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Abstract
Personalized PageRank (PPR) is an extensively studied and applied node proximity measure in
graphs. For a pair of nodes s and t on a graph G = (V, E), the PPR value π(s, t) is defined as the
probability that an α-discounted random walk from s terminates at t, where the walk terminates
with probability α at each step. We study the classic Single-Source PPR query, which asks for
PPR approximations from a given source node s to all nodes in the graph. Specifically, we aim to
provide approximations with absolute error guarantees, ensuring that the resultant PPR estimates
π̂(s, t) satisfy maxt∈V

∣∣π̂(s, t) − π(s, t)
∣∣ ≤ ε for a given error bound ε. We propose an algorithm that

achieves this with high probability, with an expected running time of
Õ
(√

m/ε
)

for directed graphs2, where m = |E|;
Õ
(√

dmax/ε
)

for undirected graphs, where dmax is the maximum node degree in the graph;
Õ
(
nγ−1/2/ε

)
for power-law graphs, where n = |V | and γ ∈

(
1
2 , 1
)

is the extent of the power law.
These sublinear bounds improve upon existing results. We also study the case when degree-normalized
absolute error guarantees are desired, requiring maxt∈V

∣∣π̂(s, t)/d(t) − π(s, t)/d(t)
∣∣ ≤ εd for a given

error bound εd, where the graph is undirected and d(t) is the degree of node t. We give an algorithm
that provides this error guarantee with high probability, achieving an expected complexity of
Õ
(√∑

t∈V
π(s, t)/d(t)

/
εd

)
. This improves over the previously known O(1/εd) complexity.
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1 Introduction

In graph mining, computing node proximity values efficiently is a fundamental problem
with broad applications, as they provide quantitative amounts to measure the closeness
or relatedness between the nodes. A basic and extensively used proximity measure is
Personalized PageRank (PPR) [14], which is a direct variant of Google’s renowned PageRank
centrality [14]. PPR has found multifaced applications for local graph partitioning [4, 53, 17],
node embedding [37, 40, 54], and graph neural networks [27, 12, 42], among many others [21].

We study the classic problem of approximating Single-Source PPR (SSPPR), where we
are given a source node s in the graph, and our goal is to approximate the PPR values of
all nodes in the graph w.r.t. s. Particularly, we concentrate on the complexity bounds for
approximating SSPPR with absolute error or degree-normalized absolute error guarantees.
After examining the existing bounds for the problem, we present novel algorithms with
improved complexities to narrow the margin between the previous upper bounds and the
known lower bounds.

In the remainder of this section, we formally state the problem, discuss the existing
bounds, and introduce our motivations and contributions.

1.1 Problem Formulation
We consider a directed or undirected graph G = (V, E), where |V | = n and |E| = m. For
undirected graphs, we conceptually view each undirected edge as two opposing directed edges.
We assume that every node in V has a nonzero out-degree.

A random walk on G starts from some source node s ∈ V and, at each step, transitions
to an out-neighbor of the current node chosen uniformly at random. For a constant decay
factor α ∈ (0, 1), an α-discounted random walk proceeds in the same way as a random walk,
except that it terminates with probability α before each step. The Personalized PageRank
(PPR) value for a pair of nodes s and t in V , denoted by π(s, t), is defined as the probability
that an α-discounted random walk from s terminates at t.

We study the problem of estimating Single-Source PPR (SSPPR), that is, deriving π̂(s, t)
as estimates for PPR values π(s, t) from a given source node s to all t ∈ V . We focus on
the complexities of approximating SSPPR with absolute error or degree-normalized absolute
error guarantees. The corresponding two types of queries, dubbed as the SSPPR-A query
and the SSPPR-D query, are formally defined below.

▶ Definition 1 (SSPPR-A Query: Approximate SSPPR Query with Absolute Error Bounds).
Given a source node s ∈ V and an error parameter ε, the query requires PPR estimates
π̂(s, t) for all t ∈ V , such that

∣∣π̂(s, t)− π(s, t)
∣∣ ≤ ε holds for all t ∈ V .

▶ Definition 2 (SSPPR-D Query: Approximate SSPPR Query with Degree-Normalized Absolute
Error Bounds). On an undirected graph, given a source node s ∈ V and an error parameter εd,
the query requires PPR estimates π̂(s, t) for all t ∈ V , such that

∣∣π̂(s, t)/d(t)−π(s, t)/d(t)
∣∣ ≤

εd holds for all t ∈ V . Here, d(t) denotes the degree of node t.

In a word, the SSPPR-A query requires the maximum absolute error to be bounded above
by ε, while the SSPPR-D query considers the absolute errors normalized (i.e., divided) by
the degree of each node. Note that we restrict the SSPPR-D query to undirected graphs.

This paper aims to develop sublinear algorithms for the SSPPR-A and SSPPR-D queries
with improved complexities over existing methods. By “sublinear algorithms,” we refer to
algorithms whose complexity bounds are sublinear in the size of the graph (but they can
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simultaneously depend on the error parameter, e.g., O
(√

n/ε
)

is considered sublinear). We
allow the algorithms to return the results as a sparse vector, which enables the output size
to be o(n). Also, we regard the algorithms as acceptable if they answer the queries with high
probability (w.h.p.), defined as “with probability at least 1− 1/n.”

1.2 Prior Complexity Bounds

Lower Bounds

To our knowledge, only trivial lower bounds are known for the SSPPR-A and SSPPR-D
queries. More precisely, for the SSPPR-A query, since the algorithm needs to return nonzero
estimates for those nodes t with π(s, t) > ε, and there may exist Θ

(
min(1/ε, n)

)
such

nodes (note that
∑

t∈V π(s, t) = 1), the trivial lower bound for answering the query is
Ω
(

min(1/ε, n)
)
. As we are considering sublinear bounds, we write this as Ω(1/ε).

Similarly, for the SSPPR-D query, the algorithm needs to return nonzero estimates for
nodes t with π(s, t)/d(t) > εd, so the lower bound is Ω

(
1/εd ·

∑
t∈V π(s, t)/d(t)

)
. Note

that
∑

t∈V π(s, t)/d(t) <
∑

t∈V π(s, t) = 1 for nontrivial graphs. Additionally, in the full
version of this paper [50], we show that if each source node s ∈ V is chosen with probability
proportional to its degree (i.e., with probability d(s)/(2m)), the average lower bound becomes
Ω(1/εd · n/m).

Upper Bounds

From a theoretical point of view, we summarize the best bounds to date for the SSPPR-A
query as follows.

The Monte Carlo method [16] straightforwardly simulates a number of α-discounted
random walks from s, and computes the fraction of random walks that terminate at t as
the estimate π̂(s, t) for each t ∈ V . By standard Chernoff bound arguments, it requires
expected Õ

(
1/ε2) time to achieve the guarantees w.h.p.

Forward Push [4, 5] is a celebrated “local-push” algorithm for the SSPPR query, which
takes as input a parameter rmax and runs in O(1/rmax) time. However, it only guarantees
that the degree-normalized absolute error (i.e., maxv∈V

∣∣π̂(s, v)/d(v)− π(s, v)/d(v)
∣∣) is

bounded by rmax on undirected graphs, and that the ℓ1-error (i.e.,
∑

v∈V

∣∣π̂(s, v)−π(s, v)
∣∣)

is bounded by m · rmax on directed graphs. Thus, if we apply Forward Push to answer
the SSPPR-A query: on undirected graphs, we need to set rmax = ε/dmax, where dmax is
the maximum node degree in G; on directed graphs, we need to set rmax = ε/m. These
settings lead to pessimistic bounds of O(dmax/ε) and O(m/ε), respectively. Note that
dmax can reach Θ(n) in the worst case, and the O(m/ε) bound is not sublinear.
Backward Push [1, 2] is a “local-push” algorithm for approximating π(v, t) from all v ∈ V

to a given target node t ∈ V , known as the Single-Target PPR (STPPR) query. It takes
as input a parameter rmax and cleanly returns estimates with an absolute error bound of
rmax. However, if we enforce Backward Push to answer the SSPPR-A query, we need to
perform it with rmax = ε for each t ∈ V , resulting in a complexity of O(m/ε) again. This
bound is inferior, but we mention it here since it enlightens our algorithms.

In conclusion, the currently best sublinear bounds for the SSPPR-A query are Õ
(
1/ε2)

provided by Monte Carlo and O(dmax/ε) on undirected graphs by Forward Push.
As for the SSPPR-D query, Forward Push [5] provides an elegant O(1/εd) bound. To our

knowledge, no other prior methods are explicitly tailored to the SSPPR-D query.

ICDT 2024
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1.3 Motivations
Motivations for the SSPPR-A Query

Although approximating SSPPR with absolute error guarantees is a natural problem, sur-
prisingly, it has not been studied in depth in the literature. We believe that this is partly
because of its inherent hardness. In particular, a line of recent research for approximating
SSPPR [46, 30, 51, 29, 28] mainly focuses on providing relative error guarantees for PPR
values above a specified threshold. We note that absolute error guarantees are harder to
achieve than relative or degree-normalized absolute error guarantees, as the latter ones allow
larger actual errors for nodes with larger PPR values or degrees. Specifically, an SSPPR
algorithm with absolute error guarantees can be directly modified to obtain relative or
degree-normalized absolute error guarantees.

In contrast, an interesting fact is that, for the relatively less-studied STPPR query, a
simple Backward Push is sufficient and efficient for absolute error guarantees. As a result,
when PPR values with absolute error guarantees are desired in some applications, STPPR
methods are employed instead of SSPPR methods [54, 43].

These facts stimulate us to derive better bounds for the SSPPR-A query. As discussed,
a large gap exists between the existing upper bounds and the lower bound of Ω(1/ε). The
previous upper bounds, namely Õ

(
1/ε2), O(m/ε), and O(dmax/ε) on undirected graphs,

motivate us to devise a new algorithm that:
runs in linear time w.r.t. 1/ε;
runs in sublinear time w.r.t. m;
beats the O(dmax/ε) bound on undirected graphs.

Motivations for the SSPPR-D Query

Our study of the SSPPR-D query is motivated by a classic approach of using approximate
SSPPR to perform local graph partitioning [5, 3, 53, 17]. This task aims to detect a cut
with provably small conductance near a specified seed node without scanning the whole
graph. To this end, this classic approach computes approximate PPR values π̂(s, v) from
the seed node s, sorts the nodes in decreasing order of π̂(s, v)/d(v), and then finds a desired
cut based on this order. As the quality of this approach relies heavily on the approximation
errors of the values π̂(s, v)/d(v), it is natural to consider the SSPPR-D query. Notably, in
carrying out this framework, the seminal and celebrated PageRank-Nibble algorithm [5]
employs Forward Push as a subroutine for approximating PPR values. As it turns out, the
error bounds of Forward Push match the requirements of the SSPPR-D query, and its cost
dominates the overall complexity of PageRank-Nibble. Therefore, an improved upper bound
for the SSPPR-D query can potentially lead to faster local graph partitioning algorithms.

However, the SSPPR-D query is rarely studied afterward despite its significance. To
our knowledge, no existing method overcomes the O(1/εd) bound of Forward Push, nor has
any previous work pointed out the gap between this bound and the aforementioned lower
bound. Motivated by this, we formulate this problem and propose an algorithm that beats
the known O(1/εd) bound.

1.4 Our Results
We propose algorithms for the SSPPR-A and SSPPR-D queries under a unified framework,
melding Monte Carlo and Backward Push in a novel and nontrivial way. Roughly speaking,
we use Backward Push to reduce the variances of the Monte Carlo estimators, and we propose
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a novel technique called Adaptive Backward Push to control the cost of Backward Push for
each node and balance its total cost with that of Monte Carlo. We summarize the improved
bounds achieved by our algorithms as follows.

Improved Upper Bounds for the SSPPR-A Query

We present an algorithm that answers the SSPPR-A query w.h.p., with a complexity of:
expected Õ

(√
m/ε

)
for directed graphs;

expected Õ
(√

dmax/ε
)

for undirected graphs.
These bounds are strictly sublinear in m and linear in 1/ε. Also, the Õ

(√
dmax/ε

)
bound

improves over the previous O(dmax/ε) bound by up to a factor of Θ
(√

n
)
.

Additionally, we study the special case that the underlying graph is a power-law graph
(a.k.a. scale-free graph). This is a renowned and widely used model for describing large real-
world graphs [10, 13]. Under power-law assumptions (see Assumption 3 in Subsection 3.3),
we prove that the complexity of our algorithm diminishes to Õ

(
nγ−1/2/ε

)
for both directed

and undirected graphs, where γ ∈
( 1

2 , 1
)

is the extent of the power law. Notably, as γ < 1, we
have γ− 1

2 < 1
2 , so this bound is strictly o

(√
n/ε
)
. Also, when γ → 1

2 , this bound approaches
Õ(1/ε), matching the lower bound of Θ(1/ε) up to logarithmic factors. We summarize the
complexity bounds of answering the SSPPR-A query in Table 1.
▶ Remark. Our algorithm for the SSPPR-A query can be adapted to approximate a more
generalized form of Personalized PageRank [14], where the source node is randomly chosen
from a given probability distribution vector. We only need to construct an alias structure [41]
for the distribution (this can be done in asymptotically the same time as inputting the
vector) so that we can sample a source node in O(1) time when performing Monte Carlo.
This modification does not change our algorithm’s error guarantees and complexity bounds.
Particularly, this allows us to estimate the PageRank [14] values, in which case we can sample
the source nodes uniformly at random from V without using the alias method.

Improved Upper Bounds for the SSPPR-D Query

We present an algorithm that answers the SSPPR-D query w.h.p., with an expected complexity
of Õ

(
1/εd ·

√∑
t∈V π(s, t)/d(t)

)
. This improves upon the previous O(1/εd) bound of Forward

Push towards the lower bound of Ω
(
1/εd ·

∑
t∈V π(s, t)/d(t)

)
. To see the superiority of our

bound, let us consider the case when each node s ∈ V is chosen as the source node with
probability d(s)/(2m). This setting corresponds to the practical scenario where a node with
larger importance is more likely to be chosen as the source node. We show that under
this setting, our bound becomes Õ

(
1/εd ·

√
n/m

)
, which is lower than O(1/εd) by up to a

factor of Θ
(√

n
)
. Recall that under this setting, the lower bound becomes Ω(1/εd · n/m). In

Table 2, we summarize the complexity bounds of answering the SSPPR-D query.
▶ Remark. If we treat α as a variable (as is the case in the context of local graph partitioning),
the complexity bounds of our algorithms for these two queries both exhibit a linear dependence
on 1/α, which is the same as existing upper bounds. For the sake of simplicity, we treat α as
a constant and omit this term in this work.

Paper Organization. The remainder of this paper is organized as follows. Section 2 discusses
some related work for PPR computation, and Section 3 offers the preliminaries. Section 4
presents the ideas and the main procedure of our proposed algorithm for the SSPPR-A
query. In Section 5, we prove our results for the SSPPR-A query by analyzing our proposed
algorithm. Some deferred proofs and our algorithm and analyses for the SSPPR-D query
can be found in the full version of this paper [50].

ICDT 2024
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Table 1 Complexity bounds of answering the SSPPR-A query on different types of graphs.
For power-law graphs, the graph can be either directed or undirected, and γ ∈

(
1
2 , 1
)

denotes the
exponent of the power law. We plug in m = Õ(n) for power-law graphs.

Directed
Graphs

Undirected
Graphs

Power-Law
Graphs

Monte Carlo [16] Õ

(
1
ε2

)
Õ

(
1
ε2

)
Õ

(
1
ε2

)
Forward Push [4] O

(m

ε

)
O

(
dmax

ε

)
Õ
(n

ε

)

Ours Õ

(√
m

ε

)
Õ

(√
dmax

ε

) Õ

(
nγ−1/2

ε

)
= o

(√
n

ε

)
,

approaching Õ

(
1
ε

)
when

γ → 1
2

Table 2 Complexity bounds of answering the SSPPR-D query on undirected graphs.

Parameterized complexity
for a given s

Average complexity
when each s ∈ V is chosen
with probability d(s)/(2m)

Forward Push [4] O

(
1
εd

)
O

(
1
εd

)
Lower Bound Ω

(
1
εd

∑
t∈V

π(s, t)
d(t)

)
Ω
(

1
εd
· n

m

)
Ours Õ

(
1
εd

√∑
t∈V

π(s, t)
d(t)

)
Õ

(
1
εd

√
n

m

)

2 Other Related Work

As a classic task in graph mining, PPR computation has been extensively studied in the
past decades, and numerous efficient approaches have been proposed. Many recent methods
combine the basic techniques of Monte Carlo, Forward Push, and Backward Push to achieve
improved efficiency [32, 45, 49, 46, 30, 51, 29, 28]. A key ingredient in integrating these
techniques is the invariant equation provided by Forward Push or Backward Push. While
our algorithms also leverage the invariant of Backward Push to unify it with Monte Carlo, we
adopt a novel approach based on Adaptive Backward Push and conduct different analyses.

For SSPPR approximation, FORA [47, 46] is a representative sublinear algorithm among a
recent line of research [46, 30, 51, 29, 28]. FORA uses Forward Push and Monte Carlo to provide
relative error guarantees for PPR values above a specified threshold w.h.p., and the subsequent
work proposes numerous optimizations for it. However, this method cannot be directly
applied to the SSPPR-A query. A notable extension of FORA is SpeedPPR [51], which further
incorporates Power Method [14] to achieve higher efficiency. Nevertheless, the complexity of
SpeedPPR is no longer sublinear. Among other studies for SSPPR [11, 59, 35, 39, 15, 26, 56],
BEAR [39] and BEPI [26] are two representative approaches based on matrix manipulation.
However, they incur inferior complexities due to the large overhead of matrix computation.
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Algorithm 1 BackwardPush.

Input: graph G, decay factor α, target node t, threshold rmax
Output: backward reserves q(v, t) and residues r(v, t) for all v ∈ V

1 q(v, t)← 0 for all v ∈ V

2 r(t, t)← 1 and r(v, t)← 0 for all v ∈ V \ {t}
3 while ∃v ∈ V such that r(v, t) > rmax do
4 pick an arbitrary v ∈ V with r(v, t) > rmax
5 for each u ∈ Nin(v) do
6 r(u, t)← r(u, t) + (1− α) · r(v, t)/dout(u)
7 q(v, t)← q(v, t) + α · r(v, t)
8 r(v, t)← 0
9 return q(v, t) and r(v, t) for all v ∈ V

There also exist many studies for other PPR queries, such as Single-Pair query [20, 33,
32, 45], Single-Target query [43], and top-k query [7, 18, 20, 19, 52, 49]. Some recent work
further considers computing PPR on dynamic graphs [57, 36, 58, 55] or in parallel/dis-
tributed settings [8, 22, 23, 38, 31, 44, 24]. These methods often utilize specifically designed
methodologies and techniques, hence they are orthogonal to our work.

To sum up, despite the large body of studies devoted to PPR computation, the SSPPR-A
and SSPPR-D queries are still not explored in depth. This is because the relevant approaches
either are unsuitable for these two queries or exhibit at least linear complexities. We also
note that many related studies optimize PPR computation from an engineering viewpoint
instead of a theoretical one, and thus they do not provide better complexity bounds.

3 Notations and Tools

3.1 Notations
We use din(v) and dout(v) to denote the in-degree and out-degree of a node v ∈ V , respectively.
Additionally, Nin(v) andNout(v) denote the in-neighbor and out-neighbor set of v, respectively.
In the case of undirected graphs, we use d(v) to represent the degree of v, and we define
dmax = maxv∈V d(v) to indicate the maximum degree in G.

3.2 Backward Push
Backward Push [2, 34] is a simple and classic algorithm for approximating STPPR, that
is, estimating π(v, t) from all v ∈ V to a given target node t ∈ V . It works by repeatedly
performing reverse pushes, which conceptually simulate random walks from the backward
direction deterministically. It takes as input a parameter rmax to control the depth of
performing the pushes: a smaller rmax leads to deeper pushes.

Specifically, Backward Push maintains reserves q(v, t) and residues r(v, t) for all v ∈ V ,
where q(v, t) is an underestimate of π(v, t) and r(v, t) is the probability mass to be propagated.
A reverse push operation for a node v transfers α portion of r(v, t) to q(v, t) and propagates
the remaining probability mass to the in-neighbors of v, as per the probability that a random
walk at the in-neighbors proceeds to v. As shown in Algorithm 1, Backward Push initially
sets all reserves and residues to be 0 except that r(t, t) = 1, and then repeatedly performs
reverse pushes to nodes v with r(v, t) > rmax. After that, it returns q(v, t)’s as the estimates.

ICDT 2024
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In this paper, we use the following properties of Backward Push [34]:
The results of Backward Push satisfy r(v, t) ≤ rmax and

∣∣q(v, t)−π(v, t)
∣∣ ≤ rmax, ∀v ∈ V .

The results of Backward Push satisfy the following invariant:

π(v, t) = q(v, t) +
∑
u∈V

π(v, u)r(u, t), ∀v ∈ V. (1)

The complexity of Backward Push is

O

(
1

rmax

∑
v∈V

π(v, t)din(v)
)

. (2)

Running Backward Push with parameter rmax for each t ∈ V takes O(m/rmax) time.

3.3 Power-Law Assumption
Power-law graphs are an extensively used model for describing real-world graphs [10, 13].
Regarding PPR computation, it is observed in [9] that the PPR values on power-law graphs
also follow a power-law distribution. Formally, in our analyses for power-law graphs, we
use the following assumption, which has been adopted in several relevant works for graph
analysis [9, 32, 48]:

▶ Assumption 3 (Power-Law Graph). In a power-law graph, for any source node v ∈ V , the
i-th largest PPR value w.r.t. v equals Θ

(
i−γ

n1−γ

)
, where 1 ≤ i ≤ n and γ ∈

( 1
2 , 1
)

is the
exponent of the power law.

4 Our Algorithm for the SSPPR-A Query

This section presents our algorithm for answering the SSPPR-A query with improved
complexity bounds. Our algorithm for the SSPPR-D query is given in the full version of
this paper [50]. Before diving into the details, we give high-level ideas and introduce key
techniques for devising and analyzing the algorithm.

4.1 High-Level Ideas
Recall that for the SSPPR-A query, a fixed absolute error bound is required for each node
t ∈ V . We find it hard to achieve this using Forward Push and Monte Carlo, as they
inherently incur larger errors for nodes with larger degrees or PPR values (for Monte Carlo,
this can be seen when analyzing it using Chernoff bounds). Thus, to answer the SSPPR-A
query, it is crucial to reduce the errors for these hard-case nodes efficiently. A straightforward
idea is to run Backward Push from these nodes, although using an STPPR algorithm to
answer the SSPPR query seems counterintuitive. As performing Backward Push alone for all
nodes requires O(m/ε) time, we combine it with Monte Carlo to achieve a lower complexity.

In a word, our proposed algorithms employ Backward Push to reduce the number of
random walks needed in Monte Carlo. Intuitively, by running Backward Push for a node t,
we simulate random walks backward from t. Consequently, when performing forward random
walks in Monte Carlo, our objective shifts from reaching node t to reaching the intermediate
nodes touched by Backward Push. This method significantly reduces the variances of the
Monte Carlo estimators since the random walks can increment the estimated values even if
they fail to reach t. However, a major difficulty is that we cannot afford to perform deep
Backward Push for each t ∈ V , which is both expensive and unnecessary. To address this
issue, we propose the following central technique: Adaptive Backward Push.
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Adaptive Backward Push. A crucial insight behind our algorithms is that performing deep
Backward Push for each t ∈ V is wasteful. This is because doing so yields accurate estimates
for π(v, t) for all v ∈ V , but for SSPPR queries, only π(s, t) is required to be estimated.
Thus, instead of performing Backward Push deeply to propagate enough probability mass to
each node, we only need to ensure that the probability mass pushed backward from t to s is
sufficient to yield an accurate estimate for π(s, t). This motivates us to perform Backward
Push adaptively. More precisely, we wish to set smaller rmax(t) for t with larger π(s, t),
rendering the Backward Push process for them deeper. An intuitive explanation is that,
for larger π(s, t), the minimally acceptable estimates π(s, t) − ε are larger, so we need to
perform Backward Push deeper to push more probability mass to s. As an extreme example,
if we know that π(s, t) ≤ ε for some t, then we can simply return π̂(s, t) = 0 as its PPR
approximation, so we do not need to perform Backward Push for these nodes with small
PPR values. On the other hand, our technique also adaptively balances the cost of Backward
Push and Monte Carlo, which will be introduced in the next subsection.

To implement Adaptive Backward Push, a natural idea would be directly setting rmax(t)
to be inversely proportional to π(s, t). At first glance, this idea seems paradoxical since
the π(s, t) values are exactly what we aim to estimate. However, it turns out that rough
estimates of them suffice for our purpose. In fact, Monte Carlo offers a simple and elegant
way to roughly approximate π(s, t) with relatively low overheads. Thus, we need to run
Monte Carlo to obtain rough PPR estimates before performing Adaptive Backward Push.
Despite the simplicity of the ideas, the detailed procedure of the algorithm and its analyses
are nontrivial, as we elaborate below.

4.2 Techniques
Now, we introduce several additional techniques used in our algorithms.

Three-Phase Framework. As discussed above, before performing Adaptive Backward Push,
we need to perform Monte Carlo to obtain rough PPR estimates. Also, the results of
Backward Push and Monte Carlo are combined to derive the final results. For ease of
analysis, we conduct Monte Carlo twice, yielding two independent sets of approximations.
This leads to our three-phase framework:

(I) running Monte Carlo to obtain rough PPR estimates;
(II) performing Adaptive Backward Push to obtain backward reserves and residues;

(III) running Monte Carlo and combining the results with those of Backward Push to yield
the final estimates.

However, there are some difficulties in carrying out this framework. We discuss them in
detail below and provide a more accurate description of our algorithm in Subsection 4.3.

Identifying Candidate Nodes. As mentioned earlier, if we know that π(s, t) ≤ ε for some
t, then we can safely return π̂(s, t) = 0. This means that we only need to consider nodes t

with π(s, t) > ε. Fortunately, when running Monte Carlo to obtain rough estimates, we can
also identify these nodes (w.h.p.), thus avoiding the unnecessary cost of performing Adaptive
Backward Push for other nodes. We use C to denote the candidate set that consists of
these identified candidate nodes. In light of this, Phase I serves two purposes: determining
the candidate nodes t ∈ C and obtaining rough estimates for their PPR values, denoted as
π′(s, t)’s. Subsequently, in Phase II, we perform Adaptive Backward Push for these candidate
nodes t ∈ C, where the thresholds are set to be inversely proportional to π′(s, t).
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Estimation Formula. Let us take a closer look at the results of Backward Push for a
candidate node t ∈ C. From the invariant of Backward Push (Equation 1), we have

π(s, t) = q(s, t) +
∑
v∈V

π(s, v)r(v, t).

This essentially expresses the desired PPR value π(s, t) as q(s, t) plus a linear combination
of π(s, v)’s with coefficients r(v, t)’s. Now, we can obtain an estimate π̂(s, t) by substituting
π(s, v)’s by their Monte Carlo estimates obtained in Phase III, denoted by π′′(s, v)’s:

π̂(s, t) = q(s, t) +
∑
v∈V

π′′(s, v)r(v, t). (3)

As Backward Push guarantees that r(v, t) ≤ rmax for all v ∈ V , the coefficients of these
Monte Carlo estimates are small, making the variance of π̂(s, t) small. Thus, by carefully
setting the parameters of Backward Push and Monte Carlo, we can bound this variance
and apply Chebyshev’s inequality to obtain the desired absolute error bound on π̂(s, t) with
constant success probability. Then, we leverage the median trick [25] (see Appendix A)
to amplify this probability while only introducing an additional logarithmic factor to the
complexity. Therefore, in Phase III, we run Monte Carlo several times to obtain independent
samples of π̂(s, t), denoted as π̂i(s, t). After that, we compute their median values as the
final estimates.

Balancing Phases II and III. Finally, to optimize the overall complexity of the algorithm,
it is essential to strike a balance between the cost of Phases II and III. In fact, the following
balancing strategy is another manifestation of the adaptiveness of our algorithm. In particular,
performing more Adaptive Backward Push in Phase II results in fewer random walks needed
in Phase III. In our analysis part (Section 5), we find that the complexity bound of Adaptive
Backward Push is inversely proportional to the number of random walk samplings in Phase III
(denoted as nr), and the cost of Monte Carlo in Phase III is proportional to nr. The problem
is that we do not know a priori the optimal setting of nr in terms of balancing Phases II and
III. As a workaround, we propose to try running Adaptive Backward Push with exponentially
decreasing nr, and terminate this process once its paid cost exceeds the expected cost of
simulating nr random walks. Intuitively, in this way, our algorithm achieves the same
asymptotic complexity as if it knew the optimal nr. We will describe the detailed process
and formally state this claim below.

4.3 Main Algorithm
Algorithm 2 outlines the pseudocode of our proposed algorithm for the SSPPR-A query. It
consists of three phases: Phase I (line 2 to line 3), Phase II (line 5 to line 14), and Phase III
(line 16 to line 19). We recap the purposes of the three phases as follows:

(I) running Monte Carlo to obtain estimates π′(s, v) and derive the candidate set C;
(II) performing Adaptive Backward Push to obtain reserves q(s, t) and residues r(v, t) for

candidate nodes t ∈ C, where the associated nr (the number of random walk samplings
in Phase III) is exponentially decreased and the stopping rule is designed to balance
Phases II and III;

(III) running Monte Carlo several times, combining their results π′′(s, v) with those of
Adaptive Backward Push, and finally taking the median values as the results π̂(s, t).
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Algorithm 2 Our algorithm for the SSPPR-A query.

Input: graph G = (V, E), decay factor α, source node s, error parameter ε

Output: estimates π̂(s, t) for all t ∈ V

1 // Phase I
2 π′(s, v) for all v ∈ V ← Monte Carlo estimates with

⌈
12 ln

(
2n3) /ε

⌉
random walks

3 C ←
{

t ∈ V : π′(s, t) > 1
2 ε
}

4 // Phase II
5 nr ← ⌈n/ε⌉, nt ←

⌈
18 ln

(
2n2)⌉

6 rmax(t)← ε2nr

6π′(s,t) for all t ∈ C

7 while True do
8 // the process in this loop is called an iteration
9 // in this iteration, try running Backward Push with 1

2 rmax(t)’s
10 for each t ∈ C do
11 run BackwardPush

(
G, α, t, 1

2 rmax(t)
)
, but once the total cost of Backward

Push in this iteration exceeds the expected cost of simulating nt · 1
2 nr

random walks, terminate and break the outer loop (i.e., jump to line 14)
12 nr ←

⌊ 1
2 nr

⌋
13 rmax(t)← 1

2 rmax(t) for all t ∈ C

14 q(v, t), r(v, t) for v ∈ V ← BackwardPush
(
G, α, t, rmax(t)

)
15 // Phase III
16 for i from 1 to nt do
17 π′′(s, v) for all v ∈ V ← Monte Carlo estimates with nr random walks
18 π̂i(s, t)← q(s, t) +

∑
v∈V π′′(s, v)r(v, t) for all t ∈ C

19 π̂(s, t)← mediannt
i=1
{

π̂i(s, t)
}

for all t ∈ C

20 return π̂(s, t) for all t ∈ V

Concretely, in Phase I, the algorithm runs Monte Carlo (as introduced in Subsection 1.2)
with

⌈
12 ln

(
2n3) /ε

⌉
random walks (line 2), obtain estimates π′(s, v), and sets the candidate

set C to be
{

t ∈ V : π′(s, t) > 1
2 ε
}

(line 3). Next, Phase II implements Adaptive Backward
Push. It first initializes nr, the number of random walk samplings in Phase III, to be ⌈n/ε⌉,
and sets nt, the number of trials for the median trick, to be

⌈
18 ln

(
2n2)⌉ (line 5). Also,

rmax(t) is initialized to be ε2nr

6π′(s,t) for each candidate node t ∈ C (line 6). In the subsequent
loop (line 7 to line 13), the algorithm repeatedly tries to run Backward Push (Algorithm 1)
for each candidate node t ∈ C with parameter 1

2 rmax(t), and iteratively halves nr as well as
rmax until the cost of Backward Push exceeds the expected cost of simulating random walks
in Phase III. In that case, the algorithm immediately terminates Backward Push and jumps
to line 14 (without halving nr and rmax(t)), where Backward Push is invoked again with the
current rmax(t) to obtain the reserves and residues. Finally, in Phase III, the algorithm runs
Monte Carlo with nr random walks (line 17) and computes estimates π̂i(s, t) according to
Equation 3 (line 18). This process is repeated nt times (line 16), and the final approximations
π̂(s, t) are computed as mediannt

i=1
{

π̂i(s, t)
}

(line 19).
Note that in line 18, for each t ∈ C, we only need to iterate through nodes v with

a nonzero residue r(v, t) to compute the summation. Thus, we can implement line 18 in
asymptotically the same time as running Backward Push in Phase II.

In the following section, we demonstrate the correctness and efficiency of Algorithm 2.
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5 Analyses for the SSPPR-A Query

We give correctness and complexity analyses of our Algorithm 2 for the SSPPR-A query.
The analyses for the SSPPR-D query are given in the full version of this paper [50].

First, we give error bounds for the Monte Carlo estimates in Phase I. These are typical
results for the Monte Carlo method, and we give a proof in the full version of this paper [50]
for completeness.

▶ Lemma 4. Let π′(s, v) denote the estimate for π(s, v) obtained in Phase I of Algorithm 2.
With probability at least 1− 1/n2, we have 1

2 π(s, v) ≤ π′(s, v) ≤ 3
2 π(s, v) for all v ∈ V with

π(s, v) ≥ 1
4 ε, and π′(s, v) ≤ π(s, v) + 1

4 ε for all v ∈ V with π(s, v) < 1
4 ε.

We say that Phase I succeeds if the properties in Lemma 4 are satisfied. Our following
discussions are implicitly conditioned on the success of Phase I, and we shall not specify this
explicitly for ease of presentation. We only take this condition into account when considering
the overall success probability of the algorithm. Also, we regard π′(s, v) as fixed values when
analyzing the remaining phases. Next, we show that Phase I prunes non-candidate nodes
properly and guarantees constant relative error bounds for candidate nodes.

▶ Lemma 5. All non-candidate nodes t′ /∈ C satisfy π(s, t′) ≤ ε, and all candidate nodes
t ∈ C satisfy 1

2 π(s, t) ≤ π′(s, t) ≤ 3
2 π(s, t).

The proof of Lemma 5 can be found in the full version of this paper [50]. Based on Lemma 5,
we prove the correctness and complexity bounds of Algorithm 2 separately.

Correctness Analysis

Primarily, the following lemma justifies the unbiasedness of the estimators π̂i(s, t):

▶ Lemma 6. For all the candidate nodes t ∈ C, π̂i(s, t) are unbiased estimators for π(s, t),
i.e., E

[
π̂i(s, t)

]
= π(s, t).

The proof of Lemma 6 can be found in the full version of this paper [50]. Next, we prove the
following key lemma, which bounds the variances of the estimators π̂i(s, t) in terms of nr,
rmax(t), and π(s, t):

▶ Lemma 7. The variances Var
[
π̂i(s, t)

]
are bounded above by 1/nr · rmax(t)π(s, t), for all

t ∈ C. Here, nr is the number of random walks in Phase III. This leads to Var
[
π̂i(s, t)

]
≤ 1

3 ε2.

Proof. We first calculate

Var
[
π̂i(s, t)

]
= Var

[
q(s, t) +

∑
v∈V

π′′(s, v)r(v, t)
]

= Var
[∑

v∈V

π′′(s, v)r(v, t)
]

.

To bound this variance, we use the fact that the Monte Carlo estimators π′(s, v)’s are
negatively correlated, so the variance of their weighted sum is bounded by the sum of their
weighted variances:

Var
[
π̂i(s, t)

]
≤
∑
v∈V

Var
[
π′′(s, v)r(v, t)

]
=
∑
v∈V

(
r(v, t)

)2 Var
[
π′′(s, v)

]
.
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Next, we plug in Var
[
π′′(s, v)

]
= π(s, v)

(
1− π(s, v)

)/
nr, the variances of binomial random

variables divided by nr, to obtain

Var
[
π̂i(s, t)

]
≤
∑
v∈V

(
r(v, t)

)2 ·
π(s, v)

(
1− π(s, v)

)
nr

= 1
nr

∑
v∈V

r(v, t)
(
π(s, v)r(v, t)

)(
1− π(s, v)

)
≤ 1

nr

∑
v∈V

r(v, t)
(
π(s, v)r(v, t)

)
.

Using the properties of Backward Push (see Subsection 3.2) that r(v, t) ≤ rmax(t) for all
v ∈ V and

∑
v∈V π(s, v)r(v, t) = π(s, t)− q(s, t) ≤ π(s, t), we have

Var
[
π̂i(s, t)

]
≤ 1

nr
· rmax(t)

∑
v∈V

π(s, v)r(v, t) ≤ 1
nr
· rmax(t)π(s, t).

This proves the first part of the lemma. Finally, by the setting of rmax(t) = ε2nr

6π′(s,t) and the
result in Lemma 5 that π′(s, t) ≥ 1

2 π(s, t) for candidate nodes t ∈ C, we obtain

Var
[
π̂i(s, t)

]
≤ 1

nr
· ε2nr

6π′(s, t) · π(s, t) ≤ 1
nr
· ε2nr

3π(s, t) · π(s, t) = 1
3ε2.

We conclude that Var
[
π̂i(s, t)

]
≤ 1

3 ε2, as claimed. ◀

Now, we prove the following theorem, which verifies the correctness of Algorithm 2:

▶ Theorem 8. Algorithm 2 answers the SSPPR-A query (defined in Definition 1) correctly
with probability at least 1− 1/n.

Proof. First, for non-candidate nodes t′ /∈ C, Lemma 5 guarantees that π(s, t′) ≤ ε, so it
is acceptable that Algorithm 2 returns π̂(s, t′) = 0 as their PPR estimates. For candidate
nodes t ∈ C, Lemma 6 together with Chebyshev’s inequality guarantees that

Pr
[∣∣π̂i(s, t)− π(s, t)

∣∣ ≥ ε
]
≤

Var
[
π̂i(s, t)

]
ε2 ≤ 1

3 .

Recall that Algorithm 2 sets the final estimates π̂(s, t) to be mediannt
i=1
{

π̂i(s, t)
}

, where
nt =

⌈
18 ln

(
2n2)⌉, and that π̂i(s, t) for 1 ≤ i ≤ nt are obtained from independent trials of

nr random walk samplings. Thus, by applying the median trick (Theorem 15), we know that
for any t ∈ C, the probability that

∣∣π̂(s, t)− π(s, t)
∣∣ ≥ ε is at most 1

/ (
2n2). Since |C| ≤ n,

by applying union bound for all t ∈ C, we prove that with probability at least 1− 1/(2n),∣∣π̂(s, t)− π(s, t)
∣∣ ≤ ε holds for all t ∈ C, matching the error bound required in Definition 1.

Lastly, recall that this probability is conditioned on the success of Phase I, whose probability
is at least 1− 1/n2 by Lemma 4. Thus, we conclude that the overall success probability is at
least

(
1− 1/n2) (1− 1/(2n)

)
> 1− 1/n. ◀

Complexity Analysis

First, we formalize the claim given in Subsection 4.2 regarding the balance between Phases II
and III, as follows. We prove the claim in the full version of this paper [50].

▷ Claim 9. Algorithm 2 achieves the asymptotic complexity as if the optimal nr (in terms of
balancing the complexities of Phases II and III) is previously known and Adaptive Backward
Push is only performed once with this nr.

ICDT 2024



9:14 Approximating Single-Source PPR with Absolute Error Guarantees

Based on Claim 9, we can derive the complexity of Algorithm 2 on general directed graphs:

▶ Theorem 10. The expected time complexity of Algorithm 2 on directed graphs is

Õ

1
ε

√∑
t∈V

π(s, t)
∑
v∈V

π(v, t)din(v)

 .

Furthermore, this complexity is upper bounded by Õ
(√

m/ε
)
.

Proof. First, the expected complexity of Phase I is Õ(1/ε), which is negligible in the overall
complexity. In Phase II, Backward Push is invoked with parameter rmax(t) = ε2nr

6π′(s,t) for
each t ∈ C, where π′(s, t) satisfies π′(s, t) ≤ 3

2 π(s, t) by Lemma 5. Therefore, using the
complexity of Backward Push (Equation 2), the complexity of Phase II is bounded by

O

(∑
t∈C

∑
v∈V π(v, t)din(v)

rmax(t)

)
= O

(∑
t∈C

∑
v∈V

π′(s, t)π(v, t)din(v)
ε2nr

)

≤O

(∑
t∈C

∑
v∈V

π(s, t)π(v, t)din(v)
ε2nr

)
≤ O

(∑
t∈V

∑
v∈V

π(s, t)π(v, t)din(v)
ε2nr

)

=O

(
1

ε2nr

∑
t∈V

π(s, t)
∑
v∈V

π(v, t)din(v)
)

. (4)

On the other hand, Phase III performs nt·nr =
⌈
18 ln

(
2n2)⌉·nr = Õ(nr) random walks, so the

total complexity of Phases II and III is Õ
(
1/
(
ε2nr

)
·
∑

t∈V π(s, t)
∑

v∈V π(v, t)din(v) + nr

)
.

By the AM–GM inequality, the optimal setting of nr minimizes this bound to be

Õ

√nr ·
1

ε2nr

∑
t∈V

π(s, t)
∑
v∈V

π(v, t)din(v)

 = Õ

1
ε

√∑
t∈V

π(s, t)
∑
v∈V

π(v, t)din(v)

 .

By Claim 9, Algorithm 2 achieves this complexity.
In order for a simple upper bound, we use π(v, t) ≤ 1 for all v, t ∈ V to obtain

Õ

1
ε

√∑
t∈V

π(s, t)
∑
v∈V

π(v, t)din(v)

 ≤ Õ

1
ε

√∑
t∈V

π(s, t)
∑
v∈V

din(v)


=Õ

1
ε

√∑
t∈V

π(s, t) ·m

 = Õ

(√
m

ε

)
,

as claimed.
A subtle technicality here is that these complexity bounds are conditioned on the success

of Phase I, and the expected complexity of Phase II may be unbounded if Phase I fails. To
resolve this technical issue, we can switch to using naïve Power Method [14] once the actual
cost of the algorithm reaches Θ

(
n2). In this way, even if Phase I fails, the algorithm will solve

the query in Õ
(
n2) time. As the failure probability of Phase I is at most 1/n2 (Lemma 4),

this merely adds a term of 1/n2 · Õ
(
n2) = Õ(1) to the overall expected complexity, and thus

does not affect the resultant bounds. We will omit this technicality in later proofs. ◀

Next, we analyze the complexity of Algorithm 2 on general undirected graphs. To this end,
the following previously known symmetry theorem will be helpful.
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▶ Theorem 11 (Symmetry of PPR on Undirected Graphs [6, Lemma 1]). For all nodes u, v ∈ V ,
we have π(u, v)d(u) = π(v, u)d(v).

Now, we can derive a better complexity bound of Algorithm 2 on undirected graphs.

▶ Theorem 12. The expected time complexity of Algorithm 2 on undirected graphs is

Õ

1
ε

√∑
t∈V

π(s, t)d(t)

 .

Furthermore, this complexity is upper bounded by Õ
(√

dmax/ε
)
.

Proof. Using Theorem 11, we can simplify the first complexity in Theorem 10 as follows:

Õ

1
ε

√∑
t∈V

π(s, t)
∑
v∈V

π(v, t)d(v)

 = Õ

1
ε

√∑
t∈V

π(s, t)
∑
v∈V

π(t, v)d(t)


=Õ

1
ε

√∑
t∈V

π(s, t)d(t)
∑
v∈V

π(t, v)

 = Õ

1
ε

√∑
t∈V

π(s, t)d(t)

 .

To prove the upper bound of Õ
(√

dmax/ε
)
, we use d(t) ≤ dmax for all t ∈ V to obtain

Õ

1
ε

√∑
t∈V

π(s, t)d(t)

 ≤ Õ

√dmax

ε
·
√∑

t∈V

π(s, t)

 = Õ

(√
dmax

ε

)
. ◀

We note that the bounds Õ
(√

m/ε
)

and Õ
(√

dmax/ε
)

above are for worst-case graphs, and
for power-law graphs (Assumption 3), we can derive better bounds. In the full version of
this paper [50], we prove the following lemma, which bounds

∑
t∈V

(
π(v, t)

)2 for any v ∈ V :

▶ Lemma 13. On a power-law graph,
∑

t∈V

(
π(v, t)

)2 = O
(
n2γ−2) holds for any v ∈ V .

Now, we can bound the complexity on power-law graphs as follows:

▶ Theorem 14. The expected complexity of Algorithm 2 on power-law graphs is Õ
(
nγ−1/2/ε

)
.

Proof. We prove the theorem using Cauchy–Schwarz inequality and power-law assumptions
to simplify the first complexity given in Theorem 10. First, reordering the summations yields

Õ

1
ε

√∑
t∈V

π(s, t)
∑
v∈V

π(v, t)din(v)

 = Õ

1
ε

√∑
v∈V

din(v)
∑
t∈V

π(s, t)π(v, t)

 ,

where

∑
t∈V

π(s, t)π(v, t) ≤

√√√√(∑
t∈V

(
π(s, t)

)2
)(∑

t∈V

(
π(v, t)

)2
)

by Cauchy–Schwarz inequality. By Lemma 13, both
∑

t∈V

(
π(s, t)

)2 and
∑

t∈V

(
π(v, t)

)2 are
bounded by O

(
n2γ−2). Consequently,

∑
t∈V π(s, t)π(v, t) ≤ O

(
n2γ−2), and the expression

in question can be bounded by

Õ

1
ε

√∑
v∈V

din(v) · n2γ−2

 = Õ

(
1
ε

√
m · n2γ−2

)
= Õ

(
nγ−1/2

ε

)
,

where we used the fact that m = Õ(n) on power-law graphs. ◀
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A Median Trick

▶ Theorem 15 (Median Trick [25]). Let X1, X2, . . . , Xnt
be nt i.i.d. random variables

such that Pr
[
|Xi − µ| ≥ λ

]
≤ 1

3 for any 1 ≤ i ≤ nt, where µ = E[Xi], and let X =
median1≤i≤nt{Xi}. For a given probability pf , if nt ≥ 18 ln(1/pf ) = Θ

(
log(1/pf )

)
, then

Pr
[∣∣X − µ

∣∣ ≥ λ
]
≤ pf . Here, median1≤i≤nt

{Xi} is defined as the
⌈

nt

2
⌉
-th smallest element

in X1, X2, . . . , Xnt
.
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