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Abstract
We study the kernelization of exploration problems on temporal graphs. A temporal graph consists
of a finite sequence of snapshot graphs G = (G1, G2, . . . , GL) that share a common vertex set but
might have different edge sets. The non-strict temporal exploration problem (NS-TEXP for short)
introduced by Erlebach and Spooner, asks if a single agent can visit all vertices of a given temporal
graph where the edges traversed by the agent are present in non-strict monotonous time steps, i.e.,
the agent can move along the edges of a snapshot graph with infinite speed. The exploration must
at the latest be completed in the last snapshot graph. The optimization variant of this problem is
the k-arb NS-TEXP problem, where the agent’s task is to visit at least k vertices of the temporal
graph. We show that under standard computational complexity assumptions, neither of the problems
NS-TEXP nor k-arb NS-TEXP allow for polynomial kernels in the standard parameters: number
of vertices n, lifetime L, number of vertices to visit k, and maximal number of connected components
per time step γ; as well as in the combined parameters L + k, L + γ, and k + γ. On the way to
establishing these lower bounds, we answer a couple of questions left open by Erlebach and Spooner.

We also initiate the study of structural kernelization by identifying a new parameter of a temporal
graph p(G) =

∑L

i=1(|E(Gi)|) − |V (G)| + 1. Informally, this parameter measures how dynamic the
temporal graph is. Our main algorithmic result is the construction of a polynomial (in p(G)) kernel
for the more general Weighted k-arb NS-TEXP problem, where weights are assigned to the
vertices and the task is to find a temporal walk of weight at least k.
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1 Introduction

We investigate the kernelization of exploration and connectivity tasks in temporal networks.
While kernelization, and in particular, structural kernelization, appears to be a successful
approach for addressing many optimization problems on static graphs, its applications in
temporal graphs are less impressive, to say the least. A reasonable explanation for this (we
will provide some evidence of that later) is that most of the structural parameters of static
graphs, like treewidth, size of a feedback vertex set, or the vertex cover number, do not seem
to be useful when it comes to dynamic settings. This brings us to the following question.
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1:2 Kernelizing Temporal Exploration Problems

What structure of dynamic graphs could be “helpful” for kernelization algorithms?

We propose a new structural parameter of a temporal graph estimating how “dynamic”
is the temporal graph. Our main result is an algorithm for the exploration problem on a
temporal graph that produces a kernel whose size is polynomial in the new parameter. Before
proceeding with the formal statement of the problem and our results, we provide a short
overview of temporal graphs and kernelization.

Temporal exploration. Many networks considered nowadays show an inherently dynamic
behavior, for instance connectivity in mobile ad-hoc networks, relationships in a social
network, or accessibility of services in the internet. Classical graphs do not suffice to model
those dynamic behaviors, which led to an intensive study of so-called temporal graphs. In
general, temporal graphs are graphs that change over time. There are several models in the
literature that consider different types of dynamic behaviors and encodings of the temporal
graphs. Here, we consider a temporal graph G to consist of a sequence of snapshot graphs
G1, G2, . . . , GL that share a common set of vertices V but might have different edge sets
E1, E2, . . . , EL. We call the graph G = (V,

⋃L
i=1 Ei) the underlying graph of G. We can think

of the temporal graph G as the graph G where only a subset of edges are present at a certain
time step. The number of snapshots L is commonly referred to as the lifetime of G. Due
to its relevance in modeling dynamic systems, a huge variety of classical graph problems
have been generalized to temporal graphs. We refer to [10, 26, 29, 31] for an introduction to
temporal graphs and their associated combinatorial problems.

Graph exploration is a fundamental problem in the realm of graph theory and has been
extensively studied since its introduction by Shannon in 1951 [32]. The question of whether a
given graph can be explored by a single agent was generalized to temporal graphs by Michail
and Spirakis [30]. They showed that deciding whether a single agent can visit all vertices
of a temporal graph within a given number of time steps while crossing only one edge per
time step is an NP-hard problem. This hardness motivated the study of the parameterized
complexity of the temporal exploration problem performed by Erlebach and Spooner in [19].

While the temporal exploration problem, TEXP for short, allows the agent to cross only
one edge per time step, in some scenarios, the network only changes slowly, way slower than
the speed of an agent. Then, it is natural to assume that the agent can travel with infinite
speed and explore the whole connected component in which he is currently located in a
single time step. Such scenarios arise for instance in delay-tolerant networks [9]. Erlebach
and Spooner generalized TEXP to allow the agent to travel with infinite speed in [17] and
called this problem the non-strict temporal exploration problem, NS-TEXP for short. In
NS-TEXP the task is to identify whether an agent can visit all vertices of the graph starting
from an initial vertex v according to the following procedure. At step 1, the agent visits
all vertices of the connected component C1 of the snapshot graph G1 containing v. At step
i ∈ {2, . . . , L}, the agent selects to explore the vertices of one of the components Ci of Gi

that have a non-empty intersection with the component explored by the agent at step (i − 1).
Shifting to an infinite exploration speed allows for exploration times that can be signif-

icantly shorter than the number of vertices. While for classical graphs, the question if a
graph can be explored with infinite speed simply reduces to the question of connectivity
for temporal graphs, NS-TEXP is NP-complete [17]. The parameterized complexity of
NS-TEXP was studied by Erlebach and Spooner in [19] where FPT algorithms for the
parameter lifetime L of the temporal graph (equivalently number of time steps during which
the temporal exploration must be performed) was shown. They also studied an optimization
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variant of NS-TEXP, where not all but at least k arbitrary vertices must be visited during
the lifetime of the graph. This variant is called k-arb NS-TEXP. An FPT algorithm with
parameter k solving k-arb NS-TEXP was obtained in [19]. In the long version of this
study [20], it was stated as an open question whether NS-TEXP is in FPT or at least in XP
for the parameter maximal number of connected components in a time step, γ, and, whether
k-arb NS-TEXP is in FPT for parameter L. These open problems were also stated at the
2022 ICALP satellite workshop Algorithmic Aspects of Temporal Graphs V. In this work, we
will answer both of these questions negatively.

Kernelization. Informally, a kernelization algorithm is a preprocessing algorithm that
consecutively applies various data reduction rules in order to shrink the instance size of a
parameterized problem. Kernelization is one of the major research domains of parameterized
complexity and many important advances in the area are on kernelization. These advances
include general algorithmic findings on problems admitting kernels of polynomial size and
frameworks for ruling out polynomial kernels under certain complexity-theoretic assumptions.
We refer to the book [22] for an overview of the area. A fruitful approach in kernelization (for
static graphs) is the study of the impact of various structural measurements (i.e., different
than just the total input size or expected solution size) on the problem complexity. Such
structural parameterizations, like the minimum size of a feedback vertex set, of a vertex
cover, or the treedepth, measure the non-triviality of the instance [7, 24, 25, 34].

Our contribution. Our focus is on the possibility of kernelization for the problems NS-
TEXP and k-arb NS-TEXP. In their work on the parameterized complexity of these
problems, Erlebach and Spooner in [19, 20] established fixed-parameter tractability for some
combinations of these problems and “standard” parameterizations like number of vertices n,
lifetime L, number of vertices to visit k, and L + γ, where γ is the maximal number of
connected components per time step, see Table 1. As the first step, we rule out the existence
of polynomial kernels for both problems when parameterized by each of these standard
parameters. Moreover, our lower bounds hold even for “combined” parameters L + k, L + γ,
and k + γ. On the way to establish our lower bounds for kernelization, we resolve two
open problems from the parameterized study of NS-TEXP and k-arb NS-TEXP posed
by Erlebach and Spooner in [19, 20]. Namely, we show that NS-TEXP is NP-complete for
constant values of γ ≥ 5 and that k-arb NS-TEXP is W[1]-hard parameterized by L.

This motivates the study of structural kernelization of the exploration problems. While at
the first glance, the most natural direction would be to explore the structure of the underlying
graph of the temporal graph G, this direction does not seem to bring new algorithmic results.
The reason is that our lower bounds on NS-TEXP and k-arb NS-TEXP hold for temporal
graphs with very restricted underlying graphs. In particular, we show that the problems
remain NP-hard even when the underlying graph is a tree with vertex cover number at most 2.
Thus a reasonable structural parameterization, in this case, should capture not only the
“static” structure of the underlying graph but also the “dynamics” of the edges in G. With
this in mind, we introduce the new parameter of a temporal graph G = (G1, G2, . . . , GL),
p(G) =

∑L
i=1(|E(Gi)|) − |V (G)| + 1.

Note that if
∑L

i=1(|E(Gi)|) < |V (G)| − 1, then the underlying graph is disconnected
and hence the temporal graph G cannot be explored. The parameter p(G) bounds both
the structure and the dynamic of G. Indeed, consider the multigraph on V (G) obtained
by inserting a copy of the edge uv for each occurrence of uv in a snapshot. Then, p(G)
corresponds to the size of a minimum feedback edge set of this multigraph. As an example,
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1:4 Kernelizing Temporal Exploration Problems

Table 1 Overview of the parameterized complexity of NS-TEXP and k-arb NS-TEXP. Our
contribution is highlighted in red. The results stating that there is no polynomial kernel rely on the
assumption that NP ̸⊆ coNP/poly. Here, for a temporal graph G, n is the number of vertices, L the
lifetime, γ is the maximal number of components per time step, and p = p(G). For entries marked
with ⋆, we get a compression to the more general variant Weighted k-arb NS-TEXP.

Param. NS-TEXP k-arb NS-TEXP
FPT Kernel FPT Kernel

p 2O(p)(nL)O(1) O(p4)⋆ 2O(p)(nL)O(1) O(p4)⋆

n O∗((2e)nnlog n) [20] no poly kernel FPT in k [20] no poly kernel
L O∗(L(L!)2) [19] no poly kernel W[1]-hard no poly kernel
k - - O∗((2e)kklog k) [20] no poly kernel
L + k - - FPT in k [20] no poly kernel
γ in P for ≤ 2 [20], - in P for ≤ 2 [20], -

NP-hard for ≥ 5 NP-hard for ≥ 5

L + γ FPT in L [19] no poly kernel O(γLnO(1)) no poly kernel
for γ ≥ 6 for γ ≥ 6

k + γ - - FPT in k [20] no poly kernel

p(G) = 0 means that the underlying graph of G is a tree and each edge of the underlying
graph appears in exactly one snapshot. Hence, our parameter describes how far the graph
is from such a tree. Our main result is a polynomial kernel for the more general problem
Weighted k-arb NS-TEXP in the parameter p = p(G). In Weighted k-arb NS-TEXP,
the vertices contain weights and the task is to find a temporal walk that visits vertices with
a total sum of weights of at least k for some given integer k. The obtained kernel is of size
O(p4) and contains a number of vertices that is linear in the parameter p.

Our results are summarized in Table 1. Due to space constraints, the proofs of some
results are either sketched or omitted in this extended abstract. The full details could be
found in the full arXiv version [3].

Further related work. Michail and Spirakis [30] introduced the TEXP problem and showed
that the problem is NP-complete when no restrictions are placed on the input. They proposed
considering the problem under the always-connected assumption that requires that the
temporal graph is connected in every time step. Erlebach et al. [14] followed this proposition
and showed that for always-connected temporal graphs, computing a foremost exploration
schedule is NP-hard to approximate with ratio O(n1−ϵ), for every ϵ > 0. Bodlaender and
van der Zanden [6] showed that the TEXP problem, when restricted to always-connected
temporal graphs whose underlying graph has pathwidth at most 2, remains NP-complete.
Bounds on the length of exploration schedules where given in [1, 14, 33] for temporal graphs
where the underlying graph has a certain structure, and in [15, 16, 18] for temporal graphs
where each snapshot graph has a certain structure.

Erlebach and Spooner [19] studied the TEXP problem from a parameterized perspective.
Based on the color coding technique [2], they gave an FPT algorithm parameterized by k for
the problems k-arb TEXP and the non-strict variant k-arb NS-TEXP. They also gave
an FPT algorithm parameterized by the lifetime L of the temporal graph for the problems
TEXP and NS-TEXP. In the respective long version [20], Erlebach and Spooner further
studied the parameter maximal number of connected components per time step γ and showed



E. Arrighi, F. V. Fomin, P. A. Golovach, and P. Wolf 1:5

that TEXP is NP-hard for γ = 1, but NS-TEXP is solvable in polynomial time for γ ≤ 2.
The NS-TEXP problem was introduced and studied by Erlebach and Spooner [17]. Among
other things, they showed NP-completeness of the general problem, as well as O(n1/2−ϵ)
and O(n1−ϵ)-inapproximability for computing a foremost exploration schedule under the
assumption that the number of time steps required to move between any pair of vertices is
bounded by 2, resp. 3. Bumpus and Meeks [8] considered the parameterized complexity of a
graph exploration problem that asks no longer to visit all vertices, but to traverse all edges
of the underlying graph exactly once. They observed that for natural structural parameters
of the underlying graph, the problem does not admit FPT algorithms. Similarly, Kunz et
al. [28] obtained several hardness results for structural parameters of the underlying graph
when studying the parameterized complexity of the problem of finding temporally disjoint
paths and walks, a problem introduced by Klobas et al. [27]. Their obtained W[1]-hardness
in the parameter number of vertices, that holds even for instances where the underlying
graph is a star, indicates that simply considering structural parameters of the underlying
graph is not sufficient to obtain FPT algorithms for temporal graph problems.

2 Preliminaries

Notations. We denote by Z the set of integers, by N the set of natural numbers including 0,
by N>0 the set of positive integers, and by Q the set of rational numbers. Let n be a positive
integer, we denote with [n] the set {1, 2, . . . , n}. Given a vector w = (w1, w2, . . . , wr) ∈ Qr,
we let ∥w∥∞ = maxi∈[r] |wi| and ∥w∥1 =

∑
i∈[r] |wi|. Given x ∈ Z, we let sign(x) be + if

x ≥ 0 and − otherwise.

Graphs. We consider a graph G = (V, E) to be a static undirected graph. Given a graph G,
we denote by V (G) the set of vertices of G, by E(G) the set of edges of G, by NG(x)
the neighbors of a vertex x in G, and by γ(G) the number of connected components of
G. Let G = (V, E) be a graph, given a subset of vertices X ⊆ V (G) and a subset of
edges E′ ⊆ E, we define the following operation on G: G[X] = (X, {uv ∈ E | u, v ∈ X}),
G−X = G[V \X] and G−E′ = (V, E\E′). We call a walk in a graph G an alternating sequence
W = v0, e1, v1, . . . , er, vr of vertices and edges, where v0, . . . , vr ∈ V (G), e1, . . . , er ∈ E(G)
and ei = vi−1vi for i ∈ [r]; note that W may visit the same vertices and edges several times.
A walk without repeated vertices is called a path. We say that v0 and vr are end-vertices
of W and W is a (v0, vr)-walk. We use V (W ) ⊆ V (G) to denote the set of vertices of G

visited by W and denote by E(W ) the set of edges of G that are in W . Given a walk
W = v0, e1, v1, . . . , er, vr, for 0 ≤ i ≤ j ≤ r, we call the sequence W ′ = vi, ei+1, . . . , ej , vj a
subwalk of W .

Temporal graphs. A temporal graph G over a set of vertices V is a sequence G =
(G1, G2, . . . , GL) of graphs such that for all t ∈ [L], V (Gt) = V . We call L the lifetime
of G and for t ∈ [L], we call Gt = (V, Et) the snapshot graph of G at time step t. We might
refer to Gt as G(t). We call G = (V, E) with E =

⋃
t∈[L] Et the underlying graph of G. We

denote by V (G) the set of vertices of G and by γ(G) = maxt∈L γ(Gt) the maximum number
of connected components over all snapshot graphs of G. We write V and γ if the graph or
temporal graph is clear from the context. For a temporal graph G = (G1, . . . , GL), we define
the total number of edge appearances as m(G) =

∑L
i=1 |E(Gi)|; we use m to denote this value

if G is clear for the context.
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1:6 Kernelizing Temporal Exploration Problems

In the following, we will be interested in temporal walks where the agent has infinite
speed within a snapshot graph. Those temporal walks are called non-strict temporal walks
in [19]. In [19], a non-strict temporal walk is defined as a sequence of connected components.
However, it is more convenient for us to consider a non-strict temporal walk as a monotone
walk in the underlying graph. For a walk W = v0, e1, v1, . . . , er, vr in the underlying graph
G of G = (G1, . . . , GL), we say that W is monotone if there are t1, . . . , tr ∈ [L] with
1 ≤ t1 ≤ · · · ≤ tr ≤ L such that ei ∈ E(Gti

) for each i ∈ [r]. The definition of a non-strict
temporal walk immediately implies the following observation.

▶ Observation 1. Given a temporal graph G and a vertex x, G has a non-strict temporal
walk starting in x that visits exactly the vertices of a set X if and only if the underlying graph
G has a monotone (x, y)-walk W for some y ∈ V (G) such that X = V (W ).

For the remainder of this paper, we are mainly interested in the computational problem of
finding monotone walks that visit all vertices of a temporal graph. We might also call such a
walk an exploration schedule or simply an exploration.

▶ Definition 2 (Non-Strict Temporal Exploration (NS-TEXP)).
Input: Temporal graph G = (G1, G2, . . . , GL), vertex v ∈ V (G).
Question: Is there a monotone walk in G that starts in v and visits all vertices in V (G)?

We further consider a more general variant of the NS-TEXP problem, called k-arb
NS-TEXP, were we ask for a monotone walk that visits at least k vertices (instead of |V |).

▶ Definition 3 (k-arbitrary Non-Strict Temporal Exploration (k-arb NS-TEXP)).
Input: Temporal graph G = (G1, G2, . . . , GL), vertex v ∈ V (G), integer k.
Question: Is there a monotone walk in G that starts in v and visits at least k vertices?

We will further generalize the problem by considering the weighted version of k-arb
NS-TEXP. We refer to this problem as Weighted k-arb NS-TEXP.

▶ Definition 4 (Weighted k-arbitrary Non-Strict Temporal Exploration
(Weighted k-arb NS-TEXP)).
Input: Temporal graph G = (G1, G2, . . . , GL), positive-valued weight function w : V (G) →
N>0, vertex v ∈ V (G), integer k.
Question: Is there a monotone walk W in G such that W starts in v and w(V (W )) =∑

u∈V (W ) w(u) ≥ k?

Note that k-arb NS-TEXP is a special case of Weighted k-arb NS-TEXP.

Parameterized complexity and kernelization. We refer to books [22] and [12] for an
introduction to the field.

A data reduction rule, or simply, reduction rule, for a parameterized problem Q is a
function ϕ : Σ∗×N → Σ∗×N that maps an instance (I, k) of Q to an equivalent instance (I ′, k′)
of Q such that ϕ is computable in time polynomial in |I| and k. We say that two instances
of Q are equivalent if the following holds: (I, k) ∈ Q if and only if (I ′, k′) ∈ Q. We refer to
this property of the reduction rule ϕ, that it translates an instance to an equivalent one, as
to the safeness of the reduction rule.

Informally, kernelization is a preprocessing algorithm that consecutively applies various
data reduction rules in order to shrink the instance size as much as possible. A preprocessing
algorithm takes as input an instance (I, k) ∈ Σ∗ × N of Q, works in polynomial in |I|
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and k time, and returns an equivalent instance (I ′, k′) of Q. The quality of a preprocessing
algorithm A is measured by the size of the output. More precisely, the output size of a
preprocessing algorithm A is a function sizeA : N → N ∪ {∞} defined as follows:

sizeA(k) = sup{|I ′| + k′ : (I ′, k′) = A(I, k), I ∈ Σ∗}.

A kernelization algorithm, or simply a kernel, for a parameterized problem Q is a preprocessing
algorithm A that, given an instance (I, k) of Q, works in polynomial in |I| and k time and
returns an equivalent instance (I ′, k′) of Q such that sizeA(k) ≤ g(k) for some computable
function g : N → N. It is said that g(·) is the size of a kernel. If g(·) is a polynomial
function, then we say that Q admits a polynomial kernel. It is well-known that a decidable
parameterized problem is FPT if and only if it admits a kernel [13]. However, up to some
reasonable complexity assumptions, there are FPT problems that have no polynomial kernels.
In particular, we are using the cross-composition technique introduced in [4] and [5] to show
that a parameterized problem does not admit a polynomial kernel unless NP ⊆ coNP /poly.

3 Lower Bounds

It was stated as an open problem in [19], whether NS-TEXP is in FPT with parameter
γ (i.e. maximum number of components in any snapshot graph). We answer this question
negatively by showing that NS-TEXP is NP-complete for γ ≥ 5.

▶ Theorem 5. NS-TEXP is NP-complete for γ ≥ 5.

Proof. We give a reduction from the satisfiability problem SAT which asks if a given Boolean
formula has a satisfying variable assignment. Let φ = {c1, c2, . . . , cm} be a Boolean formula
in conjunctive normal form over the variable set X = {x1, x2, . . . , xn}. We construct from φ

a temporal graph G, where each snapshot graph has 4 or 5 connected components, such that
G has a monotone walk that visits all vertices in V (G) if and only if φ is satisfiable.

The main idea of the construction is the following. In V (G), we have a vertex for each
clause, vertices x̂i, xi, ¬xi for each variable xi, and one single control vertex ĉ. The sequence
of snapshot graphs alternates between having four and five connected components. In the
case of four connected components, one component collects all clause vertices, one component
collects all variable vertices x and ¬x, one component collects all not yet processed control
vertices x̂ and ĉ, and one component collects all processed control vertices x̂. In the case
of five connected components, an additional component collects a negative literal ¬x of a
variable x together with all clauses containing ¬x. In this step, the clauses containing x are
incorporated into the variable component, which still contains x. This will allow us to choose
a variable assignment with the exploration schedule. In the next time step, and only in this
time step, the control vertex x̂ is contained in the variable component. For all later time
steps, x̂ is contained in the component collecting the processed control vertices. Thereby,
the control vertices ensure that we return to the component containing the variables in each
snapshot consisting of four connected components.

We now give a more formal construction. For this construction, we are interested in
the connected components of each snapshot graph but not on the actual structure of the
connected components. For simplicity, we define the connected components as set of vertices
and assume that each connected component forms a clique. For a subset S ⊆ V , we
denote by K(S) the set of all possible edges between vertices in S. Thereby, (S, K(S)) is
a clique. Let G = (G1, G2, . . . , GL) with L = 2n + 1 be the temporal graph constructed
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1:8 Kernelizing Temporal Exploration Problems

from φ = {c1, c2, . . . , cm}. We define V (G) = {c1, c2, . . . , cm} ∪ {xi, ¬xi, x̂i | xi ∈ X} ∪ {ĉ}.
For E(G1) = K(C1,1) ∪ K(C1,2) ∪ K(C1,3) we set C1,1 = {ĉ} ∪ {x̂i | xi ∈ X}, C1,2 =
{c1, c2, . . . , cm}, and C1,3 = {xi, ¬xi | xi ∈ X}. The start vertex is set to x1.

For the next time step, we define the edges of the snapshot graph as E(G2) = K(C2,1) ∪
K(C2,2)∪K(C2,3)∪K(C2,4) where C2,1 = C1,1 = {ĉ}∪{x̂i | xi ∈ X}, C2,2 = {c1, c2, . . . , cm}\
{c ∈ φ | x1 ∈ c ∨ ¬x1 ∈ c}, C2,3 = ({xi, ¬xi | xi ∈ X} \ {¬x1}) ∪ {c ∈ φ | x1 ∈ c} and
C2,4 = {¬x1} ∪ {c ∈ φ | ¬x1 ∈ c}. The intuition is that the exploration schedule visits
the vertices in C2,3 after visiting the vertices in C1,3 if the variable x1 gets assigned with
true and otherwise, visits C2,4 after C1,3 if x1 gets assigned with false. Note that no
other connected component is reachable from C1,3 as only C2,3 and C2,4 have nonempty
intersection with C1,3.

In the next time step, we force the exploration schedule to return to the third connected
component by passing the control vertex x̂1 through this connected component. Therefore,
we define E(G3) = K(C3,1) ∪ K(C3,2) ∪ K(C3,3) with C3,1 = ({ĉ} ∪ {x̂i | xi ∈ X}) \ {x̂1},
C3,2 = {c1, c2, . . . , cm}, and C3,3 = {xi, ¬xi | xi ∈ X} ∪ {x̂1}.

For the remaining time steps, we alternate between the structure of the second and
third time step with an additional connected component that collects the already processed
control vertices x̂i. As this connected component is monotone growing, it acts as a sink for
the temporal walk, i.e., we could not leave this connected component if we ever enter it.
Additionally, the first connected component containing the not yet processed control vertices
is monotone shrinking, making it non-accessible from the start vertex of the temporal walk.
The idea is now that the last control vertex ĉ will only leave the first component into the
variable component in the last time step enforcing us to not go into the sink component of
processed control vertices and thereby enforcing the exploration schedule to return to the
variable component for each odd time step t ≥ 3. We formalize this by defining the snapshot
graphs Gj for 3 < j < 2n + 1 as follows.

First consider the case that j is even. We define E(Gj) = K(Cj,1) ∪ K(Cj,2) ∪ K(Cj,3) ∪
K(Cj,4) ∪ K(Cj,5) with Cj,1 = {ĉ} ∪ {x̂i | xi ∈ X, i ≥ j

2 }, Cj,2 = {c1, c2, . . . , cm} \ {c ∈
φ | x j

2
∈ c ∨ ¬x j

2
∈ c}, Cj,3 = ({xi, ¬xi | xi ∈ X} \ {¬x j

2
}) ∪ {c ∈ φ | x j

2
∈ c}, Cj,4 =

{¬x j
2
} ∪ {c ∈ φ | ¬x j

2
∈ c}, and Cj,5 = {x̂i | xi ∈ X, i < j

2 }.
For the case that j is odd, we define E(Gj) = K(Cj,1) ∪ K(Cj,2) ∪ K(Cj,3) ∪ K(Cj,4) ∪

K(Cj,5) with Cj,1 = {ĉ} ∪ {x̂i | xi ∈ X, i > j
2 }, Cj,2 = {c1, c2, . . . , cm}, Cj,3 = {xi, ¬xi | xi ∈

X} ∪ {x̂ j−1
2

}, Cj,4 = ∅, and Cj,5 = {x̂i | xi ∈ X, i < j−1
2 }.

Finally, for the last time step L = 2n + 1, we define E(GL) = K(CL,1) ∪ K(CL,2) ∪
K(CL,3) ∪ K(CL,4) ∪ K(CL,5) with CL,1 = ∅, CL,2 = {c1, c2, . . . , cm}, CL,3 = {xi, ¬xi | xi ∈
X} ∪ {ĉ}, Cj,4 = ∅, and Cj,5 = {x̂i | xi ∈ X}.

Let us now analyze how a potential exploration schedule for G can look like. Recall that
for each time step t, the first connected component Ct,1 is monotonously shrinking, i.e.,
for t, t′ ∈ [L] with t ≤ t′ it holds that Ct,1 ⊇ Ct′,1. As the start vertex of the exploration
schedule is contained in the third connected component, this means that (i) any exploration
schedule cannot visit a first connected component as the connected component Ct,1 never
has a non empty intersection with any connected component Ct−1,ℓ for 1 < t ≤ L, and ℓ ̸= 1.

Further, recall that the fifth connected component Ct,5 is monotonously growing, i.e.,
for t, t′ ∈ [L] with t ≤ t′ it holds that Ct,1 ⊆ Ct′,1. Therefore, (ii) an exploration schedule
cannot leave any fifth connected component.

Now consider the vertex ĉ. For all time steps t ∈ [L − 1], this vertex is contained in the
first connected component Ct,1 and therefore not reachable from the start vertex. The only
time step in which ĉ is in another connected component is the last time step t = 2n + 1
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in which ĉ is contained in the third connected component Ct,3 together with the variable
vertices. As an exploration schedule need to reach ĉ and ĉ is never contained in a fifth
connected component, observation (ii) implies, that we must never enter a fifth connected
component. As all elements in {x̂i | xi ∈ X} ∪ {x̂} do only appear in a first, third or fifth
connected component, observation (i) implies that (iii) we need to visit them in a third
connected component.

We further need to visit all elements in {c1, c2, . . . , cm}. Assume, we visit some of them
for the first time in some second connected component in a time step t. By the construction
of G, the second connected component is only reachable from a third or fourth connected
component in an odd time step. Note that the odd time step t is the only time step in which
the control vertex x̂ t−1

2
is contained in a third connected component. As by assumption the

exploration schedule visits the second connected component in time step t it will not visit
x̂ t−1

2
in time step t. But observation (iii) implies that then, x̂ t−1

2
cannot be reached during

the remaining walk. Hence, any exploration schedule cannot visit any second connected
component and the vertices {c1, c2, . . . , cm} must be visited in a third or fourth connected
component in an even time step.

We already observed that any exploration schedule must be in the third component in any
odd time step. From this component, it is only possible to visit some vertex cj by traversing
to a component containing a literal that is contained in cj . In each even time step t, it is
possible to visit those clause vertices cj that contain a literal from the variable x t

2
. Thereby,

we can either visit those containing the positive literal, or those containing the negative literal.
An exploration schedule visiting all clause vertices {c1, c2, . . . , cm} thereby corresponds to a
satisfying variable assignment for φ. Conversely, a satisfying variable assignment for φ gives
us an exploration schedule for G by traversing to the component containing the satisfied
literal of the variable xi in time step x2i. ◀

We now shift our focus to restricting the graph class of the underlying graph. We show
that NS-TEXP is NP-hard restricted to temporal graphs where the underlying graph is
a tree consisting of two stars connected with an edge, or in other words, trees of diameter
three. The vertex cover number of such trees is two. With a simple adaptation of the
construction, we obtain that NS-TEXP is NP-hard even if every edge appears at most once,
or is non-present in at most one time step and the underlying graph is a tree.

▶ Theorem 6 (⋆). 1 NS-TEXP is NP-complete for temporal graphs even if:
the underlying graph consists of two stars connected with a bridge, or
every edge of the input temporal graph appears at most once, or
the underlying graph is a tree and every edge is not present in at most one time step

For the combined parameter γ + L, there exists a trivial FPT-algorithm for the problem
k-arb NS-TEXP (and so for NS-TEXP) as this parameter bounds the size of a search
tree, where γ is the branching factor and L is the depth of the tree. In this tree we consider
for each time step all connected components that are reachable from the current connected
component, starting with the component containing the start vertex v.

▶ Observation 7. k-arb NS-TEXP can be solved in O(γLnO(1)) time.

1 The proofs of the claims marked with (⋆) are omitted in this extended abstract and are available in the
full arXiv version [3].

IPEC 2023



1:10 Kernelizing Temporal Exploration Problems

In contrast, using a reduction from Hitting Set, we obtain that NS-TEXP does not have
a polynomial kernel in the same parameter γ + L unless NP ⊆ coNP/poly. In fact, we show
a stronger statement: if γ is constant, there does not exists a polynomial kernel in L.

▶ Theorem 8 (⋆). Unless NP ⊆ coNP/poly, there does not exist a polynomial kernel for
NS-TEXP in the parameter L for any constant γ ≥ 6.

The size of an instance of NS-TEXP can be bounded by n2 × L and there exists FPT
algorithms in the parameter L as well as in the parameter n [20]. We already showed that
under standard complexity assumptions, there does not exists a polynomial kernel for the
parameter L. The next result is obtained by a cross-composition from NS-TEXP into itself.

▶ Theorem 9 (⋆). Unless coNP ⊆ NP/poly, NS-TEXP does not admit a polynomial kernel
parameterized by n.

In [20] an FPT-algorithm based on color coding is given for the problem k-arb NS-TEXP
with parameter k. We obtain in the following that k-arb NS-TEXP parameterized by
L is W[1]-hard by a reduction from multicolored independent set. We thereby answer an
open question from [20]. This hardness contrasts the FPT-algorithm in parameter L for the
problem NS-TEXP. We further obtain that k-arb NS-TEXP does not admit a polynomial
kernel in L + k unless coNP ⊆ NP/poly. This result is based on a cross-composition from the
problem k-arb NS-TEXP to itself.

▶ Theorem 10 (⋆). k-arb NS-TEXP is W[1]-hard parameterized by L.

▶ Theorem 11 (⋆). Unless coNP ⊆ NP/poly k-arb NS-TEXP does not admit a polynomial
kernel parameterized by k + L.

4 Polynomial Kernel for Bounded Number of Edge Appearances

In the field of static graphs, trees are nice structures that often lead to efficient algorithms.
Building on this fact, structural parameters, like treewidth, defining a distance to trees were
successfully introduced and used to design efficient algorithms. Unfortunately, we have seen
in Theorem 6 that even when the underlying graph is a tree with vertex cover number 2
the problems we consider remain NP-hard. Therefore, in this section, we introduce a new
structural parameter p(G) which, intuitively, characterises how far G is from being a tree
in which each edge appears exactly once. Using this new parameter, we investigate the
complexity of k-arb NS-TEXP.

We restate the definition of p(G). Recall that for a temporal graph G = (G1, . . . , GL),
we write m =

∑L
i=1 |E(Gi)|. Observe that if m < n − 1, then the underlying graph G of G

is disconnected. Let X be the set of vertices of the connected component of G containing
the source vertex v. Then, k-arb NS-TEXP for G is equivalent to k-arb NS-TEXP for
the temporal graph G[X] = (G1[X], . . . , GL[X]). Hence, we can assume that the underlying
graph is connected and m ≥ n − 1. This allows us to consider the above-guarantee parameter
p(G) = m− n + 1. We show that k-arb NS-TEXP admits a polynomial kernel in p(G) when
the underlying graph is connected. In fact, we give a kernel for a more general variant of the
problem with vertex weights called Weighted k-arb NS-TEXP.

The starting point of our kernelization algorithm is a polynomial time algorithm for
Weighted k-arb NS-TEXP on temporal graphs in which each edge appears exactly once
and the underlying graph is a tree (Lemma 14). In addition to this algorithm, the crucial
observation that leads to a kernel is that the underlying graph of the input temporal graph
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X

v

Figure 1 Structure of the underlying graph G of a temporal graph G when the parameter
p = m − n + 1 is bounded. Here |X| ≤ 4p. (See Lemma 13.)

has a feedback edge set of bounded size (Lemma 12). By combining this observation and the
fact that there is a bounded number of edges repetitions, we show that the input temporal
graph G has some specific structure. Namely, there exists a core set X ⊆ V (G) of vertices
of bounded size such that the underlying graph of the remaining graph G − X is a forest
F with the following property. In G − X, each edge appears exactly once and each tree of
F is connected to X by at most two edges (see Figure 1 and Lemma 13). For each tree
T in F , depending on its structure and its interaction with X, we are able to describe all
possible ways an exploration can visit some of the vertices of T . Using the polynomial time
algorithm for trees in which edges appear only once, we can then compute the maximum
weight contributed by the vertices in T for each of those cases and design a gadget of constant
size that simulates the original tree T . Thereby, the gadget keeps the information of how
many vertices, respectively vertex weights, were reachable in T and is the reason why we need
to work with the weighted version of k-arb-NS-TEXP. This gives us several reduction rules
(Reduction Rule 1-4). To conclude the kernel, we show that after applying these reduction
rules exhaustively, the obtained temporal graph has linear size in p (Claim 18). Lastly, by
using an algorithm proposed by Frank and Tardos (Proposition 15), we can bound the size
of the obtained weights on the vertices by O(p4).

Throughout this section we assume that the temporal graphs under consideration have
connected underlying graphs. Let G = (G1, . . . , GL) be a temporal graph and G its underlying
graph. For e ∈ E(G), we denote by A(e) = {t : e ∈ E(Gt) for 1 ≤ t ≤ L} and set
m(e) = |A(e)|. Note that m(G) =

∑
e∈E(G) m(e).

By Observation 1, an instance (G, w, v, k) of Weighted k-arb NS-TEXP is a yes-
instance if and only if the underlying graph G has a monotone (v, x)-walk W for some
x ∈ V (G) such that w(V (W )) ≥ k. Slightly abusing notation, we write w(W ) instead of
w(V (W )) for the total weight of vertices visited by a walk.

We start by showing that the underlying graph has a feedback edge set of bounded size.
Recall that a set of edges S ⊆ E(G) is a feedback edge set of a graph G, if G − S is a forest.
Let G = (G1, . . . , GL) be a temporal graph and let p = m − n + 1. We denote by R the set
of edges of the underlying graph G appearing at least twice in G. We refer to the edges of R

as red. We set B = E(G) \ R and call the edges of B blue.

▶ Lemma 12 (⋆). Let G be a temporal graph and let p = m − n + 1. Then, the underlying
graph G of G has a feedback edge set S of size at most p such that every red edge is in S.

Lemma 12 implies that G has a special structure that is used in our algorithm (see Figure 1).
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1:12 Kernelizing Temporal Exploration Problems

▶ Lemma 13. Let G be a temporal graph with the underlying graph G and let p = m − n + 1.
Let also v ∈ V (G). Then, there is a set of vertices X ⊆ V (G) of size at most 4p such that
(i) v ∈ X, (ii) every red edge is in G[X], (iii) G−E(G[X]) is a forest and (iv) each connected
component T of G − X is a tree with the properties that each vertex x ∈ X has at most one
neighbor in T and
(a) either X has a unique vertex x that has a neighbor in T ,
(b) or X contain exactly two vertices x and y having neighbors in T .
Furthermore, if q is the number of connected components T of G − X satisfying (b), then
q ≤ 4p − 1 and G[X] has at most 5p − q − 1 edges.

Proof. By Lemma 12, G has a feedback edge set S of size at most p containing all red edges.
We define Y = {v} ∪ {x ∈ V (G) | x is an endpoint of an edge of S}. Note that |Y | ≤ 2p + 1.
Consider the graph G′ obtained from G by the iterative deletion of vertices of degree one
that are not in Y . Because S is a feedback edge set, we obtain that H = G′ − S is a forest
such that every vertex of degree at most one is in Y . It is a folklore knowledge that any tree
with ℓ ≥ 2 vertices of degree one (leaves) has at most ℓ − 2 vertices of degree at least three.
This implies that the set Z of vertices of H with degree at least three has size at most 2p − 1.
We define X = Y ∪ Z. By the construction, |X| ≤ 4p and (i)–(iv) are fulfilled.

Let q be the number of connected components T of G − X satisfying (b). Consider the
multigraph G′′ obtained from G[X] by the following operation: for each connected component
T of G−X satisfying (b), where x and y are the vertices of X having neighbors in T , add the
edge xy to G[X] and make it a multi-edge if xy ∈ E(G[X]). Because of (iii), G′′ − E(G[X])
is a tree on |X| vertices, therefore, we have that q ≤ |X| − 1 ≤ 4p − 1. Because G has a
feedback edge set of size at most p, G′′ has the same property. Therefore, G′′ has at most
|X| − 1 + p ≤ 5p − 1 edges. Hence, G[X] has at most 5p − q − 1 edges. ◀

We show that Weighted k-arb NS-TEXP can be solved in polynomial time if each
edge appears exactly once and the underlying graph is a tree. If an edge e appears exactly
once, then we use t(e) to denote the unique element of A(e).

▶ Lemma 14. There is an algorithm running in O(n + L) time that, given a temporal graph
T = (F1, . . . , FL) such that its underlying graph T is a tree with m(e) = 1 for each e ∈ E(T ),
a weight function w : V (T ) → N>0 and two vertices x, y ∈ V (T ), either finds the maximum
weight of a monotone (x, y)-walk W in T or reports that such a walk does not exist.

Proof sketch. The algorithm works as follow. Consider the unique (x, y)-path P in T . Let
P = v0, e1, v1, . . . , er, vr in T with x = v0 and y = vr. As each edge e can only be crossed
in the single time step t(e), there exists a monotone (x, y)-walk W in T if and only if P is
monotone. Suppose P is monotone. For i ∈ [r], let ti = t(ei), t0 = 0 and tr+1 = L. Let
i ∈ {0, . . . , r}. Because edges cannot be crossed in two different time steps, any (x, y)-walk
needs to be on vi between time step ti and ti+1. Therefore, for any time step ti ≤ t ≤ ti+1,
an (x, y)-walk can only visit the vertices of Ct(vi), where Ct(vi) correspond to the connected
components of Ft containing vi, and the set U(vi) =

⋃
ti≤t≤ti+1

V (Ct(vi)) corresponds to all
vertices that can be visited while waiting on vi. Thereby, a (x, y)-walk of maximum weight
visits exactly the vertices of U = ∪i∈{0,...r}U(vi). By the preconditions, the number of edges
over all snapshots is n − 1. By using a BFS we can find the connected component containing
a specific vertex in time linear in the size of the component. Therefore, we can construct U

and compute its weight in time O(n + L). ◀

To reduce the vertex weights in our kernelization algorithm, we use the approach proposed
by Etscheid et al. [21] that is based on the result of Frank and Tardos [23].
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▶ Proposition 15 ([23]). There is an algorithm that, given a vector w ∈ Qr and an integer N ,
in polynomial time finds a vector w ∈ Zr with ∥w∥∞ ≤ 24r3

Nr(r+2) such that sign(w · b) =
sign(w · b) for all vectors b ∈ Zr with ∥b∥1 ≤ N − 1.

Now we are ready to prove the main result of the section. We recall that a pair (P, Q) of
subsets of V (G) is called a separation of G if P ∪ Q = V (G) and there is no edge xy with
x ∈ P \ Q and y ∈ Q \ P . The set P ∩ Q is a separator and |P ∩ Q| is called the order of a
separation (P, Q). If a separation has order one, then the single vertex of P ∩ Q is called a
cut-vertex and we say that this vertex is a separator. Notice that it may happen that P ⊆ Q

or Q ⊆ P and we slightly abuse the standard notation, as in these cases necessarily P ∩ Q

does not separate G. We also recall that an edge cut of G is a partition (P, Q) of V (G) and
the edge cut-set is the set of all edges xy for x ∈ P and y ∈ Q.

▶ Theorem 16. Weighted k-arb NS-TEXP parameterized by p = m − n + 1 admits
a kernel of size O(p4) for connected underlying graphs such that for the output instance
(G = (G1, . . . , GL), w, v, k), G has O(p) vertices and edges, and L ∈ O(p).

Proof sketch. Let (G = (G1, . . . , GL), w, v, k) be an instance of Weighted k-arb NS-
TEXP and let p = m − n + 1. Let also G be the underlying graph of G and let R be
the set of red edges. We describe our kernelization algorithm as a series of reduction rules
that are applied exhaustively whenever it is possible to apply a rule. The rules modify
G = (G1, . . . , GL) and w. Whenever we say that a rule deletes a vertex x, this means that x

is deleted from G1, . . . , GL and G together with the incident edges. Similarly, whenever we
create a vertex, this vertex is added to every graph Gi for i ∈ [L] and G. When we either
delete or add an edge, we specify Gi where this operation is performed and also assume that
the corresponding operation is done for G.

To describe the first rule, we need some auxiliary notation. Let (P, Q) be a separation of
G of order one with a cut-vertex x. We say that (P, Q) is important if

(i) G[P ] is a tree with at least two vertices,
(ii) the start vertex v is in Q and R ⊆ E(G[Q]), and
(iii) P is an inclusion-maximal set satisfying (i) and (ii).

Suppose that (P, Q) is an important separation of G with a cut-vertex x. Let a, b ∈ [L].
Then, there is a separation (P1, P2) of H = G[P ] with x being the cut-vertex such that for
any y ∈ NH(x), y ∈ P1 if and only if a ≤ t(xy) ≤ b and, moreover, (P1, P2) is unique. We
use T[a,b] to denote the temporal graph (G1[P1], . . . , GL[P1]) and T[a,b] = G[P1]. Observe
that T[a,b] may be a single-vertex temporal graph containing only x. We write T(a,b) (T[a,b)
and T(a,b], respectively) for T[a+1,b−1] (T[a,b−1] and T[a+1,b], respectively) and we use the
corresponding notation for the underlying trees. We also write Ta and Ta instead of T[a,a]
and T[a,a]. Given an important separation (P, Q) of G with a cut-vertex x, we denote
A(Q) =

⋃
y∈NG[Q](x) A(xy). We say that i, j ∈ A(Q) are consecutive if i < j and there is no

t ∈ A(Q) such that i < t < j.
Observe that as cut-vertices and blocks of a graph can be found in linear time by standard

algorithmic tools (see, e.g., [11]), all important separations can be listed in linear time.
Given a cut vertex x such that one side T of the important separation is a tree, then an

optimal exploration can either enter and exit T by x or end in some vertex of T . In both
cases, using the algorithm from Lemma 14 we can compute the optimal exploration of T and
replace T − x by 2 vertices simulating those two options giving us the first reduction rule.
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▶ Reduction Rule 1. If there is an important separation (P, Q) of G with a cut-vertex x

such that either there is i ∈ A(Q) such that T = Ti has at least four vertices, or there are
consecutive i, j ∈ A(Q) such that T = T(i,j) has at least four vertices, or T = T[1,i) has at
least four vertices for i = min A(Q), or T = T(j,L] has at least four vertices for j = max A(Q),
then do the following for T and the underlying tree T (see Figure 2):

Call the algorithm from Lemma 14 and compute the maximum weight w1 of a monotone
(x, x)-walk in T and the maximum weight w2 of a monotone (x, y)-walk, where maximum
is taken over all y ∈ V (T ). Set t = minu∈NT (x) t(xu).
Delete the vertices of T in G except x, create a new vertex y, make it adjacent to x in Gt

and set w(y) = w1 − w(x).
If w2 > w1, then create a new vertex z, make it adjacent to y in GL and set w(z) = w2−w1.

zQ Qx x y

Figure 2 The application of Reduction Rule 1.

To state the next rules, we define edge cuts that are important for our algorithm. We say
that an edge cut (P, Q) of G is important if

(i) the edge-cut set is of size two and consists of edges with distinct endpoints,
(ii) G[P ] is a tree, and
(iii) v ∈ Q and R ⊆ E(G[Q]).
Given an important edge cut (P, Q) with an edge cut-set {x1y1, x2y2}, where x1, x2 ∈ P ,
there is the unique (x1, x2)-path S in the tree G[P ]. We say that the path y1, y1x1, S, x2y2, y2
is the backbone of the edge cut. We also denote TP,Q = (G1[(P ∪{y1, y2})]−y1y2, . . . , GL[P ∪
{y1, y2}] − y1y2). Note that the underlying graph T of TP,Q is a tree and the unique
(y1, y2)-path in T is the backbone.

Observe that all important edge cuts can be found in polynomial time. The next three
reduction rules reduce the length of backbones. We begin by deleting irrelevant edges.

Rule 3

Q v0

v3

v1

v2

Q v0

v3

v1

v2

Q v0

v2

v3

v1
Rule 2

Figure 3 The application of Reduction Rule 2 and Reduction Rule 3.

▶ Reduction Rule 2. If there is an important edge cut (P, Q) of G with a backbone
v0, e1, v1, e2, v2, e3, v3 such that t(e1) > t(e2) and t(e3) > t(e2), then modify G and G by
deleting e2 from Gt(e2) (see Figure 3). Furthermore, if the obtained underlying graph G is
disconnected, then delete the vertices of the (unique) connected component that does not
contain the source vertex v.

The next rule aims at consecutive edges in backbones that occur in the same Gt.
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▶ Reduction Rule 3. If there is an an important edge cut (P, Q) of G with a backbone
v0, e1, v1, e2, v2, e3, v3 such that t(e1) = t(e2), then modify G and G by deleting e2 from Gt(e1)
and adding v0v2 in Gt(e1) (see Figure 3).

y3

Q Q
v1

v2

v3
v4v5

v0 v0

v5

u1

u2

u3

y1

Figure 4 The application of Reduction Rule 4.

It remains to shorten monotone backbones.

▶ Reduction Rule 4. If there is an important edge cut (P, Q) of G with a backbone
v0, e1, . . . , e5, v5 such that t(e1) < · · · < t(e5), then modify G and G by doing the following
for T = TP,Q with its underlying tree T (see Figure 4):

Call the algorithm from Lemma 14 and compute the maximum weight w1 of a monotone
(v0, v0)-walk in T , the maximum weight w2 of a monotone (v0, v5)-walk and the maximum
weight w3 of a monotone (v5, v5)-walk.
Delete the vertices of V (T ) \ {v0, v5}, create new vertices u1, u2, u3, make u1 adjacent to
v0 in Gt(e1), make u2 adjacent to u1 and u3 in Gt(e2) and Gt(e4), respectively, and make
u3 adjacent to v5 in Gt(e5).
Set w(u1) = w1 − w(v0), w(u3) = w3 − w(v5) and w(u2) = w2 − w1 − w3.
Call the algorithm from Lemma 14 and compute the maximum weight w0 of a monotone
(v0, u)-walk in T − v5, where the maximum is taken over all u ∈ V (T ) \ {v5}. Create a
vertex y1, make y1 adjacent to u1 in Gt(e3) and set w(y1) = w0 − w(v0) − w(u1) − w(u2).
Call the algorithm from Lemma 14 and compute the maximum weight w5 of a monotone
(v5, u)-walk in T , where the maximum is taken over all u ∈ V (T ). If w5 > w3, then create
a vertex y3, make y3 adjacent to u3 in GL and set w(y3) = w5 − w(v5) − w(u3).

We observe that by the definitions of Rules 1–4, we immediately obtain the following claim.

▷ Claim 17. Rules 1–4 do not increase the parameter p = m − n + 1.

After applying Rules 1–4, the graph has bounded size.

▷ Claim 18. If Rules 1–4 are not applicable, then |V (G)| ≤ 324p and |E(G)| ≤ 326p.

The bound on the number of edges of G allows to reduce the value of L.

▶ Reduction Rule 5. If there is t ∈ [L] such that Gt has no edge, then delete Gt from G.

After applying this rule L ≤ 326p as |E(G)| ≤ 326p.
Our last aim is to reduce the weights. For this, we use the algorithm from Proposition 15.

Let n = |V (G)| and let V (G) = {v1, . . . , vn}. We define r = n + 1 and consider the vector
w = (w0, w1, . . . , wn)⊺ ∈ Zr, where w0 = k and wi = w(vi) for i ∈ [n].

▶ Reduction Rule 6. Apply the algorithm from Proposition 15 for w and N = r + 1 and
find the vector w = (w0, . . . , wn). Set k := w0 and set w(vi) := wi for i ∈ [n].
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To see that the rule is safe, let k′ = w0 and let w′(vi) = wi for i ∈ [n]. Note that by
the choice of N , for each vector b ∈ {−1, 0, 1}r, we have that sign(w · b) = sign(w · b). This
implies that the new weights w′(x) and k′ are positive integers and for every U ⊆ V (G),
w(U) ≥ k if and only if w′(U) ≥ k′.

By Proposition 15, we obtain that k ≤ 24n3(n + 2)(n+1)(n+2) and the same upper bound
holds for w(x) for every x ∈ V (G). Because |V (G)| = O(p), we have that we need O(p3)
bits to encode k and the weight of each vertex. Then, the total bit-length of the encoding of
the weights and k is O(p4). Taking into account that |V (G)| = O(p), |E(G)| = O(p) and
L = O(p), we conclude that we obtained a kernel of size O(p4).

Because important separations and important edge cuts can be found in polynomial
time and the algorithm from Lemma 14 is polynomial, we have that Rules 1–4 can be
exhaustively applied in polynomial time. It is trivial that Reduction Rule 5 can be applied
in polynomial time. Because the algorithm from Proposition 15 is polynomial, Reduction
Rule 6 requires polynomial time. Therefore, the overall running time of our kernelization
algorithm is polynomial. This concludes the proof. ◀

In [20], Erlebach and Spooner proved that NS-TEXP can be solved in O(2nLn3) time.
This fact together with Theorem 16 implies the following corollary.

▶ Corollary 19. Weighted k-arb NS-TEXP parameterized by p = m− n + 1 can be solved
in 2O(p)(nL)O(1) time on temporal graphs with connected underlying graphs.

Conclusion

We initiated the study of polynomial kernels for exploration problems on temporal graphs.
We showed that for the problems NS-TEXP, k-arb NS-TEXP, and Weighted k-arb-NS-
TEXP, unless NP ⊆ coNP/poly, there does not exist a polynomial kernel for the parameters
number of vertices n, lifetime L, and number of vertices to visit k; and for the combined
parameters L + k, L + γ, and k + γ, where γ is the maximal number of connected components
per time step. In fact, by a straight forward reduction that repeats each snapshot sufficiently
many times, all of our hardness results, that do not involve the parameter L, carry over to
the strict settings TEXP and k-arb TEXP where a temporal exploration traverses at most
one edge per time step. We showed that the temporal exploration problems remain NP-hard
restricted to temporal graphs where the underlying graph is a tree of diameter three. From
a parameterized complexity point of view, this eliminates most of the common structural
parameters considered on the underlying graph. Nonetheless, we were able to identify a
new parameter of a temporal graph p(G) =

∑L
i=1(|E(Gi)|) − |V (G)| + 1 that captures how

close the temporal graph is to a tree where each edge appears exactly once. Our parameter
can also be seen as a notion of sparsity for temporal graphs. For this parameter p(G), we
were able to obtain a polynomial kernel for Weighted k-arb NS-TEXP. Using simplified
reduction rules, we can obtain a kernel of linear size for NS-TEXP. While the reduction
from NS-TEXP to TEXP blows up the parameter p(G), our reduction rules can still be
adapted to obtain polynomial kernels for the strict variants of the considered exploration
problems. The natural next step would be to evaluate how useful our parameter is for other
problems on temporal graphs.
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