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Abstract
Previous work on Dynamic Complexity has established that there exist dynamic constant-time
parallel algorithms for regular tree languages and context-free languages under label or symbol
changes. However, these algorithms were not developed with the goal to minimise work (or,
equivalently, the number of processors). In fact, their inspection yields the work bounds O(n2) and
O(n7) per change operation, respectively.

In this paper, dynamic algorithms for regular tree languages are proposed that generalise the
previous algorithms in that they allow unbounded node rank and leaf insertions, while improving
the work bound from O(n2) to O(nϵ), for arbitrary ϵ > 0.

For context-free languages, algorithms with better work bounds (compared with O(n7)) for
restricted classes are proposed: for every ϵ > 0 there are such algorithms for deterministic context-free
languages with work bound O(n3+ϵ) and for visibly pushdown languages with work bound O(n2+ϵ).
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1 Introduction

It has been known for many years that regular and context-free string languages and regular
tree languages are maintainable under symbol changes by means of dynamic algorithms that
are specified by formulas of first-order logic, that is, in the dynamic class DynFO [10, 7]. It
is also well-known that such specifications can be turned into parallel algorithms for the
CRCW PRAM model that require only constant time [8] and polynomially many processors.

However, an “automatic” translation of a “dynamic program” of the DynFO setting usually
yields a parallel algorithm with large work, i.e., overall number of operations performed by
all processors.1 In the case of regular languages, the dynamic program sketched in [10] has a
polynomial work bound, in which the exponent of the polynomial depends on the number of
states of a DFA for the language at hand. The dynamic program given in [7] has quadratic
work.

1 We note that in the context of constant-time parallel algorithms work is within a constant factor of the
number of processors.
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Only recently a line of research has started that tries to determine, how efficient such
constant-time dynamic algorithms can be made with respect to their work. It turned out
that regular languages can be maintained with work O(nϵ), for every ϵ > 0 [11], even
under polylogarithmic numbers of changes [12], and even with logarithmic work for star-
free languages under single changes [11] and polylogarithmic work under polylogarithmic
changes [12].

For context-free languages the situation is much less clear. The dynamic algorithms
resulting from [7] have an O(n7) upper work bound. In [11] it was shown that the Dyck-1
language, i.e., the set of well-bracketed strings with one bracket type, can be maintained
with work O((log n)3) and that Dyck-k languages can be maintained with work O(n log n).
Here, the factor n is due to the problem to test equality of two substrings of a string.

Most of these results also hold for the query that asks for membership of a substring in
the given language. For Dyck languages the upper bounds for substring queries are worse
than the bounds for membership queries: for every ϵ > 0 there exist algorithms for Dyck-1
and Dyck-k languages with work bounds O(nϵ) and O(n1+ϵ), respectively.

It was also shown in [11] that there is some context-free language that can be maintained
in constant time with work O(nω−1−ϵ), for any ϵ > 0, only if the k-Clique conjecture [1] fails.
Here, ω is the matrix multiplication exponent, which is known to be smaller than 2.373 and
conjectured by some to be exactly two according to [14].

In this paper, we pursue two natural research directions.

Regular tree languages. We first extend the results on regular string languages to regular
tree languages. On one hand, this requires to adapt techniques from strings to trees. On the
other hand, trees offer additional types of change operations beyond label changes that might
change the structure of the tree. More concretely, besides label changes we study insertions
of new leaves and show that the favourable bounds of [11] for regular string languages still
hold. This is the main contribution of this paper. Our algorithms rely on a hierarchical
partition of the tree of constant depth. The main technical challenge is to maintain such a
partition hierarchy under insertion2 of leaves.

Subclasses of context-free languages. We tried to improve on the O(n7) upper work
bound for context-free languages, but did not succeed yet. The other goal of this paper is thus
to find better bounds for important subclasses of the context-free languages: deterministic
context-free languages and visibly pushdown languages. We show that, for each ϵ > 0, there
are constant-time dynamic algorithms with work O(n3+ϵ) for deterministic context-free
languages and O(n2+ϵ) for visibly pushdown languages. Here, the main challenge is to
carefully apply the technique from [11] that allows to store information for only O(nϵ) as
opposed to n different values for some parameters. For more restricted change operations,
the algorithm for regular tree languages yields an O(nϵ) work algorithm for visibly pushdown
languages.

Structure of the paper. We explain the framework in Section 2, and present the results on
regular tree languages and context-free string languages in Sections 3 and 4, respectively.
Almost all proofs are delegated to the full version of this paper.

2 For simplicity, we only consider insertions of leaves, but deletions can be handled in a straightforward
manner, as discussed in Section 2.
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Related work. In [12], parallel dynamic algorithms for regular string languages under
bulk changes were studied. It was shown that membership in a regular language can be
maintained, for every ϵ > 0, in constant time with work O(nϵ), even if a polylogarithmic
number of changes can be applied in one change operation. If the language is star-free,
polylogarithmic work suffices. The paper also shows that for regular languages that are not
star-free, polylogarithmic work does not suffice.

Maintaining regular languages of trees under label changes has also been studied in
the context of enumeration algorithms (for non-Boolean queries) [3]. The dynamic parallel
algorithms of [11] partially rely on dynamic sequential algorithms, especially [6].

2 Preliminaries

Trees and regular tree languages. We consider ordered, unranked trees t, which we represent
as tuples (V, r, c, label), where V is a finite set of nodes, r ∈ V is the root, c : V × N → V is
a function, such that c(u, i) yields the i-th child of u, and label : V → Σ is a function that
assigns a label to every node.

We denote the set of unranked trees over an alphabet Σ as T (Σ). The terms subtree,
subforest, sibling, ancestor, descendant, depth and height of nodes are defined as usual. A
node that has no child is called a leaf. A forest is a sequence of trees.

Let ⪯ denote the order on siblings, i.e., u ≺ v denotes that u is a sibling to the left of v.
We write u ⪯ v if u ≺ v or u = v holds.

By tv we denote the subtree of t induced by node v. For sibling nodes u ≺ v, we write
utv for the subforest of the tree t, induced by the sequence u, . . . , v. If w is a node in tv,
then tv

w denotes the subtree consisting of tv without tw. Analogously, for utv
w.

Our definition of tree automata is inspired from hedge automata in the TaTa book [5],
slightly adapted for our needs.

▶ Definition 2.1. A deterministic finite (bottom-up) tree automaton (DTA) over an alphabet
Σ is a tuple B = (QB, Σ, Qf , δ, A) where QB is a finite set of states, Qf ⊆ QB is a set
of final states, A = (QA, QB, δA, s) is a DFA over alphabet QB (without final states) and
δ : QA × Σ → QB maps pairs (p, σ), where p is a state of A and σ ∈ Σ, to states of B.

We refer to states from QB as B-states and typically denote them by the letter q. Likewise
states from QA are called A-states and denoted by p. We note that we do not need a set of
accepting states for A, since its final states are fed into δ.

The semantics of DTAs is defined as follows.
For each tree t ∈ T (Σ), there is a unique run of B on t, that is, a unary function ρt

that assigns a B-state to each node in V . It can be defined in a bottom-up fashion, as
follows. For each node v ∈ V with label σ and children u1, . . . , uℓ, ρt(v) is the B-state
δ(δ∗

A(s, ρt(u1) · · · ρt(uℓ)), σ). That is, the state of a node v with label σ is determined by
δ(p, σ), where p is the final A-state that A assumes when reading the sequence of states of
v’s children, starting from the initial state s. In particular, if v is a leaf with label σ, its
B-state is δ(s, σ).

A tree t is accepted by the DTA B if ρt(r) ∈ Qf holds for the root r of t. We denote the
language of all trees accepted by B as L(B). We call the languages decided by DTAs regular.

Strings and context-free languages. Strings w are finite sequences of symbols from an
alphabet Σ. By w[i] we denote the i-th symbol of w and by w[i, j] we denote the substring
from position i to j. We denote the empty string by λ, since ϵ has a different purpose in this
paper. We use standard notation for context-free languages and pushdown automata, to be
found in the full version of this paper.

MFCS 2023
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Dynamic algorithmic problems. In this paper, we view a dynamic (algorithmic) problem
basically as the interface of a data type: that is, there is a collection of operations by which
some object can be initialised, changed, and queried. A dynamic algorithm is then a collection
of algorithms, one for each operation. We consider two main dynamic problems in this paper,
for regular tree languages and context-free languages.

For each regular tree language L, the algorithmic problem RegTree(L) maintains a
labelled tree T and has the following operations.

Init(T, r, σ) yields an initial labelled tree object T and returns in r a node id for its root,
which is labelled by σ;
Relabel(T, u, σ) changes the label of node u in T into σ;
AddChild(T, u, v, σ) adds a new child with label σ behind the last child of node u and
returns its id in v;
Query(T, v) returns true if and only if the subtree of T rooted at v is in L.

We refer to the restricted problem without the operation AddChild as RegTree−. For this
data type, we assume that the computation starts from an initial non-trivial tree and that
the auxiliary data for that tree is given initially.

For each context-free language L, the algorithmic problem CFL(L) maintains a string w

and has the following operations.
Init(w) yields an initial string object w with an empty string;
Relabel(w, i, σ) changes the label at position i of w into σ;
InsertPositionBefore(w, i, σ) and InsertPositionAfter(w, i, σ) insert a new position
with symbol σ before or after the current position i, respectively;
Query(w, i, j) returns true if and only if the substring w[i, j] is in L.

Readers may wonder, why these dynamic problems do not have operations that delete
nodes of a tree or positions in a string. This is partially to keep the setting simple and
partially because node labels and symbols offer easy ways to simulate deletion by extending
the alphabet with a symbol ⊔ that indicates an object that should be ignored. E.g., if
δA(p, ⊔) = p, for every state p of the horizontal DFA of a DTA, then the label ⊔ at a node u

effectively deletes the whole subtree induced by u for the purpose of membership in L(B).
Similarly, a CFL might have a neutral symbol or even a pair (⊔, )⊔ of “erasing” brackets that
make the PDA ignore the substring between (⊔ and )⊔.

For RegTree(L) and CFL(L), the Init operation is possible in constant sequential
time and will not be considered in detail.

Throughout this paper, n will denote an upper bound of the size of the structure at hand
(number of nodes of a tree or positions of a string) that is linear in that size, but changes
only infrequently. More precisely, the number of nodes of a tree or the length of the string
will always be between 1

4 n and n. Whenever the size of the structure grows beyond 1
2 n, the

data structure will be prepared for structures of size up to 2n and, once this is done, n will
be doubled. Since the size of the structure is always θ(n) all bounds in n also hold with
respect to the size of the structure.

Parallel Random Access Machines (PRAMs). A parallel random access machine (PRAM)
consists of a number of processors that work in parallel and use a shared memory. The
memory is comprised of memory cells which can be accessed by a processor in O(1) time.
Furthermore, we assume that simple arithmetic and bitwise operations, including addition,
can be done in O(1) time by a processor. We mostly use the Concurrent-Read Concurrent-
Write model (CRCW PRAM), i.e. processors are allowed to read and write concurrently from
and to the same memory location. More precisely, we assume the common PRAM model:
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several processors can concurrently write into the same memory location, only if all of them
write the same value. We also mention the Exclusive-Read Exclusive-Write model (EREW
PRAM), where concurrent access is not allowed. The work of a PRAM computation is the
sum of the number of all computation steps of all processors made during the computation.
We define the space s required by a PRAM computation as the maximal index of any memory
cell accessed during the computation. We refer to [9] for more details on PRAMs and to [13,
Section 2.2.3] for a discussion of alternative space measures.

The main feature of the common CRCW model relevant for our algorithms that separates
it from the EREW model is that it allows to compute the minimum or maximum value of an
array of size n in constant time (with work O(n1+ϵ)) which is shown in another paper at
MFCS 2023.3

For simplicity, we assume that even if the size bound n grows, a number in the range [0, n]
can still be stored in one memory cell. This assumption is justified, since addition of larger
numbers N can still be done in constant time and polylogarithmic work on a CRCW PRAM.
Additionally, we assume that the number of processors always depends on the current size
bound n. Hence, the number of processors increases with growing n which allows us to use
the PRAM model with growing structures.

We describe our PRAM algorithms on an abstract level and do not exactly specify how
processors are assigned to data. Whenever an algorithm does something in parallel for a
set of objects, these objects can be assigned to a bunch of processors with the help of some
underlying array. This is relatively straightforward for strings and substrings and the data
structures used in Section 4. In Section 3, it is usually based on zone records and their
underlying partition records.

3 Maintaining regular tree languages

In this section, we present our results on maintaining regular tree languages under various
change operations. We will first consider only operations that change node labels, but do
not change the shape of the given tree. A very simple dynamic algorithm with work O(n2)
is presented in the full version of this paper. We sketch its main idea and how it can be
improved to O(nϵ) work per change operation by using a partition hierarchy in Subsection 3.1.
These algorithms even work on the EREW PRAM model.

Afterwards, in Subsection 3.2, we also consider an operation that can change the tree
structure: adding a leaf to the tree. Here, the challenge is to maintain the hierarchical
structure that we used before to achieve work O(nϵ) per change operation. It turns out
that maintaining this structure is possible without a significant increase of work, that is,
maintaining membership under these additional operations is still possible with work O(nϵ)
per change operation.

3.1 Label changes: a work-efficient dynamic program

In this section, we describe how membership in a regular tree language can be maintained
under label changes, in a work efficient way.

3 Jonas Schmidt, Thomas Schwentick. Dynamic constant time parallel graph algorithms with sub-linear
work.

MFCS 2023
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▶ Proposition 3.1. For each ϵ > 0 and each regular tree language L, there is a parallel
constant time dynamic algorithm for RegTree−(L) with work O(nϵ) on an EREW PRAM.
The Query operation can actually be answered with constant work.

We start by briefly sketching the O(n2) work algorithm that is given in the full version
of this paper. The algorithm basically combines the dynamic programs for regular string
languages and binary regular tree languages from [7]. For regular string languages, the
program from [7] stores the behaviour of a DFA for the input word w by maintaining
information of the form “if the run of the DFA starts at position i of w and state p, then it
reaches state q at position j” for all states p, q and substrings w[i, j]. After a label change at
a position ℓ, this information can be constructed by combining the behaviour of the DFA
on the intervals w[i, ℓ − 1] and w[ℓ + 1, j] with the transitions induced by the new label at
position ℓ.

The dynamic program for (binary) regular tree languages from [7] follows a similar idea
and stores the behaviour of a (binary) bottom-up tree automaton by maintaining information
of the form “if v gets assigned state q, then u gets assigned state p by the tree automaton”
for all states p, q and all nodes v, u, where v is a descendant of u.

Both programs induce algorithms with O(n2) work bounds. Towards a O(n2) work
algorithm for unranked tree languages, the two dynamic programs can be combined into
an algorithm that mainly stores the following automata functions for a fixed DTA B =
(QB, Σ, Qf , δ, A) for L, with DFA A = (QA, QB, δA, s):

The ternary function Bt : QB × V × V 7→ QB maps each triple (q, u, v) of a state q ∈ QB
and nodes of t, where u is a proper ancestor of v, to the state that the run of B on tu

v

takes at u, with the provision that the state at v is q.
The ternary function At : QA × V × V 7→ QA maps each triple (p, u, v) of a state p ∈ QA
and nodes of t, where u ≺ v are siblings, to the state that the run of A on u, . . . , v,
starting from state p, takes after v.

Every single function value can be updated in constant sequential time, as stated in the
following lemma. This leads to a quadratic work bound since there are quadratically many
tuples to be updated in parallel.

▶ Lemma 3.2. After a Relabel operation, single values At(p, u, x) and Bt(q, u, x) can be
updated by a sequential algorithm in constant time.

Some information about the shape of the tree is required, which we refer to as basic tree
functions. For more details we refer to the full version of this paper. However, as label
changes cannot change the shape of the tree, this information does not need to be updated
und can be assumed as precomputed.

To lower the work bound the basic idea now is to store the automata functions not for all
possible arguments, but for a small subset of special arguments that allow the computation
of function values for arbitrary arguments in constant time with constant work.

In [11], this idea was applied to the O(n2) work program for regular string languages. A
constant-depth hierarchy of intervals was defined by repeatedly partitioning intervals into
O(nθ) subintervals, for some θ > 0. This hierarchy allowed to define special intervals such
that any update only affects O(nϵ) intervals and function values of arbitrary intervals can be
computed in constant time with constant work.

We transfer this idea to the case of unranked tree languages by partitioning the tree into
O(nθ) zones, each of which is partitioned into further O(nθ) zones and so on until, after a
constant number of refinements, we arrive at zones of size O(nθ). Here, θ > 0 is a constant
that will be chosen later. It will always be chosen such that h = 1

θ is an integer.
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Figure 1 Example of a (1, 1
3 )-bounded partition hierarchy.

Before we define this partition hierarchy more precisely, we first define zones and show
that they can always be partitioned in a way that guarantees certain number and size
constraints.

▶ Definition 3.3. A zone is a set S of nodes with the following properties:
S is a proper subforest of t,
for every v ∈ S it holds that either no or all children are in S, and
there exists at most one node vS in S, whose children are not in S. The node vS is called
the vertical connection node of S.

We call a zone a tree zone if it consists of only one sub-tree of t and a non-tree zone otherwise.
We call a zone incomplete if it has a vertical connection node and complete, otherwise. There
are thus four different types of zones which can be written, with the notation introduced in
Section 2, as follows: complete tree zones tv, complete non-tree zones utv, incomplete tree
zones tv

w, and incomplete non-tree zones utv
w. Depending on the type, zones can therefore be

represented by one to three “important nodes”. The overall tree can be seen as the zone tr,
where r is its root.

From now on, we always assume that n is as in Section 2, some θ > 0 is fixed, and that
h = 1

θ is an integer.
We call a zone of t with at most nθℓ nodes an ℓ-zone. The tree t itself constitutes a

h-zone, to which we will refer to as the overall zone.
We next define partition hierarchies formally. More precisely, for every ℓ ≥ 2, we define

partition hierarchies of height ℓ for ℓ-zones as follows. If S is a 2-zone and S1, . . . , Sk are
1-zones that constitute a partition of S, then (S, {S1, . . . , Sk}) is a partition hierarchy of
height 2 for S. If S is an (ℓ + 1)-zone, {S1, . . . , Sk} is a partition of S into ℓ-zones, and for
each j, Hj is a partition hierarchy of height i for Sj , then (S, {H1, . . . , Hk}) is a partition
hierarchy of height ℓ + 1 for S. A partition hierarchy of height h of the zone consisting of t

is called a partition hierarchy of t.
An example of a (1, 1

3 )-bounded partition hierarchy is given in Figure 1.
We often call a zone S′ that occurs at some level i < ℓ within the partition hierarchy of a

zone S of some level ℓ a component zone. If S′ has level ℓ − 1 we also call it a sub-zone of S.
We call a partition hierarchy H (c, θ)-bounded, constants c and θ > 0, if each partition of

a zone consists of at most cnθ nodes.

MFCS 2023
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Our next aim is to prove that (10, θ)-bounded partition hierarchies actually exist. To
this end, we prove the following lemma. It is similar to [4, Lemma 3], but adapted to our
context, which requires a hierarchy of constant depth and a certain homogeneity regarding
children of vertical connection nodes.

▶ Lemma 3.4. Let m ≥ 2 be a number and S a zone with more than m nodes. Then S can
be partitioned into at most five zones, one of which has at least 1

2 m and at most m nodes.

This lemma immediately yields the existence of (10, θ)-bounded partition hierarchies.

▶ Proposition 3.5. For each θ > 0, each tree t has some (10, θ)-bounded partition hierarchy.

We now explain in more detail, which information about the behaviour of A and B is
stored by the work-efficient algorithm.

Function values for the ternary functions are stored only for so-called special pairs of
nodes, which we define next. Special pairs of nodes are always defined in the context of some
zone S of a partition hierarchy. In the following, we denote, for a zone S of a level ℓ ≥ 2 its
set of sub-zones of level ℓ − 1 by T .

Any pair of siblings u ≺ v in a zone S of level 1 is a special horizontal pair. A pair
of siblings u ≺ v in a complete zone S of level ℓ ≥ 2 is a special horizontal pair, if
u is a left boundary of some zone in T and v is a right boundary of some zone in T .
However, if S is incomplete and there is an ancestor w′ of the lower boundary w with
u ⪯ w′ ⪯ v, then, instead of (u, v), there are two special pairs: (u, left-sibling(w′))
and (right-sibling(w′), v).
Any pair of nodes u, v in some zone S of level 1 is a special vertical pair, if v is an ancestor
of u. A pair of nodes u, v in some zone S of level ℓ ≥ 2 is a special vertical pair, if v is
an ancestor of u, v is an upper or lower boundary of some zone in T and u is a lower
boundary of some zone in T . However, if S is incomplete with lower boundary w and
w′ := lca(w, u) is strictly above u and below or equal to v, then, instead of (u, v), there
are two special pairs: (u, anc-child(w′, u)) and (w′, v). Here lca determines the least
common ancestor and anc-child the child of w′ that is an ancestor of u.

The algorithm stores At(p, u, v) for each state p of A and each special horizontal pair u, v.
Furthermore, it stores Bt(q, u, v), for each state q of B and each special vertical pair u, v.

We note, that in all cases At(p, u, v) and Bt(q, u, v) only depend on the labels of the
nodes in the zone, for which (u, v) is special.

▶ Lemma 3.6. From the stored values for functions At and Bt for special pairs, it is possible
to compute ρt(v), for arbitrary nodes v, At(p, u, u′) for arbitrary pairs u ≺ u′ of siblings of t

and Bt(q, u, u′) for arbitrary pairs u, u′ of nodes, where u′ is an ancestor of u, sequentially
in constant time.

This enables us to show the O(nϵ) work bound for label changes.

Proof of Proposition 3.1. To achieve the stated bound, we use the above algorithm with
work parameter θ = ϵ

2 . The algorithm uses a (θ, 10)-bounded partition hierarchy, which
exists thanks to Proposition 3.5.

As indicated before, the algorithm stores At(·, u, v) and Bt(·, u, v), for all special pairs
(u, v). As already observed before, these values only depend on the labels of the nodes of
the zone relative to which (u, v) is special. Therefore, if a node label is changed for some
node x, values At(·, u, v) and Bt(·, u, v) need only be updated for special pairs of zones in
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which x occurs. Since each node occurs in exactly h zones and each zone has O(n2θ) = O(nϵ)
special pairs, h · O(nϵ) processors can be used, where every processor updates a single value
in constant time and work, as is possible thanks to Lemma 3.2 and Lemma 3.6. Since the
shape of the tree does not change we can assume a mapping from the updated node and the
processor number to the special tuple that the respective processor recomputes. ◀

3.2 Structural Changes
In Proposition 3.1 only label changes were allowed, so the structure of the underlying tree
did not change. In particular, there was no need to update any of the basic tree functions.

In this subsection, we consider structural changes of the tree. We show that the work
bounds of Proposition 3.1 can still be met for the full data types RegTree(L).

▶ Theorem 3.7. For each regular tree language L and each ϵ > 0, there is a dynamic constant
time parallel algorithm for RegTree(L) that handles change operations with work O(nϵ)
and answers query operations with constant work.

In the next subsection, we describe the general strategy of the algorithm, define some
notions that will be used and present its proof. Then, in a second subsection, we give some
more detailed information about the data that is stored and how it can be maintained.

3.2.1 High-level description of the dynamic algorithm
Our approach generalises the algorithm of Subsection 3.1. It makes sure that, at any point
in time, there is a valid partition hierarchy together with corresponding tree and automata
functions. The general strategy of the dynamic algorithm is to add new leaves to their
nearest zone. In principle, this is not hard to handle – unless it leads to a violation of a size
constraint of some zone. As soon as zones exceed a certain size bound the affected parts of
the hierarchy will thus be recomputed to ensure the size constraints.

For reasons that will become clearer below, we need to slightly modify the definition
of partition hierarchies, basically by omitting the lowest two levels. To this end, we define
3-pruned partition hierarchies just like we defined partition hierarchies, but the lowest level
is at height 3. More precisely, a 3-pruned partition hierarchy of height 3 is just a 3-zone,
and 3-pruned partition hierarchies of height ℓ > 3 are inductively defined just like partition
hierarchies of height ℓ. It is clear that a 3-pruned partition hierarchy exists for each tree
by ommiting the two lowest levels in the partition hierarchy computed in Proposition 3.5.
Moreover, using a 3-pruned partition hierarchy as basis for our efficient label change approach
still ensures the sequential constant time computation of arbitrary automaton function values
from the stored values for special pairs. However, zones on the lowest level have size O(n3θ)
leading to a work bound of O(n6θ) per change operation.

To ensure that at each point in time, a usable partition hierarchy is available, the general
strategy is as follows: the algorithm starts from a strong partition hierarchy in which zones
at level ℓ have size at most 1

4 nℓθ, well below the maximum allowed size of such a zone of
nℓθ. As soon as the size of a zone S at level ℓ reaches its warning limit 1

2 nℓθ, the algorithm
starts to compute a new partition hierarchy for the parent zone S′ of S at level ℓ + 1. This
computation is orchestrated in a way that makes sure that the new partition hierarchy for
S′ is ready (together with all required function values) before S reaches its size limit nℓθ, at
which point the old partition hierarchy for S′ becomes useless.

Since a partition hierarchy of the whole tree together with the required function values
has size Ω(n), its computation inherently requires that amount of work and it can probably
not be done in constant time. Furthermore, since we aim at work O(nϵ) per operation, the
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algorithm cannot afford to do the re-computation “as fast as possible” but rather needs
to stretch over at least n1−ϵ steps. However, the fact that the tree can change during a
re-computation poses a challenge: if many change operations happen with respect to a
particular zone in a low level of the new partition hierarchy, this new zone might reach its
warning limit and then its hard limit, before the overall re-computation of the hierarchy has
finished. This challenge can be met by a careful orchestration of the re-computation.

We will next describe the data structure that the dynamic algorithm uses to orchestrate
re-computations of partition hierarchies. As mentioned before, there will always be a valid
partition hierarchy. However, for some zones, re-computations might be underway. The
algorithm will always manage to complete the re-computation of a partition hierarchy for a
zone of level ℓ, before any of the subzones of level (ℓ − 1) of the new partition reaches its
warning limit. Therefore, for each zone within the data structure, there is always at most one
partition hierarchy under construction, and therefore each zone has at any time at most two
partition records. If a zone actually has two partition records, one of them contains a usable
partition hierarchy. We formalise usability of a partition hierarchy by the term operable and
tie the whole data structure together through the following notion of zone records. It is
defined in an inductive fashion, together with the concept of partition records.

▶ Definition 3.8. A zone record of level 3 is a 3-zone. A zone record of level ℓ > 3 consists
of an ℓ-zone S and up to two partition records P1, P2 of level ℓ for S. If it has two partition
records then P1 is complete and P2 is incomplete.

A partition record (Z, M) of level ℓ > 3 for an ℓ-zone S consists of a set Z of zone records
of level ℓ − 1 and a set M of zones, such that the zones from Z and the zones from M

together constitute a partition of S. A partition record Z of level ℓ is valid, if all zones of its
zone records are actual (ℓ − 1)-zones.

A zone record of level 3 is operable.
A partition record at level ℓ > 3 is operable, if it is valid and all its zone records are

operable. A zone record of level ℓ > 3 is operable, if its first partition record is operable.

We refer to the hierarchical structure constituting the overall zone record as the extended
partition hierarchy. Within the extended partition hierarchy, we are particularly interested in
“operable substructures”. To this end, we associate with an operable zone record, the primary
partition hierarchy that results from recursively picking the operable partition record from
each zone record.

Altogether, the algorithm maintains an extended partition hierarchy for t.
Before we describe how the algorithm stores the extended partition hierarchy, we need two

more concepts. For each zone record R of a level ℓ there is a sequence Rh, . . . , Rℓ = R of zone
records such that, for each i ≥ ℓ, Ri is a zone record that occurs in a partition record of Ri+1.
This sequence can be viewed as the address of R in the extended partition hierarchy. Fur-
thermore, this address induces a finger print for R: the sequence status(Rh), . . . , status(Rℓ),
where status(Ri) is either operable or in progress. It is a simple but useful observation that
if a tree node v occurs in two zones with zone records R ̸= R′ within the extended partition
hierarchy, then the finger prints of R and R′ are different. Consequently a tree node occurs
in at most 2h and thus, a constant number of zones in the extended partition hierarchy.

Now we can describe, how the algorithm stores t and the extended partition hierarchy.
A zone record of level 3 is represented as an array of O(nθ) nodes.
A zone record of a level ℓ > 3 consists of up to four boundary nodes and up to two
pointers to partition records. The operable partition record is flagged.
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Each zone record of level ℓ ≥ 3 with finger print pa, also stores a pointer to its zone on
level ℓ + 1 with finger print p, and three pointers to the zone records of its parent, first
child and right sibling zones.
A partition record (Z, M) is represented as an array of zone records (some of which may
be zones of M). The zones records from Z are flagged.
The nodes of t are stored in an array (in no particular order) together with pointers for
the functions parent, left-sibling, right-sibling, first-child, and last-child.
For each node v, and each possible finger print p, a pointer Zp(v) to its zone with finger
print p.

Now we are prepared to outline the proof of Theorem 3.7.

Proof (of Theorem 3.7). Let B be a DTA for the regular tree language L and let θ = ϵ
7 .

The dynamic algorithm stores t and an extended partition hierarchy as described above. It
also stores some additional function values, including values for the automata functions, that
will be specified in Subsubsection 3.2.2.

Some functions are independent from zones and are stored for all nodes. Some other
functions are independent from zones but are only stored for particular node tuples that are
induced from zones (like it was already the case for the automata functions in Subsection 3.1)
and some functions are actually defined for (tuples of) zones.

After each change operation, the algorithm updates function values, pursues re-
computations of hierarchies and computes function values that are needed for newly estab-
lished zones. It starts a re-computation for a zone S, whenever one of its subzones reaches
its warning limit. It starts a re-computation of the overall zone, whenever the number of
nodes of t reaches 1

2 n.
The algorithm has one thread for each zone with an ongoing re-computation, that is, for

each zone whose zone record is not yet operable.
A re-computation for a zone at level ℓ requires the computation of O(nθ) zones of level

ℓ − 1, each of which yields re-computations of O(nθ) zones of level ℓ − 2 and so forth, down to
level 3. It is easy to see that the overall number of zones that needs to be computed during
a re-computation of a zone at level ℓ is bounded by O(n(ℓ−3)θ). The re-computation of the
overall zone requires the computation of at most O(n1−3θ) zones. We show in Lemma 3.9
that, in the presence of a primary partition hierarchy for the overall zone, the computation
of a new zone is possible in constant time with work O(n6θ).

The thread for the re-computation of a zone at level ℓ thus (first) consists of O(n(ℓ−3)θ)
computations of component zones, each of which is carried out in constant time with work
O(n6θ). We refer to such a re-computation as a round. A thread thus consists of O(n(ℓ−3)θ)
rounds of zone computations. The thread follows a breadth-first strategy, that is, it first
computes all zones of level ℓ − 1 then the sub-zones of those zones at level ℓ − 2 and so
forth. Once the zone record of a zone S is operable, the thread computes in its second phase
all function values associated to S. This can be done in constant time with work O(n7θ)
per sub-zone of S, as is shown in the full version of this paper. That is, it requires at most
O(n(ℓ−3)θ) additional rounds.

We note that it does not matter if the primary partition hierarchy H required for
Lemma 3.9 changes during the computation of a thread, since H is only used to make the
identification of a new zone more efficient.

To address the above mentioned challenge, the algorithm starts a separate thread for
each zone that is newly created during this process. That is, for each zone at level ℓ − 1, an
additional re-computation thread is started, as soon as the zone is created.
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Now we can state the orchestration strategy for re-computations. This strategy is actually
very simple:

Re-computation strategy: After each change operation affecting some node
v, the algorithm performs one computation round, for all threads of zones S, at any
level, with v ∈ S.

That is, thanks to the above observation, after a change operation, there are at most
2h threads for which one computation round is performed. Since 2h is a constant, these
computations together require work at most O(n7θ).

On the other hand, the whole re-computation for a zone S at level ℓ, including the
computation of the relevant function values, is finished after at most O(n(ℓ−3)θ) change
operations that affect S. Since 1

2 n(ℓ−1)θ leaf additions are needed to let a sub-zone S′

grow from the warning limit 1
2 n(ℓ−1)θ to the hard limit n(ℓ−1)θ, it is guaranteed that the

re-computation thread for S is completed, before S′ grows too large. In fact, this is exactly,
why partition hierarchies are 3-pruned. When a re-computation of the overall zone was
triggered by the size of t, n is doubled as soon as this re-computation is completed.

Thanks to Lemma 3.11 the overall work to update the stored function values for all
affected zones (in constant time) after a change operation is O(n3θ).

Altogether, the statement of the theorem follows by choosing θ = ϵ
7 . ◀

We state the lemma about the computation of new zones next. The partition hierarchy
is used as a means to assign evenly distributed nodes to processors and to do parallel search
for nodes with a particular property regarding the number of their descendants.

▶ Lemma 3.9. Given a tree t, a 3-pruned partition hierarchy H of t, and a zone S with at
least m nodes, S can be partitioned into at most five zones, one of which has at least 1

2 m

and at most m nodes, in constant time with work O(n6θ).

3.2.2 Maintaining functions
In Subsection 3.1, the tree functions were static and given by the initialisation. Only the
automata functions needed to be updated. However, if leaf insertions are allowed, the tree
functions can change. To keep the algorithm efficient, the special pairs need to be adapted
to the evolution of the partition hierarchy, and tree functions can no longer be stored for all
possible arguments. Furthermore, additional tree functions and functions defined for zones
will be used.

The stored information suffices to compute all required functions in constant time, and
almost all of them with constant work.

▶ Lemma 3.10. Given a tree t, a 3-pruned partition hierarchy H of t, and the stored
information as described above, for each θ > 0, the child function can be evaluated in O(1)
time with work O(nθ). All other functions can be evaluated for all tuples with constant work.

Furthermore, all stored information can be efficiently updated, with the help of and in
accordance with the current primary partition hierarchy.

▶ Lemma 3.11. Let θ > 0 and H be a 3-pruned partition hierarchy of t with automata and
tree functions. The stored information described above can be maintained after each Relabel
and AddChild operation in constant time with O(n6θ) work per operation.
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4 Maintaining context-free languages

As mentioned in the introduction, an analysis of the dynamic program that was used in [7]
to show that context-free languages can be maintained in DynFO yields the following result.

▶ Theorem 4.1 ([7, Proposition 5.3]). For each context-free language L, there is a dynamic
constant-time parallel algorithm on a CRCW PRAM for CFL(L) with O(n7) work.

There is a huge gap between this upper bound and the conditional lower bound of O(nω−1−ϵ),
for any ϵ > 0, derived from the k-Clique conjecture [1], where ω < 2.373 [11]. Our attempts
to make this gap significantly smaller, have not been successful yet. However, for realtime
deterministic context-free languages and visibly pushdown languages, more efficient dynamic
algorithms are possible, as shown in the following two subsections.

4.1 Deterministic context-free languages
Realtime deterministic context-free languages are decided by deterministic PDAs without
λ-transitions (RDPDAs).

▶ Theorem 4.2. For each realtime deterministic context-free language L and each ϵ > 0,
there is a dynamic constant-time parallel algorithm on a CRCW PRAM for CFL(L) with
O(n3+ϵ) work.

Given an RDPDA A for L, a configuration C = (p, u, s) consists of a state p, a string
u that is supposed to be read by A and a string s, the initial stack content. We use the
following functions δstate, δstack, and δempty to describe the behaviour of A on configurations.

δstate(C) yields the last state of run(C).
δstack(C) yields the stack content at the end of run(C).
δempty(C) is the position in u, after which run(C) empties its stack. It is zero, if this
does not happen at all.

The algorithm maintains the following information, for each simple configuration C = (p, u, τ),
where u = w[i, j], for some i ≤ j, for each suffix v = w[m, n] of w, where j < m, each state
q, and some k ≤ n.

δ̂(C) defined as the tuple (δstate(C), |δstack(C)|, top1(δstack(C)), δempty(C), ), consisting of
the state, the height of the stack, the top symbol of the stack, at the end of the run on C

and the position where the run ends. If the run empties the stack prematurely or at the
end of u, then top1(δstack(C)) is undefined;
push-pos(C, k), defined as the length of the longest prefix x of u, such that
|δstack(p, x, τ)| = k. Informally this is the position of u at which the k-th symbol
of δstack(C), counted from the bottom, is written;
pop-pos(C, q, v, k), defined as the pair (o, r), where o is the length of the prefix v′ of v,
for which run(q, v, topk(δstack(C))) empties its stack at the last symbol of v′, and r is the
state it enters.

However, tuples for push-pos and pop-pos are only stored for values k of the form anbθ, for
integers b < 1

θ and a ≤ nθ, for some fixed θ > 0. A more detailed account is given in the full
version of this paper.

4.2 Visibly pushdown languages
Visibly pushdown languages are a subclass of realtime deterministic CFLs. They use pushdown
alphabets of the form Σ̃ = (Σc, Σr, Σint) and deterministic PDA that always push a symbol
when reading a symbol from Σc, pop a symbol when reading a symbol from Σr and leave the
stack unchanged otherwise. We refer to [2] for more information.
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There is a correspondence between wellformed strings over a pushdown alphabet and
labelled trees, where each matching pair (a, b) of a call symbol from Σc and a return symbol
from Σr is represented by an inner node with label (a, b) and each other symbol by a leaf.
From Theorem 3.7 and this correspondence the following can be concluded.

▶ Proposition 4.3. For each visibly pushdown language L and each ϵ > 0, there is a dynamic
constant-time parallel algorithm on a CRCW PRAM for VPL−(L) with O(nϵ) work.

Here, VPL−(L) only allows the following change operations:
Replacement of a symbol by a symbol of the same type;
Insertion of an internal symbol from Σint before a return symbol;
Replacement of an internal symbol by two symbols ab, where a ∈ Σc and b ∈ Σr.

For arbitrary symbol replacements and insertions, there is a much less work-efficient
algorithm which, however, is still considerably more efficient than the algorithm for DCFLs.

▶ Theorem 4.4. For each visibly pushdown language L and each ϵ > 0, there is a dynamic
constant-time parallel algorithm on a CRCW PRAM for VPL(L) with O(n2+ϵ) work.

The work improvement mainly relies on the fact that how the height of the stack evolves
during a computation only depends on the types of symbols.

5 Conclusion

We have shown that the good work bounds for regular string languages from [11] carry over
to regular tree languages, even under some structural changes of the tree. In turn they
also hold for visibly pushdown languages under limited change operations. For realtime
deterministic context-free languages and visibly pushdown languages under more general
change operations better work bounds than for context-free languages could be shown.

There are plenty of questions for further research, including the following: are there other
relevant change operations for trees that can be handled with work O(nϵ)? What are good
bounds for further operations? Can the bounds for context-free languages be improved?
Can the O(n3+ϵ) be shown for arbitrary (not necessarily realtime) DCFLs? And the most
challenging: are there further lower bound results that complement our upper bounds?
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