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Abstract
The twin-width of a graph measures its distance to co-graphs and generalizes classical width concepts
such as tree-width or rank-width. Since its introduction in 2020 [13, 12], a mass of new results
has appeared relating twin width to group theory, model theory, combinatorial optimization, and
structural graph theory.

We take a detailed look at the interplay between the twin-width of a graph and the twin-width
of its components under tree-structured decompositions: We prove that the twin-width of a graph is
at most twice its strong tree-width, contrasting nicely with the result of [7, 6], which states that
twin-width can be exponential in tree-width. Further, we employ the fundamental concept from
structural graph theory of decomposing a graph into highly connected components, in order to
obtain optimal linear bounds on the twin-width of a graph given the widths of its biconnected
components. For triconnected components we obtain a linear upper bound if we add red edges to
the components indicating the splits which led to the components. Extending this approach to
quasi-4-connectivity, we obtain a quadratic upper bound. Finally, we investigate how the adhesion
of a tree decomposition influences the twin-width of the decomposed graph.
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1 Introduction

Twin-width is a new graph parameter introduced in [13, 12]. Since its introduction it has
gained considerable attention. The twin-width1 of a graph G, denoted by tww(G), is the
minimum width over all contraction sequences of G and a contraction sequence of G is
roughly defined as follows: we start with a discrete partition of the vertex set of G into n

singletons where n is the order of G. Now we perform a sequence of n − 1 merges, where in
each step of the sequence precisely two parts are merged causing the partition to become
coarser, until eventually, we end up with just one part – the vertex set of G. Two parts of
a partition of V (G) are homogeneously connected if either all or none of the possible cross

1 We refer to the preliminaries of this paper (subsections graphs and trigraphs as well as twin-width) for
an equivalent definition of twin-width which is based on merging vertices instead of vertex subsets.
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25:2 Twin-Width of Graphs with Tree-Structured Decompositions

edges between the two parts are present in G. The red degree of a part is the number of
other parts to which it is not homogeneously connected. Finally, the width of a contraction
sequence is the maximum red degree amongst all parts of partitions arising when performing
the sequence.

In [13, 12] the authors show that twin-width generalizes other width parameters such as
rank-width, and, hence also clique-width and tree-width. Furthermore, given a graph H, the
class of H-minor free graphs has bounded twin-width and FO-model checking is FPT on
classes of bounded twin-width, see [13, 12]. Many combinatorial problems which are NP-hard
in general allow for improved algorithms if the twin-width of the input graph is bounded
from above and the graph is given together with a width-minimal contraction sequence [9, 8].

Motivation. To decompose a graph into smaller components and estimate a certain parame-
ter of the original graph from the parameters of its components is an indispensable approach
of structural graph theory, which serves in taming branch-and-bound trees as well as for
theoretical considerations because it allows for stronger assumptions (i.e., high connectivity)
on the considered graphs. There are various ways to decompose a graph, e.g., bi-, tri-,
or quasi-4-connected components, tree decompositions of small adhesion (the maximum
cardinality of the intersection of to adjacent bags), modular decomposition, or decomposition
into the factors of a graph product.

So far there is no detailed analysis of the relation between the twin-width of a graph
and the twin-width of its biconnected, triconnected, or quasi-4-connected components. The
only result towards (k-)connected components is the basic observation that the twin-width
of a graph is obviously the maximum over the twin-width over its (1-connected) components.
While there already exists a strong analysis of the interplay of tree-width and twin-width
(cf. [19, 20]), it is still open how twin-width behaves with respect to the adhesion of a given
tree decomposition, which can be significantly smaller than the tree-width of a graph (as an
example, consider a graph whose biconnected components are large cliques – the adhesion
is 1 whereas the tree-width is the maximum clique size). Further, there exist many variants
of tree-width, for example, strong tree-width [23, 16] for which the interplay with twin-width
has not yet been discussed in the literature.

Our results. We prove the following bound on the twin-width of a graph:

▶ Theorem 1. If G is a graph of strong tree-width k, then

tww(G) ≤ 3
2k + 1 + 1

2(
√

k + ln k +
√

k + 2 ln k).

This is a strong contrast to the result of [7, 6] that twin-width can be exponential in
tree-width. We further provide a class of graphs which asymptotically satisfies that the
twin-width equals the strong tree-width. Further, we investigate how to bound the twin-width
of a graph in terms of the twin-width of its highly connected components starting with
biconnected components.

▶ Theorem 2. If G is a graph with biconnected components C1, C2 . . . , Cℓ, then

max
i∈[ℓ]

tww(Ci) ≤ tww(G) ≤ max
i∈[ℓ]

tww(Ci) + 2.

Next, we consider decompositions into triconnected components:
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▶ Theorem 3. Let C1, C2, . . . , Cℓ be the triconnected components of a biconnected graph G.
For i ∈ [ℓ] we construct a trigraph Ci from Ci as follows: all virtual edges2 of Ci are colored
red and all other edges remain black. If Ci contains parallel edges, then we remove all but
one of the parallel edges such that the remaining edge is red whenever one of the parallel
edges was red. Then

tww(G) ≤ max
(

8 max
i∈[ℓ]

tww(Ci) + 6, 18
)

.

Similarly clean decompositions into k-connected graphs with k > 3 cannot exist [14, 15];
but we move on one more step and consider the twin-width of a graph with respect to its
quasi-4 connected components, introduced by [14, 15].

▶ Theorem 4. Let G be a triconnected graph with quasi-4-connected components
C1, C2, . . . , Cℓ.
1. For i ∈ [ℓ] we construct a trigraph Ĉi by adding for every 3-separator S in Ci along

which G was split a vertex vS which we connect via red edges to all vertices in S. Then

tww(G) ≤ max
(

8 max
i∈[ℓ]

tww(Ĉi) + 14, 70
)

.

2. For i ∈ [ℓ], we construct a trigraph Ci by coloring all edges in 3-separators in Ci along
which G was split red. Then

tww(G) ≤ max
(

4 max
i∈[ℓ]

(
tww(Ci)2 + tww(Ci)

)
+ 14, 70

)
.

For the general case of tree decompositions of bounded adhesion, we get the following:

▶ Theorem 5. For every k ∈ N there exist explicit constants Dk and D′
k such that for

every graph G with a tree decomposition of adhesion k and parts P1, P2, . . . , Pℓ, the following
statements are satisfied:
1. For each Pi, we construct a trigraph P̂i by adding for each adhesion set S in Pi a new

vertex vS which we connect via red edges to all vertices in S. Then

tww(G) ≤ 2k max
i∈[ℓ]

tww(P̂i) + Dk.

2. Assume k ≥ 3. For each Pi, we construct the torso P i by completing every adhesion set
in Pi to a red clique. Then

tww(G) ≤ 2k

(k − 1)! max
i∈[ℓ]

tww(P i)k−1 + D′
k.

Finally, we refine the result of [19, 20], where the authors bound the twin-width of a
graph given its tree-width.

▶ Theorem 6. Let G be a graph with a tree decomposition of width w and adhesion k. Then

tww(G) ≤ 3 · 2k−1 + max(w − k − 2, 0).

2 That is, the pairs of vertices along which G was split to obtain the triconnected components.
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25:4 Twin-Width of Graphs with Tree-Structured Decompositions

Bounding the red degree of decomposition trees. The underlying structure of all the
decompositions that we consider in this paper is a tree. We generalize the optimal contraction
sequence (cf. [3, 2]) for trees which works as follows: choose a root for the tree. If possible,
choose two sibling leaves and contract them (which implies a red edge from the new vertex
to its parent). Whenever a parent is joined to two of its leaf-children via red edges, these
two children are merged. This ensures that the red degree of any parent throughout the
whole sequence never exceeds 2. If there are no sibling leaves, then choose a leaf of highest
distance to the root and contract it with its parent. This yields a red edge between the new
merged vertex and the former grandparent. Repeat this until we end up with a singleton. We
preserve this idea in our proofs to ensure that at no point in time three distinct bag-siblings
contribute to the red degree of the vertices in their parent bag.

Further related work. A standard reference on tree-width is [5]. For the basics on graph
connectivity and decomposition we refer text books on graph theory such as [24]. The
twin-width of a graph given the twin-width of its modular decomposition factors (and in
particular, also the twin-width given the width of the factors of a lexicographical product)
already has been investigated in [11, 10]. In contrast to the linear-time solvable tree-width
decision problem [4] (for a fixed k: is the tree-width of the input graph at most k?), deciding
whether the twin-width of a graph is at most 4 is already NP-complete [3, 2]. The twin-width
of a graph in terms of its biconnected components has already been considered in [21], where
the author obtains a slightly weaker upper bound than Theorem 2.

Organization of the paper. We provide the preliminaries in Section 2. Our results on
strong tree-width can be found in Section 3. In Section 4 we prove new bounds on the
twin-width of a graph given the twin-widths of its highly connected components, and, we
generalize our approach to graphs which allow for a tree-decomposition of small adhesion.
Due to space limitations, some of the proofs are omitted. We refer to [17] for the full version
of this paper.

2 Preliminaries

For a natural number n, we denote by [n] the n-element set {1, . . . , n}. For a set A, we
write P(A) for the power set of A. For a natural number k ≤ |A|, we write

(
A
k

)
for the set of

k-element subsets of A.

Graphs and trigraphs. All graphs in this paper are finite, undirected and contain no loops.
For a graph G, we denote its vertex set by V (G) and its edge set by E(G). We write
|G| := |V (G)| for the order of G.

A trigraph is an undirected, edge-colored graph G with disjoint sets E(G) of black edges
and R(G) of red edges. We can interpret every graph as a trigraph by setting R(G) = ∅.
For a vertex subset A of a trigraph G, we denote by G[A] the subgraph induced on A and
by G − A the subgraph induced on V (G) \ A. For a vertex v ∈ V (G), we also write G − v

instead of G − {v}. If G is a graph, then the degree of a vertex v ∈ V (G) is denoted by dG(v)
(or d(v) if G is clear from context). For trigraphs, we write red-degG(v) for the red degree
of v, i.e., the degree of v in the graph (V (G), R(G)). We write ∆(G) or ∆red(G) for the
maximum (red) degree of a (tri-)graph G.

A multigraph is a graph where we allow multiple edges between each pair of vertices.
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Twin-width. Let G be a trigraph and x, y ∈ V (G) two distinct, not necessarily adjacent
vertices of G. We contract x and y by merging the two vertices to a common vertex z, leaving
all edges not incident to x or y unchanged, connecting z via a black edge to all common black
neighbors of x and y, and via a red edge to all red neighbors of x or y and to all vertices which
are connected to precisely one of x and y. We denote the resulting trigraph by G/xy. A
partial contraction sequence of G is a sequence of trigraphs (Gi)i∈[k] where G1 = G and Gi+1
can be obtained from Gi by contracting two distinct vertices xi, yi ∈ V (Gi). By abuse of
notation, we also call the sequence (xiyi)i<|G| of contraction pairs a partial contraction
sequence. The width of a partial contraction sequence is the maximal red degree of all
graphs G1, . . . , Gk. If the width of a sequence is at most d, we call it a d-contraction sequence.
A (complete) contraction sequence is a partial contraction sequence whose final trigraph
is the singleton graph on one vertex. The minimum width over all complete contraction
sequences of G is called the twin-width of G and is denoted by tww(G). We often identify
a vertex v ∈ V (G) with the vertices in the graphs Gi that v gets contracted to and sets of
vertices with the sets of vertices they get contracted to.

Twin-width has many nice structural properties. For example, it is monotone with respect
to induced subgraphs: for every induced subgraph H ⊆ G it holds that tww(H) ≤ tww(G).
Moreover, the twin-width of a disconnected graph is just the maximum twin-width of its
connected components.

Tree decompositions and tree-width. Let G be a graph. A tree decomposition of G is a
pair T = (T, {Bi : i ∈ V (T )}) consisting of a tree T and a family (Bi)i∈V (T ) of subsets of
V (G), called bags satisfying the following conditions
1. every vertex of G is contained in some bag,
2. for every vertex v ∈ V (G), the set of tree vertices i ∈ V (T ) such that v ∈ Bi forms a

subtree of T ,
3. for every edge e ∈ E(G), there exists some bag which contains both endpoints of e.
The subgraphs G[Bi] are called the parts of the tree decomposition. The width of a tree-
decomposition is maxi∈V (T ) |Bi| − 1 and the minimum width over all tree decompositions
of G is the tree-width of G and is denoted by tw(G).

For an edge ij ∈ E(T ), the sets Bi ∩ Bj are the adhesion sets or separators of T and the
maximal size of an adhesion set is the adhesion of T . The graphs obtained from a part G[Bi]
by completing all adhesion sets Bi ∩ Bj to cliques is called the torso of G[Bi].

Strong tree-width. Strong tree-width, which is also called tree-partition width, is a graph
parameter independently introduced by [23] and [16]. A strong tree decomposition of a graph
G is a tuple (T, {Bi : i ∈ V (T )}) where T is a tree and {Bi : i ∈ V (T )} is a set of pairwise
disjoint subsets of V (G), one for each node of T such that
1. V (G) =

⋃
i∈V (T ) Bi and

2. for every edge uv of G there either exists a node i ∈ V (T ) such that {u, v} ⊆ Bi or there
exist two adjacent nodes i and j in T with u ∈ Bi and v ∈ Bj .

The sets Bi are called bags and maxi∈V (T ) |Bi| is the width of the decomposition. The
minimum width over all strong tree decompositions of G is the strong tree-width stw(G) of G.

The strong tree-width of a graph is bounded in its tree-width via tw(G) ≤ 2 stw(G) − 1,
see [25]. In the other direction, there is no bound: the strong-tree width of a graph is
unbounded in its tree-width [25]. However, it holds that stw(G) ∈ O(∆(G) · tw(G)), see [25].
Thus, for graphs of bounded degree, the two width notions are linearly equivalent.

IPEC 2023



25:6 Twin-Width of Graphs with Tree-Structured Decompositions

▶ Remark 7. In general, the strong tree-width is unbounded in the twin-width of a graph.
For example, consider a complete graph on 2n vertices. A width-minimal strong tree
decomposition of this graph has two bags, each containing n vertices. However the twin-
width of a complete graph is 0.

Highly connected components. A cut vertex of a graph G is a vertex v ∈ V (G) such
that G − v contains more connected components that G. A maximal connected subgraph
of G that has no cut vertex is a biconnected components of G. The block-cut-tree of G is
a bipartite graph where one part is the set of biconnected components of G and the other
part is the set of cut vertices of G and a biconnected component is joined to a cut vertex
precisely if the vertex is contained in the¨ component. This graph is a forest, and even a tree
if G is connected [24]. If we choose a biconnected component as a root of this tree, we can
restrict this tree structure to a tree structure on the biconnected components of G. Thus,
the decomposition of a graph into biconnected components can also be phrased as follows:

▶ Theorem 8 (see [24]). For every connected graph G, there exists a tree decomposition T of
G such that T has adhesion at most 1, and every part is either 2-connected or a complete graph
of order 2. Moreover, the set of bags of this tree decomposition is isomorphism-invariant.

Similarly, by splitting a graph at certain separators of size at most 2, we obtain the
following:

▶ Theorem 9 ([18]). For every 2-connected graph, there exists a tree decomposition T of G

such that T has adhesion at most 2, and the torso of every bag is either 3-connected, a
cycle, or a complete graph of order 2. Moreover, the set of bags of this tree decomposition is
isomorphism-invariant.

The triconnected components of G are multigraphs constructed from the torsos of this tree
decomposition. In this work, these multigraphs are not important and we also call the torsos
themselves triconnected components.

A similarly clean decomposition into 4-connected components arranged in a tree-like
fashion does not exist [14, 15]. This motivated Grohe to introduce the notion of quasi-
4-connectivity [14, 15]: A graph G is called quasi-4-connected if it is 3-connected and all
3-separators split off at most a single vertex. That is, for every separator S of size 3, the
graph G − S splits into exactly two connected components, at least one of which consists of
a single vertex. The prime example of quasi-4-connected graphs which are not 4-connected
are hexagonal grids. For quasi-4-connectivity, we once again get a tree-like decomposition
into components:

▶ Theorem 10 ([14, 15]). For every 3-connected graph G, there exists a tree decomposition T
of G such that T has adhesion at most 3, and the torso of every bag is either quasi-4-connected
or of size at most 4.

The torsos of this tree decomposition are called quasi-4-connected components of G.

3 Twin-width of graphs of bounded strong tree-width

▶ Theorem 1. If G is a graph of strong tree-width k, then

tww(G) ≤ 3
2k + 1 + 1

2(
√

k + ln k +
√

k + 2 ln k).
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Proof. For a graph H and a vertex subset U ⊆ V (H) a partial contraction sequence s of H

is a U -contraction sequence if only vertices of U are involved in the contractions in s and s is
of length |U |, that is, performing all contractions of s yields a partition of V (H) where U

forms one part and the rest of the parts are singletons. We denote the minimum width over
all U -contraction sequences of H by twwU (H).

Let T = (T, {Bi : i ∈ V (T )}) be a strong tree decomposition of G of width k. Fix r ∈ V (T )
and consider T to be a rooted tree with root r from now on. If a bag Bi contains only
one vertex v, then we set vi := v. We label all nodes i of T with |Bi| = 1 as merged.
All other nodes of T are labeled as unmerged. A node p of T is a leaf-parent if all of its
children are leaves. If Bi is a bag of T , then contracting Bi means to apply a width-minimal
Bi-contraction sequence and then relabel i as merged. After a contraction of two vertices u

and v to a new vertex x we update the strong tree decomposition T , that is, if u and v were
contained in the same bag, then we simply replace u and v by x. If, otherwise, u and v are

Algorithm 1 Contract(G, T = (T, {Bi, i ∈ V (T )})).

1 while |V (T )| ≥ 2 do
2 Choose a leaf ℓ which maximizes the distance to r

3 if the parent p of ℓ has two merged children ℓ1, ℓ2, then
4 contract vℓ1 with vℓ2 ,
5 update T
6 if ℓ is the only child of its parent p and ℓ is merged, then
7 contract Bp and denote the resulting vertex bp,
8 contract bp with vℓ,
9 update T

10 if amongst ℓ and its siblings there is an unmerged leaf ℓ′ and at most one merged
leaf, then

11 contract Bℓ′ ,
12 update T

13 Apply a width-minimal contraction sequence to the remaining graph.

contained in adjacent bags, then we remove u and v from its bags and insert x to the bag
which is closer to the root. If this causes an empty bag, we remove the bag as well as the
corresponding tree-vertex. Observe that updating preserves the strong tree-width. We claim
that the algorithm Contract merges G into a single vertex via a contraction sequence of
the required width.

First, we check that that the algorithm terminates. Observe that the root r is not part of
any of the contractions in the while-loop. In particular, as long as the loop is executed, there
exists at least one leaf-parent. In every iteration of the loop at least one of the if-conditions
is satisfied and hence, |V (G)| shrinks with every iteration, which proves that the algorithm
terminates with a singleton graph, that is, it provides a contraction sequence.

It remains to bound the width of the sequence. For a ∈ N we set f(a) := (a +
√

a + ln a +√
a + 2 ln a)/2. We will exploit the result of [19, 20] that an a-vertex graph has twin-width

at most f(a).
Let (Gi)i≤|G| be the contraction obtained by the algorithm. Fix i ∈ [|G|] and v ∈ Gi

and let Ti = (Ti, Bi) be the strong tree decomposition corresponding to Gi and Bj the bag
containing v in T .

IPEC 2023



25:8 Twin-Width of Graphs with Tree-Structured Decompositions

If j is neither a leaf, nor in a leaf-parent, nor the parent of a leaf-parent in Ti, then
red-deg(v) = 0.

Assume that j is a leaf of Ti, then all red edges incident to v are either internal edges
of Bj or joining v with a vertex of Bp where p is the parent of j in Ti. Since stw(G) ≤ k

there are at most k red edges of the latter form. Internal red edges of a bag may only
arise during a the contraction of this leaf-bag in Line 10. Since the corresponding partial
contraction sequence is chosen to be width-minimal and by the bound of [19, 20] we obtain
that red-degGi

(v) ≤ k + f(k).
Now assume that j is a leaf-parent in Ti. If the bag Bj of Ti was already contained in T ,

then there are no internal red edges in Bj and the only red edges incident to v are incident
to the vertices of precisely one leaf-bag, or, to the vertices of precisely two leaf-bags one of
which is merged. In each of the two cases, the red degree of v in Gi is bounded by k + 1.
Otherwise Bj is obtained during the contraction in Line 6. In this case, j has precisely one
child ℓ in Ti and ℓ is merged. Hence, j has at most k + f(k) + 1 red neighbors.

Finally, assume that j is neither a leaf nor a leaf-parent but parent of a leaf-parent in Ti.
Let j1, . . . , jh be the children of j in Ti. Observe that there are at most two children of j,
say, j1 and j2 such that v is joined to vertices of the corresponding bags and there are no
internal red edges in Bj . The only red edges incident to v are arsing during the contraction
of Bj1 or Bj2 in Line 6. Since first, one of the two children is contracted to one vertex before
any contraction in the other bag happens, the red degree of v is bounded by k + 1. ◀

▶ Lemma 11. There exists a family of graphs (Hn)n∈N such that limn→∞
tww(Hn)
stw(Hn) ≥ 1.

Proof. For each n ∈ N let Hn be the n-th Paley graph. Fix n ∈ N. It is known that
tww(Hn) = |V (Hn)|−1

2 , see [19, 20]. By distributing the vertices of Hn to two bags, one
of cardinality |V (Hn)|+1

2 , the other one of cardinality |V (Hn)|−1
2 , we obtain a strong tree

decomposition of Hn of width |V (Hn)|+1
2 . ◀

4 Twin-width of graphs with small separators

4.1 Biconnected components
We start our investigation of graphs of small adhesion by proving a bound on the twin-width
of graphs in terms of the twin-width of their biconnected components. This proof contains
many of the ideas we will generalize later to deal with tri- and quasi-4-connected components
as well as general graphs with a tree decomposition of bounded adhesion.

The main obstacle to constructing contraction sequences of a graph from contraction
sequences of its biconnected components is that naively contracting one component might
increase the red degree of the incident cut vertices in the neighboring components arbitrarily.
Thus, we need to find contraction sequences of the biconnected components not involving
the incident cut vertices.

Let G be a trigraph and P be a partition of G. Denote by G/P the trigraph obtained
from G by contracting each part of P into a single vertex. For a vertex v ∈ V (G) we denote
by P(v) the part of P that contains v. If P(v) ̸= {v}, then we obtain a refined partition Pv

by replacing P(v) in P by the two parts P(v) and {v}. Otherwise, we set Pv = P . Since G/P
can be obtained from G/Pv by at most one contraction, and one contraction of a trigraph
reduces the maximum red degree by at most 1 we have

∆red(G/Pv) ≤ ∆red(G/P) + 1. (1)
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▶ Lemma 12. For every trigraph G and every vertex v ∈ V (G),

twwV (G−v)(G) ≤ tww(G) + 1.

Proof. Let (P(i))i∈[|G|] be a sequence of partitions corresponding to a width-minimal con-
traction sequence of G. Further, let j be the maximal index with {v} ∈ P(j). Then (P(i))i∈[j]
is a partial tww(G)-contraction sequence which does not involve v, and by (1) the se-
quence (P(i)

v )i∈[|G|]\[j+1] is a partial (tww(G) + 1)-contraction sequence which contracts the
resulting trigraph until v and one further vertex remain. Combining these two sequences
yields the claim. ◀

▶ Theorem 2. If G is a graph with biconnected components C1, C2 . . . , Cℓ, then

max
i∈[ℓ]

tww(Ci) ≤ tww(G) ≤ max
i∈[ℓ]

tww(Ci) + 2.

Proof. The lower bound follows from the fact that all biconnected components are induced
subgraphs of G together with the monotonicity of twin-width.

For the upper bound we may assume that G is connected since the twin-width of
a disconnected graph is the maximum twin-width of its connected components [13, 12].
Consider the block-cut-tree of G, i.e., the tree T whose vertex set is the union of the
biconnected components of G and the cut vertices of G, where every cut vertex joined
to precisely those biconnected components containing it. In particular, the biconnected
components and the cut vertices form a bipartition of T .

We choose a cut vertex r as a root of T . For every biconnected components C ∈ V (T ),
we let vC be the parent of C in T .

To make our argument simpler, let Ĝ be the graph obtained from G by joining a new
vertex rv to every vertex v ∈ V (G) via a red edge. Similarly, for a biconnected component C,
we let Ĉ be the graph obtained from C by attaching a new vertex rv to every vertex v of C.
For each cut vertex c, we let Ĝc be the graph induced by Ĝ on the union of all blocks in the
subtree Tc of T rooted at c together with all vertices rv adjacent to these blocks.

We show that tww(Ĝ) ≤ maxi∈[ℓ] tww(Ci) + 2. The claim then follows since G is an
induced subgraph of Ĝ.

▷ Claim 13. For every biconnected component C of G,

tww
V (Ĉ−vC)(Ĉ) ≤ tww(C) + 2.

Proof of the Claim. By applying Lemma 12 to C and vC , we find a V (C − vC)-contraction
sequence S of C of width at most tww(C) + 1. We show how this contraction sequence
can be adapted to also contract the vertices rv for all cut vertices v incident to C. Indeed,
before every contraction vw of S, we insert the contraction of rv and rw. This keeps the
invariant that we never contract a vertex from C with a vertex rv, and further, every vertex
of C is incident to at most one vertex rv (or a contraction of those vertices). Moreover, the
red degree among the vertices rv also stays bounded by 2. The entire partial contraction
sequence constructed so far thus has width at most tww(C) + 2.

After applying this sequence, we end up with at most four vertices: vC , rvC
, the contraction

of C − vC and the contraction of all vertices rv for vertices v ̸= vC . As rvC
is only connected

to vC and the contraction of all other vertices rv is not connected to vC , these four vertices
form a path of length four. Thus, the contraction sequence can be completed with trigraphs
of width at most 2.‘ ◁
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Now, consider again the whole graph Ĝ and choose a leaf block C of T . We can apply
the partial contraction sequence given by the previous claim to Ĉ in Ĝ. Because we never
contract vC with any other vertex, this does not create red edges anywhere besides inside Ĉ.
Thus, it is still a partial (tww(C) + 2)-contraction sequence of Ĝ. Moreover, the resulting
trigraph is isomorphic to Ĝ−V (Ĉ −vC), i.e., the graph obtained from Ĝ by just removing the
biconnected component C (but leaving the cut vertex vC). By iterating this, we can remove
all biconnected components one after the other using width at most maxi∈[ℓ] tww(Ci) + 2.
Finally, we end up with just two vertices: The root cut vertex r, together with its red
neighbor rr, which we can simply contract. ◀

Note that the bounds in Theorem 2 are sharp even on the class of trees: the biconnected
components of a tree are just its edges which have twin-width 0. As there are trees both of
twin-width 0 and of twin-width 2, both the upper and the lower bound can be obtained.

▶ Corollary 14. Let C be a graph class closed under taking biconnected components. Then C
has bounded twin-width if and only if the subclass of 2-connected graphs in C has.

Moreover, Theorem 2 also reduces the algorithmic problem of computing or approximating
the twin-width of a graph to within some factor to the corresponding problem on biconnected
graphs.

4.2 Apices and contractions respecting subsets
To deal with adhesion sets of size at least 2, it no longer suffices to find contraction sequences
of the parts that just don’t contract vertices in the adhesion sets. Indeed, as those vertices can
appear parts corresponding to a subtree of unbounded depth, this could create an unbounded
number of red edges incident to vertices in adhesion sets. Instead, we want contraction
sequences that create no red edges incident to any vertices of adhesion sets.

For a trigraph G and a set of vertices A ⊆ V (G) of red degree 0, we say that a
partial sequence of d-contractions G = G0, G1, . . . , Gℓ respects A if Gi[A] = G[A] and
red-degGi

(a) = 0 for all i ≤ ℓ and a ∈ A. Thus, for every contraction xy in the sequence,
we have x, y /∈ A and N(x) ∩ A = N(y) ∩ A, which implies that the vertices in A are not
incident to any red edges all along the sequence.

A complete d-contraction sequence respecting A is a sequence of d-contractions that
respects A of maximal length, i.e., one whose resulting trigraph Gℓ does not allow a further
contraction respecting A. This is equivalent to no two vertices in V (Gℓ) \ A having the same
neighborhood in A. In particular, a complete contraction sequence respecting A leaves at
most 2|A| vertices besides A.

We write tww(G, A) for the minimal d such that there exists a complete d-contraction
sequence respecting A. For a single vertex v ∈ V (G), we also write tww(G, v) for tww(G, {v}).
Note that tww(G) = tww(G, ∅).

It was proven in [13, 12, Theorem 2] that adding a single apex to a graph of twin-width d

raises the twin-width to at most 2d + 2. The proof given there readily works in our setting
without any modifications.

▶ Theorem 15. Let G be a trigraph, v ∈ V (G) a vertex not incident to any red edges and
A ⊆ V (G) \ {v} a set of vertices. Then

tww(G, A ∪ {v}) ≤ 2 tww(G − v, A) + 2.
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▶ Corollary 16. Let G be a trigraph and A ⊆ V (G) a subset of vertices with red-deg(a) = 0
for all vertices a ∈ A. Then

tww(G, A) ≤ 2|A| tww(G) + 2|A|+1 − 2.

4.3 Tree decompositions of small adhesion
We are now ready to generalize the linear bound on the twin-width of a graph in terms of its
biconnected components to allow for larger separators of bounded size. This is most easily
expressed in terms of tree decompositions of bounded adhesion.

In all of the following two sections, let G be a graph, T = ((T, r), {Bt : t ∈ V (T )}) a
rooted tree decomposition with adhesion k ≥ 1.

For a vertex t ∈ V (T ), we write Pt := G[Bt] for the part associated to t. For a
vertex t ∈ V (T ) with parent s ∈ V (T ) we write St := Bt ∩Bs and call St the parent separator
of Pt or a child separator of Ps. Moreover, we set Sr := ∅ to be the root separator. For a tree
vertex t ∈ V (T ), we write Tt for the subtree of T with root t, Gt := G[

⋃
s∈V (Tt) Bs] for the

corresponding subgraph and Tt for the corresponding tree decomposition of Gt.
We can assume w.l.o.g. that every two vertices s, t ∈ V (T ) with Ss = St are siblings.

Indeed, if they are not, let s′ be a highest vertex in the tree with parent separator Ss and
construct another tree decomposition by attaching all vertices t with St = Ss directly to the
parent of s′ instead of their old parent. By repeating this procedure if necessary, we obtain
the required property.

For a vertex t ∈ T with children c1, . . . , cℓ, we set Nci
:= {N(v) ∩ Sci : v ∈ V (Gci) \ Sci}

to be the set of (possibly empty) neighborhoods that vertices in Gci
− Sci

have in the
separator Sci (and thus in Pt). We now define a trigraph P̃t with vertex set

V (P̃t) := V (Pt) ∪̇ {sci

M : i ∈ [ℓ], M ∈ Nci
}.

We will often abuse notation and also denote the set {sci

M : M ∈ Nci
} by Nci

.
We define the edge set of P̃t such that

1. P̃t[V (Pt)] = Pt,
2. P̃t[Nci

] is a red clique for every i,
3. sci

M is connected via black edges to all vertices in M ,
and there are no further red or black edges. Note that in P̃t, there are no red edges incident
to any vertices in Pt and thus in particular not to any vertices in St. A drawing of the gadget
attached to Sci

in P̃t in comparison with the simpler gadgets we will reduce to later can be
seen in Figure 1.

▶ Lemma 17. Let G and T be as above. For every t ∈ V (T ), it holds that

tww(Gt, St) ≤ max
s∈V (Tt)

tww(P̃s, Ss).

In particular, tww(G) ≤ max
s∈V (T )

tww(P̃s, Ss) ≤ 2k max
s∈V (T )

tww(P̃s) + 2k+1 − 2.

Proof sketch. We proceed inductively, starting by contracting the leaf bags and then moving
up the tree. The graphs P̃t are defined precisely so that contracting all child bags of some
bag yields P̃t. ◀

If T has bounded width, we can proceed as in [19, 20, Lemma 3.1] to bound the twin-width
of the graphs P̃t and thus the twin-width of G:
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Pt P̃t P̂t P t

Figure 1 A separator St′ on three (square) vertices together with the three versions of gadgets we
attach to it. Dashed edges represent either edges or non-edges. In P̃t, we add a red clique consisting
of one vertex for every neighborhood of vertices in Gt′ − St′ in St′ . In P̂t, we only add a single
vertex with red edges to all vertices in St′ . In P t, we add no new vertices but complete all child
separators to red cliques.

▶ Lemma 18. Let G and T be as above and additionally assume that T has width at most w.
For every t ∈ V (T ), it holds that

tww(P̃t, St) ≤ 3 · 2k−1 + max(w − k − 2, 0).

Proof. We first note that the red degree of P̃ itself is bounded by 2k − 1.
Now, let c1, . . . , cℓ be the (possibly empty) list of children of t in T . We first find a

contraction sequence of
⋃ℓ

i=1 Nci
respecting St. For this, we argue by induction that

⋃j−1
i=1 Nci

can be contracted while preserving the required width. This claim is trivial for j = 1. Hence
assume we have already contracted

⋃j−1
i=1 Nci

to a set Bj−1 of size at most 2|SP |. The vertices
of Bj−1 may be connected via red edges to vertices in Bj−1 itself and in Pt \ St. Thus, the
red degree of vertices in Bj−1 is bounded by

|Bj−1| − 1 + |Pt| − |St| ≤ 2|St| + |Pt| − |St| − 1 ≤ 2k + w − k − 1,

while the red degree of vertices in Pt \ St is bounded by |Bj | ≤ 2|St| ≤ 2k.
Now, we first apply a maximal contraction sequence of Ncj respecting St resulting in

a quotient N̄cj
. Because of our assumption on the tree decomposition T , we know that

St ≠ Scj for all j ∈ [ℓ]. In particular, this implies that |Scj ∩ St| < k. and thus |N̄cj | ≤ 2k−1.
During this contraction sequence, there can appear red edges between the contracted vertices
of Ncj

and vertices in Pt \ St. The vertices of Ncj
thus have red degree bounded by

|Ncj
| − 1 + |Pt| − |St| ≤ 2k + w − k − 1. Every red neighbor of vertices in Pt \ St in a quotient

of Ncj
must be the contraction of at least two vertices of Ncj

. Thus, the red degree of these
vertices is bounded by

|Bj−1| + |Ncj
|/2 ≤ 2k + 2k−1 = 3 · 2k−1.

Next, we contract vertices from Bj−1 and N̄cj
which have equal neighborhoods in St.

As our bounds already allow every vertex in Pt \ St to be connected via red edges to all
of Bj−1 ∪ N̄cj

, it suffices to argue that this keeps the red degree of vertices in Bj−1 ∪ N̄cj

within our bounds. But this set has size at most 3 · 2k−1. Hence, after one contraction, the
red degree is bounded by

|Bj−1| + |N̄cj
| − 2 + |Pt| − |St| ≤ 3 · 2k−1 + w − k − 2.

We have now successfully contracted Ncj
into Bj−1 while keeping the red degree bounded by

max(2k + w − k − 1, 2k, 3 · 2k−1, 3 · 2k−1 + w − k − 2) = 3 · 2k−1 + max(w − k − 2, 0).
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By repeating this procedure for all j ∈ [ℓ], we find a contraction sequence of
⋃ℓ

i=1 Nci

respecting St within this width. The resulting graph thus consists of St, the vertices of Pt \St

and the vertices from Bℓ. In total, these are at most 2|St| + |Pt| − |St| ≤ 2k + w − k vertices
besides those in St. These can further be contracted while keeping the red degree bounded
by

2k + w − k − 1 ≤ 3 · 2k−1 + w − k − 2.

In total, our contraction sequence thus has width at most 3 ·2k−1 +max(w −k −2, 0), proving
the claim. ◀

By combining Lemma 18 with Lemma 17, we obtain a general bound on the twin-width
of graphs admitting a tree decomposition of bounded width and adhesion:

▶ Theorem 6. Let G be a graph with a tree decomposition of width w and adhesion k. Then

tww(G) ≤ 3 · 2k−1 + max(w − k − 2, 0).

This upper bounds sharpens the bound given in [19, 20] by making explicit the dependence
on the adhesion of the tree decomposition. Our bound shows that, while the twin-width in
general can be exponential in the tree-width [7, 6], the exponential dependence comes from
the adhesion of the tree decomposition and not from the width itself.

Moreover, our bound is asymptotically sharp. As already mentioned, it is known that there
are graphs whose twin-width is exponential in the adhesion of some tree decomposition [7, 6].
By adding into some bag a Paley graph whose twin-width is linear in its size [1], we also
achieve asymptotic sharpness in the linear width term.

4.4 Simplifying the parts
Before we apply this general lemma to the special case of the tree of bi-, tri- or quasi-4-
connected components, we show that we can simplify the gadgets attached in the graphs P̃

to all separators while raising the twin-width by at most a constant factor.
In a first step, we replace the sets Nci from the definition of the parts P̃t by a single

common red neighbor for every separator. For every vertex t ∈ V (T ) with children c1, . . . , cℓ,
we define the trigraph P̂t as follows: we set S(t) := {Sci

: i ∈ [ℓ], Sci
̸⊊ Scj

for all j ∈ [ℓ]}
to be the set of subset-maximal child separators of Pt. Now, we take a collection of fresh
vertices VS := {vS : S ∈ S(t)} and set

V (P̂t) := V (Pt) ∪̇ VS .

The subgraph induced by P̂t on V (Pt) is just Pt itself. The vertex vS is connected via red
edges to all vertices in S and has no further neighbors. A drawing of the gadget attached to
Sci

in P̂t can be found in Figure 1.

▶ Lemma 19. Let G and T be as before. Then for every t ∈ V (T ), it holds that

tww(P̃t, St) ≤ max(2k tww(P̂t) + 2k+1 − 2, 4k + 2k − 2).

In particular, tww(G) ≤ max(2k maxt∈V (T ) tww(P̂t) + 2k+1 − 2, 4k + 2k − 2).

Proof sketch. If no two child separators of Pt are contained in each other, the claim can be
proven by first applying Corollary 16 and then carefully contracting P̃t to P̂t. The general
case can be reduced to this special case. ◀
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Next, we want to define a version P t of the parts which does not need extra vertices in Pt

but instead marks the separators via red cliques. Indeed, let P t be the trigraph obtained
from Pt by completing each of the sets S ∈ St to a red clique. Thus, the underlying graphs
of the trigraphs P t are just the torsos of the tree decomposition. We thus call the graphs P t

the red torsos of the tree decomposition T .

▶ Lemma 20. For every t ∈ V (T ), it holds that

tww(P̂t) ≤ max
(

k + 1, tww(P t) +
(

tww(P t)
k − 1

)
, tww(P t) +

(
2k − 3
k − 1

))
.

In particular,

tww(G) ≤ max

 2k maxt∈V (T )

(
tww(P t) +

(tww(P t)
k−1

))
+ 2k+1 − 2,

2k maxt∈V (T ) tww(P t) + 2k
(2k−3

k−1
)

+ 2k+1 − 2,

4k + 2k − 2


Proof sketch. We extend a contraction sequence of P t to a contraction sequence of P̂t while
ensuring that the neighborhoods of vertices vS are not contained in each other. Then, the
bound on the red degree of vertices can be proven via a variant of Sperner’s theorem [22]. ◀

Combining Lemma 19 and Lemma 20, we get the following two asymptotic bounds on
the twin-width of a graph admitting a tree decomposition of small adhesion.

▶ Theorem 5. For every k ∈ N there exist explicit constants Dk and D′
k such that for

every graph G with a tree decomposition of adhesion k and parts P1, P2, . . . , Pℓ, the following
statements are satisfied:
1. tww(G) ≤ 2k max

i∈[ℓ]
tww(P̂i) + Dk,

2. if k ≥ 3, then tww(G) ≤ 2k

(k − 1)! max
i∈[ℓ]

tww(P i)k−1 + D′
k.

4.5 Tri- and quasi-4-connected components
We now want to apply these general results on the interplay between twin-width and tree
decompositions of small adhesion to obtain bounds on the twin-width of graphs in terms of
the twin-width of their tri- and quasi-4-connected components.

▶ Theorem 3. Let C1, C2, . . . , Cℓ be the triconnected components of a biconnected graph G.
If we write Ci for the red torsos of the triconnected components Ci, then

tww(G) ≤ max
(

8 max
i∈[ℓ]

tww(Ci) + 6, 18
)

.

Proof. This follows from Lemma 20 applied to the tree of triconnected components of G

together with the observation that for k = 2, the second term in the maximum in Lemma 20
is always bounded by the maximum of the first and third term. ◀

Note that in Theorem 3 we cannot hope for a lower bound similar to the lower bound
in Theorem 2 without dropping the virtual edges. Indeed, consider a 3-connected graph
G of large twin-width (e.g. Paley graphs or Rook’s graphs). By [3, 2], a (2⌈log(|G|)⌉ − 1)-
subdivision H of G has twin-width at most 4, but its triconnected components are G and
multiple long cycles. Thus, there exist graphs of twin-width at most 4 with triconnected
components of arbitrarily large twin-width.

Moreover, the red virtual edges in each separator can also not be replaced by black edges.
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▶ Lemma 21. There exists a family of graphs (Gn)n∈N with unbounded twin-width such
that the twin-width of the class of triconnected components of Gn with black virtual edges is
bounded.

Proof. Let Gn be the graph obtained from a clique Kn by subdividing every edge once. The
triconnected components of this graph are the Kn and a K3 for every edge of the Kn, which
all have twin-width 0.

In order to show that the twin-width of the family (Gn)n∈N is unbounded, we show that
for every d ≥ 2 and n ≥ nd := (d + 1)

(
d
2
)

+ 1, we have tww(Gn) > d. For this, consider
any d-contraction sequence of Gn for n ≥ nd and let P be the partition of V (Gn) right
before the first contraction in the sequence that does not contract two subdivision vertices.
We show that every partition class P ∈ P has size at most

(
d
2
)
. As no subdivision vertices

were contracted so far, we only need to consider classes of subdivision vertices. Thus, let
P = {ve1 , . . . , veℓ

} be such a class, where e1, . . . , eℓ ∈
(

V (Kn)
2

)
are edges of the original Kn.

If the edges ei all have a common endpoint, then P has red edges to all ℓ other endpoints of
these edges, meaning that ℓ ≤ d ≤

(
d
2
)
. Otherwise, P has red edges to all endpoints of all ei.

If ℓ >
(

d
2
)
, these have to be more that d, which is a contraction. Thus, |P | = ℓ ≤

(
d
2
)
.

Now, let xy be the next contraction in the sequence. If neither x nor y is a subdivision
vertex, then Gn contains precisely 2(n − 2)-many vertices which are connected to either x

or y but not both. In the contracted graph, the contraction would thus create at least
2(n−2)

(d
2)

≥ 2d + 2 red edges incident to the contracted vertex. If, on the other hand, either x or
y is a subdivision vertex but the other is not, then x and y have no common neighbors. But
as non-subdivision vertices have degree n − 1 in Gn, contracting these two would create at
least n−1

(d
2)

≥ d + 1 red edges incident to the contracted vertex. Thus, no further contraction
keeps the red degree of the sequence bounded by d, which implies tww(Gn) > d. ◀

In the case of separators of size 3, we get two bounds on the twin-width of a graph in
terms of its quasi-4-connected components: one linear bound in terms of the subgraphs
induced on the quasi-4-connected components together with a common red neighbor for
every 3-separator along which the graph was split, and one quadratic bound in terms of the
(red) torsos of the quasi-4-connected components.

▶ Theorem 4. Let G be a triconnected graph with quasi-4-connected components
C1, C2, . . . , Cℓ.
1. For i ∈ [ℓ] we construct a trigraph Ĉi by adding for every 3-separator S in Ci along

which G was split a vertex vS which we connect via red edges to all vertices in S. Then

tww(G) ≤ max
(

8 max
i∈[ℓ]

tww(Ĉi) + 14, 70
)

.

2. For i ∈ [ℓ], denote by Ci the red torso of the quasi-4-connected component Ci. Then

tww(G) ≤ max
(

4 max
i∈[ℓ]

(
tww(Ci)2 + tww(Ci)

)
+ 14, 70

)
.

Proof. The two claims follow from Lemma 19 and Lemma 20 applied to the tree of quasi-4-
connected components of G [14, 15] together with the observation that also for k = 3, the
second term in the maximum in Lemma 20 is always bounded by the maximum of the first
and third term. ◀
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5 Conclusion and further research

We proved that tww(G) ≤ 3
2 k + 1 + 1

2 (
√

k + ln k +
√

k + 2 ln k) if G is a graph of strong
tree-width at most k (Theorem 1). Moreover, we demonstrated that asymptotically the
twin-width of a Paley graph agrees with its strong tree-width (Lemma 11).

We provided a detailed analysis of the relation between the twin-width of a graph and
the twin-width of its highly connected components. Concerning 2-connected graphs, the
twin-width of a graph is linear in the twin-width of its biconnected components (Theorem 2).
There is a linear upper bound for a slightly modified version of triconnected components
(Theorem 3). By further providing a quadratic upper bound on the twin-width of graph
given the twin-widths of its modified quasi-4-connected components (Theorem 4) we took
one important step further to complete the picture of the interplay of the twin-width of a
graph with the twin-width of its highly connected components. As a natural generalization
of the above decompositions we considered graphs allowing for a tree decomposition of small
adhesion (Theorem 5 and Theorem 6).

It seems worthwhile to integrate our new bounds for practical twin-width computations,
for example, with a branch-and-bound approach.
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