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—— Abstract

The Skolem Problem asks to determine whether a given integer linear recurrence sequence (LRS)
has a zero term. This decision problem arises within a number of different topics in computer
science, including loop termination, weighted automata, formal power series, and probabilistic model
checking, among many other examples. Decidability of the problem is notoriously open, despite
having been the subject of sustained interest over several decades [2]. More specifically, the problem
is known to be decidable for recurrences of order at most 4 — a result obtained some 40 years
ago [4, 5] — while decidability is open already for recurrences of order 5.

In this talk we take a wide-ranging view of the Skolem Problem. We survey its history and
context, starting with the theorem of Skolem-Mahler-Lech characterising the set of zeros of a LRS
over fields of characteristic zero. Here we explain the non-effective nature of the existing proofs
of the theorem. Among modern developments, we overview versions of the Skolem-Mahler-Lech
theorem for non-linear recurrences and for fields of non-zero characteristic. We also describe two
recent directions of progress toward showing decidability of the Skolem Problem subject to classical
number theoretic conjectures.

The first new development concerns a recent algorithm [1] that decides the problem on the class
of simple LRS (those with simple characteristic roots) subject to two classical conjectures about
the exponential function. The algorithm is self-certifying: its output comes with a certificate of
correctness that can be checked unconditionally. The two conjectures alluded to above are required
for the proof of termination of the algorithm.

A second new development concerns the notion of Universal Skolem Set [3]: a recursive set
S of positive integers such that it is decidable whether a given non-degenerate linear recurrence
sequence has a zero in S. Decidability of the Skolem Problem is equivalent to the assertion that N is
a Universal Skolem Set. In lieu of this one can ask whether there exists a Universal Skolem Set of
density one. We will present a recent a construction of a Universal Skolem Set that has positive
density unconditionally and has density one subject to the Bateman-Horn conjecture in number
theory. The latter is a far-reaching generalisation of Hardy and Littlewood’s twin primes conjecture.
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