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—— Abstract

We study Two-SETS CuT-UNCUT on planar graphs. Therein, one is given an undirected planar
graph G and two disjoint sets S and T of vertices as input. The question is, what is the minimum
number of edges to remove from G, such that all vertices in S are separated from all vertices
in T, while maintaining that every vertex in S, and respectively in T, stays in the same connected
component. We show that this problem can be solved in 2/51H1717¢M) time with a one-sided-error
randomized algorithm. Our algorithm implies a polynomial-time algorithm for the network diversion
problem on planar graphs, which resolves an open question from the literature. More generally, we
show that Two-SETS CUuT-UNCUT is fixed-parameter tractable when parameterized by the number r
of faces in a planar embedding covering the terminals SUT, by providing a 2°n®™M_time algorithm.
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1 Introduction

A cut in a graph G = (V| E) is a partitioning (4, B) of V, and we denote by cutg(A) the
cut-set, that is, the set of edges with one endpoint in A and the other in B = V' \ A. For two
disjoint sets of vertices S and T, (4, B) is an S-T-cut if S C A and T C B. We study the
following variant of the cut-uncut problem.

Two-SETs CuT-UNCUT

Input: A graph G, two disjoint terminal sets S,T C V(G), and an integer k > 0.

Task: Decide whether there exists an S-T-cut (A4, B) of G with |cutg(A)| < k such
that the vertices of S are in the same connected component of G[A] and the
vertices of T' are in the same connected component of G[B].
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Two-Sets Cut-Uncut on Planar Graphs

Our interest in Two-SETS CuT-UNCUT is two-fold. First, Two-SETs CuT-UNCUT
is a natural optimization variant of the 2-DISJOINT CONNECTED SUBGRAPHS problem
that received considerable attention from the graph-algorithms and computational-geometry
communities [14, 25, 30, 40, 43, 44]. In this problem, one asks whether, for two given disjoint
sets S,T C V(G), one can find disjoint sets A; 2 S and A 2O T such that the subgraphs
of G induced by A;, i = 1,2, are connected. In Two-SETS CUT-UNCUT we not only want to
decide whether there are disjoint connected sets containing terminal sets S and T, but also
minimize the size of the corresponding cut (if it exists). Van 't Hof et al. [44] showed that
2-D1sJOINT CONNECTED SUBGRAPHS is NP-complete in general graphs, even if |\S| = 2, and
Gray et al. [25] proved that the problem is NP-complete on planar graphs. This implies that
Two-SETS CuT-UNCUT is also NP-complete on planar graphs.

Second, TwoO-SETS CUT-UNCUT is closely related to the NETWORK DIVERSION problem,
which has been studied extensively by the operations research and networks communities [10,
11, 19, 22, 29, 36]. In this problem, we are given an undirected graph G, two terminal vertices
s and t, an edge b = uwv, and an integer k. The task is to decide whether it is possible to
delete at most k edges such that the edge b will become a bridge with s on one side and ¢ on
the other. Equivalently, the task is to decide whether there exists a minimal s-t-cut of size at
most k 4 1 containing b. While this problem seems very similar to the classic s-t-MINIMUM
CuTt problem, the complexity status of this problem (P vs. NP) is widely open. Let us
observe that a polynomial-time algorithm for the special case of Two-SETS CUT-UNCUT
with |S| = |T'| = 2 implies a polynomial time algorithm for NETWORK DIVERSION: There are
two cases, either s is in the same component as u, or s is in the same component as v, and
these correspond to instances of Two-SETS CuT-UNCUT with S = {s,u} and T = {¢,v}
and S = {s,v} and T = {t,u}, respectively.

NETWORK DIVERSION has important applications in transportation networks and has
therefore also been studied on planar graphs. Cullenbine et al. [10] gave a polynomial-
time algorithm for NETWORK DIVERSION on planar graphs for the special case when both
terminals s and t are located on the same face. They posed as an open problem whether
this polynomial-time algorithm can be generalized to work on arbitrary planar graphs [10].
Duan et al. put out a preprint [18], which among other results, claims an algorithm resolving
NETWORK DIVERSION on planar graphs in polynomial time, but without a description
of the algorithm. We were not able to verify the correctness of the result due to several
missing details. The result, however, is an immediate consequence of our main contribution,
Theorem 1, establishing the fixed-parameter tractability of Two-SETS CUT-UNCUT on
planar graphs parameterized by |S| + |T|. Theorem 1 also establishes a more general result
about fixed-parameter tractability of the problem parameterized by the minimum number of
faces r of the graph containing all terminals. (Notice that r never exceeds |S| + |T].)

» Theorem 1. There is a one-sided-error randomized algorithm solving Two-SETS CUT-
UNcUT on planar graphs in 2151HT1 . nOM) time. Moreover, there is a one-sided-error
randomized algorithm solving the problem in 2°) . n®M) time, where r is the number of
faces needed to cover SUT in a planar embedding.

Theorem 1 provides the first polynomial-time algorithm for Two-SETS CuT-UNCUT on
planar graphs for non-singleton S and 7. Duan and Xu [19] showed how to solve TWO-SETS
CuT-UNCUT on planar graphs for |S| =1 and |T'| = 2. This was later extended by Bezdkovd
and Langley [4], who present an O(n*)-time algorithm for |S| = 1 and arbitrary T on planar
graphs. However, the polynomial time solvability of the case |S| = |T| = 2 (which is a
generalization of NETWORK DIVERSION) remained open.
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The main tool we develop for showing Theorem 1 is a new algorithmic result about
computing shortest paths in group-labeled graphs. We believe this new result to be of
independent interest. The group that we consider is the Boolean group (Z4,+), consisting

of length-d binary vectors, where the operation + is the component-wise exclusive or (xor).

Our algorithm finds a shortest s-t-path in a graph, whose edges are labeled by elements
of (Z4,+) such that the sum of the labels assigned to the edges of the path equals a given
value. Furthermore, we impose the constraint that the path can visit certain sets of vertices
only once. Formally, we consider the following problem.

XOR-CONSTRAINED SHORTEST PATH

Input: A graph G, two vertices s and t, an edge labeling function g: E(G) — Z§, a
value ¢ € Z2, and p sets of vertices X1, ..., X, CV.
Task: Find an s-t-path P in G that satisfies

O] ZEEE“D) g(e) = ¢, and
(ii) for each i € [p], [V(P)NX;| <1,
and among all such paths minimizes the length.

In Section 3, we give an algorithm for XOR-CONSTRAINED SHORTEST PATH that in fact
works for general graphs instead of only planar graphs. The result is the following theorem.

» Theorem 2. XOR-CONSTRAINED SHORTEST PATH can be solved in 2%%7 - (n+m)®W) time
by a one-sided-error randomized algorithm.

We call the problem variant where we replace path by cycle in the above problem definition
XOR-CONSTRAINED SHORTEST CYCLE. We will later show that Theorem 2 directly implies
an algorithm for XOR-CONSTRAINED SHORTEST CYCLE with the same running time.

The proof of Theorem 2 is based on enhancing the technique introduced by Bjoérklund,
Husfeldt, and Taslaman [7] for the T-CYCLE problem. In T-CYCLE, the task is to find a
shortest cycle that visits a list of specified vertices T C V(G)!, and Bjoérklund et al. gave
a 21TIn®M _time algorithm for it. Our algorithm generalizes the algorithm of Bjérklund et
al., because T-CYCLE can be reduced to XOR-CONSTRAINED SHORTEST CYCLE with d = |T|
and p = 0 as follows. We assign each vertex v € T to one dimension of Z4, and to enforce
that the cycle passes through v, we add a true twin u of v, that is, a vertex adjacent to v
with the same neighborhood as v to the graph and assign the edge uv the vector in Z4 that
has 1 at only the dimension assigned to v. All other edges are assigned the zero vector 0. A
cycle evaluating to the all-one vector corresponds to a cycle that visits all vertices in T'.

Related work. Besides the closely related work on NETWORK DIVERSION, 2-DISJOINT
CONNECTED SUBGRAPHS, and TwoO-SETS CUT-UNCUT that we already mentioned above,
let us briefly go through other relevant work.

Two-SETS CuT-UNCUT is a special case of MULTIWAY CuT-UNCUT, where for a
given equivalence relation on the set of terminals, the task is to find a cut (or node-cut)
separating terminals according to the relation. This problem is well-studied in parameterized
complexity [8, 13, 41]. However, all previous work on parameterized algorithms for MULTIWAY
Cur-UNcuT has focused on parameterizing by the size of the cut.

! The algorithm can also take a list of edges as input by subdividing each target edge and add the new
vertex to T'.
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MuLTIWAY CUT is also one of the closest relatives of our problem. Here for a given set
of k terminals, one looks for a minimum number of edges separating all terminals. On planar
graph, the seminal paper of Dahlhaus et al. [15] provides an algorithm of running time nO®),
Klein and Marx [32] improve the running time to n®(V*) and Marx [37] shows that this
running time is optimal (assuming the Exponential Time Hypothesis (ETH)).

The second part of Theorem 1 concerns the parameterization by the number of faces cov-
ering the terminal vertices. Such parameterization comes naturally for optimization problems
about connecting or separating terminals in planar graphs. In particular, parameterization
by the face cover was investigated for MuLTIWAY CUT [39], STEINER TREE [3, 31], and
various flow problems [21, 23, 35].

Our Theorem 2 belongs to the intersection of two areas around paths in graphs. The
first area is about polynomial-time algorithms computing shortest paths in group-labeled
graphs [16, 26, 33]. Recently, Iwata and Yamaguchi [28] gave an algorithm for shortest
non-zero paths in arbitrary group-labeled paths. However, for our purposes, we need an
algorithm computing a shortest path whose labels sum to a specific element of the group.

The second area is about FPT algorithms for finding paths in graphs satisfying certain
properties [6, 7, 24, 20, 34, 45]. As mentioned above, our algorithm for XOR-CONSTRAINED
SHORTEST PATH can be seen as an extension of the algorithm of Bjérklund, Husfeldt, and
Taslaman [7] for the T-cycle problem to a group-labeled setting.

Organization. The remainder of the article is organized as follows. We start with a general
overview of how we achieve our two main results. We then present some notation and
necessary definitions in Section 2. Afterwards, we show how to solve XOR-CONSTRAINED
SHORTEST PATH in Section 3. In Section 4, we apply this algorithm to show Theorem 1 by
developing a (randomized) FPT-time algorithm for Two-SETS CUT-UNCUT parameterized
by the minimum number of faces such that each terminal vertex is incident to at least one
such face. Section 5 is devoted to showing that Two-SETS CuT-UNCUT is W[1]-hard on
general graphs when parameterized by the number of terminals. We conclude in Section 6
with several open problems. Due to space constraints, proofs of some statements are omitted
in this extended abstract. These statements are marked (x). The detailed proofs can be
found in the full arXiv version of the paper [2]. In the full version, we also present two
applications of our FPT-time algorithm to generalize known results from the literature.

1.1 OQutline of the Proofs for Theorems 1 and 2

In this section, we outline the proofs of Theorems 1 and 2. For Theorem 1, we first outline
the 2151HIT1. O _time algorithm for planar Two-SETs CuT-UNCUT and then discuss the
setting when S UT can be covered by at most r faces. Then we consider Theorem 2.

We observe that any optimal solution to TwWoO-SETS CUT-UNCUT is an (inclusion-wise)
minimal cut in the graph G. Our algorithm is based on the relation between minimal
cuts in a planar graph and cycles in its dual graph (see Figure 1). In particular, a set of
edges C' C E(G) is a cut-set of a minimal cut in G if and only if in the dual graph G*, the
corresponding set C* C E(G*) is a (simple) cycle. Now, to translate Two-SETS CUT-UNCUT
into a problem about finding a cycle C* in G*, we wish to understand, based on C*, whether
two terminal vertices v and v are on the same side of the cut C in G or on different sides.
For this, we observe that if P C E(QG) is the set of edges of an (arbitrary) u-v-path in G and
P* is the corresponding set of edges in G*, then u and v are on different sides of C' if and
only if |C* N P*| is odd.
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Figure 1 An example of a plane graph (blue) and its dual (multi)graph (dashed/red). Notice
that there are bijections between the faces and the vertices, and also between the edges, that is,
there is exactly one blue vertex in each red face, one red vertex in each blue face, and each red edge
intersects exactly one blue edge and vice versa.

It follows that a constraint stating that u; and v; should be on the same/different side of
the cut C'in G can be expressed as a constraint stating that |C* N P;*| should be even/odd for
some P} C E(G*). By selecting one vertex v in the set of terminals S and writing a “same
side” constraint with every other terminal vertex in S and a “different side” constraint with
every terminal vertex in 7', the TwWo-SETS CUT-UNCUT problem reduces to the problem of
finding a shortest cycle C* in G* that satisfies |S| + |T| — 1 given constraints, each requiring
that |C* N P| = b; (mod 2) for some P’ C E(G*) and b; € {0,1}.

This problem can be equivalently phrased as the XOR-CONSTRAINED SHORTEST CYCLE
problem with d = |S| 4 |T| — 1, and therefore Theorem 2 indeed implies a 2/51H71. O _time
algorithm for Two-SETS CUT-UNCUT on planar graphs. Note that here we did not use the
condition (ii) in the statement of the XOR-CONSTRAINED SHORTEST PATH problem; this
condition will be used only for the algorithm utilizing the face cover.

Next, we turn to the more general setting when SUT can be covered by at most r faces in
a planar embedding of G. First, we observe that by the results of Bienstock and Monma [5],
we can decide in 2°(") . n time whether the input graph has a planar embedding such that
the terminals can be covered by at most r faces. Thus, we can assume that G is a plane
graph and we are given a face cover of S UT. Further, we observe that it can be assumed
without loss of generality that the input graph is 2-connected. This assumption simplifies
arguments because the boundary of each face of a plane 2-connected graph is a cycle [17].

Suppose that f is a face of G that covers some terminals and let C’ be the cycle forming
the frontier of f. We use the following crucial observation: for the cut-set C C E(G) of
any minimal cut in G separating S and T, it holds that (i) if C’ contains vertices of both
sets of terminals, then C'N E(C”) separates C’ into two connected components (paths) such
that each component contains the vertices of exactly one set of terminals, and (ii) if C’
contains vertices of one set, then either C N E(C’) = 0 or C N E(C") separates C’ into two
connected components (paths) such that the terminals are in the same component. We use
this observation to restrict the behavior of the cycle C* in G* corresponding to a potential
solution cut-set C. In case (i), we simply delete the edges of G* that correspond to the
edges of C” that should not participate in C' (see Figure 2 (a) in the proof of Theorem 1).
Case (ii) is more complicated. Suppose that C’ contains ¢ terminals. We find ¢ internally
vertex disjoint paths P, ..., P, in C’' whose end-vertices are the terminals. Then we “split”
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the vertex f of G* into g vertices f1,..., f; in such a way that each f; is incident to the
edges of G* corresponding to the edges of P; (see Figure 2 (b)). However, this splitting
would allow a cycle in the dual graph to visit the face f several times. To forbid this, we
define Xy = {f1,..., fy} as used in constraint (i) of XOR-CONSTRAINED SHORTEST PATH
and this is the reason why we need constraint (ii) in the problem definition.

We perform the modifications of G* for all the faces in the cover. This allows us to
restrict the number of terminals that we should separate. We pick representatives for each
face f in the cover. If the frontier cycle C’ of f contains terminals from both sets, we
chose one representative from each set from the terminals on C’. If C’ contains terminals
from one set, we choose one representative. We then apply the same algorithm as for the
parameterization by |S| 4 |T|. The difference is that we work only with the representatives
and add constraint (ii) to the auxiliary instance of XOR-CONSTRAINED SHORTEST PATH
given by the sets constructed for the faces from the cover.

We conclude by sketching the main ideas of the algorithm from Theorem 2 for XOR-
CONSTRAINED SHORTEST PATH. This algorithm works not only on planar graphs but also
on general graphs, and it is a generalization of the algorithm by Bjorklund, Husfeldt, and
Taslaman [7] for the T-cycle problem. Our algorithm, like many previous parameterized
algorithms for finding paths in graphs [6, 7, 24, 34, 45], exploits the cancellation of monomials
in polynomials over fields of characteristic two and randomized polynomial identity testing [42,
46].

The idea of our algorithm is to associate with the input a polynomial over a finite field of
characteristic two, and argue that (1) this polynomial is non-zero if and only if a solution
exists, and (2) given an assignment of values to variables of the polynomial, the value of the
polynomial can be evaluated in 2947 . n©™) time.? By the DeMillo-Lipton-Schwartz-Zippel
lemma [42, 46], the problem can then be solved in 297 . n®® time by evaluating the
polynomial for a random assignment of values. Note that solving the decision version also
allows to recover the solution by self-reduction.

In more detail, the polynomial associated with the input is defined as follows. Let us
assume that the input graph is a simple graph, as the problem on multigraphs can easily
be reduced to simple graphs. For each edge e € E(G) of the input graph, we associate
a variable f(e), and then, for an s-t-walk W = (ej,ea,...,e,) of length ¢, we associate a
monomial f(W) = Hf:l f(ei). For an integer £, we let C; denote the set of all s-t-walks
of length ¢ that satisfy the conditions (i) and (ii) of the statement of XOR-CONSTRAINED
SHORTEST PATH, and finally let f(Cr) = 3 ¢, f(W) be the polynomial associated with the
input. As the monomials of f(Cy) correspond to walks instead of paths, it is not complicated
to design a 2477 . nO(M_time dynamic program for evaluating the value of f(C;). A more
technical part of the proof is to argue that the polynomial f(C;) is non-zero if and only if
a solution exists, in particular, that monomials corresponding to walks that are not paths
cancel each other out. This argument is a generalization of the argument used by Bjoérklund
et al. [7].

2 Preliminaries
For integers a and b, we use [a,b] to denote the set {a,a+ 1,...,b} and [b] to denote the
set [1,b)].

2 Recall that p is the number of constraints for condition (ii) in the XOR-CONSTRAINED SHORTEST PATH
problem.
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Graphs. In this paper, we consider undirected multigraphs, that is, we allow multiple
edges and self-loops. We use standard graph-theoretic notation and refer to the textbook by
Diestel [17] for undefined notions. Let G = (V, E) be an undirected graph. We use V(G)
and E(G) to denote the set of vertices and the set of edges of G, respectively. We use n
and m to denote the number of vertices and edges in G, respectively. A path P is a graph
with vertex set {vg,v1,...,vs} and edge set {v;_1v; | @ € [¢]}. The vertices vy and v, are
called the endpoints of P. A cycle C is a path with an additional edge between the two
endpoints. The length of a path or a cycle is the number of edges in it. For a vertex
subset U C V, we use G[U] to denote the subgraph of G induced by the vertices in U
and G — U to denote G[V \ V']. For a set of edges S C E, we write G — S to denote the
graph obtained from G by deleting the edges of S.

We are mostly interested in planar input graphs. We refer the reader to the textbooks of
Diestel [17] and Agnarsson and Greenlaw [1] for rigorous introductions. Informally speaking,

a graph is planar if it can be drawn on the plane such that its edges do not cross each other.

Such a drawing is called a planar embedding of the graph and a planar graph with a planar
embedding is called a plane graph. We note that checking whether a graph is planar and
finding a planar embedding can be done in linear time by the classic algorithm of Hopcroft
and Tarjan [27]. The faces of a plane graph are the regions bounded by a set of edges and
that do not contain any other vertices or edges. The vertices and edges on the boundary of a
face form its frontier.

Given a plane graph G = (V, E)) with faces F, its dual graph G* = (F, E*) (see Figure 1)
is defined as follows. The vertices of G* are the faces of G and for each e € E(G), G* has
the dual edge e* whose endpoints are either two faces having e on their frontiers or e* is a
self-loop at f if e is in the frontier of exactly one face f (i.e., e is a bridge of G). Observe
that G* is not necessarily simple even if G is a simple graph as the example in Figure 1
shows. We note that G* is a planar graph that has a plane embedding where each vertex of
G* corresponding to a face f of G is drawn inside f and each dual edge e* intersects e only
once and e* does not intersect any other edge of G. Throughout this paper, we assume that
G* has such an embedding.

It is crucial for our results that for a connected plane graph G, each minimal cut in G
has a one-to-one correspondence to a cycle in G*. To be more precise, recall that each cycle
on the plane has exactly two faces. Then (A, B) is a minimal cut of a plane graph G if and
only if there is a cycle C* in G* such that the vertices of A are inside one face of C* and the
vertices of B are inside the other face. Furthermore, C* is formed by the edges e* that are
dual to the edges e € cut(A) and the length of C* is | cut(A4)|.

Let G be a plane graph and let G* be its dual. We say that a path P (a cycle C) in G
crosses a cycle C* of G* in e € E(P) (e € E(C), respectively) if C* contains the edge e* € E*
that is dual to e. The number of crosses of P and C* is the number of edges of P where P
and C* cross. We use the following observation.

» Observation 3. Let G be a plane graph, let s,t € V, and let P be an s-t-path. For any
cycle C* of G*, s and t are in distinct faces of C* if and only if the number of crosses of P
and C* is odd.

Lastly, given a subset U C V of vertices in a plane graph G with faces F', a face cover

of U is a subset I’ C F of faces such that each vertex in U is on the frontier of a face in F”.

Groups. The group (Zg,+) consists of the set of all length-d binary strings, and the sum

of two strings is defined as the bitwise xor of the strings (or addition without carry over).

In this regards, it can be seen as the d-dimensional bitwise zor vector space F4. It is easy

22:7

ICALP 2024



22:8

Two-Sets Cut-Uncut on Planar Graphs

to see that this is indeed an (abelian) group: (1) The closure property is trivial, since it by
definition contains every length-d binary string. (2) Associativity can be seen by a simple
case analysis, i.e., (a®b) B c=a® (b® c) is bitwise 1 if and only if there is an odd number
of 1s in the bit’s position. (3) The identity element is the all 0 vector, i.e. a® 0 = a. (4) The
inverse element of a is a itself, i.e., a ® a = 0.

3 Shortest Paths under Xor Constraints

In XOR-CONSTRAINED SHORTEST PATH, we are given a graph G, two vertices s and ¢, an edge-
labeling function g: E(G) — Z4, a value ¢ € Z, and p sets of vertices X1,..., X, C V(G).
The problem is to find an s-t-path P that satisfies (i) }_.c p(p) 9(€) = c and (ii) for each i € [p],
|[V(P)N X;| <1, and among such paths minimizes the number of edges in P. In this section
we prove Theorem 2, which we restate here.

» Theorem 2. XOR-CONSTRAINED SHORTEST PATH can be solved in 2977 - (n+m)°M) time
by a one-sided-error randomized algorithm.

As a corollary, we obtain an algorithm for XOR-CONSTRAINED SHORTEST CYCLE by
guessing one vertex v in a solution, adding a false twin u of v, that is, a non-neighbor of v
with the same neighborhood as v to the input graph such that all edges incident to u are
assigned value zero, and then asking for a shortest u-v-path satisfying conditions (i) and (ii).

» Corollary 4. XOR-CONSTRAINED SHORTEST CYCLE can be solved in 2977 - (n4+m)°M) time
by a one-sided-error randomized algorithm.

3.1 The Algorithm

In the remainder of this section, we assume that the input graph G is a simple graph. Note
that an input n-vertex m-edge multigraph can be turned into an (n + m)-vertex 2m-edge
simple graph by first removing self-loops, and then subdividing each edge once, giving the
label of the edge to one of the subdivision edges and labeling the other subdivision edge
with zero. This exactly doubles the length of the solution. We also assume without loss of
generality that s # ¢.

Let us next introduce some notation. We say that a sequence (vo,vl,...,w_l,w)
of £+ 1 vertices is an s-t-walk of length ¢ if vg = s, vy = t, and v;_1v; € E(G) for
each i € [£]. Note that unlike a path, a walk can contain a vertex more than once. We say
that an s-t-walk is feasible if it satisfies analogies of the contraints (i) and (ii), in particular, if
1. Zle g(vi—1v;) = ¢, and
2. for each i € [p], there is at most one j € [0, ¢] such that v; € X;.

For an integer £ > 1, let C; denote the set of all feasible s-t-walks of length (exactly) ¢. We
associate with Cy a polynomial as follows.

Let ¢ = 2M°g271+1 and recall that GF(q) is a finite field of characteristic 2 and order q.
We define a polynomial over GF(q) as follows. For each edge uv € E(G) we associate a
variable f(uv). Then, for an s-t-walk W = (vg, ..., vs) of length ¢, we associate the monomial

4

FV) =] fwirva), (1)
i=1
and for the set C; of all feasible s-t-walks of length ¢, we associate the polynomial
fC)y =Y fW).
WecC,

Note that the degree of f(C;) is £. Our algorithm will be based on the following lemma,
which will be proven in Section 3.2.
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» Lemma 5. The length of a shortest s-t-path satisfying (i) and (ii) is equal to the smallest
integer £ such that f(Cy) is a non-zero polynomial. If no such € exists, then no such s-t-path
erists.

Given Lemma 5, it remains to design an algorithm for testing if f(C;) is a non-zero
polynomial. For this, we use the DeMillo-Lipton—Schwartz—Zippel lemma.

» Lemma 6 ([42, 46]). Let f(x1,...,2y) be a non-zero polynomial of degree d over a field T,
and let S be a subset of F. If each x; is independently assigned a uniformly random value
from S, then f(x1,...,z,) =0 with probability at most d/|S)|.

By Lemma 6 to probabilistically test if f(Cy) is non-zero it suffices to evaluate f(Cy) on a
random assignment of values from GF(q) to the variables f(uv). Because the degree of f(Cy)
is £ < n and the order of GF(q) is ¢ > 2n, this test is correct with probability at least 0.5
whenever f(Cy) is non-zero. Note that if f(C,) is the zero polynomial, this test is always
correct. Next we show that this evaluation can be done efficiently.

» Lemma 7. Given an assignment of values to the variables f(uv) for all uv € E(G), the
value of the polynomial f(C) can be evaluated in O(2%+Pn%l) time.

Proof. We evaluate the polynomial by dynamic programming on walks. For u €
V(Q), 1€0,4), y € Z% and T C |[p], let C(u,l,y,T) denote the set of s-u-
walks (s = vg,v1,...,v = u) of length [ where

Zi;l g(vi—1vi) =y,

for each 7 € [p] \ T, it holds that {vg,v1,...,v} N X; =0, and

for each ¢ € T, there exists exactly one j € [0,!] such that v; € X.

We denote by f(C(u,l,y,T)) the value >y cciyy, ) f(W), where f(W) is defined as in
Equation (1), with the empty product interpreted as being equal to 1. Now, we have
that f(Cr) = > pcpy f(C(t, 4 ¢, T)). It remains to show that the values f(C(u,l,y,T)) can
be computed by dynamic programming.

Let T, = {i € [p] | v € X;} for each v € V(G). Then, the values for [ = 0 are computed
by setting f(C(s,0,0,7s)) = 1 and all other values with [ = 0 to 0. When | > 1, the
values f(C(u,l,y,T)) are computed by dynamic programming from the values for smaller [
as follows.

£ T, €T, then f(Clu,l,y,T)) = > fluw)- f(C(w,l =1,y = g({u,w}), T\ Tu)).

uw€eE(G)
Otherwise, f(C(u,l,y,T)) = 0.
This clearly computes the values correctly, and runs in overall O(29+7n2¢) time. |

Now, our algorithm works by using Lemma 7 to evaluate f(C;) for random assignments
of values to variables f(uv) for increasing values of £ < n, and once it evaluates to non-zero,
reports that ¢ is the length of the shortest s-t-path satisfying (i) and (ii). If no such £ <n is
found, the algorithm reports that no such s-t-path exists. Note that the correctness of the
algorithm depends only on the randomness on the evaluation with the correct ¢, and therefore
the algorithm is correct with probability at least 0.5, and never reports a length shorter than
the length of a shortest solution. This probability can be exponentially improved by running
the algorithm multiple times. To recover the solution, it suffices to use the algorithm to test
which edges can be removed from the graph G until G turns into an s-t-path. Clearly, to
both recover the solution and to have an exponentially small error probability it suffices to
run the algorithm a polynomial number of times, so this finishes the proof of Theorem 2,
modulo the proof of Lemma 5 that will be given in the next subsection.
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3.2 Proof of Correctness

This section is devoted to the proof of Lemma 5. We first prove the direction that the
existence of a solution of length ¢ implies that f(C,) is non-zero.

» Lemma 8. If an s-t-path of length € satisfying (i) and (i) exists, then f(Cy¢) is a non-zero
polynomial.

Proof. Let W = (s = vg, v1,...,v; = t) be the sequence of vertices on an s-t-path of length ¢
satisfying conditions (i) and (ii). Note that W is a feasible s-t-walk and W € C,. Since
each vertex occurs in the walk W at most once, we observe that W can be determined
uniquely from its set of edges, and W is therefore the only walk in C; with the mono-
mial f(W) = Hle f(vi—1v;). Thus, the monomial f(W) occurs in the polynomial f(Cy)
with coefficient 1, and therefore f(C;) is non-zero. <

It remains to prove that if no solutions of length at most ¢ exists, then f(Cp) is the zero
polynomial. For this, let us state our main lemma, but delay its proof for a bit.

» Lemma 9. If no s-t-path of length at most £ satisfying conditions (i) and (ii) exists, then
there exists a function ¢ : Cop — Cy such that for every W € Cy it holds that

L g(o(W)) =W,

2. ¢(W) #W, and

3. f(e(W)) = f(W).

Now, assuming Lemma 9, the proof of Lemma 5 can be finished as follows.

» Lemma 10. If no s-t-path of length at most ¢ satisfying conditions (i) and (ii) exists,
then f(Ce) is the zero polynomial.

Proof. Let ¢ be the function given by Lemma 9. By properties 1 and 2, the set Cy can be par-
titioned into pairs {W, ¢(W)}. Now, property 3 states that f(WW) = f(¢(W)) and since GF(q)
is a field of characteristic 2, it holds that f(W)+ f(¢(W)) = 0. Thus, ) yce, (W) =0. <

Putting Lemmas 8 and 10 together implies Lemma 5. It remains to prove Lemma 9.

Proof of Lemma 9. Assume that no s-t-path of length at most ¢ satisfying (i) and (ii) exists.
We will define the function ¢ : C; — C; explicitly and show that it satisfies all of the required
properties. Let W = (vg,v1,...,v¢) be an s-t-walk in C;. The idea of the definition of ¢
will be to locate a subwalk (v;,Vit1,...,vj—1,v;) of W where 0 <14 < j </, and reverse the
subwalk, i.e., map the walk

W= (’U07’U1,...7U7;,1,Ui,Ui+1,...,’l}j717’l)j7’()j+1,...7’l)[)
into the walk
Wli, j] = (UOa'Ula~~~a'Uifla'Uja'Ujfla--',Ui+1aviavj+1a~~~avz)~

In particular, we will have that ¢(W) = W]i,j] for a carefully chosen pair i,j
with 0 < ¢ < j < £. This pair will be chosen so that v; = v;, which ensures that Wi, j] € Cy

and f(W]i,j]) = f(W) since the multiset of pairs of adjacent vertices in the walk does not
change.
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It remains to argue that such a pair 4, j can be chosen so that the properties ¢p(¢(W)) = W
and ¢(W) # W hold. Observe that the property ¢(W) # W holds if and only if the subwalk
from i to j is not a palindrome, i.e., a sequence that is the same when reversed. Now we
define a process that outputs a pair 4,5 so that 0 < i < j < ¢, v; = v;, and the subwalk
from ¢ to j is not a palindrome.

The process starts by setting ¢ = 7 = 0. Then, it repeats the following: It first selects i to
be the smallest integer ¢ > j so that the vertex v; occurs in the walk in the indices greater
than j more than once. If no such 7 exists, it outputs FAIL. Then, it sets j to be the largest
integer so that v; = v;, in particular, the index of the last occurrence of v; in the walk. At
this point, it is guaranteed that 0 <¢ < j < ¢ and v; = v;. Now, if the subwalk from 7 to j
is not a palindrome, it outputs the pair i, j. Otherwise, the process repeats.

Observe that the process always outputs either FAIL or a pair i,j with 0 < i < j </
and v; = v; such that the subwalk from ¢ to j is not a palindrome. We prove that it actually
never outputs FAIL.

> Claim 11. The process defined above never outputs FAIL.

Proof of Claim 11. Suppose that the process output FAIL and let i; < j1 < io < ... < j; be
the sequence of pairs 7, j considered during the process. We define the contracted walk W’

to be the subsequence of W = (vy, ..., vs) obtained by removing the vertices on the indices
in iy +1,71]Uia+1,j2)U...Ulir + 1, j] from W. In particular, W’ is obtained from W by
contracting each palindrome v;,,...,v;, considered in the process into a single vertex v;, .

Now, we claim that W’ is a feasible s-t-walk of length at most ¢, and moreover that no
vertex occurs more than once in W’. This is a contradiction, because in that case W’ would
be in fact an s-t-path of length at most £ that satisfies conditions (i) and (ii), but we assumed
that no such s-t-path exists. We observe that the contracted walk W’ is indeed an s-t-walk,
because it was obtained from an s-t-walk by contracting subwalks that each start and end in
a same vertex. It also clearly has length at most ¢, and it satisfies the condition (ii) because
the multiset of vertices in W’ is a subset of the multiset of vertices in W. For condition (i),
we observe that if a subwalk v;, ..., v; is a palindrome, then Zi:iﬂ g(vg—1vg) = 0 because
each pair of adjacent vertices occurs an even number of times as GG is a simple graph and we
are working in the group Z¢. Thus, contracting the palindromes does not change the sum of
the edge labels on W, and thus W’ satisfies condition (i).

Lastly, we argue that no vertex occurs more than once in W’. For the sake of con-
tradiction, suppose that some vertex occurs more than once in W’, which in particular
implies that there are indices 4,5’ with 0 < ¢ < j' < ¢ and vy = vj that are not
in[i1+1,71]Uia + 1,42 U... Ui + 1,5¢]. If ' < iy, then this would contradict the choice
of i1, and if 9’ = 41, then this would contradict the choice of j;. Similarly, if jp < ¢’ < igi
for some 1 < k < t, then this would contradict either the choice of igy1 or jry1, and if ¢ > jy,
then this would contradict the fact that i;, j; was the last pair considered by the algorithm.

<

Now, the function ¢ : Cp — Cy is defined as ¢p(W) = Wi, j], where i, j is the pair output by
the process described above. We have already proven that ¢(W) £ W and f(p(W)) = f(W),
so it remains to prove that ¢(¢(W)) = W. For this, it remains to observe that the
operation Wm does not change how the process for selecting 7,7 behaves, because it does
not change the walk before the index 7 and it does not change the fact that the last occurrence
of v; is at the index j. <

This finishes the proof of Theorem 2.
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4 Two-Sets Cut-Uncut Parameterized by the Face Cover Number

In this section, we show that Two-SETS CUuT-UNCUT is FPT when parameterized by the
minimum number of faces in a planar embedding of the input graph covering the terminals.
We use the following result by Bienstock and Monma [5] showing that a minimum face cover
can be found in FPT time when parameterized by the size of a cover.

» Proposition 12 ([5]). It can be decided in 2°(") - n time whether for a set of vertices U
of a planar graph G and a positive integer r, there is a planar embedding of G such that at
most v faces cover U. Furthermore, if such an embedding exists, it can be found together
with the face cover of U in the same time.

By Proposition 12, we can assume that the input graph is plane, that is, we are given its
planar embedding and, furthermore, we are given a face cover of the terminals.
Next, we note that we can consider only minimal cuts.

» Observation 13 (x). Let (G,S,T,k) be an instance of Two-SETS CUT-UNCUT where G
is a connected graph. Then, (G,S,T,k) is a yes-instance if and only if there is a minimal
cut (A, B) of G with |cut(A)| < k such that S C A and T C B.

This observation implies that to solve TwWO-SETS CUT-UNCUT on a plane graph G, we
have to find a shortest cycle C* in the dual graph G* such that the vertices of S and T are
in distinct faces of C*. First, we prove that we can assume without loss of generality that
the input graph is 2-connected. This assumption simplifies arguments because the frontier of
each face of a plane 2-connected graph is a cycle [17].

» Lemma 14 (%). There is a polynomial-time algorithm that, given an instance (G, S, T, k) of
Two-SETS CuT-UNCUT, solves the problem or outputs an equivalent instance (G',S",T' k)
of Two-SETS CuT-UNCUT where G’ is a 2-connected induced subgraph of G. Furthermore,
given a planar embedding of G such that SUT can be covered by at most r faces, S"UT’ can
be covered in the induced embedding of G' by at most r faces.

From now on, we assume that the graph of the considered instances of TwO-SETS
Cur-UNcurT is 2-connected. Hence, the dual graph G* has no loops. Also, since loops are
irrelevant for Two-SETS CUT-UNCUT, we assume that the input graph has no loops.

We use the following two separation properties for vertices on the frontier of the same
face of a graph.

» Lemma 15. Let G be a plane graph, let C be the cycle formed by the frontier of a face f
of G, and let X and Y be disjoint nonempty sets of vertices in C. Let C* be any cycle
in G*. Then, the vertices of X and the vertices of Y are in distinct faces of C* if and only
if f € V(C*) and C crosses C* in two edges e; and ez such that (i) the vertices of X are
in the same connected component of C — {e1,ea}, (ii) the vertices of Y are in the same
connected component of C —{e1, ez}, and (iii) the vertices of X and the vertices of Y are in
distinct connected components of C — {ey,ea}.

Proof. Suppose that the vertices of X and the vertices of Y are in distinct faces of C*. Then,
f is a vertex of C*. Let e} and e3 be the edges of C* incident to f and let e; and ey be the
dual edges of e} and e3, respectively. Note that C' contains both e; and ey and C' crosses C*
only in these two edges. We have that C'— {e1, eo} has two connected components P; and Py
that are paths. Since C* separates X and Y, we have that X is fully contained in P; or fully
contained in Pp and Y is fully contained in the respective other path. Thus, conditions (i)—(iii)
are fulfilled.
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For the opposite direction, assume that C' crosses C* in two edges e; and ey such that
conditions (i)—(iii) are fulfilled. Consider an z-y-path P in C for arbitrary x € X and y € Y
containing e; and excluding e that exists by (i)—(iii). The number of crosses of P and C*
is one. Hence, z and y are in distinct faces of C* by Observation 3. This concludes the
proof. |

» Lemma 16. Let G be a plane graph, let C be the cycle formed by the frontier of a face f
of G, and let X be a nonempty sets of vertices in C. Let C* be any cycle in G*. Then, the
vertices of X are in the same face of C* if and only if either f ¢ V(C*) and C does not
cross C* or f € V(C*) and C crosses C* in two edges e; and ey such that the vertices of X
are in the same connected component of C — {ey, ea}.

Proof. Suppose that the vertices of X are in the same face of C* and assume that C
crosses C*. Then, f is a vertex of C* and C* has two edges e} and e} incident to f. We have
that C crosses C* in the edges e; and ez that are dual to ef and e3, respectively. Since C
is a cycle, C'— {ej, ea} has two connected components P; and P, that are both paths. We
show that either X C V(Py) or X C V(P,). For the sake of contradiction, assume that there
are x,y € X such that 2 € V(P;) and y € V(P2). Then, there is an z-y-path P in C that
contains e; but excludes e5. The number of crosses of P and C* is one and x and y are
therefore in distinct faces of C* by Observation 3; a contradiction. Hence, the vertices of X
are in the same connected component of C' — {el, 62}.

For the opposite direction, assume that either C' does not cross C* or C' crosses C*
in two edges e; and es such that the vertices of X are in the same connected component
of C' — {e1,e2}. In both cases, for any two vertices =,y € X, there is an z-y-path P that
does not cross C*. Then by Observation 3, the vertices of X are in the same face of C*.
This concludes the proof. <

We are now in a position to present the main result of this section.

» Theorem 1. There is a one-sided-error randomized algorithm solving Two-SETS CUT-
UNcUT on planar graphs in 251171 p0(
randomized algorithm solving the problem in 2°(") . n®W) time, where r is the number of
faces meeded to cover SUT in a planar embedding.

D time. Moreover, there is a one-sided-error

Proof. We show the claim for the parameterization by the size of a face cover of the terminals
and then explain how a simplified version of the algorithm can be used for the parameterization
by the number of terminals.

Let (G, S,T,k) be an instance of TwWoO-SETS CUT-UNCUT where G is planar. We use
Proposition 12 to decide whether there is a planar embedding of G such that the set of
terminals S UT can be covered by at most r faces. When the algorithm reports that such an
embedding does not exist, we stop. Otherwise, we obtain an embedding of G in the plane
and a set of faces F’ of size at most r covering S UT. From now on, we assume that G is
a plane graph. We remind that G can be assumed to be 2-connected by Lemma 14. We
use the embedding of G to construct the dual graph G* together with its embedding. By
Observation 13 and duality, our task is to find a cycle C* in G* of length at most k£ such
that S and T are in distinct faces of C*. We find such a cycle using the algorithm for
XOR-CONSTRAINED SHORTEST CYCLE from Corollary 4.

We partition F’ into two sets where F; C F” is the set of faces having vertices from both S
and T on their frontiers and F» C F” consists of the faces f € F’ such that the frontier of f
contains either only vertices of S or only vertices of T. We modify G* by analyzing each
face f € F’. The ultimate aim of the modification is to reduce the number of considered
terminals.
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Figure 2 (a) The modification for f € Fi. The vertices of S’ are shown by white circles, the
vertices of T’ are shown by black squares, and the other vertices of G' are shown by black circles.
The edges of G* are shown by dashed lines. The paths P; and P> are shown by thick lines. (b) The
modification for f € F». The vertices of L € {S,T} are shown by white circles and the other vertices
of G are shown by small black circles. The vertex f of G* and the vertices f1, f2..., f4 are shown
by large black circles and the edges of G* and the constructed new edges are shown by dashed lines.

Modifications for F;. Let f € F} and let C' be the cycle of G forming the frontier of f.
Recall that S" = SNV (C) # @ and T/ = TNV (C) # (. If there are no two edges e1, e3 € E(C)
such that the vertices of S’ and T” are in distinct connected components of C' — {ey,es},
then by Lemma 15, there is no cycle C* such that the vertices of S’ and the vertices of T’
are in distinct faces of C*. This implies that (G, S, T, k) is a no-instance. Hence, we assume
that this is not the case and select two inclusion-minimal disjoint paths P; and P» in C' such
that S CV(P) and 77 C V(P2). We modify G* by deleting each edge e* incident to f that
is dual to an edge e € E(P) U E(Py) (see Figure 2 (a)).

Modifications for F5. Let f € F5, let C be the cycle of G forming the frontier of f, and
let L = V(C)N(SUT). Note that by definition of Fy, either L C S or L C T. We
split the vertex f of G* into ¢ = |L| vertices fi, fa,..., f; as follows. If ¢ > 2, then C
contains ¢ internally vertex disjoint paths Py, P,. .., P; whose end-vertices are in L (and
whose internal vertices are not in L). We then

delete f and construct a set Xy = {f1, fo,..., fq} of ¢ new vertices,

for each j € [¢] and edge e in P}, we replace the dual edge e* of G* by an edge incident to f;

whose second endpoint is the same as for e* unless e* was deleted by some modification

for Fy.
For ¢ =1, we set Xy = {f} and f; = f, that is, we do not perform any modification. The
construction is shown in Figure 2 (b). Note that the vertices fi1, fo, ..., f, can be embedded
in the face f of G such that the resulting graph H* is plane. For each edge e* € E(H*),
there is an edge e € E(G*) such that e* was constructed from the edge that is dual to e
in G*. Slightly abusing notation, we do not distinguish between the edges of H* and G*. In
particular, we say that e* is dual to e.

Next, we assign labels to the edges of H* from Z¢ for some appropriate d. For this, we
greedily pick a set R of representatives from S UT for each f € F’. From each f € Fy, we
select two terminals from S and T, respectively, that are on the frontier of the face f of G.
For each f € Fy, we pick one terminal from the frontier of the face of f. We then construct an
arbitrary inclusion minimal tree @ in G that spans R. This can be done in linear time using
standard tools (see, e.g., [9]). We select an arbitrary vertex u € RN .S and set d = |R| — 1.
Observe that |R| < 2|Fi| + |Fz| and d < 2|Fy| 4 |F2| — 1. Denote by vy, ..., vq the vertices
of L\ {u} and let Q; be the u-vi-path in Q for each i € [d]. We define g: E(G) — Z by
1 ifee E(QZ),

setting g(e) = (41,...,94)T where for each 7 € [d], §; =
£ o(e) = (i ,00) a {0 ez Bl
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Moreover, let g*: E(H*) — Z3 be defined by setting g*(e*) = g(e) for each e* € E(H*)
that is dual to e € E(G) and let ¢ = (cy,...,cq)T € Z$ where

0 ifv; €8, ‘
¢ = e for ¢ € [d].
1 ifv,eT

We show the following claim using Lemma 15 and Lemma 16.

> Claim 17 (%). The graph G* contains a cycle C* of length at most k such that
the vertices of S and the vertices of T' are in distinct faces of C* if and only if the in-
stance (H*,¢*,¢,{Xs | f € F»}) of XOR-CONSTRAINED SHORTEST CYCLE has a solution
and the length of a solution cycle is at most k.

By Claim 17, solving Two-SETs CuT-UNcuT for (G, S, T, k) is equivalent to solving
XOR-CONSTRAINED SHORTEST CYCLE for (H*,g*,¢,{X | f € F5}). For this, we use the
algorithm from Corollary 4.

For the running time, observe that a face cover F' of size r can be constructed in 2°()n
time by Proposition 12. Given such a cover, the graph H* together with the sets X for f € F
can be constructed in polynomial time. Since d < 2|Fi| + |Fz| — 1 < 2r, the labeling ¢*
and ¢ € Z¢ can also be constructed in polynomial time. Finally, since d < 2|Fy| + |Fy| — 1
and p = {X; | f € Fa}| = |Fz|, we have that p +d < 2r — 1 and the algorithm from
Corollary 4 runs in 4'n°® time. We conclude that the overall running time is in 20 pCM),
This concludes the proof.

If we parameterize TWO-SETS CUT-UNCUT by £ = |S| + |T|, then we can use a simplified
variant of the algorithm. Given an instance (G, S, T, k) of Two-SETS CUT-UNCUT where G
is a planar graph, we use the classic algorithm of Hopcroft and Tarjan [27] to find a plane
embedding of G. We then use the variant of the algorithm where we do not modify G*,
that is, we set H* = G*, and where we assume that all the terminals are representatives,
that is, we set R = S UT. The labeling ¢*: E(H*) — Z4 and c are defined in the same way
as in the algorithm for the parameterization by the size of a face cover. By Observation 3,
solving Two-SETS CuT-UNCUT for (G, S, T, k) is equivalent to solving XOR-CONSTRAINED
SHORTEST CYCLE for (H*, g*,¢,0). Since d = |R| — 1 =|S| + |T| — 1, we conclude that we
can solve the problem in 25171 . RO time using Corollary 4. |

5 Hardness

It is known that Two-SETS CUT-UNCUT is NP-complete [25] in planar graphs and that
it is NP-complete in general graphs even if |S| = 2 [44]. We strengthen the latter result
by showing that Two-SETS CUT-UNCUT remains W[1]-hard parameterized by |T'| even
if |S| = 1 by providing a polynomial-time reduction from REGULAR MULTICOLORED CLIQUE
parameterized by solution size k — a variant of MULTICOLORED CLIQUE where each vertex
has the same degree d — such that |T'| = k. This problem is known to be W[1]-hard and
assuming ETH, it cannot be solved in f(k) - n°*) time [38, 12].

» Proposition 18 (x). Two-SETS CuT-UNCUT is W([1]-hard when parameterized by |T|
even if | S| = 1. Moreover, this restricted version cannot be solved in f(|T|)-n°®) time unless
the ETH breaks.
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6

Conclusion

In this paper, we have shown that Two-SETs CuT-UNcuUT is FPT on planar graphs
parameterized by the number of terminals. We have also proven a more general result that

the problem remains FPT parameterized by the minimum number of faces required to cover
the terminals. Our result implies a polynomial-time algorithm for NETWORK DIVERSION

on

planar graphs. We complement this result by showing that Two-SETs CuT-UNCUT

parameterized by the number of terminals (|S| + |T|) is W[1]-hard in general graphs even
when |S] = 1.

2.
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