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Abstract
The (k, z)-Clustering problem in Euclidean space Rd has been extensively studied. Given the
scale of data involved, compression methods for the Euclidean (k, z)-Clustering problem, such
as data compression and dimension reduction, have received significant attention in the literature.
However, the space complexity of the clustering problem, specifically, the number of bits required to
compress the cost function within a multiplicative error ε, remains unclear in existing literature.

This paper initiates the study of space complexity for Euclidean (k, z)-Clustering and offers
both upper and lower bounds. Our space bounds are nearly tight when k is constant, indicating
that storing a coreset, a well-known data compression approach, serves as the optimal compression
scheme. Furthermore, our lower bound result for (k, z)-Clustering establishes a tight space bound
of Θ(nd) for terminal embedding, where n represents the dataset size. Our technical approach
leverages new geometric insights for principal angles and discrepancy methods, which may hold
independent interest.
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1 Introduction

Clustering problems are fundamental in theoretical computer science and machine learning
with various applications [3, 13, 36]. An important class of clustering is called Euclidean
(k, z)-Clustering where, given a dataset P ⊂ Rd of n points and a k ≥ 1, the goal is to
find a center set C ⊂ Rd of k points that minimizes the cost costz(P, C) :=

∑
p∈P d(p, C)z.

Here, dz(p, C) = minc∈C dz(p, c) is the z-th power Euclidean distance of p to C. Well-known
examples of (k, z)-Clustering include k-Median (when z = 1) and k-Means (when z = 2).

In many real-world scenarios, the dataset P is large and the dimension d is high, and
it is desirable to compress P to reduce storage and computational requirements in order
to solve the underlying clustering problem efficiently. Previous studies have proposed
two approaches: data compression and dimension reduction. On one hand, coresets have
been proposed as a solution to data compression [24] – a coreset is a small representative
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subset S that approximately preserves the clustering cost for all possible center sets. Recent
research has focused on developing efficient coresets [40, 16, 14, 15, 28], showing that the
coreset size remains independent of both the size n of dataset and the dimension d. On
the other hand, dimension reduction methods have also proven to be effective for (k, z)-
Clustering, including techniques like Johnson-Lindenstrauss (JL) [37, 10] and terminal
embedding [39, 29]. Specifically, terminal embedding (Definition 4), which projects a dataset
P to a low-dimensional space while approximately preserving all pairwise distances between
P and Rd, is the key for removing the size dependence on d for coreset [29, 16].

While the importance of compression for clustering has been widely acknowledged, the
literature currently lacks clarity regarding the space complexity of the clustering problem
itself. Specifically, one may want to know how many bits are required to compress the cost
function. Space complexity, a fundamental factor in theoretical computer science, serves as a
measure of the complexity of the cost function. Previous research has investigated the space
complexity for various other problems, including approximate nearest neighbor [30], inner
products [2], Euclidean metric compression [31], and graph cuts [9].

To investigate the space complexity of the (k, z)-Clustering problem, one initial
approach is to utilize a coreset S, which yields a space requirement of Õ(|S| · d) using
standard quantization methods (see Theorem 2 in the paper). Here the d factor arises from
preserving all coordinates of each point in the coreset S. One might wonder if it is possible
to combine the benefits of coreset construction and dimension reduction to eliminate the
dependence on the dimension d in terms of space requirements. This leads to a natural
question: “Is it possible to obtain an |S| · o(d) bound? Additionally, is coreset the most
efficient compression scheme for the (k, z)-Clustering problem?” Perhaps surprisingly, we
show that Ω̃(|S| · d) is necessary for interesting parameter regimes (see Theorem 3 in the
paper). This means a quantized coreset is optimal and dimensionality reduction does not
help for space complexity. The proof of the lower bound for space complexity is our main
contribution, which encounters more technical challenges. Unlike upper bounds, existing
lower bounds for coresets do not directly translate into lower bounds for space complexity
since compression approaches can go beyond simply storing a subset of points as a coreset.
Overall, the study of space complexity is intricately connected to the optimality of coresets
and poses technical difficulties.

1.1 Problem Definition and Our Results
In this paper, we initiate the study of the space complexity for the Euclidean (k, z)-
Clustering problem. We first formally define the notion of space complexity. Assume that
P ⊆ [∆]d for some integer ∆ ≥ 1, i.e., every p ∈ P is a grid point in [∆]d = {1, 2, . . . , ∆}d.
This assumption is standard in the literature, e.g., for clustering [8, 26], facility location [18],
minimum spanning tree [23], and the max-cut problem [11], and necessary for analyz-
ing the space complexity. 1 Let C denote the collection of all k-center sets in Rd, i.e.,
C :=

{
C ⊂ Rd : |C| = k

}
. An ε-sketch for P is a data structure O that given any center set

C ∈ C, returns a value O(C) ∈ (1± ε) · costz(P, C) which recovers the value costz(P, C) up
to a multiplicative error of ε. We give the following notion.

1 We need such an assumption to ensure that the precision of every coordinate of p ∈ P is bounded.
Otherwise, when P contains a unique point p ∈ Rd, we need to maintain all coordinates of p such that
the information of costz(P, {p}) = 0 is preserved. Then if the precision of p can be arbitrarily large, the
space complexity is unlimited.
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▶ Definition 1 (Space complexity for Euclidean (k, z)-Clustering). Given a dataset P ⊆ [∆]d,
integers n, k ≥ 1, constant z ≥ 1 and an error parameter ε ∈ (0, 1), we define sc(P, ∆, k, z, d, ε)
to be the minimum possible number of bits of an ε-sketch for P . Moreover, we define
sc(n, ∆, k, z, d, ε) := supP ⊆[∆]d:|P |≤n sc(P, ∆, k, z, d, ε) to be the space complexity function,
i.e., the maximum cardinality sc(P, ∆, k, z, d, ε) over all datasets P ⊆ [∆]d of size at most n.

Space upper bounds. Our first contribution is to provide upper bounds for the space
complexity sc(n, ∆, k, z, d, ε). We apply the idea of storing an ε-coreset and have theorem 2.
Here, an ε-coreset for (k, z)-Clustering is a weighted subset S ⊆ P together with a weight
function w : S → R≥0 such that for every C ∈ C,

∑
p∈S w(p) · dz(p, C) ∈ (1± ε) · costz(P, C).

▶ Theorem 2 (Space upper bounds). Suppose for any dataset P ⊆ [∆]d of size n, there exists
an ε-coreset of P for (k, z)-Clustering of size at most Γ(n) ≥ 1. We have the following
space upper bounds:

When n ≤ k, sc(n, ∆, k, z, d, ε) ≤ O (nd log ∆);
When n > k, sc(n, ∆, k, z, d, ε) ≤ O(kd log ∆ + Γ(n)(d log 1/ε + d log log ∆ + log log n)).

The proof of theorem 2 can be found in Section 2, which relies on novel geometric findings;
see Section 1.2 for discussion. Fully storing a coreset S requires Γ(n) · d log ∆ bits for points
and Γ(n) · log n for its weight function w. To further reduce the storage space, we provide
a quantification scheme for the weight function w and points in S (Algorithm 1). Ignoring
the logarithmic term, we have sc(n, ∆, k, z, d, ε) ≤ Õ(Γ(n) · d). 2 Combining with the recent
breakthroughs that shows Γ(n) = Õ(min

{
k

2z+2
z+2 ε−2, kε−z−2

}
) [16, 14, 15, 28], when n > k,

sc(n, ∆, k, z, d, ε) ≤ Õ(d ·min
{

k
2z+2
z+2

ε2 ,
k

εz+2

}
). (1)

Space lower bounds. Our main contribution is to provide the following lower bounds for
the space complexity sc(n, ∆, k, z, d, ε).

▶ Theorem 3 (Space lower bounds). We have the following space lower bounds:
When n ≤ k, sc(n, ∆, k, z, d, ε) ≥ Ω(nd log ∆);

When n > k ≥ 2 and ∆ = Ω
(

k
1
d

√
d

ε

)
, sc(n, ∆, k, z, d, ε) ≥

Ω
(

kd log ∆ + kd min
{

1
ε2 , d

log d , n
k

}
+ k log log n

k

)
.

The proof of this theorem can be found in Section 3. Compared to Theorem 2, our
lower bound for space complexity is tight when n ≤ k. For the case when n > k, the key
term in our lower bound is Ω(kd min

{
1
ε2 , d

log d , n
k

}
). Comparing this with Inequality (1),

we can conclude that the optimal space complexity sc(n, ∆, k, z, d, ε) ≈ d
ε2 when k = O(1),

n ≥ Ω( 1
ε2 ) and d ≥ Ω( 1

ε2 log 1/ε ). As a corollary, we can affirm that the coreset method is
indeed the optimal compression method when the size and dimension of the dataset P are
large and the number of centers k is constant. It would be interesting to further investigate
whether the coreset method remains optimal for large k. Another corollary of Theorem 2
is a lower bound Ω( k

ε2 ) for the coreset size Γ(n). This bound matches the previous result

2 In this paper, Õ(·) may hide a factor of 2O(z) and the logarithmic term of the input parameters
n, ∆, k, d, 1/ε.

SoCG 2024
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in [14], and it has been recently improved to Ω( k
ε−z−2 ) when ε = Ω(k

1
z+2 ) [28]. Since the

technical approach is different, our methods for space lower bounds may also be useful to
further improve the coreset lower bounds.

It is worth noting that d still appears in our lower bound results, which implies that
exploiting dimension reduction techniques does not necessarily lead to a reduction in storage
space. Although this may seem counter-intuitive, it is reasonable since we still need to
maintain the mapping from the original space to the embedded space (which is also the space
consumed by the dimensionality reduction itself), and the storage of this mapping could also
be relatively large. Moreover, we can utilize this fact to lower bound the space cost of these
dimension reduction methods from our results; see the following applications.

Application: Tight space lower bound for terminal embedding. Our Theorem 3 also
yields an interesting by-product: a nearly tight lower bound for the space complexity of
terminal embedding, which is a well-known dimension reduction method recently introduced
by [21, 39]. It is a pre-processing step to map input data from one metric space (X , dX ) to
the target metric space (Y, dY). The definition of it is given as follows.

▶ Definition 4 (Terminal embedding). Let ε ∈ (0, 1) and X ⊆ Rd be a collection of n points.
A mapping f : Rd → Rm is called an ε-terminal embedding of X if for any p ∈ X and q ∈ Rd,
d(p, q) ≤ d(f(p), f(q)) ≤ (1 + ε) · d(p, q).

This result is obtained by another natural idea for sketch construction: maintaining a
terminal embedding function f for a coreset S and the projection f(S) of a coreset S, in
which the storage space for f(S) can be independent on the dimension d. As a consequence
of Theorem 3, the preservation of the terminal embedding function f must incur a large
space cost; summarized as follows.

▶ Theorem 5 (Informal; see the full version). Let ε ∈ (0, 1) and assume d = Ω
(

log n log(n/ε)
ε2

)
.

An ε-terminal embedding, that projects a given dataset P ⊂ Rd of size n to a target dimension
O( log n

ε2 ), requires space at least Ω(nd).

The bound Ω(nd) is not surprising since terminal embedding can be used to approximately
recover the original dataset. In the case when d ≥ Ω( log n log(n/ε)

ε2 ), our result improves upon
the previous lower bound of Ω(n log n

ε2 ) from [2]. 3 We replace their factor of log n
ε2 with d.

Furthermore, our lower bound of Ω(nd) matches the prior upper bound of Õ(nd) for terminal
embedding [12], making it nearly tight.

1.2 Technical Overview
We mainly focus on analyzing the technical idea behind our main contribution Theorem 3.
In general, our approach involves using a clever counting argument to establish lower bounds
on space. We do this by creating a large family of datasets P where, for any pair P and Q

from this family, there exists a center set C that separates their cost function by a significant
margin, denoted as costz (P, C) /∈ (1±O(ε)) costz (Q, C). This difference in cost implies
that P and Q can not share the same sketch, which leads to a lower bound on space of
log (|P|) (Lemma 8). Hence, we focus on how to construct such a family P.

3 Although the paper does not directly study terminal embedding, their bound for preserving inner
products (Theorem 1.1 in [2]) implies a lower bound of Ω( n log n

ε2 ) for terminal embedding.
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We discuss the most technical bound, which is Ω
(

kd min
{

1
ε2 , d

log d , n
k

})
, when n > k ≥ 2

and ∆ = Ω
(

k
1
d

√
d

ε

)
. The proofs for other bounds are pretty standard. For brevity, we will

explain the technical idea for the case of z = k = 2 (2-Means). The extension to general
z and k is straightforward, by analyzing Taylor expansions for (1 + x)z and making Ω(k)
copies of datasets in P (In the full version).

Our construction of P relies on a fundamental geometric concept known as principal
angles (Definition 9). The Cosine of these angles, when given the orthonormal bases
P = {pi : i ∈ [n]} and Q = {qi : i ∈ [n]} of two distinct subspaces in Rd, uniquely correspond
to the singular values of P ⊤Q (Lemma 10). This correspondence essentially measures how
orthogonal the two subspaces are to each other. With principal angles in mind, we outline the
two main components of our proof. Assuming that d > n, the first component (Lemma 11)
demonstrates that if the largest O(n) principal angles between two orthonormal bases P

and Q are sufficiently large, there exists a center set C = {c,−c} ∈ C with ∥c∥2 = 1 such
that cost2(P, {c,−c}) − cost2(Q, {c,−c}) ≥ Ω (

√
n). This induced error of Ω (

√
n) from C

achieves the desired scale of ε ·costz(P, C) = O(εn) when n = O
( 1

ε2

)
. The second component

(Lemma 12) states that when n = O
(

d
log d

)
, there exists a large family P of orthonormal

bases (for different n-dimensional subspaces) with size exp (nd) such that most principal
angles of any two different orthonormal bases in the family are sufficiently large. The space
lower bound Ω

(
d min

{
1
ε2 , d

log d , n
})

directly follows from these two lemmas.
Next, we delve into the technical insights behind Lemmas 11 and 12.

Lemma 11: Reduction from principal angles to cost difference. Recall that we aim to
show the existence of a center set C = {c,−c} that incurs a large cost difference between
two orthonormal bases P = {pi : i ∈ [n]} and Q = {qi : i ∈ [n]}. By the formulation of C,
we note that cost2(P, C) − cost2(Q, C) = 2 (

∑n
i=1 |⟨qi, c⟩| − |⟨pi, c⟩|). Hence, we focus on

showing the existence of a unit vector c ∈ Rd such that
n∑

i=1
|⟨qi, c⟩| − |⟨pi, c⟩| ≥ Ω(

√
n). (2)

Intuitively, our goal is to increase the magnitude of the first term
∑n

i=1 |⟨qi, c⟩| while
decreasing the magnitude of the second term

∑n
i=1 |⟨pi, c⟩|. One initial approach is to choose

c = 1√
n

Qλ = 1√
n

∑
i∈[n] λiqi, where λ ∈ {−1, +1}n is a full coloring on [n]. By this selection,

center c lies on the subspace spanned by Q and maximizes the first term
∑n

i=1 |⟨qi, c⟩| to
be
√

n. Moreover, the second term becomes
∑n

i=1 |⟨pi, c⟩| = 1√
n
∥P ⊤Qλ∥1 ≤

√
n∥P ⊤Qλ∥∞.

Ideally, if we can find a coloring λ ∈ {−1, +1}n such that ∥P ⊤Qλ∥∞ ≤ 0.5, we can achieve
the desired cost difference in Inequality (2). However, the existence of such λ appears to be
non-trivial. For instance, if we randomly select a coloring λ from {−1, +1}n, the expected
value of ∥P ⊤Qλ∥∞ can be as large as O(log n) [41].

Motivated by the discrepancy literature (e.g., [41, 19]), we enhance the previous idea by
allowing λ ∈ {−1, 0, +1}n to be a partial coloring with ∥λ∥1 = 0.75n. With this modification,
we still have

∑n
i=1 |⟨qi, c⟩| = 0.75

√
n, and it suffices to bound ∥P ⊤Qλ∥∞ ≤ 0.5 to achieve

Inequality (2). Spencer et al. [41] have shown the existence of such a partial coloring λ

with ∥P ⊤Qλ∥∞ ≤ α for some constant α ≥ 1 and orthonormal bases P and Q. However, we
require a stricter bound of α ≤ 0.5, which calls for new ideas. Fortunately, we discover that
large principal angles indicate the existence of a partial coloring λ such that ∥P ⊤Qλ∥∞ ≤ 0.5
(see Lemmas 13 and 14). Geometrically, large principal angles imply that the two subspaces

SoCG 2024
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spanned by P and Q are nearly orthogonal to each other in many directions. As a consequence,
most inner products ⟨pi, qj⟩ are close to 0, indicating that the majority of the row norms
∥(P ⊤Q)i∥2 are smaller than 0.1 (Lemma 13). These small row sums enable us to find a partial
coloring λ that further reduces the bound for ∥P ⊤Qλ∥∞ to 0.5 (Lemma 14), employing
similar approaches as in [41]. In summary, we have completed the proof of Lemma 11.

Lemma 12: Construction of P. Our construction is inspired by a geometric observation
made in Absil et al. [1], which states that the largest principal angle between the orthonormal
bases P and Q of two n-dimensional subspaces, independently drawn from the uniform
distribution on the Grassmann manifold of n-planes in Rd, is at least Ω(1) with high
probability. We extend this result and prove that even the largest O(n) principal angles
between P and Q are at least Ω(1) (Lemma 15). This extension relies on a more careful
integral calculation for the density function of principal angles. Moreover, this extension
leads to an enhanced geometric observation: on average, these two orthonormal bases P

and Q are distinct with respect to principal angles, which could be of independent research
interest. Then using standard probabilistic arguments, we can randomly select a family P of
exp(Ω(nd)) orthonormal bases, ensuring that the largest O(n) principal angles between any
pair P and Q from P are consistently large.

1.3 Other Related Work
Coreset construction for clustering. There are a series of works towards closing the upper
and lower bounds of coreset size for (k, z)-Clustering in high dimensional Euclidean

spaces [22, 7, 16, 14, 15, 28]. The current best upper bound is Õ(min{k
2z+2
z+2

ε2 , k
εz+2 }) by

[16, 14, 15, 28]. On the other hand, Huang and Vishnoi [29] proved a size lower bound
Ω(k min{2z/20, d}) and Cohen-addad et al. [14] showed bound Ω(kε−2). Very recently, Huang
and Li [28] gave a size lower bound of Ω(kε−z−2) for ε = Ω(k−1/(z+2)), which matches the
size upper bound and is nearly tight. There have also been studies for the coreset size when
the dimension is small, see e.g. [24, 27]. In addition to offline settings, coresets have also
been studied in the stream setting [24, 6, 17], distributed setting [4] and dynamic setting [25].

Dimension reduction. Dimension reduction is an important technique for data compression,
including techniques like Johnson-Lindenstrauss (JL) [37, 10] and terminal embedding [39, 29].
The target dimension of any embedding satisfying the JL lemma is shown to be Θ(ε−2 log n)
[32, 2, 35], where n is the size of the data set. The space complexity of JL is shown to be
O(log d + log(1/δ)(log log(1/δ) + log(1/ε))) random bits [34], where ε and δ are error and fail
probability respectively. In the context of (k, z)-Clustering, Makarychev et al. [37] gives a
nearly optimal target dimension O(log(k/ε)/ε2) by applying JL. Their reduction ensures that
the cost of the optimal clustering is preserved within a factor of (1 + ε) instead of preserving
the clustering cost for all center sets. For terminal embedding, Narayanan and Nelson [39]
provided an optimal terminal embedding with target dimension O(ε−2 log n). For the space
complexity, the best-known construction of terminal embedding costs Õ(nd) bits [12].

2 Proof of Theorem 2: Space Upper Bounds

For the first part when n ≤ k, we simply store all data points. Since P ⊆ [∆]d, the storage
space for each coordinate is at most log ∆, which results in the space upper bound O(nd log ∆).
Next, we focus on the second part when n > k. The main idea is to construct a sketch to
store a coreset using space as small as possible. We need the following lemma for preparation.
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▶ Lemma 6 (Relaxed triangle inequality (Lemma 10 of [14])). Let a, b, c be an arbitrary set
of points in a metric space with distance function d, and let z be a positive integer. Then
for any ε > 0, d(a, b)z ≤ (1 + ε)z−1d(a, c)z +

( 1+ε
ε

)z−1
d(b, c)z and |d(a, b)z − d(a, c)z| ≤

ε · d(a, c)z +
(

z+ε
ε

)z−1
d(b, c)z.

Let P ⊆ [∆]d be a dataset of size n > k, (S, w) be an ε
5 -coreset of P for (k, z)-Clustering,

and C⋆ be an O(1)-approximation of optimal center set, that is, a center set satisfying
costz(P, C⋆) ≤ O(1) · minC∈C costz(P, C). We argue that by rounding each c⋆

l ∈ C⋆ to
the nearest point in P , i.e. pc⋆ := argminp∈P d(c⋆, p), it remains the property of O(1)-
approximation. To this end, by Lemma 6, for any p ∈ P, |d(p, c⋆)z − d(p, pc⋆)z| ≤ d(p, c⋆)z +
(1+z)z−1d(pc⋆ , c⋆)z ≤ (1+(1+z)z−1)d(p, c⋆)z. As z is constant, the claim is proved. Without
of loss of generality, we assume C⋆ ⊆ P and costz(P, C⋆) ≤ 2 minC∈C costz(P, C).

The compression scheme is summarized in Algorithm 1. Intuitively, we need to compress
the weight w(p) and each coordinate i ∈ [d] of p ∈ P . For w(p), we either safely ignore too
small weight, i.e. w(p) ≤ ε

4|S| , or remain its highest position by γp and the first ⌈log 4/ε⌉
digits by wp,ε. For each p, we denote c⋆

p to be the closest center of p in C⋆ and c⋆
p,i to be the

i’th coordinate of c⋆. Then compress each coordinate pi − c⋆
p,i by a similar idea as for weight.

In Algorithm 1 we abuse the notation c⋆
l to denote the l’th point in C⋆, and c⋆

l,i similarly.

Algorithm 1 A compression scheme based on coreset.

Input: Error parameter ε ∈ (0, 1), an ε
4 -coreset S ⊆ P of size |S| ≤ Γ(n) together

with a weight function w : S → R≥0, an 1-approximate center set C⋆ ⊆ P of P for
(k, z)-Clustering
Output: A sketch T of P for (k, z)-Clustering
Partition S into Sl :=

{
p ∈ S|cl = argminc⋆

l
∈C⋆ d(p, c⋆

l )
}

, l = 1, · · · , k;
for c⋆

l ∈ C⋆ do
for p ∈ Sl do

if w(p) ≤ ε
4|S| then (wp,ε, γp)← (0, 0);

else wp,ε ← w(p)
2⌊log w(p)⌋ , rounding to ⌈log 4/ε⌉ decimal places; γp ← ⌊log w(p)⌋;

end if
wp ← (wp,ε, γp);
for each coordinate i ∈ [d] do

if pi − c⋆
l,i = 0 then (τi,ε, γp,i)← (0, 0);

else τp,i ←
pi−c⋆

l,i

2
⌊log(pi−c⋆

l,i
)⌋ , rounding to ⌈log 4z/ε⌉ decimal places;

γp,i ← ⌊log(pi − c⋆
l,i)⌋;

end if
τp,i ← (τp,i, γp,i);

end for
Tl ← ∪p∈Sl

({τp,i}d
i=1, wp);

end for
end for
return T ← ∪l∈[k](c⋆

l , Tl)

Since S is a coreset, we will make use of the following lemma.

▶ Lemma 7 (Sum of weights). We have that
∑

p∈S w(p) ∈ (1± ε)n.

SoCG 2024
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Proof. Consider a center set C ∈ C far away from P , e.g. C = +∞d. then
∑

p∈P
d(p,C)z∑

p∈S
w(p)d(p,C)z

≈

n∑
p∈S

w(p)
. By the coreset definition we have costz(P,C)∑

p∈S
w(p)d(p,C)z

=
∑

p∈P
d(p,C)z∑

p∈S
w(p)d(p,C)z

∈ 1±ε. ◀

Now we are ready to prove the second part of Theorem 2.

Proof of Theorem 2 (second part).
Correctness analysis. We first show Algorithm 1 outputs an ε-sketch of P for (k, z)-
Clustering. We use T to obtain ŵp = wp,ε · 2γp and p̂ = (τ̂1, · · · , τ̂d) + c⋆

p with τ̂i =
τp,i · 2γp,i for i ∈ [d]. Given a center set C ∈ C, we approximate (k, z)-Clustering
function by the value:

∑
p∈S ŵp · d(p̂, C)z. We claim that for each p ∈ S, ŵp ∈ (1± ε

4 )w(p)
when w(p) > ε

4|S| . This is because w(p)
2 ≤ 2γp ≤ w(p) and |wp,ε − w(p)

2γp | ≤ ε
4 , which

implies that wp,ε ∈ (1 ± ε
4 )w(p)

2γp and ŵp ∈ (1 ± ε
4 )w(p). When w(p) ≤ ε

4|S| , we have
w(p)d(p, C)z ≤ ε

4|S| d(p, C)z ≤ ε
4|S|

∑
p∈P d(p, C)z, which means this quantity is too small to

affect (k, z)-Clustering function and we could set such w(p) to zero.
We next analysis p̂. By Lemma 6, for any c ∈ C, |d(p, c)z − d(p̂, c)z| ≤ ε

4 d(p, c)z + (1 +
4z
ε )z−1d(p, p̂)z. By construction, d(p, p̂) = d(p − c⋆

p, τ̂) =
√∑d

i=1(pi − c⋆
p,i − τ̂i)2. Similarly

for weight, pi − c⋆
p,i − τ̂i ≤ ε

4z (pi − c⋆
p,i), and thus d(p, p̂) ≤ ε

4z d(p, c⋆
p). Therefore,

∑
p∈S

ŵp · d(p̂, C)z ∈
∑
p∈S

w(p)
(

1± ε

4

)[
d(p, cp)z ±

(
ε

4d(p, cp)z +
(

1 + 4z

ε

)z−1
d(p, p̂)z

)]

∈
(

1± ε

4

)∑
p∈S

w(p)
[(

1± ε

4

)
d(p, cp)z ± ε

4z

(
1 + ε

4z

)z−1
d(p, c⋆

p)z

]
∈
(

1± ε

4

)∑
p∈S

w(p)
[(

1± ε

4

)
d(p, cp)z ± ε

8d(p, c⋆
p)z
]

∈
(

1± ε

4

)∑
p∈S

w(p)
(

1± ε

2

)
d(p, cp)z

∈
(

1± ε

4

)(
1± ε

2

)(
1± ε

5

)∑
p∈P

d(p, cp)z ∈ (1± ε)
∑
p∈P

d(p, cp)z,

where the third line follows from ln(1 + ε
4z ) ≤ ε

4z , the fourth line follows from C⋆ is a 1-
approximation of an optimal center set, and the penultimate line follows from the construction
of coreset. Therefore we construct an ε-sketch for P .

Space complexity analysis. The storage for k grid points C⋆ is O(kd log ∆). We store each
weight by a set (wp,ε, γp), where the first number is up to O(⌈log 4/ε⌉) decimal places, and
representing the integer number γp = ⌊log w(p)⌋ requires O(log max{log 4|S|

ε , log n}) bits by
Lemma 7. Similarly, the storage for each τp is O(d log 4z/ε + d log log ∆) bits. Combining
them and notice that |S| ≤ n, we obtain the final bound

sc(P, ∆, k, z, d, ε) ≤O

(
kd log ∆ + |S|

(
log 4

ε
+ log max

{
log 4|S|

ε
, log n

}
+ d log 4z

ε
+ d log log ∆

))
=O (kd log ∆ + Γ(n)(d log 1/ε + d log log ∆ + log log n)) ,

where we ignore the dependence on z. ◀
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3 Proof of Theorem 3: Space Lower Bounds

In this section, we prove the space lower bounds. The high-level idea is to construct a large
family of datasets such that any two of them can not use the same sketch.

▶ Lemma 8 (A family of datasets leads to space lower bounds). Suppose there exists a family
P of datasets of size n ≥ 1 such that for any two datasets P, Q ∈ P, there exists a center set
C ∈ C with costz(P, C) /∈ (1± 3ε) costz(Q, C). Then we have sc(n, ∆, k, z, d, ε) ≥ Ω(log |P|).

Proof. We prove this by contradiction. Assume that sc(n, ∆, k, z, d, ε) = o(log |P|), we must
be able to find two datasets P and Q such that they correspond to the same ε-sketch O.
Since O is an ε-sketch for both P and Q, we have for every center set C ∈ C,

O(C) ∈ (1± ε) · costz(P, C), O(C) ∈ (1± ε) · costz(Q, C),

costz(P, C) ≤ 1
1− ε

O(C) ≤ 1 + ε

1− ε
costz(Q, C) ≤ (1 + 3ε) costz(Q, C),

costz(P, C) ≥ 1
1 + ε

O(C) ≥ 1− ε

1 + ε
costz(Q, C) ≥ (1− 3ε) costz(Q, C).

This contradicts with our assumption that costz(P, C) /∈ (1± 3ε) costz(Q, C). ◀

3.1 Proof of Theorem 3
We first prove the lower bound Ω (nd log ∆) when n ≤ k.

Proof of Theorem 3 (first part). We construct a family P as follows: for each dataset
P ∈ P, we choose n different grid points in [∆]d. Note that for each single grid point, there
are ∆d choices. Therefore, the size |P| is

(∆d

n

)
, which implies that log |P| = Ω(nd log ∆).

For any two datasets P, Q ∈ P, there must be a single grid point p such that p ∈ Q \ P .
Let C = P ∪ { c, · · · , c︸ ︷︷ ︸

k−n points

} , where c ∈ Rd is an arbitrary point with c ̸= p. We have

costz (Q, C) ≥ d (p, C)z
> 0, costz (P, C) = 0 /∈ (1± 3ε) costz (Q, C) .

Using Lemma 8, we obtain the space lower bound Ω (nd log ∆). ◀

We then consider the second part of Theorem 3 when n > k. We first prove the lower
bound Ω

(
kd min

{
1
ε2 , d

log d , n
k

})
. Recall that we have n > 2 and ∆ = Ω( k

1
d

√
d

ε ). For
preparation, we introduce the notion of principal angles.

▶ Definition 9 (Principal angles). Suppose n ≤ d. Given two n-dimensional subspaces X
and Y of Rd, the principal angles (or canonical angles) θ1(X ,Y), · · · , θn(X ,Y) ∈

[
0, π

2
]

between them are defined recursively by the following equations: ∀i ∈ [n], cos (θi(X ,Y)) =
supx∈X ,y∈Y |xT y| = |xT

l yl|, subject to x ⊥ x1, · · · , xi−1, ∥x∥2 = 1, y ⊥ y1, · · · , yi−1, ∥y∥2 = 1.

The notion of principal angles between subspaces was first introduced by Jordan [33] and
has many important applications in statistics and numerical analysis [20, 42]. Intuitively,
small principal angles indicate that the two subspaces are nearly parallel in many directions,
while large principal angles imply that the two subspaces span many directions that are nearly
orthogonal to each other. For example, when X ⊥ Y , all principal angles θi(X ,Y) = π

2 . The
following lemma shows a relation between principal angles and singular value decomposition.

SoCG 2024
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▶ Lemma 10 (Property of principal angles (Theorem 1 in [5])). Given two n-dimensional
subspaces X and Y of Rd, let the columns of matrices X ∈ Rd×n and Y ∈ Rd×n form
orthonormal bases for the subspaces X and Y respectively. Denote 1 ≥ σ1 ≥ · · · ≥ σn to be
the singular values of the inner product matrix XT Y . We have σi = cos (θi(X ,Y)) ,∀i ∈ [n].

Lemma 10 implies that the principal angles are symmetric, i.e. θ(X ,Y) = θ(Y,X ). It
also implies that the principal angles are orthogonally invariant, i.e. θ(XA,YB) = θ(X ,Y)
for any orthogonal matrix A, B ∈ Rn×n, since σ

(
AT XT Y B

)
= σ

(
XT Y

)
. Hence, Lemma 10

holds for any choice of orthonormal bases X and Y of corresponding subspaces.
The idea is still to construct a large family P of datasets to apply Lemma 8. For ease of

analysis, we first do not require the construction of datasets P ⊆ [∆]d and ensure that every
P consists of orthonormal bases of some subspaces. At the end of the proof, we will show
how to round and scale these datasets P into [∆]d.

For any two datasets P, Q ∈ P, let their inner product matrix be

U := P T Q = [U1, · · · , Un]T =

pT
1 q1 · · · pT

1 qn

...
. . .

...
pT

n q1 · · · pT
n qn

 = (Uij)i,j∈[n] .

Slightly abuse of notation, we use θi (P, Q) to represent the i-th least principal angles of the
two subspaces spanned by P and Q. The following lemma shows that large principal angles
between P and Q imply a large cost difference on some center set {c,−c}.

▶ Lemma 11 (Principal angles to cost difference). Let P , Q be datasets of n orthonormal
bases (with 100 ≤ n ≤ d

2 ) satisfying that θ 1
32 10−6·n (P, Q) ≥ arccos

(
10−3

4
√

2

)
. There exists a

unit vector c ∈ Rd such that cost2(P, {c,−c})− cost2(Q, {c,−c}) ≥ 1
2
√

n.

Proof. Proof of Lemma 11 can be found in section 3.2. ◀

Applying n = O
( 1

ε2

)
to the above lemma leads to our desired cost difference Ω (εn) =

Ω (εcost2(P, {c,−c})). We then show it is possible to construct a large family P such that
the principal angles between any two datasets in P are sufficiently large.

▶ Lemma 12 (Construction of a large family of datasets). When n = O
(

d
log d

)
, there is a

family P of size exp
(

1
256 10−6 log

(
1

1− 1
32 10−6

)
· nd

)
such that for any two dataset P, Q ∈ P,

we have θ 1
32 10−6·n (P, Q) ≥ arccos

(
10−3

4
√

2

)
.

Proof. Proof of Lemma 12 can be found in section 3.3. ◀

Combining Lemma 11 and 12, we are ready to prove the second part of Theorem 3.

Proof of Theorem 3 (second part). The lower bound of Ω(kd log ∆) is trivial since
sc(n, ∆, k, z, d, ε) is non-decreasing with n. Then by the first part of Theorem 3, we have
sc(n, ∆, k, z, d, ε) ≥ sc(k, ∆, k, z, d, ε) ≥ Ω(kd log ∆).

Next, we prove the lower bound of Ω
(

kd min
{

1
ε2 , d

log d , n
k

})
. We mainly prove the case

of k = z = 2. The extensions to general k and z can be found in the full version. Denote

ñ = min
{

Θ
(

1
484ε2

)
, Θ
(

d

log d

)
, n

}
≥ 100,
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where the first term Θ
( 1

484ε2

)
is for achieving a large cost difference by Lemma 11 and the

second term Θ
(

d
log d

)
is to satisfy the condition of Lemma 12. Since sc(n, ∆, 2, 2, d, ε) is

non-decreasing with n, it suffices to prove a lower bound for sc(ñ, ∆, 2, 2, d, ε).
Lemma 12 shows that we can find a family P of size exp

(
1

256 10−6 log
(

1
1− 1

32 10−6

)
· ñd

)
such that for any two dataset in this set P and Q, we have θ 1

32 10−6·n (P, Q) ≥ arccos
(

10−3

4
√

2

)
.

Lemma 11 shows that such a condition allows us to find a unit-norm vector c such that
cost2(P, {c,−c}) − cost2(Q, {c,−c}) ≥ 1

2
√

ñ. By our choice of ñ, we have 1
2
√

ñ ≥ 11εñ ≥
5ε · cost2(P, {c,−c}) and ñ = O( d

log d ). Hence, there exists a family P of size exp (Θ(ñd)) =

exp
(

Θ
(

d min
{

1
ε2 , d

log d , n
}))

such that for any two datasets P, Q ∈ P, there exists a unit
vector c ∈ Rd with cost2(P, {c,−c})− cost2(Q, {c,−c}) ≥ 11εñ.

We then round and scale every dataset P ∈ P to [γ]d, where γ = ⌈ 10
√

d
ε ⌉. The extra term

k
1
d in ∆ will show up when we extend the result to general k ≥ 2 (In the full version). Without

loss of generality, we assume that γ is an odd integer. Otherwise, we let γ = ⌈ 10
√

d
ε ⌉+ 1.

Denote 1 = (1, · · · , 1). For a dataset P = (p1, · · · , pñ) ∈ P , we will construct P̃ to be our
final family as follows: For each of dataset P ∈ P , we shift the origin to ⌈γ

2 ⌉ · 1, scale it by a
factor of γ

2 and finally perform an upward rounding on each dimension to put every point
on the grid: P̃ =

(
⌈γ

2 p1⌉, · · · , ⌈γ
2 pñ⌉⌉

)
+ ⌈γ

2 ⌉ · 1 = (p̃1, · · · , p̃ñ) . We will then show that this
set fulfills the requirement of Lemma 8. For ease of explanation, we also define P̂ to be
the dataset without rounding: P̂ =

(
γ
2 p1, · · · , γ

2 pñ

)
+ ⌈γ

2 ⌉ · 1 = (p̂1, · · · , p̂ñ) . Moreover, let
c̄ = γ

2 c + ⌈γ
2 ⌉ · 1. We must have that for the scaling dataset,

cost2

(
P̂ , {c̄,−c̄}

)
= γ2

4 cost2 (P, {c,−c}) ≤ γ2ñ

2 ,

cost2

(
P̂ , {c̄,−c̄}

)
− cost2

(
Q̂, {c̄,−c̄}

)
= γ2

4 (cost2(P, {c,−c})− cost2(Q, {c,−c})) ≥ 11γ2εñ

4 .

On the other hand, for the rounding dataset, we have∣∣∣∥p̂i − c̄∥2
2 − ∥p̃i − c̄∥2

2

∣∣∣ ≤ 2 ∥p̂i − p̃i∥2 ∥p̂i − c̄∥2 + ∥p̂i − p̃i∥2
2 ≤ 2γ

√
d + d ≤ γ2ε

4 .

The case for −c̄ and other datasets is similar. Therefore, we have that for any dataset∣∣∣cost2(P̂ , {c̄,−c̄})− cost2(P̃ , {c̄,−c̄})
∣∣∣ ≤ γ2εñ

4 ,

cost2
(
P̃ , {c̄,−c̄}

)
≤ cost2

(
P̂ , {c̄,−c̄}

)
+ γ2εñ

4 ≤ γ2ñ

2 + γ2εñ

4 ≤ 3γ2ñ

4 .

We now have a rounded family P̃ such that all points are on the grid and we can find c̄ that

cost2
(
P̃ , {c̄,−c̄}

)
− cost2

(
Q̃, {c̄,−c̄}

)
≥ cost2

(
P̂ , {c̄,−c̄}

)
− cost2

(
Q̂, {c̄,−c̄}

)
− γ2εñ

2 ≥ 9γ2εñ

4 .

Since the cost function value is upper bounded by 3γ2ñ
4 , we must have that cost2(P̃ , {c,−c}) /∈

(1± 3ε) cost2(Q̃, {c,−c}). Moreover, we can find the origin being ⌈γ
2 ⌉ · 1 such that all the

center points and data points have a distance to it less than γ
2 +
√

d ≤ γ. By Lemma 8,

sc(n, γ, 2, 2, d, ε) ≥ Ω
(
log
∣∣P̃∣∣) = Ω (log |P|) ≥ Ω

(
d min

{
1
ε2 ,

d

log d
, n

})
.
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The extension to any constant z ≥ 1 can be found in the full version, which relies on
the analysis of the Taylor expansion of function fz(x) = (1 + x)z. The extension to general
k ≥ 2 can be found in the full version, whose main idea is to let every dataset consist of Θ(k)
datasets from P and set the positions of their center points in [∆]d “remote” from each other.

Finally, we prove the lower bound Ω
(
k log log n

k

)
. We again construct a large family P

of datasets. For preparation, we find arbitrary k
2 points, denoted as p1, · · · , p k

2
, such that

the distance between every two points is at least 10. This is available since ∆d = Ω(k).
Every dataset P ∈ P is constructed as follow: for each i ∈

[
k
2
]
, we select mi ∈ [log n

k ]
and put 2mi points at pi + e1 and 2n

k − 2mi points at pi. Therefore, the total number of
possible datasets is |P| =

∏k
i=1 mi = O

((
log n

k

) k
2
)

. We then consider for any two different
datasets P, Q ∈ P , there must exist l such that P and Q have different assignments for pl and
pl + e1. Without loss of generality,assume that P put 2i at pl + e1 while Q put 2j for i < j.
Choosing center set C =

{
p1, p1 + e1, · · · , pl, pl + 2e1, · · · , p k

2
, p k

2
+ e1

}
, we must have that

costz(P, C) = 2i ≤ 1
2 2j /∈

(
1± 1

2
)

costz(Q, C), which satisfies our requirement of P. Lemma
8 provides us with a lower bound of Ω (log |P|) ≥ Ω

(
k log log n

k

)
. ◀

3.2 Proof of Lemma 11: Principal Angles to Cost Difference
Let P =

{
pi ∈ Rd

}
i∈[n] and Q =

{
qi ∈ Rd

}
i∈[n] be two orthonormal bases. We have

cost2(P, {c,−c}) =
n∑

i=1

(
∥pi∥2

2 + ∥c∥2
2 − 2 |⟨pi, c⟩|

)
= 2n− 2

n∑
i=1
|⟨pi, c⟩| ≤ 2n,∀c ∈ Rd,

cost2(P, {c,−c})− cost2(Q, {c,−c}) = 2
(

n∑
i=1
|⟨qi, c⟩| − |⟨pi, c⟩|

)
.

Then it suffices to show the existence of a unit vector c such that
∑n

i=1 |⟨qi, c⟩| −∑n
i=1 |⟨pi, c⟩| ≥ 1

4
√

n. To this end, we first show that large principal angles imply that most
rows of the inner product matrix U have a small ℓ2

2-norm.

▶ Lemma 13 (Principal angles to row norms). Let P , Q be datasets of n orthonormal bases fol-
lowing the condition that θ 1

32 10−6·n (P, Q) ≥ arccos
(

10−3

4
√

2

)
. There exists a set K of size larger

than
(

1− 10−4

16

)
n and having property that ∥Ui∥2

2 :=
∑n

j=1 (Uij)2 =
{
≤ 10−2, i ∈ K

≤ 1, i /∈ K
.

Proof. Proof of Lemma 13 can be found in the full version. ◀

Next, we show that a partial coloring can be found for the rows of U . We use a technique
similar to [41].

▶ Lemma 14 (Row norms to partial coloring). Considering that we have a matrix Un×n (with
n ≥ 100) such that we can find a set K of size larger than

(
1− 10−4

16

)
n and having the property

that
∑n

j=1 U2
ij =

{
≤ 10−2, i ∈ K

≤ 1, i /∈ K
. we can find a partial coloring {λj}[n] ∈ {−1, 0, 1}[n]

such that |j : λj = 0| ≤ 1
4 n and

∣∣∣∑n
j=1 λjUij

∣∣∣ ≤ 1
2 ,∀j ∈ [n].

Proof. Proof of Lemma 14 can be found in the full version. ◀

By Lemmas 13 and 14, we are ready to prove Lemma 11.
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Proof of Lemma 11. By Lemmas 13 and 14, there exists a partial coloring {λj}[n] ∈
{−1, 0, 1}[n] such that |j : λj = 0| ≤ 1

4 n and
∣∣∣∑n

j=1 λjUij

∣∣∣ ≤ 1
2 ,∀i ∈ [n]. Let c̃ =

∑n
j=1

λj√
n

qj .

cost2(P, {c̃,−c̃})− cost2(Q, {c̃,−c̃}) = 2
n∑

i=1
|⟨qi, c̃⟩| −

n∑
i=1
|⟨pi, c̃⟩|

= 2
n∑

j=1

∣∣∣∣ λj√
n

∣∣∣∣− n∑
i=1

∣∣∣∣∣∣⟨pi,

n∑
j=1

λj√
n

qj⟩

∣∣∣∣∣∣ = 2
n∑

j=1

∣∣∣∣ λj√
n

∣∣∣∣− n∑
i=1

∣∣∣∣∣∣
n∑

j=1

λj√
n

Uij

∣∣∣∣∣∣ .
Due to our choice of {λj}[n], we would have that

n∑
j=1

∣∣∣∣ λj√
n

∣∣∣∣ =
(

1− |j : λj = 0|
n

)√
n ≥ 3

4
√

n,

n∑
i=1

∣∣∣∣∣∣
n∑

j=1

γj√
n

Uij

∣∣∣∣∣∣ = 1√
n

n∑
i=1

∣∣∣∣∣∣
n∑

j=1
λjUij

∣∣∣∣∣∣ ≤ 1√
n

n∑
i=1

1
2 = 1

2
√

n.

Combining together, we would have that cost2(P, {c̃,−c̃}) − cost2(Q, {c̃,−c̃}) ≥ 2( 3
4
√

n −
1
2
√

n) = 1
2
√

n. To complete proof, note that ∥c̃∥2 =
√∑n

k=1
λ2

j

n ≤
√∑n

j=1
1
n = 1. Since

d > 2n, we can always find a vector ĉ such that ĉ ⊥ P, Q and ∥ĉ∥2
2 = 1 − ∥c̃∥2

2 ≥ 0. Let
c = c̃ + ĉ, we should have that c is of unit norm and

cost2(P, {c,−c})− cost2(Q, {c,−c}) = cost2(P, {c̃,−c̃})− cost2(Q, {c̃,−c̃}) ≥ 1
2
√

n. ◀

3.3 Proof of Lemma 12: Construction of A Large Family P
We first show that the principal angles are likely to be large between random subspaces.

▶ Lemma 15 (Large principal angles between random subspaces). Let X ,Y be two sub-
spaces chosen from the uniform distribution on the Grassmann manifold of n-planes in Rd(

n = O
(

d
log d

))
endowed with its canonical metric. We have

Pr
(

θ 1
32 10−6·n (X ,Y) < arccos

(
10−3

4
√

2

))
< exp

(
− 1

12810−6 log
(

1
1− 1

32 10−6

)
· nd

)
.

Proof. Random Matrix Theory e.g. [38] shows that with high probability the Hilbert-Schmidt
norm of a random matrix is small. However, they only consider the square matrices and
their results may not be strong enough to have a bound of exp (−O(nd)). Therefore, we
take advantage of the techniques in [1] which they use to calculate the distribution of the
largest canonical angle. We generalized their results to bound the value of θO(n) with high
probability. Proof of Lemma 15 can be found in the full version. ◀

With Lemma 15, we are ready to show the existence of a large enough family P.

Proof of Lemma 12. We will generate exp
(

1
256 10−6 log

(
1

1− 1
32 10−6

)
· nd

)
sub-spaces, each

of which is chosen from uniform distribution on the Grassmann manifold of n-planes in Rd.
We then let our dataset be arbitrary orthonormal bases of the subspace. Notice that by
Lemma 10, the choice of the orthonormal bases will not affect the value of the principal
angles. With the result of lemma 15, we have that for any two datasets P and Q,

Pr
(

θ 1
32 10−6·n (P, Q) < arccos

(
10−3

4
√

2

))
< exp

(
− 1

12810−6 log
(

1
1− 1

32 10−6

)
· nd

)
.
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We then consider that

Pr
(
∀P ̸= Q ∈ P, θ 1

32 10−6·n (P, Q) ≥ arccos
(

10−3

4
√

2

))
= 1− Pr

(
∃P ̸= Q ∈ P, θ 1

32 10−6·n (P, Q) < arccos
(

10−3

4
√

2

))
≥ 1−

∑
i̸=j

Pr
(

θ 1
32 10−6·n (P, Q) < arccos

(
10−3

4
√

2

))

> 1−
(

exp
(

1
25610−6 log

(
1

1− 1
32 10−6

)
· nd

))2

· exp
(
− 1

12810−6 log
(

1
1− 1

32 10−6

)
· nd

)
= 0.

Therefore, there is a positive probability for us to find enough datasets that fulfill our
requirement, which shows the existence of the family. ◀

4 Conclusions and Future Work

In this study, we initiate the exploration of space complexity for the Euclidean (k, z)-
Clustering problem, presenting both upper and lower bounds. Our findings suggest that a
coreset serves as the optimal compression scheme when k is constant. Furthermore, the space
lower bounds for (k, z)-Clustering directly imply a tight space lower bound for terminal
embedding when d ≥ Ω( log n log(n/ε)

ε2 ). The techniques we employ for establishing these lower
bounds contribute to a deeper geometric understanding of principal angles, which may be of
independent research interest.

Our work opens up several interesting research directions. One immediate challenge is
to further narrow the gap between the upper and lower bounds of the space complexity for
Euclidean (k, z)-Clustering. Additionally, it would be valuable to investigate whether a
coreset remains optimal for compression when k is large.
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