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Abstract
We show that the problem of whether a query is equivalent to a query of tree-width k is decidable,
for the class of Unions of Conjunctive Regular Path Queries with two-way navigation (UC2RPQs).
A previous result by Barceló, Romero, and Vardi [5] has shown decidability for the case k = 1, and
here we show that decidability in fact holds for any arbitrary k > 1. The algorithm is in 2ExpSpace,
but for the restricted but practically relevant case where all regular expressions of the query are of
the form a∗ or (a1 + · · · + an) we show that the complexity of the problem drops to Πp

2.
We also investigate the related problem of approximating a UC2RPQ by queries of small

tree-width. We exhibit an algorithm which, for any fixed number k, builds the maximal under-
approximation of tree-width k of a UC2RPQ. The maximal under-approximation of tree-width k of
a query q is a query q′ of tree-width k which is contained in q in a maximal and unique way, that is,
such that for every query q′′ of tree-width k, if q′′ is contained in q then q′′ is also contained in q′.
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1 Introduction

Graph databases are abstracted as edge-labeled directed graphs G = ⟨V (G), E(G)⟩, where
nodes of V (G) represent entities and labeled edges E(G) ⊆ V (G) × A × V (G) represent
relations between these entities, with A being a fixed finite alphabet. For instance, Figure 1
depicts a graph database, whose nodes are authors and papers, on the alphabet A =
{wrote, advised}. Edges x

wrote−−−→ y indicate that the person x wrote the paper y, while
edges x

advised−−−−−→ y indicate that person x was the Ph.D. advisor of person y.
Being a subclass of relational databases, graph databases can be queried by the predom-

inant query language of conjunctive queries, a.k.a. CQs, which consists of the closure under
projection of conjunctions of atoms of the form x

a−→ y for some letter a ∈ A. For instance,
the conjunctive query

γ1(x, y) = x
wrote−−−→ z ∧ y

wrote−−−→ z

1 This result was achieved by using the knowledge package and its companion tool knowledge-clustering.
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15:2 Approximation & Semantic Tree-Width of CRPQs

author1 author2 author3 author4 author5

paper1 paper2 paper3

wrote wrote wrote wrote wrote wrote

advised advised

Figure 1 A graph database with eight nodes and eight edges on a two-letter alphabet.

returns, when evaluated on the graph database G defined in Figure 1, all pairs of nodes (u, v)
such that u is a co-author of v. Each variable not appearing in the left-hand side of the
definition of a conjunctive query (in this example, z) is existentially quantified. Note that
every CQ can be seen as a graph database, where each atom is an edge; hence, we sometimes
use graph database terminology for CQs.

The expressive power of CQs is somewhat limited, since CQs cannot express, for example,
transitive closure. Since the ability to navigate paths is of importance in many graph database
scenarios, most modern graph query languages support, as a central querying mechanism,
conjunctive regular path queries, or CRPQs for short. CRPQs are defined analogously to
conjunctive queries, except that their atoms are now of the form x

L−→ y where L is an
arbitrary regular language over the alphabet A. For instance the evaluation of the CRPQ
γ2(x, y) = x

wrote−−−→ z ∧ z′ wrote−−−→ z ∧ y
(advised)∗

−−−−−−→ z′ on G yields every pair of persons (u, v)
such that u is a co-author of a “scientific descendant” of v.

Formally, a CRPQ γ is defined as a tuple z̄ = (z1, . . . , zn) of output variables2 together
with a conjunction of atoms of the form

∧m
j=1 xj

Lj−−→ yj , where each Lj is a regular language.
The set of all variables occurring in γ, namely3 {z1, . . . , zn}∪{x1, y1, . . . , xm, ym}, is denoted
by vars(γ). Given a database G, we say that (u1, . . . , un) satisfies γ on G if there is a
mapping f : vars(γ)→ V (G) such that ui = f(zi) for all 1 ⩽ i ⩽ n, and for each 1 ⩽ j ⩽ m,
there exists a path from f(xi) to f(yi) in G, labelled by a word from Li (if the path is empty,
the labelled word is ε). The evaluation of γ on G is then the set of all tuples that satisfy γ.
For example, (author2, author5) satisfies γ2 on the graph database G of Figure 1 via the
function that maps x to author2, y to author5, z to paper2, and z′ to author3.

The language of CRPQ can be extended to navigate edges in both directions. Consider the
database G± obtained from G by adding, for every edge x

a−→ y in G, an extra edge y
a−

−−→ x.
We obtain a graph database on the alphabet A± = A ∪̇A− where A− = {a− | a ∈ A}.
We then define the syntax of a CRPQ with two-way navigation, or C2RPQ, as a CRPQ
on the alphabet A±. Its evaluation is defined as the evaluation of the CRPQ on G±. For
instance, the evaluation of the C2RPQ γ3(x, y) = x

(wrote·wrote−)∗

−−−−−−−−−−→ y on the graph database
of Figure 1 returns all pairs of individuals linked by a chain of co-authorship. It includes
(author1, author3) or (author1, author1) but not (author1, author4). If a query has no output
variables we call it Boolean, and its evaluation can either be the set {()}, in which case we say
that G satisfies the query, or the empty set {}. For example, G satisfies γ4() = x

wrote−−−→ y

if, and only if, the database contains one author together with the paper they wrote. We
denote the set of atoms of a C2RPQ γ by Atoms(γ), and by ∥γ∥ we denote its number of
atoms, i.e., |Atoms(γ)|.

2 For technical reasons (see the definition of expansion) we allow for a variable to appear multiple times.
3 We neither assume disjointness nor inclusion between {z1, . . . , zn} and {x1, y1, . . . , xm, ym}
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Finally, a union of CQs (UCQs) [resp. union of CRPQs (UCRPQs), resp. union of
C2RPQs (UC2RPQs)] is defined as a finite set of CQs [resp. CRPQs, resp. C2RPQs], whose
tuples of output variables have all the same arity. The evaluation of a union is defined as the
union of its evaluations, for instance:

Γ5 = γ1
5(x, y)∨γ2

5(x, y) where γ1
5(x, y) = x

wrote−−−→ y and γ2
5(x, y) = x

advised←−−−−− z∧z
wrote−−−→ y

evaluates to the set of pairs (x, y) such that y is a paper written by either x or their advisor.
Infinitary unions are defined analogously, except that we allow for potentially infinite unions.

For a more detailed introduction to CRPQs, we refer the reader to [10]. For a more
general introduction to different query languages for graph databases – including CRPQs –
see [6], and for a more practical approach, see [1].

Given two UC2RPQ Γ and Γ′, we say that Γ is contained in Γ′, denoted by Γ ⫅ Γ′ if
for every graph database G, for every tuple ū of G, if ū satisfies Γ on G, then so does Γ′.
The containment problem for UC2RPQs is the problem of, given two UC2RPQs Γ and Γ′,
to decide if Γ ⫅ Γ′. When Γ is contained in Γ′ and vice versa, we say that Γ and Γ′ are
semantically equivalent, denoted by Γ ≡ Γ′. The evaluation problem for UC2RPQ is the
problem of, given a C2RPQ γ, a graph database G and a tuple ū of elements of G, whether
ū satisfies γ on G.

Queries of small tree-width
It is known that the evaluation problem for UC2RPQ is NP-complete, just as for conjunctive
queries [9]. However, queries whose underlying structure looks like a tree – formally, queries
of bounded tree-width – can be evaluated in polynomial time.

Tree-width is a measure of how much a graph differs from a tree, introduced by Arnborg
and Proskurowski [2]. Formally, a tree decomposition of a C2RPQ γ is a pair (T, v) where T

is a tree and v : V (T )→ ℘(vars(γ)) is a function that associates to each node of T , called
bag, a set of variables of γ. When x ∈ v(b) we shall say that the bag b ∈ V (T ) contains the
variable x. Further, it must satisfy the following three properties:

each variable x of γ is contained in at least one bag of T ;
for each atom x

L−→ y of γ, there is at least one bag of T that contains both x and y; and
for each variable x of γ, the set of bags of T containing x is a connected subset of V (T ).

The width of (T, v) is the maximum of |v(b)| − 1 when b ranges over V (T ). The tree-width of
γ is the minimum of the width of all tree decompositions of γ. We denote by Twk the set of
all C2RPQ of tree-width at most k. The tree-width of a UC2RPQ is simply the maximum
of the tree-width of its C2RPQs. An example of tree decomposition of width 2 is given in
Figure 3 on Page 12. For a gentle introduction to tree-width, see [14, §3.6].

▶ Proposition 1.1 (Folklore, see e.g. [15, Theorem IV.3]). For each k ⩾ 1, the evaluation
problem for UC2RPQs of tree-width at most k is in polynomial time.

In practice, graph databases tend to be huge and often changing, while queries are in
comparison very small. This motivates the following question, given some natural k ⩾ 1:

Given a UC2RPQ Γ, is it equivalent to a UC2RPQ Γ′ of tree-width at most k?
That is, does it have semantic tree-width at most k?

This problem is called the semantic tree-width k problem. Should it be decidable in a
constructive way – that is, decidable, and if the answer is positive, we can compute a
witnessing Γ′ from Γ – , then one could, once and for all, compute Γ′ from Γ and, whenever
one wants to evaluate Γ on a database, evaluate Γ′ instead.

ICDT 2023
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▶ Example 1.2. Consider the following CRPQs, where x̄ = (x0, x1, y, z):

x0 x1 x0 x1 x0 x1

γ(x̄) =̂ y δ(x̄) =̂ y δ′(x̄) =̂ y

z z z

a

c

a(bb)+

a

ab(bb)∗

a

c

a(bb)∗

a a

c

a

ab(bb)∗b+ b(bb)∗ (bb)+

The underlying graph of γ(x̄) being the directed 4-clique, γ(x̄) has tree-width 3. We claim
that γ(x̄) is equivalent to the UCRPQ δ(x̄) ∨ δ′(x̄), and hence has semantic tree-width 2.

Indeed, given a graph database satisfying γ(x̄) via some mapping µ, it suffices to make
a case disjunction on whether the number of b-labelled atoms in the path from µ(y) to
µ(z) is even or odd. In the first case, the atom x0

a(bb)+

−−−−→ z becomes redundant since we
can deduce the existence of such a path from the conjunction x

a−→ y
(bb)+

−−−→ z, and hence
the database satisfies δ(x̄) via µ. Symmetrically, in the second case, the atom x1

b(bb)∗

−−−−→ z

becomes redundant, and the database satisfies δ′(x̄) via µ. Thus, γ(x̄) is contained, and hence
equivalent (the other containment being trivial), to the UCRPQ δ(x̄) ∨ δ′(x̄) of tree-width 2.

For conjunctive queries, the semantic tree-width k problem can be effectively decided
quite easily – in fact, CQs enjoy the effective existence of unique minimal queries [9, Theorem
12] which happen to also minimize the tree-width. For CRPQs and UC2RPQs, the question
is far more challenging, and it has only been solved for the case k = 1 by Barceló, Romero,
and Vardi [5, Theorem 6.1]. We solve the problem for every other k > 1, left open in [5, §7]
[15, §VI-(3)]:

▶ Theorem 1.3. For each k ⩾ 1, the semantic tree-width k problem is decidable. Moreover,
it lies in 2ExpSpace and is ExpSpace-hard.

Amusingly, our proof for k > 1 cannot be stretched to capture the case k = 1: the two
approaches seem to be intrinsically incompatible.
▶ Remark 1.4. To simplify proofs, we assume that all the regular languages are described
via non-deterministic finite automata (NFA) instead of regular expressions, which does not
affect any of our complexity bounds. However, for readability all our examples will be given
in terms of regular expressions.

Moreover, we also show that for any class L of regular languages over A± satisfying some
mild hypothesis (“closure under sublanguages”), if Γ ∈ UC2RPQ(L) has semantic tree-width
k > 1, then Γ is equivalent to a UC2RPQ(L) of tree-width at most k, where UC2RPQ(L)
denotes the class of all UC2RPQs whose atoms are all labelled by languages from L. In
other words, if a query can be defined with labels in L, and if this query is equivalent to
a query of small tree-width, then it is also equivalent to a query of small tree-width with
labels in L.

For a NFA A and two states q, q′ thereof, we denote by A[q, q′] the sublanguage of A
recognized when considering q as initial state and {q′} as set of final states. We say that L

is closed under sublanguages if (i) it contains every language of the form {a}, where a ∈ A is
any (positive) letter such that either a or a− occur in a word of a language of L, and (ii) for
every language L ∈ L there exists a NFA AL such that every sublanguage AL[q, q′] distinct
from ∅ and {ε} belongs to L.

To the best of our knowledge, all classes of regular expressions that have been considered
in the realm of regular path queries (see, e.g., [11, §1]) are closed under sublanguages. In
particular, this is the case for the class

{
{a1 + . . . + an} | a1, . . . , an ∈ A

}
∪

{
a∗ | a ∈ A

}
,

which will be our focus of study in Section 6. Moreover, even if some class L is not closed
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under sublanguages, such as for example {(aa)∗}, then it is contained is a class closed under
sublanguages – {a, a(aa)∗, (aa)∗} in this example – , whose size4 is polynomial in the size of
the original class. See the full version for more examples.

▶ Theorem 1.5. Assume that L is closed under sublanguages. For any query Γ ∈
UC2RPQ(L) and k > 1, the following are equivalent:
1. Γ is equivalent to an infinitary union of conjunctive queries of tree-width at most k;
2. Γ has semantic tree-width at most k;
3. Γ is equivalent to a UC2RPQ(L) of tree-width at most k.

The implications (3)⇒ (2)⇒ (1) immediately follow from the definition of the semantic
tree-width. On the other hand, the implications (1) ⇒ (2) and (2) ⇒ (3) are surprising,
since they are both trivially false when k = 1. We defer the proof of this claim to Section 2
(see Remark 2.5) as we first need a few tools to manipulate CRPQs.

The proofs of both Theorems 1.3 and 1.5 rely on our key lemma (Lemma 3.8), which
states essentially that every UC2RPQ has a computable “maximal under approximation” by
a UC2RPQ of tree-width k. Formally, the key lemma has the following corollary:

▶ Corollary 3.9. For each k > 1 and for each class L closed under sublanguages, for each
query Γ ∈ UC2RPQ(L), there exists Γ′ ∈ UC2RPQ(L) of tree-width k such that Γ′ ⫅ Γ,
and for every ∆ ∈ UC2RPQ, if ∆ has tree-width k and ∆ ⫅ Γ, then ∆ ⫅ Γ′. Moreover, Γ′

is computable from Γ in ExpSpace.

The proof of our key lemma spans over Sections 3–5: in Section 3, we introduce necessary
notions to formally state it, and deduce Theorems 1.3 and 1.5 from it; in Section 4 we
introduce the central notion of tagged tree decompositions of C2RPQs homomorphisms, and
building on it, we finally describe the constructions used to prove the key lemma in Section 5.

Finally, in Section 6, given the high complexity of semantic tree-width k problem, we
focus on the case of CRPQs using some simple regular expressions (SRE), and show that the
complexity of this problem is much lower:

▶ Theorem 6.1. For k > 1, the semantic tree-width k problem for UCRPQ(SRE) is in Πp
2.

A discussion on differences with Barceló, Romero and Vardi’s contributions and open
questions are left for Section 7.

2 Homomorphisms, refinements, and expansions

Before attacking the statement of our key lemma in Section 3, we first give a few elementary
definitions on C2RPQs in this section. A homomorphism f from a C2RPQ γ(x1, . . . , xm)
to a C2RPQ γ′(y1, . . . , ym) is a mapping from vars(γ) to vars(γ′) such that f(x) L−→ f(y)
is an atom of γ′ for every atom x

L−→ y of γ, and further f(xi) = yi for every i. Such a
homomorphism h is strong onto if for every atom x′ L−→ y′ of γ′ there is an atom x

L−→ y of γ

such that f(x) = x′ and f(y) = y′. We write γ
hom−−→ γ′ if there is a homomorphism from γ to

γ′, and γ
hom−−→−→ γ′ if there is a strong onto homomorphism. It is easy to see that if γ

hom−−→ γ′

then γ′ ⫅ γ, and in the case where γ, γ′ are CQs this is an “if and only if” [9, Lemma 13].

4 Defined as the sum of the number of states of the minimal automaton of the languages of L.

ICDT 2023
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Some intuitions on maximal under-approximations. Given a conjunctive query γ, the
union of all conjunctive queries that are contained in γ is semantically equivalent to the
union

∨
{γ′ | γ hom−−→−→ γ′}. Naturally, this statement borders on the trivial since γ′ belongs

to this union. It becomes interesting when we add a restriction: given a class C of CQs (to
which γ may not belong) closed under subqueries, then

∨
{γ′ ∈ C | γ hom−−→−→ γ′} is the maximal

under-approximation5 of γ by finite unions of conjunctive queries of C6. As a consequence,
we deduce that for each k ⩾ 1, the maximal under-approximation of a CQ by a finite union
of CQs of tree-width at most k is computable, and hence we can effectively decide if some
CQ is equivalent to a query of tree-width at most k. For more details on approximations of
CQs, see [3].

Unfortunately, these results cannot be straightforwardly extended to conjunctive regular
path queries: intuitively, taking homomorphic images can be understood as “simplifying” the
query (we reduce its number of variables, but this may make the query strictly contained in
the original one). This is because CRPQs have an implicit quantification of variables: for
instance, the CQ γ(x, y) = x

a−→ z
b−→ y can be rewritten as the CRPQ γ′(x, y) = x

ab−→ y.
Coming back to our previous Example 1.2, another way of seeing that δ(x̄) ⫅ γ(x̄) is by
observing that we can obtain δ(x̄) as the result of the following two operations:

in γ(x̄), replace the atom x1
ab(bb)∗

−−−−→ z with x1
a−→ t

b(bb)∗

−−−−→ z, where t is a fresh
existentially quantified variable;
identify variables t with y.7

The last operation consists in taking homomorphic images, and the first one amounts to
making explicit an implicit quantification. We formalize the first operation by introducing
the notion of “refinement” which we will later use, in Section 3, to introduce the notion of
maximal under-approximations for CRPQs. We will come back this example once all these
notions will have been formally defined (cf. Example 3.4).

Refinements. An atom m-refinement of a C2RPQ atom γ(x, y) = x
L−→ y where L is given

by the NFA AL is any C2RPQ of the form

ρ(x, y) = x
L1−−→ t1

L2−−→ . . .
Ln−1−−−→ tn−1

Ln−−→ y (1)

where 1 ⩽ n ⩽ m, t1, . . . , tn−1 are fresh (existentially quantified) variables, and L1, . . . , Ln

are such that there exists a sequence (q0, . . . , qn) of states of AL such that q0 is initial, qn is
final, and for each i, Li is either of the form (i) AL[qi, qi+1], or (ii) {a} if the letter a ∈ A
belongs to AL[qi, qi+1], or (iii) {a−1} if a−1 ∈ A− belongs to A[qi, qi+1]. Additionally, if
ε ∈ L, the equality atom “x = y” is also an atom m-refinement (see the full version for more
details on these), Thus, an atom m-refinement can be either of the form (1) or “x = y”. By
convention, t

a−

−−→ t′ is a shorthand for t′ a−→ t. As a consequence, the underlying graph of
an atom m-refinement of the form (1) is not necessarily a directed path. By definition, note
that L1 · · ·Ln ⊆ L and hence ρ ⫅ γ for any atom m-refinement ρ of γ. An atom refinement
is an atom m-refinement for some m.

5 A formalization of what “maximal under-approximation” means is given in Remark 3.2.
6 The proof is straightforward: by definition, this union is finite (a finite CQ has only finitely many

homomorphic images), and is contained in γ. Moreover, if γ′ ∈ C is contained in γ, then there exists a
homomorphism f : γ → γ′. Then γ

hom−−→−→ f(γ) and f(γ) ∈ C since it is a subquery of γ′ ∈ C and C is
closed under subqueries. We conclude by noting that γ′ is contained in f(γ).

7 We actually obtain two atoms from y to z: one label by b+ and one by b(bb)∗, but since b(bb)∗ ⊆ b+ we
can discard the b+ atom preserving the query semantics.

https://arxiv.org/abs/2212.01679


D. Figueira and R. Morvan 15:7

▶ Definition 2.1. Given an atom refinement ρ = x
L1−−→ t1

L2−−→ . . .
Ln−1−−−→ tn−1

Ln−−→ y of
γ = x

L−→ y as in (1), define a contraction of ρ between ti and tj, where 0 ⩽ i, j ⩽ n and
j > i + 1, is any C2RPQ of the form:

ρ′ = x
L1−−→ t1

L2−−→ . . .
Li−→ ti

K−→ tj
Lj+1−−−→ . . .

Ln−1−−−→ tn−1
Ln−−→ y

such that K = A[qi, qj ]. Then every contraction ρ′ of ρ is a refinement of γ, and ρ ⫅ ρ′ ⫅ γ.
Informally, we will abuse the notation and write [Li · · ·Lj ] to denote the language K – even
if this language does not only depend on Li · · ·Lj.

▶ Example 2.2. Let γ(x, y) = x
(aa−)∗

−−−−→ y be a C2RPQ atom, where (aa−)∗ is implicitly
represented by its minimal automaton. Then ρ(x, y) is a refinement of refinement length
seven of γ(x, y) and ρ′(x, y) is a contraction of ρ(x, y), where:

ρ(x, y) = x
a−→ t1

(a−a)∗

−−−−→ t2
(a−a)∗

−−−−→ t3
a←− t4

(aa−)∗

−−−−→ t5
(aa−)∗a−−−−−→ t6

a←− y,

ρ′(x, y) = x
a−→ t1

(a−a)∗a−

−−−−−−→ t4
(aa−)∗

−−−−→ y.

On the other hand, ρ′′(x, y) = x
a−→ t1

a←− y is not a contraction of ρ(x, y).

An m-refinement of a C2RPQ γ(x̄) =
∧

i xi
Li−→ yi is any query resulting from: 1)

replacing every atom by one of its m-refinements, and 2) should some m-refinements be
equality atoms, collapsing equal variables and getting rid of equalities, in a rather standard
way – more details are given in the full version. A refinement is an m-refinement for some
m. Note that any atom m-refinements is, by definition, also an atom m′-refinements when
m < m′: as a consequence, in the refinement of a C2RPQ the atom refinements need not
have the same length. For instance, both ρ(x, x) = x

c−→ x and ρ′(x, y) = x
a−→ t1

a−→ y
c←− y

are refinements of γ(x, y) = x
a∗

−→ y
c←− x. For a given C2RPQ γ, let Ref⩽m(γ) be the set of

all m-refinements of γ, and Ref(γ) be the set of all its refinements. Given a refinement ρ(x̄)
of γ(x̄), its refinement length is the least integer m such that ρ(x̄) ∈ Ref⩽m(γ). Note that
if the automaton representing a language L has more than one final state, for instance the
minimal automaton for L = a+ + b+, then x

L−→ y is not a refinement of itself. However, it
will always be equivalent to a union of refinements: in this example, x

a++b+

−−−−→ y is equivalent
to the union of x

a+

−−→ y and x
b+

−→ y, which are both refinements of the original C2RPQ.

Expansions. Remember that a C2RPQ whose languages are {a} or {a−} for a ∈ A is in effect
a CQ. The expansions of a C2RPQ γ is the set Exp(γ) of all CQs which are refinements of γ.
In other words, an expansion of γ is any CQ obtained from γ by replacing each atom x

L−→ y

by a path x
w−→ y for some word w ∈ L. For instance, ξ(x, y) = x

a−→ t1
a←− t2

a−→ t3
a←− y

is an expansion of ρ(x, y) = x
(aa−)∗

−−−−→ y.
Any C2RPQ is equivalent to the infinitary union of its expansions. In light of this, the

semantics for UC2RPQ can be rephrased as follows. Given a UC2RPQ Γ and a graph
database G, the evaluation of Γ over G, denoted by Γ(G), is the set of tuples v̄ of nodes for
which there is ξ ∈ Exp(Γ) such that ξ

hom−−→ (G, v̄). Similarly, containment of UC2RPQs can
also be characterized in terms of expansions:

▶ Proposition 2.3 (Folklore, see e.g. [12, Proposition 3.2] or [8, Theorem 2]). Let Γ1 and Γ2
be UC2RPQs. Then the following are equivalent

Γ1 ⊆ Γ2;
for every ξ1 ∈ Exp(Γ1), ξ1 ⫅ Γ2;
for every ξ1 ∈ Exp(Γ1) there is ξ2 ∈ Exp(Γ2) such that ξ2

hom−−→ ξ1.
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x x′

γ(x, z) =̂ y

z z′

L1 (ab)∗

L2 a∗

a∗ c

t̃2 t̃1 x′

ρ(x, x) =̂ x y

t1 z′

(ab)∗ b (ab)∗a

L1

L2 a

a

c

Figure 2 On the left-hand side, a CRPQ γ of tree-width 2. On the right-hand side, a refinement
ρ of γ, whose refinement length is three, which is also of tree-width 2.

Hence, every expansion of γ is also a refinement of γ. Moreover, if ρ is a refinement of γ,
then ρ ⫅ γ, and γ is semantically equivalent to the infinitary union of all its refinements,
and to the infinitary union of all its expansions.

Our approach to proving Theorems 1.3 and 1.5 and the key lemma heavily rely on
refinements. One crucial property that these objects satisfy is that they preserve tree-width
k, unless k = 1. This is the main reason why our approach cannot capture the case k = 1,
solved by Barceló, Romero and Vardi [5].

▷ Fact 2.4. Let k > 1 and let γ be a C2RPQ of tree-width at most k. Then any refinement
of γ has tree-width at most k.

This fact is illustrated on a example in Figure 2.

Proof sketch. The underlying graph of a refinement of γ is obtained from the underlying
graph of γ by either contracting some edges (when dealing with equality atoms), or by
replacing a single edge by a path of edges (where the non-extremal nodes are new nodes).
Both operations preserve the property “having tree-width at most k” when k > 1. Details
are given in the full version. ◁

For k = 1, the property fails: for instance the CRPQ γ(x) = x
a∗

−→ x has tree-width at
most 1 (in fact it has tree-width 0), but its refinement ρ(x) = x

a∗

−→ t1
a∗

−→ t2
a∗

−→ x has
tree-width two.

Before introducing maximal under-approximations, we can now show that the statement
of Theorem 1.5 is indeed false for k = 1.

▶ Remark 2.5. (1) ̸⇒ (2) when k = 1: consider the CRPQ γ(x, y) = x
a∗

−→ y ∧ y
b−→ x of

tree-width 1, and hence of semantic tree-width 1, and observe that it is not equivalent to any
infinitary union of conjunctive queries of tree-width 1 – this can be proven by considering,
for example, the expansion x

a−→ z
a−→ y ∧ y

b−→ x of γ(x, y) and applying Proposition 2.3.
(2) ̸⇒ (3) when k = 1: By [5, Proposition 6.4] the CRPQ of semantic tree-width 1

γ(x) =̂ x
a←− z

a−→ y ∧ x
b−→ y ≡ x

ba−a−−−→ x is not equivalent to any UCRPQ of tree-width 1.
Hence, the implication is false when L is the class of regular languages over A± that do not
use any letter of the form a−.

3 Maximal under-approximations of bounded tree-width

In this section, we state our key technical result, Lemma 3.8. Essentially, we follow the same
structure as Theorem 1.5: given a C2RPQ γ and an integer k > 1, we start by consider its
maximal under-approximation by infinitary unions of conjunctive queries of tree-width k

(Definition 3.1), and then show that this query can in fact be expressed as a UC2RPQ of
tree-width k whose atoms are obtained by taking sublanguages from γ (Lemma 3.8).

For the definitions of this section, let us fix any class C of C2RPQ queries.
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▶ Definition 3.1 (Maximal under-approximation). Let γ be a C2RPQ. The maximal under-
approximation of γ by infinitary unions of C-queries, is AppC(γ) =̂ {α ∈ C | α ⫅ γ}.

For intuition, we refer the reader to paragraph “An intuition on maximal under-
approximations” at the beginning of Section 2.
▶ Remark 3.2. Observe that AppC(γ) is an infinitary union of C-queries, that AppC(γ) ⫅ γ,
and that for every infinitary union of C-queries ∆, if ∆ ⫅ γ, then ∆ ⫅ AppC(γ) (i.e., it is
the unique maximal under-approximation). Similarly, the maximal under-approximation of a
UC2RPQ is simply the union of the maximal under-approximations of the C2RPQs thereof.

Unfortunately, the fact that a query α is part of this union, α ∈ AppC(γ), does not
yield any useful information on the shape of α – we merely know that α ⫅ γ. The rest of
this subsection is dedicated to introducing another infinitary union of C-queries, namely
App⋆

C(γ) ⊆ AppC(γ), in which queries α ∈ App⋆
C(γ) come together with a witness – a

homomorphism – of their containment in γ.

▶ Definition 3.3. The maximal under-approximation of γ by infinitary unions of
homomorphically-smaller C-queries is

App⋆
C(γ) =̂ {α ∈ C | ∃ρ ∈ Ref(γ), ∃f : ρ

hom−−→−→ α}. (2)

For instance, let C be the class of all CRPQs and let γ(x, y) =̂ x
a∗

−→ y
a−→ z

a∗

−→
x ∧ y

a∗

−→ x be the CRPQ which asks for all pairs of nodes that belong to the same non-
empty cycle of a’s8. Then γ′(x, y) = x

a∗

−→ y
a−→ z

a∗

−→ x is an element of App⋆
C(γ) since

there is a strong onto homomorphism from the refinement

ρ(x, y) =
(
x

a∗

−→ y
a−→ z

a∗

−→ x ∧ y
a−→ z′ a∗

−→ x
)
∈ Ref(γ(x, y))

to γ′(x, y), mapping z and z′ to z.

▶ Example 3.4 (Example 1.2, cont’d). Both δ(x̄) and δ′(x̄) are semantically equivalent
to queries in App⋆

Tw2
(γ(x̄)). Indeed, starting from γ(x̄), we can refine x0

a(bb)+

−−−−→ z into
x1

a−→ t
(bb)+

−−−→ z. Denote by ρ(x̄) the query obtained. Then merge variables t and y: this
new query δ′

app(x̄) is equivalent to δ′(x̄).

x0 x1 x0 x1 x0 x1

ρ(x̄) =̂ t y δ′
app(x̄) =̂ y δ′(x̄) =̂ y

z z z

a

c

a a

ab(bb)∗

a

c

a

ab(bb)∗

a

c

a

ab(bb)∗
(bb)+ b+ b+(bb)+ (bb)+

Clearly, App⋆
C(γ) – whose queries are informally called approximations – is included, and

thus semantically contained, in AppC(γ), since ρ ⫅ γ and α ⫅ ρ in (2). In fact, under some
assumptions on C, the converse containment also holds.

▶ Observation 3.5. If C is closed under expansions, then for any C2RPQ γ, we have
AppC(γ) ≡ App⋆

C(γ).

Proof. This follows immediately from Proposition 2.3 – note that in the definition of App⋆
C(γ)

we work with strong onto homomorphisms, but we can always restrict homomorphisms to
their image to make them strong onto, without changing the expressiveness of the query. ◀

8 There exists CRPQs with fewer variables that expresses the same property, but this is irrelevant here.
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Observe then, by Fact 2.4, that the class Twk of all C2RPQs of tree-width at most k is
closed under refinements and hence under expansions, provided that k is greater or equal
to 2. As an immediate consequence, we have:

▶ Corollary 3.6. For k ⩾ 2, for all C2RPQ γ, AppTwk
(γ) ≡ App⋆

Twk
(γ).

▶ Example 3.7 (Counter-example for k = 1). Consider the followings queries:

z z′

γ(x, y) =̂ and δ(x, y) =̂ x y.

x y

(ba)∗

b

(ab)+

c
(ab)+a

c

We claim that AppTw1(γ) ̸⫅ App⋆
Tw1

(γ) since δ(x, y) ∈ AppTw1(γ) but δ(x, y) ̸⫅ App⋆
Tw1

(γ).
Details are given in the full version.

By definition, App⋆
Twk

(γ) is an infinitary union of C2RPQs. We show that, in fact,
App⋆

Twk
(γ) is always equivalent to a finite union of C2RPQs. This is done by bounding the

length of the refinements occurring in the definition of App⋆
Twk

(γ). For a natural m, let
App⋆,⩽m

C (Γ) =̂ {α ∈ C | ∃ρ ∈ Ref⩽m(γ), ∃f : ρ
hom−−→−→ α}. Our main technical lemma is then

the following:

▶ Lemma 3.8 (Key lemma). For k ⩾ 1 and C2RPQ γ, we have AppTwk
(γ) ≡ App⋆,⩽ℓ

Twk
(γ),

where ℓ = Θ(∥γ∥2 · (k + 1)∥γ∥+1).

▶ Corollary 3.9. For each k > 1 and for each class L closed under sublanguages, for each
query Γ ∈ UC2RPQ(L), there exists Γ′ ∈ UC2RPQ(L) of tree-width k such that Γ′ ⫅ Γ,
and for every ∆ ∈ UC2RPQ, if ∆ has tree-width k and ∆ ⫅ Γ, then ∆ ⫅ Γ′. Moreover, Γ′

is computable from Γ in ExpSpace.

Using Lemma 3.8 as a black box – which will be proven in Section 5 – , we can now give
a proof of Theorems 1.3 and 1.5. The upper bound of Theorem 1.3 follows directly from
Corollary 3.9: to test whether a query Γ is of semantic tree-width k, it suffices to test the
containment Γ ⫅ Γ′, where Γ′ is the maximal under-approximation given by Corollary 3.9.
The containment problem being in ExpSpace [12, 8], we obtain:

▶ Lemma 3.10. For k ⩾ 1, the semantic tree-width k problem for UC2RPQ is in 2ExpSpace.

An ExpSpace lower bound follows by a straightforward adaptation from the ExpSpace
lower bound for the case k = 1 [5, Proposition 6.2].

▶ Lemma 3.11. The semantic tree-width k problem is ExpSpace-hard, even if restricted to
Boolean CRPQs.

We can now rely on the equivalence AppTwk
(γ) ≡ App⋆,⩽ℓ

Twk
(γ) to prove Theorem 1.5.

Proof of Theorem 1.5. The implications (3)⇒ (2)⇒ (1) are straightforward: they follow
directly from Fact 2.4. For (1) ⇒ (3), note that (1) implies that Γ ≡ AppTwk

(Γ), and by
Lemma 3.8, AppTwk

(Γ) ≡ ∆ =̂
∨

γ∈Γ App⋆,⩽ℓγ
Twk

(γ), so Γ is equivalent to the latter. Since
queries of ∆ are obtained as homomorphic images of refinements of Γ, all of which are labelled
by sublanguages of L, and since L is closed under sublanguages, it follows that hence Γ is
equivalent to a UC2RPQ(L) of tree-width k. ◀
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We are left with the proof of Lemma 3.8, which will take the next two sections. Since
AppTwk

(γ) ≡ App⋆
Twk

(γ) by Corollary 3.6 and since App⋆,⩽ℓ
Twk

(γ) is a subset of AppTwk
(γ),

we only need to show that App⋆
Twk

(γ) ⫅ App⋆,⩽ℓ
Twk

(γ). Formally, this means that for all
α ∈ Twk, if there exists ρ ∈ Ref(γ) and f : ρ

hom−−→−→ α, then there exists α′ ∈ Twk such that
α ⫅ α′ and there exists ρ′ ∈ Ref⩽ℓ(γ) and f ′ : ρ′ hom−−→−→ α′. We prove this by “massaging” the
homomorphism f : ρ

hom−−→−→ α, by looking where each atom refinement of γ is sent on α relative
to a “well-behaved” tree decomposition of α of width k. Next, we introduce the notion of
tagged tree decomposition to have a precise handle on this information.

4 Intermezzo: tagged tree decompositions

▶ Definition 4.1. Let f : ρ→ α be a homomorphism between two C2RPQs. A tagged tree
decomposition of f is a triple (T, v, t) where (T, v) is a tree decomposition of α, and t is a
mapping t : Atoms(γ)→ V (T ), called tagging, such that v(t(e)) contains both f(x) and f(y)
for each atom e = x

λ−→ y ∈ Atoms(γ).

In other words, t gives, for each atom of γ, a witnessing bag that contains it, in the sense
that it contains the image by f of the atom source and target. By definition, given a tree
decomposition (T, v) of α and a homomorphism f : ρ→ α, there is always one way (usually
many) of extending (T, v) into a tagged tree decomposition of f .

▷ Fact 4.2. Let (T, v, t) be a tagged tree decomposition of some homomorphism f : ρ→ α.
Let T ′ be the smallest connected subset of T induced by the image of t. Then (T ′, v|T ′ , t) is
still a tagged tree decomposition of f , whose width is at most the width of (T, v, t).

We extend the notion of tagging to paths: a formal definition can be found in the full
version, and the notion is illustrated in Figure 3. In the context of a (nice) tagged tree
decomposition (T, v, t) of f : ρ

hom−−→ α, given a path π of ρ, say x0
λ1−→ x1

λ2−→ · · · λn−−→ xn

(in blue in Figure 3a), the path induced by π, denoted t[π], is informally defined as the
following “path” in T × α, seen as a sequence of pairs from V (T )× vars(α):

it starts with the bag t(x0
λ1−→ x1) of T and the variable f(x0) of α; and it continues

with (t(x0
λ1−→ x1), f(x1)) (corresponding to the first blue edge in b1 of Figure 3a);

it then follows the shortest path in T (unique, since it is a tree) that goes to the
bag t(x1

λ2−→ x2), while staying in f(x1) in α (in Figure 3a, it follows the blue path:
(b2, x2), (b3, x2)) and it traverses the atom x1

λ2−→ x2 (i.e., we go to (b3, x3));
it continues in the same way for all other atoms of the path, ending up with the bag
t(xn−1

λn−−→ xn) and the variable f(xn) of α.
By construction, note that the constructed sequence (bi, zi)i is such that zi ∈ v(bi). Moreover,
given a bag b of T and a variable z of α, we say that t[π] leaves b at z when z = zi and
b = bi for some i, and either bi+1 is undefined, or distinct from b. For example, in Figure 3a,
τ [π] leaves b1 at x1 and leaves b2 at x1 and at x4. We say that an induced path is cyclic if it
contains three positions i < j < i′ such that i and i′ contain the same bag but j contains a
different bag (the one in Figure 3a is cyclic because it passes twice by the bag b2).

For technical reasons – the proof of Claim 5.2 – , we need to use the classical notion of nice
tree decomposition (see e.g. [13, Definition 13.1.4, page 149]), which is a tree decomposition
(T, v) such that any bag b that is not a leaf either: 1) has exactly two children b1, b2 such
that v(b1) = v(b) = v(b2), or 2) has exactly one child b′, and v(b′) is obtained from v(b) by
either adding a single vertex, or by removing a single vertex. A C2RPQ has tree-width k

if and only if it has a nice tree decomposition of width at most k [13, Lemma 13.1.2, page
149]. In the context of a nice tree decomposition of width k, a full bag is any bag of size
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<latexit sha1_base64="x9zjB1tQLR6Pw4UEOAnPW9h6B3I=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGirqz4MZlRXuBdiiZNNOGZpIhyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBdZY3HqjSTIp7M4ypH+GeYCEj2Fjr7rHjdQpFt+ROhBbBm0Hx6nOc6a3aKXy1u5IkERWGcKx1y3Nj46dYGUY4HeXbiaYxJgPcoy2LAkdU++lk1BE6tk4XhVLZJwyauL87UhxpPYwCWxlh09fzWWb+l7USE176KRNxYqgg04/ChCMjUbY36jJFieFDC5goZmdFpI8VJsZeJ2+P4M2vvAj1s5J3XirflouVE5gqB4dwBKfgwQVU4AaqUAMCPXiCF3h1uPPsjJ33aemSM+s5gD9yPn4AKA2SHA==</latexit>x1

<latexit sha1_base64="sWJGvdTt00+O0kGZG6QCiyG8cZw=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8GiuCpJKerOghuXFe0F2lAm00k7dDIJMxOxhD6CGxdKdetL+BrufBsnbRfa+sPAx/+fw5xz/JgzpR3n28qtrK6tb+Q3C1vbO7t79v5BQ0WJJLROIh7Jlo8V5UzQumaa01YsKQ59Tpv+8DrLmw9UKhaJez2KqRfivmABI1gb6+6xW+7aRafkTIWWwZ1D8epzkumt1rW/Or2IJCEVmnCsVNt1Yu2lWGpGOB0XOomiMSZD3KdtgwKHVHnpdNQxOjFODwWRNE9oNHV/d6Q4VGoU+qYyxHqgFrPM/C9rJzq49FIm4kRTQWYfBQlHOkLZ3qjHJCWajwxgIpmZFZEBlphoc52COYK7uPIyNMol97xUua0Uq6cwUx6O4BjOwIULqMIN1KAOBPrwBC/wanHr2ZpY77PSnDXvOYQ/sj5+ACmRkh0=</latexit>x2
<latexit sha1_base64="BZY3NpUNwwL9qWhKoEi7DyA3xSE=">AAAB6nicbZC7TsMwFIZPyq2UW4CRxaICMVUJVMBGJRbGIuhFaqPKcZ3WquNEtoOooj4CCwOosPISvAYbb4PTdoCWX7L06f/Pkc85fsyZ0o7zbeWWlldW1/LrhY3Nre0de3evrqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cJ3ljQcqFYvEvR7G1AtxT7CAEayNdffYOevYRafkTIQWwZ1B8epznOmt2rG/2t2IJCEVmnCsVMt1Yu2lWGpGOB0V2omiMSYD3KMtgwKHVHnpZNQROjJOFwWRNE9oNHF/d6Q4VGoY+qYyxLqv5rPM/C9rJTq49FIm4kRTQaYfBQlHOkLZ3qjLJCWaDw1gIpmZFZE+lphoc52COYI7v/Ii1E9L7nmpfFsuVo5hqjwcwCGcgAsXUIEbqEINCPTgCV7g1eLWszW23qelOWvWsw9/ZH38ACsVkh4=</latexit>x3

<latexit sha1_base64="i1nrgrBDE36g4HauVtl4pBxYZn0=">AAAB6nicbZDLSgMxFIZPvNZ6q7p0EyyKqzIjRd1ZcOOyor1AO5RMmmlDM5khyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs7xY8G1cZxvtLS8srq2ntvIb25t7+wW9vbrOkoUZTUaiUg1faKZ4JLVDDeCNWPFSOgL1vAH11neeGBK80jem2HMvJD0JA84JcZad4+dcqdQdErORHgR3BkUrz7Hmd6qncJXuxvRJGTSUEG0brlObLyUKMOpYKN8O9EsJnRAeqxlUZKQaS+djDrCx9bp4iBS9kmDJ+7vjpSEWg9D31aGxPT1fJaZ/2WtxASXXsplnBgm6fSjIBHYRDjbG3e5YtSIoQVCFbezYtonilBjr5O3R3DnV16E+lnJPS+Vb8vFyglMlYNDOIJTcOECKnADVagBhR48wQu8IoGe0Ri9T0uX0KznAP4IffwALJmSHw==</latexit>x4

<latexit sha1_base64="U7e5I/5jvk5WIgWt74DuHQl6Pi0=">AAAB6nicbZC7TsMwFIZPyq2UW4CRxaICMVUJKpeNSiyMRdCL1EaV4zqtVceJbAdRRX0EFgZQYeUleA023gan7QAtv2Tp0/+fI59z/JgzpR3n28otLa+sruXXCxubW9s79u5eXUWJJLRGIh7Jpo8V5UzQmmaa02YsKQ59Thv+4DrLGw9UKhaJez2MqRfinmABI1gb6+6xc9axi07JmQgtgjuD4tXnONNbtWN/tbsRSUIqNOFYqZbrxNpLsdSMcDoqtBNFY0wGuEdbBgUOqfLSyagjdGScLgoiaZ7QaOL+7khxqNQw9E1liHVfzWeZ+V/WSnRw6aVMxImmgkw/ChKOdISyvVGXSUo0HxrARDIzKyJ9LDHR5joFcwR3fuVFqJ+W3PNS+bZcrBzDVHk4gEM4ARcuoAI3UIUaEOjBE7zAq8WtZ2tsvU9Lc9asZx/+yPr4AS4dkiA=</latexit>x5
<latexit sha1_base64="12bgtH8Bg5B197kGm6H83mVYt2A=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8GiuCozUtSdBTcuK9oLtEPJpJk2NJMMSUYoQx/BjQuluvUlfA13vo2Ztgtt/SHw8f/nkHNOEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGN1nefKRKMykezCimfoT7goWMYGOt+6DrdYslt+xOhZbBm0Pp+nOS6a3WLX51epIkERWGcKx123Nj46dYGUY4HRc6iaYxJkPcp22LAkdU++l01DE6sU4PhVLZJwyaur87UhxpPYoCWxlhM9CLWWb+l7UTE175KRNxYqggs4/ChCMjUbY36jFFieEjC5goZmdFZIAVJsZep2CP4C2uvAyN87J3Ua7cVUrVU5gpD0dwDGfgwSVU4RZqUAcCfXiCF3h1uPPsTJz3WWnOmfccwh85Hz8GiZIG</latexit>

b1

<latexit sha1_base64="Pjlj4759DGhRaaxIuowVNWZxP+4=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGirqz4MZlRXuBdiiZNNOGZpIhyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBdZY3HqjSTIp7M4ypH+GeYCEj2Fjr7rHjdgpFt+ROhBbBm0Hx6nOc6a3aKXy1u5IkERWGcKx1y3Nj46dYGUY4HeXbiaYxJgPcoy2LAkdU++lk1BE6tk4XhVLZJwyauL87UhxpPYwCWxlh09fzWWb+l7USE176KRNxYqgg04/ChCMjUbY36jJFieFDC5goZmdFpI8VJsZeJ2+P4M2vvAj1s5J3XirflouVE5gqB4dwBKfgwQVU4AaqUAMCPXiCF3h1uPPsjJ33aemSM+s5gD9yPn4AJomSGw==</latexit>x0

<latexit sha1_base64="x9zjB1tQLR6Pw4UEOAnPW9h6B3I=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGirqz4MZlRXuBdiiZNNOGZpIhyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBdZY3HqjSTIp7M4ypH+GeYCEj2Fjr7rHjdQpFt+ROhBbBm0Hx6nOc6a3aKXy1u5IkERWGcKx1y3Nj46dYGUY4HeXbiaYxJgPcoy2LAkdU++lk1BE6tk4XhVLZJwyauL87UhxpPYwCWxlh09fzWWb+l7USE176KRNxYqgg04/ChCMjUbY36jJFieFDC5goZmdFpI8VJsZeJ2+P4M2vvAj1s5J3XirflouVE5gqB4dwBKfgwQVU4AaqUAMCPXiCF3h1uPPsjJ33aemSM+s5gD9yPn4AKA2SHA==</latexit>x1

<latexit sha1_base64="sWJGvdTt00+O0kGZG6QCiyG8cZw=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8GiuCpJKerOghuXFe0F2lAm00k7dDIJMxOxhD6CGxdKdetL+BrufBsnbRfa+sPAx/+fw5xz/JgzpR3n28qtrK6tb+Q3C1vbO7t79v5BQ0WJJLROIh7Jlo8V5UzQumaa01YsKQ59Tpv+8DrLmw9UKhaJez2KqRfivmABI1gb6+6xW+7aRafkTIWWwZ1D8epzkumt1rW/Or2IJCEVmnCsVNt1Yu2lWGpGOB0XOomiMSZD3KdtgwKHVHnpdNQxOjFODwWRNE9oNHV/d6Q4VGoU+qYyxHqgFrPM/C9rJzq49FIm4kRTQWYfBQlHOkLZ3qjHJCWajwxgIpmZFZEBlphoc52COYK7uPIyNMol97xUua0Uq6cwUx6O4BjOwIULqMIN1KAOBPrwBC/wanHr2ZpY77PSnDXvOYQ/sj5+ACmRkh0=</latexit>x2
<latexit sha1_base64="BZY3NpUNwwL9qWhKoEi7DyA3xSE=">AAAB6nicbZC7TsMwFIZPyq2UW4CRxaICMVUJVMBGJRbGIuhFaqPKcZ3WquNEtoOooj4CCwOosPISvAYbb4PTdoCWX7L06f/Pkc85fsyZ0o7zbeWWlldW1/LrhY3Nre0de3evrqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cJ3ljQcqFYvEvR7G1AtxT7CAEayNdffYOevYRafkTIQWwZ1B8epznOmt2rG/2t2IJCEVmnCsVMt1Yu2lWGpGOB0V2omiMSYD3KMtgwKHVHnpZNQROjJOFwWRNE9oNHF/d6Q4VGoY+qYyxLqv5rPM/C9rJTq49FIm4kRTQaYfBQlHOkLZ3qjLJCWaDw1gIpmZFZE+lphoc52COYI7v/Ii1E9L7nmpfFsuVo5hqjwcwCGcgAsXUIEbqEINCPTgCV7g1eLWszW23qelOWvWsw9/ZH38ACsVkh4=</latexit>x3

<latexit sha1_base64="i1nrgrBDE36g4HauVtl4pBxYZn0=">AAAB6nicbZDLSgMxFIZPvNZ6q7p0EyyKqzIjRd1ZcOOyor1AO5RMmmlDM5khyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs7xY8G1cZxvtLS8srq2ntvIb25t7+wW9vbrOkoUZTUaiUg1faKZ4JLVDDeCNWPFSOgL1vAH11neeGBK80jem2HMvJD0JA84JcZad4+dcqdQdErORHgR3BkUrz7Hmd6qncJXuxvRJGTSUEG0brlObLyUKMOpYKN8O9EsJnRAeqxlUZKQaS+djDrCx9bp4iBS9kmDJ+7vjpSEWg9D31aGxPT1fJaZ/2WtxASXXsplnBgm6fSjIBHYRDjbG3e5YtSIoQVCFbezYtonilBjr5O3R3DnV16E+lnJPS+Vb8vFyglMlYNDOIJTcOECKnADVagBhR48wQu8IoGe0Ri9T0uX0KznAP4IffwALJmSHw==</latexit>x4

<latexit sha1_base64="U7e5I/5jvk5WIgWt74DuHQl6Pi0=">AAAB6nicbZC7TsMwFIZPyq2UW4CRxaICMVUJKpeNSiyMRdCL1EaV4zqtVceJbAdRRX0EFgZQYeUleA023gan7QAtv2Tp0/+fI59z/JgzpR3n28otLa+sruXXCxubW9s79u5eXUWJJLRGIh7Jpo8V5UzQmmaa02YsKQ59Thv+4DrLGw9UKhaJez2MqRfinmABI1gb6+6xc9axi07JmQgtgjuD4tXnONNbtWN/tbsRSUIqNOFYqZbrxNpLsdSMcDoqtBNFY0wGuEdbBgUOqfLSyagjdGScLgoiaZ7QaOL+7khxqNQw9E1liHVfzWeZ+V/WSnRw6aVMxImmgkw/ChKOdISyvVGXSUo0HxrARDIzKyJ9LDHR5joFcwR3fuVFqJ+W3PNS+bZcrBzDVHk4gEM4ARcuoAI3UIUaEOjBE7zAq8WtZ2tsvU9Lc9asZx/+yPr4AS4dkiA=</latexit>x5

<latexit sha1_base64="Pjlj4759DGhRaaxIuowVNWZxP+4=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGirqz4MZlRXuBdiiZNNOGZpIhyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBdZY3HqjSTIp7M4ypH+GeYCEj2Fjr7rHjdgpFt+ROhBbBm0Hx6nOc6a3aKXy1u5IkERWGcKx1y3Nj46dYGUY4HeXbiaYxJgPcoy2LAkdU++lk1BE6tk4XhVLZJwyauL87UhxpPYwCWxlh09fzWWb+l7USE176KRNxYqgg04/ChCMjUbY36jJFieFDC5goZmdFpI8VJsZeJ2+P4M2vvAj1s5J3XirflouVE5gqB4dwBKfgwQVU4AaqUAMCPXiCF3h1uPPsjJ33aemSM+s5gD9yPn4AJomSGw==</latexit>x0

<latexit sha1_base64="x9zjB1tQLR6Pw4UEOAnPW9h6B3I=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGirqz4MZlRXuBdiiZNNOGZpIhyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBdZY3HqjSTIp7M4ypH+GeYCEj2Fjr7rHjdQpFt+ROhBbBm0Hx6nOc6a3aKXy1u5IkERWGcKx1y3Nj46dYGUY4HeXbiaYxJgPcoy2LAkdU++lk1BE6tk4XhVLZJwyauL87UhxpPYwCWxlh09fzWWb+l7USE176KRNxYqgg04/ChCMjUbY36jJFieFDC5goZmdFpI8VJsZeJ2+P4M2vvAj1s5J3XirflouVE5gqB4dwBKfgwQVU4AaqUAMCPXiCF3h1uPPsjJ33aemSM+s5gD9yPn4AKA2SHA==</latexit>x1

<latexit sha1_base64="sWJGvdTt00+O0kGZG6QCiyG8cZw=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8GiuCpJKerOghuXFe0F2lAm00k7dDIJMxOxhD6CGxdKdetL+BrufBsnbRfa+sPAx/+fw5xz/JgzpR3n28qtrK6tb+Q3C1vbO7t79v5BQ0WJJLROIh7Jlo8V5UzQumaa01YsKQ59Tpv+8DrLmw9UKhaJez2KqRfivmABI1gb6+6xW+7aRafkTIWWwZ1D8epzkumt1rW/Or2IJCEVmnCsVNt1Yu2lWGpGOB0XOomiMSZD3KdtgwKHVHnpdNQxOjFODwWRNE9oNHV/d6Q4VGoU+qYyxHqgFrPM/C9rJzq49FIm4kRTQWYfBQlHOkLZ3qjHJCWajwxgIpmZFZEBlphoc52COYK7uPIyNMol97xUua0Uq6cwUx6O4BjOwIULqMIN1KAOBPrwBC/wanHr2ZpY77PSnDXvOYQ/sj5+ACmRkh0=</latexit>x2
<latexit sha1_base64="BZY3NpUNwwL9qWhKoEi7DyA3xSE=">AAAB6nicbZC7TsMwFIZPyq2UW4CRxaICMVUJVMBGJRbGIuhFaqPKcZ3WquNEtoOooj4CCwOosPISvAYbb4PTdoCWX7L06f/Pkc85fsyZ0o7zbeWWlldW1/LrhY3Nre0de3evrqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cJ3ljQcqFYvEvR7G1AtxT7CAEayNdffYOevYRafkTIQWwZ1B8epznOmt2rG/2t2IJCEVmnCsVMt1Yu2lWGpGOB0V2omiMSYD3KMtgwKHVHnpZNQROjJOFwWRNE9oNHF/d6Q4VGoY+qYyxLqv5rPM/C9rJTq49FIm4kRTQaYfBQlHOkLZ3qjLJCWaDw1gIpmZFZE+lphoc52COYI7v/Ii1E9L7nmpfFsuVo5hqjwcwCGcgAsXUIEbqEINCPTgCV7g1eLWszW23qelOWvWsw9/ZH38ACsVkh4=</latexit>x3

<latexit sha1_base64="i1nrgrBDE36g4HauVtl4pBxYZn0=">AAAB6nicbZDLSgMxFIZPvNZ6q7p0EyyKqzIjRd1ZcOOyor1AO5RMmmlDM5khyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs7xY8G1cZxvtLS8srq2ntvIb25t7+wW9vbrOkoUZTUaiUg1faKZ4JLVDDeCNWPFSOgL1vAH11neeGBK80jem2HMvJD0JA84JcZad4+dcqdQdErORHgR3BkUrz7Hmd6qncJXuxvRJGTSUEG0brlObLyUKMOpYKN8O9EsJnRAeqxlUZKQaS+djDrCx9bp4iBS9kmDJ+7vjpSEWg9D31aGxPT1fJaZ/2WtxASXXsplnBgm6fSjIBHYRDjbG3e5YtSIoQVCFbezYtonilBjr5O3R3DnV16E+lnJPS+Vb8vFyglMlYNDOIJTcOECKnADVagBhR48wQu8IoGe0Ri9T0uX0KznAP4IffwALJmSHw==</latexit>x4

<latexit sha1_base64="U7e5I/5jvk5WIgWt74DuHQl6Pi0=">AAAB6nicbZC7TsMwFIZPyq2UW4CRxaICMVUJKpeNSiyMRdCL1EaV4zqtVceJbAdRRX0EFgZQYeUleA023gan7QAtv2Tp0/+fI59z/JgzpR3n28otLa+sruXXCxubW9s79u5eXUWJJLRGIh7Jpo8V5UzQmmaa02YsKQ59Thv+4DrLGw9UKhaJez2MqRfinmABI1gb6+6xc9axi07JmQgtgjuD4tXnONNbtWN/tbsRSUIqNOFYqZbrxNpLsdSMcDoqtBNFY0wGuEdbBgUOqfLSyagjdGScLgoiaZ7QaOL+7khxqNQw9E1liHVfzWeZ+V/WSnRw6aVMxImmgkw/ChKOdISyvVGXSUo0HxrARDIzKyJ9LDHR5joFcwR3fuVFqJ+W3PNS+bZcrBzDVHk4gEM4ARcuoAI3UIUaEOjBE7zAq8WtZ2tsvU9Lc9asZx/+yPr4AS4dkiA=</latexit>x5

<latexit sha1_base64="Pjlj4759DGhRaaxIuowVNWZxP+4=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGirqz4MZlRXuBdiiZNNOGZpIhyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBdZY3HqjSTIp7M4ypH+GeYCEj2Fjr7rHjdgpFt+ROhBbBm0Hx6nOc6a3aKXy1u5IkERWGcKx1y3Nj46dYGUY4HeXbiaYxJgPcoy2LAkdU++lk1BE6tk4XhVLZJwyauL87UhxpPYwCWxlh09fzWWb+l7USE176KRNxYqgg04/ChCMjUbY36jJFieFDC5goZmdFpI8VJsZeJ2+P4M2vvAj1s5J3XirflouVE5gqB4dwBKfgwQVU4AaqUAMCPXiCF3h1uPPsjJ33aemSM+s5gD9yPn4AJomSGw==</latexit>x0

<latexit sha1_base64="x9zjB1tQLR6Pw4UEOAnPW9h6B3I=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGirqz4MZlRXuBdiiZNNOGZpIhyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBdZY3HqjSTIp7M4ypH+GeYCEj2Fjr7rHjdQpFt+ROhBbBm0Hx6nOc6a3aKXy1u5IkERWGcKx1y3Nj46dYGUY4HeXbiaYxJgPcoy2LAkdU++lk1BE6tk4XhVLZJwyauL87UhxpPYwCWxlh09fzWWb+l7USE176KRNxYqgg04/ChCMjUbY36jJFieFDC5goZmdFpI8VJsZeJ2+P4M2vvAj1s5J3XirflouVE5gqB4dwBKfgwQVU4AaqUAMCPXiCF3h1uPPsjJ33aemSM+s5gD9yPn4AKA2SHA==</latexit>x1

<latexit sha1_base64="sWJGvdTt00+O0kGZG6QCiyG8cZw=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8GiuCpJKerOghuXFe0F2lAm00k7dDIJMxOxhD6CGxdKdetL+BrufBsnbRfa+sPAx/+fw5xz/JgzpR3n28qtrK6tb+Q3C1vbO7t79v5BQ0WJJLROIh7Jlo8V5UzQumaa01YsKQ59Tpv+8DrLmw9UKhaJez2KqRfivmABI1gb6+6xW+7aRafkTIWWwZ1D8epzkumt1rW/Or2IJCEVmnCsVNt1Yu2lWGpGOB0XOomiMSZD3KdtgwKHVHnpdNQxOjFODwWRNE9oNHV/d6Q4VGoU+qYyxHqgFrPM/C9rJzq49FIm4kRTQWYfBQlHOkLZ3qjHJCWajwxgIpmZFZEBlphoc52COYK7uPIyNMol97xUua0Uq6cwUx6O4BjOwIULqMIN1KAOBPrwBC/wanHr2ZpY77PSnDXvOYQ/sj5+ACmRkh0=</latexit>x2
<latexit sha1_base64="BZY3NpUNwwL9qWhKoEi7DyA3xSE=">AAAB6nicbZC7TsMwFIZPyq2UW4CRxaICMVUJVMBGJRbGIuhFaqPKcZ3WquNEtoOooj4CCwOosPISvAYbb4PTdoCWX7L06f/Pkc85fsyZ0o7zbeWWlldW1/LrhY3Nre0de3evrqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cJ3ljQcqFYvEvR7G1AtxT7CAEayNdffYOevYRafkTIQWwZ1B8epznOmt2rG/2t2IJCEVmnCsVMt1Yu2lWGpGOB0V2omiMSYD3KMtgwKHVHnpZNQROjJOFwWRNE9oNHF/d6Q4VGoY+qYyxLqv5rPM/C9rJTq49FIm4kRTQaYfBQlHOkLZ3qjLJCWaDw1gIpmZFZE+lphoc52COYI7v/Ii1E9L7nmpfFsuVo5hqjwcwCGcgAsXUIEbqEINCPTgCV7g1eLWszW23qelOWvWsw9/ZH38ACsVkh4=</latexit>x3

<latexit sha1_base64="i1nrgrBDE36g4HauVtl4pBxYZn0=">AAAB6nicbZDLSgMxFIZPvNZ6q7p0EyyKqzIjRd1ZcOOyor1AO5RMmmlDM5khyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs7xY8G1cZxvtLS8srq2ntvIb25t7+wW9vbrOkoUZTUaiUg1faKZ4JLVDDeCNWPFSOgL1vAH11neeGBK80jem2HMvJD0JA84JcZad4+dcqdQdErORHgR3BkUrz7Hmd6qncJXuxvRJGTSUEG0brlObLyUKMOpYKN8O9EsJnRAeqxlUZKQaS+djDrCx9bp4iBS9kmDJ+7vjpSEWg9D31aGxPT1fJaZ/2WtxASXXsplnBgm6fSjIBHYRDjbG3e5YtSIoQVCFbezYtonilBjr5O3R3DnV16E+lnJPS+Vb8vFyglMlYNDOIJTcOECKnADVagBhR48wQu8IoGe0Ri9T0uX0KznAP4IffwALJmSHw==</latexit>x4

<latexit sha1_base64="U7e5I/5jvk5WIgWt74DuHQl6Pi0=">AAAB6nicbZC7TsMwFIZPyq2UW4CRxaICMVUJKpeNSiyMRdCL1EaV4zqtVceJbAdRRX0EFgZQYeUleA023gan7QAtv2Tp0/+fI59z/JgzpR3n28otLa+sruXXCxubW9s79u5eXUWJJLRGIh7Jpo8V5UzQmmaa02YsKQ59Thv+4DrLGw9UKhaJez2MqRfinmABI1gb6+6xc9axi07JmQgtgjuD4tXnONNbtWN/tbsRSUIqNOFYqZbrxNpLsdSMcDoqtBNFY0wGuEdbBgUOqfLSyagjdGScLgoiaZ7QaOL+7khxqNQw9E1liHVfzWeZ+V/WSnRw6aVMxImmgkw/ChKOdISyvVGXSUo0HxrARDIzKyJ9LDHR5joFcwR3fuVFqJ+W3PNS+bZcrBzDVHk4gEM4ARcuoAI3UIUaEOjBE7zAq8WtZ2tsvU9Lc9asZx/+yPr4AS4dkiA=</latexit>x5

<latexit sha1_base64="OJq4h6qYiu/1D3t7EFAkuyOOQdQ=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2WmFHVnwY3LivYC7VAyaaYNzSRDkhHK0Edw40Kpbn0JX8Odb2Om7UJbfwh8/P855JwTxJxp47rfzsrq2vrGZm4rv72zu7dfODhsaJkoQutEcqlaAdaUM0HrhhlOW7GiOAo4bQbDmyxvPlKlmRQPZhRTP8J9wUJGsLHWfdAtdwtFt+ROhZbBm0Px+nOS6a3WLXx1epIkERWGcKx123Nj46dYGUY4Hec7iaYxJkPcp22LAkdU++l01DE6tU4PhVLZJwyaur87UhxpPYoCWxlhM9CLWWb+l7UTE175KRNxYqggs4/ChCMjUbY36jFFieEjC5goZmdFZIAVJsZeJ2+P4C2uvAyNcsm7KFXuKsXqGcyUg2M4gXPw4BKqcAs1qAOBPjzBC7w63Hl2Js77rHTFmfccwR85Hz8IDZIH</latexit>

b2
<latexit sha1_base64="g9x/er79OCzthRhk47GCcei3B0Q=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGi7qz4MZlRXuBdiiZNNOGJpkhyQhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XdZQoQmsk4pFqBlhTziStGWY4bcaKYhFw2ggGN1neeKRKs0g+mGFMfYF7koWMYGOt+6Bz3ikU3ZI7EVoEbwbF689xprdqp/DV7kYkEVQawrHWLc+NjZ9iZRjhdJRvJ5rGmAxwj7YsSiyo9tPJqCN0bJ0uCiNlnzRo4v7uSLHQeigCWymw6ev5LDP/y1qJCa/8lMk4MVSS6UdhwpGJULY36jJFieFDC5goZmdFpI8VJsZeJ2+P4M2vvAj1s5J3USrflYuVE5gqB4dwBKfgwSVU4BaqUAMCPXiCF3h1uPPsjJ33aemSM+s5gD9yPn4ACZGSCA==</latexit>

b3

<latexit sha1_base64="i3wtW0iCO5onvmHhurbMwj378u8=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8GiuCozUtSdBTcuK9oLtEPJpJk2NJMMSUYoQx/BjQuluvUlfA13vo2Ztgtt/SHw8f/nkHNOEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGN1nefKRKMykezCimfoT7goWMYGOt+6Bb6RZLbtmdCi2DN4fS9eck01utW/zq9CRJIioM4VjrtufGxk+xMoxwOi50Ek1jTIa4T9sWBY6o9tPpqGN0Yp0eCqWyTxg0dX93pDjSehQFtjLCZqAXs8z8L2snJrzyUybixFBBZh+FCUdGomxv1GOKEsNHFjBRzM6KyAArTIy9TsEewVtceRka52Xvoly5q5SqpzBTHo7gGM7Ag0uowi3UoA4E+vAEL/DqcOfZmTjvs9KcM+85hD9yPn4ACxWSCQ==</latexit>

b4

<latexit sha1_base64="Pjlj4759DGhRaaxIuowVNWZxP+4=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGirqz4MZlRXuBdiiZNNOGZpIhyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBdZY3HqjSTIp7M4ypH+GeYCEj2Fjr7rHjdgpFt+ROhBbBm0Hx6nOc6a3aKXy1u5IkERWGcKx1y3Nj46dYGUY4HeXbiaYxJgPcoy2LAkdU++lk1BE6tk4XhVLZJwyauL87UhxpPYwCWxlh09fzWWb+l7USE176KRNxYqgg04/ChCMjUbY36jJFieFDC5goZmdFpI8VJsZeJ2+P4M2vvAj1s5J3XirflouVE5gqB4dwBKfgwQVU4AaqUAMCPXiCF3h1uPPsjJ33aemSM+s5gD9yPn4AJomSGw==</latexit>x0

<latexit sha1_base64="x9zjB1tQLR6Pw4UEOAnPW9h6B3I=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGirqz4MZlRXuBdiiZNNOGZpIhyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBdZY3HqjSTIp7M4ypH+GeYCEj2Fjr7rHjdQpFt+ROhBbBm0Hx6nOc6a3aKXy1u5IkERWGcKx1y3Nj46dYGUY4HeXbiaYxJgPcoy2LAkdU++lk1BE6tk4XhVLZJwyauL87UhxpPYwCWxlh09fzWWb+l7USE176KRNxYqgg04/ChCMjUbY36jJFieFDC5goZmdFpI8VJsZeJ2+P4M2vvAj1s5J3XirflouVE5gqB4dwBKfgwQVU4AaqUAMCPXiCF3h1uPPsjJ33aemSM+s5gD9yPn4AKA2SHA==</latexit>x1

<latexit sha1_base64="sWJGvdTt00+O0kGZG6QCiyG8cZw=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8GiuCpJKerOghuXFe0F2lAm00k7dDIJMxOxhD6CGxdKdetL+BrufBsnbRfa+sPAx/+fw5xz/JgzpR3n28qtrK6tb+Q3C1vbO7t79v5BQ0WJJLROIh7Jlo8V5UzQumaa01YsKQ59Tpv+8DrLmw9UKhaJez2KqRfivmABI1gb6+6xW+7aRafkTIWWwZ1D8epzkumt1rW/Or2IJCEVmnCsVNt1Yu2lWGpGOB0XOomiMSZD3KdtgwKHVHnpdNQxOjFODwWRNE9oNHV/d6Q4VGoU+qYyxHqgFrPM/C9rJzq49FIm4kRTQWYfBQlHOkLZ3qjHJCWajwxgIpmZFZEBlphoc52COYK7uPIyNMol97xUua0Uq6cwUx6O4BjOwIULqMIN1KAOBPrwBC/wanHr2ZpY77PSnDXvOYQ/sj5+ACmRkh0=</latexit>x2
<latexit sha1_base64="BZY3NpUNwwL9qWhKoEi7DyA3xSE=">AAAB6nicbZC7TsMwFIZPyq2UW4CRxaICMVUJVMBGJRbGIuhFaqPKcZ3WquNEtoOooj4CCwOosPISvAYbb4PTdoCWX7L06f/Pkc85fsyZ0o7zbeWWlldW1/LrhY3Nre0de3evrqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cJ3ljQcqFYvEvR7G1AtxT7CAEayNdffYOevYRafkTIQWwZ1B8epznOmt2rG/2t2IJCEVmnCsVMt1Yu2lWGpGOB0V2omiMSYD3KMtgwKHVHnpZNQROjJOFwWRNE9oNHF/d6Q4VGoY+qYyxLqv5rPM/C9rJTq49FIm4kRTQaYfBQlHOkLZ3qjLJCWaDw1gIpmZFZE+lphoc52COYI7v/Ii1E9L7nmpfFsuVo5hqjwcwCGcgAsXUIEbqEINCPTgCV7g1eLWszW23qelOWvWsw9/ZH38ACsVkh4=</latexit>x3

<latexit sha1_base64="i1nrgrBDE36g4HauVtl4pBxYZn0=">AAAB6nicbZDLSgMxFIZPvNZ6q7p0EyyKqzIjRd1ZcOOyor1AO5RMmmlDM5khyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs7xY8G1cZxvtLS8srq2ntvIb25t7+wW9vbrOkoUZTUaiUg1faKZ4JLVDDeCNWPFSOgL1vAH11neeGBK80jem2HMvJD0JA84JcZad4+dcqdQdErORHgR3BkUrz7Hmd6qncJXuxvRJGTSUEG0brlObLyUKMOpYKN8O9EsJnRAeqxlUZKQaS+djDrCx9bp4iBS9kmDJ+7vjpSEWg9D31aGxPT1fJaZ/2WtxASXXsplnBgm6fSjIBHYRDjbG3e5YtSIoQVCFbezYtonilBjr5O3R3DnV16E+lnJPS+Vb8vFyglMlYNDOIJTcOECKnADVagBhR48wQu8IoGe0Ri9T0uX0KznAP4IffwALJmSHw==</latexit>x4
<latexit sha1_base64="KRNBKgds8v+0JyLqBtflRqehOhI=">AAAB9XicbVDLSgNBEJyNrxhfUY9eFoPiKexKUG8GvHiMYB6QrGF2tjcZMvtgplcNS/5DBQ+KePXsb3jzb5xNctDEgoaiqpvuLjcWXKFlfRu5hcWl5ZX8amFtfWNzq7i901BRIhnUWSQi2XKpAsFDqCNHAa1YAg1cAU13cJH5zVuQikfhNQ5jcALaC7nPGUUt3XQQ7jHloZcwUKNusWSVrTHMeWJPSen88zHDU61b/Op4EUsCCJEJqlTbtmJ0UiqRMwGjQidREFM2oD1oaxrSAJSTjq8emQda8Uw/krpCNMfq74mUBkoNA1d3BhT7atbLxP+8doL+maOfihOEkE0W+YkwMTKzCEyPS2AohppQJrm+1WR9KilDHVRBh2DPvjxPGsdl+6RcuaqUqodkgjzZI/vkiNjklFTJJamROmFEkgfyQl6NO+PZeDPeJ605YzqzS/7A+PgBckuXhg==</latexit>

induces

<latexit sha1_base64="8WUFAY1U6crkKur0dgMNaMMnZXs=">AAACiHichZFNS8MwGMfT6nTWt6pHL8WhCMJot+r05NCLxwnuBbZS0ixzYWlTklQcpR9EL34Ov4Y3v43ptoNuBf8Q+PN7XpI8TxBTIqRtf2v62nppY7O8ZWzv7O7tmweHHcESjnAbMcp4L4ACUxLhtiSS4l7MMQwDirvB5D6Pd18wF4RFT3IaYy+EzxEZEQSlQr75kaaB72QDNGZM4PTVt7PMWGbOgtUKWP0fVitg9YJ+RczNMt+s2FV7JmvVOAtTuf18y/Xe8s2vwZChJMSRRBQK0XfsWHop5JIgijNjkAgcQzSBz7ivbARDLLx0NsjMOlVkaI0YVyeS1oz+rkhhKMQ0DFRmCOVYLMdyWBTrJ3J07aUkihOJIzS/aJRQSzIr34o1JBwjSafKQMSJequFxpBDJNXuDDUEZ/nLq6ZTqzpXVffRrTTPwFxlcAxOwDlwQAM0wQNogTZAWkm70FztUjd0W2/oN/NUXVvUHIE/0u9+AGZpzLQ=</latexit>✓
b1
x0

◆✓
b1
x1

◆✓
b2
x1

◆✓
b3
x1

◆✓
b3
x2

◆✓
b3
x3

◆✓
b2
x3

◆✓
b2
x4

◆
<latexit sha1_base64="ZNNHHKKrekcxbL4caQvOzsg2/jQ=">AAAB+HicbVC7SgNBFJ31GeMjUUubwaBYhV0JamfAxjJCXpAsYXZyNxky+2DmrhiXfIjaWChia+dv2Pk3Th6FJh4YOJxzL/fM8WIpNNr2t7W0vLK6tp7ZyG5ube/k8rt7dR0likONRzJSTY9pkCKEGgqU0IwVsMCT0PAGV2O/cQtKiyis4jAGN2C9UPiCMzRSJ59rI9xhWu0DjRn2R518wS7aE9BF4sxI4fLzYYzHSif/1e5GPAkgRC6Z1i3HjtFNmULBJYyy7URDzPiA9aBlaMgC0G46CT6iR0bpUj9S5oVIJ+rvjZQFWg8Dz0wGJp2e98bif14rQf/CTUUYJwghnx7yE0kxouMWaFco4CiHhjCuhMlKeZ8pxtF0lTUlOPNfXiT106JzVizdlArlYzJFhhyQQ3JCHHJOyuSaVEiNcJKQJ/JCXq1769l6s96no0vWbGef/IH18QMXPZfE</latexit>

The path

<latexit sha1_base64="pq04MCUmwJajH3J1XoV93Rfikno=">AAACBHicbZC7SgNBFIZnvcZ4W7VMMxiUCCHsSlAbMWBjGSE3SEKYncwmQ2YvzJwNhiWFje+gL2BjoYiFjQ9h59s4uQia+MPAx3/O4cz5nVBwBZb1ZSwsLi2vrCbWkusbm1vb5s5uRQWRpKxMAxHImkMUE9xnZeAgWC2UjHiOYFWndzmqV/tMKh74JRiErOmRjs9dTgloq2WmMqVsA9gNOG7cH2bxD8Pw6Lxlpq2cNRaeB3sK6Yv3+5Eeii3zs9EOaOQxH6ggStVtK4RmTCRwKtgw2YgUCwntkQ6ra/SJx1QzHh8xxAfaaWM3kPr5gMfu74mYeEoNPEd3egS6arY2Mv+r1SNwz5ox98MImE8ni9xIYAjwKBHc5pJREAMNhEqu/4ppl0hCQeeW1CHYsyfPQ+U4Z5/k8tf5dOEQTZRAKbSPMshGp6iArlARlRFFt+gRPaMX4854Ml6Nt0nrgjGd2UN/ZHx8Azk6nDs=</latexit>

(T,v, t) =

<latexit sha1_base64="zjhjWOxjVL3oB/gTGIomyoHWgjw=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgUV8OMBHVnwI3LBMwDkiH0dGqSNj0PunuEEPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKTwRX2nG+rZXVtfWNzdxWfntnd2+/cHBYV3EqGdZYLGLZ9KlCwSOsaa4FNhOJNPQFNvzBbZY3HlEqHkf3epigF9JexAPOqDZW1e4Uio7tTEWWwZ1D8eZzkum90il8tbsxS0OMNBNUqZbrJNobUak5EzjOt1OFCWUD2sOWwYiGqLzRdNAxOTVOlwSxNC/SZOr+7hjRUKlh6JvKkOq+Wswy87+slerg2hvxKEk1Rmz2UZAKomOSbU26XCLTYmiAMsnNrIT1qaRMm9vkzRHcxZWXoX5hu5d2qVoqls9gphwcwwmcgwtXUIY7qEANGCA8wQu8Wg/Ws/VmTWalK9a85wj+yPr4AZJukS4=</latexit>.

<latexit sha1_base64="sKtqiTZMhDUnq3j086HNACYdy/c=">AAAB6nicdZDLSgMxFIbP1Futt6pLN6FFcFVmSqntyoIbFy4q2gu0Q8mkmTY0kxmSjFCGPoIbF0p160v4Gu58GzOtgor+EPj4/3PIOceLOFPatt+tzMrq2vpGdjO3tb2zu5ffP2irMJaEtkjIQ9n1sKKcCdrSTHPajSTFgcdpx5ucp3nnlkrFQnGjpxF1AzwSzGcEa2NdXw6cQb5ol2yjahWl4NRsx0C9XiuX68hZRLZdPHudp3pqDvJv/WFI4oAKTThWqufYkXYTLDUjnM5y/VjRCJMJHtGeQYEDqtxkMeoMHRtniPxQmic0WrjfOxIcKDUNPFMZYD1Wv7PU/CvrxdqvuQkTUaypIMuP/JgjHaJ0bzRkkhLNpwYwkczMisgYS0y0uU7OHOFrU/Q/tMslp1qqXFWKjQIslYUjKMAJOHAKDbiAJrSAwAju4AEeLW7dW3PreVmasT57DuGHrJcPOxaSKQ==</latexit>

L1

<latexit sha1_base64="ts2re28lZDiduVByWSGbUKVd4Dw=">AAAB6nicdZDLSgMxFIbP1Futt6pLN6FFcFUypdR2ZcGNCxcV7QXaoWTSTBuauZBkhDL0Edy4UKpbX8LXcOfbmGkVVPSHwMf/n0POOW4kuNIYv1uZldW19Y3sZm5re2d3L79/0FZhLClr0VCEsusSxQQPWEtzLVg3koz4rmAdd3Ke5p1bJhUPgxs9jZjjk1HAPU6JNtb15aA8yBdxCRtVqygFu4ZtA/V6rVyuI3sRYVw8e52nemoO8m/9YUhjnwWaCqJUz8aRdhIiNaeCzXL9WLGI0AkZsZ7BgPhMOcli1Bk6Ns4QeaE0L9Bo4X7vSIiv1NR3TaVP9Fj9zlLzr6wXa6/mJDyIYs0CuvzIiwXSIUr3RkMuGdViaoBQyc2siI6JJFSb6+TMEb42Rf9Du1yyq6XKVaXYKMBSWTiCApyADafQgAtoQgsojOAOHuDREta9Nbeel6UZ67PnEH7IevkAPJqSKg==</latexit>

L2

<latexit sha1_base64="NQjedJ0YdZxR+kI7Mh/hVL20YvA=">AAAB6nicdZDLSgMxFIbPeK31VnXpJrQIrkqmltquLLhx4aKivUA7lEyaaUMzF5KMUIY+ghsXSnXrS/ga7nwbM62Civ4Q+Pj/c8g5x40EVxrjd2tpeWV1bT2zkd3c2t7Zze3tt1QYS8qaNBSh7LhEMcED1tRcC9aJJCO+K1jbHZ+nefuWScXD4EZPIub4ZBhwj1OijXV92T/p5wq4iI0qFZSCXcW2gVqtWirVkD2PMC6cvc5SPTX6ubfeIKSxzwJNBVGqa+NIOwmRmlPBptlerFhE6JgMWddgQHymnGQ+6hQdGWeAvFCaF2g0d793JMRXauK7ptIneqR+Z6n5V9aNtVd1Eh5EsWYBXXzkxQLpEKV7owGXjGoxMUCo5GZWREdEEqrNdbLmCF+bov+hVSralWL5qlyo52GhDBxCHo7BhlOowwU0oAkUhnAHD/BoCevemlnPi9Il67PnAH7IevkAPh6SKw==</latexit>

L3

<latexit sha1_base64="1Z7D/edeqo3hXwPwtcTq6aJa4Gk=">AAAB6nicdZDLSgMxFIbP1Futt6pLN6FFcFVmSqntyoIbFy4q2gu0Q8mkmTY0kxmSjFCGPoIbF0p160v4Gu58GzOtgor+EPj4/3PIOceLOFPatt+tzMrq2vpGdjO3tb2zu5ffP2irMJaEtkjIQ9n1sKKcCdrSTHPajSTFgcdpx5ucp3nnlkrFQnGjpxF1AzwSzGcEa2NdXw4qg3zRLtlG1SpKwanZjoF6vVYu15GziGy7ePY6T/XUHOTf+sOQxAEVmnCsVM+xI+0mWGpGOJ3l+rGiESYTPKI9gwIHVLnJYtQZOjbOEPmhNE9otHC/dyQ4UGoaeKYywHqsfmep+VfWi7VfcxMmolhTQZYf+TFHOkTp3mjIJCWaTw1gIpmZFZExlphoc52cOcLXpuh/aJdLTrVUuaoUGwVYKgtHUIATcOAUGnABTWgBgRHcwQM8Wty6t+bW87I0Y332HMIPWS8fP6KSLA==</latexit>

L4

<latexit sha1_base64="Pjlj4759DGhRaaxIuowVNWZxP+4=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGirqz4MZlRXuBdiiZNNOGZpIhyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBdZY3HqjSTIp7M4ypH+GeYCEj2Fjr7rHjdgpFt+ROhBbBm0Hx6nOc6a3aKXy1u5IkERWGcKx1y3Nj46dYGUY4HeXbiaYxJgPcoy2LAkdU++lk1BE6tk4XhVLZJwyauL87UhxpPYwCWxlh09fzWWb+l7USE176KRNxYqgg04/ChCMjUbY36jJFieFDC5goZmdFpI8VJsZeJ2+P4M2vvAj1s5J3XirflouVE5gqB4dwBKfgwQVU4AaqUAMCPXiCF3h1uPPsjJ33aemSM+s5gD9yPn4AJomSGw==</latexit>x0

<latexit sha1_base64="x9zjB1tQLR6Pw4UEOAnPW9h6B3I=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGirqz4MZlRXuBdiiZNNOGZpIhyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBdZY3HqjSTIp7M4ypH+GeYCEj2Fjr7rHjdQpFt+ROhBbBm0Hx6nOc6a3aKXy1u5IkERWGcKx1y3Nj46dYGUY4HeXbiaYxJgPcoy2LAkdU++lk1BE6tk4XhVLZJwyauL87UhxpPYwCWxlh09fzWWb+l7USE176KRNxYqgg04/ChCMjUbY36jJFieFDC5goZmdFpI8VJsZeJ2+P4M2vvAj1s5J3XirflouVE5gqB4dwBKfgwQVU4AaqUAMCPXiCF3h1uPPsjJ33aemSM+s5gD9yPn4AKA2SHA==</latexit>x1

<latexit sha1_base64="sWJGvdTt00+O0kGZG6QCiyG8cZw=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8GiuCpJKerOghuXFe0F2lAm00k7dDIJMxOxhD6CGxdKdetL+BrufBsnbRfa+sPAx/+fw5xz/JgzpR3n28qtrK6tb+Q3C1vbO7t79v5BQ0WJJLROIh7Jlo8V5UzQumaa01YsKQ59Tpv+8DrLmw9UKhaJez2KqRfivmABI1gb6+6xW+7aRafkTIWWwZ1D8epzkumt1rW/Or2IJCEVmnCsVNt1Yu2lWGpGOB0XOomiMSZD3KdtgwKHVHnpdNQxOjFODwWRNE9oNHV/d6Q4VGoU+qYyxHqgFrPM/C9rJzq49FIm4kRTQWYfBQlHOkLZ3qjHJCWajwxgIpmZFZEBlphoc52COYK7uPIyNMol97xUua0Uq6cwUx6O4BjOwIULqMIN1KAOBPrwBC/wanHr2ZpY77PSnDXvOYQ/sj5+ACmRkh0=</latexit>x2
<latexit sha1_base64="BZY3NpUNwwL9qWhKoEi7DyA3xSE=">AAAB6nicbZC7TsMwFIZPyq2UW4CRxaICMVUJVMBGJRbGIuhFaqPKcZ3WquNEtoOooj4CCwOosPISvAYbb4PTdoCWX7L06f/Pkc85fsyZ0o7zbeWWlldW1/LrhY3Nre0de3evrqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cJ3ljQcqFYvEvR7G1AtxT7CAEayNdffYOevYRafkTIQWwZ1B8epznOmt2rG/2t2IJCEVmnCsVMt1Yu2lWGpGOB0V2omiMSYD3KMtgwKHVHnpZNQROjJOFwWRNE9oNHF/d6Q4VGoY+qYyxLqv5rPM/C9rJTq49FIm4kRTQaYfBQlHOkLZ3qjLJCWaDw1gIpmZFZE+lphoc52COYI7v/Ii1E9L7nmpfFsuVo5hqjwcwCGcgAsXUIEbqEINCPTgCV7g1eLWszW23qelOWvWsw9/ZH38ACsVkh4=</latexit>x3

<latexit sha1_base64="i1nrgrBDE36g4HauVtl4pBxYZn0=">AAAB6nicbZDLSgMxFIZPvNZ6q7p0EyyKqzIjRd1ZcOOyor1AO5RMmmlDM5khyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs7xY8G1cZxvtLS8srq2ntvIb25t7+wW9vbrOkoUZTUaiUg1faKZ4JLVDDeCNWPFSOgL1vAH11neeGBK80jem2HMvJD0JA84JcZad4+dcqdQdErORHgR3BkUrz7Hmd6qncJXuxvRJGTSUEG0brlObLyUKMOpYKN8O9EsJnRAeqxlUZKQaS+djDrCx9bp4iBS9kmDJ+7vjpSEWg9D31aGxPT1fJaZ/2WtxASXXsplnBgm6fSjIBHYRDjbG3e5YtSIoQVCFbezYtonilBjr5O3R3DnV16E+lnJPS+Vb8vFyglMlYNDOIJTcOECKnADVagBhR48wQu8IoGe0Ri9T0uX0KznAP4IffwALJmSHw==</latexit>x4

<latexit sha1_base64="U7e5I/5jvk5WIgWt74DuHQl6Pi0=">AAAB6nicbZC7TsMwFIZPyq2UW4CRxaICMVUJKpeNSiyMRdCL1EaV4zqtVceJbAdRRX0EFgZQYeUleA023gan7QAtv2Tp0/+fI59z/JgzpR3n28otLa+sruXXCxubW9s79u5eXUWJJLRGIh7Jpo8V5UzQmmaa02YsKQ59Thv+4DrLGw9UKhaJez2MqRfinmABI1gb6+6xc9axi07JmQgtgjuD4tXnONNbtWN/tbsRSUIqNOFYqZbrxNpLsdSMcDoqtBNFY0wGuEdbBgUOqfLSyagjdGScLgoiaZ7QaOL+7khxqNQw9E1liHVfzWeZ+V/WSnRw6aVMxImmgkw/ChKOdISyvVGXSUo0HxrARDIzKyJ9LDHR5joFcwR3fuVFqJ+W3PNS+bZcrBzDVHk4gEM4ARcuoAI3UIUaEOjBE7zAq8WtZ2tsvU9Lc9asZx/+yPr4AS4dkiA=</latexit>x5

<latexit sha1_base64="sKtqiTZMhDUnq3j086HNACYdy/c=">AAAB6nicdZDLSgMxFIbP1Futt6pLN6FFcFVmSqntyoIbFy4q2gu0Q8mkmTY0kxmSjFCGPoIbF0p160v4Gu58GzOtgor+EPj4/3PIOceLOFPatt+tzMrq2vpGdjO3tb2zu5ffP2irMJaEtkjIQ9n1sKKcCdrSTHPajSTFgcdpx5ucp3nnlkrFQnGjpxF1AzwSzGcEa2NdXw6cQb5ol2yjahWl4NRsx0C9XiuX68hZRLZdPHudp3pqDvJv/WFI4oAKTThWqufYkXYTLDUjnM5y/VjRCJMJHtGeQYEDqtxkMeoMHRtniPxQmic0WrjfOxIcKDUNPFMZYD1Wv7PU/CvrxdqvuQkTUaypIMuP/JgjHaJ0bzRkkhLNpwYwkczMisgYS0y0uU7OHOFrU/Q/tMslp1qqXFWKjQIslYUjKMAJOHAKDbiAJrSAwAju4AEeLW7dW3PreVmasT57DuGHrJcPOxaSKQ==</latexit>

L1

<latexit sha1_base64="rhiOvuhEPo1Cd3RASSukNzgDanM=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8HiZVVmpKgbseDGZQV7gXYomTTTxmaSIckIpfQd3LhoEbc+g6/hzrcx03ahrT8EPv7/HHLOCWLOtHHdbyezsrq2vpHdzG1t7+zu5fcPalomitAqkVyqRoA15UzQqmGG00asKI4CTutB/y7N689UaSbFoxnE1I9wV7CQEWysVWupnjy7aecLbtGdCi2DN4fC7ec41aTSzn+1OpIkERWGcKx103Nj4w+xMoxwOsq1Ek1jTPq4S5sWBY6o9ofTaUfoxDodFEplnzBo6v7uGOJI60EU2MoIm55ezFLzv6yZmPDaHzIRJ4YKMvsoTDgyEqWrow5TlBg+sICJYnZWRHpYYWLsgXL2CN7iystQuyh6l8XSQ6lQPoWZsnAEx3AOHlxBGe6hAlUg8AQvMIaJI51X5815n5VmnHnPIfyR8/EDIO+TOw==</latexit>

⇢0 =

<latexit sha1_base64="W3qsQzwacT1NslwrcIfyFzZ5Nqg="></latexit>

[L2·L3·L4]

<latexit sha1_base64="Pjlj4759DGhRaaxIuowVNWZxP+4=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGirqz4MZlRXuBdiiZNNOGZpIhyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBdZY3HqjSTIp7M4ypH+GeYCEj2Fjr7rHjdgpFt+ROhBbBm0Hx6nOc6a3aKXy1u5IkERWGcKx1y3Nj46dYGUY4HeXbiaYxJgPcoy2LAkdU++lk1BE6tk4XhVLZJwyauL87UhxpPYwCWxlh09fzWWb+l7USE176KRNxYqgg04/ChCMjUbY36jJFieFDC5goZmdFpI8VJsZeJ2+P4M2vvAj1s5J3XirflouVE5gqB4dwBKfgwQVU4AaqUAMCPXiCF3h1uPPsjJ33aemSM+s5gD9yPn4AJomSGw==</latexit>x0

<latexit sha1_base64="x9zjB1tQLR6Pw4UEOAnPW9h6B3I=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGirqz4MZlRXuBdiiZNNOGZpIhyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBdZY3HqjSTIp7M4ypH+GeYCEj2Fjr7rHjdQpFt+ROhBbBm0Hx6nOc6a3aKXy1u5IkERWGcKx1y3Nj46dYGUY4HeXbiaYxJgPcoy2LAkdU++lk1BE6tk4XhVLZJwyauL87UhxpPYwCWxlh09fzWWb+l7USE176KRNxYqgg04/ChCMjUbY36jJFieFDC5goZmdFpI8VJsZeJ2+P4M2vvAj1s5J3XirflouVE5gqB4dwBKfgwQVU4AaqUAMCPXiCF3h1uPPsjJ33aemSM+s5gD9yPn4AKA2SHA==</latexit>x1

<latexit sha1_base64="sWJGvdTt00+O0kGZG6QCiyG8cZw=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8GiuCpJKerOghuXFe0F2lAm00k7dDIJMxOxhD6CGxdKdetL+BrufBsnbRfa+sPAx/+fw5xz/JgzpR3n28qtrK6tb+Q3C1vbO7t79v5BQ0WJJLROIh7Jlo8V5UzQumaa01YsKQ59Tpv+8DrLmw9UKhaJez2KqRfivmABI1gb6+6xW+7aRafkTIWWwZ1D8epzkumt1rW/Or2IJCEVmnCsVNt1Yu2lWGpGOB0XOomiMSZD3KdtgwKHVHnpdNQxOjFODwWRNE9oNHV/d6Q4VGoU+qYyxHqgFrPM/C9rJzq49FIm4kRTQWYfBQlHOkLZ3qjHJCWajwxgIpmZFZEBlphoc52COYK7uPIyNMol97xUua0Uq6cwUx6O4BjOwIULqMIN1KAOBPrwBC/wanHr2ZpY77PSnDXvOYQ/sj5+ACmRkh0=</latexit>x2
<latexit sha1_base64="BZY3NpUNwwL9qWhKoEi7DyA3xSE=">AAAB6nicbZC7TsMwFIZPyq2UW4CRxaICMVUJVMBGJRbGIuhFaqPKcZ3WquNEtoOooj4CCwOosPISvAYbb4PTdoCWX7L06f/Pkc85fsyZ0o7zbeWWlldW1/LrhY3Nre0de3evrqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cJ3ljQcqFYvEvR7G1AtxT7CAEayNdffYOevYRafkTIQWwZ1B8epznOmt2rG/2t2IJCEVmnCsVMt1Yu2lWGpGOB0V2omiMSYD3KMtgwKHVHnpZNQROjJOFwWRNE9oNHF/d6Q4VGoY+qYyxLqv5rPM/C9rJTq49FIm4kRTQaYfBQlHOkLZ3qjLJCWaDw1gIpmZFZE+lphoc52COYI7v/Ii1E9L7nmpfFsuVo5hqjwcwCGcgAsXUIEbqEINCPTgCV7g1eLWszW23qelOWvWsw9/ZH38ACsVkh4=</latexit>x3

<latexit sha1_base64="i1nrgrBDE36g4HauVtl4pBxYZn0=">AAAB6nicbZDLSgMxFIZPvNZ6q7p0EyyKqzIjRd1ZcOOyor1AO5RMmmlDM5khyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs7xY8G1cZxvtLS8srq2ntvIb25t7+wW9vbrOkoUZTUaiUg1faKZ4JLVDDeCNWPFSOgL1vAH11neeGBK80jem2HMvJD0JA84JcZad4+dcqdQdErORHgR3BkUrz7Hmd6qncJXuxvRJGTSUEG0brlObLyUKMOpYKN8O9EsJnRAeqxlUZKQaS+djDrCx9bp4iBS9kmDJ+7vjpSEWg9D31aGxPT1fJaZ/2WtxASXXsplnBgm6fSjIBHYRDjbG3e5YtSIoQVCFbezYtonilBjr5O3R3DnV16E+lnJPS+Vb8vFyglMlYNDOIJTcOECKnADVagBhR48wQu8IoGe0Ri9T0uX0KznAP4IffwALJmSHw==</latexit>x4

<latexit sha1_base64="U7e5I/5jvk5WIgWt74DuHQl6Pi0=">AAAB6nicbZC7TsMwFIZPyq2UW4CRxaICMVUJKpeNSiyMRdCL1EaV4zqtVceJbAdRRX0EFgZQYeUleA023gan7QAtv2Tp0/+fI59z/JgzpR3n28otLa+sruXXCxubW9s79u5eXUWJJLRGIh7Jpo8V5UzQmmaa02YsKQ59Thv+4DrLGw9UKhaJez2MqRfinmABI1gb6+6xc9axi07JmQgtgjuD4tXnONNbtWN/tbsRSUIqNOFYqZbrxNpLsdSMcDoqtBNFY0wGuEdbBgUOqfLSyagjdGScLgoiaZ7QaOL+7khxqNQw9E1liHVfzWeZ+V/WSnRw6aVMxImmgkw/ChKOdISyvVGXSUo0HxrARDIzKyJ9LDHR5joFcwR3fuVFqJ+W3PNS+bZcrBzDVHk4gEM4ARcuoAI3UIUaEOjBE7zAq8WtZ2tsvU9Lc9asZx/+yPr4AS4dkiA=</latexit>x5
<latexit sha1_base64="12bgtH8Bg5B197kGm6H83mVYt2A=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8GiuCozUtSdBTcuK9oLtEPJpJk2NJMMSUYoQx/BjQuluvUlfA13vo2Ztgtt/SHw8f/nkHNOEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGN1nefKRKMykezCimfoT7goWMYGOt+6DrdYslt+xOhZbBm0Pp+nOS6a3WLX51epIkERWGcKx123Nj46dYGUY4HRc6iaYxJkPcp22LAkdU++l01DE6sU4PhVLZJwyaur87UhxpPYoCWxlhM9CLWWb+l7UTE175KRNxYqggs4/ChCMjUbY36jFFieEjC5goZmdFZIAVJsZep2CP4C2uvAyN87J3Ua7cVUrVU5gpD0dwDGfgwSVU4RZqUAcCfXiCF3h1uPPsTJz3WWnOmfccwh85Hz8GiZIG</latexit>

b1

<latexit sha1_base64="Pjlj4759DGhRaaxIuowVNWZxP+4=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGirqz4MZlRXuBdiiZNNOGZpIhyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBdZY3HqjSTIp7M4ypH+GeYCEj2Fjr7rHjdgpFt+ROhBbBm0Hx6nOc6a3aKXy1u5IkERWGcKx1y3Nj46dYGUY4HeXbiaYxJgPcoy2LAkdU++lk1BE6tk4XhVLZJwyauL87UhxpPYwCWxlh09fzWWb+l7USE176KRNxYqgg04/ChCMjUbY36jJFieFDC5goZmdFpI8VJsZeJ2+P4M2vvAj1s5J3XirflouVE5gqB4dwBKfgwQVU4AaqUAMCPXiCF3h1uPPsjJ33aemSM+s5gD9yPn4AJomSGw==</latexit>x0

<latexit sha1_base64="x9zjB1tQLR6Pw4UEOAnPW9h6B3I=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGirqz4MZlRXuBdiiZNNOGZpIhyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBdZY3HqjSTIp7M4ypH+GeYCEj2Fjr7rHjdQpFt+ROhBbBm0Hx6nOc6a3aKXy1u5IkERWGcKx1y3Nj46dYGUY4HeXbiaYxJgPcoy2LAkdU++lk1BE6tk4XhVLZJwyauL87UhxpPYwCWxlh09fzWWb+l7USE176KRNxYqgg04/ChCMjUbY36jJFieFDC5goZmdFpI8VJsZeJ2+P4M2vvAj1s5J3XirflouVE5gqB4dwBKfgwQVU4AaqUAMCPXiCF3h1uPPsjJ33aemSM+s5gD9yPn4AKA2SHA==</latexit>x1

<latexit sha1_base64="sWJGvdTt00+O0kGZG6QCiyG8cZw=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8GiuCpJKerOghuXFe0F2lAm00k7dDIJMxOxhD6CGxdKdetL+BrufBsnbRfa+sPAx/+fw5xz/JgzpR3n28qtrK6tb+Q3C1vbO7t79v5BQ0WJJLROIh7Jlo8V5UzQumaa01YsKQ59Tpv+8DrLmw9UKhaJez2KqRfivmABI1gb6+6xW+7aRafkTIWWwZ1D8epzkumt1rW/Or2IJCEVmnCsVNt1Yu2lWGpGOB0XOomiMSZD3KdtgwKHVHnpdNQxOjFODwWRNE9oNHV/d6Q4VGoU+qYyxHqgFrPM/C9rJzq49FIm4kRTQWYfBQlHOkLZ3qjHJCWajwxgIpmZFZEBlphoc52COYK7uPIyNMol97xUua0Uq6cwUx6O4BjOwIULqMIN1KAOBPrwBC/wanHr2ZpY77PSnDXvOYQ/sj5+ACmRkh0=</latexit>x2
<latexit sha1_base64="BZY3NpUNwwL9qWhKoEi7DyA3xSE=">AAAB6nicbZC7TsMwFIZPyq2UW4CRxaICMVUJVMBGJRbGIuhFaqPKcZ3WquNEtoOooj4CCwOosPISvAYbb4PTdoCWX7L06f/Pkc85fsyZ0o7zbeWWlldW1/LrhY3Nre0de3evrqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cJ3ljQcqFYvEvR7G1AtxT7CAEayNdffYOevYRafkTIQWwZ1B8epznOmt2rG/2t2IJCEVmnCsVMt1Yu2lWGpGOB0V2omiMSYD3KMtgwKHVHnpZNQROjJOFwWRNE9oNHF/d6Q4VGoY+qYyxLqv5rPM/C9rJTq49FIm4kRTQaYfBQlHOkLZ3qjLJCWaDw1gIpmZFZE+lphoc52COYI7v/Ii1E9L7nmpfFsuVo5hqjwcwCGcgAsXUIEbqEINCPTgCV7g1eLWszW23qelOWvWsw9/ZH38ACsVkh4=</latexit>x3

<latexit sha1_base64="i1nrgrBDE36g4HauVtl4pBxYZn0=">AAAB6nicbZDLSgMxFIZPvNZ6q7p0EyyKqzIjRd1ZcOOyor1AO5RMmmlDM5khyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs7xY8G1cZxvtLS8srq2ntvIb25t7+wW9vbrOkoUZTUaiUg1faKZ4JLVDDeCNWPFSOgL1vAH11neeGBK80jem2HMvJD0JA84JcZad4+dcqdQdErORHgR3BkUrz7Hmd6qncJXuxvRJGTSUEG0brlObLyUKMOpYKN8O9EsJnRAeqxlUZKQaS+djDrCx9bp4iBS9kmDJ+7vjpSEWg9D31aGxPT1fJaZ/2WtxASXXsplnBgm6fSjIBHYRDjbG3e5YtSIoQVCFbezYtonilBjr5O3R3DnV16E+lnJPS+Vb8vFyglMlYNDOIJTcOECKnADVagBhR48wQu8IoGe0Ri9T0uX0KznAP4IffwALJmSHw==</latexit>x4

<latexit sha1_base64="U7e5I/5jvk5WIgWt74DuHQl6Pi0=">AAAB6nicbZC7TsMwFIZPyq2UW4CRxaICMVUJKpeNSiyMRdCL1EaV4zqtVceJbAdRRX0EFgZQYeUleA023gan7QAtv2Tp0/+fI59z/JgzpR3n28otLa+sruXXCxubW9s79u5eXUWJJLRGIh7Jpo8V5UzQmmaa02YsKQ59Thv+4DrLGw9UKhaJez2MqRfinmABI1gb6+6xc9axi07JmQgtgjuD4tXnONNbtWN/tbsRSUIqNOFYqZbrxNpLsdSMcDoqtBNFY0wGuEdbBgUOqfLSyagjdGScLgoiaZ7QaOL+7khxqNQw9E1liHVfzWeZ+V/WSnRw6aVMxImmgkw/ChKOdISyvVGXSUo0HxrARDIzKyJ9LDHR5joFcwR3fuVFqJ+W3PNS+bZcrBzDVHk4gEM4ARcuoAI3UIUaEOjBE7zAq8WtZ2tsvU9Lc9asZx/+yPr4AS4dkiA=</latexit>x5

<latexit sha1_base64="Pjlj4759DGhRaaxIuowVNWZxP+4=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGirqz4MZlRXuBdiiZNNOGZpIhyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBdZY3HqjSTIp7M4ypH+GeYCEj2Fjr7rHjdgpFt+ROhBbBm0Hx6nOc6a3aKXy1u5IkERWGcKx1y3Nj46dYGUY4HeXbiaYxJgPcoy2LAkdU++lk1BE6tk4XhVLZJwyauL87UhxpPYwCWxlh09fzWWb+l7USE176KRNxYqgg04/ChCMjUbY36jJFieFDC5goZmdFpI8VJsZeJ2+P4M2vvAj1s5J3XirflouVE5gqB4dwBKfgwQVU4AaqUAMCPXiCF3h1uPPsjJ33aemSM+s5gD9yPn4AJomSGw==</latexit>x0

<latexit sha1_base64="x9zjB1tQLR6Pw4UEOAnPW9h6B3I=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGirqz4MZlRXuBdiiZNNOGZpIhyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBdZY3HqjSTIp7M4ypH+GeYCEj2Fjr7rHjdQpFt+ROhBbBm0Hx6nOc6a3aKXy1u5IkERWGcKx1y3Nj46dYGUY4HeXbiaYxJgPcoy2LAkdU++lk1BE6tk4XhVLZJwyauL87UhxpPYwCWxlh09fzWWb+l7USE176KRNxYqgg04/ChCMjUbY36jJFieFDC5goZmdFpI8VJsZeJ2+P4M2vvAj1s5J3XirflouVE5gqB4dwBKfgwQVU4AaqUAMCPXiCF3h1uPPsjJ33aemSM+s5gD9yPn4AKA2SHA==</latexit>x1

<latexit sha1_base64="sWJGvdTt00+O0kGZG6QCiyG8cZw=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8GiuCpJKerOghuXFe0F2lAm00k7dDIJMxOxhD6CGxdKdetL+BrufBsnbRfa+sPAx/+fw5xz/JgzpR3n28qtrK6tb+Q3C1vbO7t79v5BQ0WJJLROIh7Jlo8V5UzQumaa01YsKQ59Tpv+8DrLmw9UKhaJez2KqRfivmABI1gb6+6xW+7aRafkTIWWwZ1D8epzkumt1rW/Or2IJCEVmnCsVNt1Yu2lWGpGOB0XOomiMSZD3KdtgwKHVHnpdNQxOjFODwWRNE9oNHV/d6Q4VGoU+qYyxHqgFrPM/C9rJzq49FIm4kRTQWYfBQlHOkLZ3qjHJCWajwxgIpmZFZEBlphoc52COYK7uPIyNMol97xUua0Uq6cwUx6O4BjOwIULqMIN1KAOBPrwBC/wanHr2ZpY77PSnDXvOYQ/sj5+ACmRkh0=</latexit>x2
<latexit sha1_base64="BZY3NpUNwwL9qWhKoEi7DyA3xSE=">AAAB6nicbZC7TsMwFIZPyq2UW4CRxaICMVUJVMBGJRbGIuhFaqPKcZ3WquNEtoOooj4CCwOosPISvAYbb4PTdoCWX7L06f/Pkc85fsyZ0o7zbeWWlldW1/LrhY3Nre0de3evrqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cJ3ljQcqFYvEvR7G1AtxT7CAEayNdffYOevYRafkTIQWwZ1B8epznOmt2rG/2t2IJCEVmnCsVMt1Yu2lWGpGOB0V2omiMSYD3KMtgwKHVHnpZNQROjJOFwWRNE9oNHF/d6Q4VGoY+qYyxLqv5rPM/C9rJTq49FIm4kRTQaYfBQlHOkLZ3qjLJCWaDw1gIpmZFZE+lphoc52COYI7v/Ii1E9L7nmpfFsuVo5hqjwcwCGcgAsXUIEbqEINCPTgCV7g1eLWszW23qelOWvWsw9/ZH38ACsVkh4=</latexit>x3

<latexit sha1_base64="i1nrgrBDE36g4HauVtl4pBxYZn0=">AAAB6nicbZDLSgMxFIZPvNZ6q7p0EyyKqzIjRd1ZcOOyor1AO5RMmmlDM5khyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs7xY8G1cZxvtLS8srq2ntvIb25t7+wW9vbrOkoUZTUaiUg1faKZ4JLVDDeCNWPFSOgL1vAH11neeGBK80jem2HMvJD0JA84JcZad4+dcqdQdErORHgR3BkUrz7Hmd6qncJXuxvRJGTSUEG0brlObLyUKMOpYKN8O9EsJnRAeqxlUZKQaS+djDrCx9bp4iBS9kmDJ+7vjpSEWg9D31aGxPT1fJaZ/2WtxASXXsplnBgm6fSjIBHYRDjbG3e5YtSIoQVCFbezYtonilBjr5O3R3DnV16E+lnJPS+Vb8vFyglMlYNDOIJTcOECKnADVagBhR48wQu8IoGe0Ri9T0uX0KznAP4IffwALJmSHw==</latexit>x4

<latexit sha1_base64="U7e5I/5jvk5WIgWt74DuHQl6Pi0=">AAAB6nicbZC7TsMwFIZPyq2UW4CRxaICMVUJKpeNSiyMRdCL1EaV4zqtVceJbAdRRX0EFgZQYeUleA023gan7QAtv2Tp0/+fI59z/JgzpR3n28otLa+sruXXCxubW9s79u5eXUWJJLRGIh7Jpo8V5UzQmmaa02YsKQ59Thv+4DrLGw9UKhaJez2MqRfinmABI1gb6+6xc9axi07JmQgtgjuD4tXnONNbtWN/tbsRSUIqNOFYqZbrxNpLsdSMcDoqtBNFY0wGuEdbBgUOqfLSyagjdGScLgoiaZ7QaOL+7khxqNQw9E1liHVfzWeZ+V/WSnRw6aVMxImmgkw/ChKOdISyvVGXSUo0HxrARDIzKyJ9LDHR5joFcwR3fuVFqJ+W3PNS+bZcrBzDVHk4gEM4ARcuoAI3UIUaEOjBE7zAq8WtZ2tsvU9Lc9asZx/+yPr4AS4dkiA=</latexit>x5

<latexit sha1_base64="Pjlj4759DGhRaaxIuowVNWZxP+4=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGirqz4MZlRXuBdiiZNNOGZpIhyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBdZY3HqjSTIp7M4ypH+GeYCEj2Fjr7rHjdgpFt+ROhBbBm0Hx6nOc6a3aKXy1u5IkERWGcKx1y3Nj46dYGUY4HeXbiaYxJgPcoy2LAkdU++lk1BE6tk4XhVLZJwyauL87UhxpPYwCWxlh09fzWWb+l7USE176KRNxYqgg04/ChCMjUbY36jJFieFDC5goZmdFpI8VJsZeJ2+P4M2vvAj1s5J3XirflouVE5gqB4dwBKfgwQVU4AaqUAMCPXiCF3h1uPPsjJ33aemSM+s5gD9yPn4AJomSGw==</latexit>x0

x1

<latexit sha1_base64="sWJGvdTt00+O0kGZG6QCiyG8cZw=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8GiuCpJKerOghuXFe0F2lAm00k7dDIJMxOxhD6CGxdKdetL+BrufBsnbRfa+sPAx/+fw5xz/JgzpR3n28qtrK6tb+Q3C1vbO7t79v5BQ0WJJLROIh7Jlo8V5UzQumaa01YsKQ59Tpv+8DrLmw9UKhaJez2KqRfivmABI1gb6+6xW+7aRafkTIWWwZ1D8epzkumt1rW/Or2IJCEVmnCsVNt1Yu2lWGpGOB0XOomiMSZD3KdtgwKHVHnpdNQxOjFODwWRNE9oNHV/d6Q4VGoU+qYyxHqgFrPM/C9rJzq49FIm4kRTQWYfBQlHOkLZ3qjHJCWajwxgIpmZFZEBlphoc52COYK7uPIyNMol97xUua0Uq6cwUx6O4BjOwIULqMIN1KAOBPrwBC/wanHr2ZpY77PSnDXvOYQ/sj5+ACmRkh0=</latexit>x2
<latexit sha1_base64="BZY3NpUNwwL9qWhKoEi7DyA3xSE=">AAAB6nicbZC7TsMwFIZPyq2UW4CRxaICMVUJVMBGJRbGIuhFaqPKcZ3WquNEtoOooj4CCwOosPISvAYbb4PTdoCWX7L06f/Pkc85fsyZ0o7zbeWWlldW1/LrhY3Nre0de3evrqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cJ3ljQcqFYvEvR7G1AtxT7CAEayNdffYOevYRafkTIQWwZ1B8epznOmt2rG/2t2IJCEVmnCsVMt1Yu2lWGpGOB0V2omiMSYD3KMtgwKHVHnpZNQROjJOFwWRNE9oNHF/d6Q4VGoY+qYyxLqv5rPM/C9rJTq49FIm4kRTQaYfBQlHOkLZ3qjLJCWaDw1gIpmZFZE+lphoc52COYI7v/Ii1E9L7nmpfFsuVo5hqjwcwCGcgAsXUIEbqEINCPTgCV7g1eLWszW23qelOWvWsw9/ZH38ACsVkh4=</latexit>x3

<latexit sha1_base64="i1nrgrBDE36g4HauVtl4pBxYZn0=">AAAB6nicbZDLSgMxFIZPvNZ6q7p0EyyKqzIjRd1ZcOOyor1AO5RMmmlDM5khyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs7xY8G1cZxvtLS8srq2ntvIb25t7+wW9vbrOkoUZTUaiUg1faKZ4JLVDDeCNWPFSOgL1vAH11neeGBK80jem2HMvJD0JA84JcZad4+dcqdQdErORHgR3BkUrz7Hmd6qncJXuxvRJGTSUEG0brlObLyUKMOpYKN8O9EsJnRAeqxlUZKQaS+djDrCx9bp4iBS9kmDJ+7vjpSEWg9D31aGxPT1fJaZ/2WtxASXXsplnBgm6fSjIBHYRDjbG3e5YtSIoQVCFbezYtonilBjr5O3R3DnV16E+lnJPS+Vb8vFyglMlYNDOIJTcOECKnADVagBhR48wQu8IoGe0Ri9T0uX0KznAP4IffwALJmSHw==</latexit>x4

<latexit sha1_base64="U7e5I/5jvk5WIgWt74DuHQl6Pi0=">AAAB6nicbZC7TsMwFIZPyq2UW4CRxaICMVUJKpeNSiyMRdCL1EaV4zqtVceJbAdRRX0EFgZQYeUleA023gan7QAtv2Tp0/+fI59z/JgzpR3n28otLa+sruXXCxubW9s79u5eXUWJJLRGIh7Jpo8V5UzQmmaa02YsKQ59Thv+4DrLGw9UKhaJez2MqRfinmABI1gb6+6xc9axi07JmQgtgjuD4tXnONNbtWN/tbsRSUIqNOFYqZbrxNpLsdSMcDoqtBNFY0wGuEdbBgUOqfLSyagjdGScLgoiaZ7QaOL+7khxqNQw9E1liHVfzWeZ+V/WSnRw6aVMxImmgkw/ChKOdISyvVGXSUo0HxrARDIzKyJ9LDHR5joFcwR3fuVFqJ+W3PNS+bZcrBzDVHk4gEM4ARcuoAI3UIUaEOjBE7zAq8WtZ2tsvU9Lc9asZx/+yPr4AS4dkiA=</latexit>x5

<latexit sha1_base64="OJq4h6qYiu/1D3t7EFAkuyOOQdQ=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2WmFHVnwY3LivYC7VAyaaYNzSRDkhHK0Edw40Kpbn0JX8Odb2Om7UJbfwh8/P855JwTxJxp47rfzsrq2vrGZm4rv72zu7dfODhsaJkoQutEcqlaAdaUM0HrhhlOW7GiOAo4bQbDmyxvPlKlmRQPZhRTP8J9wUJGsLHWfdAtdwtFt+ROhZbBm0Px+nOS6a3WLXx1epIkERWGcKx123Nj46dYGUY4Hec7iaYxJkPcp22LAkdU++l01DE6tU4PhVLZJwyaur87UhxpPYoCWxlhM9CLWWb+l7UTE175KRNxYqggs4/ChCMjUbY36jFFieEjC5goZmdFZIAVJsZeJ2+P4C2uvAyNcsm7KFXuKsXqGcyUg2M4gXPw4BKqcAs1qAOBPjzBC7w63Hl2Js77rHTFmfccwR85Hz8IDZIH</latexit>

b2
<latexit sha1_base64="g9x/er79OCzthRhk47GCcei3B0Q=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGi7qz4MZlRXuBdiiZNNOGJpkhyQhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XdZQoQmsk4pFqBlhTziStGWY4bcaKYhFw2ggGN1neeKRKs0g+mGFMfYF7koWMYGOt+6Bz3ikU3ZI7EVoEbwbF689xprdqp/DV7kYkEVQawrHWLc+NjZ9iZRjhdJRvJ5rGmAxwj7YsSiyo9tPJqCN0bJ0uCiNlnzRo4v7uSLHQeigCWymw6ev5LDP/y1qJCa/8lMk4MVSS6UdhwpGJULY36jJFieFDC5goZmdFpI8VJsZeJ2+P4M2vvAj1s5J3USrflYuVE5gqB4dwBKfgwSVU4BaqUAMCPXiCF3h1uPPsjJ33aemSM+s5gD9yPn4ACZGSCA==</latexit>

b3

<latexit sha1_base64="i3wtW0iCO5onvmHhurbMwj378u8=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8GiuCozUtSdBTcuK9oLtEPJpJk2NJMMSUYoQx/BjQuluvUlfA13vo2Ztgtt/SHw8f/nkHNOEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGN1nefKRKMykezCimfoT7goWMYGOt+6Bb6RZLbtmdCi2DN4fS9eck01utW/zq9CRJIioM4VjrtufGxk+xMoxwOi50Ek1jTIa4T9sWBY6o9tPpqGN0Yp0eCqWyTxg0dX93pDjSehQFtjLCZqAXs8z8L2snJrzyUybixFBBZh+FCUdGomxv1GOKEsNHFjBRzM6KyAArTIy9TsEewVtceRka52Xvoly5q5SqpzBTHo7gGM7Ag0uowi3UoA4E+vAEL/DqcOfZmTjvs9KcM+85hD9yPn4ACxWSCQ==</latexit>

b4

<latexit sha1_base64="Pjlj4759DGhRaaxIuowVNWZxP+4=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGirqz4MZlRXuBdiiZNNOGZpIhyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBdZY3HqjSTIp7M4ypH+GeYCEj2Fjr7rHjdgpFt+ROhBbBm0Hx6nOc6a3aKXy1u5IkERWGcKx1y3Nj46dYGUY4HeXbiaYxJgPcoy2LAkdU++lk1BE6tk4XhVLZJwyauL87UhxpPYwCWxlh09fzWWb+l7USE176KRNxYqgg04/ChCMjUbY36jJFieFDC5goZmdFpI8VJsZeJ2+P4M2vvAj1s5J3XirflouVE5gqB4dwBKfgwQVU4AaqUAMCPXiCF3h1uPPsjJ33aemSM+s5gD9yPn4AJomSGw==</latexit>x0

<latexit sha1_base64="x9zjB1tQLR6Pw4UEOAnPW9h6B3I=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGirqz4MZlRXuBdiiZNNOGZpIhyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBdZY3HqjSTIp7M4ypH+GeYCEj2Fjr7rHjdQpFt+ROhBbBm0Hx6nOc6a3aKXy1u5IkERWGcKx1y3Nj46dYGUY4HeXbiaYxJgPcoy2LAkdU++lk1BE6tk4XhVLZJwyauL87UhxpPYwCWxlh09fzWWb+l7USE176KRNxYqgg04/ChCMjUbY36jJFieFDC5goZmdFpI8VJsZeJ2+P4M2vvAj1s5J3XirflouVE5gqB4dwBKfgwQVU4AaqUAMCPXiCF3h1uPPsjJ33aemSM+s5gD9yPn4AKA2SHA==</latexit>x1
<latexit sha1_base64="i1nrgrBDE36g4HauVtl4pBxYZn0=">AAAB6nicbZDLSgMxFIZPvNZ6q7p0EyyKqzIjRd1ZcOOyor1AO5RMmmlDM5khyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs7xY8G1cZxvtLS8srq2ntvIb25t7+wW9vbrOkoUZTUaiUg1faKZ4JLVDDeCNWPFSOgL1vAH11neeGBK80jem2HMvJD0JA84JcZad4+dcqdQdErORHgR3BkUrz7Hmd6qncJXuxvRJGTSUEG0brlObLyUKMOpYKN8O9EsJnRAeqxlUZKQaS+djDrCx9bp4iBS9kmDJ+7vjpSEWg9D31aGxPT1fJaZ/2WtxASXXsplnBgm6fSjIBHYRDjbG3e5YtSIoQVCFbezYtonilBjr5O3R3DnV16E+lnJPS+Vb8vFyglMlYNDOIJTcOECKnADVagBhR48wQu8IoGe0Ri9T0uX0KznAP4IffwALJmSHw==</latexit>x4

<latexit sha1_base64="sKtqiTZMhDUnq3j086HNACYdy/c=">AAAB6nicdZDLSgMxFIbP1Futt6pLN6FFcFVmSqntyoIbFy4q2gu0Q8mkmTY0kxmSjFCGPoIbF0p160v4Gu58GzOtgor+EPj4/3PIOceLOFPatt+tzMrq2vpGdjO3tb2zu5ffP2irMJaEtkjIQ9n1sKKcCdrSTHPajSTFgcdpx5ucp3nnlkrFQnGjpxF1AzwSzGcEa2NdXw6cQb5ol2yjahWl4NRsx0C9XiuX68hZRLZdPHudp3pqDvJv/WFI4oAKTThWqufYkXYTLDUjnM5y/VjRCJMJHtGeQYEDqtxkMeoMHRtniPxQmic0WrjfOxIcKDUNPFMZYD1Wv7PU/CvrxdqvuQkTUaypIMuP/JgjHaJ0bzRkkhLNpwYwkczMisgYS0y0uU7OHOFrU/Q/tMslp1qqXFWKjQIslYUjKMAJOHAKDbiAJrSAwAju4AEeLW7dW3PreVmasT57DuGHrJcPOxaSKQ==</latexit>

L1

<latexit sha1_base64="W3qsQzwacT1NslwrcIfyFzZ5Nqg="></latexit>

[L2·L3·L4]

<latexit sha1_base64="KRNBKgds8v+0JyLqBtflRqehOhI=">AAAB9XicbVDLSgNBEJyNrxhfUY9eFoPiKexKUG8GvHiMYB6QrGF2tjcZMvtgplcNS/5DBQ+KePXsb3jzb5xNctDEgoaiqpvuLjcWXKFlfRu5hcWl5ZX8amFtfWNzq7i901BRIhnUWSQi2XKpAsFDqCNHAa1YAg1cAU13cJH5zVuQikfhNQ5jcALaC7nPGUUt3XQQ7jHloZcwUKNusWSVrTHMeWJPSen88zHDU61b/Op4EUsCCJEJqlTbtmJ0UiqRMwGjQidREFM2oD1oaxrSAJSTjq8emQda8Uw/krpCNMfq74mUBkoNA1d3BhT7atbLxP+8doL+maOfihOEkE0W+YkwMTKzCEyPS2AohppQJrm+1WR9KilDHVRBh2DPvjxPGsdl+6RcuaqUqodkgjzZI/vkiNjklFTJJamROmFEkgfyQl6NO+PZeDPeJ605YzqzS/7A+PgBckuXhg==</latexit>

induces
<latexit sha1_base64="ZNNHHKKrekcxbL4caQvOzsg2/jQ=">AAAB+HicbVC7SgNBFJ31GeMjUUubwaBYhV0JamfAxjJCXpAsYXZyNxky+2DmrhiXfIjaWChia+dv2Pk3Th6FJh4YOJxzL/fM8WIpNNr2t7W0vLK6tp7ZyG5ube/k8rt7dR0likONRzJSTY9pkCKEGgqU0IwVsMCT0PAGV2O/cQtKiyis4jAGN2C9UPiCMzRSJ59rI9xhWu0DjRn2R518wS7aE9BF4sxI4fLzYYzHSif/1e5GPAkgRC6Z1i3HjtFNmULBJYyy7URDzPiA9aBlaMgC0G46CT6iR0bpUj9S5oVIJ+rvjZQFWg8Dz0wGJp2e98bif14rQf/CTUUYJwghnx7yE0kxouMWaFco4CiHhjCuhMlKeZ8pxtF0lTUlOPNfXiT106JzVizdlArlYzJFhhyQQ3JCHHJOyuSaVEiNcJKQJ/JCXq1769l6s96no0vWbGef/IH18QMXPZfE</latexit>

The path <latexit sha1_base64="zjhjWOxjVL3oB/gTGIomyoHWgjw=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgUV8OMBHVnwI3LBMwDkiH0dGqSNj0PunuEEPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKTwRX2nG+rZXVtfWNzdxWfntnd2+/cHBYV3EqGdZYLGLZ9KlCwSOsaa4FNhOJNPQFNvzBbZY3HlEqHkf3epigF9JexAPOqDZW1e4Uio7tTEWWwZ1D8eZzkum90il8tbsxS0OMNBNUqZbrJNobUak5EzjOt1OFCWUD2sOWwYiGqLzRdNAxOTVOlwSxNC/SZOr+7hjRUKlh6JvKkOq+Wswy87+slerg2hvxKEk1Rmz2UZAKomOSbU26XCLTYmiAMsnNrIT1qaRMm9vkzRHcxZWXoX5hu5d2qVoqls9gphwcwwmcgwtXUIY7qEANGCA8wQu8Wg/Ws/VmTWalK9a85wj+yPr4AZJukS4=</latexit>.

<latexit sha1_base64="R+LAs9iSkm8HVl1Frg8RRSrXTgU=">AAACOHichZDLSsNAFIYnXmu8RV26CRahq5KUou4suHFnBXuBNoTJdNIOncyEmYlYQh5E38OFPoY7ceNCEbc+gZO2C20Ffxj4+c45nDl/EFMileM8GwuLS8srq4U1c31jc2vb2tltSp4IhBuIUy7aAZSYEoYbiiiK27HAMAoobgXDs7zeusZCEs6u1CjGXgT7jIQEQaWRb12kaeC7WRcNOJc4vfGdLDNnmTtllX9YNct8q+iUnbHseeNOTfH04TbXXd23nro9jpIIM4UolLLjOrHyUigUQRRnZjeROIZoCPu4oy2DEZZeOj48sw816dkhF/oxZY/pz4kURlKOokB3RlAN5Gwth3/VOokKT7yUsDhRmKHJojChtuJ2nqLdIwIjRUfaQCSI/quNBlBApHTWpg7BnT153jQrZfeoXL2sFmslMFEB7IMDUAIuOAY1cA7qoAEQuAcv4A28G4/Gq/FhfE5aF4zpzB74JePrGwo5s10=</latexit>✓
b1
x0

◆✓
b1
x1

◆✓
b2
x1

◆✓
b2
x4

◆

<latexit sha1_base64="lIca1+nVe1q6JtYHXXbTIkuGypY=">AAAB6nicbZDLSsNAFIZP6q3WW9Wlm6FFcFWSUtSdBTcuXFS0F2hDmUwn7dDJJMxMhBL6CG5cKNWtL+FruPNtnDRdaOsPAx//fw5zzvEizpS27W8rt7a+sbmV3y7s7O7tHxQPj1oqjCWhTRLyUHY8rChngjY105x2Iklx4HHa9sbXad5+pFKxUDzoSUTdAA8F8xnB2lj3t/1qv1i2K/ZcaBWcBZSvPmep3hr94ldvEJI4oEITjpXqOnak3QRLzQin00IvVjTCZIyHtGtQ4IAqN5mPOkWnxhkgP5TmCY3m7u+OBAdKTQLPVAZYj9Rylpr/Zd1Y+5duwkQUaypI9pEfc6RDlO6NBkxSovnEACaSmVkRGWGJiTbXKZgjOMsrr0KrWnHOK7W7Wrlegkx5OIESnIEDF1CHG2hAEwgM4Qle4NXi1rM1s96z0py16DmGP7I+fgDlRpHt</latexit>

L2

<latexit sha1_base64="Hg3fFnK0Qs/p0vlL2PYtjeB2tiw=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm6FFcFUSLerOghsXLiraC7ShTKaTduhkEmYmQgl9BDculOrWl/A13Pk2TtoutPWHgY//P4c55/gxZ0o7zreVW1ldW9/Ibxa2tnd29+z9g4aKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/eF1ljcfqVQsEg96FFMvxH3BAkawNtb9bfesa5ecsjMVWgZ3DqWrz0mmt1rX/ur0IpKEVGjCsVJt14m1l2KpGeF0XOgkisaYDHGftg0KHFLlpdNRx+jYOD0URNI8odHU/d2R4lCpUeibyhDrgVrMMvO/rJ3o4NJLmYgTTQWZfRQkHOkIZXujHpOUaD4ygIlkZlZEBlhios11CuYI7uLKy9A4Lbvn5cpdpVQtwkx5OIIinIALF1CFG6hBHQj04Qle4NXi1rM1sd5npTlr3nMIf2R9/ADmypHu</latexit>

L3

<latexit sha1_base64="1ZIs+/BAS2GUmAuZI4GulNSwpJI=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozUtSdBTcuXFS0F2iHkkkzbWgmGZKMUIY+ghsXSnXrS/ga7nwbM20X2vpD4OP/zyHnnCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDK+zvPlIlWZSPJhRTP0I9wULGcHGWve33Uq3WHLL7lRoGbw5lK4+J5neat3iV6cnSRJRYQjHWrc9NzZ+ipVhhNNxoZNoGmMyxH3atihwRLWfTkcdoxPr9FAolX3CoKn7uyPFkdajKLCVETYDvZhl5n9ZOzHhpZ8yESeGCjL7KEw4MhJle6MeU5QYPrKAiWJ2VkQGWGFi7HUK9gje4srL0Dgre+flyl2lVD2GmfJwBMdwCh5cQBVuoAZ1INCHJ3iBV4c7z87EeZ+V5px5zyH8kfPxA+hOke8=</latexit>

L4

<latexit sha1_base64="rG+/Na2ZH5A5kNhJufpcDNbcFPI=">AAACIXicjVBNS8NAEN3Ur1q/oh69BIviqSRStDcLXjxWsB/QhrLZTNqlm03Y3Qgl1P+hBy/+Cu9ePCjSm/hn3LQ9aOvBBwOP92aYmefFjEpl259Gbml5ZXUtv17Y2Nza3jF39xoySgSBOolYJFoelsAoh7qiikErFoBDj0HTG1xmfvMWhKQRv1HDGNwQ9zgNKMFKS12z0km4D8ITmEB693+MumbRLtkTWIvEmZHixfN9hoda1xx3/IgkIXBFGJay7dixclMsFCUMRoVOIiHGZIB70NaU4xCkm04+HFlHWvGtIBK6uLIm6s+JFIdSDkNPd4ZY9eW8l4l/ee1EBRU3pTxOFHAyXRQkzFKRlcVl+VQAUWyoCSaC6lst0sc6LaVDLegQnPmXF0njtOSclcrX5WL1GE2RRwfoEJ0gB52jKrpCNVRHBD2iF/SG3o0n49X4MMbT1pwxm9lHv2B8fQPbAK3w</latexit>|
{z

}
<latexit sha1_base64="rG+/Na2ZH5A5kNhJufpcDNbcFPI=">AAACIXicjVBNS8NAEN3Ur1q/oh69BIviqSRStDcLXjxWsB/QhrLZTNqlm03Y3Qgl1P+hBy/+Cu9ePCjSm/hn3LQ9aOvBBwOP92aYmefFjEpl259Gbml5ZXUtv17Y2Nza3jF39xoySgSBOolYJFoelsAoh7qiikErFoBDj0HTG1xmfvMWhKQRv1HDGNwQ9zgNKMFKS12z0km4D8ITmEB693+MumbRLtkTWIvEmZHixfN9hoda1xx3/IgkIXBFGJay7dixclMsFCUMRoVOIiHGZIB70NaU4xCkm04+HFlHWvGtIBK6uLIm6s+JFIdSDkNPd4ZY9eW8l4l/ee1EBRU3pTxOFHAyXRQkzFKRlcVl+VQAUWyoCSaC6lst0sc6LaVDLegQnPmXF0njtOSclcrX5WL1GE2RRwfoEJ0gB52jKrpCNVRHBD2iF/SG3o0n49X4MMbT1pwxm9lHv2B8fQPbAK3w</latexit>|

{z
}

<latexit sha1_base64="s3Dn+NKAipRm5tMeK2mKUiN1Y8o=">AAAB6XicbZDLSgMxFIbPeK31VnXpJliEuikzUtSdBTcuq9gLtEPJpJk2NJMMSUYoQ9/AjQtFu/UpfA13vo2Ztgtt/SHw8f/nkHNOEHOmjet+Oyura+sbm7mt/PbO7t5+4eCwoWWiCK0TyaVqBVhTzgStG2Y4bcWK4ijgtBkMb7K8+UiVZlI8mFFM/Qj3BQsZwcZa9/isWyi6ZXcqtAzeHIrXn++ZJrVu4avTkySJqDCEY63bnhsbP8XKMMLpON9JNI0xGeI+bVsUOKLaT6eTjtGpdXoolMo+YdDU/d2R4kjrURTYygibgV7MMvO/rJ2Y8MpPmYgTQwWZfRQmHBmJsrVRjylKDB9ZwEQxOysiA6wwMfY4eXsEb3HlZWicl72LcuWuUqyWYKYcHMMJlMCDS6jCLdSgDgRCeIIXeHWGzrPz5kxmpSvOvOcI/sj5+AFDzJGW</latexit>

a)

<latexit sha1_base64="YYI/hKDzabEbC2Z6H9j/IS2ssTw=">AAAB6XicbZDLSgMxFIbPeK31VnXpJliEuikzUtSdBTcuq9gLtEPJpJk2NJMMSUYoQ9/AjQtFu/UpfA13vo2Ztgtt/SHw8f/nkHNOEHOmjet+Oyura+sbm7mt/PbO7t5+4eCwoWWiCK0TyaVqBVhTzgStG2Y4bcWK4ijgtBkMb7K8+UiVZlI8mFFM/Qj3BQsZwcZa98FZt1B0y+5UaBm8ORSvP98zTWrdwlenJ0kSUWEIx1q3PTc2foqVYYTTcb6TaBpjMsR92rYocES1n04nHaNT6/RQKJV9wqCp+7sjxZHWoyiwlRE2A72YZeZ/WTsx4ZWfMhEnhgoy+yhMODISZWujHlOUGD6ygIlidlZEBlhhYuxx8vYI3uLKy9A4L3sX5cpdpVgtwUw5OIYTKIEHl1CFW6hBHQiE8AQv8OoMnWfnzZnMSlecec8R/JHz8QNFUZGX</latexit>

b)

<latexit sha1_base64="sKtqiTZMhDUnq3j086HNACYdy/c=">AAAB6nicdZDLSgMxFIbP1Futt6pLN6FFcFVmSqntyoIbFy4q2gu0Q8mkmTY0kxmSjFCGPoIbF0p160v4Gu58GzOtgor+EPj4/3PIOceLOFPatt+tzMrq2vpGdjO3tb2zu5ffP2irMJaEtkjIQ9n1sKKcCdrSTHPajSTFgcdpx5ucp3nnlkrFQnGjpxF1AzwSzGcEa2NdXw6cQb5ol2yjahWl4NRsx0C9XiuX68hZRLZdPHudp3pqDvJv/WFI4oAKTThWqufYkXYTLDUjnM5y/VjRCJMJHtGeQYEDqtxkMeoMHRtniPxQmic0WrjfOxIcKDUNPFMZYD1Wv7PU/CvrxdqvuQkTUaypIMuP/JgjHaJ0bzRkkhLNpwYwkczMisgYS0y0uU7OHOFrU/Q/tMslp1qqXFWKjQIslYUjKMAJOHAKDbiAJrSAwAju4AEeLW7dW3PreVmasT57DuGHrJcPOxaSKQ==</latexit>

L1

<latexit sha1_base64="ts2re28lZDiduVByWSGbUKVd4Dw=">AAAB6nicdZDLSgMxFIbP1Futt6pLN6FFcFUypdR2ZcGNCxcV7QXaoWTSTBuauZBkhDL0Edy4UKpbX8LXcOfbmGkVVPSHwMf/n0POOW4kuNIYv1uZldW19Y3sZm5re2d3L79/0FZhLClr0VCEsusSxQQPWEtzLVg3koz4rmAdd3Ke5p1bJhUPgxs9jZjjk1HAPU6JNtb15aA8yBdxCRtVqygFu4ZtA/V6rVyuI3sRYVw8e52nemoO8m/9YUhjnwWaCqJUz8aRdhIiNaeCzXL9WLGI0AkZsZ7BgPhMOcli1Bk6Ns4QeaE0L9Bo4X7vSIiv1NR3TaVP9Fj9zlLzr6wXa6/mJDyIYs0CuvzIiwXSIUr3RkMuGdViaoBQyc2siI6JJFSb6+TMEb42Rf9Du1yyq6XKVaXYKMBSWTiCApyADafQgAtoQgsojOAOHuDREta9Nbeel6UZ67PnEH7IevkAPJqSKg==</latexit>

L2

<latexit sha1_base64="NQjedJ0YdZxR+kI7Mh/hVL20YvA=">AAAB6nicdZDLSgMxFIbPeK31VnXpJrQIrkqmltquLLhx4aKivUA7lEyaaUMzF5KMUIY+ghsXSnXrS/ga7nwbM62Civ4Q+Pj/c8g5x40EVxrjd2tpeWV1bT2zkd3c2t7Zze3tt1QYS8qaNBSh7LhEMcED1tRcC9aJJCO+K1jbHZ+nefuWScXD4EZPIub4ZBhwj1OijXV92T/p5wq4iI0qFZSCXcW2gVqtWirVkD2PMC6cvc5SPTX6ubfeIKSxzwJNBVGqa+NIOwmRmlPBptlerFhE6JgMWddgQHymnGQ+6hQdGWeAvFCaF2g0d793JMRXauK7ptIneqR+Z6n5V9aNtVd1Eh5EsWYBXXzkxQLpEKV7owGXjGoxMUCo5GZWREdEEqrNdbLmCF+bov+hVSralWL5qlyo52GhDBxCHo7BhlOowwU0oAkUhnAHD/BoCevemlnPi9Il67PnAH7IevkAPh6SKw==</latexit>

L3

<latexit sha1_base64="1Z7D/edeqo3hXwPwtcTq6aJa4Gk=">AAAB6nicdZDLSgMxFIbP1Futt6pLN6FFcFVmSqntyoIbFy4q2gu0Q8mkmTY0kxmSjFCGPoIbF0p160v4Gu58GzOtgor+EPj4/3PIOceLOFPatt+tzMrq2vpGdjO3tb2zu5ffP2irMJaEtkjIQ9n1sKKcCdrSTHPajSTFgcdpx5ucp3nnlkrFQnGjpxF1AzwSzGcEa2NdXw4qg3zRLtlG1SpKwanZjoF6vVYu15GziGy7ePY6T/XUHOTf+sOQxAEVmnCsVM+xI+0mWGpGOJ3l+rGiESYTPKI9gwIHVLnJYtQZOjbOEPmhNE9otHC/dyQ4UGoaeKYywHqsfmep+VfWi7VfcxMmolhTQZYf+TFHOkTp3mjIJCWaTw1gIpmZFZExlphoc52cOcLXpuh/aJdLTrVUuaoUGwVYKgtHUIATcOAUGnABTWgBgRHcwQM8Wty6t+bW87I0Y332HMIPWS8fP6KSLA==</latexit>

L4

<latexit sha1_base64="BD0eBLOivX5UWrJtJUezDEt98TM=">AAACBXicbZDLSgMxFIYz9VbrrepSF8GiVihlRoq6EQtuXFboDdpSMmmmDc1cSM4Uy9CNG59Bn8CNC0UEV76DO9/G9CJo6w+Bj/+cw8n57UBwBab5ZcTm5hcWl+LLiZXVtfWN5OZWWfmhpKxEfeHLqk0UE9xjJeAgWDWQjLi2YBW7ezmsV3pMKu57RegHrOGStscdTgloq5ncTRczdWA3YDtRb5DBPwyDw6PzZjJlZs2R8CxYE0hdvN8P9VBoJj/rLZ+GLvOACqJUzTIDaEREAqeCDRL1ULGA0C5ps5pGj7hMNaLRFQO8r50Wdnypnwd45P6eiIirVN+1dadLoKOma0Pzv1otBOesEXEvCIF5dLzICQUGHw8jwS0uGQXR10Co5PqvmHaIJBR0cAkdgjV98iyUj7PWSTZ3nUvlD9BYcbSD9lAaWegU5dEVKqASougWPaJn9GLcGU/Gq/E2bo0Zk5lt9EfGxzeje5xs</latexit>

(T,v, t0) =

<latexit sha1_base64="kC5vFIH9rrkkhBJVX8umGYTGZHM="></latexit>

(tagged atoms are emphasized)

Figure 3 a) Non-acyclic path induced by some path in ρ (left-hand side), in a tagged tree
decomposition (right-hand side) of f : ρ

hom−−→ α in the case where α = ρ and f is the identity
homomorphism idρ : ρ

hom−−→ ρ.
b) Suppose that the path in ρ is the image of an atom refinement of γ. Then the cycle in the induced
path can be avoided by adding an atom x1

[L2·L3·L4]−−−−−−−→ x4 to ρ, obtaining the path of ρ′, whose
induced path is acyclic.

k + 1. Note that any non-branching path – i.e. a path whose non-extremal bags have degree
2 – in a nice tree decomposition with n bags must have at least ⌊n/2⌋ bags which are not
full. Finally, we define a nice tagged tree decomposition of f : ρ → α to be a tagged tree
decomposition of f that is also a nice tree decomposition of α.

5 Proof of the key lemma

We can now start to describe the constructions used to prove Lemma 3.8. We call a trio to a
triple (α, ρ, f) such that α ∈ Twk, ρ ∈ Ref(γ) and f is a strong onto homomorphism from γ

to α. For clarity, we will denote such a trio by simply “f : ρ
hom−−→−→ α”. Using this terminology,

in order to prove Lemma 3.8, we must show that for every trio f : ρ
hom−−→−→ α, there exists

another trio f ′ : ρ′ hom−−→−→ α′ such that α ⫅ α′ and ρ′ ∈ Ref⩽ℓ(γ). Our first construction, which
will ultimately allow us to bound the size of atom refinements, shows that we can assume
w.l.o.g. that they induce acyclic paths in a nice tagged tree decomposition of f .

▷ Claim 5.1. For any trio f : ρ
hom−−→−→ α, there exists a trio f ′ : ρ′ hom−−→−→ α′ and a nice tagged

tree decomposition (T ′, v′, t′) of width at most k of f ′ such that α ⫅ α′, ∥ρ′∥ ⩽ ∥ρ∥ and
every atom refinement of ρ′ induces an acyclic path in the tree T ′, in which case we say that
(T ′, v′, t′) is locally acyclic .

The construction behind Claim 5.1 is quite simple, and is described and proven in
Section 5, and illustrated in Figure 3.
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Informal proof of Claim 5.1. Start with a trio f : ρ
hom−−→−→ α, and let (T, v, t) be a nice tagged

tree decomposition of f . Consider an atom refinement π =̂ z0
L1−−→ z1

L2−−→ · · · Ln−−→ zn in ρ

of some atom x
L−→ y (with z0 =̂ x and zn =̂ y), and assume that it induces a cyclic path in

T , as in Figure 3a. It means that some variables zi and zj are mapped by f to the same bag
of T , somewhere along the path induced by π. It suffices then to contract ρ by replacing
the atoms zi

Li+1−−−→ · · · Lj−−→ zj by a single atom zi
[Li+1···Lj ]−−−−−−−→ zj (in Figure 3, zi = x1 and

zj = x4). We thus obtain a new refinement ρ′ of γ. Then define α′ be simply adding an
atom f(zi)

Li+1···Lj−−−−−−→ f(zj), see Figure 3b. The definitions of f ′ and (T ′, v′, t′) are then
straightforward – potentially, α′ should be restricted to the image of f ′ : ρ′ → α′ so that f ′

is still strong onto. Crucially, α ⫅ α′, and α′ still has tree-width at most k since we picked
f(zi) and f(zj) so that they belonged to the same bag of T . ◁

Ultimately, Claim 5.1 will allow us to give a bound on the number of leaves of a nice tagged
tree decomposition of a trio. The following claim – which is significantly more technical than
the foregoing – will give us a bound on the height of a decomposition.

▷ Claim 5.2. Let f : ρ
hom−−→−→ α be a trio and (T, v, t) be a locally acyclic nice tagged tree

decomposition of width at most k of f . Then there is a trio f ′ : ρ′ hom−−→−→ α′ and a nice tagged
tree decomposition (T ′, v′, t′) of width at most k of f ′ such that:

α ⫅ α′,
(T ′, v′, t′) is locally acyclic w.r.t. f ′, and
the size of the longest non-branching path in T is at most Θ(∥γ∥ · (k + 1)∥γ∥+1).
To prove Claim 5.2, we will try to find, in a long non-branching path, some kind of

shortcut. The piece of information that is relevant to finding this shortcut is what we call
the profile of a bag.

▶ Definition 5.3. Given a trio f : ρ
hom−−→−→ α and a nice tagged tree decomposition (T, v, t) of

f , for each bag b of T , we say that:
b is “atomic” if there is at least one atom e ∈ t−1(b) and at least one variable x of e such
that x ∈ vars(γ), i.e., the atom e is not in the “middle” part of an atom refinement;
otherwise, when b is non-atomic, we assign to each variable z ∈ v(b) ⊆ V (α) a type

typez =̂
{

x
L−→ y atom of γ

∣∣ the path induced by the atom refinement
of x

L−→ y in ρ leaves b at z
}

;

then the profile of b is the multiset of the types of z where z ranges over v(b).

The rest of the proof consists in two parts: first, we show that if two non-atomic bags
b and b′ occurring in some non-branching path of T have the same profile, then we can
essentially replace the path between b and b′ by a path of constant length (Subclaim 5.4):
while this construction is quite elementary, it motivates the intricate definition of the profile
of a bag; then, we show that in every non-branching path, if it is sufficiently long, then we
can find b and b′ satisfying the aforementioned property: this part simply relies on a basic
combinatorial argument (see the full version for details).

▷ Subclaim 5.4. Suppose there are two bags b and b′ such that: (i) they contain at most k

nodes (i.e., not full bags), (ii) they have the same profile, (iii) there is a non-branching path
in T between these bags, and (iv) no bags of the path between b and b′ (both included) are
atomic. Then, there exists a trio f ′ : ρ′ hom−−→−→ α′ and a nice tagged tree decomposition of f ′ of
width at most k that can be obtained by replacing the non-branching path between b and b′

in the nice tagged tree-decomposition of f : ρ
hom−−→−→ α by another non-branching path of at

most 2k + 1 bags, such that α ⫅ α′.
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<latexit sha1_base64="dkHV0UIuTjo/T1o/mjE5ryNWIM4=">AAAB+HicbVDLSgNBEJz1GeMjqx69LAbFU9iVoOLFgBePEcwDkiXMTnqTIbMPZnrFuORD1IsHRbx68ze8+TfOJjloYkFDUdVNd5cXC67Qtr+NhcWl5ZXV3Fp+fWNzq2Bu79RVlEgGNRaJSDY9qkDwEGrIUUAzlkADT0DDG1xmfuMWpOJReIPDGNyA9kLuc0ZRSx2z0Ea4wzSWkc8FnI86ZtEu2WNY88SZkuLF50OGx2rH/Gp3I5YEECITVKmWY8foplQiZwJG+XaiIKZsQHvQ0jSkASg3HR8+sg600rX8SOoK0RqrvydSGig1DDzdGVDsq1kvE//zWgn6Z27KwzhBCNlkkZ8ICyMrS8HqcgkMxVATyiTXt1qsTyVlqLPK6xCc2ZfnSf245JyUytflYuWQTJAje2SfHBGHnJIKuSJVUiOMJOSJvJBX4954Nt6M90nrgjGd2SV/YHz8AHYqmAE=</latexit>

profile:
<latexit sha1_base64="ZoQZ0QJ3WLymdz5tLdHa4XYvzT8=">AAACFHicbVDLSgMxFM34rPVVdekmWhRBKTNS1J0FNy4r2Cp0SsmktxrMPEjuCGWY/oMbQX9EBBeKuHXhzr8xM+3C1wnhHs49l+QeL5JCo21/WmPjE5NT04WZ4uzc/MJiaWm5qcNYcWjwUIbq3GMapAiggQIlnEcKmO9JOPOujrL+2TUoLcLgFPsRtH12EYie4AyN1Cltu4m7Zk5C3WSwM3DTnYzkBfwI+xqQumluSTulsl2xc9C/xBmR8uHjXYb7eqf04XZDHvsQIJdM65ZjR9hOmELBJaRFN9YQMX7FLqBlaMB80O0kXyqlG0bp0l6ozA2Q5ur3iYT5Wvd9zzh9hpf6dy8T/+u1YuwdtBMRRDFCwIcP9WJJMaRZQrQrFHCUfUMYV8L8lfJLphhHk2PRhOD8Xvkvae5WnL1K9aRarm2SIQpklayTLeKQfVIjx6ROGoSTG/JAnsmLdWs9Wa/W29A6Zo1mVsgPWO9f3/mh3g==</latexit>

{{{ , }, { }, ;}}
<latexit sha1_base64="fEWIgI1s23lu7buYqUXbzILylYg=">AAACCXicbZC7TsMwFIadcivlFmBkMVQghqpKUAVsVGJhLBK9SE1UOa7bWnWcyHaQqigdWXgCeAYWBhCw8gZsvA1O2gFafsvSp/+cI/v8XsioVJb1beQWFpeWV/KrhbX1jc0tc3unIYNIYFLHAQtEy0OSMMpJXVHFSCsUBPkeI01veJnWm7dESBrwGzUKieujPqc9ipHSVseETuzs6xNrGJfGTlJKwUmgk2R+0jGLVtnKBOfBnkLx4v0h1WOtY3453QBHPuEKMyRl27ZC5cZIKIoZSQpOJEmI8BD1SVsjRz6RbpxtksBD7XRhLxD6cgUz9/dEjHwpR76nO32kBnK2lpr/1dqR6p27MeVhpAjHk4d6EYMqgGkssEsFwYqNNCAsqP4rxAMkEFY6vIIOwZ5deR4aJ2X7tFy5rhSrR2CiPNgDB+AY2OAMVMEVqIE6wOAOPIEX8GrcG8/Gm/Exac0Z05ld8EfG5w9wJJ1N</latexit>

{{{ , }, { }}}
<latexit sha1_base64="fEWIgI1s23lu7buYqUXbzILylYg=">AAACCXicbZC7TsMwFIadcivlFmBkMVQghqpKUAVsVGJhLBK9SE1UOa7bWnWcyHaQqigdWXgCeAYWBhCw8gZsvA1O2gFafsvSp/+cI/v8XsioVJb1beQWFpeWV/KrhbX1jc0tc3unIYNIYFLHAQtEy0OSMMpJXVHFSCsUBPkeI01veJnWm7dESBrwGzUKieujPqc9ipHSVseETuzs6xNrGJfGTlJKwUmgk2R+0jGLVtnKBOfBnkLx4v0h1WOtY3453QBHPuEKMyRl27ZC5cZIKIoZSQpOJEmI8BD1SVsjRz6RbpxtksBD7XRhLxD6cgUz9/dEjHwpR76nO32kBnK2lpr/1dqR6p27MeVhpAjHk4d6EYMqgGkssEsFwYqNNCAsqP4rxAMkEFY6vIIOwZ5deR4aJ2X7tFy5rhSrR2CiPNgDB+AY2OAMVMEVqIE6wOAOPIEX8GrcG8/Gm/Exac0Z05ld8EfG5w9wJJ1N</latexit>

{{{ , }, { }}}
<latexit sha1_base64="+y70g4wIzHDle/kXPJ2fpa+UyLg=">AAACGnicbVDJSgNBEO2Je9yiHr20BsVDCDMi6s2AF48RzAKZEHo6laRJz0J3jRCG8TdE8Uc8ePGgiDfx4t/YWQ5xeUXD470qqut5kRQabfvLyszMzs0vLC5ll1dW19ZzG5tVHcaKQ4WHMlR1j2mQIoAKCpRQjxQw35NQ8/rnQ792DUqLMLjCQQRNn3UD0RGcoZFaOcdN3B1TCXWTm4IpNy1QF/wIBxpwilI3HTWmrVzeLtoj0L/EmZD82ePdEPflVu7DbYc89iFALpnWDceOsJkwhYJLSLNurCFivM+60DA0YD7oZjI6LaV7RmnTTqjMC5CO1OmJhPlaD3zPdPoMe/q3NxT/8xoxdk6biQiiGCHg40WdWFIM6TAn2hYKOMqBIYwrYf5KeY8pxtGkmTUhOL9P/kuqh0XnuHh0eZQv7ZMxFsk22SUHxCEnpEQuSJlUCCe35Im8kFfrwXq23qz3cWvGmsxskR+wPr8BqW6kbQ==</latexit>

{{{ , , }, ;, ;}}. . .

. . .. . .

<latexit sha1_base64="vZWD9q+ej7fzB9ZlnMctzsLN4aY=">AAAB6nicbZC7SgNBFIbPxluMt6ilzZAgWIVdCWpnwMYyorlAsoTZyWwyZHZ2mYsQljyCjYUSbX0JX8POt3E2SaGJPwx8/P85zDknSDhT2nW/ndza+sbmVn67sLO7t39QPDxqqthIQhsk5rFsB1hRzgRtaKY5bSeS4ijgtBWMbrK89UilYrF40OOE+hEeCBYygrW17k3P6xXLbsWdCa2Ct4Dy9ec001u9V/zq9mNiIio04Vipjucm2k+x1IxwOil0jaIJJiM8oB2LAkdU+els1Ak6tU4fhbG0T2g0c393pDhSahwFtjLCeqiWs8z8L+sYHV75KROJ0VSQ+Ueh4UjHKNsb9ZmkRPOxBUwks7MiMsQSE22vU7BH8JZXXoXmecW7qFTvquVaCebKwwmU4Aw8uIQa3EIdGkBgAE/wAq8Od56dqfM+L805i55j+CPn4wciR5IV</latexit>

u1

<latexit sha1_base64="/crEaQk64tL2Gts4imDyYRvhdbA=">AAAB6nicbZC7TgJBFIbP4g3xhlraTCAmVmSXELWTxMYSo4AJbMjsMAsTZmc3czEhGx7BxkKDtr6Er2Hn2zgLFAr+ySRf/v+czDknSDhT2nW/ndza+sbmVn67sLO7t39QPDxqqdhIQpsk5rF8CLCinAna1Exz+pBIiqOA03Ywus7y9iOVisXiXo8T6kd4IFjICNbWujO9aq9YdivuTGgVvAWUrz6nmd4aveJXtx8TE1GhCcdKdTw30X6KpWaE00mhaxRNMBnhAe1YFDiiyk9no07QqXX6KIylfUKjmfu7I8WRUuMosJUR1kO1nGXmf1nH6PDST5lIjKaCzD8KDUc6RtneqM8kJZqPLWAimZ0VkSGWmGh7nYI9gre88iq0qhXvvFK7rZXrJZgrDydQgjPw4ALqcAMNaAKBATzBC7w63Hl2ps77vDTnLHqO4Y+cjx8jy5IW</latexit>

u2
<latexit sha1_base64="VFnEMyAz7fXIGc/rkA5RZEUXZl0=">AAAB63icbZDLSgMxFIbPeK31VnXpJrSIrspMKerOghuXFewF2qFk0kwbmmSGJCOUoa/gxoVa3PoQvoY738ZM24W2/hD4+P9zyDkniDnTxnW/nbX1jc2t7dxOfndv/+CwcHTc1FGiCG2QiEeqHWBNOZO0YZjhtB0rikXAaSsY3WZ565EqzSL5YMYx9QUeSBYygk1mJee9Sq9QcsvuTGgVvAWUbj7fMk3rvcJXtx+RRFBpCMdadzw3Nn6KlWGE00m+m2gaYzLCA9qxKLGg2k9ns07QmXX6KIyUfdKgmfu7I8VC67EIbKXAZqiXs8z8L+skJrz2UybjxFBJ5h+FCUcmQtniqM8UJYaPLWCimJ0VkSFWmBh7nrw9gre88io0K2Xvsly9r5ZqRZgrB6dQhAvw4ApqcAd1aACBITzBC7w6wnl2ps77vHTNWfScwB85Hz+EkpJH</latexit>

u0
2

<latexit sha1_base64="igos4JksFCMboM5MTuyG0rf2D6U=">AAAB63icbZDLSgMxFIbP1Futt6pLN6FFdFVmpKg7C25cVrAXaIeSSTNtaJIZkoxQhr6CGxdqcetD+BrufBszbRfa+kPg4//PIeecIOZMG9f9dnJr6xubW/ntws7u3v5B8fCoqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywus3y1iNVmkXywYxj6gs8kCxkBJvMSs56Xq9YdivuTGgVvAWUbz7fMk3rveJXtx+RRFBpCMdadzw3Nn6KlWGE00mhm2gaYzLCA9qxKLGg2k9ns07QqXX6KIyUfdKgmfu7I8VC67EIbKXAZqiXs8z8L+skJrz2UybjxFBJ5h+FCUcmQtniqM8UJYaPLWCimJ0VkSFWmBh7noI9gre88io0LyreZaV6Xy3XSjBXHk6gBOfgwRXU4A7q0AACQ3iCF3h1hPPsTJ33eWnOWfQcwx85Hz+DDpJG</latexit>

u0
1

<latexit sha1_base64="vZWD9q+ej7fzB9ZlnMctzsLN4aY=">AAAB6nicbZC7SgNBFIbPxluMt6ilzZAgWIVdCWpnwMYyorlAsoTZyWwyZHZ2mYsQljyCjYUSbX0JX8POt3E2SaGJPwx8/P85zDknSDhT2nW/ndza+sbmVn67sLO7t39QPDxqqthIQhsk5rFsB1hRzgRtaKY5bSeS4ijgtBWMbrK89UilYrF40OOE+hEeCBYygrW17k3P6xXLbsWdCa2Ct4Dy9ec001u9V/zq9mNiIio04Vipjucm2k+x1IxwOil0jaIJJiM8oB2LAkdU+els1Ak6tU4fhbG0T2g0c393pDhSahwFtjLCeqiWs8z8L+sYHV75KROJ0VSQ+Ueh4UjHKNsb9ZmkRPOxBUwks7MiMsQSE22vU7BH8JZXXoXmecW7qFTvquVaCebKwwmU4Aw8uIQa3EIdGkBgAE/wAq8Od56dqfM+L805i55j+CPn4wciR5IV</latexit>

u1

<latexit sha1_base64="/crEaQk64tL2Gts4imDyYRvhdbA=">AAAB6nicbZC7TgJBFIbP4g3xhlraTCAmVmSXELWTxMYSo4AJbMjsMAsTZmc3czEhGx7BxkKDtr6Er2Hn2zgLFAr+ySRf/v+czDknSDhT2nW/ndza+sbmVn67sLO7t39QPDxqqdhIQpsk5rF8CLCinAna1Exz+pBIiqOA03Ywus7y9iOVisXiXo8T6kd4IFjICNbWujO9aq9YdivuTGgVvAWUrz6nmd4aveJXtx8TE1GhCcdKdTw30X6KpWaE00mhaxRNMBnhAe1YFDiiyk9no07QqXX6KIylfUKjmfu7I8WRUuMosJUR1kO1nGXmf1nH6PDST5lIjKaCzD8KDUc6RtneqM8kJZqPLWAimZ0VkSGWmGh7nYI9gre88iq0qhXvvFK7rZXrJZgrDydQgjPw4ALqcAMNaAKBATzBC7w63Hl2ps77vDTnLHqO4Y+cjx8jy5IW</latexit>

u2
<latexit sha1_base64="VFnEMyAz7fXIGc/rkA5RZEUXZl0=">AAAB63icbZDLSgMxFIbPeK31VnXpJrSIrspMKerOghuXFewF2qFk0kwbmmSGJCOUoa/gxoVa3PoQvoY738ZM24W2/hD4+P9zyDkniDnTxnW/nbX1jc2t7dxOfndv/+CwcHTc1FGiCG2QiEeqHWBNOZO0YZjhtB0rikXAaSsY3WZ565EqzSL5YMYx9QUeSBYygk1mJee9Sq9QcsvuTGgVvAWUbj7fMk3rvcJXtx+RRFBpCMdadzw3Nn6KlWGE00m+m2gaYzLCA9qxKLGg2k9ns07QmXX6KIyUfdKgmfu7I8VC67EIbKXAZqiXs8z8L+skJrz2UybjxFBJ5h+FCUcmQtniqM8UJYaPLWCimJ0VkSFWmBh7nrw9gre88io0K2Xvsly9r5ZqRZgrB6dQhAvw4ApqcAd1aACBITzBC7w6wnl2ps77vHTNWfScwB85Hz+EkpJH</latexit>

u0
2

<latexit sha1_base64="igos4JksFCMboM5MTuyG0rf2D6U=">AAAB63icbZDLSgMxFIbP1Futt6pLN6FFdFVmpKg7C25cVrAXaIeSSTNtaJIZkoxQhr6CGxdqcetD+BrufBszbRfa+kPg4//PIeecIOZMG9f9dnJr6xubW/ntws7u3v5B8fCoqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywus3y1iNVmkXywYxj6gs8kCxkBJvMSs56Xq9YdivuTGgVvAWUbz7fMk3rveJXtx+RRFBpCMdadzw3Nn6KlWGE00mhm2gaYzLCA9qxKLGg2k9ns07QqXX6KIyUfdKgmfu7I8VC67EIbKXAZqiXs8z8L+skJrz2UybjxFBJ5h+FCUcmQtniqM8UJYaPLWCimJ0VkSFWmBh7noI9gre88io0LyreZaV6Xy3XSjBXHk6gBOfgwRXU4A7q0AACQ3iCF3h1hPPsTJ33eWnOWfQcwx85Hz+DDpJG</latexit>

u0
1

<latexit sha1_base64="R+AnmmdhzWDABzzB8vzx2mpoqvc=">AAAB6nicdZDLTgIxFIbP4A3xhrp000BMXE1mBgRcSeLGhQuMAiYwIZ1SoKFzSdsxIRMewY0LDbr1JXwNd76NHdBEjf5Jkz/ff056zvEizqSyrHcjs7S8srqWXc9tbG5t7+R391oyjAWhTRLyUNx4WFLOAtpUTHF6EwmKfY/Ttjc+S/P2LRWShcG1mkTU9fEwYANGsNLo6qJn9/JFyzypVZxjB1mmZVWdUiU1TrXslJCtSari6ess1VOjl3/r9kMS+zRQhGMpO7YVKTfBQjHC6TTXjSWNMBnjIe1oG2CfSjeZjzpFh5r00SAU+gUKzen3jgT7Uk58T1f6WI3k7yyFf2WdWA1qbsKCKFY0IIuPBjFHKkTp3qjPBCWKT7TBRDA9KyIjLDBR+jo5fYSvTdH/puWYdsUsX5aL9QIslIUDKMAR2FCFOpxDA5pAYAh38ACPBjfujZnxvCjNGJ89+/BDxssHRrqSMA==</latexit>

L1
<latexit sha1_base64="Fpr1Zuvfvgl6II147FyjLUy7bs0=">AAAB6nicdZDLTgIxFIbP4A3xhrp000BMXE1mBgRcSeLGhQuMAiYwIZ1SoKFzSdsxIRMewY0LDbr1JXwNd76NHdBEjf5Jkz/ff056zvEizqSyrHcjs7S8srqWXc9tbG5t7+R391oyjAWhTRLyUNx4WFLOAtpUTHF6EwmKfY/Ttjc+S/P2LRWShcG1mkTU9fEwYANGsNLo6qLn9PJFyzypVZxjB1mmZVWdUiU1TrXslJCtSari6ess1VOjl3/r9kMS+zRQhGMpO7YVKTfBQjHC6TTXjSWNMBnjIe1oG2CfSjeZjzpFh5r00SAU+gUKzen3jgT7Uk58T1f6WI3k7yyFf2WdWA1qbsKCKFY0IIuPBjFHKkTp3qjPBCWKT7TBRDA9KyIjLDBR+jo5fYSvTdH/puWYdsUsX5aL9QIslIUDKMAR2FCFOpxDA5pAYAh38ACPBjfujZnxvCjNGJ89+/BDxssHSD6SMQ==</latexit>

L2
<latexit sha1_base64="SfvkW81OZHUStR8LPXD+9RFnUUc=">AAAB7nicdZDLSgMxFIbP1Futt6pLN7FFcFUypdR2ZcGN4KaCvUA7lEyaaUMzF5KMUIY+hBvBirj1FXwNd76NmVZBRX8IfPz/OeSc40aCK43xu5VZWV1b38hu5ra2d3b38vsHbRXGkrIWDUUouy5RTPCAtTTXgnUjyYjvCtZxJxdp3rllUvEwuNHTiDk+GQXc45RoY3WuBkn/2J4N8kVcwkbVKkrBrmHbQL1eK5fryF5EGBfPXx9SzZuD/Ft/GNLYZ4GmgijVs3GknYRIzalgs1w/ViwidEJGrGcwID5TTrIYd4ZOjDNEXijNCzRauN87EuIrNfVdU+kTPVa/s9T8K+vF2qs5CQ+iWLOALj/yYoF0iNLd0ZBLRrWYGiBUcjMromMiCdXmQjlzhK9N0f/QLpfsaqlyXSk2CrBUFo6gAKdgwxk04BKa0AIKE7iDOTxakXVvPVnPy9KM9dlzCD9kvXwACNiTxQ==</latexit>

K1

<latexit sha1_base64="Q7SoaXNc/PG/G8Hkbhl9YDIC5Q8=">AAAB7nicdZDLSgMxFIbP1Futt6pLN7FFcFVmSqntyoIbwU0Fe4F2KJk004ZmMkOSEcrQh3AjWBG3voKv4c63MdMqqOgPgY//P4ecc7yIM6Vt+93KrKyurW9kN3Nb2zu7e/n9g7YKY0loi4Q8lF0PK8qZoC3NNKfdSFIceJx2vMlFmnduqVQsFDd6GlE3wCPBfEawNlbnapD0j8uzQb5ol2yjahWl4NRsx0C9XiuX68hZRLZdPH99SDVvDvJv/WFI4oAKTThWqufYkXYTLDUjnM5y/VjRCJMJHtGeQYEDqtxkMe4MnRhniPxQmic0WrjfOxIcKDUNPFMZYD1Wv7PU/CvrxdqvuQkTUaypIMuP/JgjHaJ0dzRkkhLNpwYwkczMisgYS0y0uVDOHOFrU/Q/tMslp1qqXFeKjQIslYUjKMApOHAGDbiEJrSAwATuYA6PVmTdW0/W87I0Y332HMIPWS8fCl2Txg==</latexit>

K2<latexit sha1_base64="wx3vEHeV9wpqoKwxoQO9bt3/soI=">AAAB7nicdZDLSgMxFIbP1Futt6pLN7FFcFVmSqntyoIbwU0Fe4F2KJk004ZmMkOSEcrQh3AjWBG3voKv4c63MdMqqOgPgY//P4ecc7yIM6Vt+93KrKyurW9kN3Nb2zu7e/n9g7YKY0loi4Q8lF0PK8qZoC3NNKfdSFIceJx2vMlFmnduqVQsFDd6GlE3wCPBfEawNlbnapD0j8VskC/aJduoWkUpODXbMVCv18rlOnIWkW0Xz18fUs2bg/xbfxiSOKBCE46V6jl2pN0ES80Ip7NcP1Y0wmSCR7RnUOCAKjdZjDtDJ8YZIj+U5gmNFu73jgQHSk0Dz1QGWI/V7yw1/8p6sfZrbsJEFGsqyPIjP+ZIhyjdHQ2ZpETzqQFMJDOzIjLGEhNtLpQzR/jaFP0P7XLJqZYq15ViowBLZeEICnAKDpxBAy6hCS0gMIE7mMOjFVn31pP1vCzNWJ89h/BD1ssHZYmUAg==</latexit>

Kn

<latexit sha1_base64="R+AnmmdhzWDABzzB8vzx2mpoqvc=">AAAB6nicdZDLTgIxFIbP4A3xhrp000BMXE1mBgRcSeLGhQuMAiYwIZ1SoKFzSdsxIRMewY0LDbr1JXwNd76NHdBEjf5Jkz/ff056zvEizqSyrHcjs7S8srqWXc9tbG5t7+R391oyjAWhTRLyUNx4WFLOAtpUTHF6EwmKfY/Ttjc+S/P2LRWShcG1mkTU9fEwYANGsNLo6qJn9/JFyzypVZxjB1mmZVWdUiU1TrXslJCtSari6ess1VOjl3/r9kMS+zRQhGMpO7YVKTfBQjHC6TTXjSWNMBnjIe1oG2CfSjeZjzpFh5r00SAU+gUKzen3jgT7Uk58T1f6WI3k7yyFf2WdWA1qbsKCKFY0IIuPBjFHKkTp3qjPBCWKT7TBRDA9KyIjLDBR+jo5fYSvTdH/puWYdsUsX5aL9QIslIUDKMAR2FCFOpxDA5pAYAh38ACPBjfujZnxvCjNGJ89+/BDxssHRrqSMA==</latexit>

L1
<latexit sha1_base64="Fpr1Zuvfvgl6II147FyjLUy7bs0=">AAAB6nicdZDLTgIxFIbP4A3xhrp000BMXE1mBgRcSeLGhQuMAiYwIZ1SoKFzSdsxIRMewY0LDbr1JXwNd76NHdBEjf5Jkz/ff056zvEizqSyrHcjs7S8srqWXc9tbG5t7+R391oyjAWhTRLyUNx4WFLOAtpUTHF6EwmKfY/Ttjc+S/P2LRWShcG1mkTU9fEwYANGsNLo6qLn9PJFyzypVZxjB1mmZVWdUiU1TrXslJCtSari6ess1VOjl3/r9kMS+zRQhGMpO7YVKTfBQjHC6TTXjSWNMBnjIe1oG2CfSjeZjzpFh5r00SAU+gUKzen3jgT7Uk58T1f6WI3k7yyFf2WdWA1qbsKCKFY0IIuPBjFHKkTp3qjPBCWKT7TBRDA9KyIjLDBR+jo5fYSvTdH/puWYdsUsX5aL9QIslIUDKMAR2FCFOpxDA5pAYAh38ACPBjfujZnxvCjNGJ89+/BDxssHSD6SMQ==</latexit>

L2
<latexit sha1_base64="SfvkW81OZHUStR8LPXD+9RFnUUc=">AAAB7nicdZDLSgMxFIbP1Futt6pLN7FFcFUypdR2ZcGN4KaCvUA7lEyaaUMzF5KMUIY+hBvBirj1FXwNd76NmVZBRX8IfPz/OeSc40aCK43xu5VZWV1b38hu5ra2d3b38vsHbRXGkrIWDUUouy5RTPCAtTTXgnUjyYjvCtZxJxdp3rllUvEwuNHTiDk+GQXc45RoY3WuBkn/2J4N8kVcwkbVKkrBrmHbQL1eK5fryF5EGBfPXx9SzZuD/Ft/GNLYZ4GmgijVs3GknYRIzalgs1w/ViwidEJGrGcwID5TTrIYd4ZOjDNEXijNCzRauN87EuIrNfVdU+kTPVa/s9T8K+vF2qs5CQ+iWLOALj/yYoF0iNLd0ZBLRrWYGiBUcjMromMiCdXmQjlzhK9N0f/QLpfsaqlyXSk2CrBUFo6gAKdgwxk04BKa0AIKE7iDOTxakXVvPVnPy9KM9dlzCD9kvXwACNiTxQ==</latexit>

K1

<latexit sha1_base64="Q7SoaXNc/PG/G8Hkbhl9YDIC5Q8=">AAAB7nicdZDLSgMxFIbP1Futt6pLN7FFcFVmSqntyoIbwU0Fe4F2KJk004ZmMkOSEcrQh3AjWBG3voKv4c63MdMqqOgPgY//P4ecc7yIM6Vt+93KrKyurW9kN3Nb2zu7e/n9g7YKY0loi4Q8lF0PK8qZoC3NNKfdSFIceJx2vMlFmnduqVQsFDd6GlE3wCPBfEawNlbnapD0j8uzQb5ol2yjahWl4NRsx0C9XiuX68hZRLZdPH99SDVvDvJv/WFI4oAKTThWqufYkXYTLDUjnM5y/VjRCJMJHtGeQYEDqtxkMe4MnRhniPxQmic0WrjfOxIcKDUNPFMZYD1Wv7PU/CvrxdqvuQkTUaypIMuP/JgjHaJ0dzRkkhLNpwYwkczMisgYS0y0uVDOHOFrU/Q/tMslp1qqXFeKjQIslYUjKMApOHAGDbiEJrSAwATuYA6PVmTdW0/W87I0Y332HMIPWS8fCl2Txg==</latexit>

K2<latexit sha1_base64="wx3vEHeV9wpqoKwxoQO9bt3/soI=">AAAB7nicdZDLSgMxFIbP1Futt6pLN7FFcFVmSqntyoIbwU0Fe4F2KJk004ZmMkOSEcrQh3AjWBG3voKv4c63MdMqqOgPgY//P4ecc7yIM6Vt+93KrKyurW9kN3Nb2zu7e/n9g7YKY0loi4Q8lF0PK8qZoC3NNKfdSFIceJx2vMlFmnduqVQsFDd6GlE3wCPBfEawNlbnapD0j8VskC/aJduoWkUpODXbMVCv18rlOnIWkW0Xz18fUs2bg/xbfxiSOKBCE46V6jl2pN0ES80Ip7NcP1Y0wmSCR7RnUOCAKjdZjDtDJ8YZIj+U5gmNFu73jgQHSk0Dz1QGWI/V7yw1/8p6sfZrbsJEFGsqyPIjP+ZIhyjdHQ2ZpETzqQFMJDOzIjLGEhNtLpQzR/jaFP0P7XLJqZYq15ViowBLZeEICnAKDpxBAy6hCS0gMIE7mMOjFVn31pP1vCzNWJ89h/BD1ssHZYmUAg==</latexit>

Kn

<latexit sha1_base64="fF3bT4oOYMa6mpKYjyqg4CAXmVo=">AAAB+XicdVDLSgMxFM3UV62vUZduQovgasjUtrYrC26kqwr2Ae0wZNK0Dc08SDKFMvRDFDcuFHHryt9w59+YaRVU9EDgcM493JvjRZxJhdC7kVlZXVvfyG7mtrZ3dvfM/YO2DGNBaIuEPBRdD0vKWUBbiilOu5Gg2Pc47XiTi9TvTKmQLAyu1Syijo9HARsygpWWXNPsNVwb9gehkh5suNxxzQKyUKVcQzWIrDKyqwuCUKVaPIW2JikK5683KW6brvmm0yT2aaAIx1L2bBQpJ8FCMcLpPNePJY0wmeAR7WkaYJ9KJ1lcPofHWhnAYSj0CxRcqN8TCfalnPmenvSxGsvfXir+5fViNaw6CQuiWNGALBcNYw5VCNMa4IAJShSfaYKJYPpWSMZYYKJ0WTldwtdP4f+kXbTsilW6KhXqebBEFhyBPDgBNjgDdXAJmqAFCJiCO/AAHo3EuDeejOflaMb4zByCHzBePgCf3Jdp</latexit>

[J1 · · · Jl]

<latexit sha1_base64="3vYvcJs6DCrhnmCxBSYZRghC/to=">AAAB+XicdVDLSsNAFJ3UV62vqEs3Q4vgKiRpbevKghsXXVSwD2hDmEwn7dDJg5lJoYR+iOLGhSJuXfkb7vwbJ62Cih4YOJxzD/fO8WJGhTTNdy23srq2vpHfLGxt7+zu6fsHHRElHJM2jljEex4ShNGQtCWVjPRiTlDgMdL1JheZ350SLmgUXstZTJwAjULqU4ykklxd7zfdMhwMIyk82HQDx9VLpnFWr9qnNjQN06zZ5WpG7FrFLkNLKRlK5683GW5brv6m0jgJSCgxQ0L0LTOWToq4pJiReWGQCBIjPEEj0lc0RAERTrq4fA6PlTKEfsTVCyVcqN8TKQqEmAWemgyQHIvfXib+5fUT6dedlIZxIkmIl4v8hEEZwawGOKScYMlmiiDMqboV4jHiCEtVVkGV8PVT+D/p2IZVNSpXlVKjCJbIgyNQBCfAAjXQAJegBdoAgym4Aw/gUUu1e+1Je16O5rTPzCH4Ae3lA6apl20=</latexit>

[L3 · · ·Lm]

<latexit sha1_base64="7MlxwMvVHid2bgI5QKwsL2gqdkY=">AAAB/XicdVDLSgMxFM34rPU1PnZuQovgxjJTS21XFtwI3VSwD5gOQyZN29BMZkgyQh2K36ErNy4UcSv+hjv/xkyroKIHLhzOuTe59/gRo1JZ1rsxN7+wuLScWcmurq1vbJpb2y0ZxgKTJg5ZKDo+koRRTpqKKkY6kSAo8Blp+6PT1G9fEiFpyC/UOCJugAac9ilGSkueuevUvSPY7YVK+rDuJfzQnriembcKlka5DFNiVyxbk2q1UixWoT21LCt/8nqT4rbhmW/6BRwHhCvMkJSObUXKTZBQFDMyyXZjSSKER2hAHE05Coh0k+n2E7ivlR7sh0IXV3Cqfp9IUCDlOPB1Z4DUUP72UvEvz4lVv+ImlEexIhzPPurHDKoQplHAHhUEKzbWBGFB9a4QD5FAWOnAsjqEr0vh/6RVLNjlQum8lK/lwAwZsAdy4ADY4BjUwBlogCbA4ArcgQfwaFwb98aT8TxrnTM+Z3bADxgvH0wFmOM=</latexit>

[K3 · · ·Kn�1]

<latexit sha1_base64="BuU5K9j64kp8V0sZ9yUikeRQItc=">AAAB+3icdVDLSgMxFM3UV62vsS7dhBbBjWWmltquLLgRuqlgH9AOQyZN29BMZkgyYhnmQ3ThxoUibl34G+78GzOtgooeuHA4597k3uOFjEplWe9GZml5ZXUtu57b2Nza3jF38x0ZRAKTNg5YIHoekoRRTtqKKkZ6oSDI9xjpetOz1O9eESFpwC/VLCSOj8acjihGSkuumW+6x3AwDJT0YNON+ZGduGbRKlka1SpMiV2zbE3q9Vq5XIf23LKs4unrTYrblmu+6Qdw5BOuMENS9m0rVE6MhKKYkSQ3iCQJEZ6iMelrypFPpBPPd0/ggVaGcBQIXVzBufp9Ika+lDPf050+UhP520vFv7x+pEY1J6Y8jBThePHRKGJQBTANAg6pIFixmSYIC6p3hXiCBMJKx5XTIXxdCv8nnXLJrpYqF5ViowAWyIJ9UACHwAYnoAHOQQu0AQbX4A48gEcjMe6NJ+N50ZoxPmf2wA8YLx/d95gX</latexit>

K
3 · · ·K

n�1

<latexit sha1_base64="ilmdlhX9U+D8zOoAHDylK1k3/v4=">AAAB+XicdVDLSsNAFJ3UV62vqEs3Q4vgKiRpbevKghsXXVSwD2hDmEwn7dDJg5lJoYR+iOLGhSJuXfkb7vwbJ62Cih4YOJxzD/fO8WJGhTTNdy23srq2vpHfLGxt7+zu6fsHHRElHJM2jljEex4ShNGQtCWVjPRiTlDgMdL1JheZ350SLmgUXstZTJwAjULqU4ykklxdb7plOBhGUniw6abB3NVLpnFWr9qnNjQN06zZ5WpG7FrFLkNLKRlK5683GW5brv6m4jgJSCgxQ0L0LTOWToq4pJiReWGQCBIjPEEj0lc0RAERTrq4fA6PlTKEfsTVCyVcqN8TKQqEmAWemgyQHIvfXib+5fUT6dedlIZxIkmIl4v8hEEZwawGOKScYMlmiiDMqboV4jHiCEtVVkGV8PVT+D/p2IZVNSpXlVKjCJbIgyNQBCfAAjXQAJegBdoAgym4Aw/gUUu1e+1Je16O5rTPzCH4Ae3lAweal60=</latexit>

L
3 · · ·L

m

<latexit sha1_base64="Gxah9rcKM0liPGxU+NgpOY3r6FU=">AAAB9XicdVDLSgMxFM34rPVVdekmtAiuhkxta7uy4Ea6qmAf0I5DJs20oZkHSUYpQ/9DBReKuHXtb7jzb8y0Cip6IHA45x7uzXEjzqRC6N1YWFxaXlnNrGXXNza3tnM7u20ZxoLQFgl5KLoulpSzgLYUU5x2I0Gx73Laccenqd+5okKyMLhQk4jaPh4GzGMEKy1dNhwL9gehki5sONzJFZCJKuUaqkFklpFVnRGEKtXiEbQ0SVE4eb1Ncdd0cm86TGKfBopwLGXPQpGyEywUI5xOs/1Y0giTMR7SnqYB9qm0k9nVU3iglQH0QqFfoOBM/Z5IsC/lxHf1pI/VSP72UvEvrxcrr2onLIhiRQMyX+TFHKoQphXAAROUKD7RBBPB9K2QjLDAROmisrqEr5/C/0m7aFoVs3ReKtTzYI4M2Ad5cAgscAzq4Aw0QQsQIMANeACPxrVxbzwZz/PRBeMzswd+wHj5AL0Qlmw=</latexit>

J1 · · · Jl

... ... ... ...

<latexit sha1_base64="qsN1rtxG6N98LbLCiYD9mjwejXo=">AAACKXiclVDLSsNAFJ34rPUVdelmsCiuSiJF3Vlw47KCfUAbymRy0w6dTMLMRCih/od+gBu/wH9wo6CoW3/E6WOhrRsPXDiccy/33uMnnCntOB/W3PzC4tJybiW/ura+sWlvbddUnEoKVRrzWDZ8ooAzAVXNNIdGIoFEPoe63zsf+vVrkIrF4kr3E/Ai0hEsZJRoI7XtcisVAUhfEgrZzf8xaNsFp+iMgGeJOyGFs8fbIe4qbfulFcQ0jUBoyolSTddJtJcRqRnlMMi3UgUJoT3SgaahgkSgvGz06QDvGyXAYSxNCY1H6s+JjERK9SPfdEZEd9W0NxT/8pqpDk+9jIkk1SDoeFGYcqxjPIwNB0wC1bxvCKGSmVsx7RKTmjbh5k0I7vTLs6R2VHSPi6XLUqF8gMbIoV20hw6Ri05QGV2gCqoiiu7RE3pFb9aD9Wy9W5/j1jlrMrODfsH6+gbhkLIw</latexit>| {z } <latexit sha1_base64="a/IZVGYqWSf2hjcXKL7XIFPdE3s=">AAACLXicnVDLSsNAFJ3UV62vqEs3waK4KokUdWdBFy4r2Ae0oUwmN+3QySTMTIQS6n/oJ7hx7V+I4KIibv0NJ20X2rrywIXDOfdy7z1ezKhUtj0ycguLS8sr+dXC2vrG5pa5vVOXUSII1EjEItH0sARGOdQUVQyasQAcegwaXv8i8xu3ICSN+I0axOCGuMtpQAlWWuqYl+2E+yA8gQmkd//DsGMW7ZI9hjVPnCkpnj/fZ3iodszXth+RJASuCMNSthw7Vm6KhaKEwbDQTiTEmPRxF1qachyCdNPxt0PrQCu+FURCF1fWWP05keJQykHo6c4Qq56c9TLxL6+VqODMTSmPEwWcTBYFCbNUZGXRWT4VQBQbaIKJoPpWi/SwTk7pgAs6BGf25XlSPy45J6XydblYOUQT5NEe2kdHyEGnqIKuUBXVEEGP6AWN0LvxZLwZH8bnpDVnTGd20S8YX9/w2LRQ</latexit>| {z }
<latexit sha1_base64="wvKkem6g1HG+MR/rXkTnwCRWouc=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAorsqMFHVnwY3LCvYC7VDOpJk2NpMMSUYoQ9/BjYsWcesz+BrufBszbRfa+kPg4//PIeecIOZMG9f9dnJr6xubW/ntws7u3v5B8fCooWWiCK0TyaVqBaApZ4LWDTOctmJFIQo4bQbDuyxvPlOlmRSPZhRTP4K+YCEjYKzV6ACPB9AtltyyOxNeBW8BpdvPSaZprVv86vQkSSIqDOGgddtzY+OnoAwjnI4LnUTTGMgQ+rRtUUBEtZ/Oph3jM+v0cCiVfcLgmfu7I4VI61EU2MoIzEAvZ5n5X9ZOTHjjp0zEiaGCzD8KE46NxNnquMcUJYaPLABRzM6KyQAUEGMPVLBH8JZXXoXGZdm7KlceKqXqOZorj07QKbpAHrpGVXSPaqiOCHpCL2iCpo50Xp03531emnMWPcfoj5yPH6fek5Q=</latexit>↵

<latexit sha1_base64="+285/N63jUH7i6ect0ftpOahG0A=">AAAB7nicbZDLSgMxFIYz9VbrrerSTbB4WZUZKerOghuXFewF2qGcSTNtaCYTkoxQhj6EG8GKuPUVfA13vo2Ztgtt/SHw8f/nkHNOIDnTxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6DhRhNZJzGPVCkBTzgStG2Y4bUlFIQo4bQbD2yxvPlKlWSwezEhSP4K+YCEjYKzV7ACXAzjrFktu2Z0KL4M3h9LN50umSa1b/Or0YpJEVBjCQeu250rjp6AMI5yOC51EUwlkCH3atiggotpPp+OO8Yl1ejiMlX3C4Kn7uyOFSOtRFNjKCMxAL2aZ+V/WTkx47adMyMRQQWYfhQnHJsbZ7rjHFCWGjywAUczOiskAFBBjL1SwR/AWV16GxkXZuyxX7iul6imaKY+O0DE6Rx66QlV0h2qojggaoic0Qa+OdJ6dN+d9Vppz5j2H6I+cjx8KWZPF</latexit>

↵0

Figure 4 A long non-branching path in the tree decomposition of width 2 of an approximation α.
There are two non-full bags in the path with the same profile, and thus the query α can be simplified
to α′ by applying contractions to the atom refinements involved.

The basic idea behind Subclaim 5.4 is that we the definition of profile was carefully
design so that we could contract every refinements between b and b′, while preserving every
desirable properties on the trio. The construction is illustrated in Figure 4, and both an
informal proof and a formal proof can be found in the full version. We can now describe key
steps in the proof of Claim 5.2. A formal proof can also be found in the full version.

Proof sketch of Claim 5.2. We claim that, starting from a trio f : ρ
hom−−→−→ α and a locally

acyclic nice tagged tree decomposition of f , if we can find a long non-branching path, then
an elementary argument (see the full version) yields the existence of two bags b and b′ on
this path, satisfying the assumptions of Subclaim 5.4, and sufficiently far apart that the
construction described in Subclaim 5.4 strictly shortens the path between b and b′. Overall,
the iterative application of this construction, which preserves both the niceness and the local
acyclicity of the tagged tree decomposition, and only produces bigger approximations (in
the sense of containment), yields a trio f ′ : ρ′ hom−−→−→ α′ with a locally acyclic nice tagged tree
decomposition of width at most k, whose non-branching paths are all “small”, and such that
α ⫅ α′. ◁

Finally, our main lemma follows from Claims 5.1 and 5.2.

Proof of Lemma 3.8. In order to show AppTwk
(γ) ⫅ App⋆,⩽ℓ

Twk
(γ) – the other containment

being trivial – , pick a trio f : ρ → α. Applying Claim 5.1 and then Claim 5.2 yields the
existence of a trio f ′ : ρ′ → α′ together with a nice tagged tree decomposition (T ′, v′, t′) of
f ′ such that α ⫅ α′ and (T ′, v′, t′) is locally acyclic, and any non-branching path in T ′ has
length at most Θ(∥γ∥ · (k + 1)∥γ∥).

Moreover, we can assume w.l.o.g., by applying Fact 4.2, that every leaf of T ′ is tagged
by at least one atom of ρ′. The local acyclicity of T ′ implies that if b be a leaf of T ′, and
π =̂ x

L1−−→ t1
L2−−→ · · · Ln−1−−−→ tn−1

Ln−−→ y is an atom refinement in ρ′ of some atom x
L−→ y

of γ, then if b is tagged by one atom of π this atom must either be z0
L1−−→ z1 or zn−1

Ln−−→ zn

by local acyclicity – see e.g. Figure 3 for a visual proof. The number of such atoms in ρ′

being bounded by 2∥γ∥, we conclude that T ′ has at most 2∥γ∥ leaves.

https://arxiv.org/abs/2212.01679
https://arxiv.org/abs/2212.01679
https://arxiv.org/abs/2212.01679
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Then, observe that a tree with at most p leaves and whose non-branching paths have
length at most q is of height at most9 p · q − 1. We conclude that the height of T ′ is
Θ(∥γ∥2 · (k + 1)∥γ∥). Using again the local acyclicity of T ′, observe that the refinement length
of ρ′ is at most twice the height of T ′, and hence ρ′ ∈ Ref⩽ℓ(γ) where ℓ = Θ(∥γ∥2 · (k +1)∥γ∥).
In other words, α′ ∈ App⋆,⩽ℓ

Twk
(γ). Hence, we have shown that for all α ∈ App⋆

Twk
(γ), there

exists α′ ∈ App⋆,⩽ℓ
Twk

(γ) such that α ⫅ α′. ◀

6 Queries over simple regular expressions

A simple regular expression, or SRE, is a regular expression the form a∗ for some letter a ∈ A
or of the form a1 + · · ·+ am for some a1, . . . , am ∈ A.

Let UCRPQ(SRE) be the set of all UCRPQ whose languages are expressed via SRE
expressions. Observe that UCRPQ(SRE) is semantically closed under concatenation, that
is, concatenations of SRE expressions can be also expressed in the language. For example,
γ(x, y) = x

a∗·(a+b)·b∗

−−−−−−−→ y is equivalent to γ′(x, y) = x
a∗

−→ z ∧ z
a+b−−→ z′ ∧ z′ b∗

−→ y. One
interest of UCRPQ(SRE) comes from the fact that it is used widely in practice, as recent
studies on SPARQL query logs on Wikidata, DBpedia and other sources show that this kind
of regular expressions cover a majority of the queries investigated, e.g., 75% of the “property
paths” (C2RPQ atoms) of the corpus of 1.5M queries of [7, Table 15]. An additional interest
comes from the fact that the containment problem for UCRPQ(SRE) is much better behaved
than for general UCRPQs, since it is in Πp

2 [11, Corollary 5.2], that is, just one level up the
polynomial hierarchy compared to the CQ containment problem, which is in NP [9], and in
sharp contrast with the costly ExpSpace-complete CRPQ containment problem [8, 12].

We devote this section to showing the following result.

▶ Theorem 6.1. For k > 1, the semantic tree-width k problem for UCRPQ(SRE) is in Πp
2.

Observe that simple regular expressions are closed under sublanguages. Hence, in the light
of Theorem 1.5, the maximal under-approximation of a UCRPQ(SRE) query by infinitary
unions of CQs of tree-width k is always equivalent to a UCRPQ(SRE) query of tree-width k.
We will explain how the construction of the maximal under-approximation of the previous
section can be exploited to improve the complexity from 2ExpSpace down to Πp

2.

6.1 Summary queries
We will first show that the maximal under-approximation of tree-width k of a UC2RPQ
can be expressed as a union of polynomial sized “summary” queries. Each summary query
represents a union of exponentially-bounded C2RPQs sharing some common structure. These
are normal UC2RPQ queries extended with some special kind of atoms, called “path-l
approximations”. Intuitively, a path-l approximation is a maximal under-approximation
of tree-width l of queries of the form

∧
i xi

Li−→ yi such that xi ̸= yj for all i, j. Path-l
approximations may require an exponential size when represented as UCRPQs. Formally, a
path-l approximation is a query of the form “Pl(X, Y, γ)” where: (i) X, Y , are two disjoint
sets of variables of size at most l, (ii) γ(z̄) is a conjunction of atoms

∧
1⩽i⩽n Ai(xi, yi) where

z̄ contains all variables of X ∪ Y , (iii) each Ai is a C2RPQ atom of the form xi
L−→ yi or

yi
L−→ xi such that xi is in X and yi is in Y . We give its semantics in terms of infinitary

9 The length of a path being its number of nodes, and with the convention that the height of a single
node is zero.
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<latexit sha1_base64="x9zjB1tQLR6Pw4UEOAnPW9h6B3I=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGirqz4MZlRXuBdiiZNNOGZpIhyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBdZY3HqjSTIp7M4ypH+GeYCEj2Fjr7rHjdQpFt+ROhBbBm0Hx6nOc6a3aKXy1u5IkERWGcKx1y3Nj46dYGUY4HeXbiaYxJgPcoy2LAkdU++lk1BE6tk4XhVLZJwyauL87UhxpPYwCWxlh09fzWWb+l7USE176KRNxYqgg04/ChCMjUbY36jJFieFDC5goZmdFpI8VJsZeJ2+P4M2vvAj1s5J3XirflouVE5gqB4dwBKfgwQVU4AaqUAMCPXiCF3h1uPPsjJ33aemSM+s5gD9yPn4AKA2SHA==</latexit>x1
<latexit sha1_base64="sWJGvdTt00+O0kGZG6QCiyG8cZw=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8GiuCpJKerOghuXFe0F2lAm00k7dDIJMxOxhD6CGxdKdetL+BrufBsnbRfa+sPAx/+fw5xz/JgzpR3n28qtrK6tb+Q3C1vbO7t79v5BQ0WJJLROIh7Jlo8V5UzQumaa01YsKQ59Tpv+8DrLmw9UKhaJez2KqRfivmABI1gb6+6xW+7aRafkTIWWwZ1D8epzkumt1rW/Or2IJCEVmnCsVNt1Yu2lWGpGOB0XOomiMSZD3KdtgwKHVHnpdNQxOjFODwWRNE9oNHV/d6Q4VGoU+qYyxHqgFrPM/C9rJzq49FIm4kRTQWYfBQlHOkLZ3qjHJCWajwxgIpmZFZEBlphoc52COYK7uPIyNMol97xUua0Uq6cwUx6O4BjOwIULqMIN1KAOBPrwBC/wanHr2ZpY77PSnDXvOYQ/sj5+ACmRkh0=</latexit>x2

<latexit sha1_base64="rBGi1lD4rymrS1IRe7SJwFA5gBk=">AAAB6nicbZDLSsNAFIZP6q3WW9Wlm8GiuCpJKdWdBTcuK9oLtKFMppN26GQSZiZCCH0ENy6U6taX8DXc+TZO2i609YeBj/8/hznneBFnStv2t5VbW9/Y3MpvF3Z29/YPiodHLRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG1745ssbz9SqVgoHnQSUTfAQ8F8RrA21n3Sr/SLJbtsz4RWwVlA6fpzmumt0S9+9QYhiQMqNOFYqa5jR9pNsdSMcDop9GJFI0zGeEi7BgUOqHLT2agTdGacAfJDaZ7QaOb+7khxoFQSeKYywHqklrPM/C/rxtq/clMmolhTQeYf+TFHOkTZ3mjAJCWaJwYwkczMisgIS0y0uU7BHMFZXnkVWpWyUytX76ql+jnMlYcTOIULcOAS6nALDWgCgSE8wQu8Wtx6tqbW+7w0Zy16juGPrI8fKxeSHg==</latexit>y2
<latexit sha1_base64="yPRTJw8s3wjr8q3A5gWKhJp+7Nk=">AAAB6nicbZDLSsNAFIZP6q3WW9Wlm8GiuCqJFHVnwY3LivYCbSiT6aQdOpmEmYkQQh/BjQuluvUlfA13vo2TtAtt/WHg4//PYc45XsSZ0rb9bRVWVtfWN4qbpa3tnd298v5BS4WxJLRJQh7KjocV5UzQpmaa004kKQ48Ttve+CbL249UKhaKB51E1A3wUDCfEayNdZ/0nX65YlftXGgZnDlUrj+nmd4a/fJXbxCSOKBCE46V6jp2pN0US80Ip5NSL1Y0wmSMh7RrUOCAKjfNR52gE+MMkB9K84RGufu7I8WBUkngmcoA65FazDLzv6wba//KTZmIYk0FmX3kxxzpEGV7owGTlGieGMBEMjMrIiMsMdHmOiVzBGdx5WVonVedi2rtrlapn8JMRTiCYzgDBy6hDrfQgCYQGMITvMCrxa1na2q9z0oL1rznEP7I+vgBKZOSHQ==</latexit>y1

<latexit sha1_base64="mXIvgRzaPF8YSAEJ14qzgDncu+g=">AAAB6HicbZDLTgJBEEVr8IX4Ql266Ug0rsiMIepOEjcuIZFHAhPS09RAS88j3T0mSPgCNy40Bpf+hb/hzr+xB1goeJNOTu6tSleVFwuutG1/W5mV1bX1jexmbmt7Z3cvv39QV1EiGdZYJCLZ9KhCwUOsaa4FNmOJNPAENrzBTZo3HlAqHoV3ehijG9BeyH3OqDZW9bGTL9hFeyqyDM4cCtefk1TvlU7+q92NWBJgqJmgSrUcO9buiErNmcBxrp0ojCkb0B62DIY0QOWOpoOOyYlxusSPpHmhJlP3d8eIBkoNA89UBlT31WKWmv9lrUT7V+6Ih3GiMWSzj/xEEB2RdGvS5RKZFkMDlEluZiWsTyVl2twmZ47gLK68DPXzonNRLFVLhfIpzJSFIziGM3DgEspwCxWoAQOEJ3iBV+veerberMmsNGPNew7hj6yPHwWtkXo=</latexit>z<latexit sha1_base64="Rbb9dRCglIXnItRrNxJexyeOTTU=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8GiiIuSSFF3Fty4rGgv0MYymU7aoZNJmJkIJfQR3LhQqltfwtdw59s4abvQ1h8GPv7/HOac48ecKe0431ZuaXlldS2/XtjY3NresXf36ipKJKE1EvFINn2sKGeC1jTTnDZjSXHoc9rwB9dZ3nikUrFI3OthTL0Q9wQLGMHaWHfk4bRjF52SMxFaBHcGxavPcaa3asf+ancjkoRUaMKxUi3XibWXYqkZ4XRUaCeKxpgMcI+2DAocUuWlk1FH6Mg4XRRE0jyh0cT93ZHiUKlh6JvKEOu+ms8y87+slejg0kuZiBNNBZl+FCQc6Qhle6Muk5RoPjSAiWRmVkT6WGKizXUK5gju/MqLUD8rueel8m25WDmGqfJwAIdwAi5cQAVuoAo1INCDJ3iBV4tbz9bYep+W5qxZzz78kfXxA/vfkf8=</latexit>

c⇤
<latexit sha1_base64="QEDPvNcEVN6snRcXCSLzDjNaTVU=">AAAB7XicbZDLTgIxFIbP4A3xhrp000g06ILMGKLuJHHjEhO5JDCSTulApTOdtB0TMuEd3LiAGLc+g6/hzrexAywU/JMmX/7/nPSc40WcKW3b31ZmZXVtfSO7mdva3tndy+8f1JWIJaE1IriQTQ8ryllIa5ppTpuRpDjwOG14g9s0bzxTqZgIH/Qwom6AeyHzGcHaWPUiJmeP5518wS7ZU6FlcOZQuPkcp5pUO/mvdleQOKChJhwr1XLsSLsJlpoRTke5dqxohMkA92jLYIgDqtxkOu0InRini3whzQs1mrq/OxIcKDUMPFMZYN1Xi1lq/pe1Yu1fuwkLo1jTkMw+8mOOtEDp6qjLJCWaDw1gIpmZFZE+lphoc6CcOYKzuPIy1C9KzmWpfF8uVE5hpiwcwTEUwYErqMAdVKEGBJ7gBcYwsYT1ar1Z77PSjDXvOYQ/sj5+AHuEks8=</latexit> (a
c)

⇤

<latexit sha1_base64="4LAhf4TVXWs8Virk4xjGD1eWEoc=">AAAB8HicbZDLSgMxFIbP1Futt6pLN4NFqQplRoq6s+DGZQV7kXYsmTRTQ5PMkGSEMvQp3Kgo4tY38DXc+TZm2i609YfAx/+fQ845fsSo0o7zbWXm5hcWl7LLuZXVtfWN/OZWXYWxxKSGQxbKpo8UYVSQmqaakWYkCeI+Iw2/f5HmjXsiFQ3FtR5ExOOoJ2hAMdLGuimi5GiID24PO/mCU3JGsmfBnUDh/PMp1XO1k/9qd0MccyI0ZkiplutE2kuQ1BQzMsy1Y0UihPuoR1oGBeJEeclo4KG9Z5yuHYTSPKHtkfu7I0FcqQH3TSVH+k5NZ6n5X9aKdXDmJVREsSYCjz8KYmbr0E63t7tUEqzZwADCkppZbXyHJMLa3ChnjuBOrzwL9eOSe1IqX5ULlX0YKws7sAtFcOEUKnAJVagBBg4P8AKvlrQerTfrfVyasSY92/BH1scPqsaUEA==</latexit>(a+
c) ⇤ <latexit sha1_base64="HcAZEZtYx5Sv26HKdQAvyzCT2/Y=">AAAB7XicbZDLTgIxFIbP4A3xhrp000g06ILMGKLuJHHjEhO5JDCSTulApTOdtB0TMuEd3LiAGLc+g6/hzrexAywU/JMmX/7/nPSc40WcKW3b31ZmZXVtfSO7mdva3tndy+8f1JWIJaE1IriQTQ8ryllIa5ppTpuRpDjwOG14g9s0bzxTqZgIH/Qwom6AeyHzGcHaWPUi9s4ezzv5gl2yp0LL4MyhcPM5TjWpdvJf7a4gcUBDTThWquXYkXYTLDUjnI5y7VjRCJMB7tGWwRAHVLnJdNoROjFOF/lCmhdqNHV/dyQ4UGoYeKYywLqvFrPU/C9rxdq/dhMWRrGmIZl95MccaYHS1VGXSUo0HxrARDIzKyJ9LDHR5kA5cwRnceVlqF+UnMtS+b5cqJzCTFk4gmMoggNXUIE7qEINCDzBC4xhYgnr1Xqz3melGWvecwh/ZH38AHn9ks4=</latexit>

(ab) ⇤

<latexit sha1_base64="x9zjB1tQLR6Pw4UEOAnPW9h6B3I=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGirqz4MZlRXuBdiiZNNOGZpIhyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBdZY3HqjSTIp7M4ypH+GeYCEj2Fjr7rHjdQpFt+ROhBbBm0Hx6nOc6a3aKXy1u5IkERWGcKx1y3Nj46dYGUY4HeXbiaYxJgPcoy2LAkdU++lk1BE6tk4XhVLZJwyauL87UhxpPYwCWxlh09fzWWb+l7USE176KRNxYqgg04/ChCMjUbY36jJFieFDC5goZmdFpI8VJsZeJ2+P4M2vvAj1s5J3XirflouVE5gqB4dwBKfgwQVU4AaqUAMCPXiCF3h1uPPsjJ33aemSM+s5gD9yPn4AKA2SHA==</latexit>x1
<latexit sha1_base64="sWJGvdTt00+O0kGZG6QCiyG8cZw=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8GiuCpJKerOghuXFe0F2lAm00k7dDIJMxOxhD6CGxdKdetL+BrufBsnbRfa+sPAx/+fw5xz/JgzpR3n28qtrK6tb+Q3C1vbO7t79v5BQ0WJJLROIh7Jlo8V5UzQumaa01YsKQ59Tpv+8DrLmw9UKhaJez2KqRfivmABI1gb6+6xW+7aRafkTIWWwZ1D8epzkumt1rW/Or2IJCEVmnCsVNt1Yu2lWGpGOB0XOomiMSZD3KdtgwKHVHnpdNQxOjFODwWRNE9oNHV/d6Q4VGoU+qYyxHqgFrPM/C9rJzq49FIm4kRTQWYfBQlHOkLZ3qjHJCWajwxgIpmZFZEBlphoc52COYK7uPIyNMol97xUua0Uq6cwUx6O4BjOwIULqMIN1KAOBPrwBC/wanHr2ZpY77PSnDXvOYQ/sj5+ACmRkh0=</latexit>x2

<latexit sha1_base64="rBGi1lD4rymrS1IRe7SJwFA5gBk=">AAAB6nicbZDLSsNAFIZP6q3WW9Wlm8GiuCpJKdWdBTcuK9oLtKFMppN26GQSZiZCCH0ENy6U6taX8DXc+TZO2i609YeBj/8/hznneBFnStv2t5VbW9/Y3MpvF3Z29/YPiodHLRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG1745ssbz9SqVgoHnQSUTfAQ8F8RrA21n3Sr/SLJbtsz4RWwVlA6fpzmumt0S9+9QYhiQMqNOFYqa5jR9pNsdSMcDop9GJFI0zGeEi7BgUOqHLT2agTdGacAfJDaZ7QaOb+7khxoFQSeKYywHqklrPM/C/rxtq/clMmolhTQeYf+TFHOkTZ3mjAJCWaJwYwkczMisgIS0y0uU7BHMFZXnkVWpWyUytX76ql+jnMlYcTOIULcOAS6nALDWgCgSE8wQu8Wtx6tqbW+7w0Zy16juGPrI8fKxeSHg==</latexit>y2
<latexit sha1_base64="yPRTJw8s3wjr8q3A5gWKhJp+7Nk=">AAAB6nicbZDLSsNAFIZP6q3WW9Wlm8GiuCqJFHVnwY3LivYCbSiT6aQdOpmEmYkQQh/BjQuluvUlfA13vo2TtAtt/WHg4//PYc45XsSZ0rb9bRVWVtfWN4qbpa3tnd298v5BS4WxJLRJQh7KjocV5UzQpmaa004kKQ48Ttve+CbL249UKhaKB51E1A3wUDCfEayNdZ/0nX65YlftXGgZnDlUrj+nmd4a/fJXbxCSOKBCE46V6jp2pN0US80Ip5NSL1Y0wmSMh7RrUOCAKjfNR52gE+MMkB9K84RGufu7I8WBUkngmcoA65FazDLzv6wba//KTZmIYk0FmX3kxxzpEGV7owGTlGieGMBEMjMrIiMsMdHmOiVzBGdx5WVonVedi2rtrlapn8JMRTiCYzgDBy6hDrfQgCYQGMITvMCrxa1na2q9z0oL1rznEP7I+vgBKZOSHQ==</latexit>y1

<latexit sha1_base64="lBd2mikvmDS/+/4KJ5v+L9+2M1U="></latexit>0

<latexit sha1_base64="plPGcCydVztox5XDMiFu1t6kLmk=">AAAB7nicbZDLSgMxFIbP1Futt6pLN6FFqC7KTCnqzoIblxXsBdqxZNJMG5rJDElGKEMfwo1gRdz6Cr6GO9/GTNuFtv4Q+Pj/c8g5x4s4U9q2v63M2vrG5lZ2O7ezu7d/kD88aqowloQ2SMhD2fawopwJ2tBMc9qOJMWBx2nLG92keeuRSsVCca/HEXUDPBDMZwRrY7W8EvbOHs57+aJdtmdCq+AsoHj9+ZJqWu/lv7r9kMQBFZpwrFTHsSPtJlhqRjid5LqxohEmIzygHYMCB1S5yWzcCTo1Th/5oTRPaDRzf3ckOFBqHHimMsB6qJaz1Pwv68Tav3ITJqJYU0HmH/kxRzpE6e6ozyQlmo8NYCKZmRWRIZaYaHOhnDmCs7zyKjQrZeeiXL2rFmsFmCsLJ1CAEjhwCTW4hTo0gMAInmAKr1ZkPVtv1vu8NGMteo7hj6yPHzSakzY=</latexit>

b(ab)⇤

<latexit sha1_base64="tT0BRmDEDKZ7p8SlUvW6TjD1c/k=">AAAB6HicbZDLSgNBEEVr4ivGV9SlmyZBcBVmJKg7A25cJmAekAyhp1OTtOl50N0jhCFf4MaFInHpX/gb7vwbe5IsNHqh4XBvFV1VXiy40rb9ZeXW1jc2t/LbhZ3dvf2D4uFRS0WJZNhkkYhkx6MKBQ+xqbkW2Ikl0sAT2PbGN1nefkCpeBTe6UmMbkCHIfc5o9pYDdovlu2KPRf5C84Sytcfs0xv9X7xszeIWBJgqJmgSnUdO9ZuSqXmTOC00EsUxpSN6RC7BkMaoHLT+aBTcmqcAfEjaV6oydz92ZHSQKlJ4JnKgOqRWs0y87+sm2j/yk15GCcaQ7b4yE8E0RHJtiYDLpFpMTFAmeRmVsJGVFKmzW0K5gjO6sp/oXVecS4q1Ua1XCvBQnk4gRKcgQOXUINbqEMTGCA8wjO8WPfWk/VqzRalOWvZcwy/ZL1/A96GkV0=</latexit>

a

<latexit sha1_base64="ADmrDww51bDkSbHD6uRgGyRmPGE=">AAAB6HicbZDLSgNBEEVr4ivGV9SlmyZBcBVmJKg7A25cJmAekAyhp1OTtOl50N0jhCFf4MaFInHpX/gb7vwbe5IsNHqh4XBvFV1VXiy40rb9ZeXW1jc2t/LbhZ3dvf2D4uFRS0WJZNhkkYhkx6MKBQ+xqbkW2Ikl0sAT2PbGN1nefkCpeBTe6UmMbkCHIfc5o9pYDdYvlu2KPRf5C84Sytcfs0xv9X7xszeIWBJgqJmgSnUdO9ZuSqXmTOC00EsUxpSN6RC7BkMaoHLT+aBTcmqcAfEjaV6oydz92ZHSQKlJ4JnKgOqRWs0y87+sm2j/yk15GCcaQ7b4yE8E0RHJtiYDLpFpMTFAmeRmVsJGVFKmzW0K5gjO6sp/oXVecS4q1Ua1XCvBQnk4gRKcgQOXUINbqEMTGCA8wjO8WPfWk/VqzRalOWvZcwy/ZL1/A+GOkV8=</latexit>

c

<latexit sha1_base64="tT0BRmDEDKZ7p8SlUvW6TjD1c/k=">AAAB6HicbZDLSgNBEEVr4ivGV9SlmyZBcBVmJKg7A25cJmAekAyhp1OTtOl50N0jhCFf4MaFInHpX/gb7vwbe5IsNHqh4XBvFV1VXiy40rb9ZeXW1jc2t/LbhZ3dvf2D4uFRS0WJZNhkkYhkx6MKBQ+xqbkW2Ikl0sAT2PbGN1nefkCpeBTe6UmMbkCHIfc5o9pYDdovlu2KPRf5C84Sytcfs0xv9X7xszeIWBJgqJmgSnUdO9ZuSqXmTOC00EsUxpSN6RC7BkMaoHLT+aBTcmqcAfEjaV6oydz92ZHSQKlJ4JnKgOqRWs0y87+sm2j/yk15GCcaQ7b4yE8E0RHJtiYDLpFpMTFAmeRmVsJGVFKmzW0K5gjO6sp/oXVecS4q1Ua1XCvBQnk4gRKcgQOXUINbqEMTGCA8wjO8WPfWk/VqzRalOWvZcwy/ZL1/A96GkV0=</latexit>

a

<latexit sha1_base64="ADmrDww51bDkSbHD6uRgGyRmPGE=">AAAB6HicbZDLSgNBEEVr4ivGV9SlmyZBcBVmJKg7A25cJmAekAyhp1OTtOl50N0jhCFf4MaFInHpX/gb7vwbe5IsNHqh4XBvFV1VXiy40rb9ZeXW1jc2t/LbhZ3dvf2D4uFRS0WJZNhkkYhkx6MKBQ+xqbkW2Ikl0sAT2PbGN1nefkCpeBTe6UmMbkCHIfc5o9pYDdYvlu2KPRf5C84Sytcfs0xv9X7xszeIWBJgqJmgSnUdO9ZuSqXmTOC00EsUxpSN6RC7BkMaoHLT+aBTcmqcAfEjaV6oydz92ZHSQKlJ4JnKgOqRWs0y87+sm2j/yk15GCcaQ7b4yE8E0RHJtiYDLpFpMTFAmeRmVsJGVFKmzW0K5gjO6sp/oXVecS4q1Ua1XCvBQnk4gRKcgQOXUINbqEMTGCA8wjO8WPfWk/VqzRalOWvZcwy/ZL1/A+GOkV8=</latexit>

c

<latexit sha1_base64="uztINijzHu1OIzAokcoOP5ZtGoM=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm6FFEBclkaLuLLhxWdFeoI1lMp20QyeTMDMRSugjuHGhVLe+hK/hzrdx0nahrT8MfPz/Ocw5x485U9pxvq3cyura+kZ+s7C1vbO7Z+8fNFSUSELrJOKRbPlYUc4ErWumOW3FkuLQ57TpD6+zvPlIpWKRuNejmHoh7gsWMIK1se7Iw2nXLjllZyq0DO4cSlefk0xvta791elFJAmp0IRjpdquE2svxVIzwum40EkUjTEZ4j5tGxQ4pMpLp6OO0bFxeiiIpHlCo6n7uyPFoVKj0DeVIdYDtZhl5n9ZO9HBpZcyESeaCjL7KEg40hHK9kY9JinRfGQAE8nMrIgMsMREm+sUzBHcxZWXoXFWds/LldtKqVqEmfJwBEU4ARcuoAo3UIM6EOjDE7zAq8WtZ2tivc9Kc9a85xD+yPr4Afqrkfs=</latexit>

c⇤

<latexit sha1_base64="tT0BRmDEDKZ7p8SlUvW6TjD1c/k=">AAAB6HicbZDLSgNBEEVr4ivGV9SlmyZBcBVmJKg7A25cJmAekAyhp1OTtOl50N0jhCFf4MaFInHpX/gb7vwbe5IsNHqh4XBvFV1VXiy40rb9ZeXW1jc2t/LbhZ3dvf2D4uFRS0WJZNhkkYhkx6MKBQ+xqbkW2Ikl0sAT2PbGN1nefkCpeBTe6UmMbkCHIfc5o9pYDdovlu2KPRf5C84Sytcfs0xv9X7xszeIWBJgqJmgSnUdO9ZuSqXmTOC00EsUxpSN6RC7BkMaoHLT+aBTcmqcAfEjaV6oydz92ZHSQKlJ4JnKgOqRWs0y87+sm2j/yk15GCcaQ7b4yE8E0RHJtiYDLpFpMTFAmeRmVsJGVFKmzW0K5gjO6sp/oXVecS4q1Ua1XCvBQnk4gRKcgQOXUINbqEMTGCA8wjO8WPfWk/VqzRalOWvZcwy/ZL1/A96GkV0=</latexit>

a

<latexit sha1_base64="ADmrDww51bDkSbHD6uRgGyRmPGE=">AAAB6HicbZDLSgNBEEVr4ivGV9SlmyZBcBVmJKg7A25cJmAekAyhp1OTtOl50N0jhCFf4MaFInHpX/gb7vwbe5IsNHqh4XBvFV1VXiy40rb9ZeXW1jc2t/LbhZ3dvf2D4uFRS0WJZNhkkYhkx6MKBQ+xqbkW2Ikl0sAT2PbGN1nefkCpeBTe6UmMbkCHIfc5o9pYDdYvlu2KPRf5C84Sytcfs0xv9X7xszeIWBJgqJmgSnUdO9ZuSqXmTOC00EsUxpSN6RC7BkMaoHLT+aBTcmqcAfEjaV6oydz92ZHSQKlJ4JnKgOqRWs0y87+sm2j/yk15GCcaQ7b4yE8E0RHJtiYDLpFpMTFAmeRmVsJGVFKmzW0K5gjO6sp/oXVecS4q1Ua1XCvBQnk4gRKcgQOXUINbqEMTGCA8wjO8WPfWk/VqzRalOWvZcwy/ZL1/A+GOkV8=</latexit>

c

<latexit sha1_base64="IOV/GzDmDFW50kuwQuqwd3Cn+Ew=">AAAB7nicbZDLSgMxFIYz9VbrrerSTbAorsqMFBU3Fty4rGAv0A7lTJppQzOZkGSEMvQh3AhWxK2v4Gu4823MtF1o6w+Bj/8/h5xzAsmZNq777eRWVtfWN/Kbha3tnd294v5BQ8eJIrROYh6rVgCaciZo3TDDaUsqClHAaTMY3mZ585EqzWLxYEaS+hH0BQsZAWOtZge4HMB1t1hyy+5UeBm8OZRuPl8yTWrd4lenF5MkosIQDlq3PVcaPwVlGOF0XOgkmkogQ+jTtkUBEdV+Oh13jE+s08NhrOwTBk/d3x0pRFqPosBWRmAGejHLzP+ydmLCKz9lQiaGCjL7KEw4NjHOdsc9pigxfGQBiGJ2VkwGoIAYe6GCPYK3uPIyNM7L3kW5cl8pVU/RTHl0hI7RGfLQJaqiO1RDdUTQED2hCXp1pPPsvDnvs9KcM+85RH/kfPwAJyWT2A==</latexit>↵ :<latexit sha1_base64="MI5vr/yNrFOWJY4WTin746iu3tE=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8GiuCozUlTcWHDjsoK9QDuUTJppQ5PMkGSEMvQh3AhWxK2v4Gu4823MtF1o6w+Bj/8/h5xzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SRWidRDxSrQBrypmkdcMMp61YUSwCTpvB8DbLm49UaRbJBzOKqS9wX7KQEWys1ez0sRD4ulssuWV3KrQM3hxKN58vmSa1bvGr04tIIqg0hGOt254bGz/FyjDC6bjQSTSNMRniPm1blFhQ7afTccfoxDo9FEbKPmnQ1P3dkWKh9UgEtlJgM9CLWWb+l7UTE175KZNxYqgks4/ChCMToWx31GOKEsNHFjBRzM6KyAArTIy9UMEewVtceRka52Xvoly5r5SqpzBTHo7gGM7Ag0uowh3UoA4EhvAEE3h1YufZeXPeZ6U5Z95zCH/kfPwAIoyT1Q==</latexit>� :
<latexit sha1_base64="x9zjB1tQLR6Pw4UEOAnPW9h6B3I=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGirqz4MZlRXuBdiiZNNOGZpIhyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBdZY3HqjSTIp7M4ypH+GeYCEj2Fjr7rHjdQpFt+ROhBbBm0Hx6nOc6a3aKXy1u5IkERWGcKx1y3Nj46dYGUY4HeXbiaYxJgPcoy2LAkdU++lk1BE6tk4XhVLZJwyauL87UhxpPYwCWxlh09fzWWb+l7USE176KRNxYqgg04/ChCMjUbY36jJFieFDC5goZmdFpI8VJsZeJ2+P4M2vvAj1s5J3XirflouVE5gqB4dwBKfgwQVU4AaqUAMCPXiCF3h1uPPsjJ33aemSM+s5gD9yPn4AKA2SHA==</latexit>x1

<latexit sha1_base64="sWJGvdTt00+O0kGZG6QCiyG8cZw=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8GiuCpJKerOghuXFe0F2lAm00k7dDIJMxOxhD6CGxdKdetL+BrufBsnbRfa+sPAx/+fw5xz/JgzpR3n28qtrK6tb+Q3C1vbO7t79v5BQ0WJJLROIh7Jlo8V5UzQumaa01YsKQ59Tpv+8DrLmw9UKhaJez2KqRfivmABI1gb6+6xW+7aRafkTIWWwZ1D8epzkumt1rW/Or2IJCEVmnCsVNt1Yu2lWGpGOB0XOomiMSZD3KdtgwKHVHnpdNQxOjFODwWRNE9oNHV/d6Q4VGoU+qYyxHqgFrPM/C9rJzq49FIm4kRTQWYfBQlHOkLZ3qjHJCWajwxgIpmZFZEBlphoc52COYK7uPIyNMol97xUua0Uq6cwUx6O4BjOwIULqMIN1KAOBPrwBC/wanHr2ZpY77PSnDXvOYQ/sj5+ACmRkh0=</latexit>x2
<latexit sha1_base64="tT0BRmDEDKZ7p8SlUvW6TjD1c/k=">AAAB6HicbZDLSgNBEEVr4ivGV9SlmyZBcBVmJKg7A25cJmAekAyhp1OTtOl50N0jhCFf4MaFInHpX/gb7vwbe5IsNHqh4XBvFV1VXiy40rb9ZeXW1jc2t/LbhZ3dvf2D4uFRS0WJZNhkkYhkx6MKBQ+xqbkW2Ikl0sAT2PbGN1nefkCpeBTe6UmMbkCHIfc5o9pYDdovlu2KPRf5C84Sytcfs0xv9X7xszeIWBJgqJmgSnUdO9ZuSqXmTOC00EsUxpSN6RC7BkMaoHLT+aBTcmqcAfEjaV6oydz92ZHSQKlJ4JnKgOqRWs0y87+sm2j/yk15GCcaQ7b4yE8E0RHJtiYDLpFpMTFAmeRmVsJGVFKmzW0K5gjO6sp/oXVecS4q1Ua1XCvBQnk4gRKcgQOXUINbqEMTGCA8wjO8WPfWk/VqzRalOWvZcwy/ZL1/A96GkV0=</latexit>

a

<latexit sha1_base64="mXIvgRzaPF8YSAEJ14qzgDncu+g=">AAAB6HicbZDLTgJBEEVr8IX4Ql266Ug0rsiMIepOEjcuIZFHAhPS09RAS88j3T0mSPgCNy40Bpf+hb/hzr+xB1goeJNOTu6tSleVFwuutG1/W5mV1bX1jexmbmt7Z3cvv39QV1EiGdZYJCLZ9KhCwUOsaa4FNmOJNPAENrzBTZo3HlAqHoV3ehijG9BeyH3OqDZW9bGTL9hFeyqyDM4cCtefk1TvlU7+q92NWBJgqJmgSrUcO9buiErNmcBxrp0ojCkb0B62DIY0QOWOpoOOyYlxusSPpHmhJlP3d8eIBkoNA89UBlT31WKWmv9lrUT7V+6Ih3GiMWSzj/xEEB2RdGvS5RKZFkMDlEluZiWsTyVl2twmZ47gLK68DPXzonNRLFVLhfIpzJSFIziGM3DgEspwCxWoAQOEJ3iBV+veerberMmsNGPNew7hj6yPHwWtkXo=</latexit>z

<latexit sha1_base64="x9zjB1tQLR6Pw4UEOAnPW9h6B3I=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGirqz4MZlRXuBdiiZNNOGZpIhyYhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBdZY3HqjSTIp7M4ypH+GeYCEj2Fjr7rHjdQpFt+ROhBbBm0Hx6nOc6a3aKXy1u5IkERWGcKx1y3Nj46dYGUY4HeXbiaYxJgPcoy2LAkdU++lk1BE6tk4XhVLZJwyauL87UhxpPYwCWxlh09fzWWb+l7USE176KRNxYqgg04/ChCMjUbY36jJFieFDC5goZmdFpI8VJsZeJ2+P4M2vvAj1s5J3XirflouVE5gqB4dwBKfgwQVU4AaqUAMCPXiCF3h1uPPsjJ33aemSM+s5gD9yPn4AKA2SHA==</latexit>x1
<latexit sha1_base64="sWJGvdTt00+O0kGZG6QCiyG8cZw=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8GiuCpJKerOghuXFe0F2lAm00k7dDIJMxOxhD6CGxdKdetL+BrufBsnbRfa+sPAx/+fw5xz/JgzpR3n28qtrK6tb+Q3C1vbO7t79v5BQ0WJJLROIh7Jlo8V5UzQumaa01YsKQ59Tpv+8DrLmw9UKhaJez2KqRfivmABI1gb6+6xW+7aRafkTIWWwZ1D8epzkumt1rW/Or2IJCEVmnCsVNt1Yu2lWGpGOB0XOomiMSZD3KdtgwKHVHnpdNQxOjFODwWRNE9oNHV/d6Q4VGoU+qYyxHqgFrPM/C9rJzq49FIm4kRTQWYfBQlHOkLZ3qjHJCWajwxgIpmZFZEBlphoc52COYK7uPIyNMol97xUua0Uq6cwUx6O4BjOwIULqMIN1KAOBPrwBC/wanHr2ZpY77PSnDXvOYQ/sj5+ACmRkh0=</latexit>x2

<latexit sha1_base64="tT0BRmDEDKZ7p8SlUvW6TjD1c/k=">AAAB6HicbZDLSgNBEEVr4ivGV9SlmyZBcBVmJKg7A25cJmAekAyhp1OTtOl50N0jhCFf4MaFInHpX/gb7vwbe5IsNHqh4XBvFV1VXiy40rb9ZeXW1jc2t/LbhZ3dvf2D4uFRS0WJZNhkkYhkx6MKBQ+xqbkW2Ikl0sAT2PbGN1nefkCpeBTe6UmMbkCHIfc5o9pYDdovlu2KPRf5C84Sytcfs0xv9X7xszeIWBJgqJmgSnUdO9ZuSqXmTOC00EsUxpSN6RC7BkMaoHLT+aBTcmqcAfEjaV6oydz92ZHSQKlJ4JnKgOqRWs0y87+sm2j/yk15GCcaQ7b4yE8E0RHJtiYDLpFpMTFAmeRmVsJGVFKmzW0K5gjO6sp/oXVecS4q1Ua1XCvBQnk4gRKcgQOXUINbqEMTGCA8wjO8WPfWk/VqzRalOWvZcwy/ZL1/A96GkV0=</latexit>

a

<latexit sha1_base64="ADmrDww51bDkSbHD6uRgGyRmPGE=">AAAB6HicbZDLSgNBEEVr4ivGV9SlmyZBcBVmJKg7A25cJmAekAyhp1OTtOl50N0jhCFf4MaFInHpX/gb7vwbe5IsNHqh4XBvFV1VXiy40rb9ZeXW1jc2t/LbhZ3dvf2D4uFRS0WJZNhkkYhkx6MKBQ+xqbkW2Ikl0sAT2PbGN1nefkCpeBTe6UmMbkCHIfc5o9pYDdYvlu2KPRf5C84Sytcfs0xv9X7xszeIWBJgqJmgSnUdO9ZuSqXmTOC00EsUxpSN6RC7BkMaoHLT+aBTcmqcAfEjaV6oydz92ZHSQKlJ4JnKgOqRWs0y87+sm2j/yk15GCcaQ7b4yE8E0RHJtiYDLpFpMTFAmeRmVsJGVFKmzW0K5gjO6sp/oXVecS4q1Ua1XCvBQnk4gRKcgQOXUINbqEMTGCA8wjO8WPfWk/VqzRalOWvZcwy/ZL1/A+GOkV8=</latexit>

c
<latexit sha1_base64="ADmrDww51bDkSbHD6uRgGyRmPGE=">AAAB6HicbZDLSgNBEEVr4ivGV9SlmyZBcBVmJKg7A25cJmAekAyhp1OTtOl50N0jhCFf4MaFInHpX/gb7vwbe5IsNHqh4XBvFV1VXiy40rb9ZeXW1jc2t/LbhZ3dvf2D4uFRS0WJZNhkkYhkx6MKBQ+xqbkW2Ikl0sAT2PbGN1nefkCpeBTe6UmMbkCHIfc5o9pYDdYvlu2KPRf5C84Sytcfs0xv9X7xszeIWBJgqJmgSnUdO9ZuSqXmTOC00EsUxpSN6RC7BkMaoHLT+aBTcmqcAfEjaV6oydz92ZHSQKlJ4JnKgOqRWs0y87+sm2j/yk15GCcaQ7b4yE8E0RHJtiYDLpFpMTFAmeRmVsJGVFKmzW0K5gjO6sp/oXVecS4q1Ua1XCvBQnk4gRKcgQOXUINbqEMTGCA8wjO8WPfWk/VqzRalOWvZcwy/ZL1/A+GOkV8=</latexit>

c
<latexit sha1_base64="tT0BRmDEDKZ7p8SlUvW6TjD1c/k=">AAAB6HicbZDLSgNBEEVr4ivGV9SlmyZBcBVmJKg7A25cJmAekAyhp1OTtOl50N0jhCFf4MaFInHpX/gb7vwbe5IsNHqh4XBvFV1VXiy40rb9ZeXW1jc2t/LbhZ3dvf2D4uFRS0WJZNhkkYhkx6MKBQ+xqbkW2Ikl0sAT2PbGN1nefkCpeBTe6UmMbkCHIfc5o9pYDdovlu2KPRf5C84Sytcfs0xv9X7xszeIWBJgqJmgSnUdO9ZuSqXmTOC00EsUxpSN6RC7BkMaoHLT+aBTcmqcAfEjaV6oydz92ZHSQKlJ4JnKgOqRWs0y87+sm2j/yk15GCcaQ7b4yE8E0RHJtiYDLpFpMTFAmeRmVsJGVFKmzW0K5gjO6sp/oXVecS4q1Ua1XCvBQnk4gRKcgQOXUINbqEMTGCA8wjO8WPfWk/VqzRalOWvZcwy/ZL1/A96GkV0=</latexit>

a
<latexit sha1_base64="mXIvgRzaPF8YSAEJ14qzgDncu+g=">AAAB6HicbZDLTgJBEEVr8IX4Ql266Ug0rsiMIepOEjcuIZFHAhPS09RAS88j3T0mSPgCNy40Bpf+hb/hzr+xB1goeJNOTu6tSleVFwuutG1/W5mV1bX1jexmbmt7Z3cvv39QV1EiGdZYJCLZ9KhCwUOsaa4FNmOJNPAENrzBTZo3HlAqHoV3ehijG9BeyH3OqDZW9bGTL9hFeyqyDM4cCtefk1TvlU7+q92NWBJgqJmgSrUcO9buiErNmcBxrp0ojCkb0B62DIY0QOWOpoOOyYlxusSPpHmhJlP3d8eIBkoNA89UBlT31WKWmv9lrUT7V+6Ih3GiMWSzj/xEEB2RdGvS5RKZFkMDlEluZiWsTyVl2twmZ47gLK68DPXzonNRLFVLhfIpzJSFIziGM3DgEspwCxWoAQOEJ3iBV+veerberMmsNGPNew7hj6yPHwWtkXo=</latexit>z

<latexit sha1_base64="sWJGvdTt00+O0kGZG6QCiyG8cZw=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8GiuCpJKerOghuXFe0F2lAm00k7dDIJMxOxhD6CGxdKdetL+BrufBsnbRfa+sPAx/+fw5xz/JgzpR3n28qtrK6tb+Q3C1vbO7t79v5BQ0WJJLROIh7Jlo8V5UzQumaa01YsKQ59Tpv+8DrLmw9UKhaJez2KqRfivmABI1gb6+6xW+7aRafkTIWWwZ1D8epzkumt1rW/Or2IJCEVmnCsVNt1Yu2lWGpGOB0XOomiMSZD3KdtgwKHVHnpdNQxOjFODwWRNE9oNHV/d6Q4VGoU+qYyxHqgFrPM/C9rJzq49FIm4kRTQWYfBQlHOkLZ3qjHJCWajwxgIpmZFZEBlphoc52COYK7uPIyNMol97xUua0Uq6cwUx6O4BjOwIULqMIN1KAOBPrwBC/wanHr2ZpY77PSnDXvOYQ/sj5+ACmRkh0=</latexit>x2

<latexit sha1_base64="yPRTJw8s3wjr8q3A5gWKhJp+7Nk=">AAAB6nicbZDLSsNAFIZP6q3WW9Wlm8GiuCqJFHVnwY3LivYCbSiT6aQdOpmEmYkQQh/BjQuluvUlfA13vo2TtAtt/WHg4//PYc45XsSZ0rb9bRVWVtfWN4qbpa3tnd298v5BS4WxJLRJQh7KjocV5UzQpmaa004kKQ48Ttve+CbL249UKhaKB51E1A3wUDCfEayNdZ/0nX65YlftXGgZnDlUrj+nmd4a/fJXbxCSOKBCE46V6jp2pN0US80Ip5NSL1Y0wmSMh7RrUOCAKjfNR52gE+MMkB9K84RGufu7I8WBUkngmcoA65FazDLzv6wba//KTZmIYk0FmX3kxxzpEGV7owGTlGieGMBEMjMrIiMsMdHmOiVzBGdx5WVonVedi2rtrlapn8JMRTiCYzgDBy6hDrfQgCYQGMITvMCrxa1na2q9z0oL1rznEP7I+vgBKZOSHQ==</latexit>y1

<latexit sha1_base64="lBd2mikvmDS/+/4KJ5v+L9+2M1U="></latexit>0

<latexit sha1_base64="ADmrDww51bDkSbHD6uRgGyRmPGE=">AAAB6HicbZDLSgNBEEVr4ivGV9SlmyZBcBVmJKg7A25cJmAekAyhp1OTtOl50N0jhCFf4MaFInHpX/gb7vwbe5IsNHqh4XBvFV1VXiy40rb9ZeXW1jc2t/LbhZ3dvf2D4uFRS0WJZNhkkYhkx6MKBQ+xqbkW2Ikl0sAT2PbGN1nefkCpeBTe6UmMbkCHIfc5o9pYDdYvlu2KPRf5C84Sytcfs0xv9X7xszeIWBJgqJmgSnUdO9ZuSqXmTOC00EsUxpSN6RC7BkMaoHLT+aBTcmqcAfEjaV6oydz92ZHSQKlJ4JnKgOqRWs0y87+sm2j/yk15GCcaQ7b4yE8E0RHJtiYDLpFpMTFAmeRmVsJGVFKmzW0K5gjO6sp/oXVecS4q1Ua1XCvBQnk4gRKcgQOXUINbqEMTGCA8wjO8WPfWk/VqzRalOWvZcwy/ZL1/A+GOkV8=</latexit>

c

<latexit sha1_base64="uztINijzHu1OIzAokcoOP5ZtGoM=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm6FFEBclkaLuLLhxWdFeoI1lMp20QyeTMDMRSugjuHGhVLe+hK/hzrdx0nahrT8MfPz/Ocw5x485U9pxvq3cyura+kZ+s7C1vbO7Z+8fNFSUSELrJOKRbPlYUc4ErWumOW3FkuLQ57TpD6+zvPlIpWKRuNejmHoh7gsWMIK1se7Iw2nXLjllZyq0DO4cSlefk0xvta791elFJAmp0IRjpdquE2svxVIzwum40EkUjTEZ4j5tGxQ4pMpLp6OO0bFxeiiIpHlCo6n7uyPFoVKj0DeVIdYDtZhl5n9ZO9HBpZcyESeaCjL7KEg40hHK9kY9JinRfGQAE8nMrIgMsMREm+sUzBHcxZWXoXFWds/LldtKqVqEmfJwBEU4ARcuoAo3UIM6EOjDE7zAq8WtZ2tivc9Kc9a85xD+yPr4Afqrkfs=</latexit>

c⇤

<latexit sha1_base64="tT0BRmDEDKZ7p8SlUvW6TjD1c/k=">AAAB6HicbZDLSgNBEEVr4ivGV9SlmyZBcBVmJKg7A25cJmAekAyhp1OTtOl50N0jhCFf4MaFInHpX/gb7vwbe5IsNHqh4XBvFV1VXiy40rb9ZeXW1jc2t/LbhZ3dvf2D4uFRS0WJZNhkkYhkx6MKBQ+xqbkW2Ikl0sAT2PbGN1nefkCpeBTe6UmMbkCHIfc5o9pYDdovlu2KPRf5C84Sytcfs0xv9X7xszeIWBJgqJmgSnUdO9ZuSqXmTOC00EsUxpSN6RC7BkMaoHLT+aBTcmqcAfEjaV6oydz92ZHSQKlJ4JnKgOqRWs0y87+sm2j/yk15GCcaQ7b4yE8E0RHJtiYDLpFpMTFAmeRmVsJGVFKmzW0K5gjO6sp/oXVecS4q1Ua1XCvBQnk4gRKcgQOXUINbqEMTGCA8wjO8WPfWk/VqzRalOWvZcwy/ZL1/A96GkV0=</latexit>

a

<latexit sha1_base64="ADmrDww51bDkSbHD6uRgGyRmPGE=">AAAB6HicbZDLSgNBEEVr4ivGV9SlmyZBcBVmJKg7A25cJmAekAyhp1OTtOl50N0jhCFf4MaFInHpX/gb7vwbe5IsNHqh4XBvFV1VXiy40rb9ZeXW1jc2t/LbhZ3dvf2D4uFRS0WJZNhkkYhkx6MKBQ+xqbkW2Ikl0sAT2PbGN1nefkCpeBTe6UmMbkCHIfc5o9pYDdYvlu2KPRf5C84Sytcfs0xv9X7xszeIWBJgqJmgSnUdO9ZuSqXmTOC00EsUxpSN6RC7BkMaoHLT+aBTcmqcAfEjaV6oydz92ZHSQKlJ4JnKgOqRWs0y87+sm2j/yk15GCcaQ7b4yE8E0RHJtiYDLpFpMTFAmeRmVsJGVFKmzW0K5gjO6sp/oXVecS4q1Ua1XCvBQnk4gRKcgQOXUINbqEMTGCA8wjO8WPfWk/VqzRalOWvZcwy/ZL1/A+GOkV8=</latexit>

c

<latexit sha1_base64="mXIvgRzaPF8YSAEJ14qzgDncu+g=">AAAB6HicbZDLTgJBEEVr8IX4Ql266Ug0rsiMIepOEjcuIZFHAhPS09RAS88j3T0mSPgCNy40Bpf+hb/hzr+xB1goeJNOTu6tSleVFwuutG1/W5mV1bX1jexmbmt7Z3cvv39QV1EiGdZYJCLZ9KhCwUOsaa4FNmOJNPAENrzBTZo3HlAqHoV3ehijG9BeyH3OqDZW9bGTL9hFeyqyDM4cCtefk1TvlU7+q92NWBJgqJmgSrUcO9buiErNmcBxrp0ojCkb0B62DIY0QOWOpoOOyYlxusSPpHmhJlP3d8eIBkoNA89UBlT31WKWmv9lrUT7V+6Ih3GiMWSzj/xEEB2RdGvS5RKZFkMDlEluZiWsTyVl2twmZ47gLK68DPXzonNRLFVLhfIpzJSFIziGM3DgEspwCxWoAQOEJ3iBV+veerberMmsNGPNew7hj6yPHwWtkXo=</latexit>z

<latexit sha1_base64="rBGi1lD4rymrS1IRe7SJwFA5gBk=">AAAB6nicbZDLSsNAFIZP6q3WW9Wlm8GiuCpJKdWdBTcuK9oLtKFMppN26GQSZiZCCH0ENy6U6taX8DXc+TZO2i609YeBj/8/hznneBFnStv2t5VbW9/Y3MpvF3Z29/YPiodHLRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG1745ssbz9SqVgoHnQSUTfAQ8F8RrA21n3Sr/SLJbtsz4RWwVlA6fpzmumt0S9+9QYhiQMqNOFYqa5jR9pNsdSMcDop9GJFI0zGeEi7BgUOqHLT2agTdGacAfJDaZ7QaOb+7khxoFQSeKYywHqklrPM/C/rxtq/clMmolhTQeYf+TFHOkTZ3mjAJCWaJwYwkczMisgIS0y0uU7BHMFZXnkVWpWyUytX76ql+jnMlYcTOIULcOAS6nALDWgCgSE8wQu8Wtx6tqbW+7w0Zy16juGPrI8fKxeSHg==</latexit>y2
<latexit sha1_base64="yPRTJw8s3wjr8q3A5gWKhJp+7Nk=">AAAB6nicbZDLSsNAFIZP6q3WW9Wlm8GiuCqJFHVnwY3LivYCbSiT6aQdOpmEmYkQQh/BjQuluvUlfA13vo2TtAtt/WHg4//PYc45XsSZ0rb9bRVWVtfWN4qbpa3tnd298v5BS4WxJLRJQh7KjocV5UzQpmaa004kKQ48Ttve+CbL249UKhaKB51E1A3wUDCfEayNdZ/0nX65YlftXGgZnDlUrj+nmd4a/fJXbxCSOKBCE46V6jp2pN0US80Ip5NSL1Y0wmSMh7RrUOCAKjfNR52gE+MMkB9K84RGufu7I8WBUkngmcoA65FazDLzv6wba//KTZmIYk0FmX3kxxzpEGV7owGTlGieGMBEMjMrIiMsMdHmOiVzBGdx5WVonVedi2rtrlapn8JMRTiCYzgDBy6hDrfQgCYQGMITvMCrxa1na2q9z0oL1rznEP7I+vgBKZOSHQ==</latexit>y1

<latexit sha1_base64="plPGcCydVztox5XDMiFu1t6kLmk=">AAAB7nicbZDLSgMxFIbP1Futt6pLN6FFqC7KTCnqzoIblxXsBdqxZNJMG5rJDElGKEMfwo1gRdz6Cr6GO9/GTNuFtv4Q+Pj/c8g5x4s4U9q2v63M2vrG5lZ2O7ezu7d/kD88aqowloQ2SMhD2fawopwJ2tBMc9qOJMWBx2nLG92keeuRSsVCca/HEXUDPBDMZwRrY7W8EvbOHs57+aJdtmdCq+AsoHj9+ZJqWu/lv7r9kMQBFZpwrFTHsSPtJlhqRjid5LqxohEmIzygHYMCB1S5yWzcCTo1Th/5oTRPaDRzf3ckOFBqHHimMsB6qJaz1Pwv68Tav3ITJqJYU0HmH/kxRzpE6e6ozyQlmo8NYCKZmRWRIZaYaHOhnDmCs7zyKjQrZeeiXL2rFmsFmCsLJ1CAEjhwCTW4hTo0gMAInmAKr1ZkPVtv1vu8NGMteo7hj6yPHzSakzY=</latexit>

b(ab)⇤

<latexit sha1_base64="tT0BRmDEDKZ7p8SlUvW6TjD1c/k=">AAAB6HicbZDLSgNBEEVr4ivGV9SlmyZBcBVmJKg7A25cJmAekAyhp1OTtOl50N0jhCFf4MaFInHpX/gb7vwbe5IsNHqh4XBvFV1VXiy40rb9ZeXW1jc2t/LbhZ3dvf2D4uFRS0WJZNhkkYhkx6MKBQ+xqbkW2Ikl0sAT2PbGN1nefkCpeBTe6UmMbkCHIfc5o9pYDdovlu2KPRf5C84Sytcfs0xv9X7xszeIWBJgqJmgSnUdO9ZuSqXmTOC00EsUxpSN6RC7BkMaoHLT+aBTcmqcAfEjaV6oydz92ZHSQKlJ4JnKgOqRWs0y87+sm2j/yk15GCcaQ7b4yE8E0RHJtiYDLpFpMTFAmeRmVsJGVFKmzW0K5gjO6sp/oXVecS4q1Ua1XCvBQnk4gRKcgQOXUINbqEMTGCA8wjO8WPfWk/VqzRalOWvZcwy/ZL1/A96GkV0=</latexit>

a
<latexit sha1_base64="uztINijzHu1OIzAokcoOP5ZtGoM=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm6FFEBclkaLuLLhxWdFeoI1lMp20QyeTMDMRSugjuHGhVLe+hK/hzrdx0nahrT8MfPz/Ocw5x485U9pxvq3cyura+kZ+s7C1vbO7Z+8fNFSUSELrJOKRbPlYUc4ErWumOW3FkuLQ57TpD6+zvPlIpWKRuNejmHoh7gsWMIK1se7Iw2nXLjllZyq0DO4cSlefk0xvta791elFJAmp0IRjpdquE2svxVIzwum40EkUjTEZ4j5tGxQ4pMpLp6OO0bFxeiiIpHlCo6n7uyPFoVKj0DeVIdYDtZhl5n9ZO9HBpZcyESeaCjL7KEg40hHK9kY9JinRfGQAE8nMrIgMsMREm+sUzBHcxZWXoXFWds/LldtKqVqEmfJwBEU4ARcuoAo3UIM6EOjDE7zAq8WtZ2tivc9Kc9a85xD+yPr4Afqrkfs=</latexit>

c⇤
<latexit sha1_base64="ADmrDww51bDkSbHD6uRgGyRmPGE=">AAAB6HicbZDLSgNBEEVr4ivGV9SlmyZBcBVmJKg7A25cJmAekAyhp1OTtOl50N0jhCFf4MaFInHpX/gb7vwbe5IsNHqh4XBvFV1VXiy40rb9ZeXW1jc2t/LbhZ3dvf2D4uFRS0WJZNhkkYhkx6MKBQ+xqbkW2Ikl0sAT2PbGN1nefkCpeBTe6UmMbkCHIfc5o9pYDdYvlu2KPRf5C84Sytcfs0xv9X7xszeIWBJgqJmgSnUdO9ZuSqXmTOC00EsUxpSN6RC7BkMaoHLT+aBTcmqcAfEjaV6oydz92ZHSQKlJ4JnKgOqRWs0y87+sm2j/yk15GCcaQ7b4yE8E0RHJtiYDLpFpMTFAmeRmVsJGVFKmzW0K5gjO6sp/oXVecS4q1Ua1XCvBQnk4gRKcgQOXUINbqEMTGCA8wjO8WPfWk/VqzRalOWvZcwy/ZL1/A+GOkV8=</latexit>

c
<latexit sha1_base64="rBGi1lD4rymrS1IRe7SJwFA5gBk=">AAAB6nicbZDLSsNAFIZP6q3WW9Wlm8GiuCpJKdWdBTcuK9oLtKFMppN26GQSZiZCCH0ENy6U6taX8DXc+TZO2i609YeBj/8/hznneBFnStv2t5VbW9/Y3MpvF3Z29/YPiodHLRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG1745ssbz9SqVgoHnQSUTfAQ8F8RrA21n3Sr/SLJbtsz4RWwVlA6fpzmumt0S9+9QYhiQMqNOFYqa5jR9pNsdSMcDop9GJFI0zGeEi7BgUOqHLT2agTdGacAfJDaZ7QaOb+7khxoFQSeKYywHqklrPM/C/rxtq/clMmolhTQeYf+TFHOkTZ3mjAJCWaJwYwkczMisgIS0y0uU7BHMFZXnkVWpWyUytX76ql+jnMlYcTOIULcOAS6nALDWgCgSE8wQu8Wtx6tqbW+7w0Zy16juGPrI8fKxeSHg==</latexit>y2

<latexit sha1_base64="yPRTJw8s3wjr8q3A5gWKhJp+7Nk=">AAAB6nicbZDLSsNAFIZP6q3WW9Wlm8GiuCqJFHVnwY3LivYCbSiT6aQdOpmEmYkQQh/BjQuluvUlfA13vo2TtAtt/WHg4//PYc45XsSZ0rb9bRVWVtfWN4qbpa3tnd298v5BS4WxJLRJQh7KjocV5UzQpmaa004kKQ48Ttve+CbL249UKhaKB51E1A3wUDCfEayNdZ/0nX65YlftXGgZnDlUrj+nmd4a/fJXbxCSOKBCE46V6jp2pN0US80Ip5NSL1Y0wmSMh7RrUOCAKjfNR52gE+MMkB9K84RGufu7I8WBUkngmcoA65FazDLzv6wba//KTZmIYk0FmX3kxxzpEGV7owGTlGieGMBEMjMrIiMsMdHmOiVzBGdx5WVonVedi2rtrlapn8JMRTiCYzgDBy6hDrfQgCYQGMITvMCrxa1na2q9z0oL1rznEP7I+vgBKZOSHQ==</latexit>y1
<latexit sha1_base64="plPGcCydVztox5XDMiFu1t6kLmk=">AAAB7nicbZDLSgMxFIbP1Futt6pLN6FFqC7KTCnqzoIblxXsBdqxZNJMG5rJDElGKEMfwo1gRdz6Cr6GO9/GTNuFtv4Q+Pj/c8g5x4s4U9q2v63M2vrG5lZ2O7ezu7d/kD88aqowloQ2SMhD2fawopwJ2tBMc9qOJMWBx2nLG92keeuRSsVCca/HEXUDPBDMZwRrY7W8EvbOHs57+aJdtmdCq+AsoHj9+ZJqWu/lv7r9kMQBFZpwrFTHsSPtJlhqRjid5LqxohEmIzygHYMCB1S5yWzcCTo1Th/5oTRPaDRzf3ckOFBqHHimMsB6qJaz1Pwv68Tav3ITJqJYU0HmH/kxRzpE6e6ozyQlmo8NYCKZmRWRIZaYaHOhnDmCs7zyKjQrZeeiXL2rFmsFmCsLJ1CAEjhwCTW4hTo0gMAInmAKr1ZkPVtv1vu8NGMteo7hj6yPHzSakzY=</latexit>

b(ab)⇤

Figure 5 The query Pl({x1, x2}, {y1, y2}, γ) (where l = 2) on the left contains the approximation
α, witnessed by the path decomposition on the right.

unions of CQs. A query like the one before is defined to be equivalent to the (infinitary)
union of all queries α(z̄) ∈ AppTwk

(γ) that admit a path decomposition of width l having
the bag X at the root and Y at the leaf – where a path decomposition is defined to be any
tree decomposition whose underlying tree is a path. See Figure 5 for an example.

We now simply define a k-summary query as a C2RPQ extended with path-l approximation
atoms for any l ⩽ k, with the expected semantics. The important property of summary
queries is that they are exponentially more succinct than the UC2RPQ counterpart for
expressing maximal under-approximations, as the next lemma shows.

▶ Proposition 6.2. For every class L closed under sublanguages, and for every C2RPQ(L)
γ, AppTwk

(γ) can be expressed as a union of polynomial-sized k-summary queries having only
C2RPQ(L) atoms. Further, one can test in NP if a summary query is part of this union.
We call Appzip

Twk
(γ) to any such a union of summary queries.

Informal proof. As corollary of the proof of Lemma 3.8, we can assume to have AppTwk
(γ)

expressed as a union of C2RPQ(L) with a nice tree decomposition of width k with a
linear number of leaves, and hence it suffices to replace non-branching paths with path-l
approximations. Concretely, for any such C2RPQ α having a witnessing tree decomposition
with a long non-branching path, the tree must contain a sub-path whose every bag is non-
atomic, and such that it starts and ends in bags of size at most k (by the niceness property).
Such a non-atomic non-branching path can be “compressed” by replacing the subquery
corresponding to the path with a corresponding path-l approximation query. The resulting
summary query will contain α and in turn be contained in γ. Simultaneously applying
such replacement to all non-atomic non-branching paths of maximal length then yields a
polynomial sized summary query.

Further, given a k-summary query σ, one can test in NP whether there exists an element
of App⋆

Twk
(γ) that leads to such summary query by the process just mentioned. This is done

by first checking that σ is of the “right shape” (essentially a query of tree-width k when
disregarding the path-l approximation atoms), and that it is contained in γ via a polynomial
refinement ρ ∈ Ref(γ) and a strong onto homomorphism to the query resulting from replacing
Pl(X, Y, δ) atoms with δ in σ. ◀

6.2 Semantic tree-width problem
With the previous results in place, we now show that the semantic tree-width k problem is
in Πp

2 for UCRPQ(SRE), for every k > 1.

▶ Theorem 6.1. For k > 1, the semantic tree-width k problem for UCRPQ(SRE) is in Πp
2.

Proof. It suffices to show the statement for any CRPQ(SRE) γ. Remember that γ is of
semantic tree-width k if, and only if, γ ⫅ Appzip

Twk
(γ). The first ingredient to this proof is the

fact that this containment has a polynomial counter-example property:
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▷ Claim 6.3. If γ ̸⫅ Appzip
Twk

(γ) then there is a polynomial-sized expansion ξ of γ such that
ξ ̸⫅ Appzip

Twk
(γ).

This is because any path x0
a−→ · · · a−→ xm in an expansion ξ of γ such that m > ∥γ∥

and ξ ⫅ Appzip
Twk

(γ) can be “pumped” to an even longer path of any length greater than
m obtaining another expansion ξ′ such that ξ′ ⫅ Appzip

Twk
(γ). This implies that a minimal

counterexample must be of polynomial size.
The second ingredient is that testing whether CQ is a counterexample is in NP.

▷ Claim 6.4. The problem of testing, given a CQ γ, whether γ ⫅ Appzip
Twk

(γ), is in NP.

Informal proof. We first guess a polynomial-sized k-summary query δzip and test in NP that
it is part of Appzip

Twk
(γ) by Proposition 6.2. We now guess a valuation µ : vars(δzip)→ vars(γ)

and test that it is a homomorphism ξ
hom−−→ γ, where ξ is an expansion of the CRPQ resulting

from discarding the path-l approximation atoms of δzip, which can be done in NL. It remains
to check that each atom Pl(X, Y, δ̂) of δ has an expansion ξ̂ such that h : ξ̂

hom−−→ γ for
a homomorphism such that h(x) = µ(x) for all x ∈ X ∪ Y . This can be done via an
NL algorithm using l + 1 pointers to traverse the width-l nice path decomposition of ξ̂,
simultaneously guessing ξ̂, the expansion of γ which homomorphically maps to ξ̂, and the
valuation of h. ◁

As a consequence of the two claims, we obtain a Σp
2 algorithm for non-containment

of γ ⫅ Appzip
Twk

(γ). We first guess an expansion ξ of γ of polynomial size, and we then
test ξ ̸⫅ Appzip

Twk
(γ) in coNP. This gives a Πp

2 algorithm for the semantic tree-width k

problem. ◀

7 Discussion

We have studied the definability and approximation of UC2RPQ queries by queries of bounded
tree-width and shown that the maximal under-approximation in terms of an infinitary union
of conjunctive queries of tree-width k > 1 can be always effectively expressed as a UC2RPQ
of tree-width k (Corollary 3.9). However, while the semantic tree-width 1 problem as shown
to be ExpSpace-complete [5, Theorem 6.1, Proposition 6.2], we have left a gap between our
lower and upper bounds in Theorem 1.3.

▷ Question 7.1. For k > 1, is the semantic tree-width k problem ExpSpace-complete?

We also do not know whether the Πp
2 bound on the semantic tree-width k problem for

UCRPQ(SRE) has a matching lower bound. The known lower bound for the UCRPQ(SRE)
containment problem [11, Theorem 5.1] does not seem to be useful to be used in a reduction,
since it necessitates queries of arbitrary high tree-width.

It is worth stressing that in [5] two-way navigation plays a crucial part to prove the
existence of the maximal under-approximation by a UC2RPQ of tree-width 1 [5, Theorem 5.2],
but this feature plays no role whatsoever in our proof – see Theorem 1.5 and Remark 2.5.
Moreover, Twk queries enjoy the very nice property of being closed under refinement when
k > 1 but not when k = 1 – see Example 3.7 – which forces Barceló, Romero, and Vardi to
introduce the notion of “pseudoacyclicity” [5, §5.2.1], namely the greatest subclass of Tw1
closed under refinement, while we can directly work with the rather comfortable App⋆

Twk
(γ).

On the other hand, graphs of tree-width k > 1 being combinatorially less trivial than
graphs of tree-width 1, our proof must carefully handle this information, using tagged tree
decompositions of Section 4. Similarly to [5, Theorem 6.3] for the case k = 1, our results

ICDT 2023
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implies that for each k > 1 the evaluation problem for UC2RPQs Γ of semantic tree-width k

is fixed-parameter tractable (FPT) in the size of the query, i.e. in O(|G|k+1 · f(|Γ|)) for a
computable function f , where G is the database given as input. This improves the dependence
on the size of the database, namely O(|G|2k+2 ·f(|Γ|)), proven by Romero, Barceló and Vardi
[15, Corollary IV.12].

▷ Question 7.2 (Also mentionned in [15, §IV-(4))]). Does every r.e. class of CRPQs with
FPT evaluation has bounded semantic tree-width?

Finally, as a consequence of the existence of a minimal equivalent CQ [9, Theorem 12], a
CQ is equivalent to a CQ of tree-width at most k if, and only if, it is equivalent to a finite
union of CQs of tree-width at most k. Example 1.2 suggests that this is false for CRPQs.
Both for k = 1 (see [5, §6.5]) and k ⩾ 2, we do not if the problem of whether a given CRPQ
is equivalent to a single CRPQ of tree-width at most k is decidable. More generally, while we
know that there exists CRPQs γ1, γ2 such that γ1 ∨ γ2 is not equivalent to a single CRPQ10,
we have a very limited understanding of how much union adds to the expressive power of
CRPQs. This begs the following question:

▷ Question 7.3. Is the problem of whether a given UCRPQ (resp. UC2RPQ) is equivalent
to a single CRPQ (resp. C2RPQ) decidable?
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