...,2,) = F(z1,...,2,).
We treat a CNF as a set of clauses and by the size of a CNF we mean its number of clauses.

It is well known that for every function f, there exists a CNF computing it. One way
to construct such a CNF is the following: for every input « € {0,1}" such that f(z) =0,
populate a CNF with a clause of length n that is falsified by .

This method does not guarantee that the produced CNF has the minimal number
of clauses: this would be too good to be true as the problem of finding a CNF of minimum
size for a given Boolean function (specified by its truth table) is NP-complete as proved
by Masek [6] (see also [1] and references herein). For example, for a function f(z1,22) = 1
the method produces a CNF (Z7 V x2) A (T1 V Tz) whereas the function z; is already in CNF
format.

2.2 Parity

It is well known that for many functions, the minimum size of a CNF is exponential. The
canonical example is the parity function PAR,,(z1,...,z,) = 21 ® - -+ ® x,,. The property
of PAR,, that prevents it from being computable by short CNF’s is its high sensitivity:
by flipping any bit in any input z € {0,1}", one flips the value of PAR,,(z).

» Lemma 2. The minimum size of a CNF computing PAR,, has size 2"~ 1.

Proof. An upper bound follows from the method above by noting that | PAR,*(0)| = 271,

A lower bound is based on the fact that any clause of a CNF F' computing PAR,, must
contain all variables z1,...,z,. Indeed, if a clause C € F' did not depend on x;, one could
find an input = € {0,1}" that falsifies C' (hence, F(z) = PAR,(z) = 0) and remains to be
falsifying even after flipping x;. As any clause of F' has exactly n variables, it rejects exactly
one x € {0,1}". Hence, F' must contain at least | PAR, '(0)| = 2"~ ' clauses. <

2.3 Encoding Boolean functions by CNFs

We say that a CNF F' encodes a Boolean function f(z1,...,z,) if the following two conditions
hold.

47:3
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1. In addition to the input bits z1,...,z,, F also depends on s bits y1,...,ys called guess
inputs or non-deterministic inputs.

2. For every z € {0,1}", f(x) = 1 iff there exists y € {0,1}® such that F(z,y) = 1. In other
words, for every z € {0,1}",

f@)=\ Flzy). ()

y€{0,1}¢

Such representations of Boolean functions are widely used in practice when one translates
a problem to SAT. For example, the following CNF encodes PARy:

(1 Ve VI A (@1 VT VY1) A (TT Ve Vy ) A (TT VI VY A (y1 V 23 VT2)A
(N VTZVYR) AT VE3Vy) ATIVI3VR)A (T2 Vy2) A(zaVER). (6)

2.4 Boolean Circuits and Tseitin Transformation

A natural way to get a CNF encoding of a Boolean function f is to take a circuit computing f
and apply Tseitin transformation [12]. We describe this transformation using a toy example.
The following circuit computes PAR;2 with three gates. It has 12 inputs, 3 gates (one of
which is an output gate), and has depth 3.

Ys
Y2
Y1 @ @ Y1 =21 T2 D x3D 24
/K\ Yo =y1 Drs Dxe D a7 DX
X Y3 = Yo Pr9gBr10Bx11PT12
1 T2 I3 T4 Xy g

Ty T X9 Tio T11 L12

To the right of the circuit, we show the functions computed by each gate. One can translate
each line into CNF. Adding a clause (y3) to the resulting CNF gives a CNF encoding of
the function computed by the circuit. In fact, the CNF (1) can be obtained this way (after
propagating the value of the output gate).

A CNF can be viewed as a depth-2 circuit where the output gate is an AND, all other
gates are ORs, and the inputs are variables and their negations. For example, the following
circuit corresponds to a CNF (6). Such depth-2 circuits are also denoted as AND o OR
circuits.

/NN N NN NS \ FARNA

T1 T2 Y1 1 T2 Y1 T1 T2 Y1 T T2 Y1 Y1 T3 Y2 Y1 T3 Y2 Y1 T3 Y2 Y1 T3 Y2

2.5 Depth-3 circuits

Depth-3 circuits is a natural generalization of CNFs: a Y3-circuit is simply an OR of CNFs.
In a circuit, these CNFs are allowed to share clauses. A Y3-formula is a X3-circuit whose
CNFs do not share clauses (in other words, it is a circuit where the out-degree of every gate
is equal to one).
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On the one hand, this computation model is still simple enough. On the other hand,
proving lower bounds against this model is much harder: getting a 2*(") lower bound for
an explicit function (say, from NP or ENP) is a major challenge. Proving a lower bound
gw(n/loglogn) wayld resolve another open question, through Valiant’s depth reduction [13]:
proving a superlinear lower bound on the size of logarithmic depth circuits. We refer the

reader to Jukna’s book [4, Chapter 11] for an exposition of known results for depth-3 circuits.

For the parity function, the best known lower bound on depth-3 circuits is Q(2v™) [8]. If one
additionally requires that a circuit is a formula, i.e., that every gate has out-degree at most 1,
then the best lower bound is (22V™) [3]. Both lower bounds are tight up to polynomial
factors.

Equation (5) shows a tight connection between CNF encodings and depth-3 circuits of type
OR o AND o OR. Namely, let F(z1,...,Zn,y1,.--,¥s) = {C1,...,Cn} be a CNF encoding
of a Boolean function f: {0,1}" — {0,1}. Then, f(z) = Vyefo,1}: F(z,y). By assigning y’s
in all 2° ways, one gets an ¥3-formula that computes f:

f@)="\ Fi), (7)

J€(29]

where each F} is a CNF. We call this an exzpansion of F'. For example, an expansion of
a CNF (6) looks as follows. It is an OR of four CNFs.

003@0@00@6?0 5

S W R U S R Y AL S AL U A S

X1 ToX1 T2 T3 T4 T1 ToxTi T2 T3 T4 T1 X2x7 T T3 T4 X1 T2XT| Tg T3 T4

An expansion is a formula: it is an OR of CNFs, every gate has out-degree one. One can also
get a circuit-expansion: in this case, gates are allowed to have out-degree more than one;
alternatively, CNFs are allowed to share clauses. For example, this is a circuit-expansion
of (6).

Below, we show that CNF encodings and depth-3 circuits can be easily transformed one
into the other. It will prove convenient to define the size of a circuit as its number of gates
excluding the output gate. This way, the size of a CNF formula equals its number of clauses
(a CNF is a depth-2 formula). By a X3(¢, r)-circuit we denote a X3-circuit having at most
t ANDs on the second layer and at most » ORs on the third layer (hence, its size is at most
t+r).

47:5
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» Lemma 3. Let F(x1,...,Zn,Y1,-..,Ys) be a CNF encoding of size m of a function
f:{0,1}™ = {0,1}. Then, f can be computed by a X3(2%, m-2%)-formula and by a ¥3(2%,m)-
circuit.

Proof. Let FF = {Cy,...,Cy}. To expand F as \/j€[251 F;, we go through all 2° assignments
to non-deterministic variables yi, ..., ys. Under any such assignment, each clause C; is either
satisfied or becomes a clause C; C C; resulting from C; by removing all its non-deterministic
variables. Thus, for each j € [2°], F; C {C1,...,C],}. The corresponding ¥3-formula
contains at most 2° + m2° gates: there are 2° gates for F)’s, each F) contains no more
than m clauses. The corresponding Ys-circuit contains no more than 2° + m gates: there

are 2° gates for F;’s and m gates for Cy,...,C), (each F}; selects which of these m clauses

m
to contain). <

Interestingly, the upper bounds on depth-3 circuits resulting from this simple transfor-
mation cannot be substantially improved. Indeed, by plugging in a CNF encoding of PAR,,
with s = v/n and m = O(y/n2V™) (see (1)), one gets a Yz-formula and a X3-circuit of size
22V and 2V respectively, up to polynomial factors. As discussed above, these bounds are
known to be optimal.

Below, we show a converse transformation.

» Lemma 4. Let C be a X3(t, r)-formula (circuit) computing a Boolean function f: {0,1}™ —
{0,1}. Then, f can be encoded as a CNF with [logt] non-deterministic variables of size r
(2rt, respectively).

Proof. Let C = Fy V- --V F} be a ¥g-formula (hence, r = size(F}) +- - - +size(Fy)). Introduce
s = [logt] non-deterministic variables yi,...,ys. Then, for every assignment to yi,...,ys,
take the corresponding CNF F; (1 < ¢ < 2% is the unique integer corresponding to this
assignment) and add y;’s with the corresponding signs to every clause of F;. Call the resulting
CNF F]. Then, F = F{ A --- A Fj. encodes f and F has at most r clauses.

If C is a ¥3-circuit, we need to create a separate copy of every gate corresponding to
a clause in each of 2° CNFs. Hence, the size of the resulting CNF encoding is at most
r2% < 2rt. |

Finally, we show that proving strong lower bounds on the size of CNF encodings is not
easier than proving strong lower bounds on the size of depth-3 circuits. Let C be a X3(¢t, r)-
formula computing PAR,,. Lemma 4 guarantees that PAR,, can be encoded as a CNF of
size r with [logt¢] non-deterministic variables. Then, by the inequality (2),

_ 1 n 1 n ovn
SIZG(C):t+T2t+Q . 9TgtF2 27(t+Q(21ogt+2)) >0 .
n n

n

Similarly, if C' is a X3(¢, r)-circuit, Lemma 4 guarantees that PAR,, can be encoded as a CNF
of size 2rt with [logt] non-deterministic variables. Then,

2\/772>

1 n
ize(C) =1t >t+ Q| — - 2Tetdz | > ()
size(C) +r>t+ (2tn g )_ < -

3 Lower bounds for CNF encodings of parity

In this section, we prove Theorem 1. The essential property of the parity function used
in the proof is its high sensitivity (every satisfying assignment is isolated): for any i € [n]
and any z,z’ € {0,1}" that differ in the i-th position only, PAR(z) # PAR(x’). This means
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that if a CNF F' computes PAR and F'(x) = 1, then F' must contain a clause that is satisfied
by z; only. Following [8], we call such a clause critical with respect to (x,¢). This notion

extends to CNF encodings in a natural way. Namely, let F'(z,y) be a CNF encoding of PAR.

Then, for any (z,y) such that F(z,y) =1 and any 4 € [n], F contains a clause that becomes
falsified if one flips the bit z;. We call it critical w.r.t. (x,y,1).

3.1 Limited non-determinism

To prove a lower bound m > Q((s + 1)2%/(+1 /n), we adapt a proof of the Q(n'/42v")
lower bound for depth-3 circuits computing PAR,, by Paturi, Pudldk, and Zane [8]. Let
F(z1,...,2,) be a CNF. For every isolated satisfying assignment z € {0,1}" of F and
every i € [n], fix a shortest critical clause w.r.t. (z,7) and denote it by Cp, ;. Then, for
an isolated satisfying assignment z, define its weight w.r.t. F' as

N |
wp(z) = Z —_
i—1 ‘CF,m,i|

» Lemma 5 (Lemma 5 in [8]). For any u, F has at most 2" * isolated satisfying assignments
of weight at least .

Proof of (2), m > 2 (% . 2”/(““)). Let F(z1,...,%n,91,...,Ys) be a CNF encoding of
size m of PAR,,. Consider its expansion:

PAR,(z) = \/ Fj(x).

J€[2°]

We extend the definitions of Cp, ; and w(z) to CNFs with non-deterministic variables
as follows. Let z € PAR,,'(1) and let j € [2°] be the smallest index such that F};(x) = 1. For
i € [n], let L, ; = CF, . (that is, we simply take the first F; that is satisfied by = and take
its critical clause w.r.t. (z,7)). Then, the weight wz(x) of  w.r.t. to F is defined simply
as wr, (x). Clearly,

1
icn) | (Fsasd)
For [ € [n], let also N r(z) = [{i € [n]: |Cf, ;| = [}| be the number of critical clauses

(w.r.t. z) of length [. Clearly,
Nl,F(x)
wip(z) = Z —T - (8)
l€[n]
For a parameter 0 < ¢ < 1 to be chosen later, split PAR,*(1) into light and heavy parts:

H={xcPAR,'(1): wh(z) > s+ 1+¢},
L={xcPAR, ' (1): wh(z) <s+1+e}.

We claim that
|H‘ < 23 . 2n—s—1—a .

Indeed, for every z € H, wi(z) = wp,(x) for some j € [2°], and by Lemma 5, F; cannot
accept more than 2"~ *~17¢ isolated solutions of weight at least s + 1 + . Since |H| + |L| =
|PAR,,*(1)] = 2", we conclude that

L] =2 —|H| > (1—27%)2" ", (9)

47:7
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Let F = {C4,...,Cn}. For every k € [m], let C;, C Cj be the clause C} with all
non-deterministic variables removed. Hence, for every j € [2°], F; C {C1,...,C},}. For
l € [n], let my = |{k € [m]: |C}| = l}| be the number of such clauses of length I. Consider
a clause C;, and let [ = |C}|. Then, there are at most 12"~ pairs (z,i), where 2 € PAR™*(1)
and i € [n], such that C%, ; = Cj: there are at most I choices for 4, fixing 7 fixes the values
of all I literals in Cj, (all of them are equal to zero except for the i-th one), and there are
no more than 2"~ choices for the other bits of z. Recall that N; r() is the number of critical
clauses w.r.t. « of length I. Thus, we arrive at the following inequality:

my-1-2" > Z Np(z ZNFZ

z€PAR™1(1) reLl
Then,
> wer Nra(z Npgy(x n Npg(z) 2!
m—Zmz>Z S T ) L > — 70
1€[n] €L l€[n] €L l€[n]

To estimate the last sum, let

T(x):ZNL~——ZNFl . ,

l€[n] " l€[n]
where g(I) = ZTZ Since g(1) is convex (for [ > 0) and } 2,1, NF;fL(x) = 1, Jensen’s inequality
gives
T(x)>g ZM-Z . (11)
- n

l€[n]

Further, Sedrakyan’s inequality! (combined with (8) and > ien) Nri(x) = n) gives

> INmi(@) = N1 (2) > Ciepy Nral@)® - w? , (12)

fored e V@)1~ Yaep Nra(@)/l - wp(@)

Since g¢(1) is monotonically increasing for > 1/In2 and wi(x) < s+ 1+ ¢ for every z € L,
combining (11) and (12), we get

for s <nmln2—1—¢. (If s >nIn2— 1 — ¢, then the lower bound m > Q(27/(s+1) /n) is
trivial.)

! Sedrakyan’s inequality is a special case of Cauchy—Schwarz inequality: for all ai,...,an, € R and

bry..o bn € Roo, S0 a3 /b > (30 @) /00 b
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Thus,
m > Z n2="T(x) > (10 and 13)
rcL
n
> 27| —— ) = definiti f
_;n g(s—f—l—i—g) (definition of g)
= |L|2 "2 FiFE (s + 1 4¢) > (9)
1 1 n
> (2 - 25+1) (s+1+¢e)25+1F = (rewriting)

1 1 n______—me
= (2 — 25+1) (5 +1+ 5)25T12<s+1)(s+1+e) .

Set ¢ = 1/n. Then,

1 1 1
(2— w) =9 (n) |
Also,

—1
S 2+ (s+1+1/n) S 17

DN =

as 2717 is increasing for 2 > 0. This finally gives a lower bound

mZQ(S+1'2sil). <
n

3.2 Width of clauses

To prove the lower bound k > n/(s + 1), we use the following corollary of the Satisfiability
Coding Lemma.

» Lemma 6 (Lemma 2 in [8]). Any k-CNF F(x1,...,2,) has at most 2"~"/* isolated
satisfying assignments.

Proof of (3), k > n/(s+ 1). Consider a k-CNF F(xy,...,Zn,Y1,...,Yys) that encodes PAR,,.
Expand F' to an OR of 2° k-CNFs:

PAR,(z) = \/ Fj(z).

J€[2%]

By Lemma 6, each F; accepts at most 2n—n/k jsolated solutions. Hence,

2n71 Skt
2z on—n/k =2
and thus, k > n/(s+1). <

3.3 Unlimited non-determinism

In this section, we prove the lower bound m > 3n — 9.

47:9
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Proof of (4), m > 3n — 9. We use induction on n. The base case n < 3 is clear. To prove
the induction step, assume that n > 3 and consider a CNF encoding F(x1,...,Zn,Y1,---,Ys)
of PAR,, with the minimum number of clauses. Below, we show that one can find & de-
terministic variables (where k = 1 or k = 2) such that assigning appropriately chosen
constants to them reduces the number of clauses by at least 3k, respectively. The resulting
function computes PAR,,_j or its negation. It is not difficult to see that the minimum
number of clauses in encodings of PAR and its negation are equal (by flipping the signs
of all occurrences of any deterministic variable in a CNF encoding of PAR, one gets a CNF
encoding of the negation of PAR, and vice versa). Hence, one can proceed by induction and
conclude that F contains at least 3(n — k) — 9 4+ 3k = 3n — 9 clauses.

To find the required k deterministic variables, we go through a number of cases. In the
analysis below, by a d-literal we mean a literal that appears exactly d times in F, a d*-literal
appears at least d times. A (dy, do)-literal occurs d; times positively and do times negatively.
Other types of literals are defined similarly. We treat a clause as a set of literals (that do not
contain a literal together with its negation) and a CNF formula as a set of clauses.

Note that for all i € [s], y; must be a (2%, 2%)-literal. Indeed, if y; (or 7;) is a 0-literal,
one can assign y; < 0 (y1 < 1, respectively). It is not difficult to see that the resulting
formula still encodes PAR. If y; is a (1, t)-literal, one can eliminate it using resolution: for
all pairs of clauses Cy,C7 € F such that g; € Cy and y; € Cy, add a clause Co U C1 \ {y:, 7i }
(if this clause contains a pair of complementary literals, ignore it); then, remove all clauses
containing y; or y;. The resulting formula still encodes PAR,,, but has a smaller number
of clauses than F' (we remove 1 + ¢ clauses and add at most ¢ clauses).

In the case analysis below, by I; we denote a literal that corresponds to a deterministic
variable x; or its negation T;.

1. F contains a 3% -literal I;. Assigning [; < 1 eliminates at least three clauses from F.

2. F contains a 1-literal I;. Let I; € C € F be a clause containing [;. C' cannot contain
other deterministic variables: if l;,1; € C (for i # j € [n]), consider z € {0,1}" such that
PAR,(z) =1 and [; =1; = 1 (such z exists since n > 3), and its extension y € {0,1}*
such that F(z,y) = 1; then, F does not contain a critical clause w.r.t. (z,y,7). Clearly,
C' cannot be a unit clause, hence it must contain a non-deterministic variable 3;. Consider
x € {0,1}", such that PAR,,(z) = 1 and [; = 1, and its extension y € {0,1}* such that
F(z,y) = 1. If y; = 1, then F does not contain a critical clause w.r.t. (z,y,?). Thus,
for every (z,y) € {0,1}""* such that F(z,y) =1 and [; = 1, it holds that y; = 0. This
observation allows us to proceed as follows: first assign [; <— 1, then assign y; < 0. The
former assignment satisfies the clause C, the latter one satisfies all the clauses containing
y;. Thus, at least three clauses are removed.

3. For alli € [n], z; is a (2,2)-literal. If there is no clause in F' containing at least two

deterministic variables, then F' contains at least 4n clauses and there is nothing to prove.
Let l;,1; € C1 € F, where i # j, be a clause containing two deterministic variables and
let I; € Cy € F and l; € C3 € F be the two clauses containing other occurrences of I;
and [; (C1 # Cs and Cy # Cs, but it can be the case that Cy = Cj).
Assume that Cs contains another deterministic variable: [, € Co, where k # i, j. Consider
x € {0,1}", such that PAR, (z) =1 and l; = [; = I}, = 1 (such x exists since n > 3),
and its extension y € {0,1}® such that F(z,y) = 1. Then, F' does not contain a critical
clause w.r.t. (z,y,1): C is satisfied by I;, Cs is satisfied by l;. For the same reason, Cs
cannot contain the literal [;. Similarly, C3 cannot contain other deterministic variables
and the literal [;. (At the same time, it is not excluded that I; € Cy or I; € C3.) Hence,
Cy # (3. Note that each of Cy and C3 must contain at least one non-deterministic
variable: otherwise, it would be possible to falsify F' by assigning /; and [;.
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a. At least one of Cy and C3 contains a single non-deterministic variable. Assume that
it is CQZ

{livyl} g 02 g {llazayl}

Assign [; <— 1. This eliminates two clauses: C; and Cs are satisfied. Also, under

this substitution, Cy = {l;,y1} and [; is a 1-literal. We claim that in any satisfying

assignment of the resulting formula F’, I; = 77. Indeed, if (z,y) satisfies F’ and l; = y1,

then I; = y; = 1 (otherwise Cs is falsified). But then there is no critical clause in F’

w.r.t. (z,y,7). Since in every satisfying assignment I; = 77, we can replace every

occurrence of ¥, (71) by l; (y1, respectively). This, in particular, satisfies the clause Cs.
b. Both Cy and C3 contain at least two non-deterministic variables:

{l, i} € Cr, AL, y1, yo} €Coy {1y, ys, ya} CC3.

Here, y; and y, are different variables, y3 and y4 are also different, though it is not
excluded that some of y; and ys coincide with some of y3 and y4. Let Y C {y1,...,ys}
be non-deterministic variables appearing in Cy or Cj.

Recall that for every (z,y) € {0,1}""5 such that F(z,y) =1 and I, = [; = 1, it holds
that y = 0 for all y € Y. This means that if a variable y € Y appears in both Cy
and Cj, then it has the same sign in both clauses. Consider two subcases.

i. Y = {yl,yg}t
{li, i} € Cry {li, y1, y2} € Coy {ly, Y1, y2} € Cs.

Assume that g7 ¢ C;. Assign [; < 1, [; < 1. Then, assigning y; < 0 eliminates
at least two clauses. Let us show that there remains a clause that contains 5.
Consider x € PAR;I(I), such that [; = 1; = 1, and its extension y € {0,1}*, such
F(xz,y) = 1. We know that y; and y, must be equal to 0. However, flipping the
value of yo results in a satisfying assignment. Thus, it remains to analyze the
following case:

{li7 lj7m’y72} g 017 {l’u Y1, 92} g 027 {ljﬂ Y1, y2}' g CV3~

Assume that E ¢ Cy and I; ¢ C1. Assign [; < 1, then assign y; < 0 and gy, < 0.
Under this assignment, Cs3 = {I;} (recall that C'3 cannot contain other deterministic
variables, see Case 3). This would mean that [; = 1 in every satisfying assignment
of the resulting CNF formula which cannot be the case for a CNF encoding of parity.
Thus, we may assume that either E € Cy or I; € C;. Without loss of generality,
assume that E e (Cs.

Let us show that for every (z,y) € {0,1}""%, such that F(z,y) = 1 and [; = 1,
it holds that I; # y; and [; # yo. Indeed, if there is (z,y) € {0,1}""* such that
F(z,y) = 1 and l; = [; = 1, then y; and y» must be equal to 0. If there is
(z,y) € {0,1}"*5, such that F(z,y) = 1,I; = 1,1; = 0, then y; and y must be equal
to 0, otherwise F' does not contain a critical clause w.r.t. (z,y,7). Thus, assigning
l; + 1 eliminates two clauses (C and Cs). We then replace y; and yo with E and
delete the clause Cs.

i [Y]>3,{y1,y2,y3} C Y

{li7 l]} g Cla {llv Y1, yQ} g 027 {lj7 Y1, y3} g 03 .
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one more clause (y; appears positively at least two times, but it may appear in Cy).
There must be a clause with 73 (otherwise we could assign y, < 1). Assigning
y2 < 0 eliminates at least one more clause. Similarly, assigning y3 < 1 eliminates
another clause. In total, we eliminate at least six clauses. <
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