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—— Abstract
We introduce the notion of a Real Equation System (RES), which lifts Boolean Equation Systems
(BESs) to the domain of extended real numbers. Our RESs allow arbitrary nesting of least and
greatest fixed-point operators. We show that each RES can be rewritten into an equivalent RES
in normal form. These normal forms provide the basis for a complete procedure to solve RESs.
This employs the elimination of the fixed-point variable at the left side of an equation from its
right-hand side, combined with a technique often referred to as Gaufl-elimination. We illustrate
how this framework can be used to verify quantitative modal formulas with alternating fixed-point
operators interpreted over probabilistic labelled transition systems.
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1 Introduction

The modal mu-calculus is a logic that allows to formulate and verify a very wide range
of properties on behaviour, far more expressive than virtually any other behavioural logic
around [3, 2]. For instance, CTL and LTL can be mapped to it, but the reverse is not
possible. By allowing data parameters in the fixed point variables in modal formulas, this
can even be done linearly, without loss of computational effectiveness [5]. Using alternating
fixed-points, the modal mu-calculus can intrinsically express various forms of fairness, which
in other logics can often only be achieved by adding special fairness operators.

An effective way to evaluate a modal property on a labelled transition system is by
translating both to a single Boolean Equation System (BES) with alternating fixed-points [20,
22]. Exactly if the initial boolean variable of the obtained BES has the solution true, the
property is valid for the labelled transition system. A BES with alternating fixed-points is
equivalent to a parity game [21, 2]. There are many algorithms to solve BESs and parity
games [26, 4, 17, 25]. Although, it is a long standing open problem whether a polynomial
algorithm exists to solve BESs [4, 17], the existing algorithms work remarkably well in
practical contexts.

For a while now, it has been argued that modal logics can become even more effective
if they provide quantitative answers [15, 16], such as durations, probabilities and expected
values. In this paper we lift boolean equation systems to real numbers to form a framework
for the evaluation of quantitative modal formulas, and call the result Real Equation Systems
(RESs), i.e., fixed-point equation systems over the domain of the extended reals, RU{—o0, co}.
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Real Equation Systems with Alternating Fixed-Points

Conjunction and disjunction are interpreted as minimum and maximum, and new operators
such as addition and multiplication with positive constants are added. A typical example of
a real equation system is the following

pX = (3X +1) V(Y +3),
vY = (Y —10) V (2X +5)) A 17.

Based on Tarski’s fixed-point theorem, this real equation system has a unique solution.
Using the method provided in this paper we can determine this solution using algebraic
manipulation. In the case above, see Section 4, the second fixed-point equation can be
simplified to vY = —130 v ((2X 4 5) A 17). It is sound to substitute this in the first equation,
which becomes pX = (X +1)V § V ((2X +4) A 32). This equation can be solved for X
yielding X = 35—2, from which it directly follows that ¥ = 17.

Concretely, this paper has the following results. We define real equation systems with
alternating fixed-points. The base syntax for expressions is equal to that of [7] with constants,
minimum, maximum, addition and multiplication with positive real constants. We add four
additional operators, namely two conditional operators, and two tests for infinity, which turn
out to be required to algebraically solve arbitrary real equation systems.

We provide algebraic laws that allow to transform any expression to conjunctive/disjunctive
normal form. Based on this normal form we provide rules that allow to eliminate each variable
bound in the left-hand side of an equation from the right-hand side of that equation. This
enables “Gaufl-elimination”, developed for BESs, using which any real equation system can
be solved.

We provide a quantitative modal logic, and define how a quantitative formula and a
(probabilistic) labelled transition system ((p)LTS) can be transformed into a RES. The
solution of the initial variable of this equation system is equal to the evaluation of the
quantitative formula on the labelled transition system. We also briefly touch upon the
embedding of BESs into RESs.

The approach in this paper follows the tradition of boolean equation systems [19, 20, 21].
By allowing data parameters in the fixed-point variables we obtain Parameterised Boolean
Equation Systems (PBESs) which is a very expressive framework that forms the workhorse
for model checking [22, 13, 11]. In this paper we do not address such parametric extensions,
as they are pretty straightforward, but in combination with parameterised quantitative modal
logic, it will certainly provide a very versatile framework for quantitative model checking.

There are a number of extensions of the boolean equation framework to the setting of
reals but these typically limit themselves to only single fixed-points. In [7] the minimal
integer solutions for a set of equations with only minimal fixed-points is determined. In [§]
a polynomial algorithm is provided to find the minimal solution for a set of real equation
systems. In [1] convex lattice equation systems are introduced, also restricted to a single
fixed-point. In that paper a proof system is given to show that all models of the equations
are consistent, meaning that the evaluation of a quantitative modal formula is limited by
some upper-bound.

In [24], the Lukasiewicz p-calculus is studied, which resembles RESs restricted to the
interval [0,1]. This logic does allow minimal and maximal fixed-points. They provide two
algorithmic ways of computing the solutions for formulas in their logic, viz. an indirect
method that builds formulas in the first-order theory of linear arithmetic and exploits
quantifier elimination, and a method that uses iteration to refine successive approximations
of conditioned linear expressions. Embedding our logic in the Lukasiewicz p-calculus can be
done by mapping the extended reals onto the interval [0, 1] using an appropriate sigmoid
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function. But such a mapping does not map our addition and constant multiplication to
available counterparts in the FLukasiewicz p-calculus, which prevents using algorithms for
Lukasiewicz p-terms [18, 24] to our setting. However, as the Lukasiewicz u-calculus is directly
encodable into the RES framework, all our results are directly applicable to the Lukasiewicz
p-calculus.

2 Expressions and normal forms

We work in the setting of extended real numbers, i.e., RU{oo, —0o}, denoted by R. We assume
the normal total ordering < on R where —oo < zand x < oo for all z € R. Throughout
this text we employ a set X' of variables and valuations n : X — R that map variables to
extended reals. We write n(X) to apply n to X, and n[X :=r] to adapt valuations by:

nX =7r|(Y) = { n(Y) otherwise.

We consider expressions over the set X’ of variables with the following syntax.
e u= X|d|celete|ene|eVele=ece|e—ece]|eq(e)]eq_(e)

where X € X, d € Ris a constant, ¢ € Ry a positive constant, + represents addition, A
stands for minimum, V for maximum, = ¢ and _ — ¢ __ are conditional operators,
and eq., and eq_., are auxiliary functions to check for o0. The conditional operators and
the checks for infinity occur naturally while solving fixed-point equations and therefore, we
made them part of the syntax. We apply valuations to expressions, as in 7(e), where 7
distributes over all operators in the expression.

The interpretation of these operators on the domain R is largely obvious. A variable
X gets a value by a valuation. Multiplying expressions with a constant ¢ is standard, and
yields +oo if applied on £+o0o. The conditional operators, addition and infinity operators are
defined below where €, e1,e2,6e3 € R.

e1 +ex ife;,es € R, ie., apply normal addition,
el +ex= 00 if e; = 0o or ey = 00,
—00 if e;=—00 and e3_; # oo for i =1, 2.

es N\ es if €1 S 0, €2 if e1 < O,

61:>€2<>€3:{ 61—>620€3:{

es if e1 > 0. es Ves if e; > 0.
0 if e = o0, | o0 if e #£ —o0,
oo (€)= { —oo if e # 0. o () = { —oo ife=—oc0.

Note that all defined operators are monotonic on R. We have the identity eq.,(e) = e+ —oo,
and so, we do not treat eq., as a primary operator. We write e[X := ¢€/] for the expression
representing the syntactic substitution of ¢’ for X in e. We write occ(e) for the set of variables
from X occurring in e. Table 1 contains many useful algebraic laws for our operators.

The addition operator + has as property that —oo + 0o = 0o + —00 = co. One may
require the other natural addition operator +, as used in [8], satisfying that —oo+too =
004 — 00 = —00. It can be defined as follows:

e1tes = eq_(e1) = —c0o (eq_o.(e2) = —000 (e1 + e2)).
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We can extend the syntax with unary negation —e with its standard meaning, and,
provided no variable occurs in the scope of its definition within an odd number of negations,
negation can be eliminated using standard simplification rules. Therefore, we do not consider
it as a primary part of our syntax. At the end of Table 1 we list several identities involving
negation. Note that operators + and 4 are each other’s dual with regard to negation.

We introduce normal forms, crucial to solve real equation systems, where the sum,
conjunction and disjunction over empty domains of variables equal 0, co and —oco, respectively.

» Definition 1. Let X be a set of variables. An expression e is in simple conjunctive normal
form iff it has the shape

AV )+ (X)) +dy)

iel jed; XeX; XEXi’j

and it is in simple disjunctive normal form iff it has the shape

VAWUY a0+ (X)) +dy)

i€l jeJ; XEAXy; XGXi'j

where X;; C X and Xi’j C X are finite sets of variables, cfg € Ryg, and d;; € RR.
An expression e is in conjunctive, resp. disjunctive normal form iff

1. e is in simple conjunctive, resp. disjunctive normal form, or

2. e has the shape e; = ex 0 ez or e; — e ¢ e3 where ey is in simple conjunctive, resp.
disjunctive normal form and ea and e3 are conjunctive resp. disjunctive normal forms.

» Lemma 2. Each expression e not containing the conditional operators e; = eg © ez or
e1 — eg ¢ ez can be rewritten to a simple conjunctive or disjunctive normal form using the
equations in Table 1.

» Lemma 3. FExpression of the forms e; = e3¢ e3 and e; — ez ¢ e3 can be rewritten to
equivalent expressions where the first argument of such a conditional operator is a simple
conjunctive or disjunctive normal form using the equations in Table 1.

» Theorem 4. Fach expression e can be rewritten to both a conjunctive and a disjunctive
normal form using the equations in Table 1.

3 Real equation systems and GauB-elimination

In this section we introduce Real Equation Systems (RESs) as sequences of fixed-point
equations, introduce a natural equivalence between RESs, and provide a generic solution
method, known as GauB-elimination [20].

» Definition 5. Let X be a set of variables. A Real Equation System (RES) £ is a finite
sequence of (fized-point) equations

0'1X1:61, . ,O'anzen

where o; is either the minimal fixed-point operator p or the maximal fized-point operator
v, X; € X are variables and e; are expressions. We write bnd(E) for the set of variables
occurring in the left-hand side, i.e., bnd(E) = {X1,..., X, }.
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Table 1 Algebraic laws.

Iy eVe=ce IA eNe=c¢e¢

DI (e1+es)+es=er+ (e2+e3) C+ etex=exte

DY (e1V2) Ves =e1 V (e2 Ves) CV e1Ves=eVer

DX (e1 Nea) Nes =e1 A (e2 Aes) CA e1Nes=exNep

D (e1=>exves)= fiofao=((e1Vex)Aes) = fiofa

DI (e1=>ex0e3) = fiofao=e1 — (e2= f10 f2)o(e2Ves = f10 f2)

DS c(er1 = exve3) =e1 = cexoces

DE  (e1=ex0es)+f=e1 = (ea+ f)o(es+ f)

DY (e1=>exves) Af=er = (eahf)o(esAf)

DY (e1=>exoe3)Vf=er=(eaVf)o(esVf)

DI (e1 —exves) > fiofa=(e2V(erAes)) = f10 fo

DI (e1 > exves)= fiofa=e1 = (e2ANes — f1o f2)o(e3 = f10 f2)

D¢, c(e1 —exoes) =er — ceaoces

D+ (e1 —excves)+f=e1— (e2+ f)o(es+ f)

D (e1 = exves) Af=er = (eanf)o(esAf)

DY, (e1 —exves)Vf=er—(eaVf)o(esVf)

Df  erd(e2hes)=(er+e)A(er+e3) DY er+(eaVes)=(er+e2)V(er+es)
S clerter) =cer+cer

D% c(e1 Nez) =cer Acer DY c(e1Ves) =cerVees

D{  e1rA(eaVes)=(e1 Aea)V (e1 Aes) DX e1V(e2Aes)=(e1Vez)A(e1Ves)

DX eqo(eqoo(e)) = eqoo(e) D™ eq o (eq.0(e)) = eqoo(e)

DZs g (eq oo (€)) = eq o (e) DT eq o(eq oo (€)) = eq o (e)

D eq.(ce) = eq.(e) Do eq_ (cx)=eq_. ()
T eds(ente2) = eqy(e1) + g (e2) = equo(e1) V eq (e2)

D™ eq_(e1+e2) = (eq_(e1) V eqy(e2)) A (eqo.(e1) V eq . (€2))

DT eq.(e1Ve) = eq(e1) V eq,(e2) DU™ eq_(e1Vez)=eq_(e1)Veq_,(e2)

DX eq.(e1 Ne2) = eq(e1) A eqy.(e2) D™ eq_(e1Nez) =eq_(e1) Aeg_.(e2)

ELS  eq.(e) Aeg_(e) = eq(e) EYo eq(e)Veq_(e)=eq_(e)

DX  eg.(e1 = e20e3) =e1 = eq, (e2) ¢ eq . (e3)

DZ™ eq_.(e1 = e20e3) =e1 = eq_ (e2) ¢ eq_.(e3)

DY eg. (e1 — e20e3) =e1 — eqy (e2) ¢ eq . (e3)

D™ eq_.(e1 —ez0es3) =er — eq_ (e2) ¢ eq_.(e3)

D, —ce=c —e

D, —(e1+e2) =—e1t+—e2 Do —(e1tez) = —e1+ —e2

Dy —(e1Vez)=—e1 A—e2 Dy —(e1Ae2)=—e1V —ea

DI —(e1=ex0e3)=—e1 = —e30 —e2 DS —(e1 —exve3) =—e1 = —e3 o —e2

Do —ego(e) = eq_(—e) DZ —eq_(e) = eq(—€)
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The empty sequence of equations is denoted by e.
The semantics of a real equation system is a valuation giving the solutions of all variables,
based on an initial valuation 7 giving the solution for all variables not bound in &.

» Definition 6. Let X be a set of variables and £ be a real equation system over X. The
solution [E]n : X — R yields an extended real number for all X € X, given a valuation
n:X — R of €. It is inductively defined as follows:

[eln =,
[oX=e,E]n = [E](n[X = o(X,E,n,¢€)])

where o(X,E,n,e) is defined as

p(X,Em,e) = Mr e R |7 > [E](n[X = r])(e)} and
v(X,€,m,e) = V{r e R|[E](n[X :=r])(e) = }.

It is equivalent to write = instead of > in the above sets. This makes the fixed-points
easier to understand. Note that if the real equation system is closed, i.e., all variables in the
right-hand sides occur in bnd(£), the value [E€]n(X) is independent of  for all X € bnd(E).

Following [14], we introduce the notion of equivalency between equation systems. We use
the symbol = to distinguish this equivalence from “=" used in equation systems.

» Definition 7. Let £,&' be real equation systems. We say that £ = &' iff [E, F]n = [E', F]n
for all valuations n and real equation systems F with bnd(F) N (bnd(E) U bnd(E")) = 0.

In [14] it was observed that defining £ = &’ as [E]n = [E']n for all n is not desirable, as the
resulting equivalence is not a congruence. With this alternative notion, we find that uX=Y
and vX=Y are equivalent. But puX=Y,vY=X and vX=Y,vY =X are not as the first one
has solution X =Y = —oo and the second one has X =Y = co.

However, if the fixed-point symbol is the same, it is not necessary to take surrounding
equations into account. This is a pretty useful lemma which makes the proofs in this paper
much easier, and of which we are not aware that it occurs elsewhere in the literature.

» Lemma 8. Let X be a variable, e and f be expressions and o either the minimal or the
mazximal fized-point symbol. If for any valuation n it holds that [oX = e]n = [o X = f]n
thenc X =e=0X = f.

The proof of the main Theorem 11 is quite involved and heavily uses the following two
lemmas, which we only give for the minimal fixed-point. The formulations for the maximal
fixed-point are dual.

» Lemma 9. Let X € X be a variable and e, f be expressions. It holds that pX =e = pX =

[ if for every valuation n:

1. for the smallest v € R such that r = n[X := r|(e) it holds that there is an ' € R satisfying
that ' < r and r' > n[X = r'|(f), and, vice versa,

2. for the smallest € R such that r = n[X :=r](f) it holds that there is an 1’ € R satisfying
that v <r and r' > n[X = r'](e).

» Lemma 10. If uX = e = uX = f, then for any valuation n it holds that

1. for any r € R such that r > n[X := r](e), there is an ' € R such that ' < r and
' =n[X =r"](f), and, vice versa,

2. for any r € R such that r > n[X = r](f), there is an 1’ € R such that v’ < r and
r' =n[X = 1r'](e).



J. F. Groote and T. A. C. Willemse

Table 2 Properties of the equivalence = on RESs.

E=¢ £E=¢
El —0—— . E2 ——— .
F.E = F,& EF = &, F

E3 o0X=e,&,0'Y=€¢ = ocX=e[Y :=¢],£,0'Y=¢’ if XY & bnd(E).
E4 o0X=e,& = £,0X=e ifocc(e) =0 and X & bnd(E).

E5 o0X=e,0Y=¢' = oY=¢,0X=e.

56 uX =6 = pX =frand pX =e3 = pX = fo
uX =egNea = uX = fi A fa .
B7 vX=e = vX=fiandvX =ey = vX=J

vX =e1Vey, = vX=fVfo

The notion of equivalence of Definition 7 is an equivalence relation on RESs and it satisfies
the properties E1-E7 in Table 2. E1-E5 are proven for boolean equation systems in [14] and
the proofs carry over to our setting. In the table, o and ¢’ stand for the fixed-point symbols
w and v. The equivalences E3 and E4 above give a method to solve arbitrary equation
systems, provided a single equation can be solved. Here, solving a single equation o X=e
means replacing it by an equivalent equation o X=e’ where X does not occur in €/, which is
the topic of the next section. This method is known as GauB-elimination as it resembles the
well-known Gauf-elimination procedure for sets of linear equations [20].

The idea behind GauB-elimination for a real equation system & is as follows. First, the
last equation o, X, =e, of £ is solved for X,,. Assume the solution is o, X, =e}, where X,
does not occur in e},. Using E3 the expression e}, is substituted for all occurrences X,, in
right-hand sides of £ removing all occurrences of X,, except in the left hand side of the last
equation. Subsequently, this process is repeated for the one but last equation of £ up to the
first equation. Now the first equation has the shape X;=e; where no variable X; up till
X, occurs in e;. Using E4 this equation can be moved to the end of £, and by applying E3
all occurrences of X; are removed from the right-hand sides of £. This is then repeated for
X5, which now also does not contain X1,..., X, until all variables X1,...,X,, have been
removed from all right-hand sides of £.

A concrete, but simple example is the following. Consider the real equation system

uX=Y, vY=(X+1)AY.

We can derive:

—~

1

uX=Y, vY=(X+1)AY uX=Y, v¥Y=X+1 2 uX=X+1, vY=X+1 =
E E3

puX=—-o00, v¥Y=X+1 = v¥=X+1, pX=—-00, = v¥=—00, pX=— 0.

—~
—

=
Z

=

Solving the equation vY = (X + 1) AY at (f) above, and p X=X + 1 at () can be done
with simple fixed-point iteration. In vY = (X + 1) AY fixed-pointed iteration starts with
Y = oo. This yields in the first iteration Y = X 4+ 1, and this iteration is stable, and hence
it is the maximal fixed-point solution. For yX=X + 1, the initial approximation X = —oo is
also a solution, and hence the minimal solution. Unfortunately, fixed-point iteration does
not terminate always. For instance, uX=(X + 1) V 0 has minimal solution X = oo, which
can only be obtained via an infinite number of iteration steps.

28:7
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4 Solving single equations

In this section we show that it is possible to solve each fixed-point equation X = e in a
finite number of steps. First assume that e does not contain conditional operators. If we
have a minimal fixed-point equation pX=e, we know via Theorem 4 that we can rewrite e
to simple conjunctive normal form. We want to explicitly expose occurrences of the variable
X in the normal form of e and do this by denoting the normal form of e as shown in (1).
Here, all expressions containing variables different from X are moved to f;; or m;.

ANV (e X + ¢j-eq_oo(X) + fi7) Vmy). (1)

icl jed;

The expressions f;; and m; do not contain X. Subexpressions c;;-X are optional, i.e., abusing
notation, we allow ¢;; to be 0 if this sub-term is not present. Likewise, eq_.(X) is optional
and therefore, cgj is either 0 or 1, where 0 means that the expression is not present. Constants
¢;; and cgj cannot both be 0, as in that case the conjunct does not contain X and is hence
part of m;.

We define the solution of uX=e, in which e is assumed to be of shape (1), as uX = Sol,_,
where:

Solly_. = N\((eans(\/ £i))

el JjEJ;
= (eq_oo(mi) = —00 o (\/ fij + (cij — 1)-Ui) V \/ 00 = Uj 0 0)) (2)
j€J¢|Ci_7‘Zl jEJq‘,lC,/ij:l
o 00)
where U; = m; V \/ ! fii
T 7 - 1— Cij VA
jE€Ji|ei; <1

Note that we use the notation \/, ¢ Ji|cona Where cond is a condition. This means that the
disjunction is only taken over elements j that satisfy the condition. Also observe that we
1_1% as positive
constant. It is worth noting that if only rational numbers are used in the equations, the
solutions to the variables are restricted to —oo, co and rationals.

It can be understood that (2) is a solution of (1) as follows. First observe that due to

property E6 the solution of a minimal fixed-point distributes over the initial conjunction A,

use expressions such as ﬁ fij. This is an ordinary multiplication with
ij

of clauses. This means that we can fix some ¢ € I and only concentrate on understanding how
one single clause \/; ;. (¢i; X + ¢j;-eq o (X) + fij) V m; must be solved. If f;; is equal to oo
for some j € J;, the solution must be infinite. This is ensured by the outermost conditional
operator in (2). Now, assuming that no f;; is equal to oo, we inspect m;. If m; equals
—00, then the minimal solution for the given i € I is also —oco. This explains the nested
conditional operator in (2).

Next consider the innermost conditional operator of (2) and additionally assume m; > —oo.
If there is some c;; that is equal to 1, then the minimal solution is at least m; due to the
disjunct m; that appears in the clause. But then it must also be at least 1-eq___(m;) = oo.
Hence, in this case the solution is oo, which is ensured by the expression in the condition of
the innermost conditional \/ jeqile],=1 oco. Otherwise, all cgj equal 0, and both the right-hand

side of (1) and the solution (2) can be simplified to

\/ (Cij'X =+ fU) V my and (\/ fij + (Cij — 1)U1) = Uz & 0.

JjEJ: Jj€Jilcij>1
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Figure 1 Solving a simple minimal fixed-point equation/An LTS with an infinite sequence of b’s.

This resulting situation is best explained using Figure 1 (left). The simple conjunctive normal
form consists of a number of disjunctions of the shape c;;-X + fi;. These characterise lines
of which we are interested in their intersection with the line x = y. In Figure 1 such lines
are drawn as l1,...,l4, and hy and hs. Due to the disjunction, we are interested in the
maximal intersection point. If we first concentrate on those lines with ¢;; < 1, then we see
that (U;,U;) is the maximal intersection point of these lines above m;. This intersection
point is the solution for the equation unless there is a steep line, with ¢;; > 1 which at x = Uj;
lies above (U;, U;). In the figure there is such a line, viz. hs. In such a case the fixed-point
lies at the intersection of ho with the line x = y for x > U;. As this point does not exist in
R, the solution is co. The expression ;¢ ;... > fij + (cij —1)-U; in (2) takes care of this
situation. Steep lines, like h; which lie below (U;, U;) at « = U; can be ignored, as they do
not force the minimal fixed-point U; to become larger.

In case of a maximal fixed-point equation, v X =e where e is a simple disjunctive normal
form, it is useful to again expose the occurrences of X. We can denote the normal form of e
in the following way:

VO (e X + ¢f-eq_oo (X) + fig) A ma) 3)

iel jeJ;

where ¢;;-X and eq_,(X) are optional, i.e., ¢;; can be 0, and ¢;; is either 0 or 1, where 0
means that the expression is not present. One of ¢;; and c;j is not equal to 0. Again, the
expressions f;; and m; do not contain X.

The solution of v X =e, where e is of the shape (3), is vX = Sol%_, with

Sols_, = \/(€qoo(mi)

iel
= ( /\ (fij + (cij —1))-U;) = —c0 o U (4)
jGJi‘Cijzl/\Céj:O
o o0)
where U; = m; A /\ 1 fis
1 T 1 1 — Cl] B

JE€Jilcij<1Acl =0
The two fixed-point solutions]are not syntactically dual which is due to the fact that simple
conjunctive and disjunctive normal forms are not each other’s dual, because of the presence of
+ and eq_,,. We refrain from sketching the intuition underlying the solution to the maximal
fixed-point as it is similar to that of the minimal fixed-point.
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A full normal form can contain the conditional operators e; = es ¢ e3 and e; — e ¢ e3.
Suppose we have an equation 0. X = e; = e ¢ e3 with o either y or v. For the minimal
fixed-point the right-hand side of the solution is Sol_, _ . .., = (e1[X = Solx_, A
Solx_,.1) = Sol_,, o Solx._,. . For the maximal fixed-point we find the right-hand side
SOZ?(:(51:>62<>63 = (el[X = SOZ?X:@g]) = SOl_I;(:eg/\eg < SOl_I;(:eg'

In case of the other conditional operator o X = e; — ey ¢ ez we obtain for the right side of
the minimal fixed-point Soly_, . ... = (e1[X := Sol_, |) — Sol_, o Sols_, .., and
for the right side of the maximal fixed-point Sol'_. ., .., = (e1[X := Sol%_. VSol%_..]) —
Sol’s_., o Sol_...

The following theorem summarises that these solutions solve fixed-point equations.

» Theorem 11. For any fized-point symbol o, variable X € X and expression e, it holds that
cX =e = 0X =80l%_,
and X ¢ occ(Sol%_,), where Sol%_, is defined above.

Proof. By Theorem 4 we can assume that e is in normal form. The proof follows induction
on the number of conditional operators. It is straightforward to see that, by construction, X
does not occur in Sol%_..

We only consider the case with a minimal fixed-point where e is a conjunctive normal
form. Using property E6 it is possible to solve all conjuncts separately. So, without loss of
generality, we assume that e has the shape

e =\ (e X +reqg(X) + ;) Vm (5)
JjeJ
where ¢; > 0 and ¢} € {0, 1} are constants such that c; and ¢ are not both 0, and f; and m

are expressions in which X does not occur. We show that the right-hand side of equation (2)
without the initial conjunction provides the required term Sol’ __ in this theorem. Concretely,

Solly_. = (eqs(\/ £3))

JjeJ
= (e4_o(m) = =000 ((\/ f; + (¢; = )-U) V\/o0) = U 0 0)) (6)
j€J|c;>1 jEJ\c}:l

1
WhereU—m\/' \/ 1—cj'fj'
jEJ ;<1
Using Lemma 9 we must prove case 1 and 2 for a valuation 7. We start with case 1. So,
consider the smallest 7 = n[X := r](e). We define r’ = n(Sol%__) automatically satisfying
the first proof obligation of Lemma 9, where it should be noted that X does not occur in
Sol’y_,. Hence, we only need to show that 7" < r. We distinguish a number of cases.
Suppose there is some f; such that n[X := r](f;) = co. In that case both r = co and
r’ = oco. So, clearly, r’ < r. Below we can now assume that there is no j € J such that
n[X :=r](f;) = oo.
Now assume 7(m) = —oco. By the previous case we know that f; # oco. In that case
' =n(Soly_,) = —o0, as n(eq_.,(m)) = —oo < 0, and hence, 7’ < r. Below we assume
that n(m) # —oo.
If there is at least one j € J such that ¢j = 1, then r = n[X := r|(e) = oo. The
reason for this is that r > —o0, as r at least has the value n(m). But then r = oo as
n[X = r](c)eq_oo (X)) = oco. Clearly, r' <r. So, below we can assume that c; = 0 for
all j € J.
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With the assumptions above, we can write e more compactly.

e= \/(Cj'X+fj) vV om.
jes

We know that r is the smallest value satisfying

r=n[X :=r](e) = n[X :=r](\/ (X + f;) vm).
jeJ

Consider 1 = n(m Vv \/jeJ‘Cj<1(1f—"(:j)).
First assume that there is no j € J with ¢; > 1 such that r < n[X :=ri](¢;- X + f;).
We show that r; is the solution, i.e., r; = 7.

Consider the case where n(m) > 717(7—]21) for all j € J with ¢; < 1. So, 11 = n(m). In
this case n(m) is a solution as (i) for those j € J for which ¢; < 1, it holds that
n(m) > ¢;-n(m) +n(f;), and (ii) by the assumption of this item for those j € J such
that ¢; > 1, also n(m) < ¢;-n(m) +n(f;). It is obvious that n(m) must be the smallest
solution.

Now consider the case where n(m) < % for some j € J. In this case r =

j
\/jeJ\cj<1(717(_féj> — ) for some j' € J, where j’ is the index of the largest solution.

1—c;s
It is straightforward to check that ZEL{/)
J

is a solution. It is also the smallest solution,
"I(fj/)

l—cj/

Hence,

T2 =n(m) A N\jes(cir2+n(fj)) = cjrora+n(f;). From this it follows that ro > Tf—é;?

contradicting that it is a smaller solution.

which can be seen as follows. Suppose there were a smaller solution ro <

It follows that 1 = r is the smallest solution. Furthermore, 1’ = n(Sol%._,) = n(U) =
n(mV Ve e <1 %) =r; = r. Obviously, ' <r.

Now assume that there is a j € J with ¢; > 1 such that r1 < n[X = r](¢;-X + f;).

We show that r = co. Using the argumentation of the previous item, the smallest
solution 7 is at least r1. But clearly, r; is larger than ‘phe non-infinite solution of
X =n[X :=r](¢;-X + f;) as by the assumption r > T_—J;’; Note that if ¢; > 1, this
solution exists, and if ¢c; = 1 there is only a finite solution if f; = 0, but in this latter
case the assumption of this item is invalid. Hence, the only remaining minimal solution
is 7 = co. Clearly, for any choice of 7’ it holds that r’ < r.
Now we concentrate on case 2 for the minimal fixed-point of Lemma 9. We know that
r = n(Sol_,) is the minimal solution for n(Sol%,__) and we must show that there is an
r’ <r such that ' > n[X :=r'](e). We take r’ = r leaving us with the obligation to show
that » > n[X = r|(e).
We distinguish the following cases.
Assume that there is some f; such that n(f;) = co. In that case r = oo, which satisfies
00 > n[X := oo|(e). Below we assume that n(f;) < oo for all j € J.
Now assume that n(m) = —oo. Note that for any j € J it is the case that ¢; # 0 or
c; # 0. In this case, r = —oc is the solution as n[X := —oc](e) = —oo and this implies
our proof obligation. So, in the steps below we assume that n(m) > —oo.
With the conditions above, if there is at least one j € J such that c} =1, then r =
is the fixed-point satisfying our proof obligation. Below we assume that for all j € J it
holds that c; = 0.
As all cg can be assumed to be 0, we can simplify the equation for X to:

puX = \/(cj-X+fj)Vm.
jeJ
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We find n(U) = n(m Vv \/].echj<1 1{”'%_). If there is no j € J with ¢; > 1 such that

n(f;—(1—¢;)-U) > 0 we find that » = n(Sol_,) = n(U). We show that r > n[X := r](e).

If n(m) > vjeJ|cj<1717(—7fZ: then r = n(m). For a j € J with ¢; < 1 we find that

c;-n(m) +n(f;) < nim) as n(m) > 717(7’21) For a j € J with ¢; > 1, we find by the

condition above that n(f; + ¢;-U) < n(U), or in other words n(f; + ¢;-m) < n(m). So,
r =n(m) = n[X :=r|(e) as we had to show.

U(fj’)

1767/

Otherwise, there is some j’ € J with ¢;; < 1 such that
”l(fj/)

l—Cj/
Now assume that there is a j € J with ¢; > 1 such that n(f; — (1 —¢;)-U) > 0. In this
case 1 = n(Sol,_,) = oo, clearly satisfying our proof obligation.

= n(f;) .
- \/jEJ\cj<1 1,& . In this

case r = . From the conditions, we can see that r = n[X :=r](e) as we had to show.

This finishes our proof for a minimal fixed-point equation. <

5 Relation to boolean equation systems

A boolean equation system (BES) is a restricted form of a real equation system where
solutions can only be true or false [20]. Concretely, the syntax for expressions is

e u= X |true| false|eVeleAne

where X is taken from some set X' of variables [20]. A boolean equation system is a sequence
of fixed-point equations 01 X; = ey,...,0,X, = e, where ¢; are fixed-point operators, X;
are variables from X ranging over true and false, and e; are boolean expressions.

We do not spell out the semantics of boolean equation systems, as it is similar to that
of RESs. However, we believe that it is useful to indicate the relation with real equation
systems.

The simplest embedding is where a given BES is literally transformed to a RES and true
and false are interpreted as oo and —oo. We consider a minimal fixed-point equation. The
right-hand side can be rewritten to a simple conjunctive normal form. We write this in the
shape of equation (1). So, ¢;; =1, c,’ij =0, fi; is absent and m; does not contain X and can
only be interpreted as +oo. Exactly if J; is not empty, X is present in conjunct 1.

nX = A\ X)vm).

el jed;

The solution is given by equation (2), which can be simplified to:

/\(eq_oo(mi) = —o0 o (( \/ 0) = m; 000)) = /\mi = /\(( \/ —00) V m;).

el jeJ; el el jeJ;

The latter exactly coincides with the Gauf-elimination rule for BESs that says that in an
equation uX = e, any occurrence of X in e can safely be replaced by false. For the maximal
fixed-point operator, dual reasoning applies. As GauB-elimination is a complete way to solve
a BES with true and false, and exactly the same reduction works with the corresponding
RES with co and —o0o, this confirms that this interpretation works.

An alternative interpretation is given by taking two arbitrary constants ctyye and cfqse with
as only constraint that cirye > cfaise. A boolean equation system o1 Xy =eq,...,0, X, =€y
is translated into 01 X1 = cfaise V (Ctrue A€1)s -+, 0nXn = Catse V (Crue A €5) of which the
validity can be established in the same way as above.
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6 Quantitative modal formulas and their translation to RESs

We can write quantitative modal formulas that yield a value instead of true and false. In the
next section we provide examples of what can be expressed. Our formulas have the syntax

¢ n= X|d|lcolo+o|oVoloneg|{a)g]lae|pX.¢|vX.e.

Here d € R and ¢ € R with ¢ > 0 are constants, X € X is a variable, and a € A is an action
from some set of actions 4. Although there are many similar logics around, we have not
encountered this exact form before.

We evaluate these modal formulas on probabilistic LTSs. For a finite set of states S, we
use distributions d : S — [0, 1] where d(s) is the probability to end up in state s. Distributions
satisfy that » ¢ d(s) = 1. The set of all distributions over S is denoted by D(S).

» Definition 12. A probabilistic labelled transition system (pLTS) is a four-tuple M =
(S, A, — ,dy) where S is a finite set of states, A is a finite set of actions, the relation
— C SXAxD(S) represents the transition relation, and dy € D(S) is the initial distribution.

We leave out the definition of the interpretation of quantitative modal formulas on probabilistic
LTSs, as it is standard. Instead, we define the real equation system that is generated given a
modal formula ¢ and a probabilistic labelled transition system M = (S, A, — ,dp), following
the translations in [20, 14, 21, 11]. The function Fq(¢) generates the required sequence of
RES equations for ¢ and rhs(s, ¢) yields the expression for the right-hand side of such an
equation representing the value of ¢ in state s.

Eq(X) =k, rhs(s, X) =

Eq(d) = e, Ths( s,d) =

Eq(c-¢) = Eq(¢), rhs(s, c- ¢) =c Ths( ¢5)7

Eq(¢1 + ¢2) = Eq(é1), Eq(¢), rhs(s, @1 + d2) = rhs(s, ¢1) + rhs(s, P2),

Eq(¢1 V ¢2) = Eq(¢n), Eq(és), Ths(s, o1 V ¢2) = rhs(s, d1) V Ths(s, ¢a),

Eq(¢1 A ¢3) = Eq(é1), Bq(¢s), rhs(s, 1 A ¢2) = rhs(s, d1) A rhs(s, da),

Eq({a)®) = Eq(9), rhs(s, (a)¢) = v{dED(S)|s~>d} Dses d(s))rhs(s', 9),
Ea(lalé) = Bq(9), 100 = Aygen, 2. Zoes 610 )
Eq(uX.¢) = (uXs = rhs(s, ¢) | s € S), Eq(®), rhs(s, uX.¢) =

EqvX.¢) = (vXs =rhs(s,¢) | s € 5), Eq(9).  rhs(s,vX.¢) = Xs

We use the notation (60X, = es | s € S) for the sequence of all equations 0 X; = e, for all
states s € S.

The evaluation of a modal formula ¢ in M with initial distribution dj is the solution in R
of variable Xy in the RES uXini = (D ,cgdo(s)-rhs(s, ¢)), Eq(¢). The use of the minimal
fixed-point for the initial variable is of no consequence as X;,;; does not occur elsewhere in
the equation system. A maximal fixed-point could also be used.

7 Applications

7.1 The longest a-sequence to a b-loop

We are interested in the longest sequence of actions a to reach a state where an infinite
sequence of actions b can be done. The modal formula that expresses this is the following:

uX.(1+ (a)X)V (0 AvY.(b)Y).
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b: R:=3R+5

Figure 2 A probabilistic LTS with a loop/An LTS with rewards.

The last part with the maximal fixed-point 0 A vY.(b)Y when evaluated in a state equals
—oo if no infinite sequence of b’s is possible. Otherwise, it evaluates to 0. The first part
1+ (a) X yields 1 plus the maximum values of the evaluation of X in all states reachable by
an action a. If no infinite b-sequence can be reached from such a state, this value is —oo, and
otherwise it represents the maximal number of steps to reach such an infinite b-sequence.
We evaluate this formula in the labelled transition system given at the right in Figure 1.
This leads to the following real equation system where X; and Y; correspond to the value of
X, resp. Y in state s;. The solution of the equation system is written behind each equation.

/,[,Xl (1 (Xg \/X3 \/X4\/X6))\/(0/\Y1) 2 VYl = -0 —&0
uXo = (1+X3) (0NY3) 1 vYs = —00  —00
pXs = (1+—00) vV (0AY3) 0 vYs =Y3 00
uXy =1+ X5) (0AYy) —00 vYy=—-o00 —o0
uXs = (14 Xg)V(0AY35) —00 vYs = —o00 —00
uXe = (14 —00)V(0AYs) —00 vYg = —00 —o0

We find that the longest sequence of actions a is 2, which matches our expectation.

7.2 The probability to reach a loop

We are interested in the probability to reach a b-loop. We apply it to the LTS at the left
in Figure 2. Due to the non-determinism there are more paths to such loops, and we are
interested in the path with the highest probability. This is expressed by the modal formula

pX (@)X V (D)X V (0Y.(b)Y V 0) A 1).

As we want a probability, we use _ A1 and _ V0 to enforce that the solution is in [0, 1]. The
formula vY.{(b)Y' VO yields oo if an infinite sequence of actions b is possible and 0 otherwise.

The translation of this formula on the labelled transition system in Figure 2 yields the
following real equation system.

pX1 = (3Xo 4+ 2 X3) V(- X4+ 1 X5) V(Y1 A1) vY; = —ocoV0 = 0,
= tVvivo=1
- 372 -
MXQZXQ\/(}/Q/\I) = ,Xg\/lil7 I/YQZ}/Q = 00,
uXs=-ooV(YsAl) = —ocoV0=0, vYs=—-oc0oV0 = 0,
[LX4:X4\/(Y4/\1) = X4\/1:1, I/Y4:Y4 = 00,
uXs=—-o0oV(¥YsA1l) = —ocoV0=0, vYs =—oc0oV0 = 0.

This shows that the maximal probability to reach a b-loop is %
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7.3 Determining the reward of process behaviour

In Figure 2 at the right a labelled transition system is drawn, where a reward R is changed
when a transition takes place. The transition labelled with action a costs one unit, b yields
%R + 5 units, and the transition ¢ adapts the reward by 19—0R + 2. We want to know what
the maximal stable reward is. This is expressed by the following formula:

pR.(a)(R—1)V (b)(5-R+5)V (c)(5-R+2) V0.

Note that we express this as the minimal reward larger than 0, which is the maximum of all
individual rewards. Translating this to a real equation system yields

pRy = (R —1)V—0coV —00V0, puRy=—-00V (3R +5)V(55R1+2)V0.

We solve this using Gauf3-elimination. This means that the second equation is substituted in
the first, which, after some straightforward simplifications, gives us

pR1 = (3R1+4)V (%R +1) V0.

We solve this equation using the technique of Section 4, leading to:

4 1
By=——V

1 9
1-1"1-2

V0 = 10.

8 Conclusions and outlook

We introduce real equation systems (RESs) as the pendant of Boolean Equation Systems
with solutions in the domain of the reals extended with +occ. By a number of examples we
show how this can be used to evaluate a wide range of quantitative properties of process
behaviour.

We provide a complete method to solve RESs using an extension of what is called
“GauB-elimination” [21] to solve boolean equation systems. It shows that any RES can be
solved by carrying out a finite number of substitutions. As solving RESs generalises solving
BESs, and Gauf3-elimination on BESs is exponential, our Gauf-elimination technique can
also lead to exponential growth of intermediate terms. A prototype implementation shows

that depending on the nature of the system being analysed, this may or may not be an issue.

For instance, analysing the Game of the Goose [12] or The Ant on a Grid [6], are practically
undoable with the method proposed here, while the Lost Boarding Pass Problem [10] is easily
solved, even for planes with 100,000 passengers.

We believe that the next step is to come up with algorithms that are more efficient in
practice than GauB-elimination. This is motivated by the situation with BESs where for
instance the recursive algorithm [23, 26] turns out to be practically far more efficient than
Gauf-elimination [9].
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