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—— Abstract

Let F be a family of graphs, and let p, r be nonnegative integers. For a graph G and an integer k, the
(p,r, F)-COVERING problem asks whether there is a set D S V(G) of size at most k such that if the
p-th power of G has an induced subgraph isomorphic to a graph in F, then it is at distance at most r
from D. The (p,r, F)-PACKING problem asks whether G? has k induced subgraphs Hi, ..., H such
that each H; is isomorphic to a graph in F, and for ¢,j € {1,..., k}, the distance between V (H;)
and V(H;) in G is larger than r.

We show that for every fixed nonnegative integers p,r and every fixed nonempty finite family F
of connected graphs, (p,r, F)-COVERING with p < 2r + 1 and (p, 7, F)-PACKING with p < 2|r/2] + 1
admit almost linear kernels on every nowhere dense class of graphs, parameterized by the solution
size k. As corollaries, we prove that DISTANCE-r VERTEX COVER, DISTANCE-r MATCHING, F-FREE
VERTEX DELETION, and INDUCED-F-PACKING for any fixed finite family F of connected graphs
admit almost linear kernels on every nowhere dense class of graphs. Our results extend the results
for DISTANCE-r DOMINATING SET by Drange et al. (STACS 2016) and Eickmeyer et al. (ICALP
2017), and for DISTANCE-r INDEPENDENT SET by Pilipczuk and Siebertz (EJC 2021).
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1 Introduction

The DOMINATING SET problem is one of the classical NP-hard problems which asks whether
a graph G contains a set of at most k vertices whose closed neighborhood contains all the
vertices of G. A natural variant of it is the DISTANCE-r DOMINATING SET problem which
asks whether G contains a set of at most k vertices such that every vertex of G is at distance
at most r from one of these vertices. DOMINATING SET has been intensively studied in
the context of fixed-parameter algorithms. In a parameterized problem II, we are given an
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instance (z, k) where k is a parameter, and the central question is whether the parameterized
problem admits an algorithm, called fized-parameter algorithm, that runs in time f(k) - |z|°
for some computable function f and a constant c. We say that II is fized-parameter tractable,
or FPT for short if it admits a fixed-parameter algorithm. It is known that DOMINATING
SET is W[2]-complete parameterized by k [14, 15], meaning that it is not FPT unless an
unexpected collapse occurs in the parameterized complexity hierarchy. Thus, it is natural
to restrict graph classes and see whether a fixed-parameter algorithm exists. DOMINATING
SET admits a fixed-parameter algorithm on planar graphs [13, 27], and the project of finding
larger sparse graph classes on which fixed-parameter algorithms for DOMINATING SET exist
has been studied intensively, see [11, 4, 30, 38, 29, 24, 40].

A kernelization algorithm for a parameterized problem takes an instance (z,k) and
outputs an equivalent instance (z’, k') in time polynomial in |z|+ k, where |z’| + ¥" < g(k) for
some computable function g. We call the function g the size of the kernel. If g is a polynomial
(resp. linear), then such an algorithm is called a polynomial (resp. linear) kernel. It is well
known that a parameterized decision problem is FPT if and only if it admits a kernelization;
see [16]. Furthermore, with a polynomial kernel, we can compress inputs to instances of
polynomial size, which lead to boost up the running time of exact algorithms solving the
problem, like the brute-force search algorithm. Therefore, it is natural and applicable to
investigate the existence of a polynomial kernel or a linear kernel. In particular, the existence
of linear kernels for DOMINATING SET on sparse graph classes have been investigated.

One of the first results is a linear kernel for DOMINATING SET on planar graphs due to
Alber, Fellows, and Niedermeier [3]. It has been generalized to classes of bounded genus
graphs [26], H-minor free graphs [23], and H-topological minor free graphs [24]. Drange
et al. [17] extended the previous results to classes of graphs with bounded expansion for
DISTANCE-r DOMINATING SET, and Eickmeyer et al. [20] obtained almost linear kernels for
DISTANCE-r DOMINATING SET on nowhere dense classes of graphs. Classes of graphs with
bounded expansion and nowhere dense classes of graphs were introduced by Nesettil and
Ossona de Mendez [37], which are defined in terms of shallow minors and capture most of
well-studied sparse graph classes.

INDEPENDENT SET is another classic NP-hard problem which asks to find a set of k vertices
in a given graph whose pairwise distance is more than 1, and DISTANCE-r INDEPENDENT
SET is the problem obtained by replacing 1 with r. It is known that INDEPENDENT SET is
W{1]-complete parameterized by k [15]. The distance variations of DOMINATING SET and
INDEPENDENT SET are closely related, in a sense that the size of a distance-2r independent
set is a lower bound for the minimum size of a distance-r dominating set. Dvorak [18§]
presented an approximation algorithm for DISTANCE-r DOMINATING SET, which outputs a
set of size bounded by a function of the 2r-weak coloring number and the maximum size of a
distance-2r independent set. Pilipczuk and Siebertz [39] recently presented an almost linear
kernel for DISTANCE-r INDEPENDENT SET on nowhere dense classes of graphs.

For a fixed r, both DISTANCE-r DOMINATING SET and DISTANCE-r INDEPENDENT SET
can be expressed in first-order logic. Thus, by the meta-theorem of Grohe, Kreutzer, and
Siebertz [29], there are almost-linear-time fixed-parameter tractable on every nowhere dense
class of graphs. Fabianski, Pilipczuk, Siebertz, and Toruticzyk [22] presented linear-time
fixed-parameter algorithms for DISTANCE-r DOMINATING SET on various graph classes,
including powers of nowhere dense classes and map graphs, and a linear-time fixed-parameter
algorithm for DISTANCE-r INDEPENDENT SET on every nowhere dense class of graphs.

A natural question is whether there are linear/polynomial kernels for other problems
on classes of graphs with bounded expansion and nowhere dense classes of graphs. Meta-
type kernelization results have been studied for graphs on bounded genus [6], H-minor free
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graphs [25], H-topological minor free graphs [32], classes of graphs with bounded expansion,
and nowhere dense classes of graphs [28]. Note that the last result by Gajarsky et al. [28] is
to obtain kernelizations parameterized by the size of a modulator to constant tree-depth, and
not by the solution size. Currently, limited investigations have been conducted on variations
of DISTANCE-r DOMINATING SET and DISTANCE-r INDEPENDENT SET. In this paper, we
consider generic problems to hit finite graphs by the r-th neighborhood of a set of vertices.

Let F be a family of graphs, and let p and r be nonnegative integers. For a graph G,
let G? be the graph with vertex set V(G) such that distinct vertices v and w are adjacent
in G? if and only if the distance between v and w in G is at most p, and let N5[D] be the
set of all vertices in G at distance at most  from D in G. For a graph G, a set D < V(Q) is
a (p,r, F)-cover of G if there is no set X < V(G)\N5[D] such that GP[X] is isomorphic to
a graph in F. We denote by the vpfﬂ.(G) the minimum size of a (p,r, F)-cover of G. For a
graph G and an integer k, the (p,r, F)-COVERING problem asks whether vlf ~(G) < k. Note
that DISTANCE-r DOMINATING SET is equal to (1,7, {K;})-COVERING.

Our main results are the following. For classes of graphs with bounded expansion, we can
obtain linear kernels. Let N be the set of nonnegative integers and R be the set of positives.

» Theorem 1.1. For every nowhere dense class C of graphs, there is geov : N x Nx R, — N
such that for every nonempty family F of connected graphs with at most d vertices, p,r € N
with p < 2r + 1, and ¢ > 0, there is a polynomial-time algorithm that given a graph
G € C and k € N, either correctly decides that 'yI]:T(G) > k, or outputs a graph G’ with
V(G| < geov(r,d,€) - k' such that v (G) < k if and only if v, (G') <k +1.

A (p,r, F)-packing of G is a family of sets Ay,..., Ay € V(G) such that each GP[A;] is
isomorphic to a graph in F, and for all 1 <4 < j </, the distance between A; and A; in G
is more than r. We denote by air(G) the maximum size of a (p,r, F)-packing of G. For a
graph G and an integer k, the (p,r, F)-PACKING problem asks whether air(G) > k. Note
that DISTANCE-r INDEPENDENT SET is equal to (1,7, {K;})-PACKING.

» Theorem 1.2. For every nowhere dense class C of graphs, there is gpack : Nx N xR, — N
such that for every nonempty family F of connected graphs with at most d vertices, p,7 € N
with p < 2|r/2] + 1, and € > 0, there is a polynomial-time algorithm that given a graph G € C
and k € N, either correctly decides that o .(G) = 0, or correctly decides that o, .(G) > k,
or outputs a graph G' with |V(G')| < gpack(r, d, ) - k'€ such that o5 (G) = k if and only if
of (G') =k +1.

Applications. Our kernels for the covering problems have the following applications. Canales,
Herndndez, Martins, and Matos [9] introduced a distance-r vertex cover and a distance-r
guarding set. For a graph G and a positive integer r, a set D < V(G) is a distance-r
vertez cover if G — N&[D] has no edge, and a distance-r guarding set if G — N¢; '[D] has no
triangle. For a positive integer k, the DISTANCE-r VERTEX COVER problem asks whether
a graph G has a distance-r vertex cover of size at most k. Similarly, the DISTANCE-r
GUARDING SET problem asks whether a graph G has a distance-r guarding set of size at
most k. DISTANCE-r VERTEX COVER and DISTANCE-r GUARDING SET for > 1 can
be formulated as (1,7, {K3})-COVERING and (1,7 — 1, {K3})-COVERING, respectively. By
Theorem 1.1, both problems admit almost linear kernels on every nowhere dense class of
graphs, and these kernels also can be translated to fixed-parameter algorithms solving those
problems on every nowhere dense class of graphs.
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For a family F of graphs, a graph G, and an integer k, the /-FREE VERTEX DELETION
problem asks whether there is a set S of at most k vertices in G such that G — .S has no
induced subgraph isomorphic to F. If all graphs in F have at most d vertices, then this
problem is related to the d-HITTING SET problem, and has a kernel of size O(k¢~1) [1]. Our
results imply that if F is a finite set of connected graphs, then F-FREE VERTEX DELETION
admits an almost linear kernel on every nowhere dense class of graphs. This can be applied
to COGRAPH VERTEX DELETION [36], to CLUSTER VERTEX DELETION [5, 41], and to
CLAW-FREE VERTEX DELETION [7].

Our kernels for the packing problems have the following applications. A matching of
a graph G is a set M of edges of G such that no two edges in M share an end. For a
positive integer r, a distance-r matching of G is a matching M of G such that for distinct
edges ujug, v1ve € M, min{distg (u;,v;) : 4,7 € [2]} = r. For an integer k, the DISTANCE-r
MATCHING problem asks whether G has a distance-r matching of size at least k. DISTANCE-1
MATCHING is nothing but finding a matching of size at least k, so can be solved in polynomial
time [19]. DISTANCE-r MATCHING for 7 > 2 is equal to (1,7 — 1, {K2})-PACKING. Moser
and Sikdar [35] presented linear kernels for DISTANCE-2 MATCHING on planar graphs and
graphs of bounded degree, and a cubic kernel for the same problem on graphs of girth at
least 6. Later, Kanj, Pelsmajer, Schaefer, and Xia [31] presented a kernel of size 40k for
DISTANCE-2 MATCHING on planar graphs. By Theorem 1.2, DISTANCE-r MATCHING for
every r > 2 admits an almost linear kernel on every nowhere dense class of graphs.

We can further generalize the matching problem. For a graph H and an integer k, the
H-MATCHING problem asks whether a graph G has k vertex-disjoint subgraphs isomorphic
to H. For every integer d > 1, let Py be a path on d vertices. Dell and Marx [10] presented
a kernel for P3-MATCHING with O(k?%) edges, and a unified kernel for P;~-MATCHING with
O(dd2 d"k3) vertices. They also showed that for every integer d > 3 and every ¢ > 0, under
some complexity hypothesis, K4-MATCHING does not have kernels with O(k?~17¢) edges.
By taking F as the set of all graphs on |V (H)| vertices that contain H as a subgraph, we
can formulate H-MATCHING as (1,0, F)-PACKING. Generally, we may consider INDUCED-F-
PAcCKING which asks whether a graph has k vertex-disjoint induced subgraphs each isomorphic
to some graph in F. By Theorem 1.2, INDUCED-F-PACKING for every fixed finite family F
of connected graphs admits almost linear kernel on every nowhere dense class of graphs.

We may formulate (p,r, F)-COVERING and (p,r, F)-PACKING on fixed powers of a given
graph. Formally, for a fixed positive integer ¢, (pt,rt, F)-COVERING on a graph G is exactly
same as (p,r, F)-COVERING on its t-th power G*. Therefore, our result provides the existence
of almost linear kernels for both problems on ¢-th powers G* of graphs from a nowhere dense
class of graphs, assuming that the original graph G is given. However, if the power G! is
only given, then we need to find the graph G to apply our kernelization algorithm.

Organization. We organize this paper as follows. In Section 2, we present some terminology
from graph theory, especially lemmas on nowhere dense classes of graphs. In Sections 3
and 4, we present almost linear kernels for (p,r, F)-COVERING and (p,r, F)-PACKING on
every nowhere dense class of graphs, respectively.

2 Preliminaries

In this paper, all graphs are simple and finite and have at least one vertex. For an equivalence
relation ~ on a set X, we denote by index(~) the number of equivalence classes of ~ in X.
For every integer n, let [n] be the set of positive integers at most n. Throughout this section,
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we let p,r be nonnegative integers, let G be a graph, and let A, B be subsets of V(G). We
follow the notations from the textbook of Diestel [12]. We denote by distg (v, w) the distance
between vertices v and w in G and by distg (A, B) be the shortest distance between a vertex
in A and a vertex in B. The p-th power of G, denoted by GP, is the graph with vertex set

V(G) such that distinct vertices v and w are adjacent in G? if and only if distg (v, w) < p.

For a vertex v of G, let N [v] be the set of vertices of G which are at distance at most r

from v in G, and N{(v) := NG&[v]\{v}. Let NG[A] := U, ca N&[v] and NG (A) := NE[ANA.

A set X € V(G) is a distance-r independent set in G if the vertices in X are pairwise
at distance larger than r in G. We denote by «,(G) the maximum size of a distance-r
independent in G. A set D € V(G) is a distance-r dominating set of G if every vertex of G
lies in N§[D]. We denote by 7,.(G) the minimum size of a distance-r dominating set of G.

Sparse graphs. A graph H with vertex set {v1,...,v,} is an r-shallow minor of G if there
exist pairwise disjoint subsets V1, ..., V,, of V(G) such that each G[V;] has radius at most r
and for all edges v,v; € E(H), distg(V;,V;) = 1. A class C of graphs has bounded expansion
if there is f : N — N such that for all » € N, G € C, and an r-shallow minor H of G,
|[E(H)|/|V(H)| < f(r). A class C of graphs is nowhere dense if there is g : N — N such that
for all r € N and G € C, Ky, is not an r-shallow minor of G.

For vertices v € A and u € V(G)\A, a path P from u to v is A-avoiding if V(P) n A = {v}.

For a vertex u € V(G)\A, the r-projection of u on A, denoted by M (u, A), is the set

of all vertices v € A connected to u by an A-avoiding path of length at most r in G.

The r-projection profile of u on A is a function p&lu, A] : A — [r] U {00} such that for
each vertex v € A, p%[u, A](v) is oo if there is no A-avoiding path of length at most r
from u to v, and otherwise the length of a shortest A-avoiding path from w to v. Let
wr (G, A) = |{p%[u, A] : u e V(G)\A}|. We will use the following lemmas.

» Lemma 2.1 (Eickmeyer et al. [20]). For every nowhere dense class C of graphs, there is
foroj : Nx Ry — N such that for allr e N, e >0, GeC, and X < V(G), (G, X) <
fproj (’I’, 5) ' |X|1+E'

For t > 0, a set X € V(G) is (r,t)-close if | M (u, X)| < t for every u e V(G)\X.

» Lemma 2.2 (Eickmeyer et al. [20]). For every nowhere dense class C of graphs, there exist
fa : N xRy — N and a polynomial-time algorithm that for all r e N, e > 0, G € C, and
X € V(G), outputs an (1, fa(r,€) - | X|5)-close set Xog 2 X of size at most fo(r,e) - | X[*e.

For a set X < V(G), an r-path closure of X is a set Xpin 2 X such that for u,v e X, if
distg(u, v) < 7, then distg[x,,,1(u, v) = distg(u,v).

» Lemma 2.3 (Eickmeyer et al. [20]). For every nowhere dense class C of graphs, there exist
fotn : Nx Ry — N and a polynomial-time algorithm that for allr e N, e >0, G € C, and
X c V(Q), outputs an r-path closure of X having size at most fuen(r,€) - | X[ .

Drange et al. [17] showed analogues of these three lemmas on classes of graphs with
bounded expansion. By substituting Lemmas 2.1, 2.2, and 2.3 with their analogues, we
can easily obtain linear kernels for (p,r, F)-COVERING and (p, 7, F)-PACKING on classes of
graphs with bounded expansion. Thus, we mainly focus on constructing almost linear kernels
for the problems on nowhere dense classes of graphs.

A class C of graphs is uniformly quasi-wide if there exist N : N x N —> Nand s : N —> N
such that for all G € C and A € V(G) with |A| = N(r,m), there exist sets S € V(G) and
B < A\S such that |S| < s(r), |B| = m, and B is distance-r independent in G — S.

5:5
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» Theorem 2.4 (Kreutzer, Rabinovich, and Siebertz [33]). Let C be a nowhere dense class of
graphs. For every r = 0, there are p(r), s(r) such that for allGeC, meN, and A < V(G)
with |A] = mP(") | there are sets S € V(G) and B < A\S such that |S| < s(r), |B| = m,
and B is distance-r independent in G — S. Moreover, if K. is not an r-shallow minor of G,
then s(r) < c-r and one can find desired sets S and B in O(r - ¢ - |A|°TC - |[V(G)]?) time.

VC-dimension. A set-system is a family of subsets of a set, called the ground set. Let S be a
set-system with the ground set S. A set S’ < S is shattered by S if |{S' nT : T € S}| = 2I5.
The Vapnik-Chervonenkis dimension, or VC-dimension for short, of S is the largest cardinality
of a shattered subset of S by S. Observe that if a set S’ < S is shattered by S, then every
subset of S’ is also shattered by S. In addition, for every S’ € S, the VC-dimension of &’ is
at most that of S.

» Proposition 2.5 (See [34, Proposition 10.3.3]). Let F(X1,...,X4) be a set-theoretic expres-
ston using set variables X1, ..., Xq and the operations of union, intersection, and difference.
Let S be a set-system with the ground set S, and T := {F(S1,...,54): S1,...,54€S}. If S
has VC-dimension ¢ < o, then T has VC-dimension O(cdlogd).

A hitting set of S is a set X < S such that for every T € S, T n X # . Let 7(S) be the
minimum size of a hitting set of S.

Bronnimann and Goodrich [8] and Even, Rawitz, and Shahar [21] presented polynomial-
time algorithms finding a hitting set X of a nonempty set-system S having VC-dimension at

most ¢ with | X| = O(c- 7(S) - In7(S)).

» Theorem 2.6 ([8, 21]). There exist a constant C. and a polynomial-time algorithm that
for every nonempty set-system S having VC-dimension at most ¢, oulputs a hitting set of S
having size at most Cr - ¢-7(S) - In7(S) + 1.

The VC-dimension of G is defined by the VC-dimension of {Ng[v] : v e V(G)}.

» Theorem 2.7 (Adler and Adler [2]). Let C be a nowhere dense class of graphs and ¢(x,y) be
a first-order formula such that for all G € C and vertices v and w of G, G = ¢(v,w) if and
only if G |= ¢p(w,v). For a graph GeC, let Gy := (V(G),{vw : G = ¢(v,w)}). Then there
exists a nonnegative integer ¢ depending on C and ¢ such that every graph in {Gy : G € C}
has VC-dimension at most c.

For every p € N, the property that the distance between two vertices is at most p can be
expressed in a first-order formula, so Theorem 2.7 has the following corollary.

» Corollary 2.8. For every nowhere dense class C of graphs, there exists a function fyc :
N — N such that for allpe N and G € C, GP has VC-dimension at most fu.(p). <

3 Kernels for the (p, r, F)-Covering problems

Let p,r be nonnegative integers with p < 2r + 1 and let F be a nonempty finite family of
connected graphs. In this section, we present an almost linear kernel for (p,r, F)-COVERING
on every nowhere dense class of graphs. To do this, we divert to an annotated variant of
(p,r, F)-COVERING. For a graph G and a set A € V(G), aset D < V(G) is a (p,r, F)-cover
of A in G if there is no set X € A\N/[D] such that GP[X] is isomorphic to a graph in F.
We denote by ’ylf,.(G, A) the minimum size of a (p,r, F)-cover of A in G. For a graph G, a
set A € V(G), and an integer k, the ANNOTATED (p, 7, F)-COVERING problem asks whether
Vi (G, A) < k.
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We first construct an almost linear kernel for ANNOTATED (p,r, F)-COVERING on every
nowhere dense class of graphs. Every instance of (p,r, F)-COVERING can be seen as an

instance of an annotated variant, so we apply the almost linear kernel to the input instance.

Afterwards, we construct an equivalent instance of (p,r, F)-COVERING by attaching a small
graph, which will be called a (p, F)-critical graph, to the resulting instance obtained from
the almost linear kernel.

For a graph G and a set A € V(G), a (p,r, F)-core of A in G is a set Z < A such that
every minimum-size (p,r, F)-cover of Z in G is a (p,r, F)-cover of A in G. Observe that
Vi (G, A) =47 (G, Z) and Ais a (p, r, F)-core of A in G. We derive an almost linear kernel
for ANNOTATED (p, r, F)-COVERING from Proposition 3.1 saying that we can either confirm
that the given instance is a no-instance, or reduce the size of a (p,r, F)-core of A in G.

» Proposition 3.1. For every nowhere dense class C of graphs, there is feore : NXNxR, — N
such that for every nonempty family F of connected graphs with at most d vertices, p,r € N
with p < 2r + 1, and € > 0, there is a polynomial-time algorithm that given a graph
GeC, AcV(G), keN, and a (p,r,F)-core Z of A in G with |Z] > feore(r,d,c) - k1T,
either correctly decides that ~v;,.(G, A) > k, or outputs a vertex z € Z such that Z\{z} is a
(p, 7, F)-core of A in G.

We will use the following proposition to prove Proposition 3.1.

» Proposition 3.2. For every nowhere dense class C of graphs, there is fapx : NxNxRy — N
such that for every nonempty family F of connected graphs with at most d vertices, p,r € N,
and € > 0, there is a polynomial-time algorithm that given a graph G € C and A < V(Q),
outputs a (p,r,F)-cover of A in G having size at most fapx(r,d,€) -’yg',—T(G,A)HE.

Proof. Let N := {N/[v] : v € V(G)} and N4 := {N/[v] : v € A}. By Corollary 2.8, N has
VC-dimension at most fy.(r). Since Ny € N, N4 has VC-dimension at most fy.(r). Let
Ho := {NG[B] : B < A, |B| < d}. Let Hy be the family of sets B € A such that GP[B]
is isomorphic to a graph in F, and Hs := {N[[B] : B € H1}. Since N has VC-dimension
at most fy.(r), by Proposition 2.5, Hy has VC-dimension at most O(fy.(r) - dlogd). Since
Ho € Hg, Ho has VC-dimension at most O(fy.(r) - dlogd).

Let v := 77 (G, A) and 6 be the VC-dimension of Hy. Observe that (p, r, F)-covers of
A in G correspond to hitting sets of Hso, and vice versa. By Theorem 2.6, one can find in
polynomial time a hitting set X of Hs having size at most C -6 -y - In~y + 1. Thus, one can
choose the function fapx(r,d,e) with |X| < fapx(r,d,€) - v T=. <

Proof of Proposition 3.1. The function feore(r,d,e) will be defined later. At the beginning,
we assume that |Z| > feore(r,d, €) - K+ C¢ for some constant C, and at the end, we scale &
accordingly. If Z contains a vertex v such that for every set B € Z\{v} with |[B| < d —1,

G?[B v {v}] is isomorphic to no graph in F, then the statement holds by taking v as z.

Thus, we may assume that for every v € Z, there is a set B € Z\{v} such that G?[B u {v}]
is isomorphic to a graph in F.

By Proposition 3.2, one can find in polynomial time a (p,r, F)-cover X of Z in G having
size at most fapx(r,d,€) - v (G, Z2)1e. I |X| > fapx(r,d,€) - k', then 77 (G, A) =
'yIfT(G, Z) > k. Thus, we may assume that |X| < fapx(7,d,€) - k' 7. Let 7/ := 2pd + 3r. By
Lemma 2.2, one can find in polynomial time an (', fo (', ) - | X|%)-close set X 2 X of size
at most fcl(rlvg) ' |X|1+E < fcl(’l“/,€) : fapx(rv d7€)1+6 ke

Let ~ be an equivalence relation on Z\X, such that for vertices u,v € Z\X., u ~ v if
and only if p%[u, Xo] = p%[v, Xa]. By Lemma 2.1,

index(~) < fproj(rlvf) : |Xc1|1+6 < fproj (7"/’5) : fcl(rlaa)HE : fapX(Ta d, 5)”38 kT
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Let p(r’) and s := s(r’) be the constants in Theorem 2.4. Let

2 s s
=2 fu(r',e) - fapx(r,d,e)*  k* +d*/4+s+1 and m:= 92" Fr(r1) &+ 1.

By setting C' = 7 +2-p(r'), one can choose feore(T,d,€) With feore(r,d,€) - K1TCe > | X | +
index(~) - mP(). Since |Z| > feore(r, d, ) - kO, we have that |Z\Xe| > index(~) - mP().
Thus, by the plgeonhole principle, there is an equivalence class A of ~ with |A| > mP(). By
Theorem 2.4, one can find in polynomial time sets S € V(G) and L < A\S such that |S| < s
|L| = m, and L is distance-r’ independent in G — S.

We are going to find a desired vertex z from L. To do this, we define the following. For
each i € [d], let G; be the set of all graphs whose vertex sets are [i]. Note that |G| = 2:(:=1)/2
for each i € [d]. Let H be the set of functions p : S — [2r + 1] U {00}. Since |S| < s, we have
that |H| < (2r + 2)*. For each i € [d], let H; be the set of all vectors (hq, ..., h;,g) of length
i+ 1 where h; € H for each j € [i] and g € G;. Let H := U?=1 ‘H;. Note that

d
|ﬁ| Z"H | = 2 |IH|1 |gz 2 2r + 2 si 21@ 1)/2) 2d2/2+5d . (7” + 1)sd

Let £ := |H|. We take an arbitrary ordering oy, ...,0¢ of H. For each v € L, let A, := &
and x(v) be a zero vector of length ¢. One can enumerate in polynomial time the sets
B < Z\{v} of size at most d — 1 such that GP[B u {v}] is isomorphic to a graph in F. For
each such B, we do the following. If there is an index ¢ € [¢] such that the i-th entry of x(v)
is 0 and for o; = (%, ..., hi, g;) € H, there is an isomorphism ¢; : (B\S) u {v} — [t] between
(G — S)P[(B\S) u {v}] and g; where ¢;(v) = 1 and pS. 1 [¢; (), S] = hi for each j € [t],
then we put B into .4, and convert the i-th entry of x(v) to 1. Otherwise, we do nothing for
the chosen B. Since |B| < d — 1, one can check in polynomial time whether B satisfies the
conditions. Thus, the resulting A, and x(v) can be computed in polynomial time.

For each v € L, since Z\{v} has a subset B such that GP[B u {v}] is isomorphic to a
graph in F, A, # & and x(v) has a nonzero entry. For each set B € A,, let B* be the
vertex set of the component of (G — S)P[(B\S) u {v}] having v, and B, := Upc 4, B*.

Since |L| = m = 92"/ (1) &+ 1and £ < 2%/2+sd (4 1)%d Yy the pigeonhole
principle, L has a subset x1 such that |k1] = £ + 1 and x(v) = x(w) for all v,w € k;. Let 2
be a vertex in k1 such that distg_g(B,, X)) = distg_g(By, X)) for every v € k;.

We show that Z\{z} is a (p, r, F)-core of A in G. To do this, for a minimum-size (p, r, F)-
cover D of Z\{z} in G, we need to show that D is a (p,r, F)-cover of A in G. Since Z is a
(p,r, F)-core of A in G, it suffices to show that D is a (p,r, F)-cover of Z in G.

Suppose for contradiction that D is not a (p,r, F)-cover of Z in G. Since D is a (p,r, F)-
cover of Z\{z} in G, there is a set B, < Z\(N5[D]u{z}) such that GP[B, u{z}] is isomorphic
to a graph in F. In particular, there exist a graph H € G; for some ¢t < d and an isomorphism
Py @ (B\S) U {z} — [t] between (G — S)P[(B,\S) v {z}] and H where %,(z) = 1. For
each v € k1\{z}, there exist B, € A, and an isomorphism v, : (B,\S) u {v} — [t] between
(G — 9)P[(B,\S) u {v}] and H where 1,(v) = 1 and for each j € [t], pS._1[¢51(j), 5] =
PS5 1[¥71(4), S]. To derive a contradiction, we do the following steps.

(1) Find a set k3 S x1\{z} such that for each u € k3, distg_s(By, Xa1) > r and GP[B¥ U

(B,\B¥)] is isomorphic to GP[B, u {z}].

(2) Show that |D| > |ks|.
(3) Construct a (p,r, F)-cover of Z\{z} in G having size less than |D|.

Since D is a minimum-size (p,r, F)-cover of Z\{z} in G, these steps derive a contradiction.
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Let ) be the set of vertices v € k1 with distg_gs(By, Xc1) < r and let ko 1= K1\K].

We can show that |&}| < |MSG (2, Xa)|. Thus, |ka| = € + 1 — MG (2, Xa)| = fa(r',e) -

Japx(1,d, €)¢ - k% + d*/4 + s + 2. Since ks is nonempty, by the choice of z, k2 contains z.

Let B¥* be the vertex set of the component of (G — S)?[(B,\S) u {z}] having z. Note that
for vertices v,w € kg, ¥, 1 01, is an isomorphism between (G — S)P[(B,\S) u {w}] and
(G — S)P[(B,\S) U {v}] assigning w to v. Thus, ¥, ! 0, (B¥) = B¥. The following claim
shows that the isomorphism is indeed an isomorphism between induced subgraphs of GP.

> Claim 1. For vertices v, w € kg, ;' 01, is an isomorphism between GP[(B,\S) u {v}]

and GP[(B,\S) u {w}].

Proof. It suffices to show that for 4, j € [t], ¥, 1(i) is adjacent to 1, 1(4) in GP if and only if
1,1 (4) is adjacent to 1, 1(4) in GP. Suppose that v, 1(4) is adjacent to 1, 1(j) in GP. Since
Pyt 0, is an isomorphism between (G\S)P[(B,\S) u {v}] and (G\S)P[(Bw,\S) v {w}], we
may assume that 1, 1(7) and ¢, (j) are nonadjacent in (G\S)P[(B,\S) u {v}]. Thus, every
path of length at most p in G' between ;1 (7) and v, 1(j) has a vertex in S.

We take an arbitrary path @ of G between 1, 1(i) and v, !(j) having length at most
p. Let ¢; and ¢; be the vertices in V(Q) n S such that each of distg(¢; (i), q;) and
distg (¢, (5), ¢j) is minimum. Such ¢; and g; exist, because @ has a vertex in S. Let @Q; be
the subpath of @ between ;! (i) and ¢;, and Q; be the subpath of @ between 1, !(j) and
gj. Note that both Q; and @; are S-avoiding paths of length at most p < 2r + 1.

Since {v,w} S kg € k1, pQTH[w;l(i),S] and pS 1 [¥51(7), S] are same, and therefore

G has an S-avoiding path Q' between ¢,!(i) and ¢; whose length is at most that of Q;.

Similarly, G has an S-avoiding path Q' between 1, (j) and g; whose length is at most that
of Q;. By substltutlng Qi and Q; with @ and Q’ from @, respectively, we obtain a walk
of G between 1, (i) and 1., (j) whose length is at most p. Therefore, ¥, (i) is adjacent to
Y 1(4) in GP. <

The following claim shows that except for at most d?/4 vertices in ks, for every remaining
vertex u € K2, we can build an isomorphic copy of GP[B, u {z}] by substituting B¥ with B.

> Claim 2. ko has at most d?/4 vertices v such that GP[B} u (B,\B})] is not isomorphic
to GP[B, v {z}].

Proof. For vertices u € ko\{z} and i € 1, (B¥), since {u,z} S k2 S k1, pS,1[¢5 (i), S] and
0S5 +1[¥7 (i), S] are same. Therefore, for each w € S, 1,1 (i) is adjacent to w in G? if and
only if ¥ 1(i) is adjacent to w in GP. By Claim 1, the restriction of ¢ 0+, on B} is an
isomorphism between GP[B¥] and GP[B}].

We first show that for all vertices v € kg, @ € 9. (B¥), and w e BZ\(B* U S), if Y1) is
adjacent to w in GP, then v 1(i) is adjacent to w in GP. Suppose that 7 1(4) is adjacent to w
in GP. Let @' be a path of G between 17 1(i) and w of length at most p. Since (G — S)P[B¥]
is a component of (G — S)P[(B,\S) u {z}] having z and w ¢ B¥, Q' n S # .

Let ¢ be the the vertex in V(Q') n S such that dist (¢ (i), ¢) is minimum. Such g exists,
because @’ has a vertex in S. Let @] be the subpath of Q" between ;1 (i) and ¢. Note that Q}
is an S-avoiding path of length at most p < 2r+1. Since pS. 1 [¢, (i), S] = pS. 1 [¥21(3), ST,
there is an S-avoiding path Q) in G between 1, !(i) and ¢ having length at most that of Q.
By substituting @} with Q% from @', we obtain a walk of G between 1, !(i) and w having
length at most p. Thus, ¥, (i) is adjacent to w in GP. So, there is no pair of i € ¥, (B})
and w € B,\(B¥ u S) so that in GP, ¢ (i) is adjacent to w and 11 () is nonadjacent to w.
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We now show that if there exist vertices i € ¥, (B¥) and w € B,\(B¥ u S) such that
¥ 1(i) is nonadjacent to w in GP, then ko contains at most one vertex x such that ;1 (i)

is adjacent to w in GP. To prove the claim, it suffices to show this statement, because
[B2|- |BA(BE U )| < d/4.

Suppose for contradiction that there exist vertices i € ¢,(B¥), w € B,\(B¥ u S), and
distinct z, 2’ € ko such that 71 (i) is nonadjacent to w in GP and both ;1 (i) and ¥, (4)
are adjacent to w in GP. Then G has paths R and R’ of length at most p from w to 13 (i)
and ’(/J;,l (i), respectively. We can verify that R or R’ has a vertex in S, as otherwise L is
not distance-r’ independent in G — S. By symmetry, we may assume that R has a vertex
in S. Let t be the vertex in V(R) n S such that distg(¢;1(i),t) is minimum. Let Ry be
the subpath of R between ¢ 1(i) and t. Note that Ry is an S-avoiding path of length at
most p < 2r + 1. Since p§.[¥; (i), S] = pS.1[¥21(i), S], G has an S-avoiding path R},
between 17 1(i) and ¢ having length at most that of Ry. By substituting Ry with R{, from
R, we obtain a walk of G between 17 !(i) and w having length at most p, contradicting the
assumption that t;1(i) is nonadjacent to w in GP, and this proves the claim. <

Since |kao| = fa(r',e) - fapx(r,d,e)° - k* + d?/4 + s + 2, by Claim 2, k2\{z} has a
subset k3 of size at least fo(r',€) - fapx(7, d,€) - k* 4+ s + 1 such that for each vertex u € ks,
GP[Bf U (B,\B})] is isomorphic to GP[B, u {z}], which is isomorphic to a graph in F. This
is the end of the first step.

We now show that |D| = |k3|. For each vertex u € k3, since B U (B,\B¥) € Z\{z} and D
is a (p,r, F)-cover of Z\{z} in G, there exist vertices z,, € B} u (B,\B}) and d, € D with
diste(@y, dy) < r. Observe that z,, € ¥, o1, (B¥), because B,\B < B, € Z\(N&[D]u{z}).
Let P, be an arbitrary path in G between z, and d, of length at most 7.

> Claim 3. For each u € k3, V(P,) n (S v Xa) = .

Proof. Let u be a vertex in k3. Suppose for contradiction that V(P,) n S # . Let ¢
be the vertex in V(P,) n S such that distp, (z,,q) is minimum. Let P; be the subpath
of P, between z, and ¢q. Note that P; is an S-avoiding path of length at most r. Since
{u,z} S K2 S K1, G has an S-avoiding path P, between ;! 01, (x,) and ¢ having length
at most that of P;. By substituting P; with P, from P,, we obtain a walk of G between
Y oy (z,) € B¥ € B, u{z} and d, having length at most r, contradicting the assumption
that B, n NG&[D] = &. Hence, V(P,) n S = .
Since u ¢ ) and B, € A,, we have that

diste s (2, Xe1) = diste (B, Xa) = distg s (Bu, Xa1) > 7

Since P, is a path of G\S having length at most r, V(P,) n Xo = &. <
We now derive |D| = |xs3| from the following.

> Claim 4. For distinct u, v’ € k3, the vertices d,, and d, are distinct.

As the last step, we now construct a (p, r, F)-cover of Z\{z} in G having size less than |D|.
Let Dgen := {dy : u € K3}, Dpuy := MG (2, Xa1) U S, and D’ := (D\Dsent) U Dpyy. By Claim 4,

|Dsen| = |rs| = fC1<r/75) + fapx(r,d, €)% - k% + s+ 1,
|Douy| < [MS (2, Xa)| + [S| < fa(r',€) - fapx(r,d,e)* - k> + 5.

Since Dgep © D, we have that |D’| < |D|. For a contradiction, we show the following claim.
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> Claim 5. D' is a (p,r, F)-cover of Z\{z} in G.

Proof. Suppose not. Then there is a set B’ < Z\(N5[D'] u {z}) such that GP[B’] is
isomorphic to a graph in F. Since D is a (p,r, F)-cover of Z\{z} in G and D\D’ < Dsen,
Dgen contains a vertex d,, for some u € k3 with distg(d,, B') < r.

Since (G\S)P[B¥] is connected and |B}| < d, G\S has a path @y of length at most
p(d — 1) between u and z,,. More specifically, Qq is a concatenation of paths Q3 ..., le for
t1 < d — 1 such that for each i € [t1], the length of Qf is at most p and the ends of Q} are in

B¥. Since distg(dy, B') < r, G has a path Q7 of length at most r between d,, and w; € B’.

Since X is a (p, r, F)-cover of Z in G, G has a path Qs of length at most r between ws € B’
and x € X. Since GP[B’] is isomorphic to a connected graph in F and |B’| < d, G has a
path R of length at most p(d — 1) between wy and wy. More specifically, R is a concatenation
of paths Ry, ..., R, for to < d — 1 such that for each i € [t2], the length of R; is at most p
and the ends of R; are in B’. By concatenating Qq, P, Q1, R, and @, we obtain a walk
of G between u and z having length at most

[E(Qo)| + [E(P.)| + [E(Qu)] + |[E(R)| + [E(Q2)|
<pld—1)+r+r+pd—1)+r=2p(d—1)+3r <71’

Let P be a path of G between u and x consisting of edges of the walk. Let b be the vertex in
V(P) n (S u Xq) such that distp(u,bd) is minimum. Such b exists, because z € Xj.

We first show that distg (b, B’) < r. Note that Qo has no vertex in S. Since u ¢ ki,
diste g(Bu, Xa1) > 7. Since p < 2r + 1, for some j € [t1], if Q% has a vertex in X, then

diste\s(Bu, Xa1) < distg\g (B, Xe1) < 1, a contradiction. Therefore, Qg has no vertex in X.

By Claim 3, V(P,) n (S u Xa) = . These imply that b € V(Q1) u V(R) u V(Q2). If
beV(Q1) v V(Q2), then distg(b, B') < r clearly. Since p < 2r + 1, for some j € [to], if
be R, then distg (b, B") < r. Therefore, distg (b, B') <

Since B’ < Z\(NL[D'] u {z}), b is not contalned in D'. Since S € Dypyy < D', b is
contained in X¢\S. Since the subpath of P between u and b is an X¢-avoiding path of length
at most 7, b is contained in M (u, Xa). Since {u, 2} S k2 S X where ) is an equivalence class

of ~, MG (u, Xa) and MG (2, Xa1) are same. Therefore, b € MG (z, X1) S D', a contradiction.

<

Claim 5 contradicts the assumption that D is a minimum-size (p, r, F)-cover of Z\{z}
in G. Thus, Z\{z} is a (p,r, F)-core of A in G. We conclude the proof by scaling ¢ to
e/C. <

After recursively applying Proposition 3.1, started from A, we may assume that we are
given a small (p,r, F)-core Z. By taking a (2r + 1)-path closure Y of some superset of Z
with Lemma 2.3, we can derive an almost linear kernel for ANNOTATED (p, r, F)-COVERING
as follows.

» Theorem 3.3. For every nowhere dense class C of graphs, there is feou : N XN xR, - N
such that for every nonempty family F of connected graphs with at most d vertices, p,r € N
with p < 2r + 1, and € > 0, there is a polynomial-time algorithm that given a graph G € C,
A< V(G), and k € N, either correctly decides that ~; (G, A) > k, or outputs sets Y < V(G)
of size at most feor(r,d,€) - k'™ and Z = AnY such that 7, (G[Y], Z) = 77 (G, A).

We now convert the resulting instance of Theorem 3.3 to an equivalent instance of
(p,r, F)-COVERING. To do this, we will use the following definition and lemmas. For an
integer ¢ > 0 and a nonempty family G of graphs, a graph H is (q,G)-critical if either
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H is a 1-vertex graph and G contains a 1-vertex graph, or
H has at least two vertices, H? has an induced subgraph isomorphic to a graph in G, and
for every vertex v of H, (H — v)? has no induced subgraph isomorphic to a graph in G.

» Lemma 3.4. Let G be a nonempty family of graphs. Let F be a graph in G and d be the
order of F'. For every positive integer q, there is a (q,G)-critical graph of order at most
d(dq + 1)/2. Moreover, if every graph in G has order at most d, then one can construct the
(g, G)-critical graph in time polynomial in d.

Proof. Let Fy be the ¢-subdivision of F. Since F has at most d(d — 1)/2 edges,

dd—-1)(¢g—-1)
2 =d 2

.dqfdfq+3 - d(dg +1)

[V(Fo)| <d—+

Let H be a graph which is initially set as Fj;. Note that H? has an induced subgraph
isomorphic to F € G. If |[V(H)| = 1, then H is (g, G)-critical. Otherwise, for each vertex
v of H, we check whether (H\v)? has an induced subgraph isomorphic to a graph in G. If
H has no such vertex, then H is (¢q,G)-critical. Otherwise, we set H by H\v and do the
above process until either |V (H)| = 1 or H has no such a vertex. It is readily seen that the
resulting graph is (g, G)-critical graph and has at most d(dq + 1)/2 vertices. Whole these
processes work in polynomial time when every graph in G has at most d vertices. |

The following lemma shows that every vertex of a (¢, G)-critical graph is a (g, |q/2],G)-
cover of it.

» Lemma 3.5. Let G be a nonempty family of graphs, and q be a positive integer. If H is a
(g, G)-critical graph and there is a set B € V(H) such that H1[B] is isomorphic to a graph
in G, then for every x € V(H), B contains a vertex in N};]/QJ [z].

Proof. Suppose for contradiction that B contains no vertex in N};I/QJ [z]. Since H is (q,G)-
critical, (H\z)?[B] is isomorphic to no graph in G. Since H9[B] is isomorphic to a graph in
G, B contains distinct vertices v and w such that v and w are adjacent in H? and every path
of H between v and w having length at most ¢ should contain x. However, since neither v
nor w is in N Il}]/ 2l [z], if H has a path P between v and w having x as an internal vertex,
then the length of P is at least 2|¢/2| + 2 > ¢, a contradiction. <

To prove Theorem 1.1, we construct an equivalent instance of (p,r, F)-COVERING by
attaching a (p, F)-critical graph to the resulting instance of Theorem 3.3.

Sketch of the proof of Theorem 1.1. The cases where either r = 0 or p = 0 are relatively
easy to deal with. Thus, in this sketch, we assume that both r and p are positive. Let d
be the maximum order of a graph in . By Lemma 3.4, one can find in polynomial time
a (p, F)-critical graph H having at most d(dp + 1)/2 vertices. Let p’ := |p/2] and x be a
vertex of H. We construct the graph G’ as follows: take the disjoint union of G[Y] and H,
add a new vertex h, and for each vertex v e (Y\Z) u Nﬁ}, [x], connect h and v by a path P,
of length r. We can show that the resulting graph G’ is the desired one by Lemma 3.5. <

4 Kernels for the (p, r, F)-Packing problems

Let p, r be nonnegative integers with p < r+1 and F be a nonempty finite family of connected
graphs. We present an almost linear kernel for (p,r, F)-PACKING on every nowhere dense
class of graphs. We also divert to the annotated variant of (p,r, F)-PACKING. Although
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the proof scheme is similar to that of the kernel for (p,r, F)-COVERING, we need a more
intricate approximation algorithm, and the key lemma and the main steps of its proof are
quite different from those of (p,r, F)-COVERING.

For a graph G and aset A < V(G), a (p, r, F)-packing of A in G is a family of subsets of A,
say Aj,..., Ay such that each GP[A;] is isomorphic to a graph in F, and for all 1 <4 < j < ¢,
distq(A;, Aj) > r. We denote by o (G, A) the maximum size of a (p,r, F)-packing of A
in G. For a graph G, a set A € V(G), and an integer k, ANNOTATED (p, r, F)-PACKING asks
whether o] (G, A) > k. We first derive an almost linear kernel for this problem.

» Proposition 4.1. For every nowhere dense class C of graphs, there is f,q : NxNxR, —» N
such that for every nonempty family F of connected graphs with at most d vertices, p,r € N
with p < 2|r/2] +1, and & > 0, there is a polynomial-time algorithm that given a graph G € C,
A S V(Q) with|A] > fra(r,d,e)-k'T¢, and k € N, either correctly decides that air(G, A) >k,
or outputs a vertez z € A such that o .(G,A) = k if and only if o] (G, A\{z}) > k.

» Proposition 4.2. For every nowhere dense class C of graphs, there is faual : NxNxR, — N
such that for every nonempty family F of connected graphs with at most d vertices, p,r,79 € N
with max{p,ro} < 2r + 1, and ¢ > 0, there is a polynomial-time algorithm that given
a graph G € C and A < V(QG), outputs a (p,r,F)-cover of A in G having size at most
fawal(r, d,e) - o, (G, A)L+e.

DsTo

Proof of Proposition 4.1. The function f.q(r,d,e) will be defined later. At the beginning,
we assume that |A| > fq(r,d, ) - K*+C¢ for some constant C, and at the end, we scale ¢
accordingly. We may assume that for every v € A, there is B € A\{v} such that GP[B u {v}]
is isomorphic to a graph in F. Since p < 2|r/2| + 1, by Proposition 4.2, one can find
a (p,|r/2], F)-cover X of A in G having size at most faual(|r/2],d,€) - o (G, A)'*¢ in
polynomial time. If |X| > faua(|7/2],d,€) - k'*¢, then o (G, A) > k. Thus, we may
assume that |X| < fauai(|r/2),d,€) - k1. Let v/ := 4pd + 3r. By Lemma 2.2, one can
find an (17, fa(r’,€) - | X|%)-close set X 2 X of size at most fa(r',e) - | X |1 < fu(r',e) -
favar([r/2),d, )17 - k1732 in polynomial time.

We define an equivalence relation ~ on A\ X, such that for u,v € A\ X}, u ~ v if and only
if pGlu, Xa] = p%[v, Xa]. Then index(~) < foroj (7', €) faa(r', €)1+ fauar([r/2], d, €)1 T3 k1 H7E
by Lemma 2.1. Let p(r’) and s := s(r’) be the constants in Theorem 2.4. Let

2 s
€i=d- (falr,e) - fauar([r/2],d,€)° k% + s +d?/A+1) and m:= 22" "0+ g4,

By setting C = 7 + 2 - p(r’), one can choose f.q(r,d, &) with fiq(r,d,e) - k9 > | Xg| +

index(~) - m?("). Since |A| > foa(r,d,e) - K'T, we have that |A\Xq| > index(~) - mP().

Thus, by the pigeonhole principle, there is an equivalence class A of ~ with || > mp(). By
Theorem 2.4, one can find in polynomial time sets S € V(G) and L < X\S such that |S| < s,
|L| = m, and L is distance-r’ independent in G — S.

We are going to find a desired vertex z from L. To do this, we define the following. For
each i € [d], let G; be the set of all graphs whose vertex sets are [i]. Note that |G;| = 2¢(=1)/2
for each ¢ € [d]. Let H' be the set of functions p : S — [r + 1] U {0}. Since |S] < s, we
have that |H'| < (r + 2)°. For each ¢ € [d], let H, be the set of all vectors (hy,...,h;, g)
of length i + 1 where h; € H' for each j € [i] and g € G;. Let H' := U;‘i=1 H/. Similar to
the proof of Proposition 3.1, we can show that |H'| < 20°/2 . (p + 2)%4. Let £ := [H/|. We
take an arbitrary ordering o1, ..., 0, of H'. For each v € L, let A, := & and x(v) be a zero
vector of length £. One can enumerate in polynomial time the sets B € A\{v} of size at most
d — 1 such that GP[B u {v}] is isomorphic to a graph in F in polynomial time. For each
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such B, we do the following. If there is an index ¢ € [¢] such that the i-th entry of x(v) is 0
and for o; = (ht,... ki g;) € H', there is an isomorphism ¢; : (B\S) u {v} — [t] between
(G = S8)P[(B\S) U {v}] and g; where ¢;(v) = 1 and for each j € [t], pF[¢™(j), S] = R, then
we put B into A, and convert the i-th entry of x(v) to 1. Otherwise, we do nothing for
the chosen B. Since |B| < d — 1, one can check in polynomial time whether B satisfies the
conditions. Thus, the resulting A, and x(v) can be computed in polynomial time.

For each v € L, since A\{v} has a subset B such that GP[B u {v}] is isomorphic to a
graph in F, A, # ¢ and x(v) has a nonzero entry. For each B € A,, let B* be the vertex
set of the component of (G — S)P[(B\S) u {v}] having v. Since |L| = m = 92/ (r+2)" E+1
and ¢ < 24°/2. (r +2)%?, by the pigeonhole principle, L has a subset #; such that |#1| = & + 1
and x(v) = x(w) for all v,w € k1. Let z be an arbitrary vertex in x1.

We show that o7 (G, A) > k if and only if oy (G, A\{z}) = k. The backward direction
is obvious. Suppose that G has a (p, r, F)-packing I of A in G having size at least k. We may
assume that z is contained in some B, € I, because otherwise I is also a (p,r, F)-packing
of A\{z}. In particular, there exist a graph H € G; for some ¢ < d and an isomorphism
¥, 2 (B\S) U {z} — [t] between (G — S)P[(B,\S) v {z}] and H where ¢,(z) = 1. To show
that o ,.(G, A\{z}) > k, it suffices to show that there exist a vertex 2’ € x;\{z} and a set
B, < A\{z} such that 2z’ € B,, and (I\{B.}) u {B.} is a (p,r, F)-packing of A\{z} in G
having the same size as I.

Suppose for contradiction that no such z’ exists. It means that for each v € k1\{z},
if A\{z} has a subset B such that v € B and GP[B] is isomorphic to a graph in F, then
I\{B,} contains an element B’ with distg(B, B") < r, because otherwise we can substitute
B, with B from I. For each v € k;\{z}, there exist B, € A, and an isomorphism ¢, :
(B,\S) U {v} — [t] between (G — S)P[(B,\S) u {v}] and H where 1, (v) = 1 and for each
g€ lt], pra vy (4), 8] = pia vzt (4), S]. For each v € ry\{z}, let f(v) := B} U (B:\BY).

To derive a contradiction, we do the following steps.

(1) Find a set k4 S k1\{z} such that for each u € k4, GP[f(u)] is isomorphic to GP[B, u {z}]
and I contains an element C,, with distg(f(u),Cy) < r and distg(Cy, S) > |r/2].

(2) Show that k4 contains distinct vertices v and v’ with distg_g(v,v") < 7.

Since k4 € L is distance-r’ independent in G — S, these steps derive a contradiction.

Let B¥ be the vertex set of the component of (G — S)P[(B.\S) u {z}] having z. Note
that for vertices v,w € k1, ¥, ! 0, is an isomorphism between (G — S)P[(B,\S) u {w}]
and (G — S)P[(B,\S) u {v}] assigning w to v. Thus, ¥, o, (B¥) = B¥.

For the first step, we will use the following three claims. The proofs of Claims 6 and 7
are similar to those of Claims 1 and 2, respectively.

> Claim 6. For vertices v, w € k1, ;' 0, is an isomorphism between GP[(B,\S) U {v}]
and GP[(By\S) u {w}].

> Claim 7. & has at most d?/4 vertices v where GP[f(v)] is not isomorphic to GP[B.].

Proof. For vertices u € r1\{z} and i € ¢,(B¥), since {u,z} S k1, p% [y, (i), S] and
pS 1 [w:1(i), S] are same. Therefore, for each w € S, v, 1(i) is adjacent to w in G? if and
only if ¥ 1(i) is adjacent to w in GP. By Claim 6, the restriction of ¢, 04, on B} is an
isomorphism between GP[B¥] and GP[B].

We first show that for all vertices v € k1, i € ¥, (B¥), and w € B,\(B¥ u 9), if ¥ 1(i) is
adjacent to w in GP, then v, (i) is adjacent to w in GP. Suppose that ¢ *(4) is adjacent
to w in GP. We take an arbitrary path @’ of G between 1, !(i) and w having length at most
p. Since (G\S)P[B¥] is a component of (G\S)P[(B.\S) u {z}] having z and w ¢ B¥, @’ must
have a vertex in S.
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Let g be the the vertex in V(Q') n S such that distg/ (v;1(i),q) is minimum. Let Q)
be the subpath of Q' between v, 1(i) and ¢. Note that @} is an S-avoiding path of length
at most p < r + 1. Since p&, [¢51(4), S] = p%. 1 [ 1(i), S], G has an S-avoiding path Q)
between 1,1 (i) and ¢ having length at most that of Q). By substituting Q] with Q% from @',
we obtain a walk of G between v, 1(i) and w having length at most p. Hence, v, (i) is
adjacent to w in GP.

Thus, there is no pair of vertices i € 1, (B¥) and w € B,\(B¥ u S) such that ¢ (i) is
adjacent to w in GP and 1, !(i) is nonadjacent to w in GP.

We now show that if there exist vertices i € ¥,(B¥) and w € B.\(B¥ u ) such that
17 1(4) is nonadjacent to w in GP, then ; contains at most one vertex x such that ¢ (i)
is adjacent to w in GP. To prove the claim, it suffices to show this statement, because
(BE|- |BA(BE U )| < d?/4.

Suppose for contradiction that there exist i € 1,(B¥), w € B,\(B* u S), and distinct
z,2’ € k1 such that ¥;1(i) is nonadjacent to w in GP and both ¢;'(i) and v, (i) are
adjacent to w in GP. Then G has paths R and R’ of length at most p from w to 1 !(i) and
¥ (i), respectively.

We first verify that R or R’ has a vertex in S. Suppose not. Since |B¥| < d, G\S has a
path R; of length at most p(d — 1) between z and ¢, (7). Similarly, G\S has a path R} of
length at most p(d — 1) between 2’ and 1" (i). Since neither R nor R’ has a vertex in S,
by concatenating Ry, R, R’, and R}, we obtain a walk of G\S of length at most 2pd < r’
between x and a’, contradicting the assumption that L is distance-r’ independent in G\S.
Hence, R or R’ has a vertex in S. By symmetry, we may assume that R has a vertex in S.

Let t be the vertex in V(R) n S such that distg(;1(i),t) is minimum. Let Ry be the
subpath of R between 1, 1(i) and t. Note that Ry is an S-avoiding path of length at most
p <7+ 1. Since p&, [¢;1(i), S] = p% 4[> 1(i), S], G has an S-avoiding path R} between
7 1(i) and t having length at most that of Ry. By substituting Ry with R}, from R, we obtain
a walk of G between 1, !(i) and w having length at most p, contradicting the assumption
that 1 1(i) is nonadjacent to w in GP, and this proves the claim. <

Since |k1| = d - (fa(r',€) -+ fawar(|7/2]),d, €)% - k% + s+ d?/4 + 1) + 1, by Claim 7, r1\{z}
has a subset kg of size at least d - (fa(r',€) - faual(|7/2],d,€)¢ - k** + s + 1) such that for each
vertex u € ko, GP[f(u)] is isomorphic to GP[B,], which is isomorphic to a graph in F.

For each u € kg, since f(u) € A\{z}, by assumption, I\{B,} contains an element C,,
with distg(f(u),Cy) < r. We take an arbitrary path P, of G between b, € f(u) and
¢y € C, having length at most r. Since {B,,C,} < I which is a (p,r, F)-packing of A in G,
distg(B\B*,C,) = distg(B,,Cy) > r. Thus, b, € f(u)\(B,\B¥) = B*.

> Claim 8. For each u € ko, V(P,) n S = .

Proof. Suppose for contradiction that for some u € ko, V(P,) n S # &. Let ¢ be the vertex
in V(P,) n S such that distp, (by,q) is minimum. Let P; be the subpath of P, between b,
and ¢g. Note that P; is an S-avoiding path of length at most r. Since {u,z} € k1, G has
an S-avoiding path P, between ;! o t,(b,) and ¢ having length at most that of P;. By
substituting P, with P, from P,, we obtain a walk of G' between v, 1 0 1, (b,) € B, and ¢,
having length at most r, contradicting the assumption that distg(B,, Cy) > r. <

Since L is distance-r’ independent in G — S and 2r < 7/, by Claim 8, ¢, # ¢, for distinct
u,u’ € Ka. Since |ka| = d - (fa(r',€) - fauar(|r/2],d, )¢ - k*¢ + s + 1) and every element in [
contains at most d vertices, there is a set k3 C ko of size at least fo (7', €) - faual(|r/2],d, &) -
k% + s + 1 such that C, # C, for all distinct u, v’ € k3.
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Let k% be the set of vertices u € k3 with distg(C,,, S) < |r/2]. Since I is a (p, r, F)-packing
of A in G, for all distinct u,w’ € k3, distg(Cy, Cy) > r. Thus, we deduce that |k4| < |S] < s.
Let k4 := k3\r5. Note that k4| = fa(r',€) - fauar([7/2],d, €)% - k% + 1.

We now show that x4 contains distinct vertices v and v’ with distg_g(v,v’) < r’. For
each u € Ky, since GP[C,] is isomorphic to a graph in F and X is a (p, |r/2], F)-cover of A
in G, G has a path R, of length at most |r/2]| between some y,, € C,, and z,, € X. Since
u ¢ kh, V(Ry)nS = . Since GP[C,,] is isomorphic to a connected graph in F, G has a path
Q. of length at most p(d — 1) between ¢, and y,. More specifically, Q,, is a concatenation
of QL,..., QZ for # < d — 1 such that for each i € ['], the length of Q¢ is at most p and
the ends of Qf, are in C,. Since p < 2|r/2] + 1, for some j € ['], if V(QJ) n S # &,
then distg(Cy, S) < |r/2], contradicting that u ¢ 5. Thus, V(Q,) n S = &. By Claim 8,
V(P,) nS = (. Since (G — S)P[Bf] is connected and |B¥| < d, G — S has a path O, of
length at most p(d — 1) between w and b,,. By concatenating O, Py, Q., and R, we obtain
a walk of G — S between u and z, having length at most

[E(Ou)| + |E(P)] + |E(Qu)| + [E(R)| < p(d = 1) + 1+ p(d = 1) + |r/2] < |1/2].

Let W, be a path of G — S between u and z,, consisting of edges of the walk. Let w, be
the vertex in V(W,) n Xq such that disty, (u,w,) is minimum. Such w,, exists, because
2y € Xc1- Note that the subpath of W, between u and w,, is an X-avoiding path of length
at most |r'/2|. Thus, w, is contained in M (u, X). Since {u,z} S k1 S A where X is an
equivalence class of ~, MS (u, Xc1) and Mff(z7 X.) are same. Therefore, w, € Mﬁ (z, Xa1).

Since |k4| = fa(r',e) - fawar([r/2],d,€)° - k2 + 1 > |MS (2, Xa)| + 1, by the pigeonhole
principle, there are distinct v,v’ € k4 with w, = w,. By concatenating W, and W,/, we
obtain a walk of G—S between v and v having length at most r’, contradicting the assumption
that L is distance-r’ independent in G — S. Therefore, there are a vertex 2z’ € k1\{z} and a
set B, © A\{z} such that 2’ € B, and (I\{B,}) u {B./} is a (p,r, F)-packing of A\{z} in G
having the same size as I. We conclude the proof by scaling € to £/C. |

By recursively applying Proposition 4.1 and taking an (r + 1)-path closure of the resulting
set Z, we can construct an almost linear kernel for ANNOTATED (p, r, F)-PACKING as follows.

» Theorem 4.3. For every nowhere dense class C of graphs, there is a function fpex :
N x N x Ry — N such that for every nonempty family F of connected graphs with at most d
vertices, p,7 € N with p < 2|r/2| + 1, and € > 0, there is a polynomial-time algorithm that
given a graph G € C, A € V(G), and k € N, either correctly decides that a;r(G,A) > k,
or outputs sets Y < V(G) of size at most foec(r,d,e) - k' and Z < A Y such that
o) (G, A) = k if and only if o (G[Y],Z) = k.

To prove Theorem 1.2, we first apply the kernel in Theorem 4.3 and attach a (p, F)-critical
graph to the resulting instance of this kernel. The way is similar to that of the proof of
Theorem 1.1, but slightly different.

Sketch of the proof of Theorem 1.2. The cases where either r < 1 or p = 0 are relatively
easy to deal with. Thus, in this sketch, we assume that r > 2 and p > 1. Let d be the
maximum order of a graph in F. By Lemma 3.4, one can find in polynomial time a (p, F)-
critical graph H having at most d(dp + 1)/2 vertices. Let p’ := |p/2| and z be a vertex
of H. We construct a graph G’ as follows: take the disjoint union of G[Y] and H, add a
new vertex h, for each v € Y\Z, connect h and v by a path of length |r/2|, and for each
veN Z [x], connect h and v by a path of length [r/2]. We can show that the resulting graph
G’ is the desired one by Lemma 3.5. <
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