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—— Abstract
We introduce and study the communication complexity of computing the inner product of two
vectors, where the input is restricted w.r.t. a norm N on the space R". Here, Alice and Bob hold
two vectors v,u such that |Jv||v < 1 and |Ju||n+ < 1, where N* is the dual norm. The goal is

to compute their inner product (v,u) up to an € additive term. The problem is denoted by 1Py,
and generalizes important previously studied problems, such as: (1) Computing the expectation
E.~p[f(x)] when Alice holds D and Bob holds f is equivalent to IP,,. (2) Computing v* Av where
Alice has a symmetric matrix with bounded operator norm (denoted S) and Bob has a vector v
where ||v||2 = 1. This problem is complete for quantum communication complexity and is equivalent
to IPs_, .
We systematically study IPy, showing the following results, near tight in most cases:

1. For any symmetric norm N, given |[v||x < 1 and ||ul[ny= < 1 there is a randomized protocol
using O(e~%logn) bits of communication that returns a value in (u,v) #+ ¢ with probability 2-
we will denote this by R. 1/3(IPx) < O(¢ °logn). In a special case where N = £, and N* = {,
for p~! + ¢! =1, we obtain an improved bound Re,1/3(IPe,) < O(e7%1ogn), nearly matching
the lower bound R. 1/3(IP¢,) > Q(min(n,e~?)).

2. One way communication complexity ﬁg,a(Ing) < O(e~max(2P) L Jog 2), and a nearly matching
lower bound ﬁs’l/g(Ing) > Qe max2P)) for g7 max(2P)

3. One way communication complexity R s(N) for a symmetric norm N is governed by the
distortion of the embedding £%, into N. Specifically, while a small distortion embedding easily
implies a lower bound Q(k), we show that, conversely, non-existence of such an embedding
implies protocol with communication k©1°81°8%) 1og?

4. For arbitrary origin symmetric convex polytope P, we show R. 1/3(IPy) < O(e % log xc(P)),
where N is the unique norm for which P is a unit ball, and xc(P) is the extension complexity
of P (i.e. the smallest number of inequalities describing some polytope P’ s.t. P is projection
of P').
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1 Introduction

We introduce and study a class of communication problems parameterized by a norm N on
R™ — we will denote those problems as IP y (for inner product). Here two parties (traditionally
called Alice and Bob) are given two vectors in R™, respectively v and w, with guarantees that
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[v][x < 1and |lw||n- <1, where N* is the dual norm defined as [[wl|x+ := supj, . <1 (v, w).
Those players wish to use small amount of communication to compute (v,w). We will
focus exclusively on randomized, approximate protocols for IP 5 — for given ¢, we denote
by R. s(IPx) the smallest communication cost of a private-coin protocol computing some
function f(z,y) such that |f(u,v) — (v, w)| < e with probability 1 — 4. Note that, by the
definition of the dual norm we always have | (v, w) | < ||v||¥]|w||n+ < 1, making this a natural
normalization for the approximate version of the problem.

As it turns out this setting is not only very natural, but also quite powerful — it is
a common generalization of few seemingly different problems that have been studied in
communication complexity on their own right, and are of tremendous importance in the field.
We will discuss some of these connections in the next few paragraphs. To start with a simple,
yet consequential example, consider a finite universe U/, and a scenario where Alice has an
arbitrary probability distribution D over U and Bob has a bounded function f: U — [—1,1],
and they wish to compute E,p f(z) £ . The problem they are solving is equivalent to IP,,.
As it turns out, there is an easy protocol for this problem using O(bi#) communication —
it is enough for Alice to sample 8% elements from the distribution D, and send their names
to Bob.

Gap Hamming Distance problem and 1Py,

The Gap Hamming Distance problem has been introduced by Indyk and Woodruff in order to
study the space complexity of the streaming DISTINCT-ELEMENTS problem [10]. Here, Alice
and Bob have two vectors z,y € {£+1}", and they wish to distinguish whether (z,y) < —en
or (z,y) > +en.

After its introduction, this problem turned out to be extremely convenient as a reduction
target — communication complexity lower bound for the Gap Hamming Distance implies
space lower bounds for numerous streaming and data structures problems — and often
optimal ones (we refer to the monograph [19] for a detailed exposition of those consequences).
As such, understanding the communication complexity of this problem has become very
important — a sequence of lower bounds for followed [23, 11, 24, 3, 4], culminating in the
optimal Q(min(¢~2,7n)) lower bound in the public-coin model by Chakrabarti and Regev [6] —
subsequently simplified and expanded upon [20, 22].

Quite clearly, the Gap-Hamming-Distance problem is in fact a special case of the IPy,
problem — in particular the Q(¢~2) lower bound for Gap Hamming Distance readily implies
that R, 1/5(IPg,) > Q(e72).

From the upper-bound perspective, the O(¢~2) protocol in the public-coin model is very
simple for the Gap Hamming Distance, implying O(s~2 4 logn) protocol in the private coin
model, by Newmans theorem [17] — it is enough for both parties to uniformly subsample
O(e7?) coordinated and evaluate the inner product on this subset of coordinates. That was
understood throughout the work on the Gap Hamming Distance.

In general, if x,y are not restricted to the binary vectors, but only are restricted to be
bounded in ¢5 norm, the ideas of Johnson-Lindenstrauss random projections [21] can provide
a protocol with communication complexity (9(106%). Specifically, when [Julz = ||v|l2 = 1
both Alice and Bob will use a common random projection on a subspace of dimension (’)(E%)
— the inner product between their two vectors is preserved up to an additive error . In
fact, as noticed by Canonne et. al. the space complexity of this protocol can be improved
again to O(e72 + logn) [5] — if Alice and Bob can use shared randomness, it is enough for
them to draw O(Z) random Gaussian vectors g1,gs,...gr € R" and compare how often
sgn({(g;, z)) = sgn({g:;,y)). The additive O(logn) term comes again from the Newman’s
theorem, in order to simulate this protocol in the private coin model.
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Quantum Communication Complexity

Another impactful example of a well-studied problem that can be phrased as IP for some
norm N is a complete problem for quantum communication complexity (interested reader
can look at [1, 15] for relevant definitions and discussion). Specifically, let us consider the
communication problem where Alice is given a symmetric matrix 4 € R?*¢ with bounded
operator norm, and Bob a vector v € R? with ||v||s = 1, and they wish to compute v’ Av +¢.
With the proper definitions in hand, it is not difficult to see that this problem has a quantum
loﬁd), and on the other hand if one has a classical protocol for
this problem, one can use it as a black-box to simulate arbitrary quantum communication
protocol [15]. As such, understanding its communication complexity has drawn significant
attention: in particular Raz showed that it has a protocol with complexity O(v/d) [18],
whereas Klartag and Regev [13] proved Q(d'/3) lower bound. As it turns out, this problem
can be easily seen to be equivalent to the IPs_ , where S, is an operator norm on the space

protocol with complexity O(

of symmetric d X d matrices over R. In short, to reduce the evaluation of the quadratic
form to the IPs_, Bob given vector v € R” can construct a matrix vo? € R?¥¢ such that
(A,vv") = Tr ATvo? = v" Av. Tt can be shown that [[vv”||s, = 1 where Sy is a Shatten
1-norm, dual to the operator norm. The other reduction is also relatively simple.

Extension Complexity

In the seminal and celebrated work Yannakakis [25] defined the extension complexity of
a convex polytope: extension complexity of P, denoted by xc(P) is the smallest number
of inequalities needed to specify some higher-dimensional polytope @, such that P is a
linear projection of Q. He showed a striking connection between extension complexity of
a polytope P and communication complexity measures of the so-called slack matriz of P
— opening a road to a number of beautiful results showing non-conditional lower bounds
for extension complexity of various explicit polytopes of interests, using communication
complexity methods (see [9, 19] as well as [7, Chapter 4.10] and references therein).

If a polytope P is origin-symmetric (i.e. satisfying P = —P), there is a unique norm (which
we denote as || - ||p by a slight abuse of notation) for which P is a unit ball. We observe that

log xc(P .
Og’;ii‘()) — norms associated

a short direct argument can be used to prove R, ;,3(IPp) < O(
with polytopes that have small extension complexity admit efficient communication protocols
for the IPp problem. More interestingly, by contrapositive, lower bounds for communication

complexity of IPp can be used to obtain lower bounds for extension complexity of P.

1.1  Our results

We initiate a systematic study of the IPy problem, and in particular focus on one-way
and two-way communication complexity of IPy for symmetric norms N in a private-coin
model. We show that the two-way communication complexity for symmetric norm is small,
poly(logn,e~1). In contrast, we show that one-way communication complexity is (nearly
completely) determined by whether the norm contains up to small distortion ¢% — the
k-dimensional space equipped with the £, norm. Finally, we show connections to extension
complexity, which holds for arbitrary (non necessarily symmetric) norms.

Communication Complexity of TP,

Given the importance of some of the communication problems IPy, it is natural to ask
whether we can characterize the communication complexity of IP in terms of geometric
properties of the norm N. This is quite an ambitious task: to our knowledge even the
complexity of IP,, has not been studied before, except for p € {1,2,00}, and it is not
intuitive at a first glance what answer should we expect for those norms.

4:3
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It turns out to be quite easy to see that R, ;/5(IP,,) < (9(1052”) — if the vector v with
[v]l1 =1 is non-negative Alice can treat it as probability distribution over [n] and sample 2
coordinates from this probability distribution. In the general case, they can apply the same

protocol separately for the negative and positive part of the vector v.

Interestingly, the first protocol that comes to mind for the IP,, is using Johnson-
Lindenstrauss lemma — if Alice and Bob share public randomness, they can use a projection
on random subspace of dimension O(e~2). With some care this idea can be used to get
a Rgéb(Isz) < O(e7?) [5], and by Newmans theorem[17] R 1(IPg,) < O(e72 + logn).
Unfortunately, these two protocols for IP,, and IP,, seem to be very different — and it is not
clear if they can be used to obtain an efficient protocol for IP,, for general p. As it turns
out, the first of the aforementioned protocols — the coordinate-sampling based protocol — can
actually be generalized, leading to the following theorem.

» Theorem 1. For any 1 < p < oo, we have R, 1(IP,,) < (9(105#).

1

5
On the other hand a simple reduction from the GAP-HAMMING problem can be used to show
an almost matching lower bound R, 1/3(IP¢,) > Q(e72) for any € > Q(n~!/2) (Lemma 26).

Communication Complexity of IP n for symmetric norms

The next step in the quest of trying to characterize the complexity of IP in terms of the
geometry of the normed space (R™, || - || ) is to consider a wide class of symmetric norm —
norms that are invariant under permutation of coordinates and negation of any coordinate —
for example all the £, norms are symmetric according to this definition.

As it turns out, Andoni et. al [2] showed that any finite dimensional normed space
equipped with a symmetric norm has near-isometric embedding into a relatively “simple” (or
at least explicit) normed space of only polynomially higher dimension (see Section 5 and
specifically Theorem 29 for details).

» Definition 2. We say that a normed (X, || - ||x) embeds into (Y, || - ||y) with distortion D
if and only if there is a linear mapping i : X — 'Y, such that

VeeX  |li@)lly < llzlx < Dlli(z)]y-
We will use notation X —P Y to signify that X embeds in Y with distortion D.

Perhaps surprisingly, it is not immediately obvious that such an embedding is useful for
designing an efficient protocol for our problem IPy — in contrast with the Approximate
Nearest Neighbours Problem for which this technique was developed. Specifically, let us
consider a norm N on R", such that IPy problem already has an efficient protocol, and
a linear subspace U C R™ with an induced norm N|y — restriction of the norm N to the
subspace U. Can we use the protocol for IPx to obtain an efficient protocol for IP y/,?
Alice, with a vector u € U can treat it as a vector in R™, but what should Bob do with his
vector in U* (equipped with the norm dual to N|y)? This dual space cannot be interpreted
in a natural way as a subspace of (R™, N*). As it turns out, U* is actually isometric
with the quotient U* = R"/U+ (where Ut := {v : Vu € U, (u,v) = 0}), and importantly
the unit ball of a dual norm (N|y)* is just an image of the ball for the norm N* under
the projection 7 : R” — R"/U+ — this is essentially a finite dimensional Hahn-Banach
theorem (or equivalently separating hyperplane theorem). We can use this fact to show that
Re5(IPy),) < Re5(IPN) — Alice can just treat her vector v € U as a vector in R™ equipped
|- || v, whereas Bob given a vector w € R" /U~ can find a vector 1 € 7~ (w) such
that ||| n~ = [[w||(n},)-- Using the protocol for IPy they can approximate (v, ), which is
equal to (v, w) by the choice of w.

with norm
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It turns out that handling embeddings with distortion D > 1 does not provide any
additional difficulty, and we can prove the following proposition.

» Proposition 3. If (R* | - ||x) <= (R™, | - |ly), then for any &,6 we have R.s(IPx) <
Rea-1,5(IPy).

With this proposition in hand, one way to show that there is an efficient protocol for IP y for
any symmetric norm N, is just to provide an efficient protocol for the explicit target space
of the aforementioned embedding. We actually managed to implement this plan, showing
the following theorem.

» Theorem 4. For any symmetric norm N, we have R, ;/3(IPy) < O(e=%) logn.

One-way communication and sparsification for IP 5 for symmetric norms

An interesting feature of the simple protocol for IP,, is that it is a one-way protocol: instead
of full bidirectional communication, Alice is the only party sending single message to Bob
based on her vector (i.e. she sends a multiset of coordinates sampled according to the
probability distribution specified by v), and Bob can report the answer right away, based on
the message he received and his own vector w. We will denote by R. s(IPn) the one-way

communication complexity for the problem IPy up to additive error €, with probability 1 — 4.

In fact, the protocol for ¢; is a special kind of one-way protocol, which we will call
sparsification for IP y — Alice, based on her vector v, can produce a random sparse vector
¢(v), such that for any fixed w that Bob could have, with probability 2/3 we have (¢(v), w) =
(v,w) £ &, and just send an encoding of this sparse vector to Bob.

In what follows let By := {x € R" : ||z||y < 1} be the unit ball for a norm N.

» Definition 5. We say that a norm N on R™ admits a (e, §, D)-sparsification, if there exist
a randomized mapping ¢ : By — R"™, such that

For any v € By, and any w € By~ we have {¢(v),w) = (v, w) £ € with probability at

least 1 — 4.

For any v, we always have ||¢(v)|lo < D (i.e. ¢(v) has at most D non-zero coordinates).
It is not difficult to see that if a norm N admits an (e, §, D)-sparsification, then ﬁg,g(IPN) <
O(D -log ) (see Proposition 27), but such a sparsification can potentially be much more
useful than arbitrary one-way protocol — in particular, note that Bob in order to compute
his answer does not have to access the entire vector w, just D of its coordinates.

As it turns out, the protocol for ¢, norms is actually achieved via such sparsification.

» Theorem 6. For any 1 < p < oo, and any € > 0, the norm ¢, on R™ admits a
(g,1/3, O(e= ™2x(2P)))_sparsification. In particular, ﬁsyg(Ing) < O(e~max(2p) . Jog 7).

Interestingly, the guaranteed sparsity in the theorem above does not depend on the
ambient dimension n; for a fixed p and e, we could approximate (v,w) by accessing only
constant number of coordinates of w.

In fact it is not difficult to show that this sparsification result is almost optimal. A direct

reduction from the INDEX problem can be used to show R, 1/3(fs) > €2(n) for any € < 1.

Since Proposition 3 has a direct analog for one-way communication complexity (with the
same proof), we have as a consequence

» Proposition 7. For any norm N on R", if (R*, /. e (R™,N), then ﬁ&g(IPN) >

4:5
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We use this, together with known embeddings of low-dimensional ¢, into ¢,, to deduce
lower bounds ﬁg,g/g(Ing) > (e~ ™2x(2P)) — pearly matching (up to the log n multiplicative
factor) the upper bound from Theorem 6 obtained via sparsification.

Perhaps surprisingly, among all symmetric norms N, embedding of /% with small
distortion is the only obstruction for a good sparsification of a norm — we prove the following
weak converse of Proposition 7.

» Theorem 8. If N is a symmetric norm such that (R* () ofye (R™, N), then N admits
a (O(e),1/3, kOUoglogk) 1602 n)_sparsification.

This theorem is in fact the most technically challenging part of this paper, as well
as most unexpected — while Proposition 7 says that existence of an embedding implies a
communication complexity lower bound, which is relatively common phenomenon, here
we claim to be able to provide an efficient protocol given non-ezistence of any embedding
from one space to another (or, by contrapositive, claim an existence of embedding assuming
non-existence of efficient protocol).

Theorem 8 together with Proposition 7 essentially say that the one-way communication
complexity of any symmetric norm is characterized by the possibility of finding low-distortion
embedding of finite-dimensional /., spaces into this norm.

We believe that both the weak dependency on logn and the unfortunate dependency on
k are just artifacts of our analysis. In fact, we conjecture that

» Conjecture 9. If N is a symmetric norm such that (R¥, £5) &35 (R", N), then N admits
an (O(g),1/3, kW) -sparsification.

Connections with extension complexity

For any origin symmetric convex polytope P (i.e. satisfying P = —P), we can define the
associated norm ||w| p := inf{\ : w/A € P} — this is a unique norm for which P is a unit ball.
As mentioned earlier, it is easy to directly show the following relation between extension
complexity of P and communication complexity of IPp.

» Proposition 10. For any origin symmetric convex polytope P we have R.1,3(IPp) <
O(logzg(P)).

We can sketch the proof in a single paragraph — first by dual of the Proposition 3, we show
that if P is a projection of a polytope @, then R. ;,3(IPp) < R. 1/3(IPg), by symmetry
Re1/3(IPg) = R 1/3(IPg+), and finally with a sampling based argument we can show that
if the unit ball for a norm || - ||~ has at most M vertices, then R ;,3(IPg~) < O(IOE—QM) -
this step is essentially the same as the proof that R ;,3(IP¢,) < (’)(1052"). Finally vertices of
the dual polytope Q* correspond exactly to facets of Q.

For a convex polytope P C R™, specified by matrix A € RMX" via P = {v : Vi <
M, (A;,v) < b}, we define the slack matriz Sp € RIVI*M with rows indexed by vertices V' of
the polytope P, to be (Sp)y,; := b; — (A;,v) — clearly this matrix is non-negative. Yannakakis
showed that xc(P) = k™ (Sp) + O(1), where k™ (S) is a non-negative rank of S — i.e. the
smallest number & such that we can decompose S = Y., v;w! for coordinatewise non-

negative vectors v;, w; [25]. Therefore, Proposition 10 can be equivalently stated as bounding
the communication complexity of IPp by the non-negative rank of the corresponding slack
matrix, i.e. R, 1/3(IPp) < O(bgri%).

It turns out that R. ;/3(IPp) is in turn lower bounded (up to the dependency on ¢) by a
closely related quantity, the approzimate non-negative rank of the same matrix Sp.



A. Andoni, J. Btasiok, and A. Filtser

» Definition 11 ([14]). For a non-negative matriz S € R™*™ and ¢ > 0, we define approx-
imate non-negative rank as

kF(9) := i Kkt ().
k. (S) S':vijwslgfs;ﬂgsr (S")
Clearly 1:1;&.I (S) < rkT(S). We will show in Section 7 that this former quantity turns out to

lower bound the communication complexity of IP p.

» Proposition 12. For any origin-symmetric convex polytope P we have

rk3.(Sp) < Re-(IPp) < O(loge™ 'R, 1/3(IPp)).

2 Preliminaries and notation

All the results and notations in this section are standard.

In the sequel we write w = v & ¢ to indicate that |w —v| < e. We will use notation A < B
to denote that there exist a universal constant K such that A < KB.

For a norm N, we write By := {v : ||v|]|y < 1} to denote the unit ball with respect to
norm N, and if N = £, we usually abbreviate B, instead of By, .

We will also use O(+) notation to supress polylogartihmic factors, i.e. ¢ = O(f) if and
only if g = O(flog®® f).

2.1 Symmetric norms

The following notion of symmetric norm will be used throughout the paper.

» Definition 13. A norm N on R™ is a symmetric norm ¢f and only if it satisfies the
following two properties:

1. Invariant under permutations: ||v||ny = ||7(v)||n for any permutation 7 : [n] — [n], where
m(v) is a vector with T(v); = V(s
2. Invariant under coordinate negation: ||v||n = |||v|||n where |v]| is a vector with |v|; = |v;|.

We will deal only with symmetric norms normalized as |le1||n = 1 for a standard basis vector
e1, and this normalization will not be mentioned explicitly anymore.

> Claim 14.  Any symmetric norm is coordinate-wise monotone: if vectors v and w satisfy
Vilvi| < |wil, then [[v]lxy < [lw]|x.

Proof. It is enough to show this inequality in the special case where v; = w; for ¢ > 2, and

|v1] < |ws]. In this case, we can define w’ € R™ as w) := —w1, and w} := w; for i > 2. Clearly,
lw'|| v = ||w||n, and moreover v is a convex combination of w and w’: v = Aw + (1 — A\)w’
where A = £ + 2‘&1“. Hence, by triangle inequality ||v||n < A|lw||v + (1 = A)||w'||ny = [|Jw]|~

<

2.2 Probabilistic Tools

For an R-valued random variable Z and p > 1, we will consider the p-norm ||Z||, := (E|Z|P)*/?,
and the weak p-norm:

1Z]lp.0e := sup Pr(]Z] > N\)V/PA.
A
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» Fact 15 (Monotonicity of L,). For 1 < p < p' < oo, we have || Z|, < || Z|p and
||Z||p,oo < HZH;D’,OO'

Markov inequality says that || Z||p 00 < || Z]|p, and this can be weakly inverted:

» Lemma 16. For any 1 < p’ < p, we have

1/p
p
12, < (p_p) 12 e

Proof. We assume that ||Z]|,,. < 00, because otherwise the inequality is trivial.
Integration by parts yields

E|Z]F = — lim Pr(|Z| > AN +p’/ A IPr(|Z] > A)dA.
— 00 0

We can bound Pr(|Z] = MM\ < || Z|[5 AP 7P 52> (.
For the second term

P[NPzl z an <y [ i, 2] 00 ) A
0 0

1Zllpoe o ,
P’ (/ M hAN ||ZH§7OO/ NP d>\>
0 1Z1lp.00

1 / 1 ,
/
< (p,nznz,oo S — ||Z||§,oo)

p—
p ’
s o1l <

IN

The following lemma is also standard, we include the proof for completeness.

» Lemma 17. Let 1 < q < 2, and Z1,2Z>,...Z be independent random variables in R
satisfying E Z; = 0. Then

1Y Zilla < Q1 Zill)"e.
In particular, if Z; are i.i.d., we have || 32, Zillq S s\ Z4 ||,

Proof. Let Z! be all independent, and Z, distributed identically as Z;, and let ¢; be again
independent Rademacher random variables. We have

o) @ ®) @
1D Zilla S 1Y Zi=EZillg < 1Y Zi=Zillg = 1Y _e(Zi = ZDlq < 211> eiZilly.

%

The (1) equality follows as Z; are mean 0. For the (2) inequality, since ¢ > 1, the function
x? is convex, we can pull out the inner expectation (denote Z = > Z;, and Z' = > Z/,
then by Jensen we have ||Z —Ez Z'||, = (Ez(Ez/ [Z — Z')))Y1 < (EzEx[(Z — Z')9]))Y/ =
|Z—Ez Z'|,). For equality (3), note that since Z; and Z] have the same distribution and are
independent, then distribution of Z; — Z! is symmetric. Le. Z; — Z! has the same distribution
as —(Z; — Z!) = Z! — Z;. In particular, also €;(Z; — Z!) has also the same distribution.
Finally inequality (4) is just a triangle inequality.
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The bound || Y- &;Zi|lq < (32 1|1 Z]|2)*/ is just the type-q inequality for the norm L,. To
see why it is true, we can condition on Z; and apply the Khintchine inequality (which says

that for fixed numbers aq,...a, and independent Rademacher random variables ¢;, we have
E (e,a)! S (X a7)"?) to get

Nn1l/q _ Nn1l/q < 2\q/2\1/q
(E(e, 2)") (BE(e, 2)")1 < (B 29V,
Since ¢ < 2, we have (3" Z2)%/2 <3~ Z7, hence
eiZillg S O EZHYa, <
q ~ %

2.3 Duality

» Lemma 18 (Finite dimensional Hahn-Banach theorem). Consider a normed space (R™, ||-||~),
and a subspace V. C R™ with the induced norm given by the restriction of || - ||§ to this
subspace.

Then the dual V* is isometric with the quotient R™/VL, with the norm given by ||w +
VJ‘HV* = min,.cyL H’LU + UJ‘HN* .
In other words: for any vector w € R™, we have max,cvnpy (U, w) = min, ey [|Jw +
1
v ||N*

Proof. As usual in the duality statement, one inequality is easy: clearly, for any v € V N By,
and any v+ € V1, we have

(v,w) = (v,w+vh) <Plnlw+ oIy < o+ vy,
SO

max (v,w) < min |jw+ vt|n-.
vEVNBN vlevt

For the other direction, consider a projection m : R® — R"/V+. Take a vector w
such that max,cvnpy (v, w) = 1, and assume for the sake of reaching a contradiction that
min, ¢y ||lw + vy« > 1. Equivalently, this is saying that 7(w) ¢ m(Bn~), hence by
a separating hyperplane theorem we can find a hyperplane separating m(w) from m(By+).
Such a hyperplane will be parametrized by r € V| say with ||r|y = 1, s.t. (r,w) >
max, epy. (U, w') = [|r||xy = 1. But this is a contradiction with max,cvnp, (v, w) =1. <«

The following is basically a restatement of the more involved direction in the above
duality.

> Claim 19. If p: X — Y is an isometric embedding, then for any w € X* we can find
w' € Y*, with ||w'|]y- = ||w]|x~, s.t. for any € X we have (p(z),w’) = (z,w).

» Remark 20. Note that the map which sends w € X* to w’ € Y* described above is usually
not linear.

For a convex, origin-symmetric body K C V, we define a dual body K* C V* as
K*:={w:Yv e K, (w,v) <1}. If N is a norm, we have B} = By+, moreover for any pair
of bodies we have K1 C Ko <= K3 C K7, and K** = K. Finally, for arbitrary subset
S C V define conv(S) to be the convex hull of S.

» Lemma 21. If K| and K5 are convex origin-symmetric bodies, then

(K1 N KQ)* = COHV(KT @] K;)

4:9
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Proof. We will first show that (K7 N K3)* C conv(K} U K3). Equivalently we can check that
conv(K7 U K3)* C K1 N Ky. To this end, take arbitrary v € conv(K; U K3)*. By definition,
for any w € conv(K7 U K3) we have (v,w) < 1. In particular since K7 C conv(K; U K3),
we have sup,e - (v,w)y <1, therefore v € Ki* = K7, and symmetrically v € K.

For the other direction, we wish to show that conv(K} U K3) C (K1 N K3)*. Note that
since K1 N Ky C Ky, we have K7 C (K1 N K3)*, and symmetrically K3 C (K7 N K»)*.

Since (K1 N K3)* is a convex body such that K; U K5 C (K; N K»)*, we also have
COHV(KT U K;) C (Kl N KQ)* |

» Corollary 22. Consider two arbitrary norms Ny, Ny on a linear space V', and a norm N =
max(Ny, Na). We can decompose any w € By~ as w = w1 +wz, where |Jwi || nx +[Jwa|[ny < 1.

3 Reductions and communication complexity lower bounds

In this section we prove that a bounded distortion embedding of a normed space (R¥, | - ||x)
into another normed space (R™,| - ||y) provides a reduction between the corresponding IP x
and [Py communication problems. We use this reduction to deduce lower bounds for one-way
communication complexity of the IP x problems for spaces X that contain a (distorted) copy
of Us.

» Proposition 23 (Extended version of Proposition 3). If (R¥,| - ||x) <® (R™, || - |ly), then
for any €, we have R, s(IPx) < Ry-1. 5(IPy), and moreover ﬁsv(g(IPx) < ﬁa—lg’g(lpy).

Proof. We can decompose any embedding f : X — Y with distortion a as a composition
of linear maps f = fa o f1, where f; : X — f(X) is an isomorphism of underlying vector
spaces (it preserves the dimension) and has distortion « and fy : f(X) — Y is an isometric
embedding (i.e. it has distortion 1).

As such it is enough to show the statement of the proposition in those two special cases —
if the distortion is 1, or map f is in an isomorphism (perhaps with non-trivial distortion).

For isometric embedding p : X — Y the result R, s(IPx) < R, s(IPy) (and the same
for ﬁ) follows from Claim 19 — Alice, given a vector v € X, can instead consider a vector
p(u) €'Y, Bob on the other hand given w € X* can find a vector w’ € Y* as in Claim 19 —
such that (u,w) = (p(u),w’). They can now apply the protocol for IPy on the pair of inputs
(p(u), ).

Now, consider the assumption that f is an isomorphism of underlying vector spaces, with
distortion «. In this case we can basically think of a single vector space V', on which we have
two norms X and Y, s.t. for all v we have a~|jv||x < |[v|ly < ||v]|x. It is easy to check
that in this case, for any w € V* we have |Jw||x- < ||v]ly+ < af|v||x=.

Finally, if Alice has v € Bx (unit ball with respect to the norm || - ||x), and Bob has
w € Bx~, we have v € By and a~'w € By+. They can use the protocol for the norm || - ||y

with an error a~'e applied to (v, a™!w) to compute jointly C = a~! (v, w) = a~te. Knowing
this C they can easily compute aC = (z,y) + ¢. <

» Lemma 24. For any a < 1, we have ﬁa71/3(IPgw) > Q(n).

Proof. We will use reduction from the INDEX problem on n bits — in this problem Alice
is given an n bit string « € {0,1}", and Bob an index i € [n], and he wants to output a
value x; with probability at least 2/3. It is known that one-way communication of the INDEX
problem is Q(n) — Alice needs to essentially send her entire bit-string to Bob [16, 19].
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Given an instance (x,) of an indexing problem we can easily encode it as an equivalent
instance of IP,__: Alice takes her bit-string « € {0,1}" encodes it as v, = ), z;e;, with
[lvzlloo < 1. Bob can recover arbitrary bit x; if he can approximate (v,,e;) = z; up to an
error smaller than 1. His test vector w = e; clearly has |lw|; = 1. <

We are now ready to prove Proposition 7 announced in the introduction.

Proof of Proposition 7. We need to show that if /£, << (R, ||- || x), then ﬁg’l/g(IPX) >
Q(k). Tt follows as a direct corollary by composing Lemma 24 together with Proposition 23.
<

Finally, we can use Proposition 7 to show a lower bound for the communication complexity
of IP Ly

> Lemma 25. We have R.1/5(IPy,) > Q(min(n, e~ 2x(22)),

Proof. Let r = e~ ™ax(7.2) and assume r < n. We wish to show that 28 . Ly Ifp > 2,
we can just take a subspace spanned by the first r basis vectors, and observe that for a € £,
we have [|a]loo < || X<, aicillp < [lafloor/P = 7 |la|oo — this inclusion gives an embedding
with distortion e=t.

For p < 2, it is known that the Banach-Mazur distance between £} and /7, is at most
O(y/1) = O(e71) [12, Chapter 1, Section 8] — which is just the same as saying that there
exists a linear isomorphism between £7, and £, with distortion at most O(y/7) = O(e™'). <

» Lemma 26. We have R.1/3(IP;,) > Q(min(n,e~?2)).

Proof. We will use a reduction from the GAP-HAMMING problem — in this problem Alice
and Bob are given two vectors x,y € {0,1}*, and they wish to check if A(z,y) < g - CVk
or A(z,y) > & + CVk, where A(z,y) = [{i : 2; # y;}| — it is known that any randomized
protocol solving this problem with probability 2/3 needs to use £2(k) communication [6, 20].

Alice and Bob will interpret their vectors x,y directly as vectors in R™ (padding with
zeros if necessary). Note that since A(z,y) = ||z||3 + ||y||3 — 2 (z,y), if Alice and Bob
can compute (x,y) up to an additive error smaller than 2CVk, they can solve the GAP-
HAMMING problem. Using the e-approximate protocol for IP, they can compute (z,y) £
elzllplylly = (v, y) + ek?/PkMe = (x,y) + ck. Choosing & = 27%, we get the desired lower
bound: R, 1/3(IP;,) > Q(k) = Q(e7?). <

Finally, we will show we can solve the one-way communication problem IP y if the norm
N admits a sparsification.

» Proposition 27. If a norm N admits a (e, d, D)-sparsification, then ﬁg,g(IPN) <O(D-
log 2).

Proof. Alice, given a vector v € R™ with ||v||y <1 can just apply a sparsification procedure
to obtain a vector ¢(v) and try to send an encoding of ¢(v) to Bob. In order to efficiently
encode this vector, for each of at most D non-zero coefficients she needs to send the index of
the corresponding coefficient (spending at most log n bits), and an encoding of its value up
to precision (g/n)®) — for which she needs to spend O(logn +loge™!) = O(log 2) bits. <«
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4  Sparsification for £,

In this section we prove Theorem 6, restated for convenience.

» Theorem 6. For any 1 < p < oo, and any € > 0, the norm £, on R™ admits a
(,1/3,0(e~ ™2x(20))) _sparsification. In particular, ﬁw;(Ing) < O™ max(2p) . og ).

Proof. It is enough to show the sparsification procedure ¢ for vectors v € R with [jv|, =1
— for arbitrary vector v € B, we will then take ¢(v) := ||v]lp0(v/]|v]|p)-
Given v with ||v||, = 1, consider a distribution D, over [n], given by Prop, (a =) = |v;|P.

Consider now a random vector o := = ‘”’l‘; where a ~ D,, and e, is a standard basis vector.

Clearly, we have E0 = v.
We will pick some s = O(s~ m2*(22)) "and define ¢(v) = ZJ< o) where #) are i.i.d.
random vectors with the same distribution as 9. Again, Clearly E¢(v) = v, and ||¢(v)]o < s.
Consider some w € By, where ¢ is such that 1% + % = 1. We wish to control the error

<¢(’0), U}> - <’U, ’U}>

> Claim 28. We have || (7, w) || < 1. (This notation is a bit confusing: here (9, w) is an
R-valued random variable, and the L,-norm under consideration is ||X||, := (E X7)'/4.)

Proof. Indeed,
(@, w) I = Zlvz (lwil v 7P) lel o PFITP =Y |t < 1 <

Consider now random variables Z; = <13(j),w> — (v,w). We have EZ; = 0, and by the
above claim together with the triangle inequality || Z;||; < 2. Now, if ¢ > 2, this implies
that ||Z;[|2 < 2, and therefore || (¢(v), w) — (v, w) [|l2 = || Yi<s Zjll2 < 2571/2 < ¢/3. The
Chebyshev inequality now implies that with probability 1/3 we have | (¢(v),w) — (v,w) | < e.

Similarly, if 1 < ¢ < 2, we can apply Lemma 17, to deduce that || (¢p(v), w) — (v,w) |4 =
123 Z]|q S sM/at = 3*1/1’, therefore if s = (6~ 1e7P), we get || (¢p(v), w) — (v, w) ||, < /3,
and again by Chebyshev, with probability 2/3 we have | (¢(v), w) — (v, w) | < e.

The upper bound on K. s(IP,,) follows by Proposition 27. <

We can now prove Theorem 1 stating that R. ;/3(IP,,) < (9(106%").

Proof of Theorem 1. If % = 1, by symmetry between Alice and Bob we have

Re1/3(IPg,) = Re1/3(1Py, ) and since for any norm R. ;,3(IPy) < ﬁe 1/3(IPN), we have
Re1/3(IPs,) < min(R.1/3(1Ps,), R 1/3(IPy,)).

Since for dual exponents p, ¢, we have min(p, ¢) < 2, the bound follows. <

5 Efficient protocol for arbitrary symmetric norm

The goal of this section is the proof of Theorem 4.
» Theorem 4. For any symmetric norm N, we have R, 1/3(IPyn) < O(e=%) logn.

The main ingredient used by us is the embedding theorem, saying that any symmetric
norm can be with low distortion embedded into an explicit, relatively simple space. Before
we can state this theorem, we need to introduce a sum operation of normed spaces — it is
necessary to describe the target space in the embedding theorem.
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For a sequence of normed spaces Vi, Va, ... Vy, and a norm h on R?, we can construct a
normed space V called the h-sum of V;, denoted as

h
V-
i<d
such that the underlying vector space is V := @ig 4 Vi and norm is defined by the following

formula. For an arbitrary vector v € V', with decomposition v = Y v; where v; € V;, we take

[vllv == h(llvrllvy,s [lvallva, - - - Jvallv,)-

We also need to define the Top-k norm T®) on R", given by

[vllr ==Y [vlg

i<k

Where [v]1) > [v]2) > ... > |v|(n) is a non-increasing (in the magnitude) rearrangement of
entries of v.

With those definition in hand, the aforementioned embedding theorem can finally be
stated.

» Theorem 29 ([2, Theorem 4.2]). For any symmetric norm N, and any é > 0, the normed
space (R™, ||| n) embedds with distortion 1+§ into @i‘;t @an T®) | where t = n@6 " logd ™),

We will use this Theorem 29 together with Proposition 3 to prove Theorem 4. To this
end, all we need to do is to show an explicit protocol for the inner product problem on a
space of form @i;"t @ilgn T®),

5.1 Compositions of norm

We will show here that if all normed spaces V; admit an efficient protocol for the inner
product problem, and h admits a sparsification, then also ©"V; has an efficient protocol for
the inner product problem.

> Lemma 30. If V =@, Vi, then V* = @, Vi".
Proof. Consider w € V*, such that w = w; + ... + wg. We have

[wllv- = sup  (v,w)
veViully <1

sup sup <Zvi,w>

R Jalln<1 ! Yi,---Vk

'UiHVi:Oél
= sup g sup  (v;, w;)
a€RY [lalln <175 Vi

i
o lvillv, =as

= sup Zai”wiHV[

R Jalln <177

= h([lwillvyes - - lwallv; )- <

» Lemma 31. If for each V; we have R. 1,3(IPy;) < D1, and h has (e, é, D»)-sparsification,

then the normed space V := @?Sd Vi has Rocyry1/3(V) < O(D1D2log Dy + Dy logd).
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Proof. Alice is given a vector v =Y, _,v;, she can produce vector ¢ € R? with ¢; = ||v;||v,
satisfying [|g||, < 1. -

She can now apply the sparsification procedure to ¢, to get a sparsified ¢(q) with
[¢(g)llo < Da. For each i € supp(¢4(q)), they simulate a protocol for V; on vectors v; /||v; v+
and w; /[|w;|lw=. By repeating each such protocol O(log D2)-times and taking the median of

the results, they can ensure that with probability 8/9 they arrive at estimates 7; satisfying
simultaneously for all i € supp(¢(g)) the bounds 7; = (v;, w;) £ €||vs||v;
Alice can now compute an estimate

wi=Y_"nd(q)i/|vlv,
i
We claim that with probability 2/3 we have |u — ). (vi, w;) | < 26 + 7.
Indeed, let us first consider the vector n € RY with n; := ﬁﬂ)lﬁy Note that |n;| < [lwi]lv+,
and therefore ||n| v <1). '
The fact that ¢(v) was a sparsification for the norm A implies that except with probability
1/9 over ¢, we have

lw-

re <1 (since ||w]

U’L? w’L

(Pplq);m) = (g,m) £y = levz

£y = (v,w) £7. (1)

Vi

On the other hand

@@.m= D d@m= <Uz"wi>|

iesupp(¢(q)) iesupp(¢(q)

?(q)

, this yields

Since for ¢ € supp(¢(q)) we have access to 7; = (v;, w;)

@) = S
=u+t eZ¢ \wl

Now, using again that ¢ was promised to be a sparsification of ¢, and the vector
7= (|lwillvs )ic(a) has bounded h* norm by 1, except with probability 1/9 we have

> o()illw;
Plugging this into (2) yields

u=(p(q),n) + (L +7)e

and combining this with (1) we get

i

" eola)iluly:

(2)

sy < llgllnllrllas +9 <147

|| wi

i

u = (v,w) £ (e(1+7) +7).

The total failure probability is bounded by 1/3 — we have probability 1/9 for any of 7; to
differ by more than e fom the desired value, probability at most 1/9 for (¢(q),n) to be far
from the desired value, and probability 1/9 for (¢(q),n) to be far from the desired value.

Finally, the total communication is O(Dzlogd + Dy Dslog D). For each index i €
supp(#(q)) (where |supp(é(q))| < D2), Alice has to communicate this index to Bob (paying
log d bits of communication). Then for each such index they use the protocol for the norm
I - |v; with communication cost Dy, and they repeat O(log Ds) times to amplify the success
probability. <
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5.2 Top-k norm

We will now discuss properties of the Top-k norm, in order to prove that those norms
admit an efficient protocol for the inner product problem. It turns out that ||w||T(*k) =
max([|wllsc, [|wlly/F)-

» Remark 32. We have isometric embeddings %, < (T*))* and ek ey T In particular
both R1_..,/3(TVD) > Q(y/n) and Ry_ey 5(TVD)*) > Q(v/n).

» Lemma 33. If Ny and N are norms, and N is a norm given by ||v||ny = max(||v|| Ny, [[vlIn,),
then Re 26(IPN) < Res(IPn,) + Res(IPn,).

Proof. Consider Bob with a vector w, such that |w|y+ < 1. By Corrolary 22, he can
decompose w = wy + wy, where |[w1|| N+ + Jwan; <1

They can now use protocol for N7 to compute (v, wy) =+ ||w1 || N, €, since |[v||n, < |Jv|lv < 1,
and similarly they can use protocol for Ny to compute (v, ws) £ ||wa|/n,e. Clearly (v,w) =
(v, w1) + (v, wa), so by adding the estimates from those two rounds, they can get the estimate
for (v,w) with an additive error (||w1||n, + ||w2]ln,)e < e. The communication cost is
D1 + D4, and the failure probability is 20, where § is a failure probability for protocol they
used to approximate (vi, w). <
» Corollary 34. R 1 /3(IPrx) < O(lgn),

2

Proof. Follows from Lemma 33, and Theorem 1, since 17 = max(Loo, {1 /k). <

5.3 Proof of Theorem 4

Using the embedding theorem (Theorem 29) with 6 = 1/2 and Proposition 3, it is enough to
bound R ;/3(IPy) for the space V = EBf;"t @f;lgn T,

By Corollary 34, we have R(IPpx)) < (’)(loe#). Applying Lemma 31, we can deduce
that a space V' = ®i1<n T®) has R(IPy/) = O(log# loge~1). Finally, applying once again

Lemma 31 together with Lemma 30 and Theorem 6 for L1, we get R(IPy) = (’)(105% log?e~1).

6 Sparsification for symmetric norms

In the sequel we will consider a normed space (R™, || - ||5) with a symmetric norm N, such
that ¢ <41/¢ X, and define p := lolggsfl, such that (%)p = k. Note that by Proposition 7 if

¢k <1/ X then ﬁal/g(IPX) > Q(k). We wish to show the converse; ideally, a statement
of form if ¢, +4'/¢ X, then X admits (e, 1/3, O(k))-sparsification (see Definition 5), or
to put it differently (g,1/3,O0(Z))-sparsification — this would be a direct generalisation of
Theorem 6.

We will in fact show only quantitatively weaker version, specifically the theorem mentioned
in the introduction.

» Theorem 8. If N is a symmetric norm such that (R* £..) "7L>€_1 (R™, N), then N admits
a (0(e),1/3, kOUoglogk) 1602 ) _sparsification.

More concretely, we will prove the following slightly stronger statement.

» Theorem 35. If (5 £1/5 (R™, || - ||n) for a symmetric norm N, this norm has (€,1/3,7)-

sparsification, where 7 = (p/e)*? log®(n)) and p = 10125-121 :
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In particular, when ¢ < 10;;71 this yields sparsity k().

The proof of this theorem will follow similar outline as the proof of Theorem 6, except
that each step along the way is more involved, and many steps are more abstract. We
recommend comparing those ideas to the ideas in more straightforward proof of Thoerem 6,

to have a mental picture of the overall strategy.

Proof of Theorem 8

Let us consider an arbitrary vector v € R™, with ||v||x < 1, and a random variable ¢ € [n],
drawn according to some distribution Pr(¢ = i) = p;, which could potentially depend on the
vector v. Let us take now a random 1-sparse vector o := et%, where e; is a standard basis
vector. Clearly, by construction E? = v.

We will specify a suitable distribution for a random variable ¢, such that we can upper
bound the quantity sup,cp,. || (0, w) |lq,00, where g is the dual exponent to p (i.e. 1/p+
1/q = 1). If we have an upper bound sup,cp_ . | (7, w) [lg00 < K, it implies O((pK /e)?P)-
sparsification for a vector v — in short because we can bound || (0, w) ||, < O(p)|| (7, w)

g,00 =
O(Kp) for a slightly smaller ¢/, and therefore by Lemma 17 it is enough to sample O(pK /¢)?P
vectors ¥ independently at random for an average of (;,w) to concentrate within e of its
expectation.

In order to implement this proof idea, let us first show a convenient bound for the quantity

(@, w) [lg,00-

SUPwe By«

» Lemma 36. For any v € R™ and the random vector v := e;v/py where t € [n] is a random
variable distributed according to Pr(t =1i) = p;, and any ¢ > 1, if p; = 0 for all i with v; =0,
we have

sup | (7,w) [lg,0 < sup Pr(t € S)"P|lus|n

wWE B n* SC[TL]
where vg is a restriction of v to coordinates in S, and p,q are dual exponents (% + % =1).
Proof. Expanding the definition of || (7, w) ||¢,00, We get

(2, 0) llg,00 = Sl;pPr(l (B,w) | = NN

= sup Pr(t € S)l/q(minw).
SC[n] €S pi
We could now take sup,,¢p,.., to see that
sup || (#,w) |lg.00 = sup Pr(t € $)Y? sup min M (3)
wEB 5cCn] wEBN+ €S Di

For any S, let ws be a vector with (wg); = £* for i € S, and (ws); = 0 otherwise. When the
set S is fixed, the supremum is achieved for w = wg/||wg| N+, that is
\viwi\ - 1

sup min = .
weBy« €5 Di lws|| n

(4)

[viwi|

Indeed, if we had any w such that at least one of the terms — was greater than the
minimum, we could decrease the corresponding |w;|, preserving the property w € By~, and
without affecting min; M Hence, there is an optimal vector w for which all terms M
for i € S are equal to each other — that is all |w;| for ¢ € S are proportional to 5. Among

[vil°
[viwi]
Di

wg
lwslln="

those, the one maximizing is the one with maximal N* norm, i.e. the vector
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Moreover, by the definition of the dual norm, we have (wg,vs) < ||ws|/n+||vs|n, or to
put it differently

lwsllv > llvslly' (ws,vs) = llvsliy' Qi) = llvslly! Pr(t € 5). (5)
ieS

Plugging together inequalities (3), (4) and (5), we get

sup || (3, w) ||lg.00 < sup Pr(t € $)Y1Pr(t € S) | vs|x = sup Pr(t € 8)"YP||vg]||n.
wE B+ SC[n] SC[n]

<

We will leverage the assumption that £5 /¢ (R™, || -||5) through the following property.

» Lemma 37. If (5 41/ (R - ||n), and if vi,va, ... vy are vectors with disjoint support,
then

I3 will > = min i
i€ k]

Proof sketch. We can assume without loss of generality that ||v;||x = ||v;||~ for all ¢, j € [K].

If the inequality || > v;||x > e~ ! min; ||v;|| ;y was violated then mapping e; — vi would give
an embedding of £*_ into (R™, || - ||x) with distortion at most e~!. <

Consider now a collection of disjoint sets T7,T5,...Tg, vectors and a vector v with
[lv]| v <1 such that v, = a;17,, where vy, is a restriction of the Vector v to coordinates in
the set T;., Clearly, we have v = Y, vr,. We will pick probabilities p; = & ‘T | for i € T} (and
similarly for T,). That is, in order to sample coordinate t € [n], we first sample umformly
one of the sets T; or T, and then a uniformly random coordinate from this set. As before,
let © be a random vector defined as v = et Wlth probability p;.

» Lemma 38. For a vector v and a random index t of the form described above, we have

sup Pr(t € §)/7|juslly < (kR)”, (6)
SCln]

where €5, 5 (R™, || - || v) and p := 8%

loge—1-

Proof. We will show that for any set S either the desired inequality (6) holds, or we can
find another set S’ with |S| < |S’| such that

Pr(t € S)?||vg||n < Pr(t € S)/P|jvg||n.

By the mathematical induction on n — |S| this is enough to prove the lemma.

Indeed, take S; = SNT;, and consider two cases. Either there is some iy such that
|Sio] /T3 | > %, or for all i we have |S;,|/|T;,| < 1.

In the former case, we can bound |Jvg|y < ||v||N =1, and

1Sil 1[5l -1
r(i € S) ZIT\‘R\ o > (k)

hence Pr(i € S)~'/?|lvg||n < (kR)Y/? as desired.
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On the other hand if for all i we have {3

S = 5,82 83 . Sk guch that for all 4,5 we have |S®) N T;| = |S;|. Let us define
S =J; SW, so that vgr = 3", vg). We can now apply Lemma 37 to vectors vgw (they all
have the same norm, since they are all permutations of each other), to deduce

< %, we can find a collection of disjoint sets

s/l =11 Y vsollv >e™ min [vge v = e osln
1€ k]

On the other hand Pr(i € 8') = £ > .cx ‘S‘/&Ti‘ = kPr(i € S). Hence,
Pr(i € S)"YP|lvg||y < EYPePr(i € 8") VP |vg ||x = Pr(i € S") P lvg/ || . )

We will use this bound for structured vectors to show a similiar upper bound for arbitrary
vectors with R = O(logn), essentially by rounding each coordinate to the nearest value 277.

» Lemma 39. For any vector v with ||v||n < 1, there is a distribution (p1,p2,...Pn) of a

random variable t € [n] such that the random vector ¥ := e; 2t satisfies

Pt

sup || (,w) g0 < O(KY/Plog"P(n)).

weEB =
Proof. Consider sets T; = {j : 27% < v; < 27"} for i < R where R := 3log,(n) and
T, ={j: v; < 2_3}. In particular each coordinate j € T satisfies v; < %, and therefore
oz, In < 55

We will set probabilities p; = ﬁﬁ for j € T; (and similarly %ﬂﬁ for j € T4 ).
According to Lemma 36, it is enough to bound

sup Pr(t € §)~YP|lvg]||y-.

SCln]

Consider now a vector v/ := Y. 27 %17, and a random variable t’ where Pr(t' = j) = & =
i i R |Ty|

for j € T; (and Pr(¢' € T'y) = 0). We can apply Lemma 38 to the pair (v/,¢') and deduce
sup Pr(t’ € S)YP||lvg||y < (kR)'/P.
ScCln]
Consider now arbitrary S and decompose S = S'US"” where " = SNT and S’ = S-S5,
we have

Pr(t € §)"/7|luslly < Pr(t € 8)"/||vs |y + Pr(t € §) /7 us |l (7)

We can bound those two terms separately. On one hand Pr(t € S) > Pr(t € §') =

% Pr(t' € §') and |lvs/||v < 2||vl||n (since we have coordinate-wise inequalities |v;| <

2|vi| for j € S), therefore

1 lﬁ
Pr(t € $)"/7|lvg/||n < 2 <R;> Pr(t' € )77 vl |In
1 1@
<2 <RE> (kR)M? = 2(k(R + 1))/, (8)
On the other hand
1 1 1
Pr(t € $)"?|lusr|lv < (5777) " Plvr, v < (nlogn)'/P— = o(1). 9)
R ‘T+| n

Combining now inequalities (7), (8) and (9), get the desired result

sup || (0, w) ||g,00 < O(KMP log!/? n). <
wEB N
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With this lemma in hand, we are ready to prove the Theorem 35.

Proof of Theorem 35. For a vector v € By, let us consider a random vector ¥ distributed
as in Lemma 39, and s independent copies of @, say 1, . .. s, for some s that will be specified
later.

Take ¢(v) := 13, @;. Since ||7;]lo = 1, we have [|¢(v)[lo < s, and since E¥; = v, we
also have E ¢(v) = v. We wish to show that for any given w € By« with probability 2/3 we
have (¢(v),w) = (v,w) L e.

Let us define Z; = (9;, w) — (v, w), moreover let us take p’ = 2p, and ¢’ a dual exponent
(i.e. satisfying 1/¢' +1/p’ =1).

By Lemma 16, we have || Zi|ly < pllZillg,00, and by Lemma 39 we have || Zi]/g.00 <
| (5,w) g + 1 < OGP log!? ).

’ 1/p
Applying now Lemma 17, we have ||+ Yics Zilly S sV Zy|ly Sp <MO%> .

2p
If we now chose s = (%) (klogn)? for some universal constant C, we can ensure that

1+ Y i<s Zilly < /5, and by Markov inequality with probability 2/3 we have |1 7. Zi| <,
or equivalently

(p(v),w) = (v,w) xe,
as desired. |

» Remark 40. By the way, we can write (Cp/e)* log® n = k©Uo8198F) 1 1og% n if we consider
this bound to be more aesthetically pleasing.

7 Extension complexity and communication complexity of IPp

In this section we prove Proposition 10 and Theorem 12.

As a reminder, in this section we consider an arbitrary origin-symmetric polytope P
(with P = —P) and the associated norm || - ||[p on R™ for which P is a unit ball. We wish to
connect, extension complexity of the polytope P with the communication complexity of the
related IPp problem.

We will first with a direct argument for R, s(IPp) < O(log’;ﬁ) (Proposition 10) — more
concretely, we wish to show that if a P is a projection of some polytope ) such that @ is
defined by M inequalities, then R, 1 (IPp) < O(IOE—QM).

» Lemma 41. Let P be an origin-symmetric polytope in R™. If P is a projection of Q then
Res(IPp) < R.s(IPg).

Proof. Consider @) € R™ and a subspace U C R” such that P is the image of @ for the
projection 7 : R® — R"/U+.

By Lemma 18, the norm || - ||p on R"/U~ is isometrically isomorphic with the dual to
the restriction of || - ||g+ to the subspace U. Therefore we have

R:5(IPp) = Re s(IPp~) = Re s(IPg-|, ) < Res(IPg-) = Res(IPg),
where the inequality follows from Proposition 3. <

» Lemma 42. If P is an origin-symmetric convex polytope defined by M inequalities, then
P* has at most M wvertices.

4:19

ITCS 2023



4:20

Communication Complexity of Inner Product in Symmetric Normed Spaces

Proof. This follows from Lemma 21 — for a polytope P defined by P = {z : Vi — 1 <
A;x < 1} we have P = (), {z : —1 < (A4;,z) < 1}, and therefore P* = conv(|J; K;), where
K;:={z:—-1<(A;,z) <1}. It is easy to check that K} = conv({4;, —A;}), and therefore

P* = conv({*+A;}:). <
» Lemma 43. If P is an origin-symmetric polytope with M wvertices, then ﬁg’l/g(IPP) <
O(IOEQM).

Proof. In the communication problem Alice has arbitrary point v € R™ with [jv]|p < 1,
which is just a point v € P. She can express it as a convex combination v = ), A\;v; where
all v; are vertices of the polytope P and > \; = 1. Now consider a distribution D over
vertices of P specified by the vector which has Pr.p(x = v;) = A;.

We have E,p « = v and therefore by linearity of expectation E,p (z, w) = (v, w) for Bobs
vector w. Since |w| px < 1, and all vertices of P by definition have P-norm equal to one,
the random variable (x,w) satisfies | (x,w) | < 1. As ususal, by the Chebyshev inequality is
enough to sample t = O(¢~?) independent copies of x from the distribution D, to ensure
that the average + 3", _, (), w) = (v, w) + ¢ with probability 2/3.

Alice can now just_perform the sampling herself and send the names of those vertices
to Bob — she can specify a vertex of a polytope using O(log M) bits of communication per
sample. |

With those lemmas in hand we are ready to show Proposition 10.

Proof of Proposition 10. If P is a projection of @ by Lemma 41 we have R. ;/3(IPp) <
Re,1/3(IPg), now by symmetry between Alice and Bob we have R. 1 /3(IPg) = R 1/3(IPg-),
and since ) was defined by M inequalities, @* has at most M vertices (by Lemma 42).
Finally, since Q* has at most M vertices we can apply Lemma 43 to deduce R, ;,3(IPg-) <
oM. <

We will now concentrate on the proof of Proposition 12. To this end we will use the
following convenient characterization of the non-negative rank of matrix .S.

» Theorem 44 ([8]). For a non-negative matriz S € R**Y | we say that the randomized
communication protocol computes S in expectation, if Alice and Bob given x € X and y € Y
respectively, output a non-negative value f(x,y) such that E f(x,y) = Sz . Let ecc(S) be
the communication of the optimal protocol computing S in expectation, then

ecc(S) = [logrk™(9)].

Proof of Proposition 12. By Theorem 44 it is enough to show a protocol for Alice and Bob
that computes in expectation a matrix S” such that Vi, j[S; ; — S} ;| < 2¢, assuming that
they have an efficient protocol for IPp.

Here Alice is given a vertex v € P, and Bob is given an inequality ¢ among those defining
P (either (z, A;) <1 or (z,A;) > —1). Note that |4;]|p- < 1, so they can in fact use the
protocol for IPp to compute a value which is with probability 2/3 in a range (v, A;) + ¢.

They can improve the failure probability by instantiating it independently O(loge~1)
times and taking the median of reported answers — this method provides an answer in range
(v, A;) with probability 1 —e/2 — and hence they can attempt to compute slack as 1 — (v, 4;))
(or 1+ (x, A;)) — and if the answer is outside the range [0, 2], they just project it to this
range.
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This way, the answer f(v, 4;) they are computing is a non-negative, random variable

bounded by 2, such that with Pr(|f(v,i) — Sy,:| > €) < £/2 — this implies that for all v, we
have E f(v,4) = S, ; £ 2¢, proving

1

log k3. (Sp) < O(loge™'R. 1/3(IPp)). <
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