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—— Abstract

Topological integral transforms have found many applications in shape analysis, from prediction
of clinical outcomes in brain cancer to analysis of barley seeds. Using Euler characteristic as a
measure, these objects record rich geometric information on weighted polytopal complexes. While
some implementations exist, they only enable discretized representations of the transforms, and they
do not handle weighted complexes (such as for instance images). Moreover, recent hybrid transforms
lack an implementation.

In this paper, we introduce eucalc, a novel implementation of three topological integral transforms
— the Euler characteristic transform, the Radon transform, and hybrid transforms — for weighted
cubical complexes. Leveraging piecewise linear Morse theory and Euler calculus, the algorithms
significantly reduce computational complexity by focusing on critical points. Our software provides
exact representations of transforms, handles both binary and grayscale images, and supports multi-
core processing. It is publicly available as a C++ library with a Python wrapper. We present
mathematical foundations, implementation details, and experimental evaluations, demonstrating
eucalc’s efficiency.
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1 Introduction

1.1 Motivations

Since its introduction in the late 80s by Viro [17] and Schapira [13], Euler calculus — the
integral calculus with respect to the Euler characteristic — has been of increasing interest in
topological data analysis. Using this integral calculus, one can define integral transforms
conveying significant topological information. The most famous one, the Fuler characteristic
transform (ECT), has found many applications in shape analysis, for instance in the prediction
of clinical outcomes in brain cancer [5], in the analysis of barley seeds [2] or in the recovery
of morphological variations across genera of primates [15]. More formally, given a sufficiently
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tame compact shape K in Euclidean space (e.g., an embedded polytopal complex), the ECT
records the Euler characteristic of the intersection £ ~!(—o0,t] N K for all linear forms ¢ :
R™ — R and all ¢t € R. What is remarkable is that this transform entirely characterizes the
shape K, that is, it is injective: if two shapes have same ECT, then they are equal [7, 8, 14, 16].
The ECT is an instance of a more general transform called the Radon transform [14] and
the injectivity of the ECT is a consequence of Theorem 3.1 in loc. cit.. Another natural
specialization of the Radon transform, simply called Radon transform in this paper, records
the Euler characteristic of £71(¢) N K for all linear forms ¢ : R* — R and all ¢t € R.

The most problematic aspect of Euler calculus is its instability under numerical approxim-
ations [6]. To remedy it, integral transforms mixing Euler calculus and Lebesgue integration
were introduced in [9], then generalized under the name hybrid transforms (HT) in [11].
These transforms integrate the Radon transform against a chosen kernel to smooth out and
compress the information. The use of a kernel provides a wide variety of potential summaries
that can be used to emphasize different aspects of data [10]. All these transforms are defined
more generally for any constructible function, but in this article we restrict ourselves to the
case of weighted polytopal complexes, i.e., polytopal complexes for which each cell is assigned
an integer.

1.2 Existing implementations and limitations

In this paper, we are interested in the computation of topological integral transforms.
Several implementations already exist. The Python package demeter [1, 2] implements a
discretized version of the ECT for axis-aligned cubical complexes. This package turns an
n-dimensional binary image into an embedded cubical complex C in R™ in a prescribed
way: vertices are defined by non-zero pixels and higher dimensional cubes are defined by
adjacency relations. The ECT of C is then output for any direction £ : R” — R as a
discretization of the Euler characteristic curve t € R+ x(§7!(—o0,t] N C) for some chosen
discretization step T. The computation of the curve is done using the classical formula for the
Euler characteristic x (¢~ (—o00,t] N C) as a sum of terms (—1)4™(©) over all cells ¢ of C such
that ¢ C £71(—o00,t]. A bucket sort of ¢ values on the vertices optimizes the computation of
the discretization. The Python package Sinatra-Pro [15] implements a similar algorithm
for triangular meshes both for the ECT and its smoothed version (SECT) [5].

These implementations suffer from several essential limitations. First of all, they only
work with polytopal complexes, not weighted polytopal complexes. This prevents, e.g., the
processing of images, which are ubiquitous in applications. Furthermore, these implementa-
tions only output discretized Euler characteristic curves. This is important because, while 2™
well-chosen Euler characteristic curves are sufficient to fully reconstruct a cubical complex
embedded in R”, each curve must be computed exactly for the reconstruction to be correct.
Reconstructing the complex from discretized curves will likely lead to substantial errors
in the reconstruction, due to the instability of Euler calculus with respect to numerical
approximations. On the contrary, an exact computation of integral transforms would pave
the way for the implementation of their left-inverses. A software computing an exact version
of the ECT on weighted cubical complexes together with an algorithm for its left-inverse
does exist, but only for two- and three-dimensional complexes [4]. Besides, this software
(as all aforementioned ones) does not allow for the computation of the Radon and hybrid
transforms. There is only one recently released software [10] that computes hybrid transforms
for some specific complexes arising in the context of multi-parameter persistence. However,
no algorithm exists for general polytopal complexes, nor even for cubical ones. To the best
of our knowledge, no implementation of the Radon transform exists.
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1.3 Contributions

We introduce fast implementations of the ECT, Radon transform, and hybrid transforms for
weighted (axis-aligned) cubical complexes built from grayscale images. After a pre-processing
step, our implementation can evaluate the transform exactly at any vector £ in time at most
linear (and often largely sublinear in practice) in the number of vertices in the complex. This
is thanks to two major optimizations.

Our first and main optimization comes from the use of piecewise linear Morse theory [3],
which guarantees that, under some assumptions that are automatically satisfied by linear
forms ¢ : R® — R on polytopal complexes K, the topology of {~1(—oc0,t] N K changes only
when t € R belongs to a finite set of so-called critical values. These critical values only
appear when £ 1(¢) contains a vertex of the complex called a critical point. The set of critical
values of £ together with the associated changes in the Euler characteristic of sublevel-sets
yield a finite and exact representation of the associated Euler characteristic curve — see
for instance [7] for a precise statement in the case of unweighted cubical complexes. This
reduces the computation from a sum over all cells to a sum over only a few critical points.
As an illustration, we show that there are between 34 and 21 times fewer critical points than
vertices on the images of the fashion_MNIST data set.

Our second optimization comes from the observation that two linear forms £ and & whose
canonical coordinates have same signs share the same critical points on axis-aligned cubical
complexes. Precomputing these points for 2" well-chosen directions enables fast evaluation
of topological transforms in many directions at a very low cost. Moreover, the formalism
of Euler calculus suggests that the results of piecewise linear Morse theory also hold for
weighted cubical complexes. We exploit this remark in our implementation. Consequently,
computing topological transforms of grayscale images is done in less than twice the time for
binary ones.

Our software, called eucalc [12], is available as a C++ library together with a Python
wrapper to make it easily compatible with scikit-learn like interfaces. It provides a data
structure for weighted embedded cubical complexes allowing for fast preprocessing of critical
points. Our data structure builds on the implementation of cubical complexes from the
GUDHI library to benefit from their flexibility of instanciation. Moreover, our structure
represents exact versions of the ECT and the Radon transform, together with evaluation
and discretization routines. Our implementation also includes a parallelized version of the
preprocessing step and the computation of the hybrid transform.

2 Preliminaries

Let n > 2 be an integer. The space of linear forms on R™ will be canonically identified
with R™. For clarity, we refer to linear forms with greek letters £ € R", and we denote the
canonical dot product of £ and x € R™ by (£;z). For any function f : R” — R and ¢ € R,
we denote by {f = t} and {f < t} the level set {x € R™ : f(x) = ¢} and the sublevel
set {x € R™ : f(x) <t} respectively.

2.1 Weighted polytopal complexes

While our algorithms deal with cubical complexes, we introduce our main objects in the
more general setting of polytopal complexes for the sake of clarity. We refer to Ziegler [18]
for more details on polytopal complexes. We call polytope a bounded intersection of a finite
number of closed half-spaces of R™. Equivalently, a polytope is the convex hull of a finite
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number of points in R™, called its vertices [18, Thm. 1.1]. We denote by Vert(P) the (finite)
set of all vertices of a polytope P, and we call it its vertex set. A face of P is any set of the
form F = PN{& =t} where £ € R™ and ¢ € R are such that P C {¢ < t}. The dimension of
a polytope is the dimension of the smallest affine subspace of R™ containing it. A polytopal
complex P is a finite collection of polytopes in R™ (called cells) such that (i) the empty cell
is in P, (ii) if P is in P, then all the faces of P are also in P, and (iii) if P and @ are in P,
then their intersection is a face of both P and ). One can always extend a collection of
polytopes satisfying (i) and (iii) to a polytopal complex by adding all faces of the polytopes
in the collection. This polytopal complex is the smallest one containing the polytopes of the
given collection.

In this paper, we are mainly interested in cubical complexes. A cube in R" is a subset P =
[a1,b1] X ... X [an,by] € R™ such that b; — a; = b; — a; if a; # b; and a; # b;. A cubical
complex P is a polytopal complex whose polytopes are cubes in R™.

Let P be a polytopal complex in R™ and ¢ € R™. The star of a polytope P € P is
the collection St(P) of polytopes @ € P such that @ 2 P. For any & € Vert(P), the
lower star of x with respect to £ is the collection LwSt(€, x) of polytopes @ € St(z) such
that maxg §{ = &(x). Similarly, we define the upper star UpSt(€,z). These collections of
polytopes are not complexes as they are not closed under taking faces.

Let X be a finite collection of polytopes in R™ and let ¢ : X — Z. If X is a polytopal
complex, then we call ¢ a weighted polytopal complex. The Fuler characteristic of ¢ is
defined as x(¢) = 3 per(—1)3mE)p(P). This definition generalizes the usual notion of
Euler characteristic of a polytopal complex [18, Corollary 8.17] and is a particular case of
Euler integration [17, 13].

2.2 Integral transforms

Let £ € R™ and t € R. Consider the collections of polytopes {P N {¢ < ¢} : P € P}
and {PN{{ =t} : P € P} and denote respectively by Pre<;; and Pye—yy the smallest
polytopal complexes containing these collections. Any function ¢ : P — Z induces a
function pe<sy : Pre<yy — Z defined for any Q € Pre<yy by @ie<i)(Q) = ¢(P) where P
is the smallest polytope of P containing Q. In that case, one has dim(Q) = dim(P) — 1.
Similarly, the function ¢ induces a function @ge—sy : Pre—y — Z.

Let ¢ : P — Z. The first topological integral transform we consider in this paper is the
Radon transform [14], namely, the function R, : R™ x R — Z defined for any ({,t) € R” xR
by:

Ro(&1) = X (pre=1}) -

The second integral transform, the Euler characteristic transform [16], is the function ECT\, :
R™ x R — Z defined for any (§,t) € R™ x R by:

ECT, (&, 1) = x (@{ggt}) .
Following [11], we consider specific smoothings of topological transforms. Let x : R — C be

locally integrable. The hybrid transform of ¢ with kernel & is the function HT, : R® — C
defined for any £ € R™ by:

HT,(¢) = / KR (€. 1)L,
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2.3 Naive algorithm
The following lemma is an easy consequence of the definitions.

» Lemma 1. Let K : R — C be a primitive of k.

R(p(&a ) = Z @(P) 1[minp & maxp &)
PeP

ECT4(&,) = > @(P) Ljming €. +00)-
PeP

As a consequence,
HT, (&) = Z o(P) - (/?a (mgxg) -k (m}inf)) .
PecP

This lemma straightforwardly suggests naive algorithms to compute topological integral
transforms over any polytopal complex. Doing so, the time complexity of computing any
one of the above integral transforms over P is O(N - #P) where N is the maximum number
of vertices of cells in P. These naive algorithms will serve as a baseline for our future
optimizations. Notice that #P is exponential in the dimension.

3 Euler critical points

In this section, we slightly generalize the notion of Euler critical value of polytopal complexes
[7, Def. 6.2] to weighted polytopal complexes. All mathematical results are folklore. We
state them and provide proofs in Appendix B for completeness.

Let P be a polytopal complex, £ € R™ and ¢ : P — Z. Further assume that £ is generic
on P, i.e., no polytope of P of positive dimension is contained in a level set of £. We define
the ordinary and classical critical values of € at a vertex = of P respectively by:

AZYE ) = x (Pupst(e,) — X (PlLwstes) »

A; (5) J}) =X (SO\LWSt(E,x)) .

A vertex x of P is an Euler @-critical point of & if one of AZ (£, x) or Agfd(g, x) is non-zero.
Such a point is called ordinary when Agd(f,x) # 0 and classical when AZ(§,z) # 0.

Euler (-critical points are sometimes called critical points when ¢ and & are clear from the
context. Note that a critical point can be both classical and ordinary. The set of classical

critical points is denoted by Crit,, (£), the set of ordinary critical points by Crit:;rd(f) and

the set of all critical points by Crit,(§) = Crit, (§) U Crit;"d(f). Critical points and values
are illustrated in Appendix A. The following lemma expresses integral transforms as sums
over critical points. It is key to our algorithms.

» Lemma 2. Let ¢ : P — Z and let £ € R™ be generic on P. Then,
Ro(€)= D AjEa)ljean+ Y AFUED)L(ew) 400,

xECrit (£) zeCritrd(§)
ECT,(&) = D AL )1 +00)-
z€Crity (§)
Furthermore, if Kk : R — C s locally integrable and K is a primitive of k on R, one has:

HT (&) =— Y AZY &) E((&2)).

xeCritrd ()
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Let C be a cubical complex. The result below can be adapted to arbitrary polytopal
complexes but we do not make use of such a general statement in our algorithms. Since our
definition of cubes only allow for axis-aligned cubes, any £ € R" with non-zero coordinates
is generic on C. For any £ = (&1,...,&,) € R"™ with non-zero coordinates we define its sign
vector €& € {£1}" by Ef = sgn(¢&;). The following lemma ensures that only 2™ sets of critical
points and values are necessary to compute integral transforms in practice.

> Lemma 3. Let {,¢' € (R {0})” If € = €&, then for any ¢ : C — Z and any = € Vert(C)

_ rd - . ord
the sets and numbers LwSt(§, z), UpSt(§,x), AZ (€, x), AY(§, ), Crit, (£) and Crit) ()
are respectively equal to the ones associated to &'.

4 Implementation and asymptotic analysis

The mathematical results of the previous section suggest algorithms allowing for efficient
computation of the three integral transforms under consideration in this paper. In this
section, we describe our implementation and provide worst-case time complexity bounds.

4.1 Implementation of cubical complexes

Our implementation of cubical complexes consists in a C++ class EmbeddedComplex that
inherits from the cubical complex class Bitmap_cubical_complex from the GUDHI library
(release 3.8.0) and additionally stores the embedding coordinates of the vertices in R™.
This inheritance allows us to take any n-dimensional array/image as input and use GUDHI’s
initialization to turn it into a cubical complex. The GUDHI library stores the weighted cubical
complex as a vector of bits representing the value assigned to each cell, with a specific
convention for the indexing of cells. By default, one top-dimensional cell is associated to each
pixel and the values of lower-dimensional cells are equal to the minimum of the values of their
cofaces. By convention, the embedding coordinates of the vertices in R™ are evenly spaced
and normalized in [—0.5,0.5]". Storing the values of the complex in GUDHI’s initialization is
linear in the number of cells in the complex. We do not consider it as part of our algorithm.
However, we take it into account in the running times in our experiments of Section 5.

4.2 Preprocessing of critical points and values

After the initialization, the first step to compute integral transforms using Lemma 2 is
to compute the critical values A7 (e, r) and Agfd(g,at) for all € Vert(C) and all sign
vectors € € {+1}". While doing so, we store on the fly each one of the families Az (¢) :=
{A;(E7‘r)}w60rit;(a) and A% (e) := {Agd(g,x)}recmird(s) as a pair of two arrays, one for
the critical points and one for the associated critical values, which induces no overhead
in terms of asymptotic running time. Using GUDHI’s implementation of weighted cubical
complexes, accessing the dimension dim(c) and the value ¢(c) of a cell ¢ takes constant time.
Moreover, cells are indexed by a single number in this implementation. As a consequence,
iterating through the O(2") adjacent cells of a vertex requires arithmetic operations to
compute indices of adjacent cells, resulting in O(n2") time. The computation of critical
values at a vertex thus has the same complexity, and the overall time complexity of computing
critical values for all vertices and all sign vectors is then O(nd™ - #Vert(C)).
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4.3 Exact representation and evaluation

After the preprocessing step, the computation of the transforms using Lemma 2 goes as

follows. Let & € R", and denote #Crit_; (¢) and #Crit2(%) respectively by N~ and N°™.

First, we compute the sign vector ¢ in O(n) time, which will always be negligible.

To compute the hybrid transform HT,(§), we sum, over all ordinary critical points
T € Crit:fd(ag ), the evaluation — assumed to be done in constant time — of the kernel 5 on
the dot products (£;z). Hence a running time in O(nN°9).

To compute the Euler characteristic transform ECT,(¢,-), we first compute T =

{<£;I>}m€Crit;(s§) in O(nN~) time. Then, we sort the set T and the sets Crit (%)
and A (e%) by ascending values of (&;z) in O (N~ log N™) time. Finally, we compute

a vector E that contains the cumulative sums of the sorted values A; (e%) in O(N ™) time.

An exact representation of the function ECT, (¢, -) is then returned as the pair of vectors
(T, E). The total running time is in O (N~ (n + log N7)).

To compute the Radon transform, we do the same as for the ECT but replacing Crit,, (%)
by Crit;rd(sg) and A7 (e%) by Agrd(sg), to get an analogously constructed pair (7, E’)
in O (N°(n +log N°)) time. Then, we sort the elements z € Crit, (¢%) by ascending
values of (§;2) in O (N~ (n+log N7)) time. After this, we use binary search to find, for

each z € Crit (%), the critical point y, € Crit:’;d(ef) with highest value (&;y,) < (§;x).

This takes O(N ™~ log N°*9) time. We store E'[y,] + A (%, z) for each z € Crit(¢%) in
an array E.. If there exist several points z' € Crit,, (§) with the same dot product (¢; '),
we only store the cumulative sum of the critical values Ag (¢5,2') in one entry of E.. An
exact representation of the function R (€, -) is then returned as the tuple of the four sorted

vectors T, E', T, = {<§§x>}zecm;(s£)

» Remark 4. To better understand these complexities, note that the number of vertices of C
is asymptotically equivalent to the number of pixels in the image. However, the total number
of vertices appears only in the complexity of the preprocessing step. In many applications,
the numbers N°'4 and N~ are small compared to #Vert(C) so that the computation step is
significantly optimized. This heuristic will be confirmed in Section 5.

To evaluate the Euler characteristic transform ECT,(,-) at a point ¢ € R using its
exact representation (T, E), we use a binary search to find the element x € Crit?;d(g) with
greatest (¢;x) <t and return E[z] in O(log N°*®). We also implemented a vectorization
routine to get the values of the ECT at sorted and evenly spaced points inside a specified
interval. This is done by iterating simultaneously over 1" and over the points of the interval,
hence a running time in O(N + N°9).

The algorithm to evaluate the Radon transform using its exact representation
(T,E',T,, E.) is identical, except when there exists x € Crit_(¢) such that t = ({;z),
in which case it returns E.[z]. Again, we use binary search to determine the existence of
such a point z in O(log N7) time.

5 Experimental evaluation

In this section, we illustrate our optimizations on several batches of experiments. In all
experiments, integral transforms are computed in 100 directions drawn uniformly at random
in the cube [0,1]". We compute hybrid transforms with x(¢) = sin(¢). To allow for a
comparison with demeter, we instantiate our cubical complexes using the dual construction,
that is, initializing the values of the vertices with the pixel values in the images, and setting
the values of higher-dimensional cells as the minimum of the values of their vertices. Moreover,

and E,, in O(N° . n 4 (N°9 4+ N7) . log N°*9) time.
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we compare our exact version of the ECT to the discretized version of demeter with resolution
T=100. This is justified by the fact that our vectorization step turning our exact version to a
discretized one has negligible cost compared to the other steps, as shown in Figure 4.

Our code has been compiled with gcc 9.4.0 and run on a workstation with an Intel(R)
Core(TM) i7-4770 CPU (8 cores, 3.4GHz) and 8 GB RAM, running GNU/Linux (Ubuntu
20.04.1). We measure time consumption using the Python module time. The input data and
the benchmark Python scripts are available upon request.

5.1 Data set example

To begin with this experimental section, we compute integral transforms on a real-world
data set: fashion_MNIST. This data set contains 60000 grayscale images of size 28 x 28
representing several types of clothes. We chose this data set because it contained global
geometric information, namely the shape of clothes.

Results are shown in Table 1. In the first three lines, we timed our implementation of
integral transforms on the fashion_ MNIST data set with unchanged pixel values, potentially
ranging from 0 to 255. In the next four lines, we timed our implementation as well as the
ECT of demeter on a binarized version of the fashion MNIST data set, where the 50%
brightest pixels of each image are set to 1 and all other pixels to 0. This binarization was
necessary since demeter does not cope with grayscale images.

Table 1 Timing (s) of our implementation and of the demeter ECT on the fashion_MNIST data
set.

’ Software H Init. ‘ Preproc. ‘ Comp. ‘ Total ‘
Radon 13 143 290 447
HT 13 91 32 137
ECT 13 54 117 184
Radon (binary) 13 138 56 207
HT (binary) 13 88 14 115
ECT (binary) 13 52 32 97
demeter ECT 0 266 1544 1810

What stands out from this experiment is that all transforms can be computed in a
reasonable amount of time on this large data set. The preprocessing step seems to be even
more efficient in the case of hybrid transforms, where the evaluation step in 100 directions is
done in between a third and a sixth of the time of the preprocessing step.

More importantly, this experiment perfectly illustrates the efficiency of our implementation.
Each 28 x 28 image of the fashion_MNIST data set induces a cubical complex with 784
vertices. On average, there are 172 classical critical points with a standard deviation of 50
and 237 ordinary critical points with a standard deviation of 65. Thus, around a quarter of
the vertices are classical critical points, and the same is true for ordinary critical points. In
contrast, the complexes of the binarized data set have 23 classical critical points on average
with a standard deviation of 12 and 36 ordinary critical points with a standard deviation
of 19. As a consequence, after the initialization and preprocessing steps, our optimization
using critical points allows us to compute an exact version of the ECT on the binarized
version more than 50 times faster than demeter computes its discretized version. Overall,
our implementation is 18 times faster than demeter.



V. Lebovici, S. Oudot, and H. Passe
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ation” of demeter. initialization and preprocessing.

Figure 1 Step-by-step computation times for varying size m of m x m images.

Moreover, thanks to our generalization of Euler critical values to weighted polytopal
complexes, it is still 10 times faster to compute our exact version of the ECT on the original
grayscale data set than to compute it on the binarized data set using demeter.

5.2 Asymptotic analysis

In this section, we perform an experimental asymptotic analysis of our algorithms. This
analysis confirms our theoretical results on time complexities of Section 4.

Size of images

We study the computation times on m X m images with respect to the parameter m. We use
binary images with constant number of critical points made of a periodic pattern of black
squares in a white background. The number of squares is constant when m varies to ensure
a constant number of critical points. Namely, they are 100 classical critical points and 200
ordinary critical points for all images.

As one could expect, the initialization (Figure la) seems linear in the number of cells
in the complex, that is, quadratic in m. Similarly, the preprocessing step (Figure 1b) is
linear in the number of vertices in the complex, that is, quadratic in m. The strength of our
implementation is illustrated by Figure 1c. After the initialization and the preprocessing
steps, computing the integral transforms is done in constant time when the number of critical
points is fixed. The curves for our times in Figure 1c are constant and lie between 1 and 5
milliseconds.

Overall, our computation times are dominated by the preprocessing step. Remarkably, our
implementation has improved computation times by a factor of 4 compared with demeter.

Number of critical points

We study the computation times with respect to the number of critical points in 1000 x 1000
images. We use the same periodic pattern of squares to control the number of critical points,
this time with a varying number of squares.

The initialization and preprocessing steps are done in constant time for a constant size
of image. More precisely the initialization takes around 1 second and the preprocessing of
classical and ordinary critical points take approximately 3 and 6 seconds respectively. The
“complexifying” step of demeter also takes around 6 seconds.
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141 — EcT 25.0

12 HT 225

10 Radon 20.0
o 8 demeter =175 ECT
g 2 15.0 HT
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Figure 2 Computation times for varying number of critical points excluding (2a) and including
(2b) initialization and preprocessing steps.

After the initialization and the preprocessing steps, computing the integral transforms is
done in linear (HT) and linearithmic (ECT, Radon) times in the number of critical points
for a fixed size of images. This is clearly illustrated in Figure 2a. Overall, computing an
Euler characteristic curve for a binary image with four millions pixels takes between a 0.1
milliseconds to a few seconds depending on the number of critical points.

Interestingly, the computation time for the demeter package decreases with the number
of critical points. This is due to our periodic patterns with varying size used to generate
images with a varying number of critical points. The smaller the patterns are, the greater
the number of critical points, but the lesser edges and two-dimensional cubes in the complex.
As a consequence, when the number of critical points increases up to one quarter of the
total number of vertices, demeter has a faster evaluation step than our evaluation of the
ECT (Figure 2a). Time for the total pipeline are thus very similar between their and our
implementation (Figure 2b).

However, this fact can be mitigated by two remarks. First of all, we compute an exact
version of the Euler characteristic transforms and not an approximated version with a
resolution of T=100. This approximated version is far from the exact one, as they are 25000
changes of values in the true Euler characteristic curve when they are 25000 classical critical
points. Secondly, the number of critical points in real-world binary images containing global
geometric features are likely to be way lower than a quarter of the vertices, as suggested by
our study on a real-world data set in Section 5.1. While the number of critical points is likely
to be higher for grayscale images, the demeter package can no longer be used in this case.

Number of directions

We study the influence of the number of requested directions on the total running time. All
computations are done on a random binarized image of the fashion MNIST dataset. We
run the computation of the ECT (including initialization and preprocessing) for 1 to 10000
directions sampled uniformly in [0, 1]?, and measure the corresponding times. The initial
value of each curve corresponds to the initialization time. We give these plots on log-scale
in Figure 3a, then on linear scale with the initial values forced to zero (which corresponds
to ignoring the initialization time) in Figure 3b. By a linear regression, we check that the
points we describe sample a linear function and we determine that its slope is 2.8 - 1076
seconds by direction for our method, and 2.3 - 10~* seconds by direction for demeter.
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(a) Logarithmic scale. (b) Linear scale.

Figure 3 Computation times (s) for varying number of directions of our and demeter’s imple-
mentation of the ECT on a single image of the fashion-MNIST dataset.

Vectorization

On Figure 4 we ran the vectorization routine on 1000x1000 image with 10° critical points for
a varying dimension of vectorization, that is, sampling the ECT on an increasing number of
points t € R. The complexity of the vectorization routine is confirmed by Figure 4. More
importantly, vectorization is negligible (a few milliseconds) compared to other steps of the
computation of the transform (a few seconds each).

0.00039 1
0.00038 {
0.00037
0.00036 {

£

£ 0.00035 1
0.00034
0.00033 {
0.00032 {

500 1000 1500
Number of points in vector

Figure 4 Vectorization time (s) with respect to dimension for a 1000 x 1000 image with 10°
critical points.

Average number of critical points

In this section, we expose an experimental study of the average number of critical points
in random settings for two-dimensional grayscale images as the number of shades of gray
increases. Pixel values are drawn using a uniform distribution in a first setting and using a
Gaussian random field in a second setting.

In both cases, the number of both types of critical points in grayscale images is approx-
imately half the number of vertices as soon as the number of pixel values is above 10. In the
binary case, the number of critical points of each type is between 10% and 20% of the total
number of vertices. These results corroborate the computation times observed on the data
sets presented above: the number of critical points is in practice lower than the number of
vertices, and much lower than the number of cells in the complex.
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While this experiment shows that the number of critical point is of the same order as the
number of vertices, it is expected not to be the case on digital images with global geometric
features, as suggested in Section 5.1.

1.0e6
h
£
S 0.8e6
E % x x x
506e61 , . X x
b ® [ ] [ ] L] [ ]
S 0.4e6{ ® . . .
- .
0 x
g 0.2e61 &*
= ’ —— Number of vertices

0 50 100 150 200 250 300

Number of pixel values

Figure 5 Number of critical points in two random settings. Red and blue symbols represent
respectively classical and ordinary critical points. Dots and crosses respectively represent these
numbers for the uniform setting and for the Gaussian random field setting.
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Figure 6 Relative pre-processing time (s) given the number of cores used for several complex
sizes.

5.3 Parallelization

We parallelized the routines preproc_ordinary_pts and preproc_classical_pts as they
are the most time-consuming functions. To do so, we parallelized the inner loop on Vert(C),
each core handling the computations on a subset of the vertices. The readings are concurrent
as cores only need to access fixed cell values. Each core returns an array of critical points and
an array of critical values and the main core concatenates the results. Parallelizing the inner
loop instead of the main one is efficient because the number of sign vectors in dimension n
is 2™, and n = 2 or 3 in most practical cases. We also implemented a parallelization of the
routine compute_ht that takes as input a vector of directions and returns a vector containing
the values of the hybrid transfoms in these directions. In this case each core handles the
computations on a subset of the directions and returns the result to the main core that
concatenates them. On Figure 6 we study the time of the preprocessing of critical points
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(both classical and ordinary) given the number of cores used, relatively to the single core
setup. We do this for several complex sizes with cells values uniformly sampled in {0,1}.
We see that the parallelization induces a really small overhead, even for small complexes.
Moreover, recall that even with only one core, our optimizations allow our software to be
100 times faster than the demeter package on images of the fashion_MNIST data set.

6 Conclusion

We presented a novel implementation of topological integral transforms on weighted cubical
complexes, based on existing results from piecewise linear Morse theory slightly adapted to
weighted polytopal complexes. These results allow for the fast computation of integral trans-
forms on weighted cubical complexes. As a consequence, our implementation can efficiently
compute exact versions of the ECT and Radon transform, and we showed experimentally
that it is 18 times faster than the demeter ECT on a real-world data set, and 50 times
faster after the preprocessing step. We also added a vectorization routine for data analysis
purposes.

A natural extension of our implementation would be to arbitrary polytopal complexes.
For any such complex, there is a cellular decomposition of (the dual of) R™ such that Lemma 3
holds for any &,&’ lying in the same cell [7]. This cellular decomposition is induced by the
arrangement of hyperplanes that are orthogonal to the edges of the complex. The main
challenge is that the size of this arrangement for a general polytopal complex with n vertices

2d

in R? may be as large as n??, as opposed to only 2¢ for cubical complexes.
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A Running example

In this section, we present an example of run of our algorithms on a small binary cubical
complex. The complex is illustrated in Figure 7. Cells with non-zero values include 9 vertices,
9 edges, and 2 squares.

6 42 44

44 28 30 32 34

2 16 18

0q o

T T T T T T —>
0 1 2 3 4 5 6

Figure 7 Example of cubical complex. Colored cells have value 1 and light gray cells have value
0. The blue cells are vertices, the green ones are edges and the gray ones are faces. For greater
clarity we display the keys of the vertices.

A.1 Preprocessing

In this section, we unfold the computation of the critical points. We only detail it for the
ordinary ones, the computation for the classical ones being similar. We detail the operations
for e = (1,—1) and = = 32. First we compute e_, the euler characteristic of the lower star
of z in direction . The coordinates of x are ¢ = (32 + 7, 32 mod 7) = (4,4), so we explore
all cells with coordinates (4 — dogg,4 — d161) where (Jp,d1) € {0,1}%. These coordinates
are (4,4),(3,4),(4,5) and (3,5). They correspond to the cells 32,31,39 and 38 respectively.
Therefore, one has e = —14+1+04 0 = 0. In the same way we can compute e, the upper
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Table 2 Critical points and values of the complex in Figure 7.

. Crit2 () Crit; (¢)
A (e) A (e)
(~1.-1) 28, 16, 44, 34] | [0, 30, 44, 34]
1,1, -1, -1] [1,-1,1, 1]
(—1.1) [42, 18, 32, 34] | [0, 18, 32, 34]
[1,-1, 1, -1] 1, 1,-1, 1]
(1-1) [42, 18, 32, 34] [0,42]
-1, 1, -1, 1] [1,1]
(L) [28, 16, 44, 34] | [0, 28, 16, 30]
[1,-1, 1, 1] [1,1,1,-1]

star at « in direction . We visit cells 32, 33,25 and 26 and ouput e, =14+ —-1+-14+0= —1.
Thus ey # e_ and the vertex 32 is an ordinary critical point of e = (1,—1) with critical
value —1. We list critical points and values for all € € {—1,1}? in Table 2.

A.2 Computation

Now, we unfold the computation step for Radon transform, ECT, and hybrid transform.
Throughout the section, we set £ = (2,2) and denote its sign vector simply by ¢ = (1,1).
We first describe the computation of the ECT. We start by computing the dot product
of ¢ with all the critical points in C = {0, 28,16,30}. These critical points have coordin-
ates [—0.5,—0.5], [~0.5,0.167], [-0.167, —0.167] and [—0.167,0.167] in R2. Thus the dot
products are [—2,0.67, —0.67,0]. Then, we sort the critical points by increasing dot product,
obtaining the list sorted(C.) = [0, 28,16, 30]. Finally, we sum the critical values A in the
order given by the sorting of critical points. We begin with T' = [—o0] and E = [0]. After visit-
ing the first two vertices, 0 and 28, we obtain T' = [—o00, —2, —0.67] and E = [0, 1, 2]. The next
sorted vertex is 16, which has the same dot product as 28. In that case, we add the variation
associated to 16 to the last element of E. We obtain T' = [—00, —2, —0.67] and E = [0, 1, 3].
Finally, after adding vertex 30 we obtain T = [—o0, —2, —0.67,0] and E = [0, 1,3,2]. The
computation of the Radon transform follows the same process at first but with C°*¢ instead
of C. In that case, T = [—00, —0.67,0.67,1.33] and E’ = [0.0,—2.0,—1.0,0.0]. For each
x € C7, we must then find the greatest iy such that T[ig] < (£; ), and add (§;z) to T, and
E'[io] + A [z] to E.. We thus get T, = [~2.0, —0.67,0.0] and E, = [1.0,0.0, —1.0]. Finally,
computing the hybrid transform is done by summing —&((¢; z)) - A%4[z] for z € C*4. In
our case, with kK = exp, we obtain HT,(§) ~ —4.715.

A.3 Evaluation

We now unfold the evaluation of the Radon transform and ECT. In this example, we want
to evaluate ECT(¢,t) for some ¢t € R. For £ = (2,2), we computed in the above section
that T = [—o0, —2,—0.67,0] and E = [0,1,3,2]. By a binary search, we find the index
of the largest value in T' that is smaller than t. Then, we let ECT (&, t) = E[i]. For
instance t = —0.3 gives i = 2 and t = 1 gives i = 3. Thus, we get ECT,(§,-0.3) = 3
and ECT,(&,1) = 2. The evaluation of the Radon transform is similar. First, we search
for indices 4 such that T.[i] = ¢. In that specific case, the method outputs R, (&,t) = E.[i].
Apart from this, the computations are identical.
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A.4 Vectorization

The vectorization routine of the ECT (similar to the vectorization of the Radon transform)
takes as input two bounds a and b, and a number N of points. Then, it returns ECT, (&, a +
%) for all 4 € [0,..., N — 1]. For instance, if a = —2.0, b = 2.0, and N = 5, we first
iterate over i = 0,...,4. For i = 0, we have to = a = —2, so ECT({,to) = E[1] = 1. For
i =1, we know that t; = —1 > tg, so we can start to search at index 1 in 7. Then, we find
that ECT (¢, t1) = E[1] = 1. Finally, the values of ECT (¢, t) for tp € [-2,-1,0,1,2] are

[1,1,2,2,2)].

B Proofs of mathematical results

In this section, we prove Lemmas 2 and 3 on which our algorithms are built. We first state
and prove some necessary lemmas before giving the proofs of our main results. Throughout
the section, let P be a polytopal complex in R™ and let £ : R™ — R be a linear form that is
generic on P.

These results and notions introduced in Sections 2 and 3 are more naturally phrased and
proven using Euler calculus [13, 17], that is, the integral calculus of constructible functions
with respect to the Euler characteristic. For instance, our definition of Euler characteristic
X(p) of a weighted cubical complex ¢ : P — Z is equal to the Euler integral [13, Def. 2.2] of
the constructible function @ : R™ — Z defined by:

@: Z @(P)lrclint(P%
PeP

where relint(Q) denotes the relative interior of a polytope @ C R™. Similarly, for any £ € R™,
the function R, (¢,-) : R = Z is equal to the so-called pushforward £,.{ in the language of
Euler calculus; see [13, Eq. (2.5)]. For the sake of simplicity, we avoided the general definition
of constructible functions and of Euler integration in the core of the paper. Along the section,
we introduce notions of Euler calculus only when necessary to keep the text accessible to the
broadest audience and refer to [13] for more details.

For any P € P we denote by 1p : P — Z the weighted cubical complex with value 1 on P
and 0 on any over cells (even on proper faces of P). We call 1p the indicating function of P.
Then, any weighted cubical complex ¢ : P — Z can be written as a sum ¢ = ) pp @(P)1p.

The following lemma gives an explicit expression of the Radon transfrom of indicating
functions. Before stating it, let us make the following remark. The Euler characteristic, Euler
characteristic transforms, Radon transforms and hybrid transforms of a function ¢ : P = Z
and of its restriction to the complex P¥ induced by the collection {P € P : ¢(P) # 0} are
equal.

» Lemma 5. Let P € P and assume that P is not a vertex of P. Then, one has R1,(&,-) =
(_1)dim(P)—11

(minp f,maxp f)-

Proof. This fact is an easy consequence of the Euler calculus formulation of our notions
detailed in the beginning of this section. We give an elementary proof for completeness. Let
us denote ¢ = 1p. Since ¢ is linear, the set PN {& =t} is a polytope (possibly empty) for
any t € R. Moreover, since ¢ is generic on P and P is not a vertex, this polytope is either a
vertex of P or it has dimension dim(P) — 1.

Let t € R. We distinguish three cases. First assume that ¢t ¢ [minp &, maxp £]. Since
P is connected and ¢ is continuous, one has that [minp £, maxp &] = {(P). Therefore, the
polytope P N {& =t} is empty, so is Pfg:t} and hence R, (¢,t) = 0.
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Assume now that ¢t € {minp &, maxp £}. Since & is linear and generic on P, it must be
that P N{{ =t} is a vertex y of P. In that case Pfg:t} ={y} and R, (§,t) = ¢(y) = 0 since
¢ =1p and P is not a vertex.

Suppose now that ¢ € (minp £, maxp £). In that case, the polytope Q = PN {& =t} is
neither empty nor a vertex. Therefore, this polytope has dimension dim(P) — 1. Since P¥
consists of P and all its faces, the polytopal complex 73“‘2: 1 contains only one polytope of
dimension dim(P) — 1 which is . Any other polytope Q' of ’Pg’g:t has dimension smaller
or equal to dim(P) — 2. In such a case, one has pre—4(Q") # ¢(P) and thus pre—y (Q) = 0.
As a consequence, one has R, (&, t) = @{gzt}(Q)(—l)dim(Q) = (=1)d4m(P)=1 " Hence the
result. |

For any vertex = of P, we denote by LwSt* (£, z) the set LwSt(£,z) \ {z}. Similarly, we
define the set UpSt™* (¢, x). Moreover, for any function i : R — R we denote one-sided limits
at any t € R by:

— _ . + _ .
h(t™) = ilg(% h(s) and h(t™) = llg}s h(s),
s<t s>t

whenever they are defined. Moreover, following the notations of the beginning of this section,
Euler calculus ensures that for any ¢ : P — Z the function R, (&, ) = £.@ is a finite sum of
indicating functions of real intervals [13, Thm. 2.3.(i)], hence admits all one-sided limits both
from above and from below. The following lemma provides additional details on the Radon
transform of indicating functions. It will be crucial in our study of critical points (Lemma 7).

» Lemma 6. Let x € Vert(P) be such that (&;x) =t and let P € St(x). One has

1 (P ={z}),
Ri,(&8) =<0 (P € LwSt* (¢, z) U UpSt* (&, 2)),
(—1)dmP)=1 (P & LwSt(&, x) U UpSt(£, z)).
Moreover,
_,_J)o (PGUpSt(f,x)),
Rip(§,t7) = {(_l)dim(P)—l (p ¢ UpSt({,x)).
Similarly,
o0 (P € LWSt(f,x)),
Rap(§:t7) = {(1)dim(P)1 (P & LwSt(¢, z)).

Proof. Throughout the proof, denote ¢ = 1p. Let us first prove the first equality. The case
P = {x} is clear. If P € LwSt*(«) U UpSt*(z), then ’Pé:t} = {z} and R, (&, t) = p(x) = 0.
Now, suppose that P & LwSt(£, ) UUpSt(§, x). Since t € £(P), the polytope Q@ = PN{¢ =t}
is non-empty. Moreover, the polytope @ is not a vertex, for otherwise the generic linear
form £ would be constant on the edge between the distinct vertices @@ and x. Therefore, the
polytope @ has dimension dim(P) — 1. As in the proof Lemma 5, one can thus show that
Ro (1) = re=y (Q)(—1)HmQ) = (—1)dm(P)=L,

Now, let us prove the second equality. If P € UpSt({,x), then P C {{ > t} and
{{=s}NP =@ forall s <t Hence R,({,,t7) = 0. If P € St(x) \ UpSt(§,z), then
minp ¢ < t. Since both minp ¢ and t lie in the image of the connected set P by the
continuous map &, then [minp &, t] C £(P). Therefore, for any s € [minp &, t], the polytope

22:17

SEA 2024



22:18

Efficient Computation of Topological Integral Transforms

Qs = {¢ = s} N P is non-empty. The same argument as in the previous paragraph shows
that Qs is not a vertex and hence has dimension dim(P) — 1. Once again, we can conclude
that Ry (€,) = pre=n (Qs)(~1)™ (@) = (—1)dmP) =1,

The proof of the last equality follows from the last one applied to the linear form —§. <«

» Lemma 7. Let ¢ : P = Z. For anyt € R,
Rtp(gat) - R¢(€,f_) = Z A;(§?$>7

z€Crit, (§)
(Ea)=t

R@(E7t+) —Rw(f,t_) = E A;rd(§7x).
z€Crity (&)
(Gz)=t

Proof. Let us prove the first equality. Let t € R. Since ¢ = > p.p ©(P)1p one has:
R¢(€7t) - Rtp(fﬂti) = Z QD(P) (Rlp (gat) - Rlp(f,ti))' (Bl)

PcP
Fix P € P. Suppose that no vertex of P belongs to the level set {§ = ¢}. Since &
is linear, it implies that ¢ # minp f and ¢ # maxp f. Thus ¢ € (minp f,maxp f) or
t € R\ [minp f,maxp f] and Lemma 5 implies that:

Rlp(gvt) - RIP (fvt_) = (_1)dim(P)_1 (1(minp &, maxp &) (t) - 1(minP &, maxp 5)(t_))
=0.

Now, suppose there exists a vertex x of P such that (¢;2) = ¢. Lemma 6 implies that
if P ¢ LwSt(£,z), then Rq1,(&,t) — R1,(§,t7) = 0. Indeed, either P € UpSt*(§,z) and
then Rq1,(&,t) = R1,(§,t7) = 0, or P ¢ LwSt(§,z) U UpSt(&,x) and then Rq,(&,t) =
Ri,(&,t7) = (=1)3mP)=1 Therefore, (B.1) can be written:

R¢(€7t) - R&p(&t_) = Z (P(P> (R]-P (§7t) - Rlp(§7t_)) (B2)

where the sum in the right-hand side is over all polytopes P € P such that there exists
x € Vert(P) with {¢ = ¢} and P € LwSt(¢,2). Moreover, for any P € P there is at
most one vertex x of P such that P € LwSt({, z). Indeed, if there were & # 2’ such that
P e LwSt(&,2) N LwSt(&, '), then (§;2) = maxp & = (§;2'). Denote m = (&;x) = (;2').
Then {£ = m} N P is a face of P that is not a vertex and on which the generic linear form &
is constant, a contradiction.

Therefore, (B.2) can be written:

RoEt) Ry = Y% ¢<P>(m<at>—m<§,t->). (B.3)
r%;ir)t:('tp) PeLwSt(¢,x)

Let 2 € Vert(P) such that (§;z) =t and P € LwSt(£, ). Lemma 6 implies that Ry, (€,t) =1
if P={z}and 0if P € LwSt* (&, ). The same lemma implies that R4, (§,t7) =0if P = {z}
and (—1)4m(P)=1if P € LwSt* (¢, x). Therefore, one has:

Yo eP)(Rip(6t) ~Rap(6t7) =(2) = Y (I lp(p)

PeLwSt(€,x) PeLwSt*(&,x)

= Y ()PP

PeLwSt(€,7)

= A, (7).
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Therefore, (B.3) can be written:

Ro(&t) = Ru(§t7) = > AZ(& ). (B.4)
pe

The set Crit, (§) being the set of vertices z with non-zero Az (£, x), the first equality of the
lemma follows.
Now, let us prove the second equality. Replacing & by —¢, one gets from (B.4) that:

Ro(Et7) —Ry(&t) = Z X (@yupst(e.n)) - (B.5)
zEVert(P)
(&)=t

Hence the result, using (B.4), (B.5), and the fact that R, (£, 1) — Ry (&,67) = Ry (&, th) —
Rg&(€7t) - (Rip(é-at) _Rtp(gat_»- <

B.1 Proof of Lemma 2

Let us prove the equality for the Radon transform. Euler calculus [13, Thm. 2.3.(i)] ensures
that £,@ is a finite sum of indicating functions of real intervals. Therefore, it is locally
constant on the complement of a finite number of points in R. It is then an easy exercise to
check that Lemma 7 yields the result:

,R’SP(& ) = Z A;(&x) ! 1{(5;35}} + Z A;rd(gvx) : 1((£;m>,+oo)~ (BG)

z€Crit, (£) zeCritrd(§)

By definition of the hybrid transform, integrating (B.6) against a locally integrable kernel
k: R — C yields the result for HT,(¢).

The formula for the ECT can be easily shown using the classical convolution operation
of Euler calculus [13, Sec. 4]. This bilinear operator takes two functions 6 and 8" which are
finite sums of indicating functions of intervals of R and returns a function 6 x 6’ with the
same property. One can show that ECT,(§,t) = Ry (&, ) * 1[g,400)(t); see for instance [11,
Ex. 7.4, Prop. 7.5]. The expression for the ECT follows then from (B.6) and the fact that

for @ € R one has 1(4 4o0) * 1j0,400) = 0 and 1, x 1[g 4o0) = 1ja,4+00); Se€ [13, Exs. 4.1, 4.3].

This concludes the proof of Lemma 2. <

B.2 Proof of Lemma 3

Let C be a cubical complex. In that case, any edge {x,y} € C is such that x — y is colinear to
a canonical basis vector of R™. Let € and & be in R\ {0} with e¢ = £¢". Since ¢ and ¢’ have
same sign vector, we have sgn(&;x — y) = sgn(¢’; x — y) for all edge {x,y} € C. It is an easy
exercise to check that thus £ and ¢’ induce the same order on Vert(C). As a consequence, the
lower and upper stars of vertices of C with respect to £ and &’ are the same. Moreover, the
sets and numbers AZ (§, x), A?ard (&, ), Crit, (§) and Crit;rd (€) depend only on LwSt(¢, x)
and UpSt(§, ) (and not on ), hence the result. <
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