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Abstract
We analyze the running time of the Hartigan–Wong method, an old algorithm for the k-means
clustering problem. First, we construct an instance on the line on which the method can take 2Ω(n)

steps to converge, demonstrating that the Hartigan–Wong method has exponential worst-case
running time even when k-means is easy to solve. As this is in contrast to the empirical performance
of the algorithm, we also analyze the running time in the framework of smoothed analysis. In
particular, given an instance of n points in d dimensions, we prove that the expected number of
iterations needed for the Hartigan–Wong method to terminate is bounded by k12kd · poly(n, k, d, 1/σ)
when the points in the instance are perturbed by independent d-dimensional Gaussian random
variables of mean 0 and standard deviation σ.
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1 Introduction

Clustering is an important problem in computer science, from both a practical and a
theoretical perspective. On the practical side, identifying clusters of similar points in large
data sets has relevance to fields ranging from physics to biology to sociology. Recent advances
in machine learning and big data have made the need for efficient clustering algorithms even
more apparent. On the theoretical side, clustering problems continue to be a topic of research
from the perspective of approximation algorithms, heuristics, and computational geometry.

Perhaps the best-studied clustering problem is that of k-means clustering. In this problem,
one is given a finite set of points X ⊆ Rd and an integer k. The goal is to partition the
points into k subsets, such that the sum of squared distances of each point to the centroid of
its assigned cluster, also called its cluster center, is minimized.

Despite great effort to devise approximation algorithms for k-means clustering, the method
of choice remains Lloyd’s method [11]. This method starts with an arbitrary choice of centers,
and assigns each point to its closest center. The centers are then moved to the centroids of
each cluster. In the next iteration, each point is again reassigned to its closest center, and
the process repeats.
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It is not hard to show that this process strictly decreases the objective function whenever
either a cluster center changes position, or a point is reassigned. Hence, no clustering can
show up twice during an execution of this algorithm. Since the number of partitions of n

points into k sets is at most kn, the process must eventually terminate.
Although Lloyd’s method has poor approximation performance both in theory and in

practice [2], its speed has kept it relevant to practitioners. This is in startling contrast to its
worst-case running time, which is exponential in the number of points [15].

To close the gap between theory and practice, Arthur et al. have shown that Lloyd’s
method terminates in expected polynomial time on perturbed point sets, by means of a
smoothed analysis [1]. This provides some theoretical justification for the use of Lloyd’s
method in practice.

Another, less well-known heuristic for clustering is the Hartigan–Wong method [8]. In
this method, one proceeds point-by-point. Given an arbitrary clustering, one checks whether
there exists a point that can be reassigned to a different cluster, such that the objective
function decreases. If such a point exists, it is reassigned to this new cluster. If no such
points exist, the algorithm terminates and the clustering is declared locally optimal.

Although at first sight the Hartigan–Wong method might seem like a simpler version
of Lloyd’s method, it is qualitatively different. If Lloyd’s method reassigns a point x from
cluster i to cluster j, then x must be closer to the center of cluster j than to that of cluster i.
In the Hartigan–Wong method, this is not true; x may be reassigned even when there are no
cluster centers closer to x than its current center. This can be beneficial, as Telgarsky &
Vattani showed that the Hartigan–Wong method is more powerful than Lloyd’s method [14].

To be precise, every local optimum of the Hartigan–Wong method is also a local optimum
of LLoyd’s method, while the converse does not hold. Telgarsky & Vattani moreover
performed computational experiments, which show that the Hartigan–Wong method not only
tends to find better clusterings than Lloyd’s, but also has a similar running time on practical
instances. Despite these promising results, theoretical knowledge of the Hartigan–Wong
method is lacking.

In this paper, we aim to advance our understanding of this heuristic. Our contributions
are twofold. First, we construct an instance on the line on which the Hartigan–Wong method
can take 2Ω(n) iterations to terminate. Considering that k-means clustering can be solved
exactly in polynomial time in d = 1, this shows that the worst-case running time of the
Hartigan–Wong method is very poor even on easy instances. This is in contrast to Lloyd’s
method, where all known non-trivial lower bounds require d ≥ 2.

▶ Theorem 1. For each m ∈ N≥2 there exists an instance of k-means clustering on the line
with n = 4m− 3 points and k = 2m− 1 clusters on which the Hartigan–Wong method can
take 2Ω(n) iterations to converge to a local optimum.

Second, we attempt to reconcile Theorem 1 with the observed practical performance
of the Hartigan–Wong method. We perform a smoothed analysis of its running time, in
which each point in an arbitrary instance is independently perturbed by a Gaussian random
variable of variance σ2.

▶ Theorem 2. Let n, k, d ∈ N, and assume 4kd ≤ n. Fix a set of n points Y ⊆ [0, 1]d, and
assume that each point in Y is independently perturbed by a d-dimensional Gaussian random
variable with mean 0 and standard deviation σ, yielding a new set of points X . Then the
expected running time of the Hartigan–Wong method on X is bounded by

O

(
k12kd+5d12n12.5+ 1

d ln4.5(nkd)
σ4

)
= k12kd · poly(n, k, d, 1/σ).
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Although we do not attain a polynomial smoothed running time in all problem para-
meters, we note that for Lloyd’s method one of the first smoothed analyses yielded a
similar kkd poly(n, 1/σ) bound. This was later improved to poly(n, k, d, 1/σ). We therefore
regard Theorem 2 as a first step to settling the conjecture by Telgarsky & Vattani that the
Hartigan–Wong method, like Lloyd’s method, should have polynomial smoothed running
time.

We note that Theorem 1 shows that there exists an instance on which there exists some
very specific sequence of iterations that has exponential length. In essence, this means that
the exponential running time is only shown for a very specific pivot rule for choosing which
point to reassign to which cluster in each iteration. By contrast, Theorem 2 holds for any
pivot rule, not simply for any particular choice.

2 Preliminaries and Notation

Given vectors x, y ∈ Rd, we write ⟨x, y⟩ for the standard Euclidean inner product on Rd,
and ∥x∥ =

√
⟨x, x⟩ for the standard norm.

Given a set of k clusters C = {C1, . . . , Ck}, a configuration of a cluster Ci ∈ C is an
assignment of a set of points to Ci. We will denote the clusters by calligraphic letters, and
their configurations by regular letters; i.e., the configuration of Ci will be denoted Ci. This
distinction is sometimes useful. For the majority of this paper, however, we will not make this
distinction explicitly, and will refer to both a cluster and its configuration interchangeably
by regular letters.

Given a finite set of points S ⊆ Rd, we define the center of mass of S as

cm(S) = 1
|S|
∑
x∈S

x.

With this definition, we can formally define the objective function of k-means. Let C =
{Ci}k

i=1 be a partition of a finite set of points X ⊆ Rd. Then the objective function
of k-means is

Φ(C) =
k∑

i=1

∑
x∈Ci

∥x− cm(Ci)∥2 =
k∑

i=1
Φ(Ci),

where we define Φ(Ci) =
∑

x∈Ci
∥x− cm(Ci)∥2. We will also refer to Φ(C) as the potential

function.
For both the worst-case and smoothed complexity bounds, we need to analyze the

improvement of a single iteration. Thus, we need a simple expression for this quantity.
Lemmas 3 and 4 allow us to obtain such an expression. These results were already obtained
by Telgarsky & Vattani [14].

▶ Lemma 3 (Telgarsky & Vattani [14]). Let S and T be two disjoint nonempty sets of points
in Rd. Then

Φ(S ∪ T )− Φ(S)− Φ(T ) = |S| · |T |
|S|+ |T | · ∥ cm(S)− cm(T )∥2.

▶ Lemma 4 (Telgarsky & Vattani [14]). Let S and T be two disjoint nonempty sets of points
in Rd with |S| > 1. Suppose we move a point x ∈ S from S to T . Then

Φ(S \ {x}) + Φ(T ∪ {x})−Φ(T )−Φ(S) = |T |
|T |+ 1∥ cm(T )− x∥2− |S|

|S| − 1∥ cm(S)− x∥2.

STACS 2024
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Let C be some clustering of X . Suppose in some iteration of the Hartigan–Wong method,
we move x ∈ Ci to Cj . Let the gain of this iteration be denoted ∆x(Ci, Cj). Then Lemma 4
tells us that

∆x(Ci, Cj) = |Ci|
|Ci| − 1∥x− cm(Ci)∥2 − |Cj |

|Cj |+ 1∥x− cm(Cj)∥2.

At first sight, it seems like Lemma 4 leaves open the possibility that a cluster is left
empty. The following lemma shows that this can never happen.

▶ Lemma 5. No iteration can leave a cluster empty.

Proof. Suppose before an iteration, Ci = {x} for some x ∈ X, and after the iteration C ′
i = ∅

and C ′
j = Cj ∪ {x}, i.e. x is moved from cluster i to cluster j. The gain of this iteration is

then (Lemma 3)

Φ(Ci)+Φ(Cj)−Φ(∅)−Φ(Cj∪{x}) = Φ(Cj)−Φ(Cj∪{x}) = − |Cj |
|Cj |+ 1∥x−cm(Cj)∥2 ≤ 0,

since cm(Ci) = x and Φ(∅) = 0. Since every iteration must improve the clustering, this
concludes the proof. ◀

3 Exponential Lower Bound

In this section, we construct a family of k-means instances on the line on which the Hartigan–
Wong method can take an exponential number of iterations before reaching a local optimum.
To be precise, we prove the following theorem.

▶ Theorem 1 (Restated). For each m ∈ N≥2 there exists an instance of k-means clustering
on the line with n = 4m− 3 points and k = 2m− 1 clusters on which the Hartigan–Wong
method can take 2Ω(n) iterations to converge to a local optimum.

The construction we employ is similar to the construction used by Vattani for Lloyd’s
method [15]. However, the Hartigan–Wong method only reassigns a single point in each
iteration, and we are free to choose which point we reassign. Moreover, we are even free
to choose which cluster we move a point to if there are multiple options. This allows us to
simplify the construction and embed it in a single dimension, rather than the plane used by
Vattani.

We define a set of m gadgets Gi, i ∈ {0, . . . , m− 1}. Each gadget except for the “leaf”
gadget G0 consists of four points, and has two clusters Gi(C0) and Gi(C1) associated with
it. Moreover, each gadget except G0 has three distinguished states, called “morning”,
“afternoon”, and “asleep”. The leaf gadget only has two states, “awake” and “asleep ”.

During the morning state, a gadget Gi watches Gi−1. If Gi−1 falls asleep, then it is
awoken by Gi; this is achieved by moving a point of Gi to one of the clusters of Gi−1. This
allows Gi−1 to perform a sequence of iterations, which ends with Gi−1 back in its morning
state.

Meanwhile, Gi performs a sequence of iterations that transition it to its afternoon state.
During the afternoon state, it once more watches Gi−1. When the latter falls asleep, Gi once
again wakes Gi−1, and transitions itself to its asleep state.

The leaf gadget G0, as it does not watch any gadgets, only ever awakens and immediately
falls asleep again.
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We end the sequence of iterations once gadget m− 1 falls asleep. Observe that with this
construction, Gi falls asleep twice as often as Gi+1. With the condition that Gm−1 falls
asleep once, we obtain a sequence of at least 2m−1 iterations. With n = 4m− 3, this yields
Theorem 1.

For space reasons, we only describe the instance and the exponential-length sequence
here. The proof that this sequence is improving, which completes the proof of Theorem 1, is
deferred to the full version.

Formal Construction
We now give a detailed construction of a unit gadget, G. All gadgets except for G0 are
scaled and translated versions of G. The unit gadget is a tuple G = (S, C0, C1), where S =
{a, b, p, q} ⊆ R, and C0 and C1 are two clusters. The positions of the points in S are given in
Table 1. In addition, the gadget is depicted schematically in Figures 1 and 2. Note that the
relative positions of the points in these figures do not correspond to Table 1, but are chosen
for visual clarity.

Table 1 Positions of the points in S(G), the leaf point f , and the translation vector t0 between
gadgets G1 and G2.

Point a b p q f t0

Position 9 6 5 13 0 8

We remark that the points in Table 1 are not simply chosen by trial-and-error. As will
be explained shortly, we can obtain from our construction a series of inequalities that must
be satisfied by the points in S. We then obtained these points by solving the model

min a2 + b2 + p2 + q2 + f2 + t2
0

s.t. each move decreases the clustering cost,
a, b, p, q, f, t0 ∈ Z

using Gurobi [7]. The first constraint here amounts to satisfying a series of inequalities of
the form ∆x(A, B) > 0 for x ∈ S(G) and A, B subsets of the points in a gadget and its
neighboring gadgets. For space reasons, we defer their derivation and verification to the full
version. The objective function here is purely chosen so that Gurobi prefers to choose small
integers in the solution.

To construct Gi from the unit gadget (for i ≥ 1), we scale the unit gadget by a factor 5i−1,
and translate it by ti =

∑i−1
j=0 5jt0, where t0 = 8. Since each gadget only ever exchanges

points with its neighbors in the sequence we are about to construct, it will suffice in proving
Theorem 1 to consider only iterations involving Gi, Gi−1 and Gi+1 for some fixed i > 2. For
the leaf gadget, we simply have G0 = (S0, C0), where S0 = {f} = {0}.

Before we go on to construct an improving sequence of exponential length, we define the
earlier-mentioned states. For ease of notation, we will refer to the points of Gi as ai, bi, and
so on, and to the clusters of Gi as C0(Gi) and C1(Gi). Then we say the state of Gi>0 is:

asleep, if C0(Gi) = {bi} and C1(Gi) = {ai, qi} (in this state, pi is in some cluster of Gi−1);
morning, if C0(Gi) = {pi, qi, bi} and C1(Gi) = {ai};
afternoon, if C0(Gi) = {bi} and C1(Gi) = {pi, qi, ai}.

For the leaf gadget, we say its state is:
asleep, if C0(G0) = {f};
awake, otherwise.

STACS 2024
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Morning

aibipi qiai−1 qi−1

Waking up Gi−1 (1)

aibipi qiai−1 qi−1

Waking up Gi−1 (2)

aibipi qiai−1

Afternoon

aibipi qiai−1 qi−1

Waking up Gi−1 / asleep

aibipi qiai−1 qi−1

Figure 1 Schematic depiction of the interactions between Gi and Gi−1 during the morning and
afternoon phases of Gi.

We now explicitly determine a sequence of iterations of exponential length. In the proof
of Theorem 1, we show that this sequence is improving. To analyze the sequence, we consider
the perspective of Gi as it wakes up Gi−1 and falls asleep; and then as it is awoken by Gi+1.
We first consider only the case that Gi−1 ̸= G0. See Figure 1 and Figure 2 for a schematic
depiction of the sequence described below.

Morning

We start with Gi in the morning state, and Gi−1 asleep. To wake up Gi−1, the point pi

moves to C1(Gi−1), which currently contains ai−1 and qi−1. This triggers the wakeup phase
of Gi−1; we will analyze this phase later from the perspective of Gi. When the wakeup phase
completes, C1(Gi−1) contains ai−1 and pi, and pi moves to C1(Gi). Subsequently qi moves
from C0(Gi) to C1(Gi). Observe that this puts Gi into the afternoon state.

Afternoon

In this state, Gi is once again watching Gi−1. Once the latter falls asleep, pi moves from C1(Gi)
to C1(Gi−1), which triggers another wakeup phase of Gi−1. Additionally, this move causes Gi

to fall asleep. Thus, at the end of the wakeup phase of Gi−1, we have Gi+1 wake up Gi.

Waking up

First, the point pi+1 joins C1(Gi). Next, pi moves from C1(Gi−1) to C0(Gi). Then, qi moves
from C1(Gi) to C0(Gi), and finally, pi+1 leaves C1(Gi), and joins either C1(Gi+1) (if Gi+1 was
in the morning state when waking up Gi) or C0(Gi+1) (if Gi+1 was in the afternoon state; in
this case, the move of pi+1 occurs during the wakeup phase of Gi+1).

Leaf gadget

The leaf gadget does not watch or wake up any other gadgets. It only wakes up when p1
moves into C0(G0), and falls asleep again when p1 moves back to a cluster of G1.
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Asleep

aibipi qiai−1 qi−1 pi+1

Gi+1 wakes up Gi (1)

aibipi qiai−1 qi−1 pi+1

Gi+1 wakes up Gi (2)

aibipi qi pi+1

Gi+1 wakes up Gi (3)

aibipi qi pi+1

Morning

aibipi qi pi+1

Figure 2 Schematic depiction of the interactions between Gi, Gi−1 and Gi+1 during the wakeup
phase of Gi. Note that the final state of Gi corresponds to the first state depicted in Figure 1.

Initialization

The sequence starts with all gadgets in the asleep, except for Gm−1, which is in its morning
state.

At every step, we have the gadget with the smallest index that is not asleep wake up
the gadget that it is watching. From this sequence of iterations, we can retrieve a series
of inequalities, each of which encodes the condition that the gain of every iteration must
be positive. To prove Theorem 1, we must show that the points in Table 1 satisfy these
inequalities.

An implementation of the sequence described above is provided in the following link:
https://pastebin.com/raw/McdArCWg.

4 Smoothed Analysis

For a smoothed analysis, the first hope might be to straightforwardly adapt a smoothed
analysis of Lloyd’s algorithm, e.g. that of Arthur, Manthey and Röglin [1]. On closer
inspection, however, such analyses strongly rely on a couple of properties of Lloyd’s method
that are not valid in the Hartigan–Wong method.

First, in Lloyd’s algorithm the hyperplane that bisects two cluster centers also separates
their corresponding clusters, since every point is always assigned to the cluster center closest
to itself. Second, the two stages of Lloyd’s algorithm, moving the cluster centers and
reassigning points, both decrease the potential. Neither of these properties are satisfied by
iterations of the Hartigan–Wong method. Hence, any analysis that relies on either property
cannot be easily repurposed.

Instead, we will use a different technique, more closely related to the analysis of the Flip
heuristic for Max-Cut with squared Euclidean distances by Etscheid and Röglin [6]. The
main result we will work towards in this section is stated in Theorem 2.

STACS 2024
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4.1 Technical Preliminaries
Let Y ⊆ [0, 1]d be a set of n points. Throughout the remainder, we will denote by X the set
of points obtained by perturbing each point in Y independently by a d-dimensional Gaussian
vector of mean 0 and standard deviation σ ≤ 1. Note that this last assumption is not actually
a restriction. If σ > 1, we scale down the set Y so that Y ⊆ [0, 1/σ]d, and subsequently
perturb the points by Gaussian variables with σ = 1. Since the number of iterations required
to terminate is invariant under scaling of the input point set, this is equivalent to the original
instance.

Our analysis is based on the standard technique of proving that it is unlikely that a
sequence of iterations decreases the potential function by a small amount. For this technique
to work, we additionally require the potential function to be bounded from above and from
below with sufficiently high probability. Since it is obvious that the potential is non-negative
for any clustering, it is enough to guarantee that the perturbed point set X lies within the
hypercube [−D/2, D/2]d for some finite D. To that end, we have the following lemma.

▶ Lemma 6. Let D =
√

2n ln(nkd). Then P(X ⊈ [−D/2, D/2]d) ≤ k−n.

Similar results to Lemma 6 can be found in previous works on the smoothed analysis of
algorithms on Gaussian-perturbed point sets [13, 1]. The only difference in our version is the
value of D. Hence, we omit the proof.

Lemma 6 allows us to assume that all points lie within [−D/2, D/2]d after the perturbation.
Formally, we must take into account the failure event that any point lies outside this hypercube.
However, since the probability of this event is at most k−n, this adds only a negligible +1
to the smoothed complexity bound which we prove in Theorem 2. We therefore ignore the
failure event in the sequel.

We need to show that we can approximate the gain of an iteration if we have a good
approximation to the cluster centers. Recall that ∆x(Ci, Cj) is the gain of moving a point x

from Ci to Cj . Since we wish to use approximations to the centers of Ci and Cj , it is
convenient to define the variable

∆|Ci|,|Cj |
x (a, b) = |Ci|

|Ci| − 1∥x− a∥2 − |Cj |
|Cj |+ 1∥x− b∥2.

This variable is the gain that would be incurred if the centers of Ci and Cj , with fixed
sizes |Ci| and |Cj |, were a and b. Indeed, note that ∆|Ci|,|Cj |

x (cm(Ci), cm(Cj)) = ∆x(Ci, Cj).
When their intended values are clear from context, we will often omit the superscripts |Ci|
and |Cj | from ∆|Ci|,|Cj |

x (a, b).

4.2 Approximating Iterations
Before we begin with the analysis, we provide a rough outline. Suppose we tile the hyper-
cube [−D/2, D/2]d with a rectangular grid of spacing ϵ. Then any point in [−D/2, D/2]d is
at a distance of at most

√
dϵ from some grid point. Since we need the positions of the cluster

centers ci = cm(Ci) for i ∈ [k], we guess k grid points c′
i for their positions. If we guess

correctly, meaning c′
i is the grid point closest to ci for each i ∈ [k], then we can approximate

the gain ∆ of an iteration by replacing the cluster centers with these grid points in the
formula for ∆ (Lemma 7).

The price for this approximation is a union bound over all choices of the grid points.
However, we can compensate for this by noticing that, when we move a point between
clusters, we know exactly how the cluster centers move. Thus, if the guessed grid points
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are good approximations, we can obtain new good approximations by moving them the
same amount. Thus, we only need to guess once, and can use this guess for a sequence of
iterations. Then we can bound the probability that all iterations in this sequence yield a
small improvement.

▶ Lemma 7. Suppose the point x moves from cluster i to cluster j. Let Ci and Cj denote
the configurations of these clusters before this move, and let ci = cm(Ci) and cj = cm(Cj).
Let c′

i and c′
j be two points such that ∥ci − c′

i∥, ∥cj − c′
j∥ ≤ ϵ for some 0 ≤ ϵ ≤

√
dD. Then

|∆x(Ci, Cj)−∆x(c′
i, c′

j)| ≤ 9
√

dDϵ,

In particular, ∆x(Ci, Cj) ∈ (0, ϵ] implies |∆x(c′
i, c′

j)| ≤ 10
√

dDϵ.

Proof. Observe that

∥x− ci∥2 = ∥x− c′
i + c′

i − ci∥2 = ∥x− c′
i∥2 + ∥ci − c′

i∥2 + 2⟨c′
i − ci, x− c′

i⟩.

Thus,

∆x(Ci, Cj) = ∆x(c′
i, c′

j) + |Ci|
|Ci| − 1

(
∥ci − c′

i∥2 + 2⟨c′
i − ci, x− c′

i⟩
)

− |Cj |
|Cj |+ 1

(
∥cj − c′

j∥2 + 2⟨c′
j − cj , x− c′

i⟩
)
.

By the Cauchy-Schwarz inequality, |⟨c′
i − ci, x − c′

i⟩| ≤ ϵ · ∥x − c′
i∥. Since all points

are contained in [−D/2, D/2]d, it holds that ci ∈ [−D/2, D/2]d. From this fact and the
assumption that ∥ci − c′

i∥ ≤ ϵ ≤
√

dD, it follows that ∥x− c′
i∥ ≤

√
dD.

Moving ∆x(c′
i, c′

j) to the left and taking an absolute value, we then obtain

|∆x(Ci, Cj)−∆x(c′
i, c′

j)| ≤
(
|Ci|
|Ci| − 1 + |Cj |

|Cj |+ 1

)
· 3
√

dDϵ.

To finish the proof, observe that by Lemma 5 the first term inside the parentheses is at
most 2, while the second term is bounded by 1. We then have that ∆x(Ci, Cj) ∈ (0, ϵ] implies
∆x(c′

i, c′
j) ∈ (−9

√
dDϵ, (9

√
dD + 1)ϵ], which yields the lemma. ◀

In the following, we fix a set A ⊆ X of active points which will move during a sequence of
the Hartigan–Wong method. We also fix the configuration of the active points, the sizes of
the clusters |C1| and |C2| at the start of the sequence, and the order π : A→ [|A|] in which
the points move. Observe that these data also fix the sizes of the clusters whenever a new
point moves.

While performing a sequence of iterations, the cluster centers move. Hence, even if we
have a good approximation to a cluster center, it may not remain a good approximation after
the iteration. However, if we know which points are gained and lost by each cluster, then we
can compute new good approximations to the cluster centers from the old approximations.
The following lemma captures this intuition.

▶ Lemma 8. Let t1, t2 be two iterations of the Hartigan–Wong method in a sequence in
which the points A ⊆ X move, with t1 < t2. Suppose in the iterations t1 through t2 − 1,
cluster i loses the points S− and gains the points S+. Let ci(t) denote the cluster center of
cluster i before t takes place, and let Ct

i denote its configuration before t. Let c′
i(t1) ∈ Rd,

and c′
i(t2) = |Ct1

i
|

|Ct2
i

|
c′

i(t1) + 1
|Ct2

i
|

(∑
x∈S+

x−
∑

x∈S−
x
)

. Then

∥c′
i(t2)− ci(t2)∥ = |C

t1
i |
|Ct2

i |
· ∥c′

i(t1)− ci(t1)∥.

Moreover, if ∥c′
i(0)− ci(0)∥ ≤ ϵ, then ∥c′

i(tj)− ci(tj)∥ ≤ 2|A|ϵ for all j ∈ [|A|].
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Proof. Since the center of a cluster is defined as its center of mass, we can write

|Ct2
i | cm(Ct2

i ) =
∑

x∈C
t1
i

∪S+\S−

x = |Ct1
i | cm(Ct1

i ) +
∑

x∈S+

x−
∑

x∈S−

x.

Thus,

|Ct2
i |ci(t2) = |Ct1

i |ci(t1) +
∑

x∈S+

x−
∑

x∈S−

x.

Observe then that

∥c′
i(t2)− ci(t2)∥ = |C

t1
i |
|Ct2

i |
· ∥c′

i(t1)− ci(t1)∥.

This proves the first claim. To prove the second claim, we set t1 = 0 and t2 = tj for some
j ∈ [|A|] to obtain

∥ci(tj)− c′
i(tj)∥ = |C

0
i |

|Ctj

i |
· ∥ci(0)− c′

i(0)∥ ≤ (|A|+ 1)ϵ ≤ 2|A|ϵ,

since at most |A| points are active during any subsequence. ◀

4.3 Analyzing Sequences
We now know that we can closely approximate the gain of a sequence of iterations, provided
that we have good approximations to the cluster centers at the start of the sequence. The
next step is then to show that there is only a small probability that such an approximate
sequence improves the potential by a small amount. For that, we first require the following
technical lemma.

▶ Lemma 9. Let X be a d-dimensional Gaussian random variable with arbitrary mean µ

and standard deviation σ ≤ 1, and let Z = a∥X∥2 + ⟨v, X⟩ for fixed a ∈ R \ {0} and v ∈ Rd.
Then the probability that Z falls in an interval of size ϵ ≤ 1 is bounded from above by
O
(

1
|a| 4√

d

√
ϵ

σ2

)
.

Proof. Let Zi = aX2
i + viXi, so that Z =

∑d
i=1 Zi. We define the auxiliary variable

Z̄i = Zi +v2
i /(4a) and set Z̄ =

∑d
i=1 Z̄i. Since a and v are fixed, the densities of Z and Z̄ are

identical up to translation, and so we can analyze Z̄ instead. Observe that Z̄i/a =
(
Xi + vi

2a

)2.
Thus, Z̄/a is equal in distribution to ∥Y ∥2, where Y is a d-dimensional Gaussian variable
with mean µ+v/(4a) and variance σ2. We see then that Z̄/a has the density of a non-central
chi-squared distribution.

For λ ≥ 0, denote by f(x, λ, d) the non-central d-dimensional chi-squared density with
non-centrality parameter λ and standard deviation σ. Then [10]

f(x, λ, d) =
∞∑

i=0

e−λ/2(λ/2)i

i! f(x, 0, d + 2i).

Now observe that f(x, 0, d) is bounded from above by O
(

1/(
√

dσ2)
)

for d ≥ 2. We can thus
compute for an interval I of size ϵ

P(∥Y ∥2 ∈ I) =
∫

I

f(x, λ, d) ≤ c · ϵ√
dσ2

,
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for some c > 0. Moreover, since probabilities are bounded from above by 1, we can replace
the right-hand side by

O

( √
ϵ

4
√

dσ

)
.

Adding in the scaling factor of 1/|a| then yields the lemma for d ≥ 2,
For d = 1, we have

f(x, 0, 1) = 1√
2πσ2

· e− x
2σ2√

x/σ2
.

Let I be an interval of size ϵ. Then

P(∥Y ∥2 ∈ I) =
∫

I

f(x, λ, 1) dx ≤
∞∑

i=1

e−λ/2(λ/2)i

i!

∫
I

f(x, 0, 1 + 2i) dx +
∫

I

f(x, 0, 1) dx.

The first term is bounded by O(
√

ϵ/σ) by the same argument we used for d ≥ 2. For the
second term, we use the expression for f(x, 0, 1) above to bound the integral as∫

I

f(x, 0, 1) dx ≤ 1√
2πσ2

∫ ϵ

0

e− x
2σ2√

x/σ
dx = O(

√
ϵ/σ).

This proves the lemma for d = 1 when we again add in the scaling factor 1/|a|. ◀

With Lemma 9, we can show that a single fixed approximate iteration is unlikely to yield
a small improvement.

▶ Lemma 10. Let a, b ∈ Rd be fixed. Let ∆x(a, b) be the improvement of the first move of x

in S, if the cluster centers in this iteration are located at a and b. Let I be an interval of
size ϵ ≤ 1. Then

P(∆x(a, b) ∈ I) = O

(
n
4
√

d
·
√

ϵ

σ2

)
.

Proof. By Lemma 4, we have

∆x(a, b) = |Ci|
|Ci| − 1∥x− a∥2 − |Cj |

|Cj |+ 1∥x− b∥2

=
(
|Ci|
|Ci| − 1 −

|Cj |
|Cj |+ 1

)
∥x∥2 +

〈
2
(
|Cj |
|Cj |+ 1b− |Ci|

|Ci| − 1a

)
, x

〉
+ |Ci|
|Ci| − 1∥a∥

2 − |Cj |
|Cj |+ 1∥b∥

2,

where |Ci| and |Cj | denote the sizes of clusters i and j before the iteration, and we assume x

moves from cluster i to cluster j.
Since the sizes of the clusters as well as a and b are fixed, the last term in the above is

fixed, and hence we may disregard it when analyzing P(∆x(a, b) ∈ I). Since x is a Gaussian
random variable, we can apply Lemma 9 to find

P(∆x(a, b) ∈ I) = O

((
|Ci|
|Ci| − 1 −

|Cj |
|Cj |+ 1

)−1
· 1

4
√

d
·
√

ϵ

σ2

)
.
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It remains to bound quantity in the inner brackets from below. Since each cluster is bounded
in size by n, we have

|Ci|
|Ci| − 1 −

|Cj |
|Cj |+ 1 ≥

n

n− 1 −
n

n + 1 = 2n

(n− 1)(n + 1) ≥
1
n

,

and we are done. ◀

As stated at the start of the analysis, analyzing a single iteration is not enough to prove
Theorem 2. The following lemma extends Lemma 10 to a sequence of iterations, given a
fixed point set A ⊆ X that moves in the sequence.

▶ Lemma 11. Fix an active set A and starting cluster sizes |Ci| for i ∈ [k]. Moreover, fix an
order π : A→ [|A|] in which the points in A move, i.e., π(x) < π(y) means x moves for the
first time before y moves for the first time. Let ∆ denote the minimum improvement of a
sequence satisfying these hypotheses over all possible configurations of X \A. Then for ϵ ≤ 1,

P(∆ ≤ ϵ) ≤
(

2D

ϵ

)kd

·
(

O(1) · k|A| · d3/4Dn|A|
√

ϵ

σ

)|A|

.

Proof. For x ∈ A, let ∆x denote the improvement of the first move of x ∈ A. We label the
points in A as (x1, . . . , x|A|) according to π. Let ∆ = (∆i)|A|

i=1.
To compute the vector ∆, we would need to know the configuration and positions of the

points P = X \A, since these are required to compute the k cluster centers. However, if we
had approximations to the cluster centers in every iteration corresponding to the entries
of ∆, then we could compute an approximation to ∆ by Lemma 7.

Since the cluster centers are convex combinations of points in [−D/2, D/2]d, we know
that the cluster centers at the start of S must also lie in [−D/2, D/2]d. Thus, there exist
grid points c′

i (i ∈ [k]) within a distance
√

dϵ of the initial cluster centers.
Knowing these grid points, we would like to apply Lemma 8 in order to update the

approximate cluster centers whenever a new point moves. We then need to know the points
gained and lost by each cluster between first moves of each x ∈ A. Observe that to obtain
this information, it suffices to know the configuration of the active points before the first
move of each x ∈ A. Thus, we fix these configurations.

We collect the gain of each first move of a point in A, where we replace the cluster centers
by these approximations, into a vector ∆′. By the reasoning above and by Lemmas 7 and 8,
if there exist initial cluster centers ci (i ∈ [k]) such that ∆x ∈ (0, ϵ] for all x ∈ A, then there
exist grid points c′

i, such that |∆′
x| ≤ 20|A|dDϵ for all x ∈ A. (Compared to Lemma 7, we

gain an extra factor of 2|A| due to Lemma 8.)
By this reasoning, it suffices to obtain a bound on P

(⋂
x∈A |∆′

x| ≤ 20|A|dDϵ
)
. We can

then take a union bound over these events for all (D/ϵ + 1)kd ≤ (2D/ϵ)kd choices of c′
i

for i ∈ [k], and a union bound over the configuration of A before the first move of each x ∈ A.
To show that P

(⋂
x∈A |∆′

x| ≤ 20|A|dDϵ
)

is bounded as desired, we consider the following
algorithm.
1. Set t = 1.
2. Reveal xt, and compute ∆xt(c′

it
, c′

jt
), where xt moves from Cit to Cjt .

3. If |∆xt
(c′

it
, c′

jt
)| > 20|A|dDϵ, then return GOOD and halt.

4. If t = |A|, return BAD.
5. Update the positions of the approximate cluster centers using Lemma 8.
6. Continue executing moves in the sequence until we encounter the first move of xt+1.

Observe that the information we fixed before executing this algorithm suffices to compute
approximations to the cluster centers whenever a new point moves.

7. Set t← t + 1 and go to step 2.
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The sequence of iterations improves the potential by at most ϵ only if the above algorithm
returns BAD. We now argue that

P(BAD) ≤
(

O(1) · d3/4Dn|A|
√

ϵ/σ
)|A|

.

Let BADt be the event that the above algorithm loops for at least t iterations. Then P(BAD) =
P(BAD|A|). Since P(BADt | ¬BADt−1) = 0, we can immediately conclude that for all t ∈
{2, . . . , |A|},

P(BADt) = P(BADt | BADt−1)P(BADt−1).

By Lemma 10, we have P(BADt | BADt−1) ≤ O(1) · d3/4Dn|A|
√

ϵ/σ. Thus, P(BADt) is
bounded as claimed.

Taking a union bound over all choices of the approximate grid points at the start of
the sequence yields the factor (2D/ϵ)kd. Finally, we must take a union bound over the
configuration of A before the first move of each x ∈ A, yielding a factor k|A|2 , which concludes
the proof. ◀

Armed with Lemma 11, we can bound the probability that there exists a sequence in
which a fixed number of points moves, which improves the potential by at most ϵ.

▶ Lemma 12. Let ∆min denote the minimum improvement of any sequence of moves in
which exactly 4kd distinct points switch clusters. Then for ϵ ≤ 1,

P(∆min ≤ ϵ) ≤
(

O(1) · k8kd+4d11D5n8+ 1
d ϵ

σ4

)kd

.

Proof. Fix an active set A of 4kd distinct points, an order π : A→ [|A|] in which the points
in A move, and the sizes of the two clusters at the start of the sequence.

We have by Lemma 11

P(∆(S) ≤ ϵ) ≤
(

2D

ϵ

)kd(
O(1) · k2kd · d7/4Dn

√
ϵ

σ

)4kd

=
(

O(1) · d7 · k8kd ·D5n4ϵ

σ4

)kd

.

We conclude the proof by a union bound over the choices of A, π, and the sizes of the
clusters at the start of the sequence, which yields a factor of at most (4kd)4kd · n4kd+1. ◀

With Lemma 12, we are in a position to prove the main result of this section. The proof
is essentially mechanical, following techniques used in many previous smoothed analyses
[1, 3, 4, 5, 6, 13].

▶ Theorem 2 (Restated). Let n, k, d ∈ N, and assume 4kd ≤ n. Fix a set of n points Y ⊆
[0, 1]d, and assume that each point in Y is independently perturbed by a d-dimensional
Gaussian random variable with mean 0 and standard deviation σ, yielding a new set of
points X . Then the expected running time of the Hartigan–Wong method on X is bounded by

O

(
k12kd+5d12n12.5+ 1

d ln4.5(nkd)
σ4

)
= k12kd · poly(n, k, d, 1/σ).

Proof. First, we recall that the point set X is contained in [−D/2, D/2]d. This yields an
upper bound for the value of the potential function for the initial clustering C,

Φ(C) =
k∑

i=1

∑
x∈Ci

∥x− cm(Ci)∥2 ≤ kndD2.
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We divide the sequence of iterations executed by the Hartigan–Wong method into contiguous
disjoint blocks during which exactly 4kd distinct points move. By Lemma 12, we know that
the probability that any such block yields a bad improvement is small.

Let T be the number of such blocks traversed by the heuristic before we reach a local
optimum. Then

P(T ≥ t) ≤ P
(

∆min ≤
kndD2

t

)
≤ min

{
1,

O(1) · k8kd+5d12D7n9+ 1
d

σ4 · 1
t

}
.

This probability becomes nontrivial when

t >

⌈
O(1) · k8kd+5d12D7n9+ 1

d

σ4

⌉
=: t′.

Observe that t′ = Ω(kndD2), justifying our use of Lemma 12 above. Thus, we find

E(T ) =
kn∑
t=1

P(T ≥ t) ≤ t′ + t′ ·
kn∑

t=t′

1
t
≤ t′ + t′ ·

∫ kn

t′

1
t

dt ≤ t′ + t′ · ln(kn).

The upper limit of kn to the sum is simply the number of possible clusterings of n points
into k sets, which is a trivial upper bound to the number of iterations. To conclude, we
observe that any block in which exactly 4kd distinct points move has a length of at most k4kd,
as otherwise some clustering would show up twice. Thus, we multiply E(T ) by k4kd to obtain
a bound for the smoothed complexity. Finally, we insert the value of D =

√
2n ln(nkd). ◀

5 Discussion

Theorems 1 and 2 provide some of the first rigorous theoretical results concerning the
Hartigan–Wong method method that have been found since Telgarsky & Vattani explored
the heuristic in 2010 [14]. Of course, many interesting open questions still remain.

Worst-case construction. Theorem 1 establishes the existence of exponential-length se-
quences on the line, but leaves open the possibility that a local optimum may be reachable
more efficiently by a different improving sequence. To be precise: given an instance of k-means
clustering on the line and an initial clustering, does there always exist a sequence of iterations
of the Hartigan–Wong method of length poly(n, k) starting from this clustering and ending
in a local optimum? Although the d = 1 case appears very restricted at first sight, this
question seems surprisingly difficult to answer.

In addition, the construction we use in Theorem 1 requires k = Θ(n) clusters. This opens
up the question whether similar worst-case constructions can be made using fewer, perhaps
even O(1), clusters. Note that this is not true for Lloyd’s method, since the number of
iterations of Lloyd’s method is bounded by nO(kd) [9], which is polynomial for k, d ∈ O(1).

Smoothed complexity. Theorem 2 entails, to our knowledge, the first step towards settling
the conjecture by Telgarsky & Vattani [14] that the Hartigan–Wong method has polynomial
smoothed complexity. Our result is reminiscent of the smoothed complexity bound of Lloyd’s
method obtained in 2009 by Manthey & Röglin [12], which is kkd · poly(n, 1/σ). In the case
of Lloyd’s method, the smoothed complexity was later settled to poly(n, k, d, 1/σ) [1].
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Observe that our bound is polynomial for constant k and d, and even for kd log k ∈
O(log n). While this is certainly an improvement over the trivial upper bound of kn, it falls
short of a true polynomial bound. We hope that our result can function as a first step to
a poly(n, k, d, 1/σ) smoothed complexity bound of the Hartigan–Wong method.

We remark that the exponents in the bound in Theorem 2 can be easily improved by
a constant factor for d ≥ 2. The reason is that in Lemma 9, the factor

√
ϵ emerges from

the d = 1 case, while for d ≥ 2 we could instead obtain ϵ. We chose to combine these cases
for the sake of keeping the analysis simple, as we expect the bound in Theorem 2 would be
far from optimal regardless.

Improving the smoothed bound. We do not believe that the factor of kO(kd) is inherent
in the smoothed complexity of the Hartigan–Wong method, but is rather an artifact of our
analysis. To replace this factor by a polynomial in k and d, it seems that significantly new
ideas might be needed.

The factors arise from two sources in our analysis. First, we take a union bound over the
configuration of the active points each time we apply Lemma 8, yielding factors of kO(kd).
Second, we analyze sequences in which Θ(kd) points move in order to guarantee a significant
potential decrease. This incurs a factor of the length of such a sequence, which is another
source of a factor kO(kd). We do not see how to avoid such factors when taking our approach.

One avenue for resolving this problem might be to analyze shorter sequences in which
a significant number of points move. Angel et al. used such an approach in their analysis
of the Flip heuristic for Max-Cut. They identify in any sequence L of moves a shorter
subsequence B, such that the number of unique vertices that flip in B is linear in the length
of B. The major challenge is then to find sufficient independence in such a short subsequence,
which in our case seems challenging, as we need to compensate for a factor ϵ−kd in Lemma 11.

Since our analysis greatly resembles the earlier analysis of the Flip heuristic for Squared
Euclidean Max Cut [6], it might be helpful to first improve the latter. This analysis yields a
bound of 2O(d) · poly(n, 1/σ). If this can be improved to poly(n, d, 1/σ), then it is likely that
a similar method can improve on our analysis for the Hartigan–Wong method as well.
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