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Abstract
We provide a categorical notion called uncertain bisimilarity, which allows to reason about bisimilarity
in combination with a lack of knowledge about the involved systems. Such uncertainty arises naturally
in automata learning algorithms, where one investigates whether two observed behaviours come
from the same internal state of a black-box system that can not be transparently inspected. We
model this uncertainty as a set functor equipped with a partial order which describes possible future
developments of the learning game. On such a functor, we provide a lifting-based definition of
uncertain bisimilarity and verify basic properties. Beside its applications to Mealy machines, a
natural model for automata learning, our framework also instantiates to an existing compatibility
relation on suspension automata, which are used in model-based testing. We show that uncertain
bisimilarity is a necessary but not sufficient condition for two states being implementable by the
same state in the black-box system. We remedy the lack of sufficiency by a characterization of
uncertain bisimilarity in terms of coalgebraic simulations.
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1 Introduction

Inspired from constructive mathematics, Geuvers and Jacobs [6] introduced apartness relations
on coalgebraic systems, complementing bisimilarity. While bisimilarity is a coinductive
characterization of behavioural equivalence, apartness is inductive, and allows constructing
finite proofs of difference in behaviour.

Although apartness and bisimilarity are just different sides of the same coin, the angle
of ‘apartness’ turned out to be fruitful in the recent L# automata learning algorithm [21].
This algorithm works in the active learning setting of Angluin [1], where a learner tries to
reconstruct the implementation of an automaton (or concretely a Mealy machine in [21]) from
only its black-box behaviour. In L#, a crucial task of the learner is to determine whether two
input words w, v lead to the identical or to distinct states in the black box. Throughout the
learning game, the learner makes more and more observations. If at some point the learner
finds out that the states qw, qv reached by w and v respectively have different behaviours,
then qw and qv are provably different – called apart. For that, it is not required that we
know the entire semantics of qw and qv; instead, it suffices to observe one aspect of their
behaviour in which they differ in incompatible ways.
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Figure 1 Partial Mealy machine for the input alphabet {i, j} and output alphabet {a, b}.

Once states turn out to be apart, they stay so throughout the entire remaining learning
game, no matter which further observations of the black box are made. Thus, the apartness
relation grows monotonically as the learning game progresses. This beauty of monotonicity
breaks if we consider bisimilarity: as long as states qw, qv have not been proven different yet,
should they be considered bisimilar? Or do we just have insufficiently much information at
hand? If we do not know the number of states in the black box, we can never consider states
qw, qv bisimilar with 100% certainty during the learning process.

In the present work, we close this gap by introducing the notion of uncertain bisimilarity,
which expresses that two states might be bisimilar – but we are not certain about it, because
we simply did not observe any reason yet that would disprove bisimilarity. The main idea is
exemplified by the Mealy machine in Figure 1: states p0 and r0 are apart, because p0 has
output a on input j whereas r0 yields a different output b on input j. By the same input j,
we can tell that p0 and s0 are apart, even though we do not yet know the behaviour of s0 on
input i. Furthermore, states q0 and s0 can either turn out to be apart or to be bisimilar,
depending on their outputs on input j. Thus, we call q0 and s0 uncertain bisimilar. If we for
instance try to explore the output of q0 on input j, then depending on the output, q0 will be
identical to p0 or r0. Until we know this, q0 is simulated by both p0 and by r0. Simulation
is a special case of uncertain bisimilarity, because it not only says that the behaviours are
compatible, but that one behaviour is even included in the other.

Our aim is to establish a theory of uncertain bisimilarity at the level of coalgebras,
including the motivating example of Mealy machines. Working with bisimulation relations
and bisimilarity benefits from a rich categorical theory. In particular, they are themselves
coalgebras in the category of relations [8, 11]. Here, the coalgebraic type functor considered
on relations is a lifting of the original coalgebraic type functor for the systems of interest.

In the present paper, we incorporate the explicit treatment of the lack of knowledge which
is omnipresent in the learning setting. Formally, we do this by equipping the type functor
with a partial order. This order s ⊑ t represents that the behaviour s observed so far might
be extended to behaviour t after additional observations. This order immediately induces
two further notions of lax coalgebra morphisms.

Contributions. With such a partial order on the type functor, we will:
Define a generic system equality notion, called uncertain bisimilarity, derived from the
relation lifting of the type functor.
We show basic properties of the relation such as reflexivity and symmetry. It is immediate
that uncertain bisimilarity is not transitive, and thus, no equivalence relation.
As instances, we discuss (partial) Mealy machines as the running example. Moreover, we
cover suspension automata, for which uncertain bisimilarity instantiates to an existing
compatibility notion, used in the ioco conformance relation from model-based testing [22].
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It is a standard result that standard coalgebraic bisimilarity coincides with being identi-
fiable by coalgebra morphisms (under often-met assumptions on the type functor, see
e.g. [18]). We show that uncertain bisimilarity is not characterized via identifiability in
lax coalgebra morphisms – for the running example of Mealy machines.
Instead, we show that uncertain bisimilarity is characterized via coalgebraic simulations –
for two definitions of coalgebraic simulation. Concretely, two states are uncertain bisimilar
if there is a state in another coalgebra that simulates both (e.g. r0 simulates both q0 and
s0 in Figure 1).

2 Preliminaries

We first establish the basic coalgebraic notions used in the technical development later, see
e.g. [11]. We assume that the reader is familiar with basic concepts from category theory.

▶ Definition 2.1. For a functor F : C → C, an F -coalgebra (C, c) is an object C ∈ C (the
carrier) together with a morphism c : C → FC in C (the structure). For two F -coalgebras,
a coalgebra morphism h : (C, c) → (D, d) is a morphism h : C → D satisfying Fh · c = d · h.
We denote the category of F -coalgebras by Coalg(F ).

Most of our coalgebras will live in the category Set of sets and maps and our leading
example is the functor modelling Mealy machines:

▶ Example 2.2.
1. For fixed sets I and O of input and output symbols, consider the functor

MT : Set → Set MT X = (O × X)I .

An MT -coalgebra is then a set C together with a map c : C → (O × C)I which sends
each state q ∈ C and input symbol i ∈ I to a pair of an output symbol and a successor
state to which the Mealy machine transitions: c(q)(i) ∈ O × C. We write

q
i/o−−→ q′

to specify that c(q)(i) = (o, q′). In the name of the functor, the index T shall indicate
that the Mealy machine is total, in the sense that it is defined for every input i ∈ I.

2. The finitary powerset functor Pf sends each set X to the set of its finite subsets PfX =
{S ⊆ X | S finite} and maps f : X → Y to direct images: Pff : PfX → PfY , Pff(S) :=
{f(x) | x ∈ S}.

A canonical domain for the semantics of coalgebras is the final coalgebra:

▶ Definition 2.3. The final F -coalgebra is the final object in Coalg(F ). Concretely, a
coalgebra (D, d) is final if for every (C, c) in Coalg(F ) there is a unique coalgebra morphism
h : (C, c) → (D, d). If it exists, we denote the final coalgebra for F by (νF, τ) and the induced
unique morphism for (C, c) by J−K : (C, c) → (νF, τ).

▶ Example 2.4. The final MT -coalgebra is carried by the set νMT = OI+ – the set of all
maps I+ → O from non-empty words I+ to O.

Equivalently, we can characterize the semantics νMT in terms of maps I∗ → O∗ that
interact nicely with the prefix-order on words:

▶ Notation 2.5. For words v, w ∈ I∗ (in particular also for non-empty words I+ ⊆ I∗), we
write v ≤ w to denote that v is a prefix of w. The length of a word w is denoted by |w| ∈ N.

CALCO 2023
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Then, we can characterize νMT as maps I∗ → O∗ that preserve length and prefixes of words:

νMT
∼= {f : I∗ → O∗ | for all w ∈ I∗ : |f(w)| = |w| and for all v ≤ w : f(v) ≤ f(w)}

3 A Lax Coalgebra Morphism Lacks Knowledge

In the learning game for Mealy machines, the learner tries to reconstruct the internal
implementation of a Mealy machine

c : C → MT C = (O × C)I

by only its black-box behaviour. For that, one assumes a distinguished initial state q0 ∈ C

and it is the task of the learner to construct a Mealy machine with the same behaviour
Jq0K as that of q0. Being in a block-box setting means that the learner knows neither C

or c. Instead, the learner can enter a word i1, . . . , in ∈ I of input symbols from the input
alphabet I to the black box, referred to as a query, and then observe the output symbols
o1, . . . , on ∈ O. More precisely, the learner observes the output symbols

ok = Jq0K(i1 · · · ik︸ ︷︷ ︸
∈ I+

) ∈ O for every 1 ≤ k ≤ n (with J−K as in Example 2.4).

On this query, the black box reveals the output o1 ∈ O of the initial state for input i1.
But after performing only this query, we still don’t know the output for all the other input
symbols i′

1 ∈ I, i′
1 ̸= i1 with which we could have started the input word.

After such a query, the black box returns to the initial state q0 in order to be ready
for the next query. In concrete learning scenarios this reset to initial state is for example
realized by resetting the actual hardware of a system that is learned. When learning network
protocol implementations, this reset-behaviour is realized by opening a separate network
connection (or session) for each new input query.

The L# algorithm (for Mealy machines) gathers all the information from the performed
input queries in an observation tree. This bundles the observations of the experiments so far
in a single data structure. However, this structure is not an MT -coalgebra itself, because the
knowledge about the outputs for some inputs i ∈ I in some states in the tree will be lacking.

We can model this lack of knowledge by the following functor

M : Set → Set MX = ({?} + O × X)I . (1)

The element ‘?’ models that we do not know the transition yet.

▶ Notation 3.1. We abbreviate partial functions via (X ⇀ Y ) := ({?} + Y )X .

So we can also write MX = (I ⇀O ×X). Compared to MT , a state q in an M-coalgebra
d : D → MD is either undefined for an input i ∈ I, i.e. d(q)(i) = ?, or has a transition
defined, i.e. we have both an output o ∈ O and a successor state q′ ∈ D with

d(q)(i) = (o, q′) or using notation: q
i/o−−→ q′.

This kind of partiality in M models that whenever the learner sends a word w ∈ I+, the
black box reveals the output symbols of all transitions along the way of processing w. Thus,
the semantics of states q ∈ D in such a partial Mealy machine, i.e. an M-coalgebra, can be
characterized by:

νM := {f : I+ ⇀ O | for all v ≤ w if f(w) ∈ O then f(v) ∈ O}. (2)

This monotonicity condition describes that whenever a learner has observed the behaviour
for an input word w ∈ I+, then we also have observed the outputs of all the prefixes v ≤ w.
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Figure 2 Diagrammatic notation of a lax F -
coalgebra morphism h : (C, c) ⊑ (D, d).
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Figure 3 Diagrammatic notation of an oplax
F -coalgebra morphism h : (C, c) ⊒ (D, d).

▶ Proposition 3.2. The final M-coalgebra (νM, τ) is characterized by (2) and the map

τ : νM → (I ⇀ O × νM) τ(f) = i 7→

{
? if f(i) = ?
(o, w 7→ f(i w)) if f(i) ∈ O

The structure sends every f ∈ νM to a successor structure of type M(νM). For i ∈ I, this
successor structure yields τ(f)(i) ∈ {?} + O × νM.

During the learning process, the learner might be able to modify the coalgebra after the
output of state q on input i has been observed. In this sense, we increase knowledge, and
this can be modelled by the usual order on partial functions:

▶ Definition 3.3. For partial functions t, s : A ⇀ B, we fix the partial order

t ⊑A⇀B s
def⇐⇒ ∀i ∈ I : t(i) ∈ {s(i), ?}.

The functor MX = (I ⇀ O × X) inherits the poset structure (MX, ⊑) from partial maps.

The equivalence means that for every input i ∈ I, the value of t(i) is either undefined
(t(i) = ?) or agrees with ith entry in the other successor structure (t(i) = s(i)). The partial
order itself represents how the behaviour can possibly be completed if we found out more
information about the full Mealy machines. That is, the partial order shows possible options
in the future learning process.

This principle also works for other system types, so we generally assume (e.g. [9]):

▶ Assumption 3.4. Fix a functor FPos : Set → Pos and define:
F := U · FPos, where U : Pos → Set is the usual forgetful functor.
Let ⊑F X be the order on FPosX, i.e. we have FPosX = (FX, ⊑F X).

The functoriality of FPos means that for every f : X → Y , the map Ff : FX → FY is
monotone. This partial order gives rise to a lax notion of coalgebra morphisms:

▶ Definition 3.5. A lax F -coalgebra morphism h : (C, c) ⊑ (D, d) between F -coalgebras
is a map h : C → D such that for all x ∈ C we have Fh(c(x)) ⊑F D d(h(x)). We write ⊑ in
squares to indicate lax commutativity as shown in Figure 2. Dually, an oplax F -coalgebra
morphism h : (C, c) ⊒ (D, d) is a map h : C → D such that for all x ∈ C, we have
Fh(c(x)) ⊒F D d(h(x)), and denoted in diagrams as shown in Figure 3. In contrast, we write
⟲ to emphasize proper commutativity.

Lax coalgebra morphisms could also be called functional simulations, because they are
simulations (a special kind of relation) and they are functional (a property on relations).
Intuitively, h : (C, c) ⊑ (D, d) means that (D, d) has at least as many transitions as (C, c).
Conversely, h : (C, c) ⊒ (D, d) means that (D, d) has possibly fewer transitions than
(C, c).

CALCO 2023
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Figure 4 Two lax M-coalgebra morphism g : (T, t) ⊑ (T ′, t′) and h : (T ′, t′) ⊑ (B, b) for
MX = ({?} + O × X)I with I = {i, j}, O = {o}.

In the learning game, lax coalgebra homomorphisms arise naturally, because there, all
observations are collected in an observation tree (T, t). This observation tree is an F -coalgebra
that admits a lax F -coalgebra morphism h : (T, t) → (B, b) to the black-box (B, b) that needs
to be learned. An example of lax morphisms for Mealy machines is visualized in Figure 4.

Of course, the learner only sees the observation tree (T, t) but neither (B, b) nor h. But,
the learner can make use of the fact that there is some lax coalgebra morphism, and can use
it to deduce properties of (B, b). The correctness proof of the L# learning algorithm [21] in
fact relies on the existence of such a lax coalgebra morphism.

Suspension automata. Related to automata learning is the application of conformance
testing of state-based systems. In particular, the ioco (input output conformance) relation
from testing theory [19] nicely fits into the coalgebraic theory too, while using a non-trivial
order on the functor. Specifically, we will focus on suspension automata, and later recover
the notion of ioco-compatibility from [22], see Definition 5.10. Suspension automata are a
subclass of deterministic labelled transition systems. They are coalgebras for the following
functor:

▶ Definition 3.6. For partial maps which are defined on at least one input we write

(A ⇀ne B) := {f : A ⇀ B | ∃a ∈ A : f(a) ̸= ?}.

For a fixed set of inputs I and outputs O, define the suspension automaton functor

SX := (I ⇀ X) × (O ⇀ne X).

▶ Notation 3.7. We denote the projections from (subsets of) the cartesian product X × Y

by π1 : X × Y → X and π2 : X × Y → Y .

Following existing presentations [22, 19], it is not hard to see that suspension automata are
coalgebras for this functor:

▶ Definition 3.8. A suspension automaton is a finite S-coalgebra, i.e. a finite set of states
C and a map c : C → SC. For a given coalgebra (C, c), we write ? for input transitions and
! for output transitions:

x
?a−→ y

def⇐⇒ π1(c(x))(a) = y and x
!a−→ y

def⇐⇒ π2(c(x))(a) = y
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Figure 5 Examples of suspension automata and a lax S-coalgebra morphism between them.

In other words, a suspension automaton is a deterministic LTS where the set of labels is
partitioned into inputs and outputs. For some of the inputs and for some of the outputs, a
suspension automaton in some state x can make a transition to another state. But every
state is non-blocking in the sense that for every state x there is at least one output o ∈ O

such that x can make a transition x
!o−→ y.

The ioco compatibility relation (recalled in Definition 5.10) is characterized by a bisimu-
lation game with an alternating flavour, which can be captured by reversing the order in the
output part of the functor S:

▶ Definition 3.9. For (si, so) ∈ SX and (ti, to) ∈ SX we put:

(si, so) ⊑SX (ti, to) def⇐⇒ si ⊑ ti︸ ︷︷ ︸
in I ⇀ X

and to ⊑ so︸ ︷︷ ︸
in O ⇀ X

In other words, when ascending in the order of S, input transitions can be added and output
transitions can be removed if there is still at least one output transition afterwards.

▶ Example 3.10. We recall two examples of suspension automata from van den Bos et
al. [22, Fig. 1] in Figure 5. With the order on S (Definition 3.9), there is a lax coalgebra
morphism h : (C, c) → (D, d) between them that identifies some of the states: h(3) = h(2)
and h(4) = h(5). The map h is only a lax coalgebra morphism because there is no input
transition for a from 5 (or 4) to 6 in (C, c), but we have 5′ ?a−→ 6′ in (D, d). Conversely, there
is an output transition 4 !x−→ 6 in (C, c) but there is no transition h(4) = 5′ !x−→ 6′ = h(6) in
(D, d). Summarizing the above two points, we have:

π1(Sh(c(5))) =⊏ π1(d(h(5))) and π2(Sh(c(4))) =⊐ π2(d(h(4)))

The partial order on the functor does not only relax the notion of morphism, but also
gives rise to a new coalgebraic bisimulation notion, which we introduce in Section 5.

4 Bisimulation Notions are Liftings

In this section we recall coalgebraic bisimulation through the lens of relation liftings; for an
extensive introduction see [11]. We start by fixing some notation regarding relations.

▶ Notation 4.1. Given relations R ⊆ X × Y and S ⊆ Y × Z, the composition R ◦ S is given
by: R ◦ S := {(x, z) ∈ X × Z | ∃y ∈ Y : (x, y) ∈ R and (y, z) ∈ Z}. We denote the converse
of R by Rop = {(y, x) | (x, y) ∈ R}. The equality relation (also called the diagonal) on a set

CALCO 2023



12:8 Bisimilar States in Uncertain Structures

X is denoted by EqX = {(x, x) | x ∈ X}. Given a map f : X → Y and a relation U ⊆ Y × Y ,
inverse image is denoted by (f × f)−1(U) = {(x1, x2) | (f(x1), f(x2)) ∈ U}. The kernel
relation of f is given by ker f = {(x1, x2) | f(x1) = f(x2)}. Note that ker f = (f ×f)−1(EqY ).

For a structural study of (bi)simulation notions on coalgebras, we consider the fibred
category of relations:

▶ Definition 4.2. The category Rel has objects (X, R), where X is a set and R ⊆ X × X,
i.e. R is a relation on X. The morphisms f : (X, R) → (Y, S) in Rel are maps f : X → Y

that preserve the relation, i.e. (x1, x2) ∈ R implies (f(x1), f(x2)) ∈ S. The obvious forgetful
functor is p : Rel → Set, given by p(X, R) = X.

The forgetful functor p is a fibration; for a thorough introduction, see the first chapter of
Jacobs’ book [10]. We can express the preservation property of the morphisms in Rel in a
point-free way: f : X → Y is a map from (X, R) to (Y, S) in Rel if and only if

R ⊆ (f × f)−1(S).

Equality extends to a functor Eq : Set → Rel, given by Eq(X) = (X, EqX) and Eq(f) = f .
This is well-defined since we have EqX ⊆ (f × f)−1(EqY ) for every map f : X → Y .

To study relations on F -coalgebras – most notably notions of behavioural equivalence
and inclusion – we lift the type functor F from Set to an endofunctor F̂ on Rel.

Rel Rel

Set Set

F̂

p p

F

For all set functors, such a lifting exists in a canonical way:

▶ Definition 4.3. For a functor F : Set → Set, the relation lifting F̂ : Rel → Rel is given by

F̂ (R ⊆ X × X) = {(x, y) ∈ FX × FX | ∃t ∈ FR : Fπ1(t) = x and Fπ2(t) = y}.

Hence, F̂ transforms relations on X into relations on FX. Before we proceed, we list several
standard properties of the relation lifting:

▶ Lemma 4.4 [11]. For every functor F : Set → Set, we have
1. Monotonicity: if R ⊆ S then F̂ (R) ⊆ F̂ (S).
2. Preservation of equality: Eq ◦ F ⊆ F̂ ◦ Eq.
3. Preservation of converse: F̂ (Rop) = (F̂ (R))op for all R ⊆ X × X.
4. Preservation of inverse images: For a map f : X → Y and relation S ⊆ Y × Y , we have

F̂ ((f × f)−1(S)) ⊆ (Ff × Ff)−1(F̂ (S)) .

Moreover, if F preserves weak pullbacks, then this is an equality.

As a consequence of monotonicity and preservation of inverse images, F̂ indeed extends to a
lifting of F , given on morphisms by F̂ (f) = F (f).

▶ Example 4.5. In our example of (partial) Mealy machines as coalgebras for MX =
({?} + O × X)I , a relation R ⊆ X × X is lifted to the relation M̂R ⊆ MX × MX given by

(s, t) ∈ M̂R iff for all i ∈ I : (s(i) = ? and t(i) = ?) or
(s(i), t(i)) ∈ {

(
(o, x), (o, y)

)
| o ∈ O, (x, y) ∈ R}
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Thus, successor structures s, t ∈ MR are related by M̂R if s and t have transitions defined
for the same inputs i ∈ I, and for all inputs i ∈ I for which s(i) = (o, x) and t(i) = (o′, y) are
defined, both have the same output o = o′, and the successor states are related (x, y) ∈ R.

The relation lifting is reminiscent of the criterion of a relation R ⊆ C × C being a
bisimulation on Mealy machines. However, in relation liftings, we can distinguish between
the relation R on the successor states on the one hand and the relation on the predecessor
states on the other hand. If we let the relation on predecessor and successor states coincide,
then the relation lifting gives rise to bisimilarity as follows [8, 11].

▶ Definition 4.6. A relation R ⊆ C × C on the state space of a coalgebra c : C → FC is
a bisimulation if R ⊆ (c × c)−1(F̂ (R)). States x, y ∈ C are called bisimilar if there is a
bisimulation relating them.

Note that (c × c)−1(F̂ (−)) : RelC → RelC is a monotone map on the complete lattice
RelC = P(C × C) of relations on C, ordered by inclusion. A bisimulation is thus a post-fixed
point for this map, and bisimilarity is the greatest post-fixed point, which is also the greatest
fixed point by the Knaster-Tarski theorem. Characterizing bisimilarity as the greatest fixed
point of a monotone map is standard in the classical theory of coinduction [16].

▶ Remark 4.7 (Disjoint union of coalgebras). In the definition of bisimulation, we consider a
relation R on the state space of a single coalgebra c : C → FC. This bisimulation notion
straightforwardly generalizes to states of different F -coalgebras x ∈ C, and y ∈ D

d−→ FD,
because we can consider the bisimulation notion on the disjoint union (i.e. coproduct) of the
coalgebras (C, c) and (D, d):

C + D
c+d−−−−→ FC + FD

[F inl,F inr]−−−−−−−→ F (C + D)

where inl : C → C + D and inr : D → C + D are the coproduct injections and [−, −] is case
distinction (i.e. the universal mapping property of the coproduct). So by the bisimilarity of x

and y we mean the bisimilarity of inl(x) and inr(y) in the above combined coalgebra. One can
easily see that this generalization is well-defined: in the special case where (D, d) := (C, c),
states x, y in C are bisimilar iff inl(x), inr(y) are bisimilar in the coalgebra on C + C.

▶ Example 4.8. The relation lifting for M (Example 4.5) thus gives rise to the following: a
bisimulation on a coalgebra c : C → MC is a relation R ⊆ C × C such that

R ⊆ (c × c)−1(M̂R).

Spelling out the inclusion yields that R is a bisimulation iff for all (x, y) ∈ R and i ∈ I:
1. c(x)(i) = ? iff c(y)(i) = ?,
2. if c(x)(i) = (o, x′) ∈ O × C, then c(y)(i) = (o, y′) for some y′ ∈ C with (x′, y′) ∈ R, and
3. if c(y)(i) = (o, y′) ∈ O × C, then c(x)(i) = (o, x′) for some x′ ∈ C with (x′, y′) ∈ R.
For example, the leaf states q1, p1, p2, r1 in Figure 4 are all pairwise bisimilar. However, q0
and p0 are not bisimilar: q0 can not mimic the j-transition of p0. Similarly, q0 and r0 are
not bisimilar (and also p0 and r0 are not bisimilar).

In order to still express the compatibility of q0 and p0, we relax the notion of coalgebraic
bisimilarity in the next section.
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5 Uncertain Bisimilarity

So far, we have not considered the order ⊑ when discussing bisimulations on coalgebras
for a functor F satisfying Assumption 3.4. By taking the order into account, we introduce
the notion of uncertain bisimilarity. In particular, in the example of Mealy machines it
captures a notion of equivalence where ‘unknown’ transitions are ignored. Since we stick to
the principle that bisimulation notions are coalgebras in Rel, we only need to make use of the
order ⊑ when defining a functor on Rel. The desired bisimulations will then be coalgebras
for this functor:

▶ Definition 5.1. The uncertain relation lifting of F is defined on a relation R ⊆ X × X by

F̂⊑(R) := ⊑F X ◦ F̂ (R) ◦ ⊒F X

▶ Remark 5.2. Definition 5.1 is inspired by the notion of simulation on coalgebras by Hughes
and Jacobs [9]. In their work, a simulation on a coalgebra (C, c) is a relation R such that

R ⊆ (c × c)−1(⊑F C ◦ F̂ (R) ◦ ⊑F C)

The lifting ⊑ ◦ F̂ (−) ◦ ⊑ of F is referred to in op. cit. as the lax relation lifting.

▶ Definition 5.3. An uncertain bisimulation R on a coalgebra c : C → FC is a relation
R ⊆ C × C with R ⊆ (c × c)−1(F̂⊑(R)). States x, y ∈ C are called uncertain bisimilar if
there is an uncertain bisimulation relating them. Complementarily, x, y ∈ C are called apart
if there is no uncertain bisimulation relating them.

The uncertainty here expresses that in the learning setting, we are not entirely certain that
the two states are bisimilar. With an extension of the system by a future observation, they
might turn out to be non-bisimilar. With this intuition, the opposite property is simply
called apart: whenever two states are separated, they will stay so no matter how the system
might be extended by further transitions.

When unfolding the definitions, we obtain the following explicit characterization:

▶ Lemma 5.4. A relation R ⊆ C × C on c : C → FC is an uncertain bisimulation if and
only if for every (x, y) ∈ R there exists t ∈ FR such that

c(x) ⊑ Fπ1(t) and c(y) ⊑ Fπ2(t).

When representing the witnesses t as a choice function, then we equivalently have a map
r : R → FR making the projections π1, π2 oplax coalgebra morphisms (R, r) ⊒ (C, c):

C R C

FC FR FC

c ⊑ ⊒r

π1 π2

c

F π1 F π2

This characterization instantiates to partial Mealy machines as:

▶ Lemma 5.5. For partial Mealy machines c : C → MC a reflexive relation R ⊆ C × C is
an uncertain bisimulation if and only if for all (x, y) ∈ R and i ∈ I we have:

x
i/o−−→ x′ and y

i/o′

−−→ y′ imply o = o′ and (x′, y′) ∈ R. (3)
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This condition is vacuously satisfied for all (x, y) ∈ R and i ∈ I whenever x or y have
no i-transition defined. In this characterization, we use the mild assumption of R being
reflexive in order to be able to define the coalgebra structure r : R → FR of Lemma 5.4 in
the case where only one of the related states has an i-transition defined. Even without R

being reflexive, every uncertain bisimulation R satisfies (3). Conversely, for every relation R

satisfying (3), the relation Eq ∪ R is an uncertain bisimulation (i.e. we implicitly work with
reflexive closure as an up-to technique [3]).

The characterization in Lemma 5.5 leads to the following coinduction principle:

▶ Proposition 5.6. States x, y in a partial Mealy machine c : C → MC are uncertain
bisimilar iff

for all w ∈ I+ : JxK(w) ∈ O and JyK(w) ∈ O =⇒ JxK(w) = JyK(w)

Dually, x and y are apart iff there is some w ∈ I+ for which both are defined but differ:
? ̸= JxK ̸= JyK ≠ ?. Thus, this instance matches the explicit definition of apart states in the
context of the L# learning algorithm [21, Def. 2.6].

Recall that the final coalgebra semantics of a state x ∈ C is a partial map JxK : I+ ⇀ O

(in νM, Proposition 3.2). This map sends each input word w ∈ I+ to the output symbol of
the last transition of the run of w, if such a run exists. If not all required transitions exist,
then the partial map is undefined (i.e. JxK(w) = ?). The characterization in Proposition 5.6
states that two states are uncertain bisimilar if for all input words w ∈ I+, whenever both
behaviours JxK, JyK are defined, then they must agree.

▶ Example 5.7. If there is a natural transformation ⊤ : 1 → F such that ⊤X is the greatest
element of FX, then all states in any F -coalgebra are uncertain bisimilar.

▶ Example 5.8. For the inclusion order ⊆ on the finitary powerset functor Pf , any two states
x, y in any Pf-coalgebra c : C → PfC are uncertain bisimilar. Essentially, the issue is that
any pair of elements s, t ∈ PfC has an upper bound in (PfC, ⊆).

▶ Example 5.9. We re-obtain ordinary bisimilarity as the instance where the order ⊑ on
FX is the discrete poset structure: ⊑F C := EqF C .

The instance for suspension automata has explicitly been studied in the literature [22]:

▶ Definition 5.10 [22, Def. 15]. A relation R ⊆ C×C on a suspension automaton c : C → SC

is an (ioco) compatibility relation if for all (x, y) ∈ R we have:

1. for all x
?a−→ x′ and y

?a−→ y′ we have (x′, y′) ∈ R

2. there exists o ∈ O such that x
!o−→ x′, y

!o−→ y′, and (x′, y′) ∈ R.

▶ Proposition 5.11. A reflexive relation on a suspension automaton is a ioco compatibility
relation iff it is an uncertain bisimulation (for S with the order from Definition 3.9).

In the proof it is relevant that the output transitions of suspension automata are non-
empty partial maps C → (O ⇀ne C). Non-emptiness means that whenever there is a coalgebra
structure r : R → SR on a relation R ⊆ C × C, then all related states (x, y) ∈ R have at
least one common output o ∈ O. This is reflected by the existentially quantified condition in
the definition of ioco compatibility.
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5.1 Properties
Having discussed instances, we now uniformly establish general properties of uncertain bisim-
ilarity. We start by listing properties of uncertain relation lifting, analogous to Lemma 4.4.

▶ Lemma 5.12. For any functor FPos : Set → Pos, we have the following properties of
uncertain relation lifting:
1. Monotonicity: if R ⊆ S then F̂⊑(R) ⊆ F̂⊑(S).
2. Preservation of equality: Eq ◦ F ⊆ F̂⊑ ◦ Eq.
3. Preservation of converse: F̂⊑(Rop) = (F̂⊑(R))op for all R ⊆ X × X.
4. Preservation of inverse images: For a map f : X → Y and relation S ⊆ Y × Y , we have

F̂⊑((f × f)−1(S)) ⊆ (Ff × Ff)−1(F̂⊑(S)) .

Similar to the case of F̂ , by monotonicity and preservation of inverse images, F̂⊑ extends to
a lifting of F . Uncertain bisimilarity is reflexive and symmetric:

▶ Lemma 5.13. The equality relation EqC on any coalgebra (C, c) is an uncertain bisimulation,
and if R ⊆ C × C is an uncertain bisimulation then so is Rop.

Unsurprisingly, uncertain bisimilarity is not transitive: even though two states x and z are
certainly non-bisimilar (i.e. not uncertain bisimilar), there can be a state y that is uncertain
bisimilar to both x and z (e.g. p0, q0, s0 in Figure 1). Similarly, ioco compatibility is known
to not be transitive in general [22, Ex. 17].

This lack of transitivity makes it non-trivial to characterize uncertain bisimilarity in terms
of being identifiable by a morphism, in the way it holds for normal bisimilarity. Still, we can
show some preservation results that match the intuition that the order ⊑ adds transitions (or
other information). Since uncertain bisimilarity of two states means that there is no conflict
in their existing transition behaviour, they stay uncertain bisimilar if we omit transitions:

▶ Lemma 5.14. Uncertain bisimilarity is preserved by oplax morphisms: whenever states x, y

in (C, c) are uncertain bisimilar, then for every oplax coalgebra morphism h : (C, c) → (D, d),
the states h(x) and h(y) are uncertain bisimilar in (D, d).

Conversely, we can show that if two states can be identified by a lax coalgebra morphism,
then they are uncertain bisimilar. For the corresponding proof for (canonical) relation liftings
F̂ , one uses weak pullback preservation as a sufficient condition for preservation of inverse
images. For uncertain bisimilarity we will simply make preservation of inverse images an
assumption, referred to as stability. This terminology follows Hughes and Jacobs [9], who
define a similar condition for their lax relation lifting.

▶ Definition 5.15. The functor FPos is called stable if F̂⊑ commutes with inverse images on
reflexive relations, i.e. the inclusion in Item 4 of Lemma 5.12 is an equality if S is reflexive.

▶ Remark 5.16. Contrary to the variant in [9], we require the converse of Lemma 5.12.4 only
for reflexive relations. The reason is that even for the case of Mealy machines, F = M, the
converse of Lemma 5.12.4 does not hold if we drop that assumption.

▶ Example 5.17. M̂⊑ is stable.

▶ Lemma 5.18. Suppose that FPos is stable. Then any lax coalgebra morphism h : (C, c) ⊑

(D, d) reflects uncertain bisimilarity, that is, if R ⊆ D×D is a reflexive uncertain bisimulation
relation then so is (h × h)−1(R).
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p x x′

q y

q′ z z′

w/o

w/o

v/o

v/o

w/o

i/a

i/b

Figure 6 Mealy machine of Example 5.20 . . ..

JpK(w ) = o JqK(w ) = o

JpK(wi ) = a JqK(wi ) = ?
JpK(v ) = o JqK(v ) = o

JpK(vw ) = o JqK(vw ) = o

JpK(vv ) = o JqK(vv ) = ?
JpK(vvw ) = o JqK(vvw ) = ?
JpK(vvwi) = b JqK(vvwi) = ?
JpK(vwi ) = ? JqK(vwi ) = b

Figure 7 . . . and its semantics.

As a consequence, under the assumption of stability, if states x, y of a coalgebra are identified
by a lax homomorphism h then they are uncertain bisimilar.

▶ Corollary 5.19. Suppose that FPos is stable. Then the kernel ker h of a lax coalgebra
morphism h : (C, c) ⊑ (D, d) is an uncertain bisimulation.

This gives half a characterization theorem of uncertain bisimilarity (assuming stability):

States x, y can be identified
by a lax coalgebra morphism

=⇒ States x, y are
uncertain bisimilar

(4)

For standard bisimilarity, the converse direction also holds: whenever states x, y are bisimilar
(in the ordinary sense), then they can be identified by an (ordinary) coalgebra morphism.
For uncertain bisimilarity however, the converse direction even fails when restricting to
tree-shaped Mealy machines:

▶ Example 5.20. Consider the partial Mealy machine (C, c) in Figure 6 for I = {v, w, i}
and O = {a, b, o}. In this machine, p and q are uncertain bisimilar, because their semantics
matches on all defined input words, as verified in Figure 7 (using Proposition 5.6). However,
there is no lax coalgebra morphism f : (C, c) ⊑ (D, d) with f(p) = f(q). To see this, first
observe that for any such f , we can derive the following equalities:

f(p) w/o−−→ f(x) and f(q) w/o−−→ f(y) implies f(x) = f(y) ,

f(p) v/o−−→ f(q) w/o−−→ f(y) and f(q) v/o−−→ f(q′) w/o−−→ f(z) implies f(y) = f(z)

and hence f(x) = f(z). By Corollary 5.19 this means x and z are uncertain bisimilar; but i

witnesses that x and z are apart – a contradiction! Thus, there is no f : (C, c) → (D, d) with
f(p) = f(q).

5.2 Characterization via Simulations
We can remedy the failure of the converse direction of (4) by going from functional simulations
(i.e. lax coalgebra morphisms) to proper simulations in the sense of spans of (lax) morphisms.

There are multiple ways to define simulations between coalgebras for functors F : Set → Set
equipped with an order ⊑. The way that Hughes and Jacobs [9] define simulations (see also
Remark 5.2) between coalgebras (C, c) and (D, d) corresponds to a relation R ⊆ C × D and
a structure r : R → FR making the projections oplax and lax morphisms:
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π1 : (R, r) ⊒ (C, c)
π2 : (R, r) ⊑ (D, d) that is, diagrammatically:

C R D

FC FR FD

c ⊑ ⊑r

π1 π2

d

F π1 F π2

Note that due to using both lax and oplax morphisms, such a simulation is subtly different
from the diagram in Lemma 5.4. We can now show that this span-based definition of
simulation characterizes uncertain bisimilarity:

▶ Proposition 5.21. Given that FPos is stable, the following are equivalent for all states x, y

in a coalgebra c : C → FC:
1. x and y are uncertain bisimilar.
2. There is a state z ∈ D in another coalgebra (D, d) and a simulation S ⊆ C × D in the

style of Hughes and Jacobs such that (x, z) ∈ S and (y, z) ∈ S.

The second item intuitively means that the states x and y can be ‘identified’ by a
simulation. We obtained a converse to the implication in (4) when replacing ‘lax coalgebra
morphism’ with ‘simulation’. In the proof of the first direction (top to bottom), we use
that in sets, every surjective function e : X → Y has a right-inverse a : Y → X (i.e. with
e ◦ a = idY ), using the axiom of choice. In the second direction (bottom to top), we use the
stability of FPos.

Another slightly different notion of simulation on coalgebras arises from the approach to
bisimilarity via open maps [12, 23]. Here, a simulation between (C, c) and (D, d) is again a
relation R ⊆ C × D equipped with a coalgebra structure r : R → FR such that
1. the projection π1 is a coalgebra morphism π1 : (R, r) → (C, c), and
2. the projection π2 is a lax coalgebra morphism π2 : (R, r) ⊑ (D, d):

C R D

FC FR FD

c ⟲ ⊑r

π1 π2

d

F π1 F π2

Hence, any open-map-style simulation is also a simulation in the style of Hughes and Jacobs.
In our leading examples, the converse inclusion also holds, as we show in the following.
▶ Remark 5.22. The above definition of simulation is reminiscent of Fiore’s ordered categorical
bisimulation [5, Def. 6.1], for which the partial order comes from the base category being
Pos-enriched, i.e. a partial order on every hom set hom(A, B) is assumed. In contrast, we
only require a partial order on FX, i.e. the partial order is part of the functor data, not the
category.

In order to show the equivalence of open-map-style simulations to that by Hughes and
Jacobs, we impose another assumption on the functor:

▶ Definition 5.23. We call the order ⊑ on the functor F restricting if for all maps f : X → Y

and all s ∈ FX, t ∈ FY we have

t ⊑F Y Ff(s) =⇒ there is some s′ ⊑ s with t = Ff(s′). (5)

The idea behind s′ is that it is the restriction of s to those transitions that are defined in t,
so that Ff : FX → FY maps s′ to t:

▶ Example 5.24. The functor M for partial Mealy machines is restricting: for f : X → Y ,
s ∈ MX, and t ⊑MY Mf(s), define

s′ ∈ MX = ({?} + O × X)I by s′(i) =
{

? if t(i) = ?
s(i) otherwise.
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This definition makes s′ ⊑ s true because for all i ∈ I, whenever s′(i) is defined (i.e. s′(i) ̸= ?)
then s(i) is defined, too. The inequality t ⊑MY Mf(s) implies

(s′(i) = ? ⇐⇒ t(i) = ?) for all i ∈ I

and moreover, whenever s′(i) = (o, x) for i ∈ I, then t(i) = s(i) = s′(i). Hence, Mf(s′) = t.

▶ Remark 5.25. In the definition of restricting, we have t ⊑ Ff(s) as the condition and then
construct some s′ with s′ ⊑ s. Thus, one might be tempted to think that there is a Galois
connection hidden. Note however, that this is not the case in the example of partial Mealy
machines because the construction of s′ does depend on s! Hence, it is not possible to
construct an adjoint map FY → FX in general.

▶ Lemma 5.26. If F is restricting, then for every oplax morphism h : (C, c) ⊒ (D, d),
there is a structure c′ : C → FC such that c′(x) ⊑ c(x) for all x ∈ C making h a (proper)
coalgebra morphism.

C D

FC FD

c

h

⊒ d

F h

=⇒ ∃c′ :
C D

FC FD

c c′

h

⊒ ⟲ d

F h

This lemma turns Hughes/Jacobs simulations into simulations in the style of open maps:

▶ Lemma 5.27. Given that ⊑ is restricting, the following are equivalent for any relation
S ⊆ C × D on coalgebras (C, c), (D, d):
1. there is a map S → FS making S a simulation in the style of Hughes and Jacobs.
2. there is a map S → FS making S a simulation in the style used in open maps.

Thus, we can combine Lemma 5.27 and the previous characterization Proposition 5.21:

▶ Theorem 5.28. Given that FPos is stable and that ⊑ is restricting, the following are
equivalent for all states x, y in a coalgebra c : C → FC:
1. x and y are uncertain bisimilar.
2. There is a state z ∈ D in another coalgebra (D, d) and a simulation S ⊆ C × D in the

style of Hughes and Jacobs such that (x, z) ∈ S and (y, z) ∈ S.
3. There is a state z ∈ D in another coalgebra (D, d) and an open-map-style simulation

S ⊆ C × D such that (x, z) ∈ S and (y, z) ∈ S.

▶ Example 5.29. For partial Mealy machines, the abstract definitions of simulation instantiate
to the usual notion of simulation between (C, c) and (D, d) when considering the Mealy
machines as deterministic LTSs for the alphabet I × O: a simulation is a relation R ⊆ C × D

such that for all (x, z) ∈ R and x
i/o−−→ x′ there is some z′ ∈ D such that z

i/o−−→ z′ and
(x′, z′) ∈ R. The characterization in Proposition 5.21 shows that for all states x, y ∈ C in
c : C → MC we have

x and y are
uncertain bisimilar

⇐⇒ There is a state z in some d : D → MD

such that z simulates x and y

▶ Example 5.30. For the compatibility relation on suspension automata, a similar equivalence
holds. In the specific simulation notion (called coinductive ioco relation [22, Def. 4]), the
input transitions are preserved in the usual direction and the output transitions are preserved
in the converse direction. Then, it is shown that states x, y in a suspension automaton are
compatible iff there is a state z in another suspension automaton which conforms (according
to the ioco relation) to both x and y [22, Lem. 24.2].
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6 Conclusions and Future Work

We introduced uncertain bisimilarity, a notion to talk about behavioural compatibility on a
coalgebraic level of generality. Instances include both partial Mealy machines and the ioco
conformance relation from model-based testing. The setting is tailored towards the lack of
knowledge in automata learning games. We are optimistic that this generalization provides a
step from the L# learning algorithm [21] towards new coalgebra learning algorithms. While
previous categorical frameworks [2, 20, 7, 4] generalize Angluin’s classical L∗ algorithm,
the development of a variant of L# at a high level of generality could be useful, as the
experiments [21] point to a better performance in the case of Mealy machines.

So far, we have shown that uncertain bisimilarity is equivalent to being simulated by a
common state. A similar observation might be lifted to the final coalgebra by defining a
suitable simulation order on the final coalgebra. In this context it would be interesting to
explicitly connect our results to the similarity quotients in [15].

Standard coalgebraic bisimilarity can also be characterized as indistinguishability via
formulas of coalgebraic modal logic [17, 13]. We are confident that uncertain bisimilarity
can be characterized in similar terms. Since it is a coinductively defined relation involving a
non-standard relation lifting, a good starting point may be the framework in [14], although
that does not provide a canonical construction of a logic but only the infrastructure for
proving expressiveness and adequacy. To obtain such a logic, it should be feasible to transfer
modalities from an existing system type functor (e.g. MT ) to the functors involving order
and partial behaviours (e.g. M), such that properties like adequacy or even expressiveness
are inherited. These distinguishing modal formulas can then serve as witnesses for disproving
uncertain bisimilarity, that is, for showing apartness.

The relation lifting based definition of uncertain bisimilarity makes it amenable to the use
of coalgebraic up-to techniques as developed in [3]. This could be helpful in the development of
efficient algorithms for checking uncertain bisimilarity, which could be particularly interesting
to check compatibility of ioco specifications as studied in [22].
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