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Abstract
Most categorical models for dependent types have traditionally been heavily set based: contexts
form a category, and for each we have a set of types in said context – and for each type a set of terms
of said type. This is the case for categories with families, categories with attributes, and natural
models; in particular, all of them can be traced back to certain discrete Grothendieck fibrations. We
extend this intuition to the case of general, not necessarily discrete, fibrations, so that over a given
context one has not only a set but a category of types.

We argue that the added structure can be attributed to a notion of subtyping that shares
many features with that of coercive subtyping, in the sense that it is the product of thinking about
subtyping as an abbreviation mechanism: we say that a given type A′ is a subtype of A if there is a
unique coercion from A′ to A. Whenever we need a term of type A, then, it suffices to have a term
of type A′, which we can “plug-in” into A.

For this version of subtyping we provide rules, coherences, and explicit models, and we compare
and contrast it to coercive subtyping as introduced by Z. Luo and others. We conclude by suggesting
how the tools we present can be employed in finding appropriate rules relating subtyping and certain
type constructors.
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Introduction

The notion of subtyping is often quite tricky because of its double nature: on the one hand,
it is meant to represent a relation so simple that one would like to not be bothered to look
too much into it but, on the other hand, programming languages do not do well with things
that are left unsaid. In [27, §15.1], subtyping A ≤ B is defined as a relation between two
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3:2 Categorical Models of Subtyping

types A and B such that, if a term of type A is provided, than it can be “safely” used in
a context where B is expected, and the program should not falter if this happens. This is
often called the principle of safe substitution, and is encoded via a new typing rule that goes
by the name of subsumption.

(Sub)Γ ⊢ a : A Γ ⊢ A ≤ B
Γ ⊢ a : B (1)

The problem with subsumption is that it threatens to break certain structures and properties
such as canonicity or induction principles. Many variants of subtyping have been proposed,
and one in particular has proved itself to be well-behaved with respect to such issues, and
that is coercive subtyping [21].

In the present work we tackle the problem of subtyping from the point of view of its
categorical semantics: we extend a known model to naturally include a notion of subtyping
(Section 1), and show how this turns out to be in fact quite closely related to coercive subtyping
(Section 2). We then study some examples and applications (Section 3), and conclude by
observing some properties that that this new notion intrinsically shows (Section 4).

1 Categorical models of dependent types

The relation between type theory and category theory is one which has been widely studied,
and has in the years produced a large variety of models and structures. The interest of the
present work is in those that strongly employ objects and techniques coming from the theory
of Grothendieck fibrations.

1.1 Grothendieck fibrations
Fibrations were introduced by A. Grothendieck [9] for purposes pertaining to algebraic
geometry, but were soon found extremely useful to describe certain phenomena in logic [16].
We will recall key results and definitions when needed, but we refer to [3, Chapter 8] for a
detailed introduction.

▶ Definition 1 (Cartesian morphism). Let p : E → B a functor and s : B → A a morphism in
E. We say that s is p-cartesian or cartesian over σ : Θ→ Γ if p(s) = σ and for any other
r : C → A and τ such that p(r) = σ ◦ τ there is a unique t : C → B in E such that p(t) = τ

and s ◦ t = r.

C

B A E

Ξ

Θ Γ B

s

r

σ

σ◦τ

τ

p

(2)

We say that s is a (p-)cartesian lifting of σ, and it is often denoted sA,σ : σ∗A→ A.

▶ Definition 2 (Fibration). A functor p : E → B is a fibration if for all A in E, each
σ : Θ→ pA has a cartesian lifting. We also say that E is fibered over B or that E is over B.
Oftentimes B is called the base category and E the total category of p.
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From the point of view of the logic, we can consider B to be a category of contexts and
substitutions/terms, and E to be a category of formulae/types, so that each formula is
sent to its corresponding context: using fibrations in this way is very much in the spirit of
classical categorical logic (see for instance [17, 24, 12, 23]). Asking that for each term and
formula there exists a lifting, then, amounts to asking that substitution can be computed
and that it indeed produces a formula in then new context. A classical example is that of
the Lindenbaum-Tarski algebra for a given first-order theory (Section 3.1).

A particular feature of fibrations is that they induce a factorization system on their total
category, because for any given r : C → A, we can always instantiate the diagram in (2) as
follows,

C

σ∗A A E

Θ

Θ Γ B

sA,σ

r

σ

σ
id

p

producing a factorization of r. We refer to [26] for a review of its main features. Maps in the
left class of such factorization system, meaning maps that are sent to identities, are called
vertical.

▶ Proposition 3 (Vertical/cartesian factorization system). Consider p : E → B a fibration. The
classes of vertical and cartesian morphisms form an orthogonal factorization system on E. It
additionally has the following properties:
1. if g and gf are vertical, then so is f ;
2. pullbacks of vertical maps along cartesian ones exist and are vertical.

If cartesian maps can be thought of as substitutions, vertical maps relate formulae/types in
the same context precisely in a way that “does nothing” to the underlying terms.

Not only are vertical maps part of a factorization system, but they can be shown to form
a category: more precisely, for each context Γ in B, one can define a category EΓ having for
objects those in E that are sent to Γ, and for morphisms those in E that are vertical over
idΓ. This intuition is part of one of the most meaningful results of the theory, again due to
Grothendieck.

▶ Theorem 4 ([9]). There exists a 2-equivalence

Fib(B) ∼= Psd[Bop,Cat]

between the 2-category of fibrations (with base B), functors preserving cartesian maps, and
natural transformations, and that of contravariant pseudofunctors (from B), pseudonatural
transformations, and modifications.

From left to right, a fibration is sent to a (pseudo)functor that computes for each Γ its
fiber EΓ. From right to left, it performs what is called the Grothendieck construction of a
(pseudo)functor, which to an F : Bop ⇝ Cat, maps the fibration p :

∫
F → B, where objects

of
∫
F are pairs (Γ, A) with Γ in B and A in F (Γ).

Relevant classes of fibrations are those that correspond to functors, which are called split,
those whose fibers are preorders, which are called faithful, and those whose fibers are sets,
which are called discrete.
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3:4 Categorical Models of Subtyping

1.2 Categories with families
▶ Definition 5 (Category with families, [7]). A category with families (cwf) is the data of

a small category B with terminal object ⊤;
a functor Ty : Bop → Set;
a functor Tm :

∫
Tyop → Set

for each Γ in B and A in Ty(Γ) an object Γ.A in B, together with two projections
pA : Γ.A → Γ and vA ∈ Tm(Γ.A,Ty pA(A)) such that for each σ : Θ → Γ and a ∈
Tm(Tyσ(A)) there exists a unique morphism Θ → Γ.A making the obvious triangles
commute.

In particular, Ty(Γ) is a set, the set of types in context Γ, and Tm(Γ, A) is again a set,
the set of terms of type A in context Γ. The terminal object is meant to model the empty
context, while the last condition is what provides context extension – since we are about to
give a simpler, equivalent form of it, we do not dwell on it any longer.

Following Theorem 4, we can turn Definition 5 upside down. What we get is the
(equivalent, see [2, Prop. 1.2]) notion of natural model.

▶ Definition 6 (Natural model, [2]). A natural model is the data of
a small category B with terminal object ⊤;
a discrete fibration u : U → B;
a discrete fibration u̇ : U̇ → B;
a fibration morphism Σ: u̇→ u with a right adjoint functor.

In this case u collects types and u̇ collects terms, as both are fibered on contexts.

Γ ⊢ A Type Γ ⊢ a : A

u(A) = Γ u̇(a) = Γ, Σ(a) = A

u in Fibdisc(B) u̇ in Fibdisc(B)

The fibration morphism (i.e. a functor making the diagram below commute) Σ maps to each
term its type, while ∆ computes for each A what in Definition 5 is called vA, meaning a
variable in A “transported” to the context Γ.A.

U̇ U

B
uu̇

Σ

∆

⊣

(Σ) Γ ⊢ a : A
Γ ⊢ A Type

(∆) Γ ⊢ A Type
Γ.A ⊢ vA : A (3)

1.3 Generalized categories with families
Our intuition, now, is that we want to use the theory of fibrations to generalize categories
with families (or natural models) to the case where fibers over a given context are no longer
a set, but a (small) category. If we manage to do this swiftly, we will have found a model for
dependent types that introduces and additional relation between types in the same context,
so that this relation does imply absolutely no substitution. This leads us to the following
definition.

▶ Definition 7 (Generalized category with families, [5, 4]). A generalized category with families
(gcwf) is the data of

a small category B (with terminal object ⊤)1;

1 Existence of the terminal object is needed in case one wants to model the empty context – which one
often wants to do. We only put its existence as conditional because we want to begin comparing gcwfs
with comprehension categories, and they in turn do not require it.
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a fibration u : U → B;
a fibration u̇ : U̇ → B;
a fibration morphism Σ: u̇ → u with a right adjoint functor, and unit and counit with
cartesian components.

Notice that the adjoint pair in Definition 7 is not fibered, as ∆ does not make the desired
triangle commute and unit and counit have cartesian components.

Of course a gcwf with discrete u, u̇ is a regular cwf, so that a gcwf is simply a generalization
of a well-known model. We choose the name as to remark that this new structure falls
into a long tradition of models, which categories with families is perhaps one of the most
prominent exponents of, but these could be very easily called “generalized natural models”,
or something entirely different (cf. [5]). We conclude this section with one last result relating
gcwfs to other notable structures, namely comprehension categories [11], as to show that our
path did not stray much away from known territory.

▶ Theorem 8 ([6, 4]). There is a biequivalence between (the 2-category of) gcwfs and (the
2-category of) comprehension categories.

A generalized category with families, then, is precisely as good a model as a comprehension
category. The purpose of introducing the new structure, though, lies in the clarity of its use,
and we hope that the rest of the present work will be a witness to that.
▶ Remark 9. In our exposition we put aside two elements in the discussion on categorical
models for dependent types. The first is of course the issue of coherence: since fibrations
involve pseudofunctors, equations for identities and, especially, associativity only hold up to
vertical isomorphism, while it is usually preferable to have substitution “on the nose”. If one
so wishes, the reader is invited to only use split fibrations, meaning those that correspond
to strict functors, and morphisms that preserve the splitting. A thorough discussion on the
topic can be found in [30, §3].

Another sensitive topic is that of definitional equality. For the moment, having other
purposes in mind, we settle for interpreting it as identity of objects (in the category over
each context) and, therefore, rarely make explicit coherence rules involving it, as they are
all trivial from our definitions. This is of course not unprecedented both for the literature
on categorical semantics of type theory at large (cf. the largely influential [12] and [7]) and
for semantics at large, as it lies in the path of the approach better known as denotational
semantics (cf. [29]).

2 Vertical maps induce a notion of subtyping

The idea that vertical maps could nicely relate types in the same context is of course not new.
The most closely related precedent to this is perhaps [25], followed by the notes in [32], where,
quite radically, functors were interpreted to be type refinement systems. Our work is similar
in spirit – though one should really be careful of the difference between “type refinement”
and “subtyping” [32, §2.2] – but of course based on fibrations instead on functors, hence
with a special focus on substitution.

2.1 Two new judgements
Now that we are all set, let us describe what it is that we can say in a gcwf, that was
not already available in the discrete case. To the two judgements pertaining to types and
terms, we add two new ones involving subtyping, and collect them all in Table 1. We read

TYPES 2023



3:6 Categorical Models of Subtyping

Table 1 Judgements of the theory.

Γ ⊢ A Type Γ ⊢ a : A Γ ⊢ A′ ≤f A Γ ⊢ a :g A

u(A) = Γ u̇(a) = Γ, Σ(a) = A f : A′ → A, u(f) = idΓ g : Σa → A, u(g) = idΓ

the new judgements, respectively, as A′ is a subtype of A, as witnessed by f and a is a
term of type a subtype of A, as witnessed by g. Recall that vertical maps enjoy some nice
properties (Proposition 3), and their combination provides us with structural rules for the
new judgements.

▶ Proposition 10 (Structural subtyping rules). The following rules are satisfied by a gcwf.

Γ ⊢ a :g A′ Γ ⊢ A′ ≤f A(Sbsm) Γ ⊢ a :fg A

Γ ⊢ A′ ≤f A Γ ⊢ A′′ ≤g A
′

(Trans)
Γ ⊢ A′′ ≤fg A

Γ.A ⊢ B′ ≤f B Γ ⊢ a :g A(Sbst)
Γ ⊢ B′[a] ≤u̇(∆gηa)∗f B[a]

Γ ⊢ A′ ≤f A Γ ⊢ B Type
(Wkn)

Γ.B ⊢ A′ ≤(uϵB)∗f A

Intuitively, Subsumption and Transitivity are both due to the fact that vertical maps compose
to vertical maps, while Substitution and Weakening make use of the substitution structure
due to the fibration part of the system. We refer to the appendix for further details.

Note that a gcwf is also equipped with a notion of “sub-typing” for terms as well. However,
the hom-set U̇Γ(a, b) of vertical arrows over Γ is in bijection with the set of vertical arrows
f : Σa → Σb such that (u̇∆f)u̇ηa = u̇ηb (see [6, Lemma 3.16]). Therefore a term a is a
sub-term of b precisely when the type of a is a sub-type of the type of b, and substituting
b (i.e. reindexing along u̇ηb) is the same as substituting a, modulo the fact that Σa is a
sub-type of Σb.

2.2 Comparison with coercive subtyping

As we said in the introduction, it turns out that the calculus resulting in this generalization
comes close to coercive subtyping. We hope to convince the reader that, despite all the
technical differences, they actually entertain the same spirit.

The basic idea of coercive subtyping is that subtyping is modelled as an abbreviation
mechanism: A is a subtype of B, if there is a unique coercion c from A to B, written
as A <c B. Then, if a hole in a context requires an object of type B, it is legal to
supply an object a of type A – it is equivalent to supplying the object c(a). [22]

A coercion c from A to B is technically a term of the function type A→ B, hence computing
c(a) amounts to function application. Coercions are added “manually” to a given type theory,
as they are a priori not part of the calculus, and the resulting system is shown both to be a
conservative extension of the original one and to act well with respect to canonicity.

Let us now collect in a table the main similarities and differences between coercive
subtyping and subtyping via vertical maps. We then will consider each point in detail.
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coercive subtyping categorical subtyping
Γ ⊢ f : A′ → A f : A′ → A vertical over Γ
judgements added to the calculus judgements “added” to the classical model
no witnesses for typing judgements witnesses for typing judgements
f is unique f is not necessarily unique
(Sbsm) via substitution (Sbsm) via composition
satisfies (Trans) satisfies (Trans)
satisfies (Sbst) satisfies (Sbst)
satisfies (Wkn) satisfies (Wkn)
satisfies congruence satisfies congruence

The main technical difference is of course what coercions are, as on one side they are function
terms, on the other they are (particular) morphisms in the total category. In some sense this
difference is unavoidable: if one starts from the traditional syntax of a type theory, syntactic
objects are all that is available, while if one looks at a very general model as if it was a
syntax (and one would have some merit in doing so, see Section 3.1), then they have more
objects at hand. In both cases, though, subtyping is a notion that is somehow independent
of the calculus, because in one case it is added by selecting a choice of witnesses (and adding
one new judgement for each), while on the other it is literally orthogonal to the rest of the
structure.

While we will deal with the matter of uniqueness of coercions in Section 2.3, a difference
that is unbridgeable is that of dealing with typing judgements: in coercive subtyping, a term
can indeed have more than one type, so that a typing judgments is in some sense ambiguous,
while in subtyping with vertical maps one can always unambiguously know by which means a
term is of a certain type, but for this it pays the price of having a whole new set of annotated
judgements.

Finally, validity with respect to rules appearing in the table above is common to both
systems – by “congruence”, in particular, we mean congruence of the subtyping relation with
respect to definitional equality, see Remark 9. It should be remarked that rules appearing on
the “coercive subtyping” side are not all rules required, for example, in [22], but they are in
a sense the structural ones, as the others aim to discipline either how coercions (as terms of
function type) interact with the system, while in our case that is granted due to the fact that
they come a categorical setting, which automatically ensures a certain degree of “coherence”
(e.g. ≤ is automatically reflexive, transitive, and functorial).

2.3 On uniqueness of coercions
As we suggested in presenting this new perspective on subtyping, uniqueness of coercions
is not really an issue. In particular, we have a whole theory of fibrations whose fibers are
preorders, we actually call them faithful fibrations (cf. Section 1.1).

Not only that, but we can show that, given a gcwf, if its type fibration is faithful, then so
is its term fibration.

▶ Proposition 11. Let (u, u̇,Σ ⊣ ∆) be a gwcf. Then Σ is a faithful functor.

▶ Corollary 12. Let (u, u̇,Σ ⊣ ∆) be a gwcf. If u is faithful, then so is u̇.

In this sense, faithfulness, hence uniqueness of coercions, can indeed be modeled by
simply looking at faithful fibrations, and such a burden is in fact not laid on the choice of
the fibration collecting terms.

TYPES 2023



3:8 Categorical Models of Subtyping

Table 2 Judgements of the theory – faithful case.

Γ ⊢ A Type Γ ⊢ a : A Γ ⊢ A′ ≤ A Γ ⊢ a :≤ A

From the point of view of the syntax, then, judgements in Table 1 only have one witness
and become as in Table 2, with a :≤ A denoting that Σa ≤ A, and rules in Proposition 10
become the (possibly) more familiar following.

Γ ⊢ a :≤ A′ Γ ⊢ A′ ≤ A
(Sbsm) Γ ⊢ a :≤ A

Γ ⊢ A′ ≤ A Γ ⊢ A′′ ≤ A′
(Trans)

Γ ⊢ A′′ ≤ A

Γ.A ⊢ B′ ≤ B Γ ⊢ a :≤ A
(Sbst)

Γ ⊢ B′[a] ≤ B[a]
Γ ⊢ A′ ≤ A Γ ⊢ B Type

(Wkn)
Γ.B ⊢ A′ ≤ A

▶ Remark 13 (A case against uniqueness). Though it is a key feature of coercive subtyping,
avoiding uniqueness might have its merits. Consider for example the case of sum types: it
seems like one should have two different witnesses for the judgement Γ ⊢ A ≤ A+A, one per
coproduct injection.

2.4 Comparison with related variants of type theory
Directed type theory

Extending the paradigm connecting types, ω-groupoids, and homotopy theory (cf. [31]),
to the directed case – meaning involving ω-categories and directed homotopy theory, one
encounters the notion of directed type theory. The underlying intuition wishes to add, for
each pair of terms of the same type (and substitutions), a new asymmetric “identity” type of
transformations from one to the other, possibly stopping at some given height/iteration [19].
Though vertical in some sense, this notion of directed-ness is considered only for terms, while
in our case the main focus is for types (though one could regard types as terms of a given
universe, in DTT transformations are introduced for all pairs of terms). Being based on
(ω-)categories, they share some properties of morphisms, such as composition and identity,
but our vertical maps are a lot simpler, and in no way higher-dimensional – though the
monad in Theorem 25 suggests possible extensions in this direction.

Observational type theory

Observational type theory was introduced in [1] to combine the nice computational features
of intensional type theory, such as termination of reductions, and propositional equality of
extensional type theory, so that two functions are equal if they are equal point-wise, or “if
all observations about them agree” [1, §1]. The fact that conversion rules allow to pass
implicitly between definitionally equal types is extended to a mechanism that allows to pass
implicitly between provably equal types. This process is explicit and its agents are called
coercions. Coercions for a OTT work in a way that is much similar to our vertical maps, but
their being originated by proofs of equality of types ensures that for a given coercion, one
can always find one associated to it and going in the opposite direction.

Practical subtyping

Another relevant syntactic approach is that of “practical subtyping” as introduced in [18].
There, the new subtyping judgements are ternary relations as t ∈ A ⊂ B, which are encoded
as sorts of implications: “if t is a term of type A, then it is a term of type B”. In particular,
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this notion of subtyping most notably (and “practically”) describes subtyping from the
perspective of terms, and not types, as in our case. In particular, subtyping between types,
meaning intrinsic judgements such as A ⊆ B, are encoded by means of choice operators, such
as Hilbert’s ϵ [18, p. 26].

We can compare our categorical subtyping with the practical one as follows: again,
consider the case where all fibrations involved are faithful (cf. Section 2.3), so that there
is at most one subtyping judgement for each pair of types (or for a type and a term). In
particular, judgements in [18, p. 22] seem to match our structural ones, when one replaces
“t : A” with our “t :≤ A”. The treatment of type constructors, too, seems quite keen in spirit
to ours, but we postpone an in-depth analysis of said comparison to future work.

3 Examples and applications

3.1 Gcwfs from Lindenbaum-Tarski

Consider the Lindenbaum-Tarski algebra of a given first-order theory T in a language L. We
take ctx to be the category where

objects are lists of distinct variables x = (x1, . . . , xn),
arrows are lists of substitution for variables, meaning [t1/y1, . . . , tm/ym] = [t/y] : x→ y,
with tj ’s being L-terms that are built on variables x1, . . . , xn,

and composition is defined by simultaneous substitution. The product of two lists x and y

is a list w with length the sum of the lengths of x and y, and projections on x and y are
substitutions with, respectively, the first n and the last m variables in w. Categorically and
in the sense of [16], this is the free Lawvere theory on the language L.

One can define the functor LTT : ctxop → InfSL so that to each list x, the category
LTT (x) has for objects equivalence classes of well-formed formulae in L with free variables at
most those that are in x, and with respect to the equivalence relation induced by reciprocal
deducibility in T , ϕ ⊣⊢T ϕ′. Notice that this makes our treatment proof-irrelevant. Maps in
LTT (x) are provable consequences in T . Composition is given by the cut rule of the calculus,
and identities are tautologies. Since substitution preserves provability, LTT can be suitably
extended to a functor, and its correspondent under the Grothendieck construction Theorem 4
is a faithful fibration p :

∫
LTT → ctx.

Such a construction was first introduced with the name of (hyper)doctrine in [17] and is
thoroughly explained in [14] and [23]. We here show that it underlies the structure of a gcwf
where terms are entailments.

▶ Example 14. Call E the category of p-vertical maps and commutative squares, which is
again fibered over ctx – call e this fibration, Cod : E →

∫
LTT the codomain functor, Diag

the functor mapping each formula to its identity. The triple (p, e,Cod ⊣ Diag) is a gcwf.

This gcwf is in fact not a cwf. Here, types are formulae and terms are (unique) witnesses to
entailment, meaning triples x;ϕ ⊢ ψ where ϕ and ψ are both formulae in the fiber over x.
The underlying notion of subtyping actually coincides with terms.

▶ Remark 15. This is an example of a more general instance, which will thoroughly be
discussed in Section 4.

TYPES 2023



3:10 Categorical Models of Subtyping

3.2 Gcwfs from topos theory
Let E be an elementary topos and ⊤ : 1→ Ω its subobject classifier, then consider

E/1 E/Ω

E
dom∼

Σ⊤

∆⊤

with Σ⊤ = ⊤ ◦ - and ∆⊤(ϕ : X → Ω) = (canonical p.b. of ϕ along ⊤) .

▶ Example 16. The triple (∼,dom,Σ⊤ ⊣ ∆⊤) is a gcwf.

Compatibly with the Mitchell-Bénabou interpretation, types are (proof irrelevant) propos-
itions, ∆⊤ computes the comprehension {x |ϕ(x)}, and so on – we refer to [13, Part D],
[15, Chap. II] for an extensive treatment of the topic, and to [20] for a quick overview. In
this case, the fibrations involved are discrete, hence this is really is a cwf, and there is no
subtyping.

A topos is quite a general structure, so let us break down a couple of examples for it.
The prototypical example of an elementary topos is Set, the categories of sets and functions,
with subobject classifier ⊤ : 1 → 2, ∗ 7→ 1, which classifies subsets via their characteristic
function.

Aϕ 1

A 2

⊤

ϕ

iϕ

⌟

In this case terms are sets, types are functions ϕ : A→ 2, which are equivalently subsets of
A – and the reason why we usually call them propositions. The context for each proposition
ϕ is its domain set A. Let us now break down rules as in (3),

(Σ⊤) A ⊢ A
A ⊢ iidA

Type
(∆⊤)A ⊢ ϕ Type

Aϕ ⊢ Aϕ
(4)

where we use the fact that ∆⊤(ϕ) = domiϕ = {a |ϕ(a)} ⊆ A by definition. Notice how,
again, ∆ does not make the triangle commute, as, in principle, A ̸= Aϕ.

Let us now look at a more complicated case, namely that of Eff , the effective topos
[10, 28], whose objects are sets A with an N-valued equality predicate =A∈ P(N)A×A, and
whose morphisms are P(N)-valued functional relations: we think of each subset of N as the
realizers (in the sense of Kleene) for a given proposition. One can show that Eff is a topos
with subobject classifier ⊤ : ({∗},N)→ (P(N),↔), where A↔ B := (A→ B) ∧ (B → A) is
a pair of recursive functions mimicking bi-implication [10, §1], and ⊤(∗, A) = [A↔ N]. In
this case, terms are sets with an N-valued equality predicate, and types are subobjects of
them, which can be shown to be sort of subsets with a compatible equality predicates and
an additional “membership” unary predicate compatible with it.

3.3 Gcwfs from pullbacks
For C with pullbacks we can define C→ the category of arrows in C and Sec(C) of sections
of arrows in C, meaning of pairs (s, f) with f, s ∈ C→ and f ◦ s = id. Therefore a type in
context A is a map f : B → A and a term of type f is one of its sections, s. For a given type
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f (map) context extension can be performed using what is usually called its “kernel pair”
construction, meaning computing the following pullback,

B

Kf B

B A
f

ff+
⌟id

id
! d(f)

which we can interpret as the universal f -induced congruence on B. One can always compute
the section B → Kf , which can be extended to a functor K : C→ → Sec(C).

▶ Example 17. Call U : Sec(C)→ C→ the functor mapping each pair (s, f), with s section
of f , to f . The triple (cod, codU,U ⊣ K) is a gcwf.

Actually, by Theorem 8, the same can be said for any D subcategory of C→ closed for
pullbacks, for example we can consider monomorphisms, and their sections. Notice that this
is not a cwf, as vertical maps are commutative triangles.

Let us give a couple of examples of this case, as well. We look at Set again, for a function
f : B → A, we find that Kf is the set of pairs of elements of B with the same image through
f , and B → Kf is the diagonal. We again try to break down rules as in (3), and get the
following.

(U) A ⊢ f : B ⇆ A : s
A ⊢ f : B → A Type

(K) A ⊢ f : B → A Type
B ⊢ f+ : Kf ⇆ B : d(f) (5)

Again, it is important that the right adjoint K, the one performing context extension, does
not make the triangle commute, as B is not (necessarily) equal to A. Let us now look at
subtyping judgements: morphisms in C→ are commutative squares, vertical ones are squares
such that the codomain is the identity, hence commutative triangles. The whole set of
structural judgements available in this model (cf. Section 2.1) is then the following.

A ⊢ f Type A ⊢ s : f A ⊢ f ′ ≤h f A ⊢ s :k f

domf

A

f

domf

A

fs

domf ′ domf

A
f ′ f

h domf ′ domf

A

f ′

f

k

s

Of course one could consider a great multitude of other categories, such as Pos, Top, VectK ,
Grp, all topoi, and many others.

3.4 On type constructors

We begin by considering function types of the form Fun(A,B), where A and B are in the
same context (in particular, B does not depend on A). In this case, given a subtype A′ of A
and a subtype B of B′ (note the different order), one would like to conclude that Fun(A,B)
is a subtype of Fun(A′, B′). In our proposed framework, this can be expressed by requiring
an action of Fun on vertical arrows, which is contravariant in the first component.
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In the case of a discrete gcwf (that is, in the fibrational formulation of a natural model/cwf)
the existence of function types can be expressed by requiring the existence of functors Fun
and abs making the right-hand square below a pullback [2]

U u̇∆×u̇ U̇ W∗(U u̇∆×u̇ U̇) U̇

U u̇∆×u U Uu×u U U

id×Σ

abs

Σ

W Fun

where the left-hand square is a pullback. The lower functor Fun simply takes two types A and
B in the same context Γ to the type Fun(A,B). The functor W is weakening of the second
type with the first one: it takes a pair (A,B) of two types A and B in the same context Γ to
the pair (A, (uϵA)∗B) where (uϵA)∗B is the type B weakened to the context Γ.A. As the
left-hand square is a pullback, the domain of the functor abs consists of pairs (A, b) of a type
A in context Γ and a term b of the weakened type (uϵA)∗B in context Γ.A. The functor abs
maps such a pair to the term abs(A, b). Commutativity of the square ensures that the type
of abs(A, b) is Fun(A,B). As it is not relevant for our discussion, we refer to [2] for details
on how the pullback property of the right-hand square validates both the elimination rule
and the η-rule.

To extend this setting to include subtyping in the form of vertical arrows, we need to
take into account that the action of Fun (and abs) should be contravariant only on the
vertical arrows of the first component. Contravariant actions of functors on some category
B are rendered by considering functors on the opposite category Bop, but here we want to
take the opposite only of vertical arrows, otherwise substitution, i.e. the action of Fun on
cartesian arrows, would go in the wrong direction. We need to consider what is known as
the fiberwise opposite uo : Uo → B of u, see [30, Section 5]. The construction of uo uses the
orthogonal factorisation system on U given by vertical and cartesian arrows to construct
a bicategory on the same objects of U whose 1-cells B → B′ are spans B ← B̄′ ↣ B′ of
a vertical arrow B ← B̄′ and a cartesian one B̄′ ↣ B′. 2-cells are morphisms of spans,
that is, arrows between the vertices making the two triangles commute. It turns out that
2-cells are unique (given two spans) and always invertible. The category Uo induced by
identifying two isomorphic 1-cells is again fibered over B, where an arrow [g, σ̄] is cartesian
(over σ = u̇σ̄) if g is invertible (equivalently, if there is a representative of the form (id, σ̄′)).
It is easy to see that, for every Γ, there is an isomorphism (Uo)Γ ∼= (UΓ)op natural in Γ. In
fact, it is well-known (see e.g. [26, Theorem 3.7]) that the fibered category uo is equivalent
(over B) to the fibered category F((−)op ◦ P(u)), where P: Fib(B) → Psd[Bop,Cat] and
F: Psd[Bop,Cat]→ Fib(B) are the two 2-functors realizing the 2-equivalence in Theorem 4.

▶ Remark 18. If we start with a fibration equipped with a (split) cleavage, then it is easy to see
that uo can also be equipped with a (split) cleavage. Indeed, we can pick (A, σ) 7→ [id, s(A, σ)]
as cleavage for uo, where s is a cleavage for u. If s is split, then the above choice is
clearly normal, and (id, s(A, σ ◦ ρ)) is a representative for [id, s(s0(A, σ), ρ)] ◦ [id, s(A, σ)].
Furthermore, a cleavage s for u provides us with a choice of a span (g, s(A, σ)) in each
equivalence class. These choices compose (i.e. form a category) as soon as the cleavage is
split. Therefore, in the case of a split fibration u, an arrow A→ B in Uo over some σ in B is
actually just a vertical arrow s0(B, σ)→ A.

▶ Proposition 19. Let (u, u̇,Σ,∆) be a gcwf over B equipped with two morphisms of fibrations
Fun and abs making the right hand square below a pullback over B.
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Uo
u̇o∆o×u̇ U̇ W∗(Uo

u̇o∆o×u̇ U̇) U̇

Uo
u̇o∆o×u U Uo

uo×u U U

id×Σ

abs

Σ

W Fun

Then, in addition to the usual formation, introduction, elimination and computation rules
for function types, the following rules are satisfied.

Γ ⊢ A′ ≤f A Γ ⊢ B ≤g B
′

Γ ⊢ Fun(A,B) ≤Fun(f,g) Fun(A′, B′)
Γ.A ⊢ b :f B

Γ ⊢ abs(A, b) :Fun(idA,f) Fun(A,B)

In order to extend Proposition 19 to the case of dependent function types, i.e. Π-types,
we need to take into account two changes in variance. One is due, as in the non-dependent
case, to the fact that Π acts contravariantly on the first argument. The second change in
variance happens because the second argument depends on the first one, but the subtyping
relation on second arguments goes in the opposite direction of the subtyping between on
first arguments. These two changes in variance can be described as follows. Consider first a
pullback of Σ as in the left-hand diagram below. Then take its fiberwise opposite, resulting
in the morphism of fibrations in the middle below. Finally, compose that triangle with
the fibration u : U → B and take again the fiberwise opposite of the result, obtaining the
morphism of fibrations ΣΠ on the right-hand below, from u̇Π := (u ◦ u̇o

1)o to uΠ := (u ◦ uo
1)o.

U̇ U̇1

U U1

B U

u̇

Σ

u̇1

Σ1

u u1

u̇∆

U̇o
1

Uo
1

U

u̇o
1

Σo
1

uo
1

U̇Π

UΠ

B

u̇Π

ΣΠ

uΠ

(6)

Unfolding the constructions involved, we see that an arrow (f, [g, f̄ ]) : (A,B)→ (A′, B′)
in UΠ vertical over Γ consists of an arrow f : A′ → A vertical over Γ together with a 1-cell
[g, f̄ ] : B′ → B in Uo

1 with g : B̄ → B′ vertical over Γ.A′ = u̇∆A′ and f̄ : B̄ → B cartesian
over u̇∆f : Γ.A′ → Γ.A. Similarly, an arrow (A, b)→ (A′, b′) in U̇Π vertical over Γ consists of
an arrow f : A′ → A as before, together with a 1-cell [ġ, f̄ ] in U̇o

1 with ġ : b̄→ b′ vertical over
Γ.A′ and f̄ : b̄→ b cartesian over u̇∆f . The following result follows.

▶ Proposition 20. Let (u, u̇,Σ,∆) be a gcwf equipped with two morphisms of fibrations Π
and abs making the square below a pullback over B.

U̇Π U̇

UΠ U

ΣΠ

abs

Σ

Π

Then, in addition to the usual formation, introduction, elimination and computation rules
for dependent function types, as well as the η-rule, the following rules are satisfied.

Γ ⊢ A′ ≤f A Γ.A′ ⊢ B[u̇∆f ] ≤g B
′

Γ ⊢ Π(A,B) ≤Π(f,g) Π(A′, B′)
Γ.A ⊢ b :g B

Γ ⊢ abs(A, b) :Π(idA,g) Π(A,B)

A type constructor like the dependent sum (i.e. Σ-types), on the other hand, requires no
change in variance. Therefore its formulation for a gcwf is a straightforward generalization
of the discrete case. The fibration classifying the premises is what is called u1 in diagram (6)
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above: the objects, as expected, are the same of uΠ, but the vertical arrows (A,B)→ (A′, B′)
now are just pairs of a vertical arrow f : A→ A′ and g : B → B′ over u̇∆f . The construction
of the fibration u̇Σ classifying the premises of the introduction rule is slightly more involved,
and we refer to [5, Example 3.7.4] for a complete description.

▶ Proposition 21. Let (u, u̇,Σ,∆) be a gcwf equipped with two morphisms of fibrations Σ
and pair making the square below a pullback over B.

U̇Σ U̇

U1 U

ΣΣ

pair

Σ

Σ

Then, in addition to the usual formation, introduction, elimination and computation rules
for dependent sum types, as well as the η-rule, the following rules are satisfied.

Γ ⊢ A ≤f A
′ Γ.A ⊢ B ≤g B

′[u̇∆f ]
Γ ⊢ Σ(A,B) ≤Σ(f,g) Σ(A′, B′)

Γ ⊢ a :f A Γ.A ⊢ b :g B[a]
Γ ⊢ pair(a, b) :Σ(f,g) Σ(A,B)

In writing the rules above in Propositions 20 and 21, we have written the action of
reindexing as if the fibrations involved were split. This allows us to simplify notation in
the rules, which would otherwise look quite cumbersome. In the case of non-split fibrations,
a judgement like Γ.A ⊢ B ≤g B

′[u̇∆f ] in a premise should be read as “for all pairs of a
cartesian f̄ : B̄′ → B′ over u̇∆f and a vertical g : B → B̄′”, and similarly for the other
judgements. In particular, in the non-split case, the cartesian arrow f̄ should appear in the
conclusion as well, as one of the arguments of Σ(f, g).

4 The “subtyping” monad

We now deepen our intuition for both the properties and the features of this new construction.
In particular, the process of taking into consideration vertical maps turns out to amount
to the result of the action of a particular monad. Grothendieck fibrations are known to be
strongly linked to certain (co)monads, to the point of them being classified as pseudo-algebras
of a given one (cf. [8] for a recent review and extension). We here present a simple monad
that has the nice feature of collecting vertical maps, and show that it actually produces gcwfs
out of gcwfs.

This section is perhaps best intended not as a development, but more of an additional
perspective of our theory of subtyping: though it does not provide new results, it puts its
emerging in context, and can hopefully be used in future works to combine different notions
with this one – for example, what would a distributive law combining the monad here and
that producing split fibrations [30, §3] mean, and what would it entail?

We start from the endofunctor (Id−/Id−) : Fib(B)→ Fib(B) computing for each fibration
p : E → B the comma object (Idp/Idp), meaning the following (very boring) 2-limit below.

(Idp/Idp) p

p pIdp

Idp

To make the reding a bit smoother, we denote (Idp/Idp) by (p/p). Unpacking this categorical
construction, one finds that the new fibration (p/p) : E ↓v E → B has in the domain triples
(f,A′, A) such that f : A′ → A is a p-vertical map, while morphisms in E ↓v E are simply
commutative squares.
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▶ Lemma 22. There is a monad on Fib(B) with endofunctor (Id−/Id−).

Its associated unit has components η : p→ Tp sending each object to its identity, while the
multiplication µp : TTp→ Tp is fiber-wise composition – as objects in the total category of
TTp are squares of vertical maps, and vertical maps compose.

This simple construction we can actually extend to a gcwf, meaning we can use it to
build out of a gcwf with type fibration u, a new gcwf with type fibration Tu.

▶ Proposition 23. Let (u, u̇,Σ ⊣ ∆) a gcwf. Then there are adjoint functors Σ ⊣ ∆ such
that (u/u,Σ/u,Σ ⊣ ∆) is a gcwf.

If we look at the basic judgments this second gcwf is describing, we will find precisely the
two introduced in Section 2.1, so that we can reformulate our old perspective:

Γ ⊢ A Type Γ ⊢ a : A Γ ⊢ A′ ≤f A Γ ⊢ a :g A

u(A) = Γ u̇(a) = Γ, Σ(a) = A f : A′ → A, u(f) = idΓ g : Σa → A, u(g) = idΓ

into the newer following notation.

Γ ⊢ A Type Γ ⊢ a : A Γ ⊢ A′ ≤f A Γ ⊢ a :g A

u(A) = Γ u̇(a) = Γ, Σ(a) = A (u/u)(f, A′, A) = Γ (Σ/u)(g, a, A)=Γ, p2◦Σ(g, a, A)=A

Notice now the symmetry of the first and the second two judgments: the two new ones can
be regarded as “classifiers” for new types and terms themselves, in a way such that it is
always possible to recover the original theory – one simply has to look at those vertical maps
that, in particular, are identities.

▶ Definition 24 (The category of gcwfs). A gcwf morphism (u, u̇,Σ ⊣ ∆)→ (v, v̇,Σ′ ⊣ ∆′)
is the data of a pair (H, Ḣ), with H : u → v, Ḣ : u̇ → v̇ fibration morphisms such that
HΣ = Σ′Ḣ. We denote GCwF the category of gcwfs and gcwf morphisms, and GCwF(B)
its subcategory with fixed context category B.

Again, it should be noted that gcwfs can be equipped with more interesting (and higher
dimensional) structure [4, §3.2], but for the purposes of the present paper we are not interested
in that.

▶ Theorem 25. The monad in Lemma 22 can be lifted to a monad over GCwF(B).

If a monad is an object for abstract computation, this one in particular computes “subtyping
judgements”. An interesting question is now to check what objects does iterating this
computation produce: the first iteration collects vertical maps, and morphisms are squares; in
particular, vertical morphisms are those squares having vertical (with respect to the original
type fibration) components, therefore the second iteration produced the fibration of said
“all vertical” squares; here morphisms are cubes, and the vertical ones are those where all
“connecting” maps are vertical (again, with respect to the original type fibration), and so on.

5 Open problems

Of course the applications to constructors can be taken much further than what is done in
Section 3.4, and considering more complex ones can lead to a new extension of the present
theory. Our intention was to introduce the “vertical maps” perspective, so that whoever
gets interested in categorical models for type theory is motivated to consider the benefit of
including non-discrete fibrations – usually at very little additional cost.
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We conclude this exposition with a take that was suggested to the first author by F.
Dagnino, and which we believe might be of some interest: as a fibration can be regarded as
an internal category in the category of discrete fibrations, it seems like the process of going
from a theory without a notion of subtyping to a theory with subtyping is close to that of
considering a category internal to another one. In this sense, our work is perhaps not best
interpreted as a generalization of some known models, but as a structure internal to them.
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A Proofs

Proof of Proposition 10. The first two rules, Subsumption (Sbsm) and Transitivity (Trans),
simply follow from composition of vertical arrows. Substitution (Sbst) and Weakening (Wkn)
are a bit trickier and make use of, precisely, the substitutional part of the structure, namely
it being a fibration. We begin with Weakening, as it is a bit easier: consider that the premise
of the rule is given by maps and objects as below.

A′

A U

Γ.B Γ BuϵB

u

f

Since B is a type in context Γ, we can compute the counit ϵ : Σ∆B → B, which we know
by (3) that acts as weakening, in particular producing the context extension uϵB : Γ.B → Γ.
In the fiber over Γ, not only do we have B, but we also have a vertical map f : A′ → A.
Applying the reindexing (uϵB)∗ to the three of them yields a new vertical map over Γ.B,
hence the judgement Γ.B ⊢ (uϵB)∗A′ ≤(uϵB)∗f (uϵB)∗A. In Proposition 10 we have actually
written A for (uϵB)∗A, at it is customary for weakening rules – and as, in fact, it appears
in (3). All in all, the Weakening rule only tells us that subtyping is preserved through
weakening.
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3:18 Categorical Models of Subtyping

Now let us get to Substitution. In order to prove it, we first need to recall how B[a] is
computed in a traditional natural model (cf. [2, §2.1]): for given Γ ⊢ a : A and Γ.A ⊢ B, B[a]
is the result of the reindexing B along the (image of the) unit ηa. (This is not precisely how
the original paper presents it, though it is equivalent to that: see [4, §2.3.4] for a detailed
discussion on the matter.) In our setting, the premises of (Sbst) start from the following.

Σa Σ∆Σa Σa

A Σ∆A A U

Γ Γ.Σa Γ.A Γ Bu̇∆g

u

u̇ηa uϵΣa

g

Notice that, since g is vertical, and the top horizontal compositions in the top diagram is an
identity due to triangle identities of Σ ⊣ ∆, by cartesianness of the counit ϵA : Σ∆A → A

there is a unique map making the top diagram commute. Now, each “external” side in the
top diagram is mapped to the identity through u, meaning we can repeat Awodey’s argument,
and the required vertical arrow is the result of reindexing along the (image of the) unit –
post-composed with u̇∆g. Notice that a is only “allowed” to interact with B,B′ through g,
which in turn does nothing to contexts, so that we are in our right to write, as customary,
B[a] for (u̇(∆g ◦ ηa))∗B. ◀

▶ Remark 26. It might not seem like it, but this last proof makes heavy use of the universal
property of the comma object (u/u), and it could be in fact entirely proved using that
profusely. We point the interested reader to [4, §3.5] for the corresponding alternative proof.

Proof of Proposition 11. Each component of the unit in a gcwf is a monic arrow. Indeed,
let f, g : a→ b in U̇ be such that ηbf = ηbg. It follows that

u̇f = (uϵΣb)(u̇ηb)(u̇f) = (uϵΣb)(u̇ηb)(u̇g) = u̇g

and, in turn, that f = g since ηb is cartesian. The left adjoint Σ is then faithful. ◀

Proofs of Propositions 19–21. This is straightforward, by reading the action of the morph-
isms involved (Fun, Π, abs, Σ, pair) on vertical arrows and unfolding the definitions of the
sub-typing judgements as in Table 1. ◀

Proof of Proposition 23. We begin by describing what the fibration of terms (Σ/u) does:
it simply collects pairs (g, a,A) such that g : Σa→ A is a u-vertical map, and sends them to
their underlying context. Its vertical maps are pairs of vertical maps (respectively u̇- and
u-vertical) fitting in appropriate squares, and its cartesian maps are pairs of cartesian maps
(again, respectively, with reference to u̇ and u).

The required typing functor, then, is simply Σ sending each triple (g, a,A) to (g,Σa,A),
which is cartesian because Σ is. Describing its right adjoint requires a little more effort:
for a triple (f,A′, A) in (u/u) one considers its image through ∆, then its vertical-cartesian
factorization system (cf. Proposition 3), then the image of the vertical portion of it through
Σ to get back to U .

A′ ∆A′ Σ∆A′ A′

A af ∆A Σaf Σ∆A A

f (∆f)v

(∆f)c

∆f

ϵA′

ϵA

f
Σ∆f

∆f=Σ(∆f)v

Σ(∆f)c
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Cartesianness of (∆f)c can be used to provide functoriality. Let us now show how the two
functors form an adjoint pair by means of the universal property of its counit, which is
actually depicted on the right square above. For any triple (g, b, B) in (Σ/u) and morphism
(h, k) : Σ(g, b, B) → (f,A′, A) we must show that there is a unique pair (m,n) such that
Σ(m,n) : Σ(g, b, B) → Σ∆(f,A′, A) makes the obvious triangle commute. The universal
property of the counit ϵ′A yields a unique m : b→ ∆A′ so that h = ϵA′ ◦m,

Σb

B Σ∆A′ A′

Σaf Σ∆A A

Θ

Γ.A′ Γ.A Γ

ϵA′

ϵA

f

Σ(∆f)c

g h

k

Σ(!)

Σ∆f
∆f=Σ(∆f)v

uΣ(!)

hence a map filling the bottom diagram to a commuting triangle. By cartesianness of
ϵA ◦ Σ(∆f)c there is a unique map n : B → Σaf making the “other” triangle commute as
well. ◀

Proof of Theorem 25. Let us denote (T, η, µ) the desired monad. On objects it of course acts
as T (u, u̇,Σ ⊢ ∆) = ((u/u), (Σ/u),Σ ⊣ ∆) as in Proposition 23. The image of a morphism
(H, Ḣ) is actually simply the action of H, and it provides a commutative square because
HΣ = Σ′Ḣ. Unit is again induced by identity, and multiplication by composition. ◀
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