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—— Abstract

A range family R is a family of subsets of R?, like all halfplanes, or all unit disks. Given a range
family R, we consider the m-uniform range capturing hypergraphs H(V, R, m) whose vertex-sets
V are finite sets of points in R? with any m vertices forming a hyperedge e whenever e = V N R
for some R € R. Given additionally an integer k > 2, we seek to find the minimum m = mz (k)
such that every H(V, R, m) admits a polychromatic k-coloring of its vertices, that is, where every
hyperedge contains at least one point of each color. Clearly, mg (k) > k and the gold standard is an
upper bound mx (k) = O(k) that is linear in k.

A t-shallow hitting set in H(V,R,m) is a subset S C V such that 1 < |[en S| < t for each
hyperedge e; i.e., every hyperedge is hit at least once but at most ¢ times by S. We show for
several range families R the existence of t-shallow hitting sets in every H(V, R, m) with ¢ being a
constant only depending on R. This in particular proves that mg (k) < tk = O(k) in such cases,
improving previous polynomial bounds in k. Particularly, we prove this for the range families of
all axis-aligned strips in R?, all bottomless and topless rectangles in R?, and for all unit-height
axis-aligned rectangles in R?.
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1 Introduction

We investigate polychromatic colorings of geometric hypergraphs defined by a finite set of
points V' C R? and a family R of subsets of R?, called a range family. Possible range families
include for example all unit balls, all axis-aligned boxes, all halfplanes, or all translates of a
fixed polygon. In this paper we prove results for the following range families:

the family Rer = Rip U -+ URE, of all axis-aligned strips in R?

with Rip = {{(z1,...,24) ERY|a <x; <b} |a, b€ R} fori=1,...,d,

the family Rpr, = {[a,b] x (—00,c] | a,b,c € R} of all bottomless rectangles in R?,

the family Rrr, = {[a,b] x [¢,00) | a,b,c € R} of all topless rectangles in R?, and

the family Run = {[a,b] x [c,c+ 1] | a,b, ¢ € R} of all unit-height rectangles in R2.

For a fixed range family R and any finite point set V' C R?, the corresponding range
capturing hypergraph H = H(V,R) has vertex set V(H) = V, and a subset e C V is a
hyperedge in E(H) whenever there exists a range R € R with e = V' N R. In this case, we
say that e is captured by the range R. That is, we have points in R? and a subset of points
forms a hyperedge whenever these vertices and no other vertices are captured by a range.
For example, a set e of points in V' C R? forms a hyperedge in H(V, Rst) if and only if in at
least one of the d coordinates, the points in e are consecutive in V. (We assume throughout
that points in V lie in general position, i.e., have pairwise different coordinates.)
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For a positive integer k, a k-coloring ¢: V' — {1,...,k} of the vertices of a hypergraph
H = (V,E) is called proper if each hyperedge e € E contains at least two colors, i.e.,
{e(v) | v € e}| > 2, and polychromatic if each hyperedge e € E contains all k colors, i.e.,
[{c(v) | v € e}| = k. Hence, proper 2-colorings and polychromatic 2-colorings are the same
concept. However, if k > 3, then every polychromatic k-coloring is also a proper k-coloring
but the converse is not true in general. In fact, for polychromatic colorings we always seek
to mazximize the number of colors, as each polychromatic k-coloring, k > 2, also gives a
polychromatic (k — 1)-coloring by merging two color classes into one.

For polychromatic colorings of range capturing hypergraphs with respect to a given
point set V' C R? and range family R, we are particularly interested in the m-uniform?®
subhypergraph H(V, R, m) that consists of all hyperedges in H(V,R) of size exactly m.
Instead of fixing m and then maximizing the k& for which polychromatic k-colorings of
H(V, R, m) exist, one usually considers the equivalent setup of fixing k& and minimizing m.

» Definition 1. For a range family R and integer k > 0, let m = mg (k) be the smallest
integer such that H(V,R,m) admits a polychromatic k-coloring for every finite set V C RY.

Clearly, mg (k) > k since every hyperedge must contain k different colors. Moreover, we
have mz (2) < mgr(3) < ---. But note that it is also possible that mz (k) = co for some k.
Namely this happens if for every positive integer m there exists a finite set of points V' C R?
such that the corresponding hypergraph H(V, R, m) has no polychromatic k-coloring. In fact,
throughout the over 40 years since their introduction by Pach [18,19], we always observe the
following surprising phenomenon for polychromatic k-colorings of geometric range spaces
and the quantity mg (k) as a function of k: Either we already have that mg(2) = oo, or the
best known lower bounds are of the form mg (k) = Q(k) for all k > 2.

» Question 2. Is there a geometric range family R with mg(2) < oo and mg (k) = w(k)?

So, if the answer to Question 2 is 'No’, then we always have either mg(2) = oo or
mg (k) = O(k). With this paper, we make progress on Question 2 by improving the upper
bounds on mg (k) in several further cases from superlinear to mg (k) = O(k). We do so by
proving a stronger statement, namely the existence of so-called t-shallow hitting sets with
t = O(1); see Sections 1.1 and 1.2 below for the formal definition and a detailed discussion.

1.1 Related work

There is a rich literature on numerous range families R, polychromatic colorings of their
range capturing hypergraphs, and upper and lower bounds on mg (k) in terms of k [2—4,7-11,
13-17,20,21,23,24,29]. Let us mention just a few here, while the interested reader is invited
to have a look at the slightly outdated survey article [21] and the excellent website [1].

(Some) known range families R with myz (k) < oo for all k > 2.

(1) For axis-aligned strips Rgr in R? it is known that mg..(k) = Oq(klogk) [3] and for
d =2 it is known that 3k/2 — 1 < mp..(k) <2k —1 [3].

(2) For bottomless rectangles Rpr, in R? it is known that 1.67k < mg,, (k) < 3k — 2 [4].

(3) For halfplanes R in R? it is known that mg (k) = 2k — 1 [29].

(4) For axis-aligned squares R in R? it is known that mg (k) = O(k%7) [2].

LA hypergraph H = (V, E) is m-uniform if every hyperedge e € E has size |e| = m. So 2-uniform
hypergraphs are just graphs (without loops), while m-uniform hypergraphs are also called m-graphs.



T. Planken and T. Ueckerdt

(5) For bottomless and topless rectangles Rpr, URTL it is known that mg (k) = O(k87) [10].

(6) For translates of a convex polygon R in R? it is known that mz (k) = O(k) [12].
(7) For homothets of a triangle R in R? it is known that mg (k) = O(k*9) [8,14].
(8) For translates of an octant R in R3 it is known that mgz (k) = O(k>%9) [8,14].

(Some) known range families R with mg (k) = oo for all k& > 2.

(9) For unit disks R in R? it is known that mz(2) = oo [20].
(10) For strips R in any direction in R? it is known that mz(2) = oo [21].
(11) For axis-aligned rectangles R in R? it is known that mz(2) = oo [11].

(12) For bottomless rect. and horizontal strips Rpr, U Ry we have mRBLUR§T<2) = oo [10].

Crucially, let us mention again, that in each of (1)—(8) the best known lower bound on mxz (k)
is linear in k, and it might be (in the light of Question 2) that in fact mg (k) = O(k) holds.

One tool to prove for a range family R that mg (k) = O(k) are shallow hitting sets. For a
hypergraph H = (V, E) and integer ¢ > 0, a set X C V of vertices is a t-shallow hitting set if

1<lenX| <t for every e € E.

That is, X contains at least one vertex of each hyperedge (X is hitting) but at most ¢ vertices
of each hyperedge (X is t-shallow). Shallow hitting sets for polychromatic colorings of range
capturing hypergraphs have been used implicitly in [29], while being developed as a general
tool in [7,10,15]. Clearly, for the m-uniform hypergraph H(V, R, m) taking X =V would be
an m-shallow hitting set. But the challenge is to find ¢-shallow hitting sets with ¢ = O(1)
being a constant? independent of m. If we succeed, this implies mz (k) = O(k).

» Lemma 3 (Keszegh and Palvolgyi [15]). If for a shrinkable range family R there exists a
constant t > 1 such that for every m > 1 every hypergraph H(V,R,m) admits a t-shallow
hitting set, then mg (k) <t(k—1)+ 1= O(k).

Here, a range family R is shrinkable if for every finite set of points V', every positive
integer m and every hyperedge e in H(V, R, m) there exists a hyperedge ¢’ in H(V, R, m — 1)
with €’ C e. Intuitively, we “decrease the size” of a range R € R with RNV = e until the
first point of V' drops out of the range. In fact, all range families mentioned in this paper,
except the translates of a convex polygon (6) and unit disks (9), are shrinkable.

Smorodinsky and Yuditsky [29] prove that every H(V, R, m) admits 2-shallow hitting sets
for R being all halfplanes (3), which implies mg (k) < 2k — 1 in this case. This is extended
to so-called ABA-free hypergraphs in [15] and unions of hypergraphs in [10]. On the other
hand, for the family Rpy, of all bottomless rectangles (2) the bound mgy, (k) < 3k — 2 is not
proven [4] by shallow hitting sets, and in fact it was asked [10,15] whether these exist in this
case. For R being all translates of a fixed convex polygon (6) the proof [12] for mg (k) = O(k)
also involves shallow hitting sets, even though these are not explicitly stated as such, and
this range family is not shrinkable anyways. Finally, the family R of all translates of an
octant in R3 (8) is the only case for which shallow hitting sets are known not to exist [7],
which follows from a certain dual problem for bottomless rectangles.

2 Recall that m = mg (k) > k is a growing function in k.
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1.2 Our results

We consider the range families mentioned at the beginning of Section 1 of all axis-aligned
strips Rgr in RY, all bottomless Rpy, and all topless Ry, rectangles in R2, as well as all
unit-height rectangles Ryy in R?. We remark that for the axis-aligned strips Rgr we could
assume without loss of generality that these have unit-width. In this sense, unit-height
rectangles are a generalization of horizontal strips. Additionally, unit-height rectangles are a
generalization of bottomless and topless rectangles by “choosing the unit very large”. Thus,
we can observe that mg, (k) = mgz_(k) and mry, (k) 2 mry ure (k) hold for all k.

Our main results are the following:

Section 2. The family Rgt of all axis-aligned strips (1) in R? allows for t-shallow hitting
sets for some t = t(d) = O(d) (Theorem 5). This gives mpy. (k) = Oq(k), improving the
O4(klog k)-bound in [3].

We complement this with a lower bound construction giving mge. (k) > Q(klogd)
(Theorem 10). This greatly improves the mpg, (k) > 2 [23=2 - k] — 1 lower bound in [3].

Section 3. The family Rpy, of all bottomless rectangles (2) in R? allows for 10-shallow hitting
sets (Theorem 12). This answers a question of Keszegh and Palvolgyi [15], as well as
Chekan and Ueckerdt [10], and provides a new proof that mg,, (k) = O(k).

Section 4. The family Rpr, U RtL of all bottomless and topless rectangles (5) in R? allows
for 21-shallow hitting sets (Theorem 18). This already proves that mgg, ur.. (k) = O(k),
which we improve to mgy, ur.y, (k) < 6k — 3 (Theorem 16).

The family Ryg of all unit-height rectangles allows for 63-shallow hitting sets, which
already gives mg, (k) = O(k) but can be improved to mg,, (k) < 12k — 7 (Theorem 19).

» Remark. Most recently, we learnt about an unpublished manuscript of Rok, Schwartz,
and Smorodinsky [28] concerning axis-aligned strips in R?. They prove an upper bound of
Mrer (k) = O(kd), which is better than the O4(klogk)-bound in [3], but worse than our
O(klog d)-bound in Section 2, as well as the same lower bound of mg.. (k) > Q(klogd) as
in Section 2. Apparently, these results also appear in the PhD thesis of Alexandre Rok [27].

» Remark. Let us also mention that Keszegh and Palvolgyi [15] define a k-coloring ¢: V' —
{1,...,k} of a hypergraph H = (V, E) to be t-balanced if for any two colors i,7 € {1,...,k}
and any hyperedge e € F we have [{v € e|c(v) =i}| <t - ({vee|c(v) =75} 4+1),ie., any
two colors appear roughly equally often in each hyperedge. They show that if a (shrinkable)
range family admits t-shallow hitting sets then it also allows for ¢-balanced k-colorings for
every k. And conversely, if we have t-balanced k-colorings for every k, then we have t?-shallow
hitting sets. Thus, Theorem 12 for example gives that every range capturing hypergraph
H(V,RgL,m) for bottomless rectangles admits a 10-balanced k-coloring for every k > 2.

Notation. For an integer n > 1 we sometimes use [n] = {1,...,n} for the set of the first n
positive integers. Also, throughout this paper a hypergraph is a tuple H = (V, E) consisting
of a finite set V of vertices (or points) and a finite multiset E of hyperedges, each being a
subset of V. That is, hypergraphs may contain parallel hyperedges forming the same subset
of vertices, sometimes called multiedges or hyperedges of multiplicity x for some x > 2.

2 Polychromatic Colorings for Axis-Aligned Strips

For a shorthand notation, let us define m4(k) = mgg. (k) for the range family Rgr of all axis-
aligned strips in RY, d > 2. As [3] pointed out, the problem of determining m4(k) for Rgt can
be seen purely combinatorial. That is, the problem of determining mgy(k) is equivalent to the
following problem. Given a finite set V' of size n and d bijections 71,...,7q: {1,...,n} =V,
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we have to color the set V' in k colors such that for each bijection 7;, every mgy(k) consecutive

elements contain an element of each color. More formally, let & and d be positive integers.

Then, my(k) is the least integer such that for any finite set V of size n and any d bijections
T1y..o,mq: {1,...,n} = V, there exists a coloring ¢ of V with k colors such that

Vo € [k] Vi € [d] Va € [n — mg(k) + 1] 3b € [my(k)]: c(mi(a+b—1)) =

First, we list some known results for mg4(k).

For d =1 it is obvious that mg(k) = mq(k) = k for all k.

For d = 2 it holds that 3k/2—1<md( ) =ma(k) <2k —1 for all & [3].

For any d > 2 it holds that mg(k) < kE(4Ink 4 Ind) for all k [3]. Thus, if d is a constant,
then mq(k) < O(klogk).

In [3] it is also proven that mg4(k) > 2 [24=1 - k] — 1, while in [22] it is proven that for
every k we have mgy(k) — oo as d — oo.

In this section, we show the existence of O(d)-shallow hitting sets for axis-aligned strips
in R%. Moreover, we show an upper bound my(k) < O(klogd), improving the result from [3],
and provide a lower bound of mg(k) > Q(klogd).

2.1 Upper Bounds

Our upper bound uses a recent result about shallow hitting edge sets in regular uniform
hypergraphs. For a vertex v € V' in a hypergraph H = (V, E), the set of incident hyperedges
at v is denoted by Inc(v) = {e € E | v € e}. Hypergraph H is regular if |Inc(v)|, the degree
of v, is the same for all vertices v € V. For an integer ¢t > 1, a subset M C F of hyperedges
is a t-shallow hitting edge set in H = (V, E) if we have

1 <|MnNnInc(v)] <t for every v € V.

That is, 1-shallow hitting edge sets are exactly perfect matchings, while ¢-shallow hitting
edge sets for ¢ > 2 still cover each vertex at least once, but only at most ¢ times. It turns
out, that all regular r-uniform hypergraphs admit ¢-shallow hitting edge sets with ¢ only
depending on the uniformity r, and not on the number of vertices or their degree. Crucially,
this result even holds for r-uniform hypergraphs with multiedges, i.e., where two or more
hyperedges can correspond to the same set of r vertices.

» Theorem 4 (Planken and Ueckerdt [26]). Fuvery r-uniform regular hypergraph H (with
possibly multiedges) has a t(r)-shallow hitting edge set with t(r) = er(1+ o(1)).
Here, e = 2.71828 ... denotes Euler’s number.

Having Theorem 4, we find shallow hitting sets for axis-aligned strips as follows.

» Theorem 5. Let Rgr be the range family of all axis-aligned strips in R? and m be a
positive integer. Then, for every finite point set V. C R?, the hypergraph H(V, Rsr, m) admits
a t(d)-shallow hitting set, where t(d) = 3ed(1 4 o(1)).

Proof. Let V be a set of n points in R? and let H = (V,E) = H(V,RsT,m) be the

corresponding m-uniform range capturing hypergraph induced by axis-aligned strips in R¢.

We shall show that H has a t-shallow hitting set, where ¢ = 3ed(1+0(1)). Set r = [m/2]|. We
want to ensure that n is a multiple of r. To this end, if n =1 (mod r) for some | # 0, then
we add a set A of r — [ new points, all of whose coordinates are larger than the coordinates
in V. Observe that if X’ is a t-shallow hitting set in H(V U A, Rsr,m), then X = X' NV is
a t-shallow hitting set in H, since every e € E is also a hyperedge in H(V U A, R, m).

74:5
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Thus, we may assume that n = |V| and r = |m/2] divides n. For i = 1,...,d, let
mi: {1,...,n} = V be the ordering of the points along the i-th coordinate axis. That is,
7;(1) € V is the point in V' with the lowest i-coordinate, m;(n) € V is the point with the
highest i-coordinate, and m;(1); < - -+ < m;(n);. Then, for each hyperedge e in H(V, Ry, m),
the vertices in e are m consecutive elements in 7;. Fori=1,...,dand j=0,...,n/r — 1,
we define W; ; and W; to be

Wi;={m(rj+1),...,m(r(+1))} and
Wi={W;;|i=0,....,n/r—1}.

In other words, each W; is a partition of the point set V' into n/r parts of r points with
consecutive i-coordinates each. Thus, the hypergraph H' = (V, E’) with E' = U;izl W; is
r-uniform and d-regular. Let H* be the dual® hypergraph of H’. Then, H* is d-uniform and
r-regular, with the hyperedges of H* corresponding to the vertices of H’, hence the points
in V. By Theorem 4, H* has a ¢'-shallow hitting edge set, where ' = t'(d) = ed(1 + o(1)).
Then, the corresponding set of vertices X of H' is a t’-shallow hitting set in H’. With ¢ = 3¢/,
all that remains to show is that X is a 3¢’-shallow hitting set in H = H(V, RsT, m).

Let e be any hyperedge in H. Since |e| = m, and since every hyperedge in H’' has size
r = |m/2], there exists a hyperedge ¢’ in H' with ¢’ C e. Since X is hitting in H’, it is also
hitting in H. Moreover, for every hyperedge e in H we can find three hyperedges e}, €}, €4 in
H' with e C e} Uefy Uef. Thus, since X is t'-shallow in H’, it is 3t'-shallow in H. <

» Theorem 6 (Bollobas, Pritchard, Rothvoss and Scott [5]). Every r-uniform A-regular
hypergraph (with possibly multiedges) has a polychromatic k-edge-coloring with k > A/(Inr +
O(Inlnr)).

» Corollary 7. For the range family Rgr of all axis-aligned strips in R% and every integer
k > 2 we have mpy.(k) = mg(k) < 2k(Ind + O(Inln d)).

Proof. Let V be a set of n points in R?. Let r = [k(Ind+ O(Inlnd))] and m = 2r. We show
that the m-uniform range capturing hypergraph H = H(V, RsT, m) induced by axis-aligned
strips in R¢ admits a polychromatic k-coloring.

We construct the r-uniform d-regular hypergraph H’ as in the proof of Theorem 5 and
consider its (d-uniform and r-regular) dual hypergraph H*. By Theorem 6, H* admits a
polychromatic k’-edge-coloring with ¥’ > r/(Ind + O(Inlnd)) > k, i.e., every vertex of H* is
incident to an edge of every color. Thus, its dual H' admits a polychromatic k-coloring ).

It remains to show that v is a polychromatic k-coloring of H. Let e be any hyperedge in
H. Since |e|] = m and since every hyperedge in H' has size r = m/2, there exists a hyperedge
e’ in H' with ¢’ C e. Since ¢’ is colored polychromatically, so is e. <

2.2 Lower Bounds

We seek to give a lower bound on mg(k) = mpg, (k) for the range family Rgr of all axis-
aligned strips in RY. That is, for every d,k > 1 we construct a point set V = V5, in R? such
that for some (hopefully large) m the range capturing hypergraph H(V, Rst, m) admits no
polychromatic k-coloring. Then it follows that mg(k) > m + 1. As a first step towards the
desired point sets, we present a construction of r-uniform r-partite* t-regular hypergraphs
with ¢ being relatively large in terms of 7, which admit no (¢ — 1)-shallow hitting edge sets.

3 For a hypergraph H = (V, E) its dual is the hypergraph H* = (V*, E*) with vertex-set V* = E and
edge-set E* = {Inc(v) | v € V'}. Note that H* may have parallel hyperedges.

A hypergraph H = (V, E) is r-partite if there exists a partition V = ViU--- UV, such that for every
e € E and every ¢ € [r] we have e N V;] < 1. The sets V1,...,V; are then called the parts of H.
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» Theorem 8. Let t > 2 be an integer. There exists an r-uniform r-partite t-reqular
hypergraph with parts of size two that has no (t — 1)-shallow hitting edge set, where r =
() /2 < 4t dce., t > logy(r).

Proof. Let H = (V, E) be the hypergraph with V = {1,...,2t} and F = (‘t/), i.e., the
hyperedges are all t-element subsets of V. Observe that H is t-uniform and r-regular with
r= (2‘;) /2. Moreover H is the union of r perfect matchings, each of the form A, B € (‘t/)
with B=V — A.

First, we show that H has no (¢ — 1)-shallow hitting (vertex) set. To this end let X CV
be any set of vertices in H. If |X| < ¢, then |V — X| > t and there exists a hyperedge
e C V — X which is not covered by X. In this case, X is not hitting. If | X| > ¢, then there
exists a hyperedge e C X. Since e has size t, the set X is not (¢ — 1)-shallow.

Now consider the dual hypergraph H* of H. Then, H* is an r-uniform r-partite ¢-regular
hypergraph. Two vertices v and v’ in H* (recall that v, v’ are t-subsets of {1,...,2t}) are
in the same part if and only if ' = {1,...,2t} — v. Since H has no (¢ — 1)-shallow hitting
(vertex) set, H* has no (¢ — 1)-shallow hitting edge set. <

In the next theorem, we seek to find lower bounds for m,(k) for axis-aligned strips in R
For that, we use the constructions in Theorem 8. We reduce the problem of finding lower
bounds for mg(k) to the problem of finding lower bounds of m/(k), defined as follows. Let
m/;(k) be the least integer m’ such that every d-uniform d-partite m’-regular hypergraph
admits a polychromatic edge-coloring with k colors, that is, a coloring of the hyperedges such
that each vertex is incident to a hyperedge of every color. Note that in a d-uniform d-partite
hypergraph every hyperedge uses exactly one vertex in each part. If such a hypergraph
is additionally regular, it follows that each part has the same size. Moreover, note that
my (k) > mi(k) since one can “extend” every d-uniform d-partite m'-regular hypergraph
H to a (d+ 1)-uniform (d + 1)-partite m’-regular hypergraph H’ containing H as a subgraph.

It remains to first show that my(k) > m/(k) and then prove a lower bound for m/,(k).

» Lemma 9. For every d and k we have mq(k) > m}(k).

Proof. Let m = mg(k). Then every range capturing hypergraph H = H(V, Rsr,m) (with
V C RY finite) admits a polychromatic k-coloring of its vertices. Let H' = (V'  E') be
any d-uniform d-partite m-regular hypergraph with parts V{,..., V] of size n and V/ =
{vin, ..., vin} for i =1,...,d. We deduce from H' the following finite point set V' C R,
which defines the range capturing hypergraph H = H(V,Rgrt,m). For each part V; of
H' let m;: E — {1,...,nm} be a bijection that satisfies the following condition. For two
hyperedges e and € with e N V) = {v; ;} and ¢ NV; = {v; ;s} and j < j’ it holds that
mi(e) < mi(e’). Now, let the point set be V = {(m1(e),...,ma(e)) | e € E} C R% Note that,
for every vertex v; ; in V}/, its incident hyperedges Inc(v; ;) € E’ correspond to points in V'
that are consecutive in the i-th dimension (by the definition of 7;). Recall that H admits a
polychromatic k-coloring of its vertices, i.e., each m-set of points that are consecutive in some
dimension ¢ contains points of all k colors. Then it follows that H' admits a polychromatic
k-coloring of its hyperedges. <

Having Lemma 9, it remains to prove a lower bound on m/(k).

» Theorem 10. mgy(k) > m/(k) > 5 (logyd — 1) - | k/2].
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Proof. Let k and d be positive integers. Let ¢ be the largest integer such that (2;)/2 <d.
Let dy = (2;)/2 < 4'/2 and observe that dy < d < 4dy. Let Hp be the do-uniform dy-partite
t-regular hypergraph with two vertices per part from Theorem 8. Observe that if M is any
subset of hyperedges in Hy that together contain all vertices of Hy, called a hitting edge set,
then M has size at least ¢t + 1.

We construct the hypergraph H by replacing each hyperedge of Hy by a multiedge of
multiplicity |k/2]|. Then, H is a do-uniform dy-partite (¢| k/2])-regular hypergraph and each
hitting edge set of H has size at least ¢ + 1. Observe that |E(H)| = 2t|k/2] < tk, since each
part of H has size 2.

Assume for a contradiction that H admits a polychromatic k-coloring of its hyperedges,
i.e., a k-coloring of the hyperedges such that every vertex is incident to at least one hyperedge
of each color. Since each color class is a hitting edge set, each color class contains at least
t + 1 hyperedges. Thus, the number of hyperedges is |E(H)| > (¢t + 1)k > tk, a contradiction.

With dy < d < 4dy, we conclude

k) 2 g () > | £] 2 Slogy(2d0) [ | 2 J1oga(@/2) | 5] = Loma-1 [5]. <

» Remark. In [26] there is a more sophisticated (compared to Theorem 8) construction of
r-uniform r-partite regular hypergraphs with two vertices per part that have no (¢t — 1)-
shallow hitting edge set with a slightly better bound for ¢, namely with ¢t = log,(r + 1).
Using this construction instead, an analogous proof as in Theorem 10 then gives that
ma(k) = ml(k) > 5 ((logyd — 1) - k — d), which is better by a factor of 2 as long as k > d.

3 Bottomless Rectangles

For the range family Rpy, of all bottomless rectangles in R? we have mp,, (k) = O(k) [4].

» Theorem 11 (Asinowski et al. [4]). For the range family Rpr, of all bottomless rectangles
in R? we have mg,, (k) < 3k — 2.

However, the proof in [4] does not go via shallow hitting sets, and it is also not clear how
to adjust it to give shallow hitting sets. In fact, Keszegh and Palvolgyi [15] ask whether there
exists a constant ¢ such that for every V the hypergraph H(V, Rpr, m) admits a t-shallow
hitting set. We answer this question in the positive.

» Theorem 12. Let Rpy, be the range family of all bottomless rectangles in R? and m be a
positive integer. Then for any finite point set V. C R? the hypergraph H(V,Rpr,m) admits a
10-shallow hitting set X C V.

Proof. Let V' C R? be any finite point set and let V = {py,...,p,} with y(p1) < - < y(pn)-
(Recall that y(p) denotes the y-coordinate of a point p € R2.) Let w = |(m + 3)/4] and note
that 4w — 3 < m < 4w. We can assume that m > 10 since for m < 10, the point set X =V
is a 10-shallow hitting set of H(V, Rpy, m). Moreover, we can assume that |V| > m > 4w —3
since otherwise H(V, RpL, m) has no hyperedges.

We shall perform a sweep-line algorithm that goes through the points in order of increasing
y-coordinates and builds the desired 10-shallow hitting set by selecting one by one points
to be included in X, without ever revoking such decision. Such an algorithm is called
semi-online as its choices will be independent of the points above the current sweep-line
(with larger y-coordinates). During the sweep we consider the z-coordinates of the points
below the sweep-line. Note that if m points have consecutive z-coordinates among those
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below the sweep-line, then these m points form a hyperedge in H(V, RpL, m), as verified
by a bottomless rectangle whose top side lies on the sweep-line. And conversely, if some m
points of V form a hyperedge in H(V, Rpr,m), then these have consecutive z-coordinates
among those below the sweep-line at the time that the sweep-line contains the top side of a
corresponding bottomless rectangle.

We start the sweep-line algorithm with step 7 = w. In step j, j > w, we consider the
points V; = {p1,...,p;}, i.e., the j points with the lowest y-coordinates. We construct
a set X; C V; of black points (points that are definitely in the final set X) and a set of
white points W; C V; (points that are definitely not in the final set X) such that (for
Jj > w) we have X;_; C X; and W;_; C W; and X; N W; = 0. We refer to the points
that are neither white nor black as uncolored points. Additionally, we maintain a partition
R = A, U---UA;; of the real line R into [, for some [/, pairwise disjoint intervals A;; with

Ajﬁl = (700,(11),14%2 = [al,ag), .. -aAj,l = [al_l, OO) with —oco < ar < ag < - < a1 < 00.

We define V;; to be the set of points p € V; with a-coordinate z(p) € A;,. During the
sweep-line algorithm, we maintain the following invariants:
Each V;; contains exactly one black point and w — 1 white points, i.e., [V;; N X;| =1
and |Vj,l ﬂWj‘ =w—1.
Each V;; has size w < |V} ;]| < 2w — 1.

We start with step j = w as follows. The set of black points is X,, = {p1}, the set of

white points is W, = {pa,...,pw} and R = (—o00,00) is the partition of R into one set.

Clearly, all conditions are satisfied.

Now, suppose that X;, W;, and the partition R = A, ;U---UA,; are given as the result
of step j. In the next step j + 1, we consider the set V41 = V; U{p;+1}. Let A;; be
the interval with x(p;41) € A; . We distinguish two cases. If |V} | < 2w — 1, then we

set Xj+1 = Xj, Wj+1 = Wj and Aj+17i = Aj,i for all ¢ = 1, .. .,l for the next step j + 1.

Then, |Vj114+| < 2w — 1 and all conditions are again satisfied. Otherwise, assume that
|Vji'| = 2w —1. Let ¢q1,. .., g2, be the points in Vj ;s U{p;j41} ordered by their z-coordinate,
ie, z(q1) < -+ < z(qaw), and define @’ = x(qw+1). Then, we define the partition

R = Aj+171 U tee UAj-{-l,H—l
= (—o00,a1)U -+ Ulay_1,a" ) Uld';ay)U -+ Ulaj_1,00) .

That is, we split the interval A;;; = [ay_1,a;) from step j into two intervals [a;—1,a’) and
[a’,a;). Observe that |Vji1,/| = w = |Vj41,41]. Since there is exactly one black point in
Vi (ie., | X; NV;| = 1), there is exactly one black point of X; in Vjy1 UVjj1,41. By
symmetry, assume that this black point is contained in Vj11; and therefore, Vj11 ;11 has no
black point in X;. Now we color all uncolored points in V1 ;» white. Then, Vj4 , contains
exactly one black and w — 1 white points. Since Vj ;» has at most w — 1 white points and
Vit1,i41 C Vi U{pjs1}, the set Vi1 41 has at most w — 1 white points of W, too. Thus,
there exists an uncolored point g in Vj4141. We color ¢ black and all other uncolored

points in Vj4; 541 white. Then, Vj41 441 contains exactly one black and w — 1 white points.

This completes step j + 1. Note that both invariants are again satisfied.
After step n = |V, we have considered all points in V. Let X = X, be the set of black
points after the last step. We show that X is a 10-shallow hitting set of H(V, Rgr,, m).

> Claim 13. X is hitting in #(V, Rpr, m).

Proof. Let R = [a,b] x (—o0, | be a bottomless rectangle that contains m points of V| i.e.,
|[RNV|=m. Let p be the topmost point in RNV and consider the state of the sweep-line
algorithm right after p is inserted, that is, p = p; for some j and step j is finished. Then, the
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points in V; with a-coordinate in the interval [a,b] are exactly the points in RN V. Since we
have [RNV| =m > 4w — 3 and each V}; has size at most 2w — 1, there exists a V} ; with
Vj# € RNV. Since Vj ;s contains a black point (V} # N X # 00), RNV contains a black point
too (RN X # () and X is hitting. <

> Claim 14. [ X NV, ;| < 2 for every Vj;.

Proof. By the invariants above it holds that |X; N V;;| = 1 (Be aware of the difference
between X NV;,; and X; NV;;.) and |W; NV;;| = w — 1. Moreover, observe that whenever
an uncolored point p € V;; is colored black, all other uncolored points in Vj; are colored
white. Since white points are definitely not contained in X, the claim follows. <

> Claim 15. X is 10-shallow in H(V, RgL, m).

Proof. Again, let R be a bottomless rectangle that contains m points of V, i.e., [RNV| =m,
and let p be the topmost point in RN V. Consider the state of the sweep-line algorithm after
p is inserted, that is, p = p; for some j and step j is finished. We have |[RN V| =m < 4w
and each Vj; contains at least w points. Therefore, there exist at most five sets Vj;
with Vj; N R # 0. By Claim 14, each V;; contains at most two points of X. Therefore,
|[IRNX|<5-2=10and X is 10-shallow. <

By Claims 13 and 15, X is a 10-shallow hitting set in H(V, Rgr,, m). <

» Remark. The procedure in the proof of Theorem 12 can be modified to directly get
a polychromatic coloring of H(V,RpL,m). Let w = [(m + 3)/4| be as in the proof of
Theorem 12. Instead of carrying black and white sets, we carry a partial w-coloring (i.e.,
a w-coloring of some vertices on the sweep-line) such that in each step j > 1, every set
Vj,i of points contains every color exactly once. At the end of the algorithm, we get a
partial w-coloring of all vertices. We complete this to a w-coloring by assigning colors to the
uncolored vertices such that every V;, ; contains every color at most twice. Note that every
color class is a 10-shallow hitting set in H(V, Rpr,m). By setting w = k, one can observe that
this k-coloring is polychromatic in H(V, Rpr, m), which gives a proof of mgy, (k) < 4k — 3.
Moreover, if e is an edge in H(V,Rgr), not necessarily of size m, and ni,ny denote the
size of two color classes in e then it holds that ny < 4 + 2ns < 4(ng + 1). Therefore, this
k-coloring is 4-balanced in H(V, RpL).

Let us also remark that it was proven recently [6] that for every m > 12 there are finite
point sets V in R? such that H(V, Rpr, m) admits no 3-shallow hitting sets, which also shows
that one cannot achieve the bound mg,, (k) < 3k — 2 by using shallow hitting sets.

4 Bottomless and Topless Rectangles

Chekan and Ueckerdt [10] showed that mg, ur.y (k) < O(K37) for the range family
ReL U Rt1, of bottomless and topless rectangles by a reduction to the family R of all
axis-aligned squares, and using that mg (k) = O(k®") in this case [2]. We improve the
upper bound on m(k) for the case Rpr, U Ry, to O(k) in the following theorem, by a simple
reduction to the case Rpy, of just all bottomless rectangles, and the case Ry, of just all
topless rectangles. Observe that we clearly have mgy, (k) = mg. (k) for all k, and recall
that mgy, (k) < 3k — 2 according to [4] (see Theorem 11).

» Theorem 16. For Ry, U R 7L the range family of all bottomless and topless rectangles in
R?, we have mg,uRqy (k) < 2mp,, (k) +1 < 6k — 3.
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Proof. Let m' = mpy, (k) = mp, (k) and m =2m’ + 1. Let V. = {p1,...,p,} CR* be a
finite point set with z(p1) < --- < x(py). (Recall that z(p) denotes the z-coordinate of a
point p € R2.) We partition the set V into two sets A and B. For each pair {p2;_1,p2i},
we put the vertex with the lower y-coordinate into set A and the point with the larger
y-coordinate into set B, see Figure 1(a).
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/ I
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° B / ! /e B -
/ / / / | ’
o - / | o!
/ | [ / / /R
/ , | \ ! / | T / p
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| o7/ | - - Lo/ Jd o0
\ 7
A A Vo A h .,
\® =
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Figure 1 (a) For each pair {p2i—1,p2:}, the vertex with lower y-coordinate is in set A and the
other in B. (b) Any bottomless rectangle with m points contains at least [(m — 2)/2] points of A.

There are polychromatic k-colorings ¢1: A — {1,...,k} of the hypergraph H(A, RgL, m’)
and co: B — {1,...,k} of the hypergraph H(B,Rrr,m’'). As V = AUB, this naturally
defines a k-coloring ¢: V' — {1,...,k} of H(V,Rpr U Rrr,m). To see that coloring c is
polychromatic, let e be a hyperedge in H(V, Rgr, URTr,, m) induced by a bottomless or topless
rectangle R € RpL,URTL. If R € RpL, then R contains at least [(m—2)/2] = [(2m'—1)/2] =
m’ points from A, see Figure 1(b). Thus, en A is colored polychromatically in #(A, Rpr,, m’)
and hence e is colored polychromatically in H(V, Rpr, URTr,, m). Symmetrically, if R € Ry,
then R contains at least m’ points from B, thus R N B contains all k colors under ¢z, and
thus e = RNV O RN B contains all k colors under c. <

According to Theorem 16 we have mg,, ury, (k) = O(k). However, the proof relies on
the polychromatic coloring from [4] and thus does not give shallow hitting sets, which (up
to the constants) is the stronger statement. In fact, even if we had a shallow hitting set X
for H(A, RpL, m') and a shallow hitting set Y for H(B, Rtr,m’) (4 and B as in the proof
above), their union X UY would be hitting, but not necessarily shallow.

Recall that a subset X of vertices of a hypergraph H = (V, E) is hitting if | X Ne| > 1 for
every e € E, and t-shallow if | X Ne| <t for every e € E. In order to prove the existence of
shallow hitting sets for R, U Ry, we shall first find a shallow hitting set for Rpr,, which is

also shallow (but not necessarily hitting) for Rpr,. A similar approach has been done in [10].

» Lemma 17. Let V C R? be a finite point set and m be a positive integer. Then, there
exists a set X CV such that

X is a 14-shallow hitting set of H(V,Rpr,m) and

X is a T-shallow set of H(V, R, m).

From Lemma 17, proven in the full version [25], we can quickly derive the full theorem.

» Theorem 18. Let Rpr, U R be the range family of all bottomless and topless rectangles
in R? and m be a positive integer. Then for any finite point set V. C R? the hypergraph
H(V,Rpr, URrr,m) admits a 21-shallow hitting set X C V.
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Proof. By Lemma 17, there exists a set Y that is a 14-shallow hitting set of H(V, Ry, m)
and a 7-shallow set in H(V, R, m). Symmetrically, there exists a set Z that is a 14-shallow
hitting set of H(V, Rrr,m) and a 7-shallow set in H(V,Rpr,m). Then, X =Y UZ is a
21-shallow hitting set of H(V, Rpr, U RtL, m). <

» Theorem 19. Let Ryy be the range family of all unit-height axis-aligned rectangles
in R? and m be a positive integer. Then, for every finite point set V. C R? the hy-
pergraph H(V, Ry, m) admits a 63-shallow hitting set X C V. Moreover, mpg,,(k) <
2MR R (k) — 1 <12k — 7 for the range family Rygy.

Proof. Let m be a positive integer and V C R? be a finite point set. Define m’ = [m/2].
For every integer a € Z, let H, = H(V,, R, U R11,m’') be the range capturing hypergraph
induced by the range family of all bottomless and topless rectangles, where V, is the set
of all points p in V with a < y(p) < a + 1. By Theorem 18, every H, admits a 21-shallow
hitting set X,. Then, X = J,c;, Xa is a 63-shallow hitting set in H(V, Run, m), which can
be seen as follows. Every unit-height rectangle induces a topless rectangle R; in H, and a
bottomless rectangle Ry, in H,41 (for some a). Then, at least one of R; and Ry, contains at
least [m/2] = m’ points of V', without loss of generality R;. Therefore, R; contains a point
of X, and hence, X is hitting. Since m < 2m/, the topless rectangle R; can be covered with
at most two topless rectangles of size m’ of H,, and Rj can be covered with at most one
bottomless rectangle of size m’ of H,.1. As each of these three rectangles contains at most
21 points of X, we conclude that X is t-shallow for ¢t = 3 - 21 = 63.

Using the same argument, it is not difficult to see that mg, (k) < 2mgy ure (k) — 1.
Let m = 2mp g ure (k) — 1 and let H = H(V, Run, m) be the range capturing hypergraph
induced by all unit-height rectangles. Let m’ = [m/2] = mgy ur., (k). For every a €
Z, color each H, = H(V,, Rpr, U R1L,m') polychromatically with k colors with respect
to bottomless and topless rectangles Rpr, U Rrr,. This polychromatic coloring exists by
Theorem 16 and since m’ = mgy, ur. (k). Then, every unit-height rectangle R induces a
topless rectangle R; in H, of size at least m' or a bottomless rectangle R, in H, 1 of size at

Table 1 Shallow hitting sets and polychromatic colorings for range capturing hypergraphs.

Yes for t > 3ed(1 + o(1)) Oq(k)

range family R t-shallow hitting sets exist

(1) axis-aligned strips in R?

(Theorem 5)

(Corollary 7)

(2)  bottomless rectangles in R? Yes for ¢t > 10 <3k—-2 [4]
(Theorem 12)

(3) half-planes in R? Yes for ¢t > 2 [29] <2k—1 [29]

(4) axis-aligned squares in R? Open O(K8™) 2]

(5) bottomless and topless Yes for t > 21 <6k—3
rectangles in R? (Theorem 18) (Theorem 16)

(6) translates of a convex polygon Open O(k) [12]

in R?2
(7)  homothets of a triangle in R? Open O(k*99) [14]
(8) translates of octants in R? No [7] O(K>99) [14]
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least m/ (for some a € Z). Since R; (respectively R;) contains points of all colors, so does R.
Therefore, each unit-height rectangle with m points contains points of all colors and we have
found a polychromatic k-coloring of H(V, Ruu, m). <

5 Conclusions

In this paper, we extended the list of range families R for which the corresponding uniform
range capturing hypergraphs admit shallow hitting sets. This in particular implies that
mg (k) = O(k) for that family R, while mg (k) > k always holds. In view of Question 2, it
would be interesting to investigate further range families R for which mz (k) < oo is known,
as to whether they admit shallow hitting sets. The current state of the art (for a selection of
range families) is summarized in Table 1.

—— References

1  The geometric hypergraph zoo. URL: https://coge.elte.hu/cogezoo.html.

2 Eyal Ackerman, Baldzs Keszegh, and Mate Vizer. Coloring points with respect to squares.
Discrete & Computational Geometry, 58(4):757-784, 2017. doi:10.1007/s00454-017-9902-y.

3  Greg Aloupis, Jean Cardinal, Sébastien Collette, Shinji Imahori, Matias Korman, Stefan
Langerman, Oded Schwartz, Shakhar Smorodinsky, and Perouz Taslakian. Colorful strips.
Graphs and Combinatorics, 27(3):327-339, 2011. doi:10.1007/s00373-011-1014-5.

4 Andrei Asinowski, Jean Cardinal, Nathann Cohen, Sébastien Collette, Thomas Hackl, Michael
Hoffmann, Kolja Knauer, Stefan Langerman, Michal Lasori, Piotr Micek, Giinter Rote, and
Torsten Ueckerdt. Coloring hypergraphs induced by dynamic point sets and bottomless
rectangles. In Frank Dehne, Roberto Solis-Oba, and Jorg-Ridiger Sack, editors, Algorithms
and Data Structures, pages 73-84, Berlin, Heidelberg, 2013. Springer Berlin Heidelberg.
doi:10.1007/978-3-642-40104-6_7.

5 Béla Bollobas, David Pritchard, Thomas Rothvoss, and Alex Scott. Cover-decomposition
and polychromatic numbers. SIAM Journal on Discrete Mathematics, 27(1):240-256, 2013.
doi:10.1137/110856332.

6  Baldzs Bursics, Bence Csonka, and Luca Szepessy. Hitting sets and colorings of hypergraphs,
2023. arXiv:2307.12154.

7  Jean Cardinal, Kolja Knauer, Piotr Micek, Démotor Palvolgyi, Torsten Ueckerdt, and Narmada
Varadarajan. Colouring bottomless rectangles and arborescences. Computational Geometry,
115:102020, 2023. doi:10.1016/j.comgeo.2023.102020.

8 Jean Cardinal, Kolja Knauer, Piotr Micek, and Torsten Ueckerdt. Making octants colorful and
related covering decomposition problems. SIAM Journal on Discrete Mathematics, 28(4):1948—
1959, 2014. doi:10.1137/140955975.

9  Jean Cardinal, Kolja B. Knauer, Piotr Micek, and Torsten Ueckerdt. Making triangles colorful.
Journal of Computational Geometry, 4(1):240-246, 2013. doi:10.20382/jocg.v4ilal0.

10  Vera Chekan and Torsten Ueckerdt. Polychromatic colorings of unions of geometric hypergraphs.
In International Workshop on Graph-Theoretic Concepts in Computer Science, pages 144-157.
Springer, 2022. doi:10.1007/978-3-031-15914-5_11.

11  Xijaomin Chen, Jdnos Pach, Mario Szegedy, and Gabor Tardos. Delaunay graphs of point
sets in the plane with respect to axis-parallel rectangles. Random Structures & Algorithms,
34(1):11-23, 2009. doi:10.1002/rsa.20246.

12 Matt Gibson and Kasturi Varadarajan. Decomposing coverings and the planar sensor cover
problem. In 2009 50th Annual IEEE Symposium on Foundations of Computer Science, pages
159-168, 2009. doi:10.1109/F0CS.2009.54.

13  Balédzs Keszegh, Nathan Lemons, and Démétér Palvolgyi. Online and quasi-online colorings
of wedges and intervals. Order, 33(3):389-409, 2016. doi:10.1007/s11083-015-9374-8.

74:13

SoCG 2024


https://coge.elte.hu/cogezoo.html
https://doi.org/10.1007/s00454-017-9902-y
https://doi.org/10.1007/s00373-011-1014-5
https://doi.org/10.1007/978-3-642-40104-6_7
https://doi.org/10.1137/110856332
https://arxiv.org/abs/2307.12154
https://doi.org/10.1016/j.comgeo.2023.102020
https://doi.org/10.1137/140955975
https://doi.org/10.20382/jocg.v4i1a10
https://doi.org/10.1007/978-3-031-15914-5_11
https://doi.org/10.1002/rsa.20246
https://doi.org/10.1109/FOCS.2009.54
https://doi.org/10.1007/s11083-015-9374-8

74:14

Polychromatic Colorings of Geometric Hypergraphs via Shallow Hitting Sets

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

Baldzs Keszegh and Domotor Palvolgyi. More on decomposing coverings by octants. Journal
of Computational Geometry, 6(1):300-315, 2015. doi:10.20382/jocg.v6ilal3.

Baldzs Keszegh and Domotor Palvolgyi. An abstract approach to polychromatic coloring:
shallow hitting sets in ABA-free hypergraphs and pseudohalfplanes. Journal of Computational
Geometry, 10(1):1-26, 2019. doi:10.20382/jocg.v10ilal.

Balazs Keszegh. Coloring half-planes and bottomless rectangles. Computational Geometry,
45(9):495-507, 2012. The 19th Canadian Conference on Computational Geometry (CCCG2007)
held in Ottawa, Canada on August 20-22, 2007. doi:10.1016/j.comgeo.2011.09.004.
Istvan Kovacs. Indecomposable coverings with homothetic polygons. Discrete € Computational
Geometry, 53(4):817-824, 2015. doi:10.1007/s00454-015-9687-9.

Janos Pach. Decomposition of multiple packing and covering. 2. Kolloquium tber Diskrete
Geometrie, pages 169-178, 1980. URL: https://infoscience.epfl.ch/record/129388.
Janos Pach. Covering the plane with convex polygons. Discrete € Computational Geometry,
1(1):73-81, 1986. doi:10.1007/BF02187684.

Janos Pach and Domotor Palvolgyi. Unsplittable coverings in the plane. Advances in
Mathematics, 302:433-457, 2016. doi:10.1016/j.aim.2016.07.011.

Janos Pach, Domotor Palvolgyi, and Géza Téth. Survey on decomposition of multiple coverings.
In Imre Béardny, Karoly J. Boroczky, Gabor Fejes Téth, and Janos Pach, editors, Geometry
— Intuitive, Discrete, and Convex: A Tribute to Ldszlé Fejes Toth, pages 219-257. Springer
Berlin Heidelberg, Berlin, Heidelberg, 2013. doi:10.1007/978-3-642-41498-5_9.

Janos Pach, Gdbor Tardos, and Géza Téth. Indecomposable coverings. In Jin Akiyama,
William Y. C. Chen, Mikio Kano, Xueliang Li, and Qinglin Yu, editors, Discrete Geometry,
Combinatorics and Graph Theory, pages 135—-148, Berlin, Heidelberg, 2007. Springer Berlin
Heidelberg. doi:10.1007/978-3-540-70666-3_15.

Domoétor Palvolgyi. Indecomposable coverings with unit discs. arXiv preprint vi, 2013.
arXiv:1310.6900.

Domotor Palvolgyi and Géza Téth. Convex polygons are cover-decomposable. Discrete €
Computational Geometry, 43(3):483-496, 2010. doi:10.1007/s00454-009-9133-y.

Tim Planken and Torsten Ueckerdt. Polychromatic colorings of geometric hypergraphs via
shallow hitting sets. arXiv preprint, 2023. arXiv:2310.19982.

Tim Planken and Torsten Ueckerdt. Shallow hitting edge sets in uniform hypergraphs. arXiv
preprint, 2023. arXiv:2307.05757.

Alexandre Rok. Combinatorial Properties of Graphs and Hypergraphs Arising in Geometry.
PhD thesis, Ben-Gurion University of the Negev, 2019. URL: https://cris.bgu.ac.il/en/
studentTheses/combinatorial-properties-of-graphs-and-hypergraphs-arising-in-geo.
Alexandre Rok, Oded Schwartz, and Shakhar Smorodinsky. Polychromatic coloring of axis-
parallel strips. unpublished manuscript, 2019.

Shakhar Smorodinsky and Yelena Yuditsky. Polychromatic coloring for half-planes. Journal of
Combinatorial Theory, Series A, 119(1):146-154, 2012. doi:10.1016/j.jcta.2011.07.001.


https://doi.org/10.20382/jocg.v6i1a13
https://doi.org/10.20382/jocg.v10i1a1
https://doi.org/10.1016/j.comgeo.2011.09.004
https://doi.org/10.1007/s00454-015-9687-9
https://infoscience.epfl.ch/record/129388
https://doi.org/10.1007/BF02187684
https://doi.org/10.1016/j.aim.2016.07.011
https://doi.org/10.1007/978-3-642-41498-5_9
https://doi.org/10.1007/978-3-540-70666-3_15
https://arxiv.org/abs/1310.6900
https://doi.org/10.1007/s00454-009-9133-y
https://arxiv.org/abs/2310.19982
https://arxiv.org/abs/2307.05757
https://cris.bgu.ac.il/en/studentTheses/combinatorial-properties-of-graphs-and-hypergraphs-arising-in-geo
https://cris.bgu.ac.il/en/studentTheses/combinatorial-properties-of-graphs-and-hypergraphs-arising-in-geo
https://doi.org/10.1016/j.jcta.2011.07.001

	1 Introduction
	1.1 Related work
	1.2 Our results

	2 Polychromatic Colorings for Axis-Aligned Strips
	2.1 Upper Bounds
	2.2 Lower Bounds

	3 Bottomless Rectangles
	4 Bottomless and Topless Rectangles
	5 Conclusions

