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—— Abstract

The Johnson-Lindenstrauss (JL) Lemma introduced the concept of dimension reduction via a random
linear map, which has become a fundamental technique in many computational settings. For a
set of n points in R? and any fixed e > 0, it reduces the dimension d to O(logn) while preserving,
with high probability, all the pairwise Euclidean distances within factor 1 + €. Perhaps surprisingly,
the target dimension can be lower if one only wishes to preserve the optimal value of a certain
problem on the pointset, e.g., Euclidean max-cut or k-means. However, for some notorious problems,
like diameter (aka furthest pair), dimension reduction via the JL map to below O(logn) does not
preserve the optimal value within factor 1 + e.

We propose to focus on another regime, of moderate dimension reduction, where a problem’s value
is preserved within factor o > 1 using target dimension logn/poly(a). We establish the viability
of this approach and show that the famous k-center problem is a-approximated when reducing to
dimension O(% + log k). Along the way, we address the diameter problem via the special case
k = 1. Our result extends to several important variants of k-center (with outliers, capacities, or
fairness constraints), and the bound improves further with the input’s doubling dimension.

While our poly («)-factor improvement in the dimension may seem small, it actually has significant
implications for streaming algorithms, and easily yields an algorithm for k-center in dynamic geometric
streams, that achieves O(«a)-approximation using space poly(kdnl/ “2). This is the first algorithm
to beat O(n) space in high dimension d, as all previous algorithms require space at least exp(d).
Furthermore, it extends to the k-center variants mentioned above.
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1 Introduction

The seminal work of Johnson and Lindenstrauss [39] introduced the technique of dimension
reduction via an (oblivious) random linear map, and this technique has become fundamental in
many computational settings, from offline to streaming and distributed algorithms, especially
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nowadays that high-dimensional data is ubiquitous. Their so-called JL. Lemma asserts
(roughly) that for any fixed ¢ > 0, a random mapping (e.g., projection) of a set P C R? of
n points to target dimension t = O(logn) preserves the (Euclidean) distances between all
points in P within 1 + € factor. Furthermore, the JL Lemma is known to be tight [45], see
also the recent survey [50].

Perhaps surprisingly, the target dimension can sometimes be reduced below that O(logn)
bound, particularly when one only wants to preserve the optimal value of a specific objective
function rather than all pairwise distances. Indeed, for several optimization problems
on the pointset P, previous work has shown that the target dimension may be much
smaller than O(logn) or even independent of n, e.g., for Euclidean max-cut [44, 43, 19],
k-means [11, 22, 10, 46] and subspace approximation [16]. However, for some notorious
problems, like facility location, minimum spanning tree [49] and diameter (aka furthest pair),
dimension reduction via the JL map to below O(logn) does not preserve the optimal value
within factor 1 + e.

In light of this, we consider a new regime of moderate dimension reduction, where a
problem’s value is approximated within factor O(1) using target dimension slightly below
O(logn).! More precisely, we aim at a tradeoff of achieving a-estimation,? for any desired o >
1, when reducing to dimension logn/ poly(a). This relaxation of the approximation factor,
from 1 + € to «, may be effective in combating the “curse of dimensionallity” phenomenon,
because when an algorithm’s efficiency is exponential in the dimension (e.g., space complexity
in streaming algorithms), bounds of the form 200027 = nOM) improve to 28"/ Poly() —
n'/Poly(®)  This tradeoff can even yield target dimension t = O(1), by using approximation
« = polylog(n), and this can lead to new results (e.g., streaming algorithms).

We study this regime of moderate dimension reduction for the fundamental problem
of k-center clustering: The input is a set P C R? of n points, and the goal is to find
a set of centers C' C R of size k that minimizes the objective maxpep dist(p, C), where
dist(p, C) = min.ec ||p — ¢|| (throughout, we use ¢3 norm). The special case k = 1 is exactly
the minimum enclosing ball problem, which is within factor 2 of the diameter problem, and
for both problems, we show that reducing the dimension to o(logn) is unlikely to achieve
(1 + e)-estimation. Our main contribution is a general framework for moderate dimension
reduction that works even for more challenging and widely studied variants of k-center, such
as the outliers [15], capacitated [9, 40], and fair [20] variants.

1.1 Main Results

Our main result is a moderate dimension reduction for k-center via an (oblivious) random
linear map. For simplicity, consider a map defined via a matrix G € R?** of iid Gaussians
(scaled appropriately), although our result is more general and holds for several (but not all)
known JL maps, similarly to prior work in this context [46, 19]. Specifically, we need G to
satisfy the JL. Lemma and have a sub-Gaussian tail, as described in Section 1.4.

L A related approach called low-quality dimension reduction was proposed in [5]. Similarly to ours, it refers
to a map with target dimension below O(logn), but its utility is to (14 €)-approximate Nearest-Neighbor
Search (NNS), and since NNS is not an optimization problem, their definitions and techniques are rather
different from ours.

We say that dimension reduction achieves a-estimation if it preserves the problem’s optimal value within
factor a; and we say it achieves a-approximation if it also preserves solutions, in a sense that we define
formally later. Our results extend to O(«a)-approximation, but we focus here on O(«)-estimation for
clarity.
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Table 1 Dimension reduction bounds for O(a)-estimation of k-center variants in terms of
D = min(d,logn). The lower bound (marked by *) holds only for a Gaussian Matrix.

’ k-center variant ‘ target dimension ‘ reference ‘

all variants O(D) JL Lemma/trivial
Q(ag2 + %) * the full version
vanilla O(% +logk) Theorem 2.1
with z outliers O(% +log(kz)) Theorem 3.1
assignment constrained O(£ +1logk) Theorem 4.3

» Theorem 1.1 (Main Result, informal). For every a,d,k and n, there is a random linear
map G : R — Rt with target dimension t = O(loagzn +logk), such that for every set P C R?

of n points, with high probability, G preserves the k-center value of P within O(«) factor.
This result extends to k-center variants as listed in Table 1.

» Remark 1.2. We actually prove this theorem for target dimension ¢ = O(% + log k), which
is only stronger; indeed, one can assume that d = O(logn) by the JL Lemma.

Our bound is nearly optimal when G is a matrix of iid Gaussians (and plausibly for all JL
maps). Concretely, even for k = 1, the target dimension must be t = Q(l‘;gz"), which matches
the leading term in our bound; and the second term is nearly matched by an Q( logk) bound.

log
For more details, see the full version.

To demonstrate that moderate dimension reduction is a general approach that may be
applied more broadly, our Theorem 1.1 includes non-trivial extensions to several important
variants of k-center. From here on, we call the classic k-center mentioned above the “vanilla”
variant, essentially to distinguish it from other variants that we now discuss. In the variant
with outliers (aka robust k-center), the input specifies also z > 0, and the goal is to find,
in addition to the set of centers C, a set of at most z outliers Z C P, that minimizes the
objective max,ep\ 7z dist(p, C) [15]. Another variant, called k-center with an assignment
constraint, asks to assign each input point to one of the k clusters (not necessarily to the
closest center), given a constraint on the entire assignment, and the goal is to minimize the
maximum cluster radius. This formulation via a constrained assignment has been studied
before for other clustering problems [51, 34, 8, 12] but not for k-center. It is useful as a
generalization that captures both the capacitated variant, where every cluster has a bounded
capacity [9, 40], and the fair variant, where input points have colors and the relative frequency
of colors in every cluster must be similar to that of the entire input [20]. Perhaps surprisingly,
the dimension reduction satisfies a strong “for all” guarantee with respect to the assignment
constraints, i.e., with high probability the optimal value is preserved simultaneously for all
possible constraints (whose number can be extremely large). This is in contrast to the weaker
“for each” guarantee, where the high-probability bound applies separately to each constraint.
The extensions to k-center variants come at the cost of a slightly increased target dimension,
as listed in Table 1.

Another important feature of our approach is that it actually preserves solutions, i.e.,
Theorem 1.1 extends from O(«)-estimation to O(«)-approximation, as follows. For vanilla
k-center, an a-approximate solution of P is a set C' C P of size k whose objective value
max,e p dist(p, C') is within factor « from the optimal. The proof of Theorem 1.1 can be
extended to show that a set C' C P is an O(«)-approximate solution of P whenever G(C) is an
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O(1)-approximate solution of G(P).3 The above restriction to C' C P is needed to guarantee
that C + G(C) is one-to-one, but one can easily relax it to our true requirement C C R? by
introducing a factor of 2 in the approximation ratio. This extension to O(«a)-approximation
holds also for the aforementioned variants of k-center.

Still, an important question remains — how useful is this theorem, and more generally,
this regime of moderate dimension reduction? It may seem that for fixed o > 1, the target
p}ﬁf,{; 5 = O(logn) offers only negligible improvement over the JL Lemma. The
crux is that many algorithms depend exponentially in the dimension, in which case decreasing
the dimension by a constant factor amounts to a polynomial improvement in efficiency. We

indeed show such an application to streaming algorithms, as discussed next.

dimension

1.2 Application: Dynamic Geometric Streams

In dynamic geometric streams, a model introduced by Indyk [36], the input P is presented
as a stream of insertions and deletions of points from [A]¢ = {1,2, ..., A}¢. Algorithms in
this model read the stream in one pass and their space complexity (aka storage requirement)
is limited. We assume that A < poly(n), which is common in this model. Ideally, algorithms
for k-center should use at most poly(kdlogn) bits of space, which is polynomial in the bit
representation of a solution consisting of k points in [A]?. We focus throughout on the
general case of high dimension (say d > logn), and mostly ignore algorithms whose space
complexity is > 2¢ bits (which are suitable only for low dimension).

For k-center in insertion-only streams (i.e., without deletions), the tradeoff between
approximation and space complexity is well understood, and the regime of O(1)-approximation
seems to be the most useful and interesting. Indeed, there is an O(1)-approximation algorithm
using O(kdlogn) bits of space [15], with extensions to the outliers variant [48] and also to
the sliding-window model [23]. In contrast, all known (1 + €)-approximation algorithms
have space bound that grows like (1/€)¢ [2, 14, 29, 28], which is not sublinear in n for high
dimension. Furthermore, approximation below 1*'2—‘/5 provably requires Q(min{n,exp(d'/?)})
bits of space, even for k£ = 1 [3]. Another indication is a (1.8 4 €)-approximation for vanilla
k-center using space complexity bigger by factor k9% [41].

The setting of dynamic streams (i.e., with deletions) seems much harder. Here, O(1)-
estimation using poly(kdlogn) bits of space is widely open, as we seem to lack effective
algorithmic techniques. For example, in insertion-only streams, 2-approximation can be
easily achieved for k = 1, by just storing the first point (in the stream) and then the furthest
point from it. It is unknown whether this algorithm extends to dynamic streams, because it
relies on access to a point from P right as the stream begins. We provide an algorithm for
dynamic streams and all k&, by simply applying our moderate dimension reduction result and
then using an algorithm for low dimension by [28].

» Theorem 1.3 (Streaming Algorithm for k-Center, informal). There is a randomized algorithm
that, given a,d,k,n and a set P C R? of size at most n presented as a stream of poly(n)
insertions and deletions of points, returns an O(«)-approzimation to the k-center problem on
P. The algorithm uses nt/e poly(kdlogn) bits of space, and extends to k-center variants as

listed in Table 2.

» Remark 1.4. This theorem can also achieve 2%/ poly(kdlogn) bits of space, which is
only stronger; indeed, one can assume that d = O(logn) by the JL Lemma. By setting «
appropriately, this algorithm achieves O(y/d/ log(kdlogn))-estimation using our ideal space
bound of poly(kdlogn) bits.

3 For a set X C R? and matrix G € R?*?, let G(X) = {Gz: z € X}.
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Table 2 Space complexity upper bounds for O(a)-estimation in dynamic streams of k-center
variants, listed separately as a function of d and of n, but omitting poly(kdlogn) factors. The
results of [28] actually achieve (1 4 €)-estimation.

’ k-center variant ‘ dynamic streaming space upper bounds ‘ reference ‘
vanilla 24 - [28]
- nl/o‘27 only for k=1 [35]
9d/ nt/® derived from [24]
gd/a® nt/e’ Corollary 2.3
with z outliers 2¢ 4 2 - [28]
gd/e? poly(z) nt/e? poly(z) Corollary 3.4
capacitated 24 - [28]
gd/« nt/e the full version
fair 24 - [28]
2d/e nt/e the full version

We do not know whether our bounds are tight, and in fact, proving lower bounds for
dynamic geometric streams is a challenging open problem (apparently, even for deterministic
algorithms). One would expect these lower bounds to exceed those known for insertion-only
streams, however, current techniques seem unable to exploit deletions.

Our result improves and significantly generalizes the known bounds for k-center in dynamic
streams. Currently, the best algorithm that can handle deletions works only for £ = 1 and
the vanilla variant, and achieves O(«)-estimation using O(n'/®"d) bits of space? (i.e., same
bound as in Theorem 1.3, but only for a special case). This result is unpublished but
known to experts, and follows by adapting a dynamic algorithm from [35] to the streaming
setting. Known algorithms for insertion-only streams are largely not relevant, as they rarely
extend to handle deletions. Perhaps the only exception is a simple approach based on
e-nets (see e.g. [2]), that has been extended to handle deletions by employing sparse-recovery
techniques [28]. It was further extended to the outliers variant [28], and may possibly extend
to the capacitated and fair variants as well. This algorithm achieves (1 + €)-approximation
and uses space complexity that is bigger by factor (O(%))d, which, as mentioned earlier,
is not sublinear in n for high dimension. Another possible approach is to employ a recent
technique called consistent hashing [24], to obtain (quite easily, details omitted) a streaming
algorithm for vanilla k-center that uses 24/ poly(kdlogn) bits of space. The dependence on
« here is inferior to Theorem 1.3, and is known to be optimal for consistent hashing [24]. We
remark that the tree-embedding technique of [36], which has been useful for several dynamic
streaming problems in high dimension, is ineffective for k-center, or even the diameter
problem, as it bounds only the expected stretch of every pair of points.

Recent research on streaming algorithms has uncovered an intriguing tradeoff between
approximation and space complexity for different geometric problems. Interestingly, the

tradeoff we obtain for vanilla k-center is better than the one known for these other problems.

For earth mover’s distance (EMD) in the plane (i.e., R?), we know of O(«)-estimation

4 Throughout, the notation O(f) hides poly(logn) factors.
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using O(n'/®) bits of space [6].° For minimum spanning tree (MST), we know of O(a)-
estimation using nV'***/* poly(dlogn) bits of space [17]. For facility location, we know of
O(a)-estimation using n'/* poly(dlogn) bits of space [24]. We currently have no satisfactory
explanation for these gaps, but since these four results rely on rather different methods,
developing unified techniques (possibly via dimension reduction) may potentially improve
some of these bounds.

1.3 Extension: Inputs of Small Doubling Dimension

When the input P C R? has small doubling dimension, one can achieve even better dimension
reduction than Theorem 1.1, eliminating the dependence (of t) on d and n. Following [32]
(see also [21]), the doubling dimension of a set P C R%, denoted ddim(P), is the smallest
number such that every ball (in P) can be covered by 244m() halls of half the radius.
Dimension reduction for inputs of small doubling dimension has been studied before for three
problems: For facility location, one can achieve O(1)-estimation using target dimension ¢t =
O(ddim(P)) [49]. For Nearest-Neighbour Search (NNS), one can obtain (1 + €)-approximation
using ¢ = O(IOgE# ddim(P)) [38], and for minimum spanning tree (MST), one obtains
(1 + ¢)-estimation using a similar target dimension albeit with another additive term of
O(bg:#) [49]. The following theorem, which we prove in the full version, shows an analogous
result for (1 + €)-estimation of k-center.

» Theorem 1.5 (Dimension Reduction for Doubling Sets, informal). For every €,d, k and ddim,
suppose G is as in Section 1.1 with target dimension t = O(logE# ddim —l—l‘%k). Then,
for every set P C R% whose doubling dimension is at most ddim, with high probability, G
preserves the k-center value of P within 1 + € factor.S This result extends to the k-center
variants listed in Table 1.

Observe that by composing the maps in Theorems 1.1 and 1.5, we can achieve
O(«)-approximation of k-center when reducing to target dimension t = O(d(h%z(m +
logk). This bound is better than the one in Theorem 1.1 since always ddim(P) =
O(min(d,logn)). Consequently, the space of the streaming algorithm in Theorem 1.3
improves to 244m(P)/ o poly(kdlogmn) bits. As the result extends to the k-center variants
(with outliers and with assignment constraint) in a natural way, we can replace d with

ddim(P) also in Tables 1 and 2.

1.4 Technical Overview

We discuss below dimension reduction that maps from dimension d to t = O(a% + logk),
and Theorem 1.1 follows by using the JL Lemma to effectively assume d = O(logn), or
alternatively by an easy adaptation of the proof (essentially via Remark 1.7 below).

Warm Up: the Furthest Point Query Problem. We start with moderate dimension
reduction for the furthest point query (FPQ) problem, which may be of independent interest.
In this problem, the input is a data set P C R? of size |P| = n and a query set Q C R?
of size |Q| < k, and the goal is to report a point from P that is furthest from the set Q.

5 This result is in fact in terms of A, but our assumption A < poly(n) implies ACO/e) — 00/ a),

8 The k-center value here refers to C' C Rd, i.e., centers from the ambient space. The theorem extends
to preserving solutions, albeit with the restriction C C P, which introduces a factor of 2 in the
approximation.
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Let FPQ(P,Q) denote this optimal value (distance from Q). One can use this problem to
achieve 2-approximation for vanilla k-center, by simply employing the famous Gonzalez’s

algorithm (aka furthest-first traversal) [31], which essentially solves k instances of FPQ.

This FPQ problem admits the same dimension reduction as in Theorem 1.1, with a slightly
simpler proof than for vanilla k-center, and thus serves as a good warm up. (The theorem
and proof are provided rigorously in the full version.)

We consider dimension reduction by a matrix of iid Gaussians, but actually, all our
results hold for any randomized map that satisfies (1) the JL. Lemma about distortion of
distances, and (2) the following sub-Gaussian tail. We say that a random map f : R? — R?
has sub-Gaussian tail if

vz e R% 7 >0, Pr [F @) = (@ +r)fz]] < e ™. (1)

This tail bound was key to prior work in this context, and it holds for a ¢ x d matrix of iid
Gaussians N (0, 1) [46, 19]. The next technical lemma is key to our proof, and shows that for
a t x d matrix of iid Gaussians N(0,1) (not normalized by %), w.h.p. the largest singular

value is O(v/d). Tt can be derived from [52, Theorem 4.6.1] for a matrix of independent
sub-Gaussians, because for a d x d matrix, the largest singular value is O(\/E), and removing
rows cannot increase the largest singular value. In the full version, we provide a proof using
only the JL. Lemma and the sub-Gaussian tail property. Our proof probably holds also for
random orthogonal projection (scaled appropriately), which was used in [39, 30].

» Lemma 1.6. Let co > 0 be a suitable universal constant and let t < d. Suppose G € Rt*4
is a matriz of iid Gaussians N(0,1), then

Pr[ sup [|Gz| > co\/g] < 9~ SUd),

llzll<1

» Remark 1.7. When restricting « to be from a set P C R?, we can replace d with ddim(P) =
O(logn) by slightly adapting the proof, thus w.h.p. ||Gz|| < ¢o+/ddim(P) - ||z

Our dimension-reduction map is defined via %G (for G as in Lemma 1.6), which is known

to be a JL map [37, 27]. If ¢t > a%, then by Lemma 1.6, with high probability, our map expands
all vectors at most by factor O(y/d/t) = O(«), thus the value of FPQy(P, Q) increases at
most by this factor. At the same time, consider a point p* € P that is furthest from Q. If
t > c¢1 logk for a suitable constant ¢; > 0, then we can apply the JL Lemma (say, with € = %)
on QU {p*} and get that with high probability, dist(%Gp*, %G(Q)) > 1 dist(p*, Q). This
concludes the proof for FPQ.

Framework for Problems with Small Witness. An immediate corollary of Lemma 1.6
is that for every k-center variant, if one uses target dimension ¢ > %7 then the optimal
value increases at most by factor O(«). (Obviously, this fact may be useful for many other
geometric problems.) We denote by opt(X) the optimal value of the problem at hand (e.g.,
vanilla or outliers) for a set X.

It remains to prove that the optimal value does not decrease much, and we devise for it
the following approach: prove the existence of a small subset S C P (say, of size O(k)), that
we shall call a witness, for which opt(S) = Q(opt(P)), and then apply the JL Lemma on this
set (say, with € = %) If G decreases all pairwise distances in S by at most factor 2, then we

immediately get (by restricting the centers to the dataset, which loses another factor 2),

opt(G(P)) = opt(G(S)) = § opt(S) = Q(opt(P)),

64:7
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which concludes the proof. We apply this witness-based approach below, viewing it as a
framework that may find additional uses in the future. Our notion of “witness” is somewhat
analogous to a coreset: both notions preserve the cost in a certain way, and both have a small
size. Charikar and Waingarten [16] used an analogous (but technically different) argument,
relying on coresets, to prove dimension reduction results for other clustering problems.

Witness for Vanilla k-Center. Consider running Gonzalez’s algorithm [31], which is the
following iterative algorithm. Maintain a set S C P, initialized to contain one arbitrary
point from P, and then while |S| < k, find a solution for FPQy(P,S) (i.e., a point furthest
from the current S) and add it to S. It is well known that the distance between the last
point added to S and the earlier points is in the range [0pt,gnizia(P);s 2 0Ptyanie (P)], and
moreover, opty,anina(S) = 3 0Ptyaniia(P). This set S of size k + 1 serves as a witness in
Section 2.

Witness for k-Center with z Outliers. For this variant, we provide in Section 3 a witness
of size O(kz). The construction is based on executing Gonzalez’s algorithm z + 1 times,
where after each execution we delete from P the k + 1 points found in that execution.

Variant with an Assignment Constraint. We do not present a witness for this variant, but
rather bound the decrease in value via a different method. Denote by opt. () the value of
k-center with an assignment constraint C. Our proof in Section 4 compares opty to opt,uniia
(on the same input P) — if these values are similar, then the proof is concluded by the fact
that opt and for
the sake of analysis, we “move” every data point to its nearest “vanilla center”, and get a
weighted set of only k points, whose total weight is n. The crux of the proof shows that
under the random linear map, moving points of P corresponds to moving points of G(P),
which in turn does not change opt.(G(P)) by too much, essentially because by Lemma 1.6,
the map keeps all points close to their vanilla center.

vanilla 18 Preserved. Otherwise, opt, is significantly larger than opt

vanilla’

Streaming Algorithm. Our streaming algorithm is a corollary of the dimension reduction.
First apply the dimension reduction G : R¢ — R* of Theorem 1.1 on every point in the
input stream, and then employ a known algorithm whose space is exponential in the reduced
dimension t. The success probability can be amplified by standard methods.

The known algorithm returns only an estimation, and not an approximate solution, but
this can be resolved, and even extended to return a solution in R? using existing techniques,
as follows. We refer here to the algorithm of [28] that computes a (1 + ¢)-estimation of
vanilla k-center (in RY) using poly(k(1/€)*logn) bits of space. It uses an (e opt
and sparse recovery, which allow it to find the non-empty net-points (viewed as buckets),
but these net-points need not correspond to points in R?. We adapt this algorithm to report
a solution (centers from R?, actually from P) by using a two-level {o-sampler [24, Lemma
3.3], which can be viewed as a more sophisticated version of sparse recovery — add to each
insertion/deletion of a net-point (in R?) a “data field” containing the original input point
(in R?); now a two-level sampler will pick a random net-point (bucket) and then a random
element from that bucket, with the element’s data field revealing an input point. This method
extends to the variants listed in Table 2, where throughout (i.e., for all variants) a solution
is defined to be just the set of k centers.

vanilla)_net
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1.5 Related Work

JL Maps. There are other constructions of random linear maps that satisfy the JL Lemma
besides projection to a random subspace [39, 30] and a matrix of Gaussians [37, 27], like a
matrix of iid Rademacher random variables [1] or independent random variables with a sub-
Gaussian tail (which includes both Gaussians and Rademacher random variables) [47, 38, 42].
Moreover, there is a long line of work on maps with improved running time, e.g., the two
cornerstone results known as fast JL [4] and sparse JL [26], although these are not known to
satisfy (1).

Streaming Algorithms in High Dimension. For dynamic streams in high dimension, there is
no prior work on k-center (except for k = 1, see Section 1.2), although there is work on other
problems. Ideal (1 + €)-approximations are achieved for a few problems, including clustering
problems like k-means [33] and k-median [13], where the space bound is poly (e 'kdlog A),
and more recently for Max-Cut [19]. For many other problems, existing algorithms provide
worse approximations, like O(dlog A) or O(d) [36, 7, 6, 18, 53, 24, 17]. In fact, some of the
work mentioned above (and also ours) provides a tradeoff between approximation and space
complexity (e.g., the space can vary between polynomial and exponential in d), and it is
open whether this tradeoff is necessary for these problems.

2 Dimension Reduction for Vanilla k-Center

In this section, we prove that a linear map via a matrix of iid Gaussians preserves the vanilla
k-center value and solution, hence prove the main claim in Theorem 1.1.

» Theorem 2.1. Let d, o > 1 and k < n. There is a random linear map G : R4 — R with
t=0O(logk + %), such that for every set P C R of size n, with probability at least 2/3,
Dby anitia (G(P)) is an O(a)-estimation for optygning(P), and
C C P is an O(«)-approximate vanilla k-center solution of P whenever G(C) is an
O(1)-approzimate vanilla k-center solution of G(P).

In order to prove Theorem 2.1, we will use the following version of the JL. Lemma.

» Fact 2.2 (JL Lemma [37, 27]). Let G be a t x d matriz of 4d Gaussians N(0,1). Then

Ve eR? and e >0,  Pr[d|Gz| ¢ (1 £e)llz]] < 27N,

A
Vit
Proof of Theorem 2.1. Assume without loss of generality that opt,,,i.(P) = 1. Let
C* C R? be a set of optimal centers, and let S C P be an output of Gonzalez’s algorithm
after k + 1 steps, hence, |S| = k + 1 and ming, s,es||s1 — s2]] > 1. We treat SUC* as a
witness, as described in Section 1.4. Pick T'= ©(v/d) with a hidden constant that satisfies
2

Lemma 1.6, set € = £, and pick t = O(log k) + 400%; such that the bound 279® in Fact 2.2
is < m. Let G be a t x d matrix of iid Gaussians N(0,1). Then, by Fact 2.2 and a
union bound,

Pr [Vp1,p2 € SUC*, [|G(p1—p2)ll € [L£05]VE[p1 —pa|l] > 1—(2k+1)27 20 > 2 (2)
By Lemma 1.6,
Pr [Va € B(0,1), |Gz|| < T] > 1 — 27, (3)

Assuming the events in Equations (2) and (3) happen, the following holds.
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Value. For every set Cg C R? of size k, by restricting the pointset to the set S, and by that
|S| =k+1 and |Cg| =k,

I;lea;(dist(Gp, Cq) > r;lezxgdist(Gs,Cg) > 1 min [|G(s1 — s2)|

Sl,SQES
and now by the event in Equation (2) and by the choice of S,

> Vi i — >Vt T
> Y sfslllésnsl sal| > > 4

In the other direction, for all p € P, dist(p, C*) < 1, thus by using G(C*) as a center set,
and by the event in Equation (3),

OPtyanitia(G(P)) < max dist(Gp, G(C™)) < T.
p

Scaling G by a factor of & (i.e., the final map is G’ = £G) proves the first bullet. For ease of
presentation, we analyze the second bullet (about preserving solutions) without this scaling.

Solution. We want to show that C' C P is an O(«)-approximate k-center solution of P
whenever G(C) is a 2-approximate k-center solution of G(P). We shall actually prove the
contrapositive claim, and consider a set B C P for which there exists a point p’ € P such
that dist(p’, B) > 5a. Now for every point p € P, denote by ¢, its closest center from C*.
Then the following holds. By the triangle inequality,

dist(Gp', G(B)) = min [G(p' = b)|| = min |G(cp — e)[| = [Glep =P = G0 - )]
€B beB
by the events in Equations 3 and 2,
. 1
> min |G(cp — )| —2T > min 5\/i||cp/ — || - 2T
by the triangle inequality,
> min 3 vVi([p" = bl| = lley = 'l = b = ell) = 2T
€B
by assumptions,

> 1V/tha — V't — 2T > 20T.

Thus, G(B) is not a 2-approximate k-center solution of G(P). This concludes the proof of
Theorem 2.1. The constant 2 in the approximation is arbitrary and could be changed to any
other constant by adapting the other parameters. |

A streaming algorithm now follows as an immediate corollary. Indeed, just apply on the
input the dimension reduction of Theorem 2.1, and then run a known streaming algorithm
for low dimensions (slightly adapted to report a solution), as explained in Section 1.4.

» Corollary 2.3 (Streaming Vanilla k-Center). There is a randomized algorithm that, given
as input numbers o, k,n,d, A and a set P C [A]? of size at most n presented as a stream
of poly(n) insertions and deletions of points, returns an O(«)-approximation (value and
solution) to k-center on P. The algorithm uses poly(k2¢/°" log(nA)) bits of space and fails
w.p. at most 1/ poly(n).



S.-H.-C. Jiang, R. Krauthgamer, and S. Sapir

3 Dimension Reduction for k-Center with Qutliers

In this section, we design a moderate dimension reduction for k-center with z outliers, and
P) the optimal

demonstrate its application to streaming algorithms. We denote by opt,,;jiers(

value of k-center with z outliers of P, and prove the following.

» Theorem 3.1. Let k,z < n and d,a > 1. There is a random linear map G : R* — R? with
t= O(% + log(kz)), such that for every set P C R of size n, with probability at least 2/3,
Optoutliers(G(P)) € [Optoutliers(P)’O(a) ’ Optoutliers(P)]f and
C,Z C P is an O(«a)-approximate solution of k-center with z outliers for P whenever
G(C),G(Z) is an O(1)-approzimate solution of k-center with z outliers for G(P).

We first show that every set P C R? has a witness of size O(kz), i.e., a subset P’ C P of
size |P'| = O(kz), such that opt,,iers(P) = 0Dt oyiiers (P)). The construction is based
on executing Gonzalez’s algorithm 2z 4 1 times, each execution without the previously chosen
points. An important property of this construction is that for every choice of z outliers, one
of the z + 1 executions of Gonzalez’s algorithm returns a set of points without outliers. Our
analysis uses a specific choice of z outliers that is optimized for P’.

» Lemma 3.2 (Witness for the outliers variant). For every k,z and P C R, there
is a subset P’ C P of size |P'| = (k+ 1)(z + 1), such that opt,, e (P) €
[% Optoutliers(P)v Optoutliers(P)] :

» Remark 3.3. The size of this witness is tight up to low-order terms, by the following
example. Consider a set X of (k+ 1)z + 1 points, where there are k + 1 locations with
pairwise distances 1, such that each location contains z points, and the last remaining point
is at distance % from one of these locations. Clearly, the cost of k-center with z outliers is
%, by considering the z points from one of the locations as outliers. However, every strict
subset of X (i.e., excluding even one point) has cost 0, as there will be a location with z — 1
points, which can be taken as outliers, together with that last point.

Proof. For a set X, we denote by Gonz(X, k+1) a set of k+ 1 points computed by executing
Gonzalez’s algorithm (for k iterations) on X, breaking ties like the starting point arbitrarily.
Given P C R?, construct a witness for k-center with z outliers as follows.

1. X+ P

2. fori=1,...,2z+1

3. C; < Gonz(X,k+1)

4 X+« X\

5. return P’ = U;c[.41)C; as a witness

Clearly, opt ,iicrs(P') < 0Dboutiiers(P). It remains to prove that opt,,sers(P') >
3 OPboytiers (P)-

Let C" and Z' be the optimal centers and outliers for P’, respectively. Since |Z’| < z,
there exists ¢ € [z + 1] such that C; N Z' = §. By the pigeonhole principle, there are
p1,p2 € C; that are clustered to the same cluster by C’, and thus by a triangle inequality,
dist(p1,p2) < 20Dtyysiers (P'). Suppose without loss of generality that p; was added to
C; before py in the execution of Gonzalez’s algorithm. We can bound opt (P) by
considering centers C’ and outliers Z’, and thus

outliers

OPtoustiers (P) < Jax dist(p,C") = max{pg}ga\g dist (p, Cl)’pé%“}i(zf dist(p, C")}.
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The second term is by definition opt,,;j;ers(P'), S0 let us bound the first term. For every

p € P\ P, by the triangle inequality,

dist(p, C") < min {dist(p, p') + dist(p', ")} < dist(p, Ci) + 0Ptoyppiers (P)- (4)
p’'eC;

Let C‘Z C C; be the set C; at the time that ps was chosen (in the i-th execution of Gonzalez'’s
algorithm). Then, because p ¢ P’ is available at this time, and since p; € Cj,

~ PN

dist(p, C;) < dist(p, C;) < dist(p2, C;) < dist(pa, p1) < 20Ptyupiiers (P)-

Together with (4), we obtain dist(p, C") < 3opt (P'), which concludes the proof. <«

outliers
Proof of Theorem 3.1. The proof that the value is preserved within factor O(«) using target
dimension ¢ = O(-% +log(kz)) is the same as the proof for the vanilla variant, albeit with the
witness given by Lemma 3.2. As for the proof that solutions are preserved, it only requires
few minor changes, as follows.

Assume without loss of generality that opt,,;;..s(P) = 1. Let C* and Z* be sets of
optimal centers and outliers, respectively. We can assume without loss of generality that the
points in Z* are furthest from C*. Let G be a t x d matrix of iid Gaussians N (0, 1), and pick
t > bglog(kz), where by > 0 is a fixed constant such that by Fact 2.2 and a union bound,

Pr [Vp1,p2 € P'UC™ U Z", ||G(p1 — po)|| € [L £ 0.5V — pel] = 5. (5)

For every point p € P\ Z*, denote by ¢, its closest center from C*. We slightly abuse
notation, and for every p € Z* we denote by c, the point p itself. The proof proceeds by
considering sets B C P of size k and Z' C P of size z for which there exists a point p’ € P\ Z’
such that dist(p’, B) > 5a and is the same as the proof of Theorem 2.1. <

A streaming algorithm now follows as a corollary, using a known streaming algorithm for
low dimensions (slightly adapted to report a solution), as explained in Section 1.4.

» Corollary 3.4 (Streaming Algorithm for k-Center with z Outliers). There is a randomized
algorithm that, given as input numbers a, k,z,n,d, A and a set P C [A]? of size at most
n presented as a stream of poly(n) insertions and deletions of points, returns an O(a)-
approzimation (value and solution) to k-center with z outliers on P. The algorithm uses
poly(szd/o‘Q log(nA)) bits of space and fails with probability at most 1/ poly(n).

4 Dimension Reduction for k-Center with an Assignment Constraint

In this section, we consider k-center with an assignment constraint, which captures the
capacitated and fair variants of k-center, as described in Section 1.1. We design for this
problem a moderate dimension reduction, and demonstrate its application to streaming
algorithms. Our definition below of an assignment constraint follows the one used in [51,
34, 8, 12] for other k-clustering problems. The radius of a pointset is the optimal value of
1-center clustering for it.

» Definition 4.1. An assignment is a map 7 : [n] — [k]. An assignment constraint
is a partition of all possible assignments into feasible and infeasible ones, formalized as
C:[k]™ —{0,1}.
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This definition can model clustering with capacity L > 0, by declaring an assignment 7
to be feasible if |[r~1(i)| < L for all i € [k]. To exemplify how it can model fair clustering,
suppose the first n/3 points in P are colored blue and the others are red; then declare 7 to
be feasible if in every 7~ !(i), exactly 1/3 of the elements are from the range {1,...,%}. See
the full version for more details.

» Definition 4.2. In k-center with an assignment constraint C, the input is a set P C R¢
of n points, and the goal is to partition P into k sets (called clusters) in a manner feasible
according to C when viewed as an assignment,” so as to minimize the maximum cluster
radius. The minimum value attained is denoted by opte(P). A solution to this problem is a
partition of P into k sets, and it is called a-approximate if it is feasible and has value at
most « - opte (P).

The next theorem shows that reducing to dimension O(g + log k) preserves w.h.p. the
value of k-center with an assignment constraint up to an O(«) factor, simultaneously for all
assignment constraints. Our dimension bound here is worse by factor o compared to the
vanilla variant, essentially because our lower bound for the value of G(P) is weaker. More
precisely, take as before t = O(-% + logk) and let G to be a matrix of iid Gaussians N (0, 3).
We show that w.h.p., for all constraints C we have X optc(P) < opte(G(P)) < aopte(P).
The upper bound here is as before, but the lower bound is weaker by factor «, hence we have

to scale G appropriately and substitute o with o’ to conclude the theorem.

» Theorem 4.3. Let d, o > 1 and k < n. There is a random linear map G : R4 — R with
t= O(g +log k), such that for every set P C R of size n, with probability at least 2/3, the
following holds. For all C : [k]™ — {0, 1},
opte(G(P)) € [opte(P), 0(a) - opte (P)], and
a feasible partition of P to k clusters is an O(«a)-approximate solution of k-center
with assignment constraint C whenever the corresponding partition of G(P) is an O(1)-
approximate solution of k-center with assignment constraint C for G(P).

The proof of Theorem 4.3, and its applications to streaming algorithms for capacitated and
fair k-center are provided in the full version.
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