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Abstract
General quantum computation consists of unitary operations and also measurements. It is well
known that intermediate quantum measurements can be deferred to the end of the computation,
resulting in an equivalent purely unitary computation. While time efficient, this transformation
blows up the space to linear in the running time, which could be super-polynomial for low-space
algorithms. Fefferman and Remscrim (STOC’21) and Girish, Raz and Zhan (ICALP’21) show
different transformations which are space efficient, but blow up the running time by a factor that
is exponential in the space. This leaves the case of algorithms with small-but-super-logarithmic
space as incurring a large blowup in either time or space complexity. We show that such a blowup
is likely inherent, demonstrating that any “black-box” transformation which removes intermediate
measurements must significantly blow up either space or time.
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1 Introduction

Measurements play a fundamental role in quantum computation, as it is through measure-
ments that useful classical information is extracted from the hidden world of a quantum
state. Formal treatments typically regard a quantum computation as being unitary, with
any measurement only occurring at the very end of the computation. For example, many
algorithmic techniques such as amplitude amplification [6, 13, 7], numerous query complexity
lower bounds [5, 3, 2], and cryptographic proofs involving rewinding [27, 24, 18, 8, 20], all as-
sume unitary algorithms whose states are pure. On the other hand, when designing quantum
algorithms it is often convenient to measure and/or discard quantum states in the middle of
a computation. Unitary computations may also be desireable from a practical perspective,
as implementing measurements can be challenging, and may have energy-use implications
(see Section 1.2 below). Fortunately, assuming unitary computations can be justified by
appealing to the “Principle of Delayed Measurement,” which states that measurements in
general quantum computations can always be delayed until the end of the computation with
minimal time-complexity overhead.

However, it has long been recognized that delaying measurements naively gives a space
complexity that is potentially as large as the time complexity, even if the original computation
used very little space. Thus, delaying measurements can incur a huge space-complexity
overhead, and eliminating measurements in a space-efficient is a major foundational question in
quantum computation. Fefferman and Remscrim [10] and Girish, Raz and Zhan [12] give space-
optimal answers to this problem, showing how to eliminate intermediate measurements with
a linear blowup in space complexity. However, these results incur a potentially exponential
blowup in time complexity: the new running time is poly(T, 2S) where S, T are the original
space and time complexities. This leaves the following important open problem:
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Can intermediate measurements be eliminated in a
simultaneously space- and time-efficient manner?

Our work. Our main result is to show a black-box barrier to achieving such a result.

1.1 What is a Quantum Measurement, Anyway?
Before proceeding, we must mention the work of Girish and Raz [11], which eliminates
intermediate “measurements” from any space S, time T quantum algorithm, resulting in a
space O(S log T ), time T ×poly(S) algorithm without measurements. This seemingly resolves
the central question above positively. However, we note that their result only works for a
very particular notion of measurement. Digging deeper, their model of computation allows
for unitary gates, plus a probabilistic measurement gate defined as mapping

α|0⟩+ β|1⟩ 7→
{
|0⟩ with probability |α|2

|1⟩ with probability |β|2
.

Crucially, the measurements in [11] do not output the classical measurement result, and their
model does not allow the resulting quantum register to be discarded or reset to a fixed state.

Such a measurement gate as considered in [11] is unital, meaning it maps the totally
mixed state to the totally mixed state of the same dimension. Unitary operations are also
unital, as is any combination of unital gates. As such, their model of quantum computation
with measurements only captures unital computations.

Not all works treat measurements in this way, and many algorithms in the literature
are not described using such unital measurements. In fact, measurements are most often
depicted as producing a classical output, sometimes consuming the quantum state (such as
with the POVM formalism) and sometimes leaving behind a “collapsed” quantum register
(such as with the projective measurement formalism). A key distinguishing feature of classical
information is that it can be erased, something which is forbidden with unital gates. One
can also consider “reset” gates which reset a qubit to |0⟩, or even “discard” gates, which
simply discards a register.

We note that most measurement gates – such as consuming the quantum state but
outputing the classical measurement result, outputting both the measurement result and the
collapsed state, resetting a qubit to |0⟩, or simply discarding the state – are all easily seen to
be equivalent under appropriate assumptions1. In fact, unitary operations plus any one of
these gates can be used to implement any quantum channel, a consequence of Stinespring
Dilation [22]. Moreover, these variants appear frequently at least implicitly throughout the
literature in the descriptions of quantum algorithms. On the other hand, the gate considered
in [11] – which outputs the collapsed state but no classical output – is unital and thus not
enough to lift unitary operations to general channels. Thus, we see that [11] only applies to
a version of measurement that is potentially quite limited.

More generally, one can consider a quantum computation involving general non-unitary
channel gates, of which measurements are only a specific example. The goal is then to
“purify” the computation, turning it into a computation involving only unitary gates. [11]
will fail on general channels. We note that, in contrast to [11], [10] applies to quantum
algorithms comprising arbitrary (potentially non-unital) channels, at the cost of a potentially
exponential blowup in time complexity2.

1 Assuming the ability to (1) arbitrarily discard classical values, (2) have quantum gates depend on
previously obtained classical values, and (3) initialize new registers.

2 [12], on the other hand, only claims to apply to unital channels.
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▶ Remark 1. We stress that [11] only claim their results work for their notion of measurement
gates. They also mention that with qubit reset gates, it is trivial to simulate an intermediate
measurement. But then the resulting circuit would have qubit reset gates. Qubit reset could
reasonably itself be considered a “measurement” in a broader sense, since it is non-unitary
and is equivalent to various other versions of measurements. To try to avoid any confusion,
we will use the term “general quantum computation” to refer to computations involving this
more general view of measurement.

1.2 Relationship to Classical Reversible Computation

The task of eliminating intermediate measurements has an analog in classical computation:
turning general (irreversible) classical computation into reversible computation. One motiva-
tion for reversible computing is Landauer’s principle [19], which states that any irreversible
logic operation requires a certain minimum energy consumption, therefore imposing a limit
on how much efficiency can be improved. Meanwhile, no such energy consumption is inherent
to reversible operations, meaning in principle reversible computation could have zero energy
cost. In the quantum setting, measurements make a quantum algorithm irreversible and
Landauer’s principle would likewise impose a minimal energy consumption. Meanwhile,
unitary algorithms are reversible and therefore “immune” to Landauer’s principle.

Analogous to the quantum setting, in the classical setting one can make a general
computation reversible trivially by blowing up the space to be linear in the running time.
An old classical question was whether anything better is doable.

Bennett [4] resolved this classical question, showing that space S and time T general
computation can be made reversible with space S′ = O(S log T ) and time T ′ = poly(T ),
thus preserving time and space efficiency. One may therefore be tempted to apply similar
techniques to obtain an analogous result for eliminating quantum measurements. We now
explain, however, that this strategy fails.

Bennett’s result works roughly as follows. We first start with the trivial conversion, which
makes an irreversible computation reversible by simply storing the complete program trace
containing all prior states of the algorithm. To reverse a step of the computation, one simply
un-computes the last state in the trace by re-computing it from the penultimate state. This
of course blows up the space from S to S × T . What Bennett does is cleverly store only a
few carefully selected prior states at a time, and show that this is sufficient to reversibly
simulate the original computation, with only a modest blow-up in time complexity.

One may be tempted to adapt this technique in order to make a quantum computation with
measurements reversible in low space and time, thereby removing intermediate measurements.
We observe, however, that Bennett’s result relies on a crucial feature of classical information
that is no longer true quantumly: that the classical intermediate states of the algorithm
can be copied – one copy going into the program trace, and another copy to continue the
computation. In contrast, the intermediate quantum states of a general quantum algorithm
will not be copy-able by the no-cloning theorem. Of course, instead of copying, we could try
to produce two copies of the state by running the algorithm a second time from the beginning.
This will potentially fail for non-unitary algorithms, however, as intermediate measurements
may have made the intermediate states unpredictable. But even worse, running the algorithm
a second time will involve its own intermediate measurements that will need to be eliminated.
So it is not clear if copying the state by running the algorithm from scratch a second time
resulted in any progress. No-cloning thus seems to invalidate this approach to eliminating
quantum measurements.

ITCS 2024
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1.3 Our Results

1.3.1 Formalizing Black Box Impossibilities
Our goal is to show that there is no procedure to eliminate general quantum measurements
without blowing up either space or time. However, we observe that an unconditional result is
out of reach given the current state of complexity theory. Indeed, if BQL = BQP (quantum
log-space equals quantum polynomial-time), then for any BQP computation, we can trivially
eliminate measurements using delayed measurements, thereby blowing up the space, but
then “compress” the space using the equivalence to BQL.

We therefore provide a notion of “black-box” compilers for quantum circuits. Such
black-box compilers capture natural techniques such as all the quantum compilers mentioned
above [10, 12, 11] and the Principle of Delayed Measurement. The classical version of our
notion also captures [4], and therefore our notion of quantum black-box compiler captures
natural attempts to adapt [4] to the quantum setting. We note that our notion of black-box
is somewhat different than notions studied in cryptography [15]. Indeed, all the compilers
mentioned above inherently operate on the computation at the circuit level, meaning the
compilers get to “see” the circuit representation. In contrast, black-box techniques in
cryptography treat the inputs as a monolithic computation, and the techniques are explicitly
forbidden from seeing the circuit representation. Our key insight is that natural circuit
compilers like those discussed above do make use of the circuit representation, but are
essentially agnostic to the gates used in the original computation, giving equally good space-
and time-bounds regardless of the gate set used. We therefore define black-box compilers,
roughly, as those that work equally well for any set of gates.

1.3.2 Our Main Theorem
▶ Theorem 1.2 (Informal). For any black-box compiler mapping space S, time T general
quantum computation to space S′, time T ′ unitary computation, either S′ = Ω(T ) or
T ′ = 2Ω(S).

We note that the Principle of Delayed Measurement and [10] demonstrate that Theorem 1.2
is essentially tight3. We prove our theorem by exhibiting, for any S, T , a set of unitary
gates and a space S, time T general quantum computation (with measurements) relative to
these gates, such that any unitary simulation using these gates requires space S′ = Ω(T ) or
time T ′ = 2Ω(S). Theorem 1.2 also demonstrates that [11] cannot be generalized to handle
arbitrary measurement gates.

1.3.3 New Space Lower Bound Technique
To prove Theorem 1.2, we need a lower-bound technique that works on unitary computation,
but crucially fails to lower bound general quantum computation containing measurements,
since we need a low-space general quantum algorithm with measurements for the task. Prior
quantum space lower bounds (e.g. [17, 21, 9, 14]) typically work similarly well for both
general quantum algorithms and those that make no measurements. Indeed, this would be
considered a feature in the usual setting of space lower bounds as it makes them more general.
But for us, it means we need a fundamentally new lower-bound technique.

3 Assuming the typical parameter setting where T ≤ 2O(S).
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Our lower bound technique works by simulating a quantum gate using a stateful simulator.
The simulator will start out having some space. Then we show that for any algorithm solving
some task, the size of the simulator’s state must decrease by a certain amount. As the joint
state of the simulator and any algorithm that does not make measurements is pure, the total
joint state size must not decrease from its original value. But since the simulator’s state
decreased, the algorithm’s state size increased. Observe that this technique does not apply to
algorithms which may make measurements, as such measurements result in a joint operation
that is non-unitary and can decrease in size.

2 Technical Overview

2.1 Our Construction
We now give an overview of our results and techniques. Motivated by the challenges of
adapting [4] to remove quantum measurements, our idea is to design a computation where
intermediate states are unclonable. In particular, only part of the intermediate state, call it
|ψ⟩, is useful, and the other part, say |ϕ⟩, is a useless byproduct of the computation of |ψ⟩.
If measurements are allowed – or more precisely, the ability to reset registers – then |ϕ⟩ can
always be reset before proceeding. But if we demand a unitary version of the computation,
the only way to eliminate |ϕ⟩ appears to be to un-compute it along with |ψ⟩, meaning no
progress has been made in the computation. By having many intermediate steps produce
useless side states |ϕ1⟩, |ϕ2⟩, · · · that all must be present to make progress, we force any
unitary version of the computation to be large. Meanwhile, with measurements we can reset
all the |ϕi⟩ as they are computed to re-use their space, keeping the overall space small.
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<latexit sha1_base64="99a7ppbkgmbWkB7/L+Z2n9stLa4=">AAAB9XicbVC7TsNAEFzzDOEVoKSxiJCoIpt3GUFDGSTykGITnS/r5JTz2bo7gyKT/6ChACFa/oWOv+GSuICEkVYazexqdydIOFPacb6thcWl5ZXVwlpxfWNza7u0s9tQcSop1mnMY9kKiELOBNY10xxbiUQSBRybweB67DcfUCoWizs9TNCPSE+wkFGijXT/5CV91jnxJBE9jp1S2ak4E9jzxM1JGXLUOqUvrxvTNEKhKSdKtV0n0X5GpGaU46jopQoTQgekh21DBYlQ+dnk6pF9aJSuHcbSlND2RP09kZFIqWEUmM6I6L6a9cbif1471eGlnzGRpBoFnS4KU27r2B5HYHeZRKr50BBCJTO32rRPJKHaBFU0IbizL8+TxnHFPa+c3Z6Wq1d5HAXYhwM4AhcuoAo3UIM6UJDwDK/wZj1aL9a79TFtXbDymT34A+vzB45TkpA=</latexit>

|�3i
…

<latexit sha1_base64="vnUIsZYgp1H6lSNkfbQnh7aKB9E=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhA8hV3xdQx68RjBPCRZwuykNxkyM7vMzAphzVd48aCIVz/Hm3/jJNmDJhY0FFXddHeFCWfaeN63s7S8srq2Xtgobm5t7+yW9vYbOk4VxTqNeaxaIdHImcS6YYZjK1FIRMixGQ5vJn7zEZVmsbw3owQDQfqSRYwSY6WHJ6+jiOxz7JbKXsWbwl0kfk7KkKPWLX11ejFNBUpDOdG67XuJCTKiDKMcx8VOqjEhdEj62LZUEoE6yKYHj91jq/TcKFa2pHGn6u+JjAitRyK0nYKYgZ73JuJ/Xjs10VWQMZmkBiWdLYpS7prYnXzv9phCavjIEkIVs7e6dEAUocZmVLQh+PMvL5LGacW/qJzfnZWr13kcBTiEIzgBHy6hCrdQgzpQEPAMr/DmKOfFeXc+Zq1LTj5zAH/gfP4AuGmQXw==</latexit>

|0i
<latexit sha1_base64="vnUIsZYgp1H6lSNkfbQnh7aKB9E=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhA8hV3xdQx68RjBPCRZwuykNxkyM7vMzAphzVd48aCIVz/Hm3/jJNmDJhY0FFXddHeFCWfaeN63s7S8srq2Xtgobm5t7+yW9vYbOk4VxTqNeaxaIdHImcS6YYZjK1FIRMixGQ5vJn7zEZVmsbw3owQDQfqSRYwSY6WHJ6+jiOxz7JbKXsWbwl0kfk7KkKPWLX11ejFNBUpDOdG67XuJCTKiDKMcx8VOqjEhdEj62LZUEoE6yKYHj91jq/TcKFa2pHGn6u+JjAitRyK0nYKYgZ73JuJ/Xjs10VWQMZmkBiWdLYpS7prYnXzv9phCavjIEkIVs7e6dEAUocZmVLQh+PMvL5LGacW/qJzfnZWr13kcBTiEIzgBHy6hCrdQgzpQEPAMr/DmKOfFeXc+Zq1LTj5zAH/gfP4AuGmQXw==</latexit>

|0i

Figure 1 Our task that can be computed in low time and space with measurements, but requires
large space or time without.

2.2 Formalizing Black Box Compilers
As discussed earlier, it is consistent with current knowledge (even if considered unlikely) that
BQL = BQP, in which case one can eliminate measurements in a space- and time-efficient
manner by first blowing up the space using delayed measurements, and then generically
reducing the space back. However, such a mechanism would be non-black-box, in the
sense that it would have to inherently use the circuit representation of the unitary O, the
computation that jointly computes |ψ⟩, |ϕ⟩.

We therefore imagine a class of black-box compilers, which work regardless of O. That
is, any such compiler takes as input a circuit C involving O gates and measurements, and
produces a new unitary circuit C ′ using O (and potentially other ordinary unitary gates)
but no measurement gates. C ′ must have (approximately) the same functionality as C. The
compiler must work for any unitary O, though we allow the compiler to have complete
knowledge of O and potentially have the choice of circuit C ′ depend on O. The aforementioned
compilers for eliminating measurements such as delayed measurements, [10, 12, 11], or any
strategy similar to [4] are all black box in this sense. We explain in slightly more detail how
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102:6 The Space-Time Cost of Purifying Quantum Computations

our notion of black-box captures these works in Section 4. By treating O as a black box,
we have now turned a potentially intractable problem involving at a minimum quantum
complexity lower-bounds into an oracle problem, which may be tractable.

▶ Remark 1. Note that one can use the space-efficient version of the Solovay-Kitaev Theorem
([25] Theorem 7) to replace any constant-sized set of unitary gates with any other constant-
sized set of unitary gates in a space- and time-efficient manner. However, this transformation
is only efficient when fixing the gate sets and then considering the complexities asymptotically;
the constants in the asymptotics will depend on the gate sets in question. In particular, if
we let n be the number of qubits O acts on, applying [25] to replace O with gates from a
fixed universal gate set will blow up the running time to 2Ω(n). This is “constant” if O and
n are fixed, but is exponential if we allow n to vary. In our case, we set n = S, the space of
C, in which case applying [25] gives a running time of at least 2Ω(S).

Our notion of a black-box compiler requires the space and time complexities S′, T ′ of C ′
to be fixed functions S′ = S′(S, T ), T ′ = T ′(S, T ) of the space and time complexities S, T of
C. The functions S′, T ′ have to be the same, regardless of the gate set used by C or how C

is constructed. We stress, however, that our notion allows C ′ to depend arbitrarily on C and
its gate set, with the only restriction being on the space and time complexities. Restricting
the space and time complexities in this way seems inherent: if S′, T ′ as functions of S, T
were allowed to depend on the gate set, then we can apply the space-efficient Solovay-Kitaev
Theorem to move to a fixed universal gate set. Then, if BQL = BQP, we can eliminate
intermediate measurements in low space and time as explained above.

2.3 Proving Large Unitary Space
We now turn to proving that any unitary computation which computes |ψt⟩ efficiently must
have large space. Specifically we prove that Ω(t × S) unitary space is necessary, which is
Ω(T ) since by our modeling, resetting n = S/2 qubits requires n gates in each step.

More specifically, our goal is to show, roughly, that the only way to compute |ψt⟩ efficiently
with unitaries requires computing and storing each of |ϕ1⟩, · · · , |ϕt⟩. The challenge is, of
course, that the algorithm can apply arbitrary unitaries to the |ϕi⟩, including applications of
O. So we cannot hope to say that each of the |ϕi⟩ are explicitly stored in memory, as they
may be hidden behind a more complex computation.

Another challenge, as mentioned previously, is that existing quantum space lower bounds
make no distinction between unitary and non-unitary algorithms. Since we have a low-space
non-unitary computation, any attempt to use existing techniques would necessarily fail at
giving meaningful unitary lower bounds.

We show how to simulate the oracle O. Our simulator will only use several copies of
each of |ϕ1⟩, · · · , |ϕt⟩ and |ψ1⟩, · · · , |ψt⟩. Essentially, whenever the gate must output |ψi⟩|ϕi⟩,
instead of constructing the state our simulator will simply swap in one of its copies, thereby
reducing the number of copies the simulator has. Likewise, whenever the gate takes as input
|ψi⟩ and must eliminate it by uncomputing it, the simulator instead moves |ψi⟩ from the
algorithm’s registers to the simulator’s list of copies.

Importantly, as any supposed algorithm makes progress towards computing |ψt⟩, we
show that if the states are Haar random, then the number of copies of the various |ϕi⟩ the
simulator has must decrease. But if the algorithm is unitary, the overall joint state size can
never decrease, since the initial copies of the various |ϕi⟩ cannot be destroyed by unitary
computation. Therefore, if the simulator’s storage decreases, the algorithm’s storage must
increase. Observe that this space bound does not apply to algorithms with measurements,
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which can easily destroy copies of |ϕi⟩ by measuring/resetting them. This means the joint
system of the non-unitary algorithm and simulator could decrease in space. Indeed, this is
what happens in our low-space measurement-based algorithm.

▶ Remark 2. Our arguments above only apply to algorithms with running time at most 2O(S);
this is inherent as our black-box notion captures the low-space algorithm of [10], which runs
in time 2Ω(S). The restriction to running time 2O(S) appears in two places. First, the claim
that the number of copies of a state cannot be unitarily changed only holds for a bounded
number of copies, since beyond 2O(S) copies it is possible to perform tomography on the
state. Our simulator must have a number of copies that is at least the number of queries
made to O, so our arguments only apply if the number of queries is bounded. The second
place where we assume a bounded running time is that our simulation introduces a small
error of order 2−O(S) for each query to O, and after 2O(S) queries the error becomes O(1),
meaning the simulation failed.

3 Preliminaries

A quantum system is associated with a finite-dimensional complex Hilbert space H. A (pure)
state over a quantum system is a unit column vector |ψ⟩ with ∥|ψ⟩∥ = 1. The Hermitian
transpose of |ψ⟩ is denoted ⟨ψ|. A probability distribution over pure states is a mixed state,
and is characterized by its density matrix ρ =

∑
i pi|ψi⟩⟨ψi| where pi is the probability of |ψi⟩.

Note that Tr(ρ) = 1. When the distribution over i is clear, we can also write ρ = Ei[|ψi⟩⟨ψi|].
Given a complex matrix U, let U† be the Hermitian transpose. A unitary operation is a

complex square matrix U such that UU† = I. Unitary evolution of a quantum system is
described by a unitary U that transforms |ψ⟩ into U|ψ⟩.

General non-unitary evolution of a quantum system is described by a completely-positive
trace-preserving (CPTP) map M from system Hin to Hout. Such maps are in particular
linear on density matrices, and trace preserving: Tr(M(ρ)) = Tr(ρ) = 1. Given a joint system
A ⊗ B, a special CPTP map is the partial trace TrB which maps A ⊗ B to A, with the
property that TrB(ρA ⊗ ρB) = ρA for any mixed states ρA, ρB over A,B respectively. By
linearity, TrB can be extended to all mixed state inputs. If we apply TrB to a quantum state,
we will say that B has been traced out.

Given any unitary operation U on A, we can extend it to a unitary operation U ⊗ I
on A⊗ B by acting as the identity on B. Likewise, a CPTP map M from A to A′ can be
extended to a CPTP map from A ⊗ B to A′ ⊗ B by acting as the identity on B. In both
cases, we will abuse terminology and say that U or M is acting on A⊗ B.

The trace distance between two mixed quantum states ρ, ρ′ over the same systemH is given
by TD(ρ, ρ′) = 1

2 Tr(
√

(ρ− ρ′) · (ρ− ρ′)). The trace distance is equivalent to the optimal
distinguishing probability between the two states. The distance between two distributions
D,D′, denoted ∆(D,D′), is given by 1

2
∑
x |Pr[x← D]− Pr[x← D′]|.

A qubit is the special case where H has dimension 2, often denoted H2. We will typically
consider Hilbert spaces that are the product of many qubits: H = H⊗n2 .

We now describe our non-uniform model of computation using quantum circuits, follow-
ing [1]. Let G be a fixed, finite set of operations. We will assume each operation in G is length
preserving. We will call the elements of G gates. We will always assume G is closed under
Hermitian transpose. A unitary circuit is composed of a sequence of applications of unitary
gates, and a general quantum circuit is composed of a sequence of applications of general
quantum gates. The qubits are then partitioned into three sets: Hin, which contains the
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input state, Hout, which will contain the output state, and Hwork, which will contain private
work space. The classical input x is loaded into the register Hin, denoted as |x⟩, and then
Hout and Hwork are initialized to fixed states, which will both be denoted |0⟩. At the end of
the computation, Hin and Hwork are traced out and Hout is measured to get the final output.

For a quantum circuit C and a classical input x, we will let C(x) denote the distribution
of outputs obtained by computing C|x⟩ and then measuring Hout.

In general, we will consider the gate set as being a property of a quantum circuit C,
which we will denote as G(C). We note that we allow C to not use all the gates in the gate
set, meaning G(C) may include gates not used in C.

The time complexity of a quantum circuit is the number of gates in the circuit. The space
complexity is the sum of the number of qubits in Hin,Hout,Hwork.
▶ Remark 1. It is also possible to consider uniform quantum computational models [26, 25, 23].
However, as we discuss in Section 4, working in a non-uniform model makes our result stronger,
as we are interested in lower-bounds.

An oracle-assisted circuit is one that may make queries to a unitary U. For oracle-assisted
circuits, the time complexity is the total of the number of gates and number of oracle calls
to U. The space complexity is still the number of qubits in Hin,Hout,Hwork. These time and
space complexities do not include the time and space used internally by U.

A universal unitary gate set is a finite set of unitary gates G, such that any unitary
operation can be approximately arbitrarily closely by circuits over G. A universal general
gate set is a finite set of general gates G, such that any CPTP map can be approximated
arbitrarily closely by circuits over G. A universal measurement set is a set of gates M,
such that for any universal unitary gate set G, G ∪M is a universal general gate set. An
example of a universal measurement set is M = {Trash, Init}, where Trash traces out a qubit
(outputting nothing) and Init initializes a new qubit to a fixed state typically denoted as
|0⟩. Note that any universal general gate set is also a universal measurement set. A proper
universal general gate set has the form G ∪M where G is a universal unitary gate set and
M is a universal measurement set. Note that the unital measurement gate from [11] is not
universal, since when combined with unitary gates it only gives unital circuits.

For a Hilbert space H and positive integer ℓ, let SymℓH be the symmetric subspace of
ℓ copies of H, which is the space of all states that are invariant under permuting the ℓ
copies of H. The symmetric subspace has dimension Dim

(
SymℓH

)
=

(Dim(H)+ℓ−1
ℓ

)
. We will

somewhat abuse notation, and also let Symℓ denote the projection of the space H⊗ℓ onto the
symmetric subspace SymℓH.

We will avoid specifying the formal definition of Haar random states, but will make use
of a few key facts. First is that the density matrix of ℓ copies of a Haar random state over
system H is identical to that of the totally mixed state over SymℓH. Second is a no-cloning
statement, which says that the optimal probability of constructing |ψ⟩⊗(ℓ+1) from |ψ⟩⊗ℓ is
at most the ratio of the dimensions of the symmetric subspaces SymℓH and Symℓ+1H, which
works out to be ℓ/(Dim(H) + ℓ) [28].

For a state |ψ⟩, let P|ψ⟩ := 1 − 2|ψ⟩⟨ψ| be the reflection about |ψ⟩. We observe that
P|ψ⟩ can be used to implement the map satisfying |ψ⟩|b⟩ 7→ |ψ⟩|b ⊕ 1⟩ and identity on all
states orthogonal to |ψ⟩|b⟩. Indeed, we can apply the Hadamard transform to |b⟩, obtaining

1√
2 |0⟩+ (−1)b 1√

2 |1⟩. Then controlled on the bit in this register, we apply P|ψ⟩. In the case
where the state is |ψ⟩, then |0⟩ maps to |0⟩ while |1⟩ maps to −|1⟩. This maps the overall
qubit state to 1√

2 |0⟩+ (−1)b+1 1√
2 |1⟩; applying Hadamard one more time give |b⊕ 1⟩. On

the other hand, if the state is |τ⟩ orthogonal to |ψ⟩, then P|ψ⟩ acts as the identity.
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Using the latter formulation, we can also implement the projective measurement |ψ⟩⟨ψ| by
simply initializing the qubit to 0, applying the transformation above, and then measuring the
qubit. If we get a 1, we know the state is |ψ⟩, while a zero tells us that the state is orthogonal
to |ψ⟩. We will abuse notation, and let P|ψ⟩ whichever version (reflection, |ψ⟩|b⟩ 7→ |ψ⟩|b⊕ 1⟩,
or projection) is most convenient.

Given a classical function O : {0, 1}m → {0, 1}n, we can have an algorithm make queries to
O. Do do so, we turn O into a unitary O that acts on H⊗m2 ⊗H⊗n2 as O|x, y⟩ = |x, y⊕O(x)⟩.
Then any query to O simply applies the unitary O.

Consider the state |ϕt⟩ =
∑
αx,y|x, y⟩ of a quantum query algorithm when it makes its

t-th query. Define qx(|ϕt⟩) to be the magnitude squared of x in this superposition, that is
qx(|ϕt⟩) =

∑
y |αx,y|2. Call this the query magnitude of x. Let qx =

∑
t qx(|ϕt⟩) be the total

query magnitude of x. For a set S, let qS =
∑
x∈S qx be the total query magnitude of S.

▶ Lemma 2 ([5] Theorem 3.1). Suppose ∥|ϕ⟩ − |ψ⟩∥ ≤ ϵ. Then performing any measurement
measurement on |ϕ⟩ and |ψ⟩ yields distributions with statistical distance at most 4ϵ.

▶ Lemma 3 ([5] Theorem 3.3). Let A be a quantum query algorithm making T queries to
an oracle O. Let ϵ > 0 and let S be a set such that qS ≤ ϵ. Let O′ be another oracle that is
identical to O on all points not in S. Let |ϕ⟩, |ψ⟩ be the final state of A when given O,O′,
respectively. Then ∥|ϕ⟩ − |ψ⟩∥ ≤

√
Tϵ

4 Quantum Circuit Compilers and Black Box Purifiers

We give our notion of black-box impossibility for circuit compilers. A property of a quantum
circuit is a function P(C) ∈ {0, 1}. We say that C has property P if P(C) = 1. Equivalently,
a property is a subset of all possible quantum circuits. Example properties include:

The “all circuits” property P⊮ defined as P⊮(C) = 1 for all C.
The unitary property PUnitary, where PUnitary(C) = 1 if C only makes use of unitary gates4.
The size property PSize(S) property, where PSize(S)(C) = 1 if and only if C has size at
most S. Likewise we can define the time property PTime(T ).
Fix a proper universal general gate set G0. The “normal form” property PNormal (with
respect to G0) is the property that (1) G0 ⊆ G(C), and (2) that G(C) \ G0 contains only
unitary gates. In other words, a normal form circuit is a circuit whose non-unitary gates
must come from G0, but the unitary gates could be arbitrary.
Any combination of the above properties, such as being unitary and time T , which would
be denoted PUnitary ∩ PTime(T ).

▶ Definition 1. Let P,Q be two properties of quantum circuits. A P ⇒ Q compiler is a
function C from circuits to circuits such that:

Same gate sets: For any quantum circuit C, G(C(C)) = G(C) 5.
Close functionalities: For any C and any classical string x, ∆( C(x) , C(C)(x) ) ≤ 1/3.
Property transforming: For any C, if P(C) = 1, then Q(C(C)) = 1.

The choice of the constant 1/3 is arbitrary, and typically only affects an overall constant
factor in the complexity of C(C), which would be absorbed into Big-Oh notation. Note that
any compiler, by definition, maps normal-form circuits to normal-form circuits, since the
input and output circuits have the same gate set.

4 Note that C may compute a unitary operation even if it contains non-unitary gates. In such a case we
would say that PUnitary(C) = 0 despite C being a unitary operation.

5 Recall that C, C(C) do not need to use all gates in their gate set.
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▶ Remark 2. Typically, one would want a circuit transformation to approximately preserve
the action of C on any quantum input. However, as we are interested in low-bounds here,
only asking for approximately preservation on classical inputs will make our results stronger.

4.1 Purifiers
We are now ready to give our notion of a purifier. A purifier transforms any quantum circuit
with measurement gates (or more generally non-unitary gates) into a circuit with only unitary
gates. A black-box purifier, in some sense, successfully removes non-unitary gates, no matter
what gate set the original circuit used. More precisely:

▶ Definition 3. Fix a universal general gate set G0. A black-box purifier is a PNormal ⇒ PUnitary
compiler. We can also consider purifiers that maintain bounds on the time and/or space:

For a function S′ : Z+ → Z+, a black-box S′-space purifier is a PNormal ∩ PSpace(S) ⇒
PUnitary ∩ PSpace(S′(S)) compiler, for any S > 0.
For a function T ′ : Z+ → Z+, a black-box T ′-time purifier is a PNormal ∩ PTime(T ) ⇒
PUnitary ∩ PTime(T ′(T )) compiler, for any T > 0.
For functions S′, T ′ : (Z+)2 → Z+, a black-box (S′, T ′)-space-time purifier is a PNormal ∩
PSpace(S) ∩ PTime(T ) ⇒ PUnitary ∩ PSpace(S′(S,T )) ∩ PTime(T ′(S,T )) compiler.

In other words, a black box purifier maps any quantum circuit that is in normal form
into one that is unitary (and also in normal form, since compilers preserve gate sets). A
black box purifier, in other words, removes the non-unitary gates, and must do so using the
unitary part of the original gate set, regardless of the choice of unitaries. We note, however,
that our definition allows the purifier to depend arbitrarily on the gate set and circuit inputs.
The only requirement is that it must work no matter the choice of unitaries in the original
gate set. An S′ space, T ′ time or (S′, T ′) space-time purifier must do this while outputting
circuits with space S′ and/or time T ′.

We now explain our notion of black box purifier captures existing approaches for removing
intermediate measurements from quantum computation:

[11]: This transforms the original circuit C into a new quantum circuit C ′ as follows:
it takes every measurement gate, and replaces it essentially with a random phase gate.
The randomness for the phase gate is then derived by a suitable explicit pseudorandom
generator (PRG). As a consequence, the “unitary part” of C is entirely un-touched, and
we only need to add the PRG computation which can be expressed in any universal gate
set. As long as the gate set of C is proper, this PRG computation can be expressed in
terms of the unitary gates from the gate set. Thus, their result is black-box.
[10, 12]: These works follow an approach where the computation is broken into a
sequence of arbitrary channels Φ1, · · ·ΦT

6. These channels are then expressed as
matrices representing the transformations on the underlying Hilbert spaces, and then
multiplied using a low-space multiplication algorithm to get the final result. Arbitrary
channels can implement any arbitrary gate set, and the algorithm for low-space matrix
multiplication can be implemented in any universal gate set. Thus we see that their
results are also black-box. Note here that these results appear to be “non-black-box” in

6 In [10], the channels are truly arbitrary. In [12], the channels are restricted to being unital. This
restriction does not affect the discussion here.
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the sense that they make explicit use of the matrix representation of the gates. However,
they are still “black-box” in our sense, as we allow the circuit C ′ to depend arbitrarily on
C and it’s gates, as long as the transformation is possible for any starting C.
[4]: this work is not a black-box purifier in our sense simply because it is a transformation
on classical circuits, and the goal is not to remove measurements but to make the circuit
reversible. However, we can define an analogous notion of classical reversible-izers that
transform any classical circuit into a reversible one. A reversible-izer would then be
black-box as long as is worked for any set of starting gates. [4] is a black-box reversible-izer.
Because of the similarities of purifying and reversible-izing, we would expect any attempt
to adapt [4] in order to purify quantum computations would result in a black-box purifier.

▶ Remark 4. [10, 12, 11] work in the uniform setting where the quantum circuits are generated
uniformly by a classical Turing machine, and additional space and time constraints are placed
on the Turing machine. In our lower bound in Section 5, the low-space algorithm that
contains measurements is easily seen to be uniformly generated. Our notion of a purifier,
however, does not place any resource constraints on how the circuits are generated, which
makes our lower bound stronger.

5 A separation between pure and general quantum computation

▶ Theorem 5.1. Fix a proper universal measurement set. Then there are constants c, d such
that there is no black box (S′ = cT, T ′ = 2dS)-space-time purifier.

Due to lack of space, we defer the complete proof to the Full Version [30]; here we prove
a slightly weaker version. In short, here we show how to construct a gate relative to which
there is a bit b that can be computed by a low space-time algorithm with measurements, but
no low space-time unitary algorithm can compute b. Here, it is crucial that the algorithms
are independent of the choice of gate. If the algorithm can depend on the choice of gate, then
the algorithm can simply have b hardcoded and output that b. As such, our result in this
section does not result in a separation for circuits that are allowed to depend on the choice of
gate. Note that our notion of a compiler is allowed to depend on the gates being used, so the
result from this section is insufficient. We extend this result to gate-dependent algorithms,
and therefore rule out time- and space-efficient black box purifiers, in the Full Version.

Consider n, t ∈ Z+. Assume for simplicity that t + 1 = 2m for an integer m. Let
Ψ = {|ψi⟩, |ϕi⟩}i∈[t] be a list of 2t pure quantum states over H⊗n2 that are orthogonal to |0⟩;
denote this space as H⊗n2 \ {|0⟩}. We will think of these states as each being Haar random
over H⊗n2 \ {|0⟩}. Let o ∈ {0, 1} be a bit, which we will think of as being a uniform random
bit. Define the following unitary function OΨ,out that acts on H⊗(m+n+n)

2 :

OΨ,out|0⟩|0n⟩ |0n⟩ = |0⟩|ψ1⟩ |ϕ1⟩
OΨ,out|0⟩|ψ1⟩ |ϕ1⟩ = |0⟩|0n⟩ |0n⟩

OΨ,out|i⟩ |ψi⟩ |0n⟩ = |i⟩ |ψi+1⟩|ϕi+1⟩ for i ∈ [1, t− 1]
OΨ,out|i⟩ |ψi+1⟩|ϕi+1⟩= |i⟩ |ψi⟩ |0n⟩ for i ∈ [1, t− 1]

OΨ,out|t⟩ |ψt⟩ |z⟩ = |t⟩ |ψt⟩ |z ⊕ out0n−1⟩ for z ∈ {0, 1}n

Meanwhile, OΨ,out preserves all states orthogonal to the states above. The goal will be, given
oracle access to OΨ,out, to compute out.
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5.1 A Low-Space-Time Circuit with Measurements
▶ Lemma 2. There exists a general quantum circuit C with space O(n+m) = O(n+ log t)
and time O(nt) that computes out probability 1.

Proof. Our general quantum circuit does the following:
Initialize registers |0⟩|0n⟩|0n⟩.
Apply an O gate, to obtain |0⟩|ψ1⟩|ϕ1⟩
Repeat the following loop for i = 1, . . . , t, where the state at the beginning of the loop is
|i− 1⟩|ψi⟩|ϕi⟩:

Reset the state |ϕi⟩ to |0n⟩
Add 1 (mod t+ 1) to the first register, which contains i− 1. At this point, the state is
|i⟩|ψi⟩|0n⟩
Make a query to O. If i < t, the resulting state is now |i⟩|ψi+1⟩|ϕi+1⟩. If i = t, the
state is now |t⟩|ψt⟩|out0n−1⟩.

Discard |t⟩, |ψt⟩, and |0n−1⟩, leaving |out⟩. Measure and output out.

Above, resetting |ϕi⟩ to |0n⟩ can be accomplished with n qubit reset gates. As mentioned
in Section 1, qubit reset gates are space- and time-equivalent to many typical notions of
measurement gates, assuming the ability to use the classical results of measurement to control
later gates. However, we cannot reset |ϕi⟩ with a unital measurement: unital measurements
will result in |z⟩ for a random z, but then there is no way to overwrite |z⟩ with |0n⟩.

The space of the algorithm above is 2n + m = O(n + log(t)), plus any extra space
needed to discard and initialize new registers, which is constant. Thus, the overall space
is O(n+ log(t)). For time, there are t+ 1 applications of the O gate, plus in each of the t
iterations we have n qubits are discarded and re-initialized, taking time O(n) per iteration.
This gives an overall number of gates equal to O(nt). ◀

5.2 No Low-Space-Time Circuit without Measurements
▶ Lemma 3. There exists a distribution over Ψ, out and constants c′, d′ such that, for any
unitary circuit over any gate set which makes at most 2d′n queries to OΨ,out and runs in
space S ≤ c′nt, the probability of outputting out is less than 7/12.

The constant 7/12 above is arbitrary, as long as it is strictly between 1/2 and 2/3 (the latter
being the arbitrary constant in the definition of a black box purifier). Above, note that the
time T of the circuit is at least the number of queries to OΨ,out. Thus, there is no time
T ≤ 2d′n and space S ≤ c′nt circuit that can guess out with probability at least 7/12.

The rest of this section will be devoted to proving Lemma 3.

Roadmap. We will assume an algorithm A running in time much less than 2O(n) with
probability of outputting out being at least 7/12. We will show that such an algorithm must
have space Ω(nt). First, we will show that any unitary algorithm that outputs out with
significant probability must actually be able to produce |ψt⟩. This follows from standard
quantum query techniques. Then, we will design a simulator which approximately simulates
Ψ using only several copies of the |ψi⟩, |ϕi⟩ instead of the full descriptions of these states.
This simulation uses ideas from [16], and will cause some error which will be small assuming
the unitary algorithm’s running time is small. As the unitary algorithm is run, some of these
copies will be provided to the algorithm, decreasing the storage of the simulator. We show
essentially that the simulator must have given at least one copy of |ϕi⟩ for each i to the
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algorithm in order for the algorithm to have obtained |ψt⟩. This implies an upper bound
on the space of the simulator at the end of the computation. Finally, we observe that the
total joint storage of the simulator and the unitary algorithm cannot drop below the initial
simulator storage. This then implies a lower bound on the space of the unitary algorithm.

5.3 From Computing out to computing |ψt⟩
▶ Lemma 4. Fix any Ψ. Let A be a unitary algorithm making queries to OΨ,out running
in time T and space S, such that Pro←{0,1}[AOΨ,out() = o] ≥ 7/12. Then there is a another
unitary algorithm A1 running in time ≤ T and space ≤ S that attempts to output |ψt⟩ with
the following guarantee. If ρ is the final state of A1 when making queries to OΨ,out for a
random out, then ⟨ψt|ρ|ψt⟩ ≥ (48T )−2.

Proof. Since A runs in time at most T , it makes at most T queries to O. We zoom in on
the basis states of the queries to O where the first register is |t⟩. Pick any basis for H⊗n2
which contains |ψt⟩ as the first element, and look at the queries to O in that basis. Then we
see that O, when restricted to the first register being |t⟩, is implementing a quantum query
to a classical function, namely the function that maps 0 (corresponding to the first basis
element being |ψt⟩) to out, and everything else to 0. Let the total query weight on the basis
element |ψt⟩ be ϵ. We now switch from OΨ,out to OΨ,0, which contains no information about
out. This means A when querying OΨ,0 outputs out with probability 1/2. By Lemma 3, this
change moves the output state of A by at most

√
Tϵ. Then applying Lemma 2 shows that

the output distribution is affected by at most 4
√
Tϵ. In other words, |p− 1/2| ≤ 4

√
Tϵ. By

our assumption that p ≥ 7/12, we have that ϵ ≥ (482T )−1.
This means there is some query j ∈ [T ] such that the query weight on |ψt⟩ is at least

ϵ/T ≥ (48T )−2. We therefore define A1 as the algorithm which runs A until query j, and
outputs the middle register of the query.

By the analysis above, if ρ is the output state of A1, then ⟨ψt|ρ|ψt⟩ ≥ (48T )−2. Observe
that the number of queries A1 makes and the space of A1 are at most the query count and
space for A. If A is unitary, then so is A1. ◀

From now on, we will assume an algorithm A which outputs |ψt⟩.

5.4 Simulating OΨ,out: Counting
We now gradually build up a simulator which simulates OΨ,out to the algorithm. Our ultimate
simulator will only use several copies of each of the |ψi⟩ and |ϕi⟩.

As a first step, we show that we can simulate OΨ,out as specified above, but we can record
in some ancilla registers the net number of copies of each of the |ψi⟩, |ϕi⟩ that have given
out/consumed7.

Let H∞ be the infinite-dimensional Hilbert space spanned by {|x⟩}x∈Z. Note that we use
an infinite dimensional space for simplicity, and we can make the space finite-dimensional by
instead using the Hilbert space spanned by {−U,−U + 1, · · · , U − 1, U} for some U ≥ T .

For i = 1, . . . , t let Ci be a copy of H∞ and likewise for i = 1, . . . , t− 1 let Di be a copy
of H∞. Each of the Ci,Di will be initialized to |0⟩. Let C be the joint system of all Ci,Di.
We will write the basis states of C as |c⟩ where c ∈ Z2t−1.

7 By “net”, we mean the difference between the number given out minus the number consumed.
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Let IncrCi and DecrCi be the operation on C which applies the map |j⟩ 7→ |j + 1⟩ and
|j⟩ 7→ |j − 1⟩, respectively, to register Ci. Likewise define IncrDi and DecrDi .

Now define the following unitary O(1)
Ψ,out that acts on H⊗(m+n+n)

2 ⊗ C:

O(1)
Ψ,out|0⟩|0n⟩ |0n⟩ |c⟩= |0⟩|ψ1⟩ |ϕ1⟩ IncrC1 IncrD1 |c⟩

O(1)
Ψ,out|0⟩|ψ1⟩ |ϕ1⟩ |c⟩= |0⟩|0n⟩ |0n⟩ DecrC1DecrD1 |c⟩

O(1)
Ψ,out|i⟩ |ψi⟩ |0n⟩ |c⟩= |i⟩ |ψi+1⟩|ϕi+1⟩ DecrCi IncrCi+1 IncrDi+1 |c⟩ for i ∈ [1, t− 1]

O(1)
Ψ,out|i⟩ |ψi+1⟩|ϕi+1⟩|c⟩= |i⟩ |ψi⟩ |0n⟩ IncrCiDecrCi+1DecrDi+1 |c⟩ for i ∈ [1, t− 1]

O(1)
Ψ,out|t⟩ |ψt⟩ |z⟩ |c⟩= |t⟩ |ψt⟩ |z ⊕ out0n−1⟩|c⟩ for z ∈ {0, 1}n

In other words, any time O(1)
Ψ,out outputs a |ψi⟩, it increments the corresponding Ci register;

and analogously increments Di whenever it outputs a |ϕi⟩. On the other hand, any time
O(1)

Ψ,out must absorb a |ψi⟩ or |ϕi⟩, it decrements the analogous register.
Above, we will think of C as being in the private state of a simulator, inaccessible

to the algorithm. We now demonstrate that O(1)
Ψ,out is actually indistinguishable from

OΨ,out, for certain distributions over Ψ. Note that while O(1)
Ψ,out and OΨ,out may look like

they act identically on H⊗(m+n+n)
2 , the fact that O(1)

Ψ,out is modifying external registers
based on the contents of O(1)

Ψ,out means that the operations are, in fact, not identical on
H⊗(m+n+n)

2 . Essentially, by adding/subtracting from C, O(1)
Ψ,out may split different branches

of the computation, eliminating interference that may be present with OΨ,out. In particular,
if Ψ is fixed and known to the algorithm, it is not hard to design an algorithm which can
successfully distinguish between O(1)

Ψ,out and OΨ,out. We show, however, that if Ψ is chosen
from a “sufficiently random” collection of states, then such distinguishing is not possible.

▶ Definition 5. We say a distribution D over states in H⊗n2 is phase invariant if D is
identical to a distribution of the following form:

Sample a state |ψ′⟩ from some distribution D′.
Choose for each x ∈ {0, 1}n a uniform real number τx ∈ (−π, π]
Apply to |ψ′⟩ the operation which maps |x⟩ 7→ eiτx |x⟩ for each x.
Output the resulting state |ψ⟩.

We say D is M -phase invariant if τx is instead uniform on the multiples of 2π/M in (−π, π].

We note that any phase invariant distribution is also M -phase invariant, since we can absorb
the “extra” randomness of τx into the distribution of |ψ′⟩. We also observe that Haar random
states are phase invariant.

▶ Lemma 6. Let A be a time T algorithm. Then for any M ≥ 2T + 1 and any M-phase
invariant distribution D, if Ψ← D2t−1 (meaning the |ψi⟩ and |ϕi⟩ are sampled from D), then

E
Ψ

[
AOΨ,out()

]
= E

Ψ

[
AO(1)

Ψ,out()
]

Proof. Let A,M,D be as in the statement of Lemma 6. Let ZM be the set of of integers
mod M , which we will associate with the interval [−⌊(M − 1)/2⌋, · · · , ⌈(M − 1)/2⌉].

Consider sampling each |ψi⟩ and |ϕi⟩ from D. Let |ψ′i⟩, |ϕ′i⟩ be the samples from D′ used
to sample |ψi⟩, |ϕi⟩ according to the definition of M -phase invariance. For each state |ψi⟩, let
Fi : {0, 1}n → ZM be the function mapping x to τx ∗ (M/2π) where the τx are the random
values used to construct |ψi⟩. Likewise define Gi : {0, 1}n → ZM as the functions mapping x
to τx ∗ (M/2π) for each of the |ϕi⟩. Then the Fi, Gi are uniform random functions.
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Now fix each |ψ′i⟩, |ϕ′i⟩. We will show that Pr[AOΨ,out() = z] = Pr[AO(1)
Ψ,out() = z] holds

even when fixing these states. Now the only randomness is over the choice of Fi, Gi and any
randomness of A.

For a function F : {0, 1}n → ZM , let PhF be the unitary that maps |x⟩ 7→ ei2πF (x)/M |x⟩.
Then |ψi⟩ = PhFi |ψ′i⟩ and |ϕi⟩ = PhGi |ϕ′i⟩

We will use a variant of the query recording technique of [29]. Instead of sampling
random Fi, Gi, we will purify them, initializing uniform superpositions 1

M2n/2

∑
Fi
|Fi⟩ and

1
M2n/2

∑
Gi
|Gi⟩. Let F be the register containing all the Fi, Gi. Now we can think of OΨ,out

as a larger unitary Oout acting on H⊗(m+n+n)
2 ⊗ F , and O(1)

Ψ,out as a larger unitary O(1)
out

acting on H⊗(m+n+n)
2 ⊗F ⊗ C. Oout has the following behavior:

Oout|0⟩|0n⟩ |0n⟩ |{Fi, Gi}i}⟩= |0⟩PhF1 |ψ′1⟩ PhG1 |ϕ′1⟩ |{Fi, Gi}i}⟩
Oout|0⟩PhF1 |ψ′1⟩ PhG1 |ϕ′1⟩ |{Fi, Gi}i}⟩= |0⟩|0n⟩ |0n⟩ |{Fi, Gi}i}⟩

Oout|i⟩PhFi |ψ′i⟩ |0n⟩ |{Fi, Gi}i}⟩= |i⟩PhFi+1 |ψ′i+1⟩PhGi+1 |ϕ′i+1⟩ |{Fi, Gi}i}⟩
Oout|i⟩PhFi+1 |ψ′i+1⟩PhGi+1 |ϕ′i+1⟩|{Fi, Gi}i}⟩= |i⟩PhFi |ψ′i⟩ |0n⟩ |{Fi, Gi}i}⟩

Oout|t⟩PhFt |ψ′t⟩ |z⟩ |{Fi, Gi}i}⟩= |t⟩PhFT |ψ′t⟩ |z ⊕ out0n−1⟩|{Fi, Gi}i}⟩

Meanwhile, O(1)
out has the same behavior, except that it also acts on C using the Incr,Decr

operations.
Now we switch to viewing the F register in the Fourier basis. To do so, we use the

following:

▶ Lemma 7. Consider an algorithm making queries in one of two worlds. In the first, F is
initialized to the uniform superposition over tuples of random functions, and the algorithm
makes queries to Oout (resp. O(1)

out). In the other world, F is initialized to a list of all-
zero functions |(02n)2t−1⟩, and the algorithm makes queries to QFT†F ·Oout · QFTF (resp.
QFT†F ·O

(1)
out · QFTF). Then the output distributions in the two worlds are equal.

Proof. We prove the Oout case, the other being essentially identical. We insert QFT·QFT† = I
applied to F between each query to Oout. We likewise observe that the initial state of F ,
the uniform superposition over all tuples of functions, is just QFT applied to |(02n)2t−1⟩. We
can also apply a final QFT† to F at the very end of the computation, which does not affect
the algorithm’s registers. Now we observe that each QFT,QFT† we injected commutes with
the algorithm’s gates other than Oout, so we can take one half of each QFT · QFT† and push
it to being next to the previous query to Oout and push the other half to being next to the
subsequent query. The result is each query to Oout is sandwiched between two QFT gates.
In other words, the algorithm is now making queries to QFT† ·Oout · QFT, and the initial
state of F is |(02n)2t−1⟩. These changes are all perfectly indistinguishable to the algorithm.
This completes the proof of Lemma 7. ◀

We now observe that QFT†F ·Oout · QFTF (resp. QFT†F ·O
(1)
out · QFTF ) have particularly

nice forms. We start by observing that if we define Ph|y⟩ = ei2πy/M |y⟩, then

QFT† · Ph · QFT|z⟩ = 1
M

∑
z′,y

e−i2πyz
′/Mei2πy/Mei2πyz/M |z′⟩

= 1
M

∑
z′,y

ei2πy(z+1−z′)/M |z′⟩ = |z + 1⟩

where above we used that
∑
y e

i2πyw/M equals M if w = 0 and equals 0 otherwise.
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Using this identity, we will interpret F as a collection V of 2t−1 tables, each table having
length 2n and containing entries from ZM . For a string x, let IncrFi(x) be the operation that
adds 1 (mod M) to the entry of register F corresponding to the ith function Fi on input x.
Likewise define DecrFi(x), IncrGi(x),DecrGi(x). Let |ψ′i⟩ =

∑
x α

(i)
x |x⟩ and |ϕ′i⟩ =

∑
x β

(i)
x |x⟩.

Then Pout := QFT†F ·Oout · QFTF is just
Pout|0⟩|0n⟩ |0n⟩|V ⟩ = |0⟩

∑
x,y

α
(1)
x β

(1)
y |x⟩|y⟩IncrF1(x)IncrG1(y)|V ⟩

Pout|0⟩
∑
x,y

α
(1)
x β

(1)
y |x⟩ |y⟩ IncrF1(x)IncrG1(y)|V ⟩ = |0⟩|0n⟩ |0n⟩|V ⟩

Pout|i⟩
∑
x

α
(i)
x |x⟩ |0n⟩IncrFi(x)|V ⟩ = |i⟩

∑
x′,y′

α
(i+1)
x′ β

(i+1)
x′ |x′⟩ |y′⟩IncrFi+1(x′)IncrGi+1(y′)|V ⟩

Pout|i⟩
∑

x′,y′
α

(i+1)
x′ β

(i+1)
x′ |x′⟩|y′⟩ IncrFi+1(x′)IncrGi+1(y′)|V ⟩= |i⟩

∑
x

α
(i)
x |x⟩ |0n⟩IncrFi(x)|V ⟩

Pout|t⟩
∑
x

α
(t)
x |x⟩ |z⟩ IncrFt(x)|V ⟩ = |t⟩

∑
x

α
(i)
x |x⟩ |z ⊕ out⟩IncrFt(x)|V ⟩

Above, we pad out with 0’s to get an n-bit string.
Likewise we can define P(1)

out := QFT†F ·O
(1)
out ·QFTF , and obtain equations for the definition

of P(1)
out, which look exactly like those for P(1)

out, except that they include additionally the
operations Incr,Decr on the register C.

▷ Claim 8. Each register Ci in C contains exactly the sum of the entries of Fi (when
interpreted as integers in the interval [−⌊(M − 1)/2⌋, · · · , ⌈(M − 1)/2⌉]), and likewise Di
contains exactly the sum of the entries of Gi.

Proof. This is true initially since all the registers are zero. Then the property is preserved
modM since, any time IncrFi(x) is applied, then so is IncrCi , and likewise for IncrGi(x) and
IncrDi . Since the number of queries is less than M/2 and each query only increases or
decreases the value of any register by 1, the entries in Fi,Gi always remain in the interval
[−⌊(M − 1)/2⌋, · · · , ⌈(M − 1)/2⌉] and never need to be reduced modM . Therefore, equality
holds over the integers. ◁

Since the register C can be computed from F , which is local to the oracle simulation and
not seen by the algorithm, we can imagine computing C from F immediately before each
query, and then uncomputing C from F immediately after each query, and this change will
not affect the algorithm in any way. The result is that we move from applying Pout to P(1)

out
without any affect on the algorithm. This shows that Pout to P(1)

out, and hence Oout to O(1)
out,

are perfectly indistinguishable. This completes the proof of Lemma 6. ◀

We next observe the following feature of OΨ,out:

▶ Lemma 9. At all times, for i = 1, . . . , t− 1, the support of C is on states where the count
in register Di+1 is equal to the count in register Di minus the count in register Ci.

In other words, the net number of |ϕi⟩ given out is equal to the difference in the net numbers
of |ψi⟩ and |ψi+1⟩ given out.

Proof. Initially all counts are 0 so the lemma is trivially true. In any query where the first
register is 0, the difference between C1 and D1 is preserved (since both are increased or
decreased or preserved together) and all other counts are kept the same. Thus, the relations
between the counts are preserved. For any query where the first register is i ∈ [1, t− 1], the
count in Ci may be decreased, therefore increasing the difference between Di and Ci, but in
this case Di+1 is increased; no other registers are effected. Thus the relations between the
counts are preserved. For any query where the first register is t, the counts, and therefore
the relations between them, are preserved. ◀
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5.5 Simulating OΨ,out: State Swap
Fix a list of states Ψ. Now we replace the register |c⟩ with the following. Let H = Hn2 \ {|0⟩},
the space of an n-qubit system with the state |0⟩ removed. Recall that SymℓH is the
symmetric subspace of Hℓ. Let Sym∗H = ∪∞ℓ=1SymℓH.

For i = 1, . . . , t, let Si be a copy of Sym∗H; for i = 1, . . . , t− 1, let Ti be another copy of
Sym∗H. Let S be the joint system of all Si, Ti. Each Si is initialized with ℓ copies of |ψi⟩,
and each Ti is initialized with ℓ copies of |ϕi⟩. Here, ℓ ≥ T is a parameter to be chosen later;
think of ℓ as polynomial in T .

Let IncrSi increase the number of copies of |ψi⟩ in Si by 1 (mod N for some N > T + ℓ),
and likewise define DecrSi , IncrTi ,DecrTi . Note that because each Si, Ti contains many copies
of an identical state, the state of the system is always in a symmetric subspace.

Now define the following unitary O(2)
Ψ,out,ℓ that acts on H⊗(m+n+n)

2 ⊗ S:

O(2)
Ψ,out,ℓ|0⟩|0n⟩ |0n⟩ |ω⟩= |0⟩|ψ1⟩ |ϕ1⟩ DecrS1DecrT1 |ω⟩

O(2)
Ψ,out,ℓ|0⟩|ψ1⟩ |ϕ1⟩ |ω⟩= |0⟩|0n⟩ |0n⟩ IncrS1 IncrT1 |ω⟩

O(2)
Ψ,out,ℓ|i⟩ |ψi⟩ |0n⟩ |ω⟩= |i⟩ |ψi+1⟩|ϕi+1⟩ IncrCiDecrSi+1DecrTi+1 |ω⟩, i ∈ [1, t− 1]

O(2)
Ψ,out,ℓ|i⟩ |ψi+1⟩|ϕi+1⟩|ω⟩= |i⟩ |ψi⟩ |0n⟩ DecrCi IncrSi+1 IncrTi+1 |ω⟩ , i ∈ [1, t− 1]

O(2)
Ψ,out,ℓ|t⟩ |ψt⟩ |z⟩ |ω⟩= |t⟩ |ψt⟩ |z ⊕ out0n−1⟩|ω⟩ , z ∈ {0, 1}n

Observe that, as long as the number of queries is at most ℓ, then O(2)
Ψ,out,ℓ can be easily

simulated from just the initial state of S containing ℓ copies of each of the |ψi⟩, |ϕi⟩, as well
as oracle access to the reflections P|ψi⟩ and P|ϕi⟩ where P|ψ⟩ := 1 − 2|ψ⟩⟨ψ|. Indeed, we
need two queries to each P|ψi⟩ and P|ϕi⟩ in order to decide if the input register is in one of
the states |ψi⟩, |ϕi⟩, and then uncompute the decision at the end of simulating the query.
Moreover, whenever we need to remove an |ψi⟩ or |ϕi⟩ from |ω⟩, we also need to output an
|ψi⟩ or |ϕi⟩, respectively. So instead of deleting, say, one of the copies of |ψi⟩ from |ω⟩, we
just put it into the response register given back to the algorithm. Likewise, when we need to
increase the number of |ψi⟩, we also are given one of the |ψi⟩ as input. Since the input |ψi⟩
needs to be deleted to execute the gate, we can instead just swap the |ψi⟩ given as input into
|ω⟩, simultaneously deleting the input copy and increasing the number of copies in |ω⟩, as
desired. The only issue is if the number of copies drops below 0 or increases to N or larger,
in which case the number of copies gets reduced mod N . But since we started with ℓ copies
which is at least the number of queries, then we can never run out of copies. Likewise, the
number of copies can never increase by more than T , for a total of ℓ + T < N . Thus, we
never need to reduce the number of copies modN . See Figure 2.

We also have the following:

▶ Lemma 10. Let A be a time T ≤ ℓ algorithm. Then for any Ψ, any out, we have the
following equality of density matrices:

AO(1)
Ψ,out() = AO(2)

Ψ,out,ℓ()

Proof. We can compute |ω⟩ from |c⟩ (assuming knowledge of the |ψi⟩, |ϕi⟩), and vice versa,
as follows. The count in Ci is just ℓ minus the number of copies of |ψi⟩ in Si. Likewise the
count in Di is just ℓ minus the number of copies of |ϕi⟩ in Ti. Therefore, since |ω⟩ can be
computed from |c⟩ just by computing on registers of the simulator, the algorithm cannot
distinguish whether |ω⟩ or |c⟩ is stored by the simulator. The only issue is if the number of
copies of some state in |ω⟩ gets reduced mod N , but this cannot happen by our choice of
ℓ ≥ T and N ≥ T + ℓ. ◀
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Query
<latexit sha1_base64="l+YG81cg3ImyvWIjIGrp8bhPhKM=">AAACAXicbVDJSgNBEO2JW4zbqBfBS2MQPYUZcTsGvXiMxCyQDKGnU0ma9Cx014hhiBd/xYsHRbz6F978GzvLQRMfFDzeq6Kqnh9LodFxvq3MwuLS8kp2Nbe2vrG5ZW/vVHWUKA4VHslI1X2mQYoQKihQQj1WwAJfQs3vX4/82j0oLaLwDgcxeAHrhqIjOEMjtey9JsIDpmURJJJhpI40LSNDGLbsvFNwxqDzxJ2SPJmi1LK/mu2IJwGEyCXTuuE6MXopUyi4hGGumWiIGe+zLjQMDVkA2kvHHwzpoVHatBMpUyHSsfp7ImWB1oPAN50Bw56e9Ubif14jwc6ll4owThBCPlnUSSTFiI7ioG2hgKMcGMK4EuZWyntMMY4mtJwJwZ19eZ5UTwrueeHs9jRfvJrGkSX75IAcE5dckCK5ISVSIZw8kmfySt6sJ+vFerc+Jq0ZazqzS/7A+vwB9JSXOQ==</latexit>

Simulator’s State

<latexit sha1_base64="2YLsxPdAiiUnDnT6TIp9J/Pccto=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhA8hV3xdQx68RjBPCRZwuykNxkyM7vMzAphzVd48aCIVz/Hm3/jJNmDJhY0FFXddHeFCWfaeN63s7S8srq2Xtgobm5t7+yW9vYbOk4VxTqNeaxaIdHImcS6YYZjK1FIRMixGQ5vJn7zEZVmsbw3owQDQfqSRYwSY6WHJ9ZRRPY5dktlr+JN4S4SPydlyFHrlr46vZimAqWhnGjd9r3EBBlRhlGO42In1ZgQOiR9bFsqiUAdZNODx+6xVXpuFCtb0rhT9fdERoTWIxHaTkHMQM97E/E/r52a6CrImExSg5LOFkUpd03sTr53e0whNXxkCaGK2VtdOiCKUGMzKtoQ/PmXF0njtOJfVM7vzsrV6zyOAhzCEZyAD5dQhVuoQR0oCHiGV3hzlPPivDsfs9YlJ585gD9wPn8AEGuQmA==</latexit>

|ii
<latexit sha1_base64="eZzDnImqNgr0auDL+ixRqaKOJ88=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMF+wFNLJvtpF262YTdjVJi/4cXD4p49b9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmFpeWV1rbhe2tjc2t4p7+41VZxKig0a81i2A6KQM4ENzTTHdiKRRAHHVjC8nvitB5SKxeJOjxL0I9IXLGSUaCPdP3mJYl3mSSL6HLvlilN1prAXiZuTCuSod8tfXi+maYRCU06U6rhOov2MSM0ox3HJSxUmhA5JHzuGChKh8rPp1WP7yCg9O4ylKaHtqfp7IiORUqMoMJ0R0QM1703E/7xOqsNLP2MiSTUKOlsUptzWsT2JwO4xiVTzkSGESmZutemASEK1CapkQnDnX14kzZOqe149uz2t1K7yOIpwAIdwDC5cQA1uoA4NoCDhGV7hzXq0Xqx362PWWrDymX34A+vzB/K/ktE=</latexit>

| ii
<latexit sha1_base64="73Zu7zRJQjnQ3hAuRenvdSaOick=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYhA8hV3xdQx68RjBPCBZw+xkNhkyO7PM9AphzWd48aCIV7/Gm3/jJNmDJhY0FFXddHeFieAGPe/bWVpeWV1bL2wUN7e2d3ZLe/sNo1JNWZ0qoXQrJIYJLlkdOQrWSjQjcShYMxzeTPzmI9OGK3mPo4QFMelLHnFK0ErtJ+9BdjSRfcG6pbJX8aZwF4mfkzLkqHVLX52eomnMJFJBjGn7XoJBRjRyKti42EkNSwgdkj5rWypJzEyQTU8eu8dW6bmR0rYkulP190RGYmNGcWg7Y4IDM+9NxP+8dorRVZBxmaTIJJ0tilLhonIn/7s9rhlFMbKEUM3trS4dEE0o2pSKNgR//uVF0jit+BeV87uzcvU6j6MAh3AEJ+DDJVThFmpQBwoKnuEV3hx0Xpx352PWuuTkMwfwB87nDz7rkT8=</latexit>

|0ni

<latexit sha1_base64="eZzDnImqNgr0auDL+ixRqaKOJ88=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMF+wFNLJvtpF262YTdjVJi/4cXD4p49b9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmFpeWV1rbhe2tjc2t4p7+41VZxKig0a81i2A6KQM4ENzTTHdiKRRAHHVjC8nvitB5SKxeJOjxL0I9IXLGSUaCPdP3mJYl3mSSL6HLvlilN1prAXiZuTCuSod8tfXi+maYRCU06U6rhOov2MSM0ox3HJSxUmhA5JHzuGChKh8rPp1WP7yCg9O4ylKaHtqfp7IiORUqMoMJ0R0QM1703E/7xOqsNLP2MiSTUKOlsUptzWsT2JwO4xiVTzkSGESmZutemASEK1CapkQnDnX14kzZOqe149uz2t1K7yOIpwAIdwDC5cQA1uoA4NoCDhGV7hzXq0Xqx362PWWrDymX34A+vzB/K/ktE=</latexit>

| ii
<latexit sha1_base64="eZzDnImqNgr0auDL+ixRqaKOJ88=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMF+wFNLJvtpF262YTdjVJi/4cXD4p49b9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmFpeWV1rbhe2tjc2t4p7+41VZxKig0a81i2A6KQM4ENzTTHdiKRRAHHVjC8nvitB5SKxeJOjxL0I9IXLGSUaCPdP3mJYl3mSSL6HLvlilN1prAXiZuTCuSod8tfXi+maYRCU06U6rhOov2MSM0ox3HJSxUmhA5JHzuGChKh8rPp1WP7yCg9O4ylKaHtqfp7IiORUqMoMJ0R0QM1703E/7xOqsNLP2MiSTUKOlsUptzWsT2JwO4xiVTzkSGESmZutemASEK1CapkQnDnX14kzZOqe149uz2t1K7yOIpwAIdwDC5cQA1uoA4NoCDhGV7hzXq0Xqx362PWWrDymX34A+vzB/K/ktE=</latexit>

| ii
<latexit sha1_base64="eZzDnImqNgr0auDL+ixRqaKOJ88=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMF+wFNLJvtpF262YTdjVJi/4cXD4p49b9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmFpeWV1rbhe2tjc2t4p7+41VZxKig0a81i2A6KQM4ENzTTHdiKRRAHHVjC8nvitB5SKxeJOjxL0I9IXLGSUaCPdP3mJYl3mSSL6HLvlilN1prAXiZuTCuSod8tfXi+maYRCU06U6rhOov2MSM0ox3HJSxUmhA5JHzuGChKh8rPp1WP7yCg9O4ylKaHtqfp7IiORUqMoMJ0R0QM1703E/7xOqsNLP2MiSTUKOlsUptzWsT2JwO4xiVTzkSGESmZutemASEK1CapkQnDnX14kzZOqe149uz2t1K7yOIpwAIdwDC5cQA1uoA4NoCDhGV7hzXq0Xqx362PWWrDymX34A+vzB/K/ktE=</latexit>

| ii
<latexit sha1_base64="j6od41Rc/KlhYOfXwN95p55blTI=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBEEoSTia1l047KCfUATymR60w6dTMLMRCwxv+LGhSJu/RF3/o3TNgttPXDhcM693HtPkHCmtON8W0vLK6tr66WN8ubW9s6uvVdpqTiVFJo05rHsBEQBZwKammkOnUQCiQIO7WB0M/HbDyAVi8W9HifgR2QgWMgo0Ubq2ZUnL1Gsl7ETN/ckEQMOPbvq1Jwp8CJxC1JFBRo9+8vrxzSNQGjKiVJd10m0nxGpGeWQl71UQULoiAyga6ggESg/m96e4yOj9HEYS1NC46n6eyIjkVLjKDCdEdFDNe9NxP+8bqrDKz9jIkk1CDpbFKYc6xhPgsB9JoFqPjaEUMnMrZgOiSRUm7jKJgR3/uVF0jqtuRe187uzav26iKOEDtAhOkYuukR1dIsaqIkoekTP6BW9Wbn1Yr1bH7PWJauY2Ud/YH3+ABlnlH4=</latexit>

| i+1i
<latexit sha1_base64="j6od41Rc/KlhYOfXwN95p55blTI=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBEEoSTia1l047KCfUATymR60w6dTMLMRCwxv+LGhSJu/RF3/o3TNgttPXDhcM693HtPkHCmtON8W0vLK6tr66WN8ubW9s6uvVdpqTiVFJo05rHsBEQBZwKammkOnUQCiQIO7WB0M/HbDyAVi8W9HifgR2QgWMgo0Ubq2ZUnL1Gsl7ETN/ckEQMOPbvq1Jwp8CJxC1JFBRo9+8vrxzSNQGjKiVJd10m0nxGpGeWQl71UQULoiAyga6ggESg/m96e4yOj9HEYS1NC46n6eyIjkVLjKDCdEdFDNe9NxP+8bqrDKz9jIkk1CDpbFKYc6xhPgsB9JoFqPjaEUMnMrZgOiSRUm7jKJgR3/uVF0jqtuRe187uzav26iKOEDtAhOkYuukR1dIsaqIkoekTP6BW9Wbn1Yr1bH7PWJauY2Ud/YH3+ABlnlH4=</latexit>

| i+1i
<latexit sha1_base64="j6od41Rc/KlhYOfXwN95p55blTI=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBEEoSTia1l047KCfUATymR60w6dTMLMRCwxv+LGhSJu/RF3/o3TNgttPXDhcM693HtPkHCmtON8W0vLK6tr66WN8ubW9s6uvVdpqTiVFJo05rHsBEQBZwKammkOnUQCiQIO7WB0M/HbDyAVi8W9HifgR2QgWMgo0Ubq2ZUnL1Gsl7ETN/ckEQMOPbvq1Jwp8CJxC1JFBRo9+8vrxzSNQGjKiVJd10m0nxGpGeWQl71UQULoiAyga6ggESg/m96e4yOj9HEYS1NC46n6eyIjkVLjKDCdEdFDNe9NxP+8bqrDKz9jIkk1CDpbFKYc6xhPgsB9JoFqPjaEUMnMrZgOiSRUm7jKJgR3/uVF0jqtuRe187uzav26iKOEDtAhOkYuukR1dIsaqIkoekTP6BW9Wbn1Yr1bH7PWJauY2Ud/YH3+ABlnlH4=</latexit>

| i+1i
<latexit sha1_base64="j6od41Rc/KlhYOfXwN95p55blTI=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBEEoSTia1l047KCfUATymR60w6dTMLMRCwxv+LGhSJu/RF3/o3TNgttPXDhcM693HtPkHCmtON8W0vLK6tr66WN8ubW9s6uvVdpqTiVFJo05rHsBEQBZwKammkOnUQCiQIO7WB0M/HbDyAVi8W9HifgR2QgWMgo0Ubq2ZUnL1Gsl7ETN/ckEQMOPbvq1Jwp8CJxC1JFBRo9+8vrxzSNQGjKiVJd10m0nxGpGeWQl71UQULoiAyga6ggESg/m96e4yOj9HEYS1NC46n6eyIjkVLjKDCdEdFDNe9NxP+8bqrDKz9jIkk1CDpbFKYc6xhPgsB9JoFqPjaEUMnMrZgOiSRUm7jKJgR3/uVF0jqtuRe187uzav26iKOEDtAhOkYuukR1dIsaqIkoekTP6BW9Wbn1Yr1bH7PWJauY2Ud/YH3+ABlnlH4=</latexit>

| i+1i
<latexit sha1_base64="vE68Ty1FCGHOgfcN9FNQ5HCWSYQ=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSIIQknE17LoxmUF+4AmhMl02g6dTMLMRCwxv+LGhSJu/RF3/o3TNgttPXDhcM693HtPmHCmtON8W0vLK6tr66WN8ubW9s6uvVdpqTiVhDZJzGPZCbGinAna1Exz2kkkxVHIaTsc3Uz89gOVisXiXo8T6kd4IFifEayNFNiVJy8ZsiBjJ27uSSwGnAZ21ak5U6BF4hakCgUagf3l9WKSRlRowrFSXddJtJ9hqRnhNC97qaIJJiM8oF1DBY6o8rPp7Tk6MkoP9WNpSmg0VX9PZDhSahyFpjPCeqjmvYn4n9dNdf/Kz5hIUk0FmS3qpxzpGE2CQD0mKdF8bAgmkplbERliiYk2cZVNCO78y4ukdVpzL2rnd2fV+nURRwkO4BCOwYVLqMMtNKAJBB7hGV7hzcqtF+vd+pi1LlnFzD78gfX5AwghlHM=</latexit>

|�i+1i
<latexit sha1_base64="vE68Ty1FCGHOgfcN9FNQ5HCWSYQ=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSIIQknE17LoxmUF+4AmhMl02g6dTMLMRCwxv+LGhSJu/RF3/o3TNgttPXDhcM693HtPmHCmtON8W0vLK6tr66WN8ubW9s6uvVdpqTiVhDZJzGPZCbGinAna1Exz2kkkxVHIaTsc3Uz89gOVisXiXo8T6kd4IFifEayNFNiVJy8ZsiBjJ27uSSwGnAZ21ak5U6BF4hakCgUagf3l9WKSRlRowrFSXddJtJ9hqRnhNC97qaIJJiM8oF1DBY6o8rPp7Tk6MkoP9WNpSmg0VX9PZDhSahyFpjPCeqjmvYn4n9dNdf/Kz5hIUk0FmS3qpxzpGE2CQD0mKdF8bAgmkplbERliiYk2cZVNCO78y4ukdVpzL2rnd2fV+nURRwkO4BCOwYVLqMMtNKAJBB7hGV7hzcqtF+vd+pi1LlnFzD78gfX5AwghlHM=</latexit>

|�i+1i
<latexit sha1_base64="vE68Ty1FCGHOgfcN9FNQ5HCWSYQ=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSIIQknE17LoxmUF+4AmhMl02g6dTMLMRCwxv+LGhSJu/RF3/o3TNgttPXDhcM693HtPmHCmtON8W0vLK6tr66WN8ubW9s6uvVdpqTiVhDZJzGPZCbGinAna1Exz2kkkxVHIaTsc3Uz89gOVisXiXo8T6kd4IFifEayNFNiVJy8ZsiBjJ27uSSwGnAZ21ak5U6BF4hakCgUagf3l9WKSRlRowrFSXddJtJ9hqRnhNC97qaIJJiM8oF1DBY6o8rPp7Tk6MkoP9WNpSmg0VX9PZDhSahyFpjPCeqjmvYn4n9dNdf/Kz5hIUk0FmS3qpxzpGE2CQD0mKdF8bAgmkplbERliiYk2cZVNCO78y4ukdVpzL2rnd2fV+nURRwkO4BCOwYVLqMMtNKAJBB7hGV7hzcqtF+vd+pi1LlnFzD78gfX5AwghlHM=</latexit>

|�i+1i

<latexit sha1_base64="/hsDA+8ok9ip37NRTsGA3e5ADQA=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIL1wV3bisaB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ6oHA4Zx7uScniDnTxnW/nMLC4tLySnG1tLa+sblV3t5papkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWjq8xvPVClmRR3ZhxTP8IDwUJGsLHSfTfCZkgwT28nPXbRK1fcqjsF+ku8nFQgR71X/uz2JUkiKgzhWOuO58bGT7EyjHA6KXUTTWNMRnhAO5YKHFHtp9PUE3RglT4KpbJPGDRVf26kONJ6HAV2Mkup571M/M/rJCY891Mm4sRQQWaHwoQjI1FWAeozRYnhY0swUcxmRWSIFSbGFlWyJXjzX/5LmkdV77R6cnNcqV3mdRRhD/bhEDw4gxpcQx0aQEDBE7zAq/PoPDtvzvtstODkO7vwC87HN5OmkpM=</latexit>

Si :
<latexit sha1_base64="fP3ik0lz64em1UkeLpki6yPEBxY=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBIsgCCURX7gqunFZ0T6gDWEynbRDJ5MwMxFLyK+4caGIW3/EnX/jpM1CWw8MHM65l3vm+DGjUtn2t1FaWl5ZXSuvVzY2t7Z3zN1qW0aJwKSFIxaJro8kYZSTlqKKkW4sCAp9Rjr++Cb3O49ESBrxBzWJiRuiIacBxUhpyTOr/RCpEUYsvc+8lB472ZVn1uy6PYW1SJyC1KBA0zO/+oMIJyHhCjMkZc+xY+WmSCiKGckq/USSGOExGpKephyFRLrpNHtmHWplYAWR0I8ra6r+3khRKOUk9PVknlTOe7n4n9dLVHDpppTHiSIczw4FCbNUZOVFWAMqCFZsognCguqsFh4hgbDSdVV0Cc78lxdJ+6TunNfP7k5rjeuijjLswwEcgQMX0IBbaEILMDzBM7zCm5EZL8a78TEbLRnFzh78gfH5A7u7lEA=</latexit>

Si+1 :
<latexit sha1_base64="dfza1prnCVu4mK0Bdr30o34obvk=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBZBEEoivnBVdOOyQl/QhjCZTtqhkwczE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6WV1bX1jfJmZWt7Z3fP3K92ZJQIQtsk4pHoeVhSzkLaVkxx2osFxYHHadeb3OV+95EKyaKwpaYxdQI8CpnPCFZacs3qIMBqTDBPW5mbslM7u3HNmlW3ZkDLxC5IDQo0XfNrMIxIEtBQEY6l7NtWrJwUC8UIp1llkEgaYzLBI9rXNMQBlU46y56hY60MkR8J/UKFZurvjRQHUk4DT0/mSeWil4v/ef1E+ddOysI4UTQk80N+wpGKUF4EGjJBieJTTTARTGdFZIwFJkrXVdEl2ItfXiads7p9Wb94OK81bos6ynAIR3ACNlxBA+6hCW0g8ATP8ApvRma8GO/Gx3y0ZBQ7B/AHxucPvUeUQQ==</latexit>

Ti+1 :

<latexit sha1_base64="2YLsxPdAiiUnDnT6TIp9J/Pccto=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhA8hV3xdQx68RjBPCRZwuykNxkyM7vMzAphzVd48aCIVz/Hm3/jJNmDJhY0FFXddHeFCWfaeN63s7S8srq2Xtgobm5t7+yW9vYbOk4VxTqNeaxaIdHImcS6YYZjK1FIRMixGQ5vJn7zEZVmsbw3owQDQfqSRYwSY6WHJ9ZRRPY5dktlr+JN4S4SPydlyFHrlr46vZimAqWhnGjd9r3EBBlRhlGO42In1ZgQOiR9bFsqiUAdZNODx+6xVXpuFCtb0rhT9fdERoTWIxHaTkHMQM97E/E/r52a6CrImExSg5LOFkUpd03sTr53e0whNXxkCaGK2VtdOiCKUGMzKtoQ/PmXF0njtOJfVM7vzsrV6zyOAhzCEZyAD5dQhVuoQR0oCHiGV3hzlPPivDsfs9YlJ585gD9wPn8AEGuQmA==</latexit>

|ii

<latexit sha1_base64="eZzDnImqNgr0auDL+ixRqaKOJ88=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMF+wFNLJvtpF262YTdjVJi/4cXD4p49b9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmFpeWV1rbhe2tjc2t4p7+41VZxKig0a81i2A6KQM4ENzTTHdiKRRAHHVjC8nvitB5SKxeJOjxL0I9IXLGSUaCPdP3mJYl3mSSL6HLvlilN1prAXiZuTCuSod8tfXi+maYRCU06U6rhOov2MSM0ox3HJSxUmhA5JHzuGChKh8rPp1WP7yCg9O4ylKaHtqfp7IiORUqMoMJ0R0QM1703E/7xOqsNLP2MiSTUKOlsUptzWsT2JwO4xiVTzkSGESmZutemASEK1CapkQnDnX14kzZOqe149uz2t1K7yOIpwAIdwDC5cQA1uoA4NoCDhGV7hzXq0Xqx362PWWrDymX34A+vzB/K/ktE=</latexit>

| ii
<latexit sha1_base64="eZzDnImqNgr0auDL+ixRqaKOJ88=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMF+wFNLJvtpF262YTdjVJi/4cXD4p49b9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmFpeWV1rbhe2tjc2t4p7+41VZxKig0a81i2A6KQM4ENzTTHdiKRRAHHVjC8nvitB5SKxeJOjxL0I9IXLGSUaCPdP3mJYl3mSSL6HLvlilN1prAXiZuTCuSod8tfXi+maYRCU06U6rhOov2MSM0ox3HJSxUmhA5JHzuGChKh8rPp1WP7yCg9O4ylKaHtqfp7IiORUqMoMJ0R0QM1703E/7xOqsNLP2MiSTUKOlsUptzWsT2JwO4xiVTzkSGESmZutemASEK1CapkQnDnX14kzZOqe149uz2t1K7yOIpwAIdwDC5cQA1uoA4NoCDhGV7hzXq0Xqx362PWWrDymX34A+vzB/K/ktE=</latexit>

| ii
<latexit sha1_base64="eZzDnImqNgr0auDL+ixRqaKOJ88=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMF+wFNLJvtpF262YTdjVJi/4cXD4p49b9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmFpeWV1rbhe2tjc2t4p7+41VZxKig0a81i2A6KQM4ENzTTHdiKRRAHHVjC8nvitB5SKxeJOjxL0I9IXLGSUaCPdP3mJYl3mSSL6HLvlilN1prAXiZuTCuSod8tfXi+maYRCU06U6rhOov2MSM0ox3HJSxUmhA5JHzuGChKh8rPp1WP7yCg9O4ylKaHtqfp7IiORUqMoMJ0R0QM1703E/7xOqsNLP2MiSTUKOlsUptzWsT2JwO4xiVTzkSGESmZutemASEK1CapkQnDnX14kzZOqe149uz2t1K7yOIpwAIdwDC5cQA1uoA4NoCDhGV7hzXq0Xqx362PWWrDymX34A+vzB/K/ktE=</latexit>

| ii
<latexit sha1_base64="eZzDnImqNgr0auDL+ixRqaKOJ88=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMF+wFNLJvtpF262YTdjVJi/4cXD4p49b9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmFpeWV1rbhe2tjc2t4p7+41VZxKig0a81i2A6KQM4ENzTTHdiKRRAHHVjC8nvitB5SKxeJOjxL0I9IXLGSUaCPdP3mJYl3mSSL6HLvlilN1prAXiZuTCuSod8tfXi+maYRCU06U6rhOov2MSM0ox3HJSxUmhA5JHzuGChKh8rPp1WP7yCg9O4ylKaHtqfp7IiORUqMoMJ0R0QM1703E/7xOqsNLP2MiSTUKOlsUptzWsT2JwO4xiVTzkSGESmZutemASEK1CapkQnDnX14kzZOqe149uz2t1K7yOIpwAIdwDC5cQA1uoA4NoCDhGV7hzXq0Xqx362PWWrDymX34A+vzB/K/ktE=</latexit>

| ii
<latexit sha1_base64="j6od41Rc/KlhYOfXwN95p55blTI=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBEEoSTia1l047KCfUATymR60w6dTMLMRCwxv+LGhSJu/RF3/o3TNgttPXDhcM693HtPkHCmtON8W0vLK6tr66WN8ubW9s6uvVdpqTiVFJo05rHsBEQBZwKammkOnUQCiQIO7WB0M/HbDyAVi8W9HifgR2QgWMgo0Ubq2ZUnL1Gsl7ETN/ckEQMOPbvq1Jwp8CJxC1JFBRo9+8vrxzSNQGjKiVJd10m0nxGpGeWQl71UQULoiAyga6ggESg/m96e4yOj9HEYS1NC46n6eyIjkVLjKDCdEdFDNe9NxP+8bqrDKz9jIkk1CDpbFKYc6xhPgsB9JoFqPjaEUMnMrZgOiSRUm7jKJgR3/uVF0jqtuRe187uzav26iKOEDtAhOkYuukR1dIsaqIkoekTP6BW9Wbn1Yr1bH7PWJauY2Ud/YH3+ABlnlH4=</latexit>

| i+1i
<latexit sha1_base64="j6od41Rc/KlhYOfXwN95p55blTI=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBEEoSTia1l047KCfUATymR60w6dTMLMRCwxv+LGhSJu/RF3/o3TNgttPXDhcM693HtPkHCmtON8W0vLK6tr66WN8ubW9s6uvVdpqTiVFJo05rHsBEQBZwKammkOnUQCiQIO7WB0M/HbDyAVi8W9HifgR2QgWMgo0Ubq2ZUnL1Gsl7ETN/ckEQMOPbvq1Jwp8CJxC1JFBRo9+8vrxzSNQGjKiVJd10m0nxGpGeWQl71UQULoiAyga6ggESg/m96e4yOj9HEYS1NC46n6eyIjkVLjKDCdEdFDNe9NxP+8bqrDKz9jIkk1CDpbFKYc6xhPgsB9JoFqPjaEUMnMrZgOiSRUm7jKJgR3/uVF0jqtuRe187uzav26iKOEDtAhOkYuukR1dIsaqIkoekTP6BW9Wbn1Yr1bH7PWJauY2Ud/YH3+ABlnlH4=</latexit>

| i+1i
<latexit sha1_base64="j6od41Rc/KlhYOfXwN95p55blTI=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBEEoSTia1l047KCfUATymR60w6dTMLMRCwxv+LGhSJu/RF3/o3TNgttPXDhcM693HtPkHCmtON8W0vLK6tr66WN8ubW9s6uvVdpqTiVFJo05rHsBEQBZwKammkOnUQCiQIO7WB0M/HbDyAVi8W9HifgR2QgWMgo0Ubq2ZUnL1Gsl7ETN/ckEQMOPbvq1Jwp8CJxC1JFBRo9+8vrxzSNQGjKiVJd10m0nxGpGeWQl71UQULoiAyga6ggESg/m96e4yOj9HEYS1NC46n6eyIjkVLjKDCdEdFDNe9NxP+8bqrDKz9jIkk1CDpbFKYc6xhPgsB9JoFqPjaEUMnMrZgOiSRUm7jKJgR3/uVF0jqtuRe187uzav26iKOEDtAhOkYuukR1dIsaqIkoekTP6BW9Wbn1Yr1bH7PWJauY2Ud/YH3+ABlnlH4=</latexit>

| i+1i
<latexit sha1_base64="j6od41Rc/KlhYOfXwN95p55blTI=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBEEoSTia1l047KCfUATymR60w6dTMLMRCwxv+LGhSJu/RF3/o3TNgttPXDhcM693HtPkHCmtON8W0vLK6tr66WN8ubW9s6uvVdpqTiVFJo05rHsBEQBZwKammkOnUQCiQIO7WB0M/HbDyAVi8W9HifgR2QgWMgo0Ubq2ZUnL1Gsl7ETN/ckEQMOPbvq1Jwp8CJxC1JFBRo9+8vrxzSNQGjKiVJd10m0nxGpGeWQl71UQULoiAyga6ggESg/m96e4yOj9HEYS1NC46n6eyIjkVLjKDCdEdFDNe9NxP+8bqrDKz9jIkk1CDpbFKYc6xhPgsB9JoFqPjaEUMnMrZgOiSRUm7jKJgR3/uVF0jqtuRe187uzav26iKOEDtAhOkYuukR1dIsaqIkoekTP6BW9Wbn1Yr1bH7PWJauY2Ud/YH3+ABlnlH4=</latexit>

| i+1i
<latexit sha1_base64="vE68Ty1FCGHOgfcN9FNQ5HCWSYQ=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSIIQknE17LoxmUF+4AmhMl02g6dTMLMRCwxv+LGhSJu/RF3/o3TNgttPXDhcM693HtPmHCmtON8W0vLK6tr66WN8ubW9s6uvVdpqTiVhDZJzGPZCbGinAna1Exz2kkkxVHIaTsc3Uz89gOVisXiXo8T6kd4IFifEayNFNiVJy8ZsiBjJ27uSSwGnAZ21ak5U6BF4hakCgUagf3l9WKSRlRowrFSXddJtJ9hqRnhNC97qaIJJiM8oF1DBY6o8rPp7Tk6MkoP9WNpSmg0VX9PZDhSahyFpjPCeqjmvYn4n9dNdf/Kz5hIUk0FmS3qpxzpGE2CQD0mKdF8bAgmkplbERliiYk2cZVNCO78y4ukdVpzL2rnd2fV+nURRwkO4BCOwYVLqMMtNKAJBB7hGV7hzcqtF+vd+pi1LlnFzD78gfX5AwghlHM=</latexit>

|�i+1i
<latexit sha1_base64="vE68Ty1FCGHOgfcN9FNQ5HCWSYQ=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSIIQknE17LoxmUF+4AmhMl02g6dTMLMRCwxv+LGhSJu/RF3/o3TNgttPXDhcM693HtPmHCmtON8W0vLK6tr66WN8ubW9s6uvVdpqTiVhDZJzGPZCbGinAna1Exz2kkkxVHIaTsc3Uz89gOVisXiXo8T6kd4IFifEayNFNiVJy8ZsiBjJ27uSSwGnAZ21ak5U6BF4hakCgUagf3l9WKSRlRowrFSXddJtJ9hqRnhNC97qaIJJiM8oF1DBY6o8rPp7Tk6MkoP9WNpSmg0VX9PZDhSahyFpjPCeqjmvYn4n9dNdf/Kz5hIUk0FmS3qpxzpGE2CQD0mKdF8bAgmkplbERliiYk2cZVNCO78y4ukdVpzL2rnd2fV+nURRwkO4BCOwYVLqMMtNKAJBB7hGV7hzcqtF+vd+pi1LlnFzD78gfX5AwghlHM=</latexit>

|�i+1i

<latexit sha1_base64="vE68Ty1FCGHOgfcN9FNQ5HCWSYQ=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSIIQknE17LoxmUF+4AmhMl02g6dTMLMRCwxv+LGhSJu/RF3/o3TNgttPXDhcM693HtPmHCmtON8W0vLK6tr66WN8ubW9s6uvVdpqTiVhDZJzGPZCbGinAna1Exz2kkkxVHIaTsc3Uz89gOVisXiXo8T6kd4IFifEayNFNiVJy8ZsiBjJ27uSSwGnAZ21ak5U6BF4hakCgUagf3l9WKSRlRowrFSXddJtJ9hqRnhNC97qaIJJiM8oF1DBY6o8rPp7Tk6MkoP9WNpSmg0VX9PZDhSahyFpjPCeqjmvYn4n9dNdf/Kz5hIUk0FmS3qpxzpGE2CQD0mKdF8bAgmkplbERliiYk2cZVNCO78y4ukdVpzL2rnd2fV+nURRwkO4BCOwYVLqMMtNKAJBB7hGV7hzcqtF+vd+pi1LlnFzD78gfX5AwghlHM=</latexit>

|�i+1i

<latexit sha1_base64="/hsDA+8ok9ip37NRTsGA3e5ADQA=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIL1wV3bisaB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ6oHA4Zx7uScniDnTxnW/nMLC4tLySnG1tLa+sblV3t5papkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWjq8xvPVClmRR3ZhxTP8IDwUJGsLHSfTfCZkgwT28nPXbRK1fcqjsF+ku8nFQgR71X/uz2JUkiKgzhWOuO58bGT7EyjHA6KXUTTWNMRnhAO5YKHFHtp9PUE3RglT4KpbJPGDRVf26kONJ6HAV2Mkup571M/M/rJCY891Mm4sRQQWaHwoQjI1FWAeozRYnhY0swUcxmRWSIFSbGFlWyJXjzX/5LmkdV77R6cnNcqV3mdRRhD/bhEDw4gxpcQx0aQEDBE7zAq/PoPDtvzvtstODkO7vwC87HN5OmkpM=</latexit>

Si :
<latexit sha1_base64="fP3ik0lz64em1UkeLpki6yPEBxY=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBIsgCCURX7gqunFZ0T6gDWEynbRDJ5MwMxFLyK+4caGIW3/EnX/jpM1CWw8MHM65l3vm+DGjUtn2t1FaWl5ZXSuvVzY2t7Z3zN1qW0aJwKSFIxaJro8kYZSTlqKKkW4sCAp9Rjr++Cb3O49ESBrxBzWJiRuiIacBxUhpyTOr/RCpEUYsvc+8lB472ZVn1uy6PYW1SJyC1KBA0zO/+oMIJyHhCjMkZc+xY+WmSCiKGckq/USSGOExGpKephyFRLrpNHtmHWplYAWR0I8ra6r+3khRKOUk9PVknlTOe7n4n9dLVHDpppTHiSIczw4FCbNUZOVFWAMqCFZsognCguqsFh4hgbDSdVV0Cc78lxdJ+6TunNfP7k5rjeuijjLswwEcgQMX0IBbaEILMDzBM7zCm5EZL8a78TEbLRnFzh78gfH5A7u7lEA=</latexit>

Si+1 :
<latexit sha1_base64="dfza1prnCVu4mK0Bdr30o34obvk=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBZBEEoivnBVdOOyQl/QhjCZTtqhkwczE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6WV1bX1jfJmZWt7Z3fP3K92ZJQIQtsk4pHoeVhSzkLaVkxx2osFxYHHadeb3OV+95EKyaKwpaYxdQI8CpnPCFZacs3qIMBqTDBPW5mbslM7u3HNmlW3ZkDLxC5IDQo0XfNrMIxIEtBQEY6l7NtWrJwUC8UIp1llkEgaYzLBI9rXNMQBlU46y56hY60MkR8J/UKFZurvjRQHUk4DT0/mSeWil4v/ef1E+ddOysI4UTQk80N+wpGKUF4EGjJBieJTTTARTGdFZIwFJkrXVdEl2ItfXiads7p9Wb94OK81bos6ynAIR3ACNlxBA+6hCW0g8ATP8ApvRma8GO/Gx3y0ZBQ7B/AHxucPvUeUQQ==</latexit>

Ti+1 :

Figure 2 How our simulator maps the query input (top) to the query output (bottom) by simply
moving registers around.

Let ci be ℓ minus the number of copies of |ϕi⟩ and di be ℓ minus the number of copies of
|ψi⟩ in |ω⟩. By mapping the constraints on c from Lemma 9 to |ω⟩, we also have:

▶ Corollary 11. At any point when running AO(2)
Ψ,out,ℓ(), the support of the simulator’s state

is only on terms satisfying, di+1 = di − ci.

5.6 Simulating OΨ,out: Approximating |ψ⟩⟨ψ|
Above in Section 5.5, we show how to almost simulate OΨ,out just using copies of |ψi⟩ and |ϕi⟩.
The only part where we need actual knowledge of |ψi⟩, |ϕi⟩ is to implement the reflections
P|ψi⟩, P|ϕi⟩. Here, we use techniques from [16] to simulate queries to the reflection, just using
our copies of |ψi⟩.

Let AP|ψ⟩ be an algorithm making Q queries to P|ψ⟩. [16] simulate the queries to P|ψ⟩ as
follows. Initialize a register SymℓH to contain ℓ copies of |ψ⟩. Now, instead of responding to
each query with P|ψ⟩, respond to each query with Symℓ+1, the reflection about the symmetric
subspace of ℓ+ 1 copies of H, where ℓ copies come from the simulator’s register SymℓH, and
the remaining register is the query.

Let ρ0 be the final state of the algorithm AP|ψ⟩ when making queries to the actual
reflection, together with ℓ copies of |ψ⟩. Let ρ1 be the final state of A when the queries are
simulated, together with the final state of SymℓH (which is symmetric but may no longer be
identical copies of |ψ⟩ since the simulation will have perturbed them).

▶ Lemma 12 ([16], Theorem 4). TD [ρ0, ρ1] ≤ 2Q√
ℓ+1

In our case, we have to be a bit careful applying Lemma 12, since we do not have a fixed
number of copies of |ψ⟩, and the states in Si, Ti can be in superposition of having differing
numbers of copies. Instead, we will need the following refinement. Initialize a register Sym∗H
to contain ℓ copies of |ψ⟩. Now, respond to each query with the reflection Sym∗+1: for states
in Sym∗H contained in Symℓ′

H, Sym∗+1 will reflect about the symmetric subspace of the
joint system of Symℓ′

H and the query register. Between queries, A is now allowed to add or
remove copies of |ψ⟩ from Sym∗H. Let T be an upper bound on the number of copies that
can be removed. Let ρ0 be the final joint state A and Sym∗H when A’s queries are answered
by P|ψ⟩, and let ρ0 be the final joint state when the queries are answered by Sym∗+1.

▶ Corollary 13. If the number of removed copies is at most T , TD [ρ0, ρ1] ≤ 2Q√
ℓ−T+1
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Proof. This follows from a simple hybrid argument. Let H0 be the case where A’s queries
are answered with P|ψ⟩, and Hi be the case where the first Q− i queries are answered with
P|ψ⟩, and the remaining queries are answered with Sym∗+1. It suffices to prove that the trace
distance between Hi and Hi+1 is at most 2/

√
ℓ− T + 1, and the triangle inequality implies

the lemma.
Toward that end, observe that Hi, Hi+1 are identical except for the ith query from the

end. Up until this point, Sym∗H has not been used to answer queries, though it may have
had some copies of |ψ⟩ added or removed. Therefore, the state of Sym∗H is a superposition
over |ψ⟩⊗ℓ′ for several different ℓ′. Since A is only allowed to remove up to T of the copies,
we know that the support of this state has ℓ′ ≥ ℓ − T . It is therefore a straightforward
application of Lemma 12 that the trace distance between Hi, Hi+1 is at most 2√

ℓ−T+1 , as
desired. ◀

We now apply Lemma 12 to for each |ψi⟩, |ϕi⟩. We set Q = 2T and use that our simulation
O(2) makes 2T queries to each projection oracle (2 for each of A’s T queries) and removes at
most T copies of each |ψi⟩, |ϕi⟩. We therefore obtain a simulator O(3)

Ψ,out,ℓ which is given ℓ

copies of each of the |ψi⟩, |ϕi⟩, and attempts to simulate O(2)
Ψ,out,ℓ. We immediately have:

▶ Lemma 14. Let A be a time T algorithm. Then for any ℓ > T , any Ψ, any out, and
output z,

TD
[
AO(2)

Ψ,out,ℓ(),AO(3)
Ψ,out,ℓ()

]
≤ 8tT√

ℓ− T + 1

where the states on both sides include the register provided to O(2),O(3) which initially
contains the ℓ copies of each of the |ψi⟩, |ϕi⟩.

Now measure the number of Hn2 registers in each of Si and Ti, obtaining values ℓ − ci
and ℓ− di for integers ci, di. By Corollary 11, we have:

▶ Corollary 15. With probability 1, di+1 = di − ci.

▶ Lemma 16. Except with probability at most 8tT√
ℓ−T+1 + 2t×ℓ

2n−1+ℓ , ci ≥ 0 and di ≥ 0 for all i.

Proof. If any ci (resp. di) are less than zero, it means the number of “copies” of |ψi⟩
of the simulator exceeds the original number provided originally. If these were actually
perfect copies, then this would violate the unclonability of Haar random states. Indeed, it
is known [28] that for a Haar random state over dimension D, the probability of mapping
r copies to r + 1 is bounded by ℓ/(D + ℓ). In our case, D = 2n − 1 (since the states
are Haar random in H, which is H⊗n2 excluding |0⟩). Then we can union bound over all
2t− 1 ≤ 2t states |ψi⟩, |ϕi⟩, to get the probability of any ci or di being less than 0 being at
most 2t× ℓ/(2n − 1 + ℓ).

Now, the copies provided to the simulator have potentially been perturbed as the simulator
runs. However, Lemma 14 implies that they can only have been perturbed by 8tT√

ℓ−T+1 ,
meaning the states are still close to the respective |ψi⟩, |ϕi⟩. Putting these together completes
the proof of the lemma. ◀

5.7 Putting it All Together
When A terminates, apply the operation P|ψt⟩ to the output. If it accepts, then add the
resulting state to St. By piecing together the above results, we therefore have an algorithm
which, with probability at least

ITCS 2024
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W := 1
(48T )2 −

8tT√
ℓ− T + 1

− 2t× ℓ
2n − 1 + ℓ

results in ct ≥ 1, and for i ∈ [1, t−1], ci, di ≥ 0 and di+1 = di−ci. If we assume T ≥ max(n, t)
and let ℓ = Ω(T 6) = Ω(t2T 4), and if we assume T 6 ≪ 2n, we can lower bound W as Ω(T−2).

But observe that in this case, we must have all di ≥ 1. In this case, the system has collapsed
to a space of lower dimension. Specifically, as each of the registers Fi,Gi are in the sym-
metric spaces Symℓ−ciH,Symℓ−diH, their dimension is

((2n−1)+(ℓ−ci)−1
ℓ−ci

)
,
((2n−1)+(ℓ−di)−1

ℓ−di

)
,

respectively. Thus, if we let S be the algorithm’s space, and using that the di ≥ 1 and the
ci ≥ 0, the total dimension of the joint system of the simulator’s state and algorithm’s state
is at most

DFinal :=
(

(2n − 1) + ℓ− 1
ℓ

)t

×
(

(2n − 1) + (ℓ− 1)− 1
ℓ− 1

)t−1
× 2S

On the other hand, these spaces all started in the symmetric subspace SymℓH, which
has dimension

((2n−1)+ℓ−1
ℓ

)
. Specifically, since the |ψi⟩ and |ϕi⟩ are Haar random, the

initial mixed state is equivalent to the totally mixed state in this symmetric subspace. The
algorithm’s state starts out deterministically in the state |0⟩. Thus, the initial state joint
state of the algorithm and simulator is a totally mixed state in a space of dimension

DInitial :=
(

(2n − 1) + ℓ− 1
ℓ

)2t−1
× 1

▶ Lemma 17. Let ρ be a totally mixed state in a subspace of dimension DInitial. Let U be
a unitary. Let SFinal be any subspace of dimension DFinal, which we will also associate with
the projection onto that space. Then Tr[SFinalUρU

†SFinal] ≤ DFinal/DInitial. In other words,
the probability that a totally mixed state in dimension DInitial can be mapped to a space of
dimension DFinal using unitary computations is at most DFinal/DInitial.

Proof. Since ρ is a totally mixed state in a subspace of dimension DInitial, it has DInitial
positive eigenvalues, all equal to 1/DInital. On the other hand, the state SFinalUρU

†SFinal has
rank at most DFinal, and therefore the number of non-negative eigenvalues is at most DFinal.
Moreover, if λ is the maximal eigenvalue of SFinalUρU

†SFinal and |τ⟩ the associated maximal
eigenvector, then

λ = ⟨τ |SFinalUρU
†SFinal|τ⟩ = ⟨τ ′|ρ|τ ′⟩ ≤ (1/DInital)⟨τ ′|τ ′⟩ ≤ 1/DInital

where |τ ′⟩ = U†SFinal|τ⟩, which has norm at most 1 since it is the projection of a norm-1
vector. In other words, the maximal eigenvalue λ is at most the maximal eigenvalue of ρ.
Since the number of non-negative eigevalues is at most DFinal, the trace, which equals the
sum of all eigenvalues, is at most DFinal/DInital, as desired. ◀

Applying Lemma 17, we therefore have:

Ω(T−2) ≤ DFinal/DInitial =
(

ℓ

(2n − 1) + ℓ

)t−1
× 2S

Rearranging and taking logarithms gives S ≥ Ω( tn− t log ℓ− log T ). Using our assumption
that T 6 ≪ 2n (equivalently, T ≪ 2n/6) and setting ℓ ≥ Ω(T 6), we have that S ≥ Ω(tn). This
completes the proof of Lemma 3.
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