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Abstract
In applications, QBF solvers are often required to generate strategies. This typically involves a
process known as strategy extraction, where a Boolean circuit encoding a strategy is computed from
a proof. It has previously been observed that Craig interpolation in propositional logic can be seen
as a special case of QBF strategy extraction. In this paper we explore this connection further and
show that, conversely, any strategy for a false QBF corresponds to a sequence of interpolants in
its complete (Herbrand) expansion. Inspired by this correspondence, we present a new strategy
extraction algorithm for the expansion-based proof system Exp+Res. Its asymptotic running time
matches the best known bound of O(mn) for a proof with m lines and n universally quantified
variables. We report on experiments comparing this algorithm with a strategy extraction algorithm
based on combining partial strategies, as well as with round-based strategy extraction.
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1 Introduction

Due to continuous performance improvements over the last 30 years [8], SAT solvers have
become a standard tool in formal methods and electronic design automation [16, 39]. However,
the increasing complexity of specifications in these areas can lead to prohibitively large
encodings that are unmanageable even for the most efficient SAT solvers. This problem has
prompted research into more succinct logics, such as Quantified Boolean Formulas (QBF),
that can naturally encode a wide range of synthesis tasks [10, 11, 35, 37].

In many of these applications, QBF solvers cannot just answer “true” or “false”, they
are expected to provide a winning strategy as a solution. This typically involves strategy
extraction, where a Boolean circuit encoding a strategy is computed from a proof generated by
the solver. Determining whether a QBF proof system has efficient strategy extraction is thus
important for practical concerns. But improved strategy extraction can also serve a tighter
characterisation of proof systems. A seminal result in this context is linear-time strategy
extraction for Q-resolution [2]: one can show that the extracted strategies are decision lists,
and this leads to strong lower bounds against Q-resolution [4, 5].

Q-resolution is the proof system underpinning quantified CDCL, one of the main paradigms
in QBF solving. Another main paradigm is counter-example guided expansion [23], with
Exp+Res as its underlying proof system [24]. It has been shown that an Exp+Res refutation
of a QBF can guide the universal player to win the evaluation game, and since all operations
can be implemented in polynomial time, it follows that Exp+Res has polynomial-time
strategy extraction [5].

However, the simulation of player moves in the resulting round-based strategy extraction
algorithm incurs a significant overhead. In experiments, an implementation of this idea
struggled to generate strategies for many QBFs that could be solved quickly [19]. An
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alternative is to simulate an operation for combining partial strategies [38] using circuits,
which leads to strategy extraction in time O(mn) for a proof with m lines and n universally
quantified variables [34]. But because this approach constructs a strategy tree for all universal
variables at once, the Herbrand functions for individual universal variables have no clear
interpretation.

This paper presents a new strategy extraction algorithm for Exp+Res based on Craig
interpolation [14]. An interpolant between two formulas φ and ψ such that φ∧ψ is unsatisfiable
is a formula (or circuit) I in the shared variables var(φ) ∩ var(ψ) such that φ |= I and
ψ |= ¬I. Interpolation is an important and well studied concept in logic and automated
reasoning [15, 28]. For example, interpolants can be used to over-approximate the set of
reachable states in model checking [29]. In proof complexity, showing that an interpolant
can be efficiently extracted from a refutation of φ ∧ ψ can lead to strong lower bounds [27].

This technique, called feasible interpolation, can also be used to establish lower bounds
against QBF proof systems such as Exp+Res when the shared variables are existentially
quantified [6]. In this context, it was noted that, for certain formulas, any winning strategy
for a single universal variable corresponds to an interpolant. However, extending this idea to
multiple universal variables is challenging. In particular, simply computing the interpolants
between parts resulting from expansion with ui and parts resulting from expansion with
¬ui, for each universal variable ui, does not work for arbitrary Exp+Res proofs (cf. [20], see
Section 4.1). This approach only works for local-first proofs [20], and bringing a proof into
this form generally requires rewriting that can lead to an exponential blowup [1, 22].

This paper presents a different solution that takes the order u1, . . . , un of universal
variables in the quantifier prefix into account. For each universal variable ui, it computes
an interpolant between parts of the complete (Herbrand) expansion that are identified by
positive and negative occurrences of ui along with an assignment σ of the preceding universal
variables. For u1, we simply compute the interpolant between the part resulting from
expansion with ¬u1 and the part resulting from expansion with u1. For ui with 1 < i ≤ n,
we compute an interpolant between the expansion with σ,¬ui and the expansion with σ, ui.
This not only leads to strategies, it characterises them: every universal winning strategy
corresponds to such a sequence of interpolants in the complete expansion.

Following this idea, strategy extraction for Exp+Res can by implemented by generalising
a standard interpolation system for resolution [21, 27, 33]: interpolants for axioms become
functions in universal variables, since their assignment to a part depends on the values of
these variables; similarly, whether a variable is shared, or local to a specific part, depends
on the assignment of universal variables. The main technical difficulty is showing that an
interpolant for a bipartition of the complete expansion can be used as an interpolant between
specific parts of the expansion under a partial assignment. This step of the argument is only
proved for a specific interpolation system.

The interpolants can be computed in time O(mn) from an Exp+Res proof with m

lines and n universal variables, matching the bound of the algorithm that combines partial
strategies [34]. We implemented both algorithms within Ferpmodels [19], a certification
framework for Exp+Res proofs that uses round-based strategy extraction, and present an
experimental comparison of all three algorithms.

The rest of the paper is structured as follows. Section 2 introduces standard concepts
and notation. Section 3 offers a brief introduction to interpolation in propositional logic.
In Section 4, we establish the link between universal winning strategies and interpolants in
the complete expansion, and present the new strategy extraction algorithm for Exp+Res.
Section 5 provides experimental results for an implementation of this algorithm. We discuss
related work in Section 6 and conclude in Section 7.
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2 Preliminaries

An assignment of a set V of propositional variables is a function σ : V → {0, 1}. A partial
assignment of V is an assignment of U ⊆ V . Given an assignment σ : V → {0, 1} and a
subset U ⊆ V of its domain, we write σ|U for the restriction of σ to U . We consider (Boolean)
circuits and formulas built up from variables, the constants 0 and 1, as well as the connectives
∨, ∧, ¬. Sometimes, we think of if-then-else expressions ite(c, A,B), which can be expressed
as (c∧A) ∨ (¬c∧B), as atomic gates. We write var(φ) for the set of input gates or variables
occurring in a circuit or formula φ. If φ is a circuit and σ : V → {0, 1} an assignment such
that var(φ) ⊆ V , we write φ(σ) for the output of φ under the assignment. Note that σ may
assign variables that are not input gates of φ – these are simply ignored in the evaluation.
Given a circuit (or formula) φ and variable assignment σ : V → {0, 1}, we write φ[σ] for
the circuit (or formula) obtained by replacing each input gate (or variable) v ∈ var(φ) ∩ V

by the constant σ(v). A literal is a variable v or a negated variable ¬v, and a clause is a
disjunction of literals. A CNF formula is a formula is a conjunction of clauses. We think of
clauses as sets of literals and formulas as sets of clauses whenever convenient. Similarly, we
may identify a variable assignment with a set, sequence, or conjunction of literals. If v is a
variable, φ a circuit, and τ : V → {0, 1} an assignment such that var(φ) ⊆ V , then v = φ(τ)
denotes the assignment {v 7→ φ(τ)}.

We consider Quantified Boolean Formulas (QBFs) Φ = Q.φ in prenex conjunctive normal
form, where Q = Q1v1, . . . , Qnvn is a sequence of quantifiers Qi ∈ {∀,∃} and pairwise
distinct variables vi, called the (quantifier) prefix of Φ, and φ is a CNF formula, called
the matrix of Φ. We assume that the set var(φ) of variables in the matrix is a subset
of the variables {v1, . . . , vn} in the prefix. The prefix induces a linear ordering <Q on its
variables {v1, . . . , vn} where vi <Q vj if i < j. We omit the prefix Q when it is understood.
Given a partial assignment τ of the variables of Φ, we write Φ[τ ] = Q′.φ[τ ], where Q′ is
obtained from Q by omitting variables assigned by τ and their associated quantifiers. We
write UΦ = {vi |Qi = ∀} for the set of universal variables of Φ, and EΦ = {vi |Qi = ∃} for
the set of existential variables, dropping the subscript if the QBF Φ is understood. The set
of variables preceding variable vi in the prefix is denoted D(vi) = {v1, . . . , vi−1}. Given a
sequence u1, . . . , uk of universal variables, we may write Di = D(ui). In such cases, we define
D0 = ∅. Let ψ = (ψ1, . . . , ψk) be a sequence of circuits, one for each universal variable ui,
such that var(ψi) ⊆ E ∪ U . We say that assignments σ of the universal variables and τ

of the existential variables are consistent with ψ if σ(ui) = ψi(σ ∪ τ), for each 1 ≤ i ≤ k.
The sequence ψ is a universal winning strategy if var(ψ) ⊆ Di for each 1 ≤ i ≤ k, and
φ(σ∪ τ) = 0 for any assignments σ of the universal variables and τ of the existential variables
that are consistent with ψ. The QBF Φ is false if there is a universal winning strategy, and
true otherwise.

2.1 QBF Expansion Proofs
QBF evaluation can be reduced to propositional satisfiability by repeatedly applying Shannon
expansion to get rid of universally quantified variables. The resulting propositional formula,
called the complete (Herbrand) expansion, is satisfiable if, and only if, the QBF is true. The
complete expansion can be obtained as a conjunction, taken over all assignments of universal
variables, of copies of the matrix instantiated with these assignments. Formally, let Φ = Q.φ
be a QBF, let C ∈ φ be a clause, and let σ : U → {0, 1} an assignment that does not
satisfy C. We write C [σ] = {ℓ[σ] | ℓ ∈ C, var(ℓ) ∈ E} for the annotated clause obtained by
instantiating clause C with the assignment σ, where ℓ[σ] = ℓσ|D(var(ℓ)) is ℓ annotated with the
restriction of σ to universal variables preceding var(ℓ) in the prefix. Otherwise, if σ satisfies
C, then C [σ] = ⊤.

SAT 2024
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(Axiom)
C [σ]

C1 ∨ eτ ¬eτ ∨ C2 (Resolution)
C1 ∨ C2

In the axiom rule (left), C ∈ φ is a clause and σ an assignment of universal variables not
satisfying C. In the resolution rule (right), both C1 and C2 are annotated clauses and eτ

is an annotated variable.

Figure 1 The proof rules of Exp+Res for a QBF with matrix φ.

The complete expansion is defined as

exp(Φ) =
∧

σ:U→{0,1}

∧
C∈φ

C [σ].

The complete expansion is satisfiable if, and only if, the QBF Φ is true. Given a partial
assignment µ of universal variables, we write φσ = {C [θ] ∈ exp(Φ) | σ ⊆ θ} for the subset
of clauses in the complete expansion whose annotation is compatible with σ. Given an
assignment τ of existential variables and σ of universal variables, let τ [σ] =

∧
ℓ∈τ ℓ

[σ]. For a
partial assignment α, the expansion of the simplified QBF Φ[α] essentially corresponds to
a subset of the complete expansion of exp(Φ) with a particular annotation. This is stated
formally in the following lemma (the proof is given in Appendix A).

▶ Lemma 1. Let Φ = Q1v1 . . . Qnvn.φ be a QBF, and let α : {v1, . . . , vi} → {0, 1} be a
partial assignment of its variables. Then exp(Φ[α]) and φσ ∧ τ [σ] are equisatisfiable, where
σ = α|U and τ = α|E.

The proof system Exp+Res formally captures resolution refutations from a subset of
clauses in the complete expansion [24]. Its proof rules are shown in Figure 1. An Exp+Res
proof (or refutation) of a QBF Φ is a sequence of clauses ending with the empty clause ⊥
such that each clause is either an axiom or derived by resolution from clauses appearing
earlier in the sequence.

3 Interpolation in Propositional Logic

The Craig interpolation theorem states that if Φ |= Ψ holds for first-order sentences Φ and Ψ,
then there exists a first order sentence I, called an interpolant, such that Φ |= I, I |= Ψ, with
the non-logical symbols in I shared by Φ and Ψ [14]. Craig interpolation is an important
concept in logic and automated reasoning [28]. Given a propositional formula φ and a
clause C, we write C|φ for the restriction of C to variables occurring in φ. In the remainder
of this paper, we will adopt the following definition of an interpolant, commonly used in
model checking and verification [29] and sometimes referred to as a reverse interpolant [26].

▶ Definition 2 (Partial Interpolant). Let φ and ψ be formulas and C a clause such that
φ ∧ ψ |= C. A partial interpolant between φ and ψ for C is a Boolean circuit I such that
var(I) ⊆ var(φ) ∩ var(ψ), φ |= C|φ ∨ I, and ψ |= C|ψ ∨ ¬I. If C = ∅ then I is called an
interpolant between φ and ψ.

Equivalently, an interpolant between φ and ψ is a circuit that decides which of φ and ψ is
unsatisfiable given an assignment of the shared variables.

▶ Proposition 3. Let φ and ψ be formulas such that φ ∧ ψ is unsatisfiable. A circuit I
with var(I) ⊆ var(φ) ∩ var(ψ) is an interpolant between φ and ψ if, and only if, φ ∧ τ

is unsatisfiable whenever I(τ) = 0, and ψ ∧ τ is unsatisfiable whenever I(τ) = 1, for any
assignment τ : var(φ) ∩ var(ψ) → {0, 1}.
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C ∈ φ
C [0]

C ∈ ψ
C [1]

C1 ∨ x [I1] ¬x ∨ C2 [I2]
x ∈ var(φ) \ var(ψ)

C1 ∨ C2 [I1 ∨ I2]

C1 ∨ x [I1] ¬x ∨ C2 [I2]
x ∈ var(ψ) \ var(φ)

C1 ∨ C2 [I1 ∧ I2]

C1 ∨ x [I1] ¬x ∨ C2 [I2]
x ∈ var(ψ) ∩ var(φ)

C1 ∨ C2 [ite(¬x, I1, I2)]

Figure 2 Symmetric interpolation system for resolution proofs [21, 27, 33].

Proof. Let I be an interpolant between φ and ψ. If I(τ) = 0, since φ |= I the formula φ ∧ τ
must be unsatisfiable. Otherwise, if I(τ) = 1, since ψ |= ¬I, the formula ψ ∧ τ must be
unsatisfiable. The proves the “only if” direction.

For the converse, let I be a circuit defined on var(φ) ∩ var(ψ) such that φ ∧ τ is
unsatisfiable whenever I(τ) = 0, and ψ ∧ τ is unsatisfiable whenever I(τ) = 1, for any
assignment τ : var(φ) ∩ var(ψ) → {0, 1}. Consider a satisfying assignment τ of φ. Since
var(I) ⊆ var(φ), the output I(τ) of I under τ is defined, and it must be 1, since φ ∧ τ is
satisfied by τ . We conclude that φ |= I. A symmetric argument shows that ψ |= ¬I. ◀

An interpolation system computes circuits representing partial interpolants for each clause in
a proof. For the purposes of this paper, we will use the interpolation system for resolution
proofs shown in Figure 2 [21, 27, 33]. This interpolation system assigns 0 to initial clauses in
φ, and 1 to initial clauses in ψ. For derived clauses, it distinguishes three cases, depending
on whether the pivot variable x is local to φ, that is, if it may appear in φ but not in ψ, or
local to ψ, or shared between φ and ψ. We write IC(φ,ψ) for the circuit computed by the
system at a clause C of a resolution refutation, and I(φ,ψ) = I∅(φ,ψ) for the circuit at the
empty clause. This circuit is an interpolant, as stated in the following theorem [21, 27, 33].

▶ Theorem 4. Let φ and ψ be formulas such that φ ∧ ψ is unsatisfiable. For any resolution
refutation of φ and ψ, the circuit I(φ,ψ) is an interpolant between φ and ψ.

Further, the interpolation system is symmetric in the following sense [21].

▶ Lemma 5. Let I ′(φ,ψ) = I(ψ,φ) be the circuit computed by the system in Figure 2 where
the roles of φ and ψ are reversed. Then I(φ,ψ) ↔ ¬I ′(φ,ψ).

4 Strategy Extraction by Interpolation

It is well known that the interpolant between two jointly unsatisfiable formulas identifies
which of these formulas is unsatisfiable given an assignment of their shared variables. In
particular, that applies to bipartitions of a QBF’s expansion induced by individual universal
variables, as stated in the following proposition.

▶ Proposition 6. Let Φ = Q.φ be a false QBF and let u be one of its universal variables.
Then φ¬u ∧ φu is unsatisfiable, and for any assignment τ : var(φ¬u) ∩ var(φu) → {0, 1}, the
formula φu=I(τ) ∧ τ is unsatisfiable, where I is an interpolant between φ¬u and φu.

SAT 2024
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C
[u1,¬u2]
1

(a) [⊤,⊥]
C

[u1,u2]
3

(¬a ∨ lu1,u2) [⊤,⊤]
(lu1,u2) [⊤, a]

C
[¬u1,u2]
2

(b) [⊥,⊤]
C

[u1,u2]
4

(¬b ∨ ¬lu1,u2) [⊤,⊤]
(¬lu1,u2) [b,⊤]

⊥ [b, a]

Figure 3 Exp+Res refutation of the QBF Ψ in the running example. Each clause C is annotated
with partial interpolants [IC(ψ¬u1 , ψu1 ), IC(ψ¬u2 , ψu2 )].

Proof. The formula φ¬u ∧ φu corresponds to the complete expansion, so it must be unsatis-
fiable because Φ is false. By Proposition 3, for any assignment τ : var(φ¬u)∩var(φu) → {0, 1},
if I(τ) = 0, then φ¬u ∧ τ is unsatisfiable, and if I(τ) = 1, then φu ∧ τ is unsatisfiable. ◀

For the first universal variable u in the quantifier prefix, the variables shared between φ¬u

and φu are existential variables preceding u, every interpolant is a function in a winning
strategy, and vice versa [6]. However, generalising this correspondence between strategies
and interpolants to formulas with multiple universal variables is non-trivial. We first consider
a natural but unsuccessful approach in Section 4.1 before presenting a solution in Section 4.2.

4.1 A Naive Approach
An initially plausible idea for obtaining a winning strategy is to separately compute the
interpolant between φ¬ui and φui for each universal variable ui. Unfortunately, that does
not work in general because functions obtained in this way lack coordination, as illustrated
by the following example [20].

▶ Example. Consider the QBF Ψ = ∃a∃b∀u1,∀u2∃l.ψ, where

ψ = (a ∨ ¬u1 ∨ u2)︸ ︷︷ ︸
C1

∧ (b ∨ u1 ∨ ¬u2)︸ ︷︷ ︸
C2

∧ (¬a ∨ ¬u1 ∨ ¬u2 ∨ l)︸ ︷︷ ︸
C3

∧ (¬b ∨ ¬u1 ∨ ¬u2 ∨ ¬l)︸ ︷︷ ︸
C4

.

The QBF Ψ is false, as witnessed by the Exp+Res refutation shown in Figure 3. Taking this
proof as a resolution refutation of the expansion exp(Ψ), we can apply the interpolation system
in Figure 2 to compute the interpolants I (ψ¬u1 , ψu1) = b and I (ψ¬u2 , ψu2) = a. However,
(b, a) is not a universal winning strategy, since the satisfying assignment ¬a,¬b,¬u1,¬u2, l

of ψ is consistent with this strategy.
This issue can be circumvented by working with resolution refutations of the expansion

that are local-first, where resolution on shared pivot variables may occur only after local
variables have been removed by resolution [20]. However, imposing this kind of proof structure
may require rewriting and can lead to an exponential increase in proof size [1, 22].

4.2 Coordinated Interpolants are Strategies
To achieve coordination between interpolants, we will take the ordering of universal variables
in the quantifier prefix into account. To simplify notation, for the rest of this section, let
Φ = Q.φ be an arbitrary but fixed, false QBF with n universal variables u1, . . . , un, in their
left-to-right order in the quantifier prefix.

For the first variable u1, we compute an interpolant I1 between φ¬u1 and φu1 , as
suggested above. Given an assignment τ : var(φ¬u1) ∩ var(φu1) → {0, 1} of the shared
variables, the interpolant computes an assignment I1(τ) such that φu1=I1(τ)∧τ is unsatisfiable.
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We generalise this to an inductive invariant for 1 < i ≤ n by requiring that the partial
assignment σ : {u1, . . . , ui−1} → {0, 1} of universal variables identifies a part φσ of the
complete expansion that is unsatisfiable under the partial assignment τ : Di−1 ∩ E → {0, 1}
of existential variables. Technically, φσ speaks about annotated existential variables, rather
than the original existential variables. Since their annotations are all consistent with σ (by
definition of φσ), this is not really an issue, but just to be formally precise, we add the
annotation to the assignment τ and require that φσ ∧ τ [σ] is unsatisfiable.

To obtain a strategy function for ui, we now compute an interpolant within φσ. Since
φσ is the union of φσ,¬ui and φσ,ui , and φσ ∧ τ [σ] is unsatisfiable, there is an interpolant
between φσ,¬ui ∧ τ [σ] and φσ,ui ∧ τ [σ]. We will call such an interpolant a σ, τ -interpolant.

▶ Definition 7 (σ, τ -Interpolant). Let 1 ≤ i ≤ n, let σ : {u1, . . . , ui−1} → {0, 1} be a partial
assignment of universal variables and τ : Di−1 ∩E → {0, 1} a partial assignment of existential
variables such that φσ ∧ τ [σ] is unsatisfiable. A σ, τ -interpolant is an interpolant between
φσ,¬ui ∧ τ [σ] and φσ,ui ∧ τ [σ].

Given an assignment of their shared variables, a σ, τ -interpolant will determine which of
the two formulas φσ,¬ui ∧ τ [σ] and φσ,ui ∧ τ [σ] is unsatisfiable, and maintain our invariant.
But it will only do that for the specific assignments σ and τ . To obtain a strategy, we
need functions that compute σ, τ -interpolants given assignments σ, τ . Just like the formula
φσ, a σ, τ -interpolant is defined on annotated existential variables. However, since the
interpolant can only use variables shared between φσ,¬ui and φσ,ui , for each existential
variable e, the only annotated variable that can appear in the interpolant is e[σ]. That allows
us to use circuits defined on the original variables to compute σ, τ -interpolants by renaming
(annotating) the input variables. Extending our notation C [σ] for annotated clauses, we write
I [σ] for the circuit obtained from I by replacing universal input gates u in the domain of σ by
the constant gate σ(u), and replacing each existential input gate e by the annotated gate e[σ].
Following Hofferek et al. [20], we call a sequence of circuits computing σ, τ -interpolants an
n-interpolant.

▶ Definition 8 (n-Interpolant). An n-interpolant is a sequence I = (I1, . . . , In) of circuits
with the following properties:
(a) Each Ii is defined on variables Di, for 1 ≤ i ≤ n.
(b) For any pair of assignments σ : U → {0, 1} and τ : E → {0, 1} consistent with I, the

circuit I [σi−1]
i is a σi−1, τi−1-interpolant whenever φ[σi−1] ∧ τ

[σi−1]
i−1 is unsatisfiable, for

each 1 ≤ i ≤ n.
Here, σi = σ|{u1,...,ui} and τi = τ |Di .

We first prove that an n-interpolant of a false QBF is a universal winning strategy.

▶ Proposition 9. An n-interpolant is a universal winning strategy.

Proof. Let I = (I1, . . . , In) be an n-interpolant, and let σ : U → {0, 1} and τ : E → {0, 1}
be assignments consistent with I, formally Ii(σ ∪ τ) = σ(ui) for 1 ≤ i ≤ n. Further, for
1 ≤ i ≤ n, let σi = σ|{u1,...,ui} and τi = τ |Di denote restrictions of these assignments as in
Definition 8.

We show that φσi ∧ τ
[σi]
i is unsatisfiable for 0 ≤ i ≤ n. For σn = σ, since σ is a complete

assignment of universal variables, the annotated formula φσ is syntactically equivalent to
the restriction φ[σ] when annotations are dropped. So if φ[σ] ∧ τ [σ] is unsatisfiable, the
matrix φ must be falsified by σ ∪ τ . Since τ was chosen arbitrarily, this would prove that
the n-interpolant is a universal winning strategy.

SAT 2024
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We proceed by induction on i. For i = 0, the assignments σ0 and τ0 are empty, and
φσ0 ∧ τ [σ0]

0 coincides with the Herbrand expansion exp(Φ), which is unsatisfiable because the
QBF Φ is assumed to be false. Suppose the statement holds up to i− 1 < n. By definition,
I

[σi−1]
i is a σi−1, τi−1-interpolant, and since φσi−1 ∧ τ

[σi−1]
i−1 is unsatisfiable by induction

hypothesis, I [σi−1]
i is an interpolant between φσi−1,¬ui ∧ τ

[σi−1]
i−1 and φσi−1,ui ∧ τ

[σi−1]
i−1 . Since

Ii is defined on variables Di, the assignment τ [σi−1]
i assigns all variables of I [σi−1]

i , and
I

[σi−1]
i (τ [σi−1]

i ) = Ii(σi−1 ∪ τi) = σ(ui). By Proposition 3, φσi ∧ τ [σi−1]
i−1 ∧ τ [σi]

i is unsatisfiable,
and since τ [σi−1]

i−1 ⊆ τ
[σi]
i , that is the same as saying that φσi ∧ τ

[σi]
i is unsatisfiable. ◀

The converse is true as well: every universal winning strategy is an n-interpolant. In
combination, we get the following result.

▶ Theorem 10. A sequence of circuits is a universal winning strategy if, and only if, it is
an n-interpolant.

Proof. The “if” direction follows from Proposition 9. For the “only if” direction, consider a
universal winning strategy S = (S1, . . . Sn), and let σ : U → {0, 1} and τ : E → {0, 1} be
assignments consistent with S. As before, let σi = σ|{u1,...,ui} and τi = τ |Di

for 0 ≤ i ≤ n.
Any strategy trivially satisfies property (a). To prove that S is an n-interpolant, we
additionally have to show (b) that for each 1 ≤ i ≤ n, the circuit S[σi−1]

i is an σi−1, τi−1-
interpolant – that is, an interpolant between φσi−1,¬ui ∧τ [σi−1]

i−1 and φσi−1,ui ∧τ [σi−1]
i−1 . Suppose

φσi−1 ∧ τ [σi−1]
i−1 is unsatisfiable. We will prove that S[σi−1]

i correctly identifies an unsatisfiable
formula among φσi−1,¬ui ∧ τ

[σi−1]
i−1 and φσi−1,ui ∧ τ

[σi−1]
i−1 , given an assignment of the shared

variables. These are variables in τ
[σi−1]
i−1 , as well as variables shared between φσi−1,¬ui and

φσi−1,ui , which are variables e[σi−1] for some e ∈ Di ∩ E. Since τi−1 is an assignment
of Di−1 ∩ E, and Di−1 ⊆ Di, every shared variable is an annotated variable e[σi−1] for
e ∈ Di ∩ E. Now consider an arbitrary assignment ν : Di ∩ E → {0, 1}, and its annotated
version ν[σi−1]. If ν[σi−1] is inconsistent with τ

[σi−1]
i−1 , then both formulas φσi−1,¬ui ∧ τ

[σi−1]
i−1

and φσi−1,ui ∧ τ
[σi−1]
i−1 are unsatisfiable under this assignment, so we can assume that ν[σi−1]

extends τ [σi−1]
i−1 . It follows that the responses of strategy S must coincide with assignment σ

for universal variables preceding ui, formally Sj(ν) = σ(uj) for each 1 ≤ j < i. Let σ′ denote
the assignment σi−1 extended by assigning σ′(ui) = Si(ν). The assignments σ′ and ν are
consistent with S, so like above, we can conclude that φσ′ ∧ ν[σ′] is unsatisfiable. Assume
first that σ′(ui) = 0. Since ν only assigns variables to the left of ui, variable ui does not
show up in annotations and ν[σ′] = ν[σi−1]. Further, recall that ν[σi−1] extends τ [σi−1]

i−1 . Thus
φσ

′ ∧ ν[σ′] = φσ,¬ui ∧ τ
[σi−1]
i−1 ∧ ν[σ′] = φσ,¬ui ∧ τ

[σi−1]
i−1 ∧ ν[σi−1] is unsatisfiable. Similarly,

if σ′(ui) = 1, then φσ,ui ∧ τ
[σi−1]
i−1 ∧ ν[σi−1] is unsatisfiable. By Proposition 3, S[σi−1]

i is an
interpolant between φσi−1,¬ui ∧ τ

[σi−1]
i−1 and φσi−1,ui ∧ τ

[σi−1]
i−1 , as claimed. ◀

4.3 Computing Coordinated Interpolants from Exp+Res Proofs
Theorem 10 does not refer to a proof system or interpolation algorithm. In this section, we
will show that an n-interpolant representing a universal winning strategy can be computed
from an Exp+Res refutation in time O(mn), where m is the number of clauses in the
refutation.

We use the interpolation system shown above in Figure 2, in combination with a function
that assigns clauses and variables to parts depending on a partial assignment of universal
variables. Let ui be a universal variable and σ : {u1, . . . , ui−1} → {0, 1} an assignment
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of universal variables that precede it in the prefix, and let p ∈ {0, 1} be a truth value
for variable ui. We will compute an interpolant between φσ,ui=p and its complement
exp(Φ) \ φσ,ui=p in the complete expansion. Such an interpolant must exist because the
complete expansion is unsatisfiable. Each clause C is assigned a partial interpolant IC as
follows:

If C is an initial clause, then IC = 0 if C ∈ φσ,ui=p and IC = 1 otherwise.1
If C is derived by resolution from clauses C1 ∨ eµ and ¬eµ ∨ C2 with partial interpolants
I1 and I2, we distinguish two cases:

(I) If e < ui, then ui does not appear in the annotation µ, and there are two options:
(a) If σ is consistent with µ, then eµ is a shared variable, and IC = ite(¬eµ, I1, I2).
(b) Otherwise, if µ is not consistent with σ, then eµ is local to exp(Φ) \ φσ,ui=p and

IC = I1 ∧ I2.
(II) If e > ui, then the annotation µ contains a ui-literal, and again there are two cases:

(a) If µ is consistent with σ ∧ (ui = p), then eµ is local to φσ,ui=p, and IC = I1 ∨ I2.
(b) Otherwise, if µ is inconsistent with σ ∧ (ui = p), then eµ is local to exp(Φ) \φσ,ui=p,

and IC = I1 ∧ I2.

Construction of Interpolant Circuits

The above definition lets us compute an interpolant between φσ,ui=p and exp(Φ) \ φσ,ui=p

for a fixed assignment σ of universal variables. By instead considering the universal variables
u1, . . . , ui−1 as inputs, we can construct circuits ICi that take this assignment σ as an input
and compute partial interpolants between φσ,ui=p and exp(Φ) \ φσ,ui=p for each clause C.

For a given annotation µ and index i with 0 ≤ i ≤ n, let Hi
µ denote a circuit that

compares µ and with its input σ : {u1, . . . , ui} → {0, 1} and outputs 1 if µ(uj) = σ(uj) for
all 1 ≤ j ≤ n:

Hi
µ :=

i∧
j=1

µ(uj) ↔ uj

With this, we define circuits ICi for each index 1 ≤ i ≤ n and clause C in the refutation,
where p ∈ {0, 1} is a constant as above:

If C [µ] is an axiom, then ICi := ¬
(
Hi−1
µ ∧ µ(ui) ↔ p

)
.

Otherwise, if C is derived by resolution from clauses C1 ∨ eµ and ¬eµ ∨ C2 with partial
interpolants I1

i and I2
i , then we let ICi be one of the following two circuits, depending on

the order of e and ui (which is independent of the assignment σ):
(I) If e < ui, let k be the maximum index such that uk < e, and

ICi := ite(Hk
µ , ite(¬e, I1

i , I
2
i ), I1

i ∧ I2
i ).

(II) Otherwise, if e > ui, let G := Hi−1
µ ∧ µ(ui) ↔ p, and

ICi := ite(G, I1
i ∨ I2

i , I
1
i ∧ I2

i ).

We write Ii := I∅
i for the circuits constructed at the empty clause.

1 Here, we assume that the complete assignment of universal variables used in the axiom rule is given. In
the implementation, where this full assignment is not part of the proof, we can assume that all universal
variables missing from annotations were assigned 0. A minor optimisation is to leave their assignments
open, and only fix them once we see a resolution step where the other premise has a partial interpolant
for such a variable.
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C
[u1,¬u2]
1

(a) [⊤,¬u1]
C

[u1,u2]
3

(¬a ∨ lu1,u2) [⊤,⊤]
(lu1,u2) [⊤, a ∨ ¬u1]

C
[¬u1,u2]
2

(b) [⊥,⊤]
C

[u1,u2]
4

(¬b ∨ ¬lu1,u2) [⊤,⊤]
(¬lu1,u2) [b,⊤]

⊥ [b, a ∨ ¬u1]

Figure 4 Exp+Res refutation of Figure 3, but each clause C is annotated with coordinated
interpolants [IC

1 , I
C
2 ].

▶ Example (continued). Figure 4 shows the circuits IC1 , IC2 for each clause C of the Exp+Res re-
futation from Figure 3. The circuits IC1 are identical to the partial interpolants IC(ψ¬u1 , ψu1)
computed before, but the circuits IC2 compute partial interpolants between ψσ,¬u2 and
exp(Ψ) \ ψσ,¬u2 , where σ is an unknown assignment of u1. For instance, whether the ax-
iom C

[u1,¬u2]
1 is in ψσ,¬u2 or not depends on the assignment σ(u1): if σ(u1) = 1, then

clause C [u1,¬u2]
1 is in ψσ,¬u2 and should receive the label ⊥; otherwise, the label should be ⊤.

Accordingly, its partial interpolant is simply ¬u1. On the other hand, clause C [u1,u2]
3 cannot

be in ψσ,¬u2 simply because it was instantiated with literal u2, so we can immediately set
its partial interpolant to ⊤. The same is true of both axioms on the right side of the proof
tree. Similarly, the final resolution step on pivot lu1,u2 is local to exp(Ψ) \ψσ,¬u2 , and so the
partial interpolant for the resolvent is computed as (a ∨ ¬u1) ∧ ⊤ ≡ a ∨ ¬u1.

It is readily verified that the interpolants (b, a∨ ¬u1) are a universal winning strategy. In
particular, for the existential assignment ¬a∧¬b, which led to a counterexample for the naive
approach, it computes the assignment ¬u1 ∧ u2, and the joint assignment falsifies clause C2.

▶ Lemma 11. Let p ∈ {0, 1} be a constant. For every assignment σ : {u1, . . . , ui−1} → {0, 1}
and 1 ≤ i ≤ n, the circuit I [σ]

i is an interpolant between φσ,ui=p and exp(Φ) \ φσ,ui=p.

Proof. For each circuit ICi , applying the assignment σ yields a circuit ICi
[σ] that is equivalent

to the circuit IC computed by the symmetric interpolation system for clause C and assign-
ment σ, and this circuit IC is a partial interpolant between φσ,ui=p and exp(Φ) \ φσ,ui=p

for C. ◀

By sharing subcircuits, a circuit with one output for each Ii can be computed from an
Exp+Res refutation in a single pass.

▶ Proposition 12. Let p ∈ {0, 1} be a constant. A circuit with n outputs computing Ii for
each 1 ≤ i ≤ n can be constructed in time O(mn).

Proof. For each annotation µ, a circuit computing Hi
µ for each 1 ≤ i ≤ n can be constructed

in time O(n) by using the fact that Hi+1
µ ↔ Hi

µ ∧ (µ(ui+1) ↔ ui+1) for 0 ≤ i < n. For each
clause C, the circuit ICi can be constructed in constant time from Hj

µ with 1 ≤ j ≤ i and
circuits IBi for clauses B preceding C in the refutation. So computing a circuit with outputs
representing ICi for a clause C takes time O(n), and there are m clauses in the refutation, so
it takes time O(mn) to construct a circuit with outputs representing Ii for 1 ≤ i ≤ n. ◀

Unless otherwise stated, we we let p = 0, and compute interpolants Ii between φσ,¬ui

and exp(Φ) \ φσ,¬ui . It remains to show that these can be used as interpolants between
φσ,¬ui ∧ τ [σ] and φσ,ui ∧ τ [σ]. That is not trivial, because an interpolant between φσ,¬ui and
exp(Φ) \ φσ,¬ui may output 1 if exp(Φ) \ φσ,¬ui is unsatisfiable even when φσ,ui is satisfiable.
However, we can rule out this case for interpolants computed by the symmetric interpolation
system and prove the following result.
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▶ Proposition 13. The sequence I = (I1, . . . , In) is an n-interpolant.

Proof. Each circuit Ii takes variables from Di as inputs, thus satisfying Part (a) of Defin-
ition 8. For Part (b), let τ : E → {0, 1} be an assignment of existential variables and
σ : {u1, . . . , un} → {0, 1} an assignment of universal variables consistent with I. We have to
show that I [σi−1]

i is a σi−1, τi−1-interpolant for each 1 ≤ i ≤ n, where σi = σ|{u1,...,ui}

and τi = τ |Di
. That is, we must demonstrate that I

[σi−1]
i is an interpolant between

φσi−1,¬ui ∧ τ
[σi−1]
i−1 and φσi−1,ui ∧ τ

[σi−1]
i−1 whenever φσi−1 ∧ τ

[σi−1]
i−1 is unsatisfiable.

Let J = (J1, . . . , Jn) be the sequence of “dual” interpolants for p = 1 between φσ,ui

and exp(Φ) \ φσ,ui . By Lemma 11 and Proposition 3 in combination with unsatisfiability of
exp(Φ), if I [σi−1]

i outputs 0, then φσ,¬ui ∧ τ
[σi]
i is unsatisfiable, and if J [σi−1]

i outputs 0, then
φσ,ui ∧ τ [σi]

i is unsatisfiable. By induction on i, we will show that whenever the circuit I [σi−1]
i

outputs 1, circuit J [σi−1]
i outputs 0. Proposition 3 then tells us that I [σi−1]

i is an interpolant
between φσi−1,¬ui ∧ τ

[σi−1]
i−1 and φσi−1,ui ∧ τ

[σi−1]
i−1 , as required.

For i = 1, this follows from the symmetry of the interpolation system as stated in Lemma 5
and the fact that exp(Φ) \ φ¬ui = φui . Let 1 < i ≤ n and assume without loss of generality
that σ(ui−1) = Ii−1(σ ∪ τ) = 0 (if σ(ui−1) = 1, we simply apply the induction hypothesis to
obtain Ji−1(σ ∪ τ) = 0 and work with Ji−1 instead). We now claim that I [σi−1]

i (τ [σi−1]
i ) = 1

and J [σi−1]
i (τ [σi−1]

i ) = 1 imply I [σi−2]
i−1 (τ [σi−2]

i−1 ) = 1. Since Ii−1(σ ∪ τ) = I
[σi−2]
i−1 (τ [σi−2]

i−1 ) = 0, it
would follow that whenever Ii outputs 1, Ji must output 0.

To prove this claim, we compare the circuits I [σi−1]
i , J [σi−1]

i , and I
[σi−2]
i−1 . Since they all

come from the same Exp+Res proof, they share its structure, and there is a one-to-one
correspondence between their gates. More specifically, we obtain gates in I

[σi−1]
i and J

[σi−1]
i

from gates in I
[σi−2]
i−1 as follows:

1. 0-gates coming from initial clauses in φσi−1,ui become 1-gates in I [σi−1]
i and remain 0-gates

in J [σi−1]
i . Symmetrically, 0-gates coming from initial clauses in φσi−1,¬ui become 1-gates

in J
[σi−1]
i but remain 0-gates in I

[σi−1]
i .

2. 1-gates coming from initial clauses in exp(Φ) \ φσi−1 remain 1-gates in both I
[σi−1]
i and

J
[σi−1]
i , since exp(Φ) \ φσi−1 ⊆ exp(Φ) \ φσi−1,ℓ for ℓ ∈ {ui,¬ui}.

3. ∨-gates from resolution steps with pivots eσi−1,ui local to φσi−1,ui become ∧-gates in
I

[σi−1]
i , and ∨-gates from resolution steps with pivots eσi−1,¬ui local to φσi−1,¬ui become

∧-gates in J
[σi−1]
i .

4. ∨-gates from resolution steps with pivots eσi−1 shared between φσi−1,¬ui and φσi−1,ui ,
but local to φσi−1 , become ite-gates in I

[σi−1]
i and J

[σi−1]
i .

5. ∧-gates coming from resolution steps local to exp(Φ) \ φσi−1 remain ∧-gates.
6. ite-gates coming from resolution steps on variables shared between φσi−1 and exp(Φ)\φσi−1

remain ite-gates. That is because any such shared variable must be of the form eσk for
some k < i − 1, and so it will also be shared between φσi−1,ℓ and exp(Φ) \ φσi−1,ℓ for
ℓ ∈ {ui,¬ui}.

We now show, by induction on the position of a clause in the proof, that whenever its
corresponding gate outputs 1 under assignment τ [σi−1] in both I

[σi−1]
i and J

[σi−1]
i , then the

gate must output 1 in I
[σi−2]
i−1 as well. We argue separately for each of the above cases:

1. If the clause is an axiom in φσi−1 , then we get contradicting constant gates in I [σi−1]
i and

J
[σi−1]
i , and the statement holds trivially.

2. For axioms in exp(Φ) \ φσi−1 , we get 1-gates in all three circuits, so the statement again
holds trivially.
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3. For a clause derived by resolution on a pivot variable local to φσ,¬ui or φσ,ui , we get
an ∨-gate in I

[σi−1]
i and an ∧-gate in J

[σi−1]
i , or vice versa. In either case, if both the

∧-gate and the ∨-gate output 1, then there has to be an input that is 1 in both I
[σi−1]
i

and J
[σi−1]
i . By induction hypothesis, this input must also be 1 in I

[σi−2]
i−1 , and because

we have an ∨-gate for this clause in I
[σi−2]
i−1 , its output must be 1 as well.

4. If the pivot is shared between φσi−1,¬ui and φσi−1,ui , but local to φσi−1 , then we get
ite-gates in I [σi−1]

i and J [σi−1]
i that take their values from the same input under assignment

τ [σi−1]. If the output of the gate in both circuits is 1, that input must be 1 in both
circuits, and thus also in I [σi−2]

i−1 by induction hypothesis. Since we get an ∨-gate for this
clause in I

[σi−2]
i−1 , its output must be 1.

5. If the pivot is local to exp(Φ) \ φσi−1 , then we get an ∧-gate in all three circuits, and if
the gates in I [σi−1]

i and J [σi−1]
i output 1, we can again apply the induction hypothesis to

the inputs to conclude that the gate’s output has to be 1 in I
[σi−2]
i−1 as well.

6. Finally, if the pivot is shared between φσi−1 and exp(Φ) \ φσi−1 , we get ite-gates in all
circuits, taking their values from the same input under the assignment τ [σi−1]. We can
once again apply the induction hypothesis to this input to conclude that the output of
the gate in I

[σi−2]
i−1 has to be 1.

This completes the induction argument. In particular, whenever the circuits I [σi−1]
i and

J
[σi−1]
i both output 1, then I

[σi−2]
i−1 must output 1 as well, proving the claim. ◀

5 Experiments

We implemented the algorithm described in Section 4.2 within FERPModels,2 a framework
for strategy extraction from Exp+Res proofs that supports round-based strategy extrac-
tion [19]. For reference, we also implemented strategy extraction based on combination of
partial strategies [34]. The modified version of FERPModels is available on GitHub.3

5.1 Setup

The pipeline for extracting and validating strategies for a false QBF in FERPModels
includes the following steps:
1. Solving the QBF with the expansion solver Ijtihad [9].
2. Using the SAT solver PicoSAT [7] to generate a proof of unsatisfiability of the final

expansion in the TraceCheck format [36].
3. Generating and validating a FERP proof, which maps variables in the unsatisfiability

proof to annotated variables, and initial clauses to Exp+Res axioms.
4. Extracting the strategy as an AND-Inverter Graph (AIG) from the FERP proof.
5. Validating the strategy by conjoining its CNF encoding with the matrix of the QBF

using QBFCert [30], and proving unsatisfiability of the resulting (propositional) formula.
Since these SAT calls are frequently a bottleneck, we decided to use CaDiCaL4 here
instead of the default PicoSAT.

2 https://github.com/SFMV/ferp-models
3 https://github.com/fslivovsky/ferpmodels
4 https://github.com/arminbiere/cadical

https://github.com/SFMV/ferp-models
https://github.com/fslivovsky/ferpmodels
https://github.com/arminbiere/cadical
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The only step that varies between different versions used in our experiments is Step 4, so we
get an apples-to-apples comparison of strategy extraction algorithms. We refer to the three
versions as interpolant, combine, and round-based.

For our experiments, we used a cluster with AMD EPYC 7402 CPUs running 64-bit
Linux. We first identified 135 instances from the PCNF track of QBFEval 2020 that could
be solved by Ijtihad within 15 minutes and with a memory limit of 8 GB. Of these, 92 are
false and were considered further for strategy extraction. For each of these formulas and
each strategy extraction algorithm, we ran the entire pipeline described above (including
QBF solving) once, using a time limit of 30 minutes and a memory limit of 32 GB.

5.2 Results
For 4 out of 92 instances, the strategy extraction step was not reached:

For 3 instances, the proof generation in Step 2 failed. More specifically, for 2 instances,
PicoSAT was unable to solve the expansion (again) within the timeout. For 1 instance,
checking the UNSAT proof timed out.
For 1 instance, the FERP trace generation in Step 3 ran out of memory.5

The numbers of extracted and verified strategies for the remaining 88 instances are shown in
Figure 5.
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Figure 5 Number of extracted and verified strategies, by algorithm.

Strategies could be extracted by both interpolant and combine for 87 out of 88 instances
(for the remaining instance, Steps 1-3 take about 26 minutes, not leaving enough time
for strategy extraction), compared to 42 instances with round-based.6 The numbers for
verified strategies follow a similar trend, with combine and interpolant seeing 80 and 82
verified strategies respectively, compared to 41 for round-based. Notably, the instances where

5 This could perhaps be addressed by switching from a binary resolution proof generated by TraceCheck
to a more succinct proof format, but such optimisations are beyond of the scope of this work.

6 This number is slightly lower than the one reported in the original paper [19], probably because of a
more restrictive memory limit in our experiments (32 instead of 50 GB).
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strategies could be extracted by interpolant and combine are the same, and these include
all instances where strategies could be extracted by round-based. Similarly, if a strategy for
an instance could be verified with round-based, it could be verified with combine, and every
instance verified with combine could be verified with interpolant.

As in previous experiments on strategy extraction [19, 30, 31], the validation step takes
up a significant fraction of the overall running time.

0-10s 10-100s 100-1800s

Solving TraceCheck Generation FERP Generation Strategy Extraction Validation

Figure 6 Average fraction of running time spent on each step of the strategy extraction and
validation pipeline, grouped by overall running time.

Figure 6 shows that the longer the overall running time, the more time is spent on validation.
Figure 7 shows the number of instances for which strategies could be extracted within a
given time budget, for each algorithm. The running times for combine and interpolant are
very similar, and both algorithms can extract strategies for all but one instance within 250
seconds.

Figure 8 compares the number of nodes between AIGs for strategies extracted by the three
algorithms. As one would expect given the gap in running times, the strategies extracted by
round-based generally require much bigger AIGs than the strategies extracted by interpolant.
On average (geometric mean), the AIGs for round-based are about 30 times larger than for
interpolant. The biggest difference we saw was an instance where interpolant (and combine)
extract a strategy with 160 nodes, while the AIG for round-based required more than 100
million nodes. However, there was also an instance where the round-based strategy required
only about 600 nodes, compared to 20000 for interpolant. As the figure shows, the AIG
sizes are much more similar between interpolant and combine. On average, the strategies for
interpolant are larger by a factor of 1.6. There is an instance where the AIG for combine has
only about 2000 nodes, while the AIG for interpolant has 45000 nodes. Conversely, there is a
QBF where the strategy for interpolant requires 26000 nodes, while the strategy for combine
requires 48000 nodes. Finally, the strategy size achieved with combine was never larger than
the strategy size with round-based.
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Figure 7 Number of strategies extracted within a given time, by algorithm.
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Figure 8 Comparison of AIG Sizes for extracted strategies (logarithmic scale).
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5.3 Discussion
The gap between round-based and the other two strategy extraction algorithms seen in our
results was expected. While the former performs multiple passes of the proof, one for each
quantifier block, the other two only require a single pass. However, given that the three
approaches are very different, it is surprising that combine and interpolant were consistently
better: there was no instance where strategies could be extracted with round-based, but not
with the other two algorithms, and the same is true for strategy verification. Even in terms
of AIG size, there was no example where round-based resulted in smaller strategies than
combine (there were a few instances where the AIGs were smaller with round-based compared
to interpolant, however).

Another surprise was the performance of combine compared to interpolant. While both
underlying algorithms have a running time of O(mn) for a proof with m lines and n universal
variables, a closer inspection shows that the hidden constant in this bound is about twice as
large for combine. In spite of that, combine closely matched interpolant, frequently leading
to smaller AIG sizes for strategies. One possible explanation for its good performance is that
combine works with local strategies that are immediately substituted for universal variables,
which in combination with hashing of AIG nodes may help compress strategies. By contrast,
during the construction of circuit Ii for interpolant, universal variables uj with j < i are kept
as inputs. Only at the very end, the interpolant Ii can be substituted for variable ui.

6 Related Work

Goultiaeva et al. first observed that winning moves for the universal player in the QBF
evaluation game can be efficiently extracted from Q-resolution refutations [18]. This result was
generalised to long-distance Q-resolution by Egly et al. [17], and to IRM-calc by Beyersdorff
et al. [5]. Efficient move extraction implies polynomial-time strategy extraction for proof
systems that are closed under restriction. Peitl et al. gave an explicit construction for
Q-resolution with a dependency scheme [32]. Balabanov and Jiang present a linear-time
strategy extraction algorithm for Q-resolution [2] that was adapted to long-distance Q-
resolution by Balabanov et al. [3]. Suda and Gleiss gave a local soundness argument for
many resolution-based QBF proof systems, including Exp+Res [38]. They interpret clauses
derived in these systems as abstractions of partial strategies, and show that resolution can
be understood as an operation for combining partial strategies. Schlaipfer et al. used this
interpretation of clauses as partial strategies, optimised for Exp+Res, to obtain an O(mn)
strategy extraction algorithm for a proof with m lines and n universal variables [34]. Chew
and Slivovsky generalised this approach to prove simulations of many clausal QBF proof
systems by extended QBF Frege [13].

Beyersdorff et al. lifted feasible interpolation as lower bound technique from propositional
logic to QBF proof systems [6]. They also observed that interpolants and winning strategies
coincide for the first universal variable in the quantifier prefix. Chew and Clymo extended
this observation by proving that feasible interpolation of the underlying propositional proof
system is necessary for polynomial-time strategy extraction in QBF expansion systems,
and that interpolation is sufficient for polynomial-time strategy extraction whenever the
propositional proof system is closed under restrictions [12].

Jiang et al. showed how to synthesise Boolean functions with a single output using
interpolation [25]. Their approach can handle multiple outputs (i.e., multiple universal
variables when applied to QBF strategy extraction) only by substituting functions and
computing interpolants one at a time. Hofferek et al. extended their approach to multiple
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outputs and described an interpolation system that simultaneously extracts n interpolants
from a single proof [20]. However, unlike the approach presented here, their interpolation
system only works with ordered (so-called local-first) proofs, and transforming a proof into
this shape may cause an exponential blowup.

7 Conclusion

This paper establishes a correspondence between strategy extraction, a key concept in QBF
solving and proof complexity, and interpolation, a well studied technique in logic: every
universal winning strategy of a QBF corresponds to a sequence of interpolants in its complete
expansion, and vice versa. This observation inspired a new strategy extraction algorithm for
QBF expansion proofs that performed well in our experiments. Correctness of this algorithm
is proved here only for a specific (symmetric) interpolation system [33]. To assess the
robustness of the correspondence between strategies and interpolants, it would be interesting
to know whether the algorithm also works with other interpolation systems. Another followup
question is whether it can be adapted to proof systems with partial annotations, such as IR-
calc [5]. Finally, and perhaps most importantly, we conjecture that the main idea presented
in this paper generalises beyond QBF to quantified SMT and instantiation-based first-order
theorem proving, where it might find applications in complex synthesis tasks [20].
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A Proof of Lemma 1

▶ Lemma 1. Let Φ = Q1v1 . . . Qnvn.φ be a QBF, and let α : {v1, . . . , vi} → {0, 1} be a
partial assignment of its variables. Then exp(Φ[α]) and φσ ∧ τ [σ] are equisatisfiable, where
σ = α|U and τ = α|E.

Proof. Let Ei = {v1, . . . , vi} ∩ E and Ui = {v1, . . . , vi} ∩ U . By definition, we have

exp(Φ[α]) =
∧

ρ:U\Ui→{0,1}

∧
C∈φ[α]

C [ρ].

Since every remaining existential variable in a clause C ∈ φ[α] is to the right of every variable
in the domain of σ, we can rename each literal ℓ[ρ] in exp(Φ[α]) to ℓ[ρ∪σ] and obtain the
equisatisfiable formula∧

ρ:U\Ui→{0,1}

∧
C∈φ[α]

C [σ∪ρ].

After that, we can replace the conjunction over clauses C ∈ φ[α] with a conjunction over
clauses C ∈ φ[τ ], since α = σ ∪ τ , and the effect of applying σ is taken care of by the
instantiation. We thus get∧

ρ:U\Ui→{0,1}

∧
C∈φ[τ ]

C [σ∪ρ] =
∧

θ:U→{0,1}
σ⊆θ

∧
C∈φ[τ ]

C [θ] =
∧

θ:U→{0,1}
σ⊆θ

∧
C∈φ

C[τ ][θ].

Because var(τ) ⊆ {v1, . . . , vi}, τ [θ] = τ [σ] and∧
θ:U→{0,1}

σ⊆θ

∧
C∈φ

C[τ ][θ] =
∧

θ:U→{0,1}
σ⊆θ

∧
C∈φ

C [θ] ∧ τ [σ] = φσ ∧ τ [σ]. ◀

https://doi.org/10.1007/11753728_60
https://doi.org/10.1145/1168857.1168907
https://doi.org/10.1007/978-3-319-94144-8_14
https://doi.org/10.1007/978-3-319-94144-8_14
https://doi.org/10.1109/JPROC.2015.2455034
https://doi.org/10.1109/JPROC.2015.2455034

	1 Introduction
	2 Preliminaries
	2.1 QBF Expansion Proofs

	3 Interpolation in Propositional Logic
	4 Strategy Extraction by Interpolation
	4.1 A Naive Approach
	4.2 Coordinated Interpolants are Strategies
	4.3 Computing Coordinated Interpolants from Exp+Res Proofs

	5 Experiments
	5.1 Setup
	5.2 Results
	5.3 Discussion

	6 Related Work
	7 Conclusion
	A Proof of Lemma 1

